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Introduction en francais

Les aléatorisations ont été définies par H.J. Keisler dans | ] comme des structures clas-
siques' & trois sortes, une sorte pour des éléments aléatoires, une autre pour des événements
et la troisieme pour des scalaires. La derniere sorte interagissait avec celle des événements via
la fonction de mesure. Les aléatorisations ont été réintroduites en utilisant le formalisme de la
logique continue dans | |. Ici, la sorte des scalaires est omise et la mesure est considérée
comme un prédicat unaire. Cela fournit une autre avantage, la classe d’algebres de probabilité
n’est pas élémentaire en logique classique ordre alors que dans le formalisme continue leur théorie
est stable.

D’apres | |, étant donné un langage classique £ et une L-structure M, une aléatorisation
de M est une structure continue & deux sortes (K, B), ou B est I’algebre d’événements d’un espace
de probabilité sans atomes (€2, B, 1) et K est un ensemble de fonctions sur  a valeurs dans M.
Chaque £-formule () définit une fonction dans le langage de Paléatorisation, [¢(-)] : KI* — B
donnée par

[p(a)] ={weQ; M p(an)}

pour a € Kl 11 est aussi nécessaire que les formules existentielles aient des témoins et que
'algebre B soit égale & I'ensemble de tous les événements de la forme [¢(a)].

Etant donnée une théorie classique 7', on définit la théorie de l’aléatorisation, T%, comme la
théorie commune a toutes les aléatorisations de modeles de T'. Cette théorie admet une axioma-
tisation simple ainsi que ’élimination des quantificateurs | , Theorem 2.9]. Elle préserve
aussi plusieurs propriétés de la théorie originale, telles que la complétude, la w-catégoricité et
la stabilité | , Theorems 2.1, 3.2 et 5.14]. Ici on remarque que pour la préservation de la
stabilité, les auteurs ont montré que si p(x,y) est une formule stable alors les uf¢]-types sont
définissables, obtenant ainsi que ufp(x,y)] est aussi stable.

Dans ce contexte, des travails postérieurs, notamment d’U. Andrews, I. Goldbring et H. J.
Keisler, ont étudié certaines propriétés modele-théoriques des aléatorisations, comme dans |

, |. La premiere mention de l'aléatorisation d’une théorie continue apparait dans
[ ]. Ici, aléatorisation d’une théorie continue est définie comme la théorie continue ayant
pour espace de types en n variables, Sn(TR), I’espace de mesures de Borel de probabilité sur
Sp(T), muni de la topologie faible*. Dans cet article, ’auteur montre que si une théorie est
NIP alors son aléatorisation T% D’est aussi. L’idée de la preuve est d’étendre la correspondance
entre NIP et VC-dimension au cadre continu et montrer que ’aléatorisation se comporte bien
par rapport a cette notion. La démonstration est néanmoins tres technique et des différentes

!Quand on dit qu’une structure, langage, etc. est classique, on veut dire dans la logique du premier ordre &
valeurs dans {0, 1}.
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tentatives ont été faites pour trouver une preuve alternative.

Ultérieurement, dans | |, I. Ben Yaacov donne une présentation beaucoup plus gentille de
I’aléatorisation d’une théorie continue. Ici, la sorte d’événements est remplacée par une sorte de
variables aléatoires & valeurs dans [0,1]. Le langage de l'aléatorisation, £, est aussi simplifié.
Les symboles de fonction du langage original £ sont préservés, la fonction étant définie point par
point sur des uplets d’éléments aléatoires, et chaque symbole de prédicat n-aire P de £ définit
un symbole de fonction [P(-)] dans £Z, qui associe & chaque n-uplet d’éléments aléatoires une
variable aléatoire définie par la valeur point par point du prédicat. Dans ce contexte, chaque
L-formule () donne lieu & une fonction définissable [¢(+)] définie sur 'ensemble de |x|-uplets
d’éléments aléatoires et a valeurs dans la sorte de variables aléatoires.

L’exemple le plus simple d’une aléatorisation est ’aléatorisation de Borel d’une structure M,

dénotée MT. On prend un espace de probabilité standard sans atomes (£,B,u), on con-

sidere toutes les fonctions mesurables de 2 dans M dans la sorte d’éléments aléatoires et

Li1((Q,B,1),[0,1]) dans la sorte de variables aléatoires. Dans | |, les résultats de préservation
de [ | sont montrés pour l'aléatorisation de structures continues. En particulier, la

préservation de la stabilité est prouvé en montrant que pour toute L-formule stable ¢(z,y),

les types dans ’aléatorisation au-dessus de modeles sont E[p(x,y)]-définissables.

Connexité des aléatorisations de groupes

La premiere partie de ce manuscrit s’occupe de la notion de connexité des aléatorisations de
groupes. On dit qu’'un groupe définissable est définissablement connexe s’il n’a pas de sous-
groupes type-définissables, propres. d’indice borné, quand on I’analyse dans un modele mon-
stre. Avec A. Berenstein dans | |, Pauteur de cette these avait montré que si G est un
groupe NIP, classique, définissablement moyennable alors G, ’ensemble de fonctions aléatoires
a valeurs dans G, est définissablement connexe. La preuve a été menée a travers un étude de
types génériques. Par exemple, lorsque la théorie est w-stable, il y a un nombre fini de génériques
dans le groupe de départ, disons n, le type générique dans I’aléatorisation sera donc I’élément
aléatoire prenant chaque valeur générique sur un ensemble de mesure 1/n.

Ici, on généralise ce résultat et on se débarrasse des hypotheses modele-théoriques. On montre
que si G est un groupe définissable dans une théorie continue, alors G est définissablement
connexe. On montre méme que G n’a pas de sous-groupes propres, invariants, d’indice borné.
C’est a dire que pour tout petit ensemble de parametres A, (GR)EO = GF. Il'y a deux ingrédients
principaux pour cette preuve. D’abord, la construction de I'’espace homogene. Deuxiemement,
le fait que dans les aléatorisations tous les types au-dessus des parametres provenant des sortes
principales sont Lascar fort | , Theorem 5.8]. On rappelle qu’avoir le méme type de Lascar
est la plus fine relation d’équivalence bornée, invariante.

On prend la présentation de I’espace homogene donnée dans | ] et on I’étend au cas continu.
L’idée est de prendre un groupe définissable G’ dans une structure suffisamment saturée €, ajouter
une copie affine de G comme une sorte et ajouter au langage I'action de G sur cette copie. On
dénote € cette nouvelle structure. D’aprés | ], on a Aut(€) = G » Aut(¢). De plus, si
Autfy,(€/A) dénote le groupe d’automorphismes Lascar fort au-dessus de A, c’est a dire le
groupe d’automorphismes fixant tous les types de Lascar au-dessus de A, alors pour tout petit
ensemble de parametres A, G = G n Autf (€/A). Cependant, dans D’aléatorisation tous les
automorphismes sont Lascar fort. Par conséquent, quand on applique ces résultats & G, on
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déduit que dans l'aléatorisation (GT)% est égal a G~.

Dynamique topologique et 1’aléatorisation

On discute & présent les interprétations et les groupes d’automorphismes. Soient M et N deux
structures continues. On suppose que I'on a une interprétation de N/ dans M. Un automor-
phisme de M induit un automorphisme de N. L’application qui en résulte de Aut(M) dans
Aut(N) est un homomorphisme de groupes topologiques. Une bi-interprétation entre M et
N consiste d'une paire d’interprétations, d’une structure dans 'autre, telle que lorsque 1’on
compose ces interprétations le modele est définissablement isomorphe a sa copie interprétée. Si
les deux structures sont w-catégoriques alors elles sont bi-interprétables si et seulement si leurs
groupes d’automorphismes sont isomorphes comme groupes topologiques. Ce résultat, attribué
a T. Coquand, a été publié pour la premiere fois dans | | et ensuite généralisé aux structures
continues dans | ]. Ainsi, pour des structures w-catégoriques, plusieurs propriétés modele-
théoriques, au moins celles préservées par bi-interprétation, peuvent étre obtenues a partir de
propriétés dynamiques du groupe d’automorphismes.

Pour des structures w-catégoriques, I. Ben Yaacov et T. Tsankov ont étudie dans | ]
I’équivalent dynamique de la stabilité. On sait qu'une formule est stable dans une structure
M si elle n’a pas la propriété de I'ordre, suivant un argument de diagonalisation, comme dans
[ , Remarque 2], cela équivaut a une propriété d’échange de limites doubles. A savoir,
©(x,y) est stable dans M si pour n’importe quelles suites (ap)pen €t (b )nevt dans M on a

lim li = lim li
LR gy #(an bm) = iy lirg @ (an b
des que les deux limites existent. Ici on peut voir le critere de la double limite de Grothendieck
pour la compacité faible | , Théoreme 6]. Cela a permit a I. Ben Yaacov et & T. Tsankov
d’exprimer la stabilité de ¢ en termes de la presque-périodicité faible, que ’'on procede a définir.

Soit G un groupe topologique et X un G-espace, une fonction f € Cp(X) est dite faiblement
presque-périodique, ou wap par son nom en anglais, si {gf ; g € G} est relativement faiblement
compact dans Cyp(X). M. Megrelishvili avec E. Glasner ont remarqué que en représentant un
systeme dynamique sur un espace de Banach, les propriétés géométriques de cet espace nous
donnent des informations sur les propriétés dynamiques du systeme. En fait, ils ont établi une
hiérarchie selon laquelle la représentabilité d’une action dans une classe particuliere d’espaces de
Banach a son équivalent topologique dans le domaine de systémes dynamiques | |. D’apres
[ , Théoréme 4.6] on obtient que les fonctions wap sont précisément celles qui proviennent
de représentations de 'action sur d’espaces de Banach réflexifs.

Ce résultat a été exploité par T. Ibarlucia dans | | pour donner une preuve alternative
de la préservation de la stabilité par ’aléatorisation dans le cas w-catégorique?. D’abord, il a
obtenu Aut(./\/lR)7 le groupe d’automorphismes de 'aléatorisation de Borel de M, en termes
de Aut(M) pour toute structure séparable M. Ensuite, il a montré que tout ensemble de L-
formules A(z,y) engendre une famille de £#-formules A, contenant en particulier les formules
E[e(x,y)] avec o(x,y) € A, pour laquelle espace de types Sxr(MT) peut étre facilement décrit
a partir de SA(M). Finalement, il a montré que si Sa (M) admet une représentation fidele sur

%Voir le commentaire apreés le Corollaire 3.19. Dans le méme travail, il a présenté une autre preuve de la
préservation de la stabilité en utilisant la compactification wap d’un groupe, une méthode que I'on ne explore pas
ici.
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un espace réflexif alors Sxr (M) aussi. Il en découle que si p(x,y) est stable dans une structure
w-catégorique M alors E[¢(z,y)] l'est aussi dans ME,

D’un autre coté, T. Ibarlucia a établi dans | | les équivalents modele-théoriques de la
hiérarchie précédemment mentionnée. Il a remarqué que NIP correspond a docilité (tameness
en anglais) laquelle, par | , Theorems 6.7 et 6.9], correspond & la représentabilité dans
la classe d’espaces de Rosenthal, des espaces ne contenant pas une copie isomorphe de [;. En
suivant une procédé similaire, il a montré la préservation de NIP par ’aléatorisation dans le
cadre w-catégorique.

La motivation derriére ce projet était de trouver une preuve dynamique de la préservation de
NIP par 'aléatorisation dans un cadre plus général que w-catégoricité. En tenant en compte
que les résultats impliqués dans la préservation de la stabilité par des méthodes dynamiques
sont plus simples, on a décidé de étudier ce probleme d’abord, en espérant passer apres au cas
NIP. Néanmoins, les méthodes utilisées ont été beaucoup plus compliquées que 1’on ne le espérait.

D’abord, on a besoin d’'un objet, analogue au groupe d’automorphismes d’une structure w-
catégorique, qui nous permette de considérer tous les modeles séparables d’une théorie. Cela a
été fait par I. Ben Yaacov dans | |. Ici, il a défini la notion de sorte de Skolem universelle.
Il a montré que 'on peut associer a toute théorie complete, dénombrable, admettant une telle
sorte, un groupoide Polonais au-dessus 2V qui détermine la théorie, & bi-interprétation pres.
Parmi les théories ayant une sorte de Skolem universelle on peut compter les théories classiques
et les théories w-catégoriques. On sait cependant que pas toutes les théories admettent une telle
sorte [ , Example 4.15].

Une sorte D est dite Skolem pour une autre sorte E si toute formule en D x E admet des fonc-
tions de Skolem approximatives définissables. D est universelle pour E si pour tout € > 0 on
peut trouver une application définissable de D dans E telle que I'image de toute e-boule dans
D est e-dense dans E. Une sorte D est Skolem universelle si les deux conditions sont vérifiées
pour toute sorte E. De cette fagon, une sorte de Skolem nous permet d’obtenir des témoins
approximatifs pour les quantificateurs existentiels, tandis que 'universalité nous laisse récupérer
tous ces témoins, voir | , Definition 4.6 et Lemma 4.8]. Il en découle que chaque élément
d’une sorte de Skolem universelle est interdéfinissable avec un modele séparable. Le groupoide
associé a la théorie est I’ensemble de types des couples de la sorte de Skolem universelle encodant
le méme modele.

Afin d’utiliser cet outil pour montrer les résultats de préservation souhaités, on doit montrer
que si une théorie complete, dénombrable T' admet une sorte de Skolem universelle alors son
aléatorisation aussi. Cela est précisément fait dans la Section 2.2. On explique brievement sa
construction. Dans I'aléatorisation il y a deux types de sortes, les sortes principales et la sorte
auxiliaire provenant de ARV, la théorie de variables aléatoires sans atomes, laquelle comme
théorie w-catégorique admet une sorte de Skolem universelle. Il est donc prévisible que dans la
sorte de Skolem universelle de ’aléatorisation les deux types de sortes jouent un role. En effet,
la sorte cherchée est un produit fibré entre I'aléatorisation de la sorte de Skolem universelle de
la théorie et la sorte de Skolem universelle de ARV.

Le pas suivant est la description du groupoide associé a 1’aléatorisation en termes du groupoide
associé a la théorie de départ. On rappelle de | | que pour toute structure séparable M,
Aut(ME) = Aut(M)? x Aut(Q). Ici, Q est un espace de probabilité standard sans atomes,
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Aut(M)® est la famille de fonctions mesurables de Q dans Aut(M) et Aut(Q) est le groupe
d’applications inversibles sur €2 qui préservent la mesure. Le groupoide que ’on obtient est
similaire.  On montre dans la Section 2.4 que si G(T') est le groupoide associé a T alors
G(TR) = (G(T)? x Aut(Q))r, le changement de base de G(T)® x Aut(Q2) & 2V donné par
la fonction 7 : 2N — (2N )Q, obtenue a partir de la fonction utilisé pour définir le produit fibré
dans la sorte de Skolem universelle de T'%.

Maintenant on doit décrire la stabilité dans des termes dynamiques, c’est a dire, en utilisant
I’action du groupoide associé a la théorie sur un espace de types. On suppose que T est complete,
dénombrable, admettant une sorte de Skolem universelle, Dy, et soit F' une sorte quelconque
de T. Dans le cas w-catégorique, pour déterminer si une formule p(x,y) est stable, il suffit
d’étudier l'action G ~ S;(M), ou M est le modele séparable de la théorie. Dans notre cas,
puisque la sorte de Skolem universelle nous permet de considérer tous les modeles séparables de
T a la fois, on étudie I'action G(T") ~ Sp,«xr(T’), ainsi que 'action du groupoide sur I’espace de
type partiels SA(7T) pour A un ensemble de formules en Dy x F. De plus, dans le Chapitre 4,
si Dpr dénote la sorte de Skolem universelle de T, on définit un ensemble de formules A% en
Drr x FE| contenant E[¢] pour tout ¢ € A, pour lequel on peut construire S Ar(TT) & partir
de SA(T).

La traduction de la stabilité en termes de l'action G(T) ~ Sp,xr(T) a été notre source
d’inspiration pour la définition de fonction faiblement presque-périodique dans le contexte d’actions
de groupoides, voir Section 3.6. Maintenant, on doit trouver une structure similaire aux espaces
de Banach, ayant une notion de dual, et sur laquelle on peut représenter les actions de groupoides.
C’est ainsi que 'on utilise les champs d’espaces de Banach. Pour chaque élément de la base du
groupoide on a un espace de Banach et on les colle ensemble en utilisant une famille de sections.
Celle-ci n’est pas une nouvelle idée, en fait plusieurs de nos résultats et définitions proviennent
de | ]

La dynamique topologique des actions de groupoides est un sujet tres récent, avec une premiere
présentation détaillée sortie en 2020 dans | | suivie de [ ]. D’un autre c6té, une no-
tion de semigroupoide d’Ellis pour des groupoides localement compacts a été proposé dans
[ ]. Il y a eu quelques études précédents sur les représentations de groupoides, par exemple
dans | ], out an analogue du théoréme de Peter-Weyl est prouvé pour des groupoides pro-
pres. Cependant, on n’a pas trouvé I'analogue de la hiérarchie dynamique pour les actions de
groupoides. Celle-ci est la motivation derriere le Chapitre 3.

On étudie d’abord le champ dual muni de la topologie faible*. Ensuite, on étudie le champ de
fonctions continues. On s’intéresse particulierement a la topologie de convergence simple, pour
laquelle on déduit un critere de compacité relative, a la fagon de | ]. Apres, on définie la
notion d’action de groupoide séparément continue et de dualité. Finalement, on propose une
définition de représentation de une action de groupoide sur un champ de Banach. On montre
que les fonctions wap sont précisément celles qui proviennent des représentation sur des champs
d’espaces réflexifs.

Pour finir, on doit montrer comment construire une représentation de l’aléatorisation d’une
action de groupoide a partir de d’une représentation de I’action originale. Inspirés par [

Section 3.3], on définit le champ Lo (9, V), oi1 (V,T') est un champ de Banach et 7 : 28 — (QN)Q
est application mentionné ci-dessus. L2(£2, V), est un champ au dessus 2N, On peut penser aux
éléments dans la fibre au-dessus « € 2V comme des fonctions mesurables ¢ : @ — V satisfaisant
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(W) € Vi(a)(w) Pour tout w € Q et telles que leur Ly-norme, |[0]2 = ([ 9(w)| dp(w))'1? est finie.
Cependant, il nous reste encore de montrer que chaque fibre est réflexive, qui est certainement
le cas quand un seul espace de Banach est considéré. Le probleme est la difficulté au moment
de caractériser son dual a cause d’une absence de résultats a la Radon-Nikodym.

Cette these pose une autre question, la caractérisation de la fonction 7. Puisque cette applica-
tion est utilisée pour la définition de la sorte de Skolem universelle, sa présence dans toutes les
constructions qui en découlent n’est pas une surprise. On a présenté une condition suffisante
pour que le produit fibré défini par 7 soit définissable, on ne sait pas si elle est aussi nécessaire.
De plus, si 7’ est une autre application vérifiant cette condition, par 'unicité de la sorte de
Skolem universelle, il existe une bijection définissable entre la sorte définie par 7 et celle définie
par w’. Cela induit un isomorphisme entre les deux groupoides. On se demande si est-il possible
de trouver explicitement 1’isomorphisme dans des termes topologiques.



Introduction

Background

The first attempts to define a [0, 1]-valued logic can be traced back to C. C. Chang in the 1960’s.
His results were later generalized in a joint work with H. J. Keisler in | ]. In this mono-
graph, any compact, Hausdorff space X was admitted as the set of truth values, connectors were
continuous functions from X" into X and quantifiers were set continuous functions on X. In this
framework, classical model theoretical theorems, such as compactness and Lowenheim-Skolem,
were generalized . This approach however was too general, in fact the authors described it as a
“theory of model theories”, and it failed to gain much traction.

Later, taking as a starting point the construction of ultraproducts of Banach spaces, given for
example in | |, C. W. Henson provided in | | a first approximation of a model
theory for normed spaces. Subsequently, C.W. Henson and J. Iovino developed in | | the
framework of positive bounded formulas with approximate satisfaction in order to study the
model theory of normed spaces. In this context a distinguished sort is reserved for the real
numbers, a tool that was also used when randomizations were introduced. We can already see
here a defining trait of continuous logic, there is no negation. Furthermore, the implication only
appears as part of a bounded universal quantifier.

Another approach to a positive model theory was proposed by I. Ben Yaacov while developing a
model-theoretical framework for hyperimaginaries in simple theories, see | |. This setting,
known as compact abstract theories, or cats for short, encompasses both classical logic® and
positive bounded formulas with approximate satisfaction for Banach spaces. All these different
approaches decanted in the definition of continuous logic, as presented in | |. The sim-
plicity of its presentation together with its expressive power made it the suitable candidate for
the study of the model theory of metric spaces, as witnessed by the abundance of work devel-
oped therein, the present thesis being just an example. We refer to reader to | | for a
detailed presentation on continuous logic.

Randomizations of classical structures were originally introduced by H. J. Keisler in [ ]
as three-sorted classical structures, one sort for random elements, one for events and one for
scalars. The latter interacted with the sort of events via the measure map. The continuous
framework, in which the distance is part of the language and the predicates are uniformly con-
tinuous [0, 1]-valued functions, made superfluous the introduction of the sort of real numbers.
This provides another advantage, the class of probability algebras is not elementary in classical
first order logic while in the continuous formalism their theory is stable. Keisler’s randomization
was thus reintroduced as a continuous structure in | ].

3By classical logic we mean first order {0, 1}-valued logic. Likewise, whenever we say that a structure, language
etc. is classical, we mean that it is considered in this logic.

7
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Following | |, given a classical language £ and an L-structure M, a randomization of
M is a two sorted continuous structure (IC,B) where B is the algebra of events of an atomless
probability space (£2,B,u) and K is a set of functions from €2 into M. Each L-formula ¢(x)
defines a function in the randomization language [¢(-)] : KI*! — B given by

[p(a)] ={we; MEp(an)}
for a € KI*. Tt is also required that the existential formulas have witnesses and that the algebra
B is equal to the set of all events of the form [¢(a)].

Given a classical theory T we define the randomization theory T% as the common theory of
randomizations of models of T". This theory can be nicely axiomatized and it admits quantifier
elimination | , Theorem 2.9]. It preserves many of the properties of the original theory,
such as completeness, w-categoricity and stability [ , Theorems 2.1, 3.2 and 5.14]. Here
we remark that for the preservation of stability, the authors showed that if ¢(z,y) is a stable
formula of a theory T then the u[p(z,y)]-types are definable, obtaining in this manner that
ple(x,y)] is a stable formula of T,

In this setting, subsequent works, notably of U. Andrews, I. Goldbring and H. J. Keisler, studied
several model-theoretical properties of randomizations, as in | , , ]. The first
mention of the randomization of a continuous theory appears in [ |, therein the random-
ization of a continuous theory is defined as the continuous theory whose space of types on n
variables, S,,(T%), is the space of Borel probability measures on S,,(T), endowed with the weak*
topology. In this article the author shows that if a theory T is NIP then its randomization T% is
also NIP. The idea of the proof is to extend the correspondence between NIP and VC-dimension
to the continuous setting and to show that the randomization is well-behaved with respect to
this notion. The demonstration is however highly technical and different attempts has been
made to find an alternative one.

Afterwards, in | ] I. Ben Yaacov gives a much more gentle presentation of the randomization
of a continuous theory. Here, the sort of events is replaced by a sort of [0,1]-valued random
variables. The randomization language, £®, is also simplified. The function symbols of the
original language £ are preserved in the randomization, the function being defined pointwise on
tuples of random elements, and each n-ary predicate symbol P of £ defines a function symbol
[P(-)] in £, that to each n-tuple of random elements assigns a random variable defined by the
pointwise value of the predicate. In this setting, each L-formula ¢(z) gives rise to a definable
function [¢(-)] from the set of |z|-tuples of random elements into the sort of random variables.

The simplest example of a randomization is the Borel randomization of a structure M. Pick
an atomless standard probability space (€2, B, 1), consider all measurable functions from  into
M in the sort of random elements and L ((£2, B, 1), [0,1]) in the sort of random variables. In
the same article the preservation results from [ | are proven for the randomization of
continuous theories. In particular, the preservation of stability is proven by showing that for
any stable L-formula ¢(z,y), types in the randomization over models are E[¢(z,y)]-definable.

Connectedness of randomizations of groups

The first part of this manuscript deals with the notion of connectedness for the randomization of
groups. We say that a definable group is definably connected if it has no proper type-definable
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subgroups of bounded index, when looked inside a monster model. The author of the thesis
together with A. Berenstein had shown in | | that if G is a classical, definably amenable,
NIP group then GF, the set of random functions taking values in the group G, is definably con-
nected. The proof was carried out via a study of generic types. For example, when the theory
is w-stable, there are finitely many generics in the original group, say n, and the generic type
of the randomization will be a random element taking each generic value on a set of measure 1/n.

Here we generalize this result and we get rid of the model-theoretical hypothesis. We show that
if G is a definable group in a continuous theory then G¥ is definably connected. We even show
that G does not admit proper, invariant subgroups of bounded index, this is, for any small set
of parameters A, (GR)Eo = G®. There are two main ingredients for this proof. The first one is
the construction of the homogeneous space. The second one is the fact that in randomizations,
all types over parameters coming from the home sorts are Lascar strong | , Theorem 5.8].
Recall that having the same Lascar type is the finest bounded, invariant equivalence relation on
a sort.

We take the presentation of the homogeneous space given in [ | and we extend it to the
continuous case. The idea is to take a definable group G on a sufficiently saturated structure
¢, add a sort consisting of an affine copy of G and add to the language the action of G on this
copy. Let us denote by € this new structure. From [ ] we deduce that Aut(€) = G x Aut(€).
Moreover, if Autfy, (E/ A) denotes the group of Lascar strong automorphisms over A, that is the
group of automorphisms fixing all Lascar types over A, then for any small set of parameters
A, G = GnAutf L(E/A) However, in randomizations all automorphisms are Lascar strong.
Hence, when we apply these results to G® we conclude in Section 1.4 that in randomizations

(G®)% is equal to GE.

Topological dynamics and randomizations

Let us now discuss interpretations and the groups of automorphisms. Let M and N be two
continuous structures. Suppose that we have an interpretation of N'in M. An automorphism
of M induces a uniquely defined automorphism of A/. The resulting map from Aut(M) into
Aut(N) is a homomorphism of topological groups. A bi-interpretation between M and N con-
sists of an interpretation of each structure in the other such that when these interpretations
are composed the model is definably isomorphic to its interpreted copy. If both structures are
w-categorical then they are bi-interpretable if and only if their automorphisms groups are iso-
morphic as topological groups. This result, attributed to T. Coquand, was first published in
the discrete setting in | | and later generalized to continuous structures in | |. In
this manner, for w-categorical structures, several model-theoretical properties, at least those
preserved by bi-interpretation, can be obtained from dynamical properties of the automorphism

group.

For w-categorical structures, I. Ben Yaacov and T. Tsankov studied in [ ] the dynamical
counterpart of the notion of stability. We know that a formula is stable in a structure M if it
does not have the order property, following a diagonalization argument as illustrated for example
in | , Remarque 2], this is equivalent to a property of interchangeability of double limits.
Namely, p(z,y) is stable in M if for every couple of sequences (a,)neny and (b, )peny in M we
have

lim li b,,) = lim li b
lim lim @ (an, bn) = lim lim @ (an, brm)
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whenever both limits exist. Here we recognize Grothendieck’s double limit criterion for weak
compactness [ , Théoréme 6], which let I. Ben Yaacov and T. Tsankov express the stability
of ¢ in terms of weakly almost periodicity, which we now proceed to define.

Let G be a topological group and X a G-space, a function f € Cy(X) is said to be weakly almost
periodic, or wap for short, if {gf ; g € G} is relatively weakly compact in Cp,(X). M. Megrelishvili
together with E. Glassner realized that by representing a dynamical system on a Banach space,
the geometrical characteristics of said space give us some insight on the topological properties
of the system. They established in fact a hierarchy according to which the representability of
the action in a particular class of Banach spaces has its topological counterpart in the realm
of dynamical systems | |. From | , Theorem 4.6] we obtain that wap functions are
precisely those that come from representations of the action G ~ X on reflexive Banach spaces.

This fact was exploited by T. Ibarlucia in | | to give an alternative proof of the preservation
of stability by the randomization in the w-categorical case*. First he obtained Aut(MF) in
terms of Aut(M) for any separable structure M. Then he showed that any set of £-formulas
A(z,y) gives rise to a set of LF-formulas A, containing in particular the formulas E[p(z, )]
with @(z,y) € A, for which the space of types Sxr(M®) can be nicely described from Sa (M).
Finally, he showed that if Sa (M) admits a faithful representation on a reflexive space then so
does SAr(M®). Thus concluding that if ¢(z,) is stable, in a w-categorical structure M, then
so it is Efp(z,y)] in ME.

T. Ibarlucia in | | established the model-theoretic counterparts of the hierarchy previously
mentioned. He remarked that NIP corresponds to tameness, which by | , Theorems 6.7 and
6.9] corresponds in the dynamical hierarchy to representability in the class of Rosenthal spaces,
Banach spaces not containing an isomorphic copy of /1. Following an analogous procedure to the
one just described, he showed the preservation of NIP by the randomization in the w-categorical
setting.

The motivation behind this project was to find a dynamical proof of the preservation of stability
and NIP by the randomization in a broader setting than w-categoricity. Having in mind that
the results involved in the preservation of stability by dynamical methods are much simpler, we
decided to tackle this problem first, hoping to then study the NIP case. However, the methods
involved were more complicated than expected as we will see.

First, we need an object, analogous to the automorphism group of an w-categorical structure,
that allows us to consider all separable models of a theory. This was done by I. Ben Yaacov in
[ ]. Therein, he defined the notion of a universal Skolem sort. He showed that to any count-
able, complete theory T admitting such a sort, we can associate a Polish groupoid over 2" that
determines the theory up to bi-interpretability. Among the theories having a universal Skolem
sort we can count the classical theories and the w-categorical theories. It is known however that
not all theories admit such a sort | , Example 4.15].

A sort D is Skolem for another sort E if every formula in D x E admits definable approximate
Skolem maps. D is universal for F if for every € >0 we can find a definable map from D into E
such that the image of every e-ball in D is e-dense in F. A sort D is universal Skolem if both
conditions hold for any sort E. In this way, a sort being Skolem allow us to obtain approxi-

4See the comment after Corollary 3.19. In the same article he presented another proof of the preservation of
stability using the wap compactification of a group, a path that we do not pursue here
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mate witnesses of existential quantifiers, while universality let us recover all such witnesses, see
[ , Definition 4.6 and Lemma 4.8]. We have that every element of a universal Skolem sort is
interdefinable with a separable model. The groupoid associated to the theory is the set of types
of all couples in the universal Skolem sort coding the same model.

In order to use this tool to show the desired preservation results, we must show that if a com-
plete, countable theory 1" admits a universal Skolem sort then so it does its randomization. This
is precisely done in Section 2.2. Let us briefly explain its construction. In a randomization there
are two kind of sorts, the home sorts coming form the theory and the auxiliary sort coming
from ARV, the theory of atomless random variables, which as an w-categorical theory admits a
universal Skolem sort. It is therefore expected that in the universal Skolem sort of the random-
ization the two type of sorts play a role. Indeed, the wanted sort is a fiber product between the
randomization of the universal Skolem sort of the theory and the universe Skolem sort of ARV.

The next step was to describe the groupoid associated to the randomization in terms of the
groupoid associated to the original theory. We recall from | , Theorem 2.8] that for any sepa-
rable structure M, Aut(M®) = Aut(M)?xAut(Q). Here, Q is an atomless standard probability
space, Aut(M)* is the family of measurable maps from  into Aut(M) and Aut(9) is the group
of invertible measure-preserving maps of €2. The groupoid we obtain is quite similar. We show
in Section 2.4 that if G(T') is the groupoid associated to T then G(TF) = (G(T)® x Aut(Q)),
that is the base change of G(T)® x Aut(Q) to 2V given by a map 7 : 28 — (2Y)® obtained
from the function used to define the fiber product in the universal Skolem sort of T'%.

Now we must describe stability dynamically, by which we mean in terms of the action of the
groupoid associated to the theory on a space of types. Suppose that 1" is a complete, countable
theory admitting a universal Skolem sort, D7, and let F' be any sort of T'. In the w-categorical
case, to determine if a formula ¢(x,y) is stable it suffices to study the action G ~ S, (M) where
M is the separable model of the theory. In our case, since the universal Skolem sort allows us
to consider all separable models of T" at once, we study the action G(T') ~ Sp,xr(T), as well
as the action of the groupoid on the space of partial types Sa(T) for A a set of formulas in
D x F. Moreover, in Chapter 4, if Dpr denotes the universal Skolem sort of the randomization,
we exhibit a set of formulas A® in Dyr x F, containing E[p] for every ¢ € A, for which we can
construct Sar(TT) from Sa(T).

The translation of stability in the terms of the action G(T") ~ Sp,«r(T") is is what inspired
our definition of weakly almost periodic function in the setting of groupoid actions, see Defi-
nition 3.6.3. Now it is necessary to find an appropriate notion of representation of a groupoid
action in a Banach-like structure for which there is a reasonably well-behaved dual. Towards
this end we use the notion of a field of Banach spaces. For each element in the base of the
groupoid we have a Banach space and we glue them together via a family of sections. This is
not by any means a new idea, in fact many of our results and definitions come from | ].

The topological dynamics of groupoid actions is quite a recent subject, with the first systematic

exposition given in 2020 in | | followed by | ]. Additionally, a notion of Ellis semi-
groupoid for locally compact groupoids was proposed in | |. There has been some prior
developments on the representation of groupoids, for example in [ | where an analog of the

Peter-Weyl theorem is proven for proper groupoids. However, we could not find an analog of
the dynamical hierarchy for groupoid actions. This is the motivation behind Chapter 3.
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First, we study the dual field endowed with the weak* topology. Afterwards, we study the field
of continuous functions, giving a particular attention to the topology of pointwise convergence
for which we deduce a criterion for relative compactness in the style of | ]. Subsequently,
we define the notion of a separately continuous groupoid action and that of duality. Finally, we
propose a definition for the representation of a groupoid action on a Banach field. We show that
wap functions are precisely those coming from representations on fields of reflexive spaces.

At last, we need to show how to build a representation of the randomization of a groupoid action
starting from a representation of the original action. Inspired by | , Section 3.3] we define
the field Lo(Q,V),, where (V,T) is a field of Banach spaces and 7 : 2V — (2M)% is the map
discussed above. L2(£,V), is a field over 2. We can think of the elements in the fiber over
o € 2V as measurable maps ¢ : Q — V satisfying o(w) € Vi(a)(w) for every w € © and such that
the Lo-norm [0]2 = (fo0(w)|? du(w))/? is finite. Nevertheless, it still remains to show that
each fiber is reflexive, which is certainly the case when a single Banach space is considered. The
problem being the difficulty of characterizing its dual space due to a lack of Radon-Nikodym
like results.

This thesis rises another question, the characterization of the map w. Since this map is used for
the definition of the universal Skolem sort of the randomization, its presence is no surprise in
all of the constructions that ensued. We stated a sufficient condition for the fiber product given
by 7 to define a universal Skolem sort, however we do not know whether it is also sufficient.
Moreover, if 7’ is another map verifying this condition, by the uniqueness of the universal Skolem
sort, there is a definable bijection between the sort defined by 7 and the one defined by 7’. This
induces an isomorphism between the respective groupoids. We ask whether it is possible to find
the explicit isomorphism in topological terms.
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Notation

Suppose 2 is a Boolean algebra and a € 2 then a° and a! will denote respectively a and —a.
In case v € 2™ and (a;) is a sequence of elements of 2 of length at least m then a, stands for
:ﬁnl_l). For our purposes, 21 will either be an algebra of formulas or a measure

algebra. For A a family of sets in a o-algebra we write o(A) for its generated o-algebra.

ag(o) AN NQ

If (X,d) is a metric space, then for € X and r > 0, Bg(z,r) and Bg(z,r) will denote, re-
spectively, the open and closed d-balls with radius r centered at x. If the metric is clear from
the context we may drop the subindex. All compact spaces are assumed to be Hausdorff. We
denote by Cy(X) the space of continuous, bounded, real-valued functions defined on X. In case
X is compact we will drop the subindex. Whenever a space of functions is considered under the
pointwise convergence topology we will add p as a subindex. For example, C},(X) stands for the
space Cp(X) endowed with the pointwise convergence topology.

For a vector space V and A ¢ V, Span(A) will denote the vector subspace of V' generated by A.
co(A) will denote the convex hull of A. If V' is a normed space then B(V') will stand for the
close unit ball of V. V* will denote the topological dual space.

Whenever f is a tuple of functions defined on a set € and ¢ (z) is a classical formula then [¢/(f)]
will denote the set {w € Q ; ¥ (f(w)) is true}. Whenever X is a random variable, E(X) will
denote the expectation of X. If Ag,..., A, 1 is a partition of Q and ay, ..., a,_1 are functions de-
fined on Q) then (Aq,..., An-1,a0,---,an-1) and ((A;)i<n, (a;)i<n) stand for the map that agrees
with a; on A; for i < n.

Whenever we have a condition ¥ (z) = 0 and we have not quantified over the variable x, we will
assume that there is an implicit universal quantifier. So, for instance, inf, p(z,y) = 0 will stand
for sup, inf, ¢(x,y) = 0.

G will denote a group while boldface G will stand for a groupoid. For (X, p) a space over B,
its elements will be denoted by plain characters x,... while boldface characters x,... will be

reserved for sections.

For n e N and v € 2" let us denote [v] = {a €2V ; a t,=v}.
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Chapter 1

Randomizations

Introduction

Given a structure 91, continuous or classical, a randomization of 97 is a new structure consisting
of random functions from a probability space into M. For classical structures, they were first
introduced by H.J. Keisler on [ ] and were then formalized in the continuous setting by I.
Ben Yaacov and H.J. Keisler on [ |. They are defined as two-sorted continuous structures,
consisting of a sort of random elements and a sort of events.

Moreover, starting from a theory T we can obtain a continuous theory T®, known as the ran-
domization of T', defined as the common theory of randomizations of models 7. In [ |, an
axiomatization of T® is given and several preservation results are proven, such as completeness,
w-categoricity and stability. This framework proved to be the adequate one for the study of
randomizations, and subsequent works of U. Andrews, I. Goldbring and H.J. Keisler were de-
veloped in this context, see | I, [ I, [ ].

Finally, I. Ben Yaacov in | | generalized the randomization construction to continuous struc-
tures. In this slightly different set-up, although equivalent in the classical case, the sort of events
is replaced by a sort of [0, 1]-valued random variables and the language is simplified. As before,
for a continuous theory T' we can construct T and the same preservation results will hold.

We begin this chapter with a brief description of the theory of atomless probability spaces, APr,
and that of atomless random variables, ARV. We then give the definition of randomizations, as
presented in | ]. We continue with some results on definability on the randomizations, gen-
eralizing to the continuous case some results previously stated in | | for the randomization
of classical structures. We end the chapter by showing that the randomization of a definable
group is definably connected, meaning that it does not have proper, invariant subgroups of
bounded index, when looked inside a monster model.

1.1 The theories APr and ARV

The language of probability algebras is defined as Lp, = {T, L, -, U, n, u}. If (Q, B, 1) is a probabil-
ity space then its measure algebra, (B, 1t), admits an obvious interpretation as an Lp,-structure.
We will denote by Pr the common theory of all measure algebras coming from a probability
space. This theory can be axiomatized using the axioms of Boolean algebras, conditions stat-
ing that p is a finitely additive probability measure and that the distance corresponds to the
measure of the symmetric difference. If we add to Pr the condition saying that the algebra

15
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is atomless we get the theory of atomless probability algebras, which we denote APr. Every
atomless probability algebra can be regarded as a model of APr. Conversely, if M is a model
of APr then there is an atomless probability space whose measure algebra is isomorphic to M.
The theory APr is complete, w-categorical and eliminates quantifiers | , Fact 2.10].

Now we pass to the theory of atomless random variables. Let us define Lgry = {0, -, %, =}, where
% represents a unary function symbol. For (€, B, ) a probability space, the space of random
variables, L'((Q,B,u),[0,1]) together with the L!-distance, can be seen as an Lry-structure
by interpreting O as the null map and, by setting (%x)(w) = %x(w), (=z)(w) = 1 -2x(w) and
(z = y)(w) = 2(w) ~ y(w) = max{0,z(w) - y(w)} for z,y € L*((Q,B,1),[0,1]) and w € Q. The
common theory of such structures will be denoted by RV. Every model of RV is isomorphic
to a model of the form L'((£,B,1),[0,1]) for some probability space (€2, B, ). If we add the
condition stating that the space must be atomless we get the theory ARV of atomless random

variables. As before, ARV is complete, w-categorical and eliminates quantifiers | , Theorem
2.17].
The theories ARV and APr are bi-interpretable | , Proposition 2.12]. Therefore, for any M

and N separable models of APr and ARV respectively, Aut(M) and Aut(N') are isomorphic as
topological groups. Here we give a presentation of such group. Let us begin with the measure
algebra on the unit interval, (F, \), or with any separable model of APr for that matter. Let 2 be
its Stone space, a compact, Hausdorff topological space. Then, there is an atomless probability
measure g on B, the measurable subsets of , such that (F,\) is isomorphic to (B, u) | ,
Paragraph 321J]. The ideal of p-negligible subsets of {2 corresponds to the ideal of meager subsets.
It follows that u is complete. Moreover, a subset of €2 is measurable if and only if it differs from
a clopen set in a meager set. The group of automorphisms of the measure algebra (B, i) will be
denoted by Aut(f2) and it consists of the group of invertible measure-preserving transformations
of Q. The action of Aut(2) on L'((Q,B,u),[0,1]) is given by (7- f)(w) = f(r ! (w)) for
e Aut(Q), fe L*((Q,B,1),[0,1]) and w € Q. Aut(Q) endowed with the topology of pointwise
convergence is a Polish group (see [ , Chapter I]). A compatible left-invariant metric can be
constructed as follows: pick = = (&, )nen a sequence of events such that the generated subalgebra
is dense in B, and for 7,p € Aut(f) let

dp(T,p) = Sup 27" A d(7(&n), p(€n))-

1.2 The randomization construction

In order to define the notion of randomization, we introduce the concept of integration space.

