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✐❢ t❤❡ ♣❛♥❞❡♠✐❝ ♠❛❞❡ ♠② t✐♠❡ ❛s ❛ P❤❉ q✉✐t❡ ♣❡❝✉❧✐❛r✳ ❚❤❛♥❦ ②♦✉ ❢♦r ②♦✉r
❣✉✐❞❛♥❝❡ ❛♥❞ ❢r✐❡♥❞❧✐♥❡ss✳ ■ ✇♦✉❧❞ ❛❧s♦ ❧✐❦❡ t♦ t❤❛♥❦ ❋r❛♥ç♦✐s ❉❡❧❞✉❝ ❛♥❞ ▼❛r❝
▼❛❣r♦ ❢♦r t❤❡✐r ❤❡❧♣ t❤r♦✉❣❤ ♦✉t ♠② t✐♠❡ ❛t t❤❡ ❊◆❙ ❛♥❞ ❞✉r✐♥❣ ♠② P❤❉✳ ■t
✇❛s r❡❛❧❧② ❛ ♣❧❡❛s✉r❡ t♦ ❣❡t t♦ ❦♥♦✇ ②♦✉✳ ▲❛st❧②✱ ■ ✇❛♥t t♦ t❤❛♥❦ ❆♥♥❡ ▼❛rt✐♥✐✳
❲✐t❤♦✉t ②♦✉r tr✉st ❛♥❞ ❤❡❧♣✱ ♠② ❧✐❢❡ ✇♦✉❧❞ ❤❛✈❡ ❜❡❡♥ ♠♦st ❧✐❦❡❧② ✈❡r② ❞✐✛❡r❡♥t✳
■ s✐♥❝❡r❡❧② t❤❛♥❦ ②♦✉ ❢♦r ❡✈❡r②t❤✐♥❣ ②♦✉ ❞✐❞ ❢♦r ♠❡✳

■ ✇✐❧❧ ♥♦✇ ✇r✐t❡ ✐♥ ❢r❡♥❝❤ ❢♦r t❤❡ r❡st ♦❢ t❤✐s s❡❝t✐♦♥✳
❏✬❛✐♠❡r❛✐s r❡♠❡r❝✐❡r t♦✉t❡ ♠❛ ❢❛♠✐❧❧❡✳ ❱♦✉s êt❡s ❧❡ s♦❝❧❡ q✉✐ ❛ ❢❛✐t ❞❡ ♠♦✐ ❝❡

q✉❡ ❥❡ s✉✐s ♠❛✐♥t❡♥❛♥t✱ ❥❡ ❞é❞✐❡ ❝❡ ♠❛♥✉s❝r✐t à ✈♦✉s t♦✉s✳ ▼❡r❝✐ P❛♣❛ ❡t ▼❛♠❛♥
♣♦✉r t♦✉t ❝❡ q✉❡ ✈♦✉s ♠✬❛✈❡③ ❞♦♥♥é✳ ❏✬❛✐ ✉♥❡ ❝❤❛♥❝❡ ✐♥❡st✐♠❛❜❧❡ ❞✬❛✈♦✐r ❞❡s
♣❛r❡♥ts ❝♦♠♠❡ ✈♦✉s✱ ✈♦✉s ♠✬❛✈❡③ ❞♦♥♥é ❧❛ ❝✉r✐♦s✐té ❡t ❧❡s ❛r♠❡s ♣♦✉r ❛rr✐✈❡r
❧à ♦ù ❥❡ ♠❡ tr♦✉✈❡✳ ▼❡r❝✐ P❤✐❧♦♠è♥❡ ♣♦✉r t♦♥ s♦✉t✐❡♥✱ t♦♥ ❛♠♦✉r ❡t t❛ ❥♦✐❡✳
❚✉ ❛s été ♠♦♥ r♦❝ ♣❡♥❞❛♥t ❝❡s s✐① ❞❡r♥✐èr❡s ❛♥♥é❡s ❡t ❥✬❡s♣èr❡ ♣♦✉r ❧❡s ❛♥♥é❡s
à ✈❡♥✐r✳ ❏❡ t✬❛✐♠❡✳ ▼❡r❝✐ à ♠♦♥ ❢rèr❡ ❙❛❝❤❛ ❡t ♠❛ s÷✉r ❏✉❧✐❛ ♣♦✉r ❧❡✉r s♦✉t✐❡♥
❡t ❧❡✉r ❛♠♦✉r✳ ❱♦✉s êt❡s ❧❡s ♠❡✐❧❧❡✉rs✳

❏❡ ✈♦✉❞r❛✐s r❡♠❡r❝✐❡r ♠❡s ❣r❛♥❞s ♣❛r❡♥ts✱ ❆♥♥✐❡ ❡t ●ér❛r❞✱ ❡t ❏❛❝q✉❡s ❡t
◆✐❝♦❧❡✳ ▼❡r❝✐ t♦✉t ♣❛rt✐❝✉❧✐èr❡♠❡♥t à ♠❡s ❞❡✉① ❣r❛♥❞s ♣èr❡s ♣♦✉r ♠✬❛✈♦✐r
tr❛♥s♠✐s ❧❡✉r ♣❛ss✐♦♥ ♣♦✉r ❧✬✉♥✐✈❡rs✳ ▼❡r❝✐ à ❱✐❝t♦r✱ P❛✉❧✐♥❡✱ ❆❧❞r✐❝✱ ◆✐♥♦ ❡t
▲✉❝✐❡♥ ♣♦✉r ❛✈♦✐r r❡♥❞✉ ❧❡ ❝♦♥✜♥❡♠❡♥t ♣❧✉s q✉❡ ♣❧❛✐s❛♥t✳ ❈✬❡st ✉♥ ❜❡❛✉ s♦✉✈❡♥✐r
♠❛❧❣ré ❧❛ s✐t✉❛t✐♦♥ q✉✬♦♥ tr❛✈❡rs❛✐t✳ ❏❡ r❡♠❡r❝✐❡ ❛✉ss✐ ♠❡s ❝♦✉s✐♥s ❡t ❝♦✉s✐♥❡s✱
❊❧❧❛✱ ❨♦❤❛♥✱ ◆✐❝♦❧❧❡✱ ▲✉❝❛✱ ■♠r❡✱ ❙✐♠♦♥ ❡t ❈❛♠✐❧❧❡ ❛✐♥s✐ q✉❡ ❧❡✉rs ♣❛r❡♥ts✳ ❏✬❛✐
❜❡❛✉❝♦✉♣ ❞❡ ❝❤❛♥❝❡ ❞✬❛✈♦✐r ✉♥❡ ❢❛♠✐❧❧❡ ❝♦♠♠❡ ❧❛ ♥♦tr❡✳ ❊♥✜♥ ❥❡ ✈❡✉① r❡♠❡r❝✐❡r
❆❧❡①❛♥❞r❡ ❚❡rr❛t ♣♦✉r ❛✈♦✐r t♦✉❥♦✉rs été ❧à ♣♦✉r ♠♦✐✳ ▼❡r❝✐ ♣♦✉r t♦✉t✳

❏✬❛✐♠❡r❛✐ ❛✉ss✐ r❡♠❡r❝✐❡r ♠❛ ❜❡❧❧❡ ❢❛♠✐❧❧❡ ♣♦✉r t♦✉t ❧❡✉r ❛♠♦✉r ❡t ❧❡✉r s♦✉✲
t✐❡♥✱ ❥❡ ✈♦✉s ❛❞♦r❡ ✦

▼❡r❝✐ à t♦✉t❡s ❧❡s ♣❡rs♦♥♥❡s q✉❡ ❥✬❛✐ r❡♥❝♦♥tré à ❧✬❊◆❙ ❞❡ ▲②♦♥✳ ❈❡tt❡ ♣ér✐✲
♦❞❡ ❞❡ ♠❛ ✈✐❡ ét❛✐t ✐♥❝r♦②❛❜❧❡ ♣❛r ❞❡ ♥♦♠❜r❡✉① ❛s♣❡❝ts ❡t ❝✬❡st ❡♥ ❣r❛♥❞❡ ♣❛rt✐❡
❣râ❝❡ à t♦✉t❡s ❧❡s ♣❡rs♦♥♥❡s ❛✈❡❝ q✉✐ ❥✬❛✐ ♣✉ ✈✐✈r❡ ❡t ❞✐s❝✉t❡r ♣❡♥❞❛♥t ❝❡s ❛♥♥é❡s✳
❈❧é♠❡♥t P✐❝❛r❞✱ ❆rt❤✉r ❈❤❛r❧❡t✱ ❏✉❧❡s ❆♠❛♥❞✱ ❘♦♥❛♥ ❉✉❝s❤❡♥♥❡✱ ❱❛❧❡♥t✐♥ ▲❡
❋è✈r❡✱ ❏♦sé♣❤✐♥❡ ❚r❡❞❡③✱ ❙②❧✈❛✐♥ ▲❛❝r♦✐①✱ ❊✈❛ ❙✐r❛♥t♦✐♥❡✱ ❆♥✐ss❛ ●✉✐❧❧❡♠✐♥✱ ❆♥✲
t♦♥✐♥ ❆ss♦✉♥✱ ❏✉❧✐❡♥ ❏♦s❡♣❤✱ ❆♥❛ïs ❉✉❤❛♠❡❧✱ ❇❛♣t✐st❡ ❚❡ss♦♥✱ ❚❤♦♠❛s ❈♦♠❡t①✱
❆✉r♦r❡ ❱❛❧❡①✱ ❆❧❡①❛♥❞r❡ ❚♦r③✐♥s❦✐✱ ❆♥t♦♥✐♥ ▲❡♥③✱ ❇❡♥❥❛♠✐♥ ❇❡♥t✐✱ ❏éré♠✐❡
❑❧✐♥❣❡r✱ ❆♥t♦✐♥❡ P❡t✐t✲❏❡❛♥✱ ❚✐♠♦t❤é❡ ❉❛✈✐❞✲❈❧❡r✐s✱ ❘é♠② ❇❛rt❤❡❧♦✱ ❩❛❝❝❤❛r✐❛

✸



❆❜❞❡❞❞❛ï♠✱ ❆❧❡①❛♥❞r❡ ❱❡❧♦✉✳ ❏✬❛✐♠❡r❛✐ ❛✉ss✐ r❡♠❡r❝✐❡r ❏❡❛♥✲❘é♠✐ ❈♦♥t✐✱ ❆♥✲
t♦✐♥❡ ❱✐tté✱ ❖❧✐✈❡r ❚♦❧❢s✱ P❛✉❧ ▼❛r❝♦✉①✱ ❘❛♣❤❛ë❧ P♦r②❧❡s✱ Pé♥é❧♦♣❡ ▲❛❝♦♠❜❡✱
❆❧❡①❛♥❞r❡ ▼✐❝❤❡❧ ❡t t♦✉s ❧❡s ❛✉tr❡s ♣♦✉r ❧❡s ❝♦♥✈❡rs❛t✐♦♥s ✐♥❝r♦②❛❜❧❡s q✉✬♦♥ ❛
♣✉ ❛✈♦✐r✳

✹



❈❤❛♣t❡r ✵

■♥tr♦❞✉❝t✐♦♥

■♥ t❤✐s t❤❡s✐s✱ ✇❡ ✇✐❧❧ ❞✐s❝✉ss ❛ ♥❡✇ ♠♦❞❡❧ ❢♦r ❣❛✉❣❡✲❍✐❣❣s ✉♥✐✜❝❛t✐♦♥
❜❛s❡❞ ♦♥ t❤❡ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♦❢ ❛ ♥✐❧♠❛♥✐❢♦❧❞✳ ◆✐❧♠❛♥✐❢♦❧❞s ❛r❡ ❛ ❝❧❛ss ♦❢
s♦❧✈♠❛♥✐❢♦❧❞ ✇❡❧❧ st✉❞✐❡❞ ✐♥ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❧✐t❡r❛t✉r❡ ✭❢♦r ❤❛r♠♦♥✐❝ ❛♥❛❧②s✐s
s❡❡ ❬✶✱ ✷❪✮✳ ❚❤❡② ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ✉s❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ str✐♥❣ t❤❡♦r② ❬✸✕✶✷❪
t♦ ✐♥✈❡st✐❣❛t❡ ♥❡✇ ♣♦ss✐❜✐❧✐t✐❡s ❢♦r ❝♦♠♣❛❝t✐✜❝❛t✐♦♥✳ ■♥ ♦✉r ❝♦♥t❡①t✱ t❤✐s ♥❡✇
❛♣♣r♦❛❝❤ ❣✐✈❡s ❛ ♥❡✇ t♦♦❧ t♦ t❤❡ ❛❧r❡❛❞② r✐❝❤ ✜❡❧❞ ♦❢ ❣❛✉❣❡✲❍✐❣❣s ✉♥✐✜❝❛t✐♦♥✳
❚❤❡ ♠❛✐♥ ♥❡✇ t♦♦❧ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s t❤❡s✐s r❡❧② ♦♥ t❤❡ ✉s❡ ♦❢ ❛ t✇✐st❡❞ t♦r✉s✳
❚❤✐s t✇✐st r❡s✉❧ts ✐♥ ❛ ♠❛ss ❢♦r t❤❡ s❝❛❧❛r ✜❡❧❞s ❛❧♦♥❣ ✇✐t❤ ❛ ♣♦t❡♥t✐❛❧ ❛t tr❡❡✲
❧❡✈❡❧ ✇❤✐❝❤ ❝✐r❝✉♠✈❡♥t t❤❡ ✉s✉❛❧ ✐ss✉❡ ♦❢ ❤❛✈✐♥❣ t♦ r❡❧② ♦♥ q✉❛♥t✉♠ ❝♦rr❡❝t✐♦♥s
t♦ ❣❡♥❡r❛t❡ s✉❝❤ ❛ ♣♦t❡♥t✐❛❧✳

■♥ ✷✵✶✷✱ t❤❡ ❍✐❣❣s ❜♦s♦♥ ✇❛s ❞✐s❝♦✈❡r❡❞ ❛t t❤❡ ▲❛r❣❡ ❍❛❞r♦♥ ❈♦❧❧✐❞❡r ✭▲❍❈✮✳
❚❤✐s ❞✐s❝♦✈❡r② s♦❧✐❞✐✜❡❞ t❤❡ ✐❞❡❛ ♣✉t ❢♦r✇❛r❞ ❜② ❘♦❜❡rt ❇r♦✉t ❛♥❞ ❋r❛♥ç♦✐s
❊♥❣❧❡rt ❬✶✸❪✱ P❡t❡r ❍✐❣❣s ❬✶✹❪✱ ❛♥❞ ❜② ●❡r❛❧❞ ●✉r❛❧♥✐❦✱ ❈✳ ❘✳ ❍❛❣❡♥✱ ❛♥❞ ❚♦♠
❑✐❜❜❧❡ ❬✶✺❪✳ ■♥ ✶✾✻✹✱ t❤❡② ✐♥❞❡♣❡♥❞❡♥t❧② ♣r♦♣♦s❡❞ ❛ ♠♦❞❡❧ ❝❛♣❛❜❧❡ ♦❢ ♣r♦✲
❞✉❝✐♥❣ ❝♦♥s✐st❡♥t ♠❛ss✐✈❡ ❣❛✉❣❡ ❜♦s♦♥s✱ ✇❤✐❝❤ ❧❛t❡r ♠❛❞❡ ♣♦ss✐❜❧❡ t❤❡ ✉s❡ ♦❢
❨❛♥❣✲▼✐❧❧s t❤❡♦r✐❡s t♦ ❞❡s❝r✐❜❡ ✇❡❛❦ ✐♥t❡r❛❝t✐♦♥s✳ ❚❤✐s ♠❡❝❤❛♥✐s♠ r❡q✉✐r❡s t❤❡
✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛ s❝❛❧❛r ✜❡❧❞ r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ ❜r❡❛❦✐♥❣ ♦❢ t❤❡ ❣❛✉❣❡ s②♠♠❡tr②✱
✇❤✐❝❤ r❡s✉❧ts ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♠❛ss✐✈❡ ❣❛✉❣❡ ❜♦s♦♥s ✐♥ t❤❡ s♣❡❝tr✉♠✳ ❚❤✐s
♠❡❝❤❛♥✐s♠✱ ♥♦✇ ❦♥♦✇♥ ❛s t❤❡ ❍✐❣❣s ♠❡❝❤❛♥✐s♠✱ ✐s ♦♥❡ ♦❢ t❤❡ ❝♦r♥❡r st♦♥❡s ♦❢
t❤❡ ❝❡❧❡❜r❛t❡❞ ❙t❛♥❞❛r❞ ▼♦❞❡❧ ✭❙▼✮ ♦❢ ♣❛rt✐❝❧❡ ♣❤②s✐❝s✳ ■♥ t❤❡ ❙▼✱ t❤❡ ❍✐❣❣s
✜❡❧❞ ✐s ✐♥ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♠♣❧❡① r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❣❛✉❣❡ ❣r♦✉♣ SU(2)
❛♥❞ ❝❤❛r❣❡❞ ✉♥❞❡r U(1)✳ ❚❤❡ ❦❡② ✐♥❣r❡❞✐❡♥t ✐s t❤❡ s❡❧❢✲✐♥t❡r❛❝t✐♥❣ ♣♦t❡♥t✐❛❧ ♦❢
t❤✐s s❝❛❧❛r ✜❡❧❞✱ ✇❤♦s❡ ♥♦♥✲tr✐✈✐❛❧ ♠✐♥✐♠✉♠ r❡❞✉❝❡s t❤❡ ❣❛✉❣❡ s②♠♠❡tr② t♦
U(1) ❛t ❧♦✇ ❡♥❡r❣✐❡s✳ ❚❤❡ ❍✐❣❣s ♠❡❝❤❛♥✐s♠ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ❛❧❧ t❤❡ ❝✉rr❡♥t
♦❜s❡r✈❛t✐♦♥s✱ ❜✉t ❛♥ ✐♥t❡r❡st✐♥❣ q✉❡st✐♦♥ ✐s r❛✐s❡❞ ✐❢ ✇❡ ❛ss✉♠❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢
❛ ❤✐❣❤❡r ❡♥❡r❣② s❝❛❧❡ ❢♦r t❤❡ ❝✉t♦✛ ♦❢ t❤❡ t❤❡♦r②✳ ❈♦♥s✐❞❡r t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❛
❣r❛♥❞ ✉♥✐✜❝❛t✐♦♥ s❝❛❧❡ ❢♦r t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❢♦r❝❡s ♦❢ ♥❛t✉r❡✳ ❚❤❡ r✉♥♥✐♥❣ ♦❢ t❤❡
❝♦✉♣❧✐♥❣s ♦❢ t❤❡ ❙▼ s❡❡♠ t♦ ❛♣♣r♦①✐♠❛t❡❧② ❝♦♥✈❡r❣❡ ❢♦r ❡♥❡r❣✐❡s ❛r♦✉♥❞ ∼ 1016

●❡❱✳ ■❢ ✇❡ ❛ss✉♠❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❢✉♥❞❛♠❡♥t❛❧ s❝❛❧❛r ✜❡❧❞ r❡s♣♦♥s✐❜❧❡ ❢♦r
t❤❡ ❜r❡❛❦✐♥❣ ♦❢ SU(2)× U(1) ❛♥❞ ✐t ✐s ♣❛rt ♦❢ t❤✐s ❣r❛♥❞ ✉♥✐✜❝❛t✐♦♥✱ q✉❛♥t✉♠
❝♦rr❡❝t✐♦♥s t♦ t❤❡ ♠❛ss ♦❢ t❤✐s s❝❛❧❛r ✜❡❧❞ ❛r❡ q✉❛❞r❛t✐❝❛❧❧② ❞✐✈❡r❣❡♥t ✐♥ t❤❡

✺



❝✉t♦✛ Λ ∼ 1016 ●❡❱✳ ❖❜s❡r✈❛t✐♦♥s ♦❢ t❤❡ ❲✱ ❩ ❛♥❞ ❍✐❣❣s ❜♦s♦♥ ♠❛ss❡s ❢♦r❝❡
t❤❡ ♣❛r❛♠❡t❡r −µ2 t♦ ❜❡ ♦❢ t❤❡ ♦r❞❡r ∼ −(100 ●❡❱)2✳ ■❢ ♦♥❡ ✇❛♥ts t♦ ❤❛✈❡
❛♥ ❡✛❡❝t✐✈❡ ✈❛❧✉❡ ❢♦r t❤❡ −µ2 ♣❛r❛♠❡t❡r ♦❢ t❤❡ r✐❣❤t ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡✱ ♦♥❡
✇♦✉❧❞ ♥❡❡❞ t♦ t❛❦❡ t❤❡ ❜❛r❡ ✈❛❧✉❡ ❢♦r −µ2 t♦ ❜❡ ♦❢ ♦r❞❡r −Λ2 ❛♥❞ ❤❛✈❡ t❤❡
q✉❛♥t✉♠ ❝♦rr❡❝t✐♦♥s ♦❢ ♦r❞❡r Λ2 ♣r♦❞✉❝❡ t❤❡ ❞❡s✐r❡❞ ✈❛❧✉❡✳ ❚❤✐s ✜♥❡ t✉♥✐♥❣ ♦❢
t❤❡ ♠❛ss sq✉❛r❡❞ ♦❢ t❤❡ ❍✐❣❣s ✇♦✉❧❞ s♣❛♥ 28 ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡✳ ❚❤❡ q✉❡s✲
t✐♦♥ ♦❢ ✇❤② t❤❡ ♦❜s❡r✈❡❞ ❍✐❣❣s ♠❛ss s❤♦✉❧❞ ❜❡ s♦ s♠❛❧❧ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❣r❛♥❞
✉♥✐✜❝❛t✐♦♥ s❝❛❧❡ ✐s r❡❢❡rr❡❞ t♦ ❛s t❤❡ ❣❛✉❣❡ ❤✐❡r❛r❝❤② ♣r♦❜❧❡♠✳ ■t ♣♦ss✐❜❧❡ t❤❛t
t❤✐s ❣r❛♥❞ ✉♥✐✜❝❛t✐♦♥ s❝❛❧❡ ✐s s♦♠❡❤♦✇ r❡❧❛t❡❞ t♦ t❤❡ ✉♥✐✜❝❛t✐♦♥ ♦❢ ❣r❛✈✐t② ✇✐t❤
t❤❡ ♦t❤❡r ❢♦r❝❡s✳ ❚❤❡ t②♣✐❝❛❧ s❝❛❧❡ ❛t ✇❤✐❝❤ ❣r❛✈✐t② ✇♦✉❧❞ ❜❡❝♦♠❡ r❡❧❡✈❛♥t ❢♦r
❢✉♥❞❛♠❡♥t❛❧ ♣❛rt✐❝❧❡s ✐s ♦❢ t❤❡ ♦r❞❡r ♦❢ t❤❡ P❧❛♥❝❦ ♠❛ss mP ∼ 1019 ●❡❱✳ ❚❤❡
❡✛❡❝ts ♦❢ ❣r❛✈✐t② ✇♦✉❧❞ s✉r❡❧② ❛❧r❡❛❞② ❜❡ ♣r❡s❡♥t ❛t ❛ s❝❛❧❡ ♦❢ ∼ 1018 ●❡❱✱ ♥♦t
s♦ ❢❛r ❢r♦♠ t❤❡ ❛❧r❡❛❞② ❤✉❣❡ ✈❛❧✉❡ s✉❣❣❡st❡❞ ❜② t❤❡ r✉♥♥✐♥❣ ♦❢ t❤❡ ❝♦✉♣❧✐♥❣s✳
■♥ t❤✐s s❝❡♥❛r✐♦✱ ❛♥ ❡①♣❧❛♥❛t✐♦♥ ♠✐❣❤t ❜❡ ❣✐✈❡♥ ❜② ❛ t❤❡♦r② ♦❢ q✉❛♥t✉♠ ❣r❛✈✐t②✱
t❤♦✉❣❤ t❤✐s r❡♠❛✐♥s ✉♥❝❡rt❛✐♥ ❛t t❤✐s ♣♦✐♥t✳

■t s❤♦✉❧❞ ❜❡ ♣♦✐♥t❡❞ ♦✉t t❤❛t t❤❡ ❤✐❡r❛r❝❤② ♣r♦❜❧❡♠ ♠❛② ♥♦t ❜❡ ❛s ♠✉❝❤
♦❢ ❛ ♣r♦❜❧❡♠ ❛s ✐t ❤❛s ❜❡❡♥ s✉❣❣❡st❡❞✳ ❚❤✐s ♦❜s❡r✈❛t✐♦♥ ✐s ♠❛❞❡ ❢♦r ❛ s♣❡❝✐✜❝
❝❤♦✐❝❡ ♦❢ r❡♥♦r♠❛❧✐③❛t✐♦♥✳ ❍♦✇ t❤❡ s❝❡♥❛r✐♦ ✇♦✉❧❞ ❝❤❛♥❣❡ ✐❢ ♦t❤❡r ♠❡t❤♦❞s
✇❡r❡ ♣✐❝❦❡❞ ✐s ♥♦t s♦ ❝❧❡❛r ❛s ▼♦♦✐❥ ❛♥❞ ❙❤❛♣s❤♥✐❦♦✈ ❤❛✈❡ ❛r❣✉❡❞ ✐♥ ❬✶✻❪✳ ■♥
t❤❡✐r ♣❛♣❡r✱ t❤❡② ✉s❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ s❝❤❡♠❡s t❤❛t ❛✈♦✐❞ ❯❱ ❞✐✈❡r❣❡♥❝❡s✳ ❚❤❡
♠❡t❤♦❞ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❈❛❧❧❛♥✲❙②♠❛♥③✐❦ ✭❈❙✮ ❡q✉❛t✐♦♥ ❬✶✼✱ ✶✽❪✳ ❚❛❦✐♥❣ t❤❡
s✐♠♣❧❡ ❡①❛♠♣❧❡ ♦❢ t✇♦ ♠❛ss✐✈❡ s❝❛❧❛r ✜❡❧❞s✱ ♦♥❡ ❛t ✇✐t❤ ❛ ♠✉❝❤ ❧❛r❣❡r ♠❛ss
t❤❛♥ t❤❡ ♦t❤❡r✱ t❤❡② r❡❝❛❧❧ t❤❡ st❛♥❞❛r❞ ♣r♦❝❡❞✉r❡ t❤❛t ❧❡❛❞s t♦ ❝♦rr❡❝t✐♦♥s t♦
t❤❡ s♠❛❧❧ ♠❛ss t❤❛t ❛r❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❧❛r❣❡ ♠❛ss sq✉❛r❡❞✳ ❚❤❡② t❤❡♥
❞❡r✐✈❡ t❤❡ ❝♦rr❡❝t✐♦♥s ❢♦r t❤❡ s❛♠❡ ♠♦❞❡❧ ✉s✐♥❣ t❤❡ ❈❙ ♠❡t❤♦❞ ❛♥❞ s❤♦✇ t❤❛t
♥♦ ✐♥✜♥✐t✐❡s ❛♣♣❡❛r ❛t ❛♥② st❛❣❡ ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥✱ ❛♥❞ t❤❛t t❤❡ ❧❛r❣❡ ♠❛ss
❞♦❡s ♥♦t ❛♣♣❡❛r ✐♥ t❤❡ ❝♦rr❡❝t✐♦♥s t♦ t❤❡ s♠❛❧❧ ♠❛ss ❛t ♦♥❡✲❧♦♦♣ ♦r❞❡r✳

❙❝❛❧❛r ✜❡❧❞s ❛❧s♦ ❧❛❝❦ ❛♥② ❢♦r♠ ♦❢ ❣✉✐❞✐♥❣ ♣r✐♥❝✐♣❧❡✳ ●❛✉❣❡ ❜♦s♦♥s ❛♥❞
❢❡r♠✐♦♥s ❛r❡ ✇❡❧❧ ❝♦♥str❛✐♥❡❞ ❜② s②♠♠❡tr② ❛♥❞ ❛♥♦♠❛❧② ❝❛♥❝❡❧❧❛t✐♦♥✳ ❯♥❢♦r✲
t✉♥❛t❧② ✇❡ ❞♦♥✬t ❤❛✈❡ ❛♥②t❤✐♥❣ s✐♠✐❧❛r ❢♦r s❝❛❧❛r ✜❡❧❞s✳ ■t ♠❛② ❜❡ t❤❛t s❝❛❧❛r
✜❡❧❞s ❛r❡ ♥♦t ❢✉♥❞❛♠❡♥t❛❧ ✜❡❧❞s ♦❢ ♥❛t✉r❡✱ ❛s s✉❣❣❡st❡❞ ❢♦r ❡①❛♠♣❧❡ ❜② ❝♦♠✲
♣♦s✐t❡ ♠♦❞❡❧s ✇❤❡r❡ t❤❡ ❍✐❣❣s ✐s t❛❦❡♥ t♦ ❜❡ ❛ ❢❡r♠✐♦♥✐❝ ❜♦✉♥❞ st❛t❡✳

■♥ ❛♥② ❝❛s❡✱ t❤❡r❡ ❤❛✈❡ ❜❡❡♥ ♠❛♥② ❛tt❡♠♣ts ❛t s♦❧✈✐♥❣ t❤✐s s❡❡♠✐♥❣❧② ♣❛r❛✲
❞♦①✐❝❛❧ ♦❜s❡r✈❛t✐♦♥ ❛♥❞ ✐♥ ✉♥❞❡rst❛♥❞✐♥❣ ❤♦✇ t♦ ❝♦♥str❛✐♥ s❝❛❧❛r ✜❡❧❞s✳ ❆♠♦♥❣
♣♦ss✐❜❧❡ ❞✐r❡❝t✐♦♥s✱ s✉♣❡rs②♠♠❡tr② ❤❛s ❜❡❡♥ ❛ ❢r✉✐t❢✉❧ ❝❛♥❞✐❞❛t❡ t♦ ❡①♣❧❛✐♥ t❤❡
❝❛♥❝❡❧❧❛t✐♦♥s ❡✈♦❦❡❞ ❡❛r❧✐❡r✱ ❛♠♦♥❣ ♠❛♥② ♦t❤❡r t❤✐♥❣s✳ ❚❤❡ ❛❜s❡♥❝❡ ♦❢ ♦❜s❡r✲
✈❛t✐♦♥ ♦❢ s✉♣❡r✲♣❛rt♥❡rs ❛t t❤❡ ▲❍❈ ❤❛s r❛✐s❡❞ s♦♠❡ ❞♦✉❜ts ♦♥ t❤❡ ✈❛❧✐❞✐t②
♦❢ t❤❡ ▼✐♥✐♠❛❧ ❙✉♣❡rs②♠♠❡tr✐❝ ❙t❛♥❞❛r❞ ▼♦❞❡❧ ✭▼❙❙▼✮✱ t❤♦✉❣❤ ✐t ❤❛s ♥♦t
❜❡❡♥ ❡♥t✐r❡❧② ❡①❝❧✉❞❡❞ s♦ ❢❛r✳ ❍❡r❡ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❛♥♦t❤❡r ♣♦ss✐❜✐❧✐t② ❝❛❧❧❡❞
❣❛✉❣❡✲❍✐❣❣s ✉♥✐✜❝❛t✐♦♥✳

●❛✉❣❡✲❍✐❣❣s ✉♥✐✜❝❛t✐♦♥ ♠♦❞❡❧s ❛r❡ ❛ ❝❧❛ss ♦❢ ♠♦❞❡❧s t❤❛t s❡❡❦ t♦ ❡①♣❧❛✐♥ t❤❡
❡①✐st❡♥❝❡ ♦❢ t❤❡ ❍✐❣❣s ❜♦s♦♥ ❛s s♦♠❡ ❝♦♠♣♦♥❡♥ts ♦❢ ❛ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥❛❧ ❣❛✉❣❡
✜❡❧❞✳ ❉✐✛❡r❡♥t s❝❡♥❛r✐♦s ❤❛✈❡ ❜❡❡♥ ♣✉t ❢♦r✇❛r❞✳ ❚❤❡✐r ❝♦♠♠♦♥ ❢❡❛t✉r❡ ✐s t❤❡
❡①✐st❡♥❝❡ ♦❢ ❡①tr❛ ❞✐♠❡♥s✐♦♥s ✇❤✐❝❤ ❣✐✈❡ r✐s❡ t♦ s❝❛❧❛r ✜❡❧❞s ✐♥ ❢♦✉r✲❞✐♠❡♥s✐♦♥s
❛t ❧♦✇ ❡♥❡r❣✐❡s✳ ❆♠♦♥❣ t❤❡ ♣r♦♣♦s❡❞ ♠♦❞❡❧s ❛r❡ ❧❛r❣❡ ❡①tr❛ ❞✐♠❡♥s✐♦♥s ❛♥❞
❆❉❉ t②♣❡ ♠♦❞❡❧s ❬✶✾✕✷✸❪✳ ❆♥♦t❤❡r ❝❧❛ss ♦❢ ♠♦❞❡❧s ❛r❡ ❜❛s❡❞ ♦♥ ❑❛❧✉③❛✲❑❧❡✐♥

✻



❝♦♠♣❛❝t✐✜❝❛t✐♦♥s✳ ❚❤❡s❡ t②♣❡s ♦❢ ♠♦❞❡❧ ❛r❡ ♦❢t❡♥ ❡♥❝♦✉♥t❡r❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢
str✐♥❣ t❤❡♦r②✱ ❛s ✐t r❡q✉✐r❡s ❛♥ ❡①♣❧❛♥❛t✐♦♥ ❢♦r t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ❡①tr❛ ❞✐♠❡♥✲
s✐♦♥s ❝♦♠♣❛r❡❞ t♦ t❤❡ ❢♦✉r ♦❜s❡r✈❡❞ ✐♥ ♦✉r ✉♥✐✈❡rs❡✳ ■♥ ❣❛✉❣❡✲❍✐❣❣s t❤❡♦r✐❡s✱
t❤❡ ❝♦♥❝❡♣t ❝❛♥ ❜❡ tr❛❝❡❞ ❜❛❝❦ t♦ ▼❛♥t♦♥ ❬✷✹❪ ❛♥❞ ❍♦s♦t❛♥✐ ❬✷✺❪ ✇❤♦ ♣r❡s❡♥t❡❞
♠♦❞❡❧s ✇❤❡r❡ ❣❛✉❣❡ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ✐♥ t❤❡ ❡①tr❛ ❞✐♠❡♥s✐♦♥s ❣✐✈❡ ❡✛❡❝t✐✈❡
s❝❛❧❛r ✜❡❧❞s ♦♥❝❡ t❤❡ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ✐s ♣❡r❢♦r♠❡❞✳ ❚❤❡ ✜rst ✐❞❡❛ ✐s t❤❛t t❤❡
s❝❛❧❛rs ❛r❡ ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ ③❡r♦ ♠♦❞❡s ♦♥ t❤❡ ❛❞❞✐t✐♦♥❛❧ ♠❛♥✐❢♦❧❞✳ ❚②♣✐✲
❝❛❧❧②✱ t❤❡ ♠❛♥✐❢♦❧❞ ✐s t❛❦❡♥ t♦ ❜❡ S1 ♦r ❛ t♦r✉s✳ ❚❤❡ s❝❛❧❛rs ❛r❡ ♠❛ss❧❡ss ❛t tr❡❡
❧❡✈❡❧ ❜❡❝❛✉s❡ t❤❡② ❞❡s❝❡♥❞ ❢r♦♠ t❤❡ ③❡r♦ ♠♦❞❡s✳ ❖♥❡ ❤❛s t♦ r❡❧② ♦♥ q✉❛♥t✉♠
❝♦rr❡❝t✐♦♥s t♦ ❣❡♥❡r❛t❡ t❤❡ ♠❛ss❡s ❛♥❞ ❡✛❡❝t✐✈❡ ♣♦t❡♥t✐❛❧✳ ❆♥♦t❤❡r ❛♣♣r♦❛❝❤ ✐s
♣♦ss✐❜❧❡ ✐❢ t❤❡ ♠❛♥✐❢♦❧❞ ❢♦r t❤❡ ❡①tr❛ ❞✐♠❡♥s✐♦♥s ✐s ♥♦t s✐♠♣❧② ❝♦♥♥❡❝t❡❞✳ ❖♥❡
❝❛♥ ✐♥tr♦❞✉❝❡ ♥♦♥✲❝♦♥tr❛❝t✐❜❧❡ ❲✐❧s♦♥ ❧♦♦♣s ✇❤♦s❡ ♣❤❛s❡s ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ✇✐t❤
s❝❛❧❛r ✜❡❧❞s✳ ❚❤❡s❡ ♣❤❛s❡s ❛r❡ ❞②♥❛♠✐❝❛❧ q✉❛♥t✐t✐❡s ✇❤✐❝❤ ♠♦❞✐❢② t❤❡ ♠❛ss❡s
♦❢ t❤❡ ❑❛❧✉③❛✲❑❧❡✐♥ s♣❡❝tr✉♠✳ ❯♣♦♥ ❝♦♥s✐❞❡r✐♥❣ q✉❛♥t✉♠ ❝♦rr❡❝t✐♦♥s✱ ❛♥ ❡❢✲
❢❡❝t✐✈❡ ♣♦t❡♥t✐❛❧ ✐s ❣❡♥❡r❛t❡❞ ❢♦r t❤❡ ♣❤❛s❡s ✇❤✐❝❤ ❝❛♥ r❡s✉❧t ✐♥ ❛ ♥♦♥✲tr✐✈✐❛❧
❝♦♥✜❣✉r❛t✐♦♥ ❢♦r t❤❡ ♣❤❛s❡s✱ ♣♦ss✐❜❧② ❜r❡❛❦✐♥❣ t❤❡ ❣❛✉❣❡✳ ❚❤✐s ♠❡❝❤❛♥✐s♠ ✐s
♦❢t❡♥ r❡❢❡rr❡❞ t♦ ❛s t❤❡ ❲✐❧s♦♥ ❧♦♦♣ ♠❡❝❤❛♥✐s♠ ♦r t❤❡ ❍♦s♦t❛♥✐ ♠❡❝❤❛♥✐s♠✳

■♥ ❛❧❧ t❤❡s❡ s❝❡♥❛r✐♦s✱ t❤❡ ❡①tr❛ ❞✐♠❡♥s✐♦♥s ❛r❡ s♠❛❧❧ ❛♥❞ t❤❡ ♠❛♥✐❢♦❧❞ ✐s
❝♦♠♣❛❝t✱ s✉❝❤ ❛s t♦ ❜❡ ❜❡❧♦✇ ❝✉rr❡♥t ♦❜s❡r✈❛t✐♦♥❛❧ ❧✐♠✐ts✱ ❜✉t ✉s✉❛❧❧② ❜✐❣❣❡r
t❤❛♥ t❤❡ P❧❛♥❝❦✬s ❧❡♥❣t❤✳ ❆♥♦t❤❡r ♣♦ss✐❜✐❧✐t②✱ ✐♥s♣✐r❡❞ ❜② str✐♥❣ t❤❡♦r②✱ ✐s t♦
❤❛✈❡ t❤❡ ❙t❛♥❞❛r❞ ♠♦❞❡❧ ♦❢ ♣❛rt✐❝❧❡ ❝♦♥str❛✐♥❡❞ t♦ ❛ ❢♦✉r✲❞✐♠❡♥s✐♦♥❛❧ ❜r❛♥❡✳
●r❛✈✐t② ✐s t❤❡ ♦♥❧② ❢♦r❝❡ ❛❧❧♦✇❡❞ t♦ ♣r♦♣❛❣❛t❡ t❤r♦✉❣❤ t❤❡ ❜✉❧❦ ♦❢ t❤❡ t❤❡♦r②✳
❆♥ ❡①❛♠♣❧❡ ♦❢ s✉❝❤ ♠♦❞❡❧s ✐s t❤❡ ❘❛♥❞❛❧❧✲❙✉♥❞r✉♠ ♠♦❞❡❧ ✭❘❙✮ ✇❤❡r❡ t❤❡ ❡①tr❛
❞✐♠❡♥s✐♦♥ ✐s ❆❞❙✲❧✐❦❡ ❬✷✻❪✳❚❤✐s ❝❧❛ss ♦❢ ❣❛✉❣❡✲❍✐❣❣s ♠♦❞❡❧s ❤❛s ❜❡❡♥ ❡①t❡♥s✐✈❡❧②
st✉❞✐❡❞ ❜♦t❤ ✐♥ t❤❡ ❡❧❡❝tr♦✇❡❛❦ s❡❝t♦r ❬✷✼✱ ✷✽❪ ❛♥❞ ✐♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ t♦ ❣r❛♥❞✲
✉♥✐✜❡❞ t❤❡♦r✐❡s ❬✷✾✱ ✸✵❪✳ ❖r✐❣✐♥❛❧❧②✱ t❤❡ ♠♦❞❡❧ ✇❛s ❝♦♠♣♦s❡❞ ♦❢ ❛ ✜♥✐t❡ ✜❢t❤
❞✐♠❡♥s✐♦♥✳ ❚❤❡ ❙▼ ✇❛s ❧♦❝❛t❡❞ ♦♥ ❛ ❜r❛♥❡ ❛t ♦♥❡ ♦❢ t❤❡ ❜♦✉♥❞❛r✐❡s ✇❤❡r❡ t❤❡
♥❛t✉r❛❧ ❡♥❡r❣② s❝❛❧❡ ✐s s❡t ❛t t❤❡ ❚❡❱✳ ❆♥♦t❤❡r ❜r❛♥❡ ❛t t❤❡ ♦t❤❡r ❜♦✉♥❞❛r②
✐s ❛t t❤❡ P❧❛♥❝❦ s❝❛❧❡✳ ❚❤❡ ❤✐❡r❛r❝❤② ✐s s♦❧✈❡❞ ✐♥ t❤✐s ❝♦♥t❡①t ❜② t❤❡ ❞✐st❛♥❝❡
s❡♣❛r❛t✐♥❣ t❤❡ t✇♦ ❜r❛♥❡s✳ ❚❤❡s❡ ♠♦❞❡❧s ❛r❡ ❛❧s♦ ❝♦♥str❛✐♥❡❞ ❜② ❝♦❧❧✐❞❡r ♦❜s❡r✲
✈❛t✐♦♥s ❬✸✶❪✳ ❘❛❞✐❛t✐✈❡ ❜r❡❛❦✐♥❣ ♦❢ t❤❡ ❡❧❡❝tr♦✇❡❛❦ s②♠♠❡tr✐❡s ✐s ❛❧s♦ st✉❞✐❡❞
✐♥ ❜r❛♥❡ ♠♦❞❡❧s ❬✸✷❪✳

✵✳✶ ❚❤❡ ❍✐❣❣s ♠❡❝❤❛♥✐s♠

❚❤❡ ♦❜s❡r✈❛t✐♦♥ ♦❢ t❤❡ ❲ ❛♥❞ ❩ ❜♦s♦♥s ❞❛t❡s ❜❛❝❦ t♦ ✶✾✽✸✱ ❜✉t t❤❡
✇❡❛❦ ✐♥t❡r❛❝t✐♦♥ ✇❛s ❦♥♦✇♥ t♦ ❡①✐st ❜❡❢♦r❡ t❤❛t✳ ❊♥r✐❝♦ ❋❡r♠✐ ✇❛s t❤❡ ✜rst
t♦ ♣r♦♣♦s❡ ❛ ♠♦❞❡❧ ❜❛s❡❞ ♦♥ ❝♦♥t❛❝t ✐♥t❡r❛❝t✐♦♥ ♦❢ ❢♦✉r ❢❡r♠✐♦♥s t♦ ❞❡s❝r✐❜❡
❜❡t❛ ❞❡❝❛②s✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ r❡✈✐❡✇ t❤❡ ❍✐❣❣s ♠❡❝❤❛♥✐s♠✱ ❛s ✐t ✇✐❧❧ ❜❡
r❡❧❡✈❛♥t ❢♦r t❤❡ ❞❡✈❡❧♦♣♠❡♥ts ♦❢ t❤✐s t❤❡s✐s✳ ❲❡ st❛rt ✇✐t❤ t❤❡ ❛❜❡❧✐❛♥ ❝❛s❡ ❛♥❞
t❤❡♥ ♠♦✈❡ ♦♥ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ s❡tt✐♥❣ ♦❢ ♥♦♥✲❛❜❡❧✐❛♥ t❤❡♦r✐❡s✳

❈♦♥s✐❞❡r t❤❡ ▲❛❣r❛♥❣✐❛♥

L = −(Fµν)
2 + |Dµφ|2 − V (φ) . ✭✶✮
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✇❤❡r❡Dµ = ∂µ+ieAµ ❛♥❞ φ ✐s ❛ ❝♦♠♣❧❡① s❝❛❧❛r ✜❡❧❞✳ ❚❤❡ sq✉❛r❡❞ t❡r♠s ❛r❡ ✉♥✲
❞❡rst♦♦❞ t♦ ❜❡ ❝♦♥tr❛❝t❡❞ ✇✐t❤ t❤❡ ▼✐♥❦♦✇s❦✐ ♠❡tr✐❝ ηµν = ❞✐❛❣(1,−1,−1,−1)✱
s♦ ✇✐t❤ t✇♦ η ❢❛❝t♦rs ❢♦r t❤❡ ✜rst t❡r♠✱ ❛♥❞ ♦♥❡ ✐♥ t❤❡ s❡❝♦♥❞✳ ❚❤✐s ▲❛❣r❛♥❣✐❛♥
✐s s②♠♠❡tr✐❝ ✉♥❞❡r ❧♦❝❛❧ U(1) ❣❛✉❣❡ tr❛♥s❢♦r♠❛t✐♦♥s ✐❢ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡
♣♦t❡♥t✐❛❧ ♦♥❧② ❞❡♣❡♥❞s ♦♥ |φ|✳ ❆ ❧♦❝❛❧ ❣❛✉❣❡ tr❛♥s❢♦r♠❛t✐♦♥ t❛❦❡s t❤❡ ❢♦r♠

φ(x) → eiα(x)φ(x) ❛♥❞ Aµ(x) → Aµ(x)−
1

e
∂µα(x) . ✭✷✮

▲❡t ✉s ✜① ❛♥ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ♣♦t❡♥t✐❛❧✳ ❚❤❡ ✉s✉❛❧ ❝❤♦✐❝❡ ✐s

V (φ) = −µ2φ∗φ+
λ

2
(φ∗φ)2 , ✭✸✮

✇✐t❤ µ2 > 0✳ ❚❤❡ ♣♦t❡♥t✐❛❧ ❤❛s t✇♦ ❡①tr❡♠❛ ❣✐✈❡♥ ❜② 〈φ〉 = φ0 = 0 ❛♥❞

|φ| =
√

µ2

λ
✳ ❚❤❡s❡ ❛r❡ t❤❡ s♦❧✉t✐♦♥s t♦ t❤❡ ❡q✉❛t✐♦♥

δV

δφ∗
(φ) = 0 . ✭✹✮

❚❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡ ♦❢ t❤❡ ✜❡❧❞ ♦❜❡② ❛ s✐♠✐❧❛r ❡q✉❛t✐♦♥ ✇❤✐❝❤ ❡♥s✉r❡s t❤❛t
φ∗0 = 0 ✐❢ φ0 = 0✳ ❚❤❡ ♣♦✐♥t φ0 = 0 ✐s ❛ ❧♦❝❛❧ ♠❛①✐♠✉♠ ✇❤✐❧❡ t❤❡ ♦t❤❡r ♦♥❡
✐s ❛ ❣❧♦❜❛❧ ♠✐♥✐♠✉♠✳ ❚❤❡ ♠✐♥✐♠✉♠ ❤❛s ❛ U(1) s②♠♠❡tr②✳ ❚❤✐s ♠❡❛♥s t❤❛t

t❤❡r❡ ✐s ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❡q✉✐✈❛❧❡♥t ✈❛❝✉❛ ❣✐✈❡♥ ❜② 〈φ〉 =
√

µ2

λ
eiθ✳ ❲❡ ❝❛♥

❝❤♦♦s❡ t❤❡ s✐♠♣❧❡st 〈φ〉 = φ0 =
√

µ2

λ
✳ ❲❡ ❝❛♥ ♥♦✇ ❡①♣❛♥❞ t❤❡ ♣♦t❡♥t✐❛❧ ❛r♦✉♥❞

t❤❡ ♠✐♥✐♠✉♠ ❜② s❡tt✐♥❣ φ = φ0 +
1√
2
(φ1 + iφ2)✳ ❲❡ ♦❜t❛✐♥

V (φ) = −µ
4

2λ
+

1

2
2µ2φ21 + . . . . ✭✺✮

❚❤❡ ❞♦ts r❡♣r❡s❡♥t ❤✐❣❤❡r ♦r❞❡r t❡r♠s✳ ❙♦ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ✜❡❧❞ φ1 ❛❝q✉✐r❡s
❛ ♠❛ss

√
2µ ✇❤✐❧❡ φ2 r❡♠❛✐♥s ♠❛ss❧❡ss✳ ❲❡ ♥♦✇ ❝♦♥s✐❞❡r ❤♦✇ t❤❡ ❦✐♥❡t✐❝ t❡r♠

tr❛♥s❢♦r♠s

|Dµφ|2 =
1

2
(∂µφ1)

2 +
1

2
(∂µφ2)

2 +
√
2eφ0Aµ ∂

µφ2 + e2φ20AµA
µ + . . . . ✭✻✮

❚❤❡ ❧❛st t❡r♠ ✐s ❛ ♠❛ss t❡r♠ ❢♦r t❤❡ ♣❤♦t♦♥✳ ❚❤❡ ♠❛ss ✐s ❣✐✈❡♥ ❜②

mA =
√
2eφ0 ✭✼✮

❇② ❡①♣❛♥❞✐♥❣ t❤❡ t❤❡♦r② ❛r♦✉♥❞ t❤❡ ♠✐♥✐♠✉♠ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧✱ t❤❡ t❤❡♦r② ♥♦✇
❞❡s❝r✐❜❡s t✇♦ s❝❛❧❛r ✜❡❧❞s✱ ♦♥❡ ♠❛ss✐✈❡✱ t❤❡ ♦t❤❡r ♠❛ss❧❡ss ✐♥t❡r❛❝t✐♥❣ ✇✐t❤ ❛
♠❛ss✐✈❡ ♣❤♦t♦♥✳ ❚❤❡ ❱❊❱ ♦❢ t❤❡ s❝❛❧❛r ✜❡❧❞ ✐s r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ ♠❛ss ♦❢
t❤❡ ❜r♦❦❡♥ ❣❛✉❣❡ ❜♦s♦♥✳ ❚❤❡ ♠♦❞❡❧ ✐s s❛✐❞ t♦ ❡①❤✐❜✐t s♣♦♥t❛♥❡♦✉s s②♠♠❡tr②
❜r❡❛❦✐♥❣✳ ❚❤❡ ♣❤♦t♦♥ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ✇❛s ❛ ♠❛ss❧❡ss ♣❛rt✐❝❧❡✳ ▼❛ss❧❡ss ♣❛rt✐❝❧❡
♦♥❧② ❤❛✈❡ t✇♦ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ t✇♦ ❤❡❧✐❝✐t✐❡s✳ ■❢ t❤❡
♣❤♦t♦♥ ❛❝q✉✐r❡ ❛ ♠❛ss ❜② t❤✐s ♠❡❝❤❛♥✐s♠✱ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠

✽



s❤♦✉❧❞ ♣❧❛② t❤❡ r♦❧❡ ♦❢ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ♣♦❧❛r✐③❛t✐♦♥ ♦❢ t❤❡ ♣❛rt✐❝❧❡✳ ■t ✐s t❤❡
✜❡❧❞ φ2 ✇❤♦ ✐s r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❛t✳ ❚♦ s❡❡ t❤✐s✱ ❝♦♥s✐❞❡r t❤❡ t❡r♠

√
2eφ0Aµ ∂

µφ2 . ✭✽✮

❚❤❡ ✈❡rt❡① ❛ss♦❝✐❛t❡❞ t♦ t❤✐s t❡r♠ ✐♥ t❤❡ q✉❛♥t✉♠ t❤❡♦r② ✐s

i
√
2eφ0(−ikµ) = mAkµ . ✭✾✮

■❢ ✇❡ ❧♦♦❦ ❛t t❤❡ ❝♦♥tr✐❜✉t✐♦♥s t♦ t❤❡ t✇♦✲♣♦✐♥t ❢✉♥❝t✐♦♥ ❢♦r t❤❡ ♣❤♦t♦♥✱ ✇❡ ✇✐❧❧
❤❛✈❡ ❛t ❧❡❛❞✐♥❣ ♦r❞❡r ❝♦♥tr✐❜✉t✐♦♥s ♦❢ t❤❡ ❢♦r♠

im2
Aηµν +mAkµ

i

k2
(−mAkν) ✭✶✵✮

=im2
A

(

ηµν − kµkν
k2

)

❚❤❡ ✜rst t❡r♠ ✐s s✐♠♣❧② t❤❡ ♠❛ss t❡r♠ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ✈❡rt❡①✳ ❚❤❡ s❡❝♦♥❞
❝♦rr❡s♣♦♥❞s t♦ ❛ ♣❤♦t♦♥ tr❛♥s✐t✐♦♥✐♥❣ t♦ ❛ s❝❛❧❛r ✇✐t❤ t❤❡ ✈❡rt❡① ✭✾✮ ❛♥❞ t❤❡♥
❜❛❝❦ t♦ ❛ ♣❤♦t♦♥✳ ❚❤❡ t♦t❛❧ ❝♦♥tr✐❜✉t✐♦♥ ✐s ❡①❛❝t❧② t❤❡ ♦♥❡ ♥❡❡❞❡❞ ❢♦r t❤❡
❧♦♥❣✐t✉❞✐♥❛❧ ♣♦❧❛r✐③❛t✐♦♥ ♦❢ t❤❡ ♣❤♦t♦♥✳ ❚❤❡ ✜❡❧❞ φ2 ✐s ❝❛❧❧❡❞ ❛ ●♦❧❞st♦♥❡
❜♦s♦♥ ✐♥ t❤✐s ❝♦♥t❡①t✳

❚❤❡ ●♦❧❞st♦♥❡ ❜♦s♦♥ ✐s ♥♦t ❛ ♣❤②s✐❝❛❧ ♣❛rt✐❝❧❡ ♦❢ t❤❡ t❤❡♦r②✳ ❚❤❡ ❡❛s✐❡st ✇❛②
t♦ s❡❡ t❤✐s ✐s t♦ ✜① ❛ ♣❛rt✐❝✉❧❛r ❣❛✉❣❡ ❝❛❧❧❡❞ t❤❡ ✉♥✐t❛r② ❣❛✉❣❡ ✐♥ t❤❡ st❛rt✐♥❣
▲❛❣r❛♥❣✐❛♥✳ ❚❤✐s ❣❛✉❣❡ ❝♦rr❡s♣♦♥❞s t♦ t❛❦✐♥❣ ❛ ❧♦❝❛❧ ❣❛✉❣❡ tr❛♥s❢♦r♠❛t✐♦♥
s✉❝❤ t❤❛t t❤❡ ♣❤❛s❡ ♦❢ t❤❡ s❝❛❧❛r ✜❡❧❞ ✐s ③❡r♦ ❡✈❡r②✇❤❡r❡✳ ■♥ t❤✐s ❣❛✉❣❡✱ t❤❡
▲❛❣r❛♥❣✐❛♥ ❜❡❝♦♠❡s

L = −(Fµν)
2 + (∂µφ)

2 + eφAµA
µ − V (φ) . ✭✶✶✮

❲❡ ❝❛♥ s❡❡ ❞✐r❡❝t❧② t❤❛t ✐❢ t❤❡ s❝❛❧❛r φ ❛❝q✉✐r❡ ❛ ❱❊❱ t❤r♦✉❣❤ t❤❡ ♣♦t❡♥t✐❛❧✱
t❤❡ ✐♥t❡r❛❝t✐♦♥ ✇✐t❤ t❤❡ ♣❤♦t♦♥ ✇✐❧❧ r❡s✉❧t ✐♥ ❛ ♠❛ss t❡r♠✳ ❚❤❡ ✜❡❧❞ φ2 ❞r♦♣s
❝♦♠♣❧❡t❡❧② ❢r♦♠ t❤❡ ❛❝t✐♦♥✱ ♠❛❦✐♥❣ ✐t ❝❧❡❛r t❤❛t t❤❡ ❛ss♦❝✐❛t❡❞ ♣❛rt✐❝❧❡ ✐s ♥♦t
♣❤②s✐❝❛❧✳

❚❤❡ ♠❡❝❤❛♥✐s♠ ♣r❡s❡♥t❡❞ ✐s t❤❡ ❍✐❣❣s ♠❡❝❤❛♥✐s♠✳ ■t ❛❧❧♦✇s ❛ t❤❡♦r② t♦
❤❛✈❡ ♠❛ss✐✈❡ ❣❛✉❣❡ ❜♦s♦♥s ✐♥ ❛ ❝♦♥s✐st❡♥t ✇❛②✳ ❚❤❡ ♠❛✐♥ ✐♥❣r❡❞✐❡♥t ✇❛s t❤❡
s❝❛❧❛r ✜❡❧❞ ❛❧♦♥❣ ✇✐t❤ ♥♦♥✲tr✐✈✐❛❧ ♠✐♥✐♠✉♠ ✐♥ t❤❡ ♣♦t❡♥t✐❛❧✳ ❚❤❡ ♥♦♥✲tr✐✈✐❛❧
♠✐♥✐♠✉♠ ✐s s❡❡♥ ❛s ❛ ❱❊❱ ❢♦r t❤❡ s❝❛❧❛r ✜❡❧❞✱ ✇❤✐❝❤ ✐s r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ ♠❛ss
t❡r♠ ♦❢ t❤❡ ❣❛✉❣❡ ❜♦s♦♥✳ ❚❤✐s ♠❡❝❤❛♥✐s♠ ❝❛♥ ❜❡ ❣❡♥❡r❛❧✐③❡❞ t♦ ♥♦♥✲❆❜❡❧✐❛♥
❣❛✉❣❡ t❤❡♦r✐❡s✳ ❚❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ✐s r❛t❤❡r str❛✐❣❤t❢♦r✇❛r❞✱ ❜✉t ✇❡ ✇✐❧❧ ♣r❡s❡♥t
✐t ❤❡r❡ ❢♦r ❝♦♠♣❧❡t❡♥❡ss✳

■♥ ♦r❞❡r t♦ ❣❡♥❡r❛❧✐③❡ t❤❡ ♠❡❝❤❛♥✐s♠ ♣r❡s❡♥t❡❞ ❛❜♦✈❡✱ ✇❡ ♠✉st ✐♥tr♦❞✉❝❡
❛❞❞✐t✐♦♥❛❧ s❝❛❧❛r ✜❡❧❞s✳ ❚❤❡s❡ s❝❛❧❛r ✜❡❧❞s ✇✐❧❧ ❜❡ t❛❦❡♥ ✐♥ s♦♠❡ r❡♣r❡s❡♥t❛t✐♦♥
♦❢ t❤❡ ❣❛✉❣❡ ❣r♦✉♣ G s✉❝❤ t❤❛t ✉♣♦♥ ❣❛✉❣❡ tr❛♥s❢♦r♠❛t✐♦♥✱ t❤❡ s❝❛❧❛rs ♦❜❡②
t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ r✉❧❡

φ→ eiθat
a

φ , ✭✶✷✮

✾



✇❤❡r❡ t❤❡ ✜❡❧❞ φ ✐s t❤♦✉❣❤t ♦❢ ❛s ❛ ✈❡❝t♦r ✇✐t❤ ❝♦♠♣♦♥❡♥ts φ1✱ φ2✱ ✳ ✳ ✳ ❛♥❞ t❤❡
ta ❛r❡ ♠❛tr✐❝❡s ❛❝t✐♥❣ ♦♥ φ ❛s

(taφ)i = taijφj , ✭✶✸✮

✇✐t❤ ❛ s✉♠ ♦✈❡r j✳ ❚❤❡ θa ❛r❡ r❡❛❧ ♣❛r❛♠❡t❡rs✳ ●❡♥❡r❛❧❧②✱ t❤❡ ❣❛✉❣❡ ❣r♦✉♣ G
✐s t❛❦❡♥ t♦ ❜❡ ❛ ▲✐❡ ❣r♦✉♣ ❜❡❝❛✉s❡ ✇❡ ✇❛♥t t♦ ❡♥❤❛♥❝❡ t❤❡ ❣❧♦❜❛❧ s②♠♠❡tr② t♦
❛ ❧♦❝❛❧ ♦♥❡✳ ❚❤❡ ❣❡♥❡r❛t♦rs ta t❤❡♥ ❢♦r♠ ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ▲✐❡
❛❧❣❡❜r❛✳ ❚❤❡ ▲❛❣r❛♥❣✐❛♥ ✐s t②♣✐❝❛❧❧② ❜✉✐❧t ❜② ✉s✐♥❣ ❛ ❜✐❧✐♥❡❛r ❢♦r♠ t♦ ✇r✐t❡ r❡❛❧
q✉❛♥t✐t✐❡s ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ s❝❛❧❛rs✳ ■❢ ✇❡ t❛❦❡ ❢♦r ❡①❛♠♣❧❡ φ†φ✱ t❤❡♥ ✐♥✈❛r✐❛♥❝❡
✉♥❞❡r t❤❡ ❣r♦✉♣ ❛❝t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ ❤❛✈✐♥❣ (eiθat

a

)† = (eiθat
a

)−1✱ ✐✳❡✳ ✐t ✐s ❛♥
❡❧❡♠❡♥t ♦❢ s♦♠❡ ✉♥✐t❛r② ❣r♦✉♣✳ ❚❤✐s ✐♠♣❧✐❡s (ta)† = ta ♠❡❛♥✐♥❣ t❤❛t ta ✐s ❛♥
❤❡r♠✐t✐❛♥ ♠❛tr✐①✳ ❲❡ ❝❛♥ ✇r✐t❡ ❡q✉✐✈❛❧❡♥t❧② ita = T a ✇✐t❤ T a ❛♥t✐✲❤❡r♠✐t✐❛♥✳
❲❡ ✇✐❧❧ t❛❦❡ φ t♦ ❜❡ r❡❛❧ ❛s ✇❡ ❝❛♥ ❛❧✇❛②s ✇r✐t❡ ❛ ❝♦♠♣❧❡① s❝❛❧❛r ✜❡❧❞ ❛s t✇♦
r❡❛❧ ✜❡❧❞s✳ ❚❤❡ ❣❡♥❡r❛t♦rs ❛r❡ t❤❡♥ ❛♥t✐✲s②♠♠❡tr✐❝✱ ✇✐t❤ t❤❡ T a ❜❡✐♥❣ r❡❛❧ ❛♥❞
t❤❡ ta ♣✉r❡ ✐♠❛❣✐♥❛r②✳ ❲❡ ♥♦✇ ♠❛❦❡ t❤❡ ❣❧♦❜❛❧ s②♠♠❡tr② ❧♦❝❛❧ ❜② ✐♠♣♦s✐♥❣
✐♥✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❛❝t✐♦♥ ✉♥❞❡r tr❛♥s❢♦r♠❛t✐♦♥s ✇✐t❤ θa(x) ❛ ❢✉♥❝t✐♦♥ ♦❢ ♣♦s✐t✐♦♥✳
❚❤❡ ❝♦✈❛r✐❛♥t ❞❡r✐✈❛t✐✈❡ ✐s ✇r✐tt❡♥

Dµφ = (∂µ − igAµ
at

a)φ = (∂µ + gAµ
aT

a)φ . ✭✶✹✮

❚❤❡ ❦✐♥❡t✐❝ t❡r♠ ♦❢ t❤❡ ▲❛❣r❛♥❣✐❛♥ ❝❛♥ ❜❡ ❡①♣❡♥❞❡❞ ❛♥❞ t❛❦❡s t❤❡ ❢♦r♠

1

2
(∂µφi)

2 + gAµ
a(∂µφiT

a
ijφj) +

1

2
g2Aµ

aA
µb(T aφ)i(T

bφ)i . ✭✶✺✮

◆♦✇✱ ✇✐t❤♦✉t s♣❡❝✐❢②✐♥❣ ❛ ♣♦t❡♥t✐❛❧ ❢♦r t❤❡ s❝❛❧❛rs✱ ✐♠❛❣✐♥❡ t❤❛t t❤❡② ❛❝q✉✐r❡
s♦♠❡ ❱❊❱

〈φi〉 = (φ0)i . ✭✶✻✮

❲❡ ❝❛♥ ❡①♣❛♥❞ t❤❡ ✜❡❧❞ ❛r♦✉♥❞ t❤✐s ✈❛❝✉✉♠✳ ❚❤❡ ❧❛st t❡r♠ ♦❢ ✭✶✺✮ ❣❡♥❡r❛t❡s
t❤❡ t❡r♠

∆L =
1

2
g2Aµ

aA
µb(T aφ0)i(T

bφ0)i ✭✶✼✮

❛♥❞ s♦ ❞❡✜♥❡s ❛ ♠❛ss ♠❛tr✐① ❢♦r t❤❡ ❣❛✉❣❡ ❜♦s♦♥s

m2
ab = g2(T aφ0)i(T

bφ0)i . ✭✶✽✮

❚❤✐s ♠❛tr✐① ✐s ♥♦♥✲♥❡❣❛t✐✈❡ s✐♥❝❡ ❛❧❧ ✐ts ❞✐❛❣♦♥❛❧ ❡♥tr✐❡s m2
aa = g2(T aφ0)

2
i ❛r❡

♣♦s✐t✐✈❡ ♦r ③❡r♦✳ ❚❤❡ ❞✐r❡❝t✐♦♥s a s✉❝❤ t❤❛t t❤❡ ❡♥tr② ✐s ③❡r♦ ❛r❡ t❤❡ ❣❡♥❡r❛t♦rs
t❤❛t ❧❡❛✈❡ t❤❡ ✈❛❝✉✉♠ ✐♥✈❛r✐❛♥t

T aφ0 = 0 . ✭✶✾✮

❚❤❡ s②♠♠❡tr✐❡s ♦❢ t❤❡ ✈❛❝✉✉♠ ❝♦rr❡s♣♦♥❞ t❤❡♥ t♦ t❤❡ r❡s✐❞✉❛❧ ❣❛✉❣❡ s✐♥❝❡ ❢♦r
❡❛❝❤ ❣❡♥❡r❛t♦r t❤❛t ❧❡❛✈❡ t❤❡ ✈❛❝✉✉♠ ✐♥✈❛r✐❛♥t✱ t❤❡r❡ ✐s ❛♥ ❛ss♦❝✐❛t❡❞ ♠❛ss❧❡ss
❣❛✉❣❡ ❜♦s♦♥✳ ❏✉st ❧✐❦❡ ✐♥ t❤❡ ❛❜❡❧✐❛♥ ❝❛s❡✱ t❤❡ ●♦❧❞st♦♥❡ ❜♦s♦♥s ✇✐❧❧ ❝♦♥tr✐❜✉t❡

✶✵



t♦ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ♣♦❧❛r✐③❛t✐♦♥ ♦❢ t❤❡ ❜r♦❦❡♥ ❣❛✉❣❡ ❜♦s♦♥s✳ ❚♦ s❡❡ t❤✐s✱ ❝♦♥s✐❞❡r
t❤❡ t❡r♠

gAµ
a(∂µφi(T

aφ0)j) ✭✷✵✮

❝♦♠✐♥❣ ❢r♦♠ t❤❡ s❡❝♦♥❞ t❡r♠ ✐♥ ✭✶✺✮✳ ❚❤❡s❡ t❡r♠ ✇✐❧❧ ❝♦♥tr✐❜✉t❡ t♦ t❤❡ t✇♦
♣♦✐♥t ❢✉♥❝t✐♦♥ ♦❢ Aµ

a ✐♥ t❤❡ s❛♠❡ ✇❛② t❤❛♥ ✐♥ t❤❡ ❛❜❡❧✐❛♥ ❝❛s❡✳ ❋♦r ❡❛❝❤ Aµ
a

✇❡ ✇✐❧❧ ❤❛✈❡ ❛ ✜rst ❝♦♥tr✐❜✉t✐♦♥ ❢r♦♠ t❤❡ ♠❛ss t❡r♠✱ ❛♥❞ ❛ s❡❝♦♥❞ ❢r♦♠ t❤❡
tr❛♥s✐t✐♦♥ ♦❢ t❤❡ ❣❛✉❣❡ ❜♦s♦♥ t♦ ❛ s❝❛❧❛r ❛♥❞ t❤❡♥ ❜❛❝❦ t♦ ❛ ❜♦s♦♥✳ ❚❤♦s❡
❝♦♥tr✐❜✉t✐♦♥s t❛❦❡ t❤❡ ❢♦r♠ ♦❢ ❛ s✉♠

∑

j

(gkµ(T
aφ0)j)

i

k2
(

−gkµ(T bφ0)j
)

. ✭✷✶✮

❛♥❞ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ❛❧❧ j s✐♥❝❡ t❤❡ t❡r♠ ✇✐❧❧ ❜❡ ③❡r♦ ✐❢ ✐t ❞♦❡s ♥♦t ❝♦♥tr✐❜✉t❡✳
❲❡ ♦❜t❛✐♥ ❛❣❛✐♥ t❤❡ s❛♠❡ ❢♦r♠ ❢♦r t❤❡ ❝♦rr❡❝t✐♦♥ t♦ t❤❡ t✇♦✲♣♦✐♥t ❢✉♥❝t✐♦♥

im2
ab

(

ηµν − kµkν
k2

)

✭✷✷✮

✇❤✐❝❤ ❛❝❝♦✉♥ts ❢♦r t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ♣♦❧❛r✐③❛t✐♦♥✳
❲❡ ❛r❡ ♥♦✇ r❡❛❞② t♦ ❞❡t❛✐❧ t❤❡ ❍✐❣❣s ♠❡❝❤❛♥✐s♠ ❢♦r t❤❡ ❙t❛♥❞❛❞ ▼♦❞❡❧✳

❚❤✐s t❤❡♦r② ✐s ❝❛❧❧❡❞ t❤❡ ●❧❛s❤♦✇✲❲❡✐♥❜❡r❣✲❙❛❧❛♠ t❤❡♦r② ♦❢ ✇❡❛❦ ✐♥t❡r❛❝t✐♦♥s
❬✸✸✱ ✸✹❪✱ ❜❡❛r✐♥❣ t❤❡ ♥❛♠❡ ♦❢ t❤❡ ❛✉t❤♦rs ✇❤♦ ❞❡✈❡❧♦♣❡❞ t❤❡ ♠♦❞❡❧✳ ❍❡r❡✱ t❤❡
❣❛✉❣❡ ❣r♦✉♣ ✐s ❝❤♦s❡♥ t♦ ❜❡ SU(2) × U(1)✳ ❲❡ ❝❤♦♦s❡ ❛ s❝❛❧❛r ✜❡❧❞ ✐♥ t❤❡
❢✉♥❞❛♠❡♥t❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ SU(2) ❛♥❞ ✇✐t❤ ❛ ❝❤❛r❣❡ 1/2 ✉♥❞❡r U(1)✳ ■ts
❣❛✉❣❡ tr❛♥s❢♦r♠❛t✐♦♥ ✐s t❤❡r❡❢♦r❡

φ→ eiα
aτa

ei
β
2 φ . ✭✷✸✮

✇❤❡r❡ τa = σa/2 ❢♦r σa t❤❡ P❛✉❧✐ ♠❛tr✐❝❡s✳ ❲❡ ❝❤♦♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❱❊❱ ❢♦r
t❤❡ s❝❛❧❛r ✜❡❧❞

〈φ〉 = 1√
2

(

0
v

)

, ✭✷✹✮

✇❤✐❝❤ ✐s ❧❡❢t ✐♥✈❛r✐❛♥t ❜② t❤❡ ❣❛✉❣❡ tr❛♥s❢♦r♠❛t✐♦♥ ❣❡♥❡r❛t❡❞ ❜② βτ3 + β/2 ❢♦r
❛r❜✐tr❛r② β✳ ❚❤✐s ✐s t❤❡ ♦♥❧② s②♠♠❡tr② ♦❢ t❤❡ ✈❛❝✉✉♠ s♦ t❤❡ t❤❡♦r② ✇✐❧❧ ❤❛✈❡
♦♥❡ ♠❛ss❧❡ss ❜♦s♦♥ ✱ ✇❤✐❧❡ t❤❡ ♦t❤❡r t❤r❡❡ ✇✐❧❧ ❛❝q✉✐r❡ ❛ ♠❛ss✳

❲❡ ✇r✐t❡ t❤❡ ❝♦✈❛r✐❛♥t ❞❡r✐✈❛t✐✈❡ ❛s

Dµφ = (∂µ − igAµ
aτ

a − ig′Bµ)φ . ✭✷✺✮

❚❤❡ ❣❛✉❣❡ ❜♦s♦♥s ✇✐❧❧ ❛❝q✉✐r❡ ❛ ♠❛ss ❛❝❝♦r❞✐♥❣ t♦ ❡q✉❛t✐♦♥ ✭✶✽✮✳ ❚❤❡ r❡s✉❧t✐♥❣
t❡r♠ ✐♥ t❤❡ ▲❛❣r❛♥❣✐❛♥ ❛❢t❡r s✐♠♣❧✐✜❝❛t✐♦♥ ✐s

∆L =
1

2

v2

4

(

g2(A1
µ)

2 + g2(A2
µ)

2 + (−g2A3
µ + g′Bµ)

2
)

. ✭✷✻✮

✶✶



❆s ❡①♣❡❝t❡❞✱ t❤r❡❡ ❜♦s♦♥s ❛❝q✉✐r❡ ❛ ♠❛ss✳ ❲❡ ❝❛♥ ❝❤❛♥❣❡ t❤❡ ❜❛s✐s ✐♥ ♦r❞❡r t♦
❤❛✈❡ ♠❛ss ❡✐❣❡♥st❛t❡s✳ ❚❤❡ ❝❤❛♥❣❡ ✐♥ ❜❛s✐s ✐s ❡①♣❧✐❝✐t❧②

W±
µ =

1

2
(A1

µ ∓ iA2
µ), Zµ =

1
√

g2 + g′2
(g2A3

µ − g′Bµ) . ✭✷✼✮

❚❤❡ ❧❛st ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❣❛✉❣❡✱ ♦rt❤♦❣♦♥❛❧ t♦ Zµ ✐s ❣✐✈❡♥ ❜②

Aµ =
1

√

g2 + g′2
(g2A3

µ + g′Bµ) . ✭✷✽✮

❚❤❡ ♠❛ss❡s ♥♦✇ r❡❛❞

mW = g
v

2
, mZ =

√

g2 + g′2
v

2
❛♥❞ mA = 0 . ✭✷✾✮

❋♦r ❛♥ ❛r❜✐tr❛r② ✜❡❧❞ ✐♥ ❛ r❡♣r❡s❡♥t❛t✐♦♥ T a ♦❢ SU(2) ❛♥❞ ✇✐t❤ ❛♥ ❤②♣❡r❝❤❛r❣❡
Y ✱ t❤❡ ❝♦✈❛r✐❛♥t ❞❡r✐✈❛t✐✈❡ ✐s ✇r✐tt❡♥ ✐♥ t❤❡ ❡✐❣❡♥♠❛ss ❜❛s✐s

Dµ = ∂µ − i
g√
2
(W+

µ T
+ +W−

µ T
−)− i

g

cos(θ)
Zµ(T

3 − sin(θw)
2Y )− ieAµQ

✭✸✵✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ❞❡✜♥❡❞ t❤❡ ✈❛r✐♦✉s t❡r♠s ❛s

cos(θw) =
g

√

g2 + g′2
, sin(θw) =

g′
√

g2 + g′2
, ✭✸✶✮

T± = T 1 ± iT 2 , Q = T 3 + Y ❛♥❞ e = g sin(θw) = g′ cos(θw)

❚❤❡ ♠♦❞❡❧ ❞❡s❝r✐❜❡s ❛ ♠❛ss❧❡ss ✜❡❧❞ Aµ ✇❤✐❝❤ ✐s ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ ❡❧❡❝tr♦♠❛❣✲
♥❡t✐❝ ♣♦t❡♥t✐❛❧✱ ❛❧♦♥❣ ✇✐t❤ t❤❡ t❤r❡❡ ♠❛ss✐✈❡ ❜♦s♦♥s W±

µ ❛♥❞ Zµ✳ ❚❤❡ ❡❧❡❝tr✐❝
❝❤❛r❣❡ ✐s ❣✐✈❡♥ ❜② Q✳ ❚❤❡ ♠♦❞❡❧ ✐s ❞❡✜♥❡❞ ❜② t❤r❡❡ ♣❛r❛♠❡t❡rs✱ e✱ mW ❛♥❞
θw✳ ❚❤❡ ✜rst ♦♥❡ ✐s t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ❝♦✉♣❧✐♥❣ ❝♦♥st❛♥t✳ ❚❤❡ s❡❝♦♥❞ ✐s t❤❡
♠❛ss ♦❢ t❤❡ W ❜♦s♦♥✳ ❚❤❡ ❚❤❡ ❧❛st ♣❛r❛♠❡t❡r ✐s t❤❡ ❲❡✐♥❜❡r❣ ❛♥❣❧❡✱ ✇❤✐❝❤ ✐s
r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ ♠✐①✐♥❣ ♦❢ t❤❡ t✇♦ ♣❛rt ♦❢ t❤❡ ✐♥✐t✐❛❧ ❣❛✉❣❡✳ ❚❤✐s ❝❛♥ ❜❡ s❡❡♥
♠♦r❡ ❝❧❡❛r❧② ❜② ♥♦t✐♥❣ t❤❛t t❤❡ ❝❤❛♥❣❡ ♦❢ ❜❛s✐s ❝❛♥ ❜❡ ✇r✐tt❡♥

(

Z
A

)

=

(

cos(θw) − sin(θw)
sin(θw) cos(θw)

)(

A3

B

)

. ✭✸✷✮

❚❤❡r❡ ✐s ♠♦r❡ t❤❛t ❝❛♥ ❜❡ s❛✐❞ ❛❜♦✉t t❤✐s ♠♦❞❡❧✳ ❚❤❡ ❧♦❣✐❝❛❧ ❝♦♥t✐♥✉✐t②
✇♦✉❧❞ ❜❡ t♦ st✉❞② ❢❡r♠✐♦♥s✳ ■♥ ♦✉r ✉♥✐✈❡rs❡✱ ✐t s♦ ❤❛♣♣❡♥s t❤❛t ♦♥❧② ❧❡❢t ❤❛♥❞❡❞
❢❡r♠✐♦♥s ❝♦✉♣❧❡ t♦ t❤❡ Wµ ❜♦s♦♥✳ ❚❤❡ t❤❡♦r② ✐s s❛✐❞ t♦ ❜❡ ❝❤✐r❛❧ ❜❡❝❛✉s❡ ❧❡❢t
❤❛♥❞❡❞ ❢❡r♠✐♦♥s ❤❛✈❡ ❞✐✛❡r❡♥t ❝♦✉♣❧✐♥❣s t♦ t❤❡ ❣❛✉❣❡ t❤❛♥ r✐❣❤t ❤❛♥❞❡❞ ♦♥❡s✳
❈❧❛ss✐❝❛❧❧②✱ t❤✐s ✇♦✉❧❞♥✬t ❜❡ ❛ ♣r♦❜❧❡♠✳ ❇✉t ✐♥ t❤❡ q✉❛♥t✉♠ t❤❡♦r②✱ ❛♥♦♠❛❧✐❡s
❝❛♥ ❛r✐s❡ ✐♥ ❝❤✐r❛❧ t❤❡♦r✐❡s✳ ❆♥♦♠❛❧✐❡s ❛r❡ t❤❡ ❢❛✐❧✉r❡ ♦❢ ❛ s②♠♠❡tr② t♦ ❜❡ ❝❛rr✐❡❞
♦✈❡r t♦ t❤❡ q✉❛♥t✉♠ t❤❡♦r②✳ ❚❤❡② ❛r✐s❡ ❛s t❡r♠s ✈✐♦❧❛t✐♥❣ t❤❡ ❲❛r❞ ✐❞❡♥t✐t✐❡s✳
❋♦r ❛ ❝❤✐r❛❧ t❤❡♦r②✱ t❤❡ ❣❛✉❣❡ ❛♥♦♠❛❧② r❡str✐❝ts t❤❡ ♣♦ss✐❜❧❡ ❢❡r♠✐♦♥✐❝ ❝♦♥t❡♥t✳
■♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❙t❛♥❞❛r❞ ▼♦❞❡❧✱ ❛❧❧ t❤❡ ❛♥♦♠❛❧✐❡s ✈❛♥✐s❤ ❜❡❝❛✉s❡ ♦❢ t❤❡
q✉❛♥t✉♠ ♥✉♠❜❡rs ❛ss✐❣♥❡❞ t♦ t❤❡ ❢❡r♠✐♦♥s✳ ❇✉t ✇❡ ✇✐❧❧ ❡♥❞ t❤✐s s❡❝t✐♦♥ ❤❡r❡
❛s t❤✐s q✉❡st✐♦♥ ✐s ♥♦t r❡❧❡✈❛♥t t♦ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤✐s t❤❡s✐s✳

✶✷



✵✳✷ ❉✐✛❡r❡♥t✐❛❧ ❣❡♦♠❡tr② ❛♥❞ ♣❤②s✐❝s

❉✐✛❡r❡♥t✐❛❧ ❣❡♦♠❡tr② ✐s t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ t❤❡♦r② t❤❛t ❞❡s❝r✐❜❡s s♠♦♦t❤
s♣❛❝❡s✳ ■♥ ♣❤②s✐❝s✱ s♠♦♦t❤♥❡ss ✐s ♦❢t❡♥ t❛❦❡♥ ❢♦r ❣r❛♥t❡❞✱ ♠❛❦✐♥❣ ❞✐✛❡r❡♥t✐❛❧
❣❡♦♠❡tr② ❛ ♥❛t✉r❛❧ ❢r❛♠❡✇♦r❦ t♦ ❞❡s❝r✐❜❡ ♣❤②s✐❝❛❧ ♣r♦❝❡ss❡s✱ ❛t ❧❡❛st ❝❧❛ss✐✲
❝❛❧❧②✳ ❚❤r♦✉❣❤♦✉t t❤✐s t❤❡s✐s✱ ✇❡ ✇✐❧❧ ✉s❡ ♥♦t✐♦♥s ❛♥❞ ♥♦t❛t✐♦♥s t❤❛t ❝♦♠❡ ❢r♦♠
❞✐✛❡r❡♥t✐❛❧ ❣❡♦♠❡tr②✳ ■♥ t❤✐s ♣❛rt✱ ✇❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡ t❤❡ r❡❛❞❡r t♦ t❤❡ ❜❛s✐❝s
♦❢ ❞✐✛❡r❡♥t✐❛❧ ❣❡♦♠❡tr②✳ ❚❤❡ ✐♥t❡r❡st❡❞ r❡❛❞❡r ♥♦t ❢❛♠✐❧✐❛r ✇✐t❤ ❞✐✛❡r❡♥t✐❛❧
❣❡♦♠❡tr② ❝❛♥ ✜♥❞ ❛ ♠♦r❡ ❝♦♠♣❧❡t❡ ✐♥tr♦❞✉❝t✐♦♥ t♦ t❤✐s ✈❡r② ❧❛r❣❡ s✉❜❥❡❝t ✐♥
◆❛❦❛❤❛r❛✬s ❜♦♦❦ ❬✸✺❪ ❢♦r ❡①❛♠♣❧❡✳

❚❤❡ ✜rst ❝♦♥❝❡♣t ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ✐♥tr♦❞✉❝❡ ✐s t❤❡ ❝♦♥❝❡♣t ♦❢ ❛ s♠♦♦t❤ ♠❛♥✲
✐❢♦❧❞✳ ❆ ♠❛♥✐❢♦❧❞ ✐s ❛ s♣❛❝❡ t❤❛t ❧♦❝❛❧❧② ❧♦♦❦s ❧✐❦❡ ❛ ✈❡❝t♦r s♣❛❝❡✱ ❤❡r❡ ✇❡ t❛❦❡
t❤✐s ✈❡❝t♦r s♣❛❝❡ t♦ ❜❡ Rn✳ ■♥t✉✐t✐✈❡❧②✱ ✐❢ ✇❡ t❤✐♥❦ ♦❢ ❛ s♣❤❡r❡✱ ✇❡ ❝❛♥ ✐♠❛❣✐♥❡
③♦♦♠✐♥❣ ♦♥ ❛ ♣♦✐♥t ♦❢ t❤❡ s♣❤❡r❡✳ ❆s ✇❡ ③♦♦♠✱ t❤❡ s♣❛❝❡ st❛rts t♦ ❧♦♦❦ ♠♦r❡
❛♥❞ ♠♦r❡ ❧✐❦❡ ❛ ✢❛t ♣❧❛♥❡ ❛r♦✉♥❞ t❤❛t ♣♦✐♥t✳ ❚❤✐s ✐♥t✉✐t✐✈❡ ✐❞❡❛ ✐s ♣r❡❝✐s❡❧②
✇❤❛t t❤❡ ♥♦t✐♦♥ ♦❢ ❛ ♠❛♥✐❢♦❧❞ ❢♦r♠❛❧✐③❡✳ ❈❧♦s❡ ❡♥♦✉❣❤ t♦ ❛♥② ❣✐✈❡♥ ♣♦✐♥t ♦❢ ❛
♠❛♥✐❢♦❧❞✱ t❤❡ s♣❛❝❡ s❤♦✉❧❞ ❧♦♦❦ ❧✐❦❡ Rn ❢♦r ❛ n✲❞✐♠❡♥s✐♦♥❛❧ ♠❛♥✐❢♦❧❞✳ ▲❡t ✉s ❜❡
♠♦r❡ s♣❡❝✐✜❝✳

❆ n✲❞✐♠❡♥s✐♦♥❛❧ ♠❛♥✐❢♦❧❞ M ✐s ❛ s♣❛❝❡ ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ str✉❝✲
t✉r❡s ✿

✭✐✮ M ✐s ❛ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡✳

✭✐✐✮ ❋♦r ❡❛❝❤ ♦♣❡♥ s❡t Ui ♦❢ t❤❡ t♦♣♦❧♦❣②✱ t❤❡r❡ ✐s ❛♥ ♦♥t♦ ❤♦♠❡♦♠♦r♣❤✐s♠✶

φi : Ui → Vi ❢♦r Vi ❛♥ ♦♣❡♥ s❡t ♦❢ Rn✳

✭✐✐✐✮ Ui ✐s ❛ ❝♦✈❡r ♦❢ M✱ ♠❡❛♥✐♥❣
⋃

i Ui = M
❚❤❡ ♣❛✐r (Ui, φi) ✐s ❝❛❧❧❡❞ ❛ ❝❤❛rt ❛♥❞ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ t❤❡ ♣❛✐rs ✐s ❝❛❧❧❡❞ ❛♥
❛t❧❛s✳ φi ❞❡✜♥❡s ❛ ❧♦❝❛❧ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ♦♥ t❤❡ ♠❛♥✐❢♦❧❞✳ ❚❤❡ Ui ❛r❡ ❝❛❧❧❡❞
❝♦♦r❞✐♥❛t❡ ♥❡✐❣❤❜♦r❤♦♦❞s ✇❤✐❧❡ t❤❡ ♠❛♣s φi ❛r❡ t❤❡ ❝♦♦r❞✐♥❛t❡ ❢✉♥❝t✐♦♥s✱ ♦r
s✐♠♣❧② t❤❡ ❝♦♦r❞✐♥❛t❡s✳ ❚❤❛t ✐s ❜❡❝❛✉s❡ t❤❡ ♠❛♣s φi t❛❦❡ ✈❛❧✉❡ ✐♥ ❛ ♦♣❡♥ s❡t ♦❢
Rn✱ s♦ t❤❡② ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥s {x1(p), . . . xn(p)} ✇❤✐❝❤
❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❛s t❤❡ ❝♦♦r❞✐♥❛t❡s ✐♥ Vi✳

❚❤❡ s♠♦♦t❤♥❡ss ✐♥ t❤❡ ♥❛♠❡ s♠♦♦t❤ ♠❛♥✐❢♦❧❞ ❝♦♠❡s ❢r♦♠ ❛♥ ❛❞❞✐t✐♦♥❛❧
r❡q✉✐r❡♠❡♥t ❢♦r t❤❡ ♠❛♣s φi✳ ❙♠♦♦t❤♥❡ss ✐s ❛ t❡r♠ ✉s❡❞ t♦ t❛❧❦ ❛❜♦✉t ❢✉♥❝t✐♦♥s
t❤❛t ❛r❡ ✐♥✜♥✐t❡❧② ❞✐✛❡r❡♥t✐❛❜❧❡✳ ❍❡r❡ t❤❡ φi ❛r❡ ♠❛♣s ❢r♦♠ ❛ s✉❜s❡t ♦❢ M t♦
❛ s✉❜s❡t ♦❢ Rn✱ s♦ ✇❡ ❞♦♥✬t ❤❛✈❡ ❛♥② ✇❡❧❧ ❞❡✜♥❡❞ ♥♦t✐♦♥ ♦❢ ❞✐✛❡r❡♥t✐❛❜✐❧✐t②✳
■♥st❡❛❞✱ ✇❤❛t ✇❡ ❝❛♥ ❞♦ ✐s t❛❦❡ t✇♦ ❝❤❛rts (Ui, φi) ❛♥❞ (Uj , φj) s✉❝❤ t❤❛t Ui ∩
Uj 6= ∅✱ ❛♥❞ ❛s❦ ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ r❡q✉✐r❡♠❡♥t t♦ ❜❡ ❢✉❧✜❧❧❡❞✿

Φij = φi ◦ φ−1
j : Vi → Vj ∈ C∞(Rn) . ✭✸✸✮

❚❤✐s ❛♠♦✉♥t t♦ ❛s❦ t❤❛t t❤❡ ♣♦ss✐❜❧❡ ❝♦♦r❞✐♥❛t❡s ❛r❡ s♠♦♦t❤❧② r❡❧❛t❡❞✳ ❲❡ ❝❛♥
❞❡✜♥❡ t❤❡ ❞✐✛❡r❡♥t✐❛❜✐❧✐t② ♦❢ ❛♥② ♠❛♣ f : M → N ❢r♦♠ ❛ ♠❛♥✐❢♦❧❞ t♦ ❛♥♦t❤❡r

✶❘❡❝❛❧❧ t❤❛t ❛ ❤♦♠❡♦♠♦r♣❤✐s♠ ✐s ❛ ♥❛t✉r❛❧ ♠❛♣ ✐♥ t♦♣♦❧♦❣②✱ ✐t ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥
✇✐t❤ ❛♥ ✐♥✈❡rs❡ ✇❤✐❝❤ ✐s ❛❧s♦ ❝♦♥t✐♥✉♦✉s✱ s♦ φi ◦ φ

−1

i = ✐❞Vi
❛♥❞ φ−1

i ◦ φi = ✐❞Ui
✇✐t❤ φi ❛♥❞

φ−1

i ❝♦♥t✐♥✉♦✉s✳

✶✸



♠❛♥✐❢♦❧❞✳ ❲❡ t❛❦❡ t✇♦ ❝❤❛rts (U ′
i , ψi) ❛♥❞ (Uj , φj) ♦♥ N ❛♥❞ M r❡s♣❡❝t✐✈❡❧②✳

❋♦r s✉❝❤ ❛ ❢✉♥❝t✐♦♥✱ t❤❡ ❝♦♥❞✐t✐♦♥ t❛❦❡s t❤❡ ❢♦r♠

ψi ◦ f ◦ φ−1
j : Vj → V ′

i ∈ C∞ , Vj ⊂ Rm , V ′
i ⊂ Rn . ✭✸✹✮

❲❡ ❝❛♥ r❡str✐❝t t❤❡ ❝❧❛ss ♦❢ s♠♦♦t❤ ♠❛♣s ❢✉rt❤❡r ❜② s❡❧❡❝t✐♥❣ ♦♥❧② ❤♦♠❡♦♠♦r♣❤✐❝
♠❛♣s f ✱ ✇❤♦s❡ ✐♥✈❡rs❡ ❛r❡ ❛❧s♦ s♠♦♦t❤✳ ❚❤♦s❡ ♠❛♣s ❛r❡ ❝❛❧❧❡❞ ❞✐✛❡♦♠♦r♣❤✐s♠s✳
❈❧❡❛r❧②✱ ✐❢ t❤❡r❡ ❡①✐sts ❛ ❞✐✛❡♦♠♦r♣❤✐s♠ ❢r♦♠ M t♦ N ✱ ✐t ✐♠♣❧✐❡s t❤❛t dimM =
dimN ✳ ❉✐✛❡♦♠♦r♣❤✐s♠s ❢♦r♠ ❛ ❣r♦✉♣ ✉♥❞❡r ❝♦♠♣♦s✐t✐♦♥✱ ♥♦t❡❞ Diff(M)✱
s✐♥❝❡ ❢♦r ❡✈❡r② ♠❛♣ f ∈ Diff(M) t❤❡r❡ ❡①✐st ❛ ♠❛♣ g ∈ Diff(M) s✉❝❤ t❤❛t

f ◦ g = g ◦ f = ✐❞M . ✭✸✺✮

■♥ ❛ ❝❤❛rt (U, φ) s✉❝❤ t❤❛t φ(p) = xµ(p)✱ ❛ ♠❛♣ f t❛❦❡s ❛ ♣♦✐♥t p ∈ M ❛♥❞
s❡♥❞ ✐t t♦ f(p) s✉❝❤ t❤❛t φ(f(p)) = xµ(f(p)) ✭❛ss✉♠✐♥❣ f(p) ∈ U✮✳

■♥ t❤❡ s❛♠❡ ❧✐♥❡ ♦❢ r❡❛s♦♥✐♥❣✱ ✇❡ ❝❛♥ ❞❡✜♥❡ ❝✉r✈❡s ❛♥❞ ❢✉♥❝t✐♦♥s ♦♥ M✳
❆ ❝✉r✈❡ ✐s ❛ s♠♦♦t❤ ♠❛♣ c : (a, b) → M✱ ✐t ✐s ❛ ❧✐st ♦❢ ♣♦✐♥ts ♦♥ M ✇❤✐❝❤
❞❡✜♥❡ ❛ s♠♦♦t❤ tr❛❥❡❝t♦r②✳ ❆ ❢✉♥❝t✐♦♥ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✐s ❛ ♠❛♣ ♦❢ t❤❡ ❢♦r♠
f : M → R✱ ✇❤✐❝❤ ❛ r❡❛❧ ✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ f(p)✳ ❲✐t❤ t❤✐s ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡
♠❛♣ f ◦ c : (a, b) → R✳ ❚❤✐s ✐s s✐♠♣❧② ❛ r❡❛❧ ✈❛❧✉❡❞ s♠♦♦t❤ ❢✉♥❝t✐♦♥ ❢✭❝✭t✮✮✳
◆♦✇✱ ✇❡ ❝❛♥ t❛❦❡ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤✐s ❢✉♥❝t✐♦♥✱ ✇❤✐❝❤ ✐s ✇❡❧❧ ❞❡✜♥❡❞✳ ❆ss✉♠❡
t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦♠❡ ❝❤❛rt s✉❝❤ t❤❛t φ(c(t)) = xµ(c(t))✳ ❚❤❡ ❞❡r✐✈❛t✐✈❡ ❛t t❤❡
♣♦✐♥t t = 0✷ ❝❛♥ ❜❡ ✇r✐tt❡♥

d

dt
(f ◦ c)

∣

∣

∣

t=0
=

d

dt

(

f ◦ φ−1 ◦ φ ◦ c
)

∣

∣

∣

t=0
✭✸✻✮

= ∂µf
dxµ(c(t))

dt

∣

∣

∣

t=0
.

