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Titre : Faisceaux vortex et vector-vortex de très haute charge par génération d'harmoniques : génération, caractérisation et amplification dans un plasma de laser X Mots clés : Ultraviolet extrême, lumière structurée, moment angulaire orbital, moment angulaire de spin, génération d'harmoniques d'ordre élevé, métrologie du front d'onde EUV, laserplasma à rayons X Résumé : Ce manuscrit présente une étude complète de la caractérisation de faisceaux vortex de lumière intense femtoseconde a été effectuée. Ces faisceaux sont produits par insertion de lame de phase spirale sur le trajet du faisceau infrarouge et caractérisés par un Shack Hartmann. Cette méthode de caractérisation en phase et en amplitude du champ électrique du laser permet une décomposition modale précise et quantitative du faisceau dans la base des modes de Laguerre Gauss. Les lames utilisées permettent d'induire un moment angulaire de la lumière de valeurs entières 1 à 4, en positif ou négatif selon le sens de variation de la phase. Ces faisceaux ont ensuite été utilisés pour générer des harmoniques d'ordres élevés dans une cellule de gaz rare. Les faisceaux extrêmes ultraviolets ainsi produits ont été caractérisés par un Hartmann XUV. Des moments orbitaux aussi élevés que ℓ = 100 pouvent être produits et complètement caractérisés à partir de l'harmonique 25 du faisceau infrarouge initial, vérifiant ainsi la loi indiquant que le moment angulaire orbital du faisceau vortex harmonique est égal au produit du moment du faisceau infrarouge par l'ordre harmonique. Un état plus complexe de la lumière a également été étudié : les faisceaux vecteurs vortex pour lesquels non seulement la phase spatiale du faisceau vérifie une dépendance azimutale mais dont la polarisation varie spatialement. Elle peut être radiale ou azimutale. La caractérisation de faisceaux harmoniques produits par des faisceaux infrarouges vecteur vortex permet de montrer qu'on obtient ainsi des faisceaux vecteur vortex dans l'extrême ultraviolet et qu'ils sont capables de se propager. La structure de ces faisceaux a été complètement décrite par des simulations numériques validées par les résultats expérimentaux. Enfin le dernier chapitre présente les premiers résultats d'amplification d'un vortex harmonique extrême ultraviolet dans un plasma de laser X collisionnel transitoire. Des effets fins de l'effet du moment angulaire orbital sur la propagation du faisceau dans le milieu amplificateur ont été démontrés et analysés, en comparaison avec des codes numériques. Le présent travail démontre que les plasmas de laser X permettent une amplification du faisceau harmonique capable d'en conserver toutes les propriétés spatiales, en particulier le moment angulaire orbital. tion of ultrafast structured light in the extremeultraviolet (EUV) and X-ray spectral range is paramount to extending their applications to nanometric spatial and subfemtosecond temporal scales. Here, we focus on the frequency upconversion of near-Infrared (IR) light beams tailored either in their Orbital Angular Momentum (OAM), Spin Angular Momentum (SAM), or simultaneously in their SAM and OAM to the EUV spectral regime via high-order harmonic generation (HHG). Throughout this work, we rely on IR and EUV wavefront sensing to assess and affirm the characteristics of the driving and the HHG beams. First, we demonstrate single-shot amplitude, wavefront, and modal content characterization of IR vortex beams of various topological charges. The experimental results show the multi-modal nature of the IR driving beams arising from the non-ideal behavior of the utilized mode converters. Thereafter, resorting to a low-density 15 mm long generation medium that allowed the production of EUV vortices with high photon flux, we demonstrate the single-shot intensity and wavefront characterization of the selected harmonic order (25th harmonic ; λ =32.6 nm) for the IR driver of unit topological charge. Remarkably, these results affirm the topological charge scaling law with harmonic order, indicating that even in an extended generation medium, the upconverted HHG-OAM beam retains its twisted wavefront. We further reinforce this remark by demonstrating the generation and characterization of EUV vortex beams manifesting a topological charge as high as 100, which, to the best of our knowledge, represents the highest topological charge measured in the EUV regime. By driving HHG with vortex beams of topological charges up to 4, we show that the 25th harmonic beam reaches a topological charge of 100, comprising a rich OAM content influenced by the modal purity of the driving beams and the underlying nonperturbative nature of HHG. Interestingly, very high topological charge ultrafast EUV beams may open the route to transfer OAM not only to macroscopic particles but also to clusters or even molecules, bringing in the scenario of light-matter OAM transfer. Following the generation of EUV vector beams tailored in their SAM, we demonstrate a novel structured EUV beam, a vector-vortex beam (VVB) that combines the polarization and phase singularity of vector and vortex beams. We demonstrate that the selection rule for HHG-VVB is governed by the upscaling of the topological Pancharatnam charge that accounts both for the SAM and OAM of the IR driver. Interestingly, numerical results reveal the possibility of synthesizing attosecond light springs with spatially varying polarization, thus providing a new degree of freedom in attosecond beams. To increase the photon flux of HHG beams, we investigate the amplification of EUV OAM beams in a Nelike Ti solid-target plasma-based X-ray laser (XRL). First, for XRL seeded by a conventional Gaussian HHG beam, we demonstrate a reduction of amplification duration resulting from collisional ionization gating through a controlled increase of the electron density in the gain region. Our work shows that a coherently-seeded high electron density XRL can deliver coherent and energetic EUV radiation with few hundreds of femtosecond pulse duration. Concerning HHG-OAM seeded XRL, experimental results supported by 3D Bloch-Maxwell simulations indicate that the OAM of the harmonic seeding pulse is retained during amplification in plasma-based XRL. Consequently, our work opens the prospect of amplifying EUV vector-vortex beams that are simultaneously tailored in their SAM and OAM in a plasmabased lasing medium. Interestingly, HHG-vortex and HHG-vector-vortex seeded XRL pave the way for obtaining ultrafast structured EUV light pulses with microjoule level energy, thus further widening the

Table des matières Introduction

The angular momentum of the light field is embedded in its twist around the propagation axis. This twist can either be associated with the polarization, i.e., the dynamical rotation of the light field vector -Spin Angular Momentum (SAM) [START_REF] Poynting | The Wave Motion of a Revolving Shaft, and a Suggestion as to the Angular Momentum in a Beam of Circularly Polarised Light[END_REF], or the spatial phase (wavefront) -Orbital Angular Momentum (OAM) [START_REF] Allen | Orbital angular momentum of light and the transformation of laguerre-gaussian laser modes[END_REF]. The OAM of the light beams generally originate from the azimuthally twisting wavefront given by exp(iℓϕ) around the beam propagation axis [START_REF] Allen | Orbital angular momentum of light and the transformation of laguerre-gaussian laser modes[END_REF] ; see Fig. 1 (adapted from [START_REF] Kayn | Orbital angular momentum of twisted light : chirality and optical activity[END_REF]). The rapid phase variation around the beam propagation axis leads to an on-axis singular point (vortex) with an undefined phase and null on-axis amplitude, finally yielding an annular intensity distribution. The topological charge ℓ of the vortex, also known as the phase winding number, signifies the number of 2π shifts across the azimuthal coordinate ϕ in the transverse plane. In the case of elliptically polarized light, each photon carries a SAM of σℏ, where σ varies between ±1 depending on the polarization ellipticity and the handedness of the field rotation. Contrarily, the OAM originating from the helical wavefront is unbounded and scales with the topological charge of the light vortices [START_REF] Allen | Orbital angular momentum of light and the transformation of laguerre-gaussian laser modes[END_REF] : ℓℏ per photon. Besides, unlike the intrinsic nature of SAM, i.e., being independent of the choice of the axis, the OAM of optical vortices can either be intrinsic (origin-independent) or extrinsic (origin-dependent) [START_REF] O'neil | Intrinsic and extrinsic nature of the orbital angular momentum of a light beam[END_REF].

Another paradigmatic example of the singular light field is vector beams manifesting spatially varying polarization that is encoded in their SAM [START_REF] Zhan | Cylindrical vector beams : from mathematical concepts to applications[END_REF][START_REF] Holleczek | Classical and quantum properties of cylindrically polarized states of light[END_REF]. Cylindrical vector beams exhibit cylindrical symmetry in their polarization distribution [START_REF] Zhan | Cylindrical vector beams : from mathematical concepts to applications[END_REF]. A vector beam can be interpreted as a superposition of two optical vortices with counterrotating circular polarization (right circular RCP and left circular LCP), and equal but opposite topological charges, thus null OAM : ℓ RCP = -ℓ LCP . The phase difference between the two circularly polarized components governs the spatially varying linear polarization distribution. Figure 2 shows the characterization of near-infrared (IR) vector beams exhibiting radial (left column), azimuthal (right column), and intermediate polarization states (second and third columns). The horizontal and vertical polarization intensity components are presented in the top and middle rows. For all the configurations, the vectorial polarization distribution is apparent from the two-lobed intensity maps, whereas the polarization tilt can be inferred from their orientation. We depict the composite intensity distributions for the respective configurations in the bottom row. Note that in contrast to the vortex beams where the annular intensity profile is a consequence of twisted wavefront (see Fig. cal charge ℓ p can be interpreted as a superposition of two circularly polarized optical vortices of opposite handedness and distinct topological charges : ℓ RCP = ℓ p + 1 and ℓ LCP = ℓ p -1. In Figure 3 ductors, thus opening the possibilities of reconfigurable optoelectronic circuits [START_REF] Sederberg | Corkum : Vectorized optoelectronic control and metrology in a semiconductor[END_REF][START_REF] Jana | Reconfigurable electronic circuits for magnetic fields controlled by structured light[END_REF].

Owing to the unbounded nature of OAM of light vortices [START_REF] Allen | Orbital angular momentum of light and the transformation of laguerre-gaussian laser modes[END_REF], structured beams also are potential candidates for the next-generation infinite-bandwidth communication systems [START_REF] Liu | Multidimensional entanglement transport through single-mode fiber[END_REF][START_REF] Ji | Photocurrent detection of the orbital angular momentum of light[END_REF].

In particular, structured light has opened new frontiers in light-matter interactions : OAM transfer to valence electrons [START_REF] Picón | Transferring orbital and spin angular momenta of light to atoms[END_REF][START_REF] Schmiegelow | Transfer of optical orbital angular momentum to a bound electron[END_REF], photoelectrons [START_REF] De Ninno | Photoelectric effect with a twist[END_REF], observation of magnetic helicoidal dichroism [START_REF] Fanciulli | Electromagnetic theory of helicoidal dichroism in reflection from magnetic structures[END_REF][START_REF] Fanciulli | Observation of magnetic helicoidal dichroism with extreme ultraviolet light vortices[END_REF], probing molecular chirality [START_REF] Jérémy | Hard x-ray helical dichroism of disordered molecular media[END_REF], and selective excitation of multipolar modes in localized surface plasmons [START_REF] Arikawa | Transfer of orbital angular momentum of light to plasmonic excitations in metamaterials[END_REF], to name a few ; see recent review [START_REF] Kayn | Orbital angular momentum of twisted light : chirality and optical activity[END_REF] and references therein. Overall, rapid advances in the generation and detection of tailored light are driven by the plethora of possibilities they offer.

Context, objectives, and presentation of this thesis

Given the plenitude of applications of the structured light, several techniques have emerged to tailor their characteristics at longer wavelengths [START_REF] Zhan | Cylindrical vector beams : from mathematical concepts to applications[END_REF][START_REF] Piccardo | Roadmap on multimode light shaping[END_REF][START_REF] Shen | Optical vortices 30 years on : Oam manipulation from topological charge to multiple singularities[END_REF][START_REF] Yao | Orbital angular momentum : origins, behavior and applications[END_REF][START_REF] Wang | Recent advances on optical vortex generation[END_REF]. Howbeit, in the extreme-ultraviolet (EUV) and soft X-ray spectral range, the challenges of imprinting designer characteristics into the light pulses considerably increase. Consequently, the applications of structured light beams have been largely restricted to longer wavelengths. Controlled generation and manipulation of light beams exhibiting OAM, SAM, or both in the short-wavelength regime are particularly relevant as they can allow extending their applications to nanometric spatial and subfemtosecond temporal scales [START_REF] Hernández-García | Generation and applications of extreme-ultraviolet vortices[END_REF][START_REF] Shi | Attosecond light science and its application for probing quantum materials[END_REF]. We also note that short-wavelength optical vortices have been demonstrated at large-scale synchrotron and X-ray free-electron lasers facilities utilizing diffractive optical elements [START_REF] Peele | Observation of an x-ray vortex[END_REF][START_REF] Primo | Extremeultraviolet vortices from a free-electron laser[END_REF][START_REF] Lee | Laguerre-gauss and hermite-gauss soft x-ray states generated using diffractive optics[END_REF][START_REF] Lars | Stefan : Generation and characterization of focused helical x-ray beams[END_REF][START_REF] Terhalle | Generation of extreme ultraviolet vortex beams using computer generated holograms[END_REF]. However, these alternatives often suffer from poor throughput, lack of widespread accessibility, and less tunability in the sense that each desired configuration INTRODUCTION processes and their impact on the characteristics of the upconverted beam. Therefore, our approach for the works reported here is based on an in-depth characterization of the high-harmonic, as well as the IR beams that drive the HHG process. Consequently, we rely on the wavefront sensing approach for the thorough characterization of the driving and the upconverted HHG beams. We utilize polarization (s-polarization) and spectral filtering to assess the characteristics of a particular harmonic order (25 th of the fundamental driver ; centered at λ = 32.6 nm), which allows for an unambiguous interpretation of the presented results. We remark that one of the objectives of our work here concerns the amplification of EUV light carrying OAM in a population inverted plasma. Consequently, the given harmonic order is deliberately chosen as it is spectrally matched with the 3p-3s (J = 0 -1) lasing transition of a Neon-like Titanium plasma-based soft X-ray laser (XRL).

The thesis manuscript is divided into seven Chapters. The works reported here concern laser-driven table-top EUV sources based on HHG in a noble gas and a solidtarget plasma-based soft XRL. In a general introduction chapter (Chapter 1), we will present a brief overview of the physical processes involved in HHG in noble gases. We will primarily concentrate on the physical aspects that are known or suspected to be at stake in the generation of EUV beams described in the latter part of the thesis.

We adopt the same approach for the description of the EUV plasma amplifier. After a brief reminder of the general principles of plasma-based XRL, we will focus our attention on the particular kind of amplifier used in this work. We note that the last two Chapters of this thesis concern amplification of high-order harmonic beams in a plasma-based XRL. As the soft XRL considered here relies on the interaction of an intense laser with a solid target, refraction of any externally injected beam by the strong plasma electron density gradients is a major issue. Besides, when a harmonic pulse is amplified by the plasma, significant temporal distortion of the seeding pulse is theoretically expected due to the non-adiabatic response of the amplifying plasma [START_REF] Chul | Janulewicz : Coherent amplification of an ultrashort pulse in a high-and swept-gain medium with level degeneracy[END_REF][START_REF] Al'miev | Dynamical description of transient x-ray lasers seeded with high-order harmonic radiation through maxwell-bloch numerical simulations[END_REF]. We will briefly outline these two aspects in introductory Chapter 1. Thereafter, the subsequent chapters detail the main findings.

Chapter 2 : Intensity, wavefront, and modal content characterization of ultrashort optical vortices

For EUV vortices obtained through HHG, the detailed analysis of the driving field properties is paramount. As noted before, most of the widely used techniques of imparting helical wavefront in the fundamental driver are restricted in their conversion efficiencies. Given the highly nonperturbative nature of the HHG process [START_REF] Ferray | Multiple-harmonic conversion of 1064 nm radiation in rare gases[END_REF][START_REF] Schafer | Above threshold ionization beyond the high harmonic cutoff[END_REF][START_REF] Corkum | Plasma perspective on strong field multiphoton ionization[END_REF], prior theoretical work suggests that the presence of other helical modes may affect the OAM content of harmonic vortices [START_REF] Rego | Nonperturbative twist in the generation of extremeultraviolet vortex beams[END_REF]. Conclusively, a complete characterization of intensity and wavefront is a prerequisite to quantifying the modal content of IR vortex drivers, which is of particular relevance for highly-nonlinear frequency upconversion OAM beams through HHG.

Context, objectives, and presentation of this thesis

In contrast to the techniques that are unable to measure both intensity and wavefront, Shack-Hartmann wavefront sensing enables complete characterization of the complex field of the laser beams. Concerning optical vortices, the characterization of their helical wavefront is non-trivial. In [START_REF] Starikov | Wavefront reconstruction of an optical vortex by a hartmann-shack sensor[END_REF], a specialized method was utilized to reconstruct the helical wavefront of a light vortex exhibiting unit topological charge. We also remark that most of the recent works involving vortex beams and Shack-Hartmann wavefront sensing have primarily focused on vortex position detection or topological charge estimation [START_REF] Murphy | Experimental detection of optical vortices with a shack-hartmann wavefront sensor[END_REF][START_REF] Murphy | Comparison of optical vortex detection methods for use with a shack-hartmann wavefront sensor[END_REF][START_REF] Huang | Correlation matching method for high-precision position detection of optical vortex using shack-hartmann wavefront sensor[END_REF][START_REF] Luo | High-order optical vortex position detection using a shackhartmann wavefront sensor[END_REF][START_REF] Wang | Aberration-resistible topological charge determination of annular-shaped optical vortex beams using shackhartmann wavefront sensor[END_REF], and not their complete characterization.

In Chapter 2, we will utilize a conventional Shack-Hartmann sensor and commonly used method of wavefront estimation to demonstrate single-shot amplitude, wavefront, and modal content characterization of IR vortex driving beams of various topological charges. These beams are obtained using spiral phase plates (SPPs) that are frequently used for high-intensity applications. We will start with the topological charge estimation, followed by benchmarking the accuracy of the characterization. Then, we will assess the modal composition of vortex beams of various topological charges. We will also experimentally investigate the effect of different parameters on the modal content of IR vortex beams.

We remark that our main motivation here is to know the OAM composition of the IR vortex beams that we use to drive HHG, which, as we will show later (Chapter 4), will help us to gain a deeper insight into the 'particular characteristics' of EUV vortices resulting from nonperturbative HHG.

Chapter 3 : Frequency upconversion of IR vortex beams via HHG : EUV vortex single-shot intensity and wavefront characterization

In chapter 3, we exploit the HHG in a noble gas to upconvert IR vortex driver into high-topological charge EUV vortex beams. Our prime goal here is to demonstrate the production of intense EUV vortex pulses, which can be instrumental for their practical applications. Therefore, we consider HHG in a low-density and long-generation medium. We utilize EUV wavefront metrology to affirm the characteristics of HHG vortex beams. We demonstrate the production of intense harmonic vortices, followed by their singleshot intensity and wavefront characterization. The fidelity of characterization is again confirmed by comparing the numerically backpropagated and experimentally acquired intensity distribution of the HHG vortex at the harmonic source. The characterized wavefronts unambiguously confirm the multiplicative law of topological charge upscaling with harmonic order in the case of a low-density 15 mm long gas cell. Remarkably, these experimental findings demonstrate that even in an extended generation medium, the upconverted harmonic vortex beam retains its twisted wavefront. Furthermore, these results indicate that the HHG in a low-density gas cell might allow the generation of EUV vortex beams exhibiting an even higher OAM value (Chapter 4).

In the concluding part of the Chapter, we briefly discuss the effect of gas cell displacement concerning the waist of the driving beam on the intensity and wavefront profiles INTRODUCTION of the HHG vortex. Further analyses of the experimental wavefront profiles hint towards the presence of other OAM modes in the HHG vortex beam, which we investigate in the succeeding Chapter.

Chapter 4 : Extreme-ultraviolet vortex beams of very high topological charge : role of driving beam OAM impurity

In Chapter 4, we demonstrate the generation and characterization of EUV vortex beams manifesting a topological charge as high as ℓ = 100, which, to the best of our knowledge, represents the highest topological charge measured in the EUV regime. By driving HHG with vortex beams with topological charges up to ℓ 1 = 4, we show that the 25 th harmonic of the driving beam reach ℓ 25 = 100, as expected from the topological charge scaling with harmonic order [START_REF] Hernández-García | Attosecond extreme ultraviolet vortices from high-order harmonic generation[END_REF]. To gain a deeper insight into the OAM content of high topological charge HHG vortex beams, we perform the modal analysis of the reconstructed amplitude and phase. The modal analyses unravel a broad OAM distribution with rich OAM content, influenced by the modal purity of the IR driving beams and the underlying nonperturbative nature of HHG. To further investigate the impact of non-ideal IR vortex driver on the OAM composition of the upconverted harmonics, advanced numerical simulations of HHG have been performed in collaboration with the group of Pr. C. Hernandez-Garcia, University of Salamanca, Spain. Using the experimentally characterized IR vortex driving beam as a starting point of the simulation, the computed results are in good agreement with the experimental observations. The experimental and theoretical results both show the sensitiveness of the OAM content of the upconverted harmonic beam to the purity of the IR driver. We anticipate these observations to be general, being relevant not only to upconverted vortex beams obtained via HHG in noble gases, but also from plasma surfaces [START_REF] Denoeud | Interaction of ultraintense laser vortices with plasma mirrors[END_REF], and semiconductors [START_REF] Gauthier | Orbital angular momentum from semiconductor high-order harmonics[END_REF], where the generation mechanism is fundamentally nonperturbative [START_REF] Denoeud | Interaction of ultraintense laser vortices with plasma mirrors[END_REF][START_REF] Ghimire | Observation of high-order harmonic generation in a bulk crystal[END_REF].

Remarkably, the generation and characterization of EUV vortex beams with large OAM in the high frequency regime paves the way for ultrafast studies of OAM transfer from light to matter at a beam size comparable to the natural spatial scales of electronic dynamics in clusters or molecules [START_REF] Picón | Transferring orbital and spin angular momenta of light to atoms[END_REF].

Chapter 5 : Extreme-ultraviolet vector and vector-vortex beams via high-order harmonic generation

Building onto the know-how on the generation and characterization of high topological charge HHG vortex beams, the experimental and numerical tools developed during this thesis have been adapted to the investigation of EUV vector-vortex beam generation. In chapter 5, first, we will exploit HHG in low-density and long-generation medium to demonstrate the frequency upconversion of IR vector beams exhibiting spatially varying linear polarization to the EUV spectral range.

Subsequently, with the intent to couple the vectorial polarization of a vector and the helical wavefront of a vortex beam, we experimentally demonstrate the generation and 0.0.1. Context, objectives, and presentation of this thesis characterization of a novel coherent EUV structured beam -HHG vector-vortex beams, thus merging the twisted wavefront of a vortex and the spatially varying polarization of a vector beam. We show that HHG enables the production of VVB exhibiting radial, azimuthal, or even intermediate polarization distribution and high OAM in a controllable fashion. Interestingly, we find that the selection rule for EUV vectorial-vortices obtained through HHG is governed by the upscaling of topological Pancharatnam charge and not the OAM of the constituent RCP and LCP modes, in analogy with the selection rule for OAM in a pure vortex beam [START_REF] Hernández-García | Attosecond extreme ultraviolet vortices from high-order harmonic generation[END_REF].

The experimental outcomes are accompanied by the computed results (courtesy : group of Pr. C. Hernandez-Garcia, University of Salamanca, Spain), which helps to understand the robust generation of these EUV VVB despite the complex polarization evolution of IR driving beams upon focusing. Besides, numerical results reveal the possibility of synthesizing attosecond light springs with spatially varying polarization. Finally, we also show that the nonperturbative phase of HHG is expected to imprint its signature as an additional tilt in the polarization direction of the harmonic VVB, suggesting an indirect approach to retrieve the intrinsic dipole phase accumulated along the electron quantum trajectories.

The demonstration of VVB in the EUV opens new perspectives with the translation of the applications of conventional VVB beams to the short wavelength regime. In particular, the possibility of synthesizing EUV attosecond helical structures with spatially varying polarization constitutes a unique spatiotemporal feature that can be instrumental to probe spatiotemporal dynamics in inhomogeneous media or polarization-dependent systems, like anisotropic or chiral configurations.

Chapter 6 : Gaussian high-order harmonic seeded high-density plasma-based X-ray laser

A plasma-based XRL, when injected with a coherent seed, retains the polarization and coherence characteristics of the seed [START_REF] Wang | High-brightness injection-seeded soft-x-ray-laser amplifier using a solid target[END_REF]141]. Efficient amplification of circularly polarized seed, thus conservation of SAM, has been reported in a Kr 8+ plasma amplifier [START_REF] Depresseux | Demonstration of a circularly polarized plasma-based soft-x-ray laser[END_REF]. However, to the best of our knowledge, there has been no attempt towards amplification of OAM beams in plasma-based XRL. Consequently, the OAM conservation during amplification in XRL-plasma is a question of fundamental interest that remains unanswered. One of the key objectives of this work is to address the aforestated question. Another motivation for pursuing this task relies on the high amplification factor offered by the high electron density XRL plasma amplifiers. For a conventional Gaussian harmonic beam, authors in [START_REF] Depresseux | Table-top femtosecond soft x-ray laser by collisional ionization gating[END_REF] reported an amplification factor higher than 1000 (∼ 1200) and amplified pulse duration of ∼ 450fs. Therefore, if the OAM of harmonic seed is retained during amplification, HHG-OAM seeded XRL may open the possibility of obtaining EUV vortex beams with microjoule level energy. We note that at longer wavelengths, the amplification of vortex beams [START_REF] Yamane | Ultrashort optical-vortex pulse generation in few-cycle regime[END_REF][START_REF] Zheng | High-gain amplification for femtosecond optical vortex with mode-control regenerative cavity[END_REF][START_REF] Qian | Femtosecond mid-ir optical vortex laser based on optical parametric chirped pulse amplification[END_REF][START_REF] Chen | High-energy nanosecond optical vortex output from nd :yag amplifiers[END_REF][START_REF] Pan | Generation of terawatt-scale vortex pulses based on optical parametric chirped-pulse amplification[END_REF][START_REF] Liu | Amplifying orbital angular momentum modes in ring-core erbium-doped fiber[END_REF] or their generation in laser oscillators [START_REF] Naidoo | Controlled generation of higher-order poincaré sphere beams from a laser[END_REF][START_REF] Sroor | High-purity orbital angular momentum states from a visible metasurface laser[END_REF] have been demonstrated. However, amplification of the EUV vor-INTRODUCTION tex in XRL plasma may be more challenging : (i) the amplifying medium is high-density expanding plasma with a electron density gradient that can affect the propagation of the vortex seed during amplification ; (ii) the response times of the plasma amplifier is orders of magnitude longer than the femtosecond duration of harmonic seed ; (iii) precise spatial, temporal, and spectral matching of seeding vortex pulse is mandatory ; and (iv) suitable methodology to affirm if the OAM is preserved during amplification.

Consequently, the know-how we have acquired on the generation and characterization of EUV structured beams (Chapter 3 to Chapter 5), and the knowledge of XRL amplifier behavior is instrumental. Therefore, in Chapter 6, we dedicate our efforts to the seeding of conventional Gaussian harmonics in an XRL amplifier similar to the one foreseen for EUV vortex amplification (Chapter 7). Here the amplifier is operated in amplified spontaneous emission (ASE) regime or injected with a Gaussian harmonic beam. While not dealing with structured light, here we investigate the aspects related to the first three challenges mentioned above. We present a study in which, for the first time to our knowledge, the electron density in the gain region of solid-target plasma-based XRL is varied in a controlled way. We investigate the impact of this density change on beam refraction into the plasma, gain and pulse duration, and laser spectral bandwidth. We show that by altering the plasma conditions, solid-target plasma-based XRL may offer amplified EUV pulses with subpicosecond duration. Besides, we obtained quantitative values of some of the characteristics times involved in the amplification dynamics.

Chapter 7 : Amplification of EUV vortices in X-ray Laser plasma : Signatures of OAM preservation

With the know-how on the generation and characterization of HHG beams carrying OAM (Chapter3 to Chapter 5) and seeded operation of Ne-like Ti plasma-based XRL with a conventional Gaussian harmonic (Chapter 6), we finally proceed to the amplification of HHG-OAM beams in the plasma amplifier.

In Chapter 7, we present our results on the amplification of high topological charge (ℓ q = ±25 and ℓ q = ±50) EUV vortex beams in the XRL plasma. We note that the divergence of optical vortices depends on their topological charge [START_REF] Miles | Divergence of an orbital-angular-momentum-carrying beam upon propagation[END_REF], which limited the possibility to inject the complete vortex seeding beam in the XRL plasma. Consequently, we couple and amplify a small part of the HHG vortex in the plasma amplifier. Even with this limitation, we show that the signatures of OAM conservation can be deduced from the farfield pointing behavior of the amplified part of the beam. Remarkably, the experimental results reveal that the critical factor governing the farfield pointing behavior of the amplified portion is the sign of the topological charge, hence the OAM helicity, and the specific parts of the HHG vortex seeding beam that is being injected in the XRL amplifier. We complement our experimental observations by a detailed simulation of vortex beam amplification using the full 3D Bloch Maxwell approach (collaborative work with the group of Pr. E. Oliva, Universidad Politécnica de Madrid, Spain). The experimental results supported by simulations indicate that the OAM of the harmonic seeding pulse is retained during amplification in plasma-based XRL. Furthermore, the detailed 3D Bloch Maxwell simulations reveal that despite the non-adiabatic response of the amplifying medium leading to complex temporal behavior, the vortex structure is preserved all along the amplified pulse. This work opens the possibility of amplifying a complete HHG vortex beam in the XRL plasma amplifier, which may allow obtaining EUV vortices of sub-picosecond duration and microjoule-level energy [START_REF] Depresseux | Table-top femtosecond soft x-ray laser by collisional ionization gating[END_REF][START_REF] Kumar Pandey | Towards subpicosecond pulses from solid target plasma based seeded soft x-ray laser[END_REF].

Other notes :

Several aspects presented in this thesis result from the close collaborative works with various theoretical teams with expertise in advanced simulations. The advanced computational outcomes of HHG vortex beams (Chapter 4) and HHG vector-vortex beams (Chapter 5) result from the close collaborative works with the theoretical team at the University of Salamanca, Spain : Courtesy -Alba de las Heras, Julio San Román, Javier Serrano, Luis Plaja, Carlos Hernández-García.

In Chapter 6, the theoretical line shape calculation of XRL before amplification has been performed by A. Calisti, PIIM, Aix-Marseille University, Marseille, France.

In Chapter 7, the full 3D Bloch Maxwell computational outcomes of vortex beam amplification in XRL plasma results from the collaborative work with the theoretical team at Universidad Politécnica de Madrid, Spain : Courtesy -Agustín Alonso, Elena de la Fuente, Santiago López, Eduardo Oliva.

Concerning wavefront metrology, the optimization of wavefront reconstruction parameters for EUV vortex beams with high topological charge (Appendix A) results from extensive discussions and close collaborative works with Guillaume Dovillaire, Imagine Optic, Orsay, France.

All the experimental works reported here have been conducted at the LASERIX multibeam platform, IJC Lab, Université Paris-Saclay, Paris, France.

This manuscript is written with heavy reliance on literature ; one may require looking into the cited references for further details on the critical ideas and concepts utilized in the works reported here.

INTRODUCTION

High-order Harmonic Generation

In this section, we provide a basic overview of the high-order harmonic generation (HHG) process in noble gases. Note that the works detailed in this manuscript concern HHG driven by near-Infrared structured pulses, which we will address in the forthcoming Chapters (Chapter 3 to Chapter 5, and Chapter 7). Nonetheless, we will briefly highlight the microscopic and macroscopic processes that may affect HHG under this specific condition in Section 1.1.3.1.

High-order harmonic generation is an extreme case of light-matter interaction resulting from the strong-field excitation of atoms. Over time, HHG from different species of noble gases, solids, semiconductors, plasma plumes, and plasma surfaces have been demonstrated. In the context of the current work, we will focus on the aspects of HHG from rare gases. During HHG, the coherent and highly-nonlinear response of atoms leads to the emission of highly coherent [START_REF] Ditmire | Spatial coherence measurement of soft x-ray radiation produced by high order harmonic generation[END_REF][START_REF] Lyngå | Temporal coherence of high-order harmonics[END_REF], ultrashort [START_REF] Paul | Observation of a train of attosecond pulses from high harmonic generation[END_REF], and high-frequency (odd multiples of driving field) radiation that can extend up to soft-X-ray spectral range [START_REF] Tenio | Bright coherent ultrahigh harmonics in the kev x-ray regime from mid-infrared femtosecond lasers[END_REF][START_REF] Dimitar | Popmintchev Tenio : Ultraviolet surprise : Efficient soft x-ray high-harmonic generation in multiply ionized plasmas[END_REF]. The coherent nature of HHG allows mapping certain features of the beam driving the whole process onto the upconverted harmonics : including spatially tailored wavefronts and/or linear polarization [START_REF] Hernández-García | Attosecond extreme ultraviolet vortices from high-order harmonic generation[END_REF][START_REF] Hernández-García | Extreme ultraviolet vector beams driven by infrared lasers[END_REF][START_REF] De Las Heras | Extreme-ultraviolet vector-vortex beams from high harmonic generation[END_REF]. We will focus on these aspects in the latter part of the manuscript (Chapter 3 to Chapter 5, and Chapter 7).

A typical HHG spectrum consists of a perturbative region where the intensity exponentially decreases with the harmonic order, followed by a large set of high-orders scaling non-perturbatively with the driving beam intensity [START_REF] Ferray | Multiple-harmonic conversion of 1064 nm radiation in rare gases[END_REF][START_REF] Schafer | Above threshold ionization beyond the high harmonic cutoff[END_REF][START_REF] Corkum | Plasma perspective on strong field multiphoton ionization[END_REF]. After the so-called 'plateau', the harmonic emission efficiency quickly declines -'cutoff region'. The highest harmonic order that can be generated is ruled by the following relation [START_REF] Corkum | Plasma perspective on strong field multiphoton ionization[END_REF][START_REF] Wahlström | High-order harmonic generation in rare gases with an intense short-pulse laser[END_REF] :

q max ℏω = I p + 3.17U p , ( 1.1) 
where I p is the ionization potential of the atom. The ponderomotive potential U p represents the cycle-averaged kinetic energy of the electron in the excitation field and is given by :

1.1.1. The three-step model

U p = e 2 λ 2 I 8mϵ 0 c 3 π 2 , ( 1.2) 
where e and m are respectively the electric charge and mass of the electron, λ and I are the driver wavelength and intensity, ϵ 0 is the vacuum permittivity, and c the velocity of light. From Eqs. 1.1, 1.2, generation of harmonics with higher photon energies require a gas species with high value of ionization potential I p . Two other critical factors are the laser field intensity and the wavelength (Eq. 1.2). Long-wavelength driving pulses indeed have led to the generation of harmonics until keV range [START_REF] Tenio | Bright coherent ultrahigh harmonics in the kev x-ray regime from mid-infrared femtosecond lasers[END_REF]. For HHG in noble gases, the favorable intensity range is ∼ 10 14 -10 15 W cm -2 . This intensity range ensures the nonlinear response of the atoms while keeping in check the ionization and generation of free electrons, which is counterproductive for HHG efficiency. Under appropriate focusing conditions, ultrashort femtosecond pulses offer the possibility of achieving such a highintensity level with low energy. Besides, shorter pulses have demonstrated an improved HHG efficiency [START_REF] Klas | Ultra-short-pulse high-average-power megahertz-repetition-rate coherent extremeultraviolet light source[END_REF]. In the forthcoming Chapters, we will drive HHG in Argon using Chirped pulse amplification (CPA) [START_REF] Strickland | Compression of amplified chirped optical pulses[END_REF] based near-Infrared (central wavelength 815 nm) femtosecond (∼ 40 fs) pulses (see Fig. 1.4). Note that considering the driving beam wavelength, the harmonic cutoff for Argon is ∼ 62 eV . Therefore, throughout this work, we will focus on the characterization of the 25 th harmonic (centered on 32.6 nm ; ∼38.03 eV) that falls in the 'plateau' region of harmonics comb.

The three-step model

At its core, HHG is a quantum-mechanical process [START_REF] Krause | High-order harmonic generation from atoms and ions in the high intensity regime[END_REF]. Nevertheless, the fundamental mechanism of HHG can be intuitively understood using the three-step semiclassical approach [START_REF] Schafer | Above threshold ionization beyond the high harmonic cutoff[END_REF][START_REF] Corkum | Plasma perspective on strong field multiphoton ionization[END_REF]. The three steps involved in the process are schematically depicted in Fig. 1.1.

Tunnel ionization :

The HHG story begins with the ionization of the atom.

The electron is initially in a bound state of a rare gas atom with an ionization potential I p . For nuclear charge Z e , the shape of the potential well is given by the Coulomb potential : V c (r) = -Zee 2 4πϵ 0 r with -e, r being the electronic charge, and the separation between the electron and nucleus. When subjected to a strong external excitation, such as by an intense monochromatic light pulse, V c is periodically modified : V (r) = V c (r) + V L (r) with V L (r) = -E r cosωt. Here, E, ω, r are the electric field amplitude of the excitation field, the angular frequency of the field, and the algebraic distance to the nucleus along the linear polarization of the field, respectively. For sufficiently high laser intensity (higher than ∼ 10 13 W cm -2 but not too high to avoid barrier suppression [START_REF] Delone | Tunneling and barrier-suppression ionization of atoms and ions in a laser radiation field[END_REF]), at the peak of electric field amplitude, the electron can escape the potential barrier through tunneling [START_REF] Lv Keldysh | Ionization in the field of a strong electromagnetic wave[END_REF]. This process repeats itself every half-cycle of the laser field ; the sign of V L changes with a change in the field polarity. We also note that the rate of tunnel ionization 1.1. High-order Harmonic Generation scales with the laser electric field [START_REF] Lv Keldysh | Ionization in the field of a strong electromagnetic wave[END_REF] : ∼ exp( √ Ip E ). The ionized electron then enters the continuum with a null initial kinetic energy.

Acceleration in the continuum :

In the next step, the ionized electron is accelerated by the laser electric field. Note that the crucial parameter determining the electron trajectory is the ionization time (t ′ ) concerning the maximum of the laser field (t = 0). In the three-step model, for a linearly polarized driving beam, the motion of the electron in the direction of the laser polarization is described in the framework of classical mechanics :

a(t) = -eEcosωt m , (1.3) v(t) = -eE mω (sinωt -sinωt ′ ), (1.4 
)

x(t) = -eE mω 2 (cosωt -cosωt ′ ) + eE mω (t -t ′ )(sinωt ′ ).
(1.5)

3. Recombination : When the polarity of the oscillating field in which the ionized electron is being accelerated changes, the electron can recombine with its parent ion at a time t ′′ . As can be seen from Eq. 1.5, the recombination time t ′′ depends on t ′ and not on the electric field amplitude. The kinetic energy gained by the electron during the whole process is ∆E c = 1 2 mv 2 (t ′′ ), which is linearly proportional to the intensity and depends on the ionization time t ′ (Eq. 1.4). From the above set of equations, one can also infer the importance of having a linearly 1.1.1. The three-step model polarized laser driver. The ellipticity in the driving beam can be counterproductive for the recombination process, hence severely affecting the HHG efficiency [START_REF] Budil | Influence of ellipticity on harmonic generation[END_REF][START_REF] Dietrich | High-harmonic generation and correlated two-electron multiphoton ionization with elliptically polarized light[END_REF][START_REF] Antoine | Theory of high-order harmonic generation by an elliptically polarized laser field[END_REF].

We will drive HHG using near-infrared beams exhibiting complex spatial polarization distribution (ranging from linear to circular) in Chapter 5 of this manuscript. And this aspect will be beautifully demonstrated where the HHG process limits the harmonic emission to the regions of low ellipticities (see Chapter 5).

-Radiation properties : When the electron comes back in the vicinity of the parent ion at t", it can recombine by emitting a photon with net energy equal to the sum of the ionization potential of the atom and the gained kinetic energy during acceleration in the laser field. From the previous development, we can also obtain the maximum kinetic energy corresponding to a set of (t ′ , t ′′ ) that an electron can have and still recombine with the parent ion : ∆E c = 3.17U p . In the three-step model, the gain in kinetic energy is not discrete but depends continuously on t ′ . Due to the periodic behavior of the HHG process, the Fourier transform of the radiation will give a discrete harmonic spectrum with a fundamental harmonic having the same frequency as the driving pulse. The HHG process yields a burst of radiation twice per period. However, the sign of harmonic dipole changes every half-cycle due to the change in polarity of the laser field ; the electron is expelled from one side of the atom to the other. All the harmonic components of the Fourier spectrum shall fulfill the following condition :

exp(-i 2qπ T (t + T /2)) = -exp(-i 2qπ T (t)), (1.6) 
which yields :

exp(-iqπ) = -1.

(1.7)

Consequently, the harmonic order q must be an odd number. -Short and long electron trajectories : In addition to an intuitive picture of the HHG process, another feature of the three-step model is the prediction of different electron trajectories depending on ionization (t ′ ) and recombination t ′′ times. Using the above set of equations, one can show that for the same kinetic energy gain, there can be more than one electron trajectory. Depending on the time spent in the continuum, they are classified as short (late emission and early recombination : short excursion time) and long (early emission and late recombination : long excursion time) electron quantum paths. Note that different electron trajectories also appear in the quantum-mechanical description of HHG under strong-field approximation [START_REF] Lewenstein | Phase of the atomic polarization in high-order harmonic generation[END_REF][START_REF] Lewenstein | Theory of high-harmonic generation by low-frequency laser fields[END_REF], which we briefly present in the upcoming section.

1.1. High-order Harmonic Generation

The Strong field approximation and the Lewenstein's model

One of the salient features of the three-step model is that it presents a very intuitive picture of the HHG, which fundamentally is a quantum mechanical process. Additionally, the three-step model successfully explains the HHG cutoff law. Most remarkably, this simplified model unraveled the existence of multiple quantum trajectories corresponding to different electron excursion times and associated with the same harmonic order. Nevertheless, in 1994 M. Lewenstein [START_REF] Lewenstein | Phase of the atomic polarization in high-order harmonic generation[END_REF] proposed a quantum mechanical description of the HHG process, setting up the basis for strong-field approximation (SFA). Within the SFA framework, the photon energy of the driving pulse is considered to be much lower than the ionization potential of the atomic species, thus ensuring that the ionization events do not occur by absorption of a single or few photons of the driver. Moreover, the driving pulse is assumed to be composed of multiple cycles. Additionally, the effect of the atomic potential on the electron in the continuum is considered to be negligible. Lewinstein's model presents an almost analytical and physical way to compute the nonlinear harmonic dipole using the Schrödinger equation :

iℏ ∂|ψ(t, x)⟩ ∂t = - 1 2 ∇ 2 + V (x) -E cos(t)x(t) |Ψ(x, t)⟩, (1.8) 
where |Ψ(x, t)⟩ is the electron wavefunction. In Equation 1.8, the first, second, and the third term respectively are the kinetic energy, the nuclear potential, and the laser potential. The harmonic dipole is then given by :

-ex(t) = ⟨Ψ(t)| -ex|Ψ(t)⟩.

(1.9)

Ultimately, Lewenstein showed that :

x(t) = i t 0 dt ′ d 3 pE cos(t ′ )d x (p -A(t ′ ))d * x (p -A(t)) exp(-iS(p, t, t ′ )), (1.10) S(p, t, t ′ ) = t t ′ dt ′′ I p + (P -A(t ′′ )) 2 2 , with p = v + A,
where A is the laser potential vector, p is the electron momentum, t' and t are the times of ionization and recombination, and d, d* are ionization and recombination amplitudes, respectively. Equation 1.10 shows that the harmonic dipole results from the interferences between all possible electron trajectories. However, out of all the possible trajectories, the major role is played by the ones with stationary phase S concerning p, t, t'. Interestingly, the stationary phase constrains yield conditions such as x(t)=x(t') or v(t)=0, which is already considered in the three-step model. Utilizing the stationary phase method, Lewenstein showed that the atomic phase ϕ at = -αI, with α being 3 × 10 -14 cm 2 /W for the short and 26×10 -14 cm 2 /W for the long electron trajectories. The phase difference 1.1.3. HHG macroscopic build-up between the two trajectories results in distinct behaviors in terms of phase matching, and spatial, spectral beam profiles. Following the above, the absolute value of x (t) can be numerically computed. Thereafter, the Fourier transform of x(t) yields the amplitude of the atomic dipole corresponding to the particular harmonic order with frequency d(ω q ).

HHG macroscopic build-up

The previous sections gave us a picture of the harmonic generation process at a microscopic level. The interaction of an intense laser pulse with an atom leads to a periodic excursion of the electron wave function far from the nucleus. A part of the wave function tunnels out of the atomic potential well and is driven away and back to the parent ion. The resulting averaged electric dipole is vibrating anharmonically, and its oscillations can be decomposed into a sum of vibrating harmonic dipoles. These dipoles are the source of harmonic radiation. At a macroscopic level, the harmonic dipoles can be summed out in mesoscopic volumes, leading to the non-linear polarization of the medium P N L . This polarization can be included in Maxwell's equations as a source term. The electromagnetic field in the medium can be separated into its different spectral components, from which propagation equations can be written for the infrared driver and the various harmonics. For a one-dimensional propagation and a monochromatic electromagnetic field E of frequency ω, Maxwell's equation describing the propagation in a medium with a polarization P N L (ω) and refractive index n(ω) can be expressed as :

∇ 2 E(ω) + n 2 ω 2 c 2 E(ω) = - ω 2 ϵ 0 c 2 P N L (ω). (1.11)
Introducing the plane wave solutions, the electric field of harmonic q at the end of the medium length l med is proportional to :

E q ∝ l med 0 P N L (qω)e iϕ(z) dz, (1.12) with ϕ(z) = (k q -qk 1 )z -ϕ qat . (1.13)
An interpretation of this integral is that each atom subjected to the driving field is a harmonic radiation emitter. The harmonic field at the exit of the generating medium is the sum of all the fields radiated by these emitters, which have specific amplitude and phase. The phase ϕ(z) of the interfering fields depends on k 1 z = nω 1 /cz, the phase of the driving field at the emitter position when the radiation is generated. Here, k 1 is the wavevector of the driving beam and n is the index of refraction for the driver. ϕ qat , a dephasing due to the emitter response to the driver field, also called atomic phase. The atomic dipole phase strongly depends on the electron quantum trajectory.

1.1. High-order Harmonic Generation k q z, the propagation of the harmonic radiation from the emitter to the point where the total field is measured. Here k q is the wavevector of the harmonic field. If all the elementary fields are in phase, their radiation interferes constructively and the total harmonic intensity will scale as the square of the number of emitters. This intuitive picture also suggests the possibility of a destructive interference scenario, leading to an almost zero harmonic intensity despite a strong nonlinear response of the atoms. Given macroscopic phenomenon is well known in nonlinear optics and is called phase mismatch. The transition between constructive and destructive interferences leads to Maker fringes [START_REF] Maker | Effects of dispersion and focusing on the production of optical harmonics[END_REF]. Note that Maker fringes have also been observed for HHG in rare gases [START_REF] Kazamias | Observation of high-contrast coherence fringes in high-order harmonic generation[END_REF][START_REF] Heyl | Spectrally resolved maker fringes in high-order harmonic generation[END_REF]. To maximize the output harmonic signal, it is necessary to be close to the conditions that facilitate constructive interference. This situation is called phase-matching. Under phase-matched conditions, the net photon count generated varies quadratically with the number of emitters. The number of emitters can be increased by elongating the generation medium. Even in the absence of ideal phase-matching, the harmonic yield can be evaluated using the concept of coherence length l coh in a one-dimensional framework [START_REF] Balcou | Huillier et Maciej Lewenstein : Generalized phase-matching conditions for high harmonics : The role of field-gradient forces[END_REF]. Considering the gradient of the phase ϕ(z), we can introduce the wavevector mismatch δ k :

δk = k q -qk 1 -K at , (1.14) 
and subsequently the coherence length l coh : .15) The distance between the two atoms leading to a phase difference of π between the emitted harmonic radiation is the coherence length l coh . In this case, the emitted harmonics interfere destructively. An ideal phase-matching corresponds to δk = 0 or an infinite coherence length l coh . Overall, the phase-matching condition depends on various parameters :

l coh = π δk . ( 1 
1. The density of the medium that affects the index of refraction. This parameter is experimentally controllable by varying the gas pressure.

2. The production of free electrons due to ionization affects the index of refraction. Thus, the intensity of the driving beam plays a crucial role : ionization of the atoms by the driver is a competing process for the HHG.

3. As noted before, the atomic phase is proportional to the local driving beam intensity : ϕ at = -αI. Consequently, the gradient of the atomic phase is proportional to the gradient of intensity in the propagation direction, which is non-zero for realistic beams due to focusing.

4. Considering a Gaussian driving beam, an additional phase gradient from the Gouy phase must be accounted for.

HHG macroscopic build-up

In this model, the refraction index relative to the harmonic wavelength has been considered to be close to one. The atomic and electronic dispersions are negligible at this wavelength and density range. However, the harmonic radiation can be reabsorbed by the atoms while propagating inside the generation medium. Therefore, if the length (or volume) of the generation medium exceeds a certain limit (absorption limit), the reabsorption of the emitted harmonics is a limiting factor [START_REF] Constant | Optimizing high harmonic generation in absorbing gases : Model and experiment[END_REF]. The length over which the harmonic flux diminishes by a factor of 1/e is referred to as the absorption length l abs . Therefore, even in an ideal phase-matching condition, the reabsorption of the emitted harmonics is a limiting factor. Consequently, a greater length (volume) of the generation medium does not necessarily imply that the net harmonic yield will also continue to grow (see Fig. 1.2, adapted from [START_REF] Constant | Optimizing high harmonic generation in absorbing gases : Model and experiment[END_REF]). In conclusion, a tradeoff between the density of emitters that would lead to greater photon flux, while ensuring non-significant reabsorption of the emitted harmonics in a high-density generation medium, is required. In [START_REF] Constant | Optimizing high harmonic generation in absorbing gases : Model and experiment[END_REF], the authors demonstrated that the HHG signal level representing 50% of the asymptote is achieved if the following conditions concerning l med , l coh , and l abs are met :

l med > 3l abs , ( 1.16) 
and l coh > 5l abs .

(1.17) 

Phase-matching in more general situations

In a more detailed approach, both the temporal and the 3-dimensional spatial aspects of the driving field must be considered. As the intensity of the field driving the HHG process is varying along the pulse, the phase-matching conditions are changing with time. The atomic phase gradient follows the pulse envelop. However, since the recombination time of electrons with ions falls in the nanosecond range, the change in refractive index due to free electrons generation is a cumulative process. Therefore the rising and falling edges of the laser pulse are not equivalent in terms of phase mismatch. Generally, phase matching optimization is only possible on one of these edges. Thus, the phase matching is contributing to the reduction of the temporal window within the driving pulse during which harmonics are efficiently emitted.

In the works reported here (Chapter 3 to Chapter5, and Chapter 7), we drive HHG using optical vortices carrying Orbital Angular Momentum (OAM), which are characterized by an annular intensity and helical phase profiles [START_REF] Allen | Orbital angular momentum of light and the transformation of laguerre-gaussian laser modes[END_REF]. Given these particularities of the driving beams, the three-dimensional aspects are expected to play a crucial role [START_REF] Hernández-García | Quantumpath signatures in attosecond helical beams driven by optical vortices[END_REF][START_REF] Cheng | Phase-matching analysis in high-order harmonic generation with nonzero orbital angular momentum laguerre-gaussian beams[END_REF][START_REF] Paufler | Coherence control in high-order harmonic generation with laguerre-gaussian beams[END_REF][START_REF] Paufler | High harmonic generation with laguerre-gaussian beams[END_REF]. Furthermore, the said characteristics of the driver can affect the harmonic generation efficiency (See Supplementary Information in [START_REF] Hernández-García | Extreme ultraviolet vector beams driven by infrared lasers[END_REF]) and the optical properties of upconverted vortices [START_REF] Hernández-García | Attosecond extreme ultraviolet vortices from high-order harmonic generation[END_REF][START_REF] Hernández-García | Quantumpath signatures in attosecond helical beams driven by optical vortices[END_REF][START_REF] Cheng | Phase-matching analysis in high-order harmonic generation with nonzero orbital angular momentum laguerre-gaussian beams[END_REF].

-The longitudinal intensity and phase gradients might change significantly relative to a Gaussian beam. This behavior would lead to changes in phase-matching conditions [START_REF] Paufler | Coherence control in high-order harmonic generation with laguerre-gaussian beams[END_REF]. -The phase of the emitters also varies transversally due to the particular intensity and phase profiles of the driving beam. Far from the generation medium, the total field at an axial point is the sum of the fields generated by emitters located at different radial distances r from the laser axis. If the elementary field phase ϕ(r) varies rapidly with r, the total generated field intensity will be lower. However, if the phase is stationary in a ring of radius r 0 around the laser axis, the contributions of emitters to the total field will add constructively, leading to high intensity. This idea is captured by the notion of transverse phase-matching [START_REF] Hernández-García | Signature of the transversal coherence length in high-order harmonic generation[END_REF]. -If the total field is measured far from the generating medium and in a position which is not on the axis of the driving beam, the noncollinear phase-matching aspect can also be introduced [START_REF] Balcou | Huillier et Maciej Lewenstein : Generalized phase-matching conditions for high harmonics : The role of field-gradient forces[END_REF][START_REF] Balcou | Quantum-path analysis and phase matching of high-order harmonic generation and high-order frequency mixing processes in strong laser fields[END_REF]. As remarked before, the substantial part of the work presented here deals with HHG driven by optical vortices. The question of adapting the phase-matching concept to this exotic situation is thus important [START_REF] Hernández-García | Quantumpath signatures in attosecond helical beams driven by optical vortices[END_REF][START_REF] Cheng | Phase-matching analysis in high-order harmonic generation with nonzero orbital angular momentum laguerre-gaussian beams[END_REF][START_REF] Paufler | Coherence control in high-order harmonic generation with laguerre-gaussian beams[END_REF][START_REF] Paufler | High harmonic generation with laguerre-gaussian beams[END_REF][START_REF] Hernández-García | Signature of the transversal coherence length in high-order harmonic generation[END_REF]. As noted previously, the driving beam in the generation medium has annular intensity and azimuthally varying phase profiles :

ϕ L (r, z, θ) = ϕ L (r, z) + ℓθ, (1.18)
where the integer ℓ is the topological charge (also called as 'phase winding number') signifying the total phase twist in the transverse plane [START_REF] Allen | Orbital angular momentum of light and the transformation of laguerre-gaussian laser modes[END_REF]. The net on-axis harmonic 1.1.3. HHG macroscopic build-up intensity is always zero due to the particular form of azimuthal phase variation. Conclusively, we must account for the off-axis phase-matching given the specific characteristics of the vortex driving beams [START_REF] Hernández-García | Quantumpath signatures in attosecond helical beams driven by optical vortices[END_REF]. Let us consider a detector placed far from the generating medium. The harmonic field is thus characterized by its direction of emission. We can find the directions for which the phase-matching condition is achieved. Let k q be the wavevector of the q th harmonic field. The phase ϕ of the field radiated in the direction k q by an emitter located in r is :

ϕ(r) = ϕ(r, z, θ) = k q .r -qϕ L (r, z) -qℓθ. (1.19)
The phase-matching condition is :

∇ϕ = ϕ(r, z, θ) = 0, (1.20) 
k q -q∇ϕ L (r, z) - qℓ r e θ = 0. (1.21)
The phase-matching will only be possible if the wave vector k q has an azimuthal component :

k q .e θ = qℓ r . ( 1.22) 
The equality in Eq. 1.22 can be satisfied if the harmonic wave has a phase ϕ hhg with a vortex structure : ϕ hhg = ϕ hhg (r, z) + ℓ q θ with ℓ q = qℓ.

(1.23)

In summary, the possibility of upconverting a long-wavelength vortex driving beam of topological charge ℓ into the high-harmonic radiation of order q carrying topological charge ℓ q = qℓ [START_REF] Hernández-García | Attosecond extreme ultraviolet vortices from high-order harmonic generation[END_REF], is in accordance with the achievement of phase-matching during HHG.

To conclude, the HHG macroscopic build-up becomes a complex process when considering realistic and/or structured driving beams. Consequently, a computational intensive electromagnetic model is required. The reward of such an approach is the possibility to introduce an experimental wavefront of the driving beam as an input to the computational model, which would allow comparing the predicted harmonic wavefront with the experimental records (see Chapter 4). The decomposition of the macroscopic generation medium into elementary emitters has been recently used as a numerical way to handle such a heavy computational task [START_REF] Hernández-García | High-order harmonic propagation in gases within the discrete dipole approximation[END_REF]. In this approach, the generating medium is sampled with the Monte-Carlo method to define a set of elementary emitters. Then, the contribution of each elementary emitter can be propagated to the detector in the farfield. We remark that in the works reported in Chapter 4 and Chapter 5 of this manuscript, the computed results employ the aforementioned approach (Courtesy : Alba de las Heras et al., University of Salamanca, Spain).

1.2. Plasma-based soft X-ray laser

Plasma-based soft X-ray laser

In the previous section, we detailed high-order harmonic generation in noble gases, which offers short-wavelength, coherent, and ultrashort pulses using a tabletop setup. Another source of short-wavelength radiation can be a hot-dense plasma. Furthermore, under appropriate conditions, these hot-dense plasmas can be utilized as an amplifier with a very high gain-length product [START_REF] Depresseux | Table-top femtosecond soft x-ray laser by collisional ionization gating[END_REF][START_REF] Wang | Demonstration of high-repetition-rate tabletop soft-x-ray lasers with saturated output at wavelengths down to 13.9 nm and gain down to 10.9 nm[END_REF][START_REF] Kim | Demonstration of a saturated ni-like ag x-ray laser pumped by a single profiled laser pulse from a 10-hz ti :sapphire laser system[END_REF][START_REF] Guilbaud | Calisti : Fourier-limited seeded soft x-ray laser pulse[END_REF][START_REF] Guilbaud | Gain dynamics in quickly ionized plasma for seeded operated soft x-ray lasers[END_REF]. Consequently, these 'plasma-rods' have demonstrated their ability to amplify low energy high-order harmonic pulses [START_REF] Wang | High-brightness injection-seeded soft-x-ray-laser amplifier using a solid target[END_REF]141,[START_REF] Guilbaud | Gain dynamics in quickly ionized plasma for seeded operated soft x-ray lasers[END_REF][START_REF] Wang | Phase-coherent, injection-seeded, table-top soft-x-ray lasers at 18.9 nm and 13.9 nm[END_REF], to even microjoule level [START_REF] Depresseux | Table-top femtosecond soft x-ray laser by collisional ionization gating[END_REF]. In the last two Chapters of this manuscript (Chapter 6 and Chapter 7), we will utilize 'a properly conditioned' plasma as an amplifying medium for Gaussian (Chapter 6) and vortex (Chapter 7) highharmonic beams. Furthermore, this work concerns a laser-driven solid-target (Titanium) plasma-based soft X-ray laser (XRL) emitting at 32.6 nm wavelength. Therefore, we will focus specifically on the aspects that fall within the scope of the current work (Chapter 6 and Chapter 7). Furthermore, throughout this manuscript, we have attempted to make each Chapter self-sustaining, hence the experimental methodology and parameters are detailed in the respective Chapters.

Here, we present a general overview of how to turn a laser-produced hot dense plasma into a soft X-ray laser amplifier.

General considerations

The interaction of high-intensity laser pulses with matter leads to the production of high-energy-density states of matter. In these hot dense plasma, atoms are multiplyionized, and the resulting ions and electrons reach average kinetic energies above 100 eV. A large fraction of this energy is re-radiated in the soft X-ray spectral range. At thermal equilibrium, the fractions of ionization stages and ionic level populations will follow the Saha-Boltzmann and Boltzmann statistics, respectively. However, the large range of pulse duration available with CPA lasers [START_REF] Strickland | Compression of amplified chirped optical pulses[END_REF] offer the possibility to play with the different time scales involved in the plasma dynamics. By this means, plasma states far from local thermodynamic equilibrium (LTE) can be achieved, a dramatic consequence of which is the induction of strong population inversion between two levels of a type of ion. These ionic levels have a large energy difference, thus lasing action in the soft X-ray range can be obtained. To produce such plasma-based XRL, different approaches have been demonstrated : the inner shell [START_REF] Duguay | Rentzepis : Some approaches to vacuum uv and x-ray lasers[END_REF][START_REF] Rohringer | Rocca : Atomic inner-shell xray laser at 1.46 nanometres pumped by an x-ray free-electron laser[END_REF], recombination and collisional approaches [START_REF] Matthews | Demonstration of a soft x-ray amplifier[END_REF]. So far, the highest population inversions have been achieved with the collisional excitation scheme [START_REF] Rus | Multimillijoule, highly coherent x-ray laser at 21 nm operating in deep saturation through double-pass amplification[END_REF], which we describe in the next section.

Collisional Excitation scheme

The collisional excitation scheme is traditionally presented as a sequence of three steps. Note however that in practical implementations, the distinction between these 1.2.2. Collisional Excitation scheme stages can be blurred.

1. A plasma is brought to an ionization state where a large fraction of a specific ion is present. Such a situation naturally occurs in the plasma when an ion has a closed electron sub-shell, making it relatively resistant to collisional ionization. In practice, Neon-like, Nickel-like, and Palladium-like ions are considered. Simplified level schemes of collisional pumping in Neon-like and Nickel-like ions are presented in Fig. 1.3.

2. The plasma free electron temperature T e is increased to T e > 500 eV on a timescale shorter than a few tens of picoseconds. This high-temperature range ultimately leads to the over-ionization of ions by electron impact, but on a timescale longer than the level population time.

3. Consequently, electron collisional excitations produce a population inversion between the two excited levels of the closed sub-shell ions. This inversion occurs between an upper level for which dipole transition to the ground state is forbidden and a lower level for which a radiative transition is highly probable (see Fig.

1.3).

Some experimental achievements of collisional X-ray lasers are listed in Let N u , N l be the upper and lower level population, and g u , g l their statistical weights. The population inversion is defined by ∆N = N u -gu g l N l . The laser gain per unit of length and unit bandwidth g(ν) is given by :

g(ν) = (N u - g u g l N l ) c 2 8πν 2 0 A ul (ν) = ∆N σ ul (ν), (1.24) 
where A ul (ν), σ ul (ν) respectively are the spontaneous emission and stimulated cross section modulated by the spectral profile Φ(ν) of the lasing line. Amplification only occurs for positive gain, i.e., if ∆N > 0. The laser spectral intensity I(ν) follows the radiative transfer equation [START_REF] Casperson | Output properties of short-pulse gain-switched lasers[END_REF] : where j(ν) is a term accounting for the spontaneous emission contribution to the laser radiation. As the population inversion is affected by the growing laser radiation through stimulated emission, the integration of this differential equation (Eq. 1.25) is non-trivial. This phenomenon becomes more significant when the intensity heightens to the order or greater than the saturation intensity I sat = hν σ ul (ν 0 )T 1 . In this expression, T 1 is the recovery time indicating the rate at which the population inversion recovers from a strong depopulation through laser stimulated emission. The radiative transfer equation shall also be spectrally integrated. We will detail this aspect in the upcoming section.

dI(ν) dz = g(ν)I(ν) + j(ν), ( 1 
To draw comparisons between different pumping conditions, we will introduce the small-signal gain value at the center of the lasing line.

g 0 = g(ν 0 ), (1.26) 
where g(ν 0 ) is considered at intensity level smaller than the saturation intensity I sat .

Transient Collisional Excitation scheme

In the Transient Collisional Excitation (TCE) scheme, both the upper and lower levels are populated by collisional excitations but at different rates. When the population inversion dynamics reaches a steady-state, small-signal laser gain of g 0 ∼ 10 cm -1 are observed. However, if the onset of electron temperature is shorter than ∼ 10 ps, the difference in collisional rates may lead to a strong transient inversion, corresponding to laser gain of g 0 ∼ 100 cm -1 during a few picoseconds [START_REF] Yurii | Formation of a population inversion of transitions in ne-like ions in steady-state and transient plasmas[END_REF][START_REF] Vyacheslav | Tabletop x-ray laser pumped with subnanosecond and picosecond pulses[END_REF][START_REF] Nickles | Short pulse x-ray laser at 32.6 nm based on transient gain in ne-like titanium[END_REF][START_REF] Dunn | Transient collisional excitation x-ray lasers with 1-ps tabletop drivers[END_REF]. The TCE scheme allows soft X-ray lasing action with Joule level short driving pulses, therefore is well adapted to CPA laser chains. Note that in this work (Chapter 6 and Chapter 7), we rely on this approach. We also remark that high repetition-rate CPA laser chains have led to the demonstration of high average power table-top plasma-based XRL [START_REF] Kim | Demonstration of a saturated ni-like ag x-ray laser pumped by a single profiled laser pulse from a 10-hz ti :sapphire laser system[END_REF][START_REF] Keenan | High-repetition-rate grazing-incidence pumped x-ray laser operating at 18.9 nm[END_REF][START_REF] Baumgarten | Reagan : 1 j, 0.5 khz repetition rate picosecond laser[END_REF].

Coherence properties

Transient Collisional Excitation : practical implementation for solidtarget plasma based XRL

To achieve a long amplification length, the gain region in the plasma must have an elongated shape. In this work (Chapter 6 Chapter 7), we rely on Ne-like Ti solidtarget plasma-based XRL. We show the overview of the utilized configuration in Fig. 1.4. The lasing plasma is obtained by using a combination of laser pulses : (i) a long pulse to produce an expanded lowly ionized preplasma, and (ii) a short pulse to obtain desired ionization stage while rapidly raising the electron temperature [START_REF] Kim | Demonstration of a saturated ni-like ag x-ray laser pumped by a single profiled laser pulse from a 10-hz ti :sapphire laser system[END_REF][START_REF] Delmas | Q-switched laser-assisted grazing incidence pumping (qagrip) for efficient soft x-ray laser generation[END_REF]. The driving laser beams are focused along a line on the target by using a cylindrical lens, and by utilizing the sagittal line focus of a spherical mirror illuminated in an off-axis configuration [START_REF] Bleiner | Line focusing for soft x-ray laser-plasma lasing[END_REF][START_REF] Bleiner | Pulse-front tilt for short-wavelength lasing by means of traveling-wave plasma-excitation[END_REF] ; (see Fig. 1.4). Furthermore, the short pumping pulse is focused at a grazing incidence angle Φ to optimize its absorption at desirable plasma electron density N P = N c sin 2 (Φ) [START_REF] Keenan | High-repetition-rate grazing-incidence pumped x-ray laser operating at 18.9 nm[END_REF] (see Fig. 1.6 (b)), where N c is the critical electron density for the driving beam wavelength.