Definition 1.2.1. An integration space is a triple (€2, A, E) such that Q is any set, A c [0,1]%
with 0 € A and closed under the maps -, %, =, as defined before, and E : A — [0, 1] satisfies
E(f+g)=E(f)+E(g) for f,g,f+ge A

If we denote by E the expected value, namely E(f) = [ f du, then (2, L' ((2, B, 1), [0,1]),E) is
an integration space. Moreover, by identifying an event with its characteristic function, we get
that (2, B, 1) is also an integration space.

Definition 1.2.2. Let £ be a language, let Q2 be a non-empty set and let {M,, ; we Q} be a
family of L-structures. A randomization based on {M,, ; w € Q} is a triple (M, A, E) where
M € [Tyeq My, is non-empty, A € [0,1]% and E: A — [0,1] such that:

1. (2, AE) is an integration space.
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2. For every constant symbol ¢ in £, the map w - ¢™« belongs to M.
3. For every n-ary function symbol F' in £ and every ag,...,a,—1 € M, the map
w e FM (ag(w), ..., an-1(w))
belongs to M.
4. For every n-ary predicate symbol P in £ and every ag,...,a,-1 € M, the map
w = PMe(ag(w), ..., an-1(w))
belongs to A.

In case E can be deduced from the context we will omit it and we may simply write (M, .A).
Whenever M,, is equal to a single structure 9 for every w € 2, we say that (M, A) is a
randomization of 1.

Definition 1.2.3. Given a language £, the randomization language, £L¥, is a continuous lan-
guage consisting of the same sorts as £, the home sorts, together with an additional auxiliary
sort satisfying:

1. For each constant symbol in £ a constant symbol in £F belonging to the same sort.

2. For each function symbol in £ a function symbol in £% between the corresponding main
sorts and with the same modulus of uniform continuity as the original symbol.

3. For each predicate symbol P in £ a function symbol [P()] from the corresponding main
sorts into the auxiliary sort and with the same modulus of uniform continuity.

4. If L is classical, the auxiliary sort will be equipped with the language Lp,. Otherwise, it
will be equipped with the language Lgy.

For simplicity, we will assume that £ consists of a single sort, however the same arguments
can be carried out in the many-sorted case with some additional bookkeeping. It follows from
the previous two definitions that if M = (M, A, E) is a randomization based on a family of £-
structures {M,, ; w € Q}, then it admits a natural interpretation as an £f-prestructure, where
the distance on the home sort is given by d(a,b) = E[d(a,b)] for a,b e M.

The classical example of a randomization is the Borel randomization of a structure. Let M be
a separable L-structure and let (€2, B, u) be the standard Borel probability space constructed
earlier. Define M as the set of measurable functions from € into M and take (2, A,E) equal
to (Q,B,u) or (Q,L((Q,B,1),[0,1]), E), depending on whether £ is classical or not. Then
MPE = (M, A) is a randomization based on M.

Definition 1.2.4. Suppose T is an £-theory. Let T be the common theory of the randomiza-
tions based on models of T. The randomization theory, denoted T, is defined as T* together
with the condition stating that the underlying integration space is atomless.

As expected, every model of 75 is isomorphic to a randomization based on models of 7. In
fact, to every M = (M, A, E) model of TH% we can canonically associate a randomization based
on models of T" whose underlying probability space corresponds to the Stone space of A. This
randomization will be known as the canonical representation and we will identify a model of
THe with it, see [ , Definition 3.9] and the construction thereafter. In particular, whenever
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M is a separable model of T#, we can assume that its underlying probability space is the Stone
space (2, B, 1) described above.

Given a randomization M = (M, A, E) based on a family of L-structures {M,, ; w € Q}, for
every L-formula ¢(z) and every tuple a € M we can define a map [p(a)] : @ — [0,1] by
[e(a)](w) = M« (a(w)) for w e Q. It turns out that this map belongs to A and the resulting
function [¢(-)] : M™ — A is uniformly definable on randomizations based on L-structures, see
[ , Lemma 3.13 and Theorem 3.14]. Moreover, for every L-formula ¢(z,y) we have that
[inf, p(x,y)] = infy[e(z,y)]. In particular, if ¢ is an L-sentence, then [¢] € A. Therefore,

T+ ¢ = 0 implies 77 - ] = 0.

This fact is known as the Transfer Axiom and will be used constantly, sometimes without
explicit mention. The randomization theory T eliminates quantifiers down to formulas of the
form Efp(z)] | , Theorem 3.32]. Moreover, an explicit axiomatization of T is given in
[ ]. Randomizations also preserve many of the properties of the original theory such as,
completeness, w-categoricity, stability and NIP | , Sections 3 and 4]. Notably, if T' is w-
categorical and M is a separable model of T' then M, its Borel randomization, is the unique
separable model of T%, modulo isomorphism. The following fact is an easy consequence of
[ , Lemma 3.10].

Fact 1.2.5. Let (M, A,E) £ TR, Let Ag,...,An_1 be a partition of the underlying probability
space and let ag, ...an—1 € M. Then, there is a unique ¢ € M such that ¢ is equal to a; on A; for
1<n.

The element ¢ in the previous lemma will be denoted by (Ao,..., An-1,00,...an-1), Or equiva-
lently, by ((A:)i<n, (@:)i<n)-

1.3 Definability on randomizations

Let us fix a language £. Let M be an L-structure and A ¢ M, a predicate P : M"™ — [0, 1]
is definable in M over A if there is a sequence of L(A)-formulas that converges uniformly on
M"™ to P. A closed set U ¢ M™ is said to be definable in M over A if d(z,U) is a definable
predicate in M over A. Finally, a map f: M"™ — M is definable in M over A if the predicate
d(f(z),y) on M™! is definable in M over A. As expected these notions are well-behaved with
respect to elementary extensions and substructures | , Section 9]. Whenever we say
that a predicate, subset or function is definable we always mean without parameters. We now
state some technical results. The first one, characterizing definability of a set, will be used on
Chapter 2 when discussing definable closures in randomizations.

Fact 1.3.1. Let M be a structure, U be a closed subset of M™ and A be any subset of M. Then
the following assertions are equivalent:

1. U is definable in M over A.
2. U is the set of zeros of an A-definable predicate ¥ (x) and d(z,U) <¢(x) on M™.

3. U is the set of zeros of an A-definable predicate ¥ (x) and, for every e >0 there is § > 0
such that for every x € M"™, ¥(x) <6 implies d(x,U) <e.

4. For every € >0 there is a formula with parameters in A, ¥ (x), such that

Uc{aeM"; Y(a)=0}c{aeM"; ¥(a)<1}c{aeM"; d(a,U) <e€}.
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5. For every A-definable predicate p(x,y), the predicate ¥(y) = inf ey p(2,y) is A-definable.

Proof. The equivalence of (1), (2), (4) and (5) is due to [ , Fact 1.7]. The equivalence
between (1) and (3) corresponds to | , Remark 9.20]. O
Fact 1.3.2 (Theorem 9.12in | ). Let M be an L-structure. Given a definable predicate

P:M" —[0,1], we define the two conditions

E; :supinf P(y) v |P(x) —d(x,y)| =0
z Y

Ey: sup |P(x) - ir;f(P(y) +d(z,y))|=0.

Then, P(x) is equal to the distance to the zeroset of P if and only if M satisfies E1 and Es.

We will now show that the randomization of definable sets and functions are definable. The
particular case where L is a classical language was considered in [ , Lemma 3.13].

Proposition 1.3.3. Let T be an L-theory and D a definable subset of T. Then, for any M & T%,

DR(M) = {ae M" ; pfaeD]=1}.
is definable in M. This definition is moreover uniform across all models of T.
Proof. Suppose that d(x,D) = P(x) for some definable predicate P. Then D™ corresponds
to the zeroset of E[P(x)]. By the transfer axiom applied to Ei, M & sup, inf,([P(y)] v
[[P(x) - d(z,y)|]]) =0. This implies that, sup, inf, (E[P(y)] v E[|P(x) — d(z,y)|]) = 0. Hence,
sup,, inf, (E[P(y)] v [E[P(x)] -E[d(z,y)]|) = 0. This means that M satisfies £ for the definable

predicate E[P(x)]. Analogously we obtain that sup, [E[P(z)] —inf,(E[P(y)] +E[d(z,y)])| =0,
i.e. M satisfies Ey for E[P(z)]. The result follows from the previous fact. O

For the proof of the next lemma we will use the following fact, which although not explicitly
stated, is the heart of the proof of | , Theorem 9.17].

Fact 1.3.4. Let M be an L-structure. If D ¢ M™ is definable and P: M"™ x M"™ — [0,1] is a
definable predicate, then there is an increasing, continuous function «:[0,1] — [0,1] such that
for any x e M™:

o |P(z,y)— P(z,2)| < a(d(y,z)) for every y,z e M".
o inlf)P(x,y) = inf(P(x,y) + a(d(y, D))).
Y€ Y

Lemma 1.3.5. Let T' be an L-theory, D a definable subset of n-tuples and P be an (m+n)-ary
definable predicate. Then,

[[;glf)P(%y)]] = yiel}ij[[P(%y)]]-

Proof. Take M = TE. Fix x e M™, then for any yo € D¥(M), [P(z,y0)] 2 [[inéP(x,y)]]. By
ye

taking the infimum over yo € D we conclude that inf,.pr[P(x,y)] > [infyep P(2,y)]. For the
other inequality, take « : [0,1] — [0,1] as in the previous fact. Given € > 0, take yy € M"
satisfying
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[P(2,50) + a(d(w, D))] < [inf Pl p)] +.

Pick § > 0 such that for every a,b € [0,1], |a—b| < & implies |a(a) - a(b)| < e. Let 2o € DF(M) be
such that [d(yo,z0)] < [d(yo, D)] + 9. Then,

yierll)fR[[P(SC,y)ﬂ < [P(w,20)]

<[P(z,y0) + a(d(yo,20))]

< [P(z,y0) + a(d(yo, D) +6)]
<[P(x,y0) + a(d(yo, D))] + €
< [[;glf)P(%y)]] +2e.

Since € was arbitrary, we get the desired inequality. O

Proposition 1.3.6. Let T be an L-theory and [ an n-ary definable map in T. Then, for every
M & T the map f: M" — M given by ff(a)(w) = fM<(a(w)) for ae M™ and weQ is a
definable map in M. This definition is uniform across all models of TT.

Proof. Follows directly from the fact that if P(x,y) is the definable (n+1)-ary predicate defining
d(f(x),y), then for z e M"™ and y e M, d(f"(2),y) = E[d(f(),y)] = E[P(z,y)]. O

1.4 Connectedness of randomizations of groups

In this section we show that the randomization of a group definable in a structure is definably
connected. Let M be an L-structure and G a definable group in 9, we have that G, defined as
the set of variables whose values belong to the group, is a definable group in the randomization.
The author together with A. Berenstein proved in [ ], via a study of generic types, that if
G is a classical definably amenable NIP group then G is definably connected, i.e. it has no
proper type-definable subgroups of bounded index, when looked inside a monster model. In this
section, we show that in general, without any model-theoretical assumptions on the model, G*
is definably connected. Moreover, we prove that it has no proper invariant subgroups of bounded
index. For the proof, we use the construction of a homogeneous space. We use the presentation
given in | ], that allows us to embed the group G* in the group of automorphisms of a
certain structure and then use the fact that in randomizations all types over parameters coming
from the home sorts are Lascar strong.

1.4.1 The homogeneous space construction

Suppose G is a definable group in a structure 9. The homogeneous space structure consists
of M together with a new sort X, corresponding to an affine copy of GG, and a symbol for the
action - : G x X — X. This is a classical construction and has been considered several times.
For instance, in | , Section 7] it is used to prove an unpublished result of E. Bouscaren, D.
Lascar and A. Pillay concerning compact Lie groups. It was later used in | | to describe
groups of automorphisms of the homogeneous space in terms of groups of automorphisms of the
original structure and groups related to GG. This section is based on the latter, we recreate in
the continuous setting the construction given in Section 3 therein.
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As previously stated, we let X be an affine copy of G. We also add G itself as a sort, so the
group operation can be represented by a symbol in the language and we can avoid dealing with
partially defined functions. However, this step is not strictly necessary and the same results
can be obtained by just adding the affine copy. Let us denote this new structure by M. As
mentioned before, the main goal of the construction is to describe some subgroups of Aut(‘,ﬁt)
in terms of subgroups of Aut(9%) and subgroups of G. Towards this end, we must embed G as a
normal subgroup of Aut(iﬁt). To make this task easier, we will suppose that the distance on G is
bi-invariant, which is always true in the classical context. Nevertheless, this does not impose us
a limitation, since the group always admits a definable bi-invariant metric, see Fact 1.4.13 below.

Let 2 be an L-structure. Suppose G is a deﬁnable~group whose metric is bi-invariant. We will
denote by S the sort in which G is defined. Let £ be the many-sorted language obtained by
adjoining two sorts Sp, So and the following function symbols to L:

e A unary function symbol ¢: .S — S.
e A binary function symbol - : §1 x .S — 5

e A binary function symbol - : S7 x Sg — Ss.

We require the new unary function symbol to be 1-Lipschitz. To both binary function symbols
we assign the same modulus of uniform continuity of the group multiplication. We define
M=(M,G(M),X(M)) as the L-structure where

1. The sort M has the original structure of 9.

2. 1:G(M) < M is the inclusion map.

3. '¢:G(M)xG(M) — G(M) is the group operation.

4. -:G(M)x X(M) — X (M) is a regular (free and transitive) action of G(M) on X(M).

We endow G(M) and X (M) with the same metric, the one they inherit from M. So, G(M)
acts by isometries on X (M), and for all g,h e G(M) and z € X(M), dx(g-x,h-xz) =dg(g,h).
We will simply write - instead of -, the distinction with the action being clear from the context.

Fix € = (¢, G, X) a monster model extending M. In particular, € is a monster model of Th(M).
A set is said to be bounded, or small, if its cardinality is less than the saturation of our monster.
As usual, sets of parameters are supposed to be small.

Remark. The structure € is interpretable in € (for more details on interpretation in continuous
logic see | ]). Indeed, fix o € X, the map that is equal to the identity on the sort €, the
inclusion on the sort G and on the sort X is given by h-xzg— h defines an interpretation of €
on C.

In other words, we add two interpretable sorts, namely two copies of G interacting with each
other, and in one of them we forget the inner group structure. We now characterize the elemen-
tary substructures of €.

Proposition 1.4.1. Every elementary substructure of € is of the form M, G(MN),G(N)-x) for
some N < € and xo € X. Conversely, if N < € then for every x € X, (N, G(MN),G(N) - x) is an
elementary substructure of €.
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Proof. Let 9 = (M, Gy, Xo) be an elementary substructure of €. It follows that 9 < €, which
implies Go = G(M). Pick any g € Xo, since the action Go ~ X is regular, we have Xo = Go-zo =
G(M) - 9. We conclude that 9 = (9N, G(N), G(N) - -xg). For the converse, suppose N < €, pick
2 € X and define M = (N, G(N),G(N) - z). Since € is interpretable in €, for every L-formula
o(u,y, z), where u, y and z are tuple of variables in the sorts S, S; and So, respectively, there
is a definable predicate P,(u,v,w) in £ such that for every a € €, g,he G

gpt(a,g,h-x) = P(S(a'>gvh)

Restricting to 91, we obtain an interpretation of 91 in 9 and an analogous equality for every

a€MN, g,he G(N). It follows that
gog(a,g,h-:z:) = Pg(aag7h) = Pgt(aagah) = me(a,g,h'ZE)
This completes the proof. ]
Now, take any xg € X, then X = G- xg. For g € G we define §:€—>€ by
gle=ide, 7la=idg, G(h-a0)=(hg™) w0,
Claim: For any g € G, g is an automorphism of [

Proof. 1t is immediate that g is a bijection that respects the structure of €, the group operation
and that commutes with «. Now, for k,h e G

Gk~ (h-0)) = g(kh-m0) = (khg™") - 20 = G(k) - g(h- x0),
and
dx (g(h-0),g(k-20)) =dx(hg™" w0, kg™ - 20) = dg(h, k) = dx (h - wo, k- z0). O

On_the other hand, suppose f € Aut(¢), since G is definable, f(G) = G. So we can define
f:€— by

fle=f. fle=fla, [f(h-z0)=f(h)- 0.
Claim: For any f € Aut(¢), f is an automorphism of €.

Proof. By definition f is a bijection that respects the structure of €, the group operation and
commutes with . Now, for k,h € G

f(k-(h-x0)) = F(kh-x0) = f(kh) -0 = f(K)f(h)-x0 = f(k)- f(h-x0).
And

dx (f(h-zo), f(k-20)) = dx (f(h)-wo, f(k)-x0) = dc(f(h), f(k)) = dG(h, k) = dx (h-zo, k-x0). O

In this way, we have embeddings - : Aut(¢) Aut(¢) and = : G > Aut(€). Note that for
feAut(€) and ge G, fogo ft=k1f(g)k where k € G satisfies f(xg) = k-xg. Thus, G is a
normal subgroup of Aut(€). We now define the notion of Lascar types.
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Definition 1.4.2. Let A be a set of parameters and, a and b be tuples (possibly infinite)
of the same length in €. We say that da(a,b) < 1 if there exists 9 < € containing A such
that tp(a/N) = tp(b/N). We say that a and b have the same Lascar type over A, and we
write Lstp(a/A) = Lstp(b/A), if there is a finite sequence of tuples of the same length ag =
a,ay,...,a, =bsuch that da(a;, a;+1) < 1.

An equivalence relation is bounded if the set of equivalence classes is bounded. It is a well-known
fact that having the same Lascar type over A is the smallest bounded A-invariant equivalence
relation on tuples of the same length, see for example | , Fact 5.2] or [ , Lemma 5.3].
The group of Lascar strong automorphisms over A is the group generated by all Aut(€/M)
where M ranges over all models containing A, and it is denoted by Autf;(€/A). It follows from
the definition that every automorphism in Autf;,(€/A) preserves Lascar strong types. Moreover,
if Lstp(a/A) = Lstp(b/A) then there is f € Autf(€/A), such that f(a) =b.

Definition 1.4.3. Given A ¢ €, we define G to be the smallest A-invariant subgroup of G of
bounded index.

Proposition 1.4.4. For Ac ¢, G¥ = (g7 h ; g,h e G and Lstp(g/A) = Lstp(h/A)).

Proof. Denote H = (¢g7'h ; g,h € G and Lstp(g/A) = Lstp(h/A)). The relation E(g,h) given
by g7'h € G is A-invariant and bounded. Therefore, if g,h € G and Lstp(g/A) = Lstp(h/A)
then ¢~ 'h € G%. Hence, H ¢ G%. For the other inclusion, clearly H is A-invariant. Let \ be
the index of H in G and suppose that {goH ; a € A} is an enumeration of the cosets of H in
G. Take o, 8 € A with a # 3, then g;'gs ¢ H. This implies that Lstp(g/A) # Lstp(h/A). Since
there are boundedly many Lascar types over A, then the index of H in G is bounded. Therefore,
G% € H and the equality follows. O

The following proposition corresponds to [ , Propositions 3.3 and 3.4]. Even though they
are proved in the classical setting, the proofs readily adapt to continuous structures.

Proposition 1.4.5. 1. Aut(€) = G x Aut(¢). More precisely, for F € Aut(€), F = go f
where f=F ¢ and F(x) =g~ ' - xo.
2. If My < € with My = (Mo, Go, Xo) and Xo = Go - (ho - o) for some ho-xo € Xo. Then
F e Aut(C/M) if and only if there is f € Aut(¢/Mo) such that F = 7h0.

3. For any Ac €, Autfr(C/A) = G = Autfr(C/A).

4. G% =G nAutf(€/A).

1.4.2 Randomization of the homogeneous space

Fix a continuous language £, 9 an L-structure and G an @-definable group. Let (K,.A) be a
monster model of Th(9M)?, which we identify with its canonical representation. By taking € to
be a sufficiently saturated elementary extension of 91, we can assume that (X,.4) corresponds
to a randomization of € and we will denote it €®. The randomization of G, G¥, will correspond
to the set of functions in K whose image is contained in G. We will show that this is in fact a
definable group in ¢%.

Proposition 1.4.6. G is a definable group in €% with the group operation defined pointwise,

i.e. for fi,fr e GE, (f1- f2)(w) = fi(w) fa(w) for every w e .
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Proof. By Proposition 1.3.3, G is a definable subset of €f. Let P : &3 — [0,1] be the @-
definable predicate such that P(z,y,2) = d(x - y,z) when restricted to G x €. We have that
€ SUPe SUPyer infreq P(,y,2) = 0. By transference and Lemma 1.3.5,

¢® e sup sup inf [P(x,y,2)] = 0.
zeGR yeGR 2eGR

This implies that for every z,y € G® there is z € G¥ such that z -y = z. So, G is closed under
pointwise multiplication. From Proposition 1.3.6 we deduce that the group operation is definable.
It remains to show that G¥ is in fact a group. It is immediate that the operation is associative.
Again by transference and Lemma 1.3.5, ¢® & inf,r supyer[P(%,y,y) v P(y,7,y)] = 0 and
¢f & sup,.gr inf,cqr sup,egr[P(7-y,2,2) v P(y-x,2,2)] = 0. So, G has a neutral element and
inverses. O

Assume that the metric in G¥ is bi-invariant. Then, we can construct the (£F)-structure
¢k = (K, A,GE, X)), By reordering the sorts of (LR), we see that (£R) c (L)f. The inclusion
being strict due to the fact that the mappings [d(_, )] from the sorts of G® and X% do not

belong to (LE). However, if z,y € GF (or X%) then they can be identified with elements in /C,
so we can define these maps in the obvious way, namely:

[d(z,y)|(w) = d(x(w),y(w)) for every w € Q.

Hence, (K,G X A) admits a natural interpretation as an (I)"-structure. Moreover, it is
easy to check that with the maps [d(_,_)] defined as above, €% is a randomization of ¢. In this
way, when we consider (K, G®, X% A) as an (L)-structure we will write €.

Proposition 1.4.7. The maps [d(_,-)]: (GF)? — A and [d(_, )] : (X*)? — A are definable
in CF.

Proof. For any g,h € G® we have that [d(g,h)] = [d(i(g),i(h))], a definable map. For the
other map, first note that e € G® is definable, the distance predicate being given by di(x,e) =
dic(2%,z). Now, given x,y € X define x(z,y) to be the unique g € G such that g-z = .
The map x : (XT)2 — GF is definable. Indeed, given h € GE, dgr(h, x(z,y)) = dxr(h-z,y).
Hence, [d(z,y)] = [d(x(z,y),e)] is a definable map. O

Immediately from the previous proposition we deduce the following result.
Corollary 1.4.8. Given Ac K, Aut(@?/A) = Aut(€F/A).
The next result states that in randomizations all types are Lascar strong.

Theorem 1.4.9. | , Theorem 5.8] Let T be any theory, (K,B) =TT, a,be K and Ac K
any set of parameters. Then the following are equivalent:

1. Lstp(a/A) = Lstp(b/A).
2. tp(a/A) =tp(b/A).
Corollary 1.4.10. Given A c K, Autfy(€f/A) = Aut(€?/A)

Proposition 1.4.11. Given Ac K, Auth((;:\R/A) = Autf (Cf/A).
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Proof. ©) Tt follows directly from Corollary 1.4.8 and Corollary 1.4.10.

2) Take N < €7 with A ¢ 9 and f € Aut(€%/9N). Then Ny, the reduct of N to a (’Zrz)—structure,
is an elementary substructure of €&. Hence, f € Aut(@é/mo). So Aut(€f/9) c Auth(@/A).
Since 91 was an arbitrary model containing A, the result follows. O

Corollary 1.4.12. For any Ac K, (G®)% = GE. Thus, G is definably connected.

Proof. By 4. of Proposition 1.4.5, Gy =Gln Auth(Eé/A). Using Proposition 1.4.11 we
get (GM)F = G n Autf(€7/A). Now, by Corollary 1.4.10, (GF)¥ = GFn Aut(€"/A). Finally,
since G ¢ Aut(€f/A), then (GF)% = GE. O

In order to prove this corollary we assumed that the metric on the group is bi-invariant. However,
this requirement can be removed, as we now show.

Fact 1.4.13. [ , Proposition 3.13 | Let M be an L-structure and let G be a definable group.
Then there is a definable metric on M which is bi-invariant on G.

Theorem 1.4.14. Let G be a definable group in a continuous theory. Then, for any A € IC,
(GMz = 6"

Proof. The case where the metric in G* is bi-invariant corresponds to Corollary 1.4.12. Suppose
now that the metric in G is not bi-invariant. Let d; be a definable metric on K which is bi-
invariant on G, as per the previous fact. We define @fi as the structure having the same
universe that ¢® but whose distance predicate on K is given by d; and the original metric will
correspond to a new predicate ds. So,

ek R ek R
dd =di and dy' =dg .

Since €# and €I have the same definable predicates, then for any A ¢ K, Aut(ER/A) =
Aut(Ef"/A). Furthermore, if M < € then the structure 91, defined in the same way, is an
elementary substructure of €;. Hence, for any A ¢ K, Autfy (¢%/A) = Autf;(€/A). The met-
ric on G, viewed now as a definable group on Ef, is bi-invariant. By Corollary 1.4.12, G does
not have non-trivial A-invariant subgroups of bounded index in the new language. As we have
the same definable predicates, the same is true for GF in the original structure. O
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Chapter 2

Universal Skolem sorts of
Randomizations

Introduction

A classical result, attributed to T. Coquand but first published by G. Ahlbrandt and M. Ziegler
in | ], states that two classical, complete, w-categorical theories in countable languages are
determined, modulo bi-interpretation, by their automorphism groups. This result was later gen-
eralized by I. Ben Yaacov and A. Kaichouh in | ] to the continuous framework. Namely,
two separable w-categorical continuous structures are bi-interpretable if and only if their auto-
morphism groups are isomorphic as topological groups. They went even further and showed a
reconstruction procedure, a way to define a structure from the automorphism group which is
bi-interpretable with the original structure. Towards this end, starting from the automorphlsm
group G, they showed that the structure G consisting of the left-completion of the group, G Ly
together with a distance predicate to each orbit closure of the diagonal action of G on (G )",
is bi-interpretable with the original structure.

In order to generalize this result and obtain a reconstruction procedure that applies beyond the
context of w-categoricity, I. Ben Yaacov in | ] defined the notion of universal Skolem sort.
To every complete continuous theory 7T in a countable language admitting such a sort we can
associate a topological groupoid G(T") over 2" which determines T up to bi-interpretability, and
from which we can define a theory bi-interpretable with 1. We must remark that not every the-
ory has a universal Skolem sort, those that admit it include classical and w-categorical theories.

Randomizations are basically structures consisting of random functions taking values in struc-
tures on a given language. They were first defined by H.J. Keisler in [ | and then refor-
mulated using the framework of continuous logic in | ], and again in | ]. Formally,
a randomization is a continuous two-sorted structure, one sort for the random functions in the
structures and a second sort for [0,1]-valued random variables. The two sorts are related via
maps [p(-)], where p(z) is a formula in the original language, that to each tuple of random
elements a assigns a random variable [p(a)]. In case the given language is classical we can
restrict our attention to {0, 1}-valued random variables, which we identify with events.

Randomizations preserve many desirable model-theoretical properties such as completeness,
w-categoricity, stability and NIP. This results can be shown using analytic methods as in
[ , | or, in the w-categorical case, dinamically as in | ]. In this context, the
correspondence between stable (resp. NIP) formulas and weakly almost periodic (resp. tame)

27
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functions, as shown in | |, allows us to describe these model-theoretic properties in terms of
representations of the action of the group of automorphisms on the space of types in a particular
class of Banach spaces. Thus, by describing the group of automorphisms of the randomization
in terms of the group of automorphisms of the original structure and by constructing a repre-
sentation of the randomized action from the original representation, T. Ibarlucia showed these
preservation results.

Using the notion of universal Skolem sort, and that of associated groupoid, we expect to ex-
tend T. Ibarlucia’s methods to a broader context. The present chapter deals with the first of
these issues, obtaining the groupoid associated to the randomization in terms of the original
groupoid. Our first objective is to show that if a theory T admits a universal Skolem sort,
then so it does its randomization 7. The universal Skolem sort of T# will be a fiber product
between the randomization of the universal Skolem sort of 7" and the universal Skolem sort
of the theory of random variables which, as an w-categorical theory, admits such a sort. We
then give an explicit description of the groupoid associated to T® and we show a purely topo-
logical construction of this groupoid starting from the groupoid associated to the original theory.

This chapter is organized as follows, in Section 2.1, we present the notions of universal Skolem
sort and topological groupoid, and we show how to associate to a theory admitting a universal
Skolem sort the topological groupoid that determines it up to bi-interpretation. In Section 2.2
we exhibit the universal Skolem sort of the randomization theory, assuming the original theory
admits such a sort. In Section 2.3, we study the groupoid G consisting of measurable functions
from a probability space (€2, B, ) into a Polish open topological groupoid G. We also study
G x Aut(Q), where Aut(Q) is the group of invertible measure preserving transformations of
(2, B, 1). Finally, in Section 2.4 we describe the groupoid associated to the randomization and
we show that it corresponds to (G(T)% »x Aut()),, the base change of G(T)% x Aut(Q) to 2N
given by the map used to define the fiber product mentioned above.

Notation. Suppose 2 is a Boolean algebra and a € 2 then a® and o' will denote respectively a
and —a. In case v € 2™ and (a;) is a sequence of elements of 2 of length at least m then a, stands
for ag(o) Ao A afn(ﬁ_l). For our purposes, 21 will either be an algebra of formulas or a measure
algebra. For A a family of sets in a o-algebra we write o(A) for its generated o-algebra. If (X, d)
is a metric space, then for x € X and r > 0, By(x,7) and Bg(z,r) will denote, respectively, the
open and closed d-balls with radius r centered at x. If the metric is clear from the context we
may drop the subindex. Whenever f is a tuple of functions defined on a set 2 and ¥(z) is a
classical formula then [¢(f)] will denote the set {w e Q ; ¥(f(w)) is true}. Whenever X is a

random variable, E(X') will denote the expectation of X.

2.1 Universal Skolem sorts

Most of the results and definitions given in this section come from [ ]. We fix a theory T
in a countable language.

Definition 2.1.1. The metric sorts of T is the smallest collection of objects containing the
home sorts of T and that is closed under the following three operations:

e Infinite product: If {F,, ; n € N} is a countable family of sorts of T then F =[],y Fy is a
sort with the metric given by d(z,y) = sup,,gy 2" A dp, (Tn, Yn)-

e Definable subset: If F' is a sort of 7' and E is an definable subset of F' then E together
with the metric it inherits from ' is a sort of T'.
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e Metric quotient: If F' is a sort of T' and p is a definable pseudo-metric on F' then E, the
completion of the quotient of F' induced by p, is a sort of T" whose metric is p.

A metric sort of a theory is thus a definable subset of an imaginary sort. The formulas on an
infinite product are the uniform limits of formulas on a finite subproduct. On the other hand,
the formulas on a definable subset are just the restriction of formulas to the subset. Finally, the
formulas on a metric quotient of F' are the formulas on F' that are uniformly continuous with
respect to the pseudo-metric.

Remark.

The next results presents some natural sorts of the randomizations and characterizes their space
of types.

Proposition 2.1.2. Let F be a sort of T. Then FT, defined as the set of random functions on
F together with the metric given by dpr(z,y) = E[dp(z,v)], is a sort of TT.

Proof. If F is a home sort, then by definition F¥ with the metric described above is a sort
of T®. Let {F, ; n € N} be a countable family of sorts of T such that each F¥ is a sort of
TF and let F = [y Fn. It follows that D = [T,y FF with the metric given by dp(z,y) =
SUPpen 27" A dpr(Tn,yn) is a sort of TE. Note that D can be naturally identified with FZ.
However, the metric dp does not agree with dpr. Nevertheless, it can be easily seen that dpr
is definable. It follows that the two metrics are uniformly equivalent and thus we may take dpr
as the canonical metric on D = F®. By Proposition 1.3.3, if F is a sort of T and FE is a definable
subset of F then E¥ is a definable subset of F'®. Hence, EF is a sort of T®. Finally, suppose
that F' is a sort of T, that p is a definable pseudo-metric on F' and that E is the quotient sort.
We have that p(z,y) = E[p(x,y)] is a definable pseudo-metric on Ff and that the quotient of
F induced by p’ corresponds to E*. O

Given a compact Hausdorff space K, we denote by SR(K') the space of Borel probability measures
on K. Note that R(K) is a subset of the unit ball of C(K)* and as such it is naturally endowed
with the weak™ topology. Since SR(K) is closed, it is a compact space. The proof of the following
result is completely analogous to that of | , Theorem 3.32] but considering elements in the
sort I’ rather than tuples of elements.

Fact 2.1.3. Let F be a sort of T. Then Spr(T%) is homeomorphic to R(Sg(T)).
We will now define the notions of universal and Skolem sorts.

Definition 2.1.4. Let D and F be sorts of T', we say that D is a Skolem sort for F' if for every
formula p(z,y) in D x F and every € > 0 there is a definable map ¢ : D — F such that for every
zeD, o(x,0(x)) <infyo(x,y) +e. We say that D is a universal sort for F if for every € > 0
there is a definable map o : D — F such that the image of every e-ball in D is e-dense in F.

A sort D is said to be Skolem if it is a Skolem sort for every sort F'. Similarly, it is universal
if it is a universal sort for any sort F. Notice that by considering ¢(x,y) —inf, ¢(x, z) in the
previous definition, we may restrict our attention to the formulas satisfying sup, inf, p(z,y) = 0.
We can further restrict ourselves to a dense subset of such formulas.

Notation. Whenever we have a condition ¢(x) = 0 and we have not quantified over the variable
x, we will assume that there is an implicit universal quantifier. So, for instance, inf, p(z,y) =0
will stand for sup, inf, p(x,y) = 0.

The next result shows that in order to prove that a sort is universal Skolem it suffices to verify
it for a small set of sorts.
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Proposition 2.1.5. [ , Proposition 4.9] A sort D is universal Skolem if and only if it is
Skolem for every home sort and universal for every finite product of home sorts.

Between every two universal Skolem sorts there is a definable bijection | , Theorem 4.10].
The next result is a kind of converse of this result.

Lemma 2.1.6. If D is a universal Skolem sort and n: D — FE is a definable bijection then E
s a universal Skolem sort.

Proof. Take F' any sort, first we will prove that E is Skolem for F. Let ¢(x,y) be a formula
in E x F' such that infy ¢(z,y) = 0 and let € > 0. Let z be a variable of sort D and define
Y(z,y) = ¢(n(2),y). Then, inf,1(z,y) = 0 and, since D is a Skolem sort for F', there is a
definable map o : D — F such that ¢(z,0(z)) < e. It follows that & = 0 o n~! is an e-Skolem
map for ¢. To show that F is weakly universal for F', take € > 0 and choose 0 < § < € such that
for all z1,29 € D, d(z1,22) < ¢ implies d(n(z1),n(22)) < . We know that there is a definable map
o : D — F such that the image of any é-ball in D is §-dense in F' and let us define 6 = o o~
Take x € E and y € F arbitrary, and let z = n7}(z). We know that there is some zq € D such
that d(zg,2) < ¢ and d(o(z0),0(2)) < 0. If zy = n(zp) then d(zg,z) < € and d(5(xg),5(x)) <e,
which completes the proof. O

Not every theory admits a universal Skolem sort | , Example 4.15]. However, all classical
and all w-categorical theories admit such a sort.

Fact 2.1.7. [ , Proposition 4.17] Suppose T is an w-categorical theory and take M a sep-
arable model of T. Pick a a dense enumeration of M, then Dy = tp(a) is a sort of T and
D =Dy x 2N is a universal Skolem sort

We will now exhibit another universal Skolem sort for an w-categorical theory.

Lemma 2.1.8. Assume that T is w-categorical. If b enumerates a sequence whose definable
closure is a model M =T and Dy is the type of b then D = Dy x 2" is a universal Skolem sort.

Proof. Let a be an enumeration of a dense subset of M and let Ey be the sort defined by the
type of a, we denote by S the sort of M. We will build a definable bijection between FEy and
Dy. Since a is definable over b, there is a formula ¢(z,y) in Do x SN such that ¢(b,y) = d(y, a).
Then, for any b’ € Dy, p(b,y) is a distance predicate on SY. Furthermore, if ¢(b',a’) = 0 then
a' € Ey. Thus, we obtain a definable map f : Dy — Ey where d(f(z),y) = ¢(z,y). On the
other hand, since a is dense in M, for every n € N, there is a subsequence (ay i )gen of a such
that limg_eo ap k= by. Then, g(y) = (limg— o Yn k)nen is a definable map from Ey into Dy. It
can be easily verified that f o g =1Idg, and that go f = Idp,. Therefore, f x Idyn is a definable
bijection between D and Ey x 2V, the result follows from Lemma 2.1.6. O

In the case T' = APr, we take = to be a sequence of independent subsets of {2 of measure 1 /2 whose
generated algebra is dense in (B, ). It follows that if Dapro = tp(Z), then Dapy = Dapro X oN
is a universal Skolem sort for APr, as well as for RV by bi-interpretability.

2.1.1 Topological groupoids

We will now give some results on topological groupoids. Groupoids are usually defined as
categories in which every morphism is invertible. What we call the base is just the set of objects
of the category. However, for our purposes, it is more convenient to take an algebraic approach
and see them as groups with a partially defined operation, as in | ]
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Definition 2.1.9. A groupoid is a non-empty set, G, together with a partially defined binary
operation and an inverse map such that:

e Whenever f,g,h € G and, fg and gh are defined, then f(gh) and (fg)h are both defined
and they agree.

e For every g€ G, gg~!' and g 'g are both defined.

e For every f,g € G if fg is defined then fgg™' = f and f1fg=g.

For g € G we define the target and the source of g as t4 = gg~! and 8g = g~ 'g respectively. An
element e € G is neutral if e? = e, the set of neutral elements of G is known as the base of G
and it will be denoted by B. It is easy to verify that (g7*)~! = g, t, and s, are neutral, Sg1 =t
and t,-1 = sy, and fg is defined if and only if sy =¢,. We remark that the target and the source
define maps from G onto B.

Definition 2.1.10. A topological groupoid is a groupoid G together with a Hausdorff topology
on G such that the inverse and the product, where defined, are continuous.

A topological groupoid is said to be open if the source s : G — B, or equivalently the target
t: G — B, is an open map. Now we introduce the notion of a groupoid action.

Definition 2.1.11. Let B be a topological space, a space over B is a couple (X, p) where X is
a topological space and p: X — B is a continuous, surjective map.

Note that a topological groupoid is a space over its base, via the target or the source map.

Definition 2.1.12. Let G be a topological groupoid of base B and let (X, p) be a space over
B. The fiber product between G and X is defined as

Gxp X = {(9,0) €Gx X ; 5= p(a)}.

A continuous action of G on X is a continuous map - : G xg X — X such that whenever fg
and g -z are defined then f-(g-z) = (fg) -z, meaning both sides are defined and they agree.

In this case we say that (X, p) is a G-space over B and we write G ~ X. The dual notion of
fiber product between X and G, X xg G, is defined analogously but with the target map instead
of the source, from which the notions of right action and right G-space can be easily defined.

Considering G as a space over B, we have that the domain of the groupoid operation is the fiber
product G xg G = {(f,g) € G* ; sy =t,}. Furthermore, the groupoid operation G xg G — G
is simultaneously a left and a right action of G on itself. Finally, seeing (B,idg) as a space over
itself, we have a natural continuous action of G on B given by (g,s4) — t4 (do not mistake
with the groupoid operation). The next fact characterizes open groupoids in terms of actions.

Fact 2.1.13. [ , Fact 1.5] Let G be a topological groupoid of base B. Then, the following
are equivalent:

1. G is an open groupoid.
2. For any (X, p) space over B, the projection G xg X — X is open.
3. For any G-space (X, p), the action law G xg X — X is open.

4. The groupoid operation G xg G — G is open.
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Finally we introduce the notion of a minimal action.

Definition 2.1.14. Let G be a topological groupoid over B and let (X, p) be a G-space over
B. We say that the action G ~ X is minimal if every orbit is dense. In particular, when G ~B
is minimal we say that G itself is minimal.

In other words, G is minimal if and only if for every e € B and W open subset of B there is
g € G with ¢, = e and s, € W, or equivalently, there is some h € G with s;, = e and tj, € W.

2.1.2 Groupoid associated to a theory

Now we will show how to define the groupoid associated to a theory admitting a universal Skolem
sort following | , Section 5]. Given a sort D, by S,p(7") we mean the space of types on
D". Suppose Dr is a universal Skolem sort of T'. The groupoid associated to T, denoted G(T),
is defined as

G(T) = {tp(a,b) € Sap,(T) ; dcl(a) = dcl(b)}.

Its base, B(T), is the set of types of the form tp(a,a) with a € Dy, which we identify with tp(a),
and thus B(T) = Sp,.(T), which we know to be homeomorphic to 2V | , Lemma 4.11]. If
p = tp(a,b) then its inverse is given by p~! = tp(b,a). If ¢ = tp(V',¢’) and tp(b) = tp(b’), then
there is a unique ¢ € Dp such that tp(b,c) = ¢, and we define pq = tp(a,c).

Theorem 2.1.15. [ , Proposition 5.3 and Theorem 5.14] Let T be a complete theory admit-
ting a universal Skolem sort. Then, G(T'), endowed with the topology it inherits as a subset of
Sop,(T), is a Polish, open, minimal, topological groupoid whose base B(T') is homeomorphic to
2N Purthermore, if T' is another complete theory admitting a universal Skolem sort then G(T)
is isomorphic to G(T"), as topological groupoids, if and only if T and T' are bi-interpretable.