❚❤❡ ✈❡❝t♦r dxµ(c(t))
dt

✐s ❞❡✜♥❡❞ ❜② t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ♦❢ ❝✉r✈❡s ❣✐✈✐♥❣ t❤❡ s❛♠❡
❝♦❡✣❝✐❡♥ts✳ ❉✉❛❧ t♦ t❤✐s ✈❡❝t♦r ✐s t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦❢ f ✱ ❛ ❢✉♥❝t✐♦♥ t❤❛t ❞❡♣❡♥❞s
♦♥ t❤❡ ♣♦✐♥t c(t)✳ ❚❤❡s❡ t✇♦ ✈❡❝t♦r✲❧✐❦❡ ♦❜❥❡❝t ❝❛♥ ❜❡ ❞❡✜♥❡❞ ✐♥❞❡♣❡♥❞❡♥t❧②✳
❲❡ ✇r✐t❡

V = V µ∂µ ❛♥❞ ❞f = ∂µfdx
µ , ✭✸✼✮

✇✐t❤ V µ =
dxµ(c(t))

dt

∣

∣

∣

t=0
❛♥❞ 〈dxµ, ∂ν〉 = 〈∂ν , dxµ〉 =

∂xµ

∂xν
= δµν .

V ✐s ❝❛❧❧❡❞ ❛ ✈❡❝t♦r✳ ❞f ✐s t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦❢ f ✳ ❚❤❡ ❧❛st ❡q✉❛t✐♦♥ ♠❡❛♥s t❤❛t t❤❡
t✇♦ ❛r❡ ❞✉❛❧ t♦ ♦♥❡ ❛♥♦t❤❡r✳ ❲❡ ❝❛♥ ✇r✐t❡ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r ❛ ❣❡♥❡r✐❝ ✈❡❝t♦r
❛♥❞ ❛ ❣❡♥❡r✐❝ ✧❞✐✛❡r❡♥t✐❛❧✧✱ ✇❤✐❝❤ ✐♥ t❤✐s ❝❛s❡ ✐s r❡❢❡rr❡❞ t♦ ❛s ❛ ♦♥❡✲❢♦r♠

X = Xµ∂µ ❛♥❞ w = wµdx
µ . ✭✸✽✮

❚❤❡ s❝❛❧❛r ♣r♦❞✉❝t ♦❢ ❛ ✈❡❝t♦r ✇✐t❤ ❛ ♦♥❡✲❢♦r♠ ✐s ❣✐✈❡♥ ❜②

〈X,w〉 = Xµwµ . ✭✸✾✮

✷❚❤✐s ✐s ❛ ❣❡♥❡r✐❝ ♣♦✐♥t✱ ✐t ❝♦✉❧❞ ❜❡ ❛♥② ✈❛❧✉❡ ❜✉t ❢♦r s✐♠♣❧✐❝✐t② ✇❡ ❛ss✉♠❡ ❛ ♣❛r❛♠❡tr✐③❛t✐♦♥
s✉❝❤ t❤❛t t❤❡ ♣♦✐♥t p ❛t ✇❤✐❝❤ ✇❡ ❡✈❛❧✉❛t❡ t❤❡ ❞❡r✐✈❛t✐✈❡ ❝♦rr❡s♣♦♥❞s t♦ t = 0✳
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❚❤❡s❡ ❛r❡ t❤❡ ❜❛s✐❝s ✐♥❣r❡❞✐❡♥ts t♦ ❝♦♥str✉❝t t❤❡ str✉❝t✉r❡s ✇❡ ❛r❡ ❣♦✐♥❣ t♦
❞❡✈❡❧♦♣✳ ■t ❝❛♥ ❜❡ ❡❛s✐❧② s❤♦✇♥ t❤❛t t❤❡s❡ ♦❜❥❡❝ts ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝♦♦r✲
❞✐♥❛t❡ s②st❡♠✳

◆♦t✐❝❡ t❤❛t ❤❡r❡ ✇❡ ❤❛✈❡ t✇♦ t②♣❡s ♦❢ ❞✐✛❡♦♠♦r♣❤✐s♠s✳ ❚❤❡ ✜rst ♦♥❡ ✐s
Φij ✇❤✐❝❤ ✐s ❛ ❝❤❛♥❣❡ ♦❢ ❝❤❛rt✳ ❚❤✐s ✐s ✐♥ s♦♠❡ s❡♥s❡ ❛ ♣❛ss✐✈❡ tr❛♥s❢♦r♠❛t✐♦♥✱
❛s ✐t ❝♦rr❡s♣♦♥❞s ♦♥❧② t♦ ❛ ♥❡✇ ❝❤♦✐❝❡ ♦❢ ❝♦♦r❞✐♥❛t❡s✳ ❚❤❡ s❡❝♦♥❞ ♦♥❡ ✐s f ∈
Diff(M)✱ ✇❤✐❝❤ s❡♥❞s ❛ ♣♦✐♥t p ∈ M t♦ ❛♥♦t❤❡r ♣♦✐♥t f(p) ∈ M ✭t❤✐s ♠❛②
❝♦♠❡ ✇✐t❤ ❛♥ ❛❞❞✐t✐♦♥❛❧ ♣❛ss✐✈❡ tr❛♥s❢♦r♠❛t✐♦♥ ✐❢ f(p) ✐s ♥♦t ✐♥ t❤❡ s❛♠❡ ❝❤❛rt
❛s p✮✳ ❚❤✐s tr❛♥s❢♦r♠❛t✐♦♥ ✐s ❛❝t✐✈❡ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡ ♣♦✐♥t ✐♥ M ✇❛s s❡♥t
t♦ ❛♥♦t❤❡r ♣♦✐♥t✳ ❇♦t❤ r❡s✉❧ts ✐♥ ❛ tr❛♥s❢♦r♠❛t✐♦♥ ❢♦r t❤❡ ✈❡❝t♦rs ❛♥❞ ♦♥❡✲
❢♦r♠s✳ ❚❛❦❡ t❤❡ ✜rst ❝❛s❡✱ ✇❡ ❤❛✈❡ t✇♦ ❝❤❛rts ✇✐t❤ t❤❡ ❝♦♦r❞✐♥❛t❡s φi = xµ ❛♥❞
φj = yµ✳ ❚❤❡ ♠❛♣ Φij = xµ(y) ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❧✐st ♦❢ ❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥
❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ yµ ❝♦♦r❞✐♥❛t❡s✳ ❲❡ ❤❛✈❡

V µ =
dxµ(c(t))

dt
=
dφi(c(t))

dt
✭✹✵✮

=
d

dt

(

φi ◦ φ−1
j ◦ φj ◦ c(t)

)

=
∂xµ

∂yν
dyν(c(t))

dt
.

■♥ t❤❡ ❝❛s❡ ♦❢ ❛♥ ❛❝t✐✈❡ tr❛♥s❢♦r♠❛t✐♦♥✱ ✇❡ ❤❛✈❡

V µ =
dxµ(f(c(t)))

dt
=
dφi(f(c(t)))

dt
✭✹✶✮

=
d

dt

(

φi ◦ f ◦ φ−1
i ◦ φi ◦ c(t)

)

=
∂fµ

∂xν
dxν(c(t))

dt
.

❍❡♥❝❡ ✐t ✐s ❡❛s② t♦ ♠✐① ✉♣ t❤❡ t✇♦ ❛t t❤❡ ❧❡✈❡❧ ♦❢ t❤❡ ❝♦♦r❞✐♥❛t❡ ♦❢ t❤❡ ✈❡❝t♦rs
s✐♥❝❡ t❤❡② ❛r❡ ❜♦t❤ ✇r✐tt❡♥ ❛s t❤❡ ❏❛❝♦❜✐❛♥ ♦❢ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥✳

❲❡ ❞❡♥♦t❡ Tp(M) t❤❡ s♣❛❝❡ ♦❢ ✈❡❝t♦rs ❛t ❛ ♣♦✐♥t p ❛♥❞ T ∗
p (M) t❤❡ s♣❛❝❡

♦❢ ♦♥❡✲❢♦r♠s ❞✉❛❧ t♦ t❤♦s❡ ✈❡❝t♦rs✳ ❖♥❝❡ ✈❡❝t♦rs ❛♥❞ ♦♥❡✲❢♦r♠s ❛r❡ ❞❡✜♥❡❞✱ ✇❡
❝❛♥ ❞❡✜♥❡ ❛♥② t❡♥s♦r ❛s ❛ ♠✉❧t✐✲❧✐♥❡❛r ♠❛♣ ❢r♦♠ t❤❡ t❡♥s♦r ♣r♦❞✉❝t ♦❢ Tp(M)
❛♥❞ T ∗

p (M) t♦ R

T : Tp(M)⊗ . . . Tp(M)⊗ T ∗
p (M)⊗ · · · ⊗ T ∗

p (M) → R . ✭✹✷✮

❆ s♣❡❝✐❛❧ ❝❧❛ss ♦❢ t❡♥s♦rs ❛r❡ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠s✳ ❚❤❡② ❝♦rr❡s♣♦♥❞ t♦

w : T ∗
p (M) ∧ · · · ∧ T ∗

p (M) → R ✭✹✸✮

✇❤❡r❡ ∧ ✐s t❤❡ ❛♥t✐s②♠♠❡tr✐❝ ♣❛rt ♦❢ t❤❡ t❡♥s♦r ♣r♦❞✉❝t✱ s♦ a∧ b = 1/2(a⊗ b−
b⊗ a)✳ ❚❤❡ ❢♦r♠ ✐s t❤❡♥ t♦t❛❧❧② ❛♥t✐s②♠♠❡tr✐❝✳ ❲❡ ❞❡♥♦t❡ Ωr

p(M) t❤❡ s♣❛❝❡ ♦❢
r✲❢♦r♠s✱ s♦ t❤❡ s♣❛❝❡ ✐s ❞❡s❝r✐❜❡❞ ❜② ❡❧❡♠❡♥ts ✇✐t❤ r ✐♥❞✐❝❡s

w =
1

r!
wµ1...µr

❞xµ1 ∧ · · · ∧ ❞xµr . ✭✹✹✮

◆♦✇ t❤❛t ❢♦r♠s ❛r❡ ❞❡✜♥❡❞✱ ✇❡ ❝❛♥ ❞❡s❝r✐❜❡ ❛♥ ♦♣❡r❛t✐♦♥ s✐♠✐❧❛r t♦ t❤❡ ❞✐❢✲
❢❡r❡♥t✐❛❧ ♦♥ ❢✉♥❝t✐♦♥s✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ❞✐✛❡r❡♥t✐❛❧ t❛❦❡ ❛ ❢✉♥❝t✐♦♥ f : M → R

✶✺



❛♥❞ s❡♥❞ ✐t t♦ t❤❡ ♦♥❡✲❢♦r♠ ❞f ∈ Ω1
p(M)✳ ❲❡ ❝❛♥ ❡①t❡♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤✐s

♦♣❡r❛t✐♦♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②

❞ : Ωr
p(M) → Ωr+1

p (M) ✭✹✺✮

w 7→ ❞w ✭✹✻✮

✇❤❡r❡ ✇❡ ❞❡✜♥❡

❞w =
1

r!
∂µwµ1...µr

❞xµ ∧ ❞xµ1 ∧ · · · ∧ ❞xµr . ✭✹✼✮

❖♥❡ ❝❛♥ s❤♦✇ ✇✐t❤ ❛♥ ❡①♣❧✐❝✐t ❝♦♠♣✉t❛t✐♦♥ t❤❛t ❞2w = 0 ❢♦r ❛♥② ❢♦r♠✳ ❚❤✐s
♦♣❡r❛t♦r✱ ❝❛❧❧❡❞ t❤❡ ❡①t❡r✐♦r ❞❡r✐✈❛t✐✈❡✱ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❢✉rt❤❡r ❞❡✜♥❡ ❛♥ ✐♠✲
♣♦rt❛♥t str✉❝t✉r❡ ♦♥ ❢♦r♠s ✇❤✐❝❤ ✐s t❤❡ ❞❡✲❘❤❛♠ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣✳ ❚♦ ❞❡✜♥❡
t❤✐s ❣r♦✉♣ ✇❡ ♠✉st ✜rst ❞❡✜♥❡ t✇♦ t②♣❡s ♦❢ ❢♦r♠s✳ ❲❡ ❝❛❧❧ ❛♥ r✲❢♦r♠ w ❡①❛❝t ✐❢
w = ❞W ❢♦r s♦♠❡ W ∈ Ωr−1

p (M)✱ ❛♥❞ ✇❡ ❝❛❧❧ ❛♥ r✲❢♦r♠ ❝❧♦s❡❞ ✐❢ ❞w = 0✳ ❋r♦♠
t❤❡ ❞❡✜♥✐t✐♦♥✱ ✇❡ s❡❡ t❤❛t ❛♥ ❡①❛❝t ❢♦r♠ ✐s ♥❡❝❡ss❛r✐❧② ❝❧♦s❡❞✱ ❜✉t t❤❡ ❝♦♥✈❡rs❡
✐s ♥♦t tr✉❡ ✐♥ ❣❡♥❡r❛❧✳ ❯♥❞❡rst❛♥❞✐♥❣ ❜② ❤♦✇ ♠✉❝❤ t❤❡ ❝♦♥✈❡rs❡ ✐s ♥♦t tr✉❡ ✐s
t❤❡ ♣✉r♣♦s❡ ♦❢ t❤❡ ❞❡ ❘❤❛♠ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣✳ ◆♦t❡ t❤❛t ❝❧♦s❡❞ ❢♦r♠s ❝❛♥ ❜❡
✉♥❞❡rst♦♦❞ ❛s t❤❡ ❦❡r♥❡❧ ♦❢ ❞ ❛♥❞ t❤❡ ❡①❛❝t ❢♦r♠s ❛s t❤❡ ✐♠❛❣❡ ♦❢ ❞✳ ❚❤❡ rt❤

❞❡✲❘❤❛♠ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣ ✐s t❤❡♥ ❞❡✜♥❡❞ ❜②

Hr(M) = ker(❞r+1)/im(❞r) . ✭✹✽✮

▲❡t ✉s ❣✐✈❡ ❛ s✐♠♣❧❡ ♣❤②s✐❝❛❧ ❡①❛♠♣❧❡ ❢♦r ❝♦♥❝r❡t❡♥❡ss✳ ■❢ ✇❡ t❛❦❡ M = Rn✱
t❤❡♥ ✇❡ ❦♥♦✇ ❜② P♦✐♥❝❛ré✬s ❧❡♠♠❛ t❤❛t ❛❧❧ t❤❡ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣s ❛r❡ tr✐✈✐❛❧
✭❡①❝❡♣t ❢♦r H0(Rn) ≃ R✮ s✐♥❝❡ Rn ✐s ❝♦♥tr❛❝t✐❜❧❡✳ ■♥ ❡❧❡❝tr♦♠❛❣♥❡t✐s♠✱ ❤❛❧❢ ♦❢
▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛s ❞F = 0✱ ✇❤❡r❡ F ✐s t❤❡ ❡❧❡❝tr♦♠❛❣✲
♥❡t✐❝ ✷✲❢♦r♠✱ s♦ ✇❡ ❦♥♦✇ t❤❛t ✐t ✐s ❝❧♦s❡❞✳ ❚❤❡ ❡q✉❛t✐♦♥ ✐s ❛❧s♦ ✐♠♠❡❞✐❛t❡❧②
♦❜❡②❡❞ ❜② F ′ = F + ❞w ❢♦r w ∈ Ω1

p(R
n)✳ ❙♦ F ✐s ✐♥ t❤❡ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣

H2(Rn)✱ ✇❤✐❝❤ ✐s tr✐✈✐❛❧ ✐♥ t❤✐s ❝❛s❡✳ ❙♦ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t F ✐s ❛♥ ❡①✲
❛❝t ❢♦r♠ ❣❧♦❜❛❧❧②✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ ❞❡✜♥❡ t❤❡ ♦♥❡✲❢♦r♠ ♣♦t❡♥t✐❛❧ A s✉❝❤ t❤❛t
F = dA✳ ❙✐♥❝❡ ❛♥② ♠❛♥✐❢♦❧❞ ✐s ❧♦❝❛❧❧② Rn✱ t❤✐s ❝❛♥ ❛❧✇❛②s ❜❡ ❞♦♥❡ ❧♦❝❛❧❧② ❢♦r
❛♥② ♠❛♥✐❢♦❧❞✳ ❚❤❡ ♦❜str✉❝t✐♦♥ t♦ ♠❛❦❡ t❤✐s ❡①♣r❡ss✐♦♥ ❣❧♦❜❛❧ ✐s ❣✐✈❡♥ ❜② t❤❡
s❡❝♦♥❞ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣ H2(M)✳

■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ s♣❛❝❡ M ✐s ❡♥❞♦✇❡❞ ✇✐t❤ ❛ ♠❡tr✐❝✱ t❤❡ s♣❛❝❡ ✐s ❝❛❧❧❡❞
❛ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞✳ ❆❞❞✐t✐♦♥❛❧ str✉❝t✉r❡ ❡①✐sts ❢♦r ❢♦r♠s ♦♥ ❛ ❘✐❡♠❛♥♥✐❛♥
♠❛♥✐❢♦❧❞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡ t❤❡ ❍♦❞❣❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡✜♥❡❞ ♦♥ ❛♥ r✲❢♦r♠
❜②

∗w =

√

|g|
(n− r)!

wµ1...µr
ǫµ1...µr

µr+1...µn
❞xµr+1 ∧ · · · ∧ ❞xµn . ✭✹✾✮

❲❡ ❤❛✈❡ ∗1 =
√

|g|❞x1∧· · ·∧❞xn ✇❤✐❝❤ ✐s t❤❡ ✈♦❧✉♠❡ ❢♦r♠✱ ✐t ❤❛s t❤❡ ♣r♦♣❡rt②
♦❢ ❜❡✐♥❣ ✐♥✈❛r✐❛♥t ✉♥❞❡r ❞✐✛❡♦♠♦r♣❤✐s♠s✳ ❚❤❡ ❍♦❞❣❡ str✉❝t✉r❡ ❛❧❧♦✇s ❢♦r t❤❡
✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ ❛♥② w ∈ Ωr(M) ✇✐t❤ ❛ ❢♦r♠ ∗w ∈ Ωn−r(M)✱ ❛♥❞ ❝♦♥✈❡rs❡❧②✳
❚❤❡ ❍♦❞❣❡ st❛r ✐s ❛♥ ✐♥✈♦❧✉t✐♦♥ ♦❢ Ωr(M) ✭✉♣ t♦ ❛ s✐❣♥✮✳ ❲❡ ❝❛♥ ❛❧s♦ ❞❡✜♥❡

✶✻



❛♥ ✐♥♥❡r ♣r♦❞✉❝t ♦♥ Ωr(M) ❜②

〈w, η〉 =
∫

M
w ∧ ∗n , ❢♦r w, η ∈ Ωr(M) , ✭✺✵✮

✇❤❡r❡ t❤❡ ♠❡❛s✉r❡ ❢♦r t❤✐s ✐♥t❡❣r❛❧ ✐s t❤❡ ✈♦❧✉♠❡ ❢♦r♠✳ ❚❤✐s ❝❛♥ ❜❡ ✉s❡❞ ❢♦r
❡①❛♠♣❧❡ t♦ ❞❡✜♥❡ t❤❡ ▲❛❣r❛♥❣✐❛♥ ♦❢ t❤❡ ❛❜❡❧✐❛♥ ❨❛♥❣✲▼✐❧❧s t❤❡♦r② ❛s

L = −1

4

∫

M
F ∧ ∗F = −1

4

∫

M
FµνF

µν , ✭✺✶✮

❢♦r F t❤❡ ✷✲❢♦r♠ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ t❡♥s♦r✳ ❍♦❞❣❡✬s ❞✉❛❧✐t② ❝❛♥ ❛❧s♦ ❜❡ ✉s❡❞ t♦
❞❡✜♥❡ t❤❡ ❛❞❥♦✐♥t ❞† ♦❢ t❤❡ ❡①t❡r✐♦r ❞❡r✐✈❛t✐✈❡ ❞✳ ■t ✐s ❞❡✜♥❡❞ ❛s

❞† = (−1)k ∗ ❞∗ , ✭✺✷✮

✇❤❡r❡ k ❞❡♣❡♥❞s ♦♥ t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ ❢♦r♠✱ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ s♣❛❝❡✱ ❛♥❞ ♦♥
✇❤❡t❤❡r t❤❡ s♣❛❝❡ ✐s ❘✐❡♠❛♥♥✐❛♥ ♦r ♣s❡✉❞♦✲❘✐❡♠❛♥♥✐❛♥✳ ■t ✐s ❛ ♠❛♣ Ωr(M) →
Ωr−1(M)✳ ❲✐t❤ ❞† ❛♥❞ ❞✱ ✇❡ ❝❛♥ ❞❡✜♥❡❞ ♦♥❡ ❧❛st ♦♣❡r❛t✐♦♥ ♦♥ Ωr(M)✱ ❛♥❞
t❤❛t ✐s t❤❡ ▲❛♣❧❛❝✐❛♥✳ ■t ✐s ❞❡✜♥❡❞ ❛s

∆ = ❞❞† + ❞†❞ . ✭✺✸✮

❚❤✐s ♦♣❡r❛t♦r r❡❞✉❝❡s t♦ t❤❡ ✉s✉❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ✢❛t
s♣❛❝❡ ✇✐t❤ ❊✉❝❧✐❞✐❛♥ ♠❡tr✐❝✳ ❈♦♠✐♥❣ ❜❛❝❦ t♦ t❤❡ ❡①❛♠♣❧❡ ♦❢ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝
t❡♥s♦r F ✱ t❤❡ r❡st ♦❢ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s ❝❛♥ ✇r✐tt❡♥ ✉s✐♥❣ ❞†✳ ❲❡ ❤❛❞ F = ❞A
✐♥ s♦♠❡ ❝❤❛rt✱ ✇❤✐❝❤ s♦❧✈❡❞ t❤❡ ✜rst s❡t ♦❢ ❡q✉❛t✐♦♥ ❞F = 0✳ ❚❤❡ ♦t❤❡r ❡q✉❛t✐♦♥s
❛r❡

❞†F = ❞†❞A = j , ✭✺✹✮

✇❤❡r❡ j ✐s t❤❡ ♦♥❡✲❢♦r♠ ♠❛tt❡r ❝✉rr❡♥t✳ ❲❡ ❝❛♥ ✜① ❛ ❝❡rt❛✐♥ ❣❛✉❣❡ A′ s✉❝❤ t❤❛t
d†A′ = d†A + d†df = 0✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ▲♦r❡♥t③ ❣❛✉❣❡✳ ▼❛①✇❡❧❧✬s
❡q✉❛t✐♦♥s ✐♥ t❤✐s ❣❛✉❣❡ t❛❦❡ t❤❡ ❢♦r♠

❞2A′ = 0 , ∆A′ = j . ✭✺✺✮

❆ ❝❡♥tr❛❧ t❤❡♦r❡♠ ♦❢ ❘✐❡♠❛♥♥✐❛♥ ❣❡♦♠❡tr② ✐s t❤❡ ❍♦❞❣❡ ❞❡❝♦♠♣♦s✐t✐♦♥ t❤❡✲
♦r❡♠✳ ■t st❛t❡s

∀w ∈ Ωr(M) , ∃ h ∈ ❍❛r♠r, b ∈ Ωr−1, z ∈ Ωr+1 | w = h+ ❞b+ ❞†z .
✭✺✻✮

❍❛r♠r ✐s ❞❡✜♥❡❞ ❛s t❤❡ s♣❛❝❡ ♦❢ ❤❛r♠♦♥✐❝ ❢♦r♠s✱ ✐✳❡✳ s✉❝❤ t❤❛t ∆w = 0✳ ❙♦ ❛♥②
❢♦r♠ ♦♥ ❛ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛ s✉♠ ♦❢ ❛♥ ❤❛r♠♦♥✐❝ ❢♦r♠✱
❛♥ ❡①❛❝t ❢♦r♠ ❛♥❞ ❛ ❝♦✲❡①❛❝t ❢♦r♠✳

❚❤❡ ❧❛st ✐♥❣r❡❞✐❡♥t ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❞✐s❝✉ss ✐s t❤❡ ❝♦♥♥❡❝t✐♦♥✳ ❆ ❝♦♥♥❡❝t✐♦♥
♦♥ ❛ ♠❛♥✐❢♦❧❞ ✐s ❛ ✇❛② t♦ ❝❛♣t✉r❡ ❤♦✇ ✈❡❝t♦r ✜❡❧❞s ❝❤❛♥❣❡ ❢♦r ❛♥ ✐♥✜♥✐t❡s✐♠❛❧
❞✐s♣❧❛❝❡♠❡♥t ❛❧♦♥❣ ❛ ❝❡rt❛✐♥ ❞✐r❡❝t✐♦♥✳ ❆ ✈❡❝t♦r ✜❡❧❞ ✐s s✐♠♣❧② ❛ ✈❡❝t♦r t❤❛t
❡✈♦❧✈❡s s♠♦♦t❤❧② ❛❧♦♥❣ ❛ ❝✉r✈❡✳ ❲❡ ✇r✐t❡ t❤❡ s♣❛❝❡ ♦❢ ✈❡❝t♦rs ✜❡❧❞s X(M)✳ ❆
❝♦♥♥❡❝t✐♦♥ ✐s ❛ ♠❛♣ ∇ : X(M)× X(M) → X(M) ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s
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✭✐✮ ∇X(Y + Z) = ∇XY +∇XZ ✱

✭✐✐✮ ∇X+ZY = ∇XY +∇ZY ✱

✭✐✐✐✮ ∇fXY = f∇XY ✱

✭✐✈✮ ∇XfY = X[f ]Y + f∇XY ✳

■♥ ❛ ❝❤❛rt✱ t❤❡ ❝♦♥♥❡❝t✐♦♥✱ ❛❧s♦ ❝❛❧❧❡❞ ✐♥ t❤✐s ❝♦♥t❡①t t❤❡ ❝♦✈❛r✐❛♥t ❞❡r✐✈❛t✐✈❡✱
✐s s♣❡❝✐✜❡❞ ❜② ✐ts ❛❝t✐♦♥ ♦♥ t❤❡ ❜❛s✐s ✈❡❝t♦rs✳ ❙♦ ✇❡ ❞❡✜♥❡

〈∇∂µ
∂ν , ❞x

ρ〉 = Γ ρ
µν , ✭✺✼✮

t❤❡ ❝♦♥♥❡❝t✐♦♥ ❝♦❡✣❝✐❡♥ts✳ ❚❤❡② ❝❛♥ ❜❡ t❤♦✉❣❤t ♦❢ ❛s ❛ ❧✐st ♦❢ ♠❛tr✐❝❡s
{Γ ρ

1ν , . . . ,Γ ρ
nν }✱ ♦♥❡ ❢♦r ❡❛❝❤ ❞✐r❡❝t✐♦♥✳ ❚❤❡s❡ ♠❛tr✐❝❡s ❛r❡ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥s

t❤❛t ❛❝t ♦♥ ❛ ✈❡❝t♦r ✇❤❡♥ ✧♠♦✈✐♥❣✧ ✐♥✜♥✐t❡s✐♠❛❧❧② ❛❧♦♥❣ ❡❛❝❤ ❞✐r❡❝t✐♦♥✳
❆ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ✇❤❛t ✇❡ ♣r❡s❡♥t❡❞ ✐s t❤❡ ❝♦♥❝❡♣t ♦❢ ❛ ✜❜❡r ❜✉♥❞❧❡✳ ❚❤❡

❜❛s✐❝ ❝♦♥str✉❝t✐♦♥ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ♦❢ ❛ ♠❛♥✐❢♦❧❞✱ t❤♦✉❣❤ s♦♠❡✇❤❛t
♠♦r❡ ❛❜str❛❝t✳ ■♥ ❢❛❝t ❛ s♠♦♦t❤ ♠❛♥✐❢♦❧❞ ✐s ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ❛ ✜❜❡r ❜✉♥❞❧❡
❝❛❧❧❡❞ t❤❡ t❛♥❣❡♥t ❜✉♥❞❧❡✳ ■♥ t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ ✜❜❡r ❜✉♥❞❧❡s✱ t❤❡ t❛♥❣❡♥t ❜✉♥❞❧❡
✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❚❤❡ s♣❛❝❡ ♦❢ ✈❡❝t♦rs ❛t ❛ ♣♦✐♥t p ∈ M ✇❛s ✇r✐tt❡♥ TpM✳ ❲❡
❝❛♥ t❛❦❡ t❤❡ ✉♥✐♦♥ ♦❢ t❤♦s❡ s♣❛❝❡s ❢♦r ❛❧❧ t❤❡ ♣♦✐♥ts p ✐♥ ❛ ❣✐✈❡♥ ❝❤❛rt Ui t♦ t❛❧❦
❛❜♦✉t ❛❧❧ t❤❡ t❛♥❣❡♥t s♣❛❝❡s ✐♥ ❛ ❝❤❛rt Ui✳ ❙♦ ✇❡ ✇r✐t❡

TUi =
⋃

p∈Ui

TpM . ✭✺✽✮

❚❤✐s ♠❡❛♥s t❤❛t ❢♦r ❛♥② p ∈ Ui✱ ✇❡ ❤❛✈❡ ❛ s♣❛❝❡ TpM ∈ TUi ❛ss♦❝✐❛t❡❞
t♦ t❤✐s ♣♦✐♥t✳ ❙✐♥❝❡ Ui ❛♥❞ TpM ❛r❡ ❜♦t❤ ❤♦♠❡♦♠♦r♣❤✐❝ t♦ Rn✱ TUi ❝❛♥
❜❡ ✉♥❞❡rst♦♦❞ ❛s t❤❡ ❞✐r❡❝t ♣r♦❞✉❝t Rn × Rn ✇✐t❤ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ❣✐✈❡♥ ❜②
(p, V ) 7→ (xµ(p), V µ(p))✳ ❆ ♣♦✐♥t u ∈ TUi ❝❛♥ ❛❧✇❛②s ❜❡ ❞❡❝♦♠♣♦s❡❞ ❛s ❛
✈❡❝t♦r V ❛♥❞ ❛ ♣♦✐♥t p ❛t ✇❤✐❝❤ t❤❡ ✈❡❝t♦r ✐s ❡✈❛❧✉❛t❡❞✳ ❚❤✐s ✐s ❢♦r♠❛❧✐③❡❞ ❜②
❛ ♣r♦❥❡❝t✐♦♥ π(u) = p ❢♦r u ∈ TUi✳ ❚❤❡ ✜❜❡r ❛t ❛ ♣♦✐♥t p ✐s t❤❡♥ ❞❡✜♥❡❞ ❛s
π−1(p)✱ ♠❡❛♥✐♥❣ ❛❧❧ t❤❡ ♣♦✐♥ts u ∈ TUi s✉❝❤ t❤❛t t❤❡✐r ❜❛s❡ ♣♦✐♥t ✐s p✳ ■♥ t❤❡
♣r❡s❡♥t ❝❛s❡✱ ✇❡ ❤❛✈❡ ❢♦r ❛ ✜①❡❞ p✱ π−1(p) ≃ Rn✱ ✇❤✐❝❤ ✐s t❤❡ s♣❛❝❡ ♦❢ ✈❡❝t♦rs
❛t ❛ ♣♦✐♥t p✳ ❲❡ ❝❛♥ ❞❡✜♥❡ ❛ ❞✐✛❡♦♠♦r♣❤✐s♠ ❢r♦♠ t❤❡ ❞✐r❡❝t ♣r♦❞✉❝t Ui×TpM
t♦ t❤❡ ✜❜❡r ❜②

ϕi : Ui × TpM → π−1(Ui) ✭✺✾✮

(p, V ) 7→ V (p) , ✭✻✵✮

✇❤✐❝❤ ❛r❡ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ♣r♦❥❡❝t✐♦♥ ✿ π ◦ ϕi(p, V ) = p✳ ❖♥ Ui ∩ Uj 6= ∅✱
t❤❡ ♠❛♣s ϕi(p, V ) ❛♥❞ ϕj(p, V ) ❢♦r ❛ ✜①❡❞ ♣♦✐♥t p ❛r❡ ❞✐✛❡♦♠♦r♣❤✐s♠ ♦❢ t❤❡
✜❜❡r TpM✳ ❚❤❡② ❛r❡ r❡❧❛t❡❞ ❜②

ϕi,p(V ) = tij(p)ϕj,p(V ) ⇔ V µ =
∂xµ

∂yν
Ṽ ν ✭✻✶✮

✶✽



✇❤❡r❡ tij(p) ∈ ●▲n(R)✳ ●▲n(R) ✐s ❝❛❧❧❡❞ t❤❡ str✉❝t✉r❡ ❣r♦✉♣✱ ✐t t❡❧❧s ✉s ❤♦✇ t♦
st✐t❝❤ t❤❡ ❞✐✛❡r❡♥t ✜❜❡r ♣❛t❝❤❡s t♦❣❡t❤❡r✳ ❋✐♥❛❧❧②✱ ✇❡ ❝❛❧❧ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧
t❤❡ ❝❤❛rts ♦♥ M t❤❡ t❛♥❣❡♥t ❜✉♥❞❧❡✱ ❛♥❞ ✇r✐t❡ ✐t

TM =
⋃

p∈M
TpM . ✭✻✷✮

❆ ✈❡❝t♦r ✜❡❧❞ ✐s t❤❡♥ ❞❡✜♥❡❞ ❜② t❤❡ ♠❛♣ X : M → TM✳ ❚❤✐s ♠❛♣s ❛ss♦❝✐❛t❡
❢♦r ❡❛❝❤ p ❛ ✈❡❝t♦r ✐♥ TpM✱ s♦ t❤❡ ✈❡❝t♦r ✜❡❧❞ ♦❜❡②s t❤❡ r❡❧❛t✐♦♥

π ◦X(p) = p . ✭✻✸✮

❆♥② ♠❛♣ σ ❢r♦♠ t❤❡ ❜❛s❡ s♣❛❝❡ t♦ t❤❡ ✜❜❡r ✐s ❝❛❧❧❡❞ ❛ s❡❝t✐♦♥ ✐❢ ✐t ♦❜❡②s t❤❡
❛❜♦✈❡ ❝♦♥❞✐t✐♦♥✳ ■♥ ♣❤②s✐❝s✱ s❡❝t✐♦♥s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ✜❡❧❞s ✇❡ ✉s❡✱ s✉❝❤ ❛s
t❤❡ ♦♥❡✲❢♦r♠ ♣♦t❡♥t✐❛❧ ✇❤✐❝❤ ✐s ❛ s❡❝t✐♦♥ ♦❢ ❛ ♣r✐♥❝✐♣❛❧ ❜✉♥❞❧❡✳

▲❡t ✉s ❧♦♦❦ ❛t t❤❡ ❡①❛♠♣❧❡ ♦❢ ❛ ♣r✐♥❝✐♣❛❧ ❜✉♥❞❧❡ ♠♦r❡ ❝❧♦s❡❧②✳ ❆ ♣r✐♥❝✐♣❛❧
❜✉♥❞❧❡ ✐s ❞❡✜♥❡❞ ❜② t❤❡ ❢❛❝t t❤❛t t❤❡ ✜❜❡r ✐s t❤❡ str✉❝t✉r❡ ❣r♦✉♣ ✐ts❡❧❢✳ ❋♦r
❛ ♣r✐♥❝✐♣❛❧ ❜✉♥❞❧❡✱ t❤❡ ❧♦❝❛❧ tr✐✈✐❛❧✐③❛t✐♦♥s ❛r❡ ϕi : Ui × G → π−1(Ui) ✇❤❡r❡
G ✐s ❛ ▲✐❡ ❣r♦✉♣✳ ❚❤❡ ♣r♦❥❡❝t✐♦♥ ✐s ❞❡✜♥❡❞ ❜② π : P → M ✇❤❡r❡ P ✐s t❤❡
t♦t❛❧ s♣❛❝❡ ♦❢ t❤❡ ♣r✐♥❝✐♣❛❧ ❜✉♥❞❧❡✱ ❧♦❝❛❧❧② ❞✐✛❡♦♠♦r♣❤✐❝ t♦ t❤❡ t❡♥s♦r s♣❛❝❡
M×G✳ ❚❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥s ♦♥ t❤❡ ✜❜❡r ❛r❡ s✐♠♣❧② ❣✐✈❡♥ ❜②
t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦♥ t❤❡ ❧❡❢t ✐♥ t❤❡ ❣r♦✉♣✱ s♦ ❢♦r p ∈ Ui ∩ Uj 6= ∅✱

ϕi(p, gi) = ϕj(p, tjigi) = ϕj(p, gj) . ✭✻✹✮

❇✉t ❜❡❝❛✉s❡ ♦❢ t❤❡ ❣r♦✉♣ str✉❝t✉r❡ ♦❢ t❤❡ ✜❜❡r✱ ✇❡ ❛❧s♦ ❤❛✈❡ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢
❛❝t✐♥❣ ♦♥ t❤❡ r✐❣❤t✱

ϕi(p, gi)a = ϕi(p, gia) ✭✻✺✮

❚❤✐s ❞❡✜♥✐t✐♦♥ ♠❛❦❡s s❡♥s❡ ❜❡❝❛✉s❡ ϕi(p, g) ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡ ✜❜❡r ❛t p✱ s♦
♠✉❧t✐♣❧✐❝❛t✐♦♥ ✐s ✇❡❧❧ ❞❡✜♥❡❞✳ ❚❤✐s ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❧♦❝❛❧
tr✐✈✐❛❧✐③❛t✐♦♥ s✐♥❝❡ ✇❡ ❤❛✈❡ ❢♦r p ∈ Ui ∩ Uj 6= ∅✱

ϕi(p, gi)a = ϕi(p, gia) = ϕi(p, tij(p)gja) = ϕj(p, gja) . ✭✻✻✮

❚❤❡ r✐❣❤t ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❛❧❧♦✇s ✉s t♦ ❞❡✜♥❡ ❛ ♣r❡❢❡rr❡❞ ❧♦❝❛❧ tr✐✈✐❛❧✐③❛t✐♦♥ ϕi

❣✐✈❡♥ ❛ ♣❛rt✐❝✉❧❛r s❡❝t✐♦♥ σi(p)✳ ❲❡ ❝❛♥ ❛❧✇❛②s ❜✉✐❧❞ ❛ ❧♦❝❛❧ tr✐✈✐❛❧✐③❛t✐♦♥ ❜②
♠✉❧t✐♣❧②✐♥❣ ❛ s❡❝t✐♦♥ σi(p) ❜② ❛♥ ❡❧❡♠❡♥t g ∈ G s✉❝❤ t❤❛t ϕi(p, g) = si(p)g✳ ■♥
t❤✐s ❧♦❝❛❧ tr✐✈✐❛❧✐③❛t✐♦♥✱ t❤❡ s❡❝t✐♦♥ σi ✐s ❡①♣r❡ss❡❞

σi(p) = ϕi(p, e) ✭✻✼✮

✇❤❡r❡ e ∈ G ✐s t❤❡ ✐❞❡♥t✐t② ❡❧❡♠❡♥t ♦❢ t❤❡ ❣r♦✉♣✳ ❚❤✐s ❝❤♦✐❝❡ ♦❢ ❧♦❝❛❧ tr✐✈✐❛❧✐③❛✲
t✐♦♥ ✐s ❝❛❧❧❡❞ t❤❡ ❝❛♥♦♥✐❝❛❧ ❧♦❝❛❧ tr✐✈✐❛❧✐③❛t✐♦♥✳ ❈♦♥✈❡rs❡❧②✱ ❣✐✈❡♥ ❛ ❧♦❝❛❧ tr✐✈✐❛❧✲
✐③❛t✐♦♥ ϕi(p, g)✱ ✇❡ ❝❛♥ ❜✉✐❧❞ ❛ ❝❛♥♦♥✐❝❛❧ s❡❝t✐♦♥ σi(p) ❜② ϕi(p, g) = ϕi(p, e)g =
σi(p)g✳

❆ ❝♦♥♥❡❝t✐♦♥ ✐♥ t❤✐s ❝♦♥t❡①t ✐s ❛ s❡♣❛r❛t✐♦♥ ♦❢ t❤❡ t❛♥❣❡♥t s♣❛❝❡ TuP ✐♥t♦ ❛
✈❡rt✐❝❛❧ s✉❜s♣❛❝❡ ✭VuP ✮ ❛♥❞ ❛♥ ❤♦r✐③♦♥t❛❧ ♦♥❡ ✭HuP ✮✳ ❚❤❡s❡ ❛r❡ ❞❡✜♥❡ ✐♥ t❤❡

✶✾



❢♦❧❧♦✇✐♥❣ ✇❛②✳ ❚❤❡ r✐❣❤t ❛❝t✐♦♥ ♦♥ t❤❡ ❜✉♥❞❧❡ ❞❡✜♥❡s ❛ r✐❣❤t ❛❝t✐♦♥ ♦♥ TuP ✳
❚❤✐s ✐s ✇r✐tt❡♥ ❢♦r X ∈ TuP ❛♥❞ A ❛ ✈❡❝t♦r ✜❡❧❞ s✉❝❤ t❤❛t g = ❡①♣(tA) ∈ G

A = Rg∗X =
❞

❞t
(f(uetA))

∣

∣

∣

t=0
✭✻✽✮

❚❤❡ ✈❡❝t♦r ✜❡❧❞ A ❧✐❡s ✐♥ t❤❡ ✈❡rt✐❝❛❧ s✉❜s♣❛❝❡ ♦❢ TuP ❜❡❝❛✉s❡ ✐❢ ✇❡ ♥♦t❡ π(u) =
p t❤❡♥ π(uetA) = p✳ ❙♦ t❤❡ ✈❡❝t♦r ✜❡❧❞ A ❧✐❡s ✐♥ t❤❡ ✜❜❡r ❛t p✱ t❤❡ ✈❡rt✐❝❛❧
s✉❜s♣❛❝❡ ✐s ❣❡♥❡r❛t❡❞ ❜② ♠♦✈✐♥❣ ♦♥❧② ❛❧♦♥❣ t❤❡ ✜❜❡r✳

❆ ❝♦♥♥❡❝t✐♦♥ ✐s t❤❡♥ ❛ g✲✈❛❧✉❡❞ ♦♥❡✲❢♦r♠ t❤❛t ♣r♦❥❡❝ts TuP ♦♥t♦ VuP ✳ ▼♦r❡
♣r❡❝✐s❡❧②✱ ✇r✐t✐♥❣ t❤✐s ♦♥❡✲❢♦r♠ w✱ ✇❡ ❤❛✈❡

✭✐✮ w(A) = A ∈ g ✱

✭✐✐✮ R∗
gw = g−1wg ✳

❚❤❡ ✜rst ❧✐♥❡ ♠❡❛♥s t❤❛t t❤❡ w ♠❛♣s VuP ♦♥t♦ t❤❡ ▲✐❡ ❛❧❣❡❜r❛✳ ❚❤❡ s❡❝♦♥❞
❧✐♥❡ ♠❡❛♥s t❤❛t t❤❡ ♦♥❡✲❢♦r♠ w tr❛♥s❢♦r♠s ✐♥ t❤❡ ❛❞❥♦✐♥t r❡♣r❡s❡♥t❛t✐♦♥ ✉♣♦♥
r✐❣❤t ❛❝t✐♦♥ ♦❢ t❤❡ ❣r♦✉♣✳ ●✐✈❡♥ t❤❡ ❝❛♥♦♥✐❝❛❧ tr✐✈✐❛❧✐③❛t✐♦♥✱ t❤❡ ❝♦♥♥❡❝t✐♦♥ ✐s
❧♦❝❛❧❧② t❤❡ ♦♥❡✲❢♦r♠ ♣♦t❡♥t✐❛❧✱ ❢❛♠✐❧✐❛r t♦ ♣❤②s✐❝✐sts✳

❋✐❜❡r ❜✉♥❞❧❡s ❛r❡ t❤❡ ♥❛t✉r❛❧ ❧❛♥❣✉❛❣❡ ❢♦r ❝❧❛ss✐❝❛❧ ❣❛✉❣❡ t❤❡♦r✐❡s✳ ■t ❣✐✈❡s
❛♥ ✐♥t❡r❡st✐♥❣ ❛❧t❡r♥❛t✐✈❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦♥ ♣❤②s✐❝s✳ ■♥ t❤✐s t❤❡s✐s✱ ✇❡ ✇✐❧❧ ♠❛❦❡
✉s❡ ♦❢ ♥♦t✐♦♥s r❡❧❛t❡❞ t♦ ❞✐✛❡r❡♥t✐❛❧ ❣❡♦♠❡tr② ❛♥❞ ✜❜❡r ❜✉♥❞❧❡s✱ ✇❤✐❧❡ tr②✐♥❣ t♦
❦❡❡♣ ♥♦t❛t✐♦♥s ❝❧♦s❡r t♦ t❤❡ ✉s✉❛❧ ♣❤②s✐❝s ❝♦♥✈❡♥t✐♦♥s✳ ❚❤❡ ❜❛s✐❝s ♦❢ ❞✐✛❡r❡♥t✐❛❧
❣❡♦♠❡tr② ❛♥❞ ✜❜❡r ❜✉♥❞❧❡s ❡①♣❧❛✐♥❡❞ ❛❜♦✈❡ ❛r❡ s✉✣❝✐❡♥t t♦ ❣r❛s♣ t❤❡ r❡st ♦❢ t❤✐s
♠❛♥✉s❝r✐♣t✱ t❤♦✉❣❤ ♠✉❝❤ ♠♦r❡ s❤♦✉❧❞ ❜❡ ❝♦✈❡r❡❞ ❢♦r ❛♥ ❡①t❡♥s✐✈❡ ✐♥tr♦❞✉❝t✐♦♥✳
❲❡ ♥♦✇ ❞✐✈❡ ✐♥t♦ t❤❡ ♠❛✐♥ ❞❡✈❡❧♦♣♠❡♥t✱ t❤❡ st✉❞② ♦❢ ♥✐❧♠❛♥✐❢♦❧❞s ❛♥❞ t❤❡✐r
✉s❡ ❢♦r ❣❛✉❣❡✲❍✐❣❣s ✉♥✐✜❝❛t✐♦♥✳

❖✉r st✉❞② ✇✐❧❧ ❢♦❝✉s ♦♥ ❝♦♠♣❛❝t ♠❛♥✐❢♦❧❞s ❛♥❞ ♠♦r❡ s♣❡❝✐✜❝❛❧❧② ♦♥ ♥✐❧♠❛♥✲
✐❢♦❧❞s✱ ❛❧s♦ ❦♥♦✇♥ ❛s t✇✐st❡❞ t♦r✐✳ ❚❤❡ t✇✐st ✇✐❧❧ ❜❡ t❤❡ ♠❛✐♥ ♥❡✇ ✐♥❣r❡❞✐❡♥t ✐♥
♦✉r st✉❞②✳ ❖✉r st❛rt✐♥❣ ♣♦✐♥t ✇✐❧❧ ❜❡ ❛ ♣✉r❡ ❨❛♥❣✲▼✐❧❧s t❤❡♦r② ✐♥ ✼ ❞✐♠❡♥s✐♦♥s✳
❚❤❡ t❤r❡❡ ❡①tr❛ ❞✐♠❡♥s✐♦♥s ❢♦r♠ t❤❡ s✐♠♣❧❡st ❡①❛♠♣❧❡ ♦❢ ❛ ♥✐❧♠❛♥✐❢♦❧❞✱ ♥❛♠❡❧②
t❤❡ ❍❡✐s❡♥❜❡r❣ ♠❛♥✐❢♦❧❞ ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬✸✻❪✮✳ ❖✉r ✜rst t❛s❦ ✇✐❧❧ ❜❡ t♦ r❡✈✐❡✇
t❤❡ ❣❡♦♠❡tr② ♦❢ t❤✐s ♠❛♥✐❢♦❧❞ ❛♥❞ t❤❡ s♦❧✉t✐♦♥s t♦ t❤❡ ▲❛♣❧❛❝❡ ❡q✉❛t✐♦♥ ♦♥ t❤✐s
s♣❛❝❡✳ ❖♥❝❡ ✇❡ ❦♥♦✇ t❤❡ ♠♦❞❡s ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥✱ ✇❡ ✇✐❧❧ ❜❡ ❛❜❧❡ t♦ st✉❞② t❤❡
❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧✳ ❚❤❡ ❡✛❡❝t✐✈❡ t❤❡♦r② ❝♦♠♣r✐s❡s ❛❞❥♦✐♥t s❝❛❧❛r
✜❡❧❞s ✇✐t❤ ❛ ♠❛ss ❛♥❞ ❛ ♣♦t❡♥t✐❛❧ ❛t tr❡❡ ❧❡✈❡❧✳ ❲❡ t❤❡♥ st✉❞② t❤❡ ♣♦t❡♥t✐❛❧
t♦ ♣r♦❞✉❝❡ ❞✐✛❡r❡♥t ❜r❡❛❦✐♥❣ ♣❛tt❡r♥s✳ ❲❡ ❛❧s♦ ✜♥❞ ❛ ❣❡♥❡r❛❧ ❛♣♣r♦❛❝❤ t♦ t❤❡
❜r❡❛❦✐♥❣ ♦❢ t❤❡ ❣❛✉❣❡ ❢♦r ❛♥ ❛r❜✐tr❛r② s❡♠✐✲s✐♠♣❧❡ ❣❛✉❣❡ ❣r♦✉♣✱ ❛❧❧♦✇✐♥❣ ✉s t♦
st✉❞② t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ♦♥ ❣❡♥❡r❛❧ ❣r♦✉♥❞s✳ ▲❛st❧② ✇❡ ❝♦♥❝❧✉❞❡ ♦✉r ❛♥❛❧②s✐s
✇✐t❤ ❛♥ ❡①♣❧✐❝✐t r❡♥♦r♠❛❧✐③❡❞ ❡①❛♠♣❧❡ ❛♥❞ s♦♠❡ ❝♦♠♠❡♥ts ♦♥ t❤❡ ♣♦ss✐❜✐❧✐t✐❡s
❛♥❞ ❧✐♠✐ts ♦❢ t❤❡ ♠♦❞❡❧✳

✵✳✸ ❈♦♥tr✐❜✉t✐♦♥s

❚❤✐s ♠❛♥✉s❝r✐♣t ✐s ❝♦♠♣♦s❡❞ ♦❢ ❛ r❡✈✐❡✇ ♦❢ ❡①✐st✐♥❣ r❡s✉❧ts ❛❧♦♥❣ ✇✐t❤ ♠②
♦r✐❣✐♥❛❧ ✇♦r❦✳ ❚❤❡ ♣r❡❡①✐st✐♥❣ ♠❛t❡r✐❛❧ ❝♦♥s✐sts ♦❢ t❤❡ st✉❞② ♦❢ t❤❡ ❣❡♦♠❡tr② ♦❢
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t❤❡ ❍❡✐s❡♥❜❡r❣ ♠❛♥✐❢♦❧❞ ❛♥❞ t❤❡ st✉❞② ♦❢ t❤❡ ▲❛♣❧❛❝❡ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ✈❛r✐♦✉s
❢♦r♠s ♦♥ t❤✐s s♣❛❝❡✳ ❚❤❡ s❝❛❧❛r ❝❛s❡ ✇❛s ✇♦r❦❡❞ ♦✉t ❢♦r ❛♥ ❛r❜✐tr❛r② ♠❡tr✐❝✱
✇❤✐❧❡ t❤❡ ♦♥❡✲❢♦r♠s ✇❡r❡ ♦♥❧② ✇♦r❦❡❞ ♦✉t ❢♦r t❤❡ ❝❛s❡ ♦❢ t❤❡ ✢❛t ♠❡tr✐❝✳ ■ ❤❛✈❡
✇♦r❦❡❞ ♦♥ s♦❧✈✐♥❣ t❤❡ ❉✐r❛❝ ❡q✉❛t✐♦♥ ❢♦r ❛♥ ❛r❜✐tr❛r② ♠❡tr✐❝ ❛♥❞ ❛❧s♦ ♦♥ ✉♥❞❡r✲
st❛♥❞✐♥❣ ❤♦✇ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❝♦♥st❛♥t ❡✐❣❡♥✲✶✲❢♦r♠s ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ❛r❡
♠♦❞✐✜❡❞ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❣❡♥❡r❛❧ ♠❡tr✐❝✳ ❚❤❡ s❡❝t✐♦♥s ♦♥ t❤❡ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥✱
t❤❡ st✉❞② ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ❛♥❞ t❤❡ ❞✐s❝✉ss✐♦♥ t❤❛t ❢♦❧❧♦✇s ❛r❡ ❛❧❧ ♣❛rt t❤❡ ✇♦r❦
■ ❞✐❞ ❞✉r✐♥❣ ♠② P❤❉✳
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❈❤❛♣t❡r ✶

◆✐❧♠❛♥✐❢♦❧❞s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❡①♣❧♦r❡ t❤❡ s✉❜❥❡❝t ♦❢ ♥✐❧♠❛♥✐❢♦❧❞s✳ ❚❤❡
✜rst ♣❛rt ✇✐❧❧ ❢♦❝✉s ♦♥ ❞❡✜♥✐t✐♦♥s ❛♥❞ ❣❡♥❡r❛❧ ❝♦♥❝❡♣ts✳ ◆❡①t✱ ✇❡ ✇✐❧❧ ❢♦❝✉s ♦♥
❛ ♣❛rt✐❝✉❧❛r ♥✐❧♠❛♥✐❢♦❧❞ ❝❛❧❧❡❞ t❤❡ ❍❡✐s❡♥❜❡r❣ ♠❛♥✐❢♦❧❞✳ ■t ✇✐❧❧ ❜❡ t❤❡ ❢♦❝✉s ♦❢
t❤❡ r❡st ♦❢ t❤❡ ♠❛♥✉s❝r✐♣t s♦ ✇❡ ✇✐❧❧ s♣❡♥❞ s♦♠❡ t✐♠❡ ✉♥❞❡rst❛♥❞✐♥❣ ❛s ♠✉❝❤ ❛s
✇❡ ❝❛♥ ❛❜♦✉t t❤✐s s♣❡❝✐✜❝ s♣❛❝❡✳ ❲❡ ✇✐❧❧ ✜rst ❜✉✐❧❞ t❤❡ ♠❛♥✐❢♦❧❞ ❡①♣❧✐❝✐t❧② ❜②
❝❤♦♦s✐♥❣ ❛ s❡t ♦❢ ❝♦♦r❞✐♥❛t❡s✳ ❚❤❡♥ ✇❡ ✇✐❧❧ st✉❞② t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ ♠❡tr✐❝s
♦♥ t❤❡ ♠❛♥✐❢♦❧❞✳ ❲❡ ✇✐❧❧ t❤❡♥ s♦❧✈❡ t❤❡ ▲❛♣❧❛❝❡ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ✈❛r✐♦✉s ❢♦r♠s
♦♥ t❤❡ s♣❛❝❡✳ ❲❡ ✇✐❧❧ ❡♥❞ t❤❡ s❡❝t✐♦♥ ❜② s♦❧✈✐♥❣ t❤❡ ❉✐r❛❝ ❡q✉❛t✐♦♥✳ ❲❡ ✇✐❧❧
t❤❡♥ ❤❛✈❡ ❛❧❧ t❤❡ t♦♦❧s ✇❡ ♥❡❡❞ t♦ st✉❞② t❤❡ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♦❢ ❛ ❨❛♥❣✲▼✐❧❧s
t❤❡♦r② ♦♥ t❤✐s s♣❛❝❡✳

✶✳✶ ■♥tr♦❞✉❝t✐♦♥

❆ ♥✐❧♠❛♥✐❢♦❧❞ ✐s ❛ t②♣❡ ♦❢ ❞✐✛❡r❡♥t✐❛❜❧❡ ♠❛♥✐❢♦❧❞ ✇❤♦s❡ t❛♥❣❡♥t ✈❡❝t♦rs
❧♦❝❛❧❧② ❧♦♦❦ ❧✐❦❡ ❛ ♥✐❧♣♦t❡♥t ▲✐❡ ❛❧❣❡❜r❛✳ ❆ ♥✐❧♣♦t❡♥t ▲✐❡ ❛❧❣❡❜r❛ ✐s ❛ ▲✐❡ ❛❧❣❡❜r❛
g✱ s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ s❡r✐❡s ❛rr✐✈❡s ❛t 0 ❛t s♦♠❡ r❛♥❦ n✳ ❉❡✜♥❡ t❤❡ s❡r✐❡s
❜② gn = [g, gn−1] ❛♥❞ g0 = g✱ t❤❡♥ ✇❡ ❤❛✈❡ t❤❡ ✐♥❝❧✉s✐♦♥s✿

g ≥ g1 ≥ · · · ≥ gn . ✭✶✳✶✮

■❢ gn = 0 ✭✐✳❡✳ ✐t ✐s t❤❡ ③❡r♦ ❛❧❣❡❜r❛✮ ❢♦r s♦♠❡ n t❤❡♥ t❤❡ ▲✐❡ ❛❧❣❡❜r❛ ✐s s❛✐❞
t♦ ❜❡ n✲st❡♣ ♥✐❧♣♦t❡♥t✳ ■t ✇❛s s❤♦✇♥ t❤❛t ❡✈❡r② ❝♦♠♣❛❝t ♥✐❧♠❛♥✐❢♦❧❞s ❝❛♥ ❜❡
♦❜t❛✐♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥str✉❝t✐♦♥✳ ❲❡ st❛rt ✇✐t❤ ❛ ♥✐❧♣♦t❡♥t ▲✐❡ ❣r♦✉♣ N
❛♥❞ ❛ ❞✐s❝r❡t❡ s✉❜❣r♦✉♣ Γ ⊂ N ✳ ■❢ t❤❡ q✉♦t✐❡♥t s♣❛❝❡ N/Γ ✐s ❝♦♠♣❛❝t t❤❡♥ t❤❡
s♣❛❝❡ ✐s ❝❛❧❧❡❞ ❛ ❝♦♠♣❛❝t ♥✐❧♠❛♥✐❢♦❧❞✳ ❲✐t❤ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ✐♥ ♠✐♥❞✱ ✇❡ ✇✐❧❧
♦♥❧② st✉❞② ❝♦♠♣❛❝t ♥✐❧♠❛♥✐❢♦❧❞s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✇❡ ✐♥t❡r❡st❡❞
♦♥❧② ✐♥ ▲✐❡ ❛❧❣❡❜r❛s t❤❛t ❛r❡ ✐♥ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✇✐t❤ t❤❡✐r ▲✐❡ ❣r♦✉♣✳
❙t❛t❡❞ ♦t❤❡r✇✐s❡ t❤❡ ❣r♦✉♣ N ❝♦♥s✐❞❡r❡❞ ✐s ❝♦♥♥❡❝t❡❞ ❛♥❞ ♥✐❧♣♦t❡♥t✳ ❆s ✇❡ ✇✐❧❧
s❡❡✱ t❤❛t ✐s t❤❡ ❝❛s❡ ❢♦r t❤❡ ❍❡✐s❡♥❜❡r❣ ♠❛♥✐❢♦❧❞✳

▲❡t ✉s ❜❡ ♠♦r❡ s♣❡❝✐✜❝ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ ❜❛s✐s ❢♦r ❛ ❞✲❞✐♠❡♥s✐♦♥❛❧ ❣r♦✉♣
♠❛♥✐❢♦❧❞✳ ❲❡ ❝❛❧❧ Va✱ a ∈ {1, . . . , d} t❤❡ t❛♥❣❡♥t ✈❡❝t♦rs ✭❧❡❢t✲✐♥✈❛r✐❛♥t ✈❡❝t♦r
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✜❡❧❞s t❤❛t ❛r❡ ❣❧♦❜❛❧❧② ❞❡✜♥❡❞✮✳ ❚❤❡ ▲✐❡ ❜r❛❝❦❡ts ❜❡t✇❡❡♥ t❤❡ ✈❡❝t♦rs ❛r❡
❞❡✜♥❡❞ ❜②

[Va, Vb] = f cabVc ✭✶✳✷✮

✇✐t❤ f cab = −f cba t❤❡ str✉❝t✉r❡ ❝♦♥st❛♥ts✳ ❉✉❛❧ t♦ t❤♦s❡ ✈❡❝t♦rs ❛r❡ t❤❡ ♦♥❡✲
❢♦r♠s ♦❜❡②✐♥❣ t❤❡ ▼❛✉r❡r✲❈❛rt❛♥ ❡q✉❛t✐♦♥s

dec = −1

2
f cabe

a ∧ eb . ✭✶✳✸✮

❇② ❡♥❞♦✇✐♥❣ t❤❡ s♣❛❝❡ ✇✐t❤ t❤❡ ♠❡tr✐❝ δab✱ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ ❘✐❝❝✐ t❡♥s♦r✳
❋♦r ❛ ✉♥✐♠♦❞✉❧❛r ▲✐❡ ❛❧❣❡❜r❛ ✭✐✳❡✳ |❞❡t(Ad(g))| = 1 ❢♦r g ∈ N ✱ ♦r ❡q✉✐✈❛❧❡♥t❧②
❚r(ad(X)) = 0 ❢♦r X ∈ g✱ ✇❤✐❝❤ ✐s t❤❡ ❝❛s❡ ❢♦r ♥✐❧♣♦t❡♥t ❛❧❣❡❜r❛s✮✱ ✇❡ ❣❡t

Rcd =
1

2

(

−f bacfabd − δbgδahf
h
gcf

d
ab +

1

2
δahδbjδciδbgf

b
acf

i
ajf

g
hb

)

✭✶✳✹✮

■♥ t❤❡ ❝❛s❡ ♦❢ ❛ ♥✐❧♣♦t❡♥t ▲✐❡ ❛❧❣❡❜r❛✱ t❤❡ ✜rst t❡r♠ ✈❛♥✐s❤❡s ✭✐t ✐s t❤❡ ❑✐❧❧✐♥❣
❢♦r♠ ♦♥ t❤❡ s♣❛❝❡ ✇❤✐❝❤ ✐s ③❡r♦ ❢♦r ♥✐❧♣♦t❡♥t ❛❧❣❡❜r❛s✮✳ ❋✉rt❤❡r ❝♦♥tr❛❝t✐♥❣ t❤❡
❘✐❝❝✐ t❡♥s♦r t♦ ♦❜t❛✐♥ t❤❡ ❘✐❝❝✐ s❝❛❧❛r ❝✉r✈❛t✉r❡ ❣✐✈❡s

R = −1

4
δadδ

beδcgfabcf
f
de ✭✶✳✺✮

✇❤✐❝❤ ✐s ❝♦♥st❛♥t ❛♥❞ ♥❡❣❛t✐✈❡✳ ❚❤❡r❡❢♦r❡ ♥✐❧♠❛♥✐❢♦❧❞s ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ✢❛t
❊✉❝❧✐❞✐❛♥ ♠❡tr✐❝ ❛r❡ ♥❡❣❛t✐✈❡❧② ❝✉r✈❡❞ s♣❛❝❡s✳ ▲❡t ✉s ♥♦✇ t❛❦❡ t❤❡ ❧♦✇❡st
❞✐♠❡♥s✐♦♥❛❧ ♥✐❧♠❛♥✐❢♦❧❞ ❛♥❞ st✉❞② t❤✐s ❝❛s❡ ✐♥ ♠♦r❡ ❞❡t❛✐❧s✳

✶✳✷ ❚❤❡ ❍❡✐s❡♥❜❡r❣ ♠❛♥✐❢♦❧❞

❚❤✐s s❡❝t✐♦♥ ✇✐❧❧ ❞❡✈❡❧♦♣ ❛❧❧ t❤❡ ❜❛s✐❝ str✉❝t✉r❡ ♦❢ t❤❡ ❍❡✐s❡♥❜❡r❣ ♠❛♥✐✲
❢♦❧❞✳ ❘❡❢❡r❡♥❝❡s ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡r✐✈❛t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✸✼✱✸✽❪✳

❚❤❡ s✐♠♣❧❡st ♥♦♥✲tr✐✈✐❛❧ ❡①❛♠♣❧❡ st❛rts ❛t d = 3✳ ❚❤❡r❡ ❛r❡ t❤r❡❡ ♣♦ss✐❜❧❡
❛❧❣❡❜r❛s✳ ❖♥❧② ♦♥❡ ♦❢ t❤❡♠ ✐s ♥✐❧♣♦t❡♥t✳ ❚❤❡ ✈❡❝t♦r ❛❧❣❡❜r❛ r❡❛❞s

[V1, V2] = −❢V3 , [V1, V3] = [V2, V3] = 0 . ✭✶✳✻✮

s✉❝❤ t❤❛t ❢ = −f312✳ ❚❡❝❤♥✐❝❛❧❧②✱ t❤✐s ✐s ❛ ❢❛♠✐❧② ♦❢ ❛❧❣❡❜r❛s ❛❧❧ ✐s♠♦r♣❤✐❝ t♦
♦♥❡ ❛♥♦t❤❡r t❤❛t ❛r❡ ❧❛❜❡❧❡❞ ❜② t❤❡ s♣❡❝✐✜❝ ✈❛❧✉❡ ❛ss✐❣♥❡❞ t♦ ❢✳ ❊q✉❛t✐♦♥s ✭✶✳✸✮
s✐♠♣❧✐❢② t♦

de3 = ❢e1 ∧ e2 ; de1 = 0 ; de2 = 0 . ✭✶✳✼✮

❚❤✐s ♠❛♥✐❢♦❧❞ ✐s ❦♥♦✇♥ ❛s t❤❡ ❍❡✐s❡♥❜❡r❣ ♠❛♥✐❢♦❧❞ ❜❡❝❛✉s❡ t❤❡ ❝♦♠♠✉t❛t✐♦♥
r❡❧❛t✐♦♥s ❢♦r♠ t❤❡ ❛❧❣❡❜r❛ ♦❢ t❤❡ ♣♦s✐t✐♦♥ ❛♥❞ ♠♦♠❡♥t✉♠ ♦♣❡r❛t♦rs ✭❛❧♦♥❣ ✇✐t❤
t❤❡ ✐❞❡♥t✐t②✮✳

✷✸



■♥ ♦r❞❡r t♦ ❞♦ ❡①♣❧✐❝✐t ❝♦♠♣✉t❛t✐♦♥s ♦♥ t❤✐s ♠❛♥✐❢♦❧❞✱ ❛♥❞ st✉❞② t❤❡ ♣❤②s✐❝s
♦♥ t❤✐s s♣❛❝❡ ✇❡ ♥❡❡❞ ❛ s②st❡♠ ♦❢ ❝♦♦r❞✐♥❛t❡s s✉❝❤ t❤❛t t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥s ❛r❡
♦❜❡②❡❞✳ ❆ ♣♦ss✐❜❧❡ ❝❤♦✐❝❡ ✐s

e1 = dX1 ; e2 = dX2 ; e3 = dX3 + ❢X1dX2 . ✭✶✳✽✮

❚❤✐s ✐s t❤❡ ♠♦st ❣❡♥❡r❛❧ s♦❧✉t✐♦♥ ✉♣ t♦ r❡❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❝♦♦r❞✐♥❛t❡s✳ ❲❡ ❝❛♥
❝❤♦♦s❡ t♦ r❡s❝❛❧❡ t❤❡ ❝♦♦r❞✐♥❛t❡s s✉❝❤ t❤❛t

Xi = rixi ✭✶✳✾✮

✇❤❡r❡ t❤❡ ri ❛r❡ ♣♦s✐t✐✈❡ ✧r❛❞✐✐✧ ❛♥❞ t❤❡ xi ❛r❡ ✧❛♥❣✉❧❛r✧ ❝♦♦r❞✐♥❛t❡s✳ ■♥ t❤♦s❡
♥❡✇ ❝♦♦r❞✐♥❛t❡s✱ ❡q✉❛t✐♦♥ ✭✶✳✽✮ ❜❡❝♦♠❡s

e1 = r1dx1 ; e2 = r2dx2 ; e3 = r3
(

dx3 +Nx1dx2
)

, ✭✶✳✶✵✮

✇❤❡r❡ N =
r1r2

r3
❢ . ✭✶✳✶✶✮

❲❡ ✇✐❧❧ s❡❡ ❧❛t❡r t❤❛t ❝♦♥s✐st❡♥❝② r❡q✉✐r❡s

N ∈ Z . ✭✶✳✶✷✮

❆s ❡①♣❧❛✐♥❡❞ ✐♥ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❝❤❛♣t❡r✱ ✇❡ ♥♦✇ ✐♠♣♦s❡ ❞✐s❝r❡t❡ ✐❞❡♥t✐✜❝❛✲
t✐♦♥s ✐♥ ♦r❞❡r t♦ ♠❛❦❡ t❤❡ ♠❛♥✐❢♦❧❞ ❝♦♠♣❛❝t✳ ❚❤♦s❡ ✐❞❡♥t✐✜❝❛t✐♦♥s ❝♦rr❡s♣♦♥❞
t♦ t❤❡ q✉♦t✐❡♥t ❜② t❤❡ ❞✐s❝r❡t❡ ❧❛tt✐❝❡✳ ❚❤❡s❡ ❛r❡ ❡①♣❧✐❝✐t❧②

x1 ∼ x1 + n1 ; x2 ∼ x2 + n2 ; x3 ∼ x3 + n3 − n1Nx2 , ✭✶✳✶✸✮

n1, n2, n3 ∈ {0, 1} ,

✇❤✐❝❤ ❛r❡ ❥✉st tr❛♥s❧❛t✐♦♥s ❜② ❛ ✉♥✐t ❛♥❣❧❡✱ ❛♥❛❧♦❣♦✉s t♦ ❛ ❢✉❧❧ r♦t❛t✐♦♥ ❛❧♦♥❣ ❛
❝♦♦r❞✐♥❛t❡ ♦♥ ❛ t♦r✉s✳ ❚❤✐s ✐s ♥♦t t❤❡ ♦♥❧② ♣♦ss✐❜❧❡ ❝❤♦✐❝❡ ❢♦r t❤❡ ni✳ ❈❤♦♦s✲
✐♥❣ ❞✐✛❡r❡♥t ✐♥t❡❣❡rs ✇♦✉❧❞ ❝♦rr❡s♣♦♥❞ t♦ ❝❤♦♦s✐♥❣ ❛ ❞✐✛❡r❡♥t ❧❛tt✐❝❡ ❢♦r t❤❡
q✉♦t✐❡♥t✳ ❆ ♥♦♥ ✉♥✐t❛r② ✐❞❡♥t✐✜❝❛t✐♦♥ ✇♦✉❧❞ r❡s✉❧t ✐♥ ❛ ❝❡❧❧ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣
♣❛r❛♠❡t❡rs

r′i = niri , N ′ = N
n1n2

n3
= ❢

r′1r′2

r′3
. ✭✶✳✶✹✮

❋♦r t❤❡ s❛♠❡ r❡❛s♦♥ ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ n1, n2, n3 ∈ {0, 1} ✭s❡❡ ✶✳✷✳✶ ❜❡❧♦✇✮✱ N ′

♠✉st ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t

N
n1n2

n3
∈ Z∗ . ✭✶✳✶✺✮

❖♥❝❡ t❤❡ ✉♥✐t ❝❡❧❧ ♦❢ t❤❡ ❧❛tt✐❝❡ ✐s ❞❡✜♥❡❞ ❜② ❡q✉❛t✐♦♥ ✭✶✳✶✸✮✱ ❛♥② ❝♦♠❜✐♥❛t✐♦♥
✇✐t❤ ni ∈ Z ✐s ❛❧s♦ ❛♥ ✐❞❡♥t✐✜❝❛t✐♦♥✳ ❚❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ✐s t❤❡r❡❢♦r❡ ❝♦♥s✐st❡♥t
t❤r♦✉❣❤♦✉t t❤❡ ♠❛♥✐❢♦❧❞✳ ❋r♦♠ ♥♦✇✱ ✇❡ t❛❦❡ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥s t♦ ❜❡ ✇✐t❤
ni ∈ {0, 1}✳

✷✹



❚❤✐s ✐s ❛ ❣♦♦❞ t✐♠❡ t♦ ♣❛✉s❡ ❛♥❞ t❤✐♥❦ ❛❜♦✉t t❤❡ ❣❡♦♠❡tr② ✇❡ ❛r❡ ❞❡s❝r✐❜✐♥❣✳
❚❤❡ x1 ❛♥❞ x2 ❞✐r❡❝t✐♦♥s ❢♦r♠ ❛ t♦r✉s ❛s ❝❛♥ ❜❡ s❡❡♥ ❢r♦♠ ✭✶✳✼✮ ❛♥❞ ✭✶✳✽✮✳ ❚❤❡
x3 ❞✐r❡❝t✐♦♥ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ U(1) ✜❜❡r ♦♥ t❤❡ ❜❛s❡ t♦r✉s✳ ❚❤❡ ✜❜r❛t✐♦♥
✐s tr✐✈✐❛❧ ✐♥ t❤❡ ❝❛s❡ N = 0✱ ✇❤❡r❡ ✇❡ r❡❝♦✈❡r t❤❡ ✉s✉❛❧ ✸✲t♦r✉s✳ ❍❡r❡✱ t❤❡ ❝❛s❡
✐s ♠♦r❡ ❣❡♥❡r❛❧✱ t❤❡ ✜❜r❛t✐♦♥ ❝❛♥ ❜❡ t✇✐st❡❞✱ t❤❡ ✧❛♠♦✉♥t ♦❢ t✇✐st✐♥❣✧ ✐s ❝❤❛r✲
❛❝t❡r✐③❡❞ ❜② N ✳ ❆s st❛t❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✱ ♥✐❧♠❛♥✐❢♦❧❞s ❝❛♥ ❛❧✇❛②s ❜❡ ❝♦♥str✉❝t❡❞
❛s ❛ ♣r✐♥❝✐♣❛❧ t♦r✉s ❜✉♥❞❧❡ ♦✈❡r ❛ ♣r✐♥❝✐♣❛❧ t♦r✉s ❜✉♥❞❧❡ ✳ ✳ ✳ ♦✈❡r ❛ t♦r✉s✳ ❚❤✐s
✜❜❡r ❜✉♥❞❧❡ ✐♥t❡r♣r❡t❛t✐♦♥ ✐s ♣❛rt✐❝✉❧❛r❧② ✉s❡❢✉❧ ✐♥ ✉♥❞❡rst❛♥❞✐♥❣ t❤❡ ✐♥t❡❣r❛❧✐t②
♦❢ N ✳ ❲❡ ♥♦✇ t✉r♥ t♦ t❤✐s q✉❡st✐♦♥✳

✶✳✷✳✶ ■♥t❡❣r❛❧✐t② ♦❢ N

❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ❞✐✛❡r❡♥t ✇❛②s t♦ ♣r♦✈❡ t❤❡ ✐♥t❡❣r❛❧✐t② ♦❢ N ✳ ❚❤❡ ✜rst
♦♥❡ ✐s ✐♠♠❡❞✐❛t❡✱ ❣✐✈❡♥ s♦♠❡ ❦♥♦✇❧❡❞❣❡ ♦❢ ✜❜❡r ❜✉♥❞❧❡s✳ ■♥❞❡❡❞✱ ✈✐❡✇✐♥❣ t❤❡
❍❡✐s❡♥❜❡r❣ ♠❛♥✐❢♦❧❞ ❛s ❛ ♣r✐♥❝✐♣❛❧ U(1) ❜✉♥❞❧❡ ♦✈❡r ❛ ✷✲t♦r✉s✱ t❤❡ ✜rst ❈❤❡r♥
❝❧❛ss ✐s ✐♥t❡❣r❛❧ ✐♥ ❝♦❤♦♠♦❧♦❣② ❛♥❞ ❣✐✈❡♥ ❜② c1 = Ndx1 ∧ dx2✳ ▲❡t ✉s ♥♦✇ s❤♦✇
t❤✐s r❡s✉❧t ❡①♣❧✐❝✐t❧②✳

❲❡ st❛rt ❜② ♣❛r❛♠❡tr✐s✐♥❣ t❤❡ ❝✐r❝❧❡ ✜❜❡r ❜② g = e2πix
3

✇✐t❤ x3 ∈ [0, 1]✳
◆❡①t ✇❡ ❝❛♥ r❡❛❞ ♦✛ ♦❢ ✭✶✳✽✮ t❤❡ ✈❡rt✐❝❛❧ ❞✐s♣❧❛❝❡♠❡♥t ♦♥ t❤❡ ✜❜❡r

dx3 +Nx1dx2 =
1

2πi
g−1Dg , D = d+A , ✭✶✳✶✻✮

✇✐t❤ A = 2πiNx1dx2 t❤❡ ❝♦♥♥❡❝t✐♦♥ ♦♥ t❤❡ ✜❜❡r✳ ❲❡ ♥♦✇ ♥❡❡❞ t♦ s♣❡❝✐❢② t❤❡
❝❤❛rts ♦♥ t❤❡ ❜❛s❡ t♦r✉s✳ ❙✐♥❝❡ t❤❡ t♦r✉s ✐s t❤❡ t❡♥s♦r ♣r♦❞✉❝t ♦❢ t✇♦ ❝✐r❝❧❡s
T2 = S1

x1 × S1
x2 ✱ ✇❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦✈❡r

B+ = U+ × S1
x2 ; B− = U− × S1

x2 ✭✶✳✶✼✮

✇❤❡r❡ U+ = {−ǫ < x1 < 1 − ǫ} ❛♥❞ U− = {1 − 2ǫ < x1 < 1 + ǫ}✳ ❚❤❡ ♦✈❡r❧❛♣
U+ ∩ U− ✐♥ t❤❡ ❧✐♠✐t ǫ → 0 ✐s t❤❡♥ ❣✐✈❡♥ ❜② t❤❡ ♣♦✐♥t x1+ = 0 ♦r ❡q✉✐✈❛❧❡♥t❧②
❢r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ t❤❡ ❝❤❛rt U−✱ x1− = 1✳ ❚❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ ❝❤❛rts
B± ✐s

B+ ∩ B− = Q× S1
x2 , ✭✶✳✶✽✮

✇❤❡r❡ Q = {x1+ = 0} = {x1− = 1}✳ ❚❤❡ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥ t❤❛t r❡❧❛t❡s t❤❡
❝♦♥♥❡❝t✐♦♥s ♦♥ t❤❡ t✇♦ ❝❤❛rts ✐s ❛ ♠❛♣ t : Q × S1

x2 ≃ S1 → U(1)✳ ❚❤✐s ✐s
❡q✉✐✈❛❧❡♥t t♦ ❛ ♠❛♣ ❢r♦♠ S1 t♦ S1 ≃ U(1) ❛♥❞ ✐s ❝❧❛ss✐✜❡❞ ❜② t❤❡ ❢✉♥❞❛♠❡♥t❛❧
❣r♦✉♣ π(S1) = Z✳ ❲❡ ❝❛♥ t❤❡♥ ✇r✐t❡ t❤❡ ♠❛♣ ❛s t : x2 → exp

(

2πimx2
)

✇✐t❤
m ∈ Z✳ ❲r✐t✐♥❣ t❤❡ ❝♦♥♥❡❝t✐♦♥ ♦♥ ❜♦t❤ ❝❤❛rts ❛s A± = 2πix1±dx

2
±✱ ✇❡ ❡①♣r❡ss

t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ t✇♦ ♦♥ t❤❡ ♦✈❡r❧❛♣ Q× S1
x2 ❜② t❤❡ ✉s❡ ♦❢ t✱

A+ = t−1A−t+ t−1dt . ✭✶✳✶✾✮

❆♣♣❧②✐♥❣ t❤✐s r❡❧❛t✐♦♥ ❛t t❤❡ ♣♦✐♥t Q✱ t❤✐s ❡q✉❛t✐♦♥ s✐♠♣❧✐✜❡s t♦

0 = 2πiN + 2πim⇔ N = −m . ✭✶✳✷✵✮

✷✺



❚❤✐s s❤♦✇s t❤❛t N ∈ Z✳ ❋✐♥❛❧❧② ✇❡ ❝❛♥ ✉♥❞❡rst❛♥❞ ❤♦✇ t❤❡ ✜❜❡rs ❛r❡ ♣❛t❝❤❡❞
t♦❣❡t❤❡r✳ ❚❛❦✐♥❣ x3± t♦ ❜❡ t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ✜❜❡r ♦♥ t❤❡ ❝❤❛rts B±✱ ❛ ♣♦✐♥t

♦❢ t❤❡ ✜❜❡r ♦❢ ❡❛❝❤ ❝❤❛rt ✐s ✇r✐tt❡♥ g± = e2πix
3
± ✳ ❚❤❡ t✇♦ ♣♦✐♥ts ❛r❡ r❡❧❛t❡❞ ♦♥

t❤❡ ♦✈❡r❧❛♣ ❜② t❤❡ ❧❡❢t ❛❝t✐♦♥ ♦❢ t❤❡ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥✱

g+ = tg− ⇔ x3+ = x3− −Nx2 . ✭✶✳✷✶✮

❚❤✐s ❡q✉❛t✐♦♥ ❞❡s❝r✐❜❡s t❤❡ t✇✐st ♦❢ t❤❡ ✜❜❡r✱ ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ✐♥t❡❣❡r N ✳
❚❤✐s r❡❧❛t✐♦♥ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❧❛tt✐❝❡ ❛❝t✐♦♥ x2 → x2 + 1 s✐♥❝❡ t❤❡ ✜❜❡r
❝♦♦r❞✐♥❛t❡ x3 ✐s ❞❡✜♥❡❞ ✉♣ t♦ tr❛♥s❧❛t✐♦♥s ❜② ❛♥ ✐♥t❡❣❡r✳ ❋♦r ❛ ✜①❡❞ x2✱ t❤✐s
❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ♥✉♠❜❡r ♦❢ t✉r♥s ❜② ✇❤✐❝❤ t❤❡ ❝✐r❝❧❡ ✜❜❡r
✐s r♦t❛t❡❞ ✇❤❡♥ ❣♦✐♥❣ ♦♥❝❡ ❛❧♦♥❣ t❤❡ x1 ❝♦♦r❞✐♥❛t❡✳ ❚❤✐s r♦t❛t✐♦♥ ❞❡♣❡♥❞s ♦♥
✇❤❡r❡ ✇❡ ❛r❡ ♦♥ t❤❡ ❝✐r❝❧❡ S1

x2 ✳ ❆s ❛♥ ❡①❛♠♣❧❡✱ t❛❦❡ N = 1✱ ❢♦r x2 = 0 t❤❡r❡ ✐s
♥♦ r♦t❛t✐♦♥ ♦❢ t❤❡ ✜❜❡r✱ ✇❤✐❧❡ ♦♥ t❤❡ ♦♣♣♦s✐t❡ s✐❞❡✱ ❢♦r x2 = 1/2✱ t❤❡ ✜❜❡r ❝✐r❝❧❡
✇✐❧❧ r♦t❛t❡ ❜② π✳

▲❛st❧②✱ ❧❡t ✉s ❞✐s❝✉ss ✐♥ ❛ ❧✐tt❧❡ ♠♦r❡ ❞❡t❛✐❧s t❤❡ ❞✐✛❡r❡♥t ♣♦ss✐❜✐❧✐t✐❡s ❢♦r
t❤❡ ❧❛tt✐❝❡✳ ❚❛❦✐♥❣ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥s t♦ ❜❡ ✇✐t❤ ni ∈ Z✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣
r❡❧❛t✐♦♥s t❤❛t ❛r❡ tr✉❡

(x1, x2, x3) ∼ (x1 + n1, x2, x3) ∼ (x1, x2 + n2, x3) ✭✶✳✷✷✮

∼ (x1, x2 + n2, x3 + n3) ∼ (x1 + n1, x2, x3 − n1Nx2)

❯s✐♥❣ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ t❤❡s❡ ✐❞❡♥t✐✜❝❛t✐♦♥s✱ ✇❡ ❝❛♥ ❛rr✐✈❡ ❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛✐♥
♦❢ ✐❞❡♥t✐✜❝❛t✐♦♥s

(x1, x2, x3) ∼ (x1, x2, x3 + n3) ∼ · · · ∼ (x1, x2, x3 + Ñn3) ✭✶✳✷✸✮

❢♦r ❛♥② Ñ ∈ Z✳ ❇✉t ✇❡ ❛❧s♦ ❤❛✈❡

(x1, x2, x3) ∼ (x1 + n1, x2, x3 − n1Nx2) ✭✶✳✷✹✮

∼ (x1 + n1, x2 + n2, x3 − n1Nn2 − n1Nx2) ∼ (x1, x2, x3 − n1Nn2) .