As explained earlier, the TCE scheme presents many advantages. However, the gain duration can be shorter than the light propagation time along the plasma amplification length L. An effective solution to tackle this issue is to progressively initiate the gain along the amplification length ; the so-called traveling wave (TW) pumping geometry [START_REF] Ramon | Traveling-wave excitation of an x-ray laser medium[END_REF]. The astigmatic sagittal line focus of off-axis illuminated (illumination angle Φ/2) spherical mirror inherently achieves traveling wave pumping with a sweeping velocity v T W = c cos(Φ) [START_REF] Keenan | High-repetition-rate grazing-incidence pumped x-ray laser operating at 18.9 nm[END_REF], where c is the velocity of light. We also note that the XRL plasma can be used as an amplifier for an externally injected short-wavelength radiation [START_REF] Wang | High-brightness injection-seeded soft-x-ray-laser amplifier using a solid target[END_REF]141,[START_REF] Depresseux | Table-top femtosecond soft x-ray laser by collisional ionization gating[END_REF][START_REF] Guilbaud | Gain dynamics in quickly ionized plasma for seeded operated soft x-ray lasers[END_REF][START_REF] Wang | Phase-coherent, injection-seeded, table-top soft-x-ray lasers at 18.9 nm and 13.9 nm[END_REF]. In this work, Gaussian (Chapter 6) and vortex (Chapter 7) seeding pulses are obtained through HHG in a noble gas (see Fig. 1.4).

In the following section, we detail the characteristics of XRL in un-seeded and externally-seeded modes, which we will recall in the latter part of the manuscript.

Coherence properties

In Chapter 6 of this manuscript, we investigate the coherence of solid-target plasmabased XRL for the laser gain induced at different electron densities. In this section, we detail the characteristics of plasma-based XRL in two operational modes : the amplified spontaneous emission (ASE), and the external injection regime.

Amplified Spontaneous Emission regime

Because of the short gain lifetime and harsh environment, it is impossible to insert the plasma gain medium into an optical cavity to obtain a laser oscillator. However, the high gain value allows a dramatic single pass Amplification of the ions Spontaneous Emission (ASE). In the TCE regime, gain saturation can be achieved after a few millimeters of propagation in the plasma. At the end of the plasma amplifier, the output ASE pulse 1.2. Plasma-based soft X-ray laser Figure 1.4 -Overview of the utilized solid-target plasma-based XRL setup. The preplasma pulse is line-focused on a solid Ti target using a combination of cylindrical (CL) and spherical (SL) lenses. For XRL pumping pulse incident at grazing angle Φ, the pump pulse energy is deposited at an electron density N P = N c sin 2 (Φ), with a sweeping velocity of v T W = c cos(Φ) [START_REF] Keenan | High-repetition-rate grazing-incidence pumped x-ray laser operating at 18.9 nm[END_REF]. For external injection, the seeding pulse is obtained through HHG in a noble gas. The driving beams are filtered with a metallic (Al) filter before being guided to different diagnostics. reaches an intensity of the order of the saturation intensity I sat ∼ 10 9 -10 11 W cm -2 . In this regime, the soft X-ray pulse temporal profile is driven by the laser gain evolution. The beam divergence is related to the gain region aspect ratio : θ ∝ D/L, where D, L are the transverse size and length of the amplifying plasma, respectively. Due to the stochastic origin of the soft X-ray signal, and since the gain region has a high Fresnel number F = D 2 λL , the amplified beam has a low spatial coherence. At the source, the transverse coherence length is Λ T ∝ λL D ∝ D/F << D. Furthermore, given the stochastic origin of the soft X-ray signal, and because the degeneracy of the Zeeman sub-levels is not affected by the plasma, the resulting ASE emission is unpolarized. Finally, the temporal coherence properties are related to the laser transition linewidth after amplification. We detail this aspect in the following subsection.

Spectral properties in the ASE regime

In the ASE regime, the laser spectral line shape ϕ(ν) is driven by the intrinsic spectral profile of the transition and the narrowing of this profile by the amplification process. The intrinsic spectral profile is classically described as the convolution of a homogeneous 1.2.4. External injection mode : High-order harmonic seeding profile L(ν, ν 0 ) with an inhomogeneous profile S(ν).

-The homogeneous profile results from the fast random fluctuations affecting the laser transition. The statistical properties of these fluctuations are the same for all the lasing ions in the medium. The spontaneous emission, decay of the levels towards levels other than upper and lower ones, inelastic and elastic collisions, all contribute to the broadening of the homogeneous profile L(ν, ν 0 ), which can be modeled by a Lorentzian distribution :

L(ν, ν 0 ) = 2 π∆ν H 1 1 + 4(ν-ν 0 ) 2 ∆ν 2 H .
(1.27)

Collisions being the dominant broadening process, the homogeneous spectral width ∆ν H is proportional to the electron density : ∆ν H ∝ N e . -The inhomogeneous profile reflects the different local, slowly varying environments seen by the ions in the plasma. However, in the density range of XRL plasma (N e ∼ 10 20 cm -3 , Stark broadening due to ionic fields can be neglected. In this context, the Doppler broadening due to the ions velocity distribution will be the dominant inhomogeneous process. In TCE XRL plasma, the ion temperature is one to two orders of magnitude smaller than the electron temperature. In these conditions, calculations show that the inhomogeneous broadening is small compared to homogeneous broadening, and thus can be neglected. The amplification process affects this spectral line profile. Following the model developed by J.A. Koch et al. [START_REF] Koch | Observation of gain-narrowing and saturation behavior in se x-ray laser line profiles[END_REF], the final laser spectral profile after amplification is given by the integration of the following differential equation :

dI(ν, z) dz = j 0 L(ν 0 , ν 0 ) (1 + g 0 I(ν, z) j 0 ) L(ν, ν 0 ) 1 + 1 Isat ∞ 0 I(ν ′ , z)L(ν ′ , ν 0 )dν ′ .
(1. [START_REF] Hell | Breaking the diffraction resolution limit by stimulated emission : stimulated-emission-depletion fluorescence microscopy[END_REF] In Equation 1.28, I(ν, z) is the spectral intensity of the laser radiation at amplification length z, j 0 is the spontaneous emission power density, I sat is the saturation intensity, and g 0 is the small-signal gain at the center of the line width which is proportional to the population inversion. This model predicts a reduction of the bandwidth with amplification length L until the saturation regime is reached. The bandwidth then stagnates for a longer amplification length. The final bandwidth is ∆ n u ∼ ∆ν H /3. Finally, the given model also predicts transformation from an intrinsic Lorentz profile to a laser line profile with a Gaussian shape. In the TCE regime, bandwidth ∆ν ∼ mA range is measured.

External injection mode : High-order harmonic seeding

Better coherence properties can be achieved if a coherent signal or 'seed' with a wavelength close to the laser wavelength and power higher than spontaneous emission level is sent at the entrance of the XRL gain medium [START_REF] Wang | High-brightness injection-seeded soft-x-ray-laser amplifier using a solid target[END_REF]141,[START_REF] Wang | Phase-coherent, injection-seeded, table-top soft-x-ray lasers at 18.9 nm and 13.9 nm[END_REF][START_REF] Ditmire | Amplification of xuv harmonic radiation in a gallium amplifier[END_REF]. The seeding 1.2. Plasma-based soft X-ray laser signal may come from another XRL plasma after spatial and polarization filtering. Another efficient and compact alternative is to use an auxiliary HHG source (see Fig. 1.4), which is the approach we utilize in Chapter 6 and Chapter 7 of this manuscript. For externally seeded harmonic pulse, an amplification factor > 1000 has been observed [START_REF] Depresseux | Table-top femtosecond soft x-ray laser by collisional ionization gating[END_REF]. Besides, in the seeded mode, the amplified pulse exhibits full spatial [START_REF] Wang | High-brightness injection-seeded soft-x-ray-laser amplifier using a solid target[END_REF] and temporal [START_REF] Guilbaud | Calisti : Fourier-limited seeded soft x-ray laser pulse[END_REF] coherence. Finally, the polarization state of the harmonic seed is mapped onto the amplified pulse [141] ; not only for linear but also for circularly polarized seed [START_REF] Depresseux | Demonstration of a circularly polarized plasma-based soft-x-ray laser[END_REF]. However, the temporal profile of the harmonic seed is expected to change drastically [START_REF] Chul | Janulewicz : Coherent amplification of an ultrashort pulse in a high-and swept-gain medium with level degeneracy[END_REF][START_REF] Al'miev | Dynamical description of transient x-ray lasers seeded with high-order harmonic radiation through maxwell-bloch numerical simulations[END_REF]. Due to the narrow linewidth of the laser transition, only a single harmonic order can participate in the amplification process. Furthermore, the attosecond structure of the harmonic is not expected to be preserved [START_REF] Chul | Janulewicz : Coherent amplification of an ultrashort pulse in a high-and swept-gain medium with level degeneracy[END_REF][START_REF] Al'miev | Dynamical description of transient x-ray lasers seeded with high-order harmonic radiation through maxwell-bloch numerical simulations[END_REF]. Second, the electromagnetic pulse corresponding to an isolated harmonic has a duration of ∼ 10 f s and is close to its Fourier Limit. As the associated single harmonic spectrum is two orders of magnitude broader than the intrinsic linewidth of XRL, the amplification process drastically affects the harmonic pulse duration. To predict the characteristics of the amplified harmonic pulse, we cannot apply the previously described radiative transfer approach. In this formulation, the field evolution is sufficiently slow to assume an adiabatic response of the lasing system [START_REF] Al'miev | Dynamical description of transient x-ray lasers seeded with high-order harmonic radiation through maxwell-bloch numerical simulations[END_REF]. By contrast, the harmonic pulse is an excitation lasting a hundred times less than the three characteristics times involved in the amplifier response, namely [START_REF] Chul | Janulewicz : Coherent amplification of an ultrashort pulse in a high-and swept-gain medium with level degeneracy[END_REF] :

-The gain lifetime T g , which is the time during which conditions are fulfilled to give significant population inversion (high enough electron temperature T e , significant lasing ion fraction...). A good approximation of T g is given by the ASE pulse duration. -The recovery time T 1 , which is the time required for regenerating the population inversion after depletion by a strong laser pulse : T 1 = hν σIsat . -The dephasing time T 2 ∼ 1 π∆ν H . For TCE soft X-ray lasers, these three characteristics times are of the order of 1 ps [START_REF] Wang | Gain dynamics in a soft-x-ray laser amplifier perturbed by a strong injected x-ray field[END_REF]. Consequently, the nonadiabatic variation of the electric dipole induced by the harmonic field requires the Bloch-Maxwell approach without any adiabatic approximations [START_REF] Chul | Janulewicz : Coherent amplification of an ultrashort pulse in a high-and swept-gain medium with level degeneracy[END_REF].

Bloch-Maxwell description of the seeding process

In the Bloch-Maxwell approach, the amplified laser field is treated classically whereas the evolution of the populations is based on the Schrödinger equation. The coupling between the two equations is ensured by the density of induced dipole in the medium D, also known as the polarization of the medium. On the one hand, dipoles oscillations are a source of current in Maxwell's equations. On the other hand, the potential energy of a dipole in the laser electric field acts as a perturbative term to the lasing atom Hamiltonian in the Schrödinger equation. The coupling between the two equations is obtained as follow : knowing the wavefunction |Ψ >, the average induced dipole can be obtained by calculating the average of the dipole operator D ∼< Ψ|ex|Ψ >. The 1.2.4. External injection mode : High-order harmonic seeding system of the equations can be greatly simplified by assuming :

-Slowly varying envelop of the electromagnetic field.

-The laser field is always resonant with the lasing transition frequency.

-Use of the density matrix representation to express the Schrödinger equation and the average of the dipole operator. This leads to the Bloch equations. -Using this representation, some other physical processes can be introduced ad hoc : pumping process, spontaneous emission, dephasing processes. In this section, only the propagation along the amplifying direction is considered, and absorption, refraction by the free electrons are neglected. However, generalization to 3 dimensions with diffraction effects and the introduction of plasma density gradients can be included in the Bloch-Maxwell formalism. All these hypotheses lead to the following system of differential equations [START_REF] Tissandier | Three-dimensional maxwell-bloch calculation of the temporal profile of a seeded soft x-ray laser pulse[END_REF] :

∂A ∂z + 1 c ∂A ∂t = D, dW dt = -(W -W 0 (t)) T 1 -3 4ℏω (AD * -A * D) , dD dt = -D T 2 + Z 0 ωd 2 2ℏ AW.
(1.29)

The first expression in Eq. 1.29 is deduced from Maxwell's equation and describes the evolution of the electric field A. The choice of unit is such that the field intensity is I = |A| 2 . As explained above, the polarization of the medium D acts as a source term for the field. The second expression results from the Bloch equations relative to the populations of the density matrix. This equation governs the population inversion W . In this differential equation, the last term describes the coupling between the laser field and the atomic system through the potential energy of dipoles D in the electric field A. In the adiabatic limit, this term is interpreted as the effect of stimulated emission and absorption on the population. Additional terms are introduced to describe both the pumping and the relaxation processes. Here, W 0 (t) is the achievable equilibrium population inversion density in the absence of the laser field A. This term is driven by the incoherent pumping and depopulating rates of the lasing transition levels. The significance of the recovery time T 1 is apparent here, as it is the time for the population to come back to W 0 (t) after a rapid variation of W . The third expression in Eq. 1.29 is obtained from the Bloch equations relative to the coherence and encompasses the evolution of the polarization D. The second term of the right-hand side describes how the field affects the wavefunction of the bound electron and thus the dipole response of the atoms. Here, Z 0 is the vacuum wave impedance, and d 2 is the squared modulus of the dipole matrix element d = | < u|ex|l > |. A non-zero dipole can appear if a large fraction of the atoms is in a coherent superposition of upper and lower levels with different parities. However, collisions and other irreversible processes tend to destroy this coherence. A decaying term is introduced to account for the loss of coherence : the dephasing time T 2 , which is inversely proportional to the electron density N e . In the limit of an adiabatic response, the term dD/dt vanishes, and the Bloch Maxwell equations converge towards the radiative model presented previously. At 1.2. Plasma-based soft X-ray laser equilibrium, the small-signal gain at g 0 , the saturation intensity I sat and the homogeneous bandwidth ∆ν H are given by :

g 0 = 2α 0 T 2 W 0 , I sat = ℏω 2T 1 T 2 α 0 , α 0 = 3Z 0 d 2 ω 8ℏ ∆ν H ∼ 1 T 2 + 1 T 1 .
(1.30)

The temporal behavior of the seeded XRL can strongly differ from the ASE regime. In the case of a high gain XRL amplifier, the temporal profile of the amplified pulse is expected to have the following evolution during its amplification [START_REF] Chul | Janulewicz : Coherent amplification of an ultrashort pulse in a high-and swept-gain medium with level degeneracy[END_REF][START_REF] Al'miev | Dynamical description of transient x-ray lasers seeded with high-order harmonic radiation through maxwell-bloch numerical simulations[END_REF] :

1. The harmonic pulse is followed by an electromagnetic wake whose duration is governed by dipole dephasing and recovery times ; blue curve in Fig. 1.5.

2. The wake energy grows, reaching energy levels one to two orders of magnitude higher than the harmonic seed ; red curve in Fig. 1.5.

Strong modulations corresponding to

Rabi oscillations appear in the wake. The resulting spikes can be of subpicosecond duration with the intensity one order of magnitude higher than the saturation intensity ; black curve in Fig. 1.5.

Refraction by plasma electron density gradient

In the previous sections, we have described an amplification occurring along the main axis of the hot plasma filament. However, the amplifying medium is not uniform in the transverse direction. For solid-target plasma-based XRL, the electron density N e varies from the solid density (N e ∼ 10 23 cm -3 ) to below atmospheric density (N e ∼ 10 19 cm -3 ) on a scale length L p of ∼ 50µm. This sharp density variation is associated with a significant refractive index gradient which affects the propagation of both infrared driving and amplified pulses (see Fig. 1.6). The refractive index n(r) seen by a transverse electromagnetic wave of wavelength λ propagating into the plasma is given by :

n(r) = 1 - N e (r) N c , (1.31)
where N c is the critical density :

N c ∼ 10 21 cm -3 λ 2
. If the scale length of the refractive index variation is larger than λ, the ray optics approximation is sufficient to describe the propagation of light. The ray trajectory is governed by the eikonal equation :

d ds (n dr ds ) = ∇n(r), (1.32) 
where r is the vector position of a point on the trajectory and s is the arc-length parametrization of the ray trajectory. We depict the simulated temporal intensity profile of high-order harmonic seeded Ne-like Ti XRL for various lengths of the amplifying medium. The HHG seed is followed by a long-lasting wake ; visible in the curve for L = 2 mm. Based on the values from literature [START_REF] Wang | Demonstration of high-repetition-rate tabletop soft-x-ray lasers with saturated output at wavelengths down to 13.9 nm and gain down to 10.9 nm[END_REF][START_REF] Kim | Demonstration of a saturated ni-like ag x-ray laser pumped by a single profiled laser pulse from a 10-hz ti :sapphire laser system[END_REF], the small-signal gain g 0 = 80 cm -1 , leading to saturation within 3 mm amplification length (red curve). For plasma length of 4 mm (black curve), rapid modulations due to Rabi oscillations appear in the wake. Simulation parameters : T 1 = 2 ps, T 2 = 0.5 ps [START_REF] Wang | Gain dynamics in a soft-x-ray laser amplifier perturbed by a strong injected x-ray field[END_REF], harmonic seed pulse duration 20 f s, and seed intensity 0.01 I sat .

Deflection of the amplified pulse

The XRL pulse, either ASE or seeded, propagates in the transverse plasma density gradient. A dramatic effect is observed experimentally in the case of a solid target. The output beam is globally deflected away from the high-density region closer to the target bulk. Therefore, this deflection needs to be taken into account to steer the beam towards various diagnostics. Moreover, the deflection can be significant enough to divert the beam out of the gain region during the amplification process, thus limiting the effective amplification length L ef f (see Fig. 1.6(a)). The scaling law for the effective amplification length L ef f and deflection angle α can be deduced from the eikonal equation assuming the angle α is small so that ds ∼ dz and α ∼ dx dz . The density gradient is assumed along the x axis. As the soft X-ray laser wavelength is short, the associated critical density N c is orders of magnitude higher than N e in the gain region.

n(r) = 1 - N e (r) N c ∼ 1 N e (r) 2N c . (1.33)

Plasma-based soft X-ray laser

The refractive index gradient having only a component along x, the eikonal equation can be rewritten as [START_REF] Ernst | Fill : Ray trajectories in line-focused laser plasmas[END_REF] : .34) With a simple density profile, N e = N e0 -N ′ e0 (x -x 0 ), Eq. 1.34 becomes :

d 2 x dz 2 = 1 n dn dx ∼ -1 2N c dN e dx . ( 1 
d 2 x dz 2 ∼ N ′ e0 2N c . (1.35)
By integrating Eq. 1.34, the deflection angle α(L) at the end of the plasma of length L is given by :

α(L) = N ′ e0 L 2N c . (1.36)
The amplifying part of the plasma has a transverse width ∆x g (see Fig. 1.6(a)). We can define the effective amplification length L ef f as the z value after which the refraction shifts the beam out of the amplifying region. Using this simple model, an order of magnitude of L ef f can be found as :

L ef f = 4N c ∆x g N ′ e0
.

(1.37) A piece of information in advance : we will alter the pumping angle Φ to induce lasing at various electron densities in Chapter 6 of this manuscript. Furthermore, for the high-density XRL amplifier, we will inject the coherent high-harmonic seed in an off-axis configuration to mitigate the effect of refraction, thus increasing the effective amplification length for the seeding pulse (see Fig. 1.6(b)).

Chapter conclusions and important takeaways

In this Chapter, we discussed various physical aspects associated with two distinct table-top EUV light sources based on the nonlinear interaction of an intense light pulse with an atomic species and lasing from a 'properly-conditioned' hot-dense plasma. We primarily focused on the physical aspects that are known or suspected to be at stake for the matters described in the forthcoming Chapters. The substantial part of the works described here deal with HHG-enabled frequency upconversion of light beams exhibiting non-conventional intensity and phase profiles. Concerning OAM-driven HHG, we showed that the linear scaling of the topological charge with harmonic order is 'interestingly' per the achievement of phase-matching during HHG. This aspect is particularly relevant for the frequency upconversion of the structured IR driving beams, which we will address in Chapters 3 to 5.

In regards to amplification of coherently-injected seeding light in solid-target plasmabased XRL, we discussed the deflection of seed by the plasma electron density gradient, which reduces the effective amplification length. In Chapter 6, we will resort to an off-axis injection of Gaussian harmonic seed in the amplifying plasma to counteract this refractive effect. Furthermore, the non-adiabatic response of the amplifying plasma leads to complex temporal behavior of the injected seed : triggering a long-lasting coherent wake with rapid modulations resulting from Rabi oscillations. In Chapter 7, we will detail the amplification of HHG-OAM beams exhibiting a twisted phase in the plasma-based lasing medium. Here, we intend to address two fundamental questions : (i) does the OAM carried by the harmonic vortex seed retained during amplification ? (ii) And in case it does, will the vortex characteristics of the harmonic beam be preserved throughout the amplified pulse, including coherent wake and sub-picosecond spikes resulting from Rabi oscillations ? We will focus on these intriguing aspects in the latter part of our work.

Chapitre 2

Intensity, wavefront, and modal content characterization of ultrashort optical vortices 

Introduction

Structured light beams have emerged as a versatile tool for a wide range of applications [START_REF] Forbes | Structured light[END_REF][START_REF] Rubinsztein-Dunlop | Roadmap on structured light[END_REF][START_REF] Yao | Orbital angular momentum : origins, behavior and applications[END_REF]. In particular, light beams manifesting Orbital Angular Momentum (OAM) [START_REF] Allen | Orbital angular momentum of light and the transformation of laguerre-gaussian laser modes[END_REF], have propelled exciting new developments in the field of optical communication and quantum information [START_REF] Willner | Optical communications using orbital angular momentum beams[END_REF][START_REF] Mair | Entanglement of the orbital angular momentum states of photons[END_REF][START_REF] Molina-Terriza | Triggered qutrits for quantum communication protocols[END_REF][START_REF] Fickler | Quantum entanglement of high angular momenta[END_REF][START_REF] Wang | Advances in communications using optical vortices[END_REF], super-resolution microscopy [START_REF] Vicidomini | Sted superresolved microscopy[END_REF][START_REF] Iketaki | Super-resolution microscope using a two-color phase plate for generating quasi-laguerre-gaussian beam[END_REF], optical trapping and tweezing [START_REF] Padgett | Tweezers with a twist[END_REF][START_REF] Gahagan | Optical vortex trapping of particles[END_REF][START_REF] Kuga | Novel optical trap of atoms with a doughnut beam[END_REF], material processing [START_REF] Toyoda | Using optical vortex to control the chirality of twisted metal nanostructures[END_REF][START_REF] Syubaev | Direct laser printing of chiral plasmonic nanojets by vortex beams[END_REF], astronomy [START_REF] Gregorius | Method for probing the orbital angular momentum of optical vortices in electromagnetic waves from astronomical objects[END_REF][START_REF] Tamburini | Anzolin : Twisting of light around rotating black holes[END_REF], induction of topological current in semiconductors [START_REF] Sederberg | Corkum : Vectorized optoelectronic control and metrology in a semiconductor[END_REF][START_REF] Jana | Reconfigurable electronic circuits for magnetic fields controlled by structured light[END_REF], and light-matter interaction [START_REF] Schmiegelow | Transfer of optical orbital angular momentum to a bound electron[END_REF][START_REF] De Ninno | Photoelectric effect with a twist[END_REF][START_REF] Fanciulli | Electromagnetic theory of helicoidal dichroism in reflection from magnetic structures[END_REF][START_REF] Vieira | Amplification and generation of ultra-intense twisted laser pulses via stimulated raman scattering[END_REF]. These helically-phased beams, also known as optical vortices (OV), are characterized by their twisted wavefront resulting from an azimuthally varying phase given by exp(iℓϕ) around the beam propagation axis [START_REF] Allen | Orbital angular momentum of light and the transformation of laguerre-gaussian laser modes[END_REF]. Such phase structure leads to an on-axis singular point with an undefined phase, followed by null on-axis amplitude, which ultimately yields a donut-like intensity distribution. The topological charge ℓ of the OV, also referred to as the phase winding number designates the number of 2π shifts across the azimuthal coordinate ϕ in the transverse plane. In contrast to the polarization-dependent spin angular momentum (SAM) of photons [START_REF] Poynting | The Wave Motion of a Revolving Shaft, and a Suggestion as to the Angular Momentum in a Beam of Circularly Polarised Light[END_REF], which can acquire any value between +1 and -1 depending on the polarization ellipticity (-1 for right-hand and +1 for left-hand circular polarization), the OAM is unbounded. Moreover, unlike the intrinsic nature of SAM, the OAM of helically phased beams can either be intrinsic or extrinsic [START_REF] O'neil | Intrinsic and extrinsic nature of the orbital angular momentum of a light beam[END_REF]. As there is no upper limit to the topological charge ℓ of light beams, a vortex beam with a very high ℓ-value can exhibit very high OAM [START_REF] Allen | Orbital angular momentum of light and the transformation of laguerre-gaussian laser modes[END_REF] : ℓℏ per photon. Additionally, the radial index of structured beams offers another degree of freedom, hence holds the potential for next-generation infinite-bandwidth communication systems [START_REF] Bahari | Photonic quantum hall effect and multiplexed light sources of large orbital angular momenta[END_REF][START_REF] Liu | Multidimensional entanglement transport through single-mode fiber[END_REF][START_REF] Ji | Photocurrent detection of the orbital angular momentum of light[END_REF].

Over time, a wide range of techniques aimed at generating vortex beams have emerged [START_REF] Wang | Recent advances on optical vortex generation[END_REF][START_REF] Shen | Optical vortices 30 years on : Oam manipulation from topological charge to multiple singularities[END_REF]. However, the complete characterization of vortex beams still possesses numerous challenges. Common methods that are used to quantify the topological charge are based on interferometry with a reference beam [START_REF] Harris | Optical helices and spiral interference fringes[END_REF][START_REF] Soskin | Heckenberg : Topological charge and angular momentum of light beams carrying optical vortices[END_REF][START_REF] Leach | Interferometric methods to measure orbital and spin, or the total angular momentum of a single photon[END_REF][START_REF] Kumar Et Naveen | Nishchal : Modified mach-zehnder interferometer for determining the high-order topological charge of laguerre-gaussian vortex beams[END_REF], employing cylindrical lenses [START_REF] Samuel | Quantitative measurement of the orbital angular momentum of light with a single, stationary lens[END_REF], diffraction through apertures or gratings [START_REF] Hickmann | Unveiling a truncated optical lattice associated with a triangular aperture using light's orbital angular momentum[END_REF][START_REF] Mourka | Visualization of the birth of an optical vortex using diffraction from a triangular aperture[END_REF][START_REF] Mazilu | Simultaneous determination of the constituent azimuthal and radial mode indices for light fields possessing orbital angular momentum[END_REF][START_REF] Zheng | Measuring orbital angular momentum (oam) states of vortex beams with annular gratings[END_REF], and exploiting dimensional properties of optical vortex beams [START_REF] Zhang | Dimensional properties of laguerre-gaussian vortex beams[END_REF][START_REF] Salla | Higher order optical vortices and formation of speckles[END_REF][START_REF] Salla | Divergence of optical vortex beams[END_REF]. Nonetheless, as these approaches are incapable of measuring both amplitude and phase, hence the complete field, they generally reveal only the average OAM value. Since the direct determination of the complex field is of paramount importance for all applications involving helical beams, these methods, therefore, are restricted in their utility. Most importantly, the techniques that are frequently used to impart a helical wavefront in the fundamental Gaussian beam are rather limited in their conversion efficiency, hence, often yielding a light field comprising superpositions of multiple helical modes [START_REF] Alessio D'errico | Measuring the complex orbital angular momentum spectrum and spatial mode decomposition of structured light beams[END_REF][START_REF] Ohtake | Universal generation of higher-order multiringed laguerre-gaussian beams by using a spatial light modulator[END_REF][START_REF] Clifford | High-order laguerre-gaussian laser modes for studies of cold atoms[END_REF][START_REF] Beijersbergen | Helical-wavefront laser beams produced with a spiral phaseplate[END_REF][START_REF] Sueda | Laguerre-gaussian beam generated with a multilevel spiral phase plate for high intensity laser pulses[END_REF][START_REF] Longman | Mode conversion efficiency to laguerre-gaussian oam modes using spiral phase optics[END_REF][START_REF] Ruffato | Generation of high-order laguerre-gaussian modes by means of spiral phase plates[END_REF][START_REF] Massari | Fabrication and characterization of high-quality spiral phase plates for optical applications[END_REF]. Conclusively, full amplitude, phase, and modal content characterization of the OV become even more critical.

In the recent past, multi-shot iterative techniques have been used to reconstruct the amplitude and phase of the OV [START_REF] Fu | Pre-turbulence compensation of orbital angular momentum beams based on a probe and the gerchberg-saxton algorithm[END_REF][START_REF] Chang | Adaptive optics compensation of orbital angular momentum beams with a modified gerchberg-saxton-based phase retrieval algorithm[END_REF][START_REF] Esashi | Ptychographic amplitude and phase reconstruction of bichromatic vortex beams[END_REF]. Nevertheless, these methods are prone to shot-to-shot beam fluctuations while being ambiguous to the absolute sign of the topological charge. Besides, multi-shot interferometric [START_REF] Alessio D'errico | Measuring the complex orbital angular momentum spectrum and spatial mode decomposition of structured light beams[END_REF][START_REF] Yamane | Frequencyresolved measurement of the orbital angular momentum spectrum of femtosecond ultra-broadband optical-vortex pulses based on field reconstruction[END_REF][START_REF] Leach | Measuring the orbital angular momentum of a single photon[END_REF][START_REF] Vasnetsov | Observation of the orbital angular momentum spectrum of a light beam[END_REF], and diffractive [START_REF] Liu | Phase retrieval for short wavelength orbital angular momentum beams using knife-edge diffraction[END_REF] methods have also been utilized for the amplitude, phase, and OAM spectrum characterization of vortex beams. Though these approaches enable high measurement precision and spatial resolution, they again suffer from stringent beam stability requirements. In [START_REF] Kulkarni | Single-shot measurement of the orbital-angular-momentum spectrum of light[END_REF], a single-shot interferometric alternative capable of retrieving the OAM spectra has been reported, which indeed minimizes the stability requirements. Howbeit, this method fails at simultaneous retrieval of OAM as well as radial mode content. Contrastingly, Shack-Hartmann and Hartmann wavefront sensing averts these issues [START_REF] Daniel | Shack-Hartmann wavefront sensor precision and accuracy[END_REF][START_REF] Chernyshov | Calibration of a shack-hartmann sensor for absolute measurements of wavefronts[END_REF][START_REF] Pandey | Single-shot wavefront characterization of high topological charge extreme-ultraviolet vortex[END_REF][START_REF] Pandey | Impure infrared vortex driven high harmonic generation[END_REF], offering the possibility of single-shot simultaneous detection of amplitude and phase, even in the extreme ultraviolet spectral range [START_REF] Pandey | Single-shot wavefront characterization of high topological charge extreme-ultraviolet vortex[END_REF][START_REF] Pandey | Impure infrared vortex driven high harmonic generation[END_REF]. In regards to OV, the Shack-Hartmann wavefront sensor has previously been utilized to estimate the Poynting vector skews and topological charge from measured slopes [START_REF] Wang | Aberration-resistible topological charge determination of annular-shaped optical vortex beams using shackhartmann wavefront sensor[END_REF][START_REF] Leach | Love : Direct measurement of the skew angle of the poynting vector in a helically phased beam[END_REF], 2.2. Experimental setup and method for wavefront characterization of ultrashort vortex beams ascertain the coherence characteristics of partially-coherent [START_REF] Stoklasa | Wavefront sensing reveals optical coherence[END_REF] and few-cycle OV [START_REF] Grunwald | Spatio-temporal coherence mapping of few-cycle vortex pulses[END_REF], and wavefront reconstruction of OV bearing a topological charge of ℓ = 1 [START_REF] Starikov | Wavefront reconstruction of an optical vortex by a hartmann-shack sensor[END_REF]. We also note that most of the recent works involving OV and Shack-Hartmann wavefront sensing have primarily focused on vortex position detection [START_REF] Murphy | Experimental detection of optical vortices with a shack-hartmann wavefront sensor[END_REF][START_REF] Murphy | Comparison of optical vortex detection methods for use with a shack-hartmann wavefront sensor[END_REF][START_REF] Huang | Correlation matching method for high-precision position detection of optical vortex using shack-hartmann wavefront sensor[END_REF][START_REF] Luo | High-order optical vortex position detection using a shackhartmann wavefront sensor[END_REF], and not the full amplitude, phase reconstruction. As the modal composition is embedded in the complex field of the light beams, a complete amplitude and phase characterization consequently provides much more information than just vortex position or Poynting vector skew angles. Conclusively, a convenient and reliable way to obtain the complete field of OV is highly desirable.

In this chapter, we demonstrate single-shot amplitude and phase characterization of femtosecond vortex pulses of topological charge until ℓ = 5 using a Shack-Hartmann wavefront sensor. These ultrashort OV are obtained using spiral phase plate (SPP). The reconstructed wavefront bears a helically twisting structure, which is an intrinsic characteristic of vortex beams. Furthermore, the overall twist of the reconstructed wavefront allows us to infer the topological charge of the generated beams. Subsequently, we establish the fidelity of our characterization approach through an excellent agreement between experimentally acquired and back-propagated intensity distribution at the waist utilizing the reconstructed field by the wavefront sensor. Through the spatial mode decomposition of OV field into the orthonormal basis set of Laguerre-Gauss (LG) beams, we show that the beams generated by SPPs are in fact superposition of numerous azimuthal and radial modes. This allows us to assess the OAM purity i.e., the energy contained in the desirable azimuthal mode for each topological charge. Following the above, we investigate the effect of radial clipping on the modal composition to demonstrate that radial aperturing primarily affects the radial mode distribution, while slightly influencing the overall OAM purity. For ℓ = 1 case, we extend our characterization to asymmetric Gaussian vortices that are obtained by axially displacing the SPP regarding the fundamental beam. The experimental results reveal that asymmetric Gaussian vortices manifest a fractional average OAM. Ultimately, we demonstrate real-time topological charge measurement at 10 Hz repetition rate over an extended period for OV of topological charge ℓ = 1 to ℓ = 4. These results demonstrate the potential of Shack-Hartmann wavefront sensors, which can promote their widespread usage for a complete characterization of OV.

Experimental setup and method for wavefront characterization of ultrashort vortex beams

The measurements are performed on a high-energy near-infrared femtosecond beamline that is primarily used to drive high-harmonic generation in rare gases under loose focusing geometry [START_REF] Kumar Pandey | Towards subpicosecond pulses from solid target plasma based seeded soft x-ray laser[END_REF]. In Figure 2.1(a), we show the schematic of the experimental setup to generate and characterize the ultrashort optical vortices. A linearly polarized Gaussian beam of central wavelength 815 nm, pulse duration ∼40 fs, diameter ∼24 mm 2.2.1. Optical vortex detection and wavefront reconstruction at 1/e 2 , root-mean-square (RMS) wavefront of ∼ λ/32, ∼15 mJ maximum energy, and 10 Hz pulse repetition rate is passed through a spiral phase plate (SPP). The SPP modulates the phase of the incoming beam to impart helical wavefront. We use SPPs that are designed to match the central wavelength of the IR beam and offer transmission of ∼99.9% (HoloOr). For the OV of topological charge greater than 1, multiple SPPs are inserted in the incoming beam. Each phase plate is mounted on a 3-axis micropositioner stage, facilitating their precise alignment to the fundamental beam. For wavefront characterization, the energy of the incoming beam is scaled down to ∼0.1 nJ using a combination of half-waveplate and polarizer, and a series of beam samplers, each having a reflectivity of ∼10%. We remark that these reflective beam samplers allow us to reduce the incoming vortex beam energy to the level supported by the wavefront sensor without using any transmissive elements, hence, with no or minimal effect on their wavefront. The resulting low-energy vortex beam is loosely focused by a 2 m focal length plano-convex lens and guided to a Shack-Hartmann wavefront sensor (HASO4 FIRST, Imagine Optic) placed ∼300 mm after the focal plane. The used sensor comprises a 32 × 40 microlens array with a spatial sampling of ∼ 110 µm, offering RMS tilt measurement sensitivity of ∼5 µrad and an absolute wavefront measurement accuracy of ∼ λ/100 in 750 nm to 850 nm wavelength range. We note that the main reason for using the focusing optics is to reduce the incoming beam diameter to match the pupil size of the sensor. For a beam of smaller diameter, usage of the focusing lens is not obligatory. Most importantly, the utilized sensor offers direct wavefront acquisition of converging and diverging F/5 beams with an accuracy of ∼ λ/100 RMS, including astigmatism and high order aberrations.

Optical vortex detection and wavefront reconstruction

The inset Figure 2.1(b) depicts the working principle of the Shack-Hartmann sensor for optical vortex wavefront characterization. The incoming vortex beam is divided into several beamlets by the microlens array, and their distribution is registered on a CCD camera located at a distance L from the sampling array. As the position of these beamlets on the CCD camera depends on the local wavevector direction, i.e., the derivative of the local wavefront, for each sub-pupil, the registered spots are dislocated by ∆x and ∆y in regards to the reference spots of the calibrated wavefront sensor. This is schematically represented in Figure 2.1(c). In Figure 2.1(d), we show a raw Hartmanngram for a vortex beam of ℓ = 4. Remarkably, the central sub-pupils are unlit, indicating the presence of a singular structure that gives an annular profile typical to the vortex beams. Exploiting a centroid algorithm, the displacement of the sampled spots in the x and y direction (∆x (i,j) and ∆y (i,j) , respectively) for sub-pupil i, j is determined from the raw Hartmanngrams. From the displacements ∆x (i,j) , and ∆y (i,j) , the estimation of the local slope S x ij , S y ij along x and y direction is straightforward : Reprinted with permission from Ref. [START_REF] Kumar Pandey | Shack-hartmann wavefront sensing of ultrashort optical vortices[END_REF]. Copyright ©2021 by the authors of Ref. [START_REF] Kumar Pandey | Shack-hartmann wavefront sensing of ultrashort optical vortices[END_REF].

S x ij = tan ∆x (i,j) L ≈ ∆x (i,j) L = λ 2π dφ(x (i,j) , y (i,j) ) dx , ( 2 
In Figure 2.1(e, f), we show the quiver plot of the slopes map of vortex beam corresponding to topological charge ℓ = +4 and -4, where the positive (negative) sign indicates the clockwise (anticlockwise) rotation of the slopes, hence the wavefront. The length of the arrows is enlarged by a factor of 3 for better visualization, without affecting their orientation. Note that a global intensity threshold of 2% is applied to avoid the region where the signal level is too low to accurately determine the local slope. Noticeably, the measured slopes show a spiraling behavior around the center, indicating the presence of on-axis singularity. The measured slopes can either be used to extract the Poynting vector skew angle, as reported in [START_REF] Leach | Love : Direct measurement of the skew angle of the poynting vector in a helically phased beam[END_REF], or to fully reconstruct the helical wavefront. Here, we restrict ourselves to the characterization of intensity and wavefront of these vortex beams. We note that for OV, the wavefront estimation from measured slopes is a non-trivial task, and different techniques have been proposed [START_REF] Starikov | Wavefront reconstruction of an optical vortex by a hartmann-shack sensor[END_REF][START_REF] David | Adaptive optics wave function reconstruction and phase unwrapping when branch points are present[END_REF]. However, these approaches are computationally intensive and are inefficient for the reconstruction of dislocations of orders greater than four [START_REF] Starikov | Wavefront reconstruction of an optical vortex by a hartmann-shack sensor[END_REF]. Therefore, instead of relying on these methods, we use a simplified approach that has successfully been used to reconstruct the wavefront of the vortex and vector-vortex beams exhibiting topological charge as high as 100 [START_REF] Kumar Pandey | Extreme-ultraviolet vortices of very high topological charge[END_REF][START_REF] De | Generation of coherent extreme-ultraviolet vector-vortex beams[END_REF]. We purposefully introduce a discontinuity in the slopes map at an arbitrary position. The introduced discontinuity is chosen to be as small as possible i.e., a discontinuity that requires ignoring the least number of sub-pupils. Additionally, the position of the discontinuity is optimized to yield a minimum peak-to-valley (PtV) wavefront value. Following the above, the slopes are integrated using Southwell's Successive over-relaxation (SOR) algorithm [START_REF] Southwell | Wave-front estimation from wave-front slope measurements[END_REF], implemented in proprietary software (WaveView, Imagine Optic), to reconstruct 2-D phase map φ(x (i,j) , y (i,j) ). We emphasize that no presumptions are made on the structure of the wavefront during reconstruction. Integration of the slopes map with discontinuity directly results in all the wavefronts presented in this work. Even though this alternative does not reveal the absolute position of wavefront dislocation, as we show in section 2.3.1, our method is indeed reliable. We also remark that a variation of less than 2% in the PtV wavefront value is observed for different positions of discontinuity in the slopes map, making our simple approach reliable for topological charge determination with a small error bar of 2% at most. Furthermore, owing to this simplified approach that is computationally less demanding, we demonstrate the real-time topological charge measurement at 10 Hz in section 2.3.6.

Results

Intensity and wavefront characterization of ultrashort vortex beams

In Figure 2.2, we show the intensity and wavefront of the vortex beams of topological charge ℓ = +1 and -1. The wavefront is represented in the unit of wavelength. Note that the presented wavefronts are numerically corrected for tilt, and quadratic curvature resulting from focusing lens. Therefore, the displayed wavefronts account for all other residual aberrations present in the beam. Both for ℓ = +1 and -1, the intensity Ref. [START_REF] Kumar Pandey | Shack-hartmann wavefront sensing of ultrashort optical vortices[END_REF]. Copyright ©2021 by the authors of Ref. [START_REF] Kumar Pandey | Shack-hartmann wavefront sensing of ultrashort optical vortices[END_REF].

distribution exhibits an annular profile, typical for a vortex beam. Most strikingly, the reconstructed wavefronts show a helical structure with a smooth and continuous rotation by ∼1 wavelength, indicating a unit topological charge. Besides, the direction of wavefront twist that symbolizes the sign of the topological charge, reverses from clockwise to anti-clockwise when comparing ℓ = +1 (Fig. 2.2b) to ℓ = -1 (Fig. 2.2d).

Following the above, vortex beams with a higher topological charge are generated by inserting multiple SPPs in the Gaussian beam. The reconstructed intensity (top row) and wavefront (bottom row) for ℓ = 2, 3, and 4 are shown in Fig. 2.3. In all the cases, the intensity distribution displays an annular profile. Additionally, the size of the annulus resulting from central phase singularity increases with the topological charge, as pointed out in [START_REF] Padgett | The poynting vector in laguerre-gaussian laser modes[END_REF]. Remarkably, for all the configurations, the reconstructed wavefront shows a smooth and continuous twist around the center. The total wavefront rotation, i.e., peak-to-valley (PtV) wavefront variation indicating the overall topological charge is 2.3.2. Fidelity of Shack-Hartmann characterization of optical vortices within 1% of the theoretically expected value : ∼2.005λ, ∼3.003λ, ∼4.0λ for ℓ = 2, 3, and 4, respectively. This demonstrates that the Shack-Hartmann wavefront sensing can be utilized to reliably reconstruct the helical wavefront of vortex beams of higher topological charge. . In all the cases, the intensity distribution presents an annular profile, whereas the wavefronts show a helical structure. The wavefront twists by ∼2.005λ, ∼3.003λ, ∼4.0λ for ℓ = 2 (b), 3 (d), and 4 (f), respectively. The clockwise wavefront rotation indicates the positive sign of the topological charge. Reprinted with permission from Ref. [START_REF] Kumar Pandey | Shack-hartmann wavefront sensing of ultrashort optical vortices[END_REF]. Copyright ©2021 by the authors of Ref. [START_REF] Kumar Pandey | Shack-hartmann wavefront sensing of ultrashort optical vortices[END_REF].

Fidelity of Shack-Hartmann characterization of optical vortices

The complete characterization of the complex field of the vortex beams allows us to obtain the intensity and wavefront at any propagation distance. In particular, the fidelity of wavefront reconstruction can be accessed through the relevance between the numerically back-propagated and experimentally obtained intensity distribution at any propagation distance. As noted before, the IR wavefront sensor is located at a distance 'z' after the focal plane (see Fig. 2.1) to facilitate high spatial sampling of the incident beam, which is a prerequisite for reliable wavefront reconstruction. The separation between the IR beam waist and the sensor is estimated from the measured wavefront curvature radius.

Results

Following the above, the 2D complex field E of the beam characterized by the wavefront sensor is numerically backpropagated to the waist.

The field E is sampled on a grid defined by the subpupils array of the wavefront sensor. A linear interpolation allows four times oversampling of E between these subpupils by steps of dx and dy in horizontal and vertical directions. Let E m, n be the complex field value at a point M m, n (x m , y n , z) of the sensor sampling grid, and z the distance between the sensor and IR driving beam waist. The complex field e k, l at an arbitrary point P k, l (X k , Y l , 0) in the waist plane is then calculated by integrating the Kirchhoff integral. As z >> X k , Y l , x m , y n , the inclination factors are neglected, and the integral is numerically calculated as :

e k, l = -i λ m n E m, n exp -ikP k, l Mm, n P k, l M m, n dx dy. (2.3)
For the selected cases of ℓ = +1, +2, and -4, we show the backpropagated intensity (top row), and wavefront (middle row) at the waist in Fig. 2.4. For each condition, we also depict the experimentally acquired intensity distribution (bottom row) at the waist. The backpropagated wavefronts at the waist indeed exhibit a variation of 1, 2, and 4λ for |ℓ| = 1, 2, and 4, respectively. Moreover, the direction of wavefront rotation also reverses with a change in the sign of topological charge. The intensity distribution at the waist shows an annular structure with a relatively larger central dark spot for a higher topological charge [START_REF] Padgett | The poynting vector in laguerre-gaussian laser modes[END_REF]. Most importantly, an excellent agreement between the back-propagated and experimental intensity profile for all the cases further demonstrates the merit of our characterization technique. The lack of ideal cylindrical symmetry and azimuthal modulation in the intensity distribution at the waist points towards the quasipure nature of the vortex beams generated using SPPs, which we will discuss in the following section. Furthermore, the presence of faint secondary intensity rings around the main ring indicates the radial mode character of the generated beams. Besides, these secondary rings are relatively more pronounced for the higher topological charges : comparing ℓ = ±1 (Fig. 2.4d, e) and ℓ = +4 (Fig. 2.4f). We further elaborate on this aspect in section 2.3.3.

Modal purity of the vortex beams

The characterized wavefronts reveal the topological charge as well as its sign. However, for applications such as quantum communication, information processing, and appropriate quantification of all light-matter interactions studies [START_REF] Schmiegelow | Transfer of optical orbital angular momentum to a bound electron[END_REF][START_REF] De Ninno | Photoelectric effect with a twist[END_REF][START_REF] Fanciulli | Electromagnetic theory of helicoidal dichroism in reflection from magnetic structures[END_REF][START_REF] Vieira | Amplification and generation of ultra-intense twisted laser pulses via stimulated raman scattering[END_REF], including highly nonlinear frequency upconversion [START_REF] Hernández-García | Attosecond extreme ultraviolet vortices from high-order harmonic generation[END_REF][START_REF] Rego | Nonperturbative twist in the generation of extremeultraviolet vortex beams[END_REF], it is imperative to deduce their full modal composition. Thanks to the Shack-Hartmann wavefront sensing, we can utilize the reconstructed complex field of the vortex beams to reveal their modal composition. The OAM spectra as a function of radial coordinate r can be obtained exploiting the Fourier-relationship between topological charge ℓ and azimuthal angle ϕ [START_REF] Yao | Fourier relationship between angular position and optical orbital angular momentum[END_REF]. However, this approach does not reveal the radial mode content. On the contrary, decomposition and experimental intensity profile of vortex beams at the waist. We use the complex field reconstructed by the wavefront sensor to obtain intensity distribution (top row) and the wavefront (middle row) at the waist for ℓ = +1 (left), +2 (center), and -4 (right). The backpropagated wavefronts present a variation of 1, 2, and 4λ for |ℓ| = 1, 2, and 4, respectively. For each case, the bottom row represents the experimentally obtained intensity profile at the waist. For all the configurations, the backpropagated and experimental profiles show an excellent agreement, indicating that the characterized amplitude and phase by the wavefront sensor indeed corresponds to the generated vortex beams. Reprinted with permission from Ref. [START_REF] Kumar Pandey | Shack-hartmann wavefront sensing of ultrashort optical vortices[END_REF]. Copyright ©2021 by the authors of Ref. [START_REF] Kumar Pandey | Shack-hartmann wavefront sensing of ultrashort optical vortices[END_REF].

of the complex field into LG basis unveils both the azimuthal and radial mode content. In this section, we perform the modal analysis of the vortex beams by projecting the reconstructed field E(r, ϕ, z) by the wavefront sensor on a set of LG modes that form an orthonormal basis :

E(r, ϕ, z) = LG ℓ,p (r, ϕ, z) e ikz , ( 2.4) 

Results

where

LG ℓ,p (r, ϕ, z) = C LG ℓp w 0 w(z) r √ 2 w(z) |ℓ| exp - r 2 w 2 (z) L |ℓ| p 2r 2 w 2 (z) e -iℓϕ e -ikr 2 /2q(z)
× e i((ℓ+p) arctan(z/z R )) . (2.5)

Here, ℓ and p are integers defining the azimuthal and radial mode indices, C LG ℓp the normalization constant, L |ℓ| p is the generalized Laguerre polynomial, z R = πw 2 0 λ the Rayleigh length for beam waist w 0 , q(z) = z + iz R the complex parameter of the modes, and w(z

) = w 0 1 + z z R 2
. The normalization factor C LG ℓp is chosen to satisfy the orthonormalization condition

∞ 0 2π 0 LG ℓ, p × LG * ℓ ′ , p ′ dϕ dr = δ ℓℓ ′ δ pp ′ .
The complex coefficient c l, p of the modal decomposition on the LG basis are then obtained by numerically calculating the following integral on the sensor sampling grid :

c ℓ,p = ∞ 0 2π 0 E(r, ϕ, z) × LG * ℓ,p dϕ dr. (2.6)
A set of orthogonal LG ℓ, p modes are fully defined by the choice of a common beam parameter q, i.e., by the distance z between the waist and the detector, and the waist size w o of the fundamental LG 0, 0 mode [START_REF] Vallone | Role of beam waist in laguerre-gauss expansion of vortex beams[END_REF]. Fortunately, both of these quantities can be retrieved from the Shack-Hartmann sensor data. On one hand, the distance between the beam waist and the detection plane is estimated from the wavefront curvature radius measured by the sensor. On the other hand, the waist size w o is deduced from the backpropagated intensity distribution at waist using [START_REF] Padgett | The poynting vector in laguerre-gaussian laser modes[END_REF] :

w o = 2 |ℓ| R max ,
where R max is the radius of the maximum intensity associated with the vortex beam of topological charge ℓ. Conclusively, wavefront sensing provides all the parameters needed for full modal analysis. In contrast to LG decomposition, the azimuthal mode analysis through Fourier Transform of the measured complex field does not require the knowledge of beam waist size or position. In this case, the Fourier coefficient c ℓ corresponding to topological charge ℓ at the detection plane can be calculated using :

c ℓ = +∞ 0 2π 0 E(r, ϕ, z) • e -iℓϕ dϕ r dr 2 .
(2.7)

An important aspect of modal analysis is choosing a range of ℓ, p values that is sufficient to accommodate all the modes present in the beam. For the results presented herein, we consider the ℓ range in between -10 to +10, and the first 11 radial modes (p = 0 to 10), which account for more than 99.9% of the beam total energy. Subsequently, the complex weight corresponding to each mode is calculated. In Figure 2.5, we show the result of LG modal analysis for the vortex beam of topological charge ℓ = 1 to 4. Note that the global LG spectrum is normalized to unity for easier comparison. Therefore, the presented spectra show constituent radial and azimuthal modes, and their relative contribution to the total beam. Accordingly, the OAM purity, i.e., the contribution to desired azimuthal mode can be calculated by summing the energy fraction contained in the first 11 radial modes. On the other hand, the energy fraction in the first radial mode can be estimated by summing up the contributions corresponding to p = 0 mode in the stated ℓ-range.

In all the cases presented in Figure 2.5, the azimuthal mode purity exceeds 90% : ∼94% for ℓ = 1, ∼93% for ℓ = 2, 3, and ∼92% for ℓ = 4. The finite mode purity of the generated vortex beams arises from the fact that SPPs intrinsically are non-ideal mode converters with limited conversion efficiency [START_REF] Beijersbergen | Helical-wavefront laser beams produced with a spiral phaseplate[END_REF][START_REF] Sueda | Laguerre-gaussian beam generated with a multilevel spiral phase plate for high intensity laser pulses[END_REF][START_REF] Longman | Mode conversion efficiency to laguerre-gaussian oam modes using spiral phase optics[END_REF][START_REF] Ruffato | Generation of high-order laguerre-gaussian modes by means of spiral phase plates[END_REF][START_REF] Massari | Fabrication and characterization of high-quality spiral phase plates for optical applications[END_REF]. In particular, since SPPs are monochromatic by design, the topological charge dispersion naturally occurs for broadband (∼27 nm at FWHM, centered at λ = 815 nm) femtosecond pulses [START_REF] Yamane | Frequencyresolved measurement of the orbital angular momentum spectrum of femtosecond ultra-broadband optical-vortex pulses based on field reconstruction[END_REF][START_REF] Longman | Mode conversion efficiency to laguerre-gaussian oam modes using spiral phase optics[END_REF][START_REF] Ruffato | Generation of high-order laguerre-gaussian modes by means of spiral phase plates[END_REF][START_REF] Xie | Optical vortices generated by multi-level achromatic spiral phase plates for broadband beams[END_REF]. The modal purity is also reduced by the optical aberrations in the fundamental beam [START_REF] Ohland | A study on the effects and visibility of low-order aberrations on laser beams with orbital angular momentum[END_REF]. Even for an ideal monochromatic beam, the optical vortices generated by SPPs comprise a superposition of various LG modes [START_REF] Janicijevic | Gaussian laser beam transformation into an optical vortex beam by helical lens[END_REF]. Even so, the vortex beams show high OAM purity with only minor contributions to non-principal azimuthal modes. Meanwhile, all the beams possess a radial mode character, as evident from the contribution to higher p-orders. Though the OAM purity is just slightly affected by the increasing topological charge, the contribution to primary radial mode is drastically reduced for a higher ℓ : LG ℓ, 0 = ∼86% for ℓ = 1, ∼79% for ℓ = 2, ∼73% for ℓ = 3, and ∼66% for ℓ = 4. As SPPs are phase-only modulators, higher-order radial modes with the same OAM composition appear for a higher charge. This in turn diminishes the energy contained in the p = 0 mode, while only minutely affecting the overall OAM purity. To further corroborate this aspect, we show the p-spectra for these conditions in Fig. 2.6. A decrease in the contribution to first radial mode and appearance of higher-order radial modes are particularly noticeable when comparing the two extreme cases : (a) ℓ = 1 to (d) ℓ = 4. For instance, in l = 4 case, a small contribution until the 9 th radial mode is observed, which is absent for ℓ = 1 beam (a). Most importantly, the modal analyses of the experimental vortex beams reveal that the measured PtV wavefront indicating the overall topological charge does not necessarily imply 100% modal purity. Therefore, modal decomposition is mandatory to quantify the ℓ, p content of these beams.

We note that the sign of the topological charge can simply be changed from positive to negative by flipping the side of the SPPs facing the incoming beam. In Figure 2.7, we show the result of modal analysis for vortex beams of topological charge ℓ = -5 to +5. A comparison between OAM purity obtained via azimuthal Fourier Transform and full LG decomposition is shown in Fig. 2.7(a). Noticeably, both the approaches provide comparable results (<1% variation) with overall azimuthal mode purity remaining over ∼90% for all the topological charges. The OAM purity reduces from ∼94% for the lowest topological charge (ℓ = +1) to ∼90% for ℓ = +5. We point out that the given result can also be interpreted as the OAM mode conversion efficiency of SPPs and their combinations, where a significant fraction of beam energy is contained in the desired OAM order. Since the higher azimuthal orders are obtained using multiple SPPs of unit topological charge, the small reduction in OAM conversion efficiency for higher ℓ-values [START_REF] Kumar Pandey | Shack-hartmann wavefront sensing of ultrashort optical vortices[END_REF]. Copyright ©2021 by the authors of Ref. [START_REF] Kumar Pandey | Shack-hartmann wavefront sensing of ultrashort optical vortices[END_REF]. might result from a slight misalignment of different phase plates with respect to the incoming beam, as pointed out in [START_REF] Kotlyar | Orbital angular momentum of a laser beam behind an off-axis spiral phase plate[END_REF]. We further elaborate on this aspect in section 2.3.5. Nonetheless, the generated beams still exhibit very high OAM purity. Figure 2.7(b) depicts the energy contained in the first radial mode (p = 0) summed over a range of ℓ-values (ℓ = -10 to ℓ = +10), whereas the energy fraction in LG ℓ=ℓ, p=0 is presented in (c). Moreover, the standard deviation of radial mode distribution, which can be used to quantify the p-spectrum width (∆p), is shown in (d). In contrast to OAM purity that largely remains unaffected by the increase of topological charge, the contribution to the A decrease in the contribution to p = 0 radial mode, and appearance of new radial modes is observed for a higher value of ℓ. For ℓ = 4 (d), minute contribution up to p = 9 mode can be seen. p = 0 radial mode is substantially reduced. For instance, in the case of ℓ = +1, ∼86% of total energy is contained in LG ℓ, 0 mode, whereas it drops to ∼52% for ℓ = +5. As previously pointed out, because SPPs only modulate the phase of the fundamental beam, new higher-order radial modes with the same OAM are generated for a higher charge. Besides, the appearance of higher p-orders can also be inferred comparing the experimentally acquired intensity profile at the waist for ℓ = +1 and ℓ = -4 (Fig. 2.4), where more pronounced secondary rings can be clearly seen for the latter case. Additionally, a broader p-spectrum for the higher charge is evident from the increasing trend of ∆p : almost two-fold increase when comparing ℓ = -1 to ℓ = -5 (Fig. 2.7d).

In conclusion, Shack-Hartmann amplitude and phase characterization, followed by modal decomposition, provides a deeper insight which is beyond simplistic techniques The increasing trend of (∆p) with topological charge signifies a broader p-spectrum. Reprinted with permission from Ref. [START_REF] Kumar Pandey | Shack-hartmann wavefront sensing of ultrashort optical vortices[END_REF]. Copyright ©2021 by the authors of Ref. [START_REF] Kumar Pandey | Shack-hartmann wavefront sensing of ultrashort optical vortices[END_REF].

that rely on macroscopic diffractive, interferometric, or dimensional properties of OV. Commonly used methods that are unable to measure both amplitude and phase, provide only the average OAM value and not their complete modal content. We also note that the Fourier Transform method is relatively less computationally intensive than LG decomposition. Conclusively, owing to the excellent agreement between the two approaches (Fig. 2.7a), Fourier Transform decomposition can preferably be used for applications requiring characterization of only azimuthal mode content.

Effect of radial aperturing on modal content

Wavefront sensing also allows us to inspect the effects of different parameters on the modal composition of the vortex beams generated using SPPs. To analyze the consequence of radial clipping, an iris of variable diameter was placed in between the SPP and focusing lens (see Fig. 2.1a). Thereafter, we performed intensity, wavefront, and modal content characterization for various iris diameters. In Figure 2.8, we show the intensity 2.3.4. Effect of radial aperturing on modal content (left), reconstructed wavefront (center), and modal composition (right) obtained via LG decomposition for ℓ = -3 beam for fully open (top) and 16 mm (bottom) iris diameter. We remark that iris aperturing affects the size of the beam waist as well. Therefore, for each iris diameter, the beam waist w 0 has been accordingly redefined. For both cases, an anticlockwise wavefront twist of ∼3λ indicates a -3 topological charge. The OAM purity is minutely affected by iris clipping : ∼91% for fully open, and ∼89% for 16 mm iris diameter. On the other hand, the fraction of energy contained in LG -3, 0 mode sharply falls from ∼69% to ∼45% for the smaller iris diameter. This indicates that the radial clipping by the iris affects the modal distribution, in particular, the radial mode composition. Evidently, iris aperturing leads to redistribution of total energy to higher radial modes, which diminishes the contribution to the p = 0 mode. Note that, unlike angular aperturing that broadens the OAM spectra due to uncertainty in the angular position and angular momentum [START_REF] Franke-Arnold | Uncertainty principle for angular position and angular momentum[END_REF], the radial clipping by the iris appears to affect primarily the radial mode distribution (comparing Fig. 2.8c and f). 

Effect of spiral phase plate displacement on the modal composition

The OAM of the optical vortices generated using SPP is sensitive to its alignment to the incoming Gaussian beam. The displacement of SPP generates an asymmetric Gaussian vortex [START_REF] Victor | Asymmetric gaussian optical vortex[END_REF], where the Gaussian and vortex beam centers are not superposed. Moreover, a shift of the Gaussian beam center from the center of the optical vortex can lead to the generation of asymmetric Gaussian vortex beams with fractional OAM [START_REF] Kotlyar | Orbital angular momentum of a laser beam behind an off-axis spiral phase plate[END_REF]. Thankfully, wavefront sensing allows us to analyze the OAM composition of such beams. For the vortex beam of ℓ = +1, the SPP mounted on a 3-axis micropositioner stage was vertically displaced. Following the above, the beam was guided to the wavefront sensor for characterization.

In the left column of Figure 2.9, we show the intensity profile for various SPP displacements, which is expressed as a ratio of the SPP shift r 0 and radius of the Gaussian beam ω. Figure 2.9(a, c), displays the intensity profile for α = r 0 /ω = 0.2 and 0.5, respectively. In comparison to the centered SPP case (Fig. 2.2a), we can see that the vortex center gradually drifts downwards from the center of the Gaussian beam. For α = 0.5 (Fig. 2.9c), the vortex center is already shifted in regards to the most intense part of In (e), a comparison between theoretical (solid line) and experimental (cross symbol) average OAM for various SPP shifts is presented. The theoretical and experimental results are in very good agreement and indicate the fractional total OAM of asymmetric Gaussian vortices. Reprinted with permission from Ref. [START_REF] Kumar Pandey | Shack-hartmann wavefront sensing of ultrashort optical vortices[END_REF]. Copyright ©2021 by the authors of Ref. [START_REF] Kumar Pandey | Shack-hartmann wavefront sensing of ultrashort optical vortices[END_REF].

2.3.6. Topological charge measurement at 10 Hz the Gaussian beam. For further decentering, the vortex center continues to drift away from the center of the Gaussian beam. To observe the effect of SPP off-centering on modal composition, we utilize the reconstructed amplitude and phase by the wavefront sensor to retrieve the OAM spectra under these conditions. For the corresponding cases, the OAM spectra obtained via LG decomposition are presented in the second column of Fig. 2.9. Remarkably, in comparison to centered SPP, the OAM purity already diminishes from ∼94% (Fig. 2.5a) to ∼86% for α = 0.2 (Fig. 2.9b). For a further shift of α = 0.5, the contribution to ℓ = + 1 mode sharply falls while the energy contained in ℓ = 0 order rapidly grows. For a greater value of α, this trend continues until most of the energy is contained in ℓ = 0 mode. As asymmetric Gaussian vortices are anticipated to carry a fractional average OAM, we show the experimental average OAM value (cross symbols) for various SPP shifts in Fig. 2.9(e). The OAM carried by the vortex beam exhibits a decreasing trend with SPP decentering. For α = 0.7, the average OAM is ∼0.45 i.e., a fraction of average OAM in comparison to α = 0 case. To validate this trend, we compare the experimental result to the theoretical total OAM (solid line) for asymmetric Gaussian vortex obtained using the analytical expression reported in [START_REF] Kotlyar | Orbital angular momentum of a laser beam behind an off-axis spiral phase plate[END_REF]. The experimental and theoretical trends are in very good agreement, once again indicating the merit of experimental characterization. These results demonstrate the importance of proper alignment of SPP to the fundamental beam on one hand, and on the other hand, reveal the OAM composition of asymmetric Gaussian vortices. Conclusively, our wavefront sensing approach provides a direct insight into modal composition even in such an unconventional circumstance.

Topological charge measurement at 10 Hz

The maximum acquisition frequency of the used Shack-Hartmann wavefront sensor is 99 Hz. As the laser pulse-repetition rate is 10 Hz, the wavefront sensor provides an opportunity for real-time shot-to-shot amplitude and phase characterization of the vortex beams. For 2000 consecutive laser shots, we have performed an extended measurement of the PtV wavefront value that signifies the overall topological charge. In synchronization with the incoming beam, the wavefront sensor was externally triggered at 10 Hz.

In Figure 2.10, we show the result of PtV wavefront measurement for vortex beams of ℓ = 1 to 4. The mean and standard deviation of the measurement is indicated in the inset of respective plots. Remarkably, the mean PtV wavefront values are within 0.5% of theoretical expectation : ∼1.004λ, ∼2.006λ, ∼3.003λ, ∼3.995λ for ℓ = 1, 2, 3, and 4, respectively. Furthermore, the standard deviation of the measurement falls ∼1% or below for all the cases. Therefore, Shack-Hartmann wavefront sensing provides an opportunity to measure the topological charge, as well as its sign at a higher acquisition frequency. This, for instance, can be used for in-situ amplitude and phase characterization of the low topological charge optical vortices that are often used to drive light-matter interaction and OAM nonlinear frequency upconversion processes. Incidentally, this also demonstrates the long-term stability of generated vortex beams. In all the cases, the mean PtV wavefront indicating topological charge is within 0.5% of the theoretically expected value. Reprinted with permission from Ref. [START_REF] Kumar Pandey | Shack-hartmann wavefront sensing of ultrashort optical vortices[END_REF]. Copyright ©2021 by the authors of Ref. [START_REF] Kumar Pandey | Shack-hartmann wavefront sensing of ultrashort optical vortices[END_REF].

