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Introduction en francais

On appelle valeur polylogarithme multiple ou valeur L-multiple (abrégé en MLV) tout
nombre complexe défini par la série

Z{nl e Zmr
Py— T
Ligy,iey (21500 20) 1= E — (1)
mqt - omy”
0<m<---<my 1 r
our,ki,...,k. sont des entiers naturels non nuls et z1,..., 2. appartiennent a uy le

groupe des racines N*® de I'unité dans C avec N un entier naturel non nul. La série (1)
converge si et seulement si (k;, z,.) # (1,1). Ces valeurs ont été définies par Goncharov
dans [Gon98] et [Gon0la] et ont été étudiées par d’autres comme Arakawa et Kaneko
dans [ArKa] et apparaissent comme une généralisation de valeurs zéta multiples qui, a
leur tour, généralisent les valeurs spéciales de la fonction zéta de Riemann. Parmi les
relations satisfaites par les MLV, notre propos ici se porte sur les relations de double
mélange et régularisation. Fn effet, on sait que les MLV peuvent s’exprimer en termes
d’intégrales itérées! comme suit (voir, par exemple, [Gon98, Theorem 2.1])

1
Lgy,okery (215 -5 21) =/ Qo b, Lokl L (2)
0

ou =% et Q, =

comme combinaison Q-linéaire d’autres MLV (voir [Gon98, §2]).

Exemple. En utilisant la somme itérée (1) on obtient pour (k1, 21), (k2, 22) € Nsg X

:U'N\{(la 1)}

Ly, (Zl)Lkz (22) = Z Z%nlk = < Z + Z + Z > kmlk‘m2

my,moEN* 0<my<ma 0<ma<my 0<mi=ma

= Lk, k) (21, 22) + Lkey k) (22, 21) + Ly 4k, (2122)-

Mci, nous utilisons les notations de [Kas, Chapitre XIX, §11].
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En utilisant I'intégrale itérée (2) on obtient en prenant ky = 2 et kg = 3

1 1
LQ(Zl)Lg(ZQ) :/ QOQzl / Q(Q)sz
0 0
1 1 1
= / Qo2 Q2Q., +2 / Q20 Qo2 + 3 / 230, Q.
0 0 0

1 1
+3 / Q30,0 + / 020,29,
0 0

ZL(3,2)(Z1_1227 21) + 2L(2,3)(21_1227 21) + 3L(1,4)(Z1_1227 21)
+ 3Ly (7125 " 22) + Loy (2125, 22)

ott la deuxiéme égalité provient du fait que pour tout (n,m) € N? et toutes 1-formes
différentielles & valeurs complexes wi, ..., Wn, Wn41, .- -, Wntm SUr un intervalle [a, b]
on a (voir, par exemple, [Kas, Chapter XIX, §11])

b b b
/ WL / Wntl® Wntm = Z/ Wo=1(1) *** Wot(n) Wt (nt1) *** Wol (n+m)>
a a o a

ou les éléments o sont des (n,m)-battages du groupe symétrique &,, 4y, .

On obtient deux systémes de relations associés a la somme itérée (1) et a I'intégrale
itérée (2) respectivement. Les travaux de Ihara, Kaneko et Zagier dans [IKZ], basés
sur [Hof97], permettent de décrire ces relations de maniére formelle comme suit :

e On considére $ = Q(X) la Q-algébre non commutative de polynémes en des vari-

ables zg, z. (2 € un), H' = Q& @ZE#N Hr, et HO=Q P @zelm 2oHx,. Dans ce
cas, on a (inclusion d’algebres)

5 cHtcn.

o On définit I'application Q-linéaire Z : $° — R donnée par 1 — 1 et pour tout
re I\I>07

1
ul...ury_)/Qul...QuT,
0
ot Oy = N et Q. = Q.. On a donc, d’aprés (2),
Z(xlg"_lxzr e xlgl_lmzl...zr) =Ly, ) (21500 20). (3)
o Pour (k,z) € Nyg x puyn, posons yi, = xlg_l:rz. L’algebre $' est engendrée par
(Uk,2) (k,2) N0 x pun - De plus pour (k,2) € Nug x uny\(1,1) on a Z(y,.) = Li(2).
o On définit un autre produit d’algébre * sur $' par récurrence par
lxw=wx1l=w
Ykyzy W1 * Y2, W2 =

Yk,z, (wy * yl72;1z2w2) + Y,z (yk,zlzglwl * wa) + Yk+1,2122 (wy * wg),

ou k,l € Nug, 21,22 € uy et w,wr,w; des mots dans H'. Ce produit est appelé
produit harmonique (ou produit stuffie). Le couple ($°, %) est une sous-algeébre de

(91, *).
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o Le systéme de relations associé & la somme itérée (1) est alors équivalent au fait
que I'application Z : ($°, %) — R soit un morphisme d’algébres.

¢ On définit un autre produit d’algebre m sur $) par récurrence par

{ lmw=wml =w

X W ML, We = Ty (W WA, W) + Ty (T, w1 Mws),

ol 21, 29 € uyU{0} et w,wy, ws des mots dans §). Ce produit est appelé produit de
battage (ou produit shuffle). Les couples ($!,m) et ($°,m) sont des sous-algebres
de ($),m).

o Le systéme de relations associé a l'intégrale itérée (2) est alors équivalent au fait
que Papplication Z : (°,1r) — R soit un morphisme d’algébres.

e En combinant les systemes de relations en somme itérée et en intégrale itérée, on
obtient des relations de double mélange. Ce systeme est équivalent a

Z(wy * we) = Z(wimws),
pour tous wq, ws € HC.

Il est possible d’adjoindre a un tel systeme des relations de régularisation con-
sistant a annuler formellement certaines divergences. On forme ainsi le systeme de
relations de « double mélange et régularisation ». On procéde comme suit :

o Il existe deux morphismes d’algebres ([IKZ, Proposition 1])
Z* (5 %) = R[T) et Z™: (H, m) — R[T]
tels qu’il étendent Z : H° — R et envoient 1,1 = z1 vers T
o Pour k = (kyi,...,k.) et z=(z1,...,2-) on note
2 (T) = Z° (@l s, oo )

et
ZIL('{Z(T) = Zm(ajgrflxzr e xlgl*lle...zr).

Ainsi, lorsque (kr, 2z,) # (1,1), on a Zy (T) = Z,(T) = Lg,,... k) (215 - -5 20).

o Les relations de régularisation se déduisent de 'identité ([IKZ, Théoréme 1.])
2, (T) = p(2i,(T)), (4)
ou p : R[T] — R[T] est une application R-linéaire donnée pour v € R par

(="

n

p(exp(Tu)) =exp [ >

n>2

((n)u™ | exp(Tw),

ou ( est la fonction zéta de Riemann.
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D’aprés Racinet [Rac], si pour (k,z) € N* x uy\{(1,1)}, on attribue & Ly (2) le
poids k, alors les relations de double mélange et régularisations sont homogenes. On
peut dresser la liste des relations de double mélange et régularisation de poids donné
pour les petites valeurs du poids :

Poids 1. Un calcul direct permet d’obtenir pour tout entier k €]0, N/2],
Li(e™¥) — Ly(e” ") = (N — 2k)in.
Ainsi pour z € uxy\{1}, les L1(2) — L1(27!) sont tous Q-colinbaires.
Poids 2. Pour z1, 22 € un\{1}, on obtient en utilisant la somme itérée (1),
Li(z1)L1(22) = L1 1)y (21, 22) + L(1,1y (22, 21) + La(2122).

Puis, en utilisant 'intégrale itérée (2), on obtient

Li(z1)L1(20) = L(Ll)(zl_le, z1) + L(ljl)(zlzz_l, 29).
On obtient les relations de double mélange

Ly (21,22) + L1y (22, 21) + La(z122) = L(1,1y (21 "2, 21) + L1y (2125 1, 22). (5)

Afin d’obtenir les relations de régularisation, utilisons la formule (4) pour k = (1,1)
et z=(z,1) avec z € uxy\{1}. On a

Y1,1 ¥ Y1,z = Y1191,z T Y1,2Y1,.-1 + Y2, €6 1mx, =212, + 2.2,
Ce qui implique

Zy (T) = Z"(y1av1,2) = Z"(11,1) 2" (1,2) — Z"(Y1.201,21) — Z7(y2,2)
=TL(z) - L(Ll)(z_Q, z) — La(2)

et
ZEZ(T) = Z"(vx,) = Z2"(201) 2" (2x2) — Z"(2221) = TLa(2) — L(1,1)(2717 z).
L’égalité (4) donne les relations de régularisation

Ly (27 2) = Laay (272, 2) + La(2). (6)

Poids 3 Dans ce cas, nous nous contentons d’utiliser les relations de régularisation
(4) pour k = (2,1) et z = (1, 1) afin d’obtenir la formule d’Euler ¢(1,2) = ¢(3) :

e Ona

Zie,(T) = Z"(y1192,1) = Z"(v1,1) 2" (y2,1) — Z"(y2,191,2-1) — Z"(y3,1)
= T Ly(1) - Loy (1,1) — Ly(1),

ou la seconde égahté provient du fait que Y11 * Y21 = Y1,1Y2,1 +Y2,1 *Y1,1 + Y3.1-
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Zye,(T) = Z"(w1w021) = 2" (21) Z" (201) — Z™ (T0T171) — Z™ (T07171)
= TLQ(].) - L(1,2)(17 1) - L(172)(1’ 1)
=TLy(1) — 2L(12)(1,1),

ou la seconde égalité provient du fait que ximror; = r1T0%1 + Tox121 + ToT1T1.

o Ainsi, Pégalité (4) donne la relation de régularisation
La2)(1,1) + Ls(1) = 2L (1, 1).

C’est-a-dire
LS(]-) = L(1,2)(17 ]-)7

qui est la formule annoncée.

Contenu du chapitre 1 : Le torseur de double mélange

Le travail de Racinet [Rac] a contribué significativement & la compréhension des re-
lations de double mélange et régularisation. Il généralise le groupe uy & un groupe
cyclique fini G et identifie les 1-formes différentielles de (2) a des variables non com-
mutatives zg et z4 (9 € G) d'une algebre libre de séries formelles k((X)) sur une
Q-algebre commutative k. Par la suite, il associe a chaque couple (G, ) ot G est un
groupe cyclique fini et ¢+ : G — C* un morphisme de groupes injectif, un Q-schéma
DMR* qui, & chaque Q-algébre commutative k, associe un ensemble DMR"* (k) pouvant
étre vu comme réunion disjointe d’ensembles DMR} (k) pour A € k (voir [Rac, Def-
inition 3.2.1]). Le systéme des relations de double mélange et régularisation sur les
MLV est alors encodé dans le fait qu'une série génératrice convenable de ces valeurs
(voir [Rac, 2.2.3]) appartient & ensemble DMR52" (C) ol teqn : G = un < C* est
I’inclusion canonique.

Par ailleurs, Racinet démontre que pour tout couple (G, t), 'ensemble DMRg (k),
muni du produit ® donné en (1.10), est un groupe indépendant du choix du morphisme
injectif + : G — C*, on le note DMRS (k). Muni du produit ®, lensemble G(k((X)))
des éléments diagonaux de k((X)) — pour le coproduit rendant z et z, (¢ € G) prim-
itifs — est un groupe (voir Proposition-Définition 1.2.4) contenant DMRS (k) comme
sous-groupe. Le groupe k* agit sur (G(k{(X))),®) (voir Proposition 1.3.5). Cela
nous permet alors de considérer le produit semi-direct k* x G(k({(X))) dont la loi de
groupe est également notée ®. L’action de k* se restreint au sous-groupe DM ROG(k)
(voir Proposition 1.3.16), ce qui permet de construire le sous-groupe produit semi-
direct k* x DMRC(?(k). Pour tout A € k, I'ensemble DMR} (k) est un torseur sous
l'action de (DMRy (k), ®) (voir Proposition 1.3.15). Par conséquent, nous avons une
structure de torseur sur I’ensemble

DMR, (k) := | | DMR (k)
AekX

sous laction de k* x DMRS (k) (voir Proposition 1.3.20). Ces résultats motivent
Pétude du groupe (DMRS (k), ®).
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Afin de mieux comprendre le groupe (DMRS (k), ®), Enriquez et Furusho, dans
[EF0], Pont relié au stabilisateur Stab(A, ) (k) du coproduit A, : k((X))/k{{(X )z —
(K((X)) /k(({X))20)®? donné dans [Rac, (2.3.1.2)] pour une action de (G(k((X))),®)
(voir Proposition 1.2.19).

De plus, le travail de Racinet introduit aussi une sous-algebre k{(Y)) de k{(X))
engendrée par les mots se terminant en x4 avec g € G. En tant que k-module, k{(Y"))
'identifie avec k((X))/k((X))zo et est munie d'un coproduit k{(Y)) — k{(Y))®2
compatible avec A,. Pour cette raison, le coproduit précédent possede aussi la méme
notation dans [Rac|. Toutefois, dans cette these, nous allons adopter des notations

distinctes pour ces deux coproduits, en notant A8 et Am°d Jes coproduits sur k((Y))
et kK{({(X))/k{{X))xq respectivement.

La situation, détaillée dans §1.1, peut se résumer a l’aide du diagramme de mor-
phismes d’algebres-modules suivant :

(id,ﬂ'y)

(k((X)), k{{(X))) (k{{X)), k(X)) /K((X))20)

T(mel id) (7)
(k((Y)), k{{(X))/k({(X))x0)

Le terme du dessous est munie d’'un couple de coproduits compatibles (A& Amod)
Le groupe (G(k({(X))), ®) agit par automorphismes d’algébres-modules sur les termes
horizontaux, la fleche associée étant équivariante. Toutefois, le groupe ne posséde pas
d’action sur ’objet du dessous en général mais uniquement sur sa partie module; c’est
sur cette action qu’est fondée la construction du groupe stabilisateur de [EF0].

Lorsque G = {1}, il a été démontré dans [EF1, Partie 2, §3] que la sous-algebre
k{((Y)) de k({X)) est stable sous l'action de (G(k{(X))),®) sur k({X)). On peut
alors construire le groupe stabilisateur Stab(Ailg)(k) de A% par rapport a I’action de
(g(k<<AX>>)7 @) sur Morf{f;‘fg(k«Y», k((Y))®?). Par [EF2, §3.1], on a alors I'inclusion?
Stab(Amed) (k) C Stab(A'8) (k).

Probleéme 1. Généraliser inclusion de stabilisateurs Stab(A™°9) (k) C Stab(A%'#) (k)

i G+ {1}.

Contenu du chapitre 2 : Formalisme de Rham de la théorie des doubles
mélanges

Si G # {1}, Paction du groupe (G(k{({(X))),®) sur k({(X)) par automorphismes de
k-algébre® U +— Adg o auty ne se restreint pas & une action sur la sous-algebre
topologique k((Y')). En effet, voici un contre-exemple: puisque G # {1}, soit g # 1
un élément de G. Posons ¥ = exp([z1,z0]) € G(k((X))). On a

Adg o auty (z,) = Wty (U yt, (P)T L.

2Plus récemment, Enriquez et Furusho ont démontré dans [EF4] qu’on a, en fait, égalité des deux
stabilisateurs.
o1, pour ¥ € G(k((X))), "automorphisme de k-algébre auty est donné dans (1.7).
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Posons u = Wty (V1) et v =t,(¥)U~1. On peut aisément vérifier que u € k((X))*
et v € k({X)). Par conséquent, en utilisant le fait que ([Yad, Lemme 2.16])

Vu € k((X))*, Vv € k((X)), uzyv € k((Y)) <= v € k((Y)) (8)

on obtient que uz v = Wt (P~ H)z,t, (V)P appartient & k((Y)) si et seulement si
v =t,(V)¥~! appartient a k((Y)). D’un autre c6té, nous avons

ty (W)Ut = exp([zy, zo]) exp(—[z1,z0]) = 1 + [z, — 21, T0] + terms of order > 2.

La composante k((Y)) du terme d’ordre 2 est égale a xo(z1 — z4) et la composante
k((X))xo & (xg—x1)x0; cette derniére étant non nulle, ¢,(¥)¥P~! n’est, par conséquent,
pas dans k((Y)) ce qui implique, par (8) encore, que Wt (V—1)z,t, ()P~ ¢ k((Y)).
Cette situation ne permet pas une généralisation directe du résultat de [EF2]. Par
conséquent, résoudre le probléme I revient a résoudre le probléme suivant

Probléme II. Trouver une algébre convenable contenant k{((Y)) et une action de
groupe de (G(k((X))),®) sur cette algébre qui se restreint ¢ une sous-algébre isomor-
phe a k((Y)) ayant une action libre de rang 1 sur k((X))/k({(X))zo.

La généralisation voulue est obtenue 'algébre produit croisé k{((X)) x G (voir
définition 2.1.4), celle-ci contient k{{X)). Au chapitre 2, on développe un formalisme
parallele a celui de Racinet a partir de cette algebre. Ceci constitue le c6té « de Rham
» de la théorie des doubles mélanges.

Au sein de ce formalisme, ’algebre produit croisé est identifiée a la k-algebre
topologique VgR définie par une présentation avec générateurs et relations (voir
proposition 2.1.9). On construit ensuite une sous-algebre 17\/\81)‘ de VER isomorphe a
lalgebre k((Y)) (voir proposition 2.1.15) ainsi qu’un module quotient ./\//TgR du VER-
module régulier & gauche isomorphe au module k{({X))/k{{(X))zo (voir proposition-
définition 2.1.25. (ii)). L’algebre W\gR est munie d’un coproduit d’algebre de Hopf
AW.DR AMDR

G G

et le module /\//TCD;R est muni d’un coproduit de coalgebre compatible

avec AQ’DR. Le groupe k™ x G(k({X))) agit compatiblement sur l’algébre 17GDR et sur
son module régulier & gauche. Contrairement a la situation avec k((Y)) C k({(X)),
I’action sur 'algebre ﬁgR se restreint a la sous-algebre WgR, et laction sur le 17GDR—
module régulier a gauche induit une action sur le module quotient /T/l\gR. On peut
résumer ceci a l'aide du diagramme de morphismes d’algebres-modules suivant :

~hR S id,~ 1pgr) ~
(VOR, pory — U4=ow) (DR ADR)
]\(incl,id) (9)
(WER, MBR)

Cette situation permet de définir deux stabilisateurs Stab(ﬁg"’DR)(k) et Stab(ﬁ‘g’DR)(k)

qui sont des sous-groupes de k* x G(k({X))). On vérifie alors que Stab(ﬁév’DR)(k)
est une généralisation du stabilisateur ayant la méme notation défini dans [EF2] pour
G = {1}. On a alors une généralisation de [EF2, Theorem 3.1]
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Théoréme I (Théoréme 2.3.5). On a Stab(ﬁgl’DR)(k) C Stab(&év’DR)(k) (inclusion
de sous-groupes de k* x G(k{(X)))).

On relie ensuite un des stabilisateurs ci-dessus au formalisme de Racinet :

Théoréme IT (Théoréme 2.3.9). On a Stab(AMPR)(k) = k* x Stab(Amod)(k)
(égalité de sous-groupes de k* x G(k{(X)))).

Puis, au moyen d’isomorphismes adéquats, on définit un stabilisateur Stab(A'#)(k)
que I'on exprime purement dans le formalisme de Racinet et on obtient

Théoréme IIT (Théoreme 2.3.21). On a Stab(AWPR)(k) = k* x Stab(A2#)(k)
(égalité de sous-groupes de k* x G(k{(X)))).

Contenu du chapitre 3 : Formalisme Betti de la théorie des doubles
mélanges

Pour G = {1} Enriquez et Furusho ont introduit un sous-schéma DMRP®B de DMR*
et Uont identifié & un torseur d’isomorphismes reliant des objets « de Rham » a des
objets « Betti ». Dans le dernier chapitre, on note DMRY le sous-schéma de DMR*

RDR.B

généralisant DM pour G général et on démontre un analogue de ce résultat.

Dans un premier temps, décrivons le formalisme « Betti » introduit dans [EF1]
pour G = {1}. 1l se base sur l'algebre filtrée VB, définie comme I'algébre de groupe
sur k du groupe libre de rang 2 noté Fy dont les générateurs sont Xy et X; munie
de la filtration induite par son idéal d’augmentation. La complétion VB est une k-
algebre topologique qui s’identifie & I’algebre topologique k{{X)) par 'isomorphisme
X; — exp(z;) avec i € {0,1} (v01r [EF1, Partie 2, §3.3]). Ensuite, nous avons une
algebre de Hopf (17\73 AW B) ot W est la sous- algebre de VB linéairement engendrée
par 'unité et 'idéal a gauche engendré par X; —1. Elle est présentée en tant qu’algebre
par les générateurs

X, XL Y, =—(Xo-1D)" 1 Xo(X1 - 1) et YV, =—(Xy' —D" XX 1)

pour n € N*| avec la relation Xle_l = X_1X; = 1. De plus, nous avons un coprduit
d’algebre de Hopf AW-B : WB — (WB)®2 donné par

AWB(XE) = XF' @ XF' et pour n € N, AV By =vFel+1® Yni+ZY,f QYE.
k,lEN*
k+l=n
Par ailleurs, Iisomorphisme de k-algebres topologiques VB — k((X)) se restreint
en un isomorphisme d’algébres topologiques WB k{({(Y)) (voir [EF1, Partie 2,
§3.3]). Enfin, on a une coalgébre (M\B &M’B) formée d'un module quotient MB =
VB/VB(X, — 1) isomorphe & W8 ~, en tant que k-module (voir [EFl (2.1.1)]) ainsi
que d’un coproduit de coalgebre AMB compatible avec le coproduit AWB_ De plus,
I'isomorphisme de k-algébres topologiques VB — k({X)) induit un 1somorphlsme de
k-modules topologiques MB — k(X)) /k{(X))zo

Probléme II1I. Pour un groupe cyclique fini G, construire des analogues de l’algébre
de Hopf (WB, AW'B) et du module-coalgebre (MB, AM:B).
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Soit N Tordre de G. La solution du probleme III introduite au chapitre 3 est
basée sur l'algebre filtrée V5, définie comme l'algebre de groupe kFy munie de la
filtration induite par l'idéal ker(kFs — kuy); ot kFy — kuy est le morphisme
d’algebres induit par le morphisme de groupes Fy — puy donné par Xo — eV et
X1 + 1. Sa complétion, notée VX, est la limite inverse du systéme projectif induit
par la filtration. C’est une algebre topologique isomorphe a ﬁGDR (voir proposition-
définition 3.1.9). Ensuite, on introduit une algébre filtrée WS qui est linéairement
engendrée par I'unité et I’idéal a gauche engendré par X; — 1 et dont la filtration est
induite par celle de V§. Sa complétion WE est isomorphe a la k-algebre topologique
W\gR (voir proposition-définition 3.1.16). Puis, on introduit le module filtré ME

défini par la donnée du module quotient kF5/kF5(Xy — 1) et de la filtration induite

MR

(voir proposition-définition 3.1.26). On montre alors que, sur 17\/\]% et ./(/l\]%, on aboutit
respectivement a des structures d’algebre de Hopf et de coalgebre compatibles. Cela
provient du résultat suivant :

par celle de VB. Sa complétion M est isomorphe au k-module topologique

Théoréme IV (Théoremes 3.3.17 et 3.3.19). Il existe un morphisme de k-algébres
topologiques A}/VV’B : 17\7]% — ()7\/\1%)®2 et un morphisme de k-modules topologiques
AfVA’B MY — (J\//TI%)®2 qui munissent respectivement V/VJ% et MY d’une structure
d’algebre de Hopf et de coalgébre compatibles.

On déduit le résultat suivant :

Théoréme V. DMR’, est contenu dans le torseur d’isomorphismes reliant A}/VV’B
(resp. ANVP) 4 AéV’DR (resp. AéA’DR).
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A multiple polylogarithm value or multiple L-value (MLV in short) is a complex number
defined by the following series

Zl"” e Zmr
— § 1 T
L(kl (Zl,...,Zr) = ﬁa (1)
0<my <--<my L L
where 7, k1, ..., k, are positive integers and z1,..., 2. in uy the group of N** roots

of unity in C with N a positive integer. The series (1) converges if and only if
(kr,zr) # (1,1). These values have been defined by Goncharov in [Gon98] and
[GonOla] and studied by many others like Arakawa and Kaneko in [ArKa] and appear
as a generalisation of the so called multiple zeta values which in turn generalise the
special values of the Riemann zeta function. Among the relations satisfied by the
MLVs, our main interest here are the double shuffie and regularisation ones. Indeed,
it is known that MLVs can be expressed as an iterated integral® in the following way
(see, for example, [Gon98, Theorem 2.1])

1
L(kl,...,m)(zla N O / Qgﬁlgzrﬂgr_l_lgzrqzr T leilgzl'“zr (2)
0

where Qg = % and , = %=
expressed as a Q-linear combination of other MLVs (see [Gon98, §2]).

Example. Using the iterated sum (1) we have for (k1, 1), (k2, 2z2) € N*xun\{(1,1)}

my,mgoEN* 0<mi<mea 0<mo<mq 0<mi=ms

= Lk, ko) (21, Zz) + Lk, k) (22, 21) + Ly 11, (2122)-

4Here we use notations of [Kas, Chapter XIX, §11].

10
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Using the iterated integral (2) we have by taking k1 = 2 and ko = 3

1

1
LQ(Zl)Lg(ZQ) :/ Q()Qzl Q(Q)sz
0 0

1 1 1
:/ Q,, 220, +2/ 020, Q. +3/ Q30,90
0 0 0

1 1
+3 / 030, 0., + / 020,29,
0 0

=L39)(21 22, 21) + 2L(2,3) (21 "2, 21) + 3L(1,ay (27 22, 1)
+3La1,4)(2125 1, 22) + Lo 3y (2125 1, 22)

where the second equality comes from the fact that for any (n,m) € N? and for any
complex-valued differential 1-forms wy, ..., Wn, Wni1, - .., Wntm o0 an interval [a, b] we
have (see, for example, [Kas, Chapter XIX, §11])

b b b
/ W1 -Wn / Wn41 " Wndm = E / Wo=1(1) """ Wo—1(n) Wo—1(n+1) """ Wo—L(n+m)s
a a > Ja

where elements o are (n, m)-shuffles of the symmetric group &, 4.

We obtain two systems of relations associated to the iterated sum (1) and to
the iterated integral (2) respectively. Combining those two systems we obtain the
double shuffle relations and by adjoining regularisation relations obtained by formally
annihilating some divergences, one obtains the “double shuffle and regularisation”
system of relations.

Contents of Chapter 1 : The double shuffle torsor

Understanding the double shuffle and regularisation relations has been greatly im-
proved thanks to Racinet’s work [Rac]. He generalises the group py to a finite cyclic
group G and identifies the differential 1-forms in (2) with non-commutative variables
zo and z4 (g € G) of a free formal series algebra k((X)) over a commutative Q-algebra
k. He then attaches to each pair (G, ) of a finite cyclic group G and a group injection
t: G — C*, a Q-scheme DMR* which associates to each commutative Q-algebra k, a
set DMR(k) that can be decomposed as a disjoint union of sets DMR} (k) for A € k
(see [Rac, Definition 3.2.1]). The double shuffle and regularisation relations on MLVs
are then encoded in the statement that a suitable generating series of these values
(see [Rac, 2.2.3]) belongs to the set DMR:s2 (C) where teqn : G = uny — C* is the
canonical inclusion.

