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Résumé : Dans cette theése, nous nous intéres-
sons aux résonances dites de scattering, qui
jouent un rble fondamental dans l'étude de
I'équation des ondes a l'extérieur d'obstacles.
Nous tacherons de comprendre certains as-
pects de la répartition de ces résonances, plus
particulierement en dimension d = 2 et l'on
s'intéresse a des obstacles a frontiére lisse,
strictement convexes qui vérifient une condi-
tion de non-eclipse. Nous établissons lexis-
tence d'une région sans résonance sous l'axe
réel - on parle de trou spectral - et améliorons
des bornes supérieures pour le comptage de
résonances dans des boites. Ces résultats font
intervenir de fagon cruciale la structure fractale
de I'ensemble capté du flot du billard. Ces tra-
vaux sont dans la lignée des récentes avancées

obtenues dans I'étude des résonances des sur-
faces hyperboliques convexes co-compactes.
Loutil fondamental pour l'obtention du trou
spectral est un Principe d'Incertitude Fractal,
récemment développé par S. Dyatlov et J. Bour-
gain, notamment.

Nous obtenons aussi des résultats simi-
laires dans l'étude des résonances de l'opéra-
teur semiclassique —h?A + V oU V est un po-
tentiel lisse a support compact. En fait, I'étude
du probleme des obstacles se fait naturelle-
ment a haute fréquence et permet d'utiliser les
outils de I'analyse semiclassique. Les méthodes
utilisées dans le cas des obstacles s'appliquent
alors aux opérateurs semiclassiques —h2A +V
grace a deux articles de S. Nonnenmacher, J.
Sjostrand et M. Zworski.

Title : Influence of the fractal structure of the trapped set on the scattering resonances
Keywords : Resonances, open hyperbolic systems, quantum chaos, obstacle scattering, semi-

classical analysis

Abstract : In this thesis, we are interested in
the study of the scattering resonances, which
play a crucial role in the study of the wave
equation outside obstacles. We aim at unders-
tanding some aspects of the distribution of
these resonances, more particularly in dimen-
sion d = 2 and for strictly convex obstacles
with smooth boundary, satisfying a no-eclipse
condition. We prove the existence of a band
without resonance below the real axis - cal-
led a spectral gap - and improve upper bounds
for counting functions of resonances in boxes.
These results involve the fractal structure of the
trapped set of the billiard flow. These works
follow the recent results obtained in the study
of convex co-compact hyperbolic surfaces. The

crucial tool in the proof of the spectral gap
is a Fractal Uncertainty Principle, recently de-
veloped by S. Dyatlov and J. Bourgain, among
others.

We also prove similar results in the study
of semiclassical scattering resonances for ope-
rators —h?A + V where V is a smooth com-
pactly supported potential. In fact, the study of
the obstacle problem is naturally turned into
a high-frequency problem which allows to use
the methods of semiclassical analysis. The stra-
tegy used in the case of the obstacles can be
applied to the semiclassical operators —h?A +
V thanks to two papers of S. Nonnenmacher, J.
Sjostrand and M. Zworski.
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Résumé / Abstract

En Francais :

La notion de résonance apparait dans diverses branches des mathématiques et de la physique.
Dans cette thése, nous nous intéressons aux résonances dites de scattering, qui jouent un roéle fon-
damental dans ’étude de ’équation des ondes & 'extérieur d’obstacles. Elles sont déja présentes
dans les travaux de Lax-Phillips ([LP16]) sur la théorie du scattering ou elles apparaissent comme
poles de la matrice de scattering. L’approche utilisée dans cette thése est différente et repose sur
I’étude de la résolvante du Laplacien A sur L?(R?\ O). Nous tacherons de comprendre certains as-
pects de la répartition de ces résonances dans le plan complexe, plus particuliérement en dimension
d = 2. Nous établissons I’existence d’une région sans résonance sous ’axe réel - on parle de trou
spectral - et améliorons des bornes supérieures pour le comptage de résonances dans des boites.
Ces résultats font intervenir de fagon cruciale la structure fractale de I’ensemble capté du flot du
billard. Ces travaux sont dans la lignée des récentes avancées obtenues dans la compréhension du
spectre des surfaces hyperboliques convexes co-compactes. L’outil fondamental pour 1'obtention
du trou spectral est un Principe d’Incertitude Fractal, récemment développé par S. Dyatlov et J.
Bourgain, notamment.

Nous obtenons aussi des résultats similaires dans ’étude des résonances de 'opérateur semi-
classique —h?A+V ou V est un potentiel lisse & support compact. En fait, ’étude du probléme des
obstacles se fait naturellement a haute fréquence et permet d’utiliser les outils de I'analyse semi-
classique. Les méthodes utilisées se généralisent alors sans difficulté aux opérateurs semiclassiques
—h2A + V grace aux travaux de [NSZ11] et [NSZ14].

In English:

The notion of resonance appears in several branches of mathematics and physics. In this thesis,
we are interested in the scattering resonances, which play a crucial role in the study of the wave
equation outside obstacles. They are already present in the works of Lax-Phillips ([LP16]) on
scattering theory and appear as the pole of the scattering matrix. The approach in this thesis is
slightly different and relies on the study of the resolvent of the Laplace operator A on L2(R%\ O).
We aim at understanding some aspects of the distribution of these resonances in the complex
plane, more particularly in dimension d = 2. We prove the existence of a band without resonance
below the real axis - called a spectral gap - and improve upper bounds for counting functions of
resonances in boxes. These results involve the fractal structure of the trapped set of the billiard
flow. These works follow naturally the recent results obtained in the study of convex co-compact
hyperbolic surfaces. The crucial tool in the proof of the spectral gap is a Fractal Uncertainty
Principle, recently developed by S. Dyatlov and J. Bourgain, among others.

We also prove similar results in the study of semiclassical scattering resonances for operators
—h?A + V where V is a smooth compactly supported potential. In fact, the study of the obstacle
problem is naturally turned into a high-frequency problem which allows to use the methods of
semiclassical analysis. The strategy can be generalized without pain to the semiclassical operators
—h2A + V thanks to the works of [NSZ11] and [NSZ14].
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Chapter 1

Introduction (en frangais)

Cette introduction contient deux parties. Dans la premiére, nous présentons les principaux résultats
démontrés dans ce manuscrit et nous les contextualisons. Dans la seconde partie, nous donnons
un apercu de quelques outils essentiels qui ont été utilisés dans cette thése.
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1-1 Cadre.

Motivations. La principale motivation de cette thése est I’étude du probléme de scattering par
des obstacles strictement converes. Nous nous intéressons notamment aux résonances, dites de
scattering, de tels systémes, que l'on peut présenter comme des systéemes hyperboliques ouverts.
D’autres systémes de ce genre seront exposés en 1-1.5.. Nos principaux résultats, a savoir les
Théorémes A et B présentés dans cette introduction, concernent la répartition de ces résonances
dans le cas d’obstacles en dimension 2.

1-1.1. Résonances dans le probléme de scattering par des obstacles.

Commencons par introduire la notion de résonance, dans le cas qui nous intéresse. Pour ne pas
perdre en généralité, nous présentons le probléme en dimension quelconque d. On considére un
ouvert borné O - Pobstacle (ou Iensemble d’obstacles) - et a ce stade, la seule hypothése sur O
que nous faisons est qu’il posséde une frontiére lisse. Nous rajouterons plus loin des hypothéses
géométriques importantes - notamment la stricte convexité- mais elles ne sont pas encore nécessaires
pour la définition générale des résonances.

Dans ce cadre, le probléme principal qui nous intéresse concerne 1’étude de la propagation des
ondes en dehors de 'obstacle. Autrement dit, nous nous intéressons & ’étude de ’équation des
ondes

Oiu(t,r) — Au(t,z) =0; teR, z € R\ O

avec conditions initiales u(0,x) = ug(z), dyu(0,2) = uy(z). Pour que ce probléme soit bien posé,
il est nécessaire d’imposer des conditions de bord. Dans cette thése, nous utiliserons la condition
de Dirichlet, c’est-a-dire,

u(t,z) =0, 2 € 90
La théorie des semi-groupes assure que le probléme ci-dessus est bien posé (voir [Tay10]|, Chapitre

9, Section 4). En effet, posons U = R?\ O ainsi que H l'espace de Hilbert H(U) & L*(U), o
H(U) désigne le complété de C°(U) par rapport & la norme ||f|[3 = ||V f||2(y. Soit alors A

I’opérateur
0 Id
-(30)

de domaine D(A) = (H N H?(U)) @ H}(U). A est maximal dissipatif, de sorte que la théorie de
Hille-Yosida permet de définir le propagateur e* et si (ug,u;) € H, la premiére composante u(t)
de t — e (ug, u1) est I'unique solution du probléme de Cauchy suivant

02u — Au = 0 dans U
Uli—0 = uo

8tu|t:0 = U

u(t,z) = 0 pour x € 00

(1-1.1)

Dans le cas d’un ouvert borné , (ce qui n’est évidemment pas le cas ici), la théorie spectrale
de A sur L?(Q) permet de résoudre complétement 1'équation des ondes dans Q (avec condition de
Dirichlet). En effet, puisque l'injection H{(Q) — L?(Q) est compacte, —A posséde une résolvante
compacte et donc un spectre discret 0 < Ag(€2) < A1(2) < ..., associé a une base Hilbertienne de
fonctions propres (e;);jen. Dés lors, les solutions de (1-1.1) sont de la forme :

(o)
u(t,x) = Z (a;e"™ +bje ") e;(x)
5=0

ou aj,b; s’obtiennent en décomposant la donnée initiale dans la base (e;).
Cela n’est plus possible dans le cas qui nous intéresse d’un ouvert non borné. En fait, le spectre
de A n’est plus discret et nous avons

0(—A) = 0ess(—A) = [0, +00]

Néanmoins, il est toujours possible de définir une notion de valeurs propres généralisées, appelées
résonances, qui jouent un role analogue & celui joué par les valeurs propres dans le cas borné.
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Celles-ci permettent d’obtenir des informations sur le comportement des solutions de I’équation
des ondes. En particulier, il est possible d’obtenir un taux de décroissance pour ’énergue locale
des solutions de 1’équation des ondes, comme nous le verrons dans cette thése (voir Chapitre 6).
L’énergie globale d’une solution est définie comme

B0) = 3. ()|l = 5 [ 1V + (o)

Sans amortissement, elle est bien entendu conservée. En revanche, si K € R2, nous pouvons
également définir ’énergie locale dans K de la méme fagon

Bilt) =3 [ [Vul) + (o)
2 Jknu
On sait alors que pour tout compact K, Ex(t) — 0 quand ¢ — 400 dés lors que les données
initiales sont & support compact (voir par exemple [Tayl0], Chapitre 9, Proposition 4.1). Une
bonne compréhension de la résolvante de —A permet d’avoir un controle sur le taux de décroissance
de I’énergie locale.

Définition rigoureuse des résonances. Afin d’introduire rigoureusement les résonances, nous
allons suivre Papproche du livre [DZ19].

Remarque.

Quand il s’agit du probléme des obstacles, la dimension 1 n’est pas trés intéressante. Néanmoins,
en ce qui concerne le scattering par un potentiel, c’est tout a fait pertinent et pour cette raison,
nous ne ’excluons pas de la présentation ci-dessous.

La résolvante libre. Il parait naturel de commencer par comprendre le cas de la résolvante libre,
a savoir le cas o O = () avant de s’aventurer plus loin dans I’étude des problémes de scattering. En
fait, il s’avére que le cas U = R? est fondamental pour déveloper la théorie du scattering par des
obstacles, ou méme par un potentiel. Présentons donc les principales propriétés de cette résolvante
libre. Dans ce cas, rappelons que I'on souhaite étudier —A sur L2(RY) de domaine H?(R?) et que
le spectre est alors donné par o(—A) = [0, +o0[. Il est alors possible de définir la résolvante

Ro(\) == (=A =X)L L2(RY) — H2(RY) ; ImA >0 (1-1.2)

Remarque.

L’une des raisons de choisir d’écrire le paramétre spectral z € C \ [0, +o0[ de la forme z = A2,
ImA > 0 est que les fonctions ey, (x) = MW of w € S9! sont des solutions évidentes de
l’équation —Au — A2u = 0. Le signe de Im \ est purement arbitraire et c’est celui qui est choisi
dans ce manuscrit.

11 est possible de décrire analytiquement le noyau de Schwartz de la résolvante libre Ro(\) : il s’agit
d’un noyau de convolution Ry(A,z,y) = G(\, | — y|) ou G dépend de la dimension. Ci-dessous,
une expression de G dans le cas des dimensions 1,2 et 3.

Dimension 1 2 3

G\ ) %ei’\" i'Hél)()\r) L gir

Arnr

H(gl) est une fonction de Hankel du premier type. Quand Im A > 0, son comportement asympto-
tique dans la limite r — 400 est donné par

2 LAT — 170
HY () = 1/ae”"“ (14 0(1/r))

En particulier, on voit aisément que pour les 3 premiéres dimensions, quand Im A > 0, le noyau
décroit exponentiellement vite quand 7 — +00, ce qui assure que l'opérateur Ry(\) : L2 — H? est
borné.
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En dimension 3, et de fagon plus générale, en dimension impaire plus grande que 3, le noyau
peut se prolonger analytiquement & tout le plan complexe C. En dimension 1, il peut s’étendre de
fagon méromorphe avec un unique pole simple en 0. La situation est différente en dimension paire.
Cela se voit bien dans le cas d = 2 présenté plus haut. En effet, H(gl) ne peut pas étre prolongée
analytiquement a tout C, mais au recouvrement logarithmique de C, que ’on notera A. Nous
avons finalement plus généralement le résultat suivant:

N
Théoréme 1-1.1. Soit x € C°(R?). Alors, l'opérateur

XRo(\)x : L2(RY) — H?*(RY)

défini pour Im A > 0 se prolonge
e méromorphiquement a C avec un pole simple en A =0 quand d = 1;
e analytiquement & A quand d est pair ;
e analytiquement a C quand d est impair de d > 3.

.

Remarque.

e Il y a une différence majeure entre les dimensions paires et impaires. Cette différence a aussi
des conséquences fondamentales pour ’équation des ondes : le principe de Huyghens fort est
valable en dimension impaire, mais pas en dimension paire. Quand on ajoute des obstacles,
cela a des conséquences sur le taux de décroissance de I’énergie locale de ’équation des
ondes, comme nous le verrons dans cette thése.

e Une fagon d’obtenir les expressions de G, qui sont données dans le tableau ci-dessus, est de
résoudre I'équation —Au — A\2u = 0 avec des fonctions v radiales. Cela conduit & résoudre
I’EDO donnée dans la table ci-dessous pour les dimensions 1,2 et 3. Chacune a une base de
solutions qui sont données ci-dessous également.

Dimension 1 2 3

EDO Fr4HXf =0 | 72" +rf +r2X2f =0 | P2f" +2rf +r2X2f =0
Solution du ler type Fret iHél)(Ar) e
Solution du 2nd type e AT L &) (xr) e

Hé2)est une fonctionc de Hankel du second type. Quand Im A > 0, le comportement asymp-
totique quand r — +o00 est donné par

le_(i)\r—iﬂ'/‘l)(l +O0(1/r))

HO(Q) (Ar) = TAY

Les solutions du premier type sont dites sortantes, quand les solutions du second type sont
dites entrantes. Quand on calcule le noyau de la résolvante libre, on veut que la résolvante
Ro() soit bornée de L? vers L? quand Im A > 0. Cette condition "sélectionne" les solutions
sortantes. Pour cette raison, on dit que la résolvante Ry(A) est sortante.

Prolongement méromorphe. Nous aurons besoin de la définition suivante.

Définition 1-1.1. On dit qu'une famille d’opérateurs T'(\) : H;y — Hs ou Hi, Hy sont des
espaces de Hilbert et A un parameétre complexe appartenant & un ouvert U C C (ou bien U C A)
est meromorphe avec des poles de rang fini si pour tout Ay € U, il existe r > 0, m € N,
Ti,...,Ty : Hi — Hs de rang fini et T (\) : Hi — Hs une famille holomorphe d’opérateurs
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dépendant de A € B(Ag, ) tels que B(Ag,7) C U et pour tout A € B(Ag, ),

m

T =T\ + Y (/\fij/\o)j

j=1

Les poles de cette famille sont les points ot I'on ne peut pas prendre m = 0. L’ensemble des poles
est discret.

On peut alors définir précisément les résonances. Leur définition repose sur le résultat suivant (voir
[DZ19], Théoréme 4.4):

[

Théoréme 1-1.2. Soit O un ouvert borné ayant une frontiére lisse et notons U = R%\ O.
Soit A le laplacien sur L>(U) de domaine H*(U) N H(U) (i.e. avec condition de Dirichlet).
Alors,

R(\) = (A= )" L*(U) — L*(U)

bien définie pour Im A\ > 0, se prolonge a C (resp. A) quand d est impair (resp. quand d est
pair) en tant que famille méromorphe d’opérateurs avec poles de rang fini allant de Lgomp(U)

vers HE (U). En d’autres termes, pour tout x € C(RY) tel que x =1 dans un voisinage de
0,
XR(\)x : L*(U) — H*(U)

est une famille méromorphe d’opérateurs avec pdles de rang fini.

-

On peut alors définir rigoureusement les résonances :

Définition 1-1.2. On dit que A € C (d impair) ou A (d pair) est une résonance de —A si c¢’est un
pole du prolongement méromorphe de R(\). La multiplicité d’une résonance X est définie comme

mgr(A) = rank/ R(¢)d¢

I

ou le contour 7y, est un cercle centré en A n’entourant aucun autre pole.

Remarque.

e La preuve de ce résultat repose sur la théorie de Fredholm analytique. L’objectif est de
construire un bon parametrix R(\) tel (—A — A2)R()\) = Id+K()\) avec K(\) une famille
analytique (ou éventuellement méromorphe en dimension 1) d’opérateurs compacts. La
résolvante libre Ro(\) fournit un bon parametrix a U'infini et ¢’est pourquoi il est crucial de
bien comprendre Rg(A).

e Ce résultat peut s’étendre a une classe plus large de perturbations du laplacien. Tout
d’abord, il est possible de 'adapter au cas du scattering par un potentiel, c’est-a-dire,
I'étude de —A +V ot V € C°(RY). Plus généralement, il est possible de généraliser ce
résultat au formalisme abstrait de "black-box" de [SZ91] pour des opérateurs P agissant
sur des espaces de Hilbert de la forme H = Ho @+ L2(R%\ B(0, R)) ot P coincide avec —A
sur L2(R4\ B(0, R)) (voir par exemple [DZ19], Chapter 4).

e Comme expliqué dans [DZ19], ces résonances peuvent aussi étre décrites comme les poles
de la matrice de scattering, ce qui correspond directement aux résonances de scattering
introduites par [LP16] en dimension impaire (voir par exemple [SZ94]).

La structure de la résolvante sortante au voisinage d’une résonance est donnée par le théoréme
suivant ( [DZ19], Théoréme 4.7) :
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4 )
Théoréme 1-1.3. Soit A # 0. Alors, il existe My < mpg(\) et  — A((,\) une famille
analytique d’opérateurs définie dans un voisinage de X, telle que, dans ce méme voisinage,

Mx A y2\k—1
RO = 46N - 3 S5

k=1

ot ITy est le projecteur spectral défini par

ot le contour vy ne contient aucun autre pole que A. Il vérifie :

rang Iy = mr(\) ; (A = X)Mr =0

- J

Cela permet de définir la notion d’états résonants, qui jouent le role de fonctions propres
généralisées de —A:

Définition 1-1.3. On dit que u est un état résonant (resp. un état résonant généralisé) associé
a la résonance A # 0 si u € Im Iy et (—=A — A?)u =0 (resp. si v € Im1I,).

La caractérisation qui suit des états résonants peut s’avérer utile et montre que ceux-ci vérifient
une propriété sortante ([DZ19], Théoréme 4.9):

Théoréme 1-1.4. Soit A # 0. Un étatuw € HE (U)NHE(U) est un état résonant associé a A

si et seulement si (—A — \2)u =0 et s’il existe g € L?,,, (R™) et R > 0 tels que O C B(0, R)

comp
et

ulra\ g(o,r) = (Ro(N)g)Ira\B(0,R)

1-1.2. Répartition des résonances.

Dans cette thése, nous nous intéressons & la répartition des résonances dans le plan complexe.
Nous étudierons plus particuliérement le cas de la dimension d = 2. On s’intéressera dans ce cas
au résonances du premier feuillet de A, a savoir C\ (iR™). Deux questions ont tout particuliérement
motivé nos travaux. La premiére question est la suivante :

Question 1.1 (Trou spectral). Fziste-t-il v > 0 tel qu’il n’y a qu’un nombre fini de résonances
dans {A € C,|ReA| > 1,Im A\ > —} ?

Remarque.

e On sait par ailleurs qu’il n’y a pas de résonances sur I’axe réel. Ce résultat est souvent
connu sous le nom de théoréme de Rellich ([Rel43]). Il est par exemple prouvé dans [Bur9§]
en toute dimension.

e En dimension impaire, on peut remplacer de maniére équivalente {\ € C,|Re A\| > 1,Im A >
—v} par {A € C,Im\ > —~}.

e L’existence d’un nombre fini de résonances dans {\ € C,|ReA| > 1,Im A > —v} revient a
dire qu’il existe A\g > 0 tel qu’il n’y a pas de résonances dans {\ € C,|Re A| > Ao, Im A >
—~}. On dira que v est la profondeur ou la taille du trou spectral.

o Il est tout & fait envisageable de s’intéresser a d’autres formes de régions sans résonances.
On pourrait regarder - mais nous le ferons pas dans cette thése - des profils g : R; — R
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et considérer la région

{AeC,|ReA| > Ao, Im A > —g(|Re \|)}

Comme nous l'expliquerons plus en détail dans cette thése, la géométrie des obstacles joue un
role crucial dans l'obtention d’un trou spectral. Avec I'unique hypothése que les obstacles ont
une frontiére lisse, le résultat de région sans résonance le plus général donne un profil de la forme
g(\) = cre™ 2

Théoréme 1-1.5 ([Bur98|). Soit O un obstacle borné de frontiere lisse. Alors, il existe
Ao, €1, Co tel qu’il n’y a pas de résonance dans

{|ReA| > Ao} N {Im)\ > 7clesz|ReA\}

La Question 1.1 est trés fortement reliée a la décroissance de 1’énergie locale de 1’équation des
ondes. En fait, afin de controler le taux de décroissance, il est aussi nécessaire que le trou spectral
soit accompagné d’estimées pour la résolvante tronquée, dans des bandes sous ’axe réel. Autrement
dit, pour y € C2°(R?), il est nécessaire de trouver une fonction assez explicite f : Ry — R, telle
que pour tout A € C

ReA> LiImA > —y = [[xB(Mx|lr2—12 < f(JReA|)

Nous verrons cela plus en détail dans le Chapitre 6 (voir aussi [Tka82|, [Ika88|, [Leb96], [Bur98|,
[Zwo12] Chapter 5).

L’autre question principale concerne des estimées pour des fonctions de comptages de résonances
dans des boites. Pour v > 0 et § > 0, notons

Q,s5(r)={AeC,Im\ € [—,0],Re X € [r,r+ 0]}

(en dimension 2, on considére ), s comme un sous-ensemble du premier feuillet de A) et soit
N, .5(r) le nombre de résonances dans Q- s(r), comptées avec multiplicité.

Question 1.2 (Comptage de résonances). Peut-on trouver un équivalent asymptotique simple
de N, 5(r) quand r — 400 ¢

Remarque.

e En général, un asymptotique exact est une question trés complexe. De plus, 'obtention de
bornes supérieures se révéle souvent plus facile que pour les bornes inférieures. Dans cette
thése, nous prouvons uniquement des bornes supérieures.

e On parle en général de borne ou asymptotique de Weyl, par analogie avec la loi de Weyl
dans le cas des valeurs propres.

e Il est possible de compter les résonances dans d’autres régions - pas nécessairement des
boites - tant que ces régions bougent avec Re A — 400 (ou bien |A]).

La borne la plus générale (et sans hypothése particuliére) est donnée par :

Théoréme 1-1.6. Soit O un obstacle borné de frontiére lisse. Quand d est impair (resp.
pair), on définit N(r),r > 0 comme le nombre de résonances comptées avec multiplicité) dans
B(0,7) ( resp. B(0,r)\ iR~ ). Alors, il existe C > 0 tel que pour tout r > 1,

N(r) < Cr?

Remarque.
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e Ce théoréme est démontré dans [Mel84] pour le cas de la dimension impaire.

e Dans le cas de la dimension paire, c’est un corollaire des estimées plus générales obtenues
dans [Vod94b] pour d = 2 et [Vod94a] pour d > 4. En fait, Vodev donne des bornes
supérieures pour des régions de A de la forme {|\| < r, |arg A\| < a}.

1-1.3. Un systéme hyperbolique ouvert : le cadre géométrique.

Nous en venons a présent aux hypothéses géométriques sur les obstacles, qui sont fondamentales
dan cette thése, et qui sont nécessaires pour énoncer nos résultats. Considérons un nombre fini
J d’obstacles (i.e. des ouverts connexes bornées) O; C RY, j = 1,...,J de frontiére lisse et
supposons que ces obstacles sont tous strictement convexes. On note

J
o=Jo;; a=R"\0

J=1

Pour des raisons techniques et pratiques, on supposera de plus que les obstacles vérifient la con-
dition de non-eclipse ci-dessous, due a Ikawa : pour tous i # j # k,

conv(O; UO;) N O, =10 (1-1.3)

ot conv(A) est 'adhérence de ’enveloppe convexe de A.

Que ce soit le probléme du trou spectral ou le probléme de comptage de résonances, les deux
sont des problémes & haute-fréquence. Il est alors possible d’introduire un petit parameétre h ou
% = Re(\). Avec cette nouvelle paramétrisation, on s’intéresse alors a U'opérateur semiclassique

P(h)=—-h*A—1 , 0<h<hg

dans la limie A — 0. Le nouveau paramétre spectral est z € D(0,Ch) pour un certain C > 0
fixé. On dit que h est un paramétre semiclassique. Ce point de vue permet d’utiliser les méthodes
de I'analyse semiclassique, qui permettent une étude uniforme des opérateurs P(h) dans la limite
h — 0. 11 est notamment possible de relier rigoureusement le comportement a haute fréquence de
—A et le flot classique associé au systéme : on parle de la correspondance classique/quantique. En
ce qui concerne ce systéme ouvert, le flot classique est le flot du billard dans Q x S, c’est-a-dire,
le mouvement libre d’une particule qui se déplace en ligne droite, avec des rebonds élastiques sur
le bord des obstacles (voir Figure 1.1).

L’ensemble capté, 4 savoir, 'ensemble des points (z,£) € 2 x S! dont la trajectoire reste bornée,
a la fois dans le passé et dans le futur, est un objet particuliérement important dans I’étude de ces
problémes. Dans les cas J = 0 et J = 1, 'ensemble capté est vide. Pour le cas de deux obstacles,
il s’agit d’une unique trajectoire périodique. Dés que plus de trois obstacles rentrent en jeu,
la structure de I’ensemble capté se complexifie et dévoile un aspect fractal. La Figure 1.2 montre
différentes trajectoires captées correspondant & diverses trajectoires périodiques dans le cas de trois
disques situés sur les sommets d’un triangle équilatéral. La Figure 1.3 montre une représentation
de ’ensemble capté pour un modéle & 4 obstacles. La structure de ’ensemble capté joue un role
fondamental dans les deux questions qui nous intéressent. Afin d’illustrer mathématiquement la
complexité de cet ensemble, il peut étre intéressant de citer le théoréme suivant :

\

Théoréme 1-1.7 ([Mor91]). Supposons que les J obstacles soient strictement convezes, de
frontiére lisse et vérifient la condition de non-éclipse. Alors, pour tout o € X, ot X est
l’ensemble des suites d’obstacles admissibles

={ae{l,.... ]}V € Z,a; # a1}

il existe une unique trajectoire captée ® : R — Q x St telle que ®(0) € 90, x S et la suite
des obstacles rencontrés par la trajectoire ® est exactement o.

\ J

Remarque.
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(a) Trois obstacles convexes qui vérifient la con- (b) Une trajectoire non captée du flot du billard
dition de non-éclipse. (en noir) et des trajectoires captées (en rouge).

Figure 1.1: On étudie 1’équation des ondes - le probléme "quantique" - en dehors d’obstacles
strictement convexes qui vérifient la condition non-éclipse (a) . Le flot classique est le flot du
billard (b).

L’existence d’une trajectoire périodique avec une suite périodique de ¥ prescrite n’est pas difficile
a voir. En effet, soit (aq,...,ay) une telle suite, il suffit alors de minimiser,
(x1,...,2Nn) €004, X -+ X OOqy + ||x1 — 22| >+ + |lzy_1 — zn]|]* + ||on — 21|

Pour des suites non périodiques, on les approche par des suites périodiques de période IV et on
fait N — +o0o. Pour démontrer 'unicité, il faut utiliser I’hyperbolicité du flot du billard.

La complexité de I’ensemble capté est en fait relié a 'hyperbolicité du flot du billard. Des
définitions précises seront rappelées au besoin dans cette thése, et notamment dans le Chapitre 3.
Pour le moment, ce qui est important de garder & I’esprit est que ’hyperbolicité crée de I'instabilité
par rapport aux conditions initiales : ceci est illustré par les figures 1.4 et 1.5. Par exemple, une
particule peut démarrer sa trajectoire trés proche d’une trajectoire captée mais pour autant finir
sa course vers l'infini. On dit que ce systéme est un systéme hyperbolique ouvert.

Quelques notions de systémes dynamiques. Afin de conclure cette présentation succincte
du flot du billard, il nous parait nécessaire d’introduire quelques notions de systémes dynamiques
qui seront importantes pour comprendre certains résultats que nous souhaitons présenter ci-aprés.

e La transformation du billard (voir Figure 1.6). Pour j € {1,...,J}, notons B*00; le
fibré suivant de 00,

B 00; = {(x,n) € T*00;, |n| < 1}
Soit également Sgoj la restriction de S*Q a 00, 7, : Sgoj — B*00; la projection orthog-

onale naturelle ainsi que v;(z) la normale extérieure en v € 00;. Pour i # j, on définit
lapplication B;; de la facon suivante

Bij(p) = p <= (p,p) € B*0O; x B*90;,
3> 0,3 €S, Ir € 00;
x+t§ € 00;, (vi(x),8) > 0, —(vi(x + t€), &) > 0,
mi(2,8) = p'mi(z + 16,6 =p

e Le Jacobien instable. La métrique Riemannienne sur 7*90O provient de celle de T*R?.
Considérons une trajectoire périodique v du flot du billard et notons a € X la suite associée,
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/\0

Figure 1.2: Exemples de trajectoires périodiques dans le cas de trois disques situés sur les sommets
d’un triangle équilatéral.

comme le permet le Théoréme 1-1.7. On notera (aq, ..., ay) un motif élémentaire de la suite
périodique. Disons que  part d’un point p; € B*90,,, qui est donc un point fixe de

Ba = BalaN 0:---0 Bagal

Dans un voisinage de pi, 'application B,, est bien définie et lisse. Cette affirmation est vraie
grace a la condition de non-éclipse. En effet, celle-ci assure que les trajectoires rasantes, lieux
de singularité de 'application du billard, ne sont jamais captées. Nous affirmons que p; est
un point fixe hyperbolique de B, (voir [CMO00]), c’est-a-dire, il existe une décomposition

T;l (T*gooq) = Eu(pl) S2) Es(,O1)

telle que
(i) dp18a(Eu/5(p1)) C Eu/s(pl);
(ii) dim By, (p1) = dim Es(p1) =d —1
(iii) il existe C' > 0 et X\ < 1 tels que pour tout v € E,(p1) (resp. Es(p1)) et n € N,

[ (dpy Ba) ™" vl < CX"|[v]| (vesp. || (dp, Ba)" v]] < CA™[|v]] )
On définit alors le Jacobien instable associé a la trajectoire périodique 7y :
J“(y) = detdy, (B* : Eu(p1) = Eu(p1)) (1-1.4)

e La pression topologique. Cette notion vient de la théorie du Formalisme Thermody-
namique (voir par exemple [Rue04]). A ce stade, nous donnons simplement sa définition dans
ce contexte pour le cas particulier du flot du billard et du Jacobien instable mais elle peut
étre généralisée a d’autres systémes et d’autres applications continues définies sur ’ensemble
capté (voir Définition 3-5.1 au Chapitre 3). Soit s € R, on définit la pression topologique
P(s) par

1
P(s) = limsup = log DA G (1-1.5)
T—+oc0 T
7, T—1<|y|<T
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(a) La disposition des obstacles que 'on

considére. Nous nous concentrons sur le (b) Les coordonnées (6,7n) sur le disque
disque gris pour le tracé de l’ensemble gris.
capté.
1.00
0.75 4 1.00
0.75 9”
] 2 “ .
0.50 ‘:‘
0.50 1 -
o & *
0.25 s‘“,. -,""v
0.25 + * .
0.00 4, . b
0.00 ¢ Q'o e ." ¢
~0.25 1 ¢ ¢
—0.257 ¢"¢ 0"1
¢/ \y
—0.501 o &,
0.50 050 4 % . o
)
—0.75 1 —0.75 *e e
-
-1.00 , . . — . = -1.00 . ; . ; ; ;
0.0 0.5 1.0 15 2.0 2.5 3.0 0.0 0.5 1.0 15 2.0 2.5 3.0
(c) L’ensemble des points captés dans le
. . . . . ) A M 3
futur pour le disque gris (incoming tail). (d) L’ensemble capté pour le disque gris.

Figure 1.3: On montre l'ensemble des points captés dans le futur (1.3c) et captés (futur et
passé)(1.3d) pour exemple de (1.3a) en se restreignant a 'obstacle gris. Les coordonnées utilisées
pour le décrire sont données par (1.3b) : la variable en abscisse est 8 € [0, 7] et la variable en
ordonnée est n € [—1, 1], associé & un vecteur sortant unitaire £. Pour ce qui est est de 'ensemble
des points captés dans le futur, on voit apparaitre une réunion de variétés stables, disposés de
maniére fractale le long de variété instables.
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O
OO0
0

Figure 1.4: Observons la dynamique de nombreuses particules (il y en a 2000) avec la méme
position initiale et avec des vitesses initiales réparties uniformément sur le cercle unité. Dans cet
exemple, les angles des vitesses sont donnés par 6, = 0.01 + QWﬁ. Aprés un temps plutot court,
la plupart (et en fait, toutes dans cet exemple) les particules, s'échappent de la fenétre. Voir la

vidéo en ligne.

la somme portant sur 'ensemble des trajectoires périodiques v de longueur |y| € [T —1,T.
La longueur d’une trajectoire |y| est la somme des longueurs des rayons qui constituent ~.
Quand s = 0, P(0) estime simplement le nombre de trajectoire périodiques et est en fait
'entropie topologique hyop. Quand s = 1, on peut en fait montrer que P(1) < 0 et —P(1) est
souvent appelé taux de décroissance classique du systéme, noté .. P(s) est une fagon de
mesure la compétition entre la complexité (nombre de trajectoires périodiques) et I'instabilité
(due & I'hyperbolicité). Il est connu que s — P(s) est strictement décroissante.

e La dimension de l'ensemble capté. En raison de I'hyperbolicité, ’ensemble capté pos-
séde une structure fractale (voir par exemple le livre [Bar08]). Sa dimension boite (ou de
Minkowski) et sa dimension de Hausdorff coincident en dimension 2. De plus, pour des
raisons liées & la structure bien particuliérement de I’ensemble capté, on note souvent cette
dimension 2dy + 1. En dimension 2, P(s) et dy sont reliés par une formule, connue sous le
nom de la formule de Bowen

P(dg) =0

Remarque.

Dans le cadre du scattering par des obstacles, il semble plus facile de travailler avec ’application
du billard, plutét que le flot du billard, qui, tel quel, posséde des singularités au niveau des points
de réflexion. Cependant, comme expliqué dans [DSW21], il est possible de construire un modéle
lisse dans lequel le flot du billard est lisse (dans un voisinage de I’ensemble capté) et préserve les
propriétés dynamiques (hyperbolicité, longueur des trajectoires périodiques, etc.). Dans ce méme
article, les auteurs travaillent avec une condition plus faible interdisant les trajectoires captées
d’avoir des rayons rasants. Comme expliqué, cette condition est automatiquement vérifiée si ’on
impose ’hypothése de non-éclipse. En fait, il serait envisageable de travailler également avec cette
hypothése plus faible. Néanmoins, cette theése utilise de fagon cruciale [NSZ14], ou les auteurs
font I’hypothése de non-éclipse. Pour cette raison, nous faisons le choix de travailler avec cette
hypotheése plus forte.
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Figure 1.5: Ces figures montrent deux familles de trajectoires qui dépendent continument d’un
paramétre. Aprés une réflexion sur le bord de ’obstacle strictement convexe, on observe distincte-
ment ’'instabilité par rapport a la condition initiale.

Figure 1.6: La transformation du billard.

1-1.4. Reésultats existants et apports principaux de cette thése.

Nous allons maintenant présenter, de fagon non exhaustive, certains résultats existants concernant
la répartition des résonances. Nous commengons par le cas d’un seul obstacle, qui est une situation
dans laquelle ’ensemble capté est vide (on parle de situation de "non-trapping"). Ensuite, nous
détaillerons les résultats dans le cas de deux obstacles : il s’agit d’une situation dans laquelle la
répartition des obstacles est particuliérement bien comprise. Finalement, nous explorerons le cas
plus complexe de J > 3 obstacles et présentons les deux principaux résultats de ce manuscrit.

1-1.4.1. Le cas d’un seul obstacle.

Avant de donner des résultats généraux pour le scattering par un obstacle convexe, intéressons-nous
succinctement au cas du scattering par une sphére dans R3. Il s’agit d’une des seules situations oil
des calculs explicites peuvent étre menés, alors profitons-en !

Exemple. Scattering par une sphére de R®. (voir aussi [Tay10], Chapitre 9, Section 9)

Soit O = B(0,R) C R3 la boule de centre 0 et de rayon R. On note 2 = R3\ O. On cherche a
calculer les résonances de scattering pour cet obstacle. Bien entendu, on va exploiter la symétrie
radiale du probléme. Toute fonction u : @ — C peut étre décomposée dans la base Hilbertienne
de L?(S?) composée des polyndomes harmoniques : pour [ € N et —I < m < [, on note ¢, ,, un
élément de cette base associé & la valeur propre (I + 1) du laplacien sur S2.

Etats résonants. Dans ce contexte, il est connu qu’il n’y a pas de résonance réelle, et I’on peut donc
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se concentrer sur le cas A # 0 afin d’utiliser la caractérisation des états résonants donnée plus haut.
On cherche donc u € H?, () N H} () telle que u est une solution sortant de (—A — A?)u = 0. On
peut écrire

u(nw) = Zul,m(r)¢l,m(w) , T > R
I,m

ol Uy m(R) =0 et uy ., est solution de ’'EDO
ru’ 4 2rd + (P =11+ 1)) u=0

Cette EDO a deux solutions fondamentales r — hl(l)()\r) et r— hl(2)()\r) oll hl(i) sont les fonctions
de Bessel Sphériques du troisiéme type (voir par exemple [AS72]). Elles peuvent s’écrire

—iz

eiz B e B
) =—m): hP ) = —alz)

ou p; et ¢; sont des fonctions polynomiales de degré . Plus précisément, p; est donné par

l

e (R ix\F

Propriété sortante. Afin que u soit sortante, le seul choix possible parmi les solutions de cette
EDO est de prendre

Upm(r) = al,mhl(l)()\r)

En effet, si 'on cherche & résoudre le probléme libre en coordonnées sphériques, on est amené a
résoudre les méme EDOs et quand Im A > 0, hl(l)()\r) est la seule solution qui permet de garder
le caractére borné sur L?(R?) de I'opérateur, puisque hl(2)()\r) croit exponentiellement vite quand
r — 4oosi ImA > 0.

Condition de Dirichlet. Si I'on veut que u s’annule sur le bord de la boule sans que w ne soit
identiquement nulle, A\ doit vérifier

hY(AR) =0 (H,)

Conclusion. Ainsi, si A ne vérifie aucune des conditions Hj, il n’existe aucune solution sortante
non triviale de —Au — A2u = 0. Au contraire, si 'une des conditions H; est vérifiée, les fonc-
tions hl(l)(r)qﬁlm donnent 2/ 4 1 solutions indépendantes, de sorte que A est une résonance et sa
multiplicité se calcule en sommant les 2/ + 1 pour [ parcourant ’ensemble des entiers telles que
hl(l)()\R) = 0. Ces résonances sont représentées sur la Figure 1.7.

Venons-en désormais au cas général d’un obstacle convexe. Le flot du billard est évidemment
"non-trapping". Le résultat qui suit est alors standard dans le cas des situations de "non-trapping"
et s’appuie sur des résultats de propagations de singularités (voir [DZ19] Section 4.6 et 6.4 et les
références indiquées, voir aussi [MRS77], [Mel79], [MS78], [RS82]).

Théoréme 1-1.8. Soit O un obstacle strictement convexe de frontiére lisse. Alors, il existe
Ao >0 et A> 0 tels qu’il n’y a pas de résonance dans

(A€ C\ (iR),|ReA| > Ao, ImA > —Alog | Re A[}

Remarque.

e Ce résultat fournit donc une réponse claire aux deux questions qui nous intéressent. Il y a
effectivement un trou spectral et chaque N, 5(r) est nulle pour r > r.,.

e Ce résultat est déja démontré dans [LP71] en dimension 3.

Cette région logarithmique sans résonance a été améliorée :
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Figure 1.7: Les premiéres résonances de scattering pour la sphére de rayon 1 sont représentées.
Chaque couleur correspond & une famille de poles, associé & un entier [ = 1,...,21. Dans une telle
famille, chaque pole a en fait une multiplicité 27 + 1.

Théoréme 1-1.9 ([HL94], [SZ95]). Soit O un obstacle strictement conveze de frontiére lisse.
Alors, il existe A\g > 0 et ¢1 > 0 tel qu’il n’existe pas de résonance \ vérifiant

ImA > —co(Re M)V +¢1|ReA| > Ao

ol ¢y est une constante qui se calcule explicitement et qui dépend de O.

Ce résultat a d’abord été établi pour des obstacles avec des frontiére de régularité analytique dans
[BLR8T7], o les auteurs ont également démontré que cette borne est optimale dans un certain sens,
pour des obstacles génériques. Dans [SZ95], les auteurs fournissent des estimées plus générales
pour des fonctions de comptages dans différentes régions sous ’axe réel et obtiennent cette région
sans résonance comme un corollaire immédiat. Les deux auteurs ont aussi amélioré ce résultat
dans [SZ99] ou ils prouvent I'existence de bandes cubiques dans lesquelles les résonances doivent se
situer, sous certaines conditions de pincement de la courbure. En un certain sens, plus 'obstacle
ressemble a une sphére, plus la répartition des résonances ressemble a celle observée dans la Figure
1.7.

1-1.4.2. Le cas de deux obstacles.

En ce qui concerne le cas de deux obstacles, I’ensemble capté n’est plus vide. Il est néanmoins loin
d’étre compliqué : il est en effet donné par une unique trajectoire périodique, qui correspond au
rayon qui minimise la distance entre les deux obstacles.

En un certain sens, I’ensemble capté est trop fin pour permettre aux résonances d’approcher
I’axe réel quand Re\A — +oo. Cette explication heuristique est en fait 1'une des motivations
principales de notre travail sur le trou spectral pour des situations plus complexes. Dans cette
direction, la premiére preuve d’un trou spectral pour deux obstacles strictement convexes apparait
dans le travail d’Tkawa [Ika82] en dimension 3. Remarquons au passage que ce résultat implique
que la conjecture énoncée par Lax-Phillips pour des obstacles captants est fausse. En effet, ils ont
conjecturé que dans une telle situation de "trapping", il devrait exister une suite de résonances (\y,)
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Figure 1.8: Deux obstacles et ’ensemble capté associé.

telle que Im A\, — 0 et Re \,, — +00. Tkawa a alors été amené a formuler une nouvelle conjecture
([Tka06]), connue sous le nom de conjecture de Laz-Phillips modifiée, et toujours ouverte a ce jour.

Conjecture. Dans le cas d’un nombre arbitraire d’obstacles J > 2, il existe v > 0 tel que la bande
{ReA > 1,Im A € [—,0]} contient une infinité de résonances.

Dans le cas de deux obstacles, cette conjecture a été résolue et I'on sait désormais qu’elle est
vraie. En fait, dans la limite des hautes fréquences, |[Re A\| — +oo, il est possible de décrire
asymptotiquement toutes les résonances dans la bande {Re A > 1,Im X € [—v,0]}. Si Ikawa est le
premier a avoir obtenu une bande avec une infinité de résonances ([Ika83], [Tka87]) en dimension 3,
son résultat a été significativement amélioré par [Gér88] (en dimension impaire quelconque), qui
démontre existence d’un pseudo-réseau de résonances. Ce résultat énoncé et prouvé en dimension
impaire par [Gér88| pourrait en fait s’adapter en dimension paire (voir [NSZ14|, Section 6). Afin
d’énoncer ce résultat précisément, il nous faut introduire quelques notations.

Notons O; et O3 les deux obstacles strictement convexes et soit dops = d(O71, O2). Cette distance
est atteinte pour un unique rayon g qui donne une trajectoire périodique du flot du billard : on peut
associer au rayon -y un point fixe périodique pg de B2 := By 0B85 et en raison de la stricte convexité
des obstacles, py est un point fixe hyperbolique, c’est-a-dire que les valeurs propres de d,, B2 sont
toutes de modules différent de 1. Notons vy, ..., 41 les valeurs propres de module plus petit que

1 (éventuellement répétées avec multiplicité). En fait, B2 est symplectique, de sorte que les valeurs
propres de modules plus grand que 1 sont les u;l. Notons alors by = (vy ... ud,1)1/2 =J (,70)—1/2
et ¢g = log 2%—‘;”5. Pour o € N?~1, on note v = v{* ... v5*]". Posons I = {v*, a € N4~1} et pour
m € I, notons

Ny, = #{a e N1 12 =m})

Pour chaque m € I, on peut alors définir une ligne de pseudo-podles :

Am(3) =J

T +i(co —logm), j €Z
bs

do

Théoréme 1-1.10 ([Gér88|). Notons Res l'ensemble des résonances pour les deux obstacles
Oy et Oy. Fizons v > 0. Alors, il existe A\g > 0 et C > 0 tels que, en notant Q(Ag,7) =
{NRed > N, ImA > —v}, on a

Resn Q00 C U D () Cam()?)
mel,jeZL
Am (3)EQ(No,7)

et chaque D (A (5), C|Am(§)|*/?) contient ezactement N, résonances (comptés avec multi-
S plicité).

J

Remarque.
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Figure 1.9: Asymptotiquement, les résonances (les croix) pour deux obstacles convexes, convergent
vers un pseudo-réseau (les points).

En fait, le résultat de [Gér88| est beaucoup plus précis puisqu’il donne un développement asymp-
totique en puissance de A de chacun des N,, poles dans D (A, (), C|Am (5)]'/?).

1-1.4.3. Cas général.

Passons finalement au cas général d’un nombre arbitraire d’obstacles. Nous présentons les prin-
cipaux résultats existants autour des questions 1.1 et 1.2 et exposons les principaux résultats
nouveaux démontrés dans de cette thése.

Trous spectraux. Dans le cas général de J > 3 obstacles, ’existence d’un trou specral reste une
question ouverte. Il existe néanmoins un certains nombres de travaux expérimentaux (voir par
exemple [BWP13|) qui ont conduit a formuler la conjecture suivante ([Zwol7]) :

Conjecture. Pour des obstacles strictement convexes avec un frontiére lisse et vérifiant la condi-
tion de mon-éclipse, il existe toujours un trou spectral.

Cette conjecture, telle qu’énoncée dans [Zwol7] concerne en réalité une plus large classes de
systémes hyperboliques ouverts. Nous y reviendrons trés rapidement.

Il semblerait que I'un des premiers résultats positifs qui prouve 'existence d’un trou spectral
pour plus de 3 obstacles strictement convexes a été obtenu par Ikawa [Ika88] dans le cas de la
dimension 3, et sous certaines hypothéses. Son résultat a été revisité par [NZ09] et généralisé en
dimension quelconque :

Théoréme 1-1.11 ([Ika88], [NZ09]). Supposons que P(1/2) < 0. Alors il existe un trou
spectral. Plus précisément, pour tout € > 0, il existe A\ > 0 tel qu’il n’a y pas de résonances

dans
{IReA| > A,Im A > (P(1/2) +¢)}

Remarque.

e Le résultat de [NZ09] concerne a priori une situation différente. Néanmoins, il peut aussi
s’adapter pour donner un trou spectral dans le probléme des obstacles: il est nécessaire
pour cela d’utiliser les résultats de [NSZ14]. Cela est expliqué plus en détail dans [Nonll]
(Section 8).

e Le trou spectral a également été amélioré dans [PS10] sous certaines hypothéses dynamiques
supplémentaires. Entre autres, pour obtenir un meilleur trou spectral, les auteurs ont besoin
qu’un certain opérateur de transfert, associ¢ au flot du billard, vérifie une estimée a la
Dolgopyat.
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e Ce type de condition de pression faisant intervenir % log J" apparait dans d’autres travaux,
en lien avec des problémes différents. Dans [Bur93|, lauteur démontre un résultat de con-
trole pour ’équation des plaques dans un ouvert borné contenant des obstacles strictement
convexes qui vérifient la condition de non-éclipse. Ce résultat est valable sous la condition
P(1/2) < 0. C’est aussi ce genre de condition qui apparait dans les travaux [Sch10] et
[Riv14], en lien avec I’étude de I’équation des ondes amortie sur des variétés compactes sans
bord.

Dans cette thése, nous montrons qu’en dimension 2, la conjecture est vraie sans condition sur la

pression topologique :

Théoréme A (Trou spectral, [Vac22b]). En dimension d = 2, pour des obstacles strictement
convezes avec une frontiére lisse et vérifiant la condition de mon-éclipse, il existe toujours un
trou spectral.

Ce résultat s’accompagne d’estimations pour la résolvante tronquée dans la bande sans résonance
que donne le trou spectral. En particulier, de telles estimées ont des applications pour le controle
de la décroissance de I’énergie locale pour ’équation des ondes (voir Chapitre 6, [Vac22al).

Bornes supérieures pour le comptage des résonances. Commencons par rappeler que I'on
note N, s(r) le nombre de résonances (avec multiplicité) dans la boite {Re X € [r,r 4+ ¢],Im X €
[—v,0]}). Pour simplifier - et parce que cela a peu d’importance tant que 6 est indépendant de r -
on fixe § =1 et on pose N, = N, ;. Plusieurs résultats numériques et expérimentaux ([PWB*12],
[EMW10]) suggérent que N, (r) posséde le comportement suivant :

N, (r) ~ Cyr®

Cependant, la démonstration d’un tel comportement est aujourd’hui hors de portée. En effet, il
est souvent particuliérement difficile d’obtenir des bornes inférieures. Méme des formes plus faibles
d’un tel résultat, i.e., des résultats comme

N, (r) > Cyr

constitueraient des avancées remarquables dans ce domaine. A ce jour, des bornes supérieures sont
connues, et sont souvent appelées bornes de Weyl fractales supérieures :

Théoréme 1-1.12 ([NSZ14]). Pour des obstacles strictement converes avec une frontiére
lisse et vérifiant la condition de non-éclipse, la borne supérieure suivante est valable : pour
tout v > 0 et pour tout € > 0, il existe C,, . > 0 tel que pour tout r > 1,

N, (r) < C, orinte

Remarque.

e Ce résultat est consistant avec ce qui est connu dans le cas de deux obstacles puisque dg = 0
dans ce cas et que ’on connait la répartition asymptotique des résonances.

e Un trou spectral de profondeur « est équivalent & N, (r) = 0 pour r suffisamment grand. En
particulier s’il y a un trou spectral, comme conjecturé, cette borne ne peut pas étre optimal
pour toutes les valeurs de ~.

Dans les travaux d’investigations expérimentaux comme numériques qui ont été menés, la valeur
¥ = 7.1/2 semble avoir un role important. On observe notamment deux phénomeénes importants :
- Le nombre de résonances semble étre plus petit que la borne donnée par le théoréme précé-
dent, quand v < v¢/2 ;
- On observe un concentration des résonances au voisinage de la droite v = 7. /2.
Cette premiére observation peut étre reliée a la conjecture dite de Jakobson-Naud ([JN12]) qui
concerne d’abord les surfaces hyperboliques convexes co-compactes (voir ci-aprés). Dans ce con-
texte, I’équivalent de la conjecture pourrait étre : il y a un trou spectral de profondeur ~.;/2. Dans
cette thése, nous donnons plutot une réponse a une conjecture qui parait plus accessible [Zwol7] :
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Figure 1.10: Exemple d’un potentiel dans R? avec 4 pics.

Conjecture. Pour tout v < ¥e, No(r)r=% — 0 quand r — +oc.

Nous démontrons cette conjecture dans le cas de la dimension 2, en prouvant une borne
supérieure meilleure pour v < 7.

Théoréme B (Borne supérieure de Weyl fractale améliorée). En dimension 2, pour des ob-
stacles strictement convexes avec une frontiére lisse et vérifiant la condition de non-éclipse, il
existe une fonction o : Ry — R vérifiant

e g(7) >0 for0<y<va/2;

e g(y) =0 fory>a/2
et telle que pour tout v > 0 et pour tout € > 0, il existe C,, . tel que

Vr > 1, N(r,y) < C, réa—max(e(m=e0)

(¥ )

1-1.5. Reésultats analogues dans d’autres systémes hyperboliques ou-
verts.

1-1.5.1. Scattering semiclassique par un potentiel.

Le scattering par un potentiel est une fagon naturelle d’étendre le scattering par des obstacles,
en remplacant les obstacles, vus comme des barriéres de potentiel infini infranchissables, par des
potentiels V € C2°(R%). Dans ces systémes, on cherche & étudier les résonances de I'opérateur —A+
V', qui sont définies, comme précédemment, en tant que poles du prolongement méromorphe de
X(=A+V —2%)~1y (voir par exemple [DZ19]). En fait, pour garder I'analogie avec le probléme des
obstacles, il est plus pertinent d’étudier le probléme semiclassique, & savoir ’étude de 'opérateur
semiclassique Py(h) = —h?A + V. Si, dans le cas des obstacles, le paramétre semiclassique h
est avant tout un moyen pratique d’utiliser les outils de I’analyse semiclassique, quand il s’agit du
potentiel, I’étude de la famille Py(h) dans la limite h — 0 est un probléme en soi. L’opérateur Py(h)
est un opérateur semiclassique associ¢ a 'hamiltonien p(z, &) = |€]2 + V(z). Pour étudier Py(h),
il est nécessaire de comprendre la dynamique classique hamiltonienne associée. Contrairement au
cas des obstacles, 1’étude semiclassique doit avoir lieu autour d’une énergie fixée E : pour tout
C > 0 fixé, on cherche a comprendre la distribution des résonances de Py(h) dans D(FE,Ch), qui
est reli¢e au flot hamiltonien sur la couche d’énergie p~1(E). Les questions 1.1 et 1.2 peuvent alors
aisément se reformuler dans ce contexte :

- Existe-t-il v > 0 tel qu’il n’y aucune résonance dans D(E,Ch) N {Im z > —v} pour h assez

petit ?
- Peut-on trouver un équivalent/borne supérieure/borne inférieure pour le nombre de réso-
nances N, g .c(h) dans D(E,Ch) N {Im z > —v} dans la limite h — 07

Tout comme dans le cas du scattering par des obstacles, ces questions sont reliées aux propriétés

de I'ensemble capté Kp a énergie E : si 'on ¢f : R?*? — R2? le flot hamiltonien associé a p,

Kg={pcp (E),¢'(p) /4 oo quand t = +oc et — oo}
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Quand I’ensemble capté est un ensemble hyperbolique pour ¢!, la situation est semblable & celle
rencontrée pour des obstacles strictement convexes puisque les flots classiques partagent les mémes
propriétés. 11 devient alors possible de prouver les mémes résultats :

e Si K = (), des régions logarithmiques sans résonances sont connues ([SZ07], [DZ19], Théoréme
6.21 et les références indiquées)

e Quand Kpg est réduit a une unique orbite périodique hyperbolique, la méme répartition
asymptotique au voisinage d’un pseudo-réseau a lieu (|GS87]).

e Pour des situations plus générales, et donc plus complexes, le trou spectral est connu sous la
condition de pression P(1/2) < 0 ([NZ09]) et dans [SZ07], les auteurs démontrent une borne
supérieure de Weyl fractale

Ny.c,p(h) =0 (h~417¢)

En fait, sous des hypothéses supplémentairs plutot raisonnables sur I’ensemble capté - notam-
ment si Kg posséde une dimension topologique égale & 1 - les travaux de S. Nonnenmacher, J.
Sjostand et M. Zworski dans [NSZ11] et [NSZ14] montrent qu’il est possible de traiter unifor-
mément les deux modeéles (obstacles et potentiels), en utilisant une réduction du probléme de
résonances a ’étude d’applications quantiques hyperboliques ouvertes. Cette réduction est un des
outils fondamentaux exploités dans cette thése. Dans [NSZ14], les auteurs démontrent la borne
fractale obtenue par [SZ07] en utilisant cette réduction, qui ameéne & une preuve différente (et en
un certain sens, plus simple). En utilisant cette réduction, les Théorémes A et B sont démontrés
dans cette thése également dans le cas du scattering semiclassique par un potentiel.

Il est par ailleurs possible de traiter des potentiels V' plus généraux, et méme des opérateurs
pseudodifférentiels P(xz, hD,) (se référer pour cela aux hypothéses de [NSZ11]). II est également
possible de considérer des variétés avec divers types d’infinis. Dans [NSZ11], les auteurs con-
sidérent des variétés (X, g) qui possédent un nombre fini d’infinis euclidiens R? \ B(0, R). En
outre, les méthodes de Vasy, qui permettent de traiter des infinis asymptotiquement hyperboliques
([Vas13]), combinées aux méthodes de recollement développées avec Datchev permettent de traiter
séparément 'infini et la région d’interaction ou vit ensemble capté ([DV12]), sous des hypothéses
géométriques et microlocales raisonnables et sous réserve d’avoir certaines estimées de résolvante
dans chacune des régions. En particulier, puisque des estimées de résolvante sont obtenues dans
cette thése (Chapitre 6), ces méthodes de recollement peuvent conduire & des trous spectraux pour
des infinis différents que ceux euclidiens et notamment asymptotiquement hyperboliques. Parmi
des variétés asymptotiquement hyperboliques, les surfaces hyperboliques convexes co-compactes
ont une place particuliére et leur étude spectrale partage un certain nombre de propriétés avec le
scattering par des obstacles. La prochaine sous-section consiste & présenter les aspects principaux
de cette théorie et de mettre en avant ’analogie avec le cas des obstacles.

1-1.5.2. Surfaces hyperboliques convexes co-compactes.

Dans cette sous-section, nous proposons une courte présentation de la théorie spectrale des surfaces
hyperboliques convexes co-compactes. L’auteur a appris une grande partie de cette théorie dans
le livre de D. Borthwick [Bor16].

Géométrie. Les surfaces hyperboliques convexes co-compactes sont des quotients du demi-plan
de Poincaré

H? = {(z,y) € R%,y > 0},

muni la métrique hyperbolique y~2(dz? + dy?), par certains sous-groupes particuliers de I' C
PSL2(R) (eux mémes appelés convexes co-compacts). Ce sont des surfaces de courbure -1 et
elles possédent des infinis hyperboliques bien particuliers. Il existe en effet deux sortes d’infinis
hyperboliques :
- Les pointes hyperboliques : elles sont construites a partir du modéle du cylindre parabolique.
11 s’agit du quotient H? par le groupe I'o, engendré par la transformation z — z + 1. Nous
n’aurons pas & nous intéresser a ces objets.
- Les entonnoirs hyperboliques : ce sont des demi-cylindres hyperboliques. Un cylindre hy-
perbolique avec une géodésique centrale de longueur [ est le quotient de H? par le groupe I
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(a) Un entonnoir hyperbolique (b) Une pointe hyperbolique

Figure 1.11: Les deux modéles d’infinis hyperboliques.

engendré par z — e'z. Il est possible de paramétrer le cylindre hyperbolique par les variables
(r,0) € R x St avec la métrique

2
dr® + 41? cosh?(r)d6?
La courbe {r = 0} est une géodésique de longueur [. Dans ce systéme de coordonnées,
I'entonnoir hyperbolique Fj est la région {r > 0} x St.
Une surface hyperbolique M = H?/T" d’aire infini est dite convexe co-compacte si elle est
géométriquement finie et si elle ne posséde pas de pointe hyperbolique. Elle peut en fait se décom-
poser de la facon suivante :

L
M=Nul||F
i=1
ou chaque Fj, 1 <14 < L est un entonnoir et N est une partie compacte (appelée le coeur compact).

Ces surfaces sont particuliérement bien adaptées pour la théorie du scattering : chaque entonnoir
donne un infini avec lequel il est possible de définir des notions d’ondes sortantes et entrantes.

Théorie spectrale. Pour de telles surfaces (M, g), on s’intéresse aux propriétés spectrales de
I'opérateur de Laplace-Beltrami —A,. En ce qui concerne ces surfaces, le spectre de —A, vérifie

Théoréme 1-1.13 ([LP82|, [LP84], voir également [Borl6|, Chapitre 7). Soit (M, g) une sur-
face hyperbolique convexe co-compacte. Le spectre o(—Ay) est constitué du spectre essentiel,
égal a [1/4, +o0] et éventuellement d’un nombre fini de valeurs propres dans 10,1/4[. Il n’y a
par ailleurs pas de valeur propre plongée dans [1/4,+00].

Puisque le spectre essentiel est [1/4,400[, on considére généralement la résolvante
R(\) = (A, —1/4 =271 Tm A > 0,1/4 4+ X2 ¢ o(—A,)

Pour Im A > 0, c’est une famille méromorphe d’opérateurs avec des podles de rang fini, les poles
étant en bijection avec I'ensemble des valeurs propres de ]0,1/4[. En fait, une autre convention
est en général utilisée pour décrire le paramétre spectral dans ce cas : la variable spectrale est
s € {Res > 1/2} relie & A\ par la relation s(1 —s) = 1/4 + A%, et l'on étudie alors Rps(s) =
(—A, — s(1 — s))"!. La principale raison pour laquelle ce choix est fait provient du fait que
y € H? — y* and y € H? + y'~* sont des solutions de

—Agu=s(1-s)u
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En effet, —A, = y?(92 + 83) pour H2. En particulier, la fonction y* (resp. y'~*%) joue un role
similaire & la fonction e?®l (resp. e~*®l) en tant que fonction sortante (resp. entrante). Tout

comme dans le cas euclidien, il est possible de prolonger méromorphiquement la résolvante :

( . . . )
Théoréme 1-1.14 ([GZ95], voir aussi [Borl6], Chapitre 6). La résolvante

Ry(s) : LA(M) — H?*(M)

bien définie pour Res > 1/2, s(1 — s) & o(—A), se prolonge & tout le plan complexe en une
famille méromorphe d’opérateurs avec des pdles de rang fini

Rar(8) + Leomp(M) — Hi, (M)

Ses poles sont appelés les résonances de la surface M.

\

Remarque.

Ce théoréme peut également étre démontré en utilisant les méthodes de Vasy ([Vasl3]), qui
peuvent étre utilisées pour une plus large classe de surfaces asymptotiquement hyperboliques.

Dans ce contexte, il est possible de poser les mémes questions 1.1 et 1.2. Et encore une fois, il
est important de comprendre la dynamique classique associée a cet objet "quantique".

Dynamique. La dynamique classique sous-jacente n’est autre que le flot géodésique sur M =
H?/T. De fagon équivalente, c’est le flot hamiltonien associé a p(x,&) = |€]2. Ses propriétés sont
héritées du flot géodésique sur le demi-plan de Poincaré et de I’action du sous-groupe I' sur H?2.
En particulier, le flot géodésique est hyperbolique puisque la courbure est strictement négative.
L’ensemble capté K C S*M est défini comme dans les autres systémes hyperboliques ouverts :
c’est I’ensemble des points p € S*M telle que I'unique géodésique v qui passe par p est contenue
dans une région compacte de S*M. En outre, dans ce modéle bien particulier, les résonances
peuvent étre égales décrites comme les zéros d’une certaine fonction zeta dynamique. La fonction
zeta de Selberg est définie par

Zu(s) =[] ﬁ (1 — e—(s+l)|7|)

YEP I=0

ot P est I'ensemble des géodésiques fermées primitives et || est la longueur de la géodésique +.
Ce produit converge absolument pour Res > ¢ ou § est appelé [’exposant de convergence de T'. §
est en fait défini rigoureusement comme étant

0=1inf{ s> 0, Z e—sd@rw) Lo w e H?
yel

ot d désigne la distance hyperbolique sur H? et la définition de § ne dépend ni de z ni de w.

Zyr peut se prolonger méromorphiquement & tout C avec des zéros triviaux, dit topologiques,
aux points s = —n,n € N de multiplicité 2n + 1 et ses autres zéros sont donnés avec multiplicité
par les résonances de M ([PP01]). Dans le cas des obstacles, il est possible de définir des fonctions
zeta dynamiques en s’inspirant de la formule de Z,;. Néanmoins, s’il existe bien des liens entre
résonances de scattering et fonctions zeta (voir par exemple [PS10]), les liens ne sont pas aussi
clairs, a part dans le cas de deux obstacles (|Gér8s]).

En ce qui concerne les surfaces hyperboliques, il est en fait possible de décrire ’ensemble capté
a partir de I’ensemble limite Ap C OH2. Pour cette description, il est plus commode d’utiliser le
modéle du disque de Poincaré pour H?. Dans ce modéle, 9H? = S' et Ar est défini comme

Ar:={z € 0H? Fy € H?, () €T,y -y — 2}

(on note v - z Paction d'un élément v € I' sur un élément 2 € H?). Ar est un sous-ensemble fractal
de S'. 11 est par ailleurs possible de donner une description de Ar qui fait apparaitre clairement
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QW

B(p)

Figure 1.12: Description de B4 (p) sur S!. Nous avons représenté aussi I’horocycle passant par x
et By ainsi qu’'une autre géodésique qui a pour point final By (p) en +oo.

une structure d’ensemble de Cantor, en utilisant le modéle de surface de Schottky des surfaces
hyperboliques convexes co-compactes(voir [Borl6], Chapter 15). Il y a un résultat remarquable de
[Sul79], [Pat76] qui énonce que:

0= dimH AF (1—16)

ol dimpg est la dimension de Hausdorff de Ar.

Pour relier ’ensemble capté K & l’ensemble limite, il faut encore introduire les applications
suivantes By (voire Figure 1.12) définies sur T*H? \ 0. Pour tout p = (z,&) € T*H?\ 0, il existe
une unique géodésique v : R — T*H? qui passe par ce point. Le projeté de v sur M, 7, () est un
arc de cercle qui coupe S! en deux points :

Bi(p) = lim . (y(1))
Remarquons que By est constant sur une géodésique. Enfin, notons 7 : T*H? — T*M la
projection naturelle sur le quotient, relevée a ’espace cotangent. On a finalement, pour tout
p=(x,&) € S*H:
mr(p) € K <= B_(p) € Ar and By (p) € Ar

En particulier, cela permet de comprendre pourquoi ’on a
dimg K =25 + 1

Ainsi, § joue le méme role que dy dans les modéles précédents de scattering par des obstacles ou
par un potentiel. De plus, la pression topologique associée au flot géodésique sur I’ensemble capté
prend la forme simple suivant :

P(s)=d—3s

Trou spectral. Dans ce cadre, le probléme de trou spectral consiste & montrer qu’il n’existe qu’un
nombre fini de résonances dans {Res > 1/2 — v} pour 4 > 0. En fait, la premiére résonance est
bien connue : c’est une des conséquences de la théorie de Patterson-Sullivan (voir [Bor16], Chapitre
14).

Théoréme 1-1.15 ([Pat88]). § est une résonance simple et il n’y a aucune autre résonance
dans {Re s > 0}.
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Quand ¢ > 1/2, il est connu qu’il n’y a qu'un nombre fini de résonances s dans {Res > 1/2},
qui sont associées aux valeurs propres de la forme s(1—s) dans [0,1/4[. En conséquence, le résultat
précédent permet de dire que (1 — ¢) est la premiére valeur propre de —A,. Quand § < 1/2, ce
théoréme donne un trou spectral explicite de taille v = 1/2 —§ = |P(1/2)|. On peut donc voir
ce résultat comme analogue du trou spectral donné par le Théoréme 1-1.11. Quand § < 1/2, la
Question 1.1 peut alors étre reprécisée de la fagon suivante : peut-on améliorer le trou spectral de
taille 1/2 — § ? Une réponse positive a été apportée a cette question par F. Naud (|[Nau05]) puis
dans [BD17].

Théoréme 1-1.16. Pour toute surface hyperbolique convexe co-compacte M = H? /T d’exzposant
de convergence 9, il existe € > 0 tel qu’il n’y a qu’un nombre fini de résonances dans
{Res>d —e}.

Contrairement au résultat de F. Naud, ou € dépend a priori de la surface, le travail de [BD17]
fournit un € qui ne dépend plus que de §. Ce travail fait partie d’'une série de papiers, commencée
en 2016 avec [DZ16], qui reposent sur l'utilisation d’un nouvel outil, appelé Principe d’Incertitue
Fractal. Il s’agira également d’un outil clé dans cette thése, et nous nous y attarderons plus en
détail un peu plus loin dans cette introduction. En ce qui concerne la Question 1.1, cet outil a
permis d’obtenir le résultat suivant :

Théoréme 1-1.17 ([BD18|). Pour toute surface hyperbolique convexe co-compacte, il existe
e >0 tel qu’il n’y a qu’un nombre fini de résonances dans {Res > 1/2 —e}.

En particulier, la condition de pression d < 1/2 n’est plus nécessaire. Ce résultat, tout comme la
stratégie utilisée pour le prouver, a largement motivé notre travail afin de démontrer le Théoréme

A.

Borne supérieure de Weyl fractale. Dans ce cadre, la reformulation de la question 1.2 concerne
la fonction de comptage :

N, (r) = #{s resonances,Res > 1/2 — v, |Im s| € [r,r + 1]} comptées avec multiplicité

Des bornes supérieures de la forme N, (r) < Cvr‘s pour les surfaces hyperboliques convexes co-
compactes sont apparues dans le travail de M. Zworski [Zwo99]. Elles ont pu étre étendues au
cas des variétés asymptotiquement hyperboliques dans [DD13]. Il a été conjecturé dans [Zwol7],
(Conjecture 5) que cette borne devrait étre optimale pour des valeurs de 7 assez grande. Par
ailleurs, des travaux numériques sur ces résonances (voir par exemple annexe dans [DBW19]) ont
laissé penser qu’il devait étre possible d’améliorer cette borne pour des valeurs de  plus petites. Un
premier résultat dans cette direction a été obtenu par F. Naud dans [Naul2], ot l'auteur démontre
une borne analogue a celle du Théoréme B (et sans perte de €), avec une fonction o possédant les
mémes propriétés. A I'heure d’écrire ce manuscrit, la meilleure borne connue, & notre connaissance,
est celle obtenue par [DBW19] :

Théoréme 1-1.18 ([DBW19]). Pour tout v > 0 et € > 0, il existe C > 0 tel que pour tout
r>1,
N,(r) < Cro—onte

ot o(y) = max(0,d + 1 — 2v)

Remarquons que la fonction o, trés explicite et agréable a écrire, vérifie les propriétés de la fonction
o du Théoréme B puisque 7,4 = 1 — § dans ce cadre. Ces résultats sont donc des analogues du
Théoréme B en ce qui concerne les surfaces hyperboliques convexes co-compactes. Cependant, la
stratégie que nous développons pour le démontrer est trés différente de celle de [DBW19] (et méme
de [Naul2]). En effet, dans [DBW19], la stratégie repose sur l'utilisation d’un calcul semiclas-
sique anisotrope, associé a certaines variétés Lagrangiennes bien particuliéres, dont la description
analytique est possible grace aux propriétés du flot géodésique sur le disque de Poincaré.

