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Foreword

In this thesis, some results are classical but difficult to find in the literature. The original
ones have given rise to two articles.

e Real torus actions on real affine algebraic varieties, Math. Z., 301(2):1507-1536, 2022.

e Torus actions on affine varieties over characteristic zero fields,
https://arxiv.org/abs/2208.01495, July 2022.

The first one focuses on the C/R case. Its main results correspond to the content of
Section 4.1.

The second one (preprint) extends the first article by treating the case of arbitrary
Galois extension (in characteristic zero). The main results correspond to the content of
Sections 3.2 and 4.2.
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Introduction

Aims and scope

In this thesis, we study affine varieties endowed with an effective torus action over a char-
acteristic zero field. The aim is to describe these varieties with a geometrico-combinatorial
datum. Over an algebraically closed field of characteristic zero, Altmann and Hausen gave
a presentation of such varieties in terms of polyhedral divisors on a certain rational quotient
for the torus action (see [AHO06]). Their presentation was partially extended over a non-
algebraically closed field by Langlois (see [Lanlb, Lan21]), and by Dubouloz, Liendo and
Petitjean (see [DL18, DP20]). Using Galois descent tools, we extend the Altmann-Hausen
presentation of affine varieties endowed with an effective torus action to arbitrary fields of
characteristic zero. Thus we get a complete description of such varieties. We recover as a
particular case of our presentation the one given in [DL18, DP20], and also the one given in
[Lanlb, Lan21] restricted to characteristic zero fields.

The reader only interested in the C/R case may skip Chapter 3 and may go directly to
the next one (see also [Gil22a] for a self contained version of the Altmann-Hausen presentation
over R).

Example

We start by illustrating the Altmann-Hausen presentation on an example over the field of
complex numbers C. A one-dimensional torus is isomorphic to the multiplicative affine group
Gum,c := Spec(C[M]) = C*, where M = Z. Consider the affine plane A% endowed with the
effective torus action

plts (@) = (t,671y)

Then, the coordinate ring A := C[z,y] of AZ is M-graded

A= P A,

meM

where Ay = Clzy], Ay = Agz™ and A_,, = Agy™ with m € N*. Therefore, the weight cone
of the action is wy; = Q, and its dual cone wy is trivial.

In this situation, the Altmann-Hausen quotient corresponds to the categorical quotient
Y := A{ = Spec(Ap). Consider the polyhedral divisor

D=1[0;1] ® {0}

on Y, where [0;1] C (Mg)Y := (M ®7Q)", and 0 € Y. We denote by (.|.) the corresponding
pairing. We can evaluate D in m € M by letting

D(m) = min((m][0: 1)) & {0} = { o (0] o

1



2 INTRODUCTION

We get a Weil Q-divisor. From the triple (wy,Y, D), Altmann and Hausen define an M-
graded algebra
AlY,Dl:= @ H(Y,0¢(D(m))) Xm.

mewNM

In our example, we get

AY,D]:= P Ao(zy) "Xm® P AoXm.

meZ<o meZxo
Identifying X, with ™, we get an isomorphism of M-graded algebras
A= A[Y, D).
Therefore, we get an isomorphism of G, c-varieties
X = X[Y, D],

where X[Y, D] := Spec(A[Y,D]). In other words, from the triple (wx,Y, D), we recover the
affine variety A% endowed with the effective torus action p of G, ¢ (see Example E.2.3).

Altmann-Hausen presentation

Let n € N*, let M and N be dual lattices of rank n, and let T := Spec(k[M]) = G, ; be a
k-torus. From a triple (wy, Y, D), where wy is a pointed cone in Ng, and where D is a certain
polyhedral divisor on a normal semi-projective variety Y, Altmann and Hausen constructed
an affine variety X[Y, D] endowed with an effective torus action. The triple (wy,Y, D) is
called an AH-datum. The main results obtained in [AHO06] can be summarized as follows.

Theorem AH (See Theorem 3.1.12). Let k be an algebraically closed field of characteristic

zero, and let T := Spec(k[M]) be a k-torus.

(i) Let (wn,Y,D) be an AH-datum. The affine scheme X[Y, D] is a normal k-variety en-
dowed with an effective T-action.

(i) Conversely, let X be an affine normal variety endowed with an effective T-action. There

exists an AH-datum (wy,Y,D) such that there is an isomorphism of T-varieties X =
X|[Y, D], i.e. the graded k-algebras k[X] and A[Y, D] are isomorphic.

As it is mentioned above, the main goal of this thesis is to extend this presentation to
arbitrary fields of characteristic zero. To do this, this thesis is divided in several chapters as
follows.

Overview of the thesis

Chapter 1. In this chapter, we write down some well known results on the Galois descent
theory, but they are difficult to find in the literature.

Since we are working with varieties over non-closed fields of characteristic zero, it is
convenient to deal with the Galois descent language, and more exactly with the k-structure
language. Let k be a characteristic zero field, then the separable closure ks of k in a fixed
algebraic closure k satisfies ks = k. Therefore, the field extension k/k is Galois, and we
denote by T its profinite Galois group. Roughly, a k-structure on an algebraic k-variety X is
a continuous action I' x X — X such that the following diagram commutes for all v € T’



O~y

X X

l |

Spec
Spec(k) p—(’y)) Spec(k).

The main result of Chapter 1 is the well known equivalence of categories that is summarized
in the next theorem.

Theorem A (See Theorem 1.4.11). There is an equivalence of categories between the category
of pairs (X, o) consisting of a quasi-projective k-variety X endowed with a k-structure o, and
the category of quasi-projective k-varieties.

Once we know the existence of a k-structure o on a quasi-projective k’-variety X, the
Galois cohomology set

Hiont (Fa AUt(X))

parametrizes the set of k-forms of X, that is the set of k-varieties X such that Xo Xgpec(k)
Spec(k) is isomorphic to X.

We have a similar result concerning algebraic groups. In this case, if G is a k-group, we
consider k-structures that are compatible with the group structure on GG. These k-structures
are called k-group structures.

Corollary B (See Corollary 1.4.12). There is an equivalence of categories between the cat-
egory of pairs (G, T) consisting of a k-group G endowed with a k-group structure T, and the
category of k-groups.

Furthermore, in the context of quasi-projective varieties endowed with a group action,
we get the next result.

Corollary C (See Corollary 1.4.13). Let Gy be a k-group. There is a one-to-one correspon-
dence between quasi-projective k-varieties endowed with a Go-action and tuples (G, 7, X, 0, 1)
consisting of:
(i) a k-group G endowed with a k-group structure T such that G/T = Gy;
(ii) a quasi-projective k-variety X endowed with a k-structure o;
(iii) an action p: G x X — X such that the following diagram commutes for all v € T':
7

GxX X
T’YXO'A/J lo’w
GxX m X.

Chapter 2. In this chapter we study tori, tori actions, and toric varieties over arbitrary
fields of characteristic zero. This chapter is a warm-up to the Altmann-Hausen theory; there
are no new results.

By definition, an n-dimensional torus over an algebraically closed field k is isomorphic
to G, == Spec(k[M]), where M = Z". The group of k-points of G, ; is the multiplicative
group (k*)"™. However, over a non-closed field k of characteristic zero, a k-torus is an affine
algebraic group 7" such that T Xgpec(x) Spec(k) is isomorphic to GZ& for some n € N*. The

main difference with the algebraically closed case is that there exist non-split k-tori, that is
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tori that are not isomorphic to G, , with n = dim(T"). A classical example of non-split torus
is the real circle
S' = Spec(R[z, y]/(2? +y* — 1)).

Using the equivalence of categories of Theorem A, one can shows that S' corresponds to the
1

pair (G, c, 1), where 7 is the R-group structure on G,, ¢ defined by z + z7*.

We pursue the example started at the beginning of the introduction. Consider the
action p of Gy, c on AZ defined above by u(t, (z,y)) = (tz,t ly), and let o : (z,y) — (¥, 7)
be an R-structure on AZ. The pair (AZ, o) corresponds to the Weil restriction Re/r(Ap) = Ag
of AL. We can construct an S'-action on the affine R-variety Re /R(A}C) since the following
diagram commutes (see Exemple 4.1.15)

G X A2 a A2
T X O’l JO’
G x A2 - A2,

Below in the introduction, we will give the Altmann-Hausen presentation of the S'-variety
Re/r(AL).

The notion of torsor will play a prominent role in the Altmann-Hausen presentation
over arbitrary fields of characteristic zero. Let k be a field and let T be a k-torus. A T-torsor
is a k-variety V' endowed with a T-action p such that T = Vi, and such that pg : T x Vi — Vi
corresponds to the natural action by translation on 7. For instance T itself is a T-torsor,
called the trivial T-torsor (up to appropriate isomorphisms). By Hilbert’s 90 Theorem, a split
torus has no non-trivial torsor. Therefore, over algebraically closed fields, since all tori are
split, there is no non-trivial torsor. However, a non-split torus may have non-trivial torsors.
For instance, the real circle S' has a non-trivial torsor given by

Spec(R[z, y]/(x® + > +1)).

This observation will affect the Altmann-Hausen presentation over arbitrary fields of
characteristic zero. Indeed, at first glance, one may think that the Altmann-Hausen presen-
tation described in [AHO06] (see Theorem AH) extends over arbitrary characteristic zero fields
by using some I'-equivariant AH-datum. In fact, since the acting torus may have a certain
non-trivial torsor, we may need an additional datum that encodes this torsor. Namely, for
St-actions studied in [DL18, DP20], the authors observed that an additional datum is needed
in the presentation of affine R-varieties endowed with an effective S'-action with respect to
the expected I'-equivariant AH-datum.

Torsors appear for instance in the theory of toric varieties over arbitrary fields. Indeed,
the dense open orbit of a T-toric k-variety is a T-torsors. In this context, the warm-up result
to the Altmann-Hausen presentation over a characteristic zero field is the following one.

Proposition D (See Proposition 2.4.6). Let k be a field, and let T := Gal(k/k). Let T :=
Spec(k[M]) be a k-torus, and let T be a k-group structure on T (we get a k-torus (T, T)).

(i) Let wn be a pointed cone in Ng that is stable under the I'-action induced by T, and let h
be a cocycle that encodes a (T, T)-torsor. Then, the affine T-toric k-variety X, admits
ak-structure ox,, ,, such that (Xwy,0x,, . n) is a (T, )-toric k-variety that contains the
torsor encoded by h as a (T, 7)-stable dense open subset.

(ii) Let (X,o0) be an affine (T, 7)-toric k-variety. There exists a pointed cone wn in Ng
that is stable under the T'-action induced by T, and a cocycle h such that the (T, T)-toric
k-varieties (X, 0) and (Xyy,0x,, n) are isomorphic.



Based on a result of Huruguen (see [Hurll, Proposition 1.19]), one of the main result
of this chapter can be summarized as follows.

Proposition E (See Corollary 2.3.16 and Proposition 2.4.9). Let T = Spec(k[M]) be a split
k-torus and let A be a fan in Ng. Let X be the associated split toric k-variety and let o be
a k-structure on the dense open orbit (X, ) = T.
o There exists a k-group structure 77 on T such that (T,o) is a (T, 77)-torsor.
o The k-structure o extends to a k-structure oy on Xy if and only if the fan A is stable
under the T'-action 77 on Ng (i.e., for any cone A € A and for any v € T', 77()\) € A).
e Furthermore, if op is such a k-structure, then

H' (T, Aut” (X)) = H' (T, Aut™(T)) .

In other words, the set of k-forms of X in the category of (T, 77)-toric varieties is
parametrized by the set of (T, 77)-torsors (see Proposition 2.4.9 for a precise statement).

Using this proposition, this chapter ends on a classification of smooth toric Del Pezzo
R-surfaces (see Proposition 2.5.4).

Chapter 3. This chapter, which is the main core of the thesis, is divided in two parts.

The first part is devoted to introduce and define the combinatorial material used in
the Altmann-Hausen presentation over an algebraically closed field of characteristic zero.
After stating the main results of [AH06], we detail and prove a method mentioned in [AH06],
called toric downgrading, used to determine an AH-datum from an affine variety endowed
with an effective torus action. Since we will extend the Altmann-Hausen presentation using
this method, we prove the second item of Theorem AH using it. Let X be an affine k-variety
endowed with an action of the k-torus G% ,. The general idea of the toric downgrading
method is as follows. We embed X is some affine space A as in Proposition 3.1.15. An
AH-datum for the Gﬁ%k—action on Ay is quite simple to determine, and from this we can

deduce an AH-datum for the Gﬁ%k—action on X.

The second part is devoted to the main results of this thesis. All necessary tools to ex-
tend the Altmann-Hausen presentation are given in the previous chapters. As it is mentioned
above, we use a Galois equivariant version of the toric downgrading method introduced in
[AHO06]. This method is based on the next proposition.

Proposition F (See Proposition 3.2.6). Let X be an affine k-variety endowed with an action
of the d-dimensional k-torus ng,k = Spec(k[M]). Let o be a k-structure on X, and let T be
a k-group structure on T. If the k-torus (Gi&,T) acts effectively on (X, o), then there exists

n € Nyn > d such that:
(i) There is a k-group structure 7" on (G:Ln& that extends to a k-structure o’ on Aﬁ;
(i7) (an’&,T) is a closed subgroup of (GZ%FT’); and
oo . . n / n / . d . .
(iti) (X,0) is a closed subvariety of (Ag, ') and (X,0) — (Ag,0') is (Gmﬁ,T)—equwamant.
Moreover, X intersects the dense open orbit of A% for the natural G:l -action.

Since the acting torus may be non split and may have non trivial torsors, we need an
additional datum in the Altmann-Hausen presentation over arbitrary fields of characteristic
zero. Namely, a cocycle h that encodes a certain torsor appears in the description of affine
varieties endowed with an effective torus action. A generalized AH-datum (wy,Y, D, oy, h)
is an AH-datum (wy, Y, D) such that wy is I'-stable, together with a k-structure oy on Y
and with a certain cocycle h. The main result of this thesis can be summarized as follows
(Compare with Proposition D).
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Theorem G (See Theorem 3.2.3). Let k be a field, and let T := Gal(k/k). Let T be a
k-torus, and let T be a k-group structure on T.
(i) Let (wn,Y,D,oy,h) be a generalized AH-datum over k. The affine T-variety X[Y, D]
admits a k-structure o x[yp) such that (T, ) acts effectively on (X[Y, D], o0x[y.p))-
(ii) Let (X,0) be a normal affine k-variety endowed with an effective (T, T)-action. There
exists a generalized AH-datum (wy,Y, D, oy, h) such that (X,0) = (X[Y,D],ox[y,p)) as
(T, 7)-varieties.

If the Galois cohomology set that classifies these T-torsors is trivial, then as we will see
in Section 3.2.3, we get a simpler presentation of affine varieties endowed with an effective
T-action.

Chapter 4. This chapter is based on the above with simplifying assumptions. First,
we consider the finite Galois extension C/R, and then, we consider two-dimensional torus
actions over arbitrary fields of characteristic zero.

In a first part, we specify Theorem G to the real setting and we illustrate the generalized
Altmann-Hausen presentation with examples. We recall and we prove that an R-torus is
isomorphic to a product of G, R, S!, and RC/R((Gm’(C). Then, specifying Theorem G to
Sl-actions, we recover the presentation given in [DL18].

As promised, we pursue the example started above. We have constructed an S'-
action on R¢ /R(A}C) >~ A2 from a Gy, c-action on AZ. Then, the generalized AH-datum
is (wn,Y,D,oy, h), where (wy,Y,D) is the AH-datum for the action of G, c = Spec(C[Z])
on AZ = Spec(C[z, y]), where oy is the R-structure on Y = Spec(C|[z]) defined by z + Z, and
where h € Homyg,(Z,C(2)*) is defined by h : m +— 27™. Indeed, using the datum (oy,h) we
can construct a k-structure ox(y.p) on X[Y, D] such that S' acts on (X[Y, D], ox[y.p]), and
such that the S'-varieties (A%, 0) and (X[Y, D], o x[y,p]) are isomorphic (see Exemple 4.1.15).

In a second part, we focus on two-dimensional k-torus actions because there is a com-
plete description of the Galois cohomology set that classifies T-torsors in [ELFST14]. Recall
that if this set is trivial, then the Altmann-Hausen presentation over arbitrary fields simplifies.
We recall the classification of two-dimensional k-torus given in [Vos65], and we give a proof.
Using birational geometry tools, we relate the torsor encoded by the cocycle h to a certain
Del Pezzo surface. Our main result about two-dimensional k-torus actions is summarized as
follows.

Proposition H. Let (T,7) be a two-dimensional k-torus and let (T,o) be a (T, T)-torsor.
There is a minimal toric Del Pezzo k-surface X that contains (T,o) as a (T, 7)-stable dense
open subset. Moreover, we have the following possibilities for X :

(i) X is a k-form of IP’%; or

(ii) X is a k-form of the Del Pezzo k-surface of degree 6; or
(iii) X is a k-form of IP% X IP’%.

Chapter 5. This thesis ends by some lines of study that should be explored further.

Appendices The appendices are devoted to describe some technical details needed in
this thesis; namely on scheme theory, on Galois theory, on convex and on birational geometry.
In Appendix E, we illustrate the Altmann-Hausen presentation of surfaces endowed with a
Gy c-action.



Chapter 1

Galois descent

The general idea of the descent theory is based on the following observation (this paragraph
is based on [Pool7, Chapter 4, §4.1]). Let S be a topological space, and let {S;}ier be an
open covering of S. Suppose we are given a sheaf .%; on S; for each i. Under what conditions
is there a sheaf .# on S such that .F|g, = .%; 7 If . exists, then the restriction of .#|g, and
F|s; to S;; :=S;NS; must be isomorphic, and there exists isomorphisms

(bi,j : Q‘Si’j — rg\|5’iyj. (11)
On the triple intersection, these isomorphisms satisfy the cocycle condition
gzbiyk = ¢j,l~c o gbi,j, Vi, g, k€ I. (1.2)

Consider the disjoint union S’ := | | S;, and let p : S — S be the “ open covering morphism .
To give the .%; on all the S; is equivalent to give a single sheaf .7’ on S’. So, under what
conditions is there a sheaf .# on S such that p~1.% = .#’ ? Note that Sij = 8iNS; = SixsS;,
and S’ xg S" =[S, ;. If p1, p2 denote the two projection S’ xgS" — S’, the condition (1.1)
is equivalent to give an isomorphism

Vop T py T

of sheaves on S xg S’. Let p13: 5" xg 5" xg 5" be the projection onto the first and third
coordinates, and so on. Then, pl_éw is an isomorphism of sheaves on S’ xg S’ xg S’. The
cocycle condition (1.2) can now be rewritten as

P13 = Pagth o pr ot

Similarly, let us consider the case of schemes. In this chapter, p : S’ — S is a scheme
morphism, and we will often have S := Spec(k) and S’ := Spec(k’), where k’/k is a Galois
extension (see Section 1.2). Let X’ be an S’-scheme. The aim of this chapter is to answer
to the following question: under what condition is X’ isomorphic to an S-scheme of the
form p*X := X xg 5 for some S-scheme X ? A descent datum on an S’-scheme X’ is an
isomorphism

Pipi X =X ' xg8 = piX =8 x5 X'
satisfying the cocycle condition

pf,gw = PE,?J/’ o pf,ﬂ’-
A descent datum is called effective if there exists an S-scheme X such that p*X = X',

In the context of Galois descent Spec(k’) — Spec(k), where k’/k is a Galois extension,
there is an equivalent language that is more convenient, namely the language of k-structures
on k’-varieties. Let I' := Gal(k’/k) be endowed with the Krull topology (see Appendix B).
Roughly, a k-structure on an algebraic k’-variety X is a continuous action I' x X — X such
that the following diagram commutes for all v € I" (see Definition 1.2.1 and Lemma 1.2.6):

7



8 CHAPTER 1. GALOIS DESCENT

O~y

X X

I g |
Spec(k’) Lﬁ)» Spec(k’).

A result on the effectiveness of Galois descent is the following. There is an equivalence of
categories between the category of quasi-projective algebraic k-varieties and the category of
quasi-projective algebraic k’-varieties endowed with a k-structure; see Theorem 1.4.11 for a
precise statement.

1.1 Descent data

To well understand the general idea of the descent data construction, the reader is referred
to [Pool7, Chapter 4]. This section is based on [BLR90, Chapter 6]. See also [Sta, Section
0306].

Let p : 8" — S be a scheme morphism. In the following, we will often use S := Spec(k)
and S’ := Spec(k’), where k’/k is a non-necessarily finite Galois extension (see Section 1.2).
Let X’ be an S’-scheme. The aim of this section is to answer to the following question: under
what condition is X’ isomorphic to an S-scheme of the form X x g S’ for some S-scheme X ?

Let X be an S-scheme, and let Xg := X xg S’. Then, we get a canonical S’ xg S'-
isomorphism gy : Xgr Xg S’ — S’ xg Xg/, and there are three associated S’ xg S’ xg S'-
isomorphisms

wle/xSXS, XSS/%S/XSS/XSXS/
’lﬁg:XS/ Xs S/XS Sl—>S/XS S/XSXS/
'ng:XSr XS S/XS S/—>S,><SXSI X8 S’

by inserting the identity in the first, second and third position, respectively. These isomor-
phisms satisfy the cocycle condition

o = 1p1 0 3.
This observation leads to the next definition.

Definition 1.1.1. Let Schg//g be the category of S’-schemes with descent data defined as
follows.
e An object is a pair (X', 1), where X’ is an S’-scheme and

¢:X’ XSS,—>S/ XSX/
is an S’ x g S’-isomorphism satisfying the cocycle condition:

tho = 1Py 0 13.

The morphism 4 is called a descent datum on X'.
e An arrow ¢ : (X', ¢x) — (Y, ¢y) is an S’-morphism ¢ : X’ — Y” such that the next
diagram commutes

X' xg 8 vx S xp X!

‘PXidl lidxap
Y xg 5 vy S x Y.
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A descent datum 1) on an S’-scheme X' is called effective if there exists an S-scheme
X such that

(XIJ/J) = (X XS S/7wcan)7

where ey is the canonical S’ x g S’-isomorphism e : Xgr Xg S’ — S’ xg Xg/, and with
the obvious notion of isomorphism of descent data.

If the morphism p : S’ — S satisfies certain properties, then we get some results
concerning the functor X — Xg/, and on the effectiveness of the descent with respect to p.
In this thesis, we focus on field extensions. We will see that a non-necessarily finite Galois
extension defines a faithfully flat and quasi-compact (fpqc) morphism (see [Sta, Definitions
0253 and 01K3)).

Lemma 1.1.2. Let k'/k be a field extension. Then, Spec(k’) — Spec(k) is a faithfully flat
and quasi-compact morphism.

Proof. Let k' /k be a field extension.

e The morphism Spec(k’) — Spec(k) is trivially quasi-compact (see Definition A.6.6)

e We show that the inclusion k — k' is faithfully flat (see [Sta, Section 00H9]). We
have to prove that any sequence N’ — N — N’ of k-modules is exact if and only if the
tensored sequence N’ @ k' — N @ k' — N” @i Kk’ is exact. We denote f : N’ — N and
g: N — N" and {b;} a basis of the k-vector space k'.

Suppose that N’ — N — N" is exact, i.e Im(f) = Ker(g). Show that Im(f ® Id) =
Ker(g ® Id). Let y € Im(f ® Id), there exists a finite number of elements x; € N’ such
that > f(z;) ® b; = y. Then, composing with g ® Id, we obtain Y g(f(x;)) ® b; = 0, hence
y € Ker(g ® Id). Conversely, let y € Ker(g ® Id), there exists a finite number of elements
y; € N such that y = > y; ® b;. Then, composing with g ® Id, we get > g(y;) @ b; = 0. Let
{v;} be a basis of N”, then there exists \;; € k such that g(y;) = > Aij;v; for all i. Then,
> Aijvj@b; = 0, hence A\;j = 0 for all ¢ and j, so g(y;) = 0 for all 4, and since Im(f) = Ker(g),
there exists x; € N’ such that f(z;) = y;. We conclude that y = (f ® Id)(>z; ®@ b;) €
Im(f ® Id).

Suppose that N/ @x k' = N @k’ — N” @ k' is exact, i.e Im(f ® Id) = Ker(g ® Id).
Show that Im(f) = Ker(g). Let y € Im(f), there exists x € N’ such that f(z) = y. Note
that f(z)®b; € Im(f ®Id), hence (¢g®Id)(f(z)®b1) = g(f(z))®b; = 0. Then, g(f(x)) =0,
so y € Ker(g). Conversely, let y € Ker(g), then y ® b; € Ker(g ® Id) = Im(f ® Id). Hence,
there exists a finite number of elements x; € N’ such that y ® by = Y f(x;) ® b;. Hence,

y = f(z1) € Im(f). =

Theorem 1.1.3 ([SGA03, Corollaire 7.9], see [BLR90, Theorem 6], see also [GW20, Theorem

14.72] and [Sta, Lemma 0247]). Let p: S" — S be an fpgec morphism of schemes.

(i) The functor X — X xg S" from S-schemes to S’-schemes with descent data is fully
faithful (see [Sta, Definition 001C]).

(ii) The functor X — X xg 5" from quasi-affine (resp. affine) S-schemes to quasi-affine
(resp. affine) S’-schemes with descent data defines an equivalence of categories (see
[Sta, Definitions 01P6 and 001.J]).

(iii) Assume that S and S’ are affine. Then, a descent datum 1 on an S’'-scheme X' is
effective if and only if X' can be covered by affine open subschemes that are invariant

under 1.

In the case where S and S’ are affine, descent data can be described in terms of modules
over rings (see for instance [Vis, §4.2], and [BLR90, Chapter 6]).
We now give some results on the behavior of morphisms with respect to descent.
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Theorem 1.1.4 ([GW20, Propositions 14.50, 14.51, 14.53, 14.57], see also [Pool17, Theorem
4.3.7]). Let p: 8" — S be an fpgc morphism. Let f : X — Y be a morphism of S-schemes,
and let f':= f xid: X xgS8 — Y xg S’ its base change. If [’ is has one of the following

property,

e open; e isomorphism;

e closed; e open (resp. closed) immersion;
o quasi-compact; e proper;

e quasi-separated; o affine;

e separated; o finite;

e open; I

then so has f. Furthermore, if S = Spec(k) and S" = Spec(k’), where k' /k is a field extension,
then X is a quasi-projective (resp. projective) k-scheme if and only if X xg S’ is a quasi-
projective (resp. projective) k'-scheme.

In the next proposition, we give an equivalent formulation of a descent datum.

Proposition 1.1.5 ([BLR90, Chapter 6]). The following assertions are equivalent:
(i) To have a descent datum (X', ).
(ii) To have a Cartesian diagram

D12, P13, D23 D1, P2
X/XSSIXSSI : : X/XSS/ 7 X’

J P12, P13, P23 l D1, D2 J
S xg S xg S — T L G g S ——— s g

where the p; and the p;j are the natural projections, the p; are S’-scheme morphisms and
pij are " xg S'-scheme morphisms such that

P1opiz2 =p1opi3
P1op23 = P20 P12 (1.3)

D2 0 P13 = P2 © P23.

Proof. We prove: (i) = (i7). Let k’/k be a field extension. Since we are interested in
Galois descent of varieties admitting a I'-invariant affine open covering, we prove the result
in the case where S = Spec(k), S” = Spec(k’), and X' is affine.
Let X' = Spec(A’) be a k'-scheme together with a descent datum ¢ : X' xg S’ —
S" xg X'. So, we get a k' ® k'-algebra isomorphism
VK @p A — A @K,

and three associated k’ @y k' ®j k’-algebra isomorphisms

WK @k op A — K @p A @K

@bg : ]k,@]kk,@]k/l, *)A’@]kk,@kk,

WK @ A @k — A @k @K,
by inserting the identity in the first, second and third position, respectively. These isomor-
phisms satisfy the cocycle condition

W =l oyl

Then, we can construct a co-Cartesian diagram
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M A A A
p 7p 7p p17p2

A o K @ K 120 P13, P23 A @y K o
T N S T g4
P19, P13, P plap2

K o k' O K 120 P13, P23 K @ K’ K/

where

Pla)=ax1 Paa®b)=a®1®b
ph(a) = YH(1 @ a) Py (a®b) = H(1@a)®b,

and where the pﬁ and pgj are the canonical inclusions. We have to check the following

equalities.

Piaop} =pls o

Doz 0B =0}

Pis oy = Dy o 5.

The two first equalities are trivially satisfied. The last one is implied by the cocycle condition.
O

1.2 k-structures on k’-varieties

In this section, we introduce a language specific to the Galois descent setting. From now on,
k’/k is a non-necessarily finite Galois extension of profinite Galois group I' (see Proposition
B.1.8). We will see in Section 1.3 that this language is equivalent to the one of the fpqc
descent Spec(k’) — Spec(k). In the particular case of Galois descent C/R, we refer to
[Ben16, Chapter 4] for a self contained description.

1.2.1 k-structures

Every k'-variety X (see Appendix A.6) can be viewed as a k-scheme via the composition of
its structure morphism X — Spec (k') with the morphism Spec (k') — Spec(k) induced by
the inclusion k < k’. We denote this scheme by X /k- The Galois group I acts on Spec (k'),
where the action is induced by the field automorphisms (v : k' — k') € T.

Definition 1.2.1. (i) A k-form of a k'-variety X is a k-variety Xy together with an iso-
morphism (Xo)s := Xo Xgpec(k) Spec (k') = X of k'-varieties. By abuse of notation we
will often write: Xy is a k-form of X instead of (Xp, ).

(ii) A k-structure o : ' — Aut(X ;) on a k'-variety X is an algebraic semilinear T-action.

o Semilinear I'-action means that o satisfies

Oy = 0ny 0 0xy, V71,72 €T

and for each v € I, the following diagram commutes
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X & X
! o |
Spec(k’) Specy) Spec(k’)
\ /
Spec(k)

o Algebraic means that there exists a finite Galois extension k; /k in k' and a k;-form
X of the k’-variety X such that the restriction of o to Gal (k'/k;) coincides with
the natural Gal (k’/k;)-action on (X1),, = X.
(iii) Two k-structures o and o’ on X are equivalent if there exists a k’-automorphism ¢ €
Aut(X) such that o/ = pooyop™! forallyeTl.
(iv) A k-morphism between two k’-varieties X and X’ with k-structures o and o’ is a mor-
phism of k'-varieties f : X — X' such that ¢, o f = f o 0, as morphisms of k-schemes,
for all v € T

Remark 1.2.2. Let X, Z be two k’-varieties, and let ox (resp. oz) be a k-structure on X
(resp. on Z). Then ox X oz is a k-structure on X Xgpec() Z-

Remark 1.2.3 (Definition of an R-structure). Let k' = C and k = R. Then, I' = {id, vy} =
Z,/27. In this setting, we often make the following abuse of notation: we call an R-structure
o the morphism of R-schemes o.,. Therefore, an R-structure on an algebraic C-variety X is
an involution of R-schemes ¢ on X such that the following diagram commutes:

g

X X
| ec(z — z |
Spec(C) Spec(z = ) Spec(C)

Example 1.2.4. The affine R-variety A} is an R-form of A} since (AL)c = Al. There is a
canonical R-structure o on Ag Xgpee(r) Spec(C) = Spec(R[z] ®g C) defined by ag(azm ®z) =
" ®Zz. This R-structure induces an R-structure o on A}C satisfying the following commutative
diagram

~

R[z] g C ——— C[z] " @z 2™

o o I I

Rjz] 9x C —— > Cla] ez r e

In other words, o is the following R-structure on A(lc

oA = A ot : Clz] — Cla]
r—x ax™ — ar”

Note that Ay = Spec(R[z]) = Spec(C[z]").

If o’ is another R-structure on A}, then ¢ := ¢/oo~! € Aut(A}), hence o' = poo, where ¢ is

a C-automorphism satisfying certain condition. Therefore, to construct another R-structure

o’ on Al, it is sufficient to know Aut(A{). Recall that

Aut(AL) ={z—ax+b|acC*becC}.
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One can show that o is, up to equivalence, the only R-structure on A}C. Furthermore, Aﬁg
is, up to isomorphism, the only R-form of A}, and A} corresponds to the pair (A%:, o) (see
Theorem 1.4.1)

Example 1.2.5. A k’-variety may have several non-isomorphic k-forms. For instance, let
k' = C and let k = R. Then, C := Proj(R[z,y,2]/(z? + y* + 2?)) and P} are two non-
isomorphic R-forms of ]P’(lc. Furthermore, C' and P} corresponds respectively to the following
non-equivalent R-structures on P{ (see Theorem 1.4.1, and [Ben16, Theorem 4.1])

PL — P& PL —s PL
[w:v] = [0: —u] [u:v] — [u: ]

We give a connection between k-structures and continuous semilinear I'-actions.

Lemma 1.2.6. Let X = Spec(A) be a kK -variety and let o be a semilinear T-action on X.
The following assertions are equivalent.
(i) The map

I'kxA— A
(7, a) - ok (a)

1s continuous, where I' is endowed with the Krull topology, and A is equipped with the
discrete topology.
(ii) For all a € A, the stabilizer

Stabr(a) :={y el | U?Y(a) =a}

is an open subgroup of .
(iii) We have
A— U AGAIC [55) . olin,; AGAIK k)

where the colimit is taken over all finite Galois extension k;/k.
Furthermore, if the map I' x A — A is continuous, then o is a k-structure. That is there
exists a finite Galois extension ki /k in k' and a ki-form Xy of the k'-variety X such that the
restriction of o to Gal (k'/ky) coincides with the natural Gal (k'/ky)-action on (X1)p = X.

Remark 1.2.7. We will see in Lemma 1.4.10 that if o is a k-structure on X = Spec(A),
then the induced map I' x A — A is continuous.

Proof. The equivalence between the first and the second item is classic (See [Ber10, Definition
I1.3.1]).
o (i) = (i7). We denote

u:I'xA— A
(7.a) 1+ o (a).

Let a € A, and let 7y € Stabr(a). By definition of the product topology, there exists an open
subset U C T' containing (79, a) such that U x {a} C u~!(a). Therefore, U C Stabr(a), and
Stabr(a) is open.
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e (ii) = (7). This paragraph is based on [Gue]. We denote o : I' x A — A, (v,a) —
Py( ). Let b € A. Since A is equipped with the discrete topology, it suffices to show that
p~1(b) is open in I' x A equipped with the product topology.

poH0) = {(7.a) €T x A | 05 (a) = b}
= U{(v.a) |y €T, 0k(a) =0}
acA
= U {(a) | yeT,dk(a) =b}.
acl-b
For each a € T" - b, take v, € I" such that UPYG (b) = a. Then

poH(b) = Ub{(% a) |y €T, 0%, (b) = b}
acl™

= |J (Stabr(b)rz ') x {a}

a€l-b

Therefore, ;=1 (b) is open in T' x A.
o (i1) < (ii7) see [Berl0, Lemma I1.3.3].
e (inspired from [vDdB]) Assume that the mapI'x A — A, (y,a) — ag (a) is continuous.
Since A is a finitely generated k’-algebra, we can assume that
A=K[za,...,25]/1,

where I is a prime ideal. For all i € {2,...,n}, let I'; be the stabilizer of ;. Then, I'; := N;T;
is an open subgroup of I'. Then, any v € I'; acts on A by

f. ) D) i . . i9 )
0y - Qig,...in Ty "+ Ty’ 7(a127~-~,1n)x2 R

Shrinking I'y if necessary, we may assume that I'; is open and normal, and that I is defined

over ky := kI, This means that there is an ideal Iy C ki[zo,...,x,] such that A; :=
ki[za, ..., xp]/ 11 satisfies A1 Qk, k' = A. Then, we obtain a I'y-equivariant isomorphism

Aq Ok, k' = A,
where the I';-action on A; ®g, k' is given by v +— id ® . O

1.2.2 k-group structures
We have similar definitions for algebraic groups.

Definition 1.2.8. (i) Let G be an algebraic k’-group. An algebraic k-group Gy together

with an isomorphism (Gp)x := Go X Spec(k) Spec (k ) G is called a k-form of G.
(ii) A k-group structure T on an algebraic k’-group G is a k-structure 7 : G — G such that

the multiplication G x G — G, the inverse G — G and the unity Spec(C) — G are

k-morphisms (see Remark 1.2.2).

(iii) Two k-group structures 7 and 7’ on G are equivalent if there exists a k’-group automor-
phism ¢ € Aut,,(G) such that 7/ = po7,0¢~! forall y €.

(iv) A k-morphism between two algebraic k’-groups G and G’ with k-structures 7 and 7’ is
a morphism of algebraic k’-groups f : G — G’ such that Té o f = f o, as morphisms of
k-schemes for all v € I'.

Example 1.2.9. The following affine R-varieties are algebraic R-groups that are R-forms of
the algebraic C-group (see Section 4.1.1)

Gomic := Spec(Clt*1]) 2 Spec(Clz, 4]/ (zy — 1)).
1. Let Gy g := Spec(R[t*!]) = Spec(R[z, y]/(xy — 1)). From the C-isomorphism
(Gm,R)(C = Gm,(Ca

we construct an R-group structure 79 on Gy, ¢ (see Example 1.2.4) defined by
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T0 : Gm7C — ?&m@ T(t)i . C[til] _> C[til]
t—t at™ — at™

Note that G, r = Spec(C[tFT). The R-group G r corresponds to the pair (G, c,70)
(see Corollary 1.4.2).
2. Let S' := Spec(R[z,y]/(z? + y? — 1)). From the C-isomorphisms
Rlz,y]/(z* +y* = 1) @& C = Clz,y]/(2* + y* — 1) = Cla, y]/(wy — 1) = C[t*],

and from the canonical R-group structure on (S')¢, we construct an R-group structure
71 on Gy, ¢ defined by

Tl : Gm7(c — Gm@

- ) = [t
ts !

at" —at™"

Note that S' 2 Spec((C[t*!])!). The R-group S! corresponds to the pair (G, c, 1)
(see Corollary 1.4.2).

Example 1.2.10. Consider the following R-variety called the Weil restriction of G, ¢

Rlx1, y1, 22, 2]
Re/r(Gm,c) = Spec ( ) '
(C/R( m,C) (r1y1 — 2y2 — 1, x2y1 + T1Y2)

From the C-isomorphism (R¢/r(Gm,c))c = G?n’(c defined by

Clz,y, o',y )(wy — 1,2"y" — 1) = Clz1, y1, 22, y2] /(@191 — T2y2 — 1, 22y1 + x192)
T +— x1 + 129

Y= y1+ iy
' = x] — iz
Y =y — iy

we construct an R-group structure 75 on ng,c defined by

2 2
T2 © Gm7(c — Gm7(c

g ) = [t
(s,t) — (£, 5)

as™t™ — as™t".
The R-group Re/r(Gim,c) corresponds to the pair (an’c, T9) (see Corollary 1.4.2).

1.2.3 Equivariant k-structures on G-varieties

We have similar definitions for varieties endowed with an algebraic group action. Let G be
an algebraic k’-group, and let X be a G-variety. A G-equivariant k’-automorphism ¢ of X is
an automorphism of X such that the following diagram commutes

GxX K X
idxgpl lﬁﬂ
GxX X.
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We denote by AutG(X ) the group of G-equivariant k’-automorphisms of X.

Definition 1.2.11. Let G be an algebraic k’-group equipped with a k-group structure 7,
and let X be a G-variety (i.e X is a k/-variety endowed with a G-action). We denote by u
the G-action on X.
(i) A (G, 7)-equivariant k-structure o on X is a k-structure o on X such that the following
diagram commutes for all v € I’

7
Gx X X
T»YXO"Yl U’y
GxX a X

(ii) Two (G, T)-equivariant k-group structures o and o’ on X are equivalent if there exists a
G-equivariant k’-automorphism ¢ € Aut®(X) such that o, =@poaoyo0 @ ! forall y €T.

Example 1.2.12. Consider the action of G%n,(C on A2 given by (s,t) - (z,y,2) = (sz,ty, stz).
The Weil restriction (ng7(c,7'2) acts on (A2, 0’), where o’(z,y, 2) = (7,T,%). Therefore, o is
a ((Ggmc, T9)-equivariant R-structure on X.

1.3 Descent data and continuous semilinear ['-actions

1.3.1 Finite Galois extensions

Let k’/k be a finite Galois extension. The equivalence between descent data and k-structures
in the context of finite Galois descent is based on the next lemma.

Lemma 1.3.1. Let k'/k be a finite Galois extension of Galois group I'. The natural map

K @p k' — []K
I
a®b— (afy(b)),yeF

is an isomorphism of k' -algebras, where the K'-algebra structure on k' @y k' is defined by
A-(a®b) = (Aa)®D, and the k'-algebra structure on [[r k' is defined by X-(cy)yer = (Acy)~er-

Proof. Since the extension k’/k is separable, by the primitive element theorem ([Lan02, V
Theorem 4.6]), there exists u € k' such that k' = k(u) Moreover, since the extension is
algebraic, u is an algebraic element and k' = k(u) = k[u|. Let f € k[t] be the minimal
polynomial of u (of degree [k’ : k]). Hence, k' = k[t]/(f). Since the extension is Galois and
[ € k[t], we have y(f(u)) = f(y(u)) = 0 forall vy € I'. Hence f = [],cr(t—7(u)). By Chinese
remainder theorem in k'[¢] ([Lan02, Corollary 2.2]), we obtain an isomorphism of k’-algebras

K'[t)/(f) = TT K8/ (t = ~(w).

vyel

Therefore, we obtain the following k’-algebra isomorphisms

Ku] = [[ ¥ ()] — J] K[ul
~yel’ el
a;ut — (am(u)’) — ('y_l(ai)ui)

verl 7€F'
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Then, since the extension k'/k is faithfully flat, k' @, k' = k' @y k[t]/(f) = K'[t]/(f). Finally,
we have constructed an isomorphism of k’-algebras

K ok’ = [] K,
~yel

a® b (*y_l(a)b)weF ,

where the k'-algebra structures are defined by A-(a®b) = (Aa)®@b and, if ¢ € k,, A-c = y(N)e.
Therefore, we obtain a k’-algebra isomorphism

K ok’ — [[ K
vyerl
a®br (ay(b)),er -

O]

Remark 1.3.2 (Generalization of Lemma 1.3.1 [Rui20, Lemma 1.37]). Let k’/k be an arbi-
trary finite separable! extension of degree d. Let k” be the normal closure of k’/k (see [Sta,
Definition 0BMF]). Then, we get an isomorphism

k" Rk K = (k”)d.
Indeed, as in the proof of Lemma 1.3.1, we get an isomorphism

k' =k'(u) = Kk[t]/(f),

where f is of degree d. Then, since k” is the normal closure of k/, f splits in k”[¢], and by
[Sta, Lemmas OEXM and 09DT], k" /k’ is a finite extension and k” /k is Galois. We get

d

f= H(t — ),

=1

where the z; are Galois conjugate of u, that is z; = 7;(u) for some v; € Gal(k”/k). Then, as
in the proof of Lemma 1.3.1, we get an isomorphism

d
K @ K 2K /(f) = [T R18/( - 7i(w) = &")°.
=1

In the proof of the next proposition, we will see that from a descent datum on a certain
k’-variety X', we can construct a k-structure on X’. Conversely, from a k-structure on a
certain k’-variety X', we can construct a descent datum on X'.

Proposition 1.3.3. Let k'/k be a finite Galois extension of Galois group T'. There is an

equivalence of categories between:

(i) the category consisting of pairs (X', 1), where X' is a k'-variety covered by 1-invariant
affine open subsets, and v is a descent datum on X'; and

(ii) the category consisting of pairs (X', o), where X' is a k'-variety covered by I'-invariant®
affine open subsets, and o is a k-structure on X'.

LThis is the case if k is a perfect field, in particular if k is a characteristic zero field.
2 An affine open subset U of X is T-invariant if for all vy € T', ¢, (U) = U.
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Proof. See [BLR90, §6.2] and [Sta, §0CDQ)]. Let X’ = Spec(A’) be an affine k’-variety. From
Lemma 1.3.1, we get k’-algebra isomorphisms (see also [Sta, §0CDQ))

/ / /
I
a®br— (a’Y(b))'yEF a®br (771(a)b>’y61ﬂ '

From these isomorphisms, we obtain identifications (as k’-algebras)

Aapk =[4, Keed =T[4
I I

Observe that we have a k’-algebra isomorphism

Kok ok —  [[¥ —  [[¥
I'xT 'xr

a®b®c— (7(a)y2(b)e) = (v1(a)y1(y2(b))e).

The reason for choosing 71 (a)v1(v2(b))c and not 1 (a)y2(b)c is that the formulas below sim-
plify, but it is not strictly necessary. By the same reasoning as before, we obtain identifications

(as k’-algebras)

Kegkopd =] 4, Kerdek=][4, and Aok ok =[] 4.
I'xD’ I'xI’ 'xT

e Let X’ = Spec(A’) be an affine k’-variety endowed with a k-structure . We get a
k-algebra isomorphism
H U,ﬁ7 : HA’ — HA’.
ver r r

Then, we can construct a co-Cartesian diagram
A

ISRN N
D12, P135 P b1,D
Mo A’ 125 P13 P23 Iy A 1> P2 W
I I . W
p§2,p§3,p§3 K o K YZRY2) I/

k’@&lk’@&lk’

where
ﬁ§2 ((a’y)yer> = (a"/l)(fyl,yz)el"xl"

M\ «
pi(a) = (a)yer pt}?’ <(a7)v€l“> - (%172)(71,72)61“@

ﬁg(a):: (Gg(a)) ﬁgS((aV)weF) ::(Oglabm))(whvﬂerxp

and the pg and pgj are the canonical inclusions. We have to check the following equalities

25%2 o ﬁ% = 15%3 ° 15%
Phy ol = plyoph
15%3 o ﬁg = ﬁgs © ﬁg‘

(1.5)
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Y2 T 031 Y2
the last condition is fulfilled. Therefore, using identifications (1.4) and Proposition 1.1.5, we

obtain a descent datum on X'.
e Conversely, let X' = Spec(A’) be an affine k’-variety and let

The two first equalities are trivially satisfied. Since for all 41,7, € T, of o of

(2 X’ X Spec(k) Spec(k') — Spec(k/) X Spec(k) X’
be a descent datum in X’. Then, we get a k’ @y k’-algebra isomorphism

kK @ A — A QK
z®a»—>Zzai®zi,

(2

where ", a; ® z; := 9*(1 ® a). Using the above identifications (1.4), we can write:

RN | s | Y

~vel ~yel’

(7_1(2)a)7€l“ —> (Z zaﬂ(zi)>

yel

Let 79 € T'. Then we obtain a k-morphism over g, denoted UPYO,
of A= A

'yo_l(z)a — Z za;vo(zi)-

)

Therefore, we get

Yf = HJ%:HA’%HA’.
r r

vyerl

We get the above co-Cartesian diagram with

Pia)=a®1 Paa@b)=a®1®b
pi(a) = v (1 @ a) phi(ab) = vi(loa) @b

Since ﬁqg, o ﬁg = ﬁn23 o ﬁg (it is a consequence of the cocycle condition 1y = 1 o 13),

then for all 1,7 € T, aﬁﬂw = 051 o 03/2. Therefore, we get a semilinear I'-action on X'.
Furthermore, since the descent datum is effective (see Theorem 1.1.3), one can show that o
is a k-structure on X’.

o Let ¢ : (X' = Spec(A'),0x) — (Y’ = Spec(B’),oy) be an arrow. That is, the

following diagram commutes for all v € T’

i

B/ O—Y’y B/

: l l :
% ox gy ‘2

A Al

Then, the next diagram is commutative
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[Ler UYﬁW
nyel‘ B H'yel‘ B
HWEF (:Oﬁ l H 4 l H'yEF @ﬁ
vel O-X'y
H'yEF Al nyel“ A

Therefore, we get an arrow ¢ : (X', [],cr ox,) = (Y',[],er 0x,) (see Definition 1.1.1).
o Let ¢ : (X' = Spec(4'),v¥x) — (Y’ = Spec(B’),1y) be an arrow. That is, the
following diagram commutes

v}
]k/ ®lk Bl BI ®|k kl
id®go% %Zfﬁ Jcpﬁ@)id
k' @ A’ X A o k.