Results

Conversion efficiency comparison between SPP and Swaveplate

A limited mode conversion efficiency is not restricted just to SPPs but also to other mechanisms of vortex beam generation such as spatial light modulators [START_REF] Ohtake | Universal generation of higher-order multiringed laguerre-gaussian beams by using a spatial light modulator[END_REF], diffraction gratings [START_REF] Clifford | High-order laguerre-gaussian laser modes for studies of cold atoms[END_REF], spiral phase mirrors [START_REF] Campbell | Generation of high-order optical vortices using directly machined spiral phase mirrors[END_REF][START_REF] Shen | Generation and interferometric analysis of high charge optical vortices[END_REF], and q-plates [START_REF] Alessio D'errico | Measuring the complex orbital angular momentum spectrum and spatial mode decomposition of structured light beams[END_REF]. Another type of mode converter that can be used to generate vortex beams is a geometric-phase retarder called the super-structured wave plates -S-waveplate [START_REF] Beresna | Polarization sensitive elements fabricated by femtosecond laser nanostructuring of glass[END_REF][START_REF] Gecevičius | Single beam optical vortex tweezers with tunable orbital angular momentum[END_REF][START_REF] Beresna | Radially polarized optical vortex converter created by femtosecond laser nanostructuring of glass[END_REF]]. An S-waveplate comprises femtosecond laser-induced self-assembled sub-wavelength gratings in a fused silica substrate [START_REF] Shimotsuma | Self-organized nanogratings in glass irradiated by ultrashort light pulses[END_REF]. Similar to q-plates [START_REF] Marrucci | Optical spin-to-orbital angular momentum conversion in inhomogeneous anisotropic media[END_REF], the S-waveplate behaves as an inhomogeneous

Conversion efficiency comparison between SPP and S-waveplate

anisotropic medium where the polarization-dependent spin angular momentum can be transformed to a geometric phase [START_REF] Beresna | Polarization sensitive elements fabricated by femtosecond laser nanostructuring of glass[END_REF][START_REF] Gecevičius | Single beam optical vortex tweezers with tunable orbital angular momentum[END_REF][START_REF] Marrucci | Optical spin-to-orbital angular momentum conversion in inhomogeneous anisotropic media[END_REF]. In this sense, the induced geometric phase can be manipulated by varying the polarization state of the incoming beam. In particular, for a circularly polarized Gaussian input with a flat phase, an S-waveplate with half-wave (λ/2) retardance transforms the right-hand (left-hand) circular polarization to left-hand (right-hand) circular polarization with an additional geometric phase of topological charge +1 (-1). To compare the OAM conversion efficiency of SPP to the S-waveplate, we characterize the vortex beams generated using the S-waveplate.

The SPP in Figure 2.1 was replaced by an S-waveplate of ∼10 mm diameter ; designed for central wavelength 800 nm (courtesy of Carlos Hernandez-Garica, University of Salamanca, Spain). The linear polarization of the fundamental Gaussian beam is converted to circular polarization using a quarter-waveplate. As the incoming Gaussian beam has a much larger diameter (∼24 mm at 1/e 2 ), its size was reduced by placing an iris right before the S-waveplate. Thereafter, the resulting beam was loosely focused and The contribution to the desired OAM mode is ∼93.5% for ℓ = +1 (e), and ∼93% for ℓ = -1 (h) .

Results

guided to the Shack-Hartmann wavefront sensor for characterization, as shown in Fig. 2.1. For the sake of clarity, we show the experimental arrangement and an image of the ∼10 mm S-waveplate inscribed on a 1-inch fused silica substrate in Fig. 2.11 (a, b), respectively. For left and right-hand circularly polarized input, intensity, wavefront are presented Fig. (c,d), and (f, g), respectively. In both cases, the wavefront exhibits a twist of 1λ ; clockwise rotation (d) for left-hand circular polarization, and anticlockwise for right-hand circular polarization. The OAM spectra for each case are depicted in the right column. Surprisingly, similar to SPPs, the OAM conversion efficiency for S-waveplate is limited : ∼93.5% for ℓ = +1, and ∼93% for ℓ = -1. In both cases, a small contribution to ℓ = 0 mode indicates that a part of the Gaussian input beam is not transformed by the S-waveplate. Apart from the intrinsic response of the S-waveplate, another factor that might contribute to the non-100% conversion efficiency is the non-ideal circular polarization of the input beam. Overall, both SPP and S-waveplate show a comparable OAM conversion efficiency, highlighting the challenges in obtaining an ideal vortex beam with 100% modal purity.

Merit of wavefront sensing over other techniques of vortex beam characterization

In this chapter, we resorted to Shack-Hartmann wavefront sensing for a complete characterization of femtosecond vortex beams. These results show the quasi-pure nature of vortex beams obtained using SPP and S-waveplate. To further emphasize the significance of our wavefront sensing approach and the limitations of other characterization methods, we utilize the diffractive technique [START_REF] Hickmann | Unveiling a truncated optical lattice associated with a triangular aperture using light's orbital angular momentum[END_REF][START_REF] Mourka | Visualization of the birth of an optical vortex using diffraction from a triangular aperture[END_REF], and dimensional properties of vortex beams [START_REF] Zhang | Dimensional properties of laguerre-gaussian vortex beams[END_REF][START_REF] Salla | Higher order optical vortices and formation of speckles[END_REF][START_REF] Salla | Divergence of optical vortex beams[END_REF] to infer their topological charge. As mentioned before, the radius of the maximum intensity R max scales with topological charge through the relation [START_REF] Padgett | The poynting vector in laguerre-gaussian laser modes[END_REF] :

w 0 = 2 |l| R max .
Besides, the inner (r 1 ) and the outer radii (r 2 ) also scale with the topological charge [START_REF] Zhang | Dimensional properties of laguerre-gaussian vortex beams[END_REF][START_REF] Salla | Higher order optical vortices and formation of speckles[END_REF][START_REF] Salla | Divergence of optical vortex beams[END_REF]. Therefore, a straightforward way to determine the topological charge is to measure R max = r 0 , r 1 , and r 2 (see Fig. 2.12a ; adapted from [START_REF] Zhang | Dimensional properties of laguerre-gaussian vortex beams[END_REF]). From the experimental intensity profiles at the waist, we estimate r 0 , r 1 and r 2 for the vortex beams of ℓ = 1 to 4. In Figure 2.12(b, c), we show the experimental and theoretical scaling of these quantities as a function of ℓ ; the size is represented in the units of Gaussian beam waist w 0 . Note that the theoretical r 1 and r 2 are estimated using the analytical expression reported in [START_REF] Salla | Higher order optical vortices and formation of speckles[END_REF][START_REF] Salla | Divergence of optical vortex beams[END_REF] :

r 1 = (ℓ + 1.3 - √ q m ) 1/2 / √ 2, r 2 = (ℓ + 1.3 + √ q m ) 1/2 / √ 2, (2.8) 
where

q m = (ℓ + 1.3) 2 exp(-1.4/ℓ).
(2.9)

Both the theoretical and experimental values are in very good agreement. Conclusively, these measures can indeed be used to determine the topological charge. However, there is a major limitation of this method : as the intensity distribution and beam size for +ℓ and -ℓ are similar, one cannot determine the absolute sign of the topological charge.

Another alternative to deduce the magnitude and sign of the topological charge of vortex beams is by exploiting diffraction through a triangular aperture [START_REF] Hickmann | Unveiling a truncated optical lattice associated with a triangular aperture using light's orbital angular momentum[END_REF]. Though the radial index of a beam can be determined from the number of concentric intensity rings, the intensity profile for the +ℓ and -ℓ beams are identical. A triangular aperture, in fact, an aperture of any shape that breaks this symmetry, can be used to retrieve the topological charge [START_REF] Mourka | Visualization of the birth of an optical vortex using diffraction from a triangular aperture[END_REF]. A variant of this method has also been utilized to characterize radial and azimuthal indices of higher-order LG beams [START_REF] Mazilu | Simultaneous determination of the constituent azimuthal and radial mode indices for light fields possessing orbital angular momentum[END_REF]. When a vortex beam of topological charge ℓ diffracts through a triangular aperture, the number of intensity lobes on any side of the diffraction pattern is equal to |ℓ| + 1 [START_REF] Hickmann | Unveiling a truncated optical lattice associated with a triangular aperture using light's orbital angular momentum[END_REF]. In Figure 2.13, we show the diffracted intensity pattern for ℓ = 1 (a), and ℓ = 2 (b) beams. As expected, there are |ℓ| + 1 number of bright spots on each side of the pattern, indicating the overall topological charge of the beam. We also note that when the sign of topological charge is changed from ℓ to -ℓ, the orientation of the pattern rotates by 180degrees [START_REF] Hickmann | Unveiling a truncated optical lattice associated with a triangular aperture using light's orbital angular momentum[END_REF]. Therefore, in contrast to ℓ-value estimation from the radial parameters, this technique allows determining the magnitude and also the sign of the topological charge. Nonetheless, as both of the aforestated methods fail at retrieving the modal content, they are unable to provide an estimate of the OAM purity or the complete radial and azimuthal mode spectra. Conclusively, our wavefront sensing approach followed by modal decomposition is much more suitable for the full characterization of non-ideal vortex beams.

Chapter conclusions

We demonstrate the potential of a Shack-Hartmann wavefront sensor as a tool for single-shot characterization of femtosecond optical vortices. This diagnostic has been tested on an attenuated beam of a high-intensity laser facility, where the vortex structure is imprinted by a spiral phase plate. First and foremost, the slopes map i.e., the measured wavefront tilts already show a spiraling behavior around the beam axis, which is the initial indication of the helical wavefront that is particular to optical vortices. As we later show, the reconstructed wavefront indeed presents a helical structure with an overall rotation falling within 1% of the theoretically expected value for all the cases investigated. The merit of our characterization is further reinforced by an excellent agreement between experimentally acquired and back-propagated intensity distribution at the waist exploiting the reconstructed field by the wavefront sensor. Proceeding with a Laguerre-Gauss mode decomposition of the field is therefore legitimate, and is a valuable tool to assess the azimuthal and radial mode purity. Even though the total wavefront twist confirms the topological charge, the modal decomposition reveals their quasi-pure nature. These minute modal imperfections arise from the fact that the SPPs are far from an ideal mode converter, consequently leading to a light field with superposition of multiple helical modes. We extend the modal characterization to radially apertured vortex beams. The experimental results reveal that radial clipping by a diaphragm mainly influences the radial mode distribution. The impact of radial aperturing on overall OAM purity is not as much as the energy contained in the first radial mode, which sharply falls for a smaller aperture. To further test the ability of our wavefront sensing approach for the characterization of optical vortices, for the beam of unit topological charge, we characterize the OAM content of asymmetric Gaussian vortex. The experimental results are in very good agreement with the theoretical predictions, confirming the fractional average OAM for such beams. Incidentally, this also shows the significance of proper axial alignment of SPP with respect to the Gaussian beam.

Ultimately, we demonstrate the characterization of the topological charge indicated by the peak-to-valley wavefront value at a 10 Hz repetition rate. As the wavefront peakto-valley is a reliable indicator of the overall topological charge, this characterization method is ideal for real-time readout. Our work also shows that wavefront sensors can go beyond the rapid measurement of the vortex topological charge, giving access to their mode content in a single laser-shot. This aspect is particularly important for the appropriate quantification of all light-matter interactions involving optical vortices. Specifically in the context of high-intensity applications such as highly nonlinear frequency upconversion through high harmonic generation [START_REF] Hernández-García | Attosecond extreme ultraviolet vortices from high-order harmonic generation[END_REF], highly nonlinear effects are expected to generate mixing between different helical modes present in the driver beam [START_REF] Rego | Nonperturbative twist in the generation of extremeultraviolet vortex beams[END_REF]. Conclusively, wavefront sensor-enabled single-shot amplitude, phase, and modal content characterization of ultrashort vortex beams driving these interactions can be a critical tool (see Chapter 4).

For vortex beam of ℓ = 1, we employed our wavefront sensing approach to compare the OAM conversion efficiency between SPP and S-waveplate. Surprisingly, the vortex beams obtained via these two mechanisms show a comparable OAM purity. We remark that limited conversion efficiency is not merely restricted to SPPs and S-waveplates. Other methods such as diffraction gratings, spatial light modulators, q-plates, and spiral phase mirrors are also prone to non-ideal conversion efficiency [START_REF] Alessio D'errico | Measuring the complex orbital angular momentum spectrum and spatial mode decomposition of structured light beams[END_REF][START_REF] Ohtake | Universal generation of higher-order multiringed laguerre-gaussian beams by using a spatial light modulator[END_REF][START_REF] Clifford | High-order laguerre-gaussian laser modes for studies of cold atoms[END_REF][START_REF] Campbell | Generation of high-order optical vortices using directly machined spiral phase mirrors[END_REF][START_REF] Shen | Generation and interferometric analysis of high charge optical vortices[END_REF]. These results demonstrate the challenges in obtaining an ideal vortex beam of centpercent modal purity.

Most important takeaways from the Chapter

We remark that the helical wavefront reconstruction from the measured slopes is nontrivial. In [START_REF] Starikov | Wavefront reconstruction of an optical vortex by a hartmann-shack sensor[END_REF], Starikov et. al. utilized a modified version of Fried's algorithm ( [START_REF] David | Adaptive optics wave function reconstruction and phase unwrapping when branch points are present[END_REF]) to reconstruct the wavefront of a beam of topological charge ℓ = 1. Though this approach can detect and restore the absolute position of phase dislocation, as Starikov et. al. pointed out through their numerical simulation, the limitation of their method starts to appear for higher-order dislocations (higher than 4). To tackle this issue, we use a simplified alternative that exploits the conventional and widely used zonal method of wavefront reconstruction from the measured slopes. A major advantage of our approach is its simplicity and the ability to reconstruct the helical wavefront of vortex beams with a very high topological charge, which we will detail in the forthcoming Chapters (Chapter 3 to Chapter 5). In furtherance to the above, the benchmarking of the accuracy of the reconstructed optical complex field by comparing the numerically backpropagated and experimentally obtained intensity distribution at the waist demonstrate the merit of our simple yet reliable approach even for quasi-pure vortex beams. We emphasize that this approach is general and neither requires a specifically designed wavefront sensor nor a sophisticated wavefront reconstruction method as in [START_REF] Starikov | Wavefront reconstruction of an optical vortex by a hartmann-shack sensor[END_REF]. Our work shows that any conventional Shack-Hartmann sensor and commonly used zonal slope integration method Chapitre 3 

Frequency upconversion of IR vortex beams via HHG : EUV vortex single-shot intensity and wavefront characterization

Chapter overview

Vigorous efforts to harness the topological properties of light, such as polarization, phase, or both (simultaneously), have enabled a multitude of novel applications. In the previous Chapter, we concentrated our efforts on the characterization of ultrashort nearinfrared (IR) light vortices carrying orbital angular momentum (OAM). To translate the applications of light vortices to nanometric spatial resolution, an obvious solution is to generate vortex beams with higher photon energies. At longer wavelengths, as we have outlined in the previous chapter, there are several alternatives to imprint an azimuthally twisting phase in the fundamental Gaussian beam. However, in the extreme-ultraviolet (EUV) and X-ray spectral range, engineering the spatial phase of light becomes a challenging task due to the poor throughput of available alternatives. Zürch et al. in their seminal work [START_REF] Zürch | Strong-field physics with singular light beams[END_REF], presented an out-of-the-ordinary solution to tackle this issue. They exploited high-order harmonic generation (HHG) in a noble gas to upscale the photon energy of the long-wavelength IR vortex driving beam. Microscopically, HHG is a nonperturbative process that results from the sub-cycle ionization of the bound electrons, followed by their accelerated ride in the driving field before ultimately recombining to the parent ion [START_REF] Ferray | Multiple-harmonic conversion of 1064 nm radiation in rare gases[END_REF][START_REF] Schafer | Above threshold ionization beyond the high harmonic cutoff[END_REF][START_REF] Corkum | Plasma perspective on strong field multiphoton ionization[END_REF]. The excess kinetic energy acquired by the electrons during the whole process is then emitted in the form of high-frequency harmonics of the driving beam. On the macroscopic level, when the emitted radiation from a large number of individual atoms is phase-matched, the HHG allows mapping certain characteristics of the driving beam into the harmonic radiation. Consequently, Zürch et al. exploited this unique aspect of the HHG process to bring the singular light beams to the short wavelength regime. Even though the first results reported in [START_REF] Zürch | Strong-field physics with singular light beams[END_REF] had their shortcomings, the seminal work of Zürch et al. undoubtedly was the stepping stone that triggered further new developments on the subject. Since then, HHG has enabled the structuring of the topological properties of EUV light pulses using a table-top setup [START_REF] Hernández-García | Attosecond extreme ultraviolet vortices from high-order harmonic generation[END_REF][START_REF] Gariepy | Creating high-harmonic beams with controlled orbital angular momentum[END_REF][START_REF] Géneaux | Synthesis and characterization of attosecond light vortices in the extreme ultraviolet[END_REF][START_REF] Gauthier | Tunable orbital angular momentum in high-harmonic generation[END_REF][START_REF] Kong | Controlling the orbital angular momentum of high harmonic vortices[END_REF][START_REF] Paufler | Tailored orbital angular momentum in high-order harmonic generation with bicircular laguerre-gaussian beams[END_REF][START_REF] Dorney | Controlling the polarization and vortex charge of attosecond high-harmonic beams via simultaneous spin-orbit momentum conservation[END_REF][START_REF] Laura | Generation of extreme-ultraviolet beams with time-varying orbital angular momentum[END_REF][START_REF] Kong | Vectorizing the spatial structure of high-harmonic radiation from gas[END_REF][START_REF] Kong | Spin-constrained orbital-angular-momentum control in high-harmonic generation[END_REF][START_REF] De Las Heras | Extreme-ultraviolet vector-vortex beams from high harmonic generation[END_REF][START_REF] Kumar Pandey | Characterization of extreme ultraviolet vortex beams with a very high topological charge[END_REF][START_REF] Denoeud | Interaction of ultraintense laser vortices with plasma mirrors[END_REF][START_REF] Gauthier | Orbital angular momentum from semiconductor high-order harmonics[END_REF][START_REF] Pandey | Single-shot wavefront characterization of high topological charge extreme-ultraviolet vortex[END_REF][START_REF] Pandey | Impure infrared vortex driven high harmonic generation[END_REF][START_REF] Kumar Pandey | Extreme-ultraviolet vortices of very high topological charge[END_REF][START_REF] De | Generation of coherent extreme-ultraviolet vector-vortex beams[END_REF][START_REF] Sanson | Hartmann wavefront sensor characterization of a high charge vortex beam in the extreme ultraviolet spectral range[END_REF].

In this chapter, we exploit HHG in a noble gas (Argon) to demonstrate the production of high-topological charge EUV vortex beams. Our prime goal here is to demonstrate the production of intense EUV vortex pulses, which can be instrumental for their practical applications. Therefore, we resort to HHG in a low-density macroscopic generation medium (up to 15 mm long gas cell). Previously, we have illustrated the merit of wavefront sensing over other techniques for the complete characterization of IR optical vortices. Here, we utilize EUV wavefront metrology to affirm the characteristics of HHG vortex beams. In a loose focusing geometry, an intense vortex beam obtained through phase-matched absorption-limited HHG in a 15 mm long gas cell permits single-shot characterization of the amplitude and the phase. Most notably, our EUV wavefront sensing approach unambiguously confirms the multiplicative law of topological charge scaling with harmonic order in a low-density macroscopic gas cell. These results open the prospect of using further long-generation mediums to obtain intense EUV vortex beams for practical applications using a table-top HHG setup.

Introduction

Note that the first experimental observation of optical vortex in the X-ray range (9 KeV) was demonstrated on a large-scale synchrotron facility in the year 2002 [START_REF] Peele | Observation of an x-ray vortex[END_REF]. Nevertheless, the results reported in [START_REF] Zürch | Strong-field physics with singular light beams[END_REF] brought the short-wavelength vortex beams to an HHG-based table-top source. In that seminal work, though the generated harmonics exhibited an annular intensity distribution and a helical phase structure, the topological charges of all the harmonic orders were reported to be the same as that of the IR driving beam. This observation was unexpected because theoretically, as well as experimentally, it is well established that the phase ϕ q of the q th harmonic is proportional to the phase ϕ IR of the driving beam [START_REF] Lewenstein | Phase of the atomic polarization in high-order harmonic generation[END_REF][START_REF] Varjú | Salières : Frequency chirp of harmonic and attosecond pulses[END_REF] : ϕ q = nϕ IR -α q I + ϕ q, 0 . Here, n, ϕ q,0 , I, α q are the number of photons of the driving beam participating in the HHG process, phase associated inherently to the generation medium, the intensity of the driving beam, and the intensity-dependent dipole phase of the q th harmonic, respectively. Conclusively, the phase winding number (topological charge) of the high-order harmonics ideally should scale linearly with the harmonic order [START_REF] Hernández-García | Attosecond extreme ultraviolet vortices from high-order harmonic generation[END_REF] (see also Chapter 1, Section 1.1.3.1) : ℓ q = qℓ 1 , where ℓ 1 , ℓ q are the topological charge of the driving and the q th harmonic beams. Despite this discrepancy, a wide interest in the possibility of imprinting OAM to the HHG beams further led to several independent investigations where the anticipated scaling of the topological charge with harmonic order was verified theoretically [START_REF] Hernández-García | Attosecond extreme ultraviolet vortices from high-order harmonic generation[END_REF][START_REF] Hernández-García | Quantumpath signatures in attosecond helical beams driven by optical vortices[END_REF], as well as experimentally [START_REF] Gariepy | Creating high-harmonic beams with controlled orbital angular momentum[END_REF][START_REF] Géneaux | Synthesis and characterization of attosecond light vortices in the extreme ultraviolet[END_REF][START_REF] Sanson | Hartmann wavefront sensor characterization of a high charge vortex beam in the extreme ultraviolet spectral range[END_REF].

In this work, we present experimental intensity and wavefront characterization of EUV vortex beams obtained through HHG in a low-density macroscopic generation medium. Both for 10 and 15 mm long gas cells, we confirm the multiplicative law ℓ q = qℓ 1 for the 25 th harmonic of the driving beam, hence ruling out any propagation effects [START_REF] Zürch | Strong-field physics with singular light beams[END_REF] even in a 15 mm long generation medium. Moreover, efficient HHG in the longer generation medium allowed intensity and wavefront characterization in single-shot mode. The ability to perform complete characterization of the high-charge vortex structure provides a unique opportunity to investigate the effects of experimental parameters on the modal content of EUV vortex beams in a single to few laser shots (Chapter 4, Appendix B ; see also Refs. [START_REF] Pandey | Impure infrared vortex driven high harmonic generation[END_REF][START_REF] Sanson | Highly multimodal structure of high topological charge extreme ultraviolet vortex beams[END_REF]). On the other hand, intense EUV optical vortices obtained through HHG in further long-generation mediums can allow for their practical applications using a laboratory-based table-top source.

Experimental setup, and diagnostics

The schematic of the experimental setup is presented in Fig. 3.1. High-order harmonic generation is driven by the low-energy beamline of the LASERIX multibeam platform at the University of Paris-Saclay [START_REF] Kumar Pandey | Towards subpicosecond pulses from solid target plasma based seeded soft x-ray laser[END_REF]. The near-infrared (IR) beam of central wavelength 815 nm, pulse duration ∼ 40 fs, drives HHG at a 10 Hz repetition rate. The energy of the IR beam can be continuously varied using a half-waveplate and polarizer. An iris of variable diameter placed before the focusing optics is used to optimize the phase-matching [START_REF] Kazamias | Balcou : High order harmonic generation optimization with an apertured laser beam[END_REF]. Moreover, the experimental setup is adapted to readily switch between different focusing conditions and gas cell lengths (see Fig. 3.1). The focusing lens, as well as the gas cell, are mounted on motorized translation stages, allowing precise displacement of the generation medium regarding the driving beam waist. The experimental setup is also equipped with a high-resolution, monochromatic (for 25 th harmonic of driver), EUV imaging system that allows us to characterize the near-field intensity profile of the high-harmonic source. Note that the EUV imaging system is made up of a near-normal incidence narrowband multilayer concave mirror of focal length ∼ 500 mm, and two flat multilayer mirrors for beam steering (see Fig. 3.1). The used EUV mirrors (provided by UltraFast Innovations) offer a peak reflectivity of ∼ 21% at 32.6 nm (∼ 1.7 nm bandwidth at FWHM). Furthermore, the given system can be used to image the exit of the gas cell onto two different EUV CCDs (not shown in Fig. 3.1) with a magnification factor of ∼ 6.5 and ∼ 11, leading to a spatial resolution of 2 µm and ∼ 1.2 µm at the object plane, respectively.

The IR-vortex driver beam of topological charge ℓ 1 = ±1 is generated by inserting a spiral phaseplate (SPP) designed for the central wavelength of the near-IR driver into the incoming Gaussian beam. We have described the characteristics of the used SPP previously in Chapter 2. Here, we show the experimentally acquired image of the SPP in Fig. 3.2. The sixteen angular sectors composing the SPP are distinguishable. To generate high harmonics, the IR vortex driving beam is loosely focused in the Argon gas cell. We remark that the focusing condition and the gas cell length can be promptly changed : 10 mm, 15 mm long gas cell for the converging lens of 1 m and 2 m focal length, respectively. After removing the residual driving beam with a metallic filter (300 nm thick grid-less Al, LUXEL), the HHG beam is guided to a high-resolution EUV Hartmann wavefront sensor through a 45 0 narrowband multilayer dielectric mirror acting as a spectral filter. The 25 th harmonic centered at the wavelength of 32.6 nm is spectrally selected and is directed towards the EUV wavefront sensor ; we detail the working principle and the characteristics 3.2.1. High-resolution EUV Hartmann wavefront sensor : working principle and characteristics of the EUV sensor in Section 3.2.1. The extinction of the adjacent harmonic orders is over 90% [START_REF] Meltchakov | Development of al-based multilayer optics for euv[END_REF]. The usage of such a mirror facilitates wavefront analysis of only the selected harmonic order, hence making the data interpretation unambiguous. The spectral tuning of the harmonic beam is realized through IR driver spectral phase control using a programmable acousto-optic modulator (Dazzler, FASTLITE). 

High-resolution EUV Hartmann wavefront sensor : working principle and characteristics

To perform a complete spatial characterization of the amplitude and phase of the HHG-vortex beams, we have employed a high-resolution EUV Hartmann sensor (EUV-HASO, Imagine Optic) [START_REF] Xavier | Device for analysing a wavefront with enhanced resolution[END_REF]. We illustrate the working principle of the EUV Hartmann wavefront sensor in Fig. 3.3(a). Fundamentally, the working principle of a Hartmann wavefront sensor is similar to that of a Shack-Hartmann described in Chapter 2 (Section 2.2.1). However, instead of the microlens sampling array of Shack-Hartmann, for the Hartmann sensor, the incident beam is sampled by a Hartmann mask comprising an array of precision microholes drilled in a metallic plate (∼ 100 µm thick Nickel plate). The sampled spot distribution is then registered on a 2D detector (EUV CCD) placed at a distance of L from the Hartmann mask. We note that the position of the diffracted spot sampled by each microhole of the Hartmann mask is directly proportional to the local wavefront slope i.e., the local wavevector direction. Therefore, for an incident beam with a non-ideal wavefront, the diffracted spots are displaced by ∆x and ∆y regarding the reference spots of the calibrated wavefront sensor (Fig. 3.3(b)). We remark that the primary benefit of the Shack-Hartmann over Hartmann architecture is the enhanced signal-to-noise ratio resulting from the usage of microlenses. However, as the Hartmann wavefront sensing does not involve any transmissive elements, they are particularly suitable for the characterization of short-wavelength radiation sources. Moreover, since the Hartmann method is based on ray propagation, these sensors are principally achromatic and can be used over a wide wavelength range.

For characterization of upconverted EUV HHG beams, throughout this work, a highresolution EUV Hartmann sensor with an operating wavelength range in between 4 nm to 40 nm was used. The EUV-HASO is comprised of a Hartmann mask containing a 72 × 72 tilted-square micro-hole array placed before a back-illuminated EUV CCD (Pixis XO 1024B, pixel size 13 µm). Note that in contrast to circular apertures that yield an omnidirectional diffraction pattern, the rotated-square microholes of EUV-HASO results in a four-cornered petal-like diffraction pattern (see Fig. 3.3(b,c)). This approach diminishes the crosstalk between the sampled spots, hence permitting a higher density of microholes. For the used EUV Hartmann sensor, the micro-hole pitch of ∼ 180 µm facilitates a high enough sampling of the incident wavefront, which is mandatory to reliably reconstruct the rapidly twisting wavefront of high topological charge EUV vortices reported in this work. Furthermore, the sensor used provides RMS tilt measurement sensitivity of ∼ 0.05 µrad and an absolute wavefront measurement accuracy of ∼ λ/30 at 30 nm wavelength. The high-resolution design for EUV-HASO is particularly critical for the characterization of EUV vortex beams with extremely high topological charge, which we will address in the forthcoming Chapters (Chapter 4 and Chapter 5).

In Figure 3.3(c), we show a single-shot raw Hartmanngram acquired after illuminating the sensor by a Neon-like Titanium solid-target plasma-based X-ray laser (emitting at λ = 32.6 nm) operated in amplified spontaneous emission mode (see Chapter 6). Noticeably, the Hartmann mask consists of a central 'blinded hole', which facilitates mechanical alignment of the mask concerning the incoming beam. Most importantly, the position of the blinded spot is used as a reference when calculating the centroid of each sampled spot, which makes the local slope estimation much faster. Figure 3

.3(d) represents a closeup version of raw Hartmanngram obtained using the coherently-seeded

Neon-like Titanium solid-target plasma-based X-ray laser (see Chapter 6). The petal-like four-directional diffraction pattern with no crosstalk is particularly appreciable. From the raw Hartmanngrams, the wavefront is reconstructed using the previously noted (Chapter-2) Successive over-relaxation (SOR) technique [START_REF] Southwell | Wave-front estimation from wave-front slope measurements[END_REF]. In contrast to the Modal method where the measured wavefront is represented through a set of smoothly varying modes, the SOR approach is adaptable to a pupil of any arbitrary shape. Consequently, for the wavefront reconstruction of vortex beams with an annular intensity distribution, we have used the SOR method throughout this work. We remark that the SOR is an iterative approach based on the minimization of the error between the measured slopes and the reconstructed wavefront ; the convergence criterion is defined through a maximum value of phase residual that can be user-defined. In comparison to conventional Gaussian beams, we experimentally and theoretically observed that a much lower value of phase residual, and a significantly higher number of iterations were needed to reconstruct the wavefront of high topological charge optical vortices. Therefore, we have optimized both of these parameters for the high topological charge wavefront reconstruction. Further details on the optimization of wavefront reconstruction parameters are provided in Appendix A.

EUV vortex beam generation and characterization in 10 mm long gas cell : First results

In our first results reported in [START_REF] Sanson | Hartmann wavefront sensor characterization of a high charge vortex beam in the extreme ultraviolet spectral range[END_REF], the incoming IR Gaussian beam of diameter ∼ 19 mm at 1/e 2 was passed through an SPP of unit topological charge. The resulting vortex driver was apertured using an iris of ∼ 15 mm diameter and focused into a 10 mm long gas cell by a 1 m focal length lens (see Fig. 3.1). Note that the IR driving beam energy before the iris is ∼ 4.8 mJ, whereas the gas pressure in the cell is 21 mbar after signal optimization. beam after accumulating 100 laser shots. The intensity distribution presents an incomplete ring with two lobes. Nonetheless, most interestingly, the wavefront profile depicted in 3.4(b) exhibits an anticlockwise rotation in both the lobes. The peak-to-valley (PtV) wavefront variation in each lobe is ∼ 9.5λ, where λ is the central wavelength of the 25 th harmonic (32.6 nm). The azimuthally twisting wavefront in both the lobes indicate that the helical phase profile of the IR driver indeed has been mapped into the upconverted HHG beam. We remark that the total wavefront twist along the azimuth signifies the topological charge of the optical vortices [START_REF] Allen | Orbital angular momentum of light and the transformation of laguerre-gaussian laser modes[END_REF]. However, as the intensity and phase profiles in Fig. 3.4 are incomplete, we adopt a tedious (but effective nonetheless) method. From the two-lobed wavefront profile in (b), we subtract the theoretical azimuthal phase of various topological charges. Consequently, the topological charge of the HHG beam can be inferred from the azimuthal order that yields a minimum root-mean-square (RMS) wavefront value. (c,d) Adapted with permission from Ref. [START_REF] Sanson | Hartmann wavefront sensor characterization of a high charge vortex beam in the extreme ultraviolet spectral range[END_REF]. Copyright ©2018 Optica Publishing Group.

Improvements to the experimental setup and methodology

In Figure 3.4(c), we depict the RMS wavefront residue values after deducting theoretically defined azimuthal phase of various topological charges. Note that the RMS wavefront residue is expressed in the units of the central wavelength of the 25 th harmonic. Interestingly, a minimum wavefront residue is obtained after subtracting the theoretical phase of order 25. In (d), we present the residual wavefront profile after subtracting the theoretical phase of ℓ = 25. The resulting wavefront is almost flat with no rotation along the azimuth (comparing (b) and (d)). Though not as directly as we hoped for, these results show that for the IR driver |ℓ 1 | = 1, the topological charge of the HHG beam scales linearly with the harmonic order.

We remark that the incomplete and two-lobed profile of the HHG beam in Fig. 3.4 might be the consequence of the inhomogeneous intensity distribution of the IR driver. We further elaborate on this aspect in the following section (Section 3.4).

Improvements to the experimental setup and methodology

The HHG vortex beam presented in Section 3.3 exhibits incomplete intensity and wavefront profiles, which can arise from the inhomogeneity in the driving beam intensity distribution. In Figure 3.5, we present the experimentally acquired intensity distribution of the ℓ 1 = -1 driving beam at the waist for ∼ 12 mm iris diameter. As anticipated, the driving beam shows an asymmetric profile with two intense lobes. Therefore, for efficient generation of high-order harmonics all around the vortex ring, a driving beam with homogeneous intensity distribution is required. We note that the annular intensity profile of optical vortices is known to be extremely sensitive to the residual wavefront aberrations present in the Gaussian beam [START_REF] Ohland | A study on the effects and visibility of low-order aberrations on laser beams with orbital angular momentum[END_REF]. Therefore, to obtain a high-purity IR-vortex driver, it is imperative to have the least aberrated beam before SPP. Another factor that can influence the intensity distribution and the OAM content of the IR vortex driver is the alignment of SPP in regards to the fundamental Gaussian beam [START_REF] Kotlyar | Orbital angular momentum of a laser beam behind an off-axis spiral phase plate[END_REF][START_REF] Victor | Asymmetric gaussian optical vortex[END_REF] ; see also Chapter 2, Section 2.3.5. We address both of these issues by making appropriate changes to the experimental setup. To ease the constraints on SPP alignment, we install an in-vacuum afocal system (Kepler configuration) to increase the Gaussian IR beam size from ∼ 19 mm at 1/e 2 to ∼ 24 mm at 1/e 2 . Furthermore, we ensure the proper alignment of the focusing lens through wavefront characterization of IR Gaussian beam.

Figure 3.6 represents the characterization IR driving beam after incorporating the abovementioned improvements to the experimental setup. In the left panel, we show the intensity distribution of the IR Gaussian beam (a) before the afocal system and (b) at the exit of the HHG compressor. Note that we have optimized the IR driving beams' spectrum (c) to center the 25 th harmonic at 32.6 nm wavelength. For the full-beam under 1 m focusing condition, the right panel shows the measured intensity (d) and wavefront (e) in the units of the central wavelength of the IR beam ; the wavefront sensor is placed ∼ 160 mm after the focal plane. The PtV and RMS wavefront values are 0.162λ and 0.033λ, respectively. The RMS wavefront of ∼ λ/32 signifies the notable wavefront quality of the IR Gaussian beam. We remark that all the wavefronts presented in this work are corrected for tilt, and quadratic curvature resulting from focusing. Conclusively, excluding the above two, the displayed wavefronts account for all other optical aberrations present in the beam. In the bottom row of the right panel, we depict the experimental intensity distribution of the IR Gaussian (f) and ℓ 1 = 1 vortex beams for 12 mm iris diameter. In comparison to Figure 3.5, the IR vortex driver presents a relatively more homogeneous intensity distribution. Conclusively, improving the quality of the fundamental Gaussian beam before SPP indeed results in a vortex driver with a more symmetric and uniform intensity distribution. In Section 3.5, we generate harmonics in a 10 mm long Argon gas cell using the improved IR driving beam.

EUV vortex beam generation with the improved setup : 10 mm gas cell

For the 10 mm long gas cell, the IR driving beam is apertured with an iris of diameter ∼ 12 mm and is focused using a plano-convex lens of focal length 1m. The gas cell is positioned to have the waist of the driving beam in the center. To start with, in the left panel of Fig. 3.7, we show the intensity (a) and the wavefront (b) of the 25 th harmonic for Gaussian driving beam. Note that the wavefront of the HHG beam is represented in the units of the central wavelength of the 25 th harmonic (32.6 nm). Following the notable wavefront characteristics of the Gaussian IR driver (Fig. 3.6(e)), the harmonic beam also The right panel of Figure 3.7 shows the intensity (top row) and wavefront (bottom row) of the 25 th harmonic for IR vortex driver of ℓ 1 = ±1. In the given focusing condition, an optimum HHG-OAM signal level is observed for the laser energy of ∼ 4.5 mJ after the diaphragm and 24 mbar gas pressure. Efficient HHG in 10 mm long gas cell allowed acquiring Hartmanngrams with high signal-to-noise by accumulating just 5 to 10 lasershots. In comparison to the two-lobed profile observed in Section. 3.3, the optimized IR driving beam with a relatively more homogeneous intensity distribution (Fig. 3.6) lead to HHG vortex beams with a complete ring. Most importantly, the wavefronts (d, f) exhibit a continuous and smoothly varying twist in both cases. Moreover, the direction of wavefront rotation reverses from clockwise (d) to anticlockwise (f) following the sign of driving beam topological charge. Remarkably, for both cases, the PtV wavefront variation indicating the topological charge is within 2% of the theoretically expected value, hence validating the linear conversion law ℓ q = qℓ 1 . This implies that even in a macroscopic generation medium (10 mm gas cell), the EUV vortex obtained through HHG retains the high-charge helical wavefront. In Section 3.6, we will show that this conclusion remains valid for an even longer generation medium.

To mark the fidelity of reconstructed intensity and wavefront of HHG vortex beams, we adopt the methodology previously used for IR vortices in Chapter 2. Figure 3.8 shows the comparison between the numerically backpropagated intensity distribution utilizing amplitude, phase depicted in Fig. 3.7 (c-f), and the experimental intensity profile at the gas cell exit plane. Note that the experimental profiles are acquired using the spectrally selective EUV imaging system that is configured to image the exit plane of the gas cell (see Fig. 3.1). The magnification factor for the experimental nearfield profiles of the HHG beam is ∼ 6.5. A very good agreement between the numerical and experimental intensity profiles shown in Fig. 3.8 indicates the high fidelity of Hartmann sensor data. d,e). The PtV wavefront variations for both configurations are within 2% of the theoretically expected value, validating ℓ q = qℓ 1 . Argon gas pressure 22 mbar for Gaussian and 24 mbar for vortex driving beam ; iris diameter ∼ 12 mm ; energy after iris ∼ 3 mJ for Gaussian and ∼ 4.5 mJ for ℓ = ±1 IR drivers. For all the cases, the gas cell is positioned at the waist of the driving beam (z = z 0 ). (c -f) Adapted with permission from Ref. [START_REF] Pandey | Single-shot wavefront characterization of high topological charge extreme-ultraviolet vortex[END_REF]. Copyright ©2021 SPIE. 

Intense EUV vortex beams via HHG in macroscopic gas cell : Single-shot intensity and wavefront characterization

In the previous section, through complete spatial characterization of intensity and wavefront, we demonstrated that a macroscopic generation medium does not limit the frequency upconversion of IR vortex driving beams to the EUV spectral range. Most importantly, for IR vortex-driven HHG, the characterized wavefronts attest that the topological charge of the upconverted EUV beam scales linearly with the harmonic order. Though we have restricted the intensity and wavefront characterization to 25 th harmonic, we do not foresee any reason for the other orders to deviate from the expected scaling of the topological charge. With an intent to verify the topological charge scaling with harmonic order in an even longer generation medium (15 mm gas cell), in this section, 3.6.1. Characterization of IR driving beam we use a looser focusing geometry (2 m focal length lens).

Characterization of IR driving beam

Figure 3.9 depicts the intensity and wavefront characterization of IR Gaussian beam under 2 m focusing condition. Note that the IR driving beam is guided to the Shack-Hartmann wavefront sensor through a series of beam samplers that offer ∼ 10% reflectivity per bounce. This approach permits scaling down the driving beam energy to the level supported by the wavefront sensor without using any transmissive optical elements. Conclusively, the results presented in Fig. 3.9 corresponds to the IR beams' characteristics at maximum energy, hence in experimental HHG condition. In the top row, we show the measured intensity (a) and wavefront (b) of the Gaussian IR beam. The PtV and RMS wavefront values are 0.167λ and 0.033λ, respectively. These characteristics are comparable to the ones observed for the 1 m focusing condition (see Fig. 3.6(e)). The backpropagated intensity distribution at the waist (c) corresponds to a Strehl ratio of ∼ 0.9. In the bottom row, we show the wavefront PtV (d), RMS (e), and Strehl ratio (f) measurements for thousand consecutive laser shots. Over an extended period, the variation of these parameters is within 1.6% of the mean value : less than 1% variation for RMS wavefront, Strehl ratio. Conclusively, the IR driving beam presents a notable wavefront quality and long-term stability, which can be particularly relevant during the multi-shot characterization of HHG beams (Chapter 4 and Chapter 5). Nonetheless, here, we will focus on characterizing the EUV vortex beams of topological charge ℓ q = 25 in single-shot mode.

Single-shot characterization of HHG beams : 15 mm gas cell

To start with, we show the intensity (a) and wavefront (b) of the HHG Gaussian beam reconstructed from a single-shot Hartmanngram in Fig. 3.10. Following the wavefront characteristics of the IR Gaussian driver (Fig. 3.9 (b)), the 25 th harmonic also bears an excellent wavefront quality : PtV = 0.47λ and RMS = 0.108λ = λ/9.26, where λ = 32.6 nm. We remark that the HHG wavefront presented in Fig. 3.10 is corrected for tilt and quadratic curvature. Therefore, the presented wavefront accounts for all other optical aberrations present in the HHG beam.

In the next step, to generate the EUV vortex beam, the IR driver of topological charge ℓ 1 = -1 is clipped using an iris of diameter ∼18 mm and focused into the 15 mm long Argon gas cell. Note that we have detailed IR vortex driving beam characterization under 2 m focusing geometry in Chapter 2. Here, our prime focus is affirming the topological charge scaling with harmonic order in a macroscopic generation medium. In contrast to the prior focusing condition (Fig. 3.7), an optimum signal level is observed for ∼12 mbar gas pressure. Besides, an efficient HHG in a further long-generation medium allowed single-shot amplitude and phase characterization of the EUV vortex beam. The signal level of the 25 th harmonic was more than ten times higher under 2 m focusing condition both for IR Gaussian and vortex driving beams.

A single-shot raw Hartmanngram of the upconverted vortex beam is shown in Fig. 3.11(a). In (b), we depict the quiver plot of the measured slopes ; the length of the arrows is enlarged by a factor of 5 for better visualization. Similar to the rotating slopes of the IR driver (Fig. 1, Chapter 2), the EUV vortex beam also exhibits spiraling slopes around the central phase singularity. From the raw Hartmanngram, intensity (c) and wavefront (d) are reconstructed. The resulting wavefront bears a smooth and continuous counterclockwise rotating wavefront along the azimuth. Remarkably, the total wavefront twist that signifies the topological charge is ∼ 24.93λ, hence is within 1% of the theoretical expectation. Though the topological charge is already indicated by the global wavefront twist, for the sake of completeness, in Fig. 3.11(e), we show the RMS residue after subtracting the theoretical phase of topological charge 20 to 30 from the experimental wavefront depicted in (d). Indeed, a minimum RMS wavefront residue is observed after subtracting the theoretical azimuthal order of 25. Incidentally, this also validates our methodology of inferring the topological charge from a two-lobed profile (see Fig. 3.4). These results demonstrate that the EUV vortex obtained through phase-matched absorption-limited HHG in an extended generated medium indeed retains the helical wavefront of the IR driver. Additionally, the experimental results are per perturbative conversion law ℓ q = qℓ 1 , hence ruling out any propagation effect [START_REF] Zürch | Strong-field physics with singular light beams[END_REF] for such a high-topological charge EUV vortex even in a 15 mm long generation medium. Recalling our previous discussion on phase-matching in the case of optical vortex driven HHG (Chapter 1, Section 1.13.1), we remark that the possibility of imprinting the twisted phase of the low-frequency driver into high-frequency harmonic radiation, and the linear scaling of the topological charge ℓ q with the harmonic order q, is in accordance with the attainment of phase-matching during HHG. Conclusively, phase-matched HHG in a macroscopic generation medium allows obtaining intense EUV vortex beams, which brings in the promising scenario of their practical applications using a table-top setup.

Chapter conclusions, discussion, and perspectives

In this work, we utilized high-order harmonic generation in a noble gas to upscale the low-frequency IR vortex driver to the EUV spectral range. To characterize the intensity and the wavefront of HHG vortex beams, we relied upon a high-resolution EUV Hartmann wavefront sensor. For the 10 mm long gas cell, we drive HHG using the IR beam of ℓ 1 = ±1 (Fig. 3.7). In both cases, the total wavefront twist along the azimuth of the 25 th harmonic is within 2% of the theoretical expectation. Moreover, the measu- red wavefront allows determining the sign of topological charge, i.e., the OAM helicity without any ambiguity ; comparing Fig. 3.7(d,f). We further demonstrate the reliability of our characterization method based on EUV wavefront sensing : we exploit the output of the Hartmann sensor (Fig. 3.7(d,f)) to confirm the accuracy of the reconstructed optical complex field by comparing the numerically backpropagated (Fig. 3.8(a,c)) and experimentally obtained intensity distribution at the gas cell exit plane (Fig. 3.8(b, d)).

For the 2 m focal length lens, a low numerical aperture focusing condition allowed the generation of intense EUV vortex beams in a low-density 15 mm long generation medium. In this case, the HHG signal level was high enough to enable single-shot intensity and wavefront characterization. Moreover, we confirm the OAM conversion law ℓ q = qℓ 1 even in a 15 mm long generation medium (Fig. 3.11), hence ruling out the possibility of any propagation effect that might affect the high-charge topological feature of the EUV vortex beam. This result is particularly intriguing as a further long generation medium and a looser focusing geometry would allow the production of even more energetic EUV vortex beams, which when combined with state-of-the-art focusing systems such as Kirkpatrick-Baez or Montel mirrors, can enable light-matter interaction studies with short-wavelength structured pulses using a table-top HHG setup.

We also remark that the ability to reliably characterize the complex field of EUV vortices can provide a deeper insight into the physical processes involved in OAM-driven HHG. In Figure 3.12, we present the intensity (a) and the wavefront (b) of the HHG vortex beam when the gas cell is located ∼ 25 mm before the waist of the driving beam. The wavefront for the corresponding case (3.12(b)) manifests a twist of ∼ 24.9λ, which is within 1% of the expected value. However, in this scenario, a drastic variation in the intensity distribution is observed. Note that when the gas cell is positioned at the waist of the IR driver, the HHG vortex beam exhibited a single-ring intensity profile, as shown in Fig. 3.12(c). Contrastingly, for the displaced gas cell, the intensity distribution of the HHG beam becomes more complex and displays intricately intertwined multi-ring features (Fig3.12(a)). We remark that recent theoretical works involving 3D simulations of OAM-HHG in Argon (500 µm gas jet in [START_REF] Hernández-García | Quantumpath signatures in attosecond helical beams driven by optical vortices[END_REF], and 1 mm gas jet in [START_REF] Cheng | Phase-matching analysis in high-order harmonic generation with nonzero orbital angular momentum laguerre-gaussian beams[END_REF]) attribute such dramatic changes in the intensity and phase profiles when varying the position of the generation medium concerning the waist of the driver to the transversal phase matching and interferences between contributions from short and long electron quantum paths. Note also that these additional rings can be interpreted in terms of new radial modes that originate from the contribution of long electron quantum trajectories during high-order harmonic generation [START_REF] Géneaux | Ruchon : Radial index of laguerre-gaussian modes in high-order-harmonic generation[END_REF]. Figure 3.12(c) shows an example spectrogram for the same experimental parameters. Remarkably, these multi-ring intensity features are also visible for the neighboring harmonic order (H23).

Figure 3.13 shows the nearfield intensity distribution of the 25 th harmonic acquired using spectrally selective EUV imaging system for various displacements of the gas cell concerning the waist of the IR driving beam. Note that we vary the position of the waist of the IR driver in regards to the gas cell by translating the focusing lens (see Fig. 3.1). Therefore, Figure 3.13 represents the intensity distribution of the HHG vortex beam at the gas cell exit plane. We also remark that these intensity profiles have been acquired with a magnification factor of ∼ 11, which leads to a spatial resolution of ∼ 1.2 µm at the object plane.

Interestingly, though the profile at the exit of the gas cell displays a single-ringed structure, the complex features in the intensity distribution are still distinguishable. Furthermore, these features become more pronounced for a larger displacement of the generation medium ; the gas cell is positioned (a) ∼ 25 mm, (b) ∼ 30 mm, (c) ∼ 37 mm, and (d) ∼ 45 mm before the waist of the driver. We remark that the Gouy phase also depends on the radial index. Therefore, even though the nearfield intensity profiles show a single ring, the higher-order radial modes diverge to yield a multi-ringed profile in the far-field (see Fig. 3.12). To further corroborate this aspect, we depict the intensity profile of the HHG beam ∼ 50 mm after the generation medium in (e) ; the gas cell is placed Note that the nearfield and farfield profiles represented respectively in Fig. 3.13(a) and Fig. 3.12(a) correspond to the same experimental condition. Comparing the two figures, the drastic evolution of the intensity distribution as the harmonic beam propagates from the HHG source to the detector is striking. We remark that for the plateau harmonic in Argon (23 rd order for the driver of 800 nm wavelength), such an evolution of the intensity distribution from nearfield to farfield has also been observed theoretically in [START_REF] Cheng | Phase-matching analysis in high-order harmonic generation with nonzero orbital angular momentum laguerre-gaussian beams[END_REF]. The computed results in [START_REF] Cheng | Phase-matching analysis in high-order harmonic generation with nonzero orbital angular momentum laguerre-gaussian beams[END_REF] also indicate that when the generation medium is much before the waist of the driver, the contributions from long and short trajectories can be spatially separated at the harmonic source ; see Fig. 5 in [START_REF] Cheng | Phase-matching analysis in high-order harmonic generation with nonzero orbital angular momentum laguerre-gaussian beams[END_REF]. In our work here, the complex features in the experimental nearfield profile particularly for the large displacement of the gas cell before the waist (Fig. 3.13(d)), may have a similar origin. Concerning Fig. 3.13(a) where the gas cell is closer to the driver's waist, significant interference between short and long trajectory contributions might be the reason for concealing these fine features as compared to Fig. 3.13(d).

In conclusion, our characterization method based on EUV wavefront sensing can be used to experimentally quantify the radial modal content of HHG vortices in these conditions, hence can provide a deeper understanding of the beams' characteristics and the HHG-OAM generation process itself. We provide further details on this aspect in Appendix B.

A critical takeaway from the Chapter

A critical takeaway from the Chapter

In the main part of this chapter, there is a particularly interesting observation that we have not remarked on. In Figure 3.4(c), and Figure 3.11(e), the RMS residue remains nonzero even after deducting a theoretical azimuthal phase of topological charge 25 from the experimental wavefronts. This behavior suggests that the generated HHG vortex beams might be contaminated with other azimuthal modes as well. This question is particularly relevant because SPPs inherently are non-ideal mode converters with limited conversion efficiency (Chapter 2). Furthermore, given the non-perturbative nature of the HHG process, other OAM orders in the HHG beam might result from a non-pure IR driving beam [START_REF] Rego | Nonperturbative twist in the generation of extremeultraviolet vortex beams[END_REF][START_REF] Pandey | Impure infrared vortex driven high harmonic generation[END_REF]. In the forthcoming chapter (Chapter 4), we will experimentally and theoretically 'shed light' on this aspect.
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Graphics -Adapted with permission from Ref. [START_REF] Kumar Pandey | Characterization of extreme ultraviolet vortex beams with a very high topological charge[END_REF]. Copyright ©2022 American Chemical Society. 

Chapitre 4 Extreme-ultraviolet vortex beams of very high topological charge : role of driving beam OAM impurity

Chapter overview

Recent developments of high harmonic generation (HHG) have enabled the production of structured extreme-ultraviolet (EUV) ultrafast laser beams with orbital angular momentum (OAM). Precise manipulation and characterization of their spatial structure is paramount for their application in state-of-the-art ultrafast studies. In this work, we report the generation and characterization of EUV vortex beams bearing topological charge as high as 100. Thanks to OAM conservation, HHG in noble gases offers a unique possibility to generate ultrafast harmonic beams with high topological charge from low charge infrared (IR) vortex beams. A high-resolution Hartmann wavefront sensor allows us to perform a complete spatial characterization of the amplitude and phase of the 25 th harmonic beam (32.6 nm), revealing very high-topological charges in the EUV spectral regime. Our experimental results, supported by numerical HHG simulations, demonstrate the linear upscaling of the OAM of the high-order harmonics with that of low-charge driving vortex beams, showing the sensitiveness of the OAM content to the purity of the driving beam. The generation of structured EUV beams carrying large topological charges brings in the promising scenario of OAM transfer from light to matter at both macroscopic and microscopic scales.

Introduction

Structured light beams are emerging as a unique tool for the next generation of applications of laser light [START_REF] Kayn | Orbital angular momentum of twisted light : chirality and optical activity[END_REF][START_REF] Forbes | Structured light[END_REF][START_REF] Piccardo | Roadmap on multimode light shaping[END_REF][START_REF] Forbes | Structured light : Tailored for purpose[END_REF][START_REF] Rubinsztein-Dunlop | Roadmap on structured light[END_REF][START_REF] Shen | Optical vortices 30 years on : Oam manipulation from topological charge to multiple singularities[END_REF][START_REF] Ayuso | Synthetic chiral light for efficient control of chiral light-matter interaction[END_REF]. In particular, our ability to control the spatial phase distribution of laser beams, or their wavefront, allows us to imprint orbital angular momentum (OAM) into light beams. Light beams carrying OAM [START_REF] Allen | Orbital angular momentum of light and the transformation of laguerre-gaussian laser modes[END_REF], also known as optical vortex beams, exhibit a spatially varying phase dependence around the beam propagation axis given by e iℓϕ . The topological charge ℓ designates the number of 2π phase shifts along the azimuthal coordinate ϕ in the transverse plane. The central phase singularity results in a donut-like intensity profile with null on-axis intensity. Optical vortex beams have proven their utility for a wide range of applications [START_REF] Yao | Orbital angular momentum : origins, behavior and applications[END_REF], including optical trapping and tweezing [START_REF] Padgett | Tweezers with a twist[END_REF][START_REF] Gahagan | Optical vortex trapping of particles[END_REF][START_REF] Kuga | Novel optical trap of atoms with a doughnut beam[END_REF], super-resolution microscopy [START_REF] Vicidomini | Sted superresolved microscopy[END_REF][START_REF] Iketaki | Super-resolution microscope using a two-color phase plate for generating quasi-laguerre-gaussian beam[END_REF], optical communication [START_REF] Willner | Optical communications using orbital angular momentum beams[END_REF][START_REF] Wang | Advances in communications using optical vortices[END_REF], and quantum information [START_REF] Mair | Entanglement of the orbital angular momentum states of photons[END_REF][START_REF] Fickler | Quantum entanglement of high angular momenta[END_REF][START_REF] Erhard | Twisted photons : new quantum perspectives in high dimensions[END_REF]. Moreover, with the demonstration of OAM transfer to bound [START_REF] Schmiegelow | Transfer of optical orbital angular momentum to a bound electron[END_REF], free electrons [START_REF] De Ninno | Photoelectric effect with a twist[END_REF], and observation of magnetic helicoidal dichroism [START_REF] Fanciulli | Electromagnetic theory of helicoidal dichroism in reflection from magnetic structures[END_REF][START_REF] Fanciulli | Observation of magnetic helicoidal dichroism with extreme ultraviolet light vortices[END_REF], optical vortex beams have brought light-matter interaction to a novel regime.

In the visible, infrared (IR), and long wavelength regimes, helical phased beams can be readily obtained using diffractive and refractive optical elements, such as but not limited to spiral-phase plate (SPP), q-plates, and spatial light modulators [START_REF] Wang | Recent advances on optical vortex generation[END_REF]. These techniques are highly inefficient in the extreme-ultraviolet (EUV) and X-ray spectral ranges, where the generation of vortex beams is of particular interest as it offers the possibility of extending their applications down to nanometric spatial and subfemtosecond temporal resolutions [START_REF] Hernández-García | Generation and applications of extreme-ultraviolet vortices[END_REF][START_REF] Shi | Attosecond light science and its application for probing quantum materials[END_REF]. Although already demonstrated at large scale synchrotron and X-ray free-electron lasers facilities [START_REF] Peele | Observation of an x-ray vortex[END_REF][START_REF] Primo | Extremeultraviolet vortices from a free-electron laser[END_REF][START_REF] Lee | Laguerre-gauss and hermite-gauss soft x-ray states generated using diffractive optics[END_REF][START_REF] Lars | Stefan : Generation and characterization of focused helical x-ray beams[END_REF][START_REF] Terhalle | Generation of extreme ultraviolet vortex beams using computer generated holograms[END_REF], in the recent past, high-order harmonic generation (HHG) in noble gases has proven to be a handy way to produce EUV vortex beams with configurable topological charge [START_REF] Zürch | Strong-field physics with singular light beams[END_REF][START_REF] Hernández-García | Attosecond extreme ultraviolet vortices from high-order harmonic generation[END_REF][START_REF] Gariepy | Creating high-harmonic beams with controlled orbital angular momentum[END_REF][START_REF] Géneaux | Synthesis and characterization of attosecond light vortices in the extreme ultraviolet[END_REF][START_REF] Gauthier | Tunable orbital angular momentum in high-harmonic generation[END_REF][START_REF] Kong | Controlling the orbital angular momentum of high harmonic vortices[END_REF][START_REF] Sanson | Hartmann wavefront sensor characterization of a high charge vortex beam in the extreme ultraviolet spectral range[END_REF], circular polarization [START_REF] Paufler | Tailored orbital angular momentum in high-order harmonic generation with bicircular laguerre-gaussian beams[END_REF][START_REF] Dorney | Controlling the polarization and vortex charge of attosecond high-harmonic beams via simultaneous spin-orbit momentum conservation[END_REF], and even time-varying OAM [START_REF] Laura | Generation of extreme-ultraviolet beams with time-varying orbital angular momentum[END_REF], using a table-top setup. A typical HHG spectrum consists of a perturbative region where the intensity exponentially decreases with the harmonic order, followed by a large set of high-orders scaling nonperturbatively with the driving beam intensity [START_REF] Ferray | Multiple-harmonic conversion of 1064 nm radiation in rare gases[END_REF][START_REF] Schafer | Above threshold ionization beyond the high harmonic cutoff[END_REF][START_REF] Corkum | Plasma perspective on strong field multiphoton ionization[END_REF]. In the context of OAMdriven HHG, when a beam of topological charge ℓ 1 drives HHG, the topological charge of the upconverted harmonics scales linearly with the harmonic order [START_REF] Hernández-García | Attosecond extreme ultraviolet vortices from high-order harmonic generation[END_REF] : ℓ q = qℓ 1 , where ℓ q is the topological charge of the q th harmonic. This linear scaling, which has been experimentally validated for perturbative [START_REF] Basistiy | Optics of light beams with screw dislocations[END_REF][START_REF] Dholakia | Second-harmonic generation and the orbital angular momentum of light[END_REF], as well as for nonperturbative harmonic generation [START_REF] Gariepy | Creating high-harmonic beams with controlled orbital angular momentum[END_REF][START_REF] Géneaux | Synthesis and characterization of attosecond light vortices in the extreme ultraviolet[END_REF][START_REF] Pandey | Single-shot wavefront characterization of high topological charge extreme-ultraviolet vortex[END_REF][START_REF] Sanson | Hartmann wavefront sensor characterization of a high charge vortex beam in the extreme ultraviolet spectral range[END_REF], results from the energy conservation during frequency upconversion : ω q = qω 1 , where ω 1 , ω q are the frequencies of the driving and the q-th order harmonic beams, respectively.

The combination of different vortex driving modes has enabled outstanding control over the properties of harmonic vortex beams. On the one hand, HHG driven by a combination of two vortex beams of different topological charges in a non-collinear geometry leads to an array of spatially separated beams, each carrying a different OAM, and hence it has provided an additional knob to control the topological charge of EUV vortex beams [START_REF] Gauthier | Tunable orbital angular momentum in high-harmonic generation[END_REF][START_REF] Kong | Controlling the orbital angular momentum of high harmonic vortices[END_REF]. On the other hand, in collinear HHG configuration involving two distinct topological charge drivers, theoretical investigations predict a more involved OAM distribution [START_REF] Rego | Nonperturbative twist in the generation of extremeultraviolet vortex beams[END_REF]. Indeed, by properly selecting the OAM of the two driving beams, several properties such as the polarization [START_REF] Paufler | Tailored orbital angular momentum in high-order harmonic generation with bicircular laguerre-gaussian beams[END_REF][START_REF] Dorney | Controlling the polarization and vortex charge of attosecond high-harmonic beams via simultaneous spin-orbit momentum conservation[END_REF], the self-torque [START_REF] Laura | Generation of extreme-ultraviolet beams with time-varying orbital angular momentum[END_REF], or the spectral line spacing of high-order harmonic beams [START_REF] Rego | Necklace-structured high harmonic generation for low-divergence, soft x-ray harmonic combs with tunable line spacing[END_REF] can be tailored. Moreover, the effect of the nonperturbative harmonic intrinsic phase has been studied numerically in [START_REF] Rego | Nonperturbative twist in the generation of extremeultraviolet vortex beams[END_REF], and can further increase the OAM content. In this regard, a suitable experimental method of characterization is a prerequisite to constructively utilize EUV vortex beams with broad OAM spectrum, or to pave the way towards the generation of high-purity OAM modes.

The characterization of optical vortex beams is a nontrivial task, which becomes even more challenging in the EUV domain. Techniques based on interferometry, diffraction, employing cylindrical lenses, and exploiting dimensional properties of optical vortex beams, have been widely used [START_REF] Harris | Optical helices and spiral interference fringes[END_REF][START_REF] Soskin | Heckenberg : Topological charge and angular momentum of light beams carrying optical vortices[END_REF][START_REF] Leach | Interferometric methods to measure orbital and spin, or the total angular momentum of a single photon[END_REF][START_REF] Kumar Et Naveen | Nishchal : Modified mach-zehnder interferometer for determining the high-order topological charge of laguerre-gaussian vortex beams[END_REF][START_REF] Samuel | Quantitative measurement of the orbital angular momentum of light with a single, stationary lens[END_REF][START_REF] Hickmann | Unveiling a truncated optical lattice associated with a triangular aperture using light's orbital angular momentum[END_REF][START_REF] Mourka | Visualization of the birth of an optical vortex using diffraction from a triangular aperture[END_REF][START_REF] Mazilu | Simultaneous determination of the constituent azimuthal and radial mode indices for light fields possessing orbital angular momentum[END_REF][START_REF] Zheng | Measuring orbital angular momentum (oam) states of vortex beams with annular gratings[END_REF][START_REF] Zhang | Dimensional properties of laguerre-gaussian vortex beams[END_REF][START_REF] Salla | Higher order optical vortices and formation of speckles[END_REF][START_REF] Salla | Divergence of optical vortex beams[END_REF].

Generation and characterization of high topological charge HHG vortex beams

Some of these methods have also been used to deduce the topological charge of HHG vortex beams [START_REF] Gariepy | Creating high-harmonic beams with controlled orbital angular momentum[END_REF][START_REF] Géneaux | Synthesis and characterization of attosecond light vortices in the extreme ultraviolet[END_REF][START_REF] Kong | Controlling the orbital angular momentum of high harmonic vortices[END_REF]. However, since these methods are unable to measure both amplitude and phase, they often retrieve only the average OAM value. As it is imperative to characterize the complex wavefront of high-harmonic OAM beams for practical applications, these techniques have limited utility. In this sense, Shack-Hartmann and Hartmann wavefront sensors enable a high resolution characterization of both the amplitude and wavefront of laser beams. Regarding optical vortex beams, it is worthwhile to note that Shack-Hartmann wavefront sensing has been previously used to reconstruct the helical wavefront [START_REF] Starikov | Wavefront reconstruction of an optical vortex by a hartmann-shack sensor[END_REF], to measure the Poynting vector skew angle [START_REF] Leach | Love : Direct measurement of the skew angle of the poynting vector in a helically phased beam[END_REF], and to determine the coherence properties of partially-coherent vortex beams [START_REF] Stoklasa | Wavefront sensing reveals optical coherence[END_REF]. Most recently, the availability of EUV Hartmann sensors has allowed wavefront characterization of low topological charge high-order harmonic beams [START_REF] Gauthier | Tunable orbital angular momentum in high-harmonic generation[END_REF][START_REF] Sanson | Hartmann wavefront sensor characterization of a high charge vortex beam in the extreme ultraviolet spectral range[END_REF][START_REF] Sanson | Highly multimodal structure of high topological charge extreme ultraviolet vortex beams[END_REF].

