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Abstract

Cette thése est consacrée au théoréme central limite (T'CL) et & sa version fonction-
nelle pour les champs aléatoires strictement stationnaires.

Dans un premier temps, nous traiterons des champs aléatoires strictement sta-
tionnaires non nécessairement adaptés a la filtration naturelle, et lorsque la variance
asymptotique ne croit pas nécessairement linéairement. Dans cette partie, nous
donnons le TCL et sa version fonctionnelle pour les champs aléatoires strictement
stationnaires sous la normalisation (s,),czq, Ol (8,),eza est une suites réels positifs
qui tend vers infini quand n tend vers infini.

Dans un deuxiéme temps, nous nous intéresserons a l’extension du TCL de Gordin
[25, 1973] sous une condition ! projective. On verra que dans le cadre des champs
aléatoires indexés par Z¢ avec d > 2, une condition supplémentaire par rapport au
cadre des suites (d = 1) est nécessaire pour obtenir le TCL.

Dans le dernier chapitre, nous nous intéresserons au comportement asymptotique
des sommes partielles associées & des champs aléatoires a valeurs dans des espaces
de Banach. En particulier nous établirons la version fonctionnelle du TCL pour les
champs de différences d’ortho-martingales ergodiques et a valeurs dans un espace
de Banach soit 2-lisse ou de cotype 2. Puis a l'aide d’une approximation ortho-
martingale, nous obtiendrons une version fonctionnelle du TCL pour des champs
aléatoires strictement stationnaires a valeurs dans un espace LP, p € [1,2], sous des
critéres projectifs.

Mots clés :

Champs aléatoires; Processus stationnaires; Ortho-martingales; Théoréme lim-
ite central; Principe d’invariance faible; Processus de Weiner; Approximation par
ortho-martingales; Décomposition en cobord; Critéres projectifs; Espaces de Banach;

Distribution empirique; Distance IL?; Distance de Wasserstein.
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Abstract

This thesis is devoted to the central limit theorem (CLT) and its functional version
for strictly stationary random fields.

In the first part, we deal with strictly stationary random fields that are not
necessarily adapted to the natural filtration, and when the asymptotic variance does
not necessarily grow linearly. In this part, we give the CLT and its functional version
for strictly stationary random fields under the normalization (s, ),ecz¢, where (s, ) ez
is a sequence of positive reals which tends to infinity when n tends to infinity.

In the second part, we are interested in the extension of Gordin’s CLT [25, 1973|
under a projective L' condition. We will see that for random fields indexed by Z¢
with d > 2, an additional condition with respect to sequences (d = 1) is necessary in
order to obtain the CLT.

In the last part, we are interested in the asymptotic behavior of partial sums
associated to random fields with values in Banach spaces. In Particular, we obtained
the functional version of the CLT for fields of ortho-martingales differences that
are ergodic and take values in a 2-smooth or cotype 2 Banach space. Then, using
an ortho-martingale approximation, we derive a functional version of the CLT for
strictly stationary random fields with values in a IL? space, p € [1,2], under projetive

cirteria.

Keywords:

Random fields; Stationary processes; Ortho-martingales; Central limit theorem;
Weak invariance principle; Weiner process; Ortho-martingales approximation; Cobound-
ary decomposition; Projective criteria; Banach spaces; Empirical distribution; IL?

distance; Wasserstein distance.
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Chapter1
Introduction

Dans cette thése nous nous intéressons a des théorémes centraux limites pour des
champs aléatoires non nécessairement indépendants. Nous travaillerons tout au long
de cette thése avec des champs aléatoires strictement stationnaires. Ce sont des
variables aléatoires indexées par Z¢ telles que les lois fini-dimensionnelles sont in-
variantes par translation du temps. Pour définir les champs aléatoires strictement
stationnaires, on introduit naturellement les Z%actions dans un espace probabilisé
(2, A,P). On note les éléments de Z¢ par i := (iy,...,iq) € Z% On définit main-
tenant le groupe des Z%actions (71});cz« dans un espace probabilisé (2, A, P). Ces
Z%-actions sont générées par {T,,,...,T.,} qui sont des transformations bimesurables
préservant la mesure P, ot pour tout 1 < i < d, e; est un vecteur de Z¢ avec 1 &
i-ieme place et 0 ailleurs. Soit alors (X o T});cze un champ aléatoire strictement
stationnaire définie sur (€2, A, P). On notera X o7}, par Xj. Une des problématiques
de cette thése sera d’établir des conditions suffisantes pour obtenir la convergence

asymptotique suivante :

1
——5u(X) = oN(0,1),
vaid
ot Sp(X) = Y- XoTy et |n| = ny X --- X ng. Ici = désigne la

convergence en loi, et A/(0,1) la loi normale centrée réduite. Dans le cas d = 1,
et si les X; sont indépendantes, et identiquement distribuées (i.i.d.) et dans L2, le

théoréme central limite (TCL) assure que n~'/25,(X) converge en loi vers une loi



normale. On dira également que le TCL a lieu pour la suite (X o T});cz. Dans le
cadre indépendant, le théoréme peut se généraliser aisément aux champs aléatoires
avec d > 2. On peut également obtenir la version fonctionnelle de ce résultat, aussi
appelé principe d’invariance faible (WIP). Plus précisément, on cherche a établir le

comportement asymptotique suivant pour le processus des sommes partielles :

1
— St (X = {oB ,
{\/ﬁ i) ( )}te[o . { t}te[o,ﬂ
ot (By)teo,1) est un mouvement brownien. Dans le cadre i.i.d, ce résultat est di a
Donsker [4, 1951|. Pour de nombreux modéles, I'hypothése d’indépendance n’est pas
satisfaite et étendre ces résultats dans le cadre des suites ou des champs dépendants
a donc de multiples applications. Dans la suite, nous commencerons par rappeler

quelques résultats concernant ces problématiques.

Théorémes limites pour les suites de variables aléatoires dépen-

dantes

Soit (£2, A, P) un espace probabilisé. Comme dans la section précédente, on définit
les suites strictement stationnaires & 1’aide d’une variable aléatoire dans (€2, A, P) et
d’une transformation T bijective, bimesurable qui préserve la mesure P. Ainsi on
considére la suite (X)rez définie par X = X o T* ot X est une variable aléatoire
dans (2, A,P). On considérera aussi une filtration (Fy)rez stationnaire définie par
Fr = T7*(F) ot Fy est une sous tribu de A telle que Fy C T~(Fy). Les suites de
différences de martingale étant un exemple de suites dépendantes, commencons par

en rappeler la définition.

Définition (A1). Soit d € LY(P), on définit la suite strictement stationnaire (dy, :=
doTK)rez. On dit que (dy)rez est une suite de différences de martingale pour la
filtration (Fy)kez st d est Fo-mesurable et

E (d’f;l) =0 p.S..



D’autre part, M, := ", _, di est une martingale pour la filtration (Fy,)kez.

Nous sommes ainsi en mesure d’énoncer le théoréme central limite pour les mar-
tingales de carré intégrable a accroissements strictement stationnaires. Ce théoréme
est di a Ibragimov [49, 1963] et Billingsley [48, 1961] (le résultat a été obtenu de

fagon indépendante).

Théoréme (B1). Soit (dy := d o T*)rez une suite strictement stationnaire de dif-
férences de martingale pour la filtration (Fi)rez. Si d est de carré intégrable, et T est

ergodique alors

1 n
—= Y doT" = N(0,0°),
Vi

ol 02 = ||d0||§

Dans [3, 1969|, Gordin fut I'un des premiers & exploiter ce théoréme dans un
contexte de dépendance au sens large, en utilisant notamment la décomposition en

cobord. Cette décomposition consiste & écrire :
X=d+0—-0oT, (1)

ol (d o T"),ez est une suite de différences de martingale dans L', et ([0 — 0o T] o

T™) ez est le cobord. On en déduit alors que

Sp=Y di+(0—06,). (2)

k=1
On remarque que si la suite (d,)nez est ergodique dans L?(P) alors elle satisfait le
TCL pour les suites des différences de martingale. Ainsi, si le cobord renormalisé est
négligeable pour la convergence en loi, alors le TCL pour (X,,),cz se déduira de celui
de (d,)nez. Gordin a ensuite proposé le TCL suivant a 'aide de cette décomposition

en cobord.

Théoréme (B2). Soit (X)k>0 une suite strictement stationnaire et ergodique dans



L2(P), adaptée a la filtration (F;)i>0. Suppose que

> IE (XilFo)ll, < oo (3)

k>1

Alors n=Y28,(X) converge en loi vers une loi normale centrée de variance 0% =

Hdo”g = EkeZ Cov(Xo, Xy).

Heyde [5, 1975] a ensuite montré que le WIP est satisfait dés que 1'on a

ZE (Xi|Fo) converge dans 2. (4)

k>1

D’autre part, Volny [30, 1993] a montré que est une condition nécessaire et
suffisante pour obtenir la décomposition , avec d et 6 dans L?. Une question
naturelle est donc de savoir si le TCL reste vrai, si on relaxe demandant seulement
la convergence L'. Dans [25, 1973] Gordin a donné une réponse positive a cette

question et a établi le TCL suivant :

Théoréme (B3) (Gordin 1973). Soit (Xg)kez une suite strictement stationnaire et

ergodique dans LY(P) adapté a la filtration (F;)icz. Supposons que

ZE<Xi|]:O) converge dans L' (P) (5)

i>0

et
lim inf E(S.(X)1) < 00. (6)

n—o00 \/ﬁ

Alors n=1%28,(X) converge en loi vers une loi normale centrée.

C.G. Esseen et S. Janson [23], 1985] ont ensuite donné une démonstration détaillée

de ce Théoréme en utilisant 'inégalité de Burkholder suivante

Lemme (C1). Soit (di.)rez une suite de différences de martingale dans L'(P). I



existe une constante universelle C' tel que pour toutn > 1 et A > 0, on a

1/2

P | < %E(|Sn(d)\) .

S
k=1

En effet, la condition entraine la décomposition en cobord de (Xj)g>o dans
LY(P) (voir [30, 1993]). 1l existe donc (dy)r>o une suite de différences de martingale
dans LY(P) telle que S, (X) = Yp_, dr.— Z, avec sup,>1 || Za|l, < oo. Ainsi, si (di,) k>0
est dans L(P), elle satisfait le TCL pour les différences de martingale, et entrainera le
TCL pour la suite (X},)g>0. Supposons par simplicité que n~/2E (|5, (X)]) < A < cc.
Comme sup,>1 || Z,||, < oo, on en déduit que n~Y/?E (]S,(d)|) < B < oo. Par le
lemme pour A\ assez grand, on a :

" 1/2
P [%Zdi] >a] <5 ('SQ%Z)‘)SCAB<1. (7)

Q

Or, par le théoréme ergodique

1 n

— E 2 —E (d%) presque strement quand n — oo .
n

k=1

Si E (di) = oo, alors n™!' > "7, di — 0o presque sirement, et la premier partie de
I'inégalité converge vers 1 quand n converge vers infini, d’ott la contradiction.
Cependant cette démonstration ne peut pas étre généralisée pour les champs aléa-
toires, car 'inégalité de Burkholder n’a pas d’équivalent pour les ortho-martingales
qui peuvent étre vues comme la version multi-index des martingales. Le chapitre 2
de cette thése est consacré a I'é¢tude de I'extension du Théoréme aux champs

aléatoires. Afin d’exposer les résultats obtenus, introduisons quelques notations.

Notation pour des champs aléatoires dans Z?. En complément des notations
précédentes, on introduit S une transformation bijective, bimesurable qui préserve

la mesure P. On définit ainsi un champ aléatoire strictement stationnaire de la



facon suivante : Soit (Xj )k ez le champ aléatoire strictement stationnaire défini sur
(Q, A,P) par Xz, := X oT% 0 S%, avec X une v.a. définie sur (92, A, P). Soit Fop
une sous tribu de A. Pour tout i,j € Z, on définit F,; = T-'S™7Fy,. On dit que
(Fij)ijez est une filtration, si pour tout j € Z fixé, on a F; ; C Fj; pour tout i < k

et de méme pour indice j. Introduisons également la notion de filtration commutante

Définition (A2). On dit que la filtration (F; ;) ez est complétement commutante

st Vi, 9, h, k € Z, et pour tout v.a. X, on a

E[E [X|Fi;] [ Far] = E[E [X|Fnr] | Fiyl
= E[X\}—i/\h,jAk} b.s.,

avec i A\ j = min(i, j).
Nous pouvons maintenant donner la définition des ortho-martingales.

Définition (A3). Soit (d; ;)i ezz un champ aléatoire intégrable adapté a une filtra-
tion complétement commutante (Fi ;) jyezz- On dit que (dij) ez est un champ de
différences d’ortho-martingale pour la filtration (F; ;) jyezz, st pour tout i, j, k.l € Z,
tel que k < i, oul <jona:

E (di7j|./—'-]f75) =0 p.S.

De plus, My, ny =Y 12 > 021 dre est une ortho-martingale pour la filtration (F o)k ecz.-

Soit (X; ;)@ j)ez2 un champ aléatoire strictement stationnaire adapté a la filtration
complétement commutante (F; ;) ezz définie sur (€, A,P). On peut établir une
décomposition ortho-martingale-cobord. Elle est due a Gordin [8, 2009] (voir aussi
[22, 2016] pour une application au TCL). Pour définir correctement la décomposition,

introduisons les notations supplémentaires :

-F.i,foo = TﬁiO' {ﬂ ijo,()} et J—-;oo,j = SijO' {ﬂ Tif()’o} .

JEL 1€EZ

9



La décomposition ortho-martingale-cobord doit satisfaire :
X=d+(gn—gi0T)+(92—9205) + (93 —gs0T —gsoS+gs0ToS), (8)

ol (d;j :=doT"0S57); jeze est une différence d’ortho-martingales pour la filtration
(Fij)ezz. Pour tout j € Z fixé, ([go—g205] o T" 0 57);cz est une différence
de martingale pour la filtration (F; )iez, et pour tout i € Z fixé, ([go —g20 5] o
T' 0 87);cz renormalisé est négligeable pour la convergence en loi. Pour tout i € Z
fixé, ([ —g10T] o T" 0 S})jez est une martingale pour la filtration (Fu ;)jez €t
pour tout j € Z fixé, ([g1 — g1 0 T] o T" 0 S;);ez renormalisé est négligeable pour la
convergence en loi. Ces deux champs sont appelés les cobord mixtes. Le champ
(l[93 —gsoT —gsoS+gs0T oS oT 0S57) ez est le cobord qui, renormalisé, est
négligeable pour la convergence en loi.

Tout comme dans le cadre des suites, il existe une condition nécessaire et suffisante

pour obtenir la décomposition (§). En particulier Volny [29, 2018] a montré que

Z E(X;;|Fo0) converge in L'(P) 9)

1,520

est une condition suffisante pour obtenir la décomposition (elle est également
nécessaire dans le cadre régulier (voir définition [2.1.2))). Dans le chapitre 2, nous

établirons le résultat suivant :

Théoréme (B4). Soit (X ¢)ke>0 un champ aléatoire centré et ergodique dans L' (P),

et adapté a la filtration complétement commutante (F; ;) j>0. On pose Sy, n,(X)

Yoty ! an 'X X ;. Supposons @D et que les conditions suivantes sont satisfaites :

< (10)

n—1
1
liminf—HE Xz}O‘ < 0 hmmf—” g Xo,j
n—co /1 — VN J

et

E([Sn1.0, (X))

E(|Sny e (X e
lim inf lim inf (151 ma )D<oo lim inf lim inf < 00. (11)

)
ni—oo N2—00 A /n1n2 ng—00 MN1—00 “ /nan

10




Alors, les v.a. d, g1, g2 et g3 définies dans (8) sont dans L*(P).

Cependant contrairement au cadre des suites (d = 1), le résultat précédent ne
garantit pas le TCL. Cela vient du fait que les cobord mixtes renormalisés ne sont pas
forcément négligeables dans les deux directions (voir le contre-exemple [3.1.4)). Ainsi
une condition supplémentaire est nécessaire pour que les cobords mixtes renormalisés

soient négligeables. C’est ’objet du résultat suivant :

Théoréme (B5). Sous les conditions de théoreme[(B4), et si

E
S (CNES)
min(n,n2)—00 \/M1N2

existe (12)

alors (n1na) Y28, n, (f) converge en loi vers une variable gaussienne centrée (qui

peut étre dégénérée).

D’autres types de conditions projectives peuvent également étre considérés et in-
duisent une approximation par une ortho-martingale. Ces conditions n’entrainent
pas une décomposition en cobord mais assurent la négligeabilité des "restes renor-
malisés". En particulier, dans le cadre régulier (voir définition [2.1.2)), la condition
de Hannan [6, 1973] :

> IPo(Xi)ll; < oo (13)

k>1

ou P;(Xy) := E(Xy|F;)—E (Xg|Fi_1), est suffisante pour assurer que la suite (X, ),ez
satisfait le WIP (Voir Dedecker et al. [I1, 2007]). Mentionnons également le critére
projectif di a Maxwell-Woodroofe. Pour ce faire, commencons par rappeler le résul-
tat da & Merlevede et al. [47, 2012] :

1S0(X) = Su(d)]l, <02y I (Sk|Fo)llo

n3/2
k>n

On a donc :

Théoréme (B6). Soit (X;)k>0 une suite strictement stationnaire et ergodique dans

11



L2(P), et (Fi)i>o la filtration engendré par (X)i>o. Si on a

n3/2
k>1

_ : ‘ ) : 2
alors n=28,,(X) converge en loi vers une loi normale centrée de variance o* = || Xo||5.

Tous les résultats susmentionnés sont sous la normalisation y/n. Mais il existe des
processus ou la normalisation \/n n’est pas suffisante pour obtenir le TCL ou le WIP.
Par exemple, les processus linéaires. Considérons f une fonction C! lipschitzienne,

et (&;)iez une suite de v.a. i.i.d. dans 2. Définissons le processus (X})rez avec

wo(E) =B

Dans [I1] 2007|, Dedecker et al. ont montré que le TCL (et sa version fonctionnelle)

a lieu pour la suite (Xj)gez sous la normalisation \/Fg(n). Ce résultat est une
conséquence de résultats plus généraux que nous décrivons. Pour une suite des réels
positifs (s,)nez qui tend vers infini quand n tend vers infini, Dedecker et al. ont établi
une approximation martingale pour (Xj)gez, une suite strictement stationnaire non

nécessairement adaptée a la filtration (F;);cz.

Théoréme (BT7). Soit d une variable aléatoire définie sur (Q, A,P) dans L*(P) telle
que d est Fo-mesurable, et E (d|F_1) = 0. Les conditions suivantes sont équivalentes
Sp(X
Co(sn): lim (

n—o0

(

(@) [E[Sn(X)[Follly = olsn),

Cy(s)): (0)  [[Sn(X) = B[S (X)[Fnlll, = 0(sn) ,

2
=0.
2

: VRS
(¢) nl/\lglIQILOOEZ ;k;4PO(Xk>_m

. i=1

12



St une des conditions est satisfaite et que la transformation T est ergodique, alors
5. 15,(X) converge en loi vers cN(0,1), ou N(0,1) est la loi normale centré réduite,
et 0% = E(d?).

Ensuite, en utilisant cette approximation martingale, Dedecker et al. [I1), 2007|
ont montré le WIP pour les suites strictement stationnaires non nécessairement adap-
tées a la filtration (F;);ez.

Théoréme (B8). Supposons que C1(s,)(c) est satisfaite, et que pour tout t € [0,1]

Sine]/sn est bornée. Supposons T ergodique et que la condition suivante est satisfaite :

((a) [maxi<p<n B [Se(X)[Follll, = olsa)

(0)  [Imaxi<g<n [Sn(X) — E [Su(X)[Fu][ll, = o(sn),

Ca(s,): ) ) ..
2(sn) (¢)  pour certaine suite positive (u;);ez tell que

\/_ﬁ

S uy; est bornée,

Sp, 1=—n
- VI P(X)
lim limsup— > . [E 1 . =0,
L A 00 nﬁoop Sn sz—n uz P02(X'L)>A’U,$

alors {s, Sy, t € [0,1]} converge en loi dans D([0,1]) vers {oB:} o1y, avec o =
E (d?).

Dans le chapitre 1, nous étendons ces deux résultats aux champs aléatoires stricte-
ment stationnaires non nécessairement adaptés a une filtration sous-jacente compléte-
ment commutante. Notons que le TCL pour les ortho-martingales a été établi par
Volny [28, 2015]. Rappelons son énoncé dans le cadre des champs aléatoire indexés
par Z2.

Théoréme (B9) (D.Volny 2015). Soit X € L*(P) tel que (U*V*X )k ez est un champ
aléatoire de différences d’ortho-martingale pour la filtration complétement commu-
tante (Fij)ijez- SiT ou S est ergodique alors (n1n2)_1/25n1,n2 (X) converge en loi

. . . 2
vers une loi normale centrée de variance || X|];.

13



Il faut aussi noter que la convergence a toujours lieu méme si aucune des transfor-
mation n’est ergodique. Cependant la somme partielle convergera vers un mélange
des lois normales (voir |29, 2018]).

Dans le chapitre 3, nous nous intéresserons a établir des TCL et leurs version
fonctionnelles pour des champs aléatoires & valeurs dans des espaces de Banach.
Mentionnons quelques résultats antérieurs sur ce sujet : Tout d’abord dans IL'(S, u1)
'espace des fonctions réelles p-intégrables avec p o-finie (on supposera (S, i) sé-
parable), Dédé [9, 2009] a montré que pour une suite (d;);cz strictement stationnaire

et ergodique de différences de martingales a valeurs dans IL*(S, i) telle que,

/S do() [l () < oo (15)

n~1/23"" | dy satisfait le TCL dans L'(S, ). Puis en utilisant une approximation
martingale, elle a montré que si (Xy)gez était une suite strictement stationnaire,

ergodique a valeurs dans IL1(S, i) telle que
/S 1 Xo (Bl u(dt) < 00 et 3 / |PA(Xolt) ], ) < 50, (16)
1€Z

alors n~/23")_ | X}, convergeait en loi dans L!(S,u) vers une variable gaussienne.
Notons que est une condition de type Hannan. Plus récemment, Cuny [35, 2017]
a établi des TCL et leurs version fonctionnelles pour des suites de v.a. a valeurs dans
des espaces de Banach sous des conditions projectives. Il a d’abord montré le WIP
pour les suites de différences de martingale ergodiques a valeurs dans un espace de
Banach séparable 2-lisse ou de cotype 2 (les espace L' sont de cotype 2). Puis, il a
obtenu le WIP pour les suites strictement stationnaires et ergodiques a valeurs dans
un espace de Banach de cotype 2 sous une condition de type Maxwell-Woodroofe

généralisée. Dans L!(S, 1), cette condition s’écrit :

k>1

14



Enfin, Dedecker et Merleveéde [36, 2015] ont obtenu le WIP dans l’espace L'(S, u)
sous un critére projectif de type L!. Dans le chapitre 3, nous nous intéresserons a
I'extension des résultats de Dédé [9] dans le cadre des champs aléatoires indexées
par Z¢ et a 'obtention de la version fonctionnelle. On commencera par étendre
aux ortho-martingales a valeurs dans des espaces de Banach 2-lisse ou de cotype 2, le
WIP obtenu par Cuny [35] dans le cadre des martingales. Puis a I’aide d’une approx-
imation ortho-martingale, nous en déduirons le WIP pour des champs strictement
stationnaires et ergodiques a valeurs dans LP(S, ), 1 < p < 2, sous une condition

projective de type Hannan.