Let ox and oy be the k-structures on X and Y respectively associated to ¢’y and .. Using
the above identifications (1.4), one can show that ¢ : X’ — Y’ is a k-morphism such that for
allyeT, ox,0op=gpooy,. O

1.3.2 Infinite Galois extensions

Let k//k be an infinite Galois extension. In this context, the morphism of Lemma 1.3.1 is
injective but not surjective. The image of this morphism will play an important role: it is
the reason why k-structures are defined as in Definition 1.2.1 (see the algebraic condition).
This paragraph is based on [vDdB].

Lemma 1.3.4. Let k'/k be a non necessarily finite Galois extension. The natural map

kK @k — ] K
vyel
a®b— (a’y(b)),yeF

is an injective K'-algebra morphism (where the k’'-algebra structure on k' @i k' is defined by
A-(a®b) = (Aa)®b), and its image is

R:= { (ay)yer € Hk,

r

dH C I' an open subgroup such that a., = a VY € H,v € F} .

Proof. 1f k' /k is a finite Galois extension, then this map is an isomorphism of k’-algebras
by Lemma 1.3.1. Assume that k’/k is an infinite Galois extension with profinite group T
Let ky/k be a finite Galois extension in k’. From Lemma 1.3.1, we get an isomorphism of
k’-algebras

Kerki— [ K,
yeGal(k; /k)
a®br (ay(b))er

where the k’-algebra structure on k' ®yk; is defined by A\-(a®b) = (Aa)®b, and the k’-algebra
structure on [[ k" is defined by - (¢y)yer = (Acy)qer.
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Let k C ki C ko be a tower of finite Galois extensions in k/. By the Galois corre-
spondence (see Theorem B.3.1), there is a natural projection ma; : Gal(ks/k) — Gal(k;/k).
Therefore, we obtain a transition morphism

R D

yEGal(ky /K) vEGal(ka /k)
() eGal( /i) (aw(w)fye(}al(lkg fk)

Observe that we have constructed a directed inductive system (see Definitions A.5.1 and
A.5.2). We have to prove that the colimit taken over all finite Galois extensions k; /k in k' is
R (see Definition A.5.4). First, observe that for all finite Galois extension ki /k in k’, there
is a morphism:

M «-10%

veGal(ki /k) ~vel
(a’Y)veGal(kl/]k) = (a”(”)yer’

where 7 : ' — Gal(k;/k) is the natural projection. Hence, we get a morphism s; :
[Lecai ) Ky — R (put H := Gal(k'/ki) in the definition of R). Let k C ki C k2 be
a tower of finite Galois extensions in k’. Observe that s; = s 0 ¢1,2. Finally, one can show
that R satisfies the universal property of the colimit (see Definition A.5.4). Therefore, the
colimit taken over all finite Galois extension ki /k in k’ is

colim ( H k;) = R.
~eGal(k1 /k)

On the other hand, since tensor products commute with colimits (see [Sta, Lemma 00DD]),
we have
k' @k k' = colim (]k/ Rk ]kl) ,

where the colimit is taken over all finite Galois extensions ki /k in k’. Finally, we obtain the
desired result. O

Remark 1.3.5. Let A’ be a k’-algebra. Then we get k’-algebra isomorphism
A ek = Ry
a® b (ay(b)),er
where Ry := A’ @ R = R®y A’ consists of

Ry = {(a’y)r € H A

vel

JH C T an open subgroup such that ay, =ay Vy' € H,y € I‘} .

Indeed, the construction of R is based on finite products and colimits, both of which commute
with arbitrary direct sum (see [Ste]). Thus, the result for A =k’ implies the general case.

Proposition 1.3.6. Let k' /k be a non necessarily finite Galois extension of profinite Galois

group I'. There is an equivalence of categories between:

(i) the category consisting of pairs (X', 1), where X' is a k'-variety covered by 1-invariant
affine open subsets, and v is a descent datum on X'; and

(ii) the category consisting of pairs (X' o), where X' is a k' -variety covered by T'-invariant
affine open subsets, and o is a semilinear I'-action on X' such that the map T' x A — A
is continuous for all I'-invariant affine open subset U = Spec(A), where I' is endowed
with the Krull topology, and A is equipped with the discrete topology.
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Remark 1.3.7. We will see in Lemma 1.4.10 that the continuous semilinear I'-action men-
tioned in Proposition 1.3.6 corresponds to k-structure.

Proof. See [BLR90, §6.2]. See [vDdB] for a shorter and easier proof using the fact that
X' = Spec(A’) is of finite type (see Definition A.6.7). We give here a powerful proof, see also
[vDdB].

e Let X' = Spec(A’) be an affine k'-variety endowed with a semilinear I'-action on
X' such that the map I' x A — A is continuous. From Lemma 1.3.4, we get k’-algebra
isomorphisms (see the proof of Proposition 1.3.3)

K @k’ - Rc[[K K @k’ = RC[[K.
r r

From these isomorphisms, we obtain identifications (as k’-algebras)

A @k =Ra C HA/, kK@ A'=Ra C HA,. (1.6)
I r

We get a well defined k-algebra isomorphism

HU?YZRA/%RA/. (1.7)
vyel’

Indeed, let (ay)yer € Rar. There exists an open subgroup H C I' such that a,., = a, for all
7' € H and y € T'. Since the action is continuous, for all v € T" the group H., := Stabp(aﬁf(aﬂ,))
is an open subgroup of I' (see Lemma 1.2.6). Note that H' := NrH, = Np;z H,. Thus, since
I'/H is finite (see Theorem B.3.1), H' is an open subgroup of I'. Then, for all v/ € H N H’
and v € I', we have:

o, (ay) = %, (oh(ays)) = oh (0(ay)) = oh(ay). (1.8)

From the isomorphism (1.7) and the identifications (1.5) mentioned in the proof of Proposition
1.3.3, we can construct a co-Cartesian diagram

PPN SN A A
R o K P12,P13,P23 R P1,Do o
T g8 8 T gt
K @y K & I P12,P13,P23 K o K P1,P2 I

We conclude as in the proof of Proposition 1.3.3.
e Conversely, let X’ = Spec(A’) be an affine k’-variety and let ¢ : X' xS — S'xgX' be
a descent datum in X’. Then, we get ¥ : k' @, A’ — A’ @ k’. Using the above identifications
(1.6), we can write:
wﬁ ‘R Al R Al

As in the proof of Proposition 1.3.3, one can show that there exists a semilinear I'-action
o: ' — Aut(X ). We will prove below that o is a k-structure.

e For the study of arrows, it is similar to the proof of Proposition 1.3.3.

e Finally, it remains to prove that the morphism I' x A" — A’ obtained from the pair
(X',1) is continuous. Since the descent datum is effective (See Theorem 1.1.3), there exists
an affine k-variety Xy = Spec(Ap) such that

(Xla 1/}) = ((XO)]k’7 wcan)7
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where

Wi K @k (Ao @ K) = (Ao Rk k') @k K’
2®a@zp—>a® 2z 2.

The semilinear I'-action on Ag ® k' induced by e, is defined by v +— id ® v. Then, by
Example A.5.5 and [Sta, Lemma 00DD] (tensor product commutes with colimits), we get

U Ay @ k; = colim; Ay @k k; =2 Ap ®y colim;k; = Ay @y K/,

(2

where k; /k are finite Galois extensions. By Lemma 1.2.6, the I'-action on Ay ®k’ is continu-
ous. Therefore, since A" and Ay @ik’ are I'-equivariantly isomorphic, then o is a k-structure
on X' O

1.4 Galois descent theorems

In this section, we state the main results on the effectiveness of Galois descent using the
language of k-structures. With respect to Section 1.1, we also introduce an additional tool,
that is, a Galois cohomology set. This set will parametrize k-forms of a given k’-variety.

First, we focus on finite Galois extensions. Let k’/k be a finite Galois extension, we
give a self contained proof of the effectiveness of Galois descent of quasi-projective k’-varieties
endowed with a k-structure. Secondly, we consider a non-necessarily finite Galois-extension.
The effectiveness of Galois descent of quasi-projective k’-varieties endowed with a k-structure
is a consequence of the fpqc-descent described in Section 1.1.

1.4.1 Finite Galois extensions

In this section, k’/k is a finite Galois extension of Galois group I'. If X is a k-variety,
then (Xo)i = Xo Xgpec() Spec(k’) is endowed with the canonical k-structure op : 7y
id x Spec(y). Furthermore, if X{j is another k-variety and f : Xo — X{) is a morphism of
k-varieties, then f xid : (Xo)w — (X{)w is a morphism of k’-varieties such that for all v € T,
0,0 (f xid) = (f xid)ooy,. Therefore, we get a functor Xo — ((Xo)k, 00) from the category
of quasi-projective k-varieties to the category of pairs (X, o), where X is a quasi-projective
k’-variety and o is a k-structure on X (see Theorem 1.1.4). The next theorem is a direct
consequence of Theorem 1.1.3 combined with Proposition 1.3.3, but we give a proof using
the language of k-structure.

Theorem 1.4.1. The functor Xo — ((Xo)w,00), where 0q., := id x Spec(y) for all v € T,
induces an equivalence of categories between the category of pairs (X, o) consisting of a quasi-
projective k' -variety X endowed with a k-structure o, and the category of quasi-projective
k-varieties. Moreover, equivalent k-structures on X correspond to isomorphic k-forms of X.

Proof. This proof is based on [Benl6, §3.1.3].
e Let X be a quasi-projective k’-variety endowed with a k-structure o. Then, X /k
is a quasi-projective k-scheme (see [Sta, Lemma 0B42]). Therefore, Xy := X /T" is a k-
scheme (see Section A.4). Let U = Spec(A) be a I'-invariant affine open subset of X (see
Lemma A.4.5), and let Up := Uy /T’ = Spec(AL). By Speiser Lemma, we get a I'-equivariant
k’-isomorphism
ATk 2 A, a®zw az.

That is, the next diagram commutes for all v € I’
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AT @k ——— A
1d® ’yl lag
AT @kl ———— A
Hence, we get a I'-equivariant k’-isomorphism (Up)p = U. Observe that the morphism

U — (Up)g corresponds to (7|u, flvr), where f: X — Spec(k) is the structural morphism of
X,and 7 : X — X is the quotient morphism. Therefore, if we cover X by I'-invariant affine
open subsets, the isomorphisms (7|y, f|r) can be glued together and we get a I'-equivariant
k’-isomorphism (7, f) (see Section A.4) such that the next diagram commutes for all v € T’

5 (™ f) (X0
Ufyl - lao7 = id x Spec(vy)
X (/) (Xo)w

Since X = (Xg)y, by Theorem 1.1.4, Xy is a quasi-projective k-variety. Furthermore, (X, o)
is isomorphic to ((Xo)k/, 00). Moreover, let X’ be another quasi-projective k’-variety endowed
with a k-structure o', and let f : X — X' be a k’-morphism satisfying o’ o f = f oo for
all v € T. The morphism 7’ o f is I'-invariant, so by Definition A.4.1, there exists a unique
k-morphism fy : Xo — X{,. Therefore, we obtain a functor from the category consisting of
pairs (Z,0y7), where Z is a quasi-projective k’-variety endowed with a k-structure oz, to the
category of quasi-projective k-variety.

e Conversely, let X be a k-form of X, and let oy be the natural k-structure on (Xo)g.
By definition, there exists a k’-isomorphism ¢ : X — (Xo)g. Then, og induces a k-structure
o on X such that ¢ is I'-equivariant, that is the next diagram commutes for all v € '

¥
X (XO)]k’
O"yl ; laov = id x Spec(7y)
X (XO)]k’

The projection pry : Xo Xgpec(k) SPec(k’) — Xo is the categorical quotient of (Xo)w by I' (see
Proposition A.4.7). Therefore, the isomorphism ¢ : (Xo)r — X descends to a k-isomorphism
Xo = X/T' (see Section A.4).

Finally, we have the desired equivalence of categories (see [Sta, §0013]). O

Using this equivalence, by abuse of notation we write (X, o) to refer to a quasi-projective
k-variety. We denote by (X, o) — X/T" the inverse functor.

From Theorem 1.4.1, we get the next result. Recall that an algebraic group (see Section
A.2) is a quasi-projective variety from Chevalley’s theorem (see [Con02, Corollary 1.2]).

Corollary 1.4.2. The functor Go — ((Go)w,To), where 1o, := id x Spec(y) for all v € T,
induces an equivalence of categories between the category of pairs (G,T) consisting of an
algebraic X' -group G endowed with a k-group structure T, and the category of algebraic k-
groups. Moreover, equivalent k-group structures on G correspond to isomorphic k-forms of

G.

Proof. Let G be an algebraic k’-group endowed with a k-group structure 7. Then, by The-
orem 1.4.1, Gy := G/T is a quasi-projective k-variety. By definition, the multiplication
m : G Xgpee(ry G — G, the neutral element e : Spec(k’) — G, and the inverse i : G — G, are
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I'-equivariant k’-morphisms. Therefore, by Theorem 1.4.1, these morphisms descend respec-
tively to k-morphisms mg : Go Xspecr) Go — Go, eo : Spec(k) — Go, and i : Go — Go. One
can show that Gy is an algebraic k-group. Conversely, if Gg is a k-form of GG, then the natural
k-structure on (Gg)y is a k-group structure, and G is endowed with a k-group structure. [

Using this equivalence, by abuse of notation we write (G, 7) to refer to an algebraic
k-group.
The next result is a consequence of Theorem 1.4.1 combined with Corollary 1.4.2.

Corollary 1.4.3. Let Gg be a k-group. There is a one-to-one correspondence between quasi-
projective k-varieties endowed with a Go-action and tuples (G, 1, X, 0, 1) consisting of:
(i) ak'-group G endowed with a k-group structure T such that G/T = Gy;
(ii) a quasi-projective k'-variety X endowed with an k-structure o;
(iii) an action p: G x X — X such that the following diagram commutes for all v € T':

GxX K X
T’YXU’Yl lo"y
GxX m X

Once we know the existence of a k-structure o on a k’-variety X, a Galois cohomology
set can be used to parametrize the equivalence classes of k-structures on X (see for instance
[Benl16, §3.2]). First, note that Aut(X) is an abstract group equipped with a I'-action

' x Aut(X) — Aut(X)
(v, ) =y @i= 0;1090007.

Assume there exists another k-structure ¢’ on X. The map ¢ : I' = Aut(X) defined for all
v €T bycy = Ufy ) a;l is a cocycle; that is a map such that for all v1,72 € T, ¢y,4, =
€y, © (71 ’ C'YQ)’

Conversely, let ¢ : I' = Aut(X) be a map. Then, the map v — ¢, 0 0, is a k-structure
if and only if ¢ is a cocycle.

Furthermore, if ¢ and ¢ are two cocycles, then the associated k-structures v +— ¢, o o,
and vy — ciy oo, are equivalent if and only if the cocycles ¢ and ¢’ are equivalent, that is there
exists ¢ € Aut(X) such that for all y € T, ¢, = ¢ tocyo(y- ). The set of cocycles modulo
this equivalence relation is the first pointed set of Galois cohomology

HY(T, Aut(X)).

This pointed set has a distinguished point (see [Ser97, §1.5], or [Ber10, Definition I1.3.13]),
which is the class of the trivial cocycle. Then, we get the next proposition.

Proposition 1.4.4. Let k'/k be a finite Galois extension. Let X be a kK -variety equipped
with a k-structure o. There is a bijection

H (T, Aut(X)) ~ {equivalence classes of k-structures on X };

(V=) = (Y ey 00y)
that sends the trivial cocycle v+ id to the equivalence class of .

By Proposition 1.4.4 combined with Theorem 1.4.1, we get the next result.
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Proposition 1.4.5 ([Ser97, §I11.1.3, Proposition 5], [GW20, Theorem 14.90]). Let k'/k be
a finite Galois extension of Galois group I'. Let X be a quasi-projective K -variety equipped
with a k-structure o. There is a bijection

H' (T, Aut(X)) ~ {isomorphism classes of k-forms of X}
(Y= )= (X, (v eyooy)).

As for k-structures on a k’-variety X, a Galois cohomology set can be used to parametrize
the equivalence classes of k-group structures on a k’-group G. The next results are a straight-
forward consequences of Proposition 1.4.5.

Proposition 1.4.6 ([Ser97, §I11.1.3, Corollary of Proposition 5]). Let G be a k'-group
equipped with a k-group structure 7. There is a bijection

H' (T, Auty, (G)) =~ {equivalence classes of k-group structures on G};
(Y ey) = (Y eyomy)

that sends the trivial cocycle v — id to the equivalence class of T (Auty,(G) consists of
k’-group automorphisms of G). Furthermore, there is a bijection

H' (T, Aut,,(G)) =~ {isomorphism classes of k-forms, as group, of G}

(v=ey) = (G (v eyoty)).
Proposition 1.4.7 ([Wed18, Corollary 10.1]). Let (G,7) be a k-group. Let (X,0) be a
quasi-projective (G, T)-variety. There is a bijection

H! (F,AutG(X)) ~ {equivalence classes of (G, T)-equivariant k-structures on X };
(y=ey) = (Y ceyo00y).
Furthermore, there is a bijection
H! (F,AutG(X)) ~ {isomorphism classes of k-forms, as G/I'-variety, of X}

(Y= ey) = (X, (v ey00y)).

1.4.2 Connection between infinite and finite Galois descent

Let k’/k be a non-necessarily finite Galois extension. In Propositions 1.4.8 and 1.4.9, we
explain how are related k-structures on a k’-variety X and Galois subextensions k C k; C k'.
These results are consequences of the effectiveness of Galois descent mentioned in Theorem
1.1.3.

Let v € T'. Since k; is a normal subextension in k/, y(k;) = k. We get an automor-
phism 7|, : ki — ki (see more details in Section B.3). Therefore, we obtain a continuous
surjective homomorphism

I' — Gal (k1 /k)
Y = 7‘]]{1 ’
with kernel H := Gal (k’/k;). In other words, we obtain a short exact sequence

1 — H = Gal (K'/k1) — T := Gal (k'/k) — Gal (ki /k) — 1

of profinite topological groups. Hence, H is a normal subgroup of I' and we have an isomor-
phism
I'/H — Gal (k; /k)
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Proposition 1.4.8 (Connection between infinite and finite Galois descent). Let X be a k'-
variety endowed with a k-structure o. Let ky/k be a finite Galois extension and let X1 be a

ki-form of X as in Definition 1.2.1. There exists a k-structure o1 : Gal (k1 /k) — Aut <X1/k)
such that the following diagram commutes for all v € T':

X1 X Spec(ky) Spec (]k/) — X
Tlql,, X SpeC(’Y)l Oy
X, X Spec(ky) Spec (]k/) - X

Furthermore, if X is quasi-projective (resp. affine), there exists a k-form Xo of X in the
category of quasi-projective (resp. affine) varieties and a I'-equivariant isomorphism (Xo),, =
X, where the k-structure on X is o, and the k-structure on (Xo), is given by v € I' —
id x Spec(7).

Proof. Let X be a k'-variety endowed with a k-structure o, and let fx : X — Spec(k’) be
its structural morphism. Let ki/k be a finite Galois extension in k', let ¢ : k; — k' be
the inclusion morphism, and let X; be a ki-form of X as in Definition 1.2.1. We denote
H := Gal(k'/k;). By definition, we have an H-equivariant isomorphism (X1),, = X, where
the kq-structure on (X1),, is given by v € H + id x Spec(y), and the k;-structure on X is
the restriction o|y.

Let U; = Spec(A;) be an affine open subset of X1, then (U;)y is an H-invariant affine
open subset of (X1)y (see [Sta, Lemma 01JY]). Hence, X = (X)y is covered by H-invariant
affine open subsets. Note that for all such H-invariant affine open subset U = Spec(A), the
map H x A — A is continuous. Indeed, A = A; ®j, k/, then by Example A.5.5 and [Sta,
Lemma 00DD] (tensor product commutes with colimits), we get

UA1 ®]k1 kz = colimiAl ®k1 kz = Al ®k1 colimiki = A1 ®]k1 k/,

1

where k;/k; are finite Galois extensions. We conclude using Lemma 1.2.6.

The projection pry : (Xi)py — Xj is a categorical quotient for the H-action in the
category of kj-schemes. Recall that X = (X;)g is covered by o|g-invariant affine open
subsets. Therefore, combining Theorem 1.1.3 together with Proposition 1.3.6, for any H-
invariant morphism 7’ : (X1)p — Z where Z is a kj-scheme, there exists a unique k-
morphism f : X; — Z such that f o pr; = 7/. Hence, we get a categorical quotient 7 :
Xk, — X1 in the category of ki-schemes (see Definition A.4.1).

Let v € T, and let y[;, X/, be the ki-scheme with structural morphism Spec(vly,) o
o fx. Then the morphism of ki-schemes

T OO0y 7|ﬂ§1X/11<1 — X/]kl — X

is H-invariant (since H is a normal subgroup of I'). By Definition A.4.1, there exists a
unique morphism of kj-schemes o1, : ’ylﬂ’;le — X satisfying m o 0, = 01, o 7. Note
that if v € yH € I'/H = Gal(ky/k), then 01, = 01, (since o1, = id for all v € H).
Therefore we obtain a k-structure o on the ki-variety X; = X/H and the following diagram
is commutative for all v € I":



28 CHAPTER 1. GALOIS DESCENT

X1 X Spec(k;) Spec (k/)

= X
%A /
g1 Yy X Spec('y) X Ty

X1 x Spec(ki) Spec (k/) o1 X

Aﬂ/
T
br1

X1

If X is quasi-projective (resp. affine), then so is X; by Theorem 1.1.4. Furthermore,
by Theorem 1.4.1, the categorical quotient Xy := X;/Gal (k;/k) exists in the category of
quasi-projective (resp. affine) k-varieties and we have a Gal (k; /k)-equivariant isomorphism
(Xo), = X1 where the k-structure on Xj is o7 and the k-structure on (Xo)y, is given by
v € Gal (kg /k) — id x Spec(7).

Finally, Xy is a k-form of X, and since the following diagram commutes for all v € T’

ky ®]k1 Kk = k’
Vi, ®7J lV

ki ®x, k' —— K.

we obtain the following commutative diagram for all v € T’

(Xo)y = X0 Xgpec(k) Spec (ki @, k') (X1 - X

id x Spec(7) id x Spec (’7|k1 ® 7) l (Ul),y‘kl X Spec(’y)j kav
<X0>k/ - XO XSpec(k) Spec (kl ®k1 ]k/) - (Xl)]k/ - X.
OJ

Proposition 1.4.9. If o is a k-structure on a quasi-projective k'-variety X, then for all
finite Galois extensions ki /k in k' there exists a kq-form Xy of the k'-variety X such that the
restriction of o to Gal (k'/k;) coincides with the natural Gal (k'/k;)-action on (X1),, = X.

Proof. Since o is a k-structure on X, there exists a finite Galois extension kj /k in k’ and a
kq-form X of the k'-variety X such that the restriction of o to H; := Gal (k’/ky) coincides
with the natural Hj-action on X = X7 Xgpec(i,) Spec (k'). Let ko/k be another finite Galois
extension in k’. There exists a finite Galois extension ks3/k that contains k; and ko [Sta,
Lemmas 0EXM and 09DT], we have

k1
/ \
k ks — k'
2

Let Hj := Gal (k'/k3) and let X3 := X1 Xgpec(k;) Spec (k3); it is a kz-form of X. From the H-
equivariant isomorphism (X1),, = X, we obtain an Hz-equivariant isomorphism (X3),, = X
such that the following diagram commutes for all v € Hs
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~ ~ ~

<X3>[l<’ X1 X Spec(ky) Spec (kg (2 ]k/) (Xl)]k/ X
id X Spec(v)l id x Spec(id ® ’y)l id X Spec(y)l kU’HM
<X3)k’ — X1 XSpec(ky) Spec <k3 Ok k/> = (Xl)k/ = .

By Proposition 1.4.8, there exists a k-structure o3 on X3 such that the following diagram
commutes for all v € I’

X3 X Spec(ks) Spec (]kl) — X
T3]y, X Spec() {J’Y
X3 XSpec(ks) Spec (k') — X.

Since Gal (kg/ko) is a (normal) finite Galois subgroup of Gal (ks/k), by Theorem 1.4.1, the
categorical quotient Xy := Xj3/Gal (ks/ka) exists in the category of quasi-projective ko-
varieties and we have a Gal (k3/kz)-equivariant isomorphism (X2),, = X3 where the ko-
structure on X3 is 03] Gal(ks ko) and the ko-structure on (X3), . is given by v € Gal (k3 /k2) —
id x Spec(y). By the proof of Proposition 1.4.8, we obtain the following commutative diagram
for all v € Hy := Gal (k' /ko)

(XQ)]k’ = X2 X Spec(ksa) Spec (k3 Ok k/) (X3)]k’ - X
id x Spec(7) id x Spec (V|ks ® ) (03)7|k3 X Spec(v)J l"v
(X2)w — X2 Xspec(ks) SPec (k3 @, k') — (X3)yw - X.

Therefore, there exists a ko-form Xs of the k’-variety X such that the restriction of o to
Gal (k' /ky) coincides with the natural Gal (k’/ke)-action on (Xs)p = X. O

We have similar definitions and properties for algebraic groups, which are quasi-projective
varieties.
We are now ready to make the connection between k-structures and continuous semilin-

ear ['-actions on k’-varieties covered by I'-invariant affine open subsets (compare with Lemma
1.2.6).

Lemma 1.4.10. Let X = Spec(A) be a kK -variety and let o be a semilinear T'-action on X.
The following assertions are equivalent.
(i) The map

I'xA— A
(7.a) + ot (a)

is continuous, where I' is endowed with the Krull topology, and A is equipped with the
discrete topology.

(i) The map o is a k-structure. That is there exists a finite Galois extension ki /k ink’ and
a ki-form X1 of the K -variety X such that the restriction of o to Gal (k'/k1) coincides
with the natural Gal (k' /ky)-action on (X1)p = X.
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Proof. e (i) = (ii). Assume that the map I' x A — A, (v,a) — Ug(a) is continuous. Then,
by Proposition 1.3.6 combined with Theorem 1.1.3, there exists k-form X of the k’-variety
X such that o coincides with the natural I-action on (Xo)r = X. (See also Lemma 1.2.6).
e (i1) = (7). Let o be a k-structure on X. By Propositions 1.4.8 and 1.4.9, there exists
a k-form Xy = Spec(Ayp) of the k’-variety X such that o coincides with the natural I-action
on (Xo)w = X. Therefore the map I' x A — A is continuous (see the proof of Proposition
1.4.8) 0

1.4.3 Infinite Galois extensions

Let k' /k be a non-necessarily finite Galois extension of Galois group I'. The next theorem is
a direct consequence of Theorem 1.1.3 combined with Proposition 1.3.6. It is also a straight-
forward consequence of Proposition 1.4.9. In both cases, the next theorem is a consequence
of the effectiveness of Galois descent mentioned in Theorem 1.1.3.

Theorem 1.4.11. The functor Xo — ((Xo)w,00), where g, := id x Spec(7y) for all y € T,
induces an equivalence of categories between the category of pairs (X, o) consisting of a quasi-
projective k'-variety X endowed with a k-structure o, and the category of quasi-projective
k-varieties. Moreover, equivalent k-structures on X correspond to isomorphic k-forms of X.

Using this equivalence, by abuse of notation we write (X, o) to refer to a quasi-projective
k-variety. The inverse functor is denoted by (X, o) — X/I.
As in Section 1.4.1, we get the next results.

Corollary 1.4.12. The functor Go — ((Go)w,70), where To., := id x Spec(y) for all vy € T,
induces an equivalence of categories between the category of pairs (G,T) consisting of an
algebraic K'-group G endowed with a k-group structure, and the category of algebraic K-groups.
Moreover, equivalent k-group structures on G correspond to isomorphic k-forms of G.

Corollary 1.4.13. Let Gg be a k-group. There is a one-to-one correspondence between
quasi-projective k-varieties endowed with a Go-action and tuples (G, T, X, 0, u) consisting of:
(i) a X -group G endowed with a k-group structure T such that G/T = Gy;

(ii) a quasi-projective k'-variety X endowed with an k-structure o;

(iii) an action p: G x X — X such that the following diagram commutes for all v € T':

7
GxX X
T,YXO'»Yl la'y
GxX m X

As we will see below, Theorem 1.4.11 induces some results on the cohomology level.
Let G be a discrete topological abstract group endowed with a continuous I'-action (we will
specify G = Aut(X), see the next lemma). A cocycle ¢ : I' — G is a continuous map such
that for all v1,72 € T, ¢y,45 = ¢y, (71 - ¢4,). Two cocycles ¢ and ¢’ are equivalent if there exists
g € G such that for all v € T', ¢, = gey (7 - g). The set of cocycles modulo this equivalence
relation is the first pointed set of Galois cohomology

H. .(T,G).

cont

Lemma 1.4.14. Let k'/k be a Galois extension of Galois group T'. Let X be k' -variety and
let o be a k-structure on X. The profinite Galois group I' acts continuously on Aut(X) by

' x Aut(X) — Aut(X)
(v,9) = 05, opooy,

where Aut(X) is equipped with the discrete topology.
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Proof. By [Ber10, Lemma I1.3.3], it is equivalent to show that Aut(X) = J; Aut(X)Gal('/k),
where the union is taken over all finite Galois extensions k;/k in k/. We have to show
that Aut(X) C UU; Aut(X)G(/k) By definition of a k-structure, there exists a finite Ga-
lois extension ki /k in k’, and a kj-variety X; such that there is a Gal(k’/k;)-isomorphism
(X1 = X. Let Xy = U; U;j be a finite affine open cover of Xj. Then Uj(Uj)k/ is
a Gal(k'/ky)-invariant® affine open cover of (Xj) = X (see [Sta, Lemma 01JY]). Let
¢ € Aut((X1)w) = Aut(X), then U; ¢((U;)r) is an affine open cover of (Xi)w = X. Since
varieties are finite type schemes, there exists a finite Galois extension ky/k containing k; in
k', and ko-algebras B; such that, for all j, Spec(B;j ®k, k') = ¢((U;)k’). Therefore, by Lem-
mas 1.4.8 and 1.4.9, we may assume that k; = ko. We fix some j. We write U; = Spec(4,;)
and V; = Spec(Bj), both are affine kj-varieties. Let B;j := ki[f1,..., f4]. Then, for all
ke {1,...,d}, there exist z;; € k' and ay; € A; (depending on j) such that

(‘0’%], : Bj ®k1 k’ — AJ ®k1 ]k/

fr®@1= > ag; ® zpy.
I

Let k3 /k be a finite Galois extension in k’ containing k; and all of the ,z,l€ As before, we may
assume that ki = k3. Then, there exist ki-isomorphisms v; such that

(p|ﬁU], : Bj Rk, k' — Aj Rk, k'
b®z— 1/13(17) X z.
Since ;(Bj) = Aj, it follows that (J; V; is an affine open cover of X; such that o((U;)y) =
(Vi) for all j. Hence, ¢ € Aut((Xl)k/)Gal(k'/kl) = Aut(X)Gal(k//kl). O
The next result is a corollary of Theorem 1.4.11.

Corollary 1.4.15. Let X be a quasi-projective K -variety endowed with a k-structure o. We
have an isomorphism of pointed set

1
Hcont

(T, Aut(X)) = colim; H' (Gal(k;/k), Aut(X/Gal(k'/k;))),
where the colimit is taken over all finite Galois extensions k;/k in k'.

Proof. Let k;/k be a Galois extension in k’. Then, by Theorem 1.4.11,
Aut(X) G k) >~ Aut(X/Gal(K /k;)).

Since the I'-action on Aut(X) is continuous (see [Berl0, Example 11.3.2 (5)]) , by Lemma

1.2.6, we get
Aut(X) = UAut(X)Gal(]k//ki) ~ ColimiAut(X)Gal(]k//ki)’

where the colimit is taken over all finite Galois extensions k; /k in k’. Moreover, by the Galois
correspondence (see Theorem B.3.1),

['/Gal(k'/k;) = Gal(k;/k).
Finally, by [Ser97, §1.2.2, Proposition 8] (see also [Ber10, Theorem I1.3.33]), we get
H

cont

(T, Aut(X)) = colim; H! (Gal(k;/k), Aut(X/Gal(k' /k;))) .

3 An affine open subset U of X is Gal(k’/k;)-invariant if for all v € Gal(k’/k1), o (U) = U.
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From Corollary 1.4.15, we get the next result, which generalizes Proposition 1.4.5.

Proposition 1.4.16 ([Ser97, §111.1.3, Proposition 5], also [GW20, Theorem 14.91]). Let k' /k
be a Galois extension of Galois group T'. Let X be a quasi-projective k' -variety equipped with
a k-structure o. There is a bijection

1
Hcont

(T, Aut(X)) ~ {equivalence classes of k-structures on X };

(Y= cy) = (Y cyo00y)
that sends the trivial cocycle to the equivalence class of o.Furthermore, there is a bijection

1
Hcont

(T, Aut(X)) ~ {isomorphism classes of k-forms of X}
(y=cy) = (X, (y—=cyo0y)).

Proof. Let k;/k be a finite Galois extension in k’. By Propositions 1.4.8, 1.4.9 and Theorem
1.4.11, there exists a k;-form X; = X/Gal(k'/k;) of X and a k-structure o; on X; such that
X/T' = X;/Gal(k;/k). Furthermore, by Proposition 1.4.5, there is a bijection

H' (Gal(k;/k), Aut(X;)) ~ {isomorphism classes of k-forms of X;}.
Therefore, we get an isomorphism
colim; H' (Gal(k;/k), Aut(X;)) ~ {isomorphism classes of k-forms of X}.
From Corollary 1.4.15 combined with Theorem 1.4.11, we get the desired result. ]

Proposition 1.4.17 ([Ser97, §I11.1.3, Proposition 5]). Let G be a k'-group equipped with a
k-group structure 7. There is a bijection

H}, (T, Aut,, (G)) =~ {equivalence classes of k-group structures on G};

(v ey) = (Y ey 0Ty)
that sends the trivial cocycle to the equivalence class of T. Furthermore, there is a bijection

1
Hcont

(T, Autg,(G)) ~ {isomorphism classes of k-forms, as group, of G}
(V) = (G (v eyomy)).
Proposition 1.4.18 ([Wed18, Corollary 10.1}). Let (G,7) be a k-torus. Let (X,o) be a

quasi-projective (G, T)-variety. There is a bijection

1
Hcont

(F, AutG(X)) ~ {equivalence classes of (G, T)-equivariant k-structures on X };
(y=cy) = (Y ceyo00,).
Furthermore, there is a bijection

1
Hcont

(F,AutG(X)) ~ {isomorphism classes of k-forms, as G /T -variety, of X}

(v=cy) = (X, (v ey00y)).



Chapter 2

Toric varieties

The theory of toric varieties gives explicit relations between algebraic geometry and combi-
natorial geometry, which explains the prominent role of these varieties in various domains of
mathematics. According to Fulton’s preface of [Ful93], “toric varieties provide a [ ...] way
to see many examples and phenomena in algebraic geometry”, and they “have provided a
remarkably fertile testing ground for general theories”. Classical references for toric varieties
are over algebraically closed fields of characteristic zero (see [Ful93], [KKMSD73], [Oda88],
[Ewa96], [CLS11]), but the main results of this theory works for split toric varieties over
non-algebraically closed fields (see [Dem?70] for the smooth case, which is the starting point
of toric geometry). There is also a notion of non-split toric varieties, see for instance [Hurl1],
[ELFST14] and [Dunl6]. Namely, a toric k-variety, where k is a field, is a normal k-variety
X such that there exists a k-torus acting effectively on X with a dense open orbit. In this
chapter, we first study k-tori, then k-tori actions, and finally toric k-varieties.

Over an algebraically closed field, a k-torus of dimension n is the algebraic group Gy, .
Let k be an arbitrary field. A k-torus 7" is an affine algebraic k-group such that Ti, = G,
for some n € N*, where ks denotes the separable closure of k in k. Since we will (mainly)
work over perfect fields (more exactly over characteristic zero fields), ks = k. Over k, all tori
are split, i.e. isomorphic to GZ& for some n € N*, but over k a torus may be non-split. A

well known non-split R-torus is the circle
S' := Spec(Rz,y]/(«* + y* — 1))

The theory of split toric k-varieties over a field k, that is, toric varieties with a split
k-torus action, is similar to the one over an algebraically closed field of characteristic zero.
If the acting k-torus T is non-split, then it is more convenient to use Galois descent tools as
follows. Let X be a T-toric k-variety, then X is a split toric k-variety, and we get canonical
k-structures o on Xi and 7 on Ti.. Therefore, the toric variety X corresponds to the split
toric variety Xi- equipped with additional Galois descent data (see Corollary 1.4.13).

The dense open orbit of a T-toric k-variety is a T-torsor, that is a k-variety V endowed
with a T-action p such that T = Vi, and such that ug : T X Vi — Vi corresponds to the
natural action by translation on 7. We will see in Proposition 2.4.9 that k-forms of a T-toric
k-variety in the category of toric varieties are parametrized by a Galois cohomology set that
classifies torsors. Finally, in Section 2.5, we will give a classification of smooth Del Pezzo
R-surfaces, which are toric R-varieties.

As mentioned in the introduction, this chapter is a warm-up to the Altmann-Hausen
theory. There is no new result; we give a compilation of known results.

33
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2.1 Preliminaries in convex geometry

This section is based on [AHO06, §1] and on [Gil22a, §1]. From here on, N denotes a lattice,
i.e. a finitely generated free abelian group, and M := Homgy(N,Z) denotes its dual lattice.
The associated Q-vector spaces are denoted by Ng := N®zQ and Mg := M ®zQ respectively,
and the the corresponding pairing by:

M x N —=Z, (u,v)+— (ulv):=u(v).

Let us recall some results of [Ful93, §1.2]. Let N’ be a lattice, and let f: N — N’ be a lattice
homomorphism. It induces a unique Q-linear map Ng — N@, also denoted by f. A subset
wny C Ny is called a convex polyhedral cone if there exists a finite set S C Ng such that

wy = Cone(9) := {Z A | Ay € on} C Ng.

veS

A cone wy is strongly conver, or pointed, if wn N (—wn) = {0}. For us, a cone in Ng is always
a convex polyhedral cone. The dual cone of wy is defined by

wy = {u € Mg | Yv € wy, {(ulv) > 0};

it is a cone in Mg. Furthermore, the dual of a pointed cone is a full dimensional cone. Let
wyn be a cone in Ng. A face Ty of wy is given by 7y = wy N ut, for some u € wy;, where
ut = {v €wn | Yu € wY;, (ulv) =0}. Recall that a face of a cone is a cone. The relative
interior Relint(wy) of a cone wy is obtained by removing all proper faces from wy.

A quasi-fan A in Ng (or in Mg) is a finite collection of cones in Ng (or in Mg) such
that, for any A € A, all the faces of A belong to A, and for any A1, Ao € A, the intersection
A1NAg is a face of both A\;. The support of a quasi-fan is the union of all its cones. A quasi-fan

is called a fan if all its cones are strongly convex.

2.2 Tori

2.2.1 Definitions and first properties

In this section, k is an arbitrary field and k’ is a non-necessarily finite Galois extension with
profinite Galois group I'. See for instance [Man86, §30.3.3] for a survey of the theory of tori
and of torsors.

Let n € N*, and let M be a rank n lattice. Then,

k[M] := { Z amx™

amek,mEM},
finite

is a Hopf k-algebra, where x" are indeterminates satisfying Xm+m/ = mem/ for all m,m’ €
M. The coproduct, the counity, and the antipode are respectively:

k[M] — k[M] @x k[M] k[M] — k k[M] — k[M]
X" = X" x™ ax™ — a s ™

Therefore, T := Spec(k[M]) is an affine algebraic k-group (see Section A.2). In particular, if
M = 7", then we define
Gipoge = Spec(k[ty ... 15 ]),
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1,0,...,0) 1ery0,1)
)

where t; := y( ooyt = O . This affine algebraic k-group can be defined as a
representable functor. Namely, the functor from the category of k-algebras to the category
of abstract groups
Gk : Algg — Grp
R+— (R")"
is representable by the affine algebraic group Spec(k[tfl, L)),
Fix a Z-basis {e1,...,en} of M. We obtain an isomorphism M = Z", and an isomor-

phism k[M] = k[Z"]. Hence, T is isomorphic to G ;.. Conversely, if T is an affine algebraic

m,k*
k-group isomorphic to Gy, ., for some n € N*, then there exists a lattice M, the character

lattice of T, such that T = Spec(k[M]).

Definition 2.2.1. A k-torus T' is an affine algebraic k-group such that Ti, = Gy, = for some

integer n, where k, is the separable closure of k in k. It is called a split k-torus if T = Grk
for some integer n.

Example 2.2.2. The R-groups of Examples 1.2.9 and 1.2.10 are R-tori.
Since a k-torus is finitely generated, we get the next result.

Proposition 2.2.3 ([Ono61, Proposition 1.2.1] [Sta, Lemmas 0EXM and 09DT]). For any
k-torus T, there exists a finite Galois extension ky/k in k such that Ty, is a split torus.

2.2.2 Tori and Galois cohomology

The next proposition, that classifies n-dimensional k-tori, is a direct consequence of Propo-
sition 1.4.17.

Proposition 2.2.4. Let k' /k be a Galois extension of Galois group T, and let n € N*. There
is a bijection
Hiom (F, Aut,, (Gnmk/)) ~ {isomorphism classes of n-dimensional k-tori that splits over k'}
(= &) = (Gl (v = ¢y 073)

that sends the trivial cocycle v — id to a split k-torus. Recall that the I'-action on Autg,(Gy, 1)
is defined by (v, @) — a;l 0 Qo oy.

Based on the next lemma, we get in Proposition 2.2.6 an exact sequence of Galois
cohomology sets that is used to relate k-forms of a split k’-torus T in the category of varieties
to the k-forms of T in the category of groups, and to the k-forms of T in the category of
T-varieties (i.e T-torsors, see Proposition 2.3.11).

Lemma 2.2.5. Let k be a field. Let T = Spec(k[M]) be a split k-torus. Then,
Auty,(T) 2 GL(M) and  Aut™(T) = T(k)

Furthermore, the group AutT(T) is a normal subgroup of Aut(T), and we have a split short
exact sequence of groups

1 — Aut™(T) — Aut(T) — Aut,,(T) — 1.

In other words, we have a semi-direct product Aut(T) = Aut”™(T) x Aut,,(T).
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Proof. Let T = Spec(k[M]) be a split k-torus. Let f € Aut(T). Since fHk[M] — k[M] is a
k-algebra automorphism, one can show that there exists f € GL(M), and a group morphism
h: M — k* such that f4(x™) = h(f(m))x/™ for all m € M. Therefore, we get a surjective
map

Aut(T) — GL(M)
fef

such that fi?g = fafi.
e We show that Aut,(T) = GL(M). Let f € Autg,(T) C Aut(T). There exists
f € GL(M), and a group morphism h : M — k* such that ff(x™) = h(f(m))x(™ for all
m € M. Since f*:k[M] — k[M] is a Hopf k-algebra automorphism, then h(m) = 1 for all
m € M. Therefore, we get a bijective map
Autgy, (T) — GL(M)

fef

such that f;fg = fz fl.

e We show that Aut™(T) 2 T(k). Let f € Aut™(T) € Aut(T). There exists f € GL(M),
and a group morphism h : M — k* such that f4(x™) = h(f(m))x/™ for all m € M. Then,
using the definition of being T-equivariant, f = id. Therefore, we get a group isomorphism

Aut™(T) — Homy, (M, k*) = T(k).

e We show that that Aut™(T) is a normal subgroup of Aut(T). Let f; € Aut™(T).
There exists a group morphism hy : M — k* such that ff (X™) = hi(m)x™ for all m € M.
Let fa € Aut(T). There exists fo € GL(M), and a group morphism hy : M — k* such that
F2(¢™) = ha(fo(m))x/2™ for all m € M. Then,

froffo(fy)tix™ e (hiofo ) (m)x™

Therefore, f; ! o f1 o fo € Aut™(T).
e Finally, we get an obvious short exact sequence of groups

1 — Aut™(T) — Aut(T) — Aut,,(T) — 1
admitting a section. O

Proposition 2.2.6. Let k'/k be a Galois extension. Let T = Spec(k’[M]) be a split k'-torus
and let T be a k-group structure on T. Then we have the following exact sequence of pointed
sets (see [Berl0, Definition I1.3.13])

1 — Aut™(T)" — Aut(T)T — Aut,,(T)T — H!

cont

(F,AutT(T)) S H

cont

(T, Aut(T)) — H!

cont

(I, Autg,(T)) ,
where the I'-action on Aut(T) is given by v - ¢ = 7-7_1 oporty for ally €' and ¢ € Aut(T).

Proof. By Lemma 2.2.5, the group Aut”(T) is a normal subgroup of Aut(T), and we have a
short exact sequence of I'-groups (see [Ber10, Definition I1.3.1])

1 — Aut™(T) — Aut(T) — Aut,,(T) — 1.

Then, by [BS64, 1.17 Proposition| (or [Berl0, Proposition I1.4.7]), we obtain the desired
result. O
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2.2.3 Tori and I'-representations

Let k' /k be a Galois extension. If ¢ is a k-structure on T := Spec(k’[M]), then there exists a
map h : I' — Homg, (M, (k')*) (a cocycle), and a group morphism & : I' — GL(M) such that

0% X" b by (6 (m) T
for all v € I" (see the proof of Lemma 2.2.5, and see Section 2.3.3).

Remark 2.2.7 (I-action on the character lattice). Let 7 be a k-group structure on T =
Spec(k’'[M]). Then 7 induces a I-representation 7 : I' — GL(M), and a dual I'-representation
7 : ' — GL(N), such that 7., = 7y, © Ty, and 7,4, = 7, 0 7, for all 71,72 € I'. Indeed,
based on Lemma 2.2.5, we can write

. T — Auty (K'[M])
7 (amx™ = y(am)x™ ™).

Two I'-representations p and p’ on GL,(Z) are equivalent if there exists P € GL,(Z)
such that p/(y) = P o p(y) o P~! for all v € T'. Then, we get the next result.

Lemma 2.2.8. There is a one-to-one correspondence between k-group structures on GZM(/
and I'-representations in GL,(Z). Furthermore, equivalent classes of k-group structures on
Gﬁn,k’ correspond to equivalent classes of T'-representations in GL,(Z).

Example 2.2.9. The split k-torus T = Spec(k[M]) corresponds to (Ty/, 79), where 7¢ is the
k-group structure on Ty = Spec (k’[M]) such that

Tg : T — Auty (K'[M])
7= (amx™ = y(am)X™) -

Therefore, the I'-action on M is trivial.

Remark 2.2.10 (Factorization by a finite Galois extension that splits the k-torus). We
pursue Remark 2.2.7. Let k;/k be a finite Galois extension that splits (T,7) and let H :=
Gal(k’/k1) be the absolute Galois group of k//k;. By Propositions 1.4.8 and 1.4.9, there
exists ki-form T of T and a k-structure 7 on T such that the following diagram commutes
forally e T’

12

T X Spec(k) Spec (k/)
Tl X Spec(’y)l

I
H——=
\;1

T X Spec(ki) Spec (k/)

Since k; is a splitting field of (T,7), we can assume T; = Spec (ki[M]). Therefore, the
H-action on M is trivial, and the I'-action on M factorizes:

T/H = Gal (k; /k)
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This means that the profinite group I' acts on M as the finite Galois group Gal (k;/k),
and this action comes from the Gal (k;/k)-action on T;. Furthermore, since the kernel of
71 is a normal subgroup of Gal(k;/k), by the Galois correspondence (see Theorem B.3.1),
there exists a finite Galois extension kg/k in k; such that the induced map Gal(ks/k) =
Gal(ky /k)/Ker(71) < GL(M) is injective. Therefore, the corresponding ko-torus T is split
and endowed with a k-group structure 7 as in Proposition 1.4.9. The field ko is called a
splitting field of the k-torus (T, 7).

