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NOTATIONS

le spectre d’'un anneau A.

le spectre maximal d’un anneau A.

I’ensemble des idéaux réel d’un anneau A.

I’ensemble des idéaux maximaux réels d’un anneau A.
I’ensemble des idéaux centraux d’un anneau A.

le lieu d’indétermination d’une fonction rationnelle.

le domaine d’une fonction rationnelle.

I’anneau total des fractions de X.

I'ensemble des fonctions rationnelles continues sur X (C).
I'anneau des fonctions sur X (R) devenant polynomiales sur X *(R).
I'anneau des fonctions sur X (R) devenant polynomiales sur X %+ (R).
Panneau des fonctions régulues sur X (R).

les points singuliers de X.

les points réguliers de X.

les points normaux de X.

les points seminormaux de X.

le radical de Jacobson de A.

se rapporte a la topologie de Zariski.

le graphe d’une fonction f.

la cloture intégrale de A dans B (resp. dans IC(A)).

la F-seminormalisation de A dans B.

la seminormalisation de A dans B (resp. dans A’).

la R-seminormalisation de A dans B (resp. dans A’).

la normalisation biréguliere de A.






INTRODUCTION

Cette these est consacrée, dans un premier temps, a I’étude de la seminormalisation de variétés algébriques
complexes, a son lien avec les fonctions régulues complexes et a ’étude approfondie de ces derniéres. Dans
un second temps, nous définissons la «R-seminormalisation» d’une variété algébrique réelle, identifions
les éléments de son anneau de coordonnées de différentes manieres et décrivons la fagon dont elle modifie
les singularités de la variété en prouvant qu’elle correspond a la normalisation biréguliere de la seminor-

malisation.

Présentation historique :

Le concept de seminormalisation est apparu pour la premiere fois en 1967 dans un article d’Andreotti
et Norguet [4] portant sur 1’étude des cycles analytiques d’une variété algébrique complexe. Les auteurs
y définissent la notion de «normalisation faible» d’un espace analytique en élargissant le faisceau des
fonctions holomorphes a celui des fonctions «c-holomorphes», c¢’est-a-dire des fonctions holomorphes sur
le lieu lisse qui sont continues sur tout ’espace. La normalisation faible d’un espace analytique complexe
réduit X est un espace analytique X* avec une application holomorphe bijective X* — X, qui est
universelle pour cette propriété. Autrement dit X* est le plus grand espace analytique homéomorphe
a X. En 1969, Andreotti et Bombieri [3] étendent la notion de normalisation faible pour des schémas
et un an plus tard, Traverso [38] définit la trés proche notion de seminormalisation d’un anneau dans
un autre. Pour une extension entiére d’anneaux A C B, ces constructions sont toutes deux obtenues en
considérant des «recollements» d’idéaux de B au-dessus de chaque idéal de A. Concrétement, si A est de

caractéristique p > 0, alors la normalisation faible de A dans B est donnée par
Al = {b € B | ¥p € Spec(A), In € N tel que (b,)?" € A, + Rad(Bp)}

ou Rad désigne le radical de Jacobson. En caractéristique 0, la normalisation faible coincide avec la

seminormalisation qui est donnée par
A = {b € B | Vp € Spec(A), by € A, + Rad(B,,)}

La seminormalisation a pour propriété d’étre la plus grande extension C' de A dans B qui est subinté-

grale, c’est-a-dire telle que Spec(C') — Spec(A) est bijective et équirésiduelle (il y a isomorphisme des
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corps résiduels). Dans les années suivantes, différentes définitions et caractérisations algébriques de la
seminormalisation apparaissent. Celles-ci sont toutes équivalentes a celle de Traverso pour des anneaux
de coordonnées sur un corps de caractéristique 0. Pour Hamann [18], un anneau A est seminormal dans
B si pour tout n € N*, "anneau A contient tous les éléments b € B tels que b", b" ! € A. La définition de
Leahy-Vitulli [28] consiste quant & elle & remplacer n,n + 1 par n’importe quel couple d’entiers naturels
premiers entre eux. Enfin, pour Swan [37], un anneau est seminormal dans son anneau total des fractions,
si pour tout b,c € A tels que b® = 2, alors il existe un élément a € A tel que a®> = b et a® = c. 1l est

intéressant de noter que cette derniere définition ne fait pas intervenir la normalisation de I’anneau.

En 1980, l'article de Greco et Traverso [16] ainsi que celui de Leahy et Vitulli [28] (corrigé ensuite
dans [39]) s’intéressent a la géométrie de la seminormalisation d’une variété algébrique. Pour une variété
algébrique X, définie sur un corps algébriquement clos, la seminormalisation X+ est la plus grande
variété intermédiaire entre X et sa normalisation X’ dont les points fermés sont en bijection avec ceux
de X. Dans [16], Greco et Traverso établissent notamment des liens entre la seminormalisation et le
concept de base d’Andreotti et Norguet de normalisation faible d’un espace analytique. Par exemple, une
variété algébrique complexe est seminormale si et seulement si son analytifié est faiblement normal au
sens d’Andreotti et Norguet. Les auteurs se sont également intéressés aux singularités que peut avoir une
variété seminormale, tout comme Leahy et Vitulli dans [29] qui introduisent au méme moment la notion de
singularités multicroisées («multicross singularities»). Ils prouvent que l’ensemble des singularités d’une
variété seminormale qui ne sont pas multicroisées est un espace de codimension au moins égale a 2. On
dit qu’un point z € X est multicroisé s’il est analytiquement isomorphe & un point 2’ € X’ ou X' est
I’union de sous-espaces vectoriels se coupant transversalement le long d’un espace vectoriel commun. Le
lecteur ou la lectrice pourra trouver plus de précisions sur les points multicroisés au chapitre 1 dans la
section 1.3. Plus globalement, nous renvoyons & Vitulli [40] qui a publié un compte-rendu exhaustif sur
la seminormalisation en 2011. Récemment, la seminormalisation est apparue dans 1’étude des singularités

dans le cadre du programme des modéles minimaux, voir Kollar et Kovécs [20], Kollar [21] et Ambro [2].

En géométrie réelle, la seminormalisation et la normalisation faible font déja 1’objet de premiéres re-
cherches en 1975 dans l'article [1] traitant du cas des espaces analytiques réels, ainsi qu’en 1985 dans
[34]. Cependant, en 1981, Marinari et Raimondo [31] montrent que la construction de Traverso pour les
spectres réels ne possede pas de propriété universelle naturelle. Une alternative est donnée dans deux
récents articles de géométrie algébrique réelle [33] et [15] écrits par Fichou, Monnier et Quarez dont nous
fournissons une présentation détaillée dans la section 1.4 du chapitre 1. Ils y introduisent le concept de
«seminormalisation centrale» qui est pensée pour étre plus adaptée aux variétés réelles et qui va notam-
ment vérifier une propriété universelle au niveau des points réels dit «centraux». Ce sont les points se
situant dans I’adhérence euclidienne du lieu lisse de la variété. Ces nouvelles études ont été motivées par
le lien que la seminormalisation centrale entretient avec la théorie des «fonctions régulues». Une théorie
qui a été introduite en 2015, en partie par les deux premiers auteurs dans [12] et au méme moment par
Kollér et Nowak dans [22]. Une fonction est dite «régulue» sur une variété réelle X si elle admet une
représentation rationnelle, si elle est continue et si sa restriction a toute sous-variété réelle de X admet
encore une représentation rationnelle. Sur une variété lisse, toute fonction rationnelle continue est régulue
mais ce n'est pas le cas en général (voir 'exemple 1.2.3 issu de [22]). Parmi les nombreux intéréts des

fonctions régulues, on peut citer par exemple leur capacité a vérifier certains théoremes de géométrie
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algébrique classique, comme le Nullstellensatz, qui ne sont normalement plus valables en géométrie réelle.
Ces derniéres années, elles ont fait objet de nombreuses études comme par exemple [24], [26], [27], [13],
[43], [32]. Plus de détails sur les fonctions régulues peuvent étre trouvés dans le chapitre 1 & la section

1.2.3 ou bien dans le compte rendu [25] de 2018 écrit par Kucharz et Kurdyka.

Contributions du chapitre 2 :

Probablement inspirés par la construction d’Andreotti et Norguet de la normalisation faible des espaces
analytiques complexes qui consistait a étendre le faisceau des fonctions holomorphes au faisceau des fonc-
tions c-holomorphes, Leahy et Vitulli ont voulu montrer dans [28] que la seminormalisation d’une variété
algébrique pouvait étre obtenue grace aux fonctions rationnelles qui sont continues pour la topologie de
Zariski. Cependant ce résultat est erroné notamment car, si f est une fonction rationnelle vérifiant une
relation de la forme ¢f —p = 0 quand g # 0, alors supposer que f est Zariski continue ne suffit pas en gé-
néral & étendre la relation & tout I'espace. On peut penser, par exemple, a la fonction g : A*(C) — A'(C)
qui & z associe 1/z si z # 0 et 0 sinon. Cette fonction est Zariski continue mais la relation zg(z) — 1 =10
ne s’étend pas en 0. De maniére générale, la continuité de Zariski est une hypothése faible en dimension
1 ou, par exemple, toute fonction bijective est Zariski continue. Par soucis de clarté, nous redémontrons
de maniere détaillée, dans les sections 2.1 et 2.2, les résultats fondamentaux de la seminormalisation.
Dans la section 2.3, nous montrons que, pour une variété affine complexe, le bon ensemble de fonctions
a considérer pour construire la seminormalisation est celui des fonctions rationnelles qui sont continues
pour la topologie euclidienne. Plus précisément : soit X une variété affine complexe, on définit ’anneau
K°(X(C)) des fonctions qui sont rationnelles et continues sur X (C) pour la topologie euclidienne induite
par X (C) C C". Pour un morphisme fini 7 : ¥ — X, on s’intéresse au morphisme induit f — fom_ entre

les deux anneaux de fonctions rationnelles continues et nous montrons que son image est donnée par
{f € K°(Y(C)) avec f constante sur les fibres de ﬂ'C}

Ceci nous permet de réinterpréter la notion d’extension subintégrale d’anneaux de coordonnées sur les
anneaux de fonctions rationnelles continues. Plus précisément, si 7 : ¥ — X est un morphisme de
variétés affines complexes, alors C[X] < C[Y] est subintégrale si et seulement si K°(X(C)) ~ K°(Y(C)).

Les résultats obtenus sur les extensions subintégrales peuvent étre résumés par le théoreme suivant :

Théoréme (2.2.1 and 2.3.12). Soit 7 : Y — X un morphisme fini entre deux variétés complezxes affines.
Alors les propriétés suivantes sont équivalentes :

1) L’extension n* : C[X] — C[Y] est subintégrale.

2) Le morphisme m, est bijectif.

3) Les anneauz K°(Y (C)) et K°(X(C)) sont isomorphes.

4) w. est un homéomorphisme pour la topologie euclidienne.

5) m. est un homéomorphisme pour la topologie de Zariski.

6) ™ est un homéomorphisme.

Au début de la sous-section 2.3.1, nous démontrons que les fonctions rationnelles continues sont régulieres

sur le lieu lisse de la variété. Cela nous permet de voir que, si X est normale, alors la finesse de X;,4(C)
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implique K°(X(C)) = C[X]. En combinant ceci avec le théoréme précédent, nous obtenons le résultat

principal de cette these :

Théoréme (2.3.13). Soit X wune variété affine compleze et soit 7™ : XT — X son morphisme de

seminormalisation. Alors, le morphisme suivant est un isomorphisme :

p: KYX(C) — ClX¥]
f = fom}

Dans la partie 2.5 nous définissons le faisceau des fonctions rationnelles continues IC())( () €t généralisons
ces deux théorémes sur des variétés algébriques complexes quelconques. Ainsi, de la méme maniére que
pour obtenir la normalisation faible d’'un espace analytique il faut étendre son faisceau de fonctions ho-
lomorphes a celui des fonctions c-holomorphes, considérer la seminormalisation d’une variété algébrique

complexe revient a remplacer son faisceau structural par Kg( ©)

Comme nous ’avons souligné dans la présentation historique de cette introduction, les fonctions ration-
nelles continues et les fonctions régulues forment des classes de fonctions tres intéressantes dans le cadre
de la géométrie algébrique réelle. Les premiers résultats obtenus dans la thése nous montrent que les
fonctions rationnelles continues complexes possédent également d’intéressantes propriétés. Il est alors
naturel de se demander ce qu’il en est des fonctions régulues complexes. La réponse est donnée dans la

section 2.3 : en géométrie complexe, les fonctions régulues et les fonctions rationnelles continues coincident.

Dans les articles [7] et [8] datant de 2020, les auteurs s’intéressent aux fonctions définies sur un espace
analytique complexe qui sont c-holomorphes et dont le graphe est algébrique. Ils présentent celles-ci
comme une version complexe des fonctions régulues réelles. Nous démontrons dans la sous-section 2.3.3
que cette classe de fonctions coincide avec K°(X(C)). Cela revient notamment a démontrer une version
algébrique du théoreme de Whitney ([41], Théoréeme 4.5Q) que nous obtenons comme un corollaire du

résultat principal de cette sous-section :

Théoréme (2.3.17). Soit X une variété affine complexe et f : X(C) — C une fonction continue pour
la topologie euclidienne. Supposons qu’il existe un polynéme P € C[X][t] qui est non nul sur chaque
composante irréductible de X (C) et tel que P(x, f(x))) = 0, pour tout x € X(C). Alors

feK(X(0))

Ce résultat nous permet également de voir K°(X(C)) comme la cloture intégrale de C[X] dans 'anneau

C°(X(C),C) des fonctions continues sur X (C) pour la topologie euclidienne.

Nous apportons dans la section 2.3.4 plusieurs exemples non triviaux de fonctions régulues complexes,
ces derniers étant quasiment inexistants dans la littérature scientifique. Cela est rendu possible grace au

théoreme 2.3.20 qui nous démontrons dans la méme section :

Théoréme (2.3.20). Soit X une variété affine complexe. Une fonction f : X(C) — C appartient d

K°(X(C)) si et seulement si elle est rationnelle, enti¢re sur C[X] et si son graphe est Zariski fermé.
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Nous pouvons résumer ’ensemble des résultats obtenus dans la section 2.3 par le graphique suivant qui
montre les différentes implications entre les quatre hypotheses «étre continuey, «étre rationnelley», «étre
entiere sur C[X]» et «avoir un graphe Zariski fermé» que 1’on peut apposer & une fonction définie sur

X(C).

Graphe Zariski fermé + Continue

Rationnelle + Enti¢re sur C[X]
+ Graphe Zariski fermé

Entiére sur C[X] + Continue

Régulue
Rationnelle + Continue
Graphe Zariski fermé

FIGURE 1 — Implications entre les propriétés des fonctions régulues complexes.

Au début de cette introduction, nous avons évoqué l'existence de plusieurs définitions de la seminor-
malisation utilisées par Leahy-Vitulli, Hamann et Swan. Nous avons également indiqué que toutes ces
définitions sont équivalentes a celles de Traverso dans le cadre de la géométrie algébrique complexe. C’est

pourquoi, dans la section 2.4, nous les réinterprétons au travers des fonctions rationnelles continues.
Contributions du chapitre 3 :

Dans la construction de Traverso, la seminormalisation d’une variété X est construite en recollant tous
les points se trouvant dans une méme fibre du morphisme de normalisation 7’. Nous avons vu précédem-
ment qu’elle est caractérisée comme étant la plus grande variété intermédiaire entre X et X’ dont les
points fermés sont en bijection avec ceux de X. On pourrait imaginer qu’en adaptant la construction de
Traverso pour une variété réelle, c’est-a-dire en recollant les points réels de X’ qui se trouvent au-dessus
d’un méme point réel de X, alors on obtiendrait la plus grande variété intermédiaire entre X et X’ dont
les points réels seraient en bijection avec ceux de X. En réalité, cette construction ne possede pas de
bonnes propriétés notamment car un morphisme fini n’est pas nécessairement surjectif au niveau des
points réels. Par exemple, la normalisation de la variété définie par I’équation z2? + y2 = 0 est donnée par
I'équation y? +1 = 0 qui n’a pas de point réel. Plus généralement, I’exemple 5.6 de [15] montre que pour
une variété donnée, il n’existe pas nécessairement de plus grande variété qui lui soit liée par un morphisme
fini, birationnel et bijectif au niveau des points réels. La seminormalisation centrale de Fichou, Monnier
et Quarez fournit une alternative en produisant, pour toute variété réelle, la plus grande variété qui lui
soit liée par un morphisme fini, birationnel et bijectif au niveau des points centraux. Dans les sections 3.1
et 3.2 nous définissons une autre alternative a la seminormalisation dans le cadre de la géométrie réelle :
la «R-seminormalisation». Pour une variété algébrique réelle affine, celle-ci est obtenue en recollant tous

les points complexes de la normalisation vivant au dessus d’'un méme point réel. La R-seminormalisation
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X B+ d’une variété X est alors la plus grande variété intermédiaire entre X et X’ possédant un unique

point complexe au-dessus de chaque point réel de X.

En g’inspirant de ce qui a été fait avec les fonctions régulues complexes dans le chapitre 2, nous cherchons
dans la section 3.3 & identifier 'anneau K®+ (X (R)) des fonctions & valeurs sur X (R) qui deviennent poly-
nomiales sur la R-seminormalisation. On pourrait penser que les éléments de K+ (X (R)) correspondent
aux fonctions qui sont rationnelles, entiéres sur R[X] et continues pour la topologie euclidienne de X (C),
mais il s’avere que ceci n’est vrai que dans le cas des courbes. En général, on obtient la caractérisation

suivante :
Proposition (3.3.7). Soit X une variété réelle affine et soit f : X(R) — R. Alors f € KFH(X(R)) si et
seulement si elle vérifie les propriétés suivantes :

1) La fonction f est rationnelle.

2) La fonction f est entiére sur R[X].

3) Pour tout x € X(R), pour tout (z,), € Dom(f)U X(R) tel que z, — x alors f(z,) — f(x).
Nous établissons également une caractérisation des éléments de K+ (X (R)) a I'aide de conditions sur le
graphe d’une fonction :
Théoréme (3.3.11). Soit X une variété réelle affine et soit f : X(R) — R. Alors f € KEH(X(R)) si et
seulement si elle vérifie les propriétés suivantes :

1) La fonction f est rationnelle.

2) Il existe un polynome unitaire P(t) € R[X][t] tel que P(f) =0 sur X(R).

3) Le graphe Ty de f est un fermé de Zariski dans X (R) x A'(R).

4) Pour tout x € X(R), on a I‘jcc N ({z} x AY(C)) = {(m,f(x))}

=C
Ici, I'y ~ désigne I'adhérence de Zariksi de 'y dans X (C) x A!(C). Grace & ce résultat nous fournissons
plusieurs exemples d’éléments de P+ (X (R)) et comparons la R-seminormalisation avec la seminorma-

lisation et la seminormalisation centrale.

Dans larticle [14] de Fichou, Monnier et Quarez, les auteurs étudient différentes clotures intégrales
d’anneaux de fonctions, notamment en exploitant le fait que les fonctions polynomiales ne coincident
pas avec les fonctions régulieres sur une variété réelle. Ils définissent la «normalisation biréguliere» X°
d’une variété X en considérant la cldture intégrale de R[X] dans l’anneau des fonctions réguliéres sur
X (R). Nous renvoyons a la sous-section 1.4.1 du chapitre 1 pour plus d’informations sur la normalisation
biréguliere. La derniere contribution de cette these est de lier la R-seminormalisation et la normalisation

biréguliere en établissant, dans la section 3.5, le théoreme suivant :

Théoréme (3.5.8). Soit X une variété affine réelle. Alors
XRJr ~ (X+)b ~ (Xb)Jr

Au niveau des singularités, ce résultat démontre que la R-seminormalisation normalise les points purement

complexes de la variété et seminormalise ses points réels.



CHAPITRE 1

PREREQUIS

Dans ce chapitre, nous introduisons divers outils mathématiques qui ont servi a ’élaboration de cette
these. Tout d’abord, nous présentons les notions, qui seront omniprésentes, de cléture intégrale d’un
anneau dans un autre et de celle d’'un anneau dans son anneau total des fractions. Ceci nous améne
naturellement vers la présentation de la normalisation d’une variété algébrique, I'objectif global de ce
travail de these étant d’en étudier différentes variantes. Le chapitre 3 est notamment consacré a 'une
de ces variantes s’appliquant spécifiquement dans le cadre de la géométrie réelle. C’est pourquoi nous
menons ensuite une discussion sur la notion de variété réelle. De maniere générale, les idées des résultats
obtenus dans ce manuscrit proviennent d’une part de la théorie des fonctions régulues réelles, auxquelles
nous consacrons donc une sous-section, et d’autre part de la seminormalisation que nous présentons a la
suite. Le lien entre ces deux objets a été mis en avant dans les articles [15], [33] et [14] qui sont & la base

de ce travail de recherche. Nous finissons donc ce chapitre en leur y consacrant une section explicative.

1.1 Résultats généraux d’algebre commutative.

Nous présentons dans cette section différents résultats d’algebre commutative concernant les extensions
entieres d’anneaux et concernant la cloture intégrale d’'un anneau dans un autre. Les extensions en-
tieres apparaitront naturellement au cours de notre étude car nous considérerons principalement des
sous-extensions de la normalisation. La cloture intégrale sera également omniprésente dans les chapitres
suivants, notamment car nous essayerons régulierement d’identifier certains anneaux comme la cléture

intégrale d’'un anneau de fonctions dans un autre.

1.1.1 La cléture intégrale dans un anneau.

Les prochains énoncés proviennent du chapitre 5 de [5]. Tous les anneaux sont supposés unitaires et

commutatifs.

Définition 1.1.1

Soit A — B une extension d’anneau. Un élément b € B est dit entier sur A s’il existe un polynéme
unitaire P € A[X] tel que P(b) = 0.
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Cela signifie que si b est un élément entier sur A, alors il existe n € N tel que b = a,,_1b" ! + ... + ao.
On en déduit que tous les éléments de A[b] s’expriment en fonction de {1,b,...,6"1}.

Proposition 1.1.2

Soit A — B une extension d’anneau. Un élément b € B est entier sur A si et seulement si ’anneau

A[b] est un A-module finiment engendré.

Par récurrence, on obtient le corollaire suivant.

Corollaire 1.1.3

Soit {b;}icq1;n] un nombre fini d’éléments de B entiers sur A. Alors Aby,...,b,] est un A-module

finiment engendré.

En particulier, pour deux élément b et ¢ entier sur A, alors b+ ¢ et bc appartiennent & A[b, ¢]. Donc le
fait d’étre entier sur A est stable par addition et multiplication.
Définition 1.1.4

Soit A — B une extension d’anneau. L’ensemble des éléments de B entiers sur A est un anneau

que l'on note A’y et que I'on appelle la cléture intégrale de A dans B. Si A = Alg, on dit que A est
intégralement clos dans B. Si A’z = B, on dit que B est entier sur A ou encore que l'extension A — B

est entiére.

La propriété d’étre entier sur un anneau est transitive.

Proposition 1.1.5

Soit A — B — C des extensions d’anneaux telles que B est entier sur A et C est entier sur B, alors

C est entier sur A.

Ainsi on peut voir la cloture intégrale de A%z comme la plus grande sous-extension entiére de A — B.

Une propriété importante des extensions entiéres est le théoreme de «Going-up» qui dit qu’'une telle
extension respecte la dimension des idéaux. On donne tout d’abord une version plus faible appelée le
théoreme de «Lying-over».

Théoréme 1.1.1 (Lying-over)

Soit A — B une extension entiére et soit p un idéal premier de A. Alors il existe un idéal premier q

de B au dessus de p, c’est a dire tel que qN A = p.

Théoréme 1.1.2 (Going-up)

Soit A — B une extension entiére, soit p1 C ... C p,, une chaine d’idéaux premiers de A et soit
q1 C ... C q.n, une chaine d’idéaux premiers de B. On suppose que m < n et que q; N A = p; pour

tout i < m. Alors la chaine q; C ... C q,, peut-étre étendue en une chaine q; C ... C q, telle que

q; N A = p; pour tout i < n.

Un point important a souligner est que prendre la cloture intégrale d’un anneau commute avec la locali-

sation.
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Proposition 1.1.6

Soit A < B une extension d’anneaux et soit S une partie multiplicative de A. Alors S™1(A%;) est la
cloture intégrale de S~ A dans S~'B.

Si A est integre, on dit que A est intégralement clos 8’il I'est dans son anneau des fractions. Ainsi, par la
proposition précédente, on voit que la propriété d’étre intégralement clos est une propriété locale.
Corollaire 1.1.7

Soit A un anneau intégre. Alors les énoncés suivants sont équivalents :

1. A est intégralement clos.
2. A, est intégralement clos pour tout idéal premier p de A.

3. Ay, est intégralement clos pour tout idéal maximal m de A.

Ceci nous permettra plus tard de définir la notion de «point normal» d’une variété.

1.1.2 Cloture intégrale dans ’anneau total des fractions.

Dans le cas ou A n’est pas intégre, on a une notion qui généralise celle du corps des fractions de A.
Définition 1.1.8

Soit A un anneau et soit S C A I'ensemble des éléments qui ne sont pas des diviseurs de zéros. On

appelle anneau total des fractions et on note K(A) le localisé de A par S.

Dans le cas particulier ( qui est vérifié pour un anneau de coordonnées ) olt A est un anneau réduit avec

un nombre fini de de premiers minimaux p1, ..., Py, on a
0M=vO0) = ] p= () pP=pnN..Npn
p premier p minimal

et donc par le théoréme chinois
A= Alpr X . X Alpp > K1 X .. x Ky = K

ou les K; sont les corps de fractions des A/p;. On a alors K(A) = K.
Proposition 1.1.9

Soit A un anneau réduit avec un nombre fini de premiers minimaux pi, ..., p,. Alors

Aleay = (A/p1) i, X oo X (A)pn)k,

Démonstration: Soit f = (fi,..., fn) € K(A) et P € A[t] unitaire et annulant f. Pour tout ¢ on peut considérer
un polynoéme P; € (A/p;)[t] qui correspond au polynéme P dont les coefficients ont été réduit modulo p;. Ainsi
P; est unitaire et P;(f;) = 0. Donc f; € (A/pi)k,. Réciproquement, si pour tout 4, il existe P; € (A/p;)[t] unitaire
et annulant f;. Alors on peut considérer le produit P des P; en choisissant des représentants de leurs coefficients
dans A. Ainsi P est unitaire et P(f) = (H Pi(f1), 7HPz(fn)) =(0,...,0) =0.

11
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1.2 Résultats généraux de géométrie algébrique.

Soit A un anneau. Nous pouvons considérer I'ensemble Spec(A) de ses idéaux premiers que nous appel-
lerons le spectre de A. On peut munir Spec(A) de la topologie de Zariski dont les fermés sont engendrés
par les ensembles de la forme

V(E) := {p € Spec(A) | E C p}

Ainsi les idéaux maximaux correspondent aux points fermés de Spec(A). Soit k un corps commutatif. Si A
est une k-algebre de type fini réduite, alors Spec(A) muni de son faisceau des fonctions régulieres Ogpec(a)
est une variété algébrique affine sur k. Soit X une variété algébrique affine sur k, nous noterons k[X]
l’anneau de coordonnées de X. Toute k-algeébre de type fini s’écrit sous la forme k[z1,...,x,]/T o I est
un idéal de k[x1, ..., x,]. Si k est algébriquement clos et I est radical, alors le Nullstellensatz nous donne
un homéomorphisme de Zariski entre ’ensemble algébrique Z(I) de k™ défini par I et les points fermés
X (k) de X. L’anneau de coordonnées k[X] est alors isomorphe & anneau des fonctions polynomiales sur
Z(I).