Les trois chapitres suivants de cette thése détaillent les résultats énoncés dans

I'introduction et font ’objet des trois articles suivants :

1. H. M. Lin, On the weak invariance principle for non-adapted stationary ran-
dom fields under projective criteria, Stoch Dyn, 22 - 05 - 2250013, 2022.
https://doi.org/10.1142/50219493722500137.

2. H. M. Lin, F. Merlevéde, D. Volny, On the central limit theorem for stationary
random fields under L!-projective condition. Electron. Commun. Probab. 271
- 12, 2022. https://doi.org/10.1214/22-ECP486.

3. H. M. Lin, F. Merlevéde, On the weak invariance principle for ortho-martingale
in Banach spaces. Application to stationary random fields. Stoch. Process.
Their Appl. 153 - 198-220, 2022. https://doi.org/10.1016/j.spa.2022.08.003.
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Chapter 2

On the weak invariance principle for
non-adapted stationary random fields

under projective criteria

In this chapter, we study the central limit theorem (CLT) and its weak invariance
principle (WIP) for sums of stationary random fields non necessarily adapted, under
different normalizations. To do so, we first state sufficient conditions for the validity
of a suitable ortho-martingale approximation. Then, with the help of this approxi-
mation, we derive projective criteria under which the CLT as well as the WIP holds.
These projective criteria are in the spirit of the Hannan’s condition and are well
adapted to linear random fields with ortho-martingale innovations and which exhibit

long memory.
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2.1 Introduction

Let (Xi);eze, d > 1, be a stationary random field with zero mean and finite variance.

Let also S, be its associated partial sum with n = (n; ---ng) € N, defined as

ny ng
S, = E E Xi.
=1  ig=1

In this paper, we are interested in the central limit theorem and the weak invariance
principle. In particular the WIP addresses the question of finding a positive sequence

sy, such that s, — oo and

Sn-t
{L} = {oWa(®)}1er070 - (2.1.1)
S ) te0,1)4
in D ([0,1]%) equipped with the uniform topology. Here [n - {] means ([nit1],- - , [natd))

and the notation ” = 7 means the convergence in distribution. When the X}
are functions of an i.i.d random field, under the so-called Hannan’s condition [6]
generalized to Z?, Wang and Volny [31] have established that (2.1.1) holds with

32 =ny...nqg. When d = 2, their condition reads as

> Poo(Xij)ll, < oo, (2.1.2)

(i,5)€2?

where Py is the projection operator defined by (2.1.4). We also refer to [20] for a
quenched version of the CLT under (2.1.2). The result stated in [3I] does not allow
to consider models for which the normalization in the WIP does not have a linear
growth with respect to n. Our paper is a step in this direction and aims at relaxing
the condition to still get the WIP. Our results can be viewed as the random
field counterparts of those established in Dedecker et al. [II]. To do so, we start
with a new ortho-martingale approximation using the notion of commuting filtration
(note that there is no natural ordering of future and past in higher dimension).

Before giving a flavor of the results obtained in this paper by considering a simple
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example of linear random field with long memory, let us first mention additional
earlier results to [11]], involving projective type criteria and using the notion of ortho-
martingale. First, in [32], Wang and Woodroofe proved the WIP for stationary
random fields indexed by rectangular sets with the help of an m-dependent random
field approximation. Their condition is in term of conditional expectation and is in
the spirit of the Maxwell-Woodroofe’s condition in dimension 1 (see [I4]). Then, as
an application, they proved the WIP for ortho-martingales when they are functions
of an i.i.d random field. In [39], using the same method (m-dependent random field
approximation) and the physical dependence measure, El Machkouri et al. proved a
more general result in the sense that their result apply to a wider class of stationary
random fields.

Concerning stationary ortho-martingales, a CLT has been obtained by Volny
[28]. More precisely, let us consider the case d = 2 and assume that (7 ;) ez is
a group of commuting probability preserving transformation of (2, 4, P). Suppose
in addition that A is a random variable in L? and that (h o Tj ;) )ezz is an ortho-
martingale (see definition [4.2.2)) with respect to a commuting filtration (F; ;) jyezz
(see definition[2.1.1]). In this situation, it has been proved in [28] that, as njAn, — oo,
(ning) Y231, 2y hoT; j converges in distribution to a centered gaussian random
variable with variance ||h||> provided that one of the transformation T, or Ty, is
ergodic (here and along the paper the symbol aAb stands for the minimum between a
and b). Our strategy of proof is then to derive a new ortho-martingale approximation
for S, /s, which combined with the CLT in [28] will lead us to new projective criteria
ensuring the convergence in law of S,,/s,. To derive the corresponding WIP, we then
state a new criterion ensuring the uniform integrability of s,* max;<, S;.

To illustrate our results, let us consider the following linear fields in dimension 2
i jEN? mgw 0 Ty—ie—j, with T the shift
transformation defined as in subsection 1.1 and o a centered random variable in
L? and such that

with long memory. Let Xy, = >

E (§o,0|F-1,0) = E (§0,0Fo,-1) = 0 as.,

where F; ; = o {&, h <i,k < j}. As a consequence of our result, we get that for

18



this process holds with the normalization s,, », = /ninslog(ni)log(ny) (see
our Corollary [2.4.1)). This kind of limiting behavior seems to be new in the context
of linear random fields. Even if all our results hold for any d > 1, for the sake of
clarity due to complicated notations, we shall rather state and prove them in case
d = 2. However, some indications concerning the statements of the results in case
d > 2 are given in Section 5.

Our paper is organized as follows. In Sections 2 and 3, we state our main results
in case of random fields with dimension 2. In Section 4, we apply our results to linear
fields with ortho-martingale innovations. Then, in Section 5, we extend our results
to higher dimension. Section 6 is devoted to the proofs of the main results. We end

this section by giving some notations and definitions used all along the paper.

Notations and Definitions. Let (2,.4,P) be a probability space. To define prop-
erly a stationary filtration, as in [20], it is convenient to start with an auxiliary

stationary process (& ;)i jez2 and then to set
Fig=0{&np h < i,k < j} (2.1.3)

For all i,j, we also define Fo o = \/(m.)ezg Figs Fimoo = Njez Figr Fooij =
Niez Fig, and Fooo oo = /\(i,j)GZ2 Fij-

Définition 2.1.1. The filtration (F; ;) ez defined as above is said to be commuting
va/l/7.]7 h7 ]{: e Z7
E [E[X|Fij] [ Fnp] = E[E[X]|Fni] [Fiy)
=E [X|]'-z‘/\h,j/\k} a.s.,

provided all the above conditional expectations are well defined.

Note that a filtration defined by an independent and identically distributed (i.i.d)
random field is commuting. This kind of filtrations can also be constructed using

stationary random fields with independent rows or columns (see [39]). From now on,
we assume that the filtration defined in (2.1.3) is commuting.
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Next we introduce the projection operators defined by: for all i, € Z and
X e LY(Q),
Pi;(X) = E[X[F;] - E[X|Fij]

27]

P(X) =E[X|Fi,;] —E[X]|Fi1,].

/[’7.]

Note that, if the filtration is commuting then

Pm.(X):P».v OPi7;(X):P.“TO ~(X)

l,j 1, 2y
Therefore
P (X) = E[X|Fiy] = E[X|Fij] — E[X[Fy;] + E[X|Fir-4] (2.1.4)
Let us now introduce the shift operators as follows: on RZQ, let

T(l)((ﬂik,e)(k,z)eW) = (xk+1,€)(k,f)6227 (2_1.5)

T2y () (k,0)e22) = (Thes1) (k,0)cz2-

We will denote T(il) o T(jQ) (([L‘k73)(k75)ez2) by T; (k) (k,00ez2)- Note that the filtration
defined above can also be rewritten F; ; = T_,; _;(Fo0). Now we introduce a station-

ary random field in the following way. For a real-valued measurable function f on

R% | we define

Xoo = f ((gm.) (m)GZQ> and Xyo = f (Tee(&)inezs) = Xooo The.  (2.1.6)

Définition 2.1.2. The stationary random field (X; ;) jyez2 will be said to be reqular

if Xo,0 18 Foo,co-measurable, and
E (X0,0|~F—oo,oo) =K (X070|Jt.oo,—oo) =E <X07Q|F_OO7_OO> =0 a.s.
We will sometimes use the notation > ;"7 to mean the double sum ;") > 772 .

ij=1
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2.2 Ortho-Martingale Approximation

Let (X ;)@ )ezz be a stationary random field defined by (2.1.6) and let

ny ng

Shyng ZZXZ] and Urzzl,ng = H‘Sm,nz”g-

i=1 j=1

Définition 2.2.1. Let m be an integrable Fyo-measurable function. We say that
(moT; ;)i ez is a field of ortho-martingale differences with respect to a commuting
filtration (F; ;) jyezz, if for all 1,5, k, € € Z, such that either k <1, or { < j then

E (moT; ;| Fre) =0 a.s..

In addition, My, n, = ;2 302 mo T, is said to be an ortho-martingale.

Let (Snyms)nime>1 be a double indexed sequence of positive numbers such that
Snime — 00 as N A ng — 00. Below we give an ortho-martingale approximation for

the normalized partial sum S, ,/Sn, n,-

Théoréme 2.2.2. Let m be a square integrable Fyo-measurable function such that
E (m’f—l,(J) =K (m|f0,—1> =0a.s. andlet Rm,nz = HE [Sm,n2|fm,0”|2+HE [Sm,nzlf(),m] H2+
[E [Shy,

ollly- Then the following conditions are equivalent

S ny n2
ni,n2

_MZZ””T”

Co(Snyny)t lim =
’ n1An2—=0 || Sy

( (a) R, n, = 0(5n1,n2)a

(b) HSTLLn2 —E [Sn17n2|fn1,ﬂ2]u2 = 0<3ﬂ1,n2)7

Cl(sm,nz):
ni,n2 \/m ni,n2 2
c lim Poo(Xp_; =0.
( ) n1Anz—o0 MMy Z Snyno Z 00 h—i,k— ])
\ 7,7=1 ) h,k=1 2
If one of the conditions is salisfied and T(1y or T(z) is ergodic, then s, nQSmm con-

verges in distribution to o N, where N is a standard Gaussian random variable, and

21



ny1,n2

A/ T2

always takes place, but to a mizture of normal laws (see [19]). However, the additional

Remark 2.2.3. Note that if E[m?] < oo then the convergence in law of

condition that at least one of the transformation is ergodic ( T(1y or T(2)) guarantees

the convergence towards a normal law. For more detailed results see [28].

o
P ition 2.2.4. If C1(0nyn d (b) hold then —/"2 is a two- t
roposition f C1(0ny.ny)(a) and (b) ho en T is a two-parameter

slowly varying function (2p-suf ) in the following sense : for any non negative integers

k and ¢

2

g
. kny,¢
lim —2=2 =k /(. (2.2.1)
n1/Ang—00 Jnl,ng

In addition, if 0y, n, — 00 as ny A ng goes to infinity and if

m 22— fm Zml (2.2.2)
n1/Ang—00 O-TLLTZZ ni1Ang—00 Unl,ng
then,
Ol 1
lim — gy, (2.2.3)

2
PAY0 Ola) y)

Next we give a similar remark carried from its one dimensional version (see Re-
mark 3 in [11]).

Remark 2.2.5. If Co(Sp,n,) holds then s,?, o> converges to E(m?). Con-

ni,m2 - ni,n2

sequently, if E(m?) > 0 then Co(0nyny) holds with m' = m/|ml,. Therefore
C1(Ony ny) (2), and (b) holds, which implies that o, n,/\/min2 is a 2p-svf (by us-
ing Proposition and the same is true for Sn, n,/\/MiNa.

Below we give sufficient conditions for Cq(sp, n,)(c) to hold.

Proposition 2.2.6. Condition Cy (S, n,)(c) is satisfied as soon as the following con-
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ditions hold: as ny N\ ny — o0,

Vs = o

> PRoo(Xnx) — m in L2, (2.2.4)
Snana h=—n1 k=—n2

n2 ni n2 9 ni —J 9
(DD ILNCHI R4 D SIp DEFCH §EFERREED

i=L  h=—ny k=j S S A, 2

ny ng ny mn2—j 9 —i  mg—j 9
Z {H Z Z Boo(Xnw)| + H Z PO,O(Xh,k)H } = O(Silm). (2.2.6)

i=1 j=1 h=i k=1—j 2 h=-n; k=1—j

. . . Sn17n2 "
In particular of Xo is Foo—measurable and \/ﬁ = hy(nq)ha(ng), with hy and

hy two one-parameter slowly varying functions, then Co(Sn, n,) is satisfied as soon
as:

niy no
Runs = 0(5mms) and 22NN Pyo(Xpi) = min L2, (2.2.7)

nin2 520 k=0

As a consequence of the previous proposition, we obtain the following corollary:

Corollary 2.2.7. Consider the following conditions:

ni ng

Z Z Poo(X;j) — min L2, and

i=—n1 j=—n2

Snsmal

i — ||m]|, , as ny A ng — o0,

(2.2.8)
Xo,0 is regular and Z | Po,o(Xij)l, < oo. (2.2.9)

(i,§)€Z?

We have the implications (2.2.9) = (2.2.8) = C1(y/n1n3).

Note that in dimension one, (2.2.9) is the so-called Hannan’s condition. The
condition (2.2.8)) can be viewed as a non-adapted version of Theorem 5 of [17].
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2.3 Weak invariance principle

We start this section by giving sufficient conditions for the sequence <5;12n2 Maxi<k<n,
' 1<i<ng

to be uniformly integrable. With this aim, let us introduce the following notation:

Ry 1y (Sk) = E(Ski|Fny0) + E(Ski| Fons) — E(SkilFoo) -

Proposition 2.3.1. The sequence <s;12n2 maxi<g<n, S; l) s uniformly inte-
1<l<na (n1,n2)EN?

grable if the following conditions are satisfied:

;

(@) | suprcrm | Runs (Se0l || = 0(5nsma).

1<i<ns

(b) SUP1<k<n |Sk,l —E [Skvl|fn1,n2” - O(Sm,nz)v
1<i<ns )
C2(Sn1,n2):
c or some positive sequence (U; ;); iczz SuC a
f ti )i h that
/nan
S — Z?:l_m ;Li_m u; ; 4s bounded,
ni,n2
. . VALY n n o
lim limsu i 2 RBIU2.(i. i\ =0
\ )‘_”’Onl/\ng—)lgo Sni,ne =—n1 ZJZ—NQ [ 0,0( y I )} s
- P§o(Xi ;)
where U02,0<Z7]> /\) = —,Uij lpgﬁo(xi,j)»uij.

Remark 2.3.2. Note that if the first part of Ca(sn,.n,)(c) holds then its second part

PO,O (Xi,j

does as soon as ( )) s a square uniformly integrable family.
Ui (i-j) €22

We give now sufficient conditions for Ca(sp, n,)(a) and (b) to hold.

Proposition 2.3.3. Ca(sy,, n,)(a) and (b) hold as soon as Xo is regular and
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/

(@) X0 Y0 /s S P00 (X I = 0(5ms,n2).

Colsmns)t 3 (0) Vi Sy 002 /S P00 (X} = 050,0).

(©) VI i S /S is Poo(XiIly = 0(50,.ms):

In addition, in the adapted case, C3(5n1,n2) holds provided

\

(a) \/_Zu 1 v= 1 \/— ||E( u7v|f070)”2 - O(Snl,n2)7
C3(3n17n2) :
(b) Vn2d i >k 1\/—||E( XuwFoo)lly = 0o(snimy)-

Remark 2.3.4. If s2 s reqular enough, so for instance if there exist a and (8

ni,n2

n 0,1] such that e — 00 as ny A ng — o0, then Hélder’s in-

1,12
equality combined with Kronecker’s Lemma for double indexed sequences implies that

—_— . 4 uv
Cs(Sny.n,) 18 satisfied as soon as Y, - N > (Xu,v\}—o,o)ﬂg < 00.

According to the lemma stated in page 88 in [I], the uniform integrability of

(3;3712 maxi<g<n, S,f’l) implies the tightness of {s; ! Sp,t,].imota), (t1,12) €
1<i<na (nl,ng)ENQ

0,1]2} in D([0,1]*). Hence, Theorem together with Proposition give the

following weak invariance principle.

Théoréme 2.3.5. Suppose that S, i) nsts]/ Snins 18 bounded for any t € [0,1]%. If
C1(Sn1nz)(€) and Ca(sn, n,) hold and Tpyy or Ty is ergodic, then {s; !, Spniti) nata)s t € [0, 1]%}
converges in distribution in D([0,1]) to oW, where Wy is a 2-parameter Brownian

sheet and o = \/E (m?).

Remark 2.3.6. The proof reveals that if we assume that Cq(Sp, ny)(c) holds with m
such that E (m?) > 0, then we do not need to assume the boundedness of (S, t,],(nata]/ Snins )te(0,1]2

in the statement of the previous theorem.
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2.4 Application to linear fields of ortho-martingales

Define Xy = Zz‘jeZQ a; ;60,0 0 T—; —; where (a; ;) j)ez2 a double-indexed sequence of

real numbers in ¢2, and &y is a regular Fyo—measurable function in IL? such that

E (&0l F-10) = E(&,0]|Fo—1) =0 as. .

Let ke = 0,0 © The and

Snl,ng = Xkﬁ = azyﬁk il—j -
k=1 (=1 k=1 (=1 (i,j)€Z?

Corollary 2.4.1. Let &, (ake)kecz2 and XO o be defined as above. We then define the
double-indezed sequence Sy, n, = /N1M2 ‘ N W am-‘. Assume the following

J=—n2

conditions: s | |
— ——ny |Gk
lim sup b=y Doi=ny (2.4.1)
n1/Ang—>00 ‘Zk——nl ZZ——ng ar g|
niy n2
Z Z Z Z al%j = 0(Snms) » (2.4.2)
u=1 v=1 [i|>u |j|>v
ni—1 no
™ Z Z Z al?,j = O(thnz) ) (243)
=l-m v=1 | j|>v
and
ng—1
Z Z Z alz,j = O(Snlmz) : (244)
u=lj=l-nz | [i|>u
Then {Sﬁll’m Stniti)inata)> (T, t2) € [0, 1] } converges in distribution in D(][0, 1] ) to (50 o)W2;

where Wy is a 2-parameter Brownian sheet.

Remark 2.4.2. If Condition is satisfied and ), .y lai;| < oo instead of
assuming —7 then the conclusion of C’orollaryfollows from Theorem
5.1 in [F1] since, according to Condition , as Ny, Mg — 00, Spyny//MiN2 —
‘ Zmez ai,j‘ > 0.
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Comment 2.4.3. Condition of the above corollary does not allow the following
possibility: Zk__m Z?i_m lak.e| diverges but 221:_”1 Zgi_ng are converges. For
instance let us consider the following sequence: a;; = (—1)"™ (i + )72 fori,j > 1
and 0 otherwise, then Corollary does not apply. More generally, this is also
the case for double alternating series Zw a;; (in the sense that each row and column
is an alternating simple series) that are in addition monotonic which means that
la; ;| < |anm| for i >n and j > m. Indeed such series are not absolutely convergent
if Z” la; ;| = oo but convergent as soon as |a; ; + ai+1| > |a;j41 + aiv1541| for all
i,j (see Meyer [16] for more details) and then, in this situation, condition
fails. However, by simple algebra, we infer that, for such series, condition (2.2.7)
holds with Sy, n, ~ \/W‘ Zi,jzo aw-‘ (and then s, Sy converges in distribution to

a Gaussian random variable) as soon as

ni

S (XY i) +u§;(

2
ak+u,€+v> = o(niny)

u,v>0 k=1 (=1 =1 ¢=1
and
ni ni ni 9
E E < ftu Z+v> + E E ( ak+u,€+v) = o(nins).
u=1 v>0 k=u (=1 v=1 u>0 k=1 l=v

2
Clearly, both of the above conditions hold if 3, >0 (Zk>u D s Ok 4) < 0o which is

satisfied as soon as ) < 00 (to see this, use an Abel transformation and the

1,520 13
monotonicity conditions on the sequence (a; ;) ).

2.4.1 Examples

Example 2.4.4. As quoted in the introduction, the double indexed sequence (ae) k e)cz2
defined by ay = PR for k>0 and £ > 0, and 0 otherwise, satisfies the con-
dition of Corollary With Sp, ny ~ v/Mnz log(ny) log(ng).

Example 2.4.5. Let us consider now another example in the same spirit but for which

the normalizing sequence sy, ,, 15 not a product of a function of ny times a function
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1
of na. The double indezed sequence (ay )y oezz s this time defined by ay, = k—E)Q
+

for k and ¢ > 0, and 0 otherwise. In this case the conditions of Corollary are
satisfied with Sy, n, ~ y/M1nglog ( niNa )

N1 + No

Comment 2.4.6. It is also possible to apply our Theorem[2.53.5to non linear random

fields. For instance, let us consider the following Volterra process
Xie =Y Gemimj (ighmioro—j + Bijlrmiv—i—1) ,
i,§>0

where (&kr)re s a sequence of ortho-martingale differences. In this case, setting

Snimng = nln2‘ Z?:lo Z;Lio(o‘i,j + Bij)

and assuming that there exist reals o and 3

such that
o Y B
/\hm Zz—O Z]—O »J — o and /\hm Z’L—O 7=0 ﬁ »J _ 67
e ’ > it jio(ai,j + Bi) e ‘ 2.izo Jio(ai’j + 6”)’
(2.4.5)

one sees that condition (2.2.4) holds with m = &o(aé_10 + B&,—1). Moreover,
following the lines of the proof of Corollary we infer that, if in addition to

(2.4.5), we assume that

. > iz 2 mollaigl + 1Big])
n /\Tltnl%oo ni n2 <0
e ’ > it ijo(am‘ + ﬁz}j)‘

and conditions (2.4.2)-[2.4.4) are satisfied with of ; + 57 replacing a7 ; in the numer-
ators, then {s; !, Spminlmsta)s (t1,t2) € [0, 1]2} converges in distribution in D(]0,1]?)
to cq gWa, where Wy is a 2-parameter Brownian sheet and ciﬁ = E(m?).