Assume that T is w-categorical and let M be a separable model of T. Recall from Lemma 2.1.8
that if @ enumerates a sequence satisfying dcl(a) = M and Dy = tp(a), then D = Dy x 2V is a
universal Skolem sort. It follows that the groupoid associated to T is G(T) = 2% x Aut(M) x 2N,
In particular, when T = APr the associated groupoid is G(APr) = 2V x Aut(2) x 2V,

2.2 Universal Skolem sort of the randomization

From now on, we assume that 7" is a complete continuous theory in a countable language that
admits a universal Skolem sort Dr. In this section we will exhibit a universal Skolem sort for
T%. Assuming T has only one home sort, the randomization theory is two-sorted, the home
sort and the sort of random variables. Therefore, it is natural to think that a universal Skolem
sort for T must involve D?, the randomization of the universal Skolem sort of 7', and Dapy,
the universal Skolem sort of RV, as defined after Lemma 2.1.8. The home sort and the random
variable sort are related through the maps [(+)], where ¢(z) is an L-formula. In order to
capture this relation we will define a fiber product between DJE and Dapy.

From now on (€2, B, 1) will refer to the probability space obtained from the Stone space of the
usual Borel algebra on the interval [0, 1], as described in Section 1.1. E and Ery will stand
respectively for the sort of events and the sort of random variables in ARV. E(Q) and Ery(Q2)
will refer to the sort of events and random variables in (Q,B,u). We will identify a member
of E(Q) with the corresponding clopen subset of Q. x will denote a variable of sort Dr, T a
variable of sort Dap;, and & a variable of sort N,
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We know that Sp,(T") is homeomorphic to 2N, Hence, by considering 2" as a sort of T, the
type function tp : Dy — 2 is definable. By Proposition 1.3.6, the corresponding map on
the randomization tpf® : D? — (2% is also definable. On the other hand, the function
v: 2 — E,| that assigns to every f € 2% the event whose characteristic function is f, establishes
a definable isometric bijection. Following the argument given in the proof of Proposition 2.1.2,
(2%)N can be identified with (2V)®. Hence, we have a definable bijection ¢ : (2¥)® — EN given
by Y(f)n = [fn = 0] for f e (2M)E and n € N. Recall from Proposition 2.1.2 that the metric on
(2M)® is given by the expectation of the product metric on 2. Tt follows that the two metrics
on (2Y)® given by

d(f,g) =E[d(f,9)] and  d'(f,g)= 51252% A ([ fn = 0] & [gn = 0]),

are uniformly equivalent. So, when convenient, we can consider tp” as a map from D¥ into EN.
Moreover, in the separable case, the previous identification commutes with the action of Aut(2)

i.e. for any 7 € Aut(Q) and any f e (M) (r- f) = 7(¥(f)).

Lemma 2.2.1. For every ¢ > 0 and every k € N there is § > 0 such that for every x € DIT2
and every A € EN satisfying d(tp¥(x), A) < 8, there exists x' € D%ﬁ such that d(z,z") < € and
tpf(2') = A, forn<k.

Proof. First note that, given n € {0,1}*, there is a, € DI such that tpff(an) =T e E. Take
§ <min{27% ¢/k} and suppose that d(tp®(z), A) < d. For n < k define D,, = tp2(z) & A,, and
denote by A the algebra generated by {A,; n < k}u {tpf(x); n < k}. Let By,..., B, be the
atoms of A contained in Dy U -+ U Dy_1. We know that for each i < m there is n; € {0, 1}"7 such

that B; € A,,. Define 2’ € D such that 2’ agrees with a,, on B; for i < m, and agrees with z on
~(Dou---UDj_1). Then tpfi(z') = A, for n <k and

d(z,2") < p(Dou-+UDy_1) < Y pu(Dp) <kd <e. O

n<k

We want a fiber product between D? and Dap, over EN to be definable. We already have the
map tp’t: Dﬁ —> EN and we want to find an appropriate map 7 : Dapr —> EN. In order to prove
definability we will use numeral 3. of Fact 1.3.1 with the predicate d(tp®(z),7(Z,%)). Assume
d(tpf(z),n(Z,&)) is small, the previous lemma shows that we can take an z’ close to  so that
the first few elements of the sequences tp(z’) and 7 (Z, %) coincide. The following definition will
ensure that we can find (z', ) close to (Z,#) so that tp®(z') = (&', 4"). Surprisingly, at least
for us, this property will be enough to show that the fiber product is in fact a universal Skolem
sort of T,

Definition 2.2.2. A map 7 : Dapr — E" is said to be weakly open if it is definable and
for any given € > 0 and N € N, there is some k € N such that for every (Z,2) € Dap;, every
separable A = APr containing # and every A € EN(A) with 7, (%, %) = A, for every n < k, there
exists (z',1") € Dap,(A) satisfying d(z,z") <€, & In= 2" In, m(Z',2") = A. If under the same
conditions (Z’, ") can be chosen so that o(z') = A we say that 7 is pseudo-open.

Lemma 2.2.3. Let 7°: Dap, —> EV be weakly open. Define 7 : Dap, —> EN by m,(Z,4) =
79.(%,%) forneN and (Z,4) € Dapr. Then, T is pseudo-open.

Proof. Given € > 0 and N € N, take k € N as in the definition of weakly open for 7°. We can

assume that k is pair, so k = 2m for some m € N. Take (Z,4) € Dapy, A E APr separable with
z ¢ A and A € N satisfying 7, (Z, 1) = A, for every n < m. Let (a;)iy be an enumeration of a
dense subset of A. For n e N we set
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Ay if n=2l withleN
B, ={7%(z,&) ifn=20+1, withl<m
ay ifn=k+2l+1 with [ e N.

It follows that 70 (Z, ) = B, for n < k. Therefore, there is (Z’,4") € Dap.(A) satisfying d(z,z") <
6, @ ty=a' tn and 7%(z',4") = B. Hence, n(z',4") = A and A = o((a;)ien) € 0(B) € 0(z'). We
conclude that 7 is pseudo-open. ]

Lemma 2.2.4. Suppose that 7: Dapy —> EV is pseudo-open. Then, the fiber product
R _ = R . R _ =
D7 xgn Dapy = {(x,%,2) € D x Dapy; tp™(z) = w(Z, %)}
1 a definable subset of D? x Dapy.

Proof. We will show that for every e > 0 there exists d > 0 such that for every (z,z, ) € DQ}EXD APr
if d(tp™(z),n(z,4)) < & then d((z,Z,%), DE xgn Dapy) < €. Fix € > 0 and take N € N with
27N < ¢. For this € and this N let k € N be as in the definition of pseudo-open. Now, for such
¢ and k take § > 0 as given by Lemma 2.2.1. Suppose that (z,%,4) € DI x Dap, and that
d(tpf(z),7(z,4)) < 6. Using Lemma 2.2.1, we find 2’ € D such that d(z,2") < € and tpf(a') =
7o (Z, ) for n < k. As m is pseudo-open, there is (Z',4') € Dap, with 7(Z’,2") = tpf*(z') such that
d(z,7') <eand & | y=4' ln. Thus, (z/,7',3") € DExpn Dap, and d((z, 7, %), (2/,7',3")) <e. O
Assuming that a pseudo-open map 7 exists, as it will be the case, the previous lemma shows
that Dpr = DJI? xpn Dapy is a sort of T R Now we want to show that it is in fact a universal
Skolem sort. By Proposition 2.1.5, it suffices to show that for any sort F' of T, Dr is universal
Skolem for F®. So, from now on, we will assume that a pseudo-open map 7 : Dap, — E exists
and that F' is a sort of T. We let z be a variable of sort F' and & = (x,Z, &) be a variable of sort
Dyr. First we will prove that Dpr is universal for F. We will denote by do, the supremum
metric.

Lemma 2.2.5. For any given € > 0 there is € > 0 such that for every & € Dypr and every y € DIE,
if deo(x,y) < € then there is (§,y) € Dapy such that § = (y,7,9) € Dyr and d(Z,4) < €.

Proof. Fix € >0, let N € N verify 27V < ¢, and take k € N as in the definition of being pseudo-
open. We know that there is § > 0 such that for every zg,z1 € Dp, d(xg,z1) < § implies
tp; (7o) = tp;(z1) for every i < k. Let ¢ = min{e, &}, take any & € DI x zn Dap, and take y € D
with deo(2,y) < €. So, tpf(y) = tpf(x) = m(Z,#) for i < k. Since 7 is pseudo-open, there is
some (7, 7) € Dap; such that d((z, %), (7,7)) < € and 7(7, %) = tp(y), completing the proof. [

Lemma 2.2.6. Let F be a sort of T, then the sort Dpr is universal for F&.

Proof. Fix € > 0, and take 0 < € < € as in the previous lemma. Since D7 is universal for
F, there exists a definable map o : Dy — F such that the image of any €'/2-ball in Dy is
€'/2-dense in F. Let ol Dﬁ — F be the corresponding map in the randomization. Define
the map 7 : Dyr — FT by 7(2) = of'(z). Pick any & € Dyr and z € F®. We have that
T & sup, sup, inf, [d(z,y) v d(z,0%(y))] < €/2. By | , Lemma 3.13], there is some y € D£
satisfying de (z,y) < € and deo (0% (y),2) < €. By the previous lemma, there is (%,7) € Dap:
such that § = (y,9,9) € Dyr and d(Z, ) < e. Thus, d(7(9), z) < €, showing that the image via 7
of B(z,€) is e-dense. O

The next lemma says that as a result of having defined Dyr as a fiber product over EN with
the type function, the map [¢(z)] can be obtained in a definable manner from (z, ).
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Lemma 2.2.7. Suppose that p(x) is an L-formula in Dp. Then there is a definable map
0 : Dapy — ERry such that for every & € Dyr, [¢(z)] = o(Z,2).

Proof. We know that there exists a continuous function f : 28 — [0,1] such that ¢(z) =
f(tp(x)) for every x € Dp. Identifying (2V)F with EV, the map ff: EN — Egy is definable.
Since for every = € DE, [p(x)] = fE(tp®(x)), we conclude that for every & € Dpr, [p(z)] =
fR(n(z,)), which is a definable map on (Z,4) € Dap;. O

Assume that T is a classical theory. Suppose that for i <m, o;: Dy — F and n; : Dap, — E
are definable. Furthermore, assume that for every (Z,) € Dapy, {no(Z,2),...,m-1(Z, %)} is a
partition of the probability space. Then, the map p: Dpr — F R given by

p(ii') = (770(3_771")7 e 777m—1(3_7ax")7a(€%(x)7 .. .,0,12_1(.%))

is definable, as

d(p(2),y) = Y. u(ly # of(2)] nmi(z,3)).

<m

Lemma 2.2.8. Suppose that T is a classical theory and that F' is a sort of T. Then, Dpr is a
Skolem sort for F.

Proof. Fix ¢(&,y) a formula in Dyr x F® with inf ¢(&, 1) = 0 and let € > 0. We can assume that
y

there is a Lp,-formula ¢ (z,%,4) in E™ x Dap, such that

(2, y) =([vo(z, Y], -, [em-1(z,y)], 7, 2)

where ¢;(x,y) is a L-formula in Dp x F for i < m. Take ¢ < € such that for every A, B € E™
and every (Z,) € Dapy, d(A, B) < § implies |¢(A,Z,z) — (B, Z,%)| < €/2. Since the sort Dy is
Skolem for F', for each v € 2™ there exists a definable map o, : Dy — F such that [Jup, (z,u)] =
[ov(x,0,(x))]. In addition, by Lemma 2.2.7, for v € 2™ there are n,, A, : Dap; — E such that
for every & € Dpr, [Fup,(x,u)] = n,(Z,4) and [Vup,(x,u)] = A\, (Z,2). We define the Lp,-
formula

X(Z,2,2) =¢(z,2,&) v ( Y u(z N (2,2) v (A (Z,2) z,,)) .

veam

Note that the condition x(Z,%,z) = 0 essentially says that ¢¥(z,Z,4) = 0 and z is a tuple of
the form ([¢i(x,y)])i<m- It follows that, inf, x(Z,#,z) = 0. Therefore, there is a definable
map £ : Dap, — E™ such that x(Z,4,£(Z,4)) < 6/2™. Let p: Dypr — FT be the definable
application given by

p(@) = ((&(7.8) s ve2™), (o) (x) 5 ve2™)).

We will show that ¢(Z, p(£)) < e. First, note that for i <m

d([ei(z, p(2))],&i(2,2)) = d(NH& (2, &) N [Fupy (z,u))]; ve2™, v(i) =0}, &(2,2))
= 2 1(&(@,2) N [Bupy (z,u))])
v(1)=0
< > ogm
v(i)=0
< 4.
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Thus,

o(&,p(2)) = U ([po(z, p(@))], - . .. [em-1(x, p(2))], 7, )
<Y(&(z,2),Z,2) +€/2
<x(Z,2,8(Z,2)) +€/2
< €. ]

We will now study the continuous case, which will also cover the classical one. This means
that we will no longer work with events but with random variables instead. This poses two
main difficulties. Firstly, it is not so easy to say in terms of (Z,#) that z is a tuple of the form
([ei(x,¥)])i<m, as we did in the formula x(Z, 4, z). Secondly, the map & will give us a tuple of
random variables that we must use to define the approximate Skolem map. In this case, instead
of a partition of the probability space in measurable sets we do a partition of the constant map
1 in random variables.

Fix n e N, for i < 2" we will define continuous functions (in each case we truncate the functions
at 1) A, :[0,1] — [0, 1] by:

Ano(z) = 22(1/2" = z),
Anji(x) = 22" (2 = (32" = 1/2*"" ) A ((i+ 1)/2" = z)] for 0 < i< 2™~ 1,
Angn-i () = 22" (2 = ((2" - 1)/2" - 1/2°")).
These mappings give rise to definable functions A, ; : Ery — Ery defined by Ay, i(2) = Ap i 0 2.
Since for every x € [0,1], ¥;jcon Api(x) = 1, then for every z € Ery, {\n,i(2) ; ¢ <2"} is a partition
of the constant map 1. We also remark that A, ;(2) = 1 exactly when /2" < z < (i+1)/2"-1/2%"
and, Ai(z) =0 when 2z <4/2" - 1/2%" or (i +1)/2" < 2. Now, for m > 1 and i € (2")™, we define
<m

The following two lemmas solve the first problem mentioned above.

Lemma 2.2.9. Let F' be a sort of T and let p(z,y) be a formula in Dp x F. For x € D%, let
A(z) = {[e(z,y)] ; y € F'}. Then there is a definable predicate P : Egy x Dapy —> [0,1] such
that for every & € Dpr and every z € Egry, d(z,A(x)) = P(2,Z,1).

Proof. Take n €N, for i <2" let ¢, i(z,y) = i/2" — p(z,y)|. Now, let us define

Tn(z,) = Z )\nﬁi(z)[[irylfgom(:r,y)]], P, (z,x) =E[1,(z,2)].

1<2"
We have that d(z, A(x)) = infd(z, [¢(z,y)]) = inf E|z - [p(z,y)]| = E[inf |z - [¢(x,y)]|], and let
y y y
us denote by 7(z,x) this last function. Note that |7(z,z) — [inf ¢, i (x,y)]| < 1/2" on [i/2" < z <
y
(i+1)/2"]. Thus, on this set,

7(2,2) = Ta(z,2)| = |7(2,2) - An,i(2) [I0f i (2, 9)] = An,ier (2) [ on i1 (2, ]|
< H[ir;f (2, )] = Ani(2) [i0f @ni(2,9)] = Anisr () [inf pniv1(z,9)]| +1/2"
< linf oni(z, )] = linf v (2, )] + 1/2"

<1/2" 7t
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Hence, d(7(z,2),7.(2,2)) < 1/2%°L. In this way, d(z, A(z)) = lim P,(z,z). By Lemma 2.2.7,
n—>00
for each n € N and each i < 2", there is a definable map o0, ; : Dapr —> ERry such that for every
& € Dpr, [inf ¢, i(2,y)] = 01,:(Z,&). Therefore, if P(z,Z,4) = lim E[ > Ani(2)on,i(Z, ) | then
Y n—oo |i<2n
d(z,A(x)) = P(2,%, ). O

If we generalize the proof of the previous lemma and use the random variables {\- ; i€ (2m)™}
in order to consider multiple formulas simultaneously we get the following result.

Lemma 2.2.10. Let F be a sort of T and let o(x,y),...,om-1(xz,y) be formulas in Dy x F.
For x € D%ﬁ, let

A(x) = {([[900(1:73/)]]7 AR [[(pm_1(fv,y)]]) ;Y€ FR}

Then, there is a definable predicate P : Efy, x Dapy —> [0,1] such that for every & € Dyr and
every z € By, d(z,A(x)) = P(2,%,%).

As we will use the maps {\,; ; ¢ <2"} to define our approximate Skolem functions, we want to
ensure that our definable map £ : Dap, —> ERy gives us witnesses where the overlap between
An,i(§(2))) and Ay, ;+1(€(2))) occurs on a set of small measure. The next technical lemmas will
guarantee precisely that.

Lemma 2.2.11. Letag < by < -+ < ap-1 < by—1 be real numbers in [0,1] and let 6 = max;<,{b;—a;}.
Then, for any r >0, the set {z € Ery; Yicn lai < z <b;] <7} is d-dense.

Proof. Fix r > 0 and take z € Ery. For each i < n, pick ¢;,d; € R such that a; < ¢; < d; < b;
and pfe; < z < d;] <r/n. Also, let g; be the linear function passing through (¢;,a;) and (d;, b;).
Define the function f:[0,1] — [0, 1] by (we let b_1 = 0)

min{x, ai} ifb 1<x<¢, i<n

gi(x) ife;<z<d;, i<n
f(x) = _ _

bi ifdi<z<b;, i<n

X if x>b,_1.

We have that for every x € [0,1], | f(x)—x| < d. Thus, if zg = foz then d(z,29) < . Furthermore,
for every i <n, ula; < zo < b;] = pfc; < z < d;] <r/n. Hence, ¥, pla; < zo < b;]] < r. d

Take z, 29 € Ery, from | , Lemma 2.15], we know that tp(z) = tp(zp) if and only if they have
the same distribution as random variables. Hence, for any a,b € [0,1] with a < b, the real-valued
map that to each type p € Sgg, (ARV) assigns pufa < z < b], where z is any realization of p, is
well-defined and we will simply denote it by pfa < p < b].

Lemma 2.2.12. For any a,b € [0,1] with a <b, the real-valued map defined on Sgg, (ARV) by
p—> pfa <p<b] is lower semi-continuous.

Proof. Take r € R and define F' = {p € Sg,, (ARV); ula < p < b] < r}, we must prove that F'
is closed. Suppose ¢ € Sg,, (ARV) N F, so pufa < ¢ < b] > r. Then, there is § > 0 such that
ro=pfa+0<q<b—0] >r. Take € = 6(rg —r), we will show that B(g,e)n F =@. Let pe F and
pick any zEqgand zo Ep. f A=fa+0<2<b-6]\[a< zp<b] then u(A) >ro—r and for w e A,
|z(w) — z0(w)| > 0. Hence, d(z,20) > [, |z — 20| > €. Since z and z are arbitrary realizations of ¢
and p, we conclude that d(q,p) > e. O
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Corollary 2.2.13. Let ag < by < -+ < ap-1 < bp-1 and r be real numbers in [0,1]. The set

C={zeEry; > plai<z<b]<r}

<n
18 definable.

Proof. Since ARV is w-categorical, it suffices to show that {p € Sgy, (ARV); X, pla; < p <
b;] < r} is type-definable, i.e. closed. This follows immediately from the previous lemma and
the fact that the sum of lower semi-continuous functions is again lower semi-continuous. O

In order to proof that Dpr is a Skolem sort we will find approximations of the desired map.
Towards this end we will use the notion of a Katétov function.

Definition 2.2.14. Let (X, d) be a metric space. A map ¢ : X — [0, +o00] is said to be Katétov
if for all z,y € X, ¥(z) <d(z,y) +¢(y) and d(z,y) <¢(x) +Y(y).

Lemma 2.2.15. Let F be a sort of T, then for every formula ¢(&,y) in Drr x F® and every
€ >0 there is a formula 1o(Z,y) such that for every & € Dpr

e Yo(Z,y) is a Katétov function on y.

e There is y € F® such that p(2,y) +Yo(2,y) < inf, o(2,y) + €.

Proof. First, we remark that it is enough to show the lemma for a dense set of formulas. So, we
can assume that there is an Lp,-formula ¥ (z,Z,2) in (Egy)"™ x Dap, such that

@(ﬁ:,y) = ¢(ﬂ91($ay)]]7 ) Hem(x7y)ﬂaj7i.)

where 6;(z,y) is an L-formula in Dy x F' with inf, 6;(Z,y) = 0, for i <m. For simplicity we show
the case m =1, i.e. o(&,y) = ¥([0(x,y)],z,2), but the proof generalizes using Lemma 2.2.10
and the functions {Anmﬁ ;1€ (2")™}. Pick 61,0p < € such that for every 2q, 21 € Fry, d(20,21) < o
implies [¢(z20,Z, %) — ¥(21,%,2)| < €/3 and d(z0,21) < 61 implies |[¢(z0,Z, %) — ¥(21,Z,%)| < Jo/5.
Also, let P(z,Z,&) be the predicate as per Lemma 2.2.9 for the formula 6(z,y). Now, take
n € N such that 272 < min{éy,80/5}. For i < 2", define 0;(x,y) = |i/2" - 6(x,y)|. Since Dr is
a Skolem sort for F, for each i < 2", there exist a definable function o; : Dy — F' such that
0;(z,04(x)) <inf, 0;(x,y) + do/5. Additionally, by Lemma 2.2.11 and Corollary 2.2.13, the set

1+ 1 1 1+1
C:{zEERV; Zu[[ o —2%<z< 2nﬂ§5@/5}

<2

is a sort of T which is furthermore 272"-dense in Ery. Next, define x(Z,,2) = ¥(2,Z, &) v
P(z,z,1) as a formula in Dap, x C. We claim that ingx(:i,a'c,z) < 0p/5. Indeed, take r > 0 and
ZE€

let y € Ff be such that ¥([0(x,y)],z, &) < r. Pick z € C such that d([0(z,y)],2) < 272". So,
P(z,%,&) <272 and ¢(2,Z, ) < 7+80/5, implying that x(Z, 2, z) < r+0/5. Since r is arbitrary,
the result follows. We also know that Dap, is a Skolem sort for C, so there is a definable map
& : Dapy — C such that x(Z,2,&(Z, 1)) < 200/5. Now, let us define

Yo(2,y) =E| 3 Mni(€(@,2))[d(oi(2),y)] |-
<2n
It is a routine verification that ¥o(z,y) is Katétov in y. To prove the second part, fix & € Dpr
and take y € F¥ that agrees with o;(x) on A; = [i/2" < £(Z,4) < (i +1)/2" - 1/227] for i < 2™.
Given i < 2", let us denote B; = [(i + 1)/2" - 1/2?" < £(z, &) < (i + 1)/2"]. We have that,
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(@)= ¥ | [ Oni €@ DI (@), )] + Aot (€@ ) (s (). )]

<2

< >0 u(A)

<2m

< 50/5.

We also remark that

AWe)eE) < 3| [ Ben@)-e@oldes [, )

1<2m

< 3 [ [, ool + i e )] )|

1<2m

<3 —Ai[[ir;fﬁi(x,y)]]]+(5O/5+1/2n+50/5

<2n b
< E[ 3 Am(g(z,gb))[[igf 0;(z, y)]]] +1/2" +200/5
<2m
< P(&(%,1),T,4) +1/2"7% + 260/5
< 50.

Therefore, ¥ ([0(z,y)],Z, %)) < V({(Z,%),Z, %)) + €/3 < 200/5 + €/3. Thus, ¢(&,y) + Yo(Z,y) <
300/5 +€/3 <e. O

Theorem 2.2.16. Suppose that T is a continuous theory that admits a Skolem sort, Dy, and
that F is a sort of T. Then Dyr is a Skolem sort for FT.

Proof. Let ¢(#,y) be a formula in Dpr x F® such that inf, ¢(#,y) = 0 and let € > 0. Take
0 < 6 < e such that d(y,y’) < § implies |p(2,y) — ¢(#,9y")| < ¢/2. Now define §, = 27"735. By the
previous lemma, there is a formula o(z,y), which is Katétov in y, and for every & € Dyr there
is yo € F¥ such that o(Z,90) + wo(Z,yo) < dg. Iterating this procedure, we obtain a sequence of
formulas (5, (Z,y))nen, which is Katétov in y, and for each & € Dyr, a sequence (Y )nen such
that

Qpn(i'vyn+1) + Son+l(ia yn+1) < Hylf SOn(i,y) +0p+1 < Op + Opri-

Fix & € Dpr, then d(yn, Yn+1) < ©n(&,Yn) + ©n (&, Yns1) < 205, + 0ns1. Thus, (y,)y is a convergent
sequence, say to o (&) € FF. Note that ¢, (,0(2)) < 0n(&,yn) + d(yn, o (£)) < 6n + d(yn, o (£)).
S0, (05 (&,0(Z)))ney converges to 0. Hence, for any y € F¥, we have that |d(y, o(£)) - on(Z, )| <
on(Z,0(2)) converges to 0. Thus, (¢, (Z,y))neny converges uniformly to d(y,o(z)), and the map
o : Dpr —> FT is definable. Since d(yo,0(2)) < d, we obtain that

o(Z,0(2)) <p(T,y0) +€/2< 00 +€/2<e.
Therefore, o is an e-Skolem map for ¢. O
The previous theorem together with Lemma 2.2.6 give us the following result.

Corollary 2.2.17. Let T be a complete continuous theory admitting a universal Skolem sort,
Dr. Then Dpr = DII? xgn Dapy 15 a universal Skolem sort of TE.
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Suppose now that T is an w-categorical theory and let M be a separable model of 7. We know
from Fact 2.1.7 that Dy = Dy x 2V, where Dy = tp(a) is the type of a dense enumeration of
M, is a universal Skolem sort for T'. Let ¢, € D§(M ) be the map taking constant value a and
take = € Dapro(§2) as before. It is easy to see, using for example Lemma 2.4.6 below, that
del(cq,E) = ME. Thus, by Lemma 2.1.8, D(I)% X Dapr o X oN = Dé% x Dapy is a universal Skolem
sort for T%. On the other hand, Dpr = (Dg x 2N)R x gy Dapy is also a universal Skolem sort for
TR, Since (Do x 2M)® = DIt x EN and tp : Dy x 2% — 2N coincides with the natural projection,
we have that

DTR = (Z)ézL X EN) X pN Dapr 2 Dé{ x Dapy.

Thus, modulo a definable bijection, the sort DIT2 coincides with the sort we knew before-
hand for w-categorical structures. We finish this section by exhibiting a pseudo-open map
70 Dapy — EV.

For i,j ¢ N with ¢ < j let n; j = J(]TH) +14. So, n.. is a bijection between {(i,j) € N%; i < j} and
N. 70 will be defined recursively, and for i € N, the steps of the form n; ; will be used to define
9. Now, for v € {0,1}" let 7 = X7 142!. The integers 7 will be used to go through the indices
of the elements in the sort 2V,

Definition 2.2.18. We define the map 7° : Dapy —> EN in a recursive manner. Fix (a,a) €
Dapy, let Ag={L,T}, and for n > 0 let A,, be the algebra generated by {ao,...,an-1}. Suppose
we have already carried out our construction up to the step n — 1 and we have already used
Qg, . ..,0on_a. We know that there exist 7, j € N with ¢ < j such that n = n; ;. If the construction,
up to the step n — 1, neither implies 7;(a,a) Nna, = @ nor a, € m;(a,a), then:

e in case agn_1.5 = 0, we impose the condition m;(a,a) Nay, S ay Nay,
e in case agn_14p = 1, we impose the condition a, N a,, € m;(a,a) Nay,.

Since the sequence a is independent, the measure of the atoms of A, tend to zero. Thus, the
previous conditions define a unique sequence A € EN. Furthermore, each element in the sequence
is a uniform limit of Lap,-terms in (a,«). It follows that the map 7Y is definable.

Lemma 2.2.19. The map 1°: Dap, — EV is weakly open.

Proof. Given € >0 and N € N, take k € N such that 2"%* < ¢ and 27"* —1 > N. We will work
inside a fixed separable A = APr. Suppose that (a@,a) € Dap, and A € EN satisfy 70(a,a) = A,
for every n < k. For ¢ < nyj take b; = a; and for [ < 2"k —1 let 5 = oy. So, independent of the
choice of the remaining b; and 3, d(a,b) < € and « tx= 3 ty. Take n > ny and suppose that
we have already defined by, -+, b,-1 and Sy, -+, Ban_2. Assume that n = n;; for some 4, j € N. For
ve{0,1}", if u(b, N A4;) < u(b,)/2 put Ban_1:5 = 0 and take D, € A with b, n A; € D, € b, and
w(Dy) = pu(by) /2. In case u(b, N A;) > u(b,)/2, put Ban_145 = 1 and pick D, € A with D, € b,nA;
and p(Dy) = pu(by)/2. Finally, define by, = Uyeqo,137 Do

By the previous process we obtain an element (b, 3) € Dap,. By construction, for every i € N,
every j > i and every v € 2y, ., u(b, N A;) < p(b,)/2 if and only if (b, N 72(b, 8)) < u(by)/2
Hence, 7°(b, B) = A. O

Lemma 2.2.3 yields the following result.

Corollary 2.2.20. The map 7 : Dapy — EN defined by m,(%,2) = 9 (z,%) for n € N and
(z,2) € Dapy is pseudo-open.
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2.3 Random functions on groupoids

In this section we will define the groupoid G x Aut(€2) for G a Polish groupoid. We will show
that several properties of G are preserved when passing to G x Aut(Q2) such as being open
or minimal. Finally, from the map 7 : Dap, — E~ we will define a base change of G to
2N In Section 2.4, we will see how this construction relates to the groupoid associated to the
randomization. We begin this section with some results on the space X for a Polish space X.

2.3.1 The topology on the space of random functions

Let X be a Polish space and let d be a compatible metric on X bounded by 1. Recall from
Section 2.2 that (€2, B, ) denotes the Stone space of the usual measure algebra of [0,1]. The
space X = LO((Q,B, 1), X) admits a natural metric, the expectation of the metric on X.
Namely, for f,ge X% let

*(f.9) = [ d(1(),9()) du(w).

On the other hand, convergence in measure induces a topology on X which is moreover metriz-
able.

Fact 2.3.1. [ | Let X be a Polish space and let d be a compatible metric on X bounded by
1. Then, the topology of convergence in measure on X is induced by the distance dy defined as

do(f,9) =inf{e>0; uld(f,9) > ] <€} for f,ge X
Given AcQ, Uc X and € >0 let

O(AU,e) = {feX?; p({weA; f(w)¢U}) <e}.

We will denote by 7 the topology on X having as a subbase the sets of the form O(A, U, ¢€)
where Ae B, U € X open and € >0. For Ag,..., 4,1, Uy,...,Un_1 € X and € >0 we set

O((Ad)i<ns (Ui)icns€) = [ O(A;, Ui, €).
<n
Let us also denote O(A,U) = {f e X ; forallwe A, f(w)eU}. O((Ai)icn, (Us)icn) is defined
analogously. The next lemma, whose proof is an easy but tedious exercise, shows that by only
considering the sets defined by partitions of {2 we obtain a basis of 7.

Lemma 2.3.2. Let X be a Polish space, then the family of sets of the form O((A;)i<n, (Us)i<n, €)
where n €N, Ag, ..., An_1 is a partition of Q, Uy,...,U,_1 are open subsets of X and € >0, is a
base for the topology T on X**.

Since every measurable set in () differs from a clopen set in a set of null measure, we may only
consider clopen subsets of 2. The three topologies defined thus far agree, as will be shown
below. However, we find it convenient to exhibit a base of this topology that does not explicitly
mention the metric on X.

Lemma 2.3.3. Let X be a Polish space and let d be a compatible metric on X bounded by 1.
Then the following topologies on X agree:

1. T.

2. The topology induced by d**.
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3. The topology of convergence in measure.

Moreover, a sequence (fn)nen i X converges to f if and only if for every subsequence of
(fn)nen there is a further subsequence that converges to f almost everywhere. Finally, X9
endowed with this topology, is a Polish space.

Proof. The equivalence between (2) and (3), and the moreover part correspond to | ,
Proposition 6]. It is a well known fact that (X, d®) is a Polish space, see for example [ ,
Proposition 7]. It remains to show the equivalence between 7 and the other topologies.

3.c 1. Pick any f € X* and any € > 0. Let {I; ; i € N} be a countable base of the topology of X
consisting of open sets of diameter less than e. For i € N we set A; = f~1(W;), then there is some
n € N such that p (Uj<p Ai) 21 -¢€/2. We have that f € O((A;)icn, (Wi)icn, €/2n) € B, (f,€).

1. ¢ 3. Let A ¢ Q be measurable, U ¢ X be open and € > 0. Suppose that f € O(A,U,e),
let us denote Ag = {w € A ; f(w) € U} and take r > 0 satisfying u(A \ Ap) +r < e. By
Lusin’s theorem there is A; € Ag compact such that f |4, is continuous and p(Ag \ A1) <7/2.
Since f(A;) € U, by continuity, there is < /2 such that By(f(A41),0) € U. It follows that
feBg,(f,0) cO(A,Ue). O

For 7 € Aut(Q) and f e X% define (7- f)(w) = f(7"H(w)) for w € Q. It is easy to see that
- f € X% and a straightforward verification shows that this operation defines a continuous
action by d-isometries (as well as do-isometries) of Aut(Q) on X

2.3.2 The groupoid of random functions

Let G be a Polish open topological groupoid of base B. Our first goal is to show that G is
also a Polish open topological groupoid.

Proposition 2.3.4. Let G be a Polish topological groupoid. Then, G, with the topology of
convergence in measure and operations defined pointwise, is a Polish topological groupoid.

Proof. Take g,h € G such that g(w)h(w) is defined for every w € Q. Take U ¢ G open and let
V ¢ G2 be the inverse image of U under the product map. So, V is the intersection of a closed
and an open set, hence a measurable subset of G2. On the other hand, the map f:Q — G2
defined by f(w) = (g(w),h(w)) is measurable. Therefore, (gh) " (U) = f~1(V) is measurable
and gh € G, i.e. G is closed under pointwise multiplication. Clearly, G is also closed under
pointwise inverses and we conclude that it is in fact a groupoid.

Take g, h € G such that gh is defined. Suppose moreover that we also have sequences (gn)nen,
(hn)nen converging to g and h, respectively such that g,h, is defined for every n € N. Let
(nk)ken be any subsequence, take (m;);eny a further subsequence such that g, (w) converges
to g(w), when i — oo, for almost every w € . Then, there is an even further subsequence
(mi; ) jen such that hmij (w) converges to h(w), when j — oo, for almost every w € Q. Therefore,
;s co gm; Pm, (w) = gh(w) for almost every w € Q. It follows, that (gnhn)nen converges to gh

and that the product in G® is continuous. A similar argument shows that the inverse is also
continuous. Hence, G® is a topological groupoid and, by Lemma 2.3.3, it is Polish. 0

Note that the base of G is B. The source and target maps will be denoted s : G — B%
and t : G — B respectively, and they are given by s%(g)(w) = Sg(w) and t%(g)(w) = to(w)
for w e Q and g € G®. To show that if G is open then G is also open, we need a few technical
lemmas. We assume that every topological space is endowed with the Borel o-algebra.
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Theorem 2.3.5. [ , Thoerem 15.1] Let XY be Polish spaces and f: X — Y be contin-
uwous. If Ac X is Borel and f | A is injective, then f(A) is Borel.

Theorem 2.3.6. | , Theorem 12.16 ] Let X be a Polish space and E an equivalence relation
such that every equivalence class is closed. Suppose that either the saturation of any open set is
Borel, or the saturation of any closed set is Borel. Then E admits a Borel transversal.

Lemma 2.3.7. Let X and Y be Polish spaces and let m : X — Y be a continuous, open,
surjective map. Then there is f: Y — X measurable such that wo f =idy.

Proof. Define the equivalence relation E on X by zEx’ if and only if 7(x) = n(2). For z € X,
[z]g = 7 (7 (x)), a closed set. For U ¢ X open, since 7 is open and continuous, its saturation
[Ulg =7 Y(x(U)) is open. By Theorem 2.3.6, there is 7' ¢ X Borel that meets every equivalence
class in exactly one point. Now we define f:Y — X, for y € Y we set f(y) as the only element
in Tnr1({y}). Take U ¢ X Borel, note that f~(U) =7(UnT) and 7 } (UnT) is injective.
Using Theorem 2.3.5, we obtain that f~}(U) is Borel. Therefore, f is measurable. O

Corollary 2.3.8. Let X,Y be Polish spaces and let Z be a topological space. Suppose that
m: X — Y is a continuous, open, surjective map and that f : Z — Y is a measurable map.
Then, there is a measurable application g: Z — X such that f =mwog.

Proof. By the previous lemma, there is h: Y — X measurable with 7o h =idy, then g =ho f
is the desired function. O

Corollary 2.3.9. Let X,Y be Polish spaces and let Z be a topological space. Suppose that
m: X — Y is a continuous, open map and that f : Z — Y is a measurable map such that
f(Z)cn(U) for some U, open subset of X. Then, there is a measurable application g: Z — U
such that f=mog.

Proof. Use the previous corollary replacing X with U and Y with = (U). O

We borrow the following notation from randomizations, for Ag,...,A,_1 a partition of 2 and
fosevvs fro1 € X9, ((Ai)i<n, (fi)i<n) will denote the element in X that agrees with f; on A; for
1 <n.

Lemma 2.3.10. Let G be a Polish open topological groupoid. Let Ao, ..., An—1 be a partition of
Q and let Uy, ...,Up—1 be open subsets of G. Suppose that e € O((A;)i<n, (t(U;))i<n), then there
is g € O((A)icns (Ui)ien) such that t(g) = e.

Proof. Fix i < n, take a; € t(U;) and let e; = (A;,Q2 N Aj,e,a;). Then, ¢; : Q@ — B is a
measurable map whose image is contained in ¢(U;). By the previous lemma, there is a measurable
map g¢; : 2 — G whose image is contained in U; and such that tﬂ(gi) =tog; =e. Then

9= ((A)i<n, (gi)icn) is the desired map. d

Theorem 2.3.11. Let G be a Polish open topological groupoid, then G is also a Polish open
topological groupoid.

Proof. By Proposition 2.3.4, it remains to show that it is in fact an open groupoid. We claim that
for any Aq,..., A, partition of Q, Uy, ..., U, open subsets of G and € > 0, tQ(O((AZ-)Kn, (Ui)i<n,€)) =
O((A)i<n, (t(Us))icny €). Pick e = t%(g) with g € O((A;)i<n, (U)icn, €). Notice that for i < n, if
we A; and g(w) € U; then e(w) € t(U;). Thus, for i < n,

n({wed;; e(w) ¢4(Ui)}) < p({we Ai s g(w) ¢Us}) <e
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and e € O((Ai)i<n, (t(U;))i<n,€). Now take e € O((A;)i<n, (t(U;))icn, €), for i < n define B; =
{we A;; e(w) ¢t(U;)}. We have that e€ O(A1 \ By, By ..., Ay \ By, By, t(U1),B,...t(U,),B),
so, by the previous lemma, there is g € O(A1\B1, By ..., A\ By, By, Uy, G, ...U,, G) such that
t%(g) = e. Tt is true that for i <n, {w e Q; g(w) ¢ U;} € B;. Therefore, g € O((A)icn, (Us)icn,€),
which completes the proof. O

Let ¢ : X — Y be a continuous map between Polish spaces. Define the application ¢ : X —
Y by goﬂ(:z:) = pox for z € X®. This map is continuous since for any A € Q, V open subset of
Y and e >0

(@) (O(A,V,€)) = O(A, 07 (V) €)
It follows that if (X, p) is a space over B then (X%, p%) is a space over B

Lemma 2.3.12. Let G be a Polish groupoid and let (X, p) be a Polish G-space over B. Then,
(X, p?) is a Polish G®-space over B,

Proof. The action G ~ X is defined by (g-z)(w) = g(w) - #(w) whenever t*(g) = p*(x). The
fact that g -2 belongs to X*? and that the action is continuous is showed in the same way as in
the case of Polish groups, see | , Definition 2.1] and the discussion thereafter. O

Lemma 2.3.13. Let G be a Polish open groupoid acting minimally on (X, p), space over B.
Let V ¢ X be open. Then, for any x € X, there is g € G such that g-x € o, V).

Proof. Let us fix z € X. By Fact 2.1.13, the projection n: G xg X — X is open. Let W be
the inverse image of V under the action law, so W is an open subset of G xg X. Since G ~ X
is minimal, for every w € Q) there is some h € G such that h-x(w) € V. Thus, (g,z(w)) € W,
which implies z(w) € n(W). Since this is true for every w € Q, we obtain that z(Q2) < n(W).
Hence, by Corollary 2.3.9, there is a measurable map g : 2 — W such that x = 5o g. Then, the
projection of g onto the first coordinate is the desired map. O

Corollary 2.3.14. Suppose G is a Polish open groupoid acting on (X, p), Polish space over B.
Then, G ~ X is minimal if and only if G ~ X is minimal. In particular, G is minimal if
and only if G is minimal.

Proof. Assume first that G ~ X* is minimal. Fix z € X and V ¢ X open. Let ¢, € X%
be the constant map of value x and consider the open set O(€2,V,1/2). Using minimality, we
get g € G such that g- ¢, € O(Q,V,1/2). Therefore, for some w € Q, g(w) -z € V, which
shows minimality. Suppose now that G ~ X is minimal. Let Ag,...,A,_1 be a partition of
Q, Vo, ..., Vu_1 be open subsets of X and € > 0. Fix z € X, by the previous lemma, for every
i < n, there is g; € G satisfying g; -« € O(Q,V;). Define g = ((A;)icn, (gi)icn), it follows that
g-7 € O((Ai)icn, (Vi)i<n, €), finishing the proof. O

We will now study the semidirect product between a groupoid and a group.