In this chapter, we report the characterization of EUV vortex beams manifesting a topological charge as high as ℓ =100, which, to the best of our knowledge, represents the highest topological charge measured in the EUV regime. Such extremely high charge vortex beams are obtained through HHG under loose focusing geometry in an extended argon gas cell. Moreover, instead of relying on diffractive or interferometric techniques, we exploit both EUV and IR wavefront metrology to fully characterize the intensity, wavefront, and OAM content of the 25 th harmonic beam (32.6 nm) and its IR driver (815 nm). By driving HHG with vortex beams with topological charges up to ℓ 1 = 4, we show that the EUV vortex beams reach ℓ 25 = 100 as expected, comprising a rich OAM content influenced by the modal purity of the driving beams and the underlying nonperturbative nature of HHG. To further corroborate this observation, we perform advanced theoretical simulations of HHG using the experimentally retrieved IR vortex beam. Our results are general, being relevant not only to upconverted vortex beams obtained via HHG in noble gases, but also from plasma surfaces [START_REF] Denoeud | Interaction of ultraintense laser vortices with plasma mirrors[END_REF], and semiconductors [START_REF] Gauthier | Orbital angular momentum from semiconductor high-order harmonics[END_REF], where the generation mechanism is known to be nonperturbative [START_REF] Denoeud | Interaction of ultraintense laser vortices with plasma mirrors[END_REF][START_REF] Ghimire | Observation of high-order harmonic generation in a bulk crystal[END_REF]. Interestingly, ultrafast EUV beams with such high topological charge open the route to transfer OAM not only to macroscopic particles, but also to clusters or even molecules, bringing in the scenario of light-matter OAM transfer and providing a novel tool to test the correspondence principle between classical and quantum physics for large quantum numbers.

Generation and characterization of high topological charge HHG vortex beams

We show the experimental setup overview in Fig. 4.1. A linearly polarized near-IR Gaussian beam with 815 nm central wavelength, ∼40 fs pulse duration full width at half maximum (FWHM), ∼15 mJ maximum energy, ∼24 mm diameter at 1/e 2 , and root-mean-square (RMS) wavefront of ∼ λ/32, drives HHG in an extended argon gas cell. The HHG beamline is equipped with IR Shack-Hartmann and high-resolution EUV Hartmann [START_REF] Xavier | Device for analysing a wavefront with enhanced resolution[END_REF] wavefront sensors that allow wavefront characterization of the IR and Here, coinciding with the context of the current Chapter, the full schematic is shown for the sake of completeness. Reprinted with permission from Ref. [START_REF] Kumar Pandey | Characterization of extreme ultraviolet vortex beams with a very high topological charge[END_REF]. Copyright ©2022 American Chemical Society. the upconverted high-order harmonic beams, respectively. The working principle of the two sensors is illustrated in Figs. [START_REF] O'neil | Intrinsic and extrinsic nature of the orbital angular momentum of a light beam[END_REF].1(b-e), whereas their characteristics and methodology of wavefront reconstruction have been previously detailed in Chapter 2 and Chapter 3. Unlike ptychographic [START_REF] Esashi | Ptychographic amplitude and phase reconstruction of bichromatic vortex beams[END_REF], or other iterative techniques [START_REF] Fu | Pre-turbulence compensation of orbital angular momentum beams based on a probe and the gerchberg-saxton algorithm[END_REF][START_REF] Chang | Adaptive optics compensation of orbital angular momentum beams with a modified gerchberg-saxton-based phase retrieval algorithm[END_REF], wavefront sensors offer the possibility of single-shot amplitude and phase characterization. Besides, the 4.2. Generation and characterization of high topological charge HHG vortex beams absolute sign of the topological charge can be easily determined from the measured wavefront.

In order to obtain IR vortex drivers, the incoming Gaussian beam is passed through a spiral phase plate (SPP), imparting a helical wavefront. The resulting beam is apertured using an iris of diameter ∼18 mm and it is focused by a 2 m focal length lens to generate high-harmonics in a 15 mm long argon-filled gas cell. A loose-focusing geometry and an extended generation medium allow the production of intense HHG vortex beams, permitting wavefront characterization in a single to few tens of laser shots [START_REF] Pandey | Single-shot wavefront characterization of high topological charge extreme-ultraviolet vortex[END_REF][START_REF] Pandey | Impure infrared vortex driven high harmonic generation[END_REF]. After removing the co-propagating residual driving beam using a thin metallic filter (300 nm thick Al, LUXEL), the 25 th harmonic of the fundamental driver is spectrally filtered using a narrowband multilayer flat mirror and it is guided to the EUV Hartmann wavefront sensor. Detection of a given harmonic order allows an unambiguous interpretation of the EUV vortex wavefront ; extinction of neighboring orders exceeds 90% [START_REF] Meltchakov | Development of al-based multilayer optics for euv[END_REF]. The intensity and wavefront are reconstructed from raw Hartmanngrams using an iterative algorithm (See Chapter 2).

Figure 4.2 shows the intensity (first column) and wavefront (second column) of the 25 th harmonic beam when driven by an IR vortex beam with (a) ℓ 1 = -1, (b) ℓ 1 = 3, and (c) ℓ 1 = 4. The wavefront is represented in units of the central wavelength of light. Note that the positive (negative) sign of the topological charge indicates the clockwise (anticlockwise) rotation of the wavefront. An annular intensity profile, although irregular, along with a continuous and smooth wavefront rotation is observed for all the configurations. The total wavefront twist around the intensity ring, which is the peakto-valley (PtV) wavefront value, points out the overall topological charge of the vortex beam. Resulting from the OAM conservation [START_REF] Hernández-García | Attosecond extreme ultraviolet vortices from high-order harmonic generation[END_REF], for the driving beams of ℓ 1 = -1, 3, and 4, the 25 th harmonic is expected to exhibit a wavefront rotation of -25, 75, and 100 wavelengths, respectively. Remarkably, in all the cases, the harmonic wavefront twist is within 2% of the theoretically expected value : ∼ -25.01, ∼ 75.01, and ∼ 98.6 λ for ℓ 1 = -1, 3, and 4, respectively. Conclusively, even for such a high topological charge, the harmonic vortex obtained in an extended generation medium retains its helical wavefront during up-conversion, hence ruling out any disruptive effects from propagation and phase matching [START_REF] Zürch | Strong-field physics with singular light beams[END_REF][START_REF] Hernández-García | Quantumpath signatures in attosecond helical beams driven by optical vortices[END_REF].

Once the amplitude and phase are experimentally characterized, in order to extract more information about the OAM content of the high-order harmonic beam, we use the Fourier-relationship between the topological charge ℓ and the azimuthal angle ϕ to retrieve the OAM spectrum as a function of the radial coordinate [START_REF] Yao | Fourier relationship between angular position and optical orbital angular momentum[END_REF]. The radially integrated OAM spectrum for each case is shown in the right column of Fig. 4.2. Noticeably, a broad distribution with rich OAM content is observed for all the configurations. Moreover, the OAM spectrum is much broader for ℓ 25 = 75 and 100 than for ℓ 25 = -25. This indicates that even if the overall topological charge indeed follows the linear scaling with the harmonic order (ℓ q = qℓ 1 ) [START_REF] Hernández-García | Attosecond extreme ultraviolet vortices from high-order harmonic generation[END_REF], the retrieved EUV vortex beams feature a superposition of several OAM modes. This non-pure character of the harmonic beams may come from the azimuthal modulations present in their intensity distribution, since the Reprinted with permission from Ref. [START_REF] Kumar Pandey | Characterization of extreme ultraviolet vortex beams with a very high topological charge[END_REF]. Copyright ©2022 American Chemical Society.

azimuthal Fourier transform requires cylindrical symmetry to obtain pure OAM modes. However, the lack of perfect symmetry around the principal OAM value (right column of Fig. 4.2) suggests that the IR vortex driver might be contaminated with OAM modes other than the principal one. In fact, the use of a non-pure IR vortex beam has been theoretically proposed as a source of the rich OAM content of harmonic beams due to the highly nonperturbative nature of HHG [START_REF] Rego | Nonperturbative twist in the generation of extremeultraviolet vortex beams[END_REF]. To examine if we are under these conditions, we characterized the intensity, wavefront, and OAM content of the IR driving beams. 

Experimental characterization of the IR vortex driving beams

Following the focusing optics, a series of beam samplers (each having a reflectivity of ∼10%) guide the driving vortex beam to the IR wavefront sensor, which is located ∼300 mm after the focal plane (see Fig. 4.1). This arrangement allows wavefront characterization at maximum driving beam energy, hence in experimental HHG conditions. Moreover, as the IR wavefront sensor is placed much after the focal plane, this approach also ensures a high spatial sampling of the incident beam, which is mandatory for reliable wavefront reconstruction. The measured intensity and wavefront of the IR vortex beams at the wavefront sensor plane are presented in Chapter 2. Additionally, over an extended period, the topological charge measurement shows a deviation of ∼1% or less, indicating high stability of the driving beams (see Section 4.5.6 and Fig. 4.12). To obtain the intensity and the wavefront of IR driving beams at the waist, the complex field reconstructed by the wavefront sensor is numerically backpropagated to the focal plane. In Figure 4.3, we show the resulting intensity (first column), wavefront (second column) at the waist, and OAM content (third column) for the IR vortex beams of topological charge ℓ 1 = -1, 3, and 4 (first, second and third row, respectively). In addition to the annular intensity profile, the size of the dark spot resulting from the central phase singularity increases with the topological charge, as expected. The merit of our characterization approach can be assessed through an excellent agreement between the backpropagated and experimentally acquired intensity distribution at the waist (see Fig. 4.13). The OAM content presented in the right column shows that although the driving beams possess high modal purity (∼93.4% for ℓ 1 = -1, ∼92.6% for ℓ 1 = 3, and ∼92% for ℓ 1 = 4), there is a non-negligible contribution from other modes as well.

We note that SPPs are nonideal mode converters offering a limited efficiency [START_REF] Beijersbergen | Helical-wavefront laser beams produced with a spiral phaseplate[END_REF], whereas the residual aberrations present in the Gaussian beam can further degrade the mode purity [START_REF] Ohland | A study on the effects and visibility of low-order aberrations on laser beams with orbital angular momentum[END_REF]. Even for a high-quality Gaussian input such as the one used in this work (RMS wavefront ∼ λ/32, see Section 4.5.5 and Fig. 4.11) the helical beams produced by SPPs are a superposition of numerous Laguerre-Gauss modes. Additionally, as SPPs are designed for a particular wavelength, topological charge dispersion is naturally induced for broadband femtosecond pulses [START_REF] Longman | Mode conversion efficiency to laguerre-gaussian oam modes using spiral phase optics[END_REF][START_REF] Ruffato | Generation of high-order laguerre-gaussian modes by means of spiral phase plates[END_REF]. Therefore, SPPs inevitably yield a driver beam comprising a superposition of different OAM modes. For a quantitative comparison, the theoretical OAM mode-conversion efficiency for a 16 segment phase plate of unit topological charge is ∼95% [START_REF] Longman | Mode conversion efficiency to laguerre-gaussian oam modes using spiral phase optics[END_REF], whereas the experimentally obtained efficiency for |ℓ 1 | = 1 is ∼93.4%, which is very close to the theoretical estimation.

Simulation of OAM-driven HHG using the experimental driving beam

The theoretical simulations of the HHG in argon have been computed using the experimentally retrieved IR driving beam, which allows us to obtain a deeper insight into the experimental results. We utilize the experimental driving beam at the waist (Fig. 4.3) as an input to our numerical model, which is based on a combination of the extended strong field approximation and the electromagnetic field propagator [START_REF] Hernández-García | High-order harmonic propagation in gases within the discrete dipole approximation[END_REF]. We present a detailed description of the simulation methodology in Section 4.6. Reprinted with permission from Ref. [START_REF] Kumar Pandey | Characterization of extreme ultraviolet vortex beams with a very high topological charge[END_REF]. Copyright ©2022 American Chemical Society.

In the first column of Fig. 4.4, we show the simulated intensity profile of the 25 th harmonic when driven by the IR drivers presented in Fig. 4.3, for ℓ 1 = -1, 3, and 4 (first, second and third row, respectively). First and foremost, we observe a close resemblance between the simulated and the experimental intensity profiles. The complex features of the experimental intensity profiles are well reproduced by the computed results. For the selected case of ℓ 1 = 3, we show the wavefront in Fig. 4.4(d), and the phase twist as a function of the beam divergence in Fig. 4.4(e). The simulated phase bears a twist of 75λ, which is in agreement with the experimental observation. In the third column of figure 4.4 we show the radially integrated OAM spectrum corresponding to each condi-tion, obtained after performing the Fourier transform of the 25 th harmonic along the azimuthal coordinate. The OAM spectrum shows a broad distribution for all the cases, which is in qualitative agreement with the experimental results presented in Fig. 4.2. We also note that both for experimental and simulated results, the topological charge with largest contribution is the 26 th , the 73 rd , and the 98 th for |ℓ 1 | = 1, 3, and 4, respectively. We remark that as the intensity profiles present non-cylindrical symmetries, the OAM distribution is very sensitive to the centering reference from where the azimuthal Fourier transform is performed. The distortions and modulations of both numerical and experimental intensity profiles influence the OAM spectrum since they introduce additional OAM modes which are sensitive to small displacements of the centering reference. For this reason, we have optimized the centering procedure to obtain the minimum standard deviation in each OAM distribution presented in this work. We present further details on this aspect in Section 4.5.1.

Additional results, and methods

Here, we detail the experimental and theoretical methods to support the findings reported in this work. Furthermore, we present additional results on the characterization of EUV vortex beams in Section 4.5.3.

Centering optimization for azimuthal Fourier Transform analysis

As the intensity profiles of HHG vortex beams presented in this Chapter are not perfect rings and present some ellipticity, the OAM spectrum that is retrieved through the azimuthal Fourier transform is sensitive to the choice of the central point, i.e., the origin of the radial coordinate. To further corroborate this aspect, for HHG vortex driven by ℓ 1 = +3 IR beam (Fig. 4.2(b)), we have computed the azimuthal Fourier transform for different center positions. In Figure 4.5, we show (a,d) the intensity profile, and (b,e) the resulting OAM spectrum for two different center points O and O' shown in (a,d). These results evidence the sensitiveness of the retrieved OAM spectrum when performing the azimuthal Fourier transform from different centering references. For this reason, we have optimized the centering procedure to obtain the minimum standard deviation in the OAM distribution in all the results presented in this work. We further emphasize that though the numerically retrieved OAM spectrum is quite involved and depends on how the azimuthal Fourier transform is performed, the measured wavefront exhibits a smooth variation along the azimuth (see Fig. 4.2 ; also Figs. 4.7, 4.8).

To further show the sensitiveness of the OAM spectrum in non-cylindrically symmetric beams, we depict in (c,f) the results of the azimuthal Fourier Transform considering only the intensity profile, i.e., without taking into account the phase. Note that even when the phase is not considered, several OAM components arise from the azimuthal modulations 4.5. Additional results, and methods . By artificially restricting the phase to be null, we observe several OAM components coming from the modulations and distortions of the experimental intensity profile. The differences between the OAM distributions in the top row (b, c) with that of the bottom row (e,f), show the sensitivity to small displacements of the origin of the radial coordinate. Adapted with permission from Ref. [START_REF] Kumar Pandey | Characterization of extreme ultraviolet vortex beams with a very high topological charge[END_REF]. Copyright ©2022 American Chemical Society. and distortions of the experimental intensity profile. Moreover, even without accounting for the phase, the retrieved OAM spectrum depends on the choice of the center position (comparing (c, f)). Conclusively, for all the OAM spectra retrieved through azimuthal Fourier Transform of the complex field, the origin of the radial coordinate has been optimized to attain a minimum standard deviation. Nevertheless, the OAM spectra as a function of divergence show yet another interesting feature. The higher-order OAM modes are mostly located farther from the center of the vortex beam. This aspect is particularly pronounced for two cases represented in the bottom row. Such behavior arises from the fact that the higher-order OAM modes are relatively more divergent [START_REF] Miles | Divergence of an orbital-angular-momentum-carrying beam upon propagation[END_REF]. Consequently, the OAM distribution presents a slope. 

HHG vortex beam OAM spectra as a function of divergence

HHG vortex beams for IR drivers of ℓ 1 = +1, +2, -2, -3, and -4

In the main part of this Chapter, we have focused on the characterization of HHG beams driven by IR vortex of ℓ 1 = -1, +3, and + 4 (Figs. 4.2, 4.4). In this section, we present the intensity and wavefront characterization of HHG beams for other cases. The left panel of Figure 4.7 shows the (a) intensity and (b) wavefront of the 25 th harmonic for the driving beam of ℓ 1 = +1. In the second column, we present the maps of the measured slopes for the (c) vortex driver of ℓ 1 = -3, and the harmonic beam (d). The length of the arrows is augmented by a factor of 3 for better visualization. Note that this does not influence their orientation. Both for driving and the HHG beam, spiraling slopes around the center are a clear indicator of the helical wavefront, which is typical for optical vortex beams carrying OAM [START_REF] Leach | Love : Direct measurement of the skew angle of the poynting vector in a helically phased beam[END_REF]. For IR driver of ℓ 1 = -3, the intensity and wavefront of the HHG beam are presented in (e, f), respectively. The wavefronts in (b, f) exhibit an azimuthal twist with PtV variation of (b) ∼ 24.8λ and (f) ∼ 74.9λ, which is within 1% of theoretically expected value. Besides, the handedness of wavefront rotation follows the sign of driving beam topological charge.

In Figure 4.8, the intensity (top row), wavefront (bottom row) of HHG beams for IR driver of ℓ 1 = ±2 (a-d) and ℓ 1 = -4. In all the cases, the wavefronts present a continuous rotation along the intensity ring with PtV variation falling very close the theoretically expected values : under 1% for ℓ 1 = ±2 (b, d), and within ∼ 2% for ℓ 1 = -4 (f). We remark that even though the intensity distributions of HHG vortex beams presented in Fig. 4.7 and Fig. 4.8 are not perfectly cylindrical, the wavefronts exhibit a smooth variation along the azimuth. These results demonstrate that a macroscopic generation medium with low gas density does not limit the frequency upconversion of IR vortex driving beams.

On the other hand, we remark that in Chapter 2, we have characterized the OAM composition of IR vortex beams of different topological charges. And, for all the configurations, the IR vortices exhibited contributions from non-principal OAM modes (see Chapter 2, Fig. 2.7(a)). Therefore, even though we are not presenting the OAM spectra of the HHG beams represented in Figs. 4.7, 4.8, the general conclusion that a contaminated IR driving beam can lead to HHG vortex with multiple OAM modes applies to these cases as well. We further corroborate this aspect in the upcoming section.

Radial and azimuthal mode composition of EUV vortex beam for IR driver of ℓ 1 = -3

By revealing the OAM spectra of the IR and the HHG vortex beams, we have shown that the OAM composition of the high-order harmonic is sensitive to that of the driver. So far, we have not commented on the radial content of HHG vortices. This question is particularly relevant because Géneaux et al. have shown that the HHG process can induce new radial modes in the harmonic vortices [START_REF] Géneaux | Ruchon : Radial index of laguerre-gaussian modes in high-order-harmonic generation[END_REF]. Here, EUV wavefront sensing e,f)), we present the complete radial (p) and azimuthal mode spectrum retrieved through Laguerre-Gauss (LG) decomposition of the complex field in Fig. 4.9. Note that we have detailed the methodology for LG decomposition in Chapter 2. Similar to previously observed behavior (Figs. 4.2, 4.4), the HHG beam exhibits a broad OAM distribution. Most interestingly, a large number of pmodes are also present in the HHG beam. This demonstrates the importance of complete characterization of experimental OAM-driven HHG beams, which can be critical for their applications. Note that though here we present the result of this analysis of the HHG beam for the selected case of ℓ 1 = -3, we have observed similar (qualitative) behavior for all other configurations. We present additional results in this regard in Appendix B. We remark that the IR Gaussian beam is apertured by an iris of diameter ∼ 12 mm, whereas for the vortex driver, iris diameter is ∼ 18 mm. Note that the HHG signal level is relatively higher for vortex driving beam due to greater source volume. Nonetheless, the HHG signal level variation as a function of gas pressure qualitatively displays a similar trend in both cases.

HHG-OAM beams : signal optimization

In argon gas pressure are ∼ 18 mm, 10 mbar, respectively. Note that the energy of the IR vortex driver after the iris is comparable in these cases. Though the source volume increases for higher-order modes, the decrement in the HHG OAM signal level arises from a reduction of peak intensity for the driver of higher topological charge. Consequently, to acquire EUV Hartmanngrams for HHG vortex beams of topological charge greater than ℓ q = 25, multiple laser shots were accumulated. Note that we have verified the energy stability (Fig. 4.11(d)), and the PtV wavefront value indicating the topological charge of the driving beams over an extended duration (Fig. 4.12). Therefore, even the multi-shot characterizations of HHG OAM beams are highly reliable.

Characterization of Gaussian IR beam

The annular intensity profile of optical vortex beams is known to be extremely sensitive to the residual wavefront aberrations present in the fundamental Gaussian beam [START_REF] Ohland | A study on the effects and visibility of low-order aberrations on laser beams with orbital angular momentum[END_REF]. Therefore, to obtain a high-purity vortex driver, it is imperative to have the least aberrated beam before SPP. The intensity distribution and wavefront of the IR beam without SPP have been characterized using the IR Shack-Hartmann wavefront sensor. In this case, the wavefront sensor was placed ∼ 340 mm after the focal plane (see Fig. 4.1). For ∼ 18 mm iris diameter, i.e., in HHG OAM generation condition, we show the measured (a) intensity and (b) wavefront in Fig. 4.11. Note that the wavefront is represented in the units of the central wavelength of the IR driving beam. The Gaussian beam has PtV and RMS wavefront values of ∼ 0.14λ and ∼ 0.031λ, respectively. The RMS wavefront of ∼ λ/32, where λ = 815 nm, indicates the notable wavefront quality of the fundamental driving beam. Under these conditions, the retro-propagated intensity distribution at the waist (c) corresponds to a Strehl ratio of ∼0.93. Note that in Chapter 3 (Fig. 3.9), for the 2 m focusing condition, we have measured the wavefront characteristics of the Gaussian IR beam over an extended period. The RMS wavefront and the Strehl ratio of the backpropagated intensity distribution at the focal plane exhibit a standard deviation of less than 1% for 1000 consecutive laser shots. Furthermore, the energy of the IR driving beam shows a standard deviation of less than 2% over several thousand consecutive laser shots (Fig. 4.11(d)). 

IR vortex driving beam : shot-to-shot stability

The wavefront of the vortex drivers is measured in single-shot mode (Fig. 4.3). Contrastingly, the Hartmanngram for the HHG vortex beams of topological charge higher than 25 is acquired after accumulating multiple laser shots : 90 shots for ℓ q = 75, and 200 laser shots for ℓ q = 100. This was done to achieve a high signal-to-noise ratio, which is a requisite for reliable wavefront reconstruction. Consequently, it is essential to ensure the stability of the driving beams throughout the long-exposure acquisition. For the IR vortex drivers of ℓ 1 = 1 to 4, we performed an extended measurement of PtV wavefront value, which indicates the topological charge. In Figure 4.12, we show the PtV wavefront value of IR vortex drivers measured over 2000 consecutive laser shots [START_REF] Kumar Pandey | Shack-hartmann wavefront sensing of ultrashort optical vortices[END_REF]. For all the configurations, the mean PtV wavefront values are within 0.5% of the theoretical expectation. Furthermore, the standard deviation of the measurement is ∼ 1% or less. This demonstrates the stability of the IR vortex driving beams. The mean PtV wavefront value (m) and standard deviation of the measurements (SD) are : m = 1.004λ and SD = 0.99% for ℓ 1 = -1 ; m = 2.006λ and SD = 0.90% for ℓ 1 = 2 ; m = 3.002λ and SD = 1.09% for ℓ 1 = 3 ; and m = 3.995λ and SD = 1.01% for ℓ 1 = 4. In all the cases, the mean PtV wavefront indicating topological charge is within 0.5% of the theoretically expected value. Adapted with permission from Ref. [START_REF] Kumar Pandey | Shack-hartmann wavefront sensing of ultrashort optical vortices[END_REF]. Copyright ©2021 by the authors of Ref. [START_REF] Kumar Pandey | Shack-hartmann wavefront sensing of ultrashort optical vortices[END_REF]. Used under the terms and conditions of the Creative Commons Attribution (CC BY 4.0) license (https ://creativecommons.org/licenses/by/4.0/). Changes were made -different colormap from original.

Experimental intensity profiles of IR vortex driving beams at the waist

As high spatial sampling is needed for reliable wavefront reconstruction, the IR wavefront sensor is located at a certain distance 'z' after the focal plane. The separation between IR beam waist and sensor is estimated from the measured wavefront curvature radius. Following the above, the deduced complex field E of the beam is numerically backpropagated to the waist (see Chapter, Section 2.3.2). The resulting intensity and wavefront at the waist are shown in Fig. 4.3. To gain first-hand insight into HHG OAM experimental results presented in Fig. 4.2, we have computed the 25 th harmonic in argon utilizing the experimental driving beam. The input field at the different positions of the gas target is a linear interpolation of the experimental spatial envelope and phase of the IR driver at the focal plane. In Figure 4.13, we depict the experimentally acquired inten-sity distribution at the waist for IR vortex drivers of different topological charges. A very good agreement between the backpropagated (Fig. 4.3) and the experimentally obtained intensity distribution (Fig. 4.13) at the waist indicates the high fidelity of characterization technique even for a quasi-pure vortex driver beam. 

Supporting Information : Theoretical methods for the simulations of OAM-driven HHG

In our simulations, we model the single-atom HHG emission by computing the dipole acceleration of argon atoms within the extended strong-field approximation [START_REF] Pérez-Hernández | Harmonic generation beyond the strong-field approximation : the physics behind the short-wave-infrared scaling laws[END_REF]. To account for the macroscopic properties of HHG, we consider randomly distributed point-like argon radiators at the gas target. These elementary contributions are then propagated to the detector using the electromagnetic field propagator [START_REF] Hernández-García | High-order harmonic propagation in gases within the discrete dipole approximation[END_REF]. This combined approach retains the full quantum description of HHG while accounting for macroscopic propagation [START_REF] Hernández-García | High-order harmonic propagation in gases within the discrete dipole approximation[END_REF], and has already been benchmarked against several OAM-driven HHG experiments (see for example Refs. [START_REF] Dorney | Controlling the polarization and vortex charge of attosecond high-harmonic beams via simultaneous spin-orbit momentum conservation[END_REF][START_REF] Laura | Generation of extreme-ultraviolet beams with time-varying orbital angular momentum[END_REF][START_REF] Rego | Necklace-structured high harmonic generation for low-divergence, soft x-ray harmonic combs with tunable line spacing[END_REF]). The input field at the different positions of the gas target is modeled from a linear interpolation of the experimental spatial envelope and phase of the driver at the focal plane ( see Fig. 4.3). In the numerical calculations, we set a peak intensity of I = 1.7 × 10 14 W/cm 2 , a central wavelength λ = 800 nm, and a sine-squared envelope with 7.7 fs FWHM duration. Note that an infinitely thin generation medium is considered to minimize the computation time, though it has been predicted that in OAM-driven HHG transverse phase-matching dominates over 4.7. Chapter conclusions and perspectives longitudinal phase-matching in low density gases [START_REF] Hernández-García | Quantumpath signatures in attosecond helical beams driven by optical vortices[END_REF]. This simplification is validated by the good agreement between the experimental and theoretical results presented in this chapter.

Chapter conclusions and perspectives

We demonstrate the generation of EUV vortex beams of topological charge up to 100 through HHG in a noble gas. We use wavefront metrology to fully characterize their intensity and helical wavefront. To the best of our knowledge, this is the first work that demonstrates successful generation, followed by a complete characterization of such a high charge vortex structure in the EUV domain. In this sense, the presented results pave the way for the characterization of very high OAM EUV beams, which is a prerequisite for their applications. These results also show that even in an extended generation medium (15 mm long), the twisted phase of the IR vortex driver is upconverted and preserved during HHG. Consequently, a further long medium can be used to generate intense EUV vortex beams for practical applications. Though the overall wavefront twist confirms a linear upconversion of the topological charge with harmonic order, an in-depth analysis reveals the sensitivity of the EUV OAM to the purity of the driving beam. Even for a highly pure driver of ℓ 1 = -1 (∼93.4%), a mere contribution of a few percent from other modes can affect the high-order harmonic OAM spectrum.

From the fundamental point of view, we note that the topological charge carried by an ultrafast vortex beam is limited by its pulse duration [START_REF] Porras | Upper bound to the orbital angular momentum carried by an ultrashort pulse[END_REF]. Such a limit for the highest topological charge in our work would correspond to ∼ 10 6 , which is far from our situation due to the relatively long pulse duration of our driving pulse (∼40 fs), and the high frequency of the harmonics. However, if several high-order harmonics with the same high OAM charge were synthesized into a sub-femtosecond laser pulse, the limits established in Ref. [START_REF] Porras | Upper bound to the orbital angular momentum carried by an ultrashort pulse[END_REF] would be experimentally accessible. Thus, if combined with other techniques to generate high-order harmonics with the same OAM charge [START_REF] Dorney | Controlling the polarization and vortex charge of attosecond high-harmonic beams via simultaneous spin-orbit momentum conservation[END_REF], our work would provide a route to experimentally explore the limits of OAM in ultrafast science.

From the technological point of view, we demonstrate that the intensity and wavefront of high charge vortex beams can be reliably characterized using the wavefront sensing approach. Note that the techniques that are unable to measure both amplitude and phase profile provide only an averaged OAM value. Thanks to the high resolution of the EUV Hartmann sensor, we can numerically extract the OAM composition of harmonic vortex beams from the experimentally reconstructed complex field. Our approach can further be extended to obtain the radial mode content using the full Laguerre-Gauss decomposition of the field. This, for instance, can be used to study the effect of intensity and phase matching on the radial mode structure of HHG vortex beams (see Appendix B).

The generation and characterization of EUV vortex beams with large OAM in the high frequency regime paves the way for ultrafast studies of OAM transfer from light to matter at a beam size comparable to the natural spatial scales of electronic dynamics in clusters or molecules [START_REF] Picón | Transferring orbital and spin angular momenta of light to atoms[END_REF]. Further studies of tight focusing of such beams are required. Fortunately, the versatility of the HHG process offers different lensless focusing approaches [START_REF] Rego | Necklace-structured high harmonic generation for low-divergence, soft x-ray harmonic combs with tunable line spacing[END_REF][START_REF] Wikmark | huillier : Spatiotemporal coupling of attosecond pulses[END_REF][START_REF] Quintard | Optics-less focusing of XUV high-order harmonics[END_REF] that could be used to achieve low divergence beams without the need of focusing optics. In this regard, we also note that the EUV wavefront sensing allows for the determination of HHG beam waist position from the measured wavefront curvature radius, therefore offering the possibility to investigate the optics-less focusing aspect of high-OAM EUV vortex beams. 

Composite images of

Introduction

Structured beams combining the spatial SAM distribution of vector beams with the helical phase of vortex beams have been generated in the infrared and visible spectral ranges [START_REF] Niv | Manipulation of the pancharatnam phase in vectorial vortices[END_REF][START_REF] Baumann | Propagation dynamics of optical vortices due to gouy phase[END_REF][START_REF] Beckley | Full poincaré beams[END_REF][START_REF] Yang | Independent manipulation of topological charges and polarization patterns of optical vortices[END_REF][START_REF] Zhang | Gouy phase induced polarization transition of focused vector vortex beams[END_REF][START_REF] María | Gouy phase effects on propagation of pure and hybrid vector beams[END_REF]. These beams -referred to as vector-vortex beams (VVB) -exhibit complex dynamics during propagation, as they are not eigenmodes of the propagation operator. Noticeably, full Poincaré beams -containing all possible polarization states -can emerge upon the propagation of VVB [START_REF] Beckley | Full poincaré beams[END_REF][START_REF] Wang | Dynamic propagation of optical vortices embedded in full poincaré beams with rotationally polarization symmetry[END_REF]. In VVB, the characterization of OAM is nontrivial, as OAM arises both from the gradient of a twisted phase [START_REF] Allen | Orbital angular momentum of light and the transformation of laguerre-gaussian laser modes[END_REF] as well as from the curl of the field polarization [START_REF] Wang | Optical orbital angular momentum from the curl of polarization[END_REF]. It is however possible to define a geometrical phase including both contributions -the Pancharatnam phase [START_REF] Berry | The adiabatic phase and pancharatnam's phase for polarized light[END_REF]and the corresponding Pancharatnam topological charge, ℓ p [START_REF] Niv | Manipulation of the pancharatnam phase in vectorial vortices[END_REF]. For a linearly polarized VVB, the OAM charge coincides with the topological Pancharatnam charge [START_REF] Niv | Manipulation of the pancharatnam phase in vectorial vortices[END_REF], but not in the general case [START_REF] Yang | Independent manipulation of topological charges and polarization patterns of optical vortices[END_REF][START_REF] Zhang | Identifying orbital angular momentum of vectorial vortices with pancharatnam phase and stokes parameters[END_REF].

While VVB have been generated in the visible-infrared (IR) regimes [START_REF] Niv | Manipulation of the pancharatnam phase in vectorial vortices[END_REF][START_REF] Baumann | Propagation dynamics of optical vortices due to gouy phase[END_REF][START_REF] Beckley | Full poincaré beams[END_REF][START_REF] Yang | Independent manipulation of topological charges and polarization patterns of optical vortices[END_REF][START_REF] Zhang | Gouy phase induced polarization transition of focused vector vortex beams[END_REF][START_REF] María | Gouy phase effects on propagation of pure and hybrid vector beams[END_REF], their realization and characterization in the extreme ultraviolet (EUV)/Xray has not been addressed yet. The generation of such high-frequency coherent structured beams is desirable to achieve higher spatial and temporal resolutions, down to the nanometric and attosecond scales. Recently, it has been shown that the challenge of manipulating EUV light to imprint SAM and OAM can be fulfilled via the up-conversion of intense structured IR light into high-frequency harmonics. The fundamental mechanism of high-order harmonic generation (HHG) is well understood in terms of a semiclassical three-step picture [START_REF] Schafer | Above threshold ionization beyond the high harmonic cutoff[END_REF] : the IR driver triggers the tunnel ionization of an electron, which is afterward accelerated by the field, and finally recombines with the initial bound state, resulting in the emission of EUV attosecond bursts [START_REF] Krausz | Attosecond physics[END_REF][START_REF] Popmintchev | The attosecond nonlinear optics of bright coherent x-ray generation[END_REF]. Thanks to the separate conservation of OAM and SAM in HHG, it has been demonstrated that infrared vortices, as well as vector beams, can be converted into the EUV [START_REF] Hernández-García | Attosecond extreme ultraviolet vortices from high-order harmonic generation[END_REF][START_REF] Gariepy | Creating high-harmonic beams with controlled orbital angular momentum[END_REF][START_REF] Géneaux | Synthesis and characterization of attosecond light vortices in the extreme ultraviolet[END_REF][START_REF] Gauthier | Tunable orbital angular momentum in high-harmonic generation[END_REF][START_REF] Kong | Controlling the orbital angular momentum of high harmonic vortices[END_REF][START_REF] Laura | Generation of extreme-ultraviolet beams with time-varying orbital angular momentum[END_REF][START_REF] Kong | Vectorizing the spatial structure of high-harmonic radiation from gas[END_REF][START_REF] Wätzel | Topological light fields for highly nonlinear charge quantum dynamics and high harmonic generation[END_REF][START_REF] Wätzel | Multipolar, polarization-shaped highorder harmonic generation by intense vector beams[END_REF][START_REF] Hernández-García | Extreme ultraviolet vector beams driven by infrared lasers[END_REF][START_REF] Hernández-García | Quantumpath signatures in attosecond helical beams driven by optical vortices[END_REF][START_REF] Kumar Pandey | Characterization of extreme ultraviolet vortex beams with a very high topological charge[END_REF][START_REF] Rego | Nonperturbative twist in the generation of extremeultraviolet vortex beams[END_REF][START_REF] Sanson | Hartmann wavefront sensor characterization of a high charge vortex beam in the extreme ultraviolet spectral range[END_REF]. Moreover, the synchronous control on both the polarization and the OAM is also possible via HHG, resulting in high harmonic beams carrying an averaged fractional OAM using conically refracted drivers [START_REF] Turpin | Extreme ultraviolet fractional orbital angular momentum beams from high harmonic generation[END_REF], circularly polarized high-harmonic vortex beams [START_REF] Paufler | Tailored orbital angular momentum in high-order harmonic generation with bicircular laguerre-gaussian beams[END_REF][START_REF] Dorney | Controlling the polarization and vortex charge of attosecond high-harmonic beams via simultaneous spin-orbit momentum conservation[END_REF][START_REF] Pisanty | Conservation of torus-knot angular momentum in high-order harmonic generation[END_REF], or time-ordered polarization states [START_REF] Rego | Trains of attosecond pulses structured with time-ordered polarization states[END_REF].

In this chapter, first, we will exploit HHG in Argon to demonstrate the frequency upconversion of IR vector beams exhibiting spatially varying linear polarization to the EUV spectral range. Subsequently, with the intent to couple the vectorial polarization of a vector and the helical wavefront of a vortex beam, we demonstrate experimentally and theoretically the generation and characterization of coherent EUV vector-vortex beams, merging their spatial phase and polarization distributions in a controllable fashion. Our results show the robust up-conversion of VVB from the IR to the EUV via HHG, with increasing efficiency for drivers with higher topological charges. The coupled conservation laws of SAM and OAM allow for the generation of radially, azimuthally, or even intermediately polarized harmonic beams carrying high OAM, with smooth propagation properties, and emitted in the form of attosecond light-springs with spatially varying polarization. Remarkably, we find that the topological charge of the EUV VVB-de-fined by the Pancharatnam phase-scales linearly with the harmonic order, in analogy with the selection rule for OAM in a pure vortex beam [START_REF] Hernández-García | Attosecond extreme ultraviolet vortices from high-order harmonic generation[END_REF]. Finally, we also show that the intrinsic dipole phase introduced by the quantum paths during HHG imprints its signature as a tilt of the polarization direction in the harmonic VVB. The demonstration of VVB in the EUV opens new perspectives with the translation of the applications of conventional VVB beams to the short wavelength regime. In particular, the possibility of synthesizing EUV attosecond helical structures with spatially varying polarization constitutes a unique spatiotemporal feature that can be instrumental to probe spatiotemporal dynamics in inhomogeneous media or polarization dependent systems, like anisotropic or chiral configurations.

Experimental setup for generation and characterization of EUV vector and vector-vortex beams

In Figure 5.1, we depict the experimental setup to generate EUV vector and VVB from a linearly polarized Gaussian beam of central wavelength 815 nm, pulse duration ∼40 fs, ∼15 mJ maximum energy, and diameter ∼24 mm at 1/e 2 . On the one hand, the IR vector driving beam is obtained using a segmented polarization converter comprising eight half-waveplates, where each octant has a different optical axis orientation. We will describe the characteristics and behavior of the polarization converter in section 5.3.1. On the other hand, the IR vector-vortex driver with topological charge ℓ is obtained by inserting both a spiral phase plate (SPP) and the polarization converter in the incoming Gaussian beam. Note that the resulting configuration can be continuously tuned from radial to azimuthal by varying the polarization of the fundamental IR beam from vertical (s-polarization) to horizontal (p-polarization) using a half-waveplate.

A 2-meter focal length lens loosely focuses the resulting IR vector or vector-vortex driving beam into a 15 mm long argon-filled gas cell to generate high harmonics. The distance between the polarization converter and the lens is ∼10 cm. After filtering out the residual IR driver with a 300 nm thick Al filter (LUXEL), the high-harmonic beam is guided to the high-resolution EUV Hartmann wavefront sensor (EUV-HASO) through a narrowband 45-degree multilayer flat mirror [START_REF] Meltchakov | Development of al-based multilayer optics for euv[END_REF]. The flat mirror acts simultaneously as a spectral and a polarization filter, selecting the vertical-polarized component of the 25 th harmonic, centered at λ = 32.6 nm ; the extinction of neighboring orders exceeds 90% [START_REF] Meltchakov | Development of al-based multilayer optics for euv[END_REF], while the experimentally determined polarization selectivity is ∼10 :1 ; see Fig. 5.17(a). Restricting the detection to a particular harmonic order allows an unambiguous interpretation of the EUV vector-vortex wavefront. The experimental setup is also equipped with a high-magnification (∼6) monochromatic imaging system that allows for the intensity profile characterization of the beams at the gas cell : the HHG source and the attenuated IR beam at the focal plane. We remark that the EUV imaging system is composed of narrowband near-normal incidence (∼ 1.2 0 ) multilayer converging mirror of focal length ∼ 500 mm. Though this configuration is fundamentally not sensitive to the polarization due to the small angle of incidence, we image the exit plane of the gas cell through the polarizing 45-degree multilayer flat mirror placed before the EUV CCD (see Fig. 5.1). This allows us to characterize the vertical polarization intensity component of the HHG vector and vector-vortex beams at the gas cell exit plane, hence permitting an unambiguous affirmation of the HHG beams' polarization state at the source. As the used EUV multilayer mirrors offer high reflectivity within a small spectral range, we use a spectral-phase control of the IR driver by an acousto-optic modulator (Dazzler, FAST-LITE) to spectrally tune the high-harmonic beam. Most importantly, we remark that the truncation of a vector beam can deform its structure upon propagation [START_REF] Wang | Unveiling locally linearly polarized vector fields with broken axial symmetry[END_REF][START_REF] Srinivas | Investigation of propagation dynamics of truncated vector vortex beams[END_REF]. Therefore, in all the results presented in this chapter, we avoid the aperturing of IR driving beams by an iris (see Fig. 5.1).

Figure 5.1 -Experimental setup for the generation of HHG vector and vectorvortex beams. To obtain IR vector driver, a segmented polarization converter (pol. converter) is inserted in the incoming vertically-polarized IR Gaussian beam. The polarization converter and a spiral phase plate (SPP) are concatenated to yield the vectorvortex driving beam. The resulting IR vector or vector-vortex driver is focused by a 2 m focal length lens into an argon gas cell. The remaining IR driver is removed using a 300 nm thick Al filter. The 25 th harmonic of the driving beam centered at λ = 32.6 nm is spectrally selected using a 45 0 multilayer plane mirror and guided to the EUV Hartmann wavefront sensor (EUV-HASO) located ∼1.98 m from the source. The experimental setup is also equipped with an imaging system comprising of a near-normal incidence concave mirror (f = 500 mm) and plane mirrors for beam steering that allows for an intensity profile characterization of the HHG source and the attenuated IR beam at the focal plane. Adapted with permission from Ref. [START_REF] De Las Heras | Extreme-ultraviolet vector-vortex beams from high harmonic generation[END_REF]. Copyright ©2022 Optica Publishing Group.

EUV vector beams via HHG in a macroscopic generation medium : 15 mm gas cell

In this chapter, although we will primarily focus on the generation and characterization of an EUV VVB, let us start from the frequency upconversion of polarization structured vector beams, or more precisely, the cylindrical vector beams exhibiting cylindrical symmetry in their polarization distribution. Owing to their remarkable properties, particularly under high numerical aperture focusing conditions [START_REF] Dorn | Sharper focus for a radially polarized light beam[END_REF][START_REF] Novotny | Longitudinal field modes probed by single molecules[END_REF], vector beams have enabled a wide range of novel applications [START_REF] Zhan | Cylindrical vector beams : from mathematical concepts to applications[END_REF][START_REF] Dorn | Sharper focus for a radially polarized light beam[END_REF][START_REF] Niziev | Influence of beam polarization on laser cutting efficiency[END_REF][START_REF] Kraus | Microdrilling in steel using ultrashort pulsed laser beams with radial and azimuthal polarization[END_REF][START_REF] Allegre | Laser microprocessing of steel with radially and azimuthally polarized femtosecond vortex pulses[END_REF][START_REF] Marceau | Femtosecond 240-kev electron pulses from direct laser acceleration in a low-density gas[END_REF][START_REF] Devki Nandan Gupta | Electron acceleration to gev energy by a radially polarized laser[END_REF][START_REF] Payeur | Generation of a beam of fast electrons by tightly focusing a radially polarized ultrashort laser pulse[END_REF]. Conclusively, obtaining intense vector beams in the EUV domain is highly desirable, particularly for short wavelength lithography [START_REF] Wagner | Lithography gets extreme[END_REF][START_REF] Tallents | Lithography at euv wavelengths[END_REF], microscopy [START_REF] Chao | Soft x-ray microscopy at a spatial resolution better than 15 nm[END_REF], and diffraction imaging applications [START_REF] Jianwei | Beyond crystallography : Diffractive imaging using coherent x-ray light sources[END_REF][START_REF] Seaberg | Tabletop nanometer extreme ultraviolet imaging in an extended reflection mode using coherent fresnel ptychography[END_REF]. We also note that the frequency upconversion of vector beams in a thin (500 µm gas jet) generation medium was reported in [START_REF] Hernández-García | Extreme ultraviolet vector beams driven by infrared lasers[END_REF], where authors used a Rowland-circle type spectrometer as a polarizer to affirm the vectorial polarization of HHG beams. Here, we will use a 15 mm long gas cell and exploit our EUV imaging system (Fig. 5.1) to confirm the spatially variant polarization distribution of the HHG beam. On the one hand, the presented results (trivially) demonstrate that a longer generation medium does not pose an issue for frequency upconversion of IR vector driving beams through HHG. On the other hand, and most essentially, it will help us to set up the background for the main focus of this chapter : generation and characterization of a novel short wavelength EUV structured beam-the EUV VVB.

Response of the polarization converter : vector and vectorvortex driving beams

The vertically polarized incoming Gaussian beam is transformed to a vector beam using a large aperture (3-inch diameter) segmented (eight angular sectors) polarization converter. An illustration of the converter and its behavior is presented in Fig. 5.2(a). The polarization converter is composed of eight half-wave plates with azimuthally varying optical axis orientation ; represented by the black arrows in Fig. 5.2(a). Each of the segments is made up of an 80µm thick mica plate. The resulting B-integral is ∼ 0.15rad, making it particularly suitable for high energy ultrashort laser pulses [START_REF] Zaïm | Interaction of ultraintense radially-polarized laser pulses with plasma mirrors[END_REF].

In analogy to q-plate [START_REF] Marrucci | Optical spin-to-orbital angular momentum conversion in inhomogeneous anisotropic media[END_REF], and S-waveplate [START_REF] Beresna | Polarization sensitive elements fabricated by femtosecond laser nanostructuring of glass[END_REF][START_REF] Gecevičius | Single beam optical vortex tweezers with tunable orbital angular momentum[END_REF], the Jones matrix of the segmented polarization converter with λ/2 or π retardation can be written as [START_REF] Marrucci | Optical spin-to-orbital angular momentum conversion in inhomogeneous anisotropic media[END_REF][START_REF] Gabriel | Spin-induced angular momentum switching[END_REF] :

M = cos(ϕ) sin(ϕ) sin(ϕ) -cos(ϕ) , ( 5.1) 
where ϕ is the azimuthal angle in polar coordinate system (here, representing the orientation of azimuthally varying fast optical axis of the converter). Now, let us analyze the action of the polarization converter to the incident Gaussian beam with different polarization states. In Jones vector formalism, the linear horizontal (E x ), linear vertical (E y ), right circular (E RCP ), and left circular (E LCP ) polarization states are respectively given by :

E x = 1 √ 2 1 0 ; E y = 1 √ 2 0 1 ; E LCP = 1 √ 2 1 i ; E RCP = 1 √ 2 1 -i . (5.2)
Using Eq. (5.1, 5.2), for the incident beam of LCP and RCP states, the action of the polarization converter can be summarized as : 5.3. EUV vector beams via HHG in a macroscopic generation medium : 15 mm gas cell

M.E LCP = E RCP exp(iϕ); M.E RCP = E LCP exp(-iϕ).
(5.3) Surprisingly, the polarization handedness of the outgoing beam is reversed, followed by an additional phase factor of exp(±iϕ). In other words, the polarization-dependent SAM (σ) of the incident beam is transformed from σ = ±1 to (σ = ∓1 + exp(±iϕ)).

Note that this additional factor represents the azimuthally twisting phase of a vortex beam carrying OAM. Therefore, similar to q-plate and S-waveplate, the polarization converter also facilitates SAM to OAM conversion. Most interestingly, in contrast to the static phase factor induced by SPPs, these optical elements allow tunability of the vortex phase by simply modifying the ellipticity, hence the SAM of the incident beam. We remark that in Chapter 2 (Section 2.3.7), we have used wavefront metrology to confirm this behavior for S-waveplate. Here, we will rely on an alternative (and perhaps more intuitive) method to assert this behavior for the polarization converter. We show the experimental arrangement in Fig. 5.3(a). An LCP or RCP polarized vortex beam of topological charge ℓ = -1 is sent through the polarization converter. The additional phase factor induced by the polarization converter (exp(iϕ) for LCP and exp(-iϕ) for RCP) gets added to the incident beam to finally yield : (b) ℓ = 0, or (c) ℓ = -2.

When the beam passing through the polarization converter is linearly polarized, the initial polarization state is transformed to radial-E RP (azimuthal-E AP ) if the polarization converter is aligned parallelly (perpendicularly) to the incident beams' polarization orientation (see Fig. 5.2(b, c)) :

M E x = E RP ; M E y = E AP , where (5.4 
)

E RP = 1 √ 2 cos(ϕ) sin(ϕ) ; E AP = 1 √ 2 sin(ϕ) -cos(ϕ) . ( 5.5) 
We remark that a pure vector beam can be interpreted as a superposition of two optical vortices with opposite circular polarization, and equal but opposite topological charges (ℓ RCP = -ℓ LCP ), hence a net-zero OAM. Moreover, polarization states in between radial and azimuthal can accordingly be generated by altering the orientation of linear polarization of the fundamental Gaussian beam using a half-wave plate.

Response of the polarization converter : vector-vortex driving beams

To obtain vector-vortex IR drivers for HHG, the polarization converter and SPP both are inserted into the incoming Gaussian beam. In the case of a radially polarized beam traversing through the SPP of topological charge ℓ = +1, we obtain

E RP exp(iϕ) = E RCP exp(i2ϕ) + E LCP .
(5.6)

In the general case, we can represent this transformation by 

E RP exp(iℓϕ) = E RCP exp(i(ℓ + 1)ϕ) + E LCP exp(i(ℓ -1)ϕ).
(5.7)

Therefore, a vector-vortex beam comprises two optical vortices with unequal topological charge (ℓ RCP ̸ = ℓ LCP ) and counter-rotating circular polarization. Most importantly, we note that the divergence of Laguerre-Gauss modes depends on the topological charge [START_REF] Miles | Divergence of an orbital-angular-momentum-carrying beam upon propagation[END_REF]. As the two components of VVB have different topological charges, they manifest some fascinating and non-intuitive behavior upon propagation. We will focus on these aspects in section 5.4.2. 

Generation and characterization of EUV vector beams

In Figure 5.4, we show the intensity distribution of radially (a) and azimuthally (b) polarized IR vector beams at the waist. In both cases, the intensity distribution presents an annular structure with a dark hole at the center. We note that in contrast to the vortex beams exhibiting a null on-axis intensity due to helical wavefront [START_REF] Allen | Orbital angular momentum of light and the transformation of laguerre-gaussian laser modes[END_REF], the donutlike profile of a vector beam arises from on-axis polarization singularity resulting from spatially varying linear polarization [START_REF] Zhan | Cylindrical vector beams : from mathematical concepts to applications[END_REF]. We mark the tentative polarization distribution using white arrows in Fig. 5.4(a,b). To affirm their polarization state, we image the vertical polarization intensity component of the IR vector beams. Indeed, the two vertical intensity lobes for radial (Fig. 5.4(c)), and the two horizontal lobes for azimuthal (Fig. 5.4(f)), confirms their respective polarization states. As noted before, by altering the polarization of the fundamental IR Gaussian beam from vertical to horizontal using a λ/2 wave plate, we can continuously vary the polarization distribution from radial λ/2 = 0 0 to azimuthal λ/2 = 45 0 . In Figure 5.4 (d, e), we present the vertical polarization intensity distributions for two intermediate polarization states : λ/2 wave plate is rotated by (d) ∼ -30 0 , and (e) ∼ 30 0 from the neutral axis. In all the cases, the two-lobed intensity 5.3.2. Generation and characterization of EUV vector beams profile signifies their vectorial polarization distribution, while their orientation represents radial, azimuthal, or intermediate polarization states.

To generate high-harmonics, the IR vector driving beam is focused into the Argon gas cell, as depicted in Fig. 5.1. Subsequently, the vertical polarization intensity component of the 25 th harmonic at the gas cell exit plane is acquired employing the polarizationselective monochromatic imaging system (see Fig. 5.1). In the bottom row of Fig. 5.4, we show the intensity distribution of the vertical polarization component of HHG vector beams exhibiting radial (g), azimuthal (j), and intermediate polarization distributions (h, i). Remarkably, akin to the vertical polarization components of IR vector beams (Fig. 5.4(c-f)), the HHG beams also display a two-lobed profile whose orientation closely follows the trend of the IR driving beams. Conclusively, the coherent nature of the HHG process indeed permits the generation of EUV beams with vectorial polarization distribution in an extended generation medium (15 mm gas cell) from the IR vector (d,e). Note that the white arrows in the left panel represent tentative polarization distribution, which is affirmed through the intensity profiles of vertically polarized components depicted in the right panel. In the bottom row, we show the vertical polarization components of the HHG vector beams (25 th harmonic) manifesting radial (g), azimuthal (j), and in-between polarization distributions (h, i). These intensity distributions of HHG vector beams are acquired using the monochromatic polarization selective EUV imaging system that is configured to image the exit plane of the gas cell (see Fig. A further loose focusing geometry and a longer gas cell can therefore allow the production of intense EUV vector beams, bringing in the prospect of their practical applications in the EUV domain. Additionally, we note that HHG allows upscaling of the photon energies up to the soft X-ray wavelength range [START_REF] Tenio | Bright coherent ultrahigh harmonics in the kev x-ray regime from mid-infrared femtosecond lasers[END_REF][START_REF] Dimitar | Popmintchev Tenio : Ultraviolet surprise : Efficient soft x-ray high-harmonic generation in multiply ionized plasmas[END_REF], hence further adding to the utility of HHG-based polarization structured short-wavelength pulses. We also remark that unlike frequency upconversion in nonlinear crystals where spatially varying linear polarization of the fundamental vector beam is unfavorable, the uniqueness of the HHG process permits the generation of EUV vector beams.

Structuring coherent EUV Vector-Vortex beams via HHG

Hitherto, we have demonstrated that the coherent nature of HHG permits frequency upconversion of IR vortex beams exhibiting spatially varying wavefront, and IR vector beams bearing spatially varying polarization. Starting from a curiosity-driven point of view, a natural and perhaps an obvious question to ask is -'can we combine the vectorial polarization and vortex phase structure in the EUV domain ?' With an intent to answer this intriguing question, in this section, we experimentally and theoretically demonstrate a new class of structured HHG beams : an EUV vector-vortex, which is an amalgam of spatially varying polarization of a vector beam, and the azimuthally twisting wavefront of a vortex beam.

At first glance, this indeed seems to be a trivial task. For instance, one can concatenate the SPP that imparts a helical wavefront, followed by the polarization converter that induces vectorial polarization, and expect to obtain a linearly polarized IR vectorvortex beam with smooth propagation dynamics to drive the HHG. However, contrary to our expectations (see Eq. 5.7), this seemingly trivial idea conceals a much complex behavior of VVB, which we will further discuss in the upcoming sections. After briefly outlining our theoretical approach in Section 5.4.1, we will present a thorough experimental characterization of the IR vector-vortex driver, and the upconverted HHG VVB. Exploiting our know-how in EUV wavefront characterization (Chapter 3 and 4), we will experimentally demonstrate that HHG beams can indeed be tailored to manifest the characteristics of vector and vortex beams simultaneously. The experimental observations are confronted with the results of theoretical simulations, hence providing a profound picture of IR vector-vortex-driven HHG.

Theoretical approach to simulate vector-vortex driven HHG

In order to simulate the nonlinear up-conversion of VVB, we model the HHG process both from the microscopic and macroscopic points of view. On the one hand, we use a combined model that considers a quantum description of HHG and takes into account propagation [START_REF] Hernández-García | High-order harmonic propagation in gases within the discrete dipole approximation[END_REF]. We compute the dipole acceleration of the target's argon atoms 5.4.1. Theoretical approach to simulate vector-vortex driven HHG located at the focal plane using the quantum Strong-Field Approximation (SFA), i.e., without resorting into the semiclassical saddle-point approximation. Note that for the parameters considered in this work, each atom perceives a locally homogeneous driving field. Then, the emitted harmonic field is propagated to the far field detectors according to the electromagnetic field propagator [START_REF] Hernández-García | High-order harmonic propagation in gases within the discrete dipole approximation[END_REF]. This joint approach has been already corroborated against different experiments of structured HHG (see for example Refs. [START_REF] Dorney | Controlling the polarization and vortex charge of attosecond high-harmonic beams via simultaneous spin-orbit momentum conservation[END_REF][START_REF] Laura | Generation of extreme-ultraviolet beams with time-varying orbital angular momentum[END_REF][START_REF] Hernández-García | Extreme ultraviolet vector beams driven by infrared lasers[END_REF][START_REF] Chang | High-order nonlinear dipole response characterized by extreme ultraviolet ellipsometry[END_REF]). In this work, the spatial structure of the vector-vortex driver at the polarization converter plane is represented as a Laguerre-Gaussian mode

LG ℓ, m (ρ, ϕ, z) e p = E 0 w 0 w(z) ρ w(z) |ℓ| L |ℓ| m 2 ρ 2 w 2 (z) exp - ρ 2 w 2 (z) exp -ik ρ 2 2R(z) + ig(z) -iℓϕ e p (5.8)
with spatially-varying polarization e p = cos(ϕ + φ 0 ) e x + sin(ϕ + φ 0 ) e y . ϕ is the azimuthal coordinate, L m |ℓ| the generalized Laguerre polynomial, w 0 the beam waist, z R = πw 0 2 /λ the Rayleigh length, w(z 2 ) the phase-front radius, g(z) = (2m+|ℓ|+1)tan -1 (z/z R ) the Gouy phase and k = 2π/λ the wavenumber. The azimuthal index ℓ corresponds to the topological charge, m is the radial index, which in this work is chosen to be m = 0. φ is the parameter that determines the overall orientation of the polarization distribution. In particular, radial and azimuthal polarization distributions correspond to φ 0 = 0 and φ 0 = π/2, respectively.

) = w 0 1 + (z/z R ) 2 the beam width, R(z) = z(1+(z R /z)
In order to obtain the driving IR VVB distribution at the gas target, we compute the Fraunhofer diffraction integral along the transverse profile at the polarization converter, mimicking the experimental procedure. In all the simulations, we model the laser pulse with a central wavelength of λ = 800 nm and a sine-squared envelope with full width at half maximum (FWHM) in intensity of 15.4 fs. We chose a relatively shorter pulse duration (15.4 fs FWHM) compared to the experiment (40 fs FWHM) to reduce computational time, which, to the best of our knowledge, does not imply fundamental deviations in the results presented in this work. The beam waist w 0 and the distance between the polarization converter and the gas target are chosen to achieve a beam size comparable to the experiment (see Figs. 5.5 and 5.6). This distance is just a scaling factor of the beam size without influencing any other attributes of the driving beam. In this work, we consider driving VVB with topological charges of ℓ = 1 and ℓ = 2, for which the peak intensities at the gas target are 9.7 × 10 14 W/cm 2 and 3.2 × 10 14 W/cm 2 respectively. On the other hand, we use the Thin Slab Model (TSM) [START_REF] Hernández-García | Quantumpath signatures in attosecond helical beams driven by optical vortices[END_REF][START_REF] Rego | Nonperturbative twist in the generation of extremeultraviolet vortex beams[END_REF] to analyze the role of the intrinsic dipole phase in the generation of EUV VVB from HHG. The TSM is based on calculating the Fraunhofer diffraction of the high-order harmonic generated at the gas, which is approximated following strong-field assumptions. In this work, we have adapted the TSM description (see ref. [START_REF] Rego | Nonperturbative twist in the generation of extremeultraviolet vortex beams[END_REF]) to take into account the decrease 125 5.4. Structuring coherent EUV Vector-Vortex beams via HHG of the harmonic yield with the drivers' ellipticity by considering a mask function of the ellipticity ε (Ref. [START_REF] Budil | Influence of ellipticity on harmonic generation[END_REF]). Thus, the harmonic field at the gas cell can be written as

A j q = 1 -ε 2 1 + ε 2 q-1 2 C τ j 3/2
|U (ρ, ϕ)| 3.4 e iqΦ(ρ, ϕ) e α j q |U (ρ, ϕ)| , (5.9)

where q is the harmonic order, j is the index of the quantum path (short or long), α j q is the coefficient describing the intrinsic dipole phase of the quantum path, τ j is the excursion time [START_REF] Lewenstein | Theory of high-harmonic generation by low-frequency laser fields[END_REF], |U (ρ, ϕ)| and Φ(ρ, ϕ) are the driving amplitude and phase, and C is a constant. The short-trajectory coefficient in the intrinsic phase is set to α s q = 4.93 × 10 -14 cm 2 /W . Long trajectories (α l q = 2.03 × 10 -13 cm 2 /W ) do not lead to efficient harmonic phase matching in this case, and thus their contribution is negligible. Then, the harmonic field is projected on horizontal and vertical polarizations and propagated to the detectors with the Fraunhofer diffraction integral.

IR driving VVB characterization

The analysis of the driving field properties is paramount for interpreting the results from HHG and for deriving the conservation laws governing the up-conversion process. A VVB built from a vortex beam with OAM charge ℓ can be interpreted as a superposition of two vortex beams with counterrotating circular polarization (right circular RCP and left circular LCP ; see Eq. 5.7), carrying topological charges ℓ RCP = ℓ + 1 and ℓ LCP = ℓ -1, with a phase difference φ = (φ LCP -φ RCP )/2 : e -iℓϕ cos(ϕ + φ)e x + sin(ϕ + φ)e y = e -i(ℓ+1)ϕ (e x + ie y )+ e -i(ℓ-1)ϕ e i2φ (e x -ie y ) e -iφ 2

(5.10)

The inspection of Eq. 5.10 points out that the orientation of the polarization structure is governed by the phase shift 2φ between the LCP and RCP components. We also note that the LCP and RCP components are pure vortex beams with a different OAM charge. However, the topology of a VVB is characterized by the Pancharatnam phase [START_REF] Niv | Manipulation of the pancharatnam phase in vectorial vortices[END_REF], which establishes a relation between the phases of two distinct polarizations [START_REF] Berry | The adiabatic phase and pancharatnam's phase for polarized light[END_REF]. The Pancharatnam phase is defined as the argument of the inner product of two polarized waves. Since we can write the total field as |E⟩ = A R e -i(ℓ+1)ϕ |RCP ⟩+A L e -i(ℓ-1)ϕ e i2φ |LCP ⟩, the Pancharatnam phase is

ϕ p = -Arg(⟨E(ϕ = 0) |E⟩) = ℓϕ + tan -1 |A R | 2 -|A L | 2 |A R | 2 + |A L | 2 tan(ϕ) , ( 5.11) 
where |E(ϕ = 0)⟩ is the reference field. The first term is equal to the azimuthal phase of a scalar vortex, whereas the second term is non-vanishing in nonlinear polarization patterns [START_REF] Yang | Independent manipulation of topological charges and polarization patterns of optical vortices[END_REF]. By applying the definition of the topological Pancharatnam charge, ℓ p , (ref. [START_REF] Niv | Manipulation of the pancharatnam phase in vectorial vortices[END_REF]), we obtain

ℓ p ≡ 1 2π c dφ p = ℓ = ℓ RCP + ℓ LCP 2 , ( 5.12) 
where the second term of the Pancharatnam phase cancels along the closed path c encircling the central singularity. Thus, the topological Pancharatnam charge ℓ p of the VVB equals the OAM charge ℓ of the vortex beam used to build the VVB (i.e., before arriving at the polarization converter in Fig. 1), which coincides with the average of the topological charge of the RCP and LCP modes. We remark that a VVB is not an eigenmode of the propagation operator and thus, the polarization state along propagation depends on the change of the relative phase and divergence properties of each RCP and LCP vortex beam. Assuming these vortex beams as Laguerre-Gaussian modes, the phase difference between the modes upon propagation due to the Gouy phase would be :

∆g(z) = (|ℓ LCP | -|ℓ RCP | tan -1 (z/z R )), (5.13) 
so that the orientation of the polarization structure changes along the propagation axis according to φ(z) = φ 0 + ∆g(z)/2, where φ 0 is the orientation parameter of the polarization pattern at the waist. The rotation of the polarization plane upon propagation can be levorotatory (|ℓ RCP | < ℓ LCP ) dextrorotatory (|ℓ RCP | > ℓ LCP ). This intrinsic property of VVB can be interpreted as an axially-dependent optical activity [START_REF] Baumann | Propagation dynamics of optical vortices due to gouy phase[END_REF][START_REF] Zhang | Gouy phase induced polarization transition of focused vector vortex beams[END_REF][START_REF] María | Gouy phase effects on propagation of pure and hybrid vector beams[END_REF], in analogy with the circular birefringence present in chiral media. In particular, the polarization of a radial (azimuthal) VVB at the waist rotates to azimuthal (radial) in the far field, since the accumulated phase shift between LCP and RCP modes is ±π. We note that in the case of a pure vector beam (ℓ = 0) or a pure vortex beam (ℓ RCP = ℓ LCP ) there is no phase shift, and consequently, no polarization rotation. This aspect is evident from the experimental characterization presented in Fig. 5.4 (c-f), where the initial polarization state remains static as the IR vector beams propagate towards the waist after the focusing lens.

On the other hand, the divergence of a Laguerre-Gaussian mode depends on the topological charge through |ℓ| (see Eq. (5.8)). For IR VVB of ℓ = 1 and ℓ = 2, we show the intensity distribution at two different planes in Fig. 5.5. While it is difficult to distinguish the two components at the focal plane (a, c), they are spatially separated at a plane before (∼ 140 mm) the waist (b, d). Therefore, the structure of a VVB-exhibiting ℓ p = ℓ ̸ = 0 is not preserved upon propagation, due to the different divergences of the LCP and RCP modes. The different divergences of the two modes lead to an axially dependent distribution of the total beam, covering exotic polarization structures like a full-Poincaré beam [START_REF] Beckley | Full poincaré beams[END_REF][START_REF] Wang | Dynamic propagation of optical vortices embedded in full poincaré beams with rotationally polarization symmetry[END_REF]. In our HHG setup, while the driving VVB polarization The bottom row shows the intensity distributions at these two planes for ℓ = +2 vector-vortex driving beam. In both cases, owing to the differences in the topological charge, hence in their divergence, we can distinguish the co-propagating concentric RCP and LCP modes (b, d). (a, c) Adapted with permission from Ref. [START_REF] De Las Heras | Extreme-ultraviolet vector-vortex beams from high harmonic generation[END_REF]. Copyright ©2022 Optica Publishing Group.

states occupy the equator of the Poincaré sphere at the polarization converter plane, the polarization distribution evolves to span over the entire Poincaré sphere at the gas target.