En ce qui concerne des bornes inférieures, il reste difficile d’en obtenir et malgré des résultats
numériques convaincants ([Bor14|, [BW16], [LSZ03], [DBW19]), un équivalent simple et exacte de
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Figure 1.13: Un exemple : I'application du boulanger ouverte Fj (1 3}

la fonction de comptage dans les bandes reste un probléme ouvert. A ce jour, quelques bornes
inférieures sont connues, dont celle de [GZ99] : pour tout 0 <& < 1/2 et 0 > ¢ > —5-, le nombre

de résonances N, (r) (avec multiplicité) dans {|s — 1/2| < r,Ims > o} vérifie
No(r) = Q(r'™?)

c’est-a-dire que N, (r)r=1*¢ prend des valeurs arbitrairement grandes quand r — +o00. La preuve
de ce résultat repose, comme la plupart des estimées inférieures, sur I’analyse d’une formule de
trace.

Les surfaces hyperboliques convexes co-compactes sont un parfait exemple de systémes hyper-
boliques ouverts pour lequel I’étude des résonances partagent de nombreux points communs avec
le scattering par des obstacles (et le scattering par un potentiel). Un des intéréts de ce modéle
est que d’autres méthodes d’analyse sont possibles, fondées sur les propriétés particuliéres du flot
géodésiques et les propriétés algébriques du sous-groupe I'. Cependant, certains résultats restent a
prouver et semblent parfois encore difficiles a obtenir. Pour tester certaines conjectures qui restent
encore inaccessibles sur ce modéle, il est souvent utile d’introduire des modéles jouets plus simples.
C’est ce que nous allons désormais présenter.

1-1.5.3. Quantification de I’application du boulanger ouverte.

Les transformations dites du boulanger sont des modéles jouet pour les systémes dynamiques
chaotiques, définie sur l’espace des phases T2. On les qualifie d’ouvertes quand elles ne sont
définies que sur un sous-ensemble de T2. Les applications ouvertes du boulanger sont des modéles
jouet pour comprendre des systémes chaotiques ouverts, comme 'application du billard pour des
obstacles strictement convexes.

Pour définir de telles applications, on fixe un entier M € N et un alphabet A C {0,..., M —1}.
On identifie T? avec [0,1[2. On définit I'ensemble de départ

Dya= U [aM~' (a+1)M [ x [0,1]
acA
L’application F' = F; 4 est définie comme

a a+1
, —<r<——,a€A
M ~ M
Afin que Papplication soit effectivement ouverte, on suppose que A # {0,..., M — 1}.
L’ensemble d’arrivée est alors Ayr 4 = Far,a (Dar,.a) et P'on peut définir un inverse FI;[l 4> bien

Fya(@,§) = (Mz —a, M~ (& + a))

défini sur Aps 4. L’ensemble capté K est défini comme I’ensemble des points p = (z,&) € T? tels
que F™(p) est bien défini pour tout n € Z. On peut facilement le décrire en utilisant la dynamique
symbolique associée a I'application et il prend la forme d’un ensemble de Cantor :

K=CxC
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a a+1 B
C= ﬂ U [W’M’“ [;CkZ{ao+a1M+--~+ak1Mk 1,(a0,...,ak,1)eAk}
keNaeCy,

est un ensemble de Cantor de dimension § = lfongﬁl. On peut définir une notion de pression
topologique pour cette application :
P(s) = lim #log Z M—sN
N—+oco N log M

Vslv|=N

ol la somme parcourt I’ensemble des trajectoires périodiques de période N. Puisqu’il y en a
exactement | A" | on voit que

P(s) = 1Og]\/[(logZ—slogM) =0—s

Voila pour ce qui est de application classique. [BV89] en a initié la quantification, et leur étude
a été poursuive par d’autres ([SV96] [NZ05], [NZ07]). Ces quantifications fournissent des modéles
en dimension finie : il s’agit de matrices de taille N, ot NV joue le role de I'inverse d’un parameétre
semiclassique h (plus précisément N = (2wh)~!). On cherche a les étudier dans la limite N —
+00. Nous choisissons de présenter le modeéle de [DJ17], en introduisant des fonctions cut-off x €
C°(]0, 1)), qui permettent d’éviter d’avoir a traiter les singularités des applications du boulanger
(voir par exemple [NZ0T7]) et pour N € MZ, on définit

XN/MFN/MXN/M
By = BNmax =FnN Ina (1-1.7)

XN/MFN/MXN/M

oll Fn est la matrice unitaire de la transformée de Fourier discréte en dimension NN et

0
x(0) (M) Localn v
X\~
XN/M = . s Ina =

x (5 -1) (%)) Lyvi—realn/m

Ces applications quantiques ouvertes sont pensées pour modéliser le propagateur au temps
t = log M de systémes quantiques ouverts et les valeurs propres de By sont reliées, de fagon
heuristique, aux résonances de scattering d’un tel systéme ouvert. La formule heuristique peut
s’énoncer comme suit : si A est une résonance, z = e~** est une valeur propre de By. En fait,
les travaux de [NSZ11] et [NSZ14] prouvent de fagon rigoureuse la relation entre les résonances de
scattering (respectivement pour le potentiel et les obstacles) et les valeurs propres d’applications
quantiques ouvertes plus générales. Cette relation est un ingrédient clé de cette thése, a la fois pour
le probléme de trou spectral et celui de comptage de résonances. Avec cette analogie, le probléme
du trou spectral (Question 1.1) et le comptage de résonances (Question 1.2) ont un équivalent :

e L’application By vérifie || By||ez_e2 < 1, de sorte que 1.1 devient : peut-on trouver v > 0 et
Ny > 0 tel que pour tout N > Ny, o(By)N{|z| > M7} =07

e La Question 1.2 concerne le comptage de valeurs propres dans des anneaux. On veut des
équivalents/bornes supérieures/bornes inférieures pour N, (N) dans la limite N — 400 oi
N,(N) est le nombre de valeurs propres de By, avec multiplicité, dans {|z| > M ~7}. Des
calculs numeériques ont été faits dans [NZ05], et suggérent des équivalents de la forme

N, (N) ~ C, N"
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Trou spectral. Comme dans les modeéles déja présentés, la valeur § = 1/2 est une valeur impor-
tante. En effet, les résultats de [NZ09] pourraient s’adapter dans ce modeéle et les méthodes de
[DJ17], utilisée pour étudier le cas des entiers N de la forme M*, permettent de montrer que si
0 < 1/2,il y a un trou spectral de taille 1/2 — § + ¢ pour tout € > 0. Dans ce travail, les auteurs
montrent que le trou spectral peut en fait étre amélioré et quand § > 1/2, il y a toujours un trou
spectral :

Théoréme 1-1.19 ([DJ17]). Il existe 8 = B(M, A) > max(0,1/2 —0) et kg € N tel que pour
tout k > ko,
o (Bye)N{lz] > MP} =10

Bornes supérieures de Weyl fractales. Le comportement asymptotique de N, (N) a été testé
numériquement dans plusieurs travaux ([Nonll], Section 6, [NRO7], [NZ05]). Il n’y a toujours pas
de bornes inférieures connues dans ce modéle mais des bornes semblables & celle du Théoréme
1-1.18 ont été obtenues dans le cas N = M* dans la limite k — 0o :

Théoréme 1-1.20 ([DJ17]). Soit N = M* pour k € N, et notons By la matrice définie par
1-1.7. Soit N (k) le nombre de valeurs propres de By, avec multiplicité, dans {|z| > M~7}.
Alors, pour tout v > 0 et € > 0, il existe C > 0 tel que pour tout k € N,

N, (k) < CNO—o(+e

ot o(y) = max(0,1 —J — 2v).

\ J

En fait, la statégie utilisée dans [DJ17] pour démontrer ce résultat est inspirée de celle de [DBW19).
Remarquons une fois de plus que ¢ se comporte comme celle du Théoréme B. Dans un récent travail
de [Zhe22], la borne N, (§) = O(N?) a été prouvée pour tous les entiers N € MZ (et sans la perte
en e).

Ceci conclut la premiére partie de l'introduction, dédiée & la présentation et & la mise en
perspective des résultats de cette thése.

1-2 Boite a outils.

Nous en venons a présent a la deuxiéme partie de cette introduction. Nous avons voulu présenter
quelques outils importants utilisés dans cette thése. Nous avons fait des choix, guidés a la fois par
I'importance des outils et les gotits mathématique de 'auteur. Cette liste est donc, bien entendu,
non exhaustive et entiérement subjective.

Remarque.

Il aurait pu étre pertinent d’évoquer la machinerie de ’analyse semiclassique, qui est largement
utilisée dans cette thése. Nous avons décidé de ne pas le faire, et ceci pour deux principales raisons.
D’une part, il y aurait eu beaucoup trop a dire et nous préférons y dédier un chapitre. D’autre
part, il nous paraissait trés réducteur de dire que I’analyse semiclassique est un simple outil. C’est
en effet une branche a part entiére de la théorie des EDPs linéaires ! Le point de départ de toute
la théorie est la construction d’une procédure dite de quantification qui permet de quantifier des
symboles lisses a € S(R??) en un opérateur sur L?(R%). Par exemple, la quantification de Weyl
repose sur la formule :

Une telle formule permet de construire un calcul semiclassique consistant sur R¢ (composition,
caractére borné sur L2, inégalités de Girding, théoréme d’Egorov, etc. ) et peut tout aussi bien
se développer sur des variétés différentielles. Des ouvrages de référence sont disponibles dans
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la littérature, comme [Zwol2|, dans lequel 'auteur a pu apprendre une grande partie de cette
théorie.?. Le Chapitre 4 rappelle certains objets et résultats importants en analyse semiclassique,
qui seront utilisés dans cette thése.

?L’auteur a également été initié a I’analyse semiclassique par son directeur de thése, lors d’un cours de master.
Cette premiére rencontre - avec l’analyse semiclassique comme avec S.Nonnenmacher - est stirement le point de
départ de tout ce manuscrit !

1-2.1. Complex scaling.

Le premier outil que nous voulions évoquer est la méthode dite de complex scaling. Pour étre tout a
fait exact, cette méthode a été plutét implicitement utilisée dans ce manuscrit, a travers les travaux
de [NSZ11] et [NSZ14] ot c’est le point de départ qui permet de passer d’un probléme de résonances
4 un probléme de valeurs propres, nécessaire pour établir un probléme de Grushin. Le complex
scaling est notamment utile quand il s’agit d’obtenir des estimées pour la résolvante tronquée - voir
Chapitre 6. Nous commengons par rappeler les tenants de cette méthode et comment elle permet de
passer d’un probléme de résonances a un probléme de valeurs propres pour des opérateurs non auto-
adjoints. Dans un second temps, nous avons voulu profiter de cette mention aux opérateurs non
auto-adjoints pour évoquer succinctement quelques effets pseudospectraux qui peuvent apparaitre
quand on traite ce genre d’opérateurs. En particulier, cela permet d’expliquer pourquoi il est
souvent difficile d’obtenir des bornes inférieures pour le nombre de résonances.

1-2.1.1. Des résonances aux valeurs propres.

La méthode de complex scaling dans ’étude des résonances de scattering apparait dans les travaux
d’Aguilar, Combes et Balslev [ACT1], [BC71]. Elle a ensuite été trés largement développée (et
utilisée!) par de nombreux autres auteurs. Dans le cas du formalisme de boite noire de Sjostrand-
Zworski, qui permet de traiter une large classe de perturbations du laplacien, elle a d’abord été
utilisée dans [SZ91]|. Cette méthode est devenue quasiment indispensable dans I’étude des prob-
lémes de résonances (voir par exemple [Sjo97], [SZ95]). Le principal intérét de cette méthode est
qu’elle permet de passer d’un probléme de résonances - il faut trouver les poles d’un prolongement
méromorphe - & un probléme de valeurs propres d’un opérateur non auto-adjoint. Cela en fait une
méthode d’une importance capitale, tant d’un point de vue théorique que numérique. L’auteur a
appris les rouages de cette machineries dans la présentation détaillée faite dans [DZ19] (Section
4.5).

Par soucis de clarté et de concision, nous présenterons les détails du complex scaling dans le
cas du scattering par des obstacles: on fixe un obstacle O C R? et I'on considére —Agq sur L%(Q),
Q =R\ O, de domaine Hg(Q) N H%(Q). On fixe R > 0 tel que O C B(0, R). Pour un paramétre
6 €)0,7/2[, on considére une déformation complexe totalement réelle I'y C C¢ de R? - on dit que
Iy est totalement réelle si T,Tg N iy = () pour tout z € T'y - telle que pour un certain R’ > R,

Iy N Bca(0, R) = RN Bea (0, R)
Ly NCA\ Bea(0,R) = RN C\ Bea(0, R)

Comme expliqué dans [DZ19], il est possible de construire une telle déformation : considérons
g € C(R4,R) telle que
1
git)y=0for t <R, g(t) = 5162 for t > 2R, ¢"(t) >0

et pour 0 < 0 < /2, posons Fy(z) = tan(8)g(|z|), fo(x) = x +i0,Fp(x) et Ty = fo(R?).
Pour définir la laplacien déformé, on introduit les opérateurs différentiels sur C¢,

d
1 . 2
3zj = §(a$j - Zal/j) ;AL = ;:1: azj"

Alors, pour u € C®(Ty), il existe un prolongement presque analytique! @ € C°(C?) et I'on peut
montrer que la valeur de A, on I'y ne dépend pas du choix du prolongement presque analytique.

Lest-a-dire que pour tout 1 < j < d, gzjﬂ(z) =0 (d(z, Fg)"’o)
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Cela permet de définir la déformation complexe du laplacien libre, Ag o sur L?(Ty) de domaine
H2(T'y) : Apu = (—A.@)|r,. En fait, en utilisant la déformation fs : R? — I'y, on peut montrer
que —Ag o est équivalent &

((Id +id2 Fy(x)) ar) : ((Id +i02 Fy(x)) am) sur L2(RY)

Il est alors possible de définir la version déformée de —Agq avec domaine H}(Q) N H?(Q) : fixons
X € C°(B(0, R)) tel que x = 1 prés de O ; la fonction 1—x vaut 1 en dehors de B(0, R) de sorte que
I'on peut la prolonger en une fonction lisse sur I'g ; puisque I'y N B(0, R) = R?N B(0, R), '’ensemble
[y \ O s’identifie a Q prés de JO et 'on peut définit le domaine Dy = H?(Ty \ O) N H (T \ O).
Pour u € Dy, on définit finalement

—Agu = —Aq(xu) — Ago((1 = x)u)

La relation fondamentale entre —Ay et —Agq est donnée par le théoréme suivant :

Théoréme 1-2.1 (|DZ19] Section 4.5, [SZ91|). Supposons que 0 < 6 < w/2. Soit A € C*
tel que Im(e®\) > 0, alors —Ag — A2 est un opérateur de Fredholm d’indice 0 et \? est une
valeur propre de —Ay si et seulement si c’est une résonance de —Aq. De plus, les multiplicités
coincident. Enfin, si ¢ € C°(B(0, R)), ¥ = 1 suffisamment prés de O et si A n'est pas une
résonance,

D(=Dp = X)) = (=D = AN) "M

1-2.1.2. Excursion : quelques phénoménes spectraux remarquables pour des opéra-
teurs non auto-adjoints.

L’objectif de cette sous-section, quelque peu déconnectée du reste de cette thése, est de présenter
quelques phénoménes de pseudospectres qui peuvent apparaitre dans I’étude d’opérateurs non
auto-adjoints. Les exemples choisis ont été rencontrés pendant cette thése et ont particuliérement
intéressé 'auteur. Ils permettent d’illustrer l'instabilité du spectre pour ces opérateurs et de
comprendre qu’il peut étre difficile d’obtenir des bornes inférieures dans le comptage de résonances.
Les deux derniers exemples ont été étudiés par 'auteur pour la préparation d’un exposé donné en
Juin 2022 pour un Workshop de 'ANR Adyct. Bien entendu, cette sous-section n’a pas pour
objectif de donner une présentation de la théorie du pseudospectre (a ce propos, on peut consulter
[TE05]).

L’exemple de la matrice de Jordan. Il est assez courant, pour débuter dans I’étude des
phénomeénes pseudospectraux, de s’intéresser a un petit exemple simple qui concerne des pertur-
bations de la matrice de Jordan Jy € My(C) :

0 1

Jy = -
0 1
0
Le spectre de Jy est réduit & {0} mais quand z € D(0,1) et quand N est grand, sa résolvante
(Jy — 2)~! a une norme ¢? — (2 plutot grande comparée a z. En effet, si u = (1,2,...,2V 1)
alors
(z—Jn)u=(0,...,0,2N)¢

de sorte que

B 1 _
1z = In) " ez e > oy llellee = 12 N

Ces comportement ménent & des phénoménes d’instabilité du spectre. Une premiére manifestation
déterministe est donnée par ’exemple suivant :
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(c) N =200, 6 = N2 (d) N =400,6=N""

Figure 1.14: Tracé du spectre Jy + dG pour différentes valeurs de § et différentes valeurs de N,
ot Gy est une perturbation Gaussienne aléatoire. Le cercle noir est le cercle de rayon 6/,

Exemple. Soit 0 < € < 1 un petit paramétre et soit Ry = (d;nd;1)1<ij<n. 1l n’est pas difficile de
voir que le spectre de Jy + e Ry est donné par

21

{e/Ne ﬁw,ngSN—l}

qui sont N points répartis de facon réguliére sur le cercle de rayon e'/V. Dans la limite N — 400,
on peut dire que le spectre Jy + Ry converge vers S,

Ezemple. 1l est aussi intéressant de regarder des perturbations aléatoires de Jy comme dans
[DH09]. Par exemple, mentionnons le corollaire suivant de larticle [GWZ14] : Pour A € My (C),
notons L4 la mesure N~! > pEo(A) d,, ol les valeurs propres sont répétées avec multiplicité. Soit
(Gij)i,jeN une suite i.i.d. de variables Gaussiennes de moyenne nulle et de variance 1. Notons
Gy = (Gij)i<ij<n- Soit (dy) € RN une suite telle que pour certains x’, k > 0,

N*H/ < 5N < N71/2fn
Alors, L/N+tONGN converge faiblement en probabilité vers la mesure uniforme sur S! (voir la Figure

1.14).

Pathologie spectrale pour un opérateur différentiel. I’exemple suivant est inspiré de [See86].
Considérons la fonction suivante :

fa(z) =™ +ae** e R, |a| <1
ainsi que l'opérateur différentiel défini sur L?(R/27Z):
d(a) = fa(x)aw

Un petit calcul permet de montrer qu'une primitive de 1/f, : R — C est donnée par

Jo(x) = e — ax — ialog(l + ae'®)
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Figure 1.15: Deux couches de graphéne décalées d’'un petit angle forment les fameux motifs de
Moiré .

Pour calculer le spectre de d(«), il suffit de résoudre le probléme aux valeurs propres

{ d(a)u = du
u(0) = u(2m)

Une solution de ce probléme a la forme u(z) = ugexp(Aga(z)), qui fournit effectivement une
solution si et seulement si A(gq(27) — go(0)) € 2inZ. Mais, go(27) — g (0) = —27a. Donc:

{ a=0 = Sp(d(a))=C
a#0 = Sp(d(a)) =1Z

Ainsi, malgré le fait que d(«) dépende analytiquement de « (¢’est une perturbation vraiment simple
de d(0)), le comportement de d(a) change brutalement en o = 0, comparé avec le cas a # 0.

Angles magiques pour des bicouches de graphéne décalées. Le dernier exemple que nous
voulions présenter apparait dans le travail récent [BEWZ22|, qui étudie le modéle physique introduit
dans [TKV19] pour des bicouches de graphéne décalées d'un certain angle (TBG en anglais pour
twisted bilayer graphene). L’étude de ce modéle conduit & s’intéresser au spectre d’une certaine
famille d’opérateurs différentiels D(«) sur L?(C/T',C?), ou I’ = 47 (iwZ & iw?Z) est relié¢ au réseau
hexagonal qui apprait dans I’étude du graphéne et a € C est un paramétre relié a 'angle de
décalage entre les deux couches de graphéne. (voir la Figure 1.15).
D(a) a pour domaine H'(C/T",C?) et est explicitement donné par

P = (a0 B)

ot Dz = 10z = 1 (0,, +1i0,,) et U(z) est relié a 'interaction entre les deux réseaux de graphéne
et a pour expression exacte

2
U(Z) _ Ze%(zw_k’ffwk)wk L w= €2i7r/3

Dans [BEWZ22], les auteurs démontrent, entre autres, qu’il existe un ensemble discret non vide A
tel que D(a) vérifie:

'™ siagA

Sp(D(e)) = { C ifacd

I'* est le réseau dual de I', donné explicitement par I'* = % (wZ &) oﬂz). Cet exemple fournit

une autre illustration d’effets pseudospectraux : ce qui est frappant dans cette situation c’est
qu’ils jouent un role important dans une situation physique pertinente. L’ensemble A est appelé
I’ensemble des angles magiques et posséde des applications remarquables pour le modéle physique.
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1-2.2. Principe d’Incertitude Fractal.

Le Principe d’'Incertitude Fractal est un outil d’analyse harmonique récemment développé et qui
a permis des progrés remarquables dans le domaine du Chaos Quantique. Sa premiére utilisation
remonte au travail [DZ16], puis il a été développé notamment par S. Dyatlov en collaboration avec
J. Bourgain ([BD17],[BD18]). Pour l'expliquer trés grossiérement, on peut le présenter ainsi : il
permet de dire qu’une fonction f : R — R ne peut pas étre bien localisée a la fois en position
et en fréquence prés d’un ensemble fractal. C’est 'outil principal dans la preuve du Théoréme A
(voir Chapitre 5). S’il a des applications pour les trous spectraux, il donne également des résultats
intéressants dans d’autres problémes de Chaos Quantique.

1-2.2.1. Enoncé.

En mécanique quantique, le principe d’incertitude énonce qu’aucun état ne peut-étre parfaitement
localisé dans 'espace des phases, i.e. en position et en moment. Cet énoncé est généralement
quantifié par le principe d’incertitude d’Heisenberg, connu sous la forme :

AxAp > h/2

Cette inégalité dit grossiérement qu’un état quantique occupe toujours une boite de volume plus
grand que h dans ’espace des phases. Pour énoncer le principe d’incertitude fractal, nous allons
plutot utiliser une autre fagon de quantifier le principe d’incertitude : si Fj, : L?*(R) — L2(R)
désigne la h-transformée de Fourier unitaire :

1

fhu(f) = W/]Reixﬁ/hu(x)dx

on peut facilement vérifier que

Lo, mFnLion ] o, e < B2
I1 faut lire cette inégalité de la facon suivante : si un état u, de norme 1, est localisé en position dans
[0, h], alors la masse de Fju dans [0, k] est petite - en fait plus petite que h'/2. C’est donc bien une
autre fagon de quantifier ’énoncé :"aucun état ne peut étre totalement localisé en position et en
moment prés d’un point". Remarquons au passage qu’il est possible de généraliser légérement cette
inégalité d’incertitude en jouant avec la saturation d’un volume quantique élémentaire d’ordre h :
si 1,72 > 0 vérifient vy, + 2 > 1, alors

1
||]1[07hn|]:h]1[0’h72]||L2~>L2 < hﬁ 5 ,8 = 5(’71 + 2 — 1) > 0. (1—21)
En effet, on a,

[ Lgo,n01 1 FnLj0,m021 [ oy o < Lo, | ooy 2 X PRl pa s poe X ([0 nr2) || oy 1
< W2 5 (2mh) Y2 x p2/?
< KA.

Le principe d’incertitude fractal quantifie ’énoncé plus général "aucun état ne peut étre totalement
localisé en position et en moment prés d’un ensemble fractal". Autrement dit, il permet d’obtenir
des bornes du type

|1 x i Frly |-, = O(B) (1-2.2)

ot les ensembles X (h) et Y(h) sont "fractals". A ce stade, nous sommes restés trés évasifs sur
la notion de "fractal". Il devient nécessaire de préciser les notions de fractalité que nous allons
utiliser.
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Figure 1.16: Exemples d’ensembles poreux.

Ensembles fractals. Commengons par rappeler une définition assez standard de dimension
fractale, en la personne de la dimension boite supérieure d’un espace métrique compact (X,d). Si
lon note Nx(e) le nombre minimal de boules ouvertes de rayon ¢ nécessaire pour recouvrir X,
alors 'on définit la dimension boite supérieure de X par

dimX = limsup M

1-2.
e—o  —loge (29

En particulier, remarquons que si § > dimy, il existe g9 > 0 tel que pour tout € < &g, Nx(g) < &e~°
Ce qui va en réalité s’avérer fondamental pour les ensembles fractals qui vont nous intéresser, c’est
plus la présence de trous a toutes les échelles (ou au moins jusqu’a un échelle trés petite). On parle
dans ce cas de porosité, et il est possible de définir cette notion (cf. Figure 1.16) :

Définition 1-2.1. Soit v € (0,1) et 0 < ap < 3. On dit qu'un ensemble @ C R est v-poreux de
Iéchelle g & a1 si pour tout intervalle I C R de taille |I] € [ag, a1], il existe un sous-intervalle
J C I de taille |J| = v|I] tel que JNQ = .

La notion de porosité peut étre reliée a la dimension boite supérieure. En effet, on a le lemme
suivant, démontré dans le chapitre 5, Lemme 5-5.2 :

Lemma 1-2.1. Soit Q C R. Supposons qu’il existe 0 < d < 1, C > 0 et g9 > 0 tel que
Ve < g9, Na(e) < Ce™°
Alors, il existe v = v(d, &0, C) tel que £ est v-poreux de 1’échelle 0 a 1.
Il est également possible d’utiliser la notion de J-régularité :

Définition 1-2.2. Soit X C R un ensemble fermé non vide et soit 0 < § < 1, Cr > 1 et
0 < min < Qmaer < +00. On dit que X est d-régulier avec constante Cr de 'échelle apyp &
Qmaz 971l existe une mesure localement finie pyx supportée dans X tel que pour tout intervalle T
centré en un point de X et tel que apmin < |I] < aynaz, 00 a

CrlI° < px(I) < CrlI)°

Cette notion est en fait trés proche a la notion de porosité. A ce titre, mentionnons un résultat
qui montre qu’un ensemble poreux peut toujours étre inclus dans un ensemble d-régulier :

Lemma 1-2.2 (|[DJ18b], Lemme 5.4). Soit X C R un ensemble v-poreux de I'échelle anin & (g
Alors il existe Y C R qui est d-régulier avec constante Cr = Cr(v) de I'échelle 0 & cvpq. et tel que
X C Y(amzn)
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Enoncé du principe d’incertitude fractal. Le principe d’incertitude, tel qu’énoncé dans [BD1§],
n’utilise pas directement la h-transformée de Fourier mais plutot la transformée de Fourier usuelle
f — f. L’échelle h y apparait indirectement & travers une constante N, avec N ~ h~L.

Théoréme 1-2.2 ([BD18|, Theorem 4). Soit 0 < § <1, Cr >1 et N > 1. Supposons que
e X C [—1,1] est d-réqulier avec constante Cr de l’échelle N=* a1 ;
e Y C [—N, N] est §-régulier avec constante Cr de l’échelle 1 & N ;

Alors, il existe 8 = B(Cr, ) et C = C(Cg,d) > 0 tels que pour tout f € L*(R),

supp f C Y = ||fllz2x) < CNP||fll 2wy

Remarque.

Dans [JZ20], les auteurs fournissent une expression explicite de 8 en fonction de Cg et §. Ils
prouvent que ’on peut prendre:

B =exp [f exp (K(C’Réfl(l - 5)*1)K(1*6)_2)}
ou K est une constante universelle.

Il est également possible d’énoncer un principe d’incertitude fractal sous la forme 1-2.2. En
effet, il n’est pas difficile de voir que le théoréme précédent implique :

Lemma 1-2.3. Soit 0 < < 1et Cgr > 1. Il existe §,C > 0 (qui dépendent uniquement de 4, C'r)
tel que pour tout 0 < h < 1, 'inégalité

[LxmFrly ] paey e < OB

est vérifiée pour tous les ensembles X (h),Y (h) C [—1,1] qui sont §-réguliers avec constante Cr de
léchelle h & 1.

Remarque.

e C’est en fait sous cette forme qu’il est d’abord apparu dans [DZ16], dans le cadre de I’étude
de surfaces hyperboliques convexes co-compactes, pour des ensembles §-réguliers bien spé-
cifiques, reliés & ’ensemble limite de la surface. Dans cet article, Fj, est remplacé par un
opérateur intégral de Fourier particulier.

e On peut montrer que si X C [—1, 1] est §-régulier avec constante Cr de I’échelle h & 1, alors
la mesure de Lebesgue de X vérifie Vol(X) < 24Crh'~? (voir [BD18], Lemme 2.9). On voit
alors, en raisonnant comme pour la preuve de 1-2.1, que

[xm Frly sy pe < OBV

est valable pour tous ensembles X (h),Y (h) C [—1,1] d-réguliers avec constante Cr de
Iéchelle h a 1, ou C ne dépendant que de Cg.

e La démonstration de [BD18] utilise des outils d’analyse harmonique. Dans [DJ18al, les
auteurs utilisent une autre stratégie, qui repose sur la méthode dite de Dolgopyat, mais leur
résultat est différent car ils obtiennent un principe d’incertitude fractal avec un exposant
de la forme 8 =1/2 — 0 4 €, qui n’améliore 'exposant 1/2 — § que quand § < 1/2.

Mentionnons également une version légérement différente, sous une condition de porosité a
différentes échelles. Cette version est énoncée dans [DIJN21] et utilisée dans ce manuscrit de thése
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Théoréme 1-2.3. (/[DJN21], Proposition 2.11) Soit 'yji eR, j=0,1 tel que

0< < <1y 49 <1<qd +7

et définissons
v =min(yy, 1 -7 ) —max(, 1 - 7g)

Alors, pour tout v > 0, il existe 8 = B(v) et C = C(v) telle que l'inégalité
|’ﬂfl—(h)fh]lfl+(h)||L2(RHL2(R) < Ch?

est vérifiée pour tout 0 < h < 1 et pour tous sous-ensembles Oy (h) C R qui sont v-poreuz de
\ Véchelle B0 0 W7 )

Une version discréte. Il existe également une versions discréte de ce principe d’incertitude frac-
tal. Ce résultat discret a été introduit dans [DJ17] pour l'étude des applications ouvertes du
boulanger quantifiées et a permis 'obtention d’un trou spectral. Ce principe d’incertitude con-
cerne une classe plus restreinte d’ensembles fractals : il se concentre en réalité sur des ensembles
de Cantor. Pour le présenter, il nous faut réintroduire le méme bagage que précédemment pour
les applications du boulanger, a savoir, un entier M > 3 ainsi qu’un alphabet A C {0,..., M — 1}.
Pour k£ € N*, on note

Cr ={ao+a1 M+ -~-—l—ak,lM’“_l,(ao,...,ak,l) € Ak} - {0,...,Mk —1}
qui est un ensemble de Cantor discret. Il est naturellement relié & I’ensemble de Cantor
~ a a+1
=1 U {Mka ]
k=0 a€Cy

dont la dimension de Hausdorff est
5 = loglA]

~ logM
Au passage, notons que Cp contient exactement |A|¥ = MO%* ¢éléments. Enfin, pour énoncer le
principe d’incertitude fractal de [DJ17], on note Fy : £2(CN) — ¢2(CY) la transformée de Fourier
discréte (unitaire).

Théoréme 1-2.4. Soit M > 3 et A un alphabet vérifiant § €]0,1[. Alors, il existe f >
max(0,1/2 — ) et C > 0 (qui dépendent uniquement de M, A) tels que pour tout k € N*,

H]le]:MkILCkHKQHEQ S CM_kﬁ

On dit dans ce cas que Cy vérifie un Principe d’Incertitude Fracal d’exposant §.
Remarque.

Posons 7y, = |1, Farrle, |l p2_ype-

e Pour y voir un paralléle avec le cas continu qui fait intervenir un parameétre semiclassique,
il faut interpréter M* comme étant I'inverse de 27h.

e La borne 7, < 1 est triviale puisque Fjsx est unitaire.

e La borne 7, < M~*1/2-9) p’est pas non plus trés difficile & obtenir. Il s’agit en effet
d’une estimée de volume : 7 est majoré par la norme Hilbert-Schmidt de la matrice My, =

Le, Fareley, qui n'est autre que /37, 5 |(Mk); 2. Puisque My, posséde exactement ICr|? =

M?k9 coefficients non nuls et puisque chacun de ces coefficients est en fait un coefficient de
Fare, de norme exactement M ~%/2, on trouve finalement que rj, < M*(0—-1/2),

e La démonstration d’une telle version est en fait bien plus simple que pour le cas général
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du Principe d’Incertitude Fractal (voir par exemple [Dyal9]). En effet, on peut utiliser la
sous-multiplicativité de la suite (r)x, ce qui donne limyg_, 4o %log 7 = infpens %log ri. 11
suffit alors de prouver qu’il existe k € N* tel que

1
z logr, < —max(0,1/2 — §)log M

Généralisations en dimension supérieure. A ce jour, 'unique version connue de ce principe
d’incertitude fractal n’est valable qu’en dimension 1 et permet d’obtenir des trous spectraux pour
des objets en dimension 2 (surfaces hyperboliques, scattering par des obstacles ou par un potentiel
en dimension 2). Une généralisation en dimension supérieure nécessiterait des hypothéses sup-
plémentaires : comme expliqué dans [Dyal9] (Exemple 6.1), le principe d’incertitude fractal ne
pourrait pas s’appliquer tel quel & n’importe quelle paire d’ensembles d-réguliers. Par exemple,
dans [HS20], les auteurs démontrent une version du Théoréme 1-2.2 en dimension quelconque d
pour des ensembles X d-réguliers généraux (§ €]0, d[) mais pour des ensembles Y d’une forme bien
précise : les Y pour qui leur théoréme s’applique sont essentiellement des produits d’ensembles d;-
réguliers 1-dimensionnels avec §; €]0, 1 (voir Figure 1.17). En ce qui concerne la version discréte,
dans une récente prépublication, [Coh22| apporte une condition nécessaire et suffisante pour que
le principe d’incertitude fractal discret appliqué a des ensembles de Cantor en 2D soit vérifié.

1-2.2.2. Applications.

Si le principe d’incertitude fractal est & lui seul un résultat élégant d’analyse harmonique, il s’avére
également étre d’une trés grande utilité en chaos quantique. Dans cette partie, nous présentons
diverses applications de cet outil qui ont été obtenues depuis son introduction en 2016.

Trous spectraux. Comme déja expliqué, la premiére utilisation du principe d’incertitude fractal
remonte a [DZ16], ou les auteurs 'ont développé pour obtenir un trou spectral dans le cadre des
surfaces hyperboliques convexes co-compactes. Il leur a permis d’obtenir un meilleur trou spectral,
comparé aux précédents résultats, pour des valeurs de ¢ proches de la valeur critique 6 = 1/2.
Il a ensuite été développé par S. Dyatlov et J. Bourgain dans [BD17] et [BD18], ce qui leur a
permis d’améliorer encore ce trou spectral. Afin d’utiliser cet outil pour 'obtention d’un trou
spectral, les auteurs ont décrit précisément ’évolution du propagateur de —A jusqu’a deux fois
le temps d’Ehrenfest, ce qui n’est normalement pas permis par le calcul semiclassique standard.
Pour contourner cet écueil, les auteurs ont développé un calcul semiclassique anisotrope qui leur
permet d’appliquer le théoréme d’Egorov & un temps de l'ordre de deux fois le temps d’Ehrenfest.
L’existence de ce calcul anisotrope repose sur la structure géométrique bien particuliére des surfaces
hyperboliques qui permet d’avoir :

- Une description analytique des espaces stables et instables, quand on les reléve au disque de

Poincaré. En particulier, les distributions de ces espaces sont lisses.

- Un Jacobien instable constant.
Ces deux points, qui s’avérent en fait cruciaux dans les travaux mentionnés plus haut, ne sont
plus vérifiés dés lors que lon s’intéresse a des situations chaotiques (i.e. hyperboliques) plus
générales. Ce fut 'une des principales difficultés a dépasser dans [Vac22b] (et au Chapitre 5), mais
en réalité, cela avait déja été accompli dans [DJN21| pour une application différente (voir plus
bas). Cette approche est bien entendu impossible a reproduire pour des systémes hyperboliques
ouverts généraux. En ce qui concerne la version discréte, elle est apparue dans [DJ17] et leur a
permis d’obtenir un trou spectral pour des applications du boulanger ouvertes quantiques. Etant
donné que nous nous sommes déja attardés sur les trous spectraux, nous nous arréterons ici en
ce qui concerne cette partie et nous nous concentrons & présent sur d’autres applications en chaos
quantique.

Ergodicité quantique. Le but de ce paragraphe n’est pas de présenter de fagon détaillée et ex-
haustive ’ergodicité quantique, mais plutdt d’expliquer quelques problémes et les récentes avancées
qu’a permis le principe d’incertitude fractal. Pour une plus large présentation, nous conseillons
par exemple [Nonl3], [Dya2la], [Dya21b].
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(b) Un autre ensemble poreux en 2D (généré

(a) Un ensemble poreux (auto-similaire) en 2D. aléatoirement).

(c¢) Un produit d’ensembles d-réguliers.

Figure 1.17: Le principe d’incertitde fractal de [HS20] s’applique pour des ensembles quelconques
X d-réguliers, comme ceux des figures (a) et (b). En revanche, leur résultat impose des restrictions
a l'ensemble Y, qui doit avoir la forme de celui présenté sur la figure (c).
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L’Ergodicité Quantique concerne plusieurs situations chaotiques dans des domaines bornés.
Pour simplifier notre propos, on s’intéressera uniquement aux surfaces compactes de courbure
strictement négative. Soit donc (M, g) une telle surface (connexe), par exemple, une surface hy-
perbolique. Il est connu que le flot géodésique (sur S*M) est ergodique. L’ergodicité quantique
s’'intéresse au comportement haute-fréquence des fonctions propres de l'opérateur de Laplace-
Beltrami —A,. Cet opérateur posséde un spectre discret \g = 0 < A; < ...\, — 400 dont
les fonctions propres sont notées (u;):

—Auj = Ny 5 ||ugl|zzr) =1

Parmi les questions auxquelles tente de répondre I'ergodicité quantique :

e Que peut-on dire du comportement de (u;) quand j — 400 ?

e Comment 'ergodicité du flot géodésique influence-t-elle leur comportement 7
Pour répondre a ces questions, il est pertinent d’étudier les limites faibles des mesures |u;(x)|?dx
sur M. En fait, on peut étudier un objet plus général, appelé mesure semiclassique :

Définition 1-2.3. Soit Op;, une procédure de quantification semiclassique sur M.
e Soit v € L2(M) et 0 < h < 1. La distribution de Wigner associée a v est la mesure ul sur
T*M définie par
/ a(z,€)dpy (z,€) = (Opa(a)v,v) 2 5 a € CF(T*M)
*M

e On dit qu'une mesure p sur T*M est une mesure semiclassique associée & la famille de

fonctions propres (u;) s'il existe une sous-suite (u;, )i telle que, en notant hy = /\j_kl, uﬁfk

converge faible-* vers p, ¢’est-a-dire, pour tout a € C3°(T*M),

lim (Ophk(a)ujmujk)Lz :/ a(x,&)du(z, §)

k—4o00 * M

Remarque.
e Quand on choisit a(z,£) = a(x), on retrouve le cas des mesures |u;(z)[>dz.

e Le calcul semiclassique permet de montrer que la mesure p vérifie :

(i) p est supportée dans S*M ;
(ii) p est invariante par le flot géodésique.

e Les mesures semiclassiques ont été introduites dans [Gér91] et [LP93].

La question principale de I'ergodicité quantique est la suivante :

[Question 1.3. Quelles sont les mesures semiclassiques possibles pour M ¢ )

En fait, en ’état actuel des connaissances, on peut préciser cette question et demander : la mesure
de Liouville py, sur S*M est-elle la seule mesure semiclassique sur M 7 En effet, il est désormais
bien connu que la plupart des fonctions propres s’équidistribuent au sens suivant :

Théoréme 1-2.5 (QE [dV85] dans le cas général, [Zel87] pour les surfaces hyperboliques,
[Sch74] pour un premier énoncé). Il existe une suite (ji) € NV de densité 1 telle que :“ka
converge faible-x vers la mesure de Liouville py, sur S*M.

w™

Le mesure de Liouville pu7, sur T M est “3 o w est la forme symplectique canonique sur 7" M.
Ce résultat améne alors naturellement a la conjecture, connue sous le nom d’Unique Ergodicité
Quantique (QUE) :

Conjecture (QUE). La mesure de Liouville uy, est la seule mesure semiclassique.
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Figure 1.18: Evolution d’un paquet d’onde dans une situation hyperbolique. Il s’étire dans la
direction instable. Ces images ont été générées en utilisant la dynamique de A € SLy(Z), | tr(A4)| >
2, sur le tore. Un ensemble initial de points U (en haut & gauche) est itéré. Les 3 autres figures
montrent A*(U) pour différentes valeurs de k € N.

Cette conjecture est encore ouverte (a I’heure d’écrire ces lignes). Certaines restrictions sur
les mesures semiclassiques ont été obtenues dans [ANOQ7b], [ANO7al, qui imposent des bornes a
I’entropie des mesures. Récemment, 1'utilisation du principe d’incertitude fractal a permis d’obtenir
une nouvelle restriction importante :

Théoréme 1-2.6 ([DJ18b] pour les surfaces hyperboliques, [DJN21] dans le cas général).
Soit i une mesure semiclassique. Alors j, vue comme mesure sur S*M, a un support total
i.e. pour tout ouwvert U C S*M, p(U) > 0.

La preuve de [DJ18b] utilise le calcul anisotrope développé dans [DZ16]. Une fois de plus, s’il
est possible de I'utiliser dans le cas des surfaces hyperboliques, ce n’est pas le cas dans le cas des
surfaces de courbure négative générales. Néanmoins, dans [DJN21], les auteurs ont réussi & adapter
la stratégie avec une approche différente. La régularité C°° des espaces stables et instables n’est
plus requise dans leur travail, méme si une régularité C2~¢ reste nécessaire . Ils ont aussi pu gérer
le cas d’un jacobien instable variable. Leur approche a été adaptée dans notre travail ([Vac22b] et
Chapitre 5) pour obtenir un trou spectral dans le probléme de scattering par des obstacles.

Tout comme dans le cas des systémes hyperboliques ouverts, il existe un modéle jouet bien
connu en ergodicité quantique, la célébre application du chat d’Arnold. Le modéle correspond & la
quantification d’une application chaotique classique sur le tore T?. L’objet classique est une matrice
A € SLy(Z) telle que |tr(A)| > 2, autrement dit, telle que A a des valeurs propres \,, A, ! avec
[Aul > 1. A agit sur T? et la dynamique est chaotique (voir Figure 1.18). La quantification d'une
telle application est réalisée, par exemple, dans [BB96]. Sans entrer dans les détails du modéle,
il est possible de construire un espace de Hilbert Hy de dimension finie N, ot N = (2wh)~!
correspond a l'inverse d’un parameétre semiclassique, et une matrice My (A) qui agit sur Hy. De
facon analogue aux cas de 'opérateur de Laplace-Beltrami, cette matrice posséde une base d’états
propres et il est possible de construire une notion analogue de mesure semiclassique sur le tore.
Dans un récent travail, [Sch21] utilise le principe d’incertitude fractal pour démontrer un théoréme
analogue & 1-2.6 dans ce contexte. Plus récemment, dans [DJ21], les auteurs généralisent ce résultat
en dimension supérieure, mais avec des hypothéses supplémentaires sur la matrice A € SLo(Z9),
qui leur permet in fine d’appliquer le principe d’incertitude fractal 1-dimensionnel.

Applications aux EDPs. La stratégie utilisée dans [DJ18b] et [DJN21], qui repose sur le
principe d’incertitude fractal, permet également d’obtenir des applications pour des EDPs sur les
surfaces de courbure négative.

Controle et observabilité pour I’équation de Schrédinger. On parle de controle et d’observabilité,
deux notions qui sont en fait fortement reliées, quand on souhaite étudier les deux questions suiv-
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antes. Soit 2 C M un ouvert et soit T' > 0 :
e Observabilité : Notons u(t) = e®*®ug, ug € L?(M), c’est-a-dire, 'unique solution de

(10 + A)u(t,z) =0, teR,z e M
u(t=0,2) =up(x),x €M

Si l'on observe que u(t,z) = 0 pour tout € Q et pour tout ¢t € [0,7], peut-on dire que
ug = 07

e Controle : étant donné vy € L?(M) , peut-on trouver un terme de forcage (le controle)
f € L?(]0, T[xQ) telle que 'unique solution u de

(10 + D)u(t,z) = f(t,x)lp rxa, t €ER, 2 € M
u(t=0,2) =uo(x),zeM

vérifie u(T,x) = 0 pour tout 2 € M.

Dans le contexte des surfaces de courbure négative, le résultat suivant a été démontré :

Théoréme 1-2.7 (|Jinl8] (pour les surfaces hyperboliques) et [DJN21| (pour le cas général)).
Soit (M, g) une surface de courbure strictement négative, Q C M un ouvert et T' > 0.

e (Observabilité) Il existe une constante K > 0 telle que pour tout ug € L*(M),
r 2
A
lullecan < K [ e *ar

e (Controle) Pour tout ug € L*(M), il existe f € L?(]0, T[xQ) telle que l’unique solution
de
(10 + A)u(t,x) = f(t,z)1p rxou(0, ) = ug(x)

vérifie u(T, z) = 0 pour tout x € M.

\

Equation des ondes amortie. En ce qui concerne 1’équation des ondes amortie,
(02 — A +b(2)0)u(t,x) = 0; uli—o = uo , Opuli=o = uy (1-2.4)

oube C*(M), b>0, est le terme d’amortissement, il est bien connu qu’il y a une relation entre
la décroissance de I’énergie et les interactions entre le flot géodésique et la région d’amortissement
{b > 0}. Pour tout (ug,u;) € H' (M) x L*(M), (1-2.4) posséde une unique solution u(t), définie
par la théorie des semigroupes. L’énergie d’une solution est donnée par

E(u(t)) = %/M |0u(t, z)|* + |Vu(t, z)|?dx

Quand b n’est pas identiquement nulle, on sait que E(u(t)) — 0 quand ¢t — +o0. Il est bien connu
que pour que le taux de décroissance de ’énergie soit exponentiel, il suffit que I’amortissement
vérifie la condition de contrble géométrique, & savoir, que toute géodésique traverse la région
d’amortissement (voir [Leb96]). Dans ce cas, on a méme que E(u(t)) < e~ * E(ug) pour un certain
a > 0. Dans le cas des surfaces de courbure négative, I’hyperbolicité empéche les paquets d’onde de
rester concentrés dans un voisinage d’un point de ’espace des phases et les étire le long des variétés
instables (voir Figure 1.18). L’utilisation du principe d’incertitude fractal a permis d’obtenir un
résultat frappant qui montre qu’indépendamment de la taille de la région d’amortissement, dés
lors que {b > 0} = ), énergie décroit exponentiellement vite :

Théoréme 1-2.8 ([Jin20] pour les surfaces hyperboliques, [DJN21] pour le cas général). Soit
(M, g) une surface de courbure strictement négative et b € C°°(M). Supposons b >0, b # 0.
Pour tout s > 0, il existe C > 0 et v > 0 tel que pour tout (ug,u1) € H* (M) x H*(M),
l’énergie de la solution de I’équation des ondes amortie 1-2.4 décroit exponentiellement vite
et l'on a :

E(u(t)) < e (lluoliges + 1)
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1-2.3. Propagation d’états cohérents.

Les états cohérents, qui portent bien d’autres noms dans la littérature (états gaussiens, paquets
d’onde gaussiens, etc.) s’avérent étre un outil efficace pour relier les dynamiques quantique et
classique. C’est en fait assez naturel de les utiliser quand il s’agit d’utiliser la correspondance
classique/quantique. L’auteur s’est initié aux états cohérents et leurs applications en analyse
semiclassique dans le livre [CR12].

Etats cohérents. L’état cohérent semiclassique centré en zéro est

wo(z) = W@‘lgf (1-2.5)

et I’état cohérent centré en p € R?4 est
9o = Tppo (1-2.6)
ot T, est 'opérateur de translation de Weyl-Heisenberg :
Tzg,c0)u(x) = e‘ﬁ&)"”"e%g”‘“u(x — Zo)

On rappelle que g est par ailleurs I’état fondamental de l'oscillateur harmonique —h%A + |z|2.
Les autres états propres de l'oscillateur harmonique, appelés états excités, sont obtenus & partir

de ¢ en appliquant l'opérateur de création al-L = jﬁ(—ha@ + ;). Pour v = (v1,...,v4) € N% on
notera par exemple
vo__ 1 7 T\
(poiyll...yd! (al '”(ad) o

pour l’état normalisé excité. C’est une fonction propre de —h2A + z2 pour la valeur propre
h(vy + -+ vg +d/2). La famille (¢Y), constitue une base Hilbertienne de L?(R¢). On rappelle
au passage que 'opérateur d’annihilation est

1

i = —=(h0z, + x;
= (b, + )

Etats cohérents déformés. Il peut aussi étre intéressant de définir les états cohérents déformes,
parfois appelés états cohérents de Hagedorn.

Définition 1-2.4. On note X4 le demi plan supérieur de Siegel, formé des matrices symétriques
' € My(C) telles que Im(T") est définie positive.
Soit I' € ¥3. On définit un état cohérent centré en 0 déformé par la formule

Tz z
cp(()r) (z) = (apmh)~Y*exp (z o )

ou ar > 0 est choisi pour que cet état soit normalisé. De fagon analogue, on définit I’état cohérent

déformé en p € R?? par

r
Sﬁ(pr) = Tp‘PE) )

Les états cohérents déformés ont un lien avec les repéres Lagrangiens (voir par exemple [LST1§]
qui en donnent une interprétation géométrique). Pour expliquer cette interprétation, notons, pour
I'e Xy,

Lr = {(T'q,q),q € C*}

On dit que Lr est un repére Lagragien positif, dans le sens suivant : si

_ (0 L
7= (4 6)
- (Lagrangien) pour tous ,I' € Ly, - JI' =0 ;
- (Positif) pour tout € Ly, 1 (JI) - 1) > 0.
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Il est par ailleurs possible de définir des opérateurs de création et d’annihilation plus généraux :
pour tout [ € C?? = (I,,,1¢) € C? & C4, on note

d

. . d
> 000, — o)y s AT =~ Y 261,00, — e,
j=1

All] =

V2h 4

Jj=1

Remarquons les opérateurs de création et d’annihilation usuels aj- et a; sont obtenus avec [; =
(tej,ej) on e; est le j-éme élément de la base canonique, et notons que [; € L;r,. Il est alors
possible de montrer que les états cohérents déformés sont caractérisés par ([LST18], Proposition
3.5) : soit u € D'(R?), alors

Vie Lp, Al)u=0 < 3ce Cu=cp"’

Les états cohérents déformés apparaissent également de fagon naturelle quand on étudie la
propagation d’états cohérents par des hamiltoniens quadratiques. Soit S(t) € Sy4(R) une famille
de matrices symétriques réelles dépendant continument de ¢ et considérons le hamiltonien associé,

e Ht2,6) = % <§> L S(®) (Z) .

H (t) peut étre quantifiée en HY (¢t,z,hD,) = ﬁ(t) Par exemple, pour S(t) = Iag, H nest autre

que l'oscillateur harmonique 3(—h2A 4 z?). On considére alors le propagateur quantique U (t)

associé & H, qui résout ’équation de Schrodinger
ihd,U(t) = HHU(t) ; U(0) = 1d.

On peut calculer explicitement la propagation des état cohérents ¢, dés lors que ’on connait le flot
classique associé a H(t,x,€). En effet, soit F'(t) la matrice symplectique qui permet de résoudre

IEDO
d

dt

_ (A B
ro= (g o).
On peut montrer que A; + iB; est toujours inversible et que si I'y = (C; +iDy)(A; +iB;) ™1, alors,
on a (|[CR12|, Théoréme 16, Chapitre 3) : il existe ¢; € {z € C, |z| = 1} tel que

F(t) = JS(t)F(t).

Ecrivons-la par blocs

Ut)p, = ot 5 pe = F(t)p.

En d’autres termes, le centre de ’état cohérent suit les lignes du flot hamiltonien classique et

—

Pétat subit une déformation. S’il 'on souhaite s’attaquer & des Hamiltonines plus généraux H (),
les mémes idées s’appliquent, mais les calculs ne sont plus exactes. Toutefois, il est possible
de produire un développement asymptotique en puissances de h'/2. Pour cela, il faut écrire un
développement de Taylor de H(t) au voisinage du centre de 1’état cohérent, qui se déplace encore
selon le flot classique. La partie quadratique de I’hamiltonien contréle I’approximation au premier
ordre, tandis que les termes supérieurs fournissent des corrections qui font apparaitre les états
excités (voir par exemple [CRI7]).

Ezemple. (cf. Figure 1.19 et Figure 1.20). Voyons ce qu’il se passe dans un situation trés simple
en dimension d = 1, avec un flot possédant un unique point fixe hyperbolique. C’est une situation
jouet qui peut modéliser ce qui se passe pour le scattering par deux obstacles. Dans notre exemple,
on veut donc que la matrice symplectique F; soit

ce qui est possible en considérant H(t,x,&) = H(x,£) = x£. 0 est bien évidemment un point fixe
hyperbolique : Despace et la variété instables (resp. stables) sont donnés par 1'axe des z (resp.
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Figure 1.19: Evolution d’un état cohérent centré initialement en 0, selon la dynamique de ’exemple
1-2.7. La couleur dépend du module de la distribution de Wigner de ’état évolué.

Figure 1.20: Evolution d’un état cohérent centré initialement en un point pg, selon la dynamique de
Pexemple 1-2.7. Le centre py = (z9, o) de cet exemple vérifie a la fois xg # 0 et §y # 0. La courbe
rouge représente la courbe sur laquelle évolue le centre de ’état gaussien. La couleur dépend du
module de la distribution de Wigner de 1’état évolué.

Paxe des £). On a donc o= xhD, + % et le propagateur quantique n’est autre que l'opérateur
de dilatation :
U(tyu(z) = e 2y (e ') (1-2.7)

Il est alors trés aisé de calculer explicitement 1'évolution d’un état cohérent ¢, et de vérifier
notamment que le résultat général présenté plus haut est vérifié. On voit bien que ’état cohérent
devient de plus en plus fin et s’étire le long de la direction instable quand ¢t — +oo. C’est une
propriété que nous utiliserons dans cette thése (voir Chapitre 7).

Décomposition en états cohérents. Les états cohérents ne sont pas orthogonaux, et 'on peut
méme calculer explicitement : pour tout p, p’ € R??,

2 ’
o) = o (2 Yo (17550) 5 a(ano) (01.60) = 100 - o,

Néanmoins, ils forment un systéme complet qui permet malgré tout de décrire de facon précise
n’importe quel état u € L2(R?), voir les opérateurs agissant sur L?(R?). Pour comprendre cela,
on peut introduire la transformée de Bargman :

u € L2(RY) — Byu € L2(R*) 5 Byu(p) = (21h)~Y2(p,p,u) 2 = (2mh)~Y/? /Rd op()u(z)de.

On peut montrer que By, est en fait une isométrie de L?(R?) vers L2(R??). En particulier, son
adjoint formel B} est aussi bien défini et donné par

Bio(e) = ()2 [ g (plphdp . v € R)

Cette formule, tout comme le fait que B; By, = Id2(R?) permet de décomposer un état u € L?(R)
en combinaison linéaire d’états cohérents, selon la formule bien pratique suivante, connue sous le
nom de résolution de I’identité,
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1
u(zx) = W /R2d(<pp,u)L2<pp(m)dp. (1-2.8)

Parmi les conséquences intéressantes de cette formule, on peut citer la possibilité de calculer
la norme Hilbert-Schmidt ou bien la trace d’un opérateur en ne connaissant son action que sur les
états cohérents :

Lemma 1-2.4. Soit B : L}(R?) — L?*(R?) un opérateur Hilbert-Schmidt. Alors,

1
llns = g | 1Bl

Soit A : L?(R?) — L2(R?) un opérateur a trace. Alors,

tr(A) = ﬁ /de(Agop,(pp)dp.

Cette propriété a été utilisée dans le Chapitre 7 pour estimer la norme Hilbert-Schmidt d’un
opérateur, ce qui, & son tour, s’est avéré efficace pour estimer le nombre de résonance dans des
boites et obtenir le théoréme B.

Remarque.

e On peut définir une procédure de quantification, appelée quantification anti-Wick, qui re-
pose sur la formule (1-2.8) : pour a € S(R??) (et en fait, on pourrait trés bien prendre
a € L>=(R2%) ):

1
AW
Op" (@)ute) = s [ alo)enw)sa(@ip

Par rapport aux autres procédures de quantifications (et notamment la quantification de
Weyl ou les quantifications a gauche/droite), le principal intérét de la quantification anti-
Wick est qu’elle est positive :

a>0 = Yuec L*(RY), (OhW(a)mu) > 0.
e Il existe aussi une approche légérement différente de celle de la transformée de Bargman,
qui envoie un état u € L2(R?) sur

x24e?

u?(2) = (Byu(w,€)) e 7 5 2=z — .
Il S’agit en fait de la fameuse transformation FBI (FBI pour Fourier-Bros-Iagolnitzer, voir

par exemple [CR12], Section 1.3, [Zwo12], Chapitre 13) : c’est une isométrie de L2(R?) vers
l'espace dit de Fock F(C?) des foncions entiéres f : C¢ — C telles que

Illzen = [ 1FFe % dz ndz] < 4.

Applications de la propagation des états cohérents. On peut retrouver 1’évolution de
n’importe quel état en connaissant uniquement 1’évolution des états cohérents, ce qui en fait donc
un outil de travail particuliérement utile. Les formules du lemme 1-2.4 ont par exemple été utilisées
dans [CRR99] pour démontrer la formule de trace semiclassique de Gutzwiller, en utilisant la
description précise de ’évolution des états cohérents obtenue dans [CR97|. Les paquets d’onde sont
aussi souvent utilisés pour la construction de quasi-modes, i.e. des approximations de fonctions
propres pour des opérateurs pseudodifférentiels. C’est par exemple le cas dans [PU93]. Ces idées
restent fructueuses encore aujourd’hui, comme en témoignent les récentes travaux, parmi d’autres,
de [LST18] ou de [Arn20]. Il n’est bien entendu pas possible de donner une liste exhaustive de
I’application des états gaussiens et de leur propagation, qui sont un outil important en physique
mathématique. [CR12| propose plusieurs applications d’un point de vue semiclassique et les auteurs
y donnent des références vers une littérature plus large.
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Ceci conclut l'introduction de ce manuscrit de thése. Encore une fois, les outils présentés ne
forment pas une liste exhaustive. Nous serons bien entendu amenés & présenter d’autres outils
importants dans cette thése et nous reviendrons plus en détail sur ceux déja évoqués quand nous en
aurons besoin. Les prochains chapitres 3 et 4 sont dédiés & des résultats préliminaires concernant
les systémes dynamiques hyperboliques et ’analyse semiclassique, tout en présentant les objets
d’étude principaux de cette thése : les applications hyperboliques ouvertes et leurs équivalents
quantiques. Nous rentrons dans le vif du sujet au Chapitre 5 et nous démontrons le théoréme A
dans le Chapitre 6, ainsi que d’autres applications dans le probléme de scattering par des obstacles.
La démonstration du Théoréme B sera faite au Chapitre 7.






Chapter 2

Introduction (in english)

This introduction is organized into two parts. In the first one, we present the main results proved
in this thesis and contextualize them. In the second part, we give an overview of a few tools used
in this thesis.
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2-1 Framework.

Motivations. The main motivation of this thesis is the study of the problem of scattering by
strictly convex obstacles. We will be interested in the scattering resonances of such systems, which
can be presented as open hyperbolic systems. Other such systems will be displayed below in 2-1.5..
Our main results, namely Theorem A and B, presented in this introduction, concern the repartition
of this resonances, when dealing with obstacles in dimension 2.

2-1.1. Resonances in obstacle scattering.

For the purpose of introducing resonances, we present the general problem in dimension d. We
consider an bounded open set O, considered as an obstacle (or a set of obstacles), and at this stage,
the unique assumption we make is that O has smooth boundary. Further, we will add important
geometric conditions - in particular, the strict convexity assumption - but this is not necessary to
present the notion of resonances.

In this setting, the main problem we are interested in is the study of the propagation of waves
outside the obstacle, that is, we want to study the wave equation

Oiu(t,r) — Au(t,z) =0; tcR, z € R\ O

with initial conditions u(0,z) = ug(z), Oyu(0,z) = wi(x). For this problem being well-posed, we
need to impose boundary conditions on dO0. In this thesis, we will consider Dirichlet boundary
conditions, that is,

u(t,z) =0,z € 90

Semi-group theory ensures that the above problem is well-posed (|Tay10], Chapter 9). Indeed, let
U =R4\ O and let H be the Hilbert space H(U) @& L?(U), where H is the completion of C2°(U)
with respect to the norm || ||y = ||V f||z2(). Let also A be the operator

0 Id
(3 0)
with domain D(A) = (HNH?(U))® H}(U). A is maximal dissipative, so that Hille-Yosida theory

allows to define the propagator e*4 and for (ug,u;) € H, the first component u(t) of t — et (ug, u1)
is the unique solution of the following Cauchy problem

3t2u —Au=0inU
U|t:0 = Ug

Opuli—o = w1

u(t,z) =0 for x € 9O

(2-1.1)

In the case of a bounded open set Q (it is obviously not the case here), the spectral theory
of A allows to solve completely the wave equation inside € (with Dirichlet boundary condition).
Indeed, since the injection H}(Q) — L2(£2) is compact, —A has compact resolvent and hence,
discrete spectrum 0 < Ap(2) < A(2) < ..., associated to an Hilbert basis of functions (e;);en.
Hence, the solutions of (2-1.1) have the form :

u(t,x) = Z (aje™i +bje ) e;(z)
=0

where a;,b; can be computed by decomposing the initial data in the basis (e;).
This is no more possible in the open case we are interested in. In fact, the spectrum of A is no
more discrete but we have
U(_A) = Gess(_A) = [Ov +OO[

Nevertheless, it is still possible to define a set of generalized eigenvalues, called resonances, playing
a role similar to the eigenvalues in the compact case, and allowing to obtain information on the
behavior of solutions of the wave equation. In particular, we can obtain estimates for the decay of
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the local energy for solutions of the wave equation, as it will be shown in this thesis (see Chapter
6). The global energy of the solution is defined as

1

B0) = 3. (eIl = 5 [ 1V + (o)

When there is no damping, it is conserved. If K € R?, we also define the local energy in K as

Pr(®) =5 [ IVu + o)

It is known that for every K, Fx(t) — 0 as t — 400 (see [Tay10], Chapter 9, Proposition 4.1). A
good understanding of the resolvent of —A allows to control the decay rate of the local energy.

Rigorous definition of resonances. To properly introduce resonances, we follow the approach
presented in the recent book [DZ19].

Remark.

When dealing with obstacles, the case d = 1 is not interesting. It becomes interesting in the
study of scattering by a potential.

The free resolvent. It is natural to understand the case O = () that is U = R? before going
further in the study. In fact, it turns out that the free case is crucial to develop the theory of
scattering by obstacles (and potential). So let’s present the basic facts for the resolvent of the
operator —A on L?(R?%) with domain H?(R%). The spectrum is given by o(—A) = [0, 4+0c0], so
that the following resolvent

Ro(\) = (A = X2)71: L2(RY) — H*(RY) ; Im A > 0 (2-1.2)
is well defined.

Remark.

The choice of writing the spectral parameter z € C \ [0, +o0o[ of the form z = A2, Im A > 0
essentially comes from the fact that the functions ey (%) = e**“ where w € S?~! are trivial
solutions of the equation —Awu — A?u = 0. The sign of Im \ is an arbitrary choice.

It is possible to give an analytic description of the Schwartz kernel of the free resolvent Ry(\).
It is in fact a convolution kernel Ry(A, z,y) = G(\, |z — y|) where G depends on the dimension.
We give the expression of G for d = 1,2, 3 in the following table.

Dimension 1 2 3

G\ ) LgiAr %Hél)()\r) _L_giAr

Here, H(gl) is a Hankel function of the first kind. When Im A > 0, the leading asymptotic as

r — +o00 is given by
2 .
H(l) ) = iAr—im/4 1 1
0w = | e+ 0(1/r)

In particular, when Im A > 0, the kernel has an exponential decay when r — +o00, ensuring that
the operator Ry()\) : L? — H? is bounded.

In dimension 3, and in fact more generally in odd dimensions bigger than 3, the kernel can
be extended from Im A > 0 to C, as a holomorphic function. In dimension 1, it can be extended
meromorphically with a unique pole at 0. The situation is different in even dimensions. This is
clear in the case d = 2 since the function H(()l) can be analytically extended to the logarithmic
cover A of C, but not to C. In fact, we have the following crucial result :
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\
Theorem 2-1.1. Let y € C°(RY). Then, the operator
XRo(A)x : L*(RY) — H?(RY)
well defined for Im A > 0 extends
e meromorphically to C with a simple pole at A =0 when d = 1;
e analytically to A when d is even ;
\ e analytically to C when d is odd. )
Remark.

e There is a significant difference between odd and even dimensions. This has deep im-
plications for the free wave equation : the strong Huyghens principle holds only in odd
dimensions. When adding obstacles, as we will see in this thesis, it has implications for the
decay rate of the local energy.

e One way to obtain the expressions of G given in the table is to solve the equation —Au —
A2y = 0 with a radial solution. It leads to solving the following ODEs. Each one has a
basis of solutions given in the following table.

Dimension 1 2 3

ODE FrEXNF=0 | r2f"+rf +r2X2f =0 | r2f" +2rf +12X2f =0
Solution of first kind S5t %H(gl)()\r) e
Solution of second kind Sre AT %HSQ)()\T) e

Here, Héz) is a Hankel function of the second kind. When Im A > 0, the leading asymptotic

as r — 400 is given by
(2) _ i —(iAr—im/4) (1
HP () =/ e (1+0(1/r)

The solutions of the first kind are called outgoing, while the solutions of the second kind
are incoming. In some sense, when computing the kernel of the free resolvent, the condition
that Rg()\) is bounded from L? to L? when Im A > 0 selects the outgoing part. For this
reason, it is said that Ro(\) is the outgoing resolvent.

Meromorphic continuation. We need the following definition.

Definition 2-1.1. We say that a family of operators T'(\) : H; — Hs where Hy, Hy are Hilbert
spaces and A a parameter lying in an open set U C C (or U C A) is meromorphic with poles of
finite rank if for every \g € U, there exist r > 0, m € N, T3,...,T,, : Hy — Hy of finite rank
and Ty, (\) : Hi — Hs a family of operators depending analytically on A € B()\g,r) such that
B(Xo,7) C U and for all A € B(Ag,7),

m

T\ =Th(N) + > (A—Tijxo)a
j=1

The poles of this family are the points A € U where we cannot take m = 0 and they form a
discrete set.

We can now turn to the precise definition of resonances. It relies on the following (see [DZ19],
Theorem 4.4):
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Theorem 2-1.2. Assume that O is a bounded open set with smooth boundary and let us note
U=R4\ 0. Let —A be the Laplacian on L*(U) with domain H*(U) N HY(U) (that is, with
Dirichlet boundary condition). Then,

R(\) = (=A = X*)"' . L2(U) — L*(U)

well defined for Tm A\ > 0, continues to C (resp. A) when d is odd (resp. when d is even) as
a meromorphic family of operators with poles of finite rank as operators from L2, (U) to

CO@
H} (U). In other words, for any x € CX(RY) such that x = 1 in a neighborhood of O,

XR(\)x : L*(U) — H*(U)

is a meromorphic family of operators with poles of finite rank.

\

We can now define rigorously the resonances :

Definition 2-1.2. We say that A € C (d odd) or A (d even) is a resonance of —A if it is a pole
of the meromorphic continuation of R(A). The multiplicity of a resonance A is defined as

mr(A) = rank/ R(¢)d¢

I

where the contour -, is a circle centered at A\ containing no other pole than .

Remark.

e The proof of this result relies on analytic Fredholm theory. The point is to build a good
parametrix R(\) such that (—=A — A?)R(\) = Id+K()\) where K()\) is an analytic (or
meromorphic in dimension 1) family of compact operators. The free resolvent Ry(\) gives
a parametrix for R(\) near infinity.

e This result can be extended to a wider class of perturbations of the Laplace operator.
First, it is possible to adapt this result to treat the case of scattering by a potential, that
is, the study of —A + V where V € C°(RY). More generally, it can be adapted to the
abstract black-box setting of [SZ91] for operators P acting on an Hilbert space of the form
H = Ho @+ L?>(R?\ B(0, R)) where P coincides with —A on L2(R?\ B(0, R)) (see [DZ19],
Chapter 4).

e As explained in [DZ19], these resonances can also be described as the poles of the scattering
matrix, and correspond to the scattering resonances introduced in [LP16] in odd dimension
(see for instance [SZ94]).

The structure of the outgoing resolvent near a resonance is given by the following (see [DZ19],
Theorem 4.7).

-
Theorem 2-1.3. Suppose that A\ # 0 is a resonance. Then, there exists My < mg(\) and
¢ — A((,A) a holomorphic family of operators defined in a neighborhood of X\, such that in

this neighborhood,
M

—A— )\2 k—1
R(¢) = A(G,A) — Z (((:Q_A%kHA
k=1
where I is a spectral projector defined as
1
Iy =-—— 2¢d
A= /w R(¢)2¢d¢

where the contour 7y contains no other pole than X\. Il satisfies:

S rank Iy = mr(\) ; (A = X)Mr =0




68 CHAPTER 2. INTRODUCTION (IN ENGLISH)

This allows to define resonant states, which are generalized eigenvalues of —A :

Definition 2-1.3. We say that u is a resonant state (resp. generalized resonant state) associated
with the resonance A\ # 0 if u € Im Iy and (—A — A?)u = 0 (resp. if u € ImII,).

The following useful characterization shows that resonant states satisfy outgoing properties (see
[DZ19], Theorem 4.9):

Theorem 2-1.4. Let A # 0. A state uw € H} _(U) N H}(U) is a resonant state associated
with X if and only if (—A — X2)u = 0 and there exists g € L2, (R™) and R > 0 such that

comp
O C B(0,R) and
U|Rd\B(0,R) = (RO()‘)Q)‘Rd\B(&R)

2-1.2. Distribution of resonances.

In this thesis, we study the distribution of resonances in the complex plane, and especially in 2D
scattering problems. In dimension 2, we focus only on the resonances on the first sheet of A, that is
on C\ (¢R7). Two main questions interested us. The first one concerns the existence of a spectral

gap :

Question 2.1 (Spectral gap). Does there exist v > 0 such that there is only a finite number
of resonances in {\ € C,|ReA| > 1,ImA > —} ?

