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Résumé

Dans cette these, on étudie quelques problémes de controlabilité exacte pour 1’équation des ondes.
On considere tour a tour les problémes suivants.

> Contrdlabilité exacte pour I’équation des ondes linéaire avec contrdle interne (cf. Art. .

> Controlabilité exacte pour I’équation des ondes linéaire avec controle ponctuel (cf. Art. .

> Controlabilité exacte pour une équation des ondes semi-linéaire avec controle interne (cf. Art. .
> Controlabilité exacte pour le systéme de ’élasticité linéaire avec contrdle au bord (cf. Art. @

L’accent est particulierement mis sur I'approximation numérique du contréle. Pour chacun des quatre
problemes, on développe une méthode robuste pour approcher le contréle. La méthode principalement
utilisée est basée sur une approche variationnelle espace-temps dont la philosophie est décrite ci-dessous.

Au Chapitre [1} on commence par rappeler certains concepts clef pour I'étude de la controlabilité des
systemes d’évolution linéaires et autonomes. On rappelle notamment la dualité entre contrdlabilité du
systéme d’état et observabilité du systéme adjoint, ainsi que la Méthode d’Unicité de Hilbert (HUM).
On évoque ensuite quelques méthodes d’approximation du contréle pour des systémes hyperboliques.

La méthode HUM permet d’exprimer le contrdle de norme L? minimale & ’aide du point de minimum
de la fonctionnelle conjuguée J*(¢"). Il est aujourd’hui établi que la minimisation directe de J* conduit
généralement a un probleme mal posé. Parmi les nombreux remedes proposés, on opte ici pour une
approche variationnelle espace-temps a l'image de celle développée dans [8]. Schématiquement, 1'idée
est de passer d’'un probléme de minimisation sans contrainte portant sur la donnée initiale ¢°(z) & un
probléme de minimisation avec contrainte portant sur la trajectoire ¢(z,t). En traitant la contrainte via
un multiplicateur de Lagrange, on se ramene alors a une formulation mixte. Par ailleurs, la résolution de
cette formulation mixte permet d’obtenir simultanément le contréle de norme L? minimale et la solution
controlée associée. On signale également que dans le cas ou le support de controle varie au cours du
temps (cf. Art. , le caractere espace-temps de la formulation permet d’effectuer une discrétisation
adaptée au support.

Le Chapitre [2| regroupe les principaux résultats de la these sous la forme d’une compilation de quatre
articles.

L’Article[A] traite de la controlabilité exacte pour 1'équation des ondes linéaire unidimensionnelle avec
contrdle interne. On autorise en outre le support de contréle a étre non cylindrique. L’article contient
deux contributions principales. On démontre d’une part une inégalité d’observabilité uniforme par rapport
au support de contréle. On rappelle que 'inégalité d’observabilité est vérifiée si le support de contréle
satisfait le critére géométrique de contrdle (GCC) usuel (cf. Sect. ou [24]). La notion d’uniformité
permet ici de relier 'ordre de grandeur de la constante d’observabilité a un parametre € mesurant a quel
point le critere (GCC) est “confortablement” satisfait. On signale également qu’'une preuve remaniée
de I'inégalité d’observabilité uniforme se trouve a la Sect. [[.4.1} La seconde contribution de l'article est
I’analyse théorique et numérique d’un probleme d’optimisation du support de contrdle. Pour un état
initial fixé, on cherche le support de contrdle qui minimise ’énergie a dépenser pour contrdler a zéro.
Ce probleme s’apparente & un probleme d’optimisation de forme. On montre 'existence d’un minimum
global et on met en place un algorithme de descente dont on illustre le comportement par quelques
simulations numériques. Les contrdles sont ici approchés via la formulation variationnelle espace-temps
décrite précédemment.

L’Article[B] traite de la controlabilité exacte pour I’équation des ondes linéaire unidimensionnelle avec
contrdle ponctuel. On autorise en outre le support de contrdle a étre non cylindrique. L’article contient
deux contributions principales. Dans un premier temps, on adapte au cas d’un contrdle ponctuel la
formulation variationnelle espace-temps introduite dans [8] et utilisée dans I’Art.[A]l On réalise une bréve
étude de la convergence de cette méthode d’approximation du controle. La seconde contribution de
Particle est 'analyse (essentiellement numérique) d’un probléme d’optimisation du support de controle.



Il s’agit de la version analogue du probléme traité dans I’Art. [A] On met en place un algorithme de
descente dont on illustre le comportement par quelques simulations numériques.

L’Article [C] traite de la controlabilité exacte pour une équation des ondes semi-linéaire avec controle
interne. La contribution principale de D'article est la mise en place d’un algorithme permettant d’ap-
procher un controle exact. Pour ce faire, on introduit une fonctionnelle type moindres carrés dont les
zéros sont précisément les contrdles exacts du systeme semi-linéaire. Par une méthode de descente, on
construit ainsi une suite de fonctions (uy)ren qui converge fortement vers un controle exact u du sys-
téme semi-linéaire. A chaque itération, la direction de descente est obtenue en calculant le controle d’un
systeme linéarisé. 1l est a noter que cette méthode s’apparente & un algorithme de type Newton. Ceci se
traduit par le fait que la convergence de la suite devient quadratique aprés un nombre fini d’itérations.
L’article se conclut par quelques illustrations numériques de I'algorithme moindres carrés en une et deux
dimensions d’espace. On compare notamment les performances de 'algorithme avec deux méthodes de
point fixe.

L’Article D] traite de la controlabilité exacte pour le systéme de 1'élasticité linéaire avec controle au
bord. La contribution principale de I'article est la mise en place d’une méthode permettant d’approcher le
controle de norme L? minimale. Pour ce faire, on adapte les idées développées dans [26] pour I’équation
des ondes. Dans un premier temps, on réécrit le systéeme de 1’élasticité sous forme vitesse-contrainte.
Ceci permet de se ramener & un systeme d’ordre un en espace et en temps, ainsi que d’exprimer le
controle directement a l'aide de ’état adjoint. On adapte ensuite la formulation variationnelle espace-
temps également issue de [26]. Par ailleurs, afin de s’affranchir de la condition inf-sup qui pese sur le type
d’élément fini utilisé dans la discrétisation de la formulation mixte, on ajoute un terme de stabilisation
en exploitant le fait que le multiplicateur de Lagrange n’est autre que la solution controlée. Ceci permet
ainsi d’utiliser des éléments finis linéaires lors de la discrétisation. On conclut 'article par quelques
simulations numériques en deux dimensions d’espace.



Abstract

In this thesis, we study some exact controllability problems for the wave equation. We consider
successively the following problems.

> Exact controllability for the linear wave equation with distributed control (cf. Art. .

> Exact controllability for the linear wave equation with pointwise control (cf. Art. .

> Exact controllability for a semi-linear wave equation with distributed control (cf. Art. .
> Exact controllability for the linear elasticity system with boundary control (cf. Art. @

We focus particularly on the numerical approximation of the control. For each of the four problems, we
develop a robust method to approximate the control. The method mainly used is based on a space-time
variational approach briefly described below.

In Chapter [I} we start by recalling the main concepts for the study of the controllability of linear
autonomous evolution systems. We recall in particular the duality between controllability of the state
system and observability of the adjoint system, as well as the Hilbert Uniqueness Method (HUM). We
then discuss some numerical methods for the approximation of the control of hyperbolic systems.

The HUM method allows to express the control of minimal L?-norm in terms of the minimum point
of the so-called conjugate functional J*(¢"). It is by now established that the direct minimization of J*
usually leads to an ill-posed problem. Among the many proposed remedies, we choose here a space-time
variational approach in the spirit of the one developed in [§]. In broad outline, the idea is to transform an
unconstrained minimization problem on the initial datum () into a constrained minimization problem
on the trajectory ¢(z,t). Then, using a Lagrange multiplier for the constraint, the problem is reduced
to a mixed formulation. In addition, the resolution of this mixed formulation simultaneously yields the
control of minimal L%-norm and the associated controlled solution. We also emphasize that, in the case
of a time-varying control domain (cf. Art. , the space-time aspect of the formulation allows to build
discretizations adapted to the control domain.

In Chapter [2] we gather the main results of the thesis. These results are transcribed in a series of
four articles.

Article [A] deals with the exact controllability for the one-dimensional linear wave equation with dis-
tributed control. Furthermore, we consider non-cylindrical control domains. The article includes two
main contributions. On one hand, we prove a uniform observability inequality with respect to the control
domain. We recall that the observability inequality holds if the control domain satisfies the usual Geo-
metric Control Condition (GCC) (cf. Sect. or [24]). Here, the notion of uniformity allows to link
the order of magnitude of the observability constant with a parameter € quantifying how “well” the
(GCQ) criterion is satisfied. We also point out that an alternative proof of the uniform observability
inequality can be found in Sect. [I.4.1] On the other hand, the second contribution of the article is the
theoretical and numerical analysis of the problem of optimizing the control domain. For a fixed initial
state, we try to find the control domain which minimizes the energy necessary to control to zero. This
problem is related to shape optimization. We show the existence of a global minimum and we set up a
descent algorithm whose behaviour is illustrated by several numerical experiments. In the present case,
the control is approximated using the space-time variational formulation described previously.

Article [B| deals with the exact controllability for the one-dimensional linear wave equation with
pointwise control. Furthermore, we consider non-cylindrical control domains. The article includes two
main contributions. On one hand, we adapt the space-time variational formulation introduced in [§] and
used in Art. [A] to the case of a pointwise control. We carry out a brief study of the convergence of this
approximation method of the control. On the other hand, the second contribution of the article is the
(mainly numerical) analysis of the problem of optimizing the control domain. It is the analogous version
of the problem addressed in Art. [A] We set up a descent algorithm and illustrate its behaviour with
several numerical experiments.



Article[C] deals with the exact controllability for a semi-linear wave equation with distributed control.
The main contribution of the article is the design of an algorithm to approximate an exact control. To
do so, we introduce a least-squares functional whose zeros are precisely the exact controls of the semi-
linear system. By a descent method, we then build a sequence of functions (ug)gen strongly converging
to an exact control u of the semi-linear system. At each iteration, the descent direction is obtained
by computing the control of a linearized system. Note that this method is related to a Newton-type
algorithm. This is reflected by the fact that the convergence of the sequence becomes quadratic after a
finite number of iterations. We conclude the article with some numerical illustrations of the least-squares
algorithm in one and two space dimensions. In particular, we compare our algorithm with two fixed-point
methods.

Article [D] deals with the exact controllability for the linear elasticity system with boundary control.
The main contribution of the article is the design of a method to approximate the control of minimal
L?-norm. To do so, we adapt the ideas developed in [26] for the wave equation. Firstly, we rewrite the
elasticity system using the velocity-constraint variables. This change of variables turns the system into
a system of order one in both space and time, and allows to express the control directly in terms of the
adjoint state. We then adapt the space-time variational formulation also introduced in [26]. Furthermore,
in order to get rid of the inf-sup condition on the type of finite element involved in the discretization
of the mixed formulation, we add a stabilization term by using the fact that the Lagrange multiplier
turns out to be the controlled state. This allows to use linear finite elements for the discretization. We
conclude the article with some numerical illustrations in two space dimensions.



Chapitre 1

Introduction

1.1 Controlabilité de I’équation des ondes linéaire

1.1.1 Généralités sur le controle des systémes d’évolution

Les systemes d’évolution permettent de modéliser 1’évolution au cours du temps d’une ou plusieurs
grandeurs intervenant dans un systeme physique.

Définition 1 (Systeéme d’évolution). Un systéme d’évolution peut s’écrire sous la forme générale

d

&Z(t) = f(Z(t),t), t> Oa (11&)

2(0) = 2°. (1.1b)
La variable z = (21,...,2k), kK > 1, représente I’état du systéme et regroupe l'ensemble des grandeurs

physiques a 1’étude. Dans 1'équation (l.1a)), la fonction f définit la loi d’évolution des variables d’état.
L’équation (|1.1b)) est une condition initiale et prescrit I’état du systéme au temps t = 0.

Pour un systéme d’évolution donné, I'objectif premier est de trouver un cadre théorique tel que le
probléme soit bien posé dans le sens suivant.

Définition 2 (Systéme bien posé). Le systéme d’évolution (1.1)) est dit bien posé au sens de Hadamard
si pour toute donnée initiale 20 admissible, le systéme (1.1) admet une unique solution z qui dépend
continiiment de la donnée initiale 2°.

Remarque 1. Dans la suite, on étudiera des systémes physiques définis sur un domaine borné € de
I’espace. De plus, 'expression de la fonction d’évolution f pourra contenir des opérateurs différentiels
agissant sur la variable d’espace x. Pour ¢ > 0, I’état z(t) appartient alors & un espace de fonctions
définies sur €, i.e. z(t) : x € Q + z(x,t). Dans ce cas, pour que le systéme soit bien posé, il faut de
surcroit imposer des conditions sur z(¢) au bord de .

On suppose momentanément que le systéme est bien posé. En l’état, le comportement du
systeme est entierement déterminé par la donnée initiale z°. Pour pouvoir considérer des problémes
de controle, on se donne une manieére d’agir sur le systéme au cours du temps via une fonction dite de
controle ou de commande.

Définition 3 (Systéme d’évolution controlé). Un systéme d’évolution controlé peut s’écrire sous la forme
générale

d

&z(t) = f(z(t),u(t),t), t>0, (1.2a)

2(0) = 2°. (1.2b)
La variable u = (ug,...,u;), { > 1, rassemble les différentes commandes appliquées au systéme. Le

nombre de commandes est généralement pris inférieur ou égal au nombre de composantes de 'état, i.e.
[ < k. Enfin, le plus souvent, prendre u = 0 revient a considérer le systéme non contrdlé (|1.1J).

Remarque 2. Comme indiqué plus haut, lorsque I'on étudie des systémes physiques définis sur un domaine
borné 2 de I'espace, il est nécessaire d’imposer des conditions aux limites sur I'état z(t) : € Q — 2(z,t).
Pour controler un tel systeme, on peut agir via ’équation d’évolution, mais on peut également agir via
les conditions aux limites.



Une nouvelle fois, 1'objectif premier est de trouver un cadre théorique tel que le probléme soit bien
posé dans le sens suivant.

Définition 4 (Systéme controlé bien posé). Le systéme d’évolution contrélé (1.2) est dit bien posé au
sens de Hadamard si pour toute donnée initiale 20 admissible et pour toute commande u admissible,
le systeme admet une unique solution z qui dépend continfiment de la donnée initiale 2° et de la
commande u.

On suppose momentanément que le systéme (|1.2)) est bien posé. L’objectif générique de la théorie du
controdle est alors le suivant.

Pour tout état initial admissible et pour tout état cible admissible,
déterminer une commande admissible permettant d’amener le systéme controlé
de létat initial a U’état cible.

On peut chercher a atteindre ’état cible en temps fini ou de maniére asymptotique. Le choix des espaces
dans lesquels on s’autorise a prendre 1’état initial, I’état cible et la commande est fondamental pour
garantir 'existence de contréles. On restreint parfois ’espace des états cibles a un seul élément, qui est
le plus souvent un état d’équilibre du systéme. Ainsi, une fois cet état atteint, on y reste indéfiniment.

Remarque 3. 1l est a noter qu’a priori, il n’y a pas d’unicité du contrdle. Pour obtenir I'unicité, on ajoute
généralement une condition sur le controle, par exemple en exigeant que ce dernier soit minimal pour
une certaine norme.

Remarque 4. On ne s’intéresse ici qu’a des problemes dits de controlabilité. Cela signifie que les com-
mandes u(t) admissibles ne sont supposées dépendre que du temps. En théorie du controle, la problé-
matique de controlabilité se démarque principalement de la problématique de stabilisation. Dans un
probléme de stabilisation, la commande u(t, z(t)) est supposée dépendre du temps mais aussi de 1'état
actuel du systeéme. Cela crée une boucle de rétroaction qui apporte plus de robustesse au controle vis-a-
vis de petites perturbations sur les données ou la dynamique. En revanche, la mise en place d’un cadre
théorique dans lequel le systéme d’évolution controlé est bien posé peut s’avérer plus complexe. Enfin, en
regle générale, la controlabilité est réalisée en temps fini, tandis que la stabilisation est réalisée de maniere
asymptotique. Il existe cependant un concept de stabilisation en temps fini, qui combine contrdlabilité
et stabilisation par boucle de rétroaction.

Dans la suite, on se concentre sur des probléemes de contrdlabilité en temps fini. On fixe donc un
horizon de contrdle T' > 0. On peut alors distinguer plusieurs notions de contrdlabilité. Par souci de
concision, on note z(t; 2%, u) la solution de (1.2)) avec 2° comme donnée initiale et u comme controle.

Définition 5 (Notions de contrélabilité). On note Z l’espace d’état et U lespace des controles. Le
systéme d’évolution (1.2)) est dit

> exactement controlable en temps T si
V22T ez, Juel, 2(T;2°%u)=2:"T;
> controlable auz trajectoires en temps T si
v:22% ez, Juecld, 2(T;2°u)==2T;2°0);
> controlable a zéro en temps T si
Ve Z, Fueld, 2(T;2°u)=0;
> approrimativement controlable en temps T si
V02T ez, Ve>0, Juecld, |2(T;2°%u)—:"|z<e.

Remarque 5. 1l est clair que la contrélabilité exacte implique les trois autres notions de contrélabilité. En
I’absence d’hypothese sur la fonction d’évolution f dans , les réciproques sont généralement fausses.
On verra cependant dans la suite que certaines réciproques sont vraies dans le cas ou f est linéaire et
autonome.



1.1.2 Un cadre abstrait pour la contrélabilité

Dans cette section, on expose certains concepts clef de la contrdlabilité dans un cadre abstrait. La
présentation est adaptée de [L0, Sect. 2.3]. Comme précédemment, on fixe un horizon de controle T > 0.
Pour faciliter ’exposé, on se place dans le cas d’un systéme d’évolution controlé linéaire et autonome.
Cela signifie que la fonction d’évolution f présente dans le systeme est supposée linéaire par rapport
a létat z(t), linéaire par rapport au controle u(t) et indépendante du temps ¢t. Ce cadre permet d’utiliser
la théorie des semi-groupes (cf. [30} [34]).

On considére Z un espace de Hilbert réel muni du produit scalaire (-, ). Il s’agit de 'espace d’état
dans lequel évoluent les trajectoires du systéme. On commence par étudier le caractere bien posé du
systéme non controlé suivant.

Définition 6 (Systéme non contrdlé). Un systéme d’évolution linéaire et autonome peut s’écrire sous
la forme générale

d

&z(t) = Az(t), te(0,71), (1.3a)

2(0) = 2°. (1.3b)
L’opérateur linéaire d’évolution A : D(A) C Z — Z est supposé fermé et de domaine D(A) dense dans
Z. Muni de la norme || - || p(a) associée au produit scalaire

<Z72>D(A) = <27§>Z + <AZ,A§>27 Vz,Z € D(A)a
le domaine D(A) est un espace de Hilbert.
L’obtention de solutions pour le systéeme ([1.3]) s’appuie sur la notion de Cp-semi-groupe.

Définition 7 (Cy-semi-groupe). Soit (T(t))i>0 C £(Z) une famille d’opérateurs linéaires continus. On
dit que T(¢) est un Cyp-semi-groupe sur Z si

T(0) = Ia,

T(t+s)=T()T(s), Vt,s>0,
lim T(t)z = 2, Vz e Z.
t—0+

Si de plus | T(t)|| < 1 pour t > 0, on dit que T(t) est un Cp-semi-groupe de contractions. A tout
Co-semi-groupe T(¢), on peut associer un opérateur linéaire A : D(A) C Z — Z défini par

. T)z—2z
D(A) := {z IS4 tgrél+ _— ex1ste},
Az := lim M, Vz € D(A).
t—0+ t

L’opérateur A est appelé le générateur infinitésimal du Cy-semi-groupe T(¢). Il est fermé et de domaine

d
dense. Enfin, pour tout 2° € D(A), on a a']l‘(t)zo = AT(t)2° pour t > 0.

Remarque 6. Dans le cas d’'un systeme d’évolution linéaire non autonome

d
720 =A@M:(), te(07),

2(0) = 2°.
I'obtention de solutions s’appuie sur la notion de famille d’évolution.
Dans toute la suite, on suppose que l'opérateur A dans (|1.3]) est le générateur infinitésimal d’un Cp-
semi-groupe T(t) de contractions. Il existe de nombreux résultats pour caractériser de tels opérateurs.

On peut par exemple citer le théoréeme de Hille-Yosida (cf. [30, Sect. 1.3]), ou encore le théoréme de
Lumer-Phillips (cf. [30, Sect. 1.4]) dont on rappelle un énoncé.

Définition 8 (Opérateur adjoint). Soit A fermé et de domaine dense. On peut alors définir un opérateur
linéaire A* : D(A*) C Z — Z comme suit. Le domaine D(A*) est I'ensemble des { € Z tels que
Papplication z € D(A) C Z — (Az,()z est continue. Pour tout ¢ € D(A*), A*C est 'unique élément de
Z tel que

<Aza<>Z = <ZaA*C>Z7 Vz ED(A)

L’opérateur A* est appelé 'adjoint de A. Il est fermé et de domaine dense.



Définition 9 (Opérateur dissipatif). Soit A fermé et de domaine dense. L’opérateur A est dit dissipatif
si

(Az,2)z <0, Vze D(A).

Théoréme 1 (Lumer-Phillips). [30, Sect. 1.4] Soit A fermé et de domaine dense. Si les opérateurs
A et A* sont tous deuzx dissipatifs, alors A est le générateur infinitésimal d’un Cy-semi-groupe T(t) de
contractions. En outre, A* est le générateur infinitésimal du Cy-semi-groupe T(t)* de contractions.

Proposition 1 (Solution non contrdlée). Pour tout z° € D(A), la fonction z(t) = T(t)z° est l'unique
solution du systéme non controlé (1.3)). Elle vérifie = € C([0,T]; D(A)) N CY([0,T); Z) et ||2(t)]|z <
|12°]|z pour t € [0,T]. Une telle solution est qualifiée de solution forte. Pour tout z° € Z, la fonction
2(t) = T(t)2Y vérifie = € C([0,T); Z) et ||2(t)|lz < ||2°]|z pour t € [0,T]. Par extension, cette fonction
est qualifiée de solution généralisée.

On considere U un espace de Hilbert réel muni du produit scalaire (-, ). Il s’agit de l'espace dans
lequel évoluent les commandes du systéme. On note U := L?(0,7T; U). On étudie ensuite le caractére bien
posé du systéme contrdlé suivant.

Définition 10 (Systéme controlé). Un systéme d’évolution controlé linéaire et autonome peut s’écrire
sous la forme générale

%z(t) = Az(t) + Bu(t), te (0,7), (1.4a)
2(0) = 2°. (1.4b)

L’opérateur linéaire B décrit la maniere dont le contrdle u € U agit sur le systeme.
11 existe différentes approches pour définir les solutions du systeme ([1.4) selon le choix de B.

Proposition 2 (Solution contrélée). On suppose B € L(U,Z). Pour tous 2° € Z et u € U, la fonction
t

2(t) = T(t)2° + / T(t — s)Bu(s)ds, ¢ e [0,T], (1.5)
0

vérifie z € C([0,T]; Z) et ||2(t)||z < |12°z + VT||B|| ||ull pour t € [0,T). On qualifie cette fonction de

solution généralisée du systéme controlé (1.4)).

Pour aboutir & un cadre plus large que B € L(U, Z), on utilise 'opérateur adjoint A*. Muni de la
norme || - || p(a-) associée au produit scalaire

<C72>D(A*) = <Cvz>Z + <A*C>A*Z>Zu vaZ € D(A*)7

le domaine D(A*) est un espace de Hilbert. On note alors D(A*)" le dual de D(A*) avec Z comme
espace pivot, i.e. D(A*) C Z C D(A*)’. On suppose maintenant que B € L(U, D(A*)"). Pour définir les
solutions du systeéme (1.4]), on procede par transposition de (1.5).

Définition 11 (Condition d’admissibilité). On dit que B € L(U, D(A*)") est admissible pour le Cp-
semi-groupe T(t) si pour tout ¢t € [0, 77, il existe C; > 0 tel que

t
/0 IB*T(s)"C|3 ds < CiICll%. V¢ € D(A®).

Remarque 7 (Régularité cachée). La condition d’admissibilité sur B correspond & une condition dite de
régularité cachée. Le plus souvent, cette condition ne peut étre obtenue via des arguments classiques ou
la théorie des semi-groupes.

Proposition 3 (Solution controlée). On suppose B € L(U, D(A*)") admissible pour le Cy-semi-groupe
T(t). Pour tous 2° € Z et uw € U, on dit qu’une fonction z € C([0,T]; Z) est une solution généralisée du
systéme controlé (1.4) si pour tout t € [0,T],

(2(t), 0z = (X, T(t)" )z + / (u(s), B*T(t — 8)*Q)p ds, VC € Z.

Pour tous 2° € Z et u € U, le systéeme controlé (1.4]) admet une unique solution généralisée z et il existe
Cr > 0 tel que
lz)llz < 112°lz + Crllulle, ¥t € [0,T). (1.6)
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Dans toute la suite, on suppose que lopérateur B dans (1.4) est admissible pour le Cy-semi-groupe
T(t) généré par 'opérateur A. On rappelle & présent les notions de controlabilité introduites précédem-
ment. On note z(t; 2°,u) la solution de (1.4) avec 2% comme donnée initiale et u comme contrdle.

Définition 12 (Notions de controlabilité). Le systéme d’évolution (|1.4)) est dit

> exactement contrélable en temps T si
V20T ez, Fuel, 2T;2°%u)=2";
> controlable aux trajectoires en temps T si
V220 ecZ, Juecl, 2(T;2°u)==2T;z°0);
> controlable a zéro en temps T si
Ve Z, Juecl, 2(T;2°u)=0;
> approrimativement controlable en temps T si
V20, 2T ez, Ve>0, Jueld, |[z2(T;2%u)—=2"]z<e.

Remarque 8. Le systéme (|1.4) étant linéaire, les notions de controlabilité aux trajectoires et & zéro
se confondent. Clairement, la contrélabilité aux trajectoires implique la contrdlabilité a zéro puisque
2(T;0,0) = 0. Réciproquement, pour z°,2% € Z, il existe u € U tel que z(T;2° — 2%, u) = 0, soit

2(T; 2% u) = 2(T;2°,0).

Comme indiqué précédemment, la controlabilité exacte implique la controlabilité a zéro et la controla-
bilité approchée. En revanche, les réciproques sont généralement fausses. On peut néanmoins montrer que
les notions de contrdlabilité exacte et & zéro sont équivalentes si le Cp-semi-groupe T(t) généré par 'opé-
rateur d’évolution A peut étre prolongé en un Cy-groupe. Cette propriété se traduit par la réversibilité
en temps du systeme libre (1.3)).

Définition 13 (Cy-groupe). Soit (T(t))ier C £(Z) une famille d’opérateurs linéaires continus. On dit
que T(t) est un Cy-groupe sur Z si

T(0) = Iaq,

T(t+s) =T(t)T(s), Vt,seR,
lim T(t)z = z, Vz e Z.
t—0

T(t)~" pour t € R. A tout Co-groupe T(t), on peut associer un générateur

On remarque que T(—t) =
C Z — Z défini par

infinitésimal A : D(A)

D(A) := {z € Z; lim Tt)e-= existe}7
t—0 t
A = fim T2 =2

, Vze D(A).
t—0 t

Proposition 4 (a zéro = exacte). Soit A fermé et de domaine dense. On suppose que A est le générateur
infinitésimal d’un Co-groupe T(t). Si le systéme d’évolution (1.4]) est controlable & zéro en temps T, il
est alors exactement contrélable en temps T'.

Démonstration. Soient 29,27 € Z. Si le systéme (1.4) est controlable & zéro, il existe u € U tel que
2(T;2° = T(=T)2",u) = 0, soit 2(T;2° u) = 2(T; T(-T)2T,0) = T(T)T(-T)zT = 2T. O

On énonce également la caractérisation suivante, qui sera utile lors de ’étude ultérieure des systéemes
hyperboliques du second ordre.

Théoréme 2 (Stone). [30, Sect. 1.10] Soit A fermé et de domaine dense. L’opérateur A est le générateur
infinitésimal d’un Cy-groupe T(t) d’opérateurs unitaires (i.e. T(t)* = T(t)~1) si et seulement si A est
antiadjoint (i.e. A* = —A).
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1.1.3 Dualité entre controlabilité et observabilité

A partir de cette section, on se concentre sur la notion de controlabilité & zéro. Par dualité, on donne
une caractérisation de la contrélabilité a zéro par le biais d’une inégalité d’observabilité portant sur
la solution d’un probléme adjoint. Pour simplifier I’exposé, on suppose ici que 'opérateur d’évolution
A est antiadjoint, c’est-a-dire que A* = —A. D’apres le théoréme de Stone, A est donc le générateur
infinitésimal d’un Cyp-groupe T(t) d’opérateurs unitaires, c’est-a-dire que T(¢)* = T(¢)~!. Ceci revient &
supposer que le systéme libre est réversible et conservatif. En effet, le fait que A soit antiadjoint
implique que

(Az,2)z =0, Vze D(A).
Ainsi, si z est solution de (I.3), en définissant I'énergie £(t) := £[|z()[|%, on a

CE(1) = (£2(0),2(0)7 = (A=), 2(0)7 =0, Vi e[0,7).

On suppose également que l'opérateur de contrdle B est admissible (voir Déf. .

Définition 14 (Systéme controlé rétrograde). On considére le systéme d’évolution controlé rétrograde

%f(t) = A¢(t) + Bu(t), te€(0,7), (1.7a)
§(T) =0. (1.7b)

Pour tout u € U, le systéme contrdlé rétrograde ([1.7) admet une unique solution & € C([0,T7]; Z) définie
par

T
@@KM:—A<M$BW@—WOmM ez

Proposition 5 (controlabilité < observabilité). On note £(¢;u) la solution de avec u comme
controle. On définit lopérateur linéaire

F: U = Z
u = &05u)

Le systéme d’évolution (L.4]) est contrélable a zéro en temps T si et seulement si F est surjective, i.e. si
F(U) = Z. Or, ceci équivaut o lexistence d’une constante C > 0 telle que

1z < CIF*CCllu, ¢ € Z. (1.8)

Cette inégalité est qualifiée d’inégalité d’observabilité.

Démonstration. Soit z° € Z. Si 'on suppose que F est surjective, il existe u € U tel que £(0;u) = 2°.

On a alors &(t;u) = z(t; 2% u), dott 2(T;2°u) = 0. En effet, par définition des solutions de (I.7)), on
remarque que

T
<ZOaCO>Z = <§(07u)1C0>Z = _/ <u(8)’B*T(_S)*<O>Ud87 VCO €Z.
0
Pour tout ¢ € Z, en prenant (Y = T(¢)*(, on obtient
T
(0 T(#)*C)y = —/ (u(s), B*T(t — 5)*C)y ds.
0
Finalement, on peut écrire
t T
(660, Oz = [ {uls). BT~ )" Quds = [ {uls), BT~ 5)"Cu ds
0 0
t
:Aw@BWmemm+wmwwfﬂwﬁmmm,Wez

Réciproquement, si le systéme (1.4)) est contrélable & zéro, il existe u € U tel que 2(T'; 2°,u) = 0. Comme
précédemment, on peut montrer que z(¢; 2%, u) = £(t;u), d’ott £(0;u) = 2°. Pour une démonstration de
Péquivalence entre la surjectivité de F et 'inégalité (1.8]), on renvoie & [33, Th. 4.15] ou & [3, Th. I11.19]. O
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Définition 15 (Systéme adjoint). On appelle systéme adjoint de (1.4) le systéme d’évolution

d
aC(t) = AC(t)ﬂ te (07T>7 (19&)

¢(0) = ¢ (1.9b)
Pour tout ¢° € Z, la solution du systéme (1.9)) est donnée par (t) = T(t)¢°.

Remarque 9. Plus classiquement, le systéeme adjoint de ([1.4]) s’écrit en fonction de A* sous la forme du
systeme rétrograde

d

S(t) = —AC(1), e (0,T), (1.10a)

(1) =¢". (1.10b)
Pour tout ¢7 € Z, la solution du systéme (1.10)) est donnée par ((t) = T(T — t)*¢”. Le choix de (1.9)
est ici une conséquence de 'hypothése A* = —A, qui confere de la réversibilité au systéme.

Proposition 6 (Inégalité d’observabilité). On note ((t;¢°) la solution de (1.9) avec ¢° comme donnée
initiale. L’opérateur linéaire adjoint F* est donné par

F* 7 - U 0y . * . -0

CO — U(CO) ) avec U(C ) =-B C(vC )
Ainsi, le systéme d’évolution (L.4]) est contrélable a zéro en temps T si et seulement s’il existe C > 0 tel
que

1C°11% < Cllo(O)lEs W< € 2. (1.11)

On appelle alors constante d’observabilité la borne inférieure Cops des constantes C' > 0 telles que
Uinégalité d’observabilité (1.11|) est vérifiée.
Démonstration. Soient u € U et (° € Z. En utilisant la définition des solutions de (1.7)), il vient

T
(Fu, %)z = (€(05u),¢%) 2z = —/O (u(s), B*T(=5)"¢*)v ds = (u,v(¢"))u = (u, F*¢)u.

Remarque 10. L’estimation (1.11]) correspond & un résultat d’observabilité pour le systéme adjoint

d
&C(t) = AC@)? le (O,T),

¢(0) = ¢,

U(t) = _B*C(t)v te (O7T)
L’inégalité ((1.11)) signifie que la donnée initiale ¢ du systéme adjoint est déterminée de maniére unique
par 'observation v = —B*(.
Définition 16 (Controle de norme minimale). On note z(t; 2°,u) la solution de (1.4]) avec 2° comme

donnée initiale et u comme controle. Si le systéme d’évolution (|1.4]) est contrélable & zéro en temps 7', &
tout 2z € Z, on peut associer ’ensemble des controles & zéro

UR°) = {u cU; 2(T;2°u) = O}.

Avec I'estimation (6], on vérifie que U(2°) est un sous-espace affine fermé de . On note (2°) le projeté
orthogonal de 0 sur U(z°). Il s’agit alors du contréle de norme I minimale, i.e.
0(2°) := arg min ||ul|y.
u€lU(z9)

Définition 17 (Coiit de controle). Si le systéme d’évolution (1.4)) est contrdlable & zéro en temps 7', on
définit 'opérateur linéaire

~

u: 4 = Uu
20 = (2%
qui & une donnée initiale z° associe le controle %(2°) de norme & minimale. On vérifie que 'opérateur U
est continu. On appelle alors cott de contréle la norme d’opérateur Copy, := ||@]|. On a ainsi
~ 0 0 0
(")l < Coptllz™llz, V2" € Z.

On peut également montrer (cf. [L0, Th. 2.44]) que Copt, = v/Cobs, 0t Cops est la constante d’observabilité

introduite en (1.11]).
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Méthode HUM

On présente ici une méthode exposée dans [25] et connue sous le nom de méthode HUM pour Hilbert
Uniqueness Method. Cette méthode permet de caractériser le controle de norme minimale et est également
a la base de plusieurs méthodes numériques d’approximation du controle.

Définition 18 (Opérateur HUM). On note £(¢;u) la solution de (1.7) avec uw comme controle. De
méme, on note ((¢;¢%) la solution de (1.9) avec (Y comme donnée initiale. On définit 'opérateur linéaire
A = FF*, qui s’exprime
A . VA — A 0 * 0
, avec v = —B*((; ().

Pour 20 € Z fixé, la méthode HUM consiste & résoudre 1’équation
ACO =20, (1.12)

Si (Y € Z est solution de (1.12)), on a alors £(0;v(¢?)) = 2, dou &(0(¢°)) = 2(t; 2%, v(¢?)) et
2(T; 2°,v(¢%)) = 0, ce qui signifie que v(¢°) est un controle & zéro. En outre, on peut voir que ’équation
(1.12)) est équivalente au probléme variationnel

0

(¢, =), ez (1.13)
ou
a:ZxZ =R, a((®C) = (), vC
(:Z R, 0¢%) = (°,¢"z.

En effet, par définition de A, on a l'identité
—0 . —0 " =0 —0 —=0
(A, ¢z = (FF )z = (F* ¢ F*Chu = (w(¢”),0(C ), ¥¢°,C € Z.

Proposition 7 (Contréle HUM). On suppose que l’inégalité d’observabilité (1.11) est vérifiée. Pour
20 € Z, le controle de norme U minimale pour le systéme d’évolution (1.4)) est donné par u(2°) = v(¢?),
ot (¥ € Z est l'unique solution du probléme variationnel (1.13)).

Démonstration. La forme bilinéaire a et la forme linéaire ¢ sont continues. La continuité de a provient
de I'admissibilité de B. En outre, si I'inégalité d’observabilité est vérifiée, la forme a est coercive
puisque

a(¢”,¢°) = CoilICll, v e Z.
D’apres le théoreme de Lax-Milgram (cf. [5 Cor. V.8]), le probléme admet alors une unique
solution (° € Z. On constate enfin que @(2°) = v(C°) est le controle de norme U minimale. En effet, si
u € U est un controle & zéro, par définition de ZO et de z(t; 20, u), il vient

oI = (2%, 2 = (u,v(C°))ee < Nluller|0(C0)lar-
O

Corollaire 1 (Controle HUM). On suppose que l'inégalité d’observabilité (1.11)) est vérifiée. Pour 2° € Z,
le controle de norme U minimale pour le systéme d’évolution (1.4) est donné paru(z°) = v(¢?), o (® € Z
est l'unique point de minimum de la fonctionnelle

1
T(C") = 5a( ) = ), v ez
Démonstration. Comme la forme bilinéaire a est symétrique, le probléme variationnel ((1.13)) peut étre vu

comme une caractérisation des points critiques de la fonctionnelle J*. En outre, I'inégalité d’observabilité

(1.11) implique la coercivité et la stricte convexité de J*. On en déduit donc que 'unique solution Z ez
de (1.13)) est également 'unique point de minimum de J*. O
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Remarque 11. La fonctionnelle J* est souvent qualifiée de fonctionnelle conjuguée. Ceci provient du fait
que l'expression de J* peut étre obtenue en appliquant le théoreme de dualité de Fenchel-Rockafellar
(cf. [32, Sect. 31]) au probleme de minimisation sous contrainte de la fonctionnelle cotit

1
K(u) == §||u||g{, Yu e U.

En effet, le théoreme de dualité fournit ’égalité

inf K(u) = — inf J%(¢°).

wEU(29) (Yez
A titre d’exemple, on renvoie & [19, Sect. 6.4] pour le cas de ’équation des ondes avec contrdle au bord,

et a la Sect. pour le cas de I'’équation des ondes avec contrdle interne.

Remarque 12. 1l est a noter que le probleme de minimisation de J* est sans contrainte. En outre, la
forme bilinéaire a est symétrique définie positive. Ainsi, du point de vue numérique, le probléme de
minimisation infy J* peut étre résolu par l'algorithme du gradient conjugué.

1.1.4 Controlabilité d’un systéme hyperbolique du second ordre

Dans cette section, on s’intéresse a la controlabilité a zéro d’un systéeme hyperbolique du second
ordre. Le cadre choisi englobe 1’équation des ondes linéaire (traitée dans les Art. et le systeme de
Pélasticité linéaire (traité dans I’Art. @ Afin de se ramener au cadre théorique exposé précédemment,
on réécrit le systéme d’ordre deux sous la forme du systéme d’ordre un.

On considére H et U deux espaces de Hilbert réels munis des produits scalaires (-,-)m et (-,-)u.
On note U := L*(0,T;U). On considere également un opérateur Ay : D(Ag) C H — H autoadjoint

et strictement positif. On peut alors construire 'espace D(A(l)/ %) comme le complété de D(Ag) pour la
norme associée au produit scalaire

<y’g>D(Aé/2) = <A0yay>Ha Vyv? € D(AO)
On introduit ensuite I’espace D(A(l)/Q)’, dual de D(A(l)/Q) avec H comme espace pivot. On a ainsi
D(Ao) € D(Ay?) € H ¢ D(4y?),

avec injections denses et continues. On se donne enfin un opérateur By € L(U, D(A(l)/Q)’).

Définition 19 (Systéme hyperbolique d’ordre deux). On considére le systéme d’évolution contrdlé

2

d
y(0) =", Zu(0) =y". (1.14b)
Remarque 13. L’équation des ondes linéaire correspond au cas Ay = —A, tandis que le systeme de
Pélasticité linéaire correspond au cas Ag = —puA — (A + )V div, ot et X sont les coefficients de Lamé.

Pour réécrire le systéme ([1.14) d’ordre deux sous la forme du systéme (1.4) d’ordre un, on pose
2=y 5y et 2=y,

puis on définit ’espace d’état
Z:=D(AY?) x H,

ainsi que 'opérateur d’évolution A : D(A) C Z — Z par

D(A) := D(A) x D(AY?) ot A= (_?40 Iod>

On remarque alors que 'opérateur A est antiadjoint. En effet, on constate que

<AZ,§>Z = <Z2’21>D(Aé/2) — <A021,EQ>H = <22,A0§1>H — <Z1’EQ>D(A[1)/2) = <Z7 —AE>Z, Vz,Z € D(A)
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En outre, comme l'opérateur Ag est inversible, on en déduit que 'opérateur A est également inversible,
d’inverse .
A= (0 A
Ia 0
D’autre part, on renomme Z; := D(A) et on introduit 'espace
Z_y:=H x D(A}?),

dual de Z; avec Z comme espace pivot. On a donc Z; C Z C Z_;, avec injections denses et continues.
Enfin, on définit 'opérateur de contrdle B € L(U, Z_1) par

b (D)

1.1.5 Généralités sur ’équation des ondes linéaire

On a ainsi B* € L(Z3,U).

Soit © un domaine borné non vide de R%, avec d € {1,2,3}. On note I' := 9Q le bord de Q. Sous sa
forme la plus simple, ’équation des ondes linéaire, aussi appelée équation de d’Alembert, s’écrit

02y(x,t) — PAy(x,t) =0, €, t>0, (1.15a)
y(x,t) =0, zel, t>0, (1.15b)
(y,@ty)(:z:,O) = (yoayl)(z)a z € (1150)

Cette équation modélise la propagation d’une onde a la vitesse ¢ > 0 dans un milieu homogéne, linéaire
et isotrope. Dans toute la suite, on consideére, sans perte de généralité, que ¢ = 1. La quantité y(z,t)
représente I'amplitude de la perturbation liée a I'onde au point z et au temps t. L’équation est
une condition aux limites. Elle prescrit le comportement de 1'onde sur le bord de €. Il s’agit 1a d’une
condition de type Dirichlet, qui sera la condition principalement utilisée par la suite. L’équation
est une condition initiale et prescrit I’état de ’onde au temps ¢t = 0. L’équation des ondes est un exemple
archétypal d’équation aux dérivées partielles hyperbolique. De ce fait, I’étude de cette équation peut étre
vue comme une premiere étape avant 1’étude éventuelle de systemes plus complexes.

Remarque 14. Par exemple, si d = 1 et Q = (0, 1), le systéme (1.15) modélise le comportement d’une
corde en tension entre les extrémités fixes x = 0 et © = 1. La quantité y(z,t) représente alors la
déformation transversale de la corde par rapport a sa position d’équilibre (voir Fig. . La fonction y°(x)
correspond ici & la déformation initiale, tandis que la fonction y'(x) correspond a la vitesse transversale
de déformation initiale.

y(z,t)

FIGURE 1.1 — Corde vibrante.

En I’état, le comportement de ’onde modélisée par le systéeme est entierement déterminé par la
donnée initiale (y°, y!). Pour pouvoir considérer des problémes de contrdle, on fixe un horizon 7' > 0. Il
faut ensuite spécifier une maniere d’agir sur la propagation de 'onde. Dans la suite, on va alternativement
considérer les trois types de controle suivants.
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Controle interne Soit w C € un ouvert non vide. On note 1, : © — {0, 1} la fonction caractéristique
de w. On suppose ici que le controle u peut agir dans 'ouvert w, ce qui revient a considérer le systeéme
controlé

O2y(z,t) — Ay(z,t) = u(x, t)1,(z), €, tec(0,T), (1.16a)
y(z,t) =0, zel, te(0,7), (1.16b)
(y, 0y)(2,0) = (3", y") (2), z €. (1.16¢)

Contréle au bord Soit v C I' un ouvert non vide. On note 1, : I' — {0, 1} la fonction caractéristique
de . On suppose ici que le contrdle v peut agir sur la partie v du bord, ce qui revient a considérer le
systeme controlé

O2y(x,t) — Ay(x,t) =0, reQ te (0,7, (1.17a)
y(z,t) = u(z, t)1,(z), zel, te(0,T), (1.17b)
(Y, 0)(,0) = (4°, ") (x), z€Q. (1.17¢)

Contréle ponctuel Soit v : [0,7] — € une courbe. On note &) (z) la distribution de Dirac en
x = v(t). On suppose ici que le controle u peut agir sur le point mobile x = ~(t), ce qui revient a
considérer le systéeme controlé

O2y(x,t) — Ay(x,t) = u(t)oy (), =€, te(0,T), (1.18a)
y(z,t) =0, zel, te(0,T), (1.18b)
(v, 0y)(2,0) = (4°, ") (2), z €. (1.18¢)

Ici et dans toute la suite, A := Z?Zl 8%1_ désigne l'opérateur laplacien. On pourra aussi noter [J :=
0? — A l'opérateur d’alembertien.

Remarque 15. On traitera parfois des variantes des systemes ci-dessus. Par exemple, dans le cas du
systeme (1.16)), on considérera que le contrdle u peut agir dans I'ouvert mobile (w¢).e(o, 1) C 2. Le terme
i .165])

1,(z) dans (1 sera alors remplacé par 1,(z,t) avec ¢ := {(z,t) € Q x (0,T); = € w;}. On signale
également que le cas du contrdle ponctuel ne sera traité qu’en une dimension d’espace, i.e. pour d = 1
et 2= (0,1).

Remarque 16. On a vu que la question de la controlabilité a zéro se rameéne a la démonstration d’une
inégalité d’observabilité. Pour ’équation des ondes, on verra que cette inégalité est vérifiée si I’on suppose
que la zone de controle satisfait une condition d’optique géométrique portant sur les lignes caractéristiques
de I’équation. Dans le cas du contrdle interne, 'inégalité d’observabilité sera ainsi vérifiée si toute
ligne caractéristique, dont les éventuelles réflexions sur le bord du domaine €2 sont régies par les lois de
Poptique géométrique, rencontre 'ouvert de contrdle w en temps inférieur a 7. 1l existe des conditions
analogues pour les cas du contréle au bord et du contréle ponctuel. L’équation des ondes étant une
équation & vitesse de propagation finie, la condition géométrique ci-dessus peut s’interpréter en disant
que T doit étre suffisamment grand pour que chaque “composante” de I'onde ait le temps d’atteindre la
zone de controle. Par conséquent, on ne pourra pas contréler I’équation des ondes en temps arbitrairement
petit.

1.1.6 Controlabilité de I’équation des ondes linéaire avec contrdle interne

Soit 2 un domaine borné non vide de R?, avec d € {1,2,3}. Le bord T' := 9 est supposé de classe
C?. Alternativement, on peut supposer 2 convexe et I' lipschitzien. Pour 7' > 0, on pose Q := Q x (0,7
et ¥ :=T x (0,7). On se donne également ¢ C Q) un ouvert non vide. On considére le systéme d’état

Oty — Ay = ul, dans @, (1.19a)

y=0 sur X, (1.19Db)

(¥, 9y)(.0) = (y°,y') dans Q, (1.19¢)
ainsi que le systeme adjoint

02p—Ap=0 dans Q, (1.20a)

=0 sur X, (1.20b)

(0,0:0)(-,0) = (¢°, 1) dans Q. (1.20c)
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La fonction 1, : @ — {0,1} désigne la fonction caractéristique de ¢. Par souci de concision, on notera
parfois y° = (y°,y!) et p° = (¢°, ¥!). De méme, on pourra noter y(x,t; y°, u) la solution de avec
3" comme donnée initiale et u comme controdle, ainsi que ¢(z,t; ¢°) la solution de avec ¢ comme
donnée initiale.

Remarque 17 (Régularité des solutions). Le systéme d’état (1.19)) et le systéme adjoint (1.20)) sont bien
posés.

> Pour (y°,y') € H}(Q) x L?(Q) et u € L?(q), il existe une unique solution y de vérifiant
(. 0ry) € C([0,T); Hy () x L*(92)).
De plus, il existe Cq 7 > 0 tel que
9l iy + 100l 22y < Carr (I16°, ) ig e + lullzacy))-
> Pour (%, ¢!) € HL(Q) x L%(Q), il existe une unique solution ¢ de vérifiant
(0, 0rp) € C([0,T]; Hy(2) x L*(9)).
De plus, il existe Cq 7 > 0 tel que
el Loe (1) + 106l Loe (22) < Corll(¥°, ")l m2 w2
> Pour (%, ¢!) € L?(Q) x H~1(Q), il existe une unique solution ¢ de vérifiant
(¢,0ip) € C([0,T]; L*(2) x H™ ().
De plus, il existe Cq 7 > 0 tel que
lpllzoe 2y + 10epllLoe -1y < Corll(¢®, ")l L2 xm-1-

Définition 20 (Controlabilité & zéro). Le systéme est dit contrdlable & zéro en temps T si quel
que soit (y°,y') € HY(Q) x L3(Q), il existe u € L?(q) tel que la solution correspondante y de
vérifie

(y,0y)(-,T) = (0,0) dans Q.
Proposition 8 (Inégalité directe). Les assertions suivantes sont vérifiées.
> Soient (90, ') € H () x L*(Q) et ¢ la solution de (1.20)) correspondante. Il existe Cqr > 0 tel que

[ 108 < ol Do
q
> Soient (@Y, p') € L*(Q) x H=Y(Q) et ¢ la solution de (1.20)) correspondante. Il existe Cor > 0 tel que
[ 16 < Carll @ ) aror
q

Démonstration. Si (p°, o) € HE(2) x L3(Q2), on a

/ / Brl? < / /Q Bl < T0pl2 e 12
q

Puis, comme ¢ est continu par rapport a la donnée initiale, il vient

/ / 101> < Carll (@ 031
q

Si (¢%,01) € L2(Q) x H1(Q2), on a

//W g// o < Tl 1.
q Q

Puis, comme ¢ est continu par rapport a la donnée initiale, il vient

/ / 102 < Corll(6®s o) Ze .
q
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On pose H := L*(Q) et U := L?(q). On pose également H3(Q) := H2(Q) N HL(Q) et on considere les
opérateurs
Ag: HZ(Q) — L*(Q) ot Bo: L*(q) — L*0,T;L*9))
Y —  —Ay U — ul, '

En reprenant les notations des Sect. [[.1.4] et [I.1.3] on a

Zy=H3(Q) x H}(Q),  Z=Hj(Q) x L*(Q), Z_1=L*Q)xH '),
ainsi que

Z, = L*(0,T; Z,), Z=12%0,T; Z), Z_=L%0,T; Z_y).

On rappelle que les opérateurs A : Z; — Z et B € L(U, Z) apparaissant dans (1.4)) sont donnés par

0 Ia 0
(5w (L)

On rappelle également que v(¢°) = —B*((+;¢?), o {(t;¢°) est la solution de (1.9)) avec ¢° comme donnée
initiale. On constate ici que
B*: Z - U
(Cla 42) = CQ lq |

Remarque 18. On énonce certaines relations entre la solution ¢ de ((1.20) et la solution ¢ de (1.9).
> Soit (% ') € Hy(Q) x L*(2). En prenant (° = (¢°, '), on a ¢ = (¢, dyp) et v(¢?) = =9 q-
> Soit (0%, ¢!) € L2(Q) x H™1(Q). En prenant ¢° = A71(p", 1), on a ¢ = (=45 00, ) et v(¢°) =

~Pla-
De méme, on peut écrire les relations de dualité suivantes.
> Soient (y°,y') € Hg(Q)x L*(Q) et (¢°,¢") € Hy(Q)x L*(Q2). En prenant 2° = (y°,y*) et (* = (¢%, '),

on a

<20740>Z = <y07900>Hé + <y17901>L2~

> Soient (y°,y') € HE () x L2(Q) et (¢, ') € L2(Q) x H~1(Q2). En prenant 20 = (y°,¢y1) et ¢* =

AT 1), on a

(2%, = *(yoaﬁpl)Hg,H—l + (g, %) 2.

Proposition 9 (Inégalité d’observabilité). Par dualité entre controlabilité et observabilité, les assertions
sutvantes sont vérifiées.
> Le systéme (1.19) est controlable & zéro en temps T si et seulement s’il existe C' > 0 tel que

1% @I w2 < CllOepllTagg), V(97 0") € Hy(R) x L*(Q), (1.21)

ou ¢ est la solution de (1.20) associée a (¢, ).
> Le systéme (1.19) est controlable a zéro en temps T si et seulement s’il existe C' > 0 tel que

1% @ T2 w1 < Cllglliagy: V(9 € L2H(Q) x HH(Q), (1.22)
ou ¢ est la solution de (1.20) associée a (¢, ).

Proposition 10 (Controle de norme minimale). En appliquant la méthode HUM, les assertions suivantes
sont vérifiées.

> On suppose que l’inégalité d’observabilité (1.21)) est vérifiée. Pour (y°,y') € HL(Q) x L2(2), le contréle
de norme L?(q) minimale pour le systéeme (1.19) est donné par u = —0tP |q, avec P la solution de (1.20))
associée au point de minimum (@°, ') de la fonctionnelle

X 1
T (@ 0") = Slloellieigy = (0% ") my = Whhehhee, V(% 0h) € Hy(Q) x L2(9),

ou ¢ est la solution de (1.20) associée a (¢, ).

> On suppose que l’inégalité d’observabilité (1.22)) est vérifiée. Pour (y°,y') € HL(Q) x L2(2), le contréle
de norme L*(q) minimale pour le systéme (L.19) est donné par u = —|,, avec @ la solution de ([1.20)
associée au point de minimum (P°, ) de la fonctionnelle

1 B
T% ") = gleliag + W' e 1 — W) V(% 0") € L2(Q) x HTH(9),

ot ¢ est la solution de (1.20) associée a (©°, ).
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Cas d’un contrdle a poids

On s’intéresse a présent au contréle de norme I/ minimale dans le cas ou U est un espace a poids.
Plus précisément, pour x : Q — [0, 1] tel que Supp x = @, on définit les espaces L? & poids

U:z{u:q—)R; //qu2x_1<+oo} et Z/l’::{v:q—ﬂR; //qvgx<+oo},

que 'on munit des produits scalaires
(u, W)y = // way t, Yu,uel et (U, D)y = // voy, Yu,velu’.
q q

Il est a noter que si y = 1, on a simplement U = U’ = L?(q). On introduit les espaces V := H{ () x L%(Q)
et W:=L?(Q) x H (). Le produit de dualité entre V et W s’écrit

W) vw == @V g+ (W02, VY eV, Ve e W

Définition 21 (Controlabilité a zéro). Le systéme ([1.19)) est dit controlable a zéro en temps T si quel
que soit y° € V, il existe u € U tel que la solution correspondante y de (1.19) vérifie

(y,0y)(-,T) = (0,0) dans Q.

Pour u € U, on note 9 (x, t;u) la solution du systeme rétrograde

Of — Ay = ul, dans @, (1.23a)
=0 sur X, (1.23Db)
(v, 000)(-,T) = (0,0) dans Q, (1.23c)
et on définit I'opérateur linéaire
F: U — v
u = (Y,00)(05u)

Lemme 1. Le systéme (1.19)) est controlable a zéro en temps T si et seulement si F est surjectif.

Démonstration. Soit y° € V. Si F est surjectif, il existe u € U tel que (¢, d41))(-,0;u) = y°. Par
réversibilité de I’équation des ondes, on a alors (y,d;y)(-, T;y°, u) = (0,0). La réciproque se démontre
de facon similaire. O

Lemme 2. L’opérateur adjoint F* est donné par

C u avec  v(°) == —p
800 , U(QOO) ’ . lg»
ot ¢ est la solution de (1.20)) associée d °.