Racinet also proved that for any pair (G, ¢), the set DMR{ (k) equipped with the
product ® given in (1.10) is a group that is independent of the choice of the group
embedding ¢ : G — C*, we denote it DMRS (k). The set G(k((X))) of grouplike
elements of k((X)) — for the coproduct that renders z and z, (¢ € G) primitive — is
a group when equipped with the product ® (see Proposition-Definition 1.2.4) which
contains Dl\/le(k) as a subgroup. It is equipped with a group action of k* (see
Proposition 1.3.5) which enables us to consider the semidirect product k* x G(k{{X)))
whose group law is denoted ® as well. The action of k* restricts to the subgroup

11
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DMRS (k) (see Proposition 1.3.16). We then obtain the semidirect product subgroup

k* x DMRS (k). Thanks to [Rac, Theorem I], for A € k, the set DMR} (k) has a

torsor structure over the group (DMRS (k), ®) (see Proposition 1.3.15). This provides

a torsor structure of the set DMR’ (k) := |_| DMRY (k) over k* x DMRS (k) (see
AekX

Proposition 1.3.20). These results motivate the study of the group (DMRS (k), ®).

In order to improve the understanding of the group (DM Roc(k), ®), Enriquez and
Furusho, in [EF0], related this group with the stabilizer Stab(A,)(k) of the coproduct
A, k(X)) /k((X))zo — (K((X))/k((X))20)®? given in [Rac, (2.3.1.2)] for an action
of (G(k((X))),®) (see Proposition 1.2.19).

In addition, Racinet’s work also introduced a subalgebra k{{Y")) of k({X)) spanned
by the words ending with xz, with ¢ € G. It is identified, as a k-module, with
k((X))/k({(X))azo and is equipped with a coproduct k((Y)) — k((Y))®2 compati-
ble with A*. For this reason, the former coproduct has also the same notation in
[Rac]. However, we will adopt distinct notation for these two coproducts, by denoting
respectively A8 and Am°d the coproducts on k{((Y)) and k((X))/k{(X))zq

The situation, detailed in §1.1, may be summarised by the diagram of algebra-
modules

(id,ﬂ'y)

(k((X)), k{{X))) (k((X)), k{{X)) /k((X))x0)

]\(mclld) (3)
(k((Y)), k{({(X))/k((X))z0)

The bottom term has a pair of compatible coproducts (A& Amod)  The group
(G(k{({X))),®) acts by automorphisms of algebra-modules on the horizontal terms,
the associated arrow being equivariant. However, it does not have an action on the
bottom object in general but only on its module part; it is on this action that the
stabilizer group construction of [EF0] is based on.

When G = {1}, it was proved in [EF1, Part 2, §3] that the subalgebra k((Y))
of k((X)) is stable under the action of (G(k({(X))),®) on k({(X)). One can there-
fore construct the stabilizer group Stab(A%®)(k) of A with respect to the action
of (G(k{({X))),®) on Morﬂf;‘fg(k«Y»,k<<Y>>®2). By [EF2, §3.1], one then has the
inclusion® Stab(Amod)(k) C Stab(A%')(k).

Problem I. Generalise the stabilizer inclusion Stab(A™4)(k) C Stab(A¥®)(k) to
G # {1}.

Contents of Chapter 2 : De Rham formalism of the double shuffle theory

If G # {1}, the action of the group (G(k{(X))),®) on k((X)) by k-algebra automor-
phisms® ¥ — Ady oauty does not restrict to an action on the topological subalgebra
k((Y)). Indeed, let us provide a counterexample: since G # {1}, let g # 1 an element
of G. Let us set ¥ = exp([z1,z0]) € G(k((X))). We have

Ady o auty (z,) = Ut, (U Nyt (V)T

5More recently, Enriquez and Furusho showed in [EF4] that the two stabilizers are equal.
Swhere, for ¥ € G(k{(X))), the k-algebra automorphism auty is given in (1.7).

12
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Set u = Wt,(¥~1) and v = t,(¥)¥ 1. One checks that u € k((X))* and v € k((X)).
Therefore, one may use the fact that ([Yad, Lemma 2.16])

Yu € k(X)) Yo € k((X)), uzgv € k((Y)) <= v € k({Y)) (4)

in order to obtain that uz,v = Wt (P~ 1)z,t,(¥)P~! belongs to k((Y)) if and only
if v=1,(¥)¥!is in k((Y)). On the other hand, one has

ty (W)Ut = exp([zy, zo]) exp(—[z1, z0]) = 1 + [z, — 21, T0] + terms of order > 2.

The order 2 term has k((Y")) component equal to z¢(z1—x4) and k({(X))xo component
equal to (z, — x1)xo; the latter being non zero, t,(¥)¥ 1! is, therefore, not in k((Y))
which implies, by (4) again, that Wt (V1) zt, ()T~ ¢ k((Y)).

This situation forbids a direct generalisation of the result of [EF2]. Therefore,
solving Problem I comes down to solve the following

Problem II. Find a suitable algebra that contains k((Y)) and a group action of
(G(k{((X))),®) on that algebra that restricts to a subalgebra isomorphic to k({(Y))
with a free rank 1 action on k{(X))/k{(X))xo.

The wanted generalisation is obtained by introducing an algebra called the crossed
product algebra k({X)) x G (see Definition 2.1.4) which contains k((X)). In addition,
we develop a formalism on it which is parallel to Racinet’s as described in Chapter 2.
This constitutes the “de Rham” side of the double shuffle theory.

In this framework, the crossed product algebra is identified to a topological k-
algebra VgR defined by a presentation with generators and relations (see Proposi-

tion 2.1.9). Next, one constructs a subalgebra WgR of 9GDR isomorphic to the alge-
bra k{(Y)) (see Proposition 2.1.15) and a quotient module ./%R of the left regular
]A/GDR—module isomorphic to the module k{(X))/k({X))xo (see Proposition-Definition
2.1.25. (ii)). The algebra WER is equipped with a Hopf algebra coproduct EEV’DR
and the module //\/TgR is equipped with a compatible coalgebra coproduct ﬁgl’DR.

The group k* x G(k({X))) acts compatibly on the algebra ]A/GDR and on its regu-
lar left module. In contrast to the situation with k{(Y)) C k((X)), the action on

the algebra 17GDR restricts to the subalgebra V/VGDR7 while the action on the left regular

17GDR—module induces an action of the quotient module //\/TgR‘ This can be summarised
in the following diagram of algebra-modules

(id,—-1pr)

(VDR VDR) (VBR, MBPR)

]\(incl,id) (5)
(WER, M)

This situation allows us to define two stabilizers Stab(ﬁgA’DR)(k) and Stab(ﬁév’DR)(k)

which are subgroups of k* x G(k((X))). One shows that Stab(ﬁ‘g’DR)(k) is a gen-
eralisation of the stabilizer with the same notation defined in [EF2] for G = {1}. We
then have a generalisation of [EF2, Theorem 3.1]

13
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Theorem I (Theorem 2.3.5). We have Stab(ﬁgA’DR)(k) C Stab(&év’DR)(k) (inclu-
sion of subgroups of k* x G(k{{(X)))).

After that, we relate one of the above stabilizers to Racinet’s formalism

Theorem II (Theorem 2.3.9). We have Stab(&é’l’DR)(k) = k* x Stab(Amod)(k)
(equality of subgroups of k* x G(k{((X)))).

We then define an explicit group Stab(A28)(k) expressed purely in Racinet’s formal-
ism by working out the suitable isomorphisms and obtain

Theorem IIT (Theorem 2.3.21). We have Stab(ﬁév’DR)(k) = k* x Stab(A¥#)(k)
(equality of subgroups of k> x G(k{({X)))).

Contents of Chapter 3 : Betti formalism of the double shuffle theory

For G = {1} Enriquez and Furusho introduced a subscheme DMRP®® of DMR* and
proved it to be a torsor of isomorphisms relating “de Rham” and “Betti” objects. In
the last chapter, we denote by DMRY, the subscheme of DMR" generalizing DM RPR.B
in the case of a general G and prove an analogue of this result.

Let us first describe the “Betti” formalism introduced in [EF1] for G = {1}. It
is based on the filtered algebra VB, which denotes the group algebra over k of the
free group of rank 2 denoted F» with generators Xy and X; and equipped with the
filtration induced by the augmentation ideal. The completion VB is a topological
k-algebra which is identified with the topological algebra k((X)) by the isomorphism
X; — exp(z;) with ¢ € {0,1} (see [EF1, Part 2, §3.3]). Next, we have a Hopf algebra
(W\B, KW’B) which consists of a subalgebra WE of VB linearly generated by 1 € yB
and the left ideal generated by X; — 1. It is presented as an algebra with generators
X, X7h Y =—(Xo—1)" " Xo(X1 -1 and Y, = —(Xg ' = )" XXyt - 1)
for n € N*, with relation X1X1_1 = X_1X; = 1. In addition, we have a Hopf algebra
coproduct AWB B (17\73)@’2 given by

AWE(XE) = X' @ X and for n € N AP (vE) = vFe1+10 V54> eyt

k,leN*

ktl=n
Moreover, the topological k-algebra isomorphism VB — k((X)) restricts to a topolog-
ical k-algebra isomorphism W5 — k{({Y)) (see [EF1, Part 2, §3.3]). Finally, we have
a coalgebra (M\B, AM’B) which consists of a quotient module MB = 98/1713 (Xo—1)
isomorphic to W®, as a k-module (see [EF1, (2.1.1)]) together with a coalgebra
coproduct AMB compatible with the coproduct AW'B, Moreover, the topological
k-algebra isomorphism VB — k((X)) induces a topological k-module isomorphism
MP = k(X)) /K{(X) o

Problem III. For a finite cyclic group G, construct analogues of the Hopf algebra
(W\B,AW’B) and of the module-coalgebra (./\//TB, AMB),

Let N be the order of G. The solution of Problem III introduced in Chapter 3 is
based on the filtered algebra V5, which denotes the group algebra kF» equipped with

14
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the filtration induced by the ideal ker(kFy — kun); where kFy — kpuyy is the algebra
morphism induced by the group morphism Fy — pn given by Xy — eV and X — 1.
Its completion is the inverse limit of the projective system induced by the filtration
and is denoted V¥. It is a topological algebra isomorphic to VGDR (see Proposition-
Definition 3.1.9). Next, we define a filtered algebra W% which is linearly generated
by 1 € V& and the left ideal generated by X; — 1 and whose filtration is induced

by that of V]%. Its completion V/V]% is isomorphic to W\gR (see Proposition-Definition

3.1.16). We also define a filtered module MY, which consists of the quotient module
kF,/kFy (X — 1) and whose filtration is induced by that of V. Its completion M\z%
is isomorphic to //\/TCD,R (see Proposition-Definition 3.1.26). We then have compatible

Hopf algebra and coalgebra structures on V/\Z% and /\//T]% respectively thanks to the
following result

Theorem IV (Theorems 3.3.17 and 3.3.19). There exists a topological k-algebra
morphism KJV\}}’B : )7\/?, — (17\/?,@2 and a topological k-module morphism K?VA’B :
./T/l?, — (/T/Pﬁ,)@ that endows 17\/?, and ./T/l\]% respectively with compatible Hopf algebra
and coalgebra structures.

We deduce the following result

Theorem V. DMRY, is contained in the torsor of isomorphisms relating &}/\,V’B (resp.
A%’B) to AEV’DR (resp. Ag/[’DR).
Notation

Throughout this thesis, we consider for a commutative Q-algebra k, a k-algebra A,
an element = € A and a left A-module M the following:

o V. : M — M to be the k-module endomorphism defined by m — xm and if x is
invertible, then /¢, is an automorphism.

e 7 : A — A to be the k-module endomorphism defined by a — ax and if z is
invertible, then r, is an automorphism.

e Ad, : A — A to be the k-algebra automorphism defined by a — zaz™! with x
being invertible.
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The double shuffle torsor

Throughout this chapter, let G be a finite abelian group and k be a commutative
Q-algebra. We recall from [Rac] the basic formalism of the double shuffle theory, the
main ingredients being presented in §1.1. In §1.2, we introduce the double shuffle
group and we recall from [EF0] its stabilizer interpretation. Finally, we define the
double shuffle scheme and we recall its torsor structure under the action of the double
shuffle group.

1.1 Basic objects of Racinet’s formalism

1.1.1 The Hopf algebra (k((X)),A)
Proposition-Definition 1.1.1. Let us denote X := {zo} U {z4]g € G}.

(i) Let k(X) be the free noncommutative associative polynomial algebra with unit over
the alphabet X, including the empty word. It is graded with

deg(xo) = deg(zy) =1 for g € G.
(ii) Let k({X)) be the degree completion of the graded algebra kX(X). It is a complete
graded free noncommutative associative series algebra with unit over X.
Proof. See [Rac, §1.6]. O

Lemma 1.1.2. The algebra k((X)) is endowed with a Hopf algebra structure for
the coproduct A : k(X)) — k((X))®?, which is the unique morphism of topological

o~

k-algebras given by A(zy) =z, @1+ 1® x4, for any g € GU{0}.
Proof. See [Rac, §2.2.3]. O

Proposition-Definition 1.1.3. Let G(k{(X))) be the set of grouplike elements of
k{({(X)) for the coproduct A (see (1.6)). It is equipped with a group structure for the
product of the algebra k{((X)).

Proof. Immediate. O
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CHAPTER 1. THE DOUBLE SHUFFLE TORSOR

Proposition-Definition 1.1.4.

(1) The group G acts on the set X, the permutation t, corresponding to g € G being
given by tg(xo) = o, tg(xn) = xgn for h € G.

(i) The action t extends to an action by k-algebra automorphisms on k(X) which
will also be denoted g — tg.

Proof. See [Rac, §3.1.1]. O

Proposition 1.1.5.

(i) The group action t : G — Auty_a1s(k(X)) extends to a group action by k-algebra
automorphisms on k((X)) which will also be denoted g — t,.

(it) The action group t : G — Auty_aig(k((X))) restricts to a group action by Hopf
algebra automorphisms on (k((X)), A).

(iit) For any g € G, the k-algebra automorphism t, of k((X)) restricts to a group
automorphism of G(k{(X))).
Proof.
(i) See [Rac, §3.1.1].
(ii) It follows by checking on generators the identity Ao ty = t?z oA for any g € G.

(iii) It follows from (ii).

O
Lemma 1.1.6. Each word in X can be uniquely written
(xglxglx82x92 o 'xgrxgrxgrﬂ)T7"17---7nr+1€N :
g1,.-,9r€G
This family forms a k-module basis of k(X).
Proof. See [Rac, §2.2.7]. O
Proposition-Definition 1.1.7.
(i) Let q be the k-module automorphism of k(X) given by
a(zl ag 2l g, el ey, ap ) = R M PRI S
(1.1)

(i) The k-module automorphism q of k(X) extends to a topological k-module auto-
morphism of k({X)) which will be denoted q as well.

Proof. See [Rac, §2.2.7]. O
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1.1.2 The Hopf algebra (k((Y)), A®)
Proposition-Definition 1.1.8. For (n,g) € N* x G, set y, 4 1= nglxg, LetY :=
{Yn.gl(n,g) € N* x G}.

(i) Let kK(Y') be the free noncommutative associative polynomial algebra with unit
over the alphabet Y, including the empty word. It is graded such that for every
(n,g) € N* x G, the element y,, 4 is of degree n.

(i) Let k({Y)) be the degree completion of the graded algebra kK{(Y). It is a complete
graded free noncommutative associative series algebra with unit over the alphabet
Y.

Proof. See [Rac, §2.2.5] and [Rac, §1.6]. O
Lemma 1.1.9. The algebra k{{Y)) is equal to the topological k-subalgebra of k({X))
k & @ k((X))z,.

g€eG
Proof. See [Rac, §2.2.5], [Rac, §1.6] and [EF0, §2.2]. O
Proposition-Definition 1.1.10.
(i) Let qy the k-module automorphism of k(Y') given by

A (Unrgr Yneg,) = Ynio Vg gagt " Yoy g, (1.2)

(ii) The k-module automorphism qy of k(Y') extends to a topological k-module auto-
morphism of k{({Y)) which will be denoted qy as well.

Proof. See [Rac, §2.2.7.]. O

Proposition-Definition 1.1.11. The algebra k{{Y)) is endowed with a Hopf al-

gebra structure for the coproduct AYE : k((Y)) = (&((Y)))®?, called the harmonic
coproduct, which is the unique morphism of topological k-algebras given, for any
(n,g) e N* x G, by

n—1
A () = Ung @ L+ 1@ Yng+ D Yk @ Yn—kgh-1- (1.3)
e
Proof. See [Rac, §2.3.1]. O

Proposition 1.1.12.

(i) The group actiont : G — Auti_aig(k((X))) restricts to a group action by k-algebra
automorphisms on k((Y')) which will also be denoted g — t,.

(i) The group action t : G — Auty.ag(k((Y))) restricts to a group action by Hopf
algebra automorphisms on (k((Y)), A¥8).

Proof. Immediate. O
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CHAPTER 1. THE DOUBLE SHUFFLE TORSOR

1.1.3 The coalgebra (k((X))/k((X))zy, Amd)
Proposition-Definition 1.1.13.

(i) The graded quotient k-module k(X)/k(X)xo is a left k(Y )-module of rank 1.

(i1) The k-module morphism my : k(X) — k(X)/k(X)xzq is a surjective map and its
restriction to k(Y') is a bijective map.

Proof. See [Rac, §2.2.5] and [EF0, §2.2]. O
Proposition-Definition 1.1.14.

(i) The degree completion of the graded k-module k(X)/k(X)xq is identified with the
topological k-module quotient k({X))/k{(X))xo which is a left kK{({Y))-module of
rank 1.

(i) The k-module morphism my : k(X) — k(X)/k(X)xo extends to a topological k-
module morphism k({X)) — k({X))/k{{(X))xo which will also be denoted 7y . Its
restriction to k{({Y)) is a bijective map.

Proof. See [Rac, §2.2.5] and [Rac, §1.6]. O

Proposition-Definition 1.1.15.

(i) There exists a unique k-module automorphism q of k(X)/k(X)xy such that the
following diagram

k(X) —2 5 k(X)

,ryl l,w (1.4)

K(X) k(X0 —— K(X) k(X

commutes.

(i) The k-module automorphism q of k(X )/k(X)xq extends to a topological k-module
automorphism of k({X))/k{{X))xo which will be denonted q as well. It is such
that the following diagram

k(X)) ———— k(X))

ﬂyl lﬂy (1.5)

k{{X))/k((X))zo — k((X))/K({X))zo

commutes.
Proof.
(i) It follows from the fact that q preserves the submodule k{{X))x.

(ii) It follows from Proposition-Definition 1.1.7.(ii).
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1.2. THE DOUBLE SHUFFLE GROUP

O

Proposition-Definition 1.1.16. The k-module k{({(X))/k{(X))xo is endowed with
a cocommutative coassociative coalgebra structure for the coproduct

Ao k(X)) k(X))o — (k((X)) /K ((X))z0) 2,

which is the unique morphism of topological k-modules such that the following diagram

k(1) ——2 s (i)

y Jeo

() [l (Xm0 = (((X) k(X)) 20)

commutes.

Proof. 1t follows from Proposition-Definitions 1.1.11 and 1.1.14. O

1.2 The double shuffle group

1.2.1 The group (G(k((X))),®) and its actions

The group (G(k{((X))),®)

Recall that the set of grouplike elements of k({X)) for the coproduct A is
G(k((X))) = {¥ € k(X)) | A(¥) = ¥ & ¥}, (1.6)

Definition 1.2.1 ([EF0, §4.1.3] based on [Rac, §3.1.2]). For ¥ € G(k((X))), let auty
be the topological k-algebra automorphism of k({X)) given by

zo > xo and for g € G,z Ady (g-1)(7g). (1.7)

Definition 1.2.2 ([EF0, (5.15)] based on [Rac, (3.1.2.1)]). For ¥ € G(k((X))), let
S¢ to be the topological k-module automorphism of k({X)) given by

Sy = fly oauty. (1.8)

Lemma 1.2.3. For U € G(k((X))), the k-algebra automorphism auty is a Hopf
algebra automorphism of <k<<X>>, 3)

Proof. Both auty and A are k-algebra automorphisms. Therefore, thanks to Propo-
sition 1.1.5.(ii), one can check on generators that

Aocauty = (auty)®? o A, (1.9)

which is the wanted result. O
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CHAPTER 1. THE DOUBLE SHUFFLE TORSOR

Proposition-Definition 1.2.4 ([Rac, Proposition 3.1.6]). The pair (G(k{({X))), ®)
is a group, where for ¥, ® € G(k((X))),

U ® D= Sy(d). (1.10)

A proof of this claim is already available in Racinet’s paper, however, somes elements
of the proof will be used later on. Thus, we find it useful to rewrite it here. We will
then need this result

Lemma 1.2.5. For ¥, ® € G(k((X))), we have
(i) autyge = auty o aute; (i) Svee = Sw o So.

This, in turn, uses the following technical lemma
Lemma 1.2.6. For ¥ € G(k((X))) and g € G, we have auty oty =ty o auty.
Proof. Immediate, it is obtained by checking the identity on generators. O

Proof of Lemma 1.2.5. Tt is enough to prove the identity (i) on generators. Since for
U e G(k((X))) we have auty(ro) = zo, Identity (i) is immediately true for z. Then,
for g € G, we have

auty o aute(ry) = auty o Ady, (-1)(7g) = Adauey (1, (@-1)) © auty(zy)
= Adauty (1, (e-1)) © Ady, (9-1)(Tg) = Ady, (auty (@)1, (v-1)(Tg)

= Ady, (auty (@-1)w-1)(Tg) = Ady, (wes)-1)(Tg) = autwes(2g),

where the fourth equality is obtained by applying Lemma 1.2.6. This concludes the
proof of Identity (i). Finally, by using the latter, we get

Sy 0 Se =fy oauty o le o aute = g o Eaut\p(q)) oauty o autg

=lgauty (@) © AUty 0 aute = lyge 0 AUtyee = Svee,
thus, establishing Identity (ii). O

Proof of Proposition-Definition 1.2.4. From Lemma 1.2.3, we deduce that ® has its
image in G(k((X))). Next, thanks to Identity (ii) in Lemma 1.2.5, the product ® is
associative. Indeed, for ¥, ® and A € G(k{{X))), we have

(V®P)®A=Sugpa(A) =5 (5a(A) =Su(P@®A) =V ®(P®A).
Finally, the other group axioms being easy to check, this proves Proposition 1.2.4. [

Actions of the group (G(k{{X))),®) by automorphisms
Corollary 1.2.7.

(i) There is a group action of (G(k((X))),®) on k((X)) by topological k-algebra
automorphisms

(G(k((X))), ®) — AutiZyl, (k((X))), ¥ — auty. (1.11)
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1.2. THE DOUBLE SHUFFLE GROUP

(ii) There is a group action of (G(k{((X))),®) on k{((X)) by topological k-module
automorphisms

(G(k((X))),®) — Auti’oq(k((X))), ¥ +— Sy. (1.12)

Proof. This result is exactly Lemma 1.2.5. O

Next, we aim to give a group action of (G(k{(X))), ®) on the topological k-module
k{(X))/k{{X))xo which is compatible with its action S on k((X)). It is important
to notice that this action is not given by compatibility using 7y but by the following

Proposition-Definition 1.2.8 ([EF0, §5.4]). For U € G(k{({(X))), there is a unique
topological k-module automorphism Sy of k((X))/k({(X))zo such that the following
diagram

k((X)) &l k((X))
aOﬂYl \FOWY (1'13)
k{(X))/k{(X))zo 57 k{(X))/k{(X))zo

commutes.

Corollary 1.2.9. There is a group action of (G(k{({X))),®) on k({X))/k{{X))zo by
topological k-module automorphisms

(G(k((X))),®) — Autymod (K{(X))/k((X))xo), ¥ — S¥. (1.14)
Proof. We have
Sy o8y oqomy =8y oGomy oSy =qomy oSy oSp=qoTy o Sysas,
and, by uniqueness of the k-module automorphism S\¥®¢, we obtain

Y Y Y
S\I/ 9] S(b = SlIl@d)'

The cocycle I' and twisted actions

Definition 1.2.10. We denote
k<<X>> N k{words in a:o,(él’g)gEG}7v — ((v‘w))w

the map such that v =), (v|w)w (the empty word is equal to 1).

Definition 1.2.11 ([Rac, (3.2.1.2)]). Let I' : k((X)) — k[[z]]*, ¥ + ['y the function?
given by

Ty (z) = exp Z%(\Iﬂxg_lxl)x” : (1.15)

n>2

1This function is related to the classical gamma function as established in [Full], page 344 thanks
to [Dri90].
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CHAPTER 1. THE DOUBLE SHUFFLE TORSOR

Lemma 1.2.12. For ¥, ® € G(k{(X))), we have T'yge = T'yls.

Proof. Lemma 4.12 in [EF0] says that the map (—|z{ 'z1) : (G(k((X))),®) = (k,+)
is a group morphism, for any n € N*. The result is then obtained by straightforward
computations. O

Definition 1.2.13. For ¥ € G(k{(X))), let 'Sy be the topological k-module auto-
morphism of k({X))/k{(X))xo given by

sy .= lr—1 o Sy.

Il)

Corollary 1.2.14. There is a group action of (G(k{({X))),®) on k{({X))/k{{X))zo
by topological k-module automorphisms

(G(k((X))), ®) — AutiZioq (k((X))/k((X))z0), ¥+ TS, (1.16)
Proof. Follows from Corollary 1.2.9 and Lemma 1.2.12. O

The above automorphism is related to an automorphism introduced in [EFO0].

Proposition 1.2.15. For any ¥ € G(k{(X))), the k-module automorphism 'Sy is
equal to the k-module automorphism Sg(q,) with © : (G(k((X))),®) = (k{X)))™, ®)

being the group® morphism given by ([EF0, Proposition 4.13])
O(V) := Tyt (1) exp(—(¥|zp)zo). (1.17)
Proof. Let ¥ € G(k((X))) and v € k((X)). First, we have
Se(w)(v) = O(V)autew)(v) = Ty (21)V exp(—(¥|zo)zo)) aute ) (v)
Moreover, one can check on generators that
aute(w) = Adexp((¥|o)ao) © AULY-
Therefore, one obtains
Sew)(v) = F;l(xl)\llautq,(v) exp(—(Plzg)zg) = F;l(xl)Sq,(v) exp(—(Plzg)xo)
Consequently,
FSYy (@omy(v) =T (@)SY (domy (v) = Tg' (@) (@omv (Su(v)) )
=qomy (Ig'(21)Sw(v)) = qomy (Sew)(v)) -

This establishes the identity ©'SY = Sg(‘ll)’ thanks to Proposition-Definition 1.2.8. [

1.2.2 The group (DMRS (k), ®)

Proposition-Definition 1.2.16 ([Rac, Definition 3.2.1)). If G is a cyclic group, we
define® DMRS (k) to be the set of ¥ € G(k((X))) such that

2The product ® extends to a product on k{{X))*. See [EF0, Lemma 4.1] and [Rac, §3.1.2.].
3The notation DMR, used by Racinet, is for ”Double Mélange et Régularisation” which is French
for ”Double Shuffle and Regularisation”.
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(i) (¥]zg) = (¥]z1) = 0; (iii) If |G| € {1,2}, (¥]|zox1) = 0;
(i) Amed(T,) =T, @ U, ; (iv) If |G| > 3,Yg € G, (V|zy — x41) = 0;

where W, := g oy (Dg'(x1)¥) € k((X))/k((X))xo. The pair (DMRS (k),®) is a
subgroup of (G(k{((X))), ®).