Remark.
e It is known that there is no real resonance. This result is often referred as Rellich’s theorem
(see [Rel43] and see for instance [Bur98| for an elementary proof in any dimension).

e In odd dimensions, the question is equivalent if one changes {\ € C,|Re A| > 1,Im A > —v}
into {A € C,Im\ > —~}.

e We say that « is the size of the spectral gap: indeed, the existence of a finite number of
resonances in {A € C,|ReA| > 1,Im X > —v} is equivalent to the fact that there exists
Ao > 0 such that there is no resonances in {\ € C,|Re A| > Ao, Im A > —~}.

e It is also possible to consider different kind of resonance free region. More generally, we can
consider profile g : R; — R, and consider the region

{ANeC,|ReA| > X, Im A > —g(|Re A|)}

As we will explain in this thesis, the geometry of the obstacles plays a crucial role in obtaining
such spectral gaps. With the unique assumption that the obstacles are bounded open sets with
smooth boundary, the most general resonance-free region is given by a profile of the form g(\) =
cre” X

Theorem 2-1.5 ([Bur98|). Assume that O is a bounded open set with smooth boundary.
Then, there exists Ao, c1,co > 0 such that there is no resonance in the region

{‘ Re)‘| > )\0} N {Im)\ > _016*02|Re)\\}

Question 2.1 is highly related with the decay of the local energy for the wave equation outside
the obstacles. In fact, to obtain such decay, it is also important that spectral gaps come with
estimates in strips for the cut-off resolvent, that is, for y € C2°(R%) equal to 1 in a neighborhood
of O, we need to find f: R, — R, such that for all A € C

ReA > LImA> —y = [[xBO|z2oze < f(|ReA)



2-1. FRAMEWORK. 69

This will be explained in much detail in Chapter 6 (see for instance [Ika82], [Ika88], [Leb96] [Bur98|,
[Zwo12| Chapter 5).

The other main question concerns estimates for counting functions of resonances in boxes. For
v >0 and d > 0, let’s note

Q,5(r)={AeC,ImA\ € [—v,0],Re X\ € [r,r +J]}

and let N, 5(r) be the number of resonances in Q 5(r), counted with multiplicity.

[Question 2.2 (Resonance counting). Can we find an asymptotic for N, 5(r) asr — +oo ? ]

Remark.

e An exact asymptotic is a very delicate question. Finding upper bounds is often easier than
finding lower bounds. In this thesis, we have only studied upper bounds.

e This question is often presented as an analogue of the Weyl’s law for resonances.

e It is also possible to consider different regions, not necessarily boxes, as soon as they move
with Re A — +o0.

The most general bound concerns the counting function in balls :

Theorem 2-1.6. Assume that O is a bounded obstacle with smooth boundary. When d is
odd (resp. even), we define N(r),r > 0 as the number of resonances in B(0,r) ( resp.
B(0,r) \ iR~ ), counted with multiplicity. Then, there exists C > 0 such that for all r > 1,

N(r) < Cr?

Remark.

e This theorem is proved by [Mel84] in the odd-dimensional case.

e In the case where d is even, this is a corollary of the main estimates obtained in [Vod94b]
when d = 2 and [Vod94a] for d > 4. In fact, Vodev gave more general upper bounds for
regions in the logarithmic cover of the form {|A| < r,|arg A| < a}.

2-1.3. An open hyperbolic system : the geometric framework.

We now precise the geometric assumptions on the obstacles for the results obtained in this thesis.
We consider a finite number of open sets (the obstacles) O; C R?, j = 1,...,J with smooth
boundary and we assume that they are strictly convex. We note

J
o=J0;; a=R"\0

j=1
For technical reasons, we will also assume that they satisfy the following no-eclipse condition, due
to Ikawa: for all ¢ # j # k,
conv(0; UO;) N Oy, = 0) (2-1.3)

where conv(A) denotes the convex hull of a subset A C R9.

Both the spectral gap problem and resonance counting are high-frequency problems and justify
the introduction of a small parameter h, where % = Re(A). Under this rescaling, we are interested
in the semiclassical operator

P(h)y=-h*A—1 , 0<h<h
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(a) Three convex obstacles satisfying the no-

. . (b) Some billiard trajectories.
eclipse condition.

Figure 2.1: We study the wave equation - the quantum problem - outside strictly convex obstacles
satisfying the no-eclipse condition (a). The classical flow is the billiard flow (b).

with spectral parameter z € D(0,Ch) for some C > 0. We say that h is a semiclassical parameter.
This point of view allows us to use the techniques of semiclassical analysis (see for instance [Zwo12])
to uniformly study the operators P(h) in the limit h — 0. In particular, we are able to rigorously
relate the high-frequency behavior of —A and the classical flow associated with this system : this is
the quantum/classical correspondence. For this open system, the classical dynamics is the billiard
flow in 2 x S!, that is to say, the free motion outside the obstacles with normal reflection on their
boundaries (see Figure 2.1).

A relevant dynamical object is the trapped set corresponding to the points (z,£) € Q x St that
do not escape to infinity in the backward and forward direction of the flow. This trapped set is
obviously empty when J = 0 or J = 1. In the case of two obstacles, it is a single closed trajec-
tory. As soon as more obstacles are involved, the structure of the trapped set becomes complex
and exhibits a fractal structure. Figure 2.2 shows different trapped trajectories corresponding to
periodic ones in the case of three discs at the vertices of an equilateral triangle. Figure 2.3 shows
the trapped set for a model with 4 obstacles. The structure of the trapped set plays a crucial role
in the two questions above. It seems interesting to mention the following result, which illustrates
the complexity of the trapped set :

Theorem 2-1.7 ([Mor91]). Assume that the J obstacles are strictly convex, have smooth
boundary and satisfy the no-eclipse condition. Then, for each admissible sequence a € 3
where

YS={ac{l,.... ]} Vj €L a; # aj1}

is the set of admissible sequences, there exists a unique trapped trajectory of the billiard flow
O :R — QxS such that ®(0) € 00,, x S' and the sequence of obstacles hit by ® is exactly

NG J

Remark.

The existence of periodic trajectories with prescribed sequence in ¥ is not difficult to see. Indeed,
let (aq,...,an) be such a sequence, it suffices to minimize the function

(CCl,...,CL'N) €00y, X+ x 00,4, — ||$1 —.7}2||2+"'+ H-'L'N—l —.%'NH2 + H.%‘N —1‘1”2

For non periodic sequences, one can approximate them by periodic trajectories of length N and
let N — +o00. The proof of uniqueness strongly relies on the hyperbolicity of the flow.

The complexity of the trapped set is in fact related to the hyperbolicity of the billiard flow.
Precise definitions of hyperbolicity will be recalled in this thesis (see Chapter 3). Here, what is



2-1. FRAMEWORK. 71

Figure 2.2: Examples of periodic trajectories for three discs at the vertices of an equilateral triangle.

relevant to have in mind in that hyperbolicity creates instability with respect to initial conditions :
this is illustrated by the figure 2.4 and 2.5. For instance, a particle can start with initial conditions
very close to a trapped trajectory but escape toward infinity. This system is said to be in the class
of open hyperbolic systems.

A little dynamical background. To finish this presentation of the billiard flow, it seems
necessary to introduce some important notions to describe its dynamics and to understand some
results we want to present below.

e The billiard map (see Figure 2.6). For j € {1,...,J}, let B*00; be the co-ball bundle of
00; that is
B*00; = {(z,n) € T*00j,|n| < 1}
Let also S5, be the restriction of S*Q to 00;, m; : 555, — B*00; the natural orthogonal
projection and v;(x) be the outward normal vector at € 90;. For i # j, let B;; be the
map defined by

Bij(p) = p' < (¢, p) € B*00; x B*00;,
3t >0,3¢ €', 3z € 90;
x+t€ € 00, (vi(x), &) > 0, —(vi(x +t£), &) >0,
mj(2, &) = pymi(x +18,€) = p’

e The unstable Jacobian. The Riemannian metric on T*90O is inherited form the one of
T*RY. Let’s consider a periodic trajectory v for the billiard flow, associated with the sequence
a € ¥, as permitted by Theorem 2-1.7. Let’s note (aq,...,ay) an elementary pattern of a.
Let’s say that ~ starts from a point p; € B*00,,, which is a fixed point of

Bao = BalocN ©--+0 Ba2a1

Locally near p;, the map B, is well defined and smooth. This holds due to the no-eclipse
condition which ensures that the trapped set contains no glancing points, which are singu-
larities of the billiard map. We claim that p; is a hyperbolic fixed point of B, (see [CMO00]),
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(a) The disposition of the obstacles we con-
sider. We focus on the gray disc to plot the
trapped set and the incoming tail.
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(d) The trapped set for the gray disc.

Figure 2.3: We show the incoming tail (2.3¢) and the trapped set (2.3d) in the example of (2.3a)
when restricted to the gray disc. The coordinates used are described in (2.3b) : the variable in the
horizontal axis is 6 € [0, w] while the variable on the vertical axis is n € [—1, 1], associated with a
unit outward vector £. The incoming tail appears as a union of stable manifolds, distributed in a
fractal way along the unstable manifolds.
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OO OO0

Figure 2.4: Let’s observe the dynamics of many (2000) particles with the same initial position
and initial velocities uniformly distributed on the unit circle : in this example, the angles of the
velocities are 6, = 0.01+27rﬁ. After a rather short time, most of (and in fact all in this example)
the particles end outside the window. See the online video.

that is, there exists a decomposition
T, (T"90a,) = Eu(p1) © Es(p1)

such that

(1) dﬂlBa(Eu/s(pl)) - Eu/s(pl);
(ii) dim E,(p1) =dim Es(p1) =d — 1
(iii) there exists C' > 0 and A < 1 such that for each v € F,(p1) (resp. FEs(p1)) and n € N,

[ (dp,Ba) ™" vl < CX™[[]| (resp. || (dp, Ba)" vl < CA™[v]] )
We then define the unstable Jacobian associated with the periodic trajectory v as
J(7) = detdy, (B* : Eu(p1) = Eu(p1)) (2-1.4)

e The topological pressure. This notion comes from the Thermodynamic formalism (see
for instance [Rue04]). At this stage, we present only its definition in this context for the
particular case of the unstable Jacobian and the billiard map, but it can be generalized to
continuous functions defined on the trapped set (see Definition 3-5.1 in Chapter 3). Let
s € R, we define the topological pressure P(s) as

1
P(s) = limsup — log E J ()78 (2-1.5)
T—400 T
v, T—1<|y|<T

Here, the sum runs over all the periodic trajectories v of length |y| € [T — 1,T[. The length
of a trajectory || is the sum of the lengths of the rays forming . When s = 0, P(0) simply
estimates the number of periodic rays and is in fact the topological entropy hto,. When s =1,
it can be shown that P(1) < 0 and —P(1) is sometimes called the classical escape (or decay)
rate of the system, written v.. P(s) measures the competition between the complexity of
the system (number of periodic rays) and the instability (due to the hyperbolicity). It is
known that s — P(s) is strictly decreasing.


https://www.math.ens.psl.eu/~vacossin/billiard_4_obstacles.mp4
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Figure 2.5: These figures show two families of trajectories depending continuously on a parameter.

After one reflexion on the boundary of a strictly convex obstacle, we clearly observe unstability
with respect to the initial condition.

Figure 2.6: The billiard map.

e The dimension of the trapped set. In presence of such hyperbolicity, the trapped set
is known to exhibit a fractal structure (see for instance the book [Bar08]). Its box (or
Minkowski) and Hausdorfl dimensions coincide in dimension 2 and for some reason related

to the special structure of the trapped set, we write it 2dg + 1. In dimension 2, P(s) and
dpy are related by a formula, known as Bowen’s formula

P(dy) =0

Remark.

In the context of obstacle scattering, it seems easier to deal with the billiard map, instead of the
billiard flow since the later has singularities. Nevertheless, as explained in [DSW21], it is possible
to build a smooth model in which the billiard flow is smooth and which preserves the properties of
the dynamics (hyperbolicity, length of the periodic trajectories, etc.). In this paper, the authors
also work with a weaker "no-grazing" assumption, implied by the no-eclipse condition. In fact,
it should be possible to work with this weaker condition. Nevertheless, a significant part of this

thesis relies on the paper [NSZ14], in which the no-eclipse condition is made. For this reason, we
choose to keep this assumption in our work.
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2-1.4. Existing results and main contributions of this thesis.

We now present a non exhaustive list of existing results concerning the distribution of resonances.
We start with the case of 1 obstacle, which is a non-trapping situation. We then give the result
for the case of two obstacles, situation in which the distribution of resonances is well understood.
Finally, we explore some results in the general case of J > 3 obstacles and we present the two main
results of this manuscript.

2-1.4.1. The case of 1 obstacle

Before giving general results for scattering by one strictly convex obstacles, let’s present the case
of the sphere in R3, one of the only situation where analytic computations are possible.

Example. Scattering by a sphere in R3. (see also [Tay10], Chapter 9, Section 9)

Let O = B(0,R) C R3 be the ball of center 0 and radius R. We note 2 = R*\ O. We aim at
computing the scattering resonances of this obstacle. To do so, we will exploit the radial symmetry.
Every function u : Q — C can be decomposed with the help of the Hilbert basis of L?(S?) made of
harmonic polynomials : for [ € N and —! < m <[, we note ¢; ,,, an element of this basis associated
with the eigenvalue I(I 4 1).

Resonant states. In fact, in this context, it is known that there is no real resonance. So we can focus
on the case A # 0 and use the characterization given above. We are looking for u € HZ (Q)NH{ ()
such that (—A — A\?)u = 0 with u outgoing. We can write

U(T‘, w) = Zul,m(r)@bl,m(w) , T > R
l,m

where uy ., (R) = 0 and u ,, satisfies the following ODE

ru’ 4 2rd + (A% =11+ 1)) u=0
This ODE has 2 fundamental solutions r +— hl(l) (Ar) and r — hl(2)()\r) where hl(i) are the Spherical
Bessel functions of the third kind (see for instance [AS72]). They can be written on the form

ezz e—’LZ

— o () =

B () =

where p; and g; are polynomials of degree [. More precisely, p; is given by

1 N
) I+ k) [(iX
X)=(— I+1 (
k=0
Outgoing property. The only possible choice for the outgoing property to hold is to take

upm (1) = al7mhl(1)()\r)

Indeed, one can try to compute the free resolvent by using this decomposition and has to solve
the same ODE. When Im A > 0, the only possible choice to have L? boundedness is to choose the
solution hl(l)()\r) since hl(z)(/\r) grows exponentially fast as r — 400 when Im A > 0.
Boundary condition. If we want the boundary conditions to hold without u; ., being identically
zero, A must satisfy

h(AR) =0 (Hy)
Conclusion. As a consequence, if A does not satisfy any of the condition Hj, there is no non trivial
outgoing solution of —Au — A?u = 0. On the contrary, if one of the H; is satisfied, the functions
hl(l)(r)qbl,m give 2] + 1 independent outgoing solutions, so A is a resonance and its multiplicity is
given by the sum of the 2/ 4+ 1 where hl(l)()\R) = 0 (see Figure 2.7).

Let’s now turn to the general case of one strictly convex obstacle. The billiard flow is obviously
non trapping, that is, the trapped set is empty. The following result is now rather standard for
non trapping situations and relies on propagation of singularities (see [DZ19] Section 4.6 and 6.4
and the references given there, see also [MRS77], [Mel79], [MS78], [RS82]).
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Figure 2.7: Locations of the first scattering resonances for the exterior of a sphere of radius 1.
Each color is associated to a family of poles, labeled by the integer [ = 1,...,21. In such a family,
each pole has multiplicity 2 + 1.

Theorem 2-1.8. Assume that O is a single strictly convex obstacle with smooth boundary.
Then, there exists A\g > 0 and A > 0 such that there is no resonance in

{AeC\ (iR7),|ReA| > Ao, Im X > —Alog |Re A|}

Remark.

e This result gives a clear answer to the two questions mentionned above. There is indeed a
spectral gap and each N, 5(r) is zero for r > ..

e This result was already proved in dimension 3 in [LP71].

This logarithmic resonance free region has been improved to an inverse cubic region :

Theorem 2-1.9 ([HL94|, [SZ95]). Assume that O is a single strictly convexr obstacle with
smooth boundary. Then, there exists Ag > 0 and ¢y > 0 such that there is no resonance A
satisfying

ImA > —co(Re M) +¢1 | Re M| > Ao

where cq is an explicit computable constant depending only on O.

This result has first been proved for obstacles with analytic boundaries in [BLR87|, where the
authors also show that this bound is optimal in some sense, for generic analytic obstacles. In
[SZ95], the author give more general estimates for counting functions in different neighborhoods of
the real axis and obtained this resonance free region as a direct corollary. The two authors improved
this analysis in [SZ99] where they establish the existence of cubic bands where the resonances live,
under some pinching condition for the curvature. The heuristics is that the more the obstacle looks
like a sphere, the more the picture looks like the one in Figure 2.7.
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2-1.4.2. The case of 2 obstacles.

In this situation, the trapped set is no more empty, but is far from being complicated ! Indeed, it
is given by a unique periodic trajectory which is the ray minimizing the distance between the two
obstacles.

Figure 2.8: Two obstacles and the trapped set.

In some sense, this trapped set is too small to allow resonance to approach the real axis when
Re A\ — +o00. As we will see, this heuristic explanation is still relevant for more complicated trapped
set. The first proof of the existence of a spectral gap for 2 strictly convex obstacles has been given
by Ikawa [Ika82] in the case of d = 3. Let’s note that his result shows that the conjecture made by
Lax-Phillips for trapping obstacles doesn’t hold. Indeed, they conjectured that in such a trapping
situation, there should exist a sequence (\,) of resonances with Im A\, — 0 and Re \,, — +o0.
This lead Tkawa to formulate the following conjecture ([Tka06]), known as the modified Lax-Phillips
conjecture and still open :

Conjecture. In the case of an arbitrary number of obstacles J > 2, there exists v > 0 such that
the band {ReA > 1,Im A € [—~,0]} contains an infinite number of resonances.

In the case of 2 obstacles, this conjecture has been solved and is known to hold. In fact, in
the limit |Re A] — 400, it is possible to describe asymptotically all the resonances in any band
{ReA > 1,Im A € [—,0]}. Ikawa is the first one to have constructed a band of resonances ([Ika83],
[Tka87]) in dimension 3. His result has been significantly improved by [Gér88| in any odd dimension,
by proving the existence of a pseudo-lattice of resonances. This result stated and proved in odd
dimensions in [Gér88| could be adapted for even dimensions (see [NSZ14]). To state this result
precisely, let us introduce the following notations. Let’s note O; and O, the two strictly convex
obstacles and set dops = d(O1,O2). The distance is reached for a unique ray 7 corresponding to
a periodic billiard trajectory. The ray 7q is associated with a periodic point py of B2 := By o Bio
and due to the strict convexity of the obstacles, pg is a hyperbolic fixed point, that is d, B2 has all
its eigenvalues with modulus different from 1. Let’s note v, ..., 41 its eigenvalues with modulus
smaller than one (repeated with multiplicity). In fact, B? is symplectic, so that the eigenvalues of
modulus bigger than 1 are the l/i_l. Let’s note by = (v . .. ud_1)1/2 = J“(fyo)_l/2 and ¢y = log 2%”3

and for o € N7 v = p0t L vy Set I = {v*, o € N¥~1} and for m € I, set
Ny = #{a e N1 v =}
For each m € I, we can now define a line of pseudo-poles :

Am(3) =J

T +i(co —logm), j€Z
bs

do
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Figure 2.9: Asymptotically, the resonances (crosses) for two strictly convex obstacles converge to
a pseudo-lattice (points).

\
Theorem 2-1.10 ([Gér88|). Let’s note Res the set of resonances for the two obstacles Oy
and Oq. Fiz vy > 0. Then, there exists \g > 0 and C > 0 such that, by denoting Q(Ag,7y) =
{ANRed > Xg,Im A > —v}, we have

Res N Q(Ag,7y) C U D (/\m(j)ac|)\m(j)|l/2)
mel,jeEL
Am (5)EQ(Xo0,7)

and each D (A (5), C|Am(§)[*/?) contains ezactly N, resonances (with multiplicity).

Remark.

In fact, the result of [Gér88| is much more precise since it gives an entire asymptotic expansion
of the N, poles in D (A, (5), C| A (4)[/?).

2-1.4.3. General case.

We now come to the general case of an arbitrary number of obstacles. We present the existing
results in this context and give the main results of this thesis.

Spectral gaps. In the general case of J > 3, the existence of a spectral gap remains open. Based
on experimental results (see for instance, [BWPT13]) the following conjecture has been made in
[ZwolT7] :

Conjecture. For strictly convex obstacles with smooth boundary and satisfying the mo-eclipse
condition, there is always a spectral gap.

This conjecture concerns in fact much more general open hyperbolic systems. We will come to
this point later.

It seems that the first positive result for the existence of a spectral gap for more than 3 obstacles
has been given by Ikawa [Ika88]| for the case of dimension 3. His result has been revisited by [NZ09|
and generalized in any dimension :

Theorem 2-1.11 ([Ika88|, [NZ09]). Assume that P(1/2) < 0. Then, there exists a spectral
gap. More precisely, for every e > 0, there exists Ac > 0 such that there is no resonance in

{IReA| > Ae,Im A > (P(1/2) + &)}

Remark.
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e The result of [NZ09] rather concerns a different situation of scattering by a potential. To
see why it implies the spectral gap for obstacle scattering, it is necessary to use the result
of [NSZ14]. This is explained in [Nonll] (Section 8).

e The spectral gap has been improved in [PS10] under additional dynamical assumptions.
In particular, the authors required a Dolgopyat-type estimate for some transfer operator
related to the billiard flow.

e This kind of pressure condition involving %log J* also appears in other works, for different
problems. In [Bur93], the author proves a controllability result for the plate equation inside
a bounded open set, containing strictly convex obstacles satisfying Ikawa condition. His
result holds under the pressure condition P(1/2) < 0. This is also this kind of pressure
condition which appears in [Sch10] and [Riv14], concerning the study of the damped wave
equation on compact manifolds without boundary.

In this thesis, we show that in dimension 2, the conjecture holds without the pressure condition :

Theorem A (Spectral gap, [Vac22b|). For strictly convex obstacles with smooth boundary and
satisfying the no-eclipse condition in dimension 2, there is always a spectral gap.

This result comes with polynomial estimates for the cut-off resolvent in strips, which have appli-
cations for the decay of the local energy for the wave equation (see Chapter 6, [Vac22al).

Estimates for the counting function. Recall the definition of N, s5(r) as the number of res-
onances (with multiplicity) in the box {Re\ € [r,r + §],Im X € [—v,0]}). For simplicity, we fix
d =1 and set N, = N, ;. Numerical computations and experiments (see [PWB*12|, [EMW10])
suggest a behavior of the form

N,(r) ~ Cyr

Nevertheless, it is a very challenging open problem. Indeed, it is often very difficult to find lower
bounds. Even weak form such
Ny(r) = Cyr*

would be a great progress in understanding the behavior of this quantity. Up to now, some upper
bounds are known, referred as fractal Weyl upper bounds :

Theorem 2-1.12 ([NSZ14]). For strictly convex obstacles with smooth boundary and satisfy-
ing the no-eclipse condition, the following upper bounds for the counting function N~ (r) holds
: for all v > 0 and for all € > 0, there exists C, . > 0 such that for all r > 1,

Ny (r) < C'yysrdH%

Remark.
e In dimension 2, the results holds with € = 0.

e This is consistent with what is known for 2 obstacles since in that case dg = 0 and we
explicitly know the asymptotic distribution of the resonances.

e Spectral gap of size 7 are equivalent with N, (r) = 0 for r large enough. In particular, if
there is a spectral gap - as conjectured - this bound cannot be optimal for all values of ~.

In experiments, the value v = 7,.;/2 seems to play an important role. It is possible to observe two
phenomena :

- The number of resonances seems to be smaller than the bound given by the previous theorem

when 5 < 71/2

- A concentration of resonances near the line v = v./2 is observed.
The first observation can be related to the so-called Jakobson-Naud conjecture ([JN12]) for convex
co-compact hyperbolic surfaces (see below), which, in this context, would translate in : there is
a spectral gap of size v./2. In this thesis, we tackle a much more accessible conjecture, made in
[Zwol7] :
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Figure 2.10: Example of potential in R? with 4 bumps.

Conjecture. For every v < e, No(r)r=% — 0 as r — +oc.

We succeed to prove this conjecture in the case of dimension 2, giving an improved upper bound
for v < 7./2.

Theorem B (Improved fractal Weyl upper bound). For strictly convex obstacles with smooth
boundary and satisfying the no-eclipse condition in dimension 2, there exists a mon increasing
function o : Ry — Ry satisfying
e g(y)>0 for0<~y<~vu/2;
e o(y) =0 fory > va/2
and such that for all v > 0 and for all € > 0 there exists C., . such that ¥r > 1,
§ N(r,7) < Oy ern=max(e)=20) )

2-1.5. Similar results in other models of open hyperbolic systems.
2-1.5.1. Semiclassical scattering by a potential.

Scattering by a potential is a natural way to extend obstacle scattering, by replacing the obstacles,
seen as infinite potential barriers, by smooth compactly supported potentials V € C°(R%). In
other words, we want to study the resonances of the operator —A + V| which are well defined
as poles of the meromorphic continuation of the cut-off resolvent y(—A + V — A2)~1y (see for
instance [DZ19]). In fact, for the parallel with obstacle scattering to hold, it is necessary to study
semiclassical scattering by a potential, that is of the form, Py(h) = —h?A + V. If, in the case
of obstacle scattering, the semiclassical parameter h is a convenient way to apply semiclassical
analysis, in scattering by a potential, the uniform study of Py(h) in the limit h — 0 has its
own interest. The operator Py(h) is a semiclassical pseudodifferential operator associated with
the Hamiltonian p(x,€) = |£|?> + V(z). The study of Py(h) requires to understand the classical
Hamiltonian dynamics of this Hamiltonian. Contrary to the case of obstacle scattering, it is
necessary to study the resonances around a fixed frequency E : for any C' > 0 fixed, the study of
the resonances of Py(h) in the ball D(E, Ch) is related with the Hamiltonian flow on the energy
shell p~1(E). The analogues of Questions 2.1 and 2.2 in this context are now :

- Is there some 7 > 0 such that there is no resonance in D(E,Ch) N {Imz > —~v} for h small

enough ?
- Can we find asymptotics/lower bounds/upper bounds for the number of resonances N, g ¢ (h)
in D(E,Ch)N{Imz > —v} as h — 07

As in the case of obstacle scattering, such questions are related with the trapped set Kg at

energy E : if we note ¢f : R?? — R?? the Hamiltonian flow associated with p,

Kp={pecp ' (E),¢'(p) £ oo when t = 400 and — oo}

When the trapped set is a hyperbolic set for the flow !, the situation is very similar to the case
of strictly convex obstacles since the classical flows shares the same properties. It is then possible
to prove analogues results :
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e When Kg = (), logarithmic resonance free regions are known ([SZ07], [DZ19], Theorem 6.21
and the references cited there).

e When K is reduced to a single hyperbolic periodic orbit, the same distribution on a pseudo-
lattice occurs ([GS8T]).

e For more general (and necessarily more complicated) trapped set, the spectral gap under the
pressure condition P(1/2) < 0 has been proved in [NZ09]. In [SZ07], the authors prove the
fractal upper bound

Ny.c,5(h) =0 (h~%7¢)

In fact, under some additional, but reasonable, assumptions on the trapped set of the Hamil-
tonian flow - essentially, one requires that K is topologically 1 dimensional - the works of S.
Nonnenmacher, J. Sjéstand and M. Zworski in [NSZ11] and [NSZ14] show that it is possible to
lead a uniform study of the two models (obstacle scattering and semiclassical scattering by a po-
tential), by use of a reduction to hyperbolic open quantum maps. This is one of the main tools of
this thesis. In [NSZ14], the authors prove the fractal upper bound of [SZ07] in a different (and
in some sense easier) way. By use of this reduction, which is one of the main tool of this thesis,
Theorems A and B are obtained also for semiclassical scattering by a potential.

It is possible to treat more general potential V', and in fact more general pseudodifferential
operators P(z,hD,) (see for instance the assumptions in [NSZ11]| Section 2). It is also possible to
consider different manifolds with different types of infinite ends. In [NSZ11], the authors consider
manifolds (X, g) with a finite number of euclidean ends R?\ B(0, R). The methods of Vasy allows
to treat asymptotically hyperbolic ends ([Vasl3]) and the gluing method developed by Datchev-
Vasy allows to treat separately the interaction region (where lives the trapped set) and the infinite
ends ([DV12]), under reasonable assumptions on the geometry and the resolvent in each region. In
particular, since resolvent estimates are obtained in our work (see Chapter 6), this gluing method
can lead to spectral gaps for different types of infinite ends too. Among asymptotically hyperbolic
manifolds, convex co-compact hyperbolic surfaces have a very particular place and their spectral
study share many properties with obstacle scattering. The next subsection aims at presenting the
main aspects of this theory and at showing the analogy with obstacle scattering.

2-1.5.2. Convex co-compact hyperbolic surfaces.

In this section, we give a quick presentation of the spectral theory of convex co-compact hyperbolic
surfaces. The author learned most of this theory in the book of D. Borthwich ([Borl6]).

Geometry. Convex co-compact hyperbolic surfaces are quotient of the Poincaré half-plane
H? = {(z,y) € R%y > 0}

(with usual metric y=2(dz? + dy?)) by some specific subgroups I' C PSLy(R) (called themselves
convex co-compact). They are indeed of constant curvature —1 and have funnels ends. There
indeed exist only two type of infinite hyperbolic ends :

- The cusps, which are given by the model of the parabolic cylinder, that is the quotient of H?
by the group I's, generated by the transformation z — z + 1. It will not interest us in this
thesis.

- The funnels, which are half hyperbolic cylinders. A hyperbolic cylinder with central geodesics
of length [ is the quotient of H? by the group I'; generated by z + e'z. It is possible to
parametrize the hyperbolic cylinder with variables (r,6) € R x S! with metric

ZQ
dr? + e cosh? rd6?

The curve {r = 0} is a geodesic of length I. In this system of coordinates, the funnel Fj is
{r >0} xSt
A hyperbolic surface M = H?/T' (of infinite area) is said to be convex co-compact if it is
geometrically finite with no cusps. It can be decomposed as

L
M:NuUﬂ

i=1
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(a) A funnel (b) A cusp

Figure 2.11: The two types of hyperbolic end.

where each F;, 1 <4 < L is a funnel and N is a compact subset (called the compact core). Such
surfaces are well adapted for scattering theory : each funnel furnishes an infinity, in which it is
possible to define incoming and outgoing waves.

Spectral theory. For such surfaces (M, g), we are interested in the spectral property of the
Laplace operator —A,. On such surfaces, the spectrum of —A, satisfies the properties listed in
the following theorem :

Theorem 2-1.13 ([LP82]|, [LP84], see also [Borl6|, Chapter 7). Let (M,g) be a convex co-
compact hyperbolic surface. The spectrum o(—Ag) consists of the essential spectrum, equal
to [1/4,400[ and possibly a finite number of eigenvalues in 10,1/4[. There is no embedded
eigenvalues in [1/4, +00].

Since the essential spectrum is [1/4, 4+o00[, it is natural to consider the resolvent
R\ = (=A, —1/4 =271 TmA >0, 1/4+ N € o(—A,)

For Im A > 0, it is a meromorphic family of operators with poles of finite rank, the poles being in
bijection with the eigenvalues in ]0,1/4[. In fact, the following convention is preferred for hyperbolic
surfaces : the spectral variable is s € {Re s > 1/2}, related to A by the relation s(1—s) = 1/4+ 2%
and we study Rps(s) = (—A, — s(1 — s))~!. The main reason for this writing is the fact that the
functions y € H? — y* and y € H? — y'~° are solutions of the equation

—Agu=s(1-s)u

Indeed, —A, = y?(92 + 92) for H?. In particular, the function y* (resp. y'~*) plays a role similar
to the function e***| (resp. e~**?l) as outgoing (resp. incoming) functions. As in the Euclidian

case for obstacle scattering, it is possible to meromorphically extend the resolvent :

4 )
Theorem 2-1.14 ([GZ95], see also [Borl6|, Chapter 6). The resolvent

Ru(s) : LA(M) — H?*(M)

well defined for Res > 1/2, s(1 — s) € o(—A), extends to all C as a meromorphic family of
operators with poles of finite rank

RM(S) : L2 (M) — HZQOC(M)

comp

Its poles are called the resonances of the surface M.

-
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This could also be proved using the methods of [Vasl3]|, which allow to treat a larger class of
surfaces with asymptotically hyperbolic ends.

It is now possible to ask the same questions 2.1 and 2.2 in this context. Again, to be able
to answer these questions, it is useful to understand the classical dynamics associated with this
"quantum" object.

Dynamics. This dynamics is the geodesic flow on M = H?/T". Equivalently, this is the Hamilto-
nian flow associated with p(z,&) = |€ |§ Its properties are inherited from the geodesic flow on the
Poincaré half-plane and the action of I on H2. In particular, the geodesic flow is hyperbolic since
the curvature is negative. The trapped set K in the cosphere bundle S*M is defined similarly as
before in the other open systems : it is the set of points p € S*M such that the unique geodesic ~y
passing through p stays in a compact subset of S*M. In fact, in this special model, the dynamics
allows to obtain the resonances in a different way since the resonances can be described as the
zeros of a certain dynamical zeta function. Selberg’s zeta function is defined as

Zu(s)=]] ﬁ (1 _ 67<s+z>m>

YEP 1=0

where P is the set of primitive closed geodesics and || denotes the length of a closed geodesic 7.
This product converges absolutely of Res > ¢ where § is called the exponent of convergence of T'.
¢ is in fact defined rigorously as

0=inf ¢ s>0, Z e~sd@rw) L w e H?
yel

where d denotes the hyperbolic distance in H? and the definition of § does not depend on z and w.

Zp can be continued meromorphically to all C with trivial topological zeros at s = —n,n € N of
multiplicity 2n+1 and its other zeros are given, with multiplicity, by the resonances of M ([PP01]).
In obstacle scattering, it is possible to define such dynamical zeta functions. There exists relations
between their zeros and the scattering resonances (see for instance [PS10]) but the link is not as
clear as in the case of hyperbolic surfaces, except in the case of two obstacles (|Gér8s]).

Due to the special algebraic structure of hyperbolic surfaces, it is possible to give a description
of the trapped set in term on the limit set Apr C OH?. For this description, let us adopt the
Poincaré disc model for the hyperbolic plane. In this model, 9H? = S' and Ar is defined as

Ap:={z € 0H? Iy € H?, () €T,y -y — 2}

(we note 7 - z the action of an element v € T’ on an element z € H?). Ar is a fractal subset of
S!. It is also possible to give a Cantor-like description of Ar using the Schottky surface model for
convex co-compact surfaces (see [Borl6], Chapter 15). There is a remarkable result of Patterson
([Pat76]) and Sullivan ([Sul79]) which states :

6= dlmH Ar‘ (2—16)

where dimy denotes the Hausdorff dimension of Ar.

To relate the trapped set K to the limit set, it is necessary to introduce the following maps
By defined on T*H? \ 0 (see Figure 2.12). For any p = (z,&) € T*H? \ 0, there exists a unique
geodesic v : R — T*H? passing through this point. The projected geodesic 7, (7) is an arc of circle

intersecting S' into two points :
Bi(p) = lim 7. (y(t))

t—too

Note that B is invariant on a geodesic. Finally, let 7 : T*H? — T*M be the natural projection.
We then have, for any p = (z,&) € S*H?:

7r(p) € K < B_(p) € Ar and By (p) € Ar
In particular, this allows to understand why we have

dimg K =25 +1
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QW

B(p)

Figure 2.12: Description of the points B4 (p) on S*. We have also represented the horocycle passing
through = and B, and another geodesic joining B, (p) at +oc.

Hence, § plays the same role as dy in the previous model of obstacle scattering and scattering by
a potential. Moreover, the topological pressure associated to the geodesic flow on the trapped set
is:

P(s)=6d—3s

Spectral gap. In this context, the spectral gap consists in showing that there is a finite number
of resonances in {Res > 1/2 — «} for some v > 0. In fact, the first resonance is perfectly known
due to the so-called Patterson-Sullivan theory (see [Bor16], Chapter 14):

Theorem 2-1.15 ([Pat88|). There is a simple resonance at § and no other resonance in
{Res > d}.

When 6 > 1/2, it is known that there is a finite number of resonance in {Res > 1/2} cor-
responding to the eigenvalues s(1 — s) in [0,1/4]. Hence, this result tells that §(1 — d) is the
first eigenvalue of —A,. When § < 1/2, this theorem gives a quantitative spectral gap of size
v=1/2—3§ =|P(1/2)|. This result is the analogue of the spectral gap of Theorem 2-1.11. When
0 < 1/2, Question 2.1 can be refined in : Can the gap of size 1/2 — § be improved ? This question
has been positively answered by Naud ([Nau05]) and then by Bourgain-Dyatlov ([BD17]) :

Theorem 2-1.16. For every convex co-compact surface M = H? /T of exponent of conver-
gence 0, there exists € > 0 such that there is a finite number of resonances in {Res > § —e}.

Contrary to the work of Naud where ¢ = ¢(M), the method of [BD17] allows to show that one can
take e = €(0). It is part of a series of recent results, initiated by [DZ16], based on the use of a new
tool, called a Fractal Uncertainty Principle. It will be a crucial tool of our analysis and we will
present this tool in detail below in the second part of the introduction. For Question 2.1, the use
of this tool lead to

Theorem 2-1.17 ([BD18]). For every convex co-compact surface M, there exists € > 0 such
that there is a finite number of resonances in {Res > 1/2 —¢e}.

In particular, the pressure condition § < 1/2 is no more a necessary assumption. This result has
inspired our work to prove Theorem A, so as their method which uses the Fractal Uncertainty
Principle.
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Fractal Weyl upper bound. In this situation, the reformulation of Question 2.2 concerns :
N, (r) = #{s resonances,Res > 1/2 — v, |Im s| € [r,r + 1]} counted with multiplicity

Upper bounds of the form N, (r) < C’w‘S appeared for convex co-compact surfaces in the work
of Zworski [Zwo99]. It has been generalized for asymptotically hyperbolic manifolds in [DD13].
It has been conjectured (see [Zwol7]|, Conjecture 5) that this bound is optimal when the strip is
sufficiently large. However, numerical experiments (see for instance the appendix of [DBW19] for
the case of convex co-compact surfaces) show that it should be possible to improve this bound for
small values of 7. A first result in that direction has been obtained in [Naul2| where the author
showed a bound similar to the one in Theorem B (without the loss of ), with a function ¢ having
the same properties. At the time of writing this manuscript, the most explicit bound, to the author
knowledge, is given by the following theorem.

Theorem 2-1.18 ([DBW19]). For each v > 0 and € > 0, there exists a constant C > 0 such
that for all ™ > 1,
N, (r) < Ord—ote

where o(y) = max(0,0 + 1 — 27)

Note that the function o satisfies the same properties as the one in Theorem B since v, =1—0 in
this context. This result is the analogue of Theorem B for convex co-compact hyperbolic surfaces,
but the function o is simpler. Nevertheless, the methods used to prove Theorem B are completely
different : in [DBW19], the strategy uses anisotropic semiclassical calculus associated with special
Lagrangian submanifolds of 7% M, whose analytic description relies on the particular properties of
the geodesic flow.

Lower bounds are still difficult to obtain and despite convincing numerical results ([Borl4|,
[BW16], [LSZ03], [DBW19]), an exact asymptotic for the counting function in strips is still an
open problem. At the time of writing this manuscript, some lower bounds are known such as the
one of [GZ99] : for any 0 < ¢ < 1/2 and 0 > 0 > —5-, the number of resonances Ny(r) (with
multiplicity) in {|s — 1/2| < r,|Im s| > o} satisfies

Ny (r) = Q')

that is N,,(r)r’”6 takes arbitrarily large values as » — +o00. The proof of this result, like most
lower bounds in this context, relies on the analysis of a trace formula.

Convex co-compact surfaces furnish an example of an open hyperbolic systems in which the
study of resonances share many aspects with obstacle scattering (or scattering by a potential). The
main interest of this model is that other methods of analysis are available, based on the particular
properties of the geodesic flow and the algebraic structure of the subgroup I". However, some
results are still not proven and sometimes seem very difficult. To test some conjectures which are
still inaccessible in this model, it is often useful to study much easier toy model. We now present
such a model.

2-1.5.3. Quantization of open baker’s map.

Baker’s transformations are toy models for chaotic dynamics. They are said to be open when they
are defined on a subset of T?. Open baker’s maps are toy models to understand open chaotic
dynamics, such as the dynamics of the billiard map with strictly convex obstacles.

To define an open baker’s map, we fix an integer M € N* and an alphabet A C {0,..., M —1}
and we identify T? with [0, 1[2. We define the departure set

Dya=J [aM™ (a+ )M x [0,1]
acA

The map F' = Fi 4 is defined as

Fua(z,€) = (Mz —a, M~ (€ +a))
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Figure 2.13: Example of the baker’s map Fj (1 3}

So that the map is effectively open, we assume that A4 # {0,...,M — 1}.
The arrival set is Ay.a = Fapoa (Daa) and we can define an inverse F A}l 4> well defined on

Apra. The trapped set K is defined as the set of points p = (z,€) € T? such that F"(p) is well
defined for all n € Z. It can easily be described using the symbolic dynamics associated with the

map and has the form
K=CxC

where
a a-+1 k—1 k
C:ﬂ U Mk MF s Ch ={ao+arM + -+ ap_1M" ", (ag,...,ar1) € A"}
keN a€eCy,

log | A|
log M

is a Cantor set of Hausdorfl dimension § =
for such a map

. It is possible to define a topological pressure

: 1 —sN
P(s)= Jim ogrlos IXIDN M
YilVI=

where the sum runs over the periodic trajectories of period N. Since there is exactly |.A|™ such
trajectories, we find that

P(s) = loglM(logQ —slogM)=6—s

Quantization of such classical maps was initiated by [BV89], then followed by others ([SV96],
[NZ05], [NZ0T7]). They are finite dimensional matrices of dimension N, which play the role of the
inverse of the semiclassical parameter h (more precisely N = (2wh)~1). The goal is to study the
behavior of these matrices in the limit N — +oco. Following [DJ17], to define quantized open
baker’s map, we introduce a cut-off function x € C5°(]0, 1[), which allows to avoid the singularities
of the baker’s map (see for instance [NZ07]) and we define for N € MZ,

XN/MFN/MXN/M
By =Bnmax=Fy Ina (2-1.7)

XN/MFN/MXN/M

where Fp is the unitary discrete Fourier transform in dimension N and

x(0)
X

(M) LTocaln/m
XN/M = o . s Inra

x (37 = 1) (¥)) Lur—realv/nr

Quantized open maps are built to be the propagators at time ¢ = log M of an open quantum
system and eigenvalues of By are heuristically related to scattering resonances of such a system.
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The heuristic formula reads as follows : if ) is a resonance, z = e~ is a eigenvalue of By. In fact,
the works [NSZ11]| and [NSZ14] give a rigorous proof of such a correspondence between scattering
resonances and eigenvalues of more general open hyperbolic quantum maps. This correspondence
is a crucial ingredient in our works. With this analogy, the spectral gap problem (Question 2.1)

and resonance counting (Question 2.2) have their counterpart :

e The map By satisifes ||Bn||ez—e2 < 1, so that Question 2.1 becomes : can we find v > 0
and Ny > 0 such that for all N > Ny, o(By)N{|z| > M~} =07

e Question 2.2 concerns counting eigenvalues in annulus. We want asymptotics/upper bound/lower
bounds for N,(N) as N — +o0o where N, (V) is the number of eigenvalues of By, counted
with multiplicity, in {|z| > M ~7}. Numerical results, as the one obtained in [NZ05], suggest
asymptotics of the form

N, (N) ~ C,,N*

Spectral gap. As in the previous model, the threshold § = 1/2 is still important. Indeed, the
method of [NZ09] applied to this context or the method of [DJ17] can show that if § < 1/2, there
is a spectral gap of gap 1/2 — § + ¢ for any € > 0. When restricting to integers N of the form M*,
this spectral gap can in fact been improved and when § > 1/2, there is also a spectral gap :

Theorem 2-1.19 (|DJ17]). There exists 8 = (M, A) > max(0,1/2 — §) and ko € N such
that for all k > kg,
o (Bye)N{lz] > MP} =10

Fractal Weyl upper bounds. The asymptotic behavior of N, (N) has been numerically tested
in different works (see [Nonl11], Section 6, [NRO7], [NZ05]). Lower bounds are still not known but
similar upper bounds as in Theorem 2-1.18 have been obtained in the case N = M¥ in the limit
k— oo :

\
Theorem 2-1.20 (|[DJ17]). Let N = M* for k € N and By be the matriz defined in 2-1.7.
Let N, (k) be the number of eigenvalues of By, counted with multiplicity, in {|z| > M~7}.
Then, for any v > 0 and € > 0, there exists C > 0 such that for all k € N,

N, (k) < CNO—o()+e

S where o(y) = max(0,1 — 6 — 27). )
In fact, the strategy used in [DJ17] to prove this result is inspired by the one in [DBW19]. Note
again that the function o behaves like the one in Theorem B. In the recent work [Zhe22], the bound
N,,(8) = O(N?) has been proved for all integer N € MZ (and without the loss of ).

This ends the first part of the introduction, dedicated to the presentation of the main results
of this thesis and their context.

2-2  Main tools.

We now turn to the second part of the introduction. We present a few important tools that are
used in this thesis. This list is - of course - non exhaustive and rather subjective.

Remark.
It would be worth mentioning that this thesis uses the whole machinery of semiclassical analysis.
We won’t do it in this introduction since it would too long. Moreover, mentioning semiclassical
analysis as a tool is probably reductive since it can be described as a whole branch of the theory
of linear partial differential equations. For these reasons, we won’t give a presentation of the
whole theory of semiclassical analysis here and we devote Chapter 4 to detail the main results of
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semiclassical analysis used in this thesis.
The starting point of the theory is a formula for quantizing smooth symbols a € S(R2?), which
gives a quantization procedure on L?(R%). For instance, the Weyl quantization reads as follows :

T+y
2 )

1
aW($7 th)u(x) = Oph(a)u(x) = W A2d “ (

€> eF 0 () dyde

Such a formula allows to build a consistent semiclassical calculus on RY (composition, L2-
boundedness, Géarding inequalities, Egorov’s theorem, etc.) and can be developed also on mani-
folds. Reference textbooks are now available in the literature such as [Zwo12|, in which the author
has learned most of this theory.

2-2.1. Complex scaling.

We start with the method of complex scaling. To be precise, this method is not directly used in
this thesis, but rather indirectly through the works [NSZ11] and [NSZ14] where it is the crucial
starting point to change the resonance problem into an eigenvalue problem, necessary to construct a
Grushin problem. Complex scaling also turns out to be useful when dealing with cut-off resolvent
estimates - see Chapter 6. We first recall how complex scaling works and allows to treat the
scattering resonances as eigenvalues of non self-adjoint operators. Then, we wanted to focus on
a few pseudo-spectral effects that can occur when dealing with non self-adjoint operators. In
particular, this explains why lower bounds for resonance counting can be difficult to obtain.

2-2.1.1. From resonances to eigenvalues.

The method of complex scaling in the study of scattering resonances originates in the works of
Aguilar, Combes and Balslev [ACT1], [BC71]. It has then been widely developed by many others.
In the black-box setting of Sjostrand-Zworski, allowing to treat a large variety of perturbations of
the Laplace operator, it has been first used in [SZ91]|. The method has became almost unaivoidable
in the study of scattering resonances (see for instance [Sj697], [SZ95]). The main advantage of this
method is that it changes the resonance problem - finding poles of a meromorphic continuation - to
an eigenvalue problem of a non self-adjoint operator. It makes it both theoretically and numerically
important. The author learned this machinery in the detailed presentation of [DZ19] (Section 4.5).

To make our presentation clear and concise, we present complex scaling in the case of obstacle
scattering : we fix an open set @ C R? and consider —Agq on L2(Q), Q = R?\ O, with domain
H}(Q) N H?(Q). We fix R > 0 such that O C B(0, R). For a parameter 6 €]0, 7/2[, we consider a
totally real complex deformation I'y C C? of R? - I'y being totally real means that T,T'g Nil'g = ()
for all z € 'y - such that for some R’ > R,

'y N Bca(0, R) = RYN Bea(0, R)
Ty NC?\ Bea(0, R') = ¢®RIN C?\ BL.O, R))

As explained in [DZ19], it is possible to construction such a deformation : consider g € C*°(R4,R)
such that

1
gt)y=0fort <R, g(t) = 5t2 fort > 2R, ¢"(t) > 0

and for 0 < 6 < 7/2, set Fp(x) = tan(0)g(|z|), fo(z) = x + 10, Fy(z) and Ty = fo(R?).

To define the complex-scaled Laplace operator, we introduce the differential operators on C,
9.; = $(0s, —i0y,) and A, = Z?zl 837,. Then, for u € C(I'y), there exists an almost-analytic
extension! & € C*°(C?) and it can be shown that the value of A % on T'y does not depend on the
choice of the almost analytic extension. This allows to define a free complex-scaled Laplace operator
Ago on L?(Ty) with domain H?(Ty) : Agou = (—A,a)|r,. In fact, using the identification
fo : RY — Ty, it can be shown that —Ay o is equivalent with

((Id +id2Fy(x)) " ax) : ((Id +id2Fy(x)) ax) on L2(R%)

Lthat is for 1 < j < d, gzjﬂ(z) =0 (d(2,T9) =)
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It is now possible to define a complex-scaled version of —Agq with domain H(Q) N H2(Q) :
X € C°(B(0, R)) such that x = 1 near O ; the function 1 — y is equal to one outside B(0, )
that it can be extended to a smooth functlon on Iy ; since Ty N Bea (0, R) = RN Bea(0, R), the set
[y \ O can be identified with Q near 9O and we define the domain Dy = H*(I'y\ O) N H(T'y \ O).
For u € Dy, we define

—Agu = —Aq(xu) — Npo((1 — x)u)

The relation between —Agy and —Ag is given by the following theorem :

Theorem 2-2.1 ([DZ19] Section 4.5, [SZ91]). Assume that 0 < 0 < w/2. Let A € C* be such
that Im(e*\) > 0, then —Ag — A\? is a Freedom operator of index 0 and \? is an eigenvalue of
—Ayg if and only if it is a resonance of —Aq. Moreover, the multiplicities coincide. Finally,
if Y € C(B(0,R)), ¥ =1 near O and if X is not a resonance,

(=D = N) "M = Pp(=Ag = X))

2-2.1.2. Excursion : striking phenomena for non self-adjoint operators.

This subsection is more or less disconnected with the rest of the manuscript. Its goal is not to
give a complete presentation of the theory of pseudospectrum (for this purpose, see for instance
[TEO05]). We rather aim at presenting a few striking phenomena that the author has been lead to
encounter during his PhD for different reason, and which had aroused his curiosity. The last 2
examples have been studied by the author for the preparation of a talk given in June 2022 for a
Workshop of the ANR Adyct.

The example of the Jordan matrix. A very standard example to present pseudospectral
effects are perturbations of the Jordan matrix Jy € My(C) :

0 1

JNn = -
0 1

0
The spectrum of Jy is reduced to {0} but when z € D(0, 1) and N is large its resolvent (Jy —2) 1
has large /2 — ¢? norm compared to z. Indeed, if u = (1, z, . ~1)t then

(z—JN)u:(O,...,O,zN)t

)

so that 1
1z = In) "Mz spz > WHUHZZ‘ > [z 7N

This kind of behavior leads to instability of the spectrum. A first deterministic manifestation is
given by the following :

Example. Let 0 < € < 1 be a small fixed parameter and Ry = (0;n0;1)1<4,j<n- It is not difficult
to see that the spectrum of Jy + eRy is given by

(/NP 0<k<N -1}
which are N points distributed on the circle of radius e'/V. In the limit N — o0, one could say

that the spectrum of Jy + eRy converges to S.

Ezample. Tt is also relevant to study random perturbations of Jy as in [DH09]. For instance,
let us mention the following corollary of the paper [GWZ14]. For A € My(C), let L? be the
measure N ! ZHEU(A) d,, where the eigenvalues are repeated with multiplicity. Let (G;;); jen be
a sequence of i.i.d Gaussian variables of mean 0 and variance 1 and let’s note Gn = (Gij)1<i,j<N-
Let (dn5) € RY be a sequence such that for some ',k > 0,

N—n/ < 6N < N—1/2—/§

Then, L/NtONGN converges weakly in probability to the uniform measure of S' (see Figure 2.14).
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Figure 2.14: Plot of the spectrum of Jy + G for different values of § and different values of N,
where Gy is a Gaussian random perturbation. The black circle is the circle of radius §'/V.

A spectral pathology for a differential operator. The following example is inspired by [See86].
Let’s consider the following function :

falz) =€ +ae*™ reR, |a| <1
and the following differential operator on L?(S!):
d(e) = fa(x)0s
A simple computation shows that a primitive of 1/f, : R — C is given by
i

Jo(x) = e — ax — ialog(1l + ae'™)

To compute the spectrum of d(«), it is enough to solve the eigenvalue problem

{ d(o)u = du
u(0) = u(2m)

A solution of this problem has the form u(z) = ug exp(Aga()), which gives a solution if and only
if M(ga(27) — go(0)) € 2inZ. But, 9o (27) — 9o (0) = —27a. As a consequence:

{ a=0 = Sp(d(a))=C
a#0 = Sp(d(a)) =17

As a consequence, despite the fact that d(«) depends holomorphically on « (it’s a very simple
perturbation), the behavior of d(«) drastically changes when oo = 0, compared with a # 0.

Magic angles in twisted bilayer graphene. The last example we wanted to present appears
in the recent work [BEWZ22|, based on the analysis of the physical model of [TKV19] for twisted
bilayer graphene. The study of this model leads to explore the spectrum of a certain holomorphic
family of differential operators D(a) on L?(C/T,C?), where I' = 47 (iwZ @ iw?Z) is related to the
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Figure 2.15: Two layers of graphene with one twisted by a small angle lead to the so-called Moiré
pattern in twisted bilayer graphene.

honeycomb lattice which appears in the study of graphene and a € C is a parameter related to
the angle of twisting between the two sheets of graphene (see Figure 2.15).
D(a) has domain H'(C/T,C?) and is given by

p)= (a0 557

where Dz = 10z = 55 (05, + i0,,) and U(z) is related to the interactions between the two lattices

and is given exactly by

2
U(Z) _ Ze%(zw_kfzwk)wk W= e2im/3
k=0

In [BEWZ22|, the authors prove, inter alia, that there exists a non-empty discrete set .4 such that
the spectrum o(D(a)) of D(«a) satisfies :

o ={ g fall

Here I'* is the dual lattice of T', explicitly given by I'* = % (wZ @ w2Z). This example shows
another kind of pseudo-spectral effect : what is striking here is that it appears in a physically
relevant situation. The set A is called the set of magic angles and has striking implications on the
physical model.

2-2.2. Fractal Uncertainty Principle.

The Fractal Uncertainty Principle (FUP) is a recent tool of harmonic analysis which has been
successfully applied in Quantum Chaos. It first appeared in [DZ16], and has further been developed,
among others, by S. Dyatlov in collaboration with J. Bourgain ([BD17],[BD18]). Essentially, it says
that no function f : R — R can be localized both in position and frequency near a fractal set. It
is the main tool in the proof of the spectral gap (Therorem A, see Chapter 5). It has applications
not only in obtaining spectral gaps but also in other problems of quantum chaos.

2-2.2.1. Statement.

In quantum mechanics, the uncertainty principle states that no state can be perfectly localized
both in position and momentum. It is usually quantified with the famous Heisenberg’s formula :

AzAp > h/2
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This inequality roughly says that a quantum state occupies at least a box of volume h. Here, we
will use a different way to write an uncertainty principle : if 7 : L*(R) — L*(R) is the (unitary)
h-Fourier transform :

Fru(§) = Wéeizﬁ/hu(x)

then one can check that
| Lio,n1 Frlion]] o2 < ht/2.

This has to be read as : " if a state u of norm 1 is localized in position in [0, k], then Fju has little
mass - in fact less than A'/2 - in [0, h]". This is another way to quantify the statement : "no state
can be fully localized both in position and momentum near a point". Note that it is possible to
slightly generalize this simple uncertainty principle by playing with the saturation of the quantum
box of volume of order h : if v1,v9 > 0 satisfy v + 72 > 1, then

1
||]1[07hw1|-7'-h]1[07h72]||L2 < ,p= 5(71 +792—1)>0. (2-2.1)

—L2 —

Indeed,

1Tonm i Falomrall e re < [[Tommill oy o % Wl iz X Loz [ 21
< BN/ % (Qﬂh)*lﬂ « hY2/2
< hP.

The Fractal Uncertainty Principle aims at quantifying the most general statement : "no state
can be fully localized both in position and momentum near a fractal set". In other words, we want
bounds on the form

L x i Frnly |, = O(B) (2-2.2)

for fractal sets X (h), Y (h). At this point, we have been vague on the word "fractal". It is necessary
to present some notions of fractal sets that can be used.

Fractal sets. Let’s start with a standard definition of fractal dimension. Let us recall the
definition of the upper box dimension of a compact metric space (X, d). We denote by Nx(g) the
minimal number of open balls of radius € needed to cover X. Then, the upper box dimension of
X is defined by :

dimX := limsup M

2-2.3
em0  —loge (223

In particular, if § > dimy, there exists g > 0 such that for every ¢ < ¢, Nx(e) < e~%. What is
in fact important in the fractal sets we want to focus on, is the fact that there are holes at every
scale (or at least down to a very small scale). This is possible to define such a notion of porosity
(see Figure 2.16) :

Definition 2-2.1. Let v € (0,1) and 0 < o < ay. We say that a subset  C R is v-porous on
scales ag to ay if for every interval I C R of size |I| € [ag, a1], there exists a subinterval J C I
of size |J| = v|I| such that JNQ = 0.

The notion of porosity can be related with the upper-box dimension. Indeed, we have the
following result, proved in Chapter 5, Lemma 5-5.2 :

Lemma 2-2.1. Let Q2 C R. Suppose that there exist 0 < § < 1, C' > 0 and ¢y > 0 such that
Ve < &g, Nql(e) < Ce0
Then, there exists v = v(4, &9, C') such that € is v-porous on scale 0 to 1.

It is also possible to use the notion of j-regularity :
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(a) A Cantor set is porous. Red intervals correspond
to choices of I, blue ones correspond to J.

III

(b) A porous set randomly constructed.

Figure 2.16: Examples of porous sets.

Definition 2-2.2. Let X C R be a non-empty closed set, 0 < § <1, Cgr > 1 and 0 < apin <
QUmaz < +00. We say that X is d-regular with constant C'r on scales aupin t0 Qunae if there exists
a locally finite measure px supported on X such that for every interval I centered at a point in
X and amin < [I| < @pmas, we have

Cil 1P < px (1) < CrlI®
In fact, this notion is essentially equivalent with the notion of porosity. Let us mention a result
in that sense which says that porous sets can be included in §- regular set :

Lemma 2-2.2 (|[DJ18b], Lemma 5.4). Assume that X is v-porous on scale Qi 10 Qpmaz. Then,
there exists Y C R which is d-regular with constant Cr = Cr(v) on scale 0 to aypq, and such that
X C Y(amzn)

Statement of the FUP. As stated in [BD18], the Fractal Uncertainty Principle deals with the
standard Fourier transform f — f and the scale h appears through a large constant N ~ h~! :

Theorem 2-2.2 ([BD18], Theorem 4). Let 0 <6 <1, Cr > 1 and N > 1. Assume that
e X C [~1,1] is §-reqular with constant Cr on scales N~ to 1 ;
e Y C [—N, NJ is §-regular with constant Cr on scales 1 to N ;

Then, there exists 3 = B(Cg,d) and C = C(Cr,d) > 0 such that for all f € L*(R),

supp f C Y = ||fllz2x) < CN"P||fll2m)

Remark.

In [JZ20], the authors give an explicit dependence of 8 on Cg and §. They prove that in the
previous theorem, one can take :

B =exp [~ exp (K(Cro~ (1 - 8) K097

where K is a universal constant.

It is possible to state a FUP under the form 2-2.2. Indeed, it is no difficult to see that the
previous theorem implies :

Lemma 2-2.3. Let 0 < § < 1 and Cg > 1. There exists 3,C > 0 (depending only on §, C'g) such
that for all 0 < h < 1, the uncertainty principle

| Pty | ey < 7
holds for all subsets X (h),Y (k) C [—1,1] which are d-regular with constant C'r on scales h to 1.

Remark.
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e It appeared under this form in [DZ16] in the context of convex co-compact hyperbolic
surfaces, for specific J-regular sets related to the limit set of the surface, with Fj replaced
by a specific Fourier integral operator.

e It is possible to show that if X C [—1,1] is d-regular with constant C'r on scale h to 1, then
the Lebesgue measure of X satisfies Vol(X) < 24Crh'~? (see [BD18], Lemma 2.9). Hence,
arguing as in the proof of 2-2.1, we see that

| Lx oy Frlyml| ., < CRYV20

holds for all subsets X (h),Y (h) C [—1,1] which are §-regular with constant C'r on scales h
to 1, with a constant C only depending on Cg.

e The proof of [BD18] uses tools of harmonic analysis. In [DJ18a], the authors use a different
strategy to prove a FUP, based on Dolgopyat’s method, but their result is different since
they prove a FUP with exponent 8 = 1/2 — ¢ + &, which improves the exponent 1/2 — ¢
when 6 < 1/2.

Let us mention a slightly different version, concerning a FUP under a porosity assumption on
different scales. This version is stated in [DJN21] and is used in this thesis :

4 N
Theorem 2-2.3. ([DJN21], Proposition 2.11) Fix Wj-i €R, j=0,1 such that
0<7 <7 <1iaf+97 <1< +7
and define
v =min(yy, 1 —7;) —max(, 1 —75)
Then, for each v > 0, there exists § = S(v) and C = C(v) such that the estimate
|’ﬂﬂf(h)]:h]lQJr(h”’L2(R)HL2(R) <Cn’
_ holds for all 0 < h <1 and all sets Qi (h) C R which are v-porous on scale W to WY )

A discrete version. There is also a discrete version of the Fractal Uncertainty Principle. Such a
version has been first introduced in [DJ17] for the study of quantized open baker’s map and has
lead to a spectral gap. It concerns a more restrictive class of fractal sets since it has been stated
for Cantor sets. To present it, we reintroduce the same material as before for quantized baker’s
map, namely, an integer M > 3 and an alphabet A C {0,...,M — 1}. For k € N*, we note

Cr = {ao +a1M+-~-—|—ak,1Mk'_1,(a0,...,ak,1) € Ak} - {0,...,Mk —1}
which is a discrete Cantor set. It is related with the Cantor set

=N U |55

k=0 acCy

which has Hausdorfl dimension
5 log|Al

-~ logM
Note that Cj contains exactly |.A|* = M°* elements. To state the Fractal Uncertainty Principle of
[DJ17], we note Fy : £2(CN) — ¢2(CN) the unitary discrete Fourier transform :

Theorem 2-2.4. Let M > 3 and A be an alphabet with 6 €]0,1[. Then, there exists 3 >
max(0,1/2 — 0) and C > 0 depending only on M, A such that for all k € N*,

H]lckak]lcngz_wz < CM_kﬁ

It is said that Cj satisfies a discrete Fractal Uncertainty Principle with exponent 3.

Remark.
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Let’s note rj, = ||1¢, FarrLe, ||z p2-
e To see a parallel with the continuous version of the FUP, it is necessary to interpret M* as
(2wh)~L.
e The bound 7 <1 is trivial since Fj,« is unitary.
e The bound r, < M ~*(1/2-9) ig not difficult to obtain and is a volume bound. Indeed, ry, is
smaller that the Hilbert-Schmidt norm of the matrix My = 1¢, Fpsx1c,, which is nothing
but /37, ; [(My)i;]?. Since My has exactly |Cx|* = M?*% non-zero coefficients and since

each non zero coefficient of M, which is a coefficient of Fyx, has modulus M ~%/2, we find
re < MFO=1/2),

e The proof of such a version is much easier than the one of the general FUP (see for in-
stance [Dyal9]) since it uses the sub-multiplicativity of the sequence (ry);. Hence, since
limg 400 % log r, = infgen- % log 71, it is enough to prove that there exists k£ € N* such that

1
Elogrk < —max(0,1/2 — §)log M

Generalization to higher dimensions. The currently known FUP only holds in dimension
1 and allows to obtain spectral gaps for 2D objects (hyperbolic surfaces, obstacle scattering and
scattering by a potential in 2D). A generalization to higher dimensions requires care since (2-2.2)
cannot hold for any pair of §-regular sets, as explained in [Dyal9] (Example 6.1). Some additional
assumptions seem to be required to state uncertainty principles for fractal (e.g. porous or d-regular)
sets. For instance, in [HS20], the authors prove a version of Theorem 2-2.2 in higher dimensions d,
with X a general d-regular set (6 €]0,d[) but with a particular choice of Y, which is essentially a
product of 1-dimensional d;-regular sets with d; €]0, 1] (see Figure 2.17). Concerning the discrete
FUP, a recent progess has been made in [Coh22|, where the author gives a necessary and sufficient
condition on Cantor-like sets in 2D so that a FUP hold.

2-2.2.2. Applications.

The Fractal Uncertainty Principle is an elegant result in itself but it is also a powerful tool in
quantum chaos. We present different applications of this tool which have been obtained since it
has been introduced in [DZ16].

Spectral gaps. As already said, the first use of a FUP was in [DZ16], where the authors developed
it to obtain a spectral gap for hyperbolic surfaces. They obtained an improved gap - compared
with the previous known results - for ¢ close to the critical value of § = 1/2. It has been further
developed by S. Dyatlov and J. Bourgain in [BD17] and [BD18§] in this same context. To reduce
the problem of the spectral gap to a FUP, the authors give a precise description of the evolution
of the propagator of —A up to twice the Ehrenfest time, which is generally not possible with the
usual semiclassical calculus. To do so, they introduced an anistropic semiclassical calculus which
allows to apply Egorov’s theorem up to twice the Ehrenfest time. The existence of this anisotropic
calculus is made possible by the algebraic structure of the hyperbolic surfaces which allows to have:

- An analytic description of the unstable and stable spaces when lifted to the Poincaré disk

model. In particular, these spaces depend smoothly on the base point.

- A constant unstable Jacobian.
These two crucial points, necessary in the cited works, fail when dealing with more general chaotic
(i.e. hyperbolic) situations. It has been one of the main difficulties to overpass in [Vac22b] (see also
Chapter 5), but it was already accomplished in [DJN21] for a different application of the FUP (see
below). Let us also mention the different approach of [DZ18] which exploits the FUP with transfer
operators for hyperbolic surfaces. This approach is indeed not reproducible in more general open
hyperbolic systems. Concerning the discrete FUP, it has been first developed in [DJ17] to obtain
a spectral gap for quantized open baker’s maps. Since we have already said a lot on spectral gaps
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(a) A (self-similar) porous set in 2D. (b) Another (random) porous set in 2D.

(¢) A product of §-regular sets.

Figure 2.17: The FUP of [HS20] can be applied to d-regular sets X such as the ones in subfigures
(a) and (b). Nevertheless, they have to restrict to subsets Y like in subfigure (c) .
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in the first part of the Introduction of this thesis, we stop here concerning spectral gaps and focus
on other applications in quantum chaos.

Quantum Ergodicity . The purpose of this paragraph is not to give a complete presentation of
this area, but rather to explain the problem and the recent progress made thanks to the FUP. For a
broader introduction, see for instance [Nonl3], [Dya2la], [Dya21b]. Quantum Ergodicity concerns
different closed chaotic situations. For simplicity, we focus on negatively curved compact surfaces.
Let (M, g) be a compact (connected) surface with negative curvature (for instance, a hyperbolic
surface). It is known that the geodesic flow is ergodic. The question raised by Quantum Ergodicity
concerns the high-frequency behavior of the eigenfunctions of the Laplace-Beltrami operator —A.
This operator has spectrum \g =0 < A\ < ...\, = +00 with eigenfunctions (uj):

—Auj = Njuj 5 ||ugllz2an =1

What can we say about the behavior of (u;) as j — +oo 7 How does the ergodicity of the geodesic
flow influence its behavior 7 To answer these questions, it is relevant to study the weak limits of the
measures |u;(z)|*dz on M. In fact, it is possible to study a more general object : the semiclassical
measures.

Definition 2-2.3. Let Opj, be a quantization procedure on M.

e Let v € L*(M) and 0 < h < 1. The Wigner distribution associated with v is the measure
ul on T*M defined by

| ale.6ui(e.&) = Opufa)o.o),e s 0 € (M)

e We say that a measure p on T*M is a semiclassical measure associated with the family

of eigenfunctions (u;) if there exists a subsequence (uj, )r such that, with hy = )\j_kl, “ka

converges weakly-x to u, that is, for all a € C°(T* M),

lim (Ophk(a)ujmujk)LQ =/ a(x,&)du(z, §)

k—+o0 T* M

Remark.
e When we take a(z, &) = a(x), we recover the case |u;j(z)|*dz.

e The semiclassical calculus allows to show that a semiclassical measure p satisfies :

(i) p is supported on S*M ;
(ii) p is invariant by the geodesics flow.

e Semiclassical measures were introduced in [Gér91] and [LP93].

The main question in Quantum Ergodicity is the following :

[Question 2.3. What are the possible semiclassical measures on M ? )

In fact, it could be refined as " Is the Liouville measure py, the only semiclassical measure on M7".
Indeed, it is now well known that most eigenfunctions equidistribute in the following sense.

Theorem 2-2.5 (Quantum Ergodicity, [dV85| for the general case, [Zel87] for hyperbolic
surface, [Sch74] for a first statement ). There exists a density-1 sequence (u;, ) such that N’szk

converges weakly-x to the Liouville measure p,

This naturally leads to the conjecture, known as the Quantum Unique Ergodicity (QUE) conjecture.
Conjecture (QUE). The Liouville measure py, is the only semiclassical measure.

This conjecture is still open. Restrictions on potential semiclassical measures have been ob-
tained in [ANO7b], [AN07a], concerning bounds on the entropy. More recently, the use of the FUP
has permitted to obtain a new kind of restrictions :
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Figure 2.18: Evolution of a wave packet in a hyperbolic situation. It spreads along unstable
manifolds. The pictures has been made using the dynamics of A € SLo(Z), |tr(A4)| > 2, on the
torus. A set of points U (upper left corner) is iterated. The three other figures show A*(U) for
different values of k£ € N.

Theorem 2-2.6 (|DJ18b] for hyperbolic surfaces, [DJN21] for the general case). Let p be
a semiclassical measure. Then, u, seen as a measure on S*M, has full support i.e. for any
open set U C S*M, u(U) > 0.

The proof of [DJ18b] uses the anistropic calculus developed in [DZ16]. Again, this is possible
due to the special properties of hyperbolic surfaces. This was no more possible to use this calculus
for general negatively curved surfaces. However, in [DJN21], the authors succeeded to adapt the
strategy with a different approach. The smoothness of the unstable and stable spaces is no more
needed, but their C?7¢ regularity was required. They also made it possible to deal with varying
unstable Jacobian. Their approach is the one that has been adapted in [Vac22b] (see Chapter 5)
to obtain a spectral gap in obstacle scattering.

As in the case of open quantum systems, there is a famous toy model to test conjectures in
quantum ergodicity, the so-called cat map. The model concerns the action of a classical chaotic
map on the torus T? and its quantization. The classical object is a matrix A € SLy(Z) with
|tr(A)| > 2, that is, A has eigenvalues \,, A\, 1 with [\,| > 1. A acts on T? and the dynamics is
chaotic (see Figure 2.18). Its quantization has been performed for instance in [BB96]. Without
entering into the details of the model, it is possible to construct a finite dimensional Hilbert space
Hy, with N = (2rh)~! and an operator My (A) on Hy. As in the case of the Laplace-Beltrami
operator, it has an eigenbasis of eigenfunctions and it is possible to define the analogue notion of
semiclassical measure on the torus. In the recent work of [Sch21], the FUP has been successfully
used to prove an analogue of Theorem 2-2.6 in this context. More recently, [DJ21] generalized
this result in higher dimensions with additional assumptions on A, allowing them to apply the
one-dimensional FUP.