Démonstration. Soient ¢° € W et ¢ la solution de (1.20) correspondante. Pour u € U, on multiplie
Iéquation ([1.23a)) par ¢ et on integre sur ). Par intégration par parties, on obtient alors

(Fu, @")viw = —(u, ©) 12(q) = (u, 0(@"))rzer = (U, F* )
O

Proposition 11 (Inégalité d’observabilité). Le systéme (1.19) est contrélable a zéro en temps T si et
seulement s’il existe C > 0 tel que

I’ < Cllo(@®) g, Ve € W. (1.24)

On appelle alors constante d’observabilité la borne inférieure Cops des constantes C' > 0 telles que
Uinégalité (1.24) est vérifiée.
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Démonstration. On sait par le Lem. [1] que le systeme ((1.19) est controlable si et seulement si F est
surjectif. Or, d’aprés [33, Th. 4.15], F est surjectif si et seulement s’il existe C' > 0 tel que

le°lw < CIF* @, Ve € W.
On conclut avec le Lem. O

Corollaire 2. On note 0(¢") := =0y |4, 0t ¢ est la solution de (1.20) associée a ¢°. Le systéme (L.19)
est controlable a zéro en temps T si et seulement s’il existe C' > 0 tel que

1€°15 < ClIo(e°)Ilzr,  Ve° € V. (1.25)
En outre, les constantes d’observabilité associées a (1.24) et (1.25) sont égales.

Démonstration. On montre que les inégalités d’observabilité et sont équivalentes. On dé-
finit Popérateur linéaire R? := (A71p!, ). Cet opérateur est une isométrie de W dans V, d’inverse
R = (1, AyP). Soit C' > 0 une constante telle que Pinégalité est vérifiée. Pour ¢° € W fixé,
on pose Y’ = R, On note ¢ et 1 les solutions de associées a @° et 1° respectivement. Ces
solutions sont liées par les relations ¢ = 9,4 et ¢» = A~19,¢. Par suite, on a

0 ~(1.0
%1% = 11¥°11} < Clo") iz = Cllu(e”)i-
La réciproque se traite de maniere similaire. O

Pour y° € V fixé, on introduit I’ensemble des contrdles & zéro

Uly’) = {u el (y,0)( Tiy’u) = (0,0)}.
On définit également la fonctionnelle cott
1
K(u) := §||u||§,, Yu e U.

Le contréle de norme ¢/ minimale est ainsi solution du probléme de minimisation

inf  K(u).

u€U(y°)

On commence par réécrire ce probleme de minimisation sous la forme

inf K(u) = inf (/C(u) +I(}_U)>a

w€U(y9) u€U
ou la fonction indicatrice Z: V — R U {400} est donnée par

a0
I(°) = {O st =y, vl € V.

+o00 sinon,
Le théoreme de dualité de Fenchel-Rockafellar (cf. [32, Sect. 31]) implique ensuite

inf K(u)=in

ueU(y°) uezg (/C(u) +I(]:u)> =~ inf (’C*(I*SOO) +I*(—ga0))7

Plew

ou K* et Z* sont respectivement les conjuguées convexes de K et Z. On calcule aisément
1
K W) = Slolge, voeu et @) =y’ ¢ )vw, Vo' eW.

On obtient donc finalement

inf K(u)=— inf J*(¢"
ot (u) ot J (¢7),

ou la fonctionnelle conjuguée J* s’exprime

. 1
T*(¢°) = §HU(SDO)I|§1/ — (e vw, Vel eW.

Le probleme infy;(,0) K est qualifié de probléeme primal, tandis que le probléeme infy, J* est qualifié de
probléme dual. Si le probleme dual admet un unique point de minimum Zﬁo € W, le probleme primal
admet alors un unique point de minimum u € U(y") donné par @ = v(@o)x. Par ailleurs, le probléeme
dual étant sans contrainte, c’est ce dernier que ’on privilégie généralement pour approcher le controle u
de norme U minimale.
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Lemme 3. Soit y° € V. La fonctionnelle J* est Gateauz-différentiable. La dérivée de J* au point
@° € W dans la direction @° € W est donnée par

A7 (9% 2°) = (v(¢”),v@"))uw — (¥°, 2" )vw-

Proposition 12 (Condition d’optimalité). Soit y° € V. Un élément @° € W est un point critique de
J* si et seulement st
W), 0@ N = W, P )vw, V@' eW.

Proposition 13 (Contréle de norme minimale). On suppose que l’inégalité d’observabilité (1.24) est
vérifice. Pour y° € V, le controle de norme U minimale est donné par @ = v(@°)x, ot @° € W est
lunique point de minimum de J*.

Démonstration. On montre facilement que la fonctionnelle J* est continue et convexe. Avec I'inégalité
d’observabilité ((1.24)), on peut écrire

Cous
T@") 2 == 5 — 18 Ivlle’lw. e e W,

ce qui montre la coercivité de J*. La fonctionnelle J* est enfin strictement convexe. En effet, pour
M€ (0,1) avec A+ pu =1 et pour ¢, 9" € W avec ¢° # 4, on a
. A
T O+ u?) = AT (9°) + nT* (¥") = S llv(e” = ¢l
et
lo(@® =)l = Coslle® = %°l13y > 0.

Ainsi, d’aprés la méthode directe du calcul des variations (cf. [5, Cor. 111.20]), J* admet un unique point
de minimum @° € W. Par dualité, & = v(@°)x est alors le controle de norme / minimale. O

On introduit 'opérateur HUM, qui s’exprime

A W — Vv
00 = (0, 00) (-, 0;0(e%)x)

Par définition de A, on a 'identité
(A’ ) v = (v(@"), v(@" ), Ve° % e W.
Pour y° € V, la dérivée de J* au point ¢° € W dans la direction @° € W s’écrit alors
dT*(¢"%@") = (A¢” — 4", B )hvw.

Proposition 14 (Caractérisation des controles). Soient y° € V et u € U. On a alors u € U(y") si et
seulement si

(w, (@ Nuw = @, v, Ve’ eW. (1.26)

Démonstration. Soient ¢° € W et ¢ la solution de ((1.20)) correspondante. On multiplie I'équation (1.19al)
par ¢ et on integre sur (). Par intégration par parties, on obtient alors

<(ya aty)(7 T y07 U), (<)07 825()0)(7 T)>V,W = <y0a SOO>V,W - <U, U(SOO»U,Z/{“
On conclut en utilisant la réversibilité de 1’équation des ondes. O

Remarque 19. La caractérisation (1.26)) des controles permet de retrouver le fait que le controle de norme
U minimale est donné par @ = v(@")x, ot ° € W est le point de minimum de J*. En effet, pour y° € V
et u € U(y®), avec la condition d’optimalité de @°, on a

~0

~ ~0 ~0 ~ ~
[l = 0@z = ¥° @ )vw = (w, 0@ Nuwr = (u, @ < [ufull@]u-
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Condition géométrique de controle

Dans cette section, on énonce un critere géométrique portant sur I’ouvert de contrdle ¢ et I'horizon
de contrdle T. 11 s’agit d’une condition suffisante pour avoir les inégalités d’observabilité — et
donc la controlabilité a zéro. Ce critére est souvent abrégé en GCC pour Geometric Control Condition. 11
est basé sur la propagation des solutions de I’équation des ondes le long des lignes caractéristiques. Par
souci de simplicité, on considere le cas unidimensionnel 2 = (0, 1). On rappelle que V := H}(Q) x L?().

Proposition 15 (Formule de d’Alembert). [T], Sect. 2.4] On considére Q = (0,1). Soient (©°, ') €
H () x L*(Q) et f € L'(0,T; L*(Q)). On construit (¢°, ') € HL .(R) x LE .(R) en prolongeant (¢°, o1)

par imparité sur (—1,1) puis par 2-périodicité sur R, i.e.

0(4) oY (m(z)) si m(z) > 0, ot S {(pl(m(x)) si m(z) > 0,
s {—@O(—m(x)) si m(z) <0, ¢l —pt(—m(x)) sim(z) <0,

avec m(z) := x — 2k pour x € (2k — 1,2k + 1], k € Z. On construit de méme un prolongement f €
LY(0,T; L3 (R)), i.e.

loc

Flot) = {f (o)) si () 20,
—f(—m(zx),t) sim(z)<O0.

On peut alors montrer que la solution ¢ de l’équation des ondes inhomogeéne

D2 — Ap= f dans Q.
=0 sur X,
(0,000)(-,0) = (9% ¢")  dans €,

est donnée par

x+t t r+t—s -
o) =5 (Feen@e-n)+y [ Fwarg [ [ fusad o)

Définition 22 (Caractéristiques). Soit 2o € Q. On appelle lignes caractéristiques issues de g les en-
sembles C}f et Cy définis par

CE = {(m,t) €R% 1= |m(z £ t)|}7 (1.28)

avec m(z) 1=z — 2k pour x € (2k — 1,2k + 1], k € Z.

A la Fig. on trace les deux lignes caractéristiques C’;to issues d’un point zg. On constate que ces
courbes sont obtenues a partir des droites x = xg £t et de leurs réflexions successives sur le bord de €.
Pour (z,t) € Q fixé, on pose 1 = m(z — t) et x5 = m(z + t), ainsi que s; = sgn(z;) et so = sgn(xa).
On peut alors montrer que (z,t) € C";f‘l N C";jf. Autrement dit, le point (x,t) se trouve a U'intersection
d'une caractéristique issue de |z1| et d'une caractéristique issue de |zo| (cf. Fig. [L.3). Pour (¢, ¢!) € V,
on note ¢ la solution de I’équation des ondes homogene . En utilisant la formule de d’Alembert

(voir Prop. , il vient
1 0 0 1 2] 1
olo.0) = 5 (26 el + 51 () + 5 o)
T

La valeur de ¢ en (z,t) dépend donc uniquement des valeurs de la donnée initiale (¢°, ') sur le segment
d’extrémités |z1| et |xa]. De plus, si ¢ = 0, on voit que la solution ¢ est obtenue en propageant ° le
long des lignes caractéristiques.

Définition 23 (GCC). On dit qu'un ouvert ¢ C Q vérifie le critere (GCC) (pour Geometric Control
Condition) si pour tout zg € €2, les lignes caractéristiques Cmﬂf) issues de x( rencontrent g, i.e. qOCIﬂE #+ .

Remarque 20. En dimension d > 1, la notion de ligne caractéristique dans la définition du critéere (GCC)
doit étre remplacée par la notion de bicaractéristique généralisée (cf. [24, Sect. 1.3.2]).
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FIGURE 1.2 — Lignes caractéristiques
issues de xg. FIGURE 1.3 — Lignes caractéristiques
passant par (z,t).
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FIGURE 1.5 — Ouvert de contrdle ¢ courbe.
FIGURE 1.4 — Ouvert de contréle ¢ cylindrique.

Remarque 21. Un ouvert de contréle g est dit cylindrique (cf. Fig. §’il est de la forme ¢ = {(z,t) €
Q; x € (a,b)}, avec a,b € Q et a < b. On montre facilement qu'un ouvert de contréle ¢ cylindrique vérifie
(GCC) si et seulement si T' > T* := 2max(a, 1 — b). Un ouvert de controle ¢ est dit courbe (cf. Fig. [L.5)

s’il est de la forme ¢ = {(z,t) € Q; = € (a(t),b(t))}, avec a,b € C([0,T];Q2) et a < b.

Remarque 22. Soit ¢ C @ un ouvert ne vérifiant pas (GCC). Plus précisément, on suppose qu'il existe
un intervalle I C € tel que pour tout xo € I, la ligne caractéristique C,  ne rencontre pas q. On note
Cr =U,er Czp- On peut alors montrer que l'inégalité d’observabilité ((1.21) (et donc (1.22))) n’est pas

vérifiée. En effet, si on consideére (p°, o) € V tel que Supp¢® C I et o' = (¢")’, on observe que la
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solution correspondante ¢ de (1.20) vérifie Supp ¢ C C; . Comme ¢NC; = @ par hypotheése, on obtient
donc dyp |, = 0.

Proposition 16 (GCC = observabilité). Si l'ouvert de contréle ¢ C Q vérifie (GCC), il existe alors
C > 0 tel que les inégalités d’observabilité (1.21)-(1.22)) sont vérifiées.

Remarque 23. 1l existe plusieurs maniéres de démontrer les inégalités d’observabilité ([1.21)-(1.22]) a partir
de (GCC). Dans le cas d’un ouvert de contrdle cylindrique, ces inégalités peuvent étre montrées en 1D
par

> la méthode des multiplicateurs (voir [21]),

> une méthode spectrale (voir [20, Th. 1]),

> une méthode propagative (voir [20, Th. 2]),

et en dD par analyse microlocale (voir [3]). Dans le cas d’'un ouvert de contréle non cylindrique, ces
inégalités peuvent étre montrées en 1D par une méthode propagative (voir [8]) et en dD par analyse
microlocale (voir [24]).

1.1.7 Controlabilité de I’équation des ondes linéaire avec contréle au bord

Soit 2 un domaine borné non vide de R?, avec d € {1,2,3}. Le bord T' := 9 est supposé de classe
C?. Alternativement, on peut supposer {2 convexe et I' lipschitzien. Pour 7' > 0, on pose Q := Q x (0,7
et ¥ :=T x (0,7). On se donne également v C I' un ouvert non vide et on note o := v x (0,7). On
considere le systeme d’état

Oy — Ay =0 dans Q, (1.29a)

y =ul, sur %, (1.29b)

(y,0)(-,0) = (3°, ') dans Q, (1.29¢)
ainsi que le systeme adjoint

D2p—Ap=0 dans @, (1.30a)

=0 sur X, (1.30b)

(0,000)(-,0) = (¢%, ") dans Q. (1.30c)

La fonction 1., : I' — {0,1} désigne la fonction caractéristique de . Par souci de concision, on notera
parfois y° = (y°,y') et ¢° = (¢°, ©'). De méme, on pourra noter y(x,t; y°, u) la solution de avec
y" comme donnée initiale et u comme controle, ainsi que ¢(z,t; ¢°) la solution de avec ¢ comme
donnée initiale.

Remarque 24 (Régularité des solutions). Le systéme d’état (1.29)) et le systéme adjoint (1.30)) sont bien
posés.

> Pour (y°,y') € L?(Q) x H=Y(Q) et u € L?(0), il existe une unique solution y de ([1.29) vérifiant
(y,0y) € C([0,T); L*(Q2) x H™H(R)).

De plus, il existe Cq 7 > 0 tel que
Il ety + 10l e a1y < Coor (168 s+l ooy )-

> Pour (0%, ¢!) € HE(Q) x L*(Q2), il existe une unique solution ¢ de vérifiant
(¢, 0p) € C([0,T; H () x L*(92)).
De plus, il existe Cq 7 > 0 tel que
||90||L<><>(H5) + ||at90||L°o(L2) < CQ,TH(@OMPI)HngL%

Définition 24 (Contrdlabilité & zéro). Le systéme est dit contrdlable & zéro en temps T si quel
que soit (y°,yt) € L2(Q) x H=Y(Q), il existe u € L*(o) tel que la solution correspondante y de
vérifie

(y,0:y)(-,T) = (0,0) dans .

25



Proposition 17 (Inégalité directe). [23, Cor. 1.4.1] L’assertion suivante est vérifiée.
> Soient (p°, ') € H () x L*(Q) et ¢ la solution de (1.30)) correspondante. Il existe Co 1 > 0 tel que

[ 106l < Carl (@ D
o

Démonstration. D’apres [25, Lem. 1.3.1], si le bord T est de classe C?, il existe un champ de vecteurs
0 € [CH(Q)]? tel que O(x) = v(z) pour tout = € T'. Avec ce choix de 6, I'identité (T.31)) fournit

J e e (e e ey B e [ A

La derniére inégalité provient de la continuité de ¢ par rapport a la donnée initiale. Pour le cas avec 2
convexe et I' lipschitzien, on renvoie & [25, Rem. 1.4.3]. O

Proposition 18 (Inégalité directe en 1D). On suppose ici que Q@ = (0,1). L’assertion suivante est

vérifiée.

> Soient (0, ') € HY(Q) x L3(Q) et ¢ la solution de (1.30)) correspondante. Pour tous ti,ts € R avec
t1 <tg, on a

ta
[ 10000 dt < (62—t + 260D By

ty

Démonstration. En écrivant I'identité (1.31)) avec §(z) =1 — z, il vient

1 t2 1 tz to
5/ 10:(0,1)|* dt = 5/ / (Iast\Q + \c‘)tcp|2) - [/(1 —w)amsoatso} :
t1 t1 JQ Q t1

Or, la conservation de I’énergie (cf. [25, Lem. 1.3.5]) donne

| (6@ 0 + 010l ) do = 1", e VE€R:

On conclut en remarquant que

| (1020t + rsta ) o vt R

‘/ (1 = 2)0z0(x,t)0rp(x,t) dz %

O

Lemme 4. [25, Cor. 1.3.1] Soient (©°, ') € Hj(Q) x L*(Q) et ¢ la solution de (1.30) correspondante.
Pour tout champ de vecteurs 0 € [C*(Q)]%, on a lidentité

;/(9 v)|0ypl* = // div (0 |‘9ts0|2 |Vol|? —|—/Q(V9V<p).v<p+ [/Q(g.vﬁp)at@]: (1.31)

Démonstration. L’identité se démontre par la méthode des multiplicateurs. Il s’agit de multiplier ’équa-
tion (1.30a) par 6 - Vo, d’intégrer sur @ et de procéder par intégrations par parties. O

On pose H := H~1(Q), U := L?(v) et U := L*(o). On considere les opérateurs

Ag: HYQ) — HYQ) + By: L%(y) — H7%(Q)
y — —Ay © U —  AgDu ’

ot D : L?(ry) — L?(Q) est Popérateur défini par
(Du,Q)r2 = —(u, 0 (Ag ' O) 12y, ¥C € LP(Q).
En reprenant les notations des Sect. et on a
Zy=Hy(Q) x L*(Q), Z=L*Q)xH 'Q), Z.1=H Q) xH*Q).

On rappelle que les opérateurs A : 71 — Z et B € L(U, Z_1) apparaissant dans (1.4)) sont donnés par

0 Ia 0
(08w ()
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On rappelle également que v(¢°) = —B*((+;¢?), ot ((t; ¢°) est la solution de (1.9) avec ¢° comme donnée
initiale. On constate ici que
B*: Al — U
(G1,6) = —0u(Ag"¢) 1y

En effet, pour u € U et { € Z1, on a
(Bu,C)z_,,z, = —(A™'Bu, AC) z = (Ay ' Bou, (2) 12 = (Du, (2) 12 = —(u, 9, (A5 ' ¢2)) 12y = (u, B*Qu

Remarque 25. On énonce une relation entre la solution ¢ de et la solution ¢ de .
> Soit (¢°, ') € Hg(Q) x L?(2). En prenant ¢© = A(¢°, '), on a ¢ = (9yp, —Aop) et v(¢?) = =0y,
De méme, on peut écrire la relation de dualité suivante.
> Soient (y°,y') € L2(2) x H=Y(Q) et (¢°, ¢1) € HE(Q) x L?(Q2). En prenant 2° = (y° y!) et (* =
A%, '), on a
(%62 = @ "2 — W @ -1 -

Proposition 19 (Inégalité d’observabilité). Par dualité entre contrélabilité et observabilité, l’assertion
sutvante est vérifiée.

> Le systéme (1.29)) est contrélable d zéro en temps T si et seulement s’il existe C > 0 tel que
1° @M xre < CllOPlTa(y,  Y(@%¢!) € Hy(Q) x L*(Q), (1.32)

ou ¢ est la solution de (1.30) associée a (¢, ).

Proposition 20 (Controle de norme minimale). En appliquant la méthode HUM, lassertion suivante
est vérifiée.

> On suppose que linégalité d’observabilité (1.32)) est Uém'ﬁée Pour (y°,y') € LQ(Q) x H=1(Q ) le
contréle de norme L?(o) minimale pour le systéme est donné par u = —0,9|,, avec ¢ la
solution de (1.30) associée au point de minimum (2°, 5 ) de la fonctionnelle

X 1
T 01) = 10l o) = W' 0 )iz + (W' @ g, V(6 07) € Ho(Q) x L2(Q),

ot ¢ est la solution de (1.30) associée a (¢, ).

A la proposition suivante, on établit I'inégalité d’observabilité pour un bord de contrdle y C I’
défini par une condition géométrique, ainsi que pour T assez grand. La démonstration repose sur la
méthode des multiplicateurs. Plus précisément, si xq ci-dessous est pris dans R?\ €, le bord de controle
v =T’y correspond alors au complémentaire dans I' de la partie du bord éclairée depuis xg.

Proposition 21 (Inégalité d’observabilité). [25, Th. 1.5.1] Pour xo € R? fizé, on définit le champ de
vecteurs 6 € [C1(Q)]? par §(x) = x — z. On introduit également la partie du bord

Iy := {a: el; 6(x) v(z) > O}.

On pose Ry := max 5 |0(x)| et T* := 2Ry. Pour tout T > T, linégalité suivante est vérifiée,
Ry
I e Mg < o [ 10wl V(6 01) € HYE) x (@),
} T-T Jy,

ot ¢ est la solution de (1.30)) associée a (©°, ).
Démonstration. Avec le choix de 6, I'identité (|1.31)) s’écrit

5 L0 =5 [ (o —1ver) + | Q|W|2+[ / (9'V<P)5t<PLT
-3 // (16l + fousl?) + 45 /I (1ovoP = 1962) + | [ (0-w>6t4j~
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Comme 6 -v <0 sur X\ Xp, on a

[P < [ @ vioel <k [ o
) 3o o

En multipliant ’équation ([1.30a)) par ¢ et en intégrant par parties sur (), on montre que

T
J[ (1o? = 1962) = | [ o] -
Q Q 0
On en déduit alors que

&/ |0,]* > 1// (|V<PI2+|8t<pl2) + [/ (9 Ve + 41 )@wr-
2 /s, =2/ .

D’une part, la conservation de I’énergie (cf. [25, Lem. 1.3.5]) donne

J[L (1908 + 1216k = T gz

D’autre part, pour tout ¢ € [0,7], on a

‘/ 0-Vo+ 41y 3t<p‘<2/‘9 V<p+—go] +—/|at
0

1 1 . d
/(o-wxo: —/e-ww:—f/dwew:—f/ o,
Q 2 Ja 2 Ja 2 Ja
2
IRAZE :/\9-ww2+<d >/<9 voro+ o [

d+1
~ [1o-9ep - /||2<Ro/|w|2
Par suite, on a

H/ﬂ(e Vo + Sy )@(p]T

Ry T-T*
2 [t = T D e
Yo

Or, sachant que

il vient

< Ro sup [ (196 + [0u) = Rol(#°, o) g oo
tel0,T] JQ

O

A la proposition suivante, on établit 'inégalité d’observabilité (1.32) en 1D, pour Q = (0,1) et un
controle localisé en z = 1. La démonstration repose sur une méthode spectrale. On signale par ailleurs
que les méthodes spectrales sont généralement basées sur 'inégalité d’Ingham (cf. [23]).

Proposition 22 (Inégalité d’observabilité en 1D). On suppose ici que Q = (0,1). Pour tout T > 2,
l'inégalité suivante est vérifiée,

1 T
0 1 21 ) < 2 0 1 1 2
I gz < 57737 | 0L dt V(P 01) € H(@) x L0,

ot ¢ est la solution de (1.30)) associée a (©°, ).

Démonstration. Pour tous p,q > 1, on a

2

/ cos(pmt) cos(gmt) dt = by, g, 1 )

02 / cos(prx) cos(gma) do = iap’q’

/ sin(pmt) sin(qmt) dt = 0,4, et 01 )
0

J

sin(prz) sin(grz) de = 561,7,1,

2
/ cos(pmt) sin(gqmt) dt = 0,
0
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ot §,,=0sip#qetd,,=1 Soit (¢°,p!) € H}(Q) x L*(Q). On décompose
+oo too
©O(z) = Z ap sin(prx) et o(z) = Z b, sin(prz).
p=1 p=1

La solution ¢ de (|1.30)) s’écrit alors

—+o0

o(z,t) = Z (ap cos(pmt) + 5 sin(pwt)) sin(prx).
pm
p=1
On calcule
2 +o0o
[ e nPar = 3 (0m)ad + 82) = 206 ) e
p=1

Par suite, avec la 2-périodicité en temps de ¢, il vient

T 2|T/2] 2
| oeetnpaez [T peEar = (772) [ ione(1 0 at = 2772010 e g

O

Condition géométrique de controle

Dans cette section, on énonce un critére géométrique portant sur le bord de contréle + et ’horizon
de contrdle T Il s’agit d’une condition suffisante pour avoir 'inégalité d’observabilité ([1.32)) et donc la
controlabilité a zéro. Ce critére est souvent abrégé en GCC pour Geometric Control Condition. 11 est
basé sur la propagation des solutions de I’équation des ondes le long des lignes caractéristiques. Par souci
de simplicité, on considére le cas unidimensionnel = (0, 1). On renvoie & la Sect. et a la Déf.
pour la définition des lignes caractéristiques C’;to.

Définition 25 (GCC). On dit quun ouvert v C I' vérifie le critere (GCC) (pour Geometric Control
Condition) si pour tout xg € Q, les lignes caractéristiques Cfo issues de z( rencontrent o = v x (0,7T),
ie.oNCE + 2.

0
Remarque 26. En dimension d > 1, la notion de ligne caractéristique dans la définition du critére (GCC)
doit étre remplacée par la notion de bicaractéristique généralisée (cf. [24] Sect. 1.3.2]).
Remarque 27. Ainsi, pour un controle agissant en v = {0} ou v = {1}, le critére (GCC) est vérifié a
partir de T = 2, tandis que pour un controle agissant en v = {0, 1}, le critére (GCC) est vérifié a partir
de T =1.

Proposition 23 (GCC = observabilité). Si le bord de contréle v C T vérifie (GCC), il existe alors
C > 0 tel que linégalité d’observabilité (1.32)) est vérifice.

Remarque 28. En 1D comme en dD, 'inégalité d’observabilité (1.32]) peut étre démontrée a partir de
(GCCQ) par analyse microlocale (voir [3, 24]).

1.1.8 Controélabilité de I’équation des ondes linéaire avec contrdle ponctuel

Soient Q := (0,1) et I := 9Q = {0,1}. Pour T > 0, on pose @ := 2 x (0,T) et X :=T x (0,7"). On se
donne également v : [0,7] — € une courbe C! par morceaux telle que 1 — || ne change de signe qu'un
nombre fini de fois sur [0,7]. On fixe enfin n € CY(R) tel que n : R — [0,1] et Suppn = [0,7]. Plus
précisément, pour 7 > 0 fixé, on impose n(t) = 1sit € [7,T — 7] et n(t) = 0si ¢ ¢ (0,T). On considere
le systéme d’état

D2y — Ay = und dans @, (1.33a)

y=0 sur X, (1.33b)

(¥,9:9)(-,0) = (3°,y") dans Q, (1.33¢)
ainsi que le systeme adjoint

02p—Ap=0 dans @, (1.34a)

=0 sur X, (1.34Db)

(0, 0i0)(-,0) = (¢°, ') dans Q. (1.34¢)
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La fonction . (z) désigne la distribution de Dirac en x = 7(t). Par souci de concision, on notera
parfois y° = (y°,y!) et p° = (¢°, ¥!). De méme, on pourra noter y(x,t; y°, u) la solution de avec
3" comme donnée initiale et u comme controdle, ainsi que ¢(z,t; ¢°) la solution de avec ¢ comme
donnée initiale. En outre, §5P(¢) désignera la fonction ¢(y(%),t).

Remarque 29 (Régularité des solutions). Le systéme d’état (1.33) et le systéme adjoint (1.34) sont bien
posés.

> Pour (y°,y') € L?(Q) x H~1(Q) et w € H~1(0,T), il existe une unique solution y de (1.33)) vérifiant
(. 0ry) € C([0,T); L*(Q) x H~H(Q)).

De plus, il existe Cq 7 > 0 tel que
Il ety + 10l a1y < Cor (1600 eex—s + ulla-s0.1))-

> Pour (%, ¢!) € H(Q) x L*(Q), il existe une unique solution ¢ de vérifiant
(. 9p) € C([0,T): Hg () x L*(2)).
De plus, il existe Cq 7 > 0 tel que
ol Lo (mr2y + 10epll Lo (z2) < CQ,TH(<POa<P1)HH§><L2-

Définition 26 (Controlabilité & zéro). Le systéme est dit controlable a zéro en temps T si quel
que soit (y°,y') € L?(Q) x H=1(Q), il existe u € H~1(0,T) tel que la solution correspondante y de
vérifie

(y,0iy)(-,T) = (0,0) dans S

Proposition 24 (Inégalité directe). [7, Prop. 4.1] L’assertion suivante est vérifiée.
> Soient (p°, ') € H(Q) x L*(Q) et ¢ la solution de (1.34]) correspondante. Il existe C., 7 > 0 tel que

T d 2 0 1\ (12
/0 ‘&W(W)’t)‘ dt < 5 rll(@s 0 ) < 2

Démonstration. On suppose que v € C1([0,T]) et que 1 — |7/| > 0 sur [0, T]. En échangeant le role de x
et de t dans I’équation des ondes, la formule de d’Alembert fournit

1 t4(t)
oy(),1) = © / Dep(0,5)ds, W(z,1) € Q.

—(1)
Par suite, on a
T d 2 1 T 2 / 2 1 T 2 / 2
| |Gee@0] <5 [ ot )P+ OF dt+ 5 [ 100t =2 @) - (0P e
0 0 0

<2
-2

T T
S
000, + () P+~ (t)] dt + 5 / [02(0,t = (1)1 =~/ (t)] dt,
0 0

ott ¢y = 1+||7'|| Lo (0,1)- En utilisant les changements de variable s = t4(t) dans les intégrales ci-dessus,

il vient
T+~(T)

T
/ 1B20(0,1 £ A(£)PI1 £ /(1) dt < / 10200, ) 2 ds.
0 +v(0)

On a finalement

T q 2 T+~(T) ) 0 1o
/0 ‘aw('y(t),t)’ dt < ¢y /_7(0) 10200, 8)[* ds < 6 (T +9(T) +7(0) + 2)11(¢°, ) 1772 2-

La derniére inégalité provient de 'inégalité directe pour ’équation des ondes avec contrdle au bord (voir
Prop. [18)). Le cas 1 — |7/| < 0 sur [0,7] se traite de fagon analogue. Enfin, le cas général se démontre
en introduisant une subdivision de [0, 7] adaptée au caractére C! par morceaux de v et au signe de
1 |y]. O
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On pose H := H1(Q), U :== H~1(0,T) et U’ := HL(0,T). On considere les opérateurs
Ag: HYQ) — HY(Q) Bo: H7Y0,T) — L*0,T;H2(Q))
et
Y = —Ay U — AoDu ’
ou D: H1(0,T) — L?(Q) est I'opérateur défini par

(Du,C) @) = (w, 8P (Ag Omuar,  ¥¢ € L(Q).
En reprenant les notations des Sect. et[I.I3] on a
Zy=Hy(Q) x L*(Q), Z=L*Q)xH YQ), Z_.1=H Q) xH?),
ainsi que
Z, = L*0,T; Z,), Z=1L1%0,T; Z), Z_1=L1%0,T;Z_y).
On rappelle que les opérateurs A : Z; — Z et B € L(U, Z_1) apparaissant dans sont donnés par

0 Ia 0
(08w ()

On rappelle également que v(¢°) = —B*((+;¢?), ot {(t;¢°) est la solution de (1.9) avec ¢° comme donnée
initiale. On constate ici que
B*: Z — u’
(C1,G2) = OP(Ag Ga)n
En effet, pour u € Y et ( € Z1, on a
(Bu,()z_, .z, = —(A7'Bu, A)z = (Ay ' Bou, (2) 12(0)
= (Du, C2) 12(q) = (u, 03P (Ag ' C)muwe = (u, B*Qur-
Remarque 30. On énonce une relation entre la solution ¢ de (1.34]) et la solution ¢ de (1.9).
> Soit (¢, ") € Hg () x L*(€2). En prenant ¢* = A(¢°, '), on a ¢ = (9,0, —Aop) et v(¢?) = 6P ().
De méme, on peut écrire la relation de dualité suivante.
> Soient (y°,y') € L2(2) x H=Y(Q) et (¢°,¢1) € HE(Q) x L?(2). En prenant 2° = (y° y!) et (* =
A0, 1), on a
(%62 = @ e e — W @ -1 -
Proposition 25 (Inégalité d’observabilité). Par dualité entre controlabilité et observabilité, l’assertion
sutvante est vérifiée.

> Le systéme (1.33|) est contrélable a zéro en temps T si et seulement s’il existe C' > 0 tel que
1% @I 22 < CUSSP (@)l 0.y V(@7 9") € Hy () x L2(€), (1.35)
ot ¢ est la solution de (1.34) associée a (©°, ).

Proposition 26 (Controle de norme minimale). En appliquant la méthode HUM, [’assertion suivante

est vérifiée.

> On suppose que linégalité d’observabilité est vérifie. Pour (y°,y') € L?(Q) x H~Y(Q), le
controle de norme H~1(0,T) minimale pour le systéme (1.33)) est donné par U = —;—;(5213(@)77), avec
@ la solution de (1.34) associée au point de minimum (°,p') de la fonctionnelle

. 1
j (@07901) = 5”5’31)(90)17”%[&(077“) - <y07901>L2 + <y1a<p0>H*1,Héa V((p07(p1) € H(%(Q) X L2(Q)7

ot @ est la solution de associée a (¢, pl).
Proposition 27 (Inégalité d’observabilité). [7, Prop. 4.1] On suppose qu’il existe ci,co > 0 et des
intervalles ouverts (In)rep, k] C [0,T] tels que pour tout k € [1, K],
v € CHIL), 1 < | <eosur Iy, et 1 — |%'| ne change pas de signe sur Ij.
Pour k € [1, K], on pose

et

o {Ik — (1)) si~ décroissante sur Iy, Ve e {Ik +~v(Ix) siv décroissante sur Iy,

I + ~v(I) si~ croissante sur Iy, I, —~v(I) si~ croissante sur Ij.

On suppose enfin que les Vi sont disjoints et qu’il existe
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K
> un intervalle U tel que |U| > 2 et U C U Uy ;
k=1
~ ~ ~ K e
> un intervalle V tel que |V| < |U| et U Vi CV.
k=1
Avec les hypothéses ci-dessus, il existe Cyr > 0 tel que
0 _1y)2 Td 2 0 1 1 2
1% Mgz < e | | e, 0] e, (e, 0') € HY (@) x (@),

ot ¢ est la solution de (1.34) associée a (©°, ).

, on. v , ., ’ 1 exi
Démonstration. La preuve se décompose en trois étapes. On commence par montrer qu’il existe C' > 0

et r < 1 tels que pour tout k € [1, K],
d 2
[ ec0pat—r [ opo.ra e [ |Genw.o]
Uy

Vi Iy

Il est a noter que 'on a r — 1 si ¢; — 0 ou ca — +00. On montre ensuite que

2
’ dt.

2 T
d
1-n) [ osonpasc [ |Senw.
0 0
On conclut en utilisant 'inégalité d’observabilité pour 1’équation des ondes avec contrdle au bord (voir

Prop. . La constante C., 7 de la proposition étant de la forme C/(1 — ), on remarque que Cy 7 — 400
sicp — 0 ouco — +o0. O

1.1.9 Quelques méthodes d’approximation du contrdle

Dans cette section, on présente plusieurs méthodes classiques permettant d’approcher le controle
a zéro de norme minimale pour un systéme hyperbolique d’ordre deux de la forme (|1.14). Dans la
suite, on suppose que 'inégalité d’observabilité est vérifiée. Par ailleurs, on rappelle que v(¢°) :=
—B*((+;¢%), ot ¢(t; ¢°) est la solution de associée a la donnée initiale ¢(° € Z. On suppose enfin que
lopérateur de controle B dans est admissible (voir Déf. pour le Cp-groupe T(t) d’opérateurs
unitaires généré par 'opérateur d’évolution A.

Minimisation directe de la fonctionnelle conjuguée

On a vu a la Sect. que le contrdle & zéro de norme U minimale pour le systéme d’évolution (|1.4))
est donné par .
u= U(C )a

ou ZO € Z est 'unique point de minimum de la fonctionnelle conjuguée

THE) = 5ol )~ ), WP ez

Le probleme de minimisation de J* est sans contrainte. En outre, la forme bilinéaire a est symétrique
définie positive. On peut donc approcher le point de minimum de J* de manieére directe par la méthode
du gradient conjugué (cf. Algo. .

Remarque 31. En pratique, la fonctionnelle J* doit étre discrétisée avant d’étre minimisée. Cependant,
cette discrétisation meéne généralement & un probléme mal posé. Ceci signifie que le contrdle discret iy,
obtenu en minimisant la fonctionnelle discrétisée J,* ne converge pas forcément vers le contréle @ du
probléme continu. Ce phénomeéne est du a ’émergence d’oscillations parasites quand le parameétre de
discrétisation h tend vers 0. Pour une étude précise de ce phénomene, on renvoie a [18] ou a [22] 36} [13].
Pour pallier a ce probleme, de nombreux remedes ont été proposés. On peut par exemple utiliser

> une régularisation de Tikhonov (cf. [I8]);

> une méthode multigrille (cf. [I1 [16]) ;

> une méthode éléments finis mixte (cf. [I7) 1T, [9]);
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Algorithm 1 Minimisation de J* par la méthode du gradient conjugué

1) Initialisation. On fixe € > 0 et on se donne (y € Z.
On calcule gy € Z solution de

<907<>Z = a(COvC) - E(C), VZ IS4

On pose pg = go-
2) Itération. Pour n > 0, on pose
_lanllZ
n=—F—2.
G(Pmpn)
On met a jour
Cn+1 == Cn — OpPnp .-

On calcule g, 41 € Z solution de

(In+1,C)z = (gn, )z — ana(pn, (), V(€ Z.

3) Test de convergence. Si ||gn+1llz < €||gollz, Ualgorithme s’arréte et on prend (,+; comme approxi-
mation du point de minimum de J*. Sinon, on pose

_ MgnsallZ
Pn =
”gnHZ

On met a jour
Pn+1 = Gn+1 + Bubn-

Effectuer n <— n + 1 et revenir & 1’étape 2).

> un schéma différences finies implicite (cf. |27, 2]) ;
> une méthode éléments finis stabilisée (cf. [6]).

Pour illustrer ’Algo. [T} on le met en ceuvre dans le cas de 1'équation des ondes linéaire 2D avec
contréle au bord. On renvoie & [I8] pour plus de détails. On reprend ici les notations de la Sect.
avec d = 2. Pour tout ¢ = (%, o) € V := H}(Q) x L?(Q2), la fonctionnelle conjuguée s’écrit

. 1
T @)1= 5 [ 0ol = s + 0

ol ¢ est la solution du systeéme adjoint

D2p—Ap=0 dans @, (1.36a)
=0 sur X, (1.36b)
(0, 000)(-,0) = (%, ") dans Q. (1.36¢)

On montre aisément que la dérivée de J* au point ¢° € V dans la direction @° € V est donnée par
AT (% @%) = (W(0) = 4°, 8 ) e + (y" — (- 0), 8" 1 a3,

ou v est la solution du systeme rétrograde

O2p — A =0 dans Q, (1.37a)
Y =-0,p sur %, (1.37Db)
(wa 81‘/’(/})(7 T) = (05 O) dans Q; (1370)

avec ¢ la solution de (1.36) associée a V.

Discrétisation On considére un maillage 7, de Q@ C R2, de sorte que Q1 = Uge7; K. Le paramétre
h > 0 correspond a la taille de la plus grande maille de 7;,. On introduit ensuite deux sous-maillages 7}’
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et T}f’ tels que T, = 771’ ] 775’. On construit 7711’ comme ’ensemble des éléments K € 7T;, dont au moins un
sommet se trouve sur le bord I' := 92, puis on pose T;' := Tj, \7}5’ Pour K € Tj, on note Py (K) 'espace
des polynomes de degré un sur ’élément K. On définit enfin les espaces

Vii={6€C@; ¢k ePi(K), VK € Ta},
V= {w‘ cC@); ¢k €PUK), VK €T}, ¢ x=0,VK € T,f}

Vb= {qbb €C@); ¢k €PI(K), VK ET?, ¢ x =0, VK € Th}

On a alors Vj, = V! @ V,f’. Concernant la discrétisation en temps, pour N € N*| on pose At := T/N et
tn :=nAt, n € [0, N]. Dans la suite, pour tout (¢, )nefo,n] C Vi, on notera

n _2n+ n—
2o = B =2

Remarque 32. Le pas de temps At doit étre pris suffisamment petit devant le parametre h. En effet, ceci
est nécessaire pour garantir la condition CFL liée aux schémas différences finis introduits plus bas.

Approximation du systéme adjoint Soit " = (©°, o) € Vi x Vi, Pour tout n € [0, N], on note
¢n € V}i I'approximation de ¢(-,t,), out ¢ est solution de (L.36]). Cette approximation est calculée en
utilisant le schéma numérique suivant. Pour n € [0, N], on définit ¢, 4+1 € V;i comme la solution du
probléme variationnel

[ #ens'+ [ Veu o =0, v e, (1.38)
Q Q
En outre, on initialise le schéma avec les relations
0 $1— $-1 1
= t P —— .
LR A 2At v

Approximation de la dérivée normale Soit (¢n)neqo,ny C Vji. Pour tout n € [0,N], on note
Oppn € V}f’ Papproximation de d,¢(:,t,), ou ¢ est solution de . Cette approximation est calculée
en utilisant le schéma numérique suivant. Pour n € [0, N|, on définit &,p,, € V¥ comme la solution du
probléme variationnel

/5V@n¢b=/wn-v¢b+/5§¢n #°, Vol e VP (1.39)
T Q Q

Approximation du systéme rétrograde Soit (8,¢n)nefo,n] C V). Pour tout n € [0, N], on note
Yn =y + U €V =V @V
Papproximation de (-, t,), ot ¢ est solution de (|1.37). Cette approximation est calculée en utilisant le

schéma numérique suivant. Pour n € [0, N], on définit 9% _, € Vi’ par ¥%_; = —8,p,—1 et ¥%_; € V!
comme la solution du probléme variationnel

/S?wn¢i+/wn~v¢i:o, Vo' € Vi (1.40)
Q Q

En outre, on initialise le schéma avec les relations

¢}V+1 B qM\I—l

oAt =0

Yy =0 et

Approximation de J* Dans la suite, on note 6,, = 1 pour n € [1,N — 1] et 6y = 6y = 1/2. Pour
tout @0 = (%, 1) € V} x V)i, on introduit la fonctionnelle discrétisée

N
. At
Ti(¢°) = o Z 1977,/F 160l — (4%, 02 + <y17900>H*1,H57
n=0
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ot (0,¢n)nefo,N] est calculé via (1.39), a partir de la solution (¢n)nepo,ng de (L.38). On utilise ici le
produit de dualité (y', )1 g1 = ((fA)glyl,g&)}H&, ot (—A);'y! € Vi est solution du probléeme
variationnel

/ V(=4), 'yt Ve = / y' e, VoV
Q Q

On vérifie alors que la dérivée de J;* au point ¢ € V}i x V}! dans la direction @’ e V)i x V}i est donnée
par

dj}t((poa¢0) = <¢0 - y07¢1>L2 + <y1 - ¢1a¢0>H*1,Héa
avec "
i i Y1 -t
Y=l € V! et Y= 12At !

ol (Y )nefo, N est calculé via (1.40), & partir des solutions (¢, )nefo,n] €t (69n)nefo,ny de (1.38)-(L.39).

La preuve de I'expression de la dérivée repose essentiellement sur la formule d’intégration par parties
discrete

Ati9/52¢¢:m§:9/¢52¢+/w¢ _/¢¢N+1—¢N—1
nzonﬂtnn nZOnQntn o 2At N QN 2At

b1 —P_1— ¢ — oy
_/Q 2At ¢0+/Q¢0 2At

Plus précisément, avec cette formule et les schémas (1.38)) a , il vient
Atz o [ 8,008, = Atze | (V.00 95, + 8,062,
Q
- 7At20n/ (Yol Ve, + vl 677,
n=0 Q

N .

=8> 0, [ (= Vou- Vo, + VUL 5, - vl 875,
n=0 Q

A, | (520~ 025,)
n=0

:/¢0¢1f/w1¢°:<w0,¢1>L27<w1,¢°>H4,H;-
Q Q

Algorithme du gradient conjugué Pour minimiser la fonctionnelle discrétisée J;', on utilise 1’algo-
rithme suivant.

eV, (1.41)

Initialisation. On fixe ¢ > 0 et on se donne (¢f), pg) € V}' x V.. On calcule alors successivement
> la solution (p,), de associée a (¢, p3);
> la solution (,¢n)n de associée & (¢n)n;
> la solution (¢, ), de associée & (6,0n)n ;
> le couple (¢, 4!) calculé a partir de (1y,),, via (L.41).
On pose ensuite

g =AMy =) eVy et go =90 =y eV,

ainsi que (pg, y) = (90, 90)-

Itération. Pour k > 0, on calcule successivement
> la solution (@), de associée & (pY,p});
> la solution (0, )., de associée & (¢vn)n ;
> la solution (¢,), de associée & (0,0n)n ;
> le couple (1°,11) calculé & partir de (1,,), via .
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On pose ensuite ' 4
Ph=—(-A) et eV et p=y’eVy

On calcule alors o2 -
9kl + llgnlize

<IA72,172>H[} + (ph.pi)re’

ap =
puis on met a jour

(Eri1ehr) = (@R on) —oe®Rope) et (gRy1,9h1) = (90 98) — ok (PR, P)-

Test de convergence. Si ||(912+1791£+1)”H3><L2 < 5”(9879(1))||H3xL2, lalgorithme s’arréte et on prend
(% 1 o +1) comme approximation du point de minimum de J;*. Sinon, on pose

||g](c)+1||?{01 + ||911+1||2L2

R 11%: + llgilIZ

k=

)

et on met a jour
(P15 Phr1) = (g1 Gh 1) + Br(PRs p1)-

On effectue enfin k < k + 1 et on revient a I'étape Itération.

Formulation mixte espace-temps

On a vu & la Sect. que le controle & zéro de norme U minimale pour le systéme d’évolution (1.4
est donné par .
u=v(C),

ou EO € Z est 'unique point de minimum de la fonctionnelle conjuguée
1
THE) = 50l ~ UeY), v ez

Cependant, la minimisation directe de J* meéne généralement a un probleme mal posé. Pour remédier
a cela, I'idée est ici de remplacer le probleme de minimisation sans contrainte infeocz J* (¢%) portant

sur la donnée initiale ¢° par un probléme de minimisation avec contrainte infc3, J*(¢) portant sur la
trajectoire ((t) du systéme adjoint (|1.9)).

Définition 27 (Espace des trajectoires). On considére le systéme

SC = A + (1), te ) (1.422)

¢(0) = ¢°. (1.42b)

On pose Z := L2(0,T; Z). Pour (° € Z et f € Z, la solution de (1.42)) est donnée par

C(t) = T(t)¢° +/0 T(t —s)f(s)ds, te[0,T].

On note ((t;¢°, f) la solution de (1.42) avec ¢° comme donnée initiale et f comme second membre. On
introduit ensuite les espaces

3={C¢0 ) ez fez) et 30i= {00 Cezy.
Pour 1 > 0 fixé, on munit 3 du produit scalaire
(¢, ¢)3 = (W(C),v(Qu+nlf. flz, Y. (€3,

ot ¢ = ((¢% f), ¢ = Z(-;ZO,T) et v(¢) = —B*(. Enfin, muni de la norme || - |3 associée & ce produit
scalaire, 3 est un espace de Hilbert.
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Remarque 33. La définition de (-,-)3 ne dépend pas du choix de f et f. En effet, pour tout ¢ € 3, il
existe un unique couple (CV, f) € Z x Z tel que ¢ = ((+;¢°, f). Soient (° € Z et f € C1([0,T]; Z) tels
que ¢(+;¢% f) = 0. En évaluant en t = 0, il vient (° = 0 dans Z. En outre, pour tout ¢ € [0, 7], on trouve
ft) = %C(t) — A((t) = 0 dans Z. On conclut par densité.

Remarque 34. D’une part, le fait que (-, -)3 soit un produit scalaire sur 3 est une conséquence directe de
I'inégalité d’observabilité généralisée . D’autre part, le fait que 3 soit un espace de Hilbert provient
de la continuité de la solution ((¢;¢°, f) de par rapport a la donnée initiale (° € Z et au second
membre f € Z.

Lemme 5 (Principe de Duhamel). On suppose que l'opérateur de controle B dans (1.4]) est admissible
(voir Déf. , Soit f € Z et soit { la solution du systéme

%C(t) = AC(t) + f(t), te(0,T),

¢(0) = 0.

11 existe alors C > 0 tel que
[v(Ollw <Ol fll=-

Démonstration. Soit f € Z. La solution ¢ du systéme est donnée par

C(s):/os'l‘(t—s)*f(t)dt, s€0,T).

En utilisant ’admissibilité de B, pour tout ¢ € [0, 7], on obtient

T

/t IBT(t — )" F)|I? ds = / IBT(T - )" T(T — t) £ ()3, ds

T—t
:/0 IB*T(s)*T(T — )£ ()% ds
< Cr|T(T =) f(®)I7 = Crll f O

Par suite, en utilisant I’inégalité intégrale de Minkowski, il vient
2
ds)
U

T s
Q) e = [1B*Cll = ( / / BTt — 5)" f(t) dt
T

< / ' ( / ||B*T<t—s>*f<t>||%ds>édt

<VTCr|fllz-

W=

O

Proposition 28 (Inégalité d’observabilité généralisée). On suppose que l’inégalité d’observabilité (L.11])
est vérifiée. Il existe alors C' > 0 tel que

1°1% < C(IOIE +11£1%), V¢ €3, ¢ =C(5¢% ) (1.43)
Démonstration. On décompose ¢ = (1 + (2, ou (1 et (, vérifient respectivement
Sam=Aaw, teo1),  [$60=460+ 50, te0.T),
G1(0) = ¢, (2(0) = 0.
Par suite, d’apres 'inégalité d’observabilité et le Lem. [5] il existe C7,Cy > 0 tels que
I°1Z < Cullo(@)llz et [lo(G)liZ < CallfII-

On en déduit que

101 < Callo@) I < 261 (Iw(Q I + o)) < 20 max(1, Co) (oI + 1£1%).
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Définition 28 (Formulation mixte). On définit la fonctionnelle conjuguée

T = 50,0 —00), VCe3,

ainsi que le lagrangien

£(C 1) = 506+ B ) — ), VG €3 % 2,

ou _ _
a:3x3—=>R, a((, )= (w(Q),v())u,
bZSXZ%Ra b(<7ﬂ):<f7u>27 C:C(';<07f)7
0:3 R, 0¢) ="z, ¢=¢(¢f).
On considere alors la formulation mixte
a(¢,¢) + b(C, ) = £(C), Y €3, (1.44a)
b(¢,m) =0, Ve Z. (1.44b)

Remarque 35. Au vu de la bijection entre la donnée initiale (° € Z et la trajectoire ¢ = ((-;¢?,0) € 3o,
il est clair que

. *( 0\ __ T
Cgéfzj (€ )_clensfoj (©)-

Par ailleurs, la nouvelle variable i € Z joue ici le réle de multiplicateur de Lagrange associé a la contrainte
f = 0 présente dans 3.

Remarque 36. En pratique, lors de la résolution numérique de la formulation mixte ([1.44)), il est souvent
préférable d’augmenter le lagrangien. Ainsi, pour r > 0 fixé, on considérera plutot le lagrangien augmenté

LG 1= ar(G0) +B(G) — €0, V(Go) €3 % 2,

avec

ar(¢,0) = al¢,O) +1(f, Pz, VGCE3, ¢ =5 f), C=C:C ).
Proposition 29 (Formulation mixte). Les propriétés suivantes sont vérifiées.
> La formulation mixzte (|1.44) est bien posée.
> La solution (Z, 1) € 3 x Z de (1.44) est l'unique point-selle du lagrangien L.
> On a Ee 30 et Z est 'unique point de minimum de T* sur 30.
> Le contréle de norme U minimale pour est donné par u = U(E)

> La solution de (1.4) associée a 2° et U est donnée par z(t; 2°, %) = —[i(t).

Démonstration. Pour montrer que la formulation mixte est bien posée, on utilise les conditions
suffisantes données dans [4, Th. 4.2.1]. La forme bilinéaire a est continue, symétrique et positive sur
3 x 3. La forme bilinéaire b est continue sur 3 x Z. La forme linéaire ¢ est continue sur 3. En effet, avec
I'inégalité d’observabilité généralisée , on a

O] < 12°1 211Kz < Cl°lz Nl V¢ €3, ¢ =¢(5¢° /).
La forme bilinéaire a est coercive sur le noyau

N ={ce3 b =0, vue 2}

puisque N'(b) = 3¢ et que a(¢,¢) = [|¢[|3 pour tout ¢ € 3¢. La forme bilinéaire b vérifie la condition
inf-sup suivante. Il existe d > 0 tel que

inf su M > 0.

p > (1.45)
nez ces [Clsllnlz
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Soit pp € Z. On pose ¢y € 3 tel que (o = (o(+;0, f20). On a alors b(Co, po) = ||1o||%- En outre, d’apres le
Lem. [f] il existe C > 0 tel que
[v(Co)ller < Cllpollz-
Par suite, on a
sup b(¢, po) > b(Go, o) lmollz > 1
ce3 [IClzllmollz — ollzllmollz  [IGolls — /C2+
Le deuxiéme point est une conséquence de la symétrie et de la positivité de a.
Soit (C,7i) € 3 x Z la solution de la formulatlon mixte (T.44), avec ¢ = ((5; Y, f). Dapres (L.441)),
on a f =0 et donc C € 39. En outre, la condition 1mp11que a(C ¢) = £(¢) pour tout ¢ € 3. Par

suite, on a

iﬂazfg@aséagofaao:iwm V¢ € 30
En notant @ = v(¢), d’aprés (L.44a), on a

_<ZZ’ f>Z = _<207<0>Z + <a,U(<)>u, VC € 3a C = C(';Coa f)

Avec le Lem. @ on en déduit que —i est la solution de (1.4) avec z° comme donnée initiale et % comme
controle. O

Lemme 6 (Solution par transposition). Une fonction z € Z est la solution de (1.4)) associée a 2° € Z
et u € U si et seulement si

(z.f)z = —(z°,C(0)z + (w,v(Qu, VfeZ,
ot ¢ est la solution du systéme rétrograde

%C(t) — AC(t) + (), te(0,T),

¢(T) =0.
Démonstration. Soit f € Z. La solution ¢ du systéeme est donnée par

¢(s) :-/ T(t— ) f(t)dt, s€[0,T].

Par ailleurs, si z est la solution de (1.4) associée & 2% € Z et u € U, on a

(=(t), F(t))z = (°, T()" f(t) 2z +/0 (u(s), B'T(t — )" f(t))u ds, Vte[0,T].

En intégrant sur ¢ entre 0 et T, il vient

(z,f)z = —(2" Z+/ / ),B*T(t —s)*f(t))y dsdt

_ (200 Z+// §), B'T(t — 8)" () dt ds

- f<20,¢(0)>z + (u, v())u-
O

Pour illustrer la formulation mixte (1.44]), on la met en ceuvre dans le cas de I’équation des ondes
linéaire 1D avec contrdle interne. On renvoie & [8] pour plus de détails. On reprend ici les notations de
la Sect. avec d = 1 et Q = (0,1). Pour tout ¢° = (¢%, ') € V := H}(Q) x L?(), la fonctionnelle

conjuguée s’écrit
1
=5 [ [0l = 6y — i
q

ou ¢ est la solution du systéme adjoint

Fp—Ap=0 dans Q, (1.46a)
=0 sur X, (1.46b)
(¢, 000)(-,0) = (¢°, ") dans Q. (1.46¢)
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Espace des trajectoires On commence par introduire les espaces de trajectoires
o:={pe Qs (v.09) € C(O.T]:V), Dp € LXQ) .
D = {w € L*(Q);  (#,000) € C([0,T];V), Op = 0}-
D’apres la Prop. si Pinégalité d’observabilité (1.21)) est vérifiée, il existe alors C' > 0 tel que
12, 2:0) Ol < C(0elEay + 1D ¢lEeg)) s Voo € @.

Pour r > 0 fixé, ceci implique que ® est un espace de Hilbert pour la norme | - ||¢ associée au produit
scalaire
(P, P)a = //3t<p3t¢+r// OOy, Vo,ped.
q Q

Formulation mixte Pour tout ¢ € ®, on définit a présent la nouvelle fonctionnelle conjuguée
Tk _1 8 2 _ 0 . O _ 1 6 . 0
T ) =5 [ [ 10uel” =y o 0)) g =y, O (-, 0)) 2,
q

et on cherche a résoudre le probleme de minimisation

inf J*(¢).