2.5 Extension to higher dimension d > 2

In this section, we extend our results to dimension d > 2. To do so, we first introduce

some notations in dimension d. Let i, j be two elements of 74, For i := (iy,...,1q),
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and j := (j1,...,Ja), we set

o i+ j:=(iy+j1,. .. 04+ jq)

.

[ ]
|

) < j mean that i, < ji forall 1 <k <d

[ ]
|

/\le(il/\jl,...,id/\jd)
o |n|:=(ny X - X ny)

Note also that the integers of Z¢ will be in bold, for example 1 = (1,...,1) € Z%

Next for n = (ni,...,nq), and for every 1 < k < d, we set n* = (0,...,ny,...,0),

kiks _ —k _
n"" =(0,...,0,nk,0,...,0,7n%,,0,...,0) and soon. Alson™" = (nq,...,ng_1,0,ng11, ...

As in dimension 2, let F; = o(§;, j < i) where (§;);cz« is an auxiliary stationary
process. We assume that the filtration is commuting. The shift transformation
(T(l), e ,T(d)) is defined as follows: on RZd, for1 <j<d,

T(J) ((xE)EGZd) = (xkl7"' K1,k 1Lk 1, ,kd)EEZd' (251)

For ¢ = (i1, ,14), we set T(ill) 0---0 TZ{%((W&)EGZ(O by T;((wk)geza. Next, for a real

valued measurable function f on R%", we define

Xo=f ((££>Z€Zd) , and X = f (Tﬁ(fz)zezd) = Xo o T}.

Let S, be its associated partial sum defined as S, = > ", --- > | X;.

i1=1"

We now clarify the rest R, (S,) in the decomposition of S,, with the help of the

projective operators. We have
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d
Ry () = (1) B[Syl Fo] + (=1)" 2 " E [ S| Fy] )4 32 Z (S| F k]
k= k1=1ko>ky
d—2 d—1

d 4 EE:

k1=1ko>kq k3>

D YD O

ki=1  ka>k kq_o>

M&H

E S ‘fﬂklekg] —+ .

3
N

—_

d
Z E [Si‘fﬂklkg.kd_l

d—3 ka—1>kq_2

o

To simplify its expression, let us introduce some specific notations. We define the
set D of integers from 1 to d, (D := (1,...,d)). Next for any 1 < k < d, Qy will
designate a set of the type {iy,...,ix} with 4, # i, for u # v and i, € D for any
1<u<k.

Notice that for k fixed, there exist different () since there are (Z) ways to chose

a set of k different integers among D. Thus we will numerate each combination of Q)

by Qf for 1 < ¢ < (d>, and these combinations will be numerated in the natural

k
increasing way. For example for & = 1, Q7 = {1},Q7 = {2} .. {d} and for k =
2; Q% = {172}762% = {1,3} C ;l—l = {Ld}, diil) _ {2 3} +(d—-2)+1 _

{3,4}. In addition (Q%)¢ will denote the complement of Q¢ in D.
d
For QY := {e1...e.}, we denote For by Fper-er. Hence, setting up,qg = ( ), we

k
have
d—1 Uk,d
Ry(S) = (-1 'E[S)|Fo] + Y (-1 S E (sNQi ) . (2.5.2)
k=1 /=1

2.5.1 Ortho-Martingale approximation and CLT in dimension

d>2
Théoréme 2.5.1. Let m be a Fop-measurable function such that, E (m|F_10._0) =
E(m|Fo-10.0) = -+ = E(m|Fo._0-1) = 0. Then the two following conditions are
equivalent
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Cd(s,): lim

n—oo

———Z ZmoT =

111 ig=1

( d
(a) forevery0<k<d-—1,and1<(< (k‘)

[ (sel7er)

= O<UH)7

C{(sn): () IS0 — E[SulFulll, = 0(sn),

2

(©) 352052 >

\ i1=1 ig=1

= 0.

\/—;ZI"'ZPO(in)—

kg=1

2

If one of the conditions is satisfied and one of T(yy, -+ ,Tiq) is ergodic, then s;SH
converges in distribution to oN, where N is a standard gaussian random variable,
and 0% = E(m?).

Remark writes in dimension d > 2 as follows:

Proposition 2.5.2. If C{(s,)(a) and (b) hold, then

2
lim Zhimekana ) B (s huna) = k- kg (2.5.3)
n—00 0—7%1 ..... ng n—00 E(S?Ll ~~~~~ nd)

.....

O_QE
lim =0, (2.5.4)
niNA...Ang—o0 o’nl 7777 ng
where for example 0Q1 = Olns,..ng- Then,
o, k
lim  —ambelberd _ g g (2.5.5)

[z1],-s[d]

As in dimension 2, we now give a sufficient condition to prove C¢(s,)(c).
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Proposition 2.5.3. Condition C{(s,)(c) holds as soon as
Vinl <& - 2
Y=0N 0 Y Py(Xy) — moin L2, (2.5.6)

and

d —ug Np—Up
IS z(z z) S ra) o, a7
m g e e

with Q= {1,2,3, ..., k} and Q} = (QY)° = 0. In particular if Xy is Fg-measurable

and —=
VAl

k=1,..,d, then C3(s,) is satisfied as soon as:

= hi(ny) ... ha(ng) with hy a one-parameter slowly varying function for

ng
\/W Z Z Po(Xy) — min L2, (2.5.8)

k4=0
and C3(s,)(a) is satisfied.
As a consequence, we get a generalized version of Corollary

Corollary 2.5.4. Considering the following conditions

15wl
Z Po(X;) —12 m, and ——= — ||m||,, (2.5.9)
leZd \/E
Xo is reqular and Z | Po(X3)|l, < oo. (2.5.10)

i€Z4

We have the implications (2.5.10) = ([2.5.9) = C{ (s,.).

One can see this as an non-adapted case of Theorem 7 in [17]
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2.5.2 Weak invariance principle in dimension d > 2

2

Proposition 2.5.5. The sequence (s; maxz<i<n Sf) is uniformly integrable if

neNd
and only if the following conditions are satisfied :

(

[sup 1<icn [Ra(S [, =

5D 4<icn |95 = E[Sil Full]], = 0(sn).
Cg(sﬂ):

Vil

i=—

(c)  for some positive sequence (u;);eza such that

VB gy g0 .

lim limsup

; 152 2
1=—n P (X)>)\u
A—00 niA--Ang—oo  Sp = = U; 0L L

\

Remark can also be adapted to dimension d.

Remark 2.5.6. Condition CS(s,)(a) and (b) hold as soon as, Xg is reqular and

Z Z ST T IP(X); = olsn), (2.5.11)

ur=1 ug=1 \| [i1|>u1 [ig] >uq

and for every 1 <k <d-—1, and 1 </ < (Z);

ng—1 +oo
2
Mvie 3 5 | S IRl = ofsy) (2.5.12)
EQ‘@ 'Lq—l Ng Zp—l ip:up
! a€Qy, pe(Qp)¢ \ pe(QL)°
ng—1 —uy
2
v S 5 |3 IR = ofsy) (2.5.13)
EQ[ ig=1—n, ip,=1 i =—00
! qquﬁ qpéf@i)c \ pZ(Qf;)C

Next, Theorem together with Proposition give the following weak

invariance principle
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Théoréme 2.5.7. Assume C3(s,) holds and that one of Tiyy, - -+, T(a) is ergodic. In
addition suppose that Sp.q/sy is bounded for any t € [0,1]" and E(m?) < oco. If
C{(su)(c) holds, then {s;' S, t € [0,1]7} converges in distribution in D([0, 1]) to

oWy where Wy is a d-parameter Brownian sheet and o = /E (m?).

The proofs of the results stated in this section are of the same flavor as those
developed in Section 6 when d = 2 but with more tedious computations due to the

higher dimension. They are therefore omitted and left to the reader.

2.6 Proofs

2.6.1 Proof of Theorem 2.2.2l

Note first that the following decomposition holds :

S = Sims — E [Susnal Fosna] & Bovpons (Soovms) - E [ s | Fr ] — By (S s
(2.6.1)
with
Rm,nz(Sm,m) = E(Sm,nzu:m,o) + E(Sm,nz‘]:O,nz) - E<Sn1,n2‘}—0,0)-

Then we denote 7%, > 772, mo T, ; by My, »,. Note first that with the definition of
m, we have that E (M, ,|Fo0) = E (Mu, 0yl Fryo) = E (M, ny| Fon,) = 0. Therefore
recalling that

Rm,nz = ”E [Snl,n2|fn1,0]”2 + HE [Sn17n2|f07n2]“2 + HE [Snl,n2|f0,0”’27

we derive that
Rnl,m S 3 HSm,nQ - Mn17n2||2 .
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Hence Co(8pn,n,) entails Cy(Sn, n,)(a). Next, using (2.6.1) and orthogonality, we

have :

2 2

2
Snl,nz _ Mm,nz _ H Sm,nz —E [Sm,nz’f.nl,nz} + H Rnhnz (Snl,m)
Sning VTinz ||y Sning 2 Sn1na 2

+ E [Sm,nQ’Fm,nz] B Rn17n2 (Sm,nQ) Mﬂl,nz ?
Snl,ng kY4 ninsg 2
= A* + B>+ C2 (2.6.2)

Therefore Co(Sp, n,) implies Cq(sp, n,)(b) and C' — 0. Note now that the following

decomposition is valid:

niy n2

E [Sn17n2‘Fn1,n2] - Rnlﬂz(‘snhm) = Z Z Pi,j(Snl,nz)' (263)

i=1 j=1

For more details concerning the decomposition we refer to [20]. Using (2.6.3), it
follows that

M2 o =

Sni,no
2

Hence, by orthogonality, we get

ni 2 ni n2 2
v/ P (X
C? = ! Z Z s Y onty D ks Lig(Xnk) moT,,
ning =1 j=1 Snl,ng 2
Using stationarity, we then derive
1 ny n2 i TL1_ ’ng_ P X o 2
o Sy 2 2 et 2kt Poo(Xn-in—g) (2.6.4)
ning i=1 j=1 Snl,ng 2

Therefore, C' — 0 is equivalent to Cy(Sy, n,)(c). This ends the proof of Co(sp, n,) =

C1(Snyny)- For the converse, we use (2.6.2)), (2.6.4) and the fact that || Ry, ny (Sni o) |y <
Ry, ny- Now if either Co(Sp, n,) 0 C1(Sp, n,) holds then, by Remark 2.2.3] we derive
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that s, S, n, converges in distribution to /E (m?)N, provided that one of the

ni,n2

transformations 7,y or T(y) is ergodic. O

2.6.2 Proof of Proposition|2.2.4

Assume that the conditions Cy(0y, n,)(a) and Cq(0oy,, n,)(b) hold. To prove o, ,,
is a 2p-svf, it suffices to prove (2.2.1). Note first that the following decomposition

holds: for every non-negative integers k and /¢,

2

+2B, (2.6.5)
2

Jlinl,fnz = ”571175712"; +

k
Z (Sim,ﬁnz - S(z’—l)nl,zm)
i=2

where B = E [thg,u (Zf:z (Smhg@ — S(i,l)nhgm))]. Hence by stationarity,

k—1 k
iy = K 1S tmalls +2D Y B [Snymy (S—ittynustne — Si—ipnr tna) ] + 2B

i=2 j=i+1

i= k|| Snyma |l + 24 + 2B.

We shall then focus on ||S,, m,||>. Proceeding as before, we have

-1 ¢
HSm,MQH; = L[Sy ns H; +2 Z Z E [Sm,m (Sn1,(j—i+1)n2 - Sm,(j—i)ﬂa)}

i=2 j=i+1

l
Sn1,n2 (Z (Snl,im - Sﬂl:(i—l)”Z))]

=2

+2E

i= LSy my |l + 2C + 2D.

Therefore,
Ot tng = Kk || Snpmall3 + 24 4+ 2B +2C + 2D.

Hence to prove (2.2.1), it is sufficient to show that A, B, C' and D are o(c2 ). We

ni,n2
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first handle D and write

14
|D| S E (Snl,n2 —-E [Sn1,n2|fn1,n2]) (Z (Sm,inz - Snl,(il)n2>)] ‘
=2
14
+ E E[ n1n2|fn1n2 (Z ni,ing nl(z 1)n2)>]'
=2
= D1 + DQ.

By stationarity and using Cy(0y, n,)(b) we infer that

Dl S HSm,ng - E[Sm TL2“F

/
E n1 ino T n (i*l)ng)
=2

S (é - 1) Hsm,ng”z “Sm,nz —E [Sm,nzlfm,nz]HQ = 0(02 )

ni,n2

2

On another hand, using stationarity and Cy(0y, »,)(a) we get

D2 < ||Sn17n2||2

£
E <Z (Snl,inz - Sn1,(i—1)n2> ‘}—m,m)

1=2

2

< (€= D) 1Sn1.ma ]l 1B (sl Fnr 0) |, = 0l )

Thus D = o(0? We handle now the quantity C' and write

n1 ng)

Ol <

l— Y4

Z Z n1 n2 [Snl,nz‘Fnl,nz]) (Sm,(jﬂ#l)nz - th(ji)m)}‘
1= =i+1

{— J4

+

E [E [Sn1,n2|fn1,n2] (Sn17(j*i+1)n2 - Sm,(j*i)nz)} ‘

i=2 j=i+1

= 01 + 02.
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Using stationarity Ci(oy, n,)(b), We get

€1 < Z Z ||Sn1 ma n1 n2|fn1 n2 || HS711 (j—i+1)n2 — Sm,(jfi)ngHQ

=2 j=i+1

< ||Sn1,nz||2 ||Sn1,712 —E [Sn17nzlfn1,n2]||2 = O(Uilym)-

Next, by stationarity and Cq (0, n,)(a) we infer that,

~

-1

4
Z ni, nz” ‘E n1,(j—i+1)ng _Sm,(j*i)n2|~’rn1,n2”

&M

4 ||5n1 alls 1B (Snyna | Fns 0)lly = 0(07, 1,)-
Recall that, || Sy e, |5 = € [|Snimslls + 2C + 2D. Thereby,

Sy imo ||
[Sn nal I’MHZ—K (2.6.6)

n1Ang—oo ||Sn1,n2 H; B

We handle now the quantity B. We infer that

k
’B| S E (Sn1,€n2 —E [Snl,éngyfnhﬁng]) (Z (Sin1,€n2 - S(i—l)'m,éng))] |
=2
k
+ E|E [Sn1,£n2|fn1,€n2 (Z ini,dng z 1)n1,€n2)>] ‘
=2
= Bl -+ BQ.

Using stationarity and Cy(0,, »,)(b) and (2.6.6), we get

k

Bl S HSnl,ﬂng —E [S'ml Zn2|F m1,€n2 - S(i—l)nl,éng)

—92 2

< (k - 1) ”Sm,fm —E [Sin1,ln2|]:m1,€m]||2 ”Sm,ﬁnzHQ = 0(0-727,1,712)'
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Using stationarity and Cq (0, n,)(a) and (2.6.6]), we derive

k
E zn1 Ang z l)nl,éng) |Fn17én2

1=2

By < |[Sn,,

2

< (k= 1) 1|8 tnaly 1B (S tna| Fo.ena)llo = 0(0, 1,)-

Therefore B = o(c? Now we handle the quantity A and write

n1 ’T'L2>
k—1

|A‘ < ]E m Ano T E [Sn1,5n2|fm,fn2]) (S(j—i-i-l)m,@m - S(j—i)m,ém)] ‘

1

+

k
-1 k
Z Z E n1 €n2|fn1,fn2]) (S(j—i+1)n1,€n2 - S(j—i)nl,ﬂng)]'

=2 j=i+1

= Al + AQ.

Thereby, with similar arguments as above,

Al < k2 ||Sn1,fn2||2 HSTH,ZTLQ —E (Sn1,fn2’F0,fn2)’|2 = 0(07211,712)’
Ag < K[| Sy tmsll I1E (Snytns [ Fo.ems) ||y = 007, ).

ni,n2

Hence A = o(o}, ,,,). This ends the proof of (2.2.1). Now we prove (2.2.3). Let

introduce the two following conditions :

k2] +h+1 L[y +6+1 ¢
HZZLIH + Zj[y}1++ X, Z Z[y] X,

EAY—H00 O], ly]

=0 (2.6.7)

and
HZ [z]+k+1 Zﬁ[y]+£+1 Zk[ﬂ»‘] Zf[y] Xi;
lim
=AY 4o
We infer that if (2.6.7) and (2.6.8)) hold then (2.2.1]) can be extended to (2.2.3). Next,
it is easy to see that (2.6.7) and ((2.6.8) hold as soon as o) [, — 00 as [z] A [y] — oo,

and ([2.2.2)) is satisfied. O

= 0. (2.6.8)
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2.6.3 Proof of Proposition

The first part of the proof is quite direct. Indeed, let us denote the double sums in the

norm of the conditions ((2.2.5) and (2.2.6) by a,b,c,d, and the quantities appearing
in the left hand side of the conditions (2.2.5) and(2.2.6) by A, B,C, and D. For

example:

a = ety Z ZPOOth)andA—nlz

S
MN2 p— oy k= =j j=1

Z ZPOOXM

h=—n; k=j

We have

2

mmzl mszoo Xni) —

niy ng
n1n2h12k1j

— >y
19251 =1
ni N9
nmzzz

2

vimnz o(Xpg)—m—a—b—c—d

nl ;12 h= 2

—ni1 k=—no

2+A+B+C+D

2
Sn1 ng

yira Z Z Poo(Xnx) —

Sniny ”

—n1 k=—nso
Hence if (2.2.4)-(2.2.6) are satisfied then C1(sy, n,)(c) holds.

Sny,no
A/ T2
one-parameter slowly varying functions. In this case, conditions (2.2.4)-(2.2.6) reduce

Now assume that Xy is Fo—measurable and is a composition of two

to

ny ng
Vi Poo(Xpx) — m in L2, (2.6.9)
Snina 320 k=0
n2 n1 2 2
ny > Roo(Xnw)|| =o(sh, ), (2.6.10)
j=1 " h=0 k=ng—j+1 2
ny  n2 ng—j 2
>N Z > Poo(Xnk)|| =olsk, ). (2.6.11)
i=1 j=1 " h=n1—i+1 k=0 2
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Note that the following decomposition holds: for every ny > 1, ny > 5 > 0,

\/mi Z Poo(Xnx) =

S
nLN2 p—0 k=no—j+1

n1n2zzpoo Xhk) — Vrulne =) imszoo Xhk)

8”1”2h0k0 Snina—j h=0 k=0

Wimszoo Xnk) <1 — Vi, Sm’m_j) )

n1<n2 - ]) Snimg

Sn17n2 —J h=0 k=0

Since Sp, n, = /N1n2h1(n1)ha(n2) with hy and hy two slowly varying functions, we
get

ni no
MZ Z Poo(Xnk) =

Snime 55 k=ns—j+1
ny n2 - ny ng—j
nineg ni(ng —J
VI SN () — Y =) PoolXis)
Sz 320 %o Smime=i 320 k=0

mi(ns — J) s o=

Poo(Xni) (1 — M) :

hg (’I’LQ)

Snima=i 320 k=0

It follows that condition (2.6.9)) implies condition (2.6.10) provided
1 & ha(j — 1)\ °

— (1 _ M) — 0.

%) = hg(ﬂg)

This holds since hy is a one-parameter slowly varying function. With similar ar-

guments and using that h; is a one-parameter slowly varying function, we get that

(2.6.9) implies (2.6.11)). O
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2.6.4 Proof of Corollary

This proof is quite similar to its one dimensional version (see Corollary lin [II]). We
give it for completeness.
Let first prove (2.2.8) = Cy(y/ninz). Taking s,, n, = /nins and m = Zi,jeﬁ Poo(Xi;),

it follows that if the first part of (2.2.8)) holds then the conditions (2.2.4)-(2.2.6]) of
Proposition are clearly satisfied. Therefore Cq(y/n1n2)(c) holds. Now starting

from the decomposition (2.6.1)) and using orthogonality, we derive

ning n1N9 1,72 1,12 vzl T s Lo )|l
! - 2
+ ning ||]E [Sn1,n2|fn1,n2] - Rnlﬂm (Snl,n2)H2
= A% + B2 _|_02, 2.6.12)

where Rm,m (Snl,m) =K [Sn17n2|]:n1,0] +E [Sn1,n2|]:0,n2] —-E [Sn17n2|F0,0]'
According to the proof of Theorem [2.2.2] since Cq(y/n1n2)(c) holds, C* converges
2 : ) 2 2
to ||m/||5. Since by assumption, (ni1ng)™" ||Sh, n.|l; converges to ||ml|;, we get overall
that A and B converge to zero. Note that A — 0 is exactly Cq(y/n1n2)(b). It remains
to prove that Cq(y/ninz2)(a) is satisfied. With this aim, note that since M, ,, :=
> ity 22 mo Tij is an ortho-martingale with respect to filtration (F;);jez, we

have

E (Sn1,n2|Fn1,0)
=K [E (Sn1,n2|fn17n2) - Rnl,ng(snhnz) + Rnl,n2(5n1,n2) - Mn17n2|"rn170] :

Therefore

||E (Snl,n2|fn1,0)||2 < B‘l‘ 1
A/ 1Mo - A/ M1MNo

which converges to zero by Cq(y/n1n2)(c) and the fact that B — 0. Similarly, we get
that (nan)’l/Q ||]E (Sn17n2|f0,n2)||2 — 0 and (nlng)’l/z ||E (Sn1,n2|-FO,0)||2 — 0. Hence

||E (Sn17n2|]:711,n2) - Rn17n2(snl7n2) - Mm,nz”z )
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C1(y/nimz)(a) holds.

It remains to prove that (2.2.9) = (2.2.8)). Clearly if (2.2.9) holds so does the
first part of (2.2.8). Next we shall prove that

1

ning

B[S ,,) = > EXeoXimlas andE[m?] = Y E[Xo0Xk k.

(k1,k2)€22 (k1,k2)€Z2

(2.6.13)
which implies the second part of (2.2.8). Since Xy is regular, the following decom-
position holds

E [XO OXk1 k‘z = Z Z 11 i2 XO,O)le,jz (Xkl,k2>] :

(i1,i2)€Z2 (j1,42) €Z?

By orthogonality (which comes from the fact that the filtration (F; ;) is commut-

ing) and stationarity, we derive

E(XooXkik] = > E[Poo(Xi i) Poo(Xky i kotis)] - (2.6.14)
(i1,’i2)EZ2
Hence
B [Xoo Xkl < D 1Poo(Xivin) ly 1 Poo(Xeytirkatin) s »
(’i1,’i2)622
so that

2

Y EXooXemll < | D0 1P0(Xiw)ly |

(k1,k2)€Z2 (1,i2)€Z2

which is finite under condition (2.2.9). Therefore, the series >, 12 [E [Xo,0 Xk, k]
converges. In addition, note that with (2.6.14)), we have

Z E [XO OXk1 k2 = Z Z POO i1 iz)P0,0<Xj17j2)} :

(kl,kQ)EZQ (Z1 12)622 (]1 ]2)€Z2
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In addition,

Z Z PO 0 Z1 iz)PO,()(leJz)] .

