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Résumé :

On définit la hauteur de Griffiths d’une va-
riation de structures de Hodge sur une courbe
projective comme le degré de son fibré en droites
canonique, tel qu'il est défini par Griffiths et gé-
néralisé par Peters afin de permettre des points
de mauvaise réduction. On peut voir cette hau-
teur comme un analogue géométrique de la hau-
teur de Kato attachée aux motifs purs sur des
corps de nombres. Dans ce mémoire, nous éta-
blissons diverses formules exprimant la hauteur
de Griffiths de la cohomologie en dimension
moitié d’un pinceau d’hypersurfaces projectives
complexes en termes de classes caractéristiques.

En premier lieu, a 'aide de la théorie de
Steenbrink et du théoréme de Grothendieck-
Riemann-Roch, nous exprimons en termes de
classes caractéristiques la somme alternée des
hauteurs de Griffiths des groupes de cohomo-
logie des fibres d'un pinceau de variétés projec-
tives, avec un espace total non singulier, et dont
les fibres singuliéres sont des diviseurs & croise-
ments normaux. Cette expression nous permet
de calculer la méme somme alternée des hau-
teurs de Griffiths associées & un pinceau de va-
riétés projectives, avec un espace total non sin-

gulier, et dont les seules singularités des fibres
sont des points doubles ordinaires.

A Taide du théoréme de Lefschetz faible et
des formules ainsi établies, nous exprimons en-
suite la hauteur de Griffiths de la cohomologie
en dimension moitié d’un pinceau ample d’hy-
persurfaces dans un pinceau lisse en termes de
classes caractéristiques et des hauteurs de Grif-
fiths associées au pinceau lisse ambiant. Cela
méne & des formules explicites pour la hauteur
de Griffiths de la cohomologie en dimension moi-
tié de pinceaux de variétés projectives dans les
cas particuliers suivants : celui des pinceaux
d’hypersurfaces dans un fibré en projectifs, et
celui des pinceaux linéaires d’hypersurfaces dans
une variété projective lisse — dont les pinceaux
de Lefschetz sont un exemple.

Enfin, en annexe, nous établissons des résul-
tats de transversalité qui montrent que les hy-
pothéses sur les pinceaux d’hypersurfaces pour
lesquelles sont établies plusieurs de nos formules
pour les hauteurs de Griffiths — admettre un es-
pace total lisse et des fibres singuliéres & points
doubles ordinaires — sont satisfaites de maniére
générique.




Title : Griffiths-Kato heights of pencils of projective varieties
Keywords : Height, Variation of Hodge structures, Pencil of hypersurfaces

Abstract : The Griffiths height of a variation of
Hodge structures over a projective curve is de-
fined as the degree of its canonical line bundle,
as defined by Griffiths and generalized by Peters
to allow bad reduction points. It may be seen as
a geometric analog of the Kato height attached
to pure motives over number fields. In this pa-
per, we establish various formulas expressing the
Griffiths height of the middle-dimensional coho-
mology of a pencil of projective complex hyper-
surfaces in terms of characteristic classes.
Firstly, using Steenbrink’s theory and the
Grothendieck-Riemann-Roch theorem, we give
an expression in terms of characteristic classes
of the alternating sum of the Griffiths heights
of the cohomology groups of the fibers of a pen-
cil of projective varieties with non-singular to-
tal space, whose singular fibers are divisors with
normal crossings. Using this expression, we may
compute the same alternating sum of Griffiths
heights associated to a pencil of projective va-
rieties with non-singular total space and only
ordinary double points as singularities of its fi-

bers.

By using the weak Lefschetz theorem and
the above formulas, we may express the Griffiths
height of the middle-dimensional cohomology of
an ample pencil of hypersurfaces in a smooth
pencil in terms of characteristic classes and of
the Griffiths heights associated to the ambient
smooth pencil. This leads to closed formulas for
the Griffiths height of the middle-dimensional
cohomology of pencils of projective varieties in
the following special cases : for pencils of hyper-
surfaces in a projective bundle, and for linear
pencils of hypersurfaces in a smooth projective
variety, of which Lefschetz pencils are a special
instance.

Finally, as an appendix, we establish trans-
versality results which show that the hypotheses
on the pencils of hypersurfaces under which
some of our formulas for Griffiths heights hold
(namely, that the pencils admit smooth total
spaces and singular fibers with only ordinary
double points), are generically satisfied.
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Préface

La hauteur de Kato des motifs. Le point de départ de ce travail est I'article [Kat14], ol
Kato introduit une fonction de hauteur associée aux motifs purs sur un corps de nombres K, définis
en termes de réalisations (p-adique, Betti, de Rham).

Si M est un tel motif, par exemple sur K = Q, et si Mgr désigne sa réalisation de de Rham,
F* Myg sa filtration de Hodge, et
gripMag := F"Mag /F"™' Mar
les sous-quotients associés, Kato considere le K-espace vectoriel de dimension un :

(0.0.1) L(M) = ®TGZ (det gr’s Myg)®" ~ ®T>To (detx F" MgR),

ou 1o désigne un entier tel que F"° Mgr = MyR.

Le R-espace vectoriel L(M)g := L(M) ®g R est muni d’une norme canonique, définie au moyen
de la théorie de Hodge. De méme, pour tout nombre premier p, le Q,-espace vectoriel L(M)q, :=
L(M) ®qg Qp est doté d'un Z,-réseau naturel, défini au moyen de la réalisation p-adique de M et
de la théorie de Hodge p-adique. Une fois muni de ces structures supplémentaires, L(M) devient un
fibré en droites hermitien L(M) sur SpecZ, ce qui lui confere un degré d’Arakelov. Ce degré définit
la hauteur de Kato du motif M :

(0.0.2) ht (M) := deg L(M) € R.

Cette définition s’inspire de la définition de la hauteur de Faltings d’une variété abélienne sur un
corps de nombres — qui est un cas particulier de la définition de Kato quand M est un motif de poids
un — et de la preuve de Faltings de l'invariance par isogénie de la hauteur des variétés abéliennes,
sur lesquelles se fonde sa preuve de la conjecture de Tate dans le cas des variétés abéliennes sur les
corps de nombres [Fal83].

La définition spécifique (0.0.1) de la K-droite L(M) — ou la droite vectorielle déterminant
det gr’ix Mgr du r-ieme sous-quotient grizMgr de la filtration de Hodge apparait & la puissance
tensorielle r — s’est en fait imposée a Kato pour sa <« compatibilité > avec les conjectures de Weil :
comme Kato I’a montré, les conjectures de Weil entrainent que la hauteur définie comme le degré
d’Arakelov (0.0.2) vérifie une propriété d’invariance qui généralise l'invariance par isogénie de la
hauteur des variétés abéliennes aux motifs de poids quelconque.

A la suite de larticle fondamental de Kato [Kat14], les hauteurs de Kato ont été généralisées et
explorées par Kato lui-méme [Kat18], par Koshikawa [Kos15] qui a étudié leurs possibles applica-
tions aux conjectures classiques de finitude et de semi-simplicité concernant les motifs sur les corps
de nombres, et par Venkatesh [Ven18], qui s’est penché sur leur lien avec les formes automorphes.

Le fibré en droites de Griffiths et les hauteurs de Griffiths d’'une VSH sur une courbe
projective. Comme Kato le mentionne dans [Kat18], un précurseur de ses définitions (0.0.1) et
(0.0.2) apparait déja dans les célebres travaux de Griffiths consacrés aux structures de Hodge sur
la cohomologie des variétés projectives complexes et aux applications des périodes associées aux
familles de telles variétés.
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Rappelons qu’une variation de structures de Hodge (VSH) entiére de poids n € N sur une variété
analytique complexe S est un couple :

V= (Vz, F*),
ou Vz est un systeme local de Z-modules libres de type fini sur S, et
FF=VOF' 2. 2F'2F" =0
est une filtration décroissante par des sous-fibrés du fibré vectoriel holomorphe
Vi=Vz @z OF"

attaché au systeme local V7. Ces données doivent vérifier la condition de décomposition de Hodge
— de sorte que pour tout s € S, la fibre V, := (Vz o, Fe) soit une structure de Hodge de poids n —
et la condition d’horizontalité de Griffiths (voir par exemple [Voi02, III] ou [PS08, Chapter 10]).

A un fibré vectoriel holomorphe V sur une variété analytique complexe S, muni d’une filtration
décroissante finie

F*=F':=VDOF'D>...DF'"DF" =0
par des sous-fibrés, nous pouvons associer le fibré en droites holomorphe sur S :

n

GIs(V, F*) = (R)det F' =~ R)(det F"/Fr+1)®",
i=1

r=0

que nous appellerons le fibré en droites de Griffiths associé a (V, F®).

En particulier, une variation de structures de Hodge V = (V7, F*) sur S comme ci-dessus admet
un fibré en droites de Griffiths associé :
(0.0.3) GKs(V) :=GKs(V, F*) = (RQ)(det F"/FT)=".

r=0

Cette définition est introduite par Griffiths dans [Gri70, Section 7 b)], sous la dénomination de fibré
en droites canonique de la variation de structures de Hodge.

Le choix spécifique de puissances de fibrés en droites qui apparait dans le membre de droite de
(0.0.3) est le méme que dans la définition de la < droite de Kato » dans (0.0.1). Mais il s’introduit
dans le travail de Griffiths pour des raisons completement différentes. Comme le montre Griffiths
dans [Gri70], une polarisation sur la VSH V induit des métriques hermitiennes canoniques sur les
fibrés vectoriels F”/F" 1 et donc sur le fibré en droites GKg(V). L’introduction du fibré en droites
(0.0.3) est motivée par le fait que la courbure! de GKg(V) muni de cette structure hermitienne
canonique est toujours une (1, 1)-forme réelle positive sur S.

En particulier, quand S est une courbe complexe projective lisse connexe C', le degré de ce fibré
en droites :

(0.0.4) htar (V) :=dego G5 (V)

— que nous appellerons la hauteur de Griffiths-Kato, ou simplement la hauteur de Griffiths, de la
VSH V sur C' — est un entier positif quand V admet une polarisation.

La hauteur de Griffiths htgx (V) apparait comme un analogue de la hauteur de Kato htx (M),
ou le corps de nombres K est remplacé par le corps de fonctions C(C'), et le motif M par la VSH V
sur C.

1. ou plus précisément la premiere forme de Chern.
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La construction de Peters et la hauteur de Griffiths de la cohomologie d’un pinceau
de variétés projectives. Comme le montre Peters dans [Pet84], il est en fait possible d’étendre
la définition (0.0.4) & la situation ot V := (V7, F*) est une variation de structures de Hodge sur un
ouvert Zariski dense € de C.

La construction de Peters repose sur le travail de Deligne ([Del70]) sur les extensions de systémes
locaux analytiques définis sur un ouvert Zariski dense d’une variété complexe projective lisse et sur
les résultats de Schmid ([Sch73]) sur les variations de structures de Hodge.

Cette construction apparait naturellement sous deux variantes, faisant intervenir un choix de
signe et ce qu’on appelle les extensions supérieure et inférieure. Ces variantes meénent a 1'introduction
de deux extensions canoniques sur C, notées GK¢ 4+ (V) et GK¢,—(V), du fibré en droites analytique
G (V) sur C.? Les hauteurs de Griffiths associées seront notées :

hter +(V) :=dego G+ (V) et hter,— (V) := deg GKc,— (V).
Les fibrés en droites GICc (V) et GK¢,— (V), et donc les hauteurs htg i 1 (V) et htar,— (V), colncident

de fait quand la monodromie locale de V7 en chaque point du complémentaire C' — C (qui est auto-
matiquement quasi-unipotente) est unipotente.

La situation étudiée par Peters recouvre les variations de structures de Hodge qui < proviennent
de la géométrie >, c’est-a-dire celles qui sont associées a un pinceau de variétés projectives pa-
ramétrées par C' et a la cohomologie de ses fibres.

Soit en effet X une variété complexe projective lisse, et soit
f: X—C
un morphisme surjectif. Il existe C comme ci-dessus tel que le morphisme :
fixs  Xg = fﬁl(C’) —C

soit lisse. Pour tout n € N, nous pouvons considérer la VSH H"(X:/ C) sur C, définie par la
cohomologie de Betti relative en degré n, et la filtration sur la cohomologie de de Rham relative
induite par la suite spectrale de Hodge-de Rham relative, puis les fibrés en droites GKCc, 4 (H™ (X s/ C )
et G, (H"(Xs/ () sur C et les hauteurs de Griffiths correspondantes :

htax,+ (H"(X/C)) = dege GKe 4 (H' (X /C))
et :
htgr — (H (X /C)) := dege GKo,— (HM(X 4 /O)).

Ces nombres ne dépendent que de la fibre générique X,, de f sur le point générique n de C, et
seront aussi notés htgx +(H™"(X,/Cy)) et htar,— (H"(X,,/Cy)).

L’objet de ce mémoire. En dépit de leur importance pour la compréhension des motifs purs
sur les corps de nombres, les hauteurs de Kato ont été peu étudiées au-dela des motifs des variétés
abéliennes. En particulier, aucun calcul explicite de la hauteur de Kato d’un motif de poids au moins

2 ne semble connu 3.

De maniere frappante, les hauteurs de Griffiths htgx + (H"(X,/Cy)) quand n > 2, qui en sont
les équivalents géométriques, ne semblent pas mieux comprises. Ce constat a été a 'origine de notre
travail, dont l'objectif a été de calculer ces hauteurs de Griffiths htgx + (H"(X,,/Cy)), quand n > 2,
dans diverses situations significatives, en termes de classes caractéristiques et de la géométrie des

2. Nous renvoyons & la section 1.2 pour davantage de détails. En fait, Peters n’étudie que I’extension GK¢ 4+ (V),
pour laquelle la positivité de la hauteur de Griffiths dans le cas polarisé est encore vérifiée. La théorie de Steen-
brink ([Ste76, Ste77, PS08]) est naturellement reliée a ’extension GK¢ (V). Cette divergence entraine certaines
confusions dans la littérature publiée, qui sont clarifiées notamment dans [Kol86], [Mor87| et [EFiMM21].

3. en dehors des motifs construits par des opérations tensorielles & partir du motif de poids 1 associé & une variété
abélienne.
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fibres singulieres de la famille X/C. Ces formules permettraient d’en < deviner » des analogues
arithmétiques concernant les hauteurs de Kato associées a la cohomologie de certaines variétés
projectives sur les corps de nombres.

Dans ce mémoire de thése, nous établissons des formules de ce type pour les hauteurs de Griffiths
htex + (H"(X,/C,)) quand n est la dimension relative de X/C, et quand X/C est un pinceau de
surfaces semi-stable, un pinceau d’hypersurfaces dans un espace projectif, ou un pinceau de Lefschetz.

L’essentiel de ce mémoire — ses chapitres 1 a 6 — reproduit avec des modifications mineures
la prépublication [Mor22]. Nous y avons ajouté l'annexe A, ol nous établissons des énoncés de
transversalité qui montrent que les hypotheses sur les pinceaux X/C pour lesquelles sont établies
plusieurs de nos formules pour les hauteurs de Griffiths — admettre un espace total lisse et des fibres
singulieres & points doubles ordinaires — sont satisfaites de maniere générique.

Une présentation détaillée de nos résultats fait 'objet du chapitre 1. Dans la suite de cette
préface, nous essayons de présenter brievement quelques-uns d’entre eux qui nous semblent parti-
culierement significatifs.

Sommes alternées de hauteurs de Griffiths. Nos premieres tentatives de calculer les degrés
des fibrés de Hodge et des fibrés de Griffiths associés aux pinceaux d’hypersurfaces dans l’espace
projectif s’appuyaient sur la théorie de ’anneau jacobien et les résultats de Green sur les résolutions
de Koszul (voir [Gre84] et [Voi03, Chapter 6]), mais n’ont pas abouti.

En définitive, notre calcul des hauteurs de Griffiths de pinceaux d’hypersurfaces s’est pour
une large part inspirée du calcul classique par Hirzebruch des nombres de Hodge des intersections
completes dans Pespace projectif ([Hir56) et [Hir95, Appendix I]) — le théoréeme de Grothendieck-
Riemann-Roch y joue un role analogue a celui du théoreme de Hirzebruch-Riemann-Roch dans le
calcul de Hirzebruch.

Le résultat central sur lequel reposent nos calculs est une expression pour la somme alternée de
hauteurs de Griffiths :
2n

(0.0.5) Z:(*l)k*1 htax,— (H*(X,/Cy))

k=0
associées & un pinceau de variétés projectives X/C' général.

Chacun des termes de cette somme parait difficile & calculer. En revanche, la somme (0.0.5) est
le degré du fibré en droites sur C :

(0.0.6)
2n
R GKo,— (HF (X /CNED T = () det [FPHE(Xp/C)/FPHHE (X)) PCD 7,
k=0 0<p<k<2n

olt FPHF (X /C) désigne le fibré vectoriel sur C' prolongeant le sous-fibré FPHF (X s/C) de H*(X 5 /C)
sur C' obtenu par la construction de Peters inférieure. Lorsqu’en outre les fibres singulieres du pinceau
X/C sont des diviseurs & croisements normaux stricts, la théorie de Steenbrink permet d’identifier
le sous-quotient FPHF (X /C)/FPHHF (X /C) a Vimage directe RMPfWR 0, ol wg o désigne les
formes différentielles logarithmiques relatives. Ainsi la somme alternée (0.0.5) peut encore s’écrire :

2n
(0.0.7) (=1 htar - (H(X,/Cp)) = > (=1)P~'p degdet R® fuw (..
k=0 0<p<n

Chacun des termes deg det R® f,w’ /¢ beut s’exprimer en termes de classes caractéristiques grace
au théoreme de Grothendieck-Riemann-Roch. Il s’avere que former la combinaison linéaire de ces
termes figurant dans le membre de droite de (0.0.7) conduit & des simplifications considérables entre
ces expressions en termes de classes caractéristiques, comme cela apparaitra dans la formule pour la
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somme alternée (0.0.7) que nous donnons un peu plus loin dans le théoréme 0.0.1. Il est remarquable
que le choix spécifique de puissances de fibrés en droites intervenant dans la définition des (fibrés
en) droites de Kato et Griffiths donne lieu & de telles simplifications dans le calcul de cette somme
alternée.

La lecture des travaux récents d’Eriksson, Freixas et Mourougane a propos des invariants de
BCOV des variétés de Calabi-Yau de dimension quelconque ([EFiMM18, EFiMM21, EFiMM22])
a catalysé l'obtention de nos résultats, tout particulierement grace a leur analyse claire et détaillée
des résultats de Steenbrink et Peters en vue de calculs concrets. Leurs travaux nous ont aussi influencé
en mettant en évidence 'importance de versions relatives du théoréeme de Riemann-Roch pour la
compréhension des invariants des pinceaux de variétés projectives définis en termes de théorie de
Hodge.*

Une application de la théorie de Steenbrink et du théoréme de Grothendieck-
Riemann-Roch. Voici une premiere formulation de notre calcul en termes de classes caractéristiques
pour la somme alternée de hauteurs de Griffiths (0.0.5), qui, comme nous l’avons mentionné plus
haut, repose sur la théorie de Steenbrink et le théoreme de Grothendieck-Riemann-Roch.

THEOREME 0.0.1. Soit C une courbe complexe projective lisse connexe de point générique n, soit
Y une variété compleze projective lisse connexe de dimension pure N, et soit
g:Y —C
un morphisme surjectif de variétés complexes. Supposons qu’il existe un sous-ensemble fini A de

C tel que g soit lisse au-dessus de C — A, et tel que le diviseur Ya soit un diviseur a croisements
normauz stricts dans Y .

Alors I’égalité suivante est vérifiée :

& . - v TA(T,)
(0.0.8) nz:% (—1)" 'htgr,— (H (Yn/cn))—/YpN—l(wwc)Wv

ot le//c désigne le fibré vectoriel sur' Y des 1-formes logarithmiques relatives® :

w)l,/c = Q%//C(log Ya),
ot [Ty] est la classe tangente relative en K -théorie :
[Ty] = [Ty/c] — 9" [Tosc] € KO(Y),

et ou Td désigne la classe de Todd et py_1 la classe caractéristique définie a partir des classes de

Chern par :
N -1 1

5 CN-1T EclcN—l-

PN—-1 :=CN-2 —
Dans le membre de droite de (0.0.8), nous notons :

/ : CH*(Y)Q —Q
Y

lapplication qui envoie une classe @ dans CH"(Y)g sur le degré de sa composante homogene ol

dans CHY (Y)q ~ CHo(Y ).

4. Le produit tensoriel alterné de fibrés en droites de Griffiths (0.0.6), qui joue un réle essentiel dans notre approche,
coincide avec le fibré en droites de BCOV étudié par Eriksson, Freixas et Mourougane dans le cas particulier des
pinceaux de variétés de Calabi-Yau. Eriksson, Freixas et Mourougane en étudient des propriétés métriques, mettant
en jeu métriques de Quillen et torsion analytique, en s’appuyant sur le < théoréme de Riemann-Roch arithmétique > de
Bismut, Gillet et Soulé.

5. Nous utilisons la méme notation que [I1194]. Noter que ce fibré vectoriel ne dépend pas du choix du diviseur A
dans C satisfaisant les conditions ci-dessus.
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La simplicité de I'expression apparaissant dans le membre de droite de (0.0.8) est une conséquence
de l'identité de classes caractéristiques suivante, valable pour tout fibré vectoriel E de rang N — 1 :

N—1
> (=1)P"'pch(APEY) TA(E) = py-1(E)  mod CHZV*!,
p=0
qui apparait comme une version dérivée de l'identité classique :
S (~1)Pch(APEY) TA(E) = ¢, (E),
p=0
valable pour tout fibré vectoriel de rang r; voir par exemple [Ful98, Ex. 3.2.5].
Quand le morphisme g est lisse, la classe dans K°(Y) de w%,\;c = Q%,V/C et [T,] coincident, et
(0.0.8) devient la formule plus simple :

2(N-1)
n— n 1
(0.0.9) > () Mt (B (4,/C) = 35 [ al@elen @)
n=0

Quand le morphisme g n’est pas nécessairement lisse, les restrictions dans K°(Y — Ya) de [T,]
et [w%,\;c] coincident encore, et il existe un cycle a coefficients rationnels V' a support dans Ya tel
que :

Td([T,))

W =1+[V].
Ainsi la formule (0.0.8) peut s’écrire :
2N=1)
(0.010) > (=) 'htgr, - (H"(Y,/Cy)) = 1% /Y ci(wylo)en—1(wyle) + /Y pn—1(wyra)[V].
n=0

Classes caractéristiques des différentielles logarithmiques. La formule (0.0.10) est si-
milaire & (0.0.9), mais son membre de droite contient un second terme qui dépend de la géométrie
du morphisme g au voisinage infinitésimal des < mauvaises fibres > Ya. Ce second terme peut étre
explicité a 'aide de calculs de classes de Chern de fibrés de différentielles logarithmiques relatives.
Nous renvoyons au théoreme 1.3.2 pour plus de détails.

Ces calculs reposent notamment sur le résultat ci-dessous, d’intérét indépendant, concernant les
formes différentielles logarithmiques dans le cas absolu.

Commencons par introduire des notations. Soient X un schéma complexe lisse de dimension
n et F un diviseur réduit a croisements normaux stricts dans X. Notons (E;);c; les composantes
irréductibles de E, et pour chaque sous-ensemble J C I, posons : %

EJ = ﬂEz

i€
C’est un sous-schéma lisse de X de codimension |J|, et nous notons :
iEJ : EJ‘—)X
le morphisme d’inclusion.

Comme dans [Del70, II, 3.4], pour chaque entier positif 7, nous notons E” le sous-schéma de X
de codimension r défini comme la réunion des intersections de r composantes distinctes de E :

E" = U Ej.

JCI,|J|=r

6. En particulier, Ey = X.
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On remarque que pour chaque sous-ensemble J de I, le sous-schéma :
E;nEYM = ) B
iel—J
est un diviseur a croisements normaux dans E .

PROPOSITION 0.0.2. Awec les notations précédentes, pour chaque sous-ensemble J de I, la re-
lation suivante entre classes de Chern totales est vérifiée dans CH*(Ey) :

(0011) C(Qk(log E)\EJ) — C(QlEJ (IOg EJ a) E|J|+1))'
En outre, I’égalité suivante est vérifiée dans CH*(X) :
(0.0.12) c(Q% (log E)) Z ig,«c(Qp,),

JCI

et I’égalité suivante est vérifiée dans CH*(X)q :

(0.0.13) Td(Q (log E)) = Td(QX) [ [ td(—[E:]) ",
iel
ot td(x) désigne la série formelle x/(1 —e™%).

S

Application aux pinceaux de variétés projectives de fibres singuliéres a points
doubles ordinaires. Nous appliquerons notamment le théoreme 0.0.1 au cas ou Y est ’éclatement
d’un schéma complexe H projectif lisse de dimension N, le long d’un nombre fini de points critiques
non dégénérés d’un morphisme

f+H—C.
Dans ce cas, en utilisant un résultat d’Eriksson, Freixas et Mourougane concernant la comparaison
d’extensions de Deligne et ce qu’on appelle les < exposants élémentaires > de fibrés de Hodge dans le
cas de fibres singuliéres & points doubles ordinaires ([EFiMM21, Prop. 3.10]), et en nous appuyant
sur des calculs de classes caractéristiques, nous établirons le théoréeme suivant.

THEOREME 0.0.3. Soient C une courbe complexe projective lisse connexe de point générique 1,
H un schéma complexe projectif lisse de dimension N, et :

f+H—C
un morphisme de schémas complexes. Supposons qu’il existe un sous-ensemble fini X de H tel que
f soit lisse sur H — X et admette un point critique non dégénéré & chaque point de ¥..7

Alors les égalités suivantes sont vérifiées :

2(N-1) 1

0014) X (1" bt (B (H,/C) = 35 [ erl[@0] Ve ([Ry0l) +ux 2,
n=0

et
2(N—1) )

0015) X (=1 bt (B (H,/C) = 35 [ erl[@0 Ve ([Ry0)) + i 2,
n=0

ol uy et u} sont les nombres rationnels définis par :
__ J(BN =3)/24 si N est impair
N N/24 si N est pair,
et :
+  J—(TN—-9)/24 si N est impair
Uy = {N/24 si N est pair.

7. Ce qui signifie que la différentielle de f s’annule et que sa hessienne est non dégénérée & chaque point de X;
autrement dit, que les seules singularités des fibres de f sont des points doubles ordinaires.
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Application aux pinceaux d’hypersurfaces projectives. Soient F un fibré vectoriel de

rang N + 1 sur une courbe complexe projective lisse connexe C, et
7 :P(E):=ProjS*EY — C
le fibré en projectifs associé. Soient de plus Og(—1) le sous-fibré de rang un tautologique de 7*E,
et Og(1) son dual. Une hypersurface horizontale dans le fibré en projectifs P(E) est un diviseur de
Cartier effectif H dans P(E) tel que le morphisme :
mg:H—C
soit plat. Alors ses fibres :
H, := ﬂle(:E), zeC

sont des hypersurfaces dans les espaces projectifs P(E,) ~ PV (C). Leur degré d est indépendant de
x € C, et définit le degré relatif de 'hypersurface horizontale.

Nous introduirons la hauteur au sens de la théorie de l’intersection d’une hypersurface horizon-
tale H. Elle est définie par le nombre rationnel :

(0.0.16) htn: (H/C) ::/ c1(O(1)N N [H] + dNu(E),
P(E)
ol
W(E) := dege. E/rkE = deg(e: (B) N [C])/(N +1)
désigne la pente du fibré vectoriel E sur C.8
Dans cette situation, les sommes alternées de hauteurs de Griffiths (0.0.14) et (0.0.15) se

réduisent & leur terme < en dimension moitié n = N — 1 > en vertu du théoréme de Lefschetz
faible. Nous établirons ainsi le théoréme suivant.

THEOREME 0.0.4. Soient C une courbe complexe projective lisse connexe de point générique 1,
E un fibré vectoriel de rang N + 1 sur C, et H C P(E) une hypersurface horizontale de degré relatif
d, lisse sur C. Si mg n’a qu’un nombre fini de points critiques, tous non dégénérés, alors le cardinal
de l'ensemble ¥ des points critiques vérifie :

(0.0.17) IX| = (N +1)(d — 1)N hty (H/C).
En outre, sous la méme hypotheése, les égalités suivantes sont vérifiées :
WG+ (HY 1 (Hy/Cy)) = Fy (d, N) bty (H/C)

et
htGK,f(HN_l(Hn/Cn» = F_(d,N) htin(H/C),
ot Fi(d,N) et F_(d,N) sont les éléments de (1/12)Z donnés quand N est impair par :

N+l
F.(d,N) = 24;2 [(d — 1)N (7d2N — 7d? — 24N — 2) + 2(d® — 1))
et
N + 1 N 2 2 2

et quand N est pair par :
N+1

F+(d,N) = F_(d,N) = W

[(d—1)N(d°N +2d* — 2dN —2) — 2(d* — 1)] .

8. La normalisation additive par dNu(E) dans le membre de droite de (0.0.16) assure que la hauteur ht; (H/C)
reste inchangée quand on remplace le fibré vectoriel E par E ® L, ou L désigne un fibré en droites sur C : elle ne
dépend que de H comme sous-schéma du fibré en projectifs P := P(E), et non du choix d’un fibré vectoriel E tel que
P ~P(E); cf. la remarque 6.2.3 plus bas.



CHAPTER 1
Introduction

1.1. The Kato height of motives over number fields and the Griffiths height of
variations of Hodge structures

1.1.1. The Kato height of motives. In [Kat14], Kato has introduced a height function
associated to pure motives over a number field K, defined in terms of realizations (p-adic, Betti, de
Rham).

If M is such a motive, say over K = Q, and if Myg denotes its de Rham realization, F'®* MyR its
Hodge filtration, and

gr};MdR = FTMdR/FTJrlMdR

the associated subquotients, Kato considers the one-dimensional K-vector space:
_ T [ 4
(1.1.1) LM) = @), _, (et gry Man)®" =~ Q) (detxF" M),

where 7y denotes an integer such that F™ Myr = Myg-

The R-vector space L(M)g is equipped with a canonical norm, defined by means of Hodge
theory. Similarly, for every prime number p, the Q,-vector space L(M)q, is endowed with a natural
Z,-lattice, defined by means of the p-adic realization of M and of p-adic Hodge theory. Equipped
with these additional structures, L(M) becomes a Hermitian line bundle L(M) over SpecZ, and as
such, admits an Arakelov degree. This degree defines the Kato height of the motive M:

(1.1.2) ht (M) := deg L(M) € R.

This definition is inspired by the definition of the Faltings height of an Abelian variety over a
number field — which is a special instance of Kato’s definition when M is a motive of weight one —
and by Faltings’ proof of the invariance by isogenies of the height of Abelian varieties, which played
a key role in his proof of the Tate conjecture for Abelian varieties over number fields [Fal83].

The specific numerology in the definition (1.1.1) of the K-line L(M) — where the determinant
det g gr, Myr of the r-th subquotient gri, Mar of the Hodge filtration occurs at the tensor power r
— has been actually dictated to Kato by its “compatibility” with the Weil conjectures: as shown
by Kato, the Weil conjectures imply that the height defined as the Arakelov degree (1.1.2) satisfies
an invariance property that generalizes the invariance by isogenies of the height of Abelian varieties
to motives of arbitrary weight.

After Kato’s seminal paper [Katl4], Kato’s heights have been generalized and investigated
by Kato himself [Kat18], by Koshikawa [Kos15] who studied their possible applications to clas-
sical boundedness and semisimplicity conjectures concerning motives over number fields, and by
Venkatesh [Ven18|], who started to explore their relationship to automorphic forms.

1.1.2. The Griffiths line bundle and the Griffiths heights of a VHS over a projective
curve. As pointed out in [Katl8], a forerunner of Kato’s definitions (1.1.1) and (1.1.2) already
appears in Griffiths’ famous work concerning the Hodge structures on the cohomology of complex
projective varieties and the period mapping associated to a family of such varieties.

1
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Recall that an integral variation of Hodge structures (VHS) of weight n € N over a complex
analytic manifold S is a pair:
V= (Vz, f.)7
where V7 is a local system of finitely generated free Z-modules over S, and
FoF=VOF' 2. 2F'2F" =0
is a decreasing filtration by subbundles of the holomorphic vector bundle
V.=V Rzs Ogn,
attached to the local system V7. These data must satisfy the Hodge decomposition condition — so
that for every s € S, the fiber V, := (Vg 5, Fg) is a Hodge structure of weight n — and the Griffiths
horizontality condition (see for instance [Vo0i02, III] or [PS08, Chapter 10]).
To a holomorphic vector bundle V over an complex analytic manifold S, equipped with a finite
decreasing filtration
F*=F':=VOF'D>...DF'"DF"" =0
by subbundles, we may attach the holomorphic line bundle on S:

GKs(V, F*) := (R det F' ~ (X)(det F" /F"1)®",
i=1 r=0

that we will call the Griffiths line bundle attached to (V, F'®).

In particular, to a variation of Hodge structures V. = (Vz, F®) over S as above is attached its
Griffiths line bundle:

(1.1.3) GKs(V) :=GKs(V, F*) = (R)(det F"/FT)=".
r=0

This definition is introduced by Griffiths in [Gri70, Section 7 b)], under the terminology of canonical
line bundle of the variation of Hodge structures. The specific tensor product of powers of line bundles
that appears in the right hand side of (1.1.3) is the same as in the definition of the “Kato line” in
(1.1.1). However it arises in Griffiths’ work for completely different reasons. As shown in [Gri70],
a polarization on the VHS V induces canonical Hermitian metrics on the vector bundles F"/F 1,
and therefore on the line bundle GKg(V). The rationale behind the introduction of the line bundle
(1.1.3) is that the curvature! of GKg(V) equipped with this canonical Hermitian structure is always
a non-negative real (1,1)-form on S.

In particular, when S is a connected smooth projective complex curve C', the degree of this line
bundle:
htcr (V) == dege GKs(V)
— which we will call the Griffiths-Kato height, or simply the Griffiths height, of the VHS V over C'
— is a non-negative integer when V admits a polarization.

1.1.3. The construction of Peters and the Griffiths height of the cohomology of a
pencil of projective varieties. The Griffiths height htgx (V) may be seen as an analog of the
Kato height ht (M), where the number field K is replaced by the function field C(C'), and where
the motive M is replaced by the VHS V over C. As shown by Peters [Pet84], it is actually possible
to extend this definition to the situation where V := (V, F*) is a variation of Hodge structures over
a Zariski dense open subset C of C.

Peters’ construction relies on Deligne’s work ([Del70]) on extensions of analytic local systems
defined on a Zariski dense open subset of a smooth projective complex variety and on Schmid’s
results ([Sch73]) on variations of Hodge structures.

1. or more precisely the first Chern form.
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It naturally arises in two variants, involving a choice of sign and the so-called upper and lower
extensions, and leads to the introduction of some canonical extensions over C', denoted by G ¢ (V)

and GK¢,—(V), of the analytic line bundle GICs (V) over C.?
The associated Griffiths heights will be denoted by:
htar +(V) :=degr GKc, (V) and htgr (V) :=deg G, (V).
The line bundles GK¢ 4+ (V) and GK¢ —(V), and therefore the heights htgx +(V) and htgr — (V)

actually coincide when the local monodromy of V7 at every point of the complement C' — C (which
is automatically quasi-unipotent) is unipotent.

The setting considered by Peters covers the variations of Hodge structures that “arise from
geometry”, namely those associated to a pencil of projective varieties parametrized by C' and to the
cohomology of its fibers.

Indeed consider a smooth projective complex variety X and
f: X—C
a surjective morphism. There exists C as above such that the morphism:
fixs  Xg = Yo — ¢

is smooth. For every n € N, we may consider the VHS H”(X@/Co’) over C, defined by the relative
Betti cohomology in degree n, and the filtration on the relative de Rham cohomology induced
by the relative Hodge-de Rham spectral sequence, then the line bundles GK¢ 1 (H" (X s/ ¢)) and
QICQ,(H”(X@/CO’)) over C, and the corresponding Griffiths heights:

htgx,+ (H" (X /C)) = dege GKc o (H™ (X5 /C))
and:
hter,— (H"(Xp/C)) := dege GKe,— (H (X4 /C)).

These numbers depend only on the generic fiber X,, of f over the generic point 1 of C, and will
also be denoted by htex 4+ (H"(X,,/Cy)) and hter,— (H™(X,,/Cy)).

1.1.4. Concerning the content of this paper. The starting point of this work has been
the observation that, in spite of the significance of Kato’s heights for the understanding of pure
motives over number fields, basically nothing was known concerning them beyond motives of Abelian
varieties. In particular, no explicit computation of these heights was known concerning motives of
weight greater than one® Somewhat surprisingly, the situation is not better concerning the Griffiths
heights htgr + (H"(X,,/C)y)) when n > 2, which constitute their geometric counterparts.

Our aim has been to compute these Griffiths heights htgx +(H"(X,,/C,)), when n > 2, in a
number of significant situations, with a view towards the derivation of similar formulas concerning
Kato’s heights. These formulas for Kato’s heights would constitute some material for exploring
various finiteness conjectures of Kato and Koshikawa ([Kat18, Kos15]).

In this paper, we establish formulas for these Griffiths heights, when n is the relative dimension
of X/C, and when X/C' is a semistable pencil of surfaces, a pencil of hypersurfaces in a projective
space, or a Lefschetz pencil.

Our approach has been inspired by the classical computation by Hirzebruch of the Hodge num-
bers of complete intersections in projective space ([Hir56] and [Hir95, Appendix I]), and by the

2. See section 1.2 below for more details. Peters actually considers only the extension GK¢ 4 (V), for which the
positivity of the Griffiths height in the polarized case still holds. Steenbrink’s theory ([Ste76, Ste77, PS08]) is
naturally related to the extension GK ¢, (V). This discrepancy leads to some mistakes in the published literature,
which are clarified notably in [Kol86], [Mor87], and [EFiMM21].

3. apart from motives constructed by tensor operations from the motive of weight 1 associated with an Abelian
variety.
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recent results of Eriksson, Freixas, and Mourougane concerning BCOV invariants of Calabi-Yau
manifolds of arbitrary dimension ([EFiMM18, EFiMM21, EFiMM22)).*

In the special case of Calabi-Yau manifolds, the alternating tensor product of Griffiths line
bundles, which plays a key role in our computation, coincides with the BCOV line bundle that is
investigated in the work of Eriksson, Freixas, and Mourougane. Our general formulas shed some
light on the remarkable properties of this alternating tensor product when dealing with families of
Calabi-Yau manifolds.

The next sections of this introduction are devoted to the statement of our results. Section
1.2 provides some details on Peters’ construction alluded to above, and could be skipped at first
reading. In the remaining sections, we state our results as equalities of rational numbers, providing
closed formulas for suitable Griffiths heights htgx + (H"(X,,/C))). We shall actually establish these
formulas in a more refined form, concerning the class of the line bundles GK¢ + (H" (X 2/ C)) in the
rational Picard group CH'(C)q of the base curve C.

The next chapters of the paper are organized as follows.

Chapter 2 is devoted to preliminary results, most of them classical, concerning Steenbrink’s
theory. They will allow us to express the line bundle GK¢ 4+ (H" (X 4/ C)) in terms of the higher
direct images of relative logarithmic differentials when the singular fibers of X/C are divisors with
strict normal crossings.

In Chapter 3, we establish various identities concerning the characteristic classes of relative
differentials and relative logarithmic differentials in this situation. We believe that several of these
formulas are of independent interest.

Chapter 4 contains the proof of the first of our main results, the computation of the alternating
sum:

(1.1.4) > (=1)" ' htak, - (H™ (X, /Cy)).-

neN

Besides the results of Steenbrink’s recalled in Chapter 2, this computation relies on the Grothendieck-
Riemann-Roch theorem and on the identities on characteristic classes established in Chapter 3. It
turns out that the specific numerology in the definitions of the Kato line (1.1.1) and of the Griffiths
line bundle (1.1.3), already discussed in 1.1.1 and 1.1.2; leads to remarkable cancellations when
applying the Grothendieck-Riemann-Roch theorem, and allows one to derive some (relatively) simple
formulas for this alternating sum.

In Chapter 5, we give an expression for the alternating sum (1.1.4) in the situation, better
suited to explicit computations, where the singular fibers of X/C' have only ordinary double points
as singularities.