»EP

Pour ce faire, on traite la contrainte (1 = 0 présente dans Py via un multiplicateur de Lagrange
A € A := L*(Q). On considére ainsi le lagrangien augmenté

1
Lr(p:A) = gar(p,0) +b(p, A) = Up), V(g A) € D x A,
ainsi que la formulation mixte

L), Voped, (1.47a)
b(p, ) =0, VA € A, (1.47b)

ar: P xd— R, ar(go,E)Z//atsOat@—f'T//D¢D¢7
q Q

b:®x A — R, b(g@,)\)://Dcp)\,
Q

ou

t:®—R, Up) = <y07<p('a0)>Hé + (', 8rp(-, 0)) L2
En adaptant la Prop. 29} on peut alors montrer le résultat suivant.
Proposition 30. Les propriétés suivantes sont vérifiées.
> La formulation mixte est bien posée.
> La solution (@, X) ed x A de est l'unique point-selle du lagrangien L.
> Ona e ®y et § est lunique point de minimum de J* sur ®q.
> Le contréle de norme L?(q) minimale pour est donné par U = —0;0|q.
> Ona= —dy, ot y est la solution de associée a (y°,y') et .

Discrétisation On passe maintenant a la discrétisation de la formulation mixte . On considere
un maillage 7, de Q = Q x (0,7) C R?, c’est-a-dire que Q = UgeT, K. Le parameétre h > 0 correspond
a la taille de la plus grande maille de 7. Il est & noter que le maillage T, peut ici étre choisi adapté a
louvert de controle ¢ C Q. Pour ce faire, on construit deux sous-maillages 7711 et Th2 tels que

7= |J K e Q\¢= |J K

KeT,! KeT?
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de sorte que T, = Thl U 'Th2 On introduit ensuite deux espaces de dimension finie &, C ® et A, C A. La
formulation mixte discrétisée s’écrit alors

ar(on, @) + 0@, An) = L(@y), VP, € Py, (1.48a)
b(¢n, An) = 0, YA € Ap. (1.48D)

On note ny := dim(®p) et mp := dim(A). La formulation mixte (1.48)) est équivalente au systéme

matriciel " fon)
Arn Bj eny\ _ (Ln
( B 0 > ({Ah} =0 ) (1.49)
ou les matrices A, € R™ " By € R™»" et Lj, € R™ sont données par

<AT,h{§0h}a {ah}>nh = a?‘(@h@h)? v‘pha¢h € @,
(Br{ont {An ) m, = b(on, An),  Veon € @p, VA, € Ap,
<Lh’ {‘ph}>nh (pn), Vo € p.
En pratique, on inverse le systéme (|1.49) par décomposition LU.

Le caractere bien posé de la formulation mixte (|1.48)) est une conséquence des deux propriétés sui-
vantes.

> La forme bilinéaire a, est coercive sur le noyau
Niu(b) = {% € ®p; blpn, An) =0, YN, € Ah}~
> La forme bilinéaire b vérifie la condition inf-sup discrete suivante. Il existe §, > 0 tel que

blomAn) o 5 (1.50)

inf  sup ———"— >
onlle [ Al A

An€AR €Dy,

La coercivité de a, sur N, (b) provient de la présence du parametre d’augmentation 7 > 0. En effet,
comme a,(, p) = |¢]|3 pour tout ¢ € @, la forme a, est coercive sur ® tout entier, et donc a fortiori
sur MV, (b) C @, C ®. La vérification de la condition dépend quant A elle des espaces @y, et Ay,
choisis. Dans cet exemple, on considere

(bh::{gohecl(Q); on ik € H(K), VK € Tp, @hZOSurE},

Ay = {Ah €C@): ik €Pi(K), VK € Tp, Ay =0 sur 2}.

Ici, H(K) désigne ’élément fini de Hsieh-Clough-Tocher réduit, tandis que P (K) désigne I’élément fini
de Lagrange de degré un. On considere également la matrice Mj € R™"™" donnée par

(M} B m, = Ans Anda, YA, An € Ap.

Avec les espaces choisis, les matrices A, j, et M}, sont symétriques définies positives. En outre, on remarque
que ker(B}f) = {0, }. On peut alors montrer que la constante inf-sup optimale vérifie

62— inf <BhA7:}1LBz:{)\h}7{)\h}>mh > 0.
Powenn (Ma{M 3 A m,

En effet, pour ), € &, et A\, € Ay, on a

lonlld = (A enk A ontm et blon An) = (A on}. A, 3> BE I .

Par suite, il vient

blon M) _ ({wn}, A2 BE I ),

sup = 14,2 BE {0 i

PphEPy ||50hH<I’ _wheéh ||{1/}h}||nh
puis
—1pT 1/2
inf  sup b(n, An) . (BrA, By {2} A s,
MM gredy, [[PnllellAnlla Arern (Mp{ A}, {An ) m,
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Convergence Afin de garantir la convergence de la solution discrétisée (@h,ih) € &, x Ay, de (1.48)
vers la solution continue (@, \) € ® x A de (1.47) quand h tend vers 0, il est nécessaire de montrer que la
constante inf-sup dp, dans ([1.50)) est bornée inférieurement par rapport a h, c’est-a-dire qu’il existe 6 > 0
tel que
inf 6, > 0. 1.51
2, on 2 (L51)

Cependant, la condition est généralement délicate & démontrer. Ainsi, pour les espaces ®j et Ay
utilisés ici, on dispose uniquement d’une justification numérique (voir [8, Sect. 4.5]). Par ailleurs, dans
le cas ou 6, — 0 quand h — 0, on peut parfois prendre le paramétre d’augmentation r > 0 comme une
fonction de A pour rétablir la condition .

Probléme bidual

Dans cette section, on énonce un probléme de minimisation, dual de la formulation mixte (1.44]),
et mettant en jeu uniquement le multiplicateur p € Z. On reprend ici les notations de la sous-section
précédente. Pour r > 0 fixé, on définit 'opérateur linéaire

A Z2 = Z
po= f

ol f est le second membre associé & la solution ¢ € 3, ¢ = ¢(+;¢°, f), du probléme variationnel
ar(¢,C) = b(C, ), VC € 3. (1.52)

Remarque 37. Pour que le probléme (1.52)) soit bien posé, il est nécessaire de prendre le paramétre
d’augmentation r > 0.

Lemme 7. Soit r > 0 fixé. L’opérateur A, est un isomorphisme symétrique et elliptique de Z dans Z.

Démonstration. L’opérateur A, est continu. En effet, comme la forme bilinéaire a,. vérifie
ar(¢,¢) = min(L, D)ICI3 et ar(¢,¢) = rIfIZ, VCE3, (=C(5¢ 1)
d’apres le théoréme de Lax-Milgram (cf. [5, Cor. V.8]), la solution ¢ = ¢(+;¢°, f) de (1.52) vérifie

11|z < ez

Soient p, i € Z. On note ¢ = ¢((+;¢%, f) et { = Z(-;ZO,?) les solutions correspondantes de ((1.52)). On peut
alors écrire

<A7‘/’L7H>Z = b(gaﬁ) = ar(CvZ)a

ce qui implique que A, est symétrique défini positif. Enfin, pour montrer que A, est elliptique, on
raisonne par I'absurde. On suppose qu’il existe une suite (tn)n>0 C 2 telle que

||:u7l||Z =1, Vn>0 et h_>m <-A7',una,un>2 =0.

Pour tout n > 0, on note ¢, = (,(+;¢Y%, f,) la solution de (1.52)) associée & ji,,. Comme (A, fin, fin)z =
ar(Cny Cn), on en déduit que

m [[o(¢)lu =0 et lim [[fu]z=0.
n—oo n—0o0

Pour tout n > 0, on note ¢,, = ¢,,(+; 0, f,,) la solution de (1.42)) avec donnée initiale nulle et f,, = p, —7fy,

comme second membre. D’apres le Lem. |5 en écrivant (1.52) avec ¢ = (,, ¢ = (,, et u = pp, on trouve

i = fallZ = (W(Ga), v(Ca)hu < (G lluello(C)llu < Cllv(Ga)llullin — 7 full2,

d’ou | — 7 fnllz < Cllv(e) - On en conclut que limy, o [|n ||z = 0, ce qui est une contradiction. [
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Proposition 31 (Fonctionnelle biduale). Soit r > 0 fizé. On note 3 € 3 la solution de

a'r‘(COa C) = K(Z)? \V/Z € 3 (153)

On définit la fonctionnelle

1
T () = S( Ak )z = (o, ), Vi € 2.

On a alors

inf £, (¢, 1) = — inf T (1) + £,((o,0).
21612 inf (¢, ) JEZJ () (¢0,0)

Démonstration. Soit p € Z. On note Ze 3 le point de minimum de ¢ — £,.(¢, u). La fonction Zvériﬁe

ar(C.C) +b(C,m) = (). V(€3
et peut étre décomposée en E =(y— E , ol Z vérifie

ar(a Z) = b(Z’ M)v VZ € 3.

Par suite, on a

nf £,(C, 1) = Lo(Cop) = L, (Co— G 1) = X1 + Xo + X,
avec

X1 = 300G = 0 p) + Do)

X2 = 5060, G0) — £(Go):

X3 =10(¢) — a,(o,C).

On remarque que X3 = 0 par définition de (y et que Xo = £,((p,0). Finalement, par définition de E, il
vient

1 ~ 1
X; = —ib(C»/i) +0(Co, 1) = —§<Ar%/‘>3 +0(Co, 1)-
O

Le probleme de minimisation de J** est sans contrainte. En outre, 'opérateur A, est symétrique et
elliptique. On peut donc approcher le point de minimum & de J** de maniere directe par la méthode du
gradient conjugué (cf. Algo. [2)). Une fois que l'on a approché le multiplicateur g, on obtient le controle
u= U(E ) de norme ¢ minimale en résolvant

a,((,0) +b(C, ) = £(0), V€3,

Approximation par série de Fourier

Dans cette section, on expose une méthode permettant d’approcher le controle de norme minimale
pour le systeme hyperbolique du second ordre @ a I'aide de développements en série de Fourier. On
reprend ici les notations des Sect. et [[.1.3]

Les valeurs propres de l'opérateur Ay sont strictement positives et forment une suite croissante
(A2)gen+ de limite +o0o. En outre, il existe une base orthonormée (p)ren+ de H, olt ¢y est une fonction
propre associée a la valeur propre )\i. Ceci provient du fait que 'opérateur Ay ! est compact, autoadjoint
et strictement positif.

Lemme 8. Les valeurs propres de l'opérateur
0 Ia
A= (D 0)
pr = sgn(k)i\g, pour k € Z*.

(1)

est une fonction propre associée d la valeur propre py et la famille (& )rez forme une base orthonormée
de Z.

sont de la forme

De plus, pour k € Z*, la fonction
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Algorithm 2 Minimisation de T par la méthode du gradient conjugué

1) Initialisation. On fixe € > 0 et on se donne g € Z.
On calcule ({y € 3 solution de

ar(COaZ) = b(Z7 MO) - E(Z)’ VZ S 3

On calcule gy € Z solution de

(9o, )z = b(Co, 1), VEEZ.

On pose pg = go-

2) Itération. Pour n > 0, on calcule En € 3 solution de

a'r‘(ZnaZ) = b(z7pn)7 VZ € 3.

On pose
ol

On met a jour
Hn+1 = Hn — QnPn.

On calcule g, 41 € Z solution de

<gn+1vﬁ>z = <gnvﬁ>2 - anb(gnaﬁ)7 Vﬁ €z

3) Test de convergence. Si ||gn+1]lz < €|lgol| 2z, Ualgorithme s’arréte et on prend pi, 41 comme approxi-
mation du point de minimum de J**. Sinon, on pose

_ MgnallZ
Bn= =5
llgnllZ

On met a jour
Pnt+1 = Gn+1 + Bnpn

Effectuer n <— n + 1 et revenir a 1’étape 2).
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Démonstration. Soit u € C et ¢ € Z\ {0} tels que A = u¢. On a alors (o = u¢y et —Ap¢y = pcs. On en
déduit que Ag¢; = —p2¢p. Par suite, il existe k € N* tel que —u? = A2, d’ott u = +i)y.

Pour k € Z*, on calcule
1 Ok ( 1 ) k|
A&, = — = — = .
= (o) 8 = (o) T~

Pour p,q € Z*, on calcule

AP 1 1
el
6 Calz = g 2= (vl Claidit + 5 {1l lat) (1+ )5|p| lal = Ip.g
La famille (&;)rez- forme alors une base orthonormée de Z puisque I'opérateur A~! est compact et
antiadjoint. O
Lemme 9. Soit (ci)rez- C C tel que ),y ck|? < 4o0. La solution ¢ de (1.9) associée a la donnée
initiale
=) asez
kezZ*

est donnée par

= Z Ckeuktfka te [OvT]

kezZ*

Lemme 10. Soient (ax)gen-, (bx)ren- C R tels que >, oy Aragl? < +oo et > ken- |bx]? < +o0. La

solution ¢ de (1.9) associée a la donnée initiale
C=> (")eez
bp ) TF
keN*

est donnée par
ak cos(\gt) + 2 = sin(At)

B 0,7].
C(t) keN* (bk COS()\kt) — Akak Sln()\kt)) Pk te [ s }

Le controle & zéro de norme I/ minimale pour le systéme d’évolution (1.4) est donné par
(=%) = v((),

olt (¥ € Z est la solution de
a(¢’,¢°) = 4(¢°), ¥ ez (1.54)

Pour (Y € Z, on rappelle que
U(CO) = _B*C7
ot ( est la solution de ((1.9) associée a ¢°. On a de plus

a(C®,¢%) = (v(C), v(C®))u.

EO = Z Cp&p et ¢’ = Z qSqr

pEL* qeZ*

En décomposant

on vérifie que (0 est solution de (1.54) si et seulement si

Z Cpeqa(§p, &y) = Z cql(&q)

p,qEL* qEZ*

pour tout (cq)qezr C C tel que Y, ¢q|?> < 400. On peut alors obtenir une approximation de la

qEL*
solution (¥ de (1.54) en résolvant le systéme linéaire issu de la troncature des développements au-dela
de la N-iéme harmonique (cf. Algo. [3).
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Algorithm 3 Approximation du contrble par décomposition en série de Fourier

On fixe N € N* et on note Z% = [-N, N] \ {0}.
On définit A € Moy (C) par

Apg=a&g; &), Vp,q €ZLy.

On définit L € C?N par
L, =4(&,), VpeZy.

On calcule ¢ = (¢p)pezs, solution du systeme

On prend

comme approximation de la solution 8’ de ((1.54).

Pour illustrer I’Algo. [3] on le met en ceuvre dans le cas de ’équation des ondes linéaire 1D avec
controle interne. On reprend ici les notations de la Sect. avec d =1 et Q = (0,1). On considére le
cas particulier d'un ouvert de contréle ¢, C @ de la forme

¢y = {(x,t) €Q; |lx—~@)< (50},

avec 0y > 0 et v € W1°(0,T) fixés. En outre, pour tout (z,t) € Q, on définit x-(z,t) := x(z—~(t)), avec
X : R — [0,1] une fonction paire telle que Supp x = [—do,dp]. On a ainsi Supp x, = ¢y. On s’intéresse
alors au controle u de norme Li(qv) minimale, ol

L3 (ay) = L (g4 x7) = {u ¢y = R; // uxy<+00}

On utilise la caractérisation 4 = —@x |4, , avec ¥ I'unique solution de (1.20) vérifiant

/ / 5Bxs = (01,7 — (0 Py V(@ PY) € L3(9) x HY(9), (1.55)

4y

oll B est la solution de (.20 associée a (2°,%!).
Soit (y°,y') € H(} () x L? (Q) On commence par développer 3° et yl sous la forme

= Z cp(y”) sin(pr) et Z cp(y7) sin(prx),

>1 p>1

3

ou

cp(yo) = 2/Qy0(x) sin(prz) da et cp(yl) = 2/ y'(x) sin(przx) da.

Q
On cherche ensuite les solutions ¢ de ((1.20]) sous la forme

b
o(z,t) = Z <ap cos(pmt) + -2 sin(pwt)) sin(prx).
pT
p21
Avec cette décomposition, on obtient

// PP Xy = Z ap Gg // cos(pmt) cos(gmt) sin(pre) sin(gra) x4 (z,t) de dt

a~ p,q>1

+ Z a, — // cos(pmt) sin(gmt) sin(pre) sin(grz) x4 (z,t) de dt

q>1

+ Z — aq // sin(pmt) cos(gmt) sin(pre) sin(grz) x(z,t) dz dt

pq>1

-

p,q>1

(1.56)

o // sin(prt) sin(gnt) sin(prz) sin(gmz) x(x, t) de dt
T qm
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et

_ _ 1 _ 1 -
W2 = 0B - = 5 e @ — 5 D ca”) by (1.57)
g1 g1

Enfin, en fixant N € N* et en tronquant les sommes ci-dessus au-dela du rang N, la caractérisation
(1.55) se ramene au systéme linéaire Ac = L, avec ¢ = {ap, by }1<p<n, €t ol les matrices A € R2N:2N ot
L € R2YN sont calculées via (1.56) et (1.57) respectivement.

Concernant la solution contrélée y de (1.19) associée a (y°,y') et @, on la développe sous la forme

y(z,t) = Z cp(t) sin(pmz).

En injectant cette décomposition dans (|1.19)), il vient

U0+ 5 ey(t) = 500,
{Cp(o) = (y°), e (0) = eplyh), 1<p<N,
N Zq |
fp(t) = —2; (aq cos(gmt) + o Sm(qﬂ't)>Ip,q(t)
et

7(t)+60
T, q(t) = / sin(prz) sin(grz) x4 (z,t) dz.
7(t)—do

Pour 1 <p < N, on a donc

Cp(yl)
pT

= ¢, (y°) cos(pm sin(pm i t s)sin(pm(t — s))ds
1) = 4 cos(pmt) + )+ — [ 1(5)sinfomt = 9) s

En pratique, on évalue d’abord les intégrales Z, ,(t) pour tous 1 < p,q < N, avant d’effectuer I'intégration
en temps. Par ailleurs, dans le cas x, = 1, ,on a

Tpa(t) = b0 (cos((p — @)y (1)) sine((p — @)o) — cos((p + a)my(1)) sine((p + a)wdo) ).

Approximation de la constante d’observabilité

Dans cette section, on présente une méthode itérative permettant d’approcher numériquement la
constante d’observabilité Cyps. On reprend ici les notations de la Sect. L’idée est de s’appuyer sur
la relation Cypy = +/Cobs (cf. [I0, Th. 2.44]), qui lie la constante d’observabilité Cop,s au coiit de controle
Copt. Par définition du cofit de contréle, on a

(=)l
O = Su _—
vt = ey 1200z

ot1 1(2°) est le controle de norme U minimale associé & 2°. Or, on sait que u(2°) = U(ZO), avec (0 = A=120,
et ou A est 'opérateur HUM introduit a la Sect. En outre, avec la caractérisation (1.13)) de ¢°, on
trouve

@) 17 = Io(@)E = (%) z = (2 47120 2,

puis
~_0V12 A-1,0 0 ACO 0 _1
Cobs = Copy = Sup % = sup %7722& - ( inf <Co7<2>z> )
ez 12007 ez 12003 ez O

La constante d’observabilité Co,¢ est donc la plus grande valeur propre de I'opérateur A~! ou, de maniére
équivalente, 'inverse de la plus petite valeur propre de A. Pour approcher numériquement cette valeur
propre, on peut utiliser la méthode de la puissance itérée (cf. Algo. , ou encore la méthode d’itération
du quotient de Rayleigh (cf. Algo. .
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Algorithm 4 Approximation de Cyps par la méthode de la puissance itérée

1) Initialisation. On fixe e > 0 et on se donne zg € Z tel que ||zg]|z = 1.

2) Itération. Pour n > 0, on calcule ¢, € Z solution de
AC, = zn.

On met a jour

Znt1 = i et Knt1 = [[Cnllz-

”CnHZ

On pose
gn+1 = |20 — 2n41] 2

3) Test de convergence. Si gn,11 < €, lalgorithme s’arréte et on prend k,11 comme approximation de
Cobs~
Sinon, effectuer n < n + 1 et revenir a I’étape 2).

Algorithm 5 Approximation de Cyps par la méthode d’itération du quotient de Rayleigh

1) Initialisation. On fixe € > 0 et on se donne (zp, ko) € Z X R tel que ||z0||z = 1.

2) Itération. Pour n > 0, on calcule ¢, € Z solution de
ACI’L — KnCn = 2n.

On met a jour

S (]

Zntl = Ent+l = —r——5—.
" [1nllz ! 16nll%

On pose
2 — (2n) Znt1) 22041l 2
ﬁn+1”Cn”Z

gn+1 =

3) Test de convergence. Si gn+1 < g, l'algorithme s’arréte et on prend n;il comme approximation de
Cobs~

Sinon, effectuer n <— n 4 1 et revenir a ’étape 2).
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Pour illustrer les Algo. [4] et [5} on les met en ceuvre dans le cas de ’équation des ondes linéaire 1D
avec controle interne. On reprend ici les notations de la Sect. avec d =1et Q = (0,1). On considére
plus précisément des ouverts de controle cylindriques de la forme

q= ($0 — dg, X + 60) X (O,T), avec 0g > 0 et zg € [50, 1-— 50} (158)

En effet, pour de tels ouverts de controle, il est possible de calculer explicitement la valeur de la constante
d’observabilité. Dans la suite, on note sinc la fonction sinus cardinal définie par sinc(x) = Sin@) g g #0

xT
et sinc(0) = 1.
Proposition 32. Soient T € 2N* et §y > 0. Pour zg € [d, 1 — do], la constante d’observabilité associée
a Douvert q défini en (L.58)) est donnée par
1

Cobs(xg) = T = o))’ avec o(xg) = I;lgc cos(2pmxg) sine(2pmdp).

En outre, pour tout xo € [0p, 1 — o], on a Cops(10) < Cops, 0U

1

Cobs = 0T (1 — sinc(2mdg))

Démonstration. Comme T € 2N*, pour tous p,q > 1, on a

T T
/ cos(pmt) cos(gmt) dt = =6, 4, 1
0 2 1
. T / cos(prz) cos(gmz) de = 5(51,7(1,
/ sin(pmt) sin(qmt) dt = §5p’q, et 0
0

1
1
/ sin(prz) sin(gnz) doe = §6p‘q’
0

T
/ cos(pmt) sin(gqmt) dt = 0,
0
ol 6,4 =0sip#qetd,, =1 Soit (¢°,p!) € H}(Q) x L*(Q). On décompose
“+o0 “+oo
©O(z) = Z ap sin(pra) et ol(z) = Z b, sin(prz).
p=1 p=1

La solution ¢ de (|1.20) s’écrit alors

+oo

b
o(z,t) = Z (ap cos(pmt) + p—p sin(pwt)) sin(prz).
T
p=1
On calcule
2 R 2.2 | 12 ot
10t 0|7 2(g) = 521,,(950)((1)%) a, + bp), avec Z,(xo) :/ S sin®(prx) dz.
p=1 Zo—00
Or, on a
Z,(x0) = do (1 — cos(2pmxo) sinc(2p7r§0)),
d’out

10eollZ2q) = nglllzp(fo)ﬂ(@oa M e

Enfin, comme |sinc(2pmdg)| < sinc(2wdy) pour tout p > 1, on obtient la constante d’observabilité uni-
forme en remarquant que
o(xg) < max | sinc(2pmdo)| < sinc(27dp).
p>

Par ailleurs, pour des ouverts de contrdle cylindriques de la forme
g=wx (0,T), avecw C £ ouvert non vide, (1.59)

il est possible de donner une majoration de la constante d’observabilité ne dépendant que de T et de la
mesure de w.
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Proposition 33. [31, Prop. 2.1]&[20, Th. 1] Soit T € 2N*. Pour tout ouvert non vide w C Q, la
constante d’observabilité associée a l'ouvert q défini en (1.59) est majorée par

2
|w|T'(1 — sinc(m|w]))

Cobs =

Démonstration. Comme T € 2N*, pour tous p,q > 1, on a

T T

/ cos(prt) cos(gmt) dt = Eép’q’ 1 .

OT / cos(prz) cos(grx) dz = =6y 4,

. . T 0 27
sin(pmt) sin(qmt) dt = 561,7(1, et 1 )

OT / sin(prz) sin(grx) dz = 55,,},1,
/ cos(pmt) sin(gqnt) dt = 0, 0

0

ot §,,=0sip#qetd,,=1 Soit (¢, p') € H}(Q) x L*(Q). On décompose
—+oo —+oo
©O(z) = Z ap sin(pra) et ol(z) = Z b, sin(prz).
p=1 p=1

La solution ¢ de (|1.20) s’écrit alors

+o00
b
o(z,t) = E (ap cos(pmt) + p—p sin(pwt)) sin(prz).
T
p=1

On calcule
T X
||8t<P||2L2(q) =3 ZIp(w)((pﬂ)zai + bi), avec Ip(w) = / sin?(prrz) da.
p=1 «

Or, d’apres [31), Prop. 2.1] ou [20, Lem. 1], on a

wl _ sin(rlw]) _ |w| .
Z,(w) > R 7(1 - SIHC(7T|LU|)),

doit
w|T

1Pl gy = 25— (1 = sine(rlw) ) 1(6°, 1) I

1.2 Controlabilité d’une équation des ondes semi-linéaire

1.2.1 Controélabilité d’une équation des ondes semi-linéaire avec contrdle in-
terne

Soit € un domaine borné non vide de R?, avec d € {1,2,3}. Le bord T' := 9 est supposé de classe
C?. Alternativement, on peut supposer {2 convexe et I' lipschitzien. Pour 7' > 0, on pose Q := Q x (0,7
et ¥ :=T x (0,7). On se donne également w C € un ouvert non vide et on note ¢ := w x (0,7). Enfin,
dans la suite, g : R — R désigne une fonction de classe C! telle que

lg(r)| < CA+[r)In(2 +[r]), VreR,

pour un certain C' > 0. On considere le systeme d’état

Oy — Ay +g(y) = ul, dans Q, (1.60a)
y=0 sur X, (1.60b)
(y,0) (-, 0) = (v°,y")  dans Q. (1.60¢)

La fonction 1, : Q — {0,1} désigne la fonction caractéristique de w. Par souci de concision, on notera
parfois 0 := 97 — A et y° = (y°,y'). De méme, on pourra noter y(x,t;y°, u) la solution de (1.60) avec
y° comme donnée initiale et u comme contrdle.
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Remarque 38 (Régularité des solutions). On pose V := H}(Q) x L2(£2). Le systéme d’état (1.60]) est bien
posé. Pour (y°,y') € V et u € L?(q), il existe une unique solution y de (1.60) vérifiant

(y.0y) € C([0,T]: V).

Définition 29 (Contrdlabilité exacte). Le systeme ([1.60) est dit exactement controlable en temps T si
quels que soient (y°,y1), (2%,21) € V, il existe u € L?(q) tel que la solution correspondante y de
vérifie

(y,00)(-, T) = (2°,2')  dans Q.
Par ailleurs, on appelle paire état-controle tout couple (y,u) composé d’un controle exact u et de la
solution controlée y de associée.

Théoréme 3 (Controlabilité exacte). [38, Th. 1]&[15, Th. 2.2] Soient xo € R\ Q et ¢ > 0. On note
Ty := {a? el (z—uxp) v(x)> 0} et 0O.(Ty) := {m e R dist(x,Tp) < 5}.

On suppose que
T >T" :=2max |z — x| et w2 O(Tp) N (Hop)
e

Si de plus la semi-linéarité g vérifie
=2 id=1
lim sup M =0, avec “ ST ’ (Hy)
|| =400 |T| In ‘7"| a = 1/2 side {2a3}a
alors le systéme (1.60) est exactement contrélable en temps T .

Démonstration. On renvoie a [35, Th. 1] pour le cas d = 1 et a [I5, Th. 2.2] pour le cas d € {2,3}.
Dans les deux cas, la preuve est basée sur un argument de point fixe de Schauder. On définit d’abord la
fonction g € C(R) par
-g(0
o) =0)
g'(0) sir=0.

Pour &€ € L*°(0,T; L4(Q)), on considére le systéme linéarisé

07y — Ay +g(&)y = ul, — g(0) dans Q, (1.61a)
y=0 sur X, (1.61b)
(v, 0)(-,0) = (4%, ") dans €, (1.61c)

dont on sait qu’il est exactement contrélable en temps 7. On introduit ensuite l'opérateur

K@ L®(0,T;L4Q) —  Lo(0,T; LYQ))

¢ - " : (1.62)

ol y¢ est la solution contrélée de associée au controle ug de norme L?(g) minimale, i.e. (g, Opye) (-, T)
(29, 21) dans . On remarque alors que tout point fixe y de K fournit un contréle exact u pour le systéme
(1.60). Or, on peut montrer que 1'opérateur K est compact et qu’il admet un point fixe par le théoréme
du point fixe de Schauder. O

1.3 Contrélabilité du systéeme de 1’élasticité linéaire

1.3.1 Controélabilité du systéme de 1’élasticité linéaire avec contrdle au bord

Soit € un domaine borné non vide de R?, avec d € {1,2,3}. Le bord T' := 9% est supposé de classe
C?. Alternativement, on peut supposer {2 convexe et I' lipschitzien. Pour 7' > 0, on pose Q := Q x (0,7
et ¥ :=T x (0,7). On se donne également v C I' un ouvert non vide et on note ¢ := v x (0,T). Pour
w>0et A > —pu fixés, on consideére le systeme d’état

02y — pAy — (A +p)Vdivy =0 dans Q, (1.63a)
y=ul, sur 3, (1.63b)
(v, 0:9)(-,0) = (", y") dans ©, (1.63¢)
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ainsi que le systeme adjoint

D2p — uAp — A+ p)Vdive =0 dans Q, (1.64a)
=0 sur 3, (1.64b)
(0, 060) (-, 0) = (9%, ) dans €. (1.64c)
L’état s'écrit y = (y1,...,vyq) ", tandis que le contréle s’écrit u = (uy,...,uq) . On suppose ici que le

controle u peut agir sur la partie v du bord. La fonction 1, : ' — {0, 1} désigne la fonction caractéristique
de ~. Dans la suite, on utilise des caracteéres gras pour noter les espaces de fonctions a valeurs vectorielles.
On écrira par exemple L*(Q) := L?(Q; R?).

Remarque 39. IL’équation (1.63a)), parfois nommée équation de Navier-Cauchy, modélise 1’évolution du
champ de déplacement y d’'un matériau élastique occupant le domaine €2. Les constantes p et A sont
appelées les coeflicients de Lamé et décrivent les propriétés élastiques d’un matériau homogene et isotrope.

Remarque 40 (Régularité des solutions). On pose Y := L*(Q) x H *(Q) et Z := H}(Q) x L*(Q). Le
systeme d’état ([1.63)) et le systéme adjoint (1.64) sont bien posés.
> Pour (3°,4') € Y et u € L?(0), il existe une unique solution y de (T.63)) vérifiant

(y,0y) € C([0,T];Y).

De plus, il existe Cq 7 > 0 tel que
Hy||Loo(L2) + Haty”L(x’(H*l) < CQ,T(||(yo7yl)||L2><H*1 + ||U||L2(a))-
> Pour (%, ¢!) € Z, il existe une unique solution ¢ de vérifiant
(10, 0ep) € C([0,T); Z).
De plus, il existe Cq 7 > 0 tel que
[l Loe (rry + [10epll oo (z2) < CQ,TH(<PO’<P1)HH5xL2~

Définition 30 (Controlabilité & zéro). Le systéme ([1.63)) est dit controlable a zéro en temps T si quel
que soit (y°,y') € Y, il existe u € L*(0) tel que la solution correspondante y de (1.63) vérifie

(y,0ey)(-,T) = (0,0) dans §.

Proposition 34 (Inégalité directe). [25, Sect. IV.1] L’assertion suivante est vérifiée.
> Soient (°, ') € Z et ¢ la solution de (1.64)) correspondante. Il existe Cqr > 0 tel que

/ (#l0wel? + A+ )l div el?) < Car (sl 3y + A+ )l div @ 32 + 10132 )

Proposition 35 (Inégalité d’observabilité). Par dualité entre contrélabilité et observabilité, l’assertion
sutvante est vérifiée.

> Le systéme (1.63|) est contrélable a zéro en temps T si et seulement s’il existe C' > 0 tel que
ulle s + A+ )l div @®[ 22 + [l 72 < C/ (Hldvel + A+ wl divel?), V(¢ 0!) € Z, (1.65)

ou ¢ est la solution de (1.64) associée a (¢, ).

Proposition 36 (Controle de norme minimale). En appliquant la méthode HUM, l’assertion suivante

est vérifiée.

> On suppose que linégalité d’observabilité (1.65) est vérifiée. Pour (y°,y') € Y, le contréle de norme
L?(0) minimale pour le systéme (1.63) est donné par

U= —(p0y@ + A+ p) div(@)v) |,

avec @ la solution de (1.64) associée au point de minimum (@°, ') de la fonctionnelle

* 1 . 2
T (% 9" ::§/|u3y<p+(>\+u)dIV(<ﬂ)V} — ot + (W o, V(') € Z,

ot ¢ est la solution de (1.64) associée a (©°, ).
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A la proposition suivante, on établit I'inégalité d’observabilité pour un bord de contrdle v C T"
défini par une condition géométrique, ainsi que pour 7T assez grand. La démonstration repose sur la
méthode des multiplicateurs. Plus précisément, si xq ci-dessous est pris dans R\ €2, le bord de controle
v = Iy correspond alors au complémentaire dans I' de la partie du bord éclairée depuis zg.

Proposition 37 (Inégalité d’observabilité). [25, Sect. IV.1] Pour xq € R? fizé, on définit le champ de
vecteurs 0 € [CH(Q)]¢ par O(x) = x — xg. On introduit également la partie du bord

Iy := {m el; 6(x) v(z) > O}.

On pose Ry := max 5 |0(7)| et T* := %Ro. Pour tout T > T*, l"inégalité suivante est vérifiée,

plle® Iy + A+ @)l div Iz + o7 <

< T_OT*/E (/«L\f)u@|2+(>\+u)ldivs0|2)7 v(e®, 9" € Z,
0

ot ¢ est la solution de (1.64) associée a (©°, ).

1.3.2 Systéme de I’élasticité linéaire sous forme vitesse-contrainte

Le systeme adjoint (1.64) peut étre vu comme un systéme d’ordre un portant sur le déplacement ¢
et la vitesse Oyp. Avec le changement de variables

w = O et q:=Vo,

ou Vi désigne la matrice jacobienne de ¢, on peut réécrire le systeme de 1’élasticité sous forme vitesse-
contrainte. En effet, en notant I la matrice identité et

o(q) = pg+ (A +p)tr(q)1
le tenseur des contraintes, le systéme ([1.64) devient

Opw —dive(g) =0 dans @, (1.66a)
ogq—Vw=0 dans @, (1.66b)
w=0 sur 3, (1.66¢)
(w,q)(-,0) = (v’ ¢") dans Q. (1.66d)

Dans la suite, on note
M(w, q) := (&gw —divo(q),0:q — Vw).

On définit Iopérateur Ag : Hy(Q) — H1(Q) par Ag := —pA — (A + )V div. Avec le changement de
variables
vi=y et p = —VAglaty,

le systeme d’état (1.63]) devient quant & lui

O —dive(p) =0  dans Q, (1.67a)
Op—Vu=0 dans Q, (1.67b)
v=ul, sur X, (1.67¢)
(v,p)(,0) = (%, p°) dans Q, (1.67d)

avec 10 = y0 et p° = —V.A; 'yl

Remarque 41 (Régularité des solutions). On pose W := L*(Q) x VH (), avec VH{(Q) := {Vy; ¢ €
Hé(ﬂ)} Le systeme d’état (1.67)) et le systéme adjoint (1.66]) sont bien posés.

> Pour (v°,p%) € W et u € L*(0), il existe une unique solution (v, p) de (1.67) vérifiant

(v,p) € C([0, T; W).

De plus, il existe Cq 7 > 0 tel que

w2l e wy < Car (16280 e w) + lull g2 )-
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> Pour (w?, q°) € W, il existe une unique solution (w,q) de (1.66) vérifiant
(w,q) € C(10,T); W),
De plus, il existe Cq 7 > 0 tel que

[(w, @)|| L= w) < Carll(w®,q°)|| Lo (w)-

1.4 Compléments a I’Article [A]

1.4.1 Version alternative de la preuve du Théoréme 2.1

Dans cette section, on donne une version alternative de la preuve du Th. 2.1 de I’Art. [A] dont on
rappelle I'énoncé au Th. [4] ci-dessous. On se place dans le cas de I'équation des ondes linéaire 1D avec
controdle interne. On reprend ici les notations de la Sect. avec d =1 et Q = (0,1). On consideére le
systéme d’état et on suppose que le controle peut agir dans un ouvert ¢ C @ = € x (0,7') non
cylindrique.

Pour (y°,y') € HY(Q) x L3(), on sait que la contrdlabilité a zéro de est équivalente a
I'inégalité d’observabilité (|1.21) pour le systéme adjoint (1.20). Dans ce cadre, au Th. 4} on démontre
que la constante C' > 0 dans 'inégalité d’observabilité ut étre choisie uniformément par rapport
a l'ouvert de controle ¢ pris dans un ensemble admissible Q ; défini via une condition géométrique dérivée
du critere (GCC) usuel. On renvoie & la Déf. 23] pour la définition du critére (GCC) et & la Déf. 22 pour
la définition des lignes caractéristiques C;to.

Remarque 42. La preuve ci-dessous utilise les mémes idées que celles de la preuve de UArt. |Al A titre de
comparaison, on rappelle brievement les éléments de la preuve de I'Art. [A]

> Pour N > 1/¢ fixé, on introduit la subdivision réguliere Sy de .
> A partir de la subdivision Sy, on construit un sous-espace Vy C V de dimension finie.

> A partir de la subdivision Sy, pour tout g € Qr 4, on construit une “approximation” gy C ¢ vérifiant
le critere (GCC).

> Pour ¢ € QF, on démontre l'inégalité (1.21)) avec (¢°,¢') € Vy. Pour ce faire, on associe & ¢ un
graphe G(qn) et on exprime Cops(gq) & Paide de la connectivité algébrique de G(gn).

> Par un argument de finitude, on en déduit I'inégalité uniforme (1.68)) avec (©°, o) € Viy.
> On répete les étapes précédentes pour la sous-subdivision Sy, n, avec p > 1.
> En passant & la limite p — 400, on en déduit I'inégalité uniforme (1.68)) avec (p°, p1) € V.

Pour € > 0, on introduit ’ensemble admissible

Q= {q C @ ouvert; Int.(q) vérifie (GCC)},

Inte(q) = {(2,t) € g5 dist((,1),0q) > ¢ |
désigne le e-intérieur de q.
Remarque 43. Pour € > 0, I'introduction de ’ensemble admissible QF; est motivée par les remarques
suivantes.
> Comme Int.(q) C ¢, tout ouvert de contrdle ¢ € Q% vérifie (GCC).

> Pour q € Q;,, toute ligne caractéristique C;'f] rencontre ¢ sur une longueur supérieure a &, i.e.
H! (q N C;'f)) >e, Vag €9,

ol H! est la mesure de Hausdorff de dimension 1.

Théoréme 4 (Inégalité d’observabilité uniforme). Pour e > 0 fixé, il existe C:

q 6 QZda

> 0 tel que pour tout

obs
1% eI < ConsllOepllZzgg),  V(° 0") €V i= Hy(9) x L* (), (1.68)

ot ¢ est la solution de (1.20)) associée a (©°, ).
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Preuve alternative Soit € > 0 et soit ¢ € Q. On commence par reformuler le probleme. On définit
la forme bilinéaire symétrique positive

3{(9007¢0> = // 8t908t¢7 VLPO7¢O S ‘/7
q

oll ¢ et P sont respectivement les solutions de (1.20]) associées a ¢° et @°. Ainsi, montrer I'inégalité
d’observabilité uniforme (|1.68) revient a montrer qu’il existe une constante €. > 0 indépendante de
I'ouvert de contrdle q et telle que

3% ¢%) = €5, Vel eV

On procede ensuite en plusieurs étapes.

1) On fixe N € N tel que 2V > 1/e. A T'aide d’une subdivision Sy de Q, on construit un ouvert de
controle gy tel que
Int.(q) C gy C q.

On définit alors une forme bilinéaire symétrique positive §y qui minore §, i.e.
(% ") > Fn(p?, "), V' eV.

2) On construit une base orthonormée B = (1/)2)n€N de V qui est également orthogonale pour §y a
partir du rang N, i.e.

v’ %) =0, Yn>N, VmeN, m+#n.

On pose By = (42)o<nen et Viy = Vect(By). On réduit alors le probleme & lexistence d’une
constante €5 > 0 indépendante de I'ouvert de controle g et telle que

In(@®, %) > En|l@},  Ve° € V.

3) On conclut en utilisant le fait que 'ouvert de controle gy vérifie (GCC) et que Pensemble {gn; g €
Q¢ .} est fini.

Etape 1 Soit N € N tel que 2V > 1/e. On note h = 1/2V et Sy = (z1)o<p<2v la subdivision
réguliere de Q en 2V intervalles, i.e. x; = kh. En étendant la définition de z & k € Z, on pose

_ ik
[ men ] st RS 0
[k, xp1] sik <O,

Pour k € Z*, le milieu z§, du segment I} est donné par

Tp—1+T .
{“2 Eosik >0,
Tip+Tr41 .
ZebI ik < 0.

xy =

Dans la suite, on note Jy := [—2V, 2]\ {0} et on définit Papplication n: Z* — Jy par
n(i) =1, VieZ”", ou i € Jy vérifie m(xf) = af.
Définition 31. Pour ¢,j € Z*, on appelle carré élémentaire d’indice (¢, j) 'ensemble C; ; défini par
Cij= {(x,t) eR? z—tel, z+te Ij}.

On note Cn :={C; ;; i,j € Z*} I'ensemble des carrés élémentaires associés a la subdivision Sy. On note
g b
également Cn(q) 'ensemble des carrés élémentaires dont I'intérieur est inclus dans g, i.e.

Cn(q) == {Ci,j € Cn; 8'” - q}.

Enfin, on définit I'ouvert de controle

(o]

—_——~

qN ‘= U Ciﬁj.

Ci,j€CNn(q)
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Lemme 11. La condition 2V > 1/e et la définition de qn impliquent les inclusions
Int.(q) C qn C gq.
On en déduit que ouvert de contréle qn vérifie (GCC).

Démonstration. Soit z = (z,t) € Int.(q). Par définition, on a z € ¢ et dist(z,dq) > e. Puisque les
carrés élémentaires introduits a la Déf. [31] recouvrent R?, il existe 4,5 € Z* tels que z € C; ;. En outre,
comme diam(C; ;) = h, on a C;; C B(z,h) la boule fermée de centre z et de rayon h. Soit & présent
Z = (7,t) € B(z,h). Pour tout Z = (%,7) € R?\ ¢, il vient

dist(z,Z) > | dist(z, z) — dist(z,Z)| > e —h > 0.

On obtient alors dist(z,R? \ ¢) > 0, d’ou z € g¢. Par suite, on a C;; C B(z,h) C q et enfin C;; €
Cn(a)- O

Définition 32. On définit la forme bilinéaire symétrique positive

(e @)= [[ owor= 3 / upo VP EY
aw Ci,;€CN(q)

ol ¢ et P sont respectivement les solutions de (T.20]) associées & ¢ et @°. Comme ¢x C ¢, on a clairement

3", 9% > Fn(e% "), VeV

Etape 2 On introduit ici la base Bpaar des ondelettes de Haar. Il s’agit d’une base hilbertienne de
L2(2). On définit la fonction meére ¢ = Li0,1/2] — L[1/2,1], ainsi que la fonction d’échelle vg = 1o ;). Pour
n € Net k € [1,2"], on pose

Yni(x) = 222" — k +1).

La base des ondelettes de Haar est alors donnée par
BHaar = {’l/)Oa wn,kv ne Nv ke [[1,271]]}

Définition 33. On définit le couple d)o = (¥8,%§) € V par 9§ = 0 et 1§ = 1. De méme, pour n € N
et k € [1,2"], on définit les couples ’(/)n L = (wg’jg, ’+) eVet 'zbn . = (wgg,wi;) € V par

B0 =I5 [rdy e @) = F st

)

On pose alors
Bi={#f, 0% neN ke [1,2]}.
On vérifie aisément que B est une base hilbertienne de V.

Lemme 12. La base B est orthogonale pour §nx a partir du rang N. Plus précisément, pour n > N et
ke[1,2"], on a
0,4+ —:0 —0 —0 0,4+

SN(¢nk? ):07 \V/'(b GB,’(ﬂ #wnk
Démonstration. Soient ny > N et ky € [1,2™]. 1l existe alors ig € [1,2V] tel que Supp®®, C I;,.
Soient egalement ’Il2 € Net ky € [1,272] tels que (ng, ko) # (n1, k1). On note respectivement 1= et i
les solutions de associées & "p?nikl et w%ik On consideére 4, j € Z* tels que C; ; € Cy(g). On note
i=n(i) €eInetj= n( ) € Jn, ainsi que s; = sgn( ) et s; = sgn(j).

ni, k1

On montre ici que / Oy Oy = 0. Les trois autres cas (pour wf et 1/12i) se traitent de facon
similaire.

Pour (¢, ¢') € V, on note ¢ la solution correspondante de (1.20]). D’aprés la formule de d’Alembert
(voir Prop. , pour tout (z,t) € C; j, on a

ri:m(gc—t) EL7

Oup.t) = 5 (20 () + sy (1)) = 3 (20 () = s (), o {:

56



Par suite, pour tout (z,t) € C; ;, on obtient

1+ s . ri=m(z—t) €L,
ka (I73]) = : (Irl), o { 1 1

o} (z,t) =

2\[ 2\[ wnl M Ty = m(m + t) € Ij.

On remarque alors que les seules configurations dans lesquelles 9;1; # 0 sur C; ; sont
+l = io ou —j = ’L'().

On traite ici le cas +i = ig et —j # ig, ] < 0. Les autres cas se traitent de fagon similaire. Dans le cas
présent, pour tout (z,t) € C; ;, on a

%d)nl,kl (ri)a

o} (z,t) = —
1 1 ou {rl—m(x—&-t el
aﬂﬁ;(iﬂﬂf) = ﬁwnz,kz(_ri) - ﬁwnmkz (ri)v b )'

A laide d’'un changement de variables, on en déduit finalement que

/C” o Oy = ‘11/1, /Ij Uy ey (11) (wnmz (ri) — ¢n2’k2(_7~j)) dr; dry

h 1
= Z 1/}n17k1/l/}n27k2 - Z d)nhk’l ¢n2,k2 =0

I Ly L)

En effet, comme Supp ¢n, x, C I;, = )i, on a

/ wnl,klwnmkz = / wnl,klwnz,kz =0 et / wnl;kl = / wnhkl =0
Iy Q Iy Q

Lemme 13. Pourn > N et k € [1,2"], on a

Sn(lh, ) > ||¢ T3

Démonstration. Soient n > N et k € [1,2"]. Il existe alors iy € [1,2V] tel que Supp 1/12’1[ C I;,. On note
YT la solution de (.20 associée & @bg’f On montre ici que Fn (T, > +) >h H’l/l T3 = h/4. Lautre
cas (pour 1/)2’;) se traite de fagon similaire. Comme ¢y vérifie (GCC), il existe Ci,j € Cn(q) tel que

+U(Z) =19 ou —ﬂ(]) =19.

On note i = n(i) € Iy et j = n(j) € T, ainsi que s; = sgn(i) et s; = sgn(j). On traite ici le cas +i =
et —j # ig. Les autres cas se traitent de facon similaire. En raisonnant comme au lemme précédent, pour
tout (z,t) € C; 5, on a

8t¢+($7t):—%wn,k(h), ou {

ri=m(x —1t) € [,
ri=m(z+1t) €

A laide d’un changement de variables, on en déduit finalement que

h
I (0t o) // 0t = //wn,k(mﬁdndm:f/ 2 =
Ii J1Ii 4 Iy

En effet, comme Supp ¢, . C I;; = I};|, on a

/ el =
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Remarque 44. Dans le Lem. la constante h/4 est indépendante de 'ouvert de contrdle g. Par ailleurs,
pour n > N et k € [1,2"], I'inégalité optimale s’écrit

h
= s .+
gN("/)?L,ka ’I(’)L,k?) 2 di (@le"/’%k ||\2/>
ot ig € [[1,2N] vérifie Supp "/’n w C I, et on
dE(q) == Card{CM €Cn(q); +n(i) =1ip ou Fn(j) = io}.
On consideére ensuite la sous-famille
By i={wd, ¥l n< N ke[1,2]} c B

ainsi que le sous-espace vectoriel de dimension finie Viy := Vect(By) C V. Pour tout ¢° € V, on peut
alors décomposer

400 2™

900:90(1)V+Zz<nk¢nk+ank¢nk) aVECSO(J)VGVN'
n=N k=1
En utilisant le Lem. [T2] il vient
+oo 2"
(e 0%) = En (% @R+ D0 D (laf PEw W0 vl + lamPSn (0 ).
n=N k=1

En outre, en utilisant le Lem. on a la minoration

+oco 2™ +oo 2™
h
0, 0
S5 (I aPen 5wl + o Pan . 8550)) 2 7 30 S (laful? + lag4f?)-
n=N k=1 n=N k=1

On constate ainsi que notre probléme de départ se réduit & montrer 1'existence d'une constante €y > 0
indépendante de l'ouvert de controle g et telle que

Sn(eh, on) = Enllenlly, Vel € V.

En effet, on aurait alors
F(@% ¢%) > Fn (¢, ") > min(Cn, h/4)[l€°()}, Ve’ e V.
Etape 3 On montre d’abord que pour g € Q2 fixé, il existe €x(gn) > 0 tel que
In (e, ¢%) = enlam)le’lly, Vel € V.
On justifie ensuite qu’il existe €x > 0 tel que
Cn(gn) > €En, Vg€ Q.

Lemme 14. Soit ¢ € Q. La forme bilinéaire §n est symétrique définie positive sur V. Par suite,
comme Vi est de dimension finie, on a

In (@’ ¢%) = enlam)le’lly, Ve €V,
ot €n(gn) > 0 est la plus petite valeur propre de Fn restreint a Vy.

Démonstration. Soit @ = (%, ') € Vi tel que Fn (¢, ¢°) = 0. On note ¢ la solution de (1.20)) associée
a % Comme (%, @!) € Vi, il existe des réels (ap)i<p<an et (Bp)i<p<an tels que

2N 2N 2N
= Z aply (z) et o'(z)= Zﬁp]lfp(a:), avec Z a, =0.
p=1 p=1 p=1
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Pour p € Jn, on pose s, :=sgn(p) et v, 1= ap| + 5pP)y|-
Pour i,j € Z* tels que C; ; € Cn(q), on note i = n(i) € Iy et j = n(j) € Jy. D’apres la formule de
d’Alembert (voir Prop. , pour tout (z,t) € C; ;, on a

Bup(at) = 5 (@Y () + 559 (D) — 3 (€Y (Irl) — s (i), o {’f‘_m(xt)“"

Par suite, pour tout (z,t) € C; ;, on obtient

Op(x,t) = %(am + 58 - %(am —sify) = %(% — 7).

On en déduit que
2

Snle.9”) = % > (n- %1)2 = 0.

Ci,;€CN(q)

On montre & présent que tous les réels (7,)pez, sont égaux. Pour ce faire, on s’appuie sur le fait que gn
vérifie (GCC).

i. On montre que 71 = ... = yy~. Soit p € [1,2V — 1]. Comme gy vérifie (GCC), on a gx N C;; £ J.
Il existe alors ¢, j € Z* tels que

(CLWC'Z-J-H € Cn(q) avec +n(j) = p) ou (Ciyj,Ci,Lj € Cn(q) avec —n(i) = p).

Dans les deux cas, on trouve vy, = Yp41.
ii. On montre que y_; = ... = v_on~. Soit p € [1,2V —1]. Comme gy vérifie (GCC), on a qNﬂC;“‘cJ #* .
Il existe alors ¢, € Z* tels que

(Ci7j7ci+17j € CN(q) avec —|—ﬂ(Z) = p) ou (Ci,j,C’iyj_l € CN((]) avec —ﬂ(j) = p)

Dans les deux cas, on trouve y_p = y_p_1.

iii. On montre que y; = v_;. Comme gy vérifie (GCC), on a gx N C;C% # @. Il existe alors ¢, j € Z* tels
que

(Ci,j,ciﬂ,j € Cn(q) avec +n(i) = —1) ou ((Jl-,j,c,y,j,1 € Cn(q) avec —n(j) = —1).

Dans les deux cas, on trouve y; = vy_;.

Il existe donc v € R tel que 4, = 7, pour tout p € In. On en déduit d’une part que ¢! = 0. En effet,
pour p € [1,2V], comme 7, = y_p, on a a, + B, = a, — By, Aot B, = 0. On en déduit d’autre part que
¢ = 0. En effet, comme

oN
2N+1’y: nyp:2zap:0,
pEIN p=1

on a v =0, doit oy, = 0, pour tout p € [1,2V]. On en conclut que ¢° = (0,0). O

Comme ’ensemble Cy(Q) := {Ci,j €Cn; C;; C Q} est fini, on remarque que l'ensemble QY :=
{qN; q € Q;d} est lui aussi fini. On pose alors

Cy:= min Cx(gn) >0,
N qneQl, N< N)

ot €x(gn) > 0 est la valeur propre introduite au Lem. Ceci conclut la preuve puisque pour tout
g€ Q4 0ona _
Sn(e’ ") > Enlle’lF, V' € V.
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1.4.2 Compléments a la Section 3

Dans cette section, on revient sur la Sect. 3 de 'Art. [A] consacrée & I'optimisation du support de
controle. Contrairement a ’Art. [A] ot 'on utilise une régularisation en espace du support de controle,
on utilise ici une régularisation en temps du support de contrdle. On se place dans le cas de ’équation
des ondes linéaire 1D avec contréle interne. On reprend ici les notations de la Sect. avecd =1 et
Q= (0,1). Dans la suite, on emploie la notation (peu canonique) HZ(Q) := H(Q) N HL(Q).

On fixe T > 2 et on choisit 7 > 0 tel que T — 27 > 2. On se donne n € C(R) tel que

1 sitelr,T—1],

n:RH[Oal]v n(t){o sit§é(0 T)'

On fixe §g > 0. Pour v € W1>°(0,T), on note

¢ ={@)eQ |e—r®)<d}.
On fixe M > 0 et on introduit ’ensemble admissible
Gad := {7 e Wh(0,T); | llzeo,ry <M, b <y <1-— 50}-

Pour 7 € Gaq, on définit les espaces L2 & poids

Uy = {U Dy — R; // u?n~l < —I—oo} et u, = {’U gy — R; // v2n < —i—oo},
9~ q~

que 'on munit des produits scalaires
(u, Wy, = // wan™t,  Yu,u € U, et (v, D)y = // von, Yo, T € U,
q~ q~

Pour (y°,y*) € H3(Q) x Hg (), on s’intéresse au controdle & zéro de norme U, minimale pour le systéme
(L.19). Avec la méthode d’unicité de Hilbert, on peut montrer que ce contréle est donné par u, = —o,1, ,
ol & est la solution de (1.20)) associée au point de minimum (@9, 3}) de la fonctionnelle

x 1 _
T =g [[ e e e — )i V) € L(@) x HO@),
a~

Il est & noter que, d’apres [12], la régularité de 7 et de (y°,y") implique que (39, &}) € Hg () x L*(Q)
et qu’il existe C., > 0 tel que

1@5 @z < Coll (s y )y -

En outre, on peut trouver dans l'inégalité ci-dessus une constante C' > 0 uniforme sur Goq.
On fixe (y°,y') € HZ(Q) x H}(Q) et on cherche & minimiser la norme du contrdle 4., par rapport &
v € Gaq. On considére ainsi le probléme

inf J(y), o J(7) = |, = / 1, 2n.

YEGaa Qy

Proposition 38. La fonctionnelle J est continue sur G,q pour la norme L>=(0,T).

Démonstration. Soient (yn)n>0 C Gad €t ¥ € Gaa tels que v, — v dans L>(0,7T). Pour alléger les
notations, on pose g, = g5, et ¢ = ¢,. Pour tout n € N, on note (2%, pL) € H}(Q) x L*(Q) le point de

minimum de J7 et ©n la solution correspondante de (|1.20)). Il existe une constante C' > 0, indépendante
de n, telle que

1(@ns Gl x> < CI, ") m2xmz -

Par suite, il existe (p°, $1) € H(2) x L*(Q) tel qu’a une extraction pres,

(@ @n) = (2%, 8")  dans Hg(Q) x L*(9).
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Sachant que la solution de (|1.20)) dépend contintiment de la donnée initiale, il vient
(@n, 0eBn) =" ($,0:p) dans L>(0,T; Hy () x L*(Q)),

ou § est la solution de associée a (2%, p'). Comme l'injection de H} () dans C(€2) est compacte et
que l'injection de C'(Q2) dans L?(2) est continue, d’apres le lemme d’Aubin-Lions-Simon, & une extraction
pres, on a

Pn — @ dans C(Q).