Proof. See [Rac, Theorem IJ. O

Proposition-Definition 1.2.17. There is a group action of (G(k((X))),®) on the
k-module MorgZitag (K((X)) /K((X))w0, (&((X))/K((X))w0)*?) given by

v.D = ((CS®)  opo sy, 1.18
(s ¥ (1.18)

with ¥ € Ge{(X)) and D € MoriZitoy (X)) /KX)o, (X)) {(X))70) ).
Proof. 1t follows from Corollary 1.2.14. O

Definition 1.2.18 ([EF0, §5.4]). We denote Stab(&f“’d) (k) the stabilizer subgroup of
the coproduct Amed ¢ Mor{ont | (k((X))/k<<X>>mo, (k((X))/k<<X>>ac0)®2) for the
action (1.18). Namely,

Stab(A™0) (k) := {xp € G((X))) | (TSY) %% 0 Amed = Amed g Fsg} . (1.19)
Proposition 1.2.19. If G is a cylic group, we have

DMRS (k) = {¥ € Stab(A™%)(k) | (¥|zo) = (¥|z1) = O}. (1.20)

Proof. See [EF0, Theorem 1.2]. O

Remark. Since the condition (¥|z¢) = (¥|z1) = 0 defines a subgroup of (G(k{((X))), ®),
Proposition 1.2.19 then identifies DMR (k) with the intersection of two subgroups of

(G(k((X))), ®).

1.3 Torsor structure

1.3.1 Action of the group k*

Action of k* on k((X))

Definition 1.3.1. Let e be the group action of k* on k((X)) by k-algebra automor-
phisms given by

kX — Autiaig(K((X))); A— Xe—:x,— Az, for g € GU{0}. (1.21)
Lemma 1.3.2. The action e restricts to an action k* — Auty_popr(k{({(X)), ﬁ)

Proof. Immediate. O
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Lemma 1.3.3. For any g € G, we have
(Ao —)oty=tgo(he—)

Proof. Since all the morphisms are algebra morphisms, it is enough to check this
identity on generators. We have

(Ao —)oty(mo) = Axo = M g(T0) = ty(Az0) = t4(A @ 20)
and for h € G,

(Ao =) oty(zn) = Axgn = Atg(zh) = tg(Azp) = tg(A e xp).

Lemma 1.3.4. For any (A, ¥) € k* x G(k({(X))), we have
(i) (Ao —)oauty = autyey o (Ao —). (i) (Ao =)o Sy =Srewo(Ae—).

Proof. Let (A, ¥) € k* x G(k({(X))).

(i) Since all the morphisms are algebra morphisms, it is enough to check this identity
on generators. We have

(Ae—)oauty(xzg) = Aexg = Axg = Aautrew(Zg) = autrew(Azg) = autrew (A @ zp)
and for g € G,
(Ao —)oauty(zy) = (Ae—) o Ady,(w-1)(zg) = Adrer, (w-1) (A @ g)
= Ady, (rew-1)(A @ 7y) = autrew (N @ 7y),
where the third equality comes from Lemma 1.3.3.
(ii) We have

(Ae—)oSy=(Ne—)olgoauty =regp 0 (A e—)oauty

= lrew O AUty ey O (A @ —) = Syep 0 (Ao —),

where the second equality comes from the fact that A e — : k({X)) — k((X)) is
an algebra morphism and the third one from (i).

O

Proposition 1.3.5. For any A € k*, the map Ao — : k((X)) — k((X)) restricts to
a group automorphism of (G(k{({(X))),®).

Proof. Let A € k*. The fact that \ e — restricts to a map G(k{{X))) — G(k{({(X)))
comes from Proposition 1.3.2. Let ¥, ® € G(k((X))). We have that

Ae(U@DP)=X0Sy(D) =Srev(AeP)=(Ne V)@ (Aed)
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where the second equality comes from Lemma 1.3.4.(ii). This proves that A e — is a
group endomorphism of (G(k({X))),®). This endomorphism is injective. Indeed, let
U € G(k((X))) such that A ¢ U = 1. Since A e — : k({X)) — k((X)) is an algebra
isomorphism it immediately follows that ¥ = 1.

Now, let ® € G(k({X))). Since A e — : k((X)) — k((X)) is surjective, there exists
U € k((X)) such that A ¢ ¥ = &. Since ® € G(k({X))), we obtain that

AXel)=(Nel)® (Ao ).
Moreover, thanks to Lemma 1.3.2, we obtain
Ao )220 A(T) = AXe W) = (Ao —)¥2(U® T).
Finally, by injectivity of A @ — : k({X)) — k({X)), we obtain that A(W) =0 ®

and then ¥ € G(k((X))). This implies that A ¢ — : G(k({X))) — G(k{((X))) i

surjective.

o Oz =

Definition 1.3.6. We denote k* x G(k((X))) the semi-direct product of k* an
G(k({(X))) with respect to the action given in Proposition 1.3.5. It consists of the set
k* x G(k{{X))) endowed with a group law which will also be denoted ® and we have

for (A, ), (v, ®) € k* x G(k((X))),
AND)® (1, @) := (A, T ® (Ao D)). (1.22)
A semi-direct product stabilizer
Lemma 1.3.7. For (A\,¥) € k* x G(k((X))), we have Tyep = A0 T'y.
Proof. Tt follows from the identity (A ® ¥|z{ 'z;) = \(U|2l ;) with n € N*. O

Lemma 1.3.8. The action e induces an action of k* on k{((X))/k{((X))xo, which
will also be denoted e.

Proof. This comes from the fact that for any A € k*, the map A e — preserves the
submodule k{({X))x. O

Proposition-Definition 1.3.9. There is a group action of k* x G(k{(X))) on
k(X)) /k{(X))xo by topological k-module automorphisms

“ ) G(k((X))) — Autidioq k(X)) /k((X))z0), (A, ¥) — TSy o(Ae—). (1.23)
Proof. 1t follows from Corollary 1.2.14 and Lemma 1.3.7. O

Proposition-Definition 1.3.10. There is a group action of k™ x G(k{({X))) on the

k-module Morihtoq (K((X)) /K (X))o, (k((X)) k(X)) **) by

(\U)-D = ((FS\{ o(Ae —))®2>71 oDo Sy o(Ne—), (1.24)

with (A, ¥) € k*xG(k((X))) and D € MoriZhta(k((X))/k((X))zo, (k((X))/k((X))z0)®*).
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Proof. 1t follows from Proposition-Definition 1.3.9. O

Definition 1.3.11. We denote Stab.(ﬁf“)d)(k) the stabilizer subgroup of the co-
product Amod e Moro™ | (k<<X>> Tk (X))o, (k((X)) /k<<X>>a:0)®2) for the action
(1.24). Namely,

Stab (A7) (k) = { (A, W) € k* x G(K((X)))|

~ ~ 1.25
(FS}D/ o(Ae —))®2 o Amed — Amod FS}D] o(Ae—) } ( )
Proposition 1.3.12. Stab.(ﬁf“’d)(k) =k* x Stab(ﬁfwd)(k) (equality of subgroups
of k* x G(k((X)))).

It is a consequence of the following general lemma

Lemma 1.3.13. Let us consider the semidirect product group H x R. If K is a
subgroup of H X R containing H, then

K =Hx (KNR).

Proof of Proposition 1.3.12. We use Lemma 1.3.13 with H = k*, R = G(k{(X)))
and K = Stabe(AT°4)(k). We have that

K N R = Staby (A™)(k) N G(k((X))) = Stab(A™°) (k).

Since A4 is compatible with the degree, Stab.(ﬁfmd)(k) contains k*. Therefore,
the condition of Lemma 1.3.13 is met and the result then follows. O

1.3.2 The torsor DMR!, (k)
Throughout this part, let us suppose that the finite abelian group G is cyclic.

Definition 1.3.14 ([Rac, Definition 3.2.1]). Let A € k and ¢ : G — C* be a group
embedding. We define DMR} (k) to be the set of ¥ € G(k((X))) such that

(i) (¥|zo) = (V]zy) = 0; (ii) If |G| € {1,2}, (U|zoar) = —27;

(i) Ard(v,) = 0, © U, () 1G] = 3, (Wloy, =, ) = S92

(v) For k € {1,...,|G|/2}, (\1/|ng - zg;k) = 6% (\mxm - ;pg:l).

i

P27
|G

) and U, :=qomy (F;l(xl)‘ll) € k{({(X))/k{{X))xo.
Remark. DMR; (k) is a non-empty set thanks to [Rac, §3.2.3].

where g, = 171 (e

Remark. If |G| € {1,2}, the embedding ¢ is unique; and if |G| > 3, for A = 0, the
condition (iv) does not depend of the choice of ¢. For this reason, the set DMR (k) is
denoted DMRS (k) instead (see Proposition-Definition 1.2.16).

Proposition 1.3.15. Let A € k and ¢ : G — C* be a group embedding. The group
(DMRS (k), ®) acts freely and transitively on DMRS (K) by left multiplication ®.
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Proof. See [Rac, Theorem IJ. O

Proposition 1.3.16. For any A € k*, the group automorphism Ae— of (G(k{(X))), ®)
. . €]
restricts to a group automorphism of (DMRy (k), ®).

Proof. This follows from Proposition 1.3.5 and immediate computations. O

Definition 1.3.17. We denote k* x DMR (k) the semi-direct product of k* and
DMRY (k) with respect to the action given in Proposition 1.3.16. It is a subgroup of
ko G(k((X)))-

Proposition 1.3.18. We have
k* x DMRS (k) = {(\, ¥) € k* x Stab(A™°Y)(K) | (U|zo) = (¥|z1) =0}.  (1.26)
Proof. Tt follows from Proposition 1.2.19. O
Definition 1.3.19. Let ¢ : G — C* be a group embedding. We define
DMR: (k) := {(A\, ) e k* x G(k{(X))) | ¥ € DMR} (k)}. (1.27)

Proposition 1.3.20. Let + : G — C* be a group embedding. The group k* x
DMRY (k) acts freely and transitively on DMRY, (K) by left multiplication ®.

Proof. Since the action of the group k* x G(k({(X))) on the set k* x G(k((X))) by
left multiplication ® is free, so is its restriction to the action of k* x DMRS (k) on
DMRY (k). Let us show the transitivity. Let (A, ¥) and (v,®) € DMR (k). Set
p = Av~l. Tt follows that ;e ® € DMR, (k). Thanks to Proposition 1.3.15, the
action of the group (DMRS (k),®) on DMR (k) is transitive, therefore, there exists
A € DMRY (k) such that A ® (e ®) = U. Thus (1, A) € k* x DMR (k) is such that

(b, A) @ (v, ®) = (A, V),

which proves the transitivity. O
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The de Rham formalism of
the double shuflle theory

Throughout this chapter, let G be a finite abelian group and k be a commutative
Q-algebra. We construct a crossed product version of the double shuffle formalism.
The relevant algebras and modules are introduced in §2.1 : (i) an algebra VOR defined
by generators and relations, which is then identified with a crossed product algebra
involving Racinet’s formal series algebra k((X)); (ii) a Hopf algebra (@R, AZV’DR)
isomorphic to the Hopf algebra (k((Y)), ﬁilg), where W\gR is a subalgebra of 17GDR; (iii)
a coalgebra (//\/\lgR, EgA’DR) isomorphic to the coalgebra (k({X))/k{(X))zo, ﬁfwd),
where //\/TgR has a 17GDR—module structure inducing a free rank one W\GDR—module struc-
ture on it, compatible with the coproducts AEV’DR and ggl’DR. In §2.2, we construct
actions of the group k* x G(k{({X))) on these objects by algebra and module automor-
phisms. This leads us in §2.3 to define the stabilizer groups of the coproducts ﬁév’DR

and KJGM’DR and show in Theorem 2.3.5 that the stabilizer of the latter is included
in the stabilizer of the former. Finally, we translate this inclusion of stabilizers into
Racinet’s formalism as stated in Corollary 2.3.22.

2.1 Algebras and modules
2.1.1 Some results on algebra-modules
Definition 2.1.1.

e We denote k-mod the category of k-modules.

e We denote k-alg the category of k-algebras.

o We denote k-alg-mod the category of pairs (A, M) where A is a k-algebra and M
is a left A-module.

o We consider k-alg-mod — k-alg x k-mod the forgetful functor.
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This forgetful functor induces an inclusion
Auty alg-mod (A4, M) C Auti alg(A) X Autimod(M).
Definition 2.1.2.
o We denote k-coalg the category of coassociative cocommutative k-coalgebras.
e We denote k-Hopf the category of k-Hopf algebras.
+ We denote k-HAMC the category of pairs ((4, A%), (M, AM)) where (4, A%) is a
Hopf algebra and (M, AM) is a coassociative cocommutative coalgebra equipped

with a left A-module structure such that for (a,m) € A x M,

AM (am) = A (a) AM (m).

e We consider the forgetful functors
k-alg-mod < k-HAMC — k-coalg x k-Hopf

and
k-Hopf ——— k-alg

| !

k-coalg ——— k-mod

The previous forgetful functors induce the following inclusions

Auticalg-mod (A, M) D Autienamc((4, A%), (M, AM))
M
Autk_Hopf(A, AA) X Autk_coalg(M, A]VI)

and
Autk_coalg(M, A]w) C Autk_mod(M) and Autk_Hopf(A, AA) C Autk_alg(A).

Proposition 2.1.3 ([EF3, Lemma 3.20]). Let ((4,A%), (M,AM)) be an object in
the category k-HAMC. Let H be a group such that there exists a group morphism
(o, f) : H— Auti_alg-mod (A, M). We have the following inclusions of subgroups of H

fﬁl(AUtk—coalg(Ma AM)) D) (90) f)il(Autk—HAMC((Av AA)) (Ma AM)))
N (2.1)
o (Aut mope (A4, A4)).
Moreover, if M is a left A-module of rank 1 generated by e such that AM (e) € (A®?)*.

e®?, then
FH(Auty-conlg (M, AM)) € o7 (Autic_gopt (A, A%)). (2.2)
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Proof. Let h € (o, f)" (Auticpamc((A4, A4), (M, AM))). This is equivalent to

(n, fn) == (@, F)(h) € Auticnamc((4, A%), (M, AM)).

Then ¢y, = @(h) € Autk_Hopf(A,AA) and f, = f(h) € Autkcoalg(M, AM). Thus, we
obtain the inclusions (2.1).

Now, let us assume that M is a left A-module of rank 1 with generator e. Thanks to
(2.1), the statement (2.2) can be proved by showing that

FH (Auticcontg (M, AM)) C (g, f)H (Auticnamc((4, A7), (M, AM))).

Let h € f~1(Autk coalg(M, AM)) such that (pn, fr) € Autkalgmod(A4, M) and a € A.
We have
DA% a) 22 (AM(e) = f2(AN @) AM (e) = f2(AM (ae)) = AN (fu(ae))
= AM(pn(a) fu(e)) = A% (pn(a)) AM (fu(e))
= A (en(a)) [P2(AM (e)), (2.3)

where the first and fourth equalities come from the fact that (¢p, fz) is an automor-
phism of k-alg-mod, the second and fifth ones from the compatibility of coproducts
A4 and AM and the third and sixth one from the fact that f), € Attty coalg (M, AM).
Then, since AM(e) is a generator of the A®2-module M®?, we have

PAAM () € P ((A%2)7e®%) = PR ((A%)7) [F2(eP) C (A%2) fu(e)®? = (4%%)% 72,

where the last equality comes from the fact that f,(e) € A*e and the fact that the
map A X A - A® A induces a map A* x A* — (A® A)*. Thus, we obtain from

(2.3) that
i (A% () = A% (pn(a)).

2.1.2 The algebra V2R

Crossed product algebra

Definition 2.1.4. Let A be a k-algebra such that the group G acts on A by k-algebra
automorphisms. Let us denote G x A 3 (g,a) — a9 € A this action. The crossed
product algebra of the k-algebra A by the group G denoted A x G is the k-algebra
(A ® kG, *) where * is the product given by

Slaeg S ueh =3 3 ab|ok (24)

geqG heG keG \ g,heG|gh=k

for ag, b, € A with g € G ([Bou07, Chapter 3, Page 180, Exercise 11]).

Proposition 2.1.5 (Universal property of the crossed product algebra). For any k-
algebra B, there is a natural bijection between the set Mork_a1(A X G, B) and the set
of pairs (f,7) € Mork_aig(A4, B) X Morg,,(G, B*) such that f(a?) = 7(g)f(a)T(9)".
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Proof. Indeed, given a k-algebra morphism 5 : A x G — B we consider:
o The k-algebra morphism f: A — B given for any a € A by f(a) = 8(a ® 1);
e The group morphism 7 : G — B* given for any g € G by 7(9) = 8(1 ® g).
These morphisms verify:
T(9)f(a)T(g7") =p(1® g)Bla1)f(le g™ ") = (1@ g) * (a® 1) x(1®g™"))
=B((a’ @ g) x (1@ g™ ")) = Bla’ ®1) = f(a?).

This shows that the map S — (f,7) is well-defined. Now let us define a converse
map in order to get a bijection. Given any pair (f,7) of morphisms satisfying the
conditions of the proposition, we set 8 : a®g — f(a)7(g) for any a® g € Ax G. This
is a k-algebra morphism. Indeed, for any a ® gand b®@ h € A x G
Ala®g) (b h)) =p(ab? @ gh) = f(ab?)T(gh) = f(a)f(b7)7(g)7(h)
=f(a)7(9)f(0)7(9) " 7(9)7(h) = f(a)T(9)f(b)7(R)
=B(a @ g)B(b & h).

Thus the map (f,7) — § is also well-defined. Finally, one can easily check that the
composition of the two maps on both sides gives the identity. O

The graded algebra VOR

Definition 2.1.6. Let VGDR be the graded algebra generated by {eg,e1} U G where
ep and e are of degree 1 and elements g € G are of degree 0 satisfying the relations:

(i) g x h = gh; (i) 1=1¢; (i) g x eg = €0 X g;
for any g, h € G; where “x” is the algebra multiplication?.

Recall that g — t, defines an action of G on k(X) by k-algebra automorphisms
(see Proposition-Definition 1.1.4. (ii)). We can then consider the crossed product
algebra k(X) x G for this action.

Proposition 2.1.7.

(i) There is a unique k-algebra morphism « : VGDR — k(X) %G such that eg — 2o ®1,
e1— —r1®landg—1®g.

(i) There is a unique k-algebra morphism 3 : k(X) x G — VER such that 1o ®1 — eg
and for g€ G, x, @1+ —ge1g™ and 1 @ g — g.

(iii) The morphisms a and 8 given respectively in (i) and (ii) are isomorphisms which
are inverse of one another.

Proof.

!The notation e and e; is inspired by [EF1] which in turn is inspired by [DT].
2which we will no longer denote if there is no risk of ambiguity.
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(i)

(i)

(iii)

We verify that the images by the morphism « of the generators of VgR satisfy
the relations of VOR.

o Forg,h € G, alg)xa(h)=(1®g)*x(1®h)=1t,(1) ® gh =1 & gh = a(gh);

. (lg) =1®1¢g —Oz(l),

e Forge G,a(g)*alen) =(1®g) *(xo®1) = 1t4(x0) ® g = 29 ® g. On the
other hand, we have «( =) x(1®g)=z0t1(1) ®g=120®g.
Thus a(g) * aleg) = a(eg)

First, since for any g € G, the element —ge g~ ' is of degree 1, there is a unique

k-algebra morphism f : k(X) — VO such that xg — eq, 2, — —ge1g~1. Second,
there is a unique group morphism 7 : G — (VER)* given by g — g. Next, for any
g € G, the maps k(X) — VOR defined by a — f(t4(a)) and a — 7(g) f(a)7(g)~"
are k-algebra morphisms that are equal by restriction on generators z, (h €
{0} UG) of k(X). Indeed,

7(9)f(0)T(9) " = geog™' =eogg™" =eo = f(x0) = f(tg(x0)),

and for h € G,

7(9)f(zn)7(9) " = g(—herh™")g™' = —ghei(gh) ™" = f(xgn) = f(ty(xn)).

We then have for any g € G and any a € k(X), f(t,(a)) = 7(9)f(a)T(g)~ .
Finally, according to the universal property of crossed products the pair (f,7)
gives a unique k-algebra morphism 3 : k(X) x G — VB8R a® g — f(a)7(9)
which verifies f(zo ® 1) = f(z0)7(1) = e, Blzy®1) = f(xg) 7(1) = —ge1g~ ! and
Bl®g)=f()7(g9) =g, forgeG.

It is enough to show that the compositions of a and 8 gives the identity. First,
since S o« : VGR — V , it is enough to compute it on generators. We have
o 29®@1—ep,e1——r1®@1—e;andg—1R0g—g. Thus,@oa:idVGDR.
For the converse, we show that a o 8 € Mork..is (k(X) % G, k(X) x G) and the
identity of k(X) x G have the same image via the bijection of the universal
property of crossed products. The image of the identity is the pair

fia:a—a®land 1ig(g) =1 ®g.

Next, let us compute the image of a o . The k-algebra morphism f is given for
any a € k(X) by
fla)=aocpBla®l).

Since it is a k-algebra morphism, it is enough to determine it on z,4, g € {0} UG.
We have
f(x0) = aoB(zo®1) =ale) =10 ® 1,

and for g € G,

flzg) =aoB(zy®1) =a(—gerg™") = —a(g) * aler) x (g™ ")
—(1log* (@) x(10g ") =(ty(z1)@g)x(1og ") =z, 1.
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We then deduce that for any a € k(X), f(a) = a ® 1. Next, the group morphism

7:G — (k(X) x G)* is given for any g € G by

T(g)=aof(l®g) =a(g) =1®g.

Finally, by uniqueness of the images we conclude that a0 8 = idyx)xa-

The complete graded algebra lng

Definition 2.1.8. Let IA/GDR be the degree completion of the algebra VGDR. It is a

complete graded topological algebra.

Recall that g — ¢, defines an action of G on k{((X)) by k-algebra automorphisms (see
Proposition 1.1.5). We can then consider the crossed product algebra k({(X)) x G for
this action. One checks that k((X)) x G is the degree completion of k(X) x G. We

have

Proposition 2.1.9. Let 3 : k((X)) x G — IA}gR be the degree completion of the k-
algebra isomorphism B : k(X) x G — VGDR. It is a topological k-algebra isomorphism.

Proof. The comes from the fact that the isomorphism 8 : k(X) x G — V2R is

homogeneous for the degree.

2.1.3 The Hopf algebra (WER, AP

The graded subalgebra WGDR

Definition 2.1.10. Let WGDR be the graded k-subalgebra of VGDR given by
WER .=k @ VORe,.

Proposition 2.1.11. The k-subalgebra WER is freely generated by the family

Z ={zny = —ey 'gei|(n,g) € N* x G},
with deg(z,,q) = n.
In order to prove this proposition, we use the following Lemma:
Lemma 2.1.12.
(i) The family

n;—1 L ne—1 npp1—1
(60 giei---€y  grei€y Ir+1 ) reNng,...,npq1 N,
g1,e9r+1€G

is a basis of the k-module VEX.

(i) The family

ni—1 ny—1 Npy1—1
{1tu (eo gieir- €y gr€ify 9r+1€1 | reNna,...;np mpq 1 ENT,
gi,--39r:9r+1€G

is a basis of the k-module WER.

O
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Proof.

(i)

Since the family

_q\rni—1 L ne—1 Npp1—1
(( D'wg' ™ g, Ty Xgyng, T reNny,...,np 1 EN*,

gl)'~~7g'V'EG
is a basis of the k-module k(X), it follows that the family
1 r_ni—1 n,—1 Npy1—1
<_ ) :,CO :L'gl ~.~{L'O ;L‘gl...grl‘o ®gll..g’l"g'r‘+1 TEN,n1,~--,nT+leN*7
gi,--,9r+1€G

is a basis of the k-module k(X) ® kG. Thus, its image by the bijection 8 defined

in Proposition 2.1.7.(ii) is a basis of VOR. Moreover, for r € N, nq,...,n,41 € N*
and ¢g1,...,9r+1 € G, we have
—1 o1 rp1—1
ag' T gy TG g, Ty @ gL GrGr1 = (2.5)

(l’glil X 1) * (xgl Y 1) Fooeok (xg,«fl ® 1) * (xgl'“gr ® 1)*
@ @D (1@ g)x e x (10g,) * (18 grra).
Then

ﬂ((_l)r‘rgl_lxgl e x87‘_1x91“'9r1’gr+171 & g1 grgr+1) (2'6)
= (-1)"Bag ' @ 1)B(xg, ® 1) Blaf ™ ©1)B(wgy.g, ® 1)
Blai e 1)1 g) -1 g)B(1 &R gria)

—1 nyp1—1
€o

ni—1 —1 n,—1 —1
gieigy, €y "g1-:-Gr€1gy - gr

=€y 91 9r9r+1

. n1—1 ’I’L7.—1

—1 —1 Npp1—1 —1 —1
=€ gier € g1 " Gr_191 " Gr-19r€1€g 91 " 9r 91 Grgr41

=gl grer el grerey ™ gy,
where the first equality comes from (2.5) and the fact that 3 : k(X) x G — VER is
a k-algebra morphism. The second equality is obtained by computing the images
of appropriate elements by 5. The third equality is a consequence of the equality
geg = egg for any g € G and the last one comes from the fact that the group G
is abelian.

First, W2 is the image of the k-module morphism k & VOR — VOR (A v)
A+ wvey. Second, according to (i), the family

ni1—1 ny—1 npp1—1
(17 0)7 (07 € gi€1- - €y gr€1€g g”‘Jrl)7-6N,n1,...,nT,nr+1EN*,
915--19rsgr+1€G

is a basis of the k-module k & VER. Moreover, the image of this basis by this
k-module morphism is the family

ny—1 ny—1 npy1—1
{1} U (60 giei--- €y gréi1€g gr+1€1 reN,ny,...,np,npp1 ENY,
91,--,9r:gr+1€G

which is free since it is contained in a basis of the target. This implies that this
family is a basis of the image of the previous morphism which is WER.
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O

Proof of Proposition 2.1.11. Let k(Z) be the free algebra over Z whose elements z, 4
((n,g) € N* x Q) are seen as free variables with deg(z,, 4) = n. Then there is a unique
k-algebra morphism k(Z) — WER given by z, , — —egflgel. Let us show that it is
an isomorphism. The free k-module k(Z) has basis

{1} U (an,{h e znr+1ygr+1)rEN,n17...,nr+1EN*
g1,e9r+1E€G

and, as a k-module, WGDR has basis

ny—1 Npg1—1
{1}U (60 gi€éi1 - €gy g"‘+161)TEN,nl,...,nrJrlEN*,
g1y, 9r+1€G

thanks to Lemma 2.1.12.(ii). One computes the image by 2, , — —el 'ge; of the
former basis and finds it to be equal to the latter basis. Therefore, 2, , — —ef ™ 'ge;
induces a bijection between the two basis - up to appropriate signs - and then a bijec-
tion between k(Z) and WER. Hence, z, 4 — —efl "' ge; is a k-algebra isomorphism
between k(Z) and WRR. O

Remark. By abuse of notation, we will identify elements of WER with elements of
k(Z) by the k-algebra isomorphism z, , — feg_lgel.