An inclusion of k-tori corresponds to I'-equivariant exact sequences of lattices.

Remark 2.2.11 (Inclusions of tori and character lattices). Let (T = Spec(k'[M]),T) be
a subtorus of the k-torus (G, = Spec(k'[M']),7'). The inclusion T < Gy}, induces a
surjective lattice homomorphism M’ — M. Let My be the kernel of this homomorphism, it
is a sublattice of M’. Moreover, the I'-action ¥ on M’ induces a I'-action 7y on My . Let 7y
be the induced k-group structure on Ty = Spec (k'[My]). The following diagram of complex
algebraic groups commutes for all v € I':

1 T G, Ty 1
I L
1 T G, o Ty 1.

There exists an injective morphism F' : N — N’ and a surjective homomorphism P : N’ —
Ny, and the following diagrams of free Z-modules commute for all v € I':

0 N d N’ P Ny 0
- K -

0 N al N’ P Ny 0

0 My P M’ F M 0
s

0 My P M’ r M 0

There always exists a section s*: M — M’ (i.e. F* os* =idys) [BLR90, Proposition A.3.1],
but not always a I'-equivariant one. Therefore, we obtain a section Ty — Gﬁ%k,, but not
always a I'-equivariant one. In other words, G ,, = T x Ty, but this isomorphism is not

always I'-equivariant.

2.2.4 Examples of tori

In this subsection, we introduce some well known k-tori: the k-torus Weil restriction of a
split k’-torus, which is a quasi-trivial k-torus, and the norm one k-torus.

Quasi-trivial tori

Using the linear I'-action on M (see Remark 2.2.7), we define a class of tori having nice
properties (see Proposition 2.3.19).
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Definition 2.2.12. Let T" be k-torus that splits over a finite Galois extension kj/k. It is
called a quasi-trivial k-torus if there exits a basis of the character lattice M of Tk, = Gy,
that is permuted by Gal (ki /k).

Example 2.2.13. Split k-tori are quasi-trivial.

Counter-example 2.2.14. The real circle S! := Spec(R[z,y]/(z? + y? — 1)) (see Example
1.2.9), corresponding to (G, c = Spec (C[t*!]), 1), where Tf(atm) = at™™, is not a quasi-
trivial R-torus.

The Weil restriction of a quasi-projective k-variety is a representable functor from the
category of k-schemes to the category of sets, see for instance [BLR90, §7.6] and [CGP10,
§A.5], and also the notes [JMS]. See the notes [CT76] and the article [CTS77, §2] for details
on quasi-trivial k-tori, Weil restriction k-tori, norm one k-tori and the relations between these
tori.

Proposition 2.2.15. Let k'/k be a finite separable field extension of degree d. The functor
R’]k’/]k (Gmk/) : Alg]k — GT’p
R— ijk/ (Rkl) = Rﬁ;,

is representable by a k-torus, called the Weil restriction of Gy, x. Furthermore, if k'/k is
a finite Galois extension of Galois group T, the functor Ry (G ) is representable by the
k-torus (ng’k/,TR), where % is the k-group structure defined for any vo € T' by

~R . d d
T%.Z — 7

(mV)'yGF = (m’y(;lfy)’yel—‘ )

and where we have identified [ [ cr Z with ze.

Proof. Let k” be the normal closure of k'/k (see [Sta, Definition 0BMF]). Then, k" /k is a
finite Galois extension ([Sta, Lemmas OEXM and 09DT]). By Theorem A.7.2 and Proposition
A.7.3, the functor Ry /i (G i) is representable by an affine k-group, and there is a natural
isomorphism

Ry /k (Gm,k/) X Spec(k) Spec(k") = Ryrgykr /K (Gm,k” X Spec(k) Spec(k')) .
Using Lemma 1.3.1 and Remark 1.3.2, we get

(R]k’/]k (Gka/) XSpec(]k) Spec(]k”)) (R) = R* ®]k ]k/ = (R*)d = ng,]k”(R)?

where R is a k”-algebra. Therefore, Ry i (G ) is a k-torus of dimension d that splits over
k" (see also [Rui20, Corollary 1.38]).
Assume that k//k is a finite Galois extension (so k” = k’). Therefore,

(R]k//lk (Gm,k’> ><Spec([l() Spec(k’)) (R) =R Rk k' = H R* = G?n,k’(R)a
T

where the last isomorphism is a ® z — (ay(z))r (see Lemma 1.3.1), and where R is a k'-
algebra. Finally, note that the next diagram commutes for all y € T’

~Y

Ri /i (Grmir) X spec(i) Spec(k’) — G,
Spec(id x 7) l lTWR
Rk//]k (Gm,k’) X Spec(k) Spec(k/) — an,k’
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O

Definition 2.2.16. A k-torus 1" is a Weil restriction k-torus if there exists a finite (separable)
extension k'/k in ks such that 7' = Ry (G, 1)

Note that a Weil restriction k-torus is a quasi-trivial k-torus. Indeed, the k-group
structure 77 defined in Proposition 2.2.15 induces a I-action on M by permutation.

Example 2.2.17 (See example 1.2.10). If k' = C and k = R, the Weil restriction R-torus is:

R[x17y15$25y2] )
(x1y1 — 22y2 — 1, x2y1 + 21Y2)

Re/r(Gm,c) = Spec (

It corresponds to (G,Qn’(c, T9), where 75 is the R-group structure defined by 7 : (2, w) — (w, 2).
The corresponding I'-representation is given by

_ o1
7'2.—10.

Lemma 2.2.18 ([CTS77, §2]). A quasi-trivial k-torus is isomorphic to a product of tori
Ry jx (G’,ﬁlvk/), where K are finite extensions of k in ks, where kg the separable closure of k
in k

Remark 2.2.19. Any real torus is isomorphic to a torus of the form G[°p x (S!)™ x
RER(GWC), with ng,n1,ne € N (see Proposition 4.1.2). An R-torus is quasi-trivial if and

only if it contains no S'-factors.

Norm one tori

Norm one tori appear for instance in the work of Colliot-Théléne, Sansuc and Wei. In partic-
ular, they study Brauer groups, torsors and rational points (see [CT14], [CTS77], [Weil4b],
[Weildal).

Proposition 2.2.20 (See [CT76, II1.3], [CTS77, §2]). Let k'/k be a finite separable field
extension of degree d. There is a surjective algebraic k-group homomorphism

Ny s Rig i (Grge) = Gk

The kernel is a k-torus of dimension d — 1, called the norm one torus and denoted by

Ru(«}}k((@m,k’)' In other words, we have the following exact sequence

1 — R(})

K’ /k (Gmy) — Rk (Gmy) — Gy — 1.
Furthermore, if K’ /k is a finite Galois extension, R]](;}]k(Gm:k/) is k-torus that splits over k.

Proof. Let k’/k be a finite field extension of degree d of Galois group I" (see Definition B.1.1).
Let R be a k-algebra, and denote Ry := R®yk'. Then, Ry /x (G i) (R) = G i (Rir) = Ry
The map
Nk’/]k(R) . Rﬂt’ — R*
VR zZ H vy(z)
r
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is a surjective homomorphism of abstract groups (since []7(z) € k, see [Lan02, Chapter VI,
Theorem 5.1]). Therefore, we get a surjective algebraic k-group homomorphism

Nk’/k : R]k’/k (vak/) — Gmk.

The kernel is a k-group denoted Rﬂ(;}k (Gpi), and we get

Hv'y(z) = 1}.
r

We have the following exact sequence of algebraic k-groups

11(;%1{ Gmw) — Ry /k (Gx) — Gpx — 1.

Rﬂ(;}k (Gpw) (R) = {U ®z € Ry

1—R

Let k” be the normal closure of k’/k. Since we get

1 " d—
R]l(g/}]k(vak/) ><Spec(]k) Spec(k”) = G:ln,]]i”’
then Ru(g}}k(Gm,k’) is a k-torus of dimension d — 1 that splits over k”.

Furthermore, if k'/k is a finite Galois extension, then Rui}}k(Gka’) is a k-torus of

dimension d — 1 that splits over k/, and the above exact sequence corresponds to the following
commutative diagram of algebraic k’-groups

1 an_,k’ G;imk/ Gm,k’ 1
|70 |7 |
| oi: 6l G L

where 7(!) is the induced k-group structure on an_ﬂi, corresponding to the norm one torus.
The above diagram corresponds to the following commutative diagram of lattices

p* F*
0 Z Vi 741 0
[, |77 |70
0 VA Vi 741 0,
where P*(m) = (m,...,m), and F*(my,...,mgq) = (m1 —mg,...,mg—1 — mq). d

Definition 2.2.21. A k-torus 7' is a norm one k-torus if there exists a finite Galois extension

K'/k in k such that T = Ry)), (G7, ).

Example 2.2.22. Let k//k be a finite Galois extension of degree d. Then
N]k’/]k(k) : (k,)* — k*

corresponds to the usual norm map of a field extension (see for instance [Lan02, Chapter VI
§5]). As usual, if wy,...,wy is k-basis of k’, we denote

Ei=wiwy 4+ wprg €K, 1]

and Nk (Z) € k[x1, ..., 24] be the induced form of degree d (see [Fla53]). Then,

Rﬁﬁm%mg:smc@uh“wmym@&@y—n)

For instance, the real circle S! := Spec(R[z,y]/(2? + y? — 1)) is the norm one R-torus.



42 CHAPTER 2. TORIC VARIETIES

Example 2.2.23 (See Proposition 4.2.4). Let k’/k be a Galois extension of degree 3. The
Galois group is I := {id,~,~*}. Let (Gf’mk,,TR), and let (G2 ,,,7(M), where

m,k’»

0 0 1
~R _ ~(1) _ [0 —1]
=11 0 0 v = .
Y Y —
010 1 1

Then, we get a short exact sequence of k-groups
1 — (ngk/,’r(l)) — (GE,%]](/,TR) — (Gmyk/,ﬂ)) — 1.

Therefore, (G%%k/, () corresponds to Rﬂ(;}]k (G )-
More generally, we get the next example.

Example 2.2.24 (Norm one torus and cyclic field extension). Let k’/k be a cyclic Galois
extension of degree d, and let I' = Gal(k’/k) = {id,v,7?,...,7%"'}, where v € T satisfies
% =id. The exact sequence

I — R]]S}]k (Cw) — Ry /k (Gpy) — Gy — 1

corresponds to the following commutative diagram of lattices

p* Fr

0 A Vi 741 0
| o |
0 Z z4 Z4-1 0,
where
0 --- 0 1 0 --- 0 —1
1 -1 1
- 1 00 ) 1 0 —1 0
7= A A= F* = P =
0 10 0 1 -1 0 L 1

Let k//k be a finite Galois extension of degree d. Recall that we have the short exact
sequence of k-tori

L— R]l(;}]k (Gmx) — Rk (Gmy) — Gy — 1.

The next lemma has consequences on cohomology level, see for instance Proposition 2.3.21.

Lemma 2.2.25. Let k'/k be a cyclic Galois extension of degree d. There is a short eract
sequence of k-tori

1— Gm,k — RJk’/]k (Gm,k/) — R]]S}k (Gm,k) — 1.

Proof. Let k' /k be a cyclic Galois extension of degree d of Galois group T' = {id,~,...,y%"'},
where ~ € T satisfies v¢ = id. By Proposition A.7.5, there is a closed immersion Gk —
R jx (Gp). Therefore, we get the next short exact sequence of k-tori

1 — Gm,k — R]k’/]k (Gm,k/) — T — 1.

This sequence corresponds to the following commutative diagram of lattices
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Pr Fr
0 71 Vi v/ 0
| |2 |7,
0 71 Vi 7 0,
where
0 0 1 0 0 —1 1 0
1 0 0 1 0 —1 1
My = 1] A= | F= Py = 1
0 10 0 1 -1 0 -1
Fp=[1 1]
Therefore, 7, = #", and T = R!) (Gmk) O
y Ty Y o k! /k mk)-

See Examples 2.2.26, 4.1.9, and 4.1.11.

Explicit examples

Example 2.2.26. Let k' = C, and let k = R. The following exact sequence of algebraic
k-groups
1 —sSt= R((Cl/)]R (Gm,c) — Reyr (Gmc) — Grr — 1

corresponds to the following commutative diagrams.

1 Gm7(c qu,n’(c G?Q’)’L,(C 1
l T1 l T2 l T0
1 Gm,(c Gm,k’ Gm,(c 1

where the first morphism maps z to (z,z7!), and the second one maps (z,w) to zw, and
where the R-group structures are defined by 71 : 2z + 271, 7 : (z,w) = (0,2),and 79 : 2 +> 2

(see Examples 1.2.9 and 2.2.17).

Example 2.2.27 (See Example 2.3.26). Let k := C(¢) and k' := k[u]/(u® —t). The extension
k’/k is Galois with Galois group I" = Z/2Z. We obtain:

k[xlayhx%yQ] )

Ry G )= Spec (
k’ /k ( m,k ) ($1$2 —+ tyly? — 1, 1Yo + $2y1)

The corresponding norm one torus of dimension 1 is
1
R]li’}]k (Gp) = Spec(klz, y]/(m2 —ty? — 1)).

Example 2.2.28 (See Example 2.3.26). Let k := C(¢) and k' := k[u]/(u3 —t). The extension
k’/k is Galois with Galois group I' = Z/37%. We obtain:

k[x17y17zl7x27y2722] )

Ry (G ) =S ec(
k'/k ( i ) P (122 + ty122 + tz1y2 — 1, 21y2 + Toy1 + tz122, T122 + T122 + T221)

The corresponding norm one torus of dimension 2 is

Rﬂ(;}k (Gpxr) = Spec(k[z, y, 2]/ (x® + ty> + £22% — Stayz — 1)).
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Example 2.2.29 (See Example 2.3.22). Let P := X3 + X2 —2X — 1 € Q[X], let w :=
exp(2im/7), let a = w +w™! = 2cos(27/7), let b = w? + w2 and let ¢ := w3 +w~3. Then,
P is the minimal polynomial of a, b = a> — 2 and ¢ = a® — 3a. The field extension Q(a)/Q
is a Galois extension of degree 3 and {1,a,a?} is a Q-basis of Q(a). Let v : a + b, it follows
that Gal(Q(a)/Q) = {id,~,7?}. The Weil restriction Q-torus of dimension three is defined
by the equations

T1T9 + Y122 + 21Y2 — 2122 = 1,
T1Y2 + Toy1 + 2y122 + 2y221 — 2122 = 0,

T129 + Y1Ys — Y122 — 21Y2 + 2122 + 32122 = 0.

Then,

Nep@ =TI (v+7"(@y+"(a*)2)
1€{0,1,2}

and we obtain the 2-dimensional norm one Q-torus

RﬂS;k (Gpx) = Spec (

Qlz, y, 2] )
(23 +y3 + 23 — 20y 4 6222 — 22y + ba?z — 2y22 —y?z —wyz — 1))

Example 2.2.30 (Biquadratic field extension [CT14, §3]). Recall that k'/k is a Galois
extension with Galois group isomorphic to the Klein group Z/27Z x Z/2Z if and only if

k' =k (\/6, \/l;) for some a,b € k such that none of a, b, or ab is a square in k. So, let a,

b € k satisfying this property. Then, {1, Va, Vb, \/%} is a k-basis of k’ and the Galois group

is {Zd7 717727'7172}7 where
g2 \/6 = _\/67 \/5 = \/57

72:\/&+—>\/5, \/BH—\/E

Then,
Nri(®) = T (247 (Va) y + 4 (VB) 2+ v (Vab) w).

yel

Therefore, the corresponding norm one k-torus Rﬂ(«}}k (G i) of dimension 3 is defined by the
equation:

x4+a2y4+b2z4+a2b2w4—2ax2y2—2bx222—2ab(x2w2+y222)—2a2by2w2—2ab222w2+8ab:1cyzw =1.

See Example 2.3.22.

2.3 Torus actions

2.3.1 Split torus actions on affine varieties

This section is inspired from [Liel0, Section 1.3.3]. Let k be a field. Let T := Spec(k[M]) be
a split k-torus and let X be an affine T-variety. Then, we recall and prove that the algebra
k[X] is M-graded, that is, there exists a direct sum decomposition

k[X] = D k[X]m,

meM

such that for all m,m’ € M, k[ X|nm - k[X]mw CK[X]mim-
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Example 2.3.1. Let M = Z2?. Consider the action of G?n,(c = Spec(C[M]) on A} =
Spec(Clz, y, z]) given by
1((s,t), (z,y,2)) = (sx, ty, stz).
Then, pf(z) = 2@ x1, pf(y) = y @ xOY, and pf(2) = 2@ x(bY. Therefore, the coordinate
ring of A% is N2-graded,
(C[J:,y,z] = @ (C[«T,y,z](k’l),
(k,l)eN2

where

Cla,y, sy = {f € Klz,y, 2] | (F) = F o™ |

= @ ot ykz ks

(kl ,kz ,k3)€N2 ,kl +ks3 =k,]€2 +ks=I

Theorem 2.3.2 ([KR82]). Let T := Spec(k[M]) be a split k-torus and let X be an affine
variety. There is a bijective correspondence between the T-actions on X and the M -gradings
on k[X].

Proof. Let T := Spec(k[M]) be a split k-torus and let X be an affine variety equipped with
an action g : T x X — X. The comorphism of x is uf : k[X] — k[X] ® k[M]. Let m € M,
and let

K[X]m = {f € K[X] |W(f) = Fo ™ }.

Note that we have constructed an M-graded algebra @,y k[X]m C k[X]. Let f € k[X],

then there exists a finite number of elements f,, € k[X] such that p(f) = 3., fm @ X™
Since p is an action (see Section A.3), the following diagrams commute

ut id x ef
K[X] K[X] ® k[M] k[X] ® k[M] k[X] ® k
u% l W ®id x lf:v
k[X] ® k[M] — K[X] @ k[M] ® k[M] a K[X]

where @ : T x T — T is the multiplication (action by translation on T), and where e :
Spec(k) — T is the unity. Therefore, from the left hand side diagram, pf(fn) = fin @ x™,
hence f,, € k[X],,. From the right hand side digram, f =", fm. Finally @,,cps k[X]m =
k[X] 0

Definition 2.3.3. Let T = Spec(k[M]) be a torus acting on an affine variety X. The T-
action on X is called effective if the set {m € M | k[X],, # 0} is not contained in a proper
sublattice of M.

Example 2.3.4. The complex torus G, c = Spec(C[Z]) acts on A¢ by t-x = t?z. Note that
this action is not effective. Then, k[Ac] := k[z] = ,,,cz ka™, where ka™ = k|[x]2,,,. The set
{m € M | k[X],, # 0} is contained in 2Z, which is a proper sublattice of M.

Let T := Spec(k[M]) be a split k-torus and let X be an affine T-variety. Then, we have
k[X] = D,nenr k[X]m. The weight cone of the T-variety X is the cone wys C Mg spanned by
the weight monoid {m € M|k[X];, # 0}. An element f,, € k[X],, is called a semi-invariant
of weight m. Therefore, we can write
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For all m € wys N M, we denote

k(X)) := {g € k(X) ‘ Im' e M, f ek X]mim, g€ k[X]m/} C k(X),
where k(X ) = Frac(k[X]). Obviously, k(X)g is a field and k(X)o = k(X)T. We get a tower
of field extensions k C k(X)" C k(X).

For an algebraic torus T acting on an algebraic variety X, the complexity of this action
is defined as the transcendence degree of k(X)T over k (see [LV83, Vin86]). If the T-action is
effective, then the complexity is dim(X) — dim(T). Moreover, the complexity of the T-action
is equal to the codimension of a general orbit.

Assume that T acts effectively on X. Then, the set {m € M | k[X],;, # 0} is not
contained in a proper sublattice of M, and the weight cone wj; of the T-action is full dimen-
sional. Therefore, for every m € M, k(X),, # 0. Let {e1,...,en} be a Z-basis of M. There

exists elements u; € k(X)e,, ..., un € k(X),,. Consider the group morphism
u: M —k(X)"
m=mie1 + -+ mpey, = ulm) :=u™ - ulm € k(X))

Note that, for all m € M, k(X),, = k(X)Tu(m). Then, since k[X],, C k(X),, we can write

k[X]m = k[X],,,u(m),
with k[X],, € k(X)T. Then , we get
kX]= @ kX],u(m).

mewpn NM

Consider the k(X)"-algebra
k(X)T[M] = {3 amx™ | m € M,an € K(X)T},
and identify x™ with u(m). So, we can write

kX]= P kX, x" ckX)'[M].
meEwpn NM
In other words, for all m € M, u(m) can be identified with a character of the k(X)"-torus
Ty(x)yr = Spec(k(X)T[M]).
Remark 2.3.5. If X is a k-variety endowed with an effective T-action of complexity zero,
then k(X)T = k. Furthermore, if X is normal, then k[X] =k for all m € wy N M, and
k[X] = klwasr N M] C k[M] (see Theorem 2.4.2, or [CLS11, Theorem 1.3.5]).

Let X be a normal variety endowed with a T-action. Then, by Sumihiro’s Theorem (see
[Sum74]), X is covered by a finite number of T-invariant affine open subsets. Therefore, the
description of normal T-varieties can be down in two steps. First, the description of normal
affine T-varieties, and then the study of how to glue them together.

2.3.2 Torus actions over arbitrary fields

In this section, k’/k is a non-necessarily finite Galois extension in k.
Let T = Spec(k’[M]) be a split torus acting on an affine k’-variety X. Then, recall that
the coordinate ring k'[X] of X is M-graded

K[X]:= & K[X]m.
meM

In the next lemma, we describe the graded ring of the T-variety X when a k-torus (T, 7) acts
on (X, 0).
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Lemma 2.3.6. Let (T = Spec (K'[M]),7) be a k-torus acting on the affine k-variety (X, o).
Let wys be the weight cone of the T-action on X. Then 7 (wyr) = wyr and for all m € M and
vyeTl

0! (K[ X)) = K[X]

Ty (m)-

Proof. Let m € M, v €T, and let f € k'[X],,. We obtain the diagram of Definition 1.2.11

T x X K X
TVXGVl lav
T x X 7 X.

Therefore,
(wFo0f) (f) = (7 x 0h) o i) (f) = 72 (X™) @ o4(f) = X" ™ @ o (f).

Hence ag (K'[X]m) C K'[X]z (m). Moreover, if g € k'[X]z (), then g = aﬂy (Ui,l(g)). Hence,
b (K'[X]m) = K'[X]z, (m)- O

Example 2.3.7 (See Examples 1.2.12 and 2.3.1). Consider the action of an’c on A2 given by
(s,t)-(x,y,z) = (sz,ty, stz). The Weil restriction (G?n,(:’ T9) acts effectively on (A2, o’), where
o(z,y,2) = (§,7,%). Let (k,1) € N2, and let f € Clx,y, 2](r,)- Then, a’ﬁ(f) € Clz,y, 2] x)-

A k-torus T acts effectively on X if the Tjs-action on Xy is effective (see Definition
2.3.3), where k' /k is a field extension that splits the k-torus 7'

Example 2.3.8 (See Example 2.3.7). Consider the action of ng,c on A} given by (s,t) -
(x,y,2) = (sx,ty,stz). The Weil restriction (G?m(c,Tg) acts effectively on (A3, 0’), where
o'(x,y,2) = (¥,7,%).

2.3.3 Torsors

In this Section, k’/k is a non-necessarily finite Galois extension in k. Split toric k-varieties,
that is k-varieties endowed with an action of a split k-torus T = Spec(k[M]) having a dense
open orbit isomorphic to T itself, are determined by a fan in Ng; the Q-vector space associated
to the cocharacter lattice of T (see for instance [ELFST14, §2.1]). If the acting torus is a
non-necessarily split k-torus, its character lattice is not n-dimensional, and the definition of
toric k-varieties we use in this paper involves the notion of torsor.

Definition and first properties

Definition 2.3.9 (See Section A.3). Let T' be a k-torus. A T-torsor is a k-variety V' together
with a left action p : TxV — V such that the map (i, pro) : TxV — V xV is an isomorphism.
Two T-torsors V and V' are isomorphic if there exists a T-equivariant isomorphism V' — V'
of k-varieties. A T-torsor is trivial if it is isomorphic to T" acting on itself by translation.

A T-torsor V is trivial if and only if the set V (k) of k-points is not empty. In particular,
any torsor over an algebraically closed field is trivial. Furthermore, by Hilbert’s 90 Theorem
(see Theorem 2.3.18), any Gy, ,-torsor is trivial, and by [CT76, II1.3], a quasi-trivial torus
has no non-trivial torsors (see [CTS77, §2, §5]).
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Remark 2.3.10. In our setting, there is an equivalent definition of a T-torsor. A T-torsor is
a k-variety V' such that Tz = Vi- and such that the action ug : T- X Vi — Vi corresponds to the
action by translation on 7i.. Furthermore, any G, ,,-torsor is trivial. Therefore, a (G}, ./, 7)-
torsor is a k-variety (Gy, v, o) endowed with a (G%,k,, T)-action, where o is a k-structure on
G-

Since a (Gj, ./, 7)-torsor is a k-form of G}, ,, viewed as a Gj, ,,-variety for the usual
action by translation, from Proposition 1.4.18 and Remark 2.3.10 we obtain the following
result.

Proposition 2.3.11. Let (T = Spec(k'[M]),7) be a k-torus. Consider the (continuous)
T'-action on the abstract group AutT(T) of T-equivariant k' -automorphisms of T given by
Y= 7'7_1 oporTy. There is a bijection

1
Hcont

(F, AutT(T)) ~ {isomorphism classes of (T, T)-torsors};
(v ey) = (T, (v cy07y))

that sends the trivial cocycle to a trivial (T, T)-torsor.

Proof. Let V be a (T, 7)-torsor over k. Then, Vjs is a T-torsor over k’. By Hilbert’s 90
Theorem (see Theorem 2.3.18) Vi is a trivial torsor, that is Vi is T-isomorphic to T. Hence

V is a k-form of T endowed with a (T, 7)-action, and H* (F, AutT (T)) classifies such varieties
(see Proposition 1.4.18). O

Remark 2.3.12 (Details on the construction of (T, 7)-torsors). Let (T, 7) be a k-torus. Let
G := Homy, (M, (k')*) be endowed with the continuous I'-action - f :=yo fo 7*7_1. Since
there is a I'-equivariant group isomorphism

Aut™(T) — G = Homg, (M, (K')*) = T (k')
[ h,

where f%: apx™ — amh(m)x™ (see the proof of Lemma 2.2.5), we obtain isomorphisms of
pointed sets
Hl

cont

(1, Aut™ (T)) = H]

cont

(T, G) = Hegy (T, T(K)) .
e Let h € G be a cocycle. That is,
Vm e wi N M, V2 €0, by (m)m (B (75,1 () ) = hoyay (m).
Then (T, 0p,), where the k-structure oy, is such that
afl : T — Auty (K'[M])
v (04 amx™ = A(am)hy (7 )™ ™)

is a (T, 7)-torsor.
e Conversely, let (T, o) be a (T, 7)-torsor. The map

h:T -G

v (hwm%ag(xal(m)))

Xm

is a cocycle.
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Example 2.3.13. Let (G, c,71) be the norm one R-torus S!. Let G := Hom,,(Z, C*) = C*.
The T'-action on G = C* is given by -z := zZ ~!. A cocycle is thus a complex number z € C*
such that zz ! = 1, that is a real number. This cocycle is equivalent to 1 € C* if there exists
w € G = C* such that z = w™tw ~! =|w|™2> 0. Then, HY(T',G) = {+1}.

Remark 2.3.14 (Product of tori and torsors). Let 77, T be two k-tori. From the Remark
2.3.12, it is a straightforward computation to prove that 17 x Th-torsors are product of 77-
torsors by Th-torsors.

Example 2.3.15. For any quadratic field extension k’/k, there is no non-trivial torsors for
G X Riji (G )" (see Theorem 2.3.19, see also [Gil22a]), but S* has a non-trivial torsor,
which is X := Spec(R[z,y]/(z% + y? + 1)). The R-group structure on G, ¢ corresponding to

Stis 71 : z+— z7!, and the R-structure on Gy, c corresponding to X is 01 : 2 —z7 1

If o is a k-structure on T := Spec(k’'[M]), then there exists a cocycle h : ' —
Homyg, (M, (k')*), and a group morphism & : I' = GL(M) such that

Vy eT, agy X hv(&v(m))X&W(m).

We get a k-group structure 77 on T defined by x™ — x% (™ for all v € I". Then, (T,o) is a
(T, 79)-torsor. The next result is also a corollary of Proposition 2.2.6.

Corollary 2.3.16. Let T := Spec(k'[M]) be a split k'-torus and let o be a k-structure on T.
There exists a k-group structure 7@ on T such that (T, o) is a (T, 77)-torsor.

Let (T,7) be a k-torus and let G be the image of 7 in GL(/V). By Remark 2.2.10,
there exists a finite Galois extension kj /k in k’ that splits the k-torus (T, 7) and such that
Gal(ky/k) = G. In this context, we describe in the next proposition how are related finite
and infinite Galois cohomology sets that classify (T, 7)-torsors.

Proposition 2.3.17 ([ELFST14, Proposition 3.7], inspired from [Ser97, 1.2.6]). Let (T, T)
be a k-torus, where T = Spec(k'[M]). Let ki = k'**" 7 where # : T — GL(N), and let 71 be
the induced k-structure on the split ky-form Ty of T (see Proposition 1.4.9). Then

Hl

cont

(r, AutT(T)) ~ H! (Gal(kl /k), Aut™ (11‘1)) .

Examples of torsors

Let k’/k be a Galois extension. In this paragraph, we study torsors of some k-tori.
Recall that the torus T = Spec(k[M]) corresponds to (Ty/, 1), where 7 is the k-group
structure of Example 2.2.9, and the I'-action on M is the trivial one.

Theorem 2.3.18 (Hilbert’s 90 Theorem). Let T be a split k-torus, and let k' /k be any Galois
extension of Galois group I'. Then

Hl

cont

(1, Aut™ (Ty)) = {1},
where the T-action on Aut™ (Ty) is given by v - ¢ = 7-07_1 0 QO Ty,

Proof. 1t is a classical result, particularly for finite Galois extensions. We give a proof in the
case of a non-necessarily finite Galois extension. The proof is divided in two steps.

Step 1. Let n € N*| let k//k be any finite Galois extension of Galois group I', and let
T = Spec(k[M]) be a split k-torus. We show that

H' (T, Aut™ (Ty)) = {1}.
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We will prove that H'(T', G,,) = {1}, where G,, = Hom(Z", (k')*), and where the I'-action on
Gy, is given, for allye"'and g € Gy, by v-g :==7vo0g.

We prove this result by induction on n. Let n = 1, then G; = (k’)*. By Hilbert’s 90
Theorem, H!(I',G1) = {1}. Let n > 1, and assume that the assertion is true for this fixed n.
We have a I'-equivariant short exact sequence of I'-groups (see [Berl10, Definition II.3.1])

!
| G —Y e, — Y 1,

with U(f) : Z"® Z — (K)*, (k1,...,kn, k) — f(k1,...,k,) and ¥'(g) : Z — (K')*,k —
9(0,...,0,k), where f € G, and g € G,y1. This induces an exact sequence of Galois
cohomology groups (or [Berl0, Proposition I1.4.7])

1 — G, — G, — G — H{(T,G,) — HYT,Gpy1) — HYT, GY).

By induction, H}(T', G,,) = {1} and H (I, G1) = {1}. Therefore, H}(T', G,,11) = {1}.
Finally, by Remark 2.3.12,

H'(D,G) = H' (T, Aut™ (Ty))

where G = Hom(M, (k')").
Step 2. Let k’/k be a non-necessarily finite Galois extension. We show that
Hl

cont

(1, Aut™ (Ty)) = {1}.

We will prove that H. ,(T,G) = {1}, where G = Hom (M, (k')*), and where the
I'-action on G is given, for ally € I'and g € G, by y7-g:=~og.

Let ki /k be a finite Galois extension in k’. Note that G; := GGalll'/k1) — Homyg, (M, k7).
Then, G = colim G;, where the colimit is over all finite Galois extension k;/k in k’. Finally,
by [Ser97, §2.2, Proposition 8 or Corollary 1],

H.,. ([,G) =1lim H' (Gal (k;/k),G;),

cont
where the limit is taken over all finite Galois extension k;/k in k’. By Step 1, for any finite
Galois extension ki /k, H!(Gal(ky /k), G1) = {1}, hence H., (T, G) = {1}. O

The following proposition, based on Shapiro’s Lemma [GS06, Corollary 3.3.2], provides
a class of tori having no non-trivial torsors.

Proposition 2.3.19 ([CT76, Lemma II1.4], [CTS77, §2, §5]). Let T' be a quasi-trivial k-torus.
Then:

Hey (0, Aut™5(T5) ) = {1}.
Remark 2.3.20. We can prove this proposition for Weil restriction k-tori (Gfmk,,TR) by
showing that any cocycle is equivalent to the trivial one.

We saw that quasi-trivial tori have no non-trivial torsors. Torsors of norm one tori
are described by the next proposition. The Brauer group of a field extension is used in the
description; so we give in Proposition 2.3.25 some cases where this Brauer group is trivial.
Proposition 2.3.21 ([CT76, I11.3], [CTS77, §2]). Let k'/k be a finite Galois extension, and
let T = RJ}S}]}«(Gm,k’>' Then

H! (F, Aut’¥ (T]k/)) = ﬂ(*/Im (N]k//k(k)) ’
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where Ny ji (k) : Ry jie (G i) (k) = (K')* — G (k) = k* is the norm map obtained from the
functor Ny p, mentioned in Proposition 2.2.20. Furthermore (see [GS06, Corollary 4.4.10],
and Lemma 2.2.25), if the extension k' /k is cyclic, there is a canonical isomorphism

k" /Im Ny (k) ) = Br(K' k),

where Br(k'/k) is the kernel of the morphism Br(k) — Br(k'), and Br(k) is the Brauer group
of k.

Proof. Let k//k be a finite Galois extension of degree d. Let My := Z, let Mg := Z%, and let
M := 7471, By definition, (G x)w = Spec(k'[Mo]), (R /k(Gm,))xw = Spec(k'[Mg]), and

(R(l) (Gmx))w = Spec(k’[M]). From the exact sequence of Proposition 2.2.20, we obtain a

K /k
Galois-equivariant short exact sequence of lattices
0 My P Mp il M 0
e
0 My Mp M 0.

Let G := Hom(M, (k')*), let Gr := Hom(Mg, (k')*), and let Gy := Hom(Mp, (k')*). The
above sequence induces in turns a short exact sequence

0 G i GR v GO 07

where

O:fr foF* and V: [~ folP*
By [Ber10, Proposition 11.4.4], we obtain an exact sequence of Galois-cohomology groups

0
0 ar —2 GL v GY 0 HYT, G)

HYT, GR).

We describe the map 6. Let f € Gg, then do(f) is the equivalence class of a cocycle
h:T' — G, defined by the relations

~R
- yogoflt,
®(hy) =g 'y-g=—""—,
g
for an arbitrary preimage g of f under W. Let g : (m1,...,mq) — f(mg). Then, we have
@(hy)(ml, ... ,md) = hy(ml — Mgy ..., Mg—1 — md) = f(l)miﬁ_md,
where 7ry-1(m1,...,mgq) = (..., m;, ). Using Proposition 2.3.19, we get
P v &0
0 G" Gh Gl HYT,G) 0.

Note that G = k*, and Ker(6°) = Im(¥) = Im(Ny i (k)). Hence

H (I, G) = k* /Tm ( Ny (i) )
(1] = 8°(f) = f(1).
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Example 2.3.22. Assume that k//k is a finite Galois-extension and consider the norm one
k-torus Rﬂi}}k (Gpir) defined by the equation Ny (Z) = 1. Let a € k*. Then, the k-variety
defined by the equation Ny (Z) = a is a Rﬂ(«}}k (Gy i )-torsor, and any Rﬂ(«}}k (G jer )-torsor

has this form. By Proposition 2.3.21, this torsor is trivial if and only if o € Im (Nk/ /k(k)).
For instance:

L 1f k' = C and k = R, then —1 ¢ Im (N g (K)) and Xy := Spec (R[z, y]/(2? + 42 + 1))
is, up to isomorphism, the only non-trivial S!-torsor (see Examples 2.2.22, 2.3.23 and
[DL18, Proposition 3.1]);

2. If k' = k(cos(27/7)) and k = Q, then 2;4 ¢ Im (Nk//k(k)) (See Examples 2.2.29, 2.3.24
and [Lam91, 14 p 234-240]);

3.IfK =k (x/ﬁ, m) and k = Q, then for instance —1;25;49 ¢ Im (Nk//k(k)> (see
Example 2.2.30 and [CF67, Example 5.3]);

Example 2.3.23. Consider the field extension C/R and T = S!. Then, H'(T, Aut’¢(T¢)) =
{+£1} (see [DL18, Proposition 3.1] or [Gil22a, §4.3]). The non-trivial S'-torsor is (see Example
2.3.22)

X1 = Spec(R[z, y]/(a? + y* + 1)).
The corresponding R-structure o on Gy, ¢ is defined by

of A X™ = G (1) ™.
Example 2.3.24. We pursue Example 2.2.29. Let k' =k(a), k = Q and

Qlz,y, 2] )
(3 + y3 + 23 — 22y? 4 6222 — 22y + a2z — 2y22 —y?z —zyz —a) )’

X, = Spec (

where a € k*. Then, X, isa Rﬂi}}k(Gm,k/)—torsor (see Example 2.3.22). Using Example 2.2.29,
Remark 2.3.12, and the isomorphism of Proposition 2.3.21, we can show that X, corresponds
to the k-structure o on ng,k’ defined by

ot (aayx ™) = Yag)hy (7 (k1) X700 = y(ag oD,

and

o2 (ageox ™) = v(agp)hoz (726 0) X7 = 2 (ag)a .
Recall that if a € {2;4} ¢ Im(Np x(k)) (see Example 2.3.22), then X, is a non-trivial
Rﬂ({}}k(Gm,k/)—torsor.

We recall in Proposition 2.3.25 some results on the Brauer groups (see [GS06, Sections
2.4 and 4.4] or [Ser79, Sections 4 to 7], or [Sta, Chapter 073W]). These results are used in
Examples 2.3.26 and 4.2.9.

Proposition 2.3.25 ([Ser79, §7 Examples of Brauer Groups]).

(i) If k is algebraically (resp. separably) closed, then Br(k) = {1};

(i) If k is an extension of transcendence degree 1 over an algebraically closed field, then
Br(k) = {1} (Tsen’s Theorem), or more generally, if k is Cy, then Br(k) = {1} (see

[GS06, §6.2]);
(iii) If k is an algebraic extension of Q containing all the roots of 1, then Br(k) = {1}.

Example 2.3.26. We pursue Examples 2.2.27 and 2.2.28.
(i) Let k := C(t) and k' := k[u]/(u? — t). By Proposition 2.3.25 and by Proposition 2.3.21,
the one-dimensional k-torus Rug)k(vak’) has no non-trivial torsors.
(ii) Let k := C(¢) and k' := k[u]/(u® — t). By Proposition 2.3.25 and by Proposition 2.3.21,
the two-dimensional k-torus Ru(«}}k(Gmak’) has no non-trivial torsors.
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2.4 Toric varieties

2.4.1 Split toric varieties

Most of the literature on split toric varieties is over an algebraically closed field of character-
istic zero (see [Ful93], [KKMSD73], [CLS11], ...), but in fact these constructions work over
any field. See for instance Huruguen’s thesis for a point on this theory [Hur, §1]. Let k be
an arbitrary field, we briefly recall the theory of split toric k-varieties.

Definition 2.4.1. A normal k-variety X such that there exists a split k-torus T acting
effectively on X with a dense open orbit U is called a split T-toric k-variety.

Note that the dense open orbit U is a T-torsor. In this case, since there are no non-
trivial torsors by Hilbert’s 90 Theorem (see Theorem 2.3.18), T acts on X with a dense open
orbit U = T.

Let N and M be dual lattices of rank n (see Section 2.1). Let wy in Ng be a pointed
cone. Then, by Gordan’s Lemma (see [CLS11, Proposition 1.2.17]), wy, N M is a finitely
generated semi-group. Therefore, the integral domain kjwy, N M] is a finite type k-algebra.

To a pointed cone wy in Ng, we associate the affine k-variety X,,, := Spec(k[wy N M]).
The inclusion kjwy, N M] < k[M] induces an effective action of T := Spec(k[M]) on X, .
Indeed, by Theorem 2.3.2, the k-algebra morphism

k[wy N M] — klwy N M] @ k[M]
X" "o x™

corresponds to an effective T-action
T X Spec(k) XwN - XWN

having a dense open orbit isomorphic to T. (indeed, since k(wy, N M)T = k, the complexity
of the T-action is 0).

Finally, since wy; N M is saturated (see [CLS11, Proposition 1.3.5]), X, is a normal
k-variety. Therefore, X, is a split T-toric k-variety.

Proposition 2.4.2 ([CLS11, Theorem 1.1.17 and Theorem 1.3.5]). Let X be an affine k-
variety. Then, X admits a structure of a split toric variety if and only if there exists a lattice
M and a pointed cone wn C Ng such that X = X, .

Proof. If X = Spec(klwy, N M]), then we saw that X is a split T-toric k-variety, where
T = Spec(k[M]). Conversely, let X be an affine split T-toric k-variety. Then, by Theorem
2.3.2, we get

kiX]= D klX]n,

meEwn NM

where w)s is the weight cone of the T-action on X. Since the action is effective, wys is full
dimensional, and there exists a group morphism (see Section 2.3.1)

u: M —k(X) =k
m— u(m) € k(X)pm.

We get
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—

where k[X], € {k,0}. Since k[X] is normal, then [E[\)?]m =k for all m € wyrN M. Identifying
for all m € M, u(m) with x™, we get

kiX]= @  kx™ =klwy N M] Ck[M].
meEwpNM

Therefore, X is a split T-toric k-variety associated to the pointed cone wy, C Ng. O

Remark 2.4.3 (Normality assumption and graduation). The cuspidal curve
C = Spec(Cla, 3/ (2 — y*)) C AZ

is a non-normal variety endowed with an effective torus action having a dense open orbit.
The Gy, c-action on C comes from the G,, c-action on A% defined by t - (z,y) = (t?z,t3y).
The weight monoid of the G,, c-action on C'is {0,2,3,4,5,...} C M = Z; it is not saturated.
The weight cone is wyr = Q>o.

Given a fan A in Ng, we construct the k-variety X, by gluing the affine varieties X,
for wy a cone of A. First, note that if w), is a face of wy, then wY C wh ", and the induced
map Xw;\] — Xy, is an open immersion. If wy and w/y are two cones of A, then we glue these
varieties along their common subvarieties XwNﬂwg,' Since every pointed cone wy contains 0
as a face, Xo = T = Spec(k[M]) is contained in X, for every cone wy € A. The T-actions on
the X, are compatible with the open immersions Xw?v — X,y induced by by the inclusions
wh C wy. Thus T acts effectively on X with a dense open orbit, and we get a split T-toric
k-variety (see [CLS11, Theorem 3.1.5)).

Conversely, let X be a T-toric k-variety. Then, by Sumihiro’s Theorem (see [Sum74]),
we can cover X by a finite number of T-invariant affine open subsets. We obtain the next
result.

Theorem 2.4.4 ([CLS11, Corollary 3.1.8]). Let X be a k-variety. Then, X admits a structure
of a split toric variety if and only if there exists a lattice M and a fan A in Ng such that
X = X,.

2.4.2 (General case

Since a k-torus is not necessarily split, we now focus on toric k-varieties equipped with an
arbitrary k-torus action (see for instance [Hurll], [ELFST14] and [Dunl6]).

Definition 2.4.5 (Toric k-varieties). A normal k-variety X such that there exits a k-torus
T acting effectively on X with a dense open orbit U is called a T'-toric k-variety .

Note that the dense open orbit U is a T-torsor.
The next result, which is well known for specialists, can be seen as a warm-up to the

generalized Altmann-Hausen presentation that will arrive in the next chapter (see Theorem
3.2.3).

Proposition 2.4.6. Let k'/k be a Galois extension of Galois group I'. Let T := Spec(k'[M])

be a kK'-torus, and let T be a k-group structure on T. Let G := Homg, (M, (k')*).

(i) Let wy be a pointed cone in Ng that is stable under the I'-action induced by 7, and let
h:T'— G be a map such that

Vm € WM, ¥91,92 €T, oy (m) (T (75, 0m) ) = Py (). (2.1)

Then, the affine T-toric k'-variety X, admits a k-structure OXun o such that (X, O'XWN’h)
is a (T, 7)-toric k-variety that contains the torsor encoded by h (see Remark 2.3.12) as
a (T, 7)-stable dense open subset.
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(ii) Let (X,o0) be an affine (T, 7)-toric k-variety. There exists a pointed cone wn in Ng
that is stable under 7, and a map h satisfying (2.1) such that the (T, T)-toric k-varieties
(X,0) and (Xuy,0x,, ,) are isomorphic.

Proof. e Let wy be a pointed cone in Ng, and let h : I' — G be a map satisfying (2.1). We
denote by p the natural T-action on X, := Spec(k’[wys N M]) defined by

P K w N M] = K[M] @ K [w) N M]
amX™" = X" R amX™.

Since for all v € I' 7, (wn) = wn, there exists a k-structure ox,, , on X, defined by

h

O'g(w L= Auty (K [wyy N M)

N>

7= (amX™ = () by (7, ()X ).

Then, (Xuy,0x,, 1) is a (T, 7)-toric k-variety since the following diagram commutes for all
veTl

:
K/ [wY, N M] s k[M] ® K'[w), N M]

(O&'WN&)—Y l ng ® (ag(wth)fy

k' [wy; N M] k[M] @ K'[wy, N M].

Mﬁ

Finally, from the inclusion k'[wy, N M] < k'[M], the (T, 7)-torsor (T, o) (see Remark 2.3.12)
is contained in (Xuy,0x,, 1) as a (T, 7)-stable dense open subset.

e Let (X,0) be an affine (T, 7)-toric k-variety. Then, X is a T-toric k'-variety (see
Corollary 1.4.13); we denote by wys its weight cone. By Lemma 2.3.6, 7(wys) = wps. From
the proof of Proposition 2.4.2, we get

KX]= @ Kum= & Kx"
mewn NM mewpn NM

where u : M — k/(X)* is a group morphism such that for all m € wyy N M, u(m) € k'(X),,.
Let mewpy N M, let v €T, and let

b (u(F, 1 (m))

hy(m) ==

From Lemma 2.3.6, it follows that h,(m) € (k')*, hence we get a map h : ' — G. Let
WN = w]\(/[. Note that h satisfies (2.1), so we can construct a k-structure OX,\n ON Xoy =
Spec(k’[was N M]). Finally, the next diagram commutes

o

K'[X i K[ X amu(m) = y(am)hy (7o (m))u(7y (m))
[X] [X] | :

:T Ug{“’N’h T: amXx™ ’Y(am)h’y(~7 (m))XiY(m)'

K [war N M] ——2" k'[war N M]

Therefore, the (T, 7)-toric k-varieties (X, o) and (X, 0x,,, ) are isomorphic. O

Example 2.4.7. In Example 4.1.1, we give an example of a (Gg%(c—toric C-variety that does
not admit an R-form in the category of Rc/r (G, c)-toric R-varieties.
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Let T := Spec(k’[M]) be a split k'-torus, let 7 be a k-group structure on T, and let
G := Homg, (M, (k')*) be endowed with the (continuous) I'-action v - f :=yo fo %,;1. Recall
that there is an isomorphism of pointed sets (see Remark 2.3.12)

Hl

cont

(T, Q).

cont

(1, Aut™ (T)) = H]
Furthermore, the map h of Proposition 2.4.6 is a cocycle, that is, h € H.,,(T', G). Therefore,
k-forms of an affine T-toric variety X in the category of (T, 7)-toric varieties are parametrized
by

Htljont (Fa AutT (T)) :

The latter parametrizes (T, 7)-torsors. We will extend this result to non-necessarily
affine varieties in the next proposition.