Pour tout p € L*°(0,T; L?(2)), on a alors

J[ awn=[[ eon+ [[ @ -~ [[ oo

n

En effet, la limite du premier terme s’obtient par convergence dominée, tandis que le second terme tend
vers 0 puisque

/ / 5077‘ < 1Bl10)18n — Bl

Le résultat de convergence ci-dessus permet de passer a la limite dans la condition d’optimalité de
(@0, @) et d’obtenir

/ / o =~ Py s + (0L, VE, P € LAQ) x HOL(Q),
q

ou P est la solution de associée a (@Y, 7'). Cette relation signifie que ($°, ') est le point de
minimum de J *. En outre ceci caractérise de manieére unique la limite faible de toute sous-suite de
(@2, QL) et anhque que la suite entiére converge faiblement vers (%, ¢!). Finalement, la continuité de
J provient du passage a la limite

[ 1ouP= 6 By s + 0 B0 = (0P B+ (0 ) / 1%,
dn

Proposition 39. La fonctionnelle J atteint son minimum sur Gaq.

Démonstration. La fonctionnelle J étant bornée inférieurement, il existe une suite minimisante (v, )p>0 C
Gaq. Par définition de G.q, cette suite est bornée dans W1>°(0,T). De plus, comme l'injection de
W1e2(0,T) dans L°(0,T) est compacte, il existe v € L>(0,T) tel qu’a une extraction pres, v, — 7y
dans L*°(0,T"). Toujours par définition de G.q, chaque =, est M-lipschitzienne, avec M indépendant de
n. Ainsi, en passant a la limite simple dans les expressions

on en déduit que v € G,q. Finalement, la continuité de J fournit J(v,) — J(vy) = infg,, J. O

Proposition 40 (Dérivée au sens de Gateaux). La dérivée directionnelle de J en v € Guq dans la
direction admissible 5 s’écrit

J
dJ(7;7) = lim (”‘” / (1)

e—0

avec
6r(t) = (18+(1(8) = 60, ) = 18, (2(8) + 80, ) (t), ¢ € [0,
ot @ est la solution de (1.20) associée au point de minimum (£, 5L) de J*.

Démonstration. Soit € > 0 assez petit. Pour alléger les notations, on pose ¢ = ¢y4o5 et ¢ = ¢,. On note
(§2,92) € Hy(Q) x L*(Q) le point de minimum de J*, 5 et @ la solution correspondante de (1.20). De
méme, on note (%, ') € Hg(2) x L*(Q) le point de minimum de J* et @ la solution correspondante

de (1.20). En exploitant les conditions d’optimalité pour J* e €t ‘77’ il vient

Ty +e9) — J(7) = / 15— / / 1320 = / / 5.5 / / 2.00.
qe q q e
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On peut montrer que . — @ dans C(Q) quand € — 0. Par suite, il vient

J(y+e9) — J(v 1,—-1, . 1, -1, 1, -1, . o
( ) =IO _ [ Lz La eon= | ——=18Pn+ || +—=(@-—@)en— | o7
S Q S Q 9 Q 9 0

quand € — 0. En effet, la limite du premier terme s’obtient par convergence dominée apres avoir remarqué

que
lq*]lq o T /1 a(t)+ev(t) R ) 1 b(t)+ev(t) R )
//wﬂn/“(/ B 0P a2 [ ¢u¢>mwM)m,
Q € 0o \€Jaw € Jo(t)

o a(t) = y(t) — dp et b(t) = y(t) + dg. Le second terme tend quant & lui vers 0 puisque
1,-1, . .
’// ——=(p- = )en
Q 9

Du point de vue numérique, pour € > 0 fixé, on cherche a résoudre le probleme

< 2[Fl L1 0,0 18] Loe (@) | Pe — Pl L ()-

. N L €02
. Je(v), 0w Je(v) = J() + 51V 22 0,1)-

Pour ce faire, on utilise la méthode du gradient & pas fixe (cf. Algo. @

Algorithm 6 Minimisation de J, par la méthode du gradient & pas fixe

1) Initialisation. On fixe ¢ > 0, p > 0 et on se donne vy € W1°°(0,T) tel que 6y < vo < 1 — dp.
2) Itération. Pour n > 0, on calcule ¢S € H'(0,T) solution de

(B> V) £2(0,1) + €<¢%'77'>L2(0,T) = (@, V) L2(0,1) + €<'Y;za7/>L2(O,T)7 vy € H'(0,T).

On met a jour
Tn+1l = Tn — pqﬁ:z
On pose

Gns1 = |J€('Yn+1) - Je(’Yn)I.
" Je(70)

3) Test de convergence. Si gn4+1 < €, 'algorithme s’arréte et on prend ~,,11 comme approximation du
point de minimum de J.. Sinon, effectuer n < n + 1 et revenir & P'étape 2).

On conclut cette section par I’énoncé d’'un algorithme d’optimisation du support (cf. Algo. , dans
le cas ou 'ouvert de controle ¢ est défini comme la partie de @Q délimitée par deux courbes.
Pour v = (a,b), avec a,b € W1H°°(0,T), on note

g = {(az,t) €Q: alt)<az< b(t)}.

Pour 0 < ¢ <1 et € > 0 fixés, on cherche a résoudre le probleme

. N €

inf supJne(v), ot Jae(y) = I +A(ILa, @) —<1Q1) + 5 (1 1Fa0.m) + 1320 ) )
v:(a71b) A>0

a,beWw >

Il est & noter que ||1q |L1(Q) = fOT(b —a).
Proposition 41 (Dérivée au sens de Gateaux). La dérivée directionnelle de J en v = (a,b) dans la

direction admissible 7 = (a,b) s’écrit

= T
a(i7) = tug ZOED =IO 7 (g, 00 + an(00))

e—0 £ 0

avec
Pa(t) = |By(a(t), 1)Pn(t) et du(t) = —18,(b(),1)*n(t), t€[0,T],
ot &y est la solution de (1.20) associée au point de minimum (35, 3}) de J.
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Algorithm 7 Minimisation de Jy . par la méthode du gradient & pas fixe

1) Initialisation. On fixe € > 0, p > 0 et on se donne vy = (ag, by), avec ag, by € W1°(0,T), tel que
0<ap<by<1et|gy|=c|.

2) Itération. Pour n > 0, on calcule ¢f ,¢j € H'(0,T) solutions respectives de
(05, @ 20,1y + (D, @) 20,1y = (Pa,» @) 2(0,1) + €0y, T ) 20,7, V@ € H'(0,7),
(@5, B) 20, + €658 ) r2(0.m) = (Db, D) r2(0,m) + €8y, 0 120y, VB € HY(O,T).
On pose

1 T
An = ﬁ/(; ( an (bbn)'

On met a jour
Ap+1 = Ap — )0( Zn - >\n) et b7z+1 - bn - p(¢l€)n + A’n)-
On pose Ynt1 = (Ant1,bni1) et

Gyt = |J0,e(’7n+1) - Jo,e(’Yn)|
mt JO,e(’YO)

3) Test de convergence. Si g,+1 < g, I'algorithme s’arréte et on prend 7,11 comme approximation du
point de minimum de Jj . Sinon, effectuer n <— n + 1 et revenir a I'étape 2).
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Chapitre 2

Résultats de la these

Les travaux réalisés durant la thése de 'auteur sont essentiellement rassemblés dans quatre articles.
Dans ce chapitre, on compile a la suite ces quatre articles par ordre de soumission. Chaque article est
précédé d’un résumé succinct. On commence par situer 'article dans le contexte posé au premier chapitre.
Puis, aprés avoir motivé le cadre choisi, on énonce les principaux résultats.

A Optimisation du support de contréle non cylindrique pour la
controdlabilité a zéro de I’équation des ondes 1D

Titre : Optimization of non-cylindrical domains for the exact null controllability of the 1D wave equation.
Auteurs : ARTHUR BoTTO0I1S, NICOLAE CINDEA et ARNAUD MUNCH.

Publié dans ESAIM: Control, Optimisation and Calculus of Variations, Volume 27, 2021.
https://doi.org/10.1051/cocv/2021010

Aussi disponible a https://arxiv.org/abs/1911.01284

Contributions :
¢ La démonstration d’une inégalité d’observabilité uniforme par rapport au support de controle.
o La proposition et la mise en ceuvre numérique d’un algorithme d’optimisation du support.

Résumé

Dans cet article, on traite le probléme de la controlabilité a zéro pour I’équation des ondes linéaire
unidimensionnelle avec contréle interne. On reprend ici les notations de la Sect. avec d = 1 et
Q= (0,1). On consideére le systéme d’état ol le controle u peut agir dans 1’ouvert non cylindrique
g C @. On sait que la contrélabilité de est équivalente & I'inégalité d’observabilité (1.22)) (ou )
Dans ce cadre unidimensionnel, I'inégalité (1.22) a été établie dans [8] pour des ouverts de controle g
vérifiant le critere (GCC) usuel (voir Déf. [23)) portant sur les lignes caractéristiques. Ce résultat a par la
suite été étendu dans [24] au cas de I’équation des ondes d-dimensionnelle pour des ouverts ¢ vérifiant
une condition de type (GCC) portant sur les bicaractéristiques généralisées. Cependant, ces travaux ne
permettent pas d’obtenir la valeur de la constante d’observabilité Cops(q), ou d’expliciter la dépendance
de cette constante vis-a-vis de telle ou telle caractéristique géométrique de g. Pour des ouverts cylindriques
g=wx (0,T), avec w C €2, des contributions de cette nature peuvent étre trouvées dans [31, Prop. 2.1]
ou dans [20, Th. 1]. Dans ces travaux, les auteurs identifient une constante Cops(w|,T') ne dépendant
que de la mesure de w et du temps de contréle.

La premiere partie de l'article est consacrée a 1’établissement d’une inégalité d’observabilité uniforme
par rapport a I'ouvert non cylindrique g. Plus précisément, pour ¢ > 0 fixé, on définit la classe

ci= {q C Q ouvert; Int.(q) vérifie (GCC)},

ou Int.(q) = {(x,t) € q; dist((z,t),dq) > E} désigne le e-intérieur de ¢g. L’idée est ici de regrouper les
ouverts de controle ¢ vérifiant (GCC) et tels que toute ligne caractéristique intersecte ¢ sur une longueur
supérieure & €. Le parameétre ¢ mesure donc a quel point le critere (GCC) est “confortablement” vérifié.
On démontre alors le théoreme suivant.
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€
obs

Théoréme (Inégalité d’observabilité uniforme). Pour e > 0 fizé, il existe une constante Co, s > 0 ne

dépendant que de € et telle que pour tout q € QF 4,
1% M w2 < ConsllOellizggy, V(00" € Hy () x L*(Q),

ou ¢ est la solution du systéme adjoint (1.20)) associée a (©°, o1).

Dans la démonstration, on utilise une méthode dite propagative. Une telle méthode s’appuie sur la
formule de d’Alembert et sur les propriétés de propagation des ondes le long des lignes caractéristiques.
La philosophie de la preuve est la suivante. Pour tout ouvert de contréle ¢ € QF,, on construit un
ouvert approché ¢. vérifiant Int.(q) C g C ¢ et pour lequel on peut calculer explicitement la constante
d’observabilité Cops(ge). La constante Cops(ge) est exprimée a I'aide de la plus petite valeur propre d’une
forme quadratique en dimension finie ou, de fagon équivalente, de la deuxieéme valeur propre de la matrice
laplacienne d’un certain graphe. De ce fait, le calcul de Cops(gq) peut étre rapproché de la mesure de la
connectivité d’un graphe. On conclut la preuve en justifiant que I'on peut choisir 6;35 = min,_ Cops(g:)
dans 'inégalité d’observabilité uniforme. Par ailleurs, on signale qu'une preuve alternative de l'inégalité
d’observabilité uniforme peut étre consultée a la Sect. [[.41]

Dans la deuxiéme partie de I'article, pour une donnée initiale (y°,y') fixée, on cherche & identifier
I'ouvert ¢ permettant de minimiser ’énergie a dépenser pour controler 'onde. On fait deux hypotheses
simplificatrices majeures. D’une part, on restreint notre étude a des supports de contréle g, définis comme
le déplacement rigide d’un intervalle de largeur fixe le long d’une trajectoire . Plus précisément, pour
§ >0 fixé et v € WH°(0,T), on pose

o ={@neq lo-a0)<s}.

D’autre part, plutot que de considérer le controle @, de norme L?(q,) minimale, on lui préfere ici le
controle ., de norme

Uy = LQ(q'V?X'y) = {u 1 gy — R; // u2x,y < +oo}
v

minimale, ot la fonction poids x, € C%(Q) vérifie Supp x-, = q.,- Ce choix de “régulariser” I'action du
controle permet d’obtenir un contrdle plus régulier que simplement L?. Dans ce cadre, le probléme &
résoudre s’écrit

in J(v), J() = layliz.,,
min (v), avec J(v) = [lu,llz,

et ou l'ensemble admissible G,q regroupe des trajectoires v uniformément AM-lipschitziennes, de sorte
que {gy; v € Gaa} C Q54 pour un certain € = (6, M). On montre que la fonctionnelle J atteint son
minimum sur G,q. Cependant, on voit facilement que J n’est pas convexe. Il existe donc potentiellement
plusieurs points de minimum globaux, ainsi que des minima locaux. Par ailleurs, on signale que 1’étude
d’une variante du probléme d’optimisation du support peut étre consultée a la Sect. [I.4.2] Dans cette
variante, plutét qu’une régularisation en espace du support de contrdle, on considére une régularisation
en temps.

La troisieme partie de l’article se concentre sur la résolution numérique du probleme d’optimisation
du support de controle. Pour des raisons pratiques, la contrainte de Lipschitz uniforme présente dans
Gaq est remplacée par un terme de pénalisation L2. Pour € > 0 fixé, le probléme devient alors

: _ € /112
ver%l?,oo Je(7), avec Je(v)=J(v)+ 5”’)’ 220,17y

On résout numériquement par un algorithme de gradient & pas fixe. A partir d'une trajectoire initiale
~0, on construit une suite minimisante v,, — v* définie par v,4+1 = v, — p@5,, avec p > 0 fixé. A chaque
itération, la direction de descente ¢, est évaluée a ’aide de la dérivée directionnelle de J en +,,. En outre,
le contréle u,, de norme U,, minimale est approché par éléments finis via la formulation mixte espace-
temps exposée dans [§]. On présente quelques simulations pour différentes données initiales (y°,y!).
Comme attendu, la trajectoire numérique optimale v* dépend fortement de I'initialisation 7y, du fait de
la présence de minima locaux. L’influence du parametre de régularisation € est également discutée.
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OPTIMIZATION OF NON-CYLINDRICAL DOMAINS FOR THE
EXACT NULL CONTROLLABILITY OF THE 1D WAVE EQUATION
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Abstract. This work is concerned with the null controllability of the one-dimensional wave equation
over non-cylindrical distributed domains. The controllability in that case has been obtained by Castro
et al. [SIAM J. Control Optim. 52 (2014)] for domains satisfying the usual geometric optic condition.
We analyze the problem of optimizing the non-cylindrical support ¢ of the control of minimal L?(g)-
norm. In this respect, we prove a uniform observability inequality for a class of domains ¢ satisfying
the geometric optic condition. The proof based on the d’Alembert formula relies on arguments from
graph theory. Numerical experiments are discussed and highlight the influence of the initial condition
on the optimal domains.
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1. INTRODUCTION AND MAIN RESULTS

In the last decades, an important literature was devoted to the study of vibrating structures controlled or
stabilized using piezoelectric actuators [1, 12, 27, 28]. In most of the situations, the actuators occupy a fixed
position in space. Nevertheless, some studies consider the controllability of elastic structures (plates or beams)
by the action of mobile piezoelectric actuators [33] which might be available in the future. Actually, a mobile
actuator can be emulated by an array of fixed actuators distributed along the structure under the constraint that
only one actuator can be activated at a given time [20]. The present work aims to find the optimal trajectory of
a piezoelectric actuator in order to control, with a minimal cost, the vibrations of a simplified one-dimensional
structure corresponding to a given initial datum. Therefore, observing the state of the considered system, we
can provide in real time a trajectory for the controller in order to minimize the cost of control. More precisely,
we consider the null controllability of a one-dimensional wave equation by means of distributed controls acting
in non-cylindrical domains. The main contribution of this work is the proof of a uniform observability inequality
with respect to control domains in a precise class. A direct consequence of this uniform observability inequality
is the existence of an optimal trajectory for a piezoelectric actuator of a given size in order to control to zero
the vibrations of the considered structure with a control of minimal L2-norm.
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2 A. BOTTOIS ET AL.

Let T' be a positive real, Q = (0,1), Q7 the domain Q x (0,T), ¢ a non-empty subset of Qr and X =
00 x (0,T). We are concerned with the null distributed controllability of the 1D wave equation:

Yt — Yoo = Vg in Qr,
y frd O on ZT? (1.1)
(Y, y:)(-,0) = (yo,y1) in Q.

where y represents the transverse deflection of a simplified elastic structure of length 1 and v is the voltage
applied to an actuator occupying the position ¢ = ¢ N {(z,t); = € Q} at time ¢.

We assume that (yo,y1) € V = H}(Q) x L?(2); v is the control (a function in L?(q)) and y = y(x,t) is the
associated state. 1, from Qr to {0,1} denotes the indicator function of g. We also use the notation

Ly =Yt — Yax-

For any (yo,y1) € V and any v € L?(q), there exists exactly one solution y to (1.1), with the following regularity
y € C([0,T); H3(2)) N CL([0,T]; L*(Q)) (see [18]). The null controllability problem for (1.1) at time T is the
following: for each (yo,y1) € V, find a control v € L?(q) such that the corresponding solution y of (1.1) satisfies

(y,9:)(-,T) = (0,0) in Q.

As a consequence of the Hilbert uniqueness method introduced by J.-L. Lions [18], the null controllability of
(1.1) is equivalent to an observability inequality for the associated adjoint problem: there exists a constant
Cobs(q) > 0 such that

100, e1) I < Cobs(@)llel gy V(0,91) € W= L2(Q) x H™H(Q), (1.2)

where (¢, ©o, ©1) solves

Lo =0in Qr, ¢ =0on Xr, (¢, 01)(+,0) = (w0, p1) in Q. (1.3)

Cobs(q) is the observability constant associated with the adjoint solution ¢ and depends on the control region g.
We address in this work the following extremal problem:

inf 1.4
uf vl 22 (q) (1.4)

where v is the control of minimal L?(g)-norm. The set Q.4 is defined below and denotes an admissible class of
non-cylindrical domains ¢, that is domains which evolve with respect to the time variable.

In the cylindrical case for which the control region ¢ takes the form ¢ := w x (0,T), where w denotes a subset
of Q, the null controllability of (1.1) at any large T' > T™* is well-known (for instance, see [2, 18]). The critical
time T* is related to the measure of the set 2\ @. The controllability is also true in the multi-dimensional
case assuming the celebrated geometric optic condition on the triplet (2, w,T) introduced by Bardos, Lebeau
and Rauch in [2]. The optimal problem (1.4) has been studied by Periago in [29] with Qa4 = Qaa.r = {¢ =
wx (0,7); wCQ, |w| =70, T > 2} parameterized by 7 in (0,1). In particular, the analysis is based on the
following uniform property proved by using Fourier series: there exists a constant C' > 0 which depends only on
@1 and 7 such that

sup Cons(q) < C. (1.5)

q€Qad,r
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We also mention that the problem of the optimal shape and position of the support has been numerically
investigated in [23, 24] for the one and two dimensional wave equation. This problem is also considered by
Privat, Trélat and Zuazua in [30] using spectral arguments. We also mention [31] which analyze the dependence
of the observability constant with respect to the control region.

The non-cylindrical case is more involved on a mathematical viewpoint. It concerns however an increasing
number of studies as it allows in many situations to obtain positive controllability results, in contrast to the
cylindrical case. Focusing on the wave equation, one of the first contributions is due to Khapalov [16] providing
observability results for a moving point sensor in the interior of the domain. This time-dependent observation
allows to avoid the usual difficulties related to strategic or non-strategic points. In particular, in the 1D setting,
for any T > 0, the existence of controls continuous almost everywhere in (0,7") and supported over curves
continuous almost everywhere is obtained for data in H2(Q2) N H}(Q) x Hg(2). More recently, for initial data
in W, Castro analyzes in [5] the controllability from a moving interior point. By the way of the d’Alembert
formula, a uniform observability inequality is proved for a precise set of curves {(v(t),t)}+cjo,7] leading to
moving controls in H*I(Ute(oyTﬂ(t) x t). Still in the 1D setting, Ciu, Liu and Gao [11] and Haak and Hoang
[13] analyze the boundary and moving interior point observability for wave equations posed on a sufficiently
regular time-dependent domain. In the N-dimensional case, Liu and Yong [19] employ the multiplier method to
prove that the wave equation is controllable under the hypothesis that the distributed control region ¢ covers
the whole space domain  before the time 7. Under a similar hypothesis, we also mention the work [21] where
the controllability of the damped wave equation Y1+ — Yzz — €Yz = 0 defined on the 1D torus is established.
Because of the presence of an essential spectrum, such property does not hold true in the cylindrical case.

In the 1D setting, the geometric assumption has been relaxed in [6]. Precisely, the observability inequality
(1.2) is obtained assuming that the distributed control domain ¢ C Q7 is a finite union of connected open sets
and satisfies the following hypothesis: any characteristic line starting from a point of Q x {0} and following the
laws of geometric optics when reflected on the boundary Y1 must meet the domain ¢ (we refer to [6], Prop. 2.1).
This geometric condition is the natural extension to non-cylindrical domains of the condition introduced in [2].
Following [5], the proof of this result is obtained by the way of the d’Alembert formula. It has been extended in
[17] to the multi-dimensional case using microlocal analysis. We also mention the obtention of Carleman-type
inequalities for general hyperbolic equations in [32].

With the aim to extend [29] to a non-cylindrical setting, we prove in a first part that the observability
constant Cops(q) in (1.2) is uniformly bounded from above for a class of domains satisfying the geometric optic
condition. More precisely, for any parameter € > 0 small enough, we introduce the admissible set of control
domains by

Q4= {q C Qr; q open and ¢° verifies the geometric optic condition}. (1.6)
Here, ¢° = ¢°(q) denotes the e-interior of any ¢ C Q7 and is defined by
q = {(m,t) €q; d((x,t),0q) > 5}. (1.7)
We obtain that, for any € > 0, there exists a constant C' > 0 which depends only on Qr and e such that

sup Cons(q) < C. (1.8)
q€Qs,

As in [29], this uniform property allows, in a second part, to analyze the problem (1.4) of the optimal distribution

of the control domain ¢. Preliminarily, for numerical purposes, we restrict the analysis to control domains of
the form

gy ={(z,t) €Qr; |z —7(t)] <o} (1.9)
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for a given dp > 0 and curves 7 : (0,7) — € in the following set
Gaa = {7 € WH2(0,T); |V Loy <M, o<y <1—do} (1.10)

consisting of uniformly Lipschitz functions of fixed constant M > 0. For T' > 2 and & > 0 small enough, the
class {qy; 7 € Gaa} is a subset of QF,. In this setting, the optimal problem (1.4) reads as follows: for 6y > 0,
M > 0 and a given initial datum (yg,y1) € V, solve

: 2
vle%fad ||”|\L2(q7) (1.11)

where v is the control of minimal L?(g,)-norm distributed over ¢, C Qr.

This paper is organized as follows. In Section 2, we prove the uniform observability property (1.8) on Q% and
its variant on the subset {¢; ¥ € Gaa} (see Thm. 2.1). This is achieved by defining an appropriate decomposition
of the observation domains in QF,, and by using the d’Alembert formula. The proof also relies on arguments
from graph theory. Then, in Section 3, following arguments from [15, 29], we analyze a variant of the extremal
problem (1.4). Introducing a C*-regularization of the support ¢, we prove that the underlying cost is continuous
over G,q for the L>°(0,T)-norm, and admits at least one local minimum (see Prop. 2). Section 4 illustrates
the result with numerical experiments for the regularized minimization problem introduced in Section 3.3.
Minimization sequences for the regularized cost are constructed using a gradient method: each iteration requires
the computation of a null control, performed using the space-time formulation developed in [9] and used in [6],
well-suited to the description of the non-cylindrical domains where the control acts. As expected, the optimal
domain we obtain are closely related to the travelling waves generated by the initial condition. Section 5
concludes the work with some perspectives.

2. UNIFORM OBSERVABILITY WITH RESPECT TO THE DOMAIN OF
OBSERVATION

We prove in this section the uniform observability property (1.8) with respect to the domain of observation.
Precisely, we prove the following equivalent result for regular data in V.

Theorem 2.1. Let T > 0 and let € > 0 be a small enough fized parameter such that the set QF, defined by
(1.6) is non-empty. There exists a constant CS., > 0 such that for every ¢ € Q%,, the following inequality holds

(@0, )| < Copslleiliagg),  ¥(po, 1) €V, (2.1)

where @ is the solution of the wave equation (1.3) associated with the initial datum (¢o,p1).

We emphasize that the constant C¢,, does not depend on ¢ € Q. We also emphasize that the parameter
¢ is introduced here to quantify to which extent a domain ¢ satisfies the geometric optic condition used in [6].
As € goes to zero, the observability constant CZ., blows up (see Rem. 2.18). The same is true when 7 goes to
zero in the study [29], see (1.5). Eventually, we emphasize that any domain ¢ € Q% for some ¢ satisfies the
geometric optic condition. Conversely, for any domain ¢ satisfying the geometric optic condition, there exists
¢ > 0 such that ¢ € Q3.

In the remaining part of this section, we assume that the hypotheses of Theorem 2.1 are satisfied.

2.1. Proof of Theorem 2.1

The idea of the proof is to decompose the domain Q7 as the sum of “elementary squares” on which, in view
of the d’Alembert formula, the terms in the inequality (2.1) can be simply computed and compared. The proof
based on arguments from graph theory allows notably to relate the value of the observability constant to the
spectrum of a Laplacian matrix, defined in terms of the graph associated to any domain ¢ € Q.



OPTIMIZATION OF NON-CYLINDRICAL DOMAINS 5

The proof requires some notations and technical lemmas. We decompose it into seven steps.
Step 1 — Solution of the adjoint problem (1.3) associated with piecewise affine initial conditions.

Let N € N* and ky = 1/N. We denote by Sy = (z¥)o<;<n the regular subdivision of Q in N intervals such

that 2 = i/N. For any (g, 1) € V, we then associate the functions ¢}, p¥ as follows: for all z € 2, we set

@) =3 (90 I e ) 1 ) (2.2
Yo \T) = 2 PolZ; i PolZ;—1 N [z, 2N\T) :
N L el
i=1 kN sz—l

which are respectively affine and constant on each interval [z |, zN]. We also denote by (¢3’)" € L%(Q2) the
“derivative” of ¢}

N N N
— ®olT; — x:
(‘P(I)V)’(J;) g afv]l[mgil,ziv](x)’ with O‘zN o(zi") ENSOO( 1_1).
=1

Using that o € H}(Q), we easily check that

N N N
1 1
oo 1720y = NZ(%N)Q, et 1720y = ~ BN and > al =0
=1 =1 =1

In order to use the d’Alembert formula for the solution of (1.3) associated with the initial datum (p’, p1V),
we extend these functions as odd functions to [—1,1] and then by 2-periodicity to R. In this respect, we first
extend the definition of z to i € Z by putting x)¥ = i/N for every i € Z, and then denote by I for every
i € Z* the following interval:

N xN] ifi >0,
IZN _ [ i—10%4 } (24)
[N, 2N ,] ifi<O
Definition 2.2. For any N € N* and i € Z*, we define the integer jy (i) as follows:
o .+ [ (i—=1) mod (2N)+1 if (i —1) mod (2N) < N,
if4>0, jn(i) = { (i—1) mod (2N)—2N if (i—1) mod (2N) > N, (2:5)
and if i < 0, jn (i) = —jn(—i). Remark that for every ¢ € Z*, jn(i) € Iy with
In={-N,...,-1,1,...,N}. (2.6)
Similarly, we extend )Y and B} for every i € Z* as follows: if i € {—N,...,—1}, we set o)y = o¥; and
BN = —pBNif |i| > N, we set al¥ = af}fv(i) and BN = Bjjyv(i).
Definition 2.3. For any N € N* and i € Iy, let
7Wo=al+ Y. (2.7)

We extend the functions ¢ and ¢ as odd functions to [—1,1] and by 2-periodicity to R.
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Lemma 2.4. For any N € N*, the solution ©" of (1.3) associated with the initial datum (@}, oY) satisfies:

1
or (2,t) = 5 Z Z (Vywciy = ’7§jN(j))]]-1iN (z+ 81y (z—1), VY(z,t)€Qr. (2.8)
i€L* jEL*

Proof. Using the notations above, we obtain

(00 (@) =Y alliv@),  ¢l(@@) =) BVLin(@), VeeR (2.9)

1EL* 1€L*

Moreover, from the d’Alembert formula, the solution ¢V of (1.3) associated with the initial datum (¢3, @) is
given as follows:

1 1 T+t
et =g (e rnrade-n)+g [ o venear (2.10)

Taking the derivative with respect to ¢ and replacing the expressions (2.9) in the above equation, we deduce
that for all (x,t) € Qr, we have

or (2,1) = %((wév)’(wﬂ) — @Y @ -+l @+ +eY @ —1)
= % Z ((aﬁv +ﬂfv)]lzgv(m+t) — (o —ﬁfv)]lgv(g; —t))
i€Z*
:%Z Z(alN—"_BzN_agN“"BJ]‘V)l[iIV(x-i-t)]l]JJ_v(x—t).
i€Z* jEL*

Using the properties of the function jy defined in (2.5), we deduce that for i, j € Z*,

N N N N N N N N
o + B =i + B =506+ By~ %ne) T Bive)
_ N N N N
= (@5 T Bivw) = (@555 +855404))
_ N N
=TinG) T T=inG)
and the result. O

Step 2 — Representation of ¢ € QF; using “elementary squares”.

In view of the expression (2.8), we introduce the following definition.
Definition 2.5. For any N € N* and i, j € Z*, we define the elementary square of indices (i, j) associated with
the subdivision Sy as the following closed set of R?:

ng) = {(z,t) € R? such that z + t € I}V andx—teIJN},

where the interval IV is given by (2.4).
We also denote by Cny = {C’@’ i) 1,7 € Z*} the set of all the elementary squares associated with the subdivision

Sn. We easily check that R? = Ui jez- C(];'j).

Figure 1 illustrates the way the elementary squares are indexed, with the example of the subdivision Sj.
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T=2

FIGURE 1. Some elementary squares in Cy.

Remark 2.6. For every i, j € Z*, the coordinates of the center of the elementary square C(IX ) associated with
the subdivision Sy are given by

N, N
N _ my +m; N 2N L
L) = : ) -, . N “etqf >0,
> N N Wlth mi = N N
i =T TR <0
i.J) 2 ) .

The area of every elementary square C(J;[j) € Cy is given by |C(J¥j)| = ﬁ Notice that for every i, j € Z* with

lil, 15| > 1, the elementary squares having one side in common with the elementary square C(f ;) are Cfl,,
N

and C(i,jil)‘

Definition 2.7. For every g € QZ, we denote by Cy(¢) and Cny(Qr) the sets of the elementary squares in Cx

with their interior included in ¢ and @ respectively:

Cv(q)={Cl, ecn: CN, ca}, Cn(Qr)={C, ecn: CF, cQr}).

If N is large enough, the sets Cy(q) and Cy(Q7) are non-empty.
We also define Ry (g) as the union of the elementary squares in Cn(q):

o

——f
Rnlg)= U <l (2.11)

C(]\i{j)GCN(q)

With these notations, we can prove the following lemma.

Lemma 2.8. Let N > 1/¢ be a fized integer. For every q € Q%, the set Uc(J\l €Cx(a) C’(Jyj) is a cover of the
e-interior ¢° of q (see (1.7)). Moreover, the set Ry(q) defined by (2.11) satisfies ¢& C Rn(q) C q.

Proof. Let X € ¢°. By definition of ¢°, we have X € ¢ and d(X,dq) > e. Since R? is covered by squares in Cy,

there exists C(Nm.) € Cn such that X € C(Nm). Moreover, since diam(C(Ni’j)) = kN, we have C’(Ni’j) C B(X,kn).



8 A. BOTTOIS ET AL.

RIS
PRRKARKEKS

TR
o2
2ele%e?
SRS
R%
g%%?
SRR

%

PSS
PSESRBELR

COSXK
QYL
le
Qe
o,
£
R

’v
9
2
Q
2y
%o
%

X

.v
0
>
Q
Lo
&
%

9.
9
&
AL’
) &

D

’v

&S
e
&S
5

S
&
%
;25
S

S
o2
S

FIGURE 2. Cover Rg(q) of ¢¢, for ¢ = 0.15.

Let Y € B(X, kn). Then, for every Z € R?\ ¢, it follows that
A(Y, 2) 2 [d(Y, X) — d(X,Z)| > = — 5y > 0,

Consequently, d(Y,R?\ ¢) > 0 which implies Y € ¢. Therefore, ng) C B(X,kn) C ¢ and, finally, ng) €
Cn(q)- O

Figure 2 illustrates Lemma 2.8 in the case of the cylindrical observation domain ¢ = (1—56, %) x (0,2), for
e=0.15and N =8.

Step 3 — Weighted graph associated with ¢ € Q.

In order to write several expressions in a simpler form, we use elements from graph theory.

More precisely, the introduction of a weighted graph in Definition 2.9 allows to reformulate the observability
inequality for the solution ¢V in terms of a spectral inequality involving the Laplacian matrix of the graph
(see Def. 2.11). In this way, the observability constant associated with !V is linked to the first strictly positive
eigenvalue of the Laplacian matrix.

Definition 2.9. Let ¢ € Q, an observation domain. We define the weighted graph G (g) as follows:

— Iy given by (2.6) is the set of vertices;
— for every i € Iy, the degree of the vertex i is given by:

aY = Card ({Cf y € Cnla); i € {in(R),in(D}});
— for every i, j € Iy, the weight of the edge linking the vertices ¢ and j is
wl, = wl = Card ({C _y € Cnl@) {3} = lin (), iv(D}})
Definition 2.10. Let ¢ € Q% and let 4, j € Iy be two vertices of the graph Gn(g). We say that there is a path

from i to j in Gn(q) and we denote i X j if the vertices i and j are in the same connected component of G y(q).
In particular, if w]; # 0, then i X j.

We then recall the definition of the Laplacian matrix associated with a graph (see [4, 8]).
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Definition 2.11. Let ¢ € Q%,. The Laplacian matriz associated with the graph Gn(g) (see Def. 2.9) is the
symmetric positive matrix Ay (q) € Man(R) defined by

N
dZy —W_pn 1 TW_ N, —W_nN N
N N
—W__N d2, —W_ 11 —W_y N
An(q) = ) . (2.12)
—w —wi d —wlV
1,-N 1,-1 1 1,N
N N N N
—wl _y o —wh —wh, dy

2N xX2N

ZNl = 0 for every i €
Iy. Indeed, the elementary squares C(J)cfﬁl) such that jny(k) = jn(l) = 7 have their center xf\{cﬁl) € 7Z and,
consequently, cannot be in Qr.

Remark also that the Laplacian matrix Ay (q) of the graph Gn(q) verifies the following property (see [4, 8]):

for every n = (n_n,.., 01,01, -,Mn) € RV,

nTAN(n =D dni = > wlmini = Y e — - (2.13)

i€ly 3,5€lN C(ZYT”ECN(q)

Remark 2.12. Remark that for every ¢ € QZ,, the graph Gxn(¢) has no loop, i.e. w

From now on, we consider that the assumption of Lemma 2.8 holds true, i.e. we take N > 1/e. More precisely,
we fix N the smallest integer strictly greater than 1/e.

Lemma 2.13. Let ¢ € Q%,. Then the associated graph Gn(q) is connected.

Proof. Let i € {1,...,N — 1}. We denote by D;“ the support of the characteristic line "z + ¢t = V", starting
from 2z in the direction of decreasing x and following the laws of geometric optics for its reflection on Y.
Since g € 924, ¢° satisfies the geometric optic condition; consequently, there exists (z*,t*) € ¢° N D;r . From

Lemma 2.8, we have ¢°* C Rn(q), so (z*,t*) belongs to the common side of two elementary squares in Cn(q):
(Gl and €4y with in(k) =1) or  (CYy) and Cff_y, with jn (k) = —i) .

Therefore i ~ i + 1 and, so, the vertices {1,..., N} are in the same connected component.

Similarly, we denote by D; the support of the characteristic line "z — ¢t = V" starting from z¥ in the
direction of increasing x and following the laws of geometric optics for its reflection on Y. Since ¢° satisfies
the geometric optic condition, there exists (z*,t*) € ¢° N D; . From Lemma 2.8, we have ¢° C Rn(g), so (z*,t*)

belongs to the common side of two elementary squares in Cy(q):
(C{Xk) and Off 1) with jx (k) = z) or (C{X,Z) and O _, ;) with jn (k) = fi) .

Therefore —i & — i — 1 and, so, the vertices {—N, ..., —1} are in the same connected component.

It remains to show that the vertices NV and —N belong to the same connected component. We denote by
D;{, the support of the characteristic line “z + ¢ = 2", starting from % in the direction of decreasing x and
following the laws of geometric optics for its reflection on X 7. Since ¢° satisfies the geometric optic condition,
there exists (z*,t*) € ¢° N DY,. From Lemma 2.8, we have ¢° C Ry(q), so (z*,t*) belongs to the common side

of two elementary squares in Cn(q):

(Gl and €4y with in (k) = N) or (Gl and Cf_y with jn(k) = =N ) .
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Hence, N & — N. O

Remark 2.14. A well-known graph theory result (see, for instance, [4], Prop. 1.3.7) states that the graph G (q)
is connected if and only if dim(ker(An(g))) = 1. Moreover, if Gy (g) is connected, then ker(An(q)) = Vect(1an),
where 1o is the vector in R?Y with all its component equal to 1.

Let us denote Ay (g) > 0 the smallest non-zero eigenvalue of the matrix Ay (q). This eigenvalue is known in
graph theory as the algebraic connectivity of the graph. We also define Ay by

Ay = min Ax(g) > 0. (2.14)
q€Q5y

Note that since the set {Gn(q); ¢ € Q54} has a finite number of elements, Ay is well defined.

Step 4 — p-refinement of the graph and connection with the spectrum of the Laplacian matrix.

Definition 2.15. For every p € N*, we denote by C%/(¢) the set formed by the elementary squares associated
with the subdivision S,y and having their interior in Ry (g):

N 2pN
CR(a) = {CP}) € Cony CP ) C Rn(9)}-
We then define the graph G&(¢) following Definition 2.9, substituting N by pN and substituting Cn(g) by

CX () in the definitions of the vertex degrees and the edge weights. Finally, we denote A% (¢) € Mapn(R) the
Laplacian matrix associated with the graph G%(¢). This matrix has the following block form:

d¥\pl, "' _wyN,flJP _wNN,IJP "' _wyN,NJP
N ' N N N
e I O T S A e
N *wl,—NJp e —wy g dp di plp *wl,NJp
N N N . N,
_wN,fNJP T _wN,71Jp _wN,1Jp T dyplp

2pN x2pN

where I,,, J, € M,(R) are respectively the identity matrix and the matrix with all its elements equal to 1.

Definition 2.16. For any i € Z*, we define the set J¥ by

{pi —1)+1,...,pi} ifi>0,
{pi,...,pli+1)—1} ifi<O0.

For every 71 = (N—pN,---sN—1,M1, -, Mpn) € R?PN we check that

A @D = D DD ) — i)

Cﬁyj)GCN(q) i e]? j’EJ?
For any p € N*, the following lemma makes the link between the spectrum of the Laplacian matrix A% (¢)
(see Def. 2.15) and the spectrum of the Laplacian matrix Ay (q) (see Def. 2.11).

Lemma 2.17. Let p € N*. The spectrum of the Laplacian matriz %A’I’V(q) (see (2.15)) is composed of the

spectrum of the Laplacian matriz An(q) (see (2.12)), and the diagonal elements of An(q) repeated p — 1 times.
Moreover, dim(ker(A% (¢))) =1 and ker(AX (¢q)) = Vect(1apn).
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Proof. Let 1= (N—pNy-- 01,71, -, pn) € R?PN . For every i € Iy, we denote by I'; = (ni/)i/ejg € R? and we
group these vectors in the matrix

[ = (T_n|--[T1[0] -+ [Tn) € Myon(R).

In view of (2.15), it follows that

AR (gn=p Y dNT{Ti— > wNrlJ,T;.

i€l i,J€IN

Since J, is a real symmetric matrix, there exists an orthonormal basis (by)1<k<p of RP diagonalizing J,. Let

us denote by = ﬁlp. Then, there exists a diagonal matrix D € M,,(R) and a unitary matrix Q € M,(R) such

that J, = QDQT. These matrices have the following form:

p 0 -~ 0
00 --- 0

D= oL . and Q:(bl“"|bp)po~
00 --- 0

pXp
We also define the matrix U = QTT € M, 2n(R), and denote respectively
Uk’, = (bgl"i)ieﬂN c RQN and U‘,i = (b{ri)lgkgp c RP
the rows and the columns of U. Then, for i, j € Iy, we have
P
I/T, =U%U =Y Uz, and T7J,T;=U%DU ;= pUs Uy,
k=1

The spectrum of the matrix %A’;\, (¢) can now be computed from

1 P

St A (o =Y dYUR = Y wiUnil + ) Y dYUR;

p i€ly i,j€lN k=2 i€ly

p
= Ul An(q)Us. + Y Ul Diag(Ax(q))Us...
k=2

Indeed, the expression above shows that A% (¢) is unitarily similar to the block diagonal matrix

An(q)
Diag(An(q))

Diag(An(q)) 2pN x2pN

Step 5 — Uniform observability for the solution ¢ associated with (¢}, p1’) w.r.t. ¢ € O2,.
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Let N be the smallest integer strictly greater than e ~'. We prove an observability inequality for the function
N given by (2.10) and associated with the initial datum (', ') defined in (2.2)-(2.3).
In view of Lemma 2.4, the function (¢¥)? is constant on each elementary square C’(J;' ;) i Cn:

1
N\2 N N 2
(W)l =7 0ine = i)™

where *yﬁr(i) is given by (2.7) and jy by (2.5). In view of the definition of the set Ry (q) (see (2.11)), we can
estimate from below the L?(g)-norm of ¢¥ as follows:

[ler= [ = 3 [ e

O €en(a) (i.9)

1 N v
T 8N? > (e )™ (2.17)
C(ﬁ],j)ECN(Q)

In the previous equality, we used that the area of every elementary square in Cy is equal to ﬁ Combining
(2.17) with the relation (2.13), we obtain

J[@F7 = g™ axtan®. (2.15)

with YV = (vMy, oo, VLY, AN) € R2Y and 4 given by (2.7).
It is easy to see that vV € ker(An(q))*. Indeed, applying Lemma 2.13, the graph Gx(q) is connected. Then,

from Remark 2.14, we have ker(Ay(q)) = Vect(1ay) and, since oY = oY, and BN = —3%,, the vector 7V
verifies
N
(M) oy =) A =23 o =0.
i€ly i=1

Then, using Ay defined in (2.14), it follows that

N
(M An(@y™ = an Y ()2 =22 Y ()2 + (8Y)?)
i=1

i€ln

= 2w (Il 13300 + I 132y - (2.19)

From (2.18) and (2.19), we deduce the following observability inequality:
4N
It e < SN e,

where the constant % is independent of the domain ¢ and the initial datum (g, ¢1).

Step 6 — Uniform observability for the solution PV associated with (<p€N, PNy wrt. g € Q¢ and p € N*.

The next step consists in obtaining a uniform observability inequality for an initial datum (gpgN, cprN) of the
form (2.2)~(2.3) with respect to ¢ € Q2 and p € N*. As in the previous step, we get that (©?")? is constant



OPTIMIZATION OF NON-CYLINDRICAL DOMAINS 13

on every elementary square C’Z],Vj,) € Cpn:

1
pIN _ pN 2
(Sot ) ‘C(p]/vJ/) - Z(/yij(i ") ’y*]pN(] ))
where ©PV is the solution of (1.3) associated with the initial datum (8", @?™) given by (2.2)-(2.3), and viivv(i,)
is defined by (2.7).
Then, remark that every elementary square C’N ) € Cy is the union of p? elementary squares in C,y, or more
precisely that

C(Ni»j): U U CZ,J,) Vi,jGZ*.

i'ely j' el

Using the above expression in the evaluation of the L?(g)-norm of ¢V N, we have

(9f™)? = CHE DY ey
q Ry (q) ch .

c(f\[ ;HECN (@) (i,4)
- Y [ @y
pN
o, een(g)irel? jrert Y O n

(4,4

1
= 8p2N? Z ZZ ijzvv( VIi];VPN(J))Z

C(l HECN(a) 'ely §ely

L (/N7 A, (g)y?N. (2.20)

~ 8p2N2

Since Gy (q) is a connected graph, the degree d¥ of every vertex i € Iy verifies d¥ > 1. Applying Lemma 2.17,
the smallest non-zero eigenvalue \Y(¢) of %Aﬁ’\, (q) verifies

XX (¢) = min(An(q), m]%n dN) > min(\y, 1) > 0.
1€ln

The vector vPV = (’yf’,N)ifeﬂpN belongs to ker(A% (¢q))*. Indeed,
pN
(’YPNT12N Z’Y —220@1\[:0
i/ €l,N i'=1

Setting Ay = min(Ay, 1), it follows that

pN
LN AR (g1 2 A 30 (2 = 28 Y ()7 + (82?)
i'=1

p i/E]IpN

N N N
= 20N (168" Wy + 16 2oy ) -
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Consequently, combining the above relation with (2.20), we obtain the following observability inequality:
4N
N pN N
(et IR < =l 1724 (2.21)
N

where the constant %—N is independent of the domain ¢, the initial datum (g, 1) and the integer p.
N

Step 7 — Passing to the limit p — oo and conclusion.

In order to finish the proof, we pass to the limit when p — oo in the observability inequality (2.21). We easily
check that as p tends to oo,

<pgN — @y in Hé(Q) and <p]1)N — @1 in LQ(Q).

Moreover, since the solution ¢ of the wave equation (1.3) depends continuously on its initial condition (¢g, p1) €
V, we can write

oY = ¢ in L*(0,T; L*(Q)).
Eventually, passing to the limit in (2.21), we get

4N

It o0l < max {48, T Il ¥lniin) € V.

which concludes the proof with C% . = max {4N7 i—N} We recall that N depends on ¢ by the condition N > 1/e.
N

Remark 2.18. Let ¢ C Q7 be a finite union of open sets. If ¢ verifies the usual geometric optic condition, there
exists € > 0 small enough such that ¢° still verifies the geometric optic condition. We then set N = |1/e| +1. The
associated graph Gn(q) being connected, there exists a relation (see, for instance, [22]) between the algebraic
connectivity Ay (g), the number of vertices Ny and the diameter D¢ of the graph. More precisely, we have
An(q) > Nv4Dc;’ Since in our case Ny = 2N and D¢ < 2N, we deduce that Ay(g) > = and therefore that
Cobs(q) < 4N3. Thus, in the worst situation, we could have an observability constant of order 1/e3. If we see
€ as a measure of the “thickness” of the observation domain ¢, we get the same estimate of the observability
constant as the one given in Proposition 2.1 of [29].

2.2. One explicit example

We illustrate the proof of Theorem 2.1 on a simple example for which the observation domain ¢ depicted in
Figure 3 (colored in red) is well adapted to the subdivision Sy. The study of this example is also the opportunity
to develop a method for the computation of the observability constant for observation domains which are exactly
the union of elementary squares associated with a given subdivision Sy, for a fixed integer N > 0.

We start by enumerating the elementary squares composing the observation domain q. In Table 1, we list,
for i,j € Z*, the elementary squares Cé’j) included in ¢ and the values of the indices j4(i) and —j4(j), allowing

to compute the Laplacian matrix A4(q) associated with the corresponding graph G4(q).
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r'=2 SO X
0’0’:

FIGURE 3. Observation domain ¢ adapted to Sy.

TABLE 1. Elementary squares associated with Sy and belonging to C4(q).

Chy @) —a() Chyy 3@ —ia() Chy 4@ —ia(l)
szl) 2 -1 Ci‘i’*” -3 1 C§9’74) 1 4
Cloy 2 L Chy 2 1 Gy -l
&3’1) 3 -1 Ef**l) —2 1 &9’75) 1 —4
Cgl?”_l) 3 1 &8,_1) -1 1 0518’_6) -1 -3
&4’1) 4 -1 g8,72) -1 2 0&9,—6) 1 -3
E14’_1) 4 1 &9,_2) 1 2 518,—7) -1 —2
&571) —4 -1 gl&iS) -1 3 (9,-7) 1 -2
CEL57_1) —4 1 9_3) 1 3
(6.1) -3 -1 (8,—4) -1 4
The Laplacian matrix associated with the graph G4(q) is given by
4 0 0o -2 -2 0 0 0
0 4 0o -2 -2 0 0 0
0 0 4 -2 =2 0 0 0
-2 -2 -2 13 -1 -2 -2 =2
Ad=| 5 5 9 1 13 -2 —2 -2
0 0 0 -2 -2 4 0 0
0 0 0o -2 -2 0 4 0
0o 0 0 -2 -2 0 0 4]

The spectrum of A4(q) can be explicitly computed:
Sp(A4(q)) ={0,4,4,4,4,4,14,16}.

It confirms that the kernel of A4(q) is one-dimensional — therefore G4(q) is connected — and implies that the
smallest non-zero eigenvalue of A4(q) is A4(gq) = 4. If we replace the subdivision S4 by the subdivision Sy, for
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0p

—2J,

—2J,

0p

OP

0, 4pl, 0, -2J, —-2J, 0, 0, 0,

0, 0, 4p, —2J, —2J, 0, 0, 0,

g = | 2 e 2 Bl gy <20 220, -2J,
—2J, —2J, -2J, —J, 13pl, —2J, —2J, —2J,

0, 0, 0, —2J, —2J, 4pl, 0, 0,

0, 0, 0, -2J, —-2J, 0, 4pI, 0,

0o, 0, 0, —2J, =2J, 0, 0, 4pI,

any p € N* then the Laplacian matrix associated with the graph G%(q) is the following one:

8pXx8p

According to Lemma 2.17, the smallest non-zero eigenvalue of %AZ(q) is given by
Xi(g) = min(As(q), mindf) = min(4,4) = 4.
1ely

Consequently, the observability constant associated with the observation domain ¢ depicted in Figure 3 is given
by

C'obs (Q) =

2.3. A corollary

We prove a uniform observability inequality for the observation domains g, defined in (1.9), with v € Gaq
(see (1.10)), which will be used in the next section.

Corollary 2.19. Let T > 2. There exists a constant Cops > 0 such that for every v € Gaq,

1o, o)l < Consll@lliagg,), Vw0, 1) € W,

where @ is the solution of the wave equation (1.3) associated with the initial condition (pg, p1)-

Proof. We show that for any € > 0 small enough, {g,; v € Gaa} C Q4. Let v € Goq. We introduce the sets
Ty = {(y(t)£0,t); t € [0,T]}, T = {(v(t) £%2,%); t € [0,7]} and Q% = Q x (¢,T —¢). 7 being a M-Lipschitz
curve, we can show that

~ (50
dT4,T4) > ——m—.
T Te) = S Ar
Then, for ¢ < #IOQH’ we have ¢, N Q7 C ¢, with the observation domain ¢, defined as in (1.9) with a

half-width of §p/2. The domain g, N Q5 verifies the geometric optic condition because dp < v < 1 —dp and
T —2¢ > 2(1 — §p). Consequently, g, also verifies the geometric optic condition and ¢, € Qg 4. We conclude the

proof by noticing that the constant Ngﬁ is independent of the choice of .

Finally, the observability inequality follows from Theorem 2.1 with Cops = C5, for any € < 3 \/]@“27“. We
conclude the proof by noticing that the constant ”‘Zﬁ is independent of the choice of ~. O

We end this section by emphasizing the role of the bound M on the derivative of the curve « introduced in
the set Gaq, namely ||7| 0,7y < M. As can be seen in the previous proof, if M goes to infinity, then e goes
to zero, and consequently, in view of Remark 2.18, the constant CS, . blows up. This is illustrated in Figure 4
where a ray starting from the point (%, 0) only intersects the control region on a narrow part corresponding to
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0.5 1 -

0 0.5 1
x
FIGURE 4. Ray intersecting a narrow part (in the neighborhood of the point (1/2,1)) of the

control region corresponding to a large slope of ~.

a large slope of . Any initial condition generating a solution localized around such ray leads to an arbitrarily
large cost of control. The constraint on the slope of v has been introduced to avoid this phenomenon.
3. OPTIMIZATION OF THE SHAPE OF THE CONTROL DOMAIN
In this section, we study the problem of finding the optimal shape and position of the control domain, for a

given initial condition (yg,y1) € V.

3.1. Existence of an optimal domain

In order to obtain a well-posedness result, we consider a variant of the optimal problem (1.11) and replace
the characteristic function 1, in (1.1) by a regular function in space. More precisely, we fix § € (0,dy) and, for
every v € Gaa, we define x,(z,t) = x(z — y(t)), with x : R — [0,1] a C! even function such that

1 if z € (=dp + 6,09 — 0),
x(z)=4 0 if ¢ (=0, d0), (3.1)
€ (0,1) otherwise.

In the sequel, we also use the function x/, defined by X/ (z,t) = x'(x — 7(t)). In this new setting, the HUM
control now lives in the weighted space

L3(4y) = L*(gyi x+) = {v gy = R // vixy < +00} :
v

Moreover, we can adapt the uniform observability inequality given in Corollary 2.19. For T > 2, there exists a
constant Cyps > 0 such that for every v € G.q,

10, 21) IRy < Consll@lliz g, (%0, 1) €W, (3:2)

where ¢ is the solution of (1.3) associated with the initial condition (¢g, ¢1).
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Then, our optimization problem reads as follows: for a given initial datum (yo,y1) € V, solve

it J0) =lolzy = [[ ¢ (33)
q

YEGad y

where v is the control of minimal Li—norm distributed over ¢, C Qr, and ¢ is the associated adjoint state
such that v = ¢|, . This adjoint state can be characterized using the HUM method, it is the solution of (1.3)
associated with the minimum (g, ¢1) of the conjugate functional

1
T (w0, ¢1) = 3 // Xy — (1, ¥0) 1), () F (R0, Y1) L2()s V(0,61) € W. (3.4)
q

~

To show the well-posedness of (3.3), we follow the steps of Theorem 2.1 in [29]. We start with a convergence
result on the function x,.

Lemma 3.1. Let (Yn)n>0 C Gaa and ¥ € Gag. If vn — v in L*=(0,T), then x~, — X~ in L=(Qr).

Proof. 1t is a direct consequence of the inequality ||x~, — X~ llz=(@r) < X |2 @) I7n = Yl (0,7)- O
We then have that the following continuity result.

Proposition 3.2. The cost J is continuous over Gaq for the norm L>=(0,T).

Proof. Let (Yn)n>0 C Gad and vy € Gaq such that v, — v in L>(0,7) as n — oo.
For any n € N, we denote (¢f,¢}7) € W the minimum of J.., and " the corresponding solution of (1.3).
Using the uniform observability inequality (3.2) and the optimality condition of J7 , it follows that

I8 e < Com [ (0735, = Cone (167 w0) 111,y — (10)12)
II’Yn
< Conall(28 1) Il (0 )l

leading to the uniform bound ||(¢f, ¥T)llw < Cobsl|(¥o,y1)||v. Consequently, there exist two functions ¢g €
L2(Q) and 1 € H~(Q) such that, up to a subsequence, as n — oo

o — o weakly in L*(Q) and ¢} — ¢; weakly in H™1(Q).