Definition 2.3.15. Let G be a groupoid and I' a group. An action of I' on G is a map
-:I'x G — G such that for every 7,0 eI and g,h € G

Ir-g=9, v (0-9)=()-9, v (gh)=(v-9)(v h).

The last equality meaning that whenever gh is defined then (7y-g)(7y-h) is also defined and both
sides agree. Thus, for any e € B and v € I'; we must have e € B. From this, we deduce that for
every ye I and every g€ G, (y-9) ™ =v-g7}, 549 =755 and ty.5 =7 - .
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Definition 2.3.16. Let I' be a group acting on a groupoid G. We define the semidirect product
G xI' as the groupoid whose underlying set is G x I' and whose operations are given by

(9.7 (h,0) = (g(v-h),7v8), (g =("g ).

In this case the source and target maps are given by

t(g,’y) = (tga 11")’ 5(9)7) = (7_1597 1F)'
The base of G xT"is B x {1p} ¥ B.

Lemma 2.3.17. Let G be a topological groupoid and let I' be a topological group acting contin-
uously on G. Then, G x I, endowed with the product topology, is a topological groupoid. If G is
open then G x I is also open. Finally, if G and I" are Polish then so it is G x I

Proof. Since the action and the inversion are continuous maps, the application n: G xI' — G
defined by n(g,7) =~y - ¢! is also continuous. Let U € G and V ¢ T' be open, we claim that
(UxV) =Y (U)n(GxV1). Indeed, (g,7) € (UxV)™if and only if (v 1-g7 1,y ) e UxV,
which occurs exactly when n(g,v) € U and ye V™1, ie. (g,7) en 2 (U)n (G x V).

To show that the groupoid operation is continuous, take (g,7),(h,d) € G x I" whose product
is defined and take U ¢ G, V ¢ IT" open sets with (g(y-h),vd) € U x V. By the continuity of
the group operation, there are open sets Vy, Vi € I' with v € Vy, § € V1 and VpV; € V. Using
the continuity of the groupoid operation, we find Uy and U; open subsets of G, with g € Uy,
v-h e Uy and UpU; € U. Finally, since the action is continuous, there are Us € G and Vs € V)
open sets with h € U, v € Vo and Vo - Uy € U;. In this way, (g,7) € Uy x Vo, (h,d) € Uz x V| and
(Ug x Vo)(Uy x V1) € U x V, showing that the groupoid operation is continuous.

Now assume that G is open. Let U € G and V < I' be open, we have that t(U x V') = t(U),
which is an open subset of B. Finally, if G and I are Polish, it is a well-known fact that their
product is also a Polish space. O

Suppose that (X, p) is a G-space and that T is a group together with continuous actions I' ~ G
and I' ~ X such that v-(g-z) =(y-g)-(v-z) for every vy €', g € G and z € X for which gz
is defined. In particular, this implies that p(v-x) =y p(x). It is a straightforward verification
that (g,7) -« = g-(v-x), whenever s, = p(7y-z), defines a continuous action of G xI' on X.
Furthermore, if G ~ X is minimal then (G xI') ~ X is also minimal. Indeed, if z € X and
V ¢ X is open, then there is g € G such that g-z € V. It follows that (g,1r)-x € V. Note that
the action of Aut(Q) on X satisfies 7-(g-z) = (7-g) - (- z) for every 7 € Aut(Q), g € G and
z € X% for which ¢ is defined. This fact, together with Corollary 2.3.14 and Lemma 2.3.17,
implies the following result.

Corollary 2.3.18. If G is a Polish open topological groupoid over B then G:Q = G*xAut(Q) is
a Polish open topological groupoid over B®. If furthermore G is minimal then G2 is minimal.

We will now discuss the notion of base change.

Definition 2.3.19. Suppose G is a groupoid of base B, C is a set and 6§ : C — B is any map.
The base change of G to C is the groupoid whose underlying set is

Gg ={(b,9,a) eCxGxC; 0(b) =ty and 0(a) = s},

and whose operations are given by

(C’hvb)(bag’a) = (Cv hgva)) (b)gva)71 = (a7g717b)‘
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Proposition 2.3.20. Suppose G is a topological groupoid of base B, C is a topological space and
0:C — B is a continuous map. Then Gy, endowed with the product topology, is a topological
groupoid whose base is homeomorphic to C via ¢ — (c,0(c),c). If moreover G and C are
Polish then Gy is also Polish

Proof. The inverse map is continuous since for Uy,U; € C and V ¢ G open sets,

((UgxV xU)nGy)™t = (U x V7 xUp) nGy.

To see that the product is continuous, pick (¢, h,b), (b, g,a) € Gy and suppose that (¢, hg,a) €
Up x V x Uy for some open sets Upy,U; € C and V ¢ G. Let Wy and W be open neighborhoods
of h and g, respectively, satisfying WoW7 c V. It follows that

((Uo x Wy x C)nGy)((Cx Wi xUr) nGyg) €Uy x V x Us.

By the definition of Gy, the neutral elements are those of the form (c¢,6(c),c) for ¢ € C. The
map ¢ +— (¢,0(c),c) is clearly a homeomorphism. The moreover part follows from the fact that
Gy is a closed subspace of the product C x G x C. O

Having in mind that we want to build the groupoid associated to the randomization theory, we
must obtain a groupoid whose base is the Cantor space. However, if G denotes the groupoid of
T, its base is 2V and thus the base of G is (2Y). So, we will use the map 7 : Dop, —> EN
to define a base change of G to 2N. If the base change map 6 : 28 — B is continuous and
open then the base change of G2 to 2" is an open groupoid. However, in our case, the function
6 need not be open. So, we will show another sufficient condition for the base change to 2V to
be open and minimal.

Recall from Section 2.2 the identification EN = (2N)%. In the separable case we have that (2V)F
agrees with (2V)®. Hence, the pseudo-open map m, obtained from Corollary 2.2.20, when con-
sidered inside the separable model (B, 1) = APr, can be written as 7 : Dap () — (2V)%. Also
recall that = is the sequence of independent subsets of measure 1/2 used to define the universal
Skolem sort of APr, as after Lemma 2.1.8. = defines moreover a left-invariant metric dy on
Aut(Q), as in Section 1.1. Given «a € 2" let us write m(a) for m(Z, a), this defines a continuous
map 7 : 2V — (2N )Q The intended use of the map 7, as a function defined on Dapy or on 2V,
will be clear from the context.

Pick A, B € EN(Q) and suppose they are identified with f4, fg € (2V)?. Then, given k € N,
A, = B, for every n < k if and only if de(fa, f5) < 27¥. Now suppose that @ € Dapy,(Q)
generates B. Then, as Z also generates B, the map =+ @ defines an automorphism of (B, )
which corresponds to some 7 € Aut(2). It follows that d(Z,a) = d(E,7(E)) = dr(idg, 7). For
n €N and v € 2" let us denote [v] = {a € 2V ; « },,= v}. Therefore, the map 7 : Dpp, — EN
being pseudo-open translates to the following property.

Definition 2.3.21. A map 6 : 2¥ — (2Y)? is said to be almost uniformly open if for every
e>0and N €N there is § > 0 such that for every o € 2

By, (0(),0) € By, (idg,€) - 0([a tN]).

Since the action of Aut(2) on (2Y)® is by de-isometries and the metric dy, is invariant on the
left, being almost uniformly open implies that for every ¢ >0 and N € N there is § > 0 such that
for every av € 2% and 7 € Aut(9Q),
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By (1-0(a),6) € Bg, (1,€) - 0([a IN]).

The name almost uniformly open comes from the fact that the map 6 itself is not necessarily
uniformly open, when considering the metric do, on (2% )Q However, once we enlarge the image
of 6 by the action of Aut(£2) we get uniform openness. We will now state a technical lemma in
order to show that if the original groupoid is open and minimal, and the base change map is
almost uniformly open, then the base change to 2" is also open and minimal.

Lemma 2.3.22. Let G be a Polish open minimal groupoid over 2V. Take g € G, e e (2V)%
and € > 0. Then, there exists h € G such that t4(h) = t*(g), [g # h] = [d(e,5*(g)) > €] and
doo (s} (h), €) < €.

Proof. Let {Vi,...,V;} be a cover of 2V in disjoint clopen sets of diameter less than e. For i < k,
we define A; = e (V). So, {A1,..., A} is a partition of Q, by Lemma 2.3.13, there is f € G
such that t2(f) = t%(g) and s(f) € O(Ay,..., A, Vi,..., V). Let B = [d(e,s%(g)) < €] and
define h = (B,Q~ B,g, f). Clearly, t*(h) = t*(g) and [g # h] = [d(e,s*(g)) > €]. Now take
weQ, if we B then d(s%(h))a,ew) = d(5%(9)w, ew) < €. In case w e Q\ B, take i < k such that
w € A; n B. We have that sQ(h)w = SQ(f)w € V;, since the diameter of V; is less than e and
ew € Vi, we get that d(s%(h),,es) < e. We conclude that de (s%(h),e) <e. O

Theorem 2.3.23. Let G be a Polish open minimal groupoid over 2N and let 6 : 28 — (2V)%
be a continuous almost uniformly open map. Then, (G :Q)g, the base change of G to 2V, is
a Polish open minimal groupoid.

Proof. We already know that (G )y is a Polish groupoid. It remains to show that it is open
and minimal. First we will show that for any («, g,7,5) € (G2€Q)g and U open neighborhood of
(a,g,7,8) in (G2Q)y, t(U) is a neighborhood of a. We can assume that there are some € > 0,
N eN and W ¢ G open neighborhood of g such that

U= ([a IN]x W x By, (1,€) x [ In]) n (G 2Q)g.

For such e and N take d > 0 as in the definition of almost uniformly open. Now, take Wy ¢ W
open set containing g such that for every f e Wy, do(s®(f),s%(g)) <. We may further assume
that if f € Wy then By, (f,6) € W. Finally, take K > N such that [a k] < 07 (t*H(Wy)). We
claim that [o [ ] € t(U). Indeed, take o’ € [a k], then there is f € Wy such that t2(f) = 6().
In particular, we have that do(s(g),s"(f)) < 6. Using the previous lemma, we obtain h ¢ G
such that t(h) = t(f), [k % £] = [d(s%(f),5%(g9)) 2 ] and deo (s*(R),5%(g)) < 8. This implies
that do(f,h) <& and so h e W. Since 5%(g) = 7-0(8) and 6 is almost uniformly open, we obtain
that s2(h) € By, (,¢)-0([B n]). Hence, there is p € By, (,¢) and there is 3’ € [8 ] such
that s(h) = p-0(B"). Therefore, (o', h,p,B') el and t(a/, h,p, ") = a'.

It remains to show that the action (G:Q)g ~ 2" is minimal. Take a € 2V and v € 2V with N e N,
For this N and € =1 take § > 0 as in the definition of almost uniformly open. Take {Vi,...,V}}
a cover of 2V consisting of disjoint clopen sets of diameter less than §. Take any 3 € [v] and for
i < k define A; = 0(8)~1(V;). In this way, {Aq,..., A} is a partition of 2, and by Lemma 2.3.13,
there is g € G such that t(g) = 8(a) and s%(g) € O(A1,..., A, Vi,...,Vi). This implies that
doo(54(9),0(B)) < 0. So, there are 7 € Aut(Q) and 8’ € [v] such that s(g) = 7-6(3). Thus,
(a,g,7,8") € (G2Q)g, t(ev,g,7,8") = and s(«,g,7,0") € [v]. O
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2.4 The groupoid of the randomization

The following result describes the automorphism group of the Borel randomization.

Theorem 2.4.1. [ , Theorem 2.18] Let M be a separable structure and let M* be its Borel
randomization. Then,

Aut(MP) = Aut(M) Q.

It follows that if 7' is an w-categorical theory and M is its separable model, then G(T%) =
2N x (Aut(M) 2 Q) x 2V, In order to generalize this result to the context of theories admitting
universal Skolem sorts we do the construction of the previous section. We will show that the
groupoid associated to the randomization of a theory admitting a universal Skolem sort is of the
form (G :9Q),, where G is the groupoid associated to the original theory and : 2N — (2V)¢
is the map discussed above. Furthermore, we show in the w-categorical case that the two
presentations of the groupoid are indeed equivalent. Since an element of the groupoid is the
type of a couple where the definable closure of its entries agree, we do a brief study of the
definable closure in randomizations.

2.4.1 Definable closure in randomizations

An extensive treatment of this topic for classical theories can be found in | ]. In this section
we generalize some of the results therein to the case where the original theory is continuous.
During this subsection D and F will denote sorts of T. x and y will denote variables in D and
F respectively. As usual, for a € M we say a € dcl(A) if {a} is definable in M over A. For a € F
we let dclp(a) = dcl(a) nD. We will denote by (T, F, 1) the underlying probability space of the
randomizations we consider in this subsection. It is also worth recalling that £ denotes the sort
of events.

Lemma 2.4.2. Let D and F be sorts of T. If a€ F® and be DT then
[bedcl(a)]={veY ; b(v)edcl(a(v))}
15 measurable.

Proof. We know that for any formula ¢ (x) and any c in the randomization, the set [¢(c) = 0]
is measurable. On the other hand, from Fact 1.3.1, we have that v € [a € dcl(b)] if and only
if for every n > 0 there is a formula p(z,y) such that p(b(v),a(v)) = 0 and the diameter
of {ce D ; ¢(c,a(v)) < 1} is less or equal than 1 < n. Furthermore, we can assume that the
formulas belong to a fixed countable dense set of formulas, which we will call ¥. Given a formula
o(x,y) we define

@n(y) = sup[(1 - p(21,9) v p(22,9)) Ad(21,22) = 1/n].

21,22

Then, @,(d) = 0 precisely when the diameter of {c € D ; ¢(c,d) < 1} is less or equal than 1/n.
Now, we set

By = Ule(b,a) v gn(a) =0]
peX

We thus obtain that [bedcl(a)] = N B, is measurable. O
neN
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Lemma 2.4.3. Let D and F be sorts of T. Take a € F® and b e DE. If b is definable over a
then pfb e dcl(a)] = 1.

Proof. Suppose on the contrary that pf[b € dcl(a)] =1 -r < 1. We will show that there exists
some element different from b that realizes tp(b/a). For ¢(x,y) a formula and n > 0 let

Ao = 0.0)> 005 ( e000) =00 U Bf(o(es0) = (1 1/m)) o (1= 2, 0)] = -
m>

In this way, v € Ay, when ¢(b(v),a(v)) =0 implies that there exists z with ¢(z,a(v)) <1 and
d(b(v),z) > 1/n. Let us fix a countable dense set of formulas ¥ and define A, = Nyex Apn,
then, —[b € dcl(a)] = Unso An- So, there must be some N € N such that u(Ayx) > r/2. Now,
take any formula ¢(x,y), any € > 0 and pick n € N with 1/n < €/2. Given i < n, define
B; = A;n[ifn < p(b,a) < (i+1)/n] and @;(x,y) = |i/n+1/2n - p(z,y)| = 1/2n. Let ¢; € DT be
such that

[inf[(i(2,a) = €/2) A (1N =d(b,2))]] = [(pilci, a) = €/2) A (/N = d(b, )]

Note that for v € B;, ¢;(b(v),a(v)) = 0. Hence, pi(ci(v),a(v)) < €/2 and d(b(v),ci(v))
1/N. Take ¢ = (B, ..., By-1,T N An, o, ., n-1,0), then d(b,c) = [, d(b(v),c(v)) du(v) 2
p(AN)IN = /2N and [[p(b,a)] - [o(c.a)]| < (1/n +€/2) < . So, [E[p(b,a)] ~ Elo(c,a)]| < e.
The same argument generalizes when considering several formulas simultaneously. The result
will follow by compactness. O

Vv IV

Given A ¢ Ery we denote by o(A) the minimal o-sub-algebra of E such that every f € A is
o(A)-measurable. So, o(A) is the o-algebra generated by {[f <r] ; f € A, r>0}. In particular,
when A consists of {0,1}-valued random variables, o(A) is the generated o-algebra. In case
a€ DT by o(a) we mean o({[¢(a)] ; ¢(z) formula}).

Fact 2.4.4. Let A c Egry, then dclg(A) = o(A).

Proof. Assume we are working inside a sufficiently saturated model, by | , Theorem 2.17],
for U,V e E, tp(U/A) = tp(V/A) if and only if tp(U/o(A)) = tp(V/o(A)). This implies that,
delgp(A) =dclg(o(A)) =o(A). O

Lemma 2.4.5. Let D be a sort of T and let a € D¥, then dclg(a) = o(a).

Proof. Assume we are working inside a sufficiently saturated model and let A = {[¢(a)] ; ¢(x) formula}.
By quantifier elimination, for any U,V € E, tp(U/a) = tp(V /a) if and only if tp(U/A) = tp(V/A).
Hence, dclg(a) =dclg(A) = o(A) =o(a). O

Lemma 2.4.6. Let Ey be a sort of APr and let D and F be sorts of T. Take (a,a) € FF x Ey
and b e D, then b is definable over (a,a) if and only if:

1. pbedel(a)] =1.
2. o(b,a,a) =o(a,a).

Proof. =) The first item corresponds to Lemma 2.4.3. The second item follows form the fact
that o(a,a) € o(b,a,a) = dclgy, (b,a,a) € dclgg, (a,a) = o(a,a).

<) We can assume that we work inside a sufficiently saturated model. Let ¢ tp(b/(a,a)), we
will show that ¢ = b. Take ¢(x,y) any formula in D x F', we have that [¢(b,a)] € o(b,a) € o(a,a).
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Hence, there is a predicate ¢ (u, a,a) such that d(u, [¢(b,a)]) = ¥(u,a,a). Since, ¢ = tp(b/(a,a))
then ¥ ([¢(c,a)]) = 0. Therefore, [¢(b,a)] = [¢(c,a)] for any formula ¢(z,y). Now fix any
v € [bedcl(a)] and take € > 0, then there is a formula ¢(z,y) such that ¢(b(v),a(v)) =0 and
diam({d € Dy ; p(d,a(v)) < 1}) < e. Due to the fact that [p(b,a)] = [¢(c,a)], we get that
¢(c(v),a(v)) = 0. This implies that d(b(v),c(v)) < e. Since € was arbitrary, b(v) = c(v). It
follows that b(v) = ¢(v) for almost every v € T and we conclude that b = c. O

By taking Eg = E and a = 1 we obtain the following result.

Corollary 2.4.7. Let D and F be sorts of T. Let a € F® and be D®, then b is definable over
a if and only if:

1. pfbedcl(a)] =1.
2. o(a,b) =0(a).

Note that if @ € Dpr then, by Lemma 2.2.7, dclg(a) € o(a). This fact together with the previous
lemma allow us to understand interdefinability in the universal sort of T%.

Corollary 2.4.8. Assume that T admits a universal Skolem sort, Dp. Let a, be Drr, then b is
definable over a if and only if:

1. pfbedcl(a)] =1.
2. o(a,b,b) co(a).

Proof. =) Assume l}e dcl(a), in particular, b € dcl(a,a). By Lemma 2.4.6, uJb e dcl(a)] =1 and
o(a,b,b) co(a,a,b,b) =0(a,a)=o(a).

<) Let b= (b,b, 8), clearly B e dcl(a). By (2), b<c o(a) ¢ dclg(a), which implies b € dcl(@). The
fact that b e dcl(a) follows from Lemma 2.4.6. O

Corpllary 2.4.9. Assume that T admits a universal Skolem sort, Dp. Let d,B € Dpr, then
del(b) = dcl(a) if and only if:

1. p[del(b) =dcl(a)] =1.
2. o(a,b,b,a) =o(a) = o(b).

Let D be any sort of T and let M be a separable model of 7. An element a € D¥(M) gives
rise to a measurable function g : Q@ — Sp(T") defined by g(w) = tp(a(w)) for w € Q. The next
result gives us a converse of this result. From now on we may identify a formula ¢(u) in D with
the continuous map it induces on the space of types ¢ : Sp(T') — [0,1]. Tt follows, that for

ge€ SD(T)Qv poge Ll((Qa‘Bmu)a [07 1])

Lemma 2.4.10. Let D be a sort of T. Then, Spr(TT) is homeomorphic to Sp(T)%/ Aut().
Furthermore, for any f € Sp(T)%, there is a € DT such that f(w) = tp(a(w)) for almost every
w el

Proof. Recall form Fact 2.1.3 that we have an identification between Spr(T%) and R(Sp(T)).
By | , Lemma 3.5, the latter is homeomorphic to Sp(T)?/ Aut(Q). For the last part, take
f e Sp(T)%, then, by the previous identification, [f]aut(q) corresponds to a type p € Spr (TH).
Let b p, it follows that for any set of formulas ¢ (u),...,@,(u) in D,

tp(p1of,..,onof)=tp([e1(D)], -, [en(D)])-
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This implies, that for any € > 0 there is 7 € Aut(2) such that d([e;(7-b)],¢io f) <e. for every
¢ <n. This means that the set of conditions

Y(u) ={d([e(uw)],po f)=0; ¢ formula in D}

is approximately finitely satisfiable. Hence, a in a separable model satisfying ¥(u) is the desired
element. ]

Let = € Dapro(©2) denote the sequence of independent sets of measure 1/2 used to define
Dapy. Take p € G(TT) and let (a,b) = p in some separable model M of T%. We may assume
that dcl(a) = dcl(B) = M and even that @ = . In this way, p = tp((a,Z,a),(b,b,3)). By
Corollary 2.4.9, ¢(Z) = o(b). This implies that b = 7(Z) for some 7 € Aut(Q2). Thus, every
type p € G(T%) is of the form tp((a,Z,a), (b, 7(Z),)) for some a,b € DFE(M), where M is a
separable randomization, and 7 € Aut(€2). Furthermore, since tp(a,b) € S, Dg(TR), we obtain a
function g € Sop,.(T)% defined by g(w) = tp(a(w),b(w)) for w e Q. By Corollary 2.4.9, we have
that g e G(T).

Theorem 2.4.11. Let T' be a complete, countable theory admitting a universal Skolem sort,
Dry. Then G(TT) is homeomorphic to

H = {(g,0,7,8) € G(T)* x G(APr) ; t(g) = (), 5%(g) = 7-7(B)},

where H is endowed with the subspace topology, as a subset of the product space G(T)*xG(APr).

Proof. We will define a map F : G(T%) — H in the following manner. Given p € G(TF), we
know that it is of the form tp((a, Z, @), (b, 7(Z),3)) for some a,b € DIE, 7 e Aut(Q) and o, 3 € 2V,
We define g € G(T)* by g(w) = tp(a(w),b(w)), for w e Q and we set F(p) = (g,a,7,5). Note
that t%(g) = tpf(a) = 7(E,a) = m(a) and similarly s%(g) = tpf(b) = n(7(8),8) = 7 - 7(B),
so the map is well-defined. To show that the map F : G(TT) — H is surjective, take
(g,0,7,B) € G(T)?x G(APr) with t*(g) = 7(a) and s%(g) = 7-7(3). By Lemma 2.4.10, there is
a randomization M based on € and there are a,b € DJ(M) such that g(w) = tp(a(w),b(w)) for
every w € Q. We have that tp®(a) = t(g) = 7(Z,a) and that tp’(b) = s%(g) = 7(7(Z), ). So,
(a,2,a) and (b,7(Z), #) belong to Dyr. Since, tp(a(w),b(w)) belongs to G(T') for almost every
w e Q, we get pfdcl(b) = dcl(a)] = 1. Furthermore, o(a,b,7(2),E) = 0(E) = o(7(E)). Hence, by
Corollary 2.4.9, p = tp((a, 2, ), (b, 7(Z), 8)) € G(T?) and we obtain that (g, 7,3) = F(p). To
see that it is injective, take p,q € G(TF) and suppose that F(p) = F(q) = (g, o, 7, 8). It follows
that p = tp((a, 2, a), (b,7(Z),8)) and q = tp((¢, =, @), (d,7(Z),3)) for some a,b,c,d € D?. Let
¢(x,y) be any formula in D2, then [p(a,b)] =@ o g=[p(c,d)]. This implies that p = q.

Next we will show that F' is continuous. Here we will use the maps {\,; : [0,1] — [0,1]; i < 2"}
defined just before Lemma 2.2.9. First, note that if V' ¢ G(APr) is open then F~1(G(T)% x V)
is clearly open. So, it suffices to show that for any A ¢ Q clopen, U ¢ G(T') open and € > 0,
W = F1(O(A,U,¢)) is open. We can assume, that U = [¢(z,y) < 1] for some formula o(z,y).
Take p = tp((a, =2, @), (b,7(Z),8)) € W, so § = u(An[e(a,b) = 1]) < e. Now choose any
r >0 with 6 +r < e. We know that A € dcl(Z), then there is an Lap,—term x(Z) satisfying
d(A, x(Z)) <r/2. In particular, u(x(Z) n[¢(a,b) =1]) < d +7/2. Moreover, since [¢(a,b) =1] =
limy, 0 [An,2n-1(0(a,b))], there is N € N such that E(x(Z) A [Ayov_1(@(a,b))]) <d+7r/2. We
define 9 (,9) = E(x(Z) A [Anov_1(¢(z,y))]). By definition, p € [¢(Z,7) < 0 + /2], we claim
that [ (Z,9) <d+7r/2] € W. Let q = tp((¢,Z,7),(d, p(E),0)) € [¥(Z,79) < § + r/2], this means
that E(x(Z) A [Avav_1(w(e,d))]) <6 +7/2. Therefore,
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n(An[e(e,d) =1]) < u(x(E) n [¢(c,d) = 1]) +r/2
<E(X(E) A [Anav1(e(e,d)]) +r/2
<d+r

<E€E.

This implies that ¢ € W, which shows that F' is continuous. We will now see that F' is also open.

Take ¥ (Z,9) a formula in D%R, we can assume that it is of the form

1/1(55,39) = 1/1*([[@1(%9)]]7 ) [[Qpn($,y)]],i‘,j3,g,y)

where ¥*(2,,4,7,7) is a formula in B, x D3p,. Let p € [¢(2,9) < 1], let (g,a,7,8) = F(p)
and pick r > 0 with ¢(&,9)? + r < 1. Pick € > 0 such that d((2,Z,%,9,9), (2,7, 2",7",9")) < €
implies [¢* (2, Z, &, 7,7) - * (2, &,4',5',9')| < r. Note that for i < n, the map @; : G(T)? —
LY((, B, 11),[0,1]) given by ¢;(h) = ¢; o h is continuous. Thus, there is U ¢ G(T)% open with
g € U such that for any h e U, d(p;0g,p;0h) < e for i <n. Also, there is V ¢ G(APr) open with
(a,7,8) € V such that for any (o/,7'8") € V, d(a,a’) v d(B,8") vd(r(E),7'(Z)) < e. We thus
get that (g,a,7,8) e (UxV)nH<c F([¢(Z,9) < 1]), which completes the proof. O

The next step is to determine how the groupoid operations are defined on H. Take (a,Z, «) €
Drr, then tp®(a) = m(a) and tp(a,Z,a) corresponds to (7(a),a,idg,a). We thus have an
identification between 2 and B(TF) via

ae 2N — (7(a), a,idg, a) e B(TT).

Now take (g,a,7,3) € H, which we identify with p = tp((a,E, ), (b,7(Z),0)). Let M =
dcl(a, Z,a), which as usual we suppose is based on (£, B,1). Given w € Q let A, = M, (.
We define a new randomization A, based on {A, ; w € Q}, where x € [],.q A, belongs to A
if and only if there is a € M such that x(w) = a(7(w)) for every w € Q. It follows that the
function f.-1 : M — A, that assigns to each a € M the map w > a(7(w)), is an isomor-
phism. Moreover, on the sort of events, f,-1 = 771. Therefore, p~! = tp((b,7(E), 3), (a,E,a)) =
tp(fr-1(b,7(2), B), fr-1(a,E,a)) = tp((fr-1(b),Z,B), (fr-1(a), 7 1(E),a)). It is true that for
every w € €,

t((fr1 (D)), (fr1(a)(@)) = tp(b((w)), a(7(w))) = g(r(w)) " = (7 - g7 ) (w).

Consequently,

(g.0,7.B8) " =gt 8,77 ).

Let (ga 0477_75)’ (ha 57077) € H correspond to p = tp((a7 E, Oé), (bv T(E)v 6)) and g = tp((C, E, B): (dv p(E)77))
respectively. Define A = dcl(a,E, ) = dcl(b,7(Z2),) and M = dcl(c,E, B) = dcl(d, p(E), B).

We remark that for almost every w € Q, A, = dcl(a(w)) = del(b(w)) and M,, = dcl(c(w)) =
dcl(d(w)). Furthermore,

tp(c(w)) = t(hy) = 7(B)(w) = 7-7(B)(T(w)) = 8(gr(w)) = tP(b(T(w)))-

Hence, the map sending c(w) to b(7(w)) defines an isomorphism f,, : My, — A;(,,y. This implies
that the map
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fTM— A
wr— (W froa ) (T (w))))

is an isomorphism sending ¢ to b and agreeing with 7 on the sort of events. It follows that

q = tp((0,7(2),8), (f(d),7p(E),7)) and we get that pg = tp((a,Z, @), (f(d),7p(E),7)). Now,
for w € Q,

tp(a(w), £(d)(w)) = tp(a(w), fr1()(d(T™ (w))))
= tp(a(w), b(w)) - tp(b(w), fr-1(w) (AT (w))))
= tp(a(w), b(w)) - tp(e(r™ (W), d(r ™ (w)))
=9(@)(7-h)(w)-

We thus conclude that

(g,Oé,T”B)(h,ﬁ,p,’}/) = (g(T‘h)onTp)’y)'

It follows that the target and source maps are given by,

t(g, o7, B) = (7(a),aidg,a) 2, 5(g, 0,7, B) = (7(B), B,1dg, B) = B.

The next result shows that this identification is independent of the choice of = € Dap;o(2) as
long as it generates the whole algebra.

Lemma 2.4.12. Fiz A € Dap, () generating B and define 6 : 2N — (2M) by 0(a) = 7(A, a).
Then,
Ha = {(g, 0,7, 5) ¢ G(T)* x G(APr) ; t%(g9) =6(a), s"(9) =7-0(8)}

18 homeomorphic to H via a map that respects the identification with G(TR). This means that
there is map A : H — HAa such that the following diagram commute.

Proof. Let p € Aut(Q2) be such that p(Z) = A. It follows that 6(«) = 7(p(Z),a) = p- w(«) for
every a € 2. Define

A:H — Ha
(gvaaTvﬁ) = (p'gaaapr_17B)'

Note that s%(p-g) = p-s%(g) = pr-7(B) = prp~' - 0(B). Analogously, t*(p-g) = 6(a), so the
map is well-defined. It is a routine verification that A is a bijection. Let Aq,..., A, € Q, let
Ui,...,U, be open subsets of G(T") and let € > 0, then

p_l-(’)(Al,...,An,Ul,...,Un,e) = O(p_l(Al),...,p_l(An),Ul,...,Un,e).

Furthermore, if V ¢ G(APr) is open then p~'Vp = {(a, p~'7p,3) € G(APr) ; (a,7,8) € V} is
also open. Since,
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AN O(AL .. Ay UL, .. Up ) x V) = (p P O(Ay, ..., A, Ur, ..., Up,€) x p ' Vp) nH,

we obtain that A is continuous. By a similar argument, the map is also open and we conclude
that it is in fact a homeomorphism. Now, take p = tp((a,Z, ), (b, 7(E),5)) € G(TT) and let
(9,0, 7,8) = F(p). We set M = dcl(a, =, ), and for each w € Q let N, = M1(,,). As before,
say that z € A if and only if for some a € M, x(w) = a(p ' (w)) for every w € Q. Again,
we have an isomorphism f, : M — A that agrees with p on the sort of events. We then
have that, p = tp((fo(a), A, @), (f,(b),prp™'(A),5)) and for w € Q, tp(f,(a)(w), fo(b)(w)) =
tp(a(p™H(w)),b(p~H(w))) = (p-g)(w). This implies that Fa(p) = (p-g,a, prp~ L, B) = A(g, o, 7, B),
which completes the proof. O

Theorem 2.4.13. Let T be a complete theory admitting a universal Skolem sort. Let w: 2N —
(2N be the map defined above. Then, G(TT) is isomorphic, as a topological groupoid, to
(G(T) 2 Q)x, the base change of G(T) 1 to 2N given by .

Proof. We have that
(G(T) 2 Q) = {(a, 9,7, 8) € 2" x G(T)" x Aut(Q) x 2% ; t%(g) = 7(a), 775 (9) = 7(8)}

endowed with the topology induced from the product, which is equal to H up to a reordering
of variables. O

Suppose T is w-categorical and M is its separable model, we know that G(T) = 2N x Aut(M)x2N.
Hence, an element g € G(T)* can be identified with (t%(g), g, s%(g)) for some § € Aut(M)®.
Thus, if (o, g, 7, 3) € G(T*) then

(a,9,7,8) = (a,t%(9), 3,57 (9), 7. 8) = (., 7(a), g, 7 7(B), 7, B) = (., 7, B),

which gives the correspondence between G (T%), as constructed here, and, as previously known,
ie. 2V x (Aut(M) Q) x 2N,

2.5 Further questions

The reader may have noticed that the map 7 : Dap, — EYN is not canonical. Given any two
pseudo-open maps the fiber products they define are universal Skolem sorts. Hence, there is
a definable bijection between them which induces an isomorphism between the corresponding
groupoids. We wonder whether is possible to explicitly build such an isomorphism and show
directly the independence of the choice of the pseudo-open map. Furthermore, the property of
being pseudo-open is sufficient for the fiber product to be definable. However, we do not know
if it is also necessary and in case it is not, what would be an appropriate characterization of the
maps whose fiber product define a universal Skolem sort.



Chapter 3

Fields of Banach spaces and
groupoid actions

Introduction

Take X a compact space and G a topological group acting on X. It is a standard fact that
the action G ~ X admits a faithful representation on C'(X). However, it may happen that
the action admits a representation on a Banach space with a much nicer geometry, for example
reflexivity. Were this to be the case, one can ask if the geometric properties of the Banach
space has any implications on the dynamical properties of the action. This led M. Megreleshvili
in | ], and then together with E. Glasner in [ |, to establish a dynamical hierarchy,
where the representability on a particular class of Banach spaces has its dynamical counterpart.
We refer the reader to the survey [ ]

Now suppose that T' is an w-categorical theory, M is its separable model and G = Aut(M).

Since G determines T" up to bi-interpretability, see | , ], it is expected that model-
theoretical properties of T" correspond to dynamical properties of G. In particular, for the notion
of stability this was explored in [ |, and then retaken in | |. Tt turns out that stable

formulas correspond to weakly almost periodic functions. This is precisely the first level of
the hierarchy mentioned above, which corresponds to representability in the class of reflexive
spaces. In fact, | ] establishes the model-theoretical equivalent of the dynamical hierarchy
in the w-categorical setting. We note that NIP corresponds to tameness, and so to Rosenthal
representability.

The introduction of universal Skolem sorts, and thus of the associated groupoid in [ ], let
us expect that such methods might work on a broader context than w-categoricity. Indeed,
this groupoid will act on a space of types, as we will see in the next chapter, and dynamical
properties of this action will have model-theoretical implications. In this chapter we explore
the first level of the dynamical hierarchy for groupoid actions, that of weakly almost periodic
functions. Instead of representing on a Banach space, for each element of the base we will have
a Banach space. This lead us to representing groupoid actions on fields of Banach spaces.

A field of Banach spaces essentially consists of a topological space serving as the base, a Banach
space over each element of the base and a family of sections. The field is continuous if the norm
of sections are continuous. It was defined for the first time for Hilbert spaces over a locally
compact space in | ], while studying unitary representations of *-algebras. Let us explain
the motivation behind it. Suppose that A is a *-algebra, each bounded positive linear form f on

95
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A gives rise to a Hilbert space H; and a unitary representation of A on said space. If B is a set
of bounded positive linear forms, endowed with the weak™ topology, the notion of field of Banach
spaces was defined in such a way that for each x € A, the map f € B — xy € H defines a section.

This construction was later generalized to arbitrary Banach spaces in [ |, which is the pre-
sentation we use. The article was mainly concerned with triviality results (a field over B is said
to be trivial if it is of the form V' x B) and with fields of C*-algebras. Since then, multiple works
studying the representations of C'*-algebras and continuous fields of Banach spaces has been
carried out. An extensive development of the subject can be found in | , ].

We begin this chapter by giving the basic definitions and by studying the dual field, which we
endow with the weak*-topology. We showed the analogue of the Banach-Alaoglu theorem for
continuous fields. We also prove that if the field is separable then its dual admits sections and
it is moreover a lower semi-continuous field. We continue with the study of C(X), the field of
continuous, bounded, real-valued functions on a normal, Hausdorff space (X, p) over B. When
(X, p) admits sections we define the topology of pointwise convergence and under suitable hy-
pothesis for (X, p) we deduce a double limit criterion for pointwise compactness in the style of

[ I

Afterwards, we define the notions of separately continuous groupoid action and of duality. In
particular, we study the continuity of the induced action G ~ Cy(X). Subsequently, we study
the representations of groupoid actions. A representation will consist of an action by linear
isometries on a field of Banach spaces together with an equivariant, weak™ continuous map from
the topological space into the unit ball of the dual field.

Finally, we define the notion of a weakly almost periodical function, or wap for short, in the
context of groupoid actions. Generalizing the usual notion, a function will be wap if the set in
the field of continuous functions obtained after the action of the groupoid is fiberwise relatively
weakly compact. We show that wap functions are those precisely coming from representations
on fields of reflexive spaces. All of our results hold if the base space is assumed to be the space
consisting of a single point, in which case, the groupoid is just a group and we can recover the
classical results for group actions.

3.1 Fields of Banach spaces

The definitions of this section are based on [ , ]. Throughout this section we assume
that B is a compact (Hausdorff) space. As mentioned before, whenever B = {*}, the space
consisting of a single point, we will rediscover some familiar results from functional analysis.

Definition 3.1.1. A field of Banach spaces over B is a couple ({V. ; e € B}, T") where each V,
is a Banach space and I' ¢ []..g Ve satisfies:

1. T is a vector subspace of []..g Ve.
2. For every e € B, {v(e) ; vel'} is dense in V.

3. For every v € I' the map e — ||v(e)| is bounded.

I" is thus a family of sections of the space. From 1. we deduce that I' contains the zero section,
which we will denote by 0. In case the norm of each section is continuous a field generates what
will be known as a continuous field.
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Proposition 3.1.2. | , Proposition 3] Let ({Ve ; e € B},A) be a field of Banach spaces
over B. Suppose that for every v € A the map e — ||v(e)| is continuous. Then there is a unique
' € [1.eB Ve containing A and satisfying:

1. T is a sub-C(B)-module of [1eep Ve.
2. For every e € B and every v € V, there is v € I" such that v(e) =v.
3. For every v €' the map e — ||v(e)| is continuous.

4. T is locally uniformly closed, i.e. if w € [1..g Ve satisfies that for any e € B and any € > 0
there are v e’ and U € B open with e € U such that |w(e') —v(e")| < € for every ¢’ € U,
then w belongs to I.

Definition 3.1.3. A continuous field of Banach spaces over B is a family of Banach spaces
{Ve ; e € B} together with a set of sections I' € []..g Ve such that ({V. ; e e B},T") satisfies the
four conditions stated in the previous proposition.

If we weaken the third condition in the previous definition and we merely require the maps
e~ |v(e)| to be lower (resp. upper) semi-continuous and bounded we say that ({V. ; e B}, T")
is a lower (resp. upper) semi-continuous field. Note that

|v] =sup|v(e)]
eeB

defines a norm on I', and by 4. this norm is complete.

Let ({V.; e B},T") be a field of Banach spaces over B. Define V = |..g V. and let pr: V— B
be the natural projection. We may write (e,v) € V to indicate that v € V.. From now on, (V,T’)
will also refer to the field ({V. ; ee B},T"). For veI', U € B open and € > 0 define

O(v,e,U) ={(e,v) eV ; eeU and ||[v—-v(e)| <e€}.

The next result shows that for a continuous field of Banach spaces over B, V defines a space
over B for which I' corresponds to the space of sections. Recall that a space over B is a
topological space X together with a continuous, surjective function p: X — B. A section of
X is continuous map x: B — X such that pox =idg. The proof of the following fact is given
throughout [ , Section 1.2].

Fact 3.1.4. Let (V,T) be a continuous field of Banach spaces over B. Then, the family of sets
{O(v,e,U) ; veT', Uc<B open and € >0} is a base for a Hausdorff topology on V. Under this
topology:

1. pr is continuous and open.
2. For every e € B, the induced topology on V. is the norm topology.

3. If v eI then v is a continuous map from B into V. Conversely, if v: B — V is continuous
and prov =idg then v el .

4. The sum from VxgV into V and the scalar multiplication from RxV into V are continuous
maps.

Remark. In case the field is just upper-semicontinuous, the family {O(v,e,U) ; v e, U ¢
B open and € > 0} still defines a base for a topology on V. However, lower semi-continuity is
used in order to show that the topology is Hausdorff.
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The next fact characterizes the family sections of a continuous field of Banach spaces.

Fact 3.1.5. / , Proposition 1] Let (V,T") be a continuous field of Banach spaces over B.
Then, for any v € [, Ve the following conditions are equivalent:

1. vel.
2. For every w e ', the map e —> |v(e) —w(e)| is continuous.

3. For every e € B and every ¢ >0 there are w € I' and U € B open set containing e such that
[v(e")—w(e')| <€ for every e’ € U.

As the following results will show, the sets O(v,e,U) behave in pretty much the same way as
open balls in Banach spaces. In particular the proof that V is a Baire space is an adaptation of
the proof of the analogous result for Banach spaces. Given v eI, ¢ >0 and V € B we define

O(v,e,V)={(e,v) eV ; eV and |Jv-v(e)| <e}.

Lemma 3.1.6. Let (V,T') be a continuous ﬁeld_of Bana_ch spaces over B. Then, forvel, e>0
and U € B, the closure of O(v,e,U) is equal to O(v,e,U). In particular, if V ¢ B is closed then
O(v,e,V) is closed.