Let (X,0) be a (T, 7)-toric k-variety, where T = Spec(k’[M]). Note that X is a split
T-toric k'-variety (see Corollary 1.4.13). Therefore, there exists a fan A C Ng such that
X = X,. In the next remark, and in the next proposition, we focus on the k-forms of X in
the category of (T, 7)-toric varieties.

Remark 2.4.8. Let (X,0) be a (T, 7)-toric k-variety, where T = Spec(k’[M]). Note that
oy(XT) = Xr for all v € T', where X1 = T is the dense open orbit of the toric k’-variety
X. Hence, o induces a k-structure o on Xt and (X, o7) is a (T, 7)-torsor. Furthermore,
AutT(X) = Aut™(T) as abstract groups, hence

HL

ont (0 Aut™(X)) = HY,,, (T, Aut™(T)).
By Proposition 1.4.18, k-forms of X in the category of (T, 7)-toric k-varieties are parametrized
by HY(T', Aut™(T)), which classifies (T, 7)-torsors (see Proposition 2.3.11).

Let (X, 0) be a (T, 7)-toric k’-variety, where T := Spec (k'[M]). Then, by Remark 2.4.8,
the dense open orbit X1 = T of X is I'-invariant and we have an induced k-structure o on
Xr. Conversely, if ¢ is a k-structure on X7 = T, then the next proposition gives a condition
to extend o on X.

Proposition 2.4.9 (Based on [Hurll, Proposition 1.19]). Let T = Spec(k'[M]) be a split
k'-torus and let A be a fan in Ng. Let X, be the associated split toric K -variety and let o
be a k-structure on the dense open orbit (Xp)r = T. Let 77 be the k-group structure on T
constructed in Corollary 2.5.16.
o The k-structure o extends to a k-structure oy on Xy if and only if the fan A is stable
under the I'-action 7° on Ng (i.e., for any cone A € A and for any v € T, 77(\) € A).
e Furthermore, if op is such a k-structure, then

Hl

cont (F’ AUtT(XA)) = Hiont (Fv AutT(T)) )
where the T-action on Aut(T) is given by v - ¢ = ng opooy forall v € T' and
€ Aut(T).

In [Hurl1, §1.3], there is an example of a three-dimensional toric k’-variety X, endowed
with a k-structure o such that the fan is I'-stable, but which does not admit a k-form in the
category of (Gfmk,, 77)-toric k-varieties.

Remark 2.4.10. For the effectiveness of the descent datum defined by oy on Xy, see [Hurll,
Theorem 1.22]. However, by [Hurll, Theorem 1.25], this descent datum is always effective if
the torus is two-dimensional.
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Proof. Let k; /k be a finite Galois extension that splits T/I", i.e. (T/T")k, = Ty := Spec(k;[M]).
By Proposition 1.4.8, there exists a k-structure o7 : Gal(ky /k) = T'/Gal(k’/kq) — Aut(Ty )
such that the diagram of Proposition 1.4.8 commutes for all v € I'. Moreover, by Remark
2.2.10, we can factorize the I'-action on Ng:

7’;0'

r
I
r/Cal (B/ki)

GL(N)

Since the fan A is Gal(k;/k)-stable, by [Hurll, Proposition 1.19], we can extend the k-
structure o1 on Ty to a k-structure op; on X, (the ki-toric variety constructed from
A) and (Xp1,041) is a (Ty,77")-toric ki-variety. Then, we obtain a k-structure o, on
XA = XA1 XSpec(k;) Spec(k’), defined by v € T' TN, X Spec(), that extends o and such
that (Xy,0p) is a (T, 77)-toric k-variety. O

Remark 2.4.11. Note that the condition on the fan mentioned in Proposition 2.4.9 only
depends on the k-group structure 77. In other words, if (T, ¢’) is another (T, 77)-torsor, then
the k-structure o’ extends to a k-structure o’y on Xy.

Example 2.4.12. Let k//k be a Galois extension. Consider the following fan in Ng = Q
corresponding to P{,.

s

-1 1

e Consider the split k-torus G, i corresponding to (G, x/, 79), where 75 : I' = GL(N)
is the trivial I'-representation. Note that the fan of IP’ﬂlg, is I'-stable. By Hilbert’s 90 Theorem
(see Theorem 2.3.18), there is no non-trivial torsor, we obtain

H' (T, Aut®n (PL)) = H! (T, Aut®n (G ) = {1}

Hence, up to isomorphism, there is a single k-form of IP’ﬂlg, in the category of Gy, k-toric k-
varieties. Furthermore, the k-structure 7y extends to a k-structure oy on ]P’ﬂlg, such that for all
vel,
a0y : [, 0] = [y (w) sy (v)].

Therefore, the only k-form of Pﬂlg, in the category of G, k-toric k-varieties is IP’HI(.

e Assume that k = R and k/ = C. Consider the non-split R-torus S corresponding to
(Gyu,c, 71), where 71 = —idy. Note that the fan of Pﬂlg, is I'-stable. Up to isomorphism, there
are two S'-torsors, which are S' and X := Spec(R[z,y]/(z? + u? + 1)). We get

H' (1, Aut®r (PL)) = H' (T, Aut®n (G o)) = {£1}.

Hence, up to isomorphism, there are two R-form of P(lc in the category of S'-toric R-varieties.
First, the R-structure
T :t+— ¢t

on Gy, ¢ corresponding to the trivial S'-torsor extends to the R-structure
[u,v] — [0 : ul.
This R structure is equivalent to the following one

[u,v] — [ : v].
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Therefore, IP’]%Q is an R-form of IP’(%: in the category of S'-toric R-varieties. Then, the R-structure
oy :t— —¢1
on Gy, ¢ corresponding to the non-trivial Sl-torsor extends to the R-structure
[u,v] — [0 —ul.

Therefore, C = Proj(R[z,y,2]/(x? + y* + 2%)) is the other R-form of P} in the category of
S!-toric R-varieties.

This section ends with the next result.

Proposition 2.4.13. Let (T,7) be a k-torus. Assume there exists a (T,7)-toric variety
(X,0). Then, the set

H' (T, Aut™ (X))

is finite.

Proof. Since the complexity of the (T,7)-action is zero, Aut®(X) = Aut™(T). Then, since
Aut™(T) is a linear group, H'(T', Aut™ (X)) is finite (see [BS64, §6]). O

2.5 Smooth toric Del Pezzo surfaces

In this section, we will use Proposition 2.4.9 to classify smooth toric Del Pezzo R-surfaces. Del
Pezzo surfaces are used in Section 4.2.2 to study the torsors emerging in the Altmann-Hausen
presentation over arbitrary fields of characteristic zero.

2.5.1 Definition and properties

Del Pezzo surfaces over algebraically closed fields are studied in [Man86, Chapter IV §24].
See also [Man86, Appendix, §3], [Isk79], [Isk67], and [KM98] for a classification of minimal
rational surfaces over non-algebraically closed fields using Del Pezzo surfaces. In Appendix
D, we recall some tools of birational geometry that we use in this section.

Definition 2.5.1. Let k be a field. A smooth projective k-surface V is called a Del Pezzo
surface if the dual of its canonical sheaf Q\_,l is ample. The degree of V' is the degree of Vi,
that is the self-intersection number of any anti-canonical Weil divisor —K V- on VL.

The property of being ample by definition means that there exists an integer n € N*
and a closed embedding ¢ : V' < P, such that Q" = *(Opp(1)). If one can takes n = 1,
then the sheaf Q‘_/l is very ample.

Del Pezzo surfaces over an algebraically (or separably) closed field are classified, up to
deformation, by their degree.

Proposition 2.5.2 ([Man86, Theorem 24.4]). Let k be an algebraically closed field, and let

V' be a Del Pezzo k-surface of degree d. Then,

(i) 1 <d <9, and the Picard group of V is a free abelian group of rank 10 — d;

(i) Either V is isomorphic to the blow-up of Pﬂ% at r = 9 — d k-points in general position,
ord=8 and V = IF’]]I( X IF’HI(. Conversely, any smooth projective k-surface satisfying this
condition is a Del Pezzo k-surface.

Furthermore, V is a Gfmk—tom'c Del Pezzo k-surface if and only if either V' is isomorphic to

the blow-up of P2 at r = 9 — d k-toric points for d € {9,8,7,6}, or d =8 and V =Pl x PL.

The fan in Ng = Q? are respectively
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Remark 2.5.3 ([Man86, Remark 24.4.1]). Let k be an algebraically closed field. For 5 <
d < 7, all Del Pezzo surfaces of the same degree are isomorphic.

Let k be a perfect field. By Galois descent (see [Sta, Lemma 0D2P]), V' is a Del Pezzo
k-surface if and only if Vi is a Del Pezzo k-surface. Therefore, either Vi is isomorphic to the
blow-up of IP’HQ( at » = 9 — d k-points in general position, or d = 8 and Ve = IP% X Pﬁ. Ifd=9,
then V is a Severi-Brauer k-surface; i.e. a k-form of IP’%

2.5.2 Classification of real smooth toric Del Pezzo surfaces

In this section, we give a classification of real smooth toric Del Pezzo surfaces based on Propo-
sition 2.4.9 (compare with [Rus02, Proposition 1.2 and Corollary 2.4] and [Benl16, Theorem
4.2, Propositions 4.7, 4.8 and 4.10]. See also [Wal87]). In [SZ21], there is a classification of
rational Del Pezzo surfaces of degree 8 and 6 over a perfect field.
Up to isomorphism, the R-forms of an,C in the category of R-groups are (see Proposi-
tion 4.1.2)
Ghg, Gmgr xS', S'xS' and Re/r(Gmg)

Up to equivalence, the corresponding R-group structures are respectively
To X Tg, To X T1, T1 X7T1, and 7o,
where 7y = idy, 71 = —idy and 7 : (k1) — (1, k).

Degree 9

e Consider the R-torus sz,R' Then by Hilbert’s 90 Theorem (see Theorem 2.3.18), there is
no non-trivial torsor. The following fan is I'-stable (for 7y x 7p). The right hand side picture
represent the toric divisors associated to the rays and their intersections.

P,=[1:0:0] P;=[0:0:1]

P,=[0:1:0]
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Therefore, by Proposition 2.4.9, there is up to isomorphism only one R-form of IP’% in the
category of G%R—toric R-varieties. The I'-invariant Picard group is

Pic(P3)" = ZL,

where L is a line in IP’% that does not contain any of the P;. Moreover, the R-form is a minimal
surface since it does not contain (—1)-curves.

The R-structure 79 x 179 on ng,cc extends to an R-structure

oo uv:iwl = [u:v:w,

and (P(%, op) corresponds to ]P’]%. Therefore, Pﬁ is a G%%C—toric R-variety. By Lemma D.0.9,
Pic(PZ)! = Pic(P2).

e Consider the R-torus R¢/r(Grn,c). Then by Theorem 2.3.19, there is no non-trivial
torsor. The following fan is I'-stable (for 73).

P,=[1:0:0] P;=[0:0:1]

P,=[0:1:0]

Therefore, by Proposition 2.4.9, there is up to isomorphism only one R-form of IP% in the
category of Rg /(G c)-toric R-varieties. The I'-invariant Picard group is

Pic(P2)' = Z(L + o(L)),
where L is a line in ]P’(QC that does not contain any of the P;, and where ¢ is the induced

R-structure on IP% Moreover, the R-form is a minimal surface.

The R-structure 75 on ng c extends to an R-structure
o:lu:v:wl—[v:u:w),

which is equivalent to o¢, and (P%, o) corresponds to PZ. Another way to see that (P%,0)
corresponds to IP)]% is to note that Ps is fixed by o. Indeed, a Severi-Brauer k-surface with a
k-point is Pf. Therefore, P is a R r(Gy,c)-toric R-variety. By Lemma D.0.9, Pic(P2)" =
Pic(P%).

e One can show that we cannot find a I'-representation equivalent to 7y x 71 (resp.
71 X 71) such that the above fan of IP’?C is I'-stable. Therefore, we cannot endow IP% with an
R-structure o such that (PZ, o) is a G, g x S'-toric R-variety (resp. S! x S!-toric R-variety).

Degree 8 (a)

e Consider the R-torus ng,]R- There is no non-trivial torsor. The following fan is I-stable.
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Therefore, up to isomorphism, there is only one R-form of Blp, (IP’(%) in the category of Gme—
toric R-varieties. The I'-invariant Picard group is

Pic(Blp, (P2)' = ZL @ ZEs,

where L is the strict transform of a line in IP’% that does not contain any of the F;, and where
FE5 is the exceptional divisor of the blow up of }P’% in P3. The R-form is not minimal since it
contains a I-invariant (—1)-curve: we can contract F3, and we obtain PZ.

Recall that P2 is a G%%R—toric R-surface. It corresponds to (P%, o), where

o:luiv:iw] = [u:v:wl.
Let P3:=[0:0:1]. It is a toric C-point (i.e. it is the unique fixed point for the an’c—action
on the affine open subset {[u : v : 1] | u,v € C}). Since o(P3) = Ps, it corresponds to a
toric R-point. Therefore, Blp, (P3) is a G%%R—toric R-surface. Moreover, by Lemma D.0.9,
Pic(Blp, (P2))' = Pic(Blp, (P%)).

e Consider the R-torus Re/r(Gy,c). There is no non-trivial torsor. The following fan
is I'-stable (for 7).

Es

Therefore, up to isomorphism, there is only one R-form of Blp,(P%) in the category of
R¢/r(Gom,c)-toric R-varieties. The I'-invariant Picard group is

Pic(Blp,(P2))' = Z(L + o(L)) ® ZFs,

where L is the strict transform of a line in P% that does not contain any of the P;, Es is
the exceptional divisor of the blow up of ]P’% in P3, and where o is the induced R-structure
on Blp,(PZ4). The R-form is not minimal since it contains a I-invariant (—1)-curve: we can
contract F3 and we obtain ]P’]i.

Recall that P§ is a Re /(G c)-toric R-surface. It corresponds to (P, o), where

o:luv:iw]—[v:u:w.
Let P3 := [0 : 0 : 1] be a toric C-point. Since o(P3) = Ps, it corresponds to a toric R-
point. Therefore, Blp,(PZ) is a R¢ /R(Gm,c)-toric R-surface. Moreover, by Lemma D.0.9,
Pic(Blp, (P%))l' = Pic(Blp, (P3)).

Degree 8 (b)

Compare with [Benl6, Theorem 4.2].
e Consider the R-torus G%L’R. There is no non-trivial torsor. The following fan is
[-stable (for 7y X 7p).
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Therefore, up to isomorphism, there is only one R-form of P{. x P{ in the category of Gme—
toric R-varieties, having I'-invariant Picard group

Pic(Pt x P&)Y' = ZB @ ZF.
The R-form of P} x P is minimal since it contains no (—1)-curves (by Theorem D.0.8).

The R-structure 79 X 79 on an c extends to an R-structure

oo : ([u:v],[u )= ([a: 0], [u :v])

on IP’%: X IP)}C corresponding to IP’]%Q X }P’]ﬁ. Hence, IP’]%Q X IP’]%{ is a an’R—toric R-variety. Moreover,
by Lemma D.0.9, Pic(PL x PL))T = Pic(P} x P). Note that

R R
P x PL = Proj (W>gproj( RERERD 2).
(zw —yz2) (22 +y% — 22 — w?)

e Consider the R-torus G, g X S!. There are two Gmr % S!-torsors: Gmr x S! and
Gmr x X1, where X; is the non trivial S!-torsor defined in Example 2.3.22 (see Proposition
2.5.4). Note that the following fan is I'-stable (for 7y x 7).

B/

B
Therefore, up to isomorphism, there are two R-forms of IF’%: X IP)(IC in the category of G, r X St-
toric R-varieties, having I'-invariant Picard group
Pic(Pt x P = Z(B + B') ® ZF.
The R-structure 79 X 71 on any(c extends to an R-structure
([w:o], [ 0]) = ([u: 9], [0 1))

on P& xPL corresponding to Pk x Py (see Example 2.4.12). We get a Gy, g x S'-toric R-variety.
By Lemma D.0.9, Pic(PL x PL))T = Pic(Pg x PL).

The R-structure 79 x o1 on G%LC, where o1 : z — —z "1, extends to an R-structure
([w:o], [u 0]) = ([w: 0], [0 —a])

on ]P’(%: X P(lc corresponding to ]P’]ﬁ x C, where

) Rz, y, z]
C = PI'OJ (M> .

We get a G, g ¥ S!-toric R-variety with no R-points.

e Consider the R-torus R¢/r(Gyc). There is no non-trivial torsor. Note that the
following fan is I'-stable (for 7).
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Therefore, up to isomorphism, there is only one R-form of ]P’(%: X ]P’(lc in the category of
R¢/r(Gom,c)-toric R-varieties, having I'-invariant Picard group Z(B + F).

The R-structure o7 X o1 on sz(c extends to an R-structure
([u: o], [u' :0"]) = ([@ 2 0], [a 2 0])

on PL x PL corresponding to Re /R(]P)(lc). We get a Re /(G c)-toric R-variety. By Lemma
D.0.9, Pic(P¢ x Pg))' = Pic(Re/r(Pg)). Note that

Rz, y, z, w] )
(.’172—y2—22—w2) :

Re/r(Pe) = Proj <

e Consider the R-torus S' x S'. There are three S' x S'-torsors: S' x S, S! x X; and
X1 x X1 (see Proposition 2.5.4). Note that the following fan is I" stable (for 71 x 7).

B/

Therefore, up to isomorphism, there are three R-forms of P{ x Pl in the category of St x St-
toric R-varieties, having I'-invariant Picard group Z(B + B') ® Z(F + F”).

The R-structure 7 X 71 on any(c extends to an R-structure
([w: o], [u :]) = ([0 4], [0 @])

on IP’%; X IP’%; corresponding to P}, x Pk. We get a St x S'-toric R-variety containing the trivial
St x S'-torsor as an S! x Sl-stable dense open subset. By Lemma D.0.9, Pic(P x PL))F =
Pic(Py x PL).

The R-structure 7 X o1 on ng,c extends to an R-structure
([w:o], [ v]) = ([0 1], 0" - —u])
on ]P’%: X ]P’(lc corresponding to ]P’]k x C. We get a S' x S'-toric R-variety with no R-points
containing the S' x S'-torsor S! x X; as an S' x S!'-stable dense open subset.

The R-structure o; X o1 on G,Qn’(c extends to an R-structure

([u:v],[u ) = ([0: —al, [0 : —2])

on ]P’%: X Rlc corresponding to C' x C. We get a S' x S'-toric R-variety with no R-points
containing the S! x S'-torsor X; x X7 as an S! x Sl-stable dense open subset. Note that

Rz, y, z, w] )
(@2 +y?+22+w?) )’

CxC’%Proj(
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Degree 7

e Consider the R-torus G?n,R' Then there is no non-trivial torsor. Note that the fan is
I-stable (for 7y x 7p).

Eq

Therefore, up to isomorphism, there is only one R-form of Blp, p,(PZ) in the category of
G%’R-toric R-varieties. The I'-invariant Picard group is

ZL ® ZE, © ZEs,

where L is the strict transform of a line in PZ that does not contain any of the P;, and where
FE, and E5 are the exceptional divisors of the blow up of IP(% in P; and P,. This R-surface
is not minimal, since it contains a I-invariant (—1)-curve. Indeed, if we contract it, we get
PL x P.

Therefore, Blg(Pg x PL), where @ is a toric R-point on P} x Pk, is a G%R—toric R-
surface.

We can also contract the two disjoint (—1)-curves and we get P%. Then, Blp, p,(P3) is
a G%L7R—toric R-surface. Hence, we get an isomorphism of G%%R—toric R-varieties

Blp, p,(PR) & Blg(Pk x PR).
Moreover, by Lemma D.0.9, Pic(Blp, p,(P))' = Pic(Blp, p,(P2)).
e Consider the R-torus Rc/r(Gm,c). Then there is no non-trivial torsor. Note that the

fan is I'-stable (for 72).

Ey

Es

Therefore, up to isomorphism, there is only one R-form of Blp, p, (IP’%) in the category of
Re/r(Gm,c)-toric R-varieties. The I'-invariant Picard group is

Z(L+0o(L)) ® Z(E: + E»),

where L is the strict transform of a line in IP’(QC that does not contain any of the P;, where
E41 and E5 are the exceptional divisors of the blow up of IP’% in P, and P», and where o is
the induced R-structure on Blp, p,(P%). This R-surface is not minimal, since it contains a
[-invariant (—1)-curve; we can contract it we get an R-form of PL x PL. We can also contract
the pair of I-invariant (—1)-curves and we get P%.

Let P :=[1:0:0] and let P, :=[0:1: 0] be two toric C-points in PZ4. Consider the
R-structure on PZ%

o:luv:wl—[v:u:w.
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Recall that (IP%, o) corresponds to IP’]%, which is a T-toric R-variety. Then, P, U P, forms a
I-orbit, hence it defines a closed point (corresponding to a maximal ideal) in IP’%&, which is
not an R-point. Hence Blp,up, (PR) is a Re/r(Gm,c)-toric Del Pezzo R-surface. Moreover,
by Lemma D.0.9, Pic(Blp, p,(P2))" = Pic(Blp,p, (P3)).

Let Q := ([0:1],[0: 1]) € PL x P{ be a toric C-point, and let
o ([u:v], [ V) ([@: 7], [a:0])

be an R-structure on IP%: X ]P’(lc corresponding to R¢ /R(]P’(%:). Then, @ defines an R-point on
Re/r(Pg). Then Blg(Re/r(Pg)) is also a R /& (G c)-toric R-varieties. Therefore, we get an
isomorphism of R¢ /g (G, c)-toric R-varieties

Blo(Re/r(Pe)) = Blpup, (PR).

Degree 6

e Consider the R-torus G%R. There is no non-trivial torsor. Note that the fan is I'-stable
(fOI‘ ’f‘o X 7A'0)

E Es

Therefore, up to isomorphism, there is only one R-form of Blp, p, p, (]P%) in the category of
anR—toric R-varieties. The I'-invariant Picard group is

PiC(BlPLPQ,Ps (]P%))F =7ZL®7ZE| ®ZFE; ® ZE;3,

where L is the strict transform of a line in P(Qc that does not contain any of the P;, where E,
E», and F3 are the exceptional divisors of the blow up of ]P% in P, P», and P53, and where o is
the induced R-structure on Blp, p,(P%). This R-surface is not minimal, we can contract three
disjoint (—1)-curves and we get P%. We can also contract two disjoint "opposite’ (—1)-curves
and we get IP)]%Q X Pﬁg.

Therefore, we get an isomorphism of G%,R—toric R-varieties

B1P17P27P3 (P]%%) = BlQth (P]%{ X P]%&)a

where Q1 and Qs are two toric R-points on P xPL. Moreover, by Lemma D.0.9, Pic(Blp, p, p,(P2))! =
PiC(Blpl,P2,P3 (]P)I%&))

e Consider the R-torus R¢/r(Gyy,c). There is no non-trivial torsor. Note that the fan
is I'-stable (for 7).

En Es
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Therefore, up to isomorphism, there is only one R-form of Blp, p, p, (P(%) in the category of
R /R (G c)-toric R-varieties. The T-invariant Picard group is

Pic(Blp, p, p,(P2) = Z(L + o(L)) ® Z(E; + Es) ® ZFs3,

where L is the strict transform of a line in }P’(QC that does not contain any of the P;, where E,
E>, and FE3 are the exceptional divisors of the blow up of IP’% in P, P», and P35, and where o
is the induced R-structure on Blp, p, p,(P%). This R-surface is not minimal, we can contract
an orbit of two (—1)-curves and an invariant (—1)-curve that does not intersect the first two
one, and we get PZ. Note that if we contract the two I'-invariant (—1)-curves, we obtain

Re/r(PE)-
Therefore, Blp, p, p, (}P’%&), where P; LI P, is a closed point that is not an R-point, is a
Re/r(Gm,c)-toric R-surface. By Lemma D.0.9, Pic(Blp, p, p, (P2))Y' = Pic(Blp,up, p, (P2)).

Let Q1 := ([0:1],[0: 1]), and let Q2 := ([1: 0], [1 : 0]) be two toric C-points in P& x P,
and let
o ([u:v], [ V) ([@: 7], [a:0])
be an R-structure on IP’%: X IP’}C corresponding to R¢ /R(]P’%:). Then, ()1 and ()2 define toric
R-points on R¢/r(Pg). Note that Blg, g, (Re/r(Pg)) is also a Re/r(Gp,c)-toric R-varieties.
Therefore, we get an isomorphism of R¢ /g (G, c)-toric R-varieties

BIQLQQ (RC/R(P(lc)) = B1P1L|P2,P3 (P]%{)

e Consider the R-torus S' x S!. There are three S' x S'-torsors: S' x S!, S' x X; and
X1 x X1 (see Proposition 2.5.4). Note that the fan is I' stable (for 71 x 71).

Therefore, up to isomorphism, there are three R-forms of Blp, p, p,(P%) in the category of
S! x S!'-toric R-varieties, having I'-invariant Picard group

Z(L+o(L))+Z(Ey+La3)+Z(Ea+ Ly 3)+Z(E3+ L1 2) = Z(—FE2— L)OZ(Ey— E1— E3—L)®Z(L+0o(L)),

where L is the strict transform of a line in IP’?C that does not contain any of the P;, F1, Es,
and F3 are the exceptional divisors of the blow up of ]P’(% in P, P», and P35, and where o is the
induced R-structure on Blp, p, p,(P%). These R-surfaces are not minimal, we can contract
an orbit of two (—1)-curves, we get an R-form of Pl x P{. endowed with a S x S'-action.

Let Q1 := ([0: 1],[1 : 0]), and let Q2 := ([1: 0], [0 : 1]) be two toric C-points in P& x PE.
Then, Blg, g,(P& x PL) = Blp, p, p,(P%) is a Del Pezzo C-surface of degree six.

Recall that P x Py is a S! x S'-toric R-surface of degree eight corresponding to (P& x
PL, o), where o is the following R-structure on P& x P&

o:([u:v],[u )= ([o:al,[v:d]),

and note that Q2 = o(Q1). Therefore, the blow-up of P} x P% in the closed point Q1 U Q2
is a S' x S'-toric R-surface containing the trivial S! x S'-torsor as an S! x S'-stable dense
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open subset (see [Man86, Theorem 30.3.1]). By Lemma D.0.9, Pic(Blg, ¢,(P& x PL)E =
Pic(Blg,uq, (P x Pi))-

Recall that IP%Q x C'is a S! x S'-toric R-surface of degree eight corresponding to (IP’}C X
IP’}C, o), where o is the following R-structure on I[D}C X ]P’%:

o ([u:v),[u )~ ([0:4), [0 : =),

and note that Q2 = 0(Q1). Therefore, the blow-up of IP’]%g x C' in the closed point Q1 U Q2
is a S' x S!-toric R-surface containing the S' x S!-torsor S! x X; as an S' x S'-stable dense
open subset.

Recall that C x C is a S! x S'-toric R-surface of degree eight corresponding to (IP’}C X
IP’}C, o), where o is the following R-structure on IP’}C X ]P’%:

o:(Ju:v],[u ) — ([0:—a], [0 : =T]),

and note that Q2 = (Q1). Therefore, the blow-up of C' x C' in the closed point Q1 U Q3 is
an S' x S'-toric R-surface containing the S' x S'-torsor X; x X; as a S' x Sl-stable dense
open subset.

With the above notations, we get the next proposition (compare with [Rus02, Propo-
sition 1.2 and Corollary 2.4] and [Benl16, Theorem 4.2, Propositions 4.7, 4.8 and 4.10]. See
also [Wal87] and [SZ21].

Proposition 2.5.4 (Classification of smooth toric Del Pezzo R-surfaces).

X T k-form of X in the category of T-toric R-varieties
P Ghr Pg
Re/r(Gm,c) PR
B1P3 (P(ZC) G?n,R BlPs (P]%{)
Re/r(Gmyc) Blp, (Pg)
PL x PL Gl PL x Py
Re/r(Gm,c) Re/r(Pe)
Gmp x St PL x Py, PLxC
St x St PLx P, PhxC, CxC
Blp,,p, (P(%) Gzn,R Blp,,p, (P]%%) =Blg (]P)]%% X P]%&)
Re/r(Gm.c) Blp,up, (P) = Blg(Re/r(P))
Blp,,p,, P (P(QI) G?mR Blp, p,,py (]P)]%%) =Blg,,q. (P]%Q X P]%%)
R(C/R(Gm,c) B1P1UP2,P3 (IP]%%) = BIQhQQ (RC/R(P(%I))
S' x st Blg,uq, (IP)]%Q B P]%Q)? Blg,uq, (]P)]%{ x C), Blg,uq, (CxC)







Chapter 3

Altmann-Hausen presentation

Normal affine algebraic varieties endowed with an effective torus action over an algebraically
closed field of characteristic zero admit a geometrico-combinatorial presentation due to Alt-
mann and Hausen in [AHO6]. In this context, an n-dimensional torus is an algebraic group
T isomorphic to Gy, . Over a non closed field k, a k-torus is defined as an algebraic group
T such that

Ty := T Xgpec(i) Spec(k) = GZL’&,

for some n € N*. Over k all tori are split, i.e. isomorphic to G:;K for some n € N*, but
over k a torus may be non-split and may have non-trivial torsors. The existence of non split
tori and non-trivial torsors imply to insert additional data in the geometrico-combinatorial
presentation over non closed fields, as we have seen in the toric case in Section 2.4.2.

Over the past few years, using Galois descent methods, the Altmann-Hausen presenta-
tion was extended in different directions. Langlois in [Lanl5, Lan21] extended it for complex-
ity one torus actions over an arbitrary field in any characteristic using a specific construction.
In the C/R setting, an R-torus is a product of copies of the split torus G, g, of the real circle
St = Spec(R[x,y]/(x? + y*> — 1)), and of the Weil restriction Re/r(Gm,c) (see Proposition
4.1.2). Contrary to G, r and Re/r(Gm,c), the circle S! has a non-trivial torsor, namely
Spec(R[z,y]/(z% 4+ 3? + 1)). Dubouloz, Liendo and Petitjean focused on normal affine R-
varieties endowed with S!-actions in [DL18, DP20], and they observed that an additional
datum is needed to encode these varieties because of the existence of the non-trivial S'-
torsor. More generally, a geometrico-combinatorial presentation of normal affine R-varieties
endowed with an arbitrary R-torus action based on [AHO06] was established by the author in
[Gil22a]. These three presentations agree in the sense that they use a similar language and
that we recover the first two presentations from the last one in the C/R setting.

As noted in [Gil22a], it is natural and reasonable to expect that a general presentation
of normal affine varieties endowed with torus actions over arbitrary fields of characteristic
zero can be obtained by combining Altmann-Hausen theory for split torus actions together
with appropriate Galois descent methods: this is precisely the goal of this chapter and this
is the reason why we work over characteristic zero fields. We extend the Altmann-Hausen
presentation to arbitrary fields of characteristic zero using a similar approach to the one
adopted in [Gil22a] (see the preprint [Gil22b]). However, in this context, the Galois extension
k/k may be infinite and the description of k-tori is more involved (except in dimension 1).
We give a complete description of normal affine varieties endowed with a torus action over
arbitrary fields of characteristic zero. From this presentation, we recover the one given in
[Gil22a] when k = R.

69
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3.1 Altmann-Hausen presentation over algebraically closed
fields

In this section, k is an algebraically closed field of characteristic zero.

3.1.1 Preliminaries in convex geometry

A subset II C Ng is called a polytope if there exists a finite set S C Ng such that II is the
convex hull of S, and it is called a rational polytope if S can be taken inside the lattice N. A
proper face II of II is the intersection of II with a supporting affine hyperplane.

A convex polyhedron is the intersection of finitely many closed affine half spaces in
Nq. For us, a polyhedron in Ng is always a convex polyhedron. The relative interior of
a polyhedron A, denoted by Relint(A), is obtained by removing all proper faces from A.
Moreover, any polyhedron A in Ng admits a Minkowski sum decomposition:

A:H—i-w]v,

where II C Ng is a polytope and wy C Ng is a cone. In this decomposition, the cone wy is
unique and called the tail cone of A (see [AH06, §1]).

Example 3.1.1. A =11+ wy

1 1 1

Definition 3.1.2. Let wy be a pointed cone in Ng. By a wy-polyhedron in Ng, we mean a
polyhedron in Ng having the cone wy as its tail cone. We denote the set of all wx-polyhedra
in Ng by Polf (Ng).

The Minkowski sum of two wy-polyhedra in Ng is again a wy-polyhedron in Ng. Thus,
endowed with Minkowski sum, POIIN (Ng) is an abelian monoid, whose neutral element is
wy [AHO6, §1].

3.1.2 Polyhedral divisors

We now introduce the language of polyhedral divisors and proper polyhedral divisors. The
idea is to replace rational coefficients by tailed polyhedra. This section is based on [Gil22a,
§3.1], but for a more detailed version, see the original one in [AHO06, §2].

Let Y be a normal k-variety. The group of Weil divisors on Y is denoted WDiv(Y")
and the group of Cartier divisors on Y is denoted by CDiv(Y). Since Y is normal, we
have an inclusion CDiv(Y) € WDiv(Y). A Cartier (resp. Weil) Q-divisor is an element of
Q®zCDiv(Y) (resp Q®z WDiv(Y')). The sheaf of sections Oy (D) of a Weil Q-divisor D on
Y is defined by

H(V, 0y (D)) := { f € k(Y) ‘ div(f)|,, + DI, > 0} U {0},
where V' C Y is an open subset. Now we turn to divisors with tailed polyhedra coefficients.

Definition 3.1.3. Let wy be a pointed cone in Ng. An wn-polyhedral divisor on Y is a
formal sum

D =) Az®Z e Polf (Ng) @z WDiv(Y)
Z

over all prime divisors Z C Y, and Az = wy for all but finitely prime divisors Z.
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Let D =), Az ® Z be a wy-polyhedral divisor on Y. For a prime divisor Z on Y we
denote the support function of Az by

ha, s wi — Q, m— min{(mfv) | ve Ag}.

This map is piece-wise linear; if Aa, is the normal quasi-fan associated to Az having wy; as
support, then ha, is linear on the cones of Ap, (see Appendix C.1).
For every m € wy; we can evaluate D in m by letting D(m) be the Weil Q-divisor on
Y defined by
D(m) =Y ha,(m)®Z € Q @z WDiv(Y).
Z

The map m +— D(m) is a convex piece-wise linear map; it is linear on the cones of the
quasi-fan having wy; as support constructed from the common refinement of the fan A, (see
Proposition C.1.5). The convex property means that

Vm, m' € MNwy, D(m+m')>D(m)+D(m').
Before introducing proper polyhedral divisors, we recall the following definitions:

Definition 3.1.4 ([CLS11, Definition 6.0.23]). A Cartier Q-divisor D on a k-variety Y is
called semi-ample if it admits a basepoint-free multiple. That is, D is semi-ample if there
exits n € N* such that for all y € Y, there exits f € HO(Y, Oy (nD)) with f(y) # 0 (the set
of open subsets Y7 := Y\Supp(div(f) + D), with f € HY(Y, Oy (nD)), cover Y).

Definition 3.1.5. A Cartier Q-divisor D on Y is called big if, for some n € N*, there exists
a section f € HY(Y, Oy (nD)) with an affine non-vanishing locus Y7 := Y'\Supp(div(f) + D).

Definition 3.1.6. A proper wy-polyhedral divisor on a k-variety Y, abbreviated an wy-pp-
divisor, is an wy-polyhedral divisor D = )., Az ® Z on Y satisfying the following properties:
(i) for all m € wy, N M, D(m) is a semi-ample Cartier Q-divisor on Y; and

(ii) for all m € Relint(wy;) N M, D(m) is big.

The sum of two wy-pp-divisors with respect to a given cone wy is again an wy-pp-
divisor. Thus, wy-pp-divisors form a monoid denoted by PPDivg(Y,wn).

Example 3.1.7. Let N = 72, let wy = Q2>0, and let A be the wy-polyhedron defined
below. The normal fan associated to A consists of the two cones A\; and Ay refining the cone
w¥; = Q%, of the dual lattice M = Z? (see Section C.1). The support function ha : wy, —
Q, m +— min{(m|v) | v € A} is linear on each \;, and we obtain:

2 2
A2

my if (m1,me) € A\

hA(mlva) = { mq if (mlamz) € >\2

A1

Consider a divisor D := A ® D on a normal variety Y, where D is a prime divisor. Then,

mo @D if (ml,m2)€>\1
mi D if (ml,mg)G/\Q

D(ml, m2) = {

Example 3.1.8. Let N = 72, let wy = Q2>0, let A1 = Ay = wy and let A3z and Ay be the
wpn-polyhedra defined in the following illustrations. The normal quasi-fan associated to Az
(resp. Ay) consists of two cones refining the cone wy; = Q% of the dual lattice M = Z?. The
support function of the polyhedron A; is denoted h; : wY, — Q, m + min{(m|v) | v € A;}.
Note that hy = hy = 0.
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hs(m)/= 2m,
2 2 21
ha(m) =my
L hz(m) = mq L
| ha(m) = 2my
1 2 12

Consider the divisor D := A1 ® D1 + Ao ® Do + A3 ® D3 + A4 ® Dy on a normal variety
Y, where the D; are prime divisors. We have D = A3 ® D3 + A4 ® D4. Considering the fan
refining these two normal fans, we obtain:

A3
21
m2 ®@ D3 +2mp @ Dy if (m1,m2) € M Ao
D(my,ma) =< mo®D3+my® Dy if (m1,ma) € Ao 114
2m1 ® D3 +mq ® Dy if (ml,mg)E)\:g )
1
1 2

3.1.3 Altmann and Hausen main theorems

Let us present the main results of [AHO06] about the geometrico-combinatorial presentation
of normal affine k-varieties endowed with an effective torus action.

Definition 3.1.9. A k-variety Y is said to be semi-projective if its k-algebra of global func-
tions HY(Y, O) is finitely generated and Y is projective over Yy = Spec(H°(Y, 0)).

Remark 3.1.10. Note that affine k-varieties and projective k-varieties are semi-projective.
A semi-projective variety is quasi-projective. Indeed, ¥ — Y[ is a projective morphism,
moreover Yy is an affine k-variety (so quasi-projective). Then the morphism Y — Spec(k) is
quasi-projective.

Let Y be a normal semi-projective k-variety, let wxy be a pointed cone in Ng and let
D=>,Az®Z be an wy-pp-divisor on Y. By [AHO06, Proposition 2.11], for all m, m’ €
M Nwy;, we have D(m+m’) > D(m)+D(m'). So, for all m, m’ € wy; N M, we have a map:

HC (Y, Oy (D(m)) @ HO (¥, Oy (D(m))) — H° (¥, Oy (D(m +m))).

This ensures that the HY (Y, Oy )-sub-modules HY (Y, Oy (D(m))) of k(Y') can be put together
into an M-graded k-algebra

AlY,Dl:= @ H(Y,0y(D(m))) Xn C k(Y)[M],

mewy,NM

where X, is an indeterminate of weight m such that for all m,m’ € M, X,,X,,, = X1
We denote by X[Y, D] := Spec(A[Y,D]) the associated affine T-scheme.

Definition 3.1.11 (AH-datum). Let T = Spec(k[M]) be a k-torus. An AH-datum is a triple
(wn,Y, D), where wy is a pointed cone in Ng, Y is a normal semi-projective k-variety, and
D is an wy-pp-divisor on Y.

Let X be a k-variety endowed with an effective T-action. Recall that we can write
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the spaces k[X],, consisting of semi-invariant regular functions on X, and where wy; is the
weight cone of the T-action on X (see Section 2.3.1). The general idea of the construction of
Altmann-Hausen is to identify k(X )" with k(Y") for some semi-projective variety Y, and use
an appropriate pp-divisor on Y to construct the grading of k[X] via an identification between
k[X],n, and HO (Y, Oy (D(m))) X

Theorem 3.1.12 ([AHO06, Theorems 3.1 and 3.4], see also Appendix E). Fizx a k-torus

T = Spec(k[M]).

(i) Let (wn,Y,D) be an AH-datum. The affine scheme X[Y,D] is a normal k-variety, of
dimension dim(Y) + dim(T), endowed with an effective T-action of weight cone wy;.

(ii) Conversely, let X be an affine normal variety endowed with an effective T-action, and
let wn be the cone in Ng dual to the weight cone. There exists an AH-datum (wy,Y, D)
such that there is an isomorphism of T-varieties X = X[Y, D], i.e. the graded k-algebras
k[X] and A[Y,D] are isomorphic.

The first item of Theorem 3.1.12 is a part of the result obtained by Altmann-Hausen
in [AHO6]. See Appendix E for the complete result and for some examples in the context of
Gy c-actions on affine normal surfaces.

Remark 3.1.13 ([AHO06, §4, Step 1 of proof of Theorem 3.1]). Let (Y, D) be an AH-datum.
Since D(m) is a semi-ample Cartier Q-divisor for all m € wy, N M, A[Y, D] is of finite type
and integrally closed.

Example 3.1.14 (See Example 2.3.1). The affine variety A} endowed with the action of
Gfmc given by (s,t) - (z,y,2) = (sz,ty, stz) is described by a semi-projective variety YV :=
PL = AL U {00}, and a pp-divisor on Y defined by D := A ® {0}, where A is the polyhedral
defined below. Using Example 3.1.7, we have:

ma @ {oo} if (my,ma) € \
mi X {OO} if (ml,mQ) € Ao 1

D(ml, TTLQ) = {

3.1.4 A proof of Altmann and Hausen main theorems

Given a normal affine variety endowed with an effective torus action, we provide a proof for
the construction of an AH-datum using a method that is mentioned in [AHO06]. In Section
3.2, we will extend the Altmann-Hausen presentation using a Galois-equivariant version of
the proof of Theorem 3.1.12.

Proposition 3.1.15 (Downgrading torus action). Let X be an affine k-variety endowed with

an action of the d-dimensional k-torus T = Spec(k[M]). Then, there exist n € N,n > d such

that:

(i) T is a closed subgroup of Gy, \;

(i) X is a closed subvariety of A and X — Ay is T-equivariant. Moreover, X intersects
the dense open orbit of Aj for the natural G}, . -action, and the weight cone of A} is the
weight cone of X. ,

and

Proof. The algebra k[X] is finitely generated, so we can write k[X]| = k[g1,..., x| with
gi € k[X]\{0}. Since the split torus T acts on X, the k-algebra k[X] is M-graded, that is
k[X] = @,nenr k[X]m. So, there exists homogeneous elements g; ; such that §; = gi1 +--- +
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Gik;- Hence we can assume that there exists n € N such that k[X] =k|g1, ..., gn], where the
g; are homogeneous of degree m; € M.
(i) The k-algebra morphism

Y klzEl L 2l - k(M)
x> X

Is surjective since the T-action on X is effective. Hence, T is a closed subgroup of Gy, ;.
(ii) The k-algebra morphism

o klxy, ..., zy) = k[X]

Tt Ggi

is surjective and induces a k-algebra isomorphism kg1, ..., gn] = k[z1,...,2,]/a, with a =
Ker(y). Hence, X is a closed subvariety of Aj'. Moreover, the comorphism of the T-action
on Ay is given by:

B k[zy, .. xn]) = KM QK 21, ..., 20

T —r Xmi X ;.

Therefore, ¢ is T-equivariant, so the closed immersion X < Ay is T-equivariant. Finally,
note that for all i € {1,...,n}, z; ¢ a, hence X intersects the dense open orbit of G"mk.
Let m € M such that k[zy,...,2,]m # 0. Note that

k k
k[z1,. .., Zn)m = @ kit - apm.
(kl7-~~7kn)€Nn7mlkl+"’+mnkn:m

Hence, since for all i € {1,...,n}, x; ¢ a, it follows that (k[zi,...,z5]/a)m # 0, and the
weight cone of Al is the weight cone of X. O

Example 3.1.16. We pursue Example 2.3.8 (see also Example 3.1.14). Consider the action
of G%%C on A3 given by (s,t) - (z,y,2) = (s, ty,stz). The action of G%LC on AY comes
from the inclusion of G?n,((: in G?n,c given by (s,t) — (s,t,st). We denote by N and N’ the
cocharacter lattices of G?n’(c and G%%C respectively. Then, we obtain the exact sequence

0 N F N P Ny 0,

with
10
F=10 1 — 1 _— _
01 P[1 11}

Proof of the second item of Theorem 3.1.12.

e Step 0: Preliminaries.

Let X be a normal affine k-variety endowed with an effective T-action. Let wps be the
weight cone of the T-action on X, and let wy = wy,;. Using Proposition 3.1.15, there exists
n € N such that T is a closed subgroup of G} , and X is a closed T-equivariant subvariety
of Ay. So, let a be the ideal of k[A}] = k[:&l, ..., xy] such that k[X] is T-equivariantly
isomorphic to k[A}]/a. We write k[X| = k[A}]/a and we denote by px : k[A}] — k[X] the
surjective algebra morphism induced from the inclusion X C Af. Let M’ be the character
lattice of G” , , and let My be the sublattice of M’ constructed in Remark 2.2.11. We have

m,k?
the exact sequences of Remark 2.2.11
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0 N d N’ P Ny 0.
0 My P M’ r M 0.

Recall that there always exists a section s* : M — M’ (see Lemma C.3.2), and a cosection
t* : M' — My. These homomorphisms satisfy F* o s* = Idy, t* o P* = Idy, and P*ot* =
IdM/ — s*o F™*.

Since Frac(k[M']) = k(A}), the section s* induces a morphism

w:wy NM — k(AR

m s x ™
such that for all m € wy N M, u(m) € k(AR)m.-
By Section 2.3.1, we can write
k[Af]= D kI[AR],u(m) C k(A}), [M],

méewpn NM

where k[AZ],, = K[A] u(m), with K[A]] C k(AD)o.

Since for all 4, x; ¢ a, for all m € wy N M we have uyx(m) € k(X),,, where ux(m)
is obtained from the surjective morphism py : k[Af] — k[X]. It follows a morphism ux :
wy N M — k(X)*. Hence we can write

kX]= @D KXlm= P kX],ux(m)CkX)o[M],

meEwn NM meEwpn NM

— —

where, for all m € wy N M, k[X],, = k[X],,ux(m) and k[X], C k(X)o. Furthermore, if

—~— e~~~

f/g € k[A}] , observe that px(g) # 0. Hence, px(f/g) is well defined, px (k[A}] ) = k[X]
and the surjective graded algebra morphism px can be written

m?

P

px : @ k[Af] u(m) — @ k[X]m

méewpn NM mewn NM
f px(f)
gu(m) > oxl) ux(m).

P

The aim of this proof is to identify k[A?] = with H°(Y, Oy (D(m))) for some pp-divisor D on
some normal k-variety Y, and to identify kf[}/]m with HO(Yy, Oy (Dx(m))) for some pp-
divisor Dx on some normal k-variety Yy, in view of obtaining graded algebra isomorphisms
k[AT] = A[Y, D] and k[X] = A[Yx, Dx].

e Step 1: Altmann-Hausen quotient and divisors.

Let {e1,...,en} be the standard basis of N'. The cone in Ny, of the toric variety Af is
Q%, and F*(Q%) = w-

Let Ay be the fan in (Ny)g generated by {P(e1),...,P(en)}. Let Y be the toric k-
variety obtained from the fan Ay; it is a semi-projective variety (see [CLS11, Proposition
7.2.9]).