From the continuous dependence of the solution of the wave equation with respect to the initial condition, it
follows

©" — ¢ weakly in L?(0,T; L*(Q)),

where ¢ is the solution of (1.3) associated with (o, ¢1).
Let ¢ € L2(0,T; L*(€2)). We then have

/QT V" Xy, = / o V" Xy + / o V" (X, — Xy) = //QT PO

Indeed, we can take the weak limit in the first term because ¥x, € L?(0,T; L?(2)). Using Lemma 3.1 and the
boundedness of (¢"),>0 in L?(0,T; L*()), the second term converges to 0 in view of the estimate

< 1llzzce2y 1™ L2 22y 1Xyn — XAl Lo (@) -

‘ / Y™ (Xyn — Xvy)
Qr



OPTIMIZATION OF NON-CYLINDRICAL DOMAINS 19
Consequently, we obtain the convergence
©" X, — @X, weakly in L?(0,T; L*(2)).

Let now (¢g,%1) € W and ¢ the corresponding solution of (1.3). Taking the weak limit in the optimality

condition
// Yo" Xy, = (V1,90 g1 13 — / Yoy,
. Q

we find
/ VoXy = (Y1.Y0) g1, 151 — / Yoy -
q~ Q

This means that (¢o, 1) is the minimum of 7. Besides, we remark that this property uniquely characterizes
the weak limit of any subsequence of (¢f, ¢T). This implies that the whole sequence (¢f, ¢7) weakly converges.
The continuity of J is finally obtained by taking the weak limit in the optimality condition

// (Sﬁn)QXvn = <Q0?7y0>H*1,H§ */Q%Lyl — <§017y0>H*1,H§ - /Qsﬁoyl = // 902Xv-
Ay q

~

The continuity of J then allows to show that the extremal problem (3.3) is well-posed.
Proposition 3.3. The cost J reaches its minimum over G.q.

Proof. The cost J being bounded from below, there exists a minimizing sequence (¥, )n>0 C Gad- By definition of
Gad, this sequence is bounded in W1°°(0, T'). Moreover, since W1°°(0, T) is compactly embedded in L°°(0,T),
there exists a curve v € L*(0,T) such that, up to a subsequence, v, — v in L*°(0,T). From the definition
of Gaq, all the curves =, are M-Lipschitz, with M independent of n. So, taking the pointwise limit in the
expressions

Y (t) =y (s)] < Mt = 5|, Vi,s €[0,T],
do S'Yn(t) <1-—dyp, Vit € [O,T],

we notice that v € Gaq. Finally, using Proposition 3.2, we obtain J(v,) — J(y) = infg,, J which means that -y
is a minimum of J over G,q. O

It follows in particular from Proposition 3.2 that the optimal cost J(7*) = inf,eg,, J(7) is stable with respect
to the initial datum (yo,y1) € V in the following sense: J(v*) < Cobsl| (0, y1)||%,, where Cops is the observability
constant appearing in Corollary 2.19. However, we highlight that the optimal curve v* does not vary continuously
with respect to (yo,y1) (see Sect. 4.1).

Remark 3.4. We emphasize that the functional J may have several global minima. Indeed, if the initial
datum (yo,y1) € V is such that yo(z) = —yo(1 — ), y1(z) = 0 for = € €, there are examples (see [29] and
example (EX1) in Sect. 4.1) where the optimal domain is not the cylinder centered at = = % Hence, if v* is
an optimal curve for J corresponding to this initial datum, from symmetry arguments, the curve 1 — ~v* is also
optimal.



20 A. BOTTOIS ET AL.

3.2. First directional derivative of the cost J

We now give the expression of the directional derivative of the cost J.

Definition 3.5. Let v,57 € WH>°(0,T), with 6y < v < 1 — §g. The perturbation ¥ is said admissible if and only
if for any 1 > 0 small enough, the perturbed curve v, = v + 77 verifies o < v, <1 — do.

Lemma 3.6. Let x € C*(R) and v,5 € WH>°(0,T), with 69 < v < 1— 8. For any n > 0, we define the
perturbed curve v, = v+ ny. Taking n — 0, we then have

Xy, — X .,
S ST Ay, in L(Qr).

Proof. 1t is a direct consequence the inequality

2
_ n _
D = X3 + 17X @) < S IX e @) [T 0,1)-
O

Proposition 3.7. Let x € C*(R) and v,5 € WH>(0,T), with o < v < 1— . For any n > 0, we define the
perturbed curve v, = v+ n7y. If ¥ is an admissible perturbation, then the directional derivative of J at 7y in the
direction 3, denoted by dJ(~;7), reads

_J(y) =T r_
dJ(7;7)=hmM=/ V/szx'w
0

n—0 n

where ¢ is the solution of (1.3) associated with the minimum (po,p1) of T

Proof. For n > 0 small enough, we denote by (¢(, ¢]) the minimum of ‘7;7], and " the corresponding solution
of (1.3). Similarly, we denote by (4o, »1) the minimum of 7, and ¢ the corresponding solution of (1.3). Using
the optimality conditions of ‘7‘;7 and j; , We can write

T =36 = | / @ - / / #xs

,
= <<907177y0>H1,H3 —/ @83/1) - <<<P1,Z/0>H1,H3 —/ <P0y1>
Q Q
:// ‘PTI‘PXW_// 0P, = —// O"O(Xy, — XA )-
vy vy T

Arguing as in the proof of Proposition 3.2, we can show that o7 — ¢ weakly in L?(0,T; L?(2)). As a result, we

have
J(vm) — J(y _ Xy = Xy | _
Jm) = I(0) ():// cp”sovx;—// w”w(” ”+7x§>
77 T QT T]

T
—>// ¢27X9=/ V/ X,
T 0 Q
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Indeed, we can take the weak limit in the first term since pJx/, € L?(0,T; L?(Q)). Moreover, using Lemma 3.6
and the boundedness of (¢"),>¢ in L?(0,T; L?(£2)), the second term converges to 0 in view of the estimate

Xym — X _
oo (22 )| < el ez
T

’X'vn_Xv —

O

Remark 3.8. We emphasize that the expression of the directional derivative dJ(v;7%) does not involve the
solution of an adjoint boundary value problem. This is due to the fact that the curve -, argument of the cost
J, is associated with the control of minimal L?(g,)-norm. We refer to the proof of Theorem 2.3 in [23] for more
details.

3.3. Regularization and Gradient algorithm

At the practical level, in order to solve the optimal problem (3.3) numerically, we need to handle the Lipschitz
constraint included in G,q. In this respect, we add a regularizing term to the cost J in order to keep the derivative
of ~ uniformly bounded. The optimization problem is now the following one: for € > 0 fixed, solve

. €
min Je(v) =J(v) + *||7/||2L2(0,T)'
yEW °°(0,T) 2

00<y<1-4¢

The regularization parameter €, which can be compared to the Lipschitz constant M in the definition of G,q,
controls the speed of variation of the curves v € W1°°(0,T).

We fix v € W1°°(0,T) such that 6y < v < 1 — Jy. Using Proposition 3.7, for any admissible perturbation
7 € W1o°(0,T), a direct calculation provides the expression of the directional derivative of J.

T
dJe(v;7) = dJ(%;7) + € / Y7 = Gy, 201y + €Y7 ) 20,1
0
with
30 = [ Fatpgade, vee o)

In the expression of j,, the function ¢ is the solution of (1.3) associated with the minimum (¢o, 1) of J.
Consequently, a minimizing sequence (v, )nen for Je is defined as follows:

{ Yo given in H'(0,T),
Yn+1 = Psg1-50) (v — p35,), forn >0,

where Pys, 1—5,] is the pointwise projection in the interval [§o, 1 — do], p > 0 a descent step-size and j € H'(0,T)
is the solution of the variational formulation

(S AW rzom + €S 2,y = Gy V2o + €Vn VL2, V7 € HY(0,T). (3.5)

This implies that dJe(vn: 5, ) = 135, 1720, + €li5o 120y = O-

Remark 3.9. For simplicity, we have relaxed here the constraint ||y'[| o (0,7) < M appearing in the set Gaq (see
(1.10)) through the regularization term %Hv’H%Q(O,T), with € > 0. We may instead consider the term §||W"||%2(07T)
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ensuring that [|7/[| s (o, < Me, with M, = O(e™!). Our numerical experiments — some of them discussed in
the next section — suggest that this later possibility is not necessary.

4. NUMERICAL EXPERIMENTS

Before presenting some numerical experiments, let us briefly mention some aspects of the resolution of the
underlying discretized problem.

— The discretization of the curve « is performed as follows. For any fixed integer A > 0, we denote 6t = T/N
and define the uniform subdivision {t;};=o,... o of [0, T] with ¢; = idt. We then approximate the curve 7 in the
space of dimension N + 1

Pyt = {7 € C([0,T); Y|pt,_, 1) affine, Vi e {1,... ,J\/}}

For any v € P9, v = Zﬁo YL with (v)o<icn € QNFL where (L9%)g<i<p is the usual Lagrange basis.
Consequently, v is defined by the A’ + 1 points (7%, ;) €  x [0, T]. The knowledge of the initial curve v, € P$*
such that 6y < 79 < 1 — §p determines such points and then a triangular mesh of Q1. At each iteration n > 0,
these points are updated along the z-axis according to the pointwise time descent direction j5, € H L(0,T) (see
(3.5)) as follows:

x?“ = P[5071—50] (I;ﬂ B p]f/n (t;n))’ tzT'H_l = t?7 Vi = Oa e 7N+ 1.

We emphasize that a re-meshing of Q) is performed at each iteration n according to the set of points
(@i 1 )i=0, N41-

Remark that, for a fixed value of AV, the curves v € P§" are uniformly Lipschitz with constant M = 4, as
required in G,q.

— Each iteration of the algorithm requires the numerical approximation of the control of minimal LQ(q%)—norm
for the initial datum (yo,y1) € V. We use the space-time method described in Sections 3—4 of [6], which is very
well-adapted to the description of v embedded in a space-time mesh of Q7. The minimization of the conjugate
functional J* (see (3.4)) with respect to (o, 1) € W is replaced by the search of the unique saddle-point of
the Lagrangian £ : Z x L?(0,T; H}(€2)) — R defined by

1 T
L(p,y) = §||<P\|%2(q%) —/0 (Lo, y)r—1().mi ) + (pt(40),90) m-1(0),m2 Q) — (©(0), Y1) L2(0)5

with Z = C([0,T]; L*(Q)) N C*([0, T); H~1(2)). The corresponding mixed formulation is solved with a conformal
space-time finite element method, while a direct method is used to invert the discrete matrix. The interesting
feature of the method, for which the adaptation of the mesh is very simple to handle, is that only a small part
of the matrix — corresponding to the term ||¢||2. () 18 modified between two consecutive iterations n and
n + 1. Moreover, this space-time framework leads to strong convergent approximations of the control as the
fineness of the mesh goes to zero. We refer to [6] for more details.

4.1. Numerical illustrations

We discuss several experiments performed with FreeFEM++ (see [14]) for various initial data and control
domains. We notably use an UMFPACK type solver.
We denote in this section by J* and d.J a numerical approximation of J,(v,) and d.J(+,) respectively.



OPTIMIZATION OF NON-CYLINDRICAL DOMAINS 23

TABLE 2. (EX1) — Number of iterations, optimal value of the functional .J. and performance
index, for the initial curves (7§)ie{1,2,3} given by (4.1).

Initial curve o V2 3
Number of iterations 33 33 84
Je(Yopt) 47.09 47.09 47.93
II(Yopt) -0.32% —-0.32% —2.11%

We fix §p = 0.15 and § = §y/4. Moreover, according to (3.1), we define the function y € C?(R) in [§p — 6, §o] as
the unique polynomial of degree 5 such that x(dg — &) = 1, x(do) = x’'(do — ) = X' (do) = X" (00 — &) = x"(d0) =0
and vanishing on R\ [dg — 0, dg].

Concerning the stopping criterion for the descent algorithm, we observed that the usual one based on the
relative quantity |J" — J*~1|/JY is inefficient because too noisy. This is due to the uncertainty on the numerical
computation of the adjoint state ¢ and the perturbation jS . Consequently, in order to better capture the
variations of the sequence (J"),en, we replace J* and J"~! by the right and left p-point average respectively

€
leading to the stopping criterion

1 wntp—1 g4 1 yn—1 i
D Zi:n Je ) Zi:n—p ‘]e
JO

€

AJl = <mn, forpée N* fixed.

In the sequel, we fix p = 10 and = 1073,

Furthermore, in order to measure the gain obtained by using non-cylindrical control domains rather than
cylindrical ones, we introduce a performance index associated with each optimal curves 7op¢: identifying any
constant curve y = xo with its value zg € [0g, 1 — o], we compute the minimal cost ming, Je(zo) for cylindrical
domains; the performance index of y,pt is then defined as follows:

Je(’yo t)
(Yept) = 100 (1 — —2°22 )
(Yopt) ( ming, Je(zo)
In the sequel, in practice, the minimum of J. with respect to zy is searched among 13 distinct values
equi-distributed between 0.2 and 0.8.

— We first consider the regular initial datum (yo,y1) given by
yo(x) =sin(2rx), w1(z) =0, for x € (0,1) (EX1)

and T =2, e = 1072, p = 10~*. We initialize the descent algorithm with the following three initial curves:

W =2 B =2 A0 =L+ cos (ﬁ) . forte(0,). (4.1)
The corresponding initial and optimal domains are depicted in Figure 5 together with typical space-time meshes.
The numbers of iterations until convergence, the values of the functional J. evaluated at the optimal curve yops
and the performance indices of y,p¢ are listed in Table 2.

In Figure 5, we observe that the optimal domain computed by the algorithm depends on the chosen initial
domain. This indicates that the functional J. have several local minima. Moreover, one can show that, among
the cylindrical domains, there are two optimal values, g = 1/4 and xg = 3/4, leading to J.(xo) =~ 46.94. These

values correspond to the extrema of the function x — sin(27x), = € [0,1]. The simulations associated with
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2 1 - 2 1 - 2 1

1.5 7 - 1.5 1 B 1.5 7

FIGURE 6. (EX1) — Isovalues of the adjoint states ¢ computed for the optimal domains
obtained for the initial curves (7()ie{1,2,3} given by (4.1) (from left to right) and for the initial
datum (EX1).

200 200
o000 o006 oo o,
150 1 150 1
= =
B 1007 B 1007
~ ~
50 1 —_— 50 q m— e—————
0.1 0.2 03 04 05 06 0.7 08 0.9 0.1 02 03 04 05 06 0.7 08 0.9
Lo Lo

FIGURE 7. Values of J, for constant curves v = ¢ (o), for the initial datum (EX1) (left) and
(EX2) (right). The dashed line (- -) represents the value of J(7opt), for the initial curves

Yo = 2/5 (left) and vo = 1/2 (right).

— We now consider the initial datum (yo,y1) given by
yo(z) = (10z — 4)*(102 — 6)*L(g.4,0.6)(z), y1(z) = y)(x), for z € (0,1). (EX2)
As can be seen in Figure 9—3, this initial condition, plotted in Figure 8, generates a travelling wave.

For T =2, e = 1072 and p = 10~%, we initialize the descent algorithm with the curve vy = 1/2. The con-
vergence is reached after 68 iterations and the optimal cost is Je(7opt) ~ 48.70. Moreover, the minimal cost
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07 : : : _90 : : :
0 0.25 0.5 0.75 1 0 0.25 0.5 0.75 1
X X
FIGURE 8. Initial datum (yo,y1) defined in (EX2).
2 1 \ - 2 1 i 21 - 2] r
1.5 1 E 15 ] - L5 F 15 -
t 11 FoLo1 - b1 RS -
0.5 1 r 051 = B 0.5 3 0.5 1 I
01 \ - 01 \ - 01 - 01 -
0 0.5 1 0 0.5 1 0 0.5 1 0 0.5 1
x x x T

FIGURE 9. (EX2) — From left to right, optimal control domain, isovalues of the corresponding
adjoint state ¢, isovalues of the uncontrolled and controlled wave over the optimal domain, for
the initial curve y9 = 1/2.

for cylindrical domains is ming, Je(z¢) ~ 179.22 leading to a performance index II(vopt) &~ 72.83%. The non-
cylindrical setup is in that case much more efficient that the cylindrical one. This is due to the fact that the
domains we consider can follow very closely the propagation of the travelling wave. This can be noticed in
Figure 9, where we display the optimal control domain, the corresponding adjoint state ¢, the uncontrolled and
controlled solutions over the optimal domain.

The evolution of the cost J!' and the derivative dJ* with respect to n are displayed in Figure 10. Figure 7-
Right depicts the values of the functional J, for the constant curves v = x( used to determine the best cylindrical
domain and highlights the low variation of the cost with respect to the position of such domains.

This second example allows to emphasize the sensitivity of the optimal curve with respect to the initial
condition. For any &, consider the initial condition (y3,$) = (yo,v1) + 6(wo, w1), where (yo,y1) is given by
(EX2) and supported in the interval [0.4,0.6], and where (wg, w;) is any initial condition supported for instance
in [0.8,0.9]. For 6 =0 and any T' > 0, the optimal curve y,p follows the travelling wave starting in the interval
[0.4,0.6]. On the other hand, for any § # 0, the optimal curve vgpt will also have to cross the travelling waves
generated by the initial condition (wg,w;) starting in [0.8,0.9]. If the controllability time 7T is small enough,
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F1Gure 10. (EX2) — Evolution of the cost J* (left) and the derivative dJI* (right) for the
initial curve yo = 1/2.

TABLE 3. (EX3) — Evolution of the optimal cost J.(Yopt) W.r.t. the controllability time T'.

T 2 1.5 1 05
Je(Topt) 41.02 58.02 9478 239

these additional travelling waves remain far from the initial wave. It follows that, for any ¢ # 0, the resulting
optimal curve Vgpt will be not arbitrarily close to yopt.

— We now consider the initial datum (yo,y1) given by
yo(z) = (10z — 4)*(102 — 6)* 19 40.6(z), w1(z) =0, for z € (0,1). (EX3)

This initial condition generates two waves travelling waves in opposite directions, as can be seen in Figure 11.3.
For T =2, e=10"% and p = 10~%, we initialize the algorithm with the initial curve vy = 1/2. The convergence
is observed after 111 iterations leading to Je(Yopt) ~ 41.02. Moreover, the minimal cost for cylindrical domains
is ming, Je(zo) ~ 85.08 leading to a performance index II(yopt) = 51.79%. Once again, our non-cylindrical setup
is much more efficient than the cylindrical one. It is still due to the fact that the domains we consider can follow
the propagation of the travelling waves. This can be noticed in Figure 11, where we display the optimal control
domain, the corresponding adjoint state ¢, the uncontrolled and the controlled wave over the optimal domain.

In order to emphasize the influence of the controllability time on the optimal domain, for € = 1072 and
70 = 1/2, we use the descent algorithm with 7' =1 and p = 2.5 x 1075, initialized with the curve y9 = 1/2.
Remark that the corresponding domain satisfies the geometric optic condition. The convergence is observed
after 213 iterations and the optimal cost is Je(Yopt) & 94.78. Moreover, the minimal cost for cylindrical domains
is ming, Je(zo) &~ 183.98 and the performance index is II(7opt) & 48.48%. Observe that the cylindrical domains
associated with xg ¢ (0.25,0.75) do not verify the geometric optic condition. This highlights the necessity to use
non-cylindrical domains. Compared to the simulation for 7' = 2, the optimal cost increases by a factor around
2.3. Figure 12 displays the optimal control domain, the corresponding adjoint state ¢, the uncontrolled and
controlled wave over the optimal domain. We remark that the projection of the optimal domain on the z-axis
covers the whole domain €, in contrast with the domain associated with T = 2.

In Table 3, we illustrate the influence of the controllability time T on the optimal cost Je(Yopt). More exactly,
we remark that the cost is of order O(T~127).
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FIGURE 11. (EX3) — From left to right, optimal control domain, isovalues of the corresponding
adjoint state ¢, isovalues of the uncontrolled and controlled wave over the optimal domain, for
T = 2, for the initial curve vy = 1/2.
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FIGURE 12. (EX3) — From left to right, optimal control domain, isovalues of the corresponding
adjoint state ¢, isovalues of the uncontrolled and controlled wave over the optimal domain, for
T =1, for the initial curve vy = 1/2.

— Eventually, in order to highlight the influence of the regularization parameter ¢ on the optimal domain, we
now consider the initial datum (yo,y1) given by

3z if0<az<1/3,
yo(z) =< 3(1—-2z) if1/3<2<2/3, wyi(z)=0, for x € (0,1). (EX4)
-3(1—2) if2/3<x<1,

For T = 2 and p = 10~°, we initialize the descent algorithm with the curve v = 1/2 and consider ¢ = 102 and
€ = 0. The numbers of iterations until convergence, the values of the functional J. evaluated at the optimal
curve Yopt and the performance indices of 7opy are listed in Table 4. For the initial datum (EX4), the minimal
cost for cylindrical domains is min,, Je(xo) ~= 47.71.

In Figure 13, we clearly see the regularizing effect of € and the need of regularization in this case, as the
optimal domain obtained when € = 0 is very oscillating. Actually, since the initial position yy is supported on
the whole domain, the corresponding uncontrolled solution is not localized on a small part of Q7 (in contrast
for instance to the second example, see (EX2)). The optimal domain is very likely composed of many parts
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TABLE 4. (EX4) — Number of iterations, optimal value of the functional J. and performance
index, for € € {0,1072}, for the initial curve vy = 1/2.

€ 0 1072
Number of iterations 247 389
Je(Yopt) 60.35 43.23
I (Yopt) —26.51%  9.38%
2 i 1 1 1 | 2 i L 1 L | 1 1 L L 1 L
| @S

1.5 1 3

\’/./f:
»

FIGURE 13. (EX4) — Optimal control domain and isovalues of the adjoint state for e = 1072
(left), € = 0 (right), for the initial curve vy = 1/2.

distributed in Q7 leading an homogenization phenomenon. Consequently, when ¢ = 0, the algorithm tends to
reach these parts leads to large oscillations of the curve . The e-term aims to reduces these oscillation by
imposing regularity property of the curves v describing the domains ¢,. In this topic, we refer to the seminal
work of Chenais [7]. Let us also mention that a well posedness result is achieved in [29] by introducing a
relaxation of the problem 1.4, i.e. by replacing characteristic functions by densities (see also [26] in the context
of stabilization of the wave equation).

4.2. Approximation of the observability constant by an iterative method

In this last part, we formally describe and use an algorithm allowing to approximate the observability constant
appearing in (1.2), associated with any domain ¢ C Q7. The algorithm is based on the following characterization:

RAgyo,yo)v

Cons(q) = sup % (4.2)

YoEV llyoll3

where A, and R are respectively the control operator associated with the domain ¢ and the duality operator
between the space W and V:

A { vV - W R-{ w — A%
. Py " (w0, e1) = ((=02) M1, —¢o)
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FIGURE 14. Most expensive initial data yo (left) and y; (right) to be controlled.

In the definition of Ay, $y € W is the minimum of the functional J* (see (3.4)) associated with yo € V. The
characterization (4.2) can be obtained by following the steps of Section 2 in [25] and Remark 2.98 in [10].
The main consequence of this characterization is that Cyps(g) can be viewed as the largest eigenvalue of the
operator RA, in V. Consequently, we can formally adapt the power iteration method to our infinite-dimensional
setting. The algorithm reads as follows. Let y§ € V be given such that |lyJ|[v = 1. For n > 0, using the space-
time finite element method described in Section 3-4 of [6], we compute @y = A,y§ then set z{ = Rp( and
yott =23 /|28 ||v. We finally have Cops(q) = lim,, o ||28||v while yj converges in V to the most expensive
initial datum to control. For the control domain of Figure 3, this algorithm initialized with y§ = K (z(1 — z),0),
K such that [|y}|lv = 1, produces the following sequence {||z§|v}n>0 = {2.689,3.829,3.981,3.994,3.997, - - - }
converging toward the value 4, in agreement with the result of Section 2.2 based on a graph argument. The
most expensive initial datum to be controlled is displayed in Figure 14. Remark that the initial datum solution
of (4.2) is not unique.

5. CONCLUSION AND PERSPECTIVES

Making use of the d’Alembert formula for the solutions of the one dimensional wave equation, we have shown
a uniform observability inequality with respect to a class of non cylindrical observation domains satisfying the
geometric optic condition. The proof based on arguments from graph theory allows notably to relate the value
of the observability constant to the spectrum of the Laplacian matrix, defined in term of the graph associated
to any domain ¢ C Q7. The uniform observability property then allows to consider and analyze the problem
of the control’s optimal support associated to fixed initial conditions. For simplicity, the optimization is made
over connected domains defined by regular curves. As expected, the optimal domains (approximated within a
space-time finite element method) are closely related to the travelling waves generated by the initial conditions.

This work may be extended to several directions. First, the characterization of the observability constant in
term of a computable eigenvalue problem in Section 4.2 may allow to consider the optimization of such constant
with respect to the domain of observation, i.e. infyeg:, Cobs(q) (as done in [31]). The domain providing the
smallest observability constant is nothing else than the trajectory minimizing the cost of control, i.e. the norm
of the control corresponding to the worst controllable initial datum. Moreover, from an approximation point
of view, we may also consider more general domains (than connected ones) and use, for instance, a level-set
method to describe the geometry (as done in [23]). Eventually, this work may be adapted to the case of controls
supported on single curves of Qr, using the uniform observability property given in [5]. We refer to [3] for a
numerical study in this case. The extension of this work to the multi-dimensional case studied in [17, 32] is also
a challenge.
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Résumé

Dans cet article, on traite le probléme de la controlabilité a zéro pour I’équation des ondes linéaire
unidimensionnelle avec contrdle ponctuel. On reprend ici les notations de la Sect. avec d = 1 et
Q= (0,1), & la différence notable suivante. Dans la suite, ’action du controle u le long de la trajectoire
x = 7(t) n'est pas régularisée en temps. Ceci revient a prendre 1 = 1jo 7] dans le systeme d’état
et implique que u appartient naturellement & I'espace U = (H*(0,T))’, dual de H(0,T). On peut donc
s’attendre a observer des distributions de Dirac dans le comportement de v en t = 0 et ¢ = 7. Dans ce
cadre unidimensionnel, on sait que la contrélabilité de (|1.33) est équivalente a I'inégalité d’observabilité

2
Fat V(") € HY(Q) x LA(Q),

T
I, e g < Connl) [ | Gor(8),0)
0
ol ¢ est la solution du systeme adjoint associée & (Y, ). Cette inégalité a été établie dans
[8] pour des trajectoires de contrdle  vérifiant certaines hypotheéses géométriques analogues au critére
(GCCQC).
Dans la premiére partie de larticle, on commence par appliquer la méthode HUM (cf. [25]) afin

de montrer que le controle u de norme U/ minimale s’exprime via I’état adjoint @ associé au point de
minimum (%, ') de la fonctionnelle

X 1
T (") = Slle(r M om = @ ¢z + ' @by, V(@' 97) € Hy(Q) x L*(Q),

ol (v, ) désigne la fonction ¢ — ¢(v(t),t). Dans un deuxiéme temps, en vue de calculer une approxi-
mation numérique du contrdle de norme minimale, on adapte I’approche espace-temps exposée dans [§]
pour I’équation des ondes avec contrdle interne. En introduisant un multiplicateur de Lagrange A pour
la contrainte 92¢ — Ay = 0, on montre que @ est solution d’une formulation mixte de type

ar(p, @) + 0(@,A) = £(p), VP e O,
b(p,\) =0, VA €A.

On montre que la formulation mixte est bien posée et qu’en outre, le multiplicateur \ associé & @ n’est
autre que la solution controlée y de (|1.33)) associée a u. Dans un troisiéme temps, on propose et on discute
une discrétisation type éléments finis de la formulation mixte. La résolution de cette formulation mixte
discrétisée permet alors d’approcher numériquement le contrdle @ et la solution contrélée 3. Avec une
simulation, on illustre la convergence des approximations 4, et 7, quand le parameétre de discrétisation
h tend vers 0. On illustre également I’absence de controlabilité pour une trajectoire stationnaire agissant
en un point non stratégique.

Dans la deuxiéme partie de I'article, pour une donnée initiale (y°,y') fixée, on cherche a identifier la
trajectoire v permettant de minimiser I’énergie a dépenser pour controler ’onde. Le probleme a résoudre
s’écrit )

. ~ 12
Jnf J(y), avee J(y) = gyl
et olt 'ensemble admissible G,q regroupe des trajectoires 7 régulieres, typiquement de classe C2([0,T),
pour lesquelles il existe une constante d’observabilité Cops > 0 uniforme. En 1’état et en I’absence
de modifications qui apporteraient plus de régularité sur le controle, on ne sait pas si le probleme
d’optimisation est bien posé. On se concentre donc sur sa résolution numérique. D’une part, pour donner
plus de sens au probléme, on pénalise la longueur L(7) de la trajectoire. D’autre part, afin d’éviter que les
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trajectoires ne présentent de brusques variations, on pénalise aussi la “courbure” v”. Ainsi, pour € > 0,
n>0et L > T fixés, on réécrit le probleme

. 3 n - 2
inf J.,(7), avec Jeu(v)=J(0)+ 51V 20 + 5 |(LOY) = D)F[
YEGad 2 2

et ot (-)* désigne la partie positive. On considére ici G,q = Ss, Uespace des splines de degré 5 associées
a une subdivision réguliere de [0, 7] fixée. On résout numériquement le probléme par un algorithme de
gradient & pas fixe. A partir d’une trajectoire initiale Yo, on construit une suite minimisante v, — ¥*
définie par yp+1 = Yo — p@3", avec p > 0 fixé. A chaque itération, la direction de descente @57 est
évaluée a 'aide de la dérivée de Gateaux de J en v,. En outre, le contrdle u,, de norme I minimale
est approché via la formulation mixte introduite précédemment. On présente quelques simulations pour
différentes données initiales (y°,y'). Comparativement au cas du contrdle interne traité a la Sect. [Al le
probléme parait ici plus difficile a résoudre, dans le sens ou la fonctionnelle J; , semble étre assez “plate”
au voisinage de ses points de minimum.
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101



Arthur Bottois*
Pointwise moving control for the 1-D
wave equation

Numerical approximation and optimization of the support

Abstract: We consider the exact null controllability of the 1-D wave equation with an
interior pointwise control acting on a moving point (v(¢)):e(o,7)- We approximate a
control of minimal norm through a mixed formulation solved by using a conformal
space-time finite element method. We then introduce a gradient-type approach in
order to optimize the trajectory + of the control point. Several experiments are
discussed.

Keywords: exact controllability, wave equation, pointwise control, mixed formulation,

finite element approximation

1 Introduction

Let T > 0. We consider the linear one-dimensional wave equation in the interval
Q = (0,1), with a pointwise control v acting on a moving point = = ~(t), ¢t € [0, T].
The state equation reads

Ytt — Yax = U(t)d,y(t) (:U) in QT = x (O’ T),
y=20 on X7 =902 x (0,T), (1)
(yvyt)(ao) = (yO,yl) in Q.

Here, 57(75) is the Dirac measure at x = ~(t) and ~ represents the trajectory in
time of the control point. The curve v : [0,T] — € is assumed to be piecewise cl.
We also denote by H' the dual space of H := Hl(O,T). For v € H’', we refer to
Section 2.1 for the well-posedness of (1).

The exact null controllability problem for (1) at time 7" > 0 is the following.
Given a trajectory v : [0,T] — Q, for any initial datum (yo,y1) € V = L?(Q) x
H™YQ), find a control v € H' such that the corresponding solution y of (1)

*Corresponding author: Arthur Bottois, Université Clermont Auvergne, Laboratoire de
Mathématiques Blaise Pascal CNRS-UMR 6620, Campus des Cézeaux, F-63178 Aubiére
cedex, France, e-mail: arthur.bottoisQuca.fr
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satisfies

(y,y0)(-,T) = (0,0) in Q.

As a consequence of the Hilbert uniqueness method (HUM) introduced by J.-L.
Lions [25], the controllability of (1) is equivalent to an observability inequality for
the associated adjoint problem. Indeed, the state equation (1) is controllable if and

only if there exists a constant Cypg(y) > 0 such that

(20, 21) W < Cobs Moy, )llFr,  Y(wo,91) € W = Hg(Q) x L*(2),  (2)

where o € C([0,T]; H} () N C1 ([0, T); L*(Q)) solves

L(p =01in QT7 Y = 0 on ET) ((pa 9075)(70) - (SDOa 901) in €. (3)

Here, the notation ¢(v, ) stands for the function ¢(v(t),t) with ¢t € (0,T), while
L denotes the wave operator
L =0 —02.

Under additional assumptions on 7y, a proof of (2) can be found in [8]. We emphasize
that the observability constant Cyps(y) depends on the control trajectory . In
what follows, we say that v is an admissible trajectory if the observability inequality
(2) holds true.

In this work, we investigate the issue of the numerical approximation of the
control v of minimal H’'-norm and the associated controlled state. We also tackle
the problem of optimizing the support of control, which is done numerically by
minimizing the norm ||vy||g with respect to the trajectory ~.

Let us now mention some references related to pointwise control. This problem
arises naturally in practical situations when the size of the control domain is
very small compared to the size of the physical system. For a stationary control
point v = xg € €, the controllability of (1) depends strongly on the location of
xo |24, 26, 14]. Indeed, one can show that controllability holds if and only if the
controllability time 7" is large enough, i.e. T' > 2|Q2|, and if there is no eigenfunction
of the Dirichlet Laplacian vanishing at * = xg. The constraint on T is due to
the finite speed of propagation of the solution of the wave equation (1). A point
xo satisfying the previous spectral property is referred to as a strategic point.
Furthermore, xq is a strategic point if and only if it is irrational with respect to the
length of €2, making controllability very unstable. Consequently, controls acting on
stationary points are usually difficult to implement in practice. It is often more
convenient to control along curves for which the strategic point property holds a.e.
in [0, 7.

For a moving control point x = 7(t), several sufficient conditions to ensure
controllability have been studied [20, 22, 8, 1|. In [22], the author proves the



® Pointwise moving control for the 1-D wave equation = 3

existence of controls in LQ(O, T) acting on a point rapidly bouncing between two
positions. In [8, Proposition 4.1|, the author shows, using the d’Alembert formula,
that the observability inequality (2) holds under some geometric restrictions on
the trajectory ~. By duality, this implies the existence of controls in H’ for initial
data in V. The geometric requirements are related to the usual geometric control
condition (GCC) introduced for controls acting over domains w C €2 [3, 23]. Among
the constraints given to guarantee that ~ is admissible, there must exist two
constants c1,c2 > 0 and a finite number of subintervals (I)o<;j<s C [0,7] such
that, for each subinterval I}, v € Cl(Ij), 1 — |¥'| does not change sign in I; and
c1 < |fy’| < cg in Ij. The constants appearing in the proof of the observability
inequality (2) depend only on ¢; and ca (see [8, Remark 4.2]). Thus, it is possible
to write a uniform observability inequality for trajectories in a suitable class, i.e.
there exists C' > 0 such that Cgs(y) < C for every « in that class.

In the context of feedback stabilization, we mention [2|. For parabolic equations,
we also mention [26, 21|. Finally, for the computation of pointwise controls for the
Burgers equation, we refer to [4, 31].

The main contributions of this paper are the following. First, we use the HUM
method to characterize the control v of minimal H'-norm, also known as the HUM
control. We then turn our attention to the numerical approximation of this control
and the associated controlled state. Usually (see [16, 29|), such an approximation
is computed by minimizing the so-called conjugate functional ‘77* : W — R defined
by

1 2
73 tpo.e0) = 5ol = [ wogr + (o oob-, ()
Q

where ¢ is the solution of (3) associated with (¢o, 1), and (-,-)_1,1 stands for
the duality product in Hg (). Here, instead, we notice that the unconstrained
minimization of J73 (¢o, ¢1) is equivalent to the minimization of another functional
j;(w) (cf. (17)) over ¢ satisfying the constraint Ly = 0. This constraint is taken
into account using a Lagrange multiplier which leads to a mixed formulation where
the space and time variables are embedded. We follow the steps of [13, 9], where a
similar formulation is used for controls distributed over non-cylindrical domains
q C Q7. It is worth mentioning that this space-time approach is well-adapted to our
moving point situation, since we can achieve a good description of the trajectory ~
embedded in a space-time mesh of Q7. From a numerical point of view, we build a
Galerkin approximation of the mixed formulation using conformal space-time finite
elements. This allows to compute the optimal adjoint state @, linked to the HUM
control v by the relation (9). This also gives an approximation of the Lagrange
multiplier, which turns out to be the controlled state associated with v.
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Another aspect of this work is the numerical optimization of the support of
control. For a given initial datum (yo,y1) € V, we want to minimize the norm
||lvy||g of the HUM control v with respect to the trajectory . To do so, we

consider the functional )
~ 112
J3) = 55 (5)

and we implement a gradient-type algorithm. In order to find a descent direction
at each iteration, we establish a formula for the directional derivative of J. The
values of J are computed using the approximate control arising from the mixed
formulation mentioned previously. We perform several numerical experiments and
compare our results with those obtained in [6] for controls distributed over non-
cylindrical domains ¢ C Q7. In the simulations, the admissible set of trajectories v
is discretized using splines functions of degree 5.

The rest of the paper is organized in three sections. First, in Section 2, we briefly
give some theoretical results. Namely, we justify the existence of weak solutions
for the state equation (1), and we characterize the control of minimal H'-norm
using the HUM method. We also analyse the extremal problem min~ J(7) (cf. (5))
and compute the directional derivative of J with respect to . In a second step,
in Section 3, we present the space-time mixed formulation used to approximate
the control and the controlled state. We also discuss some issues related to the
discretization of that formulation. Finally, in Section 4, we give several numerical
experiments. We illustrate the convergence of the approximated control as the
discretization parameter goes to zero. For stationary control points v = xqg € §2, we
illustrate the lack of controllability at non-strategic points. We also describe the
gradient-type algorithm designed to optimize the support of control and discuss

some results.

2 Some theoretical results

2.1 Existence of weak solutions for the state equation

The weak solution of (1) is defined by transposition (see [27]). For any ¢ €
LY0,T; L3(Q)), let ¢ € C([0,T]; HL(Q2)) nCL([0, T]; L?(€2)) be the solution of the
backward adjoint equation

Lo =1 in Qr, ¢ =0o0n Xr, (@, 0¢)(-,T) = (0,0) in Q.
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Multiplying (1) by ¢ and integrating by parts, we formally obtain

[ v = ©otrnmn [ ot 0ot 0)-1a i€ 0.7 L))
Qr Q

(6)
where (-,-) _1,1 and (-, -)p’ g denote respectively the duality products in H3(Q)
and H. We adopt identity (6) as the definition of the solution of (1) in the sense
of transposition. One can then prove the following result (see [8, Theorem 2.1]).

Lemma 1. Let v : [0,T] — Q be piecewise Cl. If there exists a subdivision
(ti)o<i<m of [0,T] such that, on each subinterval [t;_1,t;], v is Ct and 1—|v'| does
not change sign, there exists a unique solution y to (1) in the sense of transposition.
This solution has the regularity y € C([0,T); L*(Q)) and y; € L*([0,T]; H~1(Q)).

2.2 Characterization of the HUM control

In order to give a characterization of the controls for (1), for any (¢q, 1) € W, let
¢ be the solution of the adjoint equation (3). Multiplying (1) by ¢ and integrating
by parts, we get that v € H' is a control if and only if

%ﬂ%%HHZ/%%—@mmqm (o, p1) € W. (7)
Q

Then, by a straightforward application of the HUM method (see [8, Section 6]), we
can readily characterize the control of minimal H'-norm for (1). Let us consider
the conjugate functional 75 defined in (4). If 7 is an admissible trajectory, that is
if the observability inequality (2) holds, we can see that J3 is continuous, strictly
convex and coercive. Thus, 77 has a unique minimum point (@g, $1) € W, which
satisfies the optimality condition

@WJ&W”HZ/%W—@mmdm Vigop1) EW,  (8)
Q

where @ and ¢ are the solutions of (3) associated with (pg,%1) and (¢g, ¢1)
respectively. For sufficient conditions guaranteeing that a trajectory = is admissible,
we refer to [8, Theorem 2.4]. Examples of such admissible trajectories can be found
in Figure 3 and [8, Section 3|. In view of (7), one can then see that the control v

of minimal H'-norm for (1) has the following form.
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Lemma 2 (HUM control). Let v € C*([0,T]) piecewise. If ~ is an admissible

trajectory, the control ¥ of minimal H' -norm for (1) is given by

2

C280/(0),1) + B(1(1), 1) .
+c(11t o((t), 1)o7 (t) — c(iit o(v(t),t)00(t), Vte (0,T),

B(t) = —

where ¢ is the solution of (3) associated with the minimum point (po,p1) of J~,
and &g, 07 denote respectively the Dirac measures att = 0 and t = T. Moreover,

the norm of U can be computed by

T

T
ot = 160l = [ oo nact [|fet.0] a
0

0

2
(10)

~

2.3 Optimization of the support of control

We focus here on the optimization of the control trajectory. More precisely, for
(yo,y1) € V fixed, we want to minimize the norm |[|v]|gs (cf. (10)) of the HUM

control with respect to the curve 7, i.e. solve

T
min J(vy), where J(v) = ©2(v(t), 1) dt + = ’ (11)
YRy

Y€G

and where ¢ is the solution of (3) associated with the minimum point (¢q, ¢1) of
J5. The admissible set G is composed of smooth trajectories, typically of class
C?([0,T]). We also require that the observability inequality (2) holds uniformly on
G, meaning that there exists C' > 0 such that Cys(v) < C for every v € G. This
property can be achieved with the hypotheses of [8, Theorem 2.4|. In Section 4,
we discretize G using the space S5 of degree 5 splines, adapted to a fixed regular
subdivision of [0, 7.

As it stands, we do not know if the extremal problem (11) is well-posed. To
establish the lower semi-continuity of .J, it could be possible to exploit the works
[18, 19] where, in the context of the heat equation, the authors consider a shape
optimization problem with respect to a curve. In the process, it might be necessary
to have a more regular control, which would probably require more regular initial
data (yo,y1) (see [15]).

Moreover, a longer trajectory ~ allows intuitively a smaller cost of control.
Consequently, to give more sense to the problem, we penalize the length L(~) of

the curve ~. Similarly, in order to avoid too fast variations of the trajectory, we
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also regularize the “curvature” 4”. A similar strategy has been introduced and
discussed in [6]. Thus, for € > 0 small enough, 7 > 0 large enough and L > T fixed,

we consider the following regularized-penalized extremal problem

2
. € 2 n 7
min Jen(7),  where Jeu(7) = J(0) + 50 L20.m) + 5 (e -D%), (2
and where (-)T stands for the positive part.

We solve this problem numerically in Section 4, using a gradient-type algorithm.
In order to evaluate a descent direction for Je 5 at each iteration of the algorithm,

we compute the derivatives of J and J¢ 5 with respect to 7.

Lemma 3. Let v € C?([0,T]) be an admissible trajectory and let 57 € C*(]0,T))

be a perturbation. The directional derivative of J at v in the direction 7, defined
JOy+vy) —JO)

14

by dJ(v;7) = lin% , reads as follows
v—

dJ(v;7) = — [ e(v(D), Dz (v(t),1)7(t) dt

T

- [ G000 (er60.0730 ).

0

where ¢ is the solution of (3) associated with the minimum point (@o,¢1) of J7 .

Simalarly, the directional derivative of Jen at 7y in the direction 7 is given by

dJe (1) = dJ (19 + (v, 7 ) 20,1y + n(L(Y) — L) TdL(v;7),
where

T T
/
L(y) = / V142 and  dL(y:7) = / —L 7.
1 + ,y/ 2
0 0
Proof. We provide only a formal proof. Rigorous demonstrations of similar lemmas

can be found in [30, 6], for controls distributed over domains ¢ C Q7. For any
admissible trajectory v € C?([0,7]) and any perturbation 7 € C2([0,T]), we get

T

a3 = [ o0, (#0010 + e, 070) )
0

. (13)

+ [ 000,05 (¢ 6000+ en (0,770 ).
0
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Here, ¢’ denotes the derivative of ¢ with respect to 7. To simplify (13), we
differentiate the optimality condition (8) with respect to . It gives

T

T
/ (cp'(v(t),t)+ww(v(t)at)ﬁ(t))w(v(t)at) dt + / e(v(1), ) (v(t), t)7(t) dt
0

0

[ 5 (F 000 + ealr(0), 0736) ) (D), 1) de

S
&l e

T

d d _

+ / 3P0, (%(v(t), t)v(t)>dt =0, V(do,¥1) €W,
0

where v is the solution of (3) associated with (g, 1). Evaluating the previous

expression for (¢g,1) = (¢o, 1), we can eliminate the derivative ¢’ from (13)

and obtain the announced result. U

3 Mixed formulation

In this section, in order to approximate the HUM control for (1) and the associated
controlled state, we present a space-time mixed formulation based on the optimality
condition (8). We follow the steps of [9, Section 3.1|, where a similar formulation
is built for controls distributed over domains ¢ C Q7. From a numerical point
of view, this space-time formulation is very appropriate for the moving point
situation considered in this work. Indeed, after the discretization step, we solve
the formulation using a space-time triangular mesh, which is constructed from

boundary vertices placed on the border of Q7 and on the curve ~.

3.1 Mixed formulation

We start by a lemma extending the observability inequality (2). For this, we first

need to introduce the functional space

& = {p € C(0, 7} H ()N CH(0, T L2(Q); Ly € L(0,T:L°() }.

Lemma 4 (Generalized observability inequality). Let~y € C1([0,T]) piecewise. If

v is an admissible trajectory, there exists a constant Copg(y) > 0 such that

I, 26)(,0Rw < Cons(n) (e, M + I1LellFe o ziz2eyy ) Yo € B (14)
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Proof. Let ¢ € ®. We can decompose ¢ = 1)1 + Y2, where 11,12 € ® solve

L1 =0 inQp, 1 =0o0n37p, (¥1,%1,)(-,0)= (o, ¢t)(-,0) in Q,
Lipo = Ly in Qr, 2 =0on X7, (2,%2:)(-,0) =(0,0) in €.

From Duhamel’s principle and the conservation of energy, one can show (see [8,
Section 5]) the following so-called hidden regularity property for 19, there exists a
constant ¢(y) > 0 such that

2 (v, )z < cDILel 20,702 0)- (15)

Combining (2) for ¢; and (15) for 12, we obtain

(0 06) (5 0)IRw = 11,1, Oy < Cans () 161 (v, I
< 2Cous() (e (s i + (3, )l

< Cons () (I Vi + 1L 120,722 )
(]

As for (2), it is possible to find a class of admissible trajectories v such that the
generalized observablhty 1nequahty (14) holds uniformly (see [8, Theorem 2.4]), i
there exists C' > 0 such that Cobs (7) < C for every ~ in that class. In addition, the
inequality (14) implies the following property on the space ®.

Lemma 5. Let~y € CY([0,T]) piecewise. If v is an admissible trajectory, the space
® is a Hilbert space with the inner product

<907¢>'I> = <90('77 ')7@(77 )>H + T<L907 L¢>L2(O,T;L2(Q))v V%@ € P, (16)

for T >0 fixed.

Proof. The semi-norm || - || associated with the inner product is trivially a norm
in view of the generalized observability inequality (14). It remains to prove that
® is complete with respect to this norm. Let (¢y)>1 C ® be a Cauchy sequence
for the norm || - |@. So, there exists f € L(0,T; L*()) such that Ly, — f in
L?(0,T; L*(Q)). As a consequence of (14), there also exists (g, ¢1) € W such
that (©g,0k,)(-,0) = (vo,¢1) in W. Therefore, (¢1)r>1 can be considered as
a sequence of solutions of the wave equation with convergent initial data and
convergent right-hand sides. By the continuous dependence of the solution of
the wave equation on the data, o, — ¢ in C([0,T]; H3(Q)) N C*([0, T]; L?(2)),
where ¢ is the solution of the wave equation with initial datum (g, p1) € W and
right-hand side f € L%(0,T; L*(2)). Thus, ¢ € ®. O
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We can now turn to the set-up of the mixed formulation. In order to avoid the
minimization of the conjugate functional 75 (cf. (4)) with respect to (@0, ¢1), we
remark that the solution ¢ of (3) is completely and uniquely determined by the
initial datum (pg, ¢1). Then, the main idea of the reformulation is to keep ¢ as

main variable and consider instead the minimization of

7 0) = 3lletr M = [ g0+ (1,00 0) -1 (17)
Q

By = {(,0 €® Lo=0eL%0,T; Lz(Q))}.
Indeed, we clearly have

i * TR S — TS — in X
(on’rgllglew j7 (QOO’C‘D:[) o ‘77 (@0;901) j'y (SO) Lpnelg’lo jw (go),

where @ is the solution of (3) associated with the minimum point (@g, 1) of J5.
Besides, the minimum point ¢ of j{f is unique. So, the new variable is the function
¢ with the constraint Ly = 0 in L?(0,T; L?(2)). To deal with this constraint, we
introduce a Lagrange multiplier A € A := L?(0,T; L?(£2)). We thus consider the
following problem: find (¢, A\) € ® x A solution of

{ a(p, ) — b(@, ) = (@), Vg€ P,

) =4
e X) =0, VA€ A, (18)

where we have set

a:PxP— Ra a(@a@) = <(10(77 )7@(75 )>H7
b:®x AR, b, N) = (Lo, N 12(0,7502(9))

(:® >R, Up) = /yOSOt('aO) — (y1,0(+,0))—1,1-
Q

The introduction of this problem is justified by the result below.

Theorem 1 (Mixed formulation). Let v € C1([0,T)]) piecewise. If y is an admis-
sible trajectory, we have the following properties;
e The mized formulation (18) is well-posed.
e The unique solution (v, \) € ® X A is the unique saddle point of the Lagrangian
L:P x A — R defined by

L(o,2) = Salp,9) — b, N) — ).

e The optimal function ¢ is the minimum point of j; over ®¢. Besides, the
optimal function X € A is the solution of the controlled wave equation (1),
with the control v associated with ¢ (cf. (9)).
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Proof. We easily check that the bilinear form a is continuous over ® x ®, symmetric
and positive. Similarly, we check that the bilinear form b is continuous over ® x A.
Furthermore, the continuity of the linear form ¢ over ® is a direct consequence of

the generalized observability inequality (14),

146)] < 110, 1) v \/2Cops(7) max(1, 7 Dllglle, Ve € ®.

Therefore, to prove the well-posedness of the mixed formulation (18), we only need

to check the following two properties (see [7]).

e The form a is coercive on the kernel N (b) := {go € ®; b(p,\) =0,V € A}.
e The form b satisfies the usual “inf-sup” condition over ® x A, i.e. there exists
a constant 0 > 0 such that

inf sup LI > 0. (19)
XeA pea llellalAa

From the definition of a, the first point is clear. Indeed, for any ¢ € N (b) = Py,
a(e,¢) = ||l¢||%. We now check the inf-sup condition (19). For any Ao € A, we
define the unique element pg € ® such that

Lpg = Ao in Qr, %o = 0 on X, (20, 0,¢)(-,0) = (0,0) in Q.
It implies b(wo, Xo) = || Xo]|3 and

S el 2 Tl = ST |
eee IPl@lRolla  lollelitolia . fipo(y, )1 + 7lnol

We then use the following estimate (see [8, Section 5]), there exists a constant
¢(y) > 0 such that

leo(y, M < () roll4-

Combining the two previous inequalities, we obtain

sup b, M) > 1 , Vo €A

pe® lellellXolla = \/e(y) + 7

[

Hence, the inequality (19) holds with 6 = (c(y) +7)~

The second point of the theorem is due to the symmetry and positivity of the
bilinear form a. Regarding the third point, the equality b(¢, \) = 0 for all X € A
implies that Ly = 0 in L?(0,T; L?(Q2)). Besides, for @ € ®, the first equation of
(18) gives a(p,®) = £(®). So, if (p,A) € ® x A solves the mixed formulation, then
p € g and L(p, \) = 57* (¢). Moreover, again due to the symmetry and positivity
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of a, the function ¢ is the minimum point of ﬁ; over ®. Indeed, for any p € P,

we have

T () = —3alp.9) < 50(5,9) — a(0,7) = 70(@,9) — () = T (@)

Finally, the first equation of (18) reads

(0(1 ). (1 at — (L, s = / Yo% (5 0) — (41, 3(- 0))_11, Vg e P,
Q

Since the control v of minimal H'-norm is given by (9), we get

/ / AL = (0,207, rr g1 — / Y0B(0) + (1, B(, 0)) 1.1, V€ .
Qr Q

But this means that A is solution in a weak sense of the wave equation (1) associated
with the initial datum (yo,y1) € V and the control v € H'. O

Consequently, the search of the HUM control for (1) is reduced to the resolution of
the mixed formulation (18), or equivalently to the search of the saddle point of L.
Moreover, for numerical purposes, it is convenient to “augment” the Lagrangian £

and to consider instead the Lagrangian £, defined, for any r» > 0, by

1
Lr(p,A) = Sar(p,0) = b(w, A) = Up),
aT(SO, @) = G/((,D, @) + T<L(107 L¢>L2(O,T;L2(Q))'

Since a(p, ) = ar(p, p) for p € ®q, the Lagrangians £ and L, share the same
saddle point.

3.2 Discretization

We now turn to the discretization of the mixed formulation (18). Let (®)p>0 C P
and (Ap)p>0 C A be two families of finite-dimensional spaces. For any h > 0, we
introduce the following approximated problem: find (pp, Ap) € @5 X Aj solution
of

ar(@n, @n) — b(@haih) = L(Pp), VPh € P, (20)
b(@h,)\h) = 07 V)‘h S Ah'

To prove the well-posedness of this mixed formulation, we again have to check
the following two properties. First, the bilinear form a;, is coercive on the kernel
Ny (b) == {cph € ®y; blpp, Ap) =0, VA, € Ah}. Actually, from the relation

: 2
ar(p, ) 2 min(L7/7)|lplle, Vo€ @,
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the form a, is coercive on the full space @, and so a fortiori on N}, (b) C ®; C P.
The second property is a discrete inf-sup condition, there exists a constant d;, > 0
such that

blonAn) 5 5, (21)

inf  sup
A€M o, e, lonlle, [Anlla,

The spaces ®;, and A, are finite-dimensional, so the infimum and the supremum
in (21) are reached. Moreover, from the properties of a, and with the finite element
spaces ®j,, Aj, chosen below, it is standard to prove that dj is strictly positive.
Consequently, for any h > 0, there exists a unique couple (¢p,Ap) € ®p X Ay,
solution of the discrete mixed formulation (21).

On the other hand, if we could show that inf;,~gdp > 0, it would ensure the
convergence of the solution (¢, Ap) of the discrete formulation (20) towards the
solution (¢, A) of the continuous formulation (18). However, this property is usually
difficult to prove and depends strongly on the choice made for the spaces ®;,, Ay,.
We analyse numerically this property in Section 3.3.

Let us consider a triangulation 7; of Qr, i.e. Uger;, K = Q7. We denote
h == max{diam(K); K € Ty}, where diam(K) is the diameter of the triangle K.
In what follows, the space-time mesh 7}, is built from a discretization of the border
of Q7 and the curve « (see Figure 5). Thus, the fineness of 75, will be given either
by h or by the number Ny of vertices per unit of length. This also means that
some vertices are supported on v, making the mesh well-adapted to the control
trajectory. The mesh is generated using the software FreeFEM++ (see [17]).

The finite-dimensional space ®j; must be chosen such that L¢; belongs to
L2(0,T; Lz(Q)), for any ¢, € ®;,. Therefore, any space of functions continuously
differentiable with respect to both z and ¢ is a conformal approximation of ®. We

define the space ®;, as follows
P, = {soh e CH(Qr); ¢n|x €EP(K), VK €Ty, ¢np=0o0n ET} C @,

where P(K) stands for the complete Hsieh-Clough-Tocher finite element (HCT for
short) of class C' 1 It is a so-called composite finite element. It involves 12 degrees
of freedom which are, for each triangle K, the values of ¢y, ©p 2, ©p ¢ on the three
vertices, and the values of the normal derivative of ¢ in the middle of the three
edges. We refer to [12] and [5, 28| for the precise definition and the implementation

of such finite element. We also introduce the finite-dimensional space
A = {Ah € C%Qr); M|, € Q(K), VK €Th, Ay =0on 2T} C A,

where Q(K) is the space of affine functions in both x and ¢t on the element K.
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Let nj, = dim(®y,) and m, = dim(A},). We define the matrices A, j € R"""",
By, € R™m"h M, € R™™1 and the vector Ly, € R™" by

(Arn{ent {®n}) = ar(on, @n), Von, @n € Ph,
(Br{en}, {An}) = b(pn, An), Von € @1, YA, € Ap,
(Mp{An}, {0 = s An) s YAn, A € Ap,

(L, {on}) = Len), Vo € @y,

where {pp} € R™ and {\,} € R™" denote the vectors associated with ¢} € ®,
and \;, € A, respectively. With these notations, the discrete mixed formulation
(20) reads as follows: find {pp} € R™ and {\;} € R™" such that

Avn =B\ ({en}\ _ (Ln
) () - ()

For any r > 0, the matrix A, ;, is symmetric and positive definite. However, the
matrix in (22) is symmetric but not positive definite. The system (22) is solved by
the LU method with FreeFEM++ (see [17]).