Applications to PDEs. The strategy used in [DJ18b] and [DJN21], based on the use of the
Fractal Uncertainty Principle, also has applications to PDEs on negatively curved manifolds (M, g).

Control and observability for Schridinger equation. Control and observability, which are in
fact closely related, concern the following questions which can be formulated as follows. Let Q C M
be an open set and 7' > 0 :

e Observability : Let u(t) = e®*®ug, ug € L?(M), that is the solution of

(10 + Au(t,z) =0,teR, z e M
u(t=0,z) =up(x), r €M

If we observe that u(t,z) = 0 for all x € Q and for all ¢ € [0,T], can we say that ug =07
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e Control : given ug € L?>(M) , can we find a control term f € L?(]0, T[x€) such that the
unique solution of

(10 + Au(t,z) = f(t,2)Lprx, t ER, z € M
u(t=0,z) =up(z), r € M

satisfies w(T,z) = 0 for all z € M.

In the context of negatively curved surfaces, the following result has been proved :

4 )
Theorem 2-2.7 ([Jinl8] for hyperbolic surfaces, [DJN21] for general negatively curved sur-

faces). Let (M, g) be a negatively curved surface, Q C M be an open set and T > 0.

e (Observability) There exists a constant K > 0 such that for all ug € L?(M),
T o )
ull22 a1 < K/O et gl || d.

e (Control) For any ug € L>(M), there exists f € L?(]0,T[xQ) such that the solution of
the equation

(10 + A)u(t, x) = ft, 2) Lo r1xu(0, ) = uo(x)
satisfies u(T,z) =0 for all x € M.

.

Damped wave equation. Concerning the damped wave equation,
(02 — A+ b(2)0y)u(t,z) = 0; ul—o = ug , Osutls—o = u1 (2-2.4)

where b € C*°(M), b > 0, is the damping function, it is known that there are relations between
the decay of the energy and the interactions between the geodesic flow and the damping region
{b > 0}. For each, (ug,u1) € H*(M) x L?*(M), (2-2.4) has a unique solution u(t), defined with
semigroup theory. The energy of the solution is defined as

E(u(t)) = %/M Ou(t, z) 2 + [Vu(t, 2)|?dz

When b is not zero, it is known that E(u(t)) — 0 when ¢t — +oco. It is known that to obtain
an exponential decay rate for the energy, it is sufficient that the damping satisfies the geometric
control condition, that is, all the geodesics meet the damping region (see [Leb96]). In fact, in that
case, we have E(u(t)) < e **E(ug) for some o > 0. In the case of surfaces of negative curvature,
hyperbolicity prevent wave packets to stay concentrated near a point in phase space and it spreads
wave packets along unstable manifolds (see Figure 2.18). The use of the FUP has lead to a striking
result showing that no matter how thin is the damping region, as soon as {b > 0} = (), exponential
decay holds:

Theorem 2-2.8 ([Jin20] for hyperbolic surfaces, [DJN21] for general negatively curved sur-
face). Let (M,g) be a negatively curved surface. Assume that b > 0 but b # 0. For every
s > 0, there exists C > 0 and v > 0 such that for any (ug,u1) € HTY(M) x H*(M), the
energy of the solution decays exponentially and we have:

E(u(t)) < e (||uollgr=+s + [Juallz+)

2-2.3. Propagation of coherent states.

Coherent states, which can have different names in the literature (Gaussian states, Gaussian beams
or Gaussian wave packets) turn out to be an efficient tool to relate the quantum dynamics and
the classical flow dynamics. This is a very natural tool when dealing with quantum/classical
correspondence. The author has learned on coherent states in the book [CR12].
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Coherent states. The semiclassical coherent state centered at zero is

———e 2 (2-2.5)

and the coherent state centered at p € R?? is
¢ = Tpp0 (2-2.6)
where T}, is the Weyl-Heisenberg translation operator:
T gy () = e~ TR0y (g — )

We recall that g is the ground state of the harmonic oscillator —h2A + |z|?. The other eigen-
functions of this harmonic oscillator, called excited states, are obtained from ¢y by applying the
creation (or raising) operator a;r = \/127](—71311. + ;). For v = (v1,...,v4) € N we can note for

o ) )
<'00_1/1!...1/d! 1 o\fa) ¥o

for the normalized excited states. It is an eigenfunction of —h?A + 2?2 with eigenvalue h(vy + - - -+
vq +d/2). The family (¢}), forms an Hilbert basis of L?(R¢). Recall also that the annihilator (or
lowering) operators are

instance

1
i = ——(hdy, +
By = (b, + )

Squeezed coherent states. It can also be interesting to define squeezed coherent states, some-
times called Hagedorn coherent states.

Definition 2-2.4. We note X, for the Siegel upper half plane, consisting of symmetric matrices
I' € My4(C) such that Im(T") is positive definite.
Let I' € ¥4. The squeezed coherent state centered at zero is

Tz -z
o) (@) = (armh) "V exp ( - )

where ar > 0 makes the norm of this state equal to one. We also define the squeezed coherent
state centered at p € R?? by

r
oA = Ty

Squeezed coherent states have relations with positive Lagrangian frames (see for instance
[LST18] which gives a geometric interpretation of squeezed coherent states). To see that, for
I' € 34, let’s note

Lr = {(Tq,q),q € C*}

Lt is a positive Lagrangian frame in the sense that, if

(0 I
7= (4 0)

- (Lagrangian) for all [,I’ € Lp, - JI' =0

- (Positive) for all l € Ly, +(JI) -1 > 0.
It is then possible to define more general raising and lowering operators : for each | € C?¢ =
(I, l¢) € CTp C?, we set

= >

. d . d
_ O (I Vems s AT = e
A[l] = m; -(ZE)Jawj (lm)J Jo A [l] \/ﬁ; i(lf).]axj (lz)j J

The creation and annihilation operators a;{ and a; are obtained with [; = (ie;, ;) where e; is the j-
th element of the canonical basis. Let’s note that [; € L;1,. It is then possible to show the following
characterization of the squeezed coherent states ([LST18], Proposition 3.5) : let u € D'(R?), then

Vie Lp,A(l)u=0 <= Hce(C,u:cgoér)
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Squeezed coherent states also naturally appear when propagating coherent states by quadratic
Hamiltonian. Let S(t) € S24(R) be time-dependent family of real symmetric matrices, depending
continuously on ¢, and consider the associated time-dependent quadratic Hamiltonian

e =3 (5) 50 (7)

H(t) is quantized into HW (t,z,hD,) = ﬁ(t) For instance, when S(t) = Iaq, H is the harmonic
oscillator %(7h2A + 2%). We consider the quantum propagator U (t) associated with H, which is
the solution of the Schrodinger equation

iU (t) = HHU(t) ; U0) =1d.

The propagation of coherent states ¢, can be explicitly computed, once the classical flow of
H(t,z,£) is known. Indeed, let F(t) be the symplectic matrix solving the ODE

a

dt
A: B

F(t):(CZ Dz).

It can be shown A; + iB; is always invertible and if Ty = (Cy + iD;)(A; + iB;)~!, then, one has
([CR12], Theorem 16 in Chapter 3) : there exist ¢; € {z € C, |z| = 1} such that

F(t) = JS(t)F(t).

Let’s write F(t) by blocks

Ut)p, = thgt) i pe=F(t)p.

Namely, the center of the coherent state moves along the classical Hamiltonian flow and the state
undergoes a squeezing. When dealing with the propagation of general Hamiltonian H(t), the same
ideas apply but the computations are no more exact. Nevertheless, it is still possible to give an
asymptotic expansion in powers of h'/2. One has to perform a Taylor expansion of H(t) near
the moving center of the coherent state, which follows again the classical flow. The quadratic
part of the expansion gives the first term of the approximation and the higher-order terms lead to
corrections which involve the excited states (see for instance [CR97]).

Ezample. (see Figure 2.19 and Figure 2.20). Let’s see what happens in a very simple situation in
dimension d = 1, where the classical flow has a unique fixed point, which is hyperbolic. This is a
model situation which shares similarities with scattering by 2 obstacles. The symplectic matrix F}

is in our example
t
e 0
Fi = <O e_t>

that is, we consider H(t,z,£) = H(z,&) = x€. 0 is a hyperbolic fixed point: the unstable (resp.
stable) space is given by the z-axis (resp. £-axis). Simple computations shows that H = xhD, + 2%
and that the quantum propagator is the following scaling operator :

Utyu(z) = e H?u (e ')

It is then very easy to compute the evolution of a coherent state ¢, and check that it is consistent
with the general case above. The coherent state becomes thinner and thinner while ¢ — 400 : it
is stretched along the unstable direction. Such a property will be used in this thesis (see Chapter
7).

Decomposition into coherent states. Coherent states are not orthognal, since for all p, p’ €
R2?_ one has

12 /
ot = (<L op (17520 < oan, o) o1, 60) =120 - 60
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Figure 2.19: Evolution of a coherent state initially centered at 0, through the dynamics of Example
2-2.3.. The color represents the modulus of the Wigner distribution of the evolved Gaussian state.

Figure 2.20: Evolution of a coherent state trough the dynamics of Example 2-2.3.. The state is
initially centered at a point (xg,&p) with both 29 # 0 and & # 0. The red curve represents the
trajectory of the center of the state. The color represents the modulus of the Wigner distribution
of the evolved Gaussian state.

Nevertheless, they form an over-complete system which allows to describe all the states u € L2(R?)
and operators on L2(R?). To see that, let’s introduce the Bargman transform :

we LA(RY) o Byu € L2(R) 5 Byu(p) = (2mh) (i) 2 = (2h) /2 / (e,

It can be shown that By, is in fact an isometry from L?(R9) to L?(R2?). In particular, the formal
adjoint B} is also well-defined and is given by

Biola) = () 2 [ py(o)ulp)dp, v e 12(E)

R2d
This formula and the fact that B; B, = Idp2(R?) show that each state u € L?(R?) admits the
following fundamental decomposition into coherent states :

1

u(z) = W /RM(%J’U)LﬂPp(ﬂU)dp- (2-2.7)

An interesting consequence of this formula, which is known as a resolution of the identity,
concerns the possibility of computing the Hilbert-Schmidt norm or the trace of operators by simply
computing their action on coherent states :

Lemma 2-2.4. Let B: L?>(R%) — L?(R?) be an Hilbert-Schmidt operator. Then,

1

A = —Q Bo,||2dp.
llins = s [, IBeolPde

Let A : L?(R?) — L2(RY) be a trace class operator. Then,

1
tr(A) = W /R2d(A@p7@p)L2dp.
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This fact has been exploited in Chapter 7 to estimate the Hilbert-Schmidt norm of an operator,
which in turn, turns out to be useful to estimate the number of resonances in boxes and obtain
Theorem B.

Remark.

e It is also possible to define a quantization procedure, called the anti-Wick quantization,
inspired by (2-2.7) : for a € S(R??) (and in fact, for a € L*°(R2?) it would also make

sense):
Op" (@)ule) = s [ o) w)rop @)

Compared with other quantizations (such as the Weyl quantization, or the left/right quan-
tizations), the main interest of anti-Wick quantization is its positivity :

a>0 = Yue L*(R?), (Opﬁw(a)u,u) > 0.

L2

e There is also a slightly different approach which transforms a state u € L%(R%) to
2 52

u#(2) = (Bpu(z, &) e 5 z = — it

This is the so-called FBI transform (FBI for Fourier-Bros-lagolnitzer, see for instance
[CR12], Section 1.3, [Zwol12|, Chapter 13) : it is an isometry from L%(R?) to the Fock
space F(C?), the space of entire functions f : C¢ — C such that

s = [ 19G)Pe dz ndil < 4o

Applications of the propagation of coherent states. The fact that it is possible to recover
the evolution of any state by knowing the evolution of the coherent states makes them particularly
useful. The formulas of Lemma 2-2.4 have been for instance used in [CRR99] to give a proof of
the Gutzwiller Semiclassical Trace Formula, using the precise description of the propagation of
coherent states of [CR97|. Wave packets are also often used for the construction of quasi-modes,
that is, approximate eigenstates of pseudodifferential operators. This is for instance the case in
[PU93|. These ideas are still fruitful and alive, as evidenced by the recent works of, among others,
[LST18] or [Arn20]. Of course, this is impossible to give an exhaustive list of applications of wave
packets and their propagation. Several applications from a semiclassical point of view are listed in
[CR12] and the authors give a references to a broader literature on the subject.

This ends the introduction of this manuscript. We again insist on the fact that the tools presented
above do not form an exhaustive list. We will be lead to introduce other tools in the core of
this manuscript, and we will come back to the tools presented here, when needed. The next two
chapters 3 and 4 are dedicated to the presentation of preliminary results on hyperbolic dynamical
systems and semiclassical analysis. They are also used to introduce the main objects studied in
this thesis : open hyperbolic maps and their quantum counterpart. We get to the heart of the
matter in Chapter 5 and we prove Theorem A in Chapter 6, so as other applications in the problem
of scattering by obstacles. We prove Theorem B in Chapter 7.






Part 11

Preliminary results

105






107

The core of this thesis is the study of open quantum hyperbolic systems. This field is a place
where meet two main areas of mathematics : hyperbolic dynamical systems and semiclassical
analysis. Most of the tools we use in this thesis are issued from these two fields and most of them
are rather standard (with some notorious textbooks which were widely used for the redaction of
this manuscript : [HK95] for hyperbolic dynamical systems and [Zwo12] for semiclassical analysis).
The following two chapters are dedicated to the presentation of main notions from hyperbolic
dynamical systems (Chapter 3) and semiclassical analysis (Chapter 4). We recall some definitions
and important properties. When quantitative versions of rather standard results are needed, we
provide some proofs. Most of this material is stated and proved in [Vac22b].

The major personal contribution of this part is the proof of Theorem 3-3.1, concerning the
regularity of stable and unstable distributions for 2-dimensional hyperbolic systems. Theorem 3-
3.1 is the main ingredient to prove the existence of special adapted charts (see Section 3-4), which
turns out to be crucial in the proof of the spectral gap (Theorem A).

We also use these preliminary chapters to introduce the main objects that are studied in this
thesis :

e Open hyperbolic maps, defined on particular phase space (see 3-1.1.). It encompasses the
case of the billiard map, whose definition is recalled.

e Open hyperbolic quantum maps, which are the quantum counterpart of the above maps.
These are Fourier integral operators. (see 4-3.2).

OO0 @

Figure 2.21: The billiard flow is a hyperbolic dynamical system. These 3 pictures show the evolution
of many particles with the same initial position and velocities uniformly distributed in S*.







Chapter 3

Hyperbolic dynamics

In this chapter, we present the general classical systems we work with, that is, open hyperbolic
maps. We present a general notion of such map, keeping in mind that the billiard map belongs to
this category. We then gather rather standard properties of hyperbolic dynamical systems. We also
prove a result concerning the regularity of the unstable and stable distribution for 2D hyperbolic
maps. This is the content of Theorem 3-3.1. We provide our own proof, since it turned out to
be delicate to find a version of such regularity in the literature, for our particular open situation.
Finally, we apply this result to state the existence of "adapted charts" in which the geometry of the
unstable and stable manifolds is straightened. This is a crucial point in the proof of the spectral
gap (Theorem A).

3-1 Open hyperbolic maps.

3-1.1. Definitions and assumptions.

The following long definition is based on the definitions in the works of Nonnenmacher, Sjostrand
and Zworski in [NSZ11] and [NSZ14] specialized to the 2-dimensional phase space. Consider open
intervals Y7,...,Y; of J copies of R. Let us set :

J J
=||yc||r
j=1 j=1
and let us consider

J
|_| i C |_| T*R ; where U; € T*Y; are open sets.

The Hilbert space L?(Y) is the orthogonal sum @Ll L2(Y;).

For j = 1,...,J, we consider open disjoint subsets 517 € U;, 1 <1 < J, the departure sets,
and similarly, for ¢ = 1,...,J, we consider open disjoint subsets gij e U;, 1 <j < J, the arrival
sets (see Figure 3.1). We assume that there exist smooth symplectomorphisms

Fij : Bij — Fij (51]> = Aij (3—11)

We note F for the global smooth map F' : D — A where A and D are the full arrival and departure
sets, defined as
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Figure 3.1: A schematic example of an open hyperbolic map with J = 3 in a case where D;; = ()
fori=1,2,3.

We define the outgoing (resp. incoming) tail by 7 = {p € U;F"(p) € U,Vn € N} (resp.
T_ ={p e U;F"(p) € U,¥n € N}). We assume that they are closed subsets of U and that the
trapped set

T=T:NT_ (3-1.2)

is compact.
In this thesis, we will make the following assumption :

T is totally disconnected.

Remark.

It is possible that for some values of ¢ and j, D;; = (). For instance, when dealing with the billiard
map (see 3-1.1.1.), the sets D;; are all empty.

We then make the following crucial assumption.

T is a hyperbolic set for F (Hyperbolicity)

Namely, for every p € T, we assume that there exist stable/unstable tangent spaces E*(p) and
E*(p) such that :

e dim E%(p) = dim E¥(p) =1
o T,U = E*(p) ® E"(p)

e there exists A > 0, C' > 0 such that for all p € 7 and for all v € T,U and n € N,

vE B (p) = [[d,F"(v)|| < Ce™|v]] (3-1.3)
ve B (p) = |ld,F"(v)[| < Ce™Jv]] (3-1.4)
where || || is a fixed Riemannian metric on U.

The decomposition of T,U into stable and unstable spaces is assumed to be continuous. It is
possible to fix a Riemannian metric on U such that (3-1.3) and (3-1.4) hold with C' =1 (|[Mat68]).

The last assumption we make on 7 is a "fractal" assumption. To state it, we introduce the
map
b :pGTP—)—IOg||dpF|Eu(p)|| (3-1.5)

We suppose that

— P (¢y, F) >0 (Fractal)
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o 173 273 1

(a) Single hyperbolic fixed point. (b) An open baker’s map.

Figure 3.2: Examples when J = 1. The departure sets are in blue, the arrival sets in red. In
the first example, Uy =] — 1,12C T*R , D13 =] — 1,1[x] — 1/2,1/2[, A1; =] —1/2,1/2[x] — 1,1]
with F(z,£) = (2/2,2£). The trapped set is reduced to a single hyperbolic fixed point. The
second example is built on the model of an open baker’s map. We have U; =]0,1[2C T*R ,
Dy, =]0,1[x]0,1/3[U]0,1[x]2/3,1], A1; =]0,1/3[x]0,1[U]2/3,1[x]0,1[. In such a model, the map
F is piecewise affine and given by F(z + a,&) = (3z,a + £/3) for a € {0,2}, (z,€) €]0,12.

Here, in terms of thermodynamics formalism, P denotes the topological pressure of the map ¢, (see
Definition 3-5.1). The norm || - || is associated with any Riemannian metric on U. For instance, a
possible formula for the definition of the pressure of a map ¢, for the dynamical system F : T — T
is
1 n— 3
P(¢, F) = lim lim sup — log sup Z expzk:f} $(F*p)
€20 nstoo N E
pEE

where the supremum ranges over all the (n,e) separated subsets E C T (E is said to be (n,e)
separated if for for every p, p’ € E, there exists k € {0,...,n — 1},d(F*(p), F*(p")) > ).

Remark.

e v = —P((¢y, F) is the classical decay rate of the dynamical system. It has the following
physical interpretation : fix a point pg € 7 and consider the set B,,(po,€) of points p € U
such that |F*(p) — F*(pg)| < e for 0 < k < m — 1. Then, its Lebesgue measure roughly
behaves like e ™71,

e This condition implies that 7 is indeed "fractal". More precisely, the trace of 7T along
the unstable and stable manifolds (see Lemma 3-2.1 for the definitions of these manifolds)
have upper-box dimension strictly smaller than one. A quantitative version of this fact is
stated in Proposition 5-5.2. In fact, Bowen’s formula (see for instance [Bar08], the references
given there and Proposition 3-6.1) gives that this upper-box dimension corresponds to the
Hausdorff dimension dy and it is the unique solution of the equation

P(s¢y, F)=0,s€R

The Hausdorff dimension of the trapped set is then 2dy.

Here ends the description of the classical map. We present in more detail the case of the billiard
map, for obstacles satisfying a no-eclipse assumption. Such a map satisfies all the assumptions
above.

3-1.1.1. The billiard map.

Let O = ngl O; where O; are open, strictly convex obstacles in R? having smooth boundary and
satisfying the Ikawa condition : for ¢ # j # k, O; does not intersect the convex hull of O; U O.

For j € {1,...,J}, let B*00; be the co-ball bundle of 90;, S5, be the restriction of S*(
to 00;, mj : Sjo, = B*00; the natural projection and vj(z) be the outward normal vector at
z € 00; (see Figure 3.3).
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Figure 3.3: The notations used to define the billiard map.

(b) This map is open. In this figure, the
point (y;,7;) has no image.

(a) The billiard map. B;g (y5,n5) = (yi, ms).

Figure 3.4: Description of billiard map.

For i # j, let B;; : B*00; — B*00; be the symplectic open map defined by

p=Bl(p) < 3t>0,3eS" 3 edo,
x +t€ € 00;, (vi(x),&) > 0, (v;(z +t£),£) <O,
ﬂ—j(xag) = pl7ﬂi($+t§7§) =p

B;; is the billiard map. This map is open. (see Figure 3.4). Note that due to our definition, the
glancing rays (that is the rays associated with a point p = (y,n) € B*0O with |n| = 1) are not in
the set of definition of B:;

It is a standard fact in the study of chaotic billiards (see for instance [CMO00]) that the billiard
map is hyperbolic due to the strict convexity assumption. Ikawa’s condition ensures that the
restriction of the dynamical system to the trapped set has a symbolic representation (|[Mor91]). In
particular, the trapped set is totally disconnected. The pressure condition (F'ractal) is known to
hold since the trapped set is not an attractor ([BR75]).

Strictly speaking this open map is defined in szl B*00;, which has not the required form.
Nevertheless, there exist Y; C 00;, 1 < j < J, open subsets, not equal to all d0;, such that the

departure set of the billiard map lies inside a compact subset of szl T*Y;. As a consequence, the
formalism of 3-1.1. applies.
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Figure 3.5: Schematic representation of Poincaré sections for the flow ®; on an energy shell. The
energy shell has dimension 3, so that the Poincaré section are 2-dimensional.

3-1.1.2. Poincaré return map.

Let us present another situation in which this formalism can be used. We will consider a simple
example of Hamiltonian flow in R?. Other manifolds with several euclidian ends can be treated (see
[NSZ11] -Section 2.1- for more general assumptions). Here, we simply consider a smooth compactly
supported potential V € C2°(R?). We fix an energy Eg > 0 and consider p(z,&) = &2 +V — Ej.
We assume that 0 is not a critical energy of p, that is

dp # 0 on p~*(0)

Let’s note H, the Hamiltonian vector field associated with p and ®; = exp(tH)) the corresponding
Hamiltonian flow. The trapped set at energy 0 is the set

Ko = {(z,&) € p7*(0),3R > 0,Vt € R, ®4(x,£) € B(0, R)}
It is a compact subset of p~1(0). Here are the two crucial assumptions :
(i) @, is hyperbolic on Kj ;
(ii) Ky is topologically one dimensional.

Poincaré sections. A consequence of this second assumption (see [NSZ11], Section 2.2), is
that there exist finitely many smooth contractible hypersurfaces ¥; € p=1(0), i = 1,...,J with
smooth boundary and such that (see Figure 3.5)

8EiﬂK0:®; EiﬂEk:V),k:;éi
H, is transversal to ¥; uniformly up to the boundary

Moreover, for 1 < i < J and for every p € Ky, there exists t_(p) and i_(p) (resp. t1(p) and iy (p))
such that

Pi () (p) € KoNZip(p)
EN{®i(p),t-(p) <t <ty(p),teR*} =10

where we note

J
Y= |_| Y
=1

The maps t+(p) are uniformly bounded on Ky and can be smoothly extended in a neighborhood
of Ky. Finally, there exist 3; and symplectic diffeomorphisms

mElﬁil

smooth up to the boundary.
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Poincaré return map. For 1 < i,j < J, the map p — @, (,)(p) extends smoothly to a

symplectic diffeomorphism
Fij : Dij — Aij

where D;; (resp. A;;) is a neighborhood of

{p€ TN%,is(p) = i} (resp. {p € TN S4yi-(p) = j})

The map Fj; is called the Poincaré return map. By writing it in the charts x; and x;, we can
consider the following map between open sets of T*R

Fij:IiiOFijOlij_l25ijCij*>gijC§i

The hyperbolicity of the flow implies the hyperbolicity of these open maps and Ky being topo-
logically one dimensional implies that Ky N X is totally disconnected. Finally, since K is not an
attractor, the condition (Fractal) is satisfied ([BR75]). Hence, the formalism of 3-1.1. applies.

3-2 Standard results for hyperbolic dynamical systems.

We assumed that F' is hyperbolic on the trapped set 7. As already mentioned, we can fix an
adapted Riemannian metric on U such that the following stronger version of the hyperbolic esti-
mates are satisfied for some A\g > 0 : for every p€ T, n € N,

v € By(p) = [|d,F~"(v)]|| < e |v| (3-2.1)
v e Ey(p) = [|d,F" ()| < e " Jo]] (3-2.2)
Notations. We now use the induced Riemannian distance on U and denote it d.

We also use the same notation || - || to denote the subordinate norm on the space of linear maps
between tangent spaces of U, namely, if F'(p1) = po,

[ldp, || = sup |ldp, F(0)]] 5
V€T, U, [[v]|p, =1

If p € T, n € Z, we use this Riemannian metric to define the unstable Jacobian J%(p) and
stable Jacobian J:(p) at p by :

v € Eu(p) = |ldpF"(0)l] = J; (p)][v]] (3-2.3)
ve E(p) = [ldoF"(v)[| = T3 (p)l|]| (3-2.4)
These Jacobians quantify the local hyperbolicity of the map.

Notations. Suppose that f and g are some real-valued functions depending on the same family
of parameters P. For instance, for J%(p), P = {n, p}. We will note f ~ g to mean that there exist
constant a C' > 1 depending only on (U, F'), but not on P, such that C~tg < f < Cg.

For instance, if we define unstable and stable Jacobian j;f and jfl using another Riemannian metric,
then, for every n € Z and p € T,

Jp) ~ TE(p) 3 JTalp) ~ Ji(p)

From the compactness of T, there exists A1 > A¢ which satisfies

emo < J4(p) < ™M and e”"M < J3(p) < e ™o i neNpeT (3-2.5)
et < J0(p) < e and ™" < J¥ (p) < e ; neNpeT (3-2.6)

We record here standard facts about the stable and unstable manifolds (see for instance [HK95],
Chapter 6).

Lemma 3-2.1. For any p € T, there exist local stable and unstable manifolds Wy (p), Wy (p) C U
satisfying, for some €; > 0 (only depending on F) :
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(1) Ws(p), Wy(p) are C>°-embedded curves, with the C°° norms of the embedding uniformly
bounded in p.

(2) the boundaries of W, (p) and Wy(p) do not intersect B(p,e1) ' and W, ,s(p) C B(p,2¢1)
(these are local unstable/stable manifolds).

(4) F(Wi(p)) € Ws (F(p)) and F~1(Wu(p)) € Wu (F~(p))

(5) (a) For each p" € Wi(p),d(F"(p), F"(p")) = 0.
(b) For cach o' € Wiy(p), d(F~"(p), F~"(s")) = 0.

(6) Let @ > 0 satisfying e < 6 < 1. There exists C > 0 (independent of ;) such that the
following holds :

(a) If p’ € U satisfies d(F(p), Fi(p'))
and for 0 < i < n, d(F'(p), F'(p'))

F
(b) If p’ € U satisfies d(F ’(p),F z(p’)
and for 0 <i <n, d(F~(p), F~(p

< e foralli=0,...,n then d(p', Ws(p)) < CO"¢4
< Ce emln i,n— z)
<e

1foralli =0,...,nthend(p, Wy(p)) < CO™
/)) < CE emm(zn z)

(7) If p,p’ € T satisty d(p, p') < e1, then W, (p) N W,(p') consists of exactly one point of T.

Below, we will require that C'e; < 1. Up to making £; smaller, we assume that this condition
holds.

For our purpose, we will need a more precise version of these results. The following lemmas are
an adaptation of Lemma 2.1 in [DJN21] to our setting.

Lemma 3-2.2. There exist constants £; > 0 and C' > 0 depending only on (U, F'), such that for
all p,p’ € U,

(1) if pe T and p’ € Wi(p) satisty d(p, p’) < &1, then

C™ I (p)d(p, p') < d(F™(p), F"(p')) < CJ3(p)d(p,p') , YneN (3-2.7)

(2) if p € T and p’ € W, (p) satisty d(p, p’) < €1, then

CTU L (p)d(p, p') < d(F~"(p), F"(p')) < CJ%,(p)d(p,p') , VneN (3-2.8)

Proof. We prove (1). (2) is proved in a similar way by inverting the time direction. Let p € T,p’ €
Ws(p). Since T,(Ws(p)) = Es(p) and d,F (Es(p)) = Es(F(p)), the Taylor development of F along
Ws(p) gives :

d(F(p), F(p")) = J5 (p)d(p, p') + O (d(p, p')*) = Ji (p)d(p, p") (1 + O (d(p, p))) (3-2.9)

since J; > e~*. Applying this equality with F*(p) and F*(p’) instead of p and p’, and recalling
that, by lemma 3-2.1, d(F*(p), F*(p')) < C6*d(p, p'), we can write,

d(F*(0), FF4 () = T3 (FH(0)d(E* (p), () (1 + O(8%1) (3-2.10)

By this last inequality and the chain rule, we have

n—1 n—1

Ta(p)d(p, ') [T (1 = COFer) <d(F™(p), F™(0')) < T3 (p)lp, ') [[ (1 + COF 1) (3-2.11)

k=0 k=0

We conclude by noting that

n—1 n—1 00
[T +ceke) < H +Ch1) < +oo; [[(1—Cb%) > H (1-CO%) >C™
k=0 k=0 k=0 k=0

(note that in the last inequality and in (3-2.11) , we need to ensure that e5C < 1 so that the
product is effectively non zero). O
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Ws(pn) P Wé(p)
s’ ? I
n / i
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Wu(pn) i Wu(p)
T n ¢ 0
Pn u p u

Figure 3.6: Framework for the proof of Lemma 3-2.3

The following lemma gives a stronger version of (6) in Lemma 3-2.1.

Lemma 3-2.3. There exist C' > 0 and ¢; > 0, depending only on (U, F'), such that for all p, p’ € U
andn e N:

(1) if pe T and d (F'(p), Fi(p')) < &1 for all i € {0,...,n} then

C
d(p', W, < 3-2.12
(0 Welp)) < 7y ( )
and
ldp F"|| < CJ;(p) (3-2.13)
(2) if pe T and d (F~%(p), F~'(p')) < &1 for all i € {0,...,n} then
4, Walp)) < —= (3.2.14)
N ) '
and
ldy Pl < C2,(0) (32.15)

Proof. We prove (1). (2) is proved in a similar way by inverting the time direction. Let p € T and
p' € U such that d(F?(p), F'(p')) < &, for 0 < i < n with ; to be determined. Denote p, = F*(p).
The first condition on ¢7 is that it is smaller than the one of lemma 3-2.1 so that we ensure the
following estimates : for k € {0,...,n}

d(Fk(p’), Ws(Fk(p))) < 0o ke, (3-2.16)
d(Fk(p’), Ws(Fk(p))) < Obke, (3-2.17)
We will use coordinates charts ry, : p € Uy + (u¥, s¥) € V; adapted to the dynamical system (see

[HK95], Theorem 6.2.3, the explanations below and Theorem 6.2.8 for the existence of this chart).
More precisely, we want these charts to satisfy

d Hk(pk) = (O’O)

Lin other words, there exists a smooth curve v : [—6, ] — U such that v(0) = p, rany C Wa/s(p) and B(p,e1) N
Wiss(p) = v([—6/2,6/2]) : it means that the size of the unstable and stable manifolds is bounded from below
uniformly.
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o ki (Ws(pr) NUk) ={(0,5),s e R} NV
o ki (Wyl(pr) NUL) = {(u,0),u e R} NV}
o For p € U, [u*| ~ d(p, Ws(pr)); "] ~ d(p, Wu(pr)): |s** + [uF[? ~ d(p, p)*.

o (Kk)o<k<n are uniformly bounded in the C™N topology for all N, independently of py and n.
In particular, we may assume that €; is chosen small enough so that B(py,e1) C Uy for all
0<k<n.

e Up to changing the metric we work with (which is not problematic), we may assume that
the restrictions of dkg(p) to Es(p) and E,(p) are isometries for the metrics | - |s and | - |-

If we note Fk =xkrolFo n,;_ll, we can check that in this pair of coordinates charts, the action of
F~1is given by

Fk_l(ukv Sk) = (:I:Jv—ll(pk)uk + ak(uk7 sk)a iJil(pk)sk + ﬁk(ukv Sk)) (3'218)
where ay, B, are smooth functions, uniformly bounded in k for the C? topology and such that
ar(0,8%) = 0, Br(u*,0) = 0, day (0,0) = 0,dB(0,0) = 0.

With these properties, one can check that
ag(u¥, s*) < Clu®| || (w*, sM)| (3-2.19)
Let’s now denote pj, = F¥(p’) and (u*, s*) = ki(p,). By (3-2.16), (3-2.17), (3-2.18), (3-2.19), we
can write
[ < T (pn)) ]+ Cla®[]] (w®, 8P|
< JE (F*(p)) | (14 Cer (67 +677F))
< I (FH () |uF| (14 Ceygminthn =)

Then, using the chain rule, one has

n—1
Ao, Wa(p)) < Clu®| < CT%, (F™(p)) [ (1 + Cerpmintin=h) (3-2:20)
k=0

Finally, we can estimate
n _ [n/2] )
[T (1+cargmintn) < T (14 C=0%)’ <C
k=0 k=0
which gives

d(p/\ Wa(p)) < CT,(F™(p)) = —— (3-2.21)

This proves (3-2.12).

To prove (3-2.13), we first construct a metric which simplifies the computations. If p € T, we
pick v,(p) € E+(p)? such that ||vs(p)|| = 1. There exists a Riemannian metric | - | on 7 such that
for every p € T, (vu(p),vs(p)) is an orthonormal basis of T,U. This metric is y-Holder in p € T
since stable and unstable distributions are y-Hélder for some v € (0,1).

If p€ T and n € Z, we note J./* (p) € R the numbers such that
dy(F™)(vu(p)) = i (0)vu(F™ (p)) ; dp(F")(v5(p)) = T (p)vs(F"(p))

As already observed, |.J%(p)| ~ J¥(p), for all n (with constants independent of n). We can also as-

sume that | J%(p)| > |J§(p)| for all p. In the orthonormal basis (v, (p), vs(p)) and (ve (F™(p), vs(F™(p))),

d,F™ has the form
( Ji(p) 0 )
0 Jip)

2Here, we are not concerned by the orientation. It is simply a matter of direction.
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Due to the ortonormality of these basis, we have that for the subordinate norms, ||d,F"|| = |J%(p)|.
Hence, the chain rule implies the following equality for this particular Riemannian metric defined

on7 :

n—1 n—1
Vp € T, |ldo(F™)|| = [T (p)l = [T 17E(F () | = T] lldrig) Fl (3-2.22)
i=0 i=0
We now claim that we can extend | - | to a relatively compact neighborhood V of T such that

p €V i—|-|,is still v-Holder. To do so, it is enough to extend the coefficients of the metric in
a coordinate chart in a y—Holder way, which is possible (for instance, in virtue of Corollary 1 in
[McS34]), which still defines a non-degenerate 2-form in a sufficiently small neighborhood of T.
We now aim at proving (3-2.13) for this particular metric. (3-2.13) will hold in the general case
since two continuous metric are always uniformly equivalent in a compact neighborhood of 7.

In the following, we assume that €; is small enough so that p belongs to the neighborhood of 7 in
which [ - | is defined. Since p — ||d,F||7,u~71y,,v is y-Holder (in the following, we will drop the

subscript in the norm) we have, for all ¢ € {0,...,n}
[ ld (o FlI = s FII | € CA(FY (), Fi(p))7? < Cey7minén= (3-2.23)
Using the chain rule and the submultiplicativity of || - ||, we have
ldy F™| < T ldpion FIl < [ N1drs(o Fl (1 + cammin(iv"—i)) (3-2.24)
i=0 i=0

Eventually, by (3-2.22) and the fact that [}, (1 + Ce07™in(n=0) < TT* (1 + Ce16)? < +o0,
(3-2.13) holds. O

As an immediate consequence of this lemma, we get :

Corollary 3-2.1. There exist C' > 0 and ¢; > 0 (depending only on (U, F)) such that for all
p,p €T andneN:

(1) if d (F(p), F'(p')) <& for all i € {0,...,n} then
CLT3(p) < J2() < CTHp) (3-2.25)
(2) if d(F~(p), F~(p')) < &1 for all i € {0,...,n} then

C™rIs,(p) < T2, (p) < CIE L (p) (3-2.26)

Proof. This is a consequence of the previous lemma and of the fact that uniformly in p and n € N,

ld, F™[| ~ T3 (p)
|dp " [ ~ J2,(p)

3-3 Regularity of the invariant splitting.

It is known for Anosov diffeomorphisms that stable and unstable distributions are in fact C2~¢ in
dimension 2 (see [HK90]). For our purpose, we need to extend this result to our setting, where
the hyperbolic invariant set 7 is not the full phase space, but a fractal subset of it. In fact, we
will show that one can extend the stable and unstable distributions to an open neighborhood of T
and that these extensions are C1? for some § > 0. Actually, since what happens outside a fixed
neighborhood of T is irrelevant (one can always use cut-offs), we will prove the following theorem
which might be of independent interest.
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Theorem 3-3.1. Let us denote G1(U) the Grassmanian bundle of 1-plane in TU. There
exists B > 0 and sections Ey, Es : U — G1(U) such that :

o For every p € T, Ey(p) (resp. Es(p)) is the unstable (resp. stable) distribution at p ;

e B, and E, have reqularity C*?

Remark.

Our proof relies on the techniques of [HP69]. In fact, in [HK95] 19.1.d, the authors show how one
can obtain C! regularity of the map p € T +— E,(p) and explains how to prove C# regularity.
Their notion of differentiability on the set 7 (which is clearly not open in our case) relies on
the existence of linear approximations. Here, we choose to show a slightly different version of
this regularity by proving that p € T + E,(p) can be obtained as the restriction of a C*# map
defined in an open neighborhood of 7.

3-3.1. Proof of the C'# regularity.

Preliminaries. We recall that 7 is an invariant hyperbolic set for F. Hence, there exists a
continuous splitting of 77U, into stable and unstable spaces p € T — Es(p),p € T — E,(p). We
use a continuous Riemannian metric on T7U such that d,F is a contraction from E;(p) — Es(F(p))
and expanding from E,(p) — E,(F(p)), and making E,(p) and Es(p) orthogonal.

Let p€ T +— eu(p) € TU and p € T +— es(p) € TU be two continuous sections 2 such that, for
every p e T,

e e,(p) spans E,(p),

e es(p) spans Eq(p),

* [leu(p)l] =1 lles(p)ll =1

The matrix representation of dpF4 in theses basis is

wr= (" )

-1
)" |70 <.

We can extend e, and es to U to continuous functions, still denoted e,, and e,. Let us consider
smooth vector fields v, and vs on U approximating e, and e; and a smooth Riemannian metric
approximating the one considered above. By slightly modifying this vector fields, we can assume
that for this new metric, (v, (p),vs(p)) is an orthonormal basis for all p € U. In these new basis,
we now write

with v := sup,c7 max [(

= (10 M)

We assume that v, and v are sufficiently close to e, and ey to ensure that, for some 1 > 0 small
enough,

sup max (|b(p)|, [¢(p)]) < n
4

pe

sup |d(p)| < v+n<1—4py
peT
inf >yl op>144
plgTICL(p)LV n>1+4dn

3Note that there is no problem of orientation to construct such global sections. Indeed, 7 is totally disconnected
and hence, one can cover 7 by a disjoint union of open sets small enough so that it is possible to construct local
sections in each such sets. Since these open sets are disjoint, these local sections allow us to build a global continuous
section.

4The definition of J*/$ may differ from the one of Jf/s above since we don’t work a priori with the same metric.
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We consider an open neighborhood 2 of 7 such that the following holds :

supmax ([b(p)|, [e(p)]) < 21
Q

pe
sup |d(p)| <v+2n<1-3n
pPEQ
inf |a(p)| > v™" =20 > 143y
pPEQ

Our method relies on different uses of the Contraction Map Theorem. We state the Fiber
Contraction Theorem of [HP69] (Section 1), which will be used further. We recall that a fixed
point x of a continuous map f : X — X is said to be attractive if for every x € X, f™(x) — xo.

N

Theorem 3-3.2. Fiber Contraction Theorem
Let (X, d) be a metric space and h : X — X a map having an attractive fived point xq. Let
us consider Y another metric space and a family of maps (g, : Y — Y)ex and denote by H
the map

H:(z,y) € X XY = (h(z),9.(y)) € X XY

Assume that
o H is continuous ;
e Forallx € X, limsup,,_,, L (ghn(ﬁ)) < 1 where L (ghn(z)) denotes the best Lipschitz
constant for gpn(z) ;
® Yo is an attractive fized point for gs,.

S Then (zo,yo) is an attractive fized point for H. )

In the following, we study the regularity of the unstable distribution. The same holds for the
stable distribution by changing the roles of F~! and F.

FE, is a fixed point of a contraction. By our assumption on v,, and v, there exists a continuous
function A : U — R such that

Rey(p) = R(vu(p) + A(p)vs(p))

Hence, we will represent the extension of the unstable distribution by a continuous map A : 2 — R.
Our aim is to show that we can find A regular enough such that for p € T,

Eu(p) = R(vu(p) + Ap)vs(p))

To do so, we will start by constructing A as a fixed point of a contraction in a nice space. This
contraction will be related to invariance properties of the unstable distribution.
First of all, if p’ = F(p) € QN F(Q), and if v = v, (p) + Avs(p), d,F' maps v to

w = (a(p) + Ab(p))vu(p’) + (c(p) + Ad(p))vs(p")

Hence, the line of T,U represented by A is sent to the line represented by t(p, \) in T,,U where

_ Ad(p) +c(p)
a(p) + Ab(p)

Set Q1 = QN F(N2) and let us consider a cut-off function x € C°(€2;1) such that 0 < x < 1 and
X =1 in a neighborhood of 7. Let us introduce the complete metric space

t(p,A) (3-3.1)

X ={Ae C(R),[[N|o <1}
and consider the map T : X — X defined, for A € X and p’ € Q,

(TN (") = x(p")t (F~H), A(FHP)) (3-3.2)
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To see that this is well defined, first note that F'~! is well defined on supp x and F~*(supp x) C .
It is clear that if A € X, TA is continuous. To see that ||TA|| < 1, it is enough to note that if
p€Qand [N <1,

[dp)| +le(p)] 1 =3n+2n _1-7

S < <1
la(p)| = [b(p)] — 1430 =20~ 141

[t(p, M| <

Let us now prove the following
Proposition 3-3.1.
e T is a contraction.

o If A, denotes its unique fixed point, then, for every p € T, Ey(p) = R(vu(p) + Au(p)vs (p))

Proof. Let \,u € X. If p’ € Q\supp x, we have Tu(p’) = TA(p’) = 0. Now assume that p’ € supp x
and write p’ = F(p) with p € Q.

ITA(P") = Tu(p") = Ix()[t(os X(p)) — t(p; (p))| < [t(p, AMp)) — tp, 1(p))]

The map A € [—1,1] — ¢(p, A) is smooth, so that we can write

A= Thlloo < sup [TAG) —Tu()| < sup 18] X 1A — oo
p’ Esupp x Qx[—1,1]

It is then enough to show that supg_q,1)[0rt| < 1. For (p,A) € Q x [-1,1], we have

d(p) () Ad(p) + c(p)

TR (alp)) + Ab(p)) (53:3)

Hence, we can control

1-— 1-—
Drt(p, )] < =50 7

< n =Ky <1
I+ "(a+q9* 7

if n is small enough. This demonstrates that 7" is a contraction.

As a consequence, T has a unique fixed point, A,. We note v(p) = v,(p) + Au(p)vs(p). We
want to show that v(p) € Re,(p) for p € T (recall that e, : U — TU is continuous and that e, (p)
spans E,(p) if p € T). Since x =1 on T, we see by definition of T' that for every p € T,

dpF(v(p)) € Ro(F(p)) (3-3.4)
If v, is sufficiently close to e,, we can find a continuous and bounded function p such that
Ro(z) = R (eu(z) + p(x)es(x))

From (3-34),if p' = F(p) € T,

S
>

(p
(p)

dpF (ealp) + m(p)es(p)) = Tt (p) (mp’) + u(p) es<p’>> e R(eulp) + ule)es ()

NS

This implies the equality

i (p
T (p
This equality implies that 4 = 0 on 7 and hence, v = e, on T, as expected. O

~

1(p") = p(p) (3-3.5)

~

Remark.
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As long as p’ € {x = 1}, the vector field v(p') = vy, (p") + A(p')vs(p’) is invariant by dF. When
p € Wyu(p) N {x = 1} for some p € T, we will see below that the direction given by v(p’)
coincides with the tangent space to W (p), namely T, Wy (p) = Ru(p’). When o' & U o7 Wu(p),
there exists n € N such that FF~"(p’) & supp x. Hence, A, (p’) is given by an explicit expression
obtained by iterating the fixed point formula.

Differentiability of \,. We go on by showing that \ is C! by adapting the method of [HP69].
We now introduce the Banach space Y of bounded continuous sections a : Q — T*). We will use
the norm on 7€) adapted to the metric on T2, namely if a € Y,

s ey 1220
PEQVET,Qv#0 ||UHTPQ

For A € X, let us introduce the map Gy : Y — Y, defined as follows. For a € Y and p’ € Q,

(Gra) (p') =x() [dpt (0, Alp)) + Oxt (p, A(p)) (p)} o (doF) " +1(p AP dyx (3-3.6)

with p = F~1(p), which is well defined since p € Q if p’ € supp(x). Gy is constructed to satisfy :
for A € X, if A is C", then the following relation holds :

GA(dX\) = d(TX) (3-3.7)
Let us first state the key tool to show the differentiability of A,.

Proposition 3-3.2. For every A € X, G, is a contraction with Lipschitz constant L, satisfying

sup Ly <1
rex

Before proving it, let us show how it leads us to
Proposition 3-3.3. )\, is C*.
Proof. We use the Contraction Fiber Theorem. Let «,, be the unique fixed point of Gy ,. The map
H:(Ma)e X xY = (TAGra) € X XY

is continuous and the previous proposition shows that for every A € X, sup,, L (Gpny) < 1. The
Contraction Fiber Theorem implies that (A, o) is an attractive fixed point for H.
Let A € X be C'. Hence, H"(\,d)\) = (Ay, ). But H"(\,d)\) = (T"\, o) with

Qp :GTn71A0~-~OG)\d)\

It is clear that if A € C, so is T\ and an iterative use of (3-3.7) implies that o, = d (T™\). This
shows that A, is C! and d\, = ay,. O]

Let us now prove Proposition 3-3.2.

Proof. Let A € X and fix a, f € Y. It is of course enough to control ||Gra(p’) — GAB(p')]|| for
P’ € supp(x) since both Gy« and G vanishes outside. Let us fix p’ = F(p) € supp(x).
Grap') — GaB(p') is given by

xX(p")oxt(p, A(p))[c(p) — B(p)] o (d,F)~"

so it is enough to control dxt(p, A(p))¥(p) o (d,F)~! for v = o — B. With the precise expression of
Oxt(p, A(p)) given by (3-3.3), we can estimate

|d(p)|

la(p) + A(p)b(p)] +0y(n)

[Oxt(p, A(p))| =
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(By the notation O, (
only on v and (F,U)
|

Moreover, we have ||(d,F)™!|| = max (ﬁ, ﬁ) +0,(n) = ﬁ + O, (n). Hence,

1), we mean that this term is bounded by Cn where C'is a constant depending
).

[10xt(p, Ap))v(p) o (dp F) M| < <a(1,0) + Ou(n)> ()l < (v + Ou(m) [IV]ly

Hence, if 7 is small enough, the proposition is proved. O

Hoélder regularity of «,. In fact, as explained at the end of 19.1.d in [HK95], we can improve
the C! regularity.

To deal with Holder regularity of sections a : 2 — T*Q , we will simply evaluate the distance
between a(p;) and a(ps) for p1, po € Q using the natural identification T*Q = € x (R?)*, where we
see a(p1) as an element of (R?)*. This allows us to write a(p1) —a(p2) and compute ||a(p1)—a(p2)]|
where || - || is a norm on (R?)*. There exists C' > 0 such that for every o € Y, sup g |lov(p)|| <
Cllally-

Let us introduce p a Lipschitz constant for F~! on ) and an exponent 3 > 0 such that

v <1 (3-3.8)

This condition is called a bunching condition in [HK95] (19.1.d). Such a f exists. We will then
show the following, which finally concludes the proof of Theorem 3-3.1.

Proposition 3-3.4. o, is f-Holder, that is to say, A, is C1P.
Proof. Let us introduce
Y? = {a €Y;ais 3- Holder}

Let us consider some £ > 0 to be determined later and we equip Y” with the norm

|le(p1) — a(p2)l|
pi#es  A(p1,p2)P

The map T : X — X defined by (3-3.2) actually maps X N C(Q,R) to X N C(Q,R). Moreover,
our previous results have proved that ), is an attractive fixed point for 7' in X N C1(Q, R), where
X NCYQ,R) is now equipped with the C* norm. For A € X and a € Y, we can write,

Grao =y + Ghra
where for p' = F(p) € supp ¥,

We') = x(p)dpt(p, A(p)) + t(p, Ap))dpr x
Cra(p') = x(p")xt(p, Mp))a(p) o (d, F)~*
We state here some obvious facts on 7, and G 2
o O1 =supyex |[Mllec < +00;
o if \ € X NCHQ,R), v, is also C1;

e According to Proposition 3-3.2; Gy : Y — Y is a contraction with Lipschitz constant Ly and
vy i=supyex Ly <1

e if A e X NCYQ,R) and « is f-Holder, Gya is f-Holder.

If M > ;% and A € X N CY(Q,R), then [|dAly <M = ||d(TA)|ly < M. Indeed, we have

1—

1A(TN)[ly = ||GA(@N)|ly = ||y + GadA|ly < C1 + 1M < M
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Hence, we introduce the complete metric space
X' ={Ae XNnCHQLR),||d\]y < M} (3-3.9)

T(X') C X' and A, is an attractive fixed point for (X', T).
We now wish to apply the Fiber Contraction Theorem to

Hs:(\a)e X' xYP s (TA,Gra) € X' x VP

To do so, we need to show that for every A € X', Gy : Y? — Y¥ is a contraction and find a
uniform estimate for the Lipschitz constants.

Let’s consider aq, ag € Y and set v = a1 —ay. We want to estimate the Y? norm of @yy. We
already know that [|Gay|ly < v1|[7]ly. Take p}, ph € Q and let’s estimate ||Gay(p}) — Gay(ph)|].
We distinguish 3 cases :

- ph, ph & supp x : there is nothing to write.

- pl € suppx, ph & QN F(Q). In this case, d(pf, p5) > 6 > 0 where § is the distance between
supp x and (2N F(£))°. Hence,

1GAY(ph) — Galph)l

L <Gl < 57ClGanly < 16~ Clly

- P, 5 € QN F(N). Let’s write pf = F(p1), ph = F(p2) and note that d(p1, p2) < pd(p}, ph)-

Gav(ph) — Gav(ph) = x(p1)Oxt(p1. A(p1))[¥(p1) — ¥(p2)] o (dp F) ™1 } (1)
+ [x(p1)Oxt(p1, A(p1)) — x(ph)Oxt(p2, A(p2))] v(p2) © (dp, F) " }(2)
+ X(P5)Ont(p2, A(p2))v(p2) © [(dp, F) ™' = (dp, F) '] }(3)

To handle the last two terms (2) and (3), we notice that p’ € QN F(2) — x(p)oxt(p, A(p)) is
Lipschitz since A is C', with Lipschitz constant which can be chosen uniform for A € X’. The
same is true for p — d,F~!. Hence, there exists a uniform constant C' > 0 such that

12) + 3l < Cdlpy, p5)°|Ily

To deal with the first term (1), we recall that by previous computations,

Ix(p")Oxt(p, A(p))| - [|(d, F) M| < v+ O, (n)

As consequence, we have

W < (v + Ou()lIllpd(p1, p2)7 < (v + O (1)) 1”15 (p1, P3)°

Henceforth, if 7 is small enough, so that v = (v + O, (n))u’ < 1,

HHx[lg < valllls + Clivlly

Eventually,

1Gxlys < vllnlly + ¢ (vallnlls + Cllvlly)
< (1 +€0) Mlly + vaellylls
<wsllllys

where v3 = max (11 + eC, v2) < 1 if € is small enough.

The Fiber Contraction Theorem applies and says that (A, @, ) is an attractive fixed point
for Hgz. We conclude as previously : consider A € C1#(Q,R) N X’ so that (\,d\) € X' x Y5,
HE (A, d\) = (TN, dT"\) — (A, o) in X' X Y#. That ensures that o, is 8-Hélder. O
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3-3.2. Regularity of the stable and unstable leaves.

Once we've extended the unstable distribution to a an open neighborhood of T, we take advantage
of the fact that these distribution are 1-dimensional to integrate the vector field defined by their
unit vector.

We set Eyu(p) = R(vu(p) + Au(p)vs(p)). Recall that in a compact neighborhood of T, the
relation d,F'(E,(p)) = E.(F(p)) is valid due to the definition of A, as the fixed point of T' defined
in (3-3.2). T*U is equipped with a smooth Riemannian metric such that dF~! is a contraction on
E,(p) for p € T and hence, in a compact neighborhood of T, this is also true. We can consider
the vector field

p €U eup)

where e, (p) is a unit vector spanning F,(p). By our previous result, this vector field is C#
and if p lies in a sufficiently small neighborhood of T, d,(F~1)(eu(p)) = J*(p)ewn(F~(p)) where
() <v < 1.

We denote by ¢f (p) the flow generated by e,(p) and we will show that one can identify the
unstable manifolds and the flow lines of e, in a small neighborhood of T.

Proposition 3-3.5. There exists to such that for every p € T, {¢%(p), |t] < to} C Wu(p)
Proof. Consider ty is sufficiently small such that |J*(of(p))| < v < 1for p € T, t € [~to,to]. For
(t,p) e Rx U, set p(t,p) = fot J%(ps(p))ds and we claim that for tg small enough, if [¢| < to,

F= gl (p)) = @0 (F~1(p))

Indeed, in t = 0, both are equal to F~1(p) and a quick computation shows that both satisfy the

ODE d
7Y 0 = J"(pu(p)en(Y ()

As a consequence, by induction, we see that one can write for n € N,

F=" (¢l (p)) = lin P (F~"(p))

where p, is defined by induction by pn41(t, p) = p(pn(t, p), F~"(p)). Hence, if |t| < tgand p € T,
we see that u,(t, p) stays in [—to,to] and moreover |u,(t, p)| < v™|t|. We then see that if [t] < tg
and pe T,

d(F " (04 (p)), F~"(p)) = d(hi P (F~"(p)), F"(p)) < Clun(t, p)| < Cv"

This shows that ¢!, (p) belongs to the global unstable manifold at p, and hence, if #; is small
enough, ¢! (p) belongs to the local manifold W, (p) and ty can be chosen uniformly with respect
topeT. O

The regularity of the unstable distributions implies the same regularity for the flow ¢f,. Indeed,
this is a simple consequence of

Lemma 3-3.1. Let U C R” be open and Y : U — R™ be a complete C'*+# vector field. We note
¢'(x) the flow generated by Y. Then, for any 7' € R and K C U compact, the map

(t,z) € [-T,T) x K — ¢'(x)
is C1+8,

Proof. We fix T, K as in the statement. We’ll use the same constants C,C’ at different places,
with different meaning. In addition to Y, they will depend on T', K .

Since Y is C', Cauchy-Lipschitz theorem gives the local existence and uniqueness of the flow.
It is standard that the flow is also C' and satisfies

Ordd' (z) = dY (¢ (z)) o do'(z) (3-3.10)

Let’s note A'(z) = d¢'(z) and Z(¢,z) = dY (¢'(x)). The assumption on Y implies that Z is 3-
Holder.
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Fix (tg,x0), (t1,21) € [-T,T] x K and let’s estimate ||A" (z1) — A% (z0)||. We split it into two
pieces and control it with the triangle inequality :

A" (1) — A" (@o)|| < [|A" (21) — A" (@1)|] + ||A" (21) — A™ (z0)]]

It is not hard to control the first term of the right hand side using (3-3.10) since

ty
[|A" (1) — A" (1) = ‘ / E(s, 1) 0 A%(21)ds|| < Clty — to|

to

To estimate the second term, we estimate
10¢(A* (1) — A"(o))I] < [ (E(t, 21) — E(t,20)) 0 A'(w1) + E(t, z0) 0 (A" (1) — A'(20))|
< Cd(zg, 21)7 + C'|| A (1) — A (o)
By Gronwall’s lemma,
| A% (21) — A' (20)|| < Cd(zg, 1) " < Cd(wo, 21)”
This concludes the proof. O

Since the flow is C1#, we deduce that, up to reducing the size of the local unstable manifolds,
these local unstable manifolds W, (p) depend C'# on the base point p € 7. We’ll also use this
proposition to show the same regularity for holonomy maps. Suppose that ¢y is small enough. We
know that if p1, po € T satisfy d(p1, p2) < €0, then W, (p2) N W(p1) consists of exactly one point.
Let’s note it H} (p2).

Finally, we define the holonomy map

Hy L, :ps € Wi(p2) N'T — H;;l(PB) € Wslp1)N'T

Lemma 3-3.2. If ¢( is small enough, for every p; € T, the map
Hy =T NB(pr,e0) = Ws(p1)) N'T

is the restriction of a map HY : B(py,e0) — W(p1) which is C17.

Proof. Let p; € T. As in the proof of Lemma 3-2.3, consider a smooth chart x : U — Vi C R? |
p1 € U1,0 € Vi such that :

e k(p1) = (0,0)

o k(Ws(p1)NU1) ={(0,8),s e R}NW,

o k(Wu(p1)NUy) ={(u,0),u e R} NN,

e dypyilea(pr)) = (1,0).
We now work in this chart V; and note ® = ko ¢!, o k! the flow in this chart, well defined for ¢
small enough. Consider the map

w(uv s) = (I)u(ov s)
¥ is CV% and dpyp = I,. By the Inverse Function Theorem, 9 is a local diffeomorphism between
neighborhoods of 0 :
¢ Vo — VQI

Since dy,s) (@[1_1) = (dw—l(uﬁ)'@[])il, =1 is C18. We now consider
ko=t¢ tor:k 1 (Vo) =Uy =V

and observe that :

o ro(Ws(p1) NU2) ={(0,s),s e R}N V3 ;

e g ot okgt(u,s)) = (u+tt,s). In other words sg rectifies the unstable manifolds.
Armed with theses facts, we define

f{;fl:Ug—H/Vs(pl) ; ﬁ;‘lzmaloﬂsono

where 75(u,s) = (0,s). fI;jl is C1#. We assume that B(0,e0) C U;. Let us check that ﬁ;jl
extends the holonomy map in B(p1,e0) (if £ is small enough). Let p2 € T N B(p1,£0) and note
phy = fI;‘l (p2). By definition of f{;;l, ph can be written ph = ¢! (p1) and hence, if £y is small enough,
ph € Wu(p1). Since, py € Ws(p2), we see that py = HJ' (p2). O
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HP1aPQ(p3)

Figure 3.7: The holonomy map.

Note that by compactness, £y can be chosen uniformly in p; € 7 and the C'# norms of I:Ig1
are uniform. As a corollary, we get the following :

Corollary 3-3.1. Suppose that €q is small enough. Then, the holonomy maps, defined for pq, ps €
T with d(plapQ) < €0,
HY  We(p)NT = We(p)NT

P1,P2

are the restrictions of C1# : ﬁ/’jhm : Wi(p1) = Wi(p2) with C*# norms uniform in py, ps.

3-4 Adapted charts.

We construct charts in which the unstable manifolds are close to horizontal lines. These charts
will be used at different places and their existence relies on the C'*# regularity of the unstable
distribution.

Weak version. We start with a weak version of these charts.

Lemma 3-4.1. Suppose that C' > 0 is a fixed global constant and ¢( is chosen small enough. For
every po € T, there exists a canonical transformation

. / / 2
KQ.UPO%VPOCR

satisfying (we note (y,7n) the variable in R?) :

(1) B(po,Ceo) C U, ;

(2) ko(po) =0, dpyko(Eulpo)) =R x {0}; dpykio(Es(x)) = {0} x R ;

(3) The image of the unstable manifold W, (po) N U, is exactly {(y,0),y e R}NV} .
Moreover, for every N, the CV norms of k¢ are bounded uniformly with respect to py € 7.

Remark.



128 CHAPTER 3. HYPERBOLIC DYNAMICS

The difference with the charts used in the proof of Lemma 3-2.3 is that we require k¢ to be a
smooth canonical transformation.

Proof. Wy (po) is a C* manifold, hence there exists a C°° defining function 1 defined in a neigh-
borhood pg : namely d,,n # 0 and W, (po) = {n = 0} locally near pg. Darboux’s theorem gives a
function y defined in a neighborhood of pg such that (y,n) forms a system of symplectic coordi-
nates. We can assume that y(pg) = 0. If x(p) = (y,7n), the third point is satisfied by assumption
on 1 and we need to ensure that d, x(FEs(po)) = {0} x R by modifying n in a symplectic way.
Assume that d, k(Es(po)) = R'(a,1). The symplectic matrix

1 —a
=6 V)
maps the basis (*(1,0),%(a, 1)) to the canonical basis of R? and we can set xg := Aok which is the
required canonical transformation, defined in a small neighborhood U/’)0 of po.
We can ensure that B(pg, Ceg) C Uéo for £ small enough and the uniformity of the C*¥ norms of

k thanks to the compactness of 7 and the fact that the unstable distribution depends continuously
on pg €7T. O

Straightened version. We now straighten the unstable manifolds in a stronger version of the
previous charts. The construction and the use of these charts is similar to [DJN21] (Lemma 2.3).

Lemma 3-4.2. Suppose that ¢j is chosen small enough. For every py € T there exists a canonical
transformation
K= kpy : Upy CU — V,, CR?
satisfying (we note (y,7) the variable in R?) :
(1) B(p0,250) - Upo )

(2) K(po) =0, dpyr(Eu(po)) = R x {0}; dpyk(Es(po)) = {0} x R
(3) The images of the unstable manifolds W, (p), p € U,, N T, are described by

R (Walp) 1 Up) = { (4.90.C(0))) .y € 2 (3-4.1)

where 2 C R is an open set, ¢ : U,, — R is CHB g:Qx 1T — Ris C'*P (where I is a
neighborhood of ((U,,)) and they satisfy

(i) ¢ is constant on the unstable manifolds ;
(ii) ¢(po) =0, g(y,0) =0
(i) 9(0,¢) = ¢ ;
(iv) 9cy(y,0) =1
The derivatives of k,, and the C'*8 norms of g, ¢ are bounded uniformly in po.

Remark.
The most important condition, which will be used later on, is the last one : it makes the unstable

manifolds very close to horizontal lines. The model situation we expect is when the unstable
distribution is constant and horizontal.

Proof. Around a point pg € T, we work in the charts given by Lemma 3-4.1 : xo : U, — V, . We
recall that the unstable distribution is given by the restriction of a C'*# vector field e,. If U ;0 is

a sufficiently small neighborhood of py, we can write, for p € U ,;0,

dprolea(p)) € Reu(p) with &,(p) = “(L, fo(p)) (38-4.2)

where fo: U "10 — R is a C'*# function which is nothing but the slope of the unstable direction in
the chart kg. In the (y,n) variable, we still note fo(p) = fo(y,n) and we observe that due to the
assumption on kg, we have

fO(y70) =0 ) (yvo) € V;;o
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We consider ®¢(y,n) the flow generated by the vector field é,. Due to the form of é,, we can write,

Dy, n) = (y+t, 2 (y,m))

The reparametrization made in (3-4.2) does not change the flow lines of the vector field (k¢)«€,. In
particular, in virtue of Proposition 3-3.5, they coincide locally with the unstable manifolds. More
precisely, if we set,

go(y,n) = Z(0,m)
then, for (0,7) = ko(p) € ko(T N Wis(po)),

ro(Wa(p)) NIyl <o} = { (w90 ). Iyl < w0 }

for some gy small enough (which can be chosen uniformly in pg). To define ¢, we go back up the
flow : suppose that p € U, and write xo(p) = (y,7) and assume |y| < yo. We set

C(p) = Z"(y,n)

To say it differently, xo(W,(p) intersects the axis {y = 0} at (0,¢(p)).

C (yag()(yv C))

Po ko(Wulpo))

Figure 3.8: The definitions of go and ¢ use the flow generated by é,.

¢ and gy are C1*A | their C'*# norms depend uniformly on py and they satisfy :
e By definition, ¢ is constant on the flow lines, and hence, on the unstable manifolds W,,(p) if
peTNU, N {lyl <wo}:

® ((po) =03

e Since fo(y,0) =0, Z¥(0,0) = 0 and hence go(y,0) =0 ;

e Since Z°(0,n) =1, go(0,7) = 1.
However, at this stage, the last condition (0¢go(y,0) = 1) is not satisfied by go and we need to
modify the chart. To do so, we’ll make use of the following lemma.

Lemma 3-4.3. The map y € {|ly| < vo} — 0,fo(y,0) is smooth, with C norms bounded
uniformly in pg.
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Proof. The proof uses the construction of e, in the proof of Theorem 3-3.1. It is inspired by
techniques usually used to show the unstable manifold’s theorem (see for instance [Dyal8]). In
fact, the smoothness of y — fo(y,0) is a direct consequence of the smoothness of the unstable
manifold W, (po). It was not clear for us if it was possible to easily deduce from this the required
smoothness of y — 9, fo(y,0). This is why we decided to give a proof of this proposition. It
uses the fact that e, has been constructed to satisfy Rd,F(e,(p)) = Re,(F(p)) for p in a small
neighborhood of 7. To show the lemma, we need information along all the orbit of pg. For this
purpose, we introduce the following, for m € Z,

® pm = F"(po) ;

o &t Uy — Vi € R? the chart given by Lemma 3-4.1 centered at p,, and we assume that
the relation Rd,F(e,(p)) = Re,(F(p)) holds for p € U,,. We will note (Y, ) the variable
inV, ;

o Gy =tmp10oFor iV — Vi s

e A reparametrization of the vector field (K, )«ey @ R(km)s€y = Ren where e, (Yim, im) =
(1, 8 (Ym>Mm)) Where s,, is a slope function which is known to be 7.

Note that sy, (ym,0) = 0 due to the fact that £, (Wi (pm)) € Rx{0}. The hyperbolicity assumption
on F' and the properties of k., allow us to write

G (Ym, m) = ()\mym + i (Yo )5 e+ Ben (Y nm))

where
e For some v < 1, 0 < |pm| < v, |An| > vt forallm e N
m(0,0) = B, (0,0) = 0;
B (Ym,0) = 0 for (ym,0) € V,
da,(0,0) = dB,,(0,0) =0 ;
We can assume that U, are sufficiently small neighborhoods of p,, so that S,,,qa,, =
O(d0)c1 (v, for some small 55 > 0.
The property d, F(eu(p)) € Re,(F(p)) implies that d(y,. .m0, )G (€mUm:Mm))) € Remi1 (G (Ym, m))-
As a consequence, the transformation of the slopes gives an equation satisfied by the family of slopes

(Sm)mez :

Sm+1 (Gm (yma nm)) =Qm (yma M, Sm(ymv nm)) (3'43)

where @, is the smooth function

§ X (Mm + anmﬁm(ymanm)) + aymﬁm(ymanm)
Am + Oy, 0 (Y, Mm ) + 8 X Oy, Qo (Ymy i)

Qm(ywu Nms 5) =

Writing G (Yms m) = (Ymt1, Mm+t1), we deduce by differentiation of (3-4.3) with respect to
Nm+1: (we omit the point of evaluation of the maps involved in the right hand side to alleviate the
line)

8ﬁm+13m+1(ym+1777m+1) = 8mem X 8Um+1ym + 5,7m Qm X a”lerlnm

+ 05Qm % (Dy,, Sm X O Ym + Oy S X Oy i) (3-4.4)
This last equation gives the transformation of vertical derivative of the slope. We now evaluate this
identity at the point (y,,+1,0). In the following lines, when the variable y,, and y,,+1 appear in
the same equation, we implicitly assume that they are related by (ym+1,0) = Gi(Ym, 0), namely
Ym+1 = AmYm + @m (Ym,0). We remark that due to the fact that S, (¢m,0) = 0, Qum(Ym,0,0) =0
and the first term of the right hand side vanishes. The term 0,,, s, also vanishes at (y,,0). We
will note

Om(Ym) = &,msm(ym,())
P (Ym) = aﬁQO(yﬂh 0,0) x anm+1 N (Ym+1,0)
Cm(ym) = aSQm(ymy 07 0) X 8nm+177m(ym+17 0)

These notations allow us to rewrite (3-4.4) at (ym+1,0) :

Um+1(ym+1) = hm(ym) + Cm(ym) X Um(ym) (3'45)
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We observe that |y, ., m (Ym, 0)| = |pm' + O(d0)co| and after some computations, we see that

85Qm(ymv 0, O) = l;ﬂ + 0(50)00
As a consequence,
lem (ym)| = A+ O(80)co < 1 (3-4.6)

where, if §q is small enough, we can fix vy < 1. Moreover, ¢,,, and h,, are smooth functions and their
C" norms are bounded uniformly in m, and actually by global constants depending only on F.
Furthermore, ¥, = Ym+1 i given by Ym — Ay + @ (ym, 0) and is an expanding diffeomorphism
provided dy is small enough.

We fix some small € such that (—e,e) x {0} C Uy, for all m. Let’s note I = (—¢,¢). We will
make use of the Fiber Contraction Theorem to show that y,, € I — 0y, (Y ) is smooth for every
m, with uniform C norms. For this purpose, let us introduce the following notations :

o (h <(C; <...CN <... afamily of constant which will be specified in the sequel ;

e The complete metric space Xy = {y € CN(I); |||l < Ck,0 < k < N} equipped with the
CY norm ;

The auxiliary metric space X4 = {y € C°(I);||7||sc < Cn} equipped with the C° norm ;

The complete metric space En = (X N)Z equipped with the metric

o 72) = swp [|(v1)m = (2)mllox

Its auxiliary counterpart EGH* = (X )Z equipped with the metric

d(71772) = sup H(fyl)m - (72)’m||C0
meZ

For v € En, let’s define Ty with the formula (3-4.5) :

(TY)m+1Um+1) = (hm + cm¥m) (Ym)

Since Y, — Ym41 is expanding, we see that y,,11 € I = vy, € I. Hence, (T7)m+1 is well
defined on I. Our aim is to show by induction on N that for every N € N, 0 := (04, )mez is in Ey
and is an attractive fixed point of T : Eny — Ey.

We start with the case N = 0. We need to check that T(Ey) C Ep. It will be the case as soon
as

Covy + sup ||hm]]eo < Co
m

For instance, take Cp % Due to the fact that [|c,||cory < vi, T is a contraction
with contraction rate v and hence T : FEy — Ep has a unique attractive fixed point. This fixed
point is necessarily o since o satisfies (3-4.5).