In Figure 5.6, we show the results of the theoretical and experimental characterization of the IR driving intensity and ellipticity for a VVB with topological charge ℓ = 1 (top row) and ℓ = 2 (bottom row). The left panel (Figs. (a) to (d)) displays the intensity profile together with the local polarization ellipses at the polarization converter plane (a, b) and upon the propagation to the gas target (c, d). Though the IR beam presents a clean structure with linear polarization right after the polarization converter (a, b), the complex distribution of a full-Poincaré beam arises at the target (c, d). We remark that the theoretical intensity profiles in (c, d) closely resemble the experimental intensity distributions presented in Fig. 5.5 (a, c). Furthermore, by filtering the RCP or LCP components (e-h), we can distinguish experimentally the two vortex beams with distinct topological charges and opposite polarization helicity that compose the total beam : (e) ℓ RCP = 2 and ℓ LCP = 0 for ℓ = +1 ; (f) ℓ RCP = 0 and ℓ LCP = -2 for ℓ = -1 ; (g) ℓ RCP = 3 and ℓ LCP = 1 for ℓ = +2, and (h) ℓ RCP = -1 and ℓ LCP = -3 for ℓ = -2. Note that the RCP and LCP components are separated using a combination of a quarter-wave plate and a linear polarizer placed in between the polarization converter and the focusing lens, hence allowing us to identify the handedness of each circularly polarized component. The radii of maximum intensity of the separated beams are in agreement with the expected OAM charges, ℓ RCP and ℓ LCP for each component [START_REF] Padgett | The poynting vector in laguerre-gaussian laser modes[END_REF]. The spatial region where the two modes overlap with the same intensity conforms to a ring of linear polarization (null ellipticity, green straight lines), whereas smaller (bigger) radius correspond to left-handed (right-handed) ellipticities represented with black (white) ellipses in (c,d). Most importantly, we note that the azimuthally polarized input beam at the polarization converter plane evolves into a radial polarization distribution at the gas target, due to the Gouy phase shift.

Experimentally, one can verify the polarization transformation from azimuthal to Most fascinatingly, we can appreciate the switching of circular polarization handedness between the two parts that compose the total beam when the sign of topological charge is changed from positive (e, g) to negative (f, h). Adapted with permission from Ref. [START_REF] De Las Heras | Extreme-ultraviolet vector-vortex beams from high harmonic generation[END_REF]. Copyright ©2022 Optica Publishing Group. radial or vice-versa by imaging the intensity distribution at the waist through a linear polarizer (see Fig. 5.7). For the initial polarization state of radial and azimuthal, we show the horizontal and vertical polarization intensity distribution at the waist for ℓ = 1 (left panel), and ℓ = 2 (right panel) in Fig. 5.7. For each configuration, the composite intensity distribution is presented in the bottom row. Let us consider an example case (b) for which the initial polarization state (right after the polarization converter) was radial. The vertical polarization intensity distribution shows two upright blind spots. Drawing our attention conveniently to Fig. 5.4(c, f), it is straightforward to conclude that the two vertically oriented dark spots would only appear if the initial radial polarization had transformed to azimuthal at the focal plane. Note that this conclusion can be drawn from all the cases presented in Fig. 5.7, and not just the pointed configuration. Additionally, following the blind spot, we mark the region of linear polarization for a selected case in the last column (j to l). 

Generation and characterization of harmonic VVB

To drive HHG, the IR VVB is focused into the gas cell (see Fig. 5.1). Since VVB evolve during propagation, both the beam profile and the polarization structure are gradually modified as the IR driving beam propagates towards the gas cell. To present a clear picture, we depict the intensity and polarization profiles along the propagation axis for ℓ = 2 IR driver in Fig. 5.8. The azimuthally polarized IR driver right after the polarization converter (Fig. 5.8(b)) evolves into a full-Poincaré beam at the gas target (Fig. 5.8(c)). As noted before, the initial azimuthal polarization of the IR VVB transforms to radial at the focal plane, which is evident from white radial lines in the embedded local polarization ellipses. In (d), we show the theoretical ellipticity map of the IR beam at the waist. Noting that the HHG efficiency is severely affected by the driving beam ellipticity, high-order harmonics with a radial polarization are generated in the region of low ellipticities. In Figure 5.8(e), we show the experimental vertical polarization component of the 25 th harmonic beam at the gas target. The two vertical lobes in (e) represent radial polarization of the HHG beam at the exit of the gas cell. Incidentally, this also shows that the initial azimuthal polarization of the infrared driving beam is transformed to radial at the focal plane, as experimentally revealed in Fig. 5.7. In Figure 5.8(f), we depict the experimental vertical polarization component acquired ∼ 1.98 m after the HHG source. Remarkably, as the Gouy phase induced phase shift is the same for the IR driving and HHG beams, the radial polarization at the gas target transforms to nearly azimuthally polarized high-order harmonics in the far field. The intrinsic dipole phase of each high-order harmonic causes an additional tilt of the polarization direction, which we will discuss further in section 5.4.3.4. Results in Figure 5.8(e, f) reveal that the generated EUV harmonic indeed manifest spatially varying linear polarization, which is the characteristic of a vector beam (see Fig. 5.4). Now, let us see if they exhibit azimuthally twisting wavefront of the optical vortex as well.

Despite the complex structure of the driving field at the target, high-order harmonics with robust vector-vortex conformations are observed in the harmonic far field. Figure 5.9 shows the vertical polarization intensity projection (top) and the wavefront (bottom) of the 25 th harmonic in the far field for the vector-vortex drivers presented in Fig. 5.6, with topological charges ℓ = +1 (left) and ℓ = +2 (right). The 25 th harmonic exhibits a wavefront that twists with ℓ 25 = 25 (Fig. 5.9(b)) for the ℓ = +1 driver and with ℓ 25 = 50 for the ℓ = +2 driver (Fig. 5.9(d)). The resulting Pancharatnam topological charge of the q th order harmonic VVB scales linearly with the Pancharatnam topological charge of the driving VVB i.e. ℓ p, q = qℓ p , in analogy to the scaling law found for a vortex beam with a homogeneous polarization [START_REF] Hernández-García | Attosecond extreme ultraviolet vortices from high-order harmonic generation[END_REF]. We anticipate that this is not a trivial result, as the linear conservation law applies to the VVB Pancharatnam topological charge, and not to the OAM contributions of the modes that compose the VVB, as we will discuss later in section 5.4.3.1. In addition, the vertical polarization component of the far field harmonic (Figs. 5.9(a, c)) presents the typical structure of an azimuthal vector beam but shifted by a certain angle due to the intrinsic dipole phase, whose origin will be also discussed in section 5.4.3.4. We attribute the slight differences between the theoretical and experimental harmonic intensity profiles to the differences in their driving beam profiles (Fig. 5.6), and to small deviations in the estimation of the driving beam peak intensities.

We remark that as for vector beams (Fig. 5.4), it is also possible to generate a VVB with radial and intermediate polarization states. In Figure 5.10, we present the characterization of vertical polarization component of the 25 th harmonic for radially polarized IR vector-vortex driver of ℓ = 2. Once again, the initial radial polarization of the driver transforms to azimuthal at the target. Thus, the generated harmonics are azimuthally polarized at the HHG source (a), which later transforms into radial (b, c) after propagating to the detector in the far field. Moreover, as expected, the reconstructed wavefront (c) shows a clockwise rotating wavefront. Accordingly, we were able to generate EUV VVB with intermediate polarization states, as depicted in the left panel of Fig. 5.11. For azimuthally polarized IR driver of ℓ = -2, the right panel shows the vertical components of (e) intensity and (f) wavefront. In all the cases, vector and vortex characteristics of the HHG beams are apparent from the two-lobed intensity distribution and the azimu- 2. We compare the experimental and numerical results of the vertical polarization (a, c) and wavefront (b, d). Reprinted with permission from Ref. [START_REF] De Las Heras | Extreme-ultraviolet vector-vortex beams from high harmonic generation[END_REF]. Copyright ©2022 Optica Publishing Group. thally twisting wavefront, respectively. Interestingly, the direction of wavefront rotation reverses with a change in the sign of ℓ (Fig. 5.11(f)). All of these characteristics are also consistent for HHG VVB driven by IR beam of ℓ = +1 (Fig. 5.12, left panel), and ℓ = -1 (Fig. 5.12, right panel). In conclusion, the experimental and the theoretical results both indicate that it is indeed possible to couple the spatially variant polarization of a vector and the helical wavefront of a vortex beam in the EUV domain.

HHG vectorial-vortices : harmonic build-up law

The propagation behavior of VVB, together with the nature of HHG, implies that the properties of the driving IR VVB are not always directly mapped into the high-order harmonics. In particular, the inhomogeneous ellipticity distribution of the VVB at the gas target restricts HHG to specific spatial regions, since only low ellipticities lead to efficient high-order harmonic emission [START_REF] Budil | Influence of ellipticity on harmonic generation[END_REF][START_REF] Dietrich | High-harmonic generation and correlated two-electron multiphoton ionization with elliptically polarized light[END_REF][START_REF] Antoine | Theory of high-order harmonic generation by an elliptically polarized laser field[END_REF]. Such constraint implies that the HHG process circumvents the complex full-Poincaré beam at the target, selecting regions with nearly linear polarization. As a consequence, high-order harmonics result in a cleaner polarization structure at the gas target (see Figs. 5.8(e) and 5.10(a)).

The harmonic build-up must be interpreted from the point of view of the simultaneous conservation of OAM and SAM. In the photon picture, one should consider the combination of photons of the driving LCP and RCP modes, a situation similar to HHG driven by conical refraction beams [START_REF] Turpin | Extreme ultraviolet fractional orbital angular momentum beams from high harmonic generation[END_REF]. Energy conservation establishes that for the q th order harmonic, q = n RCP + n LCP (being n RCP and n LCP the number of RCP and LCP absorbed photons respectively). Since the symmetry of the driving field and the atomic element restricts q to an odd integer, there are two equally probable channels satisfying SAM conservation, i.e. n RCP -n LCP = ±1 [START_REF] Pisanty | Spin conservation in high-order-harmonic generation using bicircular fields[END_REF]. Thus, SAM and energy conservation dictate that n RCP = q+1 2 , n LCP = q-1 2 is the RCP channel, and n RCP = q-1 2 , n LCP = q+1 2 is the LCP channel. Therefore, OAM conservation of each separate channel ℓ q, RCP orLCP = n RCP (ℓ + 1) + n LCP (ℓ -1) results in (ℓ q, RCP = qℓ + 1, ℓ q, LCP = qℓ -1), which allows for the generation of radial or azimuthal harmonic beams carrying OAM. This simultaneous conservation law can be observed in Fig. 5.13, where we present the calculated topological charge spectra for several far field harmonic orders, decomposed in RCP and LCP for a vector-vortex driver with ℓ = 2 bearing azimuthal polarization right after the polarization converter. We calculate the topological charge by computing the Fourier transform of a certain polarization component along the azimuthal coordinate. The qth-order harmonic results from the superposition of ℓ q, RCP = qℓ + 1 and ℓ q, LCP = qℓ -1 modes, leading to a VVB with Pancharatnam topological charge ℓ pq = qℓ p . In the inset of Fig. 5.13, we zoom out the 25 th harmonic to highlight the topological charge of each polarization. For the case presented, the topological charge of the azimuthal polarization is ℓ 25 = 50, in agreement with the experimental wavefront measurement in Fig. 5.9(d). Since the harmonic beam exhibits an azimuthal polarization distribution in the far field, by computing the topological charge of this polarization we obtain the topological charge of the harmonic VVB, These conservation laws imply that high-order harmonics are emitted with large OAM, and a constant topological charge difference between the counter-rotating polarizations, i.e. ℓ q, RCP -ℓ q, LCP = 2. This has bifold implications : (i) the phase shift introduced by the Gouy phase is the same for the fundamental driver and the high-order harmonics and thus, there is a synchronous polarization rotation from radial to azimuthal along the propagation axis (see Figs. 5.8, 5.10) ; (ii) each Azimuthal LCP high-harmonic beam integrates two high OAM modes with comparable divergence, and thus the propagation of the harmonic VVB is robust. 

Deducing the topological charge of experimental HHG Vector-Vortex beam

In the case of complete intensity distribution, the topological charge can be conveniently retrieved from the overall wavefront twist along the azimuthal coordinate. However, as the HHG vector-vortex beams exhibit a non-uniform linear polarization distribution, the spectrally selective EUV mirror at 45 0 angle of incidence offer maximum reflectivity for the vertically polarized component, while the horizontal polarization component is poorly reflected (a factor of 10 :1). Except for azimuthally polarized HHG vector-vortex driven by ℓ = +2 driver where wavefront reconstruction was possible all along the ring (Fig. 5.9(c, d)), in all the other cases, the HHG vector-vortex beams detected by the wavefront sensor present a two-lobed intensity distribution (Figs. 5.10, 5.11, 5.12). Consequently, to deduce the topological charge in these cases, we adopt the methodology previously described in Chapter 3 (Figs. 3.4 and 3.11). From the experimental two-lobed wavefronts, we subtract the theoretically defined phase of different topological charges. Thereafter, the theoretical order that yields a minimum root-mean-square (RMS) wavefront residue designates the topological charge of the HHG VVB. Conservation law of SAM and OAM charge in high harmonic generation driven by a vector-vortex beam with topological charge ℓ = 2 and generated with azimuthal polarization at the polarization converter. Each harmonic order, q is a superposition of two circularly polarized modes (RCP and LCP) with ℓ q, RCP = qℓ + 1 and ℓ q, LCP = qℓ -1, which results in a net topological charge. In the inset (a), we zoom on the 25 th harmonic to emphasize the topological charge of each polarization component. Reprinted with permission from Ref. [START_REF] De Las Heras | Extreme-ultraviolet vector-vortex beams from high harmonic generation[END_REF]. Copyright ©2022 Optica Publishing Group.

To further highlight the merit of our approach, and to reinforce the validity of formulated conservation laws for IR vector-vortex driven HHG, we present the result of this analysis for HHG vector-vortex driven by the radially polarized driver of ℓ = -1 in Fig. 5.14. Remarkably, a minimum RMS wavefront residue is obtained after subtracting the theoretical azimuthal phase of order ℓ = 25 (Fig. 5.14(a)). To further corroborate this aspect, we show the residual wavefronts after subtracting the theoretical orders of ℓ = 20, ℓ = 25, and ℓ = 30 in Figs. 5.14(b-d), respectively. Indeed, relatively, the flattest wavefront with a minimum RMS residue is obtained after subtracting the theoretical phase of topological charge ℓ = 25 (comparing Figs. 5. 14(b-d)). These results, on the one hand, unequivocally validate the topological charge scaling for the HHG driven by IR vectorial-vortices. On the other hand, they simultaneously reflect on the merit of our experimental approach based on EUV wavefront sensing for the characterization of HHG structured beams.

Scaling of the vector-vortex driven high-harmonic efficiency

We experimentally observed that a larger number of laser-shots were needed to obtain EUV Hartmanngrams with a high signal-to-noise ratio for the IR VVB of lower topological charge (100 for ℓ = 1 and 30 shots for ℓ = 2). This suggests a non-trivial relation between the IR VVB topological charge and the HHG efficiency. To understand this aspect, we have computed the yield of different harmonic orders as a function of the driving topological charge, ℓ.

Our numerical results, (see Fig. 5.15(a)), show that the harmonic yield increases substantially with ℓ, until saturation. In order to understand it, we show the theoretical driving beam intensity profile (black line) and ellipticity (blue line) at the gas target for three cases : ℓ = 2 (Fig. 5.15(b)), ℓ = 6 (Fig. 5.15(c)), and ℓ = 10 (Fig. 5.15(d)). To perform a fair comparison, we have kept constant the beam radius at the polarization converter and a peak intensity of 2 × 10 14 W/cm 2 at the gas target. These figures show that the radius of linear polarization (null ellipticity, dashed orange), where HHG is mainly produced, approaches the radius of peak intensity (dashed black) for drivers with higher ℓ. In addition, the slope of the ellipticity flattens for drivers with a higher VVB topological charge. Consequently, the enhancement for high ℓ drivers is both due The efficiency of highorder harmonic generation increases for vector-vortex drivers with higher topological charge, until saturation. We show the driving intensity profile (black line) and ellipticity (blue line) at the gas target for different topological charges : (b) ℓ = 2, (c) ℓ = 6 and (d) ℓ = 10 while keeping constant the radius at the polarization converter and a peak intensity of 2 × 10 14 W/cm 2 at the gas target. Drivers with higher topological charge produce a better overlap of the right and left circular components, leading to a larger region of nearly null ellipticity (linear polarization, dashed orange) that approaches the radius of peak intensity (dashed black). In (e), we show the line intensity profiles of experimental driving beams (depicted in Figs. 5.5(a,c)) for ℓ = 1 (solid line) and ℓ = 2 (filled curve). The approximate position where RCP and LCP modes overlap is indicated by the vertical arrow for both cases. The two modes show a better overlap, hence a flatter ellipticity slope, and relatively a higher peak intensity for ℓ = 2 driving beam. Adapted with permission from Ref. [START_REF] De Las Heras | Extreme-ultraviolet vector-vortex beams from high harmonic generation[END_REF]. Copyright ©2022 Optica Publishing Group.

to the coincidence of the beam radii of low ellipticities with that of higher intensities, and the progressively thicker region with low ellipticities in the focal plane. The reason for this is that the RCP and LCP modes of the driving beam exhibit a better overlap for high ℓ values. To further corroborate on this aspect, we depict the line intensity profile of experimental driving beams of ℓ = 1 (solid line) and ℓ = 2 (filled curve) in Fig 5 .15(e). For both cases, the position where the RCP and LCP modes with distinct topological charge (approximately) overlap are denoted by the two vertical arrows. Note that these line profiles correspond to the intensity distributions at the waist presented in Fig. 5.5(a, c), respectively. In agreement with the theoretical observations, the RCP and LCP modes comprising the total beam show a better overlap, hence a flatter ellipticity slope, and relatively a higher peak intensity for the driving beam of higher topological charge. Such a behavior directly arises from the fact that the propagation of high OAM modes is much more alike and thus, a saturation regime of good overlap is justified.

Effect of the intrinsic dipole phase and attosecond spatiotemporal structure

We show in Fig. 5.16(a) the simulation results of the far field vertical polarization component of the 25 th harmonic driven by an azimuthal VVB with topological charge ℓ = 2 in different theoretical models : TSM neglecting the intrinsic phase (left), TSM with the intrinsic phase of short trajectories (center) and the total quantum SFA calculation including propagation (right). Note that the noisy pattern present in the latter case (and also in Figs. [START_REF] Zhan | Cylindrical vector beams : from mathematical concepts to applications[END_REF].9(a, c)) is a numerical artifact that would disappear if a sufficiently large amount of single-atom SFA calculations were computed. Apart from the polarization rotation due to the Gouy phase, an additional polarization shift emerges only when the intrinsic phase is included in the calculations. In other words, a measurement of the polarization tilt of the harmonic VVB contains information about the intrinsic phase of short trajectory contributions, in this case. As a consequence, the intrinsic phase of HHG could be retrieved through ellipsometry measurements in the generation of harmonic VVB, similarly to the recent demonstration in non-collinear HHG [START_REF] Chang | High-order nonlinear dipole response characterized by extreme ultraviolet ellipsometry[END_REF]. The tilt of the polarization orientation is directly related to the dephasing between RCP and LCP modes according to Eq. 5.10. Since the accumulated phase on the electron quantum path strongly depends on the intensity, the radial intensity distribution at the target (see Figs. [START_REF] Zhan | Cylindrical vector beams : from mathematical concepts to applications[END_REF].5(a, c) and 5.6 (c-h)) is mapped on the radial distribution of the intrinsic phase. Hence, the RCP mode occupying the outermost radius discerns higher values of the intrinsic phase than the LCP mode occupying the inner radius. Upon propagation to the far field, this dephasing results in a tilt of the polarization structure. This effect is relatively more significant for VVB drivers with low topological charge (comparing ℓ = 1 and ℓ = 2 in Fig. 5.9) because they exhibit a greater intensity gradient at the gas target (see Fig 5.15). We note that the comparison between theory and experiment in Fig. 5.9 does not allow to precisely extract this additional polarization tilt from the experimental results, and we attribute it to slight differences between the theoretical and experimental driving beam intensities.

The intrinsic phase is different for each harmonic order and therefore, each harmonic beam presents a slightly different tilt. Even so, by filtering harmonics beyond the 11 th order, it is possible to obtain an attosecond light-spring with radial or azimuthal polarization. We show in Fig. 5.16(b) the spatiotemporal intensity and polarization of the attosecond pulses resulting from our full quantum calculations including propagation for an azimuthal vector-vortex driver with topological charge ℓ = 2. In HHG, the linear scaling of both the frequency and the OAM with the harmonic order leads to helical dispositions -known as light-springs -in the spatiotemporal domain [START_REF] Hernández-García | Attosecond extreme ultraviolet vortices from high-order harmonic generation[END_REF][START_REF] Pariente | Spatio-temporal light springs : extended encoding of orbital angular momentum in ultrashort pulses[END_REF]. Remar- kably, results in Fig. 5.16(b) demonstrate that we can also tailor the light-springs with an inhomogeneous polarization, providing a new degree of freedom in attosecond beams.

Supporting information : HHG OAM yield with driver ellipticity, and Polarization selectivity of EUV mirror

For IR vortex beam of ℓ = 1, Fig. 5.17(a) shows the signal level of the 25 th harmonic as a function of driving beam's polarization. Note that the initial polarization state of 5.5. Supporting information : HHG OAM yield with driver ellipticity, and Polarization selectivity of EUV mirror the IR driver is vertical, which is gradually changed to horizontal using a half-wave plate placed before the SPP. The HHG OAM signal level reduces to ∼ 5% of the peak value when the driving beam is horizontally polarized, showing the polarization selectivity of the EUV mirror.

In Figure 5.17(b), we depict the data count variation of the HHG vortex beam in response to the driver's ellipticity (ℓ = 1). The initial vertical polarization of the IR beam is transformed to elliptical by inserting a quarter-wave plate in the fundamental Gaussian IR beam. Note that the horizontal axis represents ellipticity of the driver : ϵ = tan(η), where η is the rotation angle of the quarter-wave plate from the neutral axis. As the ellipticity of the driving beam is counterproductive for harmonic emission efficiency [START_REF] Budil | Influence of ellipticity on harmonic generation[END_REF][START_REF] Dietrich | High-harmonic generation and correlated two-electron multiphoton ionization with elliptically polarized light[END_REF][START_REF] Antoine | Theory of high-order harmonic generation by an elliptically polarized laser field[END_REF], the HHG signal level falls sharply with an increase in the ellipticity. Consequently, for the IR vector-vortex driving beam, the HHG process itself restricts the efficient high-order harmonic emission to the spatial region with low ellipticities. 

Chapter conclusions and perspectives

We demonstrate the up-conversion of VVB from the IR to the EUV on the grounds of high harmonic generation. The experimental and numerical characterization evidence that both the IR and EUV VVB combine the twisted phase of vortex beams with the inhomogeneous polarization structure of vector beams. By defining the topological charge of VVB through the geometrical Pancharatnam phase, we find that this topological charge scales linearly with the harmonic order in HHG. Interestingly, we obtain an increase of the HHG efficiency for drivers with a higher topological charge, so this scheme allows for an efficient generation of high charge VVB. By filtering the high-harmonic orders, we harness a helical attosecond structure with a spatially-varying polarization that can conform to radial or azimuthal configurations. These EUV structured beams combining phase and polarization singularities can reveal new insights into light-matter interactions in semiconductors, magnetic or topological materials and enable substantial advances in high-resolution imaging [START_REF] Hao | Phase encoding for sharper focus of the azimuthally polarized beam[END_REF], among other fields.

Additionally, we discern that the intricate behavior of non-pure driving modes of propagation is not directly mapped into the harmonic beam due to intrinsic features of HHG, such as the severe restriction to low ellipticities or the symmetries imposed by the conservation laws. In the up-conversion of VVB, HHG favors simpler spatially-varying polarization distributions of the harmonic beam and smooth propagation effects towards the far field, without losing the essential characteristics of the driving beam. The harmonic VVB retains the levorotatory or dextrorotatory polarization along propagation, which can be a useful tool to probe chirality-sensitive processes or optical activity with high temporal and spatial resolution. Furthermore, we identify a tilt on the polarization direction of the harmonic beam as a signature of the non-perturbative phase of HHG. We remark that as this additional polarization tilt depends solely on the intrinsic dipole phase (see Fig. 5.16(a)), it changes with the driver peak intensity, or analogously, with the harmonic order through the parameter α (see Eq. (5.9)). In Figure 5.18, for the azimuthally polarized vector-vortex driving beam of ℓ = 2, we depict the far field vertical polarization intensity (upper row) and the polarization tilt angle (bottom row) for various harmonic orders computed using the full quantum SFA including the propagation approach. For the results presented in Fig. 5.16, we use the same calculation parameters as in Fig. 5.9(c) and Fig. 5.16(a). Indeed, the additional polarization tilt induced by the intrinsic dipole phase varies with the harmonic order. Note that in this work, though we have concentrated on the detection and characterization of the 25 th harmonic of the driving beam, our experimental approach based on spectral and polarization filtering of HHG VVB can be employed and extended to other orders as well : for instance, by utilizing a set of narrowband 45-degree EUV mirrors designed to spectrally select the desired harmonic order (one at a time). Conclusively, our work paves the way for an indirect method to experimentally retrieve the intrinsic dipole phase accumulated along the electron quantum paths. For the azimuthally polarized vector-vortex driver of ℓ = 2, we show the computed far field vertical polarization intensity (top row) and polarization tilt (bottom row) for different high-order harmonics resulting from full quantum SFA calculation ; the utilized parameters for computation are same as in Fig. 5.9(c) and Fig. 5.16(a). As the intrinsic dipole phase is harmonic-order dependent (see Eq. (5.9)), each harmonic presents a different additional polarization tilt, showing an increasing trend with the harmonic order. 

Wavefront of IR vector-vortex driving beams.

Amplification of EUV harmonic beam in a plasma-based X-ray laser (XRL). (a) Schematic representation of the XRL plasma column. In (b), we

show the farfield (∼ 1.98 m after the source) intensity profile of the Neon-like Titanium solid-target plasma-based XRL (λ = 32.6 nm) operated in amplified spontaneous emission (ASE) mode. Given the stochastic nature of self-emission, the emitted radiation exhibits a limited spatial coherence. Alternatively, the XRL plasma can be exploited as an amplifier in the EUV spectral range. The external injection of the high-harmonic pulse into the plasma amplifier drastically improves the spatial coherence of the seeded XRL beam [START_REF] Wang | High-brightness injection-seeded soft-x-ray-laser amplifier using a solid target[END_REF]141,[START_REF] Wang | Phase-coherent, injection-seeded, table-top soft-x-ray lasers at 18.9 nm and 13.9 nm[END_REF]. In (c), we depict the single-shot intensity and wavefront maps of the high-harmonic beam centered at λ = 32.6 nm, which is spectrally matched to the 3p -3s (J = 0 -1) lasing transition of Neon-like Titanium plasma-based XRL. The farfield intensity and wavefront of the seeded XRL beam after amplification in a 3 mm long plasma column are presented in (d). Note that for both cases (c, d), the wavefront maps are represented in the units of the central wavelength light (λ = 32.6 nm). Interestingly, the wavefront quality of the seeded XRL beam is even better than the harmonic seed itself : root-mean-square (RMS) wavefront value of λ/12.5 for the seeded XRL beam as compared to ∼ λ/9.26 for the high-harmonic seed. This behavior may arise from the spatial filtering of the high-harmonic seed by the amplifying aperture of the XRL plasma column.

Chapitre 6

Gaussian high-order harmonic seeded high-density plasma-based X-ray laser 

Chapter overview

So far, all the previous Chapters follow somewhat a chronological progression. We relied on high-order harmonic generation to scale the photon energy long-wavelength ultrashort structured beams. As outlined in Chapter 1, another possible table-top source of short wavelength radiation is a hot dense plasma. A plasma-based soft X-ray laser (XRL), when injected with a coherent seed, retains the polarization, and coherence characteristics of the seed [START_REF] Wang | High-brightness injection-seeded soft-x-ray-laser amplifier using a solid target[END_REF]141]. Efficient amplification of circularly polarized seed, hence conservation of Spin Angular Momentum (SAM), has been reported in a Kr 8+ plasma amplifier [START_REF] Depresseux | Demonstration of a circularly polarized plasma-based soft-x-ray laser[END_REF], adding further to the utility of such sources for numerous applications. However, to the best of our knowledge, there has been no attempt towards amplification of helically phased beams carrying orbital angular momentum (OAM) in plasma-based XRL. Consequently, the OAM conservation during amplification in XRLplasma is a question of fundamental interest that remains unanswered. One of the key objectives of this work is ('and has been') to address the aforestated question. In this regard, the know-how we have acquired on the generation and characterization of extreme ultraviolet (EUV) structured beams (Chapter 3 to Chapter 5), can be instrumental. Another motivation for pursuing this task relies on the high amplification factor offered by the high electron density XRL plasma amplifiers. For a conventional Gaussian harmonic beam, authors in [START_REF] Depresseux | Table-top femtosecond soft x-ray laser by collisional ionization gating[END_REF] reported an amplification factor higher than 1000 (∼ 1200) and amplified pulse duration of ∼ 450f s. Therefore, if the OAM of harmonic seed is retained during amplification, HHG-OAM seeded XRL may open the possibility of obtaining EUV vortex beams with microjoule level energy.

Throughout this work, we have 'suspiciously' concentrated our efforts on the characterization of high-order harmonic beam centered at λ = 32.6 nm. And, one of the reasons for selecting this particular wavelength is its spectral-matching with the 3p -3s (J = 0 -1) lasing transition of a Neon-like Titanium plasma-based XRL. We remark that the high electron density gradient in XRL-plasma can be a determinantal factor during the amplification of an externally-injected coherent seed. The results presented in this Chapter concern a Neon-like Titanium XRL emitting at 32.6 nm wavelength, and falls within the scope of our objective to amplify a vortex beam carrying OAM in a high-density XRL plasma, which we will detail in Chapter 7.

Not to get too ahead of ourselves, here, we investigate the coherence of plasma-based XRL for different conditions that can alter the electron density in the gain region. We first measure the source temporal coherence in amplified spontaneous emission (ASE) mode. We develop a data analysis procedure to extract both its spectral width and pulse duration. These findings are in agreement with the spectral line shape simulations and seeded operation experimental results. Utilizing the deduced spectral width and pulse duration in a one-dimensional Bloch-Maxwell code, we reproduce the experimental temporal coherence properties of the seeded-XRL. Finally, we demonstrate efficient lasing in ASE and seeded mode at an electron density two times higher than the routine conditions. In this regime, using Bloch-Maxwell modeling, we infer the pulse duration of the seeded XRL to be ∼ 500f s.

Introduction

Spectro-temporal metrology of light pulses is at the center of the dramatic progress of ultra-short lasers. It is now instrumental in the rapid development of short, coherent, and intense soft X-ray sources such as X-ray free-electron lasers (XFEL), Laser high order harmonics (HH) and plasma-based soft X-ray lasers (XRL). In an endeavor to reduce the XRL pulse duration, it has been proposed to use XRL amplifiers performing at high electron densities. Seeded operation of XRL in a high-density gas target has been demonstrated, with clear evidence of gain lifetime shortening due to increased ionization rate by collisions [START_REF] Depresseux | Table-top femtosecond soft x-ray laser by collisional ionization gating[END_REF]. This work opened a path towards high energy, extreme ultraviolet (EUV) pulses with hundreds of femtoseconds pulse duration at high repetition rate laser drivers. However, no direct evidence of pulse duration shortening has been so far reported. In this wavelength range, temporal profile characterization requires indeed sophisticated non-linear autocorrelation or cross-correlation techniques involving multi-photon ionization processes. In this matter, measuring the first-order autocorrelation function through interferometry is usually of limited help as it gives only access to the spectral intensity and not to the spectral phase. However, such a temporal coherence study may confirm the successful generation of gain at higher density by providing evidence of a bandwidth increase with electron density.

In order to extract some quantitative estimations from such a measurement, some precautions have to be taken. First, the intrinsic bandwidth of the lasing transition will be reduced during the amplification process. Besides, in seeded mode, the nonadiabatic response of the gain medium can induce spectral structures through the Rabi oscillation process. If the measurement is performed in the unseeded regime, the shot-to-shot stochastic structures of amplified spontaneous emission (ASE) pulses, will have consequences on the statistical properties of the first-order autocorrelation function, exacerbated when the inverse of the bandwidth is close to the pulse duration. This effect has been recently discussed by LeMarec et al. [START_REF] Le Marec | Evidence of partial temporal coherence effects in the linear autocorrelation of extreme ultraviolet laser pulses[END_REF][START_REF] Le Marec | Linear autocorrelation of partially coherent extreme-ultraviolet lasers : a quantitative analysis[END_REF]. The pulse structure is expected to be a stochastic succession of spikes of similar duration, modulated by a longer duration envelope. The resulting autocorrelation also will present stochastic shot-to-shot fluctuations, vanishing when averaged over many pulses. Because in the most experimental setups, 6.2. Experimental setup only the modulus of the linear autocorrelation function is measured through the visibility of the fringes, the stochastic fluctuation will persist after averaging. It then becomes possible to extract both the envelope and spike duration, the latter being related to the Fourier limited duration and the inverse of the average spectral bandwidth.

In this chapter, we present the experimental characterization of the XRL temporal coherence in different pumping configurations expected to affect the electron density in the gain region. This experiment has been performed in both ASE and seeded regime. When the XRL was operated in ASE mode, the temporal coherence results have been compared to the prediction of the aforementioned model describing the ASE field statistical properties. This comparison is carried out with a fitting procedure first benchmarked on the field model and then applied to the experimental data. The fitting method grants access both to the spectral bandwidth and the duration of the XRL pulse. We show that the deduced values are in good agreement with the results of the spectral lineshape model and with the amplification dynamics observed during the seeded operation of XRL. Using these parameters in a one dimension Bloch-Maxwell model, it was possible to simulate the first-order autocorrelation function of the seeded-XRL amplifier. We show that the numerical results are in good agreement with experimental observations. Starting from a standard pumping configuration, this work has been extended to the conditions that are expected to increase the electron density in the plasma gain region by a factor of two. Efficient lasing has been demonstrated both in ASE and seeded regime. The temporal coherence analysis confirms a laser gain generated at higher density and Bloch-Maxwell simulation predicts the achievement of ∼ 500f s pulse duration during the seeded operation. The possibility of lasing over a large density range opens a feasible path to decrease the pulse duration of solid-target plasma-based XRL far below 1ps.

Experimental setup

The 10Hz XRL source considered in this work is a Ne-like Titanium XRL generated at the LASERIX facility [START_REF] Delmas | Q-switched laser-assisted grazing incidence pumping (qagrip) for efficient soft x-ray laser generation[END_REF]. The schematic of the exprimental setup is presented in Fig. 6.1. The lasing medium consists of an elongated laser-produced plasma in which Ne-like Titanium ions are excited by the plasma hot electrons through transient collisional excitation [START_REF] Yurii | Formation of a population inversion of transitions in ne-like ions in steady-state and transient plasmas[END_REF][START_REF] Vyacheslav | Tabletop x-ray laser pumped with subnanosecond and picosecond pulses[END_REF][START_REF] Nickles | Short pulse x-ray laser at 32.6 nm based on transient gain in ne-like titanium[END_REF][START_REF] Dunn | Transient collisional excitation x-ray lasers with 1-ps tabletop drivers[END_REF]. A rapid electron heating is achieved by irradiating the plasma with an intense picosecond laser pulse. A transient population inversion is obtained between the 3p -3s (J = 0 -1) ionic transition, corresponding to a lasing wavelength of λ = 32.6nm. The laser gain is sufficiently high to achieve saturation in less than 3mm propagation in the plasma. Besides, because of the low ion temperature involved in this XRL scheme, the intrinsic laser linewidth is expected to be dominated by homogeneous broadening and thus mostly controlled by the electron density in the plasma gain region. The lasing plasma is obtained in two steps [START_REF] Guilbaud | Gain dynamics in quickly ionized plasma for seeded operated soft x-ray lasers[END_REF][START_REF] Delmas | Q-switched laser-assisted grazing incidence pumping (qagrip) for efficient soft x-ray laser generation[END_REF]. First, a 10ns full width at half maximum (FWHM) pulse generated by a frequency-doubled 400 mJ Q-switched Nd YAG laser is focused at normal incidence on a 4mm Titanium target using a cylindrical lens to form 5mm × 80µm focal line. This pulse turns a thin layer of the solid target into an expanded, low ionization stage (< Z >∼ 5 -6), moderate electron temperature (T e ∼ 20eV ) preplasma. After a delay of 4ns following the temporal peak intensity of the preplasma pulse, an intense IR pump pulse with the energy of 1.2 J is line-focused on the preformed plasma using a spherical mirror (f = 500 mm) in offaxis configuration [START_REF] Bleiner | Line focusing for soft x-ray laser-plasma lasing[END_REF][START_REF] Bleiner | Pulse-front tilt for short-wavelength lasing by means of traveling-wave plasma-excitation[END_REF], thus ensuring a traveling-wave excitation of the preplasma [START_REF] Ramon | Traveling-wave excitation of an x-ray laser medium[END_REF]. The pump pulse duration T IR can be varied in the picosecond range by adjusting the distance between in-vacuum compressor gratings. Additionally, the motorized mirror mounts facilitate in-vacuum adjustment of the grazing-incidence pumping (GRIP) angle Φ from 18 to 34 degrees. The dimensions of the sagittal line foci are 4.1mm × 30µm and 6.2mm × 30µm for Φ = 22 • and Φ = 32 • , respectively. The line-foci width, uniformity, and parallelism, which are critical to optimal lasing of XRL, are characterized using a high-magnification imaging system. We show the line-foci intensity distribution of preplasma and pump pulse in Fig. 6.2. Motorized optomechanics along with the highmagnification imaging system allows in-vacuum adjustment and characterization of the focal lines. Moreover, the relatively thinner focal width of the pump with respect to the preplasma pulse eases the constraints on the spatial superposition of both the line foci. The delay between preplasma and pump pulse is tunable in the range of 0 to 25ns using a Q-switched trigger.

The pump pulse is incident on the plasma at grazing angle Φ in order to optimize its absorption. In a simple optical ray-tracing description, its energy is mostly absorbed at the turning point of the ray trajectory, corresponding to a plasma electron density of N p = 1.2 × 10 21 cm -3 sin(Φ) 2 [START_REF] Keenan | High-repetition-rate grazing-incidence pumped x-ray laser operating at 18.9 nm[END_REF]. Prior to the temporal coherence, we measured the ASE-XRL signal level for pumping angles Φ = 18 • to 34 • by a step of 2 • . For each angle, an optimum pump pulse duration T IR yielding maximum signal level in the respective configuration is obtained.

In Table 6.1, we show the ASE-XRL pulse energy for each experimental condition. Comparing the measured pulse energies, it can be seen that the pump pulse duration T IR = 4ps and T IR = 7ps yields optimal lasing output for Φ = 32 • and Φ = 22 • , respectively. Conclusively, for coherence measurement, the grazing angles Φ = 22 • (N p = 2 × 10 20 cm -3 ) and Φ = 32 • (N p = 4 × 10 20 cm -3 ), leading to twice the increase of the electron density in the gain region for the higher angle, have been considered. For both the cases, short pulse duration of T IR = 4ps and T IR = 7ps have been investigated, corresponding to optimal lasing output for Φ = 32 • and Φ = 22 • respectively.

After spectral filtering by a 300nm thick Al filter and a 45 • multilayer mirror, the ASE XRL beam was directed toward a wavefront-division interferometer set at a distance of ∼ 3.2m from the source. Its conception, described in section 6.6.4, enables the introduction of a variable path difference δ between the interfering beamlets without changing their overlapping conditions. The fringe visibility V averaged over multiple single-shot interferograms is represented in Fig. 6.3 as a function of τ = δ/c pertaining to the four experimental configurations previously described ; see section 6.6.5 for more details on visibility estimation. Fringe visibility falls faster for Φ = 32 • which is consistent The preplasma is generated by focusing a frequency-doubled Q-switched Nd YAG laser pulse of 10ns FWHM duration on the Titanium target (T) using a cylindrical lens. High-energy pump pulse of adjustable duration (tunable between 2 to 20ps) coming from Ti : Sapphire laser-chain is line-focused on the target using a spherical mirror (SM) of focal length 500mm. Width, uniformity, and parallelism of the two line-foci are characterized using a high-magnification imaging system (not shown here). The motorized mirror mounts facilitate in-vacuum adjustment of the pump grazing-incidence angle. The diagnostic to the near-field intensity profile of XRL is provided by a EUV imaging system with a magnification of ∼12. The inset figure (a) shows the near-field profile of ASE-XRL for Φ = 32 • , T IR = 4ps. For temporal coherence measurement, the XRL pulse is guided to the path-difference interferometer located ∼ 3.2m further from the source. For seeded operation, HH seed is generated by focusing an auxiliary low-energy (∼4 mJ) infrared beam of pulse duration ∼ 40f s in a 10 mm long Argon filled gas-cell. Inset figure (b) depicts the seeded-XRL far-field profile acquired on EUV CCD located ∼ 1.9m from the source for Φ = 32 • , T IR = 4ps. Reprinted with permission from Ref. [START_REF] Kumar Pandey | Towards subpicosecond pulses from solid target plasma based seeded soft x-ray laser[END_REF]. Copyright ©2020 Optica Publishing Group.

with a relatively higher electron density in the gain region, leading to larger spectral bandwidth and smaller coherence time, as will be discussed in the following section.

Temporal coherence analysis

A quantitative analysis of these results has been performed following the approach proposed by Le Marec et al [START_REF] Le Marec | Evidence of partial temporal coherence effects in the linear autocorrelation of extreme ultraviolet laser pulses[END_REF][START_REF] Le Marec | Linear autocorrelation of partially coherent extreme-ultraviolet lasers : a quantitative analysis[END_REF]. The evolution of V (τ ) is compared to the prediction of a stochastic model of ASE pulse-field predicting the characteristics of < |γ(τ )| >, the ensemble average of the modulus of the degree of coherence. The function |γ(τ )| is proportional to the fringe visibility V (τ ) and, in the ideal case of a fully coherent and uniform beam, equal to it. Its ensemble average is the ideal limit of an experiment in which a large number of single-shot interferograms can be acquired for each delay τ . More details on the model can be found in [START_REF] Le Marec | Evidence of partial temporal coherence effects in the linear autocorrelation of extreme ultraviolet laser pulses[END_REF][START_REF] Pfeifer | Partial-coherence method to model experimental free-electron laser pulse statistics[END_REF] and in section 6.6.8. Here we will only describe its structure and its main predictions. In the temporal domain, the pulses are described as a random field of spectral density S(ν), modulated by a gaussian envelope. We will assume that S(ν) is gaussian with a FWHM bandwidth ∆ν. The modulating gaussian envelope has a FWHM in intensity τ pulse , representing the pulse duration. Prediction of the model can be summarised as follows. For small values of τ , the evolution of < |γ(τ )| > will give access to the Fourier transform of S(ν) which, for a gaussian spectrum is < |γ(τ )| >= h 0 exp(-(τ /τ c ) 2 ), with h 0 = 1, and

τ c = 2 √ ln2
π∆ν . This behavior is still valid for large values of τ if the pulse envelope is extremely long or τ pulse >> τ c . This asymptotic case corresponds to a stationary random field. For this reason, the parameter τ c will be called coherence time. This scenario changes when τ pulse is close to τ c . For large values of τ , the < |γ(τ )| > function can be modelled by a gaussian evolution with a width proportional to the pulse envelope : |γ(τ )| = h 1 exp(-log(2)(τ /τ pulse ) 2 ). In summary, the central part of the < |γ(τ )| > function and its wings can be modelled with separate gaussian functions. From their respective widths, ∆ν and τ pulse can be deduced. Moreover, a relationship exists between the amplitudes of these two gaussian functions : (h 1 /h 0 ) = C τ c /τ pulse , where C = 0.71 is a numerical constant (see section 6.6.8 for further details).

In order to compare the prediction of this model to the experimental data, a fitting procedure has been developed. The average experimental visibilities corresponding to (bottom row). For a given value of τ , the data point is an average of the maximum visibility for 5 to 10 single-shot acquisitions while the error bar represents the standard deviation. The pulse duration T IR is varied by adjusting the distance between in-vacuum compressor gratings. The peak-to-peak delay between preplasma and pumping pulse is 4ns in all the cases presented above. Reprinted with permission from Ref. [START_REF] Kumar Pandey | Towards subpicosecond pulses from solid target plasma based seeded soft x-ray laser[END_REF]. Copyright ©2020 Optica Publishing Group. delays -1ps ⩽ τ ⩽ 1ps, are fitted with the first gaussian model from which values of τ c and ∆ν are extracted. These fitting curves are displayed in red in Fig. 6.3. As the experimental visibility is less than unity for τ = 0, h 0 is not fixed to 1 but is considered as a fitting parameter. For τ > 1ps, data points are fitted with the second gaussian model displayed by the green curve in Fig. 6.3. From the width of this curve, pulse duration τ pulse is obtained. We show the results of this analysis in Table 6.1 for different experimental configurations. As explained above, the model also yields the dependence of relative heights of the gaussian functions to the ratio τ pulse /τ c . This prediction has been tested by calculating the ratio H = h 1 /h 0 C τ pulse /τ c , which should be close to unity if the height relationship is satisfied. The result of this study is presented in Table 6.1 for each configuration. As can be seen in Fig. 6.3, the fitting curves are modelling the experimental data trends very well, particularly the prolonged gradual decrease of the visibility with large τ . Besides, this fitting procedure by two gaussian curves is not arbitrary. Their amplitudes follow the height-relationship, as can be seen from the H values displayed in Table 6.1, which are deviating from unity by 30% at most. Furthermore, for the same T IR , the values of τ c and τ pulse is divided by a factor close to two when Φ is increased from 22 • to 32 • . This is consistent with twice the increase of the electron density in the gain region. A higher electron density leads to a larger homogeneous bandwidth, a shorter coherence time τ c , and a shorter pulse duration τ pulse due to faster ionization gating [START_REF] Depresseux | Table-top femtosecond soft x-ray laser by collisional ionization gating[END_REF]. Moreover, for a given angle Φ, a slight decrease of the bandwidth and a small increase of the pulse duration is observed when T IR is increased. In Table 6.2 we compare the spectral linewidth ∆ν inferred from the measured τ c values shown in Table 6.1 to the linewidth calculated by a spectral line shape model. The PPP code [START_REF] Calisti | Model for the line shapes of complex ions in hot and dense plasmas[END_REF][START_REF] Galtier | Interference effects and stark broadening in xuv intrashell transitions in aluminum under conditions of intense xuv free-electron-laser irradiation[END_REF] has been used to model the homogeneous intrinsic linewidth of the lasing transition for different sets of electron densities N e and electron temperatures T e . A Doppler inhomogeneous component is also taken into account for the final intrinsic line width. The results of these calculations can be found in section 6.6.7. The evolution of the line profile with the amplification length is calculated following Koch et al. [START_REF] Koch | Observation of gain-narrowing and saturation behavior in se x-ray laser line profiles[END_REF]. For the range of plasma parameters corresponding to our experimental conditions, the final lineshape is calculated to be gaussian, which is in agreement with the fitting procedure assumptions. The model is used to determine the electron density range leading to the experimentally measured ∆ν. Uncertainties mainly arise from the small-signal gain and initial spontaneous emission power. However, the constraint of reaching the saturation regime reduces the effect of these uncertainties. The estimated electron densities for various pumping conditions are displayed in Table 6.2. For Φ = 22 • , N e is slightly lower than the N p values but still reasonable. Besides, the N e values for Φ = 32 • are in very good agreement with the turning point density N p .

For ASE XRL, the emitted pulse duration is governed by the gain dynamics. We compare the τ pulse values presented in Table 6.1 to the results of a gain probing experiment. A seeded operation of XRL for T IR = 7ps at Φ = 22 • and T IR = 4ps at Φ = 32 • has been achieved. More details are provided in section 6.6.6 and [START_REF] Guilbaud | Gain dynamics in quickly ionized plasma for seeded operated soft x-ray lasers[END_REF]. An auxiliary lowenergy (≤ 12 mJ) infrared beam of pulse duration ∼ 40f s, is used to generate the HH seed in an Argon filled gas-cell. The seed source is placed 40mm before the entrance of the plasma. The 25 th harmonic is spectrally, spatially and temporally matched with the amplifier. For a range of injection delays, an intense, and low divergence seeded beam dominating the diverging ASE beam, is obtained. The normalized seeded-XRL intensity as a function of seed injection time is represented in Fig. 6.4 for both pumping angles. The injection temporal window during which seed is amplified is significantly shorter for Φ = 32 • compared to Φ = 22 • ; amplification window at FWHM for the respective cases are 2 ± 0.5ps and 4.7 ± 0.5ps. The shorter amplification lifetime for higher Φ value is consistent with a larger electron density leading to a faster collisional ionization gating [START_REF] Depresseux | Table-top femtosecond soft x-ray laser by collisional ionization gating[END_REF]. Furthermore, these amplification lifetimes are in agreement with the ASE pulse duration τ pulse deduced from the temporal coherence analysis.

Seeded operation temporal coherence

In summary, the change in amplification dynamics and spectral behavior of the XRL from Φ = 22 • to Φ = 32 • is consistent with twice the increase of the electron density. This study demonstrates for the first time to our knowledge a controlled increase of the density in the gain region in seeded metal-target amplifiers under comparable pumping pulse irradiation parameters. Increasing the electron density is expected to lead to a shorter pulse duration in the seeded regime. We display in Table 6.2 the Fourier limited pulse duration τ F L = 2ln (2) π∆ν corresponding to the shortest pulse duration compatible with the gaussian spectrum of width ∆ν. For Φ = 32 • , the Fourier limit is below 1ps. The prediction of the pulse structure and duration of a seeded-XRL is more complex due to the non-adiabatic response of the lasing species [START_REF] Al'miev | Dynamical description of transient x-ray lasers seeded with high-order harmonic radiation through maxwell-bloch numerical simulations[END_REF] and a Bloch-Maxwell description is required. However, the characteristic times involved in this evolution, namely the recovery time T 1 , the dephasing rate T 2 , and the pump duration T p , are all connected to collisional effects and therefore inversely proportional to N e . Besides, the temporal coherence analysis described in the previous section gives us quantitative constraints on these parameters.

We perform a one-dimensional Bloch-Maxwell simulation of the seeded-XRL pulse [START_REF] Tissandier | Three-dimensional maxwell-bloch calculation of the temporal profile of a seeded soft x-ray laser pulse[END_REF], where T 2 and T p were inferred from the experimental results previously described ; further details on simulation is provided in section 6.6.9. Moreover, the seed intensity level was estimated experimentally, and T 1 was set from the value found in the literature In the high-density scenario, XRL plasma was seeded at an off-axis injection angle of ∼ 1 • to counter the effects of refraction (see section 6.6.6). For both the configurations, the IR pump was delayed by 4ns with respect to the peak of preplasma forming pulse. Reprinted with permission from Ref. [START_REF] Kumar Pandey | Towards subpicosecond pulses from solid target plasma based seeded soft x-ray laser[END_REF]. Copyright ©2020 Optica Publishing Group. [START_REF] Wang | Gain dynamics in a soft-x-ray laser amplifier perturbed by a strong injected x-ray field[END_REF].

The HH seed duration is set to 20f s [START_REF] Mauritsson | Measurement and control of the frequency chirp rate of highorder harmonic pulses[END_REF]. The ratio between the seed intensity I HH and the XRL saturation intensity I sat is set to obtain an energy amplification close to the experimental one, for a small signal gain in the range g = 50 -100cm -1 , typical for this kind of lasers [START_REF] Wang | Demonstration of high-repetition-rate tabletop soft-x-ray lasers with saturated output at wavelengths down to 13.9 nm and gain down to 10.9 nm[END_REF][START_REF] Kim | Demonstration of a saturated ni-like ag x-ray laser pumped by a single profiled laser pulse from a 10-hz ti :sapphire laser system[END_REF]. The theoretical value of I sat was compared to an estimation of the ASE-XRL output intensity. The times T 2 and T p were deduced from the ASE temporal coherence measurements. More precisely, the dephasing time was assumed to be equal to T 2 = 1/(π∆ν h ), where ∆ν h is the homogeneous broadening calculated by the PPP code for electron density conditions displayed in Table 6.2. The FWHM pump duration T p was chosen to give a FWHM gain duration equal to two times τ pulse . The pertinence of this choice has been verified by numerically reproducing the injection window deduced from the HH seed injection delay scans ; see section 6.6.9. Finally, the recovery time T 1 is set to 2ps following the experimental value reported in [START_REF] Wang | Gain dynamics in a soft-x-ray laser amplifier perturbed by a strong injected x-ray field[END_REF]. In Fig. 6.5 we show the simulation of seeded-XRL pulse properties after L = 3mm propagation, with input parameters obtained in the case of Φ = 22 • and T IR = 7ps (blue curves). The pulse temporal profiles are displayed in Fig. 6.5(a). The femtosecond harmonic seed (not visible here) is followed by a wake carrying most of the total energy, as described in [START_REF] Al'miev | Dynamical description of transient x-ray lasers seeded with high-order harmonic radiation through maxwell-bloch numerical simulations[END_REF]. From the corresponding field envelope, the simulated |γ(τ )| is calculated and is compared to experimentally measured fringe visibility for the seeded-XRL with L = 3mm, Φ = 22 • and T IR = 7ps (black circles) in Fig. 6.5(b). We show the example raw interferograms for various values δ = τ in Fig. 6.6. The simulated |γ(τ )| has been normalized so that |γ(0)| = V (0). The quasi-exponential decrease of the fringe visibility with delay is in very good agreement with the simulation. The FWHM duration of the corresponding pulse is predicted to be ∼ 1ps. This value is close to the one measured by [START_REF] Wang | Measurement of 1-ps soft-x-ray laser pulses from an injection-seeded plasma amplifier[END_REF] for the same Ne-like Ti XRL amplifier and under similar pumping 

XRL seeded operation at high electron density

Higher electron densities are expected to increase beam refraction out of the amplifier and reduce the effective amplification length L. Strong refraction of the seeded beam has been observed experimentally for Φ = 32 • pumping condition. Nevertheless, as explained in section 6.6.6, it was possible to mitigate this effect by optimizing the harmonic seed injection angle into the XRL plasma. An amplification length close to L = 3mm was achieved, however, at a cost of consequential output beam angle. For Φ = 32 • configuration, the seeded beam deflection was too important to be easily compensated to steer the beam towards the interferometer placed ∼ 3.2m further from the source. The given technical difficulty didn't allow the measurement of the temporal coherence properties of the seeded-XRL at this pumping angle. Nonetheless, we use the approach described above to simulate the pulse properties under given pumping conditions. We consider the same injection level as in the previous case, twice higher population inversion, and L = 3mm amplification length. The results are displayed in Fig. 6.5 as dashed-red curves. The resulting pulse is expected to be four times more intense, with a FWHM pulse duration of ∼ 500f s for the main pulse, i.e., excluding the weaker wake signal. Besides, a larger spectral width and shorter pulse duration are also evident from a relatively faster decline of the simulated fringe visibility depicted by the red-dashed curve in Fig 6.5(b).

Finally, we assess the potential of this amplifier to deliver even shorter and intense soft X-ray pulses. Considering an amplification length of L = 4mm, and a slightly higher 6.6. Experimental, theoretical methods, and additional results grazing angle of Φ = 36 • , a pulse duration of ∼ 200f s at FWHM is attainable, primarily due to the manifestation of Rabi oscillations. This case is displayed in Fig. 6.5 (a) by black curve. Howbeit, this potential will be reached with better mitigation strategies for refraction. Electron density gradient reduction by multiple pulse irradiation might be a path to explore. Using an element lasing in the same pumping conditions but at a shorter wavelength, such as Ni-like Mo, is another promising approach as it exhibits similar spectral width and gain duration properties [START_REF] Le Marec | Evidence of partial temporal coherence effects in the linear autocorrelation of extreme ultraviolet laser pulses[END_REF] while the refraction effects are reduced with a ∼ 1/λ 2 scaling.

Experimental, theoretical methods, and additional results

In this section, we present additional results. Furthermore, we elaborate on the experimental and theoretical methods to support the findings reported in this work.

XRL pump pulse duration calibration

Depending on the grazing incidence pumping angle, the X-ray laser-plasma dynamic is different due to the change in the electron density in the gain region. Consequently, the optimum pumping pulse duration is relatively shorter for a higher GRIP configuration (Table 6.1) : higher the pumping angle, higher the electron density in the gain region, and hence a shorter optimal pumping pulse duration. The pulse duration of the XRL pump beam is varied by changing the separation between the in-vacuum compressor gratings : one of the gratings is mounted on a motorized linear translation stage, thus allowing in-vacuum adjustment of the pump pulse duration. Therefore, it is necessary to calibrate the pump pulse duration as a function of grating displacement from the optimal compression position.

We use Wizzler (Fastlite) and a single-shot autocorrelator (TIPA, Light Conversion) to characterize the pump pulse durations in ∼ 40f s to ∼ 500f s range (Fig. 6.7(a)). Note that each translation step of the compressor grating corresponds to ∼ 1µm displacement. A positive (negative) translation steps indicate an increase (decrease) of the separation between compressor gratings. For the measurement of the further long pump pulses, we utilized a 3 rd order cross-correlator (Sequoia, Amplitude). In Figure 6.7(b), we show the pulse duration measurement in 1ps to 17ps range as a function of compressor grating translation. In Fig. 6.7(c), we show the measured temporal intensity profile of the pump for ∼ 4ps and ∼ 7ps pulse duration at FWHM, which yields optimal lasing output for GRIP angle Φ = 32 • and Φ = 22 • , respectively. 6.6.2. Timing of preplasma, pump, and HHG-driving beams 

Timing of preplasma, pump, and HHG-driving beams

The seeded-XRL operation involves three laser beams (preplasma pulse, XRL pump beam, and the HHG driving beam) arriving at the Titanium target with different interposed delays. On the one hand, the delay between the preplasma and the pump beam can affect the plasma dynamic in the lasing region (see Fig. 6.13). On the other hand, to probe the amplification dynamics of the XRL in seeded mode (see Fig. 6.4), it is imperative to precisely tune the arrival time of the XRL pump and the HHG driving beams on the target.

The initial coarse timing between the preplasma, pump, and the HHG seed driving pulse at the target plane was done using a fast-photodiode (UPD-200-UD, ALPHALAS, rise time < 175ps, 170-1100 nm wavelength range, 85% quantum efficiency). In Figure 6.8(a), we show the fast-oscilloscope readout for the three pulses, designating their arrival time at the target with respect to an external trigger (blue trace). Note that the photodiode response is fast enough to ensure the temporal superposition of the nanosecond preplasma (green curve) and the picosecond pump pulse (red curve).

To time the HHG-driving and the XRL pump pulse, we exploit sum-frequency generation in a 200µm thick Type-1 BBO crystal. The experimental arrangement is depicted in Fig. 6.8(b). The HHG-driver and the SXRL pump beam are focused in the crystal in a noncolinear configuration. The spatial superposition of the two beams is ensured by imaging the front surface of the nonlinear crystal on a camera through a high-magnification objective. Consequently, the temporal overlap between two pulses was tuned using the HHG-driving beam delay line comprising a high-precision linear translation stage (Sma-rAct SLLV42, smallest step ∼50nm). Thereafter, the delay line position that yields the highest cross-correlated signal level corresponds to the zero-delay between the HHGdriving and the XRL pump pulse. We note that changing the pulse duration of the XRL pump by varying the separation between in-vacuum compressor gratings also alters the delay between the two pulses. Therefore, the XRL pump and the HHG-driving beams were timed for various XRL pump pulse durations. We also remark that for timing, the two power amplifiers of the XRL pump beamline were not utilized, which allows scaling down the beam energy without the use of any neutral density filters. Contrastingly, the HHG-driving beam was attenuated using a combination of a half-waveplate and polarizer that are integral part of the HHG beamline. When needed, strong aperturing by irises (see Fig. 6.8(b)) was used to further reduce the energy of the two beams.

Spectral matching of XRL and HHG seed

As the plasma-based X-ray laser relies on a specific ionic transition, the emitted radiation comprises a very narrow spectral linewidth : ∆λ/λ ∼ 10 -5 . For external injection of ASE-XRL, it is therefore mandatory to ensure the spectral matching of the high-harmonic seed to the XRL lasing wavelength. The experimental setup presented in 6.6.4. Description of wavefront-division interferometer Figure 6.1 includes a custom-made imaging spectrograph (Horiba, PGM1000) comprising a toroidal mirror (angle of incidence ∼ 7 o ) that is configured to image the XRL exit plane with 1 :1 magnification, a diffraction grating with 1800 lines/mm, and a large aperture EUV CCD (Pixis 400B, 1340 × 400 pixels of size 20µm × 20µm each) located ∼2m from the source. This arrangement offers spectral measurement in the wavelength range 2 to 40nm, with a dispersion of ∼0.09nm/mm.

In Figure 6.9(a), we show the spectrogram of ASE XRL (Φ = 32 o , T IR = 4ps, 3mm lasing plasma column length), and the high-harmonic seed when the seeding pulse is not properly timed to the XRL pump. The spectral tuning of high-harmonic seed was achieved through IR beam spectral phase control using a programmable acousto-optical modulator (Dazzler, Fastlite). Note that for the spectrogram depicted in Figure 6.9(a), 30 laser shots were accumulated for high-harmonic seed, whereas XRL was operated in single-shot mode. The spectrogram for ∼ 5ps injection delay is presented in Fig. 6.9(b). In this case, the high-harmonic seed is coupled to the XRL plasma and amplified, as evident from strongly saturated CCD pixels. Moreover, from these spectrograms, we can appreciate the narrow spectral width of the XRL when compared to the harmonic seed.

Description of wavefront-division interferometer

The measurements of temporal coherence were performed using a wavefront-division variable path-difference interferometer comprising a pair of dihedrons slightly tilted towards each other [START_REF] Polack | Applications of wavefront division interferometers in soft x rays[END_REF] and irradiated at 6 • grazing incidence, as depicted in Fig. 6.10. The small grazing angle facilitates good reflectivity for a large spectral window of the EUV beam. This arrangement splits the beam into two overlapping beamlets. Interference fringes formed in the overlapping zone are detected using an EUV CCD (ANDOR ikon-m BN, 13µm pixel size) with an inter-fringe spacing of ∼ 8 pixels. A precision translation stage vertically displaces one of the dihedrons to induce a variable path difference δ between the interfering beams. The use of dihedron instead of a flat mirror ensures that the loss of fringe visibility is solely due to the finite temporal coherence and not resulting from a geometrical change in the beam overlap when δ is varied.

Note that the zero-delay corresponds to the position when both the dihedra are at the same height, and is determined by looking at the interference fringes using the attenuated broadband IR femtosecond laser pulse. The absolute zero-delay position was further verified using the broadband 25 th harmonic (λ = 32.6nm) of the femtosecond laser beam centered at λ = 815nm, as shown in Fig. 6.11. Besides, the absolute zero delay position can also be established from the overall visibility curve for both positive and negative path differences (see Fig. 6.3)

Visibility estimation

After subtracting the background from raw interferograms, the visibility is evaluated by applying a 3 fringes wide sliding-window fast Fourier Transform (FFT) along the Figure 6.9 -Spectral matching of XRL and high-harmonic seed. (a) Spectrogram of ASE-XRL (Φ = 32 o , T IR = 4ps, lasing plasm column length = 3mm), and the high-harmonic seed when the injection delay is not optimized. Note that in this case, the XRL was operated in single-shot mode, whereas 30 laser shots were accumulated for HHG seed. (b) Spectrogram for ∼ 5ps injection delay ; the XRL and the HHG source both were operated in a single-shot mode in this case. Efficient amplification of the seed by the XRL plasma is apparent from the strongly saturated CCD pixels.

interfering zone [START_REF] Kemao | Two-dimensional windowed fourier transform for fringe pattern analysis : Principles, applications and implementations[END_REF]. For a given window position, the local visibility is given by V = 2(S 1 /S 0 ), where S 1 and S 0 are the first and zero-order peak of the FFT signal in the spatial frequency domain. This yields a 2D map of the fringe visibility V (x, y, τ ). For quasi-monochromatic radiation, the fringe visibility is related to the modulus of the complex degree of coherence through the relation

V (τ ) = R|γ(τ )|, where R = 2 √ I 1 I 2 /(I 1 + I 2 )
introduces a correction factor of < 1 in case of unequal intensity in the interfering beamlets. Under the assumption of a constant spatial coherence within the sampled cross-section of the incident beam, the variation of visibility along the interfering zone is governed by inhomogeneous local intensity distribution within the two beams. As ASE-XRL exhibits structures on a spatial scale smaller than the overlapping zone, the resulting visibility map is non-uniform exhibiting deviations of ±10%. Therefore, for a given delay of τ , the relevant and reported visibilities are the ones corresponding to R = 1. It is to note that V (τ = 0) remains below unity for partially coherent ASE-6.6.6. Seeded operation of the XRL at high GRIP angle Note that the use of a dihedron pair instead of a flat mirror ensures that the loss of fringe visibility arises only due to the finite temporal coherence and does not result from a geometrical change in the beam overlap conditions when the path difference between the interfering beamlets is varied. Reprinted with permission from Ref. [START_REF] Kumar Pandey | Towards subpicosecond pulses from solid target plasma based seeded soft x-ray laser[END_REF]. Copyright ©2020 Optica Publishing Group.