Finally, in Chapter 6, we combine our previous expressions for the sum (1.1.4) with the weak
Lefschetz theorem to derive, in various significant situations, a formula for its middle-dimensional
term htg g, — (H" (X, /Cy)), where n denotes the relative dimension of X/C.

4. The BCOV invariants of Calabi-Yau manifolds equipped with a Kéahler metric are introduced in [BCOV94].
The paper [FLYO08] introduces a normalized version of the BCOV invariant attached to Kéhlerian Calabi-Yau three-
folds which does not depend on the choice of a specific Kéhler metric, and investigates its asymptotic behaviour in
degenerations; see also [Yos15] and [LX19]. The BCOV invariants of Calabi-Yau manifolds of arbitrary dimension
are introduced and investigated in [EFiMM18] and [EFiMM21], and their relation with genus one mirror symmetry
is studied in [EFiMM22].
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1.2. Peters’ construction and the Griffiths height of a variation of Hodge structures
with possible degenerations over a curve

Let C be a connected smooth projective complex curve, let A be a finite subset of C, and let
us denote by:
C:=C-A
the connected smooth algebraic curve defined by its complement.
Let D C C be a subset such that the projection C — C/Z induces a bijection D = C/Z, and
let:
loggixp : C* — 2inD C C
be the inverse of the map exp|g;.p -
For example, we can take as D the subset of C:
D, :={z € Cl0 <R(z) < 1},
or:
D_:={zeC|-1<R(z) <0}.
We shall note log, for logy;,p, , and log_ for logy;,p_-

Let (V, V) be an analytic vector bundle on C with a flat connection.

DEFINITION AND PROPOSITION 1.2.1 ([Del70, II, Prop. 5.4], see also [Kat76, “Key Lemma” p.
547], and [EFiMMZ21, section 2.1]). The bundle with connection (V,V) admits an unique analytic®
extension with logarithmic connection (V,Vp) on C, such that for all x in A, the eigenvalues of the
residue endomorphism Res,Vp € End(Vp,) belong to —D.

Following the convention of [EFiMM21], actually introduced in [Kol86, Section 2] and ex-
panded upon in [Mor87, Section 2|, we shall call this extension the upper (resp. lower) Deligne
extension, if D = D, (resp. D_). Note that the eigenvalues of the residue of the connexion defining
the lower extension are non-negative.

Consider now a VHS on C:

V:= (VZvvwF.)a
where as before F* denotes a filtration of the vector bundle V := V7, ®z,, O%”. According to a result
of Griffiths ([Sch73, Theorem (4.13), a)]), the subbundles (F?),>( are algebraic vector subbundles
of V‘é equipped with the algebraic structure defined by its Deligne extension. 6

Let us denote by (V;, V) and (V_,V_) the upper and lower Deligne extensions of the bundle
with connection (V, V), and for every integer p > 0, by F, and F. the vector subbundles (that is,
the locally direct summands) of V; and V_ over C that extend the vector subbundle FP? of:

Y~ Vﬂé ~ Vf‘é.

The upper and lower Griffiths line bundles of the VHS V on C are defined as the line bundles
over C:
G4 (V) = GKe (D1, Fr) = R)(det Fo /F5Her,
p=0
and:
GKe— (V) = GKe(V_, F") = Q(det F* /F1Hyer,

p=0

5. Since C is projective, the analytic vector bundle with connection (V, V) is actually algebraizable.
6. The algebraic structure of the restriction V4, defined by means of Definition and Proposition 1.2.1 is easily
seen not to depend on the choice of the subset D.
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Finally the upper and lower Griffiths-Kato heights of V are defined as the degree of these line
bundles:

htar 4+ (Vy) == dego(GKo 4 (Vy)),
and:
htgr,— (Vy) := dego(GKc,—(Vy)).

Observe that, by construction, the line bundles GK¢ +(V,) and the heights htgx +(V,) are
unchanged when A is replaced by a larger finite subset of C. They depend only on the restriction
of the VHS V to some arbitrary small Zariski open neighborhood C of the generic point 7 of C, as
indicated by our notation.

Observe also that, when the local monodromy of V7 at every point of A (which is automatically
quasi-unipotent according to a result of Borel [Sch73, Lemma (4.5)]) is unipotent, the upper and
lower Deligne extensions (V,V,) and (V_,V_) coincide, and therefore the Griffiths line bundles
GKc,+(V,) and GK¢ —(V,,) also, and their degree htc i +(V,) and htgx,— (V) as well. In this case,
we shall denote them by GKc(V,,) and htgx (V).

These notions are motivated by the following theorem of Peters, which extends an earlier posi-
tivity result of Griffiths [Gri70]:

THEOREM 1.2.2 ([Pet84, Th. 4.1]). If the VHS V := (Vz, F*) over C is polarized. then the
upper Griffiths-Kato height is always non-negative:

(121) htGK7+(V7]) > 0.

When furthermore the weight of the VHS V is positive, equality holds in (1.2.1) if and only if all the
subbundles FP are flat for V and the local monodromy of Vg at every point of A is unipotent.

It is possible to introduce a variant of the heights htgx (V) and htgx —(V,), namely the
Griffiths-Kato stable height htgk stan(Vy), which is defined as follows (see [Kat18]; this construction
is inspired by the definition of the stable Faltings height of Abelian varieties over number fields.)

For every « € A, using the result of Borel cited above ([Sch73, Lemma (4.5)]), the eigenvalues
of the local monodromy of V at x are roots of unity. We shall denote by r, the lcm of the order of
these roots of unity.

Let C' be a connected smooth projective curve with generic point 7', and let:
c:C'—C

be a finite morphism, such that for all 2’ € 0~1(A), the index of ramification of & in z’ is a multiple
of r4(4r). Such pairs (C’, o) are easily seen to exist. They may be constructed for instance as cyclic
coverings of C.

Pulling back V by o, we get a VHS:
V' = (0" Vg, 0" F*)

over the complement ¢’ := €’ — A’ of A’ := ¢~ (A). By construction, the local monodromy of
Vy := 0*Vy at every point of A’ is unipotent. Therefore we may define:
1
htok siar(Vy) := ——— deg (GK e/ (67V,)).
GK,stab( 17) deg(0) egc (GK o (o n))

This rational number is easily seen not to depend on the choice of the ramified covering (C’, o) and
to satisfy the following inequalities:

htax, - (V) < htar,stan(Vy) < htar 4 (V).

These inequalities are simple consequences of the definition of the upper and lower Deligne extensions
and do not require the VHS V to be polarized.
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1.3. Alternating sums of Griffiths heights and characteristic classes

1.3.1. The main formulas for alternating sums of Griffiths heights. Using the Grothendieck-

Riemann-Roch formula and Steenbrink’s theory, we shall establish expressions in terms of character-
istic classes for the alternating sum of Griffiths heights associated to a pencil of projective varieties
whose singular fibers are divisors with strict normal crossings.

THEOREM 1.3.1. Let C' be a connected smooth projective complex curve with generic point 7, let
Y be a connected smooth projective complex variety of dimension N, and let

g:Y —C

be a surjective morphism of complex varieties. Let us assume that there exists a finite subset A in
C such that g is smooth over C — A, and such that the divisor Ya is a divisor with strict normal
crossings in'Y .

Then the following equality holds:

Q(Nil) n—1 n 1v Td Tg
(1.3.1) n; (=1 htGKv—(H'(Yn/Cn))Z/YPN—l(WY/c)Td(g)l/y]C)),

where wil,/c denotes the vector bundle over Y of relative logarithmic 1-forms”:

wy/c =y (log Ya),

where [T,] is the relative tangent class in K-theory:

[T,] := [Ty,c] — 9" [Tc/c] € K°(Y),

and where Td denotes the Todd class and py_1 the characteristic class defined in terms of the Chern
classes by:
N-1 1

5 CN-1T 56101\/—1-

(132) PN—-1 :‘=CN—-2 —

The occurence of the height htgg —, and not of htgx 4 or htgx stas, in the left-hand side of
(1.3.1) is due to the specific role played by the lower extensions in Steenbrink’s theory.

The class py—_1, defined by the right-hand side of (1.3.2), already appears in a computation of
anomaly in [BCOV94, 5.8].8

In the right-hand side of (1.3.1), we denote by:
/ : CH" (Y)Q —Q
Y

the map that sends a class a in CH*(Y)g to the degree of its homogeneous component oM in
CH™ (Y)g ~ CHy(Y)g.

In particular, when the morphism g is smooth, the class in K°(Y) of wll/\;c = Q%,\;C and [T,]
coincide, and (1.3.1) becomes the simpler formula:

2(N-1)
_ . 1
(133) > (1) e (B (4,/C) = 35 [ al@e)en- @)
n=0

7. We use the same notation as [I1194]. Observe that this vector bundle does not depend on the choice of the
divisor A in C satisfying the above conditions.

8. We were not aware of this reference when completing the first version of this memoir. We are grateful to
Christophe Mourougane for pointing out this reference.
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When the morphism g is not necessarily smooth, the restrictions in K°(Y — Ya) of [T,] and
[w)l,\;c] still coincide, and there exists a cycle with rational coefficients V' supported by YA such that:

Td([T,))
i Ul /] V|
Tawlye) TV
and formula (1.3.1) may be written:
2N-1) )
(134 X (0" o -E/C) = 55 [ aliolevatelio) + [ pvatelioll
n=0

Formula (1.3.4) is similar to (1.3.3), but its right-hand side contains a second term that depends
on the geometry of the morphism ¢ in the infinitesimal neighborhood of the “bad fibers” Ya.

We are going to give a closed formula for this second term, that will be derived by means of an
actual computation of the cycle V. To achieve this, we need to introduce some more notation.

With the notation of Theorem 1.3.1, let us write the divisor Ya (defined as the inverse image
by g of A seen as a reduced subscheme of C') as follows:

Ya=> mD;
icl
where [ is a finite set, and where the m; are positive integers and the D; are pairwise distinct
connected non-singular divisors in Y.
The set I may be written as the disjoint union:
1= L,
zEA

where, for every x € A, I, denotes the non-empty subset of I defined by:
I ={iel|g(D;)={z}}.

Let < be a total order on the set 1.

For every integer r > 1, let D" be the subscheme of codimension r of Y defined as the union of
all the intersections of r distinct components (D;):

pr= ﬂ D;.
JCI|J|=ri€]
For every i in I, let:
iDi D, — Y
be the inclusion map, and
M = NDiY
be the normal line bundle to D; in Y.
Observe also that, for every i € I, the scheme:
D,ND?= U Di;
JEIL,j#i
is a divisor with strict normal crossings in D;. Similarly, for every (i,;) € I? such that i < 7, the
scheme:
Dy N D% = U Dy 0 Dy,
kel—{ij}

is a divisor with strict normal crossings in D;;. We shall also use the notation:

lc)i = Di - Dz n l)2 and lo)ij = Dij - Dij N D3.
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THEOREM 1.3.2. Under the assumptions of Theorem 1.3.1, using the above notation, the fol-
lowing equality holds:

2(N—1)
n— n 1
(1.3.5) > (1 htan - (B (Y,/C) = 75 [ erliolen-a(wlo) + 3 o
n=0 TEA
where for every x in A, oy is the rational number given by the following two expressions®:
(1.3.6)
N -1 . 1 .
Qo = 54— (mi = 1)xtop(Di) + 12 Z (8 —mi/m; —m;/mi)Xuop(Dij)
i€ly (i.9)€EI?,
i<j
(1.3.7)
1 o 1 .
= =5 > [BV = 1) — Dxeop(D2) +/ (N en—2((log D 1D + 7 - xeon(Dyy):
iel, D (i€l
1<J

The expression (1.3.6) for «, involves only the topology of the open strata D; and Dzy of the
fiber g~ (x) and the multiplicities m; of its components D;. The expression (1.3.7) makes clear that
a, belongs to (1/12)Z.

Observe that, when the divisor YA is reduced, that is when the degenerations of the fibers
of g are semistable with smooth components, the variations of Hodge structures H"(Y,,/C,) have
unipotent local monodromy, and formula (1.3.5) takes the simpler form:

2(N—1) ] 1
(138 3 (0" hax(H(%/C) = 33 [ aleielen- @) + (D - D).

n=0

In this semistable situation, using the identification of the lower Deligne extension of the coho-
mology and the logarithmic de Rham cohomology (see Proposition 2.1.2 below), we also have an
isomorphism of line bundles over C:

GRc(H' (Y, /Cp)) = det gy

Moreover, using the unipotence of the local monodromy, Poincaré duality and the existence of an
integral structure on the de Rham cohomology vector bundles as in Proposition 2.5.2, we have an
isomorphism of line bundles over C, up to 2-torsion:

g’CC(H1 (Y,/Cy)) ~ GKc (H2N_3(Yn/cn))‘
Under this assumption of semistable reduction, when N = 3, we also have the relations:
hter (H'(Y,/Cy)) = htar (H (Y, /Cy)) = deg 9*‘*’11//0’

and therefore the equality (1.3.8) becomes an expression for the Griffiths height of the variation of
Hodge structures H?(Y,/C,,) associated to a family of surfaces with semistable degenerations:

COROLLARY 1.3.3. In the situation of Theorem 1.3.1, when N = 3 and when the degenerations
of the fibers of g are semistable with smooth components, the following equality holds:
1

1
(139) htGK(Hz(Yn/C’O)) = 2degg*w}1,/c + ﬁ L Cl(UJ)l//C)CZ(W%//C) - EXtop(_D2 _ D3)

9. By Xtop, we denote the topological Euler characteristic.
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1.3.2. Application to pencils of projective varieties whose singular fibers have ordi-
nary double points. We shall notably apply Theorem 1.3.2 in the case where Y is the blow-up of
a finite number of non-degenerate critical points of a morphism

f:H—C.

In this case, using a result of Eriksson, Freixas and Mourougane’s concerning the comparison of
Deligne extensions and the so-called “elementary exponents” of Hodge bundles in the case of singular
fibers with ordinary double points ([EFiMMZ21, Prop. 3.10]), and computations of characteristic
classes, we shall obtain the following result.

THEOREM 1.3.4. Let C be a connected smooth projective complex curve with generic point n, H
be a smooth projective N -dimensional complex scheme, and let:
f+H—C
be a morphism of complex schemes. Let us assume that there exists a finite subset ¥ in H such that
f is smooth on H — % and admits a non-degenerate critical point at every point of ¥. 10

Then the following equalities hold:

2(N-1)

(1.3.10) Z (-D)" htex,— (H"(H,/C,)) = %2/H01([9}1/0]V)CN—1([Q}1/C]V>"’“Em‘v
n=0

and
2(N-1) )

(1.3.11) > ()" htak  (H'(H, /Cy)) = ﬁ/H01([9}1/0}”01\171([9}{/0]”+UX|E|»
n=0

where uy and uj\} are the rational numbers defined by:

~ {(5N—3)/24 if N is odd

Uy =
N N/24 if N is even,

and:
ot —(TN —=9)/24 if N is odd
N N/24 if N is even.

1.4. The Griffiths height of the middle-dimensional cohomology of a pencil of
hypersurfaces

1.4.1. Families of ample hypersurfaces in a smooth pencil. Applying Theorem 1.3.4 to
the situation where H is an hypersurface in some smooth C-scheme X, and using the weak Lefschetz
theorem (see for instance [Voi03, Theorem 1.29]), we obtain the following somewhat technical result.

PRrROPOSITION 1.4.1. Let C be a connected smooth projective complex curve with generic point
1, X be a smooth projective complex scheme of pure dimension N + 1, and let

m: X —C
be a smooth surjective morphism of complex schemes. Let H be a non-singular hypersurface in X
such that the morphism
mg:H—C

is flat't and has a finite set ¥ of critical points, all of which are non-degenerate. *2

10. Namely the differential of f vanishes and its Hessian is non-degenerate at every point of ¥; in other words, the
only singularities of the fibers of f are ordinary double points.

11. or equivalently, is non-constant on every connected component of H, or has fibers of pure dimension N — 1.

12. Equivalently, the only possible singularities of the fibers (H;),cc are ordinary double points.
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If we denote by L the line bundle Ox(H) on X, then the following equality holds:

(141) 2= [ 1-am) @),
If moreover the line bundle L is ample relatively to w, then the following equalities hold:

(142) htcies (HY " (H,/C,)) = btox (HY " (X/C)) + htax (HV*(X/C)) — hter (HY (X/0))

TS (1= (L) er(Qx/0)e(Qx o) — er(L)en (Qx/0)] + vk [2,

12 [y
and:
(1.4.3) htgx,— (HN1(H,/C,)) = htex (HYH(X/C)) + htex (HN T (X/C)) — htex (HY (X/C))
+ % « [(1 - Cl(L))_lcl(Qﬁ(/c)C(Qﬁ(/c) - Cl(L)CN(Qﬁg/C)} + oy |Z],

where:

L JTN=1)/24 if N is odd

N (N+2)/24 if N is even,
and:

DINEES
N (N +2)/24 if N is even.

B {—S(N —1)/24 if N is odd
In the expressions in the right-hand side of (1.4.1), (1.4.2), and (1.4.3), we denote by c(Q}(/C)
the total Chern class of the vector bundle Q_lx/c of rank N:

c(Qx/0) =1+ (Qx/0) + - +en(Qxe)-

These expressions may be expanded in terms of ¢1(L), c1(Q ¢ ), en(Q ). For instance, (1.4.2)
may also be written:

htGK,+(HN71(Hn/Cn)) = htex (HYH(X/C)) + htgr (HYNT(X/C)) — htar (HY (X/C))
1 o ; 1 N+1 ,
+12jzz:o/xc1(L)Jcl(Q§(/c)CNj(Qﬁ(/C)—IQ/Xcl(L)cN(Qﬁ(/C)_H,E ;/)(Cl(L)jCN+1j(Q§(/C)-

In Annexe A, we show that the hypotheses in Proposition 1.4.1 on the hypersurface H and
the morphism f — namely, H is non-singular, m g is flat, and the critical points of 7y are non-
degenerate — holds for H the hypersurface defined by a generic section of some line bundle L on X,
when L is “positive enough”, namely when the global sections of L on X generate L and the relative
jet bundle Ji(L)x,c. If moreover these global sections separate pairs of points in the same fiber of
m, then the hypersurface H defined by a generic section of L satisfies a slightly stronger condition:
the morphism | admits at most one critical point in each fiber of 7.

1.4.2. Pencils of hypersurfaces in the projective space. As a first application of Propo-
sition 1.4.1, we may study pencils of projective hypersurfaces.

Let F be a vector bundle of rank N + 1 over a connected smooth projective complex curve C,
and let

7 :P(E) := ProjS*EY — C

be the associated projective bundle. We shall denote by Og(—1) the tautological rank one subbundle
of 7 E, and by Og(1) its dual. An horizontal hypersurface in the projective bundle P(F) is an
effective Cartier divisor H in P(E) such that the morphism:

mg:H—C
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is flat. Then its fibers:

H, := 7r‘7Hl($), zel
are hypersurfaces in the projective spaces P(E,) ~ PV (C). Their degree d is independent of = € C,
and defines the relative degree of the horizontal hypersurface.

We introduce the intersection-theoretic height of an horizontal hypersurface H. It is defined as
the rational number:
(1.4.4) ht;n: (H/C) := / c1(Op(1)N N [H] + dNu(E),
P(E)
where
w(E) := degs E/tkE = deg(c1(E) N[C])/(N + 1)
denotes the slope of the vector bundle E over C.13

We will show the following theorem.

THEOREM 1.4.2. Let C be a connected smooth projective complex curve with generic point n, E
a vector bundle of rank N 4+ 1 over C, and H C P(E) an horizontal hypersurface of relative degree
d, smooth over C. If m g has only a finite number of critical points, all of which are non-degenerate,
then the cardinality of the set ¥ of critical points satisfies:
(1.4.5) IX] = (N +1)(d — 1)N hty (H/C).
Moreover, under the same hypothesis, the following equalities hold:
Btarc s (HY 7 (H, /Cy)) = Fi (d, N) bty (H/C),
htcrc— (HY 1 (H,/Cy)) = F_(d, N) htoni(H/C),
and:
bt stap(HY " (Hy/Cy)) = Fetap(d, N) tini (H/C),
where F.(d,N), F_(d,N) and Fsap(d, N) are the elements of (1/12)Z given when N is odd by:
N+1

Fstab(d, N) = W

[(d—1)N(d°N — d*> — 2dN — 2) + 2(d* — 1)],
(N+1)(N—-1)(d-1)N
4 )

(N+1)(N-1)d-1)N
4 )

F+(d, N) = Fstab(d7 N) +

and:
F_ (d, N) = Fstab(dv N) -

and when N is even by:
N+1

FJr(d?N):Ff(d7N):Fstab(d;N) = W

[(d—1)N(d°N + 2d*> — 2dN — 2) — 2(d* — 1)] .

The expression (1.4.5) does not seem to appear explicitly in the literature. However it is a simple
consequence of various known results concerning the discriminant of homogeneous polynomials in
N + 1 variables; see 6.2.3 below.

From Theorem 1.4.2, we can also deduce similar formulas for the Griffiths heights of the primitive
middle-dimensional cohomology.

Indeed, it follows from Lefschetz’s weak theorem that for every integer n < N — 1, the VHS
H"(Hc-a/C—A) on C—A (where A denotes the set of critical values of the morphism 7z ) is trivial.
Namely its underlying flat vector bundle is trivial, and its Hodge filtration also. Consequently its
Griffiths line bundle is trivial.

13. The additive normalization by dNu(E) in the right-hand side of (1.4.4) ensures that ht;n: (H/C) is unchanged
when the vector bundle F is replaced by £ ® L for some line bundle L over C" it depends only on H as a subscheme of
the projective bundle P := P(FE), and not on the actual choice of a vector bundle E such that P ~ P(E). See Remark
6.2.3 below.
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Using the Lefschetz decomposition of the VHS HY ~}(Ho_A/C — A) and the easily checked fact
that the Griffiths line bundle of a direct sum of VHS is isomorphic to the tensor product of their
Griffiths line bundles, we obtain the equalities of rational numbers:

htGK i(Hi)\']f‘ZT}L( n/Cn)) = htGK,ﬂ:(HNil(Hn/Cn))v
and:
htex,stas (HD ok (Hy /Cy)) = bt stas(HY 7 (H, /C)),
hence, under the hypothesis of Theorem 1.4.2:

bt ot (Hpy i (Hy /Cy)) = Fi(d, N) htine (H/C),

prim
and:
htGK,Stab(Hpr'Lm( n/C )) = stab(d N) htmt(H/C)

Let us point out that the intersection-theoretic height ht;,;(H/C) is non-negative when d > 2.
This follows from equality (1.4.5). The constants Fiq(d, N) and F4 (d, N) are easily checked to be
non-negative, as predicted by Peters’ inequality (1.2.1).

However, for any given value of d > 2, the constant F_(d, N) is negative when N is large and
odd, and the height htgr — (H 1 (H,/C,)) may be negative.

prim

1.4.3. Linear pencils of hypersurfaces. Another case in which we can apply Proposition
1.4.1 is the case of linear pencils of hypersurfaces.

Let V' be a connected smooth projective complex scheme of pure dimension N > 1, and let H
be a non-singular hypersurface in V' x P! such that the morphism

pr1|H.H—>V

is dominant, or equivalently surjective, and let § be its degree. The line bundle Oy yp1 (H) on V x P!
is isomorphic to the line bundle

priM @ pryOpi(9),
where M denotes some line bundle over V', which is unique up to isomorphism.
ProrosITION 1.4.3. With the above notation, let us assume that the morphism
prog i H — P!

is surjective, and has a finite set ¥ of critical points, all of which are non-degenerate.
Then the cardinality of 3 satisfies:

DI /V (1— ex(M))2e(@).

Furthermore, if the line bundle M on 'V is ample, the following equalities of integers hold:**

_1\N+1
bt (Y~ (H, /BL)) = 2 /V (1 — e (M) 2er(@)e(@b) + T ) obls

12 12
and:

N-1 1 g —2 1 1 (_1)N+15 _
bt~ (Y1 (H, /P3) = 15 [ (1= e1(00) 2@ )e(2}) + 5 xiap(V) + v 12,
where v}; and vy are the rational numbers defined in Proposition 1.4.1.

14. We use the notation introduced at the end of 1.1.3 with C := P!,
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1.4.4. Lefschetz pencils. Proposition 1.4.3 applies notably to Lefschetz pencils.

Let V' be a connected smooth projective complex scheme of pure dimension N > 1, embedded
into some projective space P", of dimension r > max(NV, 2).

Let A be a projective subspace of dimension r — 2 in P" that intersects V transversally, and let
P C P™V be the projective line in the dual projective space P™V corresponding to A by projective
duality.

Let us denote by:
v:Py — P"
the blowing-up of A in P". If V denote the proper transform of V' by v, the restriction:
ik V-—V
may be identified with the blowing-up in V of ANV, which is smooth of dimension r — 2.
The projection of center A:
P"—A— P
extends to a smooth morphism of complex schemes:
p: ]INDR — P.

Recall that the pencil of hyperplanes in P™ containing A — in other words the pencil of hyperplanes
defined by P — is said to be a Lefschetz pencil with respect to the subvariety V' of P when the
morphism:

Py V-—P

has a finite set X of critical points, all of which are non-degenerate, and when the restriction
pr:X— P

is an injective map.

As a simple instance of Proposition 1.4.3, we shall establish the following result, which notably
applies to Lefschetz pencils:

COROLLARY 1.4.4. With the above notation, let us assume that the morphism:
Py V-—P
has a finite set ¥ of critical points, all of which are non-degenerate.
Then the cardinality of ¥ satisfies:

(1.4.6) |E|:/V(lfcl((?v(l)))’%(ﬂ%/)-

and the following equalities hold:

N—1/77 1 -2 1 1 (-1 N +
(147) Wars (B T/ Py) = 15 | (=e(Ov(0) e (@)l + 5 —xian(V) +0K 5],
and:

N—1/77 1 -2 1 1 (=Nt -
(148) Wtr~(EY T/ P) = 35 [ (1= (Ov () e (@ )el@h) + 55— i (V)05 5]

The expression (1.4.6) for the number of critical points in a Lefschetz pencil is established by
Katz in [SGA73, Exposé XVII, cor. 5.6]. 15

15. In loc. cit., the right-hand side of (1.4.6) is shown to be the product of the degree of the Gauss map and of
the degree of the dual hypersurface associated to V.
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1.5. Griffiths heights and Calabi-Yau manifolds

We conclude this introduction by some observations about the special forms taken by our for-
mulas concerning Griffiths heights when applied to Calabi-Yau manifolds. This sheds some light
on the significance of the assumption of being Calabi-Yau in the investigation of BCOV invariants,
which have already been mentioned in 1.1.4 above.

1.5.1. Pencils of Calabi-Yau manifolds. Let us consider a pencil of projective varieties:

g:Y —C

as in Theorems 1.3.1 and 1.3.2, and assume that the smooth fibers of the morphism g are Calabi-Yau
manifolds. In other terms, for every point z in C' — A, we assume that the canonical line bundle:

det Q%,w ~ (det W}l//c)‘yz
of the fiber Y, := g~ !(z) is trivial.

The coherent sheaf g, det w,l/ e is torsion free on C, hence locally free. Over C'— A, it coincides

with the relative Hodge bundle HY~19(Yo_a/C — A), and therefore it defines a line bundle over
C that we shall denote by:

L := g, det w)l,/c.
The tautological “evaluation morphism” between line bundles over Y:
g*L — detwy, /c

is an isomorphism on Y — Y. If we denote by V' the divisor in Y defined by the vanishing of this
morphism, it defines an isomorphism:

(1.5.1) gL = (detw%,/c)(—V).
From the isomorphism (1.5.1), we deduce an equality in CH*(Y):
(1.5.2) cl(w%,/c) =g (L) + [V].

Moreover the support of the divisor V is contained in the support of YA, and the divisor V can be
written:

(1.5.3) V=> uD,
i€l
where for every 4 in I, v; is an integer.

Using (1.5.2) and (1.5.3), we obtain the equality of integers:

/Y e1(wh6) en1(wh o) = /Y (¢ er(D) + [V]) exo1 (@b o),

:/Yg*Cl(L)CN—l(lez/c)Jrzvi/D CN—l(Wil//cm,-),

iel
(1.5.4) = (deg L) /Yn cN_l(Q%/n) + ;vi /Di en—1(Qp, (log D; N D?)),
(1.5.5) = (=DM (deg L) x1op(¥y) + (=1)V 7 D vi xuop(Di),
iel

where in (1.5.4), we have used Proposition 3.1.5 below, and in (1.5.5), xtop(Yy) and Xtop(D;) denote
respectively the Euler characteristic of a general fiber of the morphism ¢ and of D;. !¢

16. Sce for instance Theorem 4.2.2 below for the equality: xtop(D;) = (—1)NV 1 Ip. CN—l(QlDi (log D; N D2)).
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Consequently, inserting (1.5.5) in the right-hand side of the equality (1.3.5) in Theorem 1.3.2,
we obtain the following expression for the alternating sum of the Griffiths heights of a pencil of
Calabi-Yau manifolds, which may be seen as a geometric version of the BCOV invariant:

2(N-1)
(1.5.6) > ()" Mtk - (H(Y,/Cy)) = fdeg<g* detwy /o) Xiop(Yn) + D Bas
n=0 rEA

where, for every x in A, 3, is the rational number given by:

1 5 1 .
693 = EZ[g(N_l)(ml_l)_vz] Xtop(Di)‘i‘ﬁ Z (S—mz/mj _mj/mi)xtop(Dij)-
i€ls (4,§)€I2,i=5

Observe that, in the right-hand side of (1.5.6), the first term only depends on the general fiber
of Y and on the line bundle “of modular forms” L := g, det wy Nl and the second term only depends
on the geometry of an infinitesimal neighborhood of the singular fibers.

When N = 3 and when the smooth fibers of g are K3 surfaces, and when the singular fibers are
semistable 17 with smooth components, formula (1.5.6) becomes:

1
(1.5.7) htx (H?*(Y;,/Cy)) = 2deg guwy/c — 2Xt0p(D — D?) + — ZU, Xtop (D

161
where:
wy,c =~ det w,l//c
denotes the relative dualizing line bundle of the morphism g.

Indeed, in this situation, the Griffiths heights in the left-hand side of (1.5.6) vanish if n # 2,
and:

Xtop(Yn) = 24;

see for instance [Huy16]. One may actually expect to obtain a more explicit expression of the last
two terms in the right-hand side of (1.5.7) when the degenerations of Y/C' are Kulikov models; see
[Huy16, Chapter 6, §5].

1.5.2. Lefschetz pencils on a Calabi-Yau manifold embedded in a projective space.
Let us adopt the notation of Corollary 1.4.4, and let us assume that V' is a Calabi-Yau manifold,
namely that the line bundle det Q!, on V is trivial.

Under this assumption, we have the equality in CHl(V):
C1 (Q%/) = 0,

and using it in equalities (1.4.7) and (1.4.8) of Corollary 1.4.4 yields the following expressions for
the Griffiths heights of the middle-dimensional cohomology of a Lefschetz pencil on a Calabi-Yau
manifold:

o~ -1 N-1
b+ (Y 7/ P)) = 2 oo (V) + o 3,
and:
N—1/77 (—)N-1 -
htgr,— (H (Va/Pp)) = TXtOP(V) +vylZl.

In particular, these Griffiths heights only depend on some basic invariants of V' and its Lefschetz
pencil, namely the Euler characteristic of V' and the number of critical points of the pencil.

17. namely, when all the multiplicities m; equal 1.
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1.7. Conventions and notation

If X is a scheme of finite type over some field k, Z is a closed subscheme of X, locally complete
intersection in X, and if ¢ : Z — X is the inclusion map and « is a class in CH*(X), we shall denote
by:

az =i
its image by the Gysin morphism:
i*: CH"(X) — CH*(Z).
We shall use this notation only when both X and Z are smooth over k.

If X is a smooth k-scheme of pure dimension N, where N is a non-negative integer, we denote

by:
/ : CH” (X)Q — Q
X
the map that sends a class @ in CH"(X)g to the degree of its homogeneous component ol in
CHY (X)g ~ CHo(X)q.

If X is a complex scheme (separated and of finite type), we denote by xiop(X) the topological

Euler characteristic of the complex analytic space X (C).






CHAPTER 2

Variations of Hodge structures associated to pencils of
complete varieties with DNC degenerations: Steenbrink’s
theory and elementary exponents

2.1. Steenbrink’s theory and logarithmic Hodge bundles

Let C be a connected smooth projective complex curve, let A C C' be a finite subset, and let:
C:=C-— A,
be its complement in C. Let also Y be a smooth complex manifold, and let:
g:Y —C

be a proper complex analytic map, that is relatively projective, locally (in the analytic topology)
over C, and such that the complex analytic map

Gy, Y = ) —cC
is smooth (that is, a complex analytic submersion).
Furthermore, let us assume that the divisor
Ya =g 1(A)
is a (not necessarily reduced) divisor with strict normal crossings, i.e. it can be written »_ a;D;,
i

where the (D;); are smooth divisors that intersect transversally.

DEFINITION 2.1.1 (see for instance [Kat71]). Let Qi (logYa) be the (analytic) sheaf of differ-
entials with logarithmic singularities. The sheaf on Y :
Q50 (log Ya) := Qy (log Ya) /Tm(g* Q¢ (log A) — Q5 (log Ya))
is called the relative sheaf of differentials with logarithmic singularities. By taking local coordinates
near a point of Ya, one can check that this is a locally free sheaf.

We also define the relative logarithmic de Rham complex:
QYo (logYa) := /\.Q%f/c(log Ya),
with the differential induced by the one on the complex j*Q;/é by restriction and quotient, where
J:Yea=Y-Yan —Y
denotes the inclusion morphism.

The relative logarithmic de Rham cohomology sheaf in degree n is defined as the analytic co-
herent sheaf on C':

Hieg(Y/C) := R" 9.5, (log Ya).

For simplicity’s sake, we will write w§, . for Q5 /C(log YA) as in [I1194]. Note that this sheaf
does not depend on the choice of A provided that g is smooth over C'— A; non-singular fibers in Ya
would not contribute to it.

19
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Also note that we have a relative logarithmic Hodge-de Rham spectral sequence:

(2.1.1) Ey? = Rig.wy,o = RPH g0y o

The restriction to C' of this spectral sequence is the classical Hodge-de Rham spectral sequence
of the smooth morphism:

Ilyg Yé — CD'
This sequence degenerates at the first page (see for instance [Del68, Th. (5.5)]).
Consequently, for every integer n, there is a filtration (FP?)o<p<yp of the vector bundle:

H'(Ye/C) = RTL!]\YC«*Q;%/C“ ~ R"gy,..C @c Og

on 60’7 such that for every integer 0 < p < n, the subquotient F?/FP*! is isomorphic to

n—p ¥4
R g\YéQyé/éa

and is locally free.

Finally, applying the functor g, to the short exact sequence of complexes of sheaves on Y:
0 — g"Q(log A) ® wy o [-1] — O3 (log Ya) — wy)c — 0,
we obtain a long exact sequence whose connecting homomorphism defines a logarithmic connection:
Vieg : R"guwy /. — R"guwy. )0 ®0, Qe (log A),

whose restriction to C' is the Gauss-Manin connection.

The following results are simple consequences of Steenbrink’s theory.

PROPOSITION 2.1.2. For all m > 0, the lower Deligne extension to C of the relative cohomology
bundle H" (Y /C) with the Gauss-Manin connection is precisely the relative logarithmic de Rham
cohomology ’H{log(Y/C) = R"g*w;,/c equipped with the logarithmic connection Vieg. In particular

log(Y/C) is locally free over C.

Also, denoting by (a;)ier the multiplicities of the components of Y, the eigenvalues of the residue
of the Gauss-Manin connection are in the set {Z= |i € I,0 < j; < a; — 1}, and the monodromy
endomorphism at every point of A is quasi-unipotent.

ProoFr. By [Ste76, Th. (2.18)], for all n > 0, the sheaf R”g*w;,/o is locally free on C.

By [Kat71, VII] (applied to the bundle M := Oy, equipped with the connection given by the
differential d, and to the trivial extension M = Oy equipped with the differential d), we obtain that
the only possible eigenvalues of the residue in A of the logarithmic connection Vi, are in the set
{2—1 |ie I, 0<j; <a;—1}. In particular, all the eigenvalues have their real part in [0, 1].

Using the definition of the lower Deligne extension and the fact that the monodromy in a point
x € A is given by:

T, = exp(—2w¢leeswV10g),

this gives the result. ([l
PROPOSITION 2.1.3. The relative logarithmic Hodge-de Rham spectral sequence (2.1.1) degener-
ates, and for all p,q > 0, the sheaves ng*wf,/c are locally free on C. Consequently, for all (p,n)

such that 0 < p < n, the p-th subquotient of the Hodge filtration Fiog on the relative cohomology
bundle Hi,, (Y/C) given by the spectral sequence (2.1.1)satisfies:

g (R'guwy)c) = R*Pguwy o
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In particular, the vector bundles FP on C are algebraic vector subbundles of H"(Y@/CO’) endowed
with the algebraic structure defined by means of its Deligne extension.!

PRrROOF. By [Ste77, Th. (2.11)], for all p, ¢ > 0, the sheaves EY? := ng*wf,/c are locally free.

The restriction of the spectral sequence (2.1.1) to C is the classical relative Hodge-de Rham
sequence, which degenerates at the first page. This means that the differentials of the sequence
(2.1.1) d59 . ERY — ELT2971 vanish on C, hence everywhere by local freeness of the sheaves EL?.
So the relative logarithmic Hodge-de Rham spectral sequence degenerates.

The second statement follows by definition of the spectral sequence.

For the third one, from the GAGA theorem applied on the projective manifold C, we have

that the analytic vector bundles }'lf)g are algebraic subbundles of the Deligne extension R"g.w} /C

of H" (Y / ), hence their restrictions to C' are algebraic with respect to the same algebraic structure.
O

PROPOSITION 2.1.4. For every integer n > 0, letting n be the generic point of C, the lower
Griffiths line bundle of the relative cohomology VHS H™(Y,,/C)) exists and is given by:

Glo, - (H"(Y,/Cp)) = Q) (det R" Pg.cl, )P,

0<p<n

PROOF. Let n be a non-negative integer. Using Proposition 2.1.2, the lower Deligne extension
of the vector bundle H" (Y /C) on C equipped with the Gauss-Manin connection coincides with the
relative logarithmic cohomology /Hfgg(Y/ C) ~ R"g.wy, e equipped with the logarithmic connection

Vieg-

Using Proposition 2.1.3, for every integer p > 0, the vector bundle F? on C is an algebraic sub-
bundle of the vector bundle H" (Y /C) endowed with the algebraic structure defined by R"g.ws, Nl
and its extension in the vector bundle R"g.ws, /C is the vector bundle F?

log 8lven by the logarithmic
Hodge-de Rham exact sequence.

Consequently, the lower Griffiths line bundle is given by:

GKc,— (H"(Y,/Cy)) = Q) (det Fi, /Fioy ),

log log
p=>0
= ® (det R”*”g*wf,/c)@p using Proposition 2.1.3. O
0<p<n

2.2. Elementary exponents of a degeneration

In this section, we recall the formalism of the elementary exponents of a normal crossing degen-
eration, as developed in [EFiMMZ21, Sections 2.2 and 2.3].

Let D be the unit complex disk with coordinate ¢, let Y be a smooth complex manifold, and let
g:Y —D

be a projective morphism such that the fiber Y is a (not necessarily reduced) divisor with strict
normal crossings.

1. This also follows from [Sch73, Theorem (4.13), a)]. Observe that the algebraic structures defined by the upper
and lower Deligne extensions of a vector bundle with connection on ¢ actually coincide.
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Let us consider a semistable reduction diagram, i.e. a commutative diagram of complex manifolds

(2.2.1) ) (R T

by

D —2-D
where I is a copy of the unit open disk with coordinate t, o is the map sending t’ to t"* where [ is
some integer, Y’ is a smooth N-dimensional complex manifold, ¢’ is a morphism such that the open

subscheme Y’ — Y] of Y’ is isomorphic to the fiber product (Y — Yp) xp« D™, and such that Yy is a
reduced divisor with strict normal crossings.