1.2.1 Normalisation d’une variété algébrique.

Nous présentons a présent la notion de normalisation d’une variété algébrique. Si X une variété algébrique
affine, alors k[ X] est un anneau réduit et noethérien. Ainsi, il posséde un nombre fini de premiers minimaux
qui correspondent & ses composantes irréductibles. Nous pouvons donc lui appliquer la proposition 1.1.9

et étudier k[X]j ) composante par composante.

Définition 1.2.1

Soit X une variété algébrique affine sur k. On note X' la variété affine définie par la k-algébre de
type finie k[X};C(X). La variété X' est appelée la normalisation de X et vient avec un morphisme
7'+ X' — X induit par extension k[X] < k[X']. On dit que X est normale si X = X', autrement
dit k[X] est intégralement clos.

Par le corollaire 1.1.7, la normalisation et la localisation commutent. On peut donc étudier la normalisation

localement.

Définition 1.2.2

Soit X une variété algébrique sur k. On dit qu'un point X € X est normal si I'anneau Ox , est

intégralement clos. On dit que X est normale si tous ces points sont normaux.

Remarque. Si z est un point régulier, alors Ox , est factoriel par le théoréme d’Auslander-Buchsbaum.

Un anneau factoriel étant intégralement clos, on obtient que toute variété non-singuliere est normale.

La normalisation d’une variété X a pour propriété d’étre la plus grande variété qui soit liée a X par un

morphisme fini et birationnel.
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Proposition 1.2.3 (/36], Chapitre 2 Partie 5.1)

Soit m : Y — X un morphisme fini et birationnel. Alors il existe un morphisme X' — Y qui fasse

commuter le diagramme suivant

On a donc unicité de la normalisation a isomorphisme pres.

Corollaire 1.2.4 ([/36], Chapitre 2 Partie 5.1)

Soit X" une variété normale et ©”" : X" — X un morphisme fini et birationnel. Alors il existe un

isomorphisme entre X' et X" qui fasse commuter le diagramme suivant

X = X"

N

Les variétés normales ont été introduite par Zariski dans [42] car elles interviennent dans 1’étude des

singularités, notamment en raison du théoréme suivant.

Théoréme 1.2.1

Le lieu singulier d’une variété algébrique normale est de codimension au moins 2.

Dans le cas des courbes la normalisation fournit une désingularisation de la variété.

Corollaire 1.2.5

Une courbe algébrique est normale si et seulement si elle ne posséde aucun point singulier.

Ezemple. Soit X := Spec(R[z,y]/ < y?> —2%(x + 1) >). On a y/x € K(X) qui est entiere sur R[X] car
elle est annulée par le polyndme unitaire P(t) = ¢t — (x + 1). L’anneau de coordonnées de X’ est alors

donné par R[X]|[y/x] ~ Rlx,y]/ < y?> —x —1>.

X(R) X'(R)

FIGURE 1.1 — Normalisation d’une boucle.
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1.2.2 Résultats de géométrie algébrique réelle.

Dans la littérature, il existe différentes définitions de variété algébrique et différentes définitions de variété
algébrique réelle. Par exemple, on peut penser les variétés réelles comme des R-schémas de type fini,
comme des variétés complexes munies d’une involution ou encore comme les zéros réels de polyndémes
réels. Les deux derniers points de vus, par exemple, sont ceux adoptés respectivement par Mangolte dans
[30] et Bochnak, Coste, Roy dans [9]. Il convient de choisir I'un plutét que lautre suivant le type de
probléme que 'on cherche & résoudre. L’objectif de cette sous-section est de présenter la définition de
variété réelle que nous utiliserons au chapitre 3. Pour cela, commencons par donner la définition générale
d’une variété sur R.

Définition 1.2.6

On appelle variété affine sur R un espace localement annelé (X, Ox) qui est isomorphe & un espace

de la forme (Spec(A), Ogpec(a)) ot A est une R-algebre réduite de type fini. On appelle variété sur R
un espace localement annelé (X, Ox) en R-algébres qui admet un recouvrement fini par des ouverts

X; tels que chaque (X;, OX‘X_) est une variété affine sur R.

Avant d’introduire les variétés réelles, il nous faut introduire la notion d’idéal réel. Ce type d’idéal apparait
notamment dans la version réelle du Nullstellensatz. Sous sa forme classique, celui-ci s’énonce de la fagon
suivante.

Théoréme 1.2.2 (Nullstellensatz)

Soit K un corps algébriquement clos et I un idéal de K[z, ...,x,). Alors

J(Z(I)) = I si et seulement si I est radical.

ou J(Z(I)) désigne ’ensemble des polynémes s’annulant Z(I).

Cependant, si K n’est plus algébriquement clos, ce théoreme n’est plus vérifié. Dans le cas des nombres
réels, une alternative est donnée par la notion d’idéal réel.
Définition 1.2.7

Soit A un anneau commutatif. Un idéal I de A est un idéal réel si pour tous ay, ...,a, € A, on a

ai+..+aiel = Vie[l,..,n] a;€l

Nous appelons spectre des premiers réels de A et notons R-Spec(A) (resp. R-Max(A)) I'ensemble des

idéaux premiers (resp. maximaux) réels de A.

Remarque. Un idéal réel est toujours radical.
Théoréme 1.2.3 (Nullstellensatz réel, [9] Théoréme 4.1.4)
Soit I un idéal de R[z1, ..., x,]. Alors

J(Z(I)) = I si et seulement si I est réel.
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Définition 1.2.8

Soit X une variété algébrique sur un corps k. On note X (k) I’ensemble des points définis par

X(k):={r e X |r(z) =k}

Corollaire 1.2.9

Soit X une variété algébrique affine sur R. Alors

X (R) = R-Max(R[X])

Corollaire 1.2.10 (/30] Ezxercice 2.2.6)

Soit I un idéal radical de Rz, ..., z,] et X la variété affine associée a I. Alors les conditions suivantes

sont équivalentes :
1. L’idéal I est un réel.

2. L’ensemble des points réels X (R) est Zariski dense dans X (C).

Ezemple. Soit X := Spec(R[z;y]/ < 2% + y? >). Alors X(C) ~ {(z;y) € C? | (z — iy)(x + iy) = 0}
correspond & 'intersection de deux droites complexes, tandis que X (R) ~ {(0;0)}. On voit donc, du fait

que < 22 + y? > n’est pas un idéal réel, que X (R) n’est pas Z-dense dans X (C).

Définition 1.2.11

Soit X une variété algébrique sur R. Si X est affine, on dit que X est réelle si son anneau de coordonnées

est de la forme R[xq, ..., x,|/T ot I est un idéal réel. Si X n’est pas affine, alors on dit qu’elle est réelle

s’il existe un recouvrement de X par des ouverts affines réels.

Proposition 1.2.12 (/9/, Lemma 4.1.5)

Si X est une variété affine sur R, alors X est réelle si et seulement si chacune de ses composantes

irréductibles est réelle.

Remarque. La définition est cohérente avec les ensembles algébriques réels que ’on retrouve dans Bochnak,
Coste, Roy [9] : Soit E C R[x1, ..., z,] et V := Zr(FE) C R™ 'ensemble algébrique associé. On note P (V)

lanneau des fonctions polynomiales sur V. Alors la variété Spec(P(V)) est une variété réelle.

1.2.3 Fonctions régulues.

Une majeure partie de cette these étant consacrée a 1’étude des fonctions régulues complexes, nous
présentons ici un apergu de la théorie des fonctions régulues réelles qui émerge vers 2015, notamment
dans [22] et [12]. Tout comme les fonctions rationnelles continues, qui suscitent déja I'intérét des géometres
réels quelques années auparavant (voir [23]), les fonctions régulues naissent des spécificités propres a la
géométrie réelle. Les fonctions réguliéres ou rationnelles ne suffisant pas a capturer a elles seules toute la

subtilité du cadre réel, il est alors nécessaire de considérer différentes classes de fonctions moins classiques.
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Nous renvoyons vers le compte-rendu [25] de 2018 «From continuous rational to regulous functions» de
Kucharz et Kurdyka qui retrace I’émergence des fonctions rationnelles continues et régulues en géométrie
réelle.

Nous commencons par donner la définition précise de fonction rationnelle sur une variété.

Definition 1.2.13

Soit X une variété algébrique réelle. Une fonction rationnelle est une classe d’équivalence de I'en-

semble des couples (f,U) ou U est un Z-ouvert Z-dense de X (R) et f est réguliere sur U avec la

relation d’équivalence suivante :

(f,U) ~(g,V) ssi 3W C (UNV) Z-ouvert Z-dense tel que f},, = g,

Remarque. Soit (f,U) une fonction rationnelle. On peut ordonner ’ensemble

F={eV) (L)~ (W)}

par (g,V) < (h, W) lorsque V C W.
Cet ensemble est inductif : pour une chaine (g;, V;) on peut prendre I'union des V; et définir une fonction
qui sera bien régulieére. On peut alors appliquer le lemme de Zorn et obtenir un élément maximal (fo, Up).

L’ouvert Uy est appelé domaine de définition de f et est noté dom(f).
Definition 1.2.14

Soit X une variété algébrique réelle et f une fonction rationnelle. On dit que f est régulue si elle
s’étend par continuité sur X (R) et si elle est héréditairement rationnelle c’est-a-dire, pour toute sous-
variété réelle V.C X, on a fjy(w) rationnelle. On note R°(X(R)) I'anneau des fonctions régulues sur
X (R).

FEzemple. La fonction
f: R = R

13 3
() — | Fre VA0
0 sinon

est régulue sur R™.

Si X est lisse, alors les fonctions régulues coincident avec les fonctions rationnelles continues sur X (R).

Ce n’est plus le cas si la variété n’est pas lisse comme le montre ’exemple suivant.
Ezemple. Soit X(R) := {z® — (1 + 22)y® = 0} C R3. On pose
f+ XR) — R
i 0
(0.5.2) - { oy v

(1+ 233 sinon

Bien que f soit rationnelle et continue sur X (R), elle n’est pas rationnelle sur {y = 0}.
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Une fonction régulue ayant la propriété d’étre héréditairement rationnelle, sa restriction sur son lieu
d’indétermination est encore une fonction rationnelle. On peut de nouveau considérer la restriction de
la fonction sur ce nouveau lieu d’indétermination et obtenir & nouveau une fonction rationnelle. En
poursuivant cette opération, on va obtenir une stratification de la variété en sous espaces localement

fermés ( c.a.d lintersection d’un ouvert et d’un fermé ) sur lesquels f sera réguliere.

Théoréme 1.2.4 ([12], Théoréme 4.1)

Soit f : X(R) — R une fonction continue sur X (R). Alors f est régulue si et seulement s’il existe une
stratification finie de X (R) :

en sous-ensembles localement fermés au sens de Zariski telle que chacune des restrictions f|g, est

réguliére.

De la méme maniere que I'on définit la topologie de Zariski sur R” comme ’ensemble des zéros communs
de polynomes réels, on peut définir la topologie régulue comme ’ensemble des zéros de fonctions régulues.
Definition 1.2.15

Les ensembles de la forme Z(E) := {x € R" | Vf € E f(z) = 0} avec E C R°(R") sont les fermés

d’une topologie appelée la topologie régulue.

La topologie régulue est strictement plus fine que la topologie de Zariski.

1.5

0.5

0.5 0 05 15 2

-0.54

FIGURE 1.2 — La courbe d’équation y? — 2%(z — 1) = 0

Soit C(R) := {y? —2%(x — 1) =0} C R? et

y?—a*(x—1) a3

f(xay): y2+x2 - _:172+y2

On voit que f s’étend par continuité en posant f(0,0) = 1. Ainsi Z(f) = C\{0} est un fermé régulu.
Cependant C\{0} n’est pas Z-fermé car C = (C\{0}) U {0} et C' est irréductible.
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Cet exemple illustre un fait plus général : la topologie régulue sur R™ correspond a la topologie dite
«constructible» dont les fermés sont les unions finies de sous-ensembles localement fermés de R™ qui sont

également fermés pour la topologie euclidienne.

Remarque. Signalons au passage que la topologie régulue est une topologie noethérienne alors que ’anneau
RY(R™) ne l'est pas!

Un intérét des fonctions régulues vient du fait qu’elles vérifient des théorémes de géométrie algébrique
complexe qui font défaut a la géométrie algébrique réelle. On a, part exemple, un Nullstellensatz régulue.
Théoréme 1.2.5 (Nullstellensatz faible, [12] Théoréme 5.23)

Soit n € N et I un idéal de R°(R™). Alors

Z(I)=2 = I=R"R")

Théoréme 1.2.6 (Nullstellensatz fort, [12] Théoréme 5.24)
Soit n € N et I un idéal de R°(R™). Alors

J(Z1) =VI

ou J(Z(I)) est 'ensemble des fonctions régulues s’annulant sur Z(I)

1.3 Résultats classiques sur la seminormalisation.

Nous présentons dans cette sous-section les résultats classiques de seminormalisation que nous utiliserons
ou évoquerons dans cette these. Pour ce faire nous utilisons le compte-rendu de Vitulli [40] de 2011 sur
la seminormalisation. La définition que nous utiliserons tout au long de la these est celle de Traverso
introduite dans [38] en 1970. La section 2.1 du chapitre 2 la présente de fagon trés détaillée, de méme que
la notion d’extension subintégrale et nous y redémontrons la propriété universelle de la seminormalisation.
C’est cela que nous commencgons par rappeler brievement.

Définition 1.3.1 ( Traverso)

Soit A — B une extension entiére d’anneaux. L’anneau AE est définit par
A} = {b € B | Vp € Spec(A), by € A, + Rad(B,,)}

ou Rad(B,) est le radical de Jacobson de B,,.

Définition 1.3.2

Une extension entiére A — B est dite subintégrale si elle vérifie les deux conditions suivantes :

1. L’application induite Spec(B) — Spec(A) est bijective.
2. Pour tout p € Spec(A) et q € Spec(B) tels que q N A = p, alors le morphisme induit sur les

corps résiduels k(p) — k(q) est un isomorphisme.

18



1.3. Résultats classiques sur la seminormalisation.

Proposition 1.3.3 (Propriété universelle de la seminormalisation, [38] Proposition 1.1)

Soit A — B une extension entiére d’anneau. Alors pour toute sous-extension A — C — B telle que

A < C est subintégrale, on a C — Af.

Démontrer que la localisation et la seminormalisation commute n’est pas évident a partir de cette défini-
tion. Traverso y parvient en introduisant la notion de recollement au-dessus d’un point.
Définition 1.3.4

Soit A un anneau noethérien et A — B une extension finie. Le recollement de B au dessus d’un point

p de Spec(A) est définit par I'anneau

af ={be B|b, € 4y + Rad(B,) }

Théoréme 1.3.1 (/38], Théoréme 2.1)

Soit A un anneau noethérien et A — B une extension finie. Si A est seminormal dans B, alors on a

une suite finie B= By 2 B; 2 ... 2 B,, = A o1t B;41 est le recollement de B; au-dessus d’un point p
de Spec(A).

En montrant aisément que la localisation commute aux recollements, Traverso obtient le théoreme suivant
comme un corollaire du précédent.
Théoréme 1.3.2 ([38], Théoréme 2.2)

Soit S une partie multiplicative de A. Si A est seminormal dans B, alors

S~ 1A est seminormal dans S™'B

Corollaire 1.3.5

Soit A — B une extension entiére d’anneaux et S une partie multiplicative de A. Alors

STHAL = (STTA) L,

Remarque. Contrairement & ce qui est fait dans Traverso [38], nous énongons ce résultat sans 'hypothése
que A est noethérien car il a été démontré pour un anneau quelconque par Leahy et Vitulli (voir [28],
Corollaire 1.6.).

La commutation avec la localisation nous dit que la seminormalisaton peut étre vérifiée point par point.
Proposition 1.3.6 (/28/, Proposition 1.7)

Un anneau A est seminormal dans B si et seulement si, pour tout m € Max(A), 'anneau Ay est

seminormal dans By,.

L’approche de Traverso que nous utilisons ici est pensée pour le cadre géométrique. Cependant différentes
définitions, plus adaptées au cadre algébrique abstrait, existent. Celles-ci sont équivalentes a celle de
Traverso si I’on considére I’anneau de coordonnée d’une variété algébrique sur un corps de caractéristique

zéro.
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Proposition 1.3.7 (Critére de Hamann-Vitulli, [28] Proposition 1.4)

Soit A — B une extension entiére d’anneau. La seminormalisation de A dans B peut aussi étre définie

des facons suivantes :

1. Pour tout couple fixé (e; f) € N? tel quee A f =1, on a
Ap={beB|bt*cAetd € A}
2. La seminormalisation de A dans B est donnée par
AL ={beB|IneN", b cAetb" c A}
3. La seminormalisation de A dans B est donnée par

AL ={beB|IneN,Vm>n,b"c A}

On a également un critere de seminormalité dans ’anneau total des fractions qui est donné par Swan.

Définition 1.3.8 (Swan [37])

Soit A un anneau. Alors A est seminormal au sens de Swan si pour tous b,c € A tels que b = ¢, il

existe a € A tel que a®> = b et a® = c.

Remarque. Un tel élément a est unique. Un anneau seminormal au sens de Swan est nécessairement
réduit. Si 'anneau total des fractions de A est un produit de corps, alors la définition de Swan et celle

de Traverso coincident ([40] Lemme 2.18).

Dans le cas d’'une variété algébrique sur un corps algébriquement clos k de caractéristique 0, la semi-
normalisation est donnée par I’ensemble des fonctions polynomiales sur la normalisation qui prennent la
méme valeur dans les fibres du morphisme de normalisation. Plus généralement, on a le théoréeme suivant

Théoréme 1.3.3 ([28], Théoréme 2.2)

Soit 7w : Y — X un morphisme entre deux variétés (affines) sur k. Alors

RIX [y = {p € KIY] | Vo 92 € Y(R), 7(n) = 7(y2) = p(31) = p(12) }

La seminormalisation se définit aussi pour des schémas plus généraux, le cas a été traité par Andriotti et
Bombieri [3] puis par Greco et Traverso [16].
Définition 1.3.9

Un schéma X est dit de Mori s’il est réduit et si sa normalisation est finie sur X. On dit que X est

seminormal s’il est de Mori et si, pour tout x € X, I'anneau Ox , est seminormal.

De la méme maniere que la normalisation intervient dans I’étude des singularités des variétés algébriques,
la seminormalisation désingularise légerement la variété de départ. Plus précisément, elle est liée a la

notion de «point multicroisé».
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Définition 1.3.10

Soit X une variété algébrique sur un corps algébriquement clos k de caractéristique 0. Un point

x € X est dit multicroisé («multicross» en anglais) s’il existe une collection C = {11, ..., T} non vide

de sous-ensembles disjoints de [1;n] telle que I'on a un isomorphisme de k-algébres

(5X,1; =~ k[[z1,7zn]]/ < Za?p | CAS Tlvﬁ € Tj,i 7é.7 >

C={{z} {v}} kllz,yll/) < xy > —

C={zh {yh {23} | Klley 2/ <wyezyz> | ————

C = {{zy}, {z}} Ko,y 2ll/ <xz,yz> | / /

C={{z}:{y}} kl[z,y,2]l/ <ay >

FIGURE 1.3 — Multicross dans k2 et k3

Les résultats suivant sont un analogue aux théoremes 1.2.1 et 1.2.5 pour la seminormalisation.
Proposition 1.3.11 (/29], Proposition 3.2)

Soit X une variété algébrique sur k. Si x € X est un point multicroisé, alors Ox , est seminormal.

Théoréme 1.3.4 ([29], Théoréme 3.8)

Soit X une variété algébrique sur k et soit Z I’ensemble de ses points multicroisés. Alors Z est une

sous-variété de X telle que
codim(Z) > 2
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Corollaire 1.3.12

Soit X une courbe algébrique sur k dont Iespace tangent de Zariski est de dimension n, alors X est

seminormale si et seulement si toutes ses singularités sont des points de multiplicité n avec n tangentes

distinctes. Plus précisément, si & € Xging(k), alors

@X,z ~ Ellzy, . xn]]) < zixg, 1 #£ 5>

Ezxemple. Soit k un corps algébriquement clos et soit X := Spec (k[z, y, 2|/ < xyz >>. On peut montrer
que cette variété est seminormale car si I'on se donne un polyndéme quelconque sur chaque plan et que
ceux-ci coincident sur les droites d’intersection, alors on peut construire un polynéme définit sur X (k)

tel que sa restriction a chaque plan est donnée par I'un des polynémes de départ.

pececfocedecacteccancand
#

FIGURE 1.4 — Intersection de trois plans dans k3.

Soit € X (k). Si x n’est dans aucune intersection alors c¢’est un point lisse, donc il est seminormal. Si z est
dans l'intersection de deux plans, alors nous avons vu dans le tableau 1.3 que c’est un point multicroisé
et donc qu'il est seminormal. En revanche le point (0,0,0) n’est pas multicroisé car il n’apparait pas
dans le tableau 1.3. Au final, 'ensemble des points non multicroisés de X (k) est bien une sous-variété de

codimension 2, ce qui est cohérent avec le fait que X est seminormale.

1.4 Clétures intégrales et seminormalisations en géométrie réelle.

Le sujet de cette these s’inscrit dans une étude globale, entamée par Fichou, Monnier et Quarez, de la
normalisation et de la seminormalisation en géométrie algébrique réelle. La corrélation entre fonctions
régulues réelles et seminormalisation est notamment mise en lumiére dans les articles [14], [15] et [33]
que nous résumons dans cette section. Les objets présentés dans ces derniers apparaissant de plus dans
I’étude de la R-seminormalisation au chapitre 3, il semblait donc nécessaire d’y consacrer une section

explicative.

Dans la premiére partie, nous survolons larticle [14] qui s’intéresse principalement & la question suivante :
Sachant que I'anneau des fonctions régulieres O(X (R)) d’une variété réelle X ne coincide pas avec ’an-
neau R[X] des fonctions polynomiales sur X (R), que peut-on dire des clotures intégrales O(X(R))ic
et R[X }’O( X(r)) | Aprés les avoir comparées avec 'anneau O(X'(R)) des fonctions régulieres sur la nor-

malisation, nous présentons la normalisation biréguliere X® dont I'anneau de coordonnées est définit
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par R[X ]’o( X(r))- Nous verrons qu’il s’agit de la plus grande variété biregulierement isomorphe & X et
regarderons la facon dont elle modifie ses singularités.

Dans la seconde partie nous présentons la seminormalisation centrale et la normalisation faible centrale
étudiées dans [15] et [33]. Globalement, ces objets sont obtenus en recollant, dans la normalisation d’une
variété, les points adhérents au lieu lisse (i.e. les points «centraux») qui vivent au dessus des points
centraux de la variété considérée. L’apparition des points centraux dans les définitions est dii au manque de
surjectivité des morphismes finis en géométrie réelle. Apres avoir donné toutes les définitions nécessaires,
nous verrons comment ces variantes de la seminormalisation sont liées a la théorie des fonctions régulues

réelles.

1.4.1 La normalisation biréguliére.

Nous présentons dans cette sous-section la notion de normalisation biréguliere introduite dans [14]. Cet

objet intervient dans I’étude de la R-seminormalisation présentée au chapitre 3.

Soit A un anneau et soit T(A) :=1+> A2 ={1+a? +..+a2 |n € Neta; € A}. L’ensemble T(A)
est une partie multiplicative de A et 0 ¢ T(A) si et seulement si A est un anneau réel ( c’est-a-dire —1
n’est pas somme de carrés). Plus généralement, nous dirons qu'un anneau A vérifie (mp) s’il est réduit
et s’il posséde un nombre fini de premiers minimaux qui sont tous réels. Un tel anneau est en particulier
réel. Le localisé de A par T(A) sera noté O(A) := T (A)~tA. Remarquons que cet anneau est non nul si
et seulement si A est réel. La variété X = Spec(A) est une variété affine sur R si A une R-algebre réduite
de type fini. Si de plus A vérifie (mp), alors X est une variété affine réelle. Pour une variété affine réelle
X, lanneau O(R[X]) coincide avec 'ensemble O(X (R)) des fonctions réguliéres sur X (R). C’est a dire
Pensemble des fonctions p/q : X(R) — R telles que p,q € R[X] avec Z(q) = @. En effet, dans ce cas,
on peut supposer ¢ > 0 sur X (R). Ainsi le Positivstellensatz ([9], Théoréme 4.4.3) nous dit qu’il existe
h,g € Y. R[X]? tels que gg = 1+ h. Ainsi p/q = (g9p)/(9q) = (gp)/(1 + h) € O(R[X]). Contrairement au

cas complexe ou les fonctions régulieres sont polynomiales, on obtient les extensions strictes suivantes :
R[X] — O(X(R)) < K(X)

Le fait que les fonctions régulieres ne coincident pas avec les fonctions polynomiales en géométrie réelle
a poussé les auteurs de [14] & s’'interroger sur les répercutions que cela pouvait avoir dans le processus de
normalisation. Par exemple, quelles différences y a-t-il entre la normalisation de ’anneau des fonctions
régulieres O(X (R));C( x) et lanneau O(X (R)) des fonctions régulieres sur la normalisation ? Sachant que
la normalisation est définie par R[X'] := R[X]j y et que les opérations de localisation et de cloture
intégrale commutent, on a

O(X(R))k(x) = O(X'(R))

Il s’avere que cette injection est un isomorphisme si et seulement si toutes les fibres réelles du morphisme

de normalisation sont réelles ([14], Proposition 3.2).
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Exemple. Soit X := Spec(R[z,y]/ < y* — 2?(x — 1) >) la cubique avec un point isolé¢ & lorigine. La
normalisation X’ est donnée par R[X][y/z] ~ R[X’'] = Rlx,t]/ < t? — (z — 1) >. La fonction f =
1/(1 +t?) est réguliere sur X’(R). En revanche, en utilisant la Proposition 2.12 de [14] on peut voir que
f ¢ O(X(R))Y.

On peut aussi voir la différence entre ces deux anneaux au niveau des points normaux de la variété.

Proposition 1.4.1 (/14] Proposition 2.15)

Soit X une variété affine réelle. Alors

1. R[X] est intégralement clos si et seulement si Norm (X (C)) = X(C)
-

2. O(X(R)) est intégralement clos si et seulement si X (R) C Norm (X (C)).

Apres avoir étudié la cloture intégrale de O(X (R)) dans (X)), les auteurs de [14] ce sont intéressés a la

cloture intégrale de R[X] dans O(X (R)) et ont introduit la notion de normalisation biréguliére.

Définition 1.4.2

Soit A un anneau vérifiant (mp). L’anneau définit par

Ab = A/(Q(A)

est appelé la normalisation biréguliére de A. Dans le cas ou A est 'anneau de coordonnées d’une

variété affine X, on obtient une nouvelle variété X® dont 'anneau de coordonnées est définit par

R[X°] := R[X]°

Remarque. La finitude de l'extension R[X] < R[X]y y ), < R[X'] nous dit que I'on a bien une R-

algébre de type fini et donc que R[X ]’O( X(R)) €St bien I’anneau de coordonnées d’une variété.