Corollary 2.1.13. There exists a unique k-algebra isomorphism w : k(Y') — WER
given by
Yn,g —> Zn,g, for (n,g) € N* x G,

Proof. 1t is a consequence of Proposition 2.1.11. O

The Hopf algebra (V/VDR, AEV’DR)

Proposition-Definition 2.1.14. Let VVER be the degree completion of the graded
k-algebra WGDR. It is a topological graded k-algebra isomorphic to the topological

k-subalgebra of VGDR given by k & 9GDR61.
Proof. Immediate. =

Proposition 2.1.15. The k-algebra isomorphism w : k(Y) — WER extends to a
topological k-algebra isomorphism @ : k((Y)) — WgR.

Proof. Tt follows from Proposition 2.1.11 and then we proceed by degree completion.
O

Proposition-Definition 2.1.16. There exists a unique topological k-algebra mor-
phism AéV’DR : W\gR — (VV}?R)@’Q such that for any (n,g) € N* x G

n—1

31C/J\]7]DR(2:7L,9) = Zn,g ®1+1® Zn,g + Z Zih & Zn—k,gh—1- (27)

k=1
heG

The algebra WGDR is then equipped with a Hopf algebra structure whose coproduct is
AW.DR
-
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Corollary 2.1.17. The topological k-algebra isomorphism <o : k{({Y)) — W/\E,R is an
isomorphism of Hopf algebras (k((Y)), AT¥) and (WE", Ag""F).

Proof. 1t follows from Proposition-Definition 2.1.16. O

2.1.4 The coalgebra (MBR, AXPR)
The graded module M2R

Definition 2.1.18. Let M2F be the graded k-module given by
MER = VGDR/ (VGDReo + Z VER(g - 1))
geG
Proposition 2.1.19.
(i) The quotient MER is a VOR-module and, by restriction, a WER-module.
(7i) Let 1pr be the class of 1 € VGDR n MgR. The map — - 1pR : VER — /\/lgR s a

surjective k-module morphism with kernel Vo eq + Z VER(g—1).
geG

Proof. Immediate. O

Proposition 2.1.20. There exists a k-module isomorphism r : k(X)/k(X)zy —
MBER uniquely determined by the condition that the diagram

k<X> Bo(—®1) VgR

”J }-hm (2.8)

k(X)/k(X)zg —F— MBR
commutes.

We will prove this proposition by using the following general lemma. In this lemma,
for any k-module M and any submodule M, let us denote can(M, M') : M — M /M’
the canonical projection.

Lemma 2.1.21. Let f: M — N a k-module morphism. Let M' a submodule of M
and N', N" two submodules of N such that

() (M) C N' C f(M') + N" and,
(i) can(N,N")o f: M — N/N" is a k-module isomorphism.

Then, there is a unique k-module morphism f : M/M' — N/(N'+ N") such that the
diagram
M—' N

can(M,M')l lcan(N,N’qLN”) (29)
M/M' —— N/(N'+N")

commutes. Moreover, f is a k-module isomorphism.
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Proof. Thanks to ((i)), f(M’) € N’. This implies that f(M')+ N"” C N'+ N". From
((i)) again, we have N’ C f(M’) + N”. This implies that N' + N” C f(M') + N".
Therefore

F(M')+ N" = N' + N". (2.10)

Next, from ((ii)), we have that can(N,N")o f: M — N — N/N" is an isomorphism.
One checks that it restricts to an isomorphism from M’ to (f(M')+ N")/N". Thanks
to equality (2.10), this yields an isomorphism from M’ to (N’ 4+ N"")/N". This allows
us to construct a unique k-module morphism f : M/M' — (N/N")/((N' + N")/N")
such that the lower square of the following diagram

can(N,N"")of s
/ ( )ofing (N/+N//)/N//

Y can(N,N")of N/N// (2-11)
can(M,M')l lcan(N/N”,(N’JrN”)/N”)
M/M" —— (N/N")/((N"+ N")/N")

commutes. Moreover, since can(N,N”)o f : M — N/N" is an isomorphism, so
is f: M/M' — (N/N")/((N' + N")/N"). Finally, we construct an isomorphism
f:M/M — N/(N'+ N") by composing f with the inverse map (N/N")/((N’ +
N")/N") ~ N/(N' + N") given by the third isomorphism theorem. Thanks to Dia-
gram (2.11), the isomorphism f : M/M’ — N/(N’ + N") is such that Diagram (2.9)
commutes. O

Proof of Proposition 2.1.20. This is done by application of Lemma 2.1.21 for M =
k(X), N = VgR, M’ = k(X)zg, N' = VgRey, N" =3 V8% (g—1) and f =
Bo(—®1). It, therefore, suffices to prove that criteria f(l)) and ((ii)) of Lemma
2.1.21 are satisfied.

Criterion (i) 8(k(X)zo® 1) C VOReo C B(k(X)zo® 1) + pppe VOR(g —1).
For the first inclusion, we have for any a € k(X)

Blazo @ 1) = fla®1)B(zo @ 1) = Bla® 1)ey € VETe.

Therefore, B(k(X)zo ® 1) C VIR
For the second inclusion, by using the basis of VGR described in Lemma 2.1.12. (i),

we have for r € N, nq,...,n,41 € N* and g1,...,6-41 € G,
(681719161 o egﬁlgrelegwl_lgrﬂ) €0 = 631719161 e egrflgrelegrﬂgﬂrl
= (_1)Tﬁ(x”1 Vg al g g T @ g1 grgn)
(( ny— 1 'l‘OT 11.91 gnyTJrl 1) a:0®1) g1 Ggr+1
(( o' le eagt 1x91 .70 1) o & 1)
(( n1—1, -xg"’ lzgl grxgﬂ'l 1) Ty ® 1) (91 gr41 — 1),
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where the first equality comes from the relation gey = egg for any g € G; the second
one from computation (2.6) and the third one from the fact that azo ® ¢ = (azo @
1)*(1®g) for any a € k(X) and any g € G. Finally, the last equality shows that we
obtain an element of S(k(X)zo ® 1)+ ¢ VOR(g — 1), thus proving the claimed
inclusion.

Criterion (ii) can(VGDR, VER(g — 1)) ofo(—@1): k(X) = VGDR/ S VER(g — 1)
9eq geG

is an isomorphism.

Let us consider the commutative diagram

k(X)® @kG —— k(X) kG

geG

eeac(k()Q ®kG) — k(X)) kG (2.12)
| PDs Jﬁ

DR DR
4>
GBGVG VG
ge

where the top horizontal arrow is the tensor product of the identity and the k-module
morphism

DKG — kG, (hg)gec — > hglg 1),

geG geG

and the bottom horizontal arrow is the k-module morphism

@VGDR — Ve, (vg)gec — ng(g - 1).

geG geG

Since the vertical arrows are isomorphisms, they induce an isomorphism beteween the
cokernels of the top and bottom morphisms. We can then extend the above diagram
in the following way

k(X) ® PkG ——— k(X) @ kG —— coker(k(X) ® @DKG — k(X) @ kG)

geEG geG
G}G (k(X) @ kG) — k(X) @ kG (2.13)
IS
@Bl Jﬁ
geG
@ VER VOR coker( pver — VgR)
geG geG

On the other hand, we have

Coker( et - VGDR) = VGDR/ > Vet -1).

geG geG
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and

coker(@ka s kG) kG / Y kG(g-1) ~k
geG geG
Therefore

coker(k(X) @D, e kG = k(X) ® kG) ~k(X)® coker(@kG — kG)
geG
~k(X) @k ~k(X).

Thus, the isomorphism between cokernels establishes that k(X) is isomorphic to
VGDR/ > gec VOR(g — 1). Moreover, thanks to the commutativity of diagram (2.13),

this isomorphism is exactly can (VgR, S VER(g - 1)) ofo(—®1).

geqG

Corollary 2.1.22.

(i) The following diagram

K(Y) ——= 5 WOR
WYJ i—-lDR (2.14)

Koq

commutes.

(i) The map — - 1pr : WER — MBR is a k-module isomorphism and MBR is free of
rank 1 as a WER-module.

Proof.

(i) One needs to show the equality of two maps from k(Y') to M2R. Since these maps
are both k-module morphisms, it is enough to show the equality of the images of
the elements of a basis of the source module. Such a basis is

(yn1,gl e ynTgT)reN,nl,...,nTEN*, )
g1,--,9r€G

thanks to [Rac, §2.2.7.]. For r € N, ny,...,n, € N and ¢1,...,¢9, € G we have

—-lpro w(ynhgl T ynmgr) = Zni,g1 " Rng,ge Ipr-

On the other hand,

nyi—1 ny—1
To' T Ty, 2t Xy,

711‘91...91, (9 1) . 1DR

K Oq_l © WY(ynl,gl "'ynr,gr) =K
=0
(

ni—1 n,—1 —1 —1
_l)reol glel "'60 grelgl ...gr . IDR

(
(a5~

Ny
oo Tgr Lo

= (—eg* 'grer) - (—egn

= Zni,91 " Rng,gr 1DR7

'gre1) - Ipr
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where the first equality comes from [Rac, §2.2.7]; the second one from the com-
mutative diagram (2.8); the third one from computation (2.6) with n,1; = 1 and
gr+1 = (g1 g,)"1; and the fourth one from the fact that for any v € VR and
any g € G, we have vg - lpg = v - 1pgr.

(ii) First, the following maps are k-module isomorphisms:

o w:k(Y) — WER : it sends the basis

(ynl,gl T 'ym-,gr)reN,m,...,anN*,
g1,--,9r€EG

of the k-module k(Y) to the basis

(znhgl e an,gr)reN,nh...,anN*,
g1,--,9r€G

of the k-module W2R (where the latter family is a basis of WER thanks to
Lemma 2.1.12.(ii)).

o my t k(YY) = k(X)/k(X)xg : see [Rac, §2.2.5].
o koq ':k(X)/k(X)xg — MBER : see Proposition 2.1.20 and [Rac, §2.2.7].

Next, the diagram (2.14) commutes, thanks to (i). This allows us to conclude
that the map — - 1pgr : W2R — MBR is a k-module isomorphism and that M2F
is a free W2R-module of rank 1.

O

The coalgebra (A//?CD;R, ﬁéA’DR)

Proposition-Definition 2.1.23. Let /\//T(D;R be the degree completion of the graded k-
module MBR. It is a topological graded k-module isomorphic to the topological graded

quotient module ]A/GDR/ (ﬁGDReo + 2 gea ﬁgR(g - 1))
Proof. Immediate. O

Corollary 2.1.24. The pairs (17DR7/\78R) and (W%R,/\//\lgR) are objects in the cat-
egory k-alg-mod.

Proof. Tt follows from Proposition-Definition 2.1.23. O
Proposition-Definition 2.1.25.
i) The surjective k-module morphism —-1pg : VR — MBER extends to a topological
G G

M2

graded surjective k-module morphism */'BR : 178R — GR.

(i) The k-module isomorphism k : k(X)/k(X) — MBR extends to a topological k-
module isomorphism & : k((X))/k{({X)) — /@R.

Proof. Immediate. O
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Corollary 2.1.26.

(i) The following diagram

k(Y)) 2 wer
wl T (2.15)
(X)) /(X)) 0 ———— MBR

commutes.

(ii) The map — - 1pg : W\gR — ./\//TgR is a k-module isomorphism and /(/l\gR is free
of rank 1 as a V/VGDR-module.

Proof. If follows from Corollary 2.1.22 and then we proceed by degree completion. [

Proposition-Definition 2.1.27. There exists a unique topological k-module mor-
phism A/C\;A’DR : /\//\lgR — (/\//\ICD;R)®2 such that the following diagram

AW,DR

A A
Wt ——= (WE™)®2
:1;{ l_.lDR@J? (216)
M o (MEH®

commutes. The module //\/TgR is then equipped with a cocommutative coassociative
coalgebra structure whose coproduct is Ag/l’DR,

Proof. Tt follows from Proposition-Definition 2.1.16 and Corollary 2.1.26.(ii). O

Corollary 2.1.28. The pair
(. 52). (5037

is an object of the category k-HAMC.
Proof. Tt is a consequence of Proposition-Definition 2.1.27. O
Proposition 2.1.29. The map Aoq ' : k({X))/k({X))zy — //\/\lgR is an isomor-
phism between the coalgebras (k({X))/k{((X))zo, AT and (./\//PC%R, AgA’DR).
Proof. We have

AN M,DR

Ag

1 AéA’DR o

P— ®2  ~
okoq oMy = OAEV’DR

—_— —_—
—-lprow=—"1pr ow

— @2 -~ ~
= 1DR® ow®? o A8 = (hoq )®2onP? o A8
=(hoq 1)®?o ﬁimd oy,

where the first and the fourth equalities come from the commutativity of Diagram
(2.15), the second one from the commutativity of Diagram (2.16), the third one from
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Corollary 2.1.17 and the last one from the commutativity of Diagram (DIAG CO-
PROD RAC). Finally, the surjectivity of my implies that

Ag/l’DR o,%oq—l — (I%Oq_1>®2 OATOd.

O
Corollary 2.1.30. The pair (&,koq 1) is a morphism in the category k-HAMC.

Proof. 1t is a consequence of Corollary 2.1.17 and Proposition 2.1.29. O

2.2 Actions of the group k* x G(k((X))) by automor-
phisms

2.2.1 Actions of k* x G(k((X))) by algebra automorphisms

Proposition-Definition 2.2.1. Let ()\ \I/) € k* x G(k((X))). There exists a unique
topological k-algebra automorphism aut ) of VGDR such that

eo > Aeg; e = BT @ 1))\613(\11 ®1); gr—g, forgegq, (2.17)

This automorphism of ]A/GDR extends the automorphism auty o (A e —) of k({X)).

Proof. First, let us verify that the images by the morphism aut ( )\(\P)) of the generators

of V satisfy the relations of VGR Indeed, for g, h € G we have:

. autzi\(g,))( ) x autz))ifg,))(h) =gxh=gh= autzi{fg,)) (gh);

. aut()\(\y))(lg) =lg=1= aut()\(q,))(l)

V,(0 V,(0 V,(0 V,(0
. aut(/\,(q,)) (g9) x aut()\fq,))(eo) =gXxXXeg=Aeg X g= aut(A,(\I,))(eo) X aut(/\fq,)) (g)-

This proves the existence and uniqueness of the algebra endomorphism autzj):fg,)). Next,

in order to prove that autaf‘g)) is an automorphism, we show that the diagram

k(X)) G —— O, pon
a“t\Po(/\°*)®idkcl lautz))\’y(g)) (218)

k(X)) 1 G ————— VDR

commutes, where auty is the k-algebra automorphism in (1.7). Since all arrows of
Diagram (2.18) are k-algebra morphisms, it is enough to check the commutativity on
generators:

1

. aut(/\ ) 06(9@0 ®1)= auto\ )(eo) = Xeg and
B o (autq, o ()\ . —) idkg)(xo ) ﬁ(autq,()\:co) ® 1) e /\6(170 ® 1) = Xeg.
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e Forge @, aut) )\ \1/) of(l®yg) = autzj/{f‘%)) (9) =g and
Bo(auty o (Ae—)®idkg)(1®g) =B(1®@g) =g.

o For g € G, we have that
aut); () o Blzy 1) = ant(,P) (—gerg™!) = —gB(F ! @ DerB(¥ @ 1)g~!
and
3o oty o (o) & i)y 1) = Hanta () @ 1) = 5, (8 Dyt (9) 5 1)
=A@« o) x(1eg ) *(A,@)x(1eg)*(Tel)x(1xg™")

=B1legp¥ ' o)fleg )Nz, @ 1)1l gY@ 1)1y ")
=gB(T @ 1)g  (—grerg NgBT @ 1)g " = —gBY @ A1 BT @ 1)g "

Therefore, autzj)zfg)) is an automorphism thanks to the commutativity of diagram (2.18)
and the fact that autyo(Ae—)®idke : k((X))xG — k{((X))xG and 5 : k({(X))xG —
17GDR are k-algebra isomorphisms.

Finally, the automorphism autz;)ifg,)) of \A)GDR extends the automorphism auty o (A e —)
of k((X)). Indeed, combining Diagram (2.18) with the commutative diagram

k(X)) —2— k(X)) » G
auty o()\of)l laut\po()\of)@)idkc;
k(X)) ———— k(X)) x G

we obtain the following commutative diagram
> Po(=®1) ﬁDR
autq,o()\o—)l J{autx\’v(g)) (219)

X)) ———— VPR

O

Definition 2.2.2. For (A, ¥) € k* x G(k((X))), we define autzj/\(\p) to be the topo-

logical k-algebra automorphism of IA}gR given by

y V,(0
(A(W)) = Adg(wer) © aut()\fq)}. (2.20)

aut
Proposition 2.2.3.

(i) There is a group action of k* x G(k{(X))) on VGR by topological k-algebra auto-
morphisms
K % G(K((X))) — Autin, (VE™), (A, ¥) — aut [
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(ii) There is a group action of k* x G(k{(X))) on VGR by topological k-algebra auto-
morphisms

k* x G(k({(X))) — Aut{ont (VOR), (A, ¥) —s autggfy).

(iii) Both group actions induce actions of k* x G(k{((X))) on k{(X)) by topological
k-algebra automorphisms; the former by (A, ¥) — auty o (A e —) and the latter by
(A, ¥) —~ Adg cautg o (e —).
Proof.
(i) Let us show that for any (A, ¥), (v, ®) € k™ x G(k((X))), we have

V,(0)
ANY)®(v,®) —

V,(0)

= aut (1,3)"

aut

( /\(3,)) oaut

It suffices to prove this identity on generators. Since for (A, ¥) € k* x G(k({X)))

we have aut&(g,))(eo) = Aeg and aut /\7(\1,))( ) = g, this is immediately true for eg

and g € G. Moreover,

aut()\(\l,))ea(u )(61) = aut&f/?&,@(/\.@))(€1)

=8(T®(Ne®) '@ Avef(T® (e @) ®1)

= Blauty (Ao @) " HU ' @ 1) Ave; f(Pauty () e ) @ 1)

= ﬂ(autq,()\ e @ 1)B(T @ 1)1 (¥ @ 1)[(auty (A e ®) @ 1)
= aut oB(d @ 1) aut()z(q}))( )autaf‘g)) ofB(P®1)

= autzi\(g,)) (B@ '@ 1ref(@®1))

0 v,
= auty 3 )) oaut, (Q;(el)

where the fifth equality comes from the commutativity of Diagram (2.18).

(ii) For any (A, ¥), (v, ®) € k* x G(k((X))), we have

autzi\’f‘},)) o aut(y(q); = Adgwg1) © autzi\’fg,)) o Adg(ag1) © autzju’fg;
. V,(0) V,(0)
= Adg(q,(gl) o Ad tzj/\,(O) (B(®®1)) o auto\’\l,) o aut(l/@)
(0 V,(0
= Adg(we1)sauty (re®)o1) © aut(x,(w)) ° aut@,(cp;

_ V,(0) _ V,(1)
= Adg((ve(red))®1) © aut(y g)ew,e) = AU\ W)@ w,0)

where the third equality comes from the commutativity of Diagram (2.18) and
the fourth one from Identity (i).

(iii) The first part of the claim is a consequence of the fact that for any (A, ¥) € k* x
G(k{({X))), the automorphism autz}):(g,)) extends the automorphism auty o (A e —)
thanks to Proposition-Definition 2.2.1. The same proposition-definition allows us
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to obtain the following commutative diagram

Bo(—®1) a
k(X)) ———— VPR
Ady oaut\po()\o—)J/ laut&f\;)) (221)

k(X)) sz V8"

This implies that the automorphism autzg”(i,)) = Adgwg1) © autzj)z’(g)) extends the

automorphism Adg o auty o (A e —), thus it proves the second part of the claim.
O

Proposition-Definition 2.2.4. For (A\, V) € k* x G(k{((X))), the automorphism

aut&(é,)) : ﬁgR — 981:{ restricts to a topological k-algebra automorphism on the k-

subalgebra W}?R which will be denoted autg”\(;)), Moreover, there is a group action of

k* x G(k({X))) on W\GDR by k-algebra automorphisms

K % G(k((X))) — Aut{h (WE™), (A, ) —> autf) 5. (2.22)

Proof. For w =k 4 ve; € VVBR, we have

v,(1)
)

(w) =k + auty; ) ()BT @ AT @ DAer ST @ AT @ 1)

E)/\’fé,))(v))\el € ng‘.

aut
=k + aut

(

This implies that aut}))z 1)) induces a k-algebra endomorphism of 17V\GDR. Moreover,

)

the pullback of this endomorphism under the k-module isomorphism k X 98R —
VV?R, (k,v) — k + ve; is the pair (id, autgi\’(é,))), which is a k-module automorphism.

This implies that .f:tutVX’\(I,1 ) is a k-module automorphism, and therefore a k-algebra

automorphism. Thanks to this, the second part of this result can be deduced from
Proposition 2.2.3.(ii), by restriction on W2E, O

2.2.2 Actions of k* x G(k((X))) by module automorphisms

Definition 2.2.5. For (A, ¥) € k* x G(k({(X))), we define autz))z(é,(;) to be the topo-
logical k-module automorphism of IA%)R given by

v, v,
aut(Afé,(;) = Llgwe1) © aut(/\)(fl),)). (2.23)

Remark. Let us notice that, for any (A, ¥) € k* x G(k((X))), we also have

V,(10 V,(0 v,(1 V,(1
aUt(A,(\l/)) =Llp(wa1) © aut(A,(\I/)) = lawar) © Adgp-1g1) © aUt(A,(\I/)) =T(re1) © aut(A,(xp))'

Proposition 2.2.6. There is a group action of k* x G(k({X))) on ﬁGDR by topological
k-module automorphisms given by

K G(((X))) — Autg, (DBR), (A, 0) — aut ).
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Proof. For (A\,¥), (v,®) € k* x G(k{{(X))), we have

V,(10) V,(10 V,(0) V,(0)
aut(ul) o aut( ®) 76,@(\1,@1) o aut(A v) © C3a01) © aUt(u@)
.y / t V,(0) tV’(O)
D) © L@ (sae) © AMOw) © A )
(0 V,(0
=Lp(w@1)8(auty (Aed)@1) © aut(x(m)) ° aut(u(q>§

V,(0) V,(10)
=Lp((ve(re®)@1) © AL 1) e, 5y = AU §ye ) 0

where the third equality comes from the commutativity of Diagram (2.18) and the
fourth one from Proposition 2.2.3.(i). O

Lemma 2.2.7. For any (A, ¥) € k* x G(k{(X))), we have

5 V,(10 0 V,(0
V(a,v) € VAR x VOR, aut(Aqu))(av) = auty v ))( )aut(Af‘y))(v).

Proof. Let a,b € ﬁGDR. We have

autzj)ﬁg)(ab) =lg(we1) © aut&fg,))(ab) = lawa1) (autzj)i(g,))(a) autz}/\’,(g,))(b))

V,(0 V,(0 0 V,(0
= (85(\1@1) o aut(Af\P))(a)) aut y ( ))(b) = aut()\(\p))( a)auty ( ))(b),

O

Proposition-Definition 2.2.8. For (\,¥) € k* x G(k({(X))), there is a unique

M, (10) Of WR

k-module automorphism aut;y 'y, such that the following diagram

V,(10)
V autu o) 9GDR
~im T (2.24)
A{DR (DR
M M, (10) M
auto\ﬁp)
commautes.
Proof. Let us show that the k-module automorphism autzj): (i(;) preserves the submod-
ule VoReq 4 Z VoR . Indeed, for any a € V and (vg)geq € (17GDR)G,
geG
ut&f\if;) (aeo + Z vg(g — 1)) = aut}}/\’f‘i{;)(a) aut?&”(g))(eo) + Z autag?(vg)aut&(g)) (g—1)
geaG geG
V,(10 V,(10 DR DR
=aut ;) (@)eo + Y aut)y ) (vg) (g — 1) € VB e + > VER (g —
9€G geqG
where the first equality comes from Lemma 2.2.7. The result then follows. O

Proposition 2.2.9. There is a group action of k* xG(k((X))) on A?@R by topological
k-module automorphisms

KX & G((X))) — Autem | (/\723) LA T) s aut 00, (2.25)
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Proof. For (A\,¥), (v,®) € k* x G(k{{(X))), we have

M, (10) (10) 1 M, (10) R V,(10)
aUt(,\,\p) o aut( ) -1pr —auto\&) o—-1pgro aut(”@)
_/'BR o autz)/\’(é,())) o autz}y’%(;)
_ 1= V,(10) M, (10)
=—-1pgro aut(A1W)®(V ®) = aut( A @S(,d) © T 1pr,

where the first, second and fourth equalities come from Proposition—De/ﬁn\ition 2.2.8
and the third one from Proposition 2.2.6. Finally, the surjectivity of — - 1pg implies

that

M, (10

,(10) ,(10)
aut()\"p) o aut(

@)

M,(10)

= aut()\’\p)(@(u’q)).

O

Proposition 2.2.10. For any (A, ¥) € k* x G(k{((X))), the following pairs are
automorphisms in the category k-alg-mod:

(i) (autzj/{(\},)),auta%(;)) is an automorphism of (9GDR,9GDR).

(i) (aut&(i,)),aut?;’él)o)) is an automorphism of (VDR M\DR)

(i) <aut1//\\}’\(p1)),aut( ’é)o)) is an automorphism of (W, (/\D /(/I\BR).
Proof.
(i) Let (a,v) € VOR x VPR We have

V,(10

v, e
aut(/\ﬂ,)) (av) =rgwe1) © aut(/\fq,)) (av) = rgwe) (aut(/\ \1/)( (/\(\I,))( )>

a) au
Vv, vV, vV,
=aut(35) (@) (racen © aut3p) (0)) = aut) (@) ant G 0).

(ii) Let (a,m) € 9GDR X /\//FCD;R. There exist v € ]7GDR such that m = v - Ipg. We have

aut?;”él)o)(am) :autf\;’éll)o)(av -1pr) = autzj):’(\y;)(av) -1pr
v,(1 V,(10 v, (1 V,(10
:aut(Af,Ij))(a) aut()\fq,)) (v) - 1pr = aut(A)(,lj))(a) aut(Af\I,)) (v-1pRr)

v,(1 M, (10
zaut()\fq,))(a) aut(/\;,) )(m),

where the second and fourth equalities come from Proposition-Definition 2.2.8
and the third one from (i).

(iii) It follows from (ii) thanks to Proposition-Definition 2.2.4.
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2.2.3 The cocycle I' and twisted actions

To an element ¥ € G(k((X))), one associates I'y € k[[z]]* (see (1.15)). Then 'y (—eq)
is an invertible element of VER.

Definition 2.2.11. For (A, ¥) € k* x G(k((X))), we define the topological k-algebra
automorphism of VER:

r V(1) . V,(1)
aut(/\,‘I’) = Adl“gl(—el) 0 aUt()\,\I/y (2.26)

Proposition-Definition 2.2.12. For (A, ¥) € k* x G(k{((X))), the topological k-

algebra automorphism Fautz/;f"(l})) = Adrl(iel) o autz/;}’fpl)) of V/VGDR is such that the
; T ,
following diagram
Fautz/;)‘\%)
Rl AN 7y
PDR DR
¢ Pautty ) N

commutes.