Arguing by induction, we assume that 0 € Ey, T(En) C Ex and o is an attractive fixed point
for T and we want to show that the same is true for N 4+ 1. For this purpose, suppose that v € E
is of class CV*t1. Analyzing the formula defining T', we see that can can write, for m € Z,

a - —N-1
(T Y1) = B (ym) + € (Ym) < gy 1 (ym)) X AT ()

+ RN,m (yma TYm (ym)> s J’Yr(nN)( )) (3'47)

where Ry @ I X [—=Cy,Cp] X -+ x [-Cn,Cn] — R is a polynomial in the last N 4 1 variables
with smooth coefficients in y,,, uniformly bounded in m. As a consequence, there exists a global
constant Cy_ ; such that

’
sup sup |RN,m(ym;7-07~-~a7-N)| < CN+1
m [x[—Co,Co]x-x[~Cn,CnN]
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We can then choose Cy11 > Cpy such that
sup ||hmHCN+1 + C;v+1 + V10N+1 < CN+1

which ensures that T : EFny1 — Eni1. We now wish to use the Fiber Contraction Theorem
(Theorem 3-3.2). If v € En, we define the map S, : E{F, — EYY, by

o - —N-1
(530) 0 ) = D b (22225 O B (s i) 525 o)

Due to the choice of Cn41, we see that S, is well defined and since we have

amerl
m)| > 1
\ o, >\

and |[cm||co(ry < v1, Sy is a contraction with contraction rate vy, for every v € Ey. In particular,
the map S, has a unique fixed point oy 1 € ER{.
The Fiber Contraction Theorem (Theorem 3-3.2) applies to the continuous map
Ty : (’)/,0) € By X E%’fl — (T’Y,S»y@) € En X Ejavufl
and (0,0n41) is an attractive fixed point of Ty in Ex x E{,.
In particular, if ¥ € Exy1, then 7 := (y,yN*t1)) € Ey x E{E, and

: P~ .
pl}r-‘,r-loo TNy = (0,0n41) in Exy x EYY

However, by definition of S,
T3 = (177, (179) V)

Hence, for every fixed m, (T?7),,, converges to o, in Xy and (Tpv)giv +1) converges uniformly on [
to on4+1. This proves that o is CN+1 and oW+ = on+1. We conclude that o € Enyq is then an
attractive fixed point of T': Ex+1 — Eny1, which proves the induction and concludes the proof
of Lemma 3-4.3. O

We first show that this lemma implies that y € {|y| < yo} — 0590(y,0) is smooth. Indeed, due
to the C'*7 regularity of E,, (t,y,1) — Z(y,n) is C' and satisfies :

d
%5772%%77) = aﬂfO (y + ta Zt(yan))

Specifying in (y,n) = (0,0), we have
d
%6?72)5(0’ O) = aﬁfO(ta 0)

This exactly says that y — 9,90(y,0) is C' and has 9, fo(y, 0) as derivative with respect to y and
hence y — 09,90(y, 0) is smooth, as required.

Due to the relation go(0,7) = n, we have 0,0(0,0) = 1. As a consequence, if yy is small
enough, we can assume that 0,go(y,0) > 0 for |y| < yo and consider the smooth diffeomorphism
defined in {|y| < yo}

y
iy / Ongo(s,0)ds
0

We then use the canonical transformation

v ) = (00 57

We finally consider the chart x,, = W o ko defined in Uy, = U, N{[y| < yo} and if g is small
enough, we can ensure that B(pg,2e9) C U,,. In this chart, the graph of go(-,{) is sent to the

graph of the function
90 '(y),9)
1

9:y € =9 ((Zvo,90)) = "L EES0)

We eventually check that
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9(y,0) = 0 since go(y,0) =0 ;

9(0,¢) = ¢ since ¥(0) =0, ¥'(0) =1 and g(0,¢) = ( ;
87]9(2/, 0) = 1;

The C'*# norm of g is bounded uniformly in pg ;
The CV norms of k,, are bounded uniformly in po.

3-5 Topological pressure.

We recall the definition and some formulas for the topological pressure associated with a continuous
function ¢ : T — R. The dynamical system we consider is the restriction of F' on 7. We consider
a distance function d on 7. For n € N and € > 0, we say that a subset E C T is (n, €) separated
if for every p,p’ € E,p # p, there exists 0 < i <n — 1, d(Fi(p), Fi(p')) > e.

Definition 3-5.1. If ¢ is a continuous function on 7, the topological pressure P(p, F') (or simply
P(¢) if there is no ambiguity) associated with ¢ € C'(7,R) is defined as

1
P(p) = lim lim sup - log Py(p,n,€)

e=0 pstoo

where

n—1
Py(p,n,e) = sup Z exp (Z cp(Fz(p))> ; E is (n, €) separated
i=0

pEE

In this thesis, we will use another formula for the pressure. To state it, let us introduce a few
notations : if Q is a finite open cover of T, we note diam@Q = sup 4 o diamA and for n € N, Q" is
the open cover of T by the sets ﬂ;:ol F74(A;) where Ay, ..., A, 1 € Q. For ¢ : T — R continuous,
n € N and an open cover Q of T, we define

Pi(o,n, Q) = inf{z Sup exp (Ti Lp(FZ(x))> caCc QM T C U A}

A€ z€A =0 A€a

Proposition 3-5.1. [Wal75] (Theorem 1.6). The following formula holds: for any ¢ € C(T,R),

1
P(p)= lim  lim EIOgPI(SOan, Q) (3-5.1)

diamQ—0 n—oo

Note that in particular, it asserts that the limit in n exists for all open cover Q.

Relation with the flow. This formalism applies for the trapped set of the two situations
presented above, namely the billiard map (3-1.1.1.) and a Poincaré return map (3-1.1.2.). The
billiard map is naturally inherited from the billiard flow and the Poincaré return map from a
Hamiltonian flow. It is in fact possible to define pressures for the corresponding flow. Relations
exist between these notions and we aim at explaining them in the following lines, as done in [BR75]
(Section 3). It will be useful in particular in Chapter 7.

In the two situations, we have a bijection F' : T — T and a return time function ¢,¢; : 7 —
[tmin, +00][ for some ¢min > 0. In an abstract setting, we can introduce the suspension flow on

K=TxR/~
where ~ is a relation identifying (p,0) and (F(p),t,c:(p)), and the flow f* on K is defined as
fip,s) = (p,s+1t) for 0 < s+t < trer(p).

Concretely, for the Poincaré return map, K is realized by the trapped set of the Hamiltonian flow
®! and f! is nothing but its restriction on K. This is not rigorously the case for the billiard flow
since there is a difference between the coordinates used for the billiard map and the global phase
space in which the billiard flow lives. Nevertheless, using the smooth model of [DSW21], one could
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realize K as the trapped set of a smooth open hyperbolic flow. As a consequence, in the two
models, the map F is inherited from a smooth open hyperbolic flow ®?.

For this flow (f*) on K, one can define an analogue notion of pressure. We fix a metric on K
(the pressure will not depend on this choice) and for T > 0 and € > 0, we say that a set E C K is
(T, e)-separated if for all p1, ps € E,

p1# p2 = V€ [0,T], d(f'(pr), f'(p2)) > €.

Then, we can define the topological pressure associated with a continuous function ¢ : K — R
1
P 1)) = lim li —log Z(v, T
(¥, (f)) = lim fim sup 7; log (¥, T,¢)
where

Z(, T, €) = sup Z exp (/()Tw(ft(p))dt> ; B is (T, €)-separated

pEE

ow, if ¢ : K — R is a continuous function on K, one can define the following function ¢ on 7 :

tret(p)
o(p) = / B (o)t

Then, if ¢ is Holder-continuous, P (1, (f*)) satisfies the following formula (see [BR75], Section 3):
let & = ¥ — P(wv (ft))tretv then
P(®,F) =0 (3-5.2)

By the way, since t,ect > tmin > 0, the map s — @ — st,.; is strictly decreasing, so that P (v, (ft))
is the unique root of the equation P(p — styer, F') = 0.

We conclude this section by specializing these formulas in the particular case of the unstable
Jacobian. As explained, in the two models we consider, the map F' and the trapped set K are
inherited from a smooth open hyperbolic flow ®'. By fixing a Riemannian metric on K, one
can define a local unstable Jacobian \!(p), which is the determinant of the differential D®*(p) :
E.(p) = Eyu(p), where E,(p) is the unstable space at p € K. We can now consider the following
map

dlog N, (p)

dt

_d\(p)
dt

Yi(p) =

t=0

t=0

and the following important parameter

ver = =P, (")) (3-5.3)

~e1 is called the classical decay rate of the system. For the billiard flow, it coincides with the one
defined in Chapter 2, in the paragraph after (2-1.5). It is not hard to see that for this special
choice

tret

YUY (p))dt = pulp)

0

where ¢, is defined in (3-1.5) (and provided the Riemannian metric on 7 used in this definition
coincides with the global one on K). (3-5.2) now reads

P(d)u + ’Ycltreta F) =0 (3—54)

Remark.

In the case of the Hamiltonian flow, there is not a canonical choice of Poincaré section, and both
the return map and the return time function depend on this choice. Nevertheless, the classical
decay rate depends on the flow, and not on this choice. In particular, (3-5.4) holds no matter the
choice of Poincaré sections.
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3-6 Fractal dimension.

Let us recall the definition of the upper box dimension of a compact metric space (X,d). We
denote by Nx(¢) the minimal number of open balls of radius ¢ needed to cover X. Then, the
upper box dimension of X is defined as :

— log N
dimX = lim sup LX(E)

3-6.1
cso  —loge ( )

In particular, if § > dimy, there exists €9 > 0 such that for every € < gy, Nx(g) < e~ 9.

We record the following well known result (see for instance [Bar08], Theorem 4.3.2). Recall the
definition of ¢, in (3-1.5).

Proposition 3-6.1. There exists a unique so € R such that P(sp¢,) = 0. Moreover, for every
p €T, dim (T NWy(p)) =dim (T NWs(p)) = so. Finally, dim7T = 2sg.

Remark.

In fact, this holds also for the Hausdorff dimension but we will mainly use the upper-box dimension
for practical and technical reasons. In the following, we note sqg = dp.

We will need the slightly more precise following result, which allows to control Ny, _(p)n7
uniformly in p :

Proposition 3-6.2. There exists €1 > 0 such that the following holds. For every € > 0, there
exists C. > 0 such that for every p € T, if X, = W, ,(p) NT,

Nx, (r) < Cor™4nte) yp < gy

Proof. Obviously, this holds at every p € T with C. a priori depending on p. The uniformity is a
consequence of the fact that the holonomy maps are Lipschitz, with uniform Lipschitz norm due
to the compactness of 7 in virtue of Corollary 3-3.1. Then, due to the compactness of 7, one
can estimate Ny, /s(p)mT(éf) by considering only a finite number of (un)stable leaves as references
and apply : Assume that (X, d), (Y,d') are compact metric spaces and f : X — Y is C-Lipschitz.
Then, for every e > 0,

Nyx)(e) < Nx(e/C)

O

We finish by a lemma estimating the number of balls of size 6 needed to cover T N Wy (pg) NJ
where J C W, (po) is an interval of size [. The difference with Proposition 3-6.2 is that the size of
J can be much small that 4.

Lemma 3-6.1. Let po € T. Let k: Uy — Vj C R be a smooth chart such that the image of the
local unstable manifold passing through pg is given by a graph

£(Wulpo) NUo) = {(z, 9(x)),z € I}
for some open interval I. For J C I, let’s note
X(J)={z e Jw(z,9(x)) € T}

Then, for every € > 0, there exists C; > 0 depending only on €, F' and & such that : for all J C I
interval of length [ and for all § €]0,1],

5)—(dH+E)

Nx ) (0) < Ce (l

Proof. Let’snote N = Nx (5 (0). If N = 0, there is obviously nothing to prove. So let’s assume that
N # 0 and let’s fix a reference point zo € X (J) : to zg corresponds a point pg = x~*(z9, g(z0)) € T
and we are interested in a piece of unstable manifold of pg of size I.
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We know that the upper-box dimension of each 7 N W, (p) is equal to dy. However, since here
we are interested by a small piece of an unstable manifold of size I, we will expand this piece to
reach a size of order 1. We note Jy = ' ({(z, g(z)), = € J}) and for m € N, we note p,, = F™(po)
and introduce

T = max{m € N, F""(J) C Wy (pp,) and diamF™(Jy) < ey}

In particular, the definition of 7" implies that for all p € Jy, F™(p) is well-defined for 0 < m < T
and satisfies d(EF"™(p), F™(po)) < €1.
Claim : We first claim that if J' C J is a subinterval with X (J’) # (), then

diamJ’
Jir (pr)

where J. = FT(Jj) for J; = k' ({(z, g(z)),z € J'}). In particular, it holds for J' = J.

Proof of the claim : Let’s prove this claim and suppose that J’ C J is an interval of length
I' and consider 2’ € X(J'). Let’s note p' = k=1 (2/,g(z')) € T. If & € J and p = k= 1(2,9(2)) €
W (p'), we have

diam J7. ~

/ X d(p', p) 2" — &
d(FT(P ),FT(,O)) ~ JET(FT(P/)) ~ JET(FT(/)’))

Since d(F™(p'"), F™(po)) < &1 for 0 < m < T, we have
T n(FT(p)) ~ T (pr)
In particular, if we choose & such that |2’ — | > diam J’/3, we have

1 |2 =2 _, diam J’

diam J,.>Ct— _
=T Jiner) T T(er)

For the converse inequality, assume that p1, ps € Jj).

|z — 2’| + 2" — @9 diam J’

d(F"(p1), FT(p2)) < d(F" (), F*(p)+d(FT (p"), F" (p2)) < C To(pr) <O o0

which finally gives the required inequality by taking the supremum over p; and ps.
End of proof. We have, J*,(pr)diam Jr ~ diam J ~ [. By definition of T,

diam FT+1(J()) Z €1

so that
diam FT(JO) >(C 7 lgy

and hence, J“7(pr) < Cl (this C also depends on &7, which is not a problem since ¢; depends
only on F). Let us fix & > 0, to be determined later. By Proposition 3-5.1, we can cover Jpr N'T
by N balls of diameter at most k6 with N < C.(k§)~9#~¢. Let’s choose p1,...,pn € T NJr such

that
N

T 0 Jr | Blpi, ko).
i=1
We note x; the point in J such that p; = FT(p;) with s(p;) = (2i,9(x;)). If x € X(J), then
p = FT(k 1(z,g(z))) € T N Jr and there exists i € {1,..., N} such that d(p;,p) < kd. As a
consequence, |z —x;| < CJ"1(pr)d(pi, p) < C'lkS for some constant C’ depending on F' and k. We
now fix k = (2C’1)~1, so that X (J) can be covered by N intervals of length §. As a consequence,

5 —dy—¢ 5 —dy—¢
<N< — =C' |-
Nxn(0) <N < C. <20’l> CE(Z>



Chapter 4

Semiclassical analysis :
Pseudodifferential calculus and
Fourier integral operators

In this Chapter, we gather important definitions and results of semiclassical analysis. In particular,
in Section 4-3, we define a central object of this thesis : open hyperbolic quantum maps.
They are Fourier Integral operators (see Section 4-2) associated with the open hyperbolic maps
introduced in the previous chapter (Section 3-1).

4-1 Pseudodifferential operators and Weyl quantization

We recall some basic notions and properties of the Weyl quantization on R™. We refer the reader
to [Zwo12] for the proofs of the statements and further considerations on semiclassical analysis and
quantizations. We start by defining classes of h-dependent symbols.

Definition 4-1.1. Let 0 < § < % We say that an h-dependent family a = (a('§h))o<hg1 is

in the class Ss(T*R™) (or simply Ss if there is no ambiguity) if for every o € N?", there exists

C,, > 0 such that :

YO <h<1, sup |0%(z,& h)| < Cuhdlol
(x,6)ER™

In this paper, we will mostly be concerned with § < 1/2. We will also use the notation Sy+ =

ﬂ5>0 Ss.

We write a = O(h™V)g, to mean that for every a € N2, there exists C, y such that

VO <h<1, sup [0%(x,&h)| < Conh"1*IAN
(z,§)ER™

If a = O(h")g, for all N € N, we'll write a = O(h*°)sg;.
For a given symbol a € S5(T*R™), we say that a has a compact essential support if there exists
a compact set K such :

Vx € CP(R"),suppx N K =0 = xa = O(h™)s(+rn)

(here S stands for the Schwartz space). We note esssuppa C K and say that a belongs to the
class S5”""(T*R™). The essential support of a is then the intersection of all such compact K’s. In
particular, the class S5°™" contains all the symbols in Ss supported in a h-independent compact
set and these symbols correspond, modulo O(h*°)s(r+r), to all symbols of S§”"*”. For this reason,
we will adopt the following notation : for an open set @ C R, a € S{”""(Q) <= esssuppa € Q.

For a symbol a € S5(T*R"™), we will quantize it using Weyl’s quantization procedure. It is
written as :

(Opn(a)u)(z) = (a" (z, hDy)u)(z) = (27r1h)” /R a (z ; y,g) u(y)el - dydg

137
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We will note Us(IR™) the corresponding classes of pseudodifferential operators. By definition,
the wavefront set of A = Opp(a) is WF(A) = esssupp a.

We say that a family v = u(h) € D/(R™) is h-tempered if for every x € C:°(R™), there exist
C > 0and N € N such that ||XU||H}—N < Ch~". For a h-tempered family u, we say that a point

p € T*R™ does not belong to the wavefront set of u if there exists a € S°™P(T*R™) such that
a(p) # 0 and Opp(a)u = O(h*°)s. We note WFy(u) the wavefront set of w.

We say that a family of operators B = B(h) : C2°(R™2) — D’'(R™) is h-tempered if its Schwartz
kernel Kp € D'(R™ x R™) is h-tempered. The wavefront set of B, denoted WF}'(B) is defined as

WFY(B) = {(2,&,y,—n) € T"R™ x T"R™, (2,£,y,1) € WF(Kp)}

Let us now recall standard results in semi-classical analysis concerning the L?-boundedness of
pseudodifferential operators and their composition. We’ll use the following version of Calderon-
Vaillancourt Theorem (|[Zwo12|, Theorem 4.23).

Theorem 4-1.1. There exists C,, > 0 such that the following holds. For every 0 < § < %,
and a € Ss(T*R™), Opn(a) is a bounded operator on L* and

| Oph(a)l| L2y z2@e) < Cn Y RI¥/2]10%]| Lo

lal<sn

As a consequence of the sharp Gérding inequality (see [Zwo12], Theorem 4.32), we also have
the precise estimate of L? norms of pseudodifferential operator,

Proposition 4-1.1. Assume that a € S;(R?"). Then, there exists C, depending on a finite
number of semi-norms of a such that :

1_
1 Op(a)llzz 2 < llallos + Cah2 ™

We recall that the Weyl quantizations of real symbols are self-adjoint in L?. The composition
of two pseudodifferential operators in W is still a pseudodifferential operator. More precisely (see
[Zwo12], Theorem 4.11 and 4.18), if a,b € S5, Opp(a) o Opp(b) is given by Opy(a#b), where a#tb
is the Moyal product of @ and b. It is given by

a#b(p) = eihA(D)(a ® b)‘p:m:pz
where a ® b(p1, p2) = a(p1)b(p2), €P) is a Fourier multiplier acting on functions on R** and,
writing p; = (24, &), .
A(D) = §(D§1 oDwz _le OD§2)
We can estimate the Moyal product by a quadratic stationary phase and get the following expan-
sion: for all N € N,

N-1 gk
a#b(p) = Y T ADI @@ D)y +
k=0
where for all o € N2, there exists C,, independent of @ and b, such that
10°7 N oo < Cah™la ® bl canantisial

As a consequence of this asymptotic expansion, we have the precise product formula :

Lemma 4-1.1. For every N € N, there exists Cy > 0 such that, for every a,b € Ss(R"),

N—-1 .k
i*h
Opn(a) o Opp(b) = Opp <Z TA(D)k(a ® b)p=p1=p2> + Ry (4-1.1)
k=0
where
HRN||L2(R)—>L2(]R) < CNhNHa (24 b||CZN+12n+1 (4_]_2)

Remark.
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It will be important in the sequel to understand the derivatives of a and b involved in the k-th
term of the previous expansion. A quick recurrence using the precise form of the operator A(D)
shows that A(D)*(a ® b)(p1, p2) is of the form

Z Aa,30%a(p1)0°b(p2)
la|=k,|8|=Fk

This can be rewritten [, (d"a(p1), d"b(p2)) where I}, is a bilinear form on the spaces of k-symmetric
forms on R?". Of, course, we make use of the the identifications T,, T*R™ ~ T,, T*R™ ~ R?"

As a simple corollary, we get an expression for the commutator of pseudodifferential operators.

Corollary 4-1.1. For every N € N, there exists Cy > 0 such that, for every a,b € S5(R™),

N-1
[Opr(a), Opn(b)] = Opy, (?{a,b} + Z hkLk(dka,dkb)> + Ry

k=2

where
RN L2@)—12®) < CnAN[|a ® b|cantizn

where the Ly are bilinear forms on the spaces of k-symmetric forms on R2".

4-2 Fourier Integral Operators and Egorov’s theorem

We now review some aspects of the theory of Fourier integral operators. We follow [Zwol2],
Chapter 11 and [NSZ14|. We refer the reader to [GS13] for further details. We introduce the
material needed to understand the definition 4-3.2 of open hyperbolic quantum maps in Section
4-3. We also provide a quantitative version of Egorov’s theorem.

4-2.1. Local symplectomorphisms and their quantization

We momentarily work in dimension n. Let us note K the set of symplectomorphisms x : T*R™ —
T*R™ such that the following holds : there exist continuous and piecewise smooth, with respect to
t, families of smooth functions (k)ic[0,1), (qt)te[o,1] such that :

vVt € [0,1], k¢ : T*R™ — T*R"™ is a symplectomorphism ;

ko = ldpsgn, k1 = K ;

vt € [0,1],k¢(0) =0 ;

there exists K € T*R"™ compact such that V¢ € [0,1],¢; : T*R™ — R and suppg¢: C K ;

gkt = (re)" H,

If k € K, we note G,, = Gr'(k) = {(z,&,y,—n), (z,€) = k(y,n)} the twisted graph of , which is
Lagrangian in T*R"™. We recall [Zwo12], Lemma 11.4, which asserts that local symplectomorphisms
fixing the origin can be seen as elements of IC, as soon as we have some geometric freedom.

Lemma 4-2.1. Let Uy, U; be open and precompact subsets of T*R"™. Assume that x : Uy — Uy is a
local symplectomorphism fixing 0 and which extends to Vj Uy an open star-shaped neighborhood
of 0. Then, there exists & € K such that &|y, = k.

If k € K and if (¢;) denotes the family of smooth functions associated with x in its definition,
we note Q(t) = Opp(q:). It is a continuous and piecewise smooth family of operators. Then the
Cauchy problem

{ hDU(t) + U)Q(t) =0 (4-2.1)

U(0) =1d

is globally well-posed.
Following [NSZ14], Definition 3.9, we adopt the definition (withG,, = Gr/(k)) :

Definition 4-2.1. Fix § € [0,1/2). We say that T' € Is(R™ x R"™; G,,) if there exist a € S5(T*R")
and a path (k) from Id to x satisfying the above assumptions such that 7' = Opp(a)U(1), where
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t — U(t) is the solution of the Cauchy problem (4-2.1).
The class Iy+ (R x R, Gy) is by definition (55, I5(R x R, Gy).

It is a standard result, known as Egorov’s theorem (see [Zwo12], Theorem 11.1) that if U(t)
solves the Cauchy problem (4-2.1) and if by € S5, then U(1)~ Opy(bo)U(1) is a pseudodifferential
operator in Ws and if by = bg o #, then U(t)™* Opp(bo)U (t) — Opp(b1) € h'~2°Ws.

Remark.

Applying Egorov’s theorem and Beal’s theorem, it is possible to show that if (k) is a closed path
from Id to Id, and U(t) solves (4-2.1), then U(1) € ¥o(R™). In other words, I5(R x R, Gr'(Id)) C
Us(R™). But the other inclusion is trivial. Hence, this in an equality :

I5(R™ x R, Gr'(Id)) = W4(R™)

The notation I(R™ x R™ G,;) comes from the fact that the Schwartz kernels of such operators
are Lagrangian distributions associated with G,;, and in particular have wavefront sets included
in C. As a consequence, if T' € I;(R™ x R",G,;), WF};/(T) C Gr(x).

Let us state a simple proposition concerning the composition of Fourier integral operators :
Proposition 4-2.1. Let k1,r9 € K and T1 € I5(R x R, Gr'(k1)),Ts € I5(R x R, Gr'(k1)). Then,
TyoTy € Is(R x R, Gr' (k1 0 k2))

Proof. Let’s write Ty = Opp(a1)T1(1), To = Opp(az)T(1) with the obvious notations associated
with the Cauchy problems (4-2.1) for x; and k2. Egorov’s theorem asserts that T4 (1) Opp(ag)Ty (1)1
Opp(be) for some by € S5 and Opp(ai) Opr(ba) = Opp(aiF#ba). It is then enough to focus on the
case a1 = as = 1. We set

Ts(t) = Ty (2t) for 0 <t < 1/2
ST () o Tp(2t — 1) for 1/2 <t <1

It solves the Cauchy problem

{ hD:T5(t) + T5(t)Q3(t) = 0
T4(0) = 1d

with
R 2Q1(2t) for 0 <t <1/2
@s(t) = { 2Q2(2t —1) for 1/2 <t <1

To conclude the proof, it is enough to notice that this Cauchy problem is associated with the path
k3(t) between £(0) = Id and k3(1) = k1 o Ky where

() = k1(2t) for 0 <t <1/2
U= kioka(2t—1) for 1/2<t< 1

4-2.2. Precise version of Egorov’s theorem

We will need a more quantitative version of Egorov’s theorem, similar to the one in [DJN21]
(Lemma A.7). The result does not show that U(1)~ Opy(a)U(1) is a pseudodifferential operator
(one would need Beal’s theorem to say that) but it gives a precise estimate on the remainder,
depending on the semi-norms of a. We now specialize to the case of dimension n = 1 but the
following result holds in any dimension by changing the constant 15 in something of the form Mn.

Proposition 4-2.2. Consider x € K and note U(¢) the solution of (4-2.1). There exists a family
of differential operators (D;);en of order j such that for all a € S5 and all N € N,

N—-1
U(l)il Oph(a)U(l) =Opp|aok+ Z hi (Dj_Ha) ok | + 0 (hN||a||czN+15) (4—22)

Jj=1
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Proof. We keep the notations introduced previously. Let us first note
Ao(t) = U(t) Opnlao kU ()
and compute

1

U)o, A (1)U (t) = —51Q(2), Opn(a o )] + Opn ({ar, a o ke })
i h N
= Opy (lanaowe)) — - [ Opn [ Hanaow + 3 WL (@adi(ao )
j=2
+ 0 (hNHqt X (a o Ht)||c2(1\1+1)+13)
N-1 ) ) .
= Oph Z —thLj+1(dJ+lqt, dJ—H(a (¢] lit)) + Om (hNHCLHCzNHs)
=1

We now define by induction a family of functions a;(t),j =0,...,N —1 by
ao(t) = a; ap(t) = Z/ iLig1—m (A" gy, AT (@, () 0 Ky)) 0 Ky Mds
— /0

and set Ag(t) = U(t) Opy, (Z?:o hia;(t) o Ht) U(t)~!. We first remark by an easy induction on
k, that ax(t) is of the form Dyyq(t)a where Dyyq(t) is a differential operator of order at most

k + 1, with coefficients depending continuously on ¢ and on (x;);. We now check by induction the
following :

N-1 k

U)o AB)U () = —=iOpn | > D W Ljpam (@ g0, " (am(t) 0 £1)) | +0x (BN |al|c2vs15)

j=k+1m=0

We'’ve already done it for £ = 0. Let’s assume that the equality holds for £ — 1 and let’s prove it
for k> 1.

Ut) Lo, Ap()U(t) = U(t) L 0p Ap—_1 (U (t) + hFU (¢) 10, Opp, (ak () o k¢) U(t)
Let’s compute the second part of the right hand side.
U(t)_lat Opy, (ak(t) o Iit) U(t)
= —+1Q(1). Opalax(t) o m)] + Opi({ar, ar(t) o r}) + Opr (Drai(t) o )
N—1—k
= —1 Oph ( Z hlLl_H (dl+1qt, dl“(ak(t) 9 Ht))> + O,i (hN7k|‘ak(t)‘|cz(N+1—k)+13) + Oph (atak(t) @) Ht)
1=1

We can estimate the remainder by
Oy (hN7k||ak(t)|‘cz(1\r+1—k)+13) =0y (hN7k|‘a|‘cz(1\r+1—k)+13+k+1) =0y (hN7k|‘ch2N+l5)

We now combine this with the value of

N—-1 k-1
Ut) L0 A_1(t)U(t) = —i Opy, W Ljg1—m (g, & (a(t) 0 k) |40, (RN ]al|can+1s)

j=k m=0

By definition of ay(t), the term h* Opy, (0sax(t) o k¢) cancels the term corresponding to j = k
in the sum. Moreover, for every j > k, writing j = k+1,l € {1,...,N — 1 — k}, the term
REHLL (dl“qt, d'(ag(t) o nt)), gives the missing term h? L1y (djﬂ’kqt, TR (ag(t) o nt)).
This gives the required equality for Ag(t).
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In particular, 9, An_1(t) = O, (h"||a||czn+15). We now use the fact that at ¢t = 0, ag(0) =
a,a,(0) =0,k =1,...,N —1, U(0) = Id, ko = Id, and hence Ay_1(0) = Opp(a). Integrating
between 0 and 1, we hence have

AN_l(t) — Oph(a) =0, (hN||a||C2N+15)

Conjugating by U(1), we finally have

N-1
U(1)~! Opa(a)U(1) = Opy ( ot S Wrag(1) o ) + O (W lal gav1)
k=1
which is the what we wanted, since a(1) = Dg4+1(1)a. O

By using local charts and composition results (see for instance [DZ19], Proposition E.10), it is
possible to build local Fourier integral operators, which, combined with the last proposition, gives

Proposition 4-2.3. Let V C R? = T*R an open set and x : V — U C R? a symplectic map. Fix
pv € V. There exists W C V' C V|, neighborhoods of py and a pair (B, B’) of Fourier integral
operators in Io(k(V')x V' G’ (k)) x Iy (V' x k(V"), Gr' (k™)) which satisfy : there exists differential
operator (L;);>1 of order 2j and supported in V' such that for all a € S5(R?) with suppa C W
and for all N € N,

N-1
BOpu(a)B' = Opu(ac k') + Y B Op, ((Lja) o s~ ') + O (b ||a|cann)
j=1

for some universal integer M.

Proof. Tt is enough to treat the case py = 0 = k(py). It suffices to consider sufficiently small
neighborhoods of 0 so that the restriction of xk can be seen as the restriction of an element of K.
Then, one uses Proposition 4-2.2. O

4-2.3. An important example

Let us focus on a particular case of canonical transformations. Suppose that s : T*R"™ — T*R" is
a canonical transformation such that

(z,§,y,m) € Gr(k) = (x,n)

is a local diffeomorphism near (xg, £, Yo, M0). Then, there exists a phase function 1) € C*°(R™ xR™),
0, €, open sets of R™ and Q a neighborhood of (x¢, &, yo, —10), such that

Gr'(k) NQ = {(z, 0,9 (z,n),0y¢(z,m), =),z € Qu,m € Uy}

One says that ¢ generates Gr'(k). Suppose that that a € S5 (Q, x Q,). Then, the following
operator T is an element of I;""(R" x R", Gr'(k)) :

1
(2mh)"
and if T*T = Id microlocally near (yo,70) then |a(z,n)|> = |det D2, ¢ (z,n)| + O(h'~2)g; near
(20,%0,Y0,M0). The converse statement holds : microlocally near (zg,&o,¥yo,70) and modulo a

smoothing operator which is O(h®), the elements of I5(R™ x R™, Gr’(k)) can be written under this
form.

Tu(z) = / @@ (o mu(y)dydy (42.3)
R2n

4-3 Open quantum hyperbolic maps.

Let us consider an open hyperbolic map F', as described by the formalism in 3-1. We recall that
this formalism relies on :

e open intervals Y7,...,Y; of Rand Y = |_|;.]:1 Y; C |_|;.]:1 R;
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o U= |_|'j]=1 U; C |_|'j]=1 T*R? where U; € T*Y; are open sets;

e For j = 1,...,J, open disjoint subsets 5ij € Uj, 1 <1 < J, the departure sets, and for
i=1,...,J open disjoint subsets A;; € U;, 1 < j < J, the arrival sets ;

e Smooth symplectomorphisms Fj; : Bij — Fyj (5”) = gij

Then, F is the global smooth map F : D — A where A and D are the full arrival and departure
sets, defined as

)15 g

Finally, we recall that we note 7 C U the trapped set of F. B

Our aim is to define open quantum maps associated with F'. We fix a compact set W C A
containing some neighborhood of 7. Our definition will depend on W. Following [NSZ14] (Section
3.4.2), we now focus on the definition of the elements of I5(Y x Y;Gr(F)"). An element T €
Is(Y x Y; Gr(F)’) is a matrix of operators

T: zg 1<Z,j<] @L2 %@Iﬁ

Each T;; is an element of I5(Y; x Y}, Gr(F;;)’). Let’s now describe the recipe to construct elements
of L;(Y, X Y}', GI‘(F”)/)
We fix i,j € {1,...,J}.

e Fix some small € > 0 and two open covers of Uy, U; C U1L:1 O, Q€ ﬁl, with ﬁl star-shaped

and having diameter smaller than . We note L the sets of indices [ such that (NZZ C 5ij cU;
and we require (this is possible if € is small enough)

Fw)ynu; c |J
lel

e Introduce a smooth partition of unity associated with the cover (), (x1)1<i<r € C2° (€, [0, 1]),
supp x: C €, >, xi = 1 in a neighborhood of U;.

e For each | € L, we denote Fj the restriction to SNIZ of Fj;. By Lemma 4-2.1, there exists x; € K
which coincides with Fj on ;.

o We consider T; = Opp(a;)U;(1) where Uj(t) is the solution of the Cauchy problem (4-2.1)
associated with x; and o; € S5°"P(T*R).

o We set

= T,0pn(x1) : L*(R) — L*(R) (4-3.1)
lec
T® is a globally defined Fourier integral operator. We will note TR € I;(R x R, Gr(F};)"). Its
wavefront set is included in A” X D”

e Finally, we fix cut-off functions (¥;, ¥;) € C°(Y;,[0,1]) x C°(Y}, [0, 1]) such that ¥; =1 on
7m(U;) and ¥; =1 on 7(Uj)(here, 7 : (2,£) € T*Y, — = € Y, is the natural projection) and
we adopt the following definitions :
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Definition 4-3.1. We say that T : D'(Y;) — C>°(Y;) is a Fourier integral operator in the class
Is(Y; x Yy, Gr(Fy;)') if there exists TR € I5(R x R, Gr(F)') as constructed above such that

o T — \IJZ'T\I/J* = O(hOO)D/(Y])Hcoo(f)a

[ ] \I/ZT\I/] = \I/iTR\IJj

Remark.

The definition of this class is not canonical since it depends in fact on the compact set W through
the partition of unity.

For U; € Uy and U] = F(U}) C U;, we say that T' (or T*) is microlocally unitary in U/ x Uj if
TT* = Id microlocally in U] and T*T = Id microlocally in UJ.
We can now state our definition for open quantum hyperbolic maps associated with F' :

Definition 4-3.2. Fix § € [0,1/2[. We say that T'= T'(h) is an open quantum hyperbolic map as-
sociated with F', and we note T' = T'(h) € Is(Y xY, Gr(F)') if : for each couple (i,5) € {1,...,J}?,
there exists a semi-classical Fourier integral operator T;; = T;;(h) € I5(Y; x Y;, Gr(F;;)") associ-
ated with Fj; in the sense of definition 4-3.1, such that

J J
T = (Tyh<ij<s : P L (Vi) = P LAV
i=1 i=1

In particular WF,'(T) C A x D. We note Iy+ (Y x Y, Gr(F)') = Nsso Ls(Y x Y, Gr(F)').

We will say that T € Io+(Y x Y, Gr(F)") is microlocally invertible near 7 if there exists a
neighborhood U’ C U of T and an operator T" € Iy+ (Y x Y,Gr(F~1)’) such that, for every
uw=(u1,...,uy) € L*(Y)

Vief{l,.. . J}L WEy(u) C U NU; = TT'u=u+ O(h™)|Jullze, T'Tu = u+ O(h™)||u||2

Suppose that T is microlocally invertible near 7 and recall that T*T € ¥y+(Y). Then we can
write

T = Oph(ah)
where ay, is a smooth symbol in the class So+(U). We note a, = y/|ap| and call it the amplitude
of T. Since T is microlocally invertible near T, |ay| > ¢* near T, for some h-independent constant
¢ > 0, showing that ay, is smooth and larger than ¢ in a neighborhood of 7.
Remark.

If T' has amplitude «, at first approximation, 1" transforms a wave packet u,, of norm 1 centered
at a point pgy lying in a small neighborhood of 7 into a (squeezed) wave packet of norm a(pp)
centered at the point F'(pp).

We will say that T' is microlocally unitary near T if the two following conditions hold :

o ||[TT*|| <1+ O (h*) for some € > 0
e there exists a neighborhood © C U of T such that, for every u = (uq,...,uy) € @}'}:1 L3(Y;),

Vie{l,...,J},WFy(u;) C QNU; = TT*u=u+O0(h™)||u||r2, T"Tu = u+O(h™)||u|| 2

The first condition is not microlocal but global. Nevertheless, we choose to include it for
convenience (as we will see, these operators are in fact relevant near 7, where this condition is
implied by the second one). It is clear that the second condition implies that the amplitude is
equal to one in a neighborhood of 7. Let us now briefly see what it implies for the components of
T*T. First focus on the off-diagonal entries.

J J
(T*T)i; = > (T*)irThj = Y _(Thi)* T

k=1 k=1
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Ifke{l,....,J}and ¢ # j, (Thi)*Tk; = O(h*°) since

WFh/(T;i) C 5;”' X AV;W' ) WFhI(Tkj) C Avkj X Ekj and Avk]' n AV]”‘ = @
As a consequence, the off-diagonal terms are always O(h*). For the diagonal entries,

J
(T*T)ii = Y (Thi) T
k=1
Each term of this sum is a pseudodifferential operator with wavefront set
WFh(T]:iTki) C 5]“‘

Since the ZN)M are pairwise disjoint, 77" = Idz2(y) +O(h>) microlocally near 7 if and only if for
all k,4, T, Ty; = Idp2¢y,) +O(h*°) microlocally near Dy;. The same computations apply to T7™.
As a consequence, T is microlocally unitary near 7 if and only if for all (k,), Ty; is a Fourier
integral operator associated with Fj;, microlocally unitary near Dy, X Ay, (see the paragraph below
Definition 4-3.1).

Another version of Egorov’s theorem. The precise version of Egorov’s theorem in Proposition
4-2.2 is only stated for globally unitary Fourier integral operator defined using the Cauchy problem
4-2.1. We extend it here to microlocally unitary and globally defined Fourier integral operators.
We fix i,j € {1,...,J}.

Lemma 4-3.1. Let T' € I5(RxR, Gr(F;;)"). Suppose that B(p,4e) C U; and that T is microlocally
unitary in F;;(B(p,4€)) x B(p,4¢). Then, there exists a family (Dy)ren of differential operators
of order k, compactly supported in B(p, 3¢) such that the following holds : For every N € N and
for all b € C7(B(p, 2¢)),

N-1

1Ot} =0 <b orT 4 ) W (Dinab)o Hl) T+ 0 (WV[bllo2n+15) oy 122y
k=1

The constants in O depend on T and F'.

Proof. First, introduce some cut-off function x such that x = 1 in a neighborhood of B(p,2¢) and
supp x C B(p, 3¢). Due to these properties and Proposition 4-1.1, we have

Oph(b) = Oph(X) Oph(b) Oph(X) Oph(X) +0 (hN| |b| ‘CzN+13)L2(R)—>L2(R)
Moreover, Op(x)T*T = Opn(x) + O(h*>°) and hence,
T Opy(b) = T Opa(x) Opa(b) Opa(x) Opn ()T T+O (hN||bl|con+13) ;o 240 (h)|| Opa(b)|| L2 12

The term O(h>)||Opn(b)||z2—r> can be absorbed in O (hV|[bl|can+13),, .. Consider & €

K extending k|p( 3.y and construct U = U(1) by solving the Cauchy problem (4-2.1) asso-

ciated with &. Due to the properties on composition of Fourier integral operators (Proposi-

tion 4-2.1), T Opp(x)U ! and U Opy(x)T* are pseudodiffferential operators, and we note them
Opr(a1),Opr(az). Now write

T Opi(b) = [T Opa(x)U '] U Opi(b) Opn(x)U " [U Opn(xX)T*) T + O (K" [[b]| 2w 13)

= Opy(ar) [U Opa(b) Opa(x)U "] Opa(az)T + O (A [|b]|g2v+1s )

By using the precise version in Proposition 4-2.2, one can write

L2—L?

L2—L?

N—-1
U Opa(b) Opa(x)U ™" = Opy, (b on 4 Y (Liwib)o n*) +0O (WM][bllcav1s) o 1o
k=1
Applying Lemma 4-1.1, we see that we can write
N—-1
T Opx(b) = Opy, (bo ok '+ Y (Dry1b) o ,.;1> T+ 0 (BN |bllcan+15) o,
k=1
where by = a; X bo k™! X as. T being microlocally unitary in B(p, 4¢), the product ajas is equal
to 1 in B(p,2¢), and hence, the lemma is proved. O
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Chapter 5

Spectral gap for open quantum maps

In this chapter, we prove a spectral gap for open hyperbolic quantum maps (as defined in 4-3.2)
associated with open hyperbolic maps satisfying the formalism of 3-1.1.. The material of this
chapter comes from the paper [Vac22b]|, to appear in Analysis & PDE.

5-1 Introduction.

5-1.1. Motivations : scattering by convex obstacles and spectral gap.

To introduce the theorem we prove in this chapter, let us recall our main motivation : obstacle
scattering. We refer the reader to Part I for a broader introduction to the related problems.

Assume that ,
o=o;
j=1

where O; are open, strictly convex connected obstacles in R? having smooth boundary and sat-
isfying the Ikawa condition : for i # j # k, O; does not intersect the convex hull of @ U O.
Let
Q=R*\O
The resolvent of the Dirichlet Laplacian in €2 continues meromorphically to the logarithmic
cover of C. More precisely, suppose that xy € C2°(R?) is equal to one in a neighborhood of O.

X(=Aq = A)7Ix : L2H(Q) = L*(Q)

is holomorphic in the region {Im A > 0} and it continues meromorphically to the logarithmic cover
of C. Its poles are the scattering resonances and as explained in Part I, we are interested in the
problem of the existence of a spectral gap in the first sheet of the logarithmic cover (i.e. C\iR7).

The spectral gap has for instance been studied by [Ika88| in dimension 3. It has been experi-
mentally investigated in [BWPT13]| for three disks and five disks systems. In this study, the author
bring an experimental evidence of the presence of a spectral gap, no matter how thin the trapped
set is. We will also widely use the presentation and the arguments of [NSZ14] concerning the study
of the scattering resonances in obstacle scattering.

The spectral gap problem is a high-frequency problem and justifies the introduction of a small
parameter h, where % corresponds to a large frequency scale. Under this rescaling, we are interested
in the semiclassical operator

P(h)y=-h*A—-1 ,0<h<l1

and spectral parameter z € D(0,Ch) for some C > 0. In the semiclassical limit, the classical
dynamics associated to this quantum problem is the billiard flow in € x S! and the trapped set
plays a crucial role in the spectral gap problem.

A good dynamical object to study this structure is the topological pressure associated with the
unstable Jacobian ¢,. This dynamical quantity is a strictly decreasing function s — P(s) which
measures the instability of the flow (see Section 3-5.1). In dimension 2, Bowen’s formula shows
that the Hausdorff and upper box dimensions of the trapped set are 2sy where sg is the unique
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root of the equation P(s) = 0 (see Proposition 3-6.1). In [NZ09], the existence of a spectral gap
for such systems has been proved under the pressure condition

r(2)

Their result holds in any dimension, with a quantitative spectral gap. Our result doesn’t need this
assumption anymore. In fact, it relies on the weaker pressure condition :

P(1) <0

It is known that this condition is always satisfied in the scattering problem we consider since the
trapped set is not an attractor ([BR75]). Due to Bowen’s formula, this condition can be interpreted
as a fractal condition. This is this fractal property that will be crucial in the analysis.

Reduction to open hyperbolic quantum maps. An important aspect of our analysis to
prove Theorem A relies on previous results of [NSZ14]. Their Theorem 5 (Section 6) reduces the
study of the scattering poles to the study of the cancellation of

z = det(I-M(2))

where

M(2) : L*(90) — L*(90) (5-1.1)

is a family of hyperbolic open quantum map (see Section 4-3). The family z — M(z) depends
holomorphically on z € D(0,Ch) for some C' > 0 and is sometimes called a hyperbolic quantum
monodromy operator. The construction of this operator relies on the study of the operators My(z)
defined as follows : for 1 < j < J, let H;(z) : C*°(00;) — C*(R?*\ Oy) be the resolvent of the
problem

(—h?A—1—2)(H;j(z)v) =0

H;(z)v is outgoing

H;(z)v =v on 00;.

Let 7; be the restriction of a smooth function u € C*°(R?) to C*°(00;) and define My(z) by :

Oifi=j
—viH;(z) otherwise.

Mo(z) = {

Due to results of Gérard ([Gér88|, Appendix IT), this matrix is a Fourier integral operator associated
with a Lagrangian relation related to the billiard flow. A priori, it does exclude neither the glancing
rays nor the shadow region. Ikawa condition ensures that they do not play a role when considering
the trapped set and allows the author to neglect the effects of these regions (see Section 6 in
[NSZ14]). A consequence of their analysis is that M(z) is associated with a simpler Lagrangian
relation BT, which is the billiard map presented in 3-1.1.1.. This reduction will be presented in
more details in the following Chapter (see Chapter 6).

Spectral gap for hyperbolic open quantum maps. Using this reduction, Theorem A will be
proved once we are able to show that the spectral radius of M(z) is strictly smaller than 1 for
z € D(0,Ch) N {Imz € [—dh,0]}, for some 6 > 0. This will be a consequence of the following
statement, which will be partly demonstrated in this chapter (see subsection 5-1.2. below for the
exact version proved in this chapter).

Theorem 5-1.1. Let (M(z)), be the family introduced in (5-1.1), that is a hyperbolic quantum
monodromy operator associated with the billiard map BT. Then, there exist hg > 0, v > 0
and Tmax > 0 such that the spectral radius of M(2), pspec(2), satisfies : for all 0 < h < hg
and all z € D(0,Ch),

Pspec(Z) S e~V Tmax Im z

When z € R, the operator M(z) is microlocally unitary near the trapped set and its L? norm
is essentially 1. Then, we have the trivial bound

pSp@C(Z) <1
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The bound given by the theorem is a spectral gap since we obtain
pSPEC(Z) <e <1

The dependence of the bound with the parameter z is related to the amplitude of the open quantum
map M (z).

The link between open quantum maps and the resonances of open quantum systems has also
been established in [NSZ11] for the case of potential scattering and this is why we will also obtain a
spectral gap in this context. We review this reduction both in obstacle and potential scattering in
the following Chapter 6. We will show how it implies the spectral gap, and even obtain estimates
for the cut-off resolvent. The present chapter focuses on the proof of a more general Theorem
(see Theorem 5-1.2 in Section 5-1.2. below) concerning spectral gaps for open hyperbolic quantum
maps. The proof strongly uses the Fractal Uncertainty Principle.

On the fractal uncertainty principle. A broader introduction has been made in 2-2.2.. We
will give the precise definitions and statements in Section 5-5. We rather explain here the general
idea of this principle in the spirit of our use. Roughly speaking, it says that no function can be
concentrated both in frequencies and positions near a fractal set. Suppose that X, Y C R are
fractal sets. To fix the ideas, let’s say that X and Y have upper box dimension dx and dy strictly
smaller than one. For ¢ > 0, let’s note X (¢) = X + [—c¢, +¢] and the same for Y. Also denote F},
the h-Fourier transform :

1 czg

Fru(§) = W/Relhu(x)dx

The fractal uncertainty principle then states that there exists 5 > 0 depending on X and Y (See
Proposition 5-5.1 for the precise dependence) such that, for h small enough,

1 Fuly |l 2@)—r2m®) < b’

It will be a key ingredient in the proof of the main theorem of this Chapter. It has been success-
fully used to show spectral gaps for convex co-compact hyperbolic surfaces ([DZ16], [BD17],[DJ18b],
[DZ18]). A discrete version of the fractal uncertainty principle is also the main ingredient of [DJ17]
where the author proved a spectral gap for open quantum maps in a toy model case. Their result
concerning open baker’s map on the torus T? partly motivates our theorem on open quantum
maps.

The fractal uncertainty principle has also given new results in quantum chaos on negatively
curved compact surfaces. It has first been successfully used for compact hyperbolic surfaces in
[DJ17] where the authors proved that semiclassical measures have full support. The hyperbolic
case was treated using quantization procedures developed in [DZ16], which allow to have a good
semiclassical calculus for symbols very irregular in the stable direction, but smooth in the unstable
one (or conversely). In [Sch21], the same ideas lead to a full delocalization of eigenstates for
quantum cat maps. The quantization procedures used in these papers rely on the smoothness of
the unstable and stable distributions. This strategy fails for general negatively curved surfaces.
However, in [DJN21], the authors bypassed this obstacle and succeeded to extend these results
to the case of negatively curved surfaces. This is mainly from this paper that we borrow the
techniques and we adapt them in our setting. Theorem 3-3.1 on the regularity of the stable and
unstable distributions turns out to be crucial for this purpose, thanks to the adapted charts it
allows to build (see 3-4).

5-1.2. Statement of the main theorem.

Let us consider an open hyperbolic map F, as described by the formalism in 3-1.1.. We recall that
this formalism relies on :

e open intervals Y7,...,Y;of Rand Y = U}]:1 Y; C |_]3]:1 R;
o U= |_|;-]:1 U; C |_|3-7:1 T*R? where U; € T*Y; are open sets;

e For j=1,...,J, open disjoint subsets 517 € U;, 1 <1< J, the departure sets, and similarly,
for i =1,...,J open disjoint subsets A;; € U;, 1 < j < J, the arrival sets ;
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e Smooth symplectomorphisms Fij : Bij — Fij (D”) = gij

Then, F' is the global smooth map F : D — A where A and D are the full arrival and departure
sets, defined as

-

J . J

A= |_| Aij C |_| U;
i=1j=1 i=1
" J J J
p=LI015,< L1,
j=li=1 j=1

Finally, we recall that we note 7 the trapped set of F' and F' is supposed to satisfy the assumptions

(Hyperbolicity) and (Fractal). We also refer the reader to 4-3 for the definition of open quantum

hyperbolic maps (see Definition 4-3.2). We note pgpe. for the spectral radius of a bounded operator.
The goal of this chapter is to prove the following Theorem :

(Theorem 5-1.2. Suppose that F is an open hyperbolic map defined on U € T*Y. Then,
there exists v > 0 such that the following holds :

Let T =T(h) € Ig+ (Y x Y, F'") be an open quantum hyperbolic map associated with F in
the sense of definition (4-3.2) and a € S5°"*(U). Assume that T is microlocally unitary in a
neighborhood of T. Then, there exists hg > 0 such that

VO<h<ho , pspec(T(h)Opp(a)) <e 7|l

ho depends on (U, F), T and semi-norms of « in Ss.

- J
Notations. An element of S§°"*(U) is a J-uple & = (e, ..., ay) where each a; is an element of
S0ymp(R?) such that esssupp a; C Uj.

We fix a smooth function Uy = (Uy,..., ¥ ;) such that, for 1 < j < J, ¥; € C°(Yj,[0,1]) satisfies

U, =1 on n(U;) (recall that U; € T*Y;).
For a € S57"P(U), we also note Opy(a) the diagonal operator valued matrix:

J
Oph(a) = Dlag(\lfl Oph(al)\lll, .. \IJJ Oph a g \I/J @ —) @ L2

Note that as operators on L?(R), Opp(a;) and ¥; Opp(a;)¥; are equal modulo a smoothing
O(h*>).

Remark.

e If the value hg depends on T and «, this is not the case of v which depends on the dynamical
system (U, F).

e This is a spectral gap : it has to be compared with the easy bound we could have by using
the L2-norm of T Opp(c) which is essentially ||o|oo :

Pspec(T Opp()) < ||l + 0(1)
In particular, if @« = 1 in a neighborhood of T and |o| < 1 everywhere,

papec(T(1) < e < 1

e T Opy(a) is the way we've chosen to write our Fourier integral operator with amplitude «
in this Chapter.




5-1. INTRODUCTION. 153

A model example. To explain the main ideas of the proof of Theorem 5-1.2, let us show how
it works in an example where the trapped set is the smallest possible : a single point. In this
context, we only need a simpler uncertainty principle. We focus on a simplified open quantum
map modeling the case of 2 obstacles.

We consider the hyperbolic map

F:(2,6) e R* — (2712,2¢) € R?

It has a unique hyperbolic fixed point py = 0 and the stable (resp. unstable) manifold at 0 is given
by {¢ = 0} (resp. {x = 0}). The scaling operator

U:ve L*(R) — vV20(2x)

is a quantum map quantizing F. To open it, we consider a cut-off function x € C2°(R?) such that
x =1 in B(0,1/2) and supp x € B(0, 1) and we consider the open quantum map

M = M(h) = Ops(x)U
where Opy, is in this example (and only in this example) the left quantization :

1
_27Th R2

One easily checks that Egorov’s property for U is true without remainder term :

(x—y)¢

x(x, &)e 7 uly)dydé

Opxn(x)u(z)

U* Opr(x)U =Opp(xoF) , UOpu(x)U* =Opp(xoF ™)

To show a spectral gap for M, we study M™ with

log h
n =n(h) ~ _3log
4 log 2
This time is longer than the Ehrenfest time —llgi g . We write :

M”:U"Oph(XoF”)...Oph<XoF1)

The formula [Opp(a), Opx(b)] = O(h'~=29) is valid for a,b symbols in S5 and § < 1/2. The problem
here is that for 1 < k < n, yo F* are uniformly in S, /4 : this is not a good symbol class. To bypass
this difficulty, we observe that the symbols x o F*¥ are uniformly in S35 for k € {-n/2,...,n/2}.
As a consequence, for j € {1,...,n} we write:

[Opa (x 0 F™).Opi (x o F¥)] = U/ [Opy, (xo £7/) . Opy (x o F/=/2) | U™/
= U0 (R U
) (h”“)

where the constants in O are uniform with respect to j and depend only on x. Applying this
formula recursively to move the term Opy, (x o F™) to the right, we get that

M™ = U™ Opy, (x o F"~Y) ...0py (x o F') Opp (x 0 F") + O (h1/4 log h)
Similarly, we can write :
M = Opy, (x o F") Opn (x) ... Opn (x o F-™H) U™ + 0 (h1/4 log h)
Hence, we have
M = AOps (xo F") Opi (x o F~") B+ 0 (n/*1ogh)

with
A= A(h)=U"Opy, (xo F"')...0py (xo F') = O(1)
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and

B =B(h) =Opx(x)...Opn(xo F") U™ = 0(1)
We have the following properties on the supports

suppx o F™" C {[§| <27"} , suppxoF" C{|z|<27"}

Assuming that n(h) > —2 iggg, we observe that

Opn (x o F™) = Opp (x 0 F™) 1_p3/4 ps/a)(hDz)

Opn (x 0 F") = L-s/a pa/4)(x) Opp (x 0 F7")

Finally, we have
M?"H = AOpy (x © F™) 1 _ps/a pa/a)(hDy) L3/ pa/ay(x) Ops (x 0 F~") B4 O (h1/4 log h)
This is where we need an uncertainty principle :

|I]l[,ha/zl’hs/z;](hDI)]l[hfs/zL’ha/zL] (l‘)”[ﬁﬁL‘z = |‘]l[fh3/4,h3/4]‘/—-’h]1[7h3/4,h3/4]||L2%L2
<L —ps/aparlleesre X | Fnllpispe X |[Lpsra pa/al|p2—
< Ch3/8 X h71/2 % hd/S —_ Ch1/4

Here, the bound can be understood as a volume estimate : the box in phase space of size h3/% is
smaller than a "quantum box". Gathering all the computations together, we see that

M2 |22 = O (B4 log h)
Elevating this to the power ﬁ, we see that for every € > 0, we can find h. such that for h < h,,

p(M) < (1+¢)271/6

Remark.

What matters in this example is the strategy we use, and not particularly the bound, which is in
fact not optimal.

Sketch of proof. The strategy presented in this simple model case is the guideline, but its direct
application will encounter major pitfalls that we’ll have to bypass.

e The trapped set being a more complex fractal set, we’ll need the general fractal uncertainty
principle developed by S. Dyatlov and his collaborators.

e Even in small coordinate charts, the trapped set cannot be written has a product of fractal
sets in the unstable and stable directions. To tackle this difficulty, we use the adapted
coordinate charts constructed in Section 3-4 in which we straighten the unstable manifolds.
The existence of such coordinate charts is made possible by Theorem 3-3.1, which asserts
that the unstable (and stable) distribution can be extended in a neighborhood of the trapped
set to a C1P8 vector field.

e In the model case, there is only one point and hence one unstable Jacobian to consider which
gives the Lyapouvov exponent of the map log J}(0) = log?2. Generally, the growth rate of
the unstable Jacobian differs from one point to another (see 5-3.2.) and the choice of the
integer n(h) is not as simple. In fact, we prefer to break the symmetry 2n(h) = n(h) + n(h)
and split 2n(h) into a small logarithmic time Ny(h) and a long logarithmic time Nj(h) (see
section 5-2). The first one is supposed to be smaller than the Ehrenfest time and allows us to
use semiclassical calculus to handle M™e. As a matter of fact, the major technical difficulties
concerns the study of MM,
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e The study of MM requires fine microlocal techniques. The trick used in the model case to
have the commutator estimate is no more possible and we have to use propagation results
up to twice the Ehrenfest time. This is what we do in section 5-3.3. but this study has to
be made locally and we need to split M1 into a sum of many terms Uy.

e We could use the fractal uncertainty principle to get the decay for single terms A™No Ug.
However, a simple triangle inequality to handle their sum will no more give a decay for
MNotN1 gince the number of terms in the sum grows like a negative power of h. To bypass
this problem, we need a more careful analysis and we gather them into clouds (see 5-3.6.).
These clouds are supposed to interact with a few other ones, so that a Cotlar-Stein type
estimate reduces the study of the norm of the sum, to the norm of each cloud. The elements
of a single cloud are supposed to be close to each other, so that the fractal uncertainty
principle can be applied to all of them in the same time and gives the required decay for a
single cloud.

Our strategy follows the main lines of the proof of [DJN21]. In particular, their strategy allows
us to apply the fractal uncertainty principle of [BD18]| in a case where the unstable foliation is not
smooth (and in fact, a priori defined only in a fractal set). Their strategy relies on the existence
of adapted charts based on C?  regularity of the unstable foliations in negatively curved surfaces.
It is based on results of [HK90] for Anosov flows. In our work, this strategy relies on the adapted
charts of 3-4. Another aspect which changes from [DJN21] is the proof of porosity. In their study,
the porous sets arise as iteration of artifical "holes" and they had to control the evolution of such
holes. In our context, this study is easier since we already know that the trapped set has a fractal
structure, characterized by its fractal (Hausdorff or upper-box) dimension.

Restrictions. The main restriction of our theorem is that it only applies to quantum maps with
two-dimensional phase space. In terms of open systems, it only concerns problems with physical
space of dimension 2. Several points explain this restriction :

e The fractal uncertainty principle works in dimension 1. In higher dimension, the result is
currently not well understood and the only known cases require strong assumptions on the
fractal sets (See [Dyal8], Section 6).

e Our proof strongly relies on the regularity of the stable and unstable laminations.

e The growth of the unstable Jacobian controls the contraction (resp. expansion) rate in the
unique stable (resp. unstable) direction.

5-2 Start of the proof and a key result.

We start the proof of Theorem 5-1.2. The rest of the Chapter is dedicated to this proof.

Notations. Throughout this chapter, the meaning of the constants C' can change from line to
line but these constants will only depend on our dynamical system (U, F'). If there is another
dependence, it will be specified.

We consider T = T'(h) € I+ (Y x Y, F’) an open quantum hyperbolic maps associated with F
microlocally unitary in a neighborhood of 7, and a symbol « € Sy+ (U). We want to show a bound
for the spectral radius of M (h) = T'(h) Opp(«), independent of h. We’'ll use the standard fact :

||]MTL||L2HL2 <p = pSPEC(M) < pl/n

The trivial lemma which follows reduces the theorem to the study of ||M"|| with n = n(h) ~
o) log h|.

Lemma 5-2.1. Let 6 > 0 and N(h) € N satisfy N(h) ~ d|log h|. Suppose that there exists hg > 0
and v > 0 such that
YO<h<hy , [[MMHB)NP| <Y ® (5-2.1)

Then, for every € > 0, there exists h. such that, for h < he,

PSPeC(M(h>) < 6_%+EHO‘| |oo
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~log h
Proof. It suffices to observe that under the assumption (5-2.1), we have pspec(M(h)) < e Q) [let] oo
and use the equivalence for N (h). O

Remark.
If we use the bound ||M|| < ||| + O(h'/?~%), one get the obvious bound ||MN]|| < ||af|¥ (1 +
o(1)). Hence, (5-2.1) is a decay bound.

The proof of Theorem 5-1.2 is then reduced to the proof of the following key result, which will
be exploited in Chapter 6 :

Theorem 5-2.1. There exists 6 > 0, ho > 0, a family of integers N (h) ~ d|log(h)| andy > 0
such that, for 0 < h < hg
1M (RN W < 17| |7 (5-2.2)

Actually, the precise value of N(h) we’ll use is rather explicit and we now describe it. Recall
that the unstable distribution has C1# regularity for some 3 €]0, 1] (see Theorem 3-3.1). We set

1

b=—— 5-2.3
1+8 ( )
We now choose &y € (0, 1) such that
b+dp <1 (5-2.4)
For instance, let us set
5o = I-b B
07 T2 T 21+5)
Let us also recall the definitions of the exponent Ag < A; in (3-2.5) and (3-2.6) :
"o < JU(p) < e™M and e~"M < J3(p) < e ™0 sneNpeT
emo < JE (p) < e™M and e”"M < JY (p) < e o ineNpeT
We then introduce the following notations
o 1
N(h) = No(h) + Ni(h) ; No(h)= )\T“Og(h” ;o Ni(h) = )\*0|10g(h)| (5-2.5)

No(h) (resp. Ni(h)) corresponds to a short (resp. long) logarithmic time. We will omit the
dependence on h in the following.
To be complete with the numerology, we introduce another number 7 < 1 such that

A
b<7’<1and(50>\f0+7'>1 (5-2.6)
1

The meaning of these conditions will be clear in the core of the proof and we won’t miss to recall
where they are used. For instance, we set

1202 2.
T N4 (5-2.7)

An important remark. If two operators M;(h) and Ma(h) are equal modulo O(h*°), this is also
the case for My (h)N ™ and My(h)N™) as long as
- N(h) = O(logh).

- My (h), May(h) = O(h—%) for some K.
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This will be widely used in the following. In particular, recall that we work with operators acting
on L?(Y) but these operators take the form M;(h) = Wy Ma(h)¥y where Uy € C°(Y,[0,1]) and
Ms(h) is a bounded operator on @j:l L?(R) such that My(h) = ¥y My(h)¥y + O(h*°). As a
consequence, modulo O(h™), it is enough to focus on My(h)N ")
and even if we keep the same notation, we work with

. For this reason, from now on

J
M(h) =T (h) Opu(a) : P L*(R) — P L*(R)
j=1

where T'(h) = (Ti;(h)) with T;; € I (R x R, F;) and

Opn(a) = Diag(Opn(ai), ..., Opplay))

5-3 Construction of a refined quantum partition.

5-3.1. Microlocal partition of unity and notations.

We consider some g¢ > 0, which is supposed small enough to satisfy all the assumptions which will
appear in the following.
We consider a cover of T by a finite number of balls of radius ¢g :

Q
TC UB(pq,eo) i pg €T

qg=1
and we assume that for all ¢ € {1,...,Q}, there exists jq,l;, mq € {1,...,J} such that
B(pq,2€0) C qulq ﬂqujq C qu
We also assume that 7" is microlocally unitary in B(pg,4eo). We then note

Vq = B(pq, 280) (5-3.1)

Remark.

In the case of obstacle scattering, with obstacles satisfying the non-eclipse condition, it is possible
to choose a simple partition of unity, related to the coding of the trapped set according to
the sequence of obstacles hit by a trajectory. Indeed, due to a result of [Mor91], there is a
homeomorphism between the trapped set and the admissible - that is two consecutive obstacles
are different - sequences of obstacles. As a consequence, if the obstacles are numbered from 1 to
J, we can partition the trapped set by open subsets Uy indexed by

(@ =(a_n,...,an) e {1,..., J¥*N* a0 # o)

The diameter of such partition goes to 0 as IV goes to 400 and we could get the required partition
(Vy)q, with the additional property of being disjoint open subsets of U. This would simplify the
study in this particular setting.

We complete this cover with
Q

Voo = U\ | Blpg, 20) (5-3.2)

q=1

U’ € U is an open set such that WF,(M) € U’ x U’. We note U; the component of U’ inside Uj.
We note A= {1,...,Q} and A, = AU {oc}.

We then consider a partition of unity associated with the cover Vi,..., Vg, Vs, namely a family

of smooth functions x, € C°(U), for ¢ € A such that :

e suppxq C Vq
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Figure 5.1: The partition (V;)4e4.. is made by small neighborhoods of T (small purple disks) and
a big open set included in U’.

e 0<xg<1

e 1=% ca Xgin Upea, Vo

More precisely, if ¢ € A, x4 € C°(Uj,) and for every j € {1,..., J}, there exists b; € C2°(U;) such

J
that on U, 1 =bj + 3" c 4 ;. —; Xq- Thus, Xoo =327, b;.
We can then quantize these symbols so as to get a pseudodifferential partition of unity. More
precisely, to respect the matrix structure, we may write this quantization in a diagonal operator
valued matrix, still denoted Opy, :

o for ¢ € A, A; = Opi(x,) is the diagonal matrix Diag(0,...,Opn(Xq),0,...,0) where the
block Opr(xg) is in the j,-ith position ;

[ Oph(Xoo) = Diag(Oph(bl), ey Oph(bJ)).

The family (A,)qea., satisfies the following properties :

> Ay =1d microlocally in U’ 5 Vg € Ax, ||Agl| < 14 O(h'/?) (5-3.3)
qEA

Since M =3 4 MA;+ O(h*), we may write

M™ = " Uq+O(h™)

qeAY
where for q =qo...¢n-1 € AL,
Ug=MA,, ,...MA, (5-3.4)
Forq = qo...,qn-1 € A%, we also define a family of refined neighborhoods, forming a refined

cover of T,
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n—1 n—1
Va=(1F"W) i Vi=F"(Vg)=(F"" Vo) (5-3.5)
i=0 =0

This definition imply that a point p € V; lies in V,, at time i (i.e F'(p) € V,,) for 0 <i<n—1
and a point p € VCJ{ lies in V,, , at time —¢, for 1 < ¢ < n. Roughly speaking, we expect that
each operator Uq acts from Vg to V; and is negligible (in some sense to be specified later on)
elsewhere. Combining (5-3.3) and the bound on M , the following bound is valid (for any € > 0) :

Uqllz2z2 < (Ilal\oo + O(hl/H)) (5-3.6)

As soon as |n| < Cpl|logh|, we have ||Uq||r2—12 < Cllaf|, for some C' depending on Cp and a
finite number of semi-norms of a.

Reduction to words in A. We can find a uniform Ty € N such that if p € V4, there exists
k € {-Ty,..., Ty} such that F*(p) "falls" in the hole. By standard properties of the Fourier
integral operators, each component (M TO)ij of M™o is a Fourier integral operator associated with
the component (F7°);; of FT0. In particular, WF}'(MT0) c Gr'(F™0).

Let us study M2tV Ifq =qp...qn_1 € AY and if there exists an index i € {0,..., N—1}
such that ¢; = oo, one can isolate this index ¢ and trap A,, between two Fourier integral operators
M, My, belonging to a finite family of FIO associated with F7°, so that we can write

MPUGM™ = By My As M2 Bs
where By, By satisfy the L?-bound :
[1B1]l % [|Bzl| < ([lelloe + O(RY)N "1 = O(h™F)
for some integer K. Since,
WE (M Ao M) C {(F™(p), F~"(p)) 5 p € WFj(As)} =0

we have My A Ms = O(h®), with constants that can be chosen independent of q. Hence, the
same is true for MToU M. | AN] is bounded by a negative power of h. So, we can write :

N+2Ty _ T T
MNFTo = N Aoy M
qe ALY

=Y MPUM™ + O(h*)
qeAN

=M™ | N Uq | M™ +O(h*)

qEAN
We can then replace M by
M= MA; = M(Id—Ax) + O(h™) 2,12 (5-3.7)
qeA
A decay bound
[[90(n)N ] < B[ |5 (5-3.8)

will imply the required decay bound (5-2.2) for M with N(h) replaced by N(h) + 2T,. We are
hence reduced to prove the decay bound (5-3.8).
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5-3.2. Local Jacobian.

A first definition. Following [DJN21]|, we introduce local unstable and stable Jacobians and we
then state several properties. For n € N* and q € A", let us define its local stable and unstable
Jacobian.

Jg = inf J¥(p), S = inf L J2a(p) (5-3.9)
PETNVg PETNVg

By the chain rule, we have for p € TNV,

7200) = [T 7t (Fi ()
1=0

A similar formula is true for p € TNV :

n—1 n—1
s s i—n -1 s —1
T2 =TT 2 (F ) =TT 720 (F 7))
i=0 i=0
Hence, we’ve got the basic estimates :
— Aon — Ain
TNV, £ = e <Jg <et (5-3.10)
-+ Aom + An
TﬂVq#(Z) = e < Jy <et (5-3.11)

fa=qo...qn-1and q- =qo...qn—2, then Vg C Vg and thus
Jg = ey (5-3.12)
Similarly, if g+ = ¢1 .. - ¢n—1, V;r C V;ﬁr and
+ Ao 7+
Jg = ey, (5-3.13)

As a consequence of Corollary 3-2.1, if ¢ is small enough, the local stable and unstable Jacobians
give the expansion rate of the flow at every point of 7 N Vojf. If7n ti # 0,

VpeT NVy, Ju(p) ~Jg (5-3.14)
VpeTNVE, J2,(p) ~ J& (5-3.15)

This definition is slightly not satisfactory since J(f = 400 as soon as V(f NT = (. However,
when fo # (b, this set can still stay relevant. For this purpose, we will give a definition of local
stable and unstable Jacobian for such words with help of the Shadowing Lemma ([HK95] , Section
18.1).

Enlarged definition. Let n € Nand q=qo...¢n—1 € A". We focus on Vg, with the case of V(J{
handled similarly by considering F~! instead of F.