Les éléments de R[X?] peuvent également étre vus comme des éléments spécifiques de R[X"].

Proposition 1.4.3

Soit X une variété affine réelle. Alors

R[X?] ~ {p € R[X'] | 3f € O(X(R)) telle que for =p sur w”l(X(R))}

La normalisation biréguliere vient avec la propriété universelle suivante : c’est la plus grande variété

intermédiaire entre X et X’ qui soit biréguliérement isomorphe a X.
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Proposition 1.4.4 ([14], Théoréme 4.3)
Soit X et Y deux variétés affines réelles telles que R[X] — R[Y] — R[X'] et O(X(R)) ~ O(Y (R)).

Alors R[Y] — R[X?].
Xb C
(m /

Autrement dit, soit 7 : Y — X un morphisme fini et birégulier entre deux variétés affines réelles. Alors

on a le diagramme suivant.

O(X(R) O(Y(R)) —— O(X°(R))—— O(X'(R))
R\J\ c bireg. R[ bireg. [Xb]( R[X/]

Nous allons voir a présent une version plus algébrique de la propriété universelle de normalisation biré-
guliere car nous nous en servons a la fin du chapitre 3. On commence par donner une réinterprétation,
sur les spectres réels, du fait d’étre birégulier.

Proposition 1.4.5 ([14], Proposition 4.13)

Soit A un anneau vérifiant (mp) et soit B tel que A — B — A’. Alors B satisfait également (mp)

et les propriétés suivantes sont équivalentes :
1. L’extension A < B est birégulicre.

2. Pour tout m € R-Max(A), il existe un unique idéal m’ € max(B) tel que m’ N A = m. De plus
le morphisme Ay, — Bn est un isomorphisme.
3. Pour tout p € R-Spec(A), il existe un unique idéal q € Spec(B) tel que ¢ A = p. De plus le

morphisme A, — By est un isomorphisme.

On retrouve bien que A® est la plus grande sous-extension biréguliere de A — A’.
Théoréme 1.4.1 ([14], Théoréme 4.14)

Soit A un anneau vérifiant (mp) et soit A’ sa cléture intégrale. Alors

1. L’extension A — AY est biréguliére.

2. Pour toute sous-extension A < B < A’, on a A — B biréguliére si et seulement si B C A®.

Enfin, concluons cette présentation de la normalisation biréguliere en regardant de quelle maniere celle-ci

modifie les singularités d’'une variété réelle.
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Proposition 1.4.6 ([14], Proposition 4.6)

Soit A un anneau vérifiant (mp). Alors

1. Soit m € Max(A) tel que m ¢ R-Spec(A). Alors

(Ab)m = (Am)/ = (Al)m

2. Soit m € R-Max(A). Alors
(Ab)m = An

Proposition 1.4.7 ([14], Proposition 4.8)

Soit A un anneau vérifiant (mp). On a alors

A= () Aun N Al

meR-Max(A) meMax(A)\R-Max(A)

Si X est une variété affine réelle, la proposition précédente nous dit que X® normalise les points de X (C)

sans toucher & X (R). Illustrons ce phénomeéne sur un exemple.

Exemple. Soit X := Spec(R[z,y]/ < y? — 23(2? + 1)? >). Alors la fonction f = y/(z% + 1) est réguliere
sur X (R) et est annulée par le polynome t? — 2% € R[X][t]. Ainsi f € R[X?] et on a R[X][f] ~ R[z,y]/ <

y? — 2% >, ce qui correspond a R[X?] puisqu’elle n’a plus de singularités complexes.

Ny
(4,0) T
) DAERN
id S

0
S X(R) X°(R)

FIGURE 1.5 — La normalisation biréguliere de {y* — 23(22 +1)? = 0}.

1.4.2 La seminormalisation centrale.

Si A — B est une extension entiére d’anneaux, la propriété de lying-over habituelle nous dit que le
morphisme induit Spec(B) — Spec(A) est surjectif. Cependant, sa restriction au spectre des premiers
réels R-Spec(B) — R-Spec(A) ne l'est pas nécessairement. Ce fait est problématique si I'on essaye de
définir une seminormalisation réelle. Une approche proposée par Fichou, Monnier et Quarez dans [15] est
de s’intéresser aux points centrauzr de variétés réelles. Ils définissent donc une seminormalisation centrale
que Monnier étudie plus en détail dans [33]. Le but de cette sous-section est de présenter cette approche

que nous comparerons dans le chapitre 3 avec la R-seminormalisation.

26



1.4. Clotures intégrales et seminormalisations en géométrie réelle.

Définition 1.4.8
Soit A un anneau et I un idéal de A. On dit que I est un idéal central si pour tout a € A et pour tout

be > K(A)? ona

a?4+bel = acl

On a alors I central = I réel.

Ezemple. Soit X := Spec(R[z,y, 2]/ < 2% — 2(2* + y?) >) le parapluie de Cartan. L’idéal p = (z,y) est
réel mais n’est pas central. En effet
6 4,2 4 92,4 L 6
x 3ty + 227yt +y GZK(A)Q

bi=a?+y? — 22 =22+ — =
Yy Y (@2 1 2)2 (@2 1 12)2

On a alors 22 + b = 22 + y% € p mais z ¢ p.

L’ensemble des idéaux centraux de A est noté C-Spec(A) et 'ensemble des idéaux maximaux centraux
est Cent(A). Concrétement, les maximaux centraux correspondent aux points fermés se trouvant dans
I’adhérence euclidienne du lieu lisse de la variété.

Proposition 1.4.9 (/33] Corollaire 3.7)

Soit X une variété affine sur R. Alors

Cent(X) = X,eg(R)

Une propriété importante du spectre central est que, contrairement au spectre des premiers réels, il vérifie
la propriété de Lying-over suivante.
Proposition 1.4.10 (/15] Proposition 2.8)

Soit A — B une extension d’anneaux entiére et birationnelle vérifiant (mp). Alors les applications

C-Spec(B) — C-Spec(A)
q — gnNA

et sa restriction Cent(B) — Cent(A) sont définies et surjectives.

C’est ici que I'on voit 'intérét de regarder les idéaux centraux. Par exemple 'extension
A=R[z,y]/ <y®> —2*(x - 1) >=Rlz,y]/ <y? - (x —1) >= A
est entiére et birationnelle mais il n’y a pas d’idéal réel de A’ au dessus de 'idéal (z,y) C A.

Maintenant que ’on a une propriété de Lying-over pour les idéaux centraux, on peut débuter la construc-

tion de la seminormalisation et de la weak-normalisation centrale.
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Définition 1.4.11

Soit A € B une extension entiére d’anneaux satisfaisants (mp). L’extension est dite
e sc-subintégrale si Iapplication C-Spec(B) — C-Spec(A) est bijective et equirésiduelle.

e we-subintégrale si Iapplication Cent(B) — Cent(A) est bijective et equirésiduelle.

Définition 1.4.12

Soit A un anneau, le radical de Jacobson central de A, noté Rad“(A), est I'intersection de idéaux

centraux maximaux de A.

On définit la we-normalisation de A qui consiste a recoller les idéaux centraux de la normalisation

au-dessus des idéaux centraux maximaux de A.
Définition 1.4.13

Soit A un anneau et A’ sa cléture intégrale. L’anneau

Ave = {f € A" | Vm € Cent(A) fu € A + RadC(A:n)}

est appelé la we-normalisation de A.

La we-normalisation est la plus grande sous-extension de A < A’ qui soit wg-subintégrale.
Proposition 1.4.14 ([15], Proposition 2.20)

Soit A un anneau satisfaisant (mp) et soit A’ sa cléture intégrale. Soit B tel que A — B — A’, alors

les propriétés suivantes sont équivalentes :
1. L’extension A — B est wg-subintégrale.

2. B C Avc,

On note K%(Cent(X)) Pensemble des fonctions f : Cent(X) — R qui sont euclidiennement continues sur
Cent(X) et qui admettent une représentation rationnelle. La proposition suivante établie un lien entre
les fonctions rationnelles continues et les extensions we-subintégrales.

Proposition 1.4.15 ([15], Théoréme 3.6)

Soit m : Y — X un morphisme fini entre deux variétés réelles affines. Alors les propriétés suivantes

sont équivalentes :
1. L’extension 7* : R[X] — R[Y] est w¢-subintégrale.
2. Le morphisme 7| ceng(y) : Cent(Y') — Cent(X) est bijectif.
3. Le morphisme | gent(y) €st un homéomorphisme pour la topologie Euclidienne.

4. Le morphisme K°(Cent(X)) < K°(Cent(Y)), f + f 0 Tcent(x) st un isomorphisme.

On définit la sg-normalisation de A qui consiste a recoller les idéaux centraux de la normalisation au-

dessus des idéaux centraux de A.
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Définition 1.4.16

Soit A un anneau et A’ sa cléture intégrale. L’anneau

Afe = {f S AI | Vp S C-SpeC(A) fp S Ap + RadC(A;J)}

est appelé la sc-normalisation de A.

La sc-normalisation est la plus grande sous-extension de A < A’ qui soit s¢-subintégrale.

Proposition 1.4.17 ([15], Proposition 2.23)

Soit A un anneau satisfaisant (mp) et soit A’ sa cloture intégrale. Soit B tel que A — B — A’; alors

les propriétés suivantes sont équivalentes :
1. L’extension A < B est sg-subintégrale.

2. B C Asc.

L’ensemble des fonctions régulues définies sur Cent(X) est noté R°(Cent(X)). La proposition suivante
montre comment les fonctions régulues sont liées avec la notion d’extension s¢-subintégrale.
Proposition 1.4.18 ([15], Théoréme 3.13)

Soit w :' Y — X un morphisme fini entre deux variétés réelles affines. Alors les propriétés suivantes

sont équivalentes :
1. L’extension 7 : R[X] — R[Y] est s¢-subintégrale.

2. Le morphisme R°(Cent(X)) < R?(Cent(Y)), f = f 0 Tent(x) €st un isomorphisme.

Au final, on obtient
AC AT Cc A%¢ Cc Ave c A

Si A est ’anneau de coordonnées d’une variété réelle X, comme les extensions considérées sont finies, on

obtient deux nouvelles variétés X¢ et X*°¢ définies par

RX"¢] := RIX]%, et RIX*7] := RIX]3,

Ainsi, on obtient
X' — X" 5 X*%¢ 5 XT 5 X
Terminons cette section en donnant les anneaux de fonctions sur Cent(X) qui correspondent a4 R[X ]
et R[X#c].
Théoréme 1.4.2 ([15], Théorémes 4.11 et 4.16)

Soit X une variété affine réelle. Alors

R[X™] = R[X]ko(ent(x)) €t RIX*] := R[X]Ro(cent(x))

On peut également réécrire les choses en regardant les fonctions polynomiales de X’ qui proviennent
d’éléments de R[X*°] et R[X"¢].
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Proposition 1.4.19 ([15], Lemme 4.4)

Soit X une variété affine réelle et ©’' : X' — X le morphisme de normalisation. On a alors

R[X "] ~ {p € R[X'] | 3f € K%(Cent(X)) telle que f o | gepy(xry = P Sur Cent(X')}

et
R[X®C] ~ {p € R[X'] | 3f € R%(Cent(X)) telle que f O T Cent(x7) = P SUL Cent(X’)}

Ezemple. Reprenons I'exemple 1.2.3 avec la surface de Kolldr X := Spec(R[z,y, 2]/ < y3 —23(1 +22) >)
et la fraction y/x qui s’étend par continuité mais qui ne s’étend pas en une fonction régulue. Remarquons
d’abord que Cent(X) = X par la Proposition 1.4.9. De plus, on peut voir que R[X’] = R[X][y/x] et donc
on obtient X*¢ = X’. Comme y/x ne peut pas étre prolongée en une fonction régulue, on a X*¢ # X'.
En fait, "anneau de cordonnées R[X*¢] est donné par R[X][y?/z] avec y?/x qui, étendue par 0 en (0,0),
est régulue sur X (R).

Ezemple. Soit X := Spec(R[z,y]/ < y?> —2%(z —1)® >). On a Cent(X) = X (R)N{z > 0} et on considere
f: Cent(X) — R la fonction rationnelle y/x(x — 1) prolongée continliment par 0 en (1,0). Comme f est
une racine de t2 — (z—1) = 0 et que f est continue, on a f € R[X]ko(cem(X)) = R[X]%O(Cem(x))' Il s’avere
que R[X*¢] = R[X][f] = R[z,y]/ < y*> — (x — 1) > et I'on observe que I'on a bien Cent(X) ~ Cent(X*¢)
malgré le fait que X (R) % X*c¢(R).

X(R) X (R)

FIGURE 1.6 — La seminormalisation centrale de {y? — 2%(z — 1)% = 0}.
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CHAPTER 2

SEMINORMALIZATION OF COMPLEX
ALGEBRAIC VARIETIES

This chapter is devoted to the study of seminormalization of complex algebraic varieties, to its link with

continuous rational functions and to the study of those functions.

Around 1970 Traverso [38] introduced the notion of the seminormalization A} of a commutative ring
A in an integral extension B. The idea is to glue together the prime ideals of B lying over the same
prime ideal of A. The seminormalization Ag has the property that it is the biggest extension C of A in
B which is subintegral i.e. such that the map Spec(C) — Spec(A4) is bijective and equiresidual (it gives

isomorphisms between the residue fields).

In the paper [28], the authors tried to identify the coordinate ring of the seminormalization of a variety
as the ring of rational functions which are continuous for the Zariski topology. Unfortunately, the Zariski
topology is not strong enough for this to be true. The first aim of this chapter is to show that the correct
functions to consider are rational functions which are continuous for the Euclidean topology. The idea
of studying the concept of seminormalization with that kind of functions comes from [15] and [33] in
the context of real algebraic geometry. Those functions appeared recently in real algebraic geometry (see
[12] and [22]) under the name of "regulous functions". They allow to recover some classical theorems of
complex algebraic geometry, such as the Nullstellensatz, which normally do not hold anymore in real
algebraic geometry. A complex analog of regulous functions has been studied in [8] and [7] in the point
of view of complex analytic geometry. The second aim of this chapter is to bring a study of complex

regulous functions in the point of view of complex algebraic geometry.

This chapter is organized as follows. In Section 2.1 we rewrite Traverso’s construction of the seminormal-
ization of a ring and its universal property regarding to subintegral extensions of rings.

In Section 2.2 we look at the seminormalization of an affine variety over an algebraically closed field of
characteristic zero and to its universal property. The seminormalization of an affine variety X can be
seen as the biggest birational variety such that its closed points are in bijection with those of X.

In Section 2.3 we introduce continuous rational functions on a complex affine variety X. More precisely
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we consider the functions f : X(C) — C which are rational on a Zariski dense open set of X (C) and
which are continuous, for the Euclidean topology, on all X (C). The ring of those functions is denoted by
K°(X(C)). For 7 : Y — X a finite morphism between complex affine varieties and . its restriction to
Y (C), we look at the induced morphism f — f om, between rings of continuous rational functions. We

show that the image of such a morphism is
{f € K°(Y(C)) with f constant on the fibers of }

It allows us to reinterpret subintegral extensions between coordinate rings of varieties. For X and Y two
varieties, one gets that C[X] < C[Y] is subintegral if and only if K°(X(C)) ~ K°(Y(C)). The first half

of this chapter can be summarized with the following result :

Theorem (2.2.1 and 2.3.12). Let 7w : Y — X be a finite morphism between affine complex varieties. Then
the following properties are equivalent :

1) 7 is subintegral.

2) m. is bijective.

3) The rings K°(Y(C)) and K°(X(C)) are isomorphic.

4) T is an homeomorphism for the Euclidean topology.

5) . is an homeomorphism for the Zariski topology.

6) m is an homeomorphism.

In the beginning of Subsection 2.3.1, we prove that continuous rational functions are regular on the
smooth points of a variety. It allows us to see that, for X a normal variety, the thinness of X,;,, implies
K°(X(C)) = C[X]. This fact combined with the previous theorem leads us to the main result of this
chapter :

Theorem (2.3.13). Let X be an affine complex variety and 7+ : XT — X be the seminormalization

morphism. We have the following isomorphism

¢: KY(X(C) — C[XT]
f —  fom!

The results of Subsection 2.3.1 can be summarized with the following diagramm: for every morphism
7m:Y — X such that C[X] — C[Y] is subintegral, we get

(C[X]( subint. C[Y]C subint. C[X+]C (C[X

KO(X(C)) —— KO(Y (C)) —= KO(X*(C))——— K°(X'(C))
']

In subsection 2.3.2 we look at a consequence of theorem 2.3.13 : the restriction of a complex continuous
rational function on a subvariety is still a rational function. It is an interesting fact because it says that,
unlike the real case, continuous rational functions are regulous functions.

In the remaining of Section 2.3, we are interesting in finding criteria for a continuous function to be

rational and then for a rational function to be continuous. In Subsection 2.3.3, we show that a continuous
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function on X (C) which is a root for a polynomial with coefficients in C[X] is necessarily rational. It
implies two results. First, we get that K°(X(C)) is the integral closure of C[X] in C°(X(C), C). Secondly,
we get an algebraic version of Whitney’s theorem 4.5Q in [41], saying that a continuous function on the
closed points of an affine variety is rational if and only if its graph is Zariski closed. The second point
says that c-holomorphic functions with algebraic graph studied in [8] and [7] correspond, for algebraic
varieties, to the continuous rational functions considered in this thesis.

Finally, in Subsection 2.3.4, we give several nontrivial examples of continuous rational functions thanks

to the following criterion.

Theorem (2.3.20). Let X be an affine complex variety. A function f : X(C) — C is a continuous rational

function if and only if it is rational, integral over C[X] and its graph is Zariski closed.

In section 2.4 we reinterpret several classical results about seminormalization in terms of rational con-
tinuous functions. In the first subsection, we look at criteria for a variety to be seminormal given by
Leahy-Vitulli, Hamann and Swan (see the review [40]). To prove that those criteria are sufficient, we
show that if f is an element of K°(X(C)) \ C[X], then we can always find a function g € C[X][f]\ C[X]
such that ¢ € C[X] for all n > 2. To see that they are necessary, we construct explicit continuous rational
functions from the relations appearing in the different criteria. The second subsection is dedicated to see
what the commutation between the localization and the seminormalization means for continuous rational
functions.

Finally, in Section 2.5, we generalize the results for non necessarily affine complex varieties.

2.1 Universal property of the seminormalization.

We recall in this section the construction of the seminormalization introduced by Traverso [38] for com-
mutative rings. This construction is linked to the notion of subintegrality in the way that the seminor-

malization of a ring is its biggest subintegral extension.

Let A be a ring, we note Spec(A) := {p C A | p is a prime ideal of A} the spectrum of A and Spm(A) :=
{m C A | m is a maximal ideal of A} the maximal spectrum of A. Let p € Spec(A), then A, := (A\p)~'14
is the localization of A at p and k(p) := A, /pA, the residue field of p.

Since the seminormalization is defined for integral extensions, we recall this notion here.

Definition 2.1.1

Let A — B be an extension of rings.

1. An element b € B is integral over A if there exists a monic polynomial P € A[X] such that
P(b) =0.
2. We call integral closure of A in B and we write A’y the ring defined by

Al :={b€ B |b integral on A}

3. The extension A < B is integral if A’y = B.
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Now we define the seminormalization of a ring in an integral extension. The idea behind this definition
is to glue the prime ideals of B above those of A. If one thinks of it in terms of algebraic varieties, it
consists of gluing points in the fibers together.

Definition 2.1.2

Let A — B be an integral extension of rings. We define

Af = {b € B | Vp € Spec(A), by € A, + Rad(B,,)}

where Rad(By) := ﬂ m is the Jacobson radical of By,.
meSpm(By)
We say that AE is the seminormalization of A in B. If A = AE, then A is said to be seminormal in

B.

We introduce now the notion of subintegral extension which is strongly related with that of seminormal-
ization.
Definition 2.1.3

An integral extension of rings A — B is called subintegral if the two following conditions hold :

1. The induced map Spec(B) — Spec(A) is bijective.
2. For all p € Spec(A) and q € Spec(B) with q N A = p, the induced map on the residue fields

k(p) — k(q) is an isomorphism.

When the second condition holds, we say that A — B is equiresidual.

The following statement gives the link between the two last definitons. It gives us a universal property
of the seminormalization : the seminormalization of a ring in another one as its biggest subintegral
subextension.

Proposition 2.1.4

Let A — C — B be integral extensions of rings. Then the following statements are equivalent :
1) The extension A — C' is subintegral.

2) The image of C — B is a subring of Ag,

Before proving this, we give several lemmas. First, we recall some classical algebraic results. Those are
crucial to make things work and they are the reason we consider integral extensions.

Lemma 2.1.5 ([5])

Let A — B be an integral extension of rings. Then

1. (Lying-Owver property) The map Spec(B) — Spec(A) is surjective.

2. Let p € Spec(A) and q € Spec(B) such that ¢ A = p. Then q € Spm(B) if and only if
p € Spm(A4).

3. (Going-up property) Let p C p’ € Spec(A) and q € Spec(B) such that q A = p. Then there
exists q C q’ € Spec(A) such that ¢’ N A =1p’.

4. Let S be any multiplicative subset of A, then S~'A < S™!B is integral.
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Now see that a subextension of a subintegral extension is necessarily subintegral.
Lemma 2.1.6

Let A — C — B be integral extensions of rings. Then the following properties are equivalent
1) The extension A — B is subintegral.

2) The extensions A — C and C' — B are subintegral.

Proof: Let us prove that 1) implies 2). We start by showing the bijection between spectra. First, see that
the induced maps between Spec(C) — Spec(A) and Spec(B) — Spec(C) are surjective because the extensions
are integral ( Lemma 2.1.5, 2) ). Now let p € Spec(C), suppose that there exists q1,q2 € Spec(B) such that
G1NC =qg2NC =p. In that case g1 NA =g NCNA=pnN A and the same is true for qs. Since A — B is
subintegral, we have

GNA=gNA = q1 =092

This shows that Spec(B) — Spec(C) is bijective. We now suppose that there exists p € Spec(A) and p1,p2 €
Spec(C) such that p1 N A = p2 N A = p. By what we’ve just shown, we can consider some unique q1, q2 € Spec(B)
such that g1 NC =p; and g2NC =ps. Then g1 N A =q2N A =p, so g1 = q2 and finally p; = ps. It shows that
Spec(C) — Spec(A) is bijective.

We now show the isomorphisms on the residue fields. Let’s consider the following commutative diagram

i1 i2

Ac oC B
A\/[p( f1 C/PIC f2 BT,,
K(p) K(p')C K(p")

The diagram is indeed commutative because the f; are obtained by the universal property of quotient and their

injectivity comes, for example with fi1, from the following equality :
ker(m' oi1) = {a € A such that i(a) €p'} =p'NA=1p

By assumption, A < B is subintegral, so x(p) — k(p”) is an isomorphism. This implies that x(p) — x(p’) and
k(p’) — w(p") are also isomorphisms. The first implication is proved.

We now show that 2) implies 1). Let’s suppose that A < C and C < B are subintegral. Let p € Spec(A), then
there exists a unique element p’ € Spec(C) above p. In the same way, there exists a unique element p” € Spec(B)
above p’, so p” is the unique element of Spec(B) above p. The fact that we have x(p’) ~ x(p) and k(p”) ~ k(p’)
gives us the equiresiduality. We have shown that A — B is subintegral.

The three following classical results brings a better understanding of the Jacobson radical in the definition
of the seminormalization.
Lemma 2.1.7

Let A — B be an extension of rings, p € Spec(A) and q € Spec(B). Then

qNA=p < qB, N A, =pA,
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Proof: <« : Let a € p, then § € qByNA,. So § = % such that b € g and s € A\ p. So as = b and since s ¢ q, we
obtain a € q. So p € qN A. Conversely, if a € qN A, then § = % with b € pand s € A\p. Soas=band s ¢ p
thus a € p. Finally p = q N A.

= :Let £ € pAp,thena € p=gNAandso ¢ € qByNAy. Thus pA, C qB, N Ap. Conversely, if ¢ € qBy N Ay,

s

then ¢ = & with b€ q. Soas’' =bs € qand s’ ¢ q,s0 a € N A = p. Finally pA, = qB, N 4, |

Lemma 2.1.8

Let A — B be an integral extension and p € Spec(A). Then

Spm(By) = {qB, | q € Spec(B) and qN A =p}

Proof: By the description of prime ideals in a localization, we have:

Spec(Bp) = {qBy|q € Spec(B) and qN A\ p =}
= {aBy |q € Spec(B) and gN A C p}

Furthermore if A < B is integral then A, < B, is also integral by 2.1.5, so Spm(B,) is the inverse image of
Spm(A;) by the map Spec(B,) — Spec(A,). Thus, since pA, is the unique maximal of A,, we have

qB, € Spm(By) < qB, N A, =pA,
and so, thanks to the previous lemma,

qB, € Spm(By) <= qNA=p

|
Remark. If A — B is an integral extension and p € Spec(A), then
Rad(By)= [| m= N aBy
meSpm(By) q€Spec(B),qNA=p
Lemma 2.1.9
Let A — B be an integral extension of rings. Then
Rad(A) =Rad(B)N A
Proof: Lemma 2.1.5 tells us that the map Spm(B) — Spm(A) is surjective so
Rad(B) N A = (Nl m|na= () mna= () w'=Rad4)
meSpm(B) meSpm(B) m’/ESpm(A) [ ]

Now, we have all the tools to demonstrate that the seminormalization of a ring in another one is its
biggest subintegral subextension. But before that, we must check that the seminormalization gives a

subintegral extension.
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Proposition 2.1.10

Let A — B be an integral extension of rings. Then

A — A} is subintegral

Proof: We recall that AL = {b € B | Vp € Spec(A) b, € Ay + Rad(By)} C B. To clarify the proof, we will use
the following rating abuse : AT = A}, and A} = (A™),.

Let’s start by showing the bijection between spectra. In fact, we just have to show that Spec(A™) — Spec(A4) is
injective since the extension is integral. Let p € Spec(A) and q1,q2 € Spec(A™') such that 1 N A =q2N A = p.
Suppose that there exists b € q1 N q5 and write by = a + 8 € A, + Rad(By). Then a = b, — 8 € qi 4] N A,.
But, by Lemma 2.1.7, we have qi 4] N A, = pA, = q2A] N A, and thus « € q24;. Moreover 8 = b, — a € A
and 3 € Rad(B,). So, by Lemma 2.1.9, we get 3 € Rad(B,) N A} = Rad(4;) C q2A;. It gives b, € q2A;
which is not possible by assumption on b. Since q; and g2 can be inverted in the proof, we obtain q; = q2 and so
Spec(AT) — Spec(A) is bijective.