Proof. Let A denote the closure of O(v,¢e,U). Take (e,w) € A, for any open neighborhood W
of e, pr~}(W) is an open set containing (e,w). Then there is (¢/,w’) € O(v,e,U) npr (W)
which implies ¢’ € W nU. This implies that e € U. Let r = |v(e) - w| and suppose that
r > e. Fix w e I" passing through w. We know that there is an open set V' containing e such that
|[w—v| >eonV. It follows that O(w,r—¢, V) is an open set containing w that does not intersect
O(v,e,U), which is absurd. Thus, 7 < € and (e,w) € O(v,¢,U). For the other direction, take
(e,w) € O(v,e,U). Pick w eI passing through (e,w), 0 < § < € and V open neighborhood of e.
If |v(e) —w(e)| < 6/2 then there is Vp € V open with e € Vj such that |v —w| <€ on Vp. Since
e e U, we can find eg € UnVj and we have that w(eg) € O(w, 8, V)nO(v,e,U). Now assume that
|v(e)—w(e)| >d/2. Let V1 €V be open with e € V] satisfying §/2 < [v-w| <e+§/2 on V;. Pick
e1 € UnVj and define w’ = w(el)+m(v(el)—w(el)). We have that |[w(ep)-w'| = 6/2,
[v(er) —w'| = |v(e1) —w(e1)| — 0/2 < e. Therefore, (e1,w’) e O(w,5,V)nO(v,e,U). O

Theorem 3.1.7. Let (V,T) be a continuous field of Banach spaces over B. Then, V is a Baire
space.

Proof. Let {U,, ; n € N} be a collection of open dense subsets of V. Note in particular that each
pr(U,) is a dense open subset of B. Let V be an open subset of V. Since VnU; # @, there
is vo eI, 0 < ¢g < 1 and Wy € B open such that O(vg, eg, Wo) €V nUy. Suppose Vo, ..., Vn_1,
€0y---,€n—1 and Wy,...,W,_1 are already defined. Due to the fact that U, is dense, there is
vp el 0<e, <1/(n+1) and W, € B open such that O(vy, en, W,,) € O(Vp-1,€n-1, Wn_1) nU,.
We have that (Wn)neN is a decreasing sequence of closed subsets of B. Thus, we can find
some e € Npey Wn. We claim that (vp(e))nen is a Cauchy sequence. Indeed, for m < n we
have O(vy, €n, Wi) € O(Vin, €m, Win), implying |vi(e) = vin(e)|| < €m < 1/(m + 1). Therefore,
(vn(€))nen converges, to say (e,v), and (e,v) € O(Vin, €m, Win) € Uy, for every m e N. Hence,
(e,v) € VN Npen Un- O

Let (V,T') be a field of Banach spaces over B, a subfield is a field (W, A) such that A ¢ I" and
for every e € B, W, is a closed subspace of V.. Given A c I, for e € B define W, as the closed
subspace generated by {v(e) ; v e A}. Let A be the vector subspace of I' generated by A, then
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(W, A) is a subfield of (V,I') and it is known as the field generated by A. In case (V,T) is a
continuous field, define instead A as the family of sections of I' that are contained in W. Then,
(W, A) is a continuous subfield of (V,T'), see | , Section 1.6], and we will refer to it as the
continuous field generated by A.

3.1.1 The dual field

Let (V,T') be a field of Banach spaces over B. For each e € B, let B(V.) denote the close unit
ball in V. and let B(V) = e B(Ve). Whenever the field is continuous we will endow B(V)
with the subspace topology. We will now define the dual of a continuous field. The underlying
space is given by

ve= |V
ecB

As usual, we will write (e, ) € V* to indicate p € V.*. For v € I' we will write (v, ¢) instead of
(v(e),p). Given vq,...,vu_1 €, Iy,...,I,-1 SR and U ¢ B, define

O ((v§)jen, (Ij) jen, U) ={(e,) € V' ; ee U and (vj,p) € I; for every j <n}.

Proposition 3.1.8. Let (V,T') be a field of Banach spaces over B. Then, the family of sets
{O*((vj)jens (L) jen s U) 5 Vo, Vo1 €L, Ip, ..., I,-1 € R, open and U € B open} is a base
for a Hausdorff topology on V*. Under this topology:

1. The natural projection pr* : V' — B is continuous.
2. For every v €' the map (v,-): V* — R given by (e,p) — (v, p) is continuous.

8. The sum from V* xg V* into V* and the scalar multiplication from R x V* into V* are
continuous maps.

Proof. First we will show that this family of sets is indeed a base for a topology. Clearly they
cover V* and O* ((v;) j<n, (1j) jen, U)NO* (W3 )i<m, (Ji)icm, V') is just O ((v}) jen+m, (Lj) jen+m, UN
V) where v,4; = w; and I,4; = J; for i < m. Continuity of pr* follows from the fact that for
any U ¢ B open, (pr*)"1(U) = 0*(0,R, U) where 0 is the section taking the value 0 at each point.

In order to show that the topology is Hausdorff, take (e, ), (¢’,%) € V* with (e,¢) # (¢/,).
In case e # €', take U,V ¢ B open sets satisfying ¢ € U, ¢ ¢ V and UnV = @. Then,
(pr*)~1(U) and (pr*)~1 (V') are open sets separating (e, @) and (€’,1)). Assume now that e = ¢,
then there is v € I' such that (v,¢) # (v,9). Let I,J ¢ R be disjoint open sets containing
(v, ) and (v,v) respectively. We then have that (e, ) € O*(v,I,B), (e,) € O*(v,J,B) and
O*(v,I,B)nO*(v,J,B) = @.

Assertion 2. follows immediately from the definition of the topology. In order to prove 3.,
take ¢,1 € V. and suppose that (e, + 1) € O°((Vj)jwn, (L) j<n,U). For j < n take K;,L; c
R open sets satisfying (v;,¢) € Kj, (vj,¢) € L; and K; + L; ¢ I;. It follows that (e,¢) €
O ((vj)jen: (Kj)jen, U), (€,40) € O((v;) j<ns (Lj)j<n, U) and

O*((vj)j<n7 (Kj)]<n7 U) + O*((vj)j<n7 (L])]<n7 U) < O*((vj)j<n7 ([j)j<n7 U)

This shows that the sum is continuous, scalar multiplication is treated in a similar fashion. [
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If {v(e) ; veI} =1V, as is the case for example in a semi-continuous field, then the induced
topology on V.* is just the weak™ topology. For this reason, this topology will be known as the
weak™ topology on V*. It is easy to verify that this topology agrees with the initial topology
given by pr* and the maps (v,-) for v e I'. Let us define B(V*) = {(e,¢) € V* ; |¢| <1}. The
next result is the analogue of the Banach-Alaoglu theorem for fields of Banach spaces.

Proposition 3.1.9. Let (V,T') be an upper semi-continuous field of Banach spaces over B.
Then, B(V*) is compact in the weak* topology.

Proof. Given v eI let Dy = [-||v|, |v|] € R, and define

P:BXHDV.

vell

By Tychonoft’s theorem, P is compact. Define the map

t:B(V*) — P
(6790) — (67(<v7()0>)V6F)'

Note that for every v € I', [(v,¢)| < |[v(e)| < |v||. This shows that ¢ is well-defined. It is
immediate that ¢ is also one-to-one. We will show that it is indeed a homeomorphism onto its
image. Take (e, ) € B(V*), and let W be the open set in P,

W=Ux{fe[] Dy [f(vj)=(vj, )l <eforj<n}

vel
where U € B is an open set with e € U, vq,...,v,,.1 € ' and € > 0. For j < n, set I; =
((vj, ) —€,(vj, ) +€), then L(O*((v})j<n, (Lj)jen, U)) =W n(B(V")). If we let U range over
the family of open neighborhoods of e, n over N, vy, ...,v,_1 over I' and € over the set of positive
reals, the sets O ((V}) j<n, ({j)j<n,U)) are a local basis at (e, ¢) and the sets W are a local basis
at t(e, ). This implies that ¢ is a homeomorphism onto its image.

To finish the proof it suffices to show that +(B(V*)) is closed in P. Take (e, f) € P belonging to
the closure of «(B(V*)) and define ¢ : V. — R by (v, ) = f(v) where v is any section passing
through (e,v). We will prove that ¢ € B}, so t(¢) = (e, f) and the result will follow. First, let
us show that ¢ is well defined. Take v € V. and suppose vi(e) = va(e) = v for some vy, vq €T
Let € > 0, by upper semi-continuity of the norm, there is U open neighborhood of e such that
|vi —va| < € on U. Consider the open set

Wo=Ux{f" e []Dy; [f(v1) = f'(vi)| <eand [f(v2) - f'(va)| < €}.

vell

Then, there is (e’,1) € B(V*) such that «(e’,1) € Wy. Thus, for i =1,2

[f(vi) = fv2)l < [f(v1) = (e, ) (Vi) + (e, ) (vi) = e(€', ) (Vo) + [e(€, ) (v2) = f(v2)]
<2e+|(v1 = v2,9)|
< 3e.

Since € is arbitrary we obtain that f(vy) = f(v2). Now take v1,v3 € Vg, o, 5 € R and € > 0. Pick
vy, vo € I' with v;(e) = (e,v;) for i =1,2. Set

Wi =Bx{f e [[Dy; |f(avi+Bvs) - f'(avi+Bv2)| <e|f(vi) - f'(vi)| <€ fori=1,2}.

vell
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It follows that there is (e’,1) € B(V*) with ¢(e’,4) € Wy. Therefore,

|f(avi + Bva) —af(vi) = Bf(v2)| <|f(avi + Bva) — (e, ) (avi + Bva)
+e(e, ) (avy + Bva) — af (vi) = Bf(va)]
<e+lalle(e’, ) (vi) = F(vi)| +1Bll(e], ) (va) = f(v2)
< (1+|al+8])e.

Since this is true for any € > 0 we get that f(avy + fva) = af(v1) + Bf(ve). This means that
@ is linear. It remains to show that ¢ is continuous and its norm is < 1. Towards this end, as
usual, take v € I" and € > 0. Let U be a neighborhood of e such that |v(e’)| < |v(e)| + € for
every e’ € U. Define,

Wo=Ux{f" e[ Dy If(v)-f(v)I<e}.

vell

Let (e/,1) € B(V*) satisfy ¢(e,1) € W,. We then have that

[f(WI < (e, ) (V) + e v(e] +e < [v(e)] + 26
This implies that |f(v)| < |v(e)|. Thus, ¢ is continuous and |l < 1. O

Our aim is now to show that the projection map pr* : B(V*) — B is open. The next proposition
is a generalization of the remark in | , Section I.1].

Proposition 3.1.10. Let (V,T") be a lower semi-continuous field of Banach spaces over B. Let
Vi,...,Vp € and let e € B be such that vi(e),...,vy(€) is a set of linearly independent vectors.
Then, there is a neighborhood U ¢ B of e such that vi(e'),...,vy(€e") are linearly independent
for every e’ e U.

Proof. Take vi,...,v, € I and e € B as in the statement. Define a : B x R* — R by
ale' A, A ) = |Xicn Aivi(e')|. Let f: B — R be the map given by

Be") =inf{a(e’; \,..., \n) ; Z |Ai| = 1}.
1<n
We will show that § is lower semi-continuous. Fix ey € B and suppose, towards a con-
tradiction, that [ is not lower semi-continuous at eg. Then, there is ¢ > 0 such that for
every W ¢ B open neighborhood of ey there is ey € W with B(ew) < B(eg) —e. This
means that for every W ¢ B open set containing eg we can find (A\]",...,\V) € R with
Yicn ])\XV| =1 and alew, \IV, ..., A\) < B(eg) —e. By compactness, the net {(A}V,...,A"); Wc
B open with eg € W} admits an accumulation point, say (A1,...,A,). Since « is a lower
semi-continuous map, there are W ¢ B and U ¢ R™ open with (eg,A1,...,A\,) € W x U such
that for every (e/,A],...,\)) €e W x U, a(e’,\],...,\)) > a(ep,A1,...,A\n) — €. By chang-
ing W to a smaller neighborhood we can assume that (A‘l’V,...,/\,VLV ) € U. Tt follows that
alew, AV ..., 0) > a(eg, A1,...,A\n) — € > B(eg) — €, which is absurd. Since vi(e),...,va(e)
are linearly independent vectors, then 5(e) > 0. Therefore, there is U € B open neighborhood
of e such that (e’) >0 for every e’ € U. Hence, vi(e'),...,vp(€") are linearly independent for
every e’ e U. O

Suppose now that vi,...,v, € I" and that for some e € B, vi(e),...,v,(e) are linearly indepen-
dent. We define a norm p, on Span(vi(e),...,v,(e)) by

Pe (Z /\ivi(e)) = > Al

i<n i<n
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Given e € B we will write || for the norm of V.

Lemma 3.1.11. Let (V,T') be a lower semi-continuous field of Banach spaces over B. Let
Vi,...,Vp €I and e € B be such that vi(e),...,vy(e) is a set of linearly independent vectors.
Suppose furthermore that on Span(vi(e),...,vp(e)) we have pe(-) < C|-||le. Then, for every
D e R* with C < D there is a neighborhood U € B of e such that on Span(vi(e’),...,vp(e")),
per(+) < D|-||ler for every e’ eU.

Proof. Take vq,...,v, € I', e € B, C,D € R* as in the statement of the lemma. Define « :
BxR" — R by a(e;A\,..., ) = D|Xicp Nivi(€')| = icn |Ni] and 8 : B — R by B(€’) =
inf{a(e; A\,...,\n) ; Yicn|Ni| = 1}. Since « is lower semi-continuous, as in the proof of the
preceding lemma, 3 is also lower semi-continuous. Hence, there is U € B open set containing e
such that vy(€’),...,v,(e") are linearly independent and f(e’) > 0 for every ¢’ € Uy. It follows
that per () < D|||e on Span(vi(e’),...,vy(e")) for every €’ € U. O

Lemma 3.1.12. Let (V,T') be a lower semi-continuous field of Banach spaces over B. Fix
Vi,...,vp el andry,...,rp € R. Givenee B let A(e) ={(A1,..., ) €R" ; | icn Nivi(e)|| < 1}
and define the application f:B — Ru{+0c0} by

fle) =sup{|Air1+ -+ Anrnl 5 (A1,..., ) € A(e) }.

For any e € B, if vi(e),...,vn(e) are linearly independent then f(e) < +oo and f is upper
semi-continuous at e.

Proof. Fix e € B with vi(e),...,vy(e) linearly independent. Take C' > 0 such that p.(-) < C||-|e.
It follows that if (A1,...,An) € A(e) then Y., || = pe (Zicn Aivi(e)) < O X< Nivi(e)| < C.
Hence, A(e) is bounded, which implies that f(e) is finite. Furthermore, by lower semi-continuity
of the map (€', u1,...,pn) = | Zicn ivi(e’) |, A(e) is closed and hence compact. Using Propo-
sition 3.1.10 and Lemma 3.1.11 for some D > C', we can find an open neighborhood U of e
such that for every ¢’ € U, vi(¢'),...,vp(€’) are linearly independent and pe(-) < D||ler. In
particular, for every e’ € U, A(e’) is contained in the closed [;-ball of radius D.

Suppose, on the contrary, that f is not upper semi-continuous at e. This means that thereis e >0
such that for every W ¢ U open with e € W there are ey € W and (Aw1,...,Awpn) € A(ew)
satisfying |Y;<, Aw.iri| > f(e) + e. By compactness of the closed i;-ball of radius D, the net
{(Aw1,-.-, Awn) ; W < B open with e e W} admits an accumulation point (A,..., ;). Since

the map (€', 11, .., pn) = | Xicn pivi(e’)| is lower semi-continuous, we have that (A1,...,\,) €
A(e). Therefore, f(e) >|Y;<p Airi| > f(€) +¢, a contradiction. Thus, f is upper semi-continuous
at e. t

Proposition 3.1.13. Let (V,T') be a continuous field of Banach spaces over B. Then, pr* :
B(V*) — B is open.

Proof. Take e € pr*(O*((v;)j<n, (Ij)jen,U) n B(V*)), so, e € U and there is ¢ € V) with
le| <1 and (vj,p) € I; for j < n. Throughout this proof, for e’ € B, let us denote E(e’) =
Span(vo(€’),...,v,1(€)). Set k = dim(FE(e)), we can assume that {vg(e),...,vi_1(e)} is a
base for E(e). For k < j <n write v;(e) = ¥ Ajivi(e) and let vi = 3,4 Ajivi. In case j <k
set v} =v;. Now take r > 0 such that ({vj, ) —7,(v;,¢)+7) c I; for every j <n. Let U' c U be
open with e € U’ such that, by virtue of Proposition 3.1.10, for every e’ € U’, vo(e),...,vi_1(€’)
are linearly independent and |v’(e’) - v;(e')[< r/2 for k < j < n. Finally, for j < n, define

I = ({vj,p) =1/2,{vj,p) +7/2). Pick (e',9) € O*((V})j<n, (I})jcn, U") n B(V*) then for j <n
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(Vi 10) = (v, @) < (v = v, ) + (v, ) = (v, )
<[[vj(€") = vi(e)]+r/2

<T.

It follows that (e, p) € O*((V})j<ns (1})j<n, U)NB(V*) € O*((v§)jens (1) jn, U)NB(V*). Thus,
replacing everything with its primed counterpart, we can assume that vg,...,vg_1 are linearly
independent on U and that they span vi,...,v,_1.

For j <k let 7j = (v, ) and define f: B — R U {+00} as in the previous lemma. Namely,

f(e") =sup{|Aoro + -+ + Apoaroa| 5 D0 Aivi(e)| < 13
i<k
Let w0 = ¢ lpg(e), remark that f(e) = [¢of < 1. Therefore, there is W c U open set con-
taining e such that for every ¢’ € W, f(e') < 1. Take ¢’ € W and define 0y : E(e') — R
by 0o(Xicn Aivi(€)) = Yicp Airi. We have that [6p]| = f(¢/) < 1. Using the Hahn-Banach
theorem we get a linear form 6 : Vo — R extending 6y with |6 < 1. Hence, (¢’,0) €
O*((Vj)qu, (Ij)j<naU) N B(V*) and so e’ € pr*((?*((vj)jm, (Ij)j<naU) N B(V*)) which com-
pletes the proof. O

We will say that a space over B, (X, p), admits sections if through every point of X passes a
section. We know by Proposition 3.1.8 that (V*,pr*) is a space over B. Our next objective is
to show that it admits sections. We will restrict our study to the case of a separable field, which
we define below.

Definition 3.1.14. A field of Banach spaces over B, (V,T"), is said to be separable if there is a
countable A ¢ T" such that for every e € B, {v(e) ; v e A} is dense in V,.

It follows immediately that in a separable field each fiber is separable. However, the converse is
not true in general, even if the base is separable, see the remark after | , Proposition 13].
We note that in a separable field there is a countable Ag € [1..p Be such that {v(e) ; veAp} is
dense in B, for every e € B.

Proposition 3.1.15. Suppose B is a compact, metrizable space. A continuous field of Banach
spaces over B, (V,T), is separable if and only if T', as a Banach space, is separable.

Proof. <) Take A ¢ T' be a countable dense subset. Fix e € B, v € V., and € > 0, now
pick v € I" such that v(e) = v. By density, there is w € A satisfying |v — w| < e. Then,
|lv-—w(e)| < |v-w]| <e. Thus, {w(e); weA} is dense in V.. Since this is true for every e € B,
we conclude that (V,T") is separable.

=) Let A be a countable subset of I such that {v(e) ; v € A} is dense in V. for every e € B.
Let A be a uniformly dense countable subset of C'(B). Define

N={fivi++fova;neN, fi,....,fneAand vi,...,v, € A},

we will show that A’ is dense in I". Fix w € I and € > 0, then, by the definition of separability and
continuity of the norm, for each e € B there is U, open neighborhood of e and there is v, € A such
that ||ve(e’) —w(e')| < €/2 for every e’ € U.. By compactness, the cover {U. ; e € B} admits a
finite subcover, say {Ue,,...,Ue, }. Let g1,...,g, € C(B) be a partition of unity subordinated to
{Ue,, ..., U, } and assume that supp(g;) € U, for i < n. It follows that [g1ve, +-+gnVe, —W| <
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€/2. Now, let M = max{||ve,| ; ¢ <n} and for each i < n take f; € A with | f; — gi|| < ¢/(2nM).
Therefore,

[f1ve, + -+ faVe, = W[ < [(f1 = g1) Ve, + -+ (fo = gn) Ve, = W[ + |g1Ve; + -+ gnVe, —W|
€
<[ fi=gilllve |+ + 1 fn = gnlllve, | + 2

< E.

This completes the proof. ]

In order to prove that V* admits sections we will show that B(V*) is completely metrizable and
use the following fact, due to Itai Ben Yaacov, whose proof we reproduce here.

Fact 3.1.16. Let X be a completely metrizable topological space, B a compact totally discon-
nected space and p: X — B a continuous, open surjection. Then (X, p) admits sections.

Proof. Let d be a complete metric on X of diameter smaller than 1. Fix z € X. We will build
recursively a tree T such that for every o € T of level k, we choose n, € N, x, € X and U, clopen
subset of B satisfying:

e p(zs) € Us < p(B(zo, 2_k))7
e the successors of o are o7 for i < ng,

o {U,~; ; i<ng} is a partition of U,.

For the level 0 we start with @ € T', Uy = B and x4 = x. Suppose o € T of level k has already
been defined. Let X, = p~'(U,) n B(z,,27%), so p(X,) = U,. Since p is open, the collection
{p(B(z,27%1)), ; z€ X,} is an open cover of U,. By compactness, it admits a finite subcover
{p(B(25~5,27"1)) ; i <ny} with £5-0 = 2,. Take {Uy,~; ; i < ny,}, a partition of U, in clopen
sets, such that p(z,~;) € Uy~ € p(B(24-1,27%1)).

Let us define x = {x, ; 0 € T}. Note that for every o € T of level k, d(z,,2,~;) < 27% for every
i < ny. This implies that x is totally bounded, hence compact. Moreover, for every n € 0T,
the set of branches of T', the sequence (2}, Jnew is Cauchy. By completeness, it admits a limit,
say x. Furthermore, NyenUnp, = {p(2y)}. We claim that x = {z,, ; n € 0T'}. The inclusion
{xy ; n € 0T} cxis clear. For the converse, take € x and choose ) € 9T such that p(z) = p(xy,).
For each n € N, we have that p~'(Uy,,) n B(2,2™")n{z, ; 0 € T} #+ @. By construction, we can
find m,, € N such that z,;,, € p~'(Uy,) N B(z,27"), by adding zeros at the end if necessary,
we can assume that my, > n. Therefore, x = lim, z;,, = lim;, 2y, = x,, which shows the other
inclusion. We conclude that p [x: x — B is a bijection, so x defines a section. O

Theorem 3.1.17. Let (V,T') be a separable continuous field of Banach spaces over B. Suppose
moreover that B is completely metrizable. Then, the weak® topology on B(V*) is completely
metrizable.

Proof. Let Ag = {vy, ; n € N} be a countable subset of T' such that {v,(e) ; n € N} is a
dense subset of B, for every e € B. Let dg be a complete metric for B of diameter < 1. For
(e;0),(€',1) e B(V*) define

d((e: ), (¢!, ) = (Z 2" (v )~ <vn,w>|) v dn(e,e).

neN
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We will prove that d is a complete metric that induces the weak* topology on B(V*). Clearly,
if (e,¢) = (€¢',9) then d((e, ), (e',9)) = 0. Conversely, if d((e, ), (e’,1)) =0 then e = ¢’ and,
@ and 1 agree on a dense subset of B, which implies ¢ = ¢. By definition, d is symmetric
and it can be readily shown that the triangle inequality also holds. Thus, d defines a metric
on B(V*). We will show that the weak* topology is finer than the metric topology. Let us fix
(e,) € B(V*) and € > 0. We set U = By (e,€/2). Let N €N be such that ¥,,. 27! < ¢/8. For
n < N set I, = ((Vn, @) — €/4,(Vn, p) + €/4). Clearly (e,¢) € O ((vp)n<n, (In)n<n,U), we claim
that the latter is contained in By((e, ), €). Indeed, take (¢’,v) € O* ((vi)n<n, (In)n<n,U), we
then have that

A((e: ), (¢, 1)) = ( S 2 (v o) - <vn,w>|) ( S 2 (v o) - <vn,w>|) v dn(ee')

n<N n>N
£ 92 Y 2y dp(e, )
4 n<N n>N
€ € €
<—+—+=
4 4 2

ie. (e,9) € By((e,¢),€). In order to show that the metric topology is finer than the weak*
topology, take wq, ..., w1 € I', Ip, ..., [,_1 open subsets of R and U ¢ B open, and suppose
that (e, p) € O*((W;)j<m, (L) j<m, U). Pick r > 0 satisfying ((w;, ¢)—r, (w;,¢)+r) € I; for j < m.
Since {vy(e) ; n € N} is a dense subset of B,, there are ng,...,n,-1 € N with [w;(e) - vy, (e)] <
r/3 for j < m. Take € > 0 such that Bgg(e,e0) € U and [w;(e") — vy, (e')| < /3 for every
e’ € Byg(e,e0). Set N = max{ng,...,nm,-1} and let € = min{27V"1r/3 ¢}, we will see that
Ba((e,),€) € O*((W;) jem, (1) jem, U). Take (€',1) € Bq((e,¢),€), then e’ € By (e, €) and

> 27" (v, ) = (v, ) < 273
neN

Therefore, for every n < N, [(vy,, @) — (vp, )| < /3. Hence, for every j <m,

(w20) = (W, 0] < (W5 0) = (Vi )]+ [V, 0) = (Vi D+ v, ) = ()
<€) = vay ()] + 5 + [wj(e') = v, ()]

<T.

We thus conclude that the two topologies agree. Now take (e, ¢n)ney a Cauchy sequence in
B(V*). Since dp(en, em) < d(n, pm) for every m,n € N, then (e, )nen is a dg-Cauchy sequence
in B. Thus, it converges to say e € B. Fix j € N, note that [(vj, on) = (v}, om)| < 277 d(¢n, om)-
It follows that ((v;,¥n))nen is a convergent sequence of reals, let r; € R be its limit. Let W, =
Span{vy(e) ; n e N}, then W, is a dense subspace of V.. Define ¢ : W, — R by (v;(e), ) = r;
for j € N, and extend by linearity. We will show that 1) is a well-defined continuous linear form
on We. Suppose ¥, Ajv;j(e) = 0 for some A, ..., Ag-1 € R. Then, lim, oY Ajvj(en)] =0
and since (¥ Ajvj(en), on)l < X<k Ajvj(en)l, we get that limpy—eo(X ek Ajvi(en), on) = 0.
This implies that ;. Aj7; = 0, showing that ¢ is well-defined. By definition, ¢ is linear. To

prove that it is continuous, let Ag,..., \x_1 € R, then
(> Nvj(e),v)| = hm i(en), pn)l < hm HZ)\ vilen)] = Ajvje)].
J<k j<k

Therefore, v is continuous and H1,/1|| < 1. By density, 1 extends uniquely to a continuous linear
form ¢ on V. with |¢| < 1. To complete the proof we will show that (e, n)nen converges to
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(e,). Fix € > 0 and pick Ny € N such that ¥,5n, 27" < ¢/8 and dg(en,e) < €/2 for every
n > Ny. Now take Ny > Ny such that for every n < Ny and every k > N1, |[(vy, 0k) — (Vn, @)| < €/4.
In this way, for k& > Ny,

d((er, er), (e,)) = ( > 27 Vi, k) - <Vmso)|) + ( > 27 Vi k) - (Vn,w)l) +dp(ex €)

n<Ng n>No
< So2mheo 3 gn-1, &
4 n<Ng n>Nop 2
€ € €
<—4—+=
4 4 2
= €.
This completes the proof. ]

Corollary 3.1.18. Let (V,T") be a separable continuous field of Banach spaces over B. Then,
(V*,pr*) admits sections.

Proof. By the previous theorem and Fact 3.1.16 we conclude that (B(V*),pr*) admits sections.
Let us call I'j this family of sections. Then, I'" = {A\v ; A eR, v eI'j} is a family of sections for
(V" pr*). 0

From now on I'j and I'* will always refer to the sections on B(V*) and V* respectively. From
the previous corollary we deduce that v € [T g V." belongs to I'* if and only if e — |v(e)| is
bounded, say by M >0, and ﬁl/ eI'5. The next proposition characterizes the elements of I'.

Proposition 3.1.19. Let (V,T') be a separable continuous field of Banach spaces over B. For
v € [Teep B(V.) the following assertions are equivalent:

1. vely.

2. For every e € B and every € >0 there exist V' € Iy and U € B open neighborhood of e such
that ||v(e") - V' (e')| < e for every e’ € U.

3. For every e € B and every € >0 there exist v' € I'; and U € B open neighborhood of e such
that d(v(e’),v'(e')) < € for every ¢’ e U.

4. For every v' e, the function e — d(v(e),v'(€)) is continuous.
5. For every v €T, the mapping e — (v(e),v(e)) is continuous.
6. The map V— R given by (e,v) — (v,v(e)) is continuous.

Proof. 1.= 2. Immediate.

2. = 3. Follows from the fact that d(v(e’),v'(e')) = Spen 27" H{(vnle),v(e) v/ (e))] < |v(e) -
V()]

3.= 4. Fix v/ €T, let e € B and let € > 0. Then, there exists vy € I'§ and U € B open set
containing e satisfying d(v(e’),vp(e’)) < €/3 for every e’ € U. Furthermore, since v', 1 € T,
there is Uy € U open with e € Uy such that |d(vg(e’),v'(€')) — d(vo(e),v'(e))| < €/3. Therefore,
for every e’ € Uy

(v (e'), v (e')) = d(v(e), V' (e))] < g +ld(ro(e), v (e")) = d(v(e), v (e))]

© % +ld(vo(e’), v (e')) = d(vo(e),v"(e))]

< €.
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4.=5.Fixvel, let e e B and let € > 0. Take v/ € I'§ passing through v(e) and pick N € N
with |v(e) —vn(e)| < €/5. Let U € B be open such that e € U and, |v(e') —vn(e')| < €/5,
d(v'(e"),v'(e)) < 27N71(¢/5) and d(v'(e"),v(e")) < 27N"1(¢/5) for every e’ € U. It follows that
for every e’ € U,

((v(e"), v(e) = (v(e), ()] < [(v(e") = viv (e, ()] + (v (e'), v(e") = v'(eN)]
+ (v (e, V() = {vv(e), V() + (v (e), ¥ (e) - v(e))|
+ (v (e) = v(e),v(e))]
< [v(e) = v ()] + 2V d(w(e), V' (e") + 27 (' (). 1 (¢))
+ 2V (e),v(e)) + [v(e) ~ v (e) |

< €.

5. = 6. Take (e,v) € V. Fix € > 0 and pick v € I' passing through (e,v). Let U be an
open neighborhood of e such that |(v(e'),v(e")) — (v(e),v(e))| < €/2 for every ¢’ € U. Let
(e/,v") € O(v,€/2,U) then

[, v(e)) = (o) < (0" = v(e). ()] + [{v(e), () = (v(e), v(e)
<’ =v(] + 5
< €.

6. = 1. Fix e € B and suppose that v(e) € O*((v})jcn, (Ij)jn,U) for some vo,...,vp_1 €T,
Iy,...,In-1 € R open and U ¢ B open. Then, for each j < n, there is ¢; > 0 and U; open
neighborhood of e such that for every (¢/,v") € O(vj,€¢;,U;) we have (v',v(e’)) € I;. Define
U'=UnUyn--nUp-1, it follows that for every e’ e U’, (v;(e'),v(e")) € I; for every j < n. Hence,
v(e") € O*((vj)jcn, (I;)j<n, U) for every €’ € U’, which completes the proof. O

The next result follows immediately form the previous proposition and the definition of I'*.

Corollary 3.1.20. Let (V,T') be a separable, continuous field of Banach spaces over B and let
veller VY. Then, vel™ if and only if e — |v(e)| is bounded and for every v € I the map
e —> (v(e),v(e)) is continuous.

Corollary 3.1.21. Let (V,T') be a separable, continuous field of Banach spaces over B. Then,
for every v e T'§ the function e —> |[v(e)| is lower semi-continuous.

Proof. Let Ag = {v, ; n € N} be a countable subset of " such that {v,(e) ; n € N} is a dense
subset of B(V;) for every e € B. We have that for every e € B,

[v(e)] = sup{l(vn(e),v(e))l ; neN}.

Therefore, e — |v(e)|| is the supremum of a family of continuous functions, and as such is lower
semi-continuous. O

As we stated before, I'" = {\v; AeR, veI'§} is a family of sections for (V*,pr*). Since I'j is a
C'(B)-module then so it is I'*. By 2. of the previous proposition, I'* is locally uniformly closed
and by the previous corollary, the norm of a section is a lower semi-continuous application. We
thus have proved the following result.
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Corollary 3.1.22. Suppose (V,T') is a separable continuous field of Banach spaces over B.
Then, (V*,I'*) is a lower semi-continuous field of Banach spaces over B.

Remark. 1f V is trivial, i.e. equal to V' x B, then I'j can be identified with the set of weakly*
continuous maps from B into B(V™). Indeed, take v € Iy, if v(e) € {¢ € B* ; for every j <
n, (vj,p) € I;}, take U open neighborhood of e such that for every e’ ¢ U, (€¢/,v(€')) €
O*((v§) jen, (I;) j<n,B). Now suppose v : B — B(V*) is weakly” continuous and assume
(e,v(e)) € O ((vj)jcn, (j)jen,U). Take r > 0 such that B({v;(e),v(e)),r) c I; for every
j <n. Take Uy € U open set containing e such that |v;(e) —v;(e’)| <r/2 and |(v;(e),v(e")) -
(vi(e),v(e)) < r/2 for every €' € Uy and every j < n. It follows that for every e’ e Uy,
(e",v(e") € O ((vj)jn, (1) j<n, U)-

In general, this is the best result we can hope for, compare for example with | , Lemma

3.11]. We ask however if there is a condition on the field that guarantees continuity of the dual
field.

3.1.2 The weak topology

In this subsection we assume that for any (V,I"), continuous field of Banach spaces over B, V*,
endowed with the weak” topology, admits sections, say I'*. By 6. of Proposition 3.1.19, each
v eI'* defines a continuous mapping V — R. The initial topology on V given by this family of
maps together with the projection on B will be known as the weak topology. We will write V,,
whenever we consider the weak topology on V. It follows from the definition that the sets

Ouw((¥§)j<n, (Ij)jen,U) ={(e,v) €V ; ee U and (v,v) € I; for every j <n},

where vg,...,vp-1 € I'*) Ip,...,I,-1 € R and U € B are open, form a base for this topology.
Moreover, on each fiber this topology coincides with the weak topology on the Banach space.
We also remark that each section in I' is a weakly continuous map. Indeed, let v eI, eg € B
and take Oy ((v})j<n, (I;)j<n,U) a basic weakly open set containing v(ep). For each j < n,
since the map e — (v(e),v;(e)) is continuous, there is an open neighborhood Uj of ey such
that (v(e),vj(e)) € I, for every e € U;. Thus, for every e e UnUyn--nU,_1, we have v(e) €
Ouw((¥5)j<n: (Ij)jen, U)-

Definition 3.1.23. Let (V,T') and (W, A) be fields of Banach spaces over B. Amap T :V — W
is said to be linear if for every e e B, T, =T' |y, is a linear application from V. into W,. If both
fields are continuous, it is said to be a homomorphism if T is moreover continuous.

We remark that any map T : V — W over B induces an application T : [T.cg Ve — [leeB We
by T'(v)(e) =T(v(e)) for v € [T, Ve and e € B. In particular if T is continuous and v € I" then
T(v) € A. On the other hand, given (e, ¢) € W* define T'(¢) : V. — R by (v, T (¢)) = (T'(v), ¢).
In case T is linear (resp. continuous) then 7"(v) is also a linear (resp. continuous) map. Likewise,
T induces a function 7" : [T..g W' — [1.s V.-

Fact 3.1.24. [ , Proposition 5] Let T : (V,I") — (W, A) be a linear map between continu-
ous fields of Banach spaces over B. Then, T is a homomorphism if and only if for every v e T,
T(v) € A and the map e — ||T| is bounded.

Lemma 3.1.25. Let T: (V,T') — (W, A) be a linear map between separable, continuous fields
of Banach spaces over B. Then, each of the following affirmations implies the ones below:

1. T is a homomorphism.

2. T'(A*) cT*.
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3. T is weakly continuous and the map e — |T¢| is bounded.

If every weak section of W is also a norm section, then the three affirmations are equivalent.

Proof. 1. = 2. Let v € A* and take v € I'. By hypothesis T'(v) € A, this implies that the map
e— (T'(v)(e),v(e)) = (v(e), T'(v)(e)) is continuous. Moreover, for every e € B, |[T'(v(e))| <
ITe||v(e)|. From Fact 3.1.24 we get that e —> |T"(v(e))| is a bounded map. Thanks to
Corollary 3.1.20, we obtain that T"(v) € T'*.

2. = 3. Suppose that (e;,v;)ies is a net in V converging weakly to (e,v). In particular (e;)ier
converges to e. Take any v € A*, by our assumption 7’(v) € I'*. Therefore, (T(v;),v(e;)) =
(vi, T'(v)(€;)) — (v, T"(v)(e)) = (T'(v),v(e)). Thus, (T'(e;,v;))ier converges weakly to T'(e,v).
In particular, for every e € B, T)(W/}) c V.*. This implies that T, is bounded and so ||T¢| <
+0o. Let us denote by I'j the family of sections on B(W*). Let d be the complete metric
on B(W*) as per Theorem 3.1.17. This distance induces a uniform metric, d,, on I'j, which
by Proposition 3.1.19 is complete. Take v € Aj, then for every (e,v) € B(V), (T'(v),v(e))| =
(o, T/ W) < IT'()(e)] < IT'()]. Therefore, sup{{T(v),u(e))] ; (e,v) € BV)} < +oo.
For n € N define X,, = {v € Aj ; sup{|(T'(v),v(e))| ; (e,v) € B(V)} < n}. It follows that
Uneny X = Aj. By Baire category theorem, there is m € N such that X, has non-empty interior.
Choose v € A} and € > 0 such that By, (v,€) € X,,. Let (e,v) € B(V), pick ¢ € B(V,*) such that
IT(v)| =(T(v), ), and let n € Aj passing through (e, ). Then,

I7()] = (T(0),0) = ~(UT ), ene) + () ~ (T (@), v(e)) <

Since this is true for any (e,v) € B(V), we conclude that |T.|| < 277" for every e € B.

Suppose now that every weak section of W is also a norm section and that 3. holds. Let v e I,
since T' is weakly continuous, we obtain that 7'(v) is a weak section, and so T'(v) € A. The
result follows from Fact 3.1.24. d

Notice that the proof of the implication 2. - 3. is just an adaptation of the proof of the uniform
boundedness principle, which is used on the proof the analogous result for Banach spaces, see
for example [ , Theorem VI.1.1].

3.1.3 The bidual field

Let (V,I') be a continuous field of Banach spaces over B such that V*, endowed with the weak*
topology, admits sections, say I'*. Let

and B(V**) ={(e,\) e V** ; |\| <1}. For vy,...,vp1 €%, Ip,...,I,-1 SR and U € B let

O (V) jen, (Ij) jen, U) = {(e;X) e V** ; e e U and (A, v;(e)) € I; for every j <n}.

The following theorem is the analogue of Proposition 3.1.8 for the bidual field and as such the
proofs readily translates.

Proposition 3.1.26. Let (V,T') be a continuous field of Banach spaces over B such that V*,
endowed with the weak™ topology, admits a family of sections I'*. Then, the family of sets
{0 (V) jn, (1) jnU) 5 vi,...,vp €%, I, ... 1, €R, open and U € B open} is a base for a
Hausdorff topology on V**. Under this topology:
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1. pr** :V** — B is continuous.
2. For every v e the map (-,v): V** — R given by (e, \) — (\,v) is continuous.

3. The sum from V** xg V** into V** and the scalar multiplication from R x V** into V**
are continuous maps.

For every e € B, the induced topology on V)" is the weak-* topology. We will see that the
projection from V** onto B is open. For this, we will need the next result.

Fact 3.1.27. [ , Corollary of Theorem IV.8.3] Let V be a Banach space. Then, the image
of B under the canonical embedding of V into V** is weak™ dense in B(V*™).

For V' a Banach space and v € V' we will denote its image under the canonical embedding into
V** by 0.

Proposition 3.1.28. Let (V,I') be a continuous field of Banach spaces over B such that V*
admits sections. Then, the natural projection pr** : B(V**) — B is open.

Proof. Pick e € pr**(O** ((v§) j<n, (Ij) jn, U) n B(V**)) where v1,...,v, €I'*, I1,..., I, SR and
U ¢ B are open. This means, that we can find some (e, ) € O**((v}) jzn, (Ij) j<n, U) n B(V**).
Pick r > 0 such that ((\,vj(e))—2r, (X, v;(e), \)+2r) ¢ I; for every j <n. Consider the following
weak” open neighborhood of X in B}”

W={reB."; [(T-\vj(e))| <r for every j <n}.

By the previous fact, there is v € B, such that © € W. Take v € " passing through (e,v). Since
the mappings ¢ — (v(e’),v;j(e’)) are continuous, there is Uy € U open set containing e such
that |(v(e’),vj(e")) - (v(e),v;(e))| < r for every j < n and every e’ € Uy. Fix e’ € Up, then for
every j <n,

((v(en), v (€)= (i) < (v (eh), (D) = (v(e), vi(e))] + (v (e), vj(e)) = (A vj(e))] < 2r.

Therefore, v(e') € O ((v})<n, (Ij)j<n, U) N B(V**) and so, €’ € pr**(O*((v})j<n, (I;)j<n, U) N
B(V)**), showing that pr** is open. O

In general, we do not know whether there is a family of sections I'** on V** so that (V**,T**) is
a field of Banach spaces. However, this is evidently true if the original field consists of reflexive
spaces.