❋♦r ❝♦♥s✐st❡♥❝② t❤r♦✉❣❤♦✉t t❤❡ ❧❛tt✐❝❡✱ ✇❡ s❤♦✉❧❞ ❤❛✈❡ ❢♦r s♦♠❡ ✜①❡❞ Ñ ∈ Z

Ñ =
n1n2

n3
N ⇔ N =

n3

n1n2
Ñ ∈ Q∗ ✭✶✳✷✺✮

❘❡♠❡♠❜❡r✐♥❣ t❤❛t t❤❡ str✉❝t✉r❡ ❝♦♥st❛♥t ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ N ✱ ✇❡ ✜♥❞ t❤❡
r❡s✉❧t ❞✉❡ t♦ ▼❛❧✬❝❡✈ st❛t✐♥❣ t❤❛t ❛ ❧❛tt✐❝❡ ❡①✐st ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts ❛
❜❛s✐s ✐♥ ✇❤✐❝❤ t❤❡ str✉❝t✉r❡ ❝♦♥st❛♥ts ❛r❡ r❛t✐♦♥❛❧✳

❚❤✐s ❝♦♥❝❧✉❞❡s ♦✉r st✉❞② ♦❢ ♥✐❧♠❛♥✐❢♦❧❞s✳ ❆❢t❡r ❤❛✈✐♥❣ ❞✐s❝✉ss❡❞ ♥✐❧♠❛♥✐✲
❢♦❧❞s ♦♥ r❛t❤❡r ❣❡♥❡r❛❧ ❣r♦✉♥❞s ✐♥ t❤❡ ✜rst ♣❛rt✱ ✇❡ ♣✐❝❦❡❞ t❤❡ s✐♠♣❧❡st ❡①❛♠✲
♣❧❡✱ t❤❡ ✸ ❞✐♠❡♥s✐♦♥❛❧ ♠❛♥✐❢♦❧❞ ❝❛❧❧❡❞ t❤❡ ❍❡✐s❡♥❜❡r❣ ♠❛♥✐❢♦❧❞✳ ❇② s♣❡❝✐❢②✐♥❣
❛ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ♦♥ t❤❡ ❝♦t❛♥❣❡♥t s♣❛❝❡✱ ✇❡ ✇❡r❡ ❛❜❧❡ t♦ ✉♥❞❡rst❛♥❞ ✐ts
✐♥t❡r♣r❡t❛t✐♦♥ ❛s ❛ ❝✐r❝❧❡ ❜✉♥❞❧❡ ♦✈❡r ❛ t♦r✉s✳ ❲❡ ❛❧s♦ s❤♦✇❡❞ ❤♦✇ t♦♣♦❧♦❣✐✲
❝❛❧ r❡str✐❝t✐♦♥s ❢♦r❝❡❞ N t♦ ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❚❤❡ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ✇❡ ♥❡❡❞ t♦
s♣❡❝✐❢② t♦ ✜① t❤❡ ❣❡♦♠❡tr② ❛r❡ t❤❡ r❛❞✐✐ ri ✇❤✐❝❤ ❤❛✈❡ ❞✐♠❡♥s✐♦♥ ♦❢ ❧❡♥❣t❤s✱
❛♥❞ t❤❡ t✇✐st ♣❛r❛♠❡t❡r ❢✱ ✇❤✐❝❤ ❤❛s ❞✐♠❡♥s✐♦♥ ♦❢ ♠❛ss✳ ❚❤♦s❡ ♣❛r❛♠❡t❡rs ❛r❡
❝♦♥str❛✐♥❡❞ ❜② ❡q✉❛t✐♦♥ ✭✶✳✶✶✮✳ ❲❡ ♥♦✇ ♣r♦❝❡❡❞ ✇✐t❤ t❤❡ st✉❞② ♦❢ t❤❡ ♣♦ss✐❜❧❡
♠❡tr✐❝s ♦♥ t❤❡ ❍❡✐s❡♥❜❡r❣ ♠❛♥✐❢♦❧❞✳

✷✻



✶✳✷✳✷ ▼❡tr✐❝s ♦♥ t❤❡ ❍❡✐s❡♥❜❡r❣ ♠❛♥✐❢♦❧❞

❙♦ ❢❛r ✇❡ ❤❛✈❡ ❜❡❡♥ ✐♥t❡r❡st❡❞ ✐♥ ✉♥❞❡rst❛♥❞✐♥❣ t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ s♣❛❝❡✳
❲❡ ❛❧s♦ ❤❛✈❡ t❤❡ ❧✐❜❡rt② t♦ ❡♥❞♦✇ t❤❡ s♣❛❝❡ ✇✐t❤ ❛ ♠❡tr✐❝✳ ▲❡t ✉s t❛❦❡ ❛ ❧♦♦❦
❛t t❤❡ s♣❛❝❡ ♦❢ ❧❡❢t✲✐♥✈❛r✐❛♥t ♠❡tr✐❝s✳ ■♥ ✈✐❡❧❜❡✐♥ ❝♦♦r❞✐♥❛t❡s✱ ✇❡ ❝❛♥ ❛❧✇❛②s
❝❤♦♦s❡ ❛ ❜❛s✐s s✉❝❤ t❤❛t t❤❡ ♠❡tr✐❝ ✐s t❤❡ ❊✉❝❧✐❞✐❛♥ ♠❡tr✐❝ ❣❧♦❜❛❧❧②✳ ❚❤❛t ✐s
❜❡❝❛✉s❡ ♦❢ t❤❡ ❣r♦✉♣ str✉❝t✉r❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ ♥✐❧♣♦t❡♥t ❣r♦✉♣✳

ds2 = δabE
aEb . ✭✶✳✷✻✮

❇❡❝❛✉s❡ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❧❡❢t ✐♥✈❛r✐❛♥t ♠❡tr✐❝s✱ ✇❡ ❝❛♥ r❡❧❛t❡ t❤❡ Ea ❜❛s✐s
t♦ t❤❡ ♣r❡✈✐♦✉s ♦♥❡ ✉s✐♥❣ ❛ tr❛♥s❢♦r♠❛t✐♦♥ ✐♥ GL(3,R) s✉❝❤ t❤❛t

Ea = (L−1)abe
b . ✭✶✳✷✼✮

■♥ t❤✐s ❝❧❛ss ♦❢ tr❛♥s❢♦r♠❛t✐♦♥s✱ t❤❡r❡ ❡①✐st tr❛♥s❢♦r♠❛t✐♦♥s t❤❛t ❛r❡ tr✐✈✐❛❧ ❢r♦♠
t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ t❤❡ ❧♦❝❛❧ ♥✐❧♣♦t❡♥t ❛❧❣❡❜r❛✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ t❤❡r❡ ❛r❡
tr❛♥s❢♦r♠❛t✐♦♥s t❤❛t ❧❡❛✈❡ t❤❡ ❞❡✜♥✐♥❣ ❡q✉❛t✐♦♥ ✭✶✳✸✮ ✐♥✈❛r✐❛♥t✳ ❲❡ s❤♦✉❧❞
♠♦❞ ♦✉t t❤♦s❡ tr❛♥s❢♦r♠❛t✐♦♥s ❢r♦♠ GL(3,R) t♦ ❜❡ ❧❡❢t ✇✐t❤ ♦♥❧② t❤♦s❡ ❣✐✈✐♥❣
♥♦♥❡q✉✐✈❛❧❡♥t ♠❡tr✐❝s ♦♥ t❤❡ s♣❛❝❡✳ ❲❡ ✇r✐t❡ ✭✶✳✸✮ ✐♥ ❛♥♦t❤❡r ❜❛s✐s ❛♥❞ ✐♠♣♦s❡
t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t t❤❡ ❡q✉❛t✐♦♥ s❤♦✉❧❞ r❡♠❛✐♥ t❤❡ s❛♠❡✳ ❲❡ ❞❡♥♦t❡ (Me)a ✇✐t❤
M ∈ GL(3,R) t❤❡ ♥❡✇ ❜❛s✐s✳ ❲❡ ❤❛✈❡

d(Me)a =Ma
bde

b = −Ma
bf

b
cd e

c ∧ ed = −fabc (Me)b ∧ (Me)c . ✭✶✳✷✽✮

❆♥❞ s♦ ✇❡ ✜♥❞ t❤❡ ❝♦♥str❛✐♥t

Ma
bf

b
cd = fabeM

b
cM

e
d . ✭✶✳✷✾✮

❆♣♣❧②✐♥❣ t❤✐s ❝♦♥str❛✐♥t t♦ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❍❡✐♥s❡♥❜❡r❣ ♠❛♥✐❢♦❧❞✱ ✇❡ ✜♥❞ t❤❛t
M ✐s ♦❢ t❤❡ ❢♦r♠

M =





M11 M12 0
M21 M22 0
M31 M32 M11M22 −M12M21



 , ✇✐t❤ M11M22 −M12M21 6= 0 .

✭✶✳✸✵✮

❚❤❡s❡ ♠❛tr✐❝❡s ❢♦r♠ ❛ s✉❜❣r♦✉♣ ♦❢ GL(3,R) ❞❡♥♦t❡❞ Aut✳ ■❢ t✇♦ ✧L✧ tr❛♥s❢♦r✲
♠❛t✐♦♥s ❛r❡ r❡❧❛t❡❞ ❜② L−1

1 = L−1
2 M ✱ t❤❡② ❛r❡ ✐♥ t❤❡ s❛♠❡ ❝❧❛ss s✐♥❝❡ t❤❡ t✇♦

❛ss♦❝✐❛t❡❞ ❜❛s✐s ✇✐❧❧ ♦♥❧② ❞✐✛❡r ❜② M ✱ ✇❤✐❝❤ ❧❡❛✈❡ ❡q✉❛t✐♦♥ ✭✶✳✸✮ ✐♥✈❛r✐❛♥t✳ ■t
✐s t❤❡r❡❢♦r❡ ♥❛t✉r❛❧ t♦ ♠♦❞ ♦✉t t❤❡ ❣r♦✉♣ ♦❢ tr❛♥s❢♦r♠❛t✐♦♥s GL(3,R) ❜② t❤❡
❣r♦✉♣ Aut ♦❢ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ t❤❡ ❍❡✐s❡♥❜❡r❣ ❛❧❣❡❜r❛✳ ❚❤✐s ✐s ❞♦♥❡ ❜② ✐♥tr♦✲
❞✉❝✐♥❣ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ L−1 ∼ L−1M ♦♥ GL(3,R)✳ ❖✉r t❛s❦ ✐s ♥♦✇ t♦
✜♥❞ ❛ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ❡❛❝❤ ❝❧❛ss✳ ❚♦ ❞♦ s♦✱ ✇❡ ✇✐❧❧ ♥♦✇ ❞❡♥♦t❡ MG t❤❡ ♠❛tr✐①
✐♥ Aut s✉❝❤ t❤❛t

MG =





G11 G12 0
G21 G22 0
G31 G32 G11G22 −G12G21



 , ✭✶✳✸✶✮

✷✼



✇❤❡r❡ Gij ❛r❡ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ❛ ♠❛tr✐① G ∈ GL(3,R)✳ ◆♦✇✱ ✐♥tr♦❞✉❝❡ ❛♥
❛r❜✐tr❛r② ♠❛tr✐① G ∈ GL(3,R)✳ ❲❡ ❤❛✈❡ t❤❡ r❡❧❛t✐♦♥

GMG−1 =





1 0 a
0 1 b
0 0 c



 , ✭✶✳✸✷✮

✇✐t❤

a =
G13G33

❞❡t(G)
, b =

G23G33

❞❡t(G)
, c =

(G33)
2

❞❡t(G)
. ✭✶✳✸✸✮

❚❤❡r❡❢♦r❡✱ ∀G ∈ GL(3,R)✱ ✇❡ ❤❛✈❡ G = L (MG−1)
−1

✇❤❡r❡ L ✐s ❛♥ ❡❧❡♠❡♥t ♦❢

E =







L =





1 0 a
0 1 b
0 0 c



 , a, b ∈ R , c ∈ R∗







. ✭✶✳✸✹✮

❚❤✐s s❡t t✉r♥s ♦✉t t♦ ❜❡ ❡①❛❝t❧② t❤❡ s❡t ♦❢ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ t❤❡ ❝♦s❡t GL(3,R)/
Aut✳ ■♥❞❡❡❞✱ ✐❢ ✇❡ t❛❦❡ L1 ∈ E ✱ ✇❡ ❝❛♥ ❡❛s✐❧② s❤♦✇ L1M ∈ E ⇔ M = I✳ ■❢
✇❡ ♥♦✇ t❛❦❡ t✇♦ ❞✐✛❡r❡♥t L1, L2 ∈ E ✱ t❤❡♥ ∀M ∈ Aut\{I}✱ L2M /∈ E ✱ ✇❤✐❝❤
♥❡❝❡ss❛r✐❧② ✐♠♣❧✐❡s L2M 6= L1✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡M ✐s t❤❡ ✐❞❡♥t✐t②✱ ✇❡ st✐❧❧ ❤❛✈❡
L2 6= L1 ❜② ❛ss✉♠♣t✐♦♥✳ ❋r♦♠ t❤✐s ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ∀M ∈ Aut✱ L2M 6= L1

❛♥❞ s♦ t❤❡ L ♠❛tr✐❝❡s ❜❡❧♦♥❣ t♦ ❞✐✛❡r❡♥t ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s✳ ❚❤✐s s❤♦✇s t❤❛t
E ✐s ✐♥❞❡❡❞ ❛ s❡t ♦❢ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ t❤❡ ❝♦s❡t GL(3,R)/Aut✳

❲❡ ❝❛♥ ♥♦✇ ❛♣♣❧② ❛ tr❛♥s❢♦r♠❛t✐♦♥ ✇✐t❤ ❛ ❣❡♥❡r✐❝ ❡❧❡♠❡♥t ❢r♦♠ t❤❡ s❡t E
t♦ ❡q✉❛t✐♦♥ ✭✶✳✷✻✮✳ ❚❤✐s ❣✐✈❡s t❤❡ ♠♦st ❣❡♥❡r❛❧ ♠❡tr✐❝ ♦♥ t❤❡ ♥✐❧♠❛♥✐❢♦❧❞

ds2 = (e1 + ae3)2 + (e2 + be3)2 + c2(e3)2, a, b ∈ R, c ∈ R∗ . ✭✶✳✸✺✮

❲❡ ❞❡❞✉❝❡
√
g = r1r2r3|c|✱ ❛♥❞ t❤❡ ✈♦❧✉♠❡

V =

∫

dx3
√
g = r1r2r3|c| . ✭✶✳✸✻✮

❚♦ ❝♦♥❝❧✉❞❡ t❤✐s s❡❝t✐♦♥✱ ❧❡t ✉s ❞✐s❝✉ss t❤❡ ❣❡♦♠❡tr✐❝❛❧ ♠❡❛♥✐♥❣ ♦❢ t❤❡ ♣❛✲
r❛♠❡t❡rs a, b, c✳ ❋✐rst ♦❢ ❛❧❧✱ t❤❡ ♣❛r❛♠❡t❡r c ✐s r❡❞✉♥❞❛♥t✳ ■t ❝❛♥ ❜❡ ❛❜s♦r❜❡❞
❜② r❡❞❡✜♥✐♥❣ t❤❡ ♦t❤❡r ♣❛r❛♠❡t❡rs ❛s ❢♦❧❧♦✇✿

r3 → r3

|c| , a→ a|c|, b→ b|c|, ❢ → ❢

|c| . ✭✶✳✸✼✮

❙♦ ✇❡ ❝❛♥ s❡t c = 1 ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✳ ❚❤❡ ♣❛r❛♠❡t❡rs a ❛♥❞ b ❝❛♥ ❜❡
✐♥t❡r♣r❡t❡❞ ❛s ❛♥❛❧♦❣✉❡s ♦❢ ❛ ❝♦♠♣❧❡① str✉❝t✉r❡ ♦♥ ❛ t♦r✉s✳ ❚♦ s❡❡ t❤❛t✱ ✇❡ ✜①
x2 t♦ ❛ ❝♦♥st❛♥t ✈❛❧✉❡✱ ❛❧♦♥❣ ✇✐t❤ b = 0 ❛♥❞ N = 0✳ ❚❤❡ r❡s✉❧t✐♥❣ str✉❝t✉r❡ ✐s
❛♥ ✉♥t✇✐st❡❞ ✷✲t♦r✉s ✇✐t❤ ♠❡tr✐❝

ds2 = (r1)2

(

(

dx1 + a
r3

r1
dx3
)2

+

(

r3

r1
dx3
)2
)

. ✭✶✳✸✽✮

✷✽



❚♦ ❝♦♠♣❛r❡ t❤✐s ✇✐t❤ t❤❡ t♦r✉s✱ ✐♥tr♦❞✉❝❡ t❤❡ ♠❡tr✐❝ ♦♥ ❛ ✷✲t♦r✉s ✇✐t❤ ❛r❡❛ ν
❛♥❞ ❝♦♠♣❧❡① str✉❝t✉r❡ τ = τ1 + iτ2✿

❞s2 =
ν

τ2

(

(

❞x1 + τ1❞x
2
)2

+ (τ2❞x
3)2
)

. ✭✶✳✸✾✮

❈♦♠♣❛r✐♥❣ t❤❡ t✇♦✱ ✇❡ ❛rr✐✈❡ ❛t t❤❡ r❡❧❛t✐♦♥s ν = r1r3✱ τ1 = ar3/r1 ❛♥❞
τ2 = r3/r1✳ ❚❤❡ t✇♦ s❡ts ❛r❡ t❤❡r❡❢♦r❡ t✇♦ ❡q✉✐✈❛❧❡♥t ♣❛r❛♠❡t❡r✐③❛t✐♦♥s ♦❢ t❤❡
t♦r✉s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡ a = τ1/τ2 ✇❤✐❝❤ r❡❧❛t❡s ✐t t♦ t❤❡ ❝♦♠♣❧❡① str✉❝t✉r❡✳
❆ ❝♦♠♣❧❡t❡❧② s✐♠✐❧❛r ❛♥❛❧②s✐s ❝❛♥ ❜❡ ♠❛❞❡ ❢♦r b✳

✶✳✸ ▲❛♣❧❛❝✐❛♥ ♦♥ t❤❡ ❍❡✐s❡♥❜❡r❣ ♠❛♥✐❢♦❧❞

❖✉r ♦❜❥❡❝t✐✈❡ ✐s t♦ st✉❞② t❤❡ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♦❢ ❨❛♥❣✲▼✐❧❧s t❤❡♦r✐❡s ♦♥
♥✐❧♠❛♥✐❢♦❧❞s✳ ❆ r❡q✉✐r❡♠❡♥t ✐s t♦ ✉♥❞❡rst❛♥❞ t❤❡ ❡✐❣❡♥❢♦r♠s ♦❢ t❤❡ ▲❛♣❧❛❝❡
♦♣❡r❛t♦r ♦♥ t❤❡ s♣❛❝❡ s✐♥❝❡ t❤❡ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ✇✐❧❧ ❜❡ ❡✛❡❝t✐✈❡❧② ❞♦♥❡ ❜②
s❡❧❡❝t✐♥❣ t❤❡ ✜rst ❧✐❣❤t❡st ♠♦❞❡s✳ ❚❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ❛r❡ ♦❢ ♠❛ss
❞✐♠❡♥s✐♦♥ 2✱ ❤❡♥❝❡ t❤❡✐r ✐♥t❡r♣r❡t❛t✐♦♥ ❛s t❤❡ ♠❛ss❡s sq✉❛r❡❞ ♦❢ t❤❡ ♠♦❞❡s✳ ❲❡
✇✐❧❧ ❜❡❣✐♥ t❤✐s s❡❝t✐♦♥ ❜② st✉❞②✐♥❣ t❤❡ ❝❛s❡ ♦❢ t❤❡ s❝❛❧❛r ✜❡❧❞ ❢♦r ❛♥ ❛r❜✐tr❛r②
♠❡tr✐❝✳ ❯s✐♥❣ t❤♦s❡ r❡s✉❧ts✱ ✇❡ ✇✐❧❧ t❤❡♥ ✇♦r❦♦✉t t❤❡ s♣❡❝tr✉♠ ♦❢ ♦♥❡✲❢♦r♠s✱
❜✉t ♦♥❧② ✐♥ t❤❡ ❝❛s❡ t❤❡ ❊✉❝❧✐❞✐❛♥ ♠❡tr✐❝✳ ❆❢t❡r t❤❛t✱ ✇❡ ✇✐❧❧ s❡❡ ❤♦✇ t❤❡ ✜rst
♠♦❞❡s ❛r❡ ♠♦❞✐✜❡❞ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❣❡♥❡r❛❧ ♠❡tr✐❝✳ ▲❛st❧②✱ ✇❡ ✇✐❧❧ st✉❞② t❤❡
s♣❡❝tr✉♠ ♦❢ t❤❡ ❢❡r♠✐♦♥s ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✳ ❲❡ ✇✐❧❧ ❢♦❧❧♦✇ t❤❡ ❞❡r✐✈❛t✐♦♥s
❣✐✈❡♥ ✐♥ ❬✸✼✕✸✾❪✳

✶✳✸✳✶ ❚❤❡ s❝❛❧❛r s♣❡❝tr✉♠

❲✐t❤ t❤❡ ♠❡tr✐❝ ❣✐✈❡♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ❝❛♥ ✇♦r❦♦✉t t❤❡ ❡①✲
♣r❡ss✐♦♥ ❢♦r t❤❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r ♦♥ ❛ s❝❛❧❛r ✜❡❧❞✳ ❲❡ st❛rt ✇✐t❤ t❤❡ ❣❡♥❡r❛❧
❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ▲❛♣❧❛❝✐❛♥ ❛❝t✐♥❣ ♦♥ ❛ s❝❛❧❛r ✜❡❧❞✳ ❋r♦♠ ❍♦❞❣❡ t❤❡♦r②✱ ✇❡
❦♥♦✇ t❤❛t ✐t ❝❛♥ ❡①♣r❡ss❡❞ ❛s

∆φ = (❞†❞+ ❞❞†)φ = ❞†❞φ = − 1√
g
∂m (

√
ggmn∂nφ) ✭✶✳✹✵✮

❚❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡ ♠❡tr✐❝ ✐s ❝♦♥st❛♥t ❤❡r❡✱ s♦ ✐t ❞r♦♣s ♦✉t ♦❢ t❤❡ ❡q✉❛t✐♦♥✳
▲❡t ✉s st❛rt ✇✐t❤ t❤❡ s✐♠♣❧❡st ❝❛s❡ ♣♦ss✐❜❧❡✱ ❛♥❞ ❣♦ ❢r♦♠ t❤❡r❡ t♦ st✉❞② t❤❡
♠♦r❡ ❣❡♥❡r❛❧ s❡tt✐♥❣✳

❚❤❡ s✐♠♣❧❡st ❝❛s❡ ♦❢ a = b = 0

❲❡ st❛rt ❜② st✉❞②✐♥❣ t❤❡ ❝❛s❡ ✇❤❡r❡ a = b = 0✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✇❡ s❡t t❤❡
r❛❞✐✐ ri = 1✱ c = 1 ❛♥❞ ❢ = 1 ✭♦r ❡q✉✐✈❛❧❡♥t❧② N = 1✮✳ ❚❤❡ ♠❡tr✐❝ ✐♥ t❤✐s ❝❛s❡
r❡❛❞s

❞s2 =
(

❞x1)2 +
(

❞x2)2 +
(

❞x3 + x1❞x2
)2
, ✭✶✳✹✶✮

❛♥❞ ❣✐✈❡s t❤❡ ▲❛♣❧❛❝✐❛♥

∇2u = ∆u =
(

∂21 + (∂2 − x1∂3)
2 + ∂23

)

u . ✭✶✳✹✷✮

✷✾



❚❤✐s s❡t✉♣ ❤❛s t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ s✐♠♣❧✐❢②✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥s ✇❤✐❧❡ st✐❧❧ r❡t❛✐♥✐♥❣
t❤❡ ♣♦ss✐❜✐❧✐t② t♦ r❡❝♦✈❡r t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡ ♣❛r❛♠❡t❡rs ❛t t❤❡ ❡♥❞✳ ❚❤❡
♦❜❥❡❝t✐✈❡ ✐s t♦ ✜♥❞ ❛ ❜❛s✐s ♦❢ ❢✉♥❝t✐♦♥ t❤❛t ❛r❡ ✐♥✈❛r✐❛♥t ✉♥❞❡r ✭✶✳✶✸✮✳

❆ s✐♠♣❧❡ st❛rt✐♥❣ ♣♦✐♥t ✐s t♦ ♦❜s❡r✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿ ❢♦r ❢✉♥❝t✐♦♥s t❤❛t ❞♦♥✬t
❞❡♣❡♥❞ ♦♥ x3 ✇❡ ❝❛♥ ✉s❡ t❤❡ ✉s✉❛❧ ❋♦✉r✐❡r ♠♦❞❡s ♦♥ t❤❡ t♦r✉s✳ ■❢ ✇❡ s❡t

ṽp,q(x
1, x2) = e2πp✐x1

e2πq✐x2

; p, q ∈ Z , ✭✶✳✹✸✮

t❤❡♥ t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ♦♥ t❤♦s❡ ❢✉♥❝t✐♦♥s ❣✐✈❡s t❤❡ ❡✐❣❡♥✈❛❧✉❡ ❡q✉❛t✐♦♥

(

∇2 + µ2
p,q

)

ṽp,q = 0 , ✭✶✳✹✹✮

✇❤❡r❡ ✇❡ ❞❡✜♥❡
µ2
p,q = 4π2(p2 + q2) . ✭✶✳✹✺✮

❚❤✐s s❡t ♦❢ ❢✉♥❝t✐♦♥ ✐s ♠❛♥✐❢❡st❧② ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥s ✭✶✳✶✸✮ ❛♥❞
❢♦r♠s t❤❡ ✜rst s❡t ♦❢ ❡✐❣❡♥s❝❛❧❛r✳ ❚❤❡s❡ ❛r❡ t❤❡ ♠♦❞❡s t❤❛t ❛r❡ ❧✐♠✐t❡❞ t♦ t❤❡
❜❛s❡ t♦r✉s✳

❈♦♥s✐❞❡r ♥♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t ♦❢ ❢✉♥❝t✐♦♥s✱ ❜✉✐❧t ❢r♦♠ ❲❡✐❧✲❇r❡③✐♥✲❩❛❦
tr❛♥s❢♦r♠s ❬✹✵❪✱

uk,l(x
1, x2, x3) = e2πk✐(x3+x1x2)e2πl✐x

1 ∑

m∈Z

e2πkm✐x1

f(x2 +m) ; k, l ∈ Z .

✭✶✳✹✻✮
❋✐rst ♦❢ ❛❧❧✱ ♦♥❡ ❝❛♥ ❝❤❡❝❦ t❤❛t t❤❡s❡ ❢✉♥❝t✐♦♥s ❛r❡ ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❧❛tt✐❝❡
❛❝t✐♦♥ ✭✶✳✶✸✮✳ ❆❝t✐♥❣ ♦♥ ✐t ✇✐t❤ t❤❡ ▲❛♣❧❛❝✐❛♥ ❣✐✈❡s

∇2uk,l =e
2πk✐(x3+x1x2)e2πl✐x

1

✭✶✳✹✼✮

×
∑

m∈Z

e2πkm✐x1
{

∂22 − 4π2
(

k2 +
(

k(x2 +m) + l
)2
)}

f(x2 +m) .

❲❡ ❝♦♥s✐❞❡r ❤❡r❡ k 6= 0✱ ♦t❤❡r✇✐s❡ t❤❡ ❢✉♥❝t✐♦♥ ✇♦✉❧❞♥✬t ❞❡♣❡♥❞ ♦♥ x3✳ ❙❡tt✐♥❣
zm = x2 +m+ l/k ❛♥❞ g(zm) = f(x2 +m)✱ ✇❡ ♦❜t❛✐♥

∇2uk,l = e2πk✐(x3+x1x2)e2πl✐x
1 ∑

m∈Z

e2πkm✐x1
{

∂2zm − (2πk)2(z2m + 1)
}

g(zm) .

✭✶✳✹✽✮
❲❡ ❛r❡ ♥♦✇ ❧♦♦❦✐♥❣ ❢♦r ❡✐❣❡♥✲❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r ✐♥s✐❞❡ t❤❡
s✉♠✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♥♦r♠❛❧✐③❡❞ ❍❡r♠✐t❡ ❢✉♥❝t✐♦♥s

Φn(z) = e−
1
2 z

2

Hn(z) ; n ∈ N , ✭✶✳✹✾✮

✇❤❡r❡ Hn ❛r❡ t❤❡ ❍❡r♠✐t❡ ♣♦❧②♥♦♠✐❛❧s✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ❍❡r♠✐t❡ ♣♦❧②♥♦♠✐❛❧s
❛r❡ ❞❡✜♥❡❞ ❛s Hn(y) = (−1)ney

2

∂ny e
−y2

❛♥❞ s❛t✐s❢② t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥
∂2yHn − 2y∂yHn + 2nHn = 0✳ ❋♦r λ ∈ R∗ ✇❡ ❞❡✜♥❡

Φλ
n(z) = |λ| 14Φn(|λ|

1
2 z) , ✭✶✳✺✵✮

✸✵



✇❤✐❝❤ ♦❜❡②s t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥

(∂2z − λ2z2)Φλ
n(z) = −(2n+ 1)|λ|Φλ

n(z) . ✭✶✳✺✶✮

❍❡♥❝❡ ❜② s❡tt✐♥❣ λ = 2πk ❛♥❞ g(zm) = Φ2πk
n (zm) ✐♥ ✭✶✳✹✽✮ ✇❡ ♦❜t❛✐♥✿

(

∇2 +M2
k,l,n

)

ũk,l,n = 0 , ✭✶✳✺✷✮

✇❤❡r❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ✭✐✳❡✳ t❤❡ ♠❛ss❡s✮ Mk,l,n ❛r❡ ❣✐✈❡♥ ❜②

M2
k,l,n = (2πk)2

(

1 +
2n+ 1

2π|k|

)

, ✭✶✳✺✸✮

❛♥❞ ✇❡ ❞❡✜♥❡❞

ũk,l,n(x
1, x2, x3) = e2πk✐(x3+x1x2)e2πl✐x

1 ∑

m∈Z

e2πkm✐x1

Φ2πk
n (x2 +m+

l

k
) ;

l = 0, . . . , |k| − 1 , k ∈ Z∗ , n ∈ N.

✭✶✳✺✹✮

❖❜s❡r✈❡ t❤❛t t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛r❡ ❞❡❣❡♥❡r❛t❡ s✐♥❝❡ ❡q✉❛t✐♦♥ ✭✶✳✺✸✮ ❞♦❡s♥✬t ❞❡♣❡♥❞
♦♥ l✳ ❚❤❡ ♣❛r❛♠❡t❡r l ✐s ❞❡✜♥❡❞ ♠♦❞✉❧♦ |k|✱ s♦ t❤❡ ❞❡❣❡♥❡r❛❝② ✐s ♦❢ ♦r❞❡r |k|✳
❚❤✐s ❝❛♥ ❜❡ s❡❡♥ ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐❞❡♥t✐t②

ũk,l+pk,n(x
1, x2, x3) = ũk,l,n(x

1, x2, x3) , ∀p ∈ Z , ✭✶✳✺✺✮

✇❤✐❝❤ ❝❛♥ ❜❡ s❤♦✇♥ ✉s✐♥❣ t❤❡ ❡①♣❧✐❝✐t ❢♦r♠ ♦❢ ũk,l,n✳ ❲❡ ❝❛♥ r❡✐♥tr♦❞✉❝❡ t❤❡
♣❛r❛♠❡t❡rs ri ❛♥❞ ❢ ✭❛❧♦♥❣ ✇✐t❤ c✮✳ ❲❡ ♦❜t❛✐♥

M2
k,l,n = k2

(

2π

r3c

)2

+ (2n+ 1)|k| 2π|❢|
r3

,

µ2
p,q = p2

(

2π

r1

)2

+ q2
(

2π

r2

)2

,

✭✶✳✺✻✮

❚❤❡ ❛ss♦❝✐❛t❡❞ ♠♦❞❡s ❛r❡

uk,l,n(x
1, x2, x3) =

√

r2

|N |V
1

√

2nn!
√
π
e2π✐k(x3+N x1x2)e2π✐lx1 ∑

m∈Z

e2π✐kmx1

Φλ
n(wm) ,

vp,q(x
1, x2) =

1√
V
e2π✐px1

e2π✐qx2

,

✭✶✳✺✼✮

✇✐t❤ λ = k c
|c|

2π❢
r3

❛♥❞ wm = r2
(

x2 + m
N

+ l
kN

)

✳ ◆♦t❡ t❤❛t t❤❡ ♦♥❧② ♠❛ss❧❡ss

♠♦❞❡ ✐s ṽ0,0✱ ✇❤✐❝❤ ✐s ❛ ♠♦❞❡ ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❜❛s❡ t♦r✉s✳

✸✶



●❡♥❡r❛❧ ❝❛s❡

❘❡♠❡♠❜❡r ❢r♦♠ s❡❝t✐♦♥ ✶✳✷✳✷✱ t❤❡ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s Ea ❝❛♥ ❜❡ ❣✐✈❡♥ ✐♥ t❡r♠s
♦❢ t❤❡ ❞❡✜♥✐♥❣ ❜❛s✐s ea ♦❢ ❡q✉❛t✐♦♥ ✭✶✳✸✮ ❜② Ea = La

be
b✳ ❲❡ ❝❛♥ ✇r✐t❡ t❤❡

r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❝♦♦r❞✐♥❛t❡ ❜❛s✐s ❛♥❞ t❤❡ ❜❛s✐s ea ✉s✐♥❣ t❤❡ ✈❡✐❧❜❡✐♥s e ✇✐t❤
❝♦♠♣♦♥❡♥ts eam ✭e ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ♠❛tr✐① ❛❝t✐♥❣ ♦♥ t❤❡ ❝♦♦r❞✐♥❛t❡ ❜❛s✐s✮✳ ❚❤❡
r❡❧❛t✐♦♥ ✐s

e =





r1

r2

r3Nx1 r3



 , ea = eam❞xm , ✭✶✳✺✽✮

❛♥❞ ✇❡ ❞❡♥♦t❡ (e−1)ma ≡ ema✳ ❚❤❡ ❣❡♥❡r❛❧ ♠❡tr✐❝ ✭✶✳✸✺✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛
♠❛tr✐① g = (Le)T δLe ❢♦r L ∈ E ✭s❡❡ s❡❝t✐♦♥ ✶✳✷✳✷✮ ✇✐t❤ δ = 13✳ ❚❤✐s ✐s s✐♠♣❧②
t❤❡ ❊✉❝❧✐❞✐❛♥ ♠❡tr✐❝ s❡❡♥ ❢r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ t❤❡ ❝♦♦r❞✐♥❛t❡ ❜❛s✐s✱ ❣✐✈✐♥❣
t❤❡ ♠❡tr✐❝ g✳ ■t ✐s ❡❛s② t♦ ✈❡r✐❢② t❤❡ ✈❛❧✉❡ ♦❢

√
g✱ ❛❧r❡❛❞② ❣✐✈❡♥ ✐♥ ✭✶✳✸✻✮✳ ❚❤❡

✐♥✈❡rs❡ ♠❡tr✐❝ ✐s t❤❡♥ s✐♠♣❧② g−1 = (Le)−1δ−1(Le)−T ✳ ❚❤❡ ✈❡❝t♦r e−T∂✱ ♦❢
❝♦♠♣♦♥❡♥t (e−T )a

m∂m = ema∂m✱ ✐s t❤❡ ❞✉❛❧ ✈❡❝t♦r ♦r ❝♦✕❢r❛♠❡ t♦ t❤❡ ❛❜♦✈❡
♦♥❡✲❢♦r♠s❀ ❛♥❛❧♦❣♦✉s❧②✱ (Le)−T∂ = L−T e−T∂ ✐s t❤❡ ❝♦✕❢r❛♠❡ t♦ Ea ✭t❤❡ L ❤❡r❡
✐s t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ ♦♥❡ ✐♥ ✭✶✳✷✼✮✮✳ ❯s✐♥❣ ✭✶✳✶✵✮✱ t❤♦s❡ ✈❡❝t♦rs ❛r❡ ❣✐✈❡♥ ❜②

(Le)−T∂ =





∂1

r1
∂2

r2
− ❢ r1x1 ∂3

r3
1
c

(

−a∂1

r1
− b∂2

r2
+ (1 + ❢ br1x1)∂3

r3

)



 . ✭✶✳✺✾✮

❙✐♥❝❡ t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡ ♠❡tr✐❝ ✐s ❝♦♥st❛♥t✱ ❛♥❞ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❡❛s✐❧② ❝❤❡❝❦❡❞
♣r♦♣❡rt② ∂me

m
a = 0 ✭✇✐t❤♦✉t s✉♠✮✱ t❤❡ ▲❛♣❧❛❝✐❛♥ ✭✶✳✹✵✮ ✐s s✐♠♣❧② ❣✐✈❡♥ ❜② t❤❡

sq✉❛r❡ ♦❢ t❤❡s❡ ✈❡❝t♦rs

∇2Φ =
(

(Le)−T∂
)2

Φ , ✭✶✳✻✵✮

t❤❛t r❡s✉❧ts ❤❡r❡ ✐♥

∇2 =

(

∂1
r1

)2

+

(

∂2
r2

− ❢ r1x1
∂3
r3

)2

+
1

c2

(

−a∂1
r1

− b
∂2
r2

+ (1 + ❢ br1x1)
∂3
r3

)2

.

✭✶✳✻✶✮
■♥tr♦❞✉❝✐♥❣ t❤❡ ❞✐♠❡♥s✐♦♥❢✉❧ ❝♦♦r❞✐♥❛t❡s Xm = rmxm✱ t❤❡ ▲❛♣❧❛❝✐❛♥ r❡❛❞s

∇2 = (∂X1)
2
+
(

∂X2 − ❢X1∂X3

)2
+

1

c2
(

∂X3 − a∂X1 − b
(

∂X2 − ❢X1∂X3

))2
.

✭✶✳✻✷✮
■♥ t❡r♠s ♦❢ t❤❡ Xm✬s t❤❡ ❞✐s❝r❡t❡ ✐❞❡♥t✐✜❝❛t✐♦♥s ✭✶✳✶✸✮ t❛❦❡ t❤❡ ❢♦r♠

X1 ∼ X1 + n1r1 ; X2 ∼ X2 + n2r2 ; ✭✶✳✻✸✮

X3 ∼ X3 + n3r3 − ❢n1r1X2 , n1, n2, n3 ∈ {0, 1} .

❚❤❡ ❢♦❧❧♦✇✐♥❣ s❡t ♦❢ ❢✉♥❝t✐♦♥s ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡s❡ ✐❞❡♥t✐✜❝❛t✐♦♥s✱

Uk,l(X
1, X2, X3) = e2πK✐(X3+❢X1X2)e2πL✐X1 ∑

m∈Z

e2πKM ✐X1

F

(

X2 +
M

❢

)

,

✭✶✳✻✹✮

✸✷



✇❤❡r❡

K =
k

r3
, L =

l

r1
, M =

r3

r1
m ; m, k, l ∈ Z . ✭✶✳✻✺✮

◆♦✇ ✇❡ ❢♦❧❧♦✇ ❛ s✐♠✐❧❛r ♣r♦❝❡❞✉r❡ ❛s ✐♥ t❤❡ s✐♠♣❧❡ ❝❛s❡ ❜❡❢♦r❡✳ ❲❡ ❝♦♥s✐❞❡rK 6=
0✳ P❧✉❣❣✐♥❣ ✭✶✳✻✹✮ ✐♥t♦ t❤❡ ▲❛♣❧❛❝✐❛♥ ✭✶✳✻✷✮✱ s❡tt✐♥❣ zm = X2 +M/❢+L/(K❢)
❛♥❞ G(zm) = F

(

X2 + M
❢

)

✇❡ ♦❜t❛✐♥

∇2Uk,l =e
2πK✐(X3+❢X1X2)e2πL✐X1 ∑

m∈Z

e2πKM ✐X1

×
{

∂2zm − (2πK❢)2z2m +
1

c2
(2πK✐(1− ❢azm)− b∂zm)

2
}

G(zm) .

✭✶✳✻✻✮

❚❤❡ ❛❜♦✈❡ ❝❛♥ ❛❧s♦ ❜❡ r❡✇r✐tt❡♥ ❛s

∇2Uk,l =e
2πK✐(X3+❢X1X2)e2πL✐X1 ∑

m∈Z

e2πKM ✐X1

exp

[

− ✐πKb

b2 + c2
zm(❢azm − 2)

]

×
{

∂2zm − 4π2K2c2

(b2 + c2)2
[

(1− ❢azm)2 + ❢
2(b2 + c2)z2m

]

}

H(zm) ,

✭✶✳✻✼✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ❞❡✜♥❡❞

H(z) =
b2 + c2

c2
exp

[

✐πKb

b2 + c2
z(❢az − 2)

]

G(z) . ✭✶✳✻✽✮

❲✐t❤ ❛ ❢✉rt❤❡r ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡

wm = zm − a

❢(a2 + b2 + c2)
, ✭✶✳✻✾✮

❡q✉❛t✐♦♥ ✭✶✳✻✼✮ ❜❡❝♦♠❡s ✭❢♦r ❝♦♥✈❡♥✐❡♥❝❡ ✇❡ ❞♦ ♥♦t ❝❤❛♥❣❡ ♥♦t❛t✐♦♥ ✐♥ t❤❡ ✜rst
r♦✇✿ zm s❤♦✉❧❞ ❜❡ t❤♦✉❣❤t ♦❢ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ wm✮

∇2Uk,l =e
2πK✐(X3+❢X1X2)e2πL✐X1 ∑

m∈Z

e2πKM ✐X1

exp

[

− ✐πKb

b2 + c2
zm(❢azm − 2)

]

×
{

∂2wm
− 4π2K2c2

(b2 + c2)2

[

b2 + c2

a2 + b2 + c2
+ ❢

2(a2 + b2 + c2)w2
m

]

}

T (wm) ,

✭✶✳✼✵✮

✇❤❡r❡ T (wm) = H(zm)✳ ❋✐♥❛❧❧② s✉❜st✐t✉t✐♥❣ ✐♥ ✭✶✳✼✵✮ T (wm) = Φλ
n(wm)✱ ✇✐t❤

λ =
2πKc

b2 + c2
(a2 + b2 + c2)

1
2 ❢ , ✭✶✳✼✶✮

t❛❦✐♥❣ ✭✶✳✺✶✮ ✐♥t♦ ❛❝❝♦✉♥t✱ ✇❡ ♦❜t❛✐♥

(

∇2 +M2
k,l,n

)

Uk,l,n = 0 , ✭✶✳✼✷✮

✸✸



✇❤❡r❡ t❤❡ ❑❧❡✐♥✲●♦r❞♦♥ ♠❛ss❡s Mk,l,n ❛r❡ ❣✐✈❡♥ ❜②

M2
k,l,n =

4π2k2

(r3)2(a2 + b2 + c2)

[

1 +
(2n+ 1)r3|❢|

2π|kc| (a2 + b2 + c2)
3
2

]

, ✭✶✳✼✸✮

❛♥❞ ✇❡ ❞❡✜♥❡❞

Uk,l,n(x
1, x2, x3) =

√

r2

|N |V
1

√

2nn!
√
π
e2πK✐(X3+❢X1X2)e2πL✐X1 ∑

m∈Z

e2πKM ✐X1

× exp

[

− ✐πKb

b2 + c2
zm(❢azm − 2)

]

Φλ
n(wm) ; k ∈ Z∗ , n ∈ N.

✭✶✳✼✹✮

◆♦t❡ t❤❛t t❤❡ Uk,l,n ❞✐✛❡r ❢r♦♠ t❤❡ Uk,l ❜② ❛ ❢❛❝t♦r b2+c2

c2

√

r2

|N |V
1√

2nn!
√
π
✱ V

❜❡✐♥❣ t❤❡ ✈♦❧✉♠❡ ✭✶✳✸✻✮✳ ❚❤✐s ❤❛s ♦❢ ❝♦✉rs❡ ♥♦ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ♠❛ss✱ ❜✉t
❛❧❧♦✇s t❤❡ Uk,l,n t♦ ❜❡ ♦rt❤♦♥♦r♠❛❧ ❛s ✇❡ ✇✐❧❧ ✈❡r✐❢② ❧❛t❡r ♦♥✳ ❲❡ r❡✇r✐t❡ t❤❡
❛❜♦✈❡ ❛s ✭✇✐t❤ λ ❣✐✈❡♥ ✐♥ ✭✶✳✼✶✮✮✶

Uk,l,n(x
1, x2, x3) =

√

r2

|N |V
1

√

2nn!
√
π
e2πK✐(X3+❢X1X2)e2πL✐X1 ∑

m∈Z

e2πKM ✐X1

× exp

[

− ✐πKb

b2 + c2

(

X2 +
M

❢
+

L

K❢

)(

❢a

(

X2 +
M

❢
+

L

K❢

)

− 2

)]

× Φλ
n

(

X2 +
M

❢
+

L

K❢
− a

❢(a2 + b2 + c2)

)

;

l = 0, . . . , |k| − 1 , k ∈ Z∗ , n ∈ N .

✭✶✳✼✺✮

❆s ✐♥ t❤❡ s✐♠♣❧❡ ❝❛s❡✱ t❤❡ r❛♥❣❡ ♦❢ l ✐s ✜♥✐t❡✱ ❧❡❛❞✐♥❣ t♦ ❛ ✜♥✐t❡ ❞❡❣❡♥❡r❛❝② ✐♥
t❤❡ ♠❛ss❡s✳ ❚❤✐s ❝❛♥ ❜❡ s❡❡♥ ❢r♦♠ t❤❡ ✐♥✈❛r✐❛♥❝❡ ♦❢ ✭✶✳✼✺✮ ✉♥❞❡r L→ L+KP ✱

✇❤❡r❡ P = r3

r1
p ✇✐t❤ p ∈ Z✿ t❛❦✐♥❣ ✭✶✳✻✺✮ ✐♥t♦ ❛❝❝♦✉♥t ✐t t❤❡♥ ❢♦❧❧♦✇s t❤❛t ✭✶✳✼✺✮

✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r l → l+ kp✳ ■t ✐s ❛❧s♦ str❛✐❣❤t❢♦r✇❛r❞ t♦ r❡❝♦✈❡r t❤❡ r❡s✉❧ts ♦❢
❙❡❝t✐♦♥ ✶✳✸✳✶ ❜② s❡tt✐♥❣ t❤❡ ♣❛r❛♠❡t❡rs t♦ t❤❡ ❛♣♣r♦♣r✐❛t❡ ✈❛❧✉❡s✳

❚❤❡ ♠❛ss❡s ♦❜t❛✐♥❡❞ ✐♥ ✭✶✳✼✸✮ ♦♥❧② ❞❡♣❡♥❞ ♦♥ t❤❡ r❛❞✐✉s ♦❢ t❤❡ ✜❜❡r✱ r3

✭♦r r3c✮✳ ❚❤✐s ✐s ❛ ✇❛② t♦ ✉♥❞❡rst❛♥❞ t❤❡ ♠♦❞❡s ❥✉st ❞✐s❝✉ss❡❞ ❛s ❝♦♠✐♥❣ ❢r♦♠
t❤❡ ✜❜❡r✳ ❆s ✐♥ t❤❡ s✐♠♣❧❡ ❝❛s❡✱ t❤❡r❡ s❤♦✉❧❞ ❜❡ ♦t❤❡r ♠♦❞❡s ❝♦♠✐♥❣ ❢r♦♠ t❤❡
❜❛s❡✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ✜❜❡r ❝♦♦r❞✐♥❛t❡✳ ❚❤❡ ♠♦st ❣❡♥❡r❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢

✶❆s ❛ s✐❞❡ r❡♠❛r❦✱ ✇❡ ✐♥❞✐❝❛t❡ t❤❛t t❤❡ ♣r♦❞✉❝t ♦❢ ❡①♣♦♥❡♥t✐❛❧s ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

exp

[

2✐πK

b2 + c2
c2(X3 + ❢X1zm)

]

exp

[

2✐πK

b2 + c2
b

(

b(X3 + ❢X1zm)−
❢a

2
z2m + zm

)]

,

✇❤❡r❡ ❡❛❝❤ ♦❢ t❤♦s❡ t✇♦ ❡①♣♦♥❡♥t✐❛❧s ❣❡ts ❛❝t❡❞ ♦♥ ♥♦♥✲tr✐✈✐❛❧❧② ❜② ♦♥❧② ♦♥❡ ♦❢ t❤❡ t❤r❡❡
t❡r♠s ✐♥ t❤❡ ▲❛♣❧❛❝✐❛♥ ✭✶✳✻✷✮✳ ❚❤✐s ♠✐❣❤t ❜❡ ♦❢ ✐♥t❡r❡st ✐♥ ❣❡♥❡r❛❧✐③✐♥❣ t❤❡ s♦❧✉t✐♦♥ t♦ ♦t❤❡r
♥✐❧♠❛♥✐❢♦❧❞s✳

✸✹



s✉❝❤ ♠♦❞❡s✱ ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥s ✭✶✳✻✸✮✱ ❝❛♥ ❜❡ ❣✐✈❡♥ ✐♥ t❡r♠s ♦❢
❛ ❋♦✉r✐❡r ❜❛s✐s✱ ✐✳❡✳ ✐♥ ♦rt❤♦♥♦r♠❛❧ ❢♦r♠

Vp,q(x
1, x2) =

1√
V
e2π✐PX1

e2π✐QX2

, P =
p

r1
, Q =

q

r2
, p, q ∈ Z . ✭✶✳✼✻✮

❖♥❡ t❤❡♥ ❣❡ts

(∇2 + µ2
p,q)Vp,q = 0 , µ2

p,q = 4π2

(

p2

(r1)2
+

q2

(r2)2
+

1

c2

(

a
p

r1
+ b

q

r2

)2
)

.

✭✶✳✼✼✮
❆s ❡①♣❡❝t❡❞✱ t❤❡s❡ ♠❛ss❡s ♦♥❧② ❞❡♣❡♥❞ ♦♥ t❤❡ ❜❛s❡ r❛❞✐✐✳ ❚❤❡ ♠♦❞❡s Vp,q ❛♥❞
Uk,l,n ❢♦r♠ t❤❡ ❝♦♠♣❧❡t❡ s❡t ♦❢ ❡✐❣❡♥♠♦❞❡s ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ♦♥ M3✱ ❛s ✇✐❧❧ ❜❡
✈❡r✐✜❡❞ ❧❛t❡r ♦♥✳

❲❡ ❝♦♥❝❧✉❞❡ t❤✐s s❡❝t✐♦♥ ✇✐t❤ ❛ s✉♠♠❛r② ♦❢ t❤❡ r❡s✉❧ts✳ ❲❡ st✉❞✐❡❞ t❤❡
s♣❡❝tr✉♠ ♦❢ t❤❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r ❛❝t✐♥❣ ♦♥ s❝❛❧❛r ✜❡❧❞s ♦♥ t❤❡ ❍❡✐s❡♥❜❡r❣ ♠❛♥✲
✐❢♦❧❞✳ ❚❤❡ st✉❞② r❡✈❡❛❧❡❞ t✇♦ t②♣❡s ♦❢ ♠♦❞❡s✳ ❚❤❡ ✜rst ♦♥❡s ❛r❡ ❧✐♠✐t❡❞ t♦
t❤❡ ❜❛s❡ t♦r✉s ✭t❤❡ Vp,q✬s✮✱ ✇❤✐❧❡ t❤❡ ♦t❤❡rs ❛r❡ ♠♦❞❡s ♦♥ t❤❡ ✇❤♦❧❡ s♣❛❝❡ ✭t❤❡
Uk,l,n✬s✮✳ ❆s ❡①♣❡❝t❡❞✱ t❤❡s❡ ♠♦❞❡s r❡♣r♦❞✉❝❡ t❤❡ r❡s✉❧ts ♦❢ t❤❡ s✐♠♣❧❡ ❝❛s❡
a = b = 0 ♦❢ ✶✳✸✳✶✳ ❚❤❡s❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ✇✐❧❧ ❜❡ t❤❡ ❜✉✐❧❞✐♥❣
❜❧♦❝❦s ✇❡ ✇✐❧❧ ✉s❡ t♦ ♦❜t❛✐♥ t❤❡ ❡✐❣❡♥❢♦r♠s ❛♥❞ s♦❧✈❡ t❤❡ ❉✐r❛❝ ❡q✉❛t✐♦♥ ♦♥
t❤❡ s♣❛❝❡✳ ❋♦r ❝♦♥✈❡♥✐❡♥❝❡ ✐♥ ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✱ ✇❡ ❣✐✈❡ ❛ s✉♠♠❛r② ♦❢ t❤❡
r❡s✉❧ts✳ ❚❤❡ ❡✐❣❡♥s❝❛❧❛rs ❛r❡

Vp,q(x
1, x2) =

1√
V
e2π✐PX1

e2π✐QX2

, ✭✶✳✼✽✮

✇✐t❤ P = p
r1
, Q = q

r2
, p, q ∈ Z✱ ❛♥❞

Uk,l,n(x
1, x2, x3) =

√

r2

|N |V
1

√

2nn!
√
π
e2πK✐(X3+❢X1X2)e2πL✐X1 ∑

m∈Z

e2πKM ✐X1

× exp

[

− ✐πKb

b2 + c2

(

X2 +
M

❢
+

L

K❢

)(

❢a

(

X2 +
M

❢
+

L

K❢

)

− 2

)]

× Φλ
n

(

X2 +
M

❢
+

L

K❢
− a

❢(a2 + b2 + c2)

)

, ✭✶✳✼✾✮

✇✐t❤ l = 0, . . . , |k| − 1 , k ∈ Z∗ , n ∈ N✳ ❚❤❡✐r ❡✐❣❡♥✈❛❧✉❡s ❛r❡ r❡s♣❡❝t✐✈❡❧②

µ2
p,q = 4π2

(

p2

(r1)2
+

q2

(r2)2
+

1

c2

(

a
p

r1
+ b

q

r2

)2
)

, ✭✶✳✽✵✮

M2
k,l,n =

4π2k2

(r3)2(a2 + b2 + c2)

[

1 +
(2n+ 1)r3|❢|

2π|kc| (a2 + b2 + c2)
3
2

]

. ✭✶✳✽✶✮

❚❤❡ ❡✐❣❡♥s❝❛❧❛rs ❛♥❞ t❤❡✐r ❡✐❣❡♥✈❛❧✉❡s ❛r❡ r❡❧❛t❡❞ t♦ ♦♥❡ ❛♥♦t❤❡r ❜② t❤❡ t✇♦
❡q✉❛t✐♦♥s

(∇2 + µ2
p,q)Vp,q = 0 ,

(

∇2 +M2
k,l,n

)

Uk,l,n = 0 ✭✶✳✽✷✮
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✇❤❡r❡ t❤❡ ▲❛♣❧❛❝✐❛♥ r❡❛❞s

∇2 =

(

∂1
r1

)2

+

(

∂2
r2

− ❢ r1x1
∂3
r3

)2

+
1

c2

(

−a∂1
r1

− b
∂2
r2

+ (1 + ❢ br1x1)
∂3
r3

)2

.

✭✶✳✽✸✮

❖rt❤♦♥♦r♠❛❧✐t② ❛♥❞ ❝♦♠♣❧❡t❡♥❡ss ♦❢ t❤❡ ❜❛s✐s

❲❡ ♥♦✇ s❤♦✇ t❤❛t t❤❡ ♠♦❞❡s ✭✶✳✼✹✮ ❛r❡ ♦rt❤♦♥♦r♠❛❧✱ ✐✳❡✳

∫

❞3x
√
g Uk,l,n(x

1, x2, x3)U∗
k′,l′,n′(x1, x2, x3) = δk,k′δl,l′δn,n′ . ✭✶✳✽✹✮

❚♦ t❤❛t ❡♥❞✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ❣✐✈❡♥ ❜②

I =
r2

|N |
1

2nn!
√
π
×

∑

m,m′∈Z

∫

[0,1]3
❞3x e2π✐x3(k−k′)e2π✐❢ r1

r3
x1(kzm,k,l−k′zm′,k′,l′ )

× e
− ✐πb

r3(b2+c2)
(kzm,k,l(❢azm,k,l−2)−k′zm′,k′,l′ (❢azm′,k′,l′−2))

×Φλ
n(wm,k,l)Φ

λ
n′(wm′,k′,l′) ,

✭✶✳✽✺✮

✇❤❡r❡ zm,k,l ❛♥❞ wm,k,l ❝♦rr❡s♣♦♥❞ t♦ zm ❛♥❞ wm✱ ❛♥❞ ✇❡ r❡❢❡r t♦ ❙❡❝t✐♦♥
✶✳✸✳✶ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ✈❛r✐♦✉s t❡r♠s✳ ❋✐rst✱ t❤❡ ✐♥t❡❣r❛❧ ♦✈❡r x3 ❣✐✈❡s
δk,k′ ✳ ❚❤❡♥✱ t❤❡ ✐♥t❡❣r❛❧ ♦✈❡r x1 ✐♠♣♦s❡s s✐♠✐❧❛r❧② l − l′ = −k(m −m′)✳ ❙✐♥❝❡
0 ≤ l ≤ |k| − 1 ❛♥❞ s✐♠✐❧❛r❧② ❢♦r l′✱ ♦♥❡ ❞❡❞✉❝❡s |m−m′| < 1 ✐✳❡✳ m = m′✱ t❤✉s
l = l′✳ ❲❡ ❞❡❞✉❝❡ zm,k,l = zm′,k′,l′ ❛♥❞ s✐♠✐❧❛r❧② ❢♦r wm✳ ❲❡ ❛r❡ t❤❡♥ ❧❡❢t ✇✐t❤

I = δk,k′δl,l′
r2

|N |
1

2nn!
√
π

∑

m∈Z

∫ 1

0

❞x2 Φλ
n(wm,k,l)Φ

λ
n′(wm,k,l) . ✭✶✳✽✻✮
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❲❡ r❡❝❛❧❧ t❤❛t wm,k,l =
r2

N

(

Nx2 +m+ ω
)

✇✐t❤ ω = l
k
− aN

r2❢(a2+b2+c2) ✳ ❙♦

I = δk,k′δl,l′
r2

|N |
1

2nn!
√
π

∑

m∈Z

∫ N+m

m

❞y

N
Φλ

n

(

r2

N
(y + ω)

)

Φλ
n′(. . . )

= δk,k′δl,l′
r2

2nn!
√
π

∑

m∈Z

∫ m+1

m

❞y

|N | Φ
λ
n

(

r2

N
(y + ω)

)

Φλ
n′(. . . )

= δk,k′δl,l′
r2

2nn!
√
π

∫ +∞

−∞

❞y

|N | Φ
λ
n

(

r2

N
(y + ω)

)

Φλ
n′(. . . )

= δk,k′δl,l′
1

2nn!
√
π

∫ +∞

−∞
❞zΦλ

n(z)Φ
λ
n′(z)

= δk,k′δl,l′
1

2nn!
√
π

∫ +∞

−∞
❞uΦn(u)Φn′(u)

= δk,k′δl,l′
1

2nn!
√
π

∫ +∞

−∞
❞u e−u2

Hn(u)Hn′(u)

= δk,k′δl,l′δn,n′ .

✭✶✳✽✼✮

❚❤✐s ❝♦♥❝❧✉❞❡s ♦✉r ♣r♦♦❢ ♦❢ ✭✶✳✽✹✮✳
▲❛st❧②✱ t❤❡ ✐♥t❡r❡st❡❞ r❡❛❞❡r ❝❛♥ ✜♥❞ t❤❡ ♣r♦♦❢ ❢♦r t❤❡ ❝♦♠♣❧❡t❡♥❡ss ♦❢ t❤❡

s❡t ♦❢ ♠♦❞❡s ✐♥ ❬✸✼❪✳

✶✳✸✳✷ ❖♥❡✲❢♦r♠ s♣❡❝tr✉♠

❋♦❧❧♦✇✐♥❣ t❤❡ st✉❞② ♦❢ t❤❡ s❝❛❧❛rs ♦♥ t❤❡ ❍❡✐s❡♥❜❡r❣ ♠❛♥✐❢♦❧❞✱ ✇❡ ♥♦✇
t✉r♥ t♦ t❤❡ ♦♥❡✲❢♦r♠s✳ ❖❢ ❝♦✉rs❡✱ ♦✉r ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ❡✐❣❡♥s❝❛❧❛rs ✇✐❧❧ ❜❡
♦✉r ♠❛✐♥ t♦♦❧ ✐♥ t❤✐s st✉❞②✳ ❚❤❡ ❛♣♣r♦❛❝❤ ✇✐❧❧ ❜❡ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❲❡ st❛rt ❜②
❧❛②✐♥❣ ♦✉t t❤❡ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ♦♥❡✲❢♦r♠s✱ ❛❧♦♥❣ ✇✐t❤ ✐♥tr♦❞✉❝✐♥❣ t❤❡ ❍♦❞❣❡
❞❡❝♦♠♣♦s✐t✐♦♥ ❢♦r ✐t✳ ❲❡ t❤❡♥ st✉❞② ❡❛❝❤ ♣❛rt ♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥✳ ❲❡ ✇✐❧❧
s❡❡ t❤❛t t❤❡ st✉❞② ♦❢ ♦♥❡✲❢♦r♠s ❝❛♥ ❜❡ ❡ss❡♥t✐❛❧❧② r❡❞✉❝❡❞ t♦ t❤❡ st✉❞② ♦❢ ❝♦✲
❝❧♦s❡❞ ♦♥❡✲❢♦r♠s✳ ❖♥❝❡ ❞♦♥❡ ✇✐t❤ s♦❧✈✐♥❣ t❤❡ ▲❛♣❧❛❝❡ ❡q✉❛t✐♦♥ ❢♦r ❝♦✲❝❧♦s❡❞
♦♥❡✲❢♦r♠s✱ ✇❡ ❞✐s❝✉ss ❤✐❣❤❡r ❢♦r♠s ✉s✐♥❣ ❍♦❞❣❡ ❞✉❛❧✐t② ❛♥❞ ❣✐✈❡ ❛ s✉♠♠❛r② ♦❢
t❤❡ r❡s✉❧ts✳

❍♦❞❣❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ❡①❛❝t ♦♥❡✲❢♦r♠s

❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ♦♥❡✲❢♦r♠s B ♦♥ M s❛t✐s❢②✐♥❣ t❤❡ ❡✐❣❡♥✈❛❧✉❡
❡q✉❛t✐♦♥

∆B = ΥB , ✭✶✳✽✽✮

❢♦r ❛ ❝♦♥st❛♥t Υ✳ ❚❤❡ ▲❛♣❧❛❝✐❛♥ ♦♣❡r❛t♦r ✐s ❣✐✈❡♥ ❜② ∆B = (∗ ❞ ∗ ❞+ ❞ ∗ ❞ ∗)B
✇❤❡r❡ ❞ ✐s t❤❡ ❡①t❡r✐♦r ❞❡r✐✈❛t✐✈❡ ♦♥ M ✇✐t❤ t❤❡ ❍♦❞❣❡ st❛r ∗✳ ❚❤❡ ❧❛tt❡r ✐s

✸✼



❞❡✜♥❡❞ ♦♥ ❛ p✲❢♦r♠ ✐♥ D ❞✐♠❡♥s✐♦♥s ❛s

∗ (❞xm1 ∧ . . . ∧ ❞xmp) =

√

|g|
(D − p)!

ǫm1...mp
np+1...nD

❞xnp+1 ∧ . . . ∧ ❞xnD

⇔ ∗ (ea1 ∧ . . . ∧ eap) =
1

(D − p)!
ǫa1...ap

ap+1...aD
eap+1 ∧ . . . ∧ eaD ,

✭✶✳✽✾✮

✇✐t❤ ǫ1...d = 1 ❛♥❞ ❝✉r✈❡❞ ♦r ✢❛t ✐♥❞✐❝❡s r❛✐s❡❞ ❜② gmn ♦r δab r❡s♣❡❝t✐✈❡❧②✳ ❲❡
❛❧s♦ r❡❝❛❧❧ ❢♦r ❛ p✲❢♦r♠ Ap t❤❛t ∗2Ap = s(−1)p(D−p)Ap = s(−1)p(D+1)Ap ✇❤❡r❡
s ✐s t❤❡ s✐❣♥❛t✉r❡ ♦❢ t❤❡ D✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✱ ✐✳❡✳ ∗2 = 1 ❢♦r ♦✉r M ✳

❚❤❡ ❍♦❞❣❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ B ❣✐✈❡s

B = ❞ϕ+ ❞†b2 + h , ✭✶✳✾✵✮

✇❤❡r❡ ϕ ✐s ❛ ❣❧♦❜❛❧❧②✲❞❡✜♥❡❞ s❝❛❧❛r✱ b2 ❛ ❣❧♦❜❛❧❧②✲❞❡✜♥❡❞ t✇♦✲❢♦r♠ ❛♥❞ h ❛
❣❧♦❜❛❧❧②✲❞❡✜♥❡❞ ❤❛r♠♦♥✐❝ ♦♥❡✲❢♦r♠ ♦♥ t❤❡ ♥✐❧♠❛♥✐❢♦❧❞✳ ❚❤❡ t❤r❡❡ t❡r♠s ♦♥ t❤❡
r✐❣❤t✲❤❛♥❞ s✐❞❡ ❛❜♦✈❡ ❛r❡ ♦rt❤♦❣♦♥❛❧ t♦ ❡❛❝❤ ♦t❤❡r ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝❛♥♦♥✐❝❛❧
♣❛✐r✐♥❣ ♦❢ ♦♥❡✲❢♦r♠s ♦♥ M ✳ ▲❡t ✉s ❡①❛♠✐♥❡ t❤❡ ✜rst ♦♥❡ ❛♥❞ ❧♦♦❦ ❢♦r ❡①❛❝t ♦♥❡✲
❢♦r♠s s♦❧✈✐♥❣ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ❡q✉❛t✐♦♥✳ ❚❤❡ ❢✉♥❝t✐♦♥ ϕ ❝❛♥ ❜❡ ❡①♣❛♥❞❡❞ ♦♥ t❤❡
❜❛s✐s ♦❢ ❡✐❣❡♥❢✉♥❝t✐♦♥s ❛❧r❡❛❞② ❢♦✉♥❞✳ ■♥ ❛❞❞✐t✐♦♥✱ ♦♥❡ ✈❡r✐✜❡s t❤❛t

∆❞vp,q = −µ2
p,q ❞vp,q , ∆❞uk,l,n = −M2

k,l,n ❞uk,l,n , ✭✶✳✾✶✮

❢r♦♠ ✇❤✐❝❤ ✇❡ ❞❡❞✉❝❡ ❛ ❜❛s✐s ♦❢ ❡①❛❝t ♦♥❡✲❡✐❣❡♥❢♦r♠s✳ ❚❤❡s❡ ❞♦ ♥♦t ❛❞♠✐t ❛
③❡r♦✲♠♦❞❡✱ s✐♥❝❡ ♦♥❡ s❤♦✉❧❞ ❡①❝❧✉❞❡ ❞v0,0 = 0✳ ❯s✐♥❣ t❤❡ ♦rt❤♦♥♦r♠❛❧✐t② ♦❢
t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ❛♥❞ ♣r♦❝❡❡❞✐♥❣ ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ s❝❛❧❛rs✱ ♦♥❡ ✈❡r✐✜❡s t❤❛t
t❤❡s❡ ❡①❛❝t ♦♥❡✲❢♦r♠s ❛r❡ ♦rt❤♦♥♦r♠❛❧✱ ✉♣ t♦ ❛ r❡s❝❛❧✐♥❣ ❜② µp,q ♦r Mk,l,n✳

❲❡ ♥♦✇ st✉❞② t❤❡ ♦t❤❡r t✇♦ ♣✐❡❝❡s ♦❢ ✭✶✳✾✵✮✱ ✇❤✐❝❤ ❛r❡ ❝♦✲❝❧♦s❡❞✿ t❤✐s
❛♠♦✉♥ts t♦ ✐♠♣♦s✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥

❞†B = 0 ⇔ ❞ ∗B = 0 . ✭✶✳✾✷✮

■❢ ♦♥❡ ❝♦♥s✐❞❡rs ❛ t❤❡♦r② ✇✐t❤ ❛ ❣❛✉❣❡ s②♠♠❡tr②✱ ✭✶✳✾✷✮ ❝❛♥ ❛❧s♦ ❜❡ ✈✐❡✇❡❞ ❛s
❛ ❣❛✉❣❡✲✜①✐♥❣ ❝♦♥❞✐t✐♦♥✳ ■♥❞❡❡❞✱ ❢♦r s✉❝❤ ❛ t❤❡♦r②✱ t❤❡ ❡①❛❝t ♣✐❡❝❡ ♦❢ B ❝♦✉❧❞
❜❡ r❡♠♦✈❡❞ ❜② ❛ ❣❛✉❣❡ tr❛♥s❢♦r♠❛t✐♦♥✱ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✳

❈♦✲❝❧♦s❡❞ ♦♥❡✲❢♦r♠s

❲❡ ❡①♣❛♥❞ B ❛s
B = ϕa(x)e

a , ✭✶✳✾✸✮

✇✐t❤ s♦♠❡ s❝❛❧❛rs ϕa(x)✱ a = 1, 2, 3✳ ❚❤❡ ❡①t❡r✐♦r ❞✐✛❡r❡♥t✐❛❧ ✐s ❛❧s♦ ❡①♣r❡ss❡❞
♦♥ t❤✐s ❜❛s✐s ❛s

❞ = eaVa , ✭✶✳✾✹✮

✇❤❡r❡ t❤❡ ✈❡❝t♦rs Va✱ ✐♥tr♦❞✉❝❡❞ ✐♥ ✭✶✳✻✮✱ ❛r❡ ❣✐✈❡♥ ❜②

V1 =
∂1
r1
, V2 =

∂2
r2

− ❢x1r1
∂3
r3
, V3 =

∂3
r3

. ✭✶✳✾✺✮

✸✽



❯s✐♥❣ ✭✶✳✽✾✮✱ t❤❡ ❝♦✲❝❧♦s❡❞ ❝♦♥❞✐t✐♦♥ ✭✶✳✾✷✮ t❛❦❡s t❤❡ ❢♦r♠

δabVaϕb = 0 . ✭✶✳✾✻✮

▼♦r❡♦✈❡r ✉s✐♥❣ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ✭✶✳✾✻✮✱ ❛♥❞ t❤❡ ❢❛❝t t❤❛t ∆ϕ = δabVaVb ϕ
✭s❡❡ ✭✶✳✻✵✮✮✱ ✇❡ ❝♦♠♣✉t❡

∆B = (❢V2ϕ3 + ❢V3ϕ2 −∆ϕ1) e
1 + (−❢V1ϕ3 − ❢V3ϕ1 −∆ϕ2) e

2

+
(

❢V1ϕ2 − ❢V2ϕ1 −∆ϕ3 + ❢
2ϕ3

)

e3 ,
✭✶✳✾✼✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ ✭✶✳✾✻✮ ❛♥❞ t❤❡ ❝♦♠♠✉t❛t✐♦♥s ✭✶✳✻✮ ♦❢ t❤❡ Va✳ ❚❤❡ ❡✐❣❡♥✈❛❧✉❡
❡q✉❛t✐♦♥ ✭✶✳✽✽✮ t❤❡♥ ❣❡ts ❞❡❝♦♠♣♦s❡❞ ♦♥ ✐ts ✈❛r✐♦✉s ❝♦♠♣♦♥❡♥ts ❛s

❢V2ϕ3 + ❢V3ϕ2 −∆ϕ1 = Υϕ1 ✭✶✳✾✽✮

−❢V1ϕ3 − ❢V3ϕ1 −∆ϕ2 = Υϕ2 ✭✶✳✾✾✮

❢V1ϕ2 − ❢V2ϕ1 −∆ϕ3 + ❢
2ϕ3 = Υϕ3 . ✭✶✳✶✵✵✮

❲❡ ♥♦✇ ❡①♣❛♥❞ ♦✉r ❢✉♥❝t✐♦♥s ϕa ♦♥ t❤❡ ❜❛s✐s ♦❢ ▲❛♣❧❛❝✐❛♥ ❡✐❣❡♥❢✉♥❝t✐♦♥s ♣r❡✲
✈✐♦✉s❧② ❞❡t❡r♠✐♥❡❞✱

ϕa = δab
∑

k,l,n

Cb
k,l,n uk,l,n + δab

∑

p,q

Db
p,q vp,q , ✭✶✳✶✵✶✮

✇✐t❤ C ❛♥❞ D ❝♦♥st❛♥t ❝♦❡✣❝✐❡♥ts✳ ❚❤❡ ❡q✉❛t✐♦♥s t♦ ❜❡ s♦❧✈❡❞ ❛r❡ ❧✐♥❡❛r✱ ❛♥❞
t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ x3 ✐♥ uk,l,n ✐s ❡①♣♦♥❡♥t✐❛❧✱ s♦ t❤✐s ❞❡♣❡♥❞❡♥❝❡ ✇✐❧❧ ♥♦t ❣❡t
♠✐①❡❞ ❜❡t✇❡❡♥ t❤❡ t✇♦ s✉♠s ❛❜♦✈❡❀ t❤✐s ✐s r❡❧❛t❡❞ t♦ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ♦❢ t❤❡
❡✐❣❡♥❢✉♥❝t✐♦♥s✳ ❲❡ t❤❡♥ tr❡❛t t❤❡s❡ t✇♦ s✉♠s ✐♥❞❡♣❡♥❞❡♥t❧②✳

❋♦r♠s ✐♥❞❡♣❡♥❞❡♥t ♦❢ x3

❲❡ st❛rt ✇✐t❤ t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ϕa ✭✶✳✶✵✶✮ ♦♥ t❤❡ vp,q✳ ❚❤❡ ❢❛❝t t❤❛t t❤❡②
❛r❡ x3✲✐♥❞❡♣❡♥❞❡♥t s✐♠♣❧✐✜❡s t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ Va✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ ✭✶✳✾✻✮ ❛♥❞ t❤❡
t❤r❡❡ ❡q✉❛t✐♦♥s ✭✶✳✾✽✮✱ ✭✶✳✾✾✮✱ ✭✶✳✶✵✵✮✱ ❜❡❝♦♠❡

PD1
p,q +QD2

p,q = 0 ✭✶✳✶✵✷✮

✐❢QD3
p,q + (P 2 +Q2)D1

p,q = ΥD1
p,q ✭✶✳✶✵✸✮

−✐❢PD3
p,q + (P 2 +Q2)D2

p,q = ΥD2
p,q ✭✶✳✶✵✹✮

✐❢PD2
p,q − ✐❢QD1

p,q + (P 2 +Q2)D3
p,q + ❢

2D3
p,q = ΥD3

p,q , ✭✶✳✶✵✺✮

✇❤❡r❡ ✇❡ ✐♥tr♦❞✉❝❡

P = 2π
p

r1
, Q = 2π

q

r2
, P 2 +Q2 = µ2

p,q . ✭✶✳✶✵✻✮

❆❧❧ s♦❧✉t✐♦♥s ✭❡①❝❡♣t t❤❡ tr✐✈✐❛❧ D1,2,3
p,q = 0✮ ❧❡❛❞ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡✐❣❡♥✈❛❧✉❡s

Υ = Y p,q
±

Y p,q
± = P 2 +Q2 +

❢
2

2
±
√

(

P 2 +Q2 +
❢
2

2

)2

− (P 2 +Q2)2 ≥ 0 , ✭✶✳✶✵✼✮

✸✾



✇❤✐❝❤ s♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥

(P 2 +Q2)❢2 = (Υ− (P 2 +Q2)− ❢
2)(Υ− (P 2 +Q2)) . ✭✶✳✶✵✽✮

❚❤❡ ❝♦❡✣❝✐❡♥ts Da
p,q ❛r❡ ✜①❡❞ ❜② t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥s✱ ❣✐✈✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣

❡✐❣❡♥❢♦r♠s

For p2 + q2 6= 0 : Bp,q
± = Dp,q vp,q

(

Qe1 − Pe2 +
Υp,q

± − (P 2 +Q2)

✐❢
e3
)

For p = q = 0 : Y 0,0
− = 0 : B0,0

1 = D0,0 v0,0 e
1 , B0,0

2 = D0,0 v0,0 e
2

Y 0,0
+ = ❢

2 : B0,0
3 = D0,0 v0,0 e

3 .

✭✶✳✶✵✾✮

❯s✐♥❣ t❤❡ ♦rt❤♦♥♦r♠❛❧✐t② ♦❢ t❤❡ vp,q✱ ♦♥❡ ✈❡r✐✜❡s ♥♦♥✲tr✐✈✐❛❧❧② t❤❛t t❤❡ ❛❜♦✈❡
❢♦r♠s ❛r❡ ♦rt❤♦♥♦r♠❛❧

∫

Bp,q
ǫ ∧ ∗Bp′,q′

ǫ′ = δp,p′δq,q′δǫ,ǫ′ , ✭✶✳✶✶✵✮

✉♣♦♥ ✜①✐♥❣ t❤❡ ♥♦r♠❛❧✐s❛t✐♦♥ ❝♦♥st❛♥t Dp,q✱ ✉s✐♥❣ ✭✶✳✶✵✽✮✱ t♦ t❤❡ ✈❛❧✉❡

Dp,q =
1

√

Υp,q
ǫ + P 2 +Q2

for p or q 6= 0 , D0,0 = 1 . ✭✶✳✶✶✶✮

❋♦r♠s ❞❡♣❡♥❞❡♥t ♦♥ x3

❲❡ t✉r♥ t♦ t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ϕa ✭✶✳✶✵✶✮ ♦♥ t❤❡ uk,l,n✱ ✇❤✐❝❤ ❞❡♣❡♥❞ ♦♥ x3✳ ❲❡

✜rst ❝♦♠♣✉t❡ ❢r♦♠ ✭✶✳✺✼✮✱ ✇✐t❤ y = |λ| 12wm✱ λ = k 2π❢
r3

✱ ❛♥❞ t❤❡ ♥♦r♠❛❧✐s❛t✐♦♥

❢❛❝t♦r normn ∝ (2nn!)−
1
2 ✱

V1uk,l,n = normn|λ|
1
2 e2πk✐(x3+Nx1x2)e2πl✐x

1 ∑

m∈Z

e2πkm✐x1 |λ| 14 e− y2

2 ✐ sgn(λ)yHn(y) ,

✭✶✳✶✶✷✮

V2uk,l,n =

normn|λ|
1
2 e2πk✐(x3+Nx1x2)e2πl✐x

1 ∑

m∈Z

e2πkm✐x1 |λ| 14 e− y2

2 (−yHn(y) +H ′
n(y)) .