We show now the equiresiduality. Let p € Spec(A) and g € Spec(A™) such that qN A = p. Let q' € Spec(B) such
that ¢’ N A = p. We can see that g’ N A" = q because ¢’ N A" is a prime ideal above p and Spec(A™) — Spec(A)

is bijective. We obtain the following commutative diagram :

AC AFC B
A€ AfC B,

lﬂ' =t w’

f
Ap [pAy—— A?/E‘Aﬁ(—> BP/EI:Bp

Ay /pAy——r A;‘/qA;:'(—> By /9By

We want to show that f is surjective. Let 77 (2) € A/ /qA; . Then b € A™ so there exists a € A, and 8 € Rad(B,)
such that b, = a + . The remark under Proposition 2.1.8 tells us that Rad(B,) C q'B, so 7'(by) = 7'(«) and

since the diagram is commutative, we get 71 (by) = 71 (a)) = f o (). Finally we obtain
pre) i _ .y
m(s) mt(s) s

which proves the surjectivity of f and gives us Ay /pAp ~ Ag’/qA‘T.

Finally one can see that A} /qA} ~ Af/qA] because

Af JqAT ~Frac(A™ /q) and A" /q — A /qA} = AT /qAT — A /AT

This gives us the result
K(p) = Ap/pAy =~ AT JaAT =~ r(q)
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Finally, we get the main result of this section that we have already stated in Proposition 2.1.4.

Proposition (Proposition 2.1.4). Let A — C < B be integral extensions of rings. Then the following

statements are equivalent :
1) The extension A — C' is subintegral.

2) The image of C < B is a subring of AE.
Proof: Let’s prove that 1) implies 2). Suppose that A < C is subintegral, we want to show :
Ve € C, Vp € Spec(A), ¢, € Ap + Rad(By)

Let p € Spec(A). We write q € Spec(C) such that g A = p and so we get the following diagram :

A—— C.

m

A, C

ke

w(p) —— n(a)
One can see that the diagram is commutative thanks to the following equality
Ker(¢) = {cy € Cy such that " o t(cp) = 0} = {c, € Cp such that t(cp) € gCq} = qCq N Cp = qCp.
Thus, by Lemma 2.1.7, we have
ker(¢oi) = qCp N Ap = pA,

We now consider ¢ € C' and we want to show ¢ € Af. We have ¢(cp) € r(q), so one can consider ¢ € A, such

that fom (%) = ¢(cp). Thanks to the diagram’s commutativity, we have f om = ¢ o4, which gives us

oo =rom(5) =0 (i(3))

Thus ¢(cp — (%)) = 0 and so ¢, — i(2) € qCy. But, since q is the only ideal above p, we have qC, = Rad(Cy).
So, by Lemma 2.1.9, we get C}, —i(%) € Rad(C}) = Rad(B,) N Cy C Rad(By). And so ¢, € Ay + Rad(By), which
shows C C AJEZ,.

We now prove that 2) implies 1). Suppose we have A — C < A} < B. Those extensions are integral and, by
Proposition 2.1.10, the extension A — AE is subintegral. Then Lemma 2.1.6 tells us that A < C' is subintegral. H

As said previously, Proposition 2.1.4 can be put into the form of a universal property. We rewrite it in

the following way :
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2.2. Universal property of the seminormalization in the geometric case.

Theorem 2.1.11 (Universal property of seminormalization)

Let A — B be an integral extension of rings. For every intermediate extension C' of A — B such

that A — C is subintegral, the image of C' by the injection C — B is contained in AE.

A+C inclusion

(M)/

Remark. Let A — B be an integral extension. We have A — Ag subintegral by Proposition 2.1.10. So

we can apply the universal property in the following way :

+ C inclusion

A+
m/‘ /

Thus A}, — AX But, by definition, A™

AL is included in AE. We get the following idempotency property

+ _ g+
Af =A%,

2.2 Universal property of the seminormalization in the geomet-

ric case.

Let k be an algebraically closed field of characteristic zero and X = Spec(A) be an affine algebraic
variety with A a reduced k-algebra of finite type. Let k[X] := A denote the coordinate ring of X. We
have k[X] ~ k[z1, ..., x,] /I for a radical ideal I of k[x1, ..., ,]. We recall that X is irreducible if and only if
k[X] is a domain. A morphism 7 : Y — X between two varieties induces the morphism 7* : k[X] — k[Y]
which is injective if and only if 7 is dominant. We say that 7 is of finite type (resp. is finite) if 7* makes
k[Y] a k[X]-algebra of finite type (resp. a finite k[X]-module).

The space X is equipped with the Zariski topology for which the closed sets are of the form V(I) :={p €
Spec(k[X]) | I C p} where [ is an ideal of k[X]. We define X (k) := {m € Spm(k[X]) | x(m) = k}. Thus,
if we write k[X]| = k[z1,...,x,]/I, the elements of X (k) can be seen as elements of Spm(k[z1,...,z,])
containing I. The Nullstellensatz gives us a Zariski homeomorphism between X (k) and the algebraic set
Z(I)={xck™|Vfel f(r) =0} C k™ We will call 7, : Y (k) — X (k) the restriction of 7 to Y (k).
We will add the prefix «Z—» before a property if it holds for the Zariski topology. If X is irreducible,
then we write (X)) := Frac(k[X]).

If needed, for z € X (resp. X (k)), we will write p, (resp. m,) its associated ideal in k[X].

The goal of this section is to prove the following theorem and to write a universal property of the

seminormalization for affine varieties over k.
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CHAPTER 2 — Seminormalization of complex algebraic varieties

Theorem 2.2.1

Let m : Y — X be a finite morphism between affine varieties. Then the following properties are

equivalent.
1) The morphism 7y, : Y (k) — X (k) is bijective.
2) The extension ©* : k[X]| < Ek[Y] is subintegral.
3) The morphism 7 : Y — X is a Z-homeomorphism.

4) The morphism 7y, : Y (k) — X (k) is a Z-homeomorphism.

The following classical result will be useful in the sequel.

Lemma 2.2.2
Let m : Y — X be a finite morphism between irreducible varieties. Then there exists a non empty
Z-open subset U of X such that

Vu € U(k), #m; ' (u) = [K(Y) : K(X)]

Proof: Let U be a non empty Z-open set of X such that U is normal. Since the characteristic of k is zero, the
extension IC(X) < K(U) is separable. So we can apply Theorem 7 p.117 from [35] on the morphism 7 restricted
to 71 (U).

The following proposition gives the main part of Theorem 2.2.1. The Nullstellensatz is the key to prove

it, which is not surprising for a statement of this kind.

Proposition 2.2.3

Let w : Y — X be a finite morphism between affine varieties. The following properties are equivalent
1) The extension 7* : k[X| — k[Y] is subintegral.
2) The morphism 7y, : Y (k) — X (k) is bijective.

Proof: Suppose that k[X] — k[Y] is subintegral, then Y — X is a bijection and as the extension is integral, the
inverse image of X (k) is Y (k) (cf. lemma 2.1.5). Therefore

7 : Y (k) — X (k) is bijective

Conversely, suppose that Y (k) — X (k) is bijective. We start by checking that 7 is bijective. Let y1,y2 € Y such
that 7(y1) = 7(y2) and write py,, py, for the associated prime ideals of k[Y]. We want to prove that y1 = ya. By

the Nullstellensatz, it is equivalent to show

Pui = m my = m my = Py

py; Cmy €Y (k) Py, Cmy €Y (k)

Let y € Y(k) such that p,;, C m,. We then have pr(,,) C Mr(y), SO Pr(yy) C Mr(y). Thus, by the going-up property,
we can consider y' € Y (k) such that p,, C m, and 7(y) = m(y’). As we have supposed that 7 is injective on

Y (k), we get y = y/'.
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2.2. Universal property of the seminormalization in the geometric case.

Finally
Vy € Y (k) Py, Cmy = Py, Cmy

The role of y1 and y2 can be inverted in the proof, so we get

Py = ﬂ my = m my = Py, Le. y1 =y

yEY(k),Pyl Cmy yEY(k>aPy2 Cmy

It remains to check the equiresiduality. Let z € X and y € Y such that 7(y) = z. We want to prove x(pz) =~ k(py).
If we write V' = Spec(k[X]/p=) and W = Spec(k[Y]/py), we get the following commutative diagram :

k[ X" K[Y]

- |

VIC Y

K(V)e— K(W)

As k[Y] is a finite k[X]-module, we have that k[W] is a finite k[V]-module. Thus 7| is a finite morphism between
two irreducible varieties. Therefore we can apply Lemma 2.2.2 to consider a non empty Z-open set U of W such
that

VueU(k)  #mwa) @) = (W) : K(V)]

But we have previously shown that 7 is bijective so (W) : (V)] = 1 and so we get £(pz) =~ £(py). |

The following lemma completes the results needed to get Theorem 2.2.1.
Lemma 2.2.4

Let A — B be an integral extension of rings and 7 : Spec(B) — Spec(A) be the induced map. If the

morphism 7 is bijective, then 7 is a Z-homeomorphism.

Proof: Since 7 is Z-continuous, even when the extension is not integral, we just have to show that 7 is Z-closed.
Let p € Spec(A) and q € Spec(B) such that g N A = p. We have

V(@) ={d'NA]qCq €Spec(B)}

so 1(V(q)) C V(qN A) = V(p). If p’ € V(p), then the going-up property says that there exists q' € Spec(B) such
that ¢’ N A =p’ and q C q'. Therefore V(p) C 71(V(q)) and so 7(V(q)) = V(p) which is Z-closed. |

We can finally prove the main theorem of this section.

Theorem (Theorem 2.2.1). Let m: Y — X be a finite morphism between two affine varieties. Then the

following properties are equivalent.
1) The morphism 7y, : Y (k) — X (k) is bijective.
2) The extension 7 : k[ X| — k[Y] is subintegral.
3) The morphism w:Y — X is a Z-homeomorphism.

4) The morphism 7y, : Y (k) — X (k) is a Z-homeomorphism.
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CHAPTER 2 — Seminormalization of complex algebraic varieties

Proof: First of all, Proposition 2.2.3 gives us the first equivalence. Now suppose that k[X] < k[Y] is subintegral.
Then 7 is bijective and since k[X] < k[Y] is integral, we can apply Lemma 2.2.4 and get that = is a Z-

homeomorphism. Finally, if 7 is a Z-homeomorphism then 7y is a Z-homeomorphism and thus 7 is bijective. |

Before going further, we must define the seminormalization of an affine variety. If 7 : ¥ — X is a finite
morphism between two affine varieties, then k[X ]Z[Y] is a finite k[X]-module because it is a submodule

of k[Y]. Thus k[X]z'[Y] is a k-algebra of finite type because so is k[X].
Definition 2.2.5

Let m: Y — X be a finite morphism between two affine varieties. The affine variety defined by

Xy = Spec(k[X}jy,)

is called the seminormalization of X inY.

As a consequence of the previous theorem, we are going to see that, in order to get the seminormalization

of a variety in an other one, it is sufficient to glue together the closed points in the fibers of 7.

Definition 2.2.6
Let A — B be an integral extension of rings.
We define

Agm(w _ {b € B|Vm e Spm(A), by € A + Rad(Bm)}

Corollary 2.2.7
Let m: Y — X be a finite morphism between two afline varieties.
Then

+max +

k[X]k[Y] = k[X]k[Y]

Proof: We write A := k[X] and B := k[Y]. So we have to show A;™** = Af. First of all, note that the inclusion
Ag - AE"“”” is obvious.

In order to prove the other inclusion, we have to show that Spm(Ag"““”) — Spm(A) is bijective. If we succeed,
we will be able to deduce, thanks to Proposition 2.2.3, that A — A};’"” is subintegral and the universal property
of the seminormalization will give us the result.

Let m € Spm(A) and my, mo € Spm(A}™**) such that my NA = maN A = m. Suppose that there exists b € m; Nm§
and write bm = a+ § € An + Rad(Bw). Then 8 =bn —a € AE:’I;“, so B € Rad(Bw) N AE:;{”. By Lemma 2.1.9,
we get B € Rad(AfLme=) C m1AJ§fﬁ‘” N mgAE’T(‘n“. In particular, 8 € m1AET§1‘” and by assumption on b, we also

B,m

have by € mlAgj'l;‘“”. We then have a = by, — 8 € m1AJ§j’;,‘” N Am and mlAgf";‘” NAn =mAn = mgAgf’;fz N Am,
by Lemma 2.1.7. Thus a € mgAgj";‘“I and since 8 € mgAgj';\”, we get bm € mQAE";‘“” which is not possible by

assumption on b. Considering the fact that the role of m; and mz can be inverted in the proof, we get my = m,. H

We are now able to write a geometric version of the universal property of seminormalization. By just

adapting the one we have obtained at the end of the first section with coordinate rings, we get :
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2.3. Continuous rational functions on complex affine varieties.

KX KXy = KX B[Y]

A

subint.

k[Z]

This gives us the following statement for varieties :

Theorem 2.2.8 (Universal property of the seminormalization)

Let Y — Z — X be finite morphisms of affine varieties. Then m, : Z(k) — X (k) is bijective if and
only if there exists a morphism W}' : X;,' — Z such that 7o w}' = 7. Moreover w} is unique and

Tr;(k) : XiH (k) — Z(k) is bijective.

Y X —= X

Proof: We have the following equivalences :

7. Z(k) — X (k) bijective <= Kk[X] < k[Z] subintegral ( by Theorem 2.2.1)
— k[Z] C HXE[Y] ~ k[XIj[Y]] ( by Proposition 2.1.4 )
<= 3n} : X{ — Z dominant, such that T o7} =+

We get the uniqueness of 7% by injectivity of 7. Since k[X] < k[X;'] is subintegral then Lemma 2.1.6 says that

k[Z] < k[X}] is also subintegral. So Theorem 2.2.1 tells us that WJZr(k> : XiH (k) — Z(k) is bijective.

2.3 Continuous rational functions on complex affine varieties.

This section is dedicated to the introduction and study of continuous rational functions on affine varieties
and to its link with the concept of seminormalization. Since we use the Euclidean topology, we restrict
ourself to complex varieties. A generalization on algebraic variety over algebraic closed field of character-
istic zero is given in [6].

The first subsection is dedicated to the study of the ring of continuous rational functions. Concretely, we
show that this ring corresponds to the coordinate ring of the seminormalization of the variety.

In the second subsection, we show that continuous rational functions are always regulous in the case of
complex affine varieties. The theory of regulous functions comes from real algebraic geometry and was
introduced in [12] and [22]. In this theory, continuous rational functions and regulous functions are not
the same on real singular algebraic sets.

In the third subsection we look at continuous functions which are a root of a polynomial in C[X][¢].
This leads to identify continuous rational functions with "c-holomorphic" functions with algebraic graphs

on algebraic varieties. This kind of functions is studied in [8] and [7] in the point of view of complex
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CHAPTER 2 — Seminormalization of complex algebraic varieties

analytic geometry. We show, with algebraic arguments, that they coincide on algebraic varieties. Finally,

the fourth subsection presents examples of continuous rational functions.

We begin by recalling classical results on the normalization of an affine variety.
Definition 2.3.1

Let A be a commutative ring. We note K the localization S~' A where S is the set of non-zero-divisors
A. The ring K is called the total ring of fractions of A.

If A is reduced with a finite number of minimal prime ideals p1, ..., Py, then

pLN..Npy, = ﬂ pZ(O)

pESpec(A)

We get the following injections :

A— A/py X ... X A/pp — Ky X ... x K,, where K; := Frac(A/p;)

Then the total ring of fractions of A corresponds to the product of the fields K;.

We define A’ to be the integral closure of A in K and we simply call it the integral closure of A. In the
same spirit, the seminormalization of A in K is denoted by A™ and is simply called the seminormalization
of A. Finally, we say that A is seminormal if AT = A.

For X an affine variety, the total ring of fractions of C[X] is denoted by K(X). The ring (X) (which is
a field when X is irreducible) is also the ring of classes of rational fractions on X and is called the ring of
rational functions on X. It means that it represents the set of classes of regular functions f on a Z-dense
Z-open set U of X(C) with the equivalence relation (f1,U;) ~ (f2,Us) iff f1 = fo on Uy NUs.

We say that a morphism ¢ : ¥ — X is birational if the associated morphism K(X) — K(Y) is an
isomorphism.

The integral closure of C[X] being a finite C[X]-module ( see [11] Thm 4.14 ), it is also a C-algebra
of finite type. Thus we can define the normalization X' of X such that X’ = Spec(C[X]"). We get a
finite and birational morphism 7’ : X’ — X. The normalization of X is the biggest affine variety finitely
birational to X. It means that for every finite, birational morphism ¢ : Y — X, there exists ¢ : X’ — Y
such that 7’ = @ 0.

The seminormalization X+ of X is the variety XV, defined in Definition 2.2.5. The seminormalization
XT comes with a finite, birational and bijective morphism 77 : X* — X whose universal property is
given by Proposition 2.2.8.

Finally for every affine variety X, we have the following extensions of rings :
CIX] < C[XT] — C[X'] — K(X).

Definition 2.3.2

Let X be an affine variety. We denote by K°(X (C)) the set of continuous functions f : X(C) — C for
the Euclidean topology which are rational on X (C).
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2.3. Continuous rational functions on complex affine varieties.

Ezample. The most classical example of such a function is the following :
Let X = Spec(C[z,y]/ < y? — 23 >), consider the function f defined on X (C) by

f:{ y/xifx#0

0 else

Remark. Let f € K°(X(C)) and let (p1/q1,U1) be a rational representation of f. If (p2 /g2, Uz) is such that

(p1/q1,U1) ~ (p2/q2,Us), then f = p1/q1 = p2/qa on Uy N Us. By continuity, we get that f = pa/ge on
Us. Moreover, if a rational function (p/q, U) represents two functions f,g € K°(X(C)), then f =p/q=g

on U and so f = g on X(C) by continuity. In conclusion, we have an injection
K°(X(C)) = K(X)

We will sometimes make an amalgam between the elements of KX°(X (C)) and their rational representa-
tions.

Now, let us show that we can always assume X to be irreducible.

Lemma 2.3.3

Let E be a topological space and {E;};c; be a covering of E. Let A be a subspace of E such that
ANE; is dense in E; for all i € I. Then A is dense in E.

Proof: Let U be a non-empty open set of E. Then there exists ¢ € I such that UNE; # @. Since AN E; is dense
in F; and U N E; is a non-empty open set of F;, we get ANUNE; # &. Then ANU # @&. So Aisdensein E. W

Lemma 2.3.4

Let X be an affine variety and f : X(C) — C. We write X = U X,; where the X; are the irreducible
i=1
components of X. The following properties are equivalent

1) feK(X(C)
2) Vie{l,...,n} fixic) € K°(X;(C))

Proof: Let f € K°(X(C)), we denote by U the Z-dense Z-open set on which f is regular. For j € {1,...,n},
the set X'\ Ui# X; is a Z-open set contained in X, which is not empty because X; ¢ U#J, X;. Thus, since U is
Z-dense, we have X;(C)NU # @. So f is regular on X;(C) NU which is Z-dense because X; is irreducible. Then,
fix,(c) being clearly continuous, we have fix, () € K°(X;(C)).

Let f : X(C) — C such that f|x,c) € K°(Xi(C)) for all i € {1,...,n}. Then f is regular on a Z-dense Z-open set
of every component and since, by Lemma 2.3.3, a union of dense open sets of each irreducible component of X is
a dense open set of X, we get that f is regular on a Z-dense Z-open set of X (C). Let’s show that f is continuous

on X(C). First of all, f is clearly continuous on every point of the set

X(@©)\ (U Xi(C)n X; (@))

i#j
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which are the points that do not belong to any intersection of components. Now let’s take a look at the continuity
near the other points. Let = € ﬂjeJXj (C) where J is a subset of {1,...,n}. Let ¢ > 0 and j € J. Since f is
continuous on X;(C), we can consider a Euclidean open set U; containing x such that Vy € X,;(C) N U; we have
|f(z) — f(y)| < e. By doing the same for all j € J, we obtain

vy € X(€)n (ﬂ Uj> @)~ f)] <<

JjeJ

n
Remark. Let X be an affine variety and X = U X; its decomposition into irreducible components. Then
i=1

KO (©) = { (1 ) € K2(X(C)) % . x KX (T))

| fi\Xi(C)an((C) = fj\Xi(C)ij(C)}

The next proposition shows that the continuity allows us to be more precise concerning the Z-open set
where an element of K°(X (C)) is regular. We write X,¢, (resp. Xsing) the set of regular (resp. singular)
points of X and X,..,(C) (resp. Xsing(C)) those of X(C).

Proposition 2.3.5

A function belongs to K°(X(C)) if and only if it is continuous for the Euclidean topology and it is

regular on X,.¢4(C).

Remark. Let € X, we write Ox, := C[X],, the ring of functions which are regular at z. If X is
irreducible and W is a subvariety of X, we write Ox (W) := Nyew Ox 4.

Proof: We assume X irreducible thanks to Lemma 2.3.4. Let f : X(C) — C be regular on the Z-dense Z-open
set U(C) and continuous on X (C). Then there exists ¢, p € C[X] such that pf = ¢ on U(C). As a Z-dense Z-open
set is dense for the Euclidean topology and pf — ¢ is continuous, we get pf — ¢ =0 on X (C).

Let x € X;eq(C), we have to show f € Ox .. If p is a unit in Ox s, then f = gp e Ox,z. Otherwise, since
2z € Xreg(C), the Auslander-Buchsbaum theorem states that Ox . is a UFD. So, up to multiplying ¢ by some

p=]]r
=1

with p; some prime elements of Ox .. We now consider a Z-open neighbourhood W1(C) of x such that pf = ¢

unit elements of Ox ., we can write

on Wi (C) and p; is a prime element of Ox (W1(C)). Thus ¢ vanishes on Z(p1) and by the Nullstellensatz we get
that J(Z(p1)) = p1Ox (W1(C)), so ¢ € p1Ox(W1(C)). Then there exists g1 € Ox (W1(C)) such that ¢ = pigi.
We obtain

n

s; s1—1 _
Hpi P fiwy o) = Dlw, o)
i=2

In the case where s; > 1 we have Z(p1) C Z(q1) so we can iterate the process and get ¢s, € Ox(W1(C)) such
that

n
S _
Hpilﬁwlw) = Gs1lw, (o)
=2

If we take W2(C) a Z-open neighbourhood of x on which p; is prime, we can repeat the previous argument on
W1(C) N W3(C). Thus, by doing this n times, we can consider a Z-open neighbourhood W, (C) of z in X(C) and
gss; € Ox(W,(C)) such that f\w,,,(@ = Gss;ly, (- Then we finally conclude that f € Ox 5.
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2.3. Continuous rational functions on complex affine varieties.

Remark. Note that the Euclidean continuity is essential in the proof to apply the argument of density
at the end of the first paragraph. In particular, the Zariski continuity used in [28] wouldn’t be enough
because it doesn’t allow us in general to extend an equality which is true on a Z-dense set. As an example

we can consider the function f defined on A'(C) by

f—{ Lif2#0

0 else

This function is Z-continuous because it is a bijection and the Z-open sets of A'(C) are of the form
A'(C)\{finite nb of points}. However, although zf(z) = 1 on the Z-dense Z-open set Al(C)\{0}, this
equality does not extend on the whole space Al(C).

2.3.1 Connection between continuous rational functions and seminormaliza-

tion.

The goal of this subsection is to study the ring K°(X (C)) for X a complex affine variety. The main result
being Proposition 2.3.13 which tells us that this ring is in fact the coordinate ring of the seminormal-
ization of X, in other words K°(X(C)) = C[XT]. To do this, we will see how the continuous rational

functions behave when they are composed with finite morphisms of affine varieties.

As we have seen previously, the functions in K°(X(C)) are regular on the regular points of X (C). Thus,
if X is normal, the singular locus is too thin for a continuous rational function not to be polynomial.
This allows us to identify the ring K%(X(C)) when X is normal.

Proposition 2.3.6

Let X be an affine normal variety. Then K°(X(C)) = Ox(X(C)) = C[X].

Proof: First C[X] C K°(X(C)) is obvious. Conversely, let f € K°(X(C)). By the previous proposition we get
f € Ox(Xyeg(C)). But since X is normal we have codim(Xsing(C))> 2. Thus, by [19] p.124, there exists a function
f € Ox(X(C)) which coincides with f on X,ey(C). As the function f — f is continuous for the Euclidean topology
and vanish on X,.4(C) which is a dense open set of X (C), we get f = f € Ox(X(C)) = C[X].

In the following proposition, we improve the result of Proposition 2.3.5. We write Norm(X) := {z €
X | Ox,, is integrally closed} and Norm(X (C)) = Norm(X) N X(C).

Proposition 2.3.7

Let X be an affine variety and f € K°(X(C)). Then

Ve € Norm(X(C)) fe Oxy

Proof: Let 7’ : X’ — X be the normalization morphism of X and f € K°(X(C)). Proposition 2.3.6 tells us that
fom € C[X']. Let z € Norm(X(C)), then there exists a unique =’ € X’ such that 7'(z') = z and so Ox,, —
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Ox 4. Since normalization commutes with localization (one can see [5] for example), we get O , ~ Ox/ .. But
z € Norm(X (C)) implies Ox,» = Ok, so

Ox,x ~ OX/,z/

Finally, since fon’ € Ox/ ./, we get f € Ox 4.

Remark. A UFD being integrally closed, we have X,., C Norm(X). Therefore Proposition 2.3.7 implies
Proposition 2.3.5.

Before continuing the study of continuous rational functions, we have to establish some properties of
finite morphisms that we will need later.

Lemma 2.3.8

Let w: Y — X be a finite morphism of affine varieties. Then

7 : Y(C) — X(C) is surjective and closed for the Euclidean topology.

Proof: Proposition 2.1.5 tells us that the morphism 7 is surjective and that the inverse image of X (C) is Y (C).
Hence 7. : Y(C) — X(C) is surjective.

To show that 7. is closed, we are going to prove that it is proper for the Euclidean topology. Let K be a compact
subset of X (C). We first have that 7_'(K) is closed because . is continuous. Suppose C[Y] = Clyi, ..., yn]/Iy
and Y (C) C C". We write Y; : y — y; the projection giving the i*" coordinate of an element of Y (C). We then
have Y; € C[Y] and, since by assumption C[Y] is a finite C[X]-module, there exists an identity of the form

Yik +agp_q0 WC,Yikfl + ...+ aog om. =0 with a; € C[X]
Let y € 7' (K). We write m(y) = z. If y; # 0, then

YHW) + anome () Y )+ Faoome(y) = 0
= yFta1(z)yf 4.+ ao(z) =0
= l14ar1(z)/yi+...+ao(z)/yf =0

As K is a compact set, the a;(K) are bounded. So
Y(yn)n € 1 (K)" - Yilyn) » +00
This means that Yi(r_ " (K)) is bounded for all i and so that 7~ (K) is a compact set. More generally, we have
shown :
7. : Y(C) — X(C) is proper for the Euclidean topology.

Since a proper continuous map is closed, the lemma is proved.

Remark. What we have just shown implies that for every finite morphism 7 : Y — X of affine varieties

with 7. bijective, the morphism 7. is a Euclidean homeomorphism.

Henceforth, for a given morphism 7 : ¥ — X of affine varieties, we shall write ¢ : K°(X(C)) —
C(Y(C),C) the map f — f om.. The purpose of this notation is to distinguish this map from the
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2.3. Continuous rational functions on complex affine varieties.

morphism 7* : C[X] — C[Y]. We will see that if 7 is a finite morphism we can determine the image of .