If Vg N'T # (), we keep the definition given in 5-3.9. Assume now that Vg # 0 but Vg N7 = 0.
Fix p € V. By definition of V,,, for i € {0,...,n — 1}, we have d(p;, F"*(p)) < 2. Hence,

d(F(p:), piv1) < d(F(ps), F"T(p)) + d(F"(p), piy1) < Ceo

for a constant C only depending on F. That is to say, (po, - - ., pn—1) is a Ceg pseudo orbit. Assume
that §p > 0 is a small fixed parameter. In virtue of the shadowing lemma, if ¢ is sufficiently small,
(o, - - -, pn—1) is 8o shadowed by an orbit of F' : there exists p’ € T such that for i € {0,...,n—1},
d(ps, F(p')) < bo. Consequently, d(F*(p), F'(p')) < 6o + Ceq. If py is another point in V, for
i=0,...,n—1, d(F'(p2), F'(p')) < 2e9 + Ceg + dp. For convenience, set eo = 2¢0 + dy + Ceo
and note that €5 can be arbitrarily small depending on £y. As a consequence, we have proven the
following
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Lemma 5-3.1. If Vg # 0, there exists p’ € 7 such that Vi € {0,...,n — 1} and p € V,
d(F"(p), F'(p')) < e2.

Fix any p’ satisfying the conclusions of this lemma and we arbitrarily set
— _ qu( .t
Jq =) (5-3.16)

If p) is another point satisfying this conclusion, we have d(F*(p’), F'(p})) < 2 fori € {0,...,n—1}
and in virtue of Corollary (3-2.1),
Tn(0") ~ T3 (1)

Hence, up to global multiplicative constants, the definition of this unstable Jacobian is independent
of the choice of p'. Notice that if Vg N7 # 0, any p’ € T NV satisfies the conclusions of Lemma
5-3.1 and Jg ~ Jy(p').

To define J, we can argue similarly and show that there exists p’ satisfying d(F*(p'), F*(p)) <
ggforie {-n,...,—1}and p € V:lr. We can assume that this is the same €3 as before and we set
Jo=J2,(p') for any p'.

Behavior of the local Jacobian. The following three lemmas are crucial to understand the
behavior of the evolution of points in the sets V(jf. The first one gives estimates to handle these
quantities.

Lemma 5-3.2. Let n € N and q,p in A™. If gg is chosen small enough, then the following holds
1) Vi #0 <= Vg # 0 and in that case Jg ~ J.
2) If two propagated neighborhoods intersects, the local Jacobians are comparable :

VinVi40 = JF~J3 (5-3.17)

3) If q can be written as the concatenation of q; and qs of lengths n; and ns such that
ni + ny = n and if ti # (), then
JE~JEJE (5-3.18)

q d1 7 qz2

Notations. The constants in ~ are independent of p and n. They depend on F' but also on the
partition (V,)4. In the following, we’ll be lead to use constants with the same kind of dependence.
These constants will be allowed to depend also on the partition of unity (x4), and on M. Constants
with such dependence will be called global constants.

Proof. 1) The equivalence is obvious. From the fact that F is a volume-preserving canonical
transformation, we have for some C' > 0,

VpeT,VneN,C' < J4p)J5(p) <C

and we write J%(p) ~ J:(p)~t. From F~" o F"(p) = p, we also get J:(p)~t = J5, (F"(p)).
Eventually, if p' € T satisfies d(F*(p), F*(p') < €3 for i € {0,...,n — 1} and p € V,
F™(p') = p* satisfies d(F(p), F*(p™)) < e3 for i € {—n,...,—1} and p € VI. Hence

Jq ~ I2,(p7) ~ T (p') ~ JIg
Thanks to this first point, it is enough to show the remaining point only for —.

2) Pick pq € T (vesp. pp) satisfying the conclusions of lemma 5-3.1 for Vg (resp. V).
d(F'(pq), F'(pp)) < 2e5 and hence, in virtue of Corollary 3-2.1, J¥(pq) ~ J¥(pp). This gives
2).

3) Pick p € T satistying the conclusions of lemma 5-3.1 for V.
By the chain rule, J3(p) = J, (F"(p)) J;; (p). Remark that

Va =V NF7" (Vgy)

Hence, p satisfies the conclusions of Lemma 5-3.1 for q; with €2 and the same is true for
F"i(p) and qg. It follows that Jg, ~ Jy (p) and Jg, ~ J! (F"(p)). This gives 3).
O

Remark.
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Wﬁ(pl)

. .

Figure 5.2: Evolution of the set Vg (the red hatched set) at time 0 and 7 —1. The points p;, F*(p')
are represented at these times, so as the balls B(F*(p’),e2) and B(F(p'),dy) (their boundaries are
the blue dotted lines). We’ve also represented the stable (resp. unstable) manifold at F'(p’) to
show the directions in which F' contracts (resp. expands).
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The first point of the previous lemma shows that we could consider only one of the two quantities.
Nevertheless, we prefer keeping trace of it. The reason is that a priori J* and J~ support two
different kind of information : le' controls the growth of F™ whereas J controls the growth of
F~". The fact that the two dynamics (in the past and in the future) have similar behaviors is a
consequence of the fact that F' is volume-preserving.

The next lemmas relate the local Jacobian to the expansion rates of the flow in the ti. It will
be important in our semiclassical study of operators microlocally supported in V(f.

Lemma 5-3.3. Control of expansion rate by unstable Jacobian. If gy is small enough,
there exists a global constant C' > 0 satisfying the following inequalities.
For every n € N* and q € A™ such that V; # () we have :

sup ||d,F"|| < CJg (5-3.19)
PEVY
sup ||d,F"|| < CJS (5-3.20)
pEVY

Proof. This is a consequence of (3-2.13). Indeed, if Vg # 0 and if p’ € T satisfies the conclusions
of lemma 5-3.1, for every p € Vg, ||d,F"|| < CJ}(p) with C a global constant depending only on
£9. O

This third lemma emphasizes that Vg lies in a small neighborhood of a stable manifold and V,_.J{
lies in a small neighborhood of an unstable manifold, with the size of this neighborhood controlled
by the local Jacobian. It is a direct consequence of Lemma 3-2.3.

Lemma 5-3.4. Localization of the V;f. There exists a global constant C' > 0 such that for all
n € N and q € A",

(1) IV # () and if p’ € T satisfies the conclusion of lemma 5-3.1, then, for all p € Vg »

C
d(p,Ws(p)) < — (5-3.21)
Jq
(2) It le' # 0 and if p’ € T satisfies the conclusion of lemma 5-3.1 in the future (namely,
d(F'(p), F'(p')) < &3 for all p € VI and i € {—n,...,—1}), then for all p € V],
, C
d(p,Wu(p)) < o (5-3.22)
a

5-3.3. Propagation up to local Ehrenfest time.

In this section, we show that under some control of the local Jacobian defined above, one can
handle the operators Uq and prove the existence of symbols aﬁ (in exotic classes S5) such that

Uq = Opy (af) T4 + O(h*) (5-3.23)
Uq =T'9 0py, (ag) + O(h™) (5-3.24)

with symbols aac supported in Vélt. We recall that Uy = MA,, ... MA, with M =T Opp(a).
Let us state the precise statement we will prove.

Proposition 5-3.1. Fix 0 < § < 61 < % and Cy > 0.

(1) For every n € N and for all q € A" satisfying
J& < Coh™° (5-3.25)
there exists ag € [|a||’, S5 ™" such that
Uq = Opy (ad ) T" 4+ O(h™®) 2, 12 (5-3.26)

and
suppag C Vi (5-3.27)
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(2) For every n € N and for all q € A™ satisfying

Jg < Coh™° (5-3.28)

there exists ag € |||, S5, " such that
Uq = T" Opy (ag) + O(h™) 12,12 (5-3.29)
suppag C Vg (5-3.30)

Remark.

e The implied constants appearing in the O(h®) are quasi-global : they have the same de-
pendence as global constants but depend also on Cy,d,d;. What is important is that they
are independent of n and q as soon as the assumption (5-3.25) is satisfied.

e (5-3.25) implies that V;‘ # (0. In particular, if q satisfies this assumption, there exists a

sequence (ig, . .., %,) such that for all p € {0,...,n —=1},V,, C Dy ., C U,

e In fact, suppad C F (V,,_,) C U;,. Hence, the operator Opy, (ag) acting on @, L*(R)
is the diagonal matrix Diag(0,...,Opy (ajlr) oo, 0).

e The symbol a;; has an asymptotic expansion in power of h. The principal symbol is given
by

(@)= a4, o F? (5-3.31)
p=1

where a, = x4 xa. Note that if the functions a,, _, o F'~? are not necessarily well defined, the
product is well defined thanks to the assumptions on the supports of x,, namely supp x, €
V,- Indeed, such a symbol can be constructed inductively as the n-th term b,, of the sequence
of functions b; = ag, © F~! and b;, is obtained from a; by the following

bit1 = (aqi X ai) oF!

If we assume that suppb; € Vi ., then supp(aq, x b)) € F~* (V5 ). This property
allows us to define b; 1 and suppb;+1 € V;;...qi'
e The same hols for ag with principal symbol
n—1
(aq)y =TT aq, o F* (5-3.32)
p=0

e Our proof follows the sketch of proof of [DJN21] (Section 5) and [Riv10] (Section 7).

In the end of this section, we focus on proving this proposition. We only prove the first point.
The second point can be proved similarly by using the same techniques.

5-3.3.1. Iterative construction of the symbols.

Let us start by a lemma combining the precise versions of the expansion of the Moyal product
(Lemma 4-1.1) and of Egorov theorem (Proposition 4-2.2). This lemma is the key ingredient for
the iterative formulas below.

Lemma 5-3.5. Let ¢ € A and let a € ngmp such that suppa € U; for some j € {1,...,J}. Then,
there exists a family of differential operators Lj , of order 2k, with smooth coefficients compactly
supported in Vg, such that for every N € N, we have the following expansion

N-1

MAq Oph(a) = Oph <Z hk(Lk’qa) o F1> T+ O (||a||czN+15hN)L2_)L2 (5—333)
k=0

Moreover, one has Lo 4 = Xq X o i= aq.

Remark.
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e Again, since suppa C Uj;, Opy(a) is a diagonal matrix with only one non-zero block equal
to Opp(a).

e Recall that we've supposed that V, C Bm As a consequence, the symbols

aja*
k _
a(l ) — Liqa0F 1

are equal to Ly qa o (qujq)_l and are supported in Uy, : Oph(agk)) is still a diagonal
matrix.

Proof. Let us first work at the order of operators L?(R) — L?(R) and let us study :

M5, OPr(Xq) Opn(a) = Thn,j, Opn(ay,) Opa(xg) Opa(a)

Using Lemma 4-1.1, we write

N-1 . kpk
i"h

Opn(Xq) Opn(a) = Opy, <Z TA(D)k(xq ® a)|p_p1_p2> +0 (hN||xq ® al|gan+1s)
k=0 ’

the principal term of the expansion being xqa. Set aqr(p) = A(D)*(xq ® a)|p=p,=p, and use
Lemma 4-1.1 to write

ik1+k2 hk1+k2
Oph(ajq) Oph(Xq) Oph(a) = = Z W Opy (A(l))k2 (Oéjq 024 aq7k1)\p:p1:p2) + O (hN||a||C2N+13)
ki+ko<N e

The principal term in the expansion is a;, x4a. We note that
k
a— Z A(D)"™ (0, ® aq,ky ) p=p1=ps

is a differential operator of order 2k. Using the precise version of Egorov theorem in Lemma 4-3.1,
we see that for any b with supp(b) C V,,

N-1

qujq Oph(b) = Opy, (b o (qujq)_l + Z hk(Dkb) o (qujq)_1> + 0O (hN||b||CzN+15)

k=1
where D), are differential of order 2k compactly supported in V,. Applying this to the previous

expansion, we see that we can write :

N-1

Tinyj, Opr(aj,) Opa(Xq) Opn(a) = Opp ((ajqxqa) o F'+ Y k¥(Lyqa)0 F‘1> +0 (hN]|al|g2v15)
k=1

We now come to the entire matrix operator. Note that the matrix M Opp(x4) Opn(a) is of the
form

0 ... Mqu Oph(Xq) ... 0
Do ; : 1] Opala)
0 ... Mqu Oph(Xq) ... 0

Recall that WF;,(Oppn(x4)) C qujq and WF}'(M,,, ;) € Gr'(F,,j;,). Hence, for m # myg,
My, Opr(Xq) = O(h™) and the previous matrix can be written

0 ... O(h*) .0 0 ... 0 .0

0 ... Mpy,;,O0pu(xg) --- 0|Opu(a)=|0 ... My, Opu(xe)Opa(a) ... 0]|+O(h>)||Opn(a)|r>

0 ... O(h>) .0 0 ... 0 .. 0
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With constant in O(h*) depending on x4, M and || Opp(a)||r2—r2 = O(||al|cs). Let’s note

agk) = Lyqa0 F

and observe that supp(agk)) C F(suppxq) € Zlmqjq. Consider a cut-off function y, such that

Xq = 1 in a neighborhood of F(suppyx,) and suppx, C gm Using Lemma 4-1.1 and the

support properties of X4, one has

qJq*

Opa(af”) = Opi(af") Op(Xg)+O (AN Fl[a"[|caox-1110 ) = Opa(af”) Opi()+O (WY {lal|cans)

Then, one can write Oph(agk))T on the form

0 0
Opn(at™) Opu(R) Tyt - Opn(al™) Opu(Rg)Tonys | + O (BN Fllal|gansas)
0 0

and for j # jg, Opu(Xq)Tm,; = O(h™). We can conclude that

0 ... .0
Opu(ai)T = [0 ... Opu(al") Opu(R)Tmys, - O | + OB Opr(ai?)l 1212 + O (WX H[al | gan11s)
0 0
0 0
=10 ... Opu(@™)T,;, 0| +0 (hN=*|a]|conss)
0 ... .0
Combining this with the version obtained with M, ;. , we get (5-3.33). O

Let us now start the iterative construction of the symbols. Fix N € N which can be taken
arbitrarily large. Recall that we want to write

Uq = Opy (ad) T4 + O(h™) 2o, 1 (5-3.34)
Note U, = Uy,...q,_,- We want to write

N-1

U, = Opy <Z hka§k>> T" + RV (5-3.35)
k=0

We start by writing
N—1

U, = Ops (Z h’“ag’“)) T+ R\ (5-3.36)
k=0

which is possible in virtue of (5-3.33). To pass form U, to U,.1, we have the relation
N-1
Upsr = MA, U, = S h*MA,, Opy, (aw) T" + MA, RN
k=0
So, we will construct inductively our symbols by setting

k
o =" (Lpg.a™ ) o (Fipy) ™ (5-3.37)

p=0



5-3. CONSTRUCTION OF A REFINED QUANTUM PARTITION. 167

and

N—1
RY) = MA, RN + 3 0 (|\a§!€>||cz<H)+15) (5-3.38)
k=0
The O encompasses the remainder terms in Lemma 5-3.33. The constants in the O only depend
on M and the xg4,q € A, but not on q.

To make this construction work, we will have to prove that the symbols a, *) lie in a good
symbol class S5°™".

Before reaching this step, let us just note that by induction one sees that :

[ ]

N-1r—1
IIRM|| < Oy (1 +3 Y ||a§’“>|C2<M>+15> (5-3.39)
k=0 1=0
with Cn depending on IV, M and the ag4, but neither on r nor q.
e Since L, 4 has coefficient supported in V,,, we see by induction that supp a,, +1 cVr as

q0---qr
ar(mounced
0) r+1 —p
d ar+1 - Hp 19qr41- P oF

5-3.3.2. Control of the symbols.

We aim at estimating the semi-norms ||a£k)\|cm for k < N, 1 <r <nand m € N. We will show
the following :

Proposition 5-3.2. For every r € {1,...,n}, k € {0,..., N—1} and m € N, there exists C(k,m),
such that with I'y, ., = (K +1)(m + k + 1),

2k+m
la®llcm < Clmy™m (15, )" llallk (5-3.40)

q0---4r—1

Remark.

e What is important in this result is the way in which the bound depends on r and q. Up to
the term rT*m  which is supposed to behave like O (\ log h|Fk‘vm), the significant part of the
estimate is that we can control the symbols by the local Jacobian.

e Since suppa ) ¢ V;g 4> We need to focus on points p € Vj g
e Our method is very close. to the ones developed in [Riv10] and [DJN 21]. However, we’ve
changed a few things at the cost of being less precise on the exponent I'y ,,,. Our aim was

to treat our problem as if we wanted to control the product of r triangular matrices.

Let us pick p € V5 . With (5-3.37), one sees that if k,m € N, dma 7'+1 depends on

dm/agk,)(F ~1(p)) for several m/, k’. Before going deeper in the analysis of this dependence, let us
note two obvious facts :

e This dependence is linear, with coefficients smoothly depending on p.

o If d™a E,Jr)l depends effectively on d™ a'* J(F=1(p)), then k' < k and 2k’ + m’ < 2k + m.
Precise analysis of the dependence. That being said, let us pick mg, kg € N. Set Ny = 2kg+mg
and consider the (column) vector

A (p) = (d™a® € S™THU 5-3.41
(0) = ("), _ o LD e (5-3.41)

Here S™TU is the spaces of m-linear symmetric form on 7,U. To define a norm on the fibers
S™ITyU, we can use for f € S™T U

V1y.e.o, U
[fllmp= " sup I Om) (5-3.42)
V1 yeees U €T, U ||U1Hp~-|‘vm||p
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Figure 5.3: The starting point (kg,mq) is represented by a diamond. The set Z corresponds to
the couple (k,m) € N? in the region under the dotted lines k¥ = ko and 2k +m = Ny. We've
represented a family of arrows starting from a point v, € Z. The dotted arrows points toward g
such that 72 < 1. The big red arrows points toward points v such that Pﬁ% =0.

where |[[v]|, for v € T,U is the norm induced by the Riemannian metric used to define J{* in 3-2.3.
Note that for any fixed neighborhood of 7T, there exists a global constant C' > 0 such that for each
a € CF(U) supported in this neighborhood, one has

CMjallem < sup sup [[d™ ||, < Clallcm
m’'<m peU

We will denote by 71,72, etc. elements of Z := Z(kg, mo) = {(k,m) € N2 k < ko, 2k +m < No}.
We equip Z with the lexicographic order < and note #Z = Ty, m, (see Figure 5.3). We order
the indices of A,(p) with <. A,(p) depends linearly on A,_1(F~1(p)) and this dependence can be
made explicit by a matrix

PO = (PL(0) . where P, (p) € L(S™ Ty U S T;U ) i oy = (k) 0o = (K m)

Y172 Y172

so that
Ar(p) = P7(p) Ary (F71(p)) (5-3.43)
Notations. If v1 = (k,m),v2 = (m',k'),p,p’ € U and if A : Sm/T;,U — S™T U is a linear
operator, we will note
- ||71,p772,p’
its subordinate norm for the norms defined by (5-3.42).
Analyzing (5-3.37), it turns out that if v; = (k,m),v2 = (k',m’) € Z, then
o if k' >k, szm(p) =0;
e if k = K/, the contribution to dmagk)(p) of afnk_)l comes from
m k _
a" ((ag, ) e F1) ()
=aq,_, (F7'(p)) x d™ (afnk_)l o Fﬁl) (p) + (derivatives of order stricly less than m for aik_)l)

= aq,_, (F7H(p)) x ("dF~Y(p))"" d™al™, (F~1(p)) + (idem)

In particular, if y1 = (k,m) < 72 = (k,m’) doesn’t hold, we see that Pv(f)w (p) =0.
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o If ¥ < k, we can have PA(,TZ,Q (p) # 0 with m’ > m. But, the use of the lexicographic order
ensures that 7; < 72 in that case.
Hence, P(")(p) is a lower triangular matrix and the diagonal coefficients for the index v; =
(k, m) are given by
r mr* — — ®@m m ok
PY)(p) 1 f € ST (yU = ag,, (F7H(p)) x (‘"dF ()" f € S™T,U (5-3.44)

Y171

Iterating (5-3.43), we have
An(p) = PO P (F7(p)) .. PO (F0=2(0)) Ay (FY" ()
For v € Z, we note

Er(y) = {7 =) €L Y =% < Yigr)

The triangular property of P allows us to write :

Figure 5.4: We’ve represented the reduction of an element 7 € &-(ko,mp), i.e, the arrows between
~; and ;41 when ~; # v;11. During the descent, the value of m can only increase when k decreases
strictly.

(Anlp)), = >0 P (p). P2, (F702(0)) (A1 (F7 ().,
FeE ()

Control of individual terms. Let us fix v = (k,m) and pick 5 €&, (7). We wish to analyze
the operator

P+(p) = PO, (o) P2, (F7072(p))
First of all, #{i € {1,...,7 — 1}, %41 # Vi} < DTkg.mo- S0 let us write
fie{l,...;r =1y #Fvip ={th <--- <ta}

with d < Ty, m,- We can set tq41 = r,top = 0 and we can rewrite

7: (ﬁla"'thﬁQa"'762)"'aﬁd7'"76d76d+17"'76d+1)
——— —— —_———— — ————

t1 ta—t1 ta—ta—1 td+1—td
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For p e {1,...,d + 1}, we introduce the operator

D,(p) = P/%B)p (Ff(r—tp)(p)> “.P[gi%;lﬂ) (Ff(’rftp,l—Q) (p))

and for p € {1,...,d}
tp+1 —(r—t,—
Ty(0) = Py, (F70 0 (p)

so that we can write

P (p) = Da+1(p)Ta(p)Da(p) - - - T1(p) D1(p)
For pe {1,...,d+ 1}, if 5, = (k,m), we can see that

tp—1

D,(p) = H aq, o F=(r=9)(p) |:<tdF—1 (F—(r—tp)(p)>)®m 0---0 (tdF—l (F—(7'—tp1_2)<p)))®m:|

_j:tpfl"l‘l |

tp—1

= aq, © F—(T—j)(p) tqp—(tp—tp-1—1) F_(T_tp)(p) @m
_j—tg[1+1 ! ( ( ))

We introduce the word
Ap = qtyy - Qty—1

and set p, = F~("=%)(p), p! = F~(t»=t»-1=1)(p). To estimate the subordinate norm of Dy (p), we
use Lemma 5-3.3. Since p € V', p, € Vg and we have

tp—1

IDp(P)8yppey, < | TI  @q, 0 F7C7P(p)| sup [[dF~Cr=trr=D(p )|
G=ty_1+1 €V

tp—1
< (CJ(';) H aq; oF—(T—J)(p)
J=tp_1+1
tp—1

No .
<oy (74,) | TI a0 F"000)
j=tp_1+1

To estimate the norms of T),(p), we simply note that they depend smoothly on p, which lies in
a compact set, so we can bound them by a uniform constant Cy. This is not a problem since they
appear d times in Pz with d < T’y . Consequently, we can estimate ||P= (p)|

V071, F == (p)»

No N
122 (O)llyp s -1 < Croama (Je -+ Ts) 1aq:7 ()] < Craumo (5 laq 7 (o)
(5-3.45)

where
d+1  tp—1

ag7 =] I ageoF "7 (5-3.46)

p=1j=tp_1+1

Here, the last inequality holds by applying d times (5-3.18), with d < I'g, m,, once we’ve noted
that

q=d1-.-9d+1

Finally, if v; = (k1,m1), to estimate || (4; (Fl_’"(p)))m |

smoothly on F1="(p), so that we can bound it by a uniform constant. Hence, we have

Iy, F1-r(p), We simply note that it depends

1P () A1 (F*7(0)) o < Croomo (7)™ laq 7 (0)] (5-3.47)
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Cardinality of &.(y). The bound we will provide is far from being optimal but it will turn out to
be enough for our purpose. To count the number of elements in &, (), we remark that it is similar
than counting the number of decreasing sequences of length r starting from ~. This number is
smaller than the number of increasing sequences of length 7 in {1,..., T, m, } - Recalling that the

number of sequences u; < ug < --- < u, satisfying u; = 1 and u,, = b is equal to (btif), one can
estimate .
kg,mq
b+r—2
#Er(7) < ( .o ) < Thgmo (r — 1) Fomo (5-3.48)

b=1
Finally, we can compute explicitly T'y, m, and we find 'y, pm, = (ko + 1)(mo + 1 + ko).

Conclusion. We finally combine (5-3.48) and (5-3.47) to prove Proposition 5-3.2. Recall that
lag| = lalxq < [la]o-

sup |04 g,y = sup [ (Ar(9)) (g ) lmoe
PEVqg. a1 PEVqp.ar_1

< 3 1P A (F(0) s

7 €& (ko,mo)
< Thgma™ 07 Chymo (J5) ™ lag = (0)
< Crgamer™ 00 (J3)™ llal 5
Finally, we get as expected

N,
[l l|cmo < Comor"™ oo (J3) ™ llells

5-3.3.3. End of proof of proposition 5-3.1.

Armed with these estimates, we are now able to conclude the proof of Proposition 5-3.1 under
the assumptions (5-3.25). Assume that this assumption is satisfied and construct inductively the
symbols a'® with the formula (5-3.37). Since J;_ < Ch™%, it implies that n = O(logh). Hence,
we have for r < n,

la{llem < Crmh ™" h ™| log b ||al|s, < Crmh ™™ B2 |a|L,

The symbol h291%¢{¥) lies in llel[5e S5, (T*R). Using Borel’s theorem with the parameter h’ =
h'=2%1 we can construct a symbol

Ay goy ~ ()RR =% T hFa™) € ||al|5 S5
k=0 k=0
that is, for every N € N,
N-1
Ghyg = D Ea = 0 (KO720Nally, )
k=0

By construction of the aﬁk), for every N € N, we have

Ug = Opi(a)T9! = RV 4+ 0 (b2 oI, )

Fix some K > 0 such that min(1, ||a||%) = O(h~X), so that ||a||%, = O(k~%). With (5-3.39) and

our estimates, we can control
|‘R£LN)|| < CNhN (1 + ‘logh‘rk’m'+1h_6(2N+15)h_K) < CNh—1551+N(1—261)—K

Since we can choose IV as large as we want, we have finally proved that

Us — Opp(ad)T! = O(h*)
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5-3.3.4. Norm of sums over many words.

We’ll make use of the tools and notations developed in this subsection to prove the following
proposition. To state it, we introduce the notations

Q(n,7,Co) ={qe A" JF <Coh™7} (5-3.49)

Proposition 5-3.3. There exists C = C(Cy, 7) such that for every Q C Q(n, 7, Cp), the following
bound holds :

> Uq < Cllal|™|log (5-3.50)
QL2 pe

Proof. Throughout the proof, we’ll denote by C' quasi-global constants, i.e. constants depending
on Cy, 7 and the same other parameters as global constants. We will also be lead to use a constant
C: it has the same dependence.

Step 1: First note that since J& < Coh™", n satisfies the bound n = O(log h).

Step 2 : If q € Q(n,T,Cy), denote by I(q) = I the largest integer such that

J+ < h—T/2

q0---q1—1 —
. —7/2 + —71/2
Since Jyy. .4 > h77/2, Iy, > Ch 7/2 and hence
—r P
+ —T
Jgpnor = CJ+ < Cih
q0---qi—1

We can then write q = sr with s € Q(I,7/2,1),r € Q(n —1,7/2,C1). It follows that we can write

Sy Y Aenu
qeQ =1 seQ(l,7/2,1)
reQ(n—1,7/2,Cq)

with Fi(s,r) = lsreg. It is then enough to show the bound

max Z Fi(s,r)U,Us|| < Clla| (5-3.51)
- s€Q(l,7/2,1)
reQ(n—1,7/2,Cq)

In the following, we fix some 1 <1 < n and we’ll simply note ) _ . to alleviate the notations. Note
that the number of terms in the sum is bounded by

|Q(l77-/2a 1) X Q(TI, - laT/2a01)| < |-A|l X |A‘n_l < |A|n < h_Q
where @ = C'log |A|.

Step 3: We fix some large N € N and §; € (7/2,1/2). Recall that we can write,

N-1
Us = (Oph <Z hkagk>> + 0L (h<1251)N1551|a||f>0>> T!

k=0
N-1
Up =T <Oph (Z hka§k>> +O0p2, 12 (h<1—251>N—1551||a||go—l)>
k=0
(k) (k)

with bounds on as’ and a, ’ given by Proposition 5-3.1.
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We then use the formula for the composition of operators in W§”"*(T*R) (Lemma 4-1.1) and
&

for simplicity, we note Ly (a,b)(p) = 5 (A(D))*(a®@b)(p,p). For 0 <k < N — 1, we set

e = > L (al(‘kf),aém))

jtk_+ki=k
Note that if j +k_ +ky > N,
||a£k*) &® a§k+)||02j+13 < Cj sup ) Ha,gk*)Hcm, |‘agk+)|‘cm+
mi+m_=2j+13

< Cj,k_,k+h7(2k7+m7)6l h7(2k7+m+)61 | |a| ‘go
TN e G I

< Cip g BN a1
and henceforth,

O (W40 @ ]| carns ) = O (RN a1, )

As a consequence, we can write

N-1
UrUs = Tn_l (Oph <Z hk“s,r,k)) Tl + OL2~>L2 (h<1_261)N_1551 ||a||go)

k=0
It follows that

> UUs =1 (Oph (

N-1

Z hka(k)>> Tl +Op2p2 (h(17261)N715517Q||O[H:O)
k=0

where

CL(k) — Z F(S, r)as,l‘,k‘ (5—352)

s,r

Suppose that N has been chosen such that
(1 —=261)N > 1501 + Q

The remainder term is thus controlled by the desired bound since it is of order O(]|a||%,).

Step 4: C° norm of a(®).
a® = ZF(S, r)a{”a(?
s,r

where, in virtue of (5-3.31) and (5-3.32),

l n—Il—1
al® = Hamfp oF7P; al0 = H a,, o F?
p=1 p=0
As a consequence, we can estimate
a1 < la{?]a”)]
S,r
l n—{—1
<TI{ D lagl | o PP I (D] lagl | o F?
p=1 \q€A p=0 \geA
< [lell%

Step 5 : C™ norms of a'®). We will show the following : there exists constants C.m (depending
only on Cy, 1,7 and m, k) such that for all 0 <k < N —1 and m € N,
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lla®llem < Crmb™ G2 a|3, (5-3.53)

Let’s compute :

la®)]

C m

cm S Z ||as,r,k|
s,r
<X ¥ e,

S.;x jtkyt+k_=k

< Z Z Hal(,k*) ® alk+)

C2j+7n
S;r jtki+hko=k
=D DD DI £ N e
—_— mo__ ’VTL+
s,;r  j4+ki+k_=k ¢ ©
mi+m_<m-+2j
and hence
k k_ k
|a®]|cm < Crm sup Z’ al! )‘ N ‘ alk+) ’ . (5-3.54)
J¥kit+k =k ‘o3 cm- ot

)

m4+m_<m-+2j

Let us fix j, k4, k—,my,m_ satisfying j + k4 + k— = k,m_ +m4 < m + 25 and let us estimate
ol 2]
S r

We estimate the sum over s. The same kind of estimates will hold for r with the same methods. We
reuse the tools developed in the last subsections. Namely, we set N; = 2kt +m4, v+ = (ky,my),
Z =7Z(y+) and

ag’w)

el
Clm_

(4s(p)) = (@"a{")

We have shown that there exists a global constant C' > 0 such that

k<ki ,2k+m<Ny

|l |cms <supllAs(p)| <C > |[P3(0)]|
’ Je&i(vy)

< > COnewe () lag 5 (0)]
Fe& (1)

SCN+,k+h7TN+/2 Z lag, = ()]
Fe&i(v4)

where Cn, ., depends on Cy, 7, N1, ki and global parameters. We hence have to estimate

S lasz(p)

s Fe&i(vy)
Fix 7 € &(o ) and write it
7 = (ﬁlw"761”827"'7/82a"'76da"'7ﬁdaﬁd+l7'" aﬁd-{-l) where d S Fk+,m+
—— ——— —_——— — ——
t1 to—1t1 ta—ta—1 ta+1—td
and recall that
d+1  tp—1

a5 = H H as; o F(=3)

p=1j=t, 1+1

When one sums over s € A, the values of s at the indices ¢;,1 < i < d do not play a role and we
write :
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zs:\as,ﬂ: o> dﬁ tﬁl (Z Ias|> N )

s, €A sy, €Ap=1j=t, 1+1 \scA

l
< | A|?sup (Z as|>

P seA
< KT alll < Chpn

As a consequence,

Z Z |as,?‘ < #gl(’7+)ck+7m+”a||€>o < Ck+7m+ (l - 1)Fk+mL+
s Fe&i(vy)

|5

which gives
> Jott

where the last inequality (with a different value of Cy . ) follows from the fact that [ = O(log h)
and §; > 7. The same kind of estimates holds for the sum over r :

< Ck+,m+her+/2(l _ 1)Fk+,7n+ HO‘HZ <Oy

R | 4]

o™+

S [a]] .. < G B a2
r

Eventually, using (5-3.54), we get (5-3.53) since
Ny +N_ =2k +my+2k_+m_<2ky+k_+5)+m=2k+m

Step 6 : Conclusion. We can conclude the proof of the Proposition 5-3.3. The bound (5-3.53)
shows that for 0 < k < N — 1, a® € h=2M1||a||2 S5 and thus Y- ' hFa™ € S5 |a |2
From the L2-boundedness of pseudodifferential operators with symbol in Sj,,

N-1
Opyp < Z hka(k)>

k=0

N-1 N-1
<D0 2 WEa®lon < 37 37 Crnh I a7, < Cllall,

k=0 m<M k=0 m<M

where C' depends only on Cy, 7,d;. Since ||T|| < 1, we get

> F(s,r)U:Us

s,r

< Cllef|%

which concludes the proof of Proposition 5-3.3. O

5-3.4. Manipulations of the U,.
5-3.4.1. First consequences.

We now make use of Proposition 5-3.1 to deduce several important facts. We go on following
[DJN21]. In the whole subsection, we fix 0 < § < §; < 3 and Cy > 0. We denote A~ = |,y A™

Remark.

The constants in O(h*°) depend on p and q only through Cjy, J, d1, not on the precise value of p
and q. It will always be the case in the following and we won’t precise it anymore. As already
done, all the quasi-global constants (i.e. depending on global parameters and Cy, §, 7, §1) will be
noted by the letter C.

Lemma 5-3.6. Let q,p € A~ satisfying VI NV, = 0 and max(J, J;) < Coh~°. Then

UpUq = O(h,oo)LQ*}lp



176 CHAPTER 5. SPECTRAL GAP FOR OPEN QUANTUM MAPS

Proof. In virtue of Proposition 5-3.1, we can write
Up = T Opy(ay) + O(h™)
Uq = Opi(ad)T19 + O(h>)

With af € ||oz\|L%‘S§lomp,a; € Ha||!§|5§fmp and suppa, C V, ,suppad C V. Since Vi NV, =0,
Opn(ap) Opn(al) = O(h™) as a consequence of the composition of two symbols of S5,. The
constants in O(h*) depend on semi-norms of these symbols, themselves depending on Cy, T, d;.
Since T™ = O(1), the result is proved. O

Lemma 5-3.6 will have interesting consequences, starting with the following lemma which
enables use to get rid (that is to say to control by O(h*)) of words q where ti = (), under
some assumptions. In particular, it can be applied without trouble to words of "small" lengths
N < i| log h|, what could also be deduced from applying Egorov’s theorem up to the global

Ehrenfest time ﬁ\ log h|.

Lemma 5-3.7. Let q € A7 such that n = |q| < Cp[log 2| and assume that Vg = (). We suppose
that one of the above assumptions is satisfied :

(i) Im=max{ke{l,....,n} Vo o, #0} Jo g, < Coh™%.
.. . _ _ _9§
(ii) If m = min{k € {0,...,n =1}V, . #0}, J . <Coh™?.

Then, Uq = O(h™).

Proof. We prove this lemma under assumption (i). This is similar under (ii). We note m =
max{k € {1,...,n},V,, ., # 0} and assume .J, < Coh~2. Due to (5-3.6), it is enough

q0---dm—1

to show that Uy, q,, = O(h™). Let us denote | = max{k € {1,...,m},J; ., <h™°} and notice
that [ < m (if h is small enough). By maximality of [, it is clear that J, , > h=%. According to

the third point of Lemma 5-3.2,

q

J-
_ qo---9m—1 -4

JQL+1~~-qm_1 ~ J- < Ch
qo---q1

Set p=gqi...qmnm. We distinguish now between two cases
>V, # 0: Wesetr=gqq...q_1. It follows that
max(J,, Jy) < Ch~=°
Moreover,
_ 1 _
Vo NV =F (qu---qm) =0
By Lemma 5-3.6, UpUy = Uy, q,. = O(h*).

» V, = 0: This time, we have max(J, , ,J; )< Ch~? and a1 According

= 0.
to Lemma 5-3.6, Uy, q,, = Uq, . Uq,...qn . = O(h™°). It follows that Uy, 4, = O(h*>).
O

5-3.4.2. Orthogonality of the U,.

We now focus on terms UqU}; and UsUp when Vi and Vi are disjoint, under growth conditions
of the Jacobian. The following result shows that the operators Uy and Up are (up to O(h%))
orthogonal. These estimates will turn out to be important to apply Cotlar-Stein type estimates.

Proposition 5-3.4. Assume that q,p € A~ are two words of same length |q| = |p| = n satisfying
Vi NV =0 and max(JJ, J§) < Coh™?. Then,

UaUs = O(h™)
UzUp = O(h™)
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Before proving it, we need the following lemma, whose proof relies on the iterative construction
of the symbols aat.

Lemma 5-3.8. Assume that q,p € A~ are two words of same length |q| = |p| = n satisfying
max(Jg, JF) < Coh™°. Then,

UqU} = Opn(ad) Opu(ab)* + O(h™)
UsUp = Opi(ag)* Opa(ag) + O(h™)

Proof. (of the lemma) We prove the first equality. The second one could be treated similarly.
Recall the construction procedure of the subsection 5-3.3.. We adopt the same notations. We will
show by induction on r € {0,...,n — 1} that :

V, =U. U = Oph(a;}“q“l) Oph(a;{]._pril)* + O(h™)

q0---9r—1~"po...pr—1

The case r = 1 follows from
M Ay, Ay M* = Opp(ag )TT* Opp(ay,)* + O(h™) = Opx(ag,) Opn(ay,)* + O(h™)

where we use the fact that T7T* = I + O(h*) microlocally in foj , Assume that the assumption is
satisfied for r, namely :

Ve _Oph( Ago...qr— 1)Oph( Po---Pr— 1)_|_O(h00)

and let’s prove it for r + 1.

Vipr = MA, V, A% M
= MA,, Opa(af . ) Opula) , )AL M*r+O(h™)
= Opn(ag, 4, )TT" Opn(ay, p, )"+ O(h™)
= Opn(ag, 4.) Opn(ay, , )" +O(h™)

The last equality follows from TT* = I + O(h®) microlocally in V;,: ~and the one before is due to

the recursive construction of the symbols ajo_”qT in the subsection 5-3.3..

O

Proof. (of the proposition) Let us begin with the first equality. Consider the largest integer ! such
that
+ + -5
maX(JQO -q1— 1’JZ70 -Pr— 1) S h
We set q. =¢qo...q—1 and q_s = ¢q;...¢n_1, and the same notations for p. We obviously have :

UqU;, = Uq  Uq U _U;,

A~ P+ P
We then consider two cases,
+ + - :
» Vg NVS_ =0 we may write

Uq. Up_ = T' Opa(ag_) Opn(ag )T' + O(h™)

A~ P
Since, Vy. NV, _ = 0, we can use the composition formula in S5”"" to conclude that
Opi(aq, ) Opulag, )* = O(h>°), which gives the desire result, recalhng that Uq = O(1).

> V; NV £ : in this case, we use the previous lemma and we can write
— P+

Uy U: = Opplal )Oph(al')l)* + O(h™)

A" P q«+

In virtue of the second point of Lemma 5-3.2, J;; ~ JI‘L. Moreover, by maximality of [,

+ 5 + -
either Jq a > h™° or Jp n > h~°. But

T~ i

q4-q
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Hence, J(i_ ~ h™°. Using now the third point of Lemma 5-3.2, we conclude that
+ + -5
JQH ~ Jp% ~ h
This estimate allows us to write

UqU; = ! Opn(ag.,) Oph(a;L) Opn(ad )* Oph(a;,ﬁ)*(T*)”_l + O(h™)

P+

with all the symbols in A~ S5 for some M > 0. To conclude, we use the composition
formula in this symbol class, noting that

— — 1 — —
Vi Vg, NV Ny, =F (VnV;)=0
To deal with the second equality, we consider the smallest integer [ such that :

+ + -5
ma’X(Jql“-QH—l ? Jpl---pnfl) S h

As before, we write q. = ¢o...q—1 and q_. = ¢;...¢,_1, and the same notations for p. We

obviously have :
UgUp =Uq, Uy  Up  Up_

We distinguish the cases V[L N V;: = () or not and argue similarly. O

5-3.5. Reduction to sub-words with precise growth of their Jacobian.

Recall that we are interested in a decay bound for |[MNo+tM|| where MM = M(Id—A.) =
> gea M A, For this purpose, we decompose mN = > qean: Ug-

If q € AN, either VI = 0, and in this case JJ = +o0, or VS # ), which implies that
J;‘ > MM > p=1 > h~7. In both cases, the following integer is well defined :

n(q) = max{k € {1, N1}, J; <h T} (5-3.55)

—kegNp—1 —
We then set gr = gy, —n(q)—1---qn,—1- The case Vq, = 0 is irrelevant. Indeed, if q € AN and if
Vg, =0, then Uq = O(h*), as an obvious consequence of Lemma 5-3.7. Then, we set

Q= {ac A™, vy #0} (5-3.56)
so that, due to the fact that |AN| = O(h=M), for some M > 0, we have
MmNt =" Uq+O(h™)
Qe

We partition @ in function of the length of q, and the value of gy, 1. Namely, we set

Qo(n,a) = {q € Q;la,| =n,qn,—1 = a}
We finally set Q(n,a) = {q-,q € Qo(n,a)} which is simply the set of words q € A™ such that

gn-1 =aand Jf < h™7T < JF. Note that every word q € Qo(n,a) can be written in the

form q = rp with p € Q(n,a) and r € AN1=". We deduce that, modulo O(h>),

S S S S

n=1a€A qeQo(n,a)

A

n=1la€A peQ(n,a)
reAN1—n

S DA

n=1acA \qeQ(n,a)
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Figure 5.5: Two words q,p € Q(n,a) are close to each other if VI and V§ lie in the h°-
neighborhood of the same unstable leaves, as stated in Definition 5-3.1.

As a consequence, we get

MmN+ N || < CNyJA| sup [ Ugn, ol (lledl]oe) ™ ™" (5-3.57)
1<n<N;
acA
where we’ve noted
Ugma) = Y Uq (5-3.58)
q€Q(n,a)

Since N1 = O(log h), the proof of (5-3.8) is the reduced to prove :

Proposition 5-3.5. There exists v > 0 such that, for h small enough, we have

MmNy,
M Vomall _ .,

5-3.59
ol ™ = (559

sup
1<n<N;
acA

5-3.6. Partition into clouds.

We fix 1 <n < Nj and a € A. We aim at gathering pieces of 9tVo Ug(n,a) into clouds and we want
these clouds to interact (with a meaning we will define further) with only a finite and uniform
number of other clouds, so that the global norm of |[9N°Ug, ,)|| can be deduced from a uniform
bound for each cloud.

Recall that dp and 7 (see (5-2.3), (5-2.4) and (5-2.6)) have be chosen such that

b+dy<l;b<T

We start by defining a notion of closeness between two words q,p € @(n,a). We choose ¢ as
in Lemma 5-3.1.

Definition 5-3.1. Let q,p € Q(n,a). We say that these two words are close to each other if
there exists pg € T N F (V,(e2)) such that :

Vo e VUYL, d(p, Wu(po)) < h°

Otherwise, we say that q and p are far from each other.

Remark.

By definition of Vi, if q € Q(n,a) and if p € VI, p does not lie in V,, but F~'(p) does.
Hence, we work with F'(V,) instead of V,. Moreover, the set F'(V,(g2)) is chosen to fit well in
the computations below and in particular in the proof of Lemma 5-3.9. We could replace it by
V. (Ces), where C' is any Lipschitz constant for F.

The important fact on words far from each other is that the associated operator 9t Uq are
almost orthogonal :
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Proposition 5-3.6. Assume that q,p € Q(n,a) are far from each other. Then,

(MmNoUy)" (MNU,) = O(h™) (5-3.60)
(mNoUy) (MNoUy)" = O(h™) (5-3.61)

We will need the following lemma.

Lemma 5-3.9. If q,p € Q(n,a) are far from each other, there exist words p1,q1, P2, g2 such that
- |p1l = a1, [p2| = |az| ;
- gf r?ly%%E E PiP2;
q2 P2 ’
- max(JJ,, J3,) < Ch~" (for some global constant C' > 0).

27 “Pp2

In particular, Vi NV =0
Let’s momentarily admit it and prove the proposition.

Proof. (of the proposition). Fix q,p € Q(n,a) far from each other. Since Vi NVS = 0,UqU}; =
O(h®®) in virtue of Proposition 5-3.4. Hence, using the polynomial bounds ||| = O(h=M) (for
some M > 0), we have

(mNoUy) (MmNoU,)" = O(h™)

To prove the first point, we write

(MNoUg)" (MNU) = Y UL UL, Uz UsUp,Up,

q1 ~q2
s,teANo

Hence, it is enough to show that Uy, UsUUp, = O(h®°) uniformly in s,t. To do so, we note that
+
VOlzs

Jas S CIFIE < CeMNop=t < (00

J;;:t S Ch—((50+b)

Ve PN (v NVE) =0

2

and apply Proposition 5-3.4, with § = &’T'H’ < 1/2 (here we use the condition (5-2.4)). O
‘We now prove the lemma.

Proof. (of the lemma) Consider q,p € Q(n,a) far from each other. Consider the smallest integer

m such that V£ nVE 0. We will show that m > 0 and set p2 = pp—1...Pn-1,d2 =
Gm-1---Qn-1. Pickpe Vf . Nyt . By choice of 5 after Lemma 5-3.1, there exists po €

T such that d(F~%(p), F~*(po)) < ez fori € {1,...,n—m}. In particular, d(F~*(p), F~1(po)) < &2

and F~1(p) € V,, so that py € F (Va(g2)). Since, q,p are far from each other, there exists

p1 € V& UV such that d(p1, Wy(po)) > h® (otherwise, it would contradict the definition 5-3.1).
Suppose for instance that p; € VI C V. Hence, d(F~%(po), F~%(p1)) < 2e¢ + &2 for

v oo Qn—1"

i€{1,...,n—m}. From (3-2.12), d(p1, Wu(po)) < C (J""™(po)) " and hence, J*~™(po) < Ch~".

But, J? " (po) ~ Jf . ~JF ., which gives
+ + —b
max (me,-~~pn—1 ’ Jq7n-~~(In—1> S Ch
Since min(JJ, J§) > h™" > h™" (here we use (5-2.6)), we cannot have m = 0 (if h small enough).
Thus, we can set ps = Pym—1---Pn-1, 42 = Gm—1 - - - gn—1 Which satisfy the required properties by

minimality of m. O

We now decompose Ug(n,q) into a sum of operators, each of them corresponding to a cloud of
words. In the following, we’ll use the term cloud to mean a subset @ C Q(n,a) and we’ll adopt

the notation
+_ +
VQ - U Vq
qeQ
and the definition :
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Definition 5-3.2. We say that two clouds Q1, Qs do not interact if for all couples (qi1,q2) €
Q1 X Qs, q1 and gz are far from each other.

The existence of such a decomposition follows from the key proposition :

Proposition 5-3.7. Suppose ¢¢ is small enough.
There exists a partition of Q(n,a) into clouds Q,...,Q, and a global constant C' > 0 such
that, fori =1,...,r,

i) there exists p; € T such that for all p € V‘Q:, d(p, Wu(p:i)) < Ch® ;

ii) if Q; interacts with exactly ¢; clouds, then ¢; < C.

Remark.

Actually,  and the clouds Q; depend on n and a. We do not write this dependence explicitly
here to make the notations lighter. The second point is relevant since a priori, the only obvious
bound on r = r(n,a) is |r| < |A|", where n = O(log h).

Proof. Keeping in mind that for all q € Q(n,a), V C Vi, we fix p, € V. If g is small enough,
V. do not intersect the boundaries of W(p,) and W, (pq).

For q € Q(n,a), there exists pq € T such that d(F~"(p), F~*(pq)) < €2 for all p € VI and for
t=1,...,n, according to Lemma 5-3.1 and since Jq+ ~ hT,

d(p, Wu(pq)) < Ch™7

d(pa, pq) < C(e2 + €0) and hence, if ¢ is small enough, zq = H}! (pq) (here, H} : B(pa,en) —
Ws(pa)) is the unstable holonomy map defined before Lemma 3-3.2) is well defined, and depends
Lipschitz-continuously on pq (with global Lipschitz constant).

Next, consider a maximal subset {z1,...,2.} C {2q,9 € Q(n,a)} which is h® separated. By
maximality, for every q € Q(n,a), there exists i € {1,...,7} such that |z; — 24| < h® and we use
these z; to partition Q(n,a) into clouds Q; where for i € {1,...,7}, [2; — 24| < h® for all q € Q;.
We now show that this partition satisfies the required properties.

Let i € {1,...,r}, g € Q; and p € V;. By local uniqueness of the unstable leaves, we may
assume that £y is small enough so that W, (pq) NV = Wy (2q) NV, . Hence,

d(p, Wa(zq)) < CHT
Since the unstable leaves depend Lipschitz-continuously on p € T, we have
d(p, Wu(2:)) < Clzi — 2¢| + Cd(p, Wu(2q)) < Ch® + Ch™ < Ch®

This gives i).

To show ii), suppose that Q; and Q; interact. Then, there exists (q,p) € Q; x Q; and pg € T
such that for all p € VI UVE, d(p, Wu(po)) < k. Tt follows that d(zq, Wu(po)) < Ch™ +h* < ChP
and if we note zo = HY (po) the unique point in W, (po) N Wi(pa) then |zg — zq| < Ch®. The same
is true for p and we have |zq — zp| < Ch® and eventually, |z; — z;| < Ch®. Since 21,..., 2, are
h® separated, we see after rescaling that the number of j such that Q; and Q; interact is smaller
than the maximal number of points in B(0, C') which are 1-separated (one can for instance bound
it by (2C + 1)?, but what matters is that it is a global constant). O

This partition into clouds allows us to decompose MtNo UQ(n,a) into a sum of operators
B; =MmYUg, = Y MUy ; MVUqgua = B (5-3.62)
qceQ; i=1

The use of Cotlar-Stein theorem ([Zwol12|), Theorem C.5) reduces the control of the sum by
the control of individual clouds :
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Figure 5.6: We gather the 6 small sets Vq into 3 clouds corresponding to z1, 22 and z3. Here,

Q1 ={aq1},92 = {q2,4ds3,94}, Q3 = {qs5,96}. The clouds Q; and Qs interact. The dotted lines
draw tubes of width Ch® around the unstable leaves W, (z;). The sets V4 have width of order h7.

Lemma 5-3.10. With the above notations, there exists a global constant C' > 0 such that
9 U oyl < C sup [|Bil| + O(h) (5-3.63)
1<i<r

Proof. Cotlar-Stein theorem reduces to control

max Y 157 B |2
J

max 3 1B, 5|/
J

Fixie{l,...,r}

If Q; and Q; do not interact, ||B}B;||'/? (resp. ||B;B;||'/?) is a sum of terms of the form
(imNOUq)* (szo Up) (resp. (gmNqu) (S)JTNO Up)*) where p and q are far from each other. In
virtue of Proposition 5-3.4, these terms are uniformly O(h*°) and since the number of terms in the
sum grows at most polynomially with h, we can gather all these terms in a single uniform O(h>).
As a consequence, we have

D IIBI Bl < > 187 B;||'/? + O(h*)
j

Q; and Q) interact

< Y max|Bl 00

Q; and Q; interact
< Cmax ||Bg[[ + O(h™)
and the same holds for the second sum. This gives the desired inequalities. O

The proof of (5-3.8) and, as a consequence, of Proposition 5-2.1 is then reduced to the proof of

Proposition 5-3.8. There exists v > 0 such that the following holds for A small enough. Assume
that Q@ C Q(n,a) satisfies, for some global constant C' > 0,

HPO € T7 VP € Vg» d(pa Wu(Po)) < Chb
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L is defined in (5-2.3). Then,

where b = 5

No
MUl _ o

a5~

5-4 Reduction to a fractal uncertainty principle via microlo-
calization properties

In this section, we reduce the proof of Proposition 5-3.8 to a fractal uncertainty principle. To do
so, we aim at showing microlocalization properties of the operators involved. The disymmetry
between Ny and Nj in the decomposition N = Ny + N; will appear clearly in this section. Since
Ny is below the Ehrenfest time, we can actually use semiclassical tools. By contrast, things are
more complicated for operators Uy, with q € Q(n,a) and we’ll use methods of propagation of
Lagrangian leaves. These methods are inspired by [AN07b]|, [ANO7a] and [NZ09] and are also used
in [DIJN21].

5-4.1. Microlocalziation of 9™Vo,

We first state a microlocalization result for 9tVo. This is the easiest one to obtain since Ny is
below the Ehrenfest time. We recall the definition of 7_ the set of the future trapped points

T =) F ")

neN

and focus on 71°¢ := T_ N7 (4gp). T is laminated by the weak global stable leaves. Hence, if ¢ is
small enough, ensuring that the boundaries of the local stable leaves Ws(p), p € T do not intersect
T (4e0), we have

T | Walp)

pET

A
When q € AN and Vq # 0,V lies in a O (hé"T(l)> neighborhood of a stable leaves, as stated in
the following lemma. In the following, we write

5y = G020 (5-4.1)
A1

We recall that we have defined b in (5-2.3) and 7 in (5-2.7) such that « <7 < 1 and 2 +7 > 1
(see 5-2.6). Moreover, Ny = (f\—‘i\ log hl].

Lemma 5-4.1. There exists a global constant Cy > 0 such that for all q € A™° satisfying Vg # 0,

d (Vy,T°) < Coh®

Remark.

In the end of this section, the use of Cy will always refer to the constant appearing in this lemma.
On other places, we keep our convention on global constants, noting them always C'.

Proof. We already know by Lemma 5-3.4 that there exists C' > 0 such that if V=~ # 0, there exists
po € T such that

d (V(L Ws(PO)) < ?
q
A
But Jg > eroNo > O—1p %057, Finally, d(V;,T,lOC) < Ch%2, as required. O

The following lemma allows us to construct symbols in nice symbol classes with supports in k%
neighborhood. Its proof can be found in [DZ16] (Lemma 3.3).
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Lemma 5-4.2. Let ¢ > 0 and 6 € [0, %[. Let Vo(h) C Vi(h) C R? be sets depending on h and
assume that for 0 < h < 1,d(Vy(h), Vi(h)¢) > eh?. Then, there exist a family y, € C2°(R?) such
that, for all h <1,

e xp=1on Vy(h);

e suppx C Vi(h).

e For every o € N%, there exists C,, depending only on ¢ such that for all 2 € R? and for all

0<h<1,
10 xn(2)| < Cah™l

Applying this lemma with Vy(h) = T1°¢ (ZC'ghéz), Vi(h) = Tloe (4C’gh52) with ¢ = 2C5, we
consider a family of smooth cut-offs x, € S5 and we can consider it as an element of Sg”"*(U)
since (at least for h small enough) the support of x;, is included in U. We are now ready to state

the microlocalization property of 9tNo.

Proposition 5-4.1.
oo — gniVo Opn(xn) + O(h,oo)LZ(Y)%lﬁ(y) (5-4.2)

Proof. We need to show that 9™ (Opu(1 — x1)) = O(R™). To do so, we decompose MNo =
qu ano Uq. Since the number of terms in this sum grows polynomially with £, it is enough to
show that

Vg € AN, Uq(Opi(1 — xr)) = O(h™)

with bounds uniform in q. We then consider two cases :

» Vq =0 : Lemma 5-3.7 applies. Indeed, if m < Ny and V,; , ~ # (), we have

q

Jo < emh < N < oo

q0---9m—-1 —

Hence, Uq = O(h™), with global constants in the O(h®).

» Vq # 0 : We apply Proposition 5-3.1. Since Jg < CeMNo < Ch=% we take some &; €]d, %[
(in particular, 6, < 1) and we can write Uq = T™° Opy(ag) + O(h>) with ag € S57""(U)
and suppag C Vg . Noticing that x;, = 1on Vg C Tloe (202h52), the composition formula in
S5 implies that Opp(ag) Opa(l—xn) = O(h™). Since the seminorms of ag are uniformly
bounded in q, the constants appearing in O(h®) are uniform in q.

This concludes the proof. O

5-4.2. Propagation of Lagrangian leaves and Lagrangian states.

So as to study the microlocalization of Uq, we’ll use the same strategy as in [DJN21|, themselves
inspired by [ANO7D], [ANO7a| and [NZ09]. We cannot show that Uy is a Fourier integral operator
since the propagation goes behind the Ehrenfest time. Instead, we show a weaker result which
will be enough for our purpose. The idea is to decompose a state u in a sum of Lagrangian states
associated with Lagrangian leaves almost parallel to unstable leaves, what we will call horizontal
leaves (because we will consider them in charts where the unstable leaves are close to be horizontal).
Studying the precise behavior of these states, we can get fine information on the microlocalization
of Uqu. Roughly speaking, we’ll show that if v is a Lagrangian state associated with an original
horizontal Lagrangian L4, 9 C Vg, then Uqu is a Lagrangian state associated with the piece of the
evolved Lagrangian F™ (L, ¢) inside V.

To define "horizontal" Lagrangian leaves, we need to work in adapted coordinate charts in
which the notion of horizontality (thinking W,,(p) as the reference) makes sens. For this purpose,
for ¢ € A, we consider charts centered around the points p,, associated with the fixed macroscopic
partition of 7 by the V, = B(p,, 2¢¢). First, we consider symplectic maps

kg : Wy C Uy, =V, CR?

satisfying (we note (x, &) the variable in U and (y,7) in R?) :
(1) B(pg,Ceo) C W, for some global constant C' > 2;
(2) K(pg) = 0., di(py) (Bulpy)) = R x {0 dnlp)(Es(pg)) = 0} x R
(3) The image of the unstable leave W, (p,) is exactly {(y,0),y € R} N V.
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Theses charts are for instance given by Lemma 3-4.1 (at this stage, the strong straightening
property is not necessary). In these adapted charts where W, (p,) coincides with R x {0}, the
horizontal Lagrangian leaves will be the of the form

Co:={(y,0),y € R} (5-4.3)

Finally, we fix unit vectors on E, (pq) and Es(pg), eu(pq) and es(pq), used to defined the unstable
and stable Jacobians in section 3-2. Let’s write

dig(eu(pq)) = (Agu,0) 5 drgles(pg)) = (0, Aq,5)

Agu O

Note D, = ( 0 A\
q,s

). We dilate the chart &, and define

Rq:p € Wy Dyrig(p) € Vg = Dy (Vy)
5-4.2.1. Horizontal Lagrangian and their evolution.

Let us fix a word q € A" and let us define
Lgo0 = kg (CoNVyy) N Vg, (5-4.4)
Then, let’s define inductively
Lyo..q0 = F (£q0~-qg—1,9) NV, (5-4.5)
which allows to define L49. One can check that
Lgo=F (Vi) NF"(Lgy0) (5-4.6)
The term F~' comes from the definition of V :
peEVS <= VI<i<n, F'(p)€V,,_,
Finally, let’s define
Cq = Kg,_1 (Lq,0) (5-4.7)

We first focus on one step of the iterative process.
In V, C R?, we use the notations B,(0,7) for the cube] — r,rx] —r,7[ . We keep the subscript
q to keep trace of the chart in which this cube is supposed to live. Finally, we set

B,(0,r) = D, " (Bq(O,r)> cv,

B,(0,7) is simply a rectangle centered at zero with size only depending on ¢ (this is also a ball
for some norm in R?). The advantage of Bq and k4 compared with B, and k4 will appear below.
However, K, is not symplectic, and for further use, it is not possible to use K, as a symplectic
change of coordinates.

Let ¢,p € A and suppose that V, N F~1(V,) # 0. As a consequence there exists a global
constant C’ > 0 such that d(F(pq), pp) < C’ep and if C in (1) of Lemma 3-4.1 is large enough, we
can assume that for some global constant C; > 0,

kg (V) C By(0,Cre0) C V, kpo F oy (Bg(0,Cig0)) CVp (5-4.8)

The following map is hence well defined

Tp.q = FkKpoFo m(;l 1 B4(0,Cie0) = Tp,q(Bq(0,Creg)) C V,

Tp.q is nothing but the writing of F' between the charts V, and V},. Note that since the number
of possible transitions is finite, we can assume that C; is uniform for all ¢,p € A such that
V,NEF~1(V,) #0.

We also adopt the following definitions and notations :
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Definition 5-4.1. Let G, :] — Cieg, Cieg[—] — Cieg, Cigo[ be a smooth map. It represents the
horizontal Lagrangian

La, = D' ({(y:Gy(y),y €] — Cigo, Creo[} ) € By(0, Cieo) C Vg
We say that such a Lagrangian lies in the y-unstable cone if

IGglloe <

and we note G, € C;/(C1€0,7)-

Remark.
This is where the use of &4 and Bq turns out to be useful : to represent horizontal Lagrangian in

V,, we use the cube B,(0,C1ey) C V, of fixed size.

With this definition, we show in the following lemma an invariance property of the y-unstable
cones :

Lemma 5-4.3. There exist global constants C' > 0,C7 > 0 such that if ¢ is sufficiently small,
then the following holds.
For every G, € Cj/(Cigo,Cep), there exists G, € Cj(Cie0, Ceo) such that
(l) Tp,q (ﬁgq) N BP(O7 0180) = ‘CGP ;
(ii) For some global constants Cy,1 > 2, ||G4|lct < C = |Gyl < C

Moreover, let’s define ¢, ] — Cigg, Cieg[— R by

Yq = Pap(Yp) <= (Yp, Gp(Yp)) = Dp o Tpg 0 D;1 <(¢qp(yp)v Gqo d’tm(%))

Then, ¢,, is smooth contracting diffecomorphism onto its image. In particular, there exists a global
constant v < 1 such that |[¢),|[cc < V.

Proof. Take C; large but fixed (with conditions further imposed) and assume that g is small
enough so that (5-4.8) holds. Let us note A\, = J{*(py) > 1 and pg = Ji(py) < 1 and let us fix
some global v satisfying

Vq € A, max()\q_l,,uq) <v<l

Recall that e, and es are C™¢ in p. We write 9, and 9, to denote the unit vector of R x {0} and
{0} x R respectively. We fix a constant C' > 0 with conditions imposed further and we assume that
[|G}lloe < Ceo. We note 7 = DPOprqOqul (we drop the subscript for 7 to alleviate the notations).
In the computations below, the implied constants in the O are global constants (depending also
on the choices on ky):

* 7(0) = Fp o Fpg) = O(e0);
* d7(0) = dip(F(pg)) 0 dF (pq) © [dRq ()] ;

(0
*d7(0)(9y) = dip(F(pg))(Ageu(F(pq))) = Aq(dip(pp) +O(c0)) (eulpp) +O(e0)) = Agdy +
O(gp), where we use the Lipschitz regularlty of p — ey(p) in the second equality ;

* Similarly, d7(0)(9,) = pq0y, + O(eo);

(this is here that we use the renormalization of s, into R,). Eventually, we use the fact that
7 —7(0) = d7(0) = O(Cic0) 1 (B(0,C120)) and we get that

Fy,m) = gy +ur(,m), qn + 1:(y,m)), (y,m) € By(0, Cieo) (5-4.9)

where y,-(y,n) and n,-(y,n) are O(C1e0)cr. Before going further, let us show that we can fix C;
such that ~
(y:m) € By(0,Cre0) = |pgn +nr(y,m))| < Cigo (5-4.10)
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To do so, let us note that in fact 7 — 7(0) — d7(0) = O ((Cie0)?)
B,(0,C1e0) we have :

‘777”(1/»77” = O(EO) + O ((0150)2)00(3(0,0150)) é CYIE':O (]- + C1250)

CO(B(0.Creyy) 20d hence if (y,n) €

Assume that C} is large enough such that vCy + C" < C1¥H If (y,n) € B,(0,C1e¢), we have

v+
2

1
‘/.Lq’f] + nr(y,n)” <vCigp + C/€0 (1 + 01260) < (Cl + C%&Q) €0

This fixes C;. Since C; is now a global fixed parameter, we can remove it from the O in the
estimates. If gg is small enough, depending on our choice of C7, (5-4.10) holds.

To write the image of the leaf as a graph, we observe that, if £¢ is small enough (depending only
on global parameters) the map

¥y €] = Cigo, Creo[— Aqy + yr (¥, Gq(y))
is expanding and we can impose [¢)'| > v~!. In particular, Im1) contains an interval of size
2v71C1eg. Moreover, ¥(0) = y,-(0,G4(0)) < ||yrl|c1|Gq(y)| = O(e). We claim that if &g is small
enough, Im v contains | — Cyeg, C1&¢[. Indeed, it suffices to have

v~ 1C1eo — |1(0)| > Cheg

But we have
Cieo + [¢(0)] < Cieg(1 + O(eg)) < Cregr™!

if 1+ O(eo) < v~!, condition that can be satisfied if €y is small enough. Hence, ¢ = ¢,, =
1#@_10180 Creol 18 Well defined and we set

Gp(y) = nqGq(d(y)) + nr <¢(y)7 Gq(¢(y))) .y €] — Cieg, Cheg] (5-4.11)

By definition, it is clear that 7, 4 (La,) N By(0,Cieg) = La, and (y, Gy(y)) = ?(d)(y), Gq(¢(y))>
¢ is obviously a smooth contracting diffeomorphism and ||¢’|| < m < v. Moreover, due to
(5-4.10), |Gp(y)| < Creg. To prove that G, € C;(C1e0, Cep), we compute :

G (y) = naGy(9(y)) x ¢'(y) + (Dynr + Oy x Go(8(y))) &' ()
|G, (y)| < v*Ceg + O(eo(1 + Cep))v < [V2C + vC' (1 + Ceo)leo

for some global C’ > 0. If we assume v? 4+ £9C’v < 1, which is possible if ¢ is small enough, then
we can choose C' large enough satisfying

C x (1/2 + VC”EO) +vC’' < C

This ensures that ||G},|[cc < Ceo.

Finally, we prove (ii) by induction on [ : the case [ = 1 is done. Assume that there exists a
constant Cj such that ||Gy||c: < €1 = ||Gpllct < C;. We want to find a constant Cjy; fitting
for the C'™! norm. Using (5-4.11), we see by induction that the (I + 1) derivatives of G, has the
form

GUHD () = ¢/ (1)1 x GUHD (y) x (1 + Oy (y, ¢(y))) + Py (Gq(y)7 s Ggl)(y))

where Py(7y,...,7) is a polynomial with smooth coefficients in y. Hence, there exists a constant
M (C)) such that for y €] — Cieq, Cieo[, | Py (Gq(y), .. ,G((Il)(y))‘ < M(C}). Since

& W) (14 0o (9,6w))) | < v(1 +20C") = 11
if g9 is small enough ensuring that v; < 1, we can take

Cl+1 = max <Cl, M(Cl)>

1—V1
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Indeed, with such a constant, assuming that ||G,||ci+1 < Ciy1, we have
|G l+1)( )| < Cl+1l/1 + M(Cl) < Cl+1
O

Armed with this lemma, we can now iterate the process and get the following proposition
describing the evolution of the Lagrangian Cq .

Proposition 5-4.2. Assume that g is small enough. Then, for every n € N*, q € A" , and 6 € R,
there exists an open subset Iq ¢ C R and a smooth map Ggq, such that :

* Cao={(4.Gas(v).y € Las} :

¢ |[G}, 4llc < Cep for some global constant C;
e For every | > 2, ||Gq9||ct < C for some global Cy;

o If pq0 : Iq6 — R is defined by

g,y © F" " o kgt (da0(y).0) = (v, Gao(y)
Then, for some global constants C' > 0 and 0 < v < 1, [|¢g 4| < Cvn—t.

Proof. Assume that Lq ¢ # (), otherwise, there is nothing to prove. In particular, we can restrict
our attention to small 0, |f| < Cieo. As a consequence, for every i € {1,...,n}, F(V,,_,)NV,, # 0.
Hence, we can consider the maps 7; := 74, 4,_, and since we assume that r,, (V,,) C By, (0, Cieo),

CLIomLhﬁ =T (CQO~~~Qi—1;0) N ke, (ti)

We start with a constant function Go € C{(Cie0,0) such that Lo, = Cy (it suffices to take
Go = Agy.s0) and we inductively apply the previous lemma to show the existence of a family
G; e C:;] (Ci1e0,Ce0),0 < j <n—1, such that

(i) Ti (‘CGl) N qu' (0’ 0160) = EGH»I )
(i) [|Giller < Cis
(111) If we define (25,' I] — 0160, 0160[—>] — Clt’:‘o, 0160[ by

(v, Giy)) = Dy 070 Dt (0i(y), Gir 0 64(v) )

then there exists v < 1 such that ||¢}||cc < v.
(iv) Cgq...q:.0 is an open subset of Lg;,.

We have
L6,y =Dy, ({5, Gaoa ),y €] - Crzo, Crcol})

This can be also written
Lauy = { (1201 Gn1 )yl < Ap1, L Crco |
It suffices to consider
Gao(y) = Az, sGn-1(Ag, 1)

Ioo = {y €l = Ay, uCreo. AL, uCrzol, (9, Gao(v)) € Cao }
(bq,@(y) ql u(bl ©--+0 (bnfl( qn,l,uy)
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5-4.2.2. Evolution of Lagrangian states.

Once we’ve studied the evolution of the Lagrangian leaves starting from Cg, we can study the evo-
lution of the corresponding Lagrangian states. In our case, since the leaves stay rather horizontal,
the form of the Lagrangian states we’ll consider is the simplest :

a(z)e®@)/h

where a is an amplitude and 1 a generating phase function. It is associated with the Lagrangian,

L={(y,v'(y),y € suppa}

For g € A, we quantize r,. Remind that we denoted k, the integer such that V, € Uy, . There
exist Fourier integral operators By, B, € 15" (rg) x 157" (1),

q
By : L*(Yy,) — L*(R);
Bl L*(R) — L*(Yy,)

such that they quantize x4 in a neighborhood of x, (VTI) xV,. Moreover, we impose that WF(B,By)
is a compact subset of R?. We will still denoted B, and Bé the operators

By=(0,..., Bg,...,0): L*(Y) - L*(R) ; B,="0,..., B, ,...,0): L*(R) — L*(Y)
e et
q kq

If supp(cq) C V, and if C denotes the operator valued matrix with only one non zero entry Ops(cy)
in position (kq, ky), then as operators L*(Y) — L2(Y),

B;BqC =C+O0O(h™); C’B;Bq =C+ O(h™)
The proposition we aim at proving in the following :

Proposition 5-4.3. Fix Cy > 0. For every n € N,q € A" and 0 € R satisfying
n < Cyplloghl| ; 18] < Co (5-4.12)

and for every N € N, there exists a symbol aq,0,n € Co”(Iq,0) such that :

g

() Uq (Bye'®) = MA,, B, (¢"Faqon) +O0Y)ps

(i) llaqenlle, < Ciyh=ColosB

(iii) There exists 6 > 0 such that d (supp(aq,e,n), R\ Iqn,e) >0

where 1q ¢ is a primitive of G4, and B > 0 is a global constant.

Remark.

e Asusual, 6,C; x and Cy depend only on F, Ay, By, By, k4 and the indices indicated in their
notations.

e In other words, the Lagrangian state % s changed to a Lagrangian state associated with

Cq.6-

The end of this subsection is devoted to the proof of Proposition 5-4.3. In the rest of this
section, we fix a constant Cy > 0 and we work with a fixed word q € A™ with length n < Cy|log h|
and a fixed momentum |6| < Cy. From now on and until the end of the proof, the constants below
will always be uniform in q, 0 satisfying the previous assumption. They will depend on global
parameters and on Cy. If they depend on other parameters, we will specify it with subscripts.
This is also the case for implicit constants in O (such as in O(h*)).
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Preparatory work. We first note the following fact : if V,NF~*(V,) =0, A,MA, = O(h™). As
a consequence, if V,, , N F~1(V,,) = 0 for some i, then Uy = O(h™). In the sequel, it is enough
to consider words q for which V,, , N F~1(V,,) #0for 1 <i<n-—1.