XRL as well as seeded-XRL that is expected to be fully coherent [START_REF] Guilbaud | Calisti : Fourier-limited seeded soft x-ray laser pulse[END_REF][START_REF] Wang | Phase-coherent, injection-seeded, table-top soft-x-ray lasers at 18.9 nm and 13.9 nm[END_REF]. A similar observation has been reported before in the case of SASE-XFEL [281, 282] and coherent high harmonic generated in rare gas [START_REF] Terschlüsen | Measuring the temporal coherence of a high harmonic generation setup employing a fourier transform spectrometer for the vuv/xuv[END_REF]. For ASE-XRL and SASE-XFEL, such behavior reflects upon the commonality between the two sources : amplification of a random selfgenerated field that leads to an intense but partially coherent beam with limited spatial coherence. However, for a fully coherent seeded-XRL beam, V (τ = 0) < 1 is expected to arise from unequal intensity in the interfering beamlets and finite inter-fringe to detector pixel-size ratio [START_REF] Roling | Temporal and spatial coherence properties of free-electron-laser pulses in the extreme ultraviolet regime[END_REF][START_REF] Terschlüsen | Measuring the temporal coherence of a high harmonic generation setup employing a fourier transform spectrometer for the vuv/xuv[END_REF].

Seeded operation of the XRL at high GRIP angle

A steep electron density gradient can strongly refract the injected high-harmonic seed out of the gain region, hence diminishing the gain-length product. While seeding high-density XRL plasma for Φ = 32 • grazing incidence pumping configuration, strong refraction of the seed was indeed observed. To counter the decrement of effective amplification length resulting from refraction, the injection angle of seed was varied. For a delay of 4ns between pre-plasma forming pulse and pump, the seed was injected 5.4ps following the peak intensity of the pump at various angles. In Figure 6.12, we show the intensity distribution at the XRL exit plane for various seed injection angles. For on-axis injection (b), the high-harmonic seed is weakly amplified and strongly deflected by the plasma electron density gradient. With an increase in the injection angle, the refraction of the high-harmonic beam is compensated, which leads to a more efficient amplification of the seed. The normalized seeded-XRL intensity for different seeding angles is presented in Fig. 6.13. A maximum signal level was observed for 1 • case. Consequently, the high-density amplifier (Fig. 6.4) was seeded at this off-axis injection angle at different delays to probe the amplification dynamics of XRL.

Intrinsic linewidth

The soft X-ray laser theoretical line shape before amplification has been calculated using the PPP code [START_REF] Calisti | Model for the line shapes of complex ions in hot and dense plasmas[END_REF][START_REF] Galtier | Interference effects and stark broadening in xuv intrashell transitions in aluminum under conditions of intense xuv free-electron-laser irradiation[END_REF]. The deduced FWHM linewidth is displayed in Fig. 6.14 for different electron density N e and temperature T e values. The homogeneous line profile calculation takes into account both the Stark effect and electron impact fields. The corresponding linewidths are displayed by dashed-lines. This profile is convoluted with a Doppler profile in order to give the total linewidth. . The delay between preplasma and pump pulse is 4ns, whereas the injection delay is 5.4ps.

Validation of the coherence analysis procedure

The temporal coherence analysis of ASE XRL pulses has been tested on synthetic visibility curves, following the model proposed in [START_REF] Le Marec | Evidence of partial temporal coherence effects in the linear autocorrelation of extreme ultraviolet laser pulses[END_REF]. These curves are obtained by an averaging procedure over a large number of numerically produced stochastic pulse profiles. The field E(t) of a single pulse is the product of a stationary random field E s (t) by a gaussian envelope E g (t) of intensity FWHM τ pulse . The intensity spectrum S(ν) of E s is assumed to be gaussian and has a spectral bandwidth ∆ν. The stochastic temporal structure is obtained by doing the following hypothesis on the field spectral component Ẽs (ν) [START_REF] Pfeifer | Partial-coherence method to model experimental free-electron laser pulse statistics[END_REF] : its modulus is | Ẽs (ν)| = S(ν) and its spectral phase ϕ(ν) is a random number for each spectral channel. The Fourier transform of Ẽ(ν) will give the desired temporal structure for E s (t). A typical single pulse temporal profile is shown in Fig. 6.15(a), with a dotted curve representing the intensity envelope |E g (t)| 2 . The randomly placed spikes under this envelope have a temporal width inversely proportional to ∆ν. We represent in Fig. 6.15(b) the modulus of the simulated first-order degree of coherence function |γ(τ )| of this single pulse. The central part of this function can be approached by the Fourier transform of S, represented in red dotted line, which here is a gaussian of the form |γ(τ )| = h 0 exp(-(τ /τ c ) 2 ) with τ c = 2 ln(2)/π∆ν, and Figure 6.13 -Normalized seeded-XRL intensity as a function of delay between preplasma and pump pulse. The high-harmonic seed is injected 5.4ps after the intensity peak of pump. For the given delay, most efficient amplification was observed for seeding angle of 1 • . Reprinted with permission from Ref. [START_REF] Kumar Pandey | Towards subpicosecond pulses from solid target plasma based seeded soft x-ray laser[END_REF]. Copyright ©2020 Optica Publishing Group. h 0 = 1. However, far from τ = 0, |γ(τ )| exhibits significant deviations to this gaussian curve, in the form of random fluctuations which are vanishing to zero on a time scale of the order of τ pulse . In our experiment, the data analysis is performed on an average of the visibility over many pulses. This situation is modeled by performing an average of |γ(τ )| on a large number N of pulses. The result is noted < |γ(τ )| > and depicted in Fig. 6.15(c). The behavior for τ close to zero can still be modeled by the abovementioned gaussian, still represented in red. However, for larger values of τ , the random fluctuations are averaging in the form of a long pedestal, whose width is proportional to τ pulse . Note that this pedestal would be averaged to zero if the averaging operation was | < γ(τ ) > |. From these simulations, we tested that the pedestal can be modelled with a good accuracy by the following gaussian function :

|γ(τ )| = h 1 exp(-log(2)(τ /τ pulse ) 2 ).
Moreover, it can be observed that the height of the pedestal h 1 decreases when τ pulse is increased. In the limit of τ pulse >> τ c , the pedestal is negligible and | < γ(τ ) > | is the Fourier transform of the stationnary field spectrum, as expected from the Wiener- Khintchin theorem. Following Le Marec et al. [START_REF] Le Marec | Linear autocorrelation of partially coherent extreme-ultraviolet lasers : a quantitative analysis[END_REF], a relationship can be found between the height h 1 of the pedestal and the ratio τ pulse /τ c . We plot the ratio h 1 /h 0 versus τ c /τ pulse in Fig. 6.15(d). A linear dependence is found with a slope C = 0.71 and a negligible offset. The application of these results to experimental data is straightforward. For each sampling point of τ , the fringe visibility V (τ ) is measured and averaged over several independent shots. The resulting data points hence are < V (τ ) >. Fitting the central part of < V (τ ) > by a gaussian function provides access to ∆ν, whereas fitting the wings of < V (τ ) > with another gaussian function yields the value of τ pulse . Of course, this procedure is meaningful only if the proposed model is pertinent to represent the ASE pulses. This pertinence can be further tested by the fact that the ratio τ pulse /τ c should not only be encoded into the width of central part and wings but also in their heights.

The consistency of this fitting procedure is therefore validated by forming the ratio h 1 /h 0 of the heights of the two gaussian curves and verifying that its value is close to C τ c /τ pulse . 

Seeded operation modelling

The non-adiabatic response of the lasing dipole has to be taken into account in the description of the high harmonic seed amplification [START_REF] Chul | Janulewicz : Coherent amplification of an ultrashort pulse in a high-and swept-gain medium with level degeneracy[END_REF][START_REF] Al'miev | Dynamical description of transient x-ray lasers seeded with high-order harmonic radiation through maxwell-bloch numerical simulations[END_REF][START_REF] Larroche | Guennou : Maxwell-bloch modeling of x-ray-laser-signal buildup in single-and doublepass configurations[END_REF]. The harmonic seed is typically two orders of magnitude shorter than the inverse of the amplifier bandwidth while its peak intensity I hhg is close to the laser saturation intensity I sat . In the present experiment, the high harmonic driving IR pulse duration is ∼ 40f s. Due to the nonlinear response and transient conditions for phase matching, the harmonic pulse duration is shorter and is estimated to be τ HH ∼ 20f s assuming a low ionization level [START_REF] Mauritsson | Measurement and control of the frequency chirp rate of highorder harmonic pulses[END_REF]. The seed peak intensity has been estimated from near-field images of the amplifier exit plane acquired using a high resolution, monochromatic extreme ultraviolet (32.6nm) imaging system [START_REF] Delmas | Q-switched laser-assisted grazing incidence pumping (qagrip) for efficient soft x-ray laser generation[END_REF]. From these images, the HH beam size and photon count is extracted. The seed peak intensity and peak electric field are estimated to be I hhg = 1 × 10 10 W.cm -2 and E hhg = 2.7 × 10 8 V.m -1 , respectively. Using the same diagnostics and τ pulse value, 6.6.9. Seeded operation modelling an ASE peak intensity of I ASE = 2 × 10 10 W.cm -2 is obtained, which is expected to be slightly higher than I sat .

A Bloch-Maxwell approach is required to simulate the coupled evolution of the soft X-ray field, the dipole density associated with the lasing transition, and the population inversion density. In the present situation, the harmonic seed is resonant with the X-ray laser line, and free-electron dispersion as well as absorption, are negligible. Reducing the problem to the spatial dimension z along the amplifier axis and using the slowly varying envelope approximation, the following system of differential equations is solved numerically [START_REF] Tissandier | Three-dimensional maxwell-bloch calculation of the temporal profile of a seeded soft x-ray laser pulse[END_REF] :

∂A ∂z + 1 c ∂A ∂t = D, dD dt = -D T 2 + Z 0 ωd 2 2ℏ AW, dW dt = -(W -W 0 (t)) T 1 -3 4ℏω (AD * -A * D) . (6.1)
In the above set of equations, A is the amplitude of the field envelope, D is the dipole moment density of the medium, and W is the population inversion. Here, Z 0 is the vacuum wave impedance so that the field intensity is I = |A| 2 . The quantity d 2 is the squared modulus of the dipole matrix element. In the last expression of equation set (6.1), W 0 (t) is the equilibrium population inversion density that would be reached in the absence of the laser field. This term is driven by the incoherent pumping and depopulating rates of the lasing transition levels. The time dependence of W 0 (t) is assumed to be gaussian with a FWHM pump duration T p and a peak value W 0max . The level degeneracy is taken into account by a numerical factor preceding the last term of the third expression in Eq. (6.1) [START_REF] Tissandier | Three-dimensional maxwell-bloch calculation of the temporal profile of a seeded soft x-ray laser pulse[END_REF]. Finally, the characteristic times T 1 and T 2 are the recovery and dephasing times respectively ; both are inversely proportional to the electron density N e . These parameters are related to the small-signal gain at equilibrium g 0 and to the saturation intensity I sat by :

g 0 = 2α 0 T 2 W 0 , I sat = ℏω 2T 1 T 2 α 0 , α 0 = 3Z 0 d 2 ω 8ℏ . (6.2) 
To perform the simulations, the recovery time T 1 is set to 2ps and 1ps for Φ = 22 • and Φ = 32 • respectively ; the first value being close to the experimental measurements reported in [START_REF] Wang | Gain dynamics in a soft-x-ray laser amplifier perturbed by a strong injected x-ray field[END_REF]. We set

T 2 = 1 π∆ν h
, where ∆ν h is the homogeneous linewidth predicted by the PPP simulation [START_REF] Calisti | Model for the line shapes of complex ions in hot and dense plasmas[END_REF][START_REF] Galtier | Interference effects and stark broadening in xuv intrashell transitions in aluminum under conditions of intense xuv free-electron-laser irradiation[END_REF] and leading to the best agreement with ASE-XRL experimental bandwidth (Table 2 of the main text). The dipole d 2 is deduced from MCDF atomic structure codes [START_REF] Grant | Pyper : An atomic multiconfigurational dirac-fock package[END_REF]. With these input parameters, a theoretical saturation intensity of I sat = 5 × 10 9 W.cm -2 is found, whose order of magnitude is in agreement with the experimental estimation. The peak value of the population inversion W 0max has been estimated using the typical values of the small-signal gain g 0 published in the literature for this kind of amplifier [START_REF] Wang | Demonstration of high-repetition-rate tabletop soft-x-ray lasers with saturated output at wavelengths down to 13.9 nm and gain down to 10.9 nm[END_REF][START_REF] Kim | Demonstration of a saturated ni-like ag x-ray laser pumped by a single profiled laser pulse from a 10-hz ti :sapphire laser system[END_REF] : 50cm -1 < g 0 < 100cm -1 , consistent with a saturated laser for L ∼ 2 -3mm. Finally, the pump duration T p is assumed to 6.6. Experimental, theoretical methods, and additional results be equal to ∼ 1.5τ pulse , where τ pulse is deduced from the experimental measurements (Table 1 of the main text). This choice leads to an instantaneous population inversion W (t) lasting ∼ 2τ pulse . With the given set of parameters and an amplification length of L = 3mm, the seeded pulse reaches the saturation regime. As displayed in Fig. 6.16(a), the population W , is strongly depopulated by the pulse intensity and recovers on a time scale of T 1 . Under the given situation relevant to the experiment, no population oscillation resulting from Rabi flopping is observed. However, for an amplification length of L = 4mm, this phenomenon is expected. The pulse spectrum of the seeded-XRL has also been calculated and is depicted in Fig. 6.16(b). Additionally, we display the ASE-XRL spectrum deduced from temporal coherence measurement for Φ = 22 • , T IR = 7ps in the same figure. In comparison to the spectrum of seeded-XRL, the gaussian lineshape with FWHM width ∆ν is in reasonable agreement regarding the central part, but differ significantly in the wings. The wings of the seeded-XRL simulated spectrum grow with stronger amplification leading ultimately to Rabi oscillations. Therefore, inferring the shortest seeded pulse duration accessible with an amplifier through its ASE bandwidth is reasonable only when the seeded operation is close to saturation. Finally, to assess the pertinence of the postulated pump duration T p , we simulate the harmonic seed amplification for different injection times. The temporal profile of the population inversion W (t), is displayed in Fig. 6.17 by the black curve, whereas the output energy as a function of injection delays is presented in blue. A reasonable agreement with the experimentally probed amplification dynamics presented in Fig. 6.4 of the main text, is obtained for both the configurations.

Chapter conclusions and perspectives

In this chapter, we have investigated the effect of a controlled increase of the electron density in the gain region of a plasma-based XRL on the gain bandwidth and output pulse duration simultaneously, using a linear autocorrelation measurement technique. Different pumping configurations expected to affect the electron density in the gain region were considered. We apply to these results, an analysis procedure derived from a statistical model of the ASE pulse. The benchmark on the model shows that it is possible to extract both the spectral linewidth and the pulse duration of the emitted field. The use of this procedure on experimental data demonstrates the ability of this model to represent the observed fringe visibility trends. Besides, the deduced bandwidth and pulse duration are in agreement with spectral models as well as seeded-XRL measurement results, respectively. These experimental data were used as input for Bloch-Maxwell simulation of the seeded-XRL operation. The simulated temporal coherence properties are in very good agreement with experimental results, and a seeded pulse duration of ∼ 1ps is predicted. Besides, these results also reveal that the lasing is effectively produced at the GRIP electron density (see Table 6.2).

During this study, a high level of XRL lasing was achieved in conditions expected to increase the electron density in the gain region. We observed variation in the gain duration and spectral bandwidth consistent with twice an increase of the electron density. Moreover, we demonstrate that seeded operation was possible in this higher electron density case. We observed that the loss of gain-length product due to the strong refraction could be partially compensated by increasing the seed injection angle, at the price of technical beam-transport difficulties. Bloch-Maxwell simulations of the seeded operation in these conditions predict a pulse duration of ∼ 500f s. These results predict that solid target plasma amplifier used routinely at high repetition rates, and offering a large variety of lasing wavelengths, can be utilized to deliver intense pulses with few hundreds of femtosecond pulse duration.

Important takeaways from the Chapter

In this chapter, concerning metal-target XRL amplifiers, for the first time to our knowledge, we demonstrate a reduction of amplification duration resulting from collisional ionization gating through a controlled increase of the electron density in the gain region. Furthermore, these results reveal that the lasing is effectively produced at the GRIP electron density (Table 6.2). Additionally, we have demonstrated that a coherentlyseeded high electron density plasma-based X-ray laser holds the potential to deliver coherent and energetic short-wavelength radiation with sub-picosecond pulse duration. On the other hand, a high-electron density gradient is counterproductive for the efficient amplification of injected seed. Nevertheless, through off-axis seeding, we were able to counter the refractive effect of the XRL plasma. Note that in [START_REF] Wang | Phase-coherent, injection-seeded, table-top soft-x-ray lasers at 18.9 nm and 13.9 nm[END_REF], seeded operation of solid-target plasma-based XRL lasing at 18.9 nm (Ni-like Mo) and 13.9 (Ni-like Ag) wavelengths were reported. Particularly for the high electron density plasma-based XRL such as the one reported here, going to shorter wavelengths can be the path forward. 

Chapter Overview

In this Chapter, we present our results on the amplification of high topological charge extreme ultraviolet (EUV) vortex beams carrying Orbital Angular Momentum (OAM) in a Ne-like Ti plasma-based soft X-ray laser (XRL). The vortex seeding light pulses are obtained through high-order harmonic generation (HHG) in a noble gas (Chapter 3 to Chapter 5). We note that the divergence of optical vortices depends on their topological charge [START_REF] Miles | Divergence of an orbital-angular-momentum-carrying beam upon propagation[END_REF], which limited the possibility to inject the complete vortex seeding beam in the XRL plasma. Consequently, we couple and amplify a small part of the HHG vortex in the plasma amplifier. Even with this limitation, we show that the signatures of OAM conservation can be deduced from the farfield pointing behavior of the amplified part of the beam. Remarkably, the experimental results reveal that the critical factor governing the farfield pointing behavior of the amplified portion is the sign of the topological charge, hence the OAM helicity, and the specific parts of the HHG vortex seeding beam that is being injected in the XRL amplifier. We complement our experimental observations first through a simple XRL amplifier model, followed by a detailed simulation of vortex beam amplification using the full 3D Bloch Maxwell approach. The experimental results supported by simulations indicate that the OAM of the harmonic seeding pulse is retained during amplification in plasma-based XRL. Furthermore, the detailed 3D Bloch Maxwell simulations reveal that despite the non-adiabatic response of the amplifying medium leading to complex temporal behavior, the vortex structure is preserved all along the amplified pulse. This work opens the possibility of amplifying a complete HHG vortex beam in the XRL plasma amplifier, which may allow obtaining EUV vortices of subpicosecond duration and microjoule level energy [START_REF] Depresseux | Table-top femtosecond soft x-ray laser by collisional ionization gating[END_REF].

Introduction

Most recently, the production of energetic extreme ultraviolet (EUV) structured light pulses by employing specifically designed diffractive optics have been demonstrated on large-scale Free-electron laser facilities [START_REF] Primo | Extremeultraviolet vortices from a free-electron laser[END_REF][START_REF] Lee | Laguerre-gauss and hermite-gauss soft x-ray states generated using diffractive optics[END_REF]. On the other hand, high electron density plasma-based seeded soft X-ray lasers (XRL) from solid [START_REF] Kumar Pandey | Towards subpicosecond pulses from solid target plasma based seeded soft x-ray laser[END_REF], and gaseous [START_REF] Depresseux | Table-top femtosecond soft x-ray laser by collisional ionization gating[END_REF] targets have demonstrated the potential to deliver pulses with microjoule level energy, a high degree of spatial and temporal coherence, and sub-picosecond pulse duration using a table-top setup.

Introduction

In regards to plasma-based XRL, strong laser gain from 46.9 nm [START_REF] Rocca | Demonstration of a discharge pumped table-top soft-x-ray laser[END_REF] to 4 nm [START_REF] Da Silva | Demonstration of x-ray microscopy with an x-ray laser operating near the carbon k edge[END_REF] have been demonstrated. As we have seen in Chapter 6, a laser-produced plasma can be turned into a laser amplifier in the EUV spectral range. During the amplification of an externally injected coherent seed, which very often is obtained through high-order harmonic generation (HHG) in noble gases, the coherence, and the polarization characteristics of the seeding pulse are mapped into the amplified beam [START_REF] Wang | High-brightness injection-seeded soft-x-ray-laser amplifier using a solid target[END_REF][START_REF] Wang | Phase-coherent, injection-seeded, table-top soft-x-ray lasers at 18.9 nm and 13.9 nm[END_REF]. A striking example is the efficient amplification of circularly polarized HHG beam carrying Spin Angular Momentum (SAM) in a high-density Ni-like Krypton amplifier [START_REF] Depresseux | Demonstration of a circularly polarized plasma-based soft-x-ray laser[END_REF]. However, there has been no attempt so far to investigate the amplification of light beams carrying Orbital Angular Momentum (OAM) in a plasma-based XRL. Therefore, investigating the transfer of the OAM of the seeding pulse to the amplified beam in a high-density plasma-based XRL is fundamentally intriguing.

We note that the amplification of a EUV vortex by a suitable laser medium does not present any theoretical limitations. The amplification of vortex beams [START_REF] Yamane | Ultrashort optical-vortex pulse generation in few-cycle regime[END_REF][START_REF] Zheng | High-gain amplification for femtosecond optical vortex with mode-control regenerative cavity[END_REF][START_REF] Qian | Femtosecond mid-ir optical vortex laser based on optical parametric chirped pulse amplification[END_REF][START_REF] Chen | High-energy nanosecond optical vortex output from nd :yag amplifiers[END_REF][START_REF] Pan | Generation of terawatt-scale vortex pulses based on optical parametric chirped-pulse amplification[END_REF][START_REF] Liu | Amplifying orbital angular momentum modes in ring-core erbium-doped fiber[END_REF] or their generation in laser oscillators [START_REF] Naidoo | Controlled generation of higher-order poincaré sphere beams from a laser[END_REF][START_REF] Sroor | High-purity orbital angular momentum states from a visible metasurface laser[END_REF] are well known in the long-wavelength spectral range. However, some challenges may arise due to the specific aspects of plasma-based XRL. First, the amplifier bandwidth is two orders of magnitude smaller than the incident HHG pulse bandwidth [START_REF] Meng | Temporal coherence and spectral linewidth of an injection-seeded transient collisional soft x-ray laser[END_REF]. This situation is expected to produce continuous and dramatic changes in the harmonic temporal structure [START_REF] Chul | Janulewicz : Coherent amplification of an ultrashort pulse in a high-and swept-gain medium with level degeneracy[END_REF][START_REF] Al'miev | Dynamical description of transient x-ray lasers seeded with high-order harmonic radiation through maxwell-bloch numerical simulations[END_REF]. During the amplification process, the amplified seed is followed by a wake whose total energy grows as the harmonic pulse propagates inside the plasma. When the saturation regime is reached, strong modulations associated with the Rabi oscillations appear in the wake [START_REF] Chul | Janulewicz : Coherent amplification of an ultrashort pulse in a high-and swept-gain medium with level degeneracy[END_REF]. Second, soft X-ray laser gains are obtained in dense plasma with electron density gradients that can be the cause of significant refraction during the amplification. This phenomenon is stronger in plasma produced by the interaction of a laser pulse with a solid target.

Here, we present the results of an experiment addressing the amplification of a part of a EUV vortex beam carrying OAM in a solid target plasma-based soft X-ray laser. The EUV vortices with high topological charge are obtained by driving high-order harmonic generation using near-infrared (IR) vortex beams. Due to the strong divergence of these vortices, only a fraction of the vortex beam is interacting with the plasma amplifier. Despite this low spatial coupling, dramatic amplification of the signal is observed. Furthermore, the control of the vortex-amplifier spatial superposition enables amplification of the targeted part of the incident vortex. For each spatial coupling configuration, we characterize the amplified beam pointing direction in the farfield of the XRL source. We compare the experimental observations to the outcomes of a detailed simulation that integrates the plasma hydrodynamic simulation with a 3D Bloch Maxwell code. We show that the experimental observations are consistent with an amplifying plasma preserving the twisted phase structure of the incident beam. These results demonstrate that there is no fundamental obstacle to the amplification of complete EUV vortices with a high topological charge in plasma-based XRL.

Experimental setup and Methods

The EUV vortex amplification experiment consists of the direct injection of an HHG vortex beam carrying OAM into a EUV amplifier formed in a laser-generated hot dense plasma. Note that we have described the particularities of the experimental parameters for Ne-like Titanium plasma-based XRL in Chapter 6. Furthermore, we have detailed the methodologies and tools for the generation and characterization of EUV vortex beams through HHG in a macroscopic generation medium previously in Chapters 3 to 5. Therefore, for the amplification of the HHG vortex beam carrying OAM, the experimental arrangement is a combination of what we have seen in Chapter 4 and Chapter 6. Nevertheless, for sake of clarity, we show the schematic of the experimental setup in Figure 7.1.

The fundamental Gaussian beam of central wavelength 815 nm, pulse duration ∼40 fs, ∼15 mJ maximum energy and diameter of ∼24 mm at 1/e 2 is transformed to vortex driver by employing spiral phase plates of ℓ 1 = 1 and ℓ 1 = 2. The resulting vortex driving beam is apertured by an iris which is located before the focusing lens (see Fig. 7.1). The high-order harmonics are generated by focusing the vortex driver in a 15 mm long Argon gas cell. Note that the gas cell is located ∼ 40 mm before the entrance of the XRL Titanium target. Therefore, the plano-convex lens of 2 m focal length is translated away from the gas cell (see Fig. 7.1) to compensate for this displacement. For HHG signal optimization, we retain the experimental parameters noted in Chapter 4 : iris diameter ∼ 18 mm, energy after iris ∼ 11.5 mJ, Argon gas pressure ∼ 10 mbar.

In regards to the Ne-like Ti XRL, we hold on to the most efficient lasing condition that we have enumerated in Tables 6.1 and 6.2 (Chapter 6). For seeded operation, we resort to a 3 mm long 'plasma-rod' formed on a solid and flat Titanium target. The XRL plasma is conditioned using two laser pulses of distinct characteristics [START_REF] Kumar Pandey | Towards subpicosecond pulses from solid target plasma based seeded soft x-ray laser[END_REF]. To start with, a frequency-doubled Q-switched Nd YAG laser pulse with energy 400 mJ and pulse duration 10 ns, is line-focused on the Ti target to yield an expanded, low ionization stage (< Z > ∼5 -6), moderate electron temperature (Te ∼ 20 eV) preplasma. The preformed plasma is then allowed to expand and rarefy. After a delay of ∼ 4 ns, a high-energy (∼ 1.2 J) near-infrared (central wavelength λ = 815 nm) pump beam with a pulse duration of T IR = 7 ps is line-focused at a grazing angle of ∼ 22 0 on the preformed plasma. Note that at the grazing incidence angle of ∼ 22 0 , the pump beam energy is deposited at an electron density of N p = 2 × 10 20 cm -3 . The transient population inversion achieved between the 3p -3s (J = 0 -1) ionic transition corresponds to the lasing wavelength λ = 32.6 nm.

Throughout this work, we have concentrated on the generation and characterization of the q = 25 th harmonic of the IR vortex driver. The reason for focusing on the given harmonic order is now apparent. The 25 th harmonic of the vortex driving beam is spectrally matched to the stated lasing transition of Ne-like Ti XRL. Note that our primary goal here is to address the fundamental question : does OAM carried by the vortex seed get transferred to the amplified beam ? Experimentally, the given study is particularly or ℓ 1 = ±2 into the Argon gas cell, which is placed ∼ 37 mm before the entrance of XRL plasma. The central wavelength of the driving beam is 815 nm. The spatial superposition of the vortex seeding pulse and the XRL-plasma is ensured using a EUV imaging system that is implemented to image the exit plane of XRL with the optical magnification of ∼ 6.5. Note that the given imaging system is spectrally selective for λ = 32.6 nm, which coincides with the emission wavelength of Ne-like Ti XRL, and the 25 th harmonic of the IR driver. challenging : requiring EUV metrology tools, and precise spatial, temporal, spectral matching of the vortex seed to the amplifying XRL plasma. Therefore, here, we will exploit our know-how on the seeded operation of Ne-like Ti XRL with a Gaussian HHG beam (Chapter 6), accompanied by the works on the generation and characterization of HHG vortices, which we have detailed in Chapter 3 to Chapter 5.

We depict the nearfield intensity distribution of the ASE-XRL in Fig. 7.1(a). Note that the EUV imaging system is configured to image the XRL exit plane with a magnification factor of ∼ 6.5. For the harmonic vortex beams of ℓ q=25 = +25 and ℓ q=25 = +50, we show their intensity maps at the XRL target plane in the insets (b) and (c) respectively. We remark that the gas cell is located ∼ 37 mm before the entrance of XRL-plasma. Therefore, Figure 7.1(b, c) corresponds to intensity profiles of the vortex beams ∼40 mm after the gas cell. Comparing Figures 7.1(a) and (b, c), we can see that the amplifying cross-section of the XRL plasma is much smaller than the vortex seed (a factor of ∼ 7). To compensate for the size difference between XRL and vortex beam, an ideal alternative is the de-magnification of the seed using additional optics to match the size of the amplifying plasma. However, this would also necessitate a EUV beam transport system capable of guiding a strongly diverging amplified beam to various diagnostics. In contrast to the above approach, here, we opt to inject a part of the EUV vortex in XRL-plasma.

Exploiting our EUV nearfield imaging system, we ensure the spatial superposition of the vortex seed and the XRL plasma amplifier. Controlling the spatial superposition of the XRL plasma amplifier and the vortex seed enables the amplification of different parts of the incident beam. For each amplification configuration, we characterize the nearfield (exit plane of the XRL plane) and the farfield (after ∼ 2 m propagation) intensity maps of the seeded and the un-seeded part of the vortex beam. We show that in the farfield of the XRL source, the beam pointing direction of the amplified part of the vortex seed is governed by : (i) the sign of the topological charge of the harmonic vortex beam, and (ii) the region of the seeding beam that is being injected and amplified by the XRL plasma. These experimental results are compared to the outcome of a simple model assuming the conservation of the twisted phase hence the OAM, during the amplification process in XRL plasma. The experimental observations are well reproduced by the simple model, which we will describe in Section 7.3. At last, we will benchmark both of the above through a detailed simulation of the amplification process involving a 3D Bloch-Maxwell code coupled to a plasma hydrodynamical simulation ; Courtesy : E. Oliva et al. Universidad Politécnica de Madrid, Spain. Let us first start with the description of an ideal XRL plasma amplifier.

Ideal XRL plasma amplifier model : description and behavior

Here, we describe the model of an ideal phase conserving amplifier, which, as we will show later, will allow us to find the signatures of OAM conservation in the experimental results. We discern a simple relationship between the amplified beams' pointing direction in the farfield and the part of the seed that is amplified.

At the core of this ideal model is the assumption that the amplification process preserves the helical phase of the incoming beam. The effect of the plasma amplifier on an incident beam E i (x, y) is described by a complex transmission t(x, y), where x and y respectively are the coordinates in directions normal and parallel to the initial target surface. The output field is given by E out (x, y) = t(x, y)E i (x, y). The value of the transmission t is null in the target bulk, whereas t is equal to unity far from the plasma. In the plasma, t is complex, with |t| = G > 1 in the gain region. If G >> 1, the main contribution to the output field is within the gain region. In this limit, we will assume that t = 1 outside of the target, except in the gain region which is approximated by a circular area of diameter d, centered on (x 0 , y 0 ), with a uniform gain G 0 >> 1. In this model, the gain region acts as a circular aperture of diameter d. The refractive effect of the plasma is included through a phase term ϕ P (x, y). If the gain region is small, this phase can be expressed in the form of a Taylor expansion : 7.3. Ideal XRL plasma amplifier model : description and behavior t(x, y) = G(x -x 0 , y -y 0 )exp(iϕ P (x -x 0 , y -y 0 )), (7.1)

t(x, y) ≈ G 0 exp(i(ϕ P (x 0 , y 0 ) + (x -x 0 ) ∂ϕ p ∂x | 0 + (y -y 0 ) ∂ϕ p ∂y | 0 )), (7.2) 
where the (xOz) plane is the plane of symmetry for the plasma, and the second term of the Taylor expansion of ϕ P is equal to zero. The first term can be identified as

( ∂ϕp ∂x | 0 = 2π λ α p )
, where α p is the horizontal deflection angle induced by the plasma phase gradient. If the incident beam E i (x, y) has a spatial extension smaller than d, it will be fully amplified :

E out (x, y) = G 0 E i (x, y)exp(i 2π λ α p (x -x 0 )). (7.
3)

The phase structure of the amplified beam is only affected by the plasma linear phase gradient. Consequently, in the farfield, the amplified beam will have the same properties as that of the incoming beam but more intense and deflected horizontally by an angle α p . For an optical vortex exhibiting helical phase given by exp (iℓϕ i ), where ℓ is the topological charge indicating the total phase-twist along the azimuthal coordinate ϕ i , apart from deflection, the properties of the incident beam will be preserved. Let us now consider an incident beam far larger than the gain region. The incident beam inside of the gain region can be approximated by : ∂y | 0 , the amplified output field is given by : E out (x, y) ≈ G 0 |E i (x 0 , y 0 )|exp(i(ϕ i (x 0 , y 0 )+ϕ p ((x 0 , y 0 )+ 2π λ (x-x 0 )(α x +α p )+ 2π λ (y-y 0 )α y )). (7.5) In the farfield, such a partially amplified beam will be analog to the diffraction pattern associated with the shape and size of the gain region. Moreover, the direction of deflection will be governed by the combination of the local phase gradient of the incident beam itself, and the deflection induced by the plasma. For an incident vortex beam of topological charge ℓ centered on (x = 0, y = 0), the corresponding deflection angles α x and α y can be calculated analytically :

E i (x,
ϕ i (x, y) = ℓ θ = ℓ arctan(x/y), ( 7.6 
)

α x = λ 2π ∂ϕ i ∂x | 0 = λ 2π ℓ y 0 x 2 0 + y 2 0 = λ 2π ℓ r 0 sin(θ 0 ), (7.7 
)

α y = λ 2π ∂ϕ i ∂y | 0 = - λ 2π ℓ x 0 x 2 0 + y 2 0 = - λ 2π ℓ r 0 cos(θ 0 ). (7.8) 
In summary, the beam resulting from the partial amplification will be deflected in a direction depending on the part of the vortex seed that is being amplified. As an example, for a positive topological charge, amplifying the right part (θ 0 = 0) will give a downward deflection (α x = 0 and α y < 0) in the farfield. We enumerate the behavior for other configurations in table 7.1. We remark that the sign of the α x and α y angles reverse with a change in the sign of the topological charge of the incident beam. Therefore, the behavior for vortex beams of +ℓ and -ℓ is distinctive, as we will show in the upcoming Sections.

Amplified part

θ α x α y pointing direction Right 0 0 < 0 Down Left π 0 > 0 Up Up π/2 > 0 0 Left Down -π/2 < 0 0 Right Table 7.
1 -Farfield behavior of a partially amplified vortex beam. Output beam pointing direction as a function of the amplified part of the vortex beam (see Fig. 7.15). The topological charge ℓ of the incident beam is positive.

Partial vortex beam amplification by an ideal XRL plasma

For the conditions listed in Table 7.1, we present the results in Fig. 7.15, Section 7.8.2. In the main part of this Chapter, we will focus on the conditions that were experimentally explored. For theoretical investigation, the vortex harmonic field at the exit plane of the amplifying plasma is modeled as a Laguerre-Gauss beam of topological charge ℓ = ±25, and 32.6 nm wavelength. The farfield pattern is then computed through the 2D Fast Fourier Transform of the harmonic field at the target exit plane.

Effect of target clipping on the vortex seeding beam : dependence on the sign of topological charge

First, let us start by examining the effect of target clipping on the intensity and the wavefront maps of the seeding vortex beam. In the absence of the solid target and the plasma amplifier, the harmonic vortex beam is unaffected and propagates freely to the farfield. Note that the stated configuration is experimentally accessible by blocking the part of the vortex beam using the Ti target. Remarkably, in this case, the farfield intensity profile (b, e) is rotated counterclockwise. Moreover, both for the computed and experimental results, the unclipped part of the beam retains helical wavefront (c, f). We remark that in the simple model of an ideal plasma amplifier we described in Section 7.3, the gain region acts as a circular aperture. Therefore, we can anticipate that the farfield pointing behavior of the amplified part of the vortex beam might also depend on the sign of the topological charge. If so, this aspect can be constructively exploited to find the signatures of OAM conservation during amplification. 

Partial vortex beam amplification : ideal XRL amplifier

In Figure 7.4, we depict the results of partial amplification by an ideal amplifying plasma for vortex beams ℓ 25 = +25 (middle row), and ℓ 25 = -25 (bottom row). To contrast the farfield pointing behavior, we also show the outcome for a partially amplified Gaussian beam with a flat wavefront (ℓ 25 = 0) in the top row. The position of the amplifying region with gain G 0 = 4 and 30 µm radius is indicated by the bright circle in (a, d, g). For each configuration, we present the farfield intensity and wavefront maps in the second and the third column from the left. Note that here, the refraction by the amplifying plasma is not included (α P = 0). The portion of the incident beam that passes through the gain region is amplified in all cases. However, the farfield pointing behavior is distinctive. For the beam with a flat wavefront (ℓ 25 = 0), the amplified beam propagates to the farfield with no deflection (b, c). Contrastingly, for the vortex beams, the amplified part shifts in the farfield (bright spots in e, h). Moreover, the direction of deflection varies from upward for ℓ 25 = +25 (e), and downward for ℓ 25 = -25 (h). Conclusively, the farfield pointing behavior is regulated by the local phase gradient in the region of amplification : up for clockwise twisting wavefront (ℓ 25 = +25), and down for the beam with negative topological charge (ℓ 25 = -25). In summary, for an ideal phase preserving plasma amplifier, the amplification of a given part of the vortex beam with opposite OAM helicity leads to distinguishable behavior of the amplified beam pointing direction. Note that for the results presented in Fig. 7.4, we do not account for the refractive effect of the ideal plasma amplifier. Now let us analyze the consequence of including the plasma density gradient (α P > 0).

Partial vortex beam amplification : ideal XRL amplifier with plasma density gradient

To mimic the refractive effect of the XRL amplifier, in the amplifying region, we set the plasma linear phase gradient that corresponds to α p = 4 mrad. In Figure 7.5, we present the nearfield intensity (first column from left), wavefront (second column) for a Gaussian beam with a flat wavefront (top row), and vortices of topological charge ℓ 25 = +25 (middle row), ℓ 25 = -25 (bottom row). For each case, the total added phase in the amplifying region (phase of the incident beam + plasma linear horizontal phase gradient) is included in the inset of plots depicted in the second column. We show farfield intensity and wavefront maps for the corresponding conditions in the last two columns. In comparison to the amplification in the absence of refraction (α P = 0, Fig. 7.4), here, the plasma phase gradient induces an additional horizontal deflection. For instance, in the case of an incident beam with no OAM (ℓ 25 = 0 in Fig. 7.5), the deflection of the amplified part is purely lateral after propagation to the farfield (c, d). Contrastingly, for the vortex beams exhibiting helical wavefront, the local phase gradient of the incident beam in the gain region and the linear horizontal phase gradient of plasma both play a role. Consequently, both of these factors contribute to the final beam pointing direction in the farfield.

For vortex beams of topological charge ℓ 25 = ±25, we show intensity, wavefront profiles in (g, h) and (k, l), respectively. Remarkably, the deflection of the amplified part (bright spot in (g, k)) is in the direction of the total added phase : up-diagonal for ℓ 25 = +25 (g, h), and down-diagonal for ℓ 25 = -25 (k, l). Furthermore, the twisted wavefront, hence the OAM of the amplified beam is retained (h, l). These results indicate that the sign of the topological charge, hence the OAM helicity plays a crucial role in the farfield pattern resulting from the partial vortex beam amplification in a phase preserving XRL plasma. In the upcoming section, we will experimentally seek these 'clues of OAM conservation' during amplification in Ne-like Ti XRL. . In all the cases, the plasma phase gradient corresponding to α P = 4 mrad is applied in the region of amplification. The inset plots in the second column depict the resulting total phase in the amplification region. We depict the farfield intensity and the wavefront maps for each condition in the third and the fourth column, respectively. For ℓ 25 = 0, the amplified beam is laterally deflected in the farfield (c, d). For the vortex seed, the deflection of the amplified beam is in the direction of the total added phase : up-diagonal for ℓ 25 = +25 (g, h), and down-diagonal for ℓ 25 = -25 (k, l).

Experimental results : partial vortex beam amplification in Ne-like Ti XRL

Here, we compare the theoretical outcomes presented in the preceding Section 7.4 and the experimental results. For amplification, the high-harmonic vortex seed (25 th harmonic) is spectrally and temporally matched to the XRL plasma. Note that we have described the experimental methodologies for the seeded operation of XRL in Chapter 6. On the other hand, we utilize the EUV imaging system (see Fig. 7.1) to monitor the position of the plasma amplifying region in regards to the vortex seeding beam. We remark that the said imaging system is spectrally selective both for the Ne-like Ti XRL and the central wavelength of the 25 th harmonic (λ = 32.6 nm). In Chapter 6, we have probed the amplification dynamics of XRL operated in exact experimental conditions. Therefore, to allow for efficient amplification, the EUV vortex seeding beam is injected into the plasma amplifier ∼ 10 ps after the temporal peak intensity of the XRL pumping pulse (see Fig. 6.4, Chapter 6).

In Figure 7.6, we show the nearfield image (left column) when a part of the vortex seed of topological charge ℓ 25 = +25 (top row), and ℓ 25 = -25 (bottom row) is coupled and amplified by the XRL. In Figure 7.6 (a, c), we mark the position of the target surface (dashed vertical line) and the OAM seed. Note that ten consecutive harmonic shots are accumulated to keep the track of the part of the seed which is injected into the plasma amplifier. As the XRL is operated in single-shot mode, only the first harmonic shot is properly timed and amplified by the XRL plasma. The nearfield intensity maps in (a, c) are acquired with 600 nm thick Al filtering. Therefore, strongly saturated CCD pixels in (a, c) indicate an efficient coupling and amplification of the vortex seed in both cases. This demonstrates that a seeding beam carrying OAM can indeed be coupled and amplified in a plasma-based lasing medium. Though this aspect is already intriguing, we again remark that our prime goal here is to find out if the OAM carried by the vortex seeding beam is retained during amplification. As we have shown in Section 7.3, if the OAM is preserved during amplification, the amplified part of the seed shall display some remarkable properties in the farfield. Furthermore, if the characteristics of the amplifying plasma are kept constant, the decisive factor governing the farfield behavior is the sign of the topological charge, i.e., the OAM helicity of the vortex seed (Figs. 7.4, 7.5). Now let us observe the experimental farfield pointing characteristics for these cases.

Figure 7.6(b, d) depicts the farfield (∼ 2 m after the XRL exit plane) intensity maps for the respective configurations. We indicate the amplified part of the beam using white arrows in (b, d). We know that we are being repetitive, nonetheless, we again remark that if the OAM of the harmonic beam is preserved during amplification in XRL plasma, depending on the OAM helicity of the vortex seed, the amplified part of the beam would exhibit distinct characteristics. Now focusing our attention to Fig. 7.6, for ℓ 25 = +25, the amplified part of the vortex seed is deflected in up-diagonal direction (marked by white arrow in (b)). Contrastingly, for the seeding vortex beam of ℓ 25 = -25, the direction of deflection changes to down-diagonal in the farfield (white arrow in (d)). This behavior is in excellent agreement with the theoretical predictions depicted in Fig. 7.5.

Before concluding these observations, we remark that for a seed of a higher topological charge, the local phase gradient in the amplifying region is higher. Consequently, if the characteristics of XRL plasma remain static, increasing the topological charge of the harmonic seed should also increase the deflection angle. In Figure 7.7, we present the nearfield (a) and farfield (b) intensity maps in a similar condition as in Fig. 7.6 but for the vortex seeding beam with higher topological charge : ℓ 25 = +50. The position of We remark that for ℓ 25 = +50, the spectrally selective mirror in front of the farfield detector had to be translated by a controlled amount (∼ 20 mm towards the detector) to be able to catch the amplified part of the vortex seed. That is why only a part of the unseeded part of the incident beam falls within the active area of the detector. Note that such a contrasting difference in the farfield pointing behavior for the opposite sign of the topological charge (Fig. 7.6), and a greater deflection for a seeding beam with a higher topological charge (Fig. 7.7), is in agreement with the predictions of phase (OAM) preserving XRL amplifier model we described in Section 7.3. Conclusively, the relevance between the experimental (Figs. 7.6, 7.7) and the theoretical results (Fig. 7.5) suggest that the OAM of the vortex seed is retained during the amplification process.

To further corroborate these concluding remarks, let us move to a configuration that combines clipping by the solid target (Section 7.4.1) and the partial vortex beam amplification (Section 7.5).

Partial vortex beam amplification of a clipped seed : Theory and Experiment

As theoretically and experimentally demonstrated in Section 7.4.1, a vertical clipping of the vortex seeding beam by the target bulk leads to a global rotation of the intensity profile by 90 0 in the farfield. Furthermore, the sense of the rotation is governed by the sign of the incident beam topological charge (Figs. 7.2, 7.3). Here, we will combine this aspect with partial vortex beam amplification. Let us start from the theoretical predictions of the phase preserving XRL amplifier model described in Section 7.3.

We depict the nearfield intensity (first column from left) and wavefront (second column) maps for ℓ 25 = +25 (top row) and ℓ 25 = -25 (bottom row) beams in Fig. 7.8. The gain region is centered on the top (bottom) part of the intensity ring for ℓ 25 = +25 (ℓ 25 = -25). Note that the local phase gradient of the vortex seed in the amplification region (bright circle in (a, e)) points away from the target bulk in both of these cases. The last two columns show the corresponding farfield intensity and wavefront profiles. As expected, depending on the sign of topological charge, the farfield patterns exhibit contrasting characteristics. The unclipped part of the beam is distinctly oriented (comparing (c) and (g)). Moreover, the amplified part is deflected in the direction of the local phase gradient in the gain region. We can replicate both of these configurations experimentally. On the one hand, the vortex seeding beam is clipped by translating the Ti target horizontally. On the other hand, we affirm the spatial superposition of the intended part of the seed and the plasma amplifier by imaging the XRL exit plane. In Figure 7.9, we present the experimental nearfield (left column) and farfield (right) intensity maps for ℓ 25 = +25 (top row) and ℓ 25 = -50 beams. The position of the target bulk and the seeding beam is denoted in (a, c). Once again, the injected part of the vortex seed is strongly amplified in both cases. Most remarkably, the farfield intensity distributions exhibit the characteristics of the theoretical predictions represented in Fig. In conclusion, the experimentally observed dramatic farfield behavior of the amplified beam is in agreement with a simplified model of XRL plasma. These encouraging results suggest that the OAM of the seeding beam is preserved during amplification. In the upcoming section, we will further reinforce this conclusion through simulation of vortex beam amplification in a more realistic framework that accounts in detail the characteristics of the amplifying plasma and the amplification process.

3D Bloch-Maxwell modeling of vortex beam amplification in XRL plasma

Here, we simulate vortex beam amplification with a detailed description of the plasma structure and beam amplification process. Modeling of the amplification by the population inverted plasma is performed using the 3D Bloch-Maxwell Dagon code [START_REF] Oliva | DAGON : a 3D Maxwell-Bloch code[END_REF][START_REF] Oliva | 2D and 3D modelling of plasma amplifiers of UV, XUV, and soft x-rays[END_REF], coupled to the hydrodynamical code -EHYBRID [START_REF] Pert | The hybrid model and its application for studying free expansion[END_REF][START_REF] Healy | A computational investigation of the neon-like germanium collisionally-pumped laser considering the effect of prepulses[END_REF]. Further details on the simulation methodology are provided in Section 7.8.1.

The Bloch-Maxwell description enables the treatment of the propagation, amplification, and refraction of the incident pulse by the electron density gradient, in the same framework. Furthermore, the 3D approach is mandatory to explore the coupling between a screw-type wavefront beam and an amplifying region with no radial symmetry. Finally, Bloch equations are well adapted to describe the non-adiabatic response of the amplifier to the fast varying high-order harmonic field. The incident HHG pulse is indeed two orders of magnitude shorter than the dephasing and recovery times of the lasing transition.

Amplification of complete vortex beam

The Dagon code is fed with the 3D distribution of the plasma electron density, line broadening mechanism, and population rates involved in the laser transition. The data are generated by a 1.5 D plasma hydrodynamic code-EHYBRID [START_REF] Pert | The hybrid model and its application for studying free expansion[END_REF][START_REF] Healy | A computational investigation of the neon-like germanium collisionally-pumped laser considering the effect of prepulses[END_REF]. For simulation, we consider Ni-like silver XRL, for which detailed atomic physics data were available. Moreover, we consider driving pulses' energy level that is sufficient for the onset of a strong lasing gain, while being close to the presented experimental conditions (grazing incidence pumping angle, pulse duration T IR of the pump, and preplasma pulse energy). The incident vortex harmonic field is modeled as a Laguerre-Gauss beam with an azimuthal index of ℓ = ±25. The wavelength of the vortex seeding beam is set to 13.9 nm, corresponding to the simulated XRL amplifier transition. Furthermore, the injection time of the seed is chosen to give an optimal amplification.

We will first start by simulating the amplification of a complete vortex beam in the following section. Thereafter, we will proceed to the amplification of partial beam to mimic the experimental configuration in Section 7.6.3.

Amplification of complete vortex beam

To simulate the amplification of the complete beam, we consider a harmonic vortex seed with the same spatial dimensions as the plasma gain region. We show the transverse gain distribution of the XRL in Fig. 7.10(a), whereas the intensity and wavefront of the vortex seed of ℓ = +25 at the entrance of the plasma are depicted in (b, c), respectively. The field after 1 m propagation is displayed in Figure 7.10 (d) and (e) for the time step corresponding to the EUV pulse peak intensity. The center of the amplified beam is globally deflected away from its initial axis by 3 mrad in the opposite direction to the target bulk. This deflection is a direct manifestation of the electron density gradient present in the gain region.

The amplified beam presents an elliptical profile with a non-uniform intensity distribution around the ring. Nevertheless, the main features of a vortex beam are present. The intensity distribution is globally annular, and the observed azimuthal phase distribution presents 25 × 2π phase jumps. Conclusively, for the amplification of the complete beam in XRL plasma, the detailed simulation results suggest that though the input beam is deformed during amplification, the helical wavefront of the seed is retained in the amplified beam.

Temporal profile of the amplified vortex pulse

As explained in the introduction of this chapter, the dramatic difference in duration between the harmonic pulse and amplified pulse raises the question of the vortex structure preservation all along with the pulse evolution and not just at the harmonic peak time or at the amplified pulse peak time. The 3D Bloch-Maxwell simulation gives potentially access to the amplified pulse temporal evolution. For example, the field at the exit plane of the plasma may be recorded for each time step. The preliminary result presented in Figure 7.11 does not strictly represent the pulse temporal profile. The 2D map in (a) displays the longitudinal cross-section of optical field intensity in the plasma at a given time. The section plane is the (xOz) plane. The horizontal and vertical axes represent the direction perpendicular to the target plane (x coordinate) and the position along the amplification direction (z coordinate), respectively. This map is a snapshot of the pulse during its amplification. The selected time corresponds to the moment at which the harmonic pulse reaches the end of the 4 mm long plasma. Note that the results depicted in Fig. 7.11(a) correspond to the amplification of a harmonic vortex with a size matching the gain region width. The leading harmonic pulse is shown by the horizontal dashed line (i). The harmonic pulse is followed first by the rapid Rabi oscillations (ii), and second by a long pulse containing integrated energy orders of magnitude higher than the harmonic (iii) ; see Fig. 7.12. The 7.6.3. Partial vortex beam amplification harmonic intensity distribution along the x-direction exhibits a hole in the center, as expected for a vortex beam. Figure 7.11(a) dramatically shows that the annular profile is maintaining itself all along the pulse developing far after the harmonic. Close to the intensity hole, the Rabi oscillations appear to be bent towards it. This phenomenon probably results from the intensity dependence of the Rabi period : the period increases if the intensity is decreased. For this particular snapshot time, we show the intensity and wavefront maps corresponding to (i) the harmonic pulse, (ii) first Rabi oscillation, (iii) pulse peak intensity, and (iv) falling edge of the pulse. Most importantly, in all the cases, an azimuthally varying phase with 25λ jumps centered on the intensity hole is observed. We remark that the seeded XRL pulses are characterized by a narrow spectral width and a coherence time approaching full temporal coherence [START_REF] Meng | Temporal coherence and spectral linewidth of an injection-seeded transient collisional soft x-ray laser[END_REF], while their pulse duration approaches the Fourier limit [START_REF] Guilbaud | Calisti : Fourier-limited seeded soft x-ray laser pulse[END_REF]. This may be the underlying reason for the retention of the twisted phase in the coherent wake (Figs. 7.11(ii -iv)) following the amplified vortex seeding pulse (Fig. 7.11(i)). The acceleration (deceleration) of the rate of phase rotation on top (bottom) of the phase maps can be explained by the phase gradient added by the plasma to the vortex azimuthal phase. Note that this distortion is smaller for the sections that are closer to the trailing edge of the pulse. This behavior can be explained by the fact that these sections obtained at different positions in the plasma are taken at the same time. Therefore, the distance traveled by the different parts of the pulse is not the same as that of the harmonic pulse.

In summary, the predicted general behavior is consistent with a harmonic beam triggering a long coherent pulse in the amplifier, which inherits the twisted phase properties of the harmonic beam. The vortex structure imposed at the beginning of the pulse is still present a few picoseconds after it. However, a more detailed analysis of these simulated fields is required to quantify possible distortion of the vortex due to spatially varying amplification, or possible dephasing of the vortex with time due to the gain evolution.

Partial vortex beam amplification

To mimic the experimental conditions, here, we present the simulation results of partial vortex beam amplification using the Bloch Maxwell approach. To simulate this scenario, we make the following changes : (i) we shift the lateral position of the vortex seed away from the center of the gain region ; (ii) we increase the size of the seeding beam to ensure that only a small part of the vortex beam enters the gain region of the amplifying plasma. In Figure 7.13, we present the intensity (first column from left), wavefront (second column) maps at the exit of the XRL plasma for ℓ = +25 (top row) and ℓ = -25 (bottom row). Note that in simulation, the amplifying medium is 4 mm long. Similar to the experimental conditions (Fig. 7.6), a small region in the left part of the intensity ring is amplified (a, b). Most importantly, the helical wavefront in the amplified region is preserved for both configurations (b, f). In the last two columns, we show the intensity and wavefront profiles after 1 m propagation for each case. The un-amplified part of the vortex beam is forming a complete ring. The bright region close to the ring (marked by the white arrow in (c, g)) corresponds to the part of the vortex seed that has experienced amplification through the plasma. For ℓ = +25, the amplified part is deflected upward, whereas for ℓ = -25, the deflection is downwards. Note that the contrasting difference in the farfield pointing behavior for the positive and the negative sign of the topological charge is in agreement with predictions of the simplified model (see Fig. 7.5), as well as, the experimental observations depicted in Fig. 7.6. Furthermore, the deflection is not purely vertical but has also a 3 mrad horizontal component, which arises from the refraction of the seeded part of the vortex beam into the plasma. This additional deflection has the same value as the deflection observed for a complete amplification (Fig. 7. 10(d,e). The wavefront maps in (d, h) show that the amplified part of the vortex seed retains its helical wavefront.

The refraction by the plasma is mostly adding a linear horizontal phase gradient leading to a global deflection of the amplified beam in the farfield. Therefore, an incident beam smaller than the gain region is globally deflected away from the target. In case the incident beam is very large compared to the gain region, the farfield pointing behavior of the amplified part depends on the local phase gradient of the incident beam in the gain region. This aspect is evident both from the experimental and the theoretical results, where the farfield pointing behavior is different for the opposite sign of the topological charge. We note that the experimentally observed horizontal deflection of the amplified part is higher (Fig. 7.6) when compared to the results of 3D Bloch Maxwell simulations (Fig. 7.13). This discrepancy may be due to the difference in the lasing element chosen for the simulation, which translates into a different wavelength value : λ = 32.6 nm for the experiment, and 13. 9 nm for simulation. In conclusion, the experimentally observed farfield pointing behavior is in agreement with the results simplified model. These observations are further reinforced by the detailed 3D Bloch Maxwell simulations.

Prospect of amplifying a demagnified OAM beam in XRL plasma

In this section, we describe the prospective experimental scheme for amplifying a demagnified harmonic vortex seed in XRL plasma.

The larger size of the vortex seed compared to the amplifying plasma size can be compensated by demagnifying the harmonic beam using additional EUV optics. We depict the prospective configuration in Fig. 7.14. Utilizing a combination of the EUV plane and concave mirrors, the HHG source can be reimaged at the entrance plane of the 7.7. Prospect of amplifying a demagnified OAM beam in XRL plasma XRL plasma. For 1 m focusing geometry, the 10 mm long gas cell can be installed farther from the XRL interaction chamber. The present experimental configuration (see Fig. 7.1) is readily adaptable to achieve the proposed configuration, offering a demagnification factor of ∼ 4. By appropriately modifying the different parameters of the reimaging system shown in Fig. 7.14, even higher demagnification can be attained. On the one hand, a higher spatial coupling of the harmonic seed with the amplifying plasma would compensate for the losses due to additional EUV optics. On the other hand, the EUV-HASO/CCD can be installed closer to the XRL source (first chamber from left) to be able to catch the amplified beam with higher divergence due to refocusing. Overall, amplification of a complete vortex beam in the XRL plasma is feasible through appropriate modifications to the present setup, thus offering the possibility to investigate the consequence of amplification on the modal content of the harmonic seed. The schematic shows the arrangement for the injection of demagnified HHG OAM seed. The harmonic vortex seeding beam is obtained by driving HHG under 1 m focusing condition in a 10 mm long gas cell. The generated beam is reimaged using a combination of the EUV near-normal incidence plane (PM) and a concave mirror (SM) installed in the XRL interaction chamber. The desired demagnification factor can be attained by adjusting the distance between gas cell and concave EUV mirror, and accordingly altering the separation between the concave mirror and the XRL Ti target.

Supporting Information

Here, we provide the details on the 3D Bloch Maxwell modeling of the XRL plasma amplifier (subsection 7.8.1). In subsection 7.8.2, we present the results of ideal XRL plasma-amplifier model described in Section 7.3 corresponding to the conditions enumerated in Table 7.1.

Theoretical Methods -Bloch Maxwell modeling of the XRL plasma amplifier

During the propagation through the amplifying plasma, the harmonic beam experiences amplification by the population inversion, refraction by the plasma electron density gradient, and diffraction. The interplay between these phenomena is well handled by the Bloch-Maxwell approach. This model couples the classical electromagnetic equations in the slowly varying envelop approximation to the Schrödinger equation in its density matrix formulation. The coupling is insured through the calculation of the electric dipole momentum. This model is particularly relevant for seeded soft X-ray lasers. However, to take into account the vortex structure of the incident beam, a 3D description of the field and the plasma are required, which leads to highly demanding calculations.

The 3D Bloch Maxwell code Dagon [START_REF] Oliva | DAGON : a 3D Maxwell-Bloch code[END_REF][START_REF] Oliva | 2D and 3D modelling of plasma amplifiers of UV, XUV, and soft x-rays[END_REF] solves the Maxwell wave equation for the electric field within paraxial and slowly varying envelop approximations. The electro-7.8. Supporting Information magnetic equation is coupled to the matter through a constitutive relationship for the polarization that includes spontaneous emission (via a stochastic source term), collisional depolarization, and amplification/absorption. A simplified Bloch atomic population model is solved to compute the populations of the levels involved in the lasing transition and dipolar contribution of the lasing ions. With Dagon code, the full 4D spatiotemporal dynamics of amplification is retrieved, which allows us to extract the intensity and wavefront of the amplified beam.

The Dagon code is fed with the 3D distribution of the plasma density, line broadening mechanism, and population rates involved in the laser transition. The data are generated with the 1.5 D plasma hydrodynamic EHYBRID code [START_REF] Pert | The hybrid model and its application for studying free expansion[END_REF][START_REF] Healy | A computational investigation of the neon-like germanium collisionally-pumped laser considering the effect of prepulses[END_REF]. A Lagrangian scheme is used to calculate the plasma density and temperature profiles in the direction normal to the target. A self-similar hypothesis is used to determine these quantities in the two other spatial directions. A collisional-radiative module is used to calculate the time dependant ionization stage, the rates, and population of the lasing ions levels distributions. An atomic physics data file provides this module with level energies, degeneracy, oscillator strength, and collisional cross-sections of the lasing element. The simulation has been performed for a Ni-like silver X-ray laser, for which detailed atomic physics data were available. For simulation, the energy level of the driving pulses is considered to be high enough to induce strong lasing gain that is comparable to the experimental conditions.

Ideal XRL amplifier model : amplification of different regions of vortex seed

Here, we present the outcomes of the ideal XRL plasma model described in Section 7.3 for the conditions noted in Table 7.1. The top row of Figure 7.15 shows the amplification of different parts of the incident vortex beam of topological charge ℓ = 25. The amplifying region (bright circle) with a uniform gain G 0 = 4 is placed on the different parts of the annulus. If the origin is the center of the vortex, the center of the gain region is x 0 = r 0 cos(θ 0 ) and y 0 = r 0 sin(θ 0 ). We will consider particular positions of the gain region on the vortex beam : left (θ 0 = 180 • ), upper (θ 0 = 90 • ) , right (θ 0 = 0 • ), and lower part (θ 0 = 270 • ). For the corresponding cases, the farfield intensity and wavefront maps are shown in the middle, bottom row, respectively. Note that the linear horizontal plasma phase gradient is not accounted here. In the farfield, the amplified part is shifted by 90 • in the direction governed by the local phase gradient in the gain region. Interpretation of this behavior is straightforward. The amplified part being small compared to the incident vortex, the phase variation in this region can be considered as a linear gradient, with a direction corresponding to the wavefront rotation of the vortex. This gradient is responsible for the deflection of the beam in the farfield. The effect of a plasma phase gradient in the gain region can be predicted in the same way. The plasma phase gradient will be superimposed to the vortex local phase gradient, adding a certain deflection angle to the amplified part of the beam in the farfield. 

Chapter conclusions and perspectives

In this work, we experimentally investigated the amplification of short wavelength vortex beams carrying a high vortex charge ℓ q in a plasma-based soft X-ray amplifier. We demonstrate efficient amplification of a chosen part of the incident vortex for both ℓ q = ±25 and l q = ±50. Efficient amplification was achieved despite low spatial coupling between the vortex and the amplifier. By correlating the beam pointing direction to the portion of the vortex amplified and to its topological charge sign, we show evidence of phase gradient conservation in the amplified part. The experimental observations are supported by a detailed simulation of the amplification process with 3D Bloch-Maxwell code coupled to hydrodynamic plasma evolution modeling. The question of vortex structure preservation is related to the OAM conversation during soft X-ray laser amplification. We remark that the amplification of circularly polarized HHG beam carrying SAM in Ni-205 7.9. Chapter conclusions and perspectives like Krypton XRL amplifier has been reported [START_REF] Depresseux | Demonstration of a circularly polarized plasma-based soft-x-ray laser[END_REF]. The results presented here suggest that the amplification of vortex beams carrying OAM is also feasible in plasma-based XRL. Conclusively, the present work can be extended to the amplification of EUV vectorvortex beams that are simultaneously tailored in their SAM and OAM (Chapter 5) in a plasma-based lasing medium.

In a perfect spatial coupling situation, the simulation results indicate the overall conservation of the global properties of the vortex beam accompanied by some local distortion of the wavefront and intensity distribution. These imperfections may affect the OAM and radial mode contents of the amplified vortex beam. From the experimental point of view, our EUV wavefront sensing approach (Chapter 3 to Chapter 5) can therefore be used to quantify the consequence of amplification on the modal content of these vortices.

The spatiotemporal Bloch Maxwell simulation shows that the harmonic vortex beam triggers a long coherent pulse in the amplifier, as for a conventional Gaussian seed [START_REF] Chul | Janulewicz : Coherent amplification of an ultrashort pulse in a high-and swept-gain medium with level degeneracy[END_REF][START_REF] Al'miev | Dynamical description of transient x-ray lasers seeded with high-order harmonic radiation through maxwell-bloch numerical simulations[END_REF]. However, the preservation of the vortex characteristics of harmonic seed throughout the amplified pulse (Figs. 7.11, 7.12) is particularly intriguing. On the one hand, these results present a deeper insight into the amplification of OAM beams in the XRL plasma. On the other hand, they also bring in the prospect of obtaining sub-picosecond EUV vortices with microjoule energy level (see [START_REF] Depresseux | Table-top femtosecond soft x-ray laser by collisional ionization gating[END_REF][START_REF] Kumar Pandey | Towards subpicosecond pulses from solid target plasma based seeded soft x-ray laser[END_REF]) through amplification of a complete beam : for instance, by refocusing the harmonic vortex beam using additional optics to match the size of the seed and the amplifying medium. 

Injection of high-topological charge (ℓ

Conclusions and Perspectives

Light beams structured in their phase (vortex beams), polarization (vector beams), and simultaneously in their phase and polarization (vector-vortex beams), have enabled numerous applications in the long-wavelength range. Over time, a wide variety of techniques have emerged to synthesize these structured beams at visible and longer wavelengths. However, in the short wavelength regime, their generation and characterization remain highly challenging. Consequently, the applications of structured light pulses have been largely limited to the visible and longer wavelengths. Obtaining these structured beams in the short-wavelength regime is instrumental to translate their applications to nanometric spatial resolutions. In the recent past, imprinting topological properties of light onto short-wavelength radiation via the highly nonlinear process of high-order harmonic generation (HHG) has emerged as a convenient way to synthesize coherent, ultrashort, extreme ultraviolet (EUV) beams with designer Spin and/or Orbital Angular Momentum (SAM and OAM, respectively).