Proof. Follows from Proposition-Definition 2.2.4 and the fact that I'y(—e;) is an
invertible element of W\gR O

Proposition 2.2.13.
(i) There is a group action of k* x G(k{({X))) on ]A/GDR by topological k-algebra auto-

morphisms

KX & G(k((X))) — Aut{ (ﬁGDR) LW Taut) ). (2.27)

(it) There is a group action of k* x G(k{({X))) on )//V\GDR by topological k-algebra
automorphisms

K x G ((X))) — Autient, (WER) . (0 9) — Tautf}5). (2.28)

Proof.

(i) It follows from Proposition 2.2.3.(ii), Lemmas 1.2.12 and 1.3.7 and the fact that
aut () (e1) = Aey for any (A, W) € kX x G(k{(X))).

(ii) It follows from (i) thanks to Proposition-Definition 2.2.12.

O
Definition 2.2.14. For (A, ¥) € k* ><Ag(k<<X>>), we define Fautzi’fé,(;) to be the
topological k-module automorphism of VgR given by
r,,;v.(10) _ V,(10)
aut y gy = Ergl(fel) oauty . (2.29)
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Proposition 2.2.15. There is a group action of k* xG(k{(X))) on VGR by topological
k-module automorphisms

K x G(k((X))) — Autizitg (VER), () — Taut3(S). (2.30)
Proof. For any (A, ¥), (v,®) € k* x G(k({(X))), we have
Fa e =gt L e © 60 = gt ezt (e © AU © AU
:€F;1( ) © é)\.F_l( e1) oaut()\(;f;) o autE/ (1?)
V,(10)

:gl—“;l(iel) oaut()\\l, OK ot (—e) oaut(wq))

_I,_ .V,(10) V,(10)
= aut(/\,lp) o aut(V!q)) ,

where the second equality uses Lemmas 1.2.12 and 1.3.7 and Proposition 2.2.6 and
the fourth equality comes from the fact that for any v € V2R

E/\.F;1<761) o autzj)\’y(ég)(’u) :()\ . F;l(—m)) auto\(;) (v) = dut(x(\;))(f‘;l(—ﬁ)) aut&,(;;)(v)
V,(10) j— V,(10
=aut(; ) (N5 (—e1)v) = aut ;G o £ e (),

where the second equality uses the fact that aut\l,’( )( 1) = Aep and the third equality
comes from Proposition 2.2.10.(i). O

Proposition-Definition 2.2.16. For (A\,¥) € k* x G(k{{(X))), the topological k-

module automorphism Faut?; é,l)o) =l o auty M.(10) of /\//?CD;R is such that the

Iyt (—e) @)
following diagram
Fautv,(lo)
VDR ) VDR
Vo e
A{DR (DR
Mea PRV Me
)

commutes.

Proof. 1t follows from Proposition-Definition 2.2.8 thanks to the left ]A/GDR—module

structure of /T/l\gR. O

Proposition 2.2.17. There is a group action of k* x G(k({X))) on //\/\IBR by topo-
logical k-module automorphisms

KX & GK((X))) — Auten | (ﬂgR), (A ®) — Taut (0. (2.31)
Proof. For any (A, ¥), (v,®) € k* x G(k({(X))), we have
Caut/ {0 gy © — 1ok = — - Ipr o Taut 4L gy = — Iom o "t L)) o Taut 00
= autz\;”él) ) o —{BR o Fautzjy’g?) = Faut(\;)’é,l)o) o Fautz}y”(g))) o —/-BR,

where the first, third and fourth equalities comes from Proposition-Definition 2.2.16
and the second one from Proposition 2.2.15. O
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Proposition 2.2.18. For any (A, ¥) € k* x G(k{((X))), the following pairs are
automorphisms in the category k-alg-mod:

(i) ( aut(A é,)), Tau t()\(ég)) is an automorphism of (178R,]78R).

(it) ( auto\ é,)), Faut?;’é,l)o)) is an automorphism of (ﬁGDR,/\//TgR).

), ( aut \I,)), Fau t?;}’é,l)o)) is an automorphism of (W (/\DR /\//TBR).

Proof.
i) Let (a,v) € VDR » YDR W have
G G

V,(10 V,(10) V,(1 V,(10
Pant (3G (av) =61, 0 autly ) (av) = s, ) (aut(k,(q,))(a) aut}y g (v ))

V,(1 V,(10
=Adpor ) 0 aut) ) (@) b, oaut; ) (v)

aut()\(q,))( ) Fanty G (v).

(ii) Let (a,m) € \A)GDR X //\/@R. There exist v € IA/GDR such that m = v - Ipr. We have

(am) = aut(w () )(av -1pr) = Fautzi\”(g;)(av) -1pr

V(1 V,(10
= aut(A(\I,)) (a) Faut(%(q,)) (v) - 1pr

M, (10)

r
aut AT)

A

v, V,(10 v, M,
:Faut(/\(l},))( ) aut(/\fé,))(v -1pr) = 1“auut(/\,(i))(a) 1“aut(/\,lp) (m),

where the second and fourth equalities come from Proposition-Definition 2.2.16
and the third one from (i).

(iii) It follows from (ii) thanks to Proposition-Definition 2.2.12.
O

2.3 The stabilizers Stab(A)"°) (k) and Stab(ﬁéﬂ’DR)(k)

2.3.1 Inclusion of stabilizers

Proposition 2.3.1. There is a group action of k* x G(k{({X))) on the k-module
Morjal, (WgR, (VVER)@) given by

w82\ w,
(A, 0)-DW = ((Faut(&‘(y))) o DY o Taut )L, (2.32)

with (A, ) € K* x G(k((X))) and DY € Mor{™t, (ng’», (VAVGDR)W).

Proof. 1t follows from Proposition 2.2.13. O
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Definition 2.3.2. We denote Stab(&é\)’DR)(k) the stabilizer subgroup of the coprod-

uct ﬁg\;’DR € Mory2hy, (W\gR, (W\GDR)@’Q) for the action (2.32). Namely,

Stab(AXPR)(k) := {(A, ) € kX x Gk{((X)))]| (Fautz/;}”fpl)))éw o AY = A¥ oTaut))'() }

(2.33)
Proposition 2.3.3. There is a group action of k* x G(k{({(X))) on the k-module
Morhteq (MBR, (MER)#2) given by

@2\ !
(A, U). DM .= ((Faut?;l”\%o)) ) o DMo Faut?;”é,l)o), (2.34)

with (\, ) € k¥ x G(k((X))) and DM € Mort®™ | (ﬂgR, (/\//TgR)@).
Proof. 1t follows from Proposition 2.2.17. O

Definition 2.3.4. We denote Stab(ﬁgl’DR)(k) the stabilizer subgroup of the coprod-
uct Eé/’ € Moy | (./\//YCD;R, (/\//TCD;R)@) for the action (2.34). Namely,

~ ®2 ~
Stab(AX"PR) (k) := {()\, W) € k* x G(k((X))) ‘ (Faut?;;y)@) o A¥' =AY o Taut (N
(2.35)

Theorem 2.3.5. Stab(ﬁéA’DR)(k) C Stab(ﬁév’DR)(k) (as subgroups of (G(k{(X))),®)).
Proof. We have

. ((WDR, AE}’DR), (//\/\lgR, ﬁgA’DR» € k-HAMC thanks to Corollary 2.1.28.

o A group morphism k* x G(k({X))) = Autkaig-mod (W\gR,//\ZgR) given by the

actions (2.32) and (2.34).

. AgR is a free WgR—module of rank 1 thanks to Corollary 2.1.26.(ii). It is gen-
erated by 1pg and we have that AN R (1pr) = 182 is a generator of (MBR)®2
as a (WER)®2_module.

Thus, the result follows from Proposition 2.1.3. O
2.3.2 The stabilizer groups in terms of Racinet’s formalism

The stabilizer group Stab(ﬁé/‘) in Racinet’s formalism

Lemma 2.3.6. For (A, ¥) € k* x G(k((X))), the following diagram

Bo(—®1)

k((X)) VOR
SW(A._)J laut&fé/? (2.36)
k(X _ VDR
(X)) o] e
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commutes.

Proof. This is done by composing the bottom of Diagram (2.19) with the following
commutative diagram

Bo(—®1) o
k((X)) ——— Vg~

IZ\{ yéolf@l)

k(X)) — o V8"

Lemma 2.3.7. For (A, ¥) € k* x G(k{(X))), the following diagram

k(X)) /K ((X) )wp —E23 5 DR

S\)I,/o()\o—)l aut(j\;;él)o) (237)

((20) /I (X)) 20— MO

commutes.

Proof. Let us consider the following cube

k(X)) k(X))o Mg®
X “Ipr
Bo(—®1) 5
k((X)) VEr
SYo(xe—) aut
Sgo(re—) aut) Y
k(X)) /(X))o e Mg"
~ “Ton
k((X)) P 2

The left (resp. right) side commutes by definition of Sy (resp. aut?;y’él)o)). Then,
the upper and lower sides are exactly the same square, which is commutative thanks
to Corollary 2.1.26.(i). Finally, Lemma 2.3.6 gives us the commutativity of the front
side. This collection of commutativities together with the surjectivity of qomy implies
that the back side of the cube commutes, which is exactly Diagram (2.37). O
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Proposition 2.3.8. For (A, ¥) € k* x G(k((X))), the following diagram

k(X)) /k((X))xo red MBR
FS\}/O(AO—)\L J{Fautx:‘%m (238)
{00 (X)) atg s WD

commutes.

Remark. It follows from Diagram (2.38) that Aoq ! is an isomorphism between the

k* x G(k{(X)))-modules® k{(X))/k{{X))xo and A//@R.
Proof. This is done by composing the bottom of Diagram (2.37) with the following
diagram

ke {(X))/ke{(X) )0 ——"F——— Mg~

0
Krgl(ml)J/ l F\yl(fﬁl)

k(X)) /(X)) w0~ MR

The above diagram is commutative because we have
ZFQI(—G) ofkoq logomy = EFQI(—El) o(=-1pr)oBo(-®1)

(= 1br) 0 -t aen 0 Bo (= ®1) = (= 1pr) o fo (=@ 1) o broag,

=fhoq ! quWyoEF;(zl) =khoq ! o@rgl(zl) oqonmy,

where the first and fourth equalities come from Proposition-Definition 2.1.25. (ii); the
second one from the fact that ,/.BR : VgR — .//\/TgR isa VgR—module morphism; the
third one from the fact that fo(—®1) : k((X)) — VOR is a k-algebra morphism and

the last one from the fact that 7y : k((X)) — k{(X))/k{{X))xo is k({X))-module
morphism and that for any a € k((X)), q(z1a) = z1q(a).

Finally, since q o 7y is a surjective k-module morphism, it follows that

=Fod ol

which is the wanted result. 0

Theorem 2.3.9. Stab(&é/l)(k) =k~ MStab(&f“’d)(k) (as subgroups of k* xG(k((X)))).

Proof. Thanks to Proposition 2.3.8, the map Aoq ! : k({X))/k{(X))xo — /W@R is a
k* x G(k{({X)))-module isomorphism. Therefore, it induces a k* x G(k{(X)))-module
isomorphism

Morgi,q (MER, (MEF)9%) = MoriZoa k(X)) /k((X))ao, (k((X)) /k({X))w0)®?)

3For the k* x G(k{(X)))-module structure of k{(X))/k{{X))zo (resp. .A//?gR), see Proposition-
Definition 1.3.9 (resp. Proposition 2.2.17).
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given by
A ((Ro q,1)®2)—1 oAo(hoq ),

where the k™ x G(k{{X)))-module structure on Morf:ﬁfod(/\//\lgR, (/\//\IBR)@) (resp.
Morg?™ 4 (k((X))/k({X))zo, (k{((X))/k({X))x0)®?)) is defined in (2.34) (resp. (1.24)).
Moreover, thanks to Proposition 2.1.29, the coproduct ﬁg" is sent to the coproduct
ﬁin"d via this isomorphism. Therefore, we obtain the equality Stab(ﬁgl’DR)(k) =
Stab.(ﬁfmd)(k) and thanks to Proposition 1.3.12 this implies the wanted equality of
stabilizers. |

The stabilizer group Stab(ﬁé\’) in Racinet’s formalism

Proposition-Definition 2.3.10. For ¥ € G(k((X))), we consider the k-algebra
automorphism of k{((Y)) given by

Pauty ==& 1o Fautz/i’él)) ow. (2.39)

Then, there is a group action of (G(k{({X))),®) on k{{Y)) by topological k-algebra
automorphisms given by

G(k{(X))) — Autﬁ?‘;fg(k«Y))), T — Taut). (2.40)

Proof. As @ : k{(Y)) — WGDR is an algebra isomorphism, conjugation by it induces a
group isomorphism Autk_alg(@R) — Autk_a1g(k((Y))) which, when composed with
the group morphism G(k((X))) — Autk_alg(w\gp‘), gives rise to a group morphism
G(k((X))) = Aut—ag(k((Y))). 0

We aim to give an explicit formulation of the action "autY in terms of Racinet’s
objects. Let us start with the following lemma:

Lemma 2.3.11. Let g € G. For any a € k({X)) we have f(az, ® g) = @ o qy (az,).

Proof. Tt is enough to show this on a basis of the k-module k{{X)). Let us take the
family

ni—1 no—1 . ne.—1 Nyy1—1
(mo Lg Lo~ Lgy ' "Ly Tg.Tg r€Nnq,...,npp1 EN*,
915,97 €G
as such a basis. For r € N, ny,...,n.41 € N*and ¢1,...,9, € G we have
ni—1 n,.—1 Npy1—1 _
Ty gy Ty g T Tg®g= (2.41)

(@5 T @ 1) # (24, @ 1) - % (257 @ 1) % (w4, @ 1)
(xg”l_l 1) *(z,®1) % (1®g).

Therefore, we obtain

B(l’gl_lxm T ng_1$g1»xgr+rlxg ®9)

= (=)l giergy tep? Tgaeigy - egr_l719771elg;_lleg’_lgTelgflegr“719619’19
— (—1)”1681‘19161 632—1‘(]1—19261 . 63“1719;_1297»7161 eg"‘lg;_llgrel egrﬂflg;lgel
T En01 %, g7 gy T 'anfl,g;lggrflan,g:,llgrznr-uyg;lg’
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where the first equality comes from the computation (2.41) and the fact that j :
k{(X)) x G — VER is a k-algebra morphism and the second equality comes from the
fact for any i € {2,...,7}, g; 'eo = eog; *. On the other hand,

wo ClY(l‘glfll’gl 3382713392 U x(T)LTA_1‘rgr—1xgrilngng+l_1379)

= -1 —1 —1 —1
w(y”hglynmgl g2 ynrq,gr,zgrqynr,gr,lgrynwrhgr g)

= An,01%n5,07 g T P 1,9 g1 PN gt 9 PR 1,95 L g

Proposition 2.3.12. For ¥ € G(k((X))) and (n,g) € N* x G we have
Paut) (yn,g) = ay (Tg' (x1) Py~ 'ty (T Ty (21)) z4) - (2.42)
Proof. Let us start with the following computation
Paut)y ) (2n.g) = —T3 (—e)) B¥ @ 1)ef L gB(T ™ @ 1)erTy (—e1)

T3 (—e) BT @ 1)y LgB(T ™ @ DIy (—er)es

BTy e @ 1) x (W@ 1)+ (@ @ 1) « (1 g) « (U7 @ 1) & Ty (1) ® 1) * (21 @ 1))
B (Fil(xl)qug_ltg (‘IJ?lF\P(xl)) Tg ® g)
=woqy (F\f,l(ajl)\llngltg (U ' Ty (21)) 24)

where the last equality comes from Lemma 2.3.11. Thanks to this, we have for any
(n,g) e N* x G,

(1)

-1, FaUtz/Y,\I/) o ﬁ(ymg) =%

_ w,(1
"o Taut () (20.)

Fa‘u‘cg(yn,g) =w
=@ owoqy (g (z1)Waf 'ty (T ' Ty(21)) zy)
=qy (g (z1)Vag~ 'ty (V' Ty(z1)) zy) -
O
Proposition 2.3.13. There is a group action of (G(k{({X))),®) on the k-module
Moricarg (K((Y)), k((Y))#2) given by

-1

U.D = ((Fautg)@) o Do Tauty, (2.43)

with ¥ € G(k((X))) and D € Mor{™, (k<<y>>,k<<y>>®2).
Proof. Tt follows from Proposition 2.3.10. O

Definition 2.3.14. We denote Stab(A%'%)(k) the stabilizer subgroup of the coproduct
A¥e ¢ Morf(c_)gfg (k((Y)), k<<Y>>®2> for the action (2.43). Namely,
Stab(A%#) (k) := {\1/ € G(k((X)))| (Tauty ) o A%e = Avlz o Fautg} . (2.44)
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Lemma 2.3.15. The action e induces an action of k* on k{((Y')), which will also be
denoted e.

Proof. This comes from the fact that for any A € k*, the map A e — restricts to
k{({Y)). O

Lemma 2.3.16. For (A, ¥) € k* x G(k{(X))), the following diagram

Fautyo()\of)
) > k({(Y))

{Y)
|=

k({(Y)
WR @R

r w, (1)
aut()\,\p)

commutes.
Proof. Immediate. O

Proposition-Definition 2.3.17. There is a group action of k* x G(k((X))) on
k{{Y)) by topological k-module autormorphisms

k* x G(k((X))) — Auth, (k((Y))), (A, ¥) — Tauty o (Ae —). (2.45)
Proof. Tt follows from Proposition-Definition 2.3.10 and Lemma 1.3.7. O

Proposition-Definition 2.3.18. There is a group action of k* x G(k{({X))) on the
k-module Mor{™%, (k<<Y>>, k<<Y>>®2) by

\T)-D = ((Faut}g o(Ae —))®2>71 oDo Tauth o (Ae—), (2.46)

with (A\, V) € k* x G(k((X))) and D € Morf(‘fgfg(k«Y)},k<<Y>>®2),
Proof. 1t follows from Proposition-Definition 2.3.17. O
Definition 2.3.19. We denote Sta b.(&ilg)(k) the stabilizer subgroup of the coprod-
uct A¥e ¢ Moryhl, <k<<Y>>, k<<Y>>®2) for the action (2.46). Namely,
Ralg (A W) € k™ x G(k((X))) |
Stab, (A%'8)(k) := e ~ 2.47
abe (A, %)(k) { (Fautxqu()\of))moAilg = A¥®o Fauty o (A e —) (247)

Proposition 2.3.20. Stab,(A¥8)(k) = k* x Stab(A¥®)(k) (equality of subgroups of
ko Gk((X))))-

Proof. We use Lemma 1.3.13 with H = k*, R = G(k((X))) and K = Stab, (A¥#)(k).
Since A¥® is compatible with degree, then Stab,(A%'#)(k) contains k*. Therefore,
the condition of Lemma 1.3.13 is met and

K N R = Stab, (A%£)(k) N G(k((X))) = Stab(A?'2)(k).

The result then follows. O
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Theorem 2.3.21. Stab(ﬁé\)’DR)(k) = k* x Stab(A¥®)(k) (as subgroups of k*
g(k((X))))-

Proof. Thanks to Lemma 2.3.16, the map @ : k((Y)) — WGDR is an isomorphism
of k* x G(k((X)))-modules. So, it induces a k* x G(k((X)))-module isomorphism

Morgent (WER, (WER)€2) — Mor{ht, (k((Y)), k((Y))®2) which is given by

A (zﬁ®2)_1 o Ao,

where the k* xG(k{(X)))-module structure on the k-module Mori?gfg(WgR, (WgR)@)
(resp. Morﬁ(_’gfg(k«Y», k{(Y))®?)) is defined in (2.32) (resp. (2.46)). Moreover,
thanks to Corollary 2.1.17, the coproduct AEV’DR is sent to the coproduct &ilg via this

isomorphism. Therefore, we obtain the equality Stab(ﬁé\;’DR)(k) = Stab, (A2%)(k)
and thanks to Proposition 2.3.20 this implies the wanted equality of stabilizers. [

Corollary 2.3.22. Stab(A™°d)(k) C Stab(A¥#)(k) (as subgroups of (G(k((X))), ®)).
Proof. Follows from Theorem 2.3.5 thanks to Theorems 2.3.9 and 2.3.21. O
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The Betti formalism of the
double shuflle theory

Throughout this chapter, let G be a finite cyclic group of order N € N* and k
be a commutative Q-algebra. We construct a Betti version of the double shuffle
formalism. The relevant algebras and modules are introduced in §3.1 : (i) an algebra
9]% defined as the inverse limit of an algebra V5 endowed with a suitable filtration;
(ii) a subalgebra algebra 17\/?, of ]7]]3 isomorphic to the topological algebra WER; (iii)
a k-module /(/I\R, isomorphic to the k-module /T/l\gR, where ./(/l\%, has a ﬁ]%—module
structure inducing a free rank one V/\Z'i,—module structure on it. In §3.2, we construct
comparison isomorphisms between the Betti side and the de Rham side using the
actions of the group k™ x G(k((X))) defined in §2.2 analogue to the ones given in [EF1,
§3.3]. This leads us in §3.3 to prove the existence of compatible coproducts ﬁ}/VV’B
and 3%’8 which equip 17\/\1% and /(/l\]% with Hopf algebra and coalgebra structures
respectively as stated in Theorems 3.3.17 and 3.3.19.

3.1 Algebras and modules

3.1.1 The topological algebra 17]]\3]

The kernel of a group morphism F, — uy

Let F3 be the free group generated by two elements denoted Xy and X;. We consider
i27

the group morphism Fy — uy given by Xy +— (ny and X; +— 1; where (y :=e~ .

Lemma 3.1.1. The group ker(Fy — uy) is isomorphic to the free group of rank
N + 1 denoted Fn41.-

In order to prove this, we use the following result:

Proposition 3.1.2 (Nielsen-Schreier Theorem, see [Ste], Theorem 3). Let F' be a
free group on a non-empty set X and let H be a subgroup of F. Let 0 : H\F — F
be a section of the canonical projection F — HNZF such that T := oc(H\F) is stable
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under left prefization. Then H is freely generated by
{tx(tz)~"| (t,2) € T x X and tx(tx)"" #1},

where for g € F, g the image of g under the composition F — H\F % F.

Proof of Lemma 3.1.1. We apply the Nielsen-Schreier Theorem for X = {Xy, X1},
F = Fy,, H = ker(Fo — uyn) and o : ker(Fo — puny)\Fo ~ uy — F» where the
first map is the isomorphism induced by the surjective morphism F, — py and
the second map given by R Xp for n € [0, N — 1]. Therefore, we have T =
{X§,n € [0, N —1]}. The theorem then states that ker(F» — pn) is freely generated
by:

— — XpHixpth-1=1 ifne0,N—2]
o XPXo(XPXo) ™= XX =470 0 ’
§ Xo(Xg Xo) o (X5 X1t = xy ifn=N-1
o XPXi(X§X1)™h = XX (X)) = Xp XX "
Finally, ker(F» — un) is freely generated by the N + 1 elements

{X0, (XG0 X1 X5 nefo,N-1]} -

Moreover, if we denote ()?0, (XCN) the generators of the free group F 1

ne[[o,Nl]]>
of rank N + 1, one checks that correspondence

Xo = X', Xep = X§ X1 X" for n € [0,N —1]
defines a free group isomorphism from Fx 1 to ker(Fy — pup). O
We then obtain the following short exact sequence

{1} = Fyy1 — Fo» — un — {1} (3.1)

Frni1-sets and kFyy-modules

Let 0 : uy — F5 be the set-theoretic section of F, — uy given by Pl et Xy for
n € [0, N — 1]. Thanks to the exact sequence (3.1) we obtain a bijection

Yiun X Fyi1 = Fyy, ()= o(Qux; (3.2)

where Fiy 41 is seen as ker(Fy — puy) C F» thanks to Lemma 3.1.1.
The set pun X Fn41 is equipped with a right Fiy1-set structure by

(¢, x) xy := (¢, xy), for ((,x) € uny X Fny1 and y € Fyq.
The group F3 is also equipped with a right Fiy41-set structure given by
xxy:=uay, forx € Fy and y € Fny1;
where Fiyy1 is seen as ker(Fy — uy) C Fy thanks to Lemma 3.1.1. One checks that

(3.2) upgrades to a right Fiy41-set isomorphism.
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Now, let us consider the tensor functor
k(—) : {right Fn41-sets} — {right kFy;-modules}

taking X to kX, the set of finitely supported maps X — k. Applying this functor
to the isomorphism of right Fyii-sets (3.2), one obtains the right kFy1-module
isomorphism

kX : k/LN ® kFN+1 — kFg,

where both the source and the target are equipped with the right kFxni1-module
structure given by the right F1-set structure on uy X Fy1 and Fy respectively.

The filtered algebra V%

Let us denote Z := ker(kFy — kuy) where kFy — kupn is the k-algebra morphism
induced from the group morphism F5 — pyn. Then 7 is a two-sided ideal of kF5.

Lemma 3.1.3.

(i) The k-module isomorphism KX : kuy @ kFn11 — kFy sets up a right KFny1-
module isomorphism of the ideal Z with the ideal kuy @ker(e) of kuy @ kFny1,
where € : kEFny1 — k is the augmentation morphism.

(ii) The ideal T is linearly generated by o(¢)(x — 1) where ¢ € pny and x € Fn41.

Proof.

(i) The following commutative diagram of F1-set morphisms

N % Fypg —————— F

e

induces a commutative diagram of kFyi-module morphisms

kuy @ kFni1

One checks that the associated group algebra morphism of the first projection
1: N X Fyy1 — pp is identified with id ® € : kuy @ kFyi1 — kuy thanks

to the identification kuy ® kFy41 ~ k(un X Fyy1). Therefore, the ideal 7 is

mapped by the isomorphism k¥ to the ideal ker(id ® ) = kuy ® ker(e).

(ii) Since € : kFn41 — k is the augmentation morphism, its kernel is generated by
elements * — 1 with © € Fyy41. Therefore, taking the image of the generators
by kX, we obtain generators of the ideal Z as announced.

O
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Proposition-Definition 3.1.4. Let VI]\3[ be the group algebra of Fy over k endowed
with the filtration

FVN =1 (3.3)
form € N where I™ is the m™-power of the ideal T with the convention that I° = VE.
The filtration (F™VE)men is an algebra filtration.

Proof. Immediate. O
Lemma 3.1.5. Form e N

FVE ~ kuy @ (KEny1)7, (3.4)
where (KFn41)o is the augmentation ideal of the group algebra KFpn 1.