This will be useful for us since the normalization and seminormalization morphisms are finite.
Lemma 2.3.9

Let m: Y — X be a surjective morphism of affine varieties. Then ¢ is injective and

Im(yp) C {f € K°(Y(C)) with f constant on the fibers ofwc}

Proof: If f € K°(X(C)) then we can consider p,q € C[X] with ¢ a non-zero-divisor such that ¢.f —p = 0 on
X(C). Write Y = U?=1 Y; the decomposition in irreducible component of Y. Then, for all ¢ € {1,...,n}, we get
qo in(C).f O My ) ~PO My, = 0 on Y;(C). Thus f o Ty € K(Y;) and since . is continuous, we have
fomy, ¢ € K°(Y;(C)). By Lemma 2.3.4, we get f om, € K°(Y(C)). Moreover

Vyi,ye € Y(C) 7 (y1) = me(y2) = fom(y1) = fom.(y2)

which shows the lemma’s inclusion. It remains to prove the injectivity of ¢ :
Let f € K°(X(C)) be such that ¢(f) = fom. =0 and take x € X(C). As r is surjective, there exists y € Y(C)
such that 7(y) = z. So we can write f(z) = f om.(y) = 0. Thus we get f = 0 which shows that ¢ is injective. =~ W

We deduce from Lemma 2.3.9 that continuous rational functions on an affine variety can be seen as
polynomial functions on its normalization.

Proposition 2.3.10

Let X be an affine variety and f € K°(X(C)). Then f is integral on C[X].

Proof: Let f € K°(X(C)) and m : X’ — X be the normalization morphism of X. Since 7 is a finite morphism,
the previous lemma gives us K°(X(C)) — K°(X’(C)). But, by Proposition 2.3.6, we get K°(X'(C)) = C[X’)
so K%(X(C)) «— C[X'] and so f o7, € C[X']. By definition of C[X'], we can consider a relation of the form
(fom )™ + (an—1om)(fom)" * + ...+ (a0 o m.) = 0 on X'(C) with ao, ..., an—1 € C[X]. Since , is surjective,
we get that f™ 4+ an_1f"" ' + ... + ao = 0 on X(C). Hence f is integral on C[X]. |

Remark. In general, a function f: X(C) — C is integral on C[X] if and only if it is rational and locally
bounded on X (C).

We obtain the following commutative diagram which sums up the situation :

KO(X(C))—"= K°(X

CX|——

As previously announced, we are going to give a description of the image of ¢ in the case 7 is finite.
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Proposition 2.3.11
Let 7 : Y — X be a finite morphism of affine varieties. Then the image of ¢ : K°(X(C)) — K°(Y(C))

is

Im(p) = {f € K°(Y(C)) with f constant on the fibers ofwc}

Proof: Let f € K°(Y(C)) be such that

Vyi,y2 €Y(C)  m(y1) = mc(y2) = f(y1) = f(y2)

‘We consider
g : X(C) — C

x = fly)  with g € ot ({=})
The map is well defined by assumption and because 7 is surjective. Moreover we have f = gom. and f €
C°(Y(C),C) so gom,. € C°(Y(C),C).
We now show that g € C°(X(C),C). Let F be a closed subset of C. Then (gom.) ' (F)=x_"(g"(F)) is closed

-1

“Hg™H(F))) = g~ (F) because . is surjective. Thus, since 7. is closed

because gom, = f is continuous and 7. (7
(see lemma 2.3.9), the set g (F) is closed and so g is continuous.

It remains to prove that g is a rational function. We have

gom, € K°(Y(C)) = gom, is integral on C[Y] by Proposition 2.3.10
= gom, is integral on C[X] by [5] Corollary 5.4 p.60
= ¢ is integral on C[X] because 7 is surjective

= g€ K(X(T) by Proposition 2.3.18 that we prove further away.

This shows f € Im(). So we have proved that the set of functions in K°(Y(C)) which are constant on the fibers

of 7. is included in Im(y). The reverse inclusion being given by Lemma 2.3.9, we finally get

Im(p) ={f € ICO(Y((C)) with f constant on the fibers of 7}

Now, considering the last proposition, it is natural to wonder what happens when there is only one
element in every fiber of 7.. The answer is given in the following proposition.

Proposition 2.3.12

Let m: Y — X be a finite morphism of affine varieties. Then the following properties are equivalent :
1) The extension * : C[X] < C[Y] is subintegral.
2) The morphism ¢ : K°(X(C)) — K°(Y(C)) is an isomorphism.

3) The morphism 7, is a homeomorphim for the Euclidean topology.

Proof: Suppose C[X] — CJ[Y] is subintegral, by Theorem 2.2.1 it means that 7. : Y (C) — X (C) is bijective.
So, in this case, every function of K°(Y(C)) is clearly constant on the fibers of m.. So, by Proposition 2.3.11, the
map ¢ is surjective and Lemma 2.3.9 gives us the injectivity.
Conversely, if 7. is not bijective, there exists y1 # y2 € Y (C) such that 7(y1) = m(y2) and we can find f € C[Y]
such that f(y1) # f(y2). Thus f € K°(Y(C)) but f ¢ Im(yp).
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Finally
¢ : K°(X(C)) = K°(Y(C)) is an isomorphism <= 7. :Y(C) — X(C) is bijective
< 7" :C[X] — C[Y] subintegral

The third statement comes from Lemma 2.3.8

Let X be an affine variety, the coordinate ring of X is the largest ring subintegral over C[X]. Thus for
every finite morphism between two varieties 7 : ¥ — X with C[X] — CJ[Y] subintegral, we obtain the

following commutative diagram :

(C[X]( subint. (C[Y]( subint. C[X+]C (C[X,

KO(X(C)) —— KO(Y (C)) —— KO(X*(C))—— K (X'(C))
]

We will complete the diagram by showing C[X*] = K%(X*(C)). We prove it in the next theorem by
saying that the polynomial functions on the seminormalization are the polynomial functions on the
normalization which are constant on the fibers of 7. : X'(C) — X (C).

Theorem 2.3.13

Let X be an affine complex variety and 77 : XT — X be the seminormalization morphism. We have
the following isomorphism
p: KUX(C) = CIXT]
f - fomt

Proof: We have shown in Corollary 2.2.7 that
CIXT]=C[XTmes] = {f € C[X'] / Vo € X(C) f» € Ox 2 + Rad(Ox’ )}
Let 7 : X’ — X be the normalization morphism of X. We want to show
C[X*ma=] = {f € C[X'] / f constant on the fibers of 7}

Let € X(C) and f € C[XTm=]. We write 7/ ' ({z}) = {21, ...,2},}. The goal is to show that f(z}) = f(z}) for

all 4,7 € {1,...,n}. First, the ideals of Ox- , above m, are of the form m, Ox/ , :
Oxe = Ox' ¢

mIOX,I < mzflOX/,z

mz,/n OX’,.?:

By definition, we have f, € Ox,. + Rad(Ox- ). So we can write f, = o+  with @ € Ox,» C Ox/, and
B e m%(’)xl,z n...N mx;’OX/’I. Thus, for all 7 € {1, ...,’I’L}

fo(@) = on' (27)) + B(a7)

But B(z}) = 0 because 3 € my Ox/ p and a(n’'(z})) = a(z). So a(z) = f(z}) = ... = f(x}) and we obtain
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CHAPTER 2 — Seminormalization of complex algebraic varieties

C[Xx*ma=] C {f € C[X'] / f constant on the fibers of 7 }.

/—1

C

Conversely, let f € C[X'] be constant on the fibers of 7. Let & € X(C), then for all y € «
f(y) = a € C. We get that

(z), we have

fo—ae () mOx ., =Rad(Ox )

yEwgl(x)

and so f € C[X"me=]. We have proved
C[X*ma=] = {f € C[X'] / f constant on the fibers of 7 }.
But since K°(X’(C)) = C[X’] by Proposition 2.3.6 and since
@ : K°(X(C)) = {f e K°(X'(C)) / f constant on the fibers of .}
by Proposition 2.3.11, we get

¢ : KY(X(C)) & clxtmer] =C[XT].

We have managed to identify the ring of continuous rational functions of an affine complex variety : it
corresponds to the coordinate ring of its seminormalization. We can now complete the previous diagram.

For every morphism 7 : Y — X of affine varieties such that C[X] — C[Y] is subintegral, we get

KO(X(C)) —— KO(Y (C)) — KO(X¥(C))—— K°(X'(C))

(C[X]C subint. (C[Y]( subint. C[X+]( (C[X/]

2.3.2 Continuous rational functions and regulous functions.

As explained before, continuous rational functions are of particular interest in real algebraic geometry.
They are very related to an other kind of functions : the requlous functions. Let X be a real algebraic set
and let f: X — R be continuous. We say that f is regulous on X if for every algebraic subset Z C X,
the restriction f|, has a rational representation. Those two types of functions are not the same in the
case of singular real algebraic sets. One can consider the following example (from [22]) of a continuous
rational function which is not regulous.

Ezample. Let X := {z® — (1 + 2%)y3} C R3 be a real algebraic set. Consider f : X — R such that
f(x,y,2) = (1 + 22)3. Sece that, although f is continuous on X and f = x/y if y # 0, the function f is
not rational on {y = 0}.

For more details, we refer the reader to [25] section 3 or Chapter 1 Section 1.2.3. We show, in the following
proposition, that these two kinds of functions are the same in complex algebraic geometry.
Proposition 2.3.14

Let f € K°(X(C)). Then for every subvariety V C X, we have

flvie, € KA(V(T))
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2.3. Continuous rational functions on complex affine varieties.

Proof: As usual, Lemma 2.3.4 allows us to suppose that V is irreducible. Denote by 7t : XT — X the
seminormalization morphism of X and take V = V(p) an irreducible subvariety of X. Like in Proposition 2.2.3,

we have the following commutative diagram :

xS cpx

with W = V(q) where q is the unique prime ideal of C[X ] above p. By the going-up property and the description
of prime ideals for quotient rings, one can see that W — V is a bijection. Thus Theorem 2.2.1 tells us that
C[V] < C[W] is subintegral. Since C[WW] is a finite C[V]-module, we can apply Proposition 2.3.12 and get that
KO(V) < K°(W) is an isomorphism. Thus

feKY(X(C) = fonl € Ox+(XT(C)) = fomyc € Ox+(W(C))

e f\V(C) OWF/V(@) =f Oﬂﬁ;v(c) € ’CO(W(C)) = f\V(C) € KO(V(C))

Remark. In real algebraic geometry, regulous functions can also be defined in the following equivalent
way. Let f : X — R be a continuous function on a real algebraic set. We say that f is regulous ( or
sometimes stratified-reqular ) if there exists a finite stratification S of X, with Zariski locally closed (i.e.
the intersection of a closed and an open set) strata such that for all S € S the restriction f, is regular.

Tt also applies in our case, if f: X(C) — C is a continuous rational function, then we can write

pi/an ifq #0
= p2/q2  if gt =0and g2 #0
p3/qs  ifqr=¢q2=0and g3 #0

and for every n > 1, we have Z(q,) C Sing(Z(gn-1))-

2.3.3 The ring of continuous rational functions seen as an integral closure

and algebraic Whitney theorem.

In Whitney’s book [41], one can find a chapter dedicated to a certain type of functions : the "c-
holomorphic" functions. They are defined as continuous functions on an analytic variety which are holo-
morphic on the smooth points of the variety. Note that, by Proposition 2.3.5, continuous rational functions
are c-holomorphic. A characterization of c-holomorphic functions, given by Whitney, is that a continuous
function is c-holomorphic if and only if it has an analytic graph. This theorem naturally leads to wonder
if we can have the same characterization for continuous rational functions. In other words, do we have, on

an affine algebraic variety, that a continuous function is rational if and only if its graph is algebraically
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closed ? The answer is yes and a proof with arguments from analytic geometry can be found in [8]. The
goal of this section is to prove a slightly stronger version with arguments from algebraic geometry.

More precisely we aim to show that if X is an affine variety then every continuous function from X (C)
to C, for which there exists P(t) € C[X][t] such that P(f) = 0, is rational. It allows us to deduce the
algebraic version of Whitney’s theorem discussed above but also to identify the ring in which X°(X(C))

is the integral closure of C[X].

We start by proving the theorem in the case where X is irreducible and where the polynomial, for
which the continuous function is a root, is irreducible in IC(X)[t]. With those assumptions we can give a
proof similar to the one given in [36] (theorem 8.4 p.176). It is very important for the polynomial to be
irreducible in K(X)[t] otherwise the new variety created from it won’t necessarily be irreducible, whereas

the key argument uses the irreducibility of this new variety.

Notation. Let P be a polynomial, we note disc(P) its discriminant.

Lemma 2.3.15
Let X be an irreducible affine variety and f : X(C) — C be a continuous function. Suppose there
exists an irreducible polynomial P € K(X)[t] such that

U a Z-openset VreU(C) Pz, f(z))=0

then
fek(X(0)

Proof: First we consider the affine Z-open set X; such that P is a monic polynomial of C[X][t]. Then we write
Y1 = Spec(C[X1][t]/ < P >), which is irreducible because P is irreducible in K(X)[t] = £(X1)[t],and 7 : Y1 — X1
the induced finite morphism. We note X the affine Z-open set where disc(P) does not vanish. Finally we write

Y = 7T71(X2). Now X» and Y5 are two irreducible affine varieties with 7 : Yo — X5 finite and
Vo € Xo(C) #n. ' (z) = [K(Y2) : K(X2)] = deg(P).

We write m := deg(P) and we prove by contradiction that m = 1. Let’s suppose m > 1.

Let € X»(C), we can consider U, a Euclidean open set such that X5(C) N U, is connected and

m
7 N (X2(C)NU,) = |_| V. where V| C Y»(C) are two by two disjoint connected open sets

i=1

We note
p: X2(C) —  Yi(C)

z = (7 f(2))

which is, by assumption on f, a continuous section of 7. Thus ¢(X2(C) NU,) is connected and so it corresponds
to one of the V; which we denote V. We then have that ¢(X2(C)) and Y2(C)\¢(X2(C)) are open sets because

s = |J W

z€X2(C)
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2.3. Continuous rational functions on complex affine varieties.

and

nOese)= |J [|v

z€X2(C) i#ig
Moreover, since m > 1, we clearly have ¢(X2(C)) # Y2(C). But since Y is irreducible, the set Y2(C) must be

connected, a contradiction. So m must be equal to 1 and then f is rational.

In order to prove the desired theorem with Lemma 2.3.15, we need to find an irreducible polynomial of

K(X)[¢] for which the continuous function is a root. This is what Lemma 2.3.16 gives us.

Lemma 2.3.16
Let X be an affine irreducible smooth variety and f : X(C) — C be continuous with respect to the
Euclidean topology. Suppose there exists a monic polynomial P € C[X][t] such that

vz e X(C)  P(z, f(z))=0

Then f is a root of an irreducible polynomial of KC(X)[t].

Proof: Since X is supposed to be smooth and P to be a monic polynomial, we can apply [41] Lemma 2J Chapter
4 to get that f is holomorphic on X (C). In particular, we get f € M(X(C)) which is a field because X is irreducible

(see [36] Theorem 7.1). Now consider the morphism

evy: K(X)[t] — M(X(C))
QL)  — Q)
We have that IC(X)[t] is a principal ideal ring because K(X) is a field. Since P(f) = 0 in M(X(C)), then

ker(evys) # 0. So there exists F' # 0 such that ker(evy) =< F >. Since M (X (C)) is a domain, the polynomial F
is irreducible in K(X)[¢]. |

We now have all the arguments we need to demonstrate the main theorem of this section.

Theorem 2.3.17
Let X be an affine variety and f : X(C) — C be a continuous function for the Euclidean topology.

Suppose there exists a polynomial P € C[X][t] which is non-zero on each irreducible component of
X(C) and such that
Ve e X(C) Pz, f(x))=0

then
feK(X(C))

Proof: Let X = U?:l X be its decomposition into irreducible components. Let ¢ € {1,...,n} then fix,(c) is a
root of the polynomial P with its coefficients restricted to X;(C). Thus, by Lemma 2.3.4, it is enough to prove
the theorem for an irreducible affine variety.

If Xsing(C) = 2Z(< q1,...,4s >) and a,, is the leading coefficient of P, we can replace X by D(qia,) and then

suppose that X is smooth and that P is a monic polynomial. It allows us to use Lemma 2.3.16 and to get an
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irreducible polynomial F' € KC(X)[t] such that there exists a Z-open set U where for all x € U(C), F(z, f(z)) = 0.

The conclusion is now given by Lemma 2.3.15. |

Thanks to Theorem 2.3.17 we can now see the ring of continuous rational functions as an integral closure
of C[X].

Corollary 2.3.18

Let X be an affine variety. Then

K2(X(C)) = C[X]zox(c).0)

Proof: The result follows from Proposition 2.3.10 and Theorem 2.3.17. |

Remark. By using Corollary 2.3.18, one can give a very short proof of Proposition 2.3.14. Indeed, if V is
a subvariety of X and if f € K°(X(C)), then there exists a monic polynomial in C[X][t] for which f is
a root. So f, ., is a root of the same polynomial with its coefficients restricted to V/(C). Since f|, ., is
continuous, we get f|, ., € C[V]eoy(c)c) = KO (V(C)).

Let’s conclude this section by proving the algebraic version of Whitney’s Theorem 4.5Q in [41] introduced
at the beginning of this section.

Corollary 2.3.19

Let X be an affine variety and f : X(C) — C be a continuous function. We denote by I'y the graph
{(z, f(x)) |z € X(C)} € X(C) x AL(C) of f. Then the following properties are equivalent :

1) The graph T'y is Z-closed.
2) f e KA(X(C)

Proof: The implication 1) implies 2) comes from Theorem 2.3.17. Conversely, we suppose f € K°(X(C)) and

we note 7 : X7 — X the seminormalization morphism. By Proposition 2.3.13, we have f o € C[XT]. Thus

Tror ={(y, fom(y)) |y € XT(C)}

is Z-closed. Moreover the map n x Id is Z-closed because, by Theorem 2.2.1, 7w is a Z-homeomorphism. So
7 X Id(Tsor) = {(7(y), fom(y));y € XT(C)} is Z-closed. Finally, since 7 is bijective, we get

{(x(), for) |y € XT ()} ={(z,f(2)) | € X(C)} =T

Remark. In [7] and [8], the authors consider c-holomorphic functions with an algebraic graph. Corollary
2.3.19 tells us that those functions are the same as the ones considered here when we work on algebraic

varieties.

Remark. In real algebraic geometry, the zero sets of regulous functions are the closed sets of a thinner
topology than the Zariski topology called the regulous topology. In [12], the authors show that we can

recover some classical theorems of complex algebraic geometry if we work with the regulous topology
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instead of the Zariski topology. In our case, if f € K°(X(C)) then Corollary 4.18 tells us that the set
{z e X(C)| f(x) =0} =T;N(X(C) x {0}) is a Zariski closed set.

2.3.4 Examples of continuous rational functions.

In general, it is not easy to determine the seminormalization of a variety. We present in this subsection
several examples of continuous rational functions and also some explicit seminormalizations of affine
varieties. In order to do this we give a useful criterion to identify continuous rational functions.
Theorem 2.3.20

Let X be an affine variety and f : X(C) — C. Then f € K°(X(C)) if and only if it verifies the

following properties :

1) feK(X)
2) There exists a monic polynomial P(t) € C[X][t] such that P(f) =0 on X(C).
3) The graph Ty is Zariski closed in X (C) x A*(C).

Proof: The direct implication is given by Propositions 2.3.10 and 2.3.19. Conversely, suppose that f verifies the

three properties above. We consider the map

and write C[Y] ~ C[X][t]/ kery ~ C[X][f] with 7 : ¥ — X the morphism induced by C[X] — C[Y]. We then
have

C[X] <= C[Y] ~ C[X][f] C K(X)

So K(X) ~ K(Y) and 7 is birational. Moreover C[Y] is a finite C[X]-module because so is C[X][t]/ < P(¢) > and
ClY] ~ C[X][t]/ ker v =~ (C[X][t]/ < P(t) >)/(keryp/ < P(t) >)

Hence 7 : Y — X is a finite birational morphism. We want to show that 7 is bijective. By assumption, there exists
an ideal Iy C C[X][t] such that I'y = Z(Iy). We have Iy C kerv because VQ € Iy , Vo € X(C) , Q(z, f(z)) = 0.
So
Y(C) = Z(kery) C Z(I5) =Ty = {(z, f(z)) | € X(C)}
Then
vz € X(C), 71':1(28) =@ or {f(z)}.

Since 7 is finite, 7, is surjective. So, for all z € X(C), m_'(z) is not empty, which means that 7_'(z) = {f(z)}.
We have shown Y (C) = I'y thus = is bijective with the inverse map x — (x; f(x)). Thus . is a finite birational

and bijective morphism. From the universal property of the seminormalization, we get
C[X] — C[Y] = C[X ]

that induces

ﬂ.+
Xt Hy 5L X
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So, if we note t € C[Y] such that ¢ : (z, f(x)) — f(z), Theorem 2.3.13 gives us the existence of g € K°(X(C))

such that t o (73)c = g o . o (7{7)c so t = g o m.. Therefore, since 7 is surjective, we get for all z € X (C)

9(x) = gom.(z; f(x)) = t(z; f(z)) = f(z)

Thus f = g € K°(X(C)) which concludes the proof.

Ezample. Let V = Spec(Clz,y]/ < y*> + (z% — 1)z* = 0 >) and

f: Vi€ — C
' y/xifx#0
(@y) = { 0 else

The function f is a root of the polynomial P,,,)(t) = t* 4+ 2*(2* — 1). Since P(g,p)(t) = t*, all the values
of f are given by the roots of #t —y = 0 on {z # 0} and else by the root of Py,(t). Thus we have
Iy =Z(<y?+ (22 =1t ot —y;t2 +2%(2* — 1) >) which is a Zariski closed set. So Theorem 2.3.20 tells
us that f € K°(V(C)). We have in fact I'y = C[XT].

>0 OO Q

V(C): {y?* +a*(2® — 1) = 0} VH(C) : {y? + 2%(2® — 1) = 0} VI(C): {z? +vy* -1 =0}

Figure 2.1 — Normalization and seminormalization of a bow tie

Remark. The key thing in the criterion we gave is that f is defined on all V(C). When one add ra-
tional functions to the coordinate ring of a variety to get its normalization, the functions are only
defined on a Z-open set. Consider again the previous example but with the fraction % € (V). It
is a root of P (t) = t* + (z* — 1) on {& # 0}. But Pgg = t* — 1 as two distinct roots, so
Z(<y? + (2% — )a*; 2%t — y;¢2 + (22 — 1) >) cannot be the graph of a map on V(C).

Example. Now we give an example which illustrates the fact that a continuous rational function is a
stratified-reqular function (see remark after Proposition 2.3.14). Let V' be a variety such that the set of

its closed points, seen in A*(C), is defined by the following equations
2%+ zyr +ty? =0 (1)
V(C):q 22422t +t34+yt=0 (2)
222 + 2%y — 9?22 =0 (3)
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2.3. Continuous rational functions on complex affine varieties.

Let f: V(C) — C such that

zfy ify#0
f= z/t ify=0andt#0
0 else

To show that f is indeed a continuous rational function on V(C), we show that f satisfies the three
properties of Theorem 2.3.20. In particular we look at its graph I'y and show that it is the following
Z-closed set in A®(C) defined by

22+ 2yr +ty> =0 (
2+t +3+yt=0 (
a2 + 2%y —y?22 =0 (
yX —x=0 (4
(
(

!
<
I

X?242X+t=0
2X2 42X -22=0

First of all, let’s verify that f is indeed a root of the polynomials (4), (5) and (6) on V(C). We start by
looking on D(y) C V(C) where f ==z/y :

4) - y(%)—x:O

(5) (5)2 2 (2) 1= TS by (1)

6) : (5)2 +u(2) - 22 = Byt g py (3)

Now we check that it is still true on Z(y) N D(¢) :

(6) : (5)+2(3) +t= T — 0 by (2)

6) : t2 (%)2 +x(2)—2%= M = 0 since y = 0 implies z = 0 by (1).

We get that f is a root of the polynomials (4), (5) and (6). It remains to see if the values of f are com-
pletely determined by those polynomials.

If y # 0, then the equation (4) forces the value of f to be z/y on D(y). If y = 0 and ¢ # 0, then the
{ X2 42X +1=0
X2 =221
Finally if y = ¢ = 0, then the system becomes X2 = 0.

system (4), (5), (6) becomes which forces the value of f to be z/t on Z(y) N D(¢).

We have shown that I'; is completely described by the system given above. Thus I'y is Z-closed, by (5)
f is integral on C[X] and by (4) f is rational on V(C). So Theorem 2.3.20 tells us that f € K°(V(C)).
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Remark. The jacobian matrix of the equations defining V' is

2x 4+ yz zx + 2ty Ty y?
Jac(V) = 0 t 22+ 22t 224y
20%x 4+ 2yx  x? —2yz?2 —2y°%z 2tx?

and, if y = 0, it becomes :

0 0 0 0
Jac(V)j oy = |0 ¢ 22422t 27
0 0 0 0

So we have {y = 0} C V4ing(C) which is coherent with Proposition 2.3.5.
Remark. In the equations defining I'f, we could replace (6) by (z — 2t?)X — (¢3 + 22).

Ezample. Tt is shown in [10] that, for plane curves, the seminormality can be read on the geometry of
the singularities. A curve in A%(C) is seminormal if and only if its singularities are double points whose
tangents are linearly independent. We illustrate this by looking at the example of three lines crossing at
the origin in A%(C).

Let V = Spec(Clx;y]/ < xy(y — x) >). Its closed points correspond to three lines in C? crossing at the
origin as represented in the left picture of Figure 2.2. It is clear that V is not seminormal because the

lines are not linearly independents. Let f : V(C) — C be such that

Fe { 22 if (a3y) # (0;0)
0 else

We can see that f is a root of the polynomial P, (t) = t2 — 2y and that T ¢ is equal to the Z-closed
set Z(xy(y — x); (¢ + y)t — 2zy;t* — xy) because 0 is the only root of Pg,g). So, by Theorem 2.3.20, we
have f € K°(V(C)). Furthermore, we have I'y = V1 (C) because the graph corresponds to three linearly
independent lines in A3(C). Indeed it is the union of three lines crossing at the origin with direction
vectors (1,0,0), (0,1,0) and (1,1,1) as drawn in the right picture of Figure 2.2.

Another way to see that f is continuous is that fj,—o =0, fj,—o = 0 and f|,—, = z. So f is a continuous
rational function on each irreducible component of V(C). Thus f € K°(V(C)) by Lemma 2.3.4.

(CQ C3

Figure 2.2 — The seminormalization of three lines of C2
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2.3. Continuous rational functions on complex affine varieties.

Let X be an affine variety. Then the extension C[X] < C[X ] is finite and C[X] is a noetherian ring. The
next proposition shows that the process of adding elements f; € K°(X(C)) with f;41 ¢ C[X][f1, ..., fi]

ends after a finite number of steps.

Proposition 2.3.21

Let A — B be an integral extension of rings with A noetherian and consider (Cy)ren defined by

Cry1 = Ci[fx] with fr, € B\ Cy
Co=A

Then there exists N € N such that Cy = B.