We consider symbols @, such that supp(a,) C V,; and @, = 1 on supp(x4). We denote flq =
Opn(@,) (as usual thought as a diagonal operator valued matrix). The following computations
holds since n = O(log h) and ||M A,|| < ||et||oc + 0(1) uniformly in ¢ :

UqB,, =M A, Aq,_MA,,_,A . MAy Ay MAy, B, + O(h™)
=MA,, B, Bg, _,Aq,_M...MAy B, By, Ay MAy B + O(h™)

—1774qn-1

dn—1 dn—2*"qn—-2 *

We set T), ; = BpflpMAqBé and M, = M A, By, which allows us to write

T,

dn—1,4qn—2 *

UqB,, = M,

dn—1

. TQ17q0 + O(hoo)

For p,q € Awith V,NF~*(V,) #0, T, € I;°""(7p,4). Moreover, the previous computations have
shown that 7, , has the form

T, 1) = Np.q¥ +ur (¥, ), tp,g + 1 (y,m)), (¥, 1) € Bg(0, Creo)

where y,(y,n) and 7.(y,n) are O(eg)cr. This time, A, 4, 1p 4 are simply constants uniformly
bounded from below and from above for p, ¢ € A (recall that B, (0, Cieo) is a rectangle in R?, built
from the cube Eq(O, C1g9) adapted to the definition of the unstable Jacobian). If g small enough,
the projection 7 : (y,m,2,£) € L, — (y,€) € R? is a diffeomorphism onto its image. where

Lo = {(Tan(@,©).2.~8), (0.) € B,(0,Cr20) |

is the twisted graph of 7, ,. As a consequence, there exists a smooth phase function S, ; defined
in an open set (2, , of R?, generating £, , locally i.e.

Ly.q N Tpq (By(0,C1e0)) x By(0,Crep) = {(y’aysp,q(yvf)a 0eSp.q(y,€), =€), (y,€) € qu}

Hence, T}, , can be written in the following form, up to a O(h*°) remainder and for some symbol
apq(ih) € CF (Qypq):
1

= G Jou 0T 000 S W) dedg (5-4.13)

Tpﬂ“(y)

Moreover, due to the operators Ap and A, in the definition of T}, ;, we can assume that

(4,€) € supp(ap,q) = (0e5p,q(y,€),§) € rg(supp aq), (v, 0ySp,q(y,€)) € rp(supp ay)
In the sequel, we write
Ci=Cq..q0.0
and we change the subscripts (¢;—1, ¢;) to ¢ in all the objects T, a, S, 7. Due to the previous results,
we can write C; = {(y, Gi(y)),y € Ii} with I; == I 4.0 and G; = Gy, 4.0. We also have
projection maps ®; : I; — R defined by :

Ti0--- o7 (Pi(y),0) = (y,Gi(y))

satisfying ||®}||.c < Cv® < 1. Moreover, if we note the intermediate corresponding projection
¢; =P, 0 <I>Z.:11 : I; — I;_1, we observe that ¢; is constructed using the properties of F' and G;_1
(see the proof of Lemma 5-4.2) and hence, for every I, ||¢;||c: < C; for some C; not depending on
q, 0 nor 1.

For 0 <i <n — 1, we consider a primitive 1; of G; so that C; is generated by ; i.e.

Ci= {(y,wé(y),y € Ii}

The following lemma can be found in [NZ09| (Lemma 4.1). We state it without proof, since it is
the reference but it is a direct application of the stationary phase theorem.
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Lemma 5-4.4. Pickie {1,...,n—1}.

by
For any a € C°(I;—1), the application of T; to the Lagrangian state ae’ = * associated with Ci_1
gives a Lagrangian state associated with C; and satisfies

T, (ae’T) (y) = &7 iU Z bi()h? + hNry (y; ) (5-4.14)

where, if we note z = ¢;(y), b;(y) = (L;(x, Dy)a)(z) for some differential operator L, ; of order
2j with smooth coefficients supported in I;_; and 3; € R. Moreover, one have :

o bo(y) = rrpt s 101w ale) with € = ¥, (o)
o ||bjllci(ry) < Cujllallcivzir, ), €EN,OSj <N =15
o |[rnlleiay < Onllallgrtrven g,y

The constants Cy and Cj ; depend on 7, o, ||w§m)\|w7h.

Remark.

e In particular, in virtue of Proposition 5-4.2, the constant C; ; and Cy can be chosen uniform
in q, 0 as soon as they satisfy the required assumptions. |q| < Cy|logh|,0 < Cp.

e Without loss of generality, we can replace 1; by 8; + ; (this actually corresponds to fixing
an antiderivative on C;;1) and hence we can assume that ; = 0.

e The properties on the support of «; imply the following ones on the support of the differential
operators L;; :

!

yesuppLj;, = (y,v%;(y)) € kg, (suppag,) N Ti—1 © Ky, , (SUppag, ,) (5-4.15)

Iteration formulas and analysis of the symbols Then, we iterate this lemma starting from
to(xz) = x - 6, in the spirit of Proposition 4.1 in [NZ09]. In the sequel, we adopt the following

convention : we note xj the variable in I and we naturally denote (zj,zk_1,...,21,20) the
sequence defined by x;_1 = ¢;(x;). We also note
ai(x;, &
Bilar) = (20, ) € =¥y (i)

[det D2, Sy, [/

1/2
filas) = Bai) 16|
We fix a constant B > 0 (depending only on F, Ay, By, Bq, Cp) satisfying for all 1 <i<n-—1,

sup [Bi(xi)| < B
z;€1;

ITil| < B

Roughly speaking, B is of order ||a||oo, but in this part, the precise value of B is not relevant.
Finally, note that there exists v < 1 (again depending only on F, A,, By, By) such that |¢;(z;)| < v
for z; € I;. Fix N € N and denote

N =1+ [N + Cylog B] (5-4.16)

We iteratively define a sequence of symbols a; ;, 0 <i<n—1,0<j <N —1byago=1,a9; =0
and for0<j< N -1
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ai (i) =Y Lj_pi(ai1p)(@i-1) (5-4.17)
p=0

The following lemma controls the growth of the symbols. The proof is a precise analysis of the
iteration formula (5-4.17) and is rather technical. We will first use this lemma to finish the proof
of Proposition 5-4.3. We write the detailed proof below in 5-4.2.3.) and refer the reader to [NZ09]
(Proposition 4.1), where the author lead the same analysis (but in the case B = 1).

Lemma 5-4.5. For all j € {0,...,]\7 — 1},1 € N, there exists C;; > 0 such that for all i €
{0,...,n — 1}, one has

laillerry < Cia (BY2) G+ 1) (5-4.18)

Remark.

Again, what is important is the fact that C;; does not depend on q, n, 8 nor ¢ : it depends on Cy
and global parameters.

Control of the remainder Let us call r; y(a) the remainder appearing in Lemma 5-4.4. Define
inductively (R, ) by R, 5 =0 and

N-1
g i
Riyyg=e 7 T (7R g) + 3 ripas (i) (5-4.19)
j=0
This definition ensures that for all 1 <7 <n,
i v (R N
T T (70) = 5% [ 7 Wa; + hVR, 5 (5-4.20)

=0

Lemma 5-4.6. There exists Uy depending only on N, Cy and global parameters such that for all
1<i<n—1, _

IR, §llzzr) < Cx B
Proof. Recalling that ||T;||z2_r2 < B and the bound on the remainder in Lemma 5-4.4, the
recursive definition of R, 5 gives the following bound:

N-1
||Ri,1\7HL2 < BHRFLNHLQ + Z CI\~/'7j||ai*1«,jHC1+2(N’fj)

Jj=0

By induction and using the previous bounds on ||a; ;||c:, we get

i—1 N-1
||RJ\7,,‘HL2 < ZB%PP Z CN—]’HCLPJHCIJ&(N*J')
p=0 7=0
i—1 Ni—1 )
<Y BT Y Oy Oy yo(BYP)P(p 1) N
p=0 =0
i—1
<CxB' Y vPP(p+1)tn
p=0
< CNBi

using that the sum is absolutely convergent. O
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End of proof of Proposition 5-4.3. We’ve got now all the elements to conclude the proof. We

set :
N-1

aq,0,N = § h an_1,;
=0

We know that » e 5
UaBy, (€)= My, , (¢ aqon) + My, ,(WV R, )

Since M, are uniformly bounded in ¢ and R, _; 5 < C’NB"’1 < C’Nlh’c‘) log B we have :

Mg, ("N R, g)llz2 < OnyAN=ColosB < Oy

Concerning the bounds on aq, N, we have

2

—1
lagonllor < ) W llan—1;lle

<
Il
o

2

IN

Cia (Byl/Q) n nlt3ipd

<
Il
o

- n—1
lanHSN (BV1/2)

N n—1
h—CU log Bnl+3Nl/ 5

IN
Q

IN
Q

I,N
—Colog B
l7Nh o log

IN
Q

where we use the fact that n < Cy|logh| and bound n' 3V, 7 by some C, § since v < 1.

Finally, we need to prove the property on the support of aq,9,n. To do so, let us introduce, for
q € A, an open set W, satisfying
suppag € W, C V,

This allows us to define new objects replacing V,; by W; in the definitions :

n—1
Wh=()F""W,,) e Ve
=0

Dao = figus (F~H (We) N " (£40) ) € Cao

and the associated subinterval Jq ¢ € Iq ¢ built thanks to Proposition 5-4.2 such that

Dq,0 = {(y,Gq,o(y)); y € J ,o}

Let us fix § > 0 small (with further conditions imposed). We will show the following stronger
statement

d (supp(aq,e.n), R\ Jq9) > 6

Suppose that this is not the case. We can find z,_1 € suppaq,e,n,Yn—1 € Iq,0 \ Jq,¢ such that
|€n—1 —Yn—1| <. As already done, we denote by x; (resp. y;) the points defined by z;_1 = ¢;(z;)
(resp. yi—1 = @(y;)). Since ¢; are contractions, we have |z; —y;| < 6 for 1 <i <n— 1. If we note

pi = kg (@odi(x) 5 o= kg, (W Vi (yi)
we have for some C' > 0: d(p;, ;) < C6. By definition, one also has
F 7 (pn-1) = pn-1—i : F7(Coo1) =Cno1-i

By the support property (5-4.15) of the operators L;;, p; € suppag, for 0 < ¢ < n — 1. Let’s
assume that 0 is small enough so that for all ¢ € A,

d(supp aq, (W,)“) > 2C48
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Hence,
pi € supp g, and d(p;, () < C6 = G €W,
As a consequence, for all 0 < i <n —1, FiT1="((, 1) € W,,, or equivalently (,_; € F~! (Wa‘)
Hence,
(yn—1a¢;—1(yrb—1)) € Cq,0 N Kq,_, (Fil (W;)) C D%@

showing that y,—1 € Jq,9, and giving a contradiction with y,—1 € Iqe \ Jq,0

5-4.2.3. Proof of Lemma 5-4.5.

We give the missing proof of Lemma 5-4.5. The proof is a precise analysis of the iteration formula
(5-4.17). We adopt the notations introduced for Lemma 5-4.5. We argue by induction on J to
show the property P;:" the bound (5-4.18) is valid for all j < J and forall 1 <:<n—-1,l € N
with some constants C;;".

1. Base case. Let us start with Py. The iteration formula (5-4.17) implies that

aio(;) Hfz 1)

Hence, the bound [|a;ollco < (Bul/Q)l is obvious and we can set Cyo = 1. We now argue by
induction on ¢ and prove the property Py ;:"the bound (5-4.18) is valid for j = 0, 7 and for all ] € N
for some constants C;;".Theses bounds are trivially true for i = 0 and are direct consequences of
Lemma 5-4.4 for ¢+ = 1. Suppose that the property holds for ¢ — 1 for some ¢ > 1 and let’s show it
for q.

1.1. Case ! =1. Let us first deal with { = 1 and compute the derivative of a; ¢, using the formula
sago(x) = fi(zi)ai—10(ziz1).

a;,O(‘ri):f(x’L)al 10(.@1 1)+fz( ) Q;_ 10(xz 1) (8;.;11>

611 1

We use the (weak) bound

< 1 and the property Py ;—1 to show that :

llaiollcr <C (Blfl/z)i_1 +Co1 (Bl/l/z) X (Bul/z)i_li < Coa (Byl/z)i (i+1)

assuming that Cy 1 > C (B,/l/Q)_1

2. General case for [ > 0. We now come back to the general case [ > 0. By using the formula

()

a;o(z;) = fi(x;)a;—1,0(xi—1), one sees that we can write a; 3 on the form :

8:10,» 1

l
@) = ooy o) (BEL) + 0 far-saller)

The constants appearing in the O depend on C! norms of f; and ¢;, which, by assumption are
controlled by some uniform C]. Hence, using the assumption Py ;_1,

8.13i 1

l
@l < (B0 awcrallor (%5 )+ Cilla-sollors

1/2 1/2 =1y ’ 1/2 =l
SCO,Z By By 1 +Cl007l_1 Bv A

< oy (BV?) (i 1)

. . . -1 .
assuming that Cj ; is chosen bigger than %C’l’ Co,1—1 (Byl/ 2) . As a consequence, we can build con-
stants satisfying these conditions by defining inductively Cj; = max (Co,l,h %C{Coyl,l (BV1/2) _1) .
This ends the proof of Py ; and hence of Py.
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2. Induction step. We now assume that P;_; is true for some j > 1 and aim at proving P;.
Again, we do it by induction on 4 by proving the properties P; ; : "the bound (5-4.18) is true for j,i
and all [ € N ". Theses bounds are trivially true for ¢ = 0 and are direct consequences of Lemma
5-4.4 for ¢ = 1. Suppose that the property holds for ¢ — 1 for some 7 > 2 and let’s show it for i.

2.1. Case | = 0. Let’s start with [ = 0. The iteration formula shows that
Jj—1

aij(@i) = fi(zi)ai-1;(wi +ZLJ —pil@i-1,p)(Tiz1)

p=0

By Lemma 5-4.4, there exists constants C7 . > 0 such that

p,m
ILp,iallem(ry < Cpmllallozermr, )
Hence, assuming that (5-4.18) holds for a;_1 ; with [ = 0.

i—1 It
el < Co (Byl/z) (BV1/2> i+ Cj_pollai-ipllcai-»
p=0
i1
i394 Z —p,0Cp.2(-p) (Byl/Q) 12(0—p)+3p
i i i—1 J-1
< Cyo (B?) 3 4 % (Byl/Q) Z 1 oCoatip)?

< Cyo (Bo2) 2 (B2) | s C}_poC vl
< Cjo 1% 177+ v sup —p,00p,2(5—p) ;

0<p<j—1 -1
< Oy (B2) #4351 (Bu72) Cl_,oC ¢, where =L < ¢t
< Cjo v 177+ ( 1% sup —p,0Cp,2(5—p) where — < Cje
0<p<j—1 i
< Cyo (B0?) (i 1)
assuming that C} ¢ is chosen bigger than K := % (Bz/l/2)7 [sup0<p<J 1 C’ Cp2(j— p)] C' As

a consequence, the bounds hold for { = 0 and 1, j if we set C; ¢ = max(1, K )

2.2. Case [ > 0. Consider now [ > 0. As already done, one can write

O, =
o) = 1?0 (22 40 asyllons) + 3 (st ) e

p=0

As usual, the constants in O depend on [, j but not on ¢ and we note C’l” ; the constant in this 0.
Hence, we can control :

7j—1

1—1 . —
Nl < G0 (B2 (BA?) 535 4 0ty (B2) 10357 4 YLy i)l
p=0

) —1
i i—1 J
1/2 -1+37 11 1/2 14+35—1 /
< Cj’l (BI/ / ) g3 +Cl,jcj,l71 (Bl/ / ) g3 + E Cj_p’l|‘ai71?p||cl+2(]’—p)

< Cji (Bl/l/z)i it 4 Cz,,/jcj,l—l (BVI/Q) gL Z Cpi+2(i-p) (By1/2) giH2—p)+3p

<y (BV1/2)' i3I 3= 10 l (Bl/l/2) (CIJCJI 1+ sup Ch_ Gy 00— p)C>

J» 0<p<j-1

C’j,l

< C:y (Bv'/? (i 1)
Js
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if Cj1 > C'jyl. Eventually, we define by induction on [ the constants C;; by setting C;; =

max | Cj 1, CN'j,l), achieving the proof of P;. This concludes the proof of the lemma.

5-4.3. Microlocalization of Ug.

We now fix a cloud Q@ C Q(n,a), centered at a point py € T, namely satisfying the condition of
Proposition 5-3.8 :

Vpe |J Vi d(p, Wulpo)) < Ch®

qeQ
Let us note
Ug =Y Uq (5-4.21)
qeQ
and
V= U 124 (5-4.22)
qeQ

We fix an adapted chart s = k,, : Uy = Vj around py as permitted by the Lemma 3-4.2. We
can assume that V;‘ € Uy (if ¢ is small enough and since the local unstable leaf W, (rhog) is close
to points in V;')). We consider a cut-off function x, € C2°(Up) such that y, = 1 on F(supp xa)
and supp Yo C V. Let us note =, = Opu(Xa). Since E,MA, = MA, + O(h*), |Q| = O(h—K)
and [|Uq|| = O(h™K) for some K > 0, we have

MV = MVZ,Ug + O(h™)
Let us introduce Fourier integral operators B, B’ quantizing x in supp(xa) :
B'B =1 + O(h®™) microlocally in supp(xa)

Hence :
MmNy = MmN =, B'BUg + O(h™)

We introduce the following sets :
It =n(k(Vy)): QF =T (h") (5-4.23)

and for q € Q,
o = (s (00) (420

We will prove in the following lemma that the pieces Ug are microlocalized in thin horizontal
rectangles (see Figure 5.7).

Lemma 5-4.7. For every q € Q,
Lyt ey (RDy) BUq = BUq + O(h™) 12, 12 (5-4.25)
with uniform bounds in the O(h*).
Using the polynomial bounds |Q| = O(h~%) and ||Uq|| = O(h~°)), we immediately deduce the

Proposition 5-4.4.
Lo+ (hDy)BUQ =BUg + O(hoo)[gHLz (5—4.26)
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\\\\\\u,“xxmnp

Figure 5.7: The definition of the sets Ff{. They are represented by the blue segments on the n-axis
and are the projections on the 1 variable of the sets V(J{ (the hatched sets). They are of width of
order h”.

5-4.3.1. Proof of Lemma 5-4.7.

We fix a word q = qo ... ¢n—20 € Q. Since WF},(4,,) is compact, we can find x € C;°(R) such
that
Ay = Ay Byyx(hD,) By, + O(h™)

Since there is a finite number of symbols in A, we can choose one single y for all the possible
symbols qy. We are hence reduced to prove that

Lg\ vz (hr) (hDy) BUg By, x(hDy) = O(h*) 1212 (5-4.27)
T
If u € L3(R), writing
1 0y

(D)) () = s [ X(OFuu0)e ¥ a0

we have
T((hD)u) = [ X(O)Fau(®) (Tei%)de
) = Gy J, O

Hence,

1T (c(hDy)u)llze < W/ﬂ@lx(e)fhu(en et

1 N
S(%huz/|><(9)fhu(9)| sup HTezh,

f€supp x

db
L2

L2

0.
< Frullrz sup HTelT
wslFalls s [[ret]
CX 9.
—X Te'w
*h1/2||u”L2OEi3£pX‘ | L.

As a consequence, we are lead to estimate SUPgesupp x HT@ We fix 0 € supp x. Writing that

2
supp x C [—Co, Co] and recalling |q| = n < Cy|log k| for some global Cy, we are in the framework
of Proposition 5-4.3.
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We fix N € N and we aim at proving that Tel's = O(hY). By Proposition 5-4.3, there exists
aq,n,0 € C°(Iq,0) such that
24,0

UaBy, (¢'F) = MA,B, <aq7N,gei‘f:> +O(hN)

Set S := BMA,B!. S is a Fourier integral operator associated with s := ko F o ;1. Recall that
the definitions and the description of the Lagrangian

Cqo =rFa (FE(VI)NF*" " (Lgy0))
= {(yv(pi],e(y))ay € I ,9}

with @q € € (Iq0) 5 [|qoller < Ceo's [[Bqaller < O
Assuming that £q is small enough, we can assume that :

e siswell defined on B, (0, Cieg) and satisfies the conclusion of Lemma 5-4.3. As a consequence,

the Lagrangian line
5(Cq0) =k (Vi) Nk o F" (Lgy,0)

can be written {(y,¥’(y)),y € I} for some open I C R and some function ¥ € C>(I)
satisfying
1W][er < Ceo s [|¥][cr < Ci

with global constants C' and Cj.

e S has the form (5-4.13) with a phase function and a symbol having C! norms bounded by
global constants (depending on ).

Hence, we can apply Lemma 5-4.4 to see that there exists b € C2°(I) such that

6

S (aq,Nﬁez%) = be'* + O(hM) L2
b satisfies the same type of bounds as aq,n,6, namely :
bl < Civh=Colos B

Moreover, since d(supp aq,n,0, R\ Iq,6) > 9, there exists ¢’ > 0 such that d(suppb, R\ I) > ¢’. The
constants C; y and ¢’ are global constants. Since N is arbitrary, to conclude the proof of Lemma
5-4.7, it remains to show that

nR\F;(hT)(hDy) (bei%) =0(hY) (5-4.28)

To do so, we make use of the fine Fourier localization statement from Proposition 2.7 in [DJN21].
We state it for convenience but refer the reader to the quoted paper for the proof.

Proposition 5-4.5. Let U C R" open, K C U compact, ® € C°(U) and a € C°(U) with
suppa C K. Assume that there is a constant Cy and constants C, N € N* such that :

vol(K) < Cy (5-4.29)
d(K,R"\U) > Cy! (5-4.30)
max sup |0°®| < Cn; N >1 (5-4.31)
0<|a|<N U
max sup|0%| < Cn;N >1 (5-4.32)
0<[a|<N U
(5-4.33)

Finally, assume that the projection of the Lagrangian {(x,®'(x)),z € U} on the momentum
variable has a diameter of order h”, namely :

diam(Qg) < Coh”™ where Q¢ = {®'(z),2 € U} (5-4.34)
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Define the Lagrangian state

u(z) = a(x)e’ " € C*(U) C C°(R™) (5-4.35)
Then, for every N > 1, there exists C’ such that
[\ p (hryul] < O™ (5-4.36)
C'y depends on 7,n, N, Cy, Cn+ for some N'(n, N, ).
When U = I, K = suppb, a = h“e¢Bp & = U, the assumptions (5-4.29) to (5-4.32) are
satisfied for some global constants Cy, Cy. In this case,
Qu ={V'(y),ye I} =n(x(Vg)NroF" (Ly,))
Since Qg C F;l“, to prove (5-4.28), it is enough to prove it with I’;‘l‘ replaced by Qy and to apply
the last proposition, it remains to check that the last point (5-4.34) is satisfied. Since who can do
more, can do less, we will show that
diam (T}) < Coh™

This is where the strong assumption on the adapted charts will play a role. To insist on this role,
we state the following lemma :

Lemma 5-4.8. Let Cy > 0. Assume that p; € T N U, satisfies d(p1, Wu(po)) < Coh®. If
p2 € Wy(p1), then for some global constant C > 0,

In(k(p1)) — n(k(p2))| < CCo*h (5-4.37)

Proof. Recall that the chart (x,Up,,) is the one centered at py, given by Lemma 3-4.2. In this
chart, k(W,(p1)) is almost horizontal : we have

K(Wulp1)) = {y,9(y,C(p1)),y € Q}

where () is some open bounded set of R, with g and ( satisfying the properties of Lemma 3-
4.2. Hence, to prove the lemma, it is enough to estimate |g(y, ((p1)) — g(0,¢(p1))],y € Q. Since
¢(po) = 0 and ( is Lipschitz, |((p1)] < Coh®. Indeed, if pf, € W, (po) satisfies d(pf), p1) < 2Coh®,

1C(p1)| = [¢(p1) = Cp)| < Cd(pr, py) < CCoh®

Then, we have
l9(y,¢(p1)) — 9(0,¢(p1))] = l9(y,¢(p1)) — 9(y,0) — Dcg(y, 0)¢(p1)]

¢(p1)
/0 (9eg(y,€) — ey, 0)) dc

¢(p1)
/ cehde
0

< Cc(pl)l-l-,@ < CcéJr,th(l-‘rﬁ)

<

In the first equality, we’ve used the facts that ¢(0,{) = ¢, d¢g(y,0) = 1 and g(y,0) = 0. This
concludes the proof since, by definition (see (5-2.3)), b(1+ 3) = 1. O
Remark.

| This lemma explains our definition of b.
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From this lemma, we can deduce (5-4.34). Indeed, recall that there exists pq € T such that
Vi € Wu(pq)(ChT). Tf p1, p2 € V, there exists pi, py € Wa(pq) such that

Hence, one can estimate

In(k(p1)) = n(k(p2))| < In(k(p1)) = n(k(p1))| + [n(s(p1)) = n(K(p2))] + In(k(p2)) — n(k(p5))]
<ChT <Ch <ChT

The inequality in the middle is a consequence of the previous lemma. Indeed, p}, ph € W, (p})
where (recall that 7 > b)

d(p, Wu(po)) < d(p1, pi) + d(p1, Wu(po)) < Ch™ + Ch® < 2Ch®

5-4.4. Reduction to a fractal uncertainty principle.

We go on the work started in the last subsection and we keep the same notations. In virtue of
Proposition 5-4.1 and Proposition 5-4.4, we can write

MV Ug = MY B'B Opy(xn)Za B 1o+ (hD,)BUg + O(h™) 12, 12 (5-4.38)
where

® xn €85, xn=1on Tlo¢(2Cyh%2) and supp x5, € T1°¢(4Cyh%?) (see Proposition 5-4.1 and
before);

e =, = Opu(Xa) where x, € C°(Up) is a cut-off function such that x, =1 on F(supp x,) and
supp Xa C VI (see the beginning of subsection 5-4.3.) ;

e Ot = 77(.% (Vg) ) (hT) (see 5-4.23 and Proposition 5-4.4).

In V,,, Ug is microlocalized in a region {|n| < Ch®}. To work with symbols in usual symbol
classes, we will rather consider a bigger region {|n| < h%}. For this purpose, let us denote

I = y(n (Vi 1 Tloe(4Cyh%)) N {|n] < h5°}) Q" =T (%) (5-4.39)

Since V& C Wu(po)(Ch®), Q4 C [-Coh®, Coh®] C [~h% k%] for h small enough. By Lemma
5-4.2, there exists x4+(n) == x4 (n; h) € C°(R) such that :

e x. =1onQF;

e supp x4 C [—h%,h%] ;

e VkeNandneR, [x"
X satisfies :

(n)] € Crh=%* for some global constants C.

Lo+ (hDy) = X+(hDy)]lﬂ+ (hDy)

Let’s now consider the following subset of I'™ :
I~ = y(fi (VN T'°(4C5h%)) N {n € supp x+})

The inclusion I'~ € I'~ comes from the support property of x.
Using again Lemma 5-4.2, we construct a family x_(y) = x—(y; h) € C2°(R) such that :
e y_=1on f’;
e suppy_ C Q= =T"(h%);
e VkeNand y € R, |X(f)(y)| < Oph=%F,
and y_ allows to write
X-W)la-(y) = x-(v)

We now claim that
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Figure 5.8: The set 7 is represented on the n-axis, with the support of the function x,. On the
y-axis, we project the gray set x (Vj N Tloc(402h52)) to obtain both I'” and I'™ depending on the
size of the n-window. The larger set £~ is also represented in red.

MV Ug = MY Opp,(xn)ZaB'x - (¥)1a- (y) 1o+ (hD,)BUg + O(h™) 2 12 (5-4.40)
Due to the polynomial bounds on ||9%™0|| and ||Ug]|, it is then enough to show that

Opn(xn)ZaB' (1 = x-(y))x+(hDy) = O(h™)

Using Egorov’s theorem in W5, (R), we see that Zg := B Opp(xn)ZeB’ is in Uy, (R) and WF,(Zg) C
K(Supp Xa Nsupp xz). We now observe that

(y,m) € WF(Z0) N WF, (1 — x—(y)) N WF}, (x+(hDy)) =
(y,m) € K(supp xa NSUPP Xn),7n € SUpp x4,y €I,

But the first two conditions imply that y € r-. Hence,
WEL(Z0) NWEFp (1 = x—(y)) N WFp, (x4 (hDy)) =0

By the composition formulas in ¥, (R), Zo(1—x—(y))x+(hD,) = O(h>). Note that the constants
in O(h*°) depend on the semi-norms of x+ ,x, and x,. Due to their construction, the semi-norms
of x+ and yy are bounded by global constants. As a consequence, the constants O(h®) are global
constants.

This proves the claim 5-4.40. Recalling the bound

1% L2z < Jlall™ (@ +0(1) , Uallp2yp2 < Clloghlllal| 3

we see that the proof of Proposition 5-3.8 and hence of Proposition 5-2.1, has been reduced to
proving the following proposition.
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Proposition 5-4.6. With the above notations, There exists v > 0 and hy > 0 such that :
Vh < ho, |[Lo-(y) Lo+ (hDy)||2r2 < A7 (5-4.41)

Remark.

~ and hg are global : they do not depend on the particular @ C Q(n, a) satisfying the conditions
of Proposition 5-3.8, nor on n.

The proof of this proposition is the aim of the next section and relies on a fractal uncertainty
principle.

5-5 Application of the fractal uncertainty principle.

The fractal uncertainty principle, first introduced by Dyatlov-Zahl in [DZ16] and further proved
in full generality by Bourgain-Dyatlov in [BD18], is the key tool for our decay estimate. We’ll use
the slightly more general version proved and used in [DJN21].

5-5.1. Porous sets.

We start by recalling the definition of porous sets and then we state the version of the fractal
uncertainty principle we’ll use.

Definition 5-5.1. Let v € (0,1) and 0 < ap < 7. We say that a subset  C R is v-porous on
scales o to «y if for every interval I C R of size |I| € [ap, 1], there exists a subinterval J C I
of size |J| = v|I| such that JNQ = 0.

Figure 5.9: Example of a porous set. Its construction is based on a Cantor-like set. Red intervals
correspond to choices of I, blue ones correspond to J.

The following simple lemma shows that when one fattens a porous set, one gets another porous
set. For its (very elementary) proof, see [DJN21] (Lemma 2.12).

Lemma 5-5.1. Let v € (0,1) and 0 < a9 < ;. Assume that ay € (0,5a;1] and Q C R is
v-porous on scales ag to a;. Then, the neighborhood Q(az) = Q+[—aq, as] is §— porous on scale
max (g, 2as) to a;.

The notion of porosity can be related to the different notions of fractal dimensions. Let us
recall the definition of the upper box dimension of a metric space (X, d). We denote by Nx(¢) the
minimal number of open balls of radius € needed to cover X. Then, the upper box dimension of
X is defined by :

I log N
dimX := limsup LX(E)

5-5.1
50 —loge ( )

In particular, if § > dimx, there exists €9 > 0 such that for every ¢ < gy, Nx(e) < =%, This
observation motivates the following lemma :

Lemma 5-5.2. Let 2 C R. Suppose that there exist 0 < § < 1, C' > 0 and gg > 0 such that
Ve < eg, Nq(e) < Ce°

Then, there exists v = v(4, &9, C') such that Q is v-porous on scale 0 to 1.

Remark.
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The proof will give an explicit value of v. This quantitative statement will be important in the
sequel to ensure the same porosity for all the sets W, ,s(po) N T

Proof. Let us set T = |max ((650)’1, (650)ﬁ>J +1and v = (3T)~'. We will show that Q is

v-porous on scale 0 to 1. Let I C R be an interval of size |I| € (0,1]. Cut I into 3T consecutive
closed intervals of size v: Jy, ..., Jsp—1. We argue by contradiction and assume that each of these
intervals does intersect ). Let us show that

No(v/2) > T (5-5.2)

Assume that Uy, ..., Uy is a family of open intervals of size v covering 2. For i =0,...,T—1, there
exists z; € Js;41 and j; € {1,...,k} such that z; € Uj,. It follows that Uj;, C J3; U J3;11 U J3i49
and hence i #1 = U;; NU;, =0. The map i € {0,...,T — 1} — j; € {1,...,k} is one-to-one,
and it gives (5-5.2). Since T > é, v/2 < eg. As a consequence ,

T < N(v/2) < C(6T)°
which implies 7'~% < C6°. This contradicts the definition of T O

In the extra section 5-5.4., we give a result in the other way, namely, porous sets down to scale
0 have an upper box dimension strictly smaller than one.
For further use, we also record the easy lemma :

Lemma 5-5.3. Assume that (X, d), (Y, d’) are metric spaces and f : X — Y is C-Lipschitz. Then,
for every € > 0,
Nf(x)(E) < Nx(E/C)

In particular, if Nx () < C{e° for € < &g, then for e < Ceq, Ny(x)(e) < (C1C)°7°.

5-5.2. Fractal uncertainty principle.

We state here the version of the fractal uncertainty principle we’ll use. This version is stated in
Proposition 2.11 in [DJN21]. The difference with the original version in [BD18§] is that it relaxes
the assumption regarding the scales on which the sets are porous. We refer the reader to the review
of Dyatlov [Dyal9] to an overview on the fractal uncertainty principle with other references and
applications.

Proposition 5-5.1. Fractal uncertainty principle. Fix numbers fygt,ﬁ such that
0<Hf <AE <1, 7 +97 <1<+
and define
v =min(yy, 1 —7y) —max(y,1-)
Then for each v > 0 , there exists § = 8(v) > 0 and C = C(v) such that the estimate

Lo Frlo, ||lr2@)—r2@) < CRYP (5-5.3)

holds for all 0 < h <1 and all h-dependent sets {24+ C R which are v-porous on scale B to R

Remark.

In the sequel, we will use this result with 'yf = 0. In this case, the condition on ’yoi becomes
Yo + var > 1 and the exponent 7 is v, + 'yar — 1. This condition can be interpreted as a
condition of saturation of the standard uncertainty principle : a rectangle of size R x b will
be subplanckian.
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5-5.3. Porosity of Q" and Q.

Since we want to apply Proposition 5-5.1 to prove Proposition 5-4.6, we need to show the porosity
of the sets QF defined in (5-4.23) and (5-4.39). The main tool is the following proposition.

Proposition 5-5.2. There exist § € [0,1], C > 0 and €9 > 0 such that for every pg € T, if
X =Wys(po) NT N U,

Nx(g) < Ce™%; Ve < g9

Remark.

Recall that W, /s(po) is a local unstable (resp. stable) manifold at pg, and in particular a single
smooth curve. U, is the domain of the chart adapted r,, (see 3-4.2).

Roughly speaking, this proposition says that the upper box dimension of the sets W, /,(p) N T,
the trace of T along the stable and unstable manifolds, is strictly smaller than one. This condition
on the upper box dimension is a fractal condition. In our case, we need uniform estimates on
the numbers Ny (g) for X = W, /,(p) N'T. This uniformity is a consequence of the fact that the
holonomy maps are C! with uniform C! bounds (and thus Lipschitz, which is enough to conclude).
This result is clearly linked with Bowen’s formula which has been proved in different contexts and
links the dimension of X with the topological pressure of the map ¢, = —log|J}|. This is where
the assumption (Fractal) is used.

Proof. We will simply recall some arguments which lead to give an upper bound to the upper
box dimension. We borrow this arguments from [Bar08] (Section 4.3) and refer the reader to this
book for the definitions and properties of topological pressure (definition 2.3.1), Markov partition
(definition 4.2.6) and other references on this theory.

We'll show that the pressure condition (Fractal) implies Proposition 5-5.2. We prove it for the
unstable manifolds. The proof is similar in the case of stable manifolds by changing F into F~1.
We first begin by fixing a Markov partition for 7 with diameter at most 79. This is possible in
virtue of Theorem 18.7.3 in [HK95]. We note Ry,...,R, C T this Markov partition. Here, ng is

smaller than the diameter of the local stable and unstable manifolds and the holonomy maps H:fé)s,
are well defined for d(p, p') < no :

HU/S : W‘;/u(p) - Ws/u(p/)a ¢ — the unique point in Wu(C) n Ws(p/)

psp’

Due to our results on the regularity of the stable and unstable distributions, these maps are
Lipschitz with global Lipschitz constants. In particular, if an inequality of the kind

N, (7€) < Ce™®

holds for some p, it holds for p’ if d(p, p’) < no with C replaced by K°C where K is a Lipschitz
constant for the holonomy maps. We fix (p1, ..., pp) in (Ri1,..., Rp) and we set V = J!_, Wy (p;)N
R;. It is then enough to show that

dimV < 1
Indeed, if dimV < 1, for 6 € (dimV, 1), there exists g9 > 0 such that

Ve < eg, Ny(e) < gd

and we conclude the proof of Proposition 5-5.2 with the above considerations on the holonomy
maps.

§ := dimV satisfies the equation P(6¢,) = 0. We will actually show that P(d¢,) > 0. Since
s+ P(s¢,) is strictly decreasing and has a unique root, the assumption P(¢,) < 0 will give § < 1.
We will note
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the elements of the refined partition at time n. Similarly to the definitions of J;r , we will note

Jio.osin = E{T7 (), p € Rig,...0i, }
and write
n—1
- k
W= ¥ = X o (o)
205-++ytn 105+ +ytn '
(the last equality follows from the chain rule). Properties of Markov partitions ensure that

P(s¢,) = lim llogcn(s)

n—oo nN

Fix s > §. Hence, there exists £1 such that Ve <e1, Ny(e) <e™*.
Fix n € N*. By writing V = Ui0 i, Vig,...,in We have

0 stn
Note that
F"(Vig,...in) C Wu(F"(piy)) N R,
and
Hingpy o (F" Vi) € Vi,
Hence, if we cover V;, by N sets of diameter at most €, Uy, . .., Uy, the sets F*"OH;WF,L(MO)(Ui), 1<

1

.....

1 < N cover V;

0y-+05ln

and have diameters at most KeJ; ~ , . Hence,

Ny, (e) > Ny, ., (KeJ.! .

20,---s0n

which gives
Nv(e) < > Ny, (eK i)

05-yln

. _1 _
As a consequence, if € < &1 KJ, ", where J, =sup,, ,; Ji we have

n 0seeesln?

.....

By iterating this process, we see that for all m € N, if ¢ < g1 (K J,; 1)™,
Ny(e) < e *K™c,(s)™

Hence,

log N (@) _,log(Keals)) _ | log(K*cals)
—loge ~ —loge - —log (El(KJrfl)m)

We then take the limsup as € — 0 first and then pass to the limit as m — 4oc and find that

log K%¢,,(s)

dimV < s +
! - flogKJrfl

Then, we pass to the limit s — § and find that log(K°c, (8)) > 0. Hence,

1 —dlog K
n—oo N n—oo n
This ends the proof of the required inequality and gives that dimV < 1. ]

From the Proposition 5-5.2, we get

Corollary 5-5.1. There exists v > 0 such that for every py € T, the sets yor (Wy(po) NT NU,,)
and ¢ (Ws(po) N T NU,,) are v-porous on scale 0 to 1.
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Proof. The maps y o k and ( are C-Lipschitz for a global constant C. As a consequence, the
previous lemma and Lemma 5-5.3 give

Ve < £0/C, Na(e) < C%™° | where Q =y ok (Wul(po) N T NU,,) or ¢ (Walpo) N'T NTy,)
Applying Lemma 5-5.2, the v-porosity is proved for some v = v(4, C, ). O
To conclude, we use this corollary to show the porosity of QF. We start by studying Q+.
Lemma 5-5.4. There exists a global constant C' > 0 such that
QF CC(Walpo) NT NU,,) (ChT)

Proof. Since QF =T (h7), it is enough to show the same statement for " =7 o, (VJQF)

Let p € Vg. By assumption on Q and po, d(p, Wa(po)) < Ch®. Since p € Vq for some q € Q, there
exists p; € T such that d(p, Wy (p1)) < % < Ch™. Fix ps € Wy (p1) such that d(p, p2) < Ch™.
Iner(p) = Clp1)l = Inerlp) = Clp2)| < [norlp) —nok(p2)l + |nerp2) = Clp2)]

Since 7 o k is Lipschitz, we can control the first term by

Inok(p) —nor(p2)| < Cd(p,p2) < Ch™

To estimate the second term, the same arguments used after Lemma 5-4.8 show that

[0 k(p2) = ¢(p2)| < diam[n ok (We(p2) NUp,)] < Ch

It gives |nok(p) —(p1)| < Ch™. To conclude, note that there exists a unique point p} € Wy(pg) N
Wu(p1) and ((p1) = ¢(p})- [

As a simple corollary of this lemma and of Lemma 5-5.1, we get
Corollary 5-5.2. Q7 is v/3-porous on scale %C’hT to 1.

We now turn to the study of 2. We can state and prove similar results with different scales
of porosity. Recall that d5 = %60.

Lemma 5-5.5. There exists a global constant C' > 0 such that
Q™ Cyor(Wu(po) NT NU,,) (Ch*)
Proof. Since Q= = I'"(h%) with §y > d, it is enough to prove if for
I =yor (VSN T loe (402h52) N{n| < h‘s“})
Recall that 71°¢ c |J se1 Wis(p). Since in V;f, all the local stable leaves intersect Wy (po), we have
VinTeUc:h?) o | Walp)(ACan®)
PEWL (po)NT

Fix p € Wy(po) NT. Since ds(Es(po)) = ROy, if €o is small enough, we can write x(Ws(p)) =
{(G,(n),m),n € O} where O is some open subset of R and G, : O — R is C*°. In particular, it is
Lipschitz with a global Lipschitz constant C. If || < k%, |G,(n) — G,(0)] < Ch%. Recall that
k(Wy(po) NU,,) C R x {0} and hence, G,(0) = y o k(p). As a consequence, if py € Wi(p) N{|n| <
ho}, writing k(p1) = (G,(n),n), we have

[y o w(p1) =y o rl(p)l = Gpln) = G,(0)] < OB
Then, if py € W,(p)(4C2h°?), since & is Lipschitz with global Lipschitz constant ,
ly o k(p2) — y o K(p)| < Ch®* + Ch%™ < Ch*

This shows that y o x(p2) € y o k(W (po) NT)(Ch%) and concludes the proof. O
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As a corollary, using Lemma 5-5.1, we get
Corollary 5-5.3. Q™ is v/3-porous on scale %Ch52 to 1.

We can now prove the last Proposition 5-4.6 needed to end the proof of the main Theorem
5-2.1. This is a consequence of the porosity of QF and the fractal uncertainty principle. To apply
Proposition 5-5.1, we need to ensure that the scale condition is satisfied, that is to say

bo+7>1

which has been supposed when defining 7 in (5-2.6) and (5-2.7). Theorem 5-2.1 then comes with
any 0 < v < (02 +7 — 1)8(v/3). This ends the proof of Theorem 5-2.1.

5-5.4. From porosity to upper box dimension.

Let us conclude this Chapter with an extra subsection related with the porous sets. We have shown
in Lemma 5-5.2 that sets with upper box dimension strictly smaller than one are porous. In this
extra section, we show a result in the other way, namely, porous sets down to scale 0 have an upper
box dimension strictly smaller than one. The following lemma gives a quantitative version of this
statement. This is not useful for our use (we only needed the first implication) but we found that
it could be of independent interest. Our proof is based on the proof of Lemma 5.4 in [DJ18b]. We
adopt the same notations as in 5-5.1..

Lemma 5-5.6. Let M € N,v > 0,17 > 0. Let X C [-M, M] be a closed set and assume that
X is v-porous on scale 0 to «;. Then, there exists C = C(v,a1, M) > 0, g9 = go(v, 1, M) and
6 =0(v) €[0,1) such that

Ve <eg; Nx(e) < Ce™?
In particular, L

dimX < §
Proof. We note L = [%] and kg the unique integer such that
L—k’g <a < L—k0+1

We will note I, , = [mL~%, (m + 1)L=F] for k € N,m € Z.
We now show by induction on k > kg that there exists Y, C Z such that :

#Ve <2MIP(L— 1) 0 (] Lok (5-5.4)
meYy
namely, at each level & > ko, one new interval I,,, , does not intersect 2.
The case k = ky is trivial since we simply cover {2 by the intervals I, i, for MLF < m < MLko.

We now assume that the result is proved for £ > ky and we prove it for £k + 1. Fix m € Y. We
write I = Uf;ol Ip+jk+1- We claim that among the intervals I,r; k41, at least one does not

intersect 2. Indeed, since |I| < L™* < q;, the porosity of 2 implies the existence of an interval
J C I of size v|I| = vL™% > 2L7%=1 such that JNQ = . Since |J| > 2L~*~1  J contains at least
one of the intervals Ip,r4;r+1. We note this index j,,. We now set

Yipr= |J {mL+4.5€{0,..., L} \ jm}
meYy

By the property of j.,, Q C UmeYHl Iy jov1 and #Y < (L — D)#Y, < (L — 1)k+1=ko N [0,
‘We now consider € < %L‘ko and write k& the unique integer such that

LF <9 < L7F1 e k= [—105;(25)}
log L

Since we can cover € by 2M LFo(L — 1)*=%o closed intervals of size L™*, we can cover Q by
4M L*o (L — 1)k=ko open intervals of size 2¢. Hence,

log(2¢)

L \™
No(e) < AMLM (L —1)FF < 4M <L1> (L—1)" ®er t1 < 09

log 2

k
with § = 5020 € [0,1) and € = 4M (£45) " (L —1)' 7, O
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’ I5 ko+2 ‘ ’ Is k0+2 ’ I7 k0+2
|

LA L

Figure 5.10: It illustrates the tree structure of the family of intervals Iy, ,,, with L = 3. The porosity
allows us to withdraw at least one child to any parent. The missing children are drawn in red.




Chapter 6

Applications

In this chapter, we use the crucial result of the previous Chapter 5 given by Theorem 5-2.1 to
prove a spectral gap in obstacle scattering and to obtain polynomial resolvent estimates in strips
below the real axis. We deduce estimates in O(]A|log|A|) for the truncated resolvent xR(A)x on
the real line and give an application to the decay of the local energy for the wave equation. The
material of this chapter is also in the preprint [Vac22a).

6-1 Introduction.

6-1.1. Spectral gap and resolvent estimates.

Let (Oj))1<;j<s be open, strictly convex obstacles in R? having smooth boundary and satisfying the
Tkawa condition of no-eclipse: for i # j # k, O; does not intersect the convex hull of O; U Oy. Let

J
o=Jo;; 2=R*\0.
j=1

Let us note R(A) the resolvent of the Dirichlet Laplacian —Agq in 2, continued meromorphically
to the logarithmic cover A of C. In this chapter, we detail the arguments of [NSZ14] and use
the main estimate of Chapter 5 in Theorem 5-2.1 to prove the spectral gap announced in the
introduction (Theorem A) and to obtain estimates for the cut-off resolvent in this region. We will
rather state these resolvent estimates in a semiclassical form, so that it can also be applied to
more general semiclassical problems such as the scattering by a smooth compactly potential (see
[NSZ11], Section 2, for precise assumptions). We are interested in the semiclassical operator

P(h)=—-h’Aq—1 , 0<h<hg
and spectral parameter z € [—4, §] + i[—Kh, Kh] for some fixed K > 0 and some ¢ > 0. We note
Ri(2) = (P(h) — 2)~* (6-1.1)

continued meromorphically from Im z > 0 to z € [-§, 8] + i[—Kh, Kh]. We prove :

4 N\
Theorem 6-1.1. Suppose that P(h) = —h?Aq — 1 where —Aq is the Dirichlet Laplacian in

Q, or P(h) = —h?A+V — Ey where V € CZ(R?) and Ey € RY. satisfying the assumptions of
[NSZ11], recalled in 6-2.3.1.. Let x € C°(R?) be equal to one in a neighborhood of O (in the
case of obstacle scattering) or supp V' (in the case of scattering by a potential). Fiz K > 0.
There exists 6g > 0, v >0, C > 0, hg > 0 and 8 > 0 such that for all 0 < h < hg, P(h) has
no resonance in

Dy, :={z € C,Rez € [~dp, 0], —vh <Imz < Kh} (6-1.2)

and for all z € Dy,

IXRi(2)X]|2 02 < Ch™P (6-1.3)

\ J

209
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In particular, Theorem A on the spectral gap is proved.

Remark.

In the case of the obstacles, with these notations, for ¢ small enough and h small enough, z is
related to the spectral parameter \,(z) by the relation A, (2)? = h=2(1 + z). As a consequence,
An(2) lies in a neighborhood of 1/h in A. In particular, it lives in the first sheet of A, that is
arg \p(2) €] — /2, 7/2[.

6-1.2. Applications.

Decay of the local energy for the wave equation. As a first application, we obtain a decay
rate O(t~2) for the local energy of the wave equation outside the obstacles. The link between
resolvent estimates and energy decay is quite standard now (see for instance [Zwol2|, Chapter
5, [Leb96]). In the particular case of obstacle scattering, Ikawa showed exponential decay in
dimension 3, for the case of two obstacles ([Ika82]) and for more obstacles under a dynamical
assumption ([Ika88]) involving the topological pressure P(s) of the billiard flow. This assumption
requires the pressure to be strictly negative at s = 1/2 (see also [NZ09]). In the case of dimension 2
(and more generally, of even dimensions), one cannot expect such an exponential decay due to the
logarithmic singularity at 0 for the free resolvent and the fact that the strong Huygens principle
does not hold. Even for the free case, the bound for the local energy is O(t~2). This is the bound
we obtain here, assuming that the initial data are sufficiently regular :

4 )

Theorem 6-1.2. There exists k € N such that for all R > 0, there exists Cr > 0 such that
the following holds: let (ug,u1) € (H*1(Q) N HY(Q)) x H¥(Q) be initial data supported in
B(0,R) N Q and consider the unique solution of the Cauchy problem

u(t,z) — Au(t,z) =0 in Q
u(t,x) =0 on 9N

Ut=0 = Uo

Opug=0 = u1

Then, fort > 1, the local energy in the ball B(0, R), Egr(t), satisfies the bound

Cr
ER(t) = /B(O I [Vu(t)? + |0pu(t)]* < el (HluollZrasr + luallFx)
JR)N

\ J

Theorem 6-1.2 is a consequence of Theorem 6-1.1. This fact is proved in Section 6-3 and the
proof uses the strategy of [Bur98].

Resolvent estimates on the real line. Polynomial resolvent bounds in strips are known to
imply better bounds on the real line, by using a semiclassical maximum principle (see for instance
[Bur04], Lemma 4.7, or [Ingl8]). As a consequence, we deduce the following estimates on the real
line :

Corollary 6-1.1. Let P(h) be one of the operators described in Theorem 6-1.1 and let x € C2°(R?)
as in this Theorem. There exist Cy > 0, g > 0 and hg > 0 such that for all 0 < A < hy and for all
AS [*50, 50],

| log h|

IX(P(h) = 2)""Xl|e2 2 < Co—

Remark.

As a direct corollary of the proof of Lemma 4.7 in [Bur04], we can obtain a more general bound.
For h > 0 small enough,

IX(P(h) — 2) "' Xl|r2 12 < Collog h|h = roltm=l/m 15 e [~y 6] + i[—h, O] (6-1.4)
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where ¢ > 0. With this method, based on the maximum principle for analytic functions, the
value of ¢ in not explicit. In fact, our proof gives a bound of the form

IX(P(h) = 2)""xll12s 12 < Cllog h|p = 7M1= MelmEl/R e (60, 8] +i[—h, 0]

where M only depends on constants related to the billiard map (see (6-2.15)). The extra M; is
a consequence of the method we use, based on the use of an escape function. It is possible that
a more careful analysis could allow to get rid of this extra M; and we could straighlty obtain a
bound of the form (6-1.4).

This kind of estimates is known to be useful to prove smoothing effects for the Schrédinger
equation and to obtain Strichartz estimates, which turns out to be crucial for the local-well posed-
ness of the non-linear Schrédinger equation (see for instance [Bur04], [BGT04]). Let’s for instance
mention the following smoothing estimates (see the references above for the proof and for pointers
to the literature concerning these estimates) :

Corollary 6-1.2. Let  be as in Theorem 6-1.1 and let e~*29 be the Schrédinger propagator of
the Dirichlet Laplacian —Ag in §2. Then, for any € > 0 and for any x € C(R?) equal to one in a
neighborhood of O, there exists C' > 0 such that for any ug € L?(Q),

—itAq

lIxe Xuoll L2 (r,, H172-2(0)) < CllxuollL2

6-2 Proof of Theorem 6-1.1

In this section, we prove the main resolvent estimate of this Chapter. The central point, concerning
a resolvent bound for open hyperbolic quantum maps, is common to the case of obstacle scattering
and scattering by a potential. However, the reduction to open quantum maps differs in the two
above situations, this is why we distinguish the two cases.

6-2.1. Crucial resolvent bound.

Let F: D — A be an open hyperbolic map, as presented in 3-1.1.. We recall that this formalism
relies on :

e open intervals Y7,...,Y; of Rand Y = L]jzl Y; C L]jzl R ;
o U= |_|'j]=1 U; C |_|j=1 T*R? where U; € T*Y; are open sets;

e For j = 1,...,J, open disjoint subsets 5ij € Uj, 1 <14 < J, the departure sets, and, for
it =1,...,J open disjoint subsets A;; € U;, 1 < j < J, the arrival sets ;

e Smooth symplectomorphisms Fj; : INDZ-]- — Fij (5”) = A;;

Then, F' is the global smooth map F' : D — A where A and D are the full arrival and departure
sets. Finally, we recall that we note 7 the trapped set of F, which is supposed to be totally
disconnected and F is supposed to satisfy the assumptions (Hyperbolicity) and (Fractal). We also
refer the reader to 4-3 for the definition of open quantum hyperbolic maps (see Definition 4-3.2).

We now consider M (h) an open quantum hyperbolic map, associated with F'. We suppose that
M (h) is microlocally invertible near 7. Additionally, we make the following assumption : there
exists L > 0 and ¢9 € C°(T*Y, [0, 1]) such that supp(¢o) is contained in a compact neighborhood

Wof T, W C D, ¢o =1 in a neighborhood of 7 and
M(B)(1 ~ Opa(go)) = O(h%) (6-2.1)
Let us note oy, the amplitude of M (h), as defined after Definition 4-3.2 and ||ap||eo its sup norm in

W. It is a priori h-dependent, but it is uniformly bounded in h. A direct consequence of Theorem
5-2.1 is the following :
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Proposition 6-2.1. Suppose that M(h) satisfies the above assumptions. There exists § > 0,
v >0, hp > 0 and a family of integer N(h) ~ d|log h|, defined for 0 < h < hg, such that for all
0 < h < hy,

1M ()N |22 < 27 g || (6-2.2)

Remark.

e Strictly speaking, the result of Chapter 5 applies to operators of the form T'(h) Opp(«)
where T is microlocally unitary near 7. We can reduce (6-2.2) to this case. Indeed, locally
near every point pg € T, M (h) takes this form, and 7 is totally disconnected, so that M (h)
takes this form in a small neighborhood of 7. Finally, as showed in Section 5-3.1., the
behavior of M (h) outside any neighborhood of T contributes as a O(h*) in (6-2.2), as soon
as N(h) is bigger than a fixed Ny depending on this neighborhood.

e Note that the constant § and v are purely dynamical, that is, depend only on the dynamics
of F near T. Indeed, § is defined in Section 5-2 using only dynamical parameters, such as
the Jacobian of F'. Concerning -, it is implicitly defined using the porosity of the trapped
set (see Section 5-5). hg depends on « (through a finite number of semi-norms). This
remark will turn out to be important when dealing with scattering by a potential.

This estimate, which is the crucial point in [Vac22b| to prove the spectral gap naturally leads
to a resolvent bound for (Id —M (k)= :

Proposition 6-2.2. Suppose that M (h) satisfies the above assumptions. Let v and ¢ be given in
Proposition 6-2.1 and assume that for some h; > 0, for all 0 < h < hq,

lon oo < exp (%) (6-2.3)

Let us consider A > 1 such that for all 0 < h < hq, ||ap|lec < A. Then, there exists hg €]0, hq]
such that for all 0 < h < hg,

| a—nrny |

, < 28|log h|h 0 oeA (6-2.4)

L2—L

Proof. First recall that M*M € ¥+ with og(M*M) = o} and M = O(h’) microlocally outside
W. Hence, we can estimate the operator norm of M (h) (see [Zwo12], Theorem 13.13),

IM(R)]|z2— 12 < [lan]|o + O(AT)

where 7 is any fixed number in |0, 1].

Let N(h) ~ d|log h| be the family of integers given by Proposition 6-2.1. Without loss of generality,
we may assume that N(h) < 6|logh|. We use the fact that h7|[|as||N™ = o(1) when h — 0 if
l|an|loe < €%. As a consequence, Id —M N is invertible for h small enough with

|(Id =M NN =1 < g ,0<hx1 (6-2.5)
This implies that I — M is invertible with inverse
(Id—M)~t = ([d+M + - + MVNP =1y ([1d - p Ny ~1 (6-2.6)
We hence estimate

T +M + -+ MYO=L| < N(R)([[an] | + O NP < N(R)(A + O(h7))) NP
< §|log A1~ A (1 + o(1))

4
< g5\1ogmif‘“0gf‘

if h is small enough. Using (6-2.6), we multiply with (6-2.5) and find the required inequality.
O

Remark.
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The constant 2 can be changed into any 1 + ¢ by changing hg into ho(e).
If liminfp, 0 ||an |0 > 1 we can get rid of the log A term by changing it into a constant depending
on ||ap||eo. More precisely, a better estimate of the sum can show that

2

< p—0log [lan|le
L2—L2 — HahHoo -1

| a—aru)™|

The main interest of the estimate in Proposition 6-2.2 is that it gives a uniform estimate in the
limit ||ap|leo — 1.

6-2.2. Proof in the case of obstacle scattering.

In this subsection, we recall the main ingredients of [NSZ14]| and prove the resolvent estimate of
Theorem 6-1.1 in obstacle scattering.!
Let O = U;.Izl O; where O; are open, strictly convex obstacles in R? having smooth boundary

and satisfying the Tkawa’s no-eclipse condition : for i # j # k, O; does not intersect the convex
hull of O; U Oy. Let P(h) = —h?Aq — 1 and fix a cut-off function x € C2°(R?) equal to one in a
neighborhood of O. First note that by a simple scaling argument, it is enough to prove (6-1.3) for
z€{z€ D(0,Kh),Imz > —yh} for any K > 0 fixed.

Complex scaling. We fix R, > 0 such that supp x C B(0, R,,). For a parameter 8 €0, 7/2[, we
consider a complex deformation I'y C C? of R? such that for some R’ > R,,

Lo N Be2(0, Ry) = R* N Bg:2(0, Ry)
Lo NC2\ Be2(0,R') = ¢R2NC?\ Be2(0, R)
Ty = fo(R?); fo: R?* — C? injective
By identifying R? and 'y through fj, we note Ay the corresponding complex-scaled free Lapla-

cian, and Aq g the complex scaled Laplacian on H2(2) N H(Q2). We fix K > 0 (which can be
chosen arbitrarily large) and for z € D(0, Kh), we note

Py(2) = —h*Aeg —1—2 (6-2.7)
with either e = 6 or ¢ = 2,0. We note the associated resolvent, when they are defined,
Ro(2): L*(2) — H*(Q) ; Re(2) : L*(R?) — H*(R?)

Remark.

With these notations, the parameter A of the usual resolvent R(\) takes the form A = A\, (2) =
h=Y'(1 + 2)'/2? with 2 € D(0, Kh) C D(0,1) if h small enough, so that the square root is well
defined and gives a holomorphic function of z.

Thanks to the usual properties of the complex scaling method (see for instance [DZ19], Section 4.5
in Chapter 4 and the references given there), we have :

e The operators Py(z) and Pq g(z) are Fredholm operators of index 0;

e zis a pole of Rq ¢(z) if and only if A\,(2) is a scattering resonance ;

For z not a pole of Rq ¢(z), in virtue of the properties of x and I'y, we have :

xRa0(2)x = xRin(2)x = h>xR(Au(2))x

Finally, we recall that we have the following standard estimate for Ry(z) (see for instance
[DZ19], Theorem 6.10)

|Ro(2)]| L2r2) > 2 r2) < Ch™' 5 2 € D(0, Kh) (6-2.8)

In particular, it tells that Ry is holomorphic in D(0, Kh). Here, H?(R?) is a semiclassical
Sobolev space i.e. H?(R?) with the norm [[ul| g2 g2y = |[(1 — R*A)ul| 2.

I'We use notations similar to the ones in [NSZ14] but beware that we do not use the exact same conventions.
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To prove Theorem 6-1.1, it is then enough to give a bound for xR ¢(2)x : L?(2) — L*(Q2) in
the corresponding region.

Reduction to the boundary of the obstacles. Following [NSZ14| (Section 6), we introduce
the following operators to obtain a reduction to the boundary. For j =1,...,J, let

i u € HA(Q) = ulpo, € H¥?(00;) (6-2.9)

be the (bounded) trace operator and yu = (y;u); € H3/?(00) :== H3/2(00,) x -+ x H3/%(00,),
and let

extension by 0
—

Hj(z) : H¥*(00;) — H*(R?\ 0;) L*(R?) (6-2.10)

be the Poisson operator, defined, for v € H3/2(6(’)j), as the solution to the problem

{ Py(2)Hj(2)v =0 in R*\ O;
viHj(z)v = .

u = H,(z)v is a solution of the problem Py(z)u = 0 with outgoing properties. So as Py(z), H;(z)
implicitly depends on h. For 7 = (v1,...,v5) € H¥?(d0), we set

Let us define the following operator-valued matrix M(z) : H3/2(00) — H3/2(00O) by the relation
Id —M(z) = vH(z) (6-2.11)

We state a few facts concerning these operators. In the following lemma, we give estimates
involving the semiclassical version of the Sobolev spaces H?(R?\ O;) and H*/%(90;), denoted

H?(R?*\ O;) and HZ/Q (00;) respectively.
Lemma 6-2.1. For j =1,...,J, there exists C' > 0 such that for all 0 < h < 1, the norm of the
bounded operator ~; from HZ(R?\ O;) to Hz/Q (00;) satisfies

) —1/2
M6llzz eo\05)» 137200, < CP

Proof. Using a partition of unity argument and local charts, it is sufficient to prove that the
above result holds with R?\ O; replaced by R x R* and 00; replaced by R. In this setting,
we note 7 the associated trace operator. First, we extend an element u € Hj(R x R%) to an
element 4 € H?(R x R) such that |@|| g2 < Cllul|g2 (see for instance [Eval0], Chapter 5, Section

4 : in the proof of Theorem 1, one can extend u € HZ(R x RY%) with the formula : for y > 0,
u(z, —y) = —3u(z,y) + 4u(x, —y/2)). Then we observe that, with F} (resp. F3) the semiclassical
unitary Fourier transform in 1D (resp. 2D),

FAu)(©) = G [ Fa)Emin

From, this we get
yall o2 < Ch=Y2] | (6-2.12)
h v

Indeed, by Cauchy-Schwarz, we have

< ([ 17+ &+ aan) ([a+e 4 an)

< ( [1F@Enra e +772)2d77) 1+ [ @) 2

/ Fa@) (€, m)dn
R

We find (6-2.12) by multiplying by (1 —|—§2)3/ 2 and integrating over £. This concludes the proof. [
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Lemma 6-2.2. For j =1,...,J, for any K > 0, there exists hg > 0 such that for all 0 < h < hy,
xH;(z) is holomorphic in D(0, Kh) and satisfies for some C > 0 independent of h, and for z €
D(0,Kh),

IH ) 2000, s oy < Ch2

Proof. We follow the main lines of the proof of Lemma 6.1 in [NSZ14].
First, let us introduce an extension operator T;’ : H,?;/ 2(8(’)j) — HZ(R?) such that for v €

H 2/ 2(8(’)j), T;‘v is supported in a small neighborhood of 90; and

Th = O(h'/?) : H}/?(00;) — HE(R?)

This is possible, for instance by taking the extension operator given in the proof of Lemma 6.1 in
[NSZ14]. Another approach consists in using a partition of unity and local charts to replace 90;
by R, as in the proof of Lemma 6-2.1. Then, one can consider the following operator

X
Ty v € H'2(R) s Ty € H2(R?) ; Tho(z,y) = (X <E<hDy>) v) (v)
where x € C°(R), x(0) = 1. Then, Thv(0,y) = v and one has

| Thol| 2 (m2y < 0h1/2||v||H2/2(R)

Indeed, one has

Fu(Tho)(€.m) = B2() " FL () (fm) < FL(0)(n)

and hence

Thol gy = [ 1 To)6mP 1+ € o7 P

<n [?|F 0 (<f7>>
< [17tvora+ezae) ([ irmPa-r i)

< Chllol

% (14 €2)2(1 + %) 2dnpde

2
| P (0)(n)

(R)
We then assume that for all v € H2/2 (00;), supp(Tjhv) C supp - Then, we claim that
H;(z) = 1R2\@Tf - Rﬁg(z)nRz\o—ng(z)TJh

where R;g(z) is the resolvent of the complex scaled Dirichlet realization of —h*A — 1 on R? \
O;. Indeed, the boundary condition on 90O; is satisfied since Ran(R; ) C Hg(R?\ O;), and by
definition, PyR;ow = w in R? \ O;, for w € L2(R?\ O;).

As a consequence, is suffices to show that xR, ¢(2)x is holomorphic in D(0, Kh) with the bound

XRjo(z)x = O(h™") : L*(R*\ O)) — L*(R*\ O;)

This is a rather standard non-trapping estimates (here, when there is a single obstacle, the billiard
flow is non-trapping). As explained in [NSZ14] in the proof of Lemma 6.1, such an estimate relies
on propagation of singularities concerning the wave propagator : one can check that an abstract
non-trapping condition for black box Hamiltonian is satisfied (see for instance [DZ19], Definition
4.42). This implies that the required statement ([DZ19], Theorem 4.43) holds. O

Finally, we recall the crucial relation between Rq ¢(z) and M(z) (see [NSZ14], formula 6.11
and the references given there). Assume that z € D(0, Kh) and that Id —M(z) is invertible. Then,
so is R ¢(z) and we have

Rag(2) = 1qRy(2) — 1oH(2)(Id —M(2)) " yRe(2) (6-2.13)
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In particular, we see that if we have a bound for
114 M)y, o

we find a resolvent bound for Rq ¢(z). In fact, as explained in [NSZ14], it is sufficient to work on
L?(00) in virtue of the following result :

Lemma 6-2.3. ([NSZ14|, Lemma 6.5) For j = 1,...,J, let B*00; = {(y,n),y € 00;,|n| < 1}
and consider x,; € C°(T*00,) such that x; = 1 near B*90;. Then, by denoting Ops(x;) a
quantization of x; and by D the diagonal operator-valued matrix Diag(Opn(x1),- -, Opn(xs)), we
have

(Id =D)(Id =M(z)) = O(h™) L2(50)— c=(80)
(Id =M(2))(Id —=D) = O(h*) L2 (80— c= (80)

As a consequence of this lemma, Id —M(2) extends to an operator L?(00) — L?*(d0) and as
soon as Id —M(z) is invertible and z € D(0, Kh)

10 M) 7o, o> < Crll1d —M(2) |
(with a constant C; independent of z).

Microlocal properties of M(z) and reduction to a simpler problem. We recall the main
microlocal properties of M(z) and reduce the invertibility of Id —M(z) to a nicer Fourier integral
operator, as explained in [NSZ14] (Section 6). To do so, let us introduce the following notations.
For j € {1,...,J}, let B*0O; be the co-ball bundle of 00;, Sgoj be the restriction of S*)
to 00;, m; : Sgoj — B*00; the natural projection and v;(x) be the outward normal vector at
z € 00; (see Figure 6.1a).
For i # j, let Bij; : B*00; — B*00; be the symplectic open maps defined by

p=Bg(p) < 3t>0,3 S, Iz € 00;
I+tf € 8013 <Vj(x)7£> > Oa i<”z(x+tf)a€> < 07
mi(x, &) =p', mi(x+1,€) =p

B;; is the billiard map as defined in 3-1.1.1., whereas B;; is a shadow map (see Figure 6.1b and
6.1c). These maps are open. (see Figure 6.1d). Note that due to our definition of these maps, the
glancing rays (that is the rays associated with a point p = (y,n) € B*00O with |n| = 1) are not in
the set of definition of Blj; Moreover, due to Ikawa’s condition, if a point p € B*00; has an image
by Biij, it cannot have one by B,jfj for k # 1.

Let Zij be the closure of the arrival set of the billiard map, that is

Aij = {p € B*80;,3p" € B*90;,p = B (p')}

Similarly, let ﬁij be the closure of the departure set of the billiard map, that is

D;; ={p € B*00;,3p € B*00;,p = Bjj(p’)}
We also note
A; = Uzij i Dy = Uﬁji
JF#i J#i
Finally, we introduce the arrival and departure glancing regions :

A9 = 4,1 500, ; DY =D, N S*0;

We recall the main facts proved in [NSZ14] concerning these relations and their link with M(z) :
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, TAIRN
! B0, me
/ z !
\‘ ,I
\ /0
(a) The notations used to define the bil-
liard map and the shadow map. (b) The billiard map. BZ_-;_ (i, ;) = (yimi)

(d) These maps are open. In this figure,
the point (yj,n;) has no image.
(¢) The shadow map. B;;(y;,n;) = (yi, n:)-

(e

(e) The no-eclipse condition prevents such situation. The points p1, p2, p] are represented on the form

p = (y,n) with a blue point for y € 0O and a blue arrow for n € B;;00. The limit situations, where
the dotted line would be tangent to one of the obstacle are also excluded.

Figure 6.1: Description of the billiard map (6.1b) and the shadow map (6.1d), with the notations

recalled in (6.1a). These maps are open, as shown in (6.1d) and the no-eclipse condition prevents
some situations in the composition of these maps (6.1e).
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Lemma 6-2.4. (See Figure 6.1e). Assuming that the obstacles satisfy the no-eclipse condition,
the following holds : let i # j # k and let (p}, p1) € Gr(B;;) and (5, p2) € Gr(B,i[j). Then,

p1 # Py

In particular, it is possible to consider open neighborhoods UZ»A and UP of leg and Ezg re-
spectively, such that (see Figure 6.2), by noting wr (resp. mr) the projection (o', p) — p (resp.

(0'sp) = p)

pelUfr = p¢ U TR (Gr(l’)’,fi)) (see Figure 6.2a : it means that the ray continues to infinity)
ki

pelUP = p¢ U T (Gr(Bi)) (see Figure 6.2b : it means that the ray comes from infinity)
ki

(a) Due to the no-eclipse condition, if a trajectory
coming from an obstacle becomes glancing, then it
goes on to infinity without hitting another obstacle. (b) Due to the no-eclipse condition, if a glancing
This holds in a neighborhood of the glancing ray | trajectory hits an obstacle, it means that the ray
and allows to define U;". comes from infinity. This holds in a neighborhood
of the glancing ray and allows to define U/ .

Figure 6.2: The sets U/* and UP are built by using the properties of the glancing rays. The dotted
lines correspond to glancing rays, the broken lines represent trajectories close to the glancing region.

Let us fix cut-off functions P (resp. x#!) such that xP = 1 near Dig (resp. x! = 1 near Azg)
and supp xP C UP (resp. supp x#* C UA).

We gather the results of Proposition 6.7 in [NSZ14] and some of its consequence in the following
proposition. It is based on the microlocal analysis of the operators involved.