Proof. If m =0, we have kuy @ kFny1 ~ k(un X Fy41) LGN VB = FOVR.
Next, if m = 1, we have

FWE =T ~kun @ ker(e) = kuy @ (kFn1)o,

where the identification is given by Lemma 3.1.3 (i).
Now, let m > 2. Since kuy ® kFy41 is a right kFy41-module, we have that

kin ® (KFn41)g = (kpy ® (kFng1)o) - (KFyga)g (3.5)

The composition kuy @kFny1 ~ k(un X Fy11) LN VE is a right kFiy 1 1-module iso-
morphism which, combined with the identification Z ~ kuy ® (kFn+1)o and equality
(3.5), gives us

kin @ (kEn+1)5" =T - (kFn+1)5

where (kFNH)g%1 is seen as a subset of kFn;11 = kker(Fy — uy) C kFy. Tt
remains to show that Z - (kFNH)g“1 = I™. First, since (kFyy1)o C Z, we have T -
(kFy41)g ™" € Z™. Conversely, thanks to Lemma 3.1.3 (i), Z™ is linearly generated
by elements

I((Crs 1)y o5 (G @) i= 0 (G) (w1 = 1) - - 0 (G ) (2m — 1)

with ({1, 21), .., (Cm, Tm) € N X Fny1. Moreover, we have that

I((Crs 1)y s (Gno ) = 0(C1) -+ 0(Gn) (Adg(c,)-1o(ca)-1 (1) — 1)
(Ado(¢) 1o 1 (@2) = 1) -+ (Adg (g (Bm1) = 1) (2 — 1)
Next, since Fy41 is a normal subgroup of Fy, we have that
(Adg(cm)—l...a(<3)—1(1‘2) - 1) ce (Adg(cm)f1(1‘m_1) - 1) (xm - 1) S (kFN+1)6n_1.
In addition, thanks to Lemma 3.1.3 (ii), we have

U(Cl) e O’(Cm) (Adg(cm)—l...a(gz)—l(.fl) — 1) S kF2 . (kFN+1)0.

Since (kFnt1)o C Z, it follows that kFy - (kFny1)o C kFy-Z and since Z is a two-sided
ideal of kF5, we have kFy - Z = Z. Therefore,

U(Cl) v O'(Cm) (AdU(Cm)_l“'U(Cz)_l(‘Tl) — 1) el

Thus proving the wanted inclusion. O
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The elements Xév — 1 and X; — 1 belong to (kFny1)o therefore to .7-'1]21%. The
element X, belongs to FOVE = VE. For m € N and v € F™VE we denote [v] the
image in gr,,(VS) of the element v.

Theorem 3.1.6. For any group embedding v : G — C*, there exists a unique graded
algebra isomorphism pY : VER — gr(VE) given by

9. = [Xo] € gro(VN)

eo = [X5' — 1] € gy (VYY)

er > [X1 —1] € gry (V§)

where g, = .= (e'V).

Proof. First, let us show that p) is a graded algebra morphism. One shows that when
the group G is cyclic generated by g,, the algebra VGDR is presented with generators
eo, €1 and g, of degrees 1, 1 and 0 respectively; that satisfy the relations

g =1 and g,e0 = epg,.

Therefore, it remains to show that their images in gr(V]%) have the same degrees and
satisfy the same relations. The fact that g, resp. ey, e; are mapped to elements of
gro(VR) resp. gri(VX) implies the statement on degrees. Since pY(g,) = [Xo], then
V()N = [XI'] € gry(VR) which is the image of X by the canonical projection
FOVB — org(VR). In addition, X" = 1+ (X —1) with XY —1 € F'VE. This implies
that [X{'] =1 in gry(VY). For the second relation, we have p)(g,) = [Xo] € gro(VY)
and pY(eg) = [XY — 1] € gr;(VX). Then

P/ (9.)p) (e0) = [Xo(Xg —1)] € gr (VR)

and
P! (eo)py (9.) = [(Xg" —1)Xo] € gry(VN)
Therefore
P! (90! (e0) = pY (€0)p) (9.)-

Second, let us show that pY : VO® — or(VB) is a k-algebra isomorphism. Since,
it is a k-algebra morphism, it is enough to show that it is a k-module isomorphism.
This is done by using the following ingredients:

e The k-module isomorphism
gr(kX) : gr(Vy) = kun @ gr(kFy 1)

obtained from Lemma 3.1.5.

e The k-algebra isomorphism

B:k(X)x G — VER,

given in Proposition 2.1.7.(ii).
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o The right gr(kFp1)-module structure over the k-module kuy ®@gr(kFn41) where
the action of each element of gr(kFpy_1) is the tensor product of the identity of
kuy with right multiplication by that element of gr(kFny1). One checks that
kun ® gr(kFi41) is a free right gr(kFy1)-module with basis (¢l ® 1)ieqo,n—1]-

o The right k(X)-module structure on the k-algebra k(X) x G given by the right
multiplication thanks to the fact that k(X) can be seen as a subalgebra of
k(X) x G. One checks that k(X) x G is a free right k(X )-module with basis

(1® g )iefo,N-1]-
o The k-algebra isomorphism k(X) — gr(kFx41) given by
2o — [Xo — 1] and Tgn — [1 — )AQ;} for n € [0, N —1].

Indeed, thanks to [Qui, Example A2.11], there is a filtered Q-algebra isomorphism
QFn+1 — Q((X)) such that

Xo — exp(xg) and )?C}G = exp(xgn) for n € [0, NJ.

The associated graded algebra morphism is therefore a graded algebra isomor-
phism gr(QFy41) — Q(X) such that

[Xo—1] — [exp(z0)—1] = 2o and [)?%—1} > lexp(zgn) —1] = xy4n for n € [0, N].

Doing the tensor product by k we obtain an isomorphism gr(kFyi1) — k(X)
whose inverse is the wanted k-algebra isomorphism.

The composition gr(kX) 1o pY o : k(X) x G — kuy ® gr(kFyy1) is a morphism
of right modules over the k-algebra isomorphism k(X) — gr(kFy1). Moreover, the
restriction to the basis of the source module is given by

1@ gl gl [X)] =y ©1,

for any [ € [0, N — 1], thus establishing a bijection with the basis of the target mod-
ule. It follows that the composed morphism k(X) x G — kuy ® gr(kFy41) is an
isomorphism of right modules over the algebra isomorphism k(X) — gr(kFx41) and,
therefore, is an isomorphism of k-modules.

Finally, since gr(k¥) : gr(VX) — kuy ® gr(kFy41) and B : k(X) — VER are both
k-module isomorphisms, it follows that pY : VOR — gr(VR) is also a k-module iso-
morphism. O

The topological algebra ]71%

The decreasing filtration (F™VY),.en given in Proposition-Definition 3.1.4 induces
an algebra morphism V5 /FmHpE — pB /Fmyl.

Definition 3.1.7. We denote
5B s B /my,B
Vy = lmVy/F"Vn

the inverse limit of the system (V& /FmVE V8 /FmtiyB o B/ Fmyl).
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The algebra 1711\3[ is equipped with the filtration F"VY := {iLnme]%/fmax(m’l)Vf,.

When equipped with the topology defined by this filtration, ]7]]3 is a complete sepa-
rated topological algebra.
Recall that kFy1 is a group algebra equipped with a filtration given by the powers

of its augmentation ideal. Let us denote kFn 41 the completion of this group algebra
with respect to this filtration.

Lemma 3.1.8.
(i) The k-algebra morphism kX o (1® —) : kFn11 — V& gives rise to a topological
k-algebra morphism kFy 11 — V%
(i) The k-module morphzsm k¥ kuny ® kFN+1 — VN gives rise to an isomorphism
of topological right kFN_H “module kY : kun ® kFN+1 — VN
(i) The k-algebra morphism k?;l — ]7]]\3, is injective.
Proof.

(i) This follows from the fact that the k-algebra morphism kX o(1®—) : kFn 41 — VX
is compatible with filtrations, which follows from Lemma 3.1.5.

(i) This follows from the fact that k¥ : kuy ® kFy41 — V5 is an isomorphism of
filtered right module over kFn 1.

(iii) By (i), /t\he topological k- algebra morphism kﬂ:l — M equal to the  compo-
sition kX o (1® —) : kFN_H — VN The _The map 1®—:kFni = kuy ® kFN+1 is
trivially injective and k> kuy ® kFNH — VN is injective by (ii). This implies
that their composition is injective, implying the claim.

O

Proposition-Definition 3.1.9. Let 1 : G — C* be a group embedding. There is a
unique topological algebra isomorphism iso¥™" VB — VER given by

1
Xy — exp (Neo) g,; and X; > exp(ey),

127
where g, = 1= (e'¥

). Moreover, the associated graded k-algebra morphism gr (iSOV’L) :
gr(VB) — gr(VBR) ~ VBR s equal to (py)_l.

Proof. Recall that the set Mork_a1s (kF, 178R) is identified with Morgyp, (Fg, (]A}gR) X) .

As a consequence, there is an algebra morphism V§ — ﬁGDR given by

1
Xo — exp (Ne()) g, and X; — exp(er)

since the images of Xy and X; are invertible. Composing the k-algebra morphism
VB — VER with the k-module isomorphism k¥ : kuy @kFy 41 — V5 and the inverse
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of the k-algebra isomorphism 3 : k(X)) x G — lA/GDR respectively from the left and
from the right, we obtain a k-module morphism

kun © kEFyi1 — k(X)) x G. (3.6)

One checks that morphism (3.6) is a right module morphism over the k-algebra mor-
phism kFn41 — k{({(X)) given by

Xo exp(zg) and )?% > exp (%xo) exp(—wyn) exp (—%x0> , forn € [0,N —1].

In addition, (C%@l)le[[oyN,lﬂ and (exp (%xo) ® gf)le[[o N_1] &re bases of kuy @k Fn 41
and k((X)) x G respectively and the morphism (3.6) induces the following bijection
between the bases

l
¢ ®1—exp <Nx0> ®g!, forleo,N —1]. (3.7)

Furthermore, there is a topological k-algebra isomorphism k?;l — k{(X)) such
that the following diagram

kFny1 k{(X))

~ 7

kFn11

commutes, where kFn1 — kml is the canonical k-algebra morphism.
Indeed, such an isomorphism is obtained by composing the topological k-algebra iso-

morphism kf—]\:l — k((X)) obtained from [Qui, Example A2.12] and the topological
k-algebra automorphism of kFy 1 given by

Xo — Xo and X¢n Adexp(% log(%0)) (Xg;) for n € [0, N — 1].

On the other hand, one checks that kuy ® kml is a free right kml—module with
basis (Ciy @ 1)iefo,n—1] and recall that k((X)) x G is a free right k((X))-module with

basis (exp (%xo) ® gi)le[[o,Nq]]' Therefore, there is a unique module isomorphism

kuy ® kml — k((X)) x G over the k-algebra isomorphism kml — k(X))
which extends bijection (3.7) between bases. Therefore, the restriction to the bases
of the following diagram

k/.tN®kFN+1 k<<X>> x G

\ / (3.8)

kuny @ kFn11

commutes, where kuy @ kFn11 — kun ®k?;1 is the tensor product of the identity
of kuy with kFy41 — kFny1. This implies that the diagram commutes.
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Next, by composing the k-module isomorphism kuy ® kml — k({X)) x G from
the left and from the right with the isomorphisms kX! : V]% — kuny @ kFy41 and
B: k(X)) x G — VB respectively, we obtain a k-module isomorphism

Vv — Vo (3.9)
Let us prove that this k-module isomorphism is a k-algebra isomorphism. It is,

therefore, enough to show that it is a k-algebra morphism. Let us consider the
following prism

kuny @ kFn41 k<<X>> X G

\ /

ks kuy © Kyt

W

k=

o

oy

The left, right and middle squares commute by definition of Ei, IA}]% — 9GDR and
kun @ kFni1 — k{({(X)) x G respectively and the upper triangle is Diagram (3.8),
so is commutative. Additionally, the arrows going from the upper triangle to the
lower triangle are isomorphisms. Therefore, the lower triangle is commutative. The
restriction of the topological k-module isomorphism V& — VgR to V¥ is an algebra
morphism, which by the density of V& in 9]% implies that 171% — ]A)GDR to VB is a
topological algebra morphism and therefore a topological algebra isomorphism. Fi-
nally, the commutativity of the triangle also implies that the k-algebra isomorphism
VB — VER is as announced.

To conclude, let us compute gr (isoV*L). The topological k-algebra isomorphism
iso”* induces a graded k-algebra morphism gr(V2) — gr(VOR) ~ VOR. Its composi-
tion with the graded algebra isomorphism pY : VOR — gr(VE) (see Theorem 3.1.6) is
the algebra automorphism of VGDR given by

1
g, — [Xo] — {eXp (Neo> gb} =g,

e > [Xév — 1] — [exp(eg) — 1] — eo
e1 — [X1— 1] — [exp(e1) — 1] — eq

which is the identity of lA}GDR. Since pY : VER — gr(VR) is an isomorphism, this
implies that gr(VE) — VO is equal to (,02))71 to which gr (iSOV’L) identifies to. [
3.1.2 The topological algebra V/\\/}%

The filtered algebra W§
Proposition-Definition 3.1.10. Let us denote
WE =ka VE(X; —1). (3.10)
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It is a subalgebra of V& endowed with the filtration
FWE = WE n FmVR (3.11)
for m € N. The filtration (F"WX)men is an algebra filtration.
Proof. Immediate. O
Lemma 3.1.11. For m € N*, we have
(i) Fm"WE = F™VR nvE (X, —1). (i5) FmWE = Fn=1yB (X, —1).
Proof.
(i) Let m € N*. We have
FmWE =F™Vh N (k@ Vi (X1 — 1))
=F"VR N (ker(VR — k) N (k@ VR (X1 — 1))
=F"VR NVR (X1 — 1),
where the second equality follows from the inclusion F™VE C ker(VY — k) since
F™WE — ker(VE — kun)™ C ker(VE — kuy) C ker(VE — k), (3.12)

where the last inclusion of (3.12) is a consequence of the fact that V& — k is the
composition V¥ — kuy — k (the maps with target k being the augmentation
morphisms). The third equality follows from

ker(Vy — k)N (k@ VR (X1 — 1)) = Vp (X1 — 1)

which, in turn, follows from the fact that ker(VY — k) N (k@ VS (X1 — 1)) is the
kernel of the composed map k @ V(X — 1) C V¥ — k which is the identity on
k and takes V5 (X7 — 1) to 0. Its kernel is therefore V(X7 — 1).

(ii) Recall from Lemma 3.1.5 that, for m € N* the k-module isomorphism k3 :
kuny @ kFyi1 — V]]\B, induces an isomorphism

}"”V]}?, ~kuy ® (kFN+1)6n, (313)

where (kFn11)o is the augmentation ideal of the group algebra kFxnyi. The
isomorphism k¥ also induces an isomorphism

VR (X1 — 1) ~ kpy @ kFy 1 (Xeg — 1),
Thanks to Lemma 3.13 (i), this induces the isomorphism
me]% >~ k/.LN & ((kFN+1)6n N kFN-Q—l(jZQ?V — 1)) .

Next, thanks to [Wei, Proposition 6.2.6], we have a kFy11-module isomorphism
(kFn41)®W+) 5 (kFy41)o. This isomorphism induces the following isomor-
phisms

KFy 1 @ {0} ~ kFy 1 (Xeg — 1) and (kFy )5~ PN ~ (kFy )7,

68



CHAPTER 3. THE BETTI FORMALISM

where for the latter one we use the fact that (kFn11)8" = (kFn1)g " (kFx1)o
and the fact that (kFN_H)ST_1 is an ideal of kFny1.

On the other hand, using the inclusion (kFN+1)6”_1 C kFy41 and the isomor-
phism kFy,1 @ {0}®V ~ kFn41(X¢o — 1), one obtains

(k)™ DD 0 (kFygr @ {0}%Y) = (kEn)g " @ {017,

Finally, one checks that the isomorphism (kFy,1)®WV+Y — (kFy,1)o induces
an isomorphism

(KEys)p ™ @ {0}°N = (kFyp0)f ' (g — 1)

and using (3.13) for m replaced by m — 1, together with the fact that k¥ in-
tertwines right multiplication by X; — 1 on V& with the tensor product of the

identity on kuy with right multiplication by XC?\J — 1 on kFy41 implies
kiy ® (KFn1)g ™ (Xeg, — 1) ~ FP IR (X — 1),

thus proving the wanted result.

Proposition 3.1.12.

(i) The morphism of graded algebras gr(W%) — gr(VR) induced by the compatibility
of the inclusion WS C VX with the filtrations is injective.

(ii) For any group embedding 1 : G — C*, there exists a graded algebra isomorphism
PV WER — or(WE) such that the following diagram

w
WER — " ar(WE)
Vet ———— sr(Vy)
pL
commutes.
Proof.

(i) The injectivity of the map gr(WL) — gr(VE) follows from the fact that the
filtration of W% is induced by that of V5.

(ii) First, from Lemma 3.1.11 (ii) we have that F1WE = VB(X; — 1). One checks
that it is a k-submodule of V§ endowed with the filtration

F(FWR) = F*HWE | for m € N.
Next, one checks that the sequence of k-module morphisms

yB ZCOTh pys - B
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is compatible with the filtrations. More precisely, for m € N, it restricts as follows
FMVg — FUHIWE C FHVR.
The associated graded sequence of maps is given by

) gr(—(X1-1)

gr(Vy gr(FWR) <= gr(Vy). (3.14)

It is such that the following diagram

DR —4a DR
Ve Ve

p)’l lpl’

r(—(X1-1))
gr(VR) 0 ar(FIWR) s gr(VR)

commutes. It then follows from Lemma 3.1.11 (ii) that the map gr(—-(X; —1)) :
gr(VR) — gr(FWSE) is surjective and then

gr(]ﬂW}%) ~ gr(V]%)[Xl —1] =~ VC[;)Rel.

where the first identification is through the composition (3.14) and the second one
is through the graded isomorphism pY. Therefore there exists a graded non-unital
algebra isomorphism gr(F!W%) — VGDR61 such that the following diagram

VBRe, ) YR
l lpf’
gr(FIWR) —— gr(Vy)
commutes. Finally, since WS =k & F'WZE, we have that
gr(Wy) = k @ gr(FIWR).
As a consequence, the wanted graded algebra isomorphism
grOVR) = k& ar(FIVR) 25 ko VERe, = WET

is obtained as the direct sum of the identity on k with the graded non-unital
algebra isomorphism gr(F'WE) — VgRel.

O

The topological algebra W\J%

The decreasing filtration (F™WZE),,en given in (3.11) induces an algebra morphism
WE JFmrwWs s WE /FmWE.

Definition 3.1.13. We denote
AB . B miAIB

the inverse limit of the projective system (WS /FmWE WE /FmHiwl — WE /FmwB).
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The algebra V/VJ% equipped with a filtration
FUWR 1= lim FrWy /g
and endowed with the topology defined by this filtration is a complete separated
topological algebra.

Lemma 3.1.14. The k-algebra inclusion WJ% - VJ% gives rise to an injective mor-
phism of topological k-algebras 1//\7]% — VE.

Proof. This follows from the compatibility of the inclusion W& C VE with filtrations
and the fact that the filtration on WE is induced by that of V&. O
Proposition 3.1.15. The topological algebra )7\/\]% is isomorphic to the topological
subalgebra k & V(X1 — 1) of VE.

Proof. This will be done following this program:

Step 1. Construction of the topological k-module V/\?@ e

Let us define a k-submodule WJ]?[} 4= VR(X1 — 1) C WX, It is equipped with the
filtration
F"WR. :=Wg  NF"Wy , for m € N

induced by the inclusion WE,’ + C WZE. Denote as follows the associated inverse limit
IWB .1 B myp)B
Wi 4 = thWN7+/.7: WN 4+

One checks that the k-module inclusion W]%, 4+ C WY is compatible with the filtra-

tions, which induces a morphism of topological k-modules )7\/?, L= 17\/?, As the
filtration of WN + is induced by that of WJ]?,, this morphism is injective. Thanks to
Lemma 3.1.14, we then have a chain of injections

WN7+ — WN — VB (3.15)
On the other hand, for any m € N*| we have
FMWR L =WR L NF"WE =VR(X1 — )N F" VR (X — 1) = F" VR (X — 1),

where the second equality comes from Lemma 3.1.11 (ii). Therefore, for any m € N,

VB(X; -1 ifm=20
FrWE = N(_llB ) nm= (3.16)
’ F=Y5 (X1 —1)  otherwise
Moreover, let us notice that W& =k & W]E\;,)Jr. Using (3.16) we obtain
FOWR =k ® FOWg ;
F"Wy = F™Wg ., for m € N*.
These equalities induce the following topological k-algebra isomorphism
WR = lm W /F"Wy ~k @ im WY _/F"WR . =k @ WS .. (3.17)

where, on the right, the algebra structure is defined by the conditions that 1 € k is a
unit and that the inclusion WN +Cko WN _+ 1s a non-unital algebra morphism.

71



3.1. ALGEBRAS AND MODULES

Step 2. The existence of a topological k-module morphism @ : ﬁ}%, — V/VJ%,JF such
that the triangle

C %
(3.18)
S’; R 7-(X171)
vy
commutes. First, let us consider the k-module morphism ¢ : V§ — W}\? 4 given by
v — v(X; —1). For any m € N*, one has
P(F™VR) = FMVR (X1 — 1) C F"IVR(X - 1) = F"Wy 4.,

where the first equality follows from the definition of ¢, the inclusion follows from
decreasing character of (F™VR),,en and the last equality follows from (3.16). One
also has

P(FOVR) = VR(X: = 1) = FOWR ..
This implies that the morphism ¢ : V& — W]]\B,’ o is compatible with filtrations. This

induces a k-module morphism ¢, : V¥ /F"VE — W]%+ /F ’"WI%JF.
In the following prism

WE VN
(\ /Xl_l)
VN

WI%#/}_WWJI\?},_,_ V& FmyBR
Pm Jz Al*l)
VR /PR

the upper triangle commutes by definition of ¢ : V5 — W]]\B,, 4 and all the squares
commute thanks to the compatibility of the maps ¢ : V& — W]%,Jr, — (X7 -1
Vy — Vi and Wg | C V§ with filtrations. Therefore, thanks to the surjectivity of
the projection V& — V& /F™VE | the lower triangle commutes. As a consequence, the
morphism ¢ : V& — W]%,  induces a morphism of topological k-modules ¢ : 9}\3, —

1//\7]%7 4 such that Diagram (3.18) commutes. Finally, the commutativity of the latter
diagram implies

VE(X) —1) =Im(—-(X; — 1))
= Im (9}3 L WE 92) C Im (17\/}3,+ < 17}3) . (3.19)
Step 3. The existence of a topological k-module morphism ¢ : )7\/\]% L= 9]]\3, such
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that the triangle

WR 4 VR
\ / (3:20)
q'; . 7-(X171)
VN

commutes. First, one notices that ¢ : V5 — W% . is a surjective k-module morphism.
It is injective thanks to the integral domain status of the algebra V5. Therefore, the
map ¢ : Vi — WJ]?,, + is a k-module isomorphism whose inverse will be denoted

¢ : Wy, — Vx. Thanks to (3.16), the k-module isomorphism ¢ : W§ | — Vg
restricts to an isomorphism me]%, 4 — Fm1VR, for any m € N*. This induces a
k-module isomorphism ¢y, : Wy | /F™"Wg | — V5 /F" 'V, for any m € N* and,
via a prism similar to the one of Step 2, one checks that the following triangle

WER L JFWE | VN/FVR
k A'l_l)
VR/FIVR

commutes where the morphism — - (X; — 1) : VR/Fm71VE — VB /FmVR is well-
defined thanks to the inclusion F™ VB (X; — 1) € F™VE being a consequence of
(3.16). On the other hand, we have, for any m € N*, the following triangle

VR/FTVR

*'(XV' V?\-(Xrl)

VR/FTVE VN/F"VR

TTm

where 7, : VR/F™VE — VB/Fm=1VYBR is the morphism which associates to the
class of an element modulo F™VY its class modulo F™~1VE; this is well-defined
and surjective thanks to the inclusion F™VE C F™~1VE. One then checks that this
triangle commutes. By linking the two triangles and doing the inverse limit we obtain
the following diagram

we Ve
\ / —(Xa-1)
¢
. B /m—1y)B B
<—
hiﬂVN/]C VN ~ VN

where 7 = limm,, : 9}3’, — lim V5 /F™ VR is obtained by degree shifting and is
o —

therefore a topological k-module isomorphism. Let us set 5 =7"1o (;AS : V/VJ% L ]7]%
It is a topological k-module morphism such that Diagram (3.20) commutes. Finally,
the commutativity of the latter diagram implies

Im (17\/\1%4_ — ]7}?,) =Im(—-(X;—1) o¢~>)
CIm(—-(X; — 1)) = VE(X; - 1). (3.21)
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Finally, combining inclusions (3.19) and (3.21) we obtain
W\J%_VJF ~ Im (W\J%Jr — 17]}3) = ﬁl%(Xl -1).
In addition, thanks to 3.17, the topological k-algebras k ® 17\/\]% 4 and )7\/\1% are isomor-
phic. One then obtains the isomorphism of topological k-algebras
WE ~ka VR(X; —1).
O

Proposition-Definition 3.1.16. Let + : G — (CX be a group embedding. There
ezists a topological algebra isomorphism 1soW L W — WGD such that the following
diagram

B iso"* ywD
WN iso WGR
VN ver

commautes.
Proof. We have
is0¥* (X1 — 1) = exp(e1) — 1 = uey,

exp(z)—1

where u = f(ey) with f(z) being the invertible formal series . Moreover, since

isoV ]A)]% — 17GDR is a k-algebra isomorphism, we obtain
sV (ﬁ]%(Xl - 1)) is0” 4 (VR) iso¥* (X1 — 1) = VORue; = Ve

This implies that 1s0|A i) VB(X, —1) — 9GDR61 is a surjective k-module mor-
phism which is trivially 1IlJ€‘Ct1V6, therefore, is a k-module isomorphism. Taking the

direct sum with k, we obtain a k-module isomorphism

k@VN(Xl - 1) — k@VG e,
which is a k-algebra isomorphism. Finally, thanks to Lemma 3.1.15, this isomorphism
is the wanted k-algebra isomorphism iso""* : W — WG . O
3.1.3 The topological module M\%
The filtered module MY
Proposition-Definition 3.1.17. The quotient k-module

ME = v]%/v]%(xo ~1) (3.22)

is a VX -module. Moreover, if we denote 1p the class of 1 € V& in M%,, then the
canonical projection
—-1p: V]E\;; — M]%

is a surjective V& -module morphism and its restriction to WX is a W -module iso-
morphism.
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Proof. This follows from the direct sum decomposition
Ve =kaVe(X; - 1)@ Vh(Xo—1) = WE @ Vi (Xo - 1)
given by [Wei, Proposition 6.2.6]. O

Remark. The statement implies that (- - 1g)pye : WS — ME is WE-module

isomorphism. Therefore ./\/l% to be a free Wﬁ—module of rank 1.

Proposition-Definition 3.1.18. The k-module M% is endowed with the decreasing
k-module filtration given by

FME = F"WR - 1g  for m € N. (3.23)

Moreover, the pair (M%, (me%)meN) is a filtered module over the filtered algebra
(WR. (F™WR),.cn)

Proof. Immediate. O
Lemma 3.1.19.

(i) For any m € N, the k-module isomorphism — - 1g : W8 — ME induces a k-
modules isomorphism FMmWE — FmME.

(ii) For any m € N, we have F"ME, = F"VE . 15.

Proof.

(i) By definition of F™ME the isomorphism — - 1g : W¥ — MY restricts to a
surjective k-module morphism F™WE — F™MR. In addition, since — - 1p :
WE — MY is injective, so is the restriction FmWE — FME.

(ii) First, if m = 0, the equality follows from Proposition-Definition 3.1.17.
From now on, let m € N*. Since F™"Wx C F™VE, we have that

FMY c F™VE - 1p.

Conversely, let us prove the inclusion F™VE - 15 ¢ F™ME. This inclusion is
equivalent to
FMVY C F"WR + Vi (Xo — 1).