✭✶✳✶✶✸✮

❲❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❍❡r♠✐t❡ ♣♦❧②♥♦♠✐❛❧s ∀n ∈ N✱ ✇✐t❤ H−1 =
0✱

H ′
n(w) = 2nHn−1(w)

2wHn(w) = Hn+1(w) + 2nHn−1(w) ,
✭✶✳✶✶✹✮

✹✵



t♦ r❡❝♦♥str✉❝t t❤❡ ✈❛r✐♦✉s uk,l,n✳ ❲❡ ❣❡t ∀n ∈ N

V1uk,l,n = |λ| 12 1
2
✐ sgn(λ)

(

√

2(n+ 1)uk,l,n+1 +
√
2nuk,l,n−1

)

, ✭✶✳✶✶✺✮

V2uk,l,n = |λ| 12 1
2

(

−
√

2(n+ 1)uk,l,n+1 +
√
2nuk,l,n−1

)

, ✭✶✳✶✶✻✮

V3uk,l,n =
|λ|
❢
✐ sgn(λ)uk,l,n , ✭✶✳✶✶✼✮

✇✐t❤ uk,l,−1 = 0✳ ❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡ ♥♦✇ ❝❤❛♥❣❡ ♥♦t❛t✐♦♥s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡
❝♦♥st❛♥t C ♦❢ ✭✶✳✶✵✶✮✱ ❛❢t❡r ✇❤✐❝❤ ✇❡ ❤❛✈❡

ϕ1 =
∑

n∈N

c1nuk,l,n
√
2nn! , ϕ2 =

∑

n∈N

c2n
✐ sgn(λ)

uk,l,n
√
2nn! ,

ϕ3 =
∑

n∈N

c3n
2
uk,l,n

√
2nn! , ✭✶✳✶✶✽✮

✇❤❡r❡ ✐♥ t❤❡ ♥❡✇ ❝♦♥st❛♥ts can ✇❡ ❞r♦♣ ❢♦r s✐♠♣❧✐❝✐t② t❤❡ ✐♥❞✐❝❡s k, l ❛❧t❤♦✉❣❤
t❤❡② s❤♦✉❧❞ ❜❡ ✉♥❞❡rst♦♦❞ ❛s ♣r❡s❡♥t✳

❚❤✐s ♠❛t❡r✐❛❧ ❛❧❧♦✇s ✉s t♦ r❡❢♦r♠✉❧❛t❡ t❤❡ ✈❛r✐♦✉s ❝♦♥str❛✐♥ts✳ ❲❡ st❛rt ✇✐t❤
t❤❡ ❝♦♥❞✐t✐♦♥ ✭✶✳✾✻✮ t❤❛t ❜❡❝♦♠❡s

∑

n∈N

|λ| 12 1
2
✐ sgn(λ)

(

c1n−1 + c2n−1 + 2(n+ 1)(c1n+1 − c2n+1) + c3n
|λ| 12
❢

)

uk,l,n
√
2nn!

= 0 , ✭✶✳✶✶✾✮

✇❤❡r❡ ✇❡ ✐♥tr♦❞✉❝❡❞ c1,2−1 = 0✳ ❊❛❝❤ t❡r♠ ♦❢ t❤❡ s✉♠ s❤♦✉❧❞ ✈❛♥✐s❤✱ ❧❡❛❞✐♥❣ t♦✱
∀n ∈ N✱

c3n
|λ| 12
❢

= −(c1n−1 + c2n−1) + 2(n+ 1)(−c1n+1 + c2n+1) . ✭✶✳✶✷✵✮

❲❡ ✐♥tr♦❞✉❝❡ ❢♦r ❢✉t✉r❡ ❝♦♥✈❡♥✐❡♥❝❡ c1,2−2 = 0✱ ❣✐✈✐♥❣ ✇✐t❤ ✭✶✳✶✷✵✮ c3−1 = 0✳ ❲❡
t✉r♥ t♦ t❤❡ ▲❛♣❧❛❝✐❛♥ ❡q✉❛t✐♦♥s✿ ✭✶✳✾✽✮ ❛♥❞ ✭✶✳✾✾✮ ❧❡❛❞ r❡s♣❡❝t✐✈❡❧② t♦✱ ∀n ∈ N

c1n(M
2
k,l,n −Υ) + c2n|λ|+

|λ| 12 ❢
4

(2(n+ 1)c3n+1 − c3n−1) = 0

c2n(M
2
k,l,n −Υ) + c1n|λ|+

|λ| 12 ❢
4

(2(n+ 1)c3n+1 + c3n−1) = 0 ,

✭✶✳✶✷✶✮

✇❤❡r❡ ✇❡ ✉s❡❞ ✭✶✳✾✶✮ ❢♦r t❤❡ ♠❛ss✳ ❲❡ ❛❞❞ ❛♥❞ s✉❜tr❛❝t t❤❡ ❛❜♦✈❡ t✇♦ ❡q✉❛✲
t✐♦♥s✱ ✉s❡ ✭✶✳✶✷✵✮✱ ❛♥❞ ♦❜t❛✐♥ ∀n ∈ N

(M2
k,l,n −Υ+ |λ| − (n+ 1)❢2)(c1n + c2n)− 2(n+ 1)(n+ 2)❢2(c1n+2 − c2n+2) = 0

✭✶✳✶✷✷✮

(M2
k,l,n −Υ− |λ|+ n❢2)(−c1n + c2n)−

❢
2

2
(c1n−2 + c2n−2) = 0 .

✭✶✳✶✷✸✮

✹✶



❋✐♥❛❧❧②✱ ✉s✐♥❣ ❛❣❛✐♥ ✭✶✳✶✷✵✮✱ ✭✶✳✶✵✵✮ ❜❡❝♦♠❡s ∀n ∈ N

(M2
k,l,n−Υ−|λ|+❢2)(c1n−1+c

2
n−1)+2(n+1)(M2

k,l,n−Υ+|λ|+❢2)(c1n+1−c2n+1) = 0 .
✭✶✳✶✷✹✮

■♥tr♦❞✉❝✐♥❣
∀n ≥ −2, c±n = c1n ± c2n , ✭✶✳✶✷✺✮

❛♥❞ c1,2−2 = 0✱ c1,2,3−1 = 0✱ ✇❡ s✉♠♠❛r✐③❡ t❤❡ ❝♦♥❞✐t✐♦♥s t♦ ❜❡ s♦❧✈❡❞✱ ✭✶✳✶✷✵✮✱
✭✶✳✶✷✷✮✱ ✭✶✳✶✷✸✮ ❛♥❞ ✭✶✳✶✷✹✮✱ ❛s ❢♦❧❧♦✇s ∀n ∈ N

c3n
|λ| 12
❢

= −c+n−1 − 2(n+ 1)c−n+1 ✭✶✳✶✷✻✮

c+n (M
2
k,l,n −Υ+ |λ| − (n+ 1)❢2)− 2(n+ 1)(n+ 2)❢2c−n+2 = 0 ✭✶✳✶✷✼✮

c−n (M
2
k,l,n −Υ− |λ|+ n❢2) +

❢
2

2
c+n−2 = 0 ✭✶✳✶✷✽✮

c+n−1(M
2
k,l,n −Υ− |λ|+ ❢

2) + 2(n+ 1)c−n+1(M
2
k,l,n −Υ+ |λ|+ ❢

2) = 0 .

✭✶✳✶✷✾✮

❊q✉❛t✐♦♥ ✭✶✳✶✷✻✮ ❞❡t❡r♠✐♥❡s t❤❡ ❝♦❡✣❝✐❡♥ts c3n ✐♥ t❡r♠s ♦❢ c1,2n ✳ ■♥ t❤❡✐r
t✉r♥ t❤❡ c1,2n ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ✭✶✳✶✷✼✮✲✭✶✳✶✷✾✮✱ ✇❤✐❝❤
✐s ♦✈❡r❞❡t❡r♠✐♥❡❞✳ ❚♦ s❡❡ t❤✐s ♠♦r❡ ❝❧❡❛r❧② ✐t ✐s ❝♦♥✈❡♥✐❡♥t t♦ ♣❡r❢♦r♠ ❛ s❤✐❢t
✐♥ t❤❡ ✐♥❞❡① n✱ t♦ ❜r✐♥❣ t❤❡ s②st❡♠ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✱✷ ∀n ∈ N✱

c+n (αn − (n+ 1)❢2)− 2(n+ 1)(n+ 2)❢2c−n+2 = 0 ✭✶✳✶✸✵✮

c+n ❢
2 + 2c−n+2(αn + 2|λ|+ (n+ 2)❢2) = 0 ✭✶✳✶✸✶✮

c+n (αn + ❢
2) + 2(n+ 2)c−n+2(αn + 2|λ|+ ❢

2) = 0 , ✭✶✳✶✸✷✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ αn =M2
k,l,n−Υ+ |λ|✱ ❛♥❞ ✇❡ ❤❛✈❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t

t❤❛t M2
k,l,n+p =M2

k,l,n + 2p|λ|✳
❊q✉❛t✐♦♥s ✭✶✳✶✸✵✮✲✭✶✳✶✸✷✮ ❝♦♥st✐t✉t❡ ❛ ❤♦♠♦❣❡♥❡♦✉s s②st❡♠ ♦❢ t❤r❡❡ ❡q✉❛✲

t✐♦♥s ❢♦r t✇♦ ✉♥❦♥♦✇♥s✳ ●❡♥❡r✐❝❛❧❧② t❤✐s s②st❡♠ ❝❛♥ ♦♥❧② ❛❞♠✐t t❤❡ tr✐✈✐❛❧
s♦❧✉t✐♦♥ ✇❤❡r❡ ❜♦t❤ c+n ❛♥❞ c−n+2 ✈❛♥✐s❤ ✐❞❡♥t✐❝❛❧❧②✳ ❚❤❡ ♥❡❝❡ss❛r② ❛♥❞ s✉✣✲
❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♥♦♥✲tr✐✈✐❛❧ s♦❧✉t✐♦♥ ✐s t❤❡ ✈❛♥✐s❤✐♥❣ ♦❢ ❛❧❧
2×2 s✉❜✲❞❡t❡r♠✐♥❛♥ts ♦❢ t❤❡ 3×2 ♠❛tr✐① ♦❢ ❝♦❡✣❝✐❡♥ts✳ ❘❡♠❛r❦❛❜❧②✱ t❤❡ t❤r❡❡
❝♦♥❞✐t✐♦♥s t❤✉s ♦❜t❛✐♥❡❞ t✉r♥ ♦✉t t♦ ❜❡ ✐❞❡♥t✐❝❛❧✿ t❤❡ s②st❡♠ ❛❞♠✐ts ♥♦♥✲tr✐✈✐❛❧
s♦❧✉t✐♦♥s ❢♦r c+n ✱ c

−
n+2✱ ♣r♦✈✐❞❡❞ αn ♦❜❡②s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥

α2
n + αn(❢

2 + 2|λ|)− 2(n+ 1)|λ|❢2 = 0 , ✭✶✳✶✸✸✮

✇❤✐❝❤ ❡♥s✉r❡s t❤❛t ❛❧❧ t❤r❡❡ ❡q✉❛t✐♦♥s ✭✶✳✶✸✵✮✲✭✶✳✶✸✷✮ ❜❡❝♦♠❡ ❡q✉✐✈❛❧❡♥t✳ c+n
❛♥❞ c−n+2 ❝❛♥ t❤❡♥ ❜❡ ♥♦♥✲③❡r♦✱ ❛♥❞ ♦♥❡ ✐s ❣✐✈❡♥ ✐♥ t❡r♠s ♦❢ t❤❡ ♦t❤❡r✳ ❋r♦♠

✷❲❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ✭✶✳✽✽✮ ✇✐t❤ ❛ ❣✐✈❡♥ Υ✱ ❛♥❞ t❤❡
❧❛tt❡r s❤♦✉❧❞ t❤❡r❡❢♦r❡ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ✜①❡❞✳ ❚❤❡ s♦❧✉t✐♦♥ ✐s ❣✐✈❡♥ ❜② ❛ s❡t ♦❢ ❝♦❡✣❝✐❡♥ts
c
1,2,3
n ✳ ❊q✉❛t✐♦♥s ✭✶✳✶✷✼✮✲✭✶✳✶✷✾✮ ✐♥✈♦❧✈✐♥❣ t❤❡s❡ ❝♦❡✣❝✐❡♥ts ❤❛✈❡ ❜❡❡♥ ♦❜t❛✐♥❡❞ ❜② ♣r♦❥❡❝t✐♥❣
❛ s✉♠ ♦✈❡r n ♦♥ ❡❛❝❤ uk,l,n✱ ❜✉t t❤❡ ♣r♦❥❡❝t✐♦♥ ❝♦✉❧❞ ❤❛✈❡ ❜❡❡♥ ❞♦♥❡ ❡q✉✐✈❛❧❡♥t❧② ♦♥ ❡❛❝❤
uk,l,n±1✱ ❧❡❛❞✐♥❣ t♦ s❤✐❢t❡❞ ❡q✉❛t✐♦♥s✳ ❉♦✐♥❣ s♦ ✇♦✉❧❞ ❤❛✈❡ ❣✐✈❡♥ ❡q✉❛t✐♦♥s ❞❡s❝r✐❜✐♥❣ t❤❡
s❛♠❡ s♦❧✉t✐♦♥ ✇✐t❤ ❡✐❣❡♥✈❛❧✉❡ Υ✳ ❙♦ ✇❤❡♥ s❤✐❢t✐♥❣ ❡q✉❛t✐♦♥s ✭✶✳✶✷✼✮✲✭✶✳✶✷✾✮ ❛s ❞♦♥❡ t♦ r❡❛❝❤
✭✶✳✶✸✵✮✲✭✶✳✶✸✷✮✱ Υ ✐s ❝♦♥s✐❞❡r❡❞ ❛s ✜①❡❞✳

✹✷



✭✶✳✶✸✸✮✱ αn ❛♥❞ t❤❡r❡❢♦r❡ Υ ✐s ❞❡t❡r♠✐♥❡❞ ✐♥ t❡r♠s ♦❢ n❀ ❤❛✈✐♥❣ ♦t❤❡r ❝♦❡✣❝✐❡♥ts
c±m✱ m ∈ N✱ ✇♦✉❧❞ t❤❡♥ ❧❡❛❞ t♦ ❞✐✛❡r❡♥t Υ ❛♥❞ t❤✉s ❝♦rr❡s♣♦♥❞ t♦ ❞✐✛❡r❡♥t
❡✐❣❡♥♠♦❞❡s✳ ❋♦r ❛ ❣✐✈❡♥ n✱ t❤❡ s②st❡♠ ✐s t❤❡♥ s♦❧✈❡❞ ❜② s❡tt✐♥❣ c±m = 0 ❢♦r ❛❧❧
m✱ ❡①❝❡♣t ❢♦r c+n ❛♥❞ c−n+2✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ♥♦♥✲✈❛♥✐s❤✐♥❣ ❝♦❡✣❝✐❡♥ts ♦❢

t❤❡ ❡✐❣❡♥♠♦❞❡ ❛r❡ c1,2n ✱ c1,2n+2 ❛♥❞ c3n+1✳ ▼♦r❡♦✈❡r✱ t❤♦s❡ ❛r❡ ❞❡t❡r♠✐♥❡❞ ✉♣ t♦
❛♥ ♦✈❡r❛❧❧ ❝♦♥st❛♥t✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♦♥❡✲❢♦r♠✳

❊①♣❧✐❝✐t❧②✱ t❤❡ ❡✐❣❡♥❢♦r♠s Bk,l,n
± ❛♥❞ t❤❡✐r ❡✐❣❡♥✈❛❧✉❡s Υ = Y k,l,n

± ✭✇❡ r❡❝❛❧❧
k ∈ Z∗✱ n ∈ N✱ l = 0, . . . , |k| − 1✮ ❛r❡ ❣✐✈❡♥ ❜②

Bk,l,n
± =

3
∑

a=1

ϕk,l,n
a ea

where ϕk,l,n
1 =

1

2
c
√
2nn!

(

uk,l,n −
√

(n+ 1)(n+ 2)❢2

αn + 2|λ|+ (n+ 2)❢2
uk,l,n+2

)

ϕk,l,n
2 = − ✐

2
s❣♥(λ)c

√
2nn!

(

uk,l,n +

√

(n+ 1)(n+ 2)❢2

αn + 2|λ|+ (n+ 2)❢2
uk,l,n+2

)

ϕk,l,n
3 = − 1

2|λ| 12
c
√
2nn!

❢

√

2(n+ 1)(αn + 2|λ|)
αn + 2|λ|+ (n+ 2)❢2

uk,l,n+1 ,

✭✶✳✶✸✹✮

✇✐t❤ c ❛ ❝♦♥st❛♥t t♦ ❜❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ♦✈❡r❛❧❧ ♥♦r♠❛❧✐③❛t✐♦♥✱ ❛♥❞

Y k,l,n
± =M2

k,l,n+2|λ|+ 1

2
❢
2±
√

(

|λ|+ 1

2
❢
2

)2

+ 2(n+ 1)|λ|❢2 > 0 , ✭✶✳✶✸✺✮

✇✐t❤ M2
k,l,n = λ2

❢2
+ (2n+ 1)|λ|✱ ♦r ♠♦r❡ ❡①♣❧✐❝✐t❧②

Y k,l,n
± =k2

(

2π

r3

)2

+ (2n+ 3)
2π

r3
|k❢|+ 1

2
❢
2

±
√

(

2π

r3
|k❢|+ 1

2
❢
2

)2

+ 2(n+ 1)
2π

r3
|k❢|❢2 .

✭✶✳✶✸✻✮

❆s t❤❡ ❝♦❡✣❝✐❡♥ts ϕk,l,n
a ❞❡♣❡♥❞ ♦♥ αn =M2

k,l,n − Y k,l,n
± + |λ|✱ ❡❛❝❤ ♦❢ Y± ❧❡❛❞s

t♦ ❛ ❞✐✛❡r❡♥t ❡✐❣❡♥♠♦❞❡ B±✳ ❚❤❡ ♦rt❤♦♥♦r♠❛❧✐t② ♦❢ t❤❡ ❡✐❣❡♥❢♦r♠s ✐s ❡①♣r❡ss❡❞
❛s
∫

Bk,l,n
ǫ ∧ ∗Bk′,l′,n′

ǫ′ =

∫

❞3x
√
g δabϕk,l,n,ǫ

a ϕk′,l′,n′,ǫ′

b = δk,k′δl,l′δn,n′δǫ,ǫ′ ,

✭✶✳✶✸✼✮
❢♦r ǫ = ±✱ ❜② ❛♣♣r♦♣r✐❛t❡❧② ❝❤♦♦s✐♥❣ t❤❡ ❝♦♥st❛♥t c✳ ❚❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❝❛♥ ❜❡
✈❡r✐✜❡❞ ✉s✐♥❣ t❤❡ ♦rt❤♦♥♦r♠❛❧✐t② ♦❢ t❤❡ uk,l,n✳

✸

✸▼♦r❡ ❣❡♥❡r❛❧❧②✱ ♦♥❡ ❝❛♥ ❝♦♥s✐❞❡r t✇♦ ❝♦✲❝❧♦s❡❞ ♦♥❡✲❡✐❣❡♥❢♦r♠s B1, B2 ♦❢ ❡✐❣❡♥✈❛❧✉❡s Y1, Y2
✐♥ t❤r❡❡ ❞✐♠❡♥s✐♦♥s✳ ❯s✐♥❣ t❤❛t A ∧ ∗B = B ∧ ∗A ❢♦r ❢♦r♠s ♦❢ s❛♠❡ ❞❡❣r❡❡✱ ❛♥❞ ✐♥t❡❣r❛t✐♦♥

✹✸



✶✳✸✳✸ ❍✐❣❤❡r ❢♦r♠s ❛♥❞ s✉♠♠❛r②

■♥ ❛ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✱ t❤❡ s♣❡❝tr✉♠ ♦❢ t❤❡ t✇♦✲ ❛♥❞ t❤r❡❡✲❢♦r♠s ❝❛♥ ❜❡
❞❡❞✉❝❡❞ r❡s♣❡❝t✐✈❡❧② ❢r♦♠ t❤❛t ♦❢ t❤❡ ♦♥❡✲❢♦r♠s ❛♥❞ t❤❡ s❝❛❧❛rs✳ ■♥❞❡❡❞✱ ♦♥❡
❝❛♥ ❛❧✇❛②s r❡✇r✐t❡ ❛ p✲❢♦r♠ Ap ✐♥ t❡r♠s ♦❢ ✐ts ❍♦❞❣❡ ❞✉❛❧ ❛s Ap = ∗B3−p✱ ❛♥❞
♦♥❡ ✈❡r✐✜❡s t❤❛t

∆A2 = ΥA2 ⇔ ∆B1 = ΥB1 , ∆A3 = ΥA3 ⇔ ∆B0 = ΥB0 . ✭✶✳✶✸✾✮

❚❤❡ ❝♦♠♣❧❡t❡ s♣❡❝tr✉♠ ♦❢ s❝❛❧❛rs ❛♥❞ ♦♥❡✲❢♦r♠s✱ ❛s ✇❡❧❧ ❛s t❤❡ ❜❛s✐s ♦❢ ❡✐❣❡♥✲
♠♦❞❡s✱ t❤✉s ♣r♦✈✐❞❡s t❤♦s❡ ♦❢ t❤❡ t✇♦✲ ❛♥❞ t❤r❡❡✲❢♦r♠s ❜② ❛ s✐♠♣❧❡ ❛♣♣❧✐❝❛t✐♦♥
♦❢ t❤❡ ❍♦❞❣❡ st❛r✳ ❲❡ s✉♠♠❛r✐③❡ t❤❡ ❢♦r♠❡r ✐♥ ❚❛❜❧❡ ✶✳✶✳✹

❊✐❣❡♥♠♦❞❡s ❊✐❣❡♥✈❛❧✉❡s
❙❝❛❧❛rs vp,q ✐♥ ✭✶✳✺✼✮ −µ2

p,q ✐♥ ✭✶✳✺✻✮
uk,l,n ✐♥ ✭✶✳✺✼✮ −M2

k,l,n ✐♥ ✭✶✳✺✻✮

❊①❛❝t ♦♥❡✲❢♦r♠s ❞vp,q ✇✐t❤ pq 6= 0 −µ2
p,q

❞uk,l,n −M2
k,l,n

❈♦✲❝❧♦s❡❞ ♦♥❡✲❢♦r♠s Bp,q
ǫ ✐♥ ✭✶✳✶✵✾✮ Y p,q

± ✐♥ ✭✶✳✶✵✼✮

Bk,l,n
ǫ ✐♥ ✭✶✳✶✸✹✮ Y k,l,n

± ✐♥ ✭✶✳✶✸✺✮

❚❛❜❧❡ ✶✳✶✿ ❙❝❛❧❛r ❛♥❞ ♦♥❡✲❢♦r♠ ❡✐❣❡♥♠♦❞❡s ✇✐t❤ r❡s♣❡❝t✐✈❡ ❡✐❣❡♥✈❛❧✉❡s ❢♦r t❤❡
▲❛♣❧❛❝✐❛♥ ♦♥ t❤❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❍❡✐s❡♥❜❡r❣ ♥✐❧♠❛♥✐❢♦❧❞✳

❋✐♥❛❧❧②✱ ♥♦t❡ ✇❡ ❝❛♥ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❛❧ ❡✐❣❡♥❢♦r♠s

Bk,l,n
r ǫ =

1√
2
(Bk,l,n

ǫ +Bk,l,n
ǫ ) , Bp,q

r ǫ =
1√
2
(Bp,q

ǫ +Bp,q
ǫ ) . ✭✶✳✶✹✵✮

❖♥❡ ❤❛s
∫

3

❞3x
√
g uk,l,nuk′,l′,n′ = δk,−k′ × . . . ,

∫

3

❞3x
√
g vp,qvp′,q′ = δp,−p′δq,−q′ .

✭✶✳✶✹✶✮
❚❤✐s ✐♠♣❧✐❡s t❤❛t {Bk,l,n

r ǫ } ♦r {Bp,q
r ǫ } ❢♦r♠ ❛♥ ♦rt❤♦♥♦r♠❛❧ s❡t ✐❢ ♦♥❡ r❡str✐❝ts

❡✳❣✳ t♦ kk′ > 0 ♦r pp′ > 0, qq′ > 0✳
■♠♣♦rt❛♥t❧②✱ ✐t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t t❤❡ ❝❛s❡ ♦❢ ❛♥ ❛r❜✐tr❛r② ♠❡tr✐❝ ❤❛s♥✬t

❜❡❡♥ ❞✐s❝✉ss❡❞✳ ❚❤❡ st✉❞② ❝♦✉❧❞ ❜❡ r❡♣❡❛t❡❞ ✐♥ ❛ s✐♠✐❧❛r ❢❛s❤✐♦♥ t♦ ♦❜t❛✐♥
t❤❡ s♣❡❝tr✉♠ ✇✐t❤ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡ ♣❛r❛♠❡t❡rs a ❛♥❞ b ♦❢ ♠❡tr✐❝ ♠♦❞✉❧✐

❜② ♣❛rts✱ ♦♥❡ ❝❛♥ s❤♦✇

Y2

∫

3

B1 ∧ ∗B2 =

∫

3

∗B1 ∧∆B2 = Y1

∫

3

B1 ∧ ∗B2 . ✭✶✳✶✸✽✮

❚❤✐s ✐♠♣❧✐❡s t❤❛t B1 ✐s ♦rt❤♦❣♦♥❛❧ t♦ B2 ✐❢ Y1 6= Y2✳
✹❖✉r ❝♦♥✈❡♥t✐♦♥ ❢♦r t❤❡ ▲❛♣❧❛❝✐❛♥ ♦♣❡r❛t♦r ✐s s✉❝❤ t❤❛t ∆ = ∗ ❞ ∗ ❞ + ❞ ∗ ❞ ∗ ♦♥ ❛♥②

p✲❢♦r♠✱ p ≥ 0✳ ❚❤✐s ✐s t❤❡ r❡❛s♦♥ ❢♦r t❤❡ ❞✐✛❡r❡♥t s✐❣♥s ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s s✉♠♠❛r✐③❡❞ ✐♥

❚❛❜❧❡ ✶✳✶✱ ✇❤❡r❡ ✇❡ r❡❝❛❧❧ t❤❛t Y p,q
± ≥ 0 ❛♥❞ Y k,l,n

± > 0✳ ❚❤❡ ♠♦r❡ ❝♦♥✈❡♥t✐♦♥❛❧ ❞❡✜♥✐t✐♦♥✱

∆ = ❞†❞+ ❞❞†✱ ✇♦✉❧❞ ♣r♦✈✐❞❡ ❛ ♣♦s✐t✐✈❡ s✐❣♥ t♦ ❛❧❧ ❡✐❣❡♥✈❛❧✉❡s✳

✹✹



s♣❛❝❡✳ ❲❤❡♥ ✇❡ ✇✐❧❧ st✉❞② t❤❡ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♦❢ ❨❛♥❣✲▼✐❧❧s t❤❡♦r② ♦♥ t❤❡
❍❡✐s❡♥❜❡r❣ ♠❛♥✐❢♦❧❞✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❊✉❝❧✐❞✐❛♥ ♠❡tr✐❝ δ s✐♥❝❡ t❤❡ ❣♦❛❧ ✐s t♦
❞❡✈❡❧♦♣ ❛ ❜❛s✐❝ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡s❡ t②♣❡ ♦❢ s♣❛❝❡s✳ ❚❤✐s ✐s st✐❧❧ ❤♦✇❡✈❡r
❛♥ ✐♠♣♦rt❛♥t q✉❡st✐♦♥✳ ■❢ ✇❡ ✇❡r❡ t♦ st✉❞② ❣r❛✈✐t② ♦♥ t❤❡ ♣r♦❞✉❝t s♣❛❝❡ ♦❢
▼✐♥❦♦✇s❦✐ t✐♠❡s t❤❡ ❍❡✐♥s❡♥❜❡r❣ ♠❛♥✐❢♦❧❞✱ ❣r❛✈✐t❛t✐♦♥❛❧ ❝♦✉♣❧✐♥❣s ❜❡t✇❡❡♥ t❤❡
t✇♦ s♣❛❝❡ ❝♦✉❧❞ ❧❡❛❞ t♦ ❞②♥❛♠✐❝❛❧ ♠♦❞✐✜❝❛t✐♦♥s ♦❢ t❤❡ s♣❡❝tr✉♠✳ ❚❤✐s ✐s ♦✉ts✐❞❡
t❤❡ s❝♦♣❡ ♦❢ t❤✐s t❤❡s✐s✱ ❜✉t ✇♦✉❧❞ ❝❡rt❛✐♥❧② ❜❡ ♦❢ ✐♥t❡r❡st ✐❢ ❡①t❡♥s✐♦♥s ♦❢ t❤❡
❙t❛♥❞❛r❞ ▼♦❞❡❧ ❝❛♥ ❜❡ ❢♦✉♥❞ t❤r♦✉❣❤ t❤❡ ✉s❡ ♦❢ t❤✐s ❣❡♦♠❡tr②✳ ❋♦r ♥♦✇✱ ✇❡
✇✐❧❧ s✐♠♣❧② s❤♦✇ ❤♦✇ t❤❡ ✜rst ♠❛ss✐✈❡ ♠♦❞❡ ♦❢ t❤❡ ♦♥❡✲❢♦r♠s ✐s ♠♦❞✐✜❡❞ ✐♥ t❤❡
❝❛s❡ ♦❢ ❛ ♥♦♥✲tr✐✈✐❛❧ ♠❡tr✐❝✳

❆s ♠❡♥t✐♦♥❡❞ ✐♥ ✶✳✷✳✷✱ ♦♥❝❡ ❛ ♠❡tr✐❝ ❤❛s ❜❡❡♥ ❝❤♦s❡♥ ❢♦r t❤❡ s♣❛❝❡✱ ✇❡ ❝❛♥
❛❧✇❛②s ❝❤♦♦s❡ ❛ ❜❛s✐s ✐♥ ✇❤✐❝❤ t❤❡ ♠❡tr✐❝ ✐s t❤❡ ❊✉❝❧✐❞✐❛♥ ♦♥❡✳ ❚❤✐s ❣✐✈❡s t❤❡
❜❛s✐s ♦❢ ♦♥❡✲❢♦r♠s Ea ❢r♦♠ ❡q✉❛t✐♦♥ ✭✶✳✷✻✮✳ ❚❤❡ ❡✐❣❡♥ ♦♥❡✲❢♦r♠s ❛r❡ ❧✐♥❡❛r
❝♦♠❜✐♥❛t✐♦♥s ♦❢ t❤❡ ❝♦❢r❛♠❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♠❡tr✐❝✳ ❲❡ ✇r✐t❡

A =

3
∑

a=1

caE
a, ✭✶✳✶✹✷✮

✇❤❡r❡ t❤❡ ca✬s ❛r❡ r❡❛❧ ❝♦♥st❛♥ts t♦ ❜❡ ❞❡t❡r♠✐♥❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♥❞✱

E1 = e1 + ae3 ; E2 = e2 + be3 ; E3 = e3. ✭✶✳✶✹✸✮

❋r♦♠ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❢♦r t❤❡ ♦♥❡✲❢♦r♠s✱ ✇❡ s❡❡ t❤❛t ✐♥ t❤❡ ❝❛s❡
♦❢ ❛♥ ✉♥❞❡❢♦r♠❡❞ ♠❡tr✐❝ ✭a✱b = 0✮✱ t❤❡ ❧♦✇✲❧②✐♥❣ ▲❛♣❧❛❝✐❛♥ ❡✐❣❡♥ ♦♥❡✲❢♦r♠s ❛r❡
e1,2✱ ✇❤✐❝❤ ❛r❡ ❤❛r♠♦♥✐❝✱ ❛♥❞ e3✱ ✇❤✐❝❤ ❤❛s ❡✐❣❡♥✈❛❧✉❡ ❢2 ✭s❡❡ ❡q✳ ✭✶✳✶✵✷✮✮✳ ❚♦
s❡❡ ❤♦✇ t❤✐s s♣❡❝tr✉♠ ✐s ♠♦❞✐✜❡❞ ❢♦r ❛ ❣❡♥❡r❛❧ ♠❡tr✐❝ ✭a✱b 6= 0✮✱ ✇❡ ♥❡❡❞ t♦
❝♦♠♣✉t❡ t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ∆ ♦♥ A

∆A =

3
∑

a=1

ca(❞❞
† + ❞†❞)Ea, ✭✶✳✶✹✹✮

✇❤❡r❡ ❞† ≡ ⋆❞⋆✳ ❚❤❡ ❍♦❞❣❡ st❛r ✐s ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠❡tr✐❝ ✭✶✳✷✻✮✱
❛♥❞ ♦♣❡r❛t❡s ❝❛♥♦♥✐❝❛❧❧② ♦♥ Ea

⋆ Ea =
1

2

3
∑

b,c=1

εabcEb ∧ Ec, ✭✶✳✶✹✺✮

✇❤✐❧❡ t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ ❡①t❡r✐♦r ❞❡r✐✈❛t✐✈❡ ♦♥ Ea ✐s ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ ✭✶✳✼✮✱ ✭✶✳✶✹✸✮✳
■t ✐s t❤❡♥ ❡❛s✐❧② ✈❡r✐✜❡❞ t❤❛t t❤❡ ❝♦❢r❛♠❡ ✐s ❝♦✲❝❧♦s❡❞✱ ❞†Ea = 0✱ ❛♥❞✱

∆A = ❢
2(a2 + b2 + 1)(ac1 + bc2 + c3)(aE

1 + bE2 + E3). ✭✶✳✶✹✻✮

❙❡tt✐♥❣ c1 = a✱ c2 = b✱ c3 = 1✱ ✐t ❢♦❧❧♦✇s t❤❛t aE1 + bE2 + E3 ✐s ❛ ▲❛♣❧❛❝✐❛♥
❡✐❣❡♥ ♦♥❡✲❢♦r♠ ✇✐t❤ ❡✐❣❡♥✈❛❧✉❡ ❢

2(a2 + b2 + 1)2✳ ▼♦r❡♦✈❡r✱ ✇❡ ♦❜t❛✐♥ ❛ t✇♦✲
❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ ♦❢ ❤❛r♠♦♥✐❝ ♦♥❡✲❢♦r♠s✱ ♣❛r❛♠❡t❡r✐③❡❞ ❜② t❤❡ s♦❧✉t✐♦♥s ♦❢
ac1 + bc2 + c3 = 0✳ ❆s ✇❡ ✇✐❧❧ ❧❛t❡r s❡❡✱ ❛❢t❡r ❝♦♠♣❛❝t✐✜❝❛t✐♦♥✱ t❤❡ ✉s❡ ♦❢ ❛

✹✺



♥♦♥✲tr✐✈✐❛❧ ♠❡tr✐❝ ♦♥ t❤❡ s♣❛❝❡ ❞♦❡s♥✬t r❡❛❧❧② ❜r✐♥❣ ❛♥② ♥❡✇ ♣❛r❛♠❡t❡rs✱ ✐t ❥✉st
♠♦❞✐✜❡s t❤❡ ✧❣❡♦♠❡tr✐❝❛❧✧ ♠❛ss✳ ❇✉t ♠♦r❡ ♦♥ t❤✐s ❧❛t❡r✳

❚❤✐s ❝♦♥❝❧✉❞❡s ♦✉r st✉❞② ♦❢ ❢♦r♠s ♦♥ t❤❡ ❍❡✐s❡♥❜❡r❣ ♠❛♥✐❢♦❧❞✳ ❚❤❡ ❧❛st ✐♥✲
❣r❡❞✐❡♥ts ✇❡ ♥❡❡❞ ✐♥ ♦r❞❡r t♦ ❤❛✈❡ ❛❧❧ t❤❡ t♦♦❧s ❢♦r ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ❛♥❞ ♠♦❞❡❧
❜✉✐❧❞✐♥❣ ❛r❡ t❤❡ ❡✐❣❡♥✲s♣✐♥♦rs ♦❢ t❤❡ ❉✐r❛❝ ♦♣❡r❛t♦r✳ ❲❡ ♥♦✇ ❛❞❞r❡ss t❤✐s q✉❡s✲
t✐♦♥✳

✶✳✸✳✹ ❉✐r❛❝ ♦♣❡r❛t♦r

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ s♦❧✈❡ t❤❡ ❉✐r❛❝ ❡q✉❛t✐♦♥ ♦♥ t❤❡ ❍❡✐s❡♥❜❡r❣ ♠❛♥✐❢♦❧❞
❬✸✾❪✳ ❚♦ ❞♦ t❤✐s ❡♥❞✱ ✇❡ ♠✉st ✜rst ✜① s♦♠❡ ❝♦♥✈❡♥t✐♦♥s ❢♦r ♦✉r s♣✐♥♦rs✳ ❖♥❝❡
t❤✐s ✐s ❞♦♥❡✱ ✇❡ ✇✐❧❧ ❧❛② ♦✉t t❤❡ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥ ❡①♣❧✐❝✐t❧②✱ ❛♥❞ ✉s❡ t❤❡ ❜❛s✐s
♦❢ ❡✐❣❡♥✲s❝❛❧❛rs t♦ tr② t♦ ✜♥❞ ❛ ❢❛♠✐❧② ♦❢ s♦❧✉t✐♦♥ ❢♦r t❤❡ ❉✐r❛❝ ♦♣❡r❛t♦r✳ ❆s ✐♥
t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ ✇❡ ✇✐❧❧ ✜rst st✉❞② t❤❡ ❉✐r❛❝ ♦♣❡r❛t♦r ✇✐t❤ ❛ ✢❛t ♠❡tr✐❝ ♦♥
t❤❡ s♣❛❝❡✳ ❚❤✐s ✇✐❧❧ ❜✉✐❧❞ ♦✉r ✐♥t✉✐t✐♦♥ ✐♥ ♦r❞❡r t♦ s♦❧✈❡ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✳ ❚❤❡
st♦r② ❣♦❡s s✐♠✐❧❛r❧② t♦ t❤❡ ❝❛s❡ ♦❢ t❤❡ ♦♥❡✲❢♦r♠s✳

❙✐♠♣❧❡ ❝❛s❡ a = b = 0

❆s ❛ ✇❛r♠✉♣ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❉✐r❛❝ ♦♣❡r❛t♦r ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ♦♥ M3 ✐♥
t❤❡ s✐♠♣❧✐✜❡❞ ❝❛s❡ a = b = 0✳ ❚❤❡ ❉✐r❛❝ ❡✐❣❡♥✈❛❧✉❡ ❡q✉❛t✐♦♥ r❡❛❞s✱

(D − λ)ψ = 0 ; D ≡ γaema(∂m + 1
4ωmbcγ

bc), ✭✶✳✶✹✼✮

✇❤❡r❡ ωmbc ✐s t❤❡ s♣✐♥ ❝♦♥♥❡❝t✐♦♥✳ ❚❤❡ ✐♥❞❡♣❡♥❞❡♥t ♥♦♥✲✈❛♥✐s❤✐♥❣ ❝♦♠♣♦♥❡♥ts
♦❢ t❤❡ ✢❛t s♣✐♥ ❝♦♥♥❡❝t✐♦♥ ωabc = emaωmbc ♦♥ M3 ❛r❡ ❣✐✈❡♥ ❜②

ω123 = ω231 = −ω312 =
❢

2
. ✭✶✳✶✹✽✮

❚❤❡ ❉✐r❛❝ ♦♣❡r❛t♦r t❤❡♥ t❛❦❡s t❤❡ ❢♦r♠

D = γaVa + i
❢

4
, ✭✶✳✶✹✾✮

✇❤❡r❡ t❤❡ Va✬s ✇❡r❡ ❣✐✈❡♥ ✐♥ ✭✶✳✻✮✳ ❚❤❡ γa✬s ❝❛♥ ❜❡ t❛❦❡♥ t♦ ❜❡ t❤❡ P❛✉❧✐
♠❛tr✐❝❡s✱ s♦ t❤❛t ✭✶✳✶✹✼✮ r❡❞✉❝❡s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t ♦❢ ❡q✉❛t✐♦♥s✱

V3ψ1 + (V1 − iV2)ψ2 − (λ− i
❢

4
)ψ1 = 0

−V3ψ2 + (V1 + iV2)ψ1 − (λ− i
❢

4
)ψ2 = 0.

✭✶✳✶✺✵✮

◆❡①t ✇❡ ❡①♣❛♥❞ t❤❡ t✇♦✲❝♦♠♣♦♥❡♥t ❉✐r❛❝ s♣✐♥♦r ♦♥ t❤❡ ❝♦♠♣❧❡t❡ ❜❛s✐s ♦❢ ▲❛♣❧❛✲
❝✐❛♥ ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦♥ M3✱

✺

ψ =

(

ψ1

ψ2

)

=
∑

k,l,n

(

C1
k,l,n

C2
k,l,n

)

uk,l,n +
∑

p,q

(

D1
p,q

D2
p,q

)

vp,q, ✭✶✳✶✺✶✮

✺❚❤✐s ❡①♣❛♥s✐♦♥ ✐♠♣❧✐❝✐t❧② ❛ss✉♠❡s t❤❛t t❤❡ ❉✐r❛❝ s♣✐♥♦r ♦♥ M3 r❡t✉r♥s t♦ ✐ts ♦r✐❣✐♥❛❧
✈❛❧✉❡ ❛❢t❡r ❛ ❣♦✐♥❣ ❛r♦✉♥❞ ❡❛❝❤ ♦❢ t❤❡ t❤r❡❡ ❝✐r❝❧❡s ♣❛r❛♠❡t❡r✐③❡❞ ❜② xa✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ❝❛♥
❜❡ r❡❧❛①❡❞✱ ❧❡❛❞✐♥❣ t♦ ✇❤❛t ✐s ❦♥♦✇♥ ❛s ♥♦♥tr✐✈✐❛❧ s♣✐♥ str✉❝t✉r❡s ❬✹✶❪✳

✹✻



✇❤❡r❡✱ ❢♦❧❧♦✇✐♥❣ ❬✸✽❪✱ ✇❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ uk,l,n ❛♥❞ vp,q✱ ❢♦r t❤❡ a, b → 0 ❧✐♠✐t
♦❢ t❤❡ ❢✉♥❝t✐♦♥s ❣✐✈❡♥ ✐♥ ✭✶✳✼✺✮ ❛♥❞ ✭✶✳✼✻✮ r❡s♣❡❝t✐✈❡❧②✳ ❙✐♥❝❡ t❤❡ t✇♦ s❡ts ♦❢
❢✉♥❝t✐♦♥s ❛r❡ ♦rt❤♦❣♦♥❛❧ t♦ ❡❛❝❤ ♦t❤❡r✱ ✇❡ ❝❛♥ tr❡❛t t❤❡ t✇♦ ❝❛s❡s ✐♥❞❡♣❡♥❞❡♥t❧②✳
❚❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ Va ♦♥ t❤❡ v✲❜❛s✐s r❡❛❞s✱

V1vp,q = iPvp,q ; V2vp,q = iQvp,q , V3vp,q = 0, ✭✶✳✶✺✷✮

s♦ t❤❛t ✭✶✳✶✺✵✮ r❡❞✉❝❡s t♦

i(P − iQ)D2
p,q − (λp,q − i

❢

4
)D1

p,q = 0

i(P + iQ)D1
p,q − (λp,q − i

❢

4
)D2

p,q = 0.
✭✶✳✶✺✸✮

❋r♦♠ t❤✐s s②st❡♠ ✇❡ ❞❡❞✉❝❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s

−iλp,q =
❢

4
±
√

P 2 +Q2, ✭✶✳✶✺✹✮

❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥✲s♣✐♥♦rs

ψp,q = C

(

vp,q
αvp,q

)

; α = ±
√

P 2 +Q2

(P − iQ)
, ✭✶✳✶✺✺✮

✉♣ t♦ ❛ ♥♦r♠❛❧✐③❛t✐♦♥ ❝♦♥st❛♥t C ∈ C✳
▲❡t ✉s ♥♦✇ t✉r♥ t♦ t❤❡ uk,l,n s❡r✐❡s✳ ❯s✐♥❣ t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ V ′s ♦♥ t❤❡ ❜❛s✐s✱

✐V3uk,l,n = −|σ|
❢
sign(σ)uk,l,n

V2uk,l,n =
|σ| 12
2

(

−
√

2(n+ 1)uk,l,n+1 +
√
2nuk,l,n−1

)

✐V1uk,l,n = −|σ| 12
2
sign(σ)

(

√

2(n+ 1)uk,l,n+1 +
√
2nuk,l,n−1

)

,

✭✶✳✶✺✻✮

✇✐t❤ σ ❞❡✜♥❡❞ ✐♥ ✭✶✳✼✶✮✱ ✇❡ ♦❜t❛✐♥

[

✐λk,l,n + (
❢

4
+
σ

❢
)
]

C1
k,l,n = −|σ| 12

[

p+(σ)
√
2nC2

k,l,n−1 + p−(σ)
√

2(n+ 1)C2
k,l,n+1

]

[

✐λk,l,n + (
❢

4
− σ

❢
)
]

C2
k,l,n = −|σ| 12

[

p−(σ)
√
2nC1

k,l,n−1 + p+(σ)
√

2(n+ 1)C1
k,l,n+1

]

,

✭✶✳✶✺✼✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ❞❡✜♥❡❞ p±(σ) ≡ sign(σ)±1
2 ✳ ❲❡ t❤✉s ♦❜t❛✐♥

−✐λk,l,n =
f

4
±
√

(

σ

f

)2

+ |σ|(p+(σ)2n+ p−(σ)2(n+ 1)). ✭✶✳✶✺✽✮

◆♦t❡ t❤❛t t❤❡ s❡t ♦❢ ❡✐❣❡♥✈❛❧✉❡s ✐s t❤❡ s❛♠❡ ❢♦r ❡✐t❤❡r s✐❣♥ ♦❢ σ✿ t❤❡② ❛r❡ ❥✉st
♦✛s❡t ❜② ♦♥❡ ✐♥❝r❡♠❡♥t ♦❢ n✳ ▼♦r❡♦✈❡r t❤❡r❡ ✐s ❛ ❞❡❣❡♥❡r❛❝②✱ s✐♥❝❡ ✐♥ t❤❡r❡ ✐s
♥♦ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦♥ l✳ ❚❤❡ ❛ss♦❝✐❛t❡❞ ❡✐❣❡♥✲s♣✐♥♦rs r❡❛❞

ψk,l,n = C

(

uk,l,n
p+(σ)αuk,l,n−1 + p−(σ)βuk,l,n+1

)

, ✭✶✳✶✺✾✮

✹✼



✇❤❡r❡ C ∈ C ✐s ❛ ♥♦r♠❛❧✐③❛t✐♦♥ ❝♦♥st❛♥t ❛♥❞✱

α = −
σ
❢
+

√

(

σ
f

)2

+ |σ|2n

|σ| 12
√
2n

✭✶✳✶✻✵✮

β = −
σ
❢
+

√

(

σ
f

)2

+ |σ|2(n+ 1)

|σ| 12
√

2(n+ 1)
. ✭✶✳✶✻✶✮

◆♦♥✲tr✐✈✐❛❧ ♠❡tr✐❝

❋♦r t❤❡ ♠♦st ❣❡♥❡r❛❧ ♠❡tr✐❝ ❣✐✈❡♥ ✐♥ ✭✶✳✸✺✮✱ t❤❡ ❉✐r❛❝ ♦♣❡r❛t♦r t❛❦❡s t❤❡ ❢♦r♠

D = γaEm
a(∂m + 1

4ωmbcγ
bc), ✭✶✳✶✻✷✮

✇❤❡r❡ Em
a ≡ (E−1)ma ✐s t❤❡ ✐♥✈❡rs❡ ✈✐❡❧❜❡✐♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✭✶✳✸✺✮✱ s♦ t❤❛t ❬✸✼❪✱

E−T∂ =





V1
V2

V3 − aV1 − bV2



 , ✭✶✳✶✻✸✮

✇✐t❤ t❤❡ Va✬s ❣✐✈❡♥ ✐♥ ✭✶✳✻✮✳ ▼♦r❡♦✈❡r t❤❡ ✐♥❞❡♣❡♥❞❡♥t ♥♦♥✲✈❛♥✐s❤✐♥❣ ❝♦♠♣♦✲
♥❡♥ts ♦❢ t❤❡ ✢❛t s♣✐♥ ❝♦♥♥❡❝t✐♦♥ ωabc = Em

aωmbc r❡❛❞

ω112 = −❢a ; ω113 = ❢ab ; ω123 = 1
2❢(−a2 + b2 + 1)

ω212 = −❢b ; ω213 = − 1
2❢(a

2 − b2 + 1) ; ω223 = −❢ab
ω312 = 1

2❢(a
2 + b2 − 1) ; ω313 = ❢b ; ω323 = −❢a.

✭✶✳✶✻✹✮

❚❛❦✐♥❣ ✭✶✳✶✻✸✮✱ ✭✶✳✶✻✹✮ ✐♥t♦ ❛❝❝♦✉♥t✱ ✭✶✳✶✻✷✮ r❡❞✉❝❡s t♦

D = γ1V1 + γ2V2 + γ3
(

V3 − aV1 − bV2
)

+ i
❢

4
(1 + a2 + b2). ✭✶✳✶✻✺✮

❆s ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ s❝❛❧❛rs ❛♥❞ ♦♥❡✲❢♦r♠s✱ t❤❡ s♣❡❝tr✉♠ ❢❛❧❧s ✐♥t♦ t✇♦ ❞✐st✐♥❝t
s❡r✐❡s✱ ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡t❤❡r ♦r ♥♦t t❤❡r❡ ✐s ♥♦♥✲tr✐✈✐❛❧ ❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡ x3

❝♦♦r❞✐♥❛t❡✳ ▲❡t ✉s ✜rst ❡①❛♠✐♥❡ t❤❡ x3✲✐♥❞❡♣❡♥❞❡♥t ❝❛s❡✳ ❲❡ ❡①♣❛♥❞ t❤❡ ❉✐r❛❝
s♣✐♥♦r ❛s ❢♦❧❧♦✇s

ψp,q =

(

α
β

)

Vp,q, ✭✶✳✶✻✻✮

❢♦r s♦♠❡ ❝♦♥st❛♥ts α✱ β ∈ C✳ ❚❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ Va ♦♥ t❤❡ Vp,q✲❜❛s✐s ✭✶✳✼✻✮ r❡❛❞s

V1Vp,q = iPVp,q ; V2Vp,q = iQVp,q , V3Vp,q = 0, ✭✶✳✶✻✼✮

s♦ t❤❛t t❤❡ ❡✐❣❡♥✈❛❧✉❡ ❡q✉❛t✐♦♥

Dψ = λp,qψ, ✭✶✳✶✻✽✮

✹✽



r❡❞✉❝❡s t♦

−aPα+ (P − iQ)β +
[

✐λp,q +
1
4❢(a

2 + b2 + 1)
]

α = 0

bQβ + (P + iQ)α+
[

✐λp,q +
1
4❢(a

2 + b2 + 1)
]

β = 0,
✭✶✳✶✻✾✮

✇❤❡r❡ ✇❡ ❤❛✈❡ t❛❦❡♥ ✭✶✳✶✻✺✮ ✐♥t♦ ❛❝❝♦✉♥t✳ ❋r♦♠ t❤✐s s②st❡♠ ✇❡ ❞❡❞✉❝❡ t❤❡
❡✐❣❡♥✈❛❧✉❡s

−✐λp,q = 1
4❢(a

2 + b2 + 1) + 1
2 (bQ− aP )±

√

P 2 +Q2 + 1
4 (aP + bQ)2.

✭✶✳✶✼✵✮
❚❤❡ ❉✐r❛❝ ❡✐❣❡♥✲s♣✐♥♦r ✭✶✳✶✻✻✮ ✐s ❞❡t❡r♠✐♥❡❞✱ ✉♣ t♦ ❛♥ ♦✈❡r❛❧❧ ♥♦r♠❛❧✐③❛t✐♦♥
❝♦♥st❛♥t✱ ❜② t❤❡ ❡q✉❛t✐♦♥

β =

1
2 (aP + bQ)±

√

P 2 +Q2 + 1
4 (aP + bQ)2

P − ✐Q
α. ✭✶✳✶✼✶✮

■♥ t❤❡ ❝❛s❡ ♦❢ ♥♦♥tr✐✈✐❛❧ x3✲❞❡♣❡♥❞❡♥❝❡ t❤❡ r❡❧❡✈❛♥t ❜❛s✐s ✐s ❣✐✈❡♥ ❜② t❤❡ ♣♦❧②♥♦✲
♠✐❛❧s ✭✶✳✼✺✮✳ ■♥ ♦r❞❡r ♥♦t t♦ ❝❧✉tt❡r t❤❡ ♥♦t❛t✐♦♥✱ ✇❡ ✇✐❧❧ ♣r❡s❡♥t t❤❡ ❝❛❧❝✉❧❛t✐♦♥
♦❢ t❤❡ s♣❡❝tr✉♠ ❢♦r t❤❡ ❝❛s❡ σ > 0✱ ❝❢✳ ✭✶✳✼✶✮✳ ❚❤❡ U ✲♣♦❧②♥♦♠✐❛❧s ♦❜❡②

(V3 − aV1 − bV2)Uk,l,n = κUk,l,n +
√

σ
2

(

w∗√(n+ 1) Uk,l,n+1 − w
√
n Uk,l,n−1

)

✭✶✳✶✼✷✮

(V1 + iV2)Uk,l,n = ✭✶✳✶✼✸✮

κzUk,l,n + i
√

σ
2

(

√

(n+ 1)(B− + bw∗)Uk,l,n+1 +
√
n(B+ − bw)Uk,l,n−1

)

(V1 − iV2)Uk,l,n = ✭✶✳✶✼✹✮

κz∗Uk,l,n + i
√

σ
2

(

√

(n+ 1)(B+ − bw∗)Uk,l,n+1 +
√
n(B− + bw)Uk,l,n−1

)

,

✇❤❡r❡ ✇❡ ❤❛✈❡ ❞❡✜♥❡❞

z := a+ib ; κ :=
2πiK

1 + |z|2 ; w := b+
ia

√

1 + |z|2
; B± := ±(1+b2)+

1 + b2
√

1 + |z|2
.

✭✶✳✶✼✺✮
▲❡t ✉s ♥♦✇ ❝♦♠❡ t♦ t❤❡ ❉✐r❛❝ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠✳ ❲❡ st❛rt ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣
❛♥s❛t③ ❢♦r t❤❡ ❉✐r❛❝ s♣✐♥♦r✿

ψ =

(

αUk,l,n + βUk,l,n−1

γUk,l,n−1 + δUk,l,n

)

. ✭✶✳✶✼✻✮

✹✾



■♠♣♦s✐♥❣

[

D − i
❢

4
(1 + |z|2)

]

ψ =

(

α′Uk,l,n + β′Uk,l,n−1

γ′Uk,l,n−1 + δ′Uk,l,n

)

, ✭✶✳✶✼✼✮

❢♦r ❛r❜✐tr❛r② ❝♦❡✣❝✐❡♥ts α′✱ β′✱ γ′✱ δ′✱ t❛❦✐♥❣ ✭✶✳✶✼✷✮ ✐♥t♦ ❛❝❝♦✉♥t✱ ❧❡❛❞s t♦ ❛
s②st❡♠ ♦❢ ❢♦✉r ❤♦♠♦❣❡♥❡♦✉s ❡q✉❛t✐♦♥s ❢♦r t❤❡ ❢♦✉r ❝♦❡✣❝✐❡♥ts α✱ ✳ ✳ ✳ ✱ γ✳ ◆♦t✐♥❣
t❤❡ ✐❞❡♥t✐t②

(B− + bw)(B+ − bw) = w2, ✭✶✳✶✼✽✮

t❤✐s s②st❡♠ t✉r♥s ♦✉t t♦ ❜❡ ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❝♦♥❞✐t✐♦♥s

β =
i(B− + bw)

w
γ ; δ =

i(B− + bw∗)

w∗ α, ✭✶✳✶✼✾✮

✇❤❡r❡ ✐t ✐s ❛ss✉♠❡❞ t❤❛t a, b ❛r❡ ♥♦t ❜♦t❤ ③❡r♦✳ ■♠♣♦s✐♥❣ ✐♥ ❛❞❞✐t✐♦♥ t❤❡ ❡✐❣❡♥✲
✈❛❧✉❡ ❡q✉❛t✐♦♥

Dψ = λk,l,nψ , ✭✶✳✶✽✵✮

t❛❦✐♥❣ ✭✶✳✶✼✾✮ ✐♥t♦ ❛❝❝♦✉♥t✱ ❧❡❛❞s t♦ ❛ s②st❡♠ ♦❢ ❢♦✉r ❤♦♠♦❣❡♥❡♦✉s ❡q✉❛t✐♦♥s ❢♦r
α, γ✳ ❈❧❡❛r❧② t❤✐s ✐s ❤✐❣❤❧② ♦✈❡r❞❡t❡r♠✐♥❡❞✳ ❘❡♠❛r❦❛❜❧②✱ ❤♦✇❡✈❡r✱ t❤❡ s②st❡♠
❛❞♠✐ts ❛ ♥♦♥tr✐✈✐❛❧ s♦❧✉t✐♦♥✱ ♣r♦✈✐❞❡❞

−iλk,l,n = 1
4❢(1 + |z|2)±

√

4πK2

1+|z|2 + 4πnK❢

√

1 + |z|2, ✭✶✳✶✽✶✮

✇❤❡r❡ ✇❡ t♦♦❦ ✭✶✳✼✶✮ ✐♥t♦ ❛❝❝♦✉♥t✳ ❆s ✇❛s ♦❜s❡r✈❡❞ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ s❝❛❧❛r
s♣❡❝tr✉♠✱ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❞❡♣❡♥❞ ♦♥ t❤❡ a, b ♣❛r❛♠❡t❡rs ♦♥❧② t❤r♦✉❣❤ t❤❡ ♥♦r♠
♦❢ z✳ ❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡s✱ ✇❡ s❡❡ t❤❛t t❤❡r❡ ✐s ❛ ❞❡❣❡♥❡r❛❝②✱ s✐♥❝❡ t❤❡
❡✐❣❡♥✈❛❧✉❡s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ l✳

✶✳✹ ❙✉♠♠❛r②

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❡①♣❧♦r❡❞ t❤❡ ❝♦♥❝❡♣t ♦❢ ♥✐❧♠❛♥✐❢♦❧❞s✳ ❆❢t❡r ❛ ❣❡♥❡r❛❧
✐♥tr♦❞✉❝t✐♦♥✱ ✇❡ ❞✐s❝✉ss❡❞ ✐♥ ❣r❡❛t ❞❡t❛✐❧ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❍❡✐s❡♥❜❡r❣ ♠❛♥✲
✐❢♦❧❞✱ t❤❡ s✐♠♣❧❡st ✭✐✳❡✳ t❤❡ ❧♦✇❡st ❞✐♠❡♥s✐♦♥❛❧✮ ❡①❛♠♣❧❡ ♦❢ ❛ ♥✐❧♠❛♥✐❢♦❧❞✳ ❲❡
✇♦r❦❡❞ ♦✉t ❛ ❣❡♦♠❡tr✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤✐s s♣❛❝❡ ❛s ❛ t♦r✉s ✇✐t❤ ❛ ❝✐r❝❧❡
✜❜❡r✳ ❲❡ t❤❡♥ st✉❞✐❡❞ ✜❡❧❞s ❧✐✈✐♥❣ ♦♥ t❤❡ s♣❛❝❡✱ ✜rst ❜② s♦❧✈✐♥❣ t❤❡ ▲❛♣❧❛❝❡
❡q✉❛t✐♦♥ ❢♦r s❝❛❧❛rs✱ t❤❡♥ ✉s✐♥❣ t❤✐s r❡s✉❧t t♦ s♦❧✈❡ t❤❡ ▲❛♣❧❛❝❡ ❡q✉❛t✐♦♥ ❢♦r
❢♦r♠s✳ ❚❤❡ ✈❛r✐♦✉s ❡✐❣❡♥♠♦❞❡s ❛❧✇❛②s ❝♦♠❡ ✐♥ t✇♦ ❢❛♠✐❧✐❡s✱ ♦♥❡ ❧✐✈✐♥❣ ♦♥ t❤❡
❜❛s❡ ✷✲t♦r✉s✱ t❤❡ ♦t❤❡r ❧✐✈✐♥❣ ♦♥ t❤❡ ✇❤♦❧❡ s♣❛❝❡✳ ❖♥❡ ♦❢ t❤❡ ❛ttr❛❝t✐✈❡ ❢❡❛t✉r❡
♦❢ t❤✐s s♣❛❝❡ ✐s t❤❛t ❛❧❧ t❤❡ ❑❛❧✉③❛✲❑❧❡✐♥ s♣❡❝tr✉♠ ✐s ❡①♣❧✐❝✐t❧② ❦♥♦✇♥ ❢♦r ❛❧❧
t❤❡ ✜❡❧❞s✱ ❛❧❧♦✇✐♥❣ ❣r❡❛t ❝♦♥tr♦❧ ♦✈❡r t❤❡ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♦❢ t❤❡ t❤❡♦r②✳ ▲❡t ✉s
r❡♠✐♥❞ t❤❡ r❡❛❞❡r ♦❢ t❤❡ ♠❛✐♥ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s♣❛❝❡✱ t❤❡② ✇✐❧❧ ❜❡ r❡❧❡✈❛♥t ❢♦r
t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡rs✳ ❚❤❡ s♣❛❝❡ ✐s ✜rst ❝❤❛r❛❝t❡r✐③❡❞ ❜② ✐ts r❛❞✐✐ r1✱ r2 ❛♥❞ r3✱
t❤❡ ✜rst t✇♦ ❢♦r♠ t❤❡ ❜❛s❡ ✷✲t♦r✉s✱ ✇❤✐❧❡ r3 ✐s t❤❡ r❛❞✐✉s ♦❢ t❤❡ ❝✐r❝❧❡ ✜❜❡r✳ ◆❡①t
✇❡ ❤❛✈❡ t❤❡ ♣❛r❛♠❡t❡r ❢✱ t❤❡ ♦♥❧② ♥♦♥✲✈❛♥✐s❤✐♥❣ str✉❝t✉r❡ ❝♦♥st❛♥t ♦❢ t❤❡ ❧♦❝❛❧

✺✵



♥✐❧♣♦t❡♥t ❛❧❣❡❜r❛✳ ■t ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ N ✇❤✐❝❤ ✇❛s t❤❡ ♣❛r❛♠❡t❡r ❝♦♥tr♦❧❧✐♥❣
t❤❡ t✇✐st ♦❢ t❤❡ ❝✐r❝❧❡ ✜❜❡r✳ ■♥ ♦✉r st✉❞② ✇❡ ❢♦✉♥❞ t❤❡ r❡❧❛t✐♦♥ ❢ = Nr3/r1r2

✇✐t❤ N ❛♥ ✐♥t❡❣❡r✱ ❛♥❞ ✇❡ ❛❧s♦ ✇❡r❡ ❛❜❧❡ t♦ ❝♦♠♣✉t❡ t❤❡ ✈♦❧✉♠❡ V = r1r2r3✳
❚❤❡s❡ t✇♦ ♣❛r❛♠❡t❡rs ✇✐❧❧ ❜❡ t❤❡ ♠❛✐♥ ❧❡❢t♦✈❡rs ♦❢ t❤❡ ❣❡♦♠❡tr② ♦♥❝❡ ♦✉r t❤❡♦r②
✇✐❧❧ ❜❡ ❝♦♠♣❛❝t✐✜❡❞✱ ❛❧♦♥❣ ✇✐t❤ t❤❡ ✜❡❧❞ ❝♦♥t❡♥t✳ ❲❡ ❛r❡ ♥♦✇ ✜♥❛❧❧② r❡❛❞② t♦
❞✐✈❡ ✐♥t♦ t❤❡ ♣❤②s✐❝s ♦❢ t❤✐s s♣❛❝❡✳

✺✶



❈❤❛♣t❡r ✷

❈♦♠♣❛❝t✐✜❝❛t✐♦♥

❚❤❡ ❧❛st ❝❤❛♣t❡r ✇❛s ❞❡❞✐❝❛t❡❞ t♦ t❤❡ st✉❞② ♦❢ ♥✐❧♠❛♥✐❢♦❧❞s ❛♥❞ ✐♥ ♣❛r✲
t✐❝✉❧❛r t♦ t❤❡ ❍❡✐s❡♥❜❡r❣ ♠❛♥✐❢♦❧❞✳ ❲❡ s♦❧✈❡❞ t❤❡ ▲❛♣❧❛❝❡ ❡q✉❛t✐♦♥ ❢♦r ✈❛r✐♦✉s
✜❡❧❞s✱ ❣✐✈✐♥❣ ✉s ❛ ❜❛s✐s ♦♥ ✇❤✐❝❤ ✇❡ ❝❛♥ ❡①♣❛♥❞ ✜❡❧❞s ❧✐✈✐♥❣ ♦♥ t❤❡ ❍❡✐s❡♥❜❡r❣
♠❛♥✐❢♦❧❞✳ ❲✐t❤ t❤❡s❡ t♦♦❧s ✐♥ ♦✉r ❤❛♥❞s✱ ✇❡ ❝❛♥ ❞✐✈❡ ✐♥t♦ t❤❡ st✉❞② ♦❢ t❤❡
❝♦♠♣❛❝t✐✜❝❛t✐♦♥✳ ❖❢ ❝♦✉rs❡✱ ✐♥ ♦r❞❡r t♦ st✉❞② t❤❡ ♣❤②s✐❝s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡
❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♦♥ t❤✐s s♣❛❝❡✱ ✇❡ ♠✉st s♣❡❝✐❢② ❛ t❤❡♦r②✳ ❆ s❡♥s✐❜❧❡ ❝❤♦✐❝❡ ✐s t♦
st✉❞② t❤❡ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♦❢ ❨❛♥❣✲▼✐❧❧s t❤❡♦r②✳ ❚❤✐s ❤❛s t✇♦ ♠❛✐♥ ✐♥t❡r❡st✐♥❣
❛s♣❡❝ts✳ ❚❤❡ ✜rst ❛♥❞ ❢♦r❡♠♦st ✐s t❤❡ ❤♦♣❡ t♦ ✜♥❞ ❛ ♠♦❞❡❧ ✇❤✐❝❤ ✇♦✉❧❞ r❡❧❛t❡
t❤❡ ❣❛✉❣❡ ❣r♦✉♣ t♦ t❤❡ s❝❛❧❛rs ♦❢ t❤❡ t❤❡♦r②✳ ■♥ q✉❛♥t✉♠ ✜❡❧❞ t❤❡♦r②✱ t❤❡ ❣❛✉❣❡
❣r♦✉♣ ✐s str✉❝t✉r❡❞ ❜② t❤❡ ❧♦❝❛❧ s②♠♠❡tr✐❡s ♦❢ ♦✉r t❤❡♦r②✳ ❚❤❡ s❝❛❧❛r s❡❝t♦r ♦♥
t❤❡ ♦t❤❡r ❤❛♥❞ ❤❛s ♥♦ ❣✉✐❞✐♥❣ ♣r✐♥❝✐♣❧❡✳ ❚r②✐♥❣ t♦ ❡①♣❧❛✐♥ t❤❡ ♦r✐❣✐♥ ❛♥❞ str✉❝✲
t✉r❡ ♦❢ t❤❡ ♦❜s❡r✈❡❞ ❍✐❣❣s ✜❡❧❞ ✐s ❛ ♠❛❥♦r q✉❡st✐♦♥✳ ❈♦♠♣❛❝t✐✜❝❛t✐♦♥ ♠♦❞❡❧s
❤❛✈❡ t❤✐s ✈❡r② ♣r♦♣❡rt② ♦❢ ❣❡♥❡r❛t✐♥❣ s❝❛❧❛rs ❛s ❛ ❜②♣r♦❞✉❝t ♦❢ t❤❡ ❝♦♠♣❛❝t✐✜✲
❝❛t✐♦♥✳ ❚❤❡s❡ s❝❛❧❛rs ❛r❡ ✐♥t✐♠❛t❡❧② r❡❧❛t❡❞ t♦ ❣❛✉❣❡✱ ❣✐✈✐♥❣ ❛♥ ♦r✐❣✐♥ st♦r② t♦
s✉❝❤ ✜❡❧❞s✳ ■♥ t❤❛t ❢r❛♠❡✇♦r❦✱ s❝❛❧❛rs ❛r❡ ♥♦t ❢✉♥❞❛♠❡♥t❛❧ ♦❜❥❡❝ts ♦❢ ♥❛t✉r❡✱
❜✉t r❛t❤❡r t❤❡ ❛♣♣r♦①✐♠❛t❡ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ♦❢ t❤❡ ❣❛✉❣❡ ✜❡❧❞s ❧✐✈✐♥❣ ♦♥ t❤❡
❡①tr❛ ❞✐♠❡♥s✐♦♥s✳ ❖❢ ❝♦✉rs❡ t❤✐s ✐s ♥♦t ❛ ♥❡✇ ✐❞❡❛✳ ❚❤❡ ♠♦❞❡❧ ❢r♦♠ ❑❛❧✉③❛
❛♥❞ ❑❧❡✐♥ ❬✹✷✱ ✹✸❪ ✐♥✐t✐❛t❡❞ t❤✐s ❧✐♥❡ ♦❢ r❡❛s♦♥✐♥❣✳ ❚❤❡✐r ✇♦r❦ ✇❛s ❝♦♥❝❡r♥❡❞
✇✐t❤ ❤♦✇ ❡❧❡❝tr♦♠❛❣♥❡t✐s♠ ❝♦✉❧❞ ❜❡ r❡❧❛t❡❞ t♦ ❣r❛✈✐t② ✐♥ ✺ ❞✐♠❡♥s✐♦♥s✳ ❚❤✐s
♠♦❞❡❧ ✐♥s♣✐r❡❞ s❡✈❡r❛❧ ❧✐♥❡s ♦❢ ❞❡✈❡❧♦♣♠❡♥ts✳ ❚❤❡ ✉s✉❛❧ st♦r② ❢♦r ❝♦♠♣❛❝t✐✜✲
❝❛t✐♦♥s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❨❛♥❣✲▼✐❧❧s t❤❡♦r✐❡s ✉s❡s t♦r✐ ❛s t❤❡ ❝♦♠♣❛❝t s♣❛❝❡✳
❚❤❡ ♣r♦❜❧❡♠ ♦❢ s✉❝❤ ♠♦❞❡❧s ✐s t❤❛t t❤❡ ❧♦✇ ❧②✐♥❣ s❝❛❧❛rs t❤❛t ❛r❡ ❣❡♥❡r❛t❡❞ ❛r❡
♠❛ss❧❡ss✱ ❧❡❛✈✐♥❣ t❤❡ t❛s❦ ♦❢ ❣✐✈✐♥❣ t❤❡♠ ❛ ♠❛ss t♦ q✉❛♥t✉♠ ❝♦rr❡❝t✐♦♥s✳ ❚❤✐s
♦❢ ❝♦✉rs❡ s❡ts t❤❡ s❝❛❧❡ ❢♦r t❤❡ ♠❛ss❡s ♦❢ t❤❡ s❝❛❧❛rs t♦ ❜❡ ♦❢ t❤❡ s❛♠❡ ♦r❞❡r
❛s t❤❡ ❝♦✉♣❧✐♥❣ ❝♦♥st❛♥t✳ ❚❤✐s ❢❛✐❧s t♦ ❣✐✈❡ ❤✐❣❤ ❡♥♦✉❣❤ ♠❛ss❡s ✐♥ ♣r❛❝t✐❝❛❧
♠♦❞❡❧s✳ ❇✉t ♦✉r st♦r② ✐s ❞✐✛❡r❡♥t✳ ❆s ✇❡ ✇✐❧❧ s❡❡✱ t❤❡ ✹✲❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧
❦❡❡♣s s♦♠❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ♥♦♥✲tr✐✈✐❛❧ str✉❝t✉r❡ ♦❢ ♦✉r ❝♦♠♣❛❝t s♣❛❝❡✱
♠♦r❡ s♣❡❝✐✜❝❛❧❧② ♦❢ t❤❡ ❧♦❝❛❧ ❛❧❣❡❜r❛✱ r❡s✉❧t✐♥❣ ✐♥ ❛ ♠❛ss ❛t tr❡❡ ❧❡✈❡❧ ❢♦r ♦♥❡ ♦❢
t❤❡ s❝❛❧❛rs✳ ❚❤✐s ✐s ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ t❤✐s ♠♦❞❡❧✳ ❚❤❡ t✇✐st✐♥❣ ♦❢ t❤❡
❍❡✐s❡♥❜❡r❣ ♠❛♥✐❢♦❧❞ ✐s s❡❡♥ ❛s ❛ ♠❛ss s❝❛❧❡ ❢♦r t❤❡ s❝❛❧❛r ♦❢ t❤❡ ✹✲❞✐♠❡♥s✐♦♥❛❧
t❤❡♦r②✳ ❚❤✐s ❝❤❛♣t❡r ✇✐❧❧ ❜❡ ❝♦♠♣♦s❡❞ ♦❢ t✇♦ ♣❛rts ❜❛s❡❞ ♦♥ t❤❡ ✇♦r❦ ❞♦♥❡

✺✷



✐♥ ❬✸✾❪ ❛♥❞ ❬✹✹❪✳ ❚❤❡ ✜rst ♣❛rt ✇✐❧❧ ❢♦❝✉s ♦♥ t❤❡ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❣❛✉❣❡
✜❡❧❞s✱ ❣✐✈✐♥❣ r✐s❡ t♦ ❛♥ ❡✛❡❝t✐✈❡ ✜❡❧❞ t❤❡♦r② ❝♦♠♣♦s❡❞ ♦❢ s❝❛❧❛r ✜❡❧❞s ❛♥❞ t❤❡
✹✲❞✐♠❡♥s✐♦♥❛❧ ❣❛✉❣❡ ✜❡❧❞s✳ ❚❤✐s ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ✇✐❧❧ ❜❡ ❣❡♥❡r❛❧ ✐♥ t❤❡ s❡♥s❡
t❤❛t ✇❡ ✇♦♥✬t ♥❡❡❞ t♦ s♣❡❝✐❢② t❤❡ ❣❛✉❣❡ ❣r♦✉♣✳ ❲❡ ✇✐❧❧ t❤❡♥ ♠♦✈❡ ♦♥ t♦ t❤❡
st✉❞② ♦❢ t❤❡ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♦❢ ❢❡r♠✐♦♥s✳

✷✳✶ ❘❡❞✉❝t✐♦♥ ♦❢ ✼✲❞✐♠❡♥s✐♦♥❛❧ ❨❛♥❣✲▼✐❧❧s t❤❡✲

♦r② t♦ ✹ ❞✐♠❡♥s✐♦♥s

❲❡ st❛rt ❜② ❣✐✈✐♥❣ t❤❡ s❡✈❡♥✲❞✐♠❡♥s✐♦♥❛❧ ✭✼❞✮ ♣✉r❡ ❨❛♥❣✲▼✐❧❧s ❛❝t✐♦♥ ❢♦r
❛ ❣❛✉❣❡ ❣r♦✉♣ ✐♥ t❤❡ ❛❞❥♦✐♥t r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ ❣❡♥❡r❛❧ ▲✐❡ ❣r♦✉♣ G✿

S =

∫

M7

Tr(F ∧ ∗7F) =

∫

M7

Tr(tatb)Fa ∧ ∗7Fb , ✭✷✳✶✮

✇❤❡r❡ F ✐s t❤❡ ✜❡❧❞ str❡♥❣t❤✱ ❛ t✇♦✲❢♦r♠ t❤❛t t❛❦❡s ✈❛❧✉❡s ✐♥ t❤❡ ▲✐❡ ❛❧❣❡❜r❛
♦❢ G✱ t❤❡ ta✬s ❛r❡ ❛ ❜❛s✐s ♦❢ t❤❡ ▲✐❡ ❛❧❣❡❜r❛ ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥ ✭❊✐♥st❡✐♥✬s
❝♦♥✈❡♥t✐♦♥ ♦♥ t❤❡ s✉♠♠❛t✐♦♥ ♦❢ ✐♥❞✐❝❡s ✐s ✐♠♣❧✐❡❞✮✱ ❛♥❞ ∗7 ✐s t❤❡ ❍♦❞❣❡ st❛r
✐♥ s❡✈❡♥ ❞✐♠❡♥s✐♦♥s✳ ❚❤❡ ✐♥t❡❣r❛❧ ✐s t❛❦❡♥ ♦✈❡r M7✱ ❛ ✼❞ s♣❛❝❡ ❢♦r♠❡❞ ♦❢ t❤❡
❞✐r❡❝t ♣r♦❞✉❝t ♦❢ ▼✐♥❦♦✇s❦✐ s♣❛❝❡ M4 ❛♥❞ t❤❡ ❍❡✐s❡♥❜❡r❣ ♠❛♥✐❢♦❧❞ H3✱ ✐✳❡✳

M7 = M4 ×H3 . ✭✷✳✷✮

❚❤❡ ✜❡❧❞ str❡♥❣t❤ ✐s ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ❣❛✉❣❡ ♣♦t❡♥t✐❛❧ A ❛s✿

F = ta
(

❞Aa + 1
2f

a
bcAb ∧ Ac

)

, Fa
MN = 2∂[MAa

N ] + fabcAb
MAc

N , ✭✷✳✸✮

✇❤❡r❡ t❤❡ ✐♥❞✐❝❡s M,N r✉♥ t❤r♦✉❣❤ t❤❡ ❞✐✛❡r❡♥t ❝♦♦r❞✐♥❛t❡s ♦♥ t❤❡ ✼❞ s♣❛❝❡
❛♥❞ fabc ❛r❡ t❤❡ str✉❝t✉r❡ ❝♦♥st❛♥ts ❞❡✜♥❡❞ ❛s✿

[tb, tc] = taf
a
bc . ✭✷✳✹✮

■♥s❡rt✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ✜❡❧❞ str❡♥❣t❤ ✐♥ t❡r♠s ♦❢ t❤❡ ❣❛✉❣❡ ♣♦t❡♥t✐❛❧✱
❛❧❧♦✇s ✉s t♦ r❡✇r✐t❡ t❤❡ ❛❝t✐♦♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

S = S2 + S3 + S4 , ✭✷✳✺✮

where S2 =

∫

7

Tr(tatb) ❞Aa ∧ ∗7❞Ab , ✭✷✳✻✮

S3 = 2

∫

7

Tr(tatb)
1
2f

b
cd ❞Aa ∧ ∗7(Ac ∧ Ad) , ✭✷✳✼✮

S4 =

∫

7

Tr(tatb)
1
4f

a
cd f

b
efAc ∧ Ad ∧ ∗7(Ae ∧ Af ) . ✭✷✳✽✮

◆♦✇ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♥s❛t③ t♦ s❡♣❛r❛t❡ t❤❡ ❣❛✉❣❡ ♣♦t❡♥t✐❛❧ ❛s
❛ s✉♠ ♦❢ ✹❞✲❢♦r♠s ❛♥❞ ✸❞✲❢♦r♠s✿

Aa = Aa
M (xM )❞xM = Aa

µ(x
M )❞xµ +Aa

m(xM )❞xm ✭✷✳✾✮

=
∑

I

UI(x
m)AaI

µ (xµ)❞xµ + φaI(xµ)BIm(xm)❞xm , ✭✷✳✶✵✮

✺✸



✇❤❡r❡ M = 0, . . . , 6✱ µ = 0, . . . , 3 ❛♥❞ m = 4, 5, 6✳ ■♥ ❛ s❤♦rt❡r ♥♦t❛t✐♦♥✱ ✇❡ ❝❛♥
✇r✐t❡ t❤❡ ❣❛✉❣❡ ♣♦t❡♥t✐❛❧ ❛s✿

Aa =
∑

I

AaIUI + φaIBI , ✭✷✳✶✶✮

✇❤❡r❡ UI ❛♥❞ BI ❛r❡ r❡s♣❡❝t✐✈❡❧② ✸❞ ❡✐❣❡♥s❝❛❧❛rs ❛♥❞ ✸❞ ❡✐❣❡♥✲♦♥❡✲❢♦r♠s ♦❢
t❤❡ ▲❛♣❧❛❝✐❛♥ ♦♥ t❤❡ ♥✐❧♠❛♥✐❢♦❧❞✱ ✇❤✐❧❡ AaI ❛♥❞ φaI ❛r❡ ❛ ✹❞ ♦♥❡✲❢♦r♠ ❛♥❞ ❛
✹❞ s❝❛❧❛r r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ I ✐s ❛ ♠✉❧t✐✲✐♥❞❡① t❤❛t s✉♠s ♦✈❡r t❤❡ ❜❛s✐s ♦❢ ✸❞
❡✐❣❡♥❢♦r♠s✳ ❚❤❡ ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡s❡ ❡✐❣❡♥❢♦r♠s ✇❛s ❢♦✉♥❞ ✐♥ t❤❡ ❧❛st
❝❤❛♣t❡r✳ ❇② t❤❡ ♣r♦♣❡rt② ♦❢ ▲❛♣❧❛❝✐❛♥ ❡✐❣❡♥❢♦r♠s✱ ✇❡ ❤❛✈❡✿

∗3 ❞ ∗3 ❞UI = λUI
UI , ∗3❞ ∗3 ❞BI = λBI

BI , λUI
≤ 0 , λBI

≥ 0 , ✭✷✳✶✷✮

✇❤❡r❡ t❤❡ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ s✐❣♥s ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❝♦♠❡ ❢r♦♠ t❤❡ ❡①♣❧✐❝✐t s♦✲
❧✉t✐♦♥ ♦❢ t❤❡ s②st❡♠✱ ❛♥❞ ✇❡ ❤❛✈❡ r❡str✐❝t❡❞ t♦ ❝♦✲❝❧♦s❡❞ ♦♥❡✲❢♦r♠s✳ ❲❡ r❡❢❡r
t❤❡ r❡❛❞❡r t♦ t❤❡ ❧❛st ❝❤❛♣t❡r ❢♦r ❛ ❞❡t❛✐❧❡❞ ❡①♣❧❛♥❛t✐♦♥✳ ❆❢t❡r ❝❡rt❛✐♥ ♠❛♥✐♣✉✲
❧❛t✐♦♥s✱✶ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ❞✐✛❡r❡♥t ♣❛rts ♦❢ t❤❡ ❛❝t✐♦♥✿

S2 =

∫

4

vol4 Tr(tatb)

(

(

2∂[µA
aI
ν] ∂

µAbJ ν − λUJ
AaI

µ A
bJ µ
)

YUIUJ
✭✷✳✶✸✮

+
(

∂µφ
aI∂µφaJ + λBJ

φaIφaJ
)

YBIBJ

)

,

S3 = 2

∫

4

vol4 Tr(tatb)
1
2f

b
cd

(

2∂[µA
aI
ν]A

cJ µAdK ν YUIUJUK
✭✷✳✶✹✮

+ 2∂µφ
aIAcJ µφdK YUJBIBK

− 2AaI
µ A

cJ µφdK YUJdUIBK

+ φaIφcJφdK YdBIBJBK

)

,

S4 =

∫

4

vol4 Tr(tatb)
1
4f

a
cdf

b
ef

(

2AcJ
[µA

dK
ν] A

eLµAfM ν YUJUKULUM
✭✷✳✶✺✮

+ 4AcJ
µ AeLµφdKφfM YUJULBKBM

+ φcJφdKφeLφfM YBJBKBLBM

)

,

✇❤❡r❡ t❤❡ Y ✬s ❛r❡ ❣✐✈❡♥ ❜②✿

YUIUJ
=

∫

3

vol3UIUJ =

∫

3

UI ∧ ∗3UJ , YBIBJ
=

∫

3

BI ∧ ∗3BJ ; ✭✷✳✶✻✮

✶❖♥❡ ♥❡❡❞s ✐♥ ♣❛rt✐❝✉❧❛r t♦ ❞❡❝♦♠♣♦s❡ t❤❡ ✼❞ ❍♦❞❣❡ st❛r ✐♥t♦ ✹❞ ❛♥❞ ✸❞ ♦♥❡s✳ ❚♦ t❤❛t
❡♥❞✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥s ❛♥❞ ♣r♦♣❡rt✐❡s ❛r❡ ✉s❡❢✉❧✿ ✇❡ ✜rst t❛❦❡ ǫ0123456 = 1✱ ❛♥❞ ❤❛✈❡
(∗3)2 = 1, ∗3vol3 = 1✱ ❛♥❞ (∗4)2Ap = (−1)p+1, ∗41 = vol4, ∗4vol4 = −1 ✇✐t❤ Ap ❛ ✹❞
❢♦r♠ ❛♥❞ Bp ❛ ✸❞ ❢♦r♠✳ ❲❡ ❛❧s♦ ❤❛✈❡ ∗7Ap = ∗4Ap ∧ vol3✱ ∗7Bp = vol4 ∧ ∗3Bp✱ ❛♥❞
∗7(A1 ∧B1) = − ∗4 A1 ∧ ∗3B1✳