3.2 The field Cy(X)

For a topological space X, Cy(X) denotes the Banach space of continuous, real-valued, bounded
functions defined on X. Let (X, p) be a normal Hausdorff space over B. For e € B let us set
Xe=pt({e}) and for f € Cp(X) let f. = f }y,. We define Cy(X) = [een Cp(Xe). Each f € Cy(X)
can be seen as a section of Cy(X) via e — f..

Proposition 3.2.1. Let (X,p) be a normal Hausdorff space over B. Then, if p is closed,
(Cp(X),Cp(X)) is an upper semi-continuous field of Banach spaces over B. In case p is open
then the field is lower semi-continuous.
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Proof. We will verify that (Cy(X), Cp(X)) satisfies the four conditions given in Proposition 3.1.2.
It is a routine verification that C,(X) is a C(B)-module. Pick any e € B and any f € Cp(Xe).
Since X, is closed, by Tietze extension theorem, there is f € Cp(X) extending f. Thus, f is
a section passing through f. We will first prove that Cy(X) is locally uniformly closed. Fix
f € [T, Cv(Xe) satisfying condition 4. of Definition 3.1.3, we must show that f is continuous
and bounded. Pick x € X and € > 0, take U ¢ B open neigborhood of e = p(z) and g € C(X)
satisfying ||f.r — ger|| < €/3 for every e’ € U. We set Wy = p~}(U), note that for every z’ € Wy,
If(2") = g(2")| < |f52r) = 8par)|l < €/3. Take Wy open subset of X containing = such that
lg(z) —g(a’)| < €/3 for every ' e Wi. Now set W = Wyn Wy, if 2’ € W then

£(z") - £(2)| < [f(2") - g(2)| + | (=) - g(2)| + [g(2) - £(2)| <e,
showing that f is continuous. Again by condition 4. and the compactness of B, there is
{U1,...,Uy,} open cover of B and g1, ...,g, € Cp(X) such that |[f-g;[| <1on U;, fori=1,...,n.
It follows that |f| < max;<,|gi| + 1 and so f is bounded.

Now fix f € Cy(X) and suppose that p is closed. We will now show that the map e — |f.| is
upper semi-continuous. Take e € B and € > 0. For every x € X, there exists an open set U, € X
with 2 € U, such that for every z’ € Uy, ||f(x)| - |f(2’)|| < e. In this way, U = U{U, ; v € X.} is
an open set containing X,. Since p is a closed map, V = B\ p(W) is an open neighborhood of
e. Furthermore, for every e’ € V, X c U. Take €' € V and = € X, pick zp € X, with = € Uy,
then |f(z)| < |f(z0)| + € < |fe| + €. It follows that |fe| < [fe] + €.

Suppose now that p is open, take f € C,(X), e € B and € > 0. Let xy € X, such that |f(x¢)| >
|f.| —e. Let U € X be an open set containing xg such that |f(x)| > |[fe| — € for every x € U.
We have that Vj = p(U) is an open neighborhood of e. Fix any e’ € V), then we can find some
z' € XenU. We then have that £/ > |f(z")| > ||[fe] — €, completing the proof. O

The family of sections on X will be denoted by I'(X). If x e I'(X) and (e, f) € Cp(X) we set
f(x) = f(x(e)).

Definition 3.2.2. Let (X,p) be a normal Hausdorff space over B admitting sections. Let
(€i, fi)ier be a net in Cp(X), we say that (e;, fi)icr converges pointwise to (e, f) € Cy(X) if the
following two conditions hold:

1. (€;)ier converges to e.

2. For every x € I'(X), (fi(x))ier converges to f(x).

By C,(X) we mean the field C,(X) endowed with the pointwise convergence topology. It
follows from the definition that this space is Hausdorff and that the induced topology on each
fiber corresponds to the pointwise convergence topology on Cj(X.). Note that every x € I'(X),
through the evaluation map, defines a section of the dual field C,(X)*. It follows that, whenever
it is defined, the weak topology on Cy(X) is finer than the pointwise convergence topology. The
next result is an immediate consequence of the definition of the pointwise convergence topology.

Proposition 3.2.3. Let (X, p) be a normal Hausdor[f space over B admitting sections. Then,
Cp(X) embeds into Bx [] R wia (e, f) — (e, (f(X)xer(x))-
xel'(X)

It follows that a basis of the pointwise convergence topology are the sets

Op((x5)j<n, (L) jen, U) = {(e, f) e Cp(X) ; ee U and f(x;) € I; for every j <n}.
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where xq,...,x,-1 € ['(X), Iy,...,I,-1 are open subsets of R and U ¢ B is open. Suppose
now that C(X) is separable, which is the case if X is for example compact and metrizable.
Pick x € I'(X), then for every f e C(X), the function e — f(x(e)) is continuous. By Propo-
sition 3.1.19, x defines a section on the dual space Cy(X)*. Therefore, every pointwise open
subset described above is also weakly open. Consequently, the weak topology is finer than the
pointwise convergence topology.

Since the norm topology is finer than both the pointwise convergence topology and the weak
topology, every continuous function f € C(X') defines a section in these topologies. Our aim now
is to show that under suitable hypothesis for X and B, there are no other sections on C,(X).

Definition 3.2.4. A space (X, p) over B is said to have the section extension property if for
every F' ¢ B closed and every continuous section over F, xg : ' — X, there is a continuous
section x: B — X extending xg.

Notice that a space with the section extension property admits sections.

Lemma 3.2.5. Let (X,p) be a space over B. Assume that X is sequential and that it has the
section extension property. Then, a map f: X — Y is continuous if and only if the following
two conditions hold

1. For every e € B, the map f. : X, — Y is continuous.

2. For every x e I'(X), the map fox: B — Y is continuous.

Proof. The implication left to right is clear. Suppose now that f : X — Y satisfies the two
conditions stated. Assume, for sake of contradiction, that f is not continuous. Then there is a
sequence (p)neny € X converging to x € X such that (f(zy,))ney does not converge to f(x). If
the set {n € N; p(x,) # p(x)} is finite, then the sequence (x,)ney is eventually contained in
X, (z), and this contradicts 1. Suppose now that the aforementioned set is infinite, by passing
to a subsequence we can assume that p(z,) # p(x) and that p(z,) # p(xn,) for m # n. Let us
define F' = {p(x,,) ; ne N}u{p(z)}. The map xq: F — X defined by x¢(p(z,,)) = z,, for n € N,
and xg(p(x)) = z, is a section over F. By the section extension property there is x € I'(X)
with xg € x. In this way, the map f o x is not continuous, contradicting 2. This completes the
proof. O

If we consider each X, as a topological space on its own and we denote by ¢ : X — X the
natural injection, then, the previous lemma states that the topology on X is the final topology
given by the family of maps {¢c ; e e B}uI'(X). The next result is a generalization of Fact 3.1.16
when X is Polish.

Lemma 3.2.6. Let X be a completely metrizable space, B a compact totally disconnected space,
and p: X — B a continuous, open surjection. Then, (X, p) has the section extension property.

Proof. Take F ¢ B closed and x¢: F —> X a section over F. Let {U, ; n € N} be a decreasing
neighborhood system for xg with Uy = X. For each n € N, since p is open, p(U,) is an open
set containing F' and so, there is a clopen set O, with F ¢ O, ¢ p(U,). By replacing U,
with U, n p~1(0,), we can assume that p(U,) = O,. For n € N let V, = O, \ Opy1. In this
way, {V,, ; n € N} is a sequence of disjoint clopen sets whose union is B\ F. Given n € N let
W, =U,up {(B\0O,). As an open subset of X, W, is completely metrizable, by Fact 3.1.16,
there is a continuous section y, : B — W,,. Define x = xg U Upenyn v, Clearly, x is a map
defined on B extending xg and satisfying p o x = idg, we claim that it is also continuous. If
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e € BN\ F, then e belongs to some V,,, so x agrees with y,, on a neighborhood of e and continuity
at e readily follows. Pick e € F and W ¢ X open with x(e) € W. Since x¢ is continuous and
p is open, there is V' ¢ B clopen containing e such that xo(V' n F) ¢ W and V' ¢ p(W).
Let W' = Wup{(B~V'). We have that W' is an open set containing xg. Then, there is
n € N such that U, ¢ W/. We set V"' = V' n O, and take ¢’ € V. In case ¢’ ¢ F we get
e’ e V' nF and thus x(e’) = x¢(e’) € W. Suppose now that ¢’ € V' \ F, then there exists m € N
such that €' € V,,, = O, N Ops1. Due to the fact that e’ € O,,, we obtain that m > n and so
x(e) = ym(e') € Wy,. Since ¢’ € O,,, we conclude that x(e’) € U, € U, € W' which implies
x(e') e W, as ¢’ € V'. This completes the proof. O

Proposition 3.2.7. Suppose that (X, p) is a completely metrizable space over a compact, totally
disconnected space B. Let f : B — Cp(X) be a section, then the map defined by f(x) =
f(p(x))(x) for x e X, is continuous.

Proof. By Lemma 3.2.6, X has the section extension property. On one hand, for every e € B, f(e)
is a continuous map on X,. On the other hand, by the definition of the pointwise convergence
topology on C(X), for every x € I'(X), the application e — f(e)(x) is continuous. Since X is
sequential, the result follows from Lemma 3.2.5. 0

Since weak continuity implies pointwise continuity, the next result is immediate.

Corollary 3.2.8. Suppose that (X, p) is a completely metrizable space over a compact, totally
disconnected space B. Let £ : B — C,(X) be a section, then the map defined by f(x) =
f(p(x))(x) for x € X, is continuous.

3.3 Compactness in C,(X)

We assume that (X, p) is a compact, metrizable space over a totally disconnected compact space

B. In this section, inspired by Grothendieck in | ], we will prove a double limit criterion for
compactness on C,(X). We know from Proposition 3.2.3 that C,(X) embeds in Bx ] R.
xel'(X)

The following lemma is a first characterization of compactness in terms of this embedding.

Lemma 3.3.1. Let A ¢ C(X). Then, A is relatively pointwise compact if and only if the
following conditions are satisfied:

1. For every x e I'(X), {f(x) ; fe A} is bounded.

2. The pointwise closure of A in Bx [ R is the same as in Cp(X).
xel'(X)

Proof. Let cl,(A) be the closure of A in C,(X) and let A denote the closure of A in B x
[Txer(x) R. First suppose that the two conditions are satisfied. For each x € I'(X) take My € R
such that {f(x) ; f € A} € [-Mx, Mx]. It follows that A is contained into the compact set
B x [Txer( x)[~Mx, Mx]. Therefore, A is also contained in this set, and hence it is compact.
Since A = cl,(A), we conclude that A is relatively pointwise compact. For the converse, suppose
that A is relatively pointwise compact, that is cl,(A) is compact in C,(X). This implies that
clp(A) is also compact, and thus closed, in B x [Txep(x)R. Hence, A =clp(A) and 2. holds.
Now fix x € I'(X), the projection onto the x-th component is continuous. It follows that
{f(x); feclp(A)} is compact which implies that {f(x) ; f e A} is bounded. O

First, we will find a criterion for compactness using doubly adherent points. Then, we will use
the diagonalization of double sequences in order to deduce a double limit criterion.
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Definition 3.3.2. Let (2 n)mnen be a double sequence in a topological space F'. We say that
x € F' is adherent by columns to (Zmn)mnen if for every V' ¢ F open neighborhood of z there
is infinitely many n € N such that {m € N ; z,,, € V} is infinite. If we exchange the roles of m
and n we get the notion of adherent by rows. We say that z is doubly adherent if it is adherent
by rows and by columns.

The next result will allow us to obtain a double limit criterion for compactness in C,(X), as
in [ , Théoreme 2]. C'(B,X), as a function space between topological spaces, is naturally
endowed with the pointwise convergence topology. Furthermore, since X is metrizable, C'(B, X)
also admits the uniform convergence topology. I'(X), as a subset of C'(B, X), inherits these two
topologies.

Theorem 3.3.3. Let A be a subset of C,(X). The following assertions are equivalent:

1. A is relatively compact.
2. A is relatively countably compact.

3. For every sequence (€y, fn)nen in A and every relatively pointwise compact sequence (Xm )meN
in I'(X) there is r € R doubly adherent to the double sequence (fn(Xm))m neN-

4. Same as 3. but with the sequence (X )men being relatively uniformly compact in T'(X).

Proof. 1.= 2. It is immediate.

2. = 3. Let (en, fn)nen be an arbitrary sequence in A and let (X;,,)men be a relatively pointwise
compact sequence in I'(X). By hypothesis the sequence (e, f)nen admits an adherence point,
say (e, f) € C,(X). In particular we have that e is adherent to (en)nen. By compactness,
(Xm)men admits a pointwise adherence point x € I'. We claim that f(x) is doubly adherent to
(fn(Xm))mnen. Suppose on the contrary that it is not adherent by columns. Then there is an
open neighborhood V' of f(x) and N € N such that for every n > N, {f,(x) ; me N} nV
is finite. This means that for every n > N, there is mg(n) € N such that f,(x) ¢ V for
m >mp(n). Note that for every n € N we have a pointwise continuous function from I'(X) into
R by x' — f,(x"). This implies that, for every n > N, f,(x) ¢ V. Hence, f(x) ¢ V, which
is absurd. Now suppose that it is not adherent by rows. This means that there is an open
neighborhood V' of f(x) and M € N such that for every m > M, {f,(x) ; n e N} nV is finite.
Then, for every m > M, there is ng(m) € N such that f,(x,,) ¢ V for n > ng(m). Therefore, for
every m > M, f(x,,) ¢ V. Hence, f(x) ¢ V which is absurd.

3. = 4. Immediate.

4.=> 1. If xe'(X) and (ep, fn)nen is a sequence in A then, by taking x,, = x for every m € N,
we get that (f,(X))neny admits an adherence point. This implies that the set {f(x) ; f € A}
must be bounded. Hence, the first condition of Lemma 3.3.1 is satisfied. We will show that the
second condition also holds. Let A be the closure of A in B x [Txer(x) R and take (e, f) € A,
we must show that f € C(X,.). This means that f defines a function on X, and this function
is moreover continuous. Suppose this is not the case, then there is xo € I'(X) and € > 0 such
that for every neighborhood V of xg(e) in X, there is xy € I'(X) such that xy(e) € V and
|f(xv) - f(x0)| 2 €. Let (Wy,)men be a decreasing countable neighborhood basis around xo. We
will construct, in a recursive manner, two sequences (€, fr)ns>1 in A and (X, )ms1 in T'(X) such
that for every n e N

a) |fo(xm) - f(xm)| <1l/nfor 0<m<n-1.

b) |fi(xn) — fi(x0)| < 1/n for 0 <i < n.
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c) [f(xn) = f(x0)| 2 €
d) x, € W,.

Suppose (e1, f1),...,(en-1, fn-1) and X1,...,x,-1 are already defined. Since (e, f) is adherent
to A, there is (e, frn) € A such that | f,(x,)— f(xmn)| < 1/n for every 0 < m < n—-1. We know that
there exists V,, open subset of X., which we can safely assume is contained in W,,n X, such that
for every i <n and for every z € V,,, we have |f;(2) — fi(x0)| < 1/n. We remark that W), being
an open subset of X projecting onto B, admits sections itself. Therefore, there is x,, € I'(W,,)
satisfying x,(e) € V;, and |f(x,) — f(x0)| > €. By construction, the sequence (X,)men converges
uniformly to x¢. Thus, from our hypothesis, we obtain r € R doubly adherent to the double
sequence (frn(Xm))mmnen. We fix m e N, by a), (fn(Xm))nen converges to f(x,,). If we fix n e N,
by b), (fn(Xm))men converges to f,(xo). Therefore, r is adherent to the sequences (f(Xm))meN
and (fn(x0))nen. Using a) once again, we obtain that (f,,(X0))nen converges to f(xo). It follows
that r = f(xg). Nevertheless, by c), |f(xmn) —r| > €, a contradiction. O

The condition of relative compactness on the sequence (X;;)men In 3. seems rather artifi-
cial. However, what we are essentially requiring is the existence of a doubly adherent point
to (Xm(€n))m,nen, in order to obtain a doubly adherent point to (£,(Xm))m,nen-

Fact 3.3.4 (Diagonalization of double sequences). [ , Remarque 2] Let (Zmpn)mnen be
a relatively compact double sequence in a metric space F. The non-existence of a doubly ad-
herent point to (Tmn)mnen implies that there is a double subsequence (i ;)i jeN = (Tm;n; )i jeN
such that lim;lim; y; ; and lim;lim;y; ; both exist but they are different. On the other hand,
if limy, limy, @, , and limy, limy, z,, 5, both exist and they are different then (Tmn)mnen has no
doubly adherent point.

This fact allows us to obtain the double limit criterion for compactness in C,(X).

Corollary 3.3.5. Let A ¢ C,(X) such that {f(x) ; (e,f) € A and x € X.} is bounded. A is
relatively compact in C,(X) if and only if for every sequence (€n, fn)nen in A and every relatively
uniformly compact sequence (Xm )men in T'(X),

lm lim( f,, (x,,)) = lim lm( fr, (%))
n m m n
as soon as both limits exist.

Proof. =) Let (en, fn)nen € A and let (Xm)men S I'(X) be relatively pointwise compact,
such that lim, lim, (f,(xm(er))) and lim,, lim, (f,(xm(e,))) exist. By Theorem 3.3.3, there
is 7 € R double adherent to (fn(Xm(en)))mmnen. Therefore, limy, lim,,(fn(xm(en))) = 7 =
limy,, limy, (fr, (xm(€r)))-

<) Suppose that A is not relatively compact in C,(X). Then, there are sequences (e, fn)neN
in A and (X, )men relatively uniformly compact in I'(X') such that (f,(xm(en)))m,nen does not
admit a doubly adherent point in R. Since (fn(Xm(€n)))mnen is bounded, by the previous fact,
we can pass to a double subsequence, such that lim,, lim,, f,,(x,(ey,)) and lim,, lim,, f,(x,(€n))
both exist but they are different. O

3.4 Groupoid actions

For (X, p) a space over B and G a groupoid of base B an action of G on X isamap -: GxgpX —
X such that whenever g,h € G and x € X satisfy s, =t, and sy = p(z) then h-(g-x) = (hg) - z.
We begin by studying separately continuous actions.
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3.4.1 Separately continuous actions

Let us work first in the setting of group actions. Let X be a topological space and let G be
a topological group acting (not necessarily continuously) on X. The action is said to be left
continuous if for every g € G the map x — ¢g-z is continuous. It is said to be right continuous if
for every z € X the map g — ¢-x is continuous. We say that the action is separately continuous
if it is both left and right continuous.

Let Homeo(X) denote the group of homomorphisms from X to itself. A left continuous action
G ~ X is just a group homomorphism from G to Homeo(X). The group Homeo(X) is usu-
ally endowed with the compact-open topology, under which is a topological group in case X is
compact. However, we will consider the pointwise convergence topology' on Homeo(X). Sup-
pose that the action G ~ X is moreover right continuous. Let (g;)ie; be a net in G converging
to g € G, then for any = € X, (g; - )iy converges to g-x. This means that the orbit maps
(gi)ier, considered as elements of Homeo,(X), converge pointwise to g. This means that the
homomorphism G — Homeo,(X) is continuous. In conclusion, a separately continuous action
of a topological group G on a topological space X is a continuous homomorphism of G into
Homeo,(X), the latter endowed with the pointwise convergence topology. This is precisely the
notion we will use in order to define separately continuous groupoid actions.

Suppose that X and Y are topological spaces, the pointwise convergence topology on a space
of functions from X to Y is just the topology induced from Y. The space .#(X,Y), defined
below, is the analogue of the product when considering spaces over B.

Definition 3.4.1. Let (X, p) and (Y,7n) be spaces over B. We set

J(X,Y)= || (Yo)*.

e,e’eB
We will write (¢, f,e) € £(X,Y) to indicate an element f € (Yy/)Xe.

From now on we will assume that (X, p) admits sections. We will endow .#(X,Y) with a
topology in the following manner. A net (€}, fi, €;)ier in #(X,Y") converges pointwise to (€', f,e)
if the following conditions hold:

1. (€;)ier converges to e.
2. (e})ier converges to e’.
3. For every x e I'(X), (fi(x))ier converges to f(x).
Proposition 3.4.2. Let (X, p) and (Y,n) be spaces over B with X admitting sections. Then,
1. The sets of the form
O((x0)i<ns W) icn, U, U) ={(', f,e) e Z(X,Y) ; € €U’ ecU, f(x;)eW; fori<n},
where Xq, ..., Xp-1 € D(X), Wo,...,Wy_1 €Y are open and U, U’ € B are open, form a
basis for the pointwise convergence topology on Z(X,Y).

2. The maps s,t : Z(X,Y) — B given by s(€’, f,e) = e and t(e, f,e) = ¢ are continuous
and open.

'Recall that we add the subindex p to a function space in order to explicit the fact that we are endowing it
with the topology of pointwise convergence.
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Proof. 1t is an easy exercise to see that pointwise convergence is equivalent to convergence on
the topology having these sets as a basis. 2. follows immediately from the definition of pointwise
convergence. O

In case X =Y we will simply write .#(X), which corresponds to [ , Definition 5]. This
space admits naturally a semigroupoid structure by

(6”,9,6’) ’ (6,7f7e) = (6”,9 ° fa 6).

The neutral elements are precisely (e,idx,,e) for e € B. The next result corresponds to | ,
Theorem 2]. Therein the authors assume that X =Y and that each fiber of X is compact.
Nevertheless, the proof readily adapts to our context, and the compactness hypothesis is only
used to see that (X.)*¢ is compact; which we do not need.

Fact 3.4.3. Let (X,p) and (Y,n) be spaces over B with X admitting sections. Then,
1. The pointwise convergence topology on Z(X,Y") is Hausdorff.
2. The induced topology on (Ye)Xe agrees with the product topology.
3. Multiplication on the right on Z(X) is continuous.

Definition 3.4.4. For (X, p) and (Y,n) spaces over B we set

(X, Y)={(,f,e) e Z(X,Y) ; [ is continuous}
H(X)={(¢, f,e) e #(X) ; [ is a homeomorphism},

both spaces endowed with the topology of pointwise convergence induced by .#(X,Y") and .# (X))
respectively. As usual, we will write €,(X) instead of €,(X,X). Note that J7,(X) is closed
under the semi-groupoid operation. Moreover, 7,(X) is closed under inverse. It follows that
(X)) is a groupoid and its base is in correspondence with B. Since multiplication on the right
is continuous, we obtain the following result.

Lemma 3.4.5. J7,(X) is a right semi-topological groupoid over B.

Definition 3.4.6. Let G be a groupoid over B and let (X, p) be a space over B. An action
G ~ X is said to be separately continuous if for every g € G the orbit map g: X5, — Xy, is
continuous and the map g — g is a continuous homomorphism from G into J7,(X).

Fix x € I'(X), then the function X : G — X given by X(g) = g-x(s4) is continuous. Indeed,
if the net (g;)ier converges to g then (tg,, i, si)ier converges pointwise to (tg,d,sy), which im-
plies g; - x(sg,) — g -x(sy). Furthermore, if g € I's(G), the space of s-sections of G, then
e — g(e) - x(e) is continuous. To see this, take (e;)is converging to e. It follows that
(tg(eny» 8(e1), €2)ier converges to (tg(e),8(0), ) and so g(ei) - x(e;) = g(e)(x) — g(e)(x) =
g(e) -x(e). By a completely analogous argument, if g € I'y(G), the family of ¢-sections of G,
then the map e — g(e) - X(sg(¢)) is continuous and it defines a section in I'(X'). We may write
g-x to denote g-x(sgq).

Given (e, f) € Cp(X) and g € Ge define gf : X;, — R by gf(z) = f(g7' - ) for z € X,. gf
is continuous and bounded, as gf = f o g~!. Therefore, we have an induced action G ~ Cp(X)

given by g- (e, f) = (t4,9f) whenever s, = e. Following the notation introduced just above, for
feCy(X) and g € G, gf will stand for the map ¢f;, .
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Lemma 3.4.7. Let (X, p) be a completely metrizable space over a compact, totally disconnected
space B and let G ~ X be a separately continuous action. Then, the action G ~ C,(X) is
separately continuous.

Proof. Pick g € G and a net (f;)r in C(Xs,) converging pointwise to f € C(X,,). This implies
that for any © € X,,. gfi(z) = filg " -2) — F(g ) = g (). Thus, §: Cy(X,, ) —» Cy(Xs, ) is
continuous. Now take a net (g;)ier € G converging to g € G, we must show that (sg,, i, Sg, )ier
converges in .7,(C,(X)) to (sg,7, Sg). This occurs precisely when for every section f of C,(X),
(Gi(f))ier converges to g(f). By Proposition 3.2.7, f is a continuous map, i.e. f € Cy(X). Thus,
we must see that (g;f);c; converges pointwise, that is in C,(X), to gf. Fix x e I'(X), since the
action G ~ X is separately continuous, we obtain g;!-x(t,) — g-x(ty). The continuity of f
allows us to conclude that g;f(x) = f(g; ' - x(t4,)) — £(g7 - x(¢4)) = gf(x). This completes the
proof. O

3.4.2 Continuous actions

Let (X, p) be a space over B and G be a groupoid acting on X. If the action map - : GxgX — X
is continuous, we say that G acts continuously on X, or that X is a G-space. As expected, a
continuous action is separately continuous.

We know that a separately continuous action G ~ X induces an action G ~ Cy(X). For
this action to be separately continuous it is necessary that for every f e Cy(X) the orbit map
f:G — Cp(X) is norm continuous. In the framework of group actions this means precisely
that the function is right uniformly continuous. We extend this notion to the case of groupoid
actions.

Definition 3.4.8. A map f ¢ Cy(X) is said to be right uniformly continuous if the orbit map
f: G — Cp(X) is norm continuous. We will write f e RUCg (X).

This means precisely, that for every g € G, every € > 0 and every (equivalently some) fy € Cp(X)
passing through g¢f, there is W ¢ G open set containing g satisfying |f(h™! - 2) - fo(z)| < € for
every h e W and every = € Xy, .

Lemma 3.4.9. Suppose f € Cyp(X). If f is right uniformly continuous then for every e > 0 there
is W ¢ G open neighborhood of B such that for every g e W and x € Xy, If(gt ) -f(x)| <e
for every x € X. If G admits sections then the converse also holds.

Proof. Fix e >0, for each e € B pick W, open neighborhood in G of e such that [f(h™1-z)—f(z)| < €
for every h € W, and every x € X;,. Then W = . We is the desired open set. Now suppose
that G admits sections and that f satisfies the property stated on the right hand side. Pick g € G
and € >0, and let g € [';(G) pass through g. It follows that gf is a continuous function passing
through gf. For this section and said €, take Wy open neighborhood of B as in the statement.
We have that W = g, is an open set containing g. Take h € W, since g(t) 'h € Wy we get
If(htg(tn)-y)—f(y)| < € for every y € Xsgq,)- Take x € Xy, , we have that y = g(tp)) treX
and so

Sg(tp)’

[hf () - gf ()] = [E(h7" @) ~ £(g(tn) ™ - 2)| = [E(h " g (tn) ) ~ £ ()| <.
This completes the proof. O

Lemma 3.4.10. Let (X, p) be a normal space over B and let G be a groupoid acting on X. If
Cy(X) =RUCqg(X) then the actions G ~ X and G ~ Cy(X) are continuous.
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Proof. Assume that Cy(X) = RUCg(X). Take (g,z) € G xg X and let W be an open subset
of X containing g-x. Take f : X — [0,1] a continuous function such that f(g-z) = 0 and
f txuw= 1. Take f' € Cy(X) extending g 'f. We then have that ¢g~'f € O(f’,1/2,B). Since
f is right uniformly continuous, there is U open neighborhood of g such that for any h € U,
h7lf € O(f',1/2,B). Since f'(z) = f(g-z) = 0, there is V ¢ X open set containing x such that
[f'(z")| < 1/2 for every 2’ € V. It follows that for (h,2") e U xg V,

£(h-a') <|f(h-a") = £ (&")| +|f'(2") < [P7'E = £, | + €' (2")] < 1.
Therefore, h -z’ € W which shows that the action G ~ X is continuous. Now fix g € G and
(sg,f) € Cp(X). Take fy € Cp(X) extending gf and suppose that (tg4,gf) € O(fo,€,U). Let
f e Cp(X) extend f, since f is right uniformly continuous there is W neighborhood of g such
that for every h e W, (ty, hf) € O(fy,€/2,U). Therefore, if h € W and (s, f') € O(f,¢/2,B) an
easy computation shows that (t5,hf") € O(fy,€,U). This concludes the proof. O

From this lemma we conclude that the action G ~ Cy(X) is separately continuous if and only
if it is continuous. In any case, it is necessary that the action G ~ X is continuous. When X is
compact we will see that this condition is also sufficient.

Lemma 3.4.11. If (X, p) is a compact space over B and G is a groupoid acting continuously
on X then C(X)=RUCqg(X).

Proof. Fix f e C(X), g€ G, € >0 and fy € C(X) extending gf. For each z € X there is U, ¢ X
open with x € U, such that [f(z") —f(z)| < /2 and [fp(2") — fo(x)| < €/2 for every 2’ € U,. By the
continuity of the action, for every x € X;  there are W, ¢ G and V,; ¢ X open neighborhoods
of g‘1 and x respectively, such that W, -V, € Ug-1.,. We thus get that {(VonUy, ; x e th} is
an open cover of X; . By compactness, there are xg...,7,-1 € X;, and there is A ¢ B open
neighborhood of ¢, such that

th S p_l (A) S (on n Uwo) U--u (Vxn—l n an—l)'

We set W =t71(A4)n (I/Vgg0 n---nW2 )7!, which is an open neighborhood of g. Pick h ¢ W
and z € Xy, . It follows that p(x) = t;, € A and so there exists i < n with « € V;, nU,,. Since
hleW,,, we get h' -z eUjr,,. Thus,

F(htz) —fo(x)| < |F(h1-2) —£(g - a)| + |fo () — fo(2)] < e O

Corollary 3.4.12. Let (X,p) be a compact space over B and let G a groupoid acting on X.
Then, G ~ X s continuous if and only if C(X) = RUCg(X). Any of these two conditions
imply that G ~ C(X) is continuous.

3.4.3 Dualities

Throughout this section we will assume that (X,p) and (Y,n) are spaces over B admitting
sections.

Definition 3.4.13. A function ( , ):Y xg X — R is said to be left continuous if for every
y € Y, the map qy(y) : X;,(yy — R given by x — (y,z) belongs to Cy(X,(,)), and defines a
continuous map gy : Y — C,(X). Right continuity is defined in a similar fashion. The map
is said to be a duality if it is both left and right continuous. If furthermore ¢y : Y — C,(X)
is a topological embedding we say that the duality is left strict. Right strict is defined in an
analogous manner. The duality is strict if it is both left and right strict. In case G is a groupoid
acting on X and Y, we say that { , ) is a G-duality if (y,g-x) = (g7 -y, z) for every z € X, y e Y
and g € n(y)Gp(z).
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Whenever x e I'(X) and y € Y, we let (y,x) = (y,x(n(y))). In a similar fashion, for y € I'(Y)
and z € X, (y,2) = (y(p(x)), ).

Lemma 3.4.14. Let (X,p) and (Y,n) be spaces over B admitting sections on which G acts
(not necessarily continuously). Let { , }:Y xg X — R be a duality. Then,

1. The duality is left strict if and only if a net (y;)ier converges to y € Y precisely when
(7(y3))ier converges to n(y), and ({yi,X))ier converges to (y,x) for every x e T'(X).

2. The duality is right strict if and only if a net (x;);e; converges to x € X precisely when
(p(x;))ier converges to p(x), and ({y,x;))icr converges to (y,z) for everyy e T'(Y).

3. (, ) is a G-duality if and only if qx is G-equivariant, which in its turn is equivalent to
qy being G-equivariant.

4. If (, ): Y xg X — R is a right (resp. left) strict G-duality and the action G ~Y (resp.
G ~ X)) is separately continuous then G ~ X (resp. G ~Y ) is separately continuous.

5. If(, ): YxgX — R is a strict G-duality then, the action G ~Y is separately continuous
if and only if G ~ X (resp. G ~Y ) is separately continuous.

Proof. 1. The duality is left strict if and only if a net (y;);e; converges to y € Y precisely when
(qy (y:) )ier converges in the pointwise topology to gy (y). By definition, the latter occurs when
(n(yi))ier converges to n(y), and ({y;,X))er converges to (y,x) for every x € I'(X).

2. Analogous to 1.

3. Suppose that we have a G-duality, then for every x € X, y € Y and g € n(y)Gp(x) we have

ax(g-2)W) =(y.g-2) = (g7 -y, 2) =ax (@) (g™ ) = gax (2) ().

Thus, gx is G-equivariant. A similar argument shows that the converse also holds. The equiv-
alence involving qy is proved in the same manner.

4. We deal with the case of a right strict G-duality, the other one being analogous. Let us denote
71 G — J(Y') the corresponding groupoid homomorphism. Fix g € G and let §: X, — Xy,
be the orbit map. Take a net (z;)sr in X, converging to x € X, . By right continuity of the
duality, for every y € Yy, , (y,2;) — (y,x). Then, for every y € Yy , (g7t y,m5) — (g7 y, ).
Using the fact that we have a G-duality we conclude that ({(y, g-x;))ic; converges to (y,g-z) for
every y € Y;,. This means precisely that (¢x(g-x;))ir converges pointwise to gx(g-z). Since
the duality is right strict, we conclude that (g - x;);e; converges to ¢g-x. This shows that g is
continuous and thus that § € 7,(X). Let *: G — J4,(X) be the groupoid homomorphism.
Take (g;)ier € G converging to g In particular we have that s;,, — s, and t,, — t,. Take
x €(X) and y € I'(Y), since g;! — g1, then (gl (¥))ier converges in Y to g~1(y). By left

continuity of the duality, ¢y (g; 1(y)) converges pointwise to gy (g-1(y)). Therefore,

(y,6i(x)) = (g, 1(¥), %) = av (g, (7)) (%) — av (471 (¥)) (%) = (g7 (¥), %) = (¥, §(x))-

By 2. we get that (g;(x))ier converges to g(x). This shows that *: G — 7,(X) is continuous,
which concludes the proof.

5. Follows directly from 4. O
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Example 3.4.15. 1. Suppose that (X, p) is a compact, metrizable space over a compact, totally
disconnected space B. Define ( , ): C,(X) xg X — R by (f,z) = f(x). It is easy to see
that this map is a left strict duality. Recall from Proposition 3.2.7 that I'(C, (X)) = C(X)
and so gx : X — C,(C,(X)) is continuous. Moreover, due to the fact that continuous
functions separate points in X, we get that gx is injective and thus an embedding. Hence,
(,):Cp(X)xp X — R is a strict duality. Furthermore, in case G acts in a separately
continuous manner on X we have in fact a strict G-duality.

2. Suppose that p: X — B is closed and let us consider the norm topology on Cy(X). In this
case we also have that I'(Cy(X)) = Cp(X) and that continuous functions separate points.
Hence, the duality ( , ): Cp(X) xg X — R is right strict. If G is a topological groupoid and
there is a separately continuous action G ~ X then we have in fact a G-duality.

3. Let (V,T') be a separable, continuous field of Banach spaces over B. It is immediate from
the definitions that the natural map ( , )} : VxgV* — R defines a right strict duality, which
in general is not left strict.

4. Consider at last a separable, continuous field of Banach spaces over B, (V,T"), endowed with
the weak topology. It follows directly from the definition of the weak topology that the
natural map ( , ):V, xg V* — R is left continuous. In fact, the map gy, is an embedding.
However, if u € I'(V,,), there is no reason for the map (e,¢) — (u, ) to be continuous.
This means that the map gy : V* — C,(V,,) is not necessarily continuous. Now, we know
that ' cI'(Vy,). If I' = I'(V,,) we then have that gy~ : V* — C,(V,,) is continuous, and even
more, it is an embedding. We thus get a strict duality.

In the case of group actions, bounded strict G-dualities on compact spaces are restrictions of
the canonical reflexive duality, this is rB(V ), x B(V*) — R, where r > 0, V' is a reflexive space
on which G-acts by isometries | , Theorem 4.5]. In the case of G-dualities the picture is
more complicated as the previous example shows. This is further illustrated with the following
result. It essentially says that under suitable hypothesis left strict G-dualities can be reduced
to strict G-dualities, compare with numeral (4) of | , Lemma 4.2].

Lemma 3.4.16. Let (X,p) and (Y,n) be spaces over B admitting sections. Assume moreover
that Y is completely metrizable, B is totally disconnected and G is a groupoid acting on X and
Y. Let (, ): Y xgX — R be a left strict G-duality. Then it can be reduced to a strict G-duality
(. )g:Y xg Xy — R where Xy = qx(X) € Cp(y). If G ~Y is separately continuous then
G ~ X, is also separately continuous.

Proof. X, as a subspace of C,(Y") is a space over B. Furthermore, each section of x defines
a corresponding section in X,. So, X, admits sections. We define ( , ), : Y xg X; — R by
(y,2)q = 2(y) = (y,x) where x € X is any element satisfying ¢x(«) = z. In this way, the map
qx, : Xq — Cp(Y") is just the inclusion map which is a topological embedding. For y € Y, the
map ¢y (y) : 2 —> (y,2z)q is just the evaluation map on y, which belongs to C,(X,). By 1. in
Lemma 3.4.14, in order to see that the duality ( , ), is left strict, we must show that a net
(Yi)ier in Y converges to y if and only if (7(y;))ier converges to n(y) and for every f e I'(X,),
(£(yi))ier converges to f(y). From left to right, it is clear that (n(y;))ier converges to n(y).
Fix f e I'(X), then f e I'(C,(Y")). This implies, using Proposition 3.2.7, that f e C(Y"). Thus,
(£(yi))ier converges to f(y). For the converse, take x € I'(X), by the right continuity of the
original duality, the map y’ — (y’,x) is continuous, and it is moreover a section of X,. Hence,
by hypothesis, (y;,x) — (y,z). Again 1. in Lemma 3.4.14 allows us to conclude that (y;)es
converges to y. Therefore, ( , ), is strict. An easy verification shows that it is a G-duality. The
last part follows directly from 4. in Lemma 3.4.14. O
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3.5 Representations of groupoid actions

Given two Banach spaces over the same field, V and W, we denote by Iso(V, W) the space of
linear surjective isometries from V onto W. Iso(V, W) admits several natural topologies, but
we will consider it with the topology of pointwise convergence.

Given a field of Banach spaces over B, (V,T'), let

Iso(V) = || Iso(Ve, V).
e,e’'eB
We will write (e’,T,e) € Iso(V) to indicate T € Iso(V;, Ver). Iso(V) admits a natural groupoid
structure over B. Indeed, for (e”,S,¢e"),(e/,T,e) € Iso(V) set

(e”,8,e") (e, T,e) = (e",ST,e) and (e',T,eY1 = (e,Tﬁl, e').
For v,w eI, U, U’ c B and € > 0 define

O(v,w,U" U,e)={(e/,T,e) elso(V) ; ecU, ¢ €U’ and |T(v(e)) -w(e')| <€}

We will endow Iso(V) with the topology having the family of sets of this form, where U and U’
are open, as a subbase.

Proposition 3.5.1. Let (V,T') be a field of Banach spaces over B. Then, the groupoid operations
on Iso(V) are continuous. If the field is lower semi-continuous then the topology is Hausdorff.

Proof. First we verify that the groupoid operations are continuous. Pick (¢’,T,e) and (e”, S, ¢e")
in Iso(V), and suppose that (e”,ST,e) e O(v,w,U",U,€). Pick r,s > 0 satisfying | ST (v(e)) -
w(e")| <r<r+2s<e Take uel with [u(e’) —Tv(e)| < s. Define Uy = O(v,u,B,U,s) and
Us = O(u,w,U" B,r+s). Clearly (¢/,T,e) €Uy. We also have

[STv(e) -w(e")| < [STv(e) - Su(e')] + [Su(e’) - w(e")|
<|Tv(e)-u(e)| +r

<r+s.

So, (€",8,e") € Uy. Now let (e, Tp,ep) € Uy and (ef,So,ey) € Ua. Then, eg € U, e € U”
and by repeating the previous computation we get |SoTov(eo) — w(ey)| < r +2s < e. This
shows that the product is continuous. Continuity of the inverse map follows from the fact that
O(v,w,U" U, &)t = O(w,v,U, U €.

We will now assume that the field is lower semi-continuous and we will see that the topology
defined above is Hausdorff. Take (e’,T,e) and (ef,S,ep) two different elements in Iso(V).
If e # eg then there are U and Uy open subsets of B separating e and ey. It follows that
0(0,0,B,U,1) and 0(0,0,B,Uy, 1) separate (e',T,e) and (e, S,ep). The case e’ # ¢, is treated
similarly. Now assume that e = ¢y and e’ = ¢, and take v € V. such that T'(v) # S(v). Let
r=|T(v)-S(v)| and pick v,w,wq € I" passing through v, T'(v) and S(v) respectively. By lower
semi-continuity, there is U’ open neighborhood of €’ such that |w — wq| > 7/2 on U’. Then,
O(v,w,U’",B,r/4) and O(v,wq,U’,B,r/4) separate (¢/,T,e) and (e, S, eo). O

In case (V,T') is a continuous field, Iso(V) is a subspace of 7,(V). Indeed, let v,w e ', U,U’ < B
open, € > 0 and consider the subbasic open O(v,w,U’, U, ¢). Define W = O(w,¢,U’), an open
subset of V. We then have that O(v,w,U’,U,¢) = O(v,W,U’,U) nIso(V), where the open set
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in the right hand side is defined as per Proposition 3.4.2. Therefore, the topology we have just
defined on Iso(V) agrees with the induced topology from J7,(V).

Let G be a topological groupoid over B and (V,I") a field over B. An action by linear isometries
of G on V is a homomorphism of G into Iso(V). If said homomorphism is continuous we say
that the action is separately continuous . In the case of a continuous field, by the previous
discussion, this notion agrees with the one given in Definition 3.4.6. The next proposition shows
that for continuous fields separate continuity is equivalent to continuity.