(i1,i2)€Z2 (j1,j2)€Z?

So,
E(m®) = >  E[XooXk k.

(k1,k2) €72

On another hand,

! Sl ir] iz
- S ns) Z Z ( ) (1 - n—) E (Xo0,0Xi,.1,) »
1 2 11=—n1+112=—na+1 2

which then converges to >_ ;. vz E[Xo0 Xk 1,] = E (m?). This ends the proof of
229). O

2.6.5 Proof of Proposition|2.3.1

By simplicity in the next proof, we denote maxi<y<n, by maxy;, and maxj<y<n, by
1<i<ng

max;, respectively for [. All along the proof, C' will be a universal positive constant

(depending on the dimension) which may vary from line to line. Our main aim is to

prove that

=0.

lim limsup
0 ni1Ang—00 3n17n2

E max |SZJ‘ 1

max, ;| Sk,1|>Asny g
Note that the following decomposition holds: for every 1 < k < mny, 1 <[ < no,

Ski = Ski — E[Ski|Fnins) + Riyne (Ski) + E [Ski| Frane] — Rnyne(Ska), (2.6.15)
where R, n, (Ski) = B[Skl Fny 0] +E [Ski|Fony] —E [Ski| Fool. Starting from (2.6.15)

A 2
and using the fact that for any A > 0, 2?1514 < 4 (\:z:| — —) , where (z); =

2/
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x1l,>0, we get by convexity that, for any A > 0,

2
(max |Sk7l| - )\Snl,nz) ]
k,l +
2
<HiazX‘Rn1,n2(Sk,l)’) ]

2
(II%BZX ’E [Sk,l’fm,nz] - Rm,m (Sk,l)‘ - )‘Sm,m) ] :

Jr

E {n}cazx ‘S,il‘ 1 } <A4E

maxg, |Sk,l | >2A8n1 ,nqy

< 12E + 12K

2
<Hialx |Sk,l —-E [Sk,l‘FmJLQ] |>

+12E

Therefore by the condition Ca(sy, ,)(a) and (b), it is sufficient to show that,

2
lim  lim E <maX ‘E [Sk,l“’t‘m,nz] - Rm,nz(‘sk,l)‘ - >‘3n1,n2) ] = 0.
A—00 11 Ang—00 Sn1,n2 k,l n
(2.6.16)
For the sake of simplicity, we set Sp; = E[Sii|Fnina] — Ry (Ski)s gj[lm =
max(0, :9/171, . §nhn2), and S’/,jlm := max(0, —§1,1, . —§m,n2).
S2
Therefore if we assume that Ca(Sy, »,)(a) and Ca(sp, n,)(b) hold, then (maxk,l 5 i )
Sh1,na (n1,n2)€(N*)2
will be uniformly integrable as soon as
- 2
lim lim sup E {(s;l Y )\smm) ] =0 (2.6.17)
A—00 g Ang—ro0 8n1,n2 ’ +
and
1 _ 2
lim limsup ——F [(Sn . —)\snm) } ~0. (2.6.18)
A—00 ) Ang—ro0 Sn1,n2 ' +
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Note that using the projective operators, we have

k l
§k,l = Z Z A A Z Pu—z’,v—j (Xu,v)

For any fixed positive integer 7 and j, we introduce the double indexed sequence
(Y jki)ki>1 defined by

EA(ni+i)  IA(n2+))

Yvi,j,k,l = Z Z Pu iv— ] )

u=1V(i+1) v=1V(j+1)

Notice that, (Y;;xi)ki>1 is an ortho-martingale w.r.t the filtration (F; ;); jez.

With these notations, gk,l = 21;—1 Zl.__l Yi ik Setting b; ; = u; 4( k—fm Ze_fm Upp)~

i=1—ny j=1—ng

with (u; ;) jez a positive sequence such that

ni—1 n2—1
/1N
- g E U; 5 < 00,

S
ni,n2 i=1—n1 j=1—n2

we get

-1 -1
<Sk,l—)\8n1,n2)+§ SN (Vigwd = MbiySnims), - (2.6.19)

i=1—n1 j=1—n2

By Hoélder’s inequality and taking the maximum over (k,[) on both sides, we derive
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that

2

o+
(Snl,ng - )\Snlvn2>+

ni—1 no—1 ni—1 nao—1 1 )
S ( Z Z Ui,j) Z Z (Y;,—;,m,nz o Abivj8n17"2)+’

- . “ - . “ Uy, j
i=1-—n1 j=1—n2 i=1—n1 j=1—n2

where Yfgmm = maxy,; (max(0,Y; x;)). Hence to prove (2.6.17), it is sufficient to
show that,

ni—1 no—1
1 1

lim limsup ——
A—+00 ny Ang—s00 VI1N2Sn ngy

E [(}/;jj_',n17n2 — )\bi,jsnl,ng)i] =0.

(2.6.20)
To prove this, we will need the two following lemmas, whose proofs are postponed

u, .
i=l—ny j=1-ny 7

to Section 7.

Définition 2.6.1. We say that a random field (Mnl,ng)(m,ng)eNQ 1$ an ortho-submartingale
w.r.t the commuting filtration (Fo, n, ) (ny ne)ez2 if My ny 15 integrable, Fy, n,-measurable,

and for all integers 1, 3, k, £, we have
E (Mi,j‘fk,é) 2 Mmin(i,k),min(j,é)-

Lemma 2.6.2. Let My, », = D2, > 72, dij be an ortho-submartingale. Then for all
p €1, +oo[, and A > 0

2
P ) E 1Mool 1

2
E rr]i%x |Mk’l|p ]lman,z’Mk,lP)‘} =2 p(

A .
>z]

Lemma 2.6.3. Let M, n, = 7%, D72 d;j be an ortho-martingale in I?. Then for
allA>0

Mnl N

ny no 2
E [(Mnlan B )\)i} < ZE (Z diJ) ]lmaxk|Mk,n2|>)\ ) (2621)
i=1 j=1
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and

[|Mmm| ]1|Mn1n2|>@ <82E (Zd”> L [0y |2 | - (2.6.22)

In addition, for any fized i (the same goes for j), we have

>A] . (2.6.23)

J=1

n9 2 n2
2
(Sot=1) | <32ty
J=1 +

To reduce the complexity of the notation, we write S/ S22 for > i

i=1—ny j=1-ng
and ZZA ln\/l(—l_j—l by 2% the same goes for 3\ Now we denote
o) =L L[5 ]
) ) . NEOR 1,] < N1,n2 .
n1n25n1,n2 — ui,j 2,7,M1,12 —+

Since (|z| — A3 < 2?1|y5», we have

1 1
Uni,ng, A) < ——— Z K [(Yi;mm)Q Ly >/\bi,j5n1’"2] '

n1n23n17n2 y ui,j ©,§,m1,m9
2

Next applying Lemma [2.6.2] we get

U V) < —2 S~ Ly [Y.‘% 1 N ]

- L. 2,7,11,102 ’Y; inq.mo|>53biiSn n
n1n25n1’n2 > uz"] »Jam1sng |~ g Y5901 ,n9
9.

Then using (2.6.22)) of Lemma [2.6.3] we derive

U(nl, N9, /\)

C 1 ni n2 2
S s oy 2 <Z ot (X“’”)> o

u

- Ap. .
Yi jung |> g bijSny,ng

48



Let A > 0 and set A4; ;,, = Au? n2, we have that U(ny, ng, A) is less than or equal to

C 2 ’
E E Pu—i v—j Xuv 1 2
VM2 ny i\j Ui, v i Kus) (3202 Pumio—s (Xu)) > Aiging
C 1 A
D AP ( max|Yijun,| > <0i;Sn s
A/ 8
N1N2Sn n,y 07 Uy, j u

=C(I+11).
Using (2.6.23) of Lemma [2.6.3] we get

ny ng

Ch

[ — Z
n1n28n1,n2 i

)1 — )
u 10— ] X ma, |ij Pu,iyvfj(Xu,’u)|> v/ Ai,jng

It follows that for any B > 0

ni no

<G > [ )1 ]
=~ T — uv P2 X B
/—nanSnl o i . - u— ZU .7 u—1i,v— ]( uv)> u

Ch M &2 Aijns
- B P Pu 10— uv > — .
+ V/T1M28n01 no zz (I ;Z u” max Z J ) 9
By stationarity, it follows that,
/nin 1
I<0Y—= Z E [Poz,o(Xi,j)]ngO(Xi,j)>Bug ]
Snlyn2 ’i,j ulv] ’ 7
C ni ng 14@7 .7n
T 2 <max 3 Py (X)| > Y2

AV n1n25n1,n2 i

= Ol(Il + ]2)

The quantity I; converges to zero by Ca(sn, n,)(c), if we first let nq,ny tend to infinity
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and then B to infinity. To handle I3, we use Doob’s inequality that leads to

ny n2 n2/\(n2+j) 2
ZZ j : E[Pu—iv—'(Xuv)]
I2 < Bu I J 7 .
VTM2Sn, ny ZZ Ui " v=1V(j+1) Airjins

Using stationarity again, and recalling that A; ;,, = Au? N2, we derive

I < LZ o Pyo(Xi )]
2= \/nanSnl,ng Z'. u l] 2 AU 72,2
< 4_\/711”2 Z |:P0270(X173>:| '

Ui, j

Snl ;T2 i.j
i

Now by Ca(spn,.n,)(c), we have

ni—1 ng—1 2
P (X,
sup N Z 2 : E {M} < 00. (2.6.24)

Z;%% Snl’n2 i=1—-n1 j=1—n2 ui’j
Hence I, converges to zero if we first let A goes to infinity and then B to infinity. So
overall I converges to zero by letting first n; A ny tend to infinity and then A. Now

to deal with 11, we proceed as for I5. Indeed, Doob’s maximal inequality leads to

v/ A
J] =AY —~° ning Z’U,,LJ <max\Yi,j,u,n2| > gb@anl’nQ) ,

Snl ;12 4 ]

2
<CAy ™ T E W]

lj 2
Snymg “ /\26”3%1 -

Hence, by stationarity,

),

which converges to zero by letting first n; Any tend to infinity and then A. This ends
the proof of (2.6.17). The proof of (2.6.18]) can be done similarly. ]
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2.6.6 Proof of Proposition|2.3.3

Notice first that the condition Ca(s,, n,)(a) holds as soon as,

sup |]E [Sk,l|"rn1,0} —-E [Sk,l|f0,0]| = O(‘Sm,m)v (2'6'25)
1<k<ni 2
1<i<ns

sup |]E [Sk,l|}-0,n2} —-E [Sk,l|]:0,0]| = O(‘Sm,m)v (2'6'26)
1<k<ni 2
1<i<ns

and
sup |E [Ski|Fooll

1<k<n;
1<i<na

= 0(Sny .y )- (2.6.27)
2

Note that

sup |E [Sk.i|Fooll
1<k<ni
1<1<ns

and since Xj, = S.7° FPoo(Xk0),

i=—00 ]——oo

ZZ (Xkel Foo)ll,
k=1 (=

2

E (X, Foo) = Z Z Py j(X)-

1=—00 ]_700

Therefore, the condition (2.6.27) is implied by Cs(sp,.n,)(a). Now, we focus on
(2.6.25)). Notice first that

B[Skl Foro) = E[SkalFool = D> Y0 Y Pj(Xuw).

Thus (2.6.25)) is equivalent to

k l 0
s (XY S A0 | oo 2629
11<<k§:1 u=1 v=1 i=1 j=—o0 2
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But

2

ni

sup
1<k<ni

Z Z ]Di,j(Xu,v)

u=1 1=1 j=—o0

2
k u—1 0

Z Z Pufi,j (Xu,v)

u=1 i=u—n1 j=—00

k—1 kA(i+n1) 0

Z Z Z Pu—i,j(Xu,v)

=SEEM T i=1—ny u=(i+1)V1 j=—00 H2

sup
1<k<ni

2

We denote Zngoo P,_ij(Xuw) by D.Z-yu('u), and notice that D;,(v) is orthogonal
with respect to u. Next denote Zii(éﬁ;)vl D; . (v) by Yig(v). Let (Ui(v))is1-n, be
a sequence of positive real numbers that we will define later. By Cauchy-Schwarz’s

inequality,

k—1 2 k—1 2
1
S vu) =| Y VI A Yia)
i=1—-nq i=1—-ny UZ U)
k—1 k—1 1
< Uz(v)> (Yig(v))?
i=1—ny i=1—n1 UZ(U)
Therefore,
k—1 2 ni—1 ni—1 1 2
Yi < Ui Yi :
s | 2 vl < { 2 G0 ) D | s W)
=R i=1_ny 2 i=1—nq i=1—nq == 2
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Note now that (Y; x(v))k>1 is a martingale. Using Doob’s inequality and stationarity,
it follows that

niAi+nq
sup |Y; (v < 4 Z | Diu(v ||2
Isksm u=(1+1)V1

niAi+ny

<4 N ZHPU i (Xl

u=(i+1)V1 j=—00

+oo
<dny > | Poo(Xi))l3-
j=v

So overall taking U;(v) = \/ ]+:oz ||P070(X2~7j)||§, we have

k—1 2 ni—1 +o00
sup Yie@)[ | <4n | D0 (D0 1Poo(Xi))ll;
Isk=m —n1 2 i=1-nq Jj=v
Therefore
no k—1 ni—1 ng
S | 3 || =2 3 S
v=1 1<k<m i=1—nq i=1—ny v=1

Thus (2.6.25)) holds as soon as Csz(Sy, n,)(b) holds. Since the filtration is commuting,

arguments applied to (2.6.25)) can still be applied to show that (2.6.26) holds. Thus
(2.6.26)) holds as soon as Cz(sp, ,)(c) does.

Now to give sufficient condition for Ca (s, »,)(b) to hold, note first that,

Skt — E (Sk| Frymy) =

k l ni o0 n2 +oo
YY (3 Y nmor X3 a3 Y n).
u=1 v=1 i=—00 j=no+1 i=ni1+1 j=—o00 1=n1+1 j=n2+1
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Hence Ca(sp,.n,)(b) holds as soon as,

sup ZZ Z Z P i(Xuw)| || = 0(Snyms), (2.6.29)

k V4 ni +o00
== u=1 v=1

i=—o00 j=no+1 2
k 4 +o00

sup [ D Y D Pii(Xu)| || = 0(snim), (2.6.30)

1§l§n2 u=1 v=1 i=n1+1 j=—o0 2

+oo “+o00

Z Z PZ] (Xuv)

u=1 v=1 i=n1+1 j=na+1

Clearly (12.6.31)) holds as soon as Cs(Sy, n,)(a) holds. For (2.6.29), notice now

W
M-~

H2 = 0(Snymy)- (2.6.31)

ni +00 ny  +oo 0 +o00
SN P =3 Y P+ Y D PulXu).
1=—00 j=na+1 i=1 j=na+1 i=—00 j=na+1
Therefore, (2.6.29) holds as soon as
k ni “+oo
sup ZZZ Z P”(X“”) H _0<Sn1 n2)> (2632)
llél;gg; u=1 v=1 i=1 j=no+1
and
k l 0 “+o00
wp 1303 Y P | =elsun) (639
11%5221 u=1 v=11=—oc0 j=na+1 2

Clearly (2.6.33) holds as soon as Cs(Sn, n,)(a) is satisfied. With similar argument
as before, we infer that (2.6.32) holds as soon as Cs(Sy, n,)(b) does. The proof of

(2.6.30) and (2.6.31]) can be done arguing as before.

We now prove that in adapted case Cs(s,, n,) holds as soon as Cs(sy, »,) does.
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In adapted case C3(Sy, n,)(a) reads as

niy n2

Z Z IE (Xuw|Fo0)lly = 0(Sn1,ns),

u=1 v=1

which is implied by Cgs(sp, n,)(a). Next, note that Cs(sy, »,)(b) can be rewritten as

niy n2

YAl ZZ H —i,—v XOO H O(Sm,m)v
=1 v=1
where P, ;(X) = E (X|F;;) — E(X|F;_1;). We then apply Lemma 6.1 in [12] to the
partial sum with b; = 1 and u; = HP - (X070)||2. Hence we get that

—i,—v

ny no 1/2
) SILERERINEL 9F5 of D CERECHIH B
=1 v=1 v
Therefore, we deduce that
ni no ni no
SN P (X0l <CZZIHE Xl Foo)ll, -
i=1 v=1 i=1 v=1

Hence, C3(Sy, n,)(b) is implied by Cs(Sy, n,)(a). Similar arguments are applied to
C3(8n17n2)(c) (implied by C3(5n1,n2>(b))' u

2.6.7 Proof of Theorem

. 2 2 . .
Since Ca(Sp, n,) holds, the sequence (sm iy MAX1<k<n, Shl) is uniformly
1<i<na (n1,n2)€N?

integrable, and the process { S is tight. It remains to prove

ni, ’I’LQS[nltl] n2t2]} tl t2)€[0 1]2
that the finite-dimensional distributions converge, that is, for any t) = (¢1,¢), ..., t%) =

(t,15) € [0, 1%,

. e8] [natSV] n1t{”] [nat)
- SN Xia Y Y X | = o (Wa(tM), . Wat™)) .
n,n2 k=1 =1 k=1 I=1
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This follows from the invariance principle for fields of stationary ortho-martingale
differences (see Theorem 1 in [18]), provided that for any (¢1,t5) € [0, 1%,

S[ Mt [n1t1] [nata)
I niti],[noto T = 0. 2.6.34
nl/wlgi)oo H thnQ A/ M1 N2 klzl ]CZZl m o k1,k2 ( )

Note that Theorem 1 in [1§] is stated for reversed ortho-martingale differences, but it
is also obviously true in case of ortho-martingales in the usual sense. Now in order to
prove (2.6.34)), since Ca(Sn, n,) and Ci(sn,n,)(c) hold, then Co(sp, n,) holds. Two
cases arise: either m = 0 almost surely then follows directly from Co(S,,.n,)
and the fact that Sp,,4]nata]/Snime 18 bounded; or E(m?) > 0 and, for this case,

since by Remark [2.2.5] s, ,.,/\/nin2 is a slowly varying function, then ({2.6.34) is

equivalent Co(sp, 1, )- O

2.6.8 Proof of Corollary

We shall apply Theorem [2.3.5 and then we only need to show that conditions
C1(Snymy)(c) and Ca(Sp, n,) hold. We first prove Ca(sp, n,)(a), and Ca(sp, n,) ().
Using Remark 2.3.3] they hold as soon as C3(sy, »,) is satisfied. Note that Py o(X; ;) =
ai ;€00 Therefore Cs(sy, ,,) is implied by (2.4.2), (2.4.3), and (2.4.4).

We prove now that Cz(smm)( ¢) holds with w; ; = |a; ;|. SinceP (X, ;) = ai €00
and Sp,, = NiN2 ‘ iy Z:ﬁ_m a”‘, this follow directly from Remark [2.3.2
provided that (2.4.1)) holds. Tt remains to prove Cy(sy, n,)(c). By Proposition [2.2.6]
this condition holds as soon as (2.2.4)-(2.2.6) are satisfied. This follows from easy
computations by taking into account conditions (2.4.1))-(2.4.4). O

2.7 Appendix

2.7.1 Proof of Lemma

By Proposition 2.2.1 in [26], we know that (maxi<x<n, Mk ny)neen and (maxi<j<n, M, 1)nsen

are both one parameter submartingales. Therefore, for any fixed pair (n1,n2) apply-
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ing Corollary 2.10 in [I5] to the submartingale (maxi<p<n, Mg.n,)n,en We have

E | max max |M;,|P1 M
1<1<ns 1<k<m, | , | maxj<(<ngy MaX1<k<ng [Mp i[>\

<o P g [ max | My ,,|" 1

= A
p—1 [1<k<ny max<k<n, | Ming [>3

The desired result follows by applying Corollary 2.10 in [I5] again to (Mj n, )ken. O

2.7.2 Proof of Lemma [2.6.3

The inequality (2.6.21]) comes from inequality (3.6) in [10] with X; = >772, d;; by
taking the expectation and by noticing that (X;);>; is a sequence of martingale
differences. Next (2.6.22) comes from (2.6.21) by taking account that 2?1,~, <

A 2
4 (|x\ — §> . Finally (2.6.23)) is again an application of inequality (3.6)] in [10]. O
+
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Chapter 3

Onthe central limit theorem for
stationary random fields under

Ll-projective condition

The first aim of this chapter is to wonder to what extent we can generalize the cen-
tral limit theorem of Gordin [25] under the so-called L'-projective criteria to ergodic
stationary random fields when completely commuting filtrations are considered. Sur-
prisingly it appears that this result cannot be extended to its full generality and that

an additional condition is needed.

3.1 Introduction and main results

Let (©2,.A,P) be a probability space, and T : 2 — 2 be an ergodic bijective bimea-
surable transformation preserving the probability P. Let F; be a sub-o-algebra of
A satisfying Fy C T (Fp) and f be a L'(P) real-valued centered random variable
adapted to Fy. By U we denote the operator U : f + f oT. The notation [
will denote the identity operator. Define then the stationary sequence (f;)icz by
fi = foT"=U'f, its associated stationary filtration (F;);ez by F; = Foo T~" and
let S,(f) =i U'S.
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The following theorem is essentially due to Gordin [25] and gives sufficient con-

ditions for (U'f);ez to satisfy the central limit theorem.

Theorem 3.1.1 (Gordin). Assume that the series

Z E(U'f|Fo) converges in L' (P) (3.1.1)

i>0

and

lim inf E(15.(H)) < 00. (3.1.2)

N—00 \/ﬁ

Then n=Y2S,,(f) converges in distribution to a centered normal variable (that can be

degenerate).

The proof of this result is based on the following coboundary martingale decom-

position (see [30] for more details concerning necessary and sufficient conditions for
the existence of such a decomposition): Under (3.1.1]),

f=m+({I-U)g (3.1.3)

where m and ¢ are in L'(P) and (U'm);>o is a stationary sequence of martingale
differences, and on the following theorem whose complete proof can be found in

Esseen and Janson [23].

Theorem 3.1.2 (Esseen-Janson). If (U'm);>o is a stationary and ergodic sequence

of martingale differences in L1(P) satisfying

n—1 rri
po B Ulml)
n—oo \/ﬁ

< 00, (3.1.4)

then m € L*(P).

Clearly, using the coboundary martingale decomposition ([3.1.3), (3.1.2)) implies
(3.1.4)).