Let Yx be the closure of the image of X NGy, |, in Y by the surjective group homomor-

phism 7 : (G}’n‘l’k — Ty composed with the inclusion Ty < Y. The normalization Yy of Yx,
with morphism v : Yy — Yy, is a semi-projective k-variety (see [Sta, Lemmas 0BXR, 0B3I,
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0C4P)). For each ray of the fan Ay, we denote by v; its first lattice vector, i € {1,...,n'}.
To a ray spanned by v; corresponds a toric divisor D,, on Y (see Appendix C.2). We will see
in Proposition 3.1.19 that the divisor

n/

D — Z A’Ui ® D’Uz‘v
i=1
where A,, := s(P~(v;) N QY%y), is an wy-pp-divisor on Y. Furthermore, we can pullback D
on Yy and we obtain an wy-pp-divisor Dx on Yx (see Proposition 3.1.19). More precisely,

n/

Dx :=(tov)"D = ZAW ® (Lov) Dy,
i=1

where ¢ : Yx — Y.
e Step 2: Isomorphisms k(Y) = k(Al)o and k(Yx) = k(X)o.
Observe that nf : k[My] — k[M']o is an isomorphism. Hence, 7* induces an isomor-
phism
Frac(k[My]) — Frac(k[M']p)
f_Xax™ | (f) _ > aix ()
g Xbx™ o wig) by Pm)
For all m € M, recall that (F*)~1(m) = s*(m) + Ker(F*) (see Lemma C.3.2). Hence,
Frac(k[M'])o = Frac(k[M']o). Since Ty is a dense open subset of Y, we have k(Y) =

k(Ty). Since Gy, is a dense open subset of Ay, we have Frac(k[M']) = k(Af). There-
fore, Frac(k[M'])o = k(AJ)o. Finally, we obtain an isomorphism

e k(Y) = k(Ag),-

Moreover, the inclusion X < A} is T-equivariant, the variety Ty N Yx is affine and the
following diagram commutes

T
n
m,k ’]TY

) I

G NX ———» Ty NYx =7 Gy NX).

Therefore the following diagram commutes

KTy k6],

m,k

Lﬁl ipx

k[Ty NYx] — » k [G"m,kﬂX}o-

It follows an isomorphism k(Ty N Yx) — Frac(k[G], , N X]o) over ¢ : k(Y) = k(Ty) —
k(AR)o = Frac(k[Gy, o). Furthermore, since,

Frac (k |G}, 5 N X}O) =k (G N X)O Kk (Yx) =k(Ty NYx), and k(X) =k (GhxNX),
we obtain an isomorphism k(Yx) = k(X)o.

By a property of the normalization (see [Sta, Lemma 0BXR]), we have an isomorphism
k(Yx) = k(Yx), therefore, we have constructed an isomorphism

Yx : k (YX) — ]k(X)()
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over ¢ : k(Y) — k(A})o.

e Step 3: Isomorphisms A[Y, D] = k[A]] and A[Yx,Dx] = k[X].
Let m € wy N M. Consider the polyhedron A(m) := (F*)~!(m) N Q%, C Mg and the
polyhedron Ay (m) = t*(A(m)) C (My)g (see Lemma C.3.3). Note that

MW = @ kxm/_s*(m) — @ kXP*(my) =y @ ]kaY )
m’EA(m)ﬂM’ myGAy(m)ﬂMy myGAy(m)mMY
Combining Proposition C.2.2 and Lemma 3.1.20, we get the following equality:
H(Y,0v(D(m))) = @ k™.
myéAy(m)ﬂMy

Therefore, we obtain a graded algebra isomorphism:

®: A[Y, D] - k [A}]
fXm = o(fu(m).

Consider the morphism defined by

dx : AlYx, Dx] — k(X)o[M]
fXm = ox (flux(m).

Since Dy is the pull back of D on Yy, for all m € wys N M there is a well defined map
HY(Y, Oy (D(m))) — H*(Yx, Oy, (Dx(m)))
f—= (Fod)(f)
Then, the induced map
U : AlY, D] — A[Yx, Dx]
Fm = (V0 H) ()X

is a graded algebra morphism.
Using [AHO6] (see also [AHO03, Proposition 8.1])!, we obtain a graded algebra isomor-
phism
Oy A|Vx, Dx| = k[X]
fXm = ox(f)ux(m)
such that the following diagram commutes

AY, D] ——2 L kan

v @ lpx

A[Vx, Dx] ———» k[ X].

O]

n view of extending the Altmann-Hausen presentation over arbitrary perfect fields, it will be interesting
to get a proof of the surjectivity of ¥ without using GIT tools (such tools are used in [AHO06]).
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Remark 3.1.17. The construction of the k-variety X[Y, D] does not depend on the choice of
the cosection. Indeed, for j € {1,2}, let s; : N’ — N be two cosections, let D; := ", A%i@’Dw
be the two associated pp-divisors. Note that for allm € M, (s7—s3)(m) € Ker(F*) = Im(P*),
thus there exists a lattice homomorphism sg : Ny — N such that s; — s9 = sgo P. Let
g : M — k(Y)* be the morphism defined by g(m) := x%™. Let m € wy N M. Since
Al = so(v;) + A%, we have :

Di(m) = (sg(m)[vi) @ Dy, + Da(m) = divy (g(m)) + Da(m).

i
Therefore the M-graded algebras A[Y, D;]| and A[Y, Ds] are isomorphic via:

A [Y, Dl] — A [Y, DQ]
[Em = fg(m)Xm,

Remark 3.1.18 (AH-datum of a Gy, ,-toric T-variety X5, where T C G}, ;). In the proof of
Theorem 3.1.12, we construct explicitly an AH-datum for the T-variety Ay using the closed
embedding T < Gy, , and the fact that Ay is a Gy, -toric T-variety of cone Q%,. We get
an AH-datum (wy, Y, D), where -

Ay, = s(P o) NQYy), Y =Xy,

where Ay is the coarset fan in (Ny)g refining all cones P(dp) such that dp is a face of
ng - M(’@, and where the v; are the first lattice vectors of the one-dimensional cones of Ay.
More generally, if § is a pointed cone, we can replace Q2% by d, and Al by X5 (see [AHO06,
Section 11]). We get an AH-datum (wy,Y, D), where

Ay, = S(P_l(’l)i) né), Y =X,,,

where Ay is the coarset fan in (Ny)q refining all cones P(do) such that dy is a face of § C M,
and where the v; are the first lattice vectors of the one-dimensional cones of Ay. In other
words, for any G}, ,-toric T-variety Xs, we can compute directly an AH-datum without using
a closed embeddlng of X in some affine space. Therefore, in this context, we do not use the
normalization morphism, so this part of this construction works in any characteristic (see
Section 5.1.3).

The next two results are used in the proof of Theorem 3.1.12. With the notations of
the proof of Theorem 3.1.12, we have the following result.

Proposition 3.1.19 ([AHO03, Proposition 8.1]). The divisor D =€ {i,...,n'}A,, ® D,,,
where Ay, == s(Q%; N P~Y(v;)), is an wy-pp-divisor on Y. Furthermore, we can pullback D
on Yx and we obtain an wn -pp-divisor Dx on Y.

We give another proof of [AH03, Proposition 8.1] based on the situation of Proposition
3.1.15.

Proof. « We prove that D is an wy-pp-divisor on Y. First, for all i € {1,...,n'}, the tail
cone of A, is wy, (see Lemma C.3.4). Let m € wys N M, then, by Lemma C.3.5, we have

,n/

n
= min (m|Ay,) ® Dy, = Z min (Ay (m)|v;) ® Dy, = > — (mg|v;) ® Dy,
' i=1

where the m; realize the minimum on Ay (m). There exists an integer £k > 0 such that
km; € N for all ¢ € {1,...,n'}. Therefore, kD(m) = D(km) is a Weil Z-divisor, and we
assume that D(m) is a Weil Z-divisor.
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Using [CLS11, Theorem 4.2.8], we show that D(m) is a Cartier divisor on Y. Indeed,
let A € A, and let {v;;,...,v;,} denotes the set of lattice vectors that span the rays of .
Then, since A is strictly convex, it follows ﬂ?zl(mij + vé) # (), where m;; € Ay (m)N My for
all j € {1,...,p}. So, there exits my € My such that N’_, (m;; + vi) =my + ﬂ?zlvi. Note
that, for all j € {1,...,p}, (malvi;) = (my;|vi;). Hence D(m)|y, = div(x™"*), where Uy is
the affine toric open subset of Y defined by A. Therefore, D(m) is a Cartier Z-divisor on Y’

Using [CLS11, Theorem 6.1.7], one can show that D(m) is semi-ample (we have to show
that there exists k € N* such that £D(m) is basepoint-free).

Let m € Relint(wps)NM. Combining [CLS11, Proposition 6.3.12] together with [CLS11,
§9.3 Iitaka Dimension and Big Divisors|, we conclude that D(m) is big. Finally, D is an wy-
pp-divisor on Y.

e We prove that Dy is an wy-pp-divisor on Yy. First, X N Gl # 0. Then, by
construction, the variety Yx is not contained in U; D,, (D,, are toric divisérs). Therefore, for
all i, the pullback of D,, on Yx is well defined (see [Sta, Lemma 0200, (3)]), i.e the closed

subscheme (~(D,,) = ¢*D,, is an effective Cartier divisor. Then, since v : Yx — Yy is a
dominant morphism, we obtain effective Cartier divisors (v o v)*D,, on Yx (see [Sta, Lemma
0200, (2)]). Let

Dx :=(tov)"D = ZAW ® (tov)" Dy,.

Let m € wy N M, then Dx (m) is semi-ample. Let m € Relint(was) N M, then Dx (m) is big.
Finally, Dx is an wy-pp-divisor Dx on Yx. O

Lemma 3.1.20. Consider the wy-polyhedral divisor D = 3, Ay, @ Dy, where A, =
s(P~Y(v;) N Q%). Then, for allm € wpy N M,

A(D(m)) = Ay (m),
where

A(D(m)) == {uy € (My)q | (uy|v;) > —min(m|A,,) Vi € {1,...,n'}},
Ay (m) = {uy | uy € (My)qg, (P*(uy)|e;) > —(s*(m)le;) Vi e {1,...,n}}.

Proof. Recall that, by Lemma C.3.3, Ay (m) = t*(A(m)) = t*((F*)~'(m) N Q%y). By the

Lemma C.3.5, we can write
A(D(m)) == {uy € (My)g | {(uy|v;) > min(Ay (m)|v;) Vi € {1,...,n'}}.

Therefore, Ay (m) C A(D(m)). Let uy € A(D(m)), we show that uy € Ay(m). By
definition, we have for all j that (uy|v;) > min(Ay (m)|v;). Fix some e; such that P(e;) # 0.
There exists j € {1,...,n} and «; € N* such that P(e;) = a;v;. We have oj(uylv;) =
(P*(uy)l|e;). Moreover, by Lemma C.3.3,

a; min(Ay (m)|v;) = min(P*(Ay (m))|e;) = min(A(m) — s*(m)|e;).

Since A(m) C Q%j, we have (A(m)|e;) > 0, hence a; min{Ay (m)|v;) > —(s*(m)le;), and
min(Ay (m)|P(e;)) > —(s*(m)|e;). Therefore, (P*(uy)|e;) > min(Ay (m)|P(e;)). If P(e;) =
0, then 0 = (P*(uy)le;) = min(Ay(m)le;) > —(s*(m)|e;). We conclude that uy € Ay (m).

O
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3.1.5 Functoriality

Theorem 3.1.12 establishes correspondences between affine k-varieties endowed with a k-torus
action and pairs (Y, D). In this section, we focus on this correspondence. In general, there is
no one-to-one correspondence between T-varieties and pairs (Y, D); see [AHO06, Section 8] for
a precise statement. However, Altmann and Hausen define the notion of minimal pp-divisor
in [AHO6, Section 8] that leads to the following result. Divisors constructed by the method
exhibited in the proof of Theorem 3.1.12 are minimal.

First, recall that if D' = 7, A,, ® D, is an wi-pp-divisor on a semi-projective variety
Y’, then we can pullback D under a morphism v : Y — Y’, where Y is a semi-projective
variety, and ¢ is such that none of the supports of D,, contains ¢(Y). We define the non-
necessarily proper w'y-polyhedral divisor (see [AH06, Definition 8.3], see also [Sta, Lemma
0200, (3)])

YD = Ay, @V Dy,

Theorem 3.1.21 ([AH06, Theorem 8.8]). Let T = Spec (k[M]) be a k-torus. Let wy C Ng
(resp. why C Ng) be a pointed cone, let (Y,oy) (resp. (Y',0%)) be a normal semi projective k-
variety and D be a minimal proper wy-polyhedral divisor on'Y (resp. D' be a minimal proper
Wiy -polyhedral divisor on'Y'). The affine k-varieties X[Y, D] and X[Y', D'] are T-isomorphic
if and only if the following holds:

(i) there exists a k-isomorphism ¢ :Y —Y';

(it) there exists a lattice automorphism L : N — N such that L(wn) = wly;
(iii) there exists a monoid morphism g : wy; N M — K (Y);
(iv) for all m € Wy, N M, p*(D'(m)) = D(L*(m)) + divy (g(m));

Proof. The morphisms v and L induces a T-equivariant isomorphism of graded algebras:

U A[Y', D] = A[Y, D], fXp = ¥ (£)g(m)Xp(m)-

3.2 Altmann-Hausen presentation over arbitrary fields

In this section, k is a characteristic zero field. Let k be a fixed algebraic closure of k and let
k' be a non necessarily finite Galois extension of k in k of Galois group I'.

We extend the Altmann-Hausen presentation of torus actions on affine varieties over
algebraically closed fields to arbitrary fields of characteristic zero (see Theorem 3.2.3). We
show that the cocycle appearing in the presentation over non closed fields encodes a torsor,
and that a simpler presentation is possible when this torsor is trivial.

3.2.1 Altmann-Hausen presentation over an arbitrary field

Let k be an arbitrary field, let k' = k, and let T’ := Gal(k/k). Let T = Spec(k[M]) be a
k-torus, let N be the dual lattice of M.

Let wy be a pointed cone in Ny = N ®z Q, let Y be a normal semi-projective k-
variety (see Definition 3.1.9), and let D := Y~ A; ® D; be a proper wy-polyhedral divisor (see
Definition 3.1.6). This means that the D; are prime divisors on Y and the coefficients A;
are convex polyhedra in Ng having wy as tail cone. Then, for every m € wy, N M, we can
evaluate D in m to obtain a Weil Q-divisor D(m) := >~ min{(m|A;)} ® D;. From the triple
(wn,Y, D) (called an AH-datum), Altmann and Hausen construct an M-graded k-algebra:

AlY,D]:= @ HY(Y,0y(D(m))%n C k(Y)[M].

mew{NM
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By [AHO06, Theorems 3.1], the affine scheme X[Y, D] := Spec(A[Y, D]) is a normal k-variety
endowed with a T-action of weight cone wy; (see Theorem 3.1.12).

We will state one of the main results of this article. We extend the Altmann-Hausen
presentation over an arbitrary field. In this setting, the acting torus is non-necessarily split.
In the next definition, we adapt the notion of AH-datum to our setting.

Definition 3.2.1 (Generalized AH-datum). Let T = Spec(k[M]) be a k-torus and let 7 be
a k-group structure on T. A generalized AH-datum (wy,Y, D, oy, h) over k is an AH-datum
(wn, Y, D) over k such that wy is stable under the T'-action induced by 7, and together with
a k-structure oy on Y and with a map

h:T — Hom(wy N M, k(Y)*)

such that
Vm € wy; N M, ¥y €T, oy (D(m)) = D(7y(m)) + divy (hy (7y(m))), and (3.1)
Vm € wy; N M, Yy1,72 € T, e, (m)oyfiy1 (hw2 (%,;ll(m))) = hyyqyy (M). (3.2)

Remark 3.2.2 (The map h of Theorem 3.2.3 is a cocycle (see Remark 2.3.12)). Let (T =
Spec(k[M]), T) be a k-torus, let (wx,Y, D, oy, h) be a generalized AH-datum, let L := k(Y),
and let K = L'. By Lemma 3.2.8, the extension L/K is Galois with Galois group I'. Let
G := Homg, (M,L*) be endowed with the continuous I'-action « - f := ay@y ofo %{1. Note
that the map h mentioned in Theorem 3.2.3 is a cocycle, that is h € H.,,(T,G). Let
Ty := Spec(L[M]) be the L-torus associated to M, and let 71, be the K-group structure on
Tr, induced by 7. Since there is a '-equivariant group isomorphism

Aut™(Ty) — Homy, (M,1L*)
f=h,

where f*: a,x™ — amh(m)x™, we obtain

1
Hcont

(T, G) = HYpy (T, Aut™ (Tp)) .

Therefore, the cocycle h encoded a (Tr, 7 )-torsor. This torsor is over the generic point of
(Y,oy) (see Lemma 3.2.8).

From a generalized AH-datum over k, we can easily construct an affine k-variety en-
dowed with a (T, 7)-action (see the proof of the next theorem in Section 3.2.2). We get the
next result.

Theorem 3.2.3 (Torus actions on normal affine varieties over arbitrary fields). Let k be

a field, and let T := Gal(k/k). Let T = Spec(k[M]) be a k-torus, and let T be a k-group

structure on T.

(i) Let (wn,Y,D,oy,h) be a generalized AH-datum over k. The affine T-variety X[Y, D]
admits a k-structure ox|y.p) such that (T, ) acts effectively on (X[Y, D], 0xy,p))-

(i) Let (X,0) be a normal affine k-variety endowed with an effective (T, T)-action. There
exists a generalized AH-datum (wn,Y,D, 0y, h) such that (X,0) = (X[Y, D], ox[y,p]) as
(T, 7)-varieties.

Example 3.2.4 (The case of affine toric varieties). Let (X, o) be an affine (T, 7)-toric variety,

where T = Spec(k[M]) (for instance a (T, 7)-torsor). Let wys be the weight cone of the T-

action on X. As we have seen in the proof Proposition 2.4.6 (or as we will see in the proof

of Theorem 3.2.3), there exists a map h : I' — Hom(wys N M, k") such that for all y € T

of Kwy N M| — Klwy N M]

¥
amX™ y(am)hv(ﬂ(m))xﬂ(m).



82 CHAPTER 3. ALTMANN-HAUSEN PRESENTATION

In this case, the generalized AH-datum (wn,Y,D,0y,h) is as follows: wy = wy, ¥ =
Spec(k), oy is the k-structure defined by « — Spec(7), D is trivial, and h is the map defined
above. Therefore, the Altman-Hausen presentation is given by wjs (that encodes the toric
T-variety X since k[X] & A[Y, D] = k[wys N M]), and by h (that encodes the k-structure o
on X compatible with 7).

Moreover, note that o (Xt) = X7 for all v € I, where X1 = T is the dense open orbit of the
toric k-variety X. Hence, o induces a k-structure o on Xt and (X, o7) is a (T, 7)-torsor
(see Remark 2.4.8 and Proposition 2.4.9). We get

or?, - k[M] — k[M]
amX"™ = Y(am)hy (T (m))XTW(m)-

Remark 3.2.5. If the complexity of the T-action is greater than zero, then

1

K0T = K(Y),

and the map h : T' — Hom(wy; N M, k(Y)*) encodes a torsor defined by

or  k(Y)[M] = k(Y)[M]

amX"™ = Y(am)hy (T (m))Xﬁ(m)-

3.2.2 Proof of Theorem 3.2.3
Toric downgrading

Given an effective action of a k-torus T on a normal affine k-variety X, Altmann and Hausen
indicate in [AHO06, §11] a recipe on how to determine a semi-projective variety Yx and a
pp-divisor Dx mentioned in Theorem 3.1.12. The idea is to embed T-equivariantly X into
a toric variety Aﬁ such that X intersects the dense open orbit of Aﬁ for the natural anﬁ—

action. They construct a normal semi-projective k-variety Y and a pp-divisor D describing
the T-action on Aﬁ. From these data, they obtain Yx and Dx describing the T-action on X.
In this section, we describe a T-equivariant embedding X < Ag that is also I'-
equivariant (Proposition 3.2.6), and we use this embedding to extend the Altmann-Hausen
presentation to the case of k-torus actions on affine k-varieties (Theorem 3.2.3).

Proposition 3.2.6 (Downgrading torus action). Let X be an affine k' -variety endowed with

an action of the d-dimensional k'-torus T = Spec(k’[M]). Let o be a k-structure on X, and

let T be a k-group structure on T. If the k-torus (T, T) acts effectively on (X, o), then there

erist n € Nyn > d such that:

(i) There is a k-group structure " on Gl that extends to a k-structure o on Al;

(i) (T,7) is a closed subgroup of (Gy, 1, 7'); and

(iit) (X,0) is a closed subvariety of (Af,,0") and (X,0) — (A}, 0’) is (T, 7)-equivariant.
Moreover, X intersects the dense open orbit of Ay, for the natural G}, ,,-action, and the
weight cone of Ay, is the weight cone of X. ’

Proof. Let kq/k be a finite Galois extension in k' that splits the k-torus (T, 7). We have a
tower of Galois extensions k C k; C k’. Let H := Gal(k’/k;). By the Galois correspondence
(see Theorem B.3.1), H is a normal subgroup of I' and I'/H = Gal(k; /k). The k-structure
o on X restricts to a kj-structure oy := o|g on X, and the k-group structure 7 on T
restricts to a kj-group structure 7 := 7|y on T. Let X; := X/H and Ty := T/H be the
associated kj-varieties (see Theorem 1.4.11). We obtain an induced k-structure o1 on X7 and
a k-group structure 7; on T; such that X;/Gal(k;/k) = X/T" and T;/Gal(k; /k) = T/I" (see
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Propositions 1.4.8 and 1.4.9). Moreover (T, 7;) acts on (X1, 01). Since k; is a splitting field
of T/T', T; & G" , , the H-action on M is trivial and k'[M] = ki[M] (see Remark 2.2.10).

mvkl )

(i) The algebra ki[X1] = k/[X]¥ is finitely generated, so we can write ki[X;] =
ki[g1,--.,gx] with g € ki[X1]\{0}. Since the split torus T; = Spec(k;[M]) acts on X,
the ki-algebra ki[X;] is M-graded, that is ki[X1] = @,,cr k1[X1]m. So, there exists ho-
mogeneous elements §; ; such that §; = gi1 + -+ + gir,- Note that ki[X;] is generated as
a kj-algebra by {gi,j,alﬁv(f]m) | v € Gal(k;/k)}. Moreover, by Lemma 2.3.6, an homoge-
neous element is sent to an homogeneous element by Ulﬁy for all v € Gal(k;/k). Hence,
we can assume there exists n € N and homogeneous elements g; of degree m; € M, such
that ki[X1] = kilg1,...,9s] and such that the set {g; | 1 < i < n} is stable under the
Gal(k; /k)-action o1* on ki[X1].

We obtain a I'-equivariant isomorphism k'[X]7 @y, k’ = k/[X], where the I'-action on
the left hand side is given by = +— algy ® v for all v € T', and where the T-action on k'[X] is
given by of (see Proposition 1.4.8). Therefore, we can write k'[X] = k'[g1, ..., gn], where the
set {g; | 1 <i < n} is stable under the I'-action oF.

Let v € T, let 7/ and let ¢’ be the maps induced by the semilinear maps 7/ ,ﬁy (xi) = zj,

and a/i(xi) = x;, where agy(gi) = gj. This induces a k-group structure 7’ on Gy, =
Spec(k/[zF!, ..., ) and a k-structure ¢’ on AP, = Spec(k/[z1, . . ., %))

r'n

(ii) The k’-algebra morphism

YKzt 2t = KM

n

;= X

is surjective since the T-action on X is effective. Since (T, 7) acts on (X, o), ¢ is I'-equivariant.
So, the k-algebra morphism ' : K[z, ..., 2" — K[M]" is well defined and surjective.

Hence, (T, 7) is a closed subgroup of (G ., 7).

m,k’

(iii) The k’-algebra morphism

o K[z1,..., 2] = K[X]]

i Gi
is surjective and induces a k’-algebra isomorphism k'[g1,...,9,] = K'[z1,...,2,]/a, with
a = Ker(¢). Moreover, the morphism ¢ is I'-equivariant. So, the k-algebra morphism
o' K[zy,.. ., 2,0 — K[X1]V is well defined and surjective. Hence, (X,0) is a closed

subvariety of (A, 0”).

Note that ¢ is T-equivariant, so the closed immersion X — A}, is T-equivariant.
Moreover, the comorphism of the T-action on Ay, is given by:

Kz, an] 5 KM@K [z, ..., 2]
i = X" @ .

Then, the following diagram commutes for all v € I":
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ot
n /J, n
o K'[A7] K'[M] @ k'[Ay]
| t

K'[A%)] : K [M] ® K'[A]]
¥ 3 id X @

® i td X
A K[X] - R > K'[M] ® K[X]

v %ot
K'[X] : K'[M] ® K'[X]
W

Hence, the morphism ¢ is (T, 7)-equivariant, so (X, o) is a closed subvariety of (A}, 0’), and
(X,0) = (A}, 0') is (T, 7)-equivariant.

Finally, note that for all « € {1,...,n}, z; ¢ a, hence X; intersects the dense open
orbit of Gy, /.

Let m € M such that k'[z1, ..., 2Zy]m # 0. Note that

/ 1.k k
Klxi,...,zn]m = @ k't -z
(k150 kn)EN? mi k14 +mpkn=m

Hence, since for all i € {1,...,n}, x; ¢ a, it follows that (k'[z1,...,zn]/a)m # 0, and the
weight cone of A7, is the weight cone of X. O

Example 3.2.7. We pursue Example 3.1.16. Consider the action of G%%(C on A} given
by (s,t) - (x,y,2) = (sz,ty,stz). The Weil restriction (G%L’C,TQ) acts on (A2, 0’), where

2
m,C»

clusion of (ng,(Cv T2) in (G%%(C, 7') given by (s,t) — (s,t, st), where 7/ is the R-group structure
defined by 7 = 75 x 79. We denote by M and M’ the character lattices of Gfmc and Gfmc
respectively. Then, we obtain the diagrams of Remark 2.2.11 with:

10 0 1 010
F:=10 1 —[-1 — Py 1= #i=11 0 0 -
L 1] P:i=[-1 -1 1] 2 L 0] L 0 1] Ay = [1]

A result from Artin

o'(x,y,2) = (y,7,%). The action of (G2, ~,72) on (A?,0’) comes from the I'-equivariant in-

The next lemma is another key ingredient used in the generalization of the Altmann-Hausen
construction over non closed fields.

Lemma 3.2.8. Let Y be a quasi-projective K -variety, let o be a k-strucure on'Y, and let
L :=Kk/(Y). Then, o induces a faithful T-action on L by field automorphisms, and /L' is a
Galois extension of absolute Galois group Gal(L/L') = T. Moreover, L' = k(Y/T).

Proof. (compare with [FJ05, Lemma 1.3.2]) Since Y is an integral scheme, for any I'-invariant
affine open subset U C Y, the ring Oy (U) is integral and L := k/(Y") = Frac(Oy (U)). Hence,
o induces a group homomorphism ¢ : I' = Auty (L), v+ ¢y = ag.

Let k;/k and let ko/k be finite Galois extensions in k’. Since there exists a finite
Galois extension ks/k that contains k; and ko [Sta, Lemmas OEXM and 09DT], we can
assume that ko/k is a finite Galois extension such that k C k; C ko C k'. By the
Galois correspondence (see Theorem B.3.1), Hy := Gal(k'/ke) is a normal subgroup of
H, := Gal(k’/k;). Consider the kj-variety Y7 := Y/H; and the ko-variety Y, := Y/H,.
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We have Y/I' = Y;/Gal(k;/k) = Y2/Gal(ke/k) (see Propositions 1.4.8 and 1.4.9). More-
over, since Gal(ky/ki) is a finite group?, then ki (Y;)%2l1/k) = y(Y,)G2lke/K)  Denote
K := ki(Y7)G1/%)  this field does not depend on the finite CGalois extension k;/k. By
[Lan02, Theorem 1.8 (Artin)|, the field extension k;(Y7)/K is a finite Galois extension of
Galois group Gal(k;(Y1)/K) = Gal(k; /k). Furthermore, the field L := k’(Y") is the union of
all above ky(Y1). Then (see [Sta, Lemma 0BU2)),

Gal(k'/k) = lim Gal (k;/k) = lim Gal (k;(Y;)/K) = Gal(L/K),

where the limits are over all finite Galois extension k; /k in k'. O

Proof of Theorem 3.2.3

Proof of the first item. Let (wy,Y,D,0y, h) be a generalized AH-datum over k. By Theorem
3.1.12 (1), X[Y, D] := Spec(A[Y, D]) is a normal affine k-variety endowed with a T-action, of
weight cone wy. This action is obtained from the following comorphism:

pf - A[Y, D] — k[M] ® A[Y, D]
fXm = X" @ [Xm.
We now construct a k-structure on X[Y, D] such that (T,7) acts on (X[Y,D],0xy,p))- Let
v € I'. By Condition (3.1), we obtain isomorphisms of A[Y, D]p-modules:
@y s HOY, Oy (D(m))) X — HOY, Oy (D7, (m))) X, ()
fXm = O-YE/(f)h’Y(%’Y(m))%?—y(m)
These isomorphisms collect into an isomorphism of A[Y, D]p-modules Omewy,nM¥m on the
direct sum A[Y, D]. By Condition (3.2), the latter isomorphism corresponds to a k-structure

ox[y,p] on X[Y,D]. Finally, (T,7) acts on (X[Y,D],0x[y,p)) since the following diagram
commutes for all v € I':

A[Y, D] a K[M] ® A[Y,D]
UﬁX[Y,DH l lﬁg ® Ug([Y,’D],Y
AY, D] : k[M] ® A[Y,D]

i

Proof of the second item.

e Step 0: Preliminaries.

Let (X,o0x) be a normal affine k-variety endowed with an effective (T, 7)-action. Let
wn be the weight cone of the T-action on X, and let wy = wy,;. From Lemma 2.3.6, for all
AS T, %W(WN) = WN-

Using Proposition 3.2.6, there exists n € N such that (T,7) is a closed subgroup of
(G:;&, ') and (X, ox) is a closed (T, 7)-equivariant subvariety of (Af, 7). So, let a be the ideal
of k[AfY] = k[z1, ..., zy] such that k[X] is (I' x T)-equivariantly isomorphic to k[A%]/a. We
write k[ X] = K[A%]/a. Let M’ be the character lattice of G}, ,, and let My be the sublattice
of M’ constructed in Remark 2.2.11. We have the commutative diagrams of Remark 2.2.11.

2If G is a finite group acting on an integral ring A by ring morphisms, then Frac(A) = Frac(A4)®. Indeed,

a . g-b
rac C Frac and since — = ————>"——— then Frac C Frac
Frac(AS) C Frac(A)€ and ‘Z Hli[ecﬁcb hen Frac(A4)¢ C Frac(AS
gEGg'
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0 N al N’ P Ny 0
| I |

0 N d N’ P Ny 0

0 My P M’ al M 0
P I

0 My P M’ al M 0

Recall that there always exists a section s* : M — M’ (see Lemma C.3.2), but not necessarily
a I'-equivariant one, and a cosection t* : M’ — My . These homomorphisms satisfy F* o s* =
Idy, t* o P* = Idp, and P*ot* = Idpy — s* o F*.

Since Frac(k[M']) = R(Aﬁ), the section s* induces a morphism

_ *
u:wMﬂM%k(Ag)

such that for all m € wyy N M, u(m) € K(Aﬁ)m
By Section 2.3.1, we can write

—_~—

klag] = D k]

mewpnNM

u(m) C k (AE)O [M],

m

where k[A],;, = E[Ag]mu(m), with R[Ag]m C k(AL)o.

Since for all i, z; ¢ a, for all m € wyr N M we have uyx(m) € k(X),,, where ux(m) is
obtained from the surjective morphism k[AZ] — k[X]. It follows a morphism ux : wy N M —
k(X)*. Hence we can write

EX]= @ EXln= @ EX]ux(m)CEX)M],

mewpn NM mewn NM

— —

where, for all m € wy N M, k[X],, = k[X],, ux(m) and k[X],, C k(X)o.

e Step 1: Altmann-Hausen quotient and divisors.

Let {eq,.. en} be the standard basis of N’. The cone in Ng of the toric variety Af
is Q%, and F* ( 0) = wn. Since the fan in Ni generated by {61, . en} is I-stable (for

7') and P is T- equlvarlant the fan Ay in (Ny)g generated by {P(e1),...,P(en)} is I-stable
(for 7y).

Let Y be the toric k-variety obtained from the fan Ay; it is a semi-projective variety
(see [CLS11, Proposition 7.2.9]). Since Ay is I-stable, the k-group structure 7y on Ty :=
Spec(k[My]) extends to an k-structure oy on Y by Proposition 2.4.9.

Let Yx be the closure of the image of X N G” — in Y by the surjective group homo-
morphism 7 : G” — —» Ty composed with the 1nclu51on Ty — Y. Since these morphisms are
I- equlvarlant the k-structure on Y restricts to an k-structure oy, on Yx. The normaliza-
tion Yx of Yy, with morphism v : Yx — Yy, is a semi-projective k-variety. Using universal
property of normalization (see [Har77, Exercise 3.8]) and the fact that v is an isomorphism
on a dense open subset of Yy (see [Sta, Lemma 0BXR]), there exists an k-structure oy, on

Yx that makes the following diagram commute for all v € I'
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- TYx -
Yx Yx
v i Ovx i v
Yx Yx.

For each ray of the fan Ay, we denote by v; its first lattice vector. To a ray spanned by v;
corresponds a toric divisor D,, on Y (see Appendix C.2).

By Proposition 3.1.19, the divisor D = Y, Ay, ® D,,, where Ay, := s(Q%, N P~ (v;)),
is an wy-pp-divisor on Y. Furthermore, we can pull back D on Yx and we obtain an wy-pp-
divisor Dy on Yy.

e Step 2: Isomorphisms k(Y) 2 k(Al)o and k(Yx) 2 k(X)o.
Observe that «f : k[My] — k[M']o is an isomorphism. Hence, 7* induces an isomor-
phism

Frac(k[My]) — Frac(k[M]o)

[ Yax™ T (f) _ > aix ()
g Ybix™ o wi(g) by m)

For all m € M, note that (F*)~(m) = s*(m)+Ker(F*). Hence, Frac(k[M'])g = Frac(k[M’]o).
Since Ty is a dense open subset of Y, we have k(Y) = k(Ty). Since G! - is a dense open
subset of A, we have Frac(k[M']) = R(Ag). Therefore, Frac(k[M'])y = K(Aﬁ)o. Finally, we
obtain a I'-equivariant isomorphism

¢ K(Y) —>§(A\§)O.
Moreover, the inclusion X < Aﬁ is T-equivariant, the variety Ty N Yx is affine and the

following diagram commutes

G" il Ty

m.k

1 |

anﬁﬁX—a»TyﬁYX:Tr(G;’&ﬁX).

Therefore the following diagram commutes

K[Ty] © k|Gr 7}0

| !

K[Ty NYx] %—»R[G"mx]o.

m,k

It follows an isomorphism k(Ty N Yx) — Frac(K[G%§ N X]o). Since,
Frac (K [Ghmx}o) =k (G ; mX)O, k(Yx) =K(Ty NYx), and k(X) =k (G" ;N X),

we obtain a I'-equivariant isomorphism k(Yx) = k(X ). Note that we have a I'-equivariant
isomorphism k(Yx) = k(Yx), therefore, the isomorphism

X 'k (}N/X> — R(X)O

is I'-equivariant.

e Step 3: Isomorphisms A[Y, D] = K[Aﬁ] and AlYx,Dx] = k[X].
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Let m € wy N M. Consider the polyhedron A(m) := (F*)~!(m) N Q%, C Mg and the
polyhedron Ay (m) :=t*(A(m)) C (My)g. Note that

—_—~—

K[Aﬁ]m — EB &Xm/_s*(m) _ @ KXP*(my) _ ( EB) kaY) .
NMy

m/eA(m)NM’ my €Ay (m)NMy my €Ay (m

It follows from Proposition C.2.2 and Lemma 3.1.20 that
H(Y,0v(Dm))= D k™.

my €Ay (m)NMy
Therefore, we obtain a graded algebra isomorphism
®: AlY,D] - k |AZ]
[ = p(fu(m).
Consider the morphism
dx : AlYx, Dx] — k(X)o[M]
fXm = ox(fux(m).

As in the proof of Theorem 3.1.12, the natural map ¥ : A[Y, D] — A[Yx, Dx] is a surjective
graded algebra morphism. Therefore, the image of ®x is contained in k[X], and we obtain a
graded algebra isomorphism

(I>X cA [?X,'Dx} — K[X]
fXm = ex(flux(m)

such that the following diagram commutes

A[Y, D] < ® k|az]

v |
~ Dy _
A [YX,DX} = s k[X].

o Step 4: Equality o3, (Dx(m)) = Dx(7(m)) + div(h(7(m))), for all m € wpr N M.
Let m € wpyy N M and let v € I'. Let

W (m) i O'PY (u (7’7_1(m)>> .

By Lemma 2.3.6,
ot (& 7] =k|az] .
v klz, (m) klm
vy
It follows that A (m) € E(Aﬁ)s, and we get a monoid morphism
W, rwy N M — R(Ag)g.

Moreover, note that hl . (m) = h’%(m)ag1 (L, (%Vfl(m))) for all y1,v2 € T.

Let v € T" and consider the monoid morphism
hy =@ ol twy N M = K(Y)"

We construct a k-structure on X[Y, D] from the k-structure o on Aﬁ using the following
commutative diagram
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A [Y’ D] f%m — 9071 (O-Py (So(f)) h’Y(%"/(m))) x?},(m)
Since ¢ is ['-equivariant, we have

o (0% () B (7 () ) = ovh () (7, (m).

Hence, the morphism

AlY, D] — A[Y, D]
fXm = UYFy(f)h'y(%w(m))%ﬂ(m)

induces a k-structure o’ on X[Y,D]. From this we deduce that, for all v € T,
oy5(D(m)) = D(7(m)) + divy (h(7y(m))). (3.3)

Moreover, hy,~,(m) = hy, (m)ayﬁ%(hw (%Wl_l(m))) for all 71,72 € I'. By the same reasoning,

we construct a k-structure o’ on X[Yy, D] from the following morphism
A {?X,'Dx} — A [Yx,lpx}
[Xm — O'YXi(f)hX(%'y(m))%ﬁ(m)a

where hy is obtained from h by the projection K[Aﬁ] —» k[X]. Thus we obtain, for all y € T,
0y (Dx(m)) = Dx (7(m)) + divy, (hxy (7(m)))

and, for all 71,72 €T, hx., 4, (m) = hx, (77’L)(f§~,xil(hXﬂ,2 (%71_1(171))).
Therefore, we get a generalized AH-datum (wy, Yy, Dx, O'Y/X,h x), and the k-structure

O x[¥y,Dy] COnstructed from this datum (see the proof of the first item) is exactly o”. There-
fore, (X,0x) = (X[Y, D], 0x}y,p)) as (T, 7)-varieties. O

Remark 3.2.9. The construction of the k-variety (X[Y,D],ox[y;p)) does not depend on
the choice of the cosection. Indeed, for j € {1,2}, let s; : N’ — N be two cosections, let
Dj :=Y; Al ®D,, be the two associated pp-divisors, and let h; : I' — Hom (w]VV N M, R(Y)*)
be the map constructed in Step 4. Note that for all m € M, (s7—s5)(m) € Ker(F*) = Im(P*),
thus there exists a lattice homomorphism sg : Ny — N such that s; — s = sgo P. Let
g : M — k(Y)* be the morphism defined by g(m) := x*0™. Let m € wy N M. Since
Al = so(v;) + AZ , we have :

Di(m) = Y (s5(m)|vi) @ Dy, + Da(m) = divy(g(m)) + Da(m).
Therefore the M-graded algebras A[Y, D;]| and A[Y, Ds] are isomorphic via:
A [Y, Dl] — A [Y, Dg]
[Xm = fg(m)Xo,.
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Moreover, since for all v € T,

ovi (g (771m))) oy (x(m)) (diy (Xp*oss(ﬁ‘l(m))))

g(m) x50

the following diagram commutes:

GX[Y,Dl]i
A[Y, D] A[Y, D] FXm = oy ()14 (7, (M) X (m)
gl ox[y,pz]i lg I I
A[Y, D] A[Y, D, Fg(m)Xm 1 avE (£g(m)has (7 (1) Xz, (m)

Hence, the k-varieties (X[Y, D1}, o x(y,;p,)) and (X[Y, Da], 0 x|y p,)) are (T, 7)-equivariantly
isomorphic.

3.2.3 Galois cohomology, torsors and Altmann-Hausen presentation

In the non-necessarily split version of the Altmann-Hausen construction (Theorem 3.2.3), a
cocycle h appears in the combinatorial presentation. We will see that Theorem 3.2.3 simplifies
(i.e we can take h = 1) if H.,,(I',G) = {1} (see Remark 3.2.2).

cont

Proposition 3.2.10. Let k be a field, let T = Spec(k|[M]) be a k-torus, and let T be a k-
group structure on T. Let (X,0) be a normal affine variety endowed with an effective action
of (T, 7). Let (Y,oy) be the k-variety of Theorem 3.2.5. If H., (T, G) = {1} (see Remark
3.2.2), then there exists an wyn-pp divisor D on'Y such that

Vm € wy N M,Vy €T, oy (D(m)) = D(7,(m)),
and such that the varieties (X,0) and (X[Y, D], ox(y,p)) are (T, 7)-equivariantly isomorphic.

Proof. By Theorem 3.2.3, there exists a generalized AH-datum (wy,Y, D, oy, h) such that
the varieties (X, 0x) and (X[Y,D'], 0x(y,p) are (T, 7)-equivariantly isomorphic.
Since H! . ,(T', G) = {1}, the trivial cocycle is equivalent to h, so there exists g € G such that

ha(m) = g~ (m)ovh (g(7(m))).
Let m € wy N M and y € T, then
oy%(D(m)) = D(7y(m)) + divy (hy(7y(m))) = D(Fy(m)) + oy divy (g9(m)) — divy (9(7y(m)))
<= oy} (D(m) — divy(g(m))) = D(7(m)) — divy (9(7(m))).
So, if D' is the pp-divisor defined by
D'(m) = D(m) — divy(g(m)),

then oy (D'(m)) = D'(7,(m)), and the M-graded algebras A[Y, D] and A[Y,D'] are isomor-
phic with respect to Ugf[YD} and ag([YD,]. Hence the varieties (X, ox) and (X[Y, D], ox(y,p1)
are (T, 7)-equivariantly isomorphic. O
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Quasi-trivial k-tori have no non-trivial torsors (see Proposition 2.3.19). Therefore,
the Altmann-Hausen presentation simplifies for quasi-trivial k-torus actions on normal affine
varieties.

Proposition 3.2.11 (Quasi-trivial torus actions on normal affine varieties over arbitrary

fields). Letk be a field, and denote I' := Gal(k/k). Let (T = Spec(k[M]),T) be a quasi-trivial

k-torus.

(i) Let (wn,Y,D,oy,h = 1) be a generalized AH-datum over k. Then the affine T-variety
X[Y, D] admits a k-structure o x[yp) such that (T, ) acts effectively on (XY, D], 0 x[y,p))-

(ii) Let (X,0) be a normal affine k-variety endowed with an effective (T, T)-action. Then
there exists a generalized AH-datum (wn,Y,D,oy,h = 1) such that there is an isomor-
phism of (T, 7)-varieties (X,0) = (X[Y, D], ox1yp))-

Proof. If (T, 7) is a quasi-trivial k-torus acting on a normal affine variety, then the K-torus
(T, ) is still quasi-trivial (see Remark 3.2.2). Therefore, H.,,,,(T,G) = {1}. Conversely,
let (wy,Y,D,0y,h = 1) be a generalized AH-datum over k. Then, one can easily shows
that the affine T-variety X[Y,D] admits a k-structure ox[yp such that (T,7) acts on

(X[Y, D], 0x1y,p)) (see the proof of the first item of Theorem 3.2.3). O

Remark 3.2.12. In the C/R case, this simplification is always possible when the acting
torus is quasi-trivial, that is it has no S!-factors ([Gil22a, Lemma 4.12]). Recall that any real
torus is isomorphic to a torus of the form G;'p x (ShHm x R(E?R(Gm,tc), with ng,n1,n2 € N
(see Proposition 4.1.2).

3.2.4 Split k-torus actions

A consequence of Hilbert’s 90 Theorem (see Theorem 2.3.18) on Theorem 3.2.3, and on Propo-
sition 3.2.11, is that the Altmann-Hausen presentation of [AHO06] extends mutatis mutandis
to split torus action on normal affine varieties over an arbitrary field.

Proposition 3.2.13 (Split torus actions on normal affine varieties over arbitrary fields). Let

k be a field, and let T = Spec(k[M]) be a split k-torus.

(i) Let (wn,Y,D) be an AH-datum over k. The affine scheme X[Y, D] := Spec(A[Y,D]) is
a normal k-variety endowed with an effective T-action.

(ii) Let X be an affine normal k-variety endowed with an effective T-action. There exists
an AH-datum (wpn,Y,D) over k such that there is an isomorphism of T-varieties X =

X[, D).

Proof. Let T := 79 be the natural k-structure on Ty = Spec(k[M]) (see Example 2.2.9).
Recall that 7, = idys for all v € I" := Gal(k/k). The idea of the proof is to show that, in our
setting, a generalized AH-datum (wy,Y’, D', 0y, h = 1) over k corresponds to an AH-datum
(wn, Y, D) over k.

(1) Let oy be the natural k-structure on Y. Then (wy, Y3, Dy) is an AH-datum such
that oy’ (Dg(m)) = Dg(m) for all v € T and for all m € wy; N M. By Theorem 3.2.3, there
exists a k-structure ox_y. p on Xi[Y;, Dy such that (T, 7) acts on (Xi[Yi, Dyl, 0 X@{y@pﬁ]).
By construction of o X.[vz,D]> observe that X [Y, D] corresponds to (Xi[Y;, Dyl, 0 Xﬂy@D@]) (see
Remark 3.2.2).

(2) Let o be the natural k-structure on Xj. Since (T, 7) acts on (X, o), by Theorem
3.2.3, there exists a generalized AH-datum (wy, Y, D, oy, h) such that there is an isomorphism
of (T, 7)-varieties (X, 0) = (Xi[Y, D],Jxﬂyﬂp]). Let Yy := Y/I" and let L := k(Y). By
Remark 3.2.2 and by Theorem 2.3.18, H} (', G) = {1}, where G := Hom, (M, L*). Then,

by Corollary 3.2.10, there exists an wy-pp divisor D’ on Y such that, oy (D'(m)) = D'(m)
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for all v € T" and for all m € wX[ N M. Therefore we obtain a divisor Dy on the k-variety Yj
(see [Man86, Lemma 21.8.1]). Moreover, X [Yy, Dy] corresponds to (Xi[Y, D], O'Xﬁ[y’p}). O

Proposition 3.2.13 has a consequence on Theorem 3.2.3: we can replace the infinite
Galois extension k/k by any finite Galois extension that splits the acting torus.

Corollary 3.2.14 (Torus actions on normal affine varieties over arbitrary fields). Let k'/k

be a finite Galois extension of Galois group T'. Let (T = Spec(k'[M]),T) be a k-torus that

splits over k’.