Proposition 3.5.2. Let G be a topological groupoid acting by linear isometries on (V,T), a
continuous field of Banach spaces over B. Then, the groupoid homomorphism ~: G — Iso(V)
s continuous if and only if the corresponding action G ~V is continuous.

Proof. Suppose first that ~: G — Iso(V) is continuous. Fix g € G, v € V;, and let g-v €
O(w,e,U) where w € I' passes through g-v, e >0 and U ¢ B is an open neighborhood of t4. Pick
v € I passing through v, then g € O(v,w,B,U, ¢/2). By the continuity of the homomorphism,
there is W ¢ G with g € W such that W ¢ O(v,w, U, B,€/2). We claim that W -O(w,¢/2,B) ¢
O(w,€,U). Indeed, for h e W and u € O(v,B,€/2) verifying u € V;,, we have h-u € V;, with
tp € U, and

[w(tn) = hul < [w(tn) = h-v(si)|+ [h-v(sy) —h-ul < ef2+ [v(si) ~u] <e.

Now suppose that the action G ~V is continuous. This implies in particular that the action is
separately continuous. By definition, this means that *: G — Iso(V) is continuous. O

Recall from Subsection 3.4.1 that a separately continuous action G ~ X induces an action
G ~ Cy(X). This action is given by linear isometries. Indeed, for (e, f) € Cp(X) and g € Ge,

lgf] = sup |gf(z)|= sup |f(g™"-2)|= sup If ()] =1f].

xe tg IGth

In this way, when we apply the previous lemma on Cy(X) we recover Lemma 3.4.10.

Let G be a groupoid acting by linear isometries on a continuous field, (V,I"), over B. This
action induces a dual action on V*. Indeed, for (e,¢) € V* and g € Ge define gp : V;, — R
by (v,9¢) = (g7 v, ) for v e V. It is easy to verify that gy € Vi and that [lge| = [¢f. In
particular, the dual action restricts to the unit ball, i.e. G ~ B(V*).

Lemma 3.5.3. Let G be a topological groupoid of base B and let (V,T") be a field of Banach
spaces over B. If an action by linear isometries G ~V is separately continuous then the dual
action G ~ B(V*) is weak”™ continuous.

Proof. Pick (e,¢) € B(V*) and g € Ge with (t4,9¢) € O*((v;)j<n, (Ij)j<n, U) where each v; €T,
I; < R is open and U ¢ B is also open. We can assume that there is r > 0 such that I; =
B({vj,g¢),r) for every j <n. For each j <n take w; € I' such that g7 -v;(ts) — w;(s,)] < 7/2.
Since the action G ~V is separately continuous, for each j < n there is an open neighborhood W
of g such that for every h € W; we have hle O(vj,w;,B,U,r/2). Let W = Win---nW,, for j <n
define Ij’ = B((Wj, @),T/Q) We assert that W'O*((W]’)qu, (I],‘)j<n7 B) c O*((Vj)j<na (Ij)j<nu U)
Indeed, take (€',1) € O ((W;)j<n, (I})j<n,B) and h € We'. Then, t; € U and for j <n we have
he Wj and
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(v, hap) = (v, go) < [(R vy, ) = (wy, )] + [(wy,90) = (v, 9+ o)
<h7tvi = wi(sp)| + [(wj, ) = (wj, )
<Tr.

This concludes the proof. O

So far we have only considered the norm topology on V. We will now suppose that (V,T") is
separable, so V* admits sections, and we will consider the weak topology on V. The next result
shows that separate weak continuity of the action implies separate weak™ continuity of the dual
action.

Proposition 3.5.4. Let G be a topological groupoid acting by linear isometries on a separable
continuous field of Banach spaces (V,T') over B. If G ~'V is separately weakly continuous then
G ~V* is separately weakly* continuous. If T'=T(Vy,) then the converse also holds.

Proof. Suppose that G ~V is separately weakly continuous and let us denote *: G — J7,(V,,)
the corresponding groupoid homomorphism. Fix g € G, we denote by ¢ : VS’; — Vtz the orbit

map. Since § is the dual map of the linear isometry gA:1, it is continuous. So, *: G — (V™)
defines a groupoid homomorphism. Let (g;)ier € G converge to g. Then, s;, —> s4 and tg, — .

Take v € I’ and v € I, since (5;2-:’1)1-61 converges in J4,(V,) to g1, then (g?l(V))z‘eI converges
weakly to g~1(v). Hence,

(v, (1)) = (g, (), v) — (g7 (v),v) = (v, §(v)).

Thus, (g;(v))ser converges weakly* to g(v), which shows that G ~ V* is separately weakly*
continuous. Assume now that I' = T'(V,,) and that G ~ V* is separately weakly* continuous.
By 4. of Example 3.4.15, (, ): V, xg V* — R is a strict duality. The result follows from 5. in
Lemma 3.4.14. O

Proposition 3.5.5. Let (X,p) be a completely metrizable space over a compact, totally dis-
connected space B. Let G be a Polish open groupoid of base B acting separately continuously
on X. Then, G ~ C(X) separately weakly continuous and G ~ C(X)* is separately weakly*
continuous.

Proof. Throughout this proof we will consider G as a space over B via the source map. By
Fact 3.1.16, G admits s-sections. Pick g € G, since g7! : Cp(X;,) — Cp(Xs,) is a linear
surjective isometry, we get an induced weak™ homeomorphism §* : Cyp( X, )" — Cy(Xy,)". Now
fix e € G and take a sequence (gn)neny € Ge converging to g € Ge. Let v € T'(C(X)*) and let
f € Cy(X). By the continuity of the action, g,'f converges pointwise in Cj(X.) to g 'f, and
since |g,,'f(x)| < || for every x € X, from Lebesgue dominated convergence theorem we get that
(g7 f,v(e)) — (g7'f,v(e)). This means that the map ™ : G — ,(Cy(X)*) is continuous on
each fiber. Take g e I's(G), and let v € I'(Cyp(X)*) and f € Cp(X) be arbitrary. It follows that
g ! is a t-section and so g 'f € Cy(X). From Proposition 3.1.19, we deduce that the function
er— ((g7 '), v(e)) = (fi(.,-8(e)v(e)) is continuous. Since f was arbitrary, then the mapping
e — g(e)v(e) is weakly* continuous. As this is true for any v € T'(Cy(X)*), we conclude
that e — g(e)* is continuous. From Lemma 3.2.5 we deduce that ™ : G — J,(Cyp(X)") is
continuous. The separate weak continuity of the action G ~ Cy(X) is a direct consequence of
Corollary 3.2.8 and Proposition 3.5.4. O
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If (X,p) and (Y,n) are spaces over B, f : X — Y is said to be a function over B if it is
continuous and no f = p.

Definition 3.5.6. Suppose G is a topological groupoid of base B and (V,I) is a field of Banach
spaces over B. If G acts on (X, p), a space over B, a representation of G ~X on (V,TI') is an
action by linear isometries G ~ V together with a weak™ continuous G-equivariant map over B,
a: X — B(VY).

This means that for every x € X, (e,v) € V and g € eGp(x),

(v.alg-2)) = {g™" v, a(x)).

The representation is said to be faithful if « is a topological embedding. The representation is
said to be strongly continuous if the action G ~V is continuous.

Proposition 3.5.7. Suppose that (X, p) is a compact G-space over B. Then there is a strongly
continuous, faithful representation of the action G ~ X on C(X).

Proof. By Corollary 3.4.12, we have a continuous action by linear isometries G ~ C(X). Given
x e X let e = p(x), and define a(x) € C(X.)* by a(z) =ev, i.e. (f,a(z))=f(z) for feC(X,).
We thus have a map over B, o : X — B(V*). It is easy to see that « is G-equivariant. We
claim that this map is a weak* embedding. Indeed, take fi,...,f, € C(X), I1,...,I, SR open
and U ¢ B open, and suppose that a(z) € O*((£;)<n, (I;)j<n,U). Pick W ¢ X open with z € W
such that for every 2’ € W, fj(x) € I; for every j < n. It follows that if 2’ ¢ W n p }(U) then
a(z") € O*((£;) j<n, (Ij) j<n, U), which shows continuity. Since C'(X) separates points, then « is
one-to-one, hence a topological embedding. O

3.6 wap functions and reflexive representations

We start by giving the definition of a wap function in the context of group actions. Let G be
a topological group and let X be a G-space, we say that f € Cy(X) is weakly almost periodic,
or wap for short, if {gf ; g € G} is relatively weakly compact in Cy(X). In order to determine
whether a function is wap we have Grothendieck’s double limit criterion.

Fact 3.6.1. | , Théoréeme 6] Let X be a topological space and let Xy be a dense subset of
X. Then, for any A< Cy(X) the following assertions are equivalent:

1. A is relatively weakly compact in Cp(X).

2. A is bounded and for every pair of sequences (fn)neny €A and (Tm)men € Xo we have

limlim f,,(z,,) = limlim f,, (z,,)
as soon as both limits exist.

Suppose now that (X, p) is a G-space over B. A way to avoid functions that are just defined on
some fiber would be to act by t-sections on Cy(X) rather than by elements of the groupoid. This
is, if g € T4(G) and f € Cy(X), define (gf)(x) = f(g(p(x))™'-2) for x € X. So, a first attempt
to extend the definition of wap functions to groupoid actions would be to say that f € Cp(X) is
wap if {gf ; g e T(G)} is relatively weakly compact in Cy(X). However, this does not seem to
be the correct definition for our purposes. Mainly because it is too strong as the next example
shows.
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Example 3.6.2. Let X = R/Z and let G = R act on X by translations, as usual. We will always
assume that z € X is represented by a real in [0,1). Define f: X — R by

f(:z:):{x ifOSxS%

1-2 otherwise.

It is easy to check, using compactness and Grothendieck’s double limit criterion, that f is wap.

Let X = [0,1] x X and define f € C,(X) by f(r,x) = f(x). The corresponding groupoid is

G =[0,1] x G x [0,1]. For each n € N define g,, € I't(G) by gn(a) = (a,min{na,1/2},a) for
€ [0,1]. For each m € N let (rp,, ) = (1/m,1/2) € X. On one hand,

1 1 1 1
liyligln(gnf)(rm,a:m) = li}lnlinrlnf (5 - min{%, 5}) = f(ﬁ) =5
On the other hand,
- - 1 . [n 1
lim lim (g, f) (7, Tp) = limlim f (— —mln{—, —}) = f(0)=0.

By Grothendieck’s double limit criterion {gf ; g€ I'/(G)} is not relatively weakly compact in
Cy(X). Even though it would be desirable that f is wap.

Having this example in mind, we propose the following definition of a wap function in a G-space.
We must deal with functions restricted to fibers. Nevertheless, under this notion, if a function f
on a (G-space X is wap then its natural extension f to B x X, defined as in the previous example,
is also wap. Recall from Subsection 3.4.1 that for any g € G and f € Cy(X), gf € Cy(Xy,) is the
map defined by x — f(g7! - z).

Definition 3.6.3. Let (X, p) be a G-space over B. A function f € Cy(X) is said to be weakly
almost periodic, or wap for short, if for every e € B, the set {gf ; g € eG} is relatively weakly
compact in Cp(Xe). The set of wap functions on X will be denoted by WAPg (X))

Lemma 3.6.4. If f ¢ WAPG(X) and g€ T.(G) then gf e WAPg(X).

Proof. Tt follows directly from the fact that for every e € B, {h(gf) ; heeG} c{kf ; keeG},
which is a relatively weakly compact set in Cp(Xe). O

Lemma 3.6.5. WAPG(X) is the family of sections of a subfield of Cy(X), which we denote
WAPG(X).

Proof. 1t suffices to show that WAPg(X) satisfies conditions 1. and 4. in Proposition 3.1.2.
First we will show that WAPg(X) is a C(B)-submodule of C'(X). Let f,f> e WAPg(X) and
take e € B. For i = 1,2 let A; be the weak closure of {¢f; ; g € eG}. We have that A; + Ay is
weakly compact and it contains {g(f; +f2) ; g € eG} € A+ Ag. Therefore, {g(f;+£3) ; g € eG} is
relatively weakly compact. Since this is true for every e € B we conclude that f;+f; € WAPg (X).
Now take ¢ € C'(B) and f €e WAPg(X). Fix e€ B and let A = {g(¢f) ; g€ eG}. For g € eG we
have |g(©f)|| < |l¢|||£]. This implies that A is bounded. Let (gn)nen € €G and (2, )men € Xe be
sequences such that the iterated limits lim, lim,, g, (¢f)(z,,) and lim,, lim,, g, (¢f)(z,,) exist
and are equal to L and K respectively. We recall that g, (¢f)(zm) = @(sg,)f(g," - z). Let
us denote 7, = limy, g, (¢f)(xy) and s, = lim, g,(¢f)(z,). By passing to a subsequence we
can assume that (g, )ney converges to ¢’ € B and so ¢(sg4,) — ¢(€’). Suppose first that
o(e’) = 0. Since |f(g, - zm)| < ||f]| for every m,n € N, we obtain that |ry| < |¢(s,, )||f] and that
$m = 0. We thus get that L = K = 0. Now suppose that ¢(¢’) # 0. Then, for n large enough,
limy, gnf(zm) = rn/e(sg,) and we obtain lim, lim,, g,f(z,) = L/¢(e"). Likewise, for m € N,
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lim,, g, f(2m) = sm/e(e’) and so lim,, lim,, g,f(x,) = K/p(e"). Due to the fact that f is weakly
almost periodic, we must have K = L. By Grothendieck’s double limit criterion, A es relatively
weakly compact. Therefore, of € WAPg(X).

It remains to show that WAP¢(X) is locally uniformly closed. Take f € [T..g Cp(X¢) such that
for any e € B and any € > 0 there are f' € WAPg(X) and U ¢ B open neighborhood of e such
that ||fo — £, < € for ¢’ € U. Towards a contradiction suppose that f is not weakly almost
periodic. This means that there is e € B for which there exist sequences (g, )neny in eG and
(m )men in X, such that

L =limlim g, f(z,,) # limlim g, f(z,,) = K.

Passing to a subsequence we may assume that (sg, )neny converges to e’ € B. For this e’ and
€ =|L - K|/3 take f' e WAPG(X) and U ¢ B as stated above. Choose N € N such that sg, € U
for every n > N. It follows that for every m € N and every n > N, |f' (g} - zm) — £'(g;' - 2m)]| <
Hf;gn —f,,, | < e This implies that the double sequence (gnf'(2m))mmnen does not admit a
doubly adherent point. Therefore, byFact 3.3.4, there is a double subsequence (gn;f'(2m,)): jen
such that lim; lim; gy, f'(2m,) and lim; lim; In, ' (2, ) both exist and they are different. This is
absurd since f’ is weakly almost periodic. O

The example par excellence of a wap function is one coming from a reflexive representation, see
[ , Fact 3.6]. The next proposition is the analogue in the context of groupoid actions.

Proposition 3.6.6. Let (X, p) be a space over B and let G ~ X be a separately continuous
groupoid action. Let (V,T') be a field of Banach spaces over B. Suppose that G acts, not
necessarily continuously, by linear isometries on'V and a: X — B(V™) is a weakly* continuous
G-equivariant map. Then,

1. For every (e,v) € V the map T'(v) : X — R defined by T'(v)(z) = (v, a(x)), is continuous
and [T (v)[ < o]

2. T:V — Cy(X) is a G-equivariant linear map.
3. For everyvel, T(v): X — R given by T(v)(z) = (v,a(x)) belongs to Cp(X).

4. If e € B and V, is reflexive then for any v e T', {gT(v(sq)) ; g € eG} is relatively weakly
compact in Cp(Xe).

5. If Vg is reflexive for every e € B then T(v) is wap for every v e L.

Proof. 1. Pick (e,v) € V, we know that the map ev, : V.* — R is weak* continuous. It follows
that T'(v) = evyoa I'x, is continuous. Furthermore, for every x € X, |T(v)(z)| = |(v, a(x))| < ||v].
2. For e € B we write T, = T y,. It is immediate that T, : V., — C3(X.) is a linear application
which, by 1., satisfies ||T,| < 1. To show that it is G-equivariant, pick e € B, v € V, g € Ge and

x € Xt,. Then,

(9T(W)(x) =T(0)(g ™" -2) = {v,alg™ -2)) = (v,97 - a(@)) = (g-v,a(2)) = T(g-v)(x).
It follows that ¢gT'(v) =T(g-v).
3. By the definition of the weak* topology, the map evy : B(V*) — R defined by (e, ¢) — (v, ¢)
is continuous. It follows that T'(v) = evy o« is continuous. We also have |T'(v)| < |v|, implying
that T'(v) is bounded.
4. Fix e € B with V, reflexive and take v € I'. The ball |v|B, is weakly compact. Therefore,
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{9-v(sg) ; geeG} c |v|Be es relatively weakly compact. Thus, by the continuity of T, and the
G-equivariance of T', the same is true for {gT'(v(sq)) ; g€ eG} € Cp(Xe).
5. Follows directly from 4. O

We remark that under the hypothesis of the previous proposition, if (V,I') and Cy(X) are
moreover continuous continuous fields then, by Fact 3.1.24, the application T" defines a homo-
morphism.

Our next objective is to show that every wap function can be obtained in the previous manner.
Namely, that if a topological groupoid G acts in a separately continuous manner on (X, p) and
f e WAPG(X) then there is a representation on a field (V,I") such that each fiber is reflexive
and f = T'(v) for some v € I'. We draw our inspiration from | , Theorem 4.5]. First we give
some definitions and results on convex sets. For A subset of a vector space, co(A) will denote
the convex hull of A.

Let (V,T') be a continuous field of Banach spaces over B and let U ¢ I'. Given e € B, we
denote U, = {v(e) ; veU}. Note that if U is either convex, balanced or absorbent, as a subset
of the vector space I', then the same is true for U, for every e € B. Note that B(V) = [l..g B(T')..

For e € B let p. : V. — Ryg U {+o0} be the Minkowski functional associated to U.. Namely, for
v € Ve, pe(v) =inf{\>0; veAU.} where inf @ = +oo0. Let us also define p: V — Rygu{+o0} by
p(e,v) = pe(v). We will refer to p as the Minkowski functional of U. A fiberwise analysis yields
the following result, see for example | , Proposition 11.22].

Lemma 3.6.7. Let (V,T') be a continuous field of Banach spaces and let U c T'.

1. If U is absorbing then p is real-valued.
2. If U is balanced then p is absolutely homogeneous.
3. If U is convex then p is subadditive.

4. If U is bounded and 0 € U then p~1({0}) = 0.

Lemma 3.6.8. Let (V,T') be a continuous field of Banach spaces. If U € T is a convexr and
balanced neighborhood of 0. Then, int(U), as a subset of V, is just {(e,v) €V ; p(e,v) < 1}.

Proof. Let (e,v) € int(U), then there is 6 > 0 By (v,d) € U. Weset r =1+ W, we have

that ||rv—wv| <. Thus, rv € U which implies p(e,v) < % < 1. For the converse, take € > 0 such
that the e-ball in ' centered at 0 is contained in U. We then have that O(0,¢,B) c U. Let
veU and 0 < r <1, we claim that O(rv, 1—;6,B) c U, and so rv int(U). Indeed, take (w,e) €
O(rv, %E,B), then ”% (%w —v(e))| < %Hw—rv(e)” < €. Therefore, 1% (%w ~v(e)) eU and

we get %w -v(e)e IQ;TTU. thus, p(%w ~v(e)) < 12;7?" < % It follows that

1-7r

p(w) = rp(%w) = rp(%w -v(e) +v(e)) <r (p(%w —v(e)) +p(v(e))) < 7’( + 1) =1.

This shows that w € U. Now pick (e,v) € V with p(e,v) < 1. Then, there exists 0 < r < 1 such
that %U e U. Let v e U be a section passing through %U. Hence, v =rv(e) € rv cint(U). O

The homogeneity of p gives the following result.
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Corollary 3.6.9. If U c I" is a convex and balanced neighborhood of 0. Then, p is upper
semi-continuous.

When V is a Banach space and U is a balanced, convex, bounded neighborhood of 0 then p
defines a norm in V' which is equivalent to the original norm |-||y;. However, in Banach fields,
under the same hypothesis for U < I', the Minkowski functional also defines a norm but we
cannot guarantee that it is equivalent to the usual norm. The problem lies in the fact that the
closure of U in V does not necessarily agree with the union of the fiberwise closures of U.. So
there could be (e,v) in the closure of U for which p(e,v) > 1. We are now ready to prove that
wap functions come from reflexive representations.

Theorem 3.6.10. Let (X, p) be a compact space over B and let G ~ X be a separately continu-
ous action. Suppose that G admits sections and that f € WAPg(X). Then there is (V,T') a field
of reflexive Banach spaces over B, an action by linear isometries G ~V, a weakly® continuous
G-equivariant map o: X — B(V*) and v € T such that £(z) = (v,a(x)) for every z € X.

Proof. Assume that [f|| < 1. Let Y = TW(G)f = {gf ; g e [\(G)} ¢ C(X). Since G admits
sections, for every e € B we have Y, = {gf ; g € eG}. We set Z = co(Y u-Y), in C(X), and
we pick a > 0 such that Y 7, ﬁ =1. For each neN, let U, = a?Z +a 2 B(C(X)) and let
pn : C(X) — R, be the corresponding Minkowski functional. Since Z is convex, balanced and
bounded then the same is true for U,. U, is moreover a neighborhood of 0. Therefore, for each

e €B, ppe is a norm on C(X.) equivalent to its original norm |[|-|.. Define N : C(X) — [0, +o0]
1

by N(e, f) = (X021 pnle, f)?)? and let T' = {f' € C(X) ; sup.g N(f'(e)) < +oo}. Note that for

every e € B, n e N and f' € Z, p,(f'(e)) < 2>~ and so N(f'(¢)) < 1. Thus, Y ¢ Z cT. For

eachee Bset We={feC(X.); N(e, f)< +aoo+}1, endowed with the norm N, and let V. be the
closure in W, of {f’(e) ; f' e T'}. Defined in this manner, (V,T") is a field of Banach spaces over
B. We claim that it is the desired field. Since f is wap, Y, is a relatively weakly compact subset
of C(X.). By the Krein-Smulian Theorem, Z, is relatively weakly compact as well. It follows
from | , Lemma 1] that W, is a reflexive Banach space. Hence, the same holds for V, for

every e € B.

Since Y is invariant under the action of G, then so it is Z. Due to the fact that G acts on
C(X) by linear isometries, B(C(X)), and thus U,, are also invariant under the action of G.
This implies that N(ty,9f) = N(e, f) for every (e, f) € C(X) and every g € Ge. Hence, for
g e (G) and /' €T, gf’ € I". Therefore, V is G-invariant and the action of G on V is given by
N-isometries. For e € B let J : (We, N.) — C(X,) be the inclusion map, we know from | ,
Theorem 4.5] that |J.|| < 1. Pick z € X, define a(z) : V. — R by (f,a(x)) = f(x). The map
a(x) is clearly linear and [(f,a(x))| < | f]| € Ne(f) for every (e, f) € Ve. Therefore, |a(x)] <1
and we have a function over B, a : X — B(V)*. For every f' € I" we have (f',-yoa =f". It
follows that « is weak™ continuous. A straightforward verification shows that « is G-equivariant.
Finally, note that f € I" and so f(z) = (f,a(x)) for every x € X. This completes the proof. [

The field (V,T) is not necessarily continuous. By Corollary 3.6.9, each norm p,, is upper semi-
continuous. But this does not imply any continuity condition on the norm N. The most we can
say is that the norm of each section in I' is a measurable function, a fact that will be used in
the next chapter. We do not know whether we can find such a representation on a continuous
field nor if we can find a strongly continuous representation.
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3.7 Further questions

In [ , Theorem 4.5] it is proved that for a semigroup S bounded strict S-dualities on com-
pact spaces come as restrictions of S-dualities of reflexive Banach spaces. The proof passes to
the Ellis semigroup in order to get compactness. There is a notion of the Ellis semigroupoid
given in | ], we would like to know if this notion allows us to extend these results to the
context of G-dualities. Moreover, in the context of group actions, a compact, metrizable G-space
admits a faithful representation on a reflexive space if and only if the algebra of wap functions
is the whole space of continuous functions, we wonder whether a generalization to the setting of
groupoid actions is possible.

In order to prove Fact 3.6.1, Grothendieck uses the Eberlein-Smulian theorem and the Lebesgue’s
dominated convergence theorem in order to reduce the problem of relative weak compactness to
relative pointwise sequential compactness, then he uses the double limit criterion for pointwise
compactness, the analogue of our Theorem 3.3.3. We would like to find analogues of these results
in the context of Banach fields in order to obtain a double limit criterion to determine whether
A ¢ Cp(X) is relatively weakly compact.

The works of Glasner and Megrelishvili established a hierarchy of dynamical systems and its
representations on Banach spaces, see | ]. Here we explored merely one of such corre-
spondences, WAP systems, and notably wap functions, and reflexive representations. In this
hierarchy there is a correspondence between tame systems and Rosenthal representations. We
would like to establish similar results for groupoid actions. Namely, find the appropriate defi-
nition of tame function in the context of groupoid actions and find the corresponding class of
Banach fields in which they can be represented.



Chapter 4

The space of partial types and
groupoid actions

Introduction

In the w-categorical case, as first noted in [ , Lemma 5.1], stable formulas correspond to
weakly almost periodical functions. Indeed, let M be an w-categorical structure, from [ ,
Lemma 2.2] we deduce that a formula ¢(x,y) is stable in M if and only if for every b e M, the
induced map ¢° : S, (M) — [0,1], given by p — @(z,b)?, is weakly almost periodic. Now
suppose that A is a set of formulas in variables z,y containing . Since the map ¢” factors
through the space of A-types, Sa(M), the stability of ¢(z,y) can also be derived from the
weakly almost periodicity of ¢® in the Aut(M)-space Sa (M), for be M.

By the dynamical hierarchy established by E. Glasner and M. Megrelishvili, wap functions are
those coming from representations on reflexive Banach spaces. In fact, if a compact dynami-
cal system admits a faithful representation on a reflexive Banach space then every continuous
function is wap | , Example 5.3 and Theorem 5.4]. If the space is moreover metrizable
then the converse also holds | , Corollary 4.10]. In this case, we say that the system is
reflexive-representable.

This fact was used by T. Ibarlucia in [ ] to proof the preservation of stability and NIP by
the randomization. Let us briefly explain his argument. Fix a set of formulas A(x,y) and let
MP denote the Borel randomization of M. We can define a set of formulas A®(z,y) in the
randomization, containing in particular Ef¢(x,y)] for ¢ € A, such that every reflexive repre-
sentation of Aut(M) ~ Sa(M) induces a representation of Aut(M®?) ~ Syr(MF) on another
reflexive space. If the original flow is reflexive-representable, which happens to be the case if
all the formulas in A are stable, each continuous function S (M) comes from a reflexive repre-
sentation, and the family of induced representations of Aut(/\/lR) ~8 AR(MR) separate points,
which is good enough.

This is the behaviour we try to generalize to the context of theories admitting a universal Skolem
sort. For such a theory T, let Dy be its universal Skolem sort. Since we do no longer have a
single separable model to consider, and the sort Dy let us consider all separable models, we will
replace the space of types S; (M) by Sp,xr(T'), where F is an arbitrary sort of 7. The groupoid
associated to the theory, G(T"), will act naturally on this space on the left. The stability of a
formula ¢(z,y) in Dp x F will correspond to the function defined on the space of types being
wap, as in Definition 3.6.3.

91
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For a stable formula ¢(x,y), the work done in Chapter 3 let us build a representation of
G(T) ~ Spyxr(T) on a field of reflexive spaces from which ¢(x,y) comes. This chapter is
concerned with the construction of the corresponding representation of the randomized action
G(T?) ~ SDTRXFR(T). By Chapter 2, we know how to obtain G(T®) from G(T). Follow-
ing | ], for any set of formulas A(y,u) in Dy x F we define a set of formulas Af(3,u) in
Dyr x FR, containing E[¢(z,y)] for ¢ € A, such that a representation of G(T) ~ Sa(T) on a
field of Banach spaces induces a representation of G(T®) ~ S\r(TT).

We do this construction in a purely topological manner. In Section 4.1, we start with a topo-
logical groupoid G over 2" and a compact, metrizable G-space (X,p). We define a space of
measures on 2 x X, S(Q,X), on which the groupoid (G Q) , defined as in Section 2.3, acts.
We also study the previous construction when compact, Hausdorff quotients of X are consid-
ered. In Section 4.2, we apply these results when X is the space of types Sp,«r(T"). Finally,
in Section 4.3, we show that if f € C'(X) comes from a representation of G ~ X on a field
(V,T') then E[f] € C(S(£2,X)) comes from a representation of (G 29Q), ~ S(,X) on the
field Lo(€2,V),. It remains however the question on whether the reflexivity of the original field
implies the reflexivity of the Lo(€, V)., we conjecture that this should be the case.

4.1 Randomization of a groupoid action

Throughout this chapter (€2, B, ) will refer to the probability space obtained from the Stone
space of the usual Borel algebra on the interval [0,1], as described in Section 1.1. As usual,
we will identify a randomization with its canonical representation. So we will assume that all
separable randomizations have (2,5, 1) as their underlying probability space. Recall that F
will denote the sort of events and Egry the sort of random variables. E(£2) is the sort of events
when interpreted in (B, 1) & APr, and it is in correspondence with the algebra of clopen subsets
of 2. The following fact is just a restatement of the discussion at the beginning of Section 2.2.

Fact 4.1.1. The map ¢ : (2Y)? — EN(Q), given by (f)n = [fn = 0] for fe (2Y)F and n e N,
1 a definable bijection. It follows that the two metrics on (QN)Q given by

d(f,9) =E[d(f.9)]  and  d'(f.g)= sup 27" A p([fn = 0] & gn = 0D),

are uniformly equivalent.

Following the notation of Chapter 2, = ¢ EN(Q) denotes a sequence of independent subsets of
measure 1/2 whose generated algebra is dense in F(€2).

Let B be a topological space. A space over B is a couple (X,p) where X is a topological
space and p : X — B is a continuous, surjective map. If G is a topological groupoid acting
continuously on X, we will say that (X, p) is a G-space over B. For (X, p) and (Y,n) spaces
over B, the fiber product between X and Y is defined as

XxgY ={(z,y) e X xY ; p(x) =n(y)}-

The fiber product is thus a closed subset of the product X x Y. From now on 7 : 28 — (2V)%
will be a continuous map, G will be a topological groupoid over 2% and (X, p) will be a compact,
metrizable space over 2. Let (G 2Q); be the base change of G x Aut() to 2V given by 7.
Namely,
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(G1Q)s = (9,7, 8) € 2" x G x Aut(2) x 2" ; 12(g) = 7() and s%(g) = 7 7(5)}
endowed with the product topology and the groupoid operations given by («, g, 7, 8)(8, h,n,7) =
(a,g(T-h),™,7) and (a,g,7,8)" = (8,71 -¢g71, 771, a). Given a €2V let

Qxa X ={(w,2) eQUx X ; p(x) =7(a)(w)}.
Notice that € x, X is a closed, and hence measurable, subset of ) x X.

Definition 4.1.2. Let (X, p) be a compact, metrizable space over 2~. We define

S(,X) = {(, ) €2V xR(QAx X) ; Mg = pand A(Qxq X) =1}

We endow this space with the topology it inherits from the product 2% x (2 x X). It follows
form the definition that S(€,X) is closed in 2 x R(Q2 x X) and so it is compact. Also, it is
naturally a space over 2" via the projection on the first coordinate.

Definition 4.1.3. Let V be a Banach space and 1 < g < oo, we define LZV*(Q,V*) as the set of
weak” measurable mappings ¢ : 2 — V* modulo equality almost everywhere, for which there
exists g € LI(2) such that ||p(w)| < g(w) for almost every w € Q.

This space is normed by |¢|, = inf|g|l;, where the infimum is taken over all such g € LI(Q).
This space is precisely the dual of L,(2,V), see | , Theorem 1.5.5], and as such we will
endow it with the weak™ topology.

Lemma 4.1.4. Let (X, p) be a compact, metrizable space over 2V, then S(€, X) is homeomor-
phic to
{(ap) €2 x LY (2,C(X)") 5 p(w) € R(X) and p(w)(Xn(ayw)) = 1 p-a.c.}.

Proof. We know from [ , Section 3.3] that there is a homeomorphism

A eR(QxX) 5 No=p}2{pely (20(X)") ;5 pw) eR(X) a. e},

assigning to a measure \ its disintegration p(w) = A\, for almost every w € Q2. For any given w €
we have {z € X ; (w,7) € Qxq X} ={z e X ; p(x) = 7(a)(w)} = Xr(a)(w) Since A\(2xq X) =
Jap(W)(Xr(a)(w))du(w), then X(2 x4 X) =1 if and only if p(w) (X (a)(w)) = 1 for almost every
w €. Thus, the map that to (a, \) € S(2, X) assigns («,p) defines a homeomorphism. O

Under this identification, for (a, A) € S(£2,X) and F e C(2x X),

(N = [ ( Jo Pl dp(w)<x>) ().

Now suppose that (X, p) is a G-space. We will define an action of (G2), on S(€,X). Fix
a, B €2V take F:Qxg X —Rand §=(a,g,7,0) € (G:Q)r, and define §F : 2 x, X — R by

GF(w,z) = F(r Y (w),g;' - z) for (w,z) € A xq X.

The map §F(w,z) is well-defined. Indeed, if (w,z) € Q x4 X then s;1 = 4 9)(w) = 7(a)(w) =
p(z), so g, -z is defined and p(g,! ) = ty1 =8g, = (7-m(B))(w) = 7(B) (7"} (w)), which implies
that (77! (w),g,' - x) € 2 x5 X. The function is moreover measurable. Indeed, the function §F
is obtained as the composition of the following measurable maps,
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QXQX — QX(GXBX) — Ox X N R
(wa) —  (wghn) o (W) PN (@)t )

Take (8,A) € S(2,X) and g = (,9,7,8) € (G2Q),, we define §(5,\) = (a,v), where v is a
measure on {2 x, X defined by

(F,v) = (g7 F,\) for F e C(Q x4 X).

By definition, for V ¢ Q Borel, v|o(V) = v(VxX) = M7 H(V)xX) = )\|Q(7’71(‘/:)) =p(r1(V)) =
(V). This implies that (a,v) € S(,X). Now take § = (a,g,7,08) and h = (B8, h,p,7) in
(Gi)r ~S(2,X), and F e C(Q xq X). For (w,z) € Q2 xy X, we have

(G(AF))(w,2) = (hF) (77 (w), g5 - @)
= F(p™ (771 (W), hity 9’ )
= F((rp) ™ (w), (g(7-m))5! - )
= ((9h) F)(w ).

This verifies associativity. We have thus an action (G:Q); ~ S(2,X). In order to describe
this action using the the homeomorphism given by Lemma 4.1.4 we will need the notion of
pushforward measure.

Definition 4.1.5. Given two measurable spaces (Z1,%1) and (Z2,%2), a measurable map T :
Z1 — Z5 and a measure i on Zy, the pushforward measure, Ty (), is the measure on Z5 given
by T (i) (A) = u(T71(A)) for A e Y.

Take (B,)\) € S(Q,X), let (B,p) € 2V x LY (Q,C(X)*) be the corresponding map and § =
(a,9,7,8) € (Gef2). For every w € 2 we have a homeomorphism gy, : X7 (8y(r1(w)) = Xr(a(w))-
Then, if (a, q) = §(3,p), a direct verification shows that ¢(w) = Gu«(p(T71(w))).

We will now consider quotients of X on which G acts. Let E be a closed equivalence relation on
X. Then, the quotient space, X /E, is a compact space. From now on we assume that E is such
that X/FE is Hausdorff as well. We let gg : X — X /FE be the quotient map and [z]g denote
the class of z € X. We may drop the subindex if the relation is clear from the context. We say
that F is an equivalence relation over B if for every z,y € X, x Ey implies p(x) = p(y). By the
universal property of the quotient map, if £ is an equivalence relation over B then there is a
unique continuous application pg : X/E — B such that p = pg o gg. In this way, (X/E, pg) is
a space over B. If G is a groupoid over B acting on X we say that E is G-invariant if E is an
equivalence relation over B and xEy implies g-zFg-y whenever ¢g-x (and hence g-y) is defined.
In this case, we have a well-defined action of G on X/E given by ¢ [z]p =[g-z]p.

Lemma 4.1.6. Let (X,p) be a compact, metrizable G-space over B and let E be a closed,
G-invariant equivalence relation on X. Then, (X/E,pg) is a compact G-space over B.

Proof. We have already seen that (X/FE,pg) is a compact space over B on which G acts. It
remains to show that the action is continuous. Consider the equivalence relation E on G x X
given by (g,z)E(h,y) if and only if g = h and zFy. It follows that E is a closed equivalence
relation on G x X. We claim that (G x X)/E is homeomorphic to G x X/E via [(g,7)]5 —
(g,[x]£). This map is clearly a continuous bijection. Take U ¢ (G x X)/E open and let
U’ be its image in G x X/E. Pick (g,[z]g) € U', this means that [(g,2)]; € U. Therefore,
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{g} x [z]E € g5 (U). The set on the right hand side is open, by compactness, there is V ¢ G
and W ¢ X open sets satisfying {g} x [z] € V x W ¢ ¢z'(U). Since qp is closed, there is a
saturated open Wy ¢ X with [z]g € Wy c¢ W. It follows that ¢z(W)) is an open subset of X /F
and (g,[z]g) € V x qe(Wy) cU’. Hence, U" is open. This shows that the map defined above is
indeed a homeomorphism. This application establishes an identification between (G xg X)/E
and G xg X/E. The map, G xg X — X/E, (g,2) — [g-z]g, is continuous. By the universal
property of the quotient, the function G xg X/E — X/E given by (g,[z]g) — [¢-x]g is
continuous. This completes the proof. O

Corollary 4.1.7. Let (X,p) be a compact G-space over 2 and let E be a closed, G-invariant
equivalence relation on X. Then, (G:Q), acts continuously on S(, X/E).

We now state a technical lemma concerning pushforward measures.

Lemma 4.1.8. Let X and Y be compact, metrizable spaces and let T : X — Y be a continuous
map. Then, the pushforward map T, : R(X) — R(Y) is continuous. Furthermore, if T is
surjective then Ty is also surjective.

Proof. Continuity of T, follows easily from the fact that for every f e C(Y'), the map foT e
C(X). Now suppose that T is surjective. Consider the equivalence relation E on X given by
zEz" if and only if T'(z) = T'(2"). Since T is closed, the saturation of any closed set is closed.
By Theorem 2.3.6, E admits a Borel transversal, F'. By Theorem 2.3.5, for any W ¢ F' Borel,
T(W) is again a Borel set. Now take any u € R(Y") and define X € R(X) by AM(A) = u(T(AnF))
for A c X Borel. Due to the fact that T is surjective, for any B Y, T(T71(B) n F) = B. This
implies that T.(\) = u. O

For E a closed equivalence relation on X define pg : @x X — Qx(X/E) by pp(w,z) = (w,[*]E)
for (w,z) € @ x X. We will define a new equivalence relation E on S(2,X), we say that
(a, \)E(B,v) if and only if o = 8 and pg . (A) = pr..(v).

Lemma 4.1.9. Suppose that (X,p) is a compact, metrizable G-space over 2V and that E is a
closed equivalence relation on X over 21\1, then E is a closed equivalence relation on S(€, X)
over 2V. In case E is G-invariant then E is (G 2 Q) -invariant.

Proof. The equivalence relation E is closed because the pushforward map pg . is continuous.
The fact that it is an equivalence relation over 2V follows directly from the definition. Suppose E
is G-invariant, take (3,)), (8, Xo) € S(Q, X) with (3, \)E(8, o) and § = (o, g,7,3) € (G 21Q).
Let (a,v) = g(B,A) and (a,vp) = §(B,N), and take F € C(Q2 xo X/E). A straightforward
verification shows that ¢~} (F opg) = (§71F) o pp. It follows that,

(F.pps(v) = (Fopp,v) = (37 (Fopp),\) = {(§7 F) opp. A) = (47 F,pp. ().
Due to the fact that pp «(A) = pg « (o) we get that (F,pg,.(v)) = (F,pg,«(v)). Hence pg «(v) =
PE,«(v0) and we conclude that §(58,A)Eg(Ao, 3). O

It is easy to see that the quotient space S(Q,X)/E is Hausdorff. Indeed, pick [(c, )] i ?
[(B,v)]5- If a # 3 then there are disjoint open subsets of 2N separating o and 5. The corre-
sponding open sets in S(2, X) are disjoint, saturated open sets separating (a, ) and (5,v).
If @ = 3 then there is F' € C(Q2 x X/E) such that (F,pg.(\)) # (F,pg.«(v)). Use the map
FopgpeC(Q2x X) to define disjoint, saturated open subsets of S(2, X) separating (a, \) and

(B;v).

In virtue of the previous lemma we have a continuous action (G :Q), ~ S(Q, X)/E which is
equivalent to the action (G:Q), ~S(Q, X/FE) as the next theorem shows.
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Theorem 4.1.10. Let (X, p) be a compact, metrizable G:-space over B. Suppose that E is a
closed, equivalence relation on X over 2V, then S(Q, X)/E is homeomorphic to S(Q, X/E). If
E is G-invariant then said homeomorphism is (G 2 Q) -equivariant.

Proof. Define ¢ : S(Q, X)/E — S(Q, X/E) by ¢([a,\]z) = (o, pp«(\)). By the definition
of E, the map is well-defined and it is also one-to-one. Now take (a,v) € S(Q,X/E), by
Lemma 4.1.8, there is A € 8(2 x X') such that v = pg «(\). For A ¢ Q measurable, we have

Aa(4) = AAx X) = pp (A (Ax X[E) =v(Ax X[E) = v|a(A) = u(A).