Such a diagram exists by the “semistable reduction theorem” ([KKMSD73, Chapter II]).
For every pair of integers (p, ¢), we can consider the coherent sheaf R7g,w} D (resp. RigLwy., /D,)

on D (resp. D), which is locally free using Proposition 2.1.3. Both locally free sheaves have the
same rank, given by the Hodge number of a general fiber:

WP = hP9(Y,,).
DEFINITION 2.2.1 ([EFiMMZ21, Def. 2.5]). Let p,q > 0 be integers. With the above notation,
the map of locally free sheaves on I given by the pullback of forms:
0" Rig.wy p — Rigiwy,
induces an isomorphism on D'*, so it is injective and its cokernel is an Op -module of the form

p,q
B Ov /" Op),
1<j<hva
where (bf’q)lgjghp,q is a family of integers, unique up to order.

The elementary exponents of the (p, ¢)-Hodge bundle are the rational numbers:

pPoa 1 hP1
(Oé?’q)lgjghp,q = JT S (lZ) .
1<j<hpa

We also define rational numbers by:

pPd — Z b;_?,q’

1<j<hra
»q
Pl — § : a:}?,q:bz; )
1<j<hra

Note that these numbers do not depend on the choice of the coordinates t',t.

PROPOSITION 2.2.2 ([EFiMMZ21, Lemma 2.4]). For all integers p,q, the integers (b5%); are all
in {0,...,1 — 1}. Consequently, the elementary exponents (a?’q)j are all in {0, %, - I*Tl}
Moreover, the elementary exponents do not depend on the choice of the semistable reduction

diagram.
The elementary exponents are related to the eigenvalues of the monodromy.
Let oo be a point in D*, and n > 0 be an integer. As in [Ste77, (2.8)], we can equip the fiber
(R"9:C) oo ~ H" (Yoo, C)

with a mixed Hodge structure. Let us denote by F3 the associated Hodge filtration, not to be
confused with the classical Hodge filtration (F*) on the same space.

Using [Ste77, Th. (2.13)], the semisimple part of the monodromy:
T, H(Yao) =5 H™(Ya)



2.3. COMPARISON OF GRIFFITHS LINE BUNDLES AND ELEMENTARY EXPONENTS 23

conserves the mixed Hodge structure, hence the filtration F3 .

PRrOPOSITION 2.2.3 ([EFiMMZ21, Cor. 2.8]). For every pair of integers (p,q) with p+ q = n,
letting (a?’q)j be the elementary exponents of the (p,q)-Hodge bundle, the complex numbers

(exp(~2ima?));

are precisely the eigenvalues (counted with multiplicities) of the endomorphism Ts acting on the
subquotient FE /FPHL.

This proposition yields a new proof that the elementary exponents do not depend on the choice
of the semistable reduction diagram.

We can also use them to compare the determinant line bundles of the Hodge bundles.

PROPOSITION 2.2.4. With the same notation, the canonical isomorphism of line bundles on D'*:

o* det R%g,.Q — det Rg, 0,

P
Y Yo /D Y] /D

can be extended into an isomorphism of line bundles on ID':

(o* det ng*wf,/D) ® Op ({0})®

ap'q ~

— det ng;wf,,/m,.

ProOF. This follows from the multiplicativity of the determinant line bundle applied to the
exact sequence of coherent sheaves on ID':

0— U*ng*wf,/m — ng;we,/ml — @ Op /(1" Op) — 0. O
1<j<hp.a

2.3. Comparison of Griffiths line bundles and elementary exponents
Let C be a connected smooth projective complex curve with generic point 7, A be a finite subset
of C', which we also see as a reduced divisor, Y be a smooth N-dimensional complex scheme, and
g:Y —C

be a projective morphism which is smooth over C:=C- A, and such that YA is a divisor with
strict normal crossings. As before, we shall denote:

Ve =g '(C)=Y —Ya.
For every point = in A, let [, be an integer such that there exists an open disk D centered in x
with a coordinate ¢ that identifies it with the unit open disk, such that the restriction
g :Yp:=g (D) —D
and the morphism
o:D — D, t —s ¢l

where I is a copy of the unit open disk with coordinate ¢’, can be inserted into a semistable reduction
diagram of the form (2.2.1).

Let C’ be a connected smooth projective complex curve with generic point 7', and
c:C'—C

be a finite morphism satisfying the following condition:

(2.3.1)
For every «' in = *(A), the ramification index vy of o in 2’ is a multiple of the integer ly(y).

In particular, for every integer n, the monodromy of the bundle o*H" (Y / C ) with the connection
given by the pullback of the Gauss-Manin connection, is unipotent at every point of o=1(A).
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For n an integer, let V™ be the vector bundle with connection H"(Y@/CO') on C, and F*V" be
its Hodge filtration.

Let V", (resp. V"_) be its upper (resp. lower) Deligne extension to C.

We know that the vector bundle with connection o*V"™ on:
C=C"— o7 HA)

has unipotent local monodromy at the points of A’ := o71(A), so we can consider its Deligne
extension o*V" to C'.

Using Proposition 2.1.3, for every integer p, the vector subbundle FPV™ on C is an algebraic
subbundle of the vector bundle V" endowed with the algebraic structure defined by means of its
lower Deligne extension V" _. As the algebraic structures defined by the upper and the lower Deligne
extensions actually coincide, the vector subbundle FPV" on C is also an algebraic subbundle of the
vector bundle V" endowed with the algebraic structure defined by its upper Deligne extension V" .
Consequently, we can consider the extension FPV" (resp. FPV"_) in the vector bundle V" (resp.
V7 _) of the vector subbundle FPV™ in V™.

Similarly, we can consider the extension o* FPV" in a*V", over C'; of the subbundle o* FPV™ in
a*V" over C'.

For all integers p, ¢, and for every x in A, let (af'})1<j<rg(rra(y,)) be the elementary exponents
of the (p, q)-Hodge bundle at point x, and let a?>? be their sum.

Let us define a divisor on C' with rational coefficients by:
AP = Z ol x}.
TEA
ProrosiTiON 2.3.1. With the above notation, for all integers p, n, the identity map of line
bundles on C':
o det(FPY" /FPTIV™) — o* det(FPV"/FPTIY™)
can be extended into an isomorphism of line bundles on C’:

o det(FrYn_ /FrHiyn_) @ Oc/(c" AP"7P) ~ det(o* FPVY™ /o* FrHlyn),

Note that even though AP""~P is a divisor with only rational coefficients, its pullback by o nec-
essarily has integral coefficients.

PROOF. It is enough to show this locally around a point 2’ in o ~1(A). Let r,+ be the ramification
index of ¢ at 2/, and x be the image of 2’ by o.

Let D be an open disk centered in x with a coordinate t that identifies D with the unit open
disk, and let D' be an open disk around z’ with a coordinate ¢’ that identifies I’ with the unit open
disk, such that o(D') C D and that we have the equality of functions on D

o¥t =1t

Using condition (2.3.1), the integer r,s can be written 7'l,, where ' > 1 and [, is an integer such
that we have a semistable reduction diagram

(Y]D))N - o Y]D)

i(gn)” \Lgﬂ?

Dl/ ‘7% D
where ¢’ is the elevation to the power [,.

Let
7:D — D’
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be the elevation to the power 7', so that we have the equality of morphisms:
O'l oOT = O'lD/ .

Using Proposition 2.1.2, and the fact that (gp)” is semistable, i.e. that the fiber (Yp){ is a reduced

divisor with strict normal crossings, we obtain that for every n > 0, the monodromy of the vec-
" N . . . .

tor bundle Rn(gD)\(YD)”f(YD)g*Q(YD)”f(YD){)’/D”f{O}’ with the Gauss-Manin connection, is unipotent.

Consequently, the upper and lower Deligne extensions on )" coincide and are compatible with base

change by ramified morphisms.

Consequently, the extensions of the subquotients in the lower Deligne extensions are also com-
patible with base change. So using Proposition 2.1.3, we obtain, for all integers p, n, an isomorphism
of vector bundles on D':

(2.3.2) T R (gn) Wy, p = 0F FPVT [gF FPEIYR

that extends the canonical isomorphism on D' — {z'}.

Using Proposition 2.2.4, we have an isomorphism of line bundles on D":
(O'/* det Rnipg]])*w%)/m) (24 O]D)H ({0})®l“L

that extends the canonical isomorphism on D” —{0}. Pulling it back by 7 and using the isomorphism
(2.3.2), we get an isomorphism of line bundles on DV':

(0" det R" Pgp.wy, p) ® Op ({a'})*"

p,n—p
aiE

~ det Rnfp(gD);’wé’YD),,/D,,,

p,n—p
aI

~ 7',* det Rnip(gD);/w?YD)///D//

~ det(c* FPY" [o* FPT1Yn),

Using again Proposition 2.1.3, this can be rewritten as an isomorphism of line bundles on D':
o* det(FPY"_ [FrHiyn_) @ O ({z'})®7= """ ~ det(c*FPV" Jo* FPHIYN)

that extends the identity map on D’ — {z'}. Using this extension for every 2’ in 0~1(A) shows that
there is an isomorphism of line bundles on C’:

(o* det FPY™_ [FPHIYn ) @ Ocn D rwal{Pa} | = det(oFFPVT [or PRIV,
' €a—1(A)

that extends the canonical isomorphism on C’.

The wanted isomorphism follows, using the fact that for every 2’ in o=1(A), the multiplic-
ity of the divisor o*AP"~P at 2’ is exactly ry o ’(Zf)p (which is an integer because the rational
1
x’) la(z/)

condition (2.3.1)). O

number o ’("_

P is in Z by definition, and because the integer 7,/ is a multiple of [,y by
PROPOSITION 2.3.2. For all pair (p,n) of integers such that 0 < p < n, the identity map of line
bundles on C':
o* det(FPY" /FPTIV™) — o* det(FPV" /FPTIY™)
can be extended into an isomorphism of line bundles on C':

o* det(FPV?  [FPHIVn ) @ Oci (—o* AN D= (N=D=(n=P)y _; det(o* FPV" [o* FPHIYN),

PRrROOF. Using Poincaré and Serre duality, for every integer n, the vector bundle V" on C is
isomorphic to the dual of the vector bundle V2V =1=" and for every integer p, the subquotient:

van/F;DJern ~ Rnfpg*Qg’/é
is identified to the dual of the subquotient
F(Nfl)7pv2(N71)7n/F(N71)7p+lv2(N71)7n ~ R(N*l)f(nfp)g*ﬁgllc\“/—l)_p.
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As the duality exchanges the upper and lower Deligne extensions, we obtain an isomorphism of
vector bundles on C":

van+/Fp+1Vn+ ~ (F(Nfl)fpv2(N71)fn7/F(N71)7p+lv2(N71)7n7)\/

that extends the canonical isomorphism on C ; hence, pulling back by ¢ and taking the determinant
line bundle, an isomorphism of line bundles on C’:

o det(FPY7, JFPHIVn ) ~ g% det(FIN-D-pY2(N=1)=n_ /p(N-1D)=p+1)2(N=1)=n_)V

that extends the canonical isomorphism on C’.
Applying Proposition 2.3.1 to the integers p’ := (N — 1) —p, n/ := 2(N — 1) — n, we obtain an
isomorphism:

o* det(FIN-D-pY2(N-T)=n_ /p(N-1)=p+1}2(N-1)=n_) & O(U*A(N—l)—n(N—l)—(n—p))

~ det(o-*F(Nfl)fpVZ(Nfl)7n/0*F(Nfl)prerQ(Nfl)fp)
that extends the canonical isomorphism on c’ ; and consequently, an isomorphism:
o* det(FPyn, [FrHIyn ) @ O(—g* AN =P (N=1)=(n=p))

~ det(U*F(N—l)—pV2(N—1)—n/O-*F(N—l)—p+lv2(N—1)—n)V

that extends the canonical isomorphism on C’.

Applying Poincaré and Serre duality again to the vector bundle ¢*V2(N=1)=" op C’ and its sub-
quotient g* F(N=D=pP2(N=1)=n jox p(N=1)=p+1)2(N=1)=n and using that duality sends the (upper
or lower) Deligne extension on C’ of this subquotient to the (upper or lower) Deligne extension of
its dual, we obtain an isomorphism:

(0*F(Nfl)fpVZ(Nfl)7n/o-*F(N71)7p+1v2(N71)7n)V ~ O—*Fan/U*Feran,

that extends the canonical isomorphism on c’.
This shows the result. O

ProrosiTIiON 2.3.3. With the same notation, for all integers p,n, the identity map of line
bundles on C':
det(FPV"™ /FPTIY™) —s det(FPV™/FPHIV™)
can be extended into an isomorphism of line bundles on C':
det(FPYn_ JFPHIYR ) @ Op (AP P 4 AN=D=p(N=1)=(n=p)) _, Jet(FPV7 , [FrHiyn ).
In particular, the coefficients of the divisor AP"—P 4 ANN=D=p.(N=1)=(n=D) gre jntegers.

PRrROOF. Combining the isomorphisms of Propositions 2.3.1 and 2.3.2 yields an isomorphism of
line bundles on C’:

o* det(vanf/Feranf) ® Ocr (U*(Apm—P + A(N—l)—p,(N—l)—(n—p))) ~ g* det(FpV"+/Fp+1Vn+)
that extends the canonical isomorphism on C'.

This canonical isomorphism is exactly the pullback by o of the canonical isomorphism on C , SO
that this isomorphism has an extension to C' as wanted. O

Now, we can apply these results to compute Griffiths bundles.

PROPOSITION 2.3.4. For every integer n > 0, we have isomorphisms of line bundles on C':

(2.3.3) 0" G, (H"(Y,/Cy)) @ Ocr | Y po*AP™ P | ~ GKer (o H™ (Y, /Cy)),

0<p<n
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(2.3.4)

U*QICC7+(H"(YW/C7,)) ® OC' _ Z pO.*A(Nfl)*P,(Nfl)*(nfp) ~ g’CC/ (U*Hn(Yn/Cn)),

0<p<n

and an isomorphism of line bundles on C':
(2.3.5)

G, (H"(Y,/Cy) @ Oc | Y p(AP"P 4 AND=pIN=D=(0=0)) | &~ G (H'(Y,,/Cy)).-

0<p<n

Proor. This follows from Propositions 2.3.1, 2.3.2 and 2.3.3 and the definition of Griffiths
bundles. ]

COROLLARY 2.3.5. For every n > 0, we have the equalities in CHy(C):

c1(GK e+ (H' (Y, /Cy))) = er(GK e, (H"(Yy/Cy))) + D p([AP"7] 4 [AN D= (N0 =(imn]),

0<p<n
= 3 pealBPgel,0)+ Y plAM )4 [AN DTNV
0<p<n 0<p<n

hence the equalities of integers:

htex 4+ (H"(Y,/Cy))) = hter,— (H" (Y, /Cy))) + Z pdeg (AP"TP + A(N_l)_p7(N_1)_(n_p))a

0<p<n

= Z pdegc(Rn_pg*wf,/C)—i— Z pdeg (AP P 4 AN=D=p,(N=1)=(n=p)).

0<p<n 0<p<n

and we also have the equalities of rational numbers:

htax stan(H™ (Y, /Cp)) = htgr — (H* (Y, /Cy)) + > pdege(AP"P),
0<p<n

= Y pdege(R gl o)+ S pdega(APT).

0<p<n 0<p<n

PROOF. The first four equalities follow from the isomorphism (2.3.5) in Proposition 2.3.4 and
Proposition 2.1.4.

For the last two equalities, by definition of the stable height, using the isomorphism (2.3.3) in
Proposition 2.3.4 and Proposition 2.1.4, we have the equalities of rational numbers:

htGK,stab(Hn(Yn/Cn)) = @ degC'(gICC’ (U*Hn(yﬂ/cn>)a

1
[ degc, g*g]CC7_(Hn(Yn/Cn)) ® OC/ Z pO'*Ap’nfp :

deg(o) =
= degc(ch,,(Hn(Yn/Cn))) + Z pdegC(Ap,n—p)’
0<p<n
= Z pdege (R Pguwy o) + Z pdega(AP"TP). O

0<p<n 0<p<n
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2.4. Comparison of Griffiths line bundles in the case of non-degenerate critical points

2.4.1. Non-degenerate critical points and elementary exponents. Let C be a connected
smooth projective complex curve, let H be an N-dimensional smooth projective complex manifold,
and let:

f+H—C
be a complex analytic morphism whose only critical points are non-degenerate. Let X be the set of
these critical points and A := f(X) be its set-theoretical image by f.

We can rephrase the hypothesis as the divisor in H:
HA = f*A
having only finitely many singularities, all of which are ordinary double points.
Let
v:Y:=H—H
be the blow-up of these points and
g:=fov:Y —C

be the composition. For every point P in ¥, let us define a subscheme in Y by:
Ep=v~'({P}),

so that the (Ep)peys are the connected components of the exceptional divisor E. In particular, they
are disjoint divisors isomorphic to the complex projective space PV—1.

Let us define a divisor in Y by:
YA = g*A = V*HA.

Since the divisor Ha has its only singularities at points of X, and since all of these singularities are
ordinary double points, its pullback divisor YA can be written as follows:

(2.4.1) Ya=2> Ep+W

Pex
where W is the proper transform in Y of the divisor Ha in H: it is a non-singular divisor inter-
secting transversally the components (Ep) pes; of the exceptional divisor, and for every point P, the
intersection Ep N W is a smooth quadric in the projective space Ep.

In particular, the divisor Ya is a divisor with strict normal crossings.

This section is devoted to the proof of the following result.

ProOPOSITION 2.4.1. With the above notation, for every x in A and p, q integers, all the elemen-

tary exponents (a?’i{)j of the degeneration g at point x vanish unless N —1 is even and p = g = Y=L,

2
If N — 1 is even and p = ¢ = Y=L, precisely |X,| of the (ad); are equal to 3, and the other
ones vanish.

In particular, the rational number o9 vanishes unless N —1 is even andp = q¢ = N=1 “in which

9
case it is equal to £|S,].

In other terms, the divisor AP*9 with rational coefficients in C' vanishes unless N —1 is even and
p=q= %, in which case it is given by:

N—-1 N-1

1
AT = S hE).

This proposition is stated in [EFiMMZ21, Prop. 3.10], but only proved there in the case where
each fiber of the morphism f contains only one critical point. In Subsection 2.4.2 below, we present
an argument, which was explained to us by the authors of [EFiMM21], that reduces the proposition
to this special case.
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COROLLARY 2.4.2. For every integer n, we have the equality in CHo(C)g:

N -1
(24.2) c1(GK e+ (H"(Hy /Cy))) = e1(GKc,— (H" (H, /Cy)) + 6™~y 5 f+[5l,
_ D N— N -1
(2.4.3) — Z pei (R Pguwl ) + 0 N 177NTf* 3],
0<p<n
hence the equality of rational numbers:
n n n,N— N-1
(2.4.4) hta,+ (H" (Hy/Cy))) = bt - (H" (Hy/Cp))) + 0N~y =3
N -1
(2.4.5) = Z pdegC(Rn_pg*wg/C) + 6”’N_177NT\2|;
0<p<n
and we also have the equality of rational numbers:
, , _ N -1
(2-4-6) htGK,stab(Hn<Hn/Cn)) = htGK,f(Hn(Hn/Cn))) + 5N 1nNT|E\
n— n,N— N-1
(2.4.7) = Z pdeg(R pg*wf,/c) + 6N 117NT|Z\,
0<p<n
where ny is 1 if N is odd and 0 if N is even.
PrROOF. For n an integer, using Proposition 2.4.1, the sum in CHy(C)g:
Z p([AP"7P] 4 [AN =P (N=1)=(n=p)])
0<p<n
vanishes unless n = N — 1 and N — 1 is even, and in this case, it is equal to
N -1 N—1 N-1 N—1 N-1 N -1
S (AT AN = S
So for every integer n, we obtain the equality:
N -1
S (A7) (AN DRy Nty S )

0<p<n
Similarly, for every integer n, we obtain the equality in CHy(C')q:
N -1
D> PP = 5ty = L)

0<p<n

Replacing these equalities in Corollary 2.3.5 yields the result.

29

O

2.4.2. Proof of Proposition 2.4.1. Let x be a point in A. As the proposition is local around
x, we can replace the curve C' by the unit open disk D with coordinate ¢, the point « by 0, and
assume that f is smooth over D* := D — {0} and that the fiber Hy admits only ordinary double
points as singularities. In particular, the only critical points of the morphism f are the points in

3., we shall simply call this subset .

Let us introduce a copy I’ of the unit open disk with coordinate t’, let us define an analytic

morphism by:
o:D —D, t—t?
and let us define the fiber product:

(2.4.8) H =Y xpD —>Y

7

D——% =D
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Let us define the following divisors in the singular analytic space H':

E}p:=p*Ep,P €Y,

E' = | | Ep,

Pex
and:
W' = p*W.
Using (2.4.1), we get the equality of Cartier divisors in H':
(2.4.9) 2H) = p*Yy = 2E' + W'.

Let us consider the normalization of the singular analytic space H':
7Y —H !
and the composition:
hi=g om:Y —D.
Since the morphism ¢ is smooth on the open subset Y — E C Y, the morphism ¢’ is smooth on

the open subset H' — E' C H’, in particular the analytic space fI " — E' is non-singular, and the
morphism 7 induces an isomorphism between Y/ — 7=*(E’) and H' — E'.

The cokernel of the canonical injective morphism of O g,-modules
¢ :0q, — Oy
is supported by the closed subset E’, so we can write it as follows:
Coker(yp) = @ Fp,
Pes
where for every point P in X, Fp is a coherent sheaf supported by the closed subset E.
The proof of Proposition 2.4.1 shall rely on the following three lemmas.

LEMMA 2.4.3. The three following statements hold.
(i) The morphism
h:Y' — D
defines a semistable reduction of the morphism g; namely the analytic space Y' is non-singular and
the fiber Yy := h=1(0) is a reduced divisor with strict normal crossings in Y.

(ii) For every integer p, the canonical isomorphism of vector bundles on Y. :

(pom) 0l

4
Y /D* >y

B /D7
extends into an isomorphism of vector bundles on Y':
(po w)*w{}/D — wg,/D,.
(iii) For every point P in X, the Og,-module (¢'*t")Fp vanishes.
PROOF. The three statements can be proved in local models of H' and of Y’. We shall only

show them in a local model of H' near a point of Ep NW' and a local model of Y’ near a point of
7 Y(E% NW') (where P is a point in ¥) when N > 2, which is the most complicated case.

Let P be a point in 3. Near a point of Ep N W, we can choose a local coordinate system
(y1, ., yn) of Y, such that the divisor W is defined by (y; = 0), the divisor Ep is defined by
(y2 = 0), and satisfying the equality of functions:

gt =195
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Consequently, near a point of E,NW’, the analytic space H' admits coordinates (g"*t’

subjected to the relation:

ap*ylu sy p*yN)u

9"t = (0"y1) (p"y2)*.

The local model is that of the product of a “Whitney umbrella” singularity by CV~2.

Finally, near a point of 7=1(E% N W’), the analytic space Y’ admits a local coordinate system
(z,(pom)*ya, ..., (pom)*yn) satisfying the relations:

h*t' = z(pom)*ys
and:
(pom) s = 22

In particular, the analytic space Y’ is smooth, and the divisor 7*W' in Y is of multiplicity 2, which
allows us to define a divisor by (1/2)7*W’ (defined by (z = 0) in the above local model). We also
have that the morphism h is smooth over D’*, and that the divisor Yj in Y’ can be written:

(2.4.10) Yg=> mEp+(1/2)r W,
PeXx

where the divisors (7*E%) pex are disjoint and non-singular, where the divisor (1/2)7*W’ is non-
singular, and intersects transversally the divisors (7*E%)pes.

Consequently, the degeneration h is semistable, which shows (i).

It clearly suffices to prove (ii) when the integer p is 1. In the above local models, the locally free
sheaf w}l,/D on Y is generated by ([dy1/v1], [dy2/y2], [dys], ..., [dyn]) modulo the relation [dy; /y1] +
2[dy2/y2] = 0, hence it admits a local frame ([dya/y2], [dys], ..., [dyn])-

On the other hand, the locally free sheaf w%,,/D, on Y’ is generated by ([dz/z], (p o m)*[dy2/y2],
(p o m)*[dys],...) modulo the relation [dz/z] + (p o 7)*[dy2/y2] = 0, hence it admits a local frame

((pom)*[dyz/yz], (pom)*[dys], ...).
The canonical morphism of sheaves on Yy,.:

*xM1 * 1 1 1
(pom) QYD*/D* ~ (pom) Wy /DY T QYD’,* /D= = Wy oy,
is compatible with these local frames, hence extends into an isomorphism on Y”, which shows (ii).

For (iii), in the above local models, the Oy,-algebra m,Oy- is generated by z, subjected to the
relations:
g/*t/ =z (p*yz)
and:
* 2
p Y=z
Consequently, the O g,-module 7,0y~ is generated by the powers of z. For every even integer r, the
element 2" is contained in Oy,, so this module is generated by the odd powers of z.

Let 7 be an odd integer, we have the equality of elements of the algebra 7, Oy:
(g/*t/> ZT — Zr+1 <p*y2) c Oﬁ]/;
Consequently, the O j,-submodule (¢"*t") 7, Oy of m, Oy~ is contained in Op,. By definition of the

morphism ¢, the element (¢’*¢') is in the annihilator of its cokernel Fp, which shows (iii). |

LEMMA 2.4.4. For every pair of non-negative integers (p, q), the cokernel of the natural injective
map of coherent sheaves on I :

uP? J*ng*wff/]]) — th*wi;///D/

is isomorphic to the coherent sheaf:

@ Rig (Fp® p*wf,/D).
Pes
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PRrROOF. Tensoring the following exact sequence of coherent sheaves on H':
0—>0Hi>7r*0y/ — @.Fp—)(),
PEY
by the locally free sheaf p*w’;m, and using the projection formula, yields an exact sequence of
coherent sheaves on H':
(2.4.11) 0— p*wf,/D —s ma(po w)*wf,/D — @ Fp® (p*w’;/D) — 0.
Pex

Using Lemma 2.4.3, (ii), we have a canonical isomorphism of vector bundles on Y”:
(po W)*wf,/D — wfﬂ/D,.
Hence replacing in (2.4.11), we obtain an exact sequence of coherent sheaves on H':

(2.4.12) 0 — p'wl py — T, i — €D Fp @ (p"wl ) — 0.
Pex

The higher direct images of (2.4.12) by the morphism ¢’ fit into the following long exact sequence
of coherent analytic sheaves over I’ (with the convention that R™1g/, = 0):

(24.13) ... — @ R g (Fp® p*we/D) — ng;(p*wpy/m) — ng;(ﬂ*wpy,/m/)
prPex
— @ Rig. (Fp® P*w];,/D) — Ryl (p*wf,/D) — ..
Pex

Since the morphism o is flat, by base change using the commutative diagram (2.4.8), we obtain
the following isomorphisms of coherent sheaves on I':

Rig.(p*wy ) = 0" Riguwh) .
and:
Rty (P*wg/m) =~ U*Rqﬂg*wff/m'
These sheaves are locally free on I’ by Proposition 2.1.3.

On the other hand, since for every point P in X, the coherent sheaf Fp on H' is supported on
E’, the coherent sheaves @ p s, R, (Fp ® p*wg/D) and @pey R gL (Fp @ p*wg/D) on IV are
clearly supported by the point O.

Consequently, the connecting morphisms in (2.4.13) vanish, and (2.4.13) induces a short exact

sequence of coherent sheaves on ID':
(2.4.14)

0 — Rigi(p"wy p) = 0" RIguw}, p, —> RigL(mwhy, p,) — @ Rig.(Fp® p*wy,p) — 0.
Pex
Furthermore, the normalization morphism 7 is finite, so its higher direct image functors on

coherent sheaves vanish. Using the spectral sequence of composed functors, we can rewrite the
second sheaf in (2.4.14):

Rig! (W*w{l,/D,) ~ th*wf,//m,.
Under this identification, the second arrow in the diagram (2.4.14) is precisely u”?. So we obtain
that its cokernel is the coherent sheaf on I given by:
Coker uP*? ~ @ Rig,(Fp ® p*wy p),
PeX

which concludes the proof. |
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LEMMA 2.4.5. The isomorphism class of the coherent sheaf on IV, supported by {0}:
Rig,(Fp® p'wiyp),

where (p,q) is a pair of non-negative integers and P is a point in X, only depends on the integers
N, p, and q.

PROOF. For every point P in X, we can construct local models of neighborhoods of E in H'
and of 7~1(E%) in Y’, that only depend on the integer N, as follows.

Since the morphism f admits a non-degenerate critical point at P, we can choose an analytic
coordinate system (z1,p,...,zn,p) on a neighborhood Up of P in H, defining a morphism inserted
in a commutative diagram:

UP*N>UC(CN

f

D
where U is some fixed neighborhood of 0 in CV (for instance the open polydisk of radius /1/N
centered in 0), and fj,. is the morphism sending (z1, ...,zx) to 23 + ... + 2%

Taking the blow-ups of Up at P and of U at the origin, we obtain a commutative diagram:

Vp —=V

g|\v.

D

where Vp is a neighborhood of Ep in H, V is an analytic manifold that only depends on N, containing
a divisor Ej,. identified with Ep, and g;,. is an analytic morphism that only depends on N.

Taking the fiber product of the morphisms gy, and gjoc with the morphism o, then taking the
normalizations of the resulting analytic spaces, we obtain a commutative diagram:

Wp‘N>W

iﬂ—wl’ lﬂloc

~ Ploc
VF’) EEEAEFE, VANLELT, V4

/\ lg{oc lgloc
9|V}/D

D—2->D

where V}, (resp. Wp) is a neighborhood of El (resp. 7~ (E%)) in H' (resp. Y'), V' (resp. W) is an
analytic space (resp. manifold) that only depends on N, containing a divisor EJ, (resp. m,,}(E),.))
identified with F} (resp. 7 '(E))) via the isomorphisms, and moc, g),., and pi are analytic
morphisms that only depend on N.

The morphism of coherent sheaves ¢y, on V} is identified via these isomorphisms with a
morphism of coherent sheaves on V':
Ploc - OV’ — 7Tloc*(DVV-
Let Fioc be its cokernel: it is a coherent sheaf on V' supported on Ej ., that only depends on N,
identified via the isomorphisms with Fp.

Similarly, for every integer p, the locally free sheaf (p*wy. /D)‘VF/, on V} is identified with the
locally free sheaf pj, w?, /p On V', which only depends on N.
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Consequently, for every pair of integers (p, q), it follows from the commutativity of the diagram,
and from the fact that the coherent sheaf Fp ® (p*wy, /D) is supported on E%, hence on V}, that we

have an isomorphism of coherent sheaves on I':
Rig,(Fp® p*wy ) = Rig.(Fp ® p*wy ) vy
=~ nggoc*(J—:lOC ® pfocwe/m)v
so that this coherent sheaf only depends on the integers N, p, q. O

PROOF OF PROPOSITION 2.4.1. Using Lemma 2.4.3, (i), and the fact that 7 is an isomorphism
over D'*, the commutative diagram:

v Ly

b
D —2->D
is a semistable reduction diagram. Therefore, according to the definition of elementary exponents,
for every pair of integers (p, q), the elementary exponents (a?”g ); can be described in terms of the
cokernel of the injective map u?*? from Lemma 2.4.4. By this Lemma, this cokernel is isomorphic to
the coherent sheaf:

@ Rig.(Fp® p*wf,/D).
Pex
Using Lemma 2.4.3, (iii), for every point P in ¥, the coherent sheaf Fp on H’ is annihilated by the
function ¢g*t', hence can be written ¢ gé*]-"l’g, where FJ, is some coherent sheaf on H, and ¢ i1y 18 the
inclusion map.
This implies that the cokernel of uP? is isomorphic to the coherent sheaf:
@ H(Hy, Fp & (p"wy p) 715 )0s
Pex.
where (.)o denotes the skyscraper sheaf on 0 in ) associated with a vector space.
We can rewrite this coherent sheaf as:
P (O (¢ Op)) " T ),
Pex
Pq

7,z
Z hi(Hy, Fp ® (" w¥p) i)
Pes

Hence by definition of the elementary exponents («’});, there are precisely

of them that are nonzero, and all of these are equal to 1/2.

Using Lemma 2.4.5, the number:
h(Hy, Fp @ (P"wy ) 1)

only depends on the integers N, p, ¢, and we shall denote it ¢§;?. Consequently, the number of nonzero
elementary exponents is [X|.ch?.

If there is only one critical point in the fiber,? the argument in [EFiMM21] shows that the
number of nonzero elementary exponents is 0 unless N — 1 is even and p = ¢ = (N — 1)/2, in which
case it is 1. Consequently, the integer ¢ is 0 unless N — 1 is even and p = ¢ = (N — 1)/2, in
which case it is 1, and we obtain in general that all the elementary exponents vanish unless N — 1 is
even and p = ¢ = (N — 1)/2, in which case precisely || of them do not vanish, and they are equal
to 1/2. O

2. An instance of this situation actually exists for every choice of N > 1. Consider for instance the hypersurface
X2+ + X% =tX2in PN xD.
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2.5. Poincaré duality and Griffiths line bundles of cohomology in complementary
degrees

We return to the notation of Section 2.3. Namely, let Y be a smooth projective complex scheme
of pure dimension N, C' be a connected smooth projective curve, and
g:Y —C
be a surjective morphism that is smooth over C:=C- A, where A is a finite subset of C, and such
that the divisor Ya is a divisor with strict normal crossings. Finally we denote:

Yo =g HC)=Y — Ya.

Let 1 be the generic point of C.
Let n be an integer such that 0 <n < 2(N —1).

For every point  in A, let (af,); be the reunion over the pairs (p, ¢) such that p + ¢ = n, of
the elementary exponents (a?)’g)jypyq of the (p, ¢)-Hodge bundle of the degeneration g at the point z.
Let o be their sum, and let us define a divisor in C' with rational coefficients by:

A" = Z ar{z}.
zEA
Observe that with the notation of the previous sections, this divisor is also given by:
Ar= > AP
P,q20,p+q=n

Let 7 be the least common multiple of the denominators of the rational numbers (af)zea, so that
rA™ is a divisor with integral coefficients.

LEMMA 2.5.1. With the above notation, the line bundle on C:

(det H™ (Y /C)_)®" @ Oc(rA™)

is of 2-torsion.

PROOF. Let us denote simply V the complex analytic vector bundle H" (Y / C) on C. It has an
integral structure, associated to Betti cohomology with Z-coefficients, so its determinant line bundle
is of 2-torsion, and we have an isomorphism of line bundles on C:

¥ Op — (det V)®2,
that sends 1 to (vy A ... Avs)?, where (vq,...,vs) is any local integral frame of the vector bundle V.

Let = be a point of A, let U be a neighborhood of = with a local coordinate t centered in z, let
o0 be a point in U — {z}, and let vy, ..., vs be an integral frame of the vector space V.

Let T be the monodromy automorphism on V,, around the point . As the divisor Y, in Y is a
divisor with strict normal crossings, using Proposition 2.1.2, this automorphism is quasi-unipotent.

As in the construction of the lower Deligne extension (see [Del70, II, Prop. 5.4], [Kat76, “Key
Lemma” p. 547], and [EFiMMZ21, section 2.1]), let B_ be the only automorphism on V., whose
eigenvalues have their real parts in | — 1,0], and satisfying the equality,

eQer, =T

As the automorphism 7 is quasi-unipotent, these eigenvalues are rational numbers.
By Proposition 2.2.2, the elementary exponents (a7} ,); are all in [0, 1], and by Proposition 2.2.3,
they satisfy that the (e~ 2"%j.x) j are the eigenvalues of the monodromy T'.

Consequently, the eigenvalues of the automorphism B_ are exactly the (—a},);.
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By definition of the lower Deligne extension, we have an isomorphism of vector bundles on U:

X : Voo ®c Ov — (V) v,
such that on every point ' in U with coordinate ¢(2’), an integral frame of V,. is given by:
(XI,(er(log(t(ﬂv’))—log(t(OO))).U].))j7

depending on a choice of logarithm of ¢(z’) and of ¢(c0).
Observe that adding a multiple of 2im to log(t(z')) —log(t(c0)) multiplies the basis by e*75- =T,
which conserves the integral structure.

Let 2’ be a point in U with coordinate ¢(z'), and let us choose a logarithm log(¢(z')) and a
logarithm log(t(c0)). By definition of the morphisms ¢ and x, the image of 1 by the morphism of
vector spaces

(det x;')®2 0 %" 1 C — (det Voo )®?",
is given by:
((det X;/1)®2r ° w?r)(l) _ (eB, (log(t(:)(:'))7log(t(oo)))v1 AA 6B, (log(t(z'))flog(t(oo)))US)QT

= det (P~ (oa(t@))—log(t(NN)2r (1) A A vg)?"
= (327‘tr(Bf(log(t(w'))—log(t(oo)))).(v1 A Avg)?
_ e2r(log(t(m’))—log(t(oo)))tr(B,).(,Ul AL /\US)2T

(2.5.1) = 2r(log(t(@))—log(t(o2)) £ (=03a) (y) A .. A v)2"
_ ¢~ 2r(oa(t(x)~log(t (o)) (1, A A )2

(2.5.2) = (t(2") /t(00)) 2% (vy A ... A ).

The equality (2.5.1) holds because the eigenvalues of the automorphism B_ are exactly the (—a7 ,);;
(2.5.2) holds because ra is an integer. Observe that this expression does not depend on the choices
of the logarithms log(¢(2")) and log(¢(c0)).

Consequently, the section ((det X_1)®2’"ow‘%r_{m})(l) over U—{z} of the line bundle (det V. )®?"®
Oy admits a pole of order 2ra? in z.

Since x is an isomorphism of vector bundles, the section 1/)%’“7 {z}(l) of the line bundle

(det Vir—(2)) " =~ (det V,)]X’sz{w}
also admits a pole of order 2raJ} in z.

Consequently, the isomorphism of line bundles " on C can be extended into an isomorphism
of line bundles on C:

PET_: Oc(=2r Y aifz}) = Oc(-2rA™) — (det V_)®",
TEA
so that the line bundle on C:

(det H™ (Y /C) )®" @ Oc(rA™)
is of 2-torsion, as wanted. O
Now, let us show the main result of this section.
PROPOSITION 2.5.2. With the same notation as in Lemma 2.5.1, the line bundle on C:
GK e, (HXVD71(Y, /)" & GK o (H (Y, /Cp)®~" & Oc(—r(N — 1)A")

is of 2-torsion.
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Moreover, if the local monodromy at every point of A of the VHS H"(Y@/CO’) on C is unipotent,

then so is the local monodromy of the VHS H2N=D="(Y,, /C), and the line bundle on C':
G (H V7MY, /Cy)) © GKe (H" (Y, /Cy))”

is of 2-torsion.

PROOF. Let us denote by F*H" (resp. F*H>WN-1-7) the Hodge filtration by locally direct
summands on the vector bundle H"(Y/C) (resp. HXN-D=n (Y, /C)).

Using Poincaré and Serre duality, we have an isomorphism of vector bundles on C:

pn : HN DT (Y /C) — 1 (Ve /€)Y,
that sends, for every integer p, the subbundle FPH2N=1=" into the orthogonal subbundle:
(FN=PH™)L c 1™ (Y /O)Y.
Consequently, for every integer p, this isomorphism induces by restriction and quotient an isomor-
phism:
502 . gr;;zHQ(N—l)—n N (FN—prn)J_/(FN—l—prn)J_ ~ (grgflfpf}_ln)\/.

Recall that the duality of vector bundles exchanges the upper and lower Deligne extensions, therefore,
the isomorphism ¢, can be extended into an isomorphism of vector bundles on C"

P HAV-D=0(Ye /O), — (H(Ye/O) )Y,

that sends for every integer p, the subbundle FPH2(N-1-n, into the subbundle (FN-PHn" )L,
hence induces an isomorphism by restriction and quotient:

oh gr%+H2(N_1)_”+ — (grgjl_pﬁ_)v.
By definition, the upper Griffiths line bundle on C of the VHS HQ(N_l)_"(Yé/CQ') on (' is given by:

ch7+(H2(N71)*n(Yn/Cn)) = @(det gr%+ HQ(N71)7n+)®P
p

~ ®(det grgflfpﬁ,@_p using the isomorphisms (£5),,

PEL

~ ® (det gr% Wﬁ)@p/,(Nfl)
p'€ N

@ 70 o (@ )
p'EZL =/

~ GKo, (H"(Y,/Cy)) @ (det H™ (Y /C) _)®~ V=Y,
Consequently, there is an isomorphism of line bundles on C:
GK e+ (HXND7(Y, /C)) ® GKe,— (H™ (Y, /Cy))Y ~ (det H™(Y/C)_)
Using Lemma 2.5.1, the line bundle on C"
(det H(Ye/C)_)®" @ Oc(rA™)
is of 2-torsion. Consequently, the line bundle on C:
g’CC,Jr(Hz(N_l)_n(Yn/Cn»@T ® QICQ,(H"(Y,,/C”))@(_T) ® OC(_T(N - 1)‘4”)
~ (det H™(Y/C) )8 =D @ O¢(—r(N —1)A™),
~ [(det H"(Y5/C)_)®" & O (rA™)]®~ N1,

is of 2-torsion, as wanted.