The works reported in this thesis build further upon the recent developments of these advanced table-top light sources. Here, we focus on the frequency upconversion of near-Infrared (IR) structured beams to the EUV spectral regime via the highly-nonlinear interaction of an ultrashort IR pulse with a noble gas. Throughout this work, we equalized our efforts toward the generation and thorough characterization of EUV structured light. Furthermore, together with the characterization of upconverted EUV pulses, equal emphasis has been given to the characterization of IR beams driving these interactions. We rely on the wavefront sensing approach to assess and affirm the characteristics of the driving and the HHG beams. We exploit IR and EUV wavefront sensing and a widely used zonal wavefront reconstruction method to perform complete spatial characterization of the intensity and the wavefront of the IR and EUV beams carrying OAM. Though this approach had already been utilized for the characterization of low topological optical vortices [START_REF] Primo | Extremeultraviolet vortices from a free-electron laser[END_REF][START_REF] Gauthier | Tunable orbital angular momentum in high-harmonic generation[END_REF][START_REF] Sanson | Hartmann wavefront sensor characterization of a high charge vortex beam in the extreme ultraviolet spectral range[END_REF][START_REF] Sanson | Highly multimodal structure of high topological charge extreme ultraviolet vortex beams[END_REF], an interesting task performed during this thesis is the adaptation and optimization of this method for the characterization of helically phased beams exhibiting very high topological charge. We also note that the utilized approach neither requires a specifically designed sensor nor a specialized dedicated method of wavefront reconstruction as in other works (see [START_REF] Starikov | Wavefront reconstruction of an optical vortex by a hartmann-shack sensor[END_REF][START_REF] David | Adaptive optics wave function reconstruction and phase unwrapping when branch points are present[END_REF]), hence can be a convenient alternative for single-shot characterization of high topological charge IR and EUV optical vortices, which can be instrumental for their applications.

We employed spiral phase plates (SPPs) to impart helical wavefront into the fundamental Gaussian near-infrared (IR) beam. By concatenating multiple SPPs, we generate IR vortex beams of topological charge ℓ up to ±5. The measured wavefronts exhibit a helical structure that twists along the azimuth. The total wavefront variation is compatible with the ℓ induced by the SPPs. We further demonstrate the accuracy and reliability of the straightforward method : the output of the IR wavefront sensor is used to confirm the accuracy of the reconstructed optical complex field by comparing the numerically backpropagated and experimentally obtained intensity distribution at the waist. After affirming the merit of this simple yet reliable method, we decompose the reconstructed complex field into the Laguerre-Gauss (LG) basis, which allows us to gain an insight into the modal content of vortex beams generated using SPPs. The experimental results show the multi-modal nature of the IR vortex beams, which arises from the non-ideal behavior of SPPs. Besides, we employ another type of mode converter called S-waveplate [START_REF] Beresna | Polarization sensitive elements fabricated by femtosecond laser nanostructuring of glass[END_REF] to obtain IR vortex beams of unit topological charge. The IR vortex beams obtained using SPP and the S-waveplate both show a comparable OAM purity (over 90%). These results show that the limited conversion efficiency is not specific to the SPPs but also to the S-waveplate. In reality, most alternatives of imprinting the helical phase into the fundamental Gaussian beam are prone to non-ideal behavior. Conclusively, a complete characterization of intensity and wavefront is a prerequisite to quantifying the modal content of experimental OAM beams, which is of particular relevance for high-intensity light-matter interaction studies such as highly-nonlinear frequency upconversion through HHG [START_REF] Rego | Nonperturbative twist in the generation of extremeultraviolet vortex beams[END_REF].

After a thorough characterization of IR vortex beams, we switch our attention to their frequency upconversion to the EUV regime via HHG. With the objective to demonstrate the production of EUV light vortices with high photon flux, we resorted to a low-density macroscopic generation medium (15 mm long gas cell). Once again, instead of relying on indirect methods, we exploit EUV wavefront sensing to infer the characteristics of HHG vortex beams. Throughout this work, we concentrated on the characterization of the q = 25 th harmonic (centered at λ = 32.6 nm) of the IR driver. Nevertheless, the general conclusions can be applied to other harmonic orders as well. Owing to the long generation medium hence a higher emitting volume, for the IR driver of |ℓ 1 | = 1, the HHG-OAM signal level was sufficiently high to allow the characterization of intensity and wavefront in a single laser shot. Remarkably, the total wavefront twist of ∼ 25λ unambiguously affirms the upscaling of the driving beam topological charge with harmonic order even in such a long generation medium. On the other hand, these results open the prospect of using even longer generation mediums to obtain intense EUV vortex beams for practical applications using a table-top HHG setup.

Thanks to OAM conservation, IR vortex-driven HHG facilitates the generation of ultrafast harmonic beams exhibiting high topological charge from low charge drivers. Another intriguing conclusion that we can draw from these observations is that even in an extended generation medium, the upconverted harmonic vortex beam retains its twisted wavefront, which rules out any disruptive effects from propagation and phase matching. We further reinforce this concluding remark by demonstrating the generation and characterization of EUV vortex beams exhibiting topological charge as high as ℓ q = 100, which, to the best of our knowledge, represents the highest topological charge measured in the EUV regime. By driving HHG with vortex beams with topological charges up to ℓ 1 = 4, we show that the EUV vortex beams reach ℓ 25 = 100, comprising a rich OAM content influenced by the modal purity of the driving beams and the underlying nonperturbative nature of HHG. This observation is corroborated further through the outcomes of theoretical computation of HHG-OAM utilizing the experimental IR vortex beam as an input to the simulation. We also note that HHG-OAM beams from plasma surfaces [START_REF] Denoeud | Interaction of ultraintense laser vortices with plasma mirrors[END_REF] and semiconductors [START_REF] Gauthier | Orbital angular momentum from semiconductor high-order harmonics[END_REF] have been reported in the past. As the generation mechanism is known to be nonperturbative in these cases as well [START_REF] Denoeud | Interaction of ultraintense laser vortices with plasma mirrors[END_REF][START_REF] Ghimire | Observation of high-order harmonic generation in a bulk crystal[END_REF], the relevance of our results is further widened. Another aspect that we need to note from the fundamental point of view is that the topological charge carried by an ultrafast vortex beam is limited by its pulse duration [START_REF] Porras | Upper bound to the orbital angular momentum carried by an ultrashort pulse[END_REF]. However, such a limit for the highest topological charge in our work would correspond to ∼ 10 6 , which is far from our situation due to the relatively long pulse duration of our driving pulse (∼40 fs), and the high frequency of the harmonics. Nonetheless, if several high-order harmonics exhibiting the same high OAM charge were synthesized into a sub-femtosecond laser pulse, the limits established in Ref. [START_REF] Porras | Upper bound to the orbital angular momentum carried by an ultrashort pulse[END_REF] would be experimentally accessible. Thus, if combined with other techniques to generate high-order harmonics with the same OAM charge [START_REF] Dorney | Controlling the polarization and vortex charge of attosecond high-harmonic beams via simultaneous spin-orbit momentum conservation[END_REF], our work would provide a route to experimentally explore the limits of OAM in ultrafast science.

Interestingly, very high topological charge ultrafast EUV beams such as the one reported here (ℓ 25 = 100) may open the route to transfer OAM not only to macroscopic particles but also to clusters or even molecules, bringing in the scenario of light-matter OAM transfer [START_REF] Picón | Transferring orbital and spin angular momenta of light to atoms[END_REF], and providing a novel tool to test the correspondence principle between classical and quantum physics for large quantum numbers. In furtherance to above, tightly focused ultrafast EUV vortex beams carrying large OAM may enable photonic induction of skyrmionic defects in magnetic materials [START_REF] Fujita | Ultrafast generation of skyrmionic defects with vortex beams : Printing laser profiles on magnets[END_REF].

Concerning HHG-OAM beams, we observed dramatic variation in their intensity and wavefront profiles as a function of the position of the generation medium concerning the waist of the IR driver. Starting from an almost single-ringed profile, the intensity distribution of harmonic vortices evolves to manifest complex intertwined multi-ring features as the generation medium is displaced before the waist of the driving beam. We remark that recent theoretical works attribute such dramatic changes in the intensity and phase profiles when varying the position of the generation medium concerning the waist of the driver to the transversal phase matching and interferences between contributions from short and long electron quantum paths [START_REF] Hernández-García | Quantumpath signatures in attosecond helical beams driven by optical vortices[END_REF][START_REF] Cheng | Phase-matching analysis in high-order harmonic generation with nonzero orbital angular momentum laguerre-gaussian beams[END_REF]. Note also that these additional rings can be interpreted in terms of new radial modes that originate from the contribution of long electron quantum trajectories during high-order harmonic generation [START_REF] Géneaux | Ruchon : Radial index of laguerre-gaussian modes in high-order-harmonic generation[END_REF]. Here, we exploited EUV wavefront sensing followed by modal analysis to unveil the radial mode content of harmonic vortices. Interestingly, our experimental results quantitatively show that the OAM-driven HHG permits tuning the radial mode content of the harmonic vortex by varying the experimental conditions.

In addition to the possibility of mapping the twisted wavefront of the IR vortex onto the high-frequency harmonic radiation, the uniqueness of the HHG process also permits generating EUV vector beams exhibiting spatially tailored polarization that is encoded in their SAM [START_REF] Hernández-García | Extreme ultraviolet vector beams driven by infrared lasers[END_REF]. Starting with the upconversion of IR vector beams in an extended generation medium, we demonstrate a novel structured harmonic beam -a vector-vortex beam (VVB) that combines the polarization and phase singularity of vector and vortex beams. We experimentally demonstrate that the HHG process allows the production of EUV VVB exhibiting radial, azimuthal, or intermediate polarization states, and high OAM. Furthermore, we demonstrate that the selection rule for EUV vectorial-vortices obtained through HHG is governed by the upscaling of topological Pancharatnam charge that accounts both for the SAM and OAM of the driving beam [START_REF] Niv | Manipulation of the pancharatnam phase in vectorial vortices[END_REF], and not the OAM of the constituent right circular (RCP) and left circular (LCP) modes. Furthermore, we identify an additional polarization tilt in the harmonic VVB as a signature of the non-perturbative phase of HHG, revealing an indirect method to experimentally retrieve the intrinsic dipole phase accumulated along the electron quantum paths. Besides, most fascinatingly, numerical results reveal the possibility of synthesizing attosecond light springs with spatially varying polarization, thus providing a new degree of freedom in attosecond beams.

The demonstration of EUV VVB opens new perspectives with the translation of the applications of conventional VVB beams to the short wavelength regime. In particular, the possibility of synthesizing EUV attosecond helical structures with spatially varying polarization constitutes a unique spatiotemporal feature that can be instrumental to probe spatiotemporal dynamics in inhomogeneous media or polarization-dependent systems, like anisotropic or chiral configurations.

In the final part of the thesis, we investigated the amplification of EUV OAM beams in a population inverted plasma. In the recent past, Depresseux et al. demonstrated amplification of circularly polarized harmonic, thus conservation of SAM during amplification in high-density Kr 8+ plasma amplifier [START_REF] Depresseux | Demonstration of a circularly polarized plasma-based soft-x-ray laser[END_REF]. However, to the best of our knowledge, there had been no attempt towards amplifying EUV vortex beams in X-ray laser (XRL) plasma. Therefore, investigating the transfer of OAM of the harmonic seeding pulse to the amplified beam in a high-density plasma-based XRL was the main motivating factor Conclusions and Perspectives behind this study.

The amplification of EUV vortex beams in XRL plasma requires the know-how of the generation and characterization of EUV structured beams and the knowledge of XRL amplifier behavior. Consequently, to start with, we dedicated our efforts to the amplification of Gaussian high-order harmonic in an XRL amplifier similar to the one foreseen for EUV vortex amplification. Here, the Ne-like Ti solid-target plasma amplifier is operated either in amplified spontaneous emission (ASE) mode or injected with a Gaussian HHG seeding beam. Through linear autocorrelation measurement, we investigate the effect of increasing electron density in the gain region of XRL simultaneously on the gain bandwidth and output pulse duration. Furthermore, through off-axis injection of the Gaussian seed in XRL plasma, we demonstrate efficient amplification at an electron density (N p ) twice higher (N p = 4 × 10 20 cm -3 ) than the routine condition (N p = 2 × 10 20 cm -3 ). Concerning metal-target XRL amplifiers, to the best of our knowledge, this is the first work demonstrating a reduction of amplification duration resulting from collisional ionization gating through a controlled increase of the electron density in the gain region. Utilizing Bloch Maxwell modeling, we infer the pulse duration of the amplified Gaussian harmonic beam to be ∼ 500 fs in the higher electron density regime. Our work demonstrates that a coherently-seeded high electron density solid-target plasma-based XRL amplifier can deliver coherent and energetic short-wavelength radiation with few hundreds of femtosecond pulse duration, thus, further widening the prospects of these table-top light sources for numerous applications.

With the know-how of the generation and characterization of HHG beams carrying OAM and seeded operation of Ne-like Ti plasma-based XRL with a conventional Gaussian harmonic, we finally proceed to the amplification of HHG-OAM beams in the plasma amplifier. The larger divergence of high topological charge (ℓ q = ±25 and ℓ q = ±50) EUV vortex beams allowed coupling and amplification of a small part of the HHG vortex in the Ne-like Ti plasma amplifier. Despite this limitation, we show that the signatures of OAM conservation during amplification can be deduced from the farfield pointing behavior of the amplified part of the beam. Interestingly, the experimental results reveal that the farfield pointing behavior of the amplified portion is governed by : (i) the sign of the topological charge, i.e., the OAM helicity of the HHG vortex seeding beam ; and (ii) the specific parts of the HHG-OAM beam injected into the XRL amplifier. The experimental results supported by simulations indicate that the OAM of the harmonic seeding pulse is retained during amplification in plasma-based XRL. Furthermore, the detailed 3D Bloch Maxwell simulations reveal that despite the non-adiabatic response of the amplifying medium leading to complex temporal behavior, the vortex structure is preserved all along the amplified pulse. The spatiotemporal Bloch Maxwell simulation shows that the harmonic vortex beam triggers a long coherent pulse in the amplifier, as for a conventional Gaussian seed [START_REF] Chul | Janulewicz : Coherent amplification of an ultrashort pulse in a high-and swept-gain medium with level degeneracy[END_REF][START_REF] Al'miev | Dynamical description of transient x-ray lasers seeded with high-order harmonic radiation through maxwell-bloch numerical simulations[END_REF]. However, the preservation of the vortex characteristics of harmonic seed throughout the amplified pulse is particularly intriguing. On the one hand, these results present a deeper insight into the amplification of OAM beams in the XRL plasma. On the other hand, and in addition to the above, our work opens the prospect of amplifying EUV vector-vortex beams that are simultaneously tailored in their SAM and OAM in a plasma-based lasing medium.

In high-density Kr 8+ plasma amplifier, an amplification factor higher than 1000 (∼ 1200) and amplified pulse duration of ∼ 450 f s has been observed for Gaussian harmonic seeding beam [START_REF] Depresseux | Table-top femtosecond soft x-ray laser by collisional ionization gating[END_REF]. Consequently, in a perfect spatial coupling situation, for instance, by refocusing the harmonic beam using additional optics to match the size of the seed and the amplifying medium, HHG-vortex and HHG-vector-vortex seeded XRL may open the possibility of obtaining ultrafast structured EUV light pulses with microjoule level energy. -Concerning HHG-OAM beams, the number of iterations needed turns out to be much higher than for the IR vortex driver. ). However, the number of iterations before PtV wavefront value converges to a stable value is significantly higher : ∼ 2500 for EUV as compared to IR vortex beams which required only 120 iterations. This behavior might arise from the fact that the slopes are smaller for EUV as compared to IR vortex beams.

For both configurations, with a sufficient number of iterations, the PtV wavefront value indicating the topological charge converges to a value that falls within 2% of the theoretical expectation : (c) ∼ 24.72λ for ℓ 1 = -1, and (f) ∼ 24.53λ for ℓ 1 = +1. Note that a higher number of iterations here might come from (i) higher number sampling points, (ii) a higher topological charge, or (iii) the size of the central obscuration (central dark hole considering annular intensity profile of vortex beams). We focus on each of these aspects in the upcoming parts. -Slope signal integration using the SOR approach requires selecting the first calculated subpupil that is user-defined. For harmonic vortex beam of ℓ 1 = -1; ℓ q=25 , we depict the map of calculable subpupils in 

A.2 Chapter conclusions and perspectives

In conclusion, our studies performed on the experimental and theoretical wavefronts indicate that by using appropriate reconstruction parameters, Southwell's Successive over-relaxation method [START_REF] Southwell | Wave-front estimation from wave-front slope measurements[END_REF] permits reliable reconstruction of the helical wavefront of vortex beams. The results presented here also reveal the factors that may mandate a higher number of iterations for wavefront reconstruction. To summarize, this investigation allowed us to optimize the parameters for a reliable reconstruction of the twisted wavefront of IR and EUV vortices, followed by retrieval of their OAM and radial modal content.

On the same note, we remark that optimization of the wavefront reconstruction parameters in terms of the number of needed iterations, hence the time required for slope signal integration, allowed us to perform real-time determination of the topological charge of IR vortex drivers at 10 Hz repetition rate. Consequently, an extension of our work can be shot-to-shot real-time retrieval of the OAM content via azimuthal Fourier Transform of the reconstructed field. 

B.1. Effect of gas cell displacement on HHG-OAM beams

Chapter Overview

In Chapter 2, we briefly discussed the effect of gas cell displacement concerning the waist of the IR driver (ℓ 1 = -1) on the intensity and wavefront profiles of the HHG-OAM beam. We noted a dramatic variation in the intensity and wavefront profiles of the harmonic vortex : evolution from a single-ringed profile when the generation medium is at the waist of the driver (see Fig. 3.11) to a multi-ring distribution when the gas cell is located before the driving beam waist (see Fig. 3.12). Though we concentrated on describing this effect on the harmonic (25 th ) vortex for the driving beam of ℓ 1 = -1, similar behavior is observed for HHG-OAM beams of higher topological charges as well. Here, we detail the effect of gas cell displacement on the intensity and wavefront profiles, and radial mode content of HHG vortex beams for ℓ 1 = ±2, ℓ 1 = ±3.

B.1 Effect of gas cell displacement on HHG-OAM beams

For the driver of ℓ 1 = +2, Figure B.1 shows the intensity and wavefront profiles of the HHG-OAM beam for various gas cell displacements ; the amount of displacement is indicated in the intensity plot for the respective cases. Note that a negative (positive) displacement corresponds to gas-cell being before (after) the waist of the driving beam. The wavefront is expressed in the unit of the central wavelength of 25 th harmonic (λ = 32.6 nm), and the total peak-to-valley (PtV) wavefront variation that symbolizes the topological charge is indicated alongside the colorbar of the wavefront plots. When the generation medium is at or after the driver's waist ( 2), the wavefront exhibits a smooth and continuous twist along the azimuth with total variation falling within 2% of the theoretical expectation. Note that the recent theoretical works attribute transversal phase matching and interferences between contributions from short and long electron quantum paths as the cause for such variation in the intensity and wavefront profiles of the harmonic vortex as a function of generation medium position concerning the waist of the driver [START_REF] Hernández-García | Quantumpath signatures in attosecond helical beams driven by optical vortices[END_REF][START_REF] Cheng | Phase-matching analysis in high-order harmonic generation with nonzero orbital angular momentum laguerre-gaussian beams[END_REF]. We also remark that such behavior concerning the intensity profile of HHG-OAM beams has also been experimentally observed [START_REF] Géneaux | Ruchon : Radial index of laguerre-gaussian modes in high-order-harmonic generation[END_REF]. Nonetheless, here, thanks to EUV wavefront sensing, we can retrieve the modal content utilizing experimentally characterized intensity and wavefront of HHG vortex beams. As we will show B.1.1. Effect of gas cell displacement : intensity distribution at the HHG source later (Section B.1.2), it will allow us to quantify the radial mode content under these conditions.

Before discussing these observations, let us see the consequence of gas cell displacement on the intensity distribution at the exit of the generation medium.

B.1.1 Effect of gas cell displacement : intensity distribution at the HHG source

The complete characterization of the complex field of the HHG vortex beams allows us to obtain the intensity and wavefront at any propagation distance ; see Chapter 2, Section 3.2 for further details on the used method. For a few selected cases, we depict the numerically backpropagated intensity distribution of the EUV vortex beam at the HHG source utilizing experimental intensity and wavefront ( and(c, d) ℓ 1 = +2. Similar to what we have seen before (Chapter 3, Fig. 3.13), the intensity distributions at the gas cell exit plane manifest complex features that are more pronounced when the generation medium is placed much before the waist of the driver. Besides, though the multiple rings are not distinguishable at the HHG source, they indeed are distinguishable in the intensity maps acquired farther from the source (Figs. B.1 and B.1 ; ∼ 1.98 m after the source) ; also observed in recent theoretical work [START_REF] Cheng | Phase-matching analysis in high-order harmonic generation with nonzero orbital angular momentum laguerre-gaussian beams[END_REF].

B.1.2 Effect of gas cell displacement : radial mode content

As noted before, these additional rings can be interpreted in terms of new radial modes originating from the highly nonlinear and nonperturbative nature of the HHG process [START_REF] Géneaux | Ruchon : Radial index of laguerre-gaussian modes in high-order-harmonic generation[END_REF]. Here, thanks to the intensity and wavefront characterization, we can analyze the consequence of gas cell displacement on the modal content of HHG vortex beams. Note that we have detailed the methodology for modal analysis in Chapter 2. Besides, we have also previously presented the azimuthal and radial mode spectra for the HHG-OAM beam for ℓ 1 = -3 (Chapter 4, Fig. 4.9). To recall, in addition to the rich OAM content, we also observed numerous radial (p) modes (Chapter 4, Fig. 4.9). Here, we will focus only on the radial mode content of HHG vortex beams.

We decompose the complex field of HHG vortex beams into Laguerre-Gauss (LG) basis (see Chapter 2 for details on method). Note that we vary the position of the generation medium concerning the waist of the driving beam by translating the focusing lens, which leaves the distance between the gas cell and the EUV wavefront sensor unchanged. On the other hand, the waist size is estimated using [START_REF] Padgett | The poynting vector in laguerre-gaussian laser modes[END_REF] : w o, ℓq = 2 |ℓq| R max , where R max is the radius of the maximum intensity associated with the vortex beam of topological charge ℓ q . As the radius of maximum intensity of the HHG vortex beam coincides with that of the IR driver, we utilize the R max value of the IR beam for modal decomposition. We remark that the R max is estimated from the experimental intensity We show the intensity and the wavefront of the HHG vortex beam for various gas-cell displacements concerning the ℓ 1 = +2 driver beam waist. For each condition, the gas-cell distance from the waist is included in the intensity plot, whereas the total wavefront variation is indicated alongside the colorbar of the wavefront. A negative (positive) displacement corresponds to gas cell being before (after) the beam waist. Argon gas pressure : 10 mbar ; iris diameter 18 mm ; driving beam energy after iris : ∼ 11.7 mJ ; number of laser-shots : 5. Right panel : harmonic vortex intensity maps at source for ℓ 1 = -2 when the gas cell is placed (c) ∼ 12 mm after and (d) ∼ 45 mm before the waist of IR driving beam. For both cases, the intensity distribution manifests complex features when the generation medium is present much before the waist of the driving beam.

profiles of the driving beam (see Chapter 2 and Chapter 4). Besides, as the driving beams present a slightly asymmetric intensity distribution, the used R max values are an average of horizontal and vertical line-intensity profiles. Moreover, for each position of the generation medium, the R max has been experimentally determined by imaging different planes of the driving beam. Finally, the used ℓ q value is the average of the HHG-OAM spectra retrieved via azimuthal Fourier Transform. We remark that this methodology has also been used in our recent work [START_REF] Sanson | Highly multimodal structure of high topological charge extreme ultraviolet vortex beams[END_REF]. Note that LG analysis requires choosing a range of radial and azimuthal modes that is sufficient to accommodate all the modes present in the beam. For LG decomposition of HHG beams driven by ℓ 1 = ±2, we consider 61 azimuthal modes around the average ℓ q value retrieved via azimuthal Fourier Transform, and first 31 radial modes. Indeed, in all cases, the HHG beam comprises a large number of p-modes. These spectra also show the variation in p-content of the HHG-OAM beam with gas cell displacement. Interestingly, the number of radial modes increases as the generation medium is shifted farther before the waist of the IR driver ; comparing (b and d). Similar behavior is observed for the HHG vortex driven by ℓ 1 = -2(e, f). For ℓ 1 = ±2, Figure B.5 depicts the variation of p-spectra standard deviation (∆p) of HHG vortex with the displacement of generation medium around the waist of the IR driver. Both for ℓ 1 = +2 and -2, ∆p show similar evolution : an increasing trend when the gas cell is placed before the waist of the IR driver. 

B.2 Supporting information : effect of gas cell displacement on HHG vortex beamℓ 1 = ±3

In the main part of this Chapter, we focused on the effect of gas cell displacements concerning the waist of ℓ 1 = ±2 IR driver on the intensity, wavefront profiles, and the radial mode content of harmonic vortex beams. In addition to the dramatic evolution of the intensity and wavefront maps as a function of gas cell displacement ( For each case, we mark the position of the gas cell concerning the waist of the driving beam in the inset of intensity plots. Note that the positive (negative) displacements correspond to the gas cell being after (before) the waist of the driving beam. Similar to our previous observation (Figs. B.1, B.2), the intensity profile of the harmonic beam evolves to exhibit more complex features with the displacement of the gas cell before the waist of the IR vortex driver. Furthermore, for all the conditions represented in Figs. B.6 and B.7, the PtV wavefront value that indicates the topological charge falls within 2% of the theoretical expectation. These results show that the topological charge of the HHG vortex beam is not affected by the displacement of the gas cell. On the other hand, the variations in the intensity and wavefront profiles indicate changes in the modal content of the HHG vortex beams.

For the conditions represented in Figs. B.6 and B.7, we utilize LG decomposition of the reconstructed field to obtain the modal content of the EUV vortex beams following the methodology described in Section B.1.2. As stated before, our main objective here is to analyze the consequence of gas cell displacements regarding the waist of the IR driver on the radial mode content of HHG vortex beams. In Figure B.8, we present the evolution of the p-spectra standard deviation (∆p) of harmonic beam for various positions of the gas cell regarding the waist of the IR driver. Both for ℓ 1 = +3 and -3, ∆p shows an increasing trend when the gas cell is displaced further before the waist of the driving beam ; the dashed line in ). These results indicate that the OAM-driven HHG permits tuning the radial mode content of the harmonic vortex by varying the experimental conditions. Here, even though we have focused on the effects of gas cell position concerning the waist of the driving beam, we remark that we have observed drastic variations in the p-mode content of HHG vortex beams on other experimental parameters as well (not shown here) : for instance, a broader radial mode spectra for the IR driving beam with relatively higher peak intensity. We intend to report these results after further analysis in a forthcoming article. 

B.3 Chapter conclusions and perspectives

In summary, we observed dramatic variation in the intensity profile of HHG-OAM beams as a function of the position of the generation medium concerning the waist of the IR driver. Starting from an almost single-ringed profile, the intensity distribution of harmonic vortices evolves to manifest complex multi-ring features as the generation medium is displaced before the waist of the driving beam. Though such drastic changes in the intensity pattern have been observed in recent theoretical [START_REF] Hernández-García | Quantumpath signatures in attosecond helical beams driven by optical vortices[END_REF][START_REF] Cheng | Phase-matching analysis in high-order harmonic generation with nonzero orbital angular momentum laguerre-gaussian beams[END_REF] and experimental [START_REF] Géneaux | Ruchon : Radial index of laguerre-gaussian modes in high-order-harmonic generation[END_REF] works, here, we exploited EUV wavefront sensing followed by modal analysis, to unveil the radial mode content of harmonic vortices. Contributions from a large number of radial modes were observed for all the configurations. Interestingly, the modal analysis of the experimental data shows (quantitatively) the sensitivity of p-mode content of the HHG-OAM beams on the position of the generation medium. This work can further be extended to study the effect of other parameters (such as driver intensity, gas pressure, iris diameter) on the radial mode content of harmonic vortices.

Résumé détaillé en français

Les faisceaux lumineux structurés en phase (faisceaux vortex), en polarisation (faisceaux vecteurs), et simultanément en phase et polarisation (faisceaux vecteur-vortex), ont permis de nombreuses applications dans le domaine des grandes longueurs d'onde. Au fil du temps, une grande variété de techniques ont émergé pour synthétiser ces faisceaux structurés à des longueurs d'onde visibles et plus longues. Cependant, dans le régime des courtes longueurs d'onde, leur génération et leur caractérisation restent très difficiles. Par conséquent, les applications des impulsions lumineuses structurées ont été largement limitées au visible. L'obtention de ces faisceaux structurés dans le domaine l'extrême ultraviolet (XUV) voire X permettrait de transposer leurs applications à des résolutions spatiales nanométriques. Le transfert des propriétés topologiques d'un faisceau lumineux à un rayonnement de courte longueur d'onde via le processus de génération d'harmoniques d'ordre élevé (high-order harmonic generation [START_REF] Ferray | Multiple-harmonic conversion of 1064 nm radiation in rare gases[END_REF][START_REF] Schafer | Above threshold ionization beyond the high harmonic cutoff[END_REF][START_REF] Corkum | Plasma perspective on strong field multiphoton ionization[END_REF], HHG) est apparu comme un moyen pratique de synthétiser des faisceaux cohérents, ultracourts et XUV porteurs de moment angulaire de spin et orbital (SAM et OAM, respectivement).

Les travaux présentés dans cette thèse s'appuient sur les développements récents de ces sources XUV cohérentes compactes. Tout au long de ce travail, nous avons concentré nos efforts sur la génération et la caractérisation approfondie de ces faisceaux XUV structurés. Une importance égale a été accordée à la caractérisation des faisceaux IR générateurs. Dans les deux cas, nous nous avons utilisé des senseurs de front d'onde et des méthodes de reconstruction zonale du front d'onde, techniques largement utilisées pour effectuer une caractérisation spatiale complète de l'intensité et du front d'onde d'un faisceau. Bien que cette approche ait déjà été mise en oeuvre pour la caractérisation de vortex optiques à faible charge topologique [START_REF] Primo | Extremeultraviolet vortices from a free-electron laser[END_REF][START_REF] Gauthier | Tunable orbital angular momentum in high-harmonic generation[END_REF][START_REF] Sanson | Hartmann wavefront sensor characterization of a high charge vortex beam in the extreme ultraviolet spectral range[END_REF][START_REF] Sanson | Highly multimodal structure of high topological charge extreme ultraviolet vortex beams[END_REF], nous l'avons adaptée et optimisée pour la caractérisation de faisceaux vortex présentant des charges topologiques très élevées. De plus, cette technique ne nécessite pas de capteur spécifiquement conçu, ni de méthode de reconstruction dédiées comme dans d'autres travaux (voir [START_REF] Starikov | Wavefront reconstruction of an optical vortex by a hartmann-shack sensor[END_REF][START_REF] David | Adaptive optics wave function reconstruction and phase unwrapping when branch points are present[END_REF]). Elle peut donc constituer une alternative pratique pour la caractérisation monocoup de vortex optiques IR et XUV à haute charge topologique.

Nous avons utilisé des lames de phase en spirale [START_REF] Beijersbergen | Helical-wavefront laser beams produced with a spiral phaseplate[END_REF] (SPP) pour conférer un front d'onde hélicoïdal au faisceau générateur IR. En concaténant plusieurs SPP, nous avons réussi à générer des faisceaux vortex IR de charge topologique ℓ jusqu'à ±5. Les fronts d'onde mesurés présentent une structure hélicoïdale dont la variation totale de phase est compatible avec la charge induite par les SPP. Nous démontrons en outre l'exactitude et la fiabilité de la méthode de reconstruction du champ en comparant la distribution d'intensité rétropropagée numériquement et celle obtenue expérimentalement en imageant le foyer. Après avoir démontré le mérite de cette méthode, nous avons procédé à la décomposition du champ complexe reconstruit sur la base de Laguerre-Gauss (LG). Ceci nous permet d'avoir un aperçu du contenu modal des faisceaux vortex générés à l'aide de SPP. Les résultats expérimentaux montrent la nature multimodale des faisceaux vortex IR, qui découle du comportement non idéal des SPP. Ces résultats ont été comparé à ceux obtenus avec un autre type de convertisseur de mode appelé lame S [START_REF] Beresna | Polarization sensitive elements fabricated by femtosecond laser nanostructuring of glass[END_REF]. Les faisceaux vortex IR obtenus à l'aide de la SPP et de la lame S présentent tous les deux des puretés en OAM comparables (plus de 90%). Ces résultats montrent que l'efficacité de conversion limitée n'est pas spécifique aux SPP mais concerne également d'autres techniques. La plupart des alternatives consistant à imprimer la phase hélicoïdale dans le faisceau gaussien fondamental sont sujettes à un comportement non idéal. En conclusion, une caractérisation complète de l'intensité et du front d'onde est une condition préalable à la quantification du contenu modal des faisceaux XUV OAM expérimentaux, ce qui est particulièrement pertinent pour les études d'interaction lumière-matière à haute intensité telles que la conversion de fréquence par génération d'harmoniques d'ordre élevé [START_REF] Rego | Nonperturbative twist in the generation of extremeultraviolet vortex beams[END_REF].

Après une caractérisation approfondie des faisceaux de vortex IR, nous avons porté notre attention sur leur conversion en faisceaux XUV via le processus de génération d'harmoniques. Dans le but de démontrer la production de vortex optiques XUV à haut flux de photons, nous avons eu recours à un milieu de génération long et de faible densité (cellule de gaz de 15 mm de long). Encore une fois, au lieu de nous appuyer sur des méthodes indirectes, nous avons exploité la mesure du front d'onde XUV pour déduire les caractéristiques des faisceaux vortex EUV obtenus. Tout au long de ce travail, nous nous sommes concentrés sur la caractérisation de l'harmonique q = 25 (centrée en λ = 32, 6 nm) du champ infrarouge générateur. Pour un faisceau générateur de charge |ℓ 1 | = 1, le niveau du signal du vortex XUV était suffisamment élevé pour permettre la caractérisation de l'intensité et du front d'onde en un seul tir laser. La variation azimutale totale du front d'onde était de ∼ 25λ confirmant ainsi que la loi de conversion de la charge topologique ℓ q = qℓ 1 reste valable, même dans un milieu de génération aussi long. Ces résultats ouvrent la perspective d'utiliser des milieux de génération encore plus longs afin d'obtenir des faisceaux de vortex EUV intenses pour des applications expérimentales.

Cette loi de conversion, qui reflète la conservation du moment orbital, a été mise à profit pour générer des faisceaux harmoniques présentant une charge topologique élevée à partir d'un faisceau infraouge générateur à faible charge, et ce, toujours dans un milieu long. Nous avons ainsi démontré la génération et la caractérisation de faisceaux vortex EUV présentant une charge topologique aussi élevée que ℓ q = 100, ce qui, à notre connaissance, représente la charge topologique la plus élevée mesurée dans le domaine EUV. Ces faisceaux vortex de charge élevée, ont cependant un large spectre OAM dont nous avons pu montré qu'il était influencé par la pureté modale des faisceaux générateur. En effet, le caractère non perturbatif sous-jacent à la génération d'harmoniques tend à amplifier de faibles impuretés présentes dans le faisceau infrarouge. Cette affirmation est corroborée par les résultats du calculs théoriques prédisant la structure du faisceau XUV à partir du champ expérimental du faisceau vortex générateur expérimental. Nous pensons que ce phénomène se retrouvera dans d'autres situations comme la génération de faisceaux XUV OAM provenant d'harmoniques produites sur cible solide [START_REF] Denoeud | Interaction of ultraintense laser vortices with plasma mirrors[END_REF] ou générées dans des semi-conducteurs [START_REF] Gauthier | Orbital angular momentum from semiconductor high-order harmonics[END_REF]. Les mécanismes de génération en jeu sont en effet non perturbatifs [START_REF] Denoeud | Interaction of ultraintense laser vortices with plasma mirrors[END_REF][START_REF] Ghimire | Observation of high-order harmonic generation in a bulk crystal[END_REF]. Des faisceaux XUV ultrarapides à très haute charge topologique tels que celui présenté ici (ℓ 25 = 100) peuvent ouvrir la voie au transfert d'OAM non seulement aux particules macroscopiques mais aussi aux agrégats ou même aux molécules [START_REF] Picón | Transferring orbital and spin angular momenta of light to atoms[END_REF].

Le processus de génération d'harmoniques permet non seulement de transposer une structure de phase de type vortex de l'infrarouge à l'XUV, il permet également un tranfert d'une structuration spatiale de la polarisation [START_REF] Hernández-García | Extreme ultraviolet vector beams driven by infrared lasers[END_REF]. Nous avons montré que la génération d'harmonique dans un milieu long permettait de convertir un faisceaux vecteur IR en un faisceau vecteur XUV. De plus, nous avons étendu cette démonstration à des faisceaux vecteurs-vortex (VVB) qui combinent les propriétés de polarisation et de phase des faisceaux vecteurs et vortex. Nous démontrons expérimentalement que le processus HHG permet la production de VVB présentant des états de polarisation radiale, azimutale ou intermédiaire et une OAM élevé. De plus, nous démontrons que la loi de conversion, établie précédemmment pour les vortex, se généralise mais doit être appliquée à la charge topologique de Pancharatnam. Cette dernière tient compte à la fois du moment angulaire de spin et orbital du faisceau [START_REF] Niv | Manipulation of the pancharatnam phase in vectorial vortices[END_REF], et non du moment orbital des composantes circulaires droites (RCP) et circulaires gauches (LCP) du faisceau incident. Par ailleurs, les résultats numériques révèlent la possibilité de synthétiser des sources lumineuses attosecondes avec une polarisation spatialement variable. La génération de faisceaux VVB dans l'XUV, et plus encore, la possibilité de synthétiser des structures hélicoïdales attosecondes XUV avec une polarisation variable dans l'espace constitue une caractéristique spatio-temporelle unique qui peut être déterminante pour sonder la dynamique spatio-temporelle de milieux anisotropes ou chiraux.

Dans la dernière partie de cette thèse, nous avons étudié l'amplification des faisceaux vortex XUV dans un plasma utilisé comme milieu laser XUV . Récemment, Depresseux et al. ont démontré l'amplification dans un tel milieu d' harmoniques polarisées circulairement, et la conservation du moment de spin. Le milieu amplificateur était un plasma de haute densité riche en ions Kr 8+ [START_REF] Depresseux | Demonstration of a circularly polarized plasma-based soft-x-ray laser[END_REF]. Cependant, à notre connaissance, il n'y avait encore eu aucune tentative d'amplification des faisceaux vortex XUV dans un tel laser XUV à plasma. Par conséquent, l'étude de la conservation de l'OAM lors de l'amplification d'une harmonique dans un plasma de haute densité a été le principal facteur de motivation derrière cette étude. Toutefois, la grande divergence des faisceaux vortex XUV à charge topologique élevée (ℓ q = ±25 et ℓ q = ±50) n'a permis le couplage et l'amplification que d'une petite partie du vortex XUV. Malgré cette limitation, nous avons montré que des signatures de conservation de l'OAM peuvent être déduites du comportement de la direction de propagation du faisceau amplifié. En particulier, des effets spectaculaires sont obtenus en changeant le signe de la charge topologique du faisceau incident ou encore la portion du vortex amplifiée. Les résultats expérimentaux, étayés par des simulations Bloch-Maxwell 3D, indiquent que l'OAM de l'impulsion harmonique incidente sera conservée lors de l'amplification dans un laser XUV à plasma. Ces simulations révèlent par ailleurs que, malgré la réponse non adiabatique du milieu amplificateur, et malgré le comportement temporel complexe qu'elle induit, la structure vortex est conservée tout au long de l'impulsion amplifiée. Plus généralement, la conservation simultanée du moment orbital et de spin suggère que l'amplification de faisceaux vecteur-vortex EUV dans un laser XUV à plasma sera possible. L'amplification de faisceaux vortex ou vecteur-vortex XUV nécessitera une optique de focalisation adequat
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 2 Figure 2 -Polarization-structured ultrashort IR vector beams. Experimental intensity distribution of horizontal (top row) and vertical (middle row) polarization components of a near-IR (central λ = 815 nm) ultrashort (∼ 40 fs) vector beam exhibiting radial (left column), azimuthal (rightmost column), and intermediate polarization states (second and third columns). We depict the composite intensity maps for the respective cases in the bottom row. The annular intensity profiles arise from spatially varying linear polarization.
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 3 Figure 3 -Ultrashort vector-vortex beam of topological Pancharatnam charge ℓ p = 3. The left panel shows the experimental intensity distribution of a vector-vortex beam of Pancharatnam charge ℓ p = 3. The constituting RCP and LCP components of distinct topological charges are experimentally separated and presented respectively in (b, c) : ℓ RCP = ℓ p + 1 and ℓ LCP = ℓ p -1.
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 11 Figure 1.1 -Schematic representation of three-step picture of HHG. Under the influence of a high-intensity laser field, an electron escapes the Coulomb potential through tunnel ionization. The liberated electron is then accelerated in the laser field and recombines with the parent ion when the polarity of the field reverses. The excess kinetic energy acquired by the electron during the whole process is emitted in form of a high-energy photon (Figure source : Wikimedia).
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 12 Figure 1.2 -Effect of the length of generation medium on HHG yield. . HHG photon flux dependence on the lengths of the generation medium for various values of coherence lengths. The yield in the absence of absorption is denoted by the dotted curve (adapted from [169], Copyright ©1999 American Physical Society).
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 1213 Figure 1.3 -Simplified level schemes of collisional pumping. (a) Neon-like, and (b) Nickel-like ions.
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 2515 Figure 1.5 -Bloch-Maxwell simulation of the seeded-XRL for different plasma lengths.We depict the simulated temporal intensity profile of high-order harmonic seeded Ne-like Ti XRL for various lengths of the amplifying medium. The HHG seed is followed by a long-lasting wake ; visible in the curve for L = 2 mm. Based on the values from literature[START_REF] Wang | Demonstration of high-repetition-rate tabletop soft-x-ray lasers with saturated output at wavelengths down to 13.9 nm and gain down to 10.9 nm[END_REF][START_REF] Kim | Demonstration of a saturated ni-like ag x-ray laser pumped by a single profiled laser pulse from a 10-hz ti :sapphire laser system[END_REF], the small-signal gain g 0 = 80 cm -1 , leading to saturation within 3 mm amplification length (red curve). For plasma length of 4 mm (black curve), rapid modulations due to Rabi oscillations appear in the wake. Simulation parameters : T 1 = 2 ps, T 2 = 0.5 ps[START_REF] Wang | Gain dynamics in a soft-x-ray laser amplifier perturbed by a strong injected x-ray field[END_REF], harmonic seed pulse duration 20 f s, and seed intensity 0.01 I sat .
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 16 Figure 1.6 -Refraction by the XRL plasma density gradient. (a) Refraction in the XRL plasma originating from the gain region extremity. (b) Propagation of a grazing incident driving beam in the plasma density gradient.
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 21 Figure 2.1 -Vortex beam wavefront characterization setup. (a) Experimental setup for characterization of IR vortex beams. A low-energy (∼0.1 nJ) IR beam is passed through a spiral phase plate (SPP) to generate a vortex beam. The resulting beam is loosely focused by a 2 m focal length lens and directed towards a Shack-Hartmann wavefront sensor (HASO) located ∼300 mm after the focal plane. To generate a higher topological charge vortex, multiple SPPs of ℓ = 1 are inserted in the beam. In the insets (b, c), we show the working principle of the Shack-Hartmann wavefront sensor. The incoming beam is sampled by the microlens array of the sensor. Depending on the local wavevector direction, the sampled beamlets are displaced concerning the reference spots of the calibrated wavefront sensor, as shown in (c). The sampled spot distribution is acquired on a CCD camera located at a given distance (L) from the microlens array. An example raw Hartmanngram is presented in (d) for a vortex beam of ℓ = 4. The annular intensity profile of the vortex beam is evident from the central dark sub-pupils. From the raw Hartmanngram, the local slope, and ultimately the wavefront can be retrieved. In (e) and (f), map of the measured slope for ℓ = +4 and ℓ = -4 are shown. The slopes maps show a spiraling behavior around the center, whose direction of rotation changes from clockwise (e) to counterclockwise (f) with a change in sign of ℓ. Reprinted with permission from Ref.[START_REF] Kumar Pandey | Shack-hartmann wavefront sensing of ultrashort optical vortices[END_REF]. Copyright ©2021 by the authors of Ref.[START_REF] Kumar Pandey | Shack-hartmann wavefront sensing of ultrashort optical vortices[END_REF].
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 22 Figure 2.2 -Characterization of low topological charge vortex beam. Reconstructed intensity (left) and wavefront (right) from single-shot raw Hartmanngram for beam of ℓ = +1 (top) and ℓ = -1 (bottom). The intensity distribution exhibits a dark central spot in both cases. The vertical axis in (b, d) represents the wavefront in the unit of wavelength λ. The wavefronts manifest a helical structure with an overall peakto-valley (PtV) value of ∼1λ, designating the unit topological charge. The handedness of wavefront rotation changes from clockwise (b) to counterclockwise (d) when the sign of topological charge changes from positive to negative. Reprinted with permission fromRef.[START_REF] Kumar Pandey | Shack-hartmann wavefront sensing of ultrashort optical vortices[END_REF]. Copyright ©2021 by the authors of Ref.[START_REF] Kumar Pandey | Shack-hartmann wavefront sensing of ultrashort optical vortices[END_REF].
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 23 Figure 2.3 -Characterization of vortex beams of higher topological charge. Intensity (top) and wavefront (bottom) for ℓ = 2 (left), 3 (center), and 4 (right). In all the cases, the intensity distribution presents an annular profile, whereas the wavefronts show a helical structure. The wavefront twists by ∼2.005λ, ∼3.003λ, ∼4.0λ for ℓ = 2 (b), 3 (d), and 4 (f), respectively. The clockwise wavefront rotation indicates the positive sign of the topological charge. Reprinted with permission from Ref.[START_REF] Kumar Pandey | Shack-hartmann wavefront sensing of ultrashort optical vortices[END_REF]. Copyright ©2021 by the authors of Ref.[START_REF] Kumar Pandey | Shack-hartmann wavefront sensing of ultrashort optical vortices[END_REF].
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 24 Figure 2.4 -Fidelity of characterization : comparison between backpropagated and experimental intensity profile of vortex beams at the waist. We use the complex field reconstructed by the wavefront sensor to obtain intensity distribution (top row) and the wavefront (middle row) at the waist for ℓ = +1 (left), +2 (center), and -4 (right). The backpropagated wavefronts present a variation of 1, 2, and 4λ for |ℓ| = 1, 2,and 4, respectively. For each case, the bottom row represents the experimentally obtained intensity profile at the waist. For all the configurations, the backpropagated and experimental profiles show an excellent agreement, indicating that the characterized amplitude and phase by the wavefront sensor indeed corresponds to the generated vortex beams. Reprinted with permission from Ref.[START_REF] Kumar Pandey | Shack-hartmann wavefront sensing of ultrashort optical vortices[END_REF]. Copyright ©2021 by the authors of Ref.[START_REF] Kumar Pandey | Shack-hartmann wavefront sensing of ultrashort optical vortices[END_REF].
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 25 Figure 2.5 -Modal analysis of the vortex beams. The ℓ, p modal content for (a) ℓ = 1, (b) ℓ = 2, (c) ℓ = 3, and (d) ℓ = 4. The global LG spectrum is normalized to unity. The contribution to the desired OAM mode is (a) ∼94%, (b, c) ∼93%, and (d) ∼92%, indicating high OAM purity in all the cases. The energy fraction contained in the dominant azimuthal and principal (p = 0) radial mode is : (a) ∼86%, (b) ∼79%, (c) ∼73%, and (d) ∼66%. Adapted with permission from Ref.[START_REF] Kumar Pandey | Shack-hartmann wavefront sensing of ultrashort optical vortices[END_REF]. Copyright ©2021 by the authors of Ref.[START_REF] Kumar Pandey | Shack-hartmann wavefront sensing of ultrashort optical vortices[END_REF].
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 26 Figure 2.6 -Radial mode spectra of the IR vortex beams. The p-spectra for (a) ℓ = 1, (b) ℓ = 2, (c) ℓ = 3, and (d) ℓ = 4. The energy fraction contained in the principal (p = 0) radial mode is : (a) ∼89.2%, (b)∼88.4%, (c) ∼74.7%, and (d) ∼68.4%. A decrease in the contribution to p = 0 radial mode, and appearance of new radial modes is observed for a higher value of ℓ. For ℓ = 4 (d), minute contribution up to p = 9 mode can be seen.
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 27 Figure 2.7 -Modal analysis for the vortex beams of topological charge ℓ = -5 to +5. (a) Comparison of the OAM purity obtained via azimuthal Fourier Transform and LG decomposition. (b) The energy contained in p = 0 radial mode summed over ℓ = -10 to ℓ = +10. (c) Contribution to LG ℓ=ℓ, p=0 mode. (d) The standard deviation of p-spectrum (∆p).The increasing trend of (∆p) with topological charge signifies a broader p-spectrum. Reprinted with permission from Ref.[START_REF] Kumar Pandey | Shack-hartmann wavefront sensing of ultrashort optical vortices[END_REF]. Copyright ©2021 by the authors of Ref.[START_REF] Kumar Pandey | Shack-hartmann wavefront sensing of ultrashort optical vortices[END_REF].
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 28 Figure 2.8 -Effect of radial clipping on the modal purity of ℓ = -3 vortex beam. (a) Intensity, (b) reconstructed wavefront in the unit of wavelength, (c) modal content for unclipped beam. In (d) to (f), corresponding intensity, wavefront, and modal composition are shown for ∼16 mm iris diameter. The PtV wavefront signifying the topological charge is ∼3λ in both cases. The OAM purity i.e., contribution to ℓ = -3 mode is ∼91%, ∼89% for fully open and 16 mm iris diameter, respectively. The contribution toLG -3, 0 mode plunges from ∼69% to ∼45% for the latter case. Adapted with permission from Ref.[START_REF] Kumar Pandey | Shack-hartmann wavefront sensing of ultrashort optical vortices[END_REF]. Copyright ©2021 by the authors of Ref.[START_REF] Kumar Pandey | Shack-hartmann wavefront sensing of ultrashort optical vortices[END_REF].

Figure 2 . 9 -

 29 Figure 2.9 -Effect of SPP displacement on the modal composition of ℓ = +1 vortex beam. Intensity (left) and OAM spectra (center) for SPP displacement α = r 0 /ω = 0.2 (top) and 0.5 (bottom).In (e), a comparison between theoretical (solid line) and experimental (cross symbol) average OAM for various SPP shifts is presented. The theoretical and experimental results are in very good agreement and indicate the fractional total OAM of asymmetric Gaussian vortices. Reprinted with permission from Ref.[START_REF] Kumar Pandey | Shack-hartmann wavefront sensing of ultrashort optical vortices[END_REF]. Copyright ©2021 by the authors of Ref.[START_REF] Kumar Pandey | Shack-hartmann wavefront sensing of ultrashort optical vortices[END_REF].
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 210 Figure 2.10 -Wavefront twist measurement of femtosecond OV at 10 Hz repetition rate. Real-time PtV wavefront measurement over 2000 laser shots for (a) ℓ = 1, (b) ℓ = 2, (c) ℓ = 3, and (d) ℓ = 4. The mean PtV wavefront value and standard deviation (SD) of the measurement are included in the inset of each plot.In all the cases, the mean PtV wavefront indicating topological charge is within 0.5% of the theoretically expected value. Reprinted with permission from Ref.[START_REF] Kumar Pandey | Shack-hartmann wavefront sensing of ultrashort optical vortices[END_REF]. Copyright ©2021 by the authors of Ref.[START_REF] Kumar Pandey | Shack-hartmann wavefront sensing of ultrashort optical vortices[END_REF].
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 211 Figure 2.11 -Vortex beam generation using S-waveplate. The experimental arrangement, (b) an image of the mounted S-waveplate. We show intensity (left), wavefront (center), and OAM spectra (right) for ℓ = +1 (top) and ℓ = -1 (bottom) beam. The contribution to the desired OAM mode is ∼93.5% for ℓ = +1 (e), and ∼93% for ℓ = -1 (h) .
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 212 Figure 2.12 -Topological charge estimation from the intensity profile at the waist. (a) Intensity profile and radial parameters of a theoretical vortex beam of ℓ = 4 (adapted from [107]), (b) comparison between the theoretical and experimental radius of maximum intensity, and (c) inner (r 1 ) and outer (r 2 ) radii. Note that the dimensional parameters are expressed in Gaussian beam waist w 0 units.
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 213 Figure 2.13 -Intensity pattern of vortex beams diffracted by a triangular aperture. (a) l = +1, and (b) l = +2. As expected, the number of bright spots on each side of the pattern is equal to |l| + 1. (a) Adapted with permission from Ref. [232]. Copyright ©2018 Optica Publishing Group.
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 31 Figure 3.1 -Experimental setup for EUV vortex generation in an extended generation medium. A high damage threshold segmented spiral phase plate-SPP (16 segments per phase ramp) of a unit topological charge is inserted in the incoming beam. The resulting IR vortex driver is loosely focused by a 1m or 2m focal length lens into 10 mm or 15 mm Argon-filled gas-cell, respectively. A diaphragm before the focusing optics is used to optimize the phase matching. The motorized translation stage of the focusing lens allows adjustment of the IR beam waist with respect to the generation medium. A high-resolution EUV Hartmann sensor (λ = 4 to 40 nm) is used to fully characterize the upconverted 25 th harmonic of the IR driver. A high magnification monochromatic EUV (32.6 nm) imaging system composed of a near-normal incidence (∼ 1.2 0 ) concave mirror (focal length 500 mm), and flat mirrors for beam steering, facilitates near-field intensity profile characterization of the HHG source.
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 32 Figure 3.2 -Experimentally acquired image of the SPP of unit topological charge. The experimental image of the large aperture (2-inch diameter) segmented phase plate comprising 16 angular sectors. The SPP exploits spatially varying optical paths in the transverse plane of the ramp to impart helical wavefront in the incoming beam. The spatially varying optical path is a linear function of azimuthal angle ϕ : h = ℓλϕ/2π(n -1), where h, n are the height of the ramp and the refractive index of the material at wavelength λ, respectively. Adapted with permission from Ref. [209]. Copyright ©2021 SPIE.
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 333 Figure 3.3 -Working principle of high-resolution EUV Hartmann wavefront sensor. . (a) The incoming beam is subdivided into several beamlets by the Hartmann mask of the wavefront sensor. The Hartmann mask is composed of an array (72 × 72) of rotated-square micro-holes, offering more than 5000 sampling points over an area of 13 mm × 13 mm. The four-cornered petal-like diffraction pattern is schematically represented in (b). The sampled spots are displaced by ∆x and ∆y regarding the reference spots of the calibrated wavefront sensor ; these displacements are governed by the local slope of the incident beam wavefront. In (c), a raw Hartmanngram revealing the central blind spot of the Hartmann mask is depicted. A zoomed-out version of the experimental Hartmanngram (d) shows the petal-like diffraction pattern resulting from the rotated-square micro-holes of the Hartmann mask. Note that these Hartmanngrams are acquired after illuminating the sensor by a Neon-like Titanium solid-target plasmabased X-ray laser (λ = 32.6 nm) operated in amplified spontaneous emission (c), and coherently-seeded (d) mode (see Chapter 6). (a, b) Adapted with permission from Ref. [97]. Copyright ©2022 American Chemical Society.
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 34 Figure 3.4 -Characterization of the 25 th harmonic for IR driver of ℓ 1 = -1. (a) Intensity, and (b) wavefront in the units of the central wavelength of the 25 th harmonic. The wavefront displays a levorotatory twist with PtV variation of ∼ 9.5λ in each lobe. (c) RMS wavefront residue after subtracting the theoretical phase of various topological charges from the experimental wavefront presented in (a). The minimum value of residue for ℓ = 25 signifies the expected scaling of topological charge with harmonic order : ℓ q=25 = qℓ 1 . In (d), we show the resulting wavefront after subtracting the theoretical azimuthal phase of charge 25. Argon gas pressure 21 mbar ; iris diameter ∼ 15 mm ; energy before iris ∼ 4.8 mJ. The gas cell is positioned at the waist of the driving beam. (c, d) Adapted with permission from Ref. [232]. Copyright ©2018 Optica Publishing Group.
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 35 Figure 3.5 -Intensity distribution of IR vortex driving beam of ℓ 1 = -1 at the waist for 12 mm iris diameter. For ∼ 12 mm iris diameter, the intensity distribution of ℓ 1 = -1 IR driver at the waist exhibits an asymmetric profile with two intense lobes, resembling the experimental HHG vortex beam profile presented in Fig. 3.4(a, b).
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 536 Figure 3.6 -Characterization of IR driving beam with and without SPP : 1m focusing condition. (a) Intensity distribution after front-end amplifier, (b) intensity profile, and (c) spectrum profile (∼ 27 nm at FWHM) at the exit of HHG compressor. Right panel : (d) intensity, and (f) wavefront (λ units) of full-beam measured by the Shack-Hartmann wavefront sensor. The PtV and RMS wavefront values are 0.162λ and 0.33λ, respectively. Note that the wavefront sensor is placed ∼ 160 mm after the waist. For 12 mm iris diameter, we show the experimental intensity distribution of (f) Gaussian and (g) IR vortex driving beam of ℓ 1 = 1 at the waist.
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 37 Figure 3.7 -Characterization of the 25 th harmonic driven by Gaussian and ℓ = ±1 IR beams in 10 mm gas cell. Left panel : (a) intensity, and (b) wavefront Gaussian HHG beam. The PtV and RMS wavefront values in the units of the central wavelength of the 25 th harmonic are 0.55λ and 0.12λ, respectively. Right panel : intensity (top row) and wavefront (bottom row) of HHG vortex beams for IR driver of ℓ = +1 (b, c) and ℓ = -1 (d, e). The PtV wavefront variations for both configurations are within 2% of the theoretically expected value, validating ℓ q = qℓ 1 . Argon gas pressure 22 mbar for Gaussian and 24 mbar for vortex driving beam ; iris diameter ∼ 12 mm ; energy after iris ∼ 3 mJ for Gaussian and ∼ 4.5 mJ for ℓ = ±1 IR drivers. For all the cases, the gas cell is positioned at the waist of the driving beam (z = z 0 ). (c -f) Adapted with permission from Ref.[START_REF] Pandey | Single-shot wavefront characterization of high topological charge extreme-ultraviolet vortex[END_REF]. Copyright ©2021 SPIE.
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 38 Figure 3.8 -Fidelity of wavefront reconstruction for the HHG (25 th harmonic) vortex beam of ℓ q = ±25. Left column : numerically backpropagated intensity distribution at the gas cell for (a) ℓ 1 = +1, and (c) ℓ 1 = -1. In the right column (b, d), experimentally acquired intensity distribution at the gas cell exit plane for the corresponding cases are shown. The backpropagated and experimental profiles show an excellent agreement, affirming the fidelity of reconstructed intensity and wavefront depicted in Fig. 3.7 (c-f). (c, d) Adapted with permission from Ref. [209]. Copyright ©2021 SPIE.
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 39 Figure 3.9 -Characterization of IR driving beam without SPP : 2m focusing condition. Top row : (a) intensity, and (f) wavefront in the units of IR beam central wavelength measured by the Shack-Hartmann wavefront sensor. The wavefront sensor is located ∼ 300 mm after the waist. The PtV and RMS wavefront values are 0.167λ and 0.33 λ, respectively. The backpropagated intensity distribution at the waist is depicted in (c) and corresponds to a Strehl ratio of ∼ 0.9. Bottom row : (d) PTV wavefront, (e) RMS wavefront, and (f) Strehl ratio for 1000 consecutive laser shots. The mean and the standard deviation of measurements are indicated in the insets of respective plots. (e) Adapted with permission from Ref. [97]. Copyright ©2022 American Chemical Society.

Figure 3 .

 3 Figure 3.10 -Single-shot intensity and wavefront characterization of HHG Gaussian beam. (a) Intensity, and (b) wavefront of Gaussian HHG beam (25 th )reconstructed from a single-shot Hartmanngram. The PtV and RMS wavefront values are 0.47λ and 0.108λ, where λ = 32.6 nm. Argon gas pressure 10 mbar ; iris diameter ∼ 12 mm ; energy after iris ∼ 7 mJ. The gas cell is positioned at the waist of the driving beam (z = z 0 ).
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 311 Figure 3.11 -Single-shot intensity and wavefront characterization of EUV vortex beam. For IR driver of ℓ 1 = -1, (a) shows an example single-shot raw Hartmanngram of HHG vortex beam (25 th harmonic) generated in a 15 mm long gas cell. (b) The quiver plot of the measured slopes exhibits an anticlockwise rotating behavior around the center. From raw Hartmanngram, the reconstructed intensity and wavefront are depicted in (c), (d), respectively. The wavefront is represented in the units of the central wavelength of the 25 th harmonic. The total wavefront twist of ∼ 24.93λ is within 1% of theoretical expectation, hence validating the expected topological charge upscaling with harmonic order ℓ q = qℓ 1 even in such a macroscopic medium. (c) RMS wavefront residue after subtracting theoretical phase in the range ℓ = 20 to ℓ = 30. A minimum RMS residual is obtained for ℓ = 25. Argon gas pressure 12 mbar ; iris diameter ∼ 18 mm ; energy after iris ∼ 9.5 mJ. The gas cell is positioned at the waist of the driving beam (z = z 0 ).
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 312 Figure 3.12 -Single-shot intensity and wavefront characterization of EUVvortex beam : effect of gas cell displacement. Single-shot (a) intensity and (b) wavefront of the 25 th harmonic for IR driving beam of ℓ 1 = -1. Note that the gas cell is placed ∼ 25 mm before the waist of the IR driving beam. The anticlockwise twisting wavefront exhibits a variation of ∼ 24.93λ. (c) Single-shot spectrogram displaying intricate multiring features for the 23 rd and the 25 th harmonics of the driver. Argon gas pressure 10 mbar ; iris diameter ∼ 18 mm ; energy after iris ∼ 9.5 mJ.
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 313 Figure 3.13 -Intensity distribution of the HHG vortex beam at the gas cell exit plane : effect of gas cell displacement. For IR beam of ℓ 1 = -1, we show the intensity profiles of the 25 th harmonic for various displacements of the gas cell in regards to the waist of the driving beam. Gas Cell position : (a) ∼ 25 mm, (b) ∼ 30 mm, (c) ∼ 37 mm, and (d) ∼ 45 mm before the waist of driver. For gas cell ∼ 40 mm before the waist, (e) represents the intensity profile of the EUV vortex beam ∼ 50 mm after the generation medium. Argon gas pressure 10 mbar ; iris diameter ∼ 18 mm ; energy after iris ∼ 9.5 mJ ; number of laser shots : 5 shots (a to d), and 20 shots for (e).
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 41 Figure 4.1 -Experimental setup for generation and characterization of EUV vortex beams. (a) A loosely focused IR vortex beam drives HHG in an extended (15 mm long) argon-filled gas cell. Intensity and wavefront of IR and upconverted EUV vortex beams are characterized using Shack-Hartmann (HASO) and Hartmann (EUV-HASO) wavefront sensors, respectively. In the insets (b) to (e), we show the working principle of IR and EUV wavefront sensors. Each element of the sampling array (microlens in the case of IR-HASO (b) and micro-hole for EUV-HASO (d)) divides the incident beam into numerous beamlets. Depending on the local wave vector direction, these beamlets are displaced concerning the reference spots of the calibrated wavefront sensor, as shown in (c) and (e). The wavefront is reconstructed from the sampled spot distribution registered on a CCD camera located at a certain distance L from the sampling array. Note that we have detailed the working principle of the used wavefront sensors, their characteristics, and the methodology of wavefront reconstruction previously (Chapter 2 and Chapter 3).Here, coinciding with the context of the current Chapter, the full schematic is shown for the sake of completeness. Reprinted with permission from Ref.[START_REF] Kumar Pandey | Characterization of extreme ultraviolet vortex beams with a very high topological charge[END_REF]. Copyright ©2022 American Chemical Society.

Figure 4 . 2 -

 42 Figure 4.2 -Experimental characterization of high topological charge EUV vortex beams. Intensity (left), and wavefront (center) of the 25 th harmonic driven by a vortex beam of topological charge (a) ℓ 1 = -1, (b) ℓ 1 = 3, and (c) ℓ 1 = 4. We plot the wavefronts in units of wavelength, λ, and the peak-to-valley wavefront values are (a) ∼ 25.01λ, (b) ∼ 75.01λ, and (c) ∼ 98.6λ. Though the intensity and wavefront already characterize the harmonic vortex beams, for the sake of completeness, we retrieve the radially integrated OAM spectrum for each case (right) via azimuthal Fourier Transform. The dominant OAM modes are the 26 th , 73 rd , and 98 th for |ℓ 1 | = 1, 3, and 4, respectively.Reprinted with permission from Ref.[START_REF] Kumar Pandey | Characterization of extreme ultraviolet vortex beams with a very high topological charge[END_REF]. Copyright ©2022 American Chemical Society.

95 4. 3 .

 953 Experimental characterization of the IR vortex driving beams
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 43 Figure 4.3 -IR vortex driver experimental characterization. To facilitate a high spatial sampling of the IR driving beams, the IR wavefront sensor is placed ∼300 mm after the focal plane, as shown in Fig. 4.1. The complex field detected by the IR wavefront sensor is backpropagated to the waist. We show the resulting intensity (left), wavefront expressed in the unit of λ (center), and radially integrated OAM spectrum (right) for the driving beams of (a) ℓ 1 = -1, (b) ℓ 1 = 3, and (c) ℓ 1 = 4. The radially integratedOAM spectra indicate that the contribution to the desired OAM order is over 90% in all the cases : ∼93.4% for ℓ 1 = -1, ∼92.6% for ℓ 1 = 3, and ∼92% for ℓ 1 = 4. Reprinted with permission from Ref.[START_REF] Kumar Pandey | Characterization of extreme ultraviolet vortex beams with a very high topological charge[END_REF]. Copyright ©2022 American Chemical Society.