3.3 Discrete inf-sup test

Here, we test numerically the discrete inf-sup condition (21), and more precisely
the property infy~qdp > 0. For simplicity, we take 7 = r > 0 in (16), so that
ar (0, @) = (p, P)a for all ¢, € ®. It is readily seen (see [10]) that the discrete

inf-sup constant satisfies
5y = inf{\/ﬁ; BRATEBE (AR} = u My {n}, ¥{\,} € R™ \{0}}. (23)

For any h > 0, the matrix BhA;}LB?; is symmetric and positive definite, so the
constant ¢y, is strictly positive. Tile generalized eigenvalue problem (23) is solved
by the inverse power method (see [11]). Given {u?} € R™" such that ||{u}}||2 = 1,
for any n € N, compute iteratively ({¢}, }, {A\}) € R"" x R™" and {u"+1} e R™*~
as follows

Arpden} = B {AR} =0, oty Ay
Bufe}} = Mp{ull}, " N

The discrete inf-sup constant 0y is then given by d;, = limy o0 [[{A} }||2
We now compute J;, for decreasing values of the fineness h, and for different
values of the parameter r, namely r = 10_2, r = h and r = h%. We use the control
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trajectory 7 defined in (Ex1—y). The values that we obtain are collected in Table 1.
In view of the results for 7 = 1072, the constant &, does not seem to be uniformly
bounded by below as h — 0. Thus, we may conclude that the finite elements used
here do not “pass” the discrete inf-sup test. As we shall see in the next section,
this fact does not prevent the convergence of the sequences (¢ )n>0 and (Ap)n>0,
at least for the cases we have considered. Interestingly, we also observe that ¢,
remains bounded by below with respect to h when r depends appropriately on h,

as for instance in the case r = h2.

| h(x102) | 6.46 3.51 2.66 2.17 1.37 1.21
r=10"2 | 1.8230 1.7947 1.7845 1.6749 1.6060 1.5008
r=nh 1.4575 1.3806 1.3269 1.2402 1.4188 1.3851
r = h2 1.8873 1.8885 1.8783 1.8697 1.8982 1.8920

Tab. 1: Discrete inf-sup constant §;, w.r.t. h and r, for v defined in (Ex1—y).

4 Numerical simulations

In this section, we solve on various examples the discrete mixed formulation (20)
to compute the HUM control for (1) and the associated controlled state. First, we
determine the rate of convergence of the approximated control/controlled state,
as the discretization parameter h goes to zero. Second, for stationary control
points v = xq, we illustrate the blow-up of the cost of control at non-strategic
points. Finally, we introduce a gradient-type algorithm to solve the problem (12)
of optimizing the support of control. The algorithm is then tested on two different
initial data. From now on, we set 7' =2 and r = 10~ 2.

4.1 Convergence of the approximated control

In order to measure the rate of convergence of the approximated control with
respect to the mesh fineness h, we use the initial datum

yo(z) =sin(rz), wyi(x) =0, VzeQ, (Ex1-yo)
and the control trajectory
1 3t
t)==-4+-= t T]. Ex1-

This curve « is an admissible trajectory (see [8, Example 3.2]), i.e. the system
(1) is controllable. To compare with the approximated solution (¢, Ap) of (20),
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using the optimality condition (8), we compute another approximation (¢, \)
by Fourier expansion (see Appendix A), with Np = 100 harmonics. We then
evaluate the errors ||¢(7, ) — @ (7, )|lm and ||A — Ap||a for the six levels of fineness
Ny = 25,50,75,100, 125, 150. We gather the results in Table 2 and display them
in Figure 1. By linear regression, we find a convergence rate in hO-44 for pp, and
in h%48 for \,,. In Figure 3, we represent the adjoint state ¢p, and the controlled
state \j, for N = 150. The HUM control v, computed from ¢ by (9) is shown

in Figure 2, together with the “exact” control v obtained by Fourier expansion.

| Nt 25 | 50 | 75 | 100 [ 125 | 150 |
| h (x10~2) 6.46 | 351 | 2.66 | 1.72 | 1.40 | 1.28 |
| lle(v,-) = on(y, )l (x10~1) [ 215 [ 159 [ 1.31 | 1.20 | 1.09 | 1.01 |
| A= Anlla (x1072) 11.0 [ 8.06 | 6.69 | 6.05 | 5.38 | 4.81 |

Tab. 2: (Ex1) — Error on the approximated solution (¢, Ap) of (20) w.r.t. h.

100

1079 / - 0

—100

1072+ —200
1
h t
Fig. 1: (Ex1) — Error on the approximated Fig. 2: (Ex1) — Controls vy, () and v (=),

solution (pp, Ap) of (20) vs. h — for N = 150.
le(v,) = (v )llm (@), 1A= Anlla (w).

4.2 Blow-up at non-strategic points

In the case of a stationary control point v = zg € €2, it is well-known that one has
to choose a so-called strategic point (see [26]) to ensure the controllability of (1).
A point zg is strategic if and only if sin(prxg) # 0 for every p > 1. Moreover, a
given initial datum (yo,y1) € V can be controlled if and only if sin(przg) # 0 for

every p > 1 such that one of the Fourier coefficients ¢p(yo), cp(y1) are non-zero.
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.
7

Fig. 3: (Ex1) — Iso-values of the adjoint state ¢ (left) and controlled state Ay (right), for
Ny = 150.

Therefore, for (yo,y1) € V fixed, we expect the cost of control to blow up as xg
gets closer to a non-strategic location. To illustrate this property, we use the initial
datum

yo(z) =sin(27x), wyi(z) =0, Ve Q, (Ex2-yq)

and we evaluate the functional J(zqg) (cf. (11)) for several control locations xg spread
in the interval (%, %) With the initial datum considered, z* = % is the unique
non-strategic point. In Figure 4, we display J(xg) w.r.t. the distance |z* — z¢|. As
expected, we note that the cost of control blows up when zy — z*. More precisely,

we have J(zq) ~g+ Cola* — zo| ™97,

4.3 Optimization of the support using splines

We now focus on solving numerically the problem (12) with a gradient-type algo-
rithm. To do so, the control trajectories v considered are degree 5 splines adapted
to a fixed subdivision of [0,77]. For any integer N > 1, we denote Sy = (t;)o<i<N
the regular subdivision of [0,7] in N intervals. With k = T'/N, the subdivision
points are t; = i k. In the simulations below, we use N = 20. We then define the
set Sy of degree 5 splines adapted to the subdivision Sy. Such a spline v € S5 is
of class C?([0,T]) and is uniquely determined by the 3(N + 1) conditions

(i) =z, A () =pi, 7'(t)=c, 0<i<N,
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10*

10° 4

10° 4

J(xo)

101 .

101
1073 1072 107 1

3l

Fig. 4: (Ex2) — J(xo) vs. |z* — x|, for stationary control points zg.

where x = (z;)o<i<N, P = (Pi)o<i<n and ¢ = (¢;)p<i<n represent the spline

parameters. We also introduce the degree 5 polynomial basis (P ;)x=0,1,2 on [0, 1]
1=0,1
characterized by

PI(W) = 8 10 for kK € {0,1,2), LT € {0,1).
Here, Pk(;kl/) stands for the k’-th derivative of Py, 1 and dy, 5+ is the Kronecker delta,

ie Opp =1ifk = k' and 0,k = 0 otherwise. For the sake of presentation, we

briefly rename the parameters (x, p,c) = (sO, st s2). It allows to decompose ~ into

N 2
W) =33 (sEaPho® +sEPLI®) 1, 0 (0) V€[0T,
=1 k=0

; _k t—ti—1 . . L .
where we have set P,z’ [(t) = K" Py <T> With this decomposition, the opti-
mization problem (12) is reduced to a finite-dimensional problem in the space of

parameters, i.e.

min Je () = min jg,n(s), where s = (x,p,c) € R3O+,
S

YESs
In order to get a descent direction for Je 5 at v € S5, we consider the following

variational problem: find j, € S5 solution of

—

G e + ey VY r20,m) = () + e 7 ) 20,1

_ 24
L) — DALy, viess )

Indeed, using Lemma 3, we can see that dJe ,(7; jv) = |li~]151 + €||j'7/||%2(0 7 = 0.
The problem (24) is solved by the finite element method using FreeFEM++. We
denote by P the projection in 2. Then, the gradient algorithm for solving (12) is
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given by Algorithm 1. We point out that a re-meshing of Q7 is performed at each
iteration, in order to be conform with the current trajectory ~,. We illustrate the

algorithm on two examples.

Algo. 1: Gradient descent

Initialization Choose a trajectory 79 € S5 such that 0 < vo < 1.
For each n > 0 do

> Compute the solution ¢, of (20) associated with ~p.

> Evaluate the costs J(yn) and Je n(yn).

> Compute the solution j, of (24).

> Update the trajectory v, by setting

Yn+1 = Po(yn — pJjv,), with p > 0 fixed.

End

Example 1 — Sine function
To test Algorithm 1, we first use the initial datum

yo(z) = 10sin(rx), yi1(x) =0, Ve Q. (Ex3-yo)

We initialize the algorithm with the trajectory vo € S5 associated with the param-
eters

ﬂfi:%-F%%, pi=5iT, c¢;=0, 0<i<N. (Ex3—0)
We set e = 1074, n= 103, L = 2.01 and p= 10~2. The initial trajectory 7, the
optimal trajectory v* and the optimal controlled state \* are displayed in Figure 5.
We observe that the optimal trajectory we get is close to a stationary control point
located in xg = %, the maximum point of sin(7z). This is coherent with the case

of controls distributed over domains ¢ C Q7 (see [6, Example EX1]).

Example 2 — Travelling wave
To test again the similarities between the pointwise control case and the distributed

control case, we now use the initial datum

yo(@) = (102 = 3)°(102 — 7)1 3.0.7(2), w1(x) =vo(x), Vo€ Q. (Exd-yo)
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Fig. 5: (Ex3) — Initial trajectory 7o, optimal trajectory v* and optimal controlled state \*
(from left to right). The left figure also illustrates the type of mesh used to solve (20).

To see whether the control trajectory is likely to “follow” the wave associated with

(Ex4-yo) as it is the case in [6, Example EX2]), we define the trajectories
9o (t) = fzo(t) + 0.15cos(bm(t — xp)), for any xg € Q.

Here, fz, is the characteristic line “x+t = x¢” of the wave equation. The trajectory

g1 is displayed in Figure 8-left. Then, for several values of xq in €2, we evaluate
2

the functional J(gz,) associated with the initial datum (Ex4-y(). The results are

displayed in Figure 6, and we can see that J reaches its minimum for xg = %

15

10

J(Il))

0.25 0.5 0.75
o

Fig. 6: (Ex4) — J(gz,) vs. Zo.
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We then employ Algorithm 1 for two different initial trajectories 79 € Ss,
respectively defined by

ri=g3(t:), pi=g1(t:), ci=gi(t), 0<i<N, (Ex4.1-70)

il
(2 4 2 T, pl - 2T7
We set e = 107%, n = 103, L = 4 and p = 10~ 2. For the two examples (Ex4.1)

and (Ex4.2), we display the initial trajectory 7o, the optimal trajectory v* and

c;=0, 0<i<N. (Ex4.2-))

the optimal controlled state A\* in Figures 8-9 respectively. In the first setup, we
observe that the optimal trajectory remains close to the wave support, which
is coherent with the distributed control case. In the second setup, the optimal
trajectory also seems to get closer to the wave support, but the convergence is very
slow. This can be seen in Figure 7, where the evolution of the functional J(v,) and
the curve length L(vn) are shown. The optimal costs are respectively J(v*) = 3.92
for (Ex4.1) and J(v*) = 3.69 for (Ex4.2). The difference is negligible compared
to the initial cost J(7yp) = 37.45 for the example (Ex4.2).

40

30 1

0 500 1000 1500 2000 2500 0 500 1000 1500 2000 2500
n n

Fig. 7: (Ex4.2) — Functional J(v5) (left) and curve length L(~y) (right).

5 Conclusion

On the basis of [9] that deals with controls distributed over non-cylindrical domains,
we have built a mixed formulation characterizing the HUM control acting on a
moving point. The formulation involves the adjoint state and a Lagrange multiplier
which turns out to coincide with the controlled state. This approach leads to a
variational formulation over a Hilbert space without distinction between the space
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Fig. 8: (Ex4.1) — Initial trajectory ~o, optimal trajectory v* and optimal controlled state \*
(from left to right).

and time variables, making it very appropriate to our moving point situation.
We have shown the well-posedness of the formulation using the observability
inequality proved in [8]. At a practical level, the mixed formulation is discretized
and solved in the finite element framework. The resolution amounts to solve a sparse
symmetric system. From a numerical point of view, we have provided evidence of
the convergence of the approximated control for regular initial data.

Still from a numerical perspective, for a fixed initial datum, we have considered
the natural problem of optimizing the support of control. We have solved this
problem with a simple gradient algorithm. For simplicity, the optimization is made
over very regular trajectories. The results we get are similar with those obtained in
[6], where the same problem is studied for controls distributed over non-cylindrical
domains. Although, the convergence towards the optimal trajectory seems to be
generally much slower.

This work may be extended to several directions. First, as it is done in [30]
for distributed controls, one could try to justify rigorously the well-posedness of
the support optimization problem. In that context, it could be interesting to find
the minimal regularity necessary for the control trajectories. Besides, one could try
to implement other types of algorithm for solving the problem, as for instance an
algorithm based on the level-set method. Another challenge is the extension of the
observability inequality to the multidimensional case, where we cannot make use
of the d’Alembert formula.



C] Pointwise moving control for the 1-D wave equation =—— 23

2 4 - 2 - - 2 -
1.5 - - 1.5 - -
[ - t 17 - t -
0.5 1 - 0.5 1 : I
01 - 0 - -
0 0.5 1 0 0.5 1 0 0.5 1
€T xr X

Fig. 9: (Ex4.2) — Initial trajectory o, optimal trajectory v* and optimal controlled state \*
(from left to right).

A Fourier expansion of the HUM control

In this appendix, we expand in terms of Fourier series the adjoint state ¢ linked to
the HUM control v by the relation (9), as well as the associated controlled state
y. These expansions are used to evaluate the errors ||v — vy, ||; and ||y — yulja in

Section 4. One can show that ¢ and y take the form

o(x,t) = Z (ap cos(prt) + b—fr sin(pwt)) sin(prz), (25)
p>1 P

y(@,t) =Y cp(t) sin(pra). (26)
p>1

We set
&p (t) = cos(pmt) sin(pmy(t)),
Vp > 1.

€5(0) = — sin(prt) sin(pr (1),

Injecting (25) in the terms appearing in the optimality condition (8), we get

/‘P(W’(t) Hp(v(t),t)dt = Z apaq/fpgq + Z bpbq/fpfq

p,q>1 p,q>1
(27)

+ Z apbq/‘fpfq‘i‘ Z bpaq/fpfqv

p,q>1 p,q>1
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Here, ¢p(yo) and cp(y1) are the Fourier coefficients of yg and y;. Thus, optimality

condition (8) can be rewritten

{ap}p>1 {agte>1 B {Gq}g>1 -
<M’Y ( {bp}p21 ) ’ ( {BQ}(]21 )> - <}—}’05 ( {l_)q}q21 >>, V( QabQ)QZL
(30)

where the positive definite matrix M, and the vector Fy, are obtained from
(27-28) and (29) respectively. The resolution of the infinite-dimensional system (30)
(reduced to a finite-dimensional one by truncation) provides an approximation of
the adjoint state ¢ linked to the HUM control v by (9).

Injecting (26) in the wave equation (1), we find that cp(t) satisfies

() + (pm)2ep(t) = 20(t) sin(pry(t)), VYt >0,
cp(0) = cp(y0),  ¢(0) = cp(y1).

We then have

cp(t) = cp(yo) cos(pmt) + Cp;?)

t
sin(pmt) + 2% /v(s) sin(pry(s)) sin(pm(t —s)) ds
0

Finally, by integration by parts, we deduce

p(yl)

cp(t) = ep(yo) cos(prt) + —= sin(pnt)

+ 1% /90(7(8), s) sin(pmy(s)) sin(pr(t — s)) ds

t
2/ digo s) sin(pry(s)) cos(pm(t — s)) ds
0

Lo / L (1(5). ) cos(pmy(5)) () sin(pr(t — ) ds.
0
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Résumé

Dans cet article, on traite le probleme de la contrélabilité exacte pour une équation des ondes semi-
linéaire avec contrdle interne. On reprend ici les notations de la Sect. avec d € {1,2,3}. On considére
le systéme d’état ((1.60]) ot le controle u peut agir dans Pouvert cylindrique ¢ = wx (0, T'). La controélabilité
exacte pour le systeme a été établie dans [I5, Th. 2.2] (voir aussi Th. [3) sous des hypotheses
classiques de type (GCC) pour 'ouvert w et sous 'hypothese de croissance asymptotique

gl _

m sup 172

|r|—+o00 |7’| In

(Hy)

7]

pour la semi-linéarité g. La démonstration s’appuie sur le théoréme du point fixe de Schauder afin de
justifier 'existence d’un point fixe pour l'opérateur K défini en .

L’objectif du présent article est de construire une suite (ug)reny C L2(q) convergeant fortement vers
un controle exact u pour le systéme . Tout d’abord, on remarque que la stratégie consistant a
considérer les itérés de Picard yr11 = K(yx), k > 0, échoue en général. En effet, la plupart du temps,
lopérateur K n’est pas contractant, et ce méme si g est globalement lipschitzien. On utilise ici une
approche moindres carrés. On définit I'espace de Hilbert

H={w e 12Q) x *(a); (40) € C(0,T};V) et Dy € 13(Q) }.
Pour (y°,y'), (2%, 2!) € V fixés, on introduit également les sous-espaces fermés

A= {(y’u) € H; (y,@ty)(-,O) = (y())yl) et (y78ty)("T) = (ZO7Z1)}7

Ao = {(yW) €H; (y,0iy)(-,0) = (0,0) et (y,0ry) (-, T) = (0,0)}

On considére alors le probléme d’optimisation (non convexe)

Juin B, avee By) = 3D+ g6) ~ ulo 3 g
La fonctionnelle moindres carrés F mesure la proximité d’un couple (y,u) € A avec I’ensemble des paires
état-controle de . De surcroit, on observe que tout zéro (y,u) € A de E est une paire état-controle
de . On cherche donc & construire une suite minimisante (yx, ux)ren C A qui converge vers un
zéro de E. Pour ce faire, on ajoute deux hypotheses sur g légerement plus fortes que . Le résultat
principal de ’article est reproduit ci-dessous.

Théoréme. Soit s € (0,1]. On pose B*(s) = /m. On suppose que

l9'(a) — ¢'(b)]

1s = su < o0, H,
[g ] a,pr]R |CL - b|S ( )
a#b
Ja >0, 35 € [O,B*(s)), lg’ ()] SO&+,@1H1/2(1—|—|TD, Vr € R. (Hy)

Pour (yo,up) € A, on définit la suite (Y, uk)ken par

(Ykt1, uk+1) = (yg, uk) — \e (Y, Ug), avec g = arg[mi]nE((yk,uk) — )\(Yk,Uk)),
A€[0,1
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et ot (Yy,Uy) € Ag est la paire état-controle HUM du systéme linéarisé

RY =AY + ¢ (yr)Y = Uly, + (Oye + g(yx) — uply,) dans Q,
Y=0 sur X,
(Y;0:Y)(-,0) = (0,0) dans €.

Plus précisément, Uy, est ici le contréle d zéro de norme L?(q) minimale du systéme ci-dessus. La suite
(yk, ur)ren converge fortement vers une paire état-controle (y*,u*) de (1.60). En outre, la convergence
est au moins linéaire, et méme d’ordre 1 + s aprés un nombre fini d’itérations.

Il est & noter que ’algorithme de descente pour F s’apparente a un algorithme de Newton amorti pour
la fonction F'(y,u) = Oy+g(y) —ul,. Pour illustrer la convergence de la suite minimisante, on compléte
larticle par quelques simulations numériques en une et deux dimensions. On initialise la suite avec la
paire état-controle HUM du systéme “linéaire”, i.e. pour g = 0. On considere une semi-linéarité
“critique” de la forme

g(r) = —cor 22+ |r]), VreR,

avec ¢, € R. Cette semi-linéarité g vérifie (Hs) pour s = 1 et (Hz) pour |c,| assez petit. Pour des petites
valeurs de cg4, on met en évidence la convergence quadratique de la suite vers une paire état-controle
de . Par ailleurs, on trouve un pas de descente A\ systématiquement proche de 1, ce qui signifie
que l'algorithme de descente pour E coincide avec I'algorithme de Newton classique pour F. Pour des
valeurs de ¢4 plus élevées, on met en évidence une convergence linéaire, puis quadratique a partir d’un
certain rang. On observe également un pas de descente Ay initialement proche de 0, puis croissant jusqu’a
atteindre 1.

Article
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Constructive exact controls for semi-linear wave equations

ARTHUR BOTTOIS JEROME LEMOINE ARNAUD MUNCH*

September 5, 2022

Abstract

The exact distributed controllability of the semi-linear wave equation duy — Ay + g(y) = flo
posed over multi-dimensional and bounded domains, assuming that g € C*(R) satisfies the growth
condition limsup,_, ., g(r)/(|7| In'/2 |r|) = 0 has been obtained by Fu, Yong and Zhang in 2007. The
proof based on a non constructive Leray-Schauder fixed point theorem makes use of precise estimates
of the observability constant for a linearized wave equation. Assuming that g’ does not grow faster
than S1In'/? |r| at infinity for 8 > 0 small enough and that ¢’ is uniformly Hélder continuous on
R with exponent s € (0,1], we design a constructive proof yielding an explicit sequence converging
to a controlled solution for the semi-linear equation, at least with order 1 4 s after a finite number
of iterations. Numerical experiments in the two-dimensional case illustrate the results. This work
extends to a multi-dimensional case and completes with some numerical experiments the study by
Miinch and Trélat devoted to the one-dimensional situation.

AMS Classifications: 35L71, 49M15, 93E24.
Keywords: Semilinear wave equation, exact controllability, least-squares approach.

1 Introduction

Let Q be a bounded domain of R?, d € {2,3} with C'*! boundary and w CC € be a non-empty open
set. Let T' > 0 and denote Qr := Q x (0,7T), g7 :=w x (0,T) and X7 := 9Q x (0,T). We consider the
semi-linear wave equation

Oy — Ay +g(y) = flu, in Qr,

y =0, on X, (1)

(y(?())vaty(vo)) = (U‘Oaul)a in Qa

where (ug,u1) € V := H(Q) x L?(Q) is the initial state of y and f € L?(qr) is a control function. Here
and throughout the paper, g : R — R is a function of class C* such that |g(r)] < C(1 + |r|) In(2 + |r|)
for every r € R and some C' > 0. Then, (1) has a unique global weak solution in C([0,7]; H}(2)) N
CH([0,T]; L*(2)) (see [6, 8]).

The exact controllability for (1) in time T is formulated as follows: for any (ug, u1), (20,21) € V, find
a control function f € L?(qr) such that the weak solution of (1) satisfies (y(-,T),0y(-,T)) = (20, 21).
Assuming a growth condition on the non-linearity ¢ at infinity, this problem has been solved in [18].

*Université Clermont Auvergne, CNRS, LMBP, F-63000 Clermont-Ferrand, France; arthur.bottois@uca.fr,
jerome.lemoine@uca.fr, arnaud.munch@uca.fr (Corresponding author).
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Theorem 1. [18, Theorem 2.2] For any zo € R4\ Q, let Ty = {z € 0, (x — x0) - v(z) > 0} and, for any
€>0,0(Tg)={ycRe||ly—x|<eforxecTy}. Assume

(Ho) T >2max, gz — 20| and w 2 O(T'o) NQ for some e > 0.
If g satisfies
(Hy) limsup),_q % =0

then (1) is exactly controllable in time T.

This result improves [29] where a stronger condition of the support w is made, namely that w is a
neighborhood of 92 and that 7' > diam(Q2 \ w). In Theorem 1, Ty is the usual star-shaped part of the
whole boundary of Q introduced in [30] and v(z) denotes the outward normal derivative at any point
x € 0.

A special case of Theorem 1 is when g is globally Lipschitz continuous, which gives the main re-
sult of [40], later generalized to an abstract setting in [23] using a global version of the inverse func-
tion theorem and improved in [38] for control domains w satisfying the classical multiplier method of
Lions [30]. Theorem 1 extends to the multi-dimensional case the result of [41] under the condition
lim sup),| o0 % = 0, relaxed later on in [6], following [14], and in [31]. The exact controllability for
subcritical non-linearities is obtained in [12] assuming the sign condition rg(r) > 0 for every r € R. This
latter assumption has been weakened in [22] to an asymptotic sign condition leading to a semi-global
controllability result in the sense that the final data (2¢, z1) is prescribed in a precise subset of V.

The proof given in [18, 29] is based on a fixed-point argument introduced in [39, 41] that reduces
the exact controllability problem to the obtention of suitable a priori estimates for the linearized wave
equation with a potential (see Proposition 6 in Appendix A). More precisely, it is shown that the operator
A : L2(0,T; LYQ)) — L>=(0,T; L4(Q)) where y := A(z) is a controlled solution through the control
function f of the linear boundary value problem

Oy — Ay +g(2)y = —g(0) + fl,, inQr, R g(r) — g(0) ifr£0,
y=0, on X, g(r) = r (2)
(4(-.0),0ey(-.0)) = (o, u1), in Q, g'0) ifr=0,

satisfying (y(-,T),0yy(-,T)) = (20,21) has a fixed point. The control f is chosen in [29] as the one of
minimal L?(gr)-norm. The existence of a fixed point for the compact operator A is obtained by using
the Leray-Schauder’s degree theorem. In particular, under the growth assumption (Hy), it is shown a
stability property of the operator A, i.e. the existence of a constant M = M(||(uo,u1)|v, ||(20,21)||v)
such that A(BLOO(O7T;L!1(S2)) (0, M)) C BLOO(O7T;L(1(S2)) (0, M).

This article is concerned with the determination of strongly convergent sequences (yg, fi)ren toward
a state-control pair for the nonlinear system (1). The controllability of nonlinear partial differential equa-
tions has attracted a large number of works in the last decades (see the monograph [11] and references
therein). However, very few are concerned with the approximation of exact controls for nonlinear partial
differential equations, and the construction of convergent control approximations for controllable non-
linear equations remains in general an open question. This is mainly due to the fact that the available
controllability results are based on non constructive fixed arguments. Thus, the Picard iterates (y)ken
associated with the operator A, defined for any yo € L>(0,T; L%(Q)) by yrs1 = Alyk), k > 0, remains
bounded in L>(0,T; L%(Q2)) but has no reason to converge (we refer to [17] where divergence is observed
numerically in a parabolic case).

Recently, two constructions of convergent sequences have been proposed in the one-dimensional case
with © = (0,1): the first one in [36] is based on a least-squares approach: the extremal problem

in F E = — O — f1,]17-
(yf%gA (y. f), Y, ) = 10wy — Ouay + 9(y) — flullz2(0p) 3)
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is considered where A is a closed subset of L?(Qr) x L?(gr) containing the initial condition and control-
lability requirement at the initial and final time respectively. Assuming notably that g € C*(R) satisfies
for some 8 > 0 small enough the asymptotic condition

(H;.) lim Sup|r\~>oo 111%//(;?,“ S B
a minimizing sequence for E is constructed and proved to converge strongly to a state-control pair for
(1). We refer to [36, Theorem 2.3] for a precise statement. The least-squares approach turns out to be
related to the operator Ay : L= (Qr) — L°°(Qr), where for any z € L*°(Qr), y = An(2) is a controlled

solution through the control f of

Oy — 0wy + ' (2)y = flw +¢'(2)2 — g(2), in Qr,
Yy = 07 on ET? (4)
(y(-,0),0:y(+,0)) = (uo,u1) in Q

satisfying (y(-,T),0y(-,T)) = (20, 21). Again, for each z, the control of minimal L?(gr) norm is consid-
ered. A similar strategy has been successfully applied in [27] for a semi-linear 1D heat equation. The
second one in [2] focuses on the boundary controllability and considers the operator Ap : L>®(Qr) —
L>(Qr), where for any z € L*>°(Q7), y = Ar(z) is a controlled solution through the control f of

atty - 6macy = _g(z)’ in Qr,
y(0,-) =0, y(1,-)=f, on (0,7, (5)
(y(+,0), 0py(+,0)) = (uo,u1) in Q

satistying (y(-,T),0wy(-,T)) = (20, 21). For each z, the state-control pair (y, f) is chosen as the minimizer
of an L? functional involving parametrized Carleman weights. Under the asymptotic condition (H}), it
is shown that the operator Ap is contracting for a large enough parameter. We refer to [2, Theorem 8]
for a precise statement. This provides a convergent sequence (Y, fi)ren to a state-control pair for the
nonlinear equation. Remark that a similar operator has also been used recently for a semi-linear heat
equation in [37].

The objective of the present paper is two-fold: first, we extend the least-squares approach introduced
in [36] to a multi-dimensional case. With respect to the one-dimensional case studied in [36], the controlled
solution is not anymore in L (Q7) but in L°°(0,T; LP(Q)) for some p related to the dimension of 2. This
requires a finer analysis in order to estimate the observability constant. Second, we give some numerical
illustrations of the method (not given in [36]) both in the one and two dimensional cases. This requires
the approximation of exact controls for linear wave equations, which is known to be a delicate issue, since
the works of Glowinski (see the monograph [20] and the recent review [34]).

The paper is organized as follows. In Sections 2 and 3, we adapt [36] to the higher dimension
without reproducing all the arguments. More precisely, we define the non-convex optimization problem (6)
involving the least-squares functional E. We show that any critical point (y, f) for E such that ¢'(y) €
L>(0,T; L%(9)) is also a zero of E. This is done by introducing a descent direction (Y1, F'!) for E at any
(y, f) for which E’(y, f)-(Y'!, F1) is proportional to v/E(y, f). A minimizing sequence based on (Y1, F'*)
is then proved to converge to a controlled pair for the semi-linear wave equation (1) under assumptions
on g similar to (H)). We refer to Theorem 2 for a precise statement of our result. Section 4 provides
several comments and Section 5 then illustrates the result with some numerical experiments in one and
two dimensions. Section 6 concludes. In Appendix A, we recall some a priori estimates for the linearized
wave equation with potential in L>(0,T; L%(£2)) and source term in L?(Qr).

As far as we know, the method introduced and analyzed in this work is the first one providing an
explicit, algorithmic construction of exact controls for semi-linear wave equations with non-Lipschitz
non-linearity and defined over multi-dimensional bounded domains.

This work extends the one-dimensional study addressed in [36], for which the solution is uniformly
bounded with respect to both the time and space variable. In contrast, the multi-dimensional case for
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which the solution does not belong to L>°(Qr), requires finer analysis : we refer for instance to Lemma
5. With respect to [36], some proof very closed to the one dimensional case are omitted; on the contrary,
the proof of Proposition 5, left to the reader in [36], is given in the present work. With respect to [36],
we also provide some numerical experiments (including for d = 1).

For parabolic equations with Lipschitz non-linearity, we mention [24]. Actually, this work devoted to
controllability problems takes their roots in earlier works, namely [25, 26], concerned with the approxi-
mation of solution of Navier-Stokes type problem, through least-square methods: they refine the analysis
performed in [28, 33] inspired from the seminal contribution [3].

Throughout, we denote by | - || the usual norm in L*>®(R), by (-,-)x the scalar product of X (if X
is a Hilbert space) and by (-,-) x v the duality product between X and Y. The notation || - ||2,4, stands
for || - || L2 gy and || - ||, for || - | Lr (@), » € N*. We also denote by C' a positive constant depending only
on Q and T that may vary from line to line.

In the rest of the paper, we assume that the open set w and the time T satisfy (Hp).

2 The least-squares functional and its properties

2.1 The least-squares problem

We define the Hilbert space
W= {(.y, 1) € L2(Qr) x L(ar), y € €0, TT: HA(©) N CM([0, T} L*()) | Oy — Ay LQ(QT)}

endowed with the scalar product

((yv f)a (?a?))ﬂ = (yag)Q + ((y('vo)vaty('v0))’(g("0)aaty('70)))v
+ (atty - Ay7 att? - Ay)Q + (fv ?)2,(]7‘

and the norm ||(y, f)|lx := (v, f), (y, ).

Remark 1. Endowed with the norm ||(y,0:y)| L (0,1:v) = HyHLoo(O,T;H&(Q)) + 10yl o= (0,722 ()5 the
space C([0,T]; H (22))NCH ([0, T]; L2(K2)) is a Banach space and H — (C([0,T]; H§ (22))NC ([0, T]; L*(£2))) x
L?(qr) continuously. Indeed, if (y, f) € H, we get from [30, Lemme 3.6, p.39] that

19,0l <0,y < C 10wy = Ayllzzin + 1, 0), Dy, )l )
from which we deduce that H(y,(?ty)HLm(o_’T;V) + ||f||L2(qT) < Cl(y, H)ll%-
Let (ug,u1), (20,21) € V. We define the non-empty subspaces of H
A= {<y,f> € H | (4 0), Dry(-,0)) = (s 1), (¥(T), Buy(T)) = (zO,zn},
Ay — {<y, 1) €H | W(.0),8(-0)) = (0,0), (y(-.T), dey(-.T)) = <o7o>}.

Remark that (0,0) € Ag while A contains the controlled pairs for the linear wave equation.
We consider the following non convex extremal problem:

1 2
inf == - + — f1,ll5.
ot E(y, f), E(y, f) 2H8tty Ay +g(y) — flu]]; (6)

The functional F is well-defined in A. Precisely,

Lemma 1. There ezists a positive constant C > 0 such that E(y, f) < C(1+||(y, f)|3,) for any (y, f) € .A.‘




Proof. A priori estimate for the linear wave equation reads as

1Cy, 07 (0. vy < C<||3tty — Ayl3 + I(Umm)%f)

for any y such that (y, f) € A. Using that |g(r)| < C(1+ |r|)log(2+ |r|) for every r € R and some C > 0,
we infer that

2
lowl < | ((1 T Jy]) log(2 + |y>)

T

<c [ (1 ® < el + ol
T

<C*(lQrf* + ||y||ioc(o,T;Hg(Q)))
for which we get E(y, f) < C(|0uy—Ayll3+1f113.4, +|Qr >+ Hy||?ioo(07T;H&(Q))) leading to the result. O

Within the hypotheses of Theorem 1, the infimum of the functional of E is zero and is reached by
at least one pair (y, f) € A, solution of (1) and satisfying (y(-,T), (-, T)) = (20, 21). Conversely, any
pair (y, f) € A for which E(y, f) vanishes is solution of (1). In spite of the lack of convexity of the
functional F, we are going to construct a minimizing sequence which always converges to a zero of E. In
this respect, we formally look, for any (y, f) € A, for a pair (Y, F!) € Ag solution of

OuY' =AY ' +¢'(y) V' = F'ly + (Ouy — Ay +g(y) — f 1), in Qr,
Yt =0, on X, (7)
(Y(-,0),0,Y(-,0)) = (0,0), in Q.

Since (Y'!, F!) belongs to Ag, F' is a null control for Y!. Among the controls of this linear equation,

we select the control of minimal L?(gr) norm. In the sequel, we shall call the corresponding solution
(YL FY) € Ag the solution of minimal control norm. We have the following property.

Proposition 1. For any (y, f) € A, there exists a pair (Y1, F') € Ao solution of (7). Moreover, the
pair (Y1, FY) of minimal control norm satisfies the following estimates :

C ’ 2
||(Y178tY1)HL°°(O,T;V) + ||F1||2,qT < Ce lg (y)HLoo(o,T;Ld(Q)) E(y’ f)7 (8)

and

C ’ 2
1YL FY e < C(1 + g @)z .15 )€ Blemorcda /By, f) 9)

for some positive constant C > 0.

Proof. The first estimate follows Proposition 7 and the equality ||0xy — Ay +g(y) — f lull2 = /2E(y, f).
The second one follows from

IV Dl < 10uYh = AY o + [Vl + 1 EH 2,07 + [YH(-,0),0,Y (-, 0)[lv
<Yz + 119" @)Y iz + 201 F 2,47 + V2V E(y. f)
C 1, 2
S C(]. =+ Hg/(y)HL“’(O,T;L'L‘(Q)))e llg (y)HLOO(O)T;Ld(Q)) E(y,f)

. T
using that g/ W)Y 3 < i 10/ W1 @1V ey < Cla W1 o sz 1Y 1B 0. r5s8 e O

2.2 Main properties of the functional F

Given any s € (0, 1], we introduce for any g € C!(R) the following hypothesis:




(Hs) [9]s:= SPa.ck lr@-gOl < 400
meaning that ¢’ is uniformly Hélder continuous with exponent s. In particular, g satisfies (Hy) if and
only if ¢’ is Lipschitz continuous (in this case, g’ is almost everywhere differentiable and ¢” € L (R),
and we have [¢']s < /9" [loo)-

The interest of the pair (Y, F1) € Ag lies in the following result.

Proposition 2. Assume that g satisfies (Hs) for some s € (0,1]. Let (y, f) € A and let (Y1, F') € Ay
be a solution of (7). Then the derivative of E at the point (y, f) € A along the direction (Y, F') satisfies

E'(y,f)- (Y',F') =2E(y, f). (10)

Proof. We check that for all (Y, F) € Ag the functional F is differentiable at the point (y, f) € A along
the direction (Y, F') € Ag. For any A € R, simple computations lead to the equality

E(y+ XY, f+AF) = E(y, [) + \E'(y, ) - (Y, F) + h((y, ), \(Y, F))
with
E'(y, f)- (Y, F) := (Ouy — Ay + 9(y) — f 1w, 0uY — Dy +4¢' (y)Y — Fly), (11)
and
2
h((y, ), (Y, F)) ::%(%Y —AY +¢'(y)Y — Fl,,04Y =AY +¢'(y)Y — F1,),

FA0Y — AY +¢'(y)Y — F 1, U(y, AY)),

+ 0y — By +9(9) — Ll AY)) + L1y V)1, AY))

where [(y, \Y) := g(y + \Y) — g(y) — A¢’(y)Y. The application (Y, F) — E'(y, f) - (Y, F) is linear and
continuous from A to R as it satisfies

|E'(y, f) - (Y, F)| < |0y — Ay + g(y) — [ Lo|l2|00Y — AY + ¢'(y)Y — F 1,2
< V2B T) (n(atty AV 4119 )l 0.z 1Y om0zt + ||F||2,qT)
< V2B, Fy max (L 1lg' (0]l co:z-15) | (V: ) .

(12)
Similarly, for all A € R*,

1 B
S | <

106Y = AY +¢'(y)Y — F 1,3
1 1
+ <|)\|||3ttY —AY +¢'(y)Y — Floll2 + V2E(y, f) + §||l(y7 )\Y)Hz) WW(% AY) |2
For any (r,y) € R? and A € R, we then write g(x + \y) — g(z) = fo)\ yg'(z + Ey)dE leading to

A
lg(x + Ay) — g(x) — Ag'(x)y| < | /0 lyllg' (z + &y) — ¢’ (=) |d¢]

A ! Y, 1+
< | [ e S T g < g e B

1€yl 1+s°
It follows that [1(y, \Y)| = [g(y + \Y) = g(y) = Ag'(5) Y] < [¢/)s B V[ and
L ‘)\|S 1+s
nilli ), < 2 e, (13)
But H|Y|1+sH; = ||YH§E§E; < C'||YH2L(;"('3’)T;L4(Q)); consequently, for s > 0, |§|||Z(y,)\Y)H2 —0asA—0

and |h((y, [), \(Y, F))| = o(\). Eventually, the equality (10) follows from the definition of the pair
(Y, F1) given in (7). O
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Remark that from the equality (11), the derivative E’(y, f) is independent of (Y, F). We can then
define the norm [|E'(y, f)|| 4, = sup(y, pyc.a,\ {0} % associated with Aj{), the topological dual of

Ap.

Combining the equality (10) and the inequality (8), we deduce the following estimate of E(y, f) in
term of the norm of E'(y, f).

Proposition 3. For any (y, f) € A, the following inequalities hold true:

1
V2max (1, ||’ (¥) | L 0,7522(2)))

1B (v Fllay < VE(. f)
1 Cclla’ 2
< \/§O<1 + ”g/(y)”LN(O,T;L?’(Q)))e llg (y)||Loo(o,T;Ld(Q)) ||E’(y, f)HA{)
(14)

where C' is the positive constant from Proposition 1.

Proof. (10) rewrites E(y, f) = $E'(y, f) - (Y', F') where (Y!, F') € Ay is solution of (7) and therefore,
with (9)

By, )< LI w107 ) Lag

1 U (a2
< SO+l W)= oiwsay) e e ometon | By, £)] av/Ely, D)-
On the other hand, the left inequality follows from (12). O

Consequently, any critical point (y, f) € A of E (i.e., E'(y, f) vanishes) such that ||g'(y)|| £ (0,7;23(0))
is finite is a zero for E, a pair solution of the controllability problem. In other words, any sequence
(Yks fr)k>o satisfying [|E'(yk, fi)lla; — 0 as k — oo and for which [|g’(yx )|l (0,7:3()) is uniformly
bounded is such that E(yk, fr) — 0 as k — oco. We insist that this property does not imply the convexity
of the functional F (and a fortiori the strict convexity of E, which actually does not hold here in view of
the multiple zeros for E') but show that a minimizing sequence for F can not be stuck in a local minimum.

On the other hand, the left inequality indicates the functional E is flat around its zero set. As a
consequence, gradient-based minimizing sequences may achieve a low speed of convergence (we refer to
[35] and also [28] devoted to the Navier-Stokes equation where this phenomenon is observed).

We end this section with the following fondamental estimate.

Lemma 2. Assume that g satisfies (Hg) for some s € [0,1]. For any (y, f) € A, let (Y1, F') € Ay be
defined by (7). For any A € R the following estimate holds

E((y. f) — MY',FY) < B, f) (|1 AT () B, f>s/2) (15)

with ¢(y) : [¢']sd(y)1F* and d(y) := CeN9 Wliw o7y

_ @
(1+s)V2

Proof. Estimate (13) applied with Y = Y reads

||l(y /\Yl)H < [g/]s|/\|l+s||lyl‘1+s|| ) (16)
’ 2= 1+s 2
s||2 2(s+1 2(s+1 . .
But [|[Y "2 = ||Y1||2§S+l§ < C”Yl”L(ao(o,)T;H&(ﬂ)) which together with (8) lead to
, 1+s 1
Y|, < C(Cec'g (y)'meT;Ld(m) E(y. f) = . (17)




1

Eventually, we write

2B((y.f) = MY, F))

= H (8tty —Ay+gly)—f L,J) — A(@ttYl —AY' 4+ ¢ (y)Y - Flw) +1(y, =AY

2
2

= H(l =N (Ouy — Ay + g(y) — flo) +1(y, =AY

2

2 (18)
< <H(1 —A) Oy — Ay + g(y) — f1w) ], + ||y, —)\YI)HQ>
A1 114 ?
A S
§2<I1—A| Bly, )+ 1ol T I Hg)
1+s , 1+s e 2

<2 (- NV + 1o (0 W limorio) iy, %)

and we get the result. O

3 Convergence of a minimizing sequence for F

Equality (10) shows that —(Y'1, F'!) given by the solution of (7) is a descent direction for E. Therefore,
we can define, for any fixed m > 1, a minimizing sequence (yx, fx)r>0 € A as follows:

(y07 fO) S Aa
(Ut for1) = (Wis fu) = MY  F), k€N, (19)
)‘k = argmin)\e[O,m]E((ykv fk) - )‘(Yklv Flcl))7

where (V}!, F}l) € Ay is the solution of minimal control norm of

oYy — A, + ¢ (yx) - Yy = Fiily + (Ouyr — Ayg + g(yr) — frls), in Qr,
Y =0, on o, (20)
(Y2(-,0), 8,V (-,0)) = (0,0), in Q.

The real m > 1 is arbitrarily fixed and is introduced in order to keep the sequence (A)ren bounded.
Given any s € (0, 1], we set
s

2C(2s + 1)

where C' > 0, only depending on 2 and T, is the constant appearing in Proposition 7. In this section, we

B*(s) = (21)

prove our main result.

Theorem 2. Assume that g' satisfies (Hs) for some s € (0,1] and
(Hz) There exists a >0 and 3 € [0, 8*(s)) such that |¢'(r)] < o+ BIn'/?(1 + |r|) for every r € R.

Then, for any (yo, fo) € A, the sequence (yx, fr)ren defined by (19) strongly converges to a pair (g, f) € A
satisfying (1) and the condition (y(-,T),y+(:,T)) = (20, 21), for all (ug,u1), (20,21) € V.. Moreover, the
convergence is at least linear and is at least of order 1 + s after a finite number of iterations

This result remains true for s = 0 (remark that [¢']o < oo is equivalent to ¢’ € L*°(R)) under the
additional smallness assumption on ||g’|| e (r):

’ /a
(H3) V20| ¢ ||oceCl 519129
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with C the constant appearing in Proposition 7. We refer to [36] for the details devoted in the case d = 1.
The proof of 2 consists in showing that the decreasing sequence (E(yg, fr))ken converges to zero. In

view of (14), this property is related to the uniform property of the observability constant ec”g,(yk) I 0.1t ca)
with respect to k. In order to fix some notations and the main ideas of the proof of Theorem 2, we
first prove in Section 3.1 the convergence of the sequence (yg, fx)ren under the stronger condition that

g € L*(R), sufficient to ensure the boundedness of the sequence (ecllg/(y’“)”i“’<0,T:Ld<n>>)keN. Then, in
Section 3.2, we prove Theorem 2 by showing that under the assumption (Hz), the sequence (yi, fi)ren is
actually bounded in A. This implies the same property for the real sequence eCHgl(yk)”i""mvT?Ld(Q)), and
then the announced convergence.

3.1 Proof of the convergence under the additional assumption ¢’ € L*(R)

We establish the following preliminary result which coincides with Theorem 2 in the simpler case 5 = 0.

Proposition 4. Assume that g' satisfies (Hg) for some s € (0,1] and that ¢’ € L>®(R). For any
(vo, fo) € A, the sequence (y, fx)ren defined by (19) strongly converges to a pair (7, f) € A satisfying
(1) and the condition (y(-,T),y:(-,T)) = (20,21). Moreover, the convergence is at least linear and is at
least of order 1+ s after a finite number of iterations.

Proceeding as in [26, 36], Proposition 4 follows from the following lemma.

Lemma 3. Under the hypotheses of Proposition 4, for any (yo, fo) € A, there exists a ko € N such that
the sequence (E(yk, fr))k>k, tends to 0 as k — oo with at least a rate s + 1.

Proof. Since ¢’ € L*°(R), the nonnegative constant c(y) in (15) is uniformly bounded w.r.t. k: we
introduce the real ¢ > 0 as follows

C 712 2/d s
e n.(ceClo 1ol ) . VkeN. 99
) < c= =yl (Ce 22)

|| denotes the measure of the domain Q. For any (yg, fx) € A, let us then denote the real function py
by
pr(A) =11 = Al + )\1+SCE(yk,fk)S/2, YA € [0, m].

Lemma 2 with (y, f) = (yx, fx) then allows to write that

VEWYk+1, frt1) = /\g[loif;]] \/E<(yk7fk) — AL ED) < peOVE W, fr,) (23)
with pk(j\;) := Minyg[o,m) Pk(A). Assume first that s > 0. The optimal A is given by

1
—~ ) if (1 + S)l/scl/s V E(yk7fk) > 17
N = (L)l s\/E(yg, fr)

1, if (1485 \/E(yr, fr) <1

leading to

1-— 51 1 it (14 855\ /By, >,
= | a1 TR ) 2 o

¢ E(yr, fx)*/% if (1+s)5cY*\/E(yk, fr) < 1.

Accordingly, we may distinguish two cases :



o If (1 + s)Y/2cY/*\/E(yo, fo) < 1, then ¢'/*\/E(yo, fo) < 1, and thus ¢'/*\/E(yy, fr) < 1 for all k € N

since the sequence (E(yg, fi))ken is decreasing. Hence (23) implies that

s s 1+s
o E(ykgs frer) < (¢V*V/Elye, fr)) " Wk eN.

It follows that ¢'/*\/E(yx, fr) — 0 as k — oo with a rate equal to 1+ s.
o If (14 5)'/5¢'/5\/E(yo, fo) > 1 then we check that the set I := {k € N, (1+ s)Y/5cV/*\/E(ys, fr) > 1}

is a finite subset of N; indeed, for all k € I, (23) implies that

S 1 ) 1/ 1/ S
; N EWks fi) = ¢ PN Eks fr) — 17
(1+S)§+1 CI/S\/E(yk,fk) (1+S)§+1
(25)
and the strict decrease of the sequence (cl/sw/E(yk,, fi))ker. Thus there exists kg € N such that for all
k> ko, (14 8)Y/5cY/5\/E(yr, fr) < 1, that is I is a finite subset of N. Arguing as in the first case, it
follows that \/E(yk, fr) — 0 as k — oo.

It follows in particular from (24) that the sequence (pk(X;)) ken decreases as well.

M E(yrst, fr1) < (1 —

Proof. (of Proposition 4) In view of (9), we write
Cllg’ 2 2 2/d 2 2/d
(1+ 19’ )| 1 0.7:5 ) ) -1 im0 mina@n < (14 [|g/ ||| Q]1/3)eCNs M52 < (20151519

using that (1 4 u)e”2 < e for all u € R*. It follows that

2 2/d
Z Ml (Y2, ED)lla < m CeCllo' =19 Z VEYn, fn)- (26)
Using that pn(Xn) < po()\o) for all n > 0, we can write for n > 0,

VEWn, fa) < 2n-1Ga- ) VEWn-1, fa-1) < poA0)VEWn-1, fa1) < (06(X0))"VE(yo, fo).  (27)

Then, using that po(Xo) = minyeo,m) Po(A) < 1 (since po(0) = 1 and py(0) < 0), we finally obtain the

uniform estimate
k

D Al (Yo, F)ll < m CeClia 11212/ VE o, fo)
=0 1 —po(Ao)

for which we deduce (since H is a complete space) that the serie Y., <, A (Y,l, F)t) converges in Ag.
Writing from (19) that (yei1, fer1) = (W0, fo) — Yok _o An(Y;h, F1), we conclude that (yg, fx) strongly
converges in A to (7, f) := (Yo, fo) + 2,50 A (YL, F1).

Let us now pass to the limit in (20). We write that [|g(yx) — 9@)|lz2(0r) < 9" |oclyr — Yllz2(@,) and
thus g(yx) — ¢9(¥) in L?(Qr). Moreover, (¢'(yx))ren is a bounded sequence of L?(Qr) since g’ € L.
Then, using that (V}!, F{t) goes to zero as k — oo in Ag, we pass to the limit in (20) and get that
(, f) € A solves

0wy =AY+ 9(@) = flo,  In Qr,
=0, on X, (28)

®(-,0),9:9(-,0)) = (v, Y1) in Q.

<

10
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Since the limit (7, f) belongs to A, we have that (y(-,T),7,(-,T)) = (20, z1) in Q. Moreover, for all k > 0

1@ ) = s el = || D MY F)|| <m D (Y Fp)llm
p=k+1 H p=k+1
<mC > \E@Wp f) <mC Y po(ho)’ " VE(s, fi) (29)
p=k+1 p=k+1
Po(No)
<mC————<—VE(y, fr)
1 —po(Ao)

and conclude from Lemma 3 the convergence of order at least 1 + s after a finite number of iterates. [

Remark 2. In particular, along the sequence (yg, fx)ren defined by (19), (29) is a kind of coercivity
property for the functional E. We emphasize, in view of the non uniqueness of the zeros of E, that an

estimate (similar to (29)) of the form ||(¥, f) — (v, )l < C\/E(y, f) does not hold for all (y, f) € A.
We also emphasize that the sequence (yx, fr)ven and its limits (7, f) are uniquely determined from the
initialization (yo, fo) € A and from our selection criterion for the control F!.

Remark 3. Estimate (26) implies the uniform estimate on the sequence (||(Yk, fr)||lx)ken:

k—1
712 2/d
(s Filllae < (o5 fo)llae +m CeCl IR " /By, f)
n=0

< II(yo, fo)lln +mCeCHg’HiOIQIQ/dM_
1 —po(Ao)
In particular, for the less favorable case for which (1 4+ s)/5c'/*\/E(yo, fo) > 1, we get VE(o.fo) _

1—po(Ao)
1,
%Cl/SE(yo,fo), (see (24)) leading to

1
st
clg P/ (L+s)= "

(Wi, fe)ll2e < 1m0, fo)ll2 +m Ce 2 E(yo, fo),

and then, in view of (22), to the explicit estimate in term of the data

2s+1

! 1/s 2 2/d s
ks Sl < s o+ 52 (CLY T etz ) ™ e o),

Remark 4. For s > 0, recalling that the constant ¢ is defined in (22), if (1 + s)*/*c*/*\/E(yo, fo) > 1,
inequality (25) implies that

N/ Eyi, fi) < *V/E(yo, fo) ~ kﬁ kel

Hence, the number of iteration ko to achieve a rate 1 + s is estimated as follows :

S

to = |0 0) (/5004 90 Bl o)) | +1

where || denotes the integer part. As expected, this number increases with \/E(yo, fo) and ||¢'||cc- If
(1+ s)Y5ct5\/E(yo, fo) < 1, then ko = 0. In particular, as s — 0T, kg — oo if ¢ > 1, i.e. if (Hg) does
not hold.

The following convergence also holds, independently of the dimension of 2. We refer to [36, Section
3, step 2] for the proof.

Lemma 4. Assume that g’ satisfies (Hs) for some s € (0, 1] and that g' € L= (R). The sequence (Ag)k>k,
defined in (19) converges to 1 as k — oo at least with order 1+ s.

11




3.2 Proof of Theorem 2

In this section, we relax the condition ¢’ € L>°(R) and prove Theorem 3.2, for s > 0 under the assumption
(Hz). This assumption implies notably that |g(r)| < C(1 + |r|) In(2 + |r|) for every r € R, mentioned in
the introduction to state the well-posedness of (1). The case 8 = 0 corresponds to the case developed in
the previous section, i.e. ¢’ € L>°(R).

Within this more general framework, the difficulty is to have a uniform control with respect to k of

C ’ 2 . . . oy
9" @i o0 0,714 2 appearing in the estimates for (Y;!, F}l), see Proposition

the observability constant C'e
1. In other terms, we have to show that the sequence (y, fx)ren uniquely defined in (19) is uniformly
bounded in A, for any (yo, fo) € A.

The following intermediate result is crucial as it gives an estimate of the observability constant in

term of an L>°(0,T, LP(€2)) norm of the state.

Lemma 5. Let C > 0, only depending on 2 and T be the constant appearing in Proposition 7. Assume
that g satisfies the growth condition (Hz) and 2032 < 1. Then for any (y, f) € A,

2
1Yl oo (0,759 () > 2P

eCHg/(y)Hioo(O,T;Ld(Q)) < 2C max(1, ezco‘2|§2\2) (1 + Qe

for any p* € N* with p* < 0o ifd =2 and p* <6 if d = 3.

Proof. We use the following inequality (direct consequence of the inequality (3.8) in [29]):

N9 I e 0,710 ) < C(l + sup / eC|g/(y)|2>7 Y(y, f) € A. (30)
t€(0,T) JQ

Writing that |¢'(y)[* < 2(a? 4+ 6%In(1 + |y|)), we get that [, Cla WP < 20 Jo(1 + |y\)2cﬂ2.
Assuming 2C3? < p*, Hélder inequality leads to

2082 )
’ * p* cB
[ecwor ceee([appp) o
Q Q

2032
2002 1yl Lo+ ()
=¢ |Q|<1 T )

It follows, by (30), that for every (y, f) € A,

Clg W? 2 1Yl Lo (0,7 0% (2 206*
e 19" WL o0 (0,7 1d 0y <01+ e2Ce 1+ (0,T;LP" (Q))
Q7

2
< C'max(1 620a2|m) 1+ (1+ Hy||L°°(0,T;LP*(Q)) en
—= ? |Q|1/p*

2

1ll e 0.1 m»)m

2082 2Ca?
<2 C max(1, e~ |Q|)<1 + Q)i

and the result. O

Lemma 6. Assume that g satisfies the growth condition (Hz) and 2032 < 1. For any (y, f) € A, the
unique solution (Y1, F1) € Ay of (7) satisfies

1Y, 8eY Dl = o,mv) + [1F l2.0r < d(y) v/ E(y, f)

2082
with d(y) := Cs(c) (1 + "°"ﬁm(”> and C(a) := 2 C'max(1, 29" |]).