✺✹



YUIUJUK
=

∫

3

vol3UIUJUK , ✭✷✳✶✼✮

YUJBIBK
=

∫

3

UJBI ∧ ∗3BK , ✭✷✳✶✽✮

YUJdUIBK
=

∫

3

UJ❞UI ∧ ∗3BK , ✭✷✳✶✾✮

YdBIBJBK
=

∫

3

❞BI ∧ ∗3(BJ ∧BK) ; ✭✷✳✷✵✮

YUJUKULUM
=

∫

3

vol3UJUKULUM , ✭✷✳✷✶✮

YUJULBKBM
=

∫

3

UJULBK ∧ ∗3BM , ✭✷✳✷✷✮

YBJBKBLBM
=

∫

3

BJ ∧BK ∧ ∗3(BL ∧BM ) . ✭✷✳✷✸✮

❆ ♣r♦❜❧❡♠ r❡♠❛✐♥s✿ t❤❡ s✉♠s ♦✈❡r t❤❡ ✐♥❞✐❝❡s I, J,K,L,M ✱ ❛r❡ ✐♥✜♥✐t❡ s✉♠s
♦✈❡r t❤❡ ❜❛s✐s ♦❢ ❡✐❣❡♥❢♦r♠s✳ ■❢ ✇❡ ✇❛♥t t♦ ♠❛❦❡ t❤✐s ❛❝t✐♦♥ ♠❛♥❛❣❡❛❜❧❡✱ ❛
♣♦ss✐❜✐❧✐t② ✐s t♦ ♦r❣❛♥✐③❡ t❤❡s❡ t❡r♠s ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r ♠❛ss❡s ❛♥❞ s❡❧❡❝t ♦♥❧②
t❤❡ ❧✐❣❤t ♠♦❞❡s✳

✷✳✶✳✶ ❚❤❡ tr✉♥❝❛t✐♦♥

❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ♦r❣❛♥✐③❡ t❤✐s ✐♥✜♥✐t❡ s❡r✐❡s ♦❢ ♠♦❞❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r
♠❛ss❡s✱ ✇❤✐❝❤ ❝❛♥ ❜❡ r❡❛❞ ♦✛ ❢r♦♠ t❤❡ q✉❛❞r❛t✐❝ t❡r♠s ✐♥ S2✳ ❚♦ s♣❛❝❡ ♦✉t t❤❡
♠❛ss❡s ❛s ♠✉❝❤ ❛s ♣♦ss✐❜❧❡✱ ✇❡ t❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♦♠❡tr✐❝❛❧ ❧✐♠✐t✿

|❢| ≪ 1

ri
, i = 1, 2, 3 ⇒ 1

r1,2
≪ 1

r3
. ✭✷✳✷✹✮

❚❤✐s ❧✐♠✐t✱ ❦♥♦✇♥ ❛s t❤❡ s♠❛❧❧ ✜❜❡r✴❧❛r❣❡ ❜❛s❡ ❧✐♠✐t ❬✸✽❪ ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞
❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ♠❛ss❡s λUI

✳ ❘❡♠❡♠❜❡r t❤❡ s❝❛❧❛r ♠♦❞❡s
❝♦♠❡ ✐♥ t✇♦ ❢❛♠✐❧✐❡s✿

µ2
p,q = p2

(

2π

r1

)2

+ q2
(

2π

r2

)2

✭✷✳✷✺✮

M2
k,l,n = k2

(

2π

r3

)2

+ (2n+ 1) | k | 2π | ❢ |
r3

, ✭✷✳✷✻✮

✺✺



✇❤❡r❡ p, q ∈ Z✱ k ∈ Z∗✱ n ∈ N✱ l = 0, 1, . . . , | k |✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ♦♥❡✲❢♦r♠s✱ t❤❡
❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ♠❛ss❡s λBI

✇❡r❡✿

Y p,q
± = P 2 +Q2 +

❢
2

2
±
√

(

P 2 +Q2 +
❢
2

2

)2

− (P 2 +Q2)2 , ✭✷✳✷✼✮

Y k,l,n
± =M2

k,l,n + 2 | k 2π❢
r3

| ✭✷✳✷✽✮

+
1

2
❢
2 ±

√

(

| k 2π❢
r3

| +1

2
❢
2

)2

+ 2(n+ 1) | k 2π❢
r3

| ❢2 , ✭✷✳✷✾✮

✇❤❡r❡ P = p2π/r1✱ Q = q2π/r2✳ ❆s s❤♦✇♥ ✐♥ ❬✸✽❪✱ ✇❡ t❤❡♥ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣
❧✐❣❤t❡st ♠♦❞❡s ✭✐♥ ❛ ❜❛s✐s ♦❢ r❡❛❧ ♦rt❤♦♥♦r♠❛❧ ❡✐❣❡♥♠♦❞❡s✮✿

❙❝❛❧❛rs✿

UI=1 =
1√
V

; λU1
= 0 , ✭✷✳✸✵✮

✇❤❡r❡ ✇❡ r❡❝❛❧❧ t❤❛t V = r1r2r3 ✐s t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ ♥✐❧♠❛♥✐❢♦❧❞✳ ❚❤✐s ♠♦❞❡
❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❡✐❣❡♥✈❛❧✉❡ µp,q ❢♦r p = q = 0q✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡✐❣❡♥✈❛❧✉❡s
❣♦ ❧✐❦❡ ∼ 1/(r1,2)2✳ ❚❤❡ ❧♦✇❡st ♠❛ss ❢♦r t❤❡ Mk,l,n ✐s ♦❢ ♦r❞❡r ∼ 1/(r3)2 ✭❢♦r
|k| = 1✱ l = 0✱ n = 0✮✳ ❚❤✐s ✇✐❧❧ ❜❡ ✐♠♣♦rt❛♥t ✇❤❡♥ ✇❡ ✇✐❧❧ ❝♦♠♣❛r❡ ✐t t♦ t❤❡
r❡st ♦❢ t❤❡ ♠❛ss❡s ♦❢ t❤❡ ♦♥❡✲❢♦r♠s✳

❈♦✲❝❧♦s❡❞ ♦♥❡✲❢♦r♠s✿

BI=1 =
1√
V
e1 ; λB1

= 0

BI=2 =
1√
V
e2 ; λB2 = 0

BI=3 =
1√
V
e3 ; λB3 = ❢

2 ,

✭✷✳✸✶✮

✇❤❡r❡ t❤❡ ea ♦♥❡✲❢♦r♠s s❛t✐s❢② t❤❡ ▼❛✉r❡r ❈❛rt❛♥ ❡q✉❛t✐♦♥ ✭✶✳✽✮✳ ❲❡ ♦❜s❡r✈❡

t❤❛t t❤❡ ❧♦✇❡st ❡✐❣❡♥✈❛❧✉❡ ❢♦r t❤❡ Y k,l,n
± ✐s ♦❢ ♦r❞❡r ∼ Mk,l,n ∼ 1/(r3)2 ✐♥ ♦✉r

❣❡♦♠❡tr✐❝❛❧ ❧✐♠✐t✳ ❲❡ ❝❛♥ t❤❡r❡❢♦r❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ♥❡①t ♠❛ss❡s ✐♥ ❛♥② ♦❢
t❤❡ ❡✐❣❡♥✈❛❧✉❡ s❡r✐❡s ❛r❡ ♠✉❝❤ ❤✐❣❤❡r t❤❛♥ t❤❡ ♦♥❡s ✇❡ ♣✐❝❦❡❞✳ ❚❤❡ ❡✐❣❡♥✈❛❧✉❡s
❞❡✜♥❡ t❤❡ ♠❛ss❡s ❢♦r t❤❡ s❡❧❡❝t❡❞ ♠♦❞❡s✳ ❆❧♠♦st ❛❧❧ ♦❢ t❤❡s❡ ❛r❡ ♠❛ss❧❡ss ❡①❝❡♣t
❢♦r t❤❡ ♦♥❡✲❢♦r♠ B3✱ ✇❤✐❝❤ ❤❛s ❛ ♠❛ss ❢2 ❞✐r❡❝t❧② r❡❧❛t❡❞ t♦ t❤❡ ❧♦❝❛❧ ❛❧❣❡❜r❛
♦❢ t❤❡ ❣❡♦♠❡tr②✱ ❝❢✳ ❊qs✳ ✭✶✳✻✮✱ ✭✶✳✽✮✳ ❚❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥ ❊q✳ ✭✷✳✼✾✮ ♦❢ t❤❡
❣❛✉❣❡ ♣♦t❡♥t✐❛❧ s✐♠♣❧✐✜❡s t♦✿

Aa = AaU1 +

3
∑

I=1

φaIBI . ✭✷✳✸✷✮

❚❤❡ r❡s✉❧t✐♥❣ ♥♦♥✲✈❛♥✐s❤✐♥❣ ❝♦✉♣❧✐♥❣s ❛r❡ ❛s ❢♦❧❧♦✇s✱

YU1U1 = 1 , YBIBJ
= δIJ , ✭✷✳✸✸✮

✺✻



❢♦r t❤❡ q✉❛❞r❛t✐❝ ❝♦✉♣❧✐♥❣s✱ t♦❣❡t❤❡r ✇✐t❤

YUIUJUK
: YU1U1U1 =

1√
V

YUJBIBK
: YU1BLBL

=
1√
V
, L = 1, 2, 3

YdBIBJBK
: YdB3B2B1 = −YdB3B1B2 =

❢√
V

YUIUJUKUL
: YU1U1U1U1

=
1

V

YUIUJBKBL
: YU1U1BLBL

=
1

V
, L = 1, 2, 3

YBIBJBKBL
: YB1B2B1B2

= YB1B3B1B3
= YB2B3B2B3

=
1

V
, ✭✷✳✸✹✮

✇❤❡r❡ ✐♥ t❤❡ ❧❛st ❧✐♥❡ ✇❡ ❝❛♥ ❛❧s♦ ❤❛✈❡ ❛♥t✐✲s②♠♠❡tr✐❝ ♣❡r♠✉t❛t✐♦♥s ♦❢ t❤❡ ✜rst
t✇♦ ❛♥❞✴♦r t❤❡ ❧❛st t✇♦ ✐♥❞✐❝❡s✳ ❆❢t❡r t❤❡ tr✉♥❝❛t✐♦♥ t♦ t❤❡s❡ ❧✐❣❤t ♠♦❞❡s✱ ✇❡
❝❛♥ ✜♥❛❧❧② ✇r✐t❡ t❤❡ ❛❝t✐♦♥ ❛s✿

S =

∫

❞x4❚r
(

1
2FµνF

µν +

3
∑

I=1

Dµφ
IDµφI +M2(φ3)2 + U

)

, ✭✷✳✸✺✮

✇❤❡r❡

U = ❚r
(

− 2gM [φ1, φ2]φ3 + 1
2g

2
3
∑

I,J=1

[φI , φJ ][φI , φJ ]
)

, ✭✷✳✸✻✮

✇✐t❤ Fµν = 2∂[µAν] + g[Aµ, Aν ] ❛♥❞ Dµ = ∂µ + g[Aµ, ·]✳ ❲❡ ❤❛✈❡ r❡❧❛❜❡❧❧❡❞ t❤❡

♣❛r❛♠❡t❡rs s✉❝❤ t❤❛t g = 1/
√
V ❛♥❞ M =| ❢ |✳

▲❛st❧②✱ ✇❡ ✇❛♥t t♦ ♣❡r❢♦r♠ ❛ s❡t ♦❢ tr❛♥s❢♦r♠❛t✐♦♥s ✐♥ ♦r❞❡r t♦ r❡tr✐❡✈❡ t❤❡
✉s✉❛❧ ❨❛♥❣✲▼✐❧❧s ❝♦♥✈❡♥t✐♦♥s✿

ta → ita

ηµν → −ηµν ,
✭✷✳✸✼✮

r❡s✉❧t✐♥❣ ✐♥ t❤❡ ✜♥❛❧ ❡①♣r❡ss✐♦♥✿

S =

∫

❞x4❚r
(

− 1
2FµνF

µν +

3
∑

I=1

Dµφ
IDµφI −M2(φ3)2 − U

)

, ✭✷✳✸✽✮

✇❤❡r❡✿

U = ❚r
(

− 2igM [φ1, φ2]φ3 + 1
2g

2
3
∑

I,J=1

[φI , φJ ][φI , φJ ]
)

. ✭✷✳✸✾✮

❲❡ s❡❡ t❤❛t t❤❡ ♦r✐❣✐♥❛❧ s❡✈❡♥ ❞✐♠❡♥s✐♦♥❛❧ ♣✉r❡ ❨❛♥❣✲▼✐❧❧s t❤❡♦r② ❣✐✈❡s r✐s❡ t♦✱
✉♣♦♥ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ❛♥❞ tr✉♥❝❛t✐♦♥ t♦ t❤❡ ❧✐❣❤t ♠♦❞❡s✱ ❛ ❧♦✇ ❡♥❡r❣② ❡✛❡❝t✐✈❡
❛❝t✐♦♥ ❝♦♥s✐st✐♥❣ ♦❢ ❛ ❢♦✉r✲❞✐♠❡♥s✐♦♥❛❧ ❨❛♥❣✲▼✐❧❧s ❝♦✉♣❧❡❞ t♦ t❤r❡❡ s❝❛❧❛r ✜❡❧❞s

✺✼



✐♥ t❤❡ ❛❞❥♦✐♥t r❡♣r❡s❡♥t❛t✐♦♥✳ ▼♦r❡♦✈❡r✱ ♦♥❡ ♦❢ t❤❡s❡ s❝❛❧❛rs ✐s ♠❛ss✐✈❡ ❛♥❞ ❛❧❧
t❤r❡❡ s❝❛❧❛rs ✐♥t❡r❛❝t ✈✐❛ t❤❡ ♣♦t❡♥t✐❛❧✳ ❚❤❡ ♥❡①t st❡♣ ✇♦✉❧❞ ❜❡ t♦ ✉♥❞❡rst❛♥❞
t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ✐♥ ♦r❞❡r t❤❡ ✜♥❞ ❛ ✈❛❝✉✉♠ ♦❢ t❤❡ t❤❡♦r②✱ ✐✳❡✳ ❛
❧♦❝❛❧ ♠✐♥✐♠✉♠ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧✳ ❚❤✐s ✐s ❣❡♥❡r❛❧❧②✲s♣❡❛❦✐♥❣ ♥♦t ❛ tr✐✈✐❛❧ q✉❡st✐♦♥✳
❚❤❡ ♣♦t❡♥t✐❛❧ ❤❛s ❛ t♦t❛❧ ♥✉♠❜❡r ♦❢ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s t❤❛t ❛r❡ t❤r❡❡ t✐♠❡s
t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ▲✐❡ ❛❧❣❡❜r❛ ❛ss♦❝✐❛t❡❞ t♦ G✱ ♠❡❛♥✐♥❣ t❤❛t ❡✈❡♥ ❢♦r ❧♦✇
❞✐♠❡♥s✐♦♥❛❧ ▲✐❡ ❛❧❣❡❜r❛s✱ t❤❡ ♥✉♠❜❡r ♦❢ r❡❛❧ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s ❝❛♥ ❜❡ q✉✐t❡
❧❛r❣❡✳ ❲❡ ✇✐❧❧ ❞✐s❝✉ss t❤✐s ✐♥ ❣r❡❛t ❞❡t❛✐❧ ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r✳ ❋♦r t❤❡ ♠♦♠❡♥t✱
❧❡t ✉s t✉r♥ ♦✉r ❛tt❡♥t✐♦♥ t♦ t❤❡ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♦❢ ❢❡r♠✐♦♥s✳

✷✳✷ ❘❡❞✉❝t✐♦♥ ♦❢ ❣❛✉❣❡✲❢❡r♠✐♦♥ t❤❡♦r②

■♥ ♦r❞❡r t♦ ✐♥❝❧✉❞❡ ❢❡r♠✐♦♥s ✐♥ ♦✉r ♠♦❞❡❧✱ ✇❡ ♥♦✇ ❛♥❛❧②③❡ ❤♦✇ ❢❡r♠✐♦♥s
❧✐✈✐♥❣ ♦♥ t❤❡ ✼✲❞✐♠❡♥s✐♦♥❛❧ ♠❛♥✐❢♦❧❞ ✇♦✉❧❞ ❜❡ ❝♦♠♣❛❝t✐✜❡❞ ✐♥ t❤❡ s❝❡♥❛r✐♦
♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ❧❛st s❡❝t✐♦♥✳ ❖✉r ❛♣♣r♦❛❝❤ ✐s str❛✐❣❤t ❢♦r✇❛r❞✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡
s❛♠❡ ❛♥s❛t③ ❢♦r t❤❡ ❣❛✉❣❡ ✜❡❧❞s✱ ❛❧♦♥❣ ✇✐t❤ t❤❡ ❣❡♦♠❡tr✐❝❛❧ ❧✐♠✐t ♦❢ ❛ ❧❛r❣❡ ❜❛s❡✱
s♠❛❧❧ ✜❜❡r ♦❢ ✭✷✳✻✷✮✳ ▲❡t ✉s st❛rt ❜② ✜①✐♥❣ s♦♠❡ ❝♦♥✈❡♥t✐♦♥s ♦♥ t❤❡ ❢❡r♠✐♦♥s ✐♥
t❤❡ ✈❛r✐♦✉s s♣❛❝❡s ♦❢ ✐♥t❡r❡st ❜❡❢♦r❡ ❞✐✈✐♥❣ ✐♥t♦ t❤❡ ❛❝t✉❛❧ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥✳

✷✳✷✳✶ ❋❡r♠✐♦♥ ❝♦♥✈❡♥t✐♦♥s

■♥ ❛ s♣❛❝❡ ♦❢ ❛r❜✐tr❛r② ❞✐♠❡♥s✐♦♥ ❛♥❞ ▲♦r❡♥t③✐❛♥ s✐❣♥❛t✉r❡✱ t❤❡ ❣❛♠♠❛
♠❛tr✐❝❡s ❛r❡ t❛❦❡♥ t♦ s❛t✐s❢②

(ΓM )† = Γ0ΓMΓ0. ✭✷✳✹✵✮

❲❡ ❞❡✜♥❡ t❤❡ ❛♥t✐s②♠♠❡tr✐❝ ♣r♦❞✉❝t ♦❢ n ❣❛♠♠❛ ♠❛tr✐❝❡s ❜②

ΓM1...Mn
:= Γ[M1

. . .ΓMn]. ✭✷✳✹✶✮

●✐✈❡♥ ❛ s♣✐♥♦r ψ ✇❡ ❞❡✜♥❡
ψ := ψ+Γ0. ✭✷✳✹✷✮

●✐✈❡♥ ❛ s♣✐♥♦r ψ ✐♥ ❛ s♣❛❝❡ ♦❢ ❛r❜✐tr❛r② ❞✐♠❡♥s✐♦♥ ❛♥❞ ❛r❜✐tr❛r② s✐❣♥❛t✉r❡✱ ✇❡
❞❡✜♥❡

ψ̃ := ψ❚rC, ✭✷✳✹✸✮

✇❤❡r❡ C ✐s t❤❡ ❝❤❛r❣❡ ❝♦♥❥✉❣❛t✐♦♥ ♠❛tr✐①✳ ❚❤✐s ❤❛s t❤❡ ♣r♦♣❡rt② t❤❛t ❢♦r ❛♥②
s♣✐♥♦rs ψ✱ χ✱ t❤❡ ❜✐❧✐♥❡❛r ψ̃ΓM1...Mn

χ ✐s ❛♥ ❛♥t✐s②♠♠❡tr✐❝ t❡♥s♦r ♦❢ ♦r❞❡r n✳

✹❉ ▼✐♥❦♦✇s❦✐ s♣❛❝❡

❚❤❡ ❝❤❛r❣❡ ❝♦♥❥✉❣❛t✐♦♥ ♠❛tr✐① ✐♥ 1 + 3 ❞✐♠❡♥s✐♦♥s s❛t✐s✜❡s

C❚r = −C; (Cγµ)❚r = −Cγµ. ✭✷✳✹✹✮

❚❤❡ ❝❤✐r❛❧✐t② ♠❛tr✐① ✐s ❞❡✜♥❡❞ ❜②

γ5 := iγ0 . . . γ3; (γ5)2 = 1. ✭✷✳✹✺✮

✺✽



❚❤❡ ❢✉♥❞❛♠❡♥t❛❧✱ ♣♦s✐t✐✈❡✲❝❤✐r❛❧✐t② ✭❲❡②❧✮✱ t✇♦✲❝♦♠♣♦♥❡♥t✱ s♣✐♥♦r r❡♣r❡s❡♥✲
t❛t✐♦♥ ψ+ ✐s ❝♦♠♣❧❡①✱ ♠❡❛♥✐♥❣ t❤❛t ✐ts ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡ ψ− ❤❛s ♥❡❣❛t✐✈❡
❝❤✐r❛❧✐t②✳ ❚❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡ ψ− ♦❢ ψ+ ✐s ❞❡✜♥❡❞ ❜②

ψ̃− := ψ+, ✭✷✳✹✻✮

✇❤✐❝❤ ❛❧s♦ ✐♠♣❧✐❡s
ψ̃+ = −ψ−. ✭✷✳✹✼✮

❲❡ str❡ss t❤❛t t❤❡s❡ ❛r❡ ♥♦t r❡❛❧✐t② ❝♦♥❞✐t✐♦♥s✿ t❤❡② s✐♠♣❧② ❞❡✜♥❡ ψ− ✐♥ t❡r♠s
♦❢ ψ+ ♦r ✈✐❝❡✲✈❡rs❛✳ ■♥❞❡❡❞ ❛ r❡❛❧✐t② ❝♦♥❞✐t✐♦♥ ✇♦✉❧❞ ❡q✉❛t❡ ✭✉♣ t♦ ❛ ❝♦♥st❛♥t✮
ψ+ ❛♥❞ ψ̃+✱ ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡ ✐♥ ❢♦✉r ❞✐♠❡♥s✐♦♥s✳

▲❡t χ±✱ ψ± ❜❡ ❛r❜✐tr❛r② ❛♥t✐❝♦♠♠✉t✐♥❣ ❲❡②❧ s♣✐♥♦rs ♦❢ ♣♦s✐t✐✈❡ ♦r ♥❡❣❛t✐✈❡
❝❤✐r❛❧✐t②✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✉s❡❢✉❧ r❡❧❛t✐♦♥s

ψ̃±χ∓ = 0 ; ψ̃±γµχ± = 0. ✭✷✳✹✽✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ s②♠♠❡tr② r❡❧❛t✐♦♥s ❛r❡ ✈❛❧✐❞ ❢♦r ❲❡②❧ s♣✐♥♦rs ♦❢ ❛♥② ❝❤✐r❛❧✐t②

ψ̃χ = χ̃ψ ; ψ̃γµχ = χ̃γµψ. ✭✷✳✹✾✮

■t ✐s ❛❧s♦ ✉s❡❢✉❧ t♦ ♥♦t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t✐♦♥ r❡❧❛t✐♦♥s

(ψ±γµχ±)
∗ = −χ±γµψ± ; (ψ±χ∓)

∗ = χ∓ψ±. ✭✷✳✺✵✮

▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r ❛♥ ❛r❜✐tr❛r② ❛♥t✐❝♦♠♠✉t✐♥❣ ❉✐r❛❝ s♣✐♥♦r ψD✳ ■t ❝❛♥ ❜❡
✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ t✇♦ ❛r❜✐tr❛r② ❲❡②❧ s♣✐♥♦rs χ+ ❛♥❞ θ+

ψD = χ+ + θ−, ✭✷✳✺✶✮

✇❤❡r❡ θ− ✐s t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡ ♦❢ θ+✱ ❣✐✈❡♥ ❜② ✭✷✳✹✻✮✳ ❚❤❡ ✏❉✐r❛❝ ♠❛ss✑ ✐s
❣✐✈❡♥ ❜②

ψDψD = χ+θ− + θ−χ+ = χ̃−θ− − θ̃+χ+, ✭✷✳✺✷✮

✇❤✐❝❤ ✐s r❡❛❧✱ ❛s ❝❛♥ ❜❡ ✈❡r✐✜❡❞ ✉s✐♥❣ ✭✷✳✺✵✮✳
❆ ❲❡②❧ s♣✐♥♦r ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❛ ❉✐r❛❝ s♣✐♥♦r ✇❤♦s❡

❝♦♠♣♦♥❡♥t ♦❢ ♥❡❣❛t✐✈❡ ♦r ♣♦s✐t✐✈❡ ❝❤✐r❛❧✐t② ✈❛♥✐s❤❡s✳ ❚❤❡r❡❢♦r❡ ✐t ✐s s♦♠❡t✐♠❡s
s❛✐❞ t❤❛t t❤❡ ❉✐r❛❝ ♠❛ss ♦❢ ❛ ❲❡②❧ s♣✐♥♦r ✈❛♥✐s❤❡s✿ ✐♥❞❡❡❞ s❡tt✐♥❣ χ ♦r θ t♦ ③❡r♦
✇♦✉❧❞ ♠❛❦❡ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✷✳✺✷✮ ✈❛♥✐s❤✳ ◆❡✈❡rt❤❡❧❡ss ❛ ♠❛ss t❡r♠ ❝❛♥
❜❡ ❞❡✜♥❡❞ ❢♦r ❛ s✐♥❣❧❡ ❲❡②❧ s♣✐♥♦r✿ ✐t s✉✣❝❡s t♦ s❡t θ± = χ± ✐♥ ✭✷✳✺✷✮✳ ❚❤✐s ✐s
s♦♠❡t✐♠❡s ❞❡s❝r✐❜❡❞ ❛s ❞❡✜♥✐♥❣ ❛ ▼❛❥♦r❛♥❛ s♣✐♥♦r

ψM = χ+ + χ−, ✭✷✳✺✸✮

✇❤✐❝❤ ✐s ♥♦t❤✐♥❣ ♦t❤❡r t❤❛♥ ❛ ❉✐r❛❝ s♣✐♥♦r ✇❤♦s❡ ♥❡❣❛t✐✈❡✲❝❤✐r❛❧✐t② ❝♦♠♣♦♥❡♥t
✐s t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡ ♦❢ ✐ts ♣♦s✐t✐✈❡✲❝❤✐r❛❧✐t② ❝♦♠♣♦♥❡♥t✳✷ ❆ r❡❛❧ ♠❛ss t❡r♠
❢♦r ❛ ❲❡②❧ s♣✐♥♦r χ ❝❛♥ t❤❡♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ ψM ✱

ψMψM = χ+χ− + χ−χ+ = χ̃−χ− − χ̃+χ+. ✭✷✳✺✹✮

❚❤✐s ✐s s♦♠❡t✐♠❡s ❝❛❧❧❡❞ t❤❡ ▼❛❥♦r❛♥❛ ♠❛ss✳

✷■♥ ♦✉r ❝♦♥✈❡♥t✐♦♥s t❤❡ ▼❛❥♦r❛♥❛ s♣✐♥♦r s❛t✐s✜❡s t❤❡ r❡❛❧✐t② ❝♦♥❞✐t✐♦♥✿ (γ5ψM ) = ψ̃M ✳

✺✾



✸❉ ❘✐❡♠❛♥♥✐❛♥ s♣❛❝❡

■♥ ❛ ✸❉ s♣❛❝❡ ♦❢ ❊✉❝❧✐❞❡❛♥ s✐❣♥❛t✉r❡ t❤❡ ❣❛♠♠❛ ♠❛tr✐❝❡s ❝❛♥ ❜❡ t❛❦❡♥ t♦ ❜❡ t❤❡
P❛✉❧✐ ♠❛tr✐❝❡s✱ ✇❤✐❧❡ t❤❡ ❝❤❛r❣❡ ❝♦♥❥✉❣❛t✐♦♥ ♠❛tr✐① ❝❛♥ ❜❡ t❛❦❡♥ ❛s C = iσ2✳
❲❡ ❤❛✈❡

C❚r = −C; (Cγm)❚r = Cγm. ✭✷✳✺✺✮

❚❤❡ ✐rr❡❞✉❝✐❜❧❡ s♣✐♥♦r r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ Spin(3) ❤❛s t✇♦ ❝♦♠♣❧❡① ❝♦♠♣♦♥❡♥ts✳
❲❡ t❤✉s ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✉s❡❢✉❧ s②♠♠❡tr② ♣r♦♣❡rt✐❡s

ψ̃γm1...mpχ = (−1)
1
2 (p−1)(p−2)χ̃γm1...mpψ, ✭✷✳✺✻✮

✇❤❡r❡ χ✱ ψ ❛r❡ ❛r❜✐tr❛r② ❝♦♠♠✉t✐♥❣ s♣✐♥♦rs✳ ❲❡ ❞❡✜♥❡ t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡
ψc ♦❢ ψ ✈✐❛

ψ̃c = ψ†, ✭✷✳✺✼✮

s♦ t❤❛t ψc tr❛♥s❢♦r♠s ❛s ❛ s♣✐♥♦r✳ ❲❡ t❤❡♥ ❤❛✈❡ t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t✐♦♥
♣r♦♣❡rt✐❡s✱

(ψ̃cγ
m1...mpχ)∗ = −(−1)pψ̃γm1...mpχc. ✭✷✳✺✽✮

❙♣✐♥♦rs ✐♥ ✼❉ ▲♦r❡♥t③✐❛♥ s♣❛❝❡

❚❤❡ ✐rr❡❞✉❝✐❜❧❡ s♣✐♥♦r r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ Spin(1, 6) ❤❛s ❡✐❣❤t ❝♦♠♣❧❡① ❝♦♠♣♦✲
♥❡♥ts✳ ■♥ t❡r♠s ♦❢ ❛♥ Spin(1, 6) → Spin(1, 3)× Spin(3) ❞❡❝♦♠♣♦s✐t✐♦♥✱ t❤❡ ✼❉
s♣✐♥♦r ψ ❞❡❝♦♠♣♦s❡s ❛s

ψ = (χ+ + θ−)⊗ ξ, ✭✷✳✺✾✮

✇❤❡r❡ χ✱ θ ❛r❡ ✐rr❡❞✉❝✐❜❧❡ ❲❡②❧ s♣✐♥♦rs ♦❢ Spin(1, 3) ❛♥❞ ξ ✐s ❛♥ ✐rr❡❞✉❝✐❜❧❡
s♣✐♥♦r ♦❢ Spin(3)✳ ❚❤❡ s❡✈❡♥✲❞✐♠❡♥s✐♦♥❛❧ ❣❛♠♠❛ ♠❛tr✐❝❡s ΓM ❞❡❝♦♠♣♦s❡ ❛s

Γµ = γµ ⊗ I2 ; Γm+3 = γ5 ⊗ γm, ✭✷✳✻✵✮

✇❤❡r❡ µ = 0, . . . , 3 ❛♥❞ m = 1, 2, 3✳ ❲❡ ❛r❡ ♥♦✇ r❡❛❞② t♦ ♣r♦❝❡❡❞ ✇✐t❤ t❤❡
♠♦❞❡❧ ❛♥❞ ✐ts ❝♦♠♣❛❝t✐✜❝❛t✐♦♥✳

✷✳✷✳✷ ❈♦♠♣❛❝t✐✜❝❛t✐♦♥ ♦❢ ❢❡r♠✐♦♥s

❲❡ ✇♦✉❧❞ ♥♦✇ ❧✐❦❡ t♦ ❡①❛♠✐♥❡ t❤❡ ✹❉ ❡✛❡❝t✐✈❡ t❤❡♦r② ❛r✐s✐♥❣ ❛s t❤❡ ❧♦✇✲❡♥❡r❣②
❧✐♠✐t ♦❢ ❛ ✼❉ ❣❛✉❣❡✲❢❡r♠✐♦♥ t❤❡♦r② ❝♦♠♣❛❝t✐✜❡❞ ♦♥ t❤❡ ❍❡✐s❡♥❜❡r❣ ♥✐❧♠❛♥✐❢♦❧❞
M3✳ ❚❤❡ ✼❉ ▲❛❣r❛♥❣✐❛♥ ❝♦♥s✐sts ♦❢ ❛ ❨❛♥❣✲▼✐❧❧s t❡r♠ L❨▼7❉ st✉❞✐❡❞ ✐♥ t❤❡ ♣r❡✲
✈✐♦✉s s❡❝t✐♦♥ ❛♥❞ ❛ ❢❡r♠✐♦♥ t❡r♠ L❢7❉✳ ❚❤❡ ❡✛❡❝t✐✈❡ t❤❡♦r② ✐♥ ❢♦✉r ❞✐♠❡♥s✐♦♥s✱
L❡✛4D✱ ✇✐❧❧ ❜❡ ❣✐✈❡♥ ❜②

L❡✛4D =

∫

❞3y
(

L❨▼7❉ + L❢7❉
)

. ✭✷✳✻✶✮

❚❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❛❜♦✈❡ ✐♥❞✐❝❛t❡s t❤❡ ❑❑ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ s❡✈❡♥✲❞✐♠❡♥s✐♦♥❛❧
t❤❡♦r②✱ ❛♥❞ ✐♥✈♦❧✈❡s ✐♥t❡❣r❛t✐♥❣ ♦✈❡r t❤❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ✐♥t❡r♥❛❧ s♣❛❝❡ ♣❛✲
r❛♠❡t❡r✐③❡❞ ❜② t❤❡ y✲❝♦♦r❞✐♥❛t❡s✳

✻✵



▼♦r❡♦✈❡r✱ ✇❡ ✇✐❧❧ ♣❧❛❝❡ ♦✉rs❡❧✈❡s ✐♥ t❤❡ s❛♠❡ ❧✐♠✐t ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱
✐✳❡✳ ✇❡ ❛r❡ t❛❦✐♥❣ t❤❡ s♠❛❧❧ ✜❜❡r✴❧❛r❣❡ ❜❛s❡ ❧✐♠✐t✱

|❢| ≪ 1

ri
, i = 1, 2, 3 ⇒ 1

r1,2
≪ 1

r3
. ✭✷✳✻✷✮

■♥ t❤✐s ❧✐♠✐t ❛❧❧ ✜❡❧❞s ✇❤♦s❡ ♠❛ss❡s ❝❛rr② ❛♥ ri ❞❡♣❡♥❞❡♥❝❡ ✭✐✳❡✳ ❛❧❧ t❤❡ ❑❑
♠♦❞❡s✮ ❞❡❝♦✉♣❧❡✱ ❧❡❛✈✐♥❣ ✐♥ t❤❡ t❤❡♦r② ♦♥❧② t❤♦s❡ ✜❡❧❞s ✇✐t❤ ♠❛ss❡s ♦❢ ❡✐t❤❡r
t❤❡ ♦r❞❡r ♦❢ |❢|✱ ♦r ③❡r♦✳ ❚❤❡ ❢❡r♠✐♦♥✐❝ ▲❛❣r❛♥❣✐❛♥ ✇✐❧❧ ❜❡ t❛❦❡♥ t♦ ❜❡ ♦❢ t❤❡
❢♦r♠

L❢
7❉ = ψiΓ

M (δij∇M + iAa
Mρ

ij
a )ψj +

1
6FMNPψiΓ

MNPψi +M0ψiψi, ✭✷✳✻✸✮

✇❤❡r❡ t❤❡ ❤❡r♠✐t✐❛♥ ♠❛tr✐❝❡s ρija ♣r♦✈✐❞❡ ❛ r❡♣r❡s❡♥t❛t✐♦♥ R ♦❢ t❤❡ ▲✐❡ ❛❧❣❡❜r❛
♦❢ t❤❡ ❣❛✉❣❡ ❣r♦✉♣✱ s♦ t❤❛t i, j = 1, . . . , ❞✐♠(R)✱ ❛♥❞ ψi tr❛♥s❢♦r♠s ✐♥ t❤❡ R
r❡♣r❡s❡♥t❛t✐♦♥✳ ❲❡ ❤❛✈❡ ❛❧s♦ ❛❧❧♦✇❡❞ ❢♦r ❛ ❝♦♥st❛♥t ❜❛❝❦❣r♦✉♥❞ ③❡r♦✲❢♦r♠ ✢✉①
✭❛ ♠❛ss t❡r♠✮ M0✱ ❛♥❞ ❛ t❤r❡❡✲❢♦r♠ ✢✉① FMNP ✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❛ss✉♠❡❞ t♦ ❜❡
❛❧♦♥❣ t❤❡ ✐♥t❡r♥❛❧ ♠❛♥✐❢♦❧❞M3 ✐♥ ♦r❞❡r ♥♦t t♦ ❜r❡❛❦ t❤❡ ✹❉ ▲♦r❡♥t③ ✐♥✈❛r✐❛♥❝❡✳✸

❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ♦♥❧② ♥♦♥✲✈❛♥✐s❤✐♥❣ ❝♦♠♣♦♥❡♥t ✐s ❣✐✈❡♥ ❜②

Fmnp =M1εmnp, ✭✷✳✻✹✮

❢♦r s♦♠❡ r❡❛❧ ❝♦♥st❛♥t M1✱ ❛♥❞ t❤❡ ▲❡✈✐✲❈✐✈✐t❛ s②♠❜♦❧ ✐s ❛ t❡♥s♦r ✐♥ ♦✉r ❝♦♥✲
✈❡♥t✐♦♥s✳

❖✉r r❡❞✉❝t✐♦♥ ❛♥s❛t③ ❢♦r t❤❡ ✼❉ s♣✐♥♦rs ✐s ❛s ✐♥ ✭✷✳✺✾✮✱

ψi = (χi+ + θi−)⊗ ξ, ✭✷✳✻✺✮

✇❤❡r❡ χi✱ θi ❛r❡ ❲❡②❧ ✹❉ s♣✐♥♦rs ❛♥❞ ξ ✐s ❛ s♣✐♥♦r ♦♥ M3✳ ❲❡ ❝❛♥ ❛❧r❡❛❞② s❡❡
t❤❛t t❤❡ r❡s✉❧t✐♥❣ ✹❉ ♠♦❞❡❧ ✇✐❧❧ ♥❡❝❡ss❛r✐❧② ❜❡ ♥♦♥✲❝❤✐r❛❧ s✐♥❝❡✱ t❤❡ ✹❉ ♣♦s✐t✐✈❡
❛♥❞ ♥❡❣❛t✐✈❡ ❝❤✐r❛❧✐t✐❡s ♦❢ t❤❡ s♣✐♥♦rs ❜♦t❤ tr❛♥s❢♦r♠ ✐♥ t❤❡ s❛♠❡ r❡♣r❡s❡♥t❛t✐♦♥
R✳

❲❡ ❡①♣❛♥❞ ξ ♦♥ ❛ ❜❛s✐s ♦❢ ♥♦r♠❛❧✐③❡❞ ❡✐❣❡♥✲s♣✐♥♦rs ♦❢ t❤❡ ❉✐r❛❝ ♦♣❡r❛t♦r ✐♥
✸❉

σm∇mξ = λξ, ✭✷✳✻✻✮

✇❤❡r❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❉✐r❛❝ ♦♣❡r❛t♦r ♦♥ M3 ✇❡r❡ ❣✐✈❡♥ ✐♥ ✶✳✸✳✹✳ ■♥ t❤❡
❧✐♠✐t ✭✷✳✻✷✮ ♦❢ ❞❡❝♦✉♣❧✐♥❣ ♦❢ t❤❡ ❑❑ ♠♦❞❡s✱ ♦♥❧② t❤❡ ❧♦✇❡st ❡✐❣❡♥s♣✐♥♦r ✐s ❦❡♣t✱
❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❡✐❣❡♥✈❛❧✉❡ λ = i ❢4 (a

2+b2+1)✱ ❝❢✳ ✭✶✳✶✼✵✮✳ ▼♦r❡♦✈❡r ✇❡ ❛ss✉♠❡

t❤❛t ξ ✐s ♥♦r♠❛❧✐③❡❞✿
∫

❞3y ξ†ξ = 1✳ P✉tt✐♥❣ ❡✈❡r②t❤✐♥❣ t♦❣❡t❤❡r ✇❡ ♦❜t❛✐♥
∫

❞3y L❢
7❉ = L❦✐♥❡t✐❝ + L❨✉❦❛✇❛ + L♠❛ss, ✭✷✳✻✼✮

✇❤❡r❡

L❦✐♥❡t✐❝ = χi+γ
µ(δij∂µ + igAa

µρ
ij
a )χj+ + θi−γ

µ(δij∂µ + igAa
µρ

ij
a )θj−

L❨✉❦❛✇❛ = ig(θi−χj+ − χi+θj−)ρ
ij
a Φ

a

L♠❛ss =Mc θi−χi+ +M∗
c χi+θi−,

✭✷✳✻✽✮

✸❲❡ ♠❛② ❛❧s♦ ❛❧❧♦✇ ❢♦r ♦t❤❡r t②♣❡s ♦❢ ✢✉①❡s✱ ❤♦✇❡✈❡r t❤✐s ✇✐❧❧ r❡s✉❧t ✐♥ ❛ s✐♠✐❧❛r ♠❛ss
t❡r♠s ❛s ✐♥ ✭✷✳✼✷✮ ❜❡❧♦✇✱ s♦ ✇❡ ❞♦ ♥♦t ✐♥tr♦❞✉❝❡ t❤❡♠ ✐♥❞❡♣❡♥❞❡♥t❧②✳

✻✶



❛♥❞ ✇❡ ❤❛✈❡ ❞❡✜♥❡❞ ❛ ❝♦♠♣❧❡① ✏♠❛ss✑ Mc

Mc =M0 + i
[

M1 +
❢

4 (a
2 + b2 + 1)

]

. ✭✷✳✻✾✮

❚❤❡ ❛❞❥♦✐♥t s❝❛❧❛r Φa ✐s ❞❡✜♥❡❞ ❜②

Φa :=

3
∑

I=1

φaIcI , ✭✷✳✼✵✮

✇❤❡r❡ t❤❡ t❤r❡❡ ❝♦♥st❛♥ts cI ❛r❡ ❣✐✈❡♥ ❜② cI := ξ†σIξ✳ ❚♦ ♠❛❦❡ t❤✐s ♠♦r❡
❡①♣❧✐❝✐t✱ ❧❡t ✉s ❣✐✈❡ ❛ ♣❛r❛♠❡t❡r✐③❛t✐♦♥ ❢♦r ξ✳ ❯♣ t♦ ❛♥ ✉♥✐♠♣♦rt❛♥t ♦✈❡r❛❧❧
♣❤❛s❡ ✇❡ ♠❛② s❡t

ξ =

(

e−iβ cos α
2

sin α
2

)

, ✭✷✳✼✶✮

❢♦r s♦♠❡ ❛♥❣❧❡s α✱ β✳ ❲❡ t❤❡♥ ✜♥❞ c1 = sinα cosβ✱ c2 = sinα sinβ✱ c3 = cosα✳
■✳❡✳ ~c ❝❛♥ ❜❡ t❤♦✉❣❤t ♦❢ ❛s ❛ ✉♥✐t ✈❡❝t♦r ♦❢ R3✳

❚❤❡ ✜♥❛❧ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❢❡r♠✐♦♥✐❝ ✹❉ t❤❡♦r② ❝❛♥ ❛❧s♦ ❜❡ ❡①♣r❡ss❡❞ ✐♥
t❡r♠s ♦❢ ✹❉ ❉✐r❛❝ s♣✐♥♦rs Ψi := ✐χi+ + θi−

∫

❞3y L❢
7❉ =ΨiΓ

µ(δij∂µ + igAa
µρ

ij
a )Ψj + gρija Φ

aΨiΨj ✭✷✳✼✷✮

+
[

M1 +
❢

4 (a
2 + b2 + 1)

]

ΨiΨi − ✐M0Ψiγ5Ψi. ✭✷✳✼✸✮

❚❤❡ ✼❉ ♣❛r❛♠❡t❡rs M0,1 ❛r❡ ❢r❡❡ ✭✉♣ t♦ ✢✉① q✉❛♥t✐③❛t✐♦♥✮✱ ❛♥❞ ❝❛♥ ❜❡ t❤♦✉❣❤t
♦❢ ❛s ❛r✐s✐♥❣ ❢r♦♠ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ❝♦♥st❛♥t ❜❛❝❦❣r♦✉♥❞ ✢✉① ♦♥ t❤❡ ♥✐❧♠❛♥✐❢♦❧❞✳

❲✐t❤ t❤❡ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♦❢ ❣❛✉❣❡ ✜❡❧❞s ❛♥❞ ❢❡r♠✐♦♥s✱ ✇❡ ♥♦✇ ❤❛✈❡ t❤❡
♣♦ss✐❜✐❧✐t② t♦ ❡①♣❧♦r❡ r❡❛❧✐st✐❝ ♠♦❞❡❧ ❜✉✐❧❞✐♥❣ ✐♥ t❤✐s s❡tt✐♥❣✳ ❚❤❡ ❨❛♥❣✲▼✐❧❧s
t❤❡♦r② ✐♥ ✼ ❞✐♠❡♥s✐♦♥s ❣✐✈❡s r✐s❡ t♦ ❛ ❨❛♥❣✲▼✐❧❧s t❤❡♦r② ❝♦✉♣❧❡❞ t♦ t❤r❡❡ s❝❛❧❛rs
✐♥ ✹ ❞✐♠❡♥s✐♦♥s✳ ❚❤❡ s❝❛❧❛rs ❤❛✈❡ ❛ ♣♦t❡♥t✐❛❧ ✐♥✈♦❧✈✐♥❣ t❤r❡❡ t❡r♠s✱ ❛ q✉❛❞r❛t✐❝
♠❛ss t❡r♠✱ ❛ tr✐❧✐♥❡❛r ❛♥❞ ❛ q✉❛rt✐❝ t❡r♠✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ ❛ r❡❛❧✐st✐❝ ♠♦❞❡❧✱
t❤❡ ❢❡r♠✐♦♥s ✐♥tr♦❞✉❝❡❞ ❤❡r❡ ✇♦✉❧❞ ♥♦t ♠❛❦❡ ❣♦♦❞ ❝❛♥❞✐❞❛t❡s ❢♦r t❤❡ ♠❛tt❡r
❝♦♥t❡♥t ♦❢ t❤❡ st❛♥❞❛r❞ ♠♦❞❡❧ s✐♥❝❡ t❤❡② ❛r❡ ❜♦t❤ ♠❛ss✐✈❡ ❛♥❞ ♥♦t ❝❤✐r❛❧✳ ❚❤♦s❡
♣r♦❜❧❡♠s ❝♦✉❧❞ ❜❡ ❝✐r❝✉♠✈❡♥t❡❞ ❜② ✐♥tr♦❞✉❝✐♥❣ ❧♦❝❛❧✐③❡❞ ♠❛tt❡r ♦♥ t❤❡ ♥✐❧♠❛♥✲
✐❢♦❧❞✳ ❚❤✐s s❝❡♥❛r✐♦ ✇♦✉❧❞ ♠❛❦❡ s❡♥s❡ ✐❢ ✇❡ ✇❡r❡ t♦ ❛❞❞ ❢♦r ❡①❛♠♣❧❡ ♦r❜✐❢♦❧❞s t♦
t❤❡ ❣❡♦♠❡tr②✳ ❚❤✐s ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ❛❢t❡r ✇❡ st✉❞② t❤❡ ♣♦t❡♥t✐❛❧ ❢♦r t❤❡ s❝❛❧❛rs✱
✇❤✐❝❤ ✇✐❧❧ ❜❡ ❞♦♥❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡r✳ ❇✉t ❜❡❢♦r❡ t❤❛t✱ ■ ✇♦✉❧❞ ❧✐❦❡ t♦
♣r♦♣♦s❡ ❛♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ ❛ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦♥ ❢❡r♠✐♦♥s ♥♦t s♦ ♣♦♣✉❧❛r ❛♠♦♥❣
♣❤②s✐❝✐sts✳ ❚❤❡ ✉s✉❛❧ ❛♣♣r♦❛❝❤ t♦ ❢❡r♠✐♦♥s ✐s ❞♦♥❡ t❤r♦✉❣❤ t❤❡ ✉s❡ ♦❢ t❤❡✐r r❡♣✲
r❡s❡♥t❛t✐♦♥s✳ ❲❤❡♥ ✇❡ ❞✐s❝✉ss ❣❛♠♠❛ ♠❛tr✐❝❡s ❛♥❞ t❤❡✐r ❛❝t✐♦♥s ♦♥ ❢❡r♠✐♦♥✐❝
✜❡❧❞s✱ ✇❡ ❛r❡ r❡❛❧❧② ✉s✐♥❣ ♠❛tr✐① r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ Spin(p, q) ❣r♦✉♣ ❛♥❞
t❤❡✐r ❛❝t✐♦♥ ♦♥ ❛ ✈❡❝t♦r s♣❛❝❡ r❡♣r❡s❡♥t✐♥❣ t❤❡ s♣✐♥♦rs✳ ❆ r❡❛s♦♥❛❜❧❡ q✉❡st✐♦♥
♦♥❡ ♠❛② ✇♦♥❞❡r ❛❜♦✉t ✐s ❤♦✇ ✐s t❤❡ Spin ❣r♦✉♣ ❢✉♥❞❛♠❡♥t❛❧❧② ❞❡✜♥❡❞✱ ❛♥❞
❤❡♥❝❡ ❤♦✇ ❛r❡ t❤❡ s♣✐♥♦rs r❡❛❧❧② ❞❡✜♥❡❞ ♦♥ ❛ ❣✐✈❡♥ s♣❛❝❡✳ ❚❤✐s ♥❡①t s❡❝t✐♦♥ ✐s
❛♥ ✐♥✈✐t❛t✐♦♥ t♦ t❤❡ ❢♦r♠❛❧✐s♠ ✉s❡❞ ❜② ♠❛t❤❡♠❛t✐❝✐❛♥s t♦ t❛❧❦ ❛❜♦✉t s♣✐♥♦rs✳
❚❤✐s ♣❛rt s✐ts s❧✐❣❤t❧② ♦✉ts✐❞❡ ♦❢ t❤❡ ♠❛✐♥ ❞✐s❝✉ss✐♦♥✱ ❜✉t ✐s ♥♦♥❡t❤❡❧❡ss ✉s❡❢✉❧
t♦ t❤❡ ❛✈✐❞ ❧❡❛r♥❡r✳ ❚❤❡ r❡❛❞❡r ✐♥t❡r❡st❡❞ ♦♥❧② ✐♥ t❤❡ ♠❛✐♥ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤✐s
t❤❡s✐s ♠❛② s❦✐♣ t❤✐s ♣❛rt✳

✻✷



✷✳✷✳✸ ❙♣✐♥♦rs ❛s ❈❧✐✛♦r❞ ♠✐♥✐♠❛❧ ✐❞❡❛❧s

❲❡ ❛r❡ ❣♦✐♥❣ t♦ ✉s❡ t❤❡ ♥♦t✐♦♥ ♦❢ ❈❧✐✛♦r❞ ❛❧❣❡❜r❛s t♦ ❞❡✜♥❡ s♣✐♥♦rs✳ ❚❤❡
♣✉r♣♦s❡ ✐s t♦ ♣r♦♣♦s❡ ❛♥ ❛❧t❡r♥❛t✐✈❡ ✇❛② ♦❢ t❤✐♥❦✐♥❣ ❛❜♦✉t s♣✐♥♦rs✳ ❈❧✐✛♦r❞
❛❧❣❡❜r❛s ❛r❡ ❝❡♥tr❛❧ ♦❜❥❡❝ts ✐♥ t❤❡ st✉❞② ♦❢ ✈❡❝t♦r s♣❛❝❡s ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ♠❡tr✐❝✳
■t ✐s t❤❡ ♥❛t✉r❛❧ s♣❛❝❡ t♦ ❞❡s❝r✐❜❡ ❛❧❧ t❤❡ ❣❡♦♠❡tr✐❝❛❧ ♦❜❥❡❝ts ❛ss♦❝✐❛t❡❞ t♦ s✉❝❤
s♣❛❝❡s✳ ■t ❝❛♥ ❜❡ ✉s❡❞ t♦ ❢♦r♠✉❧❛t❡ ❝❧❛ss✐❝❛❧ ♣❤②s✐❝s ✐♥ ❛ ✉♥✐✜❡❞ ❛♥❞ ❝♦♠♣❛❝t
❢♦r♠❛❧✐s♠✳ ❚❤✐s ❛❧❣❡❜r❛ ❝❛♥ ❜❡ r❡❢❡rr❡❞ t♦ ❛s t❤❡ ❣❡♦♠❡tr✐❝ ❛❧❣❡❜r❛ ❬✹✺❪ ✐♥ t❤✐s
❝♦♥t❡①t t♦ ❡♠♣❤❛s✐s ✐ts ❝❡♥tr❛❧ r♦❧❡✳ ❚❤✐s ✐s ♥♦t ❛ ❝♦♠♣❧❡t❡ ✐♥tr♦❞✉❝t✐♦♥ t♦
❈❧✐✛♦r❞ ❛❧❣❡❜r❛s ❛♥❞ t❤❡✐r ❢✉❧❧ t❤❡♦r②✱ ❜✉t r❛t❤❡r ❛♥ ✐♥✈✐t❛t✐♦♥ t♦ ❛♥♦t❤❡r ♣♦✐♥t
♦❢ ✈✐❡✇✱ ❧❡ss ✉s❡❞ ✐♥ ♣❤②s✐❝s✱ ❜✉t ✉s❡❢✉❧ ✐♥ ♠② ♦♣✐♥✐♦♥✳ ❆ ❚❤✐s ❢♦r♠❛❧✐s♠ ✐s
♣♦✇❡r❢✉❧ ❛s ✐t ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❡♥❝❛♣s✉❧❛t❡ ❲❡ st❛rt ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛
❈❧✐✛♦r❞ ❛❧❣❡❜r❛✳

❆ ✭r❡❛❧✮ ❈❧✐✛♦r❞ ❛❧❣❡❜r❛ ✐s ❛ ✭r❡❛❧✮ ✈❡❝t♦r s♣❛❝❡✱ ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ♠❡tr✐❝ gµν
s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❞✉❝t ✐s ❞❡✜♥❡❞ ♦♥ t❤❡ s♣❛❝❡ ✿

{eµ, eν} = eµeν + eνeµ = 2gµν ✭✷✳✼✹✮

✇❤❡r❡ {eµ} ✐s ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ♦❢ t❤❡ ✈❡❝t♦r s♣❛❝❡✳ ❚❤✐s ♣r♦❞✉❝t ❝❛♥ ❜❡
❞❡❝♦♠♣♦s❡❞ ✐♥t♦ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ ✐❞❡♥t✐t✐❡s✱

eµeν = −eνeµ ❢♦r µ 6= ν , ❛♥❞ eµeµ = gµµ = ±1 , ✭✷✳✼✺✮

✇❤❡r❡ t❤❡ s✐❣♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ✇❤❡t❤❡r t❤❡ ❞✐r❡❝t✐♦♥ ✐s t✐♠❡❧✐❦❡ ♦r s♣❛❝❡❧✐❦❡✳
❙♦ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❛❧❣❡❜r❛ ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥ ❛♥t✐❝♦♠♠✉t❡s ✭❢r♦♠ t❤❡
✜rst r❡❧❛t✐♦♥✮✱ ❛♥❞ ❡❛❝❤ ❡❧❡♠❡♥t sq✉❛r❡s t♦ t❤❡ ✐❞❡♥t✐t② ✭♦r ♠✐♥✉s t❤❡ ✐❞❡♥t✐t②✮✳
❲❡ ✇✐❧❧ ❞❡♥♦t❡ Cl(p, q) ✭♦r Clp,q✮ t❤❡ ♠❡tr✐❝ s♣❛❝❡ ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ❈❧✐✛♦r❞
♣r♦❞✉❝t ✇❡ ❥✉st ❞❡✜♥❡❞✱ ❛♥❞ ✇❤❡r❡ t❤❡ ♠❡tr✐❝ ❤❛s s✐❣♥❛t✉r❡ (+, . . . ,+,−, . . . ,−)
✇✐t❤ p ✧+✧ ❛♥❞ q ✧−✧✳ ❙♦ ❢♦r ❡①❛♠♣❧❡✱ ▼✐♥❦♦✇s❦✐ s♣❛❝❡ ✐♥ t❤❡ ♠♦st❧② ✧+✧
s✐❣♥❛t✉r❡ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❈❧✐✛♦r❞ ❛❧❣❡❜r❛ Cl(3, 1)✱ ✇❤✐❧❡ t❤❡ ♠♦st❧② ✧−✧
s✐❣♥❛t✉r❡ ✐t ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ Cl(1, 3)✳ ❚❤❡ ❞✐st✐♥❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ t✇♦ s♣❛❝❡
✐s ✐♠♣♦rt❛♥t s✐♥❝❡ t❤❡② ❛r❡ ✐s♦♠♦r♣❤✐❝ ❛s ✈❡❝t♦r s♣❛❝❡s ❜✉t ♥♦t ❛s r❡❛❧ ❛❧❣❡❜r❛s✳
❊❧❡♠❡♥ts ♦❢ t❤✐s ❛❧❣❡❜r❛ ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ♦♥ t❤❡ st❛♥❞❛r❞ ❜❛s✐s ❝♦♠♣♦s❡❞ ♦❢
t❤❡ ❡❧❡♠❡♥ts

1 ; eµ ; eµeν ; . . . ; e1 . . . en , ✭✷✳✼✻✮

✇❤❡r❡ n ✐s t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ✈❡❝t♦r s♣❛❝❡✳ ❲❡ ✐❞❡♥t✐❢② t❤❡ st❛rt✐♥❣ ✈❡❝t♦r
s♣❛❝❡ ✇✐t❤ t❤❡ ❣r❛❞❡ 1 ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❡❧❡♠❡♥ts eµ✳ ❲❡ ❝❛❧❧ ✈❡❝t♦rs ❡❧❡♠❡♥ts ♦❢
t❤✐s s✉❜s♣❛❝❡ ❛♥❞ s❝❛❧❛rs ❡❧❡♠❡♥t ♦❢ t❤❡ ❣r❛❞❡ 0 ✭♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ✐❞❡♥t✐t②✮✳

▲❡t ✉s ♥♦✇ st✉❞② t❤❡ ❈❧✐✛♦r❞ ❛❧❣❡❜r❛ ❛ss♦❝✐❛t❡❞ t♦ ♦✉r ❝❛s❡✳ ▲♦❝❛❧❧②✱ t❤❡
t♦t❛❧ s♣❛❝❡ ❢♦r ♦✉r t❤❡♦r② ✐s ❣✐✈❡♥ ❜② ❛ s❡✈❡♥ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ ✇✐t❤ t✇♦ ♣♦ss✐❜❧❡
❝❤♦✐❝❡ ❢♦r t❤❡ ♠❡tr✐❝✱ ❣✐✈✐♥❣ ❛ ❞✐✛❡r❡♥t ❛❧❣❡❜r❛ ❢♦r ❡❛❝❤ ❝❤♦✐❝❡✿

Cl1,6 ≃ C(8) ✭✷✳✼✼✮

Cl6,1 ≃ H(4)⊕H(4) ✭✷✳✼✽✮

✇❤❡r❡ ✇❡ ✉s❡❞ t❤❡ ♥♦t❛t✐♦♥ A(n) ❢♦r t❤❡ ♠❛tr✐① ❛❧❣❡❜r❛ ♦❢ ❞✐♠❡♥s✐♦♥ n×n ✇✐t❤
❡♥tr✐❡s ✐♥ A✳ C ❞❡♥♦t❡s t❤❡ ❝♦♠♣❧❡① ♥✉♠❜❡rs ✇❤✐❧❡H r❡♣r❡s❡♥t t❤❡ q✉❛rt❡r♥✐♦♥s✳

✻✸



◆♦t❡ t❤❡ ❡q✉❛❧✐t② ❢♦r t❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ s♣❛❝❡s✿ ❞✐♠(C(8)) = 8 ∗ 8 ∗ 2 = 128
❛♥❞ ❞✐♠(H(4)⊕H(4)) = 4∗4∗4+4∗4∗4 = 128✳ ❖❢ ❝♦✉rs❡ t❤✐s ❛❧s♦ ♠❛t❝❤❡s t❤❡
❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❈❧✐✛♦r❞ ❛❧❣❡❜r❛✱ ❞✐♠(Clp,q) = 2p+q = 27 = 128✱ ❤❡♥❝❡ t❤❡ ❢❛❝t
t❤❛t t❤❡② ❛r❡ ✐s♦♠♦r♣❤✐❝ ❛s ✈❡❝t♦r s♣❛❝❡s ❜✉t ♥♦t ❛s ❛❧❣❡❜r❛s✳ ❲✐t❤♦✉t ♠❛❦✐♥❣
❛ ❞❡✜♥✐t❡ ❝❤♦✐❝❡ ❢♦r t❤❡ ♠♦♠❡♥t✱ ✇❡ ❝❛♥ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ✐s♦♠♦r♣❤✐s♠s ♦❢
❈❧✐✛♦r❞ ❛❧❣❡❜r❛ t♦ ❞❡❝♦♠♣♦s❡ t❤❡ ❛❧❣❡❜r❛ ✐♥ ❛ ▼✐♥❦♦✇s❦✐ ♣❛rt ❛♥❞ ❛ ♥✐❧♠❛♥✐❢♦❧❞
♣❛rt✳ ❚❤❡ ✐s♦♠♦r♣❤✐s♠ ✐s

Cl1,6 ≃ Cl1,3 ⊗ Cl3

♦r ✭✷✳✼✾✮

Cl6,1 ≃ Cl3,1 ⊗ Cl0,3

❚❤✐s ✐s ♣♦ss✐❜❧❡ ❤❡r❡ ❜❡❝❛✉s❡ ▼✐♥❦♦✇s❦✐ s♣❛❝❡ ✐s ❡✈❡♥ ❞✐♠❡♥s✐♦♥❛❧✳ ❲❡ ♣✐❝❦ ❢♦r
♥♦t❛t✐♦♥ {ea} , a ∈ {1, 2, 3} ❢♦r t❤❡ ♥✐❧♠❛♥✐❢♦❧❞ ❛♥❞ {γµ} , µ ∈ {0, 1, 2, 3} ❢♦r
▼✐♥❦♦✇s❦✐ s♣❛❝❡✳ ❚❤❡ ♠❛♣ ✐s ❣✐✈❡♥ ❡①♣❧✐❝✐t❧② ❜② ✿

(x, y) → x⊗ 1 + ω ⊗ y ✭✷✳✽✵✮

✇✐t❤ x ∈ Cl1,3 ♦r Cl3,1✱ y ∈ Cl3 ♦r Cl0,3 ❛♥❞ ω = γ0γ1γ2γ3 s✉❝❤ t❤❛t ω2 =
−1✳ ◆♦t❡ t❤❡ ❝❤❛♥❣❡ ✐♥ s✐❣♥❛t✉r❡ ❢♦r Cl3 ❛♥❞ Cl0,3 ✐♥ ✭✷✳✼✾✮ ❜❡❝❛✉s❡ ♦❢ t❤❡
sq✉❛r❡ ♦❢ ω ❜❡✐♥❣ −1✳ ▲❡t ✉s ❧♦♦❦ ❛t ❤♦✇ t❤❡ ✈❡❝t♦rs ❛r❡ ♠❛♣♣❡❞✳ ▲❡t ✉s
t❛❦❡ t❤❡ ❡①❛♠♣❧❡ ♦❢ Cl6,1✳ ❲❡ ❞❡♥♦t❡ t❤❡ ❣❡♥❡r❛t♦rs ❢♦r t❤❡ ✈❡❝t♦rs ✐♥ Cl6,1 ❛s
{ Γ0, . . . ,Γ3,Γ4, . . . ,Γ6}✱ ❛♥❞ ✇❡ ❤❛✈❡ t❤❡ r❡❧❛t✐♦♥s Γ2

0 = −1✱ ❛♥❞ Γ2
i = 1 ❢♦r ❛❧❧

t❤❡ ♦t❤❡rs✳ ❚❤❡ ♠❛♣ ❣✐✈❡s

Γ0 → γ0 ⊗ 1 , Γ1 → γ1 ⊗ 1 , Γ2 → γ2 ⊗ 1 , Γ3 → γ3 ⊗ 1 ✭✷✳✽✶✮

❛♥❞

Γ4 → ω ⊗ e1 , Γ5 → ω ⊗ e2 , Γ6 → ω ⊗ e3 . ✭✷✳✽✷✮

❖❜s❡r✈❡ t❤❛t (ω⊗e1)2 = −1⊗−1 = 1⊗1 = Γ2
4✱ ❤❡♥❝❡ t❤❡ ❢❛❝t t❤❛t t❤❡ s✐❣♥❛t✉r❡

❝❤❛♥❣❡s ✇✐t❤ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥✳
❚❤❡ s♣✐♥♦r s♣❛❝❡ S ✐s ❞❡✜♥❡❞ ❛s ❛ ❧❡❢t ♠✐♥✐♠❛❧ ✐❞❡❛❧ ✐♥ Cl6,1 ♦r Cl1,6 ❞❡✲

♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝❤♦✐❝❡✳ ❚❤✐s ♠❡❛♥s t❤❛t S ✐s ❛ s✉❜❛❧❣❡❜r❛ s✉❝❤ t❤❛t ✇❤❡♥ ❛❝t✐♥❣
♦♥ ❜② ❛♥ ❡❧❡♠❡♥t ♦❢ Cl6,1✱ t❤❡ ♣r♦❞✉❝t r❡♠❛✐♥s ✐♥ S✳ ❊①♣❧✐❝✐t❧② ✇❡ ✇r✐t❡ S ❛s
S = Cl6,1f ✱ ✇❤❡r❡ f ✐s ❛ ♣r✐♠✐t✐✈❡ ✐❞❡♠♣♦t❡♥t ❡❧❡♠❡♥t ♦❢ Cl6,1✱ ♠❡❛♥✐♥❣ t❤❛t
f2 = f ✭✐❞❡♠♣♦t❡♥t✮ ❛♥❞ Cl6,1f ❝❛♥♥♦t ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ ❛ ❞✐r❡❝t s✉♠ ✭♣r✐♠✲
✐t✐✈❡✮✳ ❚❤✐s ❡❧❡♠❡♥t ❛❝ts ❛s ❛ ♣r♦❥❡❝t♦r ♦♥ t❤❡ s♣❛❝❡✳ ❚♦ ✜♥❞ s✉❝❤ ❛♥ ❡❧❡♠❡♥t✱
✇❡ ✉s❡ ❛ ♥♦♥✲s❝❛❧❛r ❡❧❡♠❡♥ts ΓT ✭❢r♦♠ t❤❡ st❛♥❞❛r❞ ❜❛s✐s✱ ✐t ♠❛② ❜❡ ❛ ♣r♦❞✉❝t
♦❢ ✈❡❝t♦rs✮ s✉❝❤ t❤❛t Γ2

T = 1✳ ❲❡ ❝❛♥ t❤❡♥ ❜✉✐❧❞ t✇♦ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t♦rs
e = 1/2(1 − ΓT ) ❛♥❞ f = 1/2(1 + ΓT ) s✉❝❤ t❤❛t ef = fe = 0 ❛♥❞ e + f = 1 ✳
❲❡ ♠❛② ✜♥❞ ❛♥♦t❤❡r ❡❧❡♠❡♥t ΓT2 s✉❝❤ t❤❛t ✐t ❝♦♠♠✉t❡s ✇✐t❤ ΓT ✳ ■♥ t❤❛t ❝❛s❡
✇❡ ♣r♦❥❡❝t ❛❣❛✐♥ ❜✉✐❧❞✐♥❣ t❤❡ ♣r♦❥❡❝t♦rs ✐♥ t❤❡ s❛♠❡ ✇❛②✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ ♦♥❡
✜rst ✜♥❞ ❛❧❧ t❤❡ ❡❧❡♠❡♥ts ΓTi s✉❝❤ t❤❛t ΓTiΓTj = ΓTjΓTi ❛♥❞ Γ2

Ti = 1✳ ■❢ ✇❡
✜♥❞ t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r k ♦❢ s✉❝❤ ❡❧❡♠❡♥ts t❤❡♥ f ✐s ✇r✐tt❡♥ ❛s t❤❡ ♣r♦❞✉❝t
♦❢ ♣r♦❥❡❝t♦rs✿

f =
1

2k
(1 + ΓT1) . . . (1 + ΓTk) ✭✷✳✽✸✮

✻✹



❚❤❛♥❦❢✉❧❧②✱ ✇❡ ❞♦♥✬t ❤❛✈❡ t♦ tr② t❤❡ ❡♥t✐r❡ ❛❧❣❡❜r❛ t♦ ❦♥♦✇ t❤❡ ♠❛①✐♠✉♠
♥✉♠❜❡r ♦❢ s✉❝❤ ❡❧❡♠❡♥ts✱ t❤❡ ❣❡♥❡r❛❧ t❤❡♦r② t❡❧❧s ✉s t❤❛t ❢♦r t❤❡ ❈❧✐✛♦r❞ ❛❧❣❡❜r❛
Clp,q t❤❡r❡ ❛r❡ k = q − rq−p ❡❧❡♠❡♥ts ΓT ✇❤❡r❡ t❤❡ ri ❛r❡ t❤❡ ❘❛❞♦♥✲❍✉r✇✐t③
♥✉♠❜❡rs ❣✐✈❡♥ ❜②✿

r0 = 0 , r1 = 1 ,

r2 = 2 , r3 = 2 , ✭✷✳✽✹✮

r4 = 3 , r5 = 3 ,

r6 = 3 , r7 = 3 ,

❛❧♦♥❣ ✇✐t❤ ri+8 = ri + 4 ❛♥❞ r−i = 1− i+ ri−2✳ ■♥ t❤❡ ❝❛s❡ ♦❢ Cl6,1 ❛♥❞ Cl1,6
✇❡ ❤❛✈❡ k = 3✳ ▲♦♦❦✐♥❣ ❛t t❤❡ ✜rst ❝❛s❡✱ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❡❧❡♠❡♥ts✿

a = Γ3 = γ3 ⊗ 1,

b = Γ01 = γ01 ⊗ 1 = γ0γ1 ⊗ 1, ✭✷✳✽✺✮

c = Γ0123456 = Γ0123Γ456 = (ω ⊗ 1)(ω3 ⊗ e123) = 1⊗ e123

✇❤❡r❡ ✇❡ ✉s❡❞ t❤❡ ♥♦t❛t✐♦♥ Γµν = ΓµΓν ✳ ❲❡ ❤❛✈❡ a2 = b2 = c2 = 1 ❛♥❞
a, b, c ❛❧❧ ❝♦♠♠✉t❡ ✇✐t❤ ❡❛❝❤ ♦t❤❡r✳ f ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✉s✐♥❣ t❤❡ ❛❧❣❡❜r❛
✐s♦♠♦r♣❤✐s♠ ♣r❡s❡♥t❡❞ ❛❜♦✈❡✿

f =
(1 + a)

2

(1 + b)

2

(1 + c)

2
✭✷✳✽✻✮

=
(1⊗ 1 + γ3 ⊗ 1)

2

(1⊗ 1 + γ01 ⊗ 1)

2

(1⊗ 1 + 1⊗ e123)

2

=

(

(1 + γ3)⊗ 1

2

)(

(1 + γ01)⊗ 1

2

)(

1⊗ (1 + e123)

2

)

=
(1 + γ3)

2

(1 + γ0γ1)

2
⊗ (1 + e123)

2
= f1 ⊗ f2

✇❤❡r❡ ✐♥ t❤❡ ✜rst ❧✐♥❡ ✇❡ ❢❛❝t♦r✐③❡❞ t❤❡ ♣r♦❥❡❝t♦rs✳ ❚❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ♥♦t
tr✐✈✐❛❧✱ ❛♥❞ r❡q✉✐r❡s t❤❛t t❤❡ ❡❧❡♠❡♥t f ♠❛② ❜❡ ❢❛❝t♦r✐③❡❞ ♦♥ t❤❡ t❡♥s♦r ♣r♦❞✉❝t
s♣❛❝❡✳ ❇② ❛❝t✐♥❣ ✇✐t❤ t❤❡ ❜❛s✐s ♦❢ t❤❡ ❛❧❣❡❜r❛ ♦♥ f ✇❡ ❝❛♥ ❣❡♥❡r❛t❡ t❤❡ s♣✐♥♦r
s♣❛❝❡s ✇❤✐❝❤ ❛r❡ ✿

Cl3,1f1 ≃ C2 ✭✷✳✽✼✮

Cl0,3f2 ≃ H . ✭✷✳✽✽✮

❚❤❡r❡❢♦r❡ ✇❡ ❝❛♥ ❞❡❝♦♠♣♦s❡ ♦✉r ✼✲❞✐♠❡♥s✐♦♥❛❧ s♣✐♥♦rs ✐♥t♦ ❛ t❡♥s♦r ♣r♦❞✉❝t
♦❢ t❤❡ ✉s✉❛❧ ❲❡②❧ s♣✐♥♦r ❛♥❞ ❛ q✉❛t❡r♥✐♦♥✳ ■t s❤♦✉❧❞ ❜❡ ♣♦✐♥t❡❞ ♦✉t t❤❛t
❢♦r Cl3,1 ✇❡ ✜♥❞ k = 2 ❛♥❞ ❢♦r Cl0,3 ✇❡ ❤❛✈❡ k = 1✳ f1 ❛♥❞ f2 ❛r❡ ✐♥❞❡❡❞
♣r✐♠✐t✐✈❡ ✐❞❡♠♣♦t❡♥t ✐♥ t❤❡r❡ r❡s♣❡❝t✐✈❡ s♣❛❝❡✳ ❙♦ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ♣r❡tt②
str❛✐❣❤t❢♦r✇❛r❞ ❤❡r❡✳

❲❡ ♥♦✇ ♣r♦❝❡❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛② ❢♦r t❤❡ ♦♣♣♦s✐t❡ ♠❡tr✐❝✳ ❚❤✐s ❝❛s❡ ✐s ♠♦r❡
✐♥t❡r❡st✐♥❣ ❜❡❝❛✉s❡ ❛s ✇❡ ✇✐❧❧ s❡❡✱ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s♥✬t ❛s ❝❧❡❛r ❛s ✐♥ t❤❡ ❧❛st

✻✺



❡①❛♠♣❧❡✳ ❲❡ ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤♦✐❝❡ ❢♦r t❤❡ ❡❧❡♠❡♥t✿

a = Γ0 = γ0 ⊗ 1,

b = −Γ1234 = −γ123ω ⊗ e3 = γ0 ⊗ e3 ✭✷✳✽✾✮

c = −Γ01234 = −ω2 ⊗ e3 = 1⊗ e3

✇❤❡r❡ t❤❡ ♠✐♥✉s s✐❣♥s ✇❤❡r❡ ♣✐❝❦❡❞ ❢♦r ❝♦♥✈❡♥✐❡♥❝❡✳ ❲❡ ❤❛✈❡ ❛❣❛✐♥ a✱ b ❛♥❞ c
sq✉❛r✐♥❣ t♦ 1✱ ❛♥❞ t❤❡② ❛❧❧ ❝♦♠♠✉t❡ ✇✐t❤ ❡❛❝❤ ♦t❤❡r✳ ◆♦t❡ t❤❛t ✇❡ ❤❛✈❡ ab = c✳
◆♦✇ ✇r✐t✐♥❣ t❤❡ ♣r✐♠✐t✐✈❡ ✐❞❡♠♣♦t❡♥t ❡❧❡♠❡♥t f ✱ ✇❡ ✜♥❞

f =
(1 + a)

2

(1 + b)

2

(1 + c)

2
=

(

1

2
(1 + γ0)⊗

1

2
(1 + e3)

)

1

2
(1⊗ 1 + γ0 ⊗ e3)

✭✷✳✾✵✮

=
1

2

(

1

2
(1 + γ0)⊗

1

2
(1 + e3) +

1

2
(1 + γ0)γ0 ⊗

1

2
(1 + e3)e3

)

=
1

2
(1 + γ0)⊗

1

2
(1 + e3) = f1 ⊗ f2

❚❤✐s ✐s s♦♠❡✇❤❛t s✉r♣r✐s✐♥❣✳ ❚❤❡ t❤r❡❡ ♣r♦❥❡❝t♦rs ❢♦✉♥❞ ✐♥ t❤❡ ❈❧✐✛♦r❞ ❛❧❣❡❜r❛
Cl1,6 ❝♦♠❜✐♥❡ ✐♥t♦ ♦♥❧② t✇♦ ♣r♦❥❡❝t♦rs ♦♥ t❤❡ t❡♥s♦r ♣r♦❞✉❝t✳ ❚❤❡ t✇♦ ♣r♦❥❡❝✲
t♦rs ♠❛t❝❤ ✇❤❛t ✇❡ ✇♦✉❧❞ ✜♥❞ ✐♥ t❤❡ s♣❛❝❡s Cl1,3 ❛♥❞ Cl3✳ ❆s ✇❡ s❛✐❞ ❜❡❢♦r❡✱
k = 1 ❢♦r ❜♦t❤ ♦❢ t❤❡♠✳ ❲❡ ❝❛♥ t❛❦❡ γ0 ❢♦r Cl1,3 ❛♥❞ e3 ❢♦r Cl3✳ ❚❤♦s❡ ❣✐✈❡
❡①❛❝t❧② t❤❡ s❛♠❡ r❡s✉❧t ❛s ✐♥ ✭✷✳✾✵✮✳ ❚❤❡r❡ s♣✐♥♦r s♣❛❝❡s ❛r❡ r❡s♣❡❝t✐✈❡❧②

Cl1,3f1 ≃ C4 , ✭✷✳✾✶✮

Cl3f2 ≃ C2 . ✭✷✳✾✷✮

❚❤❡ s♣✐♥♦r s♣❛❝❡ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ✼✲❞✐♠❡♥s✐♦♥❛❧ ❈❧✐✛♦r❞ ❛❧❣❡❜r❛ Cl1,6 ✭s♦ ❛❝t✐♥❣
✇✐t❤ t❤❡ t❤r❡❡ ♣r♦❥❡❝t♦rs✮ ✐s 27−3 = 16 ❞✐♠❡♥s✐♦♥❛❧✱ ✇❤✐❧❡ t❤❡ s♣✐♥♦r s♣❛❝❡ ❢♦✉♥❞
❢r♦♠ t❤❡ t❡♥s♦r ♣r♦❞✉❝t ✐s 24−1 × 23−1 = 32✳ ❙♦ ✐t s❡❡♠s t❤❛t t❤❡ ✐s♦♠♦r♣❤✐s♠
♦❢ ❈❧✐✛♦r❞ ❛❧❣❡❜r❛ ❞♦❡s♥✬t ❣♦ t❤r♦✉❣❤ ❛s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ s♣✐♥♦rs✱ ✐♥st❡❛❞✱ ❛
❞♦✉❜❧❡ ❝♦♣② ♦❢ t❤❡ ✼❞ s♣✐♥♦rs ✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ t❡♥s♦r ♣r♦❞✉❝t ♦❢ s♣✐♥♦rs✳ ❲❡
s❤♦✇❡❞ t❤❛t t❤❡ s♣✐♥♦r s♣❛❝❡ Cl1,6f ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ Cl1,3f1⊗Cl3f2 ♦♥
✇❤✐❝❤ t❤❡ ❈❧✐✛♦r❞ ❛❧❣❡❜r❛ Cl1,3 ⊗ Cl3 ❛❝ts ♥❛t✉r❛❧❧② ❜② ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦♥ t❤❡
❧❡❢t✳

✻✻



❈❤❛♣t❡r ✸

❚❤❡ ♣♦t❡♥t✐❛❧

■♥ t❤❡ ❧❛st ❝❤❛♣t❡r ✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞ t❤❡ ❡✛❡❝t✐✈❡ ✹ ❞✐♠❡♥s✐♦♥❛❧ t❤❡♦r②
❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❛ ✼ ❞✐♠❡♥s✐♦♥❛❧ ❨❛♥❣✲▼✐❧❧s t❤❡♦r②✳ ❯♣♦♥ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ❛♥❞
r❡str✐❝t✐♦♥ t♦ t❤❡ ✜rst ♠♦❞❡s✱ t❤❡ t❤❡♦r② ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ ✹ ❞✐♠❡♥s✐♦♥❛❧ ❨❛♥❣✲
▼✐❧❧s t❤❡♦r② ❝♦✉♣❧❡❞ t♦ ❛ s❝❛❧❛r s❡❝t♦r✳ ❚❤❡ t❤r❡❡ s❝❛❧❛rs ❛r❡ ✐♥ t❤❡ ❛❞❥♦✐♥t
r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❣❛✉❣❡ ❣r♦✉♣ ❛s t❤❡② st❡♠ ❢r♦♠ t❤❡ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥❛❧
❣❛✉❣❡ ✜❡❧❞s✱ ❛♥❞ ❛r❡ ❝♦✉♣❧❡❞ ✈✐❛ t❤❡ ♣♦t❡♥t✐❛❧✳ ❲❡ r❡❝❛❧❧ ❢♦r ❝❧❛r✐t② t❤❡ ❡①♣r❡s✲
s✐♦♥ ♦❢ t❤❡ ▲❛❣r❛♥❣✐❛♥ ❛♥❞ t❤❡ ♣♦t❡♥t✐❛❧✿

L = ❚r
(

− 1
2FµνF

µν +
3
∑

I=1

Dµφ
IDµφI −M2(φ3)2 − U

)

, ✭✸✳✶✮

✇❤❡r❡✿

U = ❚r
(

− 2igM [φ1, φ2]φ3 + 1
2g

2
3
∑

I,J=1

[φI , φJ ][φI , φJ ]
)

. ✭✸✳✷✮

❚❤✐s ♣❛rt ✐s ❜❛s❡❞ ♦♥ t❤❡ ✇♦r❦ ❞❡✈❡❧♦♣❡❞ ✐♥ ❬✸✾✱✹✹✱✹✻❪ ❛♥❞ ❡①t❡♥❞s ✐t ❜② ♣r♦♣♦s✲
✐♥❣ ❛ ❣❡♥❡r❛❧ ❛♣♣r♦❛❝❤ t♦ t❤❡ st✉❞② ♦❢ t❤✐s ♣♦t❡♥t✐❛❧✳

✸✳✶ ❆ ✜rst ❛♣♣r♦❛❝❤ t♦ t❤❡ ♣♦t❡♥t✐❛❧

❚♦ ♦❜t❛✐♥ t❤❡ ♠❛ss❡s ♦❢ t❤❡ ✜❡❧❞s ✇❡ ♠✉st ❞✐❛❣♦♥❛❧✐③❡ t❤❡ ♠❛ss ♠❛tr✐① ♦❢
t❤❡ q✉❛❞r❛t✐❝ ✢✉❝t✉❛t✐♦♥s ❛r♦✉♥❞ t❤❡ ✈❛❝✉✉♠ ❝♦♥✜❣✉r❛t✐♦♥✳ ❋✐rst✱ ❧❡t ✉s ❞❡✜♥❡
t❤❡ ♣♦t❡♥t✐❛❧ ✇❡ ✇❛♥t t♦ st✉❞② ❛s t❤❡ s✉♠ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ t❡r♠s ❛♥❞ t❤❡ ♠❛ss
t❡r♠✳ ❊①♣❧✐❝✐t❧②✿

V
M2

= ❚r(φ3)2 +
U
M2

. ✭✸✳✸✮

✻✼



❆ ✈❛❝✉✉♠ ❝♦♥✜❣✉r❛t✐♦♥ ✐s ❛ s♦❧✉t✐♦♥ ♦❢✿

V(φ+ δφ)− V(φ)
M2

=

❚r
(

2φ3δφ3
)

− 2i g
M
❚r
(

[φ1, φ2]δφ3 + [φ3, φ1]δφ2 + [φ2, φ3]δφ1
)

+2 g2

M2❚r
(

∑3
I,J=1[φ

I , φJ ][φI , δφJ ]
)

= 0 . ✭✸✳✹✮

❲❡ ❝❛♥ s❡❡ t❤❡ t❤❡♦r② ❝♦♥t❛✐♥s ❛ ❝❧❛ss ♦❢ ✈❛❝✉❛ ♦❢ t❤❡ ❢♦r♠ φI = ❝♦♥st❛♥t✱
✇❤❡r❡✱

φ3 = 0 ; [φ1, φ2] = 0 . ✭✸✳✺✮

❖♥❝❡ ❛ ✈❛❝✉✉♠ φI = φI0 ✐s ❢♦✉♥❞✱ ✐♥✜♥✐t❡ ❝❧❛ss❡s ♦❢ ♦t❤❡r ✈❛❝✉❛ ❛r❡ ❣❡♥❡r❛t❡❞ ❜②
❝♦♥❥✉❣❛t✐♦♥ ♦❢ ❛r❜✐tr❛r② ❡❧❡♠❡♥ts U ∈ G✱ φI0 → U†φI0U ✳ ❙✐♥❝❡ t❤✐s ❝♦♥❥✉❣❛t✐♦♥
✐s ❛ s②♠♠❡tr② ♦❢ t❤❡ ♣♦t❡♥t✐❛❧✱ ✐t ✐s ❛ ♠❛♣ ❢r♦♠ ✈❛❝✉❛ t♦ ✈❛❝✉❛✳ ▼♦r❡♦✈❡r✱
✐❢ t❤❡ ✈❛❝✉✉♠ φI0 ✐s ♥♦t ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❝♦♥❥✉❣❛t✐♦♥✱ ✐t ✇✐❧❧ ❜❡ ♠❛♣♣❡❞
t♦ ❛ ❞✐✛❡r❡♥t ✈❛❝✉✉♠ ✇✐t❤ t❤❡ s❛♠❡ ❡♥❡r❣②✳ ❚❤✐s ✐s ♦❢ ❝♦✉rs❡ t❤❡ ●♦❧❞st♦♥❡
♠❡❝❤❛♥✐s♠✱ ✐♠♣❧②✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✈❛r✐♦✉s ♠❛ss❧❡ss ✹❞ s❝❛❧❛rs ✐♥ t❤❡ ✈❛❝✉✉♠✱
❛s ✇❡ ✇✐❧❧ ❝♦♥✜r♠ ❡①♣❧✐❝✐t❧② ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳

◆♦✇ t❤❛t ❛ ❝❧❛ss ♦❢ ♠✐♥✐♠❛ ❤❛s ❜❡❡♥ ✐❞❡♥t✐✜❡❞ ✐♥ ✭✸✳✺✮✱ ✇❡ ❝❛♥ ❞❡✈❡❧♦♣ t❤❡
♣♦t❡♥t✐❛❧ t♦ s❡❝♦♥❞ ♦r❞❡r ✐♥ t❤❡ ✈❛r✐❛t✐♦♥s ♦❢ t❤❡ ✜❡❧❞s✳ ❚❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡
♣♦t❡♥t✐❛❧ r❡❛❞s✿

δ2V
2M2

= ❚r(δφ3)2 − ig

M
❚r
([

δφ1, φ20
]

δφ3 +
[

φ10, δφ
2
]

δφ3
)

+
g2

M2
❚r
(

[

δφ1, φ20
]2

+
[

δφ2, φ10
]2

+
[

δφ3, φ10
]2

+
[

δφ3, φ20
]2

+ 2
[

δφ1, φ20
] [

φ10, δφ
2
]

)

, ✭✸✳✻✮

✇❤❡r❡ φ10 ❛♥❞ φ20 ❛r❡ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ✜❡❧❞s ❛t t❤❡ ♠✐♥✐♠✉♠✳ ❚❤✐s ❡①♣r❡ss✐♦♥
❣✐✈❡s ❛ ♠❛tr✐① ♦❢ ❞✐♠❡♥s✐♦♥ (3 × ❞✐♠(Lie(G))2✱ ✇❤❡r❡ ❞✐♠(Lie(G)) ✐s t❤❡ ❞✐✲
♠❡♥s✐♦♥ ♦❢ t❤❡ ▲✐❡ ❛❧❣❡❜r❛ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❣❛✉❣❡ ❣r♦✉♣ G✳ ■♥ ♦r❞❡r t♦ ♦❜t❛✐♥
t❤❡ ♠❛ss❡s ♦❢ t❤❡ ✜❡❧❞s ❛r♦✉♥❞ t❤✐s ♠✐♥✐♠✉♠ ♦♥❡ ✇♦✉❧❞ ❤❛✈❡ t♦ ❞✐❛❣♦♥❛❧✐③❡
t❤✐s ♠❛tr✐① ♦♥❝❡ ❛ s♣❡❝✐✜❝ ❣❛✉❣❡ ❣r♦✉♣ ❤❛s ❜❡❡♥ ❝❤♦s❡♥✳ ❚❤❡r❡ ✐s ❛❝t✉❛❧❧② ❛
✇❛② t♦ ❝♦♠♣✉t❡ t❤❡ ♠❛ss❡s ❛♥❞ t❤❡ ♣♦t❡♥t✐❛❧ ❢♦r ❛♥ ❛r❜✐tr❛r② ❣❛✉❣❡ ❣r♦✉♣✳ ❲❡
❧❡❛✈❡ t❤✐s ❛♣♣r♦❛❝❤ ❢♦r ❧❛t❡r✱ ❛s ✇❡ ✇✐❧❧ ✜rst ❜✉✐❧❞ s♦♠❡ ✐♥t✉✐t✐♦♥ ❛❜♦✉t t❤❡
♠♦❞❡❧ ❜② ✜①✐♥❣ s♦♠❡ s♣❡❝✐✜❝ ❣❛✉❣❡ ❣r♦✉♣s✳ ❚❤❡ q✉❡st✐♦♥ ✐s✱ ✇❤❛t ❛r❡ s❡♥s✐❜❧❡
♦♣t✐♦♥s t♦ ❧♦♦❦ ✜rst ❄ ■t ♠❛② ❜❡ ♦❜✈✐♦✉s t♦ s♦♠❡ t❤❛t t❤❡ ♣✉r♣♦s❡ ❤❡r❡ ✐s t♦
r❡♣r♦❞✉❝❡ t❤❡ ❍✐❣❣s ✜❡❧❞ s✐♥❝❡ ✐t ✐s t❤❡ ♦♥❧② ❢✉♥❞❛♠❡♥t❛❧ s❝❛❧❛r ✜❡❧❞ ♦❜s❡r✈❡❞
✐♥ ♥❛t✉r❡✳ ❚❤❡ ❍✐❣❣s ✜❡❧❞ ❜❡❢♦r❡ t❤❡ ❡❧❡❝tr♦✇❡❛❦ s②♠♠❡tr② ❜r❡❛❦✐♥❣ ✐s ✐♥ t❤❡
❢✉♥❞❛♠❡♥t❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ✇❡❛❦ SU(2) ❛♥❞ ❤❛s ❛♥ ❤②♣❡r❝❤❛r❣❡ ❡q✉❛❧ t♦
1✳ ■♥ ♦✉r ❝♦♥t❡①t✱ t❤❡ ✈❛❝✉✉♠ ✇❡ s❡❧❡❝t ✐s ❣♦✐♥❣ t♦ ❜r❡❛❦ t❤❡ ❣❛✉❣❡ s②♠♠❡tr②
t♦ s♦♠❡ s✉❜❣r♦✉♣✳ ❲❡ ❝♦✉❧❞ st❛rt ✇✐t❤ ❛♥ SU(2) ❣❛✉❣❡✱ ❜✉t r❡♠❡♠❜❡r t❤❛t t❤❡
s❝❛❧❛r ✜❡❧❞s ❛r❡ ✐♥ t❤❡ ❛❞❥♦✐♥t r❡♣r❡s❡♥t❛t✐♦♥✳ ❙♦ ✐t ✇♦♥✬t r❡♣r♦❞✉❝❡ t❤❡ r✐❣❤t
r❡♣r❡s❡♥t❛t✐♦♥✳ ❚❤❡ ♥❡①t ❣✉❡ss ✇♦✉❧❞ ❜❡ ❙❯✭✸✮✳ ❚❤✐s ✐s ❛♥ ✐♥t❡r❡st✐♥❣ ❝❤♦✐❝❡
s✐♥❝❡ ✐t ❝♦♥t❛✐♥s ❡①❛❝t❧② SU(2)×U(1) ❛❧♦♥❣ ✇✐t❤ ❛ ❢✉♥❞❛♠❡♥t❛❧ r❡♣r❡s❡♥t❛t✐♦♥
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✇✐t❤ t❤❡ r✐❣❤t q✉❛♥t✉♠ ♥✉♠❜❡rs✳ ❇✐❣❣❡r ❣❛✉❣❡ ❣r♦✉♣ ♦❢ t❤❡ SU(N) t②♣❡ ✇✐❧❧
❛❧s♦ ❜❡ ❝♦♥s✐❞❡r❡❞✳ ❚❤❡✐r st✉❞② ✇✐❧❧ ❣✐✈❡ ✉s t❤❡ ✜rst ❤✐♥t t❤❛t t❤❡ ♠❛ss❡s ❞♦♥✬t
r❡❛❧❧② ❞❡♣❡♥❞ ♦♥ t❤❡ ❣❛✉❣❡ str✉❝t✉r❡✳

✸✳✶✳✶ ❋r♦♠ SU(3) t♦ SU(2)× U(1)

❚❤❡ ✜rst ❝❛s❡ ♦❢ ✐♥t❡r❡st ✐s SU(3)✿ ✐t ✐s ❛ ♠✐♥✐♠❛❧ s❡t✉♣ t❤❛t ❝♦♥t❛✐♥s SU(2)×
U(1)✱ ✇❤✐❝❤ ✐s s✉✐t❛❜❧❡ t♦ ♠♦❞❡❧ t❤❡ ❡❧❡❝tr♦✇❡❛❦ s❡❝t♦r✳ ❆❧s♦✱ ✐ts ▲✐❡ ❛❧❣❡❜r❛
✐s ❡✐❣❤t ❞✐♠❡♥s✐♦♥❛❧✱ ♠❛❦✐♥❣ ✐t r❛t❤❡r ♠❛♥❛❣❡❛❜❧❡✳ ❲❡ ❞❡♥♦t❡ ❜② su(3) t❤❡
▲✐❡ ❛❧❣❡❜r❛ ❛ss♦❝✐❛t❡❞ t♦ SU(3)✳ ❆ ♠❛tr✐① A ∈ su(3) ✐s ❝❤❛r❛❝t❡r✐③❡❞✱ ✐♥ ♦✉r
❝♦♥✈❡♥t✐♦♥s✱ ❜② A = A† ❛♥❞ ❚r(A) = 0✳ ❲❡ s❤❛❧❧ ✉s❡ t❤❡ ●❡❧❧✲▼❛♥♥ ❝♦♥✈❡♥t✐♦♥
❢♦r t❤❡ SU(3) ❣❡♥❡r❛t♦rs ❬✹✼❪✳ ❆s ❛❧r❡❛❞② r❡♠❛r❦❡❞✱ t❤❡ ✈❛❝✉✉♠ s♦❧✉t✐♦♥ t❤❛t
✇❡ ❝❤♦♦s❡ ♠❛② ❤❛✈❡ s♦♠❡ r❡s✐❞✉❛❧ s②♠♠❡tr✐❡s✳ ❚❤❡s❡ s②♠♠❡tr✐❡s ✇✐❧❧ ❞❡t❡r♠✐♥❡
t❤❡ r❡s✐❞✉❛❧ ❣❛✉❣❡ s②♠♠❡tr② ❛❢t❡r t❤❡ ✈❛❝✉✉♠ s♦❧✉t✐♦♥ ❤❛s ❜❡❡♥ s❡❧❡❝t❡❞✳

▲❡t ✉s st❛rt ❜② ❡①♣❧❛✐♥✐♥❣ ❤♦✇ t♦ ❝❤♦♦s❡ t❤❡ ✈❛❝✉✉♠ ✐♥ ♦r❞❡r t♦ ❤❛✈❡ ❛♥
✉♥❜r♦❦❡♥ SU(2)× U(1) ❣❛✉❣❡✿ ✇❡ ✇❛♥t t❤❛t φ10 ❛♥❞ φ20 ❝♦♠♠✉t❡✱ ✐♥ ♦r❞❡r ❢♦r
t❤❡♠ t♦ s❛t✐s❢② ❝♦♥❞✐t✐♦♥ ✭✸✳✺✮ ❢♦r ❛ ♠✐♥✐♠✉♠✳ ❲❡ ❝❛♥ t❤✉s s✐♠♣❧② ❝❤♦♦s❡ t❤❡♠
❛s ❝♦♠❜✐♥❛t✐♦♥s ♦❢ t❤❡ ❞✐❛❣♦♥❛❧ ●❡❧❧✲▼❛♥♥ ♠❛tr✐❝❡s✱ ✇❤✐❝❤ ✇❡ ❦♥♦✇ ❝♦♠♠✉t❡✿
✐♥❞❡❡❞ t❤❡ ❞✐❛❣♦♥❛❧ ●❡❧❧✲▼❛♥♥ ♠❛tr✐❝❡s ❢♦r♠ t❤❡ ❈❛rt❛♥ s✉❜❛❧❣❡❜r❛ ♦❢ su(3)✱
✐✳❡✳ ✐ts ♠❛①✐♠❛❧ ❆❜❡❧✐❛♥ s✉❜❛❧❣❡❜r❛✳ ❆ s✐♠♣❧❡ ✇❛② t♦ ♣❛r❛♠❡t❡r✐③❡ ♦✉r ✈❛❝✉✉♠
✐s t♦ t❛❦❡ φ10 = φ20 ❛♥❞ t❛❦❡ φ0 t♦ ❜❡ ❛ ❣❡♥❡r✐❝ ❡❧❡♠❡♥t ♦❢ t❤❡ ❈❛rt❛♥ s✉❜❛❧❣❡❜r❛✿

φ10 = φ20 = φ0 =
1√
3





a 0 0
0 b 0
0 0 c



 , ✭✸✳✼✮

✇✐t❤ a, b, c r❡❛❧ ♣❛r❛♠❡t❡rs ❛♥❞ a+ b+ c = 0✱ s✐♥❝❡ φ0 ∈ su(3)✳ ❚❤❡ ❢❛❝t♦r 1/
√
3

✇❛s ♣✐❝❦❡❞ ❢♦r ❝♦♥✈❡♥✐❡♥❝❡✳ ❲❡ ✇❛♥t t♦ ❧❡❛✈❡ ❛♥ su(2) s✉❜❛❧❣❡❜r❛ ✉♥❜r♦❦❡♥✱
✐♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ✇❛♥t t❤❛t φ0 ❝♦♠♠✉t❡s ✇✐t❤ t❤❡ ❡❧❡♠❡♥ts t❤❛t ❣❡♥❡r❛t❡ ❛♥
su(2)✳ ■❢ ✇❡ t❛❦❡ a = b✱ s♦ t❤❛t t❤❡ tr❛❝❡ ❝♦♥❞✐t✐♦♥ ✐♠♣♦s❡s c = −2a✱ ✐t ❢♦❧❧♦✇s
t❤❛t φ0 = aλ8✳ ❖♥❧② ♦♥❡ ♣❛r❛♠❡t❡r r❡♠❛✐♥s ❢r❡❡✱ t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ✜❡❧❞✳
■♥ t❤✐s ❝❛s❡ φ0 ❝♦♠♠✉t❡s ✇✐t❤ t❤❡ ●❡❧❧✲▼❛♥♥ ♠❛tr✐❝❡s λ1✱ λ2✱ λ3 ❛♥❞ λ8✱ ✇❤✐❝❤
❣❡♥❡r❛t❡ ❛♥ su(2)⊕ u(1) s✉❜❛❧❣❡❜r❛ ♦❢ su(3)✳

❲❡ ♥❡❡❞ t♦ ❞✐❛❣♦♥❛❧✐③❡ t❤❡ ♠❛tr✐① ✭✸✳✸✼✮ ♦❢ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ♣♦t❡♥✲
t✐❛❧ ❛t t❤❡ ♣♦✐♥t φ3 = 0, φ1 = φ2 = φ0 ✭t❤✐s ✐s ❛ 24 × 24 ♠❛tr✐①✮✳ ❚❤❡ r❡s✉❧t
✐s ❛ ❧✐st ♦❢ ♠❛ss❡s✱ ✇❤❡r❡ t❤❡ ♠✉❧t✐♣❧✐❝✐t② ♦❢ ❡❛❝❤ ♠❛ss ✐♥❞✐❝❛t❡s t❤❡ ❞✐♠❡♥s✐♦♥
♦❢ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♥❡✇ ❣❛✉❣❡ ❣r♦✉♣ ✭✐✳❡✳ ❛❢t❡r s②♠♠❡tr② ❜r❡❛❦✐♥❣✮ ✐♥
✇❤✐❝❤ t❤✐s ♠❛ss tr❛♥s❢♦r♠s✳ ■♥ ♦✉r ❝❛s❡ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛ss❡s ❢♦r t❤❡
s❝❛❧❛r ✜❡❧❞s✿

✶✷ ♠❛ss❧❡ss ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ✭❞♦❢✮ ✭✸✳✽✮

M2
0 =M2 ✭✹ ❞♦❢✮ ✭✸✳✾✮

M2
± =

1

2
M2

(

1 + 3a2
g2

M2
±
√

1 + 6a2
g2

M2

)

✭✹✰✹ ❞♦❢✮ , ✭✸✳✶✵✮
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❋✐❣✉r❡ ✸✳✶✿ ❉✐❛❣r❛♠ ♦❢ t❤❡ t❤r❡❡ t②♣❡s ♦❢ s❝❛❧❛r ♠❛ss❡s ♦❢ t❤❡ SU(3) ♠♦❞❡❧✳
❚❤✐s ❞✐❛❣r❛♠ ✐s r❡❧❡✈❛♥t ❢♦r t❤❡ ♦t❤❡r ♠♦❞❡❧s t♦♦ s✐♥❝❡ ❛❧❧ t❤❡ ♠❛ss❡s ❛r❡ ♦❢
t❤❡ ❢♦r♠ M2

i± = 1 + α2
i ±

√

1 + 2α2
i ✇✐t❤ αi ❜❡✐♥❣ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ t❤❡

✈❛❝✉✉♠ ♣❛r❛♠❡t❡rs✳ ❲❡ ❝❛♥ s❡❡ t❤❛t M2
i− ❣♦❡s t♦ ③❡r♦ ❢♦r s♠❛❧❧ αi ✇❤✐❧❡ t❤❡

t✇♦ ♦t❤❡r ♠❛ss❡s r❡♠❛✐♥ ❛r♦✉♥❞ t❤❡ M2 s❝❛❧❡✳
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✇❤❡r❡ ✐♥ t❤❡ ❧❛st ❧✐♥❡ ✭✹✰✹ ❞♦❢✮ ♠❡❛♥s t❤❛t t❤❡ s✉❜s♣❛❝❡ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ♠❛ss
M2

+ ✐s ❢♦✉r ❞✐♠❡♥s✐♦♥❛❧✱ ❛♥❞ ❧✐❦❡✇✐s❡ ❢♦r t❤❡ ♦♥❡ ❛ss♦❝✐❛t❡❞ t♦ M2
−✳

▲❡t ✉s s❡❡ ❤♦✇ t♦ ❛ss♦❝✐❛t❡ ❡❛❝❤ ♠❛ss t♦ ❛ r❡♣r❡s❡♥t❛t✐♦♥✳ ❋r♦♠ t❤❡ ❡✐❣❡♥✲
✈❡❝t♦rs ✭♥♦t ❧✐st❡❞ ❤❡r❡✮ ♦♥❡ ❝❛♥ r❡❛❞ t❤❛t t❤❡ ♠❛ss❡s M2

± ❛r❡ ✐♥ ❛ ✭✷✱✶✮ r❡♣✲
r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❣❛✉❣❡ ❣r♦✉♣ SU(2) × U(1)✳ ❚❤❡ ♠❛ss M2

0 ✐s ✐♥ t❤❡ ❛❞❥♦✐♥t
r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ SU(2)×U(1)✳ ▲❛st❧②✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡
♠❛ss❧❡ss ♠♦❞❡s ❜② ❛ ❝♦✉♥t✐♥❣ ❛r❣✉♠❡♥t✳ ❲❡ st❛rt❡❞ ✇✐t❤ t❤r❡❡ ❝♦♣✐❡s ♦❢ t❤❡
❛❞❥♦✐♥t r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ SU(3)✳ ❲❡ ✉s❡❞ t✇✐❝❡ t❤❡ t✇♦✲ ✭❝♦♠♣❧❡①✮ ❞✐♠❡♥s✐♦♥❛❧
r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r t❤❡ ♠❛ss❡s M2

±✳ ❲❡ ✉s❡❞ ♦♥❡ ❛❞❥♦✐♥t r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r M2
0 ✳

❲❡ ❛r❡ t❤❡r❡❢♦r❡ ❧❡❢t ✇✐t❤ t✇♦ ❝♦♣✐❡s ♦❢ t❤❡ ❛❞❥♦✐♥t r❡♣r❡s❡♥t❛t✐♦♥ ❛♥❞ ♦♥❡ ♦❢ t❤❡
t✇♦✲❞✐♠❡♥s✐♦♥❛❧ r❡♣r❡s❡♥t❛t✐♦♥✳ ❚❤❡ t♦t❛❧ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡s❡ r❡♣r❡s❡♥t❛t✐♦♥s ✐s
2×4+4 = 12✱ ❥✉st ❧✐❦❡ t❤❡ ♠✉❧t✐♣❧✐❝✐t② ♦❢ t❤❡ ♠❛ss❧❡ss ♠♦❞❡s✳ ❲❡ ❝❛♥ ❛❧s♦ ♥♦t❡
t❤❛t t❤❡ ♠❛ss❧❡ss t✇♦✲❞✐♠❡♥s✐♦♥❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ✐s ♥♦t r❡❛❧❧② ✐♥ t❤❡ s♣❡❝tr✉♠
❛♥❞ s❡r✈❡s ❛s t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ ♦❢ t❤❡ t❤❡ ❜r♦❦❡♥ ❣❛✉❣❡ ❜♦s♦♥✳

❚❤❡r❡ ✐s ❛❧s♦ ❛ ♠♦r❡ ✐♥t✉✐t✐✈❡ r❡❛s♦♥✐♥❣ t❤❛t ❝♦✉❧❞ ❤❛✈❡ ❧❡t ✉s ❣✉❡ss t❤❡ s♦❧✉✲
t✐♦♥✿ ✐t ❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❡ ♠❛ss❡sM2

0 =M2 ❛r❡ ✐♥ t❤❡ ❛❞❥♦✐♥t r❡♣r❡s❡♥t❛t✐♦♥✱
s✐♥❝❡ ✇❡ ❝❤♦s❡ φ0 t♦ ❝♦♠♠✉t❡ ✇✐t❤ t❤❡ ❣❡♥❡r❛t♦rs ♦❢ su(2) ❛♥❞ λ8 t❤❛t ❣❡♥❡r❛t❡s
U(1)✳ ❲❡ ✇♦✉❧❞ t❤❡r❡❢♦r❡ ❡①♣❡❝t t❤❡ ♠❛ss ♦❢ t❤❡s❡ st❛t❡s ♥♦t t♦ ❜❡ ♠♦❞✐✜❡❞ ❜②
t❤❡ ✈❛❝✉✉♠ ✇❡ s❡❧❡❝t❡❞✳ ❍❡♥❝❡ t❤❡ su(2)⊕ u(1) ♣❛rt ♦❢ φ3 r❡♠❛✐♥s ✇✐t❤ ❛ ♠❛ss
M2✳ ❚❤❡ ♦t❤❡r t✇♦ ♠❛ss✐✈❡ st❛t❡s ❞❡♣❡♥❞ ♦♥ t❤❡ ♣❛r❛♠❡t❡r a ❛♥❞ ❛r❡ ✐♥ t❤❡
♦♥❧② r❡♣r❡s❡♥t❛t✐♦♥ t❤❛t ❞♦❡s♥✬t ❝♦♠♠✉t❡ ✇✐t❤ φ0✱ ♥❛♠❡❧② t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧
♦♥❡✳ ❲❡ ✇✐❧❧ s❡❡ t❤❛t t❤✐s ♣❛tt❡r♥ ♣❡rs✐sts ❢♦r ❜✐❣❣❡r ❣❛✉❣❡ ❣r♦✉♣s✳

❋✐♥❛❧❧②✱ ✇❡ ❝❛♥ ❛❧s♦ ❝❛❧❝✉❧❛t❡ t❤❡ ♠❛ss ♦❢ t❤❡ ❣❛✉❣❡ ❜♦s♦♥s ❝♦rr❡s♣♦♥❞✐♥❣
t♦ t❤❡ ❜r♦❦❡♥ ❣❡♥❡r❛t♦rs✳ ■t ✐s s✐♠♣❧② ❣✐✈❡♥ ❜② t❤❡ ❝♦✉♣❧✐♥❣ t❡r♠s ❜❡t✇❡❡♥ t❤❡
s❝❛❧❛rs ❛♥❞ t❤❡ ❣❛✉❣❡ ✜❡❧❞s✿

m2
bosons =

3

2
g2a2 , ✭✸✳✶✶✮

✇❤❡r❡ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ t❤❡ s✉♠ ✐s ♦✈❡r t❤❡ ❣❛✉❣❡ ✜❡❧❞s ❛ss♦❝✐❛t❡❞ t♦ t❤❡
❜r♦❦❡♥ ❣❡♥❡r❛t♦rs λ4✱ λ5✱ λ6✱ λ7✳

◆♦✇ t❤❛t ❛❧❧ t❤❡ ♠❛ss❡s ❤❛✈❡ ❜❡❡♥ ❞❡t❡r♠✐♥❡❞✱ t❤❡ ❡✛❡❝t✐✈❡ t❤❡♦r② ✐s ❢✉❧❧②
❞❡t❡r♠✐♥❡❞✳ ❍♦✇❡✈❡r t❤❡r❡ ✐s st✐❧❧ s♦♠❡ ❢r❡❡❞♦♠ ✐♥ t❤❡ ❤✐❡r❛r❝❤② ♦❢ t❤❡ ♠❛ss❡s✳
▲❡t ✉s ♥♦✇ t✉r♥ t♦ t❤✐s ♣♦✐♥t✿ t❤❡ ♠♦❞❡❧ ❤❛s t✇♦ s❝❛❧❛r ✜❡❧❞s ✐♥ ❛ ✭✷✱✶✮ r❡♣✲
r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❣❛✉❣❡✱ t❤❛t ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ♠❛ss❡s M2

− ❛♥❞ M2
+✳ ❚❤❡s❡

r❡♣r❡s❡♥t❛t✐♦♥s ❛r❡ ❙❯✭✷✮ ❞♦✉❜❧❡ts✱ s✉✐t❛❜❧❡ ❢♦r t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❍✐❣❣s ✜❡❧❞✳
❚❤❡ ♠❛ss M2

− ✐s ❛ ❞✐✛❡r❡♥❝❡ ♦❢ t✇♦ t❡r♠s✳ ■♥ t❤❡ ❧✐♠✐t ✇❤❡r❡ a2g2/M2 → 0✱
t❤✐s ♠❛ss ❛❧s♦ ❣♦❡s t♦ ③❡r♦✱ ✇❤✐❧❡ M2

+ ✇✐❧❧ ❜❡ ♦❢ ♦r❞❡r M2✳ ■❢ ✇❡ ❝♦♥s✐❞❡r t❤❡
r❡❣✐♦♥ M2 ≫ a2g2 ≫ m2

limit ✇❤❡r❡ mlimit ✐s t❤❡ ♠❛①✐♠✉♠ ❞❡t❡❝t❛❜❧❡ ♠❛ss✱ ✇❡
❝❛♥ ❛❞❥✉st t❤❡ r❛t✐♦ a2g2/M2 s♦ t❤❛t M2

− = M2
Higgs✱ ✇❤✐❧❡ ❛❧❧ t❤❡ ♦t❤❡r ✜❡❧❞s

❝❛♥ ❤❛✈❡ ♠❛ss❡s ✇❡❧❧ ❜❡②♦♥❞ ❞❡t❡❝t✐♦♥✳

✸✳✶✳✷ ❚❤❡ ❝❛s❡ ♦❢ SU(5)

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ st✉❞② ❛♥ SU(5) ❣❛✉❣❡ s②♠♠❡tr② t❤❛t ❜r❡❛❦s s♣♦♥t❛♥❡♦✉s❧②
t♦ SU(3) × SU(2) × U(1)✳ ❲❡ st❛rt ❛❣❛✐♥ ❜② ❣✐✈✐♥❣ t❤❡ ❡①♣❧✐❝✐t ♠❛tr✐① r❡♣r❡✲

✼✶



s❡♥t❛t✐♦♥ ♦❢ su(5)✱ ✇❤❡r❡ t❤❡ ❣❡♥❡r❛❧ ❡❧❡♠❡♥t ♦❢ su(5) ✐s ♦❢ t❤❡ ❢♦r♠✿













a1 + c a4 a5 h1 h2
a∗4 a2 + c a6 h3 h4
a∗5 a∗6 −(a1 + a2) + c h5 h6
h∗1 h∗3 h∗5 b1 − 3

2c b3
h∗2 h∗4 h∗6 b∗3 −b1 − 3

2c













. ✭✸✳✶✷✮

❚❤✐s ♠❛tr✐① ✐s tr❛❝❡❧❡ss ❛♥❞ ❍❡r♠✐t✐❛♥ ✭t❤❡ ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts ❛r❡ t❛❦❡♥ t♦ ❜❡
r❡❛❧✮ ❛♥❞ t❤❡r❡❢♦r❡ ❧✐❡s ✐♥ su(5)✳ ❚❤❡ ♣❛r❛♠❡t❡rs ❤❛✈❡ ❜❡❡♥ ❝❤♦s❡♥ s♦ t❤❛t t❤❡
❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ♠❛❞❡ ❡①♣❧✐❝✐t✳ ■♥❞❡❡❞✱ t❤❡ a✬s ❣❡♥❡r❛t❡ ❛♥ su(3) ❛❧❣❡❜r❛✿ t❤❡
b✬s ❣❡♥❡r❛t❡ ❛♥ su(2)✱ t❤❡ c ❛ u(1)✱ ✇❤✐❧❡ t❤❡ h✬s ❛r❡ ✐♥ t❤❡ ✭✸✱✷✮✲ ✭❝♦♠♣❧❡①✮
❞✐♠❡♥s✐♦♥❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ r❡s♣❡❝t✐✈❡❧② su(3) ❛♥❞ su(2)✳ ❚❤❡ h✬s ❛r❡ ❛❧s♦
❝❤❛r❣❡❞ ✉♥❞❡r u(1)✳ ❲❡ s❡❡ t❤❛t t❤✐s s✐t✉❛t✐♦♥ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ✇❡ ❤❛❞
❜❡❢♦r❡ ❢♦r SU(3)✳ ❆❣❛✐♥✱ ✇❡ ✇❛♥t t♦ ✜♥❞ ❛ ✈❛❝✉✉♠ φ1 = φ2 = φ0 s✉❝❤ t❤❛t t❤✐s
✈❛❝✉✉♠ ❝♦♠♠✉t❡s ✇✐t❤ t❤❡ ❣❡♥❡r❛t♦rs ♦❢ t❤❡ ✉♥❜r♦❦❡♥ ❣❛✉❣❡ ❣r♦✉♣✳ ❲❡ ❝❛♥
❝♦♥str✉❝t φ0 ✐♥ ❛ s✐♠✐❧❛r ❢❛s❤✐♦♥ ❛s ❜❡❢♦r❡✳ ▲❡t ✉s t❛❦❡ φ0 t♦ ❜❡✿

φ0 =













a
a

a
− 3

2a
− 3

2a













. ✭✸✳✶✸✮

❚❤❡ ✐♥✈❛r✐❛♥❝❡ ♦❢ φ0 ❝❛♥ t❤❡♥ ❜❡ s❡❡♥ ❛t t❤❡ ❧❡✈❡❧ ♦❢ t❤❡ ❛❧❣❡❜r❛ s✐♥❝❡✿

∀ λ =

(

A
B

)

∈ su(5) , [λ, φ0] = 0 , ✭✸✳✶✹✮

✇❤❡r❡ A ∈ su(3)✱ B ∈ su(2) ❛♥❞ ♦❢ ❝♦✉rs❡ Tr(λ) = Tr(A) = Tr(B) = 0✳ ◆♦t❡
t❤❛t φ0 ❛❧s♦ ❝♦♠♠✉t❡s ✇✐t❤ ❛❧❧ t❤❡ ❣❡♥❡r❛t♦rs ♦❢ t❤❡ ❈❛rt❛♥ s✉❜❛❧❣❡❜r❛ s✐♥❝❡
φ0 ✐ts❡❧❢ ✐s ✐♥ t❤❡ ❈❛rt❛♥ s✉❜❛❧❣❡❜r❛✳

❆♣♣❧②✐♥❣ t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ ❛s ❜❡❢♦r❡ t♦ t❤❡ ♥♦✇ 72× 72 ♠❛ss ♠❛tr✐①✱ ✇❡
✜♥❞ t❤❡ ♠❛ss❡s t♦ ❜❡✿

▼❛ss❧❡ss ✭✸✻ ❞♦❢✮ ✭✸✳✶✺✮

M2
0 =M2 ✭✶✷ ❞♦❢✮ ✭✸✳✶✻✮

M2
± =

1

2
M2

(

1 + 100a2
g2

M2
±
√

1 + 200a2
g2

M2

)

✭✶✷✰✶✷ ❞♦❢✮ . ✭✸✳✶✼✮

❚❤❡s❡ ♠❛ss❡s ❛r❡ ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ♠❛ss❡s ❢♦✉♥❞ ❢♦r t❤❡ SU(3) ❣❛✉❣❡✳ ❚❤❡
♠❛ss❡s M2

+ ❛♥❞ M2
− ❢❛❧❧ ❛❣❛✐♥ ✐♥t♦ t❤❡ ♦♥❧② r❡♣r❡s❡♥t❛t✐♦♥ t❤❛t ❞♦❡s ♥♦t ❝♦♠✲

♠✉t❡ ✇✐t❤ t❤❡ ❣❛✉❣❡✱ ♥❛♠❡❧② t❤❡ ✭✸✱✷✱✶✮ r❡♣r❡s❡♥t❛t✐♦♥ ❣❡♥❡r❛t❡❞ ❜② t❤❡ h✬s
✐♥ ❊q✳ ✭✸✳✶✷✮✳ ❚❤❡ ♠❛ss M2

0 ✐s ❛❣❛✐♥ ✐♥ t❤❡ ❛❞❥♦✐♥t r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♥❡✇
❣❛✉❣❡✳ ❚❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤✐s ❛❞❥♦✐♥t r❡♣r❡s❡♥t❛t✐♦♥ ✐s t❤❡ s✉♠ ♦❢ t❤❡ ❞✐♠❡♥✲
s✐♦♥s ♦❢ ❡❛❝❤ ❛❞❥♦✐♥t r❡♣r❡s❡♥t❛t✐♦♥✱ 8+3+1 = 12✳ ❆❣❛✐♥✱ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡

✼✷



♠❛ss ♦❢ t❤❡ ❜r♦❦❡♥ ❣❛✉❣❡ ❜♦s♦♥s t❤❛t ✇❡ ✜♥❞ t♦ ❜❡✿

Mboson =
25

4
g2a2 . ✭✸✳✶✽✮

❚❤❡s❡ ❛❧s♦ tr❛♥s❢♦r♠ ✐♥ t❤❡ ✭✸✱✷✱✶✮ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❣❛✉❣❡ ❣r♦✉♣✳
❚❤❡ ❛r❣✉♠❡♥t ❛❜♦✉t t❤❡ ♠❛ss❡s ❞✐s❝✉ss❡❞ ❢♦r ❙❯✭✸✮ ✐s ❛❧s♦ ✈❛❧✐❞ ❤❡r❡✱ ❛♥❞

✇❡ ❝❛♥ ❤❛✈❡ t❤❡ ✜❡❧❞ ✇✐t❤ t❤❡ ♠❛ss M2
− ❛t ❛ ♠✉❝❤ ❧♦✇❡r s❝❛❧❡ t❤❛♥ t❤❡ r❡st ♦❢

t❤❡ ♠❛ss❡s✳ ❚❤✐s st❛t❡ ✐s ❛❧s♦ ❝❤❛r❣❡❞ ✉♥❞❡r t❤❡ str♦♥❣ ✐♥t❡r❛❝t✐♦♥s ✐♥ t❤✐s ❝❛s❡✳

✸✳✶✳✸ ❚❤❡ ❝❛s❡ ♦❢ SU(6)

SU(6) ❤❛s t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ❜r❡❛❦✐♥❣ ✐♥t♦ SU(3)×SU(2)×U(1)×U(1)✱ ✇❤✐❝❤
✐s ❝❧♦s❡ t♦ t❤❡ ❙▼ ❣❛✉❣❡✱ ❛♥❞ ❛❧❧♦✇s ❢♦r ❛ ✭✶✱✷✱✶✱✶✮ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♥❡✇
❣❛✉❣❡ ❣r♦✉♣ ✭✐✳❡✳ ❛❢t❡r s②♠♠❡tr② ❜r❡❛❦✐♥❣✮ ❛t ❛♥ ❛r❜✐tr❛r② ❧♦✇ ♠❛ss✳ ◗✉✐t❡
s✐♠✐❧❛r❧② t♦ t❤❡ su(5) ❝❛s❡✱ ✇❡ ❝❛♥ ✇r✐t❡ ❛ ❣❡♥❡r❛❧ ❡❧❡♠❡♥t ♦❢ su(6) ❛s✿

















a1 + c+ d a4 a5 h1 h2 l1
a∗4 a2 + c+ d a6 h3 h4 l2
a∗5 a∗6 −(a1 + a2) + c+ d h5 h6 l3
h∗1 h∗3 h∗5 b1 − 3

2c+ d b3 p1
h∗2 h∗4 h∗6 b∗3 −b1 − 3

2c+ d p2
l∗1 l∗2 l∗3 p∗1 p∗2 −4d

















.

✭✸✳✶✾✮

❆❣❛✐♥ t❤❡ ♣❛r❛♠❡t❡r✐③❛t✐♦♥ ♠❛❦❡s ❡①♣❧✐❝✐t t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥✳ ❚❤❡ a✬s ❣❡♥❡r❛t❡
❛♥ su(3)✱ t❤❡ b✬s ❛♥ su(2)✱ c ❛♥❞ d ❛r❡ t✇♦ ❝♦♣✐❡s ♦❢ u(1)✱ t❤❡ h✬s ❛r❡ ✐♥ t❤❡
✭✸✱✷✱✶✱✵✮✱ t❤❡ l✬s ✐♥ t❤❡ ✭✸✱✶✱✷✱✶✮✱ t❤❡ p✬s ✐♥ t❤❡ ✭✶✱✷✱✶✱✶✮✳ ❋♦r ❡❛❝❤ r❡♣r❡s❡♥t❛t✐♦♥
t❤❡ ❝❤❛r❣❡ ✉♥❞❡r t❤❡ t✇♦ U(1)✬s ✐s ❝❛❧❝✉❧❛t❡❞ s✐♠♣❧② ❜② ✉s✐♥❣ t❤❡ ❝♦♠♠✉t❛t✐♦♥
r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❣❡♥❡r❛t♦rs ♦❢ t❤❡ U(1)✬s ❛♥❞ t❤❡ ❣❡♥❡r❛t♦rs ♦❢ t❤❡ r❡♣r❡✲
s❡♥t❛t✐♦♥✳ ❚❤✐s ❡①❛♠♣❧❡ ✐s ✐♥t❡r❡st✐♥❣ ❜❡❝❛✉s❡ ✐t ✐s t❤❡ ✜rst ❡①❛♠♣❧❡ t❤❛t ❣✐✈❡s
❞✐✛❡r❡♥t ♠❛ss✐✈❡ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❣❛✉❣❡ ❣r♦✉♣✳ ❲❡ ❝❛♥ ♣❛r❛♠❡t❡r✐③❡ t❤❡
✈❛❝✉✉♠ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

φ0 =

















a
a

a
b− a

b− a
−(2b+ a)

















. ✭✸✳✷✵✮

❚❤✐s ✐s t❤❡ ✜rst ❡①❛♠♣❧❡ ✇❤❡r❡ t❤❡ ♣❛r❛♠❡t❡r✐③❛t✐♦♥ ♦❢ φ0 ❧❡❛✈❡s t✇♦ ♣❛r❛♠❡✲
t❡rs ❢r❡❡✳ ❚❤❡ r❡❛s♦♥ ✐s s✐♠♣❧② t❤❛t ❤❡r❡ ✇❡ ❞❡❝♦♠♣♦s❡ su(6) ✐♥t♦ s✉✣❝✐❡♥t❧②
♠❛♥② s✉❜❛❧❣❡❜r❛s✱ s♦ t❤❛t ❡✈❡♥ ✇✐t❤ t❤❡ tr❛❝❡ ❝♦♥❞✐t✐♦♥ ✇❡ st✐❧❧ ❤❛✈❡ t✇♦ ❢r❡❡
♣❛r❛♠❡t❡rs✳ ❋♦r t❤✐s ✈❛❝✉✉♠✱ t❤❡ ❞✐❛❣♦♥❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♥♦✇ 105 × 105 ♠❛ss

✼✸



♠❛tr✐① ❣✐✈❡s✿

▼❛ss❧❡ss ✭✹✽ ❞♦❢✮ ✭✸✳✷✶✮

M2
0 =M2 ✭✶✸ ❞♦❢✱ r❡♣✿✭✽✱✸✱✶✱✶✮✮ ✭✸✳✷✷✮

M2
i± =

1

2
M2

(

1 +
g2

M2
α2
i ±

√

1 + 2
g2

M2
α2
i

)

, ✭✸✳✷✸✮

✇❤❡r❡

α2
1 = 144b2 ✭r❡♣✿✭✶✱✷✱✶✱✶✮✮ ✭✸✳✷✹✮

α2
2 = 64(a+ b)2 ✭r❡♣✿✭✸✱✶✱✷✱✶✮✮ ✭✸✳✷✺✮

α2
3 = 16(2a− b)2 ✭r❡♣✿✭✸✱✷✱✶✱✵✮✮ . ✭✸✳✷✻✮

❚❤❡ r❡♣r❡s❡♥t❛t✐♦♥s ❝❛♥ ❜❡ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ♠❛ss❡s s✐♠♣❧② ❜② ✉s✐♥❣ t❤❡ ❞✐♠❡♥✲
s✐♦♥ ♦❢ ❡❛❝❤ r❡♣r❡s❡♥t❛t✐♦♥ ❛♥❞ t❤❡ ♠✉❧t✐♣❧✐❝✐t② ♦❢ t❤❡ ♠❛ss❡s ✐♥ t❤❡ ❞✐❛❣♦♥❛❧✐③❡❞
♠❛ss ♠❛tr✐①✳ ❲❡ ❝❛♥ r❡❛❝❤ t❤❡ s❛♠❡ ❝♦♥❝❧✉s✐♦♥ ❜② ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❛s♦♥✐♥❣✳
▲❡t ✉s ✜rst s❡❡ ✇❤② α1 ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✭✶✱✷✱✶✱✶✮ r❡♣r❡s❡♥t❛t✐♦♥✳ ■❢ ✇❡ t❛❦❡
t❤❡ ❧✐♠✐t b→ 0✱ φ0 ❜❡❝♦♠❡s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❣r♦✉♣ SU(3)× SU(3)× U(1)✳
❚❤❡ ♠❛ss M2

1 ❣♦❡s t♦ ③❡r♦✱ ❛♥❞ t❤❡ ♠❛ss❡s M2
2 ❛♥❞ M2

3 ❜❡❝♦♠❡ ❡q✉❛❧✳ ■♥ t❤✐s
❝❛s❡ ♦♥❧② ♦♥❡ ♥♦♥✲❛❞❥♦✐♥t r❡♣r❡s❡♥t❛t✐♦♥ r❡♠❛✐♥s ❛♥❞ ✐s ❛ ✭✸✱✸✱✶✮ r❡♣r❡s❡♥t❛t✐♦♥
♦❢ t❤❡ ❣❛✉❣❡ SU(3)× SU(3)×U(1)✱ ❣❡♥❡r❛t❡❞ ❜② t❤❡ h✬s ❛♥❞ l✬s ✐♥ t❤❡ ❞❡❝♦♠✲
♣♦s✐t✐♦♥ ✭✸✳✶✾✮✳ ❙♦ ✇❡ s❡❡ t❤❛t t❤❡ p✬s ❣❡♥❡r❛t❡ t❤❡ ♠❛ss M2

1 ✳ ❲❡ ❝❛♥ ✉s❡ ❛
s✐♠✐❧❛r r❡❛s♦♥✐♥❣ ✐♥ ♦r❞❡r t♦ ❛ss♦❝✐❛t❡ t❤❡ ❝♦rr❡❝t r❡♣r❡s❡♥t❛t✐♦♥s t♦ t❤❡ ♠❛ss❡s
M2

2 ❛♥❞ M2
3 ✳ ❲❡ t❛❦❡ t❤❡ ❧✐♠✐t ✇❤❡r❡ b → 2a✱ s♦ t❤❛t t❤❡ ♠❛ss M2

3 ❣♦❡s t♦
③❡r♦✳ ❚❤❡ ♠❛ss❡s M2

1 ❛♥❞ M2
2 ❜❡❝♦♠❡ ❡q✉❛❧✳ ❚❤❡ ❣❛✉❣❡ ❣r♦✉♣ ✐♥ t❤✐s ❝❛s❡ ✐s

SU(5) × U(1)✱ ❛♥❞ ♦❢ ❝♦✉rs❡ t❤❡ ♠❛ss✐✈❡ st❛t❡s ❛r❡ ❣❡♥❡r❛t❡❞ ❜② t❤❡ l✬s ❛♥❞
p✬s✳ ❲❡ ❛❧r❡❛❞② ❦♥♦✇ t❤❛t t❤❡ p✬s ✇❡r❡ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ♠❛ssM2

1 ✱ t❤❡r❡❢♦r❡ ✇❡
❦♥♦✇ t❤❛t t❤❡ l✬s ❛r❡ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ♠❛ss M2

2 ✳ ❖♥❝❡ ❛❣❛✐♥✱ ✇❡ ❝❛♥ ❝❛❧❝✉❧❛t❡
t❤❡ ♠❛ss❡s ♦❢ t❤❡ ❜r♦❦❡♥ ❣❛✉❣❡ ❜♦s♦♥s✿

M2
boson1 = 9g2b2 ✭r❡♣✿✭✶✱✷✱✶✱✶✮✮, ✭✸✳✷✼✮

M2
boson3 = 4g2(a+ b)2 ✭r❡♣✿✭✸✱✶✱✷✱✶✮✮, ✭✸✳✷✽✮

M2
boson2 = g2(b− 2a)2 ✭r❡♣✿✭✸✱✷✱✶✱✵✮✮ . ✭✸✳✷✾✮

■♥ ♦r❞❡r t♦ ❤❛✈❡ t❤❡ ✭✶✱✷✱✶✱✶✮ r❡♣r❡s❡♥t❛t✐♦♥ ❛t ❛ ♠✉❝❤ ❧♦✇❡r ♠❛ss t❤❛♥ t❤❡
♦t❤❡r ♠❛ss✐✈❡ r❡♣r❡s❡♥t❛t✐♦♥s✱ ❛❧❧ ✇❡ ❤❛✈❡ t♦ ❞♦ ✐s t❛❦❡ M2, a2 ≫ b2✳ ■♥❞❡❡❞✱
t❛❦✐♥❣ M2 ≫ b2 ❛❧❧♦✇s ❢♦r M2

1− t♦ ❜❡ ✈❡r② s♠❛❧❧✱ ✇❤✐❧❡ a2 ≫ b2 ❢♦r❝❡s t❤❡
♦t❤❡r ♠❛ss❡s t♦ ❜❡ ♠✉❝❤ ❤✐❣❤❡r✳ ❏✉st ❧✐❦❡ ❜❡❢♦r❡✱ ✇❡ ❝❛♥ t❤❡♥ ❛❞❥✉st t❤❡ r❛t✐♦
9g2b2/M2 ✐♥ ♦r❞❡r t♦ ♠❛t❝❤ M2

1 ✇✐t❤ t❤❡ ♠❛ss ♦❢ t❤❡ ❍✐❣❣s ❜♦s♦♥✳

✸✳✶✳✹ ❙♦♠❡ ✐♥s✐❣❤ts

❍❛✈✐♥❣ s♦❧✈❡❞ t❤♦s❡ s♣❡❝✐✜❝ ❡①❛♠♣❧❡s✱ ✇❡ s❡❡ ❛ ♣❛tt❡r♥ ❡♠❡r❣❡✳ ❚❤❡
♠❛ss❡s ❛❧✇❛②s ❤❛✈❡ t❤❡ s❛♠❡ ❣❡♥❡r✐❝ ❡①♣r❡ss✐♦♥s✳ ❚❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ❝♦❡✣❝✐❡♥t
✐♥ ❢r♦♥t ♦❢ t❤❡ ✈❛❝✉✉♠ ♣❛r❛♠❡t❡r s❡❡♠ t♦ ❞❡♣❡♥❞ ♦♥ t❤❡ s♣❡❝✐✜❝ ❛❧❣❡❜r❛ ✉♥❞❡r
❝♦♥s✐❞❡r❛t✐♦♥✳ ❚❤✐s ✐s ❛ ❝❧❡❛r ❤✐♥t t❤❛t t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ♠❛ss❡s ♠❛②

✼✹



❜❡ ❢♦✉♥❞ ✐♥ ❛ ♠♦r❡ ❣❡♥❡r❛❧ s❡tt✐♥❣✳ ❚❤✐s ✇✐❧❧ ❜❡ t❤❡ ♠❛✐♥ ❢♦❝✉s ♦❢ t❤❡ ♥❡①t
♣❛rt✳ ❆t t❤✐s st❛❣❡ ♦❢ ♦✉r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ♠♦❞❡❧✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❡①♣❛♥❞
t❤❡ ♣♦t❡♥t✐❛❧ ❛r♦✉♥❞ t❤❡ ✈❛❝✉✉♠ ❛♥❞ ❤❛✈❡ ❛❧❧ t❤❡ ❝♦✉♣❧✐♥❣ t❡r♠s ✐♥✈♦❧✈✐♥❣
t❤❡ s❝❛❧❛rs ❛r♦✉♥❞ t❤❡ s❡❧❡❝t❡❞ ✈❛❝✉✉♠✳ ❲❡ ✇♦✉❧❞ t❤❡♥ ❜❡ ❛❜❧❡ t♦ ❝♦♠♣✉t❡
❋❡②♥♠❛♥ ❞✐❛❣r❛♠s✱ ❛♥❞ ✉♥❞❡rst❛♥❞ ❤♦✇ t❤❡ ♠♦❞❡❧ ❜❡❤❛✈❡s ✉♥❞❡r ♦♥❡✲❧♦♦♣
r❡♥♦r♠❛❧✐③❛t✐♦♥✳ ❚❤✐s ✇♦✉❧❞ ❤❛✈❡ t♦ ❜❡ ❞♦♥❡ ✉s✐♥❣ t❤❡ r♦t❛t✐♦♥ ♠❛tr✐① ✉s❡❞
t♦ ❞✐❛❣♦♥❛❧✐③❡ t❤❡ ♠❛ss ♠❛tr✐①✳ ❆s ✇❡ s❛✇✱ t❤❡ ♥✉♠❜❡r ♦❢ s❝❛❧❛r ❞❡❣r❡❡s ♦❢
❢r❡❡❞♦♠ ❜❡❝♦♠❡s q✉✐❝❦❧② q✉✐t❡ s✐❣♥✐✜❝❛♥t✱ ❛♥❞ ✇❡ ✇♦✉❧❞ ❤❛✈❡ t♦ tr❡❛t ❡❛❝❤ ❝❛s❡
s❡♣❛r❛t❡❧②✳ ■♥st❡❛❞ ✇❡ ✇✐❧❧ r❡s❡r✈❡ t❤✐s st❡♣ ❢♦r t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✇❤❡♥ ✇❡ ✇✐❧❧
❤❛✈❡ ❛ ❣❡♥❡r❛❧ ❛♣♣r♦❛❝❤ t♦ t❤❡ ❞✐❛❣♦♥❛❧✐③❛t✐♦♥ ♣r♦❜❧❡♠✳

✸✳✷ ●❡♥❡r❛❧ tr❡❛t♠❡♥t

■♥ ♦r❞❡r t♦ tr❡❛t t❤❡ ♣♦t❡♥t✐❛❧ ♦♥ ♠♦r❡ ❣❡♥❡r❛❧ ❣r♦✉♥❞s✱ ✇✐t❤♦✉t ❤❛✈✐♥❣
t♦ s♣❡❝✐❢② t❤❡ ❣❛✉❣❡ ❣r♦✉♣✱ ✇❡ ❝❛♥ ♥♦t✐❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦✐♥t✳ ❘❡♠❡♠❜❡r t❤❡
❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ♠❛ss ♠❛tr✐① ✭✸✳✸✼✮✳ ❲❤❡♥ ♣✉tt✐♥❣ t❤✐s ❡①♣r❡ss✐♦♥ ✐♥t♦ ♠❛✲
tr✐① ❢♦r♠✱ ♦✛✲❞✐❛❣♦♥❛❧ t❡r♠s ❝♦♠❡ ❢r♦♠ t❤❡ ❝♦♠♠✉t❛t♦rs✳ ❚❤❡② ♠✐① t❡r♠s ♦❢
❞✐✛❡r❡♥t ❞✐r❡❝t✐♦♥s ✐♥ t❤❡ ▲✐❡ ❛❧❣❡❜r❛✳ ◆♦t✐❝❡ ❤♦✇ ❛❧❧ t❤❡ ❝♦♠♠✉t❛t♦rs ✐♥ t❤❡
♠❛ss ♠❛tr✐① ❛r❡ ♦❢ t❤❡ ❢♦r♠ [φi0, · ]✳ ❲❤❡♥ st✉❞②✐♥❣ ♦✉r ❡①❛♠♣❧❡s✱ ✇❡ ♣✐❝❦❡❞
t❤❡ φ10 ❛♥❞ φ20 ❛s t❤❡ ❞✐❛❣♦♥❛❧ ♠❛tr✐❝❡s ♦❢ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ SU(N) t♦ ❡♥✲
s✉r❡ t❤❛t t❤❡ t✇♦ ✈❛❝✉❛ ❝♦♠♠✉t❡✱ ❛♥❞ ❧❛t❡r r❡str✐❝t t♦ t❤❡ st✉❞② ♦❢ φ10 = φ20 ❢♦r
s✐♠♣❧✐❝✐t②✳ ❚❤✐s ❝❛♥ ❜❡ ❣❡♥❡r❛❧✐③❡❞ ❢♦r ❛♥② s❡♠✐✲s✐♠♣❧❡ ▲✐❡ ❛❧❣❡❜r❛ ❜② ♠❛❦✐♥❣
✉s❡ ♦❢ ✇❤❛t ✐s ❝❛❧❧❡❞ t❤❡ ❲❡②❧✲❈❛rt❛♥ ❜❛s✐s✳ ❚❤✐s ❜❛s✐s ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ♣✐❝❦✲
✐♥❣ t❤❡ ♠❛①✐♠❛❧ ❛❜❡❧✐❛♥ s✉❜❛❧❣❡❜r❛✱ ❝❛❧❧✐♥❣ ✐t t❤❡ ❈❛rt❛♥ s✉❜❛❧❣❡❜r❛✱ ❛♥❞ t❤❡♥
❧♦♦❦✐♥❣ ❛t ✐ts ❛❝t✐♦♥ ♦♥ t❤❡ r❡st ♦❢ t❤❡ ❣❡♥❡r❛t♦rs✱ ✇❤✐❝❤ ❛r❡ r❡❢❡rr❡❞ t♦ ❛s t❤❡
r♦♦ts✳ ❚❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ ❈❛rt❛♥ s✉❜❛❧❣❡❜r❛ ♦♥ t❤❡ r♦♦ts ✐s ❞✐❛❣♦♥❛❧✱ s♦ ✐❢ ✇❡
♣✐❝❦ t❤❡ ✈❛❝✉✉♠ t♦ ❜❡ ✐♥ t❤❡ ❈❛rt❛♥ s✉❜❛❧❣❡❜r❛ t❤❡ ♠❛ss ♠❛tr✐① ✇✐❧❧ ❜❡ ❜❧♦❝❦
❞✐❛❣♦♥❛❧ ✐♥ t❤✐s ❜❛s✐s✳ ❋r♦♠ t❤❡r❡✱ t❤❡ ❞✐❛❣♦♥❛❧✐③❛t✐♦♥ ❢♦❧❧♦✇s q✉✐t❡ s✐♠♣❧②✱ ❛s
✐t ♦♥❧② t❛❦❡s ♣❧❛❝❡ ✐♥ 3 × 3 ❜❧♦❝❦s ♦❢ t❤❡ ♠❛tr✐①✳ ❲❡ st❛rt ❜② ❡st❛❜❧✐s❤✐♥❣ ♦✉r
❝♦♥✈❡♥t✐♦♥s ❛♥❞ r❡✈✐❡✇✐♥❣ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❜❛s✐s✳ ❚❤❡♥ ✇❡ ♠♦✈❡ ♦♥ t♦ t❤❡
st✉❞② ♦❢ t❤❡ ♣♦t❡♥t✐❛❧✳

✸✳✷✳✶ ▲✐❡ ❆❧❣❡❜r❛ ❛♥❞ t❤❡ ❈❛rt❛♥✲❲❡②❧ ❜❛s✐s

❲❡ ❜❡❣✐♥ ❜② ❝♦♥s✐❞❡r✐♥❣ ❛ ▲✐❡ ❛❧❣❡❜r❛ ✐♥ t❤❡ ❈❛rt❛♥✲❲❡②❧ ❜❛s✐s✳ ❆♥② s❡♠✐✲
s✐♠♣❧❡ ▲✐❡ ❛❧❣❡❜r❛ ❝❛♥ ❜❡ ♣✉t ✐♥t♦ t❤✐s ❢♦r♠✳ ❚❤❡ ❛❧❣❡❜r❛ ❞❡❝♦♠♣♦s❡s ✐♥t♦ t✇♦
♣❛rts✱ t❤❡ ❈❛rt❛♥ s✉❜❛❧❣❡❜r❛ ❛♥❞ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② s♣❛❝❡ ♦❢ r♦♦t ✈❡❝t♦rs✳ ❚❤❡
❝♦♠♠✉t❛t✐♦♥ r❡❧❛t✐♦♥s t❛❦❡ t❤❡ ❢♦r♠

[Hi, Hj ] = 0 , [Hi, Eα] = αiEα ,

[Eα, Eβ ] = NαβEα+β , [Eα, E−α] =
∑

i

αiHi . ✭✸✳✸✵✮

■♥ t❤❡ t❤✐r❞ ❡q✉❛t✐♦♥✱ Nαβ = 0 ✐❢ α+β ✐s ♥♦t ❛ r♦♦t✳ ❚❤✐s ❝❛♥ ❜❡ s❤♦✇♥ ❜② ❛❝t✐♥❣
♦♥ t❤❡ ❡q✉❛t✐♦♥ ✇✐t❤ ❛ ❣❡♥❡r❛t♦r ♦❢ t❤❡ ❈❛rt❛♥ s✉❜❛❧❣❡❜r❛ ❛♥❞ t❤❡♥ ✉s✐♥❣ t❤❡
❏❛❝♦❜✐ ✐❞❡♥t✐t②✳ ❚❤✐s ❝♦♠♣✉t❛t✐♦♥ ❝❛♥ ❛❧s♦ ❜❡ ✉s❡❞ t♦ ♣r♦✈❡ t❤❡ ❧❛st ❡q✉❛t✐♦♥✱

✼✺



✉♣ t♦ s♦♠❡ ❝❤♦✐❝❡ ♦❢ ♥♦r♠❛❧✐③❛t✐♦♥ ❢♦r t❤❡ Hi✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ❛♥❞ ✇✐t❤♦✉t ❧♦ss
♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❝❛♥ ❛ss✉♠❡ ✇❡ ❛r❡ ✇♦r❦✐♥❣ ✇✐t❤ s♦♠❡ ♠❛tr✐① r❡♣r❡s❡♥t❛t✐♦♥
♦❢ t❤❡ ❛❧❣❡❜r❛ s✉❝❤ t❤❛t

([Hi, Eα])
†
= (αiEα)

†

⇔ − [H†
i , E

†
α] = α∗

iE
†
α

⇔ [H†
i , E−α] = −α∗

iE−α . ✭✸✳✸✶✮

✇❤❡r❡ ✇❡ ❝❤♦s❡ E†
α = E−α✳ ❚❤✐s ✐♥ t✉r♥s ✐♠♣❧② t❤❛t ✐❢ Hi ✐s ❤❡r♠✐t✐❛♥ t❤❡♥

t❤❡ α✬s ❛r❡ r❡❛❧✱ ❛♥❞ ✐❢ Hi ✐s ❛♥t✐❤❡r♠✐t✐❛♥ t❤❡♥ t❤❡ α✬s ❛r❡ ♣✉r❡ ✐♠❛❣✐♥❛r②✳ ❲❡
❝❤♦♦s❡ t❤❡ ❧❛tt❡r ❢♦r t❤❡ r❡st ♦❢ t❤❡ ♣r♦♦❢✳ ❚❤✐s ✐s ♦✉r r❡❛❧✐t② ❝♦♥❞✐t✐♦♥ t❤❛t ✇✐❧❧
❡♥s✉r❡ t❤❛t t❤❡ ♣♦t❡♥t✐❛❧ ✐s r❡❛❧✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ❝❛♥ ✜① ♦✉r r❡❛❧✐t② ❝♦♥❞✐t✐♦♥ ❢♦r
t❤❡ ♦t❤❡r ❝♦♠♠✉t❛t♦rs t♦ ❜❡

[Eα, Eβ ]
† = (Nαβ Eα+β)

†

−[E−α, E−β ] = N∗
αβ E−α−β

[E−α, E−β ] = −N∗
αβ E−α−β ✭✸✳✸✷✮

✇❤❡r❡ t❤❡ st❡♣ ❢r♦♠ t❤❡ ✜rst t♦ t❤❡ s❡❝♦♥❞ ❧✐♥❡ ✐s ♠❛❞❡ ❜② ✉s✐♥❣ E†
α = E−α✳ ❚❤✐s

✐♠♣❧✐❡s t❤❡ r❡❧❛t✐♦♥ N∗
αβ = −N(−α)(−β)✳ ▲❛st❧②✱ ✇❡ ❛ss✉♠❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛

❚r❛❝❡ ♦♥ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥✱ ♠❛t❝❤✐♥❣ t❤❡ ❑✐❧❧✐♥❣ ❢♦r♠✱ ✇✐t❤ t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥

❚r (EαEβ) = Cδα+β,0 , ✭✸✳✸✸✮

❚r (HiHj) = Cδij . ✭✸✳✸✹✮

❲❡ ❛❧s♦ ❤❛✈❡ t❤❡ ❝♦♥s✐st❡♥❝② ❝♦♥❞✐t✐♦♥

❚r ([Eα, Eβ ]Eγ) = CNαβ , ✭✸✳✸✺✮

✇❤❡r❡ ✇❡ ❞❡✜♥❡ γ = −(α + β)✳ ❯s✐♥❣ t❤❡ ❢❛❝t t❤❛t t❤❡ tr❛❝❡ ✐s ✐♥✈❛r✐❛♥t ❜②
❝②❝❧✐❝ ♣❡r♠✉t❛t✐♦♥s ✐t ✐♠♣❧✐❡s t❤❡ r❡❧❛t✐♦♥

Nαβ = Nβγ = Nγα . ✭✸✳✸✻✮

✸✳✸ ❚❤❡ ▼❛ss ▼❛tr✐①

❖✉r st❛rt✐♥❣ ♣♦✐♥t ✐s t❤❡ ♠❛ss ♠❛tr✐① ❢♦r t❤❡ ♣♦t❡♥t✐❛❧ ❢♦✉♥❞ ✐♥ ✭✸✳✸✼✮✳ ■♥ ♦r❞❡r
t♦ ❧✐♠✐t t❤❡ ❢❛❝t♦rs ♦❢ ✐ ✇❡ ✇r✐t❡ ✐t ✐♥ t❤❡ ❛♥t✐❤❡r♠✐t✐❛♥ ❝♦♥✈❡♥t✐♦♥

δ2V
2M2

= ❚r(δφ3)2 − g

M
❚r
([

δφ1, φ20
]

δφ3 +
[

φ10, δφ
2
]

δφ3
)

+
g2

M2
❚r
(

[

δφ1, φ20
]2

+
[

δφ2, φ10
]2

+
[

δφ3, φ10
]2

+
[

δφ3, φ20
]2

+ 2
[

δφ1, φ20
] [

φ10, δφ
2
]

)

, ✭✸✳✸✼✮

✼✻



❙✐♥❝❡ t❤❡ ♣♦t❡♥t✐❛❧ ✐s r❡❛❧✱ t❤❡ ✜❡❧❞s ♠✉st ❛❧s♦ ♦❜❡② s♦♠❡ r❡❛❧✐t② ❝♦♥❞✐t✐♦♥s✿

(

δφI
)†

= −δφI

⇔
(

δφIi
)∗
H†

i +
(

δφIα
)∗
E†

α = −δφI

⇔ −
(

δφIi
)∗
Hi +

(

δφIα
)∗
E−α = −δφI ✭✸✳✸✽✮

✇❤✐❝❤ ✐♠♣❧✐❡s
(

δφIi
)∗

= δφIi ❛♥❞
(

δφIα
)∗

= −δφI(−α) ✭✸✳✸✾✮

❲❡ ♥♦✇ ❞❡✈❡❧♦♣ t❤❡ ✜❡❧❞s ✉s✐♥❣ t❤❡ ❜❛s✐s ♦❢ ✸✳✷✳✶✳ ❚❤❡ ✈❛❝✉✉♠ ❝♦♥❞✐t✐♦♥ ❢♦r
t❤❡ ✜❡❧❞s φ1,20 ❝❛♥ ❜❡ ❢✉❧✜❧❧❡❞ ✐❢ ✇❡ t❛❦❡ t❤❡♠ t♦ ❜❡ ✐♥ t❤❡ ❈❛rt❛♥ s✉❜❛❧❣❡❜r❛✿

δφI = δφIiHi + δφIαEα ✭✸✳✹✵✮

φ1,20 = φ1,2i0 Hi .

■♥ t❤✐s ❜❛s✐s✱ t❤❡ ♠❛ss ♠❛tr✐① r❡❛❞s

δ2V
2M2

=
(

δφ3αδφ3β − 2
g

M

(

−αiφ
2i
0 δφ

1αδφ3β + αiφ
1i
0 δφ

2αδφ3β
)

✭✸✳✹✶✮

+
g2

M2

(

αiφ
2i
0 βjφ

2j
0 δφ

1αδφ1β + αiφ
1i
0 βjφ

1j
0 δφ

2αδφ2β

+ αiφ
1i
0 βjφ

1j
0 δφ

3αδφ3β + αiφ
2i
0 βjφ

2j
0 δφ

3αδφ3β

− 2αiφ
1i
0 βjφ

2j
0 δφ

2αδφ1β
))

Cδα+β,0 +
(

δφ3iδφ3j
)

Cδij

■♥ ♦r❞❡r ♥♦t t♦ ❝❧✉tt❡r t❤❡ ♥♦t❛t✐♦♥✱ ✇❡ ♥♦✇ ✇r✐t❡

b
(α)
I ≡ g

M
αiφ

Ii
0 . ✭✸✳✹✷✮

❲❡ r❡✇r✐t❡ t❤❡ ♠❛ss t❡r♠ ❛s ❛ t❤❡ s❝❛❧❛r ♣r♦❞✉❝t

δ2V
2M2

= (δφ)
† Mδφ ✭✸✳✹✸✮

❛♥❞ ❞❡✜♥❡ δφtr =
(

δφ1α1 , δφ2α1 , . . . , δφ3αn , . . . , δφ1i, . . .
)

s✉❝❤ t❤❛t t❤❡ αn ❛r❡
♦r❣❛♥✐③❡❞ ❜② ♣❛✐rs ♦❢ ♦♣♣♦s✐t❡ r♦♦ts✳ ❚❤❡ ♠❛tr✐① M t❛❦❡s t❤❡ ❢♦r♠

M =

















CAα1

CA∗
α1

✳ ✳ ✳

CJi
✳ ✳ ✳

















✭✸✳✹✹✮

✇❤❡r❡ Aα ✐s ❛ 3 × 3 ♠❛tr✐①✳ ❚❤❡ ✜rst ❞♦ts r❡♣r❡s❡♥t t❤❡ ♦t❤❡r r♦♦ts ✭✇✐t❤ t❤❡
s❛♠❡ str✉❝t✉r❡✮✳ ❚❤❡ ♠❛tr✐① Ji ✐s ❛❧s♦ ❛ 3 × 3 ♠❛tr✐① ❛❧♦♥❣ t❤❡ Hi ❞✐r❡❝t✐♦♥
❛♥❞ t❛❦❡s t❤❡ ❢♦r♠

Ji = E33 ✭✸✳✹✺✮

✼✼



✇✐t❤ Eij t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s ♦❢ 3×3 ♠❛tr✐❝❡s✳ ❯s✐♥❣ t❤❡ ❢❛❝t t❤❛t b
(−α)
I = −b(α)I ✱

✇❡ ✜♥❞ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ♠❛tr✐① Aα

Aα =





−(bα2 )
2 bα1 b

α
2 bα2

bα1 b
α
2 −(bα1 )

2 −bα1
−bα2 bα1 1− (bα1 )

2 − (bα2 )
2



 . ✭✸✳✹✻✮

❆s ❡①♣❡❝t❡❞✱ M ✐s ❤❡r♠✐t✐❛♥ ✭s✐♥❝❡ b
(α)
I ✐s ♣✉r❡ ✐♠❛❣✐♥❛r②✮✳ ❚❤✐s ♠❛tr✐① ❝❛♥ ❜❡

❞✐❛❣♦♥❛❧✐③❡❞ ✇✐t❤ ❡✐❣❡♥✈❛❧✉❡s

0 ,
1

2

(

1− 2
(

(bα1 )
2 + (bα2 )

2)
)

±
√

1− 4
(

(bα1 )
2 + (bα2 )

2)
)

)

. ✭✸✳✹✼✮

❲r✐t✐♥❣ ❡①♣❧✐❝✐t❧② t❤❡ ✐♠❛❣✐♥❛r② ✉♥✐t ✐♥ t❤❡ r♦♦ts α✱ ✇❡ r❡❝♦✈❡r t❤❡ ❡①♣r❡ss✐♦♥s
❢♦r t❤❡ ♠❛ss❡s ❞❡r✐✈❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✶✿

0 , (m±
α )

2 =
1

2

(

1 + 2
(

(bα1 )
2 + (bα2 )

2)
)

±
√

1 + 4
(

(bα1 )
2 + (bα2 )

2)
)

)

. ✭✸✳✹✽✮

✇❤❡r❡ t❤✐s ❡①♣r❡ss✐♦♥ ✐s t♦ ❜❡ ✉♥❞❡rst♦♦❞ ✇✐t❤ αi ∈ R✱ ✇❤✐❝❤ ✇❡ ✇✐❧❧ ❝♦♥t✐♥✉❡
t♦ ✉s❡ ❢♦r t❤❡ r❡st ♦❢ t❤✐s s❡❝t✐♦♥✳

❚❤❡ ❞✐❛❣♦♥❛❧✐③❛t✐♦♥ ♦❢ Aα ❝❛♥ ❜❡ ❞♦♥❡ ❡①♣❧✐❝✐t❧②✳ ❲❡ ❞❡✜♥❡ P s✉❝❤ t❤❛t

Aα = P†
αDαPα ❛♥❞ P †

αPα = PαP
†
α = I, ✭✸✳✹✾✮

✇✐t❤

Dα =





(m−
α )

2 0 0
0 0 0
0 0 (m+

α )
2



 , ✭✸✳✺✵✮

Pα =





−i cos(θ) cos(ν) i cos(θ) sin(ν) sin(θ)
i sin(ν) i cos(ν) 0

i sin(θ) cos(ν) −i sin(θ) sin(ν) cos(θ) .



 ✭✸✳✺✶✮

❚❤❡ s✐♥❡s ❛♥❞ ❝♦s✐♥❡s ❛r❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ✈❛❝✉✉♠ ♣❛r❛♠❡t❡rs ❛s

cos(ν) =
1

√

∣

∣

∣

b1
b2

∣

∣

∣

2 + 1

, ✭✸✳✺✷✮

cos(θ) =

√

1 + 2b21 + 2b22 +
√

1 + 4b21 + 4b22

1 + 4b21 + 4b22 +
√

1 + 4b21 + 4b22
. ✭✸✳✺✸✮

❲❡ ❞r♦♣ t❤❡ α ✐♥❞❡① ❢♦r ❝❧❛r✐t②✱ ❜✉t ✐t s❤♦✉❧❞ ❜❡ ❡♠♣❤❛s✐③❡❞ t❤❛t t❤❡ ❛♥❣❧❡s
❞❡♣❡♥❞ ❡①♣❧✐❝✐t❧② ♦♥ t❤❡ r♦♦t ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥✳

▲❛st❧②✱ ✇❡ ✇✐❧❧ ♠❛❦❡ ✉s❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❢ t✇♦ s✐♠♣❧❡ r❡❧❛t✐♦♥ ❢♦r t❤❡ ♠❛✲
tr✐❝❡s Aα ❛♥❞ Pα

A−α = A∗
α ❛♥❞ P−α = (Pα)

∗ . ✭✸✳✺✹✮

✼✽



❖✉r ❛♥❛❧②s✐s s❤♦✇s t❤❛t t❤❡ ❞✐❛❣♦♥❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♠❛ss ♠❛tr✐① ❝❛♥ ❜❡ ❞♦♥❡
✐♥ ❣❡♥❡r❛❧ ❣✐✈❡♥ t❤❡ ❛♣♣r♦♣r✐❛t❡ ❜❛s✐s ❢♦r t❤❡ ▲✐❡ ❛❧❣❡❜r❛✳ ❚❤❡ r❡s✉❧t✐♥❣ ♠❛ss❡s
❛r❡ ❣✐✈❡♥ ✐♥ ✭✸✳✹✽✮ ❢♦r ❛ ❣✐✈❡♥ r♦♦t ✈❡❝t♦r✳ ❆❧♦♥❣ t❤✐s ❞✐r❡❝t✐♦♥✱ t✇♦ ✜❡❧❞s
❜❡❝♦♠❡ ♠❛ss✐✈❡ ✇✐t❤ ♠❛ss❡s m2

±✱ ✇❤✐❧❡ ♦♥❡ r❡♠❛✐♥ ♠❛ss❧❡ss✳ ❚❤✐s ♠❛ss❧❡ss
❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ ✐s ❛❝t✉❛❧❧② t❤❡ ♦♥❡ ✉s❡❞ ❢♦r t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ♣♦❧❛r✐③❛t✐♦♥ ♦❢
t❤❡ ❛ss♦❝✐❛t❡❞ ❜r♦❦❡♥ ❣❛✉❣❡ ❜♦s♦♥✳ ❚♦ s❡❡ t❤✐s✱ ❝♦♥s✐❞❡r t❤❡ ♠❛ss t❡r♠ ❝♦♠✐♥❣
❢r♦♠ t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ t❤❡ s❝❛❧❛rs t♦ t❤❡ ❣❛✉❣❡✱ ❛♥❞ ✇r✐t❡ ✐t t❤❡ ❈❛rt❛♥✲❲❡②❧
❜❛s✐s✿

g2❚r
(

[φI0, Aµ]
2
)

=g2ηµνφIi0 A
α
µφ

Ij
0 A

β
ν❚r ([Hi, Eα][Hj , Eβ ]) ✭✸✳✺✺✮

=g2Cηµναiφ
Ii
0 A

α
µβjφ

Ij
0 A

β
ν δα+β,0

=M2Cηµνb(α)I b
(β)
I Aα

µA
β
ν δα+β,0 .

❚❤❡r❡❢♦r❡ t❤❡ ♠❛ss❡ ❢♦r t❤❡ ❜♦s♦♥ ✐♥ t❤❡ α ❞✐r❡❝t✐♦♥ ✐s

(mα
gauge)

2 =M2b
(α)
I b

(α)
I . ✭✸✳✺✻✮

■❢ t❤❡ ❞✐r❡❝t✐♦♥ ✐s ❧❡❢t ✉♥t♦✉❝❤❡❞ ❜② t❤❡ ✈❛❝✉✉♠✱ ✇❡ ❤❛✈❡ bαI = 0 ❛♥❞ t❤❡
❜♦s♦♥ r❡♠❛✐♥s ♠❛ss❧❡ss✳ ❋♦r ♥♦♥ ③❡r♦ bαI ✱ t❤❡ ❜♦s♦♥ ❜❡❝♦♠❡s ♠❛ss✐✈❡✱ ❛♥❞ t❤❡
❧♦♥❣✐t✉❞✐♥❛❧ ♣♦❧❛r✐③❛t✐♦♥ ✐s ❣✐✈❡♥ ❜② t❤❡ ♠❛ss❧❡ss s❝❛❧❛r ✐♥ t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥✱
♠❛❦✐♥❣ ✐t ❡✛❡❝t✐✈❡❧② ❞r♦♣ ♦✉t ♦❢ t❤❡ s♣❡❝tr✉♠✳

❙♦ ❢♦r ❡❛❝❤ r♦♦t α ✇✐t❤ ♥♦♥✲③❡r♦ bαI ✱ ✇❡ ❤❛✈❡ t✇♦ ♠❛ss✐✈❡ s❝❛❧❛r ❞❡❣r❡❡s ♦❢
❢r❡❡❞♦♠✱ ❛♥❞ ❛ ♠❛ss✐✈❡ ❜r♦❦❡♥ ❣❛✉❣❡ ❜♦s♦♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❞❡❣r❡❡s ♦❢
❢r❡❡❞♦♠ ✉♥t♦✉❝❤❡❞ ❜② t❤❡ ✈❛❝✉✉♠✱ ♠❡❛♥✐♥❣ t❤❡ r♦♦ts α s✉❝❤ t❤❛t bαI = 0 ❛♥❞
t❤❡ Hi ❞✐r❡❝t✐♦♥s ♦❢ t❤❡ ❈❛rt❛♥ s✉❜❛❧❣❡❜r❛✱ st✐❧❧ ❤❛✈❡ ❡❛❝❤ t✇♦ ♠❛ss❧❡ss ❞❡❣r❡❡s
♦❢ ❢r❡❡❞♦♠ ❝♦♠✐♥❣ ❞✐r❡❝t❧② ❢r♦♠ φ1 ❛♥❞ φ2✱ ❛♥❞ ❛ ♠❛ss✐✈❡ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ ♦❢
♠❛ss M2 = ❢

2 ❝♦♠✐♥❣ ❢r♦♠ φ3✳ ❚❤❡ r❡s✉❧ts ❛r❡ s✉♠♠❡❞ ✉♣ ✐♥ ❚❛❜❧❡ ✸✳✶✳

❙♣✐♥ ▼❛ss2 ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ Gresidual ●❡♥❡r❛t♦rs ✐♥ g

φ1 ✵ ✵ ❆❞❥♦✐♥t Hi ❛♥❞ Eα ✭bαI = 0✮
φ2 ✵ ✵ ❆❞❥♦✐♥t Hi ❛♥❞ Eα ✭bαI = 0✮
ρ ✵ ❢

2 ❆❞❥♦✐♥t Hi ❛♥❞ Eα ✭bαI = 0✮
H1 ✵ (m−

α )
2 ❉❡♣❡♥❞s ♦♥ ❜r❡❛❦✐♥❣ Eα ✭bαI 6= 0✮

H2 ✵ (m+
α )

2 ❉❡♣❡♥❞s ♦♥ ❜r❡❛❦✐♥❣ Eα ✭bαI 6= 0✮
Aµ ✶ ✵ ❆❞❥♦✐♥t ✭❣❛✉❣❡ ✜❡❧❞s✮ Hi ❛♥❞ Eα ✭bαI = 0✮
Xµ ✶ (mα

gauge)
2 ❉❡♣❡♥❞s ♦♥ ❜r❡❛❦✐♥❣ Eα ✭bαI 6= 0✮

❚❛❜❧❡ ✸✳✶✿ ▲✐st ♦❢ t❤❡ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ✜❡❧❞s ❛❢t❡r s②♠♠❡tr② ❜r❡❛❦✐♥❣✳ Gresidual

✐s t❤❡ ♥❡✇ ❣❛✉❣❡ ❣r♦✉♣ ❛❢t❡r t❤❡ s②♠♠❡tr② ❜r❡❛❦✐♥❣✱ ❛♥❞ g ❞❡♥♦t❡s t❤❡ ▲✐❡
❛❧❣❡❜r❛ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♦r✐❣✐♥❛❧ ❣❛✉❣❡ ❣r♦✉♣ G✳ ❚❤❡r❡ ♠❛② ❜❡ ♥✉♠❡r♦✉s
✜❡❧❞s H1✱ H2 ❛♥❞ Xµ✱ t❤❡ ♥✉♠❜❡r ♦❢ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ ✐♥ ❛ r❡♣r❡s❡♥t❛t✐♦♥

❞❡♣❡♥❞s ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ❞✐r❡❝t✐♦♥s ✇✐t❤ ✐❞❡♥t✐❝❛❧ (b
(α)
I )2✳ ❙♦ ✇❡ ❝♦✉❧❞ ❤❛✈❡

s❡✈❡r❛❧H1✲t②♣❡ ✜❡❧❞s✱ ✇✐t❤ ❞✐✛❡r❡♥t ♠❛ss❡s (m−
α1
)2✱ (m−

α2
)2✱ ✳ ✳ ✳ ❛♥❞ ✐♥ ❞✐✛❡r❡♥t

r❡♣r❡s❡♥t❛t✐♦♥s✳

❚❤✐s ✐s ♦✉r t❤❡♦r② ❛❢t❡r s②♠♠❡tr② ❜r❡❛❦✐♥❣ ❛t t❤❡ ❝❧❛ss✐❝❛❧ ❧❡✈❡❧✳ ❚❤❡ ❣❡♥❡r✐❝
❢❡❛t✉r❡s✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❣❛✉❣❡✱ ❛r❡ t❤❡ ❛❞❥♦✐♥t s❝❛❧❛r ✜❡❧❞s✱ ✇❤✐❝❤ ✇❡r❡

✼✾



❡①♣❡❝t❡❞ t♦ ❛♣♣❡❛r ❜❡❝❛✉s❡ ♦❢ t❤❡ ❛❞❥♦✐♥t s❝❛❧❛rs t❤❡② ❝♦♠❡ ❢r♦♠✳ ❲❡ ❤❛✈❡ t❤❡
H− ✜❡❧❞s ✇❤♦s❡ ♠❛ss❡s ❣♦ t♦ ③❡r♦ ✇❤❡♥ t❤❡ ✈❛❝✉✉♠ ♣❛r❛♠❡t❡rs ❛r❡ t❛❦❡♥ t♦
❜❡ s♠❛❧❧✱ t❤❡ H+ ✜❡❧❞s ✇❤♦s❡ ♠❛ss❡s ❣♦ t♦ M2 = ❢

2 ✐♥ t❤❡ s❛♠❡ ❧✐♠✐t✱ ❛♥❞ t❤❡
❜r♦❦❡♥ ❜♦s♦♥ Xµ✳ ❆ ♥❛t✉r❛❧ q✉❡st✐♦♥ ❛t t❤✐s ♣♦✐♥t ✐s ❤♦✇ ✐s t❤❡ ♠❛ss ❤✐❡r❛r❝❤②
♠♦❞✐✜❡❞ ✇❤❡♥ ❧♦♦♣ ❡✛❡❝ts ❛r❡ ❝♦♥s✐❞❡r❡❞✳ ❚♦ ❛♥s✇❡r t❤✐s✱ ✇❡ ❤❛✈❡ t♦ ❦♥♦✇ t❤❡
♣♦t❡♥t✐❛❧ ✐♥ t❤❡ ❜r♦❦❡♥ ♣❤❛s❡ ♦❢ t❤❡ t❤❡♦r②✱ s♦ ✇❡ ♥♦✇ t✉r♥ ♦✉r ❛tt❡♥t✐♦♥ t♦ t❤✐s
✐ss✉❡✳

✸✳✹ ❚❤❡ ❝♦✉♣❧✐♥❣ t❡r♠s

❚❤❡ st✉❞② ♦❢ t❤❡ ❞✐✛❡r❡♥t ❝♦✉♣❧✐♥❣ t❡r♠s ✇✐❧❧ ❜❡ s♣❧✐t ✐♥t♦ t✇♦ ♣❛rts✳
❋✐rst ✇❡ ✇✐❧❧ st✉❞② t❤❡ s❝❛❧❛r ♣♦t❡♥t✐❛❧✱ tr❡❛t✐♥❣ ✜rst t❤❡ tr✐❧✐♥❡❛r t❡r♠ t❤❡♥ t❤❡
q✉❛rt✐❝ ♦♥❡✳ ❖♥❝❡ ❞♦♥❡ ✇❡ ✇✐❧❧ ♠♦✈❡ ♦♥ t♦ t❤❡ st✉❞② ♦❢ t❤❡ ❝♦✉♣❧✐♥❣ t❡r♠s ✇✐t❤
t❤❡ ❜r♦❦❡♥ ❣❛✉❣❡ ❜♦s♦♥✱ ✇❤❡r❡ ✇❡ ✇✐❧❧ ❢♦❧❧♦✇ t❤❡ s❛♠❡ ❛♣♣r♦❛❝❤✳ ❖✉r ❣♦❛❧ ✐s t♦
♦r❣❛♥✐③❡ t❤❡ t❡r♠s ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ❛ s②st❡♠❛t✐❝ ❛♣♣r♦❛❝❤ ❢♦r ❛♥② ❣❛✉❣❡ ❣r♦✉♣
✐s ♣♦ss✐❜❧❡✱ s✐♠♣❧✐❢②✐♥❣ ❡①♣r❡ss✐♦♥s ✐♥ ♦r❞❡r t♦ ♠❛❦❡ ♣r❛❝t✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥s ❛s
str❛✐❣❤t ❢♦r✇❛r❞ ❛s ♣♦ss✐❜❧❡✳

✸✳✹✳✶ ❚❤❡ ❚r✐❧✐♥❡❛r t❡r♠

❍❛✈✐♥❣ ❢♦✉♥❞ t❤❡ ♠❛ss ❜❛s✐s ❢♦r t❤❡ s②st❡♠✱ ✇❡ ❝❛♥ ♥♦✇ ✇r✐t❡ t❤❡ ♣♦✲
t❡♥t✐❛❧ ✐♥ t❤❡ ♥❡✇ ❜❛s✐s ✉s✐♥❣ t❤❡ ♠❛tr✐① Pα✳ ❲❡ st❛rt ✇✐t❤ t❤❡ tr✐❧✐♥❡❛r t❡r♠
❣✐✈❡♥ ✐♥ ✭✸✳✷✮✿

❚r([φ1, φ2]φ3) =
ǫIJK
3!

❚r
(

[φI , φJ ]φK
)

=
ǫIJK
3!

(

φIαφJβφKγ❚r ([Eα, Eβ ]Eγ)

+ φIαφJβφKi❚r ([Eα, Eβ ]Hi)

+ φIiφJβφKγ❚r ([Hi, Eβ ]Eγ)

+ φIαφJiφKγ❚r ([Eα, Hi]Eγ)
)

✭✸✳✺✼✮

❚❤❡ ❧❛st t❤r❡❡ t❡r♠s t❛❦❡ s✐♠✐❧❛r ❡①♣r❡ss✐♦♥s✱

❚r([φ1, φ2]φ3) = Nαβ

ǫIJK
3!