We also have that Qx4 X = pzH (2 x4 X/E) and so A(Q x4 X) =v(Q x4 X/E) = 1. It follows that
(o, A) € S(£2, X) and that ¢([a, A];) = (o, ). So, ¢ is a bijection. Since pg, . is continuous then
¢ is also continuous. Due to the fact that S(Q, X)/E is compact and S(Q, X/E) is Hausdorff,
we obtain that ¢ is a homeomorphism.

It remains to show that ¢ is (G2Q)-equivariant. Take [B,\]z € S(Q, X)/E and § = (a, 9,7, 8) €
(G1Q)y. Define (a,v) = g(5,A) and (o, 19) = §(B,pE«(N)). For F e C(Q xo X/E) we have
G Fopr)=(4"'F)opg and so, (F,vp) = (F,pg .(v)). Thus,

o(9[8, A\l p) = o[, v] ) = (,pE« (V) = (2, 10) = §(B,pE,«(N)) = §O([5, Al )-

This completes the proof. ]

4.2 The space of partial types

Let T be a complete, countable theory admitting a universal Skolem sort, Dy, and let F' be
any sort of 7. In this section we will study closed equivalence relations on Sp,«r(7") that
refines equality of the target and are invariant under the action of G(7'). We will see that they
correspond precisely with equivalence relations defined from a set on formulas on Dy x F'. The
next result shows that in order to study stability, or NIP, it suffices to consider formulas in sorts
of the form Dp x F'.

Lemma 4.2.1. Let T be a complete, countable theory admitting a universal Skolem sort Dp. If
a formula ¥ (v,u) in the sorts E x F' is unstable then there is a formula p(y,u) in Dy x F which
s unstable.

Proof. Since the sort D is universal, there is a definable surjective map ¢ : Dy — FE. Then,
o(y,u) =¥ (o(y),u) also has the order property. O

By essentially the same proof, the analogous result holds for NIP.

Lemma 4.2.2. Let T be a complete, countable theory admitting a universal Skolem sort Drp.
If a formula ¥ (v,u) in the sorts E x F' has IP then there is a formula ¢(y,u) in Dp x F which
has IP.

We now pass to the space of partial types. We should make a disclaimer at this point. We will
define the space of partial types as a quotient of the space of types, as it is done in [ ,
Section 6]. First, we will study the w-categorical case in order to gain some intuition. To simplify
notation, and contrary to convention, the left tuple of variables will play the role of parameters.
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4.2.1 The w-categorical case

Let T be an w-categorical theory, M a countable model of T, G = Aut(M) and £ an enumeration
of a tuple such that dcl(§) = M. We will denote by Dy the sort defined by tp(§). We know by
[ , Section 2.2] that the Roelcke compactification of G, R(G), corresponds to Sap,(7T").
We claim that R(G) can also be identified with Sp,(M). Indeed, pick M’ an w;-saturated
elementary extension of M. Take ¢ € R(G), then there is a € D(M') such that ¢ = tp(§,a),
and we identify ¢ with tp(a/M). Clearly, if tp(&,a) = tp(&,a’) then tp(a/M) = tp(a’/M), so it
is a well-defined map. It is straightforward to verify that it is indeed a homeomorphism. The
group G acts continuously on the left on R(G) via gtp(&,a) = tp(g71(€),a). Using the previous
identification, the action is given by

gtp(a/M) = {p(g7(c)),u) = ¢(c,a); ¢(v,u) formula , ce MM
In general, for any sort F' we have a continuous left action G ~ Sp,«r (1), defined in the same

way as before, and a G-equivariant homeomorphism between Sp(M) and Spyxr (7). We now
state a technical result.

Fact 4.2.3. | , Fact 4.7] Let X be a compact Hausdorff space and A ¢ C(X,[0,1]).
Define an equivalence relation on X by x ~vy if f(x) = f(y) for every f € A. Then,

1. Every f € A factors through the quotient 7: X — X/~ as f = f.om.

2. The quotient topology on X/ ~ is the initial topology given by the family of such maps
{f-: feA}

3. X/ ~ is compact and Hausdorff.

Conversely, if Y is a compact Hausdorff space and m: X — Y is a continuous projection, then
Y is homeomorphic to X[ ~ where ~ is obtained as above using A={fon; feC(Y,[0,1])}.

Let u be a variable in F' and let v be a tuple of variables in the home sort, infinite perhaps.
Let ® be a set of formulas on v, u, we define the equivalence relation ~ on Sp(M) by p ~¢ ¢ if
and only if for every b e M, and every p(v,u) € ®, p(b,u)? = ¢(b,u)?. By the previous fact,
The resulting quotient space, denoted S¢ (M), is a compact Hausdorff space. The equivalence
relation is moreover invariant under the left action of G. Thus, G acts continuously on Se(M).
We will denote the equivalence class of p € Sp(M) by p 1.

We recall that for o € Nl and a a tuple of length at least [v], a, stands for (Ao (0ys Ao(1ys -+ )-
Since dcl(§) = M, we may only consider formulas with parameters in . Hence, for p,q € Sp(M),
p ~o ¢ if and only if for every o € Nl and every ¢(v,u) € ®, ¢(&y,u)? = ¢(&r,u)?. Therefore,
identifying Sp(M) with Sp,xr(7T") and letting y be a variable in Dy, if p,q € Sp,xr(1") then
p ~o ¢ if and only if for every o € NIl and every ¢(v,u) € ®, ©(yo, 1)? = @(yo, u)?.

Take g € G, then for any a € Dy there is a unique g(a) € Dy such that tp(a,g(a)) =tp(&, g(&)).
This determines a definable map g : Dy — Dg. Let A be a set of formulas in Dg x F. For
D,q € Spyxr(T) we say that p =a ¢ if for every ¢(y,u) € A and every g € G, o(g(y),u)? =
©(g(y),u))?. The quotient space Sp,«r(T)/ =a will be denoted Sa(T). For p € Sp,.r(T) we
denote its class in the quotient space as p [a. Again, SA(T ) is a compact Hausdorff space on
which G acts continuously.

So far we have defined two equivalence relations on Sp,«xp(7). We will now show how to
recover ~p from =a. Let ® be a set of formulas in u,v, for ¢(u,v) € ® and o € NI define
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0o (y,u) = ©(yo,u). Let us set Ag = {pa(y,u) ; ©(v,u) € ® and o € NI}, Tt is easy to verify
that for every p,q € Sp,xr(T), p ~¢ ¢ if and only if p =5, ¢. However, using w-categoricity we
can find a smaller set of formulas. Since the action G ~ M is approximately oligomorphic, the
quotient M ol /G is compact. This means that for every n € N there are of, ... ;0 € NIl such
that for every a € Ml there are g € G and i < k,, with d(g(&on),a) <1/n. For p(v,u) € ®, neN
and i < ky, let ¢} (y,u) = ¢(yor,u) and define

A ={p(y,u); (v,u) e ®, neNand i< ky,}.

Clearly, for every p,q € Spyxr(T"), p =a, ¢ implies p =a q. Now suppose that p #a, ¢, then, by
exchanging the roles of p and ¢ if necessary, there are p(v,u) € ®, o € Nl g € G and € > 0 such
that 0o (g(y),u)? + € < ps(g(y),u)?. Taking again d, as a modulus of uniform continuity for
¢(v,u), pick n € N with 1/n <d,(e/2). Let i <ky and h € G be such that d(h(&n),9(&5)) < 1/n.
Then,

@7 ((y). w)? < o(g(yo),u)! + 5 < p(g (o), w) = 5 < ¢ (h(y), )",

This implies that p #A ¢. So, from now on, we only need to consider the equivalence relation
=A. Moreover, if we close A under connectors, uniform limits and the action of GG, given by the
definable maps g : Dy — Dy, we obtain the same equivalence relation. Now assume that 2 is a
closed G-invariant equivalence relation on Sp,xr(7") such that Sp,xr(T")/ = is a Hausdorff space.
Let m: Spyxp(T') — Spyxr(T")] = be the quotient map. For any f e C(Sp,xr(T)/ 2,[0,1]),
the map f = fom is continuous, so, it is obtained from a formula ¢¢(y,u). By Fact 4.2.3, =
agrees with the equivalence relation given by equality on the set of formulas

A={ps(y,u) ; feC(Spyxr(T)] 2[0,1])},
Since 2 is G-invariant, G acts continuously on Sp,xr(7")/ 2. Furthermore, for f € C(Sp,xr(T)/ =
,[0,1]) and g € G, v¢(g(y),u) = pg¢(y,u). Consequently = agrees with =a.

Recall from Subsection 2.1.2 that Dy = Dy x 2N is a universal Skolem sort for T and that its
associated groupoid is G(T) = 2V x G x 2", where (a, g, 3) is identified with tp((&, a), (g(£), 3)).
Our goal now is to define an equivalence relation, invariant under the action of G(7T'), on the
space of types on Dp x F' from which we can recover the quotients presented thus far. The
target map t : Sp,«r(T) — 2N given by t(tp(a,a,b)) = « renders Sp,..r(T) a space over
2N, In this way, we can define an action of G(T) on Sp,«r(T) in the following manner, take
p=tp(&, B,b) € Spyxr(T) and («, g, ) € G(T) and define

(a,9,8) - tp(&, B,0) = tp(g~' (€), ., b).
Let ¢ denote a variable of sort 2% and let A be a set of formulas in Dy x F. An equivalence
relation on Sp,.«r(T") invariant under the action of G(T") should refine equality of the target.
Having this in mind, for p,q € Sp,«r(T) we say that p =ao ¢ if and only if ¢, = ¢, and, as-
suming p = tp(§,3,b) and q = tp(&, 5, ¢), for every p(y,y,u) € A and every (a,g,8) € G(T),
©(g9(&),a,b) = p(g9(&),a,c). The equivalence relation will be closed and invariant under the
action of G(T'), as will be shown in the general case.

Assume now that the formulas in A depend only on y,u. In this case, for p,q € Sp,xr(T),
p =a ¢ if and only if ¢, = t; and p =a ¢. Thus, Sp,«r(T)/ =a is homeomorphic to SA(T) x 2N,
Consequently, the G(T')-space Sp,xr(T)/ =a is just the base change to 2V of the action G ~
SA(T). Therefore, we will only consider the relation =o and extend it to any theory with a
universal Skolem sort.



4.2. THE SPACE OF PARTIAL TYPES 99

4.2.2 The general case

Let T be a complete, countable theory admitting a universal Skolem sort Dr and let F' be any
sort of T'. u will denote a variable in F' and y a variable in Dp. Take a € Dy and g € G(T') with
tp(a) = sq4, then there is a unique element in Dy, which we denote ga, such that g = tp(ga,a).
The target map, which by abuse of notation we will also call ¢, renders Sp,xr(T") a space over
2N, G(T) acts continuously on Sp,..r(T) as the following lemma shows.

Lemma 4.2.4. G(T') acts continuously on Sp,xp(T) in the following manner: for tp(a,b) €
Sppxr(T) and g € G(T') with tp(a) = sg, let g-tp(a,b) =tp(ga,b).

Proof. First we will show that it is well-defined. Suppose p = tp(a,b) = tp(a’,b") € Sp,xp(T)
and g € G(T") with tp(a) = s4. Let ¢(y,u) be a formula, then there is a formula 1) (y, u) such that
©o(ga,b) =1 (a,b) = (a’,b") = p(ga’,b"). This implies that tp(ga,b) = tp(ga’,b"). Now we verify
that it is indeed an action, take tp(a,b) € Sp,xr(T") and g, h € G(T") with tp(a) = s4 and t4 = sp,.
Then, g = tp(ga,a) and h = tp(h(ga), ga). It follows that hg = tp(h(ga),a) = tp((hg)a,a). Thus,
h(ga) = (hg)a and we obtain that

h(g-tp(a,b)) = h-tp(ga,b) =tp(h(ga),b) = tp((hg)a,b) = hg-tp(a,b).

In order to show that the action is continuous we do a slight modification of the argument given
in | , Lemma 5.1]. Take g € G and p = tp(a,b) € Sp,«r(T) with s, = tp(a). Let ¢(y,u)
be a formula with ¢(ga,b) = 0 and consider the open neighborhood [¢(y,u) < 1]. Since ga is
definable from a there is a formula ¥ (u,y) such that ¢(ga,u) = ¥ (a,u). Let z denote another
variable in Dp and define x(y, z) = sup, |¢(y,u) — ¥ (z,u)|. It follows that g € [x(y,z) < 1/2],

pelP(z,u) <1/2] and ([x(y,2) <1/2]n G) - [¢(z,u) <1/2] € [p(u,y) <1]. -

Given a set of formulas A in Dy x F' we define an equivalence relation = on Sp,xr(T'), as
follows, if p,q € Sp,xr(T) we say p =a ¢ if and only if ¢, = ¢, and, assuming p = tp(a,b) and
q =tp(a,c), for every g € G(T') with s, = tp(a) and every ¢(y,u) € A, ¢(ga,b) = ¢(ga,c). For
p € Spyxr(T), let p ta be its equivalence class.

By Fact 3.1.16, G(T') admits s-sections, as well as t-sections. We will denote by I's(G) and
I'/(G) the families of s-sections and t-sections respectively. Every s-section gives rise to a
definable map on Dy in the following way, take g € I's(G(T)), for a € Dr let g(a) be the unique
element in D7 such that tp(g(a),a) = g(tp(a)). The map from Dy into Dy will also be denoted
g. The relation = can be described in terms of s-sections.

Lemma 4.2.5. Let A be a set of formulas in u,y. Then, for every p,q € Sp,xr(T), p=a q if
and only if t, =ty and p(g(y),uw)? = p(g(y),uw)? for every ¢(y,u) € A and every g e I's(G(T)).

Proof. Let p,q € Sp,«r(T) be such that p =a g. Assume that p = tp(a,b), ¢ = tp(a,c) and take
o(y,u) e A and geI's(G(T)). Let g = g(tp(a)) then

o(g(y),u)’ = p(g(a),b) = v(ga,b) = p(ga,c) = p(g(a),c) = v(g(y),u)?.

Conversely, suppose that p,q € Sp,«r(T") satisfy the condition stated in the lemma. Take
o(y,u) € A and g € G(T') with s, = t, = t;. Suppose that p = tp(a,b), ¢ = tp(a,c) and g is a
s-section passing through g. Then, as before, ¢(ga,b) = ¢(g(b),a) and ¢(ga,c) = p(g(b),c),
and the equality follows. O

Proposition 4.2.6. =4 is an equivalence relation invariant under the action of G(T'). SA(T) =
Sppxr(T)] =a is a compact, Hausdorff space and G(T') acts continuously on SA(T).
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Proof. Suppose p =a ¢ and take g € G(T) with ¢, =t, = s4. Let h e I's(G(T")) be arbitrary and
take k e I'y(G(T’)) containing h(t¢,)g. Suppose that p = tp(a,b) and ¢ = tp(a,c), then

tp(k(a),a) = k(tp(a)) = k(sy) = h(ty)g = h(tp(ga))g = tp(h(ga),ga)g = tp(h(ga), a).
This implies that k(a) = h(ga). Hence, for every ¢(y,u) € A,

p(h(y),u)” = o(k(a),b) = (k(y),u)” = e(k(y),u)? = p(k(a),c) = p(h(y),u)*.

Thus, gp =a gq, which shows G(T')-invariance. For n € N let 7, : 2 — {0,1} be the projection
on the n-th coordinate. Since for each n € N the map p € Sp,«xr(T) — nn(tp) belongs to
C(Spyxr(T),[0,1]), then equality on the target can be obtained as equality on a family of
continuous functions. In this manner, by Fact 4.2.3, SA(T) = Sp,«xr(T)/ =a is a compact,
Hausdorff space. Continuity of the action of G(7") on Sa(T") is a consequence of Lemma 4.1.6.

O

As in the w-categorical case, every G(T')-invariant equivalence relation on Sp,xr(7"), refining
equality on the target, for which the quotient is a compact, Hausdorff space is of the form =a
for some set of formulas A. Suppose that ~ is an equivalence relation on Sp,.«r(1") satisfying
the previous conditions and let 7 : Sp,«r(T) — Sp,«xr(T)/ ~ be the quotient map. For any
given f € C(Spyxr(T)/ ~,[0,1]), the map f = f o 7 is continuous, so, it is given by a formula
or(y,u). We define A = {¢f(y,u) ; f e C(Spyxr(T)/ ~,[0,1])}. We then have that ~ agrees
with =a.

Let us fix a set of formulas A in Dy x F. For g e I';(G) and p € Sp,xr(T), we set gp = g(tp)p.
Also, for £ € C(SA(T),[0,1]) we have a map gf € C(SA(T),[0,1]) given by gf(p ta) = £((gp) ta
). Take ~ to be equal to =o. The previous procedure gives us a set of formulas A’ such that
=ar agrees with =a. Given p(y,u) € A, let f, : SA(T) — [0,1] be the corresponding map
on the quotient. Define A = {f, ; ¢(y,u) € A} u{n, ot ; n e N}, where ¢t denotes the target
map on Sa(T) and 7, the projection on the n-th component on 2. Let Ba be the subalgebra
of C(Sa(T),[0,1]) generated by A after closing under connectors and left multiplication by
I's(G). Since Ba separates points in SA(7'), by the Stone-Weierstrass theorem for lattices, it is
uniformly dense in C(SA(T),[0,1]). This means that A’ is the closure of Au{n, ot ; n e N}
under connectors, left multiplication by I's(G) and uniform limits. We can therefore assume
that any set of formulas contains {n, ot ; n € N} and is closed under these operations.

We will now study the randomization of these quotients. Recall from Fact 4.1.1 that EN(Q)
is in correspondence with (2V)%, the set of measurable functions from € into 2V, by assigning
to A e EN(Q) the map f4 : Q — 2" defined by fa(w)n = 0 if and only if w € A,, for w € Q
and n € N. From Fact 2.1.3 we know that we have a homeomorphism between S(zN)R(TR) and
R(Syn(T)) = R(2Y). Tt follows that to every A € EN(Q) we associate a measure puy € R(2V),
which depends only on tp(A), such that for any formula ¢ () in 2V, (), ua) = E(¥(A)). Recall
that for n € N and v € 2", [v] = {a €2V ; a 1,= v}. Hence, for every v € 2<%, ua([v]) = u(A,).
Thus, if f4 is the corresponding map in (2V) then p4 is just the pushforward measure fa .(u).
In particular, = corresponds to the usual coin-toss measure on 2V and the same is true for any
A € Dapro(Q). Likewise, every A € EN(Q) defines a measure Mg € R(Q) by Aa(Z,) = u(4,)
for every v € 2<“. As before, the measure A4 depends only on the type of A, and it is related
to pa via (1, pa) = (¢ o f=,A4) for (&) a formula in 2. We have thus established a homeo-
morphism between Spn(T") and R(Q2). In particular, if A € Dap,(Q2) then for every v e 2,
A(E)) =p(A4)) = pu(=E,)) and so Ay = p.
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Let us repeat this process while considering an additional sort F' of T'. We let u denote a variable
in the sort F. We know that Sgn,pr(T) = S(ZNXF)R(TR) is homeomorphic to R(Son,p(T)).
Since Son, +(T) is homeomorphic to 2V x Sg(T), we get an identification between S(2NXF)R(TR)
and R(2Y x Sp(T)), which is homeomorphic to R(Q x Sp(T)). Let p € Sguypr(T) and let
o9, (¢i(w))icn] be a formula in 2V x F, where ¢ is an Lry-term and ;(u) is a formula in F for
i <n. The measure A\p € R(Q x Sp(T')) is defined by

E(o[9; (Ipi(w)])icn])? = fa[fz(w)v(%(U))kn]q dAp(w; q)-

Note that this is essentially the homeomorphism described in | , Lemma 3.14] except that
we do not consider parameters. In case p € Sp, . ,«xpr(T) then for any v € 2%,

/\p‘Q(Eu) = )‘p(EV x Sp(T)) = u(z,)P = u(Ey).

Thus, Mg = u. Conversely, if A € R(2 x Sp(T)) and Mg = p then there is a type p = tp(A,b) €
Sprypr(TE) such that X\ = \p. By a similar argument, for any v € 2, u(4,) = u(z,)P =
Ma(E)) = u(Ey). Therefore, A € Dapyp and so p € SDAP“OX};’R(TR). This motivates the next
definition and proves the proposition that follows.

Definition 4.2.7. Let X be a compact space. We define

So(€, X) = {A e RO % X) ; Mo = ).
Proposition 4.2.8. Let F' be a sort of T', then Sp, . OXFR(TR) is homeomorphic to So(2, Sp(T)).

Since Dapr = Dapr % 2N, the next result is immediate.
Corollary 4.2.9. Let F be a sort of T, then Sp, ., pr(T*) is homeomorphic to 2N%So(Q2, Sp(T)).

Suppose T admits a universal Skolem sort, Dp, and fix F' any sort of 7. We will now describe
SDTRXFR (T%) in terms of Sp,«p(T). Recall that, under the homeomorphism between EN and

(2M) defined in Section 2.2, the map m: 2N — (2V)% is defined by 7 () = 7(Z, ) for o € 2V.
Also, for any given « € 2", we defined the fiber product

Qxa Sppxr(T) ={(w,q) € 2x Sp,xr(T) ; m(a)(w) =t4}.

Following Definition 4.1.2 we have

S(Qv SDTXF(T)) = {(Oé,)\) € 2N X SO(Q7SDT><F(T)) ; A(Q X SDTXF(T)) = 1}
On one hand, we know that G(T') acts continuously on Sp,xr(7"). This induces an action of
(G(T):92)z on S(, Sp,;xr(T)). On the other hand, (G(T") 2 §2), is the groupoid associated

to the randomization and as such it acts continuously on S Dyrx pr(TT). The next result shows
that this two actions are isomorphic.

Theorem 4.2.10. Let T be a complete, countable theory admitting a universal Skolem sort,
Dy, and let F be a sort of T. Then, there is a (G(T):Q)-equivariant homeomorphism between
SDTRXFR(TR) and S(Q, SDTXF(T))

Proof. By the previous corollary, S, B D py PR (T%) is homeomorphic to 2N x So(Q, Sp,xr(T)).

We must show that this map restricts to the desired homeomorphism. If p = tp(a,Z,a,b) €
SDTRXFR(TR) then it defines a measure A € So(2, Sp,xr(7T)). We must show that A\(Q x,

Spyxr(T))=1. ForneNlet V,, = {82 ; B, =0}, U, =2Y \V,, and define
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By = (n(a) ™' (Va) x [tp, () = 0]) U (m(a) ™ (Un) x [tp, () = 1]).

Since Q x4 Spyxr(T) = Npen Br, it is enough to show that A(By) = 1 for every n € N. Take
n e N, due to the fact that tp?(a) = 7(a), we get

M(Bn) = u[(m(a)n 0 [tpn(a) = 0]) U (=7(a) N [tp,(a) = 1])] = 1.

Conversely, suppose that (a, ) € S(Q,Sp,xr(T")). In particular, X € So(Q,Sp,xr(T)), so,
it corresponds to a type pg € SDQEXDAPrOXFR(TR)' Assume that py = tp(a,=,b) and let p =
tp(a, Z,a,b). By hypothesis, A\(B,,) = 1 for every n € N. This implies that tp?(a) = m(a),.
Hence, p € SDTRXF(TR).

It remains to show that the homeomorphism is (G(T') 2 Q) -equivariant. Take § = («, g,7,3) €
(G(T):Q)r and p = tp(a,7,5,b) € SDTRXFR(TR). Then, we can find some ¢ € DI such that
g = tp((c,71(E),a),(a,E,B)). It follows, gp = tp(c,7 1(E),a,b). In this case, for w € Q,
tp(Cw,CLw) = 9r(w) and so, 9r(w) tp(aw,bw) = tp(CW7bw)' Let w(y7y7u) = U[y’ (Sai(yvu))iqb] be
a formula in 2 x Dy x F, where o is an Lpy-term in EPN{V x Efyy and ¢;(y,u) is a formula in
Dy x F for i <n. Let (3,p) be the couple in 2V x LY (Q,C(X)*) corresponding to (3, \p) as
per Lemma 4.1.4. Then,

(. Agp) = E(o [ (2), ([pi(c.B)])icn])
= [ oLf=(r @), (il 7 ) )ien) P ) dp(w)
= [ oL= (@), (015 7+ )} P ()

B \/(\2 (‘/)(W(,B)(w) U[fE(T(w))a (‘;Di(y>u))i<n]g‘r(w).q dp(w)(q)) du(w)

= <§_1¢7 )‘p)
= W},g)‘p)

This completes the proof. O

Fix A a set of £-formulas in the variables Dy x F. We define AT as the set of formulas of the
form E(o[g, ([¢i(y,w)])icn]) where o is a term in Eky, x ER, and each ¢;(y,u) is a formula
in A. From Proposition 4.2.6, we know that =a is a closed equivalence relation on Sp,xr(T")
invariant under the action of G(7"). By Lemma 4.1.9, we get an induced equivalence relation
on S(92,Sp,xr(T)), this space being homeomorphic to SDTRXFR(TR) as we have just seen. In
the following theorem we will see that this equivalence relation is just =pr. We will denote
na : Sppxi(T) — Sa(T) and nar 2 Sp_pxr(T) —> Sar(T) the quotient maps.

Theorem 4.2.11. Let A be a set of formulas in Dp x F, then there is a (G 2 Q),-equivariant
homeomorphism between Sar(TT) and S(Q, SA(T)) such that the following diagram commutes

Sp, pxin(TT) —— S(Q,Sppxr(T))

lﬂAR lidzN XA+

SAR(TR) E— S(Q,SA(T)).
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Proof. We can assume that A consists of the whole sets of formulas on SA(T'). Let us de-
note by Ea the equivalence relation on S(€2, Sp,xr(7")) induced by =a as in Lemma 4.1.9. In
virtue of Theorem 4.1.10 and Theorem 4.2.10, we have (G{2) r-equivariant homeomorphisms be-
tween S(2, SA(T)) and S(Q, Sp,xr(T))/Ea, and between S(€2, Sp,«xr(T)) and SDTRiFR (TH).

Therefore, it suffices to show that under the cited homeomorphism =5r agrees with Ea. Con-
sider the formula 1 (y, 9, u) = o9, (¢i(y,u))icn], Where o is a term in ERy, x B, and ¢;(y,u) € A
for i < n. Since E[¢] belongs to A¥, for every p € SDTRXFR(TR) we have

(Qﬁ, nA,*()‘p)) = E[[w(yv u?ﬂ)]]p'

Due to the fact that the family of functions defined by formulas of this form is dense in C'(£2 x
SA(T),[0,1]), we conclude that p =ar q if and only if (tp, Ap)Ea(tq, Aq)- O

We will now relate stability and the groupoid action on these quotients. Given a formula ¢
defined on some sort D we denote by f, the corresponding map on the space of types, i.e.
f,: Sp(T) — [0,1] is given by f,(p) = ¢”. The next proposition shows that stability of the
formula ¢ is equivalent to the function f, being wap, as defined in Definition 3.6.3.

Proposition 4.2.12. Let F be a sort of T and let o(y,u) be a formula in Dy x F. Then, ¢ is
stable if and only if the map £, : Spxr(T) — [0,1] is wap.

Proof. Suppose first that ¢(y,u) is stable. Fix ¢ € Sp,(T) and let us denote Sy(T") = {p €
Sprxr(T) ;5 t(p) = q}. Let (gn)neny S ¢G(T) and (pm)men S S¢(T") be sequences such that
limy, lim,,, gnf,(pm) and limy, lim, g,f,(pm) both exist. By stability, the double limits must
agree. It follows from Grothendieck’s criterion that {gf, ; g € ¢G(T)} is relatively weakly
compact in C(Sy(T)), which shows that f, is wap. Now suppose that ¢(x,y) is not stable.
Then there is M separable model of T', (an)ney € Dr(M), (bm)men € F(M) and reals 7 < s
such that ¢(an,by,) <r for n <m and p(ay,by) > s for n>m. By | , Lemma 4.14], the set
of elements in D7 (M) interdefinable with M is dense in D7(M). We may therefore assume
that each a,, is interdefinable with M. For m,n € N let g,, = tp(ag,a,) and p,, = tp(ag, by). If
we denote g = tp(ap), we have that (g, )nen is a sequence in ¢G(T") and (P )men 1S & sequence
in Sy(T") such that g f,(pm) < r for n < m and g,f,(pm) > s for n > m. By diagonalization,
there is a double subsequence such that the iterated limits exist but they are different. Using
Grothendieck’s criterion we obtain that {¢f, ; g € ¢G(T')} is not relatively weakly compact in
C(S4(T)). We conclude that f, is not wap. O

Let ¢(y,u) be a formula in Dy x F' and let A be a set of formulas in Dy x F' containing
¢. By Fact 4.2.3, the map f, factors through the quotient SA(7"). If ¢ is stable, the previous
proposition together with Theorem 3.6.10 imply that there is a representation of G(T") ~ SA(T)
on a field of reflexive spaces such that f, agrees with the map defined by a section. Conversely,
if we can find such a representation then we get from Proposition 3.6.6 that f, is wap and so ¢
is stable. We thus have proven the following result.

Theorem 4.2.13. Let T be a complete, countable theory admitting a universal Skolem sort
Dy. Let F be any sort of T and let o(y,u) be a formula in Dy x F. Then, ¢ is stable if and
only if for any set of formulas A in Dp x F containing ¢ there is a representation G(T') ~V,
a:SA(T) — B(VY), on a field of reflexive Banach spaces (V,T'), and there is v € T' such that

@(y,u)? = (v,a(p ta)) for every p € Spxr(T).
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4.3 Representation of the randomization of an action

Suppose that (X, p) is a compact, metrizable G-space over 2N and that 7 : 2N — (QN)Q is a
continuous map. Recall from Section 4.1 that we have an action of (G:Q), on S(€2, X). Assume
moreover that we have a representation G ~V, o : X — B(V™*), of the original action. The
aim of this section is to obtain a representation of (G 1), ~ S(£2,X). The next definition is
just a generalization of the construction of Ls(£2, V") for a Banach space V', as done for example
in | , Chapter IIJ.

Definition 4.3.1. Let {V,, ; w € Q} be a family of Banach spaces and let A be a vector subspace
of [y eq Vo satisfying:

1. If 170, e ’@n—l e A and Ao, .. -’An—l € B then an XAiiAJZ‘ eA.
2. For every we Q, {0(w) ; v €A} is dense in V.

3. For every v € A, the map w — |0(w)]|| is measurable and

ila = ([ 16Pdu)) < 100

We define La({V,, ; weQ},A) as the family of maps 0 € [eq Vi, for which there is a sequence
(On)nen in A satisfying lim,, |0, — 9| = 0 almost everywhere, and whose La-norm |02, defined as
above, is finite.

Note that if all V,, are equal to a fixed space V and A is the space of simple functions then
Loy({V,, ; weQ}, A) agrees with La(€2, V). The proof of the following result is a straightforward
adaptation of the analogous result for Lo (92, V).

Lemma 4.3.2. Ly({V,, ; weQ},A) together with the norm |-|2 is a Banach space having A as
a dense subset.

Let (V,T) be a field of Banach spaces over 2% and let 7 : 2N — (2M)® be a continuous map.
Fix o€ 2V, Given Ay,..., Ap_1 € B and vy, ...,v,_1 €' let us define the map ¥ € [ cq Vi) (w)
by

0) = 3, ()vilr(@) @),
<n
Let A, denote the family of maps ¥ € [1,,cq Vr(a)(w) of this form. It is easy to see that A, verifies
properties 1. and 2. of Definition 4.3.1. Assume that for every v € I' the map 8 — |v(B)| is
measurable. Then, the maps w — |v(7m(«)(w))| are also measurable and they are moreover
bounded. Consequently, A, also verifies 3. It follows that La({V(a)(w) ; w € 2}, Aq) is a Banach
space. We set

LQ(Q7V)TF = I_l LQ({VW(Q)(w) ) wGQ},Aa).

ae2N

The construction of sections is quite straightforward. Given Ay, ..., A,-1 € Band vg,...,vy_1 €[
define v € TT,eon La({Vr(a)(w) 3 w € 2}, Aa) by V(a)(w) = Zicy xa, (W) vi(m(a)(w)) for a € N
and w € ). Let us denote by A the family of such sections. Clearly, A is closed under linear
combinations and A, is dense in Lo ({Vi(a)w) ; w €2}, Aq) for every a e oN Tt is easy to verify
that if M > 0 satisfies |v;(3)] < M for every 3 € 2V and every i < n then [¥(a)|2 < M for every
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a € 2V, We thus conclude that (Ly(Q, V)., A) is a field of Banach spaces over 2.

When (V,T") is a continuous field then V is endowed with a topology as in Fact 3.1.4. The next
lemma shows that in this case, for a separable field, the elements of Lo({Vr(a)w) ; w € 2}, Aa)
consists of measurable maps of finite La-norm.

Lemma 4.3.3. Suppose that (V,T') is a separable, continuous field of Banach spaces over oN,
Then, for a € 2N, a map 0 € [Tyeq Vi(a)(w) belongs to Lo({Vi(ayw) 5 w € Q},Aa) if and only if

0:Q —V is measurable and ||0]2 = ([Q||@(w)||2du(w))l/2 < +00.

Proof. =) Pick v €T, since this map is continuous, the map v o 7(«) : 2 — V is measurable.
This implies that every map of A, is measurable. Therefore, ¥, being an almost everywhere
pointwise limit of maps of Ay, is measurable. The Lo-norm is finite by definition.

<) Let {vy ; k € N} be a dense subset of I and fix n > 1. For every k € N define Ay, = {w €
Q; o(w) € O(vg,1/n,2Y)} and By = Agp N Uick Ain. By construction, {By, ; k € N} is a
measurable partition of Q. For every n € N pick I,, € N such that p1(Ug<,, Bk,n) > 1-1/2". Define
O = Lt XByn (VeoT()). Let By = Ugar, Brn and E = Upen Nnsm En, we have that p(E) = 1.
Take w € E and let € > 0 be arbitrary, then there exists N € N such that 1/N < e and w € N,y En-
It follows that for n > N, ||0(w) = 0p(w)| < 1/n < e. This shows that lim,, |0 -0, | = 0 on E, which
completes the proof. ]

Proposition 4.3.4. Let (V,I") be a continuous field of Banach spaces. Then there is a unique
family of sections A 2 A such that (L2(Q2, V), A) is a continuous field of Banach spaces.

Proof. By Proposition 3.1.2 it suffices to show that for every v € A the map a — ||[V(a)|2
is continuous. Suppose that v = Y, ,, xa,(vy o 7(-))) where {Ay,..., 4,1} is a partition of Q
and vo, ..., v, 1 € I'. Take (am)men € 2V converging to a. Choose 7 > 0 with r > |v;(3)]? for
every 3 € 2% and every i < n. Now fix i < n. Due to the fact that the map 8 — |v;(5)][?
is uniformly continuous, there is d; > 0 such that for every 8,4 e 2V if d(B,8') < &; then
[[vi(B)|? = [vi(B)|?] < €2/2. For m e N, let C; = [d(7(aum), m(a)) > 6;]. By the continuity of
7, there is M; € N such that for every m > M; we have u(Cj ) < %. It follows that for m > M;,

62
fAi [ vi(m (@) @) = [vi(m(am) (@) [*ldu(w) < 2ru(Ai 0 Cim) + 5 H(Ai s Cigm).-

Define M = max;., M;, for m > M we have that

62
() = ¥ (aum) 3] < 37 fA [Ivi(m (@) @)I” = [vilm(om) (@) [Pldp(w) < 2ru(Cim) + 7 < €,

i<n
We conclude that (|[V(am)|2)men converges to |[v(a)]sa. O

Lemma 4.3.5. If (V,T') is a separable, continuous field of Banach spaces then (Ly(Q, V), A)
is separable.

Proof. Let Ty countable subset of I' such that {v(3) ; v € A} is dense in V3 for every 8 € 2. We
may suppose that 'y is closed under rational linear combinations. Choose A a countable, dense
subalgebra of (B, ), the measure algebra of (Q,B, ). Define Ag as the sections of A defined
from sections in T'y and partitions of © consisting of elements of A, then for every a € 2N,
{V(@) ; veAg}is dense in La({Vr(ay(w) ; w€ R}, Aa)- O
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Suppose that G is a topological groupoid over 2V acting by linear isometries on a Banach field
(V,T). Given (B,0) € Lao(Q, V), and («,9,7,0) € (G21Q)rn define (o, g,7,8) - (8,0)(w) =
go - 0(77(w)) for w e Q. A straightforward computation shows that &(7~(w)) € V;,  for every
w € Q. Hence, (a,g,7,8)(8,0)(w) is well-defined. It is easy to check that it belongs to
[Tweo Va(a)(w)- Suppose that the field (V,T") is continuous and separable, and that the action
G ~ V is continuous as well. We claim that (a,g,7,8) - (8,0) € La({Vr(a)w) 5 w € Q},Aa).
Indeed, (o, g,7,8) - (B,0) is the composition of the maps

Q — GxgV — \4
w = (g0, 077N (W))) g 0(7TH (W),

which thanks to Lemma 4.3.3, are measurable. Moreover, since G acts by isometries on V, a
direct verification shows that ||(«, g,7,8)-(8,0)|2 = ||(5,0)[2. We obtain in this manner a linear
action by isometries (G:Q); ~ La(Q, V).

Now suppose that (X,p) is a compact, metrizable G-space over 2. Assume that the ac-
tion admits a representation on a field of Banach spaces (V,I'). Let £ : X — B(V*) be
the weak* continuous map of the representation. Take (o, \) € S(€2,X) and define £%(a, \) :
Lo({Vr(a)w) i w e}, Aq) — R by

(0 0), 6%, = [ (0(w), ()N (w, ),
for (a,0) € La({Vr(a)(w) 3 w € 2}, Aa). (o, \) is clearly linear and from Hélder’s inequal-
ity we deduce that |¢¥(a, )| < 1. We thus get a weakly* continuous map &7 : S(Q, X) —
B(L2(£2,V)x). Consequently, we get a representation of (G:2), ~S(Q,X) on (L2(2, V), A).

Now suppose that f € C(X) comes from the original representation. This is, there is v € I' such
that f(z) = (v,&(x)) for = € X, as in Proposition 3.6.6. Then, the map in f% ¢ C'(S(Q, X))
coming from v € A is given by

0, = (9.6 @) = [ (v(m(@)(@).€@) dAw.x) = [ () dA(w.2)

Oxo X

for (a, \) € S(©,X). In particular when X is the space of types Sp,xr(T), f is the function
on the space of types given by a formula ¢(y,u), then the map £ is defined by the formula
E[e(y,u)]. Consequently, if the field (V,T") consists of reflexive spaces and (L2(£2, V), A) is
also reflexive, then Theorem 4.2.13 would imply that E[¢(y,u)] is stable.

4.4 Further questions

We expect to show that if (V,T") is a field of reflexive Banach spaces then (L2(£2, V), A) is also
a field of reflexive Banach spaces. The analogous property for Banach spaces holds, see | ,
Corollary IV.1.2]. However, the proof of this result uses the fact that reflexive spaces have the
Radon-Nikodym property, for which we do not have an analog in the context of Banach fields.

In Section 3.7 we mentioned that we would like to study representations of tame functions on
Rosenthal spaces in the context of Banach fields. In the w-categorical case, T. Ibarlucia in
[ | established the correspondence between tame functions and NIP formulas. Subsequently
in | ], he showed how this property is preserved by the randomization. We would like to
explore this route in the context of theories admitting a universal Skolem sort. Namely, find a
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dynamical analog of NIP and use representations on Banach fields to show that NIP is preserved
by randomization.
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Dynamique topologique de groupoides pour 1’étude des
aléatorisations

Résumé: L’objectif principal de cette these est I'étude de la préservation des propriétés
modele-théoriques par 'aléatorisation en utilisant des méthodes dynamiques, en se basant
notamment sur les travaux de T. Ibarlucia. Les aléatorisations sont des structures contin-
ues dont les éléments sont des fonctions aléatoires d’un espace de probabilité sans atomes
dans une famille de structures. Etant donnée une théorie T', son aléatorisation T, est la
théorie commune aux aléatorisations de modeles de T'. La nouvelle théorie préserve plusieurs
propriétés de T', parmi elles stabilité et NIP. Récemment, Ben Yaacov a montré qu’a toute
théorie dénombrable, complete admettant une sorte de Skolem universelle, on peut associer
un groupoide topologique qui détermine la théorie a bi-interprétation pres. On prouve que
si T admet une telle sorte alors son aléatorisation aussi. Ensuite, on étudie les champs
d’espaces de Banach et les actions de groupoides. On montre que les fonctions faiblement
presque-périodiques (ou wap par leur nom en anglais) sont précisément celles provenant de
représentations sur des champs d’espaces réflexifs. Finalement, on étudie I’action du groupoide
associé a une théorie sur 'espace de types partiels. On montre que les formules stables cor-
respondent aux fonctions wap. De plus, on montre comment construire une représentation de
I’aléatorisation de ’action a partir d'une représentation de I'action originale.

Mots clés : Aléatorisation; sorte de Skolem universelle; représentation des actions de
groupoides; stabilité.

Topological dynamics of groupoids for the study of ran-
domizations

Abstract: The primary objective of this thesis is the study of the preservation of model-
theoretic properties by the randomization using dynamical methods, building on the work done
by T. Ibarlucia. Randomizations are continuous structures consisting of random functions from
an atomless probability space into a family of structures. Given a theory T, its randomization
TE, is the common theory of the randomizations of models of T. The new theory preserve
many of the properties of 7', among them stability and NIP. Recently, Ben Yaacov showed
that to any complete, countable theory admitting a universal Skolem sort, we can associate a
topological groupoid that determines the theory up to bi-interpretation. We show that if T’
admits such a sort then so it does its randomization. Subsequently, we study fields of Banach
spaces and groupoid actions. We show that weakly almost periodic functions (wap for short)
are those coming from representations on fields of reflexive spaces. Finally, we study the action
of the groupoid associated to a theory on the space of partial types. We prove that stable
formulas correspond to wap functions. Furthermore, we show how to build a representation
of the randomization of the action starting from a representation of the original action.

Keywords: Randomizations; universal Skolem sort; representation of groupoid actions; sta-
bility.

Image en couverture : Alejandro Obregén, Condor (1979).
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