12




Proof. Lemma 5 with p* = 1 and estimate (8) lead to the result. O

With these notations, the term c(y) in (15) rewrites as

c(y) = [g']sd(y)' ", Y(y, f) € A Vs € (0,1]. (31)

C
(1+s)V2
Proof. (of Theorem 2) If the initialization (yo, fo) € A is such that E(yo, fo) = 0, then the sequence
(Yk, fr)en constant equal to (yo, fo) is convergent. We assume in the sequel that E(yo, fo) > 0.

We are going to prove that, for any 8 < 5*(s), there exists a constant M > 0 such that the sequence
(yx)ken defined by (19) enjoys the uniform property

1kllLo= 0,71 (0)) < M, VkeN. (32)

The convergence of the sequence (yx, fx)ren in A will then follow by proceeding as in Section 3.1. Remark
preliminary that the assumption 8 < £*(s) implies 2C 3% < < 1 since s € (0, 1].

2+1—

Proof of the uniform property (32) for some M large enough- As for n = 0, from any initialization (yo, fo)
chosen in A, it suffices to take M larger than M := ||yol| (0,721 (2))- We then proceed by induction
and assume that, for some n € N, [[yx|| 1 0,1;01(0)) < M for all k& < n. This implies in particular that,

208
d(yr) < dp(B) = Cs(a) <1 + Aé) , Vk<n

and then

_ ¢
(1+5)v2
Then, we write that [|yn1]lLe (0,701 ) < 1Yol L= 0,701 ) + Dopeo Ml Y Il 0,701 (0))- But, Lemma
6 implies that ||Y,! || Lo (0,7:01 () < dae(B)v/ E(yk, fr) for all k < n leading to

c(ye) < em(B) = lg')s drf*(B), VK <mn. (33)

Y1l 0,501 @) < [1Wollzoe (0,701 (2)) + M dar(B) Z VEYk, fr)- (34)

k=0

1*1);(%) E(yo, fo) where PO(XS) is given by

Moreover, inequality (27) implies that Y ;_ /E(yk, fx) <
(24) with ¢ = C]w(ﬁ).
Now, we take M large enough so that (1 + s) 1/%}45 (B)\ E(yo, fo) > 1 ie.

4082

(5 [9'13)1/503@)2/8(1 fo)  VEmaz1 (3)

Such M exists since \/E(yo, fo) > 0 is independent of M and since the left hand side is of order
2

5 ) with % > 0. We denote by M; the smallest value of M such that (35) hold true.

Then, from (24), we get that po(Ag) =1 —

and therefore

S 1
(1+5) 51 ey)* (B)y/Evo.fo)

1 (1+§ 1/5(5) /E(yo,fo

1 - po(Xo)

149
so that >y _o v/ E(yk, fr) < %c%s(ﬁ)E(yo, fo). It follows from (34) that

141
LS s (8 By, fo)-

lYn+1llze 0,501 ) < lvollze 0,501 () +mdar(B)

13



The definition of cpr(8) (see (33)) then gives

Yn+1lle=0,r;01 ) <lIYollLe=0,r:01 (@)

(208%)(25+1)

Now, we take M > 0 large enough so that the right hand side is bounded by M, i.e.

(208%)(25+1)

lyoll Lo 0,121 () + m(18+ °) (C\[j’;"‘)l/s <03(O£)) s E(yo, fo) (1 + |]g|> <M. (36)

Such M exists under the assumption 5 < 8*(s) equivalent to % < 1. We denote by Mj the
smallest value of M such that (36) holds true. Eventually, taking M := max(My, Ms, M3), we get that
lYn+1llze0,m;01(0)) < M as well. We have then proved by induction the uniform property (32) for some
M large enough.

Proof of the convergence of the sequence (yi, fx)ren- In view of Lemma 5 with p* = 1, the uniform

Clg’ 2 . .
9" Wil o0 (0,2t ) appearing in the estimates

property (32) implies that the observability constant Ce
for (Y;!, F}!) (see Proposition 1) is uniformly bounded with respect to the parameter k. As a consequence,
the constant c(yr) appearing in the instrumental estimate (15) is bounded by cp(8) given by (33).
Consequently, the developments of Section 3.1 apply with ¢ = ¢pr(8). Theorem 2 then follows from the
proof of Proposition 4 except for the limit in (20) with respect to k (since ¢’ is not anymore in L>(Qr)).

Since g € CY(R), a.e in Qr there exists 0 < §(x,t) < 1 such that
l9(un (@, ) — g(@(@, 1))] = g @(x, 1) + Oz, (@, 1)) lyx (z, 1) — F(z, )]
< (a+BW"? (1+ (52, ) + 0(z, ye(z,)])) s (2, 1) — T, 1)]
< (o + B, )Y + lye (. O12) |y (@, 1) — 7w, 1)
and thus
lg(ur) — 9@ll2 < (@lQr* + BTN + lyells")) e — Flla-

Since y, — 7 in L*(Qr), it follows that g(yx) — ¢(¥) in L2(Qr). Moreover, since (yz)ren is a bounded
sequence of L*(Qr), the estimate

19" (i)l < Cla + Bllyells) v lla

implies that (¢'(yx))ken is a bounded sequence of L?(Qr). Then, using that (V}!, F{l) goes to zero as
k — oo in Ag, we pass to the limit in (20) and get that (7, f) € A solves (28). O

Remark 5. Remark that M := max(Ms, M3) since M3 > M;. The constant My can be made explicit
since the constraint (35) implies that

acp?

equivalent to

(1 T mﬂﬂ)mz > Cy(a) " E (o fo) (fims)m.

In particular, Ms is large for small values of \/E(yo, fo), for any s > 0. On the other hand, the constant
Ms is no explicit, hence whether My > My or My > My depend on the values of \/E(yo, fo) and
lvoll o= 0,501 (). Remark that \/E(yo, fo) can be large and |yo|| Lo (0,;01(Q)) small, and vice versa.

14
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4 Comments

Asymptotic condition. The asymptotic condition (Hz) on ¢’ is slightly stronger than the asymptotic
condition (H;) made in [18]: this is due to our linearization of (1) which involves r — ¢'(r) while the
linearization (2) in [18] involves r — (g(r) — ¢g(0))/r. There exist cases covered by Theorem 1 in which
exact controllability for (1) is true but that are not covered by Theorem 2. Note however that the example
g(r) = a+br + crIn*?(1 + |r|), for any a,b € R and for any ¢ > 0 small enough (which is somehow the

limit case in Theorem 1) satisfies (Hz) as well as (Hs) for any s € (0, 1].

Link with Newton method. Defining F : A — L*(Qr) by F(y, f) == (Ouy — Ay + g(y) — f 1),
we have E(y, f) = 3[|F(y, f)||3 and we observe that, for A, = 1, the algorithm (19) coincides with the
Newton algorithm associated to the mapping F'. This explains the super-linear convergence property
in Theorem 2, in particular the quadratic convergence when s = 1. The optimization of the parameter
Ak gives to a global convergence property of the algorithm and leads to the so-called damped Newton
method applied to F' (we refer to [13, chapter 8]).

Initialization with the controlled pair of the linear equation. The number of iterates to achieve
convergence (notably to enter in a super-linear regime) depends on the size of the value E(yo, fo). A
natural example of an initialization (yo, fo) € A is the unique solution of minimal control norm of (1)
with g = 0 (i.e., in the linear case). Under the assumption (Hz), this leads to the estimate

B, fo) = 3 lo0)13 < lg@PIQrl+2 [ [unf? (@ + 5 1n(1 + [sn]).

Qr

Local controllability when removing the growth condition (Hz). If the real E(yo, fo) is small
enough, we may remove the growth condition (Hz) on ¢'.

Proposition 5. Assume ¢’ satisfies (Hs) for some s € (0,1]. Let (yk, fx)x>0 be the sequence of A defined
in (19). There exists a constant C([¢']s) such that if E(yo, fo) < C([¢']s), then (yk, fx)ken — (¥, f) in
A where f is a null control for § solution of (1). Moreover, the convergence is at least linear and is at
least of order 1+ s after a finite number of iterations.

Proof. In this proof, the notation | - ||c,a stands for || - || Lo (0,r;za(0))- We note D := ﬁ[g’]s and
er = c(yx) E(yr, fr)*/? with c(y) := Dd(y)'** and d(y) := CeClld' Wle.a, (23) then reads

VEWkt1, fit1) < )\g[loilgn] (11 = Al + A %e) VE(yr, fr)- (37)

We write |¢'(yx) — /(v — M Y3h)| < [9]s|Ae Y2 so that

S S 2 S S
19" s D12 0,7520 () < 19" W) 1200 + (19 1MN (Vi) Nloc,a) ™ + 209" (W) loo,alg Ts AR (Vi) llo,a

and
o 2 ’ ’ s s
eCllg’ i)l a < eCHg’(yk)HiO,deC([g']sX;II(Ykl)Slloo,d) e2Clg (yk)l\oo,d([g Js AN () Hoo,d)

leading to

2 1+s
c(Wrt1) (ec([g/JsAz|<Y;>S||oo,d) ezcg’(ywnoo,d([g’]sm(Ybﬂw,d)) .
clye) —

We infer that [|(V}))*|lce,a = Y]] Moreover, estimate (8) leads to

S
co,sd”

C(yk) li.s

Dtrs E(y, fx)*? < D™ c(yr) By, fr)*/?

15 20,00 < @ () Eyrs fi)*? =




20

21

22

using that c¢(yx) > 1 (by increasing the constant C' if necessary). Consequently,
LN N0 ) < (O (1013707 o e)”  _ jored

Similarly,

(V) llooa < 9" (W) llos,ad® (i) E (i, i)'

< Hg/(yk)”oo,d <Ceclgl(y)liw(O‘T;Ld(Q))) E(ykafk)s/Q

9" ()|l oc.a

, 2 s+1
< (Cecng (y)llLW(O.T;Ldm)O Blye, o)/ < C(%k)E(yk’fk)s/z _ %

using that a < CeC for all a > 0 and C > 0 large enough. It follows that

2018 @)lloe a (191 A1) lesa) < 02010105 B . (Caen

and then % < (eCr€itCaer)lts By multiplying (37) by ¢(yx+1), we obtain the inequality

exr1 < min (|1 —Al+ ek>\1+s) (eClei+Cze’“)1+s €k.
A€[0,m]

eclei+Cgek )1+s

If 2e;, < 1, the minimum is reached for A = 1 leading e’;% < e . Consequently, if the ini-

tial guess (yo, fo) belongs to the set {(yo, fo) € A, eo < 1/2, eo(eCreo+tC2¢0)1+s < 1} the sequence (ex)ks0
goes to zero as k — oo. Since ¢(yx) > 1 for all k € N, this implies that the sequence (E(yk, fi))rk>0 goes
to zero as well. Moreover, from (8), we get D||(Y, F})|ln < ex/E(yk, fx) and repeating the arguments
of the proof of Proposition 4, we conclude that the sequence (yg, fr)k>0 converges to a controlled pair

for (1). O

These computations does not use the assumption (Hz) on the nonlinearity g. However, the smallness
assumption on eg requires a smallness assumption on E(yo, fo) (since ¢(yo) > 1). This is equivalent
to assume the controllability of (1). Alternatively, in the case g(0) = 0, the smallness assumption on
E(yo, fo) is achieved as soon as ||(ug, u1)||v is small enough. Therefore, the convergence result stated in
Proposition 5 is equivalent to the local controllability property for (1). Proposition 5 can also be seen
as a consequence of the usual convergence of the Newton method: when E(yo, fo) is small enough, i.e.,
when the initialization is close enough to the solution, then Ay = 1 for every k£ € N and we recover the
standard Newton method.

Weakening of the condition (Hg). Given any s € (0, 1], we introduce for any g € C*(R) the following
hypothesis :
(H,

S

) There exist @, 8,7 € RT such that |¢'(a) — ¢'(b)| < |a — b* (@ + B(|a]” +[b]")), Va,beR
which coincides with (Hg) if v = 0 for @ + 8 = [¢]s. If v € (0,1) is small enough and related to the
constant 3 appearing in the growth condition (Hgz), Theorem 2 still holds if (Hg) is replaced by the

weaker hypothesis (ﬁ;) Precisely, if g satisfies (Ha) and (ﬁ/s) for some s € (0,1], then the sequence
(Yk, fx)ren defined by (19) fulfills the estimate

2
E(r+1, fet1) < E(yw, fr) /\g[lgfgn] (|1 — A+ )\1+Sc(yk)E(yk»fk)s/2)

— — ’ 2
with e(y) = o5 (@ 2Bkl L 6, +Bm () Eyo, fo) /2 ) d(y)+ and d(y) = Ce17 Pie i,
Using Lemma 5 with p* = 6y < 6 and proceeding as in the proof of Theorem 2, one may prove by induction
that the sequence (||yx || Lo (0.7:16(0)) ) ken is uniformly bounded under the condition 205" (1425) 1 and
(0,T;L5 (%)) s

then deduce the convergence of the sequence (yi, fi)ken-
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5 Numerical illustrations

In this section, we illustrate our results of convergence. We provide some practical details about the
algorithm (19), then discuss some experiments in one and two dimensions performed with the software
FreeFem++ [21].

5.1 Algorithm

We introduce a cut-off x of the form x(z,t) = x1(z)x2(t), where x1 € C3°(w) and x2 € C§°(0,T)
take values in [0,1]. In the sequel, we consider controls of minimal L2 (¢r)-norm, with L2 (q7) := {f |
qu Ax < —I—oo}. Besides, for n € N, we denote e, := 9uyn — AYn + 9(Yn) — fnlw. Then, algorithm (19)
can be expanded as follows.

1. Initialization — We compute the state-control pair (yo, fo) € A solution of

Ortyo — Ayo = folw, in Qr,
Yo =0, on X,
(40(-,0), ey (-, 0)) = (ug,u1), in Q,
(Yo, 1), Oryo (-, T)) = (20,21), in €,

(38)

where fo is the control of minimal L2 (¢7)-norm. We then evaluate ey = g(yo).

Assume now that (yn, f,) € A and e,, € L*(Qr) are computed for some n > 0.

2. Evaluation of the least-squares functional — We compute the error functional E(yn, fn) = 3 |len|3-
2FE (Y, fn) < 1072, then the algorithm stops.

3. Descent direction — We compute the state-control pair (Y1, F}) € Ay solution of

8ttYn1 - AY; + g/(yn)ynl = F’riltu + €n, in QTa

Ynl =0, on X,

1 1 (39)
(Yn ('70)7atYn (70)) = (070>: in Qa
(Ynl('vT)val‘/Ynl('aT)) = (0,0), in Q,

where F) is the control of minimal L2 (g7 )-norm.

4. Optimal descent step — We compute the optimal descent step A, as the minimizer in [0, 1] of
A= E((yn, fn) — MY}, F})), evaluated using the expression

E((ynafn) - )‘(YnlvF%)) = %H(l - /\)en + ln(>‘)||;a

where 1,(\) = g(yn — \Y,}) — g(yn) + X' (y,)Y,L. This is done with 20 iterations of the trichotomy
method on the interval [0, 1].

5. Update — We set (Yni1, far1) = Wn, fn) — A (Y., ). We then evaluate e, 11 = (1—\,)en+1n (M)
and return to step 2.

In the sequel, we denote by k* = min{k > 0 | \/2E(yx, fr) < 107°} and define the corresponding
approximation of the solution

E*

W, f7) = (vo, fo) — Zkk(Ykl,Fkl) c A
k=0

17
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15

16

Then, in order to measure a posteriori the quality of this approximation, we shall compute the relative

_ 9y Ts f) v

1y, 0ey) (-, T3 0) v~
where y(-, 7; f*) (resp. y(-,7;0)) is the solution at time 7 of (1) with control equal to f = f* (resp.
f=0).

The introduction of the cut-off x together with regularity assumptions on the initial datum (ug,u1)

term

Er

make the state-control pairs (yo, fo) and (Y;!, F}}) regular as well (we refer to [15]). This allows to
give a meaning to ey = Ouyr — Ayr + g(yr) — frl, as an L2(Qr) function. Moreover, this involves
stability properties with respect to the discretization parameters for the standard finite-dimensional
approximations of systems (38) to (41) below.

5.2 Experiments in 2D

We consider a two-dimensional case for which Q = (0,1)2. The controllability time is equal to T = 3
and the control domain w is depicted on Figure 1. Moreover, for any real constant c,, we consider the
non-linear function g defined by

g(r) = —c,r'2(2+|r]), VreR.

We check that g satisfies (Hs) for s = 1 and (Hz) for |¢y| small enough. Remark that the unfavorable
situation in which the norm of the corresponding uncontrolled solution of (1) grows corresponds to
positive values of ¢g. As for the initial and final data, we consider (ug,u1) = (100sin(mz1)sin(mz2),0)
and (zg, z1) = (0,0) respectively.

1

0.75

) 0.5

0.25

0 0.25 0.5 0.75 1
Z1

Figure 1: Control domain w C Q = (0,1)? (black part).

In order to determine the state-control pairs (yg, fo) and (Y}, F}) of (38) and (39) respectively, we
employ the method introduced by Glowinski-Li-Lions in the seminal work [19], based on the unconstrained
minimization of the conjugate functional.

Concerning problem (38), for any (wq,w1) € H := L?(Q) x H~1(Q), we consider the adjoint system

6tt80 - ASD = 03 in QT7
¢ =0, on Y, (40)
(99(" T), 3t80('7 T)) = (wo, wl)v in €2,

18
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and the functional
1
Jg (wo, w1) : 5/ lol*x = (w0, Dep(-, 0)) 12 0,11 (0 + (1, (-, 0)) 22
qr

<Zg7w1>H1(Q) H-1(Q) — (Zl,wo)Lz(Q).

Then, the control fy of minimal Li(qT)—norm is given by fo = oYX, where ¢q is the solution of (40)

associated with the minimizer (W, w;) of J§ over H. The resolution of this minimization problem is

done using the Fletcher-Reeves conjugate gradient algorithm, initialized with (wg,w;) = (0,0). The

stopping criterion is g, ||z < 107°||go| &, where g, denotes the gradient of Jg at iteration p.
Concerning problem (39), for any (wg,w;) € H, we consider the adjoint system

Oy — Ap +g'(yn)p = 0, in Qr,
¢ =0, on Y, (41)
((p(-,T), at(p('vT)) = (w07 wl)a in Q’

1
I (wo,wr) := 5/ |<P|2X+/ En(p.
qT T

Then, the control F,} of minimal L2 (gr)-norm is given by F, = @nx, where ¢, is the solution of (41)
associated with the minimizer (@wy,w;) of J} over H. The resolution of this minimization problem is

and the functional

done using the Fletcher-Reeves conjugate gradient algorithm, initialized with the minimizer of J_;. The
stopping criterion is || g, || s < 107°||go|| &, where g, denotes the gradient of .J} at iteration p.

To compute the solution of the state systems (38)-(39) and the adjoint systems (40)-(41), we use a
time-marching method combining an explicit centered finite-difference scheme in time and a finite-element
approximation in space. We consider a uniform discretization (¢;);=o,.. v of the time interval [0, 7] and
denote by 6t = T/N the time discretization parameter. Besides, we consider a family 7 = {7,,h > 0}
of regular triangulations of 2 such that Q = Uger, K. The family is indexed by h = maxger, |K|.
For every time t;, the variables oo(,t;), ¢n(-,ti), vo(+,t:;) and Y,}(-,¢;) are approximated in the space
P, = {ph €C(Qr) | prx € P1(K), VK € E} where P (K') denotes the space of polynomials of degree
one. We refer to [5] for convergence results in this setting. We also refer to [1, 7, 16, 32]. In the sequel,
we mainly use a regular triangulation 7, with fineness h = 1/64 and a time step equal to §t = h/3 in
order to satisfy the CFL condition arising from the explicit scheme with respect to the time variable.

We now present some simulations for several values of the constant c,.

e Case ¢g = 1 — Table 1 collects some norms from the sequence (Y, fi)ren associated with the value
cg = 1. The convergence of the algorithm is observed after k* = 3 iterations. The optimal steps A, are
equal to one so that the algorithm (19) coincides with the Newton algorithm (see the second item of
Section 4). Figure 2 depicts with respect to the time variable the L?(€2)-norm of the controlled solution
y* = yr—k (red solid line) to be compared with the L?(Q)-norm of the controlled solution y—g of
the linear equation (blue dash-dotted line) used to initialize the algorithm (equivalently, this controlled
solution corresponds to ¢, = 0). The effect of the non-linearity is reduced as the dynamics of the two
controlled solutions are similar. The figure also depicts the L?(£2)-norm of the uncontrolled solution (blue
dashed line) and displays a periodic behavior. Similarly, Figure 3 depicts the Li(qT)-norm of the null
control f* = fr—p+ (red solid line) and fr—o (blue dash-dotted line). By construction, these controls
vanish at the initial and final times. The corresponding value of the relative error & = 2.53 x 10~*
indicates a notable reduction of the solution at time T thought the action of the control.

e Case ¢, = 5 — Table 2 and Figures 4 and 5 collect the results obtained for the value ¢, = 5. The
relative error takes the value £ = 2.36 x 10~%. The convergence is quadratic and is obtained after k* = 4
iterations.

e Case ¢y = 10 — Table 3 and Figures 6 and 7 collect the results obtained for the value ¢, = 10. We
compute the relative error & = 2.64 x 1072, The convergence is observed after k* = 4 iterations. As
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pterate k | 2B, fo) | M | Utipieien [ B PEen Lo | 1fillzs e
0 7.32 x 10! 1 - - 37.653 1339.39
1 9.62x 107t | 1 1.72 x 1071 3.29 x 1071 37.113 1265.62
2 1.03x107% | 1 3.83 x 1074 1.06 x 10~3 37.115 1265.77
3 6.42 x 1071 | — 4.44 x 1079 9.34 x 1079 37.115 1265.77

Table 1: ¢; =1 — Norms of (yx, fz) w.r.t. k defined by the algorithm (19).
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Figure 2: ¢y =1 — (=) [ly* (- )l 2(o) ;

Figure 3: ¢g =1~ (=) [|/*( )22 ) 3
(==) llyo (- OllLz(o) 5 (==) ly(,£:0)lL2(o)-

(==) Ilfo (D)l L2 (w)-

fiterate k 2E(yk, fr) Ak Hy\l\cyik]_\|2l‘;:f)T) Hf\l\cfk]:kll\:‘;i(:ﬂ lyellL2(Qr) ||fk||L§(qT)
0 3.66 x 102 1 — - 37.653 1339.39
1 4.87 x 10 | 0.996 9.50 x 1071 1.05 x 10° 31.353 1223.44
2 8.65 x 1071 1 7.67 x 1072 1.50 x 101 32.101 1348.12
3 5.82 x 107> 1 3.91 x 1074 7.37 x 1074 32.104 1348.09
4 7.17 x 10~ - 1.45 x 1078 3.24 x 108 32.104 1348.09

Table 2: ¢, =5 — Norms of (yg, fz) w.r.t. k defined by the algorithm (19).

before, the optimal steps are very close to one. The main difference with the previous situations for which
¢g = 1 and ¢4 = 5 is the behavior of the uncontrolled solution which grows exponentially with respect to
the time variable, as shown in Figure 6. As expected, this larger value of ¢, induces a larger gap between
the non-linear control and the linear one. We observe notably that the non-linear control f* acts stronger
from the beginning, precisely in order to balance the initial exponential growth of the solution outside
the subset w. We also observe that the control reduces the oscillations of the corresponding controlled
solution (in comparison with the solution of the linear equation). For larger values of ¢4, we suspect a
different dynamic yielding to the first values of the optimal step \i being far from one (as observed in [26]
for the resolution of the Navier-Stokes system with large values of the Reynolds number). However, for
larger values of ¢, (for instance ¢y = 20), the exponential growth behavior leads to numerical instabilities
and overflow in the computation of the controlled pair (Y;!, F}!) solution of (39), where the potential
¢'(yr) appears. This leads to the divergence of the conjugate gradient algorithm including for very fine
discretizations and the non-convergence of the least-squares algorithm. In the next section, we shall
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Figure 4: ¢g =5 — (=) [|y* (-, )| L2(0) ; Figure 5: ¢g =5 — (=) Hf*(',t)”Li(w) ;
(==) llvo (. )llL2(e) 5 (==) [[y(- & 0)[[2(q)- (==) Ilfo (-, D)l L2 (w)-
1 employ a different method of approximation allowing to consider larger values of c,.
. lyk—vyr—1ll L2 |‘fk7fk_1HLi(q )
ﬂlterate k 2E(yk>fk) >\k “yk71‘|L2?Q(TQ)T) ka71||Li(qT)T HkaLZ(QT) ||fk||Li(QT)
0 7.32 x 107 1 - - 37.653 1339.39
1 1.59 x 102 | 0.998 1.76 x 10° 9.40 x 107! 57.718 1164.11
2 2.43 x 10° 1 8.82 x 1072 1.30 x 107! 59.934 1138.75
3 4.09 x 1073 1 1.62 x 1073 5.66 x 1073 59.892 1141.01
4 1.80 x 107° - 1.10 x 106 2.96 x 1076 59.891 1141.01
Table 3: ¢4 = 10 — Norms of (yg, fi) w.r.t. k defined by the algorithm (19).
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Figure 7: ¢, =10~ (=) /(.82 ) :

Figure 6: ¢g =10 — (=) [[y*(. 1) z2(0) ;
(==) [1fo(, )l 22 (w)-

(==) o> )llz2 () 5 (==) ly (5 0)l L2 (o)

—20 — For negative values of ¢, leading to rg(r) > 0 for every r, the situation is more

2 e Case ¢
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favorable from a computational viewpoint. Table 4 and Figures 8 and 9 are concerned with the value
cg = —20. The convergence is observed after k* = 4 iterations and leads to &7 = 3.64 x 10~%. We observe
that the uncontrolled solution oscillates faster as ¢, decreases. This leads to an oscillatory dynamic of
the optimal control pair (y*, /*). We also observe that the norm of the control f* is significantly greater

than the norm of fj, the initial control associated with the linear case.

”yk*yk—l”L2(QT)

Mfi—Fe—1 Hbi(qT)

fiterate k 2E(yx, fr) Ak k1122 (@ MFe1 122 (ap) vkl (@) ”fk”Li(QT)
0 1.46 x 103 1 - - 37.653 1339.39
1 2.70 x 102 | 0.985 1.38 x 10° 1.69 x 10° 42.479 2601.16
2 1.55 x 10! 1 1.57 x 1071 1.43 x 1071 44.309 2696.17
3 1.94 x 102 1 3.68 x 1073 5.13 x 1073 44.34 2700.73
4 9.66 x 107 — 2.88 x 1076 4.80 x 1076 44.34 2700.73

Table 4: ¢, = —20 — Norms of (yx, fx) w.r.t. k defined by the algorithm (19).
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Figure 8: ¢y = =20 — (=) [|y*(-,t)[|2(0) ;

Figure 9: ¢, = —20 - (=) [|/*(D)ll12 o
(=) o Ol z2@) 5 (==) (0] 2.

(==) 1o D)l £z (w)-

Table 5 associated with the value ¢, = 5 provides a numerical evidence of the convergence of the
approximation (yy, f7) with respect to the value of k. Actually, in view of the inequality

1F = S0 < = Fell + 1 = F2 1,

the convergence result stated in Theorem 2 for the sequence (fi)ren and the convergence, for any k, of
the approximation ( f,?) n>o of the linear control f; implies that f,? is a finite dimensional approximation
of f, a control for (1). We observe that the level of the discretization has no influence on the speed of
convergence of the least-squares algorithm.

To end this section, we compare our least-squares approach with two fixed-point methods. We first
consider the method associated with the operator A : L>=(0,T; L4(2)) — L>(0,T; L%(Q)) mentioned in
the introduction where y = A(z) solves (2). This leads to the algorithm:

Vk € N, Vh > 0,

Yo € L*(Qr),  Yrt1=A(yx), k=>0. (42)

With the same data and initialization, Table 6 collects some norms with respect to k for ¢, = 5. The
L2 (gr)-norm of the control is smaller than the one from the least-squares algorithm (967.97 vs 1348.09)
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h ny | illczry | 17122 (gr) Ern
1/10 | 4 27.278 753.111 | 8.88 x 1072
1/20 | 4 31.431 1397.7 | 1.00 x 10~2
1/40 | 4 32.026 1353.28 | 8.91 x 1074
1/80 | 4 32.123 1350.24 | 1.37 x 1074
1/100 | 4 32.134 1350.11 | 8.27 x 107°
1/120 | 4 32.139 1350.06 | 5.71 x 10~°

Table 5: ¢; =5 — Norm of (yr, f7) w.r.t. h.

but leads to a larger L?(Qr)-norm of the controlled solution (36.901 vs 32.104). The convergence is linear
and reached after k* = 10 iterations leading to & = 2.15 x 10~*. Figure 10 displays the time evolution of
the norms of yx+ and fi+ for the final iteration. We observe that the approximation obtained differs from
those of Figures 4 and 5. For these data, the sequence converges for |¢,| < 15 approximately. For larger
values, we observe the non-convergence of the method suggesting that the operator A is not contracting

in general.
pierate | /2B(ur, fi) | M teteten | T B o il o
0 3.66 x 102 - - 37.653 1339.39
1 4.73 x 10" 1.04 x 10° 1.31 x 10° 37.828 1031.1
2 2.65 x 10° 5.83 x 1072 1.71 x 1071 36.867 972.97
3 1.70 x 10! 3.74 x 1073 1.39 x 1072 36.901 967.508
4 1.05 x 1072 2.54 x 1074 1.02 x 1073 36.9 968.005
5 2.42 x 1073 5.27 x 107° 1.25 x 104 36.901 967.973
6 5.20 x 10~* 1.20 x 1075 2.63 x 107° 36.901 967.972
7 1.62 x 104 3.57 x 1076 7.13 x 1076 36.901 967.97
8 4.39 x 107° 9.84 x 10~7 1.96 x 1076 36.901 967.97
9 1.28 x 107° 2.83 x 1077 5.56 x 1077 36.901 967.97
10 3.59 x 10~6 7.99 x 1078 1.57 x 1077 36.901 967.97

Table 6: ¢, =5 — Norms for the sequence defined by the fixed-point algorithm (42).

The second fixed-point method is associated with the operator Ar : L2(Qr) — L?(Qr) and defined
by y = Ar(z), where y is a controlled solution of

8tty7Ay:f1wfg(Z>a in QT:
y = 07 on ZT, (43)
(y(70)aaty(70)) = (u07u1)7 in Qa

satisfying (y(-,T),8yy(-,T)) = (20, z1). The function f is selected as the control of minimal L3 (g7 )-norm.
Any fixed point of Ag is a controlled solution for (1). Theorem 1 implies the existence of at least one
fixed point for Ap. The controllability of the system (43) allows to define the sequence (yx)xen as follows:

Yo € L*(Qr),  Yr+1 = Ar(ye), k>0. (44)

With the same data and initialization, Table 7 collects some norms with respect to k for ¢, = 5. The
function fy is the control of minimal L2 (g7 )-norm for yj solution of (43). The L?*-norm of the controlled
pair is greater than the one obtained from the least-squares algorithm. The convergence is significantly
slower and reached after k* = 50 iterations leading to &7 = 2.02 x 10~%. The convergence is again linear.
Figures 11 depicts the time evolution of the norms of yi« and fj« for the final iteration. We check that
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Figure 10: Fixed-point algorithm (42); ¢, = 5 — Left: |lyp+ (-, )|/ 22(0) (=) and [lyo(-,t)||z2(q) (==) vs t;
Right: || fr (- 1)[| 12 (@) (=) and || fo(,t)[|r2 (@) (==) vs ¢.

the approximation obtained differs from those of Figures 4 and 5. For these data, the sequence converges
for |e4| < 7 approximately. For larger values, we observe the non-convergence of the method suggesting
that the operator Ap is not contracting in general. We refer to [2] where, for d = 1 and boundary
controllability, the operator Ag is proved to be contracting when associated to a different control cost.

fiterate k | \/2E(yk, fr) ‘IyITyk{klﬂllii;gT) llfIT.fk{klllLﬂzL(::)T) lyellz2@ry | 1fellzzar)
0 3.66 x 102 - - 37.653 1339.39
1 3.29 x 102 8.82 x 10! 1.64 x 10° 50.427 2333.24
2 1.97 x 102 3.95 x 107! 7.55 x 107! 51.157 2339.62
3 7.41 x 101 1.41 x 10! 2.58 x 107! 51.492 2032.67
4 2.94 x 10! 5.55 x 1072 8.26 x 1072 52.085 1988.9
5 1.58 x 101 2.91 x 1072 2.91 x 1072 52.667 1994.82
6 1.05 x 10! 1.91 x 1072 2.05 x 1072 53.102 2003.63
7 7.31 x 10° 1.31 x 1072 1.27 x 1072 53.43 2009.52
8 5.19 x 10° 9.21 x 1073 9.58 x 1073 53.671 2014.45
9 3.71 x 10° 6.53 x 1073 6.63 x 1073 53.848 2018.1
10 2.66 x 10° 4.66 x 1073 4.84 x 1073 53.978 2020.95
46 2.87 x 107° 4.87 x 1078 5.37 x 108 54.334 2029.72
47 2.10 x 107° 3.56 x 10~8 3.93 x 1078 54.334 2029.72
48 1.54 x 107° 2.60 x 10~8 2.87 x 108 54.334 2029.72
49 1.13 x 107° 1.91 x 10~8 2.10 x 108 54.334 2029.72
50 8.23 x 1076 1.39 x 10~8 1.54 x 10~8 54.334 2029.72

Table 7: ¢, =5 — Norms for the sequence defined by the fixed-point algorithm (44).

5.3 Experiments in 1D

In order to bypass the numerical instabilities observed for large values of ¢, in Subsection 5.2, we employ,
in the one-dimensional setting, a different method, not based on the minimization of J* but on the direct
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Figure 11: Fixed-point algorithm (44); ¢, = 5 — Left: |lyps (-, )|/ 22(0) (=) and [lyo(-,t)||z2(q) (==) vs t;
Right: || fr (- 1)[| 12 (@) (=) and || fo(,t)[|r2 (@) (==) vs ¢.

1 approximation of the optimality condition associated with the controllability. We refer to [9, 10] where

> this method has been introduced and to [4] for a numerical analysis.
We consider Q = (0,1). The controllability time is equal to T" = 2.5 and the control domain is the
interval w = (0.2,0.4). For any ¢, € R and o > 0, we consider the non-linear function g defined by

g(r) = —cgrn®(2+|r]), VreR.

3

For a@ = 1/2, we check that g satisfies (Hg) for s = 1 and (Hz) for |c,| small enough. Moreover,
in this one-dimensional setting, it is known (see [41]) that the semi-linear wave equation (1) is exactly
controllable up to a = 2. As for the initial and final data, we consider (ug, u1) = (100sin(7z ) sin(mwzz), 0)
and (zp, z1) = (0,0) respectively.

In order to determine the state-control pairs (yo, fo) and (Y,}, F}) of (38) and (39) respectively, we
employ the space-time mixed formulation method used in [10].

Concerning problem (38), we set A := L?(0,T; H}(Q2)),

5

o

o

Do :={pe€ L*(Qr); Oup — Ap € L*(0,T; H1(Q)) in Qr, ¢ =0 on Sr},

and for (p, A) € @9 x A, we consider the Lagrangian

1 T
Lo(p,N) =5 [ lelx— /0 (O — Do, A 1), 13 () — (U0, 060+ 0)) ey, 1) + (U1, 9(+, 0)) £2(q)
qr

+ (20, 00 (. T)) mp ), r-1(0) — (21,0 1)) 2(0)-

o Then, the control fy of minimal Li(qT)-norm is given by fo = woX, where (g, Ag) € ®o X A is the unique

1 saddle point of £y. Note also that it appears that )¢ is the controlled solution yo of (38) associated with
1 the control fj.

Concerning problem (39), we set

@, = {p € L*(Qr); dup — Ap+¢'(yn)p € L*(0,T; HH(Q)) in Qr, ¢ =0 on S},

and for (p,A) € ®,, X A, we consider the Lagrangian

1 T
Ln(p,A) = 5/ |90|2X*/0 (Orp — D+ g'(yn) s N 1), 11 (@) +/Q Entp-
qT T
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Then, the control F, of minimal L2 (gr)-norm is given by F) = @,x, where (on,\y) € ®, X A is
the unique saddle point of £,. Note also that it appears that A, is the controlled solution Y,! of (39)
associated with the control F}.

To approximate the saddle point of Ly and L,,, we solve a finite-element discretization of the mixed
formulation associated with these Lagrangians. We consider a family 7 = {7, h > 0} of regular trian-
gulations of Q7 such that Qr = Uge7;, K. The family is indexed by h = maxge7, |[K|. The functions
¢o and ¢, are approximated in the space ®, = {¢n € CY(Qr) | vnx € P(K), VK € Ty}, where P(K)
denotes the reduced Hsieh-Clough-Tocher C'-element; while the functions A\g and ), are approximated in
the space Ay = {)\h €C(Qr) | Mg € Pi1(K), VK € Th}, where P (K) denotes the space of polynomials
of degree 1. In the sequel, we mainly use a regular triangulation 7, with fineness h = 1/64.

We now present some simulations for large values of ¢, in the case @ = 1/2 and o = 2.

e Case a = 1/2, ¢ = 50 — We set @ = 1/2 and we compute the sequence (y, fr)ren associated
with the value ¢, = 50. The convergence of the algorithm is observed after k* = 21 iterations. The
corresponding value of the relative error is & = 6.24 x 107!, Figure 12-left depicts the evolution of
the error \/2E(y, fr) (red dots, left axis), as well as the evolution of the optimal steps Ar (blue stars,
right axis). Here, we can clearly see the two rates of convergence described in Theorem 2. At first, the
values of Ay are close to 0, while the error decreases linearly. Afterwards, around iteration k& = 16, the
values of A\ reach 1, while the error decreases quadratically. Note that, due to numerical instabilities,
the numerical method used in Subsection 5.2 does not converge for ¢, greater than 7.

104 'z'".’."’_’"l_‘._»;. j_--._-g......l’ - ___'_ - - . 104 __________________________________________ *k 1
103} ey 10°} ¥
102} 10°¢
10t} [ 10.75 10t}
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Figure 12: Evolution of \/2E(yk, fi) (e, left axis) and A, (x, right axis) w.r.t k; Left: o = 1/2, ¢4 = 50;
Right: oo =2, ¢4 = 3.

e Case a = 2, ¢, = 3 — We set & = 2 and we compute the sequence (yx, fx)ren associated with the
value ¢y = 3. The convergence of the algorithm is observed after £* = 49 iterations. The corresponding
value of the relative error is & = 1.18 x 10717, Figure 12-right depicts the evolution of the error

2E(yk, fr) (red dots, left axis), as well as the evolution of the optimal step Ay (blue stars, right axis).
In this case, the switch between the linear convergence (corresponding to the damped Newton regime)
and the quadratic convergence (corresponding to the classical Newton regime) occurs around iteration
k = 45.

6 Conclusion

Exact controllability of (1) has been established in [18], under a growth condition on g, by means
of a Leray-Schauder fixed point argument that is not constructive. In this paper, under a slightly
stronger growth condition and under the additional assumption that ¢’ is uniformly Hélder continuous
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with exponent s € (0, 1], we have designed an explicit algorithm and proved its convergence of a controlled
solution of (1). Moreover, the convergence is super-linear of order greater than or equal to 1 + s after a
finite number of iterations. Our approach gives a new and constructive proof of the exact controllability
of (1). The method is general and may be applied to any other equations or systems - not necessarily of
hyperbolic nature - for which a precise observability estimate for the linearized problem is available: we
refer to [24, 27, 37] addressing the case of the heat equation. We also mention the recent extension [2] of
this constructive method to address controllability problem (initially investigated in [40]).

Numerical experiments reported are in agreement with the theoretical convergence: in particular,
the convergence is, after a finite number of iterations, super-linear to be compared with the linear rate
observed with algorithms derived from simpler linearizations. The experiments also confirm that the
numerical method developed in [9, 10] and based on the direct resolution of the optimality system (39)-
(41) turns out to be very robust with respect to the size of the potential and allows to consider large
amplitudes of the nonlinearity, in contrast with the standart minimization of the corresponding conjugate
functional (introduced in [19]).

A Appendix: controllability results for the linearized wave equa-
tion

We recall some a priori estimates for the linearized wave equation with potential in L°°(0, T'; L4(2)) and
right hand side in L*(Qr).

Proposition 6. [29, Theorem 2.1] Assume that w and T satisfy the assumptions of Theorem 1. For any
A€ L>=(0,T; LYN)), and (¢o, ¢1) € H := L?(2) x H~1(Q), the weak solution ¢ of

g — Ao+ Agp =0, in Qr,
¢ =0, on X, (45)
(¢('70)78t¢('a 0)) = (¢07¢1), m Q,

CllAll

2
satisfies the observability inequality ||¢o, 1]l < Ce L= ©.T:LUD) || pl|2,4, for some C > 0 only depend-

ing on 2 and T.

Classical arguments then lead to following controllability result.

Proposition 7. Let A € L>(0,T;L%(R)), B € L*(Qr) and (20,21) € V. Assume that w and T satisfy
the assumptions of Theorem 1. There exists a control function u € L%(qr) such that the weak solution of

Oz — Az+Az=ul,+ B, inQr,
z=0, on X, (46)
(2(+,0), 0:2(+,0)) = (20, 21), in Q,

satisfies (z2(+,T), z: (-, T)) = (0,0) in Q. Moreover, the unique pair (u, z) of minimal control norm satisfies

C|lAl?
llsuar + 112, 002 L= 0207y < c(||B||2 + ||zO,zl||v)e A1 o 02,20 (47)

for some constant C' > 0 only depending on Q and T'.

Let p* € N* such that p* < oo if d = 2 and p* < 6 if d = 3. We next discuss some properties of the
operator A : L>(0,T; L”" (Q)) — L®(0,T; LP (Q)) defined by A(¢) = ye, a null controlled solution of
the linear boundary value problem (2) with the control f¢ of minimal L?(gr) norm. Proposition 7 with
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B = —g(0) gives
Clla 2
e, Bl o757y < C(Jluo, ua v + 1lg(0) ) M7 Maw 000 (48)

where the function § is defined in (2). We assume that g € C!(R) satisfies the following asymptotic

condition (slightly weaker than (Hy)): there exists a 3 small enough such that lim SUP|y| 00 M'ﬂ% <5,

. B
ie.
(Hy) There exist @ > 0 and > 0 small enough such that [g(r)| < @+ B(1 + |r|) In'/?(1 + |r|) for
every r € R.

This implies that § satisfies |[§(r)| < @+ BIn*2(1 + |r|) for every r € R and some constant @ > 0.
This also implies that g(¢) € L>(0,T; L4(Q)) for any £ € L>(0,T; LP" (Q)). Assuming 26’32 <1 and
proceeding as in the proof of Lemma 5, we get

32

1€l (0,7,7° ) \ 2P
L .TiLe <Q>>) . VEE LX(0,T; L7 (Q)

|Q|1/p*

IO o rntce) < 0 <1 N
for some Cy = C1(«). Using (48), we then infer that

72
||§||L°o 0,T;LP* (Q 208 . *
||yg||Lm(o,T.,Lp*(m><0(||uo,ul||v+||g<o>2)01(1+ QAT <”) . VEE L®(0,T; L7 ().

Taking 3 small enough so that 2032 < 1, we conclude that there exists M > 0 such that |||l o (o, 7,10* (0)) <
M implies [|A(E) po(0,r;0* (2)) < M. This is the argument (introduced in [41] for the one-dimensional
case and) used in [29] to prove the controllability of (1).
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Résumé

Dans cet article, on traite le probléme de la contrélabilité a zéro pour le systéme de 1’élasticité linéaire
avec contrdle au bord. On reprend ici les notations de la Sect. avec d € {1,2,3}. On consideére le
systeme d’état ou le controle u peut agir sur la partie v du bord. On sait que la controlabilité de
(1.63)) est équivalente a I'inégalité d’observabilité . Cette inégalité a été établie dans [25, Ch. IV.1]
pour des bords de controle « vérifiant certaines hypotheéses géométriques analogues au critere (GCC).

L’objectif du présent article est d’approcher numériquement le contrdle u de norme Lz(a) minimale
pour le systeme . Pour ce faire, on adapte la méthode exposée dans [26] pour ’équation des ondes. A
laide du changement de variables (w, q) = (O¢p, V), on réécrit le systéme adjoint sous la forme
vitesse-contrainte . Cette réécriture est intéressante a plusieurs titres. D’une part, le contrdle u
s’exprime naturellement en fonction de la déformation V. D’autre part, le systeme ((1.66)) étant d’ordre
1 en espace et en temps, on peut utiliser des éléments finis C° lors de 'approximation numérique de ,
en lieu et place d’éléments C' pour le systeme d’ordre 2. On pose W = L*() x VH(f) et on note
o(q) = pg + (A + p) tr(q)I le tenseur des contraintes. On vérifie alors que u = —o (q)v |, out (W, q) est
la solution de (L.66) associée au point de minimum (@°,q°) de la fonctionnelle

S 1
j (wO’qO) = 5/ |0’(q)1/|2 - <U07wO>L2 - <p07qO>VH(1Ja V(wO’qO) € Wa

ot (w, q) est la solution de (1.66)) associée a (w’, %), et avec v° = ¢°, p° = fV.Ao_lyl. Pour minimiser la
fonctionnelle J*, on introduit un multiplicateur de Lagrange (v, p) pour les contraintes dyw—dive(q) =0
et 9:qg — Vw = 0. On montre alors que (@, g) est solution d’une formulation mixte espace-temps de type

{ar((w,q%(w,q)) + b((w,q), (v,p)) = l(w,q), Y(w,q) € Z,

Y4
b((w.0), @.5) =0, V(©.P) € A. (FM)

On montre que la formulation mixte est bien posée et qu’en outre, le multiplicateur U associé a (@, q)
n’est autre que la solution controlée y de (1.63) associée & u. Afin de s’affranchir de la condition inf-sup
qui pese sur le type d’éléments finis utilisé dans la discrétisation de la formulation mixte, on ajoute un
terme de stabilisation au lagrangien £, associé a (FM,.). L’idée est ici d’exploiter le fait que (U, p) est
solution du systeme d’état (1.67) et que ¥ = o(q)v sur le bord de contrdle o. On considére ainsi la
formulation mixte (FM, o) associée au lagrangien stabilisé

[0 (0%
£r,a((wa q)a (Uap)) = ﬁr((wv q)? (Ua p)) - EHU(q)V - UH2L2(U) - EHM(U)p)H%Q(O,T;W)'

On vérifie que les solutions de (FM.) et (FM, ) coincident. On propose enfin une discrétisation de
(FM,. ) et on conclut l'article par quelques simulations numériques en deux dimensions. En se pla-
¢ant dans une configuration ot 'on connait explicitement le contréle u, on observe une convergence de
Papproximation 4, vers u. On constate cependant un phénomeéne de verrouillage numérique quand le
parametre de discrétisation h tend vers 0.
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ABSTRACT. The aim of this paper is to study the boundary controllability of
the linear elasticity system as a first-order system in both space and time.
Using the observability inequality known for the usual second-order elasticity
system, we deduce an equivalent observability inequality for the associated
first-order system. Then, the control of minimal L?-norm can be found as
the solution to a space-time mixed formulation. This first-order framework
is particularly interesting from a numerical perspective since it is possible to
solve the space-time mixed formulation using only piecewise linear C'-finite
elements. Numerical simulations illustrate the theoretical results.

1. Introduction and notations. This work is devoted to the study of the bound-
ary null controllability for the linear elasticity system by means of a first-order
equivalent formulation. The main motivation to consider this first order framework
is a computational one. If there is a rich literature concerning the numerical approx-
imation of controls for the wave equation (see, for instance, [14, 23, 1, 10, 12, 11]
and references therein), there are only a few works studying the linear elasticity
case (see, for instance, [9, 19]).

The present work is based on the reformulation of the boundary null controlla-
bility of the linear elasticity system as a space-time mixed formulation. This idea
was already exploited for the controllability of the wave equation in [7, 8]. Notice
that, in order to have a conformal finite element approximation of the solution of
this mixed formulation for the wave equation, C' finite elements are needed. To
avoid this issue, in [16], a first-order formulation was introduced for the numerical
approximation of the boundary control of the wave equation. Another possibility
is to employ a non-conformal stabilized approximation (see, for instance, [4, 5]).

In the sequel we adapt the framework proposed in [16] to the linear elasticity sys-
tem. This will allow us to numerical approach the boundary null control of minimal
L? norm for the elasticity system using a space-time stabilized mixed formulation
and P; finite elements.

2020 Mathematics Subject Classification. 35Q93, 49K20, 74B05.

Key words and phrases. Controllability, linear elasticity, first-order system, space-time mixed
formulation, numerical simulation.

* Corresponding author: Arthur Bottois.
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Let n € N* and let Q@ C R™ be a non-empty bounded domain with a regular
enough boundary I' = 9Q. For T' > 0, we define @ = Q x (0,T) and ¥ =T x (0, 7).
We also set T'g C T and Xy = Ty x (0,7). We then consider the following linear
elasticity system:

v — pAu— A+ p)Vdive =0 in Q, (
u=h on X, (1b)
u=0 on X\ X, (

(

(u,uw')(-,0) = (u’, u') in Q, 1d)

where u = (uy,...,u,)" is the state and h = (hy,...,h,)" is a boundary control
acting on Y. Here and henceforth, we denote by w’ the derivative of u with re-
spect to the time variable t. Moreover, we use bold characters for the vector-valued
functions and the associated spaces. We write for instance L*(92) = L?(;R").
Equation (1a), often referred to as the Navier-Cauchy equation, models the evolu-
tion of the (small) displacement u of an elastic body occupying the domain Q. The
constants p > 0 and A satisfying A+ p > 0 are called the Lamé’s coefficients. They
describe the elastic properties of an isotropic material. For more details related to
the model, we refer to the textbook [21].

We first recall some facts about the null controllability of system (1) and the
control of minimal L?-norm. If the boundary I is regular, C? being sufficient, for
any (u,u') € L*(Q)x H'(Q) and h € L?*(X), there exists (see, for instance, [15])
a unique transposition solution w of (1) with regularity

uwe O([0,T); L*(Q)) nC* ([0, T; H1(Q)). (2)

The null controllability problem for (1) in time 7" is the following. For each initial

datum (u®,u!) € L*(Q) x H'(Q), find a control h € L*(X;) such that the
corresponding solution u of (1) satisfies

(u,u)(-,T) = (0,0) in Q. (3)

It is well-known (see, for instance, [15] or [17]) that, under some geometric con-

ditions on Q and T'g, system (1) is null controllable at any large time T' > T™*, where

2
T* = —R(x() and R(xo) depends on the geometry of the domain © and the con-
]

trol boundary I'g. Moreover, as a consequence of the Hilbert Uniqueness Method
(HUM) of J.-L. Lions [15], the controllability of (1) is equivalent to an observability
inequality for the associated adjoint system

@ —puAp— A+ p)Vdive =0 in Q, (4a)
=0 on X, (4b)
(@, @)(0) = (¢% ')  inQ. (4c)

More exactly, there exists a constant Cyps > 0 such that, for any initial datum
(@°, ) € W = H}(Q) x L*(), the solution ¢ of (4) satisfies

84,02
0 L2, < ' op
It @)y < Conn [ (%u

+(/\+u)ldiV<P2>» ()

with

1, @M = 1l 130y + A+ Wl dive®l|72(q) + |72 0)-
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As we point out in Remark 1, the boundary term appearing in the right-hand side
of inequality (5) is well-defined.

We recall that there is an infinite number of controls in time 7. Thus, the
problem of finding the control of minimal L?-norm arises naturally. In fact, the
control of minimal L2-norm is unique and can be found (see [15]) as the solution to
a minimization problem involving the conjugate functional

* 1 2
\-7 (‘P()?(pl) - 5 /ZD {T(LP)| + <u07(P1>L2(Q) - <u17§00>H71,H57 (6)
with 5
7(¢) :uaff+(/\+u)divsov,

and where ¢ is the solution of the adjoint system (4) associated with (%, 1) € W
We denote by (-,-) -1 g3 the duality pairing between H'(Q) and H}(Q). For
any u' € H™*(Q) and ¢° € H}(Q), the pairing can be expressed

(W gy = [ VAT ) T+ () [ div( A7 ) dive, (1)

where we denote by VU the Jacobian matrix of the vector-valued function ° and
by Ayt : H™'(Q) — H{(Q) the inverse of the operator Ag = —pA — (A + )V div.
More precisely, we have g = Ay L if g is solution to

—uAg — AN+ p)Vdivg=f in Q,
g=0 on .

Besides, it is known that the control h of minimal L?(Xo)-norm for (1) can be
written

~ N 0p L~
h=71()|y, = (#ay + (A +p) le(P”)

, (®)

0
where @ is the solution of (4) associated with the minimum point (@°, @') € W of
the functional J*. We mention that the boundedness by below and the coercivity
of J* are consequences of the observability inequality (5).

Remark 1. We recall here the following existence, uniqueness and boundary regu-
larity result for the adjoint system. For any (¢°, ') € W and f € L'(0,T; L*(Q)),
there exists a unique weak solution

¢ € C([0,T); Hy(Q)) N C*([0,T]; L*(2)) 9)
to the system
" —pAp — A+ p)Vdive = f in Q, (10a)
=0 on X, (10b)
(@, ), 0) = (¢% ") Q. (10¢)

Moreover, we have g—‘l’f € L*(X), divp € L?(X) and there exists a positive constant
C =C(Q,T) such that

[ (s]2
Zual/

In view of this regularity result, the boundary term appearing in (5) makes sense.

2
+ (A p)l din) < (I @My + IF 1B 012 )
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Remark 2. Similarly to the wave equation, the minimal controllability time T*
blows up when the Lamé’s coefficient 1 goes to 0, and is independent of the value of
the second Lamé’s coefficient A\. An interesting question which we aim to investigate
in a further work is the controllability of the linear elasticity system (1) when the
control h = (hi,...,h,)" has some components equal to zero. In this situation,
since the value of A quantifies the coupling between the equations in (1), we presume
that T* will depend on the value of A+ p. Indeed, if A = —pu, system (1) consists of
n independent wave equations. Hence, controllability cannot hold when the control
acts only on some of these equations.

As it was pointed out in [8], we can reformulate the minimization of J* in terms
of trajectories of the elasticity system. Thus, there is a bijective relation between
the trajectories and the initial data. As a consequence, the function @ appearing
in (8) can be found as the minimum point of the new conjugate functional

~ 1
j*(so) = 5/; |T(<P)’2 + <u07¢/('a0)>L2(Q) - <u1’('0("0)>H*1,H(1]’ (11)
0
where ¢ € ®, with

P = {cp € L*(Q); ¢ satisfies (4a)—(4b), g—f e L*(X) and divep € LQ(E)}. (12)
The minimization of the functional J* is also exploited for the numerical approx-
imation of the control of minimal L2-norm (see, for instance, [12, 11, 23] for the
wave equation and [9, 19] for the elasticity system).