Proof: Since A < B is an integral extension, we know that B = A[by, ..., bg] with all b; being integral over A.
So there exists n € N such that for all b € B, we have

b= > ai(bi.ba) witha; € A

i€{1,...,n}d

Let i € {1,...,n}% and k € N. We consider the ideal

I;(Cy) := {a € A | 3c € C) such that ¢ = a(b;...bs)* 4 terms with smaller exponent}

and we get I;(Cr) C I;(Cr+1). Now let us show that, for all £ € N, we have Cy = Ciy1 if and only if I;(Ck) =
Ii(Cr41), foralli € {1,... ,n}%. One way is trivial, we show the other one by considering an element cx 11 € Cri1\
C' while supposing that I;(Cy) = I;(Ci41), for all 4 € {1,... ,n}d. Then cx+1 = ai(bl...bd)i + Zsmaller terms
and there exists ¢, € Ck such that ¢ = ai(b1...bd)i + Zsmaller terms. So deg(ck+1 — ¢x) < i and one can see
that cxy1 — ¢k € Cry1 \ Ck. By repeating the argument, we obtain ¢ € Ci4+1 \ Ci such that deg(c) =0, so ¢ € A.
This is absurd because A C C},.

Since A is noetherian, the increasing sequences of ideals I;(Cr) C I;i(Crt1) become stationary, for all i €
{1,...,n}" In particular there exists N € N such that, for all i € {1,...,n}?, we have I,(Cn) = Li(Cnt1).

It means that Cy = Cny41 and so B\ Cn = 0. |

2.3.5 Nullstellensatz for complex regulous functions.

A very important property of the regulous functions in real algebraic geometry is the regulous version of
the Nullstellensatz ([12] Theorem 5.24). We give here a regulous version of the Nullstellensatz for complex
affine varieties. One can also find a proof of this result for c-holomorphic functions with algebraic graph
in [7].

We consider the same notations as in Theorem 2.3.13. So, if X is an affine variety and 7 : X+ — X is its

seminormalization morphism, we consider the isomorphism

p: KY(X(C) — C[Xx7]

;= fom
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Let I C K°(X(C)). We write
2°(I) = {z € X(C) | Vf €I, f(z) =0}
Let E C X(C). We write
JE) = {f € K"(X(C)) | Va € B, f(x) = 0}

Let I be an ideal of K°(X (C)), then see that I is of the form I =< gy, ..., g, > by noetherianity of C[X*].
So
m H(20() =771 (N2%(g:) = NN (2%(g0)) = NZ(gs o ) = Z(0(]))
Theorem 2.3.22 (Nullstellensatz)
Let X be an affine complex variety and I be an ideal of K°(X(C)). Then

JEZ ) =VI

Proof: One of the inclusion is clear. For the other inclusion, we consider f € J°(2°(I)). It is equivalent to say
that Z°(1) C Z°(f). Then Z(p(I)) = n. ' (2°(1)) C n ' (2°(f)) = Z(fom,). Then, by the classical Nullstellensatz
on C[X "], we can consider n € N such that (f o 7)™ € ¢(I). So we get f™ = ¢ *(o(f)™) € ¢ '(p(I)) = I and
finally f € V1. [ |

We also get a version of the Nullstellensatz where we want to study only one element of K°(X (C)). We will
need this result in Section 2.4.1. One can do the exact same proof as Theorem 2.3.22 by adapting it with
the following notations. For f € K°(X(C)), I € C[X][f] and E C X(C), consider Z/(I) := {z € X(C) |
Vg € I, g(z) = 0} and J/(E) := {g € C[X][f] | V& € E, g(z) = 0}. Also, consider C[Y] ~ C[X][t]/I},
7:Y — X and ¢ : C[X][f] = C[Y].

Theorem 2.3.23

Let X be an affine complex variety. Let f € K°(X(C)) and I be an ideal of C[X][f] then

Tl 1) =VI

2.4 Classical results on seminormality with regulous functions.

We revisit several results on seminormality using regulous functions. If f € K°(X(C)), then we have
shown in the previous section that I's, the graph of f, is a Z-closed set of X (C) x A'(C). So there exists
an ideal Iy C C[X][t] such that 'y = Z(Iy). Moreover, we have C[X][t]/I; ~ C[X][f] and, since f is inte-
gral over C[X], the ring C[X][f] is a C[X]-module of finite type. We note Cond(f) := (C[X] : C[X][f]) =
{p € C[X] | p.C[X][f] C C[X]} the conductor of C[X] in C[X][f].
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2.4. Classical results on seminormality with regqulous functions.

2.4.1 Definitions and criteria of seminormality in commutative algebra.

In this thesis, we have used Traverso’s definition of the seminormalization [38] where, for an integral

extension of rings A — B, the seminormalization of A in B is given by
AL ={be B|Vp € Spec(A), by, € Ay + Rad(By)}

But, as explain in [40], there are several definitions of the seminormalization for commutatives rings.
For Hamann a ring A is seminormal in B if, for n € N*, A contains all the elements b € B such that
b™, b7t € A. The equivalent definition used by Leahy and Vitulli consist in replacing n and n + 1 by
any positive relatively prime integers. Finally Swan gave an other definition of the seminormalization
which is not equivalent to the previous ones for general commutative rings. Our goal in this section is
to reinterpret those definitions in term of regulous functions and to see that they are all equivalent for

affine rings.
Definition 2.4.1
Let A < B be an extension of rings and b € B be such that b*, b*> € C[X]. In this case, we say that

A — Alb] is an elementary subintegral extension.

It is shown in [37] that, if a ring A is not seminormal in an other ring B, then we can always find a
proper elementary subintegral subextension of A < B. The following proposition gives a similar result

with regulous functions.

Proposition 2.4.2

Let X be a complex affine variety and f € K°(X(C)) \ C[X]. Then there exists an element g €
C[X][f] \ C[X] such that g™ € Cond(f) C C[X], for all integer n > 2.

Proof: We know by Proposition 2.3.14 that f can be writen in the following way

p1/q1 if g1 #0
p2/q2 if ¢1=0and g2 #0

Pn-1/Gn—2 if q=..=gn—2=0and g1 #0
Pn if g=q1=..=qu-1=0

We consider the minimal integer s such that gs4+1f ¢ C[X]. If s exists, we continue the proof with gs+1f — ps+1 ¢
C[X]. If s doesn’t exists, we take f — p,. So we can suppose that

pi/gn if @ #0
p2/g2  if g1 =0and g #0

ps/qs i g =..=g—1=0and gs #0
0 if g=q=..=¢=0

with ¢;f € C[X] and so ¢; € \/Cond(f) for all ¢ < s. Let’s consider I =< ¢7'',...,¢5* > with n; € N such
that ¢;'* € Cond(f). See that zZ5(1) ¢ Z%(f). So, by Theorem 2.3.23, we have f € V/I. Since I C Cond(f),
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we get f € \/C()Tl(f). So we can consider the minimal integer m > 1 such that f™ ¢ Cond(f) and f™*! ¢
Cond(f). The fact that f™ ¢ Cond(f) means that there exists h = ag + a1.f + ... + aaf® € C[X][f], where
d := deg(f) — 1, such that f™.h = ao.f™ + a1.f™* + ... + amyaf™ " ¢ C[X]. But since f™* € Cond(f), we
get ar.f™ T+ L amraf™? € C[X]. Tt implies that aof™ ¢ C[X] and so f™ ¢ C[X]. Finally, we write g := f™
and we have find an element g € C[X][f] \ C[X] such that ¢" € Cond(f) C C[X], for all integer n > 2.

We recover now, with regulous functions, that Traverso, Hamann and Leahy-Vitulli’s definitions of the
seminormalization are equivalent. In order to do this, we show the following Lemma.
Lemma 2.4.3

Let f € K(X) such that there exists n,m € N* with ged(n,m) = 1 and [, f™ € C[X]. Consider
u, v € Z such that un + vm = 1 and assume that u > 0 and v < 0. Then

€ K°(X(C))

0 else

{ffffmaéo
g:

Proof: Let X; be an irreducible component of X. If f\?(@ = 0, then f‘xm) = 0 so we define Ix, ) = 0. So, by
Lemma 2.3.4, we can suppose that X is irreducible and that f™ # 0. We have

g:{ fif fm A0 :{ () /m) i £0

0 else 0 else

So the graph of g is Ty = Z((f™) ™t — (f™)“;t™ — f™) and, by Theorem 2.3.20, we get g € K°(X(C)).

The Lemma tells us that a fraction with one of the property appearing in the following criteria extend
into a regulous function. So if X is seminormal it has to contain the elements mentioned in criteria 3),4)
and 5). Moreover Proposition 5.2 shows that the seminormalization is the reunion of all of this kind of
elements. So it is sufficient for X to contain those elements in order to be seminormal. This is how we

obtain the following proposition.

Proposition 2.4.4 (Hamann and Leahy-Vitulli’s criteria)

Let X be an affine complex variety. Then the following statements are equivalent :
1. X is seminormal.
2. Vf € C[X'] the conductor of C[X] in C[X][f] is a radical ideal of C[X][f].
3. VfeK(X) f2,f2eC[X] = feC[X].
4. Vfe K(X) fm, fmeClX] = feC[X], for some m,n € N relatively prime.
5. Vf e K(X) fr, frtt e C[X] = f € C[X], for some n € N.

Proof: 2) = 1).If X is not seminormal, then there exists f € KX°(X(C))\ C[X]. So Proposition 2.4.2 gives an
element g € C[X][f] such that g belongs to the radical of (C[X] : C[X][f]) but not to the conductor itself. The
fact that g ¢ C[X] and ¢g" € C[X] for all n > 2, shows that 3),4) or 5) = 1).
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1) = 2). Suppose there exists f € K(X) and g € 1/Cond(f) \ Cond(f). We can consider n € N* such
that ¢"~* ¢ Cond(f) and g" € Cond(f). So there exists h € C[X][f] such that ¢g"~'h ¢ C[X] and (¢g" 'h)?,
(¢" 'h)? € C[X]. Then, by Proposition 2.4.3, we get

¢:{ 9" 'hif (¢"'h)* #0 € KO(X(0))

0 else

So ¢ € K°(X(C)) \ C[X] which means that X is not seminormal.

1) = 4). Take n,m € N such that gcd(n;m) = 1 and assume X is seminormal. Consider f € K(X) such that
™, f™ € C[X]. Then, by Proposition 2.4.3, we can extend f to a regulous function. So we get f € K°(X(C)) =
C[X]. Since, for all n € N, we have ged(n;n + 1) =1, we also get 1) = 3) and 5). ||

We recover now that Traverso and Swan’s definitions of the seminormalization are equivalent for affine
rings by using regulous functions. First we get the following proposition which gives us a way to construct
regulous functions from polynomials that respect a certain type of relation.

Proposition 2.4.5

Let p,q € C[X] be such that there exists n € N* with p™ €< ¢"*! >. Then

0 else

f{p/q ifQ#O G]CO(X((C))

Proof: Consider n € N* such that p" €< ¢"*' >. Then there exists h € C[X] such that p" = hq™"!. So, if X; is
an irreducible component of X such that ¢ = 0, we get that p = 0 and so we define f|Xi(C) = 0. Then, by Lemma
2.3.4, we can suppose X irreducible and ¢ # 0. In this case, the graph of f is given by I'y = Z(Ix; gt — p;t" — qh)
and we can apply Theorem 2.3.20 to conclude. |

Lemma 2.4.6

Let X be an affine variety and p,q € C[X]. We write

f—{ p/qifq#0

0 else

Then
p? =¢° if and only if f> = q and 3 =p

In this case f € K%(X(C)) and

Ty=Z(Ix;qt —p;t* —q) = Z(Ix;t* — ¢;t> — p)

Proof: Let X; be an irreducible component of X such that ¢ = 0. Then f|X_(C) = 0 and the lemma becomes trivial.

So, by Lemma 2.3.4, we can suppose X irreducible with ¢ # 0. In this case, if p* = ¢° then f? = p?/¢®> = ¢*/¢* = ¢
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and f3 :p3/q3 :p3/p2 =p if p,q # 0. Moreover, if ¢ =0, then f2=¢g=f>=p=0.S0 f2=gand f2=pon
X(C). Conversely, if f2 = q and f3 = p then p® = (f)? = (f?)® = ¢*. We get that f € K°(X(C)) by Proposition
2.4.5. |

The Lemma shows that the relations of the form p? = ¢ produce regulous functions and Proposition
2.4.2 tells us that the seminormalization is the reunion of all of this kind of functions. Hence we obtain
Swan’s criterion.

Proposition 2.4.7 (Swan’s criterion)

Let X be an affine complex variety. Then the following statements are equivalent :
1. X is seminormal.

2. For all p,q € C[X] such that p* = ¢ there exists f € C[X] with f? = q and f3 = p.

Proof: 1) = 2). Suppose X is seminormal and let p, ¢ € C[X] with p® = ¢*. Then by Lemma 2.4.6 we get an
element f € K°(X(C)) such that f*> = q and f* = p. Since X is seminormal, we have f € C[X].

2) = 1). Suppose that X is not seminormal, then Proposition 2.4.2 gives us an element g € K°(X(C))\C[X]
with g%, g% € C[X]. So if we write ¢ := ¢g* and p := ¢g°, Lemma 2.4.6 tells us that p? = ¢°. Thus, if there exists
f € C[X] with f?> = gand f3 = p, we get f = g on D(q). By continuity, we get f = g on X (C) which is impossible
because g ¢ C[X]. |

2.4.2 Localization and seminormalization.

It is shown, for general rings, that the operation of localization and seminormalization commute. In
Traverso [38], it is proved by considering special subextensions between the seminormalization and the
normalization of the ring. In Swan [37], it is proved by considering elementary subintegral extensions of
the ring (see Definition 2.4.1). We propose here a proof with regulous functions but only in the case of

the localization by a single element because we need S~!C[X] to be affine.

Proposition 2.4.8 (Seminormalization and localization by a single element)

Let X be a complex affine variety and S be a multiplicative set of C[X] such that S = {1,q,q?,...}
with ¢ € C[X] . Then
STIC[Xt] = (Ss~iC[X]) T

Proof: First, see that it is equivalent to show
STIEY(X(C)) = K°(D(q))
The inclusion S™'K°(X(C)) C K°(D(q)) is clear because if f € K°(X(C)), then for all s € S the function f/s is

still rational and continuous on D(gq). To get the other inclusion, we must show

e K°(X(C))

VgeK°(D(q) 3FseS sg = { (S)(w)g(x) leflsa; € D(q)



2.4. Classical results on seminormality with regqulous functions.

So let g € K°(D(gq)). Then, by Theorem 2.3.20, it verifies the three following properties :
1. g€ K(D(q))
2. g is the root of a monic polynomial whose coefficients are in S™'C[X].
3. The graph T'y C D(q) x A'(C) of g is Z-closed.

In other words, g € K(D(q)) and there exists a system of polynomials

Plz,t) =t + 227 L+ 2 =0

Fi(e,t) = pfhgh 4 St gl 4 20—

(*) : S1,dq $1,dq — 51,0

Fp(z,t) = Sndn gdn 4 Snda—1 gdn=1 4 4 200 _

Sn,dp Sn,dp—1 Sn,0

such that, for all z € D(g), the element g(x) is its only solution. We have to see if there exists an s € S such that

sg verifies a system of the similar form on C[X]. Lets consider

d—1 2
s = I | Sk . | I Si,j
i,7€{1,.

k=0 n}x{0,...,d; }

We show that sg is the only solution of the following system whose coefficients are in C[X] :

5 d d—1 d—1

P(z,t) =1+ ~aa—1t" + ...+ Fao.s" =0

n _ s d1 s di—1 s dy __

Fl(l',t) = Hal’d‘ R S1,d1_1a1’d171‘s't + ...+ 10 a1,0.5* =0
(%) =

al _ s d s dp—1 s dn __

Fo(x,t) = Tray Ondn U S Und, —1. 88T T L S an 0,87 = 0

Indeed, for all z € D(q), we have

P(z,sg9(z)) = s*(z)P(z,g(z)) =0
Fi(z,9(x)) = 84 (2) Fi(x, g(x)) = 0
So sg(x) is the only solution of the system (xx) for all € D(q). Now see that, in the definition of s, we carefully

took squared elements so that if + € Z(s) = Z(q) then all the coefficients in (**) vanish except t* in P(x,t).
Thus, for all ¢ D(g), we get t = 0 and so sg(z) is the only solution of the system (xx) for all z € X(C). ]

The fact that localization and seminormalization commute leads to look at seminormality directly at the
points of a variety.

Definition 2.4.9

Let X be an affine variety. We define the set of seminormal points in X by

SN(X):={z € X | Ox,, is seminormal}

and the seminormal points of X (C) by SN (X(C)) = SN (X) N X(C).
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Now we can improve proposition 2.3.7 and be more precise about the points where regulous functions are
regular.

Proposition 2.4.10

Let X be an affine variety and f € K°(X(C)). Then f € Ox,, for all x € SN (X (C)).

Proof: We prove 1) = 2). Let f € K°(X(C)) and = € SN(X(C)), we consider 7+ : Xt — X the seminor-
malization morphism of X and z* € X (C) such that 7% (2) = . By Theorem 2.3.13, we have forl € C[X"].
Since seminormalization and localization commute, we have for! € Ox+ ,+ = (’);z and since z € SN(X(C)),

we have that Ox ; — (’);@ is an isomorphism. So f € Ox . ||

Remark. An element in (), g N(X(C)) Ox , does not always extends by continuity. One can take the
example X = Spec(C[z,y]/ < y? + (2 — 1)z* >) given after Theorem 2.3.20. We have SN (X(C)) =
{(0;0)} = {x = 0} but the fraction % cannot be continuously extended on X (C).

We can deduce from Proposition 2.4.10 a classical result about seminormalization.

Corollary 2.4.11

Let X be an affine variety. Then X is seminormal if and only if SN'(X(C)) = X (C).

Proof: Suppose that X is seminormal, then C[X ] = C[X]. So it is clear that Ox » = Ox+ ,+ for all z € X(C).
Conversely, suppose that SN(X(C)) = X(C) and let f € K°(X(C)). Then, by Proposition 2.4.10, we have
fe ﬂmex(c) Ox,» = C[X]. So K°(X(C)) = C[X] and X is seminormal. |

2.5 Generalization on general complex algebraic varieties.

The goal of this section is to generalize the main results of Chapter 2 for non-necessarily affine varieties.

A ring extension i : A — B induces a map Spec(i) : Spec(B) — Spec(A), given by p — (pN A) =i~ *(p).
For a morphism 7w : ¥ — X between algebraic varieties over k, we have an associated morphism
of sheaves of rings Ox — w0y such that for any open subset U C X it gives a ring morphism

Ox(U) = Oy (r~(U)) which is injective if and only if 7 is dominant.

A dominant morphism 7 : Y — X between algebraic varieties over k is said of finite type (resp. finite,
birational, integral) if for any U C X the ring extension Ox(U) — Oy (7~1(U)) is of finite type (resp.

finite, birational, integral).

Let X be an algebraic variety over k. The normalization X’ of X is an algebraic variety that comes with
a finite birational morphism 7’ : X’ — X called the normalization morphism such that, for any open
subset U C X, we have Ox/ (7~ 1(U)) = Ox(U)’. We say that X is normal if 7’ is an isomorphism. A

point z € X is said normal if Ox . is integrally closed.

We start by giving the definition of the seminormalization of an algebraic variety in an other. Let m :

Y — X be a dominant morphism between algebraic varieties over k, then we can define the O x-module
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(Ox)y such that (Ox){(U) = (OX(U)):*O;/(U) for each open set U C X. It is shown by Andreotti
and Bombieri in [3] that (Ox)7 is quasi-coherent and so, by [17] Proposition 1.3.1, it correspond to the
structural sheaf of a variety. This leads to the following definition.

Definition 2.5.1

Let w: Y — X be a dominant morphism between algebraic varieties over k. The seminormalization of

X inY is an algebraic variety X, over k with a finite birational morphism 7@ : X;,' — X factorising
7 such that (77;5)*(9){;r = (Ox)y.

We call X the seminormalization of X in its normalization Y = X'. We say that X is seminormal
inY (resp. seminormal) if X = Xi (resp. X = X 7).

Definition 2.5.2

Let 7 : Y — X be an integral morphism between algebraic varieties over k. We say that 7 is subintegral

if w is bijective and if, for all y € Y the field extension k(7 (y)) — k(y) is an isomorphism.

Remark. The morphism 7 is subintegral if and only if, for all open set U C X, the ring extension
Ox(U) = Oy (7~ 1(U)) is subintegral.
Proposition 2.5.3

Let Y ™% Z ™ X be a sequence of dominant morphisms between algebraic varieties over k. Then

Z — X is subintegral if and only if X;,' — X factorizes though Z.

Proof: For every open set U C X, we have an extension Ox (U) « Oz(n;*(U)) and, by Theorem 2.1.11, it is

subintegral if and only if we have

Oz(r7"(U)) c Ox(U)TF

— (ot
oy (rytwy = (M HOx)U)

This inclusion inducing a dominant morphism X{f — Z, we get the proposition.

Let X be an algebraic variety over C. Consider a Zariski open set U C X, a finite number of regular

functions fi, ..., fr, on U and a number € € R. Then the sets of the form
VU; fry ooy fins€) = {x e U(C) | |fi(z)| < & for i = 1, m}

form a basis for the open sets of a topology on X(C) called the strong topology. If X is affine, then
X(C) c C", for some n € N and the strong topology is induced by the Euclidean topology of C™.
Definition 2.5.4

Let X be an algebraic variety over C and U(C) be a Z-open set of X (C). Then we write ICg((C) (U(C))
the set of continuous functions f : U(C) — C for the strong topology which are regular on a Z-open
Z-dense subset of U(C).

Now that we have a local definition for regulous functions, we define the sheaf K% ©)-
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Proposition 2.5.5

Let X be an algebraic variety over C. The presheaf defined by

’Cg((@) : { Zariski-open sets of X(C)}P — Ring
v = Ko U(©)

is a sheaf

Proof: It is a presheaf because if V/(C) C U(C) are Z-open sets of X (C), we have a restriction morphism

K@ U(C) — Kk)(V(C)
f — five

In order to prove that it is a sheaf, we consider a Z-open set U(C) and an open cover {U;(C)};er of U(C). Let
{fi}icr be such that f; € K%(C)(Ui (C)) for all 4 € I and such that for all 4,j € I

(f) v ©nu;© = (F) v ©nu; ©

Then we can define the continuous function

f: U — C

Moreover, for all ¢ € I, there is a Z-open set V;(C) N U;(C) which is Z-dense for the induced topology on U;(C),
such that fi € Ox)(Vi(C)). By Lemma 2.3.3, we have that | JV;(C) is Z-dense in X (C) and since Ox () is a
sheaf, we get f € Ox(c) (U Vi((C)). Hence f € ICg((C) (X(C)).

A dominant morphism 7 : Y — X between varieties over C induces an extension ICOX((C) — (7, )*ICg,(C),
hence a morphism (Y'(C), Ky, ) = (X(C), K% ¢))- We now give a generalization of the main results of
this chapter, starting with those on subintegrality.

Theorem 2.5.6

Let m : Y — X be a finite morphism between algebraic varieties over C. The following properties are

equivalent:
1) = is subintegral.
2) m. is bijective.
4) The ringed spaces (Y((C)JC?,(C)) and (X((C),ICg((C)) are isomorphic.
5) m. is an homeomorphism for the strong topology.
6) m. is an homeomorphism for the Zariski topology.

7) 7 is an homeomorphism.

Proof: The equivalences 1) <= 2) <= 6) <= 7) are true for every affine open subset of X(C) by Theorem
3.1. and the equivalences 1 <= 4) <= 5) comes form Proposition 4.12.

We now get the generalization of Theorem 2.3.13.
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2.5. Generalization on general complez algebraic varieties.

Theorem 2.5.7

Let X be an algebraic variety and 7% : X+ — X be its seminormalization morphism. Then

(mF, (7})*) is an isomorphism of ringed spaces between (X*(C), Ox+(c)) and (X(C),K% ¢))-

Proof: By Theorem 2.5.6, the morphism wg is an homeomorphism for the Zariski topology. Moreover, we have
shown in Theorem 2.3.13 that, for all affine open set U(C), we have an isomorphism (w})* : ICg((C)(U((C)) —
(75)«Ox+ ) (U(C)). So (7, (x})*) is an isomorphism of ringed spaces. |

One can find a generalization of those results for algebraic varieties over any algebraic closed field of

characteristic zero in [6].
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CHAPTER 3

THE R-SEMINORMALIZATION OF REAL
ALGEBRAIC VARIETIES

In this chapter, we introduce the R-seminormalization of real algebraic varieties. The idea behind this
object is the following : since the seminormalization of a variety is obtained by gluing together the complex
points that have been separated in the normalization, one may want to do the same thing but with real
points of real varieties. Unfortunately, gluing the real points of the normalization in the fibers of the real
points of a variety can lead to some problems because of the fact that the restriction to the real closed
points of a finite morphism of real varieties is not necessarily surjective. For example, the normalization
of the real variety X := Spec(R[z,y]/ < y*> —2%(x — 1) >) is X' := Spec(R[z,y]/ < y*> —x +1 >) and we
have (7')71({0}) = @ where 7’ is the normalization morphism. In fact, for a general variety X, one can
not find a variety Y that would be maximal for the property of having a morphism 7 : Y — X which is
finite, birational and such that 7 is bijective. A proof that such a variety does not exists in general can
be found in [15] Example 5.6. This lack of surjectivity led the authors of [15] to consider the "central"
seminormalization where they glue the real central points (i.e. the points in the Euclidean closure of the
regular locus) of the normalization above the real central points of the variety. See Chapter 1 Section
1.4.2 for more details about central seminormalization. An other way to counter this lack of surjectivity
is to consider all the complex points in the normalization lying over the real points of the variety. This is
the idea of the R-seminormalization.

This chapter is organized as follows. In Section 3.1, we give a generalization of Section 2.1. This allows
us to define and to provide a universal property of the R-seminormalization. This universal property
states that the R-seminormalization of a ring A in an integral extension of A is the biggest subextension
such that there exists a unique prime ideal above each real prime ideal of A and their residue fields are
isomorphic.

In Section 3.2, we look at the R-seminormalization of real algebraic varieties and we prove a geometrical
universal property for this object. We show that the R-seminormalization is the biggest variety between a
variety X and its normalization such that there exists a unique complex closed point above each element
of X(R). In Section 3.3, we identify by several ways, as we did for the seminormalization in Chapter 2, the
ring of functions on X (R) which becomes polynomials on the closed points of the R-seminormalization.

On the normalization, those functions correspond to the polynomials which are constant on the complex
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CHAPTER 3 — The R-seminormalization of real algebraic varieties

fibers over the real closed points of X. They also correspond to the integral rational functions which are
(almost) continuous on X (R) for the topology of X (C). More precisely, we get the following version of

Theorem 2.3.13 for the R-seminormalization.

Proposition (3.3.7). Let X be a real affine variety and let f : X(R) — R. Then f becomes polynomial

on the R-seminormalization if and only if it verifies the following properties :
1. The function f is rational.
2. The function f is integral over R[X].
3. For all x € X(R), for all (z,)n € Dom(f) U X (R) such that z,, — x then f(z,) — f(x).

We give a third characterization of those functions using their graphs in the same spirit as Theorem
2.3.20. In Section 3.4, we look at the functions on X (R) which are the restriction of continuous rational
functions on X (C). This ring of functions correspond to the coordinate ring of the seminormalization X .
Then we present several examples in order to compare the seminormalization, the R-seminormalization,
the central seminormalization and the central weak-normalization. Finally, in Section 3.5, we prove that
the R-seminormalization of a real variety X is related to its seminormalization X+ and to its biregular

normalization X® which has been presented in Chapter 1 Section 1.4.1.