Figure 4 . 4 -

 44 Figure 4.4 -HHG OAM simulation results using the experimental vortex driver.We use the experimentally retrieved phase and amplitude of IR vortex beams to simulate HHG in argon. In the left column we show the simulated intensity profiles of the 25 th harmonic using our full quantum SFA macroscopic approach for (a) ℓ 1 = -1, (b) ℓ 1 = 3, and (c) ℓ 1 = 4. For a selected case of ℓ 1 = 3, we show the simulated wavefront (d) and phase twist (e), expressed in the unit of λ as a function of divergence. Note that for the driving beam of ℓ 1 = 3, the wavefront twist of 75λ is in agreement with the experimental observation (Fig.4.2b) and represents the expected upscaling of the topological charge with the harmonic order. Again, for the sake of completeness we show the radially integrated HHG OAM spectra in (f-h) for ℓ 1 = -1, 3, and 4, respectively. The main OAM contribution channels are the 26 th , 73 rd , and 98 th for |ℓ 1 | = 1, 3, and 4, respectively, in excellent agreement with the experimental results presented in Fig.4.2. Reprinted with permission from Ref.[START_REF] Kumar Pandey | Characterization of extreme ultraviolet vortex beams with a very high topological charge[END_REF]. Copyright ©2022 American Chemical Society.
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 45 Figure 4.5 -Centering optimization for OAM spectrum retrieval via azimuthal Fourier Transform. We indicate in (a) and (d) the choice of the center positions O and O' in the experimental intensity profile of the 25 th harmonic for a vortex driver of ℓ 1 = +3. The OAM spectra retrieved after performing the azimuthal Fourier transform from centering references O and O' are shown respectively in (b) and (e). We depict in (c,f) the OAM spectra arising only from the intensity profile, and computed from origins O (top row) and O' (bottom row). By artificially restricting the phase to be null, we observe several OAM components coming from the modulations and distortions of the experimental intensity profile. The differences between the OAM distributions in the top row (b, c) with that of the bottom row (e,f), show the sensitivity to small displacements of the origin of the radial coordinate. Adapted with permission from Ref.[START_REF] Kumar Pandey | Characterization of extreme ultraviolet vortex beams with a very high topological charge[END_REF]. Copyright ©2022 American Chemical Society.

Figure 4 .

 4 Figure 4.6 shows the OAM spectra as a function of divergence for the experimental (a) and computed (b-d) harmonic vortex beams. In the top row (a, b), we depict the OAM distribution of the HHG beam for the IR driver of ℓ 1 = -1. For the driver of ℓ 1 = 3 and ℓ 1 = 4, the OAM spectra is represented in (c) and (d), respectively. Note
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 46 Figure 4.6 -OAM spectra of EUV vortex beam as a function of divergence. Top row : OAM spectra of (a) experimental (see Fig.4.2), and (b) simulated (see Fig.4.4) HHG beams retrieved via azimuthal Fourier Transform for ℓ 1 = -1 driver. The bottom row shows the OAM composition of the computed HHG beams for (c) ℓ 1 = 3, and (d) ℓ 1 = 4.
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 44 Figure 4.6 -OAM spectra of EUV vortex beam as a function of divergence. Top row : OAM spectra of (a) experimental (see Fig.4.2), and (b) simulated (see Fig.4.4) HHG beams retrieved via azimuthal Fourier Transform for ℓ 1 = -1 driver. The bottom row shows the OAM composition of the computed HHG beams for (c) ℓ 1 = 3, and (d) ℓ 1 = 4.
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 53447 Figure 4.7 -HHG vortex beam characterization for IR-driver of ℓ 1 = +1 and ℓ 1 = -3. Left panel : (a) intensity, and (b) wavefront of 25 th harmonic for the IR beam of ℓ 1 = +1. Right panel : for ℓ 1 = -3, slopes of (c) IR driving and (d) EUV vortex beams, both displaying anticlockwise rotation around the center. The measured intensity and wavefront of the HHG beam for ℓ 1 = -3 are depicted in (e, f), respectively. For (c, d), the length of the arrows are enlarged (without affecting their orientation) by a factor of 3 for better visualization. The wavefronts (b, f) are represented in the units of the central wavelength of 25 th harmonic, and exhibit PtV variation of (c) ∼ 24.8λ, (f) ∼ 74.9λ. Argon gas pressure : 10 mbar ; iris diameter ∼18 mm ; driving beam energy after iris : ∼ 11.5 mJ ; number of laser-shots : single-shot for (a, b) ℓ 1 = +1, and 90 shots for (d-f) ℓ 1 = -3.
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 48 Figure 4.8 -HHG vortex beam characterization for IR-driver of ℓ 1 = ±2, and ℓ 1 = -4. Measured intensity (top row) and reconstructed wavefront (bottom row) of ℓ q=25 for ℓ 1 = +2 (left column), ℓ 1 = -2 (second column), and ℓ 1 = -4 (right column). The wavefront twists by (b) ∼ 50.07λ, (d) ∼ 50.18λ, and (f) ∼ 97.93λ, for ℓ 1 = +2, -2, and -4, respectively. Argon gas pressure : 10 mbar for ℓ 1 = ±2 and 11 mbar for ℓ 1 = -4 ; iris diameter ∼18 mm ; driving beam energy after iris : ∼ 11.5 mJ for ℓ 1 = ±2, and ∼ 10.2 mJ for ℓ 1 = -4 ; number of laser-shots : 5 shots for ℓ 1 = ±2, and 490 shots for ℓ 1 = -4.

Figure 4 .

 4 Figure 4.10(a) depicts the comparison between the signal level (in arb. unit) of the 25 th harmonic for IR Gaussian and vortex (ℓ 1 = -1) drivers for different values of argon gas pressure. We remark that the IR Gaussian beam is apertured by an iris of diameter ∼ 12 mm, whereas for the vortex driver, iris diameter is ∼ 18 mm. Note that the HHG signal level is relatively higher for vortex driving beam due to greater source volume. Nonetheless, the HHG signal level variation as a function of gas pressure qualitatively displays a similar trend in both cases.In Figure4.10(b), we show the signal count (in arb. unit) of HHG OAM beams for IR driver of ℓ 1 = -4 to ℓ 1 = +4. For all the configurations, the iris diameter and
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 4 Figure 4.10(a) depicts the comparison between the signal level (in arb. unit) of the 25 th harmonic for IR Gaussian and vortex (ℓ 1 = -1) drivers for different values of argon gas pressure. We remark that the IR Gaussian beam is apertured by an iris of diameter ∼ 12 mm, whereas for the vortex driver, iris diameter is ∼ 18 mm. Note that the HHG signal level is relatively higher for vortex driving beam due to greater source volume. Nonetheless, the HHG signal level variation as a function of gas pressure qualitatively displays a similar trend in both cases.In Figure4.10(b), we show the signal count (in arb. unit) of HHG OAM beams for IR driver of ℓ 1 = -4 to ℓ 1 = +4. For all the configurations, the iris diameter and
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 49 Figure 4.9ℓ, p spectrum of the EUV vortex for IR beam of ℓ 1 = -3. The radial and azimuthal mode spectrum obtained via LG decomposition of the 25 th harmonic for ℓ 1 = -3 (see Fig. 4.7(e, f)). Contributions from numerous radial and azimuthal orders show the complex modal composition of non-ideal IR beam driven HHG vortices.

Figure 4 . 10 -

 410 Figure 4.10 -Signal level of HHG-OAM beams. In (a), the signal level (arb. unit) of the 25 th harmonic is compared for IR Gaussian and vortex driver of ℓ 1 = -1 for various argon gas pressure values. Iris diameter : ∼ 12 mm for Gaussian and ∼ 18 mm for vortex driving beams. The energy of Gaussian and vortex driving beams after iris are ∼ 7 mJ and ∼ 11.9 mJ, respectively. For both configurations, the signal level of the 25 th harmonic shows a similar trend with varying gas pressure. (b) HHG-OAM data count (arb. unit ; log scale) for IR drivers of ℓ 1 = -4 to ℓ 1 = +4 ; iris diameter ∼ 18 mm, argon gas pressure 10 mbar. The dotted lines are only to guide the viewer.
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 56 IR vortex driving beam : shot-to-shot stability

Figure 4 . 11 -

 411 Figure 4.11 -Long-term energy stability of IR-driver. (a) Intensity distribution and (b) wavefront of the fundamental IR beam. The iris diameter is ∼ 18 mm and corresponds to the HHG OAM generation condition. The PtV and RMS wavefront values are ∼ 0.14λ and ∼ 0.031λ, where λ = 815 nm. Backpropagated intensity profile at the waist is shown in (c) and corresponds to a Strehl ratio of ∼ 0.93. (d) Long-term energy stability measurement of attenuated IR driving beam : standard deviation of less than 2% over several thousand laser shots. (a -c) Adapted with permission from Ref. [97]. Copyright ©2022 American Chemical Society.
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 412 Figure 4.12 -Shot-to-shot wavefront stability of IR vortex driving beams. We depict the PtV wavefront measurement over 2000 laser shots for ℓ 1 = 1 to ℓ 1 = 4.The mean PtV wavefront value (m) and standard deviation of the measurements (SD) are : m = 1.004λ and SD = 0.99% for ℓ 1 = -1 ; m = 2.006λ and SD = 0.90% for ℓ 1 = 2 ; m = 3.002λ and SD = 1.09% for ℓ 1 = 3 ; and m = 3.995λ and SD = 1.01% for ℓ 1 = 4. In all the cases, the mean PtV wavefront indicating topological charge is within 0.5% of the theoretically expected value. Adapted with permission from Ref.[START_REF] Kumar Pandey | Shack-hartmann wavefront sensing of ultrashort optical vortices[END_REF]. Copyright ©2021 by the authors of Ref.[START_REF] Kumar Pandey | Shack-hartmann wavefront sensing of ultrashort optical vortices[END_REF]. Used under the terms and conditions of the Creative Commons Attribution (CC BY 4.0) license (https ://creativecommons.org/licenses/by/4.0/). Changes were made -different colormap from original.
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 413 Figure 4.13 -IR vortex beams experimental intensity profile at the waist. Intensity profile of the IR vortex driving beams at waist obtained using a high magnification (∼ 11) imaging system for (a) ℓ 1 = -1, (b) ℓ 1 = +3, and (c) ℓ 1 = +4. The iris diameter is ∼18 mm for all the cases. As expected, the size of the central dark spot resulting from phase singularity, and the radius of the maximum intensity increases with the topological charge. Reprinted with permission from Ref. [97]. Copyright ©2022 American Chemical Society.
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 2 separated right-hand-circular (RCP) and left-hand-circular (LCP) polarization components for IR vectorvortex beams of topological charge ℓ = +2 (top), and ℓ = -1 (bottom). (a) Adapted with permission from Ref. [96]. Copyright ©2022 Optica Publishing Group. Experimental setup for generation and characterization of EUV vector and vector-vortex beams . . . . . . . 5.3 EUV vector beams via HHG in a macroscopic generation medium : 15 mm gas cell . . . . . . . . . . . . . . . . 5.3.1 Response of the polarization converter : vector and vectorvortex driving beams . . . . . . . . . . . . . . . . . . . . . 5.3.1.1 Response of the polarization converter : vectorvortex driving beams . . . . . . . . . . . . . . . 5.3.2 Generation and characterization of EUV vector beams . . 5.4 Structuring coherent EUV Vector-Vortex beams via HHG . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5.4.1 Theoretical approach to simulate vector-vortex driven HHG124 5.4.2 IR driving VVB characterization . . . . . . . . . . . . . . 5.4.3 Generation and characterization of harmonic VVB . . . . 5.4.3.1 HHG vectorial-vortices : harmonic build-up law 5.4.3.2 Deducing the topological charge of experimental HHG Vector-Vortex beam . . . . . . . . . . . . . 5.4.3.3 Scaling of the vector-vortex driven high-harmonic efficiency . . . . . . . . . . . . . . . . . . . . . . 5.4.3.4 Effect of the intrinsic dipole phase and attosecond spatiotemporal structure . . . . . . . . . . 5.5 Supporting information : HHG OAM yield with driver ellipticity, and Polarization selectivity of EUV mirror .
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 52 Figure 5.2 -Description and behavior of segmented polarization converter. (a) Schematic representation of the segmented polarization converter composed of eight half-wave plates. The optical axis of each segment is distinctly oriented, as illustrated by the black arrows. The polarization converter transforms the incident beam with (b) horizontal polarization to azimuthal, and (c) vertical polarization to radial. (d) For the left (right) circularly polarized input, the transmitted beam exhibits right (left) circular polarization, and an additional azimuthal phase of topological charge +1 (-1).
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 53 Figure 5.3 -Response of the polarization converter. (a) Experimental arrangement marking the incident beams' transformation along the propagation axis. Depending on the polarization handedness of the incident vortex beam of ℓ = -1, the geometric phase induced by the polarization converter gets added to result in : (b) ℓ = 0, or (c) ℓ = -2.
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 54 Figure 5.4 -Polarization-structured EUV vector beams via HHG. Left panel : experimental intensity distribution of the IR vector beams with (a) radial and (b) azimuthal polarization distributions at the waist. Right panel : top rows shows the vertical polarization ('s'-polarization) component of the driving beam bearing radial (c), azimuthal (f), and intermediate polarization states(d, e). Note that the white arrows in the left panel represent tentative polarization distribution, which is affirmed through the intensity profiles of vertically polarized components depicted in the right panel. In the bottom row, we show the vertical polarization components of the HHG vector beams (25 th harmonic) manifesting radial (g), azimuthal (j), and in-between polarization distributions (h, i). These intensity distributions of HHG vector beams are acquired using the monochromatic polarization selective EUV imaging system that is configured to image the exit plane of the gas cell (see Fig.5.1)
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 511234 Figure 5.4 -Polarization-structured EUV vector beams via HHG. Left panel : experimental intensity distribution of the IR vector beams with (a) radial and (b) azimuthal polarization distributions at the waist. Right panel : top rows shows the vertical polarization ('s'-polarization) component of the driving beam bearing radial (c), azimuthal (f), and intermediate polarization states(d, e). Note that the white arrows in the left panel represent tentative polarization distribution, which is affirmed through the intensity profiles of vertically polarized components depicted in the right panel. In the bottom row, we show the vertical polarization components of the HHG vector beams (25 th harmonic) manifesting radial (g), azimuthal (j), and in-between polarization distributions (h, i). These intensity distributions of HHG vector beams are acquired using the monochromatic polarization selective EUV imaging system that is configured to image the exit plane of the gas cell (see Fig.5.1)
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 55 Figure 5.5 -Experimental observation of RCP and LCP modes with distinct divergences that comprise the IR vector-vortex driving beams. Top row : intensity profile of IR vector-vortex driver with topological charge ℓ = +1 at the (a) waist, and (b) ∼ 140 mm before the focal plane.The bottom row shows the intensity distributions at these two planes for ℓ = +2 vector-vortex driving beam. In both cases, owing to the differences in the topological charge, hence in their divergence, we can distinguish the co-propagating concentric RCP and LCP modes (b, d). (a, c) Adapted with permission from Ref.[START_REF] De Las Heras | Extreme-ultraviolet vector-vortex beams from high harmonic generation[END_REF]. Copyright ©2022 Optica Publishing Group.

Figure 5 . 6 -

 56 Figure 5.6 -Theoretical and experimental characterization of the IR vectorvortex driver for two topological charges : ℓ = 1 (top row) and ℓ = 2 (bottom row). The theory panel shows the intensity and ellipticity profile at the polarization converter plane (a, b) and upon propagation to the gas target (c, d). Note that the clean input beam (a, b) with linear azimuthal polarization transforms into a complex radial structure at the gas target (c, d). The experimental panel depicts the separated RCP and LCP components for IR VVB of topological charge (e) ℓ = +1, (f) ℓ = -1, (g) ℓ = +2, and (h) ℓ = -2.Most fascinatingly, we can appreciate the switching of circular polarization handedness between the two parts that compose the total beam when the sign of topological charge is changed from positive (e, g) to negative (f, h). Adapted with permission from Ref.[START_REF] De Las Heras | Extreme-ultraviolet vector-vortex beams from high harmonic generation[END_REF]. Copyright ©2022 Optica Publishing Group.
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 57 Figure 5.7 -Experimental observation of vector-vortex driving beam polarization flipping. Horizontal I x (top row) and vertical I y polarization (middle row) intensity distribution at the waist for IR vector-vortex driver of ℓ = 1 (left panel), and ℓ = 2 (right panel). The bottom row shows the composite intensity distribution (I x + I y ) for each configuration. The initial polarization distribution at the polarization converter is noted on the top of each column. The polarization transformation from radial to azimuthal and vice-versa is validated by looking at the 'blind-spot' in the respective cases. Following the 'blind-spot', we mark the thin region of linear polarization for a selected case in (l).
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 58 Figure 5.8 -EUV-VVB generation through HHG. In the insets, we show the theoretical intensity and polarization distribution of the IR vector-vortex driver with topological charge ℓ = 2 at (a) after SPP, (b) at the polarization converter, and (c) at the gas target. The ellipticity map of the driving beam is depicted in (d). Experimental vertical polarization intensity component of the 25 th harmonic at (e) the exit plane of the gas cell, and (f) after 1.98 m propagation. The two vertical lobes in (e) represent radial polarization at the exit of the gas cell, whereas the two horizontal lobes in the far-field of the HHG source (f) indicate azimuthal polarization. Adapted with permission from Ref. [96]. Copyright ©2022 Optica Publishing Group.
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 59 Figure 5.9 -HHG vector-vortex characterization. Characterization of the 25 th harmonic in the far field for the vector-vortex drivers with topological charge ℓ = +1 (a, b) and ℓ = +2 (c ,d) shown in Fig. 2. We compare the experimental and numerical results of the vertical polarization (a, c) and wavefront (b, d). Reprinted with permission from Ref. [96]. Copyright ©2022 Optica Publishing Group.
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 510 Figure 5.10 -Radially polarized HHG vector-vortex for IR driver of ℓ = +2. (a) Experimental vertical polarization intensity profile at the gas-cell, (b) intensity, and (c) a clockwise twisting wavefront measured by the EUV Hartmann sensor in the far field of HHG source. The two horizontal lobes in (a) represent azimuthal polarization at the exit of the gas cell, whereas the two vertical lobes (b) in the far field of the HHG source indicate azimuthal polarization : indeed a clear experimental demonstration of the polarization rotation as the HHG VVB beam propagates from the source (gas-cell) to the detector in the far-field.
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 511 Figure 5.11 -HHG vector-vortex beams driven by ℓ = +2 and ℓ = -2 IR beam with intermediate polarization states. Left panel : measured intensity (top row) and wavefront (bottom row) of the HHG vector-vortex beams with polarization states in between radial and azimuthal for ℓ = +2 IR driver. Note that the IR driving beams with intermediate polarization states are generated by varying the polarization of the fundamental Gaussian beam using a half-waveplate. The orientation of the halfwaveplate is noted on top of each column : 0 0 corresponds to the neutral axis that leaves the initial vertical polarization of the Gaussian beam unchanged. The vertical polarization intensity distributions of the HHG beam show a rotated two-lobed profile, while the wavefronts manifest a clockwise twisting wavefront. Right panel : (e) intensity, and (f) wavefront of vertical component for azimuthally polarized HHG VVB driven by ℓ = -2 IR beam. Remarkably, the handedness of wavefront twist reverses from clockwise (b, d) to anticlockwise (f) when the sign of topological charge changes from positive (b, d) to negative (f).
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 512 Figure 5.12 -HHG vector-vortex beams driven by ℓ = +1 and ℓ = -IR beams. Left panel : for IR driver of topological charge ℓ = +1, (a) Intensity, and (b) wavefront of HHG VVB exhibiting intermediate polarization state between radial and azimuthal. Right panel : intensity (top row), and wavefront (bottom row) of radially (c, d, respectively), and azimuthally (e, f, respectively) polarized HHG VVB for ℓ = -1 IR driver. As expected, the direction of wavefront rotation is opposite for the two cases : clockwise for (b), and anticlockwise for (d, f).
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 513 Figure 5.13 -SAM and OAM conservation law for vector-vortex driven HHG.Conservation law of SAM and OAM charge in high harmonic generation driven by a vector-vortex beam with topological charge ℓ = 2 and generated with azimuthal polarization at the polarization converter. Each harmonic order, q is a superposition of two circularly polarized modes (RCP and LCP) with ℓ q, RCP = qℓ + 1 and ℓ q, LCP = qℓ -1, which results in a net topological charge. In the inset (a), we zoom on the 25 th harmonic to emphasize the topological charge of each polarization component. Reprinted with permission from Ref.[START_REF] De Las Heras | Extreme-ultraviolet vector-vortex beams from high harmonic generation[END_REF]. Copyright ©2022 Optica Publishing Group.
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 514 Figure 5.14 -Deducing the topological charge of experimental HHG vectorvortex beams. (a) For radially polarized HHG vector-vortex driven by ℓ = -1 IR beam, we show the RMS wavefront residue in λ units after subtracting the theoretical phase of various topological charges. A minimum RMS wavefront residue is obtained for ℓ = 25, which coincides with the theoretically formulated scaling of Panchratnam topological with the harmonic order : ℓ P q = qℓ p . Residual phase after subtracting (b) ℓ = 20, (c) ℓ = 25, and (d) ℓ = 30.
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 515 Figure 5.15 -HHG vector-vortex efficiency scaling. (a)The efficiency of highorder harmonic generation increases for vector-vortex drivers with higher topological charge, until saturation. We show the driving intensity profile (black line) and ellipticity (blue line) at the gas target for different topological charges : (b) ℓ = 2, (c) ℓ = 6 and (d) ℓ = 10 while keeping constant the radius at the polarization converter and a peak intensity of 2 × 10 14 W/cm 2 at the gas target. Drivers with higher topological charge produce a better overlap of the right and left circular components, leading to a larger region of nearly null ellipticity (linear polarization, dashed orange) that approaches the radius of peak intensity (dashed black). In (e), we show the line intensity profiles of experimental driving beams (depicted in Figs.5.5(a, c)) for ℓ = 1 (solid line) and ℓ = 2 (filled curve). The approximate position where RCP and LCP modes overlap is indicated by the vertical arrow for both cases. The two modes show a better overlap, hence a flatter ellipticity slope, and relatively a higher peak intensity for ℓ = 2 driving beam. Adapted with permission from Ref.[START_REF] De Las Heras | Extreme-ultraviolet vector-vortex beams from high harmonic generation[END_REF]. Copyright ©2022 Optica Publishing Group.
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 516 Figure 5.16 -Role of harmonic intrinsic phase and attosecond light-spring with vectorial polarization. (a) Far field vertical polarization of the 25 th harmonic driven by an azimuthal vector-vortex of ℓ = 2 in the different theoretical models : TSM neglecting the intrinsic phase (left), TSM with the intrinsic phase of short trajectories (center), and the full quantum SFA calculation (right). The spatial polarization shift emerges only when the intrinsic phase is included. (b) Helical spatiotemporal structure with azimuthal polarization resulting from the SFA calculation ; α and β represent the spatial coordinate in the unit of divergence expressed in mrad, while the color code indicates the local polarization tilt. Reprinted with permission from Ref. [96]. Copyright ©2022 Optica Publishing Group.
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 517 Figure 5.17 -Polarization selectivity of the EUV mirror and HHG signal level dependence on the ellipticity of IR vortex driving beam. (a) Normalized signal level variation of the HHG vortex beam as a function of the polarization of the driving beam. Note that the initial polarization state is vertical. Each data point is an average of at least 3 single-shot acquisitions ; the error bars represent standard deviation. The average signal level falls ∼ 5% of the peak for the horizontally polarized driver. In (b), the normalized signal level of the harmonic vortex beam as a function of the driver's ellipticity is depicted. The dotted line in (b) is only to guide the viewer.
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 518 Figure 5.18 -Additional polarization tilt in HHG VVB for various harmonic orders.For the azimuthally polarized vector-vortex driver of ℓ = 2, we show the computed far field vertical polarization intensity (top row) and polarization tilt (bottom row) for different high-order harmonics resulting from full quantum SFA calculation ; the utilized parameters for computation are same as in Fig.5.9(c) and Fig.5.16(a). As the intrinsic dipole phase is harmonic-order dependent (see Eq. (5.9)), each harmonic presents a different additional polarization tilt, showing an increasing trend with the harmonic order.

  Top row : horizontal polarization intensity (a) and wavefront (b) components of IR vector-vortex driver of topological charge ℓ = -2. In the middle row, we depict the horizontal polarization intensity (c) and wavefront (d) maps for the IR vector-vortex driver of ℓ = +2. In both cases, the IR wavefront sensor is placed ∼ 300 mm after the focal plane of the 2-m focal length converging lens. The direction of the wavefront twist follows the sign of the topological charge : anticlockwise (b) for ℓ = -2 and clockwise (d) for ℓ = +2. For the driver of ℓ = +2 (c, d), the backpropagated (e) and experimental (f) intensity profile at the waist present excellent agreement, showing the merit of our wavefront sensing approach.
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 61 Figure 6.1 -Schematic of the experimental setup for XRL seeding.The preplasma is generated by focusing a frequency-doubled Q-switched Nd YAG laser pulse of 10ns FWHM duration on the Titanium target (T) using a cylindrical lens. High-energy pump pulse of adjustable duration (tunable between 2 to 20ps) coming from Ti : Sapphire laser-chain is line-focused on the target using a spherical mirror (SM) of focal length 500mm. Width, uniformity, and parallelism of the two line-foci are characterized using a high-magnification imaging system (not shown here). The motorized mirror mounts facilitate in-vacuum adjustment of the pump grazing-incidence angle. The diagnostic to the near-field intensity profile of XRL is provided by a EUV imaging system with a magnification of ∼12. The inset figure (a) shows the near-field profile of ASE-XRL for Φ = 32 • , T IR = 4ps. For temporal coherence measurement, the XRL pulse is guided to the path-difference interferometer located ∼ 3.2m further from the source. For seeded operation, HH seed is generated by focusing an auxiliary low-energy (∼4 mJ) infrared beam of pulse duration ∼ 40f s in a 10 mm long Argon filled gas-cell. Inset figure (b) depicts the seeded-XRL far-field profile acquired on EUV CCD located ∼ 1.9m from the source for Φ = 32 • , T IR = 4ps. Reprinted with permission from Ref.[START_REF] Kumar Pandey | Towards subpicosecond pulses from solid target plasma based seeded soft x-ray laser[END_REF]. Copyright ©2020 Optica Publishing Group.
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 62 Figure 6.2 -Sagittal line-foci intensity profile of preplasma and pump beams on the target. (a) Pump beam for Φ = 22 o , and (b) preplasma pulse.
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 63 Figure 6.3 -Fringe visibility as a function of relative delay between the interfering beamlets for Φ = 32 • and Φ = 22• (bottom row). For a given value of τ , the data point is an average of the maximum visibility for 5 to 10 single-shot acquisitions while the error bar represents the standard deviation. The pulse duration T IR is varied by adjusting the distance between in-vacuum compressor gratings. The peak-to-peak delay between preplasma and pumping pulse is 4ns in all the cases presented above. Reprinted with permission from Ref.[START_REF] Kumar Pandey | Towards subpicosecond pulses from solid target plasma based seeded soft x-ray laser[END_REF]. Copyright ©2020 Optica Publishing Group.
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 64 Figure 6.4 -Normalized seeded-XRL energy as a function of injection delays for low (Φ = 22 • and T IR = 7ps) and high (Φ = 32 • and T IR = 4ps) electron density amplifiers.In the high-density scenario, XRL plasma was seeded at an off-axis injection angle of ∼ 1 • to counter the effects of refraction (see section 6.6.6). For both the configurations, the IR pump was delayed by 4ns with respect to the peak of preplasma forming pulse. Reprinted with permission from Ref.[START_REF] Kumar Pandey | Towards subpicosecond pulses from solid target plasma based seeded soft x-ray laser[END_REF]. Copyright ©2020 Optica Publishing Group.
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 65 Figure 6.5 -Bloch-Maxwell simulation of the seeded-XRL operation. (a) The temporal intensity profile of the amplified pulse for Φ = 22 • , L = 3mm, and T IR = 7ps is shown in blue, whereas red-dashed curve shows the profile for Φ = 32 • , L = 3mm, and T IR = 4ps. The extrapolated case Φ = 36 • , L = 4mm is displayed in black. (b) Experimental (black circles) and simulated (solid blue line) fringe visibility for Φ = 22 • and T IR = 7ps. The red-dashed curve represents simulated fringe visibility for seeded-XRL pumped by 4ps pulse at Φ = 32 • . The simulated curves are scaled by the maximum value of the experimentally measured visibility for seeded-XRL. Reprinted with permission from Ref. [153]. Copyright ©2020 Optica Publishing Group.
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 66 Figure 6.6 -Seeded-XRL raw interferograms for various τ values. (a) τ = 0ps, (b) 1.4ps, (c) 2.8ps, and (d) CCD readout in the absence of high-harmonic seed. L = 3mm, Φ = 22 o and T IR = 7ps. The fringe contrast decreases with an increase in the delay between the interfering beamlets (a-c). In (d), we show the acquired raw image in the absence of the harmonic seeding pulse.
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 67 Figure 6.7 -XRL pump pulse duration calibration. (a) XRL pumping pulse duration measurement in ∼ 40f s to ∼ 500f s range. Each translation step of the compressor grating is ∼ 1µm displacement, whereas the positive (negative) sign of the translation indicates an increase (decrease) of the distance between the compressor gratings. (b) Pump pulse duration dependence on the compressor grating translation in 1ps to 17ps range. (c) Temporal intensity profile of the pump for T IR = 4ps and 7ps (FWHM).
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 68 Figure 6.8 -Timing of preplasma, XRL pump, and the HHG driving beams for seeded operation. (a) Timing of the three beams at the target using a fast-photodiode. (b) Experimental arrangement to time the XRL pump and the HHG seed driving beams through frequency mixing in a Type-1 BBO crystal placed at the target plane. The front surface of the crystal was imaged with high magnification, hence verifying the spatial superposition of the two beams. A high-precision linear translation stage is used to tune the delay between the two pulses.
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 610 Figure 6.10 -Principle of wavefront-division variable path-difference interferometer comprising a dihedron pair. The hatched area represents the interference field. Inset figure (a) depicts a raw interferogram corresponding to a null delay for grazing incidence pumping angle of 32 • and T IR = 4ps. Line representation of the interferogram extracted from the region enclosed within the box (inset (a)) is presented in (b).Note that the use of a dihedron pair instead of a flat mirror ensures that the loss of fringe visibility arises only due to the finite temporal coherence and does not result from a geometrical change in the beam overlap conditions when the path difference between the interfering beamlets is varied. Reprinted with permission from Ref.[START_REF] Kumar Pandey | Towards subpicosecond pulses from solid target plasma based seeded soft x-ray laser[END_REF]. Copyright ©2020 Optica Publishing Group.
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 611 Figure 6.11 -Zero-delay position of the variable path-difference wavefrontdivision interferometer. (a) Interference pattern for zero-delay position obtained using 25 th harmonic (centered at λ = 32.6nm) of the HHG driving IR beam. The farfield intensity distribution of the 25 th harmonic is acquired on a EUV CCD located ∼ 1.5m downstream of the harmonic source and is shown in the inset (b).
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 612 Figure 6.12 -Intensity distribution at the XRL exit plane for various seed injection angles. (a) ASE, (b) on-axis seeding, (c) seed injection angle = 0.8 • , (d) 1 • , (e) 1.2 • , and (f) 1.4 • . The delay between preplasma and pump pulse is 4ns, whereas the injection delay is 5.4ps.
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 614 Figure 6.14 -Intrinsic linewidth (FWHM) of Ne-like Ti soft-XRL. We show the intrinsic linewidth line as a function of the electron density N e for three levels of electron temperature T e . Reprinted with permission from Ref. [153]. Copyright ©2020 Optica Publishing Group.
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 615 Figure 6.15 -ASE X-ray laser pulse modelling. (a) single-pulse temporal profile. Simulation of the modulus of its first-order autocorrelation function for (b) a single pulse (c) averaged over N=100 pulses. Fitting curves showed in red and green are presented in the main text. (d) The relationship between the different fitting parameters. Reprinted with permission from Ref. [153]. Copyright ©2020 Optica Publishing Group.
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 616 Figure 6.16 -Seeded-XRL Bloch-Maxwell simulation. Bloch-Maxwell simulation of the XRL seeded operation for Φ = 22 • , T IR = 7ps and Φ = 32 • , T IR = 4ps. (a) shows population inversion under aforementioned conditions. The simulated spectra of the seeded XRL for both configurations, along with the ASE-XRL spectrum obtained from experimental coherence measurement for Φ = 22 • , T IR = 7ps is presented in (b) by dashed-black curve. Reprinted with permission from Ref. [153]. Copyright ©2020 Optica Publishing Group.
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 617 Figure 6.17 -Bloch-Maxwell simulation of the XRL seeded output energy. Seeded-XRL energy for different seed injection delays (blue curves) for input parameters corresponding to (a) Φ = 22 • , T IR = 7ps, and (b) Φ = 32 • , T IR = 4ps. Evolution of the population inversion in the absence of laser field is plotted in black. Reprinted with permission from Ref. [153]. Copyright ©2020 Optica Publishing Group.
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 71 Figure 7.1 -Experimental setup schematic for the amplification of EUV vortex in XRL plasma. The HHG vortex seed is obtained by focusing the IR drivers of ℓ 1 = ±1or ℓ 1 = ±2 into the Argon gas cell, which is placed ∼ 37 mm before the entrance of XRL plasma. The central wavelength of the driving beam is 815 nm. The spatial superposition of the vortex seeding pulse and the XRL-plasma is ensured using a EUV imaging system that is implemented to image the exit plane of XRL with the optical magnification of ∼ 6.5. Note that the given imaging system is spectrally selective for λ = 32.6 nm, which coincides with the emission wavelength of Ne-like Ti XRL, and the 25 th harmonic of the IR driver. The inset shows : (a) nearfield profile of the ASE-XRL ; and intensity distribution of vortex seed of topological charge (b) ℓ 25 = +25, (c) ℓ 25 = +50, at the exit plane of the Ti target. The dotted vertical lines mark the position of the target surface in the respective cases.

  Figure 7.1 -Experimental setup schematic for the amplification of EUV vortex in XRL plasma. The HHG vortex seed is obtained by focusing the IR drivers of ℓ 1 = ±1or ℓ 1 = ±2 into the Argon gas cell, which is placed ∼ 37 mm before the entrance of XRL plasma. The central wavelength of the driving beam is 815 nm. The spatial superposition of the vortex seeding pulse and the XRL-plasma is ensured using a EUV imaging system that is implemented to image the exit plane of XRL with the optical magnification of ∼ 6.5. Note that the given imaging system is spectrally selective for λ = 32.6 nm, which coincides with the emission wavelength of Ne-like Ti XRL, and the 25 th harmonic of the IR driver. The inset shows : (a) nearfield profile of the ASE-XRL ; and intensity distribution of vortex seed of topological charge (b) ℓ 25 = +25, (c) ℓ 25 = +50, at the exit plane of the Ti target. The dotted vertical lines mark the position of the target surface in the respective cases.

  y) ≈ |E i (x 0 , y 0 )|exp(i(ϕ i (x 0 , y 0 ) + (x -x 0 ) ∂ϕ i ∂x | 0 + (y -y 0 ) ∂ϕ i ∂y | 0 + ...)). (7.4) If we define α x = λ 2π ∂ϕ i ∂x | 0 and α y = λ 2π ∂ϕ i

Figure 7 .

 7 2 shows the theoretical (top row) and the experimental (bottom row) results when the seeding beam of ℓ q=25 = +25 is partially clipped by the opaque target. The vertical clipping in the nearfield (a, d) yields an incomplete intensity (b, e) and wavefront (c, f) maps in the farfield. Interestingly, the 7.4. Partial vortex beam amplification by an ideal XRL plasma unclipped part of the beam rotates by 90 0 upon propagation to the farfield : comparing (a, b) and (d, e). Moreover, the rotation of the intensity distribution is clockwise, therefore coinciding with the direction of the wavefront twist of the vortex beam with a positive topological charge. Additionally, In the unclipped part of the beam, the azimuthally varying wavefront is preserved (e, f). Results presented in Fig. 7.2 indicate that the sense of global intensity profile rotation in the farfield is governed by the sign of the topological charge of the vortex beam. To further corroborate this aspect, we depict the results for the vortex beam of negative topological charge (ℓ 25 = -25) in Fig. 7.3. Note that the experimental vortex beam represented in Fig. 7.3(d) is irregularly clipped due to a crater in the Ti target, which
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 72 Figure 7.2 -Effect of target clipping on the intensity and wavefront of EUV vortex beam. For the HHG vortex seed of ℓ 25 = +25, the top row shows theoretical intensity distribution at the exit plane of the target (left column), and after 2 m propagation (center column). In the rightmost column (c), we depict the wavefront corresponding to (b). The bottom row represents the experimental results : intensity profiles at the Ti target (d), and after propagating to the farfield (e). For (e), the measured wavefront is shown in (f). The theoretical (top row) and the experimental (bottom row) results demonstrate that vertical aperturing of the vortex seed by the target leads to a global rotation of the intensity distribution by 90 0 after propagation to the farfield. The rotation is in the direction of the wavefront twist of the vortex beam, which is clockwise here : ℓ 25 = +25. For the unclipped part, the azimuthally twisting wavefront of the incident beam is preserved both for theoretical (c) and experimental (f) results.
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 73 Figure 7.3 -Effect of target clipping on the intensity and wavefront of EUV vortex beam of ℓ 25 = -25. Same as in Figure 7.2 but for the opposite sign of the topological charge. Upon propagation to the farfield, the unblocked part rotates counterclockwise by 90 0 (b, e). Both for the theoretical (top row) and experimental (bottom row) results, the wavefronts (c, f) show an anticlockwise azimuthal twist.
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 4374 Figure 7.4 -Partial amplification of the Gaussian and the vortex beams by an ideal XRL-plasma amplifier. The nearfield intensity profile and the region of amplification is shown in the left column for ℓ 25 = 0 : (top row), ℓ 25 = +25 (middle row), and ℓ 25 = -25 (bottom row). In the central and the rightmost columns, farfield intensity and wavefront maps are depicted. The radius of the gain region d = 30 µm, and the gain factor G 0 = 4 in all the cases. For ℓ 25 = 0 (a-c), the partially amplified beam exhibits on-axis propagation to the farfield with no deflection (b, c). For the vortex beams, the amplified part is deflected in the direction of the local phase gradient of the vortex beam in the region of amplification : up for ℓ 25 = +25 (e), and down for ℓ 25 = -25.
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 75 Figure 7.5 -Partial amplification of the Gaussian and the vortex beams by an ideal XRL-plasma amplifier : effect of plasma phase gradient. Nearfield intensity (first column from left) and wavefront (second column) maps for the seeding beam of ℓ 25 = 0 (top row), ℓ 25 = +25 (middle row), and ℓ 25 = -25 (bottom row). In all the cases, the plasma phase gradient corresponding to α P = 4 mrad is applied in the region of amplification. The inset plots in the second column depict the resulting total phase in the amplification region. We depict the farfield intensity and the wavefront maps for each condition in the third and the fourth column, respectively. For ℓ 25 = 0, the amplified beam is laterally deflected in the farfield (c, d). For the vortex seed, the deflection of the amplified beam is in the direction of the total added phase : up-diagonal for ℓ 25 = +25 (g, h), and down-diagonal for ℓ 25 = -25 (k, l).

Figure 7 . 6 -

 76 Figure 7.6 -Experimental results of the partial vortex beam amplification in Ne-like Ti XRL. For harmonic vortices of ℓ 25 = +25 (top row) and ℓ 25 = -25 (bottom row), the left portion of the beam is injected and amplified by the XRL plasma (a, c). The nearfield profiles in (a, c) are acquired using the spectrally selective EUV imaging system (see Fig. 7.1) with a magnification factor of ∼ 6.5. We mark the position of the target surface using vertical dashed lines. Strongly saturated CCD pixels in (a, c) indicate efficient amplification of the injected part of the vortex seed. The right column shows the farfield intensity maps for the respective configurations. The position of the amplified part is denoted by white arrows in (b, d). For the amplified part of the seed, the direction of deflection in the farfield depends on the sign of the topological charge of the injected beam : up-diagonal for ℓ 25 = +25 (b), and down-diagonal for ℓ 25 = -25 (d). Note that multiple laser shots are accumulated for the harmonic vortex beam while the XRL is operated in single-shot mode. Consequently, only the first properly timed vortex pulse is amplified by the XRL plasma. This allows us to track the portion of the vortex seed that is being amplified by the XRL (a, c).
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 77 Figure 7.7 -Amplification of HHG vortex beams exhibiting a very high topological charge (ℓ 25 = +50) in XRL plasma. A small part of the HHG OAM beam of ℓ 25 = +50 is injected and amplified by the XRL-plasma. In (a), the image of the XRL exit plane is shown, which allows distinguishing the amplified and the unseeded part of the vortex beam. Figure (b) depicts the farfield intensity distribution for the corresponding condition. The white arrow in (b) marks the position of the amplified beam. As in the case of ℓ 25 = +25 (see Fig. 7.6(b)), the amplified part of the vortex seed is deflected up-diagonal for positive sign of the topological charge.
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 78 The orientation of the unseeded part of the incident beam is contrary for positive (b), negative (d) signs of the topological charge. Moreover, the amplified part (indicated by a white arrow in (b, d)) resides close to the unseeded intensity ring. Interestingly, the deflection of the seeded beam in the farfield is greater for higher topological charge : comparing (b) |ℓ 25 | = 25 and (d) |ℓ 25 | = 50. We again remark that for ℓ 25 = -50, large deflection of the amplified part mandated translation of the 45 0 flat mirror in front of the detector.
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 78 Figure 7.8 -Partial amplification by an ideal XRL-plasma amplifier for vortex beams clipped by the XRL target. Nearfield intensity (first column from the left) and wavefront (second column) maps for the vortex beams of ℓ 25 = +25 (top row) and ℓ 25 = -25 (bottom row). The wavefront of the vortex beam in the amplification region is depicted in the inset of (b, f). The shaded gray regions in (b, f) represent an opaque target. Depending on the sign of the topological charge, the combined effects of the target clipping and the local amplification lead to the distinctive intensity (c, g) and wavefront (d, h) profiles upon propagation to the farfield.
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 79 Figure 7.9 -Amplification of partially clipped vortex beams in XRL plasma. Intensity maps at the XRL exit plane (left column) and upon propagation to the farfield (right column) for the seeding beams of ℓ 25 = +25 (top row) for ℓ 25 = -50 (bottom row). Note that almost half of the vortex beam is blocked by the target ; the position of the target surface is marked by the vertical dashed line in (a, c). For ℓ 25 = +25 (a), the upper part is of the vortex beam is amplified, whereas for ℓ 25 = -50 (b), the lower portion of the seeding pulse is injected into the XRL plasma. For the positive (negative) sign of the topological charge, the unclipped portion of the vortex beam rotates by 90 0 in a clockwise (anticlockwise) direction. The amplified portion of the beam (shown by white arrows in (b, d)) resides close to the intensity ring of the unclipped part. The farfield pattern is distinctive in the two cases and is in excellent agreement with the theoretical predictions depicted in Fig. 7.8.
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 710 Figure 7.10 -Simulation of the amplification of vortex beam in plasma-based XRL. (a) Laser gain distribution, (b) intensity, and (c) wavefront of the vortex seeding beam of ℓ = 25 at the entrance of the plasma. Intensity (d) and wavefront (e) of the amplified beam after 1 m propagation. The horizontal deflection of the amplified beam due to plasma density gradient is 3 mrad. The amplified beam shows an annular but elliptical profile. The wavefront of the amplified beam (e) exhibits azimuthal phase variation compatible with the of ℓ = 25, showing that the helical wavefront of the input beam is retained during amplification.
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 711 Figure 7.11 -Longitudinal cross-section of optical field intensity in the amplifying plasma.(a) longitudinal cross-section of optical field intensity in the amplifying plasma at a given time. The horizontal dashed lines in (a) mark : (i) leading seed pulse, which is followed by (ii) Rabi oscillations, (iii) pulse peak intensity, and (iv) the trailing edge of the pulse. The intensity and wavefront maps for the corresponding cases are depicted in the insets (i) to (iv).

Figure 7 . 12 -

 712 Figure 7.12 -Longitudinal cross-section of optical field intensity in the amplifying plasma at a given time. For (a), we depict the intensity profile along the amplification direction at two different positions (marked by vertical dashed lines in (a)) in the direction perpendicular to the target plane. The profiles in (b, c) correspond to the marked positions (i, ii), respectively. The amplified seed pulse (narrow peak on the leading edge in (b, c)) is followed by Rabi oscillations and a long-lasting wake.

Figure 7 . 13 -

 713 Figure 7.13 -Simulation of partial vortex beam amplification in plasma-based XRL. Top row : for ℓ = +25, intensity (a) and wavefront (b) of the partially amplified vortex beam at the exit of XRL plasma. The intensity and wavefront profiles after 1 m propagation are shown in (c, d), respectively. The bottom row shows the same but for vortex seeding of ℓ = -25. For both cases, only a small region on the left part of the intensity ring amplified ; bright spots in (a, c). For the amplified part of the seed, the direction of deflection in the farfield depends on the sign of the topological charge of the injected beam : up-diagonal for ℓ 25 = +25 (c), and down-diagonal for ℓ 25 = -25 (g). The nearfield (b, f) and the farfield (d, h) wavefront maps show azimuthal phase variation in the amplified part of the beam.

Figure 7 . 14 -

 714 Figure 7.14 -Proposed scheme for the amplification of a demagnified HHG vortex seed in XRL plasma.The schematic shows the arrangement for the injection of demagnified HHG OAM seed. The harmonic vortex seeding beam is obtained by driving HHG under 1 m focusing condition in a 10 mm long gas cell. The generated beam is reimaged using a combination of the EUV near-normal incidence plane (PM) and a concave mirror (SM) installed in the XRL interaction chamber. The desired demagnification factor can be attained by adjusting the distance between gas cell and concave EUV mirror, and accordingly altering the separation between the concave mirror and the XRL Ti target.

Figure 7 . 15 -

 715 Figure 7.15 -Partial amplification of different regions vortex beam of ℓ 25 = +25 by an ideal XRL-plasma amplifier. For the vortex of ℓ 25 = +25, the top row represents the nearfield intensity distribution when different parts of the beam are amplified. The radius of the region of uniform amplification (bright circle) is d = 30 µm, whereas the amplification factor G 0 = 4. The middle and the bottom row depict the farfield intensity and the wavefront maps for each condition. The position of the amplified portion in the farfield varies depending on the local phase gradient of the vortex beam in the amplification region.

  q=25 = +25) EUV vortex in XRL plasma. The nearfield image is acquired through a 300 nm thick metallic filter (Al). Extremely saturated CCD pixels indicate efficient amplification of the vortex seeding beam by the plasma amplifier. Here, as the bottom part of the harmonic beam exhibiting a positive topological charge is injected, the local phase gradient of the seed points towards the target bulk. A dramatic signal level might be the consequence of harmonic seed compensating for the horizontal refraction induced by the XRL plasma, which may increase the effective amplification length to yield very high signal level. Adapted with permission from Ref. [293]. Copyright ©2021 SPIE.

  IR vector-vortex drivers of intermediate polarization states. Horizontal I x (left column) and vertical I y (middle column) polarization intensity distribution at the waist for IR vector-vortex drivers exhibiting intermediate polarization states between radial and azimuthal for ℓ = 1 (top panel), and ℓ = 2 (bottom panel). The right-most column shows the composite intensity distribution (I x + I y ) for each configuration.

  Figure A.2 shows the PtV wavefront variation with the number of iterations for harmonic vortices driven by ℓ 1 = -1 (a-c) and ℓ 1 = +1 (d-f). Overall, the trend is similar to that of the IR vortex drivers (Fig. A.1

Figure A. 2 - 1 = - 1 .

 211 Figure A.2 -Wavefront reconstruction parameters : HHG vortex beams. PtV wavefront variation with number of iterations for HHG beam driven by IR vortex of (a) ℓ 1 = -1. Wavefront maps after (b, c) 250 and (e, f) 2500 iterations.

Figure A. 3 -

 3 Figure A.3 -Effect of the number of iterations on the PtV wavefront. (a) Variation of PtV value with the number of iterations for theoretical wavefront of different topological charges. For the topological charge of 1, we show the reconstructed wavefront after (b) 100, (c) 300, (d) 500, and (e) 700 iterations. Number of sampling points : 51 ; obscuration : 20%.
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 4 Figure A.4 -Wavefront reconstruction parameters : HHG vortex beams. PtV wavefront variation with number of iterations for HHG beam driven by IR vortex of (a) ℓ 1 = -1. In comparison to Fig. A.2, the size of central obscuration is smaller here. Wavefront maps after (b, c) 250 and (e, f) 1400 iterations. In (d), we depict the wavefront after applying an intensity threshold of 30%.
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 5 Figure A.5 -Effect of central obscuration on the wavefront reconstruction parameters. (a) PtV variation for theoretical wavefront of unit topological charge with the number of iterations for different values of central obscuration. Reconstructed wavefront maps after 100 iterations for obscuration : (b) 5%, (c) 20%, (d) 50%, and (e) 75%. In all the cases, the PtV wavefront indicating the topological charge converges towards the expected value with a sufficient number of iterations (a). Number of sampling points : 51 ; topological charge ℓ = 1.
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 6 Figure A.6 -Wavefront reconstruction : number of sampling points and iterations. For the theoretical wavefront of topological charge 1, we show the variation of PtV value with the number of iterations for different numbers of sampling points. PtV wavefront underestimation in terms of % of the final converged value for (b) theoretical and (c) experimental wavefronts of various topological charges.

Figure A. 7 -

 7 Figure A.7 -Effect of slope discontinuity position on the PtV wavefront value of HHG vortex beam. Intensity (top row) and wavefront (bottom row) maps of HHG vortex driven by IR beam of ℓ 1 = -2. We represent the wavefront of the HHG vortex beam in the unit of the central wavelength of light : λ = 32.6 nm. The PtV wavefront value indicating the topological charge is minutely influenced by the discontinuity position, falling within 1% of theoretical expectation.

  Fig. A.8 (a, c). Out of all calculable subpupils, i.e., the sub-apertures with a high enough signal-to-noise ratio (green-colored zone in (a, c)), any sub-aperture can be arbitrarily chosen. For two arbitrarily chosen first calculated subpupil in Fig. A.8 (a, c), we show the reconstructed wavefront profiles in Fig. A.8 (b, d), respectively. The PtV wavefront value indicating the topological charge of the HHG vortex beam is only slightly affected by the choice of the first calculated subpupil, remaining within 1% of the theoretically expected value.

Figure A. 8 -

 8 Figure A.8 -Effect of first calculated subpupil on PtV wavefront value of HHG vortex beam. For the selected case of ℓ 1 = -1; ℓ q=25 , the green-colored zone in (a, c) shows the map of calculable subpupils with two distinct choices of first calculated subaperture. In (b) and (d), we depict the reconstructed wavefront profiles after considering first calculated subpupil with coordinates (a) (x, y) = (22, 28) and (c) (x, y) = (19, 44), respectively. The choice of the first calculated subpupil only minutely affects the PtV wavefront value indicating the topological charge of the harmonic vortex beam : PtV wavefront = (b) 24.927λ, (d) 24.998λ, where λ = 32.6 nm is the central wavelength of the 25 th harmonic beam.
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  Fig.B.1(g-i)), the HHG vortex beams exhibit almost a single-ringed intensity profile ; the faint secondary rings are still noticeable. With the displacement of the gas cell before the waist of the driving beam, the intensity map of the harmonic vortex gradually evolves to exhibit pronounced and distinguishable secondary rings (Fig.B.1(a-c)). Concerning wavefront maps, the PtV variation indicating the topological charge is within 2% of the theoretical expectation ; excluding Fig.B.1(l), where the vortex ring is incomplete. For IR beam of ℓ 1 = -2, we observe similar evolution of the harmonic vortex intensity profile with gas cell displacement ; see Fig. B.2. Furthermore, for all the cases (Figs. B.1, B.

  Figs. B.1, B.2) in Fig. B.3 : (a, b) ℓ 1 = -2,

Figure B. 1 -

 1 Figure B.1 -Effect of gas cell displacement on harmonic vortex for the IR driving beam of ℓ 1 = +2; ℓ q=25 . We show the intensity and the wavefront of the HHG vortex beam for various gas-cell displacements concerning the ℓ 1 = +2 driver beam waist. For each condition, the gas-cell distance from the waist is included in the intensity plot, whereas the total wavefront variation is indicated alongside the colorbar of the wavefront. A negative (positive) displacement corresponds to gas cell being before (after) the beam waist. Argon gas pressure : 10 mbar ; iris diameter 18 mm ; driving beam energy after iris : ∼ 11.7 mJ ; number of laser-shots : 5.

Figure B. 2 -

 2 Figure B.2 -Intensity and wavefront variation with gas cell displacement with respect to the driving beam waist for ℓ 1 = -2; ℓ q=25 . The intensity and the wavefront of the HHG vortex beam for various gas cell displacements concerning the waist of ℓ 1 = -2 driver beam. Argon gas pressure : 10 mbar ; iris diameter 18 mm ; driving beam energy after iris : ∼ 11.7 mJ ; the number of laser-shots : 5.

Figure B. 3 -

 3 Figure B.3 -Effect of gas-cell displacement : backpropagated intensity distribution of the EUV vortex beam at the HHG source. For ℓ 1 = +2, the left panel shows the intensity maps at the HHG source for different positions of the gas cell regarding the IR beam waist : (a) ∼ 5 mm after and (b) ∼ 16 mm before the waist.Right panel : harmonic vortex intensity maps at source for ℓ 1 = -2 when the gas cell is placed (c) ∼ 12 mm after and (d) ∼ 45 mm before the waist of IR driving beam. For both cases, the intensity distribution manifests complex features when the generation medium is present much before the waist of the driving beam.
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 421 Figure B.4 -Radial mode content of the EUV vortex beam for IR driver of ℓ 1 = ±2. Radial mode spectra of the HHG vortex obtained via LG decomposition for the driving beam of (a -d) ℓ 1 = +2, (e, f) ℓ 1 = -2. The gas cell position concerning the waist of the driver is indicated in the inset of each plot. A negative (positive) displacement corresponds to the cell being before (after) the IR beam waist. Note that p-spectra shown here corresponds to the intensity and wavefront profiles depicted in Figs. B.1, B.2

Figure B. 5 -

 5 Figure B.5 -Variation of p-spectra standard deviation of EUV vortex beams with gas cell displacement : ℓ 1 = ±2 ; ℓ q=25 . Radial mode spectra standard deviation (∆p) dependence of HHG vortex on gas cell displacements for IR driving beams of ℓ 1 = ±2. The dashed line represents the average ∆p. A negative (positive) displacement corresponds to the cell being before (after) the IR beam waist.

  Figs. B.1, B.2, and B.3), the presented results also unravel the evolution of radial mode content of HHG vortex beams in these conditions (Figs. B.4, B.5). In this section, we briefly discuss the results on the effect of gas cell displacements on the intensity, wavefront, and the standard deviation of p-mode spectra (∆p) of the HHG-OAM beams driven by the IR vortex of ℓ 1 = ±3. In Figures B.6 and B.7, we depict the evolution of intensity and wavefront profiles of HHG vortex for IR driver of ℓ 1 = +3 (Fig. B.6) and ℓ 1 = -3 (Fig. B.7), respectively.

  Fig. B.8 represents the average ∆p. Note that this behavior is similar to previously observed trend for ℓ 1 = ±2, ℓ q=25 (Fig. B.5

B. 2 .Figure B. 6 -

 26 Figure B.6 -Intensity and wavefront variation with gas-cell displacement with respect to the driving beam waist for ℓ 1 = +3; ℓ q=25 . We show the intensity and the wavefront profiles of the HHG vortex beam for various gas cell displacements concerning the wait of ℓ = +3 driver beam. Note that the positive (negative) displacements correspond to the gas cell being after (before) the waist of the driving beam. Argon gas pressure : 10 mbar ; iris diameter 18 mm ; driving beam energy after iris : ∼ 11.5 mJ ; the number of laser-shots : 90.

Figure B. 7 -

 7 Figure B.7 -Intensity and wavefront variation with gas-cell displacement with respect to the driving beam waist for ℓ 1 = -3; ℓ q=25 . For the IR vortex of ℓ = -3, we depict the intensity and the wavefront maps of the HHG vortex beam for various gas cell displacements concerning the waist of the driving beam. Argon gas pressure : 10 mbar ; iris diameter 18 mm ; driving beam energy after iris : ∼ 11.5 mJ ; the number of laser-shots : 90.

  

  

  

  

  

  

  

  

  

  

  

  

Table 1

 1 

	Ion	Remaining electrons Upper level Lower level	Examples (wavelength)
	Ne-like	1s 2 2s 2 2p 6	2p 5 3p	2p 5 3s	Ti XIII (32.6 nm)
	Ni-like 1s 2 2s 2 2p 6 3s 2 3p 6 3d 1 0	3d 9 4d	3d 9 4p	Kr IX (32.8nm), Ag XX (13.9 nm)
	Ni-like 1s 2 2s 2 2p 6 3s 2 3p 6 3d 1 0	3d 9 4f	3d 9 4d	Ag XX (16.1 nm)

.1. It is noticeable that for collisional excitation schemes, ionization states larger than 10 are needed, meaning that highly ionized plasma is required. Note also that the same lasing ions can present different transitions suitable for X-ray lasers.
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Table 6 .1 -Results of the temporal coherence fitting procedure for different values of the grazing angle Φ and pulse duration T IR of the pumping pulse.

 6 

	Φ(•) T IR (ps)	τ c (ps)	τ pulse (ps)	H	ASE -XRL energy(µJ)
	32	4	1.0 ± 0.1 2.1 ±0.2 1.0±0.1	0.75
	32	7	1.1 ± 0.1 3.0 ±0.4 1.0±0.2	0.60
	22	4	1.9± 0.2 3.9 ±0.4 1.2±0.1	0.83
	22	7	2.6± 0.3 5.2 ±0.4 1.3±0.2	1.1

Table 6 .2 -Comparison with spectral line shape modelling for different grazing angle Φ and pulse duration T IR of the pumping pulse.

 6 IR (ps) ∆ν(×10 11 Hz) τ F L (ps) N e (×10 20 cm -3 )

	32	4	5.3±0.5	0.8 ± 0.1	4.1 ±0.5
	32	7	4.8±0.5	0.9 ± 0.1	4.0 ±0.1
	22	4	2.8± 0.3	1.6 ± 0.2	2.0 ±0.2
	22	7	2.0± 0.2	2.2 ± 0.3	0.6 ±0.2

Φ( • ) T
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Chapter overview

Structured light in the short-wavelength regime opens exciting avenues for the study of ultrafast spin and electronic dynamics. Here, we demonstrate experimentally and theoretically the generation of vector-vortex beams (VVB) in the extreme ultraviolet through high-order harmonic generation (HHG). The up-conversion of VVB, which are spatially tailored in their spin and orbital angular momentum, is ruled by the conservation of the topological Pancharatnam charge in HHG. Despite the complex propagation of the driving beam, high-harmonic VVB are robustly generated with smooth propagation properties. Remarkably, we find that the conversion efficiency of high-harmonic VVB increases with the driving topological charge. Our work opens the possibility to synthesize attosecond helical structures with spatially varying polarization, a unique tool to probe spatiotemporal dynamics in inhomogeneous media or polarization-dependent systems

Introduction

Advancing light engineering to structure the spatiotemporal properties of light beams is paramount to provide precise tools to explore fundamental material dynamics and to translate this knowledge into novel applications. Among the different types of structured beams [START_REF] Forbes | Structured light : Tailored for purpose[END_REF], optical vortices and vector beams are consolidated as paradigmatic examples. While a vortex beam is spatially tailored in its phase, exhibiting a helical wavefront and thus carrying orbital angular momentum (OAM) [START_REF] Allen | Orbital angular momentum of light and the transformation of laguerre-gaussian laser modes[END_REF][START_REF] Yao | Orbital angular momentum : origins, behavior and applications[END_REF], a vector beam is spatially tailored in its polarization state or spin angular momentum (SAM) [START_REF] Zhan | Cylindrical vector beams : from mathematical concepts to applications[END_REF][START_REF] Holleczek | Classical and quantum properties of cylindrically polarized states of light[END_REF]. Among all vector beam possibilities, radially and azimuthally polarized beams, exhibiting ordered linearly polarized distributions, are the most relevant examples. Harvesting the properties of vector and vortex beams has triggered substantial progress in many interdisciplinary fields such as optical communications [START_REF] Gibson | Freespace information transfer using light beams carrying orbital angular momentum[END_REF][START_REF] Wang | Terabit free-space data transmission employing orbital angular momentum multiplexing[END_REF][START_REF] Willner | Optical communications using orbital angular momentum beams[END_REF][START_REF] Milione | 4 × 20 gbit/s mode division multiplexing over free space using vector modes and a q-plate mode (de)multiplexer[END_REF][START_REF] Trichili | Optical communication beyond orbital angular momentum[END_REF], quantum information [START_REF] Mair | Entanglement of the orbital angular momentum states of photons[END_REF][START_REF] Molina-Terriza | Triggered qutrits for quantum communication protocols[END_REF][START_REF] Fickler | Quantum entanglement of high angular momenta[END_REF], topological systems [START_REF] Bahari | Photonic quantum hall effect and multiplexed light sources of large orbital angular momenta[END_REF][START_REF] Spektor | Revealing the subfemtosecond dynamics of orbital angular momentum in nanoplasmonic vortices[END_REF], imaging [START_REF] Zhan | Cylindrical vector beams : from mathematical concepts to applications[END_REF][START_REF] Dorn | Sharper focus for a radially polarized light beam[END_REF][START_REF] Hell | Breaking the diffraction resolution limit by stimulated emission : stimulated-emission-depletion fluorescence microscopy[END_REF][START_REF] Lauterbach | Asma Soltani et Valentina Emiliani : Sted microscope with spiral phase contrast[END_REF][START_REF] Vicidomini | Sted superresolved microscopy[END_REF], magnetism [START_REF] Guclu | Photoinduced magnetic nanoprobe excited by an azimuthally polarized vector beam[END_REF][START_REF] Fujita | Nonequilibrium magnetic oscillation with cylindrical vector beams[END_REF][START_REF] Du | Deepsubwavelength features of photonic skyrmions in a confined electromagnetic field with orbital angular momentum[END_REF][START_REF] Blanco | Ultraintense femtosecond magnetic nanoprobes induced by azimuthally polarized laser beams[END_REF], material processing [START_REF] Niziev | Influence of beam polarization on laser cutting efficiency[END_REF][START_REF] Meier | Material processing with pulsed radially and azimuthally polarized laser radiation[END_REF][START_REF] Jin | Dynamic modulation of spatially structured polarization fields for real-time control of ultrafast laser-material interactions[END_REF], optical tweezers [START_REF] Kuga | Novel optical trap of atoms with a doughnut beam[END_REF][START_REF] Grier | A revolution in optical manipulation[END_REF][START_REF] Padgett | Tweezers with a twist[END_REF][START_REF] Turpin | Optical vault : A reconfigurable bottle beam based on conical refraction of light[END_REF][START_REF] Yang | Optical trapping with structured light : a review[END_REF] or particle acceleration [START_REF] Yousef | Direct high-power laser acceleration of ions for medical applications[END_REF][START_REF] Marceau | Femtosecond 240-kev electron pulses from direct laser acceleration in a low-density gas[END_REF]. In addition, structured light provides new scenarios of laser-matter interactions, like OAM transfer to valence electrons [START_REF] Picón | Transferring orbital and spin angular momenta of light to atoms[END_REF][START_REF] Schmiegelow | Transfer of optical orbital angular momentum to a bound electron[END_REF] and photoelectrons [START_REF] De Ninno | Photoelectric effect with a twist[END_REF], or the control of electrical currents in a semiconductor [START_REF] Blanco | Ultraintense femtosecond magnetic nanoprobes induced by azimuthally polarized laser beams[END_REF][START_REF] Sederberg | Corkum : Vectorized optoelectronic control and metrology in a semiconductor[END_REF][START_REF] Jana | Reconfigurable electronic circuits for magnetic fields controlled by structured light[END_REF].

Vertical polarization intensity component of the EUV (λ = 32.6 nm) vector beam exhibiting spatially varying linear polarization.

The intensity distribution of the HHG beam is acquired using a monochromatic (for the 25 th harmonic centered at wavelength λ = 32.6 nm) polarization selective ('s'polarization) EUV imaging system that is configured to image the exit plane of the generation medium ; optical magnification factor : ∼ 11.

Annexe A IR and EUV vortex beams wavefront zonal reconstruction : optimization of reconstruction parameters Chapter Overview

In this work, we have relied heavily on wavefront sensing for the characterization of near-infrared (IR) and extreme ultraviolet (EUV) vortex beams. Moreover, throughout this work, we have utilized Southwell's Successive over-relaxation (SOR) algorithm [START_REF] Southwell | Wave-front estimation from wave-front slope measurements[END_REF], implemented in proprietary software (WaveView, Imagine Optic), to reconstruct the wavefront from measured slopes. The SOR is an iterative approach based on the minimization of the error between the measured slopes and the reconstructed wavefront. To do so, all the data points in the slopes map are scanned and the wavefront height at each point is estimated while considering neighboring points ; see [START_REF] Southwell | Wave-front estimation from wave-front slope measurements[END_REF] for further details. Overall, the SOR approach takes many iterations before converging ; the convergence criterion is defined through a maximum value of phase residual (wavefront derivative) that can be user-defined. A salient feature of this method is that as it is based on local slope signal integration, the spatial high-frequency information is preserved. In the context of the current work, we note that the SOR approach is adaptable to a pupil of any arbitrary shape, which makes it particularly suitable for the wavefront reconstruction of vortex beams exhibiting an annular profile.

After testing the wavefront reconstruction over a large number of data points for near-infrared (IR) vortex driving beams and upconverted EUV vortex beams of various topological charges (ℓ 1 , and ℓ q , respectively) obtained through high-order harmonic generation (HHG), we found that a residual limit of 1 × 10 -10 (mrad) was sufficient to reliably reconstruct the wavefronts in all the cases. However, the number of iterations needed varied depending on different parameters. Here, we briefly describe the observed trends.

A.1. Optimization of wavefront reconstruction parameters : Results

A.1 Optimization of wavefront reconstruction parameters : Results

In this section, we describe the main findings of our investigation. Note that all the wavefronts presented here (and throughout this work) are expressed in the units of the central wavelength of the light : λ = 815 nm for IR driving and λ = 32.6 nm for the HHG beams.

-For IR driving beams of 

Effect of gas cell displacement on the intensity profile of HHG-OAM beam (ℓ q=25

) for IR driver of ℓ 1 = -1. We depict the single-shot intensity profile evolution of the HHG-OAM beam as a function of gas cell displacement concerning the waist of the IR driver. Starting with the single-ring profile when the gas cell is at the waist of the IR driver (a), the effects of transversal phase matching and interferences between the contributions from short and long electron quantum trajectories lead to the evolution of intensity distribution to exhibit intricate multi-ring features as the generation medium is displaced further before the waist of the driving beam (indicated by the negative sign of the displacement).

IR vector-vortex driving beam of intermediate polarization state.

Composite profile of horizontal (red color) and vertical (green color) polarization intensity components at the waist for IR vector-vortex driver exhibiting intermediate polarization state between radial and azimuthal for ℓ = 2.