Since FMVE = I™ = ker(VX — kuy)™ and by Lemma 3.1.11 (i), this inclusion
is also equivalent to

I™ C (I NVR(X1 — 1)) + Vp(Xo — 1). (3.24)
We have

T = ker(VY — kun) C ker(VS — k) = VB(Xo — 1) + VE(X1 - 1),
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with ker(V]% — k) being the augmentation ideal of the group algebra VI]\3[ =kF,
and the last equality being a consequence of [Wei, Proposition 6.2.6].
This implies

I"=1"'Z I (Va(X1 — 1) + VR (Xo — 1))
CIT™WE(X; — 1)+ VR (X, - 1). (3.25)

Moreover, V5 (X; — 1) C ker(V¥ — kuy) since X; — 1 +— 0 through the map
VB — kux. This implies

T WE(X, - 1) cT T =1, (3.26)
On the other hand, we have
T WE(X, — 1) c VR(X; —1). (3.27)
From (3.26) and (3.27) we obtain
I"VR(X —1) C (T NVR(X: —1)). (3.28)
Finally, from (3.25) and (3.28), we obtain
I™ C (I NVR(X1 — 1)) + Vp(Xo — 1),

which is the wanted inclusion.

Corollary 3.1.20.

(i) The surjective k-module morphism —-1p : V& — MY induces a surjective graded
k-module morphism gr(— - 1g) : gr(VR) — gr(MR%).

(ii) The k-module isomorphism — - 1g : WS — MY induces a graded k-module
isomorphism gr(WY) LiliioN gr(MB). It coincides with the gr(WE)-module
morphism gr(WE) — gr(ME) induced by the action on [15] € gro(ME).

(i4i) The k-module gr(ME) is a free gr(WE)-module of rank 1.

Proof.
(i) This comes from Lemma 3.1.19 (ii).

(ii) The isomorphism — - 1g : W8 — M&E is compatible with filtrations by Lemma
3.1.19 (i). Therefore, the morphism — - 1 induces a graded k-module morphism
gr(—-1g) : gr(WR) — gr(M%). Moreover, Lemma 3.1.19 (i) also implies that
— - 1p induces an isomorphism between filtrations. Therefore gr(— - 1g) is a
graded k-module isomorphism. The identification comes from the definitions of
the involved maps.

(iii) This is a consequence of (ii).
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O

Given a group embedding ¢ : G — C*, let us identify gr(M%) with M2R. Before

we proceed, let us recall that MR = VE® /VERey + Z VER(g — 1) (see Definition
geG

2.1.18). Since the group G is cyclic with generator g,, the k-submodule Z VER(g—-1)

geG
is equal to VEReg+VER(g,—1). Asa consequence, MEF = VGDR/V8R60+VgR(gL—1).

Proposition-Definition 3.1.21. For any group embedding v : G — C*, there ex-
ists a graded k-module isomorphism pM : MBR — or(MRB) such that the following
diagram

VDR o’ VB

G gr( N)

—'1DRJ Jgf(—'lB)
MR —————— r(MR)

commutes.

Proof. Thanks to Corollary 3.1.20 (i), the k-module gr(./\/l%) is a graded gr(V%)-
module and gr(— - 1) : gr(VR) — gr(M%) is a graded gr(V¥)-module morphism.
Let us construct a graded module morphism pM : MER — gr(ME) over the graded
algebra morphism pY V — gr(V¥). We consider the composition

VER L0 g (VB) B (B,

This composition sends the k-submodule VgReo + VGDR(gL — 1) to 0. Indeed, this
comes from

o = [XY-1 = [(XY-1)-15]=0
gb—l '—>[X0—1] »—>[(X0—1)-13]=O

and the fact that gr(— - 1) o p is a module morphism over the algebra morphism
VDR — gr(VR). As a consequence, this composition factorises into a k-module mor-
phlsm pM MDR — gr(M%) which is a module morphism over the algebra morphism
Ve — gf(VN)

Next let us show that pM MDR — gr(M%E) is an isomorphism. Recall from Propo-
sition 3.1.12 that p)¥ : WOR — gr(WR) is an algebra submorphism of pY : VEF

gr(VE). As a result, pf\/‘ : MCD;R — gr(ME) is a module morphism over the algebra
isomorphism p)¥ : WER — gr(WE). In addition, thanks to Corollaries 2.1.22.(ii) and
3.1.20.(iii), MPR and gr(ME) are both free rank 1 modules over WER and gr(W§g)
respectively and p™ sends 1pg to [1p] € gry(MZ%) and therefore a basis of the source
to a basis of the target. Thus pM : MER — gr(MZE) is a module isomorphism over
pYV and therefore a k-module isomorphism. O
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The topological module MY

The decreasing filtration (F™ MY ),,en given in (3.23) induces a k-module morphism

MEJFHME — MBJF ME
Definition 3.1.22. We denote
M = lim M, /F" M.
the limit of the projective system (ME /FmMB MEB /FmHI M — MB /FmME).
The k-module M\J% is a 17}\3,—m0du1e equipped with the filtration

FrMY o= lim F MR JFXD MR, for m e N7,
When equipped with the topology defined by this filtration, /\//T% is a complete sepa-
rated topological k-module.
Lemma 3.1.23.

(i) The surjective k-module morphism — - 1g : V]% — M% induces a topological
VR — MB

surjective k-module morphism i 1p: VB — ME.

(ii) The k-module isomorphism — - 1g : W — MY, induces a topological k-module
isomorphism j?]g : V/\?i, — m Therefore, the k-module ./T/l\% is a free V/\?i,—
module of rank 1.

Proof.

(i) By definition of ]71]3 and Wi,, this follows from Lemma 3.1.19 (ii).

(ii) By definition of /(/1\1%, this follows from Lemma 3.1.19 (i).
O

Proposition 3.1.24. The topological k-module morphism —/'1\]3 : 171}\3, — /(/l\]% in-

duces an isomorphism ]7]]\3;/]7]]\3, (Xo—1)— .//\/TZ% of topological k-modules.
For the proof, we will need the following lemma

Lemma 3.1.25. Let V' be a k-module and uw be an endomorphism of V. Let f :
VN — VN be the endomorphism given by

(UQ, P ;UN—I) — (U(UN_l) — Vo,V —V1,V1 —V2,...,UN—2 — UN—1)~
Then we have an isomorphism

coker(f) ~ coker(u — id).
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Proof of Lemma 3.1.25. Let us consider the k-module morphism sum : VY — V
given by (vo,...,vn—1) — vg+---+vy_1. This morphism sends Im(f) to Im(u —id).
Therefore, there is a unique k-module morphism V¥ /Im(f) — V/Im(u — id) such
that the diagram

VN sum 174
VN /Im(f) —— V/Im(u — id)

commutes. Let us show that the morphism V¥ /Im(f) — V/Im(u — id) is an isomor-
phism. First, the surjectivity of the morphism sum : V¥ — V implies that the mor-
phism V¥ /Im(f) — V/Im(u — id) is surjective as well. Second, let (wo,...,wy_1) €
V™ such that there exists an element v € V such that wo+-- - wy_; = u(v) —v. The
element (vg,...,vx_1) € VY given by

UN-1 =V, UN-2 = WN-1+ VU, UN-3 =WN—2 +WN-1FV,..., 00 =W1+ - -WN-1+V
is such that

(wo, ..., wn—1) = (w(vny—1) — Vo,v0 — V1,...,UN—2 — UN—1) € Im(f).
Thus proving the injectivity of V¥ /Im(f) — V/Im(u — id). O
Proof of Proposition 3.1.24. The proof is depicted in the following steps:

Step 1. Construction of the k-module isomorphism Py : (kFy41)Y — V5.
As in §3.1.1, one can define the k-module isomorphism kFyi1 ® kuy — V5 such
that for (.Z‘,C) S FN+1 X N

x@ (¢ zo(C), (3.29)

where Fy.11 is seen as ker(Fy — un) C Fb thanks to Lemma 3.1.1. Moreover, one
checks there is a k-module isomorphism (kFy41)Y — kFyi1 ® kuy given by

N—-1
(V0 on—1) = Y 0 ® (i (3.30)
i=0

Therefore, the composition Py : (kFy41)Y — kFny1 @ kuy — VX is a k-module
isomorphism and is given by

(7)0, L. ,UNfl) —vg+viXg+ -+ UNleévil.

Step 2. Identification of ME.
One checks that the endomorphism f : (kFn41)Y — (kFn11)Y given by

(UQ, e 71)]\[_1) — (UN_1)?0 —Vo,V9 —V1,V1 —V2y...,UN—-2 — UN_1), (331)
is such that the following diagram
(kFy1)V —L s (kFyi)Y

. l lp" (3.32)

B B
VN —(Xo-1) Ly
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commutes. This induces a k-module isomorphism coker(f) ~ coker(— - (X — 1)).
On the other hand, by applying Lemma 3.1.25 with V' = kFx; and u = — - X, we
obtain an isomomorphism coker(f) ~ coker(u — id). It then follows that

ME =VB/VB(Xy —1) = coker(— - (Xy — 1))
~ coker(f) ~ coker(u — id) = kFn41/kFn41(Xo — 1).

Step 3. Compatibility of the isomorphism kFNH/kFNH()?O —1) = MY with fil-
trations. Let us show that for any m € N, we have

(kFN+1)6n/ ((kFN+1)6n N kFN+1()?0 — 1)) ~ ./T"mM]%

If m = 0, this has been proved in Step 2. From now on, let us assume that m € N*.
The isomorphism kFy 1 /kFn11(Xo — 1) — ME fits in the following commutative
diagram

KFypi — 5 VB
l i (3.33)
kFN+1/kFN+1(X0 — 1) i> MZ%

where kF 1 — V5 is the group algebra morphism induced by the group morphism
Fny1 ~ ker(Fy — pn) C Fy obtained in Lemma 3.1.1. This group algebra morphism
induces the injection

(kEn11)f = F™VR.

Then, thanks to the commutativity of Diagram (3.33), the k-module isomorphism
kEny1/kFn+1(Xo — 1) = ME induces an injection

(KFns1)M / ((kFNH)g” N kFy41(Xo — 1)) < FVB 1y = FME,
where the equality comes from Lemma 3.1.19.(ii). This implies that
Im ((kFN+1)6n/ ((kFN+1)6n NkFy41(Xo — 1)) — M%) C Fm M.
Conversely, let us show the opposite inclusion. Thanks to Lemma 3.1.11(ii), we have
FIMR = F"Wy -1 = F" V(X1 — 1) - 1.

Moreover, we have by definition that Fm~1VE = (FVB)m~=1 This implies, thanks
to Lemma 3.1.3 (ii) that F™~1VB(X; — 1) - 1 is linearly generated by elements

o(C)(@1 = 1) o(Cm-1)(@m-1— (X1 —1)-1p
with (¢1,21), ..., (Gne1,Tm—1) € pnv X Fny1. Additionally, we have that
o(G)(z1—=1)- - o(Cm-1)(@m-1 —1)(X1—1)-1p =
(Ad(cyy(@1) = 1) - (A (cy)o(con-1) (@m—1) = 1) (Ado(cr)o(cn) (X1) = 1)
o(C1) - o(Cn-1) -1 =
(Ad(cy(@1) = 1) -+ (Ado(ey) o (e 1) @m—1) = 1) (Ado(cy)o(c ) (X1) = 1) - 1p
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which belongs to the image of (kFNH)g’/ ((kFNH)g’ ﬁkFNH()?O — 1)) by the
isomorphism kFN+1/kFN+1()}O —1) - ME as
(Ada(cl)(l'l) — 1) cee (Ada(cl)...g(ghl)(xm_1) — 1) (Adg(gl)...g(cmil)(Xl) — 1) ,

seen as an element of kFy 1, belongs to (kFn41){*. This implies that
FmME C Im ((kFNH)g””/ <(kFN+1)0m N kFy41(Xo — 1)) = M%) .
Therefore, one has equality
tm (kB )/ (6B OkFx (R0 = 1)) = ME ) = F7 MR,
which establishes the wanted isomorphism.

Step 4. Identification of m
Thanks to Step 3, one has for any m € N

MBJFME ~ kP, / (kFN+1()?O 1)+ (kFN+1)6”)
and, on the other hand, for any m € N*|
kFN+1/ (kFNH()?O 1)+ (kFNH)Z)") ~ coker (kFny1/(kFn11)0' ™" = kFny1/(KFn11)8),
where the morphism
kFn41/(kFn41)5 " = kEn1/ (kEns1)g (3.34)
is induced by the endomorphism — - ()?0 —1) of kFy11. Therefore,
ME; = lim coker (kFy+1/(kFn+1)f " = kFy1/(KFn1)f') -

Step 5. Identification of VB /VB (X, — 1).

As in Lemma 3.1.5, one can prove that the k-module isomorphism kFn11 @ kuy —
VB given in (3.29) allows us to identify (kFy41)5 @ kuy with F™VE for any m € N.
Recall the isomorphism (kFy 1) — kFn,1®kuy given in (3.30). One checks that it
is compatible with the filtration of (kFy 1) given for any m € N by Hf\;l (kFN11)§
Therefore the isomorphism Py : (kFny1)Y — kFny1 ®@ kuy — V5 of Step 1 is com-
patible with filtrations. Therefore, it extends to a topological k-module isomorphism

ﬁo : (kFN+1)N — 9]%
On the other hand, the endomorphism f : (kFy41)Y — (kFn41)Y given in (3.31)
is compatible with filtrations and then extends to a topological endomorphism f :
(kEn41)N — (kFn4+1)"N and, thanks to Diagram (3.32), it is such that the following
diagram

(KFya1) —— (KEyan)
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A

commutes. This induces a k-module isomorphism coker(f) ~ coker(— - (X — 1)).
Similarly to Step 1, by applying Lemma 3.1.25 with V' =kFy41 and u = — - Xy, we
obtain an isomomorphism coker(f) ~ coker(u — id). It then follows that

VR VR (X — 1) = coker(— - (Xo — 1))
~ coker(f) ~ coker(u —id) = kml/ml(fo —1).

On the other hand, we have
kf-]\:l/kml (Xo — 1) ~ coker ({El kFN+1/(kFN+1)gL71 — 1{1_111 kFN+1/(kFN+1)6n) 5

m—1

where the morphism im kFyy1/(kFn41)g " — limkFni1/(kFn+1)g" is induced by
— —

the morphism kFn1/(kFn11)0 " — kFny1/(kFny1)§ given in (3.34).

Step 6. Cokernel of limits and limit of cokernels coincide.

For any m € N*, the morphism kFy1/(kFy1)g " — kFni1/(kFy11)g induced

by the endomorphism — - ()?0 —1) of kF 41 is injective. Indeed, let @ € kF41 such
that (Xo—1) € (kFn41)5. Let [ to be the smallest integer such that x € (kFy1).

We then have that [ > m — 1. Otherwise, since [z] € gr;(kFyy1) and [Xy — 1] €

gry (kFn41), we obtain [z(Xo — 1)] € gr; (kFy41). Since [ +1 < m — 1, then the
condition z:(Xo—1) € (kFy1)7 implies that [#(Xo—1)] = 0, then since gry 1 (kFngr)
is an integral domain we would obtain [x] = 0, contradicting the minimality of I.
Therefore, I > m — 1 and the morphism kFNH/(kFNH)6”71 — kFni1/(kFni1)Y
is injective. In addition, the image of this morphism is the same as the image of the
morphism kFni1/(kFni1)5t — kFni1/(KFn41)]" induced by the endomorphism
- ()N(o — 1) of kFyy1. We then have the short exact sequence

{0} = kFn11/(kFn+1)g " = kFN 1/ (kEnp)g!
— COker((kFN+1/(kFN+1)0m — kFN+1/(kFN+1)6n)) — {0}
which, by applying the inverse limit functor, gives us
{0} = limkFy 41 /(KFy41)g " = imk Py /(KFy1)g' —

ULHCOkef((kFNH/(kFNH)Bn — kFyy1/(kFyi1)g)) — @1 kFyy1/(kFns1)g "

Since the transition maps of the inverse system (kFn1/(KFn11)0" " )men- are sur-
jective, this implies that lim*kFy/(kFny1)g ™" = 0 (see, for example, [BK72,
—

Propostion IX.2.4]). As a consequence,

{iincoker((kFN+1/(kFN+1)6n — kFN+1/(kFN+1)gl)) ~
coker( {igl(kFN_H/(kFN_;,_l)gL — l(iglkFN+1/(kFN+1)gl)).

Thanks to Step 4 and Step 5, this proves the wanted result.
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Proposition-Definition 3.1.26. Let ¢ : G — C* be a group embedding. There
exists an unique topological k-module isomorphism iso™* m — /@R such that
the following diagram

o~ iSOV‘L o~
: v
=1 ~lon (3.35)
My —————— MBR

commutes.

Proof. Let us construct a topological module morphism iso™* : /\//\ll% — /\//\lgR over
the topological algebra morphism iso""* : VB — VGDR. We consider the composition

~ s Vit~ - —~
B o7, POR —lon, ADR. (3.36)

This composition sends the k-submodule 17]% (Xo — 1) to 0. Indeed, this comes from
the fact that (3.36) is a module morphism over the algebra morphism iso""* and the
following computation

isoV‘L(Xo —1)=g.exp (%eo) —1=g (exp (%eo) - 1) +(9.—1) € ﬁDReo + ﬁDR(gL -1)

Therefore, thanks to Proposition 3.1.24, the composition (3.36) factorises into a k-
module morphism iso™* : /(/l\j'i, — /\//\ICD;R which is a module morphism over the algebra
morphism iso” : 17]% — ]A)ER.

Next, let us show that iso™* : /\//TJ% — //\/TP;R is an isomorphism. Recall from Propo-
sition 3.1.16 that iso”* : W8 — WDR is an algebra submorphism of iso”"* : VB —
17GDR. As a result, iso™* : ./T/l\]% — /(/I\BR is a module morphism over the algebra
isomorphism iso"V* : V/VJ% — WgR. In addition, /(/l\]% and /\//\lgR are both free rank 1

W\gR Mot gends 1p to 1pr and therefore a

M’L:./\//T]'i,%./\//TCD;R

modules over 17\/\1% and respectively and iso

basis of the source to a basis of the target. Thus iso is a module
isomorphism over iso””* and then a k-module isomorphism. O

Remark. Let us notice that we have the following equality of k-submodules of )7GDR:

o~

V™ (g, expleo) — 1) = V5 eo + VG (g, — 1),
Indeed, since we have that
g.exp(eg) — 1 = g.(exp(eo) — 1) + (9. — 1),

this gives us the inclusion 178R(gb exp(eg) — 1) C 98Reo + ]A)gR(gL —1). Conversely,
the inclusion VRRey + VER (g, — 1) € VER(g, exp(ep) — 1) follows from

€0 = e){})(]\fﬁ(l + g.exp(eg) + -+ + 9¢N71 exp((N — 1)60))(9L exp(eg) — 1)
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and from

—eg) — 1
Szg NZZ) — (14 goexp(eo) + -+ + g~ exp((N = 1)eo)) (g, exp(eo) — 1)
= (exp(—eo) + ZRE=L (1 4+ g expleo) + -+ g exp((N = 1en) ) (g, expleo) — 1).

Proposition 3.1.27. For any (A, ¥) € k* x G(k{((X))), the following pairs are
isomorphisms in the category k-alg-mod:

(i) (iso¥*,iso™*) : (]A/]%,m) — (1781)”,./\//?8; ).

(i) (iso”™*,iso™M) (17\/\]%,./(/1\]%) — (VV\GDR,./T/I\B ).

Proof.

(i) The fact that iso”** (resp. iso™*) is a k-algebra (resp k-module) isomorphism

follows from Proposition-Definition 3.1.9 (resp. Proposition-Definition 3.1.26).
Let (a,m) € V§ x /(/l\]% There exists v € V§ such that m = v - 15. We have

iso™M( Mt(qv - 1g) = is0” " (av) - 1Ipr = is0”*(a) iso”**(v) - 1pr

M,L(

am) =iso
=iso”*(a) iso™* (v - 1g) = is0”"*(a) iso™* (m),
where the second and fourth equalities come from Proposition-Definition 3.1.26.

(i) The fact that iso”** (resp. iso™*) is a k-algebra (resp k-module) isomorphism
follows from Proposition-Definition 3.1.16 (resp. Proposition-Definition 3.1.26).
One can prove, for any (w,m) € 17\/\1% X ./(/l?,, that

iso™ (wm) = iso”™* (w)iso™* (m)

using the argument of (i) and Proposition-Definition 3.1.16.

3.2 Comparison isomorphisms

Throughout this section, ¢ : G — C* is a group embedding.

3.2.1 Algebra comparison isomorphisms

Definition 3.2.1. For (A, ¥) € k* x G(k((X))), we denote the composed topological
k-algebra isomorphism

Fcomp&fi)f = Fautzi’fi,)) oiso”" : V¥ — YRR (3.37)

Lemma 3.2.2. For (A, ¥), (v,®) € k* x G(k({(X))), we have

r V,(1),e T v,(1) . 1 V,(1),
COMP(\ g)g(v,p) = (N g) O COMD(,q)" -
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Proof. We have

V,(1),¢ _ V,(1) san Vit
COMPRwer) = M w)e,e) 150
V,(1 V,(1 V,(1
= Faut(/\’(\y)) o aut( g 0iso¥ = Faut(qu,)) o Fcomp(y(q); ,
where the second equality follows from Proposition 2.2.13.(i). O

Proposition-Definition 3.2.3. For (\,¥) € k* x G(k({({X))), the topological k-
algebra isomorphism Fcomp(k’fp)) = Fautz/;f’\(l,l)) 0 iso™ 17\/\]% — VV\JQ,R is such that
the following diagram

FCOmp()\ \(1,1)) L

e DR
Vl% T V,(1),e VJ]\)TR
comp(A )
commutes.
Proof. 1t follows from Proposition-Definitions 2.2.12 and 3.1.16. O

Lemma 3.2.4. For (A, ¥), (v,®) € k* x G(k({(X))), we have

r W,(1) T w,1) 1 W,(1),¢
COMP (3 g (v, @) = auto\"p) o " comp, gy
Proof. 1t follows from Lemma 3.2.2. O

3.2.2 Module comparison isomorphisms

Definition 3.2.5. For (A, ¥) € k* x G(k((X))), we denote the composed topological
k-module isomorphism

Fcomp(k’(\}g) =T utzi\( )) oiso”" : VB — VOR, (3.38)

Lemma 3.2.6. For (A, V), (v,®) € k* x G(k((X))), we have

V,(10), V,(10 V,(10),
Fcomp(/\(q,))@a(y o = aut(qu,)) Fcomp(u((b)) . (3.39)
Proof. We have
r V,(10),¢ _ V,(10) Vi
COMP S )& 0) = AU,y (1,) © 150
= aut(k(é,())) o Faut(y’ﬁb?) oiso”t = Fautz}/\”(i())) o compz/ %,g)) :
where the second equality follows from Proposition 2.2.15. O
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Proposition-Definition 3.2.7. Let (\, V) € k* x G(k{((X))). The composition

1“cornpé\; é,l)o) = Faut/\;’é,l)o) o isoM* - /(/lj]i] — ./(/l\gR is a topological k-module iso-

morphism such that the following diagram

rcompv (10),¢
g R g
/B A{DR
MN M, (10),¢ MG
compo\ o)
commutes.
Proof. Tt follows from Proposition-Definitions 2.2.16 and 3.1.26. O

Lemma 3.2.8. For (A, ¥), (v, ®) € k* x G(k((X))), we have

M,(10),¢ M, (10 M, (10
I‘Comp()\ é,)@g(y 5 = Faut(>\7é,) )o Fcomp(u (IE) e (3.40)

Proof. We have

Fcomp(A éfl)%;(u 3) ° o= Ip=—1Ipro Fcompu(i?)@(u )
=—-1pro aut()\(qf;) o 1“comp( (;)?)’
= aut(/\ é,l)o) o —/~_1ER o Fcompz)y(;)?)’
= aut( é,) )o Fcompzwqgo) —/~1\B,

where the first and last equalities come from Proposition-Definition 3.2.7, the second
one from Lemma 3.2.6 and tl&‘@rd one from Proposition-Definition 2.2.16. Finally,
thanks to the surjectivity of — - 1g, the result follows. O

Proposition 3.2.9. For any (A, ¥) € k* x G(k{(X))), the following pairs are iso-
morphisms in the category k-alg-mod:

. " M, (10 3 3
(i) (Pcomp)yg)", Teompi ) s (DR, MB) — (VER, MBR).

.. s s M,
(i1) (Feompl )", FeomplHG" ) + VR, MB) — (WER, MBR).

Proof.

(i) Tt follows from Proposition 2.2.18.(i) and the fact that iso"** is an algbera isomor-
phism.

(ii) It follows from Propositions 2.2.18.(ii) and 3.1.27.().

(iii) It follows from Propositions 2.2.18.(iii) and 3.1.27.(ii).
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3.3 Betti Coproducts

Throughout this section, let us denote

Emb(G) :={¢t: G — C* | is a group embedding}. (3.41)

3.3.1 Actions of the group Aut(G)

Lemma 3.3.1. The group Aut(G) acts freely and transitively on Emb(G) by
¢-Li=10¢,

for ¢ € Aut(G) and « € Emb(G).

Proof. One knows that for any ¢ € Emb(G), ¢«(G) = pun. That gives rise to a group
isomorphism 7 : G — un(C). Therefore, for any ¢1,t5 € Emb(G) there is a unique
group automorphism ¢ = i3~ o 57 of G such that ¢ 0 ¢~ = 5. O

Proposition-Definition 3.3.2.

(i) The group Aut(G) acts on ﬁgR by k-algebra automorphisms, the automorphism
alf corresponding to ¢ € Aut(G) being given by

eo—eg, e1+re; and g— ¢(g) for g € G.

(i) The group Aut(G) acts on k({X)) by k-algebra automorphisms, the automorphism
by corresponding to ¢ € Aut(G) being given by

To > To, Ty > Ty(g) for g € G.
Proof. Immediate. O
Lemma 3.3.3. For any ¢ € Aut(G), the following diagram

by

k(X)) ——— k{(X))
B0(7®1)l lﬁd*@l) (3.42)
o T
®
commautes.
Proof. Immediate. O

Proposition-Definition 3.3.4.
(i) The action ¢ — a) restricts to an action a” : Aut(G) — Auticrope( VR, AYPRY.
(i) The action ¢ — a}; induces an action a™ : Aut(G) — Autk_coalg(//\/?gR, ﬁgl’DR).

Proof.
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(i) Let ¢ € Aut(G). For (n,g) € N* x G we have

n—1 n—1

a(zn,g) = ay(—ef'ger) = —ef ' d(9)er = 2n,4(g)-

Since the algebra WGDR is freely generated by the family (2,,9)(n,g)en- x @, it follows
that ag(wﬁgR) C WBEE. Similarly, (ag)_l(@R) C WER. Hence, ai(@R) =
W\gR. This implies that ag restricts to a k-algebra automorphism of W/\gR which
we denote a}f. Let us show that the following diagram

aW
WER @ WgR
K\C/:V,DR\L l&\é\/,DR
(WGDR)(X)Z = (WgR)m

commutes. Indeed, for (n,g) € N* x G we have

2 W,DR W,DR
AL oal (zng) = AL (Znistg)
n—1

= Zn(e) @ L+ 1® Zng(g) + Y 2 ® Zn_kg(gh-r  (343)

k=1
heG

and

n—1
(@)% 0 AE "M (2n,g) = (@) | 20y O L+ 1@ g + Y 2n © 20k gn

k=1
heG

n—1

= Zng(e) ® 1+ 1® Zng(e) T D Zh.o(h) ® Zn—r,é(g)d(h—")-

k=1
heG

Applying the change of variable b/ = ¢(h), we obtain the same quantity as (3.43).