(i) Let (wn,Y,D,oy,h) be a generalized AH-datum over k. Then the affine T-variety
X[Y, D] admits a k-structure o x[y,p) such that (T, ) acts effectively on (X[Y, D], 0 xy,p))-

(ii) Let (X,0) be a normal affine k-variety endowed with an effective (T, T)-action. Then
there exists a generalized AH-datum (wy,Y, D, oy, h) such that there is an isomorphism
of (T, 7)-varieties (X,0) = (X[Y,D],o0x[y.p))-

Proof. In the proof of Theorem 3.2.3, we use the Altmann-Hausen presentation over an
algebraically closed field given in [AH06] combined with a toric downgrading (see Proposition
3.2.6). By Proposition 3.2.13, this presentation extends over any field. Hence, combining
Proposition 3.2.13 together with Proposition 3.2.6, we obtain the desired result. O

By Corollary 3.2.14, we obtain an effective method to compute an AH-datum of a T-
action on a k-variety X. We consider a finite Galois extension k’/k that splits 7. Then, we
determine an AH-datum for the Tjs-action on Xy using a Gal(k’/k)-equivariant embedding
Xy in some Ay, (Proposition 3.2.6) and then we deduce an AH-datum for the T action on a
X.

Remark 3.2.15. Corollary 3.2.14 generalizes a result of Langlois (see [Lan15, Theorem 5.10]
and [Lan21]) that focuses on k-torus actions of complexity one, where k is an arbitrary field.
Indeed, the geometrico-combinatorial presentation described in [Lanl5] is over a splitting
field k' of the k-torus (so k’/k is a finite Galois extension).

3.2.5 Functoriality

Theorem 3.2.3 establishes correspondences between affine k-varieties endowed with a k-torus
action and triples (Y, D, h). In this section, we focus on this correspondence. In general, there
is no one-to-one correspondence between (T, 7)-varieties and triples (Y, D, h); see [AHO6,
Section 8] for a precise statement. However, Altmann and Hausen define the notion of
minimal pp-divisor in [AHO06, Section 8] that leads us to the following result. Recall that
divisors constructed as in the proof of Theorem 3.2.3 are minimal.

Theorem 3.2.16. Let (T = Spec (k'[M]),7) be a k-torus. Let wy C Ng (resp. wiy C
Ng) be a pointed cone, let (Y,oy) (resp. (Y',0%)) be a normal semi projective k-variety,
D be a minimal proper wy-polyhedral divisor on 'Y (resp. D' be a minimal proper wjy-
polyhedral divisor on'Y') and h : T' — Hom (wy, N M, K (Y)*) satisfying conditions (3.1) and
(3.2) of Theorem 3.2.3. (resp. h' : ' — Hom (w?vv N M, k’(Y’)*)). The affine k-varieties

(X Y, D], O'X[KD]) and (X Y', D', O'XD//"D/}) are (T, 7)-isomorphic if and only if the following
holds:
(i) there exists a k-isomorphism ¢ : (Y,oy) — (Y, 0%);
(it) there exists a lattice automorphism L : N — N such that L(wy) = wly, and such that,
forallyel', Lo%, =17y0L;
(iii) there exists a monoid morphism g : w N M — kK'(Y);
(iv) for all m € Wi, N M, *(D'(m)) = D(L*(m)) + divy (g(m));
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§ (ol ny
(v) forallm € wy;NM andVvy €T, va(gg(]z;;) (m))) = ZVEZZEZ?) (i.e the cocycles defined

by hyo L and Yo hfy are equivalent).

Proof. By Theorem 3.1.21, the affine k-varieties X[Y,D] and X[Y’,D'] are T-isomorphic if
and only if the following holds:
(i) there exists an isomorphism ¢ : Y — Y’;
(ii) there exists a lattice automorphism L : N — N such that L(wy) = wiy;
(ili) there exists a monoid morphism g: M — k/(Y);
(iv) for all m € w); N M, *(D'(m)) = D(L*(m)) + divy (g(m));
The morphisms ¢ and L induce a T-equivariant isomorphism of graded algebras:

U AlY', D] = A[Y, D], fXm — ¥*(f)g(m)Xpe(m).

Therefore the following diagram commutes for all v € I' if and only if the conditions of
Theorem 3.2.16 are fulfilled.

AV, D] —Y Ay D]
ovt! | ovt
A, D] —Y Ay, D]







Chapter 4

Altmann-Hausen presentation:
some specific cases

In this chapter, which is based on the above with simplifying assumptions, we focus on
the Altmann-Hausen presentation over R, and then on affine varieties endowed with a two-
dimensional torus action.

To extend the Altmann-Hausen presentation to the real setting, we use the language
of R-structures on algebraic C-varieties. It is a particular case of Definition 1.2.1 where
k'=C,k =R, and I" = Z/2Z (see Remark 1.2.3). Recall that an R-structure on an algebraic
C-variety X is an involution of R-schemes o on X such that the following diagram commutes

X z X
l Spec(z — z) J
Spec(C) Spec(C).

An R-morphism between two C-varieties X and X’ endowed with R-structures o and ¢’ is a
morphism of C-varieties f : X — X’ such that ¢’ o f = f oo. An R-group structure 7 on a
complex algebraic group G is an R-structure on G such that the multiplication G x G — G,
the inverse G — G and the unity Spec(C) — G are R-morphisms. Let us note that an R-
group structure 7 on a complex torus T corresponds to a lattice involution 7 on its character
lattice Homg, (T, G;,c) = M.

There is an equivalence of categories between the category of quasi-projective algebraic
R-varieties (resp. real algebraic groups) and the category of quasi-projective algebraic C-
varieties endowed with an R-structure (resp. complex algebraic groups endowed with an
R-group structure); see Theorem 1.4.1 with k' = C and k = R. Therefore we will often write
(X, 0) to refer to an algebraic R-variety and (G, 7) to refer to a real algebraic group.

The present chapter focuses on real torus actions on normal affine R-varieties and on
two-dimensional torus actions. The main result of Section 4.1 (see Corollary 4.1.6) gives a
presentation of real torus actions in the language of [AHO06] extended to affine C-varieties
with R-structures.

Section 4.2 focuses on two-dimensional torus action over arbitrary fields. Tori of di-
mension n over an arbitrary field k are related to the conjugacy classes of finite subgroups of
GL,(Z). Therefore, a one-dimensional k-torus, up to isomorphism, is either a split k-torus or
a norm one k-torus (see Definition 2.2.21). For instance, if k = R, the norm one R-torus is S*.
The classification of the conjugacy classes of finite subgroups of GLo(Z) is well known and
there is an explicit description of two-dimensional k-tori given by Voskresenski in [Vos65] (see

95
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Proposition 4.2.4). Based on this classification, there is a complete description of the Galois
cohomology set that classifies torsors appearing in Theorem 3.2.3 in [ELFST14, Theorems
5.3 & 5.5] (see Theorem 4.2.7). Furthermore, using birational geometry tools for surfaces, we
give in Section 4.2.3 a method that can help to determine if a torsor is trivial or not. More
exactly, we relate the torsor encoded by the cocycle h appearing in the Altmann-Hausen
presentation to a certain Del Pezzo surface.

4.1 Altmann-Hausen presentation over R and examples

In this section, we focus on the case where k' = C and k = R. The Galois group I is
isomorphic to Z/27Z.

4.1.1 Real tori and torsors
Results

The torus G,, ¢ has two non-isomorphic R-forms: the real split torus G,,, g and the real circle
St := Spec (R[z,y]/ (2% + y*> — 1)). Since Auty (G, c) = {id, —id}, the equivalence class of
an R-group structure on G,,c has only one element. So, the R-group structures on G, ¢
associated to G,, g and S! are respectively

T:iz—2z and T :zez L
The group structure on S! is given by
(z,y) - (2',y) = (2" —yy/, 2/ + ya').
Recall that St is isomorphic to SO3(R) (see [DL18, §1.2]). The Weil restriction of G, ¢ is
Re/r(Gm,c) == Spec (R[z1,y1, 22, y2] /(T1y1 — T2y2 — 1, 22y1 + 71%2)) -
It is an R-form of an,(c. An R-group structure on Gfmc associated to Re/r(Gm,c) is
7o (z,w) — (W, Z).

The group structure on Re /(G c) is given by

(21, Y1, T2, y2) - (27, Y1, 5, ys) = (12) — Taxh, Y1y] — Y2uh, T1Th + T2T, Y1Y5 + Y2yl ).

~

By abuse, we call Weil restriction any R-torus isomorphic to R¢/r (G, c). Here, Auth(Gfmc) =
GLy(Z), so the equivalence class of an R-group structure on G?n,c has infinitely many ele-
ments. For instance

o (z,w) = (@ Lz Y and 7 (z,w) e~ (Z 'w,w)
are R-group structures equivalent to 79.

Example 4.1.1. Consider the cone

o[ 1)

in Ng = Q2. There are no R-group structure 7 equivalent to 7o such that #(wy) = wy, so
we cannot endow X, with an R-structure compatible with a R /g (G, c)-action.
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The following result, which describes R-forms of Gy,  in the category of groups, is
proved in the next paragraph.

Proposition 4.1.2 (Classification of R-group structures on Gy, ¢, [MJT21, Proposition 1.5]).
Let n € N*. Then, an R-group structure on Gy, ¢ is equivalent to exactly one R-group
structure of the form

7_0><n0 X 7_1><n1 X 7_2><n27
with ng +n1 + 2ne = n. That is, any n-dimensional R-torus is isomorphic to a torus of the
form

Gg % (81)" % REZR (G 0)-

We focus know on R-forms of Gy, - in the category of varieties. If V' is an R-form of
G then by Corollary 2.3.16 there exists an n-dimensional R-torus 7' such that V is a

m,C»
T-torsor. For instance, S' has a non-trivial torsor, namely

Spec(R[z,y]/(2® + 4% +1)).

The corresponding R-structure is
1

o1:2+— —Z .
Proposition 4.1.3 (Classification of R-structures on G, ¢, [MJT21, Remark 1.6]). Let n €
N*. Then, an R-structure on Gy, ¢ is equivalent to ezactly one real structure of the form

Xno Xn1 Xn—1 Xno
To X T X 0q X To s

with ng +n1+n_1+2n9 =n

Proof. Let (G, ¢c,0) be an R-form of Gy, ¢ in the category of varieties. Then, by Corollary
2.3.16, there exits an n-dimensional R-torus (G"WC,T) such that ( ?mc,a) is a (G%@,T)—
torsor. By Proposition 4.1.2, we can assume that

/
X X xXn
T=7"" X Ty X T Y,

where ng + 2n2 + nf = n. Note that (G102, 7™ x 75™2) is a quasi-trivial R-torus. Hence,
it has no non-trivial torsor (see Proposition 2.3.19). Then, by Proposition 2.3.21 and by

Remark 2.3.14, (GE’C,Tlxnl)—tOI'SOI‘S are, up to isomorphism, (G:LH{C,TIXM X len_l)7 where
ni1 +n_1 =n} (see also Example 4.1.14). Therefore, we obtain the desired result. O

Proof of Proposition 4.1.2

The proof of Proposition 4.1.2 is based on the following Lemma.

Lemma 4.1.4. The conjugacy classes of order 2 elements in GL,(Z) are exactly represented
by diagonal block matrices

. 01 01
dlag(1,...,1,—1,...,—1,l1 O]’”"[l 0])

Proof. This proof is due to Lucy Moser-Jauslin. Let C be one of the conjugacy classes of
GL,(Q) of elements of order 2 and let Cp := GL,(Z) N C. We consider the action of GL,(Z)
on Cy and we want to study the GL,(Z)-conjugacy classes. Note that any element of C
is diagonalizable by matrices in GL,(Q), and the only eigenvalues are -1 and 1 since the
polynomial X2 —1 = (X — 1)(X + 1) canceled any matrices in C. Moreover, if M € C, there
exists integers r and s such that the characteristic polynomial of M is xp; = (X —1)"(X +1)%,
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with r+s = n, and if N is another matrix in C, x5y = xas since M and N are conjugate. Hence
C = C(r) is the set of diagonalizable matrices with characteristic polynomial (X —1)"(X +1)*
with 7+ s = n. Let d := min(r, s). We will prove that Co(r) has d + 1 orbits under the action
of GL,,(Z) and each one is represented by an element of the form

I, A
0 —I|

I, 0O
0 0|

and k is an integer satisfying 0 < k < d. Then, note that by simply exchanging lines and
columns, this matrix is similar over Z to a diagonal block matrix, where the blocks consist
of k 2 x 2 blocks of the form

1 1

0 —1|’

and r — k blocks (1), and s — k blocks (—1). Note that one can also replace the 2 x 2 blocks

by

0 1

1 oy
since they are conjugate in GLo(Z).

We prove this result in several steps. First, we show that any matrix M € Cy(r) can
be triangulized over Z where the diagonal is of the form diag(1,...,1,—1,...,—1). We prove
this by induction on r:

P(r') =" for alln’ > 1/, for all M € GL,/(Z) diagonalizable in GL,/(Q) such that xp =
(X —1)" (X +1)% and ' + s =n', M is triangulizable over GL,(Z)".

For ' = 0, it’s true because in this case Cy(0) has only one element : —1I,,. Let ' > 0 and
assume P(r') is true. Let n’ > ' + 1 and M € GL,/(Z) diagonalizable in GL,;(Q) such that
xm = (X —1)"tH(X +1)* and ' + 1 + s’ = n’. There exists an eigenvector v € Z" such
that Mv = v, and the coefficients of v in Z are globally relatively prime. We can complete
{v} to a basis of the lattice Z". Let P be the transition matrix from this new basis to the
initial one (P € GL,/(Z)), and let M’ = P~1MP. We have

1
1
with N € GLy_1(Z), n' =1 > 7/, xy = (X =1)" (X +1)* and +’ + s = n’ — 1. By induction,
N is triangulizable over Z, hence M is also triangulizable over Z and the property is true.

Now, Let M € Co(r). Since M is triangulizable and satisfies M? = I,,, then M is conjugate
in GL,(Z) to

where A, is a matrix of the form

MI:[IT 317

0 —I

for some matrix B € M, 4(Z). Using Smith’s normal form theorem, there exist two matrices
N, € GL,(Z) and Ns € GL4(Z), an integer k satisfying 0 < k < d, and integers {01,...,0}
satisfying 0;|d;41 for all 1 <14 < k — 1 such that

01 0 0
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Note that by conjugating M; with

N, 0
0 Ng|’
the matrix M is conjugate in GL,(Z) to
[, N.BN7
e[ ¥

Now, note that if §; is even, then all §; are even for ¢ > j. By conjugating with appropriate
matrices, we will cancel the §; for ¢ > j and transform the others into 1. To do this, note
that for an arbitrary matrix R € M, 4(Z), after conjugating the matrix My by

I, R
0 I’
we obtain
I, N.BN;!'+2R
0 I, '

Hence, the matrix M is conjugate in GL,(Z) to

I, Ag

0 —I|
Finally, we have to show that two of the d+ 1 matrices that we constructed are not conjugate
in GL,,(Z). One way to do this is to consider the matrices in Z/2Z. If they were conjugate

over Z, they would be conjugate over Z/27Z. However, they have different Jordan normal
form. O

Proof of Proposition 4.1.2. All R-group structures given in the proposition are inequivalent
because their real loci are

(R7)™ % (8™ x (R*\{(0,0)})"

which are pairwise non-diffeomorphic.
Conversely, let 7 be an R-group structure, there exists ¢ € Auty, (Gﬁ%c) such that

Xn

T=o(mn)

Note that all group automorphisms commute with (79)*"™, so 7 is an involution if and only if
¢ is an involution. Let (g represent the conjugacy class of ¢. Then ¢ = 1) 0 g 0 ™!, with
Y € Auty, (G, ). Hence

Y loToyh=pgo(m)"

Moreover, the real group structure 7/ = 1~ o 7 0 1) is equivalent to 7. Finally, recall that
conjugacy classes of order 2 elements in GL,(Z) are exactly represented by block diagonal

matrices of the form
. 01 0 1
dlag(1,...,1,—1,...,—1,l1 O]’”"[l O])

Each block corresponds respectively to 79, 71, and 7. O
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4.1.2 Altmann-Hausen presentation over R

We present the main theorical results of [Gil22a] concerning the presentation of affine R-
varieties endowed with real torus actions. It is a particular case of Theorem 3.2.3. This
section is based on [Gil22a, §5].

The next definition is a translation of Definition 3.2.1 to the context of the C/R descent.

Definition 4.1.5 (Generalized AH-datum). Let T = Spec(C[M]) be a C-torus and let 7 be
an R-group structure on T. A generalized AH-datum (wy,Y, D, oy, h) over C is an AH-datum
(wn, Y, D) over C such that wy is stable under the I'-action induced by 7, and together with
an R-structure oy on Y and with a monoid morphism & : wy, N M — C(Y)* such that

Vmew NM  oy*(D(m)) =D(F(m)) +divy (h(F(m))), and (4.1)
Vm € wy; N M, h(m)oy* (h (7’71(m))) =1. (4.2)

The next result is a direct corollary of Theorem 3.2.3. See also [Gil22a] for a self-
contained proof in the context of the C/R-descent.

Corollary 4.1.6. Let (T = Spec(C[M], ) be a real torus.

(i) Let (wn,Y,D,oy,h) be a generalized AH-datum over the field C, then there exists an
R-structure o x[y,p) on the normal affine variety X[Y, D] such that (T, T) acts effectively
on (X[Y,D],0x[yp])-

(i) Let (X,0x) be a normal affine R-variety endowed with an effective (T, T)-action. There
exists a generalized AH-datum (wn,Y,D,oy,h) over C such that the affine varieties
(X,0x) and (X[Y,D],oxv,p)) are (T, T)-equivariantly isomorphic.

In the case where the R-torus 7T is quasi-split (i.e 7' has no S'-factors), our presentation
simplifies. Indeed, if (X, o) is endowed with a T-action and if (Y, oy ) is the variety mentioned
in Corollary 4.1.6, we see in Proposition 3.2.11 that there exists a proper polyhedral divisor D
on Y such that o5 (D(m)) = D(7(m)) for all m € wN M; i.e we can take h = 1. On the other
hand, this simplification is not always possible for S'-actions: see Section 4.1.5 for details
and examples. In this case we recover the presentation for S'-actions given by Dubouloz and
Liendo in [DL18].

Recall that we gave an explicit method to compute an AH-datum of an affine variety

endowed with a torus action. This method is based on an equivariant embedding, see Propo-

sition 3.2.6. In the case where R¢/r(Gim,c) is a subtorus of a real torus (G, ¢, 7'), we have

the following result.

Lemma 4.1.7. Let ((Gwzr'i(C = Spec(C[M]), 75 %) be a subtorus of (G}, o = Spec(C[M']),7").

Then, there exists a I -equivariant section s* : M — M’ (i.e. F*os* = id and 7'0s* = s*or,'?).

Proof. The Galois group I' = {id, v} acts on M via 757, so M is a I-module. We have the
following short exact sequences of Z[I']-modules:

0— My 2 s pmr—s 0.
Note that we have an isomorphism of Z[I']-module:

M — Z[1)?
(B1y 01, kg bg) = (Rix ™ + 1x 7, KX 4 LX)

Hence M is free Z[I'|-module of rank ¢, so it is a projective Z[I'|-module. By [Eis95, Proposi-
tion A3.1], there exists a morphism s* : M — M’ of Z[I']-module such that F*os* =idy;. O
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Remark 4.1.8.
i) The interpretation of Lemma 4.1.7 is : (G" ~,7") = Re/r(Gp.c)? x T, where T" is a real
m,(C / )
torus of dimension n — 2q.
(ii) For G, r-actions, the Z[I']-module M = Z, with I'-action given by 7y = id, is not a
projective Z[I']-module. Indeed, we have a I'-equivariant isomorphism

M — Z[I/(x7), m— [mxid +mx"].

(iii) For S'-actions, the Z[[']-module M = Z, with T'-action given by ¥ = —id, is not a
projective Z[I']-module. Indeed, we have a I'-equivariant isomorphism

M = ZIT/(x7), m e [mx'+ (=m)x"].

Example 4.1.9 (See Lemma 2.2.25). The real tori G,, g and S' are real subtori of R /g (G c).-
The inclusion are given by:

(Gm,c,70) = (G cim2), tr (t,t) and (G, 1) — (Gho,T2), t e (8, E71).

We obtain the diagrams of Remark 2.2.11 with M’ = Z2, M = Z, My = Z, F* = [1,1] and
P* =[1,-1] for Gy, g, and F* = [1,—1] and P* = [1,1] for S. In these two cases, there does
not exist a I'-equivariant section since 7 is not equivalent to 71 X 7.

Example 4.1.10. Consider a Rg/r(Gm,c)?-variety Z, and an equivariant embedding as in
Proposition 3.2.6. Let (wy,Y, D, oy, h) be a generalized AH-datum describing the R¢ /g (G, )?-
variety Z. By Lemma 4.1.7, there exists a ['-equivariant section, then, by construction of h,
we can take h = 1.

4.1.3 Split R-torus actions on normal affine R-varieties

We give examples of actions of the split R-torus G},  on affine R-varieties (see Proposition

3.2.13). By definition, a Gj, z-action on an R-variety (X,0x) is an action of the R-torus
(Ghcmo ™) on (X, 0x).

Example 4.1.11 (See Example E.2.1 for more details on the construction of an AH-datum).
In the case of a G,, r-action, the sequence obtained from the inclusion (X,0) < (AZ,o’) of
Proposition 3.2.6 does not always have a I'-equivariant section. Indeed, consider the affine
variety (A%, o), where o(z,y) = (y,Z). This variety is Re/r(Ac) = Af (see Example A.7.4;
one can also show that o is equivalent to o¢ : (u,v) — (u,v), via the change of variables
¢ (u,v) = (u+iv,u —iv)).

Note that the torus (G, c,70) acts on (A%,0) by t - (z,y) = (tx,ty). Then, we have the
following split short exact sequence (see Example 4.1.9)

1 G Gl.c G 1,

) )

with G,,,,c — an?(c,t — (t,t) and an,(c — G, (s,t) — s/t. We obtain the diagrams of Re-
mark 2.2.11 with M’ = Z?, M = Z, My = 7, and with the following lattice homomorphisms:

Fr=1 1] P [_111; o= l(l) (1)]; 7y = [-1]; 7=1].

We can show that there is no I'-equivariant section s* : M — Z2. Indeed, note that if such a
section exists, we obtain G, X S' 2 Re/r(Gp,c), which is false (see Proposition 4.1.2).

Let
S* Py— 0 .
=1

it is a section. Then, an Altmann-Hausen presentation of the G,, g-action on (AZ,0) is (we
refer to the proof of Theorem 3.2.3 for details, particularly for the relation between s and h)
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1

.wN::on; & Oy VTV
e D:=[1,+o0[®{oc0};
o V =P = AL U {oc}; e h:=w=u/y.

Now we give a (I' X Gy, c)-equivariant inclusion (X,0) < (Ag,0’) that admits a I'-
equivariant section. First, note that A% 2 Spec(Clz,y, 2]/(z+y—2)) C A2, where the closed
embedding is given by

AZ = ALY (2,9) = (2, y,2 +y).

Consider the action of G, ¢ on A2 defined by t-(z,y,z) = (tz,ty,tz). This action is obtained
from the inclusion

Gm,c = G o, t (E,1,2).

Consider the R-group structure on ng,(c defined by o'(t1,t2,t3) = (t2,t1,t3). The closed
immersion A% 2 Spec(Clz,y,2]/(x +y — 2)) C A is (T’ X G, c)-equivariant. We obtain the
diagrams of Remark 2.2.11 with M’ = Z3, M = 7Z, My = 7Z?, and with the following lattice
homomorphisms:

1 0 0
-1 -1 1
i 010 ) 0 1
T/ = 1 0 O 3 Ty = 1 0 .
0 01

The section s* is I'-equivariant. An Altmann-Hausen presentation of the G,, r-action on
(A2, 0’) is given by:

o wy = Qxo;

o YV :=P? =U; UUyUUs, where

Uy = Spec(Clvy,w1]), Us = Spec(Clva, we]), and Us = Spec(Clvs, ws)),

with gluing morphism obtained from (vy = z/z,w; = y/2), (v2 = y/x,wy = z/x) and
(vs = 2/y, w3 = z/y);
e oy is the R-structure exchanging = and y and fixing z;
e D:=[1,+0c0[®D, where D]Ul =0, D]U2 = {we =0} and D|U3 = {v3 = 0}; and
e h:=1.
We deduce from this an Altmann-Hausen presentation of the G,,, g-action on (Spec(Clz, y, 2] /(z+
y—2)),0") (we refer to the proof of Theorem 3.2.3 for details):
o wnx = wn = Qxp;
o Vx =Ui1x UUsx UUsx = Pl, where

Ui x = Spec(Clvy, w1]/(v1 + w1 — 1)),
Us x = Spec(Clvg, wa))/(ve — wa + 1),
U3X = Spec((C[vg,wg]/(vg — w3 — 1)),

® Oy, = O'y|X;
e Dy := [1,+00[®D, where D|;, =0, D[, = {(1,0)} and D|,, = {(0,1)}; and
] hX = 1.
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4.1.4 Welil restriction actions on normal affine R-varieties

By definition, an R¢/r(Gm,c)-action on an R-algebraic variety (X,ox) is an action of the
R-torus (Gy,c,72) on (X,0x). We give examples of R¢/g(Gn c)-actions on an R-algebraic
variety (see Proposition 3.2.11).

Example 4.1.12. The sequences of Example 3.2.7 admit a I'-equivariant section s : N’ — N

defined by
o 1 00 .
010

An Altmann-Hausen presentation of the (Gfmc, 9)-action on (A2, o’) is given by
(Y’ UY’ D7 h)?

where (see Example 3.1.14):
® WN = Q2>o§

o V=Pl =ALU{oo};

e oy is the complex conjugation on the coordinates;
e D:=A®{oo}; and

e h:=1.

Example 4.1.13. Consider the hypersurface X of A} := Spec(Clx1, x2, 73, 74]) defined by
r1x3 = Tox4. The torus G?mc acts on AL by (s,t) - (w1, 22, T3, 24) = (871, tx9, st273, s%t24).
Since the polynomial 123 — x4 is homogeneous, G?n,(c acts on X. Let o/ be the R-structure
on Aflc defined by o' (1, x9, 3, 24) = (T3, 71, T1,Z3) and let o be the induced R-structure on
X. Then, the real torus ((G%C,TQ) acts on (A, 0’) and on (X, o).

Consider the immersion T := G?n’(c — Gﬁ%c, (s,t) > (s,t,5t%,5%t). We denote Ty :=

G%C/’]T. We denote T = Spec(C[M]), G?n,((: = Spec(C[M']), and Ty = Spec(C[My]). Then,
we have the split short exact sequences of Remark 2.2.11 with

-1 -9 0100

. [to1 2 . =2 -1l 1000 .~ Jo1

F‘[o121]’P_10’ 1o o0 0 1| Y_T'_ll()]
0 1 0010

Note that the section s : N’ — N, defined by

o 1 000
101 0 0]’
is I'-equivariant. Let Y be the toric variety defined by the following fan obtained from P.

1%2

lv1

vy P2}

Since this fan is stable under the lattice involution 7y, the R-group structure 7y extends to
an R-structure oy on Y (see Proposition 2.4.9). Let D be the divisor defined in Example
3.1.8, where D, ..., D, are the toric divisors obtained from the rays vy, ..., v respectively.
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An Altmann-Hausen presentation of the (ng,(c’ 9)-action on (A¢,0’) is given by
(wy ==0Q%,,Y,D,0y,h =1).
An Altmann-Hausen presentation of the (G?n’(c, T9)-action on (X, o) is given by
(wn,Yx,Dx, 0y, hx),

where (see Example 3.1.8)
e Yx is the closure of the image of fomc NXinY;
e Dy =A3®D3NYx + A4 @ DyNYyx;
® Oy, = O'y|YX; and
o hy = 1.

4.1.5 Circle actions on normal affine R-varieties

By definition, an S'-action on an algebraic R-variety (X,ox) is an action of the torus
(Gp,c; 1) on (X, 0x). Note that G, ¢ acts on X and the algebra C[X] is graded by M = Z.
By [DL18, Lemma 1.7] (see also [FZ03]), C[X],, # 0 for all m € M, so the weight cone of
this action is wys := Mg = Q.

In this case, the generalized AH-datum (wy = wy;, Y, D, oy, h) mentioned in Corollary
4.1.6 consists of a proper polyhedral divisor D = Y [a;, b;] ® D; and a TI'-invariant rational
function h on Y such that o3 (D(m)) = D(—m) + divy (h™"™) for all m € M (we recover
[DL18, Theorem 2.7]).

In the case of S'-actions, we do not necessarily have HY(T', G) = {1} (see Proposition
2.3.21). Indeed, in contrast to the split case, we cannot apply Hilbert’s theorem 90 because
the action defined on C(Y)* does not extend to an action on the field C(Y).

Example 4.1.14. (See [DL18, Proposition 3.1]). There are only two R-forms of G, ¢ com-
patible with an S'-action: the real circle X; = S! and X_; = Spec(R[z,y]/(z? + y* + 1)).
An R-structure associated to Xj is 01 := 11 : G = G, 2 — Z -1
associated to X_1 is 01 : Gpc = G2 = —% —1. Consider the action by translation
o Gue %X Gue = Guc, (t,z) — tx. The varieties X; and X_; are endowed with an
St-action since the following diagram commutes for i € {—1,1}.

and an R-structure

W
Gm,(C X Gm,(C Gm,(C
T1 X O‘il lgi
Gm@ X Gm@ Gm,(C

The R-variety (Y = Spec(C), 0y ), where oy is the complex conjugation, is a 'real Altmann-
Hausen quotient’ of both X; and X_;.

A generalized AH-datum (wy = 0,Y, D1, 0y, h1) for S! acting on X; consists of the
trivial divisor and the real number hy = 1 € C(Y)* = C*. Note however that H'(I', C*) # {1}.

A generalized AH-datum (wy = 0,Y,D_1,0y,_1) for S! acting on X 1 consists of the
trivial divisor and the real number h_; = —1 € C(Y)* = C*. Note that we cannot find a
complex number g € C(Y)* such that the cocycle h_; satisfies h_; = gg, so we cannot find a
presentation where the I'-invariant rational function h mentioned in Corollary 4.1.6 is equal
to 1.
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Example 4.1.15 (See [DL18, Proposition 3.4]). From Example E.2.3, consider the S'-action
on Re/r(Ac) = A% defined by

Gmc x AE — AZ
(t, (2, y)) = (tz, ™ 1y),

where G, ¢ is endowed with the R-group structure 71, and A(% is endowed with the R-structure
o: (z,y) = (y,Z). The generalized AH-datum is (wy,Y,0y,D,h), where (wy = {0},Y =
Al = Spec(C[2]), D = [0,1]®{0}) is the AH-datum describing the G, c-action on A%, where
oy is the R-structure on Y defined by z — Zz, and where h : m — z7™. Furthermore, one
can show that the cocycle h is not equivalent two the trivial cocycle.

Using the change of variables ¢ : (u,v) — (u + iv,u — iv), the action on S! on A% is

Gm,(C X A% — A(%

(t, (u,v)) — ((t+t1)u;z‘(t - tfl)v’ (t+t ;i(t B tl)“) |

where Gy, ¢ is endowed with the R-group structure 71, and A(QC is endowed with the R-
structure og : (z,y) + (z,%). Therefore, using the T'-equivariant isomorphisms C[t*!] =
Cluo, vo]/(ugvo — 1) = Clzo, o]/ (23 + 12 — 1), the action of S! = Spec(R[zo, yo]/ (23 + 32 — 1))
on A%g is

St x A% — A%
(o, y0), (u,v)) = (Tou — Yov, TV + You) .

Note that the action of S' on AI?R N S! is the action of S! on itself by multiplication (see
Section 4.1.1), and that the S'-action on A% is the canonical action of SO2(R) on AZ.

4.2 Two-dimensional torus actions

We focus on two-dimensional torus actions on normal affine varieties. In Sections 4.2.1 and
4.2.2, we have compiled results from the literature. We describe the set of two-dimensional
tori in Proposition 4.2.4 and we give a description of the Galois-cohomology set classifying
T-torsors in Theorem 4.2.7: it is exactly the result we need to determine if the Altmann-
Hausen presentation simplifies in the case of two-dimensional torus actions on normal affine
varieties. In addition, using birational geometry tools, we give in Section 4.2.3 a method that
can help to determine whether a torsor is trivial or not (see Proposition 4.2.12).

4.2.1 Two-dimensional tori and finite subgroups of GL3(Z)

Let k' /k be a non-necessarily finite Galois extension and denote by I' its Galois group. Let
(G, x> 7) be a k-torus. Recall that 7 induces a I'-action 7 on the character lattice M = Z"
satisfying 7.,,,, = 7y, ©7y,, and a dual I'-action 7 on the cocharacter lattice N = Z" satisfying
Tyive = Ty, 074, (see Remark 2.2.7). Two I'-representations p and p’ on GL,,(Z) are equivalent
if there exists P € GL,(Z) such that p/'(y) = P o p(y) o P~! for all y € T.

Let n € N*. Recall that there is a one-to-one correspondence between k-group struc-
tures on Gy, , and I'-representations in GLy(Z) (see Lemma 2.2.8). Furthermore, equivalent
classes of k-group structures on G%,k’ correspond to equivalent classes of I'-representations
in GL,(Z).

The image of a I'-representation is a finite subgroup G of GL,(Z) (see Remark 2.2.10).
Moreover, if 7/ is a k-group structure on Gy, equivalent to 7, then the associated finite
subgroups of GL,(Z) are conjugate. The converse is false (see Example 4.2.2), except in
dimension 1. Therefore, since GL1(Z) = {1, —1}, we get the next result.
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Proposition 4.2.1. A one-dimensional k-torus is, up to isomorphism, either a split k-torus

or a norm one k-torus.

Example 4.2.2 (Inequivalent I-representation on GL2(Z) having same image G in GL2(Z)).
Let k’/k be a finite Galois extension of degree 4 such that

Gal(k'/k) = %3 x 62 = {(1;1), (1;-1), (=1; 1), (=L, —1)}.

Let

01
1 0

Consider p, p/,, p” be three representations of I' in GLg(Z) defined by

p:I' = GLa(Z);
p T — GLy(Z);
P T — GLy(Z);

One can show that these representations are inequivalent.

(L) =1 (1;-1)—s (-11) = —s; (-1;-1)— —1I;
(L) =1 (;,-1)—s (-11) = —I; (-1;-1) — —s;
(L) —=1I; (1;-1)— —=I; (-1;1) = —s; (—1;—-1) > s.

We denote by &, the dihedral group of order n, by %,, the cyclic group of order n, and
by .#, the group of permutations of a set with n elements.

Proposition 4.2.3 ([Lor05, §1.10.1], see Appendix F). Let

|

1 0]
0o 1]’ °

1
Landw. [1

A

Then, the non-trivial conjugacy classes of finite subgroups of GLa(Z) are:

Label | Order | Generators | Isomorphism type Label | Order | Generators | Isomorphism type
g1 12 xS D19 = S5 X 6o g7 6 T ©s
Go 8 d,s Dy s 4 ds 7
gg o $2, S -@6 = 543 gg 3 SL‘2 ng
G4 6 372, -5 D = .3 Gio 2 ® = —id ©s
gs 4 d,—d G2 X 6o g1 2 d 62
Ge 4 8, —s Co X 6y G12 2 s ©2

The following diagrams represent the inclusions of normal subgroups (the number is the in-

dex):

//2

(=d) (=

1=

RN

(ds)

(d, s)

C

o

()
lQ

)
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Based on Proposition 4.2.3, a classification of two-dimensional k-tori is available in
[Vos65]. Let n € N*. If k/ /k is a Galois extension such that Gal(k'/k) = %, we denote

Gal(k'/k) = (0,s]¢" =<* = e and cp = 0™ '¢).
If k' /k is a Galois extension such that Gal(k'/k) = €, we denote
Gal(K'/k) = (C|¢" = e).
If k' /k is a Galois extension such that Gal(k'/k) = €5 x %, we denote
Gal(k'/k) = (¢,£/|€? = €% = 1).
Proposition 4.2.4 ([Vos65]). Let T be a two-dimensional k-torus, and let T be the corre-
sponding k-group structure on T.. Let k' be a splitting field of T such that Gal(k'/k) = G,

where G is the image of 7. Then, T is isomorphic to one of the following tori, where all
intersections are taken inside Ry (G 1), with the canonical inclusions.

Gal(k'/k) = G | Corresponding k-tori

G (0,6) = (x,s) Ry, /x (RH(;}kl (Gmk/)) N Rig, i (Rﬂg)/kQ (Gm’k:),)), where ky = k'9*) 45 a Galois
extension of k of degree 4, where kg = k’@ig’gs), and where kg = k/(e'<) for

i € {2,3}. The extension ks/ky is a Galois extension of degree 2.

Go (0,6) = (ds, s) R]k2/]k (Rﬂill)/kg (Gm,ﬂﬂ))’ where ky = ke and ko = ]]<§’<@§792>} ork, = K and
ko = k/(5:¢"),

(z2,5) | Ry, /i (Rﬂ(«}}kl (Gmk/)) N Ry, ik (G k,), where ky = k"9 s a Galois extension
of degree 2 of k, and ko = k') is a cubic subfield.

Gy | (0,¢) = (2% —s) Ry, /i (Rﬂi}}kl (Gm,k/)> N Ricy /i (R]S}b (Gm,k/)), where ky = k'@ is a Galois
extension of degree 2 of k, and where ko = k') is a cubic subfield.

Gs | (£,€) =~ (d,—d) Rﬂ(jl)/k (Gmer) X Ry Gy, where ky = K'€) and ky = K€ are

Galois extension of degree 2 of k, or ky =K' and ko = K€,

orky =K' and ky = K€,

Go | (&)= (s,—s) | Riy s <Rﬂ$)k1 (Gm’k/)), where ki goes through the three quadratic Galois
extensions k'€, K€" and k'€,

Gr (€) = (x) Ricyie (Rit )y (Gnir) ) O Ry g (R, (Gone) ), where ey = K€ is @ Galois
extension of degree 2 of k, and ko = K€" is the unique Galois extension of
degree 3 of k.

Gs (¢) = (ds) Ry, /x (Rﬂi}}kl (Gm,lk’)); where ky = K" is the unique Galois extension of
degree 2 of k.

Go | (0= | RY) (Gmw).

1

Gs | (0,9)

Go | (Q) =(—id) Rﬂi}}k (Grer) % Rﬂ(g}}]k (GCrmu)
d11 (€)= (d) Ru(;}k (Gm) X G

G2 (€)= (s) R i (G-

G13 () = (id) G

Remark 4.2.5 (On the notations of Proposition 4.2.4). Let (T = Spec(k'[M]), ) be a two-
dimensional k-torus. Assume for instance that the image of 7 is < x >. Then, if v € I is
such that 7, = 22, then k; = k’<7>. In Proposition 4.2.4, we have 7.2 = 2.
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Proof. Let T be a two-dimensional k-torus. It corresponds to a pair (T = Spec(k’[M]), ),
for some Galois extension k’/k. By Remark 2.2.10, we can assume that k’/k is a finite Galois
extension such that the I'-representation

7:T — Aut(M) = GLy(Z)

is injective. Therefore, the image of 7 is isomorphic to I' = Gal(k'/k), and k’ is a splitting
field of the k-torus. Let R be a k-algebra. Then, the set of R-points of T" is (see [Sta, Section
01J5))

T(R) := Hom(Spec(R),T) = Hom(k[T], R).

Moreover, from Theorem 1.4.11,
Hom(k[T], R) = Homp (K'[M], Ry),

where Homp(k[M], R) denotes the I'-equivariant k’-algebra morphism of Hom(k'[M], Ry/),
and where Ry := R ® k’. The I'-action on k’'[M] is given by 7% and the T-action on Ry is
defined by i¢d ® . Finally, observe that

T(R) = Homp(k'[M], Ry) = Homp (M, R;)),

where Homp (M, R},) denotes the I'-equivariant k’-group morphisms from M to R},. The I'-
action on M is given by 7. Fix a Z-basis {e1, ez} of M = Z?. An element ¢ € Homr (M, R},)
is determined by the relations

v vi = ¢(7y (), vy €T,

where v; = ¢(e;). Note that it is sufficient to compute these relations on the generators of
I' 2 G;. Recall that, in Appendix F, we describe the conjugacy classes of finite subgroups of
GL2(Z).

e Assume that Gal(k'/k) = ({) = (s).
Up to equivalence, there is a single I'-representation in GL(M) defined by 7 = s. An element
¢ € Homp (M, Ry,) is determined by the relations

C-v1=¢(Tc(er)) = va, (-v2=(7c(e2)) = v1.
Then, we obtain (see Proposition 2.2.20):

T(R) = {Ul,vz € Rk (Gmy) (R)’ C-vp = U2}
= R]k’/]k (Gm,k’) (R)

e Assume that Gal(k'/k) = (¢) = (d).
Up to equivalence, there is a single I'-representation in GL(A/) defined by 7¢ = d. Then, we
obtain:

T(R) = {1)1,1)2 S Rk//k (Gm,]k’) (R)‘ C V1 = ’Ul_l, C Vo = Ug}
= {1 € Ruji () (R)| 01(C - 01) = 1} x {02 € Ruse (Ger) (R)[ € 02 = 03}
= Rﬂ(;}]k (Gm,k’> (R) X Gm,k(R)

e Assume that Gal(k'/k) = (¢) = (—id).
Up to equivalence, there is a single I-representation in GL(M) defined by 7 = —id. Then,
we obtain:

T(R) = {UM& € R i (Grw) (R)’ Cop=v7t, (g = v§1}
= {v1 € Rp[v1(¢-v1) =1} x {wg € Ry[v2(¢ - v2) = 1}
Jl(g}}lk (Gmyw) (B) x Rﬂ(g}}lk (Gm) (R).
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e Assume that Gal(k'/k) = (¢) = (2?).

Up to equivalence, there is a single I'-representation in GL(M) defined by 7, = 2? (indeed,

22 and z* are conjugate in GLa(Z), therefore the I'-representation defined by %é =z is

equivalent to 7). Then, we obtain:

T(R) = {v1,v2 € Rk (Grwr) (R)‘ (v =1v2, (-vg= Ul_lvz‘_l}
= {01 € Rujic (Crne) (B)| 02(C - 0)(¢* - 0n) = 1}
= R]]S}k (Gm,]k’) (R)

e Assume that Gal(k'/k) = (¢) = (ds).
Up to equivalence, there is a single I'-representation defined by 7 = ds (indeed, ds is conju-
gate to (ds)3). Let ky := k'¢®). Then, ki /k is a finite Galois extension of degree 2 in k’. We
obtain:
{Ul,vz € Ry (Ginw) (R)‘ Crvr=wy, (V3= vfl}
{01 € Ry /x (Gin) (R)‘ v1(¢% - vy) = 1}

1)1((2 . 1)1) = 1}

v1 € Ry /i, (Gr) (R, )
= Ry, Gmi) (Riy)
= Ry (RO )y, (Gini)) (R):
e Assume that Gal(k'/k) = (¢) = ().

Up to equivalence, there is a single I-representation in GL(A/) defined by 7 = x (indeed, x

is conjugate to 2°). Let ki := k'¢*). The subgroup (¢%) of (¢) is a normal one, thus kj /k is
a Galois extension of degree 2. Let ko := K/¢*). The subgroup (¢3) of (¢) is a normal one,
thus ka/k is a Galois extension of degree 3.

T(R) = {’1)1,’[)2 S Rk’/]k (Gm,k’> (R)‘ C + V1 = V1V, C Vo = 1)1_1}
= {01702 € Rk (Gry) (R ‘C v =g, (Crw)(rv) =1, v = Uz}

= {vz € Rk (Gr) (R) ‘ o) (¢t o) =1, 0a(¢P ) = 1}
=T1(R) NT>(R),

where
Ti(R) == {v € Rurjic (Gre) (R)( v(¢ o)t v) = 1}
={v € Ry (Gruo) (Bi))| 0(¢? - 0)(¢* - 0) = 1}
= Ry, (Gonge) (Ri)
= Riy e (R )y, (Gre)) (R),
and where

Ta(R) 1= {0 € R (Gonie) (B)] (- 0) = 1}
={ve Ru«f/u« (Gone) (Ricy) [ 0(¢* - v) = 1}
= R]kz/k ( k' /ko ( m]k’))
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e Assume that Gal(k'/k) = (&, &) = (s, —s).
Up to equivalence, there are three non-equivalent I'-representations defined by:

Fe=s, Fo=—s R0 =s, T =—id, 7D =—id, 7)) =s.
Let ki = K€€, Then, ki /k is a Galois extension of degree 2 in k. Then, for 7, we obtain:
T(R) = {01702 € Ry /i (Grwr) (R)‘ Evr=vy, Erva=u1, &vr=0vy", & vg= vfl}
= {v1 € Rurji (Gome) (B)| w1((6€)) - v1) = 1}
{01 € Rigey o) (Ri)| wn((€€) - v01) = 1]

1

= Rﬂ((/}]kl (Gka/) (R]k1>
(1)

= Ry (RY )y, (G ) (R).

Let ko = K€}, Then, k/k is a Galois extension of degree 2 in k. Then, for 7?), we obtain:
T(R) = {v17v2 € Rk (Grr) (R)‘ﬁ-m =vy, E-va=w1, & vy =07, & v = ,02—1}
= {01 € Rurji, (Gro) (Riy)| v1(€ - v1) =1}
1
= Ry (RY )y, (G ) (R).

Let ks = k'€, Then, kj/k is a Galois extension of degree 2 in k’. Then, for 7, we obtain:
T(R) = {UlaUZ € Ry jx (G ) (R)‘ Evp=0v1", Erva=uvy", & vr=wy, & vg= 01}
= {1 € Rupi, Gonge) (Riy) [ wr(6 - 0n) = 1}
1
= Riysi (Ri)g, (Cruie)) (R).

e Assume that Gal(k'/k) = (¢,¢') = (d, —d).
Up to equivalence, there are three non-equivalent I'-representations defined by:

Fe=d, fo=—d 70 =d, 7 =-id 7 = —id, 7)) =d.

Let k; = K€" and let ky = k'©). Then, ki /k and ko /k are Galois extension of degree 2 in
k’, having Galois groups isomorphic to (¢) = {e,(}. Then, for 7, we obtain:
T(R) = {’01,’02 € Ry (Gri) (R)‘ Eovy = vl_l, E-vg=wy, & v1=uv1, & vy= v;l}
= {vl € Ry &-mn :vl_l, & :vl} X {vg € Ry/| & - vy = vy, f"vgzvgl}
= {v1 € Ry, |v1(¢-v1) =1} x {vz € R, | v2(C - v2) =1}
= R, (Gi)) (B) X R, (Gony) (R).