The aim of this paper is to prove that Theorem [3.1.1 can be extended to random
fields when the underlying filtrations are completely commuting (see |26, Chap. 1]

29



for a definition of this notion). To fix the idea, let us first state the result in case
of multidimensional index of dimension d = 2 (the general case will be stated in
Section . Then, in complement to the previous notation, let S be an ergodic
bimeasurable and measure preserving bijection of (2. By V we denote the operator
Vif—folbS.

In what follows we shall assume that the ergodic transformations T and S are
commuting. Note that T; ; = T"S7 is an ergodic Z?* action on (2, A, P). Let Fyo be a
sub-sigma field of A and for all (i, j) € Z* define F, ; = T~"S™7(Fy). Suppose that
the filtration (F; ;) )ez2 is increasing in i for every j fixed and increasing in j for

every ¢ fixed, and is completely commuting in the sense that, for any integrable f,
E(E(ﬂﬂ,jﬂfu,v) = ]E(fu:iAu,j/\v) :

To extend Theorem to random fields indexed by the lattice Z2, the first
tool is a suitable coboundary orthomartingale decomposition. In what follows, f is

a JFoo-measurable centered L(P) function. According to Volny [29], the condition:

the series Z E(U'VY f|Fo0) converges in L' (P) (3.1.5)

1,520

implies the existence of the following decomposition:
f=m+{U-U)g+T-V)g2+ I -U)I—=V)gs, (3.1.6)

where m, g1, g2, 93 € LY(P), (U'V/m) is a stationary field of orthomartingale differ-
ences, (V7gy); is a stationary martingale differences sequence with respect to the
filtration (Fu;);, and (U'ge); is a stationary martingale differences sequence with
respect to the filtration (F; o );. To fix the ideas, setting E, ,(-) = E(:|Fa), we have

m =" (Eoo(U'VIf) = E_1o(UVIf) = o1 (U'V/ ) + By, 1 (U'VIf)) |

1,520
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9= Z (B o(UVIf)=E_y 1(UVIf)), g2 = Z (Bo, 1 (U'VI f)=E_y 1 (UV)),
1,20 i,j20

and g3 = 3, 5oE 1 1(U'V/f). Recall also that (U'VIm) is said to be a or-

thomartingale differences field w.r.t. (F; ;) if

Ei_l,j(Uiij) = Ei,j_l(Uiij) = Ei_l,j_l(Uiij) =0 a.s.

Note that if f is additionally assumed to be regular in the sense that f is Fi oo-
measurable and E(f|Fy_o) = E(f|F-x,0) = 0 then, it is proved in Volny [29)
that the converse is true, meaning that if f satisfies the decomposition then
holds. We also refer to [22] where the existence of the decomposition is
proved under a reinforcement of (they assume that the series of the L!-norm
is convergent). We also mention [24] Theorem 2.2] where a necessary and sufficient
condition for an orthomartingale-coboundary decomposition is established when all

the underlying random elements are square integrable.

Our first result is the following:

Theorem 3.1.3. Let f be a Fog-measurable centered L'(P) random variable. Let
Snyms (f) = 20120 2520 U VI f. Assume that condition (3.1.5) is satisfied and that

n—1 N-1
S| ; 1 ,
hrrngf_\/ﬁH;Uf‘l<OO’hNHi>10%f__NH;VJf‘1<OO (3.1.7)
and
E E
lim inf lim infM < 00, liminflim infM < 00. (3.1.8)

ny—oo Nngy—00 A /n]_n2 ng—0o0 Ni1—00 A /nln2
Then the random variables m, (I —U)gy and (I —V')gq defined in (3.1.6)) are in L*(P).

Compared to the case of random sequences a natural question is then to wonder

if condition ([3.1.5)) together with conditions (3.1.7)) and (3.1.8)) are sufficient to ensure

that, when min(n;, ny) — oo, the limiting distribution behavior of (n11)™"/2S,, ., (f)

is the same as that of the orthomartingale part (n,n9)~Y2S,, »,(m). In other terms
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one can wonder if assuming the conditions of Theorem is enough to ensure that
the coboundaries’ behavior, i.e. (n1m2)7Y2(Sy, n, (f) — Snymy () is negligible for the
convergence in distribution. Surprisingly the answer to this question is negative as

shown by the next counterexample.

Theorem 3.1.4. There exist a probability space (0, A, 1), a function g € L' (u),
measurable with respect to a o-algebra Foo C A and bijective bimeasurable ergodic
transformations T and S such that f = (I — U)g is in IL?(u), satisfies the conditions

B-135), (B-1.7) and (3-1.8) but such that (ning)~2S,, ., (f) does not converge in

distribution to zero as min(ny, ny) — oo.

This result proves a drastically different behavior for the case of random fields
with dimension d > 2 compared to the case of random sequences (d = 1) for which
the coboundary is negligible for the convergence in distribution as soon as
is assumed. Let us also indicate that even if is reinforced to a convergence
in ILP(u) for some p € [1,2) this is still not enough for (niny)~2S,, .,(f) and
(n1n2)~ Y28, n,(m) to have the same limiting behavior (to see this it suffices to take
ne = [2¥/?] and my ~ (ng/k)?/?7P) in the construction of the counterexample of
Theorem [3.1.4).

However, reinforcing the conditions of Theorem [3.1.3] we can prove the following
CLT.

Theorem 3.1.5. In addition to the conditions of Theorem|[3.1.5, assume that

L E(S ()
min(ni,ng)—00 A/ NN

exists. (3.1.9)

Then, as min(ny,ny) — 00, (n11) "2y, n, (f) converges in distribution to a centered

normal variable (that can be degenerate).

Remark 3.1.6. Under the conditions of Theorem[3.1.3, condition (3.1.9) is equiva-
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lent to

1
lim sup lim sup Snk(Hll < Im —||Sun(f)|l1 and
n—,oo N,

1
n—0o00 k—oo 1V nk H

lim sup lim sup

1
k—o0 n—oo '\ nk‘ | |

This is consequence of the proof of Theorem[3.1.5 The existence of limy, oo 0™ || Spn(f) |1

has been mentioned there.

o1
Sus(Hll < Tim = S,0()h

It is noteworthy to indicate that f does not need to be in I.? but only in L! to
apply Theorem [3.1.5] (see Example given below). Theorem then gives al-
ternative projective conditions compared to those required in [31, Th. 5.1] or in |27,
Th. 1] for the central limit theorem under the normalization /niny to hold. Note
that the proofs of the two above mentioned results are also based on an orthomartin-
gale approximation. We refer also to [32] where the notion of orthomartingales and
completely commuting filtrations have been previously used in the particular case of
functions of iid random fields. Let us also indicate that when filtrations in the lexico-
graphic order rather than completely commuting filtrations are considered, [21, Th.
1] provides a projective type condition in the spirit of the L'-projective condition
(3.1.5) (but still requiring f to be in L?) for the normalized partial sums associated
with a stationary random field to satisfy the central limit theorem. His proof is based

on the so-called Lindeberg method.

3.2 Examples

3.2.1 An example when f is in L! but not in L2

For k € N* and 4,5 € Z, let e;;; be mutually independent zero mean random
variables with Uey; j = €kiv1j, Verij = €xij1- Let Fop = 0(exij bk € Z,i < a,j <
b). We denote e, = e 0,0. Let (vy)r>1 be a sequence of nonnegative reals and (py)r>1
a sequence of reals in [0, 1]. Assume that for any 7, j € Z?, L(ey; ;) = L(ex) and that
er takes value vy with probability pg, —vi with probability p, and 0 with probability
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1 — 2pg. It follows that ||exlly = 2vipr and |lex||5 = 2vipy. We use the following
selection of (vg)r>1 and (pi)rs>1: ve = k*(log(k +1))? and py, = m. For any

k>1andi>0,let az; = (k+1i)"2, and define

g = Z Zak,iU_k_iek, h = Z %U_IV_lek, m = Z %ek ,
k>1 i>0 k>1 k>1
and f = m+ (I —-U)g+ (I —U)(I —V)h. By simple computations we have
llglli < oo and |[h]]1 < oo but ||g|l2 = oo and ||h]]s = co. In addition m is in
L?(P). On another hand, f is in L*(P) but not in L?(P), and one can verify that
> is0 IE(UVI f1Fop)lli < 0o. Moreover, for any positive integer ¢, by independence

of the r.v.’s e ; ;, we infer that

{—1
1T =00l =303 adalealld + 30 3 (o — anne)? el

k>1 i=0 E>1 >0

Hence, by simple algebra, there exists a positive constant C' such that
(I —U"g|l3 < Clog(¢ + 1) for any positive integer £. (3.2.1)
In particular, we get ||(I — U)g||2 < oo. In addition, by (3.2.1)),

||Z§:ol ij:_olbiw(f—b)gﬂg (I —U™)gl3
= — 0
n—oo bl
nN n

n—1 N—-1grriv/5(7_ _
which combined with 12=i=0 Zizo [f/nLJN(I DUZVIRIL 0, as max(n, N) — oo, implies

that ISy (f=m)l I3 SN UVIm|

NI — 0, as min(n, N) — oo. Next, since, limin(n, N)—00 VN
exists (it is equal to /2[/m|l2), we can deduce that lim,y, IE ) UVl
q P 2)s min(n,N)—o00 VnN
also exists. Hence all the conditions of Theorem are satisfied. So, as min(ny,ny) —

00, (n1ng) Y28, 1, (f) converges in distribution to a centered normal variable.
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3.2.2 Anexample where f does not satisfy Hannan’s L-condition

We exhibit an example where f satisfies all the conditions of Theorem but not
the Hannan’s IL2-condition required in [31, Th. 5.1]. We consider the random field
(€k,ij)ki; of mutually independent random variables as in Example with the
following choices of (vg)k>1 and (pg)k>1. Let a > 4. Then for any & > 1, define

1
25 log(k + 1)2°

v, = k% and p, =

For any k> 1 and ¢,7 > 0, let a3;; = (k+ ¢+ j)~®. Then, define

F=Y"Y" apu UV .

k>1 u,v>0

(U'VIf);; is usually called a super linear random field. Let F,, = o(e; ,k €
Z,i < a,j <b). Note that f is a Fyo-measurable random variable, centered and in
L?(P). In addition, one can check that condition (3.1.5)) is satisfied implying that
the orthomartingale coboundary decomposition holds. Moreover, by simple
algebra, one can verify that m € L?*(P) and that there exists a positive constant
K (depending on «) such that ||(I — U3 + ||(I — UYge||3 < Kl(log(f + 1))~L.
Proceeding as in Example , one can verify that conditions , and
are satisfied. Hence, Theorem applies to (n119) Y28, n, (f).

On another hand, defining Pyo(-) = Eoo(-) — E_10(-) — Eo—1(:) + E_1_1(-), we
get, for any 7,7 > 0,

2 k20¢—5

RoU'ViE = | s 2 llexll3 > — ,
1PaUVIDIE = | 2 amisen], = L akaallenli 2 D G ot 1y

k>itj+1

implying that

o C
Poo(U'VI )5 > :
H 0,0( f)Hz = (z + i+ 1)4(log(i +7+ 2))2

Hence Y7, . [[Poo(U'V7f)l|2 diverges. So the Hannan’s L*-condition in the random
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fields setting does not hold, and [31, Th. 5.1] does not apply. Note also that for this
example, |21, Th. 1] that involves filtrations in the lexicographic order, cannot be

applied.

3.3 Proofs

3.3.1 Proof of Theorem 3.1.3

Recall the decomposition (3.1.6) and let
m'=m+ (I —-V)gy. (3.3.1)

It follows that (U'm/); is a stationary sequence of L!(P) martingale differences with
respect to (Fj o). Since T is ergodic, according to Theorem if

n—=1rri_ /s
e Jn

then m' € LA(P). By BL8), | 5 Uine|| < || S5 ]|+ 2llanlh + 4l
Hence, since g; and g3 are in L'(P), under the first part of (3.1.7)

E n=lrri E n—1rri
lim inf (| 21:0 U'm |) S lim inf (l 2120 U f|)
n—oo n n—00 \/ﬁ

< 00, (3.3.2)

< 00,

Therefore holds and m’ € L?*(P). Next recall that m' = m + (I — V)go
and recall that (V7m); is a stationary sequence of L'(IP) martingale differences with
respect to (Fuo;)j. Since S is ergodic, according again to Theorem to prove
that m € L?(PP), it suffices to prove that

E(| S0 V7
lim inf (|Z]70 ml) <
n—00 \/ﬁ

(3.3.3)
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But since m' = m+ (I —V)g, and g is in L' (P), proving (3.3.3)) is reduced to show
that .
"o Vim!
lim inf B2 ) < 00. (3.3.4)
n—o00 \/ﬁ

With this aim, recall first that m’ € L?(P) and note that

n—1 n—1
- & v
Vim!|| < H Vim/
N = NG =

=0y . 3.3.5
=0 (33.5)

For any fixed positive integer n, let d := n='/2 Z?;Ol Vim/. Since (U'm’); is a sta-
tionary and ergodic sequence of martingale differences in IL?(PP), so is (U'd);. By the
CLT for stationary and ergodic martingales in L2(P), as N — oo, N~1/2 "N 1 {ig
converges in distribution to a centered Gaussian random variable GG,, with variance
2. Hence, by [I, Th. 3.4] and noticing that E|G,,| = 0,,1/2/7, for any fixed positive

integer n, we get

N-1 N-1n-1
. 1 L
On < hmmf—” vld|| = ﬁliminf H UVvim/
V/_ N—oo /N ;é; 1 2 N—ooo vnN ;g;;é;

But, recalling (3.1.6) and that m’ = m + (I — V)gs, we derive

(3.3.6)

N—-1n-1 N—-1n-1

J_H ZZUZVJ

Since g; and g3 are in L'(P), the two last terms of the right-hand side are converging

to zero as N tends to infinity. Hence, taking into account (3.3.5)) and (3.3.6), we get

B( X5 Vim) _ [ i
- - e T s i
VR zhﬂgf%vfaﬁfr\\ZZW 5

which is finite by the second part of condition (3.1.8). This ends the proof of (3.3.4)
(and then of (3.3.3)) and leads to the fact that m is in L?(P). Next recall that
we have proved that m’ defined in (3.3.1)) is in L?(P) which combined with the fact
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that m is in L?*(P) implies that (I — V)gy is in L*(P). On another hand setting
m” = m + (I — U)gy, we can use previous arguments to infer that m” is in L*(P).
Hence taking into account that m € L3(P), we get that (I — U)g, is in L?(P). This
ends the proof of the theorem.

3.3.2 Proof of Theorem

Let (X;;)(ijezz be an iid random field on (2, B, n). Let A = o{X,;, (i,7) € Z?} .
Then, there exist transformations 7" and .S such that X; ;0T = X, ; and X, ;05 =
Xij+1. These transformations on (€2, A, ) are bijective, commuting, probability
preserving and ergodic. Let Uf = foT and Vf = foS. Denote e = X and
C =o{Ule:ieZ}. (C,T)is thus a Bernoulli dynamical system and the sigma
algebras S’C, j € Z, are mutually independent. Let us recall the so-called Rokhlin

lemma.

Lemma 3.3.1 (Rokhlin lemma). Let (Q, A, 1, T) be an ergodic dynamical system, n a
positive integer, and € > 0. Then there exists a set F € A suchthat F,T'F, ... . T "t'F
are disjoint and p(Uf—g T7'F) > 1 —e.

For any integer & > 1, we set n; = [2¥/?] and my, = 2*. Let ¢ > 0. By Lemma
there exists a Rokhlin tower F,T'F,... T~ Mt with N, = mgn, ~ 23%/2.
Note that 1/Ny, > p(T'F) > (1 — €)/Ny, for any i = 0,..., N, — 1. We define

(j + 1)/my/ng on T7F, j=0...,n;— 1,
gr(w) =14 2n —j — D/mp/ne on TF, j=mng, ..., 210, — 1,
0 on the rest of €.

We can notice that gy — Ugy is equal to /my/ng on TF, j=0...,n,—1, to
—v/mg/ngon TF, j=mny...,2n; — 1, and to 0 on the rest of Q. In addition, we
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have

2 2
_ 2 - 1—k/4
lgr — Ugrllz < T gkl < 2\/ - <2 and

2np—1

|3 v —van)], = o~ auta <27

Notice that all sums of U*(gx — Ugs) are C-measurable hence the random variables
(VI(gy — U™ gy,)); are iid. In addition, the support of g, — U™ g, is included in the
union By of F,...,T-**+1F hence is of measure < 4/m;, = 2772, Next, for any
k>1,let Ay = {|gr — U™ gi| > (1/2)\/mynr}. The set Ay is included in By, and
is of measure 2/my = 27%"!. Because the sigma algebras SC, i € Z, are mutually
independent, the sets S/ Ay, j =0,...,my — 1, are independent. For h = 14, using
that e2(1=2)/* > =4 for any x €]0,1/2] and that myu(Ag) = 2, we thus have, for
any k > 2,

mg—1

p(D0 VIR =1) = (A1 = p(A0)™ T = 2/t

§=0
We then conclude that

an lmk 1

‘ Z Z UV (gr — ng)) > 1/2) > 2/e. (3.3.7)

(e
VI /M
By recursion we shall define a strictly increasing sequence k, /* oo and then set
9= grand f=g—-Ug.
=1

For ¢ =1 we put k, = 1. Suppose now that for 1 < ¢’ < ¢ the ky have been defined.
All the functions gy, are bounded (0 < gi, < /g, 75, ) hence the sums

n-1 -1 -1
U'gky = Ugry) = Y (9 = Ugr, ),
i=0 =1 r=1
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n > 1, are uniformly bounded. If k, is sufficiently large we thus get

1 0—1 2np,—1
7| S Ul ~ Ugi)| <172
tp=1 =0

Next note that ( (

ences. Hence

Ez/ 1 2%} Ugr, —U gké,)>) are martingale differ-

320

277,]% 1 mke

1
?.

(3.3.8)

HW\/—M Z Z UZVJZ gke’_ngef)Lf

i=0 j=0 =1

On another hand, recall that ||gr — Ugx|l2 < v/2/2%/%. Hence choosing k, sufficiently

large we get || Z%k - U'ge, —Ugr,)||, < 47", for all 1 < ¢’ < (. Having constructed

the sequence of k, this way we thus have H Ze o1 Z%k[ U9k, —Ugr,)

2-¢. Since ( ( — D oviin 22%@ Ul(gk[/ — ngf/)>) are martingale differ-
] Jj=0

ences, we get

‘2<

2nkl_1 mke—l

HW\/m_k,_, ZO jzo UiV Zgﬂ Gk, — Ugs,) ‘2§ % (3.3.9)
Then, the upper bounds and ( entail that
2nge, —1 My, —1 l )
Hmm Z ]ZO UV - U)o - g, < 5 (3.3.10)

Hence taking into account and (3.3.10), it follows that, for f = g — Ug, the
sequence (nyng)~1/2 3 M ! 2”2 1 U'V7 f cannot converge in distribution to zero.

On another hand, for any p and ¢ fixed, by independence, Y~ (371 [E(UV7 f|Foo) =
g—E(UPTg|Fop). But, by construction, lim,_, [|[UP*'g|j; = 0. Hence ||E(UP*g|Fo0)|1
is going to zero as p — oo. Therefore condition (3.1.5)) is satisfied.

It remains to prove that the conditions and are satisfied with
f = g—Ug. With this aim, note first that n="/2 37" ' U f = n=1/2(g—U"g) =00 0
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in L' (recall that g € L'). Next, since the random variables (V7 f);5o are independent

and square integrable, m_l/z‘ Z;n:_ol Vifll =lg—Uglla < co. Hence both conditions
2

in (3.1.7) are satisfied. On another hand, for every m fixed,

n—1 m—1

1 1 H 2
vnymll =

m
Vg - Ug)||, < 22 gl 1o 0,

NG

j=0

proving the second part of condition (3.1.8]). It remains to prove its first part. Here
we use particular properties of g constructed above. We have found a sequence of ny,
g, —1
for which there exists a positive constant ¢ > 0 such that (ng,) UQH > ico "t U'(g —
QTLkZ

Ug) Hz < c¢(27f41). Since (VI3 ¢ Ul(g — Ug))jzo a stationary sequence of

martingale differences in L2, it follows that

2""54 m—1

1
— UVi(g—U H <270+ 1) < 2.
vl X DUV et 1) <2

Since the upper bound is uniform for all ny,, the first part of condition (3.1.8]) holds

true.

3.3.3 Proof of Theorem

We shall use the coboundary decomposition ([3.1.6). Note first that (U'VIm),;; is
an ergodic and stationary IL?(P) orthomartingale field. Then, according to the CLT
for ergodic fields of martingale differences as obtained in [28], as min(nq,ny) — oo,
the sequence (nyng)~"/23 ! > "UVIim converges in distribution to a centered

Gaussian random variable with variance ||m/||3. Theorem [3.1.5]then follows if one can
prove that under the conditions of Theorem and if condition is satisfied,

then
lim HSm,m(f) — Sm,nz (m)Hl
min(ni,ng)—00 \/M1MN2

—0. (3.3.11)
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Clearly, since H Yoty 12”2 YUWVI(I - U)YI = V)gs|| < 4 gs|li, the convergence
1
(3.3.11)) will follow if one can prove that, as min(ny, ns) — 0o,

n1—1no— ni—1ns—

ZZUZVJI U)gr +] ZZUWU Vg

(n1s) 1/2(

) 0. (3.3.12)
Since (VI(I —U)g1);>0 and (U(I — V)ga);50 are sequences of martingale differences
in L%(P), we shall rather prove (3.3.12)) in L?*(P) and show that

=Tl = Vgl
n—00 \/ﬁ n—00 \/ﬁ

=0. (3.3.13)

With this aim, we start by noticing that, for any n fixed, d;,, := \/Lﬁ Z?:_Ol U (m +
(I = U)g) is such that (Vidy,);>0 is an ergodic and stationary sequence of L?(PP)
martingale differences with respect to the filtration (F ;);. Hence, by the CLT for
ergodic and stationary martingales, as N — oo, N~1/2 23:1 Vidy ., =P Gy, where
G1, is a centered random Gaussian with standard deviation C,, = ||dy,|[2. Since
(N2 Zj\le Vidy )\, is uniformly integrable, by the convergence of moments

theorem (see [I, Th. 3.5]) we have in particular that limy_, \/LNH Zjvzl Vidy,
1

||G1,n||1 = \/gcn But th—)oo \/LNH Zj\[;()l del,n}ll = th—mo \/%TVHS”vN(f)Hl SO;

overall, for any n fixed, limy o J%WHSﬂvN(f)Hl = \/gC’n, implying by standard

arguments that there exists an increasing subsequence (ny) tending to infinity such

that
1 5
i [, 2

Next, note that C? = ||m||3 + %E((I — UM S0 U"m) - w. But, since
(VI(I = U™)g1);>0 is an ergodic and stationary sequence of L?(P) martingale differ-

—0. (3.3.14)

ences with respect to the filtration (F. ;);>0, we have, by using [I, Th. 3.4] and argu-
n N—1717i
ments used to get (3.3.6), [|[(I-U")g1ll2 < /7 liminfy_ o \FH 2ico Zﬂ o UVI(I-
ng . Moreover, according to the coboundary decomposition (3.1.6), for any n
1
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fixed,

1 n—1 N—1 1 n—1 N—1

lig inf —= | UV = U)gi|| =Timinf —=| UVI(f —m

N—oo N =0 =0 )gl N—oo \/N =0 =0 <f ) 1
In addition, H SN Ui (f - m)H SN v ‘ + VaN|mll2.