®—(N-1)
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For proving the second assertion in Proposition 2.5.2, we use that the isomorphism ¢,, is also
compatible with the connections of both VHS, hence with their local monodromy. If the local
monodromy at every point of A of the VHS H"(Y/ C) is unipotent, so is the local monodromy of
the dual VHS H"(Y@/CO’)V, and so is the monodromy of the VHS H2(N_1)_"(Yé/é’).

Finally, applying the first part of the proof with A™ = 0 and r = 1, we obtain the last assertion
in Proposition 2.5.2. |



CHAPTER 3

Characteristic classes of relative differentials and of
logarithmic relative differentials

In this chapter, we establish various results relating the Chern classes of sheaves of differentials,
and vector bundles of logarithmic differentials. These results will be used in Chapter 4 to derive
Theorems 1.3.2 and 4.2.3 from Theorems 1.3.1 and 4.2.1, and are also of independent interest.

The statements of our results are gathered in Section 3.1. The following sections, which contain
their rather technical proofs and will not be referred to in the remainder of this paper, could be
skipped at first reading.

3.1. Comparing Chern classes and Todd classes of differentials and logarithmic
differentials

3.1.1. Chern classes of differentials and of logarithmic differentials: the absolute
case. Although we are ultimately interested in characteristic classes of sheaves of relative differen-
tials, we shall first prove the following results in the absolute case.

Let X be a smooth n-dimensional complex scheme and let E be a reduced divisor with strict
normal crossings in X. Let us denote by (F;);cr the irreducible components of E, and for any subset
J C I, let us define: !

EJ = ﬂ Ei~

i€J
It is a smooth subscheme of codimension |J| in X, and we shall denote by:
iEJ : EJ‘—)X
the inclusion morphism.

As in [Del70, II, 3.4], for every non-negative integer r, we denote by E” the subscheme of
codimension r of X defined as the union of the intersections of r distinct components of E:

E" = U Ej.
JCI,|J|=r
Observe that for every subset J in I, the subscheme:
E;nEVIT = U Eyougy
iel—J
is a divisor with normal crossings in E;.

ProrosiTION 3.1.1. With the previous notation, for every subset J of I, the following relation
holds between total Chern classes in CH*(Ey):

(3.11) o(h (08 F)yi,) = (@, (log £, N EVI).

1. In particular, Ey = X.

39
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Moreover the following equality holds in CH*(X):

(3.1.2) (1o B) = 3 i, (),
JCI

and the following equality holds in CH*(X)g:

(3.1.3) Td(Q (log ) = Td(2) [ t(~[E]) ",

i€l
where td(x) denotes the formal series x/(1 —e™*).

The relation (3.1.2) may be reformulated as the following equalities, where r denotes an integer
such that 0 < r < n:

(3.1.4) (Qx(logE) = Y i 5(Qp,).
JCI,|J|<r

3.1.2. Notation. For the rest of the statements, let us adopt the following notation.

Let Y be a connected smooth projective complex scheme of pure dimension N, let C be a
connected smooth projective complex curve, and let

g:Y —C

be a surjective morphism that is smooth outside of YA, where A is a reduced divisor in C.

Let us assume that the divisor Ya is a divisor with strict normal crossings, and let us write it

D = Zm,-Di,

iel

as:

where [ is a finite set and for every i in I, m; is a positive integer, and where D; is a smooth
connected divisor such that the (D;);c; intersect each other transversally.

As before, for every subset J of I, we denote:
Dy :=()Ds,
i€
and for every integer r > 1, we define the subscheme:
pr= |J D
JCI,|J|=r

The subscheme:

D;nDYH = | ] Dy
iel—J

is a divisor with normal crossings in D .
For every element ¢ in I, we denote by

Ni == Np,Y =~ Oy (D;)p,

the normal vector bundle of the smooth divisor D; in Y.
Let < be a total order on I.
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3.1.3. Normal bundles to the strata D; and Chern classes.

ProOPOSITION 3.1.2. For every non-empty subset J in I, we have the equality of total Chern
classes in CH*(Dy):

(3.1.5) (wY/C\DJ) (QD (log Dy N Dm“))

PROPOSITION 3.1.3. Let i be an element in I, we have the equality in CH(D;):
mict(NG) = — Y my[Dyl,
jel—{i}

where Dyj := Dy; 53

COROLLARY 3.1.4. Let i be an element in I and let 3 be a class in CH*(D;), we have the equality
in CH*(Y):

miiDi*(Cl( ) N B Z ijDu*ﬁlD,J
jer—{i}

COROLLARY 3.1.5. Let (i,j) be a pair in I? such that i < j.

We have the equality in CH'(D;;):
(3.1.6) mict(Nyp,,) +mict(Njp,) == Y me[Digsl,

kel—{i,j}

where Dij = Dy j ky-

3.1.4. Comparing the characteristic classes of [T,] and wy" Jc+ Finally, we shall show the
following results of comparison of the Chern classes of w}l, /c and of the relative tangent class in
K-theory:

[Ty] := [Ty] — g"[Tc].
The duality operation on vector bundles on Y extends to an involution .V of the abelian group
KO(Y'), which sends [T}] to the class [Q},] — g*[Q%]. Observe that we have a sequence of coherent
sheaves on Y:

0 — g" Qb 25 Qb — Qb — 0.
This sequence is exact: everything but the injectivity of the differential morphism Dg is a standard

property of the sheaf of Kahler differentials, and since the morphism ¢ is smooth on a dense open
subset of Y, the morphism Dg does not vanish on a dense open subset, hence is injective.

Consequently, the following equality holds in K°(Y):
[Tg] = [Q5c]"-
PROPOSITION 3.1.6. We have the equality in CH*(Y)g:
(3.1.7) = [[ta(Di)) - 1/2) " mi[D
wY/C i€l i€l

where td(x) denotes the formal series with rational coefficients x/(1 —e™7).

In particular, we have the equality in CHI(Y)Q:

(1)
(319 ] =12 - i

wY/C iel
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and the equalities in CH*(Y)q:

Td((1,)) 1%
(3.1.9) —— 9 —1/12 ip.e(N) +1/4 [Dy],
{Td(wY/C)} ; D (z,j)ezl;i—q’
(3.1.10) =1/12 > (3—mi/m; —m;/m;)[Dij].
(i,)€1%,i=]

PROPOSITION 3.1.7. For every non-negative integer r, we have the equality in CH"(Y):
(3.1.11)

er(wyo) = er([Te)) + > miipler1(Tp,) + es(Ni)ero(To) ]+ Y (=D)lipuce5(Tp,).

iel D#£JCI
Furthermore, if the subscheme D3 is empty, then for every non-negative integer r, we have the
equality in CH"(Y):

(3.1.12) cr(wy/c =c ([ +Z —1)ip,scr—1(Tp,) — Z (mi+mj—1)ip, «cr—2(Tp,,;)-
el (2,7)€I2,i<j

The remainder of this chapter shall be devoted to the proofs of these results.

More specifically, Section 3.2 shall be devoted to the proof of Proposition 3.1.1; Section 3.3 shall
be devoted to the proofs of Propositions 3.1.2, 3.1.3 and Corollaries 3.1.4 and 3.1.5; and Section 3.4
shall be devoted to the proofs of Propositions 3.1.6 and 3.1.7.

3.2. Characteristic classes of differentials and logarithmic differentials: the absolute
case

Let us adopt the notation of Proposition 3.1.1.

3.2.1. Proof of (3.1.1). Let J be a subset of I. Let
Ny =Ng, X
be the normal vector bundle of the subscheme E; in X.
One checks in local coordinates that the composition of morphisms of vector bundles on E;:
N — Qxp, — Qx(og E) g,
vanishes, so using the commutative diagram

0 Ny Qﬁ(\EJ Qp, 0

|

and the exactness of the horizontal exact sequence of vector bundles, we obtain a map of vector
bundles on E;:
Qg QlEJ — Qk(lOgENEJ
One checks in local coordinates that the map «; factors through a map of vector bundles:
ay: Qg (log By N EYT) — Q% (log E) s,
On the other hand, let us define a map of vector bundles on E; by:
J
By = Resg,)ies . Qk(log B)jg, — Of, ~ 0%,
where, for every i in J, Resg, denotes the residue morphism relative to the divisor E;.

Equality (3.1.1) follows immediately from the following proposition.
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PROPOSITION 3.2.1. The morphisms oy and By fit together in an exact sequence of wvector
bundles on Ej:

0 — Qk (log By N EVIFY 224 0L (log B) i, 25 0%, — 0.

PROOF. We can check this on a neighborhood of a point P of E;. Let iy, ...,is; be the elements
of J, with s := |J|.
Let r be the largest integer such that P is in E", in particular, s < r < n. Let E;,..., E;
i1 Fi, be the components of E that meet in P, with {is41,...,7,} a subset of I —J.

Let us consider local coordinates (z1,...,x,) of X centered in P, such that for every integer
1 <1 <r, E; is locally defined by (z; = 0).

The vector bundle Q};J admits a local frame (dzsy1,...,dz,), the vector bundle Q§(|E,7 admits

)

E;

a local frame (dzy,...,dzy ), the vector bundle Q% (log E) g, admits a local frame (dz1/21,...,dz, /2y,
dz,41,...,dz, ), and the canonical map from Q}(‘EJ to Q% (log E)|g, sends, for every integer [, dz; to
zy(dz;/x;) if | <7, else to du;.
Consequently, the map
ay:Qp, — Qx(log E) g,
sends, for every integer | > s + 1, da; to x;(da;/2;) if | <, else to day.

The divisor E; N EYI+1 in Ej is locally defined by the equation (244 1...z, = 0), so the vector
bundle Q};J (log By N EIY1+1) admits a local frame (dzsy1/2s 11, ..., 2y /2y, d2pi 1, ..., d2y,).

Consequently, the map
ay: Q, (log E; N EVIFY) — Q% (log B) 5,

sends, for every integer s + 1 <1 < r, da;/x; to itself, and for every integer [ > r, dz; to itself. It
is an injective morphism of vector bundles, whose image is the vector subbundle of Q% (log E) g,
generated by (dz;/zi)s+1<i<r and by (dzi)is,.

On the other hand, the morphism of vector bundles:
Br: Qx(log E) |z, — Of,

sends, for every integer [ such that 1 <1 <'s, day/z; to (0,...,1,...,0) with the 1 in ¢;-th position;
for every integer [ such that s + 1 <1 < r, da;/x; to 0, and for every integer [ such that [ > r, da;
to 0.

Consequently, it is surjective, and its kernel is the vector subbundle of QY (log E)|g, generated
by (dz;/z1)s+1<i<» and by (dx;);>r, which is exactly the image of o’;.

So the sequence is exact, as wanted. O

3.2.2. Proof of (3.1.2). We shall reason by induction over the dimension n of X.
If n =0, then X is a finite scheme and the divisor E is empty, so that equality (3.1.2) holds.

Let n > 1 be an integer, let us assume that equality (3.1.2) holds for schemes of dimension at
most n — 1, and let us prove it for a scheme X of dimension n.

One easily checks in local coordinates that we have an exact sequence of coherent sheaves on X:

(3.2.1) 0 — QL <5 0L (logE)

Resg. )
) B ip,.Op, — 0,
=
where u is the canonical inclusion morphism, and for every ¢ in I, Resg, is the residue morphism.
Consequently, we have the equality in CH*(X):
(3.2.2) () = c(Qx (log E)) [ [ ellir«Or,)) "

i€l
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For every element ¢ in I, we have an exact sequence of coherent sheaves on X:
(323) 0— Ox(fEl') — OX — ZE7*OEt — 0,
hence the equality in CH*(X):
[ipOp]) ™" = c(Ox(~Ei)) =1~ [Ej].
Hence replacing in (3.2.2):
c(Q) = c(Qx (log E)) [ (1 - [EA)),

il
c(Qx(log£) > T](-

KCIieK

= ¢(Q% (log E)) Z (=1 KI[Eg] because the (E;);er intersect each other transversally,
KcCI

= > (-1)!¥lig, .c(Qk (log E) g, ).

KcCI
= Z (71)‘K|iEK*c(Q}5K (log Ex N EEH1Y)) using equality (3.1.1),
KCI
(324) =c(Qx(ogE))+ > (-1)"lig,.c(Qf, (log Ex n EFIT).

0£KCI

Let K be a non-empty subset of I. Applying the induction hypothesis to the scheme Ex of dimension
at most n — 1 and to the divisor with strict normal crossings Ex N E®I+1 whose components are

the (Exufiy)icr—k, yields the equality in CH* (E):
c(Q, (log Ex NEXIT))y = N ig, poe(Qf)).
KcJcl
Hence replacing in (3.2.4):

(@) = c(Qk(og E) + Y (=1)Flig,.c(Q,),
DAKCJCI

= ¢(Q% (log E)) Z [ Z ‘Kl]lEJ*C(Q};J)v

0AJCI 0#KCJ

= ¢(Q% (log E)) Z [H 1-1) —1}’LEJ*C(QE])

0A£JCI ied
= c(Qk(logE)) = Y inmc(Qp,),
0£JCI
hence we have the equality in CH*(X):

c(Qx (log B)) = Q%) + D im,uc(Qp,),
0£JCI

= Z iEJ*C(Q}EJ)a
JcI
which concludes the induction and the proof of equality (3.1.2).

3.2.3. Proof of (3.1.3). Similarly to the proof of (3.1.2), using exact sequences (3.2.1), (3.2.3)

and the multiplicativity of the Todd class Td, we obtain the equality in CH"(X)g:

Td(Q (log E)) = Td(Q) [ ] Td([ir.«Or.]) = Td(Q) [T td(~[E]) ",
el i€l
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as wanted.

3.3. Normal bundles to the strata of the singular fibers and Chern classes

3.3.1. Proof of Proposition 3.1.2. Let J be a non-empty subset of I. Since the line bundle
O¢ (log A)|a can be trivialised on A, the line bundle (¢*Q¢ (log A))|p, can be trivialised on D, and
we obtain the equality in CH*(D):

(9" Qe (log M) p, = 1,
hence by definition of the relative logarithmic vector bundle w%, /¢ on Y, the equality in CH*(Dy):

c(wy o) ip, = e(Qy-(10g Ya)) D,
hence applying equality (3.1.1) from Proposition 3.1.1 to the scheme X := Y and the reduced divisor
with strict normal crossings E := [D| =}, ; D;, and to the subset J in I:
c(wy,c)ip, = e(Qp, (log Dy N DIHY),

as wanted.

3.3.2. Proofs of Proposition 3.1.3 and Corollaries 3.1.4 and 3.1.5. Let i be an element
of I. Since A is a scheme of dimension 0, the line bundle NAC on A can be trivialized. Consequently,
we can trivialize the following line bundle on D;:

("NaC)p, ~ Oy (Ya)p,
~ Oy (m;D))ip, @ ) Oy (m;D;)p,
Jjer—{i}
2J\/‘f@mi ® ® Op,(m;Dyj).
jel—{i}
Taking Chern classes, we obtain the following equality in CHI(Di):
(3.3.1) miet(Ni) == D my[Dyjl,
jel—{i}

which shows Proposition 3.1.3.

If 3 is a class in CH*(D;), intersecting (3.3.1) with 3 then pushing forward by the inclusion ip,
yields Corollary 3.1.4.

Now, let (4,7) be a pair in I? such that i < j. Applying equality (3.3.1) with the element i then
restricting to D;; yields the equality in CHl(DZ-j):
mict(Nyp,,)) == Y. mi[Dikljp,,,
kel—{i}
where [D;1] is seen as a divisor in D;.
If & # j, this divisor intersects transversally the divisor D;;, so that we have the equality in
CHl(DU)
[Dit]ip,; = [Dix N Dij] = [Dijn].
If k = j, the self-intersection of the divisor D;j is given by:
[Dzk]\D” = Cl(NDiJ DZ) = cl('/\/jIDij)'
We have used the canonical isomorphism of line bundles on D;;:

NDijDi ZN;IDL_]
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Hence replacing, we have the equality in CHl(Dij):
mic1(Nyp,,) = —mjetWNjp,,)) = > mi[Dijal,
kel—{ij}

which shows Corollary 3.1.5.

3.4. Characteristic classes of [T;] and w%,v/c

3.4.1. Proof of Proposition 3.1.6. Using equality (3.1.3) from Proposition 3.1.1 applied to
the scheme X :=Y and the reduced divisor with strict normal crossings £ := |D| = »_,; D;, we
have the equality in CH*(Y)q:

Td(y (log D)) = Td(Qy) [ [ td(~[Da))
i€l
hence the equality:
Td(Qy) = Td(2y (log D)) [ td(—[D.),
iel
hence, using the definition of the relative logarithmic bundle w%, /C and the multiplicativity of Td:
Td(Q)) = Td(w) ) " Td(QL (log A)) [ td(~[D3]).
i€l
Since C' is a curve, we have a canonical isomorphism of line bundles on C":
Qe (log A) = Qg (A),

hence replacing;:

Td(Q}) = Td(wy o) g"td (e () + [A]) [ td(-

iel
Taking duals, we obtain the equality in CH*(Y)g:
(3.4.1) Td(Ty) = Td(wye) g°td(er (To) — [A]) J] td([D
el
By definition of the relative tangent class [T}] in K°(Y), we have the identity in CH*(Y)q:
Td([Ty)) = Td(Ty)g"Td(Te) ™",
= Td(wy/c) 9" [td(er(Te) — [ADtd(c1(Te)) th ) using (3.4.1),
i€l

hence the equality:

Td([T,))

(3.4.2) m

= g"[td(c1(Te) — [A])td(e1 (T¢)) th

i€l
Since C' is a curve, all the classes in CH2(C)Q vanish. Consequently, we have the equality in
CH"(C)q:

td(e1(To) — [ADtd(er(Te)) ™! = 1+ 1/2 (e1(Te) — [ADIL + 1/2e1(Te)] 7,

=[1+1/2(c1(Te) = [ADIL = 1/2 e (T )],
=1-1/2[A].
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Hence replacing in (3.4.2), we obtain the equality in CH*(Y)q:
Td([T,))

m =g [1-1/2]A gtd
(3.4.3) = [Jtd((D:]) — 1/2 (g"[A]) [ [ t([D
i€l i€l

The line bundle Oc(A)a on A can be trivialized, so for every element 4 in I, the line bundle
(9*Oc(A))|p, on D; can be trivialized. Consequently, for every element 4 in I, we have the equality
in CH*(Y):

hence we have the equality in CH*(Y)g:
AN [T ed((Di]) = g"1A] = Y~ mi[D
iel i€l
Hence replacing in (3.4.3), we have the equality in CH* (Y )g:
th 1) —1/2)  mi[D
Td Y/C iel

which shows equality (3.1.7).
Taking the terms of codimension 1, we obtain the equality in CH"(Y)q:

Tags] = S0 -y min

i€l i€l
=Y "(1/2[Di]) = 1/2 " mi[Dy]
icl i€l
=-1/2 Z(mz — D[Ds],
iel

which shows equality (3.1.8).
Taking instead the terms of codimension 2, we obtain the equality in CH? (Y)o:

Td(] 1%,
{Td(wy/c] gtd

=S WD)+ > (D) Dad((Dy]) Y,
i€l (1,§)€I2,i<j
=Y (2D + D (1/2[Di]).(1/2[Dy)),
i€l (i,5)€I2,i<j

(3.4.4) =1/12) [D;]*+1/4 > [Di].[D;].

i€l (i,4)€I2,i<j

For every element i in I, the self-intersection of the divisor D; is given in CHQ(Y) by:
[Di]? = ip,.c1(N;).

On the other hand, for every pair (i,7) in I? such that i < j, the divisors D; and D; intersect
transversally, so that we have the equality in CH?*(Y):

[Di].[Dj] = [Dij]-
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Hence replacing in (3.4.4):

Td([T, (2)
s =y ia 1 3 D)

(wy/c) iel (i) eI i<
which shows equality (3.1.9).

Finally, for every element ¢ in I, applying Proposition 3.1.3 and dividing by m;, we have the
equality in CHl(Di)Q:
W) == > my/mi[Di],
jel—{i}
hence pushing forward by the inclusion of D; in Y, then summing over 7, we have the equality in
CH*(Y)q:
D ipaciN) == > (mif/my+my/mi)[Dyjl,
iel (i,9)€l?,i<j

hence replacing, we obtain the equality in CH2(Y)Q:

Td(|T, (2)
[Tdiglg]))} =-1/12 ) (mifmy+my/m)[Dyl +1/4 Y [Dyl,
Y/C (i,5)€I2,i<] (i,5)€I2,i<]

=1/12 > (3—mi/mj —m;/m;)[Dij],
(i) €12 i<
which shows equality (3.1.10).
This concludes the proof of Proposition 3.1.6.

3.4.2. Proof of Proposition 3.1.7. Using equality (3.1.2) from Proposition 3.1.1 applied to
the scheme X := Y and the reduced divisor with strict normal crossings F := |D| = >_._; D;, we
have the equality in CH*(Y'):

c(Qy(log D)) = c(Qy) + Y ip,uc(Qp,);
0£JCI

icl

hence, by definition of the relative logarithmic bundle wy, /¢ the equality in CH*(Y):

c(wysc) = [e(@) + Y ip,.c(Qb,)] g7 c(QE(log A)) .
0AJCI
Since C'is a curve, we have a canonical isomorphism of line bundles on C"
Qg (log A) = Qg (A),

hence replacing:

c(wysc) = [e) + Y ip,e(@p,)] g7 (1+er(Q8) + A7

DA£JCI
hence taking duals:
(3.4.5) cwile) = [eTy) + 3 (~)lipe(Tp,)] g (L + e (Te) — [A]) .
0£JCI

The line bundles Ta and O¢(A)|a on A can be trivialized, so for every non-empty subset J in
I, the line bundles (¢*T¢)|p, and (g*Oc(A))|p, on Dy can be trivialized. Consequently, for every
non-empty subset J in I, we have the equalities in CH*(Y):

[ip,«c(Tp,)I(g"e1(Te)) = lip,«<(Tp,)I(9"[A]) = 0,
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hence we have the equality in CH*(Y):
{ Y (W)ip,ue(To,) | g* (1 +er(Te) = [A) = > (=1)ip,.e(Tp,).
0#£JCI P#£JCI
Hence replacing in (3.4.5), we obtain the equality:
(3.4.6) clwyre) = e(Ty)g"(L+a(Te) = [A) T + D (=1)ip,.we(Tp,).
0#£JCI
Since C'is a curve, all the classes in CH?(C') vanish. Consequently, we have the equality in CH*(C):
(I+c(Te) = [A) ' = 1+ (Te) 't + (AL

Hence replacing in (3.4.6):

c(wyje) = e(Ty)g" (1 + e (Te)) "+ [All+ Y (=)Mlip,.e(Tp,),

0£JCI

= C(TY)Q*C(TC)_l + C(TY)(Zmi[Di]) + Z (_1)|J|iDJ*C(TDJ)’
icl 0A£JCI

= c([T,]) + ZmiiDi*C(Ty|Di) + Z (=1)lip,.c(Tp,) by definition of the class [T,].
el 0£JCI

Let r be a non-negative integer, taking the terms of codimension r, we obtain the equality in CH" (Y"):
(3.4.7) er(@ife) = er([Ty)) + > miipace1(Tyip) + Y (=1)lip,uer5(Tb,).
iel p£JICI

For every element ¢ in I, we have an exact sequence of vector bundles on D;:

0 — Tp, — Typ, — Ni — 0,
hence the equality in CH*(D;):

c(Ty|p,) = e(Tp,)(1 + e1(N3)),
hence the equality in CH" ' (D;),
cr—1(Ty|p,) = ¢r—1(Tp,) + c1(Ni)er—2(Th,).
Hence replacing in (3.4.7), we obtain the equality in CH"(Y):
cr(wyle) = er([Ty]) + Y miipler—1(Tp,) + ed(Ny)er—a(Tp)] + > (1) lip, ey 5(Tp,),
icl 0£JCI

which shows equality (3.1.11).

Now, let us assume that the subscheme D3 is empty. In this case, equality (3.1.11) can be
rewritten:

Cr(w)l/\;c) = ¢ ([Ty)]) + Z m;ip«ler—1(Tp,) + c1(Ni)er—2(Tp,)]

el
- ZiDi*Crfl(TDi) + Z iDij*C’l”72(TDij)7
el (i,4)€I2,i<j
= ¢ ([T,])) + > _(mi — V)ip,ucr—1(Tp,)
el
(3.4.8) + ) miipa(ciN)er—o(Tp)) + D ipywce—a(Tn,,).

i€l (i,§)EI2,i<j
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For every element i in I, applying Corollary 3.1.4 to the class 8 := ¢,_2(Tp,) in CH"~2(D;) yields
the equality in CH"(Y):

(3.4.9) miip(c1(Ni)er—2(Tp,)) == Y myjip,«cr—2(Tp,|p,,);
jel—{i}
hence summing over i, we obtain the equality in CH"(Y):
ZmﬂD (c1Ni)er—2(Tp,)) = — Z iD;;«(mjcr—2(Tp,|p,;) + micr—2(Tp, p,;))-
i€l (i,4)EI%,i=<j
For every pair (4,7) in I? such that i < j, we have the following normal exact sequences of vector
bundles on D;;:
0 — Tp,; — Tp,|p,, — Nbp,;Di — 0,
0— TDij — TDj|D11j —>NDiij — 0,
hence the following equalities in CH"?(D;;):
¢r—2(Tp,p,;) = cr—2(Tp,;) + cx(Np,, Di)er—s(Tb,, ),
¢r—2(Tp,p,;) = ¢r—2(Tp,;) + c1(Np,; Dj)er—3(Tp,; ),

hence using the canonical isomorphisms of line bundles on D;; between Np,, D; and N D,;» as well
as between Np,, D; and Njp,

CT*2(TDi|Dij) = CT*Q(TDU) +c ('/\[J|D” )CT*3(TDU )?

¢r—2(Tp,|p;;) = ¢r—2(Tp,;) + caNyp,, )er—3(Tp,; )
hence replacing in (3.4.9), we obtain the equality in CH"(Y):

ZmﬂD (ea(N))er—2(Tp,)) = — Z (mj +my)ip,«cr—2(Tp,;)
i€l (i,5)€I2,i<j
- Z ip,;«[{mici(Nyp,,;) +mjcr(Njp,, ) }er—3(Tp,; 5
(i,§)EI2 i<
using Corollary 3.1.5, and using that D3 is empty, we get:
Zmzm s(c1(Ni)er—2(Tp,)) = — Z (mi +my)ip,«cr—2(Tp,;).
el (1,7)€12,i<j
Hence replacing in (3.4.8), we obtain the equality in CH" (Y)q:
(@) = ([T + 3 ms — Vipeucr1(Th,)
iel
- Z (mi + mj)iDij*CT_z(TDij) + Z ?:Dij*c'f'_2(TDi,j)7

(i,5)€12,i=3 (i,9)€1?,i=]
= e ([Ty]) + Y _(mi = Vipsera(Tp) = ) (mi+my = Vip,ucr—a(Tp,,).
el (2,7)€I2,i<j

This proves equality (3.1.12).



CHAPTER 4

The alternating product of Griffiths line bundles associated
to a pencil of complete varieties with DNC degenerations

In this chapter, we work over a base field k of characteristic zero, and by the word “scheme”,
we mean a separated algebraic scheme of finite type over k.

4.1. The characteristic classes p and p, and the Grothendieck-Riemann-Roch formula

In this section, we will work on a fixed smooth k-scheme X.

4.1.1. The classes A\, ¢,, and p. Recall that the Grothendieck A\-map:
Ay s KO(X) — 14y K°(X)[ly],
where y denotes an indeterminate, is defined as the only map that is multiplicative for exact se-
quences, and that is given on (the K-theory class of) a vector bundle V' by:

rk(V)

AV == D" v [AV] € 1+ y KO(X)[y);
1=0

see for instance [SGAT1, app. to Exposé 0].
DEFINITION 4.1.1. For every vector bundle V on X, we define ¢, (V') as the element of CH*(X)gly]
given by:
rk(V)

(4.1.1) @y (V) == ch(A,(VY)) Td(V) = Z y'ch (N'VY) Td(V).

The ring CH*(X)g[y] has a graduation given by the sum of the cohomological degree in CH*

and the degree in the indeterminate y:

d
(CH"(X)oly))” = EDCH (X)g ®¢ Qyla--
e=0
For every vector bundle V' over X, the term of total degree 0 of the element ¢, (V') is 1, so this
element is in 1+ (CH*(X)g[y])ZY.

PROPOSITION 4.1.2. The map ¢, is multiplicative for short exact sequences.

Proor. The A-map A, and the Todd class Td are both multiplicative for short exact sequences,
and the Chern character ch is a morphism of rings. |

REMARK 4.1.3. We could use this to prolong ¢, to a morphism of groups from K°(X) to

1+ (CH" (X)@[[y]])(zl), but we would then lose the property that ¢, (V') is a polynomial, which is
necessary for our purpose.
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PROPOSITION 4.1.4. Let L be a line bundle on X, we have the identity in CH*(X)gly]:
(4.1.2) @y (L) = td(c1 (L)) |1 +ye D],
In particular, replacing y with —1:
(4.1.3) w_1(L) = c1(L).

PROOF. The first equality (4.1.2) comes from a direct computation of ¢, (L), using the equality
in CH"(X)g:

ch(LY) = e (5,

The second equality (4.1.3) follows by definition of the series td. O

The identity (4.1.3) is also a particular case of [Ful98, Ex. 3.2.5]. Indeed, the upcoming
Proposition 4.1.8 can be seen as a variant of this example.

DEFINITION 4.1.5. IfV is a vector bundle on X, the class p(V) is defined by:

p(V) = g1 (V) = (diych(Ay(VV)))ly:_le(V) € CH"(X)q.

the derivative of ¢ applied to y = —1, it is well-defined since ¢, (V) is a polynomial.

If r > 1 is an integer, we also define the characteristic class:

1
Or = Crq — gcT + e s KO(X) — CH' (X)e.

We are interested in comparing the classes p(V') and p,([V]) when V is a vector bundle of rank r.

PROPOSITION 4.1.6. Let L be a line bundle on X, we have the identity in CH*(X)q:
(4.1.4) p(L) = td(—cy1(L)).

ProOF. We differentiate the equality (4.1.2). Since ¢, (L) is a polynomial of degree at most 1,
its derivative is its coefficient of degree 1, which gives the equality:

p(L) = td(er(L)) e~ (P
Now, we have an equality of formal series in an indeterminate x:
td(z) e™® = td(—x),

that we can show using the definition of td in terms of exponentials, as follows:

x €z —x
td(z)e ™ = (1 —61> e ",
o
e -1
x
T 1o
= td(—x).
Replacing  with ¢1(L), this becomes the result. O

COROLLARY 4.1.7. Let V be a vector bundle of rank r on X, and let
V=V,D>..2>2V=0
be a filtration such that L; := V;/V;_1 is a line bundle for every integer i € {1,...,r}.
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We have the equality in CH*(X)g:
s s
=> td(—ar(Li) [] (L)
i=1 j=
i

Proor. Using Proposition 4.1.2, the map ¢, is multiplicative for exact sequences, so we have

the equality:
= H py(L
i=1

Differentiating and applying Leibniz’s rule:

e 1(V)=> ¢a(L) [[e-1(L))
i=1 j=1
J#i
Using (4.1.3) and (4.1.4), we obtain the result. O

This allows us to compare p and p,.:

PROPOSITION 4.1.8 (compare [BCOV94, p. 374]). Let V be a vector bundle of rank r on X,
we have the identity in CH*(X)g:

(4.1.5) p(V) = p.([V]) + (terms of codimension > r + 2).

PROOF. First, suppose that V has a filtration by subbundles V =V, D ... D Vi = 0, such that
for 1 <i<r, L;:=V;/V;_; is a line bundle. Using Corollary 4.1.7, we have the equality:

V) = th(—cl(Li)) H Cl(L )

Jj=1
J#i
Recall the first terms of the development of td:
2
x x
td(z) =1+ = > + D + .

Accordingly we have:

(V) = Z l(l _a (2Lz) i c1(Lq)® + (terms of codimension > 3)) ﬁ c1(Ly)

12 J )
=1 i=1
J#i
:Zﬂcl(Lj)_%ZHCI(Lj)+TIQZ( H61 ) (codim > r + 2)),
1=1 ?2 i=1j=1 i=1
:Zﬂcl(l’j)_g CI(LJ)‘FTIQ(ZQ )HC1 + (codim > r + 2),
i=1j=1 j=1 im1
JFi

where by (codim > r 4 2) we mean an element in CH=""?(X)q.

By multiplicativity of the total Chern class, the elementary symmetric polynomials of (¢1(L;));
are simply the Chern classes of V', which gives the equality:
1
ch(V) + —c1(V)er (V) + (codim > r + 2),

p(V) = Cr—l(v) - 9 12
= pr([V]) + (codim > r + 2)).

This shows the desired formula when V has such a filtration.
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In the general case, we are reduced to this situation by the “splitting principle” ([Ful98, Remark
3.2.3]). a

4.1.2. The class p and the Grothendieck-Riemann-Roch formula. The Riemann-Roch
formula implies the following result.
PROPOSITION 4.1.9. Let X, S be two smooth k-schemes of pure dimension, let:
f:X—S8

be a proper morphism of relative dimension m > 0, and let V be a vector bundle on X. Let us
denote by
[77] € K°(X)
the relative tangent class associated with the l.c.i. morphism f.*
We have the equality in CH*(S)q:

Td([Tf]) _ _ p+q_1C q pYy/V
/. (mdem ) OSP;(V)’,@( 11 eh (RO FAPVY).
0<qg<m

In particular, taking the terms of codimension 1, we have the equality in CHl(S)@:

(m+1)
Js <p(V)w> ] = Z p(—=1)PTi e (RIfF NPVY).
(V) OSOPEYE(V)’
PROOF. We have the equality:
Td([Ty])\ _ d v Td[Ty]
(4.1.6) f (p(V)Td(V)) = fu ((dych(Ay(V )))‘y:ﬂTd(V) Tdm) ;
d v
= @f* (ch(Ay (V) TA([TF])) |z 1 »
(11.7) =S|l X vageviramy|
Y \ogprk(v) P
(4.1.8) LS pame AT ,
dy 0<p<rk(V) ly=—1
= Y p(=1)Pleh(RLAPVY),
0<p<rk(V)
(4.1.9) = > p(=1)PH(=1)%ch(RILAPVY),
Ty

where in (4.1.6), we have used the definition of the class p; in (4.1.7), we have used the definition of
the class \y; in (4.1.8), we have used the Grothendieck-Riemann-Roch formula; and in (4.1.9), we
have used the definition of the morphism of abelian groups R*® f.. ]

1. see for instance [Ful98, B.7.6].
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4.2. Application to Griffiths line bundles of fibrations over curves with DNC fibers

4.2.1. An application of Steenbrink’s theory. We are now able to compute a certain
combination of the Griffiths line bundles in terms of the function p,.

THEOREM 4.2.1. Let C be a connected smooth projective complex curve with generic pointn, Y
be a connected smooth projective N -dimensional complex scheme, and let

g:Y —C

be a surjective morphism of complex schemes. Let us assume that there exists a finite subset A in
C such that g is smooth over C' — A, and such that the divisor Ya is a divisor with strict normal
crossings in Y .

We have the equality in CH*(C)g:

2(N—1) Td([T,)) (N)
> (=" re(GK e, (HY (Y, /Cy))) = gx | | pv-1(w3Ye) oo
n=0 Td(wy)c)

PRrOOF. Using Proposition 2.1.4, for every integer n, we have an isomorphism of line bundles
over C:

G, (H"(Y,/Cy)) = (@) (det R™Pg.wt, o).

0<p<n

Consequently, taking Chern classes and taking the alternate sum, we obtain the equality in CH! (C)o:

2(N—-1) 2(N-1)
> 0 e(GKe - (HN(Y,/C))) = Y (D)™ Y per(RYP gl ).
n=0 n=0 0<p<n

We reindex this sum on p and ¢ := n — p, and we get:

2(N-1)
Y (D) ra@Ko, (WY, /C) = Y p(=1)PT e (RYgawd o).
n=0 p,q20,

p+q<2(N-1)

Since the morphism g is of relative dimension N —1, the term in the sum vanishes unless p,g < N—1,
SO we can rewrite:

2(N-1)

> (=0 e(GKe (Y, /C)) = Y p(=1)PH e (Rl ),

n=0 0<p,g<N—-1
= > (=PRI N (@i e)Y).
0<p,g<N-1

Now, we apply Proposition 4.1.9 to the morphism g of relative dimension N — 1 and the locally free
sheaf

V= w%c

of rank N — 1. This yields the equality:

2N-1) w
>~ e (GKe (B (¥,/C,) = g (pw%)““?i“)) |

— Td(wy, e
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hence applying Proposition 4.1.8 to the vector bundle V of rank N — 1:
2(N-1)

Y ()" lea(GKe, - (H(Y,/Cy)))

n=0

(V)
Td(|T,
= g« <{pN_1(w31/7C) + (terms of codimension > N + 1)}(1([']]))> ,

Td(wil/\;c
: Td([T,]) W
1v g9
=g | [ pws (i) 2AUTD). . 0
<N l( Y/C>Td(w)1/'\;c)>

4.2.2. The alternating product of Griffiths line bundles and the geometry of singular
fibers. We adopt the notation of the previous subsection, and assume, without loss of generality,
that the divisor A in C is reduced.

Let us adopt the notation of Subsection 3.1.2. Namely, we write the divisor with strict normal

crossings Ya as:
D= Z miDs,
iel
where [ is a finite set, for every ¢ in I, m; > 1 is an integer, and D, is a smooth connected divisor,
such that the (D;);cr intersect each other transversally. We denote by A; the normal bundle Np.Y
of D;inY.

The set I may be written as the disjoint union:
1= L,
TEA
where, for every x € A, I, denotes the non-empty subset of I defined by:

I ={iel|g(D;) ={z}}.
For every subset J of I, let us denote:
D;:=()Ds,
icJ
it is a smooth subscheme of codimension |J|.

We adopt the notation of [Del70, II, 3.4]. Namely, we denote, for every integer r > 1, D"
the subscheme of codimension r of Y defined by the union of all the intersections of r different
components (D;):

D" = U Dj.
JCI,|J|=r
Let us choose a total order < on I.
For every element ¢ in I, let us define an open subset lo)i of the divisor D; by:
ﬁi =D, — D, N D2.
Similarly, for every pair (4, 5) in I? such that i < j, let us define an open subset lo)ij of the subscheme
Dij = Dyijy
by:
Dij = D” - Dij N Dg.
Let xtop denote the topological Euler characteristic.

First recall the following classical theorem:
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THEOREM 4.2.2. Let X be a proper smooth n-dimensional complex scheme and E be a reduced
divisor with strict normal crossings in X. We have the equality of integers:

n

Xtop(X — E) := > (~1)'dim¢ H'(X — E,C) = / cn(QY (log E)).
i=0 X

PROOF. We can give a proof of this theorem using the results of this paper. Let us adopt the
notation of Proposition 3.1.1, we have the equality of integers:

/ (@Y (log E)) = (~1)" / (4 (log E)),
X

Z/ Cr—|J| QE using equality (3.1.2) from Proposition 3.1.1,
E;

JciI
— 3 (- / en1s1(Ti,),
JcI
= Z Xtop EJ)
Jcl
= Xtop(X) — Xtop(E) using the inclusion-exclusion formula,
= XtoP (X — E) D

THEOREM 4.2.3. With the notation of this subsection, we have the equality in CHo(C)g:

(4.2.1) > () (0K, (MY, /C) = tsoueren—1)(@dle) + 3 auls]

n=0 TEA

where for every x in A, ay is the rational number given by:

(4.2.2)
N -1 . 1 .