Following the ideas employed in [16] for the controllability of the wave equation,
we write (4) as a first-order hyperbolic system. More precisely, if ¢ is a solution
of (4a), we define the new variables

w=¢' and Q= Ve, (13)

where Vi is the Jacobian matrix of ¢. Then, equation (4a) implies that (w, Q)
solves the following first-order system,

w —pdivQ — A+ p)VirQ =0 in Q, (14a)
Q -Vw=0 in Q. (14b)

Reciprocally, if we are able to establish the well-posedness of (14) in some suitable
functional space, by uniqueness, we may recover solutions of (4a). A slightly differ-
ent reformulation of the elasticity system as a first order system was proposed in [2].
Note that the new variable Q = (gi;)1<i j<n is a matrix, that tr@Q = Y. | g;; is
the trace of @ and that div Q is the vector defined by

- a%j

di =
iv@Q oz,

(15)

j=1 1<i<n

At this point, it is possible to reformulate the minimization problem associated
with J* in terms of the solution to a first-order system. Before doing so, we
introduce the initial-boundary value problem associated with (14). First, we must
choose the adequate boundary conditions for (w, Q). Since the solution ¢ of (4)
satisfies the boundary condition ¢p = 0 on X, we also have ¢’ = 0 on ¥. Thus,
we shall impose w = 0 on ¥ in order to be consistent with (13). In fact, this
boundary condition is sufficient for our purposes and it is not necessary to impose a
boundary condition on Q. Regarding the initial condition, the natural choice is to
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set (w,Q)(+,0) = (¢!, V?), which means that the initial datum for (w, Q) should
belong to

W = L*Q) x VH), with VH}= {Vgo; pe H(l)(Q)}. (16)
The space VH (1) is a Hilbert space with respect to the inner product

Moreover, VH} is a closed subspace of L*(Q; M, (R)). The Hilbert space W is
endowed with the inner product

((w,Q), (Eva)>w = <w’ﬁ>L2(Q) + <Q’§>VH},' (18)

Moreover, for @ € VH}, we denote by o(Q) the following stress tensor
o(Q)=pQ+A+p)trQI, (19)

where I is the identity matrix. Remark that equation (14a) then writes
w —dive(Q)=0 inQ. (20)

We also define
V= HL\Q) x VH2, with VH2= {ch; e HX Q)N Hg(Q)}. (21)

The space W is the closure of V with respect to the norm | - ||w. Besides, for
any Q € VHZ, note that dive(Q) € L*(Q). With these notations, the first-
order initial-boundary value problem associated with (4) is the following. For any
(w°, Q") € W, find (w, Q) solution of (14) and satisfying the following boundary
and initial value conditions

w=0 on X, (22a)
(w,Q)(-,0) = (w°,Q°)  in Q. (22b)

In what follows, we denote
M(w, Q) = (w’ —dive(Q),Q - Vw). (23)

In order to state a suitable well-posedness result for the first-order system (14)—(22),
we consider the closed and densely defined operator A : V — W defined by

Aw, Q) = (diva(Q), vw), V(w,Q) € V. (24)

We show in Appendix A that A generates a Cy-group of contractions which we
denote (T;)ier. Using this semigroup approach (see, for instance, [18] or [22]), we
can introduce the notion of mild solution.

Definition 1.1. Let (w®, Q%) € W and (f, F) € L'(0,T; W). We say that (w, Q)
is a mild solution of

w —dive(Q)=f inQ, (25a)

Q -Vw=F in Q, (25b)

w=0 on X, (25¢)

(w,Q)(,0) = (@°,Q") W, (25d)

if
(w, Q) (1) = T,(w’, Q") + / Too(f. F)(s)ds, Vie (0.T).  (26)

0
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As a consequence of well-known facts concerning the theory of semigroups and
the definition of mild solutions, we have the following well-posedness statement
for (25).

Lemma 1.2. Let (w°,Q") € W and (f,F) € L*(0,T; W).

i) The first-order system (25) has a unique mild solution (w, Q) € C([0,T]; W)

and there exists a positive constant C = C(Q,T) such that

sup | (w, Q) D)y < C (I, Q)& + (£ F)lEsorwy)-  (27)
t€(0,T)

i) If (w®, Q") € V and (f,F) € C'([0,T]; W), then the mild solution satisfies
(w,Q) € C([0,T); V)N CL[0,T); W) and the equation M(w,Q) = (f,F)
holds in W.

Similarly to the boundary regularity result stated in Remark 1, we have a bound-
ary regularity result for the solutions of (25). Indeed, we prove in Lemma 2.2 that
if (w,Q) € C([0,T]); W) is a solution of (25), then Qu € L*(¥), trQ € L*(X) and
the inequality

[ (#1@w + (1 Q) < € (1w Q)R + I Pl o))

holds true for some positive constant C = C(Q,T).

We are now in position to restate the minimization problem associated with T
(cf (11)) in terms of the solution to the first-order system (25). A natural way
to proceed is to consider a minimization problem in which the quantities ¢’ and
V¢ are replaced by w and @ respectively. We then define the following spaces of
trajectories,

Z = {(w, Q) € C([0,T]; W) mild solution of (25) associated with (28)
(w",Q) € W, (f,F) € L*(0,T; W)},
Zo = {('w, Q) € C([0,T]; W) mild solution of (25) associated with (29)

(".Q") € W, (£.F) = (0,0)}.

With these definitions, the adequate minimization problem in terms of the first-
order system is

g, T 0@ @
where
~ 1
j*(wa Q) = 5 /; |U(Q)V‘2 + <u03w('70)>L2(Q) - <V(Aalu1)vQ(»0)>VH(l) (31)

As for the elasticity system, the boundedness by below and the coercivity of J* can
be obtained as a consequence of an observability inequality which takes the form

1w, @) 0|3y < 5™ Cons / o(Qw

o

|2
for any (w, Q) € Zp and under suitable conditions on Q, T'g, (i, A) and T.

The remaining part of this work is structured as follows. In Section 2, we prove
an a priori estimate and a generalized observability inequality for system (25). The
third section rewrites the minimization problem (30) as a mixed formulation. The
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well-posedness of this mixed formulation is a direct consequence of the estimates
proved in Section 2 and provides an easily computable expression for the control of
minimal L?-norm associated with (1). Sections 4 and 5 propose a stabilized version
of the mixed formulation introduced in Section 3 and an equivalent reformulation
of this stabilized mixed formulation as a dual extremal problem involving only the
state variable. Such a reformulation is particularly interesting from the numerical
perspective and is exploited in Section 6 to numerically illustrate the controllability
for the wave equation and the elasticity system written as first-order systems in
both space and time.

2. Boundary regularity and observability. We first derive an identity which
is useful to obtain a priori estimates for (25).

Lemma 2.1. With Q of class C2, let B € CY(Q;R") be a vector field. For any
solution (w, Q) of (25) associated with (w°, Q%) € V and (f,F) € C'([0,T]; W),
the following identity holds,
1 2 2
5 [ (HQUE+ (4 w6 QR)(B-v) =
b

e (Q"’)]: w5 [ (1w~ ~ (s i @) aivp
”//Q Q: (QVA) + (At //Q rQu(QVp)

—//Qf~<Qﬂ>—//Qw-(Fﬁ>.

Proof. Let (w°, Q%) € V and (f,F) € C'([0,T]; W). There exists two functions
¢’ € H*(Q) N H{(Q) and ¥ € C([0,T); Hy(R)) such that Q° = V" and F =
V1. We start by some properties of (w, Q) on the boundary ¥. The matrix Q
satisfies

(32)

Q -Vw=F inQ and Q(,00=Q"° inQ,

therefore

t ¢
Q(z,t) = V' () +/ Vw(x,7)dr +/ Viy(x,7)dr, VY(x,t) € Q. (33)
0 0
Let 1 < i < n. Since ¢° € H(N), we have V¢! = %‘fu on I'. Similarly,
for any 7 € [0,T], since w(-,7) = 0 on I' and ¥(-,7) € Hy(R), we also have
Vw;(-,7) = %ﬁ’i(-,T)u and Vi;(-,7) = %%(-,T)l/ on I'. Hence, if g; denotes the
i-th row of @, it follows from (33) that q; = (g, - v)v on X. Thus, on 3, we get

QP =1Qvf’, Qr)v=tQ, Q8= Bv)Qu, (QB)v=trQ(Bv). (34
Multiplying equation (25a) by Q3 and integrating over @, we have

J[ w@d-u [[ ava-@a-0e [[ vira@s = [[ 1@ 6o

We treat each term one after the other. We recall that there exists a function
@ € CH([0,T]; H*(Q) N H(Q)) such that Q = V.
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e For the first term, by integration by parts, we get

Jf, - @o- S m} [ w@s
:{/Qw-(Qﬁ)L—//Qw(vwg)_//Qw.(Fﬂ).

Moreover, since w = 0 on X, we have

//w (Vwp) = // Vw2 ﬂ——f// ] div 6.

Thus, we get

/ w' - (QB) = Uw Qﬂ)} 1 // w2 div 8 — //w (FB).  (36)

e For the second term, by integration by parts and since @ = V¢, we get

J[ awa-@o= [ @0~ [[ @:viam

= [1@vrev) - [[ @:(vas - [[ o-@ve)
Moreover, we have

/Q (VQB) = //wQPﬁ— /IQI 8-v —7/ Q[ diva

J— . — — 2
- 2/E|Qu| v) 2//Q|Q| div 8.
Thus, we get

// avQ-(@8) = 5 [ Qvi (s ;//Q|Q|2div5—//QQ:(QVﬂ>. (37)

e For the third term, by integration by parts and since @ = V¢, we get

//QVtrQ'(Qﬁ)_/ZtrQ(Qﬂ)'V—//Qteriv(Qﬂ)

_ 2 . _ .3 —
—/Z|trQ| (B-v) //QtrQVtrQ I6i //Qterr(QVﬁ).
Moreover, we have

//QtrQVtrQ"G:;//QWHQQﬂ:;/E|trQ|2(ﬁ'V)—;/QtrQ|2divﬁ.

Thus, we get

/QVtrQ-@m—;/E|trQ|2<ﬂ-u>+;//Q|trQ|2divﬂ—//Qterr(QVﬂ>.

(38)
Replacing (36) to (38) in (35), we obtain identity (32). O

We recall that, if Q € VHZ, then o(Q)v = pQu + (A + p) tr Q v is well-defined

as a distribution in H 2 (T') and Green formula is satisfied,

/diva(Q)-w+/ o(Q): V& = {(o(Qw. @), 1,1 YweH(Q), (39)
Q Q ’
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where (-, ->H,% 4 denotes the duality pairing between H: (I") and H> (I"). The

next lemma improves the regularity of o(Q)v when (w,Q) is a solution of (25)
belonging to C([0,7T]; V) N C*([0,T]; W) and allows to define o(Q)v when (w, Q)
is a mild solution of (25).

Lemma 2.2. With Q of class C?, let (w°, Q") € V, (f,F) € C([0,T]; W) and let
(w,Q) € C([0,T); V)N CH[0,T]; W) be the corresponding solution of (25). Then,
Qu € L*(%), trQ € L*(X) and there exists a positive constant C = C(Q,T) such
that

[ (ul@ef + (1 @) < (. Q)R + 1 P iy ) - (40
Moreover, we have o(Q)v € L*(X) and

[ 1o@uP < s 3 €1, @ + 17 Pl grawy ). (4D
Consequently, there is a unique bounded map
A:W x LY0,T; W) — L*(%)

such that A(w®,Q"), (f, F)) = o (Q)v when (w,Q) € C((0,T]; V)NC' ([0, 7] W).
Accordingly, we denote o(Q)v = A((w°, Q%), (f, F)) when (w, Q) is the mild solu-
tion of (25) associated with (w°, Q%) € W and (f, F) € L*(0,T; W). In that case,
estimate (41) still holds.

Proof. Due to the regularity of the boundary I', there exists a vector field 8 €
C'(Q;R") such that 3 = v on I'. Thus, with this choice of 3, identity (32) implies

/ (HlQu + (+ QP sc( sup ||(W,Q)('7t)||%v+|(f7F)|2L1(o,T;W)>-
b3} t€(0,T)

We then apply estimate (27) to obtain (40). Besides, from (34), we know that
(Qv) v =1trQ on X. It follows that

[lo@up= [ i@v+0+nuau]
> )
= [ (1QuE + -+ 021t @ + 200 +10) 11 Q Q) -v)
= [ (1QuP + (30 + ) e QP)
)
<O+ [ (WQuP+ 0+ ] QP).

O

Remark 3. The above lemma can also be proved using the following Rellich-Necas
identities. If g, 3 € C*(Q;R™) are two vector fields, we can check that

2div((q- B)q) — div(|g|*B8) = 2(g- B) divq — |q/*divB +2(VBq) - q
+2((qu)-ﬁ—(Vqﬁ)-q)'
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Consequently, for Q € C*(Q; M, (R)), we can adapt the previous identity in order
to get

2div(Q ' (QP)) — div(|QI*8) = 2(QB) - divQ — |Q|*div 3 +2(QVA) : Q
+ Q(ﬁTVQT - VQ,@) . Q.
Similarly, we show that

2div((QB) tr Q) — div(| tr Q°8) =
2(QB) - VitrQ — [trQ|*divB + 2tr(QVA) tr Q

+ 2(tr(,3TVQT) —t(VQ ,3)) trQ.
Finally, note that if Q € VH?Z, we have 3' VQ' = VQ .

Lemma 2.3. We recall that Zy is the set of mild solutions (w,Q) of (22), with
(w°, Q%) € W. For any T > T*, there exists a constant Cyps > 0 such that

@%@y < Cam [ (WQuE+ A+ W] QP). ¥(w.Q)€Zo (42
o
The critical time T* > 0 depends on Q, Ty and (A, ). Besides, we have

1w, @)y < Cone [ lor(QWP, Y(w,@) € 2o, (13)

o

Proof. To obtain (42), we use the observability inequality (5) associated with the
adjoint system (4). Let (w®, Q") € W. Then, there exists ¢° € H}(Q) such that
Q" = V. We set ! = w’ and we define (w, Q) = (¢’, V), where ¢ is the
solution of (4) associated with (¢°, ). If we apply the observability inequality (5)
to ¢, we get that for 7' > T™, the following estimate holds,

(0", @)y < Canm | (@ + (4 )| QP).

o
Finally, it is easy to check that (w, @) is the mild solution of (22) associated with
(w°, Q°). Besides, it follows from (34) that

/ Io@uw = / (n1@v 4 (v 3+ 1 QF)

m/z (wQul? + (+ ) @P).
O

Proposition 1. We recall that Z is the set of mild solutions (w, Q) of (25), with
(w°, Q") € W and (f,F) € L*(0,T; W). For any T > T*, there exists a positive
constant C = C(Q,T) such that

10, Q@) Ry < C(Io@wldasy) + I ) oraw) ) V(w, Q) €2, (44)

Proof. We can split a solution (w, Q) € Z as (w, Q) = (w1, Q;) + (w2, Q,), where
(w1, Q,) solves (25) with (£, F) = (0,0) and (ws, Q,) solves (25) with (w?, Q") =
(0,0). By Lemma 2.3 and Lemma 2.2, we have respectively

1w, @) < 1™ Consllo(@1)¥ 22 (s,



CONTROLLABILITY OF THE LINEAR ELASTICITY AS A FIRST-ORDER SYSTEM 11

and
lo0(Q)¥ |72,y < (A +31) CIF, )2 0,mw)-
We then get the result using

Qv 725y < 20 (@)V[[L2(s5,) + 20(Q2)V 7253,
O

Remark 4. i) Since (w, Q) € Z is a mild solution of (25) for some (w®, Q") €
W and (f,F) € L?(0,T; W), by Lemma 2.2, the normal trace o(Q)v €
L?(%) is well-defined.

ii) For any (w, Q) € Z, there exists two unique pairs (w°, Q") € W and (f, F) €
L?(0,T; W) such that (w, Q) is the corresponding solution of (25). We then
denote M(w, Q) = (f, F). With this notation, we have

Zo={(w,Q) €2 Mw.Q)=(0,0)}.
iii) Note that the generalized observability inequality (44) implies

1w, Q) v < C(lo@W I3, + MW, Q22 rw) ) Y, Q) €Z. (45)

For any fixed n > 0, we endow Z with the inner product

(w,Q),(w,Q)), = /E (U(Q)V)'(U@)VHU/O (M(w, Q), M(w, Q) )y (46)
We denote || - ||z the associated norm.

Lemma 2.4. The space Z endowed with the inner product (-, -)z is a Hilbert space.

Proof. We check that Z is closed with respect to the norm || - ||z. To do so, let
{(wg, Q1) k>0 C Z be a sequence converging to some (w, Q) for the norm || - ||z.
Then, M(wg,Q),) = (fi, Fi) converges to some (f,F) € L*(0,T; W) and the
generalized observability inequality (45) implies that (w?, Q") converges to some
(wO,QO) € W. By the mapping properties of the semigroup which defines the
mild solutions of (25), we get that (wy, Q) converges to the mild solution of (25)
associated with (w®, Q) and (f, F). We therefore have (w, Q) € Z. O

3. Mixed formulation. Problem (30) is a constrained minimization problem in Z
where the constraint is the equation solved by (w, Q), i.e. M(w,Q) = (0,0). We
take into account this constraint by introducing a Lagrange multiplier (¢,©®) € A =
L2(0,T; W). Tt leads to the following mixed formulation. Find (('w, Q), (¢, @)) €
Z x A solution of

a((w7 Q), (E: 6)) + b((ﬁa 6)7 (C» 6)) = Z(E7 6)7 V(w, a) €Z, (473')
b((w, Q), (¢, 6)) =0, V((,0) €A, (47Db)

where
a:Zx7—R, a(('w, Q), (E,Q)) = <0’(Q)IJ,O’(§)V>L2(EO), (48)

b:Zx AR, b(w,Q),(¢0) = (Mw,Q),(¢.0)) 1w (49)
(:Z—=R, lw,Q)=((—u’,V(=Ay) 'u'), (w,Q)(-0))- (50)

Theorem 3.1. We have the following.
i) The mized formulation (47) is well-posed.
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it) Let L :Z x A — R be the Lagrangian defined by

L((w,Q).(¢,©)) = %a((w,Q% (w,Q)) +b((w,Q),(¢,0)) —l(w,Q). (51)

Then, the unique solution ((w, Q), (¢, @)) € Z x A of (47) is solution to the
saddle-point problem

su inf L((w,Q),(¢(,0)).
it L), 0)

iii) The solution (w, Q) of (A7) is the minimum point of J* over Zy. Hence, the
control of minimal L*(Xq)-norm for (1) is given by

h=0o(Q)vy, . (52)

Besides, the Lagrange multiplier  is the associated controlled state of (1).
This means that ¢ is the solution of (1) in the sense of transposition asso-
ciated with the initial datum (u°,u') and the control h, and that ¢ satisfies

(¢, ¢, T) =(0,0) in Q.

Remark 5. We can also consider the augmented Lagrangian £,., which is defined
for any r = (r1,732), 71,72 > 0, by

£ ((,Q), (¢, 0)) = yar(w,Q), (w,Q) +b((w, Q). (¢.0)) ~ (w, Q). (53)

ar((“’» Q): (w, a)) = a((w7 Q)7 (E7 6)) +r <M(w7 Q), M(w, a)>L2(07T;w) <54)
+T2<QVL,QVL>L2(EO)-

Since a, ((w, Q), (w, Q)) = a((w, Q), (w, Q)) for any (w,Q) € Zy, the Lagragians
L and L, share the same saddle point. Remark that the augmented term associated
with ro is zero. Nevertheless, we choose to add here this term which will be useful
for the numerical implementation. Indeed, we need to impose Q € VH (1) for the
numerical spaces. In dimension two, v is any unit vector orthogonal to v, hence
if the 79 is non zero, then this augmentation term impose that the tangent part of
Q is close to zero.

Proof. i) In virtue of [3, Theorem 4.2.1], we have to check the following properties.

1) The bilinear forms a and b are continuous. It is obvious from the definition
of [ ]|z

2) The linear form ¢ is continuous. It is a direct consequence of the generalized
observability inequality (45).

3) The form a is coercive on the kernel

N ) = {(w,Q) €Z b((w,Q),(¢,©)) =0, ¥(¢,©) € A}.

It is clear from the definition of a. If (w,Q) € N(b) = Z¢, we then have
a((w,Q), (w,Q)) = [(w, Q)|

4) The form b satisfies an inf-sup condition over Z x A. There exists a constant
0 > 0 such that

inf su H((w. Q). (¢, 0)) > 0. (55)

p =
(€A (w,qiez [I(w, Q)lz]l(¢, ©)l[a
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We fix (E, (:)) € A and consider the unique (w, @) € Z such that M(w, @) =
(¢,0) and (w,Q)(+,0) = (0,0). The trace inequality (41) implies

lo (@ lz2sy) < CIIE O)la = ClM(@, Q)l|a- (56)
We also have b((w, Q), (Z, (:))) = ||(E7 @)H?x Therefore,

wp M©.@.60) _ ICO)a _ M@
waez [(w.QlzlC Ol ~ 1@ Qlz @l
|M(®, Q) L1

~ o~ 3 /O ’
(lo@was, +nlm@.Q3)° YO+

where the last inequality is a consequence of (56). Thus, inequality (55) holds
with § = (C% 4+ 1)~ 2.
i1) This property is due to the symmetry and positivity of a.
i) If ((w,Q),(¢,0)) € Z x A solves the mixed formulation (47), then equa-
tion (47b) implies M(w, Q) = (0,0). Consequently, we have (w,Q) € Zy and
£((w.Q).(6,©) = T*(w.Q). B
Besides, equation (47a) holds for any (w, Q) € Z. In particular, if choosing h
given by (52), we have

L@+ [[ ¢ F =t V) ) @R 0y 67
%o

for any (w, Q) € Z such that M(w, Q) = (f,0), with f € L*(Q). Let (w,Q) € Z
with /\/l(ﬁ Q) = (f,0) for some f € L*(Q). Then, it is easy to check that
(w,Q) c be realized as (w,Q) = (@, V®), where & € C([0,T]; Hy(Q)) N
c*(jo, T ; L*(9)) is the unique weak solution of

@' — pAp — (A + p)Vdiv

=f inQ,
=0 on X
@.9)(-T) = (0,0) Q.

Hence, the formulation (57) is equlvalent to

/ // 7' —nAp - (A+u)Vdiv¢):

— (u®,%/( >L2(SZ) +(u'B(,0)) JHY

; (58)

for any solution ® of (58), with f € LQ(Q). It means that ¢ is a transposition
solution of (1), so ¢ is the controlled state associated with the initial datum (u®, u')
and the control h. O

4. Stabilized mixed formulation. In this section, we introduce a stabilized
mixed formulation equivalent to (47). This stabilization adds some uniform coer-
civity with respect to the multiplier variable, which allows to bypass the Babuska-
Brezzi inf-sup condition. We define the Hilbert space

== {(C, ®) € C([0,7]; W) mild solution of (60) associated with

59
(¢°,@% € W, h e L*(%)), (9,G) € LQ(O,T;W)}. (39)
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For (¢,@%) € W, h € L*(%)) and (g,G) € L*(0,T; W), we say that (¢,0) €
C(]0,T); W) is a mild solution of

M, ©)=(9.G) inQ,
=h on 207
=0 on % \ 207
(Cve)(70) = (C07®O) in Qv

(60)

if
¢ t
(€. ©)(,) =Tu(¢". 0 + [ TiiBh(,9)ds+ [ Te(g.G)s)ds, (o)
0 0
for any t € [0, 7], where B : L?(I'g) — V' is defined by transposition
(Bh, (w, Q)>V,’V = 7<h7a(Q)V>L2(FO), V(w,Q) € V.

The space E is endowed with the norm given by the following inner product,

<(Ca @)a (Zv 6)>E = <C’E>L2(EO) + <M(C7 @),M(Z7 6)>L2(07T;W) (62)
+ <(C7 6)(’ 0)7 (276)(70)>W + <(Cv 6)(?T)’ (276)(7T)>W
Let r = (r1,72), 11,72 > 0, and o = (a1, a2, a3,a4), a1 € (0,1), as,a3,a4 > 0. We
want to find ((w,Q), (¢, ®)) € Z x E such that

ar,a((wa Q)a (ﬁv a)) + ba((ﬁv a)’ (C7 8)) = g(iv a% V(ﬁ7 Q) €7, (633)
ba((w,Q),(¢,0)) —a((¢.©),(¢,0)) =da(¢,©),  V((,©)€E, (63b)

where ar o 1 ZXZ - R by 1 ZXE =R, ¢ : E
defined by

ara(.Q). (8, Q) = 0, (.Q). (.Q)) ~ (o Q. (@) 2, (64)
bo (0, Q). (¢, ©)) = b((w,Q), (¢, ©)) + (0 (Qw,C) oy (65)

0((€.0),(6.8)) = a1(6.€) gy + 12(MC ), ME B ooy (66)
+ 043<(C7 6)(7 0)7 (Z’ @)(7 0)>W + O‘4<(Cv 6)(7 T)’ (E’ 5)(7 T)>W7

da(Cv @) = a3<(_u0’ V(_Ao)ilul)v (Ca @)(, O)>W (67)

In view of [3, Remark 4.3.1], if (('uuQ),(C,@)) € Z x E solves (63), then it is
solution to the saddle-point problem

inf sup Lrqo((w,Q),(¢,09)),
L o((w,Q),(¢,0))

— Rand d, : 2 — R are

with the Lagrangian £, o : Z x & — R given by
ET',UL ((’LU7 Q)7 (Ca 9)) =

£,((,Q),(¢6,©)) = Lo @ = Cl3en,) — FIME Oz 0rw)
- S =V (= A0) ") = (& ©) L 0) 3y — FH(C.©) (. )y
= Jara((0,Q). (,@) +ba((w, Q). (¢ ©))
- 50a((¢©),(6,©)) ~ ((,Q) - da (¢, ©),
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where £, is the augmented Lagrangian defined in (53).

Remark 6. Using integration by parts, we could find an alternative expression for
by. For (w,Q) € Z and (¢, ®) € E, we have

ba((wv Q): (Cv G))) = _<(w’ Q)7 M(C’ ®)>L2(0,T;W) - (1 - al)<U(Q)V7 C>L2(20)

This expression may be useful for the numerical simulations. This idea is similar to
the partitioned finite elements methods (see, for instance, [6, 20]).

Theorem 4.1. For any r = (r1,73), r1,72 > 0, and any a = (a1, a9, a3, 0y4),
ay € (0,1), ag,as,aq > 0, the stabilized mized formulation (63) is well-posed.

Proof. From [3, Proposition 4.2.1], it is a straightforward consequence of the bound-
edness of a, q, b, Co, do and £, as well as the coercivity of a, o and ¢, on Z and E
respectively. O

Proposition 2. The solution of the mized formulation (47) and the solution of the
stabilized mized formulation (63) coincide.

Proof. For any r = (r1,r2), r1,72 > 0, and any o = (a1, a9, a3,a4), aq € (0,1),
g, 03,4 > 0, we check that the saddle point ((wr, Q) ¢, @r)) €ZxAof L,
is also a saddle point of £, ,. We observe that, by Theorem 3.1, ¢, is a controlled
solution of (1), in the sens of the transposition, with initial datum in W and
boundary control in L*(Zo). Thus, ((w,,Q,), ({,.©,)) € Z x E. Besides, since
(wr,Q,), (¢, ©,)) solves the augmented formulation associated with (47), for any
(¢,0) € E, we have

L:r,a ((wrv Qr)? (C’ 6)) S ET((wM Qr)? (Cv 6))
S ‘CT((wTa Qr)7 (CT7 97“)) = ‘CT,Oé ((’LU,-, Qr)? (Cr? 67")) .
Therefore, (¢,.,®,) maximizes (¢,0) — L, .((w;,Q,),(¢,0)). Conversely, the
functional F : Z — R given by F(w, Q) = Lna((w, Q),¢,, @T)) admits a unique

extremal point due to the ellipticity of a,. . Moreover, for any (w,Q), (w, Q) € Z,
we have

Lr(w.Q) +ew.Q)| | =a(w.Q).@.Q) +h(®.Q).(,. 0

de e= Z(E7 Q)
- al<0'(Q)V ¢

r)) -
(Q)V>L2(Eg)'
Therefore, from (47), we get

d e P

SF(w,Q) +e@, Q)| _ =0, Y@, Q) ez
Thus, (w,,Q,) minimizes (w,Q) — Lo ((w,Q),({,,O,)). Consequently, the

pair (('wr7 Q) ¢,, @T)) is also a saddle point of £, 4. The result follows from the
uniqueness of the saddle point. O

5. Dual extremal problem. Here, we derive an extremal problem which is dual
to (30) and only involves the primal variable ({,®). For r = (ry,r2) and a =
(01, a2, a3, q), we define the linear operator A, : E — E in the following way.
For any (¢,®) € E, A, (¢, ®) € E is the unique solution of

<~Ar,a(C7 @)7 (E: §)>E = ba ((w7 Q): (Ev @)) + Ca((Cv @>: (E, 6)): V(E, 6) € (Ev )
68
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where (w, Q) € Z is the unique solution of

aro((w,Q),(W,Q)) =ba((w,Q),(¢.0)), Y(w,Q)<Z (69)
The conditions 71,72 > 0 and o7 < 1 imply that the augmented bilinear form a,
is coercive on Z, hence (69) has a unique solution.
Lemma 5.1. The operator A, o is a strongly elliptic, symmetric isomorphism from
E onto E.

T1
1—ay

Proof. For simplicity, we take n =
estimate

in (46). Since a,q satisfies the coercivity

tra((w,Q), (w, Q) > (1 - an)l|(w, Q)lz, Y(w,Q) € Z,
then the Lax-Milgram lemma implies that for (¢, ®) € &, the corresponding solution
(w, Q) € Z of (69) satisfies

[[6a I
[(w, Q)]lz < 1_—a1||(c,@)||5.

Therefore, taking ({, ©) = A,.»(¢, ®) in (68) leads to
ba 2
4. ©)= < (”' n ||ca||) 16,©)]=.

17041

which gives the boundedness of A, . Let (¢, ®), (¢, 0) € E and denote respectively
(w,Q) € Z and (w, Q) € Z the corresponding solutions of (69). Then, from (68),
we have

(Ar.0(€,0),(€.0)) g = ara((w,Q), (W, Q) + ¢ ((¢.©),(¢,0)),  (70)

which implies the positivity and symmetry of A, o. Besides, from the coercivity of
Ca, there exists C' > 0 such that, for any (¢, ®) € E,

(Ara(€,©),(¢,0))2 = ca((¢. ©), (¢, ©)) = CJ(¢, O)]2.
O

The ellipticity of A, , allows to introduce a coercive functional J** in the next
lemma.

Lemma 5.2. For any r = (r1,7r2), r1,72 > 0, let (wo,Qy) € Z be the unique
solution of

ar,a((wo, Qo) (W, Q)) = L(w,Q), Y(W,Q) € Z. (71)
Let also J** : 2 — R be the functional defined by
~ 1
J(¢,0) = §<Ar,o¢(¢7®)> (€,0))z — ba((wo,Qp), (¢, 0)) + da(¢, ©).
Then, the following equality holds,
sup inf ['r,a (('w7 Q)7 (C7 6)) =— in j\**(C7 ®)+£r,o¢ ((w(]v QO)? (07 0))

(¢,@)eE (w,Q)eZ €.@)cE

Proof. For any (¢,0) € E, let (w*, Q") € Z be the minimum point of (w, Q) —
Cr,a(('ll% Q), (¢, @)) Thus, (w*, Q") satisfies the equation

ar,a((w*v Q*)’ (Ea a)) + ba((ﬁa 6)’ (Cv ®)> = E(E7 a)’ V(Ea a) €Z,
and can be decomposed as (w*, Q%) = (wo, Q,) — (W, Q), where (W, Q) € Z solves
ara((@,Q), (@,Q)) = ba(w,Q), (¢, ©)), V(w,Q)€Z.
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We then have
inf £7',a((w7Q)? (C7®)) = ‘C'r,a((w*vQ*)v (Cag))

(w,Q)eZ A
- £1',u((w07 QO) - (’LU, Q)7 (C7 9))
=X+ Xo + X3+ Xy,

with
1 o= = U 1
Xl = Ear7a((w7 Q)7 (w7 Q)) - boe((w7 Q)7 (C: @)) - §ca((C7 6)7 (C7 @))7
X2 - ba((wOa Q0)7 (Cv 6)) - da(Ca 6)7
X3 = %ar,a((w()aQO)v (wo,Qo)) — £(wo, Qp),
Xy = _a’r,a((w07 QO)a (17}7 Q)) + E(ﬁ}7 Q)
From the definition of (wo, Q,), we have X4 = 0 and X3 = L, o ((wo, Qy), (0,0)).
Finally, the definition of (w, @) implies
1 L~ 1 1
Xl = _iba«wa Q)a (C7 9)) - ica((Ca @)a (C7 @)) = _§<Ar,o¢(ga 9)7 (C7 ®)>E
and the result follows. O

From the ellipticity of the operator A, ., the minimization of T in Z is well-
posed. We observe that, in contrast with the initial problem of finding the control
of minimal L?-norm, the minimization of j **in Z does not entail any constraint.

Due to the symmetry and ellipticity of the operator A, ., the conjugate gradient
method is well-suited for the numerical minimization of 7**. More exactly, the
Polak-Ribiere version of the conjugate gradient method reads as follows: for a given
convergence criterion € > 0, we follow the steps in Algorithm 1.

6. Numerical approximation and simulations. In this section, we numerically
illustrate the proposed method for the approximation of the control and the con-
trolled solution for the two-dimensional wave equation and for the two-dimensional
elasticity system. More precisely, we put in place the procedure described in Sec-
tion 5 by considering a conformal finite elements approximation of the spaces Z,
E and of the operators A, ., M, together with the inner products of these spaces.
In that purpose, we consider uniform triangulations 75 (structured or not) of the
domain @. For such each triangulation, we denote by h > 0 the largest diameter of
tetrahedra composing 7,. Two examples of domains @) and the associated meshes
are displayed in Figure 1.
We define E;, C E as follows:

_ = Ch 1) <9h 11 On 12)
=, = ,0,) €E; = T, @@= ’ ’ ,
" {(Ch 2 ¢ (Ch,2 On21 On22
Ch,iup Gh’ile € Py for every K € T, and 4,5 € {1,2}}, (72)

with Py being the space of polynomials of variables (z,y) and of degree less than
1. Algorithm 1 easily adapts to this finite dimensional framework considering finite
elements approximations of operators A, ,, M and of the inner product over E.
The implementation of this algorithm was done using FreeFEM [13]. If it is not
specified otherwise, we choose the augmentation parameters r; = ro = 10! and
the stabilization parameters oy = a9 = a3 = @y = 1072, Remark that the control



18 ARTHUR BOTTOIS AND NICOLAE CINDEA

Algorithm 1 Conjugate algorithm for iteratively solving (70)

1) Initialization. We choose an initial candidate (¢,, ®9) € E.
We compute (wo, Q) € Z solution of

aT,Ot(('wOv QO)? (ﬁ7 é)) = ba((ﬁ’ a)v (CO? 60)) - f(ﬁ7 é)v V(ﬁ, é) €Z
We compute (g4, Go) € E solution of
<(g()7 G0)7 (E7 6)>E = ba((wO: QO): (Ev 6))

+¢a((€0,©0), (¢, 0)) +du((,©), V(¢ O) €
We set (vg, Po) = (gg, Go)- B

2) Iteration. For n > 0, we compute (w,, Q,,) € Z solution of
(W0, Q,), (@, Q)) = bo (W, Q), (vn, Py)), V(w,Q) € Z.

We compute A, (v, P,) € E solution of

[

(Ara(va, P0), ()2 = ba((@0, Q). (C.©))
+ Ca ((vnan)v (Zvé», V(Z,é) c=.

We compute
(g, G2

(Ara(Vn, Pr), (Vn, Pp))z

Qp =

and we update
(Cn-&-l’ ®n+1) = (Cn? en) - an('vn> Pn)7
(wn+1: Qn+1) = (wn7 Qn) - O‘n<'&;nv én):

(gn+1»Gn+1) = (gnan) - anAT,a(vn7PTL)'
3) Convergence test. If [[(g,,1,Gns1)ll2 < €ll(go, Go)ll=, we stop and set

(¢, ©1) as the approximation of the minimum point of T*. Else, we com-
pute
o <(gn+17 GnJrl)a (gn+17 Gn+1) - (gn? Gn)>5

B =
! (g, Gn)lIZ
and we update
(vn+17Pn+1) - (gn+17 Gn+1) + /BTL(’U’H,?PTL)'
Do n < n+ 1 and return to step 2).

h can be obtained in two different manners. On the one hand, since ¢ correspond
to the controlled state of the system (1), we have b = {|x,. On the other hand, we
can compute b using the dual variables (w, Q) and the relation (52).

As a first step for the validation of the proposed method, we employ Algorithm 1
for the approximation of the boundary control and the corresponding controlled
state for a two-dimensional wave equation. Indeed, choosing p = 1 and A = —pu,
system (1) is nothing else than two independent wave equations with constant co-
efficients in dimension two. The boundary controllability of two-dimensional wave
equations was firstly considered from a numerical perspective in [11, 12]. An ex-
ample of initial data and the corresponding boundary control of minimal L?-norm
are explicitly given in this paper. The numerical experiments corresponding to the
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1 T
0,5+ Ty —=
Y 0r b
—0,5F _

-1 1

—-0,5 0,5 1,5
T
(b)

FIGURE 1. Domains @ and associated meshes. (a) A structured
mesh of @ = (0,1)%2x (0, 7). (b) An example of non-convex domain
Q and (c) a mesh of @ = Q x (0,T) associated to this domain.

domain © = (0, 1)? and to the initial data in [12, 10] for which the boundary control
is explicitly known are presented in Subsection 6.1.

Once the method validated for the boundary controllability of the 2-D wave
equation, numerical experiments were conducted for the elasticity system in dimen-
sion 2. More exactly, we set 4 = A = 1. We numerically illustrate this situation in
Subsection 6.2 for two different geometries of Q: the unit square and the non-convex
domain represented in Figure 1 (b).

6.1. Two dimensional wave equation. In this subsection, we set Q = (0,1)? the
unit square with the control acting on its whole boundary (I'y = I'). We consider
the initial datum constructed in [11, 12] using Fourier series. For this initial datum,

displayed in Figure 2, and for T' = % (3—|— %), the boundary control can be explicitly
computed (see [12] for details).

0.0e+00 1.2e+02

100
80
— 60

Im

20

-2.1e+01 -1.4e+01

FIGURE 2. Initial datum (u°, u!) constructed in [12].
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More exactly, for this choice of T', we have

u’(z,y) = —7 (sin(wx) cos(2my) + cos(2mz) sin(my))

28
+ [ —=2v27T + == sin (V2T > sin(7z) sin(m
( 2 sin (VERT) ) snra) sinr)
255 » 3 9
+ 4sin(mz) E ( — sin (/p? + 17T ) sin(pmy)
P=3,poddp2_1 p?—4 Vp?+1 ( )

255

. p 3 2 . .

+ 4sin(my) E 3 ( 3 — sin (\/p2 + 17rT)> sin(prx),
p=3, p odd ’ —LA\P -4 VPPt

u'(x,y) = —V27° (sin(rz) cos(2my) + cos(2mz) sin(my))

+ (2\/§7r + 47T — 28% cos (\/§7TT)) sin(7x) sin(my)

255
3V2
+ 4sin(mz) E 2p 1 ( 2\[1 + 27 cos (\/p2 + le)) sin(pmy)
pT = pT =
p=3, p odd

255
+ 4sin(y) Z P < 32\/?7; + 27 cos (\/p2 + IWT)) sin(prx).

p:3,poddp271 P
As pointed out in Remark 2, for A = —p, system (1) consists of two independent
wave equations:
uf — pAuy =0 in @, uf — pAug =0 in @,
uy = hl on E, Ug = h2 on E,
(ur,u)(,0) = (W0 ul)  in 2, (us,uh)(,0) = (u®ul)  in Q.

In the rest of this subsection, we only consider the equation satisfied by ;.
We consider five levels of meshes described in Table 1. The coarsest of these
meshes is depicted in Figure 1 (a).

Mesh number ‘ 1 2 3 4 5
Diameter h of elements 11—0 21—0 % 41—0 %
Number of nodes 3267 23814 76 880 179 867 345 933
Number of tetrahedra | 15 600 127 200 426 600 1 017 600 1 980 000
TABLE 1. Description of five meshes of the domain @ = (0,1)2 x (0, 7).

In Figure 3 (a), we display the evolution of the norm of the residuals ||(g,,, G»)||=
appearing in Algorithm 1. Here and henceforth, we fixed the value of the stopping
criterion parameter in the conjugate gradient algorithm Algorithm 1 to ¢ = 10710,
In Figure 3 (b), we display the norm of the boundary control obtained from (¢,,, ®5,)
once the conjugate gradient algorithm has converged.

In Figure 4 we display the evolution of the norm of the L? error between the
exact control (explicitly known) and the numerical controls computed from dual and
primal variables for two different choices of stabilization parameter «;. Analyzing
these results, we observe a convergence of order h°-® for the numerical controls
to the explicit control, for the controls obtained from both the primal and dual
variables when o; = 10~!. For an augmentation parameter a; = 1073 we observe a
better convergence (of order h) for the control computed from the primal variable.
The same order of convergence is observed for large values of h when the control is
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FIGURE 3. Results for initial datum (u°, u!) displayed in Figure 2.
(a) Evolution of the norm residuals (g,,, G,,). (b) Norm L? of the
control h(t).

computed from the dual variable, but the approximation is affected by a numerical
locking phenomenon at 0.02 which is probably due to the values of the stabilization
parameters which are not large enough. A more involved study will be needed for
finding the optimal values of these parameters.

We also remark that the number of iterations needed for the convergence of
the conjugate gradient algorithm remains stable with respect to the discretization
parameter h. Nevertheless, as expected, for smaller values of augmentation and
stabilization parameters a higher number of iterations is need for converge of the
conjugate gradient algorithm described in Algorithm 1. In Figure 5, we display the
solution (¢,,, ®,,) obtained once the Algorithm 1 has converged.

Similar results are obtained for different choices of parameter r = (r1,r2) and
a = (aq, 9, a3, 04).

107 —a— a; = 107", primal
ke o =107, dual .
—e— «; = 107%, primal
@ q; =107%, dual

1074

Norm of the error

2x 1072 3x107% 4 x 1072 6x 1072 I(JLl
Mesh diameter £

FIGURE 4. Norm of the error between the exact and numerical
controls for different values of h and two different values of «;.
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FIGURE 5. Solution ((,,®,) obtained once the conjugate algo-
rithm converged for the mesh 5. (a) {,. (b) Opn1. (¢) Op 2.

Another interesting illustration (see Figure 6 (a)) is the evolution with respect
to the time of the norm of the primal and dual solutions (¢, ®) and (w, @), re-
spectively. As expected, the energy norm of the primal variable goes to zero when
the time is close to the control time 7" and the energy norm of the dual variable is
conserved in time.

6.2. Elasticity system. In this subsection, we illustrate the approximation of the
boundary control for the two-dimensional elasticity system (x = A = 1) for two
different domain geometries. In the first case, we consider €2 the unit square and in
the second one €2 is a non convex domain with regular boundary.

6.2.1. Control acting on the whole boundary T' of Q = (0,1)2. For simplicity, we
consider here the same geometric situation as in Section 6.1: Q = (0,1)2, T =

%(3 + 2) and the initial datum (u®,u') € L*(Q) x H'(Q) given by

uO — <u07uO)T’ ul _ (ul’ul)T’ (73)

with u° and u' depicted in Figure 2. The conjugate gradient algorithm converges
for every mesh in less than 200 iterations for an norm of the residuals smaller than
€ = 10719 The norm L2(2) of the controls h(t) is depicted in Figure 7 for all
the five levels of mesh considered here. In the left column of this figure we display
the evolution of the norm of the controls computed as the boundary trace of ¢,
for a3 = 1073 (top) and a; = 0.9 (bottom). The norm of theses controls are very
similar for both values of the parameter a;. On the right side of the figure we
depict the norm of the control computed from @Q,, using (52) for the same values
of o as before. In that case we observe that for a; = 1073 the control has some
extra oscillations near t = 0 and t = T'. As expected, for values of a; close to 1, the
controls obtained from the primal variable ¢ are very close to the controls obtained
from the dual variable Q. Similarly to the wave equation, the controls seem to
converge with respect to the discretization parameter h. In Figure 6 (b) we also
observe a very similar comportment to the wave equation for the evolution in time
of the norms of primal and dual variables.

The six components of the solution (¢,,, ©,,) obtained once the Algorithm 1 has
converged for the finest mesh in Table 1 are graphically represented in Figure 8.
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FIGURE 6. Evolution with respect to the time t of the norms of pri-
mal and dual solutions for: (a) the wave equation; (b) the elasticity
system and the initial data in Figure 2.
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FIGURE 7. Norm of the control h for the five meshes described in
Table 1 computed from (¢,,, ®,,) (left) and from (w,,Q,,) (right),
for a3 = 1073 (up) and a; =9 x 10~* (bottom), respectively.

6.2.2. Control acting on a part of the regular boundary of a non-convex €. In this
subsection we consider the non-convex domain € graphically represented in Fig-
ure 1 (b). The control acts only on the exterior boundary 'y of 2.
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FI1GURE 8. The six components of the solution for the initial datum
in Figure 2 and the finest mesh in Table 1. (a) (u1. (b) Op11.
(€) On,12- (d) Cn2- (€) Ony21. (f) Op 22

For this choice of 2, we consider a control time 7" = 3 and the initial data
(u®,u') € L*(Q) x H *(Q) given by

—Au’ =100 inQ

o_ .1 : )

u’ = u' solution to { w =0 on T (74)
We consider five levels of meshes described in Table 2. The coarsest of these

meshes is plotted in Figure 1 (c).

Mesh number | 1 2 3 4 5
Diameter h of elements 21—0 31—0 % 5—10
Number of nodes 4557 29707 99094 212 234 406 945
Number of tetrahedra | 21 510 155 700 515080 1 185 760 2 303 550
TABLE 2. Description of five meshes of the domain @ = Q x (0, 7))
for Q displayed in Figure 1 (b).

For the set of simulations corresponding to this non-convex domain and initial
data given by (74) we fixed a; = 0.9 and we consider ap € {1072,1072, 107 }.
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The parameter oo enforces that the primal variable verifies the controlled elasticity
system in L2(0,T; W).

0.35 . = - Mesh #1 r — ;=103
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FIGURE 9. Norm of the control for initial data given by (74).
(a) ag = 1073 and different meshes. (b) Computation on the mesh
#5 and different values for as.

The norm of the control for as = 1073 and the five meshes described in Table 2
is displayed in Figure 9 (a). As expected we observe the convergence of the controls
with respect to the discretization parameter h. In Figure 9 (b) we illustrate the
norm of the control computed on the finest mesh in Table 2 for three different values
of as. As expected, for larger values of as the primal solution ¢ is more regular
and the corresponding control is closer to zero near the control time 7.

7. Conclusion and perspectives. This paper studied the boundary null con-
trollability of the elasticity system reformulated as a first order in time and space
system. We also proposed a constructive method to compute the boundary control
of minimal L?-norm for the elasticity system as the solution of a stabilized mixed
formulation. Although the numerical computation of the control remains extremely
challenging for the elasticity system, the proposed method was numerically imple-
mented and the obtained results are very promising. The facts that we considered
a first order system in space and time combined to the very careful augmentation
and stabilization of the mixed formulation were essential for the numerical imple-
mentation. More exactly, we are able to successfully solve the mixed formulation
by approaching it using only P; finite elements and by the means of a conjugate
gradient algorithm. The proposed numerical method seems robust with respect to
the values of the Lamé’s coefficients. Nevertheless, several difficulties remain and
in what follows we propose some perspectives to tackle them.

As for all space-time methods, the main numerical difficulty was related to the
high dimension of discrete system to solve. Indeed, the time appears as a third
dimension for a system being two-dimensional in space. Even using a parallel solver
for the linear systems to solve in the gradient descent algorithm, this was not enough
for very refined meshes. In a further work, we will investigate the possibility to
iteratively solve the mixed formulation characterizing the control and the controlled
solution by a domain decomposition technique combined to a conjugate gradient
method. This will allow to fully parallelize the method and not only the resolution
of the involved linear systems as it is actually the case.
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Another delicate question is the choice of the values for the augmentation pa-
rameters (r;)1<;<2 and for the stabilization parameters (;)1<;<4. For larger values
of these parameters we need less iterations for the conjugate gradient algorithm
convergence but the errors are bigger. For smaller values of parameters we need
a larger number of iterations for the conjugate gradient algorithm and the conver-
gence of control seems better. A more involved numerically study is needed in order
to numerically investigate the dependence of the inf-sup constant associated to the
mixed formulation to these parameters. We will consider this question in a further
work.

Appendix A. Operator A is the generator of a group of contractions.
The following lemma states that the operator A given by (24) generates a group of
contractions.

Lemma A.1. The operator A:V — W defined by (24) is the infinitesimal gener-
ator of a Cy-group of contractions (T¢)ier on W.

Proof. Tt is sufficient to apply the Hille-Yosida theorem to the operators A and —A.
We verify the hypotheses of this theorem for A, the situation being very similar for
—A. More precisely, we should check that (0,+00) C p(A) and that, for every
€ > 0, the corresponding resolvent operator verifies ||(¢ Zg — A) 7| < €71
Let € > 0 and (f,F) € W. In order to show that £ € p(A), we should find
(w, Q) € V such that (£Z; — A)(w, Q) = (f, F). This equation is equivalent to
Ew—pdivQ — AN+ p)VirQ = f, (75a)
€Q — Vw = F. (75b)
From (75b), we express Q as a function of w. Replacing in (75a), we obtain
fw— & pAw — PN+ ) Vdivw = f+ € pudivF + €Y (A p)Vir F,

which can be written in variational form as: find w € H(Q) such that, for every
W € Hy(),

5/w~ﬁ+£*1u/Vw:VE—Q—{*l()\—i—u)/divwdiVE:
Q Q Q

/Qf@—g*lM/QF:Vﬁ—ﬁ*l(AJru)/Qterivw (76)

Using the Lax-Milgram theorem, the above equation admits a unique weak solution
w € H(l)(Q) Then, we recover Q = 1 (Vw + F) € VH(l). From this expression
for Q, we deduce

/ Q: szg—l/(kur) :Vw  and  trQ=¢ Hdivw + tr F).
Q Q
Together with (76), it implies that, for every w € Hp(2),
1 Q:Vﬁ+()\+ﬂ)/teriVE:/(‘f*f'w)~ﬁ.
Q Q Q

Let ¢ € H}(Q) such that Q@ = Ve, from the previous variational formulation, we
see that

¢ = Ay (f — w).
Therefore, since f — éw € L*(Q), we have ¢ € H*(Q) N H () and Q € VH3.
Finally, £ € p(A) and we obtain (0, +00) C p(A).
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In order to prove the estimate for the norm of the resolvent operator (£ Z;—A) 1,
from (75), we easily get

f/Q\wP—u/Qdin-w—mm/QVtrQ-w=/Qf-w,

£/Q|QI2—/QVw:Q=/QF:Q.

Integrating by parts and summing the above two relations, we obtain

e[ +e [1QP+0-1) [ @ Ve
+()\+u)/ﬂterivw:/ﬂf~w+/QF:Q. (77)

From (75b), we can equivalently write that
Vw=¢Q - F and divw =&tr@Q —tr F.
Replacing in (77), it follows that

€ [ 1wk [ 1QF+ (-1 [ @:(cQ-F)
+()\+,u)/ﬂtrQ(§tertrF):/Qf-er/QF:Q.

Therefore, we have
2 2 2
€ [ 1wk +en [ QP+ [ 0@ -
/Qf'w+/z/ﬂF:Q+()\+,u)/ﬂtrFtrQ

Finally, applying the Cauchy-Schwarz inequality, we get that
lw. Qlw < I(f. Fllw  and  [(€Za = A) " leew) €77,

which concludes the proof of the lemma. O
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Perspectives

On donne ici quelques perspectives et quelques pistes pour prolonger chacun des articles du Chapitre[2}

A. Dans cet article, on a utilisé la formulation mixte espace-temps introduite dans [8] pour approcher
numériquement le contréle. Pour s’assurer de la convergence de ’approximation quand le parametre
de discrétisation h tend vers 0, on peut vérifier que les éléments finis choisis (HCT réduit et P;) sa-
tisfont une condition inf-sup discrete, c’est-a-dire qu’ils satisfont une inégalité inf-sup uniformément
par rapport a h. Or, il semble n’exister actuellement qu’une justification numérique de cette pro-
priété. Ainsi, on pourrait chercher a montrer rigoureusement que les éléments finis choisis satisfont la
condition inf-sup discrete, ou plus généralement a caractériser quels types d’éléments finis satisfont
cette condition.

D’autre part, pour un état initial fixé, on a cherché a optimiser le support de controle. On a vu que
le probleme était bien posé pour des supports de contrdle g, définis comme le déplacement rigide
d’un intervalle w le long de courbes v uniformément lipschitziennes. On pourrait tenter d’étendre
le probléeme a des supports de controle plus généraux, par exemple en prenant simplement ¢ ouvert
avec éventuellement un nombre fixé de composantes connexes. Dans le cas ou le support de controle
est pris indépendant du temps, un certain nombre de travaux (voir [29] B1], 28]) indiquent que le
probléme est mal posé dans le sens ou l'optimum n’est pas atteint dans ’ensemble des fonctions
caractéristiques 1, mais dans ’ensemble des densités § € L>(Q; [0,1]). Pour un support de contrdle
dépendant du temps, il semble possible, au moins dans quelques cas simples comme le contréle d’une
onde sinusoidale pure, de calculer explicitement la densité optimale.

B. Dans cet article, on a adapté la formulation mixte espace-temps introduite dans [8] pour approcher
numériquement le controle. Cependant, la convergence de I’approximation n’est pas garantie puisque
les éléments finis choisis (HCT réduit et ;) pour les simulations ne satisfont pas la condition inf-sup
discrete, sauf & prendre le parameétre d’augmentation r proportionnel & 2. On pourrait donc chercher
a identifier des éléments finis qui satisfont (au moins “numériquement”) la condition inf-sup.

D’autre part, pour un état initial fixé, on a cherché a optimiser numériquement le support de controle.
On n’a cependant pas montré que le probleme était bien posé. Pour ce faire, il serait utile de dis-
poser d’une inégalité d’observabilité uniforme par rapport au support de controle, a 'image de celle
démontrée dans 1’Art. [Al Une telle inégalité peut étre déduite de [7]. Ceci étant, le critére que doit
vérifier le support de controle pour que I'inégalité d’observabilité soit vérifiée est un peu opaque. Un
axe de recherche pourrait étre de formuler un critére géométrique simple, a I'image du critéere (GCC)
utilisé pour un contrdle interne ou au bord (voir [24]).

C. Dans cet article, le contrdle du probléme linéarisé (1ié au calcul de la direction de descente dans
lalgorithme moindres carrés) est approché par minimisation directe de la fonctionnelle conjuguée
(voir [18]). Cependant, cette méthode ne donne pas un résultat satisfaisant pour des semi-linéarités g
vérifiant rg(r) < 0 et telles que la solution non contrdlée du systéme semi-linéaire croit exponentiel-
lement. Pour remédier & cela, on pourrait approcher (d’abord en 1D puis éventuellement en 2D) le
controle du probléme linéarisé via la formulation mixte espace-temps introduite dans [8]. Cette mé-
thode semble prometteuse du fait de sa moindre sensibilité vis-a-vis de la taille du terme de potentiel
présent dans le systéme linéarisé. En outre, la mise en ceuvre de cette méthode pourrait permettre
de vérifier numériquement I'optimalité des hypotheses faites sur la semi-linéarité g.

D. Dauns cet article, on a adapté la formulation mixte espace-temps stabilisée introduite dans [26] pour
approcher numériquement le controle. Cependant, en I’état, on constate un phénomene de verrouillage
numérique qui met en défaut la convergence de I'approximation quand le parametre de discrétisation
h tend vers 0. Il faudrait ainsi réussir a identifier I’origine de ce phénomeéne. Pour ce faire, on pourrait
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chercher une estimation de ’erreur en fonction des différents parametres de stabilisation.

Par ailleurs, la formulation mixte est gourmande en ressources mémoires. Il s’agit en effet de résoudre
un systéeme de taille 12n; x 12np, ou np est la dimension de I'espace des fonctions P; sur une
triangulation 7 du domaine espace-temps a trois dimensions (deux en espace et une en temps).
Ceci reste vrai méme si on résout la formulation mixte via la formulation biduale, ce qui revient a
utiliser le complément de Schur d’un des blocs de la matrice du systéme et qui ramene le probleme
a la résolution itérée de deux systemes de taille 6nj x 6n;. Pour diminuer davantage la taille des
systémes a résoudre, on pourrait envisager d’employer une méthode de décomposition de domaine
de type Schwarz. Ceci permettrait de se ramener a la résolution itérée d’une multitude de systémes
de petite taille.

Une autre stratégie pour réduire les besoins en ressources mémoires pourrait étre d’approcher le
controle par minimisation directe de la fonctionnelle conjuguée (voir [I7] [I1]). Cette méthode passe
par approximation de trajectoires du systeme de I’élasticité par différences finies en temps et par
éléments finis en espace. Cependant, les expérimentations menées avec des éléments finis classiques
(de type Raviart—-Thomas par exemple) se sont révélées peu concluantes. On pourrait alors songer a
utiliser des éléments finis non conformes pour obtenir une approximation plus robuste du controle.
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