1
So, overall, taking into account condition 1} we get
gt I(L = U")gull m
K= l1in_>solip NG < §(||m||2 + llm —HSnN )H1> < 00

(3.3.15)

Now, for any positive real A, write

< J%uu Ul

(T = U")gu
€2 — mlff — L

(1 =U")gll2 1 N 1/
+QT % <5E<‘ZU”’L‘ 1{\2?':1wm|>Am>) . (3.3.16)
=1

Hence, using that n=V/2||(I — U™)g1||1 —n—ee 0 and taking into account (3.3.15) and
the fact that (n~' (31, U"m)Q)n21 is uniformly integrable, we derive that the terms
in the right-hand side of (3.3.16]) tend to zero by letting first n goes to infinity and

after A. Therefore lim,, . |C? — ||m]3 — w = 0. Assume now that

Kk = lim sup

-
n—oo \/ﬁ
Then, there exists an increasing subsequence (n}),>; tending to infinity such that

lim —H (I — U™)gy|ls = # and then Jim Cry = [lmll3 + 2. (3.3.18)
—00

£—00 \/_
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According to (3.3.14)) and (3.3.18)), we then infer that if (3.3.17)) holds true then there
exist two increasing subsequences (n}),>; and (k})e>1 tending to infinity such that

. 1
lim I
{—o00 ny k@

2
Sng,kg(f)Hl > \/;Ilmllg. (3.3.19)

But, using once again the coboundary decomposition (3.1.6)), note that

1 1 1 | "1
- —— - _ TN J - _1/n 1 - _/n _1/n
nSn,n(f) nSn,n(m>+n([ U ) E V gl+n([ V ) § Ug2+n([ V )(I V )93.

=1 i=1
Birkhoff’s theorem in L'(P) implies that lim, e +||(1 — U™) 3°7_; VZgi[ly = 0 and
limy, o0 2 |[(1 = V™) 351 Ulgo|ly = 0. Using in addition that gy is in L*(P), we get

1 1

n—oo N,

But since n~1S,,,,(m) converges in distribution to a centered Gaussian random vari-
able with variance |[m||3 and (£]S,,,(m)|),>1 is uniformly integrable, we derive, by

the convergence of moments theorem, that lim, oo =[S, (m)[|; = \/g||m||2 This
result together with ((3.3.20)) imply that

.1 2
T =80 = \/;Hm”z- (3:3.21)

Clearly, under condition (3.1.9), if (3.3.17)) is supposed to be true, (3.3.19) and
are not, compatible. This proves that cannot be true and then that
the first part of is satisfied. With similar arguments, one can prove that,
provided the additional condition (3.1.9) is assumed, the second part of is
also satisfied. This ends the proof of the theorem.
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3.4 Extension to multidimensional index of higher di-

mension

To state the extension of Theorems |3.1.3| and |3.1.5| to higher dimensions, some ad-
ditional notations are needed. Let d > 1 and (7});cze be Z% actions on (£, A,P)

generated by commuting invertible and measure-preserving transformations 7 , 1 <

q < d. Here ¢, is the vector of Z? which has 1 at the g-th place and 0 elsewhere.
By U; we denote the operator in IL? (1 < p < oo) defined by U;f = fo T, i € Z°
By i < j, we understand i, < ji for all 1 < k < d. Let <d>:= {1,...,d}. For
any subset J of <d>, let U; = HL‘L U., where |J| is the cardinal of J, and define
Us =17, Uz for any s = (s1,...,s)s) in J.

We suppose that there is a completely commuting filtration (]—"l)jezd , i.e. there
is a o-algebra Fy such that F; = T ;Fy, for i < j we have JF; Ci]:l» and for an
integrable f,
it ria) | Firda) = B Fiingaiania) -

By .Fe(k) we denote the o-algebra generated by all F; with i = (1,...,i4) with
ir <landi; € Zfor1<j<d,j+#{. Foro-algebras G C F C A, by LP(F)oLr(G)
we denote the space of f € LP(F) for which E(f|G) = 0 a.s.

For f a JFy-measurable centered L'(P) random variable, it has been proved in
Volny [29, Th. 4] that the condition

the series Z E(U,,.. i, f|Fo) converges in L'(P) (3.4.1)

i1 yereyig >0
ensures the existence of the following orthomartingale-coboundary decomposition:

d

f=m+ > J]d-U)m,+]]T-0U.)g (3.4.2)

PCIC<d> s€J s=1

where m, g and m; belong to L'(Fy, P), Ll(H;l:l T..Fy,P) and Ll(Hsej T..Fo,P)

respectively and (Uid>m)iezd and (Uc%cmj)iezd—\J\ are orthomartingale differences
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random fields for ) C J C<d>. Above J¢ =<d> \J.

For any positive integer k less than d, define Sy, 4 the set of all the injections from
{1,...,k} to {1,...,d}. We state now the extension of Theorems and :

Theorem 3.4.1. Let d > 1 and f a Fy-measurable centered L' (P) random variable.
Let ng = (ny,...,nq) and Sy, (f) = 2?11:_01 . ZZ;ZOI i iy f. Assume that each of

the transformations T, , 1 < q < d, 1is ergodic. Suppose also that condition (3.4.1)
holds and that for any integer k € {1,...,d} and any o in Skq,

o1)—1 Ng (k) —1
liminf - - - liminf {z“ =0 ”'Zi’“zo Ui Zkf’

: < . (3.4.3)
Ng(1)—>00 N () 00 (Hi:l na(i))1/2

Then m € L*(P) and for any set J such that O C J C<d>, [[,c;(I —Us,)m; € L*(P)
(m and my are defined in (3.4.2)) ). If in addition,

E(] S, ()])

lim ————— exists, (3.4.4)
min(n17n2 ----- nd)_>oo (H -1 nz) /2

then (TT, n;) V25, (f) converges in distribution to a centered normal variable (that

can be degenerate) as min(ny,ng, ..., ng) — 0o.

Proof of Theorem |3.4.1l. The result will follow by recurrence. Note that it holds
for d = 1 and also for d = 2 as shown in the previous section. Assume that it holds
for d — 1 and let us prove it for d. Recall the decomposition (3.4.2) and let

m' =m+ Z H(I —U.,)my, (3.4.5)

0CJC <1 s€d

where <d>=<d> \{1} = {2,...,d}. Note that (U m');cz is a stationary sequence
of ]Ll(IP’) martingale differences w.r.t. (Fio._ 0)icz. Since Ty, is ergodic, by Theorem
, if liminf, o n 2| 207, UL m'||; < oo, then m’ € L?(P). This follows from

n—1rri
(3.4.2) and the fact that, by condition (3.4.3), liminf, . E(‘ZTUl < 00. Next,
starting from (3.4.5), and taking into account the induction hypothesis, namely:

Theorem holds for d — 1, we infer that if for any integer k in [2,d] and any
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injection o from {2,...,k} to <d>y,

E(|Sro@ e gy
liminf - -- liminf (| 210 sz_o 012tk )

k < o0. (3.4.6)
Ng(2) 70 Mo (k) 70 (H’L:2 na(l)>1/2

then m € L?(P) and, for any set J such that 0 C J C<d>1, [[,,(I-U.,)m; € L*(P).
By using similar arguments as those developed in the proof of Theorem we infer
that is satisfied under condition (3.4.3). Hence m € L*(P). Then, using in
addition that m’ € L?(P), we conclude that, for any set J such that ) C J C<d>,
[l.e;(I = U.,)m,; € L*(P). The first part of Theorem follows by using d — 1
times the same arguments and replacing <d>; by <d>; for : = 2,...,d. The second
part of the theorem follows by applying the CLT for ergodic orthomartingales as
proved in Volny [28] for ([]%,n:)" /%S, ,(m) and by using similar arguments as
those developed in the proof of Theorem [3.1.5]
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Chapter 4

On the weak invariance principle for
ortho-martingale in Banach spaces.

Application to stationary random
fields

In this chapter, we study the weak invariance principle for stationary ortho-martingales
with values in 2-smooth or cotype 2 Banach spaces. Then, with the help of a suitable
maximal ortho-martingale approximation, we derive the weak invariance principle for
stationary random fields in I”, 1 < p < 2, under a condition in the spirit of Hannan.
As an application, we get an asymptotic result for the LP-distances (1 < p < 2) be-
tween the common distribution function and the corresponding empirical distribution

function of stationary random fields.

4.1 Introduction

Let (X;)iez be a stationary random sequence. If one can represent (X;);cz in the

form
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where (d;);ez is a stationary sequence of martingale differences, and ((;)ez is a
coboundary, which means that it can be written as §; = 6; — 0;,_1 with (0;);cz a
stationary random sequence, then one may derive the CLT as well as other limit
theorems from the corresponding ones for the martingale differences (d;);cz. This
method is usually called the martingale approximation, but is also known as Gordin’s
method (see [3]). Note that, as a variation of this method, it is not necessary that
the sequence ((;)ez is a coboundary, but only is negligible, for instance in probabil-
ity, under a suitable normalisation. This kind of approach has been developed in
many papers. We refer to Chapter 4 in Merlevéde et al. [I5] for a survey concerning
Gaussian approximation via martingale methods.

In this paper, we will use an adaptation of the martingale approximation method
to prove the CLT and its functional form for the partial sums associated with multi-
indexed sequences (also called random fields) with values in some Banach spaces X.
Let us first recall some recent results concerning the limiting behavior of the partial
sums associated with random sequences in Banach spaces.

Let (2, A,P) be a probability space, T' be an invertible bi-measurable measure
preserving transformation on Q. Let F C A be a o-algebra such that T-'F C F,
and define a non-decreasing filtration F; = T~%(F). We also define the stationary
sequence of random elements X := (X;);ez by X; = Xy o T". Below, let us consider
the Banach space X = L'(R, i), where y is a o-finite measure on the real line, and
L>®(R, ) be its dual space. When (X;);ez is a L'-valued stationary ergodic sequence
of martingale differences (m.d.s.), Dede [9] proved the following CLT: If

/ 1Xo(8)] () < oo, (4.12)
R
then
1 < . '
NG Y XoT'=, .o GinL" (4.1.3)
=1

Here and along the paper, = stands for the convergence in distribution and G is
a centered Gaussian random variable with covariance operator Kx (see definition
4.3.1]). Then, with the help of a martingale approximation, she extended the CLT to
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stationary and ergodic sequences of regular random elements with values in L'(R, )
provided that (4.1.2)) holds and

> [ IR @)l i) < . (11.4)
icz VR
where Py(-) = E (| Fo) — E (-] F-1). Her condition is in the spirit of Hannan [6].

Later, Cuny [35] has proved the CLT and its functional form for stationary and er-
godic sequences of m.d.s. with values in more general Banach spaces than L', namely
cotype 2 or 2-smooth Banach spaces. Next, again with the help of a martingale ap-
proximation, he derived sufficient conditions in the spirit of Maxwell-Woodroofe [14]
ensuring the weak invariance principle for a stationary and ergodic sequence with
values in either 2-smooth or cotype 2 Banach spaces. Note that when applied to the
L'-space, his condition and have a different range of applications.

The first aim of this paper is to generalize the functional CLT for martingale
differences sequences with values in some Banach spaces as stated in [35, Prop 3.2]
to higher dimension in the sense of multi-indexed sequences. Recall that there is no
natural ordering in higher dimension and, in this paper, we shall use the notion of
completely commuting filtration (see Section for a definition of this notion). It fol-
lows that the generalization of [35, Prop 3.2] will mean extending the functional CLT
to ortho-martingale sequences with values in a 2-smooth or cotype 2 Banach spaces
(see Section . Then, in Section , with the help of a suitable ortho-martingale
approximation, we derive a functional CLT for LP-valued stationary random fields,
where p € [1,2]. As in [9], our conditions are in the spirit of Hannan [6]. Hence, our
theorem can be viewed as a generalization of the results stated in [9] in several
directions. First, it proves the functional form of [, Th 2.3]. Secondly, it extends it
to multi-indexed random sequences. Finally, it considers the case of variables with
values in a broader class of Banach spaces. As an application, in Section [4.5 we give
asymptotic results for the LP-distances, 1 < p < 2, between the common distribution
function and the corresponding empirical distribution function for stationary random
fields. Section is devoted to a suitable maximal ortho-martingale approximation

in 2-smooth Banach spaces and has interest in itself. All the proofs are postponed

80



to Section [4.7

4.2 Notations and definitions

We will use the same notations as in [I8] and [44]. We shall consider Banach-valued
random fields. Hence, in all the paper, (X,|-|,) will be a real separable Banach
space. We denote by X* the topological dual of X. We shall also denote by L°(X)
the space of functions from €2 — X that are limits P-a.s. of simple functions. In

addition, for every p > 1, we define the usual Bochner spaces L as follows
LP(Q,APX)=LP(X) = {Z e LX) E(|Z]%) < oo}.

For every Z in LP(X), write ||Z]|, , = (E(|Z]5)YP = [1Z]4ll,- To define now
random fields, we start by introducing Z%-actions. With this aim, we denote elements
of Z% by i := (i1...,iq). Let (T}), 5. be a Z%action on (9, A,P) generated by
commuting invertible and measure-preserving transformations {7.,,...,T,,}, where,
for 1 <i < d, ¢ is a Z? vector with 1 at i-th place and 0 elsewhere. We denote
those transformations by {T(l), . ,T(d)}. By U; we denote the operator in LP(X)
(1 < p < o00) defined by U;f = foT,. We assume that the filtration (Fy)geza is
completely commuting, i.e. there exists a o-algebra F such that F; =T F, fori < j
we have F; C ]:l (1< J means i, < j, for all 1 < ¢ < d) and for an integrable X, we
have

i) [t enda) = B (X Fiipjiciania)

where ¢ A j = min{i,j}. Note that the natural filtration associated with an in-
dependent and identically distributed (i.i.d.) random field (;);cze and defined by
Fi = o(&, k < i), is completely commuting. Completely commuting filtrations can
also be constructed using stationary random fields with independent rows or columns
(see [39]).

For a fixed ¢ € {1,...,d} and a fixed ¢ € Z, we denote by ]-"K(q) the o-algebra
generated by all F; with 7 such that ¢, < ¢. For every 1 < ¢ < d, define also
]'—qu)o = mieZ }_i(q) , and Foo = V;’ezd Fi.
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For o-algebras G C F C Aand 1 < p < oo, we denote by LP(F, X)eLP(G, X) the
space of X € LP(F,X) for which E (X|G) = 0. We can define projection operators
P onto LP(F?, X) & LP(F” 1,)() by P9(X) = E(X|F?) — E(X|F”). Those
operators commute and for ¢ # k, P P(q) = 0 (see [31, Lemma 2.4]). We now define
the projections P, = P( ) P(d onto (;<,<q Lp(]:( ,X) e Lp(]:i(qqzl,?().

Définition 4.2.1. Let X € L'(X). The stationary random fields (U; X )seza is said
to be reqular if X is Foo-measurable, and for every 1 < q <d, ]E(X|f£qgo) =0 a.s.

Next we give the definition of ortho-martingales.

Définition 4.2.2. Let D € LY(X) . We say that (U;D)cza is a field of ortho-
martingale differences with respect to a completely commuting filtration (F;);ezq, if D
is Fo-measurable and for all 1,7 € Z%, such that j, < i, for some q € {1,...,d}, we
have

E(DoTF;) =0.

In addition, M, == > " - sz 1 D oT; is said to be an ortho-martingale.

11=1

Since our results are stated for random fields in Banach spaces that are 2-smooth
or of cotype 2, let us recall their definitions (see [43] for more details). We say that
X is 2-smooth, if there exists L > 1, such that

o+ yla + -yl =2 (2% + Lyl%) Va,y € X. (4.2.1)

For such a L, we say that X is (2, L)-smooth. We shall also recall the following
inequality for m.d.s. in 2-smooth Banach space (|33, Prop 1]): Assume that X is
(2, L)-smooth, then for every m.d.s. (D;);cz, we have

N
E(IDy+---+ Dyly) <207 E(|D;3) forall NeN. (4.2.2)

i=1

For example, for p > 2 the spaces LP(R) are (2,+/p — 1)-smooth. As a counterpart,

we recall that a separable Banach space X is said of cotype 2 if there exists L > 0 such
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that for every independent random variables Dy, ..., Dy € L*(X), with E (D) =
...=E(Dy) =0, (4.2.2) holds in the reverse direction. As an example, note that
for 1 <p <2, LP(R) is of cotype 2.

4.3 Functional CLT for ortho-martingales in Banach

spaces

Let X be a random element from 2 to X'. Define its associated partial sum S,,(X)
by

ni

Sn(X):Z---iUZ-X.

=1 ig=1

In addition, for t = (t,...,t4) € [0,1]¢ and [nt] = ([nit1], ..., [nata]), we set
d
Snt(X) = Z H(kz A(niti —1) — ki + 1)U X
0<k<[nt] i=1
and |
Toi(X) i= ——— X). 4.3.1
ul(X) = e ,(Y) (43.1)

Before stating the main result of this section, as in [35], we need to recall the defini-

tions of Gaussian and pregaussian random elements.

Définition 4.3.1. Let K be a bounded symmetric bilinear operator from X* X X* to

R. We say that K = Kx is the covariance operator associated with X if
Vatyte X7 K(a"y") = E[2"(X)y"(X)].

Définition 4.3.2. The random variable W € L°(X) is said to be Gaussian if, for
every x* € X*, x*(W) has a normal distribution. We say that a random variable
X € L%X) such that for every x* € X*, E(2*(X)?) < oo and E (z*(X)) = 0, is

pregaussian, if there exists a Gaussian variable W € L°(X) with the same covari-
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ance operator. We denote by G(X) a Gaussian variable having the same covariance

operator as X.

Définition 4.3.3. Let G(Q, A, P, X) = G(X) be the set of pregaussian random el-
ements that are in L*(X). For every X € G(X), denote | X|gry = X0 +
1G(X) I, -

We are now in position to state the functional form of the CLT for sequences
of ortho-martingale differences with values in some Banach spaces as well as a L>-
maximal inequality for the corresponding partial sums. Below and all along the
paper, n — oo means min(ny,...,ny) — 0o. Next theorem is the extension to the
random fields setting of [35, Prop. 3.2|.

Théoréme 4.3.4. Let X be a real separable Banach space that is either 2-smooth
or of cotype 2. Let D € L*(X) be such that (U;D),_,. is a field of ortho-martingale
differences w.r.l. a completely commuting filtration (F;);cza. Assume in addition that
D € G (Fo,X) and that at least one of the T(;) for 1 < i < d is ergodic. Then, as
n = 00, {Tu(D)}eps
uniform topology) to a Brownian motion (Wy)yep1je with covariance Kp associated
with D. In addition, there exists C' > 0, such that

ja converges in distribution in C([0,1)*, X) (equipped with the

max |Si(D)

1<k<n lx

< C(ny---ng)'? IDllgay - (4.3.2)
2

4.4 Application to stationary random fieldsin L? (1 <
p<2)

Let 1 < p < 2. In this section we consider a o-finite measure space (5,8, 1) such
that X := LP(S, S, ) is separable. Recall that, since 1 < p <2, LP(S, 1) is a Banach
space of cotype 2. Let LI(S, ), for ¢ = p/(p — 1), be its dual space.

In all this section, X is a random variable in L*(Q, A, P, X) and (F;);ez¢ with
Fi =T_;F is a completely commuting filtration. Let also X; = U, X.
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Theorem combined with a suitable ortho-martingale approximation (see
Proposition stated in Section leads to the following result.

Théoréme 4.4.1. Assume that X is reqular and that

/||X 5 p(ds) < (4.4.1)

Assume also that

(S 1R ) utas) < oo (142

i€Zd

Then there ezists a stationary random field of ortho-martingale differences (U;D);eza

w.r.t (Fi)ieza such that D € G(Fy, LP(S, 1)) and

Se(X(5)) _ Sk(D(s))

VN1 g /Ny ng

Suppose, in addition, that at least one of the transformations T(;) for 1 <@ < d is

’ p(ds) = 0. (4.4.3)

2

lim
n—oo Jg

max
1<k<n

ergodic, then

(T (X),t € [0,1]9} = oo W in C(]0,1)%, X), (4.4.4)

where W is a X-valued centered Brownian motion with covariance operator Kp that

can be defined as follows: for all f and g in LI(S, 1) (where q is the conjugate of p),

- / / f(t)g(S)D(t)D(S)u(dt)u(dS)) (4.4.5)

= 3 [ 10(5) Cont Kol oK)t n().

kezd

where D(s) = 3, cza Po(Xi(s)).
Remark 4.4.2. Note that by [35, Lemma 2.4], condition (4.4.1) implies that X €
G(LY(S, ). Note also that when X is regular and in L'(Q2, A, P, L' (S, 1)) then the

(reverse- )martingale convergence theorem in the Banach-valued case (see e.g. [43])

ensures that (4.4.2) implies (4.4.1)).

Next result gives sufficient conditions for (4.4.2)) to hold.
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Corollary 4.4.3. Let p € [1,2]. Let X := (Xy)peza be a regular centered random

variable in L°(Q, A, P, LP(S, 1)) such that [ || Xo(s)|[5 p(ds) < co. If the following

conditions hold:
[(Z Y e R pa) <00 (149
S Mo g Vil . B
and

/s (Z T Z Vi [ X-i(s) — IE(X_l~(s)|]-'g)||2> u(ds) < oo, (4.4.7)

=1 ig=1

then (4.4.2) is satisfied.
Remark 4.4.4. Condition (4.4.6) together with (4.4.7)) imply that X is regular.