Oy = 1 Z(Wh — l)XtOp(Di) + D Z (3-— mi/mj - mj/mi)xtop(Dij),

i€l (i,4)€1Z,

i=<7J
(4.2.3)
1 1 .

=5 [3(N — 1)(mi — xeop(Di) + /D c1(Ni)en—2(Qp; (log D; N D?))} +5 Do Xop(Dig):
e ' (4,9)€IZ,

i=<J

The expression (4.2.2) for a, involves only the topology of the open strata D; and DU of the
singular fibers of g and the multiplicities m; of their components D;. The expression (4.2.3) makes
clear that «a, belongs to (1/12)Z



58 4. ALTERNATING PRODUCT OF GRIFFITHS LINE BUNDLES AND DNC DEGENERATIONS

PRrROOF. By Theorem 4.2.1 and by definition of the class py_1, the following equalities hold in
CH()(C)Q:

2(N-1)
> ()" ler(GKe - (H'(Y,/C,))
n=0
v Td([Ty (N)
= [(PN 1(”}1//0) rrd(((*Ey/]c?)) },
= 9« [((CN72(W}1’\;C) - %CNfl(W}lf\;C) + é(clch)(w%c))m)(m},
1 Wy N-1 W ./ Td (1)
= po-laen-1)Wyo) = —5—0 [CN 1wyyeo) (Td(gy/]c))> }
(4.2.4) + g« |:CN 2(&)31/\;0) <Tm> (2)} )

Using successively equality (3.1.8) from Proposition 3.1.6 and Proposition 3.1.2, we get the following
equality in CHY (Y)q:
Td([T,]) \@ 1 .
en—1(w %c) (79)) =5 Z(mi - 1)7’Di*CN71(w}1/\;C\Di)a

Td(w%c 2 iel

:_,Z i — Vip,«en_1(9p (logDiﬂDZ))
iel

hence pushing forward by g, the equality in CHy(C)q:

0. [enr (o) (M)“)} - S ms = Do oz D31 D))

=) e
TEA
where for every point z in A, «; , is the rational number given by:
1
Al = —5 Z(ml — 1)/ CNfl(QlD\Z(IOgDi N DQ)),
! D,
i€, i
=-3 Z 1) Xtop( (D;) using Theorem 4.2.2.
zEI

Similarly, using equality (3.1.10) from Proposition 3.1.6 and Proposition 3.1.2, the following equali-
ties hold in CHY (Y)q:

Td([Ty]) \@ 1 .
CN— 2(‘*’31’\;0) (Td(wa)) 12 . %12 (3 —mi/m; — mj/mi)ZDij*cN*Q(wil’\;ClDij)’
s

Jz<j

1 .

=5 Z (3 —mi/mj — mj/mi)ZDij*CN—Q(QlD\Zj (log D;; N D?)),

(4,9)€l?,
i=<J

hence pushing forward by g, the equality in CHy(C)q:

G [CN 2(w31’v/c)<1’,1:id(()(2)] Z Qs gz
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where, for every point = in A, ag , is the rational number given by:

1
e =15 Z (3—m;/mj — mj/mi)/ cN,g(QB;. (log D;; N D%)),
(i)er?, bii
i=j
1 o . .
=13 Z (3 —my;/m; —m;/m;)xtop(Di;) using again Theorem 4.2.2.
(i.j)€l?,

i=<j

Hence replacing in (4.2.4), we obtain the equality in CHy(C)q:

2(N-1) 1
> (=) e(GKe, - (H™ (Y, /Cy))) = T+ (cren—1)(wyje) + > aglal,
n=0 TEA

where for every point x in A, the rational number «, is given by:

N -1 n
Qg = — Oz Qa2 gz,
5, 2,
N -1 5 1 .
= (m; — 1)xtop(Ds) + B Z (3 = mi/m; —m;/mi)Xeop(Dij)-
i€ls (i,§)€lz,
i=<j

For the other expression of the rational number «,, one reasons similarly using the expression from
(3.1.9) from Proposition 3.1.6 instead of (3.1.10). O






CHAPTER 5

The alternating product of Griffiths line bundles associated
to a proper fibration with non-degenerate critical points

The objective of this chapter is to prove the following theorem.

THEOREM 5.0.1. Let C' be a connected smooth projective complex curve with generic point n, H
be a smooth projective N -dimensional complex scheme, and let

f+H—C
be a morphism of complex schemes. Let us assume that there exists a finite subset X2 in H such that
f is smooth on H — ¥ and admits a non-degenerate critical point at any point of .1
Let [X] be the reduced 0-cycle in H associated with the finite subset 2.
We have the equalities in CHy(C)q:

2(N—1)
(5.0.1) > ()" e (GKe, - (HM(H,/Cy))) = %f*((clcNfl)([Q}{/C]v)) + upy fo[2],
n=0
and
2(N—1) )
(5.0.2) > ()" e (Ko (H(H,/Cy))) = Ef*((clcN,l)([Q}q/C]V)) + ul 2,
n=0

where uy and uj\} are the rational numbers defined by:

S (BN —3)/24 if N is odd
NI N/24 if N is even,
and:

ut e —(TN —=9)/24 if N is odd
NI N/24 if N is even.

Observe that, as the morphism of non-singular complex schemes f : H — C is smooth on an
open dense subset of H, we have the following equality in K°(H) ~ Kq(H):

[Tf] = [Q}I/C]Vv

where .V denotes the duality involution on K°(H), by the same reasoning as in Subsection 3.1.4.

5.1. Reduction of the proof of Theorem 5.0.1 to a computation in CHy(H)

As in Theorem 5.0.1, let C' be a connected smooth projective complex curve, let H be a smooth
projective complex scheme of pure dimension N > 1, and let
f:H—C
1. Namely the differential of f vanishes and its Hessian is non-degenerate at any point of ¥; in other words, the

only singularities of the fibers of f are ordinary double points.

61
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be a proper surjective morphism with a finite subset ¥ of critical points, all of which are non-
degenerate.

Let A := f(X) be the set-theoretic image of X, that we see as a reduced divisor in C'. We can
rephrase the hypothesis as the divisor in H:
HA = f*A
having only finitely many singularities, all of which are ordinary double points.
Let _
v:H—H
be the blow-up of H at X, and let E be the exceptional divisor. Let
g:=fov:H—C
be the composition. Over the generic point 1 of C, this morphism can be identified with the
morphism f.
For every point P in ¥, let us define a subscheme in H by:
Ep =v"'({P}),

so that the (Ep)pcy are the connected components of the exceptional divisor E. In particular, they
are disjoint divisors, isomorphic to the complex projective space PN~!; see for instance Proposition
5.2.1 below.

Let us define a divisor in H by:
IjIA = g*A = Z/*HA.
Since the divisor Ha has its only singularities at points of 3, and since all of these singularities are
ordinary double points, its pullback divisor Ha can be written as follows:

(5.1.1) Hy=2) Ep+W
Pex
where W is the proper transform in H of the divisor Ha in H: it is a non-singular divisor inter-
secting transversally the components (Ep) pes of the exceptional divisor, and for every point P, the
intersection Ep N W is a smooth quadric in the projective space Ep.
In particular, the divisor Ha is a divisor with strict normal crossings, which allows us to define

. . . 1
the relative logarithmic bundle w fc

We are going to apply Theorem 4.2.3 to the morphism g and to the variations of Hodge structures
of relative cohomology:
H"(H,/Cy) — H"(H,/Cy).
For this, we are going to prove the following lemma using the results of Chapter 3.

LEMMA 5.1.1. With the above notation, the following formula holds in CHY (H):
1— (=¥

— ()

(5.1.2) ve((eren—) (@) 0)) = (ren-)([T7]) — (N ~2)

Let us prove Theorem 5.0.1 using this lemma.
For every point P in ¥, the complex scheme Ep is isomorphic to the projective space PV—1,

hence its topological Euler characteristic is given by:
Xtop(EP) = N.

Furthermore, the intersection Ep N W is isomorphic to a smooth quadric in PN ~!, hence its topo-
logical Euler characteristic is given by:

Xtop(EP N W) = %[(—1)]\] + 2N — 1]
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This follows for instance from equalities (5.2.5) and (5.2.3), from Proposition 5.2.1 below, applied to
the integers mp := 2 and r := N — 2 and the hypersurface Qp := Ep NW, and from equality (5.3.1)
in Proposition 5.3.3 below, applied to the integers n := N and r := 2 and the complex number
a:=2.

By additivity of the topological Euler characteristic, the characteristic of the complement Ep —
EpNW is given by:

1

Xtop(Ep = Ep (W) = N = S[(-)V +2N — 1] = Lo~ ™,

2
Consequently, for every point = in A, the expression (4.2.2) for the rational number «, introduced
in Theorem 4.2.3 reduces to:

N -1 1 1

Qg = ———— Xtop(EP - EP N W) + E Z §Xtop(EP N W)a
Pex, Pex,
N -1 1
= T[l — ()M | + @[(—1)1\[ +2N — 1],

= %[G(N— D1 = (=D)N) + (=D)N + 2N —1]|%,],

_ %[(61\7 —T)(1 = (~1)N) + 2N]|%, .

Hence replacing in Theorem 4.2.3 and using Lemma 5.1.1, we have the equality in CHy(C')g:

2(N-1)

> () e (G, (B (H, /C) = o au(eren1)whe) + 3 adla],
n=0 zEA
_ (_1\N
= e ([T - ¥ 2t gy
4 (6N =11 = (1)) + 28] 3 [elle],
TEA
= S5 Fleren-)(T]) +ux 15,
where u is the rational number given by:
uy = 5 (N = 2)(1 = (1)) + [N = 1)1 = (~1)") + 2],
= 52V =21 = (~)M) + 6N = 1)1~ (~1)V) +2N],

- %[(4N =3)(1 = (=1)") +2N],

_J(BN —3)/24 if N is odd
| N/24 if N is even,

which shows equality (5.0.1).
Furthermore, for every integer n, equality (2.4.2) from Corollary 2.4.2 gives the equality in
CHQ(C)@:

1 (G, (B (H, [C))) = ea(GK e, (B (Hy /) + 6Ny L £ [5],

where 7 is 1 if N is odd and 0 if N is even.
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Taking the alternating sum over n yields the equality in CHy(C)g:

2(N—1) 2(N-1)

S ()M (GKo (B (o C) = 3 (—1)" ex(GKe,- (H"(H, /Cy)

n=0 n=0
= AL!
= Sh(ex DT +up flS] - L1
= o felcien 1) ([T7]) + uf 15,

where u} is the rational number given by:

4 _ N -1 —(7TN —9)/24 if N is odd
Uy = Uy — =
N N TN N/24 if N is even,
which shows equality (5.0.2) and completes the proof of Theorem 5.0.1.
The rest of this chapter shall be devoted to proving Lemma 5.1.1.

5.2. Blowing up points in smooth schemes and Chern classes

We adopt the following notation. Let k be a field, H be a smooth k-scheme of pure dimension
N > 1, X be a finite subset of H, let

v:H— H

be the blow-up of H at ¥, and let FE be the exceptional divisor.

For every point P in ¥, let us define a subscheme in H by:

Ep = v ({P}),

so that the (Ep)pex are the connected components of the exceptional divisor E. In particular, they
are disjoint divisors.

For every point P in X, let us denote the class of the divisor Ep by:

np = [Ep] = c1(Ogz(Ep)) € CH'(H).

Observe that for every point P in X, the restriction to P of the vector bundle T can be trivialized,

so we obtain, for every cycle o in H of positive codimension, the equality in CH*(H):

(5.2.1) np-via=0.

Furthermore, for every couple (P, P') in X2 such that P # P’, the divisors Ep and Ep: in H are
disjoint, so we obtain the equality in CH? (lfI)

(5.2.2) np-np = 0.

PROPOSITION 5.2.1. Let P be a point in 3. The scheme Ep is isomorphic to a projective space
of dimension N — 1.

We have the equality in CHY (H):

(5.2.3) vy = (=1)NP].

Moreover, for every non-negative integer r, we have the equality in CH" (Ep):
T N T

(5.2.4 er(Tie) = (17 () )i

Finally, let mp be a positive integer, and let Qp be a smooth hypersurface of degree mp in Ep and
letig, : @p — Ep be the inclusion morphism.
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For every non-negative integer r, we have the equality in CH™ "' (Ep):

[(1 + y)N} L -~

. . +1
(5.2.5) iQeeer(Tp) = (=1)"mp | 7= | iy

where f(y)'! denotes the coefficient of y” in some formal series f(y) € C[[y]].

PROOF. Since Ep is a connected component of the exceptional divisor F, there is a canonical
isomorphism of k-schemes:

p:Ep — Pi(TpH),
and a canonical isomorphism of line bundles on Ep:
¢ Orpr(—1) =~ Oz (Ep) | 5p-
Consequently, we have the equality in CH' (Ep):
(5.2.6) npiepr = ¢ c1(Orpr(—1)).
Now, let us compute in CH™ (H):

ny =np '[Ep],

— Ep*ngFEL by the projection formula,
= (_1)N_1iEP*(P*Cl(OTPH(l))N_l‘

Hence pushing forward, we have the equality in CH (H):

V*ng = (—1)N_1V*iEp*<P*Cl(OTPH(l))N_17

__1\N-1 o N-1 ,
= ana) P
= (-)¥P)

which shows equality (5.2.3).

Let r be a non-negative integer. Since ¢ is an isomorphism, we have the equality in CH" (Ep):
cr(Tep) = @*Cr(TlP’(TPH))7
using the exact sequence of vector bundles on P(TpH) from [Ful98, B.5.8]:
0 — Operpry — TpH @1 Orpr (1) — To(rpmy — 0,

we can replace:

N

. > Npip, using (5.2.6),

o (Te) = [+ (Orn()M® = (7 ) (Orom()) = (-1 (

which shows equality (5.2.4).
Now, let mp be a positive integer and @ p be an hypersurface of degree mp in Ep.

We have the following exact sequence of vector bundles on @ p:

0 —To, — Tepgp — NopEp — 0,
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hence the following equality in CH*(Qp):

(Tepiqr)

c(NgpEp)’

Yo+ (Orpm (1)
1+ c1(Op,(QP)iqr)
ey (1+ 1 (O (1)

14 mPQOTQP61(OTPH(1))

. [A+aOra@)N

Yler [1 ¥ mpcl(OTPH(l))} '

Hence, for every integer r, we have the equality in CH"(Qp):

0 s Ona) = (1

Pushing forward (5.2.7) by the inclusion map of Qp in Ep, and using the projection formula and
the equality in CH'(Ep):

C(TQP) =

because Qp is of degree mp,

(1L+y)N

[r]
I i 5.2.6).
T mpy} Npigp using ( )

(5:27)  e(Tgp) = |

[Qp] = ¢"Orpn(mp) = —mpnp|p,,
yields equality (5.2.5). O

Recall the following consequence of the “Grothendieck-Riemann-Roch without denominators”
formula:

PROPOSITION 5.2.2 ([Ful98, Example 15.4.2, (c)]). We have the equality in CH*(H):

(5.2.8) c(Ty) =ve(Tu) + Z (14 np)(1—np)N —1].
pes

The following proposition is a reformulation of Proposition 5.2.2, and we leave its derivation
from Proposition 5.2.2 to the reader.

PROPOSITION 5.2.3. For every integer v > 1, we have the equality in CH"(H):

() ()| s

COROLLARY 5.2.4. We have the equality in CHY (H):

(5.2.9) (cren—1)(Tg) = v*(cren—1)(Tu) + ()N TIN(N = 1)(N =3)/2 Y 0
Pex

& (Ty) =vie,(Tu) + (=1)"

and the equality in CHN "1 (H):

(5.2.10) (en-1+ cren—2)(Ty) = v*(en-1 + cren—2)(Tu) +an > _np ",
Pex

where ay s the integer defined by:

_ )0 ifN =1,
TV NNV = 3)/2 4+ (“DNN(N —1)2(N - 5)/6 if N > 2.

PrOOF. Applying Proposition 5.2.3 to the integer r := 1 yields the equality in CHl(ﬁ):

(5.2.11) a(Ty)=vie(Th) - [(7) - <Jg>] > np=ve(Tu) = (N—1) > np.

Pex Pex
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If the integer N is at least 3, applying the same proposition to r := N — 2 yields the equality in
CHN2(H):

ot =vim ()= (2 ) 5o

= vien—o(Tr) + (DNIN(N = 1)/2 = N(N = 1)(N = 2)/6] > np 2,
(5.2.12) =vien_o(Th) + (“DNTIN(N = 1)(N = 5)/6 > np~

If the integer N is at least 2, applying the same proposition to r := N — 1 yields the equality in

CHYN~Y(H):
s vema o [(5) - ()| 2

=vien1(Tu) = (CONIN = N(N =1)/2] Y np

Pex
(5.2.13) = vieny_1(Tu) + (=1)NN(N - 3)/2 Z ny !
Pex

Let us show equality (5.2.9). If the integer N is 1, then it follows immediately from equality (5.2.11)
(observe that the coefficient before ), np vanishes in that case).

Let us assume that the integer N is at least 2.
Multiplying (5.2.11) and (5.2.13) yields the equality in CH™ (H):

(cren—1)(T) = (W er(T) = (N = 1) Y np) (v en—1(Tu) + (-1)NN(N = 3)/2 > ny 1),

Pex Pex
= v (cren—1)(Tw) + (-1)VN 3)/2>  npytvte(Tw)
Pex
(5.2.14) —(N=1) Y npviena(Tu) + ()N NN 3)/2 Y menp
Pes PPEs

Since we have assumed that N was at least 2, we can apply equality (5.2.1) to the cycle a :=
en—1(Ty) of positive codimension to obtain, for every point P in ¥, the equality in CHY (H):
np V*CN_l(TH) = 0
Furthermore, we can apply this same equality to the cycle o := ¢1 (T ) to obtain, for every point P
in ¥, the equality in CHY (H):
ngfl vie1(Ty) = ngfz (np I/*Cl(TH)) =0.
Finally, applying equality (5.2.2), we obtain the equality in CHY (E[ ):
ST oapad = nh.
P,P'ex PES
Hence replacing in (5.2.14):
(cren—1)(Ty) = v (cren—1)(Tu) + ()N N(N 3)/2 np,
Pex
which shows equality (5.2.9) if the integer N is at least 2. Consequently, this equality holds for every
positive integer N.
Now let us show equality (5.2.10). If the integer N is 1, it is trivial. If the integer N is 2, the
coefficient as is equal to —2, so it follows from multiplying equality (5.2.11) by 2.
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Let us assume that the integer N is at least 3.
Multiplying (5.2.11) and (5.2.12), we obtain the equality in CHY ~*(H):

(cren—2)(T) = (v er(Tu) = (N =1) > np)(v*en—2(Tu) + (-UNHN(N - 16)(N - donp?)

Pex pPex

)

developing and using equality (5.2.2), we get:

(cren—2)(T) = v (cren—2)(Ti) + (=) TIN(N = 1)(N = 5)/6 > np *v*er(Tn)
pPecx

(5.2.15) —(N=1) Y npvren—o(Tu) + (-1)NN(N = 1)*(N = 5)/6 > ny "
PES pPex

Since we have assumed that the integer N was at least 3, then we can apply equality (5.2.1) to
the cycle o := en_o(Ty) of positive dimension to obtain, for every point P in 3, the equality in
CHY(H):

np V*CN_Q(TH) =0.

Furthermore, we can apply this same equality to the cycle o := ¢1(Tx) to obtain, for every point P
in X, the equality in CHY (H):

ng_Q vie1(Ty) = ng_g (np I/*Cl(TH)) =0.

Hence replacing in (5.2.15), we obtain:

(cren—2)(Tg) = v*(cren—2)(Tu) + ()N N(N = 1)*(N = 5)/6 > np ',
Pex

hence, adding equality (5.2.13), we obtain:

(en—1+cen—2)Ty) =v (en—1 +cien—2)(Tw)

+[(DVNWV =3)/2+ (DNN(N = 1)*(N = 5)/6] Y np
pPex

which shows equality (5.2.10) if the integer N is at least 3. Consequently, this equality holds for
every positive integer N. O

5.3. The cycle classes v, (cicn—1)([Ty]) and vi(cien—1)( ) in terms of (cien—1)([T}])

1v
wﬁ/c

In order to prove Lemma 5.1.1, we want to compare the cycle classes v, (clcN_l)(w}qv/C) and

(cren—1)([Tf]) on H.

Using Corollary 5.2.4, we can compare the cycle classes (cieny—1)(Ty) and v*(cien—1)(TH) on
H. Then in Subsection 5.3.1, we shall combine Corollary 5.2.4 and the definition of the relative
tangent classes to compare the cycle classes v, (cien—1)([Ty]) and (cren—1)([Ty]) on H: this will be
the object of Proposition 5.3.2.

In Subsection 5.3.2, we shall apply equality (3.1.12) from Proposition 3.1.7 to compare the cycle
classes (clcN,l)(w}}v/C) and (cien—1)([T,]) on H (this will be the object of Proposition 5.3.5), then
we shall push forward by v and apply Proposition 5.3.2 to prove Lemma 5.1.1. This will complete
the proof of Theorem 5.0.1.
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5.3.1. Computation of v, (cicn—1)([Ty])-

PRrROPOSITION 5.3.1. Let k be a field, V be a smooth projective k-scheme of pure dimension N,
C be a smooth projective k-curve, and

h:V—C
be a flat morphism.
Recall that the relative tangent class in K-theory of the morphism h is defined by:

[T},] := [Ty] — h*[Tc] € K°(V).
We have the equality in CHY (V):
(cren—1)([Th]) = (cren—1)(Tv) = (en—1 + cren—2)(Tv) B er (Tc).

PROOF. By definition of the class [T}], we have the equality in CH*(V):
c([Th]) = e(Tv) h*e(Te) ™,
=c(Ty) R (1 + 1 (Te)) Y,
since C is a curve, the class ¢;(T¢)? vanishes, so that:
c([Th]) = e(Tv)h* (1 = er(Tc)).-
Consequently, we have the equality in CH'(V):
ci([Th]) = er(Tv) = h*er(Te),
and the equality in CHY ~(V):
en—1([Th]) = en—1(Tv) — en—2(Tv) W er1 (Tc)-
Hence multiplying, we have the equality in CH (V):
(crenv-1)([Th]) = (e1(Tv) — W er(Te))(en—1(Tv) — en—2(Tv) R er(Tc)),
and developing, and using that the class ¢;(T¢)? vanishes:
(cren-1)([Th]) = (cren—1)(Tv) = (en—1 + crenv—2)(Tv) K er(To),

as wanted. O

Now let us show the main proposition of this subsection.

We shall use the notation of Section 5.2, in a relative setting, over a smooth projective k-curve C'.
Namely, let H be a smooth k-scheme of pure dimension N > 1, let:

f+H—C
be a flat morphism, let ¥ be a finite subset of H, let:
v:H—H
be the blow-up of H at 3, and let E be the exceptional divisor. Let:
g:=fov:H—C
be the composition. Let (Ep)pexs be the connected components of the exceptional divisor E.
For every point P in X, let us denote the class of the divisor Ep by:
np = [Ep] = c1(Oyz(Ep)) € CHl(f{).
PROPOSITION 5.3.2. With the above notation, we have the equality in CHY (H):
vi(eren—1)([L]) = (cren—1) ([T7)) + N(N = 1)(N = 3)/2[5].
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PROOF. Let us compute the class (cien—1)([T,]) in CHY (H). Applying Proposition 5.3.1 to
the scheme V := H and the morphism h := g yields the equality:

(cren—1)([Ty]) = (cren—1)(Tg) — (en—1 + cren—2)(T)g* a1 (Te),
using (5.2.9) and (5.2.10):
= v*(cren—1)(Tw) + (~1)N ' N(N 3)/2>  np
pex

— [V (en—1 +aen—2)(Thu) + an Z np gtel(Te),
Pex

applying equality (5.2.1) to the cycle « := f*¢1(T¢), we obtain that for every point P in 3, the class
np g*c1(T¢) vanishes, hence replacing:

= v*((crev—1)(Tw)) + (1)NHIN(N 3)/2 ) np —v*((en-1+ cren—2)(Tw)) g1 (To),
Pex
= v*(cren—1)(Tw)) — (en—1 + cren—2)(Tu) frer (To)] + (-1)NHIN(N 3)/2)  np,

applying Proposition 5.3.1 to the scheme V := H and the morphism h := f:
= v*((cren—1([Ty]) + (DN HN(NV 3)/2  np-
Pex
Hence pushing forward and applying equality (5.2.3) from Proposition 5.2.1, we obtain the equality
in CHY (H):
ve((eren-1)([Ty)) = vev™ ((eren—1)((T4])) + N(N = 1)(N = 3)/2 Y " [P);
Pex

using the projection formula and the fact that the morphism v is of generic degree 1, we obtain:

vi((eren—1)([Ty]) = (eren—1)([Ty]) + N(N — 1)(N = 3)/2[x].

This concludes the proof. O

5.3.2. Computation of V*(clcN_l)(w}qV/C).

If y denotes an indeterminate and f(y) a formal series in C[[y]], for every integer p, we shall
denote by f(y)!P! its coefficient of degree p. It vanishes if p is negative.

We begin with a purely combinatorial result.

PROPOSITION 5.3.3. For every a in C*, and every n and r in N, we have the formulas:

(5.3.1)

{%} [n—r] 1y Z <Z>(_1)kak_T _ (-2#“[(@ 1y Z <Z>(_1)n—kak],

r<k<n 0<k<r—1
and:
(5.3.2)
14 ) +1 [n—r] . nal L
e e 3wt
r4+1<k<n+1
_1\ntr n
(5.3.3) = % [(r +n+1-ra)a—1)"— Z (k — r)( Z 1>(_1)n+1kak .
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PROOF. The equality between the left-hand side and the middle side in (5.3.1) follows from the

computation:
{%] - osigzn,r[(l + )"t [1 Jrlay} [n—r—i]
) OSianﬂn CZ) (ma)
(5.3.4) - Szk:g <n " k) Caytr
= (-1)" g}én (Z) (—1)kah",

where in (5.3.4) we have introduced k :=n — i.

The equality between the middle side and the right-hand side in (5.3.1) follows from the binomial
formula applied to (a — 1)™.

Equality (5.3.2) follows from the equality of formal series in Cl[a, y]]:
i (1 + y)nJrl o (1 + y)n+1
da 14ay | 4 (1+ay)?’

which implies the equality of complex numbers:

{(Hy)"“} = _[ d ((Hy)”“”[n_r]

(14 ay)? da 1+ ay
_d [y
 da 1+ ay
d n+1 k k—
. e — —]_ T _1 T
(5:3.5) L )r<k§+1( N )( )ra*]
+1
= (=1 r+1 k_ n —1 k_k—r—1
S (")t

where in (5.3.5), we have used (5.3.1) applied to n' :=n + 1.
Equality (5.3.3) follows from the following development:

(r+m+1-7r)a)a—1"=(n+1a(a—1)" —r(a—1)"

=(n+1) Y (k " 1) (—1)n—k+1gh

1<k<n+1
—r Z <n7; 1> (_1)n+1fkak
0<k<n+1
n n+1 ndl—

— Z ((n—|—1)<k1>—r< k: >>(—1) =k gk

0<k<n+1

(5.3.6) - Z (k—r) (n;{i— 1) (—1)mHi=kgh,
0<k<n+1

where in (5.3.6), we have used the classical identity, for every integer k:

(n+1)(kf1> :k(";:l) 0
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Let us adopt the notation of Section 5.1.
For every point P in X, let us denote the class of the divisor Ep by:
np = [Ep] = Cl(OH(Ep)) S CHl(f{)
Observe that equalities (5.2.1) and (5.2.2) still hold in this setting.
PROPOSITION 5.3.4. With the above notation, for every non-negative integer r, we have the
equality in CH" (H):

CT(W}EIV/C) = cr([Ty]) + a(N,7) Z nps
Pex
where a(N,r) is the integer given by:

a(N,r) = (-1)"" <<T‘]f1> _ 4{(111-_2;);}[7’—2])

Observe that the integer a(N, 1) is simply 1.

PROOF. Let us apply equality (3.1.12) from Proposition 3.1.7 to the scheme
Y = H ,
and the morphism g, whose divisor of singular fibers Ha is of the form given by (5.1.1). Observe
that with the notation of that proposition, the subscheme D3 is empty.
We obtain, for every integer r, the equality in CHT'(I} ):
(537) Cr(wjlf[v/c) = CT([TQD + Z iEP*CT*]-(TEP) -2 Z Z-EPQW*CT*2(TEPQW>‘
Pex Pes
Using (5.2.4) from Proposition 5.2.1, we have the equality in CH"™*(Ep):
r— N r—
crfl(TEP) = (_1) 1(7”— 1>nP|E1pv
hence pushing forward by the inclusion in H and using the projection formula, we have the equality
in CH"(H):
N T— N '
igpxcr—1(Tep) = (1) (r _ 1>77P-

On the other hand, the intersection Qp := Ep N W is a smooth hypersurface of degree mp := 2 in

the projective space Ep, hence using equality (5.2.5) from Proposition 5.2.1, we obtain the equality

in CHT_l(Ep):

L+y)Nql=2
142y } p|Ep>

hence pushing forward by the inclusion in H and using the projection formula, we have the equality

in CH"(H):

igprwsCr—2(Tepnw) = 2(—=1)""" [

] 1@+ y)NVqlr-2
impowacr—2(Tepow) = 2(=1)" 1[(133,} 2

Replacing in (5.3.7) yields the result. O
PROPOSITION 5.3.5. We have the equality in CHY (H):
(cren—1)(wh)e) = (eren—1)([Ty)) + BIN) Y g,
Pes
where B(N) is an integer given by:
(-~

5 [N —4N? +4N — 2+ (-1)V YN —2)].

B(N) =
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PROOF. If the integer N is 1, this follows directly from Proposition 5.3.4 applied to the integer
r :=1 (observe that the combinatorial coefficient is 1).

Let us assume that the integer N is at least 2.

Applying Proposition 5.3.4 to the integer r := 1, we have the equality in CH'(H):

a(wh)e) = a(lTy) +a(N,1) Y e,
Pex

= Cl([Tg]) + Z ne,

pPex

and applying it to the integer 7 := N — 1, we have the equality in CHY ~1(H):

en-1(wh)e) = eno1([Ty]) + (NN =1) Y
Pex

Hence multiplying, we have the equality in CHY (f] ):

(cren-1)(Wg'e) = (cren-1)([Ty]) + a(N, N = 1)es ([Ty]). > oyt
Pex

tena(T) Y ne+aN N =13 ue) (3 b );

PeXx Pex Pex

using the projection formula, equality (5.2.2) and the hypothesis that N is at least 2, we get:

(cren-1)(wg)e) = (cren—1)([Ty]) + (N, N — 1) > imps(e1([Ty) |5, )05 )

(5.3.8) + Z igpscN-1([Ty]|Ep) + a(N,N —1) Z p-
Pex Pex

Using the definition of the relative tangent class [Tj] and the fact that for every P in ¥, the line
bundle (¢*T¢)|g, can be trivialized on Ep, the middle two sums in (5.3.8) can be rewritten:

OL(N,N - 1) Z iEp*(Cl([Tg]\Ep)Ug@i) + Z Z‘EP*CN—l([Tg]lE}D)

Pex Pex
= a(N,N = 1) Y igpuler (T p ) + D igpeen—1 (T g,
Pex Pex

For every point P in X, we have an exact sequence of vector bundles on Ep:
0—Tg, — Tiyp, — Ng, H — 0,

hence for every integer r, we have the equality in CH" (Ep):

(T p,) = er(Tep) + clNep H)er1(Tsp) = ¢ (Tgp) + npippr—1(Tep).
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The middle two sums in (5.3.8) can be rewritten as follows, using notably the equality (5.2.4) from
Proposition 5.2.1:

a(N,N=1) Y ippu(cr(Telipe)np ) + Y inpeen—1((Ty) 25

Pex Pex
= (NN = 1) Y igpn(@(Tep) + 1o 1Y)
Pex
+ Z ipx(cN-1(TEp) +npiEpeN—2(TEp)),
pPes
=a(N,N — ZZEP*K_ ( )nplEP—"nPlEP)nglEi}
Pex
el e ]
- [Q(N,N— 1)(1 — (JD) + (—1)N—1<N]\i 1) +(=1) ( )} PZE:EzEP*nP,EP
= [~(N = Da(N,N = 1) + (-)N(N(N = 1)/2 = N)] Y 18,0+
Pex
= [~(N = Da(N,N = 1) + (-)NN(N =3)/2] > 0|z,

pPex

By replacing in (5.3.8), we obtain the equality in CHY (H):

(cren—1)(Wg) ) = (eren—1)([Ty]) + BIN) Y np,

Pex

where (N) is the integer given by:

B(N)=—(N —1)a(N,N = 1) + (-D)VN(N - 3)/2+ a(N,N — 1),
= —(N =2)a(N,N —1) + (-1)"N(N - 3)/2.

Now let us compute further the combinatorial coefficient 5(N).
By definition, the coefficient a(N, N — 1) is given by:

=) Y

By using equality (5.3.1) of Proposition 5.3.3 applied to the integers n := N and r := 3, and to the
complex number a := 2, we obtain:

a(N,N —1) = (-1)V[N(N - 1)/2 = 1/2((-1D)N T £ 2N(N — 1) — 2N +1)],

[N(N —1) = (=1)N*! —2N(N — 1) + 2N — 1],

=L [-N? 43N -1 (-1)N*H,
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hence the coefficient 5(NV) is given by:

BIN) = —(N ~2) (_;)N [-N? 43N =1 (=) + (-D)VN(N - 3)/2,
_ (—;)N [—(N —2)(—=N? +3N — 1 — (-1)N*Y) 4+ N(N - 3)],
_ (_;)N [—(=N3+2N2 + 3N2 — 6N — N +2) + (- )N T1(N — 2) + N2 — 3N,
_ (_;)N [N3 —AN? 4+ AN — 2+ (—1)N (N — 2)],
as wanted. -

PROOF OF LEMMA 5.1.1. By Proposition 5.3.5, we have the equality in CHY (H):
(=¥

5 [N —AN? +4N =2+ (-)N T (N = 2)] X 0,

pPex

(C1CN—1)(W%IV/C) = (cren—1)([Ty]) +
hence pushing forward by the morphism v, whose generic degree is one, and using equality (5.2.3)
from Proposition 5.2.1, we have the equality in CHN(H):

ve(eren 1)(@le) = valeren (T — 5[N° — AN? 44N — 24 (~)V (N — 2)][5].
Combining this with Proposition 5.3.2 yields the equality in CHY (H):

V*(C1CN—1)(W};,V/C) = (ClCN—l)([Tf])
1

— 5[1\]3 —4AN? 4N -2+ (-D)NFYN —2) = N(N — 1)(N - 3)][2],
= (cren—1)([Ty]) — %[N -2+ (-)VH(N - 2))[5),

_ (_1\N
= (erewn)(17]) - (v~ 2) 2

as wanted. O

X,






CHAPTER 6

The Griffiths height of the middle-dimensional cohomology
of a pencil of hypersurfaces

6.1. Families of ample divisors in a smooth pencil
The objective of this section is to prove the following proposition.

PRrROPOSITION 6.1.1. Let C be a connected smooth projective complex curve with generic point
1, X be a smooth projective complex scheme of pure dimension N + 1, and let

: X —C

be a smooth surjective morphism of complex schemes. Let H be a non-singular hypersurface in X
such that the morphism

mg:H—C
is flat' and has a finite set ¥ of critical points, all of which are non-degenerate.?
If we denote by L the line bundle Ox(H) on X, then the following equality holds in CHq(X):
_ (N+1)
(6.1.1) (2] = ((1 - ex (L) e(Qx ) ;
If moreover the line bundle L is ample relatively to w, then the following equalities hold in CHo(C)g:

(6.1.2) Cl(g’CC,Jr(HN_l(Hn/Cn)))
= c1(GKc(HNH(X/0))) + e1 (GKo(HNH(X/C))) — e1 (6K (HY (X/C)))

+ o [(( = (D) e (@ )e@e) V] - o (e(Den (@) + v w5,

and:
(6.1.3) c1(GKo,—(HY "' (H,/Cy)))
= c1(GKe(HYH(X/0))) + c1(GKc(HVTH(X/C))) — er(GKe(HY (X/C)))

1 1
+ = [((1 - cl(L))*lcl(Qﬁg/C)C(Qﬁqc))(N“)] — S (ea(L)en Qo)) + vy m (5],
where:
v JTUN—=1)/24 if N is odd
NV (N +2)/24  if N s even.
and:

_ {5(1\7 —1)/24 if N is odd
’UN =

- (N +2)/24 if N is even.

1. or equivalently, is non-constant on every connected component of H, or has fibers of pure dimension N — 1.
2. Equivalently, the only possible singularities of the fibers (Hy),cc are ordinary double points.

7
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6.1.1. Computation of i,[X] and of i,(cicy—1)([Tf]). Let C be a connected smooth pro-
jective complex curve with generic point 7, let X be a smooth projective complex scheme of pure
dimension N + 1, and let

m: X —C
be a smooth surjective morphism of complex schemes. Let H be a non-singular hypersurface in X
such that the morphism

f=mg:H—C
is flat and has a finite set X of critical points, all of which are non-degenerate.
Let

i:H—X

be the inclusion map. Let us also denote by L the line bundle Ox(H) on X.

Observe that the line bundle L|VH on H can be identified with the conormal line bundle Ny XV
of the hypersurface H in X.

Let us define a map s of vector bundles on H by the composition:

We will also see s as a section of the vector bundle Q}(/C|H ® Ly

Some of the content of the upcoming results, Lemmas 6.1.2 and 6.1.3, can be summarized in the
commutative diagram below, where all the horizontal and vertical sequences are exact sequences of
coherent sheaves on H:

(6.1.4) FeQL FAQL
‘(D) “(Df)
0— > Ny XV v P o 0
H X|H H

s t(Di
0— NpgXV HQ;/C‘H AQ}{/CHO

0 0

In (6.1.4), *(Df) (resp. *(Dx), *(Di)) denotes the morphism between coherent sheaves of Kahler
differentials induced by the morphism of schemes f (resp. m, ).

LEMMA 6.1.2. The section s does not vanish on the open dense subset H — % in H, and for
every point P in X, there exists a system (z1,...,zn) of local analytic coordinates on H near P such
that, in some local frame of the vector bundle Qk/C‘H ® Lig, the section s is given by:

s = (2zi)1§i§N-

PROOF. By definition of the subset ¥, the morphism of non-singular complex schemes f is
smooth on the open dense subset H — ¥, so that by elementary properties of the sheaf of Kéahler
differentials, the section s does not vanish on H — X.

Now, let P be a point in ¥, and let y in C' be its image by f. The hypersurfaces H and X, in
X are both non-singular and meet in P. By definition of 3, the morphism f has a critical point in
P, so we have the equality of hyperplanes in T'x p:

(6.1.5) Tup=Tx,pP
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Let ¢ be a local coordinate of C' in some analytic neighborhood of y. Since the morphism 7 is
smooth, we can extend the function 7*¢ into a local coordinate system (7*t,z1,...,2x) in some
analytic neighborhood V of P.

Using (6.1.5) and the implicit function theorem, after possibly shrinking V', there exists a dif-

feomorphism:

p: XyNV —HNV
which sends P to P and whose differential at P is the identity map

Id : Txy7p — TH,P~
In other terms, there exists an analytic neighborhood U of 0 in CV, and a function:

u:U—C,

vanishing in the origin, and whose derivative vanishes in the origin, and such that H NV is defined
by the equation:
(6.1.6) Tt = u(z1, ..., ZN)-
The morphism ¢ and the function u are related by the equality of morphisms from X, to CN*1:

(6.1.7) (7"t 21, ey ZN) 0 @ = (U(21, oy ZN)y 215 -y ZN ) -
Observe that H admits a local coordinate system given by (214, ..., 2n|f)-
By hypothesis, y is a non-degenerate critical point of the morphism f = m 5 on H, hence it is
also a non-degenerate critical point of the morphism:
Manv op: Xy NV — C.
Using (6.1.7), this morphism is given in local coordinates by:

()| 5V © @ = u(z1, ..., 2N),
so we obtain that the Hessian at 0 of the function w is non-degenerate. Consequently, after possibly

shrinking the neighborhood V and changing the coordinates zi,...,zn, we can assume that the
function u is given by:

(6.1.8) w21,y 2N) = 20+ o+ 25

The vector bundle Q% admits a local frame given by (7*d¢, dz1, ...,dzy). Using that the hypersurface
H is defined by the equation (6.1.6), the conormal line bundle leH ~ N XV, as embedded in the
vector bundle Qﬁ(l -+ is generated by the non-vanishing section:

ou

50 1= @dz + ...+
0= 82:1 1 8ZN

dzy — mdt = 22y gdzy + ... + 22y gdzy — 7 dt using (6.1.8).
The vector bundle Q% /¢ admits a local frame given by ([dz1], ..., [dzn]). In this frame, the image
by the projection
Q%(\H — Q%(/C\H
of the section sq is given by:
2Z1|H[d2’1} + ...+ 2ZN|H[dZN].