(ii) Let ¢ € Aut(G). One checks that a preserves the submodule ﬁgReo—&—Z VOR (g—
geG
1). It follows that there is a unique k-module automorphism aé"‘ of /\//TCD;R such
that the following diagram

DR ag DR
—
Va Ve

—-1pr —1pr

MER s bR
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commutes. Combined with (i), we obtain the following commutative diagram

aW
W\gﬁ @ WER
— — (3.44)

—1pr —1pr

TR s WA

We then have the following cube

DR oy AR
WGR WGR
Kgfl,DR zgfl,DR
Ké\l,DR KZV,DR
(WR)@ p— (WR)@
1 y (a3™) /
—1DR
®2
*'1DR
DR\ & JWDR\ &
(WG )®2 (ag‘;v)®2 (WG )®2

The left and the right faces are exactly the same square, which is commutative
thanks to Proposition-Definition 2.1.27. The upper side commutes thanks to
Diagram (3.44) and the lower side is the tensor square of the upper side so is
commutative. Finally, (i) gives us the commutativity of the front side. This

collection of commutativities together with the surjectivity of —/-IFR implies
that the back side of the cube commutes, which proves that a(/;" is a coalgebra
automorphism of (/(/I\BR, ﬁgl’DR).

O
Proposition 3.3.5. Let ¢ € Aut(G).
(i) The pair (a}f, aé‘/‘) is an automorphism in the category k-alg-mod.
(i) The pair (a;ﬁv, aé\/‘) is an automorphism in the category k-HAMC.
Proof.

(i) Let (v,m) € 17GDR X /@R. Since — - 1pg : lAfGDR — /@R is surjective, there exists
v' € VER such that m = v’ - 1pg. We have

a'(vm) = a" (v’ - 1pr) = a} (vv') - Ipr

= az(v) aZ(U’) -1pr = a(‘;(v) af;/l (m),
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where the second and fourth equalities come from Proposition-Definition 3.3.4.
(ii).
(ii) It follows from (i) and from Proposition-Definition 3.3.4.
O

Lemma 3.3.6. Let ¢ € Aut(G). The map by is a Hopf algebra automorphism of
(k({X)),A).

Proof. Tt follows from the equality ﬁob¢ = b;??oﬁ which can be checked on generators
since all the involved morphisms are algebra morphisms. O

Lemma 3.3.7. Let ¢ € Aut(G). We have by oq = q o by.

nr+1)

Proof. The family (xf g, 20%g, - 20 Tg, 20" ) vy, s1en is a basis of the k-

g15:-,9r€G
module k((X)). It is, therefore, enough to check the identity on this basis. We have

ni n2 Ny MNr4+1Y) __ np—1 ng—1 r
bspoq (xo Lg1To " Lgy """ Ty TgpTo ) = by (950 Lg1Xy™ Tg,g=1 "Ly Ty =1 Tg

1 1 =1 n
=20 T Tolg)elo) 00T Lolgn)blgr—1) " o
-1 -1 r—1 nrq1—1
= a (25 T T o) T Tan )

— ni n2 Nr Nr41
=qoby (330 Tg1 Ty " Tgy =" Ty Tg,To ) :

1

Proposition-Definition 3.3.8.

(i) The action ¢ — by restricts to an action b : Aut(G) — Autk mopt(k((Y)), ﬁilg).
(ii) The action ¢ > by induces an action b : Aut(G) — Auticcoars(k((X))/k{(X))zo, Amed),
Proof.

(i) Let ¢ € Aut(G). For (n,g) € N* x G we have

bo(Yn.g) = bo (25" 2g) = 25 Tg(g) = Yn,o(9)-
Since the algebra k((Y')) is freely generated by the family (yn,g)mn,g)en+xa, it
follows that bs(k((Y))) C k{((Y)). Similarly, (bs)~'(k((Y))) C k{(Y)). Hence,
by (k((Y))) = k((Y)). This implies that b, restricts to a k-algebra automorphism
of k{(Y)) which we denote b?;. Moreover, thanks Proposition-Definition 3.3.4.
(i), this also implies that the following diagram

(V) — s k((v))
ﬁl wa (3.45)
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commutes. Next, let us consider the following cube

bY
k{(Y?)) . k{(Y))
/ aW /
W\GDR @ WGR
Kilg Kilg
KZV,DR KEV'DR
k() —— s k()22
w®?
&®?
(vgr)e? o (ovgr)©?
¢

The left and the right faces are exactly the same square, which is commutative
thanks to Corollary 2.1.17. The upper side commutes thanks to Diagram (3.45)
and the lower side is the tensor square of the upper side so is commutative.
Finally, Proposition-Definition 3.3.4.(i) gives us the commutativity of the front
side. This collection of commutativities together with the surjectivity of < implies
that the back side of the cube commutes, which proves that bqlf is a Hopf algebra

automorphism of (k((Y)), A¥).

(ii) Let ¢ € Aut(G). One checks that by preserves the submodule k((X))xq. It follows
that there is a unique k-module automorphism by of k((X))/k((X))zo such that
the following diagram

k(X)) & k(X))
w| [+ (3.46)
k(X)) /(X b0 ——5—— (X)) e{ (X))

commutes. Combined with (i), we obtain the following commutative diagram

K((Y)) b K((Y))
o | (3.47)
k() ()7 > KX} Kl (X))o
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Next, let us consider the following cube

/k<<X>>/k<<X>>xo 2 /k<<X>>/k<<X>>xo
K(¥)) 2 K(¥))
/A\inod Einod
Kilg Zilg
&Wk(@()}xo)@ e &wk«mm)@?
K((¥)) 82 T K((¥)) &2

The left and the right faces are exactly the same square, which is commutative
thanks to Proposition-Definition 1.1.16. The upper side commutes thanks to
Diagram (3.47) and the lower side is the tensor square of the upper side so is
commutative. Finally, (i) gives us the commutativity of the front side. This
collection of commutativities together with the surjectivity of my implies that the
back side of the cube commutes, which proves that E¢ is a coalgebra automorphism

of (k((X))/k((X))wo, A,
O

Proposition 3.3.9. Let ¢ € Aut(G). For A € k and « € Emb(G), the automorphism
-1
by of k((X)) restricts to a bijection DMRj (k) — DMR'}\W (k).

Proof. It follows from Lemma 3.3.6 that b, restricts to group automorphism of G(k((X))).
Next, since by (z9) = zo and bg(x1) = x1, conditions (i) and (iii) of Definition 1.3.14
are immediate. Moreover, since g,o4-1 = ¢(g,), we have for ¥ € DMR},

<b¢(\11)|xgw¢1 — T, ) = (b¢(‘1’)\%(gb) - %(gfl)) = (b¢<‘1’)|b¢(méh - ngl))

Lop—1
|G| —2
= (\11|ng — :z:g:1> =3 A

Then Identity (iv) of Definition 1.3.14 follows. One checks Identity (v) in a similar
way. Finally, we have for ¥ € DMRj,

(bp(¥)) =qomy (Fz;l(\p)(ffl)%(‘l’)) =qomy (I'g' (z1)bs(V))
=7y oq (Ty' (21)bs(¥)) = my (T (z1)a(be(D)))
=7y (0g' (21)bg(q(¥))) = 7y (bs(Tg' (21)a(¥)))
= by (my (T3 (z1)a(¥))) = by (my 0 q(Ty! (z1)W))

= by (@omy (Tg' (z1)¥)) = by(,),
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where the second and sixth equalities come from the fact that ¢(z1) = 21, the third

and ninth ones from the commutativity of Diagram (1.5), the fourth and eight ones

from the fact that q o érfl(z ) = EF—I(ml) o q, the fifth one from Lemma 3.3.7 and
o 1 v

the seventh one from the commutativity of Diagram (3.46). Therefore, thanks to
Proposition-Definition 3.3.8.(ii) we obtain that

R (bs(W)).) = A (by(W.)) = (5) 2 (B (w.))
= (bs)?? (WF?) = by(Ts) ® by (V2),
which implies that condition (ii) of Definition 1.3.14 is verified. This proves that by

—1

restricts to a map DMR} — DMRi\O(Zb . Following the same steps, one can prove
21

that b;l restricts to a map DM Rf\o‘b — DMRY thus showing that the map b¢\DMR; :

DMR} — DMRY? " is a bijection. 0

3.3.2 The coproducts AWPR and AMDR

Lemma 3.3.10. Let ¢ € Aut(G) and (A, ¥) € k* x G(k((X))). We have

r V,(1) r V,(1) 1
aut (' () = ag o autey ) o (ag) . (3.48)

Proof. Since all morphisms of Identity (3.48) are algebra morphisms, it is enough to
check the equality on generators. We have

V,(1
aut(Afb;(@)( 0) = Adr 1

T

)\60) =Ad )\60)

S (= enhtba(men) F;l(—eoaz(ﬁ”(ml))(

= Qg (Ad el)/?(\lf®1)(’\(%)71(€0))) =Gy (Ad Ty (—el)B(\If®1)()‘€0)>
v, v,(1 _
=ag (Faut(/\)(q,)) (eo)) = a}; o 1“auut()\}(\l,)) o (ag) Leo),
where the second equality comes from the identity I'y, (g)(—€1) = ['y(—e1) and from

the commutativity of Diagram (3.42) and the third one from the fact that a}f is an
algebra isomorphism and from the equality a}i (Tg(—e1)) =Tg(—ep). Next,

V,(1)
Faut()\,b¢(‘ll))(61) AdF 1 )( 61)(>\61) :AdF;1(7el)()\el)

by (¥

= ¥ (Adpor oy (M@R) M) ) = af (Adpoa L, (her) )
V,(1 V(1
= a}f (Faut(/\f\p))(el)) = a}f o Faut(/\(q,)) (a¢) L(ey),
where the second equality comes from the identity I'y,(p)(—€1) = I'v(—e1) and the
third one from the fact that a}; is an algebra isomorphism and from the equality
aZ(Fq,(—el)) =T'y(—e1). Finally, for g € G,

r,...V.1)

Bt (b () (9) = Adrorenaeamien(9) = Adrgrenarauen) (9)

= o8 (Mrps Cenprwen (02)710)) = o (Adr e1>é<m®1>(¢*1(9)))

af (Tanty ) (67 (@))) = a¥ o Taut}Y) o (a¥) 7 (o).
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where the second equality comes from the identity I'y, (g)(—e1) = I'y(—e1) and from
the commutativity of Diagram (3.42), the third one from the fact that aq‘f is an algebra
isomorphism and from the equality aZ(Fq,(fel)) = I'g(—e1) and the fourth and sixth
ones from the fact that (ag)_l(g) = ¢ 1(g). O

Corollary 3.3.11. Let ¢ € Aut(G) and (A, ¥) € k* x G(k{((X))). We have

w,(1 1 _
(i) Taut /\ZE )(\I,)) =a} o aut(A \(11)) o(ay)~t.
10 10 .
(i) Caut! 3 b(¢(‘i’)) aé)‘/‘ o aut(A é,) ) o (aﬁ/‘) 1
Proof.

(i) Tt follows from (3.48) thanks to Proposition-Definitions 2.2.12 and 3.3.4. (i).

(ii) It follows from (3.48) thanks to Proposition-Definitions 2.2.16 and 3.3.4. (ii).

Proposition-Definition 3.3.12. Let ¢ € Emb(G) and (A, ¥) € DMR*(k).

(i) The composition
F oV Y22 T AWDR 1y W) DR _y (JWDR)22
aut 'y, o Af o aub 'y - W)

does not depend of the choice of (A, ¥) € DMR*(k). We denote it &fV’DR.

(i) The composition

@2\ !
(i) ™) o B o Tty A" (a2

does not depend of the choice of (A, ¥) € DMR‘(k). We denote it KLM’DR.

Proof. Let (A, 0), (v, ®) € DMRL(k). Thanks to Proposition 1.3.20, there exists a
unique (1, A) € k* x DMR§ (k) such that (v, ®) = (u, A) ® (A, ¥).

(i) We have
w, (1) ®2 - ~W DR w1
((Faut ’( )) o Ag o Faut(y)q()))

—1
r, w1 ®2 TW,DR T W)
(aut(u,mea@,\m) ) oAg o Taut, g

-1 -1
(T D)2 gtV )& AWDR T, WD) T, WD)
= << aut()\y‘lj)) ) o (( aut(#,A)) oAy o aut,ay o taut )’y

@2\ "1
(Fautw’(l)) ) OAE}DROFaut ()

(A, T) \)
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where the second equality comes from Proposition 2.2.13. (ii) and the third one
from the inclusion

k* x DMRS (k) C k* x Stab(A™°4)(k) = Stab(AX"PR) (k) c Stab(A)"PF)(k),
thanks to Proposition 1.3.18 and Theorems 2.3.9 and 2.3.5.
(ii) We have

-1
M, (10)) @2 KAMDR _ T, M,(10)
(( aut(y‘i,) ) > oAG o aUt(u@)

-1
_ r M, (10) ®2 AMDR T M, (10)
= << aut(H’A@(A"P)) > OAG o aut(wb)

®2\ 1 @2\ ~1 .
= ((Faut?;”éll)o)) ) o (( autgw (§0)> ) o AéA’DR o Faut?:,’go) o Faut?;)él)o)
(T, M, (10)) ®? ! AMDR T, M,(10)
=\t e 0RO autyy)

where the second equality comes from Proposition 2.2.17 and the third one from
the inclusion

k* x DMRS (k) C k* x Stab(A™°d)(k) = Stab(AX"PR)(k),

thanks to Proposition 1.3.18 and Theorem 2.3.9.

Proposition 3.3.13. Let € Emb(G) and ¢ € Aut(G). We have
(i) AR = (@))% 0 APPRo (a}) .

(i) AMPR = ()92 0 AMDR o (a7,

Proof.

(i) Let (N, ) € DMR"OWl(k). From Proposition-Definition 3.3.12. (i), we have
AW.DR _ (0, w1\ - AW.DR RIHE
op—1 = aut , gy e o Mau (A1)

Next, thanks to Proposition 3.3.8. 3.3.9, there exists a unique ® € DMRj (k) such
that by(®) = ¥. Therefore

AWDR __ r Ww,(1) A W,DR W, (1)
ALO¢ = (( aut()\’b <1>)) ) o Ag o aut( by (D))

1
_ w, ®2 — W, _
7<alv>®%(( aut)y () ) o ((a)®*) 7 o AL PR oal o Taut))'() o (a)) !

@2\ "1 .
e () ) B )
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where the second equality comes from Corollary 3.3.11. (i), the third one from
Proposition-Definition 3.3.4. (i) and the fourth one from Proposition-Definition
3.3.12. (i).

(if) Let (A, 0) € DMRLOWl(k). From Proposition-Definition 3.3.12. (ii), we have

-1
~ M,DR . M, (10)) ®? ~ M,DR M, (10
ALO¢,1 = <( aut(xé,) )) ) o Ay o 1“aut(/\,é,) ).
Next, thanks to Proposition 3.3.8. 3.3.9, there exists a unique ® € DMRj (k) such
that by(®) = ¥. Therefore

—1
~MDR _ (T M0 \&? ~MDR _ T'.., M,(10)
Diog-r = (( a“(m(@))) ) o QG o tautiyy gy

-1
®2 o~
= (aﬁ’l)®2 o ((Fautg\;y’g)o)) ) o ((aﬁ’l)@ﬂ)’1 o AgA’DR o aé)vl o Fauti\;‘”él)o) o (aﬁ/l)’1

@2\ "1
o () ) o B Pt o a3

M)®2 o &i\A,DR o (

= (ay s

a
where the second equality comes from Corollary 3.3.11. (ii), the third one from

Proposition-Definition 3.3.4. (ii) and the fourth one from Proposition-Definition
3.3.12. (ii).

O
3.3.3 The coproducts Aﬁ’B and AfVA’B
Lemma 3.3.14. Let ¢« € Emb(G) and ¢ € Aut(G). We have
isoV0¢ " = az oiso”". (3.49)
Proof. Let us show that these k-algebra morphisms are equal on the generators:
-1
is0¥°? " (X,) = exp(e;) = ag 0iso”*(X1)
and
iso” Loqu(X ) =ex ! . o(g.) 4 .
507 = —e op—1 = €xp | —e L) = xp | — L
0 pNog“pl PNO g Qg epNeog
= az 0 is0”*(Xp)
O

Corollary 3.3.15. Let . € Emb(G) and ¢ € Aut(G). We have
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(i) isoWo0 " = ayy oiso™". (ii) isoMro9”" = ayt oiso™Mr.
Proof.
(i) It follows from (3.49) thanks to Proposition-Definitions 3.1.16 and 3.3.4. (i).

(i) It follows from (3.49) thanks to Proposition-Definitions 3.1.26 and 3.3.4. (ii).

Proposition 3.3.16.

(i) The composition
oW ®2) 1 2R B \©2
((lso ") ) o AWDR 6 jsoWe . WB _, (WB)

is independent of the choice of 1 € Emb(QG).

(i) The composition
o M®2)Th S ADR B
((1so ) ) o AMDPR ¢ j5oM MN%(MN)

is independent of the choice of « € Emb(G).

Proof. Let t1,t2 € Emb(G). Thanks to Lemma 3.3.1, there exists a unique ¢ €
Aut(G) such that 13 = 17 0 ¢~ 1.

(i) We have
(GSOWM)@Q) B © KZ/V’DR o iso”V:2
— <(iSOW,L10¢1> ®2) - AW DR ISOW’L10¢71
- ((ag\i °© iSOW?Ll)@)Z) - o (GZV)‘@Q o EZ/YDR o (a;ﬁv)_l o agv oisoVit
— ((isow,h)m)ﬂ o RWDR o jgoWsia

where the second equality comes from Corollary 3.3.15. (i) and from Proposition
3.3.13. (i).

(ii) We have
—1
. ®2 ~ .

((1soM’L2) ) oAf‘Z’l’DRmso/\/"L2

s Mjogp ! ®2 ANM,D M,ii0¢ !
= (1so e ) A ¢101bo H

-1
_ M i M\ ®2 My®2 A M,DR My—1 M o Moy
= ((ad, o iso ) ) o (ay")?" o Ay o (ay")™ " oay oiso
—1

. ®2 N .

_ ((ISOM,Ll) ) OA.L/\lA,DROISOM,Ll

where the second equality comes from Corollary 3.3.15. (ii) and from Proposition
3.3.13. (ii).
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Theorem 3.3.17.

(i) The composition
—1
r W, (1), @2 AWDR T W, (1), TSB\®2
COMP(x v) °Rg  © COMmD, g WN — (Wn)

is independent of the choice of (A, ¥) € DMR (k) and ¢ € Emb(G). We denote
it AWB.

(i) The composition
®2\ b
<(Fcomp?;l é,l)o)’ ) ) o AgA’DR o comp?;é,lo)’ MN — (M\B )©2

is independent of the choice of (A, ¥) € DMR’ (k) and « € Emb(G). We denote

L AMB
it Ay,
Proof.
(i) Since Fcompz//\\}’\(;))” = Fautz//\\} fp)) 0 is0”*, the statement follows from Proposition-

Definition 3.3.12. (i) and Proposition 3.3.16. (i).

(if) Since Fcompé\; éll)o) = Fauté\;”él)o) oiso™*, the statement follows from Proposition-
Definition 3.3.12. (ii) and Proposition 3.3.16. (ii).
O
Proposition 3.3.18. We have ﬁva’B(IB) =182

Proof. Thanks to Theorem 3.3.17. (ii), in order to compute ﬁﬁ’B(lB), let us consider
¢ € Emb(G) and (A, ) € DMRY, (k). We have

M, (10),0 _
FCOmp(/\)\](;,l) ) (1]3) = Fcomp()\(é,(;) (1) . 1DR = F\I/l(_el)

™

(T®1)-1pr.  (3.50)
Next,
&M’DR o Fcomp?i’él)o)’b(lB) = ﬁéA’DR (F;l(—el)ﬁ(\ll ®1)- 1DR)

(B(r;(xl)xp ©1) - Tor) = AR (7o 7y (g (1) W)

Fokoqg togomy (T (21)¥) = (Roq !)®% 0 AT(W,)
2

A

= A
- (%oa‘l)@@??) = (Rog ' ogomy Iy (a1)¥))”
)‘I’))®2 = (B(Fil(xl)‘l’ ®1)- lDR)®2

2

= (o
_ (r H—e)BT @ 1)- 1DR)® (3.51)

M,D
G
M,D
G
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where the third and the eighth equalities come from Proposition-Definition 2.1.25.
(ii), the fifth one from Proposition 2.1.29 and the sixth one from the fact that ¥ €
DMRj (k). Finally,

~ @\t .
A%’B(IB) = ((Fcomp{\;”g)o)") > o Ag/[’DR o Fcompf\i’él)o)’b(llg)

®2\ ! . ®2
(o)) (e ctoon ") -
where the first equality is given by definition of A?VA’B, the second one is given by
computation (3.51) and the last one comes from computation (3.50). O
Theorem 3.3.19.
(i) The pair (17\/?,, &}/\,V’B) is an object in the category k-Hopf.
(i) The pair (/(/l\%,, K?VA’B) is an object in the category k-coalg.

i) The pair W\B,EW’B , MB , AMBY) s an object in the category k-HAMC.
N> BN N> 2N

Proof.

(i) Tt follows from Theorem 3.3.17. (i) and the fact that the pair (17\/\81)‘, ﬁév’DR) is
an object in the category k-Hopf.

(ii) It follows from Theorem 3.3.17. (ii) and the fact that the pair (/\//TBR, ﬁéA’DR) is
an object in the category k-coalg.

(iii) If follows from Theorem 3.3.17, Proposition 3.2.9. (ii) and Corollary 2.1.28.
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<
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(
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&, 36
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Les travaux de Racinet ont permis d’associer a tout groupe cyclique fini G et a toute
injection de groupes ¢ : G — C*, un Q-schéma DMR" décrivant les relations de double
mélange et régularisation entre valeurs polylogarithmes multiples aux racines N'*™¢ de
lunité, avec N l'ordre de G. Il a aussi exhibé un Q-schéma en groupes DMRS que
les travaux d’Enriquez et Furusho ont permis d’identifier au stabilisateur d’'un coproduit
intervenant au sein du formalisme de Racinet pour I'action du groupe G des éléments
diagonaux d’une algebre de Hopf de séries non commutatives munie du produit de
Magnus tordu. On reformule les constructions de Racinet en termes de produit croisé.
Le coproduit de Racinet peut alors étre identifié¢ avec un coproduit A%"P® défini sur un
module MBR sur une algébre WER, munie de son propre coproduit A)Y"°®. On construit
des actions compatibles d’un produit semi-direct faisant intervenir G sur M2} et WHE.
On aboutit alors & un schéma en groupes stabilisateur contenant DMRS que I'on exprime
au sein du formalisme de Racinet.

Par ailleurs, pour G = {1}, Enriquez et Furusho montrent qu’un sous-schéma DMRY,
de DMR' est un torseur d’isomorphismes mettant en relation des objets « de Rham »
avec des objets « Betti ». Dans la seconde partie de ce travail, on définit les ingrédients
principaux pour une généralisation de ce résultat a tout groupe cyclique fini G : on exhibe
un module /\A/lj‘i, sur une algebre VAV}% (/V étant 'ordre de () et on démontre I'existence
de deux coproduits compatibles AX" et AP sur WR et MB respectivement tels que
DMR’, est contenu dans le torseur des isomorphismes reliant AX™® (resp. A3'") &
AYPR (resp. ANPRY.
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Résumeé

Les travaux de Racinet ont permis d'associer a tout groupe cyclique fini G et a toute injection de groupest: G —
C* un Q-schéma DMR' décrivant les relations de double mélange et régularisation entre valeurs
polylogarithmes multiples aux racines N'¢™eS de I'unité avec N I'ordre de G. Il a aussi exhibé un schéma en
groupes DMRg que les travaux d’Enriquez et Furusho ont permis d’identifier au stabilisateur d'un coproduit
intervenant au sein du formalisme de Racinet pour I'action du groupe G des éléments diagonaux d'une algebre
de Hopf de séries non commutatives munie du produit de Magnus tordu. On reformule les constructions de
Racinet en termes de produit croisé. Le coproduit de Racinet peut alors étre identifié avec un coproduit
AYPR défini sur un module MER sur une algébre 2R munie de son propre coproduit Ay "%, On construit
des actions compatibles d'un produit semi-direct faisant intervenir G sur M2R et W2R. On aboutit alors & un
schéma en groupes stabilisateur contenant DMRg que l'on exprime au sein du formalisme de Racinet.
Par ailleurs, pour G = 1, Enriquez et Furusho montrent qu’un sous-schéma DMRY%, de DMR' est un torseur
d'isomorphismes mettant en relation des objets de Rham avec des objets Betti. Dans la seconde partie de ce
travail, on définit les ingrédients principaux pour une généralisation de ce résultat a tout groupe cyclique fini
G : on exhibe un module .7\7[,\1? sur une algébre W,{? (N étant I'odre de G) et on démontre I'existence de deux
coproduits EK',]'B et Ei\f’B sur W,{? et ]\7[,\]? respectivement tels que DMRY, est contenu dans le torseur des

B) 3 Ag],DR M,DR

isomorphismes reliant EK',]'B (resp. Z{'f’ (resp. Az 7).

Mots clés : Polylogarithmes multiples ; Double mélange ; Coproduit harmonique ; Torseur ; Algebre de Hopf ;
Algebre produit croisé ; Algebre filtrée ; de Rham ; Betti.

Résumé en anglais

Racinet attached to each finite cyclic group G and group embedding t:G —» C* a Q-scheme DMR' which
describes the double shuffle and regularization relations between multiple polylogarithm values at N roots
of unity where N is the order of G. He also exhibited a group scheme DMRY, which Enriquez and Furusho
identified with the stabilizer of a coproduct element arising in Racinet's formalism with respect to the action of
the group G of grouplike elements of a non-commutative series Hopf algebra, equipped with the twisted
Magnus product. We reformulate Racinet's construction in terms of crossed products. Racinet's coproduct can
then be identified with a coproduct Z?;/[’DR defined on a module ]’V\[C]?R over an algebra WPR, which is equipped
with its own coproduct ZE"DR. We show that there are compatible group actions of a semidirect product
involving G on M2Rand WER. This yields an explicit stabilizer group scheme containing DMRY, which we also
express in the Racinet formalism. Furthermore, for G = {1}, Enriquez and Furusho showed that a subscheme
DMRY, of DMR' is a torsor of isomorphisms relating de Rham and Betti objects. In the second part of this work,
we define the main ingredients for a generalization of this result to any finite cyclic group G: we exhibit a
module ]\7[,3 over an algebra W,S (where N is the order of () and we prove the existence of a two compatible
coproducts EE]'B and Z%['B on W,B and JVEIS respectively such that DMRY is contained in the torsor of
isomorphisms relating E}f,]'B (resp. Z?\,/['B) to Z}?’DR (resp. Z@“’R).

Keywords : Multiple polylogarithm values; Double shuffle ; Harmonic coproduct; Torsor; Hopf algebra; Crossed
product algebra; Filtered algebra; de Rham; Betti.
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