Comment 4.4.5. Using Proposition|/.6.1], a similar result as Theorem |4.4.1| can be
obtained when X € LY (Q, A, P, X) where X = LP(S, ) with p > 2. More precisely if
||XQ||2’X < 00 and

1/p
3 ( |P0<Xi<s>)|pu<ds>) < oo, (1.48)
€74 S 2
then
d
lim n 2| sup Sy — M =0,
"—>°°,Hl ! 1§E22’ . il 5

and the convergence (4.4.4)) holds.
Note that if Xo(s) = ) icza a:Y_i(s) where (Y;);eza is an ortho-martingale differ-

ences, (4.4.8)) holds as soon as

1Yol p < 00 and »_ |a;| < oo. (4.4.9)

€74

When d = 1, our condition (4.4.8)) and condition (3) in [35] have a different range of
applications. For instance (4.4.9) is not enough for [35, Condition (3)] to hold.
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4.5 Application to empirical processes

Let Y be a real random variable which is Fo-measurable. For every i € Z¢, we define
Y; := U;Y and for every s € R, X,(s) := ly,<s — F'(s), where F(s) = P(Y <'s). Let
Sn(X)(s) == D20, -+ >0, Xi(s). We also denote by F, the empirical distribution
function of (Y});cz4:

VseR Fy(s) Z Z]]-Y<s
11 1 tg=1

For 1 < p < 2, we are interested in deriving the asymptotic behavior of

J

When p = 1, ([£.5.1)) is the L'-Wasserstein distance between F' the distribution

function of Y, and F}, the corresponding empirical distribution function.

1

nl---nd

Sn(X)(s)

" = / IFy(s) — F(s)] ds. (4.5.1)

The following result is a direct application of Theorem (with S :=R and g
the Lebesgue measure) combined with Corollary

Corollary 4.5.1. Let p in [1,2]. Assume that Y is regular,

/R (F(s)(1 = F(s)))"*ds < oo (4.5.2)

and

/(Z Z\/ﬁHP( i < slFo) — F(s)ll ) ds < oo. (4.5.3)

i1=1 tg=1
Suppose, in addition, that at least one of the transformations T(;) for 1 <@ < d is
ergodic. Then the sequence of processes {\/n1 - nq (Fu(s) — F(s)), s € R} converges

in LP to a centered Gaussian random variable G, with covariance operator KC,, defined
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by: for every f,g € LYR, \) (where q is the conjugate of p):
Ku(f.0) =3 E (/ / F(5)9() (Lypes — F(5)) (Lyice — F(1)) dsdt) .
i€Z4

In particular, as n — oo,

p/Z/yF ]pds:>/\G (s)] ds.

Note that by Remark condition (4.5.2) implies that X € G(Fy, LP(R, X)).
Next we give a sufficient condition for (4.5.3)) to hold, in terms of dependence coeffi-

cients. With this aim, in the spirit of [3§], define

Py (i) =§2£||P(3€S s|Fo) =P (Vi < sl - (4.5.4)
Since
[P (vi < s|Fo) = F(s)||; < 2F(£)(1 — F(£)oy (@)

we get the following proposition:

Proposition 4.5.2. Condition (4.5.3) holds as soon as (4.5.2)) holds and

Z Zﬁ\/ v (i) < 0. (4.5.5)

11=1 1g=1

Remark 4.5.3. Note that the filtration defining the coefficients ¢y (i) is commuting,
so Proposition s not comparable to other results for mixzing random fields such
as those obtained in Bolthausen [34] or Dedecker [10] where the underlying filtrations

are not the same.

Comment 4.5.4. Note that by Item 3 in [38, Lemma 2], we get that if the distribution

function F' of Yy is continuous then, for any i > 0,

ov(i) < K ||F(Yy) = F(Y))

_, (4.5.6)
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where Y;* 1s a random element distributed as'Y; and independent of Fy.

To give an example, let us consider d = 2. Let (&) j)ezz be a @d random field
such that P(eg o = 0) = P(epo = 1) = 1/2, and define F; ; = o(eyp,u < i,v < j). Let
£(0,0) =0 and f(i,7) = (i+7)(i+7+1)/2+1 for any (i,7) € N*\{0,0}. Then f is
a one-to-one onto map from N? to N. Let now Uke = ZiZO,jZO 2_f(i’j)_1€k_i,g_j.
Clearly each of the Uyy’s is distributed as Y5502 7D e s 0 and then as
> ous0 2" e w0 which is uniformly distributed over [0,1]. Next, setting Ey; = {i >
k,j > €} and Ske = N*\Eyy, and considering (€} ;)i jezz an independent copy of

(giaj)(i,j)EZQ; we define

Upo = Z o~ fa)=1g, io—j + Z A 5;::—1',4—3'-

(4,5) €Sk, (4,5)EEk 1

Clearly Uy , is distributed as Uy, and is independent of Foo. Moreover

1Uke = Updlloo < > 27700 Yoy — b ip jllo < 27927,
(1,5)€EEk 1

implying by ([4.5.6)) that oy ((k,1)) < C27%275 Let now Yy = h(Uyy) with h(z) = 27°
for a > 0. Clearly ¢y((k,1)) = ¢u((k,l)). Then, according to Proposition
Condition (4.5.3)) holds provided (4.5.2)) is satisfied which requires in our case that
a<p/2.

4.6 Ortho-martingale approximationin Banach spaces

The following result allows to derive a useful ortho-martingale approximation in 2-
smooth Banach spaces. It is an extension to multidimensional index sets and to
2-smooth Banach spaces of the estimate (3.3) in [37]. Tt can also be viewed as an
extension in several directions of [45, Th. 1 (ii)] and gives a more precise estimate
than [37, Prop. 3.1]. Below (F;);cz¢ defined by F; = U,F is assumed to be a
completely commuting filtration, and we denote by X; = U; X.
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Proposition 4.6.1. Let X be a (2, L)-smooth Banach space. Let p > 2 and X, be a

regular r.v. with values in X such that ||| Xo|x||, < co. Assume that

D P xllp < oo (4.6.1)

i€Z4

Then setting Dy = 3 ;cza Pi(Xi), (Di)reze are stationary LP(X) ortho-martingale
diﬁerences with respect to (Fi)reza and the corresponding ortho-martingale M, =

k:1 1" zk 1 Dy, satisfies the following mazimal inequality: there exists a positive
constant C only depending on (L, p, d) such that for any positive integersny, ..., ng,m
and for any A > 1,

d
I_Ini_l/2 sup |S — Mk < CZ Z Z ”’PE(XQ)‘XH;;
el 1<k<n i=1 |k;|>m k\{k;}ezd—1
A2 At
+ o + ) (11Xl + l11Dol ¢l
miny<icqn;”  mingicqn 2 (1l o
- 1
+Cm*! /@) (H\Xg\xluxgu»nwg\xHp}Hp+H|Dg|x1{\Dg\x>AHIDQ|X”p}”p>'

m1n1<z<d i

(4.6.2)

The proof of this result is postponed to Section [4.7.4]

Remark 4.6.2. Similarly to Remark note that when X is reqular and in
LYQ, AP, X) then (4.6.1) implies that ||| Xo|x ||, < 0.
Remark 4.6.3. A careful analysis of the proof of Proposition reveals that when

X s of cotype 2, then a similar mazimal inequality to that stated in (4.6.2]) can be
derived but only for p = 2. Indeed it suffices to replace in the proof the martingale
inequalily by the inequality valid for martingales with values in Banach
spaces of cotype 2. Hence, when Xy is a regular r.v. with values in G(X) where X
is of cotype 2 and if Y, pa || Po(Xa)||axy < oo then, when p = 2, Inequality
remains valid provided we replace in the right-hand side the norm ||| - |x||, by the

pre-Gaussian norm || - || cx)
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4.7 Proofs

4.7.1 Proof of Theorem 4.3.4]

The idea of this proof is essentially the same as the proof of [35] Prop 3.2|, except

for the convergence of finite dimensional laws.

We first prove (4.3.2). By the Cairoli’s strong (p, p) inequality for ortho-submartingales
[26, Th. 2.3.1], we have

2

max |Sp(D)|, || < 22dH|Sﬂ(D)|XHZ :
2

1<k<n

Assume first that X' is (2, L)-smooth, then applying (4.2.2) to each index, we derive

ni nq
152D l; < 22" S E(IDif3) -

=1 ig=1
Recall that any 2-smooth Banach space is of type 2. Therefore holds by
stationarity and the fact that, in Banach spaces of type 2, the norms ||-[|gy, and
||, are equivalent (see [41, Prop 9.24]).

Suppose now that X is of cotype 2. Since D is assumed to be pregaussian, so

is S,(D). In addition, by the orthogonality of ortho-martingale increments, we get
G(Su(D)/\/n1---ng) = G(D). Hence by [41] Prop 9.25|, we deduce that

150 (D)5 0 < CNGSu(D) 00 = CV/r---1a[[G(D)ly 0 < Cv/a--1a || Dllg -
This ends the proof of (4.3.2).

Now we prove the functional central limit theorem by first proving the tightness
and then the convergence of finite dimensional laws. For the tightness, the idea in
[35, Proof of Prop 3.2| also applies in higher dimension. For the reader’s convenience,
let us give the details.

Since X is separable, then o(D) is countably generated. Thus there exists an
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increasing filtration (G,,)men+, such that G,, is finite for every m > 1 and o(D) =

U1 Gm- Weset Dy, := E(D|G,,). Since Gy, is ﬁnite, there exist A\™, - 'A,(:Z) € Gm

and 2™ ... (m) € X such that D, = Yk 2™ 1 (. Using [35, Lemma 2.3], we
k

have

Now, setting
D := Py(D,,) .

One can see that (UZDm>Zezd is a sequence of ortho-martingale differences with re-
spect to the completely commuting filtration (F;);cz. Then using [35, Lemma 2.2]
and the fact that E(D|F_.,) = --- = E(D|F_,) = 0, we deduce that (U;Dy,)m>1
converges in G(X) to D.

By [I8, Theorem 1], for every m > 1, {(m - '”d)_l/gs”’t@m)}te[o ” is tight in

C([0,1]%, X). Indeed D,, takes only a finite number of values and therefore we can
work on the finite dimensional vector space generated by these values. Note that
Theorem 1 in [18] is stated for reversed ortho-martingale differences, but it is also
obviously true in case of ortho-martingales in the usual sense. Now, by , we
deduce that

1
— || MaX
nlau.nd

1<k<n

(S(Dw) = Su(D) |

<CHD —DH — 0 as m — 0.
G(X)

Hence the tightness of {(n; -- -nd)*l/QSM(D)}ze[OJ]d follows (see [35, Lemma B.1]).

We turn now to the proof of the convergence of the finite dimensional laws. Recall

the notation (4.3.1)) for T,,,(D). When no confusion is possible, we will denote T,,,(D)

by Ty Let t) = (tgk), . ,t((ik)). Our aim is to prove that for any m > 1 and any
(0,0,...,0) <tM < ... <t < (1,1,...,1),

(Tl(l), R ,Tm(m)) = (Wt(l), Cey Wt(m)) , (4.7.1)

n

where (W})yeo,1)¢ is @ Brownian sheet with covariance operator Kp. For the reader’s

convenience, we shall give the complete proof in case d = 2, noticing that the general
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case can be proved by induction. Since either T(yy or Ty is ergodic, let us assume
from now that 7{y) is (recall that T(,) is equal to Tf ). Using the Cramer-Wold device,
it is sufficient to prove that for any m > 1, any (0,0) <t < ... < (™ < (1,1) and
any x3,---x,, € X",

m m

27 (Tyo) = D27 (Whe) (4.7.2)

i=1 i=1

With this aim we shall use similar arguments as those developed in [I8, Section
3.2] and, in a sake of clarity, we shall give most of the details. Notice first that
Yo (TM@) can be written as a weighted sum over disjoint and adjacent rectan-

gles. Hence proving (4.7.2)) is equivalent to show that for any positive integer m, any
O=to<ti < - <t, < 1, 0=s5p <51 < e <8y < 1and ($f7j>1§i7j§mEX*

[n1ts] [n2s;]

1 m m
A=Y Y[ Y Y pen,
e ning =1 j=1 ’ k=[nit;_1]+1l=[n2s;_1]+1 (473)
= Z sz i)Sj + Vvt2 1,8j—1 Wti,sj_l - Wti_l,sj) )

1

i=1 j

as n1Ang — 0o. Notice that the random variable on the right-hand side is distributed
according to N(0,0?) with

=33 (ti—tiz1) (s; — s;-1) E (27,(D)?) .
=1 j=1

Clearly, it suffices to prove the convergence (4.7.3) when ni,ny — oo along any
sequence (n,, N,),>1. Hence, let us fix a sequence (n,, N,),>1 such that n,, N, — oo

as r — oo. It remains to prove that

[nrt;] [Nrs;]

1 N * 2
=) > > > DoTi| =N(0,0%). (474
n NT =1 j=1 k=[n,t;—1]+1 £=[N77‘Sj,1}+1

As in [18], the proof of (4.7.4) is based on the usual central limit theorem for trian-
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gular arrays of martingale differences due McLeish (see [40, Theorem 3.2| for an easy
reference). The rest of the proof then follows the lines of [18, Section 3.2] by noticing

that sup;<; j<,, Hac;*j(D)H2 < 00 and the following modification of [I8, Lemma 4|.

Lemma 4.7.1. Let A; =377 (s — 5;-1)E (z7;(D)?) and e > 0 . If Ty, is ergodic,
there exist integers v > 0 (large enough) and p(v) (large enough), such that for every

n > p(v) ,

[ns;]
Z Z Z i (D)oThe| —Ai <e. (4.7.5)
k 1 J=1 \/_ l=[ns;_1]+1 1

Proof of Lemma |4.7.1. Note first that for any fixed i, € N and k € Z, we have

that (a:j](D) o Tk’é>Z€Z is a sequence of martingale differences with respect to the
filtration (.7-}(2)> . Let dpy(i, j) = 2} ;(D) o Ty, and define
Le ’

Dy(i, ) = (die(i, §), - .., due(i, §))"

Note that (Dy(i, j)),>, is a stationary and ergodic (since T{y) is ergodic) sequence of
Rv-valued martingale differences. Therefore from the functional form of the central
limit theorem for RV-valued stationary and ergodic L? martingale differences, we get

that for any positive integer m, and any 0 < 57 < ... < s, <1

[ns1] [nsm]
ZDz iJ), 7 > Dyli, j)
l=[nsm—1]+1
converges in distribution to (Gy,...,G,,), where (Gy)1<u<m are independent and

centered Gaussian random variables with respective covariance matrix
. . . 2
E (G/G}) = (s — se-1)E (D1(4, j)D1(i,5)") = (50 — $0-1) Hij(d)”Q Id,

and for any 1,7, k, (n_1 maxy, <, (22;1 clk’g(z',j))Q)n>1 is uniformly integrable. In
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particular, we have

[ns;]

%Z > 21(D)o Ty (4.7.6)

J=1t=[nsj_1]+1 1<k<v

converges in distribution to (NVi)i<k<, where Nj are i.i.d random variables with

common distribution N <0, > (85— si-1)E (x;"j(d)z)) Now using the notations

[ns;]

1
Fign = Z Tn Z 2} (d) o Trg and Vi gy = Ff, — A
j:1 n Z:[TLSj_l}—i-l

note that A; = E (F2, ) = E(N?). To soothe the notation, we will drop the index

7 in the rest of the proof. Let ¢ > 0, M > 0 and define

1 — 1 — 1 — 1 —
A=E —ka,nn<—2vk,n g) ,B=E|-) Vil <g< =Y Vin SM)‘
v k=1 v k=1 v k=1 v k=1
and
1 — 1 —
C=E —ZV,C,A(—ZVM >M>‘.
vk:l vk:l
We have
1 v
E|-> Via|<A+B+C.
vk:l
Clearly A < e. Next,
1 v
B < MP| |- Vinl >
<we (|15 ><)

Since (Fign)i<k<w = (Nk)1<k<v, We get that, for any € > 0,

1 1
k=1 k=1

which converges to zero as v — oo by the law of large numbers.

o)
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M
Let us now deal with C. Letting hy(x) = (]m\ — 7) , where . = 21,-, and
+

noticing that || 1jz>n < 2ha(x), we get

1 v
C <2E (hM (5 > vkm)) :
k=1

Since hy is a convex function, we deduce that
1 v
C<2- > E(har (Vi) -
k=1

But since for each ¢ and &, (FZQ,M)” s a uniformly integrable family,

>

im limsupE (ha (Vi) = 0.

1
M—00 5300

So overall the lemma follows by finally letting ¢ — 0. [

4.7.2 Proof of Theorem 4.4.1

By applying Proposition to Xo(s) and X = R, it follows that there exists
a positive constant C' only depending on p and d such that for any positive integers

ni,...,ng, m and for any real A > 1,
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(o) ([ ] o [S104(5) = (Do) [utas))

/ Y Y iamel, ) )

=1 |k|>m k\{k; }ezd—1

romt (2 1) ([ (Pl + IDu )

Hﬂnkggdni

_ 1/p
+ Cm™ 1(/5 (HXQ(S)1{|Xg(s>|>x||xg<s>||z}Hg + HDQ(S)1{|Dg(s>|>x||Dg<s>||2}||§>“(d5)>

22111%—124—]3.

Letting first n — oo, then A\ — oco and after m — oo, the R.H.S. is tending to
zero. Indeed, [; is tending to zero as m — oo by using the dominated convergence
theorem and by taking into account condition ([£.4.2). I, is tending to zero by letting
first n — oo, then A\ — oo and by taking into account that implies that
Js1IDo(s)[5(ds) < oo (and then, by [35, Lemma 2.4, that Dy(-) is pre-Gaussian).

Finally, I3 is tending to zero by letting A — oo and using the dominated convergence

theorem and conditions (4.4.1) and (4.4.2). Hence (4.4.3) holds. Note now that,

since 1 < p <2, for X = LP(S, p),
1/19
=1 |X<s>|pdu<s>\

< (LIt / IX@ldns))

1/p

Xl = [|( [ 1XGPdu)

Hence, (|4.4.3)) implies that

Se(X)  Sk(D)
VN1 ng /Ny ng

Then the convergence in distribution (4.4.4)) follows by using (4.7.7) together with
Theorem [4.3.4] Next to prove (4.4.5), as in the proof of [18, Th 8], we use [18
Lemma 7|. Hence it suffices to prove that for any f € L%(S, 1), where ¢ is the con-

lim
TL*)OO

— 0. (4.7.7)

2,X

max
1<k<n
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jugate of p, we have >, ;4 || Po(f(Xi))|l, < oo, which is implied by (4.4.2) by direct
computations. Note that [I8, Lemma 7] is stated for reversed ortho-martingales, but

it holds also for ortho-martingales in the usual sense. ]

4.7.3 Proof of Corollary

For the sake of clarity, we shall give the complete proof in the case d = 2 (the case
d > 2 can be proved with similar arguments). We shall need the following lemma,

whose proof follows by applying two times [I2, Lemma A.1].

Lemma 4.7.2. For any double indezed sequence (u; ;) jen of non-negative numbers,

there exists a positive constant C' such that

From Lemma with w;; = || P-;—j(Xo0(s))]],, we get:

e 1/2
ZZHP_z —i(Xoo(s) ||2<CZZ( ZZHP_k _o(Xoo( ))”g) _

k=i (=3

But by orthogonality and regularity

S IPok—e(Xoo(s)ll = ZZPHXOO )

= |[E (Xi;(s)|Foo)|l2 -

Hence
/@;”P‘l S Xoal)l, ) n(as) < /;;W"E SO Fao)l ) ),
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which is finite by condition (4.4.6) in case d = 2. It remains to prove that:

[ (S 1) ) < oo [ (30D InalX-sso)l ) i) <

i=1 j=0 =0 j=1
(4.7.8)

/ (33 100X (D), ) itds) < 0. (4.7.9)

=0 7=0

and

By Lemma |4.7.2| again,

1/2
HPk —e(Xoo(s )|!2> . (4.7.10)

SO I Poo(Ximi(s))ll, < CZZ(
i=1 j=0 J=1

=1 k=i+1 l=j

But, for any j > 0, by stationarity,

) 00 o0 0

D P e(Xoo(s))]; < Z Z 1Pe—e(Xoo(s)ll3 < Z [ Pre(X—i,—5(s5))
k=i+1 f=j k=i+1=—j k=1

Next, by orthogonality,

i 20: 1Peo(X i ()| = Hi 20: Pk,g(X_i,_j(s))Hz,
k=1 l=—00 k=1 l=—c0

But, note that,

Koo (8) — E(X ()1 Fo0) = 303 PralXoiy(s))

k=1 (=1
00 (%S) 0
+ 3D PaXi () Y Y Pea(X i (s))
k=—o00 /=1 k=1 {=—c0
=L+L+1s.

99

)



Hence, by orthogonality, it follows that
1X—i—5(5) = E(X—i— ()| Foo) I = I1Llls + 12215 + 1 Za]l5 -

So, overall,

S ST 1P Koo lIE < NI < 1X-ims(s) — E(Xi ()| Foo) 12 . (4.7.1)
k=i+1 =5

Therefore, starting from (4.7.10) and taking into account (4.7.11)), it follows that
the first part of (4.7.8) holds provided condition (4.4.7) (in case d = 2) is assumed.