This image is precisely the section s, which proves the lemma. ]

LEMMA 6.1.3. We have an ezxact sequence of coherent sheaves on H :
“(Di
(6.1.9) 0 — LYy = Qo 8 Qe — 0,
where Y(Di) is the map between sheaves of Kdhler differentials associated with the morphism of
C-schemes 1.

Furthermore, the subscheme of H defined by the vanishing of s is precisely the reduced subscheme
defined by the finite subset X.
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Proor. For the exactness of (6.1.9), everything but the injectivity of the morphism s is a
standard property of sheaves of relative Kéhler differentials. By Lemma 6.1.2, the morphism s does
not vanish on the open dense subset H — ¥ in H. Since both coherent sheaves leH and Qﬁf Jo|H are
locally free on H, the morphism of coherent sheaves s is therefore injective, which completes the
proof of the exactness of (6.1.9).

Furthermore, by Lemma 6.1.2, the morphism s vanishes with order 1 in every point of X.
Consequently, the subscheme defined by the vanishing of the morphism s is precisely the reduced

subscheme defined by ¥, as wanted. O
PROPOSITION 6.1.4. We have the following equalities in CHo(X):

(6.1.10) i [2] = [(1 = e1(L) (@) ¥,

and:

(6.1.11)  dw(cien—1)([TF]) = (cren)([Tx])
+ (DN ([(1 = e (L) ea (o) ek )]V 4 i [B] = e (D)en (2 0))-

PRrOOF. Using Lemma 6.1.3, the subscheme defined by the vanishing of the section s of the
vector bundle Qﬁ( ol @ Ly on H is exactly the reduced subscheme defined by 3, in particular, it

is of dimension 0, hence of codimension N in H. The rank of the vector bundle Qﬁ( o ® Ly on
H is exactly N, so that s is a regular section in the sense of [Ful98, B.3.4].

Consequently, using [Ful98, Example 3.2.16, (ii)], we have the equality in CHo(H):
(] = en(Qxcpm @ Lin),
= i*cN(Qﬁ(/C ® L),
=i" ) all)VFa@ye),
0<k<N

where the last expression follows from the formula for the top Chern class of the tensor product of
a vector bundle by a line bundle ([Ful98, Remark 3.2.3, (b)]).

Pushing forward by the inclusion ¢ and applying the projection formula, we obtain the equality
in CHQ(X)

|X] = [H] - Z c1 (L)Nikck(Qﬁc/C)v
0<k<N

=1 (L) Z Cl(L)Nika(Qﬁ(/C)v

0<k<N
(6.1.12) = > a@N e (Qk)0),
0<k<N
= Z cl(L)NH*kck(Qk/C) because the vector bundle Qﬁg/c is of rank NV,
0<k<N+1
= [(1 = ea(L)) e Q) )] VY,
which shows equality (6.1.10).

Now let us show equality (6.1.11). Using exact sequence (6.1.9) and the multiplicativity of total
Chern classes, we have the equality in CH*(H):

c([Qycl) = e Qxjopm)e(Lyy) ™ = i*[(1 = er(L)) " e(Qy0))-
Taking the terms of codimension 1, we obtain the equality in CH*(H):
(6.1.13) ([0 0]) = i*le1 (V) + e (D)
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and taking the terms of codimension N — 1, we obtain the equality in CcHY _I(H ):
(6.1.14) ena1(Qpel) =" > a(@)N T e (Qk o)
0<k<N-1
Multiplying (6.1.13) and (6.1.14), we obtain the equality in CHY (H) ~ CHy(H):
(cren—1) (/o)) = i* [ Z 01(L)N_k0k(9§(/c) + Z C1(L)N_1_k(010k)(9§(/c)]-
0<k<N-1 0<k<N-1

Pushing forward by ¢ and applying the projection formula, we obtain the equality in CHg(X):

in(cren-D) () = @] Y a@¥Fa@le)+ Y al@N T ea) @),

0<k<N-1 0<k<N-1
(6.1.15) = > a@¥ a0+ Y al@)N Faa) Q).
0<k<N-1 0<k<N-1

The first sum in (6.1.15) is given by:
Yo alM @)= YD al@)V e o) - alL)en (o)
0<k<N-1 0<k<N
= 0. [Z] — e1(L)en (2 ¢) using equality (6.1.12) .
Similarly, the second sum in (6.1.15) is given by:
Y alN Maw) Qo) = Y all)N M aa) Qo) — (cen)(Q,c),
0<k<N-1 0<k<N
= [(1 = e (L) er (o) e( Qs )l VY = (eren) Qi c)-
Hence replacing in (6.1.15), we obtain the equality in CHg(X):
iw(cren—1)([Q%)c]) = ix[E]=er(D)en (o) +H(1=er (L) " er (o) e( Q) o) VD = (eren ) (2K 0)-

Since the morphism of non-singular complex schemes f is smooth on an open dense subset of H,
similarly to Subsection 3.1.4, we have the following equality in K°(H) ~ Kq(H):

[Tf] = [Q}I/C]Vv
where .V denotes the duality involution on K°(H).
Consequently, we have the equality in CHy(X):
in(cren-1)([Ty]) = (=) Niu(cren—1) ([Qc))s
= (cren)([Tx))
+ (=D ([(1 = er(D) " tea( Q) eIV + i [E] - ea(L)en (2 /c))
which shows equality (6.1.11). O

6.1.2. An application of Lefschetz’s weak theorem. We can also prove the following
consequence of Lefschetz’s weak theorem and of Poincaré duality.

ProprosITION 6.1.5. If the line bundle L is ample relatively to the morphism m, then for every
integer n such that n < N — 1, the local monodromy of H"(H, /C,) is unipotent and we have the
equality in CHy(C):

(6.1.16) c1(GKc(H" (Hy/Cy))) = c1(GKc(H™ (X/C))),

and for every integer n such that n > N — 1, the local monodromy of H"(H,/C,) is unipotent and
we have the equality in CHo(C)g:

(6.1.17) c1(GKo(H" (H,/Cy))) = e1(GKc (H2(X/C))).
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A minor variant of the proof below would actually show that the local monodromy of H"(H, /C,)
is trivial when n # N — 1.

PROOF. Let us assume that the line bundle L is ample relatively to the morphism 7. Let A be
the set-theoretic image:

and let:

be its complement in C.
Let n be an integer such that n < N — 1.

Since the line bundle L = Ox(H) is ample relatively to the morphism m, using Lefschetz’s
weak theorem (see for instance [Voi03, Theorem 1.29]), we obtain that the pullback morphism of
variations of Hodge structures on C"

H™(i*) : H"(X — Xa/C) — H"(H — Hp/C)
is an isomorphism.

Since X is smooth over C, the VHS H"(X — XA /C) on C can be extended into the VHS
H"(X/C) on C, hence its local monodromy at every point of A is trivial.

Consequently, the local monodromy of the VHS H"(H — Ha/ C) at every point of A is trivial,
in particular unipotent, and the isomorphism of VHS H"(i*) extends into an isomorphism on the
(upper or lower) Deligne extension.

Consequently, it induces an isomorphism of line bundles on C"
GKe(H" (")) : GKe(H"(X/C)) — GKo(H" (Hy/Cy))-

Taking Chern classes, we obtain immediately equality (6.1.16).

Now, let n be an integer such that n > N — 1. Applying Proposition 2.5.2 to the blow-up Y of
H at every point of X, satisfying that the divisor YA is a divisor with strict normal crossings, and
to the integer

n=2(N-1)—-n<N-1,

and using that the local monodromy at every point of A of the VHS H”'(Y —Ya/ C) is unipotent
(which we showed above), we obtain that the local monodromy at every point of A of the VHS
H"(Y — Ya/C'), hence of the VHS H"(H,,/C,), is unipotent and that the line bundle on C:

GKc(H(Y — Ya/C)) @ GKo(HXN=D=(y — v, /C))Y
~ GKc(H"(H,/Cp)) ® g’CC(H2(N_1)_n(Hn/Cn))
is of 2-torsion. Consequently, we have the equality in CHg(C)q,
C1 (g’CC(Hn(Hn/Cn)» ! (g’CC(Hz(N_l)_n(Hn/Cn)))-
Applying equality (6.1.16) to the integer n’ ;== 2(N — 1) —n < N — 1, we obtain:
c1(GKe(H"(H,/Cy))) = c1(GKe(H*N D 77(X/C))).
Applying Proposition 2.5.2 to X, with the set of critical values being empty, we obtain:
e1(GKc(H" (H,/Cy))) = e1(GRo (N CN=D71(X/0))) = 1 (GKe (H'(X/C)),
which shows equality (6.1.17). O
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Now we can conclude the proof of Proposition 6.1.1. Let us assume that the line bundle L is
ample relatively to the morphism .

Applying equality (5.0.1) from Theorem 5.0.1 to the C-scheme H, then applying equality (6.1.11)
from Proposition 6.1.4, we have the equalities in CHo(C)q:

2(N—-1)

Y ()" e (GKe - (H"(H,/Cy)))

n=0
= e ((cren ) ([Qhyl) + un £ 15,
()~

12

e ([(1 = e (L) Per (R 0)e( Q)N = er(L)en (Q0)),

= %ﬂ'*(chN)([TTFD + (uy +
(=~
12

where uy; is the rational number defined by:

)f<[Z]

(6.1.18) -

_ {(51\[—3)/24 if N is odd
UN =

T\ V24 if N is even.

Applying Theorem 5.0.1 to the smooth C-scheme X yields the equality in CHy(C')g:

2N
(6119 S (1) e @K HN(X/CN) = Someren)(T2))
n=0

Finally, it follows from Proposition 6.1.5 that we have the equality in CHy(C)q:

2(N-1) 2N
(6.120) Y (~1)"er(GKe,—(H"(H,/Cy))) = D (=) e (GKe(H"(X/C)))
n=0 n=0

= (~1)"[eL(GKec,— (Y"1 (H,/Cp))) — er(GKe(HYH(X/C)))
+e1(GRe(HY(X/0))) = e1(GKe (EYH(X/0))))-
Equality (6.1.3) follows by combining equalities (6.1.18), (6.1.19) and (6.1.20). Equality (6.1.2) is
proved in the same way, using equality (5.0.2) from Theorem 5.0.1 instead of equality (5.0.1).
This concludes the proof of Proposition 6.1.1.

6.2. Pencils of hypersurfaces in the projective space

In this section, we shall use Proposition 6.1.1 to compute the Griffiths height of the middle
-dimensional cohomology of pencils of projective hypersurfaces. Before stating our results, we in-
troduce some notation and recall some basic facts concerning projective bundles over a projective
curve, their Chow groups, and their hypersurfaces.

6.2.1. Preliminary: projective bundles over a curve and horizontal hypersurfaces.
Let C be a connected smooth projective complex curve with generic point 7, let E be a vector bundle
of rank N +1 > 1 over C, and let:

7 :P(E) := Proj S*EY — C,

be the associated projective bundle over C.

We denote by Og(1) the tautological quotient line bundle over P(E); it is the dual of the
tautological subbundle of rank 1 of 7*FE.
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We shall use the fact (see for instance [Ful98, B.5.8]) that the relative tangent bundle
Teeyc:=Tx
fits into a short exact sequence:

(6.2.1) 0 — Op) — T E® Op(1) — Tpm))c — 0.

Let H be an hypersurface, namely an effective Cartier divisor, in P(E). It is a projective complex
scheme of dimension N. Its generic fiber H,, is an hypersurface in the projective space P(E), of
dimension N over C(C'). We shall denote its degree by d.

We shall also denote by:
i:H—P(E)
the inclusion morphism of H in the projective bundle P(E), and by:
fi=moi:H —C
its projection to the curve C.

As is well-known, the hypersurface H, in the projective space P(E), may be defined, as a
subscheme, by the vanishing of an homogeneous polynomial of degree d — namely by a non-zero
element of SdE){ — unique up to the multiplication by an element of C(C)*.

This description of H, extends to a description of the “relative hypersurface” H over C as
follows.

Since P(F) is a regular scheme, its Picard group is isomorphic to its Chow group of codimension
one CH'(P(E)). According to the structure of the Chow groups of a projective bundle (see [Ful98,
Th. 3.3 (b)], with k£ = dim(P(E)) — 1), there is an isomorphism:

Z ® CHY(C) = CHY(P(E)), (6,a)— 6c1(Op(1)) + n*a.
Consequently the line bundle Op(g)(H) is isomorphic to Og(6) ® 7* M for some integer  and some

line bundle M over C. By considering the restriction of this isomorphism to P(E),, we see that §
coincides with the generic degree d of H. Moreover the line bundle M is unique up to isomorphism.

We will denote by:
(6.2.2) o : Opp)(H) — Op(d) @ 7 M
the isomorphism obtained by this construction. This isomorphism may be seen as a morphism of
line bundles over P(E):
(6.2.3) o:m*MY — Og(d),
the vanishing of which defines H scheme-theoretically. In turn, the data of the morphism (6.2.3) is
equivalent to the data of a morphism of sheaves of O¢-modules:
(6.2.4) 7: MY — 1.0p(d) ~ STEY,
which is clearly injective.

For every point z of C, the image 7, (y) of any non-zero element y of M, is an element of S?EY
which is a (scheme-theoretic) equation for the fiber H, of H in the projective space P(FE), over C.
This shows that the hypersurface H is horizontal — namely, that no fiber of 7 is a component of H,
or equivalently that the morphism f: H — C is flat — if and only if 7, is non-zero for every point
x of C, or equivalently if and only if 7 is an isomorphism onto a locally direct summand of S?EV.

In the sequel, we shall use the following notation for the first Chern classes of £ and M, and
of Og(1), in CH'(C) and CH'(P(E)) respectively:

e:=c1(E), m:=c (M), and h:=c(0Og(1)).
Using the isomorphism (6.2.2), we obtain the equality in CH'(P(E)):
(6.2.5) [H]=dh+7"m.
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Using the definition of Segre classes and their relation to Chern classes ([Ful98, 3.1, 3.2]), and
the fact that C' is one-dimensional, we obtain the following equality, for every i € N:

0 if 1 <N,
) [C] if1=N,

6.2.6 D=8, nN(F)=
(6.2.6) mh=senE =0 N,

0 ifi>N+1.

From the relations above and the projection formula, we deduce:

(6.2.7) . (RN "1 N [H]) = d[C],
and
(6.2.8) (WY N [H]) = —de +m.

In computations, we will use that CHi(C) vanishes for ¢ > 1; in particular, we have:
(6.2.9) m-m=e-e=m-e=0.

REMARK 6.2.1. The classes m and e depend on the choice of the bundle F, and not only on the
C-scheme P(E).

More specifically, if L is a line bundle on C, and F is replaced by E’' := E ® L, then we may
identify the C-schemes P(E’) and P(E), but e is replaced by:

e =ci(F)=ci(E®L)=e+ (N+1)ci(L).
The line bundle Og(1) is replaced by:
Op/(1) ~Og(l)®7*LY,
and the class h is replaced by:
B = c1(Op/(1)) = h—7n*ci (L).
Moreover, the bundle SYE’Y may be identified with (S?EY)® L~?. The morphism of vector bundles:
i=r@ldp-a: MY @ L™ — SYE"
clearly represents the same equation as 7, hence it also defines the hypersurface H in P(E").

Finally the line bundle M is replaced by M’ := M ® L?, and consequently the class m is replaced
by:
m':=ci1(M")=m+d c(L).

Observe that this implies the equality of classes in CH'(C)q:
(N +1)m' —de’ = (N +1)m — de.
We shall denote the relative canonical sheaf of the smooth morphism
7 :P(E) — C
by:
(6.2.10) we(E)/Cc = Mgy~ det Ty /o

DEFINITION AND PROPOSITION 6.2.2. Let h* € CH'(P(E))q be the class defined by:

N 1
h* = —mcl (wP(E)/C),

and let Wt (H/C) be the rational number defined by:

bt (H/C) := /P ) RN A [H].
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They satisfy the following relations:

* 1 *
(6.2.11) h —h+N+17r e,
(6.2.12) htn (H/C) = / RN N [H] + N deg E
P(E) N+1 ’
(6.2.13) =deg M — Nl deg E.

In particular, the rational number (N + 1)ht;(H/C) is an integer.
PROOF. The equality (6.2.11) comes from taking the determinant of the exact sequence (6.2.1).
This gives isomorphisms:
det Tp(py/c ~ det (7"E ® Op(1)) ~ Og(N + 1) @ 7* det E.
Together with (6.2.10), this establishes (6.2.11).
By using successively (6.2.9), (6.2.5) and (6.2.9) again, we have:

N
BN O [H] = <h+ Nilw*e) A [H],

N
:(hN+

N—-1_x H
7N+1h 776)0[ 1,
N
N+1
dN
2.14 =hV N [H]+ ——h" 7.
(6 ) hﬂ[]+N+1h e

After pushing forward by 7 and taking the degree, using (6.2.6), this becomes equality (6.2.12).
From (6.2.14) and (6.2.5), we obtain:

=rN N [H]+ RN"lr*e . (dh + 7*m),

dN
*IN _ N * N __*
Y N[H]=h .(dh+7rm)+N+1h e,

N
= dhN T + WV m + LhNﬂ*e,
N+1

so pushing it forward by 7 and using (6.2.6), we get:

dN d
* N _ — -
m (KN N[H]) = de+m+N+le me- e
Consequently, we have:
d
/ RN N [H] = deg(m. (RN N [H])) = deg M — deg E.
P(E) N+1
This shows equality (6.2.13). O

REMARK 6.2.3. The subscript stands for “intersection-theoretic.” The height ht;,;(H/C) clearly
only depends on P(FE) as a scheme over C' and on its subscheme H. We can also check this property
on the expression (6.2.13): according to Remark 6.2.1, if E is replaced by E' := E ® L, with L a
line bundle, the class m — Niﬂe is unchanged.

We can also express this height in terms of slopes. The slope of the line bundle M is u(M) =

deg M, the slope of F is:
deg E

N+1’

w(E) =
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and the one of S?EV is:

ddeg
d v

EY)=—-dp(FE)=—
n(S°E”) n(E) Nl
which gives the following expression:

(6.2.15) htin: (H/C) = p(SYEY) — u(MY).

The existence of an effective section of the line bundle MEWNFDE-D" g (det F)@-dd-D" op
C' defined by the discriminant of the horizontal hypersurface H (see (6.2.33) below), along with
equality (6.2.13), will prove that the rational number ht;,;(H/C) is non-negative when d > 2.

When the vector bundle S?EV is semistable, the non-negativity of ht;,;(H/C) would follow
from equation (6.2.15). Indeed, since MV is naturally embedded as a coherent subsheaf of S¢EY,
using the expression (6.2.15) for ht;,¢(H/C), if the vector bundle SYEV is stable (resp. semistable),
then ht;,+(H/C) is positive (resp. non-negative).

Combining this result with the compatibility of vector bundle stability with tensor operations
in characteristic 0 (see for instance [NS65]), we immediately obtain that if the vector bundle E is
semistable, then ht;,;(H/C) is non-negative.

The non-negativity of ht;,:(H/C) when the vector bundle E is semistable would also follow
from [Miy87, Th. 3.1]: the vector bundle F is semistable if and only if the class h* (which Miyaoka
denotes by Ag) is nef, and when this holds, the rational number

htn¢(H/C) := /P " RN N [H]

is non-negative.

6.2.2. The Griffiths height of the middle-dimensional cohomology of a pencil of
hypersurfaces in projective spaces. The objective of this subsection is to show the following
theorem, which immediately implies Theorem 1.4.2 using equality (6.2.13). As observed after the
statement of Theorem 1.4.2, this theorem implies the validity of the same formulas for the Griffiths
heights of the primitive part of the middle-dimensional cohomology HN~1(H, /C,).

THEOREM 6.2.4. Let C be a connected smooth projective complex curve with generic point n, E
a vector bundle of rank N + 1 over C, and H C P(E) an horizontal hypersurface of relative degree
d, smooth over C. If m g has only a finite number of critical points, all of which are non-degenerate,
then the reduced 0-cycle in H defined by the set of critical points ¥ satisfies the equality in CHo(C):
(6.2.16) fo[2] = (d = DN((N + 1)m — de).

Moreover, we have the following equalities in CHy(C)g:

d
(6.2.17) c1(GKe,+ (BN (H,/Cy)) = Fi(d, N)(m — me)»
and:
d
(6.2.18) c1(GKe,—(HNY(H,/C,)) = F_(d, N)(m — me),
and the following equality of rational numbers:
(6.2.19) htG ik, star (HY 7' (H,) /Cy)) = Fatan(d, N) bty (H/CO),
where F1.(d,N), F_(d,N) and Fsap(d, N) are the elements of (1/12)Z given when N is odd by:
_N+1 N (12 2 2
Fy(d,N):= il [(d—1D)N(7d°N — 7d° — 2dN — 2) +2(d* — 1)]
NA+1 N 2 2 2
F_(d,N) = [(d — 1)V (=5d>N + 5d> — 2dN — 2) +2(d* - 1)]

24d?
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and:

N+1
Forap(d, N) = ﬁ [(d— 1)V (2N — d? — 2dN — 2) + 2(d? — 1],

and, when N is even, by:

N+1

Fi(d,N) = F_(d,N) = Fuyar(d, N) = 0

[(d—1)N(d°N + 2d* — 2dN —2) — 2(d* — 1)] .

Observe that the morphism of complex schemes:
m: X :=PF)—C

is smooth and surjective, and using the isomorphism 6.2.2, the line bundle L is relatively ample.
Consequently, we are in the situation of Section 6.1.

PROPOSITION 6.2.5. With the above notation, and denoting L the line bundle Opgy(H) on
P(E), we have the equalities in CHo(P(FE)):

(6.2.20) i[2] = (d = DNRN[(d — 1)h + (N + D)*m — w*e],
(6.2.21) a1 (L)en (g o) = (=D)VAN[A(N + 1)h + (N + 1)x*m + dN7*e],
and:
(6.2.22) (1= e (L) er (g )y ;)N = hN (aw ah + by .am™m + ey ar™e),
with the rational numbers an 4, by,a and cn,q given by:
N +1
ang = T+( —(d— )N (—)NHY),

b= D (— (@ )Y @N 4 1)+ (-)Y),

CN.d = é( —(d=1D)N(d-N-2)+ (-1)NTHN +2)).

ProOOF. Applying equality (6.1.10) from Proposition 6.1.4 with the above notation yields the
equality in CHy(P(F)):
. _ (N+1)
i[2] = [(1 = e (D) e(Qppy )]
_ N+1
N +ea(L) 1C(T]P(E)/C)]( :

[
)V + dh+ 7 m) le(m E @ 0(1))]

(6.2.23) = (N+1)

(N+1)
(6.2.24) = (—)NT((1+dh)" = 7'm (1+ dh)2) (1 + )N + 7% (1+ h) )}
(6.2.25)  +

“DNVH(EDNTHE - )R - ()M ()N (N + 1)(d = DAY
(6.2.26)  + (—D)NTlrre[(-=1)N(d - 1)N]AN
d—1D)NAN[(d = 1D)h+ (N + 1)m*m — 7*e],

where in (6.2.23), we used exact sequence (6.2.1) and equality (6.2.5); in (6.2.24), we used (6.2.9)
and [Ful98, Ex. 3.2.2] ; in (6.2.25), we used again (6.2.9); and in (6.2.26), we used Proposition
5.3.3.

This shows (6.2.20). The other equalities are proved similarly with straightforward computa-
tions. 0

(
(
(1)
— (71)N+1[(1 erh) (1 +h)N+1} (N+1) ( 1)N+17T*m[(1 + dh)72(1 + h)NJrl](N)
(—D)NHa*e (14 dh) "1 (1 4 h)N]W)
(-1)
(1)
(
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PROOF OF THEOREM 6.2.4. Pushing equality (6.2.20) forward by the morphism 7 yields the
equality in CH'(C):

2] = (d—DN[(d — Dm bV + (N + D (W 7*m) — 7w (W 7%e)],
= (d—1)V][=(d —1)e + (N + 1)m — ¢] using the projection formula and (6.2.6),
= (d— D)N[(N + 1)m — de,
which shows equality (6.2.16).

Let us show equality (6.2.17). Since X = P(FE) is a projective bundle over C, all its relative Hodge
vector bundles on C' are trivial, and for every integer n, the Griffiths line bundle G (H"(X/C))
is trivial. Since the line bundle L is ample relatively to the morphism 7, we may apply the equal-
ity (6.1.2) established in Proposition 6.1.1. With the above notation, this yields the equality in
CHo(C)q:

(6227) (K (Y7 (H,/Cy)) = Tome (1= (D) er Oy )@ y) ¥

12
1
EETLE (Cl(L)CN(erp’(E)/C)) + v f«[2].

Using (6.2.22), the first term in (6.2.27) is given by:

%77* |:((1 — Cl(L))7101(Q]%,(E)/C)C(Q]%}(E)/C))(N+1):|

= ﬁﬂ-* (aN7th+1 + vathﬂ'*m + CN,thw*e),

(6.2.28)

— %bN,dm + %(CN,d — aN,d)e,

N +1
= 1242 [_ (d— 1)N(dN +1)+ (—1)N]m
%d[_ (d—DNd-N=2)+ (DN (N +2) + (N +1)(d— DN — (N +1)(=1)V e,

— Do [~ (@ = DVEN + 1)+ (<D = 12 [ = (@ = V@V + 1) + (DY,
(6.2.29)
N+1
= S (— (= DY@N + 1)+ (-)V) (m — 7).

where in (6.2.28), we have used the projection formula and (6.2.6).

+

d

Reasoning similarly using (6.2.21), the second term in (6.2.27) is given by:

_1\N
%m (er(L)en (g ) = ( 112) To(d(N + DRV + (N + DAY 7*m + dNRN ),
(=Y
=0 (—d(N +1)e+ (N +1)m+dNe),
I GOMOES)) d
(6.2.30) = 15 (m Nl e).
Replacing (6.2.16), (6.2.29) and (6.2.30) in (6.2.27) yields the equality:
d
c1(GK e (HY Y (H,/Cy))) = Fi(d, N)(m — m@»
where F (d, N) is the rational number given by:
N+1 (-)N(N +1)

F.(d,N) = (= (d=DN@N+1)+ (-1)V) - + ol (N +1)(d—-1)N.

1242 12
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If the integer N is odd, Fy(d, N) is given by:

_ N+1 N N+1 7(N-1) N
F,(d,N) = 5 (d=1)N@N+1)+1) + TEY (N +1)(d-1)",
N+1
- 2422 [—2((d = DVAN +1) +1) + 202 + TN — 1)(d - D)™],
_ NI NN 2 _ 2
=2 [(d DN (72N — 7d? — 2dN — 2) + 2(d 1)],
as wanted, and if the integer IV is even, it is given by:
_N+1 N N+1 N+2 N
F,(d,N) = 12d2( (d—1)N(dN +1) + 1) TR (N+1)(d-1)",
N+1
:T;[z(—(d—l)N(dNH)H)—2d2+d2(N+2)(d—1)N],
_NAL N e 2 oy (2
- [(d D)V (2N +2d% — 2dN — 2) — 2(d 1)},

as wanted. This shows equality (6.2.17).

For equality (6.2.18), we reason similarly using (6.1.3).

For equality (6.2.19), it follows from equality (6.2.16) and the definition of the height ht;,.(H/C)
that we have the following equality of integers:

2] = (d — 1)V [(N + 1) deg(m) — ddeg(e)] = (N +1)(d — 1)V htin: (H/C).

Equality (6.2.19) is a simple consequence of this equality combined with equality (2.4.6) from Corol-
lary 2.4.2 and with equality (6.2.18). |

6.2.3. Complements: horizontal hypersurfaces in a projective bundle and discrim-
inant. Equality (6.2.16) from Theorem 6.2.4 can also be deduced from the classical theory of the
discriminant, which we shall now recall.

Recall the definition ([Dem12]) of the discriminant of a homogeneous polynomial in an arbitrary
number of indeterminates.

Let us denote by n > 1 the number of indeterminates and by d the degree of the homogeneous
polynomial. Let:

n
Inq:= {a = (a1, ..., ) € N?| Zai = d}
i=1

be the set of indexes, let:
Un,d =17 [(T(x)aeln,d]

be the universal polynomial ring, and let:

Poagi= Y XM X3 To € UpalXy,..., Xy
acly, q
be the universal homogeneous polynomial of degree d in n indeterminates. It satisfies the following
tautological property.

For R a ring, let us denote by R[Xj, ..., X,;]q4 the submodule of R[X;,..., X,,] of homogeneous
polynomials of degree d. For every polynomial F' € R[X}, ..., X,]q, there is a unique morphism of
rings:

hr : Un,d — R,
such that the polynomial hp (P, 4) deduced from P, 4 by replacing its coefficients in U, 4 by their
images by hr — in other terms, its base change by hp — is F itself.
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DEFINITION AND PROPOSITION 6.2.6 ([Dem12, 5]; see also [GKZO08, Chapter 13]). The uni-
versal discriminant disc,, q(Py,q) is an element of U, q4 given by:
0P, .q 0P, 4
8X1 ) ) 6Xn )

where Res denotes the resultant of n polynomials in n indeterminates, and the integer a(n,d) is
defined by:

discy,q(Pp,q) := d=" D Res (

d—1)" - (="
7 .
For every ring R, if F is a polynomial in R[X1, ..., Xp)a, if hr : Up g — R denotes the morphism
of rings such that hp(P,.q) = F, then:

discy, ¢(F) := hp(discn,4(Pnq)) € R

a(n,d) := (

defines the discriminant of F.

The universal discriminant disc,, ¢(Py.qa) is characterized (up to a sign) by the following two
properties:

(1) It is a prime element of Uy 4.

(2) If k is a field, and F' is a polynomial in k[ X1, ..., Xy,]a, then disc, q(F) = 0 if and only if
the subscheme (F = 0) in P}~ is not smooth.*

Moreover, for every ring R and for every homogeneous polynomial F in R[Xy,...,X,]a, the
following equalities hold in Uy, 4 .0

(8) If v is a scalar in R, then we have:
(6.2.31) disc,, ¢(VF) = Wn(d_l)nfldiscn,d(F).

(4) If A= (a;;)1<ij<n is a matriz with entries in R, then the discriminant of the polynomial
F'=F|> a1;X1,) as;Xo, ) is given by:
J J

(6.2.32) disc, o(F') = (det A)X4=D"" disc,, 4(F).
We can extend this definition to families of polynomials parametrised by a scheme in the following
way.

DEFINITION AND PROPOSITION 6.2.7. Let X be a scheme, M be a line bundle over X, E be a
vector bundle of rank n on X, and let T be a section over X of the vector bundle SYEY @ M.

There exists a unique section discy, q4(T) over X of the line bundle:

® (det B)®— (@1

)n,fl )nfl

A®n(d-1
satisfying the following property:
(1) If V = Spec R is an affine open subset of X, if
v: 0y = My, w:(’)gn%E‘/
are local trivializations of the line bundle M and the vector bundle E, then the scalar
(™)@ @ (det ™)@~ 44=") (discy,a(r)) € T(V,0v) = B,
is precisely the discriminant disc,, 4(F) of the polynomial
Fi= (") @ ¢™") (1v) € D(V, S"OP") ~ R[X, ..., Xp]a.

3. see [Dem12, 6, Cor. 1].
4. see [Dem12, Prop. 12].
5. see [Dem12, Prop. 11, c¢) and e)].
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This section also satisfies the following property:

(2) If x is a point in X with residue field k(x), then the section disc, q(7) vanishes at x if
and only if the hypersurface in P(Ey(,) defined by the vanishing of the polynomial T(x) €
SdE:(w) ® M,y(y) is not smooth over k(z).

The proof is straightforward.

Consider now a connected smooth projective complex curve C' with generic point 7, a vector
bundle E of rank N + 1 over C, and a horizontal hypersurface H C P(E) such that H,, is smooth
over 7, and let us adopt the notation of the previous subsections.

In particular, we denote by 7 a section of SEY @ M representing the “equation” of H.

By applying to 7 the construction in the previous proposition, we get a section:
(6233) diSCN_;,_l,d(T) el (C” M®(N+1)(d*1)N ® (det E)@*d(dfl)N) )

The property 2 of Definition-Proposition 6.2.7 implies that for every scheme point x in C, the section
discy 11,4(7) vanishes at = if and only if the hypersurface H, ) C P(Ey(s)) is singular. In particular,
disc11,4(7) is not the zero section of MEN+DE-DY ¢ (det F)@—d(d-1"
Let A be the finite subset of critical values in C' of the morphism
f+H—C.

Thanks to the work of Eriksson ([Eril6, Th. 1.2]), one may express the order of vanishing of the
section discy11,4(7) at some point x in A in terms of the localized N-th Chern class of the coherent
sheaf Q}{ /C which is supported on the singular fibers of H.

In the special case where H is smooth and the morphism f has only non-degenerate critical
points, his result easily implies the equality, for every z in A:

ord, (discy1,4(7)) = [24],
where Y denotes the set of critical points of f and:
Yo =20 x).
This implies the equality in CHy(C):

£ = Z ||z = Z ord, (discyt1,4(7)) z,
rEA TEA
= div(discNH’d(T)),
=c (M®(N+1)(d71)N ® (det E)®*d(d*1)N),
=(d—DN((N + 1)m — de),

and provides an alternative proof of (6.2.16).

6.3. Linear pencils of hypersurfaces and Lefschetz pencils

Another setting where Proposition 6.1.1 applies is provided by linear pencils of hypersurfaces.
Let V' be a connected smooth projective complex scheme of pure dimension N > 1, and let H
be a non-singular hypersurface in V' x P! such that the morphism
pryg:H—V

is dominant, or equivalently surjective, and let § be its degree. The line bundle Oy p:1(H) is
isomorphic to the line bundle

priM @ pryOpi (),
where M denotes some line bundle over V', which is unique up to isomorphism.



6.3. LINEAR PENCILS OF HYPERSURFACES AND LEFSCHETZ PENCILS 93

PROPOSITION 6.3.1. With the above notation, let us assume that the morphism
projy  H — P!

is surjective, and has a finite set 2 of critical points, all of which are non-degenerate.
The following equality holds in CHo(V x P1):

(6.3.1) 1] = 3 pri[(1 — e (M) ~2e(2)] ™) pries (O (1).
In particular, the cardinality of 3 satisfies:
2= 6 | (1= () (@),
Furthermore, if the line bundle M on V is ample, the following equalities of integers hold:
(6.3.2)  degp: (GKp (Y (H, /P1))

1) 9 1 1 (71)N+15 N
=5 V(1—61(M)) c1(23)e(9y) + 13 Xtop(V) + v |3,
and:
(6.3.3)  degpi (GKp _(HN ' (H,/P})))
5 —2 1 1 (—1)N+is 3
=33 ), (1= @) e @)e( ) + = xiop(V) + vy 2]
where:

Yeop(V) = (~1) /V en ()

denotes the topological Euler characteristic of V', and where v;\r, and vy are the rational numbers
defined in Proposition 6.1.1.

We could have formulated (6.3.2) and (6.3.3) as equalities in the Chow group CH'(P')q of the
base P! of the pencil, as in Proposition 6.1.1. However the degree map establishes an isomorphism
CHI(]P’l)Q ~ , and the present formulation is actually equivalent to this a priori more precise one.

6.3.1. Proof of Proposition 6.3.1. For simplicity, let us denote h the class ¢1(Op1(1)) in
CH'(P') and m the class ¢; (M) in CH' (V).

We can apply equality (6.1.1) from Proposition 6.1.1 to the smooth projective complex scheme
X :=V x P!; the smooth surjective morphism of complex schemes

mTi=pry: X — P!
and the line bundle on X:
L := Oy yxpi(H) = priM @ pr5Op: (9).

We obtain the equality in CHq(V x P!):

18] = [(1 = (L)~ e pn )]

= [(1 = prim — 6 prsh)prie(@})] Y

(6.3.4) = pri[(1—m)e(@)] T 4 s pryhpri[(1 - m)"2e(0)]
(6.3.5) = 6pr3hpri[(1 —m)2.c(@l)] ",

where in (6.3.4), we have used that CH?(P') vanishes, and in (6.3.5), we have used that CH™ (V)
vanishes.

This shows (6.3.1).

N+1)

(N)
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Now, let us assume that the line bundle M on V is ample. This implies that the line bundle L
on X is ample relatively to the morphism 7, so that the hypothesis of (6.1.2) and (6.1.3) is satisfied.

Since X is the product of P! by V, all its relative Hodge vector bundles over P! are trivial, and
for every integer n, the Griffiths line bundle GKCp: (H™ (X /P1)) is trivial.

Consequently, taking degrees in equality (6.1.2) yields the following equality of rational numbers:

_ 1 _
(6.3.6)  degpi (GCp 4 (HY 1 (H,/Py))) = E/V . (1 =1 (L)~ er (e )Ry pr ypa)
«PL
1
T2 (e1(L)en (Qyp pr)) + Vx| Z]-
X 1

Reasoning as above, the first term in (6.3.6) can be rewritten:

1 _
12 vap (1—al(l)) 161(9%/><]P’1/IP’1)C(Q%/><IP’1/IP’1)
X 1
1 * *7\— *
= oo [ et — St o ca () e(2))
X
1 * — *
5 [ - e @)
X
) £ —2 o« 1 1
+ 12 p pryhpri (1 —m)~“pri(c1(Qy)e(y)),
X
1) _
(6.3.7) =5 V(l —m) 201(9%/)0(9%/),

where we have used the fact that the group CHY 'H(V) vanishes, as well as the classical equality, for

a a O-cycle in V:
/ priapryh = / Q.
V xPpl v

Similarly, the second term in (6.3.6) can be rewritten:

1 1 * * *
5 aWen @ p) = 15 [ (orim e+ dpngiprien (@),
V xPt V xPt
1 * o * *
~ 35 ) writmen@) + 15 [ prihrien())
X X
1)
= — Ol
19 VCN( V)a
—1)N§
(638) = ( 1; Xtop(v)'

Replacing (6.3.7) and (6.3.8) in (6.3.6) yields the equality:

)

_1\N+1
degy: (GKpr . (HY ™ (Hy /Py)) = 15 /V<1 —m) ey (@ e(}) + S0

12 XtOP(V)+U]-\_/'|E|’

12
which shows equality (6.3.2). Equality (6.3.3) follows similarly from equality (6.1.3).

6.3.2. Application to Lefschetz pencils. Proposition 6.3.1 applies notably to Lefschetz pen-
cils.

Let V' be a connected smooth projective complex scheme of pure dimension N > 1, embedded
into some projective space P", of dimension r > max(N, 2).
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Let A be a projective subspace of dimension r — 2 in P” that intersects V transversally, and
let P C P"V the projective line in the dual projective space P™V corresponding to A by projective
duality.

Let us denote by:
v:Py — P"
the blowing-up of A in P". If V denote the proper transform of V' by v, the restriction:

V|‘7:‘7—>V

may be identified with the blowing-up in V' of ANV, which is smooth of dimension r — 2.

Let I be the incidence subscheme in P" x P"V. It is an hypersurface in P” x P"V, and both
projections:
pry: I — P" and prQ‘I:I—ﬂP’TV

are smooth morphisms. Moreover the line bundle O(I) over P" x P"V is isomorphic to priOp-(1) ®
praOprv (1).
The projection of center A:
PP—A— P
extends to a smooth morphism of complex schemes:
p: ﬁz — P,
and the pair of morphisms (v, p) establishes an isomorphism:
(v,p) : Py =5 IN(P" x P)
between the scheme ]INDR and the smooth hypersurface I N (P x P) of P" x P.
Consequently, by restriction, the pair of morphism (Vl‘*;, p|‘7) defines an isomorphism:
Wppip) 1 V>IN0 (V x P)
between V and the smooth hypersurface IN(V x P) of V x P. Moreover the line bundle O (IN(V x P))
over V' x P is isomorphic to prjOpr(1)y @ pr3Op(1).