Theorem (3.5.8). Let X be a real affine variety. Then
R[X T ~ RIX T’ ~ RIX)T

This result also tells us how the R-seminormalization modifies the singularities of a real algebraic variety:

it normalizes the purely complex points and seminormalizes the real points.

3.1 Generalization of the seminormalization for general rings.

In this section, we present a generalization of the construction given in Section 2.1. It defines and provide

a universal property of the R-seminormalization and the R-Max-seminormalization of a ring in an other.

Let A be a ring. We say that an ideal I of A is real if it has the following property : If a sum of square
elements >"a? € > A? belongs to I, then every element a; belongs to I. We denote by R-Spec(A)
(resp. R-Max(A)) the set of real prime (resp. maximal) ideals of A. Let F be one of the functors
Spec, Max, R-Max or R-Spec. In particular, F : Ann — Top is a contravariant subfunctor of Spec.
It means that for all A € Ann we have F(A) C Spec(A) and for all extension of rings A — B, we get a
continuous application F(B) — F(A) given by p — pN A. One may want to take a general subfunctor of
Spec but we will need, at some point in this section, the specificity of the four considered subfunctors.
See the remark after Definition 3.1.2 for more details.

Definition 3.1.1

Let A — B be an integral extension of rings. We define

A :={be B|Vp € F(A), b, € Ay, + Rad(B,)}
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3.1. Generalization of the seminormalization for general rings.

Remark. If F = Spec, the ring A is the seminormalization Ag of Ain B.
Definition 3.1.2
Let A — B be an integral extension of rings. The extension A — B is called F-subintegral if it verifies

the following conditions :
1. For all p € F(A), there exists a unique q € Spec(B) such that gN A = p.
2. For such p and q, we have q € F(B) and the induced map k(p) — r(q) on the residue fields, is

an isomorphism.

Remark. Tt is important to see that, if p € F(A) and q € Spec(B) are such that gN A = p. The condition
k(p) ~ k(q) and the fact that the extension is integral implies that q € F(B). It is really specific to the
fact that an ideal is real if and only if its residual field is a real field.

We give here a first geometric property of F-subintegral extensions.

Proposition 3.1.3

Let A < B be an F-subintegral extension of rings and 7 : F(B) — F(A) be the induced map. Then

7 is a Z-homeomorphism for the induced topology.

Proof: The morphism Spec(B) — Spec(A) is Z-continuous, so is its restriction to F(B), thus we just have to
show that 7 is Z-closed. Let p € F(A) and q € F(B) such that gN A = p. We have

V(@) ={d'NAlqcCq eF(B)}

so m(V(q)) C V(qnNA) = V(p). If p’ € V(p) NF(A), then the going-up property says that there exists q" € Spec(B)
such that ¢’ N A = p’ and q C q'. Since the extension is F-subintegral, the ideal q' belongs to F(B). Hence
p’ € 7(V(q)) and finally V(p) C 7(V(q)), so m(V(q)) = V(p) which is Z-closed. |

The goal of this section is to prove the following universal property. It says that the F-seminormalization
of A in B is the biggest F-subintegral extension of A — B.
Proposition 3.1.4

Let A — C — B be integral extensions of rings. Then the following statements are equivalent :
1) The extension A — C' is F-subintegral.
2) The image of C < B is a subring of AL.

We prove the universal property through a series of propositions as in Section 2.1.

Proposition 3.1.5

Let A — B be an integral extension of rings. Then

A < A% is F -subintegral

Proof: By doing the exact same proof as in Proposition 2.1.10, one can show that for all p € F(A), there exists
a unique q € Spec(A%) such that qN A = p and k(p) ~ x(q). Because of the special nature of F (see remark after
Definition 3.1.2), the equiresiduality implies that q € F(AY) and so A — A} is F-subintegral.
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CHAPTER 3 — The R-seminormalization of real algebraic varieties

Proposition 3.1.6

Let A — C — B be integral extensions of rings. Then the following properties are equivalent
1) The extension A — B is F-subintegral.
2) The extensions A — C and C' — B are F-subintegral.

Proof: We prove 1) implies 2). Let p € F(C) and q1,q2 € Spec(B) such that g1 N C = q2 N C = p. We have
g1NA=qgNCNA=pn A and the same is true for q2. Since A — B is F-subintegral and p N A € F(A), then

qlﬂA:qzﬂA = (1 = (2

Moreover x(p N A) — k(p) — k(q:) and w(p N A) =~ k(q:). So k(p) ~ k(q:). Now, let us consider p € F(A) and
p1,p2 € Spec(C) such that p1 N A =pa N A = p. We know that Spec(B) — Spec(C) is surjective, so we can find
q1,92 € Spec(B) such that ¢ N C = p; and g2 N C = p2. Then g1 N A = p and g2 N A = p. Since A — B is
F-subintegral and p € F(A), we get g1 = g2 and so p1 = p2. Moreover k(p) — k(p;) < k(q:) and x(p) ~ k(q:). So
r(p) = K(pi).

We now show that 2) implies 1). Let’s suppose that A < C and C < B are F-subintegral. Let p € F(A), then
there exists a unique element p’ € Spec(C) such that p’NA = p and p’ € F(C). Moreover k(p’) ~ x(p). Then, since

C < B is F-subintegral, there exists a unique element p” € Spec(B) such that p” NC = p’ and k(p”) ~ x(p’). So
p” is the unique element of Spec(B) such that p”’ N A = p and p” € F(B). Moreover x(p”) ~ k(p). Hence A — B

is F-subintegral. |

Proposition (Proposition 3.1.4). Let A < C < B be integral extensions of rings. Then the following

statements are equivalent :

1) The extension A — C' is F-subintegral.

2) The image of C — B is a subring of AL.
Proof: One can show 1) implies 2) by doing the exact same proof of Proposition 2.1.4 with A% instead of Ag.
The converse is also very similar : suppose that we have A < C < A% < B. Those extensions are integral

and, by Proposition 3.1.5, the extension A — A% is F-subintegral. Then Lemma 3.1.6 tells us that A — C is
F-subintegral. |

Let us conclude this section by rewriting Proposition 3.1.4 in the form of a universal property theorem.

Theorem 3.1.7 (Universal property of the F-seminormalization)

Let A — B be an integral extension of rings. For every intermediate extension C of A — B such that

A = C is F-subintegral, the image of C by the injection C' < B is contained in A%.

AC ABC B

A

subint.
)

C
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3.2. The R-seminormalization for geometric rings.

Remark. Let A — B be an integral extension. We have that A — AL is F-subintegral by Proposition

3.1.5. So we can apply the universal property in the following way :

AC AR C A%

subint.

qF
Ap
Thus AY — Aif; . But, by definition, Ai}; is included in A%. We get the following idempotency property

F _ 4F
AL = A,

3.2 The R-seminormalization for geometric rings.

Let X = Spec(A) be an affine algebraic variety with A a R-algebra of finite type. Let R[X] := A denote
the coordinate ring of X. We have R[X] ~ R|z1,...,x,]/I for an ideal I of Rlz1,...,z,]. We will say
that X is a real affine variety if I is a real ideal. A morphism 7 : ¥ — X between two real varieties
induces the morphism 7* : R[X] < R[Y] which is injective if and only if = is dominant. We say that
7 is of finite type (resp. is finite) if 7* makes R[Y] a R[X]-algebra of finite type (resp. a finite R[X]-
module). The space X is equipped with the Zariski topology for which the closed sets are of the form
V(I) := {p € Spec(R[X]) | I C p} where I is an ideal of R[X]. We define X(R) := {m € Max(R[X]) |
k(m) ~ R} = R-Max(R[X]). The Real Nullstellensatz gives us a Zariski homeomorphism between X (R)
and the algebraic set Zg(I) := {x € R" |Vf € I f(z) =0} C R"™. For any real variety, we can look at its
complexification whose coordinate ring is given by the change of coordinate C[X] := R[X] ®g C. Hence
we can consider the set of its closed points X (C).We note 7g : Y (R) — X (R) the restriction of 7 to Y(R)
and 7¢ the restriction of m to Y(C). If X is irreducible, then we write (X)) := Frac(R[X]).

The goals of this section are to provide a geometric universal property of the R-seminormalization and to
see that the R-seminormalization coincide with the R-Max-seminormalization for real algebraic varieties.

The following theorem gives a reinterpretation of the R-subintegrality in a geometric point of view.

Theorem 3.2.1

Let 7 : Y — X be a finite morphism between real affine varieties. The following properties are

equivalent
1) The extension 7* : R[X] < R[Y] is R-subintegral.
2) The extension 7* : R[X] < R[Y] is R-Max-subintegral.
3) The restriction 7 : w_*(X(R)) — X (R) of the morphism = : Y (C) — X (C) is bijective.
4) The morphism m, : Y (R) — X (R) is bijective and 7' (X (R)) = Y (R).

(%
(ﬁ

Proof: 1) = 2). Suppose that R[X] < R[Y] is R-subintegral, then for all p € R-Spec(R[X]), there exists a
unique q € Spec(R[Y]) such that gNR[X] = p. Moreover q € R-Spec(R[Y]). In particular, it is true if p is maximal
and so we get Property 2.
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2) = 1). Suppose that for all m € R-Max(R[X]), we have a unique element m’ € Spm(R[Y]) such that
m NR[X] = m and m’ € R-Max(R[Y]). Let p € R-Spec(R[X]) and q € Spec(R[Y]) such that ¢ N R[X] = p. We
note V = V(p) and W = V(q). Then dim V = dim W since 7 is finite. Moreover dim V(R) = dim V(C) because p

is a real ideal and we also have dim V (R) = dim W (R) since 7, is bijective. We get
dim W(R) = dim V(R) = dim V(C) = dim V = dim W = dim W (C)

So q € R-Spec(R[Y]). Let us show that q is unique. Suppose there exists q" € Spec(R[Y]) such that ¢’ "R[X] = p.
By the previous arguments we have q' € R-Spec(R[Y]). Let m € R-Max(R[Y]) such that ¢ C m then q N
R[X] € m N R[X]. Moreover, by the going-up property, we can consider m’ € Spm(R[Y]) such that ¢ C m’ and
m’' NR[X] = mNR[X]. Then, by assumption, we get m = m’. So Zr(q) = Zr(q’) and the real Nullstellensatz gives
usq=gq".

It remains to see that x(p’) ~ k(p). If we write V = Spec(R[X]/p) and W = Spec(R[Y]/p’), we get the following

commutative diagram :

R[X]—"— R[Y]

-, |

RV, Ry

K(WV)e—— K(W)

As R[Y] is a finite R[X]-module, we have that R[W] is a finite R[V]-module. Thus 7y is a finite morphism
between two irreducible varieties. Therefore we get n := [K(W) : K(V)] < 4+o0. Since the characteristic is zero,
the extension K (V) < K (W) is separable and finite. Hence we can consider a primitive element a € K(W) such
that K(W) = K(V)(a). Let F be the minimal polynomial of a. Then deg F' = n and disc(F') # 0 where disc(F)
is the discriminant of F. So there exists a Z-open set of V such that disc(F') # 0. Since p € R-Spec(R[X]), we
have that V(R) is Z-dense in V and so there exists y € V(R) such that disc(F)(y,.) # 0. This means

#7rc_1(y) = #{ complex roots of F(y,.)} =degF =n

By assumption, there is a unique element of Y (C) above every element of X (R). So #n_'(y) = n = 1 and so

w(p) =~ K(p').

Now, let us see that the properties 2,3 and 4 are equivalent.

2) = 3). Property 2 implies that for all m € R-Max(R[X]), there exists a unique m’ € Spec(R[Y]) such that
m’ NR[X] = m. By the going-up property, we have m’ € Spm(R[Y]). So, by the Nullstellensatz, we get the third
property.

3) = 4). Let z € X(R) and z € Y(C) such that n.(z) = =z, then 7.(Z) = z. Since z is supposed to be unique,
we get z =% and so z € Y(R).

4) = 2). Suppose 4 and take m € R-Max(R[X]). By the going-up property, we know that there is a finite
number of prime ideals in R[Y] lying over m and that those ideals are maximal. Since we have 7_ ' (X (R)) = Y'(R),
then all the m’ are real. So, the morphism 7, being bijective, we get that there is a unique prime ideal m’ of R[Y]

lying over m. Moreover m’ € R-Max(R[Y]) so x(m) ~ x(m’) ~ R and we get the second property.
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3.2. The R-seminormalization for geometric rings.

Let A — B be an integral extension of rings, we note

R-Spec _ 4R+ R-Max _ g R+max
Ap =Ap AT =Ap

and

Let us see that, if A is a coordinate ring, then A%+ and Af+max are also the coordinate rings of some
real varieties.

Proposition 3.2.2

Let w : Y — X be a finite morphism between affine varieties over R. Let A be an intermediate ring
between R[X]| and R[Y]. Then there exists a unique affine variety Z such that A = R[Z]. Moreover,

if X andY are real varieties and 7 is birational, then Z is a real affine variety.

Proof: We have that A is a R[X]-module because it is a submodule of R[Y]. Thus it is a R-algebra of finite type
because so is R[X]. If 7 is also birational, then we get R[X] — R[Z] — R[X]" and by [14] Lemma 2.8, the ring
R[Z] is real. |

This lead us to define, for every real variety, a new variety called its R-seminormalization.
Definition 3.2.3

Let m: Y — X be a finite morphism between two real affine varieties. The affine variety defined by

XJt = Spec(R[X]g[;r,])

is called the R-seminormalization of X inY.

The R-subintegrality being equivalent the R-Max-subintegrality for affine rings, we naturally get that
the R-Max-seminormalization correspond to the R-seminormalization. Note that, for the central semi-
normalization (see 1.4.2), this property is not true and we get two different varieties : the central semi-
normalization X*¢ and the central weak-normalization X"c.

Corollary 3.2.4

Let m: Y — X be a finite morphism between two real affine varieties. Then

RIX i = RIXIEY,

Proof: First, the inclusion R[X]R[Y] C R[X]ETmax s clear. Now, by Proposition 3.1.5, we know that R[X }R'h“a"

R[Y] R[Y]
is R-Max-subintegral, so by Theorem 3.2.1, it is also R-subintegral. Then the universal property of R[X ] R[V] gives
us R[X]grme= C RIX]TT. [ |

We can now rewrite the universal property of the R-seminormalization for the geometric case. It is the

biggest variety such that there is a unique complex closed point in the fiber of every real closed point.

Theorem 3.2.5 (Universal property of the R-seminormalization)

Let Y — Z — X be finite morphisms between real affine varieties. Then the restriction m, :
’/Tg(l(c) (X(R)) = X(R) of the morphism 7z : Z(C) — X(C) is bijective if and only if there exits

a morphism 7}, : X} — Z such that 7, o 1 = nt. Moreover 7}, is unique and the restriction
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75 (1) Y Z(R)) = Z(R) of the morphism 7} : X{}*(C) — Z(C) is bijective.

T

Y X3F X

+

Tz

7z with m7 bij

Proof: We have the following equivalences :

The morphism 7, is bijective <= R[X] < R[Z] is R-subintegral ( by Theorem 3.2.1 )
— R[Z] <= R[XH?[;;]] ( by Proposition 3.1.4 )

= EI7TJZr : X{,H — Z dominant, such that 7 o WJZF =gt

We get the uniqueness of 7} by injectivity of 7z. Since R[X] < R[X{f"“] is R-subintegral then Lemma 3.1.6 says
that R[Z] < R[X{"] is also R-subintegral. So, by Theorem 3.2.1, the morphism 7} is bijective. ]

3.3 Functions which become polynomial on the R-seminormalization.

Let X be a real variety. The normalization X’ of a real variety is defined by the coordinate ring
R[X]k(x) and its seminormalization X * is defined by the coordinate ring R[X ]ﬁg[ - Moreover, we have
C[X]) =R[X'| ®& C and C[X]|T = R[X "] ®g C by [16] Corollary 5.7.

We recall from Chapter 1 Proposition 1.1.9 that, for a reduced affine variety X with a finite number of
irreducible components, the total ring of fractions I(X) is a product of fields. Moreover, in order to look
at the normalization of R[X] in K(X), one can look at the normalization of each irreducible component

in its field of fractions.

The R-seminormalization X+ of X is the variety X )1?,*' defined in Definition 3.2.3. The R-seminormalization
X5+ comes with a finite, birational morphism #%% : X+ — X such that 7/'* is bijective and
(rFH)"H(X(R)) = X®F(R). Its universal property is given by Theorem 3.2.5.

We have the following extensions of rings :
R[X] < R[XT] = R[XFH] — R[X'] — K(X).

In all this section, we will consider real varieties with real irreducible components. The set of real closed
points X (R) can be seen as a subset of R” for some n. Hence we will be able to use the Euclidean topology
on X (R) induced by R™.

In the same spirit as Section 2.3, we want to study the set K+ (X (R)) of functions defined on X (R)

which become polynomials on the R-seminormalization. This can be useful, for example, to construct
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3.3. Functions which become polynomial on the R-seminormalization.

the R-seminormalization of a given real variety. We start by identifying the elements of R[X’] which
comes from an element of R[X®*]. Then we show that the elements of K+ (X (R)) are integral rational
functions which are almost continuous on X (R) for the topology of X(C). Finally, we provide a last

characterization of the elements of X+ (X (R)) with properties concerning their graph.

Definition 3.3.1

Let X be a real variety and m+ be its R-seminormalization morphism. We will denote by K®+ (X (R))
the ring of functions f : X(R) — R such that f o mi™ € R[X ]

We start by identifying the elements of R[Xf*] in R[X’]. Note that this identification is interesting but
does not identify the ring X%+ (X (R)) independently from the variety X7+,

Proposition 3.3.2

Let X be a real affine variety and let 7' : X' — X be the normalization morphism of X. Then

RX™] = {p € RIX'] | V1,22 € 7 HX(R)) , ml(21) = m(22) = pe(21) = pe(22)}

C

Proof: We will denote by m : X’ — X% the morphism induced by the extension R[X"*] — R[X']. Let
q € RIX®"] and z € X(R). We want to show that for all 21,22 € 7. '(z), we have g o m.(21) = q o m.(22). We

have

R[X]mz — IR[)(/}mm
MR X, <+ mMR[X]m,

m”R[X/}mw

where the m; € Max R[X'] are such that m;\R[X] = m,. By definition of RLX*"], we can write (qomg), = aong+3
with @ € R[X], and 3 € Rad(R[X'];). Then

Vz € Wé_l({w}) (gom)a(z) = owé(z) + Bc(2) =g 0 ﬂ'«/c(z) + Be(2) = ac () + B (2)

. . —1 R —
Moreover, if we write 7/ " ({z}) = {1, ..., Tk, Zk41, Zkt1..-» Zn, Zn }, then we have

n k n
=1 =1 i=k+1

So for all z € w7 ({z}), we get Bc(z) = 0 and finally
Vzem '({z})  qom(2) = alx)

Conversely, let p € R[X'], 2 € X(R) and 7. '({z}) = {z1,..., Tk, 241, Zof1.-, Zn, Zn} With z; € X'(R) and
zi € X'(C) \ X'(R). Suppose there exists o € C such that, for all z € n.""({z}), we have pc(z) = a. Since
p(z) = p(Z) = p(z) = @, we get that @ € R and so a; € R[X]w,. Then we can write

Pr = Qz + (P — ) € R[X/}mw
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CHAPTER 3 — The R-seminormalization of real algebraic varieties

Moreover, for all z € 7_ ' (z), we have (p — a)c € m.C[X']. So

(px — az)c € R[X']m, N ﬂ m,C[X T,

zemi t({=})

k n
= R[X'Jm, N[ |02, C[X T, 0[] 2y N0zCIX ],
1=1 i=k+1

k n
(N meRIX Tm, 0 (1) (M2 NTDRIX Jm,
i=1 i=k+1

= () wRX]

mNR[X]=m,

= Rad(R[X"]m, )

So p; — ay € Rad(R[X]m, ).

Corollary 3.3.3

Let X be a real affine variety and n’ : X' — X be the normalization morphism. Then

K (X(R)) = {p € RIX'] | Va1, 20 € 77 (X(R)) , wl(21) = m(22) == pc(21) = pe(z2)}

Remark. Note that if f € KBT(X(R)) and p is the element of R[X’] above f, then for all z € X (R) and
for all z € w/~!(z), we have p.(z) = f(z) € R.

In the paper [15], the authors introduced the central seminormalization ( resp. weak-normalization )
of real algebraic varieties. The idea of those constructions is to glue together the central points of the
normalization over the central points of the variety (resp. over the maximal central points ). They have
shown that, for a real algebraic variety X, the coordinate ring of its central weak-normalization X Ye
corresponds to the integral closure of R[X] in the ring K°(Cent(X)) of continuous rational functions on
the central points of X (R). Also, the coordinate ring of its central seminormalization X®¢ correspond to
the integral closure of R[X] in the ring R°(Cent(X)) of regulous functions on the central points of X (R).
Those are the continuous rational functions which stay rational by restriction to the real closed points of
a real subvariety of X. The elements of K°(X(R)) and R°(X(R)) have been extensively studied in real
algebraic geometry. More details can be found in Chapter 1 Section 1.2.3.

The following lemmas 3.3.4, 3.3.5 and 3.3.6 shows that the elements of X% (X (R)) are regulous integral
functions and so that they become polynomial on R[X*] and R[X%<].

Lemma 3.3.4

Let X be a real affine variety and f € KET(X(R)). Then f is rational and there exists a monic
polynomial P(t) € C[X][t] such that P(f) =0 on X (R).

Proof: Let f: X(R) — R be such that f o7/ € RIX""]. First we have f € K(X) because 7™ is birational.
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3.3. Functions which become polynomial on the R-seminormalization.

Now, since for/" € RIX®"] = fon! € R[X’], then there exists a monic polynomial P(t) € R[X][t] such that
P(forl)=(form)" + (an—1om)(form)" ' +..+(aom) =0
Since we have an injection R[X+] < R[X'], we get
(fomi) " 4 (an—1 o) (fomiH)" 4+ (ap o) =0

Now, by Proposition 2.1.5, we have 7" surjective. So

R

Pt an1f" a0 =0

So f is integral over R[X]. u
Lemma 3.3.5
Let X be a real affine variety and f € K (X (R)). Then
f is continuous for the Euclidean topology on X (R).
Proof: Let f € K" (X(R)) and F be an Euclidean closed set of R. Since f o nft € R[X""], we have that
(rE) N FHEF)) = (f o wf) 7! (F) is closed. By [15] Lemma 3.1, the function 7" is closed for the Euclidean
topology. Then
s ((wuff*)*l( f*l(F))) — /7Y(F) is closed.
and so f is continuous. |

Lemma 3.3.6

Let X be a real affine variety, V C X be a real subvariety of X and f € K"t (X(R)). Then

f‘ V(R) IS rational

Proof: Let V be a subvariety of X. Then there exists p € R-Spec(R[X]) such that R[V] ~ R[X]/p. So there is a
unique q € Spec(R[X?T]) such that qNR[X] = p. We note W the subvariety of X ®* such that R[W] ~ R[X **]/q.

Then we get the following commutative diagram.

]R[X}(@;]R[XR*]

|y L

|w

R[V]—— R[W]
K(V) === kW),

f orlftt
We have f o 7r§+ e R[XR"W so flym) o 71"1‘2;0%) =(fo 71'R+)|W(R) € R[W]. Then M € K(W) and so
f\v(R) S ]C(V). |
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CHAPTER 3 — The R-seminormalization of real algebraic varieties

Remark. We have shown that the elements of K&+ (X(R)) are regulous functions and that they are
integral over R[X]. So
KR (X (R)) € RIX)Rox(r)) € RIXTkco(xm))

In the same spirit as for X*¢ and X<, one may wonder if the ring K#* (X (R)) can also be seen as the
integral closure of R[X] in a ring of functions over X (R). Moreover, we might expect this ring to be the
set of functions on X (R) which are continuous for the Euclidean topology of X (C). Indeed, the idea of
the seminormalization is to glue together the points of the normalization lying over a same point of X
and its coordinate ring corresponds to the ring of rational functions which are continuous on X (C) for the
Euclidean topology of X (C). Since the idea behind the R-seminormalization is to glue together the points
of the normalization lying over a same real point of X, the continuity on X (R) for the topology of X (C)
seems to be the right notion to consider. There is, in fact, a little subtlety. The elements of KZ* (X (R))
are only defined on X (R) and they can not necessarily be extended on all X (C). This is why the correct
type of functions to use are the rational functions which satisfies Condition 3 of the next proposition.
Proposition 3.3.7

Let X be a real affine variety and let f : X(R) — R. Then f € K%+ (X (R)) if and only if it verifies
the following properties :

1. The function f is rational.
2. The function f is integral over R[X].
3. For all x € X(R), for all (z,), € Dom(f)U X(R) such that z, — x then f(z,) — f(x).

Indet(f)

Figure 3.1 — Hlustration of Condition 3 in Proposition 3.3.7

Proof: Let f: X(R) — R be integral over R[X] and suppose there exists p, ¢ € R[X] such that f = p/q on D(q).
Then there exists g € R[X'] such that fon. = g on (7.)""(D(q)) = D(qo n..). Note that f can be extended

on D(gc) U X (R). Let z € X (R), by Proposition 3.3.2 and Lemma 3.3.4, we just have to show that the following

propositions are equivalent
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3.3. Functions which become polynomial on the R-seminormalization.

1. For all 21, 25 € ()" ' (z) we have gc(2]) = ge(23) = f(=).
2. For all (zn)n € D(gc) U X(R) such that z, — = then f(z,) = f(x).

We prove 1 == 2. Let (1), € D(gc) U X (R)" be such that z, — = and suppose that (f(z.)),, is convergent. We
can consider an open ball B(z,e) C X(C) and an integer N € N such that for all n > N we have z, € B(z,e¢).

In particular, it is also true for B := B(z,€) which is compact. By Lemma 2.3.8, the map 7r£ is a proper map

’
C

/

/)~ (2n), then we obtain a sequence

and so (7.)"'(B) is compact. Now, if for all n > N we consider z, € (m
(27,)n>N Whose elements are contained in the compact set (r..)"'(B). So there exists a convergent subsequence
(Zn,, )y, >n and its limit, that we note I, belongs to X'(C) because this set is closed for the Euclidean topology.
Moreover, since 7, is continuous, we have z,, = . (zn, ) —= 7. (I). So 7., (I) = . Then, by continuity of g, we have
f(zn,,) = g(zn,) — g(1) = f(z). This means that the limit of (f(zn)), is f(z).

Now suppose that (f(zs)), is not necessarily convergent. Since, for all n > N, f o wl(z;,) = g(zn,), then
{f(zn)}nsn C g ((ﬂ'é)_l(B)) which is a compact set because g is continuous. Then, by applying the arguments
of the preceding paragraph, we can show that every convergent subsequence of (f(2,)),, y admits the same limit

which is f(x). So the sequence (f(25)),,- v is convergent and we get f(zn) — f(z).