Let k3 = K'<¢¢>_ Then, ks /k is a Galois extension of degree 2 in k’, having Galois groups
isomorphic to (¢) = {e, ¢}. Then, for 7, we obtain:

T(R) = {01,02 € R i (Ginw) (R)‘ﬁ'vl =v!, Erva=wvy, & vy =07, v = vil}

= {Ul € Rif’(ff/) - U1 = U1, Ul(f"Ul) = 1} X {UQ € Rﬁ;/‘g‘UQ = V2, UQ(f/'UQ) = 1}
= {Ul c Rﬂt3|U1(C"U1) = 1} X {’Uz € Rﬁ;Z”UQ(C'UQ) = 1}

= R, Guniey) (B) X R, (Gie) (R).
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Then, for 73), we obtain:

T(R) = {01702 € Rk (Grr) (R)‘ﬁ-vl =uit, Evp =yt v =00t € 2’02}
={vi € Rp[ (&) -v1 = v1, vi(§-v1) = 1} x {v2 € Ry | € - va = vz, v2(€-v2) = 1}
:{vleRﬁzg\vl((-vl :1} {UgGRﬁEJ’Ug(C-Ug)Zl}

= Ry Gmig) (B) X R, (G (R).

e Assume that Gal(k'/k) = (g,¢) = (22, s).
Up to equivalence, there is a single I'-representation defined by:

Let k; = k{9, Then, k; /k is a Galois extension of degree 2 in k. Let ky =k’ {¢9) Then, for
7, we obtain:

T(R) = {01702 € Ry /i (Gin) (R)) 0 v =0, 0-va =0y vyt goup = UQ}
= {Uz € Rk (Gr) (R)’ va(0-v2)(0* - v2) =1, (05) - v2 = vz}
= Rigzi (RD)y, (Gmp)) (B) N Rey e Gy (R).

e Assume that Gal(k'/k) = (o,¢) = (22, —s).
Up to equivalence, there is a single I'-representation defined by:

Let k; = k'@, Then, ki /k is a Galois extension of degree 2 in k. Let ko = k'{e9). Note that
(0s) is not a normal subgroup of (g, ). Then, for 7, we obtain:

T(R) = {vl,vz € Ry (Gm’k/) (R)‘ 0"Vl =V, 0-Vy = vl_lvgl, G-v1 = vz_l}
= {v2 € Rijic (Gonpr) (B)| w20 - v2) (0 - v2) = 1, wa((05) - va) = 1}
1 1
= Riyyie (R )y, (Gmge) ) (R) N Riypic (R, (Gone) ) ().

e Assume that Gal(k'/k) = (o,<) = (ds, s).
Up to equivalence, there are two non equivalent I'-representations defined by:

To=ds, 7c=s, and %éQ) =ds, 71()?) =s.
Let k; = K/{®). Then, ki /k is a field extension of degree 4 in k. Let ky = k’(¢s:¢*) . Then

ki/ke is a Galois extension of degree 2 of Galois group (¢) = {e,(}. Therefore, for 7, we
obtain:

v1,v2 € Ry /i (G ) (R)‘ 0 U=y, 0 V2 =07, Grup = U2}

)={
{'U2 € Ry (Gmx) (R)‘ (05) - vg = v, v2(0? - v) = 1}

= {v2 € Ruji, (Gine) (Riy)| (09) - v2 = vz, v9(” - v2) = 1}
{vg € Ry /i (Gmey) (Ri)| 02(C - v2) = 1}

= Ry, (Ruil)/b (Gm,k1)) (R).
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Note that k; /k is not a Galois extension, therefore k; is not a splitting field of 7T'.
Let kg = k'), Then, ks /k is a field extension of degree 4 in k’. Let ky = k'(<¢*) | Then ks /ky
is a Galois extension of degree 2 of Galois group (¢) = {e, (}. Therefore, for 7(?), we obtain:

T(R) = {vl,vz € Ry i (G (R)‘ 0-v1 =y, 0-v2 =0y, (05) v = vz}
- {yl € Ry /i, (Gr) (Riy)
= {vl € Rk3/k4 (Gm,kg) (R, )
= Riic (R, (Guny)) (R)

e Assume that Gal(k'/k) = (o,¢) = (x, s).
Up to equivalence, there are two non equivalent I'-representations defined by:

¢-vV1 =y, 01(92 : Ul) = 1}

1)1(< . 1)1) = 1}

To =2, T¢c=S5; %52) =z, ?é?) =s.

Let k; := k/(¢*) and let ko := k/(¢*%¢") Then, ki /k is a Galois extension of degree 4 in k’, and
ko /k is a field extension of degree 3 in k'. Let ks := k/(¢°S). Then, (0%) is a normal subgroup
of (0%s,0%). Hence, k3/ks is a Galois extension of degree 2 of Galois group (¢) = {e,(}.
Then, for 7, we obtain:

T(R) = {01702 € Rk (Gry) (R)’ 01 =12, 0 V2 =07, G vy = U2}

= {v2 € Rirc G ) (R)’ va(0? - 2)(0" v2) = 1, va(0® - v2) = 1, (%) - vy = v
= Ti(R) NTa(R),

where
Ti(R) = {v2 € Rurjic (Gpnr) (R)| 030 - v2) (0" - v2) = 1}
= {vz € Ry /i, (Grug) (Bi, )| v2(0” - v2) (0" - v2) = 1}
= Riyi (R, (Gow)) (R),
and where

To(R) = {v2 € Ruv i (Ge) (R)| va(0® - v2) = 1, (0%6) - 02 = v}
- {212 € R/, (Gmy) (Ru,)
= {v2 € Ri, /iy (Gmks) (Riy)
= Riye (R, (Goniy)) (R).

vo(0® - v2) =1, (0%) w2 = Uz}
UQ(C . UQ) = 1}

Let kg) = k(€°5¢")  and let ]k:(f) := Kk/{¢*). Then, {0%s) is a normal subgroup of (o, ¢%).
Hence, for 7@, we obtain:

T(R) = {Ul,w € Rk’/k (Gm,k’) (R)’ 0-V1 =V1V2, Q0 V2 = Ufl» (05) -v1 = U2}

= {vz € Rk (Gmr) (R)‘ v2(0? - v2)(0" - v2) =1, va(0® - w2) =1, (6%¢) - vg = vg}

_ (1) (1
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This section ends on the following example.

Example 4.2.6. Using inverse Galois theory, we can illustrate each of the conjugacy classes
G; by a Q-torus that splits over a finite Galois extension k’/k, such that Gal(k'/k) = G;.

Label Galois extension of Q of Galois group G
g1 Q <\3/ 1+ \/i) [Esc01, Exercise 8.9], [Wei09, Example 2.9.6]
Go Q (\4/5, Z) [Esc01, §8.7.3]
g3 Q (3/5,]’) [Esc01, §8.3]

G Q(¥2.5)

gs Q(v2,v/3) (see Example 2.2.30)
Yo Q(v2,v3)

g7 Q (7 [Esc01, §9.5]

Js Q (&%) [Esc0l, §9.5]

Go Q (cos (%’r) (see Example 2.2.29)
G1o Q(é)

G11 Q(4)

G12 Q(7)

4.2.2 Two-dimensional tori and their torsors

In [ELFST14, §5], there is a complete description of the Galois-cohomology set used to
classify T-torsors, where T is a two-dimensional k-torus. Let k’/k be a finite Galois extension
that splits 7', and let 7 be the associated k-group structure on Tjr = Spec(k’'[M]). We can
assume that 7 : Gal(k’/k) — GLg(Z) is injective, therefore Gal(k’/k) is isomorphic to is a
finite subgroup G of GLy(Z) (see Remark 2.2.10 and Proposition 2.3.17). An expression of
H'(Gal(k' /k), Aut’¥ (Tj)) depending on a Brauer group is obtained in [ELFST14, §5]. In
order to state their results, we briefly introduce some notations.
Let ko, k4 and ks be fields extensions such that the following diagram commutes

ko

/ \

k ks — k'
4

Consider the homomorphism f : Br(ks/k) — Br(ks/ks) obtained by base extension from k
to k4. Consider the homomorphism 7 : Br(ks/ke) — Br(ks/k) induced by the norm map
Ny, (k) : k3 — k* (see Proposition 2.2.20). We denote the kernel of 1 by Bry,(ka/k|ks/ky).

In Theorem 4.2.7, we summarize main results of [ELFST14]. Compare with Proposition
4.2.4 combined with Proposition 2.3.19 and with Proposition 2.3.21.

Theorem 4.2.7 ([ELFST14, Theorems 5.3 & 5.5]). Let (T = Spec(k'[M]),7) be a two-
dimensional k-torus. By Proposition 2.5.17, we can assume that K'/k is a finite Galois
extension such that the I'-representation 7 : Gal(k'/k) — GL(M) = GLy(Z) is injective. We
denote its image by G. Then, with the notation of Proposition 4.2.4, we get the following
Galois cohomology set.



114 CHAPTER 4. ALTMANN-HAUSEN PRESENTATION: SOME SPECIFIC CASES
Gal(k'/k) = G H! (Gal(K'/k), Aut”(T))
~ Br (kg/k4) . ,<g2 Qi§>
g1 (0,6) = (z,s) 3 (Br (ka/K)) @]?rn (ka/klks/ky), wherg ks =k , where
ko = K''¢”) | and where ks = kK¢S for i € {2,3}.
Ga | (0,¢) = (ds,s) | Br(ki/ks), where ky =Kk{®) and ky = K/{e:¢") | o ky = K/(©
and kg = Kk/($°).
Gz | {o0,) = (22, s) Br (ko /k), where ko = k'),
Br (k' /kq)
~ (2 o\ — k(@ — s

Gy | (0,6) = (x*, —s) 5 Br(ka/K))’ where ky = k/'\¢/, andlwhere ko = k't
Gs | (6,&)=2(d,—d) | Br(ki/k) ® Br (ko/k), where ky = K€" and ko = k'€, or

k; = K€) and ko = K€, ork; =K€€) and ko = K€D,
Ge | (£,&) = (s,—s) Br (K /k1), where ki = K€", ork, = K€", or k; = kK€",

Br (/K<) ,
~ / ()
Gr (€)= (2) I (' /i’ /1)
2

s | (¢)= (ds) Br (I /")
Go (€) = (2?) Br(k'/k)
G1o (¢) = (—id) Br(k'/k) @ Br(k'/k)
11 Q) ={d) Br(k’ /k)
G12 (€)= (s) {0}
Gi3 (€) = (id) {0}

Example 4.2.8. Let k’/k be any Galois extension and (T = Spec(k’[M]),7) be a two-
dimensional k-torus such that the image of 7 is conjugate to Gi2; for instance Re/r(Gm,c)-
Then, H'(Gal(k'/k), Aut™(T)) = {1}. Therefore, if (T, 7) acts on an affine normal variety
(X,0), then the Altmann-Hausen presentation simplifies (see Corollary 3.2.10).

Example 4.2.9. Let (T = Spec(k’[M]), T) be a two-dimensional k-torus such that the image
G of 7 is isomorphic to I'. Let (wy,Y,D, oy, h) be a generalized AH-datum. Let L := k/(Y)
and let K := L. By Lemma 3.2.8, L/K is a Galois extension of Galois group I'. If K satisfies
one of the conditions of Proposition 2.3.25 (therefore K has cohomological dimension one (see
[Ser97, Chapter 2, §3, in particular Corollary of Proposition 8]), then the Altmann-Hausen
presentation simplifies (see Corollary 3.2.10) since all the Brauer group mentioned in Theorem
4.2.7 are trivial (see [Ser97, Chapter 2, Proposition 6)).

4.2.3 TI'-equivariant MMP

In this section, k' = k and I = Gal(k/k).

For a point on the (toric) MMP, see for instance [CLS11, §15.4 & §15.5]. See also
[KM98, §1.4 & Chapter 2]. See Appendic D for some basic tools of birational geometry.
Compactification of torsors is studied in [Vos82, Section 1, Theorem 1 and its Corollary],
and also in [ELFST14, Theorem 3.9]. In this section we need the following lemma, and more
exactly its proof.

Lemma 4.2.10. Let (T,o) be a (T, 7)-torsor, where T = Spec(k[M]) and M = Z?. Then
(T, o) admits a smooth projective compactification that is a (T, T)-toric Del Pezzo k-surface
containing (T,o0) as a (T, 7)-stable dense open subset.

Proof. The k-group structure 7 induces a I'-representation 7 on GL(N). The image of 7 is a
finite subgroup of GLa(Z).

e Case 1: The image of 7 is conjugate to a normal subgroup of G = (z,s) (see
Proposition 4.2.3). Let A be the fan of the projective toric variety Blg(Pﬁ) in Ng:
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This fan is I'-stable (for 7), therefore, by Proposition 2.4.9, the k-structure o on T extends to
a k-structure oy on Xy = Blg(]?%), the variety (X, o05) is a (compact) (T, 7)-toric k-variety
(a toric Del Pezzo k-surface of degree 6), and we obtain a (T, 7)-equivariant open immersion
(T,U) — (XA,O'A).

e Case 2: The image of 7 is conjugate to a normal subgroup of Go = (d,s) (see
Proposition 4.2.3). Let A be the fan of the projective toric variety }P’i X Pﬁ in Ng:

This fan is I-stable (for 7), therefore, by Proposition 2.4.9, the k-structure o on T extends to
a k-structure oy on X = IF’% X IP’%, the variety (Xy,o0,) is a (compact) (T, 7)-toric k-variety
(a toric Del Pezzo k-surface of degree 8), and we obtain a (T, 7)-equivariant open immersion
(T,J)L)(XA,JA). O

Note that Lemma 4.2.10 is still true for any field extension k’/k. We assume k' = k in
view of applying an MMP (see Proposition 4.2.12).

The next proposition illustrates the reason why we are interested in embedding a (T, 7)-
torsor in some (T, 7)-toric Del Pezzo surface.

Proposition 4.2.11. Let (T, 7) be a two-dimensional k-torus and let (T, o) be a (T, T)-torsor.
Let (Xp,00) be a (T, 7)-toric Del Pezzo surface that contains (T,o) as a (T, T)-stable dense
open subset. The torsor is trivial if and only if (Xa,04) has a k-point.

Proof. If the torsor is trivial, then (X,,oa) has a k-point. Conversely, if the toric Del
Pezzo surface (X, 0p) contains a k-point (this hypothesis is fulfilled if the degree is 7), then
(X4,0p) is k-birational to P2, and the set of k-points is dense (see [VA13, Theorem 2.1], see
also [Piel2, §2.2, §5.2]). Therefore, the torsor (T, o) has a k-point, hence it is trivial. O

Combining Lemma 4.2.10 with an MMP, we get the next result.

Proposition 4.2.12. Let (T, 1) be a two-dimensional k-torus and let (T, o) be a (T, T)-torsor.

Taking a smooth projective compactification, and then applying a (T, o)-equivariant MMP,

we obtain a smooth toric Del Pezzo k-surface X, birational to (T, o), that contains (T,o) as

a (T, 7)-stable dense open subset. More precisely, we have the following possibilities for X .

(i) X is a k-form (of Picard rank one) of IP’% In this case, the image of T is conjugate to
gg, gg, g12, or to <Zd>

(ii) X is a k-form of Picard rank one of the Del Pezzo k-surface of degree 6. In this case,
the image of T is conjugate to Gy, G4, or to Gr.

(i) X is a k-form of Picard rank one of IP’% X ]P’i. In this case, the image of T is conjugate
to Gs, G12, G2, or to Gs; or

(iv) X is a k-form of Picard rank two of IP% X }P’i (if (T, 7) is reducible). In this case, the
image of T is conjugate to Gio, Gs, Gi1, or to (id).
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Proof. By Lemma 4.2.10, a compactification of (T,o) is a (T, 7)-toric Del Pezzo surface
(Xa,00). We can assume that X, = Blg(]P%) or X\ = ]P% X IP% (see the Proof of Lemma
4.2.10). Recall that to a ray v; of a fan of a toric variety corresponds a toric divisor D;. The
toric divisors associated to X, = Blg(P%) and to X = IP’% X IP% are respectively:

Do
D3 D1

Dy

Ds

By construction, T = X\ U D; and (T,0) = (Xa\ U D;,04) [Man86, Theorem 30.3.1
p166] [Man66, Theorem 3.10 p108].

Recall that IP’% has Picard rank one. Therefore, a k-form of IP% has also Picard rank
one (see Example D.0.7) Then, recall that Blg(IP’%) has Picard rank four and that the Picard
group is generated by three disjoint toric divisors and a line that does not intersect any of
the six toric divisors. Therefore, a k-form of Blg(IP)%) has Picard rank between one and four.
Finally, recall that IP% X IP% has Picard rank two and that the Picard group is generated by
two intersecting toric divisors. Therefore, a k-form of PL x PL has Picard rank one or two.

We apply a Galois-equivariant MMP to the k-surface (X, 0, ). This algorithm consists
of contracting (-1)-curves in a way compatible with the Galois-action.

Case 1: X\ = Blg(P%), it has six (-1)-curves.

e If the image of 7 is conjugate to (z, s), (2, —s), or to () (the acting torus is irreducible),
the six (-1)-curves form a unique Galois-orbit, hence we obtain a minimal surface that
is a k-form of Blg([F’%) of Picard rank one.

e If the image of 7 is conjugate to (z2,s) or to (z2) (the acting torus is irreducible), the
six (-1)-curves form two Galois-orbits. We can contract one of these two orbits and
we obtain a minimal surface that is a k-form of ]P’% (of Picard rank one) where the
(1)-curves form a single I'-orbits.

Do

Dg Dl

o If the image of 7 is conjugate to (s, —s) (the acting torus is irreducible), the six (-1)-
curves form two Galois-orbits. We can contract the orbit consisting of two (-1)-curves
and we obtain a minimal surface that is a k-form of Pﬁ X Pﬁ where the (0)-curves
form a single T'-orbit, hence it is of Picard rank one (the Picard group is generated by

b + Dg + Df + Dj).

D /
2 T D 1
D3 Dl
D
Dy Dg
I
D5 D 4

D

e If the image of 7 is conjugate to (x3) (the acting torus is reducible), the six (-1)-curves
form three Galois-orbits. We can contract the orbit consisting of two (-1)-curves and
we obtain a minimal surface that is a k-form of ]P’i X ]P’i of Picard rank two where
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the (0)-curves have two I'-orbits (the Picard group is generated by D} + D} and by
Dy + D3).

D3 D1

Dy Ds

e If the image of 7 is conjugate to (s) (the acting torus is irreducible), the six (-1)-curves
form four Galois-orbits. We can contract an orbit consisting of two (-1)-curves, then we
contract the invariant (-1)-curve and we obtain the minimal surface that is a k-form of
]P% (of Picard rank one) where the (1)-curves have two I'-orbits. The other possibility
is to contract a I-invariant (-1)-curve. Then we can contract the pair of (-1)-curves

or the invariant (-1)-curve. We obtain respectively a minimal surface that is a k-form
of ]P% X }P’i of Picard rank one (the Picard group is generated by Dj + Df) where the

(0)-curves have two I'-orbits, or a minimal surface that is a k-form of IP’% where the
(1)-curves have two I'-orbits.

Do ‘Dll
Dy Dy

D, D] D

D)e

e If the image of 7 is conjugate to (id) (the acting torus is reducible), the six (-1)-curves
form six Galois-orbit, hence we can contract and we obtain a minimal surface that is a
k-form of ]P’% (of Picard rank one) where the (1)-curves have three I'-orbits.

Case 2: X) = IP% X IP%, it contains no (-1)-curves. Hence we obtain a minimal surface
that is a k-form of ]P% X ]P’i.

e If the image of 7 is conjugate to (d, s), (s, —s), or to (ds) (the acting torus is irreducible),
the four (0)-curves form a unique Galois-orbit. Therefore, we obtain a minimal surface
that is a k-form of IP’% X IP% of Picard rank one.

e If the image of 7 is conjugate to (d, —d) or to (z3) (the acting torus is reducible), the
four (0)-curves form two Galois-orbits. We obtain a minimal surface that is a k-form of
]P’% X Pﬁ of Picard rank two (the Picard group is generated by Dy + Dy and by D; + Ds3).

Do

Dg Dl

Dy

o If the image of 7 is conjugate to (s) (the acting torus is irreducible), the four (0)-curves
form two Galois-orbits. Therefore, we obtain a minimal surface that is a k-form of
]P% X IP’% of Picard rank one (the Picard group is generated by Dy + D).

Do

D3 Dl
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o If the image of 7 is conjugate to (d) (the acting torus is reducible), the four (0)-curves
form three Galois-orbits. Therefore, we obtain a minimal surface that is a k-form of
]P% X IP% of Picard rank two (the Picard group is generated by Do and by Dy + Ds).

D3 D,
Dy

e If the image of 7 is conjugate to (id) (the acting torus is reducible), the four (0)-curves
form four Galois-orbit. Therefore, we obtain a minimal surface that is a k-form of
]P’i X IP% of Picard rank two.

O

Example 4.2.13 (Another proof of H' (G, Aut™(T)) = {1}). Let (T, 7) be a k-torus such
that the image of the I-representation 7 on N is Gj2 = (s). For instance k = C and k = R
and (T, 7) is the Weil Restriction R-torus. Note that, by Proposition 2.3.17, we can assume
that T = Spec(k’'[M]), where k'/k is a finite Galois extension of Galois group isomorphic
to Gia. Let (T,o0) be a (T, 7)-torsor. We will prove that this torsor is trivial. The fan of
the toric Del Pezzo surface IF’HQ{/ is Galois-stable, therefore, by Proposition 2.4.9, (T,0) is a
dense (T, 7)-stable open subset of a Severi Brauer k-surface (PZ,0’). The Galois action on
the fan exchanges two rays and fixes the other one; therefore the Galois action on the toric
divisors exchanges two toric divisors and fixes a point P. Thus, (IP’HQ(,, o') contains a k-point
P. A Severi Brauer suface with a k-point is isomorphic to IP’H%. Therefore, (T, o) is a trivial
(T, 7)-torsor since it contains k-points, and H'(G1o, Aut™(T)) = {1}.

Example 4.2.14 (See [Har77, Chapter V, Example 4.2.3]). Let 212 := (z,s). Recall that
we have an isomorphism %5 = %3 X %2, that identifies for instance x with ((1,2,3), —id),
and s with ((2,3),id). Let k'/k be a Galois extension with Galois group I' = (v,7') & Za.
Let (Gfmk,, 7) be the k-torus such that

T R (!
h=r= 0 and 7y =s= |, ol

Consider the surface X of PZ, x PZ, defined by z;y; = z;y;, i € {1,2,3}, where
P2 x P2 = {([x1: z2 : x3), [y1 : v : ya]) | =,y € K}

It is the graph of the standard quadratic birational Cremona transformation. This defines a
Del Pezzo k'-surface of degree six. The six (—1)-curves are the elements of the orbit of the
line ([0:0: 1], [y1 : y2 : 0]) by the action of Z;5. The k-torus (ng,k” 7) acts on (X, o), where
o is the k-structure on X defined in the following commutative diagram
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GZx X X GZ o x X X
Ty X 0y | p iJV Ty X Oy | ) laq/
(G%Lk, x X X Gzn,k’ x X X
Indeed, we have
((s,t), ([x1 : @2 = 23], [y1 : y2 = y3])) ¢+ ([x1 @ sm2 = tas], [y1 2 s y2 s £ ys))

l l

(vt ), 9(8)), ([r(w2) = Y(ws) = v(y)] [y (w2) = y(s) = y(@n)]) = (y(s™ ) = v(t ws) = v ()], [y(sw) = y(tas) = (1))

((s5t), ([z1 : w2 @3], [y1 Y2 = ys])) ! ([w1 : swo : tas], [yr = s~y it ys])

l l

(V0,7 (), (1Y (1) 7 (@) = (@2)], [V (1) = 7 (ws) = (w2)]) F= (1Y () = (b)) = ' (s22)], [ () ' (8 s) = (57 1))

Then, (X, o) is a toric Del Pezzo k-surface. Note that the open orbit is a trivial (ng,lk” T)-
torsor since it contains the invariant point ([1:1:1],[1:1:1]).

Example 4.2.15 (See [Har77, Chapter V, Example 4.2.3]). Let % := (22, s). Recall that
we have an isomorphism % = .3, that identifies for instance 22 with (1,2,3), and s with
(2,3). Let k’/k be a Galois extension with Galois group I' = (v,') = %. Let (G2 ,,,7) be

m,k’>
the k-torus such that
N e | nd Ay — 01
[ I R e F 1

Consider the surface X of P2, x Pﬁl defined by z;y; = z;y;, 1 € {1,2, 3}, where

P = {([1 s w2 @3], [y1 s vz w)) | i, yy €K'}

This defines a Del Pezzo k’-surface of degree six. The k-torus (an’k,, T) acts on (X, o), where
o is the k-structure on X defined in the following commutative diagram

G2, x X s X G4 x X a X
7_7 % O—’Yl . io’,y T,y/ X O-’Y/i« I lo-'y/
Gfmk/ x X X an’k, x X X

Indeed, we have
((s,8), ([z1 : w2 @3], [yr : y2 : ys])) ! ([w1 : swo : tas], [y 5 'ya : £ ys])

l l

((v(ts™),9(8) ™), (Iy(m2) = y(@s) = y(@1)], [v(ye) : v(ys) s v(w1)]) = ([y(sm2) : y(tws) - y(@1)], [y(s y2) = v(E tys) = v(y1)])

((s58), ([z1 : 2 2 @3], [y1 = Y2 = ys])) ! ([w1 2 smo : tas], [yr = 5™ ya st Hys))

l l

(Y @),7(9), (W (@1) = ¥ (3) = v (2)], [V (1) = ' (w3) = 7' (w2)]) = ([ (1) = o (txs) = o (sw2)], [V (1) + 7' (E Mys) = 7/ (s y2)])

Then, (X, o) is a toric Del Pezzo k-surface. Note that the open orbit is a trivial (G%l’k,, T)-
torsor since it contains the invariant point ([1:1:1],[1:1:1]).






Chapter 5

Some open questions

In this short chapter, we list some lines of study that should be explored further.

5.1 Altman-Hausen description of normal varieties endowed
with an effective torus action

In Chapter 3, we gave a complete description of normal affine k-varieties endowed with an
effective k-torus action, where k is a field of characteristic zero. In this section, we highlight
some cases to explore.

5.1.1 Toric downgrading using Weil restriction

To determine an AH-datum of a normal affine k-variety X endowed with an effective k-torus
action of T', we used a method called toric downgrading (see Proposition 3.2.6). We also used
this method to extend the Altman-Hausen description to arbitrary fields of characteristic
zero in Section 3.2.2. Another possibility is based on the properties of Weil restriction (see
in Proposition A.7.5). Let X be a normal affine k-variety endowed with an effective k-torus
action p of T. Let k'/k be a finite Galois extension that splits T, i.e. Ty = G, for some
n € N*. Then, there are closed immersions ’

X — Rk’/]k (Xk/) and T < RJk’/]k (T]k’) R

and the following diagram is commutative

"
T XSpec(k) X X

j Rig /i (1) j
Ry /i (Thr) X spec(i) Rier /i (Xier) Ry i (X ).

Question 1. From the Altmann-Hausen presentation for quasi-split tori combined
with toric downgrading via X < Ry (Xi) and T' — Ry g (G”mk,), is it possible to obtain
the Altmann-Hausen presentation of the T-action on X 7

Note that, in the AH-datum of the Ry i (Ti)-action on Ry i (Xy), we can take h = 1
since there are no non-trivial torsors. However, this is not necessarily the case in the AH-
datum for the T-action on X. So, how to recover this datum from this embedding ?

121



122 CHAPTER 5. SOME OPEN QUESTIONS

5.1.2 Altman-Hausen description of normal varieties

In [AHSO08], the Altmann-Hausen presentation of normal affine varieties endowed with a torus
action over an algebraically closed field of characteristic zero was extended to arbitrary normal
varieties by gluing affine torus actions via divisorial fans. We expect that this presentation
will extend to arbitrary torus actions over characteristic zero fields by gluing the presentation
constructed in this thesis in Chapter 3.

Question 2. Is it possible to have an Altmann-Hausen presentation of arbitrary vari-
eties over characteristic zero fields endowed with an effective torus action ? In particular, Is
it possible to have an Altmann-Hausen presentation of projective varieties over characteristic
zero fields endowed with an effective torus action 7

Application. Determine a classification of Fano varieties over characteristic zero fields.
Indeed, in [HHS11, §4], the AH-presentation is used to study some three-dimensional Fano
varieties over an algebraically closed field of characteristic zero.

5.1.3 Altman-Hausen description in positive characteristic

The main results of this thesis are based on the Altmann-Hausen presentation of affine vari-
eties endowed with an effective torus action over an algebraically closed field of characteristic
zero [AHO06]. Indeed, we extend this presentation over arbitrary fields of characteristic zero
using Galois descent tools (see Section 3.2.2). If the Altmann-Hausen presentation is valid
for affine varieties endowed with an effective split torus action over an arbitrary field of any
characteristic, we expect that we can extend it using Galois descent tools to affine varieties
endowed with any effective torus action (by Remark 3.1.18, in the context of toric varieties
endowed with a subtorus action, this extension is possible). Therefore, we may investigate
in this way. A key observation for this generalization is the following one. In the proof
of Theorem 3.1.12, the normalization of a variety is used to construct the Altmann-Hausen
quotient. In the context of this thesis, the Altmann-Hausen quotient is a variety since the
normalization morphism is finite. However, it is not necessary the case in this general setting.

Question 3. Is there an Altmann-Hausen presentation of normal affine varieties en-
dowed with an effective torus action in positive characteristic 7

Question 4. More generally, does there exist an Altmann-Hausen presentation of
normal affine varieties endowed with an effective torus action over rings ? In this context,
how to define an AH-datum, and more precisely, what are the properties of the A H-quotient
Y ?

5.2 Study of the infiniteness of H' (T, Aut” (X))

Let k be a characteristic zero field, and let k’/k be a finite Galois extension (see Proposition
2.3.17).

Let T be a k’-torus and let 7 be an k-group structure on T. Assume there exists a
(T, 7)-variety denoted (X, o). This means that the following diagram commutes for all v € T’
(see Definition 1.2.11)

T x X X
Ty X 0y | o
TxX X.

If the complexity of the (T, 7)-action on (X, o) is zero, then there exists a finite number
of k-forms of X in the category of (T, 7)-varieties (see Proposition 2.4.13).
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Let ¢ € N*.

Question 5. Does there exist a (T, 7)-variety (X, o) of complexity ¢ such that the set
HY(T', Aut™(X)) is infinite ?

If c > 2 and if K = C and k = R, we have the next result.

Proposition 5.2.1. Let (T,7) be an R-torus and let ¢ > 2,c € N. There exists a (T, T)-
variety (X, o) such that the complexity of the (T, 7)-action on (X, o) is ¢ and such that the
set

H' (T, Aut™ (X))
is infinite.

Proof. Let X =T x Z, where Z is a complex variety of dimension > 2 having infinitely many
R-forms pairwise non-isomorphic (see [Bot21] and [DOY?20]). Note that if o € Aut™(X), then
there exists o1 : X — T and ¢z € Aut(Z) such that ¢ = @ x @z. Therefore, non-equivalent
R-structures o and ¢’ on Z gives non-equivalent R-structures 7 x o and 7 x ¢/ on X. O

Therefore, Question 5 in the C/R setting becomes:

Question 6. Does there exist a (T, 7)-variety (X, o) over R of complexity 1 such that
the set HY(I", Aut™ (X)) is infinite ?

5.3 Three-dimensional tori

In Section 4.2, we gave a classification of two-dimensional k-tori based on the classification
of conjugacy classes of finite subgroups of GLy(Z). There are 13 conjugacy classes of finite
subgroups of GLa(Z). From this classification, Voskresenskii classified two-dimensional tori
in [Vos65], and he showed that all two-dimensional tori are rational in [Vos67].

There are 73 conjugacy classes of finite subgroups of GL3(Z) (see [Tah71]). Algebraic
k-tori of dimension 3 are classified up to birational equivalence by [Kun87], and he found non-
rational k-tori. In [Leml5], the case of four-dimensional tori is studied, and more exactly
some rationality properties. There are 710 conjugacy classes of finite subgroups of GL3(Z).

Question 7. How does the classification of three-dimensional tori may simplify the
Altmann-Hausen presentation ?

In particular, we may look for a result similar to the one of [ELFST14] (see Theorem
4.2.7).

5.4 Presentation of GG-varieties of complexity one

Another direction to explore, which extends the case of torus actions, is the following one:
we consider reductive algebraic groups actions instead of torus actions.

Let GG be a reductive algebraic group, and let X be a variety endowed with a G-action.
The Altmann-Hausen presentation is no longer valid, but there is a well-established combi-
natorial description for algebraic varieties of complexity < 1 over an algebraically closed field
(see [LV83, Kno91, Tim11]). So, it is natural to ask if such a description can be generalized
over an arbitrary perfect base field.

The complexity-zero case, corresponding to spherical varieties, was extended recently
to arbitrary perfect base fields (see [Hurll, Wed18, MJT21, BG21]).

Question 8. How to extend this combinatorial description of complexity-one varieties
to an arbitrary perfect base field ?
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5.5 Forms of affine space

It is well known that, up to isomorphism, the only R-form of Ac is Ag, (see for instance
[Ben16, Théoreme 4.5]). The case of the affine plane was studied in [Kam?75].

Theorem 5.5.1 ([Kam75]). Let k'/k be a finite separable field extension. Then, up to iso-
morphism, A2 is the only k-form of Aﬂi,. In particular, any R-structure on A% s equivalent

to oo : (z,y) — (Z,7))-
For the affine space, there is the next conjecture.
Conjecture 5.5.2. Up to isomorphism, A% is the only R-form of A%

To test this conjecture, we can study a more rigid class of varieties, namely we can study
varieties (A2, o) endowed with an affective R-torus action using the generalized Altmann-
Hausen presentation. More generally, we get the following question.

Question 9. Let k’/k be a finite separable field extension. How to use the generalized
Altmann-Hausen presentation to study the k-forms of A, 7
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Appendix A

Scheme theory

A.1 Functor of points

Given a scheme X, we can define a contravariant functor from the category of schemes to the
category of sets, called the functor of points of X (See [Sta, Section 001L]):

hx : Sch®’? — Sets
T+— X(T):=Hom(T, X)
(0T =T)— (X(¢): X(T) = X(T'); f— foo).
By Yoneda lemma, the functor h : X — hx is fully faithful. Therefore, to give a scheme

morphism f : X — Y is equivalent to give for every scheme 7" a map of sets gr : X(T') — Y (T')
such that for any scheme morphism ¢ : T/ — T, the following diagram commutes

ar

X(T) Y(T)
X(9)| [¥(9)
xX(T' gr’ /

(1) v (1)

Definition A.1.1 (See [Sta, Section 01JF]). Let F' : Sch®” — Sets be a contravariant functor.
We say that F'is representable if there exists a scheme X such that hx = F.

If X = Spec(A) is an affine k-scheme, then we consider the following functor instead
of hx

Alg, — Sets
R — Hom(R, A).

Example A.1.2. Let k be a field. The functor from the category of k-algebras to the
category of sets

Alg, — Sets
R— R

is representable by the affine scheme Ay := Spec(k[N]).

A.2 Group schemes

A reference for the group scheme theory is [GP11]. In this section, S is a scheme. In this
thesis, we often have S = Spec(k) for some field k.

127
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Definition A.2.1 (See [Sta, §022R]). An S-group scheme is a k-scheme G together with
three k-morphisms m : G Xgpecr) G — G, e : Spec(k) — G, s : G — G such that the
following diagrams are commutative:

(i) Associativity

id

GxgGxgG """  Ggxga

idxml lm
G xs G m G

(ii) Left and right inverse (where A is the diagonal morphism)

id id

¢ —2 . oxsc X o ¢ -2 . oxec 5 aysa
| |m | |m
S = G S = G

(iii) Left and right neutral element

id id

SxsG -2 G xs G GxgS 2 axsC
gl lm gl Jm
G id G G id G

Let G be an S-group scheme, and let 7" be an S-scheme. Then, the set G(T) :=
Homg(7T, G) is an abstract group such that for any S-morphism ¢ : 77 — T, the induced map
of sets G(¢) : G(T) — G(T") is a group homomorphism. Therefore, the functor of points of
an S-group scheme is the contravariant functor from the category of schemes to the category
of abstract groups

ha : Sch’? — Grp
T X(T) := Hom(T, X).

Conversely, if G is an S-scheme such that for every S-scheme 7', G(T') is an abstract group,
and for every S-morphism ¢ : 77 — T, the induced map of sets G(¢) : G(T) — G(T") is a
group homomorphism, then G is an S-group scheme.

Let k be a field, let S = Spec(k), and let G = Spec(A) be an affine k-scheme. Then G
is a k-group scheme if and only if A is a Hopf algebra over k. The multiplication G x G — G
corresponds to the coproduct A ®, A — A, the unity e : Spec(k) — G corresponds to the
counity A — k, and the inverse s : G — G corresponds to the antipode A — A.

Example A.2.2. Let k be a field. The functor

Alg, — Grp
Rw— R".

is representable by G, x := Spec(k[Z]).

Example A.2.3. Consider the multiplicative group Gy, i := Spec(k[t*!]). The coproduct is
defined by t — t ®t, the counity is defined by ¢ — 1, and the antipode is defined by t — t~1.

Example A.2.4. Consider the additive group G, := Spec(k[t]). The coproduct is defined
by t = t® 14 1®¢t, the counity is defined by ¢ +— 0, and the antipode is defined by ¢ — —t.
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Definition A.2.5. Let G and G’ be two S-group schemes. An S-morphism ¢ : G — G’ is
an S-group morphism if the following diagram commutes

G xgG K G

soxsoj lso
I

G' x5 G G'

In other words, for any S-scheme T', the induced map of sets ¢(T) : G(T) — G'(T) is
a group morphism such that for any S-scheme morphism ¢ : 77 — T the following diagram
commutes

ar) —2T gy
GO G
iy 2 i

A.3 Group schemes action

A reference for the group scheme theory is [GP11]. This section is inspired from [Dub04,
§A.2].

Definition A.3.1. An S-group scheme action on an S-scheme X is an S-scheme morphism
1 G xg X — X such that the following diagrams commute

id X e X id
GXSGXSX ~ GXSX SXSX GXSX
mxidl l,u gl Jid
0
G xg X s X X X.

An equivalent definition is to give, for any S-scheme 7', an action of the abstract group
G(T') on the set X(T') such that for any S-morphism ¢ : 77 — T the induced map of sets
X(¢) : X(T) — X(T"), and the induced group morphism G(¢) : G(T) — G(T"), satisfy the
following commutative diagram

G(T) xs(r) X(T)

G(9) x X(0) |
, n (T ,
G(T') xszn X(I') —=—— X(T")

Definition A.3.2. Let G and G’ be two S-group schemes, and let ¢ : G — G’ be an S-group
scheme morphism. Let X and X’ be two S-schemes endowed respectively with an action of
G and G’

p:GxgX =X, and G xgX — X'

An S-scheme morphism ¢ : X — X' is p-equivariant if the following diagram commutes
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GXSX s X
ox 0] e
G xg X' X'

Furthermore, if G = G, the morphism ¢ : X — X' is G-equivariant if it is idg-equivariant.

In this thesis, we are led to study torsors for k-tori. In the next definition, we see that
the notion of torsor is more general.

Definition A.3.3. (see [Sta, Section 0497]) Let G be an S-group scheme. An S-scheme
X endowed with a G-action p : G xg X — X is called a pseudo G-torsor if the induced
morphism g X pro : G xg X — X xg X is an isomorphism of S-schemes (pro is the canonical
projection on the second factor). A pseudo G-torsor X is trivial if there exists a G-equivariant
isomorphism G — X over S, where G acts on G by left multiplication. A pseudo G-torsor
is a G-torsor if there exists an fpqc covering {S; — S} of S such that X xg S; is a trivial
pseudo G X g S;-torsor.

A G-torsor over a field is trivial if and only if it contains a k-point. Indeed, the
condition is necessary since G(k) # 0. Conversely, if y € Y (k), then G is isomorphic to YV

via g — u(g,y).

Example A.3.4. Let k be an algebraically closed field. Then, any pseudo G-torsor is trivial.
Let k be a perfect field. Then any pseudo G-torsor is a G-torsor since Spec(k) — Spec(k) is
an fpqc covering.

A.4 Finite group actions on schemes

Let k be a field, and let k’ be a non-necessarily finite Galois extension of k. Recall that quasi-
projective k-varieties correspond to quasi-projective k’-varieties endowed with a k-structure
(see Theorem 1.4.11). A k-structure on a k’-variety X induces a right action of Gal(k’/k)
by k-automorphisms on X. If X is a quasi-projective k’-variety endowed with a k-structure
o, then the corresponding k-variety is the categorical quotient X/Gal(k’/k). In this section,
we give the definition and some properties on the quotient of a k-scheme by a finite group
action. This section is based on [GW20, §12.7] and on [SGA03, Exposé V, §1].

Definition A.4.1. Let X be a k-scheme, and let G be a group of k-automorphisms of X. A
categorical quotient of X by G is a pair (Y, 7) such that
e Y is a k-scheme;
e 7: X — Y is a G-invariant k-morphism (i.e for all g € G, m o g = 7), and;
e for every G-invariant k-scheme morphism 7/ : X — Z, there exists a unique k-morphism
f:Y — Z such that for =7

Clearly, if such a quotient exists, it is unique up to a unique k-isomorphism. In this
case, we write X/G instead of Y. For affine scheme, we can easily obtain this quotient.

Proposition A.4.2. Let X = Spec(A) be an affine k-scheme, and let G be a group of k-
automorphisms of X. Let A% := {a € A | ¢*(a) = a Vg € G} be the ring of invariants. Let
Y := Spec(A%), and let 7 : X — Y be the morphism induced by the inclusion AS < A.
Then the pair (Y, ) is a categorical quotient of X by G.
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Proof. Let Z = Spec(B) be a k-scheme, and let 7’ : X — Z be a G-invariant k-morphism.
The corresponding k-algebra morphism 7/ . B — A satisfies glon s Therefore, for all
be B, jj(b) € A% and we get a unique k-morphism 7% : B — A% that makes the following
diagram commutative

AG

ﬂ-ﬂ
A —
W/ﬁT /
B

O]

We give the existence of such a quotient and its properties in the case where G is a
finite group. Note that, if X = Spec(A) is an affine k-scheme, then a k-scheme automorphism
of X corresponds to a k-algebra automorphism of A. To obtain a left action of G on A, we
assume that we have a right action of G on X.

Proposition A.4.3 ([SGAO03, Exposé V, §1], or [GW20, §12.7]). Let X = Spec(A) be an
affine k-scheme, and let G be a finite group of k-automorphisms of X. Let

AY :={aec A| ¢%a)=aVgecG}

be the ring of invariants. Let Y := Spec(A®), and let 7 : X — Y be the S-morphism
corresponding to the inclusion AS — A.

(i) The pair (Y, m) is a categorical quotient of X by G.

(ii) Fibers of m are the orbits of the G-action on X.

(iii) The homomorphism p' : Oy — 1.Ox induces an isomorphism Oy = (m.0x)%.

(iv) For every open subset U of Y, the pair (U, mt|z-1(1s)) is the categorical quotient of 7~(U)

by G.

(v) If X is integral, then so is Y.

(vi) The morphism w is integral, surjective, and has finite fibers.
(vii) Let X be of finite type over k. Then, m is finite and Y = X /G is of finite type over k.

Example A.4.4. Let k//k be a finite Galois extension, and let X = Spec(A)), where A :=
kK'[z1,...,2y,]. Consider the following left T' := Gal(k’/k)-action on kK'[x1, ..., xy].

I'xA— A, (7, Zakl’___knx’fl . xf{‘) — Z'y(akl 77777 kn)${1 ...k

This action corresponds to a right action of I' on X. Note that X is affine and of finite
type over k, and that I' is a finite group acting on X by k-automorphisms. Then, X/T" =
Spec(k[z1, ..., xn)).

The notion of quasi-projective variety often appears in the Galois descent theory be-
cause of the following result. A scheme X is called an FA-scheme if every finite subset of
X is contained in an affine open subset of X (see [GLL13]). In particular, an FA-scheme is
separated. A quasi-projective scheme over an affine scheme is FA. More generally, a scheme
admitting an ample invertible sheaf is FA (See [Gro61, II. Corollary 4.5.4]). In particular, we
have the next result.

Lemma A.4.5 (See [Liu06, Proposition 3.3.36]). A quasi-projective k-variety endowed with
a finite group action G can be covered by G-invariants affine open subsets.
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Proposition A.4.6 ([SGAO03, Corollaire 1.5, Proposition 1.8]). Let X be a k-scheme and
let G be a finite group of k-automorphisms of X. The categorical quotient X/G exists if
and only if X is covered by G-invariants affine open subsets. The quotient X/G is obtained
by gluing the quotient of the G-invariants affine open subsets of X. In particular, if X is
a quasi-projective k-scheme, then the quotient X/G exists. Furthermore, X is affine (resp.
separated) if and only if Y is affine (resp. separated).

Proposition A.4.7 (See [Benl6, Proposition 3.9]). Let k'/k be a finite Galois extension
of Galois group T, let X be a k-scheme, and let Xy := X Xgpec(k) Spec(k’). Consider the
[-action on Xy defined by v — id x Spec(vy). Then, (X,pr1) is the categorical quotient of
Xy by I, where pr1 : X — X is the canonical projection.

Proof. Let k/'/k be a finite Galois extension of Galois group I', and let X be a k-scheme.
Since pry is an affine morphism, we can cover X by I'-invariant affine open subsets. Indeed,
let U = Spec(A) be an affine open subset of X. Then, pr; }(U) = U X spec(k) Spec(k’) =
Spec(A ®k k') is a T-invariant affine open subset of Xj,. Therefore, the inverse image of an
affine cover of X is a I'-invariant affine cover of Xj». By Proposition A.4.6, the quotient of
X by I' exists.

Let U = Spec(A) be an affine open subset of X. Then, the projection pr; corresponds
to the k-morphism

A Ak, a—a®l.

By Proposition A.4.2; (U Xgpec() Spec(k’)) /T = Spec((A @k k')T). By a classical result (see
[Ben16, Lemme 3.8]),
(A k) = A @ k= A.

Therefore, (U, pr1|pr_1(U)) is the quotient of U Xgpec(x) Spec(k’) by I'. Finally, by Proposition
1
A.4.6, (X, pry) is the quotient of Xy by I O

Remark A.4.8. Using fpqc descent, one can shows that Proposition A.4.7 is still true if
k’/k is an non-necessarily finite Galois extension (see the proof of Proposition 1.4.8).

A.5 Limits and colimits

The Galois group of an infinite Galois extension is the limit of the Galois group of all inter-
mediate finite Galois extension. Since there is a lot of confusions on the vocabulary around
the notion of limits and colimits, we fix here the notations.

Definition A.5.1 ([Sta, Definition 0030]). Let (I, >) be a preordered set. Let C be a category.
(i) An inductive system over I in C is given by objects C; of C, and for every i < i’ a
morphism f;  : C; — Cy such that f;; = i¢d and such that f;;» = fy ;v o f; 4 whenever
i< <.
(ii) A projective system over I in C is given by objects C; of C, and for every i < i’ a morphism
firi : Cyy — C; such that f;; = id and such that f;»; = fy ;o fir v whenever i < i’ <7”.
We denote a system by (Cj, fii). The maps f; ; are called the transition maps.

We could take (co)limits of any system over I. However, it is customary to take only
colimits of inductive systems over I and only limits of projective system over I. See [Sta,
§002Z] for more details.

Definition A.5.2. Let (I, <) be a preordered set. We say that an inductive system (resp.
a projective system) is a directed inductive system (resp. a directed projective system) if I
is a directed set ([Sta, Definition 00D3]): I is non-empty and for all i1,io € I, there exists
1 € I such that 77 <7 and i9 < 1.
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Definition A.5.3 ([Sta, Definition 002E]). Let (I, <) be a preordered set and let (Cj, f; i)
be a projective system. A limit of this projective system in C is an object lim;c; C; in C
together with morphisms p; : lim;c; C; — C; such that
(i) for i <4, we have p; = fir; o pyr
(ii) for any object W in C and any family of morphisms ¢; : W — C; such that for all ¢ < ¢/
we have ¢; = fir; o gy, there exists a unique morphism ¢ : W — lim;c; C; such that
q =p;oqforalliel.

Definition A.5.4 ([Sta, Definition 002E]). Let (1, <) be a preordered set and let (Cj, f; i)
be an inductive system. A colimit of this inductive system in C is an object colim;c;C; in C
together with morphisms s; : C; — colim;c;C; such that
(i) for i <4, we have s; = sy o f; i
(ii) for any object W in C and any family of morphisms ¢; : C; — W such that for all ¢ < ¢/
we have t; = t; o f; #, there exists a unique morphism ¢ : colim;c;C; — W such that
t; =tos; foralliel.

Limits (resp. colimits), if they exist, are unique up to a unique isomorphism by the
uniqueness requirement in these definitions.