Recall that the pencil of hyperplanes in P" containing A is said to be a Lefschetz pencil with
respect to the subvariety V of P” when the morphism:

p|‘7 : ‘7 — P
has a finite set ¥ of critical points, all of which are non-degenerate, and when the restriction
y4)> >— P
is an injective map.
We may apply Proposition 6.3.1 to the hypersurface I N (V x P) in V x P. With the notation
of this proposition in this situation, the line bundle M is (isomorphic to) the restriction Oy (1)

of Opr(1) to V, and § = 1. Accordingly, we obtain the following result, which notably applies to
Lefschetz pencils:

COROLLARY 6.3.2. With the above notation, let us assume that the morphism:
Py V-—P
has a finite set 2 of critical points, all of which are non-degenerate.

The following equality holds in CHo(V x P):
(v,0)+[2] = pri[(1 = e1(Ov (1)) "2e(Q4)]N) pries (Op(1)).
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In particular, the cardinality of 3 satisfies:
(6:39) == [ 1 -a(@v) e,
Furthermore, the following equalities of integers hold:

degp(GKp+ (HNY(V,/P,)))

1 L, L . (-1 N+1 .
12 V(1 —c1(Ov(1))) " (Q2y)e(Qy) + Tme(V) + vy lXl,
and:
degp(GKp, - (HNH(V,/Py))
1 . ) . (_1 N+1 -
= E V(l — Cl(OV(l))) Cl(Qv)C(Qv) + Txtop(v) + UN|E|

As already mentioned in 1.4.4, the expression (6.3.9) for the number of critical points in a
Lefschetz pencil is established by Katz in [SGAT3, Exposé XVII, cor. 5.6].



Annexe A
Sections génériques et pinceaux d’hypersurfaces

A.1. Introduction

Dans tout ce chapitre, k désigne un corps algébriquement clos de caractéristique 0. Par k-schéma,
on entend un k-schéma séparé de type fini. On ne distinguera pas un k-schéma réduit X et I’ensemble
de ses k-points X (k).

Nous allons montrer les deux énoncés suivants :
THEOREME A.1.1. Soit X un k-schéma lisse et connexe. Soit E un fibré vectoriel sur X, et soit
W c H°(X,E)

un sous-espace vectoriel de k-dimension finie du k-espace vectoriel des sections de E, qu’on identifie
au schéma affine sur k

Spec , (S*WY).

Si le fibré E est engendré sur X par ses sections dans W, alors il exviste un ouvert Zariski non
vide U de W tel que pour tout s dans U, le fermé de X défini par l'annulation de s soit lisse de
codimension rgkE.

Quand le fibré E est un fibré en droites, I'espace vectoriel W définit un systéme linéaire de
diviseurs de X, et le théoréme A.1.1 est le théoréme de Bertini bien connu (voir par exemple [Har77,
ITI, Corollary 10.9]).

THEOREME A.1.2. Reprenons les notations du théoréme A.1.1, et supposons que E soit un fibré
en droites L.

Pour tout s dans U, notons Hs Uhypersurface lisse définie par Uannulation de s.

Soit C une courbe connexe lisse sur k, et soit
T: X —C

un k-morphisme lisse.

(1) Si le fibré L (resp. le fibré des 1-jets verticaur Jy(L)x/c) est engendré sur X par les
sections de L dans W (resp. par leurs 1-jets verticaux), alors il existe un ouvert Zariski
non vide U’ de U tel que, pour tout s dans U’, tous les points critiques de la restriction

Ty, Hs — C
soient non dégénérés.

(2) Sous les hypotheses précédentes, si X (et donc C) est projective, et si pour tout (x,y) dans
X2 tel que x # y et w(x) = 7(y), le morphisme d’évaluation :

W —L,®L,, s—(s(z),s(y))

est surjectif, alors il existe un ouvert Zariski non vide U"” de U’ tel que, pour tout s dans
U", chaque fibre de w3, contienne au plus un point critique.

97
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Noter que les ouverts U, U’, U” sont forcément denses dans W.

Lorsque le schéma X est projectif et que L est engendré sur X par ses sections dans W, on
peut aussi remarquer que ’ensemble des conditions sur W apparaissant dans le théoréme A.1.2 est
simultanément vérifié si et seulement si, pour tout ¢ dans C, le morphisme

T ({t}) — Pe(WY) := Proj ,(S*W),
qui & un point associe I’hyperplan de W des sections s’annulant en ce point, est un plongement
fermé. (Voir par exemple [Har77, I, Proposition 7.3], appliqué au schéma projectif 7=1({t}).)
Ces deux théoremes sont des analogues algébriques de résultats de topologie différentielle bien
connus. Par exemple, I'assertion (1) du théoréme A.1.2 est un analogue algébrique de [Mil63, I,

Corollary 6.8 p. 37]. Dans leur démonstration, le théoréme de lissité générique (Théoreme A.2.1
infra) joue le role du théoreme de Sard en topologie différentielle.

La possibilité d’établir des énoncés de ce type qui completent le classique théoréeme de Bertini, et
leur analogie avec des énoncés de transversalité classiques en topologie différentielle sont certainement
bien connus des spécialistes; voir par exemple [AGZV85]. Toutefois la littérature publiée semble
ne contenir que peu d’énoncés précis de ce type; voir toutefois [Kle74].

Dans la situation ou le k-schéma X est un fibré en projectifs sur la courbe C, le théoreme
A.1.2 nous permettra d’établir I’énoncé suivant, qui montre que les hypotheses de régularité sur les
pinceaux d’hypersurfaces dans l’espace projectif apparaissant dans les théoremes 1.4.2 et 6.2.4 sont
satisfaites génériquement des que la hauteur du pinceau d’hypersurfaces est suffisamment grande.

THEOREME A.1.3. Soient C une k-courbe projective lisse connexe de genre g, E un fibré vectoriel
de rang non nul sur C, M un fibré en droites sur C' et d > 1 un entier. Soit de plus :

7 :P(E) := Proj o(S*EY) — C
le fibré en projectifs associé a E.
Si le degré de M satisfait a la minoration :
dege M > 29 — 1+ d pimax(E),

alors il existe un ouvert Zariski U" non vide de ’espace vectoriel de sections H?(P(E), Op(d)®@n* M)
tel que, pour toute section s dans U", Uhypersurface Hy de P(E) définie par s soit lisse sur k, que
tous les points critiques de la restriction

mu, He — C
soient non dégénérés, et que chaque fibre de my, contienne au plus un point critique.
Dans la section A.6, nous montrerons comment 'existence de pinceaux de Lefschetz sur une

variété projective lisse connexe apparait aussi comme un cas particulier des théoréemes A.1.1 et
Al.2.

A.2. Transversalité et sections génériques

A.2.1. Transversalité de morphismes algébriques.

A.2.1.1. Lissité générique et transversalité.

THEOREME A.2.1 (Théoreme de lissité générique, voir [Har77, III, Corollary 10.7]). Soient X
et Y deuz k-schémas intégres®, avec X lisse sur k, et soit

f: X —Y
un k-morphisme. Il existe un ouvert dense U de Y tel que la restriction

frry  fHU) — U

1. En d’autres termes, X et Y sont des < abstract varieties > au sens de [loc. cit., II, 4].
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soit un morphisme lisse.

Ce théoreme admet la généralisation suivante, valable pour des k-schémas non irréductibles :
COROLLAIRE A.2.2. Soient X etY deux k-schémas réduits, avec X lisse sur k, et soit
f: X —Y
un k-morphisme. Il existe un ouvert dense U de Y tel que la restriction
Sy f7HU) —U

soit un morphisme lisse.

DEMONSTRATION. Soient (Y;);jes les composantes irréductibles de Y.

Pour tout j dans J, on considere 'ouvert de Y; défini par

V=Y- |J v
j'eJ—{s}

[e]
C’est en fait un ouvert de Y, donc son image réciproque f~!(Y;) est un ouvert de X. Soit (X; ;j)ie I;
la famille finie des composantes irréductibles, c’est-a-dire des composantes connexes, de cette image
réciproque.
Pour tout 4 dans I;, le schéma X ; est irréductible et réduit donc integre. De plus, le schéma
Y; est réduit, et un ouvert de Y; irréductible, donc il est integre.

En appliquant le théoréeme A.2.1 au morphisme de schémas intégres :
Y; y
I, Xy — Y

on obtient un ouvert dense U; ; de Y; tel que la restriction
FHU ) N Xy — Uiy
soit lisse.
o
On définit un ouvert dense de Y; par
Uj = ﬂ Ui,j.
iel;
Chacune des composantes connexes (X; j)ics, est alors lisse au-dessus de Uj, donc leur union
o
disjointe, qui est f~1(Y;), est lisse au-dessus de Uj.
Donc en définissant un ouvert de Y par
v=Ju,
JjeJ
on obtient que la restriction
i)y —vu
est lisse.

De plus, comme l'intersection de U avec chaque composante irréductible de Y est un ouvert non
vide, U est dense dans Y, comme voulu. O

DEFINITION A.2.3. Soient
f: X—Y

un morphisme de k-schémas lisses, et Z un fermé lisse de Y.
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Soit x un k-point de X dont image y := f(x) est dans Z. On note Tx 5 (resp. Ty, resp. Tz )
Uespace tangent a X en x (resp. ¢ Y eny, resp. a Z en y), et on note

(df)x : TXJ — Ty7y

Uapplication k-linéaire différentielle de f en x.

On dit que f est transverse a Z en x si on a [’égalité de sous-espaces vectoriels de Ty,, :
Tyy = (df):v(TXﬂv) +Tzy-

De plus, on dit que f est transverse a Z si pour tout x point de f~1(Z), f est transverse a Z en x.

Cette définition est un analogue algébrique de la définition classique de transversalité en topo-
logie différentielle, voir par exemple [GP10, Chapter 1, §5] ou [AGZV85, Part I, 2.3].

PROPOSITION A.2.4. Awec les notations de la définition A.2.3, si f est transverse a Z, alors le
sous-schéma fermé f=Y(Z) dans X est lisse.

De plus, si Z est de codimension pure p dans Y, alors f est transverse a Z si et seulement si le
sous-schéma fermé f~1(Z) est lisse de codimension pure p dans X .

L’implication directe est bien connue en topologie différentielle, elle est par exemple montrée
dans [GP10, Chapter 1, §5]. En géométrie algébrique, on peut compléter cette preuve et établir la
réciproque, en utilisant le fait que le critére jacobien de lissité est une équivalence.

DEMONSTRATION. Soit z un point de f~!(Z) et y son image par f. Soit p, la codimension de
Z en y.

Par le critére jacobien (voir par exemple [BLR90, 2.2, Proposition 7]), il existe, au voisinage
de y, des fonctions k-régulieres g1, ..., gp, qui définissent le sous-schéma Z, dont les différentielles
(dg1)y, - (dgp, )y dans Q3 sont linéairement indépendantes.

Par conséquent, comme la fibre Q%,y est le dual de I'espace tangent Ty, 'application k-linéaire

((dg1)y, -, (dgp, )y) : Ty,y — k&Pv
est surjective, et son noyau est exactement l'espace tangent 1 .
Au voisinage de z, le sous-schéma fermé f~1(Z) est défini par les équations (g1 0 f, ..., gp, © f).

Donc par le critere jacobien, il est lisse de codimension p, en x si et seulement si les différentielles
(d(g10f))as - (d(gp, © f))x sont linéairement indépendantes dans 2 ,, c’est-a-dire si et seulement
si 'application k-linéaire

(d(g1 0 f)ay s d(gpy o f)e) = (d(gl)ya ) d(gpy)y) o(df)s : Txo — kP

est surjective, c’est-a-dire si et seulement si la restriction

((dgl)yv ey (dgpy)y)l(df)m(Txym) : (df):r(TX,x> — k%P

est surjective.

Or, on sait que I'application k-linéaire ((dg1)y, .., (dgp, )y) est surjective et que son noyau est le
sous-espace 1z, donc elle induit un isomorphisme entre le quotient Ty, /T, et k®Pv.

Donc la restriction ci-dessus est surjective si et seulement si la composition
(df)2(Tx,2) = Tyy > Ty,y/Tzy
est surjective, c’est-a-dire si et seulement si les sous-espaces Tz, et (df).(T’x ) engendrent Ty,
c’est-a-dire si et seulement si f est transverse a Z en x.

On a ainsi montré que pour tout point = de f~!(Z), si p, est la codimension de Z en y, le
sous-schéma Z est lisse de codimension p, en x si et seulement si f est transverse a Z en x.
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En appliquant cette équivalence sur chaque composante connexe de Z, on obtient que si f est
transverse & Z, alors f~1(Z) est une union disjointe de sous-schémas lisses, donc est lisse, ce qui
montre la premiere affirmation.

De plus, si Z est purement de codimension p, alors tous les p, valent p, donc on obtient la
deuxieme affirmation. |

Appliquée aux sections d’un fibré vectoriel, la proposition A.2.4 va nous permettre d’établir
I’énoncé suivant :

PRrROPOSITION A.2.5. Soient X un k-schéma lisse, et E un fibré vectoriel de rang e > 1 sur X.
On note

V(E) := Spec x (S*EY)
l’espace total de E sur X, et
Ox C V(E)
limage de la section nulle.

Soit s une section de E sur X, et soit
fs: X — V(E)
le morphisme de k-schémas induit par s.
Les trois assertions suivantes sont équivalentes :
(1) Le sous-schéma fermé défini par Uannulation de s est lisse de codimension e.

(2) Pour tout x dans X tel que s(x) s’annule, la différentielle
(ds)g : T,y — Ey
est surjective.

(8) L’application fs est transverse au fermé Ox.

Lorsque les conditions (1)-(3) sont réalisées, on dit que s est transverse a la section nulle.

DEMONSTRATION. L’équivalence entre (1) et (3) vient de la proposition A.2.4 appliquée au
morphisme f,, et du fait que le fermé de X défini par I'annulation de s est exactement 'image
réciproque f;1(0x).

Montrons ’équivalence entre (2) et (3).

Soit x un k-point de X ou s s’annule.

L’espace tangent a V(E) en fs(z) se décompose canoniquement en somme directe de ses sous-
espaces

Tox,fs(f) = TX,ﬂC
et
Ty(B), f.(@) = TE,0 = Eo.

Dans cette décomposition, la différentielle de f; au point = s’écrit

_ IdTXI
Donc fs est transverse a la section nulle en z si et seulement si la composition de (dfs), avec la

projection sur E, relativement a Tp, 7 () est surjective, c’est-a-dire si et seulement si (ds), est
surjective.

Comme cela est vrai pour tout 2 ou s s’annule, on obtient I’équivalence entre (2) et (3). O
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A.2.1.2. Théoreme de transversalité générique. On peut déduire du corollaire A.2.2 des énoncés
de transversalité générique.

L’énoncé suivant apparait en substance dans la preuve de [GP10, Chapter 2, §3, < The trans-
versality theorem .
LEMME A.2.6. Soient Vi, Va, V3 trois k-espaces vectoriels, et V3 un sous-espace de V.
Soient
fVi— Ve et g:V7 — V3
des applications k-linéaires.
On définit des sous-espaces vectoriels de Vi par :
=1 ()
et
V" := Ker(g).
On suppose qu’on a l’égalité de sous-espaces de Vy :
(A.2.1) Vo= f(Vi) + V3
et que la restriction
gy Vi — Vs
est surjective.

Alors on a l’égalité de sous-espaces de Va :

(A.2.2) Va=f(W') + V5.

DEMONSTRATION. Soit v un vecteur de Vs.
En utilisant ’égalité (A.2.1), on obtient une décomposition
vg = f(v1) + v3,
ou vy est un vecteur de V; et v} est un vecteur de Vj.
On considere le vecteur
v :=g(vy) € Vs.
Comme g|y; est surjective, il existe un vecteur v} de V{ que g envoie sur vs.
On définit un vecteur dans V; :
v] == — ).
Par définition de v{, le vecteur g(v}') est nul, donc v{ est dans V.
D’autre part, on a I’égalité dans V5 :
vy = f(v1) + vh,
fof + 1) + vy,
FY) + (1) + ),
ou vf est dans V{’, et f(v}) est dans f(VY), donc dans V3 par définition.

Donc vy est dans le sous-espace f(V{') + V5. O

THEOREME A.2.7. Soient X,Y,S des k-schémas lisses, et Z un fermé lisse de Y. Soient
F: X —Y

et
mT: X — 8

des k-morphismes. On suppose que le morphisme 7 est lisse.
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Si F est transverse 4 Z, alors il existe un ouvert dense U de S tel que pour tout k-point s de U,
la restriction
F“ﬂ.—l({s}) : w_l({s}) —Y

sott transverse a Z.

C’est un analogue algébrique du théoreme de transversalité en topologie différentielle dans sa
version élémentaire donnée dans [GP10, Chapter 2, §3, <« The transversality theorem »]. Il découle
du théoréme de lissité générique A.2.1 comme le théoreéme de transversalité en topologie différentielle
découle du théoreme de Sard.

Quand Z est de codimension pure dans Y, on peut le déduire de [Kle74, Lemma 1], avec g
I'inclusion de Z dans Y, et de la proposition A.2.4.

DEMONSTRATION. Nous allons reprendre la preuve de [GP10].
Si s est un point de .S, nous noterons plus simplement les fibres de 7 de la maniére suivante :
X, :=7n1({s}).
On définit un fermé
W:.=F1Y2)cX.
Comme F est transverse a Z, par la proposition A.2.4, ce fermé est lisse sur k.
On applique le corollaire A.2.2 au morphisme de k-schémas lisses (en particulier réduits) :
mw W — S,
On obtient un ouvert dense U de S tel que le morphisme
Tiwar—1@) : WN N U) — U
soit lisse.

Soit s un point de U, et x un point de X, dont I'image par F', notée y, est dans Z. En particulier,
x est dans W.

On va appliquer le lemme A.2.6 aux k-espaces vectoriels :

‘/1 - TX,:Cv
‘/2 - TY,ya
V3 - TS.,S?

au sous-espace vectoriel :

et aux applications linéaires :
f=dF), Vi — Vs,
g:=(dm), : Vi — Vi.
On remarque que les sous-espaces vectoriels Vi et V{" de V; sont alors donnés par :
Vi=Tw.CTxs., V/'=Tx, .CTxa.

Comme s est dans U, et comme la restriction 7y nr-1(p) est lisse, la différentielle

(dﬂ-\W)a: = g\V{
est une application linéaire surjective.

D’autre part, comme F est transverse a Z en x, on a 1’égalité de sous-espaces vectoriels de Ty, :
Tyy = (dF)Z(TXﬂC) +Tzy,
donc 1égalité (A.2.1) est vérifiée.
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Donc on peut appliquer le lemme A.2.6, et on obtient I’égalité (A.2.2), qui s’écrit comme I’égalité
de sous-espaces vectoriels de Ty, :

Ty,y = (dFx,)2(Tx, o) + Tz,y-
Autrement dit, le morphisme Fx_ est transverse a Z en .

Comme cela est vrai pour tout & dans X, tel que F(x) est dans Z, cela montre que pour tout s
dans U, le morphisme Fjx_ est transverse a Z. O

A.2.1.3. Théoréme de transversalité relative générique. On dispose aussi d’une variante relative
du théoreme A.2.7.

LEMME A.2.8. On considére un diagramme commutatif :

(A.2.3) Vi—tev, o W
ool
Vs=—=1V3

ot Vi, Vo et V3 sont des k-espaces vectoriels, Vi est un sous-espace vectoriel de Va, et f, g et h sont
des applications linéaires.

On définit des sous-espaces vectoriels par :
V" = Ker(g) C Vi,
Vy' = Ker(h) C Va,
si bien que par commutativité du diagramme (A.2.3), f envoie V{' dans Vy'.

Si on a l’égalité de sous-espaces vectoriels de Vs :

(A.2.4) Vo = f(V{') + V3,
alors on a légalité de sous-espaces vectoriels de V3’ :
(A.2.5) Va' = f(V) + (V2N Vy).

D’autre part, si g est surjective, et si on a l’égalité (A.2.5), alors on a l’égalité de sous-espaces
de Vo :

(A.2.6) Vo= f(Vi) + V5.

DEMONSTRATION. Supposons qu’on ait (A.2.4).
Soit v4 un vecteur de Vy'.
En utilisant 1’égalité (A.2.4), on obtient une décomposition
o = 1) + 04
ou v} est un vecteur de V{ et v un vecteur de V3.
On a I’égalité dans Vs :
h(vg) = h(vy) — h(f(v1)),
= h(v§) — g(v]) par commutativité du diagramme (A.2.3),
= 0 par définition de V}" et V.
Donc le vecteur v est dans le sous-espace Vy', donc dans Vi N V5.
Donc on a une décomposition dans V3’ :
vy = fvf) + b,

ou v} est dans V{’ et v} est dans V5 NV,
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Donc v4 est dans le sous-espace f(V{") + V3 de V3’| ce qui montre 1'égalité (A.2.5), et donc la
premiere affirmation du lemme.

Supposons maintenant qu’on ait 1’égalité (A.2.5).
Soit vo un vecteur de V5.

Comme g est surjective, il existe un vecteur v; de V7 tel qu’on ait 1’égalité dans V3 :

g(v1) = h(va).

En particulier, par commutativité du diagramme, on a 1’égalité dans V3 :

h(f(v1)) = h(va),
donc le vecteur vy — f(v1) est dans V3.

On lui applique ’égalité (A.2.5), pour obtenir une décomposition

va = f(v1) = f(vY) + v,
ou v} est dans V{’ et v} est dans V.
On a donc I’égalité dans V5 :
vz = f(or+vf) + vy,
ou vy + vf est dans V; et v dans V.
Donc le vecteur v est dans f(V7) + V5.

On obtient ainsi 1’égalité (A.2.6), et donc la deuxiéme affirmation. O

COROLLAIRE A.2.9. On considere un diagramme commutatif

(A.2.7) x>y o5 z
S——15

ot S, X etY sont des k-schémas lisses, Z est un fermé lisse de Y, et F,m et n' sont des k-
morphismes.

On suppose que les morphismes 7w et ™ sont lisses, ainsi que la restriction 7T‘,Z.

Si F' est transverse a Z, alors il existe un ouvert dense U de S tel que pour tout s k-point de U,
le morphisme
7_(/—1 _ _
E (Y om {sh) — = (s
soit transverse a Z Nm'~1({s}).

r—1
Réciproquement, si pour tout k-point s de S, le morphisme F“;r_l(gg) est transverse a Z N

7'71({s}), alors F est transverse a Z.

DEMONSTRATION. Si s est un point de S, nous noterons plus simplement ses fibres de la maniére
suivante :

X, :=7n1({s}),
Y, =1 ({s}):
Supposons que F' est transverse a Z.
Par le théoreme A.2.7, il existe un ouvert dense U de S tel que pour tout s dans U, la restriction
Fix, : Xs —Y
soit transverse a Z.

Soit s dans U, et soit © dans X un point dont 'image par F', notée y, est dans Z N Y.
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On va appliquer le lemme A.2.8 aux k-espaces vectoriels :

‘/1 - TX,17
V2 - TY,ya
V3 - TS S

au sous-espace vectoriel

et aux applications linéaires

[i=(dF), : Vi — Va,

g:=(dm)y: Vi — V3,

h=(dn'), : Vo — V.
Comme les morphismes F', 7 et 7’ s’insérent dans le diagramme commutatif (A.2.7), les applications
linéaires f, g et h s’insérent dans le diagramme commutatif (A.2.3).

De plus, on remarque que les sous-espaces vectoriels V" et V" de V] et V5 respectivement, sont
donnés par :

‘/1/ = TXSJ C TX@a
Vo =Ty, CTyy.

Comme s est dans U, le morphisme F|x, est transverse a Z en x, donc on a I'égalité de sous-
espaces vectoriels :

TY,y = (dﬂxﬁ)z(TXs,ﬂc) + TZ,ya
donc on a égalité (A.2.4).

Donc en appliquant la premiere affirmation du lemme A.2.8, on obtient 1'égalité (A.2.5), qui
s’écrit comme 1'égalité de sous-espaces vectoriels de Ty, 4 :

Tsty = (dF“‘;(/Z)E(TXs;a;) + TZﬂYawy’

. Ye R
donc le morphisme F||X est transverse a ZNY; en .

Comme cela est vrai en tout z de X tel que F(z) est dans Z, cela montre que pour tout s dans

U, le morphisme Fll)};

est transverse a Z N Y.
Réciproquement, supposons que pour tout s dans S, le morphisme Fll;s est transverse a ZNYj.
Soit x un point de X dont 'image par F', notée y, est dans Z. Soit s dans S son image par .
On va appliquer le lemme A.2.8 avec les mémes notations que ci-dessus.
Comme le morphisme 7 est lisse, ’application linéaire
g=(dnm)y : Tx o — Ts,s
est surjective.
De plus, comme F“;(/ est transverse a Z NY;, en z, on a 1’égalité de sous-espaces vectoriels de
Ty, y :
Ty,y = (AFY)a(Tx, 2) + Tzev, y,
c’est-a-dire qu’on a 1’égalité (A.2.5).

Donc en appliquant la deuxieéme affirmation du lemme A.2.8, on obtient I’égalité (A.2.6), qui
s’écrit comme 1'égalité de sous-espaces vectoriels de Ty, :

Tyy = (dF)e(Tx,2) + Tz,y,
donc le morphisme F' est transverse a Z en .

Cela est vrai pour tout = dans X tel que F'(x) est dans Z, donc on obtient que F' est transverse
aZenx.
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Cela conclut la preuve. (Il

A.2.2. Sections de fibrés dont le lieu des zéros est lisse : démonstration du théoreme
A.1.1. Soient X un k-schéma lisse et connexe de dimension n, E un fibré vectoriel de rang e sur
X, et

W c H°(X,E)
un sous-espace vectoriel de dimension finie w.
On considere le sous-schéma fermé Z de X x W défini par I’équation :
(z,8) € Z<=s(x) =0 (€ E,),
pour tout (z,s) dans X x W. En d’autres termes, on considere la section tautologique s du fibré
priE sur X x W, définie par :
s(x,s) = s(x) € Ey,

pour tout (z,s) dans X x W. Le sous-schéma fermé Z est alors le sous-schéma de X x W défini par
l’annulation de cette section s.

PROPOSITION A.2.10. Pour tout k-point (x,s) de Z, et pour tout (dx,0s) dans T, (X x W),
la différentielle de la section tautologique s sur X x W est donnée par

(A.2.8) (ds) (2,5 (0, 05) = (d5)(x) 4 (ds)z(0x) € Ep =~ (pr1E) (s,
ou les espaces vectoriels W et Ty, sont identifiés, et ot (ds), est un élément de E, ® T)V(ﬁx bien
défini car s s’annule en x.

En particulier, si la section s est transverse a la section nulle (et donc le k-schéma Z est lisse),
alors lespace tangent de Z en (x,s) est décrit par l’égalité :

(A.2.9) Tz (z,s) = {(02,05) € Tx o X Tw,s [(d8)(x) + (ds),(dx) = 0}.
DEMONSTRATION. Par linéarité, il suffit de calculer la différentielle sur les couples de la forme
(0,6s) ou (0z,0) dans T'x 5 X Tw,s.
Comme la restriction de s & {z} x W :
(,8") € {a} x W — s(z,8') = §'(z) € E,

est linéaire, elle est sa propre différentielle en s. Donc pour tout couple de la forme (0,ds) avec ds
dans W, on a l'égalité

(d$)(2,5)(0,85) = (0s)(z) € Ex.
D’autre part, la restriction de s & X x {s} s’identifie & s, donc sa différentielle est celle de s. Donc
pour tout couple de la forme (dx,0), on a I'égalité :

(dﬁ)(a:,s) ((5%‘70) = (ds)z((sx) € E,.
Cela montre 1’égalité voulue. |

PROPOSITION A.2.11. Les assertions suivantes sont équivalentes :
(1) Le fibré E est engendré sur X par ses sections dans W.
(2) La projection
(pry)jz: 2 — X
est lisse de dimension relative w — e.
(8) Le schéma Z est lisse de codimension e dans X x W.

(4) La section s est transverse a la section nulle. En d’autres termes, pour tout (x,s) point de
Z, la différentielle

(di)(w,s) : TXXW,(J;,S) — (prTE)(l,é)

est surjective.
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DEMONSTRATION. Nous allons montrer les implications (1) = (2) = (3) = (4) = (1).
Supposons que (1) est vérifiée. On a un morphisme de fibrés sur X :
ev: WRLOx — FE,
défini par ’évaluation. Comme E est engendré par ses sections dans W, ce morphisme est surjectif,
donc son noyau K est un fibré vectoriel sur X de rang w — e.
On peut considérer I'espace total
V(K) := Spec x (S°K"),
qui est un sous-schéma fermé du k-schéma
V(W@kOX) ~ X x W.
Ce sous-schéma fermé est identifié & Z, et la projection de V(K) sur X est identifiée au morphisme
(pry)|z, qui est donc lisse de dimension relative w — e.
Cela montre I'implication (1) = (2).
L’implication (2) = (3) est évidente car X est lisse sur k.
Comme le sous-schéma fermé Z est exactement le lieu d’annulation de la section s sur X x W,
Iimplication (3) = (4) découle de la proposition A.2.5.
Enfin, supposons que (4) est vérifiée. Soit  un k-point de X. On considére le point (z,0) dans
X x W, il est trivialement dans Z.

Par I’égalité (A.2.8) de la proposition A.2.10, la différentielle de la section s au point (x,0) est
donnée par I’égalité, pour tout (dz,ds) dans Tx xw,(a,0) :

(ds)(z,0) (2, 0s) = (0s)(x) € Ep = (pr1E),s)-
Comme cette différentielle est surjective, on obtient que le morphisme d’évaluation en x :
d0s € W — (0s)(x) € E,

est surjectif.

Cela est vrai pour tout point x de X, donc le fibré E est engendré par ses sections dans W.

Cela montre I'implication (4) = (1) et finit la preuve. O

COROLLAIRE A.2.12. Si les assertions équivalentes de la proposition A.2.11 sont vérifiées, alors
il existe un ouvert non vide U de W tel que la restriction

(pry)izy : 2v — U

soit lisse de dimension relative n — e.

En particulier, pour tout s dans U, le fermé défini par I’annulation de s est lisse de codimension e.

DEMONSTRATION. Par hypothése, le k-schéma Z est lisse de codimension e, donc en appliquant
le corollaire A.2.2 au morphisme de projection
(pry)jz 1 2 — W,
on obtient un ouvert dense U de W tel que la restriction (pry)|z, soit lisse.

Comme le schéma Z est de codimension e dans X x W, il est de dimension n + w — e, donc la
dimension relative de (pry)|z, est bien n —e.

Enfin, pour tout s dans U, par définition de Z, la fibre
(pr2) 2, ({s}) = Zu N (X x {s})

s’identifie au sous-schéma fermé de X défini par I’annulation de s, qui est donc lisse de codimension e.
|
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La derniére assertion du corollaire A.2.12 établit le théoréme A.1.1.

Dans les sections suivantes, nous allons nous intéresser au cas ou F est un fibré en droites et ou
X est fibrée sur une courbe.

A.3. Hypersurfaces dans un pinceau de variétés lisses et points critiques non
dégénérés
Dans cette section et la suivante, comme dans le théoreme A.1.2, on considere X un k-schéma
lisse et connexe de dimension n, C' une k-courbe lisse et connexe,
m: X —C
un morphisme lisse, L un fibré en droites sur X, et
W c H(X,L)
un sous-espace de dimension finie w, qu’on identifie au schéma affine sur k

Spec , (S*WY).

On suppose que L est engendré sur X par ses sections dans W.

A.3.1. Notations et définitions.
A.3.1.1. Le diviseur H. Le sous-schéma Z de X x W introduit dans A.2.2 sera noté :

H:={(z,s) e X xW |[s(x)=0}.
D’apres la proposition A.2.11, H est un diviseur lisse dans X x W et la premieére projection
(prop H=>XxW-—X

est lisse de dimension relative w — 1. En outre, d’apres le corollaire A.2.12, il existe un ouvert Zariski
non vide U dans W tel que la projection

(Pro)ipy : Ho = X xU — U

soit lisse de dimension relative n — 1.

Pour tout s dans W, notons
He=pryt({s}) C X x {s}~ X

la fibre de s, qu’on identifiera au diviseur de X défini par ’annulation de s. En particulier, si s est
dans U, le sous-schéma Hg est une hypersurface lisse.

A.3.1.2. Le fibré vectoriel F'. Nous noterons Ty, le sous-fibré vectoriel du fibré vectoriel Ty,
sur Hy défini comme l'espace tangent relatif du morphisme (pry)|s,, -

On définit alors un fibré vectoriel sur Hy par :
F :=Hom(Ty,, (7o pry)*Tc).

PROPOSITION A.3.1. Les fibrés Ty, et F' sont de rang n — 1.

DEMONSTRATION. On sait que sur U, le morphisme
(prz)‘HU T Hy —UCW

est de dimension relative n — 1.
Dongc le fibré Ty, sur Hy est de rang n — 1.
Comme C est une courbe, le fibré T est de rang 1, donc le fibré F' est de rang n — 1. |
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A.3.1.3. La section D. Construisons maintenant une section canonique D du fibré F.
La différentielle du morphisme
mopr;: Hy — C,
induit une section
d(ropry) € H(Hy, Hom(Ty,,, (7 o pry)*Tc)).

Par restriction a T} on en déduit une section :

prys

D :=d(mopry)p,, € H(Hy, F).

T2
Pour tout point (z, s) dans Hy, comme s est dans I'ouvert U, 'hypersurface Hy de X est lisse,
et la valeur D(z,s) dans F,s) s’interprete comme la différentielle en 2 du morphisme
T, T Hs — X — C.

PROPOSITION A.3.2. Soit (z,s) un k-point de Hy tel que D(z,s) s’annule.
On a alors I’égalité de sous-espaces vectoriels de T'x 4 :
(A.3.1) ((ds), =0) = ((dm), = 0).
De plus, pour tout élément (6x,0s) de Ty, (z,s), avec ds dans W, les trois assertions suivantes
sont équivalentes :
(1) On a l’égalité dans Ly :
(6s)(z) = 0.

(2) On a l’égalité dans L :
(ds).(6x) = 0.

(3) On a légalité dans Tc ()
(dm),(6z) = 0.

DEMONSTRATION. Si (z,s) est un point de Hy tel que D(z,s) s’annule, alors par définition, le
morphisme 73, a un point critique en x, donc on a I'inclusion de sous-espaces de Tx ; :
(A.3.2) ((ds), =0) C ((dm), = 0).
Comme s est dans U, ’hypersurface H, est lisse, donc le sous-espace de gauche est un hyperplan

de T'x ;. De plus, comme le morphisme 7 est lisse, le sous-espace de droite est aussi un hyperplan
de T’x ;. Donc linclusion (A.3.2) est en fait une égalité.

Comme le couple (0z,0s) est dans Ty (,s), I'égalité (A.2.9) de la proposition A.2.10 assure
Péquivalence entre (1) et (2). D’autre part, on sait que D(z, s) s’annule, et donc d’apres (A.3.1), les
hyperplans de T'x , définis par 'annulation de (ds), et (dm), coincident. Cela montre 'équivalence
entre (2) et (3). O

A.3.1.4. Points critiques non dégénérés. Soient Y un k-schéma lisse et

p:Y —C
un k-morphisme. Considérons la section dp du fibré vectoriel Hom(Ty,p*T¢) sur Y définie par la
différentielle de p.
En notant comme précédemment
V(E) := Specy (S*EY)
I’espace total d'un fibré vectoriel E sur Y, la section dp définit un morphisme
fdp Y — V(HOm(Ty,p*Tc)).
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Pour tout k-point y de Y, p a un point critique en y si et seulement si la section dp s’annule en
y, et ce point critique est non dégénéré si et seulement si la différentielle en y de cette section est
surjective, c’est-a-dire si et seulement si le morphisme fg, est en = transverse a I'image de la section
nulle.

En particulier, les points critiques de p sont tous non dégénérés si et seulement si la section dp
est transverse & la section nulle de Hom(7y, p*T¢).

A.3.2. Transversalité de D a la section nulle.

A.3.2.1. Calcul de la différentielle de D. On peut calculer explicitement la différentielle de la
section D en un point de Hy ot elle s’annule. Soit (z, s) un tel point. Par 1’égalité (A.3.1), les noyaux
des morphismes non nuls d’espaces vectoriels :

(ds)g : T,z — Ly

et
((317'('):C : TX@ — TC,ﬂ-(ar)

définissent le méme hyperplan V.., qui s’identifie a T}, (,,s)- Il existe donc un unique isomorphisme
d’espaces vectoriels :

P - Lz L) TC,Tr(ac)
satisfaisant 1’égalité de morphismes :

(dm)e = 0z 0 (ds)e : Tx,e — T n(a)-

Soit © un voisinage ouvert de x dans X ou les fibrés vectoriels T'x, L, et 7*T¢ sont triviaux, et
soient

V:Tx o Xk Q — Txq,
X : Ly kuL)Lm,
et
L Tom(z) Xk Q = (m"Te)0
des trivialisations dont les fibres au point = sont les applications Idr, ,, Id., et Idr, .

Pour tout k-point 2’ de Q et tout vecteur v dans V,, on peut considérer 1’élément

(dﬂ_)z’ (ZZJ(U, 'T/)) € TC,ﬂ'(w’)v

et ainsi définir une section de (7*7T¢)|q, qui s’annule en x car (dm).(v) s’annule. On peut donc
prendre sa différentielle en x :

Ay (A7) e (Y(v, 7)) € T m(a) @ TX -

De méme, on peut définir une application :
X tos:Q— Ly, "+ (xpnos)(z”),
dont on peut prendre la dérivée en un point 2’ dans ) selon le vecteur (v, z’) :
d(x o s)w(Y(v,2)) € Ly.

Cela définit une application de 2 dans L, dont on peut considérer la différentielle en x :

dor(d(x ™" 0 8)ar (¥(v,2)))s € Lo @ TX -

PROPOSITION A.3.3. Avec les notations ci-dessus, pour tout (6x,ds) dans T, (z,s), et pour tout
v dans Vp =~ Ty, (2.s), on a légalité dans Te r(z) :
(AD) (z,) (02, 05)(v) = dur (A7) ((v, 2")))0(02) — o (d(x ™" 0 88)a(v))
= ¢ (dor (d(x " 0 8)ar (W (v, 27)))2 () -
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DEMONSTRATION. Nous pouvons définir un isomorphisme de fibrés vectoriels :
@:i=10(py xIdg)ox : Lo AN (m*Te)n

dont la fibre en z est ¢,.

Soit u, un élément de T’y , tel que I’élément
(ds)z(ug) € Ly
ne s’annule pas. En particulier, on a que 1’élément
(A7) (uz) = pr 0 (ds)s(usz) € TC,‘rr(m)
ne s’annule pas, et que ’espace vectoriel T'x , se décompose de la maniére suivante :
Txy = Ve ®Eku,.

La trivialisation ¢ du fibré vectoriel T'y|q permet de prolonger I'espace vectoriel V,. en un sous-fibré
vectoriel V' de Tx|q, et I'élément u, en une section u de T'x|q, tels que, quitte a restreindre (2, on
ait la décomposition suivante :

TX\Q =Vo OQ u.

Quitte & restreindre €, on peut prendre un voisinage ouvert  x Q- de (z,s) dans X x U tel que
pour tout (2',s") dans Hy N (2 x Qu), les éléments

(ds")ar (ugr) € Ly,
et
(dﬂ-)wl (uﬁl) € TC’,ﬂ'(a:’)
ne s’annulent pas.
Soit (2, s") un k-point de Hy N (2 X Qw ).

Comme ’élément (ds’),(u,/) ne s’annule pas, et comme Ty, ,+ est 'hyperplan de T'x . défini
par 'annulation de la forme linéaire (ds’),s, on a un isomorphisme d’espaces vectoriels entre deux
hyperplans de T'x 4 :

Vw/ L}THSMI/’ Upﬁv_w
' (ds")ar (uar)
et 'espace d’arrivée s’identifie a T, (57 s/)-

Ces isomorphismes définissent un isomorphisme de fibrés vectoriels sur Hy N (2 x Q) :
@ priV o~ Vo xi (Hu 0(Q X Qw)) == T, 110 n(@x 0w )

et la fibre en (z, s) de cet isomorphisme est 'identité. La différentielle en (z, s) de la section D, qui
s’annule en (z, s), coincide donc avec celle de D o ®.