Using similar arguments, we derive that the second part of (4.7.8)) as well as (4.7.9)
are satisfied provided (4.4.7) holds. This ends the proof of the corollary in case
d=2. ]

4.7.4 Proof of Proposition[4.6.1

In the proof the notation a < b means that there exists a universal constant C' (here
only depending on (L, p,d)) such that a < Cb.
For the reader’s convenience, let us consider the case d = 2 (the case d = 1 is

even simpler and for d > 2 some indications are given at the end of the proof). When

d =2, (4.6.1)) reads as

Z [11P0,0(Xi5) 2]l < o0 (4.7.12)
ij€L
Then Dy, = Zi,jeZ Pyo(X; ;). Moreover (Dy )k is a stationary field of LP(X)

ortho-martingale differences with respect to the filtration (Fj )k 0ez2. In addition,
the corresponding ortho-martingale is M, ,, = > ;% > 72, D; ;. Next (4.6.2)) reads
as: there exists a positive constant C' only depending on (L, p) such that for any

positive integers nq, no, m and for any real A > 1,
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(nang) ™| sup [Spe — H
1<k<n1
1<t<ng
<C Z I Pruw(Xo0) x|l + C Z 11Poo(Xo00) |2l
|[u|>m,veZ weZ [o|>m
rom (b A ) (ool + Dol
m
Vi Ang o (ng Ang)@=2/( 0,01x1lp 0,0lx
7n3
+C(n1 A ng)P=2)/(20) (H‘XO’O’Xl{lXo,olx>A|||Xo,o|X||p}Hp+H!Do,o\xl{mo,m»u\Do,mnp}Hp> '

(4.7.13)

To prove (4.7.13), the idea is to extend the decomposition (29) in [12] stated
in the case d = 1, to higher dimension. The idea of this decomposition is then as
follows. Fix a positive integer m, and define MH El ) Z] 1 Dij o T m. Then

we have

(m)
sup ‘Skg—ng < sup ’SM M ‘X—F sup |M1<;e —MWX
1<k<nj 1<k<ng ’
1<t<ng 1<Z<7L2 1<¢<ng

To take care of the norm of the last term we use among others Doob’s maximal
inequality. Next, to take care of the norm of the first term in the right-hand side,
we shall use a decomposition of Xoo — Do © T},m with coboundaries and mixed
coboundaries plus a rest. We refer to the forthcoming decomposition (4.7.14) for
a more precise statement. In this decomposition, the term YO(K) - Z(m) will be
considered as the rest and, once summed over a rectangle, will have at the end
a negligible contribution because of the assumption m The ﬁrst term [ in
(4.7.14) will be the coboundary and the others involving ¢(™ and h(™ will be the
mixed coboundaries in the sense that they are coboundaries in one direction and
martingales in the other. As usual the coboundary structure will allow to simplify
the treatment of the norm of those terms since they will behave as a telescoping sum,
and next a usual truncation argument can be used. The mixed coboundaries same

arguments are used in addition to Doob’s maximal inequality.
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We now give the details. Since Xy is regular, we can write Xoo =) . ez Pij (Xop0)

a.s. Let m be a fixed positive integer, and define

2m—22m—2 m—1 m—1
o5y = > > P,;(Xis) and 607 =657 o T, .

k=0 ¢=0 i=k—m+1j=f—m—+1

By simple algebra we have

I _eg’g‘)—em)—e(m + 60

m—1 — 2m—1
D SHD DIV VE R Sl oY e
k=—m+1{=—m+1 i=—m+1 v=1
2m—1 m—1 2m—12m—1
=2 2 P+ 3 3 Pan(Xus
u=1 j=—m+1 u=1 wv=1

On another hand setting

2m—12m—2 m—1
gUO P, Ub and gzy

and
2m—12m—2 m—1
hip = >0 > D Phn(Xew) and A =g o Ty
v=1 a=0 k=a—m+1
we have
2m—1 m—1 2m—1
( Fns(Xu0) = 3 vam““”)) = gb% — 957
u=1l \j=—-m+l1 v=1
and
2m—1 m—1 2m—1
( Pin(Xow) = Y Pm,m(Xk,v)> = B0 _ p(m
v=1 \i=—m+1 k=1
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So, overall, for any positive integer m, the following decomposition is valid:

Xo0 — DoooTmm =1+ (Qéng) - 9(() 1)) + (h(%) - h%))
+Yie -z (4.7.14)

where we used the following notation:

ym .= > Pyo(Xoo) and 23 = > Prm(Xun) -

7 (k,0)€Z2\[—=m+1,m—1]2 (u,w)€Z2\[1,2m—1]2

Let Ry¢ = Ske — Mye. We then derive that

E ¢
Ry = — Z (Dyj — DjjoThnm) + oy 1 91{?)1 1 9321 + 01(67:)1,Z+1)
i=1 j=1
k ¢
+Z(gz(l _g1£+1 +Z k+1])
i=1 j=1
k¢ E o0
1530 MTAPE IS 3) D RE
i=1 j=1 i=1 j=1
Therefore
E ¢
| s [Becloll, < || mas [ 3257 (Dis Dol |+ max 16151,

1<t<ng 1<¢<ng =1 ]:1 1<t<ng+1

4
+2|| max E g g max E h,gm)
1<k<n1 ¢ 1<k<ni+1 Jlxllp
< =1 1<t<ng j:l

k
(m) (m
+ || max ZZYoo o Tl ll, Il 2 ZEZZO - (47)
1st<ng 4=l j=1 <e<ng  i=1 j=1
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Let Y(m) Yo(o) o T, . Since Xo is regular,

=Y Puiuo (V).

w,VEZ
Hence
E ¢ k
m m
max g E Y( ‘ g max E E P, U,j(Y;(- ))‘ )
1<k<ng 1<k<ny ’ »J xllp
1<t<ng =1 j=1 u,w€EZ 1<t<ng =1 j=1

/L?]
submartingale w.r.t. the completely commuting filtration (Fge)re. By [26, Prop.

Denoting by Uy, = ‘Zle Z§:1 Pu_i’v_j(Y-(m))‘ , note that (Ukg)g, is an ortho-
X

2.2.1], it follows that (maxj<p<n, Uks)e>1 and (maxy<j<pn, Uk s)r>1 are both one pa-

rameter submartingales. Therefore, for any fixed pair (n1,n2) of natural numbers,

niy n2

2
<GS SIEE R0,
uweZ - i=1 j=1

Next, since X is (2, L)-smooth, using twice [42, Th. 2.6| (see also [36, Th. 2.2]), we
get

applying twice Doob’s maximal inequality, we get
max

E L
1<k<nj Z Z Y;’(]m) ‘X

1<t<ng =1 j=1

p

2

S5l Pt}
ny ng

€YD Py (Ve

=1 j5=1

[ )

i=1 j=1

p

Hence, by stationarity,

max Sy | < vmm 3 1P (65l
1<¢<ng  i=1 j=1 U,WEZ
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Since P, ,Py4(-) = 0 for (u,v) # (4, 5), it follows that

max

1<k<nq Z Z

1<t<ng =1 j=

< m( > Z 1Pu(Xoo)lllo + D2 D 1P Xoo)lxlly) - (4.7.16)

|u|>m vEZ u€Z |v|>m

Similarly, we get

k l
(m
PIPBEEN

max H < \/niny >, P (X)) 2l
1<t<n, =1 j=1 P (u,v)€Z2\[1,2m—1]?2

implying that

max

1<k<nq Z Z

1<t<ng =1 j=1

< ymm( Y Z 1Pus(Xoo)lelly + 3° 3 MPus(Xao)lal) - (47.17)

|u|>m vEZ u€eZ |v|>m

We handle now the first term in the R.H.S. of decomposition (4.7.15]). Note first that

k 0 m /L k+m {+m
2.2 (Dij=DigoTum) =3 % Dij= >, > Dij
=1 j=1 =1 j=1 i=k+1 j=m+1
k m l+m
+ > ) Dij- Z > D, (47.18)
i=m+1 j=1 t=m+1 j=(+1

Since for j fixed (D;;); is a martingale differences sequence, (| 25:1 Di:i‘x)e is a

submartingale. Then, by stationarity and Doob’s maximal inequality,

m ¢ o
g p
H i—1 122:22 ; 7 Xllp =m p— 1 ;:1 0,5 pe

p
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Next, using that X is (2, L)-smooth and [42, Th. 2.6] , we derive

m V4 9 no
2 2 2 2
|30 s [ 2Dl [, < o 11Postelly < el Dol 4719
1= = J]=
Similarly, we obtain
2 2 2
IS5 | 32 ol [ <otmiiouid.

To deal with the quantity coming from the second term in the R.H.S. of (4.7.18)), we

first note that for any positive real A,

al o,

k+m l+m

max E ‘ E
1<k<nj

1<t<ng i=k+1 j=m+1

k+m {l+m

max ‘ E E
1<k<nj

1<t<ng  i=k+1 j=m+1

{maX1<Z<n2 ‘ZJ 'm+1

k+m l+m

max E ‘ E i,j
1<k<ng ’

1<<ng i=k+1 j=m+1

¥ {rlfli%lx1<1z<n2 \Zf"'?le D ;

The first term in the R.H.S. is less than 4mA+/n, whereas to deal with the second

one we note that, by stationarity,

k+m l+m

max E ) E i.j
1<k<nq ’

1<<ng i=k+1 j=m+1

p
e {max1<z<n2|Z] a1 Dijjla>4A/n2} »

l+m

PR

p

max
1<t<na

< p
- nlm {max1<g<n2 ‘Z] —m+1 DOJ‘X>4A\/ }
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But, by [I5, Corollary 2.10| and stationarity,

|

l+m

2 Do

j=m

p

max
1<t<ny

{maX1<e<n2 \ ZJ —m+1 Do J\X>4Ar}
PPl
< 2P< ) D

Let B be a positive real and define

p
LTI Dolas2aymm} ||

d; = Do j1{py <8y — E(Doj1{p, 1x<my|Foi1) Z d;
and
n2
d;/ = D07j1{|D0,j‘X>B} — E(D(],j]-{|D07]-|X>B}|f0,j*1) ) M7/’L/2 = Z d;/ '
j=1

Observe that M,, = 372, Do ; = M,, + M, and that for any nonnegative reals a,
band g, (@ + b)P1igpp>2:y < 2PaPligsey + 2P0P1g5.y. Therefore

p
K HUS2 Dola2avmt ||

n2
120
j=1
< 2[|[My, |21 gy, sy [, + 271V, e L ez, L | -
Using that X is (2, L)-smooth, [42] Th. 2.6] and stationarity, we get

A2z 11l

Next, using again that X is (2, L)-smooth and [42] Th. 2.6], we derive

1 1 “
H’MT/LQ‘X]'{|]V[7/12|X>A\/E}H§ < W (|MT/L2 X) p(ng)p/Q (Z H|d;|X||§p)p
j=1

<n2)p/2 (nZ)p/QB
Ap

/4
2
< 1| D001 Dg ol x<nylxll2p < T!HD&O\XH?
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So, overall, for any positive reals A and B,

al |,

< mAV ng + mni/p\/ 77’2” |D0,0’X1{|DO,O|X>B}HP +m

k+m l+m

| me |32 >0
1<k<n

1<¢<ngy  i=k+1j=m+1

1/p B
MV [ Doolally (4.7.21)

Similarly, we get

l+m
max

1<k<ng Z Z

1<€<ngy  i=m+1 j=(+1

L/p
n A/ N B
< mAy/nL +mny " /1| Dool 21 ip o5yl + m%”

(4.7.22)

Let A > 0. Starting from (4.7.18)), taking into account (4.7.19)-(4.7.22) and selecting
A= N||Doolxll, and B = A/\, we derive

ko0
a8 Z Z (Dij = Dij o Tom) ‘X ) < m(A\ 4+ 1) (Vny +vny)
1<0<ny  i=1 j=1
1 1/2 1/2 1/p
+ m(n, /P, / —|—n/ /)IHDO0|X1{\Doolx>AlHDoo|X||p}Hp
m(n] p, 1/2 i n1/2 1/p)

\ I Doolxllp. (4.7.23)

Next note that, for any positive real M,

max |9 H <40@2m - 1)*M

1<u<ng ‘X
1<v<ng

2m—22m—2 m—1

(ninz) /pz Z Z Z [ 5( Xké1{|XH|X>M})|X||p

k=0 (=0 i=—m+1j=—m+1
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Hence, by stationarity, setting M = ||| Xoo|x||,, we get

mas 109], ] < w1 Xoolxl + mGouns) 1Kol s steonimastet -
1<v<ngy

(4.7.24)
We deal now with the third and fourth term in the R.H.S of decomposition (4.7.15]).

For any positive real A, using stationarity, we infer that

k 2m—12m—2 m-—1 k
(m)
g [ Dodhl |, < 2 2 2 |l |2 PreXus)oTorn|
0§£§n2 i=1 p u=1 b=0 v=b—m+1 0§z§n2 =1 P

< 4(2m —1)3Ay/n; + (2m — 1)(ny + 1)V/P mz_ mz_ A(ny, u,v),

u=1-mv=—m-+1

where

A(ng,u,v) =

max
1<k<nq

‘p

Z Bio(Xurtio) ‘ IS, Po(Xui0)l > 44 i}

Note that (‘ Zle P, (Xutio) ‘X)k>1 is a submartingale. Therefore, by [15, Corollary
2.10] and stationarity,

2 G
A(nlauav) S —pH ’ Zpi,v(Xqui,O)
=1

Xl{‘ 221 P o (Xuti,0)|x>2A/n1} ‘p .
Next noticing that for any real B,

Pio(Xuti0) = Pio(Xuviol{Xusiolx<By) T Pio(Xuriol{Xu iolx>B})

and, proceeding as to get (4.7.21)) and selecting A = A?||| Xq |||, and B = A/\, we
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infer that, for any A > 0,

max Salt, L <mt eyl Xl
1<t<ng =1
: m?(n1)'/? (ng) /7
+m (11) 2 (n2) P || Xo,0l 2 L1 6,015 Xo ol o + : 11 Xo.0l %[l -
(4.7.25)
With similar arguments, we obtain
¢
mas |30 | <mt eyl Xoolell
1<t<ng j=1
m3(n1)1/p(n2)1/2
+ mg(nl)l/p(n2)1/2u‘XO,O’Xl{\X0,0|X>)\||\X0,0|X||p}HP + \ 11 Xo,0lllp -
(4.7.26)

Starting from decomposition (4.7.15) and considering the upper bounds (4.7.16),
(4.7.17), (4.7.23), (4.7.24)), (4.7.25) and (4.7.26)), the inequality (4.7.12)) follows.
Let us now indicate the main argument to extend (4.7.13) to dimension d > 2

and then get (4.6.2). By simple induction we infer that the following extension of

(4.7.14)) holds:

Xo—DyoTy= > [T -0 +Yd™ — 2", (4.7.27)
PG JC(d) se€Je
where
Yy = > Py(Xy) and Z™ = > Pu(X.).
kE€ZN[—m+1,m—1]¢ u€ZMN[1,2m—1]4

and ggm) € LP(X). Even if it is not an easy task to give a rigorous formulation for
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" let us describe them for some given sets J: for J = J; = {1} we have

2m—12m—2 2m—2 m—1

m—1
ng Z Z Z Z e Z Pm,bz,...,bd (Xu1,a2,...,ad) 5

u1=1 as=0 ag=0 by=as—m+1 bg=aq—m+1
for J = Jo = {1,2} we have

2m—12m—12m—2 2m—2 m—1 m—1

gJ2 Z Z Z Z Z T Z Pm,m,bg,...,bd (Xul,UQ,ag,...,ad) 5

u1=1 ug=1 az=0 ag=0 bz=az—m-+1 bg=aq—m+1
for J = J3 = {1,3} we have

2m—12m—12m—22m-—2 2m—2 m—1

m—1
gJQ Z Z Z Z Z Z Z e Z Pm,b27m7b4,...7bd(Xul,az,u;g,a4,...,ad) )

u1=1 uz=1 a2=0 ags=0 ag=0 by=as—m+1 by=as4—m+1 bg=aqg—m+1

and so on. Inequality (4.6.2) then follows using the decomposition (4.7.27) and the
arguments used to prove (4.7.13)). [
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Chapter 5
Appendix

In this appendix, we give some related results between chapter 2 and 3. Namely the
TCL under ! condition in LY(S, S, ).

5.1 TCL under L' condition in Banach space

We first recall some notations. Let (S, S, 1) be a o-finite measure space such that
X = LYS,S, i) is separable. Recall that L'(S, u) is a Banach space of cotype 2.
Let L>°(S, ) be its dual space.

Let T and S be commuting invertible and measure-preserving transformations.
By U (resp V) we denote the operator in LP(X’) defined by Uf = f o U (resp
Vf = foS) for any random variable f. Now for a stationary random variable

f € LY(X) if the following condition holds for every p-almost every ¢

Z ZEQO (U*V*f(t)) converges in L'(X). (5.1.1)

k=1 /(=1

Then the coboundary decomposition holds,

f@&)=m@t)+I —-U)g1(t) + (I —=V)go(t)+ (I —U)(L —V)gs3(t), (5.1.2)
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where m, g1, go and g3 are in L' (X), (U'VIm(t)) is a stationary field of orthomartin-
gale differences, (V7g;(t)); is a stationary martingale differences sequence with re-
spect to the filtration (F ;);, and (U'ga(t)); is a stationary martingale differences

sequence with respect to the filtration (F; );. Now setting

1

Z Uif(t)' , (5.1.3)

N
1 .
Cs(t) = liminf — Vi) 5.1.4
1
C3(t) = lim inf lim inf Sy (FEN 5.1.5
3(t) = liminf lim in Nt 1 (F (1)) 1 (5.1.5)
and
Cy(t) = liminf lim inf Snams (F)|| - (5.1.6)
ng—o0 Nni1—00 n1n2 1

We are now in position to give the following result.

Théoréme 5.1.1. Let f be a measurable centered 1Y(X) random wvariable. Let
Snina () = 200y 205 UV f. Assume that for pi-almost every t condition (5.1.1)
holds

Ci(t) < oo and /C’i(t)u(dt) < oo for everyi € {1,2,3,4}. (5.1.7)

In addition, if

[ ElSnnli0)
min(nq,ng)—o00 \/N1MN2
Then, the random variables m, (I — U)gy and (I — V')go defined in (5.1.2)) are in

L2(X), and as min(ny,ny) — 00, (n1n9) Y28, 0, (f) converges in distribution to a

p(dt) exists . (5.1.8)

centered normal variable.

As an immediate consequence of the Theorem [5.1.1] we get the following Corol-
lary.
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Corollary 5.1.2. Assume that (5.1.8)) and (5.1.1) hold and

/ S5 fmax {1, | £(8)]} [Eoo(UFVEF()|u(dt) < o0 (5.1.9)

k>0 £>0

Then the conclusion of Theorem holds.

5.1.1 Empirical distribution

In this section, S = R and g is a o-finite measure on R equipped with the Borel
o-field. Let X = (Xj)rez be a stationary and ergodic sequence of real-valued random
variables. Let X,, ¢ € Z be independent copies of X.

As an example, let us consider (& ¢)rsez be an ii.d random field, let h be a
measurable function and (Xos)eez a sequence of i.i.d. random variables such that

(Xo.¢)eez is independent of (& ¢)g>1. Then for any ¢ € Z and any k > 1 we define

Xie = M Xi—1.0,8k) -

For each ¢ fixed, (X)r>1 forms a Markov chain and assume that it has a station-
ary distribution. Next, from the stationary random field (Xj,) we define Y ((t) =
1x, <t — F(t) Vt € R, where F' is the cumulative distribution function of Xp. Let
Fij=0{Xke, k <1i,j <} In this setting, for non negative integers &k and /,

E<Yk,0(t)|f0,0) 1f € - 0,
E(Yie(t)|Foo) = (5.1.10)
=0 otherwise .

Then conditions (5.1.1)) and (5.1.9) hold as soon as
S~ [ 1B (a0l Foo)l, ) < oo, (5.0.11)

k>0

114



and

[ [ I Go®)lFoal () < oo (5.112)

k>0

To apply Corollary it remains to prove (5.1.8). To do so, notice first that due
to the independence in rows, |21, Th 1| applies, and [2I], condition (2.3)] reads as

D IYou() [E (Yio(t)| Foo)l || < oo (5.1.13)
k>0 1
Hence by (5.1.11)), for p-almost every ¢ ,
! Snyne (Y (1)) = G(1)
Nyna ni,n2 )

where G(t) is a Gaussian-random variable with variance 02(t) = 37,21 > sz E (Yoo(t) Yau(t)).

Moreover
1

AVALARLD)

= o(t).

lim
min(ni,ng)—00

Snna (Y (1))

1 2
Hence by the convergence of moments Theorem, (—Smm2 (Y(t))) is uniformly
(ARLD)

integrable. By the convergence of moments Theorem again, it follows that for u-

— el = \/gau). (5.1.14)

To end the proof of (5.1.8)), note that by stationarity,

almost every t,

lim

1
——— S, (Y (t
min(ni,n2)—00 H A/ MN1MNo ’ ( ( ))

/ o(tyu(dt) < / 2 ST IE (Vo ()] Xo0) [ u(dt),

k>0

which is finite by (5.1.12)).
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In addition, we define

ay = sup ||E (1x,<|Foo) — F ()],

teR

As a direct consequence we get the following corollary

Corollary 5.1.3. Let B(t) = F(t)(1 — F(t)). Assume that

/\/Z min(oy, B(t))p(dt) < (5.1.15)

Then the conclusion of theorem holds.

5.2 Proof

5.2.1 Proof of Theorem
First, we will prove that m € L2*(X). Now notice that by (5.1.1) the following
decomposition holds for p-almost every ¢

f)=m@)+ I =U)gr+ (I =V)ga+ (I =U)(I = V)gs (5.2.1)

that for p-almost every ¢, all the condition in Thereom [3.1.3] are satisfied. Therefor,
we deduce that

E (m(t)?) +E (I ~ D) (1)%) + E (I~ V)ga(t))?) < 0. (5.2.2)

For p-almost every t, (U'VIm(t));; is a stationary and ergodic fields of ortho-
martingale differences, so (V/m(t)); is a stationary and ergodic sequence of mar-
tingale differences with finite variance. By the CLT for stationary and ergodic mar-
tingales with finite variance, as N — oo, N~/2 3" U/%m(t) converges in distribution

to a centered Gaussian random variable G(t) with variance ||m(t)|5. Hence, by [I]
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Th. 3.4] and noticing that E|G(t)| = ||m(t)||, /2/7, we get

[m(t)[l, < \/>11m1nf ‘

Now notice that, for any N fixed, (U ZJ L VIm(t)); is also a stationary and

(5.2.3)

1

ergodic sequence of martingale dlfferences Therefore applying TCL for martingale
and [T, Th. 3.4 again, we get

n

N
liminf — Im(t) 2 < \/ghm inf lim inf ZZI jzl U’V”m(t)H1 .
(5.2.4)
Following the prof of Theorem we deduce that
N
_ J ave
lim inf ZV m(t) 2 < \/ghﬂﬁfh]vniﬁf TN ZZU V7f . (5.2.5)
=1 j=1
Since ||m(t)||, < oo, combining with (5.2.3)), (5.2.4) and (5.2.5)) we get that
< Qv
[m(t)], < \/ghggf lim inf \/_ ZZU Vif (5.2.6)

=1 j=1

Hence by
[Im@iantan < [ Cantar) < oo. (527

Therefore, m € L%*(X). Next, we will prove that (I — V)gy € L?(X) for u-almost

every t let
m'(t) =m(t)+ (I —V)ga(t). (5.2.8)

One can see that (U'm/(t)); is a stationary and ergodic sequence of martingale dif-
ferences. By (5.2.2)) we are in position to apply TLC for martingale and [I, Th. 3.4]
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again, we get

)], < /5 i

Since ||g1(t)]| < oo, by decompositon (5.2.2), we deduce that

|m/(t)]], < \/»hmmf E:UZ (5.2.9)
Therefore, by
/m /C’l( Ju(dt) < oo (5.2.10)
Then, by , , and we deduce that
/(1 —V)gs(B)pa(dt) < 6. (5.2.11)
Repeating the above argument with
m(t) = m(t) + (I = U)g:(t),
we get that
/(1 —V)gu()p(dt) < oo (5.2.12)

Therefore, m, (I — V)go, (I — U)gy are in L?(X), hence the desired result follows by
applying theorem to (U'VIm), ;, if we can prove the martingale approximation,

namely

lim / Sy na (1) = S, "2<m(t))Hl,u(dt) ~0. (5.2.13)

min(ny,n2)—00 nan
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Now following the arguments used in the proof of Theorem we get that for

pu-almost every t

Ul _ [ o
v = imonp =00k 2+ i~ is.ntro)]],).

(5.2.14)
Therefore, using (5.1.8)),(5.2.7)), (5.2.13) follows from (3.3.15)) to ([3.3.21)) in the proof
of Theorem O
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