Example A.5.5. Let k//k be a Galois extension. Then, the set of finite Galois extension
k;/k in k' equipped with the inclusion is a directed inductive system. One can show that
colim k; =k’ (see [Sta, §002U]). If k C k; C k; is a tower of finite Galois extension in k', we
get a morphism Spec(k;) — Spec(k;), and therefore we obtain a directed projective system.
One can show that lim Spec(k;) = Spec(k’).

We end this section with the notion of profinite groups. We will see that the Galois
group of a non-necessarily finite Galois extension is profinite (see Proposition B.1.8).

Definition A.5.6. A topological group is profinite if it is isomorphic, as topological group,
to a limit of finite groups (each of them being endowed with the discrete topology).

A.6 Varieties

In this thesis, we consider k-varieties defined as follow.

Definition A.6.1. Let k be a field. A k-scheme X is a k-variety if X is a separated and
geometrically integral scheme of finite type over k.

Below, we give some details about the definition of a k-variety. We will see for instance
that a k-variety is also quasi-compact, Noetherian, reduced, irreducible, ...

Definition A.6.2 (See [Sta, Section 01KH]). A scheme X is separated if the diagonal mor-
phism A : X — X Xgpecz) X is a closed immersion.

Definition A.6.3 (See [Sta, Section 0364]). A scheme X is irreducible if it is non-empty
and it can not be a union of two proper closed subsets. Let k be a field. A k-scheme X is
geometrically irreducible if the scheme Xy := X Xgpec(k) Spec(k’) is irreducible for every field
extension k’ of k.

A reduced ring is a ring with no non-zero nilpotent elements.

Definition A.6.4 (See [Sta, Sections 011Z, 035U]). A scheme X is reduced if every local
ring Ox , is reduced. Let k be a field, and let x € X. We say X is geometrically reduced at
x if for any field extension k’/k and any point z’ € X/ lying over z, the local ring Ox, o
is reduced. A k-scheme X is geometrically reduced over k if X is geometrically reduced at
every point of X.
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A scheme X is reduced if and only if for every open U C R, the ring Ox (U) is reduced.
A k-scheme X is geometrically reduced at € X if and only if the ring Ox , is geometrically
reduced over k (that is Ox , Q@ k' is reduced for every field extension k'/k).

A domain is a non-zero ring with no zero divisors. An integral domain is a commutative
domain.

Definition A.6.5 (See [Sta, Sections 010J, 0366]). A scheme X is integral if it is non-empty
and for every non-empty affine open Spec(R) = U C X, the ring R is an integral domain.
Let k be a field. A k-scheme X is geometrically integral if the scheme X} is integral for every
field extension k' of k.

A scheme X is geometrically integral if and only if it is both geometrically reduced and
geometrically irreducible over k

A topological space is quasi-compact if every open covering of X has a finite subcover.
A continuous map of topological spaces is quasi-compact if the inverse image of every quasi-
compact open subset is quasi compact.

Definition A.6.6 (See [Sta, Section 01K2]). A scheme X is quasi-compact if its underlying
topological space is quasi-compact. A morphism of schemes is called quasi-compact if the
underlying map of topological space is quasi-compact. An S-scheme X is quasi-compact if
its structural morphism X — S is quasi-compact.

A ring map R — A is of finite type, or A is a finite type R-algebra, if there exists n € N
and a surjection of R-algebras R[x1,...,z,] — A.

Definition A.6.7 (See [Sta, Section 01K2]). A morphism of scheme f : X — S is of finite
type at x € X if there exists an affine open neighborhood Spec(A) = U C X of x and an
affine open Spec(R) =V C S with f(U) C V such that the induced ring map R — A is of
finite type. A morphism of scheme f : X — S is of finite type if it is of finite type at every
point of X and quasi-compact. An S-scheme X is of finite type if its structural morphism
X — S is of finite type.

Recall that a ring R is Noetherian if it satisfies the ascending chain condition of ideals.
Equivalently, every ideal of R is finitely generated. Every finite type commutative R-algebra
A is Noetherian.

Definition A.6.8 (See [Sta, Section 010U]). A scheme X is locally Noetherian if every € X
has an affine open neighborhood Spec(R) = U C X such that the ring R is Noetherian. A
scheme X is Noetherian if it is locally Noetherian and quasi-compact.

A domain is called normal if it is integrally closed in its field of fraction. A ring R is
called normal if for every prime p C R, the localization R, is a normal domain (see details
in [Sta, Section 037B]).

Definition A.6.9 (See [Sta, Section 033H]). A scheme X is normal if and only if for all
x € X, the local ring Ox; is a normal domain.

A scheme X is normal if and only if for every affine open U C X, the ring Ox (U) is
normal.

A.7 Welil restriction

This section is based on [BLR90, §7.6] and on the notes [JMS]. See also [CGP10, §A.5]. Let
p:S" — S be a scheme morphism. We give some conditions that ensure the existence of the
Weil restriction of an S’-scheme X'.
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Definition A.7.1. Let p: S’ — S be a scheme morphism. Given an S’-scheme X', consider
the contravariant functor

RS//S (X/) : SChgp — Sets
T — X/(T XS S/) = HOHIS/(TS/,X/).

If the functor Rg//g(X ') is representable by an S-scheme X, then we say that X is the Weil
restriction of X’ along p, and we denote it Rg//g(X").

Theorem A.7.2 ([BLR90, Theorem 4], [CGP10, Proposition A.5.8]). Let p: S" — S be a
finite and locally free morphism (see [Sta, Definition 02KA and Lemma 02KBJ. Let X' be an
S’-scheme such that for any s € S and any finite set P C X' x g Spec(k(s)), there exists an
affine open subscheme U' C X' containing P. Then, the functor RS//S(X’) s representable
by an S-scheme. In particular, if X' is a quasi-projective S’'-scheme, then the Weil restriction
of X' exists. Furthermore, if p is a finite flat morphism of Noetherian schemes, if X' is a
quasi-projective S’-scheme, then RS//S(X’) is a quasi-projective S-scheme.

The role of the quasi-projective hypothesis on X’ is to ensure that any finite set of
points in the underlying topological space of X’ is contained in an affine open subscheme of
X'. Under this hypothesis, Rg/,5(X’) is constructed as a gluing of S-schemes Rg//g(U;) for
a suitable finite affine open covering {U/} of X'.

We list some properties of the Weil restriction in the next proposition.

Proposition A.7.3 ([CGP10, Propositions A.5.2, A.5.4, and A.5.5]). Let p: 8" — S be a
finite and flat morphism of affine Noetherian schemes, and let X' be an S’-scheme such that
the Weil restriction Rg//s(X'") exists as an S-scheme.

(i) If X" is affine of finite type over S', then Rgr/5(X') is affine of finite type over S;

(ii) If T is an S-scheme and T' :=T x g S’, then there is an isomorphism

Ry (X' o T') = Rarys(X') x5 T
(iii) There is a natural isomorphism
Ry /s(X' xz2Y') = Rg/g(X) XRgr/5(2") Rgs(Y'),

where Y' and Z' are quasi-projective S" scheme such that there are morphisms X' — 7'
and Y' — Z'. In particular, if X' is an S'-group scheme, then Rg /g(X') will be an
S-group scheme;

() If f: X' = Y' is a smooth (resp. étale, open immersion), then so is Rgr/g(f).

(v) Consider the S-scheme S’ := US; — S, where {S;} is a finite collection of S-schemes,
and the S’'-scheme X' := UX;, where X; is an S;-scheme for all i. Then,

Rgr/s(X') = [ Rs,/s(Xi);

(vi) If X" is a G'-torsor for a smooth quasi-projective S'-group scheme G', then Rg//s(X')
equipped with the natural Rg//g(G')-action is a Rgr/g(G")-torsor;
(vii) If X' is quasi-compact, then so is Rgr/s(X');
(viii) Rgrys(X') is separated.

Example A.7.4. Let k'/k be a finite extension of degree d. Then Ry i (Spec(k’)) = Spec(k),
Ry i(Afy) = Af, and Ry i (G, 1) = G, . Let X := Spec(K'[1, ..., 2] /(f1, -+, fm)). Then

Ry /i (X) = Spec(k[yi;1/(9x.1)),

where 1 < ¢ <n,1<75<d, 1<k<m,1 <1 <d, and where the gi; are polynomials
in the indeterminate y; ; defined as follows. Take a k-basis (e1,...,eq) of k/, and write
x; = yine1+---+yiqeq- Then, there exists polynomials g ; such that f; = gj1e1+---+g; qeq-
See for instance Example 1.2.10.
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This section ends on a result similar to the embedding described in Proposition 3.2.6.

Proposition A.7.5. Let X be a normal affine k-variety endowed with an effective k-torus
action p of T. Let k'/k be a finite Galois extension. Then, there are closed immersions

X — R']k’/]k (X]k’) and T — Rk’/]k (T]k’) .
Furthermore, the following diagram is commutative

I

T XSpec(]k) X X

J: Ry /(1) j

Ry /i (Tir) X spec(ie) Rier /i (Xir) Ry jic(Xier).-

Proof. Indeed, from the definition of the Weil restriction, we have
Homk (X, Rk’/k (X]k/)) = Homkr (X]k/, X]k/) .

Therefore, the k’-morphism idx,, corresponds to a k-morphism X — Ry (Xy). Then, by
Proposition A.7.3, we get a natural isomorphism

Ry jic (Xir) Xspec(ic) Spec(k’) = Ry, i /i (Xk’ X Spec(k) Spec(k,)) :
Therefore (see also Lemma 1.3.1),

R]k’/]k (Xk/) XSpec( Spec g H X]k/ Xﬂ?"
Then, the base change
Xy — R[k’/]k(XIk’)]k’ = Xﬂg/

corresponds to the diagonal morphism, which is a closed immersion (since X is separated).
Finally, by Theorem 1.1.4, we get a closed immersion X < Ry /i (Xy/). O



Appendix B

Galois theory

In this section, we state with no proof the main results of the Galois theory. For a point on
field extension and on Galois theory, see for instance [Mor96] or [Esc01].

B.1 Generalities

Definition B.1.1. Let k be a field and let k’ be an extension of k. The set of k-automorphisms
of kK’ is equipped with a group structure whose group law is the composition of k-automorphisms.

We will denote this group by Gal(k’/k), and call it the Galois group of the extension k' over
k.

In this thesis, we often consider Galois groups of normal extensions; non-normal one
do not possess enough k-automorphisms to make the fundamental theorem of the Galois
correspondence (see Theorems B.2.1 and B.3.1).

Definition B.1.2 ([Esc01, §7.2]). A normal extension of a field k is an algebraic extension
k’ of k such that every irreducible polynomial in k[z| having a root in k’ has all its roots in
k’. In other words, all conjugates of elements of k’ must lie in k'.

Definition B.1.3 ([Esc01, §15.1]). Let k//k be a field extension. An element a € k' that is
algebraic over k is said to be separable over k if it is a simple root of its minimal polynomial.
An algebraic field extension k' /k is separable if every element of k’ is separable over k.

Definition B.1.4. A Galois extension of a field k is normal and separable.

Remark B.1.5. In the case of infinite fields of non-zero characteristic, it is necessary to
distinguish between normal extensions and Galois extension. In characteristic zero, the two
notions are equivalent. If k is a perfect field, the two notions are equivalent since all extension
of such a field are separable (see [Esc01, Chapter 15], see also [Sta, Lemma 030P]).

Definition B.1.6. Let k’/k be a Galois extension. The Krull topology on k’/k is the unique
topology such that for all v € Gal(k’/k), the family of subsets

{yGal(k'/ko) | ko/k is a finite Galois extension, ko C k'}

is a basis of open neighborhoods of 4. Hence, a subset S of Gal(k/k) is open if S = ) or if
S = U; 1:Gal(K'/k;) for some v; € Gal(k/k) and for some finite Galois extensions k;/k in k'.

Remark B.1.7 ([Tho]). Let k’/k be a Galois extension. The Krull topology is discrete if
and only if the extension k’/k is finite.

From the next proposition, we get that the Galois group of a non-necessarily finite
Galois extension is a profinite group (see Definition A.5.6).
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Proposition B.1.8 ([Berl0, Theorem 1.2.18], see also [Sta, §0BMI]). Let k'/k be a Galois
extension. We have an isomorphism of topological groups

Gal(k'/k) = lim Gal(k;/k),
where the limit is over all finite Galois extension k;/k in k'

Let H be a normal subgroup of ', and let k'’ H be the field of fixed elements (see [Mor96,
Chater I, §2]). Then, since H is normal in T', for every v € I' we can restrict v on k’ H, and
we get an automorphism 7|, # € Gal(k/ H k). Therefore, we obtain a continuous surjective

homomorphism
I' = Gal (ki/k), v+ 7|p#,

with kernel Gal (/™).
Conversely, let k C k; C k’ be a Galois extensions of k, and let v € I". Since k; is

a normal subextension in k', y(ki) = k;. We get an automorphism 7|, : ki — ki ([Sta,
Lemmas 09HQ and 0BME]). Therefore, we obtain a continuous surjective homomorphism

' = Gal(ki/k), ~+— ’Y|]k1’

with kernel Gal(k’/k;) ([Sta, Lemmas 0BMK, 0BMM and Theorem 0BML]). In other words,
we obtain a short exact sequence

1 — Gal (K'/k;) — T := Gal (K'/k) — Gal (k /k) —> 1

of profinite topological groups. Hence, Gal(k’/k;) is a normal subgroup of I" and we have an
isomorphism

I'/Gal(k' /k;) — Gal(k, /k)
vGal(k' /K1) — 7]y, -

B.2 Galois theory for finite field extensions

This section is based on [Esc01, §8.4 & 8.5]. See also [Mor96, Chapter I, §5].

Theorem B.2.1 (Fundamental Theorem of Galois Theory over finite field extensions). Let
k' /k be a normal extension of finite degree. Let & be the set of intermediate extension between
k and X', and let 4 be the set of subgroups of Gal(k'/k). Let I : ¢ — & be the map that
associates to a subgroup H of Gal(k'/k) the field of invariants k', and let G : & — 4 be the
map which associates to an extension ko of & the group Gal(k’/ko).

(i) Let ko be an intermediate normal extension of k. The map Gal(k'/k) — Gal(kg/k)
obtained by taking the restriction to ko of a k-automorphism of K’ is a surjective group
homomorphism with kernel equal to Gal(k'/ko). Furthermore, Gal(k'/ko) is a normal
subgroup of Gal(k'/k) and

Gal(ko/k) = Gal(K'/k)/Gal(K' /ko).

(ii) I and G define inverse bijections that are decreasing for the inclusion relation.
(iii) By restriction, I and G define inverse bijections of the set &' of normal extensions of k

contained in k' to the set 4" of normal subgroups of Gal(k’/k).
(iv) If kg and ki are intermediate extension between k and k', then ky is a normal extension

of ko if and only if Gal(k’/ky) is a normal subgroup of Gal(k’/kg), in which case
Gal(kl/ko) = Gal(k'/ko)/Gal(k'/kl)
(v) If ko and ki are intermediate extension between k and k' with ko C ky, then

[]kl 2k0] = ‘Gal(k//ko)‘ / |Gal(k'/k1)| .
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B.3 Galois theory for infinite field extensions

This section is based on [Berl0, Chapter 1]. The proof may be found in [Mor96, Chapter
V).

Theorem B.3.1 (Fundamental Theorem of Galois Theory over finite field extensions). Let
k'/k be a Galois extension. There is a one-to-one correspondence between the following sets:
(i) The set of subfields ko of kX' containing k and the set of closed subgroups of Gal(k'/k).
(ii) The set of subfields ko of k' containing k such that ko/k is a finite field extension and
the set of open subgroups of Gal(k'/k).

(iii) The set of subfields ko of k' containing k such that ko/k is a finite Galois extension and
the set of open normal subgroups of Gal(k'/k).

In all cases, the correspondence is given by

ko — Gal(k'/ko)
K i H

Moreover, if H is an open normal subgroup of Gal(k'/k), then we have
Cal(k'? /k) = Gal(K'/k)/H.
In particular, for any finite Galois extension ko/k in k', we have

Gal(ko/k) 2 Gal(k'/k)/Gal(K /ko).






Appendix C

Convex geometry

C.1 Normal fan, polytope, and polyhedron

This section is based on [CLS11, §2.2 and §7.1].
Let M and N be dual lattices. Let A C Mg be a polyhedron; it is the intersection of
finitely many closed half-spaces:

A=({ue Mg | (ulv;) > —as},
i
where a; € Q and v; € N. Furthermore, if A is full dimensional, each facet (i.e a face of
codimension one) has a unique supporting affine hyperplane. Therefore,
A ={u € Mg | (ulv;) > —a; for all facets d; of A},

where v; is the generator of the ‘nward-pointing facet normals of the facet 6;.

Recall that there is a Minkowski sum decomposition A = wys + II, where wjs is a cone
and II is a polytope. In this decomposition, the cone is unique and called the tail cone of A.
Here, the the tail cone of A is

wyr = {u € Mg | (ulv;) >0 for all facets d; of A}.

The normal fan Ax C Ng of a full dimensional polyhedron A consists of cones As
indexed by faces ¢ of A, where

As == Cone(v; | 0; facet containing J).
In practice, this normal fan is constructed as follows. A vertex u € A gives the cone
Cy = Cone(ANM —u) C Mg and C) € A.

The vertices of A correspond to the maximal cone in A, and the facets of A correspond
to the rays in Aa. The ray generators of the normal fan Aa are generators of the inward-
pointing facet normal v;.

If the polyhedron A is not full dimensional, then by the same recipe, we construct a
normal quasi-fan A, having support the dual of the tail cone of A.
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Example C.1.1. A full dimensional polyhedron A, with tail cone w = @2207 and its normal
fan.

3 3 s
2161 2
1 1 4v3
_ pUL |
1 2 3 1 2 3

A2 A
-1 1 -1 1

A polyhedron leads to a support function on the normal quasi-fan An. The precise
definition of this function is the following.

Definition C.1.4. Let A be a quasi-fan in Ng having support the cone wy. A support
function is a function h : wy — Q that is linear on each cone of A.

Proposition C.1.5 ([AH06, Lemma 1.4]). Let wy be a pointed cone in Ng, let A be a
wn-polyhedron, and let A C Mg be the normal quasi-fan of A. Consider the map

ha :w)i — Q; wr min((ufv) | u € A).

(i) The map ha is well defined and is a support function for Aa;
(ii) The map ha is convex. That means that for any two vectors u, v’ € wy;, we have

ha(u) + ha(u') < ha(u+u').

Proof. The statements are standard in the case where A is a full dimensional lattice polytope,
see [CLS11, Proposition 4.2.14], or [Oda88, Appendix A]). According to [AH06, Lemma 1.4],
the proof can be easily adapted to our setting. O
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C.2 Convex geometry and toric divisors

This appendix is based on [Ful93] and [CLS11].

On a variety X, a Weil divisor is a finite formal sum ) a; ® D; of irreducible closed
subvarieties D; of codimension one in X and such that a; € Z. The sum of two Weil divisors
is again a Weil divisor, therefore we get a group denoted WDiv(X). A Weil Q-divisor is an
element of WDiv(X)®z Q. A Cartier divisor is given by the data of a covering of X by affine
open subsets U;, and non-zero rational functions f; on Uj;, called local equations, such that
fi/ f; are nowhere zero regular functions on U; N U;. We get a group denoted CDiv(X). A
Cartier Q-divisor is an element of CDiv(X) ®z Q. When X is a normal variety, we have an
embedding CDiv(X) € WDiv(X). Furthermore, if X is smooth, then CDiv(X) = WDiv(X),
and we denote Div(X) the group of all divisors on X.

Let X be a split T-toric (normal) k-variety of fan A C Ng. We are interested in divisors
that are mapped to themselves by the torus T = Spec(k[M]). The irreducible subvarieties of
codimension one that are T-invariant correspond to rays of the fan. Number the rays (v),

.., {(vq), where v; is the first lattice vector of the ray (v;). To a ray (v;), the associated
prime divisor D,, is the orbit closure of the distinguished point of Spec(k[(v;)¥ N M]). The
T-invariant Weil divisors, denoted WDivy (X, ), are of the form

D:Zai®Dvi7

where a; are integer. Note that D|r is the trivial divisor.
For m € M (see [CLS11, Proposition 4.1.2], or [Ful93, Lemma in §3.3]), we have

div(x™) = 3" (mlv;) @ D,,.

A T-invariant Weil divisor is Cartier if and only if for each A € A, there exists my € M such
that for all ray (v;) of A, (my|v;) = —a; (see [CLS11, Theorem 4.2.6]). Let D = 3" a; ® D,, be
a Cartier divisor on Xy, let A € A, and let U), be the affine open subset associated to A. Then,
D|y, =div(x™"™), and {(Ux, x ™)} xea is a local data for D (see [CLS11, Proposition 4.2.8,
Definition 4.0.12]).

Example C.2.1. Let A C Mg be a full dimensional lattice polyhedron
A ={u e Mg | (u|v;) > —a; for all facets §; of A},

where a; € Z. Let Aa the corresponding normal fan, and let X, , be the associated toric
variety. Then, to the polyhedron A, is associated a Cartier divisor on X, (see [CLS11,
Proposition 4.2.10])

Dp = Z a; @ Dvi-
d; facet of A

Recall that if D is a Weil Q-divisor on a k-variety X, then we define the sheaf of sections
Ox(D) by:
H(V, 0x(D)) = { f € k(X) | div(f)],, + D, > 0} U {0},
where V' C X is an open subset.

Let X, be a normal toric variety, and let D := )" a; ® D,, be a T-invariant Weil divisor.
Let m € M. Note that, div(x™) + D > 0 is equivalent to

(m|vi) +a; > 0 for all ray (v;) € A,

where v; is the first lattice vector of the ray (v;). Therefore, we define a polyhedron from the
divisor D by
A(D) :={u € Mg | (u|v;) > —a;, Vi}.
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Proposition C.2.2 ([CLS11, Proposition 4.3.3], see also Lemma in [Ful93, §3.4]). Let X
be a (normal) toric variety of fan A C Ng. Let {vi,...,vq} be the lattice generators of the
rays of A, let {a1,...,aq} be rational numbers, and let D := 3" a; @ D,, be a Weil Q-divisor.
Then,

H(X,0x(D) = > k™
meA(D)NM

where A(D) is the polyhedron A(D) := {u € Mg | (u|v;) > —a;, Vie{l,...,q}}.

Proof. Observe that HY(X, Ox (D)) = H°(X, Ox(|D])) and that A(D)NM = A(|D])N M.
Therefore, we conclude by [CLS11, Proposition 4.3.3] (or Lemma in [Ful93, §3.4]). O

Example C.2.3 ([CLS11, Example 4.3.4]). Consider the fan of the blow-up of A% at the
origin, and consider the torus invariant Weil divisor D := D,, + D, + D,,. Then, Ap is
defined by:

2

U2

U1

C.3 Convex geometry and short exact sequences of lattices

We give technical details used in the proof of the Altmann-Hausen presentation via toric
downgrading.

Notation C.3.1. We consider the following dual short exact sequences of lattices:

0 N a N’ P Ny 0

* *
0 My P M’ r M 0

In the next lemma, we list some classical properties of a split short exact sequence of
lattices.

Lemma C.3.2. Consider the short exact sequences of Notation C.8.1. There exists a section
t: Ny — N’ and a cosection s : N' = N such that

1. F*os* =idy 7. M' = Im(P*) @ Ker(t*)
2. t" o P* =idy, 8. M' =Ker(F*) @ Im(s*)
3. P*ot* =idpyy — s* o F* 9. Ker(t*) = Im(s*)

4. soF =idy 10. N' =Im(F) @ Ker(s)
5. Pot=1idy, 11. N' =Ker(P) & Im(t)

6. toP =idy — Fos 12. Ker(s) = Im(t)

Proof. For the existence of the section, see [Eis95, Proposition A.3.1], and for the list of
properties, see [Lan02, Proposition 3.2]. O
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Denote by {e,...,e,} the canonical basis of N, this set generates the pointed cone
o C Ng. Observe that P(Q%,) C Ng is the cone generated by the set {P(e1),...,P(en)}.
Let v; be the first lattice vector of the ray v; and consider the following polyhedron
Avi =S (P_ (Ul) N Qg()) C N@.

Observe that the polyhedron s(P~1(0) N QY%,) C Ng is by definition a pointed cone, and A,,
are s(P~1(0) N Q%,)-polyhedra.
Consider the cone wyy := F*(Q%y) C Mg. Then A(0) := (F*)~1(0) N Q% C Mg is a
pointed cone, and for all m € wy; N M, observe that the polyhedron
A(m) == (F*)"Y(m)n Q% C My
has tail cone A(0). We define the polyhedron
Ay (m) = {uy € (My)g | (P*(uy)|e;) > —(s*(m)le;) Vi € {1,...,n}} C (My)g.

Lemma C.3.3. Let m € wyy N M, then
(i) A(m) = P*(Ay(m)) + s*(m);
(i) Ay (m) = t*(A(m)) = ((F*)~}(m) N Q%);
(i) Ay(m) has tail cone t*(A(0)) = P(Q%,)" C (My)q-

lr1137’00]0. (i) Since (F*)~Y(m) = s*(m) + Ker(F*) = s*(m) + Im(P*) (see Lemma C.3.2), we
A(m) = {u' = P*(uy) + s*(m) | uy € (My)g, (u'|e;) > 0Vi € {1,...,n}}
= {P*(uy) | uy € (My)g, (P (uy)leq) = —(s"(m)leq) Vi € {1,....n}} +*(m)
= P* ({uy | uy € (My)q, (P*(uy)lei) > —(s*(m)]e;) Vi € {1,...,n}}) + s*(m)
— P*(Ay(m) +5"(m)

(7i) We have t* o s*(m) = 0. Thus t*(A(m)) = Ay (m).
(7ii) Let uy € t*(A(0)), there exists u’ € A(0) such that uy = t*(u'). We have for all
v € Q%
()P (")) = (P*(t" (u))]) = (u' = s"(F" () p) = (u']") = 0
Hence uy € P(Q%,)". Conversely, let uy € P(Q%,)Y. We have uy = t*(P*(uy)), we show

that P*(uy) € A(0). First, F*(P*(uy)) = 0. Moreover, since (P*(uy)[v") = (uy|P(v')) >0
for all v € Q%, we have P*(uy) € Q%,. Hence, P*(uy) € A(0) and uy € t*(A(0)). O

Lemma C.3.4. The following equality holds:
s (F(Ng) N Q%) = s (P1(0) N Q%) = F* (Q%,) € No.
Thus, the tail cone of Ay, is wn —s( L0 ) NQL ) ( go)v:w}\//l.
Proof. 1t is a consequence of Lemma C.3.3. O

Lemma C.3.5. for all i, we have
min(Ay (m)|v;) + min(m|A,,) = 0.
It is a corollary of the next lemma, with w = Q%, u = s*(m), and v = t(v;).

Lemma C.3.6 (from the proof of [AH03, Proposition 8.5]). Consider the short exact se-
quences of Notation C.8.1. Let w be a pointed cone in N(’@, let v E€w and let u € wY. Then,

min (u| P~ (P(v)) Nw )+ min ((F7) ™ (F*(w)) Nw”|v) = (ulv).






Appendix D

Birational geometry

In this Appendix, based on [Har77, Chapter V] and [Man86, Chapter III], we recall basic
tools of birational geometry. See also [Piel2].

Let X be a smooth projective surface over an algebraically closed field. We denote
Div(X) the group of all divisors on X, and by Pic(X) the group of invertible sheaf up to
isomorphism, which is isomorphic to the group of divisors modulo linear equivalence (see
[Har77, Chapter II, §6]). There exists a unique pairing

Div(X) x Div(X) — Z,

called the intersection pairing (see [Har77, Chapter V, Theorem 1.1]). For instance, if C' and
D are smooth curves which meet transversely at r points, then the intersection number is 7.

Definition D.0.1. Let k be an algebraically closed field, and let X be a smooth projective
k-surface. A (—1)-curve C is a curve on X such that it self intersection number is C? = —1,
and C = PL.

Now we come to Castelnuovo’s criterion for contracting a curve on a surface over an
algebraically closed field. We refer to [Har77, Chapter I, §4] for the construction of the
blow-up at a point of a surface. Recall that if F is the exceptional curve of a blow-up at a
single point of a surface, then E is a (—1)-curve (see [Har77, Proposition 3.1]). The following
theorem tell us that any (—1)-curve is the exceptional curve for some blow-up.

Theorem D.0.2 (Castelnuovo, see [Har77, Theorem 5.7]). Let k be an algebraically closed
field. Let X be a smooth projective k-surface, and let C be a (—1)-curve. There ezists a
morphism f : X — X', where X' is a smooth projective surface, and a point x € X' such
that X is isomorphic via f to the blow-up of X' at x, and C is the exceptional curve.

Remark D.0.3. Over non-algebraically closed field, an exceptional curve may have self
intersection number lower than —1, see [Man86, Theorem 21.5] for more details.

Definition D.0.4 ([Man86, Definition 21.7]). Let k be a field. A smooth projective k-surface
X is called minimal if any birational k-morphism X — X’ ([Man86, Definition 12.3]), where
X' is a smooth projective k-surface, is an isomorphism.

Lemma D.0.5. Let k be an algebraically closed field. A smooth projective k-surface X is
minimal if and only if there are no (—1)-curves on X.

Remark D.0.6. Over non-algebraically closed field, a k-surface X is minimal if and only if
there are no exceptional curves on X.

Let k' /k be a Galois extension of Galois group I'. If X is a k-variety, then the natural
map D +— Dy identifies Div(X) with the subgroup of I'-invariant divisors (Div(Xy/))" (see
[Man86, Lemma 21.8.1]).
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Example D.0.7 (Severi-Brauer varieties). Let k be a characteristic zero field, and let n € N*.
A Severi-Brauer k-variety of dimension n is a k-form of PZ (see [GS06, Chapter 5]), in
particular it is a smooth k-variety. We say that a Severi-Brauer k-variety X of dimension
n splits over an algebraic extension k’/k in k if X = Pl'. By [Pool7, Proposition 4.5.10
(Chételet)], the variety X splits over k' if and only if X/ (k") # (). Furthermore, there exists
a finite Galois extension k’/k that splits X (see also [Piel2, Theorem 3.29, Corollary 3.33]).

Recall that ]P’g has Picard rank one with Picard group generated by any hyperplane of
Pﬁ, and that a principal divisor has degree zero (see [Har77, Chapter II, Proposition 6.4]).

We show that the Picard rank of a Severi-Brauer k-variety is one (see [GS06, Theorem
5.4.10]). Let o be a k-structure on P and consider the Severi-Brauer k-variety (P, o). Let
H be an hyperplane of IP’%, then

D= ZU’Y(H)

vyerl

is an effective I'-invariant divisor (the sum is finite, see for instance Proposition 1.4.8). There-
fore, D corresponds to a divisor on (P, o) (see [Man86, Lemma 21.8.1]). Since the Picard rank
of P! is one, there exists a rational function g € K(Pﬁ)* such that D = deg(D)H + div(g).
If the Picard rank of (IP’%,J) is zero, then there exists an invertible rational function f €
k(P/T) = K(IP%)F (see Lemma 3.2.8) such that D = div(f), hence deg(D)H is a principal
divisor on IPE, which is a contradiction. Finally, any two hyperplanes of (]P’%, o) are linearly
equivalents since IP’% has Picard rank one. Therefore, the Picard rank of a Severi-Brauer
k-variety is one.

Let k be a perfect field, let (X, o) be a smooth projective k-surface, and let {E1,..., E,.}
be a I'-invariant collection of pairwise disjoint (—1)-curves on X, where X is over k. There
exists a k-surface X', r k-points {P;,..., P,} C X', and a birational k-morphism X — X’
that is the blow-up of X’ at Py, ..., P, such that F, ..., E, are the exceptional curves
respectively. The k-structure on X extends to a k-structure on X’ such that {Py,..., P}
is T-invariant. One can show that {Ej,..., E,} corresponds to an exceptional curve E of
X/T', and that {P,..., P,} corresponds to a closed point P of X’/T". So we get a birational
k-morphism X/T" — X’/T" that is the blow-up of X’/T" at P with E as exceptional curve.

Then, we get the next result.

Theorem D.0.8 ([Man86, Theorem 21.8]). Let (X, o) be a smooth projective k-surface over
a prefect field k, where X is over k. The surface (X, o) is minimal if and only if for every
(=1)-curve E on X, there exists an element v € I' such that o(E) # E and the intersection
Enoy(F) is non-empty.

The I'-action on Div(X) induces a I'-action on Pic(X).

Lemma D.0.9 ([Sta, Lemma 0CDT], see also [CTS21, §2.5]). Let k be a field. Let X be a
quasi-compact and quasi-separated scheme over k with HY(X,Ox) = k. If X has a k-rational
point, then for any Galois extension k' /k we have

Pic(X) = Pic(Xyp)'.
Moreover, the action of the Galois group on Pic(Xy) is continuous.

Remark D.0.10 ([Sta, Lemma 0BUG]). Let k be a field. If X is a proper geometrically
integral k-scheme (in particular, if X is a Del Pezzo k-surface), then HO(X, Ox) = k.

The next proposition is a compilation of classical results on the blow-up of IP’% inr
closed points in general position.
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Proposition D.0.11 ([Piel2]). Let k be an algebraically closed field. Let f : X — P2 be
a blow-up with center r closed points in general position Pi,..., P, € IP’%, 1 <r <8. For

1=1,...,r, let E; be the inverse image of P; under f, and let L be the inverse image of a
line in P2 that does not contain any of the P;. Then

(i) The Picard group is Pic(X) 2 ZL S ZE, & --- © ZE,;
(it) L> =1, E?=-1,L-E; =0, E;- E; =0VYi,j € {i,...,r},i # j, and;
(iii) A canonical divisor is Kx = —3L+ E1+---+ E,, and K_%( =9—r.

Furthermore, if 1 > 2, let L;;, where i < j, be the strict transform under f of the line
containing P; and P;.

(v) Lij- Ep =0 if and only if i # k # j, and L; j - B, =1 otherwise;
(v) Lij- Ly; =0 if and only if {i,j} N {k,1} #0, and L; j - Ly,; = 1 otherwise.






Appendix E

Altmann-Hausen presentation

In this appendix, k is an algebraically closed field of characteristic zero.

E.1 Altmann-Hausen presentation

Given a normal semi-projective variety Y together with a pp-divisor D on Y, we state the
complete result obtained by Altmann and Hausen in [AHO06].

Definition E.1.1 ([AHO06], see also [BH06] and [BH06, Definition 3.1]). Let T be a k-torus
acting on a variety X.

(i) A categorical quotient is a variety Y together with a T-invariant morphism 7 : X — Y
satisfying the following universal property: any other T-invariant morphism X — Y
admits a unique factorization through 7.

(ii) A morphism 7 : X — Y is called a good quotient for the T-action on A if it is affine,
T-invariant, surjective, and the pullback map 7 : Oy — 7.(Ox)T is an isomorphism.

(iii) A geometric quotient is a good quotient m : X — Y that is also an orbit space, i.e.
7~ 1(y) is a single T-orbit for each closed point y € Y.

If a good quotient exists, then it is categorical. In particular, a good quotient is
unique up to a unique isomorphism, and the quotient space is denoted X//T. Furthermore,
a geometric quotient is a good quotient.

Theorem E.1.2 ([AH06, Theorem 3.1]). Let Y be a normal semi-projective, let N be a lattice,
let wy C Ng be a pointed cone, and let M be the dual lattice of N. Given an wy-pp-divisor
on'Y, consider the Oy -algebra

A= @D Oy(Dm)xm,

v
meo;NM

and the relative spectrum X := Specy (A) (see [Sta, §01LL and §01LQ) for the construction
of the relative spectrum). Let T := Spec(k[M]).

(i) The scheme X is a normal variety of dimension dim(Y') 4 dim(T), and the grading of A
defines an effective torus action T x X — X having the canonical map 7 : X — Y as a
good quotient. ~

(ii) The ring of global sections A[Y,D] := H(Y,A) = HY(X,Ox) is a finitely generated
M -graded normal k-algebra, and we have a proper, birational T-invariant contraction
morphism X — X[Y, D], where X[V, D] = Spec(A[Y,D]).

(iii) Let m € wy; N M, and let f € HO(Y, Oy (D(m))). Then, ©(X¢x,,) = Ys. In particular,
if Yy is affine, then so is Xfxm; and the canonical map Xfxm — Xy is an isomorphism.
Moreover, even for non-affine Yy, we have

H(Y;, A)= @ (AlY.D)szx,)m-

mewNM
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Remark E.1.3. Let (wy,Y,D) be an AH-datum.
1. There is a T-invariant rational map X --» Y.
2. If Y is affine, then X = X[V, D] (see [Sta, Lemmas 01LP, 01LT01LV]), and we get a
good quotient 7 : X[Y,D] — Y.

E.2 Illustration: G,, c-actions on normal affine surfaces

Actions of the one-dimensional torus G,, c on normal affine C-surfaces were described by
Flenner and Zaidenberg in [FZ03|; they described such surfaces using some divisor on a
smooth curve. The Altmann-Hausen presentation extends, in some way, the one obtained by
Flenner-Zaidenberg: from an AH-datum associated to a G, c-surface, one can recover the
datum exhibited in [FZ03] (see explanations in [AHO06]). Following [FZ03], one distinguish
three cases of G, c-actions on normal affine C-surfaces. In this section, we illustrate each
case by a standard example.

E.2.1 Elliptic action

A G, c-action on a normal affine surface X is called elliptic if it has a unique fixed point
which belongs to the closure of every one-dimensional orbit. The complement of the unique
fixed point is fibered by the one-dimensional orbits over a projective curve. The coordinate
ring is N-graded, the weight cone is Q>¢, and Clz]g = C. More precisely, there exists mg € N
such that for all m € N with m > mg, C[X],,, # {0}. A typical example is the following one.

Example E.2.1. Consider the action of T := G, ¢ on A% = Spec(C|z, y]) defined by

u(t, (z,y)) = (tz, ty).

The coordinate ring of A(% is N-graded:

(C[.%',y] = @ C[x7y]m7

meN

where C[z, y],,, denotes the set of homogeneous polynomials of degree m. Note that Clz, y]o =
C. Therefore, the weight cone of this action is wys = Q>¢. Its dual cone is wy = Q>¢.

We compute an AH-datum (wy,Y,D) for the T-action on AZ. Note that AZ is a
G%%(C—toric variety, and that the T-action on A% comes from the closed immersion

T Gpe, te (1)

Let M = Z, let M’ = 7%, and let (e1,es) be the canonical basis of (M')g. We have T =
Spec(C[M]) and G, - = Spec(C[M']). Then, we get the following short exact sequences of
lattices

0 N d N’ r Ny 0

0 My —F y— M 0,

admitting a cosection s : N’ — N, where My = Z,

P:[l —1], F:H and s:[o 1}.
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Let Ty := Spec(C[My]). Then, an AH-quotient for the T-action on AZ is the Ty-toric
variety obtained from the fan in (Ny)g generated by vy := P(e1) and vy := P(ez). Hence,
Y = PL = AL U {oo}, where Al is the affine open subset of P{ obtained from the cone
generated by v1. The toric divisors associated to the rays < v; > and < vy > are respectively
D,, ={0} and D,, = {co}. The coefficients of the wy-pp divisor

D=A,® {0} + Ay, ® {OO}
Ay, = s(PH(v1) N QQZO) = s(e1 + ker(P)) = [0, +o0[= wn,
Ay, = s(P71(vp) N QQZO) = s(ez + ker(P)) = [1, +o0].

Therefore,
D = [1, +oo[®@{o0}.

Note that we get a T-invariant rational map A% --» Y defined by the geometric quotient

; fy#0

W:A%\{(0,0)}—)Y, (fv,y)f—>{ o ify=0 "

We know describe the graded algebra isomorphism Clz, y] = A[Y, D]. Let C(Y) = C(z2).
Let m € Z.
D(m) =m ® {oo}.

We get
AlY,D]= P (CoCza - ®C2") X, C C(Y)[M].
meN
On the other hand, we get
Clz,y] = @ ((C ) (Cg D (C:;m) y™ C Frac(Clz, y])o[x].
meN

Finally, we identify z with %, and X, with y™.

E.2.2 Parabolic action

A Gy, c-action on a normal affine surface X is called parabolic if the set of its fixed point
is one-dimensional. The G,, c-surface is fibered over an affine curve, and this fibration is
invariant under the G, c-action. The coordinate ring is N-graded, the weight cone is Q>,
and C[z]p # C. More precisely, for all m € N, C[X],,, # {0}. A simple example is the cylinder
Y x A%: over an affine curve Y, where G,, ¢ acts on the second factors.

Example E.2.2. Consider the action of T := Gy, ¢ on A% = Spec(C|z, y]) defined by

M(tv (x7 y)) = (twv y)
The coordinate ring of A% is N-graded:
Clz,y] = @ Clz, y]m = Cly]z™.
meN

Note that C[z,y]o = C[y]. Therefore, the weight cone of this action is wyr = Q. Its dual
cone is wy = Q>p.

We compute an AH-datum (wy,Y, D) for the T-action on A%. Note that A% is a
an,(c—toric variety, and that the T-action on A% comes from the closed immersion

T Ga et (t1).
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Let M = Z, let M' = 7%, and let (e1,es) be the canonical basis of (M')g. We have T =
Spec(C[M]) and G2, » = Spec(C[M']). Then, we get the short exact sequences of lattices of

m

Example E.2.1 with

P:[o 1], F:H, and s:[l o].

Let Ty := Spec(C[My]). Then, an AH-quotient for the T-action on A is the Ty-toric variety
obtained from the fan in (Ny)g generated by ve := P(ez). Hence, Y = Al. The toric divisor
associated to the ray < vg > is D,, = {0}. The coefficient of the wy-pp divisor

D= AU2 ® {0}
Ay, = s(P7 (v2) N Q%) = s(ez + ker(P)) = [0, +00[= wy.

Therefore, D is the trivial wy-pp divisor on Y.
Note that we get a good quotient

7 AL =Y = Spec(Clz,y]"), (z,9) —y.

This quotient is not a geometric one since there are non-closed orbits.
We know describe the graded algebra isomorphism Clz, y] = A[Y, D]. Let Y = Spec(C|z]).
Let m € Z.
D(m) = 0.
We get
AlY,D] = @ C[z]X, C C(Y)[M].
meN
On the other hand, we get

Clz,y] = € Clyla™ C Frac(C[z,y])olz].
meN

Finally, we identify z with y, and X,,, with ™.

E.2.3 Hyperbolic action

A Gy, c-action on a normal affine surface X is called hyperbolic if there is only a finite number
of fixed point, and each one of them belongs to the closure of exactly two one-dimensional
orbits. The G, c-surface is fibered over an affine curve, and this fibration is invariant under
the Gy, c-action. The coordinate ring is Z-graded, the weight cone is Q, and Clz]y # C.
More precisely, for all m € Z, C[X],, # {0}.

Example E.2.3. Consider the action of T := G, ¢ on A% = Spec(C|z, y]) defined by
plt, (z,y)) = (tz,t7"y).

The coordinate ring of A(QC is Z-graded:

C[xay] = @ (C[l')y]m)

meZ

where

|} Clzylz™  ifm>0
Cla, ylm = { Cleyly™ ifm<0 °
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Note that C[z,ylop = C[zy]. Therefore, the weight cone of this action is wy; = Q. Its dual
cone is wy = {0}.

We compute an AH-datum (wy,Y,D) for the T-action on A%. Note that AZ is a
an@—toric variety, and that the T-action on AZ comes from the closed immersion

T G oo t— (Lt7).

Let M = Z, let M’ = 7%, and let (e1,es) be the canonical basis of (M')g. We have T =
Spec(C[M]) and G2, = Spec(C[M']). Then, we get the short exact sequences of lattices of
Example E.2.1 with

P:[1 1}, F:[_ﬂ, and sz[l 0].

Let Ty := Spec(C[My]). Then, an AH-quotient for the T-action on AZ is the Ty-toric variety
obtained from the fan in (Ny)g generated by vy := P(e1). Hence, Y = Al. The toric divisor
associated to the ray < vy > is D,, = {0}. The coefficient of the wy-pp divisor

D=A,, ®{0}
Ay, =s(P7H(v1)N QQZO) = s(ey + ker(P)) = [0, 1].

Therefore,
D =10,1] ® {0}.

Note that we get a good quotient
T AL Y Spec(Clz,y]), (x,y) — zy.

This quotient is not a geometric one since there are non-closed orbits.
We know describe the graded algebra isomorphism C[z, y] = A[Y, D]. Let Y = Spec(Clz]).
Let m € Z.
_J ox{0} ifm>0
D(m)—{ m®{0} ifm<0
We get
AlY, D] = P Clz]z"Xm® P Clz]Xn C C(Y)[M].

m€Z<0 mEZZO

On the other hand, we get

Clz,y] = @ Clay|(zy) 2™ @ @ Clzy]a™ C Frac(Clzx, y])o[z].

meZ<o meZxq

Finally, we identify z with zy, and X,, with ™.






Appendix F

Finite subgroups of Gly(Z)

In this appendix, we describe the conjugacy classes of the finite subgroups of GL2(Z) exhibited
in Proposition 4.2.3.

(x,s) = {id,x,xz,x?’,x4,m5,s,xs,xQS,x?’s,x4s,:v53}

o { T e e e e e
R R E L

g1

Gz = (2%,5) = {id, 22, 2t S,$2S,SU4S}
1ol Jo =1] [-1 1] o 1] [-1 o] [1 —1
)10 1|1 —1|’|-1 o|’f1 O|’|-1 1]’|0 -1
Gy = (22, —5) = {id,xQ,:r4, —s, —a’s, —x4s}

RETE RO IO
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Gs = (d,—d) = {id,d, —id, —d}

B 1 o]t o
A b S )
Ge = (s, —s) = {id, s, —id, —s}

{l H b S )
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Abstract

Over an algebraically closed field of characteristic zero, normal affine
varieties endowed with an effective torus action were described by Altmann
and Hausen in 2006 by a geometrico-combinatorial presentation. Using Ga-
lois descent tools, we extend this presentation to the case where the ground
field is an arbitrary field of characteristic zero. In this context, the acting
torus may be non split and may have non-trivial torsors, thus we need ad-
ditional data to encode such varieties. We provide some situations where
the generalized Altmann-Hausen presentation simplifies. For instance, if
the acting torus is split, we recover mutatis mutandis the original Altmann-
Hausen presentation. Finally, we focus on the real setting and on affine
varieties endowed with a two-dimensional torus action. In the latter case we
relate the torsor appearing in the generalized Altmann-Hausen presentation
to some smooth toric Del Pezzo surface.

Résumé

Les variétés affines normales munies d'une action effective d’un tore ont
été décrites en 2006 par Altmann et Hausen a I'aide de données géométrico-
combinatoires dans le cas ou le corps de base est algébriquement clos et
de caractéristique zéro. En utilisant des outils de descente galoisienne, nous
étendons la présentation Altmann-Hausen des variétés affines normales mu-
nies d’une action effective d’'un tore au cas ou le corps de base est un corps
quelconque de caractéristique zéro. Dans ce cadre, un tore n’est pas né-
cessairement déployé et peut de plus avoir des torseurs non triviaux. Nous
avons donc besoin de données supplémentaires pour décrire de telles varié-
tés. Nous fournissons ensuite des situations dans lesquelles la présentation
Altmann-Hausen généralisée se simplifie. Ainsi, si le tore considéré est dé-
ployé, nous retrouvons mutatis mutandis la présentation Altmann-Hausen
originelle. Enfin, nous nous intéressons au cas ou le corps de base est R, ainsi
qu’au cas d’actions de tores de dimension 2. Dans ce dernier cas, nous faisons
un lien entre le torseur apparaissant dans la présentation Altmann-Hausen
généralisée et certaines surfaces toriques lisses de Del Pezzo.