Soit (2',s") dans Hy N (2 x Qw), et soit v dans V,. On note simplement v, pour ¢ (v,z’). On
a 'égalité dans T 7,1y :

ds’) (Vs

(Do ®)(z',s")(v) = (dmr), (vx/ — Edsl))x’(ux,/; ux/),

= (A7) (vgr) — (A7) s (Ugr ) 77—
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et donc I'égalité dans T r(z) :

Lil o ZL'/ SI v = L71 T) ot (Ut — Lil T) ot (U (L;/1 °© @x/)((dS,)x/ (’Ux/))
x! ((‘D q))( ) )( )) z’ ((d )I ( z )) E ((d )I ( ’ )) (L;/l (¢] @x’)((dsl)m’ (um’))’
—1 —1 (‘Pw o X;'l)((dsl)w’ (’Uﬁ’))
A. . =1L, i 2! ’Ux/ — L, T x! ’U,l./ 1 y
(A39) o (e () = e (0 ) o (@) )
— [,_1 T ) et (Vpr — [,_1 T) ot (Uge? Pz (d(X_1 ° Sl)I, (’UI/)
(A.3.4) = 1 ((dm) o (var) — 03 (A7) s (uar)) (AT o) ()

ou (A.3.3) découle de la définition du morphisme de fibrés ¢, et (A.3.4) du fait qu’on peut calculer
la différentielle en 2’ de la section s’ dans n’importe quelle trivialisation.

On peut remarquer que le membre de droite de (A.3.4) a un sens pour tout (2/,s’) dans Q x Qu,
méme si la section s’ ne s’annule pas au point z’.

On peut calculer la différentielle de (D o @) en fixant le vecteur v, et en se placant dans I’espace
vectoriel Te (5) avec la trivialisation Pt

Soit donc v dans V, un vecteur, et soit (dx,0s) dans Ty, (5,5 En différentiant (A.3.4) selon le
vecteur (dx,ds), au point (z, s), et en utilisant que le morphisme d’espaces vectoriels ¢, est I'identité,
on obtient I'égalité dans T r(4) :

(AD 0 B)) (5,0, (87, 65) = Ao (12 (D0 B @', 5)@))  (5,5),
= o (1 (A7) (v2)) (62)
RN [ ST ()
Ao (e ({dm)er () (07) & I OT 0 5) ()

() £A0C 058, (0)
(Am)ate) T o 9o (un)
iy oy 2l ([ 0 8), (). (6)
() £ GO 2 o) ),

d

)
+ (dm)a () a(d(x ! 0 5)2(0) “%Edgx © 05)a (uz))

(P ‘108) (uz)))?
oz (der (d(x™ Os)x’(ux’))x(ém))
(pa(dx ' o 8)a(us)))®

En utilisant que la section s (resp. ' — (dm), (v,)) s’annule au point z, donc que sa différentielle
est indépendante du choix de la trivialisation xy~! (resp. :7!), on obtient :

(d(D © @) ((,5),0) (62, 65) = dor (A7) 0 (var) ) (S2)
— dy (Lg,l((d’ir)m/(um/)))z((sl’) m

Pu(d(x " 0 d5)4(v))
Pa((ds)e(uz))
o (der (d<X_1 0 8)a (Var))(07))
Po(d(x " 0 88)a(uz))
+ (A7) (ue) o ((ds)z(v)) (02 ((ds) 4 (ug)))?
(dar (d(x™" 0 8)a (U)o (97))
(¢ ((ds)z(uz)))? .

+(d7)s (ua) pa(d(X T © 8)(v))

— (A7) (uz)

— (d7), (ux)

+ (A7) (1) 0 ((ds) o (v)) 22
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En utilisant que v est dans V, donc que (ds),v s’annule, on obtient :

o (d(X " 0 d5)0(v))
Pa((ds)e (uz))
dor(d(X ™" 0 8)ar (V1)) (02))
P ((ds)z(uz)) '

d(D 0 @) ((z,5),0)(02,08) = dpr (A7) 2 (Va1 ) )2 (02) — (A7) ()

~ () () 224

En utilisant 1'égalité dans T () :
(A7) (ta) = (P2 © (ds)s) (ua),
on obtient :
A(D 0 @) ((z,6),0) (02, 65) = dur (A7) 27 (v2))2(37) — @(d(X ™ 0 88)(v))
= ¢a(dor (d(x ™" 0 8)ar (v2))2 (02)).

Comme ® est un isomorphisme de fibrés qui induit l'identité en (z, s), cela montre I’égalité voulue.
|

A.3.2.2. Transversalité de D a la section nulle et 1-jets verticaux J1(L)x /¢

COROLLAIRE A.3.4. Si le fibré des 1-jets verticauz Ji(L)x/c est engendré sur X par les 1-jets
des sections de L dans W, alors en tout point (x,s) ot D s’annule, la restriction de la différentielle :

AD(w,5)(Tpr, * Tory,(25) = Flas)
est surjective, et a fortiori, la différentielle :
AD(zs) : Thy (2,5) = Flas)

est surjective.

DEMONSTRATION. Soit (x,s) un point de Hy tel que D(z,s) s’annule.

Considérons un élément :

f S F(a:,s) = Hom(Tpr27(w,s)7 TCﬂT(QZ))'

On veut trouver un élément de T;

pry,(z,5) qui est envoyé sur f par la différentielle de D.

Reprenons les notations de la proposition A.3.3. En particulier, considérons un isomorphisme
d’espaces vectoriels :

Oz Ly — TC,Tr(w)
satisfaisant 1’égalité :
(d7T)r =g 0 (ds)r (G HOIH(TXVT, TC,‘n’(w)))-
On peut donc considérer la composition
90;1 © f : Tﬂ',x = THs,w — L.

Comme les 1-jets verticaux de L relativement a 7 sont engendrés par les 1-jets des sections dans W,
on peut trouver une section ds dans W qui s’annule en z et satisfait a I’égalité :

d(0s), = —py o f (€ Hom(Ty 4, Ly)).

Comme ds s’annule en x, le couple (0,ds) est dans T, (5,5). On lui applique la proposition A.3.3
pour obtenir I'égalité dans Hom(T:,, (z,s); (7 0 Pry)* To r(a))

dD(;,6)(0,08) = —pz 0 d(ds), = f.

Comme le couple (0,ds) est dans T,

bry . (z,5), cela montre la surjectivité. |
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Rappelons que ’on note
V(F) := Spec 4, (S°FY)
I’espace total du fibré vectoriel F' sur Hy et
OHU - V(F)
I'image de la section nulle, que la section D induit un morphisme
fD : HU — V(F)v

et que l'on dit que D est transverse a la section nulle lorsque fp est transverse a Oy, .

COROLLAIRE A.3.5. Si le fibré des 1-jets verticaur Jy(L)x/c est engendré par les 1-jets des
sections de L dans W, alors la section D de F' est transverse a la section nulle sur Hy, et il existe

un ouvert non vide U’ de U tel que, pour tout s dans U’, la restriction de D & H, soit transverse a
la section nulle de Fiy, .

De plus, pour tout point (x,s) dans Hy, la différentielle
dD(:Ln,s) : Tprz,(z,s) — F(z,s)

est un isomorphisme de k-espaces vectoriels.

DEMONSTRATION. Par le corollaire A.3.4, on sait que pour tout point (z, s) de Hy, la différentielle
AD(a,s) : Ty (2,5) = Fla.s)
est surjective.

Donc en utilisant la proposition A.2.5, le morphisme fp est transverse au fermé 04, ce qui
montre la premiere affirmation.

Soit
p:V(F) — Hy
la projection.

Considérons le diagramme commutatif

Hy i> V(F) ) OHU

lprsz \LP%HUOP

U———=U
Par définition de U (voir le corollaire A.2.12), les morphismes verticaux sont lisses, et nous venons
de voir que fp est transverse au fermé Oy, .

Donc en appliquant le corollaire A.2.9, il existe un ouvert non vide U’ de U tel que pour tout s
dans U’, la restriction de fp a H, soit transverse au fermé 03, NV(Fjy, ).

Cela montre la deuxieme affirmation.

Enfin, pour tout (z,s) dans Hys, par la proposition A.2.5, nous venons de montrer que la
différentielle
dD(z,s) * Tpry,(2.5) = Flas)
est surjective.

Or, par la proposition A.3.1, les espaces vectoriels Ty, (5,5) €t F(z,s) sont de méme rang n — 1,
donc cette différentielle est un isomorphisme. |

COROLLAIRE A.3.6. Si le fibré des 1-jets verticaur Jy(L)x/c est engendré par les 1-jets des
sections de L dans W, alors en prenant U’ ouvert non vide du corollaire A.3.5, pour tout s dans
U’, tous les points critiques de la restriction

T, i He 5 X — C
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sont non dégénérés.

DEMONSTRATION. Soit s dans U’. La section (fp)|y, s’identifie & la section du fibré Hom (T3, , 7*T¢)
donnée par la différentielle de la restriction de 7 a H,.

Par le corollaire A.3.5, le morphisme associé est transverse a I'image de la section nulle, ce qui
veut dire que tous les points critiques du morphisme 73, sont non dégénérés. O

Le corollaire A.3.6 établit I’assertion (1) du théoreme A.1.2.

On peut noter qu’en tout point (z,s) de Hy ot D s’annule, la différentielle dD, ) restreinte
a l'espace tangent T, (r,5) s'interprete comme la Hessienne de 73, au point critique .

A.3.3. Le sous-schéma ¥ des lieux critiques. Supposons que le fibré des 1-jets verticaux
J1(L) x/¢ soit engendré par les 1-jets des sections de L dans W.
Soit ¥ le sous-schéma fermé de Hy défini par annulation de la section D.

Un k-point (x,s) de Hy est dans le support de ¥ si et seulement si la restriction
Ty, Hs > X — C
a un point critique en x.
De plus, pour tout s dans U, nous pouvons identifier I'intersection
Yo =YX NH,
au schéma des points critiques du morphisme 73, .

PRrROPOSITION A.3.7. Le sous-schéma 3 est lisse de dimension pure w.

DEMONSTRATION. Par la proposition A.3.1, on a que le fibré F' sur Hy est de rang n — 1.

De plus, on sait par le corollaire A.3.5 que la section D de F' est transverse a la section nulle
sur Hy. Donc d’apres la proposition A.2.5, son lieu des zéros X est lisse de dimension pure

dim(¥) =dim(Hy) —rgF=n+w—-1)—(n—=-1)=w. O

Soit U’ 'ouvert du corollaire A.3.5, et soit
Syo=20 (X x U).
ProroSITION A.3.8. La restriction
Prayy,, : Yy = X X U —uU

est un morphisme étale.

DEMONSTRATION. Soit (x,s) un point de Xy, avec s dans U’.

On s’intéresse au morphisme d’espaces vectoriels
d(pr2|EU/) : TEU/,(x,s) ? TU’,s ~W.
Soit u un vecteur dans son noyau, on a donc que u est dans ’espace vectoriel

Tory (@9) © Tryr (a9)-
De plus, par définition de X, le vecteur u est annulé par la différentielle de la section D.
Or, par le corollaire A.3.5, comme s est dans U’, la différentielle
AD(4,s) : Tpr,,(2,5) = Fla,s)

est un isomorphisme d’espaces vectoriels, donc u s’annule.

Donc le morphisme d(pryy;,, ) est injectif.
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Par la proposition A.3.7, ’espace de départ et I'espace d’arrivée de d(pr2|EU,) ont méme dimen-
sion, donc ce morphisme est bijectif.

C’est vrai en tout point de Xy, donc le morphisme proy,, est étale. O

A.4. Hypersurfaces dans un pinceau projectif avec au plus un point critique dans
chaque fibre

Dans cette section, nous complétons la preuve de lassertion (2) du théoréme A.1.2.

On reprend les notations et hypotheses de la section A.3. Notamment on suppose que le fibré
des 1-jets verticaux Jl(L)X/C est engendré par les 1-jets des sections de L dans W, et I'on dispose
des ouverts U et U’ de W construits en A.3.1 et A.3.2. On suppose en outre que le k-schéma X est
projectif.

A.4.1. Nombre de points critiques et degré de 7. La projectivité de X implique que la
projection
pry : X xXW — W
est propre, donc que sa restriction
Ti=pryy,, Sy — U’
I’est aussi. D’apres la proposition A.3.8, 7 est donc un morphisme fini étale.

De plus, le schéma U’ est irréductible, donc le morphisme 7 est surjectif et on peut considérer
son degré deg(7), un entier > 1.

En particulier, on obtient :

PROPOSITION A.4.1. Awec les notations et hypothéses ci-dessus, la fonction qui & un s dans U’
associe le nombre de points critiques du morphisme

Ty, Hs = X — C,
est constante égale au degré deg(7).

DEMONSTRATION. Soit s dans U’. Par définition de X, les points critiques de 75, sont identifiés
aux points de

pros({sh) =7 '({s}) € o,

Il y en a donc exactement deg(7). O

On peut calculer explicitement deg(7) en termes de classes caractéristiques.
PROPOSITION A.4.2. Soit s un élément de U’'. On a ’égalité dans CHo(X) :
2] = [(1 - e ()o@ ).
ot [Xg] est le 0-cycle réduit de X défini par 'ensemble fini 3s.

En particulier, on a l’égalité d’entiers :
deg(r) = %] = [ (1= er(E) ™ e@c).

DEMONSTRATION. Comme la section s est dans U, I’hypersurface H, dans X est lisse, et comme
la section s est dans U’, par le corollaire A.3.6, la restriction

Ty, Hs — C

a un nombre fini de points critiques, qui sont tous non dégénérés. De plus, par la discussion de la
sous-section A.3.3, ’ensemble de ces points critiques est exactement Y.
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Nous sommes donc dans la situation de la sous-section 6.1.1, avec l'entier N :=n — 1 et ’hy-
persurface H := H,; dans X. L’équation (6.1.10) de la proposition 6.1.4 implique immédiatement le
résultat 2. |

A.4.2. Trivialisation apreés revétement du morphisme fini étale 7. Rappelons un résultat
classique sur les morphismes finis étales.
PRrROPOSITION A.4.3. Soient X,Y des k-schémas lisses non vides, avec Y conneze, et
7T: X —Y
un morphisme fini étale.
Il existe un k-schéma lisse Y non vide, un morphisme fini étale
oY — Y,

induisant un diagramme commutatif :

:YXYX&H
y — 2 o

L1y eees bdeg(T) - f/ — X,

X:

S

T

-~

~

et des sections de T :

qui induisent un isomorphisme de Y -schémas :
YU..UY = X,
Nous rappelons la preuve.
DEMONSTRATION. On raisonne par récurrence sur le degré p du morphisme 7. Si ce degré est
1, 7 est un isomorphisme, donc il suffit de prendre o = Idy-.

Supposons que p > 1, et que le résultat soit établi pour les morphismes de degré p — 1.

Soit X’ une composante connexe de X. On forme le diagramme commutatif de morphismes finis
étales :
’ pro
X' xy X —X

\Lplﬁ lT
T)x/

X ——Y
On dispose alors de la section de pr; donnée par la diagonale :
X' — X' xy X, x+—— (2,1).

La diagonale ¢(X’) est une composante connexe de X’ Xy X. En notant Z son complémentaire, qui
est un ouvert fermé de X’ xy X, on a ’égalité de sous-schémas de X’ xy X :

(A4.1) X' xy X =X )UZ
On applique 'hypothese de récurrence au morphisme fini étale de degré p — 1 :
pryyz:Z — X ‘.
Cela donne un k-schéma lisse Y, un morphisme fini étale
oY = X',
2. Certains arguments dans la sous-section en question nécessitent que le corps de base soit C, mais comme 1’énoncé

de la proposition 6.1.4 est de nature purement algébrique, il est aussi valable sur le corps algébriquement clos k£ de
caractéristique 0.
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un diagramme commutatif

et des sections de er1|Z :
L2y ylp t Y —Y Xx Z7

induisant un isomorphisme de Y-schémas :

On considere le morphisme fini étale
U::7'|X,oo":f/—>Y.
On a alors 'égalité de schémas lisses :
Y xy X =Y xx/ (X' xy X) par les propriétés du produit fibré
=Y xx ((X)UZ)  par (A.41)
= (Y xx (X)) U (Y xx Z)
=Y xx (X)) U (Lg(f’) U...u Lp(f/)).

Le schéma Y X x/ t(X”’) est canoniquement isomorphe & Y via le tiré en arriere de la section ¢ par
o’, qu’on note ¢1.

On a donc des sections ¢y, ..., ¢, du morphisme de projection
Y Xy X — Y
induisant un isomorphisme de Y-schémas :
YU..UY 57 xy X,
Cela conclut la récurrence. (]
On applique la proposition A.4.3 au morphisme fini étale
T i=DPlyy,,  Yur — U'.
Si 'on note p son degré, on obtient ainsi un k-schéma lisse U’, un morphisme fini étale
o:U — U,
induisant un diagramme commutatif

(A.4.2) Sy i =——U' xtp S LAY /)
Pk
Yy ——= U’
et des morphismes
Uty U — S
qui sont des sections de 7, et qui induisent un isomorphisme de U’-schémas
UU..uU =5 Sy
Quitte & remplacer U’ par une de ses composantes connexes et les sections ¢1, ..., tp par leurs restric-
tions, on peut supposer que le k-schéma lisse U’ est connexe, donc irréductible.
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A.4.3. Le fermé E des hypersurfaces avec plusieurs points critiques dans une méme
fibre. Avec les notations précédentes, pour chaque entier 1 < i < p, on définit une fleche

pi=mopr,odou:U — C.
Notons
ACXC CcCxC
la diagonale de C, et considérons le fermé de U’ défini par
E:= U (i 05) " (Aoxa)-
1<i<j<p

Comme le morphisme o est fini étale, il est propre, et donc on peut considérer le fermé de U’ défini
par

E:=0(FE).
PROPOSITION A.4.4. Un point s de U’ est dans E si et seulement si la restriction
T, He =& X — C
a au moins deux points critiques dans une méme fibre, c’est-a-dire si et seulement si la restriction
Mg, 1 8 = X —> C
est non injective.
DEMONSTRATION. Soit s un point de U’. Comme le schéma U’ est irréductible et U’ est non
vide, le morphisme B
o:U — U
est surjectif. Soit § une des préimages de s par ce morphisme.

Comme le morphisme o est surjectif, par changement de base, le morphisme & est aussi surjectif.
Par commutativité du diagramme (A.4.2), on voit que lapplication entre ensembles finis

Fr-iqay 7 ({8 — 7 ({s})
est bien définie et surjective, donc bijective car les deux ensembles ont cardinal p.
Par définition des morphismes (¢;)1<;i<p, on obtient donc I’égalité de sous-ensembles de Xy :
T ({s}) ={(Gow)(3) [1<i<p}).
Par définition de Xy et du morphisme 7, on obtient donc que pour tout entier 1 < i < p, le point
(6 0o)(8) €y

est de la forme (x;, s), pour x; un point de X, et que les (z;)1<i<p sont exactement les points de Xs,
c’est-a-dire les points critiques du morphisme :

T, * He — C.
Pour tout entier 1 < ¢ < p, par définition de ¢;, on a ’égalité dans C' :
@i(5) = (mopry)(w,s) = ().
Donc le point § est dans F si et seulement si les points 7(x;) ne sont pas distincts deux & deux, donc
si et seulement si le morphisme 73, a au moins deux points critiques dans une méme fibre.
En particulier, cette propriété ne dépend pas du choix de la préimage §.
Donc on obtient que la section s est dans le fermé
E=0(E)cU

si et seulement si le morphisme 3, a au moins deux points critiques dans une méme fibre, comme
voulu. O
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Pour montrer assertion (2) du théoreme A.1.2; il suffit donc de montrer que le fermé E est
strict si I'hypothese de cette assertion est satisfaite.

A.4.4. Fin de la preuve du théoréme A.1.2.

PROPOSITION A.4.5. Si pour tout couple (z,y) de X? avec x # y et w(x) = w(y), lespace
vectoriel L, & L, est engendré par les sections de L dans W, alors pour tout couple d’entiers (i, j)
avec 1 <1 < j <p, le morphisme

(Qﬁi,(pj)ZU/—)OXC

est transverse a la diagonale Acxc.

DEMONSTRATION. Soit (7, ) un couple d’entiers avec 1 <14 < j < p.
Soit § un point de U’ envoyé par (g;, ;) dans la diagonale, c’est-a-dire vérifiant 1’égalité dans
C:
(A4.3) 6i(5) = 3(5) = .
On définit un point
s:=o0(3) el
Par commutativité du diagramme (A.4.2), les points
g o Ll‘(g) € Xy
et
g o L](g) € Xy
sont tous deux envoyés sur s par la projection 7, et ils sont distincts car I’application entre ensembles
finis
~ ~ 1z -1
Glz-iay o7 ({8 — 77 ({sh)
est bijective. Ces points s’écrivent donc (z, s) et (y, s), avec x et y deux points distincts de X. D’apres
la définition de ¢; et ¢; et I'hypothese (A.4.3) sur 3, on a les égalités dans C' :
m(x) = i(5) =t = ¢;(5) = n(y).
Lorsque les hypotheses de la proposition sont satisfaites, il existe une section ds dans W qui
s’annule en y et non en x. On la voit comme un élément de Ty .

Comme le morphisme o est étale, la différentielle

dCTg : TU’,é — TU’,s

est un isomorphisme. Donc il existe un unique élément ds dans T, ; que la différentielle dos envoie
¥
sur 4.

Par commutativité du diagramme (A.4.2), les éléments

d(5 0 1:)5(35) € Ty, (or0)s
et N

d(G01j):(ds) € T, (y,5)s
sont tous les deux envoyés sur ds par la différentielle dr, donc s’écrivent (dz, ds) et (dy,ds) avec dx
dans T’y , et 6y dans T'x .

Le couple (z, s) est dans ¥, le couple (0x,0s) dans Ty, (2 €t la section §s ne s’annule pas en
x. Donc d’apres la proposition A.3.2, I’élément

(dﬂ')w(é.%‘) € TC,w(x)

est non nul.
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De méme, comme la section ds s’annule en y, ’élément
(d7)y (0y) € Te n(a)
est nul.

Par conséquent, on voit que 1’élément

(dg:)s(55) = (7 0 P1, ) (4.5) (6, 05) = (dm)a(62) € Tery

est non nul, et que I’élément

(dp;)s(ds) = d(m o pry)(y,s)(dy, ds) = (dm)y(dy) € Teu
est nul.
On a donc montré que 'image
d(pi, 05)5(Tgr 5) € Toxe,
contient la droite
(Tee) x {0} C Toxo,tp)-

Par définition de la diagonale, on a I’égalité de sous-espaces vectoriels de Ty o (4,¢) :

Toxc, i = (Tew) X {0} + Tag,o, )
et donc 1’égalité :
Toxo, ity = d(e, ‘Pj)E(TUgg) +Tacxe,tt):
Ceci est vrai en tout point § que le morphisme (;, ;) envoie dans la diagonale, donc ce morphisme
est transverse a la diagonale. O

COROLLAIRE A.4.6. Si pour tout couple (x,y) de X2 tel que v # y et w(x) = 7(y), l'espace
vectoriel Ly & L, est engendré par les sections de L dans W, alors E est un fermé strict de U'.

DEMONSTRATION. Pour tout couple d’entiers (i, j) avec 1 < i < j < p, par la proposition A.4.5,
le morphisme
(Qﬁi,(pj) : U/ — C X C
est transverse & la diagonale Aoy, et donc le fermé (¢;, 0;) 7' (Acxc) est strict dans U'.

Comme U’ est irréductible, le fermé

E= |J (pie) " (Acxe) C U’
1<i<j<p

est strict. En particulier, il est de dimension strictement inférieure & dim(U"), c’est-a-dire & dim(U").
Donc son image : )
E=0(E)cCU’
est de dimension strictement inférieure & dim(U’), et est donc un fermé strict. O
COROLLAIRE A.4.7. Si pour tout couple (z,y) de X? tel que v # y et w(x) = m(y), Uespace
vectoriel Ly ® Ly est engendré par les sections de L dans W, alors 'ouvert
U'=U0-FEcU

est non vide, et pour tout s dans U", la restriction 73, a au plus un point critique dans chaque
fibre.

DEMONSTRATION. Par la proposition A.4.6, le fermé E de U’ est strict, donc son complémentaire
U" est non vide. De plus, pour tout s dans U"”, par la proposition A.4.4, la restriction 73, a au
plus un point critique dans chaque fibre. O

Le corollaire A.4.7 complete la preuve du théoreme A.1.2.
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A.5. Hypersurfaces génériques dans les fibrés en projectifs
Soit C' une k-courbe projective lisse connexe de genre g.

A.5.1. Rappels sur les pentes des fibrés vectoriels. Si F' est un fibré vectoriel de rang
non nul sur C, on notera :

deg I
A5.1 F) =
(A51) () = 2
la pente de F, et pmin(F) et pimax(F) les pentes minimales et maximales apparaissant dans la
filtration d’Harder-Narasimhan de F'; voir par exemple [HL10, Section 1.3].

Ces dernieres sont aussi définies par les relations :

(A.5.2) tmax (F') := max {M(G), G sous-fibré vectoriel non nul de F},
et :
(A.5.3) pmin (F) = —fimax (FY).

On déduit aisément des relations (A.5.1), (A.5.2) et (A.5.3) que, pour tout fibré en droites L
sur C, on a :
(A.5.4)
WF®L)=p(F)+deg L, pimax(F®L) = pimax(F) +deg L, et pmin(F ® L) = pamin(F) +deg L.

Dans cette sous-section, nous rappelons quelques propriétés classiques des pentes fimin(F') et
Hmax (F).
ProroOSITION A.5.1. Soit F' un fibré vectoriel de rang non nul sur C.
Si on a linégalité de nombres rationnels :
fimax (F7) <0,
alors le k-espace vectoriel HO(C, F) est nul.

C’est une conséquence directe de l'expression (A.5.2) de la pente maximale. En utilisant la
dualité de Serre et (A.5.4), on en déduit :

PROPOSITION A.5.2. Soit F' un fibré vectoriel de rang non nul sur C.
Si on a linégalité de nombres rationnels :
:umin(F) > 29 - 17

alors, pour tout point x de C, H'(F ® Oc(—{z})) est nul, et donc le fibré vectoriel F est engendré
par ses sections globales sur C'.

COROLLAIRE A.5.3. Soient F un fibré vectoriel de rang non nul sur C et M un fibré en droites
sur C'. Si on a l'inégalité de nombres rationnels :

deg(M) > 29 — 1 — pimin(F),
alors le fibré vectoriel F @ M est engendré par ses sections globales.
La propriété suivante est de nature plus profonde, et utilise que le corps de base k est de
caractéristique nulle. Elle est par exemple une conséquence des résultats de [NS65] sur le lien entre

fibrés stables sur une surface de Riemann et représentations unitaires, qui impliquent que la stabilité
est compatible aux produits tensoriels.

ProPOSITION A.5.4. Pour tout fibré vectoriel E # 0 sur C et tout d € N, on a :
MmaX(SdE) = dﬂmaX(E)-

Finalement, en combinant le corollaire A.5.3 et la proposition A.5.4, nous obtenons :
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COROLLAIRE A.5.5. Soient E un fibré vectoriel de rang non nul sur C', M un fibré en droites
sur C, et d > 0 un entier.

Sidege M > 29 —1+d pmax(E), alors le fibré vectoriel SCEY @ M est engendré par ses sections
globales sur C'.

A.5.2. Preuve du théoréme A.1.3. Le théoreme A.1.3 découle du théoreme A.1.2, du co-
rollaire A.5.5, et de I’énoncé suivant :

ProPOSITION A.5.6. Soient S un k-schéma, E un fibré vectoriel de rang N + 1 sur S, M un
fibré en droites sur S et d > 1 un entier. Considérons le fibré en projectifs associé a E :
7:P(E) := Proj 4(S*EY) — S,
et le fibré en droites sur P(E) :
L:=0g(d)®@n*M.

Si le fibré vectoriel SCEY @ M sur S est engendré par ses sections globales, alors le fibré vectoriel
des 1-jets verticaur Ji(L)p(gy/s est engendré par les 1-jets des sections globales de L sur P(E), et
pour tout couple (z,y) dans P(E)? tel x # y et n(x) = w(y), le morphisme d’évaluation :

HY(P(E),L) — Ly ® Ly, s+ (s(z),5(y))

est surjectif.

DEMONSTRATION. Supposons que le fibré vectoriel S?EY @ M sur S soit engendré par ses
sections globales.

(1) Commengons par montrer que L est engendré par ses sections globales sur P(E).

Soit x un point de P(E). Nous allons construire une section de L sur P(E) qui ne s’annule pas
en ce point.

Soit s € S(k) 'image de « par 7. On prend des trivialisations de k-espaces vectoriels :
o KON B
vk = M.
Ces isomorphismes induisent un isomorphisme d’espaces vectoriels :
Sl @ SYEINTY 5 SIEY © M,.

De plus, I'isomorphisme ¢ induit un isomorphisme de k-schémas :

P(p) : Py — P(E)s.
Comme le fibré O(d) sur PY est engendré par ses sections globales, il existe une section :

Fe H(PY,0(d)) =S4k,

qui ne s’annule pas au point

P(p) " (z) € PV (k).
On considere le vecteur

vi= (S o) ®1) (F) € SYE) ® M,.

Comme le fibré vectoriel S?EY @ M est engendré par ses sections globales, il existe une section
globale 7 de SYEY ® M dont la valeur en s est v.

Cette section définit une section globale o de L sur P(F) dont la restriction sur P(Ey) est le
polynéme homogene donné par v. Par construction de F' et v, la section ¢ ne s’annule pas au point
x, comme voulu.

(2) Pour compléter la preuve, rappelons que, comme le fibré en droites O(d) sur P est tres
ample, les sections du systeme linéaire

HO(PN, O(d)) ~ Sd(kEBNJrl)\/



A.6. HYPERSURFACES GENERIQUES ET PINCEAUX DE LEFSCHETZ 125

engendrent les 1-jets de O(d) et séparent les points.

On peut alors raisonner comme ci-dessus : on prend un 1-jet vertical de L en un point = de P(E)
(respectivement, on prend deux points distincts x,y de P(F) qui sont dans la méme fibre de 7), on
considere son image s par 7 (resp. leur image commune s par ), on choisit des trivialisations ¢, ¢
des fibres F,, M,.

En appliquant 1'isomorphisme P(¢)~!, on obtient un 1-jet de O(d) en un point de P& (resp.
deux points distincts de ]P’kN ), on peut alors choisir un vecteur F de S¢(k®N+1)V qui, quand on le voit
comme une section de O(d), a le 1-jet voulu en P(¢)~!(x) (resp. deux vecteurs F, I’ de S¢(k®N+1)V
qui engendrent 'espace vectoriel O(d)p(p)-1(z) @ O(d)p(p)-1(y))-

Comme S?EY @ M est engendré par ses sections globales sur S, on obtient une section globale 7
(resp. deux sections globales 7, 7/) de ce fibré, dont la valeur en s est (S%(*¢™") @ 1) (F) (resp. dont
les valeurs en s sont (S4(*o™1) @) (F) et (S¥(*¢™') ® 1) (F”)). Cette section induit une section o
de L (resp. ces sections induisent deux sections o, ¢’ de L) dont le 1-jet en x est le 1-jet voulu (resp.
qui engendrent 1’espace vectoriel L, & Ly). |

A.6. Hypersurfaces génériques et pinceaux de Lefschetz

Dans cette section, nous expliquons comment utiliser les théorémes A.1.1 et A.1.2 pour redémontrer
Pexistence de pinceaux de Lefschetz sur une variété projective lisse connexe sur le corps k, algébri-
quement clos de caractéristique 0 (voir par exemple [SGAT3, Exposé XVII, théoréme 2.5.2] ou
[Voi03, Corollary 2.10]).

A.6.1. Les pinceaux d’hyperplans dans P et le systéme linéaire |Opn (1) X Op1(1)]-
Soit M > 1 un entier.

Rappelons le dictionnaire entre plongements projectifs de P! dans I’espace projectif dual PMV
de PM et éléments du systeme linéaire complet |Opn (1) K Op1(1)] de diviseurs de PM x P, définis
par les sections non nulles du fibré en droites sur PM x P! :

Lo := Opi (1) K Op1 (1) := priOpu (1) @ pryOps (1).
Parmi les éléments de ce systeme linéaire
|Lo| :=P(H°(PY x P', Lo)) =~ P(H°(PM, Opn (1)) @ H*(P*, Opi (1))
~ P Hom(HO(P, O (1))", H(PM, Opui (1))
~ P Hom(HO(P, O (1))", HY(PM, Opni (1)))),
nous pouvons considérer ceux définis par I'image dans
P(HO (P, Opns (1)) © HO(P, O (1))
des éléments de rang maximal 2 du produit tensoriel
HO(PM, Opni (1)) @ HO(P, 051 (1)),
ou de maniere équivalente par I'image dans
P(Hom(H (P!, s (1))", HO(PMY, Opns (1))
des morphismes injectifs dans
Hom(H®(P*, Op:1 (1))Y, HO(PMV, Opr (1))V).
Ces éléments forment un ouvert Zariski dense

Q C |Lo| :==P(H°(PM x P', Ly)),
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et sont en bijection avec les plongements projectifs de P! dans PMV.3

A un plongement projectif p de P! dans PV est ainsi associé un élément de Q, qui définit un
diviseur

7, Cc PM x pt
dans le systéme linéaire |Lg| := |Opn (1) K Op1 (1)].

Ce diviseur Z,, est lisse; c’est la variété d’incidence du pinceau d’hyperplans de PM défini par
I'image p(P') de p dans PMV : un point (y,z) de PM x P! est dans Z, si et seulement si le point y
est dans I’hyperplan projectif p(x) de PM.

A un plongement projectif p : P — PMVY est aussi associé le sous-espace projectif A, de codi-
mension 2 dans PM | dual de la droite projective p(P!) dans PMV. C’est aussi le centre du pinceau

d’hyperplans p(P!). Cest encore l’ensemble des points y dans PM tels que {y} x P! est contenu
dans Z,,.

Considérons enfin 'éclatement de PM le long de A,
vy - BM s PM,
Le morphisme de projection associé au plongement p :
PM — A, — P!
dont le graphe est Z, N ((]P’M —Ap) X ]P’l), se prolonge en un morphisme :
Tp ]I~”ZJ)w — P!,
et le couple de morphismes (v, T,) établit un isomorphisme :

(A.6.1) (vpmp) : P 5 T,

A.6.2. Les pinceaux de Lefschetz sur V comme éléments du systéme linéaire |Oy (1)X
Op1(1)]. Soit V une k-variété projective lisse connexe de dimension r, plongée dans 1’espace projectif
PM de dimension M > 2.

On suppose que V n’est contenu dans aucun hyperplan de PM. Si I'on désigne par Oy (1) le
fibré en droites Opnm (1)), sur V, cette condition est équivalente a l'injectivité du morphisme de
restriction :

HO(PM, Opa (1)) — HO(V,0y (1)), s+ spv.
Nous reprenons les notations de la sous-section précédente et considérons un plongement p de
P! dans PMV,
Comme V n’est pas contenu dans un hyperplan de PM | il n’est pas contenu dans A,, donc le

sous-schéma V x P! de PM x P! n’est pas contenu dans le diviseur Zp,. On peut donc considérer
I'hypersurface de V x P! :

Hy:=T,N(V x P,
Cette hypersurface est définie par I’annulation de la restriction & V x P! d’une section non nulle

du fibré en droites Opa (1) X Op1 (1) sur PM x P!, donc par 'annulation d’une section du fibré en
droites Oy (1) K Op1 (1) sur V x P!, élément non nul du sous-espace vectoriel :

(A.6.2) W= Im(H°(PM, Opu (1)) — H°(V,0v (1)) ® H*(P*, Opi (1))
de I'espace de sections :

H(V,0y (1)) @ H° (P!, Op1 (1)) ~ H*(V x P}, Oy (1) B Op1 (1)).

3. Les diviseurs de PM x P! dans le complémentaire |Lo| — Q sont précisément les diviseurs de la forme H x P! 4
PM x {x}, ot H (resp. z) désigne un hyperplan de PM (resp. un point de P').
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LEMME A.6.1. Les deux assertions suivantes sont équivalentes :
(i) Le sous-espace projectif A, de PM est transverse a V.

(ii) L’hypersurface H, est lisse dans V x PL.

DEMONSTRATION. Soit (y,z) un point de H, — ((V N A,) x P1). Le point y dans V est dans
Ihyperplan projectif p(x), mais il n’est pas dans le centre A,, on a donc que l'espace tangent
algébrique T3, (, ) ne contient pas la droite Ty} xp1 (y,e), donc que ce n’est pas tout Ty up1 (y,0)-
Donc H,, est lisse en (y, z).

L’assertion (ii) est donc équivalente & :
(ii”) : L’hypersurface H, est lisse en tout point de H, N ((V N A,) x P1).

Il suffit donc de montrer que (i) et (ii’) sont équivalentes. On va montrer le résultat plus fin
suivant : pour tout point y de V N Ay, les deux assertions suivantes sont équivalentes :

(iy) : Le sous-espace projectif A, intersecte transversalement V' en y.
(iiy) : Pour tout x dans P!, hypersurface H, est lisse en (y, z).
Soit y un tel point, et soit 2 un point de P'. Notons H, I’hyperplan p(z) dans PM.

Comme y est dans A,, I'hypersurface 7, contient tout {y} x P!, en particulier, 'espace tangent
Ty, (yx) contient la droite T,y xp1 (y,2). L'hypersurface H, est lisse en (y,x) si et seulement si
I'espace tangent T3, (y,) est un hyperplan de Ty yp1 (y,4), donc si et seulement s’il ne contient pas le
supplémentaire Ty » {4}, (y,) de la droite T,y xp1 (y,2), C'est-a-dire si et seulement si 'espace tangent
Ty, ,y dans Tpm ,, ne contient pas 'espace tangent Ty,

Donc l’assertion (iiy) est vraie si et seulement si pour tout point « dans P!, I’espace tangent
Ty,,y dans Tpm ,, ne contient pas I'espace tangent Ty, Comme A, est I'intersection de n’importe
quel couple d’hyperplans distincts dans le pinceau p(P!), cela revient & dire que l'espace tangent
Tvra,,y est de codimension 2 dans Ty, c’est-a-dire que I'assertion (iy) est vraie. O

Lorsque les conditions du Lemme A.6.1 sont satisfaites, 'image inverse 171, = v, (V) de V par
I’éclatement v, : IP’;,V[ — PM gidentifie & 1'éclatement dans V de sa sous-variété V N A,, lisse de
codimension 2, et I'isomorphisme (A.6.1) se restreint en un isomorphisme de variétés lisses :

(A.6.3) Wy, Tpy7,) : Voo = M,

Rappelons que le pinceau
p: Pt — PYY
d’hyperplans de PM est appelé pinceau de Lefschetz relativement a la sous-variété V lorsque le centre
A, du pinceau est transverse & V (et donc Vj, := v, (V) est lisse), que le morphisme
R ¥ 1
To|v, - Vp — P
a un nombre fini de points critiques, tous non dégénérés, et qu’il y en a au plus un dans chaque fibre.
D’apres le lemme A.6.1 et I'isomorphisme (A.6.3), ces conditions sont satisfaites si et seulement
si le diviseur H,, dans V x P! est lisse, si le morphisme
Projy, : Hp =V X P! — P!
a un nombre fini de points critiques, qui sont tous non dégénérés, et s’il y en a au plus un dans
chaque fibre.

L’existence d’un tel diviseur, et donc d’un pinceau de Lefschetz, découle aussitot des théorémes
A.1.1 et A.1.2 appliqués a la variété projective lisse :

X =V xP!,
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au fibré en droites sur X :
L = LO|V><]P’1 = Ov(l) & Oﬂml(l),

au sous-espace vectoriel W de H°(X, L) défini par (A.6.2), et au morphisme surjectif lisse :
Ti=pry: X =V xP' — C:=P.

Ces théoremes établissent en fait l'existence d’un ouvert Zariski dense de pinceaux de Lefschetz

relativement a V.
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