’
C

(2n)n € D(gom..)" such that z, — 2. By continuity of 7., we have 7/.(2,) — 7. (2) = z, so f(7.(zn)) = f(7L.(2)),

Now we prove 2 => 1. Let z € (r.)""(x). Since D(q o w..) is dense in X'(C), we can consider a sequence

by assumption on f. The function g being continuous, we have g(z,) — g(z) and since for all n € N, g(z,) =
fomi(zn), we get that g(z) = f(n(2)) = f(x).

In the case of real curves, the poles of f are small enough for f to be well defined in a neighborhood of
X(R) in X(C). Thus we get the following corollary.

Corollary 3.3.8

Let X be a real curve. Then

KEFH(X(R)) = {f : X(R) > R | f € RIX] and f is continuous on X (R) in X((C)}

Proof: Let f € K™ (X (R)). Since X is a curve, then Dom(fc) = X(C) \ {finite number of points}. So, for
all z € X(R), there exists € > 0 such that Bx)(z,€) N Dom(f)¢ = x. By the previous proposition, for all
(2n)n € Bx(c)(z,€)" such that 2z, — x, then f(2,,) — f(z). So f is continuous at z in X (C).

We want to give a characterization of the elements of (X (R)) with properties on their graphs as in
Theorem 2.3.20. This will allow us, for instance, to provide non trivial examples of elements of K+ (X (R)).

We start by proving two necessary conditions on the graph for a function to be in K+ (X (R)).
Lemma 3.3.9

Let X be a real affine variety and f € K+ (X(R)). Then the graph Iy is Zariski closed in X (R) x
Al(R).

Proof: Let f € K®F(X(R)) and 7f'* : X+ — X be the R-seminormalization morphism. By Theorem 3.2.1, we

have that 7/ is bijective. So
Ty ={(z; f(2)) |z € X(R)} = {(m " (2); fom[ T () | € X"T(R)}
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+

But since f o TI'I? is a polynomial and, by Proposition 3.1.3, the morphism 7r§+ X Id is a Z-homeomorphism, we

get that

R

{(TFR+(3;’);f o7r§+(x)) |z € XR+(R)} = 7r15+ x Id (FfOW“§+>

is Z-closed and so that T'; is a Z-closed subset of X(R) x A'(R).

Notation. We will denote by Fif(c the Zariski closure of I'y in the set X (C) x A'(C).

Lemma 3.3.10
Let X be a real affine variety and f € Kf+(X(R)). Then, for all z € X(R), we have

Ty N ({o} x A4C)) = { (@ f(@) }

Proof: Let f € K™ (X(R)). We can consider p,q € R[X] such that f = p/q if ¢ # 0. Let (x,t) € ITcC N
({x} x At ((C)) with z € X (R) and consider the Z-dense Z-open set D(q) C ch Since it is also dense for the

Euclidean topology, we can consider a sequence (zn,tn)n € D(q)" such that (zn,ts) — (z,t). Moreover, we have
==
Tr C {act —pc} € X(C) x AY(C)

and so we get, for all n € N, that (zn,tn) = (2n,p(2n)/q(2n)). So, by Proposition 3.3.7, we have

(2n:tn) = (2n, f(20)) = (@, f(2))

This means that ch N ({w} x Al ((C)) = {(a:, f(x)) }, which conclude the proof.

We can now show that if an integral rational function on X (R) verifies Lemma 3.3.9 and 3.3.10, then it
is an element of KR+ (X (R)).

Theorem 3.3.11

Let X be a real affine variety and let f : X(R) — R. Then f € K&+ (X (R)) if and only if it verifies
the following properties :

1) feK(X)

2) There exists a monic polynomial P(t) € R[X][t] such that P(f) =0 on X(R).
3) The graph Ty is Zariski closed in X (R) x A'(R).

4) For all z € X(R), we have T}~ N ({z} x AL(C)) = {(w; f(x))}

Proof: Let f € K®T(X(R)). Then, by Lemma 3.3.4, 3.3.9 and 3.3.10, it verifies the four properties of the
proposition. Conversely, suppose that f : X(R) — R verifies the four properties above. We consider the map

$: RIXI - K(X)
At~ Q)

and write R[Y] ~ R[X][¢t]/ ker ¢ ~ R[X][f] with 7 : Y — X the morphism induced by R[X] < R[Y]. We then
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have
R[X] < R[Y] = R[X][f] C K(X)

So K(X) ~ K(Y) and 7 is birational. Moreover R[Y] is a finite R[X]-module because so is R[X][t]/ < P(¢) > and
R[Y] ~ R[X][t]/ ker ¢ ~ (R[X][¢]/ < P(¢) >)/(keryp/ < P(t) >)

Hence  : Y — X is a finite birational morphism. We want to show that the restriction 7 : 7_ ' (X (R)) — X (R) of
the morphism 7. is bijective. By assumption, we can consider the real ideal Iy := Z(I'y) and we have I'y = Z(Iy).

One can see that Iy C ker vy because
vQel; VoeX®) Q@ f(x) =0

So

Y(C) = Ze(ker ) C Ze(ly) =T

Let z € X(R). By the fourth condition, we have

7 (@) = Y (©) N ({z} x AY(©) €T n ({2} x AY(C)) = {(z: f(2))}

(o}

and since . : Y/(C) — X (C) is finite, then it is surjective and we get 7_ ' (z) = {(z; f(z))}. We have shown that
7 is a finite birational morphism and 7 is bijective. From the universal property of the R-seminormalization, we
get

R[X] — R[Y] — R[X "]

So fonmft e RIXFT].

Ezample. Let X = Spec(R[z,y]/ < y® — 22y + y2%(z + 1) — 2*(x + 1) >) and consider

f{ y/xifx#0

0 else

We have that f is a root of the polynomial Py(t) = t> — xt? + t(z + 1) — x(x + 1). Since 0 is the only real
root of Py when x = 0, we get that I'y is a Z-closed subset of X (R) x A'(R) given by

y? — 22y +yr?(r+1) -2t (x+1) =0
F'p=<Qat—y=0
t3—at’ +t(z+1)—2(z+1)=0

But it doesn’t verify the fourth condition because ITcC N ({0} x AY(C)) = {(0;0), (0; £i)}

3.4 Rational functions extending continuously on the complex

points.

In the case of complex varieties, it has been shown in Chapter 2 that the ring of polynomial functions on

the seminormalization corresponds to the ring K°(X(C)) of rational functions that extend continuously
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CHAPTER 3 — The R-seminormalization of real algebraic varieties

on X(C). The purpose of this section is to show that, in the case of real varieties, the real valuated
functions which are the restriction to X (R) of an element of K°(X(C)) correspond to the polynomial
functions on the seminormalization. Those functions can also be seen as the elements f in X°(X(C)) such
that f(z) = f(2), for all z € X(C). We end this section by giving a characterization of those functions
with their graphs, as in Theorem 2.3.20 or like Theorem 3.3.11. This will allow us to construct examples

of different functions that become polynomials on X+, X+ X% or X e,
Definition 3.4.1

Let X be a real affine variety, we define the set

KT (X(R)) == {f : X(R) = R | 3g € K°(X(C)) such that gx®&) = f}

Remark. By Proposition 3.3.7, it is clear that X+ (X (R)) C K%+ (X (R)). Note also that those rings inject
in K(X) and so, even if their elements are defined on all X(R), they are uniquely represented by the

equivalent class of a rational representation.
Every real rational function can be extended as a complex rational function. The next lemma says that,
for an element of K+ (X (R)), this extension is a rational representation of an element of K°(X (C)).

Lemma 3.4.2
Let f: X(R) = R and p,q € R[X] be such that f = p/q if ¢ # 0. Then the following statements are

equivalent
1. The function f belongs to KT (X (R)).

2. The rational function pc/qc extends continuously to an element fc € K°(X(C)).

Proof: Suppose that f € K1 (X (R)), then there exists g = p’/¢’ € K°(X(C)) such that gx®) = f. Then we
have p'q. = ¢'p. on X(R). So p'q. = ¢'p. on X(C) because X (R) is Z-dense in X(C). So we get g = fc on
D(q.) = D(¢) and finally g = fc on X(C) by continuity. Conversely, it is clear that if fc € K°(X(C)), then
f={fe)xm € KT (X(R)). u

By definition, we know that for each element f € KT (X (R)), there is an extension fc that belongs to
K°(X(C)). One can ask the reverse question : what are the elements of K°(X (C)) which are the extension
of an element of £ (X (R)) ? The answer is given by the next proposition.

Notation. Let E C F(X(C);C) and f € E. We note 7 f the function defined by 7 f(z) = f(%), for all
z € X(C). We will say that f is o-invariant if 2f = f and we note E the elements of E which are

o-invariant.

Proposition 3.4.3

Let X be a real algebraic variety. Then we have the following isomorphism

Y TKNX(C) = KF(X(R)

g — 91X (R)
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Proof: First of all, the morphism 1 is well defined because if g € K°(X(C)), then for all 2 € X(R) we have
g(z) = g(z) = g(T) = g(x) and so g(z) € R. The morphism ¢ is surjective because, by Lemma 3.4.2, if
f € KM(X(R)), then fc € K°(X(C)) and it is clear that fc is o-invariant. Let us see now that it is injective. Let
g1, 92 € K°(X(C)) be such that 91 x@) = 92/x - We can write g1 = p1/q1 on D(q1) and g2 = p2/qz on D(q1) for
pi, ¢ € C[X]. Then q1g291 = q1g292 on X (R), so pi1g2 = p2q1 on X (R). Since X (R) is Zariski dense in X (C), the
relation extends to X (C) and so p1/q1 = p2/q2 on D(q1q2). Hence g1 = g2 by continuity.

We obtain a real version of Theorem 2.3.13 saying that the polynomial functions on the seminormalization
correspond to the rational functions of X which extend continuously on X (C).
Corollary 3.4.4

Let X be a real algebraic variety. Then we have the following isomorphism

p: KT(XR)) — R[XT]
f — fom’

Proof: By Theorem 2.3.13, we have the following isomorphism

K'(X(C)) = C[x*]
I — fo7r(c+

Let us show that it induces an isomorphism on the o-invariant elements

TKO(X(C)) = °CIXT)
f — fo7rc+

Let f € °K°(X(C)) and z € X(C), since 1 = n}, we get 71 (z) = onl (2) = nf (z) and so

C

fond(z) = f(nl(z) = f(nd(2) = "f(nl(2)) = f(n(2))

Since “C[X ] ~ R[X "], we deduce from the previous proposition that

~ ~

KT(X®R) &= °K°Xx@) & °cxt] = R[X ]

f — fc — fCOng = (fCOﬂ'g)lx(R)

One can see that (fc o wg)‘x(w) =fo 71'; so it concludes the proof.

We now give a characterization of the elements of X (X (R)) with their graphs. It can be seen as the real
version of Theorem 2.3.20.

Lemma 3.4.5

| Let X be a real affine variety and f € KT(X(R)). Let P € R[X][t] such that P(f) = 0 on X(R),
then P(fc) =0 on X(C).

Proof: Let p and ¢ be such that f = p/q on D(g) and let P € C[X][t] be such that P(f) = 0 on X(R). In
particular P(p/q) = 0 on D(q). Then ¢i%*" P(pc/qc) = 0 on X (R). Since X (R) is Z-dense in X(C), we get
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qféeg(P)P(p(c/qc) =0 on X(C). Thus P(f) = P(pc/qc) = 0 on D(gc) and finally, by continuity, we get P(f) =0
on X (C).

Theorem 3.4.6
Let X be a real affine variety and f : X(R) — R, then f € KT (X (R)) if and only if it verifies the

following properties :
1) feK(X)
2) There exists a monic polynomial P € R[X][t] such that P(f) =0 on X(R).
3) The graph Ty is Zariski closed in X (R) x A'(R)
4) For all z € X(C), we have # (ch N{z} x Al((C)) =1

Remark. If f € K*(X(R)) then the last property says that ch =Ty..

Proof: Let f € KT (X(R)). Then f € K™ (X (R)) and by Theorem 3.3.11 the function f verifies condition 1,
2 and 3. By Lemma 3.4.2, we have fc € K°(X(C)) and by Theorem 2.3.20, we get that 'y, is Z-closed. Since
I'y CTy., we have 1"ng C I'y.. Moreover, by Lemma 3.4.5, we have that fc is a complex root of every polynomial
defining T's. So if Iy is a real ideal such that Zr(If) = I'y, then I'y. C Zc(If) = ch We obtain I'y, = ITcC and
so f verifies Condition 4).

Conversely, let f : X(R) — R be a function that verifies all the four conditions. Thanks to Condition 4), we can
define a function g : X(C) — C such that

Vz € X(C) {(z;g(z))} —T°N {2} x AYC)

Then I'y = FT:C so g is rational, integral over C[X] and TI'y is Z-closed. By Theorem 2.3.20, this mean that
g € K°(X(C)). Moreover I'y C Ty, so g/x®) = f and we get f € KT (X(R)).

Thanks to Theorems 3.3.11 and 3.4.6, we give several examples of functions of K (X (R)) and K+ (X (R)).

In particular, we show that the following inclusions are strict in general.
R[X] C KT (X(R)) C KT (X(R)) C RIX)Ro(cent(x)) C RIXkco(ent(x))

Ezample. We give an example of a function in KT (X(R)) \ R[X]. Let X = Spec(R[z,y]/ < y* — 2® >)

and consider the function
= { y/rifx#0

0 else

We have that f is a root of the polynomial P(t) = t* — x. Since 0 is the only complex root of P when
z = 0, we get that I'y is Z-closed in X (R) x A'(R) and that I'y, is Z-closed in X(C) x A'(C). So by
Theorem 3.4.6, we have f € KT (X (R)).
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Ezample. We give an example of a function in P (X (R)) \ K+ (X(R)). Consider X = Spec(R[x,y]/ <
y? — 23(22 4+ 1)? >) and the function

f:{ y/x(x®+1) ifx #0

0 else

We have that f is a root of the polynomial P(t) = #* — z. Since 0 is the only complex root of P
when z = 0, we get that 'y is Z-closed in X(R) x A'(R) and that, for all z € X(R), we have
chC N ({z} x AY(C)) = {(z; f(x))}. So by Theorem 3.3.11, we get f € KT (X(R)). However, if 2 = +i,
then P(t) as two distinct complex roots. So ch is not the graph of fc extended by continuity.

(4,0)
O‘ S

(—i, O)\:}:::/
P ~ X (R) XR+ (R)

Figure 3.2 — The R-seminormalization of {y* — z3(2? + 1) = 0}.

Ezample. We give an example of a function in R[X %0 cene(x)) \KE+(X(R)). Consider the central variety
X = Spec(R[z,y]/ < y* — z(x? + y?) >) and the function

vz if x #0
f:
0 else

which is a root of the polynomial P, ,)(t) = t* —t — 2. Moreover f is continuous so f € R[X];CU(X(R)).
Since X is a curve, we have K°(X(R)) = R%(X(R)) and so f € R[X]%0(x(r))- However, since P has two
roots if z = 0, then the graph I'y ¢ Z(< y* — (22 4+ y?); 2t —y*; ¢ —t —x >) is not Z-closed. By Lemma
3.3.10, we get that f ¢ KEH(X(R)).

Ezample. We give an example of a function in R[X]ioceni(x)) \ RIX]Ro(cent(x))- Consider the variety
X = Spec(R[z,y]/ < 2® — y*(1 + 22) >) and the function

. z/y if y #0
] 3VIE 22 else

We have that f is continuous, rational and is a root of the polynomial P(t) = t3 — 1 — z2. But it is not
in R%(Cent(X)).
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To conclude, we summarize this section with the following diagram

R[X]— R[X+]c— S RXAH S R[X%] S R[X%]C— S R[X]

N

RIX]—— £ (X(R))—— K (X (R))—— RIXTRo(cent(x) ™ RIXkeo (cent(x)) = RIX ke (x)

3.5 Biregular normalization and R-seminormalization.

Let A be a ring, we say that A satisfies the condition (mp) if A is reduced and has a finite number of
minimal primes which are all real ideals. Note that the ring of polynomial functions on an algebraic set
always verifies condition (mp). Moreover, by [14] Lemma 2.8, if A satisfies (mp) and B is such that
A — B — A’| then B satisfy (mp). For such a ring, we have an injection

A= Alpy X oo X Afpp = K(P1) X ... X K(pp) = K(A)

where the p; are the minimal primes of A. Remark that the A/p; are real rings and so A is also a real ring.

In the paper [14], the authors introduced the biregular normalization A® of a ring A which is defined in the
following way. Let A be a ring satisfying condition (mp) and let 7(A) be the multiplicative part 1+ A?
of A which does not contain any zero divisors since A is real. Then we can consider O(A) := T(A)"tA
and the biregular normalization A® is define as the integral closure of A in O(A). This ring can also be

defined as the biggest biregular subextension of A < A’. We recall here Proposition 4.13 from [14] :

Proposition. Let A be a ring which verifies (mp) and let B such that A — B — A’. Then the following

statements are equivalent :
1. The extension A — B is biregqular.

2. For all m € R-Max(A), there exists a unique ' € max(B) such that m’ N A = m. Moreover, the

morphism Ay — Bw is an isomorphism.

3. For all p € R-Spec(A), there exists a unique q € Spec(B) such that q N A = p. Moreover, the

morphism A, — Bq is an isomorphism.

For a more detailed presentation of the biregular normalization, one can read Chapter 1 Section 1.4.1.
We will say that a ring A is a real affine ring if it is the coordinate ring of a real affine variety. In this
case it satisfy the condition (mp) and we have shown in Corollary 3.2.4 that Af+max = AR+ Moreover,
by Corollary 2.2.7, we also have ATmax = AT,

The goal of this section is to compare the notion of biregular normalization, seminormalization and

R-seminormalization. We start by giving two lemmas that will lead us to the first comparison.
Lemma 3.5.1

Let A < B be an integral extension of rings with A that satisfy (mp). If A < B is biregular, then
A — B is R-subintegral.
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3.5. Biregular normalization and R-seminormalization.

Proof: Let p € R-Spec(A), then by [14] Proposition 4.13 , there exists q € Spec(B) such that ¢N A = p and
Ap ~ By. So we get

K(p) = Ap/pAy =~ By/qBq ~ k(q)
and finally A — B is R-subintegral. |

Remark. As a consequence, we get A® C AR+, More precisely, we have the following commutative diagram

AtmaxCy AR+maxCy 4/
AtC AR+

N

Let A < B be an integral extension of rings and let A — C < A% be a subextension of the

Lemma 3.5.2

F-seminormalization of A in B. Then
A =Ch

Proof: By Proposition 3.1.5, the extension C' < A% is F-subintegral. So, by the universal property of CE, we
get
A C o AN CE < B

and the first three extensions are F-subintegral. This implies that A < C§ is F-subintegral and so, by the universal

property of C%, we obtain C§ — A%, |

By applying this lemma to the subextensions of the previous diagram, we obtain the first comparisons

between the considered notions.

Proposition 3.5.3

Let A be a real affine ring. Then
1. (AD)R+ = (AR+)b = gR+
2. (AH)B+ = (AR+T)+ = AR+
3. (At C ARF
4. (AT)b C ARF

Proof: By applying the previous proposition with F = R-Spec to the subextension A «— A® «— ARt we get
(AP B+ = AR+ Moreover ART — (ART)Y s (ART)EF g0 (ART)? = ART and 1 is proved. One can do the exact

same thing with the subextension A — A% < AR+ to get 2. The two inclusions 3 and 4 follows because we have

A" (AT (AN = A
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and
AT s (AT o (AR = AR

We now prove that the inclusion 3 of the previous proposition is an equality. It will be the first part of

the main theorem of this section.

Proposition 3.5.4

Let A be a real affine ring. Then
(Ab)-‘r — AR+

Proof: By Proposition 3.5.3, we have (4°)T — (A®)®F. We want to show that the extension A < (A®)®+ is

subintegral. Since we deal with affine rings, by Theorem 3.2.1, it is enough to show that it is Max-subintegral.

Let m® € Max(A®) and let us consider m := m® N A € Max(A). If m € R-Max(A), because A < A® is biregular,

R+

then m® is the unique prime ideal of A above m and m® is real. But since A® < (A?)®T is R-subintegral, there

exists a unique prime ideal of (A°)® above m®.

Now, if m ¢ R-Max(A), then we have
(A")m = ((A)H) > (A% = Ay

By [14] Proposition 4.6, we have (A%)n = Al so it follows that (A%), = ((Ab)RJr)m. So if we consider q1,q2 €
MaX(AR+) such that q1 N Al = q2N Ab = mb7 then ql(ARJr)m = qg(ARJr)m. Suppose there exists a € g1 Ng5. Then
2 € q1(A")m = q2(A%)m. So there exists b € q2 and s € A\m such that ¢ = % and so there exists u € A\m

such that asu = bu. We have a ¢ q2 by assumption and also su ¢ gz or else su would belong to AN g2 = m. Since

bu € q2 and q2 is prime, we obtain a contradiction. This means that a does not exists and so q1 = q2. ||

It is shown in [14] that the biregular normalization of a real variety can be seen as a normalization of
its non-real points. We want to understand what the R-seminormalization does locally to the real points
and to the non-real points of a variety. This description will also by useful to prove the second part of

the main theorem.

Lemma 3.5.5

Let A be a real affine ring and m € Max(A). Then
1. If m € R-Max(A), then (Af+), = Af.
2. If m ¢ R-Max(A), then (Af+), = Al

Proof: By Proposition 3.5.4, we have (A®)* = A%, So, for m € Max(A), we get ((Ab)Jr)m = (AIH)m and since
+
m = ((Ab)m) . By
[14] Proposition 4.6, we have (A%)n = Am if m is real and (A%)w = Al else. It follows that (AR"')m = A} if mis
real and (ARJr)m = (AL)T = Al else. |

the seminormalization commutes with the localization (see [38] for example), we get ((Ab)+
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Proposition 3.5.6

Let A be a real affine ring. Then

ARt = () ALn N Al
S meR-Max(A) meMax(A)\R-Max(A)

Proof: We have

A e ) @ac [ @

meMax(A) meMax(AR+)

Since AR* is an affine ring, the last term is equal to AFT. So we get

= (1 U

mEMax(ART)

AR

and we conclude with Lemma 3.5.5.

Remark. Let X be a real reduced algebraic variety with real irreducible components. From the previous
proposition, we see that X ®* is the normalization of the non-real locus of X and the seminormalization

of its real locus.

Using the previous property, we show the second part of the main theorem of this section.

Proposition 3.5.7

Let A be a real affine ring. Then

(AT)P = ART
Proof: By [14] Proposition 4.8, we have
A = ) @) n N @
meR-Max(AT) m¢gR-Max(At)
= ﬂ AL n ﬂ Al
meR-Max(AT) m¢gR-Max(At1)
By Proposition 3.5.3, we have (AT)RT = AR+ 5o
ABRT = (AT)RT = ﬂ (AHE n ﬂ (AT
mER-Max(AT) m¢R-Max(A+)
- ﬂ AL N0 ﬂ Ay
meR-Max(A+) m¢R-Max(AT)

Hence A"t = (A1)®.

From Proposition 3.5.7 and Proposition 3.5.4, we get the following theorem.
Theorem 3.5.8

Let X be a real affine variety. Then

R[X ) ~ RIXH]® ~ R[X?]T
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We illustrate Theorem 3.5.8 with the following example.

Ezample. Let X = Spec (R[az,y]/ <y? =25z —1)3(z — 2)%(22 + 1)%(2? + 4)® >). This variety has at
least seven singularities : The real isolated point (0,0) is a non-seminormal point, the real point (1,0)
is a non-seminormal point, the point (2,0) is the crossing of two real lines, the two complex conjugate
points (£¢,0) are the crossing of two complex lines and the two complex conjugate points (+2i,0) are

non-seminormal points. We represent the closed points of X, X°? X X%+ in the following figure.

.........
,,,,,,

.....
...........

...........

A

........
.........

Vv
¥
)

I’ ‘\

Vv

Figure 3.3 — Illustration of Theorem 3.5.8
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Titre : "Seminormalization and requlous functions on complex affine varieties".

Résumé : We study seminormalization of affine complex varieties. We show that polynomials on the
seminormalization correspond to the rational functions which are continuous for the Euclidean topology.
We further study this type of functions which can be seen as complex regulous functions, a class of
functions recently introduced in real algebraic geometry, or as the algebraic counterpart of c-holomorphic
functions.

Lien ArXiv : https://arxiv.org/abs/2109.06542v2.

Titre : "A notion of seminormalization for real algebraic varieties".

Résumé : The seminormalization of an algebraic variety X is the biggest variety linked to X by a finite,
birational and bijective morphism. In this paper we introduce a variant of the seminormalization, suited
for real algebraic varieties, called the R-seminormalization. This object have a universal property of the
same kind of the one of the seminormalization but related to the real closed points of the variety. In a
previous paper, the author studied the seminormalization of complex algebraic varieties using rational
functions that extend continuously to the closed points for the Euclidean topology. We adapt here some
of those results to the R-seminormalization and we provide several examples. We also show that the
R-seminormalization modifies the singularities of a real variety by normalizing the purely complex points
and seminormalizing the real ones.

Lien ArXiv : https://arxiv.org/abs/2209.03598.
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Titre : Seminormalisation et fonctions régulues.

Mot clés

Résumé :

Dans le cadre de la géométrie algébrique réelle, Fichou,
Monnier et Quarez ont mis en lumiére une corrélation
entre la seminormalisation, les fonctions rationnelles
continues et les fonctions régulues (une classe de fonc-
tions récemment introduite en géométrie réelle). Dans la
premiére partie de cette these, nous montrons que cette
corrélation existe également en géométrie algébrique
complexe et nous approfondissons le concept de fonc-
tions régulues complexes. Nous donnons plusieurs ca-
ractérisations de ces fonctions et en fournissons de nom-
breux exemples. La seconde partie de la theése est consa-

: Normalisation, Seminormalisation, Fonctions régulues, Fonctions rationnelles continues

crée a I’étude de la «R-seminormalisation», une variante
de la seminormalisation adaptée au cadre de la géomé-
trie algébrique réelle. Nous montrons que cet objet pos-
sede une propriété universelle du méme type que celle de
la seminormalisation classique. Puis, nous identifions de
différentes manieéres les éléments de son anneau de co-
ordonnées et donnons des exemples de constructions de
la R-seminormalisation. Enfin, nous montrons comment
cet objet modifie les singularités d’une variété en établis-
sant un lien entre la R-seminormalisation, la seminor-
malisation et la «normalisation birégulieére» introduite
récemment en géométrie réelle.

Title: Seminormalization and regulous functions.

Keywords: Normalization, Seminormalization, Regulous functions, Continuous rational functions

Abstract:

In the context of real algebraic geometry, Fichou, Mon-
nier and Quarez highlighted a strong connection be-
tween seminormalization, rational continuous functions
and regulous functions (a class of functions extensively
studied in real algebraic geometry). In the first part of
this thesis, we show that the same is true for complex va-
rieties, and we explore the concept of complex regulous
functions. We manage to give several characterizations
of these functions, and we provide many examples. The
second part of this thesis is devoted to the study of the

"R-seminormalization”, a variant of the seminormaliza-
tion for real varieties. We show that it has a universal
property of the same kind as the one of the seminormal-
ization. Then we identify, by several different ways, the
coordinate ring of the R-seminormalization and we give
some examples of its construction. Finally, we explain
how the R-seminormalization modifies the singularities
of a variety by showing how it is linked with the semi-
normalization and the "biregular normalization" which
as been recently introduced in real algebraic geometry.
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