φIαφJβφKγδα+β+γ,0

+ 3iαi

ǫIJK
3!

φIiφJαφKβδα+β,0 ✭✸✳✺✽✮

✇❤❡r❡ αi ∈ R ❛s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞✳ ❲❡ ♥♦✇ ✉s❡ t❤❡ ❢❛❝t t❤❛t

φIα = (P †
α)

I
I′ φ̃I

′α , ✭✸✳✺✾✮

❛♥❞ ❞❡✜♥❡ t❤❡ t❡♥s♦r

TI′α,J ′β,K′γ ≡ ǫIJK(P †
α)

I
I′(P

†
β)

J
J ′(P †

γ )
K
K′ . ✭✸✳✻✵✮

✽✵



■♥ ♦r❞❡r t♦ ❦❡❡♣ ❡①♣r❡ss✐♦♥s ❝♦♠♣❛❝t✱ ✇❡ ❝❛♥ ❡①t❡♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❛❜♦✈❡
t❡♥s♦r t♦ t❤❡ ❈❛rt❛♥ s✉❜❛❧❣❡❜r❛ ❜② ❛❞❞✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥ P †

i = I ❢♦r i ❛ ❞✐r❡❝t✐♦♥
✐♥ t❤❡ ❈❛rt❛♥ s✉❜❛❧❣❡❜r❛ ✭❛❧♦♥❣ Hi✮✳ ❙♦ t❤❡ tr✐❧✐♥❡❛r t❡r♠ ✐s

❚r([φ1, φ2]φ3) =
1

3!
NαβTIα,Jβ,Kγ φ̃

Iαφ̃Jβφ̃Kγδα+β+γ,0

+
1

2
iαiTIα,Jβ,Kiφ̃

Iαφ̃Jβφ̃Kiδα+β,0 ✭✸✳✻✶✮

❚❤❡ s❡❝♦♥❞ ❧✐♥❡ ❝❛♥ ❜❡ ❢✉rt❤❡r s✐♠♣❧✐✜❡❞✳ ❚❤❡ s✉♠ ✐s ♦✈❡r ❛❧❧ t❤❡ r♦♦ts ✭α,−α, . . . ✮
❛♥❞ β ✐s ✜①❡❞ t♦ ❜❡ t❤❡ ♦♣♣♦s✐t❡ ♦❢ α✱ s♦ ✇❡ ❤❛✈❡ t❤❡ t❡r♠s

αiTIα,J(−α),Kiφ̃
Iαφ̃J(−α) ❛♥❞ − αiTI(−α),Jα,Kiφ̃

I(−α)φ̃Jα . ✭✸✳✻✷✮

❚❛❦✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r T ✱ ✇❡ ♦❜s❡r✈❡

TI(−α),Jα,Ki =
1

3!
ǫI′J ′K(P †

−α)
I′

I(P
†
α)

J′

J

=− 1

3!
ǫJ′I′K(P †

α)
J ′

J(P
†
−α)

I′

I

=− TJα,I(−α),Ki . ✭✸✳✻✸✮

❆♥❞ s♦✱ ✉♣ t♦ ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ I, J ✐♥❞✐❝❡s✱ ✇❡ s❡❡ t❤❛t t❤♦s❡ t✇♦ t❡r♠s ❛r❡
❛❝t✉❛❧❧② t❤❡ s❛♠❡✳ ❚❤❡ s❡❝♦♥❞ ❧✐♥❡ t❛❦❡s t❤❡ s✐♠♣❧❡ ❢♦r♠

−
∑

α+

iαiTIα,J(−α),Kiφ̃
Iα(φ̃Jα)∗φ̃Ki ✭✸✳✻✹✮

✇❤❡r❡ t❤❡ s✉♠ ✐s t❛❦❡♥ ♦✈❡r ❡❛❝❤ ♣♦s✐t✐✈❡ r♦♦t✳ ◆♦✇ ✇❡ ❛r❡ ❧❡❢t ✇✐t❤ t❤❡ t❛s❦
♦❢ ❛❝t✉❛❧❧② ❝♦♠♣✉t✐♥❣ t❤❡ t❡♥s♦r T ✳ ❲❡ ✜rst ♥♦t❡

TIα,J(−α),Ki =ǫI′J′K′(P †
α)

I′

I(P
†
−α)

J ′

JI
K′

K

=ǫI′J′K(P †
α)

I′

I(P
∗

α )†J
′

J

=ǫI′J ′K(P †
α)

I′

I(P
T
α )J

′

J

≡T αi
IJK ✭✸✳✻✺✮

✽✶



✇❤❡r❡ t❤❡ ❧❛st ❧✐♥❡ ✐s ❥✉st t♦ ♠❛❦❡ t❤❡ ♥♦t❛t✐♦♥ ♠♦r❡ ❡✈✐❞❡♥t✳ ❚❤❡ ♥♦♥✲③❡r♦
❡♥tr✐❡s ❢♦r t❤❡ t❡♥s♦r T ❛r❡

T αi
323 = sin(θ)

T αi
233 = sin(θ)

T αi
213 = −i cos(θ)

T αi
123 = i cos(θ)

T αi
111 = sin(2θ) sin(ν)

T αi
212 = sin(θ) sin(ν)

T αi
122 = sin(θ) sin(ν)

T αi
321 = −i cos(θ) cos(ν)

T αi
231 = i cos(θ) cos(ν)

T αi
312 = i cos(2θ) cos(ν)

T αi
132 = −i cos(2θ) cos(ν)

T αi
211 = − cos(ν) sin(θ)

T αi
311 = i cos(2θ) sin(ν)

T αi
121 = − cos(ν) sin(θ)

T αi
131 = −i cos(2θ) sin(ν)

T αi
331 = −2 cos(θ) sin(θ) sin(ν)

T αi
112 = cos(ν) sin(2θ)

T αi
322 = i cos(θ) sin(ν)

T αi
232 = −i cos(θ) sin(ν)

T αi
332 = −2 cos(θ) cos(ν) sin(θ) . ✭✸✳✻✻✮

❖❢ ❝♦✉rs❡✱ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ α ✐s t❤r♦✉❣❤ t❤❡ ❛♥❣❧❡s θ ❛♥❞ ν ❛s ❞❡✜♥❡❞ ✐♥
✭✸✳✺✷✮✳ ❲❡ ♥♦✇ t✉r♥ t♦ t❡r♠s ❝♦✉♣❧✐♥❣ t❤❡ r♦♦ts ✇✐t❤ ❡❛❝❤ ♦t❤❡r✳ ❲❡ st❛rt ❜②
st✉❞②✐♥❣ t❤❡ tr✐❧✐♥❡❛r t❡r♠

1

3!
NαβTIα,Jβ,Kγ φ̃

Iαφ̃Jβφ̃Kγ ✭✸✳✻✼✮

▲❡t ✉s ✜① t❤r❡❡ r♦♦ts α✱ β ❛♥❞ γ s✉❝❤ t❤❛t

γ = −(α+ β) ✭✸✳✻✽✮

❋✐rst t❤❡r❡ ✐s ❛❧s♦ ❛ t❡r♠

1

3!
NβαTIβ,Jα,Kγ φ̃

Iβφ̃Jαφ̃Kγ ✭✸✳✻✾✮

❯s✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s Nαβ = −Nβα ❛♥❞ TIβ,Jα,Kγ = −TJα,Iβ,Kγ ✱ ✇❡ s❡❡ t❤❛t
t❤♦s❡ t✇♦ t❡r♠s ❛r❡ t❤❡ s❛♠❡ ✭✉♣♦♥ r❡♥❛♠✐♥❣ t❤❡ ❞✉♠♠② ✐♥❞✐❝❡s I ↔ J✮✳ ❙♦

✽✷



✇❡ ❝❛♥ ❢✉rt❤❡r s✐♠♣❧✐❢② t❤❡ ❡①♣r❡ss✐♦♥ ❜② ❛❞❞✐♥❣ ❛ ❢❛❝t♦r ♦❢ ✷ ❛♥❞ ❝♦✉♥t✐♥❣ ♣❛✐rs
♦❢ r♦♦ts ♦♥❧② ♦♥❝❡✳

■♥ t❤❡ s✉♠ t❤❡r❡ ✐s ❛♥ ❛❞❞✐t✐♦♥❛❧ t❡r♠ ✐♥✈♦❧✈✐♥❣ t❤❡ ♦♣♣♦s✐t❡ r♦♦ts✳

1

3
N(−α)(−β)TI(−α),J(−β),K−(γ)φ̃

I(−α)φ̃J(−β)φ̃K(−γ)

=
1

3
N∗

αβT ∗
Iα,Jβ,Kγ(φ̃

Iα)∗(φ̃Jβ)∗(φ̃Kγ)∗ ✭✸✳✼✵✮

✇❤✐❝❤ ✐s t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡ ♦❢ t❤❡ ✜rst t❡r♠✳ ❆❞❞✐t✐♦♥❛❧❧② ✇❡ ❝❛♥ ✐♥✈❡rt
t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ r♦♦ts t♦ ♦❜t❛✐♥ ❛❞❞✐t✐♦♥❛❧ t❡r♠s ✐♥✈♦❧✈✐♥❣ t❤♦s❡ t❤r❡❡
r♦♦ts ✭❛♥❞ t❤❡✐r ♦♣♣♦s✐t❡✮

β = −(α+ γ) ✭✸✳✼✶✮

α = −(β + γ) ✭✸✳✼✷✮

❆❧❧ ✐♥ ❛❧❧✱ ❢♦r t❤r❡❡ ✜①❡❞ r♦♦ts✱ t❤❡ r❡❧❛t❡❞ t❡r♠s ❛r❡

1

3
NαβTIα,Jβ,Kγ φ̃

Iαφ̃Jβφ̃Kγ + ❝✳❝✳

+
1

3
NγαTIγ,Jα,Kβφ̃

Iγ φ̃Jαφ̃Kβ + ❝✳❝✳

+
1

3
NβγTIβ,Jγ,Kαφ̃

Iγ φ̃Jβφ̃Kα + ❝✳❝✳ ✭✸✳✼✸✮

◆♦✇ ✇❡ ❝❛♥ ✉s❡ t❤❡ ❢❛❝t t❤❛t Nαβ = Nγα = Nβγ ❢r♦♠ s❡❝t✐♦♥ ✸✳✷✳✶✳ ❘❡❧❛✲
❜❡❧✐♥❣ t❤❡ I, J,K ✐♥❞✐❝❡s ❛♥❞ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t T ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r ❝②❝❧✐❝
♣❡r♠✉t❛t✐♦♥s✱ ✇❡ ❛rr✐✈❡ ❛t t❤❡ s✐♠♣❧❡ t❡r♠

NαβTIα,Jβ,Kγ φ̃
Iαφ̃Jβφ̃Kγ + c.c. ✭✸✳✼✹✮

✇❤❡r❡ ✇❡ ❤❛✈❡ t♦ ❝♦♥s✐❞❡r ♦♥❡ tr✐♣❧❡t ❢♦r t❤❡ r♦♦ts ♦♥❧② ♦♥❝❡✳ ❚❤❡ tr✐❧✐♥❡❛r
t❡r♠s ❛r❡ t❤❡♥ s✐♠♣❧② ✇r✐tt❡♥

❚r([φ1, φ2]φ3) =−
∑

α+

iαiTIα,J(−α),Kiφ̃
Iα(φ̃Jα)∗φ̃Ki

+
∑

♣❛✐rs α,β,
γ=−(α+β)

NαβTIα,Jβ,Kγ φ̃
Iαφ̃Jβφ̃Kγ + c.c. ✭✸✳✼✺✮

✸✳✹✳✷ ◗✉❛rt✐❝ t❡r♠s

✽✸



Pr♦❝❡❡❞✐♥❣ s✐♠✐❧❛r❧②✱ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ q✉❛rt✐❝ t❡r♠ ♦❢ t❤❡ s❝❛❧❛r ♣♦t❡♥t✐❛❧✿

❚r([φI , φJ ]2) = φIαφJβφIγφJδ❚r([Eα, Eβ ][Eγ , Eδ])

+ 2φIiφJβφIγφJδ❚r([Hi, Eβ ][Eγ , Eδ])

+ 2φIαφJiφIγφJδ❚r([Eα, Hi][Eγ , Eδ])

+ 2φIiφJβφIjφJδ❚r([Hi, Eβ ][Hj , Eδ])

+ 2φIαφJiφIjφJδ❚r([Eα, Hi][Hj , Eδ])

= NαβNγδφ
IαφJβφIγφJδδ(α+ β + γ + δ)

+ 2i2αiδj
(

φIiφJα − φIαφJi
)

φIjφJδδα+δ,0 . ✭✸✳✼✻✮

❲❡ ✉s❡ t❤❡ s❛♠❡ tr✐❝❦ ❛s ❜❡❢♦r❡ t♦ ❢✉rt❤❡r s✐♠♣❧✐❢② t❤❡ s❡❝♦♥❞ t❡r♠ s♦ t❤❛t t❤❡
s✉♠ ✐s ♦♥❧② ♦♥ t❤❡ ♣♦s✐t✐✈❡ r♦♦ts✳

∑

α+

4αiαjφ
IiφJjφIα(φJα)∗ − 4αiαjφ

IiφIjφJα(φJα)∗ ✭✸✳✼✼✮

❲❡ ♥♦✇ tr❛♥s❢♦r♠ t❤❡ s❝❛❧❛rs ✐♥ t❤❡ ❡✐❣❡♥✲♠❛ss ❜❛s✐s✳

∑

α+

4αiαj(P
†
α)II′(P †

α)
∗
JJ ′ φ̃Iiφ̃Jj φ̃I

′α(φ̃J
′α)∗ ✭✸✳✼✽✮

− 4αiαj(P
†
α)

J
J′(P †

α)
∗J
K φ̃

Iiφ̃Ij φ̃J
′α(φ̃Kα)∗

◆♦t✐❝❡ t❤❡ ✜rst t❡r♠ ✉s❡s t❤❡ ♣r♦❞✉❝t P †
α(P

†
α)

∗T ✱ ✇❤✐❝❤ ✐s ♦❢ ❝♦✉rs❡ t❤❡ ✐❞❡♥t✐t②
❜② ✉♥✐❝✐t② ♦❢ Pα✳ ❍❡♥❝❡ t❤❡ t❡r♠ s✐♠♣❧✐✜❡s

∑

α+

4αiαjQIJI′J ′ φ̃Iiφ̃Jj φ̃I
′α(φ̃J

′α)∗ − 4αiαj φ̃
Iiφ̃Ij φ̃Jα(φ̃Jα)∗ ✭✸✳✼✾✮

✇❤❡r❡ ✇❡ ❞❡✜♥❡

QIJI′J ′ ≡ (P †
α)II′(P †

α)
∗
JJ ′ ✭✸✳✽✵✮

❚❤❡ ❡♥tr✐❡s r❡❧❡✈❛♥t ❢♦r ♠❛ss r❡♥♦r♠❛❧✐③❛t✐♦♥ ❛r❡

Q3322 = 0

Q3311 = sin2(θ)

Q3333 = cos2(θ)

Q1122 = sin2(ν)

Q2222 = cos2(ν)

Q2233 = sin2(θ) sin2(ν)

Q1111 = cos2(θ) cos2(ν)

Q1133 = cos2(ν) sin2(θ)

Q2211 = cos2(θ) sin2(ν) ✭✸✳✽✶✮

✽✹



▲❡t ✉s ♥♦✇ st✉❞② t❤❡ t❡r♠ ✐♥✈♦❧✈✐♥❣ ♦♥❧② r♦♦ts

NαβNγδφ
IαφJβφIγφJδ ✭✸✳✽✷✮

❲❡ ✜① t❤❡ r♦♦ts s✉❝❤ t❤❛t

α+ β = −(γ + δ) ✭✸✳✽✸✮

❛♥❞ α+β ✐s ❛ r♦♦t ✭❛♥❞ t❤❡r❡❢♦r❡ γ+δ t♦♦✮✳ ▲❡t ✉s st❛rt ✇✐t❤ t❤❡ t❡r♠ ✐♥✈♦❧✈✐♥❣
t❤❡ s❛♠❡ t✇♦ r♦♦ts ❢♦r ❜♦t❤ ❝♦♠♠✉t❛t♦r✳ ❚❤✐s ♠❡❛♥s ✇❡ ❛r❡ t❛❦✐♥❣ γ = α ❛♥❞
δ = β ♦r γ = β ❛♥❞ γ = α✳ ▲✐st✐♥❣ t❤❡ t❡r♠s ❣✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉♠✿

2NαβN−α−βφ
IαφJβ(φIα)∗(φJβ)∗ + 2NαβN−β−αφ

IαφJβ(φIβ)∗(φJα)∗ ✭✸✳✽✹✮

✇❤❡r❡ t❤❡ ❢❛❝t♦r ♦❢ 2 ❝♦♠❡s ❢r♦♠ t❛❦✐♥❣ α ↔ −α✱ β ↔ −β ✐♥ t❤❡ ✜rst t❡r♠
❛♥❞ α↔ −β✱ β ↔ −α ✐♥ t❤❡ s❡❝♦♥❞ ♦♥❡✳ ❆♥ ❛❞❞✐t✐♦♥❛❧ ❢❛❝t♦r ♦❢ 2 ❝♦♠❡s ❢r♦♠
t❛❦✐♥❣ t❤❡ s②♠♠❡tr② α ↔ β ✐♥ ❜♦t❤ t❡r♠s ❛♥❞ r❡❧❛❜❡❧✐♥❣ t❤❡ ❞✉♠♠② ✐♥❞✐❝❡s
I, J ✳ ❲❡ ❤❛✈❡

−4|Nαβ |2φIαφJβ(φIα)∗(φJβ)∗ + 4|Nαβ |2φIαφJβ(φIβ)∗(φJα)∗ . ✭✸✳✽✺✮

❚r❛♥s❢♦r♠✐♥❣ t❤❡ ✜❡❧❞s ✐♥ t❤❡ ♠❛ss ❜❛s✐s ❣✐✈❡s

−4|Nαβ |2
(

φ̃Iαφ̃Jβ(φ̃Iα)∗(φ̃Jβ)∗ −RI′α,Kβ,J ′β,Lαφ̃
I′α(φ̃Kβ)∗φ̃J

′β(φ̃Lα)∗
)

.

✭✸✳✽✻✮

❛♥❞ ✇❡ ❞❡✜♥❡

RI′α,Kβ,J ′β,Lα =(P †
α)

I
I′(P

†∗
β )IK(P †

β)
J
J ′(P †∗

α )JL

=(PβP
†
α)KI′(PαP

†
β)LJ ′ ✭✸✳✽✼✮

◆♦✇ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ❤♦✇ t❤❡ t❡r♠s s✐♠♣❧✐❢② ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ γ ❛♥❞ δ ❛r❡
❞✐✛❡r❡♥t r♦♦ts ✇❤♦s❡ s✉♠ ❣✐✈❡ t❤❡ ♦♣♣♦s✐t❡ ♦❢ α + β✳ ❲❡ ❝❛♥ ✉s❡ s②♠♠❡tr✐❡s
❛❣❛✐♥ t♦ r❡❣r♦✉♣ s✐♠✐❧❛r t❡r♠s✳

NαβNγδφ
IαφJβφIγφJδ +NαβNδγφ

IαφJβφIδφJγ

NβαNγδφ
IβφJαφIγφJδ +NβαNδγφ

IβφJαφIδφJγ . ✭✸✳✽✽✮

❯s✐♥❣ t❤❡ s②♠♠❡tr✐❡s ❛♥❞ r❡❧❛❜❡❧✐♥❣ t❤❡ ✐♥❞✐❝❡s ✇❡ ♦❜t❛✐♥

2NαβNγδφ
IαφJβφIγφJδ − 2NαβNγδφ

IαφJβφJγφIδ ✭✸✳✽✾✮

❆♥ ❛❞❞✐t✐♦♥❛❧ ❢❛❝t♦r ♦❢ 2 ❝♦♠❡s ❢r♦♠ ❡①❝❤❛♥❣✐♥❣ t❤❡ t✇♦ ♣❛✐rs ✐♥ ❡❛❝❤ t❡r♠✿

4NαβNγδφ
IαφJβφIγφJδ − 4NαβNγδφ

IαφJβφJγφIδ + ❝✳❝ . ✭✸✳✾✵✮

❚❤❡ s✉♠ ✐s ♦✈❡r t❤❡ ♣❛✐rs ♦❢ r♦♦ts s✉❝❤ t❤❛t t❤❡✐r s✉♠ ✐s ♦♣♣♦s✐t❡✳ ❘♦t❛t✐♥❣ t❤❡
❜❛s✐s t♦ ❤❛✈❡ ♠❛ss ❡✐❣❡♥st❛t❡s✱ ✇❡ ♦❜t❛✐♥

4NαβNγδ

(

SIα,Jγ,Kβ,Lδφ̃
Iαφ̃Jγ φ̃Kβφ̃Lδ

− SIα,Jδ,Kβ,Lγ φ̃
Iαφ̃Jδφ̃Kβφ̃Lγ

)

+ ❝✳❝ . ✭✸✳✾✶✮

✽✺



❞❡✜♥✐♥❣ t❤❡ t❡♥s♦r S ❛s

SIα,Jγ,Kβ,Lδ = (P †
α)

I′

I(P
†
γ )

I′

J(P
†
β)

J ′

K(P †
δ )

J ′

L ✭✸✳✾✷✮

P✉tt✐♥❣ ❡✈❡r②t❤✐♥❣ t♦❣❡t❤❡r✱ ✇❡ ♦❜t❛✐♥ t❤❡ q✉❛rt✐❝ t❡r♠

❚r([φI , φJ ]2) =

− 4
∑

α+

(

αiαj φ̃
Iiφ̃Ij φ̃Jα(φ̃Jα)∗ − αiαjQIJI′J ′ φ̃Iiφ̃Jj φ̃I

′α(φ̃J
′α)∗

)

− 4|Nαβ |2
(

φ̃Iαφ̃Jβ(φ̃Iα)∗(φ̃Jβ)∗ −RI′α,Kβ,J ′β,Lαφ̃
I′α(φ̃Kβ)∗φ̃J

′β(φ̃Lα)∗
)

+ 4NαβNγδ

(

SIα,Jγ,Kβ,Lδφ̃
Iαφ̃Jγ φ̃Kβφ̃Lδ − SIα,Jδ,Kβ,Lγ φ̃

Iαφ̃Jδφ̃Kβφ̃Lγ
)

+ ❝✳❝ .

✭✸✳✾✸✮

❚❤❡ s✉♠ ✐♥ t❤❡ s❡❝♦♥❞ ❧✐♥❡ ✐s ♦✈❡r ♣❛✐rs ♦❢ r♦♦ts ✇❤♦s❡ s✉♠ ✐s ❛ r♦♦t✱ ✐✳❡✳
α + β ∈ ❘♦♦ts✱ ❡❛❝❤ ♣❛✐r ❜❡✐♥❣ ❝♦✉♥t❡❞ ♦♥❝❡ ♦♥❧②✳ ■♥ t❤❡ ❧❛st ❧✐♥❡✱ t❤❡ s✉♠ ✐s
♦✈❡r ♣❛✐rs ♦❢ r♦♦ts s✉❝❤ t❤❛t α+ β = −(γ + δ) ❛♥❞ α+ β ✐s ❛ r♦♦t✱ ❡❛❝❤ ♣❛✐r ♦❢
♣❛✐rs ❜❡✐♥❣ ❝♦✉♥t❡❞ ♦♥❝❡✳

❚❤❡ ❡①♣r❡ss✐♦♥s ♦❜t❛✐♥❡❞ ❢♦r t❤❡ s❝❛❧❛r ♣♦t❡♥t✐❛❧ ❛r❡ ❢❛✐r❧② s✐♠♣❧❡ ❛♥❞ ❛❧❧♦✇
t❤❡ st✉❞② ♦❢ ❛♥② ❜r❡❛❦✐♥❣ ♣❛tt❡r♥✳ ❚❤❡ t❡♥s♦rs Q✱ R ❛♥❞ S ❛r❡ ❛❧❧ ❞❡✜♥❡❞ ✐♥
t❡r♠s ♦❢ t❤❡ r♦t❛t✐♦♥ ♠❛tr✐① P †

α✱ ♠❛❦✐♥❣ t❤❡✐r ❝♦♠♣✉t❛t✐♦♥ ❢❛✐r❧② str❛✐❣❤t❢♦r✲
✇❛r❞✳ ❙✐♥❝❡ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♠❛ss❡s✱ ♥♦t ❛❧❧ t❤❡
❝♦❡✣❝✐❡♥t ✇✐❧❧ ❜❡ ♥❡❡❞❡❞ ❛s ✇❡ ✇✐❧❧ s❡❡✳ ❲❡ ♥♦✇ ♠♦✈❡ ♦♥ t♦ t❤❡ t❡r♠s ❝♦✉♣❧✐♥❣
t❤❡ ❣❛✉❣❡ t♦ t❤❡ s❝❛❧❛rs✳

✸✳✹✳✸ ●❛✉❣❡ ❜♦s♦♥s

❚❤❡ ❣❛✉❣❡ ❝♦✉♣❧✐♥❣s ❛r❡ ♠♦r❡ ♥✉♠❡r♦✉s ❛♥❞ t❤❡ t❡r♠s ❛r❡ ❧❡ss s✐♠♣❧❡
❜❡❝❛✉s❡ ♦❢ t❤❡ ❢❡✇❡r s②♠♠❡tr✐❡s ♠❛❦✐♥❣ t❤❡✐r ❡①♣r❡ss✐♦♥s ❛ ❧✐tt❧❡ ❧❡ss ❝♦♠♣❛❝t✳
❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ✐s ✈❡r② s✐♠✐❧❛r t♦ ✇❤❛t ✇❡ ❤❛✈❡ ❞♦♥❡ s♦ ❢❛r✳ ❲❡ st❛rt ✇✐t❤ t❤❡
t❡r♠s ✐♥✈♦❧✈✐♥❣ t❤❡ ✈❛❝✉✉♠✳ ❲❡ ✜rst ❝♦♥s✐❞❡r t❤❡ tr✐❧✐♥❡❛r t❡r♠ t❤❛t ✐♥❝❧✉❞❡
t❤❡ ✈❛❝✉✉♠✳ ❚❤❡ ♣❤✐❧♦s♦♣❤② ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ❤❛s♥✬t ❝❤❛♥❣❡❞✳ ❲❡ ✜♥❞✿

2g❚r
(

∂µφ
I [Aµ, φI0]

)

=2g∂µφ
IαAµβφIi0 ❚r (Eα[Eβ , Hi]) ✭✸✳✾✹✮

=− 2gC∂µφIαAµββiφ
Ii
0 δα+β,0

=2gCαiφ
Ii
0 ∂µφ

IαAµ(−α)

=2MCb(α)I ∂µφ
IαAµ(−α) .

❘♦t❛t✐♥❣ t❤❡ s❝❛❧❛rs ✐♥ t❤❡ ♠❛ss ❜❛s✐s✱ ✇❡ ♦❜t❛✐♥✿

2g❚r
(

∂µφ
I [Aµ, φI0]

)

=2MCb(α)I (P †
α)

I
I′∂µφ̃

I′αAµ(−α) . ✭✸✳✾✺✮

✽✻



◆❡①t ✇❡ ❤❛✈❡ t❤❡ q✉❛rt✐❝ t❡r♠ ✐♥✈♦❧✈✐♥❣ t❤❡ ✈❛❝✉✉♠✿

1

C g
2❚r

(

[φI0, Aµ][φ
I , Aµ]

)

= g2δµνφIi0 A
α
µφ

IβAγ
ν❚r ([Hi, Eα][Eβ , Eγ ]) ✭✸✳✾✻✮

+ g2δµνφIi0 A
α
µφ

IjAγ
ν❚r ([Hi, Eα][Hj , Eγ ])

+ g2δµνφIi0 A
α
µφ

IβAj
ν❚r ([Hi, Eα][Eβ , Hj ])

= g2iαiNβγδ
µνφIi0 A

α
µφ

IβAγ
νδβ+γ,α

+ g2iαiiγjδ
µνφIi0 A

α
µφ

IjAγ
νδα+γ,0

− g2iαiiβjδ
µνφIi0 A

α
µφ

IβAj
νδα+β,0

= g2iαiNβγδ
µνφIi0 A

α
µφ

IβAγ
νδβ+γ,α

+ g2αiαjδ
µνφIi0 A

α
µφ

IjA−α
ν

− g2αiαjδ
µνφIi0 A

α
µφ

I(−α)Aj
ν .

❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✈❛r✐♦✉s r❡❧❛t❡❞ t❡r♠s ✐♥ ❡❛❝❤ ❧✐♥❡✱ ❛♥❞ r♦t❛t✐♥❣ t♦ t❤❡
♠❛ss ❜❛s✐s✱ ✇❡ ♦❜t❛✐♥

1

C g
2❚r

(

[φI0, Aµ][φ
I , Aµ]

)

= igMNβγδ
µνb

(α)
I (P†

α)
I
I′Aα

µφ̃
I′βAγ

ν + ❝✳❝✳

+ ❝②❝❧✐❝ ♣❡r♠✉t❛t✐♦♥s ✐♥ α✱ β✱ γ

+ gMαjδ
µνb

(α)
I (P†

α)
I
I′Aα

µφ̃
I′jA−α

ν + ❝✳❝✳

− gMαjδ
µνb

(α)
I (P†

α)
I
I′Aα

µφ̃
I′(−α)Aj

ν + ❝✳❝✳

✭✸✳✾✼✮

◆♦✇ ♠♦✈✐♥❣ ♦♥ t♦ t❤❡ tr✐❧✐♥❡❛r ❛♥❞ q✉❛rt✐❝ t❡r♠s ✐♥✈♦❧✈✐♥❣ t❤❡ s❝❛❧❛rs ❛r♦✉♥❞
t❤❡ ✈❛❝✉✉♠✿

2g❚r
(

∂µφ
I [Aµ, φI ]

)

= 2gC∂µφIαAµβφIγ❚r (Eα[Eβ , Eγ ]) ✭✸✳✾✽✮

+ 2gC∂µφIαAµβφIi❚r (Eα[Eβ , Hi])

+ 2gC∂µφIβAµiφIα❚r (Eβ [Hi, Eα])

+ 2gC∂µφIiAµβφIα❚r (Hi[Eβ , Eα])

= 2gCNβγ∂µφ
IαAµβφIγδα+β+γ

+ 2igCαiA
µ(−α)

(

∂µφ
IαφIi − φIα∂µφ

Ii
)

+ 2igCαiA
µi∂µφ

I(−α)φIα

❚❤❡ ✜rst ❧✐♥❡ ❝❛♥ ❜❡ ❢✉rt❤❡r s✐♠♣❧✐✜❡❞✳ ▲❡t ✉s ✜① t❤r❡❡ r♦♦ts s✉❝❤ t❤❛t α =
−(β + γ)✳ ■♥ t❤❡ s✉♠ ♦✈❡r t❤❡ r♦♦ts✱ ✇❡ ❤❛✈❡ t❤❡ t❡r♠s

2gCNβγ∂µφ
IαAµβφIγ + (α↔ γ) ✭✸✳✾✾✮

= 2gCNβγ∂µφ
IαAµβφIγ + 2gCNβα∂µφ

IγAµβφIα

= 2gCNβγA
µβ
(

∂µφ
IαφIγ − φIα∂µφ

Iγ
)

✽✼



✇❤❡r❡ ✐♥ t❤❡ ❧❛st ❧✐♥❡ ✇❡ ✉s❡❞ Nβα = −Nβγ ✳ ❖♥ t♦♣ ♦❢ t❤♦s❡ t❡r♠s✱ t❤❡r❡ ❛r❡
❛❧s♦ t❤❡ ❝②❝❧✐❝ ♣❡r♠✉t❛t✐♦♥s✳ ❲❡ ❛❧s♦ ♣❡r❢♦r♠ t❤❡ ❝❤❛♥❣❡ ♦❢ ❜❛s✐s r❡s✉❧t✐♥❣ ✐♥
t❤❡ ❡①♣r❡ss✐♦♥

2g❚r
(

∂µφ
I [Aµ, φI ]

)

= 2gCNβγ(P†
α)

I
I′(P†

γ)
I
J ′Aµβ

(

∂µφ̃
I′αφ̃J

′γ − φI
′α∂µφ

J ′γ
)

+ ❝✳❝✳

+ ❝②❝❧✐❝ ♣❡r♠✉t❛t✐♦♥s

+ 2igC(P†
α)

I
I′αiA

µ(−α)
(

∂µφ̃
I′αφIi − φ̃I

′α∂µφ
Ii
)

+ 2igCαiA
µi∂µφ̃

I(−α)φ̃Iα

✭✸✳✶✵✵✮

▲❛st❧②✱ ✇❡ ❤❛✈❡ t❤❡ q✉❛rt✐❝ t❡r♠

1

C g
2❚r

(

[φI , Aµ][φ
I , Aµ]

)

= g2ηµνφIαAβ
µφ

IγAλ
ν❚r ([Eα, Eβ ][Eγ , Eλ]) ✭✸✳✶✵✶✮

+ 2g2ηµνφIiAα
µφ

IβAγ
ν❚r ([Hi, Eα][Eβ , Eγ ])

+ 2g2ηµνφIαAi
µφ

IβAγ
ν❚r ([Eα, Hi][Eβ , Eγ ])

+ g2ηµνφIiAα
µφ

IjAγ
ν❚r ([Hi, Eα][Hj , Eγ ])

+ g2ηµνφIαAi
µφ

IγAj
ν❚r ([Eα, Hi][Eγ , Hj ])

+ 2g2ηµνφIiAα
µφ

IβAj
ν❚r ([Hi, Eα][Eβ , Hj ])

= g2ηµνφIαAβ
µφ

IγAλ
νNαβNγλδ(α+ β + γ + λ)

+ 2g2ηµναiφ
IiAα

µφ
IβAγ

νδα,β+γ

− 2g2ηµναiφ
IαAi

µφ
IβAγ

νδα,β+γ

+ g2ηµναiγjφ
IiAα

µφ
IjAγ

νδα+γ,0

+ g2ηµναiγjφ
IαAi

µφ
IγAj

νδα+γ,0

− 2g2ηµναiβjφ
IiAα

µφ
IβAj

νδα+β,0

❆♥❞ ♣✉tt✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥ ✐♥ t❤❡ ♠❛ss ❜❛s✐s ✇❡ ❤❛✈❡

1

C g
2❚r

(

[φI , Aµ][φ
I , Aµ]

)

= g2ηµνNαβNγλ(P†
α)

I
I′(P†

γ)
I
J ′ φ̃I

′αAβ
µφ̃

J ′γAλ
νδ(α+ β + γ + λ)

+ 2g2ηµναi(P†
β)

I
I′φIiAα

µφ̃
I′βAγ

νδα,β+γ

− 2g2ηµναi(P†
α)

I
I′(P†

β)
I
J ′ φ̃I

′αAi
µφ̃

J ′βAγ
νδα,β+γ

+ g2ηµναiγjφ
IiAα

µφ
IjAγ

νδα+γ,0

+ g2ηµναiγj φ̃
IαAi

µφ̃
IγAj

νδα+γ,0

− 2g2ηµναiβj(P†
β)

I
I′φIiAα

µφ̃
I′βAj

νδα+β,0

✭✸✳✶✵✷✮

◆♦t✐❝❡ t❤❛t ❤❡r❡✱ ✇❡ ❞✐❞ ♥♦t ❣♦ t❤r♦✉❣❤ t❤❡ ✉s✉❛❧ s✐♠♣❧✐✜❝❛t✐♦♥s✳ ❚❤❛t ✐s
❜❡❝❛✉s❡ ✇❡ ❞♦ ♥♦t r❡❛❧❧② ♥❡❡❞ t♦✳ ❖♥❧② ❛ ❢❡✇ ♦❢ t❤❡s❡ t❡r♠s ❛❝t✉❛❧❧② ❝♦♥tr✐❜✉t❡

✽✽



t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♠❛ss❡s✱ ✐t ✇✐❧❧ ❜❡ ❡❛s✐❡r t♦ ♦♥❧② ❝♦♥s✐❞❡r t❤❡ r❡❧❡✈❛♥t
t❡r♠s ❛♥❞ s✐♠♣❧✐❢② t❤❡♠ ❧❛t❡r✳

❍❛✈✐♥❣ ♥♦✇ ❛❧❧ t❤❡ ❢♦r♠✉❧❛s ♥❡❡❞❡❞ ❢♦r ♠❛ss r❡♥♦r♠❛❧✐③❛t✐♦♥✱ ✇❡ ❝❛♥ ♠♦✈❡
♦♥ t♦ t❤❡ ❛❝t✉❛❧ r❡♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♠❛ss❡s ❛t ♦♥❡✲❧♦♦♣✳

✸✳✺ ▼❛ss r❡♥♦r♠❛❧✐③❛t✐♦♥

❲❡ ❛r❡ ♥♦✇ ✜♥❛❧❧② r❡❛❞② t♦ r❡♥♦r♠❛❧✐③❡ t❤❡ ♠❛ss❡s ♦❢ t❤❡ ♠♦❞❡❧✳ ◆♦t ❛❧❧
t❤❡ ♠❛ss❡s ♣r❡s❡♥t ✐♥ t❤❡ ♠♦❞❡❧ ❛r❡ ♦❢ ✐♥t❡r❡st✳ ❘❡❝❛❧❧ ❚❛❜❧❡ ✸✳✶✳ ❋♦r ❛ s♠❛❧❧
✈❛❝✉✉♠ ♣❛r❛♠❡t❡r✱ t❤❡ ♠❛ss❡s s❡♣❛r❛t❡ ✐♥t♦ ❡ss❡♥t✐❛❧❧② t✇♦ s❝❛❧❡s✳ ❚❤❡ ✜rst ♦♥❡
✐s ❛ t❤❡ ❣❡♦♠❡tr✐❝❛❧ s❝❛❧❡ M2 = ❢

2✱ t❤❡ s❡❝♦♥❞ ✐s ❣✐✈❡♥ ❜② t❤❡ ♠❛ss❡s (m−
α )

2✱
(mα

gauge)
2 ❛❧♦♥❣ ✇✐t❤ t❤❡ ♠❛ss❧❡ss ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✳ ❙✐♥❝❡ t❤❡s❡ ✇♦✉❧❞ ❜❡ t❤❡

♦❜s❡r✈❛❜❧❡ ♠♦❞❡s ❝♦♠♣r✐s✐♥❣ t❤❡ ❍✐❣❣s ❜♦s♦♥✱ ✇❡ ✇✐❧❧ ♦♥❧② r❡♥♦r♠❛❧✐③❡ t❤♦s❡✳
❚❤❡ r❡st ✇✐❧❧ r❡♠❛✐♥ ❛t t❤❡ ❣❡♦♠❡tr✐❝❛❧ s❝❛❧❡ ❛♥②✇❛②✳ ■♥ ♦✉r ♥❡✇ ♥♦t❛t✐♦♥s✱
t❤❡s❡ ✜❡❧❞s ❝♦rr❡s♣♦♥❞ r❡s♣❡❝t✐✈❡❧② t♦ t❤❡ ❝♦♠♣♦♥❡♥ts φ̃1α✱ Aα

µ ✱ φ̃
1i ❛♥❞ φ̃2i✳ ❚❤❡

❣❛✉❣❡ s②♠♠❡tr② ❡♥s✉r❡s t❤❛t ❡✈❡r② ❝♦♠♣♦♥❡♥t ❢❛❧❧✐♥❣ ✐♥t♦ ♦♥❡ r❡♣r❡s❡♥t❛t✐♦♥
✇✐❧❧ ❤❛✈❡ t❤❡ s❛♠❡ r❡♥♦r♠❛❧✐③❡❞ ♠❛ss✱ ❛❧❧♦✇✐♥❣ ✉s t♦ ❧✐♠✐t ♦✉r st✉❞② t♦ t❤❡
❝♦♠♣♦♥❡♥ts ❥✉st ♠❡♥t✐♦♥❡❞✳

❇❡❢♦r❡ ❞✐✈✐♥❣ ✐♥t♦ t❤❡ st✉❞② ♦❢ t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♠❛ss❡s✱ ✇❡ ❛r❡
❣♦✐♥❣ t♦ ✜① s♦♠❡ ♥♦t❛t✐♦♥✳ ❲❤❡♥ ❝♦♠♣✉t✐♥❣ t❤❡ ✈❛r✐♦✉s ❝♦♥tr✐❜✉t✐♦♥s✱ ✇❡ ✇✐❧❧
❡♥❝♦✉♥t❡r t❤❡ ✉s✉❛❧ ❞✐✈❡r❣❡♥t ✐♥t❡❣r❛❧s✱ s✉❝❤ ❛s

∫

dq4
1

((p+ q)2 −m2
1)(q

2 −m2
2)
. ✭✸✳✶✵✸✮

❚❤❡s❡ ✐♥t❡❣r❛❧s ❤❛✈❡ t♦ ❜❡ r❡❣✉❧❛r✐③❡❞ ✐♥ ♦r❞❡r t♦ ❡①tr❛❝t t❤❡ ✜♥✐t❡ ♣❛rt ✇❤✐❝❤
❛❝t✉❛❧❧② ❝♦♥tr✐❜✉t❡ t♦ t❤❡ ♠❛ss✳ ❚❤❡ ✜♥✐t❡ ♣❛rt ♦❢ t❤❡ r❡❣✉❧❛r✐③❡❞ ✐♥t❡❣r❛❧s ✇✐❧❧
❜❡ ❞❡♥♦t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②

❋❈

[∫

dq4
1

((p+ q)2 −m2
1)(q

2 −m2
2)

]

✭✸✳✶✵✹✮

✇❤❡r❡ ❋❈ st❛♥❞s ❢♦r ✜♥✐t❡ ❝♦♥tr✐❜✉t✐♦♥✳ ❲❡ ✇✐❧❧ s❧✐❣❤t❧② ❛❜✉s❡ ♥♦t❛t✐♦♥ ✐♥ ♦r❞❡r
t♦ ❦❡❡♣ t❤✐♥❣s ❛s ❝❧❡❛r ❛s ♣♦ss✐❜❧❡✳ ❲❡ ✇✐❧❧ ✉s❡ t❤❡ ♣r♦♣❛❣❛t♦rs ♦r ♣r♦❞✉❝ts ♦❢
♣r♦♣❛❣❛t♦rs t♦ ♠❡❛♥ t❤❡ ✜♥✐t❡ ♣❛rt ♦❢ t❤❡ r❡❣✉❧❛r✐③❡❞ ✐♥t❡❣r❛❧✳ ❊①♣❧✐❝✐t❧②

❋❈

[∫

dq4
i

((q)2 −m2
Iα)

]

≡ 〈φ̃Iα(φ̃Iα)∗〉 , ✭✸✳✶✵✺✮

❋❈

[

∫

dq4
i2

((p+ q)2 −m2
Iα)(q

2 −m2
Jβ)

]

≡ 〈φ̃Iα(φ̃Iα)∗〉〈φ̃Jβ(φ̃Jβ)∗〉 . ✭✸✳✶✵✻✮

❲❡ ❝❤♦♦s❡ ❞✐♠❡♥s✐♦♥❛❧ r❡❣✉❧❛r✐③❛t✐♦♥ ❛s ♦✉r ♠❡t❤♦❞ t♦ ❡①tr❛❝t t❤❡ ✜♥✐t❡ ♣❛rt✳
❆❧❧ t❤❡ ✐♥t❡❣r❛❧s ✇❡ ❡♥❝♦✉♥t❡r ❛r❡ st❛♥❞❛r❞✱ ❛♥❞ t❤❡✐r r❡❣✉❧❛r✐③❛t✐♦♥ ❝❛♥ ❜❡
❢♦✉♥❞ ✐♥ P❡s❦✐♥ ✫ ❙❝❤r♦❡❞❡r ✧❆♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ q✉❛♥t✉♠ ✜❡❧❞ t❤❡♦r②✧ ❢♦r
❡①❛♠♣❧❡✳ ❋✐♥❛❧❧②✱ t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ✐s ❞♦♥❡ ✐♥ t❤❡ ❋❡②♥♠❛♥ ❣❛✉❣❡ ✭ξ = 1✮✳

✽✾



✸✳✺✳✶ ❘❡♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❧✐❣❤t ✜❡❧❞ φ̃1α

❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♣♦♥❡♥t φ̃1α✳ ❲❡ ✜rst

✜① ❛ r♦♦t α s✉❝❤ t❤❛t b
(α)
I 6= 0✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡ ✈❛❝✉✉♠ ✇❡ ♣✐❝❦❡❞ ✐s ♥♦t

♦rt❤♦❣♦♥❛❧ t♦ t❤✐s r♦♦t✳ ❚❤✐s ❝♦♠♣♦♥❡♥t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ H− ✜❡❧❞s ♦❢ ❚❛❜❧❡
✸✳✶✳ ❚❤❡ t❡r♠s ✐♥✈♦❧✈✐♥❣ φ̃2α ❛r❡ ♥♦t t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t s✐♥❝❡ t❤✐s ❞❡❣r❡❡ ♦❢
❢r❡❡❞♦♠ ✐s ✉s❡❞ ❢♦r t❤❡ ❛ss♦❝✐❛t❡❞ ❜r♦❦❡♥ ❜♦s♦♥ Aα

µ ✳

❙❝❛❧❛r ♣♦t❡♥t✐❛❧ t❡r♠s

❚❤❡ r❡❧❡✈❛♥t t❡r♠s ♦❢ t❤❡ s❝❛❧❛r ♣♦t❡♥t✐❛❧ ❢♦r t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ φ1α ❛r❡

−iαiTIα,J(−α),Kiφ̃
Iα(φ̃Jα)∗φ̃Ki

+
∑

β

NαβTIα,Jβ,K(α+β)φ̃
Iαφ̃Jβ(φ̃K(α+β))∗ + c.c.

− 4
(

αiαj φ̃
Iiφ̃Ij φ̃Jα(φ̃Jα)∗ − αiαjQIJI′J ′ φ̃Iiφ̃Jj φ̃I

′α(φ̃J
′α)∗

)

−4
∑

β

|Nαβ |2φ̃Iαφ̃Jβ(φ̃Iα)∗(φ̃Jβ)∗ . ✭✸✳✶✵✼✮

✇❤❡r❡ ✐♥ t❤❡ ❧❛st ❧✐♥❡✱ t❤❡ t❡r♠s ✐♥✈♦❧✈✐♥❣ t❤❡ t❡♥s♦r R ❞♦♥✬t ❝♦♥tr✐❜✉t❡ t♦
t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥✳ ◆♦t❡ ❛❧s♦ t❤❛t t❡r♠s ✇✐t❤ I = J ✈❛♥✐s❤✱ ✇❤✐❝❤ ❝❛♥ ❜❡
s❡❡♥ ❞✐r❡❝t❧② ❢r♦♠ ✭✸✳✾✸✮✳ ❲❡ r❡❝❛❧❧ ❛❧s♦ t❤❛t t❤❡ t❡♥s♦rs T ❛♥❞ Q ❞♦♥✬t r❡❛❧❧②
❞❡♣❡♥❞ ♦♥ t❤❡ s♣❡❝✐✜❝ ❛❧❣❡❜r❛ ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥✳ ❚❤✐s ❞❡♣❡♥❞❡♥❝❡ ✐s ♦♥❧②
t❤r♦✉❣❤ t❤❡ ♣❛r❛♠❡t❡rs α✱ β✱ ✳ ✳ ✳ ✇❤✐❝❤ ✜①❡s t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❛♥❣❧❡s ❢♦r t❤❡ s✐♥❡s
❛♥❞ ❝♦s✐♥❡s ✐♥s✐❞❡ Pα✳ ▲❡t ✉s st❛rt ✇✐t❤ t❤❡ ✜rst ❧✐♥❡✳ ❚❤❡ t❡r♠s ❛r❡ ❡①♣❧✐❝✐t❧②

αiTIα,J(−α),Kiφ̃
Iα(φ̃Jα)∗φ̃Ki = i cos(2θ) sin(ν)αiφ̃

1i
(

φ̃3α(φ̃1α)∗ − (φ̃3α)∗φ̃1α
)

+ i cos(2θ) cos(ν)αiφ̃
2i
(

φ̃3α(φ̃1α)∗ − (φ̃3α)∗φ̃1α
)

+ sin(2θ) sin(ν)αiφ̃
1iφ̃1α(φ̃1α)∗

+ sin(2θ) cos(ν)αiφ̃
2iφ̃1α(φ̃1α)∗ ✭✸✳✶✵✽✮

✇❤❡r❡ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡ r♦♦t ❢♦r t❤❡ ❛♥❣❧❡s θ(bαI ) ❛♥❞ ν(b
α
I ) ✐s ♥♦t ✇r✐tt❡♥

❡①♣❧✐❝✐t❧②✳ ❚❤❡ ✜rst t✇♦ t❡r♠s ❣✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡❣r❛❧ ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡✐r
❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ♠❛ss✳ ❲❡ ❞❡♥♦t❡ geff t❤❡ ❡✛❡❝t✐✈❡ ❝♦✉♣❧✐♥❣ ❝♦♥st❛♥t ♦❢ t❤❡
✈❡rt❡① ❛♥❞ ♦❜t❛✐♥

i2g2eff
2

φ̃1iφ̃1ii2
(

φ̃3α(φ̃1α)∗ − (φ̃3α)∗φ̃1α
)2

✭✸✳✶✵✾✮

= · · ·+ 2
i2g2eff

2
φ̃1iφ̃1iφ̃3α(φ̃1α)∗(φ̃3α)∗φ̃1α + . . .

❯♣♦♥ ❝♦♥tr❛❝t✐♦♥s ✇❡ ❤❛✈❡

i2g2eff 〈φ̃1iφ̃1i〉〈φ̃3α(φ̃3α)∗〉 . ✭✸✳✶✶✵✮

✾✵



❚❤❡ ❝♦rr❡❧❛t♦rs ❣✐✈❡ t❤❡ ✉s✉❛❧ t✇♦ ♣r♦♣❛❣❛t♦r ✐♥t❡❣r❛❧✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ❧❛st t✇♦
❧✐♥❡s ❣✐✈❡ s✐♠✐❧❛r ✐♥t❡❣r❛❧s

i2g2eff 〈φ̃1iφ̃1i〉〈φ̃1α(φ̃1α)∗〉 . ✭✸✳✶✶✶✮

❚❤❡ s❡❝♦♥❞ ❧✐♥❡ ❞♦❡s♥✬t r❡❛❧❧② s✐♠♣❧✐❢② ♠✉❝❤ ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ❛♥❞ ✐s ❜❡tt❡r
❧❡❢t ✐♥ t❤✐s ❢♦r♠✱ ❣✐✈✐♥❣ ❛ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ❢♦r♠

i2 |Nαβ |2|T1α,Jβ,Kγ |2〈φ̃Jβ(φ̃Jβ)∗〉〈φ̃Kγ(φ̃Kγ)∗〉 . ✭✸✳✶✶✷✮

❚❤❡ t❤✐r❞ ❧✐♥❡ ✐s ❝♦♠♣♦s❡❞ ♦❢ q✉❛rt✐❝ t❡r♠s✳ ❚❤❡② ❛r❡ ❡①♣❧✐❝✐t❧② ❣✐✈❡♥ ❜②

− i4αiαj

(

1− sin(θ)2
)

φ3iφ3j〈φ1α(φ1α)∗〉
− i4αiαj

(

1− cos(θ)2 cos(ν)2
)

φ1iφ1j〈φ1α(φ1α)∗〉
− i4αiαj

(

1− cos(θ)2 sin(ν)2
)

φ2iφ2j〈φ1α(φ1α)∗〉 ✭✸✳✶✶✸✮

❆❧❧ t❤♦s❡ t❡r♠s ❛r❡ t❛❞♣♦❧❡ ❧✐❦❡ ✐♥t❡❣r❛❧s ✇✐t❤ ♦♥❡ ♣r♦♣❛❣❛t♦r ✭t❛❦✐♥❣ i = j ❢♦r
t❤❡ ❝♦♥tr❛❝t✐♦♥s t♦ ❜❡ ♥♦♥ ③❡r♦✮✳ ❋✐♥❛❧❧② ✇❡ ❤❛✈❡ t❤❡ ❢♦✉rt❤ ❧✐♥❡ ✇❤✐❝❤ ❣✐✈❡s
❝♦♥tr✐❜✉t✐♦♥s

−i4|Nαβ |2〈φJβ(φJβ)∗〉 . ✭✸✳✶✶✹✮

❖❢ ❝♦✉rs❡✱ ✇❤❡♥ ❝♦♠♣✉t✐♥❣ t❤❡ ♠❛ss✱ ✇❡ ✇✐❧❧ ❤❛✈❡ t♦ ❛❞❞ t❤❡ ❝♦♥st❛♥ts ✐♥ ❢r♦♥t
♦❢ t❤❡ tr✐❧✐♥❡❛r ❛♥❞ q✉❛rt✐❝ t❡r♠s✱ ✇❤✐❝❤ ❛r❡ r❡s♣❡❝t✐✈❡❧② (2gM)2 ❛♥❞ g2/2 ✭s❡❡
t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ♣♦t❡♥t✐❛❧ ✐♥ ✭✸✳✷✮✮✳

●❛✉❣❡ ❝♦✉♣❧✐♥❣ t❡r♠s

❚❤❡ t❡r♠s ❝♦✉♣❧✐♥❣ φ1α t♦ t❤❡ ❣❛✉❣❡ t❤❛t ❛r❡ r❡❧❡✈❛♥t t♦ t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥
❛r❡

2gCNβγ(P†
α)

I
I′(P†

γ)
I
J ′Aµβ

(

∂µφ̃
I′αφ̃J

′γ − φI
′α∂µφ

J ′γ
)

+ ❝✳❝✳

+ ❝②❝❧✐❝ ♣❡r♠✉t❛t✐♦♥s

+ 2igC(P†
α)

I
I′αiA

µ(−α)
(

∂µφ̃
I′αφIi − φ̃I

′α∂µφ
Ii
)

+ 2igCαiA
µi∂µφ̃

I(−α)φ̃Iα ✭✸✳✶✶✺✮

❚❤❡ ❧❛st t✇♦ t❡r♠s ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✐♥ ❛❧❧ ❣❡♥❡r❛❧✐t②✳ ❲❡ st❛rt ✇✐t❤ t❤❡ t❤✐r❞
❧✐♥❡

2igC(P†
α)

I
I′αiA

µ(−α)
(

∂µφ̃
I′αφIi − φ̃I

′α∂µφ
Ii
)

+ (α→ −α) = ✭✸✳✶✶✻✮

2igC cos(θ) cos(ν)αiA
µ(−α)

(

∂µφ̃
1αφ1i − φ̃1α∂µφ

1i
)

+ ❝✳❝✳

✭✸✳✶✶✼✮

− 2igC cos(θ) sin(ν)αiA
µ(−α)

(

∂µφ̃
1αφ2i − φ̃1α∂µφ

2i
)

+ ❝✳❝✳

✭✸✳✶✶✽✮

+ 2igC(−i sin(θ))αiA
µ(−α)

(

∂µφ̃
1αφ3i − φ̃1α∂µφ

3i
)

+ ❝✳❝✳

✭✸✳✶✶✾✮

✾✶



❚❤❡ ❝♦♥tr✐❜✉t✐♦♥s ✇✐❧❧ ❜❡ s✐♠✐❧❛r✳ ▲❡t ✉s tr❡❛t t❤❡ ✜rst t❡r♠ ❡①♣❧✐❝✐t❧②✳ ❲❡ ✜rst
✇r✐t❡ t❤❡ t❡r♠ ✐♥ ♠♦♠❡♥t✉♠ s♣❛❝❡ ✿

igeff (A
µα)∗

(

∂µφ̃
1αφ1i − φ̃1α∂µφ

1i
)

→ igeff (ipµ − iqµ) (A
µα(k))∗φ̃1α(p)φ1i(q)

✭✸✳✶✷✵✮

❚❤❡ ❝♦♥tr✐❜✉t✐♦♥ t❛❦❡s t❤❡ ❢♦r♠

−i2 geff
2
i22ηµνηρδ (ip

µ
1 − iqµ1 ) (ip

ρ
2 − iqρ2)

×(Aνα(k1))
∗Aδα(k2)φ̃

1α(p1)(φ̃
1α(p2))

∗φ1i(q1)φ
1i(q2) ✭✸✳✶✷✶✮

❯♣♦♥ t❛❦✐♥❣ ❝♦♥tr❛❝t✐♦♥s ❛♥❞ ✉s✐♥❣ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ♠♦♠❡♥t✉♠ ❛t ❡❛❝❤ ✈❡rt❡①
✇❡ ♦❜t❛✐♥ t❤❡ ✐♥t❡❣r❛❧

g2effI2(p2;mα
gauge,mi) = g2eff ❋❈

[

∫

dq4

(2π)4
(p− q)µ(p− q)µ

(

(p+ q)2 −m2
gauge

)

(q2 −m2
i )

]

✭✸✳✶✷✷✮

❚❤❡ ❢♦✉rt❤ ❧✐♥❡ ✐s s✐♠✐❧❛r✱ ♦♥❧② ✇✐t❤ ♦♥❡ t②♣❡ ♦❢ s❝❛❧❛r

2gαiCiAµi
(

∂µφ̃
I(−α)φ̃Iα − φ̃I(−α)∂µφ̃

Iα
)

✭✸✳✶✷✸✮

❚❤❡ ❝♦♥tr✐❜✉t✐♦♥ ✐♥ ♠♦♠❡♥t✉♠ s♣❛❝❡ ✐s

− i
2

2
(2g)2C2α2

i 2i
2Ai

µ(k1)A
i
ν(k2)ip

µ
1 (φ̃

Iα(p1))
∗φ̃Iα(q1)(φ̃

Iα(q2))
∗ipν2 φ̃

Iα(p2)

=i2(2g)2C2α2
i ip

µ
1 ip

ν
2A

i
µ(k1)A

i
ν(k2)(φ̃

1α(p1))
∗φ̃1α(q1)(φ̃

1α(q2))
∗φ̃1α(p2) ✭✸✳✶✷✹✮

❚❤❡r❡ ❛r❡ t✇♦ ♣♦ss✐❜❧❡ ❝♦♥tr❛❝t✐♦♥s

i2(2g)2C2α2
i ip

µ
1 ip

ν
2〈Ai

µ(k1)A
i
ν(k2)〉〈(φ̃1α(p1))∗φ̃1α(p2)〉 ✭✸✳✶✷✺✮

❛♥❞

i2(2g)2C2α2
i ip

µ
1 ip

ν
2〈Ai

µ(k1)A
i
ν(k2)〉〈(φ̃1α(q2))∗φ̃1α(q1)〉 , ✭✸✳✶✷✻✮

✇❤✐❝❤ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ♦♥❡ ✐♥t❡❣r❛❧ ❛❢t❡r ❛ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡✿

I1(p;mi,gauge,m1α) = ❋❈

[

∫

dq4

(2π)4
pµp

µ + qµq
µ

(

(p+ q)2 −m2
i,gauge

)

(q2 −m2
1α)

]

✭✸✳✶✷✼✮

❚❤❡ ✜♥❛❧ t❡r♠s t♦ ❝♦♥s✐❞❡r ❛r❡ t❤❡ q✉❛rt✐❝ ❝♦✉♣❧✐♥❣s ✇✐t❤ t❤❡ ❣❛✉❣❡✳ ❚❤❡ ♦♥❡s
r❡❧❡✈❛♥t t♦ ✉s ❛r❡

−g2Cηµν |Nαβ |2Aβ
µ(A

β
ν )

∗φ̃Iα(φ̃Iα)∗

+g2Cηµνα2
iA

i
µA

i
ν φ̃

Iαφ̃I(−α) , ✭✸✳✶✷✽✮

✇❤✐❝❤ ❢♦r♠ t❛❞♣♦❧❡✲❧✐❦❡ ✐♥t❡❣r❛❧s✳
❲❡ ❤❛✈❡ ♥♦✇ ❛❧❧ t❤❡ ✐♥❣r❡❞✐❡♥ts t♦ r❡♥♦r♠❛❧✐③❡ t❤❡ ♠❛ss ♦❢ φ̃1α✳ ❲❡ s❤❛❧❧

❡♥❞ t❤✐s ♣❛rt ❜② ❣✐✈✐♥❣ t❤❡ ✜♥❛❧ ❡①♣r❡ss✐♦♥✳

✾✷



❈♦rr❡❝t✐♦♥ t♦ t❤❡ ♠❛ss ♦❢ φ̃1α

❋✐♥❛❧❧② t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❝♦rr❡❝t✐♦♥ t♦ t❤❡ ♠❛ss ♦❢ φ̃1α ✐s

1

C2
δm2

φ1α =(2gM)2 (Nαβ)
2(T1α,Jβ,Kγ)

2〈φ̃Jβ(φ̃Jβ)∗〉〈φ̃Kγ(φ̃Kγ)∗〉 ✭✸✳✶✷✾✮

+ (2gM)2α2
i (cos(2θ) sin(ν))

2〈φ̃1iφ̃1i〉〈φ̃3α(φ̃3α)∗〉
+ (2gM)2α2

i (cos(2θ) cos(ν))
2〈φ̃2iφ̃2i〉〈φ̃3α(φ̃3α)∗〉

+ (2gM)2α2
i (sin(2θ) sin(ν))

2〈φ̃1iφ̃1i〉〈φ̃1α(φ̃1α)∗〉
+ (2gM)2α2

i (sin(2θ) cos(ν))
2〈φ̃2iφ̃2i〉〈φ̃1α(φ̃1α)∗〉

+
g2

2
4|Nαβ |2〈φJβ(φJβ)∗〉

+
g2

2
4α2

i

(

1− sin(θ)2
)

〈φ̃3iφ̃3i〉

+
g2

2
4α2

i

(

1− cos(θ)2 cos(ν)2
)

〈φ̃1iφ̃1i〉

+
g2

2
4α2

i

(

1− cos(θ)2 sin(ν)2
)

〈φ̃2iφ̃2i〉

+ (2g)2|Nβγ(P†
α)

I
I′(P†

γ)
I
J ′ |2I2(m2

1α;mβ,gauge,mJ ′γ)

+ (2g)2|Nγα(P†
α)

I
I′(P†

β)
I
J ′ |2I2(m2

1α;mγ,gauge,mJ ′β)

+ α2
i (2g)

2I1(m2
1α;mi,gauge,m1α)

+ α2
i (2g cos(θ) cos(ν))

2I2(m2
1α;mα,gauge,m1i)

+ α2
i (2g cos(θ) sin(ν))

2I2(m2
1α;mα,gauge,m2i)

+ α2
i (2g sin(θ))

2I2(m2
1α;mα,gauge,m3i)

+ g2Cηµν |Nαβ |2〈Aβ
µ(A

β
ν )

∗〉
+ g2Cηµνα2

i 〈Ai
µA

i
ν〉

✇❤❡r❡ ✇❡ r❡❝❛❧❧ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ✐♥t❡❣r❛❧s

I1(p2;mα
gauge,mIα) =

∫

dq4

(2π)4
pµp

µ + qµq
µ

(

(p+ q)2 −m2
gauge

)

(q2 −m2
Iα)

✭✸✳✶✸✵✮

I2(p2;mα
gauge,mIα) =

∫

dq4

(2π)4
(p− q)µ(p− q)µ

(

(p+ q)2 −m2
gauge

)

(q2 −m2
Iα)

.

❆ ❢❡✇ ✇♦r❞s ❛r❡ ✐♥ ♦r❞❡r ❛❜♦✉t t❤✐s r❡s✉❧t✳ ❋✐rst✱ ♥♦t✐❝❡ t❤❛t t❤✐s r❡s✉❧t ✐s ✐♥
❢❛❝t ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❛♥❣❧❡ ν✳ ❚❤❛t ✐s ❜❡❝❛✉s❡ φ1i ❛♥❞ φ2i ❛r❡ ❜♦t❤ ♠❛ss❧❡ss✳

✾✸



❋♦r ❡①❛♠♣❧❡✱ ✐❢ ✇❡ t❛❦❡ t❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ ❧✐♥❡

+ (2gM)2α2
i (cos(2θ) sin(ν))

2〈φ̃1iφ̃1i〉〈φ̃3α(φ̃3α)∗〉 ✭✸✳✶✸✶✮

+ (2gM)2α2
i (cos(2θ) cos(ν))

2〈φ̃2iφ̃2i〉〈φ̃3α(φ̃3α)∗〉 ,

✇❡ s❡❡ t❤❛t t❤❡ ❝♦rr❡❧❛t♦rs ❛r❡ t❤❡ s❛♠❡ ✐♥ ❜♦t❤ ❧✐♥❡✱ ❧❡❛❞✐♥❣ t♦ t❤❡ s✐♠♣❧✐✜❝❛✲
t✐♦♥ ♦❢ t❤❡ cos(ν) ❛♥❞ sin(ν)✳ ❚❤✐s ❤❛♣♣❡♥s ✐♥ t❤❡ s❛♠❡ ✇❛② ❡✈❡r②✇❤❡r❡ t❤❡ ν
❛♥❣❧❡ ❛♣♣❡❛rs✳ ❚❤❡r❡❢♦r❡ t❤❡ ♠❛ss ❝♦rr❡❝t✐♦♥ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❛♥❣❧❡✳ ◆❡①t✱
t❛❞♣♦❧❡ t❡r♠s ✐♥✈♦❧✈✐♥❣ ❛ ♠❛ss❧❡ss ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ ✈❛♥✐s❤ ✇❤❡♥ ❡①♣❧✐❝✐t❧②
❝♦♠♣✉t❡❞✱ ❧❡❛❞✐♥❣ t♦ ❛❞❞✐t✐♦♥❛❧ s✐♠♣❧✐✜❝❛t✐♦♥s✳ ▲❛st❧②✱ t❡r♠s ✐♥✈♦❧✈✐♥❣ ♦♥❧②
r♦♦ts ❛r❡ t❤❡ ♠♦r❡ ✐♥tr✐❝❛t❡✳ ■t ✐s ♥♦t r❡❛❧❧② ❡♥❧✐❣❤t❡♥✐♥❣ t♦ ❞❡✈❡❧♦♣ t❤❡♠ ♠♦r❡
s✐♥❝❡ t❤❡② ♠✐① s✐♥❡s ❛♥❞ ❝♦s✐♥❡s ✇✐t❤ ❞✐✛❡r❡♥t ❛♥❣❧❡s✱ ❧❡❛❞✐♥❣ t♦ ✈❡r② ❢❡✇ s✐♠✲
♣❧✐✜❝❛t✐♦♥s ✐♥ ❣❡♥❡r❛❧✳ ❲❡ ✇✐❧❧ s❡❡ t❤❛t ❢♦r t❤❡ ❜r❡❛❦✐♥❣ SU(3) → SU(2)×U(1)✱
t❤❡② s✐♠♣❧✐❢② ❣r❡❛t❧②✳ ❇✐❣❣❡r ❣❛✉❣❡ ❣r♦✉♣s ✇♦✉❧❞ ❣✐✈❡ r✐s❡ t♦ ❝♦♠♣❧❡① ❝♦♠❜✐♥❛✲
t♦r✐❝s ❜❡t✇❡❡♥ t❤❡ ❞✐✛❡r❡♥t r♦♦ts✳ ■t ✇♦✉❧❞ ❜❡ ♦❢ ❝♦✉rs❡ ♣♦ss✐❜❧❡ t♦ ❛✉t♦♠❛t✐③❡
t❤❡ ❝♦♠♣✉t❛t✐♦♥ ❢♦r ❛♥② ❣❛✉❣❡ ❣r♦✉♣ s✐♥❝❡ t❤❡ ♦♥❧② ❞❛t❛ t❤❛t ❞❡♣❡♥❞s ♦♥ t❤❡
❛❧❣❡❜r❛ ✐s t❤♦✉❣❤ t❤❡ r♦♦ts α ✳ ✳ ✳ ❛♥❞ t❤❡ ❝♦❡✣❝✐❡♥ts Nαβ ✳ ●✐✈❡♥ t❤✐s ❞❛t❛✱ t❤❡
❝♦♠♣✉t❛t✐♦♥ ❝❛♥ ❜❡ r❡❛❞✐❧② ❛✉t♦♠❛t❡❞✳

✸✳✺✳✷ ❘❡♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ φ1i ❛♥❞ φ2i

❚❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡s❡ t❡r♠s ✐s ❛❝t✉❛❧❧② ❡✈❡♥ ❡❛s✐❡r t❤❛♥ t❤❡ ♣r❡✈✐♦✉s
❝❛s❡✳ ❲❡ st❛rt ❜② ✇r✐t✐♥❣ t❤❡ r❡❧❡✈❛♥t t❡r♠s ❢r♦♠ t❤❡ ♣♦t❡♥t✐❛❧

−2gM
∑

α+

iαiTIα,J(−α),Kiφ̃
Iα(φ̃Jα)∗φ̃Ki

−g
2

2

(

∑

α+

4αiαjφ
IiφIjφJα(φJα)∗ − 4αiαjQIJI′J ′φIiφJjφI

′α(φJ
′α)∗

)

+2igC(P†
α)

I
I′αiA

µ(−α)
(

∂µφ̃
I′αφIi − φ̃I

′α∂µφ
Ii
)

+g2ηµναiγjφ
IiAα

µφ
IjAγ

νδα+γ,0 ✭✸✳✶✸✷✮

◆❡①t ✇❡ ❛r❡ ❣♦✐♥❣ t♦ s❡❧❡❝t t❤❡ t❡r♠s ✐♥✈♦❧✈✐♥❣ φ1i✳

−2gM
∑

α+

iαiTIα,J(−α),1iφ̃
Iα(φ̃Jα)∗φ̃1i

−g
2

2

(

∑

α+

4α2
i (1−Q11I′I′)φ1iφ1iφI

′α(φI
′α)∗

)

+2ig(P†
α)

1
I′αiA

µ(−α)
(

∂µφ̃
I′αφ1i − φ̃I

′α∂µφ
1i
)

+g2ηµνα2
iφ

1iφ1iAα
µ(A

α
ν )

∗ ✭✸✳✶✸✸✮

✾✹



❚❤❡ ❝❛s❡ ♦❢ φ2i ✐s ❡①❛❝t❧② t❤❡ s❛♠❡✳ ❆❧r❡❛❞② ✇❡ ❝❛♥ ❣✐✈❡ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡
♠❛ss❡s✳

1

C2
δm2

φ1i =(2gM)2α2
i |TIα,J(−α),1i|2〈φ̃Iα(φ̃Iα)∗〉〈φ̃Jα(φ̃Jα)∗〉

+
g2

2
4α2

i (1−Q11I′I′)〈φI′α(φI
′α)∗〉

+(2g)2α2
i (P†

α)
1
I′I2(m2

i ;m
α
gauge,mI′α)

+g2ηµνα2
i 〈Aα

µ(A
α
ν )

∗〉

✭✸✳✶✸✹✮

✸✳✺✳✸ ❘❡♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❜r♦❦❡♥ ❜♦s♦♥ Aα
µ

❚❤❡ r❡❧❡✈❛♥t t❡r♠s ❛r❡

2gCNαγ(P†
β)

I
I′(P†

γ)
I
J ′Aµα

(

∂µφ̃
I′βφ̃J

′γ − φI
′β∂µφ

J ′γ
)

+ ❝✳❝✳ ✭✸✳✶✸✺✮

+ 2igC(P†
α)

I
I′αiA

µ(−α)
(

∂µφ̃
I′αφIi − φ̃I

′α∂µφ
Ii
)

+ ❝✳❝✳ ,

❛❧♦♥❣ ✇✐t❤ t❤❡ q✉❛rt✐❝ t❡r♠s

+ g2|Nαβ |2ηµν φ̃Iβ(φ̃Iβ)∗Aα
µ(A

α
ν )

∗

+ g2ηµνα2
i φ̃

Iiφ̃IiAα
µ(A

α
ν )

∗ . ✭✸✳✶✸✻✮

❲❡ st❛rt ✇✐t❤ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ❢r♦♠ t❤❡ ✜rst t❡r♠✳ ❲❡ ❝❛♥ r❡❝②❝❧❡ t❤❡ ❝♦♠✲
♣✉t❛t✐♦♥ ❞♦♥❡ ❢♦r t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ φ̃α ✐♥ ✭✸✳✶✷✶✮ ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡
❝♦✉♣❧✐♥❣ t♦ t❤❡ ❣❛✉❣❡ ❜♦s♦♥✳ ❲❡ t❤❡♥ ❛♣♣❧② t❤❡ ❛♣♣r♦♣r✐❛t❡ ❞❡❧t❛ ❢✉♥❝t✐♦♥s
❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❝♦♥tr❛❝t✐♦♥s ♦❢ t❤❡ s❝❛❧❛rs t♦ ✜♥❞

g2effI3(p2;mβ ,mγ) = g2eff

∫

dq4

(2π)4
(p+ 2q)µ(p+ 2q)µ

(

(p+ q)2 −m2
β

)

(

q2 −m2
γ

)

. ✭✸✳✶✸✼✮

❍❡r❡ geff r❡❢❡rs t♦ 2gCNαγ(P†
β)

I
I′(P†

γ)
I
J ′ ✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡ ❣✐✈❡ t❤❡ s❛♠❡

✐♥t❡❣r❛❧ ✇✐t❤ t❤❡ ❛♣♣r♦♣r✐❛t❡ ♠❛ss❡s✳ ❚❤❡ q✉❛rt✐❝ t❡r♠s ❣✐✈❡ t❤❡ ✉s✉❛❧ t❛❞♣♦❧❡
✇❡ ❛❧r❡❛❞② ❡♥❝♦✉♥t❡r❡❞✳ P✉tt✐♥❣ ❛❧❧ t❤✐s t♦❣❡t❤❡r✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❝♦♥tr✐❜✉t✐♦♥
t♦ t❤❡ ♠❛ss ♦❢ t❤❡ ❣❛✉❣❡ ❜♦s♦♥✿

(δmα
gauge)

2 =(2g)2ηµν |Nαγ(P†
β)

I
I′(P†

γ)
I
J ′ |2I3(p2;mI′β ,mJ ′γ)

+ (2g)2ηµν |Nαγ(P†
β)

I
I′I3(p2;mI′α,mIi)|2

+ g2ηµν |Nαβ |2〈φ̃Iβ(φ̃Iβ)∗〉
+ g2ηµνα2

i 〈φ̃Iiφ̃Ii〉 .

✭✸✳✶✸✽✮

❲❡ ❛r❡ ✜♥❛❧❧② ❞♦♥❡ ❝♦♠♣✉t✐♥❣ t❤❡ ❝♦rr❡❝t✐♦♥s t♦ t❤❡ ♠❛ss❡s ❛t ♦♥❡✲❧♦♦♣✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♥❞ ✜♥❛❧ ❝❤❛♣t❡r✱ ✇❡ ✇✐❧❧ ❞✐s❝✉ss s♣❡❝✐✜❝ ❡①❛♠♣❧❡s✱ tr②✐♥❣ t♦
✉♥❞❡rst❛♥❞ ❣❡♥❡r❛❧ ❢❡❛t✉r❡s ♦❢ t❤✐s t②♣❡ ♦❢ ♠♦❞❡❧s✱ ❛♥❞ t❤❡✐r ❧✐♠✐t❛t✐♦♥s✳

✾✺



❈❤❛♣t❡r ✹

❉✐s❝✉ss✐♦♥

■♥ t❤✐s ✜♥❛❧ ❝❤❛♣t❡r✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ✉s❡ t❤❡ ♠❛❝❤✐♥❡r② ❞❡✈❡❧♦♣❡❞ ✐♥
t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡rs t♦ st✉❞② t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ ❛ ❣❛✉❣❡❞ SU(3) ♠♦❞❡❧✳
❲❡ ✇✐❧❧ s❡❡ ❤♦✇ t❤❡ ♠❛ss ❤✐❡r❛r❝❤② ♦r❣❛♥✐③❡s ❛♥❞ ✇❤❛t ❝❛♥ ❜❡ s❛✐❞ ❢♦r ❢✉t✉r❡
✇♦r❦ ❢♦r t❤✐s ❝❧❛ss ♦❢ ♠♦❞❡❧✳ ❲❡ ✇✐❧❧ t❤❡♥ ❞✐s❝✉ss q✉❛❧✐t❛t✐✈❡ ♣r♦♣❡rt✐❡s ♦❢ ♦t❤❡r
❣❛✉❣❡ ❣r♦✉♣s✱ ❛♥❞ ❤♦✇ ✇❡ ❝❛♥ r❡str✐❝t t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❣r♦✉♣ ✐♥ ✇❤✐❝❤ ✇❡
❡♠❜❡❞ SU(2)×U(1) t♦ r❡♣r♦❞✉❝❡ ❛ s❝❛❧❛r ✜❡❧❞ s✐♠✐❧❛r t♦ t❤❡ ❍✐❣❣s ✜❡❧❞ ❜❡❢♦r❡
❡❧❡❝tr♦✇❡❛❦ s②♠♠❡tr② ❜r❡❛❦✐♥❣✳

✹✳✶ SU(3) → SU(2)× U(1)✱ ♠❛ss❡s ❛t ♦♥❡✲❧♦♦♣

■♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡ t❤❡ ❝♦rr❡❝t✐♦♥ t♦ t❤❡ ♠❛ss❡s ❢♦r ❛ ❣✐✈❡♥ ❣❛✉❣❡ ❣r♦✉♣✱
❛❧❧ ✇❡ ♥❡❡❞ t♦ ❞♦ ✐s s♣❡❝✐❢② t❤❡ ❣❛✉❣❡ ❜② s❡tt✐♥❣ t❤❡ ✈❛❧✉❡s ❢♦r t❤❡ r♦♦ts α✱
✳ ✳ ✳ ❛♥❞ t❤❡ Nαβ ❝♦❡✣❝✐❡♥ts✳ ❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❣❛✉❣❡ ❣r♦✉♣ SU(3)✱ ❛s ✐t
♣r♦✈✐❞❡s t❤❡ s✐♠♣❧❡st ♥♦♥✲tr✐✈✐❛❧ ❡①❛♠♣❧❡ ✇✐t❤ SU(2)× U(1) ❡♠❜❡❞❞❡❞✱ ❛❧♦♥❣
✇✐t❤ ❛ ❢✉♥❞❛♠❡♥t❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ SU(2)× U(1) t♦ ❛❝t ❛s ❛ ❍✐❣❣s ✜❡❧❞✳ ❲❡
st❛rt ❜② ❣✐✈✐♥❣ t❤❡ r♦♦ts ❢♦r SU(3)✿

α = (−1/2,
√
3/2) ✭✹✳✶✮

β = (1, 0) ✭✹✳✷✮

γ = (1/2,
√
3/2) ✭✹✳✸✮

❛❧♦♥❣ ✇✐t❤ t❤❡✐r ♦♣♣♦s✐t❡s✳ ❲❡ ❛❧s♦ ❤❛✈❡ t❤❡ r❡❧❛t✐♦♥ α+β = γ✳ ❚❤❡ ❝♦❡✣❝✐❡♥ts
Nαβ ❛r❡ ❛❧❧ t❤❡ s❛♠❡ ❛♥❞ ❣✐✈❡♥ ❜②

Nαβ =
i√
2
. ✭✹✳✹✮

❚❤❡r❡ ✐s ❛ r❡❛❧ ❛❞✈❛♥t❛❣❡ ♦❢ ✇♦r❦✐♥❣ ✐♥ t❤❡ ❈❛rt❛♥✲❲❡②❧ ❜❛s✐s ❧✐❦❡ ✇❡ ❞✐❞✱
✇❡ ❝❛♥ ❡❛s✐❧② ✉♥❞❡rst❛♥❞ t❤❡ ❜r❡❛❦✐♥❣ ♦❢ t❤❡ ❣❛✉❣❡ t❤r♦✉❣❤ t❤❡ ✉s❡ ♦❢ r♦♦t
❞✐❛❣r❛♠s ✭❛t ❧❡❛st ❢♦r ❣r♦✉♣s ♦❢ r❛♥❦ t✇♦ ♦r t❤r❡❡✱ ❢♦r ❧❛r❣❡r ❣r♦✉♣s ✇❡ ❝❛♥ ✉s❡
❉②♥❦✐♥s ❞✐❛❣r❛♠s✱ ❜✉t ✐t ♠❛② ♥♦t ❜❡ ❛s ✐♥t✉✐t✐✈❡✮✳ ❈♦♥s✐❞❡r t❤❡ ❞✐❛❣r❛♠ ✐♥

✾✻



✭❛✮ SU(3) → U(1)× U(1) ✭❜✮ SU(3) → SU(2)× U(1)

❋✐❣✉r❡ ✹✳✶✿ ✭❛✮ ◆♦ r♦♦t ✐s ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ ✈❛❝✉✉♠✱ t❤❡ ❣❛✉❣❡ ❛❢t❡r ❜r❡❛❦✐♥❣
✐s ❣❡♥❡r❛t❡❞ ❜② H1 ❛♥❞ H2 ✇❤✐❝❤ ❝♦♠♠✉t❡ ✇✐t❤ ♦♥❡ ❛♥♦t❤❡r✱ r❡s✉❧t✐♥❣ ✐♥ t❤❡
U(1)×U(1) ❣❛✉❣❡✳ ✭❜✮ ❚❤❡ ❤♦r✐③♦♥t❛❧ r♦♦t ✭✐♥ r❡❞✮ ✐s ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ ✈❛❝✉✉♠✳
❚❤♦s❡ t✇♦ r♦♦ts ❛❧♦♥❣ ✇✐t❤ H1 ❢♦r♠ ❛♥ su(2) s✉❜❛❧❣❡❜r❛✱ H2 ❣❡♥❡r❛t❡s t❤❡ U(1)
♣❛rt✳ ❚❤❡ ♦t❤❡r r♦♦ts ✭✐♥ ❣r❡❡♥✮ ❢♦r♠ ❛ ❢✉♥❞❛♠❡♥t❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ SU(2)
❛♥❞ ❝❤❛r❣❡❞ ✉♥❞❡r t❤❡ U(1) ❣❡♥❡r❛t❡❞ ❜② H2✳

❋✐❣✉r❡ ✹✳✶✳ ❙✐♥❝❡ ♦✉r ✈❛❝✉✉♠ ❜❡❧♦♥❣s t♦ t❤❡ ❈❛rt❛♥ s✉❜❛❧❣❡❜r❛✱ ✇❡ ❝❛♥ t❤✐♥❦
♦❢ ✐t ❛s ❛ ❞✐r❡❝t✐♦♥ ✐♥ r♦♦t s♣❛❝❡✳ ❆s ✇❡ s❛✇✱ t❤❡ ✈❛r✐♦✉s ♠❛ss❡s ❢♦r ❛ ❣✐✈❡♥
❞✐r❡❝t✐♦♥ Eα ✐♥ t❤❡ ❛❧❣❡❜r❛ ❞❡♣❡♥❞ ♦♥ t❤❡ ♣❛r❛♠❡t❡r bαI = g/Mαiφ

Ii
0 ✱ t❤❛t ✐s✱

♦♥ t❤❡ s❝❛❧❛r ♣r♦❞✉❝t ♦❢ t❤❡ r♦♦t α ✇✐t❤ t❤❡ ✈❛❝✉✉♠✳ ❚❤✐s ✐♥t❡r♣r❡t❛t✐♦♥ ♠❛❦❡s
❜r❡❛❦✐♥❣ ♣❛tt❡r♥s ❡✈✐❞❡♥t ✇❤❡♥ ❧♦♦❦✐♥❣ ❛t t❤❡ r♦♦t ❞✐❛❣r❛♠✳ ❖❢ ❝♦✉rs❡✱ s✐♥❝❡
♦✉r ✈❛❝✉✉♠ ❜❡❧♦♥❣s t♦ t❤❡ ❈❛rt❛♥ s✉❜❛❧❣❡❜r❛✱ t❤❡ ❣❡♥❡r❛t♦rs ♦❢ t❤✐s s✉❜❛❧❣❡❜r❛
❝❛♥♥♦t ❜❡ ❜r♦❦❡♥ ❜② t❤✐s ♠❡❝❤❛♥✐s♠ s✐♥❝❡ t❤❡② ❛❧❧ ❝♦♠♠✉t❡ ✇✐t❤ ❡❛❝❤ ♦t❤❡rs✳

❚❤❡ ❡❧❡❝tr♦✇❡❛❦ s②♠♠❡tr② ❜r❡❛❦✐♥❣ t❛❦❡s ❛♥ SU(2)×U(1) ❣❛✉❣❡ ❛♥❞ ❜r❡❛❦s
✐t t♦ U(1)✳ ❍❡r❡✱ ✇❡ ❝❛♥♥♦t r❡♣r♦❞✉❝❡ t❤✐s ❜r❡❛❦✐♥❣ ♣❛tt❡r♥ ❜❡❝❛✉s❡ ✇❡ ❤❛✈❡
♥♦ ✇❛② ♦❢ ❜r❡❛❦✐♥❣ ❛ U(1) ❢❛❝t♦r ✭s❡❡♥ ❛s ❛ ❞✐r❡❝t✐♦♥ ✐♥ t❤❡ ❈❛rt❛♥ s✉❜❛❧❣❡❜r❛✮✳
▲❡t ✉s st✉❞② t❤❡ ❜r❡❛❦✐♥❣ ♣❛tt❡r♥ SU(3) → SU(2) × U(1) ✐♥ ♠♦r❡ ❞❡t❛✐❧✱ ✇❡
✇✐❧❧ ❞✐s❝✉ss ♣♦ss✐❜❧❡ s♦❧✉t✐♦♥s t♦ ❜r❡❛❦ r❡s✐❞✉❛❧ U(1) ❢❛❝t♦rs ❧❛t❡r ♦♥✳ ❚♦ t❤✐s
❡♥❞✱ ✇❡ t❛❦❡ t❤❡ ✈❛❝✉✉♠ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ r♦♦t β ✭t❤❡ ❤♦r✐③♦♥t❛❧ r♦♦t✮✳ ❚❤❡
✜❡❧❞ ❝♦♥t❡♥t ❛❢t❡r t❤❡ ❜r❡❛❦✐♥❣ ✐s ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✸✳✶ ✇✐t❤ ❡①❛❝t❧② ♦♥❡ H−✱ ♦♥❡
H+ ❛♥❞ ♦♥❡ ❜r♦❦❡♥ ❜♦s♦♥ Xµ ✇❤✐❝❤ ❛r❡ ❛❧❧ ✐♥ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ r❡♣r❡s❡♥t❛t✐♦♥
♦❢ SU(2) ❛♥❞ ❝❤❛r❣❡❞ ✉♥❞❡r U(1)✳ ▲❡t ✉s ❣✐✈❡ t❤❡ ▲❛❣r❛♥❣✐❛♥ ❡①♣❧✐❝✐t❧② ❢♦r
❝❧❛r✐t②✳ ■♥ t❤❡ ❡✐❣❡♥♠❛ss ❜❛s✐s✱ t❤❡ ❞②♥❛♠✐❝❛❧ t❡r♠s r❡❛❞

Ldyn = −1

2
Tr(FµνF

µν)−DµX
†
ν ·DµXν +M2

XX
2

+Dµ(H
±)† ·DµH± − (m±)

2(H±)†.H±

+ Tr(DµφiD
µφi) + Tr(DµρD

µρ)−M2
ρTr(ρ

2) , ✭✹✳✺✮

✇❤❡r❡ i = 1, 2❀ Fµν ✐s t❤❡ ✜❡❧❞ str❡♥❣t❤ t❡♥s♦r ❢♦r t❤❡ SU(2)×U(1) ❣❛✉❣❡❀ Xµ ✐s
t❤❡ ❜r♦❦❡♥ ❜♦s♦♥ ✭❣❛✉❣❡✲✜①❡❞ s♦ t❤❡ ❞②♥❛♠✐❝❛❧ t❡r♠ ✐s ♥♦ ❧♦♥❣❡r ❛♥t✐s②♠♠❡tr✐❝
✐♥ µ✱ ν✮❀ t❤❡ H✬s✱ t❤❡ φi✬s ❛♥❞ ρ ❛r❡ s❝❛❧❛rs✳ ❲❡ r❡❝❛❧❧ t❤❛t t❤❡ ♠❛ss❡s t❛❦❡ t❤❡

✾✼



❢♦❧❧♦✇✐♥❣ ❢♦r♠✱

M1 =Mf−(x) M2 =Mf+(x) ✭✹✳✻✮

Mρ =M MX =Mx , ✭✹✳✼✮

✇❤❡r❡✱

x =

√

b21 + b22
2

, ✭✹✳✽✮

❛♥❞ ✇❡ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥ f±(x) ❛s✱

f±(x) =

√

(1 + x2 ±
√

1 + 2x2) . ✭✹✳✾✮

❆s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞✱ ❛❧❧ ✜❡❧❞s ♦❢ t❤✐s ♠♦❞❡❧ tr❛♥s❢♦r♠ ✐♥ ❡✐t❤❡r ♦❢ t✇♦ SU(2)×
U(1) r❡♣r❡s❡♥t❛t✐♦♥s✿ t❤❡ ❛❞❥♦✐♥t ✭φi✱ ρ✮ ❛♥❞ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✭H±✱ Xµ✮✳ ❚❤❡

❛❞❥♦✐♥t r❡♣r❡s❡♥t❛t✐♦♥ ✐s t♦ ❜❡ ✉♥❞❡rst♦♦❞ ❛s t❤❡ s♣❛♥ ♦❢ (
√
3
2 I, σ1

2 ,
σ2

2 ,
σ3

2 )✳ ❚❤❡
❝♦✉♣❧✐♥❣ ❝♦♥st❛♥ts ❛r❡✱

gSU(2) =
g

2
❛♥❞ gU(1) =

√
3

2
g . ✭✹✳✶✵✮

❚❤❡ ❝✉❜✐❝ t❡r♠s ♦❢ t❤❡ s❝❛❧❛r ♣♦t❡♥t✐❛❧ ❛r♦✉♥❞ t❤❡ s❡❧❡❝t❡❞ ✈❛❝✉✉♠ ❛r❡ ❣✐✈❡♥
❜②✱

−2gMiTr([φ1,φ2]φ3) = −2gM
(

− 2 cos(2θ) cos(ν)Im(H†
1 · φ2 ·H2)

− 2 cos(2θ) sin(ν)Im(H†
1 · φ1 ·H2)

+ sin(2θ) cos(ν)H†
1 · φ2 ·H1

+ sin(2θ) sin(ν)H†
1 · φ1 ·H1

− sin(2θ) cos(ν)H†
2 · φ2 ·H2

− sin(2θ) sin(ν)H†
2 · φ1 ·H2 + 2iT r(φ2 · [ρ, φ1])

)

, ✭✹✳✶✶✮

❛s ✇❡❧❧ ❛s t❤❡ ❝✉❜✐❝ t❡r♠s ❝♦✉♣❧✐♥❣ t❤❡ ❜r♦❦❡♥ ❜♦s♦♥ Xµ t♦ t❤❡ s❝❛❧❛rs✱

− 2g sin(θ)Re
(

∂µH
†
1 · ρ ·Xµ −H†

1 · ∂µρ ·Xµ
)

+ 2g cos(θ)Im
(

Xµ† · ρ · ∂µH2 −Xµ† · ∂µρ ·H2

)

+ 2g cos(θ) cos(ν)Im
(

Xµ† · φ1 · ∂µH1 −Xµ† · ∂µφ1 ·H1

)

− 2g sin(θ) cos(ν)Re
(

∂µH
†
2 · φ1 ·Xµ −H†

2 · ∂µφ1 ·Xµ

)

+ 2g cos(θ) sin(ν)Im
(

Xµ† · φ2 · ∂µH1 −Xµ† · ∂µφ1 ·H1

)

− 2g sin(θ) sin(ν)Re
(

∂µH
†
2 · φ2 ·Xµ −H†

2 · ∂µφ1 ·Xµ

)

. ✭✹✳✶✷✮

✾✽



■♥ ❛❞❞✐t✐♦♥ t❤❡r❡ ✐s ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ q✉❛rt✐❝ t❡r♠s ❧✐st❡❞ ❜❡❧♦✇✿

g2Tr([φ1, ρ]
2) + g2Tr([φ2, ρ]

2) + g2(1− sin2(θ) cos2(ν))H†
2 · φ21 ·H2

+ g2(1− sin(θ)2 sin2(ν))H†
2 · φ22 ·H2

+ g2(1− cos2(θ) cos2(ν))H†
1 · φ21 ·H1

+ g2(1− cos2(θ) sin2(ν))H†
1 · φ22 ·H1

+ g2 cos2(θ)H†
1 · ρ2 ·H1

+ g2 sin2(θ)H†
2 · ρ2 ·H2

+ g2X†
µ · ρ2 ·Xµ + g2

(

(H†
2 ·H2)(X

†
µ ·Xµ)− (H†

2 · σ3 ·H2)(X
†
µ · σ3 ·Xµ)

)

+ g2
(

(H†
1 ·H1)(X

†
µ ·Xµ)− (H†

1 · σ3 ·H1)(X
†
µ · σ3 ·Xµ)

)

+ g2
(

(H†
1 ·H1)(H

†
2 ·H2)− (H†

1 · σ3 ·H1)(H
†
2 · σ3 ·H2)

)

. ✭✹✳✶✸✮

❚❤❡ ♠❛ss❡s ❛❢t❡r r❡♥♦r♠❛❧✐③❛t✐♦♥ ❛r❡ ❣✐✈❡♥ ✐♥ ✜❣✉r❡ ✹✳✷✳ ❆❧❧ t❤❡ s❝❛❧❛rs
❜❡❝♦♠❡ ♠❛ss✐✈❡ ✉♥❞❡r r❡♥♦r♠❛❧✐③❛t✐♦♥✳ ❚❤❡ ♠❛ss❧❡ss s❝❛❧❛rs ✭❞❡♥♦t❡❞ ❜② φ ✐♥
✜❣✉r❡ ✹✳✷✮ ❛❝q✉✐r❡ ❛ ♠❛ss ♦❢ t❤❡ s❛♠❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❛s H−✳ ❆♥♦t❤❡r

✐♠♣♦rt❛♥t ♣♦✐♥t ✐s t❤❛t t❤❡ ✜❡❧❞s φ
U(1)
1,2 ❞♦ ♥♦t ❝♦✉♣❧❡ t♦ t❤❡ ❣❛✉❣❡ ❛t ❛❧❧✳ ❚❤❡s❡

❛r❡ t❤❡ ✜❡❧❞s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ H2 ❞✐r❡❝t✐♦♥ ♦❢ ✜❣✉r❡ ✹✳✶✱ ♠❡❛♥✐♥❣ t❤❛t
t❤❡② ❝♦♠♠✉t❡ ✇✐t❤ ❛❧❧ t❤❡ ❣❡♥❡r❛t♦rs ♦❢ t❤❡ ♥❡✇ ❣❛✉❣❡✳ ❚❤✐s ♠♦❞❡❧ ❞♦❡s ♥♦t
✐♥❝❧✉❞❡ ❢❡r♠✐♦♥s✳ ■❢ ✇❡ ✇❡r❡ t♦ ❝♦✉♣❧❡ ❢❡r♠✐♦♥s t♦ t❤❡ s❝❛❧❛rs✱ ❢❡r♠✐♦♥✐❝ ❧♦♦♣s
✇♦✉❧❞ ❧♦✇❡r t❤❡ ♠❛ss❡s✱ ♠❛❦✐♥❣ t❤✐s ♠❛ss ❤✐❡r❛r❝❤② ♣♦ss✐❜❧② ❞✐✛❡r❡♥t ✐♥ ❛ ♠♦r❡
r❡❛❧✐st✐❝ ♠♦❞❡❧✳

❚❤❡ SU(3) ♠♦❞❡❧ ♦✛❡rs ❛♥ ✐♥t❡r❡st✐♥❣ s❡t✉♣ ❢♦r ●❛✉❣❡✲❍✐❣❣s ✉♥✐✜❝❛t✐♦♥ ❛s
✐t ❛❧❧♦✇s ❢♦r t❤r❡❡ ♠❛ss s❝❛❧❡s ❣✐✈❡♥ ❜② t❤❡ ❧♦✇ ♠❛ss s❝❛❧❛rs✱ t❤❡ ❣❡♦♠❡tr✐❝❛❧
♠❛ss s❝❛❧❡ ❢

2 ❛♥❞ t❤❡ ❑❛❧✉③❛✲❑❧❡✐♥ ♠♦❞❡s ✇❤♦s❡ ♠❛ss❡s ❣♦ ❧✐❦❡ ♦♥❡ ♦✈❡r t❤❡
r❛❞✐✐✳ ❚❤❡ ♠♦❞❡❧ ❤❛s ❢❡✇ ❢r❡❡ ♣❛r❛♠❡t❡rs✱ ♥❛♠❡❧② t❤❡ ❣❡♦♠❡tr✐❝❛❧ ♠❛ss M ✭♦r
t✇✐st✮✱ t❤❡ ❨❛♥❣✲▼✐❧❧s ❝♦✉♣❧✐♥❣ ❝♦♥st❛♥t g✱ ❛♥❞ t❤❡ ✈❛❝✉✉♠ ♣❛r❛♠❡t❡rs✳ ❖♥❡
✇♦✉❧❞ ❡①♣❡❝t t❤❡ ✈❛❝✉✉♠ ♣❛r❛♠❡t❡rs t♦ ❜❡ ✜①❡❞ t♦ s♦♠❡ ✈❛❧✉❡ t❤❛t ❞❡♣❡♥❞s
♦♥ t❤❡ ❣❡♦♠❡tr✐❝❛❧ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ♠♦❞❡❧ g ❛♥❞ ❢ ✐❢ ✇❡ ✇❡r❡ t♦ ♣r♦❝❡❡❞ ✇✐t❤
❛ ❝♦♠♣❧❡t❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧✳ ❇✉t t❤✐s ✐s ♦✉ts✐❞❡ ♦❢ t❤❡ s❝♦♣❡ ♦❢
t❤❡ ♣r❡s❡♥t t❤❡s✐s✳ ❲❡ ❝❛♥ ✇♦♥❞❡r ✐❢ t❤❡r❡ ❛r❡ ♦t❤❡r ✐♥t❡r❡st✐♥❣ ❝❤♦✐❝❡s ❢♦r t❤❡
❣❛✉❣❡ ❣r♦✉♣✳ ▲❡t ✉s t✉r♥ ♦✉r ❛tt❡♥t✐♦♥ t♦ t❤✐s q✉❡st✐♦♥✳

✹✳✷ ❘❛♥❦✲✷ s❡♠✐✲s✐♠♣❧❡ ▲✐❡ ❛❧❣❡❜r❛s

❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❣❛✉❣❡ ❣r♦✉♣s t❤❛t ❝♦♥t❛✐♥ SU(2) × U(1) ❛s ❛ s✉❜✲
❣r♦✉♣✳ ❇❡❝❛✉s❡ ✇❡ ❝❛♥♥♦t ❜r❡❛❦ t❤❡ ❈❛rt❛♥ s✉❜❛❧❣❡❜r❛✱ ✇❡ ❛r❡ ❝♦♥s✐❞❡r✐♥❣
❡ss❡♥t✐❛❧❧② r❛♥❦ 2 ❛❧❣❡❜r❛s✱ ❛s t❤❡② ❛r❡ t❤❡ ♦♥❧② ♦♥❡s ❝❛♣❛❜❧❡ ♦❢ ❣✐✈✐♥❣ ❡①❛❝t❧②
❛ ❣❛✉❣❡ SU(2) × U(1) ✐♥ t❤❡ ♣r❡s❡♥t s❡t✲✉♣✳ ❯s✐♥❣ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ s❡♠✐✲
s✐♠♣❧❡ ❛❧❣❡❜r❛s✱ t❤❡② ❛r❡ ❢♦✉r ♣♦ss✐❜✐❧✐t✐❡s ❢♦r r❛♥❦ ✷ ❛❧❣❡❜r❛s✿ A2✱ B2✱ D2

❛♥❞ G2 ✭C2 ✐s ♥♦t ❝♦✉♥t❡❞ ❤❡r❡ s✐♥❝❡ ✐t ✐s ✐s♦♠♦r♣❤✐❝ t♦ B2✮✳ ❚❤❡✐r r♦♦t ❞✐❛✲
❣r❛♠s ❛r❡ ❧✐st❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✸✳ A2 ❝♦rr❡s♣♦♥❞s t♦ SU(3)✱ s♦ ✇❡ ❛❧r❡❛❞② ❡①♣❧♦r❡❞

✾✾



❋✐❣✉r❡ ✹✳✷✿ ❖♥❡✲❧♦♦♣ r❡♥♦r♠❛❧✐③❡❞ ♠❛ss s♣❡❝tr✉♠ ♦❢ t❤❡ t❤❡♦r② ❛s ❛ ❢✉♥❝t✐♦♥
♦❢ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ✈❛❝✉✉♠ ♣❛r❛♠❡t❡r b = bα1 = bα2 ✳ ❚❤❡ ♠❛ss❡s ❛r❡ ✐♥ ✉♥✐ts
♦❢ M ✱ t❤❡ ❣❡♦♠❡tr✐❝❛❧ ♠❛ss✳ ❚❤❡ ✈❛❧✉❡ ♦❢ g s❡ts t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ s❝❛❧❡✳ ❚❤✐s
♣❧♦t ✇❛s ❝♦♠♣✉t❡❞ ❢♦r ❛ ❝♦✉♣❧✐♥❣ ❝♦♥st❛♥t g = 10−1✱ ❛ ❯❱ ❝✉t♦✛ µ = M ❛♥❞
t❤❡ ❛♥❣❧❡ ν = π/4✳ ❚❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ❛♥❣❧❡ ν ✐s s✐♠♣❧② t♦ s❡♣❛r❛t❡ t❤❡ ♠❛ss❡s
♦❢ t❤❡ st❛t❡s φ1 ❛♥❞ φ2 ❜② ❝❤❛♥❣✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ s♦♠❡ ❝♦✉♣❧✐♥❣s✳ ❚❤❡ ♠❛ss❧❡ss
s❝❛❧❛rs ❛r❡ ♦❢ t❤❡ s❛♠❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❛s t❤❡ ❍✐❣❣s✲❧✐❦❡ ✜❡❧❞✱ ❜✉t ❝♦✉♣❧✐♥❣s
t♦ ❢❡r♠✐♦♥s ❝♦✉❧❞ ❝❤❛♥❣❡ t❤❡ ♠❛ss ❤✐❡r❛r❝❤②✳

t❤✐s ♣♦ss✐❜✐❧✐t②✳ ◆❡①t ✇❡ ❤❛✈❡ B2 ✇❤✐❝❤ ❤❛s ❛ ❢✉♥❞❛♠❡♥t❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢
SU(2)× U(1)✱ s✐♠✐❧❛r❧② t♦ A2✳ B2 ❛❧s♦ ❤❛s ❛♥ ❡①tr❛ ❝♦♠♣❧❡① s❝❛❧❛r ✜❡❧❞ ✉♣♦♥
❜r❡❛❦✐♥❣ t♦ SU(2) × U(1) ✇❤✐❝❤ ✇♦✉❧❞ ❛❞❞ ✉♥♦❜s❡r✈❡❞ s❝❛❧❛r ❝♦♥t❡♥t t♦ t❤❡
♠♦❞❡❧✳ ❚❤✐s ✐s ♥♦t ❛ ♣r♦❜❧❡♠ ❛s s✉❝❤✱ ❜✉t ✐t ❞♦❡s♥✬t r❡❛❧❧② ❛❞❞ ❛♥②t❤✐♥❣ t♦ ♦✉r
♠♦❞❡❧✳ ❚❤❡ ❲❡✐♥❜❡r❣ ❛♥❣❧❡ ❢♦r B2 ✐s π/4✳ D2 ✐s ✐s♦♠♦r♣❤✐❝ t♦ SU(2)× SU(2)✱
❛♥❞ ✉♣♦♥ ❜r❡❛❦✐♥❣✱ ✇♦✉❧❞ ♦♥❧② ❣❡♥❡r❛t❡ ❛ ❝♦♠♣❧❡① s❝❛❧❛r ✜❡❧❞ ❝❤❛r❣❡❞ ✉♥❞❡r
U(1)✱ ❛♥❞ t❤❡r❡❢♦r❡ ❞♦❡s ♥♦t ❝♦♥t❛✐♥ t❤❡ ❛♣♣r♦♣r✐❛t❡ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r t❤❡
❍✐❣❣s ✜❡❧❞✳ ❚❤❡ ❧❛st ❝❛♥❞✐❞❛t❡ ✐s G2✳ G2 ❝❛♥ ❜❡ s❡❡♥ r♦✉❣❤❧② s♣❡❛❦✐♥❣ ❛s t✇♦
❝♦♣✐❡s ♦❢ SU(3) ❝♦✉♣❧❡❞ ✐♥ ❛ ❝❡rt❛✐♥ ✇❛②✳ ■❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❜r❡❛❦✐♥❣ ♣❛tt❡r♥
G2 → SU(2)×U(1)✱ ✇❡ ✇♦✉❧❞ ♦❜t❛✐♥ t✇♦ ❢✉♥❞❛♠❡♥t❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ SU(2)
✇✐t❤ ❞✐✛❡r❡♥t ❤②♣❡r❝❤❛r❣❡s✱ ❛❧♦♥❣ ✇✐t❤ ❛ ❝❤❛r❣❡❞ ❝♦♠♣❧❡① s❝❛❧❛r ✜❡❧❞✱ s✐♥❣❧❡t
♦❢ SU(2) ✭❛❧♦♥❣ ✇✐t❤ t❤❡ ❛❞❥♦✐♥t s❝❛❧❛r ✜❡❧❞s ❧✐❦❡ ✐♥ t❤❡ SU(3) ♠♦❞❡❧✮✳ ❚❤❡
❛❞❞✐t✐♦♥❛❧ s❝❛❧❛r ❝♦♥t❡♥t ✇♦✉❧❞ ❛❧s♦ r❛✐s❡ t❤❡ ♠❛ss❡s ♦❢ t❤❡ s❝❛❧❛rs✳ ❚❤❡ ♦♥❧②
❛❞✈❛♥t❛❣❡ ♦❢ ✇♦r❦✐♥❣ ✇✐t❤ G2 ♠✐❣❤t ❜❡ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❲❡✐♥❜❡r❣ ❛♥❣❧❡✳ ❲❤❡♥
SU(2)×U(1) ✐s ❡♠❜❡❞❞❡❞ ✐♥ t❤✐s ❛❧❣❡❜r❛✱ ♦♥❡ ♦❢ t❤❡ t✇♦ ❢✉♥❞❛♠❡♥t❛❧ r❡♣r❡s❡♥✲
t❛t✐♦♥ ✇♦✉❧❞ ❤❛✈❡ ❛ ✭tr❡❡ ❧❡✈❡❧✮ ❲❡✐♥❜❡r❣ ❛♥❣❧❡ ♦❢ π/6✱ ❝❧♦s❡ t♦ t❤❡ ♠❡❛s✉r❡❞
✈❛❧✉❡ ♦❢ ∼ 29◦✳ ❇② ❝♦♥tr❛st✱ t❤❡ SU(3) ♠♦❞❡❧ ❤❛s ❛ tr❡❡✲❧❡✈❡❧ ❲❡✐♥❜❡r❣ ❛♥❣❧❡
♦❢ π/3✱ ✇❤✐❝❤ ✐s s✐❣♥✐✜❝❛♥t❧② ❧❛r❣❡r t❤❛♥ t❤❡ ♦❜s❡r✈❡❞ ✈❛❧✉❡✳ ❖❢ ❝♦✉rs❡✱ ♦♥❡
✇♦✉❧❞ ❤❛✈❡ t♦ st✉❞② t❤❡ r✉♥♥✐♥❣ ♦❢ t❤❡ ❛♥❣❧❡ ✉♥❞❡r r❡♥♦r♠❛❧✐③❛t✐♦♥ t♦ ♠❛❦❡
❛♥② ♣r❡❝✐s❡ st❛t❡♠❡♥t✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ♠♦❞❡❧✱ t❤❡ ✈❛❧✉❡ ❝♦✉❧❞
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α

β

2π/3

A2

✭❛✮ A2 r♦♦t s②st❡♠ ✭✐✳❡✳ SU(3)✮✳

α

β

3π/4

B2

✭❜✮ B2 r♦♦t s②st❡♠✳ ■s♦♠♦r♣❤✐❝ t♦ C2✳

αβ π/2

✭❝✮ D2 r♦♦t s②st❡♠✳ ■s♦♠♦r♣❤✐❝ t♦ A1×A1✳

α

β

5π/6

G2

✭❞✮ G2 r♦♦t s②st❡♠✳

❋✐❣✉r❡ ✹✳✸✿ ❚❤❡ ❢♦✉r r❛♥❦ 2 s❡♠✐✲s✐♠♣❧❡ ▲✐❡ ❛❧❣❡❜r❛s✳ ❚❤❡ ❛rr♦✇s r❡♣r❡s❡♥t t❤❡
r♦♦ts ♦❢ t❤❡ ❛❧❣❡❜r❛✳ C2 ✐s ✐s♦♠♦r♣❤✐❝ t♦ B2 s✐♥❝❡ ✐ts ❞✐❛❣r❛♠ ✐s ❛ π/2 r♦t❛t✐♦♥
♦❢ B2✬s ❞✐❛❣r❛♠✳ D2 ✐s ✐s♦♠♦r♣❤✐❝ t♦ A1 × A1✱ ✇❤♦s❡ ❞✐❛❣r❛♠ ✐s ❛❧s♦ ❛ π/2
r♦t❛t✐♦♥ ♦❢ D2✬s ❞✐❛❣r❛♠✳

❜❡ s✐❣♥✐✜❝❛♥t❧② ♠♦❞✐✜❡❞ ❛t ♦♥❡✲❧♦♦♣✳

✹✳✸ ❖r❜✐❢♦❧❞✐♥❣ ❛♥❞ U(1) ❢❛❝t♦rs

❆ ❧✐♠✐t✐♥❣ ❛s♣❡❝t ♦❢ t❤✐s ♠♦❞❡❧ ✐s ✐ts ✐♥❛❜✐❧✐t② t♦ ❤❛✈❡ ❛ ❜r❡❛❦✐♥❣ ♣❛tt❡r♥
❝❤❛♥❣✐♥❣ t❤❡ r❛♥❦ ♦❢ t❤❡ ❛❧❣❡❜r❛✳ ❆s ✇❡ s❛✇✱ t❤❡ ❈❛rt❛♥ s✉❜❛❧❣❡❜r❛ ♦❢ t❤❡ ❣❛✉❣❡
✇✐❧❧ ❛❧✇❛②s r❡♠❛✐♥ ✉♥❜r♦❦❡♥✱ ❧❡❛✈✐♥❣ ❛ ♣r♦❞✉❝t ♦❢ U(1) ❢❛❝t♦rs ❛s r❡s✐❞✉❛❧ ❣❛✉❣❡✱
♦♥❡ ❢♦r ❡❛❝❤ ❞✐r❡❝t✐♦♥ ✐♥ t❤❡ ❈❛rt❛♥ s✉❜❛❧❣❡❜r❛✳ ❇② ❝♦♥tr❛st✱ t❤❡ ❝✉rr❡♥t ♠♦❞❡❧
❢♦r ❡❧❡❝tr♦✇❡❛❦ s②♠♠❡tr② ❜r❡❛❦✐♥❣ ✉s❡s SU(2)×U(1) ❛♥❞ ❜r❡❛❦s t❤❡ ❣❛✉❣❡ t♦
U(1)✱ ❧♦✇❡r✐♥❣ t❤❡ r❛♥❦ ❜② ♦♥❡✳ ❆ ♣♦ss✐❜✐❧✐t② t♦ ❝✐r❝✉♠✈❡♥t t❤✐s ✐ss✉❡ ✇♦✉❧❞ ❜❡
t❤❡ ✉s❡ ♦❢ ♦r❜✐❢♦❧❞s ♦♥ t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ ❡①tr❛ ❞✐♠❡♥s✐♦♥s✳ ■♥ t❤❡ ♣r❡s❡♥❝❡
♦❢ ♦r❜✐❢♦❧❞s✱ ❛♥♦t❤❡r ♠❡❝❤❛♥✐s♠ ✐s ♣♦ss✐❜❧❡ t♦ ❜r❡❛❦ t❤❡ ❣❛✉❣❡✱ ✐♥❞❡♣❡♥❞❡♥t
♦❢ t❤❡ s❝❛❧❛r ♣♦t❡♥t✐❛❧✳ ❚❤✐s ♠❡❝❤❛♥✐s♠ ✐s ❦♥♦✇♥ ❛s t❤❡ ❍♦s♦t❛♥✐ ♠❡❝❤❛♥✐s♠
♦r ❲✐❧s♦♥ ❧♦♦♣ ♠❡❝❤❛♥✐s♠ ❬✷✺❪✳ ❚❤❡ ✐❞❡❛ ✐s t❤❛t ❲✐❧s♦♥ ❧✐♥❡s ❛r♦✉♥❞ ❛ ♥♦♥✲
❝♦♥tr❛❝t✐❜❧❡ ❧♦♦♣ ❜❡❝♦♠❡ ♣❤②s✐❝❛❧ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✳ ❖♥ ❛♥ ♦r❜✐❢♦❧❞✱ ♥♦t ❛❧❧ t❤❡

✶✵✶



❲✐❧s♦♥ ❧✐♥❡s s✉r✈✐✈❡ t❤❡ ♦r❜✐❢♦❧❞✐♥❣ ♣r♦❝❡❞✉r❡✳ ❖♥❝❡ ✇❡ ❤❛✈❡ ✜①❡❞ t❤❡ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s✱ s♦ ✇❡ ❤❛✈❡ ✜①❡❞ t❤❡ ❤♦❧♦♥♦♠② ♦❢ t❤❡ ❣❛✉❣❡✳ ❚❤❡ ♣❤❛s❡ t❤❡② ❛❝q✉✐r❡
❣♦✐♥❣ ❛r♦✉♥❞ t❤♦s❡ ❧♦♦♣s ❝❛♥♥♦t ❜❡ ❣❛✉❣❡❞ ❛✇❛② ♦♥❝❡ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s
❛r❡ ✜①❡❞✳ ❆t t❤❡ ❝❧❛ss✐❝❛❧ ❧❡✈❡❧✱ t❤❡ ✜❡❧❞ str❡♥❣t❤ ✐s ③❡r♦✱ ❛♥❞ s♦ t❤✐s ❧♦♦❦s
❧✐❦❡ ❛ ❞❡❣❡♥❡r❛❝② ✐♥ t❤❡ ✈❛❝✉✉♠ ♦❢ t❤❡ t❤❡♦r②✳ ❇✉t ❛t t❤❡ q✉❛♥t✉♠ ❧❡✈❡❧✱ t❤❡
❡✛❡❝t✐✈❡ ♣♦t❡♥t✐❛❧ ❢♦r t❤❡ ❲✐❧s♦♥ ❧✐♥❡s ❞❡✈❡❧♦♣ ❛ ♥♦♥ tr✐✈✐❛❧ ♣♦t❡♥t✐❛❧ ✇❤♦s❡ tr✉❡
✈❛❝✉✉♠ ♠✐♥✐♠✐③❡s t❤✐s ♣♦t❡♥t✐❛❧✳ ■❢ t❤❡ ✈❛❝✉✉♠ ✐s ❛t ❛ ♥♦♥✲tr✐✈✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥✱
t❤❡ ♥♦♥ ③❡r♦ ❡①♣❡❝t❛t✐♦♥ ✈❛❧✉❡ ❢♦r t❤❡ ❲✐❧s♦♥ ❧✐♥❡ ❣✐✈❡s ❛ ♠❛ss t♦ s♦♠❡ ♦❢ t❤❡
✹ ❞✐♠❡♥s✐♦♥❛❧ ❣❛✉❣❡ ❜♦s♦♥s✳ P♦ss✐❜❧❡ ♦r❜✐❢♦❧❞s ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❍❡✐s❡♥❜❡r❣
♠❛♥✐❢♦❧❞ ✇❡r❡ ✇♦r❦❡❞ ♦✉t ✐♥ ❬✸✼❪✳ ■♥ t❤✐s ♣❛♣❡r✱ t✇♦ ♣♦ss✐❜❧❡ ♦r❜✐❢♦❧❞s ❛r❡
✐❞❡♥t✐✜❡❞✳ ❚❤❡ ✜rst t❛❦❡s ♣❧❛❝❡ ♦♥❧② ♦♥ t❤❡ ❜❛s❡ t♦r✉s✱ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ♦♥❡
t❛❦❡s ♣❧❛❝❡ ♦♥❧② ♦♥ t❤❡ ✜❜❡r✳ ❉❡♥♦t✐♥❣ ❜② y t❤❡ ❝♦♦r❞✐♥❛t❡s ♦♥ t❤❡ ♠❛♥✐❢♦❧❞✱
t❤❡s❡ ❛r❡ ❞❡✜♥❡❞ ❜②

T : y1,2 → −y1,2 , y3 → y3 ❛♥❞ P : y1,2 → y1,2, y3 → y3 −Ny1y2 . ✭✹✳✶✹✮

▲❡t ✉s ❢♦❝✉s ♦♥ t❤❡ ✜rst tr❛♥s❢♦r♠❛t✐♦♥ s✐♥❝❡ t❤❡ ♠❡❝❤❛♥✐s♠ ❝❛♥ ❜❡ ❞✐r❡❝t❧②
❛♣♣❧✐❡❞ ✐♥ t❤✐s ❝❛s❡✳ ■♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ T ♦r❜✐❢♦❧❞✱ ✇❡ ♠✉st ✐♠♣♦s❡ a = b = 0✱
t❤❡ r❡st ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ❛r❡ ♥♦t ❝♦♥str❛✐♥❡❞✳ ❚❤❡ r❡s✉❧t✐♥❣ ♦r❜✐❢♦❧❞ ✐s T 2/Z2✱
✇❤✐❝❤ ✐s ❛ sq✉❛r❡✳ ❚❤❡ s♣❛❝❡ ✐s ♣❛r❛♠❡tr✐③❡❞ ❜② y1,2 ∈ [0, 1/2]✳ ❚❤❡r❡ ❛r❡ ❢♦✉r
✜①❡❞ ✜❜❡r ❝✐r❝❧❡s st❡♠♠✐♥❣ ❢r♦♠ t❤❡ ♣♦✐♥ts (0, 0), (1/2, 0), (0, 1/2), (1/2, 1/2)✳
❲❡ ❝❛♥ ♦r❣❛♥✐③❡ t❤❡ ♠♦❞❡s ✐♥ ❡✐❣❡♥st❛t❡s ♦❢ t❤❡ ♦r❜✐❢♦❧❞ ✐♥✈♦❧✉t✐♦♥✳ ❲❡ ❤❛✈❡
✜rst t❤❡ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ t❤❡ ♠♦❞❡s ♦♥ t❤❡ ❜❛s❡ t♦r✉s

1√
2
(vl,n ± v−l,−n) ✭✹✳✶✺✮

✇❤✐❝❤ ❛r❡ ❡✈❡♥✱ ♦❞❞ r❡s♣❡❝t✐✈❡❧②✳ ❋♦r t❤❡ ♠♦❞❡s ♣r♦♣❛❣❛t✐♥❣ ♦♥ t❤❡ ✜❜❡r✱ ✇❡
❤❛✈❡ t❤❡ ❝♦♠❜✐♥❛t✐♦♥s

1√
2

(

uk,l,n ± (−1)nuk,|k|−l,−n

)

✭✹✳✶✻✮

t❤❛t ❛r❡ ❡✈❡♥✱ ♦❞❞ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ♠♦❞❡s v ❛♥❞ u ❛r❡ ❞❡✜♥❡❞ ✐♥ s❡❝t✐♦♥
✶✳✸✳✶✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ❞❡r✐✈❛t✐♦♥ ✐♥ ❬✹✽❪ ❢♦r t❤❡ ♦r❜✐❢♦❧❞ S1/Z2✱ ✇❡ ✇✐❧❧ s❦❡t❝❤ t❤❡
❍♦s♦t❛♥✐ ♠❡❝❤❛♥✐s♠ ❢♦r t❤✐s ❝❛s❡✳ ❋✐rst✱ ✇❤❡♥ ❛ ❣❛✉❣❡ ✜❡❧❞ ✐s ❣♦✐♥❣ ❛r♦✉♥❞ ❛
♥♦♥✲❝♦♥tr❛❝t✐❜❧❡ ❧♦♦♣✱ t❤❡ ✜❡❧❞ ❤❛s t♦ ❣♦ ❜❛❝❦ t♦ ✐ts ♦r✐❣✐♥❛❧ ✈❛❧✉❡ ♦♥❧② ✉♣ t♦ ❛
❣❧♦❜❛❧ ❣❛✉❣❡ tr❛♥s❢♦r♠❛t✐♦♥✳ ❙♦ ❤❡r❡ ✐♥ ♦✉r ❝❛s❡✱ ✐t ♠❡❛♥s

Am(x, y1, y2) = U1Am(x, y1 + 1, y2)U †
1 ✭✹✳✶✼✮

Am(x, y1, y2) = U2Am(x, y1, y2 + 1)U†
2 ✭✹✳✶✽✮

❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r U2 = I✱ s♦ ♦♥❧② ❧♦♦♣s ❛r♦✉♥❞ t❤❡ ✜rst ❝✐r❝❧❡ ❛r❡
♥♦♥✲♣❡r✐♦❞✐❝✳

❆ss✉♠❡ ✇❡ t✉r♥ ♦♥ ❛ ❲✐❧s♦♥ ❧✐♥❡ ❛r♦✉♥❞ t❤✐s ✜rst ❝✐r❝❧❡ s✉❝❤ t❤❛t 〈Am〉 =
1
g
Λm ✇✐t❤ ❝♦♥st❛♥t Λm✳ ❲❡ ❝❛♥ ✉♥❞♦ t❤❡ ❲✐❧s♦♥ ❧✐♥❡ ✇✐t❤ ❛ ❧♦❝❛❧ ❣❛✉❣❡ tr❛♥s✲

❢♦r♠❛t✐♦♥ Vm = ❡①♣(iy1Λm)✳ ❲❡ t❤❡♥ ❤❛✈❡

〈A′

m〉 = Vm〈Am〉V †
m − i

g
Vm∂y1V †

m = 0 ✭✹✳✶✾✮

✶✵✷



✇✐t❤ i
g
Vm∂y1V †

m = 〈Am〉✳ ❚❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ ♠♦❞✐✜❡❞ s✉❝❤ t❤❛t

Am(y1 + 1) = Am(y1) ; ✭✹✳✷✵✮

A
′

m(y1 + 1) = V (y1 + 1)Am(y1)V †(y1 + 1)− 〈Am〉 . ✭✹✳✷✶✮

❯s✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r V ✱ ✇❡ ✜♥❞

V (y1 + 1) = ❡①♣
(

i(y1Λ + Λ)
)

= eiΛV (y1) . ✭✹✳✷✷✮

❆♥❞ s♦ ✇❡ ❤❛✈❡

A
′

m(y1 + 1) = eiΛA
′

m(y1)e−iΛ . ✭✹✳✷✸✮

❙♦ t❤❡ s✐t✉❛t✐♦♥ ✇✐t❤ ❲✐❧s♦♥ ❧✐♥❡ ❛♥❞ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐s ❡q✉✐✈❛❧❡♥t
t♦ t❤❡ s✐t✉❛t✐♦♥ ✇✐t❤♦✉t ❲✐❧s♦♥ ❧✐♥❡s ❜✉t ✇✐t❤ ♥♦♥✲♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳
❚❤✐s ❜r❡❛❦s t❤❡ ❣❛✉❣❡ s②♠♠❡tr② t♦ t❤❡ s✉❜❣r♦✉♣ t❤❛t ❝♦♠♠✉t❡s ✇✐t❤ Λm✳

❲❡ ♥♦✇ ✐♠♣♦s❡ t❤❡ ♦r❜✐❢♦❧❞ ❝♦♥❞✐t✐♦♥s ❢r♦♠ ❬✷✺❪

Aµ(x,−y1, y2) = PAµ(x, y
1, y2)P † ; Am(x,−y1, y2) = −PAm(x, y1, y2)P † .

✭✹✳✷✹✮

❚❤❡ ✜rst ❝♦♥❞✐t✐♦♥ ✐s tr✐✈✐❛❧ s✐♥❝❡ t❤♦s❡ ✜❡❧❞s ❞♦ ♥♦t ❛❝q✉✐r❡ ❛ ✈❛❝✉✉♠ ❡①♣❡❝t❛✲
t✐♦♥ ✈❛❧✉❡s ✭❱❊❱✮✳ ■♥ ♦✉r ♠♦❞❡❧✱ t❤❡ ✈❛❝✉✉♠ s♦❧✉t✐♦♥ ✇❛s ♦❢ t❤❡ ❢♦r♠ φ3 = 0
❛♥❞ [φ1, φ2] = 0✳ ❚❤✐s r❡s✉❧t❡❞ ✐♥ φ1 ❛♥❞ φ2 ❛❝q✉✐r✐♥❣ ❛ ❱❊❱✳ ■❢ ✇❡ t❛❦❡ t❤❡
❡①❛♠♣❧❡ ♦❢ SU(3)✱ ✇❡ ❝❛♥ s❡t

P = eiθλ1 ❛♥❞ 〈A〉 = 1

g
φ0λ3 . ✭✹✳✷✺✮

✇❤❡r❡ λa ✐s t❤❡ ●❡❧❧✲▼❛♥♥ ❜❛s✐s ♦❢ SU(3)✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ t❛❦❡s t❤❡ ❢♦r♠

P 〈λ3〉P † =eiθ[λ1, . ]λ3

=λ3 + iθ[λ1, λ3] +
1

2
[λ1, [λ1, λ3]] + . . .

=λ3 + iθ(−2i)λ2 +
1

2
(iθ)2(−2i)2iλ3 + . . .

=cos(2θ)λ3 + sin(2θ)λ2 . ✭✹✳✷✻✮

■❢ ✇❡ s❡t θ = π/2 t❤❡ ❝♦♥❞✐t✐♦♥ ✐s ❢✉❧✜❧❧❡❞✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝❛s❡ ✇❤❡r❡
t❤❡ ✈❛❝✉✉♠ ✐s ❛❧✐❣♥❡❞ ✇✐t❤ ❛ r♦♦t✳ ■♥ t❤❛t ❝❛s❡ t❤❡ ❣❛✉❣❡ s②♠♠❡tr② ✐s ✜rst
❜r♦❦❡♥ ❜② t❤❡ ❱❊❱ t♦ U(1) × U(1) ✇✐t❤ t❤❡ ♠❛ss❡s ❢♦r t❤❡ ♦t❤❡r r♦♦ts ❜❡✐♥❣
❛❧❧ t❤❡ s❛♠❡✳ ❚❤❡ ♦r❜✐❢♦❧❞ ❜r❡❛❦s t❤❡ U(1) ❢❛❝t♦r ❛❧♦♥❣ λ3 ❛♥❞ ♣r❡s❡r✈❡s t❤❡
❢❛❝t♦r ❛❧♦♥❣ λ8✱ r❡❞✉❝✐♥❣ ❢✉rt❤❡r t❤❡ ❣❛✉❣❡ s②♠♠❡tr② t♦ U(1)✳

❆♥♦t❤❡r ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ♦r❜✐❢♦❧❞✐♥❣ ♠❡t❤♦❞ ✐s t❤❛t ✐t ❛❧❧♦✇s ❢♦r ❝❤✐r❛❧
❢❡r♠✐♦♥s✳ ❚❤❡ ✜①❡❞ ♣♦✐♥ts ♦❢ t❤❡ ♦r❜✐❢♦❧❞✱ ✇❤✐❝❤ ❛r❡ r❡❛❧❧② ✐♥ t❤✐s ❝❛s❡ ✜①❡❞
❝✐r❝❧❡s ❜❡❝❛✉s❡ ♦❢ t❤❡ ✜❜❡r ❛t ❡❛❝❤ ♣♦✐♥t✱ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❧♦❝❛❧✐③❡ ❢❡r♠✐♦♥s✳
❋❡r♠✐♦♥s ❛t ❞✐✛❡r❡♥t ✜①❡❞ ♣♦✐♥ts ❝❛♥ ❜❡ ❝♦✉♣❧❡❞ ❛s ✇❡ ✇✐s❤✱ s♦ ❧♦♥❣ ❛s t❤❡
t❤❡♦r② r❡♠❛✐♥s ❛♥♦♠❛❧② ❢r❡❡✳
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✹✳✹ ❍✐❣❤❡r ❞✐♠❡♥s✐♦♥❛❧ ♥✐❧♠❛♥✐❢♦❧❞s

■♥ t❤✐s t❤❡s✐s ✇❡ ❤❛✈❡ ❢♦❝✉s❡❞ ♦✉r ❛tt❡♥t✐♦♥ ♦♥ t❤❡ s✐♠♣❧❡st ♥✐❧♠❛♥✐❢♦❧❞✳
❖♥❡ ❝♦✉❧❞ ✇♦♥❞❡r ✇❤❛t ✇♦✉❧❞ ❜❡ ❞✐✛❡r❡♥t ✐❢ ✇❡ ❤❛❞ ❝♦♥s✐❞❡r❡❞ ❛ ❤✐❣❤❡r ❞✐✲
♠❡♥s✐♦♥❛❧ ♥✐❧♠❛♥✐❢♦❧❞✳ ❖❢ ❝♦✉rs❡✱ ❛ ❝♦♠♣❧❡t❡ st✉❞② ✇♦✉❧❞ r❡q✉✐r❡ s♦❧✈✐♥❣ t❤❡
▲❛♣❧❛❝✐❛♥ ♦♥ t❤❡ ♥✐❧♠❛♥✐❢♦❧❞✱ ✇❤✐❝❤ ✐s ♥♦t ❛ s✐♠♣❧❡ t❛s❦ ✐♥ ❣❡♥❡r❛❧✳ ❍❡r❡ ✇❡ ✇✐❧❧
❥✉st tr② t♦ ❥✉st✐❢② ✇❤② ✇❡ ✇♦✉❧❞ ❡①♣❡❝t t❤❡ ✜rst ♠♦❞❡s t♦ ❜❡ ❞❡♣❡♥❞❡♥t ♦♥❧② ♦♥
t❤❡ str✉❝t✉r❡ ❝♦♥st❛♥ts ♦❢ t❤❡ t❛♥❣❡♥t ❛❧❣❡❜r❛✳ ❚♦ s❡❡ t❤✐s✱ t❛❦❡ ❛♥ ♦rt❤♦♥♦r♠❛❧
❢r❛♠❡ eα ❛♥❞ ✐ts ❛ss♦❝✐❛t❡❞ ❝♦✲❢r❛♠❡ θα✱ ❞❡✜♥❡ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ❝♦♥♥❡❝✲
t✐♦♥ ❛s ωα

γβ = 〈∇eγeβ , θ
α〉✳ ❚❤❡ t♦rs✐♦♥✲❧❡ss ❝♦♥❞✐t✐♦♥ ✐s ωα

γβ −ωα
βγ = fαγβ ✱

✇❤❡r❡ fαγβ ❛r❡ t❤❡ str✉❝t✉r❡ ❝♦♥st❛♥ts ♦❢ t❤❡ ♥✐❧♣♦t❡♥t ❛❧❣❡❜r❛✳ ❚❤❡ ▼❛✉r❡r✲
❈❛rt❛♥ ❡q✉❛t✐♦♥s t❛❦❡ t❤❡ ❢♦r♠

dθα +
1

2
fαγβθ

γ ∧ θβ = 0 ✭✹✳✷✼✮

◆♦✇✱ ❝♦♥s✐❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ♦♥ ❛ ♦♥❡✲❢♦r♠ ♦❢ t❤❡ ❝♦✲❢r❛♠❡✳ ❇②
❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥✱ ✇❡ ✜♥❞

∆θα = ❞†❞θα = −1

2
fαγβ(−1)3n+1 ∗ ❞ ∗

(

θγ ∧ θβ)
)

=
1

2

∑

γβ

fαγβ f
ǫ
γβ δǫδ θ

δ

✭✹✳✷✽✮

❚❤❡ ♠❛tr✐①
∑

γβ f
α
γβ f ǫ γβ ✐s r❡❛❧✱ ❝♦♥st❛♥t ❛♥❞ s②♠♠❡tr✐❝✱ s♦ ✇❡ ❦♥♦✇ t❤❡

❝♦♥st❛♥t ❡✐❣❡♥✲♦♥❡✲❢♦r♠s ✇✐❧❧ ❜❡ s♦♠❡ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ❝♦✲❢r❛♠❡✳ ❚❤❡
❡✐❣❡♥✈❛❧✉❡s ✇✐❧❧ ❜❡ ❝♦♥st❛♥t ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ str✉❝t✉r❡ ❝♦♥st❛♥ts✳ ■t
✐s r❡❛s♦♥❛❜❧❡ t♦ ❛ss✉♠❡ t❤❛t ♠♦❞❡s ✇✐t❤ ♥♦♥ ❝♦♥st❛♥t ❝♦❡✣❝✐❡♥ts ✇✐❧❧ ❤❛✈❡
❡✐❣❡♥✈❛❧✉❡s ✇✐t❤ t❤❡ t②♣✐❝❛❧ 1/(ri)2 ❞❡♣❡♥❞❡♥❝❡✱ ✇❤❡r❡ ri ✐s t❤❡ r❛❞✐✐ ♦❢ t❤❡
❝✐r❝❧❡s ♦❢ t❤❡ t♦r✉s✳ ❙♦ t❤❡ ♠♦❞❡❧ ✇✐❧❧ ❜❡ ❝♦♠♣♦s❡❞ ❛t tr❡❡ ❧❡✈❡❧ ♦❢ ♠❛ss✐✈❡
❛♥❞ ♠❛ss❧❡ss s❝❛❧❛r ✜❡❧❞s ✐♥ t❤❡ ❛❞❥♦✐♥t r❡♣r❡s❡♥t❛t✐♦♥✳ ❙✐♥❝❡ t❤❡s❡ ❧♦✇✲❧②✐♥❣
s❝❛❧❛rs ❛r❡ ❣✐✈❡♥ ❜② t❤❡ ❝♦♥st❛♥t ♦♥❡✲❢♦r♠s✱ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ s❝❛❧❛r ❞❡❣r❡❡s
♦❢ ❢r❡❡❞♦♠ ✇✐❧❧ ❜❡ ❡q✉❛❧ t♦ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ♥✐❧♠❛♥✐❢♦❧❞ ✭✐✳❡✳ t❤❡ ♥✉♠❜❡r
❞✐✛❡r❡♥t θα✮✳ ❚❤❡ ♣♦t❡♥t✐❛❧ ✇✐❧❧ ❤❛✈❡ tr✐❧✐♥❡❛r ❛♥❞ q✉❛rt✐❝ ❝♦✉♣❧✐♥❣s✱ ✇✐t❤ t❤❡
✈❛r✐♦✉s ❝♦✉♣❧✐♥❣s ❜❡t✇❡❡♥ t❤❡ s❝❛❧❛rs ❣✐✈❡♥ ❜② t❤❡ str✉❝t✉r❡ ❝♦♥st❛♥ts ✐♥ t❤❡
❛♣♣r♦♣r✐❛t❡ ❜❛s✐s✳ ❚❤❡ ♠❛✐♥ ❝♦♥s❡q✉❡♥❝❡ ✇♦✉❧❞ ❜❡ t❤❡ ❛❞❞✐t✐♦♥ ♦❢ s❡✈❡r❛❧ ♠❛ss
s❝❛❧❡s ❣✐✈❡♥ ❜② t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❝♦♥st❛♥t ♠♦❞❡s✳ ❚❤❡ ✈❛❝✉✉♠ ❝♦♥❞✐t✐♦♥
✇♦✉❧❞ ♠♦st ❧✐❦❡❧② ❜❡ ♠♦r❡ ❝♦♠♣❧❡①✳ ❚❤✐s ❝♦✉❧❞ ❛❧s♦ ❜❡ ❛♣♣❧✐❡❞ t♦ ♠♦r❡ ❣❡♥❡r❛❧
❝♦♠♣❛❝t ❣r♦✉♣ ♠❛♥✐❢♦❧❞s✳

❚❤✐s ✐s t❤❡ ❧❛st ✐♥❣r❡❞✐❡♥t ✇❡ ♥❡❡❞❡❞ ❢♦r t❤❡ ❢r❛♠❡✇♦r❦ ❞❡✈❡❧♦♣♣❡❞ ✐♥ t❤✐s
t❤❡s✐s✳ ❲❡ ♥♦✇ ❤❛✈❡ ❡✈❡r②t❤✐♥❣ ♥❡❡❞❡❞ ❢♦r r❡❛❧✐st✐❝ ♠♦❞❡❧ ❜✉✐❧❞✐♥❣✳
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❈❤❛♣t❡r ✺

❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s t❤❡s✐s✱ ✇❡ ❞✐s❝✉ss❡❞ ❛ ♥❡✇ ♠❡❝❤❛♥✐s♠ ❢♦r s♣♦♥t❛♥❡♦✉s s②♠♠❡tr②
❜r❡❛❦✐♥❣ ❜❛s❡❞ ♦♥ ♥✐❧♠❛♥✐❢♦❧❞s✳ ❲❡ st❛rt❡❞ ✇✐t❤ ❛ ♣✉r❡ ❨❛♥❣✲▼✐❧❧s t❤❡♦r② ✐♥
s❡✈❡♥ ❞✐♠❡♥s✐♦♥s✱ t❤❡ t❤r❡❡ ❡①tr❛ ❞✐♠❡♥s✐♦♥s ❜❡✐♥❣ t❤❡ ❧♦✇❡st ❞✐♠❡♥s✐♦♥❛❧ ❡①✲
❛♠♣❧❡ ♦❢ ❛ ❝♦♠♣❛❝t ♥✐❧♠❛♥✐❢♦❧❞✳ ❚❤✐s s♣❛❝❡ ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❛s ❛ ✷✲t♦r✉s ✇✐t❤
❛ t✇✐st❡❞ ❝✐r❝❧❡ ✜❜❡r✳ ❇② st✉❞②✐♥❣ t❤❡ s♣❡❝tr✉♠ ♦❢ t❤❡ ▲❛♣❧❛❝❡ ❛♥❞ ❉✐r❛❝ ♦♣❡r✲
❛t♦rs✱ ✇❡ ❢♦✉♥❞ ❛ ✐♥✜♥✐t❡ ❞✐s❝r❡t❡ ❜❛s✐s ♦♥ ✇❤✐❝❤ ✇❡ ❝♦✉❧❞ ❡①♣❛♥❞ ❛♥② ❢♦r♠ ♦r
s♣✐♥♦r ✇✐t❤ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❚❤✐s ❛❧❧♦✇❡❞ ✉s t♦ r❡✇r✐t❡ t❤❡ s❡✈❡♥✲
❞✐♠❡♥s✐♦♥❛❧ ▲❛❣r❛♥❣✐❛♥ ❛s ❛♥ ❡✛❡❝t✐✈❡ ❢♦✉r ❞✐♠❡♥s✐♦♥❛❧ t❤❡♦r② ❜② ✐♥t❡❣r❛t✐♥❣
t❤❡ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ♦♥ t❤❡ ♥✐❧♠❛♥✐❢♦❧❞✳ ❲❡ t❤❡♥ tr✉♥❝❛t❡❞ t❤❡ ▲❛❣r❛♥❣✐❛♥✱
❦❡❡♣✐♥❣ ♦♥❧② t❤❡ ❧✐❣❤t❡st ♠♦❞❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r ♠❛ss❡s✳ ❯♥❧✐❦❡ t❤❡ ✉s✉❛❧
❝❛s❡ ♦❢ t❤❡ t♦r✉s✱ ✇❡ ❢♦✉♥❞ t❤❛t t❤❡ ✧③❡r♦✧ ♠♦❞❡s ❢♦r t❤❡ ♦♥❡ ❢♦r♠s ❝♦♥t❛✐♥
❛ ♥♦♥✲③❡r♦ ❡✐❣❡♥✈❛❧✉❡ ❣✐✈❡♥ ❜② t❤❡ sq✉❛r❡ ♦❢ t❤❡ t✇✐st ❢ ♦❢ t❤❡ ❣❡♦♠❡tr②✳ ❚❤❡
❑❛❧✉③❛✲❑❧❡✐♥ t♦✇❡r r❡t❛✐♥❡❞ ✐ts t②♣✐❝❛❧ 1/r2 ❜❡❤❛✈✐♦r✱ ✇❤❡r❡ r ✐s t❤❡ t②♣✐❝❛❧
r❛❞✐✉s ♦❢ t❤❡ ❝✐r❝❧❡s✳ ❚❤❡ ❡✛❡❝t✐✈❡ t❤❡♦r② ✇❛s ❝♦♠♣♦s❡❞ ♦❢ t❤r❡❡ s❝❛❧❛r ✜❡❧❞s
✐♥ t❤❡ ❛❞❥♦✐♥t r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❣❛✉❣❡ ❣r♦✉♣✱ ♦♥❡ ♦❢ t❤❡♠ ❜❡✐♥❣ ♠❛ss✐✈❡✱
t❤❡ ♦t❤❡r t✇♦ ❜❡✐♥❣ ♠❛ss❧❡ss✳ ❚❤❡ s❝❛❧❛rs ❛r❡ ❝♦✉♣❧❡❞ t♦❣❡t❤❡r ✈✐❛ ❛ ♣♦t❡♥t✐❛❧
♣r❡s❡♥t ❛t tr❡❡ ❧❡✈❡❧✳ ❲❡ ✉s❡❞ t❤✐s ♣♦t❡♥t✐❛❧ t♦ ✐♥❞✉❝❡ s♣♦♥t❛♥❡♦✉s s②♠♠❡tr②
❜r❡❛❦✐♥❣ ♦❢ t❤❡ ❣❛✉❣❡ ❜② ✜♥❞✐♥❣ ❛ ❝❧❛ss ♦❢ ✈❛❝✉❛✱ ✐✳❡✳ ♠✐♥✐♠✉♠s✱ ♦❢ t❤❡ t❤❡♦r②
❛♥❞ ❞❡✈❡❧♦♣✐♥❣ t❤❡ s❝❛❧❛rs ❛r♦✉♥❞ t❤❛t ♣♦✐♥t✳ ❲❡ ❢♦✉♥❞ ❛ ❣❡♥❡r❛❧ ✇❛② t♦ ❝♦♠✲
♣✉t❡ t❤❡ ♠❛ss❡s ♦❢ t❤❡ s❝❛❧❛rs ❛r♦✉♥❞ ❛♥② ♠✐♥✐♠✉♠ ♦❢ t❤❡ ❝❧❛ss ❢♦r ❛♥② ❣❛✉❣❡
❣r♦✉♣✱ t❤✐s ❛❧❧♦✇❡❞ ✉s t♦ ❝♦♠♣✉t❡ ❡①♣❧✐❝✐t❧② t❤❡ ♣♦t❡♥t✐❛❧✳ ❲✐t❤ t❤❡ ❡①♣❧✐❝✐t
❢♦r♠ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧✱ ✇❡ ✇❡r❡ ❛❜❧❡ t♦ r❡♥♦r♠❛❧✐③❡ t❤❡ ♠❛ss❡s ❛t ♦♥❡✲❧♦♦♣✳ ❲❡
❣r❛♣❤❡❞ t❤❡ r❡♥♦r♠❛❧✐③❡❞ ♠❛ss s♣❡❝tr✉♠ ♦❢ ❛ ♠♦❞❡❧ ✇✐t❤ SU(3) ❣❛✉❣❡ s②♠♠❡✲
tr② ❛♥❞ ❝♦♠♣✉t❡❞ t❤❡ ♠♦❞❡❧ ❡①♣❧✐❝✐t❧② ❢♦r t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❣❛✉❣❡ ✐s ❜r♦❦❡♥ t♦
SU(2)×U(1)✳ ❲❡ ❞✐s❝✉ss❡❞ ❜✐❣❣❡r ❣❛✉❣❡ ❣r♦✉♣s q✉❛❧✐t❛t✐✈❡❧② ❛♥❞ ❞✐❞ ♥♦t ❢♦✉♥❞
s❡♥s✐❜❧❡ ❛❧t❡r♥❛t✐✈❡s ❢♦r t❤❡ ♠♦❞❡❧✱ ❛t ❧❡❛st ✐❢ t❛❦❡♥ ❛s ✐t ✐s✳ ❲❡ ❛❧s♦ ❞✐s❝✉ss❡❞
t❤❡ ✉s❡ ♦❢ ❤✐❣❤❡r✲❞✐♠❡♥s✐♦♥❛❧ ♥✐❧♠❛♥✐❢♦❧❞s✳ ❚❤❡ ❝♦♥st❛♥t str✉❝t✉r❡s ♦❢ t❤❡ ♥✐❧✲
♠❛♥✐❢♦❧❞ ❛r❡ r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ ♠❛ss❡s ♦❢ t❤❡ ✧③❡r♦✧ ♠♦❞❡s✳ ❚❤❡ s❡♣❛r❛t✐♦♥ ♦❢
t❤❡ s❝❛❧❡ ♦❢ t❤❡ ❑❛❧✉③❛✲❑❧❡✐♥ ♠♦❞❡s ❛♥❞ t❤❡ ③❡r♦ ♠♦❞❡s ✐s st✐❧❧ ♣♦ss✐❜❧❡ ✐♥ t❤✐s
❝❛s❡✳

❚❤❡ ♠♦❞❡❧ s❤♦✉❧❞ ❜❡ t❤♦✉❣❤t ♦❢ ❛s ❛♥♦t❤❡r t♦♦❧ ❢♦r ❣❛✉❣❡✲❍✐❣❣s ✉♥✐✜❝❛t✐♦♥✳

✶✵✺



■t ♦✛❡rs ❛ r✐❝❤ ❢r❛♠❡✇♦r❦ ❢♦r ♠♦❞❡❧ ❜✉✐❧❞✐♥❣ ♦❢ t❤❡ s❝❛❧❛r s❡❝t♦r✳ ❚❤❡ ♣✉r❡ ❨❛♥❣✲
▼✐❧❧s t❤❡♦r② ✐s r✐❣✐❞✱ ✇✐t❤ ❢❡✇ ❢r❡❡ ♣❛r❛♠❡t❡rs✱ ②❡t ♦✛❡rs ❛ r❛♥❣❡ ♦❢ ♣♦ss✐❜❧❡
❜r❡❛❦✐♥❣ ♣❛tt❡r♥s ❛♥❞ ♠❛ss ❤✐❡r❛r❝❤✐❡s✳ ❚❤❡ ♠♦❞❡❧ t②♣✐❝❛❧❧② ♣r❡❞✐❝ts t❤r❡❡
♠❛ss s❝❛❧❡s✳ ❚❤❡ ✜rst ♦♥❡ ✐s ❣✐✈❡♥ ❜② t❤❡ ❑❛❧✉③❛✲❑❧❡✐♥ t♦✇❡r ❛♥❞ ✐s ♦❢ ♦r❞❡r
m2

KK ∼ 1/r2✳ ■t ✐s ❛t t❤✐s s❝❛❧❡ t❤❛t t❤❡ ❣❡♦♠❡tr② ❜❡❝♦♠❡s ❛♣♣❛r❡♥t✳ ❆t ❛♥
❛r❜✐tr❛r② ❧♦✇❡r s❝❛❧❡ s✐ts t❤❡ s❝❛❧❡ ♦❢ t❤❡ t✇✐st ♦❢ t❤❡ ❣❡♦♠❡tr② ❛t m2

twist ∼ ❢
2✳

❚❤❡ ✜♥❛❧ s❝❛❧❡ ✐s t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ s❝❛❧❡✱ t❤❡ ♠❛ss❡s ❛r❡ r♦✉❣❤❧② ♦❢ ♦r❞❡r
m2

r ∼ N(❢g/4π)2 ✇❤❡r❡ N ✐s t❤❡ t②♣✐❝❛❧ ♥✉♠❜❡r ♦❢ ❤❡❛✈② ❝♦♥tr✐❜✉t✐♦♥s✳ ❲❡ ❝❛♥
❛♣♣r♦①✐♠❛t❡ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥tr✐❜✉t✐♦♥s ❛s N ∼ d2 ✇❤❡r❡ d ✐s t❤❡ ❞✐♠❡♥s✐♦♥
♦❢ t❤❡ ▲✐❡ ❛❧❣❡❜r❛✳ ❲❡ ❝❛♥ ❝♦♠♣❛r❡ t❤✐s ❡st✐♠❛t✐♦♥ ✇✐t❤ ✇❤❛t ✇❡ ❢♦✉♥❞ ❢♦r
t❤❡ ❝❛s❡ ♦❢ SU(3)✳ ❚❤❡ ❣r❛♣❤ ✇❛s ♣❧♦tt❡❞ ❢♦r g = 10−1✱ t❛❦✐♥❣ d2 ∼ 102 ❛♥❞
(4π)2 ∼ 102✱ ✇❡ ✜♥❞ m2

r ∼ 10−2M2✱ ✇❤✐❝❤ ✐s ✐♥ t❤❡ ❜❛❧❧♣❛r❦ ♦❢ ✇❤❛t ✇❡ ❢♦✉♥❞✳
❚❤❡ ❍♦s♦t❛♥✐ ♠❡❝❤❛♥✐s♠ ✐♥ ❝♦♥❥✉♥❝t✐♦♥ ✇✐t❤ t❤❡ ✉s❡ ♦❢ ♦r❜✐❢♦❧❞s ❝♦✉❧❞ ♣r♦✲

✈✐❞❡ ❛❞❞✐t✐♦♥❛❧ ✢❡①✐❜✐❧✐t② t♦ t❤❡ ♠♦❞❡❧✳ ❆s ✇❡ ❤❛✈❡ ❛❧r❡❛❞② ❞✐s❝✉ss❡❞✱ t♦♣♦❧♦✲
❣✐❡s ✇✐t❤ ♥♦♥✲❝♦♥tr❛❝t✐❜❧❡ ❧♦♦♣s ❝❛♥ ❤❛✈❡ ❞②♥❛♠✐❝❛❧ ❲✐❧s♦♥ ❧♦♦♣ ♣❤❛s❡s✳ ❚❤❡s❡
♣❤❛s❡s ❛❧♦♥❣ ✇✐t❤ t❤❡ ♦r❜✐❢♦❧❞ ❝♦♥❞✐t✐♦♥ ❝❛♥ ❣❡♥❡r❛t❡ ❛ s♣♦♥t❛♥❡♦✉s s②♠♠❡✲
tr② ❜r❡❛❦✐♥❣✳ ❖r❜✐❢♦❧❞s ❛❧s♦ ♦✛❡r ❛ ✇❛② t♦ ❤❛✈❡ ❝❤✐r❛❧ ❢❡r♠✐♦♥s ❧♦❝❛t❡❞ ❛t t❤❡
❞✐✛❡r❡♥t ✜① ♣♦✐♥ts ✭✜① ❝✐r❝❧❡s ✐♥ ♦✉r ❝❛s❡✮ ♦❢ t❤❡ ♦r❜✐❢♦❧❞✳

❲✐t❤ ❛❧❧ t❤❡s❡ t♦♦❧s ❛t ❤❛♥❞✱ ✇❡ ❤❛✈❡ ❛❧❧ t❤❡ ✐♥❣r❡❞✐❡♥ts ♥❡❡❞❡❞ ❢♦r r❡❛❧✐st✐❝
♠♦❞❡❧ ❜✉✐❧❞✐♥❣✱ ✇❤✐❝❤ s❤♦✉❧❞ ❜❡ t❤❡ ❢♦❝✉s ♦❢ ❢✉t✉r❡ ✇♦r❦✳ ❆ ♠♦r❡ ❝♦♠♣❧❡t❡
st✉❞② ♦❢ t❤❡ ❜r❡❛❦✐♥❣ ♣❛tt❡r♥s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ♦r❜✐❢♦❧❞ ✐s ❛❧s♦ ❛ ♥❡❝❡ss✐t②✳
❚❤❡ ♣♦ss✐❜❧❡ ❜r❡❛❦✐♥❣ ♣❛tt❡r♥s ❜② t❤❡ ♦r❜✐❢♦❧❞ ❛r❡ ❝♦♥str❛✐♥❡❞ ❜② ♦✉r ✈❛❝✉✉♠
s♦❧✉t✐♦♥ ❛s t❤❡ ✈❛❝✉✉♠ ✐s ❣✐✈❡♥ ❜② ❛ ❞✐r❡❝t✐♦♥ ✐♥ t❤❡ ❈❛rt❛♥ s✉❜❛❧❣❡❜r❛ ♦❢ t❤❡
❣❛✉❣❡ ❛❧❣❡❜r❛✳ ❆ ❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ♣♦ss✐❜✐❧✐t✐❡s ✐♥ t❤✐s ❝♦♥t❡①t ✇♦✉❧❞
❜❡ ❛ ❦❡② ♣♦✐♥t t♦ r❡♣r♦❞✉❝❡ t❤❡ ❡❧❡❝tr♦✇❡❛❦ s②♠♠❡tr② ❜r❡❛❦✐♥❣✳
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❇✐❜❧✐♦❣r❛♣❤②

❬✶❪ ❘✳ ●♦r♥❡t✳ ❆ ♥❡✇ ❝♦♥str✉❝t✐♦♥ ♦❢ ✐s♦s♣❡❝tr❛❧ r✐❡♠❛♥♥✐❛♥ ♥✐❧♠❛♥✐❢♦❧❞s ✇✐t❤
❡①❛♠♣❧❡s✳ ▼✐❝❤✐❣❛♥ ▼❛t❤✳ ❏✳✱ ✹✸✱ ✶✾✾✻✳

❬✷❪ ❘✳ ●♦r♥❡t✳ ❚❤❡ ♠❛r❦❡❞ ❧❡♥❣t❤ s♣❡❝tr✉♠ ✈s✳ t❤❡ ❧❛♣❧❛❝❡ s♣❡❝tr✉♠ ♦♥ ❢♦r♠s
♦♥ r✐❡♠❛♥♥✐❛♥ ♥✐❧♠❛♥✐❢♦❧❞s✳ ❛r❳✐✈✿❞❣✲❣❛✴✾✺✶✵✵✵✶✱ ✶✾✾✺✳

❬✸❪ ❆t❤❛♥❛s✐♦s ❈❤❛t③✐st❛✈r❛❦✐❞✐s✱ ▲❛r✐s❛ ❏♦♥❦❡✱ ❛♥❞ ❖❧❛❢ ▲❡❝❤t❡♥❢❡❧❞✳ ❉✐r❛❝
str✉❝t✉r❡s ♦♥ ♥✐❧♠❛♥✐❢♦❧❞s ❛♥❞ ❝♦❡①✐st❡♥❝❡ ♦❢ ✢✉①❡s✳ ✷✵✶✸✳

❬✹❪ ❉❛✈✐❞ ❆♥❞r✐♦t✱ ❊♥r✐❝♦ ●♦✐✱ ❘✉❜❡♥ ▼✐♥❛s✐❛♥✱ ❛♥❞ ▼✐❝❤❡❧❛ P❡tr✐♥✐✳ ❙✉♣❡r✲
s②♠♠❡tr② ❜r❡❛❦✐♥❣ ❜r❛♥❡s ♦♥ s♦❧✈♠❛♥✐❢♦❧❞s ❛♥❞ ❞❡ s✐tt❡r ✈❛❝✉❛ ✐♥ str✐♥❣
t❤❡♦r②✳ ✷✵✶✵✳

❬✺❪ ❘ ❆ ❘❡✐❞✲❊❞✇❛r❞s✳ ❋❧✉① ❝♦♠♣❛❝t✐✜❝❛t✐♦♥s✱ t✇✐st❡❞ t♦r✐ ❛♥❞ ❞♦✉❜❧❡❞ ❣❡✲
♦♠❡tr②✳ ✷✵✵✾✳

❬✻❪ ❉❛✈✐❞ ❆♥❞r✐♦t✱ ❘✉❜❡♥ ▼✐♥❛s✐❛♥✱ ❛♥❞ ▼✐❝❤❡❧❛ P❡tr✐♥✐✳ ❋❧✉① ❜❛❝❦❣r♦✉♥❞s
❢r♦♠ t✇✐sts✳ ✷✵✵✾✳

❬✼❪ ❚❛❦❛❛❦✐ ■s❤✐✐✱ ●♦r♦ ■s❤✐❦✐✱ ❙❤✐♥❥✐ ❙❤✐♠❛s❛❦✐✱ ❛♥❞ ❆s❛t♦ ❚s✉❝❤✐②❛✳ ❚✲❞✉❛❧✐t②✱
✜❜❡r ❜✉♥❞❧❡s ❛♥❞ ♠❛tr✐❝❡s✳ ✷✵✵✼✳

❬✽❪ ▼❛r✐❛♥❛ ●r❛ñ❛✱ ❘✉❜❡♥ ▼✐♥❛s✐❛♥✱ ▼✐❝❤❡❧❛ P❡tr✐♥✐✱ ❛♥❞ ❆❧❡ss❛♥❞r♦
❚♦♠❛s✐❡❧❧♦✳ ❆ s❝❛♥ ❢♦r ♥❡✇ ♥❂✶ ✈❛❝✉❛ ♦♥ t✇✐st❡❞ t♦r✐✳ ✷✵✵✻✳

❬✾❪ ▼❛r✐❛♥❛ ●r❛ñ❛✱ ❘✉❜❡♥ ▼✐♥❛s✐❛♥✱ ▼✐❝❤❡❧❛ P❡tr✐♥✐✱ ❛♥❞ ❆❧❡ss❛♥❞r♦
❚♦♠❛s✐❡❧❧♦✳ ❚②♣❡ ✐✐ str✐♥❣s ❛♥❞ ❣❡♥❡r❛❧✐③❡❞ ❝❛❧❛❜✐✲②❛✉ ♠❛♥✐❢♦❧❞s✳ ✷✵✵✹✳

❬✶✵❪ ▼✐❝❤❛❡❧ ❇✳ ❙❝❤✉❧③✳ ❙✉♣❡rstr✐♥❣ ♦r✐❡♥t✐❢♦❧❞s ✇✐t❤ t♦rs✐♦♥✿ ❖✺ ♦r✐❡♥t✐❢♦❧❞s ♦❢
t♦r✉s ✜❜r❛t✐♦♥s ❛♥❞ t❤❡✐r ♠❛ss❧❡ss s♣❡❝tr❛✳ ✷✵✵✹✳

❬✶✶❪ P✳ ❇♦✉✇❦♥❡❣t✱ ❏✳ ❊✈s❧✐♥✱ ❛♥❞ ❱✳ ▼❛t❤❛✐✳ ❚✲❞✉❛❧✐t②✿ ❚♦♣♦❧♦❣② ❝❤❛♥❣❡ ❢r♦♠
❤✲✢✉①✳ ✷✵✵✸✳

❬✶✷❪ ❙❤❛♠✐t ❑❛❝❤r✉✱ ▼✐❝❤❛❡❧ ❇✳ ❙❝❤✉❧③✱ Pr❛s❛♥t❛ ❑✳ ❚r✐♣❛t❤②✱ ❛♥❞ ❙❛♥❞✐♣ P✳
❚r✐✈❡❞✐✳ ◆❡✇ s✉♣❡rs②♠♠❡tr✐❝ str✐♥❣ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥s✳ ✷✵✵✷✳

❬✶✸❪ ❋✳ ❊♥❣❧❡rt ❛♥❞ ❘✳ ❇r♦✉t✳ ❇r♦❦❡♥ s②♠♠❡tr② ❛♥❞ t❤❡ ♠❛ss ♦❢ ❣❛✉❣❡ ✈❡❝t♦r
♠❡s♦♥s✳ P❤②s✳ ❘❡✈✳ ▲❡tt✳✱ ✶✸✿✸✷✶✕✸✷✸✱ ❆✉❣ ✶✾✻✹✳

✶✵✼



❬✶✹❪ P❡t❡r ❲✳ ❍✐❣❣s✳ ❇r♦❦❡♥ s②♠♠❡tr✐❡s ❛♥❞ t❤❡ ♠❛ss❡s ♦❢ ❣❛✉❣❡ ❜♦s♦♥s✳ P❤②s✳
❘❡✈✳ ▲❡tt✳✱ ✶✸✿✺✵✽✕✺✵✾✱ ❖❝t ✶✾✻✹✳

❬✶✺❪ ●✳ ❙✳ ●✉r❛❧♥✐❦✱ ❈✳ ❘✳ ❍❛❣❡♥✱ ❛♥❞ ❚✳ ❲✳ ❇✳ ❑✐❜❜❧❡✳ ●❧♦❜❛❧ ❝♦♥s❡r✈❛t✐♦♥
❧❛✇s ❛♥❞ ♠❛ss❧❡ss ♣❛rt✐❝❧❡s✳ P❤②s✳ ❘❡✈✳ ▲❡tt✳✱ ✶✸✿✺✽✺✕✺✽✼✱ ◆♦✈ ✶✾✻✹✳

❬✶✻❪ ❙❛♥❞❡r ▼♦♦✐❥ ❛♥❞ ▼✐❦❤❛✐❧ ❙❤❛♣♦s❤♥✐❦♦✈✳ ◗❋❚ ✇✐t❤♦✉t ✐♥✜♥✐t✐❡s ❛♥❞ ❤✐❡r✲
❛r❝❤② ♣r♦❜❧❡♠✳ ❖❝t♦❜❡r ✷✵✷✶✳

❬✶✼❪ ❈✉rt✐s ●✳ ❈❛❧❧❛♥✳ ❇r♦❦❡♥ s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡ ✐♥ s❝❛❧❛r ✜❡❧❞ t❤❡♦r②✳ P❤②s✳ ❘❡✈✳
❉✱ ✷✿✶✺✹✶✕✶✺✹✼✱ ❖❝t ✶✾✼✵✳

❬✶✽❪ ❑✳ ❙②♠❛♥③✐❦✳ ❙♠❛❧❧ ❞✐st❛♥❝❡ ❜❡❤❛✈✐♦✉r ✐♥ ✜❡❧❞ t❤❡♦r② ❛♥❞ ♣♦✇❡r ❝♦✉♥t✐♥❣✳
❈♦♠♠✉♥✐❝❛t✐♦♥s ✐♥ ▼❛t❤❡♠❛t✐❝❛❧ P❤②s✐❝s✱ ✶✽✭✸✮✿✷✷✼ ✕ ✷✹✻✱ ✶✾✼✵✳

❬✶✾❪ ◆✐♠❛ ❆r❦❛♥✐✲❍❛♠❡❞ ❛♥❞ ▼❛rt✐♥ ❙❝❤♠❛❧t③✳ ❍✐❡r❛r❝❤✐❡s ✇✐t❤♦✉t s②♠♠❡tr✐❡s
❢r♦♠ ❡①tr❛ ❞✐♠❡♥s✐♦♥s✳ ✶✾✾✾✳

❬✷✵❪ ●✐❛♥ ❋✳ ●✐✉❞✐❝❡✱ ❘✐❝❝❛r❞♦ ❘❛tt❛③③✐✱ ❛♥❞ ❏❛♠❡s ❉✳ ❲❡❧❧s✳ ◗✉❛♥t✉♠ ❣r❛✈✐t②
❛♥❞ ❡①tr❛ ❞✐♠❡♥s✐♦♥s ❛t ❤✐❣❤✲❡♥❡r❣② ❝♦❧❧✐❞❡rs✳ ✶✾✾✽✳

❬✷✶❪ ■✳ ❆♥t♦♥✐❛❞✐s✱ ◆✳ ❆r❦❛♥✐✲❍❛♠❡❞✱ ❙✳ ❉✐♠♦♣♦✉❧♦s✱ ❛♥❞ ●✳ ❉✈❛❧✐✳ ◆❡✇ ❞✐✲
♠❡♥s✐♦♥s ❛t ❛ ♠✐❧❧✐♠❡t❡r t♦ ❛ ❢❡r♠✐ ❛♥❞ s✉♣❡rstr✐♥❣s ❛t ❛ t❡✈✳ ✶✾✾✽✳

❬✷✷❪ ◆✐♠❛ ❆r❦❛♥✐✲❍❛♠❡❞✱ ❙❛✈❛s ❉✐♠♦♣♦✉❧♦s✱ ❛♥❞ ●✐❛ ❉✈❛❧✐✳ ❚❤❡ ❤✐❡r❛r❝❤②
♣r♦❜❧❡♠ ❛♥❞ ♥❡✇ ❞✐♠❡♥s✐♦♥s ❛t ❛ ♠✐❧❧✐♠❡t❡r✳ ✶✾✾✽✳

❬✷✸❪ ■✳ ❆♥t♦♥✐❛❞✐s✳ ❆ ♣♦ss✐❜❧❡ ♥❡✇ ❞✐♠❡♥s✐♦♥ ❛t ❛ ❢❡✇ t❡✈✳ P❤②s✐❝s ▲❡tt❡rs ❇✱
✷✹✻✭✸✮✿✸✼✼✕✸✽✹✱ ✶✾✾✵✳

❬✷✹❪ ◆✳ ❙✳ ▼❛♥t♦♥✳ ❆ ◆❡✇ ❙✐①✲❉✐♠❡♥s✐♦♥❛❧ ❆♣♣r♦❛❝❤ t♦ t❤❡ ❲❡✐♥❜❡r❣✲❙❛❧❛♠
▼♦❞❡❧✳ ◆✉❝❧✳ P❤②s✳ ❇✱ ✶✺✽✿✶✹✶✕✶✺✸✱ ✶✾✼✾✳

❬✷✺❪ ❨✉t❛❦❛ ❍♦s♦t❛♥✐✳ ❉②♥❛♠✐❝❛❧ ▼❛ss ●❡♥❡r❛t✐♦♥ ❜② ❈♦♠♣❛❝t ❊①tr❛ ❉✐♠❡♥✲
s✐♦♥s✳ P❤②s✳ ▲❡tt✳ ❇✱ ✶✷✻✿✸✵✾✕✸✶✸✱ ✶✾✽✸✳

❬✷✻❪ ▲✐s❛ ❘❛♥❞❛❧❧ ❛♥❞ ❘❛♠❛♥ ❙✉♥❞r✉♠✳ ❆ ❧❛r❣❡ ♠❛ss ❤✐❡r❛r❝❤② ❢r♦♠ ❛ s♠❛❧❧
❡①tr❛ ❞✐♠❡♥s✐♦♥✳ ▼❛② ✶✾✾✾✳

❬✷✼❪ ❨✉t❛❦❛ ❍♦s♦t❛♥✐ ❛♥❞ ▼✐ts✉r✉ ▼❛❜❡✳ ❍✐❣❣s ❜♦s♦♥ ♠❛ss ❛♥❞ ❡❧❡❝tr♦✇❡❛❦✲
❣r❛✈✐t② ❤✐❡r❛r❝❤② ❢r♦♠ ❞②♥❛♠✐❝❛❧ ❣❛✉❣❡✲❍✐❣❣s ✉♥✐✜❝❛t✐♦♥ ✐♥ t❤❡ ✇❛r♣❡❞
s♣❛❝❡t✐♠❡✳ P❤②s✳ ▲❡tt✳ ❇✱ ✻✶✺✿✷✺✼✕✷✻✺✱ ✷✵✵✺✳

❬✷✽❪ ❆♥✐❜❛❧ ❉✳ ▼❡❞✐♥❛✱ ◆❛✉s❤❡❡♥ ❘✳ ❙❤❛❤✱ ❛♥❞ ❈❛r❧♦s ❊✳ ▼✳ ❲❛❣♥❡r✳
●❛✉❣❡✲❍✐❣❣s ❯♥✐✜❝❛t✐♦♥ ❛♥❞ ❘❛❞✐❛t✐✈❡ ❊❧❡❝tr♦✇❡❛❦ ❙②♠♠❡tr② ❇r❡❛❦✐♥❣
✐♥ ❲❛r♣❡❞ ❊①tr❛ ❉✐♠❡♥s✐♦♥s✳ P❤②s✳ ❘❡✈✳ ❉✱ ✼✻✿✵✾✺✵✶✵✱ ✷✵✵✼✳

❬✷✾❪ ❨✳ ❍♦s♦t❛♥✐✱ ❑✳ ❖❞❛✱ ❚✳ ❖❤♥✉♠❛✱ ❛♥❞ ❨✳ ❙❛❦❛♠✉r❛✳ ❉②♥❛♠✐❝❛❧ ❊❧❡❝✲
tr♦✇❡❛❦ ❙②♠♠❡tr② ❇r❡❛❦✐♥❣ ✐♥ ❙❖✭✺✮ ① ❯✭✶✮ ●❛✉❣❡✲❍✐❣❣s ❯♥✐✜❝❛t✐♦♥
✇✐t❤ ❚♦♣ ❛♥❞ ❇♦tt♦♠ ◗✉❛r❦s✳ P❤②s✳ ❘❡✈✳ ❉✱ ✼✽✿✵✾✻✵✵✷✱ ✷✵✵✽✳ ❬❊rr❛t✉♠✿
P❤②s✳❘❡✈✳❉ ✼✾✱ ✵✼✾✾✵✷ ✭✷✵✵✾✮❪✳
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❬✸✵❪ ❨✉t❛❦❛ ❍♦s♦t❛♥✐ ❛♥❞ ◆❛♦❦✐ ❨❛♠❛ts✉✳ ●❛✉❣❡✕❍✐❣❣s ❣r❛♥❞ ✉♥✐✜❝❛t✐♦♥✳
P❚❊P✱ ✷✵✶✺✿✶✶✶❇✵✶✱ ✷✵✶✺✳

❬✸✶❪ ❙❡❛r❝❤ ❢♦r r❡s♦♥❛♥t ♣r♦❞✉❝t✐♦♥ ♦❢ ❤✐❣❤ ♠❛ss ♣❤♦t♦♥ ♣❛✐rs ✉s✐♥❣ 12.9 fb−1

♦❢ ♣r♦t♦♥✲♣r♦t♦♥ ❝♦❧❧✐s✐♦♥s ❛t
√
s = 13 TeV ❛♥❞ ❝♦♠❜✐♥❡❞ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢

s❡❛r❝❤❡s ❛t ✽ ❛♥❞ ✶✸ ❚❡❱✳ ✷✵✶✻✳

❬✸✷❪ ■✳ ❆♥t♦♥✐❛❞✐s✱ ❑✳ ❇❡♥❛❦❧✐✱ ❛♥❞ ▼✳ ◗✉✐r♦s✳ ❘❛❞✐❛t✐✈❡ s②♠♠❡tr② ❜r❡❛❦✐♥❣ ✐♥
❜r❛♥❡ ♠♦❞❡❧s✳ ✷✵✵✵✳

❬✸✸❪ ❙❤❡❧❞♦♥ ▲✳ ●❧❛s❤♦✇✳ P❛rt✐❛❧✲s②♠♠❡tr✐❡s ♦❢ ✇❡❛❦ ✐♥t❡r❛❝t✐♦♥s✳ ◆✉❝❧❡❛r
P❤②s✐❝s✱ ✷✷✭✹✮✿✺✼✾✕✺✽✽✱ ✶✾✻✶✳

❬✸✹❪ ❏❡✛r❡② ●♦❧❞st♦♥❡✱ ❆❜❞✉s ❙❛❧❛♠✱ ❛♥❞ ❙t❡✈❡♥❲❡✐♥❜❡r❣✳ ❇r♦❦❡♥ s②♠♠❡tr✐❡s✳
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