Proposition 6-2.3. For ¢ # j |
e uniformly in z € D(0, Kh),

M;j(z) Oph(X}'A) =O0(h>) 250 ; Oph(XiD)Mij(z) = O(h™) 250

e By excluding the glancing region on the left and on the right, we have

!

(1= Opa(x?))Mi;(2)(1 — Opi(x3)) € I(00; x 90;, Gr (Bjj)’) +1o(00; x 00;,Gx((B;;))

so let us write
(1= Opr(x!))Mi;j(2)(1 = Opr(x})) = M (2) + M;(2)

with ./\/lzij(z) € IH(00; x 00;,Gr (Bf;)/) Only compact parts of the interior of the graphs
of Biij are involved in the definition of the class Io(00; x 00;, Gr (Bij;)/), depending on the
support of xP and Xj‘.
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e The operators Mf;(z) have amplitude aZiJ(z) satisfying, for z € D(0, Kh) and for some
Cy, 7 >0,

oziij(z) < Cle_TIn']lz

e Finally, in virtue of Lemma 6-2.4, ./\/lj;(z) o M3, (2) = O(h™)r2- ¢ uniformly for 2 €
D(0, Kh).

Let us note M*(z) the matrix of operators with

) ifi#j
), ={ g

ij
Then, we observe that
(Id —M(2)) Id+M~(2)) =Id =M™ (2) + O(h™®) 12, (6-2.14)
Since we are interested in invertibility in strips, let’s note :
Q(y,K,h) =D(0,Kh)N{Imz > —~vh}
We have the rather obvious lemma :

Lemma 6-2.5. Assume that for z € Q(v, K, h), Id =M™ (2) is invertible and satisfies the bound
[1(Id =MF(2) |12 2 < a2, h)

with a(z,h) < h™ for some N independent of z € Q(v, K,h). Then, there exists hg > 0 and
C > 0, such that for 0 < h < hg, and for all z € Q(v, K, h), Id =M (z) is invertible and satisfies

(1 =M (2)) " Y|z2 12 < Calz, h)
Proof. Assuming the invertibility of Id —M™(z), it suffices to write
(Id =M (2)) (Id+M~(2))Id — M (2)) "' = Id+R(2, h)

with R(z,h) = (Id =M™ (2))2O(h*®) 2o = O(h™)2_, 2 uniformly in z. We conclude by a
Neumann series argument to invert the right hand side Id +R(z, h) and use the bound on the ampli-
tude of M~ (2) given in Proposition 6-2.3, which gives a uniform bound for M~ (z) in D(0, Kh). O

It is then enough to prove the invertibility of Id —M™(z) with polynomial resolvent bounds.

Conjugation by an escape function. The operator M ™ (2) satisfies almost all the assumptions
of Proposition 6-2.1 for the relation F' = BT, except that it is not very small outside a fixed compact
neighborhood of 7 2. To fix this problem, following [NSZ14] (Section 6.3), we can introduce a
smooth escape function go. Recall that 7 is the trapped set for F' = B* and let Wy € W, € W3
be subsets of |J; D; such that 7 C W, and such that Wj is large enough so that M™(z) Op(¢) =
O(h®)r2_, c= for any smooth function ¢ such that supp(¢) N W3 = ). This is possible in virtue of
the third point in Proposition 6-2.3. Concerning W, it can be an arbitrarily small neighborhood
of 7. Then, one can construct gy such that (see Lemma 4.5 in [NSZ14]),

g():Oianl
gooF —go>0in Ws
gooF —go>11in W3\ Wy

Then, we set g = T'log(1/h)go for some T > 0 fixed and large enough, so that e* OPr(9) are
pseudodifferential operators and satisfies

e 0P9) — O (R s Cy = [[go||oo

2strictly speaking, O is a not a disjoint union of intervals, but since we work with the relation B1, we can use
microlocal cut-offs to restrict to the relevant part of the obstacles, which is included in a disjoint union of open
intervals



220 CHAPTER 6. APPLICATIONS

(Note that Opy(g) is a diagonal matrix-valued operator on L?(00) = @ L?(00;)), and in virtue
of Egorov’s theorem, the operator

M; = ¢~ PO M F(2)eOPn I

is O(h%) for some L > 0, microlocally outside a neighborhood of 7, which can be made as small
as necessary if W, is small enough.

End of proof. We can now apply Proposition 6-2.1 and then, Proposition 6-2.2, to M (h) =
M (z) for z € D(0, Kh) with Im z > —vh. To control the amplitude an(z) of M (z), we simply
need a bound in a small neighborhood of 7 in which M} is not O(h"). In virtue of Egorov’s
theorem, the amplitude of ./\/13‘ is smaller than the amplitude of M*. We now claim that there
exists 7 > 0 such that the amplitude satisfies :

Im 2z
h

llan(2)|leo < €77

In fact, as explained in [Nonll] (Theorem 6), microlocally near the trapped set, it is possible to

write
izt(p) )

M*(2) = M*(0) Opa(an -) + O(h'™) ; an-(p) = exp ( |

where t(p) is the time needed for a ray emanating from p to hit another obstacle. This fact is a
consequence of the microlocal analysis performed in [Gér88] (see Appendix II for the construction
of a parametrix and III.2 for precise computations near the unique trapped ray for two obstacles,
see also [SV95]). In particular, 7 in the estimate above is a maximal return time for the billiard
flow, in a small neighborhood of 7.

Now, let 7,9 be the constants given by Proposition 6-2.1, depending, in this context, on the
dynamics of the billiard map. Let us introduce the following threshold v, = %% so that

2 € Qtim, K, 1) = Jlan(2) oo < 7720 < €70
Proposition 6-2.2 now gives for z € Q(Vim, K, h),
H(Id 7M;(Z))*1H < 26| log h|h 0184
where
A = max(1, 7im)

Indeed, A > 1 and it allows to have ||ap(2)||c < A for z € Q(Y1im, K, k). Going back to M™(z),
we get that

H(Id 7M+(Z))*1H < C|log h|h~% 108 A=2C0T

where the extra h=2¢7T comes from the norm of e*©Pn(9) We conclude with Lemma 6-2.5 and
the formula (6-2.13), using the estimates of Lemma 6-2.1 and 6-2.2. This gives for h small enough
and z € Q(Yiim, K, h),

||Ro(2)||p2—r2 < C|log h|h~172C0T—dlog 4 (6-2.15)

6-2.3. Proof in the case of scattering by a potential.
The treatment of scattering by a potential is different and relies on a reduction to Poincaré sections
of the Hamiltonian flow, under the assumption that the trapped set is totally disconnected.

6-2.3.1. Assumptions.

We refer the reader to [NSZ11] (Section 2.1) for more general assumptions. Here, we simply
consider a smooth compactly supported potential V € C2°(R?) and work with the semiclassical
differential operator —h?A + V. We fix an energy Ey > 0 and consider

Py, =—h*A+V — E,
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We note p(z,£) = 2+ V — Ey and we assume that 0 is not a critical energy of p, that is

dp # 0 on p~*(0)

Let’s note H, the Hamiltonian vector field associated with p and ®; = exp(tH,,) the corresponding
Hamiltonian flow. The trapped set at energy 0 is the set

Ko = {(z,€) € p~'(0),3R > 0,Vt € R, &,(z,¢) € B(0, R)}
It is a compact subset of p~1(0). Here are the two crucial assumptions :
(i) @, is hyperbolic on Kj ;

(ii) Ky is topologically one dimensional.

6-2.3.2. The reduction of [NSZ11].

We recall the main ingredients of the reduction to open quantum maps performed in [NSZ11|. The
aim of the following lines is to explain their crucial Theorem 5.
Let us note
R(n, Mo, h) ={z € C,|Rez| <n,|Imz| < Myh}

Here, My is fixed (but large). As in the case of obstacle scattering, we fix once and for all the
cut-off function y € C2°(R?) (with x = 1 in a neighborhood of supp(V')) and we consider a complex
scaled version of P(h), Py(h) whose eigenvalues coincide with the resonances in R(n, Mo, h) and
such that x(Py — 2) "1y = x(P — 2)~!x for z € R(§, My, h). Note that the parameter 6 chosen in
[NSZ11] depends on h.

Here are now the crucial ingredients of the reduction.

e Poincaré sections. There exist finitely many smooth contractible hypersurfaces ¥; C
p~1(0),i=1,...,J with smooth boundary and such that

821-0}{0:@; EiOEk:Q),k7éi
H, is transversal to X; uniformly up to the boundary

Moreover, for 1 < ¢ < J and for every p € Kj, there exists t_(p) < 0 and i_(p) (resp.
t4+(p) > 0 and i4+(p)) such that

Pt (p)(p) € KoNZip(p)
LN{P:(p),t-(p) <t <ti(p),t eR*} =0

where we note

The maps t+(p) are uniformly bounded on Ky and can be smoothly extended in a neigh-
borhood of Kj. For convenience, it is also assumed that iy (p) # ¢ for all p € Ko NX;. This
can be achieved by taking smaller and more Poincaré sections. Finally, there exist f]i e R?
and symplectic diffeomorphisms

R; - 21 — iz

smooth up to the boundary.

¢ Poincaré return map. For 1 <4,j < J, the map p — ®; (,)(p), initially defined on Ky,
extends smoothly to a symplectic diffeomorphism

Fij : Dij — Aij
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Figure 6.3: Schematic representation of Poincaré sections for the flow ®; on an energy shell. The
energy shell has dimension 3, so that the Poincaré section are 2-dimensional.

by taking the intersection of the flow of a point p € D;; with X; where D;; (resp. A;;) is a
neighborhood of

{p€ TNS,i4(p) = i} (resp. {p € TN S4yi—(p) = j})

in ¥; (resp. 3;). The map Fj; is called the Poincaré return map. By writing it in the charts
#; and kj, we can consider the following map between open sets of T*R

—~ o= ~ ~ ~
Fij:I{iOFl‘jOl{j ZDijCZj%AijCEZ‘

Using the continuity of the flow, the same objects can be defined on energy shells p~1(z) for
(2)

i ete. In fact, it is

z € [—4, 6] with § small enough and we will note these objects ZZ(-Z),

possible to use the same open sets ii and define,
=) _ () 4 —1.D7E ~5. 1) 5
F;o=rioF; ok, D77 CXj — A CXy

The hyperbolicity of the flow implies the hyperbolicity of these open maps.

Open quantum maps. The notion of open quantum hyperbolic map associated with F
has been given in Definition 4-3.2. Since ¥; C T*R, we will simply say that it is an operator-

o~ li
valued matrix T = (T};)1<ij<s : L*(R)? — L*(R)? with T}; € I;(R x R, Gr <F1]> ). In
[NSZ11], the authors construct a particular family of open quantum hyperbolic maps, called
M(z), where M(z) is associated with F(Re¢2) This family is first microlocally defined near the

trapped set and satisfies uniformly in R(n, My, h) and microlocally in a fixed neighborhood
of the trapped set :

= (2)
Im 2)t
M;j(z) = M;j(Re z) Opp(az) + O(hlogh) ; a, = exp (Z(In}zl)+>

This particular family is built to solve a microlocal Grushin problem (see section 4 in
[NSZ11)).

Escape functions. To perform a global study (i.e. no more microlocal) and to make the
amplitude of M(z) very small outside a fixed neighborhood of the trapped set, the authors
introduce an escape function for the flow ®;, denoted Gy € C°(T*R?) (see Lemma 5.3
in [NSZ11], where it is chosen independent of the energy variable near ¥). Let us note
G = Mhlog(1/h)Gy, g; = G|x; © /<;j_1 and

J
g: |_|Ej—>R7p€Ejn—>gj(p)
j=1

g is an escape function for the map F. Each g; can be extended as an element of C2°(R?)
(see equation 5.2 and below in [NSZ11]).
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e Conjugated operators. As in the case of obstacle scattering, we can consider the operators
T OPr(G) . LQ(RQ) - LQ(RZ) : e+ 0pu(9) . LZ(R)J N LZ(R)J

Again, their norm is bounded by O(h~%¢) for some K¢ > 0 depending on Gy and M. We
now introduce the following conjugated operators :

Py o = e OPr(G) peOpr(G) s Mijg(z) = e~ Oph(yi)Mij (Z)€OPh(9j)

My(z) = (Mij7g(z))1§i,j§J

The escape function Gy is built so that M(z) : L*(R)’ — L*(R)” is O(h*°) for some (large)
Ky microlocally outside a small neighborhood of the trapped set 7. In particular, M,(z)
satisfies the assumptions of the propositions 6-2.1 and 6-2.2.

e A finite dimensional space. For practical and technical reasons,® the authors choose to
work with a finite dimensional version of the open quantum map M,g(z). To do so, they
introduce finite rank projections I1; : L?(R) — L?(R) and the finite dimensional subspace of
L2 (R)J

H=RanIl; x --- x Ran II;
The II;’s are built so that the projector IT = Diag(Ily,...,II;) satisfies the very important
relation

TIM(2)IT = M(2)IT + O(h*") (6-2.16)
for some large K (in particular Ky > K¢ so that the same relation holds after conjugation
by eOPr9 with K replaced by K; — 2Kg). We will note Iy =e™ Opr(9)[TeOPA(9)

e The Grushin problem. To obtain a global Grushin problem (see section 5 in [NSZ11])
the authors construct global operators Ry (z) : H(R?) — H,R_(z) : H — H?(R?) which
depend holomorphically on z € R(n, My, h). The Grushin problem concerns

Py(2) = (P %f (;)Z R—O(Z)> tHE(R?*) x H — L*(R?) x H (6-2.17)

The goal of such a Grushin problem is to transform the eigenvalue equation Py gu = zu
into an equation on a simpler operator E1(z). This transformation is possible when Py(z) is
invertible. Indeed, in virtue of the so-called Schur complement formula, if Py(z) is invertible
with inverse

_( E(z) Ei(2)) . 22 2 (M2
6(2)—<E(z) Ei(2) cL*(R*) x H — Hj(R®) x H,
then Py ¢ — # is invertible if and only if F (z) is and we have

(Pog —2) ' = E(2) — B4 (2)Ex(2) 'E_(2)

The authors prove the following result :

[
Theorem 6-2.1 ([NSZ11], Theorem 5). The Grushin problem (6-2.17) is invertible for all
z € R(n, Mo, h). If we note

£(z) = (EE((Z)) 518) CL2(R?) x H — H2(R?) x H

the inverse of Py(z), then
o “EILNELNE-| IE<]] = O(h™*) uniformly in R(n, Mo, h).
e The operator EL(z) takes the form, for some Ly >0

Ei(z) =1d—My(z,h) + O(h*?) ; My(z, h) = M,(2)I1,

“the norms are associated with the spaces mentionned above. For instance, HE,HH%H’% (R2)-

\_

Remark.

3Mainly, to ensure the existence of determinants without discussion
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As explained after Theorem 2 in [NSZ11|, Ly = ¢’ M for some ¢/, where M is the one in the
definition of the escape function G. In particular, M can be chosen arbitrarily large, independently
of ¢, so that Ly can be made as large as necessary.

6-2.3.3. End of proof.

To rigorously apply Proposition 6-2.1 to Mg (z), we fix g € [—n, 7] for n small enough and consider
z € D(no, Kh) for some fixed 0 < K < M. For such z, M(z) is an open quantum map associated
with the Poincaré return map between the Poincaré sections X(no) = |J;<;<;2;(10) inside the
energy shell p~1(n).

Since M (z) satisfies the assumption of Proposition 6-2.1 for z € D(no, Kh) N'R(n, My, k), it also
satisfies its conclusion :

Fho > 0,8,7 > 03 Y0 < b < ho, [[M(2)Y M2 p2 < B [Jan(2)| [N (6-2.18)

with N(h) ~ é|logh|. A priori, ho, &, v depend on 79. Nevertheless, as explained after Proposition
6-2.1, 6 and ~ depend only on the properties of the Poincaré return map F() and hy depends on

= (1)
semi-norms of ap(z) = """ As explained in Section 4.1.1 in [NSZ11], this dynamics depends

continuously on 79 in a neighborhood of 0 : that is, the departure sets, the arrival sets, the Poincaré
maps and the return time function depend continuously on 7. As a consequence, we can find 7
and constants 4, v, hg such that (6-2.18) holds for z € Q(n,~v,h) = {|Re z| < n,—yh <Imz < 0}.
From this, we see that for 0 < h < hg and for z € Q(n,~, h),

IM(2)y P22 < We NIWTEE 2 = qup [[t00)]]
[nol<n

From (6-2.16), we see that for N(h) ~ §|log h|,
My(2)N") =T, MYMIL, + O((log h) ")

so that we deduce that M,(z) satisfies also the conclusion of Proposition 6-2.1 and hence, of
Proposition 6-2.2. As a direct consequence, we obtain that for i small enough, F.(z) is invertible
for all z € Q(n,v,h) and it satisfies for some 8 > 0 :

1B+ (2) Hlpsm <A77

We now conclude the proof as in the case of obstacle scattering, essentially replacing the formula
(6-2.13) by the standard Schur complement formula for the Grushin problem above : Ey(z) is
invertible if and only if Py — z is and

(Pog —2)"' = E(2) — B4 (2)Ex(2) 'E_(2)
Then, for h small enough and for z € Q(n,~, h),
1(Pr.c = 2) M lze iz = O(h™Y) + O(h™#=2) = O(h=9~)

which gives
1Py =) Hllamy = O(h=2-2Ke)

where ¢y depends on Gj.

6-3 Application to the local energy decay for the wave equa-
tion.
We present an application of the resolvent estimate obtained in the case of obstacle scattering to

the decay of the local energy for the wave equation outside the obstacles. In this chapter, we follow
the main arguments of [Bur98| to prove Theorem 6-1.2.
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6-3.1. Resolvent estimates.

Let us rewrite the resolvent estimate of Theorem 6-1.1 in term of A : there exists v > 0, Ap > 0
and 3 > 0 such that for any x € C°(R?) equal to one in a neighborhood of O, there exists Cy, > 0
such that for all A € C,

Al 2 Ao, ImA > —y = [[XRO)xl|r2522 < Oy (6-3.1)

Recalling that for f € L? with g = R(\)f, it holds that yg € HZ () and g satisfies —Ag+\2g =

comp?
f, it is not hard to see that the above estimate implies that

IXBO)Xl 2z < ChlAPH (6-3.2)

for |A| > Ao and Im A > — (see for instance the proof of Proposition 2.5 in [BGT04]).

This gives resolvent estimates for large A. We will also need to control the resolvent for small
A, in angular neighborhoods of the logarithmic singularity at 0. For this purpose, we state a
consequence of a result proved in [Bur98] (Appendix B.2) :

Lemma 6-3.1. For ¢ > 0, let S, = {z € C*,|z| < ¢,argz € [-n/4,5n/4]}.
There exists €9 > 0 such that there is no resonance in S, and for any x € C2° (R?) equal to one
in a neighborhood of O, there exists C, > 0 such that for all A € S,

[IXBON)x|| 2o mp < O (6-3.3)

Finally, to relate what happens between the two regions, we let us also mention the useful
result, proved in [Bur98] (Appendix B.1) :

Lemma 6-3.2. There are no real resonances (that is with arg(z) =0 or ).

6-3.2. The wave equation generator.

Let H be the Hilbert space H(Q) & L?(Q2), where H is the completion of C2°(Q) with respect to
the norm || f||z = ||V f||12(0)* and let A be the operator

0 Id
(3 0)
with domain D(A) = (KN H?(Q)) ® H}(Q). A is maximal dissipative, so that Hille-Yosida theory

allows to define the propagator e* and for (ug,u1) € H, the first component u(t) of t +— e (ug, u;)
is the unique solution of the following Cauchy problem

O2u — Au =0
uli=0 = ug
8tu|t:0 = U1

Note also that since A is maximal dissipative, for £ with Re(§) > 0, A — £ is invertible and
(A= Maonm < |Reg|™ (6-3.4)

The global energy of the solution is defined as
1 1
B() = 51000l = 5 [ [Vu(o) + ot

It is conserved. If K € R?, we also define the local energy in K as

1

Bi(t) =5 [ IVl +l0m(o)?

4This choice of Hilbert space makes the wave propagator unitary on H, since the energy of a solution of the wave
equation is its norm in H; see [Tay10|, Chapter 9, Section 4
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Note that, by Poincaré inequality, if B C Q is bounded and if y € C°(R?) is equal to one in a
neighborhood of O and is supported in B, then for f € H(Q2),

XSl ~ NIxflla sy ~ IxFllzze) + IV z2m)

If x € C°(R?) is equal to one in a neighborhood of O, by abuse we note y the bounded operator
of (u,v) € Hw— (xu,xv) € H.
A short computation shows that for A € C, (ug,u1) € D(A) and (vg,v1) € H,

(A+iN) (uo> — (w) — { (=A = X)ug = idvg — vy
Uy U1 Uy = vy — 1A\UQ

This relation and the remark above for bounded sets B show that for any y € C2°(R?), the cut-off
resolvent x(A + i\) "1y, well defined for Im A > 0 extends to the logarithmic cover A of C and we
have for A € A

XA+ X = <x2 +>§2><R(XA)X iAi((R(A)i) (6-3.5)

We deduce that y(A+i)\)~!yx has no real resonance and satisfies the following resolvent estimates,
for some constant C,,

AES, = ||x(A+iN)~
Al > Ao, ImA > —y = ||x(A+ i)~

< Cy (6-3.6)
< Oy NPT (6-3.7)

IX‘ ‘H*}H

1XHH—>H

6-3.3. Proof of the local energy decay.

Let us fix R > 0 such that O € B(0,R). We want to estimate the local energy in B(0, R) for
solutions with initial data supported in B(0, R), and sufficiently regular, that is in D(A¥) for a
sufficiently large k. As we will see, the decay will hold for data in D(A*) with k > B + 4, where j3
is the one appearing in (6-3.7). For this purpose, let us fix y € C2°(R?) such that x = 1 in B(0, R).

Let Uy € D(AF) with supp(Up) € B(0,R). We want to estimate the energy of ye'Uy,
or equivalently, we want to control H XetAUoH p- Let us write U = (I — AU, € H, so that
[[Uollpcary = [|Ul|m. Tt is clear that we have supp(U) C B(0, R), so that U = xU. With this
notation, we want to show that there exists Cr > 0 such that for all ¢ > 1,

c
I(t) = ||xe'"* (I — A)~"xU||, < ~Ulln

The starting point of the proof is the following formula :
Lemma 6-3.3. Assume that £ > 2. For t > 0 and for U € H, we have

1

-1 ‘
tAI*A —k :7/ 7215/\714 i\ -1 d\ _3.
e ( YU 5 /\E%HRe (1+i)\)k( +iN) U (6-3.8)

Proof. First remark that the integral I(¢) in the right hand side is absolutely convergent in virtue
of (6-3.4) and since k > 2.
Differentiating the right hand side with respect to t, we find that

o 14iA)
1 i1
21 Jaei+r (1+iA)k

0, — AI(t) = — / e L (Cin = A) (At iU
Aei+R (
Ud =0

(To see that the last integral is equal to zero, one can for instance perform a contour deformation
from Im(\) = 1/2 to Im(\) = —p and let p tend to +o00. )
Finally, we need to check that I(0) = (Id —A)~*U. We have

1 1 -
1(0) = %A€;+RW(A+2A) Udx
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Figure 6.4: The contour used to deform the integral. 2~ (resp. 27) is the blue (resp. red) point
on the figure.

We perform a contour deformation. Let > 1 and let T, be rectangle joining the points i/2 +
r,r(1+14),r(i —1),i/2 —r. We also note v, = I', \ [-r +i/2,r + i/2]. The function g : z —
—(1 + i2)"*(izId +A)~'U is meromorphic in Imz > 0, with a unique pole at z = i. As a
consequence, we find that

1 -1

— . _ = ak-1/¢: -1 . _ A\—k
g (2)dz = Res,—igi, = o 1)!8Z ((izId+A) " )U|=; = i(Id —A)~"U

Zm Jr,
Hence, we have

. i/24+r
I(0) = lim —Z/ gr(N)dA = lim —i (z’(Id—A)_kU—/

r——4oo 2171 /2_7, r—4o00 A

gk(z)dz> = (Id—-A)~*U

Indeed, it is not hard to see that the contribution on ~, tends to 0 as r — +oc. O

End of proof of Theorem 6-1.2. The proof relies on a contour deformation below the real axis
in the integral of (6-3.8) where the cut-off y is inserted, but we need to get around the logaritmic
singularity at 0 : it is possible due to (6-3.6).

We fix t > 0. In the estimates below, the constants denoted by C (or Cx) do not depend
on t. We know that the map A — x(A + i\)~'xU is meromorphic in C \ iR~, with no poles in
{ImA >0} US,, U{ImA > —v,|\| > Ao}. By taking ey smaller if necessary, we may assume that
271/2¢5 < ~. Let K be the union of the rectangles K, and K_ where

Ki={AeC,Re\e [+27 Y2, £X],Im\ € [-27 /2, 0]}

Since there is only a finite number of resonance in K and since there are no resonances on K N
{Im A\ = 0}, we can find 6 > 0 such that there is no resonance in K N {Im A > —J} and since this
region is compact, we can find C such that for A € K N {Im A > —d},

IX(A+iN) " Xl [nsn < C
Let’s note 2" (resp. z7) the unique point in {|z] = o} N {Imz = —d} N{+Rez > 0}. Fixr > 1

and 0 < ¢ < go and let’s note z* the point of the segment [0, %] with norm ¢ and let’s introduce
the following paths, oriented from the left point to the right point :

=t r—id; v =[-r—idz"]
=2t =R
LY =[r—isr+i/2]; 17 =[-r—id,—r+i/2

Lo =[-r+1i/2,7+ /2]

and C. be the arc of the circle {|z| = €} from z_ to zF. (See Figure 6.4).
With fi.(2) = —s-e™ ™ (14i2) " Fx(A+iz) " xU, we have ye!4(Id —A) "*xU = lim,_, , o flr fx(2)dz

2w
and since fi(z) is holomorphic in a neighborhood of the compact set surrounded by the above con-

tours, we have

/ ey = /lj eyt [ gz / fuleiz | o | fule)dz /  fule)iz / fu(2)dz

r €
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Note that C. UvF Uy C S.,. As a consequence, we have

|

< CrellUllr =200
H

and, with 0 = arg 2T,

‘ /%+ fi(2)

The case of v is treated similarly.
On ~vZ, the following holds :

= tssin O ||U||H te sin O teg sin 6 Ck
ng e ||U||Hd8§0k ; (6 —e'c0 )§7||UHH
- R t| sin 6| t

IX(A+iN) " x|l < CINPH2

Indeed, this is true for |A| > A\p and there is no resonance on vri. As a consequence, for A = —id+¢,
|€] > Re(z4), we have

e ™ (1 +iA) (A +iN) " X[ n < Ce g2k

Hence, we assume here that |k > 8 + 4| so that

Finally, we treat the vertical segments [;*.

| fe(Er +iy)l|g < Cer F|Ix(A+i(r +iy)) "'Xlla—n x [|U|lu
< Ce?r7F||(A+i(r +iy) " Xlaow < |U||m

T 400
<O et ds < o [

H Re(z1) Re(zt

) fr(2)dz
Vi

) |72 |U | dé < Ce (| U||ir

<C sup ||fe(Er+iy)|lu
H y€[—6,1/2]

, fx(2)dz

For y € [-4,1/2], we have

Using (6-3.7), we find that for y € [—4,1/2], || x(A+i(r+iy)) " x||g—u < CrP+2. As a consequence,
one finds that for y € [—4,1/2],

1fe(r +iy)lla < Cet2r 278Uy < Ce2r2(|U| |

‘ /l Fu(2)dz

By letting € tending to 0 and r to +00, we conclude that

As a consequence,

C
< (tk +Ce ™ + Cre + Oet/2r2> U || u
H

_ C _ C
et -2 *x0ll < (G + € ) 10l < G0l

which gives the required result.
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Couting resonances in strips
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Chapter 7

Improved fractal Weyl upper bound

In this chapter, we prove Theorem B which provides an upper bound for the number N(r,~) of
resonances in obstacle scattering in the box {r < Re(\) <r+1; —y <Im(\) < 0}. It was proved
in the work of [NSZ14] that N(r,y) = O, (r%#) where 2dy + 1 is the Hausdorff dimension of the
trapped set of the billiard flow. In this chapter, we provide an improved upper bound in the band
0 <7 < 7a/2, where 7, is the classical decay rate of the flow. This improved Weyl upper bound
is in the spirit of the ones of [Naul2] and [DBW19] in the case of convex co-compact surfaces, and
of [DJ17] in the case of open quantum baker’s maps.

7-1 Introduction.

7-1.1. An improved fractal upper bound for open quantum hyperbolic
maps.

Motivation : scattering by convex obstacles. In this chapter, we will obtain upper bounds
for the counting functions of resonances in the problem of scattering by strictly convex obstacles
in the plane and provide some elements to answer Question 2.2 asked in Part I. We recall that we
are interested in the scattering by

J
o=Jo;
j=1

where O; are open, strictly convex connected obstacles in R? having smooth boundary and satis-
fying the Ikawa condition : for i # j # k, O; does not intersect the convex hull of O; U O.

We are interested in counting resonances in strips and in this chapter we focus on an upper
bound for the quantities

Nery)= Y. m()
r<Re A<r+1
ImA>—xy

The depth ~ of the strip being fixed, we are interested in upper bounds as r — 4o00. We recall
that the multiplicity of a (non-zero) resonance Aq is given by

1 .
m(Ao) = rank ﬂ/Rx(A)dh YE) =X+ ¥ 0<t<1,0<ex 1
vy

Fractal Weyl bounds. In a previous result, the Hausdorff dimension of the trapped set of the
billiard flow (see Chapter 3, 3-1.1.1.) plays a crucial role when estimating N (r,v). In [NSZ14], the
authors proved a Fractal Weyl upper bound involving this fractal dimension.

231
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Theorem 7-1.1. Fractal Weyl upper bound [NSZ1}]

Assume that the obstacles O; C R? are strictly convex open sets having smooth boundary and
satisfying the Ikawa condition. Assume that the trapped set of the billiard flow has Hausdorff
dimension 2dg + 1. Then, for every v > 0, there exists C., > 0 such that for all r > 1,

N(r,y) < Cyrie,

Remark.

Their result holds in any dimension, but in dimension d > 2 one has to add an extra loss of ¢ :
for every € > 0, for every v > 0, there exists C. , > 0 such that for all » > 1,

N(r,y) < C’Eﬁrd‘”’s.

This bound is conjectured to be optimal for large values of v (see [Zwol7], Conjecture 5).
However, as soon as a spectral gap exists, the exponent dy cannot be optimal for any ~. It always
exists in dimension 2, as proved in Chapters 5 and 6 (and in the paper [Vac22b|) and it holds also
in higher dimensions under some pressure condition (see Theorem 2-1.11). Our Theorem 7-1.2
below gives a better bound in dimension 2 for

¥ < Yer/2

where v,; is the classical decay rate of the billiard flow (see 3-5.3). It is also given by the following
formula (see [BR75], Proposition 4.4), which explains its name :

N 1
— Yol = 21_1% 1}13_5:;5 = log Leb pg B,(e,T) (7-1.1)

where
B,(e,T) = {(2,6) € @ x §1,¥t € [0,T),d(¢"(,6), 4" (p)) <}

are Bowen balls.

In this chapter, we will obtain as a consequence of a more general result concerning open
quantum hyperbolic maps, the following upper bound, which is the content of Theorem B in Part
I:

Theorem 7-1.2. Assume that the obstacles O; C R? are strictly convex open sets, having
smooth boundary and satisfying the Ikawa condition. Then, there exists a non increasing
function o : Ry — Ry satisfying

e g(7) >0 for 0 <~y <va/2;
e o(y) =0 fory>ra/2

and such that for all v > 0 and for all € > 0 there exists C, . > 0 such that

N V> 1,N(r,7) < Oy ot —(e0)=2s

Remark.

A rather explicit value of o in term of topological pressure is given by the formula (7-2.2).
Here, we can take (o(v) — )4+ = max(o(y) —&,0) due to the result of [NSZ14|. When v > ~./2,
we always have (o(v) —€); = 0.
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Fractal Weyl upper bounds in open quantum systems. As already explained in Introduc-
tion (Part I), the problem of wave scattering by obstacles has a long history in the physics and
mathematics literature and the case of two obstacles is particularly well-understood (see [Gér88,
[Tka82]), so is the diffraction by one convex obstacle (see for instance [BLR87], [HL94]). As soon as 3
or more obstacles are involved, the underlying classical flow - in this case, the billiard flow - becomes
highly chaotic. A particularly interesting model is the n-disk system, which has been intensively
studied both numerically and experimentally (see for instance |GR89al,|GR89b|, [BWP*13]) and
the fractal upper bound has been successfully tested in [PWB112]|, [LSZ03|. The question of esti-
mating the number of resonances also appears in other open hyperbolic systems (see 2-1.5.), such
as scattering by a potential or the case of convex co-compact hyperbolic surfaces.

The first Fractal Weyl upper bound for the counting function in strips appeared in the work of
Sjostrand [Sj690] (see Section 5, Theorem 5.7) for Schrédinger operators —h?A +V in the analytic
case. The author estimated the number of resonances in larger boxes {| Rez| < §, —vh <Imz < 0}
in the limit A — 0. More precise upper bounds O(h~) for smaller boxes {| Rez| < Ch, —vh <
Im 2z < 0}, which correspond, under the rescaling r = h™!, to the boxes we consider in obstacle
scattering, were obtained in different smooth situations : for convex co-compact hyperbolic surfaces
([Zwo99]), in scattering by a potential ([SZ07]), in obstacle scattering ([NSZ14]), for asymptotically
hyperbolic manifold ([DD13]). It has been conjectured (see [Zwol7]|, Conjecture 5) that the bound
N(r,v) = O(r?#) is optimal when the strip is sufficiently large. However, numerical experiments
(see for instance the appendix of [DBW19] for the case of convex co-compact surfaces) show that
it should be possible to improve this bound for strips of width smaller than some threshold. These
numerical results lead [Zwol7| to conjecture that

lim N(r,7)r % =0 when 0 < vy <

r——4o00

Vel
2

First results in this direction were obtained in the case of convex co-compact hyperbolic surfaces :

e In [Naul2], the author showed a bound similar to the one in Theorem 7-1.2 (without the loss
of €), with a function ¢ having the same properties ;

e In [DBW19], the author obtained the same result with an explicit function o given by o(y) =
max(0,1 — dg — 27), which satisfies the same properties as the one in Theorem 7-1.2 (since
in this context v, = 1 — dp). His result can be generalized to higher dimensional convex
co-compact hyperbolic manifold.

Theorem 7-1.2 gives a positive answer to this conjecture in obstacle scattering in dimension 2.
There is also a stronger conjecture, due to Jakobson-Naud ([JN12]) in the case of convex co-
compact surfaces, which states that for every v < ~./2, N(r,v) = 0 for r > 1. Our work is still
far from this strong result, which would give a quantitative (and pleasant!) spectral gap.

Toy models and open quantum maps. To test these conjectures, it is useful to work on toy
models where numerical and theoretical computations are sometimes easier. A very appreciated
toy model in the study of open hyperbolic systems is the open baker’s map (see 2-1.5.3.). We
recall that the open baker’s map is a piecewise affine open map Fjs 4 on the torus T?, associated
with an alphabet A C {0,...,M — 1} and its quantization is given by a matrix By € Mxy(R)
where N plays the role of (2mh)~! (see Definition 2-1.7). In this context, one wants to count the
number of eigenvalues of the family of matrices By € My (R) in the annulus {|z| > v} in the limit
N — +o00. There are convincing numerical and theoretical results. In [NRO7], the author gave
numerical evidence of Weyl upper bounds of the type

# (Spec (By) N {lz] > v}) < C, N
In [DJ17], the author proved an even more precise upper bound, when N = M* :

# (Spec (Bypr) N {|z] > v}) < C,(MF)4+s=20) vk e N ; S(v) =0 <1i°ggj”u>

where J% = M is the unstable Jacobian of the system and o(y) = max(l — dg — 27,0). In
particular, o shares the same properties as the one in Theorem 7-1.2, since the classical decay
rate of the baker’s map is 1 — dy. The link between X(v) and o(y) comes from the heuristics
interpretation of the eigenvalues of By : they are thought to have the form e~"% with t = log M
and z is a resonance in a hypothetical open quantum system.
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7-1.2. Main theorem and applications.

Our proof of Theorem 7-1.2 relies on previous results of [NSZ14], recalled in detail in Chapter 6
(see 6-2.2.). Indeed, their Theorem 5 reduces the study of the scattering poles A €]1/h — R,1/h +
R[+i] — R, R[ to the study of the cancellation of

2 €] — R, R[+i] — R, Rl det(I—M(z; 1))

where

M(z) = M(z; h) : L*(00) — L*(00) (7-1.2)
is a family of open quantum hyperbolic maps. The zeros z and the resonances A are related by the
relation hA =1+ z.

We will now state the main theorem 7-1.3 of this chapter. We show how Theorem 7-1.3 implies
Theorem 7-1.2 using the results of [NSZ14] in 7-2.1..

7-1.2.1. Statement of the main theorem.

Let F: D — A be an open hyperbolic map, as presented in 3-1.1.. We recall that this formalism
relies on :

e open intervals Y7,...,Y;of Rand Y = |_|;.]:1 Y; C |_|;.]:1 R ;
o U= |_|;.]:1 U; C |_|;-]:1 T*R? where U; € T*Y; are open sets;

e For j = 1,...,J, open disjoint subsets lN)ij € U;, 1 <1 < J, the departure sets, and, for
i=1,...,J open disjoint subsets A;; € U;, 1 < j < J, the arrival sets ;

e Smooth symplectomorphisms Fj; : INDZ-]- — Fij (Dij) = gij

Then, F' is the global smooth map F' : D — A where A and D are the full arrival and departure
sets. Finally, we recall that we note 7 C U the trapped set of F, which is supposed to be
totally disconnected and F' is supposed to satisfy the assumptions (Hyperbolicity) and (Fractal).
In particular, the hyperbolicity of F' allows us to define stable and unstable Jacobians at p € T,
denoted respectively J¥(p) and J3(p) (see Definition 7-4.3). We will note ¢, (p) = log Ji*(p). We
also define the maximal Lyapounov exponent Ay ay :

1 ,
Amax = sup lim sup — log J} (p) (7-1.3)
pET n—+4o0 T
We refer the reader to 4-3 for the definition of open quantum hyperbolic maps (see Definition
4-3.2).

Assumptions of Theorem 7-1.3. We consider a family (M}, (z)), = (M(z; h)), of open hyper-
bolic quantum maps, associated with F'| as defined in Definition 4-3.2, and depending holomor-
phically on a parameter z € Q = Qr =] — R, R[+i] — R, R[ with R fixed (but in practice, it can
be chosen arbitrarily large). We suppose that there exists L > 0 and a € C°(T*Y) such that
supp(a) is contained in a compact neighborhood W of T, W C 5, a = 1 in a neighborhood of T
and uniformly in €,
My (2)(1 = Opp(a)) = O(A") 12, 12

Let’s note ay,(2) the amplitude of M, (2) (as defined after definition 4-3.2). We make the following
assumption on ay, : there exists a neighborhood V' C U of T and a smooth function ¢, : V — R !
such that infy t,e; > 0, supy tret < 400 and for all z € Q and p € V,

an(2)(p) = exp(—(Im 2)t,ee(p)) + O(h'7)s,

that is, there exists x € C2°(U) such that x = 1 on V and supported in a larger neighborhood of
T and such that for every n > 0, x (ap(2) — exp(—(Im 2)t,er)) is in A 7S, uniformly for z € Q.

Remark.

n the applications, t,e¢ is a return time function.
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In particular, the principal part a.(p) = exp(—(Im 2)t.ct(p)) of ap is independent of h in V.
This assumption, which may look strong at first glance, is satisfied in the two applications we
consider (see 7-2.1. and 7-2.2.). This assumption is in fact not necessary for a more general study,
but it makes the formula (7-1.4) and the Theorem 7-1.3 below more readable.

The works of [NSZ11] and [NSZ14| allow to work up to Im z = C'logh. For such z, «, is clearly
h dependent and lives in the symbol class S+ .

We also assume that Mj(z) is uniformly bounded for z € £ and for all k small enough
1Mn(2)ll 2z < C.

Let us now define the following quantity :

p(B) = P(—=pu + 2Btrer) (7-1.4)

6 Amax
where P denotes the topological pressure of ¢ : p € T +— —, +20t,.¢; with respect to the dynamics
of FonT (see3-5.1).

For ' C Q, we note man(€Y') = >° coy f, (5)=0 ™(2) Where m(z) stands for the multiplicity
of z as a zero of fj,(z) = det(l — My(z)). Note that this determinant is well-defined since these
operators are constructed trace-class (see 4-3).

Theorem 7-1.3. For everye >0,y >0 and 0 < R’ < R, there exist C = C; g and ho > 0
such that

ma ({|Rez| < R',Imz € [—7,0]}) < Ch~dntmaxeyte)==0) "o < p < by

where 2dy is the Hausdorff dimension of T .

7-1.2.2. Application in semiclassical scattering by a potential.

The reduction from an open quantum system to an open quantum hyperbolic map, proved in
[NSZ14] for the case of obstacle scattering, is also proved in the case of potential scattering in
[NSZ11], as recalled in 6-2.3.. As a consequence, we can prove a bound similar to the one given by
Theorem 7-1.2 in potential scattering. The following theorem is proved in 7-2.2. using Theorem
7-1.3.

\
Theorem 7-1.4. Let V € C°(R?), Ey > 0 and consider the semiclassical pseudodifferential
operator P, = —h?A +V — Ey. Let’s note p(x,€) = €2+ V — Ey and assume that

dp # 0 on p~'(0)

Let’s note H, the Hamiltonian vector field associated with p and ®; = exp(tH,) the corre-
sponding Hamiltonian flow. Let’s note Ky the trapped set of p at energy 0 and let’s assume
that
(i) @y is hyperbolic on Ky ;
(i) Ky is topologically one dimensional.
Let 7. be the classical escape rate of the system at energy 0 and 2dy + 1 be the Hausdorff
dimension of Ko. Let N(R,~;h) be the number of resonances of Pn/h in {|Rez| < R,Imz €
[—7,0]}, counted with multiplicity. Then, there exists a non increasing function o : Ry — Ry
satisfying
e g(7) >0 for0<~v<7va/2;
o (7) =0 fory >vq/2
and such that for all R,y > 0 and for all ¢ > 0 there exists Cr ., and hg > 0 such that

\ Y0 < h < hg, N(R,7;h) < Cpyh-dat )=o)t

Remark.
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We are interested in resonances of a Schrédinger operator P, = —h2A+V — Ej in a neighborhood
of 0 of size h. To keep notations consistent with the spectral parameter z appearing in Theorem
7-1.3, we renormalize to study the resonances of P}, /h in a fixed neighborhood of 0.

Remark.

The theorem could be extended to a wider class a perturbations of the Laplacian in manifolds
with Euclidean ends. We refer the reader to [NSZ11] (Section 2.1) for more general assumptions

7-1.2.3. Skecth of proof of Theorem 7-1.3.

In [NSZ14], to prove the Fractal Weyl upper bound, the author modify the monodromy operator
M (z; h) and replace it by
Mg (z;h) = e 'S M (2; h)e'®

where G = Opy(g) with g an escape function constructed such that the Fourier integral operator
M;c has a small amplitude outside a neighborhood T(hl/ 2=) of T, and t is a fixed parameter. Here,
to avoid the critical symbol class S, /2, we will work in the symbol class S for some 6 = 1/2 — ¢,
so(that the interesting neighborhood of 7~ becomes T (h°), which has a volume comparable to
h5 2—2dH).

Since the zeros of z — det(1 — Mig(z; h)) coincide (with multiplicity) with the zeros of det(1 —
M (z; h)), we wish to count the zeros of det(1 — Mg (z; h)). Jensen’s formula and standard spectral
inequalities on spectral determinants reduce the estimates on the zeros of det(1 — M;i(z; h)) to a
control on the Hilbert-Schmidt norm of M;s(z; k). In [NSZ14], the author show that M;q is close
to an operator having a rank comparable to h~%# , which lead them to a bound of the form

1Mic (2 W)IEs < [[Mig (23 b2 2 x rank < Ch™

To improve the fractal upper bound of [NSZ14] and prove Theorem 7-1.3, we start with the
simple observation that the zeros of det(1 — M;z(2; h)) are among the zeros of det(1 — M (2; h)),
for any n € N*. We use this fact with an exponent n = n(h) depending on h : n(h) ~ vlogl/h
for some v > 0. A priori, when n(h) grows logarithmically, My, becomes "nasty" (i.e. no more a
Fourier Integral Operator in a suitable class; recall that essentially g € Ss), and in particular, it
becomes impossible to use Egorov’s theorem as soon as n > elog 1/h, for some small £ (essentially
1/\/ 2_6). However, the action of the operator My (z) on coherent states ¢, will remain under control
for a sufficiently long logarithmic time. We will be able to obtain good estimates up to

n(h) ~

log1/h

max

To use these estimates, we use the representation of the trace in terms of coherent states :

n 1 n
1M (23 h)"|Is = 7/ 1 Mec (23 h)" 0l *dp (7-1.5)
2rh Jy

The main new ingredient in the present chapter will consist in controlling precisely the evolved
states M, for such logarithmic times. The behavior of this state will depend on the initial
point p (see Proposition 7-5.2 for a precise and rigorous statement)

e If p is not in an h° neighborhood of T, we will show that for any L > 0, we can find ¢ = ¢(L)
such that the norm of ML, is O(hl). As a consequence, the mass in the integral in (7-1.5)
is essentially contained in an h° neighborhood of 7. In particular, by simply estimating
||[Mic(z; h)™||> < C in a h® neighborhood of T, we find that

| My (2 )| % < Ch™th$@=2dm) < Cpp=dn+0()

This gives the previous upper bound of [NSZ14].
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e For states sufficiently close to T, ¢, will evolve into a squeezed coherent state, aligned along
the unstable leaves of 7;. This phenomenon can be understood as a deformation of the
coherent state. In the unstable direction, the components of this squeezed state far from
7 (that it at distance bigger that h°) will experience a strong damping due to the escape
function. For such state, we are able to control the squared L?-norm

w2 (p) = || Mg (2 h)"p,||?
by (again, see Proposition 7-5.2 for the rigorous statement)

n—1

2
w(p) <C (H az(Fi(p))> Ty (p)t (7-1.6)

i=0
with a, = exp(—(Im z)t,.;). This is the crucial estimate of this chapter.
Plugging this bound into the integral in (7-1.5), we are able to prove the following upper bound

- N 1
[|Mic(z;h)"||% g < C.h~duta(2)=0() G(z) = X P(—py —2(Im 2)t,et)

(see Proposition 7-5.1). The link between the pressure and (7-1.6) appears when one writes

i=0

w:(p) < CJi(p) ™ exp (i(—%lm 2)tret = Pu) © Fi(P))

The factor J*(p)?% disappears after integrating and the sum if the Birkoff sum appearing in the
definition of the pressure (see the proof of Proposition 7-5.1). It finally gives Theorem 7-1.3 (see
Section 7-5).

The crucial estimate (7-1.6) is the main novelty of this chapter. It relies on propagation of
coherent states and a subtle interaction of the evolved state with the escape function. The proof
of (7-1.6) relies on the following ideas :

e The term .
Tan(p) =[] a=(F'(p)) (7-1.7)
i=0

comes from the repeated action of M(z) on ¢,,.

e The initial state ¢, is a wavepacket of size nz M (2)"p, is a squeezed coherent state,
microlocalized near F™(p). This is due to the fact that we will work with n = n(h) <
Gi;zx log(1/h) for some 7 > 0. Nevertheless, it is no more microlocalized in a h'/2 neighbor-
hood of this point. It will be more convenient to write it as a Lagrangian state, associated
with a local unstable leaf W, (p,,), for some p, € T close to F"(p) : if ¢, (z) is a generating
function for Wy (py,), that is, if we can write W, (p,) = {(z, v, (x)),x € I}, the state will be
written

ah(x)e%d’“(z)

The size of this Lagrangian state along the unstable manifold is controlled by the local
Jacobian near p and is O(h'/2.J%(p)) : we will see that

2| > h2 T (p) = an(x) = O(h™)

e Finally, we need to understand the interaction of the escape function with this evolved state
(see Figure 7.1). The action of the escape function damps the part of the state at distance
larger that h® of 7. Since such a state is very close to an unstable manifold, the only
relevant damping on this state comes from the components at distance larger that h° from
7. Roughly speaking, to obtain the bound we want, we prove that if d((x, ¢, (x)), T_) < h?,
then

an(x) < Cran(p) (J(p) /2 71/ (7-1.8)
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and we prove that we can neglect the remaining points z such that d((xz, (z)),T_) > ho

(see Proposition 7-6.6). It gives -
1Mo (2)"@plI72 < CTran(p)* 3 (p) " h™ 1/ 2Len(X_(p, pn))

where
X_(p,pn) = {z € R, |z| < CTL(p)h'/?, d((2,,(x)),T-) < h°}

e It remains to control the length of X_(p, pn). We use the fact that 7_ N W, (p,) has box
dimension dy. In fact, we are interested by a piece of W, (p,) of size h'/2.J%(p) and we show
that such a piece can be covered by N}, balls of radius h° with (see Lemma 3-6.1)

R\
Ny<C[—2
" (hl/QJ#(p)>

so that
Len(X_(p, pn)) < ONph® < ChV2J2 () b0

e Putting the pieces together, we obtain (7-1.6).

Comment on the proof and the exponent. The proof relies on propagation of coherent states

in hyperbolic systems. In such systems, the Ehrenfest time is known to be T = # log1/h.

Here, we only propagate up to the time %TE. It corresponds to the time at which the approximation
in terms of squeezed coherent states fails, which is a well-known fact in the study of the semiclassical
propagation of Gaussian coherent states (see [CR12] and the references given there). In fact, using
an idea of [SVT12| and techniques developed in [ANO7b], [NZ09] concerning the propagation of
Lagrangian states, it should be possible to go up to the Ehrenfest time by writing a squeezed
coherent states as a highly-oscillating Lagrangian states in the unstable direction. Indeed, the
propagation of Lagrangian states aligned along unstable leaves lead to smoothing the amplitude
of such state. If such a method work, it would lead to have an exponent 3o () in Theorem 7-1.2,
instead of o(7) : this would be a better estimate, but the threshold 7., does not change. For this
reason and because it would require much more material, the author has decided to stop at T /3,
where the first approximation stays valid.

Plan of the chapter. The chapter is organized as follows :

e In Section 7-2, we explain how to apply Theorem 7-1.3 in obstacle scattering and scattering
by a potential.

e We deal with preliminaries in Section 7-3 and Section 7-4. Section 7-3 is devoted to semi-
classical results concerning metaplectic operators and coherent states. Section 7-4 focuses on
properties of hyperbolic dynamical systems and we introduce a crucial escape function.

e Section 7-5 reduces the proof of Theorem 7-1.3 to the key proposition 7-5.2, concerning the
behavior of the propagated coherent states.

e Section 7-6 is devoted to the proof of Proposition 7-5.2.

Notations. Throughout the chapter, we will use the same constant C at different places, with
different meaning. However, it will always have the same dependence on the dynamical system
and the family of operators My (z) we work with. That is, we write f < Cg instead of : there exists
C > 0 depending on F' and Mj(z) such that f < Cg. At some point, we will fix a partition of
unity of U, associated with local charts, depending on parameters € and €y. The constants C' will
also depend on these objects. If the constant C' has other dependencies, we will make it precise or
write it in subscript if necessary. Finally, we write f ~ g to mean C~'f < g < Cf.
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(a) A coherent state of size h'/? ... (b) ...evolved into a squeezed coherent
state.

(c) The escape function damps the region (d) ... and is responsible of a damping for
far from the trapped set... the evolved coherent state.

Figure 7.1: We show the evolution in phase space of a coherent state in an open hyperbolic system,
associated with an open baker’s map. The color is related to the intensity of the Wigner distribution
of the state. The damping due to the escape function is shown in (7.1c). The initial coherent state
is shown in (7.1a), and the evolved state, without damping in (7.1b). When we apply the damping,
the evolved state loses part of its mass (7.1d)
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7-2 Proofs of the fractal Weyl upper bounds in obstacle scat-
tering and scattering by a potential.

7-2.1. Proof of Theorem 7-1.2.

Let us show how Theorem 7-1.3 implies Theorem 7-1.2. Suppose that the obstacles O; are strictly
convex, have smooth boundary and satisfy the no-eclipse condition. We refer the reader to 3-1.1.1.
for the definition of the billiard map B*. As already explained in 6-2.2., B satisfies the assumption
of Theorem 7-1.3 and the reduction performed in [NSZ14] leads to the existence of a family M}, (z)
of open hyperbolic quantum maps associated with B* which satisfies :

e Mj(z) depends holomorphically on z € Q(h) =] — R, R[+i] — C'log1/h, R] for some fixed
R>1land C >1;

e there exists hg = ho(R, C) such that for 0 < h < hg and for z € Q(h), + + z is a resonance
if and only if det(1 — Mp(z)) = 0. The multiplicity of the resonance coincides with the
multiplicity of z as a zero of det(1 — M(z)).

The construction of this operator is recalled in 6-2.2.. Moreover, we recall that the amplitude of

My,(z) is related, via the solutions of the eikonal equation, to the distance between two collisions.
In particular, near the trapped set, it is given by

ap(2)(p) = exp (—tret(p) Im z) + O (hI*Sm) (7-2.1)
For p € T, tret(p) is described as follows : assume that p = (z,€) and (y,n) = BT (z,§), then
tret(p) = | — y|. tret continues smoothly in a neighborhood of 7 and is called a return time

function.

We can apply Theorem 7-1.3 to this family of open quantum maps and we find that, for any
fixed e > 0 and for » > 1 (with h = 71, recalling that the resonances are given by 1/h + z where
z is a pole of det(1 — Mp(z))), the number N(r,~) of resonances, counted with multiplicity, in
[r,r + 1] — i[0,~] satisfies

N(r,y) € my{|Rez| <2,Imz > —7}) < C. rdu—(plrte)—e)+
Where p(f) is given by
1

Using the continuity of the pressure, we can choose € > 0 to ensure that

P(2Btret - ‘Pu)

P(2(7 + gl)tret - (pu) > P(27tret - @u) +e
and we may assume that ¢ < e. Applying the above formula with ¢’ , we find that
N(T, 7) < Oe,'deHig(FY)jLs

with

o(7y) = max (0, o Pput 2vtmt)) (7-2.2)

To check that o satisfies the properties listed in Theorem 7-1.3, we invoke the theory of Axiom
A flows (see (3-5.4, see also [BR75|, Proposition 3.1) : the map s — P(—¢, + stpet) is strictly
increasing and has a unique root given by 7. In particular, we deduce that o(y) > 0 for v < v¢/2
and o(y) = 0 for v > 7./2, as expected. Finally, since the bound N(r,y) = O(r%) holds for
any v, we can change o(v) — ¢ into (o(v) — €)1 = max(c(vy) — €,0). This concludes the proof of
Theorem 7-1.2.

7-2.2. Proof of Theorem 7-1.4.

Let us show how Theorem 7-1.3 implies Theorem 7-1.4. The ideas are the same as for the case of
obstacle scattering and rely on the reduction performed in [NSZ11], presented in 6-2.3..

We consider V € C°(R?), Ey > 0 and the semiclassical pseudodifferential operator P, =
—h*A +V — Ey. We note p(z,€§) =2 +V — Ey and we assume that

dp # 0 on p~*(0)
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Let’s note H, the Hamiltonian vector field associated with p and ®; = exp(tH,,) the corresponding
Hamiltonian flow. Let’s note K the trapped set of ®; at energy 0 and we assume that ®; is
hyperbolic on Ky and K is topologically one dimensional. More generally, we could work with
more general Schrodinger operators in manifolds with Euclidean ends. We refer the reader to
[NSZ11] (Section 2.1) for more general assumptions.

To apply Theorem 7-1.3, we use the result of [NSZ11]| (Theorem 1 and 2). Under the assump-
tions above, there exists a smooth Poincaré hypersurface ¥ for the flow ®; on the energy shell
p~1(0) near Ky. X is made of several disjoint pieces ¥, 1 < j < J. The reduced trapped set is
now T = Ky N X and, if we write 2dg + 1 for the dimension of K, 7 has dimension

dim7 = dlmK() —1= 2dH

The assumption that ¥ is a smooth Poincaré hypersurface ensures that there exists e, > 0 such
that the map

(p7 t) S ZX] - 5mina€min['_> ‘I)t(/))
is a smooth diffeomorphism onto its image. We note t,..; the return time function on % : for p € X,
tret(p) = Inf{t > emin, ®4(p) € B} € [emin, +9)]

tret < 400 in a neighborhood U C ¥ of 7. We then define the Poincaré return map F', which is
an open hyperbolic map defined on an open subset of ¥ :

F:peX— o, ,(pexn

In [NSZ11] (see also 6-2.3.), the authors construct a family of finite-dimensional matrices (M(z; h))
for z € Q(h) =] — R, R[+i] — C'log1/h, R[ (with R fixed but large) such that for h small enough
and for all z € Q(h),

det(I — M(z;h)) =0 <= hz is a resonace of Py

The matrices M(z; h) satisfy uniformly for z € Q(h) and for h small enough,

M(z; h) = 11, M (z; h)II}, + O(hL) (7-2.3)
where L > 0 can be chosen as large as necessary , Il is a finite rank projector and M (z;h) is a
2).

family of open hyperbolic quantum maps associated with F' (in the sense of Definition 4-3.2). The
amplitude of M (z; h) satisfies

an(2)(p) = exp(—trer(p) mz) + O (B~ Sy ) -

By their construction, M (z; h) and II;, satisfy, for some L > 0 as large as necessary, uniformly for
z € Q(h) and for h small enough,

I, M (z; R)II, = M(z; h) + O(hY) (7-2.4)

We can apply Theorem 7-1.3 to the family M(z;h) of open quantum maps and we find that,
for any fixed ¢ > 0 and r > 0 (with » < R) and for h < 1, the number Nys(r,7;h) of zeros of
det(Id —M(z; h)) in {|Rez| < r,Imz € [—~, 0]} satisfies

Nu(r, v h) < Cm,’yh*dHJr(p(erf)*EH

p(f) is given by
p(ﬁ) = _6)\1 P(zﬁtret - @u)

where ¢,, is the unstable Jacobian associated with F'. Here, it can also be obtained by differentiating
the flow ®;. In fact, by inspecting the proof of Theorem 7-1.3 and by using (7-2.3) and (7-2.4), we
see that the same conclusion holds for M instead of M. Indeed, in the formula (7-5.2) in Proposition
7-5.1, one can replace M (z; h) by M(z; h) since M (z; h)N " = M(z; h)N ) 1+ O(|log h|h*) as soon
as N(h) = O(logh). We now conclude as for the case of obstacle scattering in 7-2.1. and find that

N(7"7’7; h) < CT,%Eh—dH-i-U(’Y)—E

where

o) = max (0.~ Pl + ) (7-25)

6)\maX
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7-3 Semiclassical preliminaries.

We recall that Chapter 4 has already provided the main definitions and properties concerning
pseudodifferential operators and Fourier Integral operators. In particular, we refer to 4-3 for the
definition of open quantum hyperbolic maps (see Definition 4-3.2) needed to understand the main
theorem of this chapter.

7-3.1. Pseudodifferential operators and Weyl quantization.

For the purpose of this chapter, we extend the definitions given in Chapter 4 by considering slightly
more general symbol classes, based on particular order functions.

Definitions. We start by defining classes of h-dependent symbols. In the following definitions, m
is a positive functions defined on T*R™ of the form (p)V, for some N € Z, where (p) = /1 + |p|?
and p = (r,€) is a point in phase space T*R"™ = R?". m is called an order function (in the sense
of [Zwol2|, 4.4.1)

Definition 7-3.1. Let 0 < § < 3. We say that an h-dependent family a := (a(5h)o<nct €

C*(R?") is in the class Ss(m) (and simply Ss if m = 1) if for every o € N7, there exists C,, > 0
such that :

YO < h <1, sup |0%(p;h)| < Coh™%%m(p)
pER2n

We will use the notation Sy+(m) = (55, Ss(m).
We write a = O(hN)Sé(m) to mean that for every o € N?"| there exists C, y such that

YO < h <1, sup hl®19%a(p; h)| < Co.nh¥m(p)
pER2™

Ifa= O(hN)SE(m) for all N € N, we'll write a = O(h*°)g;(m). For a given symbol a € S5, we say
that @ has a compact essential support if there exists a compact set K such that? :

Vx € C°(R*™),suppx NK =0 = ya = O(h™)s®2m)

We say that a belongs to the class S5 and its essential support is then the intersection of all such

compact K’s. We denote it esssuppa C K. In particular, the class S5 contains all the symbols
supported in a h-independent compact set and these symbols correspond, modulo O(h®)s(r+r),
to all symbols of S5°"'”. For this reason, we will adopt the following notation: if V' € R?*" is an
open set, we say that a € S{°"P(V) if a € S§°""P(R?") and esssuppa € V.

For a symbol a € S5(m), we’ll quantize it using Weyl’s quantization procedure. It is informally

written as :

(Opp(a)u)(x) = (27r1h)” /Rz" a (x—;—y,& h) u(y)ei(%hy)'g dyd¢

We will note Us(m) the corresponding classes of pseudodifferential operators. By definition,
the wavefront set of A = Opy(a) is WF(A) = esssupp a.

If m; and mo are two order functions of the form (p)™i, i = 1,2, the composition of two
pseudodifferential operators in Ws(m1) and ¥s(ms) is a pseudodifferential operator in the class
Us(mimsz). More precisely (see [Zwol2], Theorem 4.11 and 4.18), if (a,b) € Ss(mq1) x Ss(mz),
Opr(a) o Opp(b) is given by Opp(a#b), where a#b is the Moyal product of a and b. It is given by

Y

a#b(p) = eihA(D)(a & b)|p=p1=p

where a @ b(p1, p2) = a(p1)b(p2), e"AP) is a Fourier multiplier acting on functions on R** and,
ertlng pPi = (xi7€i)7

1
A(D) - i(Dﬁl OD$2 7D961 ODE2)

We can estimate the Moyal product by a quadratic stationary phase and get the following expansion
which holds in Ss(myms) for all N € N,

2Here S denotes the Schwartz space and the notation O(h*°) s(g2n) means that every semi-norm is O(h®°).
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N-1

k¥
a#b(p) = Z %l AD)*(a® D)lp=pr=p> + 7N
k=0 ’

where for all o € N2, there exists C,, independent of @ and b, such that

||8arN\|oo < CahNHCL (9 b||C2N+4n+1+\a|

Weighted Sobolev spaces. We can also define the weighted Sobolev spaces Hy,(m). In the case
m = (p)V, we have

Hy, ({p)™) = Opa ((p) ™) (L*(R™)) € S'(R")
When N > 0, Hy, ({p)"V) coincides with the space of functions u € &’(R™) such that

Va, B € N" with |a| + 8] < N, z%(hd®)u € L*(R")
and we have the following equivalence of norms :

lull, vy~ sup ||z (hd7)ull7
mm) S

As a consequence of Calderon-Vaillancourt theorem, we have for symbols a € Ss5(m) :

Proposition 7-3.1. Let N € Z. There exists M € N and C > 0 such that the following holds :
For all a € S5 ((p)™¥), Opn(a) : Hy, ({p)) — L?* is uniformly bounded and

10pw(a) |1, (o) L2 < C o V211 (p) =N 9%a |

7-3.2. Metaplectic operators.

Among the class of Fourier integral operators acting on L?(R), metaplectic operators are the one
quantizing the linear symplectic transformations of 7*R = R?. The main advantage of metaplectic
operators compared with general Fourier Integral operators is that the Egorov property is exact
(see definition 7-3.2 below). We recall here a few standard facts on metaplectic operators. We
refer the reader to [Zwol2] (Section 11.3) and [CR12] (Chapter 3) for a more precise presentation
and other references.

Definition 7-3.2. For p = (z0,&) € R? = T*R, the phase space translation operator T}, (p) is
defined as : eee e

Th(p)u(z) = e 5" 7 u(z — @)
It is a unitary on L?(R) and T (p)* = Th(—p). Moreover, Ty (p)* Opn(a)Th(p) = Opn(a(- — p))
for any classical observable a € S'(R).

Proposition 7-3.2. (and Definition) Let x : T*R — T*R be a symplectic linear map. There
exists a unitary operator My (x) : L?(R) — L?(R) such that one of the two following equivalent
conditions hold :

(i) For every p € T*R, My ()T (9) M ()" = Ta((0)) :

(ii) For all a € S(R), Mp(k) Opp(a)My(k)* = Opp(aoc k™).
The operator My, (k) is unique up to multiplication by an element of U = {z € C, |z| = 1}.

Most of the time we won'’t precise that Tj,(p) and Mj(x) depend on h and we will simply write
T(p) and M(x). We will write the index h (or h = 1) when needed. In fact, we can relate Mp (k)
and M (k) by the relation :

Mp(k)Ap, = ApM4 (k) (7-3.1)
where Ay, is the unitary scaling operator :
Apu(z) = h™Y4u(h = 2) (7-3.2)

A way to obtain metaplectic operators is by solving the Schrédinger equation associated with
quadratic Hamiltonians.
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Proposition 7-3.3. Let S3(R) be the spaces of symmetric matrices of M3(R). Let ¢t € [0,1] —
S(t) € S2(R) be a C! curve. We note

e the quadratic time dependent Hamiltonian H(t, p) = %(p, S(t)p) ;

e ¢t €10,1] — k(t) the classical flow for the Hamiltonian H (¢), which solves the equation
R(t) = JS(t)k(t)

0 1

where J = <_1 0

>. k(t) is a symplectic linear map for all ¢ € [0, 1]

e U(t) the propagator of the Schrodinger equation

h d
el o —
2 () + Opi(H(1)u =0
U(t) is a unitary operator on L?(R) for all ¢ € [0, 1].
Then, for all ¢ € [0,1], U(t) is a metaplectic operator associated with the linear symplectic map

k().

Note that for every r; € Spy(R), there always exists a (non unique) C* curve & : t € [0,1] —
Sps(R) such that £(0) = Iz and (1) = k1. (see for instance [CR12]|, Proposition 31 in Chapter 3).
As a consequence, we can always construct M(x1) by use of the previous proposition.

Ezxample. The unitary h-Fourier transform Fj, where

1
Fru(§) = W/Ru(y)e_

is a metaplectic operator associated with J.

- Y

with a # 0. Then, the following operator is a metaplectic operator associated with & :

iy

ndy

FEzample. Suppose that

1 1/2 i (=12 —1, =142
M (")“(x):(%ma) /R( w2 o) (€)dg (7-3.3)

7-3.3. Coherent states.
7-3.3.1. Definitions and notations.

In this subsection, we introduce the notations and definitions we will use for studying coherent
states. We refer the reader to [CR12]. The semiclassical coherent state (or Gaussian state) centered

at zero will be denoted by
1 2

8

po(x) = i s (7-3.4)
and the coherent state centered at p is simply
©p = T(p)eo (7-3.5)
We also write
wo = Ap¥o
where Ay, is defined in (7-3.2) and ¥y is the renormalized coherent state
1 a2
\1/0(.'17) = me (7—36)

We recall that ¢g (resp. W) is the ground sate of the harmonic oscillator —h292 + 2?2 (resp.
—02 +2?). The other eigenfunctions of this harmonic oscillator, called excited states, are obtained
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from ¢q (resp. Wy) by applying the creation operator a = \/%(fhag3 + z) (resp. AjalA, =

%(—(‘% +x)). For n € N, we can note for instance
Po,n = anﬁp(); \Pn = A;anAhqfo

We recall that ¥,, = h,(z)¥y where h, is a hermite polynomial of degree n. In particular, if
P € C[X], it is possible to decompose P(x)¥q(z) into a linear combination of excited states up to
order deg(P).

We can also define squeezed coherent states :

Definition 7-3.3. Let v € C with Im~ > 0. The squeezed coherent state, deformed by ~ and
centered at zero is ,
o0 (@) = (aymwh) 4w

where a, = Im(y)~! makes the norm of this state equal to one. We also define the squeezed
coherent state centered at p € T*R by

o) = T(p)l

and the squeezed renormalized coherent state at 0

L 22
UG (@) = (a,m) /4T

We conclude this section by recalling a useful formula - a resolution of the identity - which is the
starting point of our analysis (see [CR12], Proposition 6 in Section 1.2)

Lemma 7-3.1. Let A: L?(R) — L?(R) be a trace class operator. Then,

1

tr(A) = % -

< Ap,,pp > dp
where dp denotes the Lebesgue measure of R2.

7-3.3.2. Action of metaplectic operators on coherent states.

We recall here how metaplectic operators act on coherent states. We refer the reader to [CR12]
(Section 3.2) for a complete proof and a general version in any dimension :

a

d
operator associated with x, constructed by use of Proposition 7-3.3, following a path «; from I to
k. Then, we have :

Proposition 7-3.4. Let k = be a symplectic linear map. Let M(k) be a metaplectic

M(Kr)po(z) = (ﬂ'h)_l/4(a T Z«b)—1/2ei%§
where v,, = (¢ + id)(a + ib)~*.

Remark.

The square root (a 4 ib)'/? is determined by the path s; ((a; + ib;)'/? has to be continuous).
Since Im v, = |a + ib| =2, this proposition shows that for some \ € U,

M(K)po = Al

Since the metaplectic operators are defined modulo U, in the rest of this chapter, we will sometimes

omit to write the factor A and and by abuse, we could write M(k)po = go((ﬂ)

anymore. Anyway, we are concerned by the norm of such states.

. It won’t be specified

We also give the following formula concerning the action of metaplectic operators on excited
coherent states (see [Hag98|, Section 2) :



246 CHAPTER 7. IMPROVED FRACTAL WEYL UPPER BOUND

Proposition 7-3.5. Let k = (Ccl Z) be a symplectic linear map. Let M(k) be a metaplectic

operator associated with k, constructed by use of Proposition 7-3.3, following a path x; from I to

k. Then,
n = ib|2 h71/4 u hn 11721~ 1 1l ean
M(K)po.n = (la+ ib|*mh) (a + ib) h1/2|a + ib| e

M)

where v, = (¢ +id)(a + ib) L.

In the sequel, we will need to estimate the Hy,({p)"¥)-norm of squeezed coherent states in terms
of the squeezing parameter. Equivalently, we need to control this norm for a state of the form
M(K)g, in terms of k. To do so, we start by fixing a norm || - || on My (R). For convenience, let’s
assume that for all linear symplectic map, we have

||sl] =1 (7-3.7)

For instance, let’s say that ||s|| = v/2 max(|k|11, |k|12, |&|21, |%]22). It is not hard to check that this
norm satisfies 7-3.7 since det(x) = 1. The main interest of (7-3.7) is that ||x||* < ||&||® if a < b.
We have :

Lemma 7-3.2. There exists a family of universal constants (K n k) (v, k)en2 such that the following
holds : let N € N, k € N and « be a symplectic linear map. Then, for all 0 < h <1,

N
M () (@ 00)l 1, (o)) < Ky hER2 s
=0

Proof. Let’s write k = (‘Cl b). For a state u € Hy({p)"), we have

d

HUH%,I((,J)N)N Z HOph(mafﬁ)UH%z
a+pB<N

Let o, B € N such that o + 8 < N. We want to estimate || Opp(z*£%) M (k) (x¥p0)||2,. We have
Opn(z®€%) M(k) (¥ po) = M(k) Opy, ((az + bE)*(cx + d€)P) (zpp)

Since M(k) is unitary on L?, it is enough to estimate the L? norm of

Opy, ((a:c + b€ (cx + df)ﬁ) (xkﬁpo) = Opyp Z Bl(n)zllgl2 (kao)
I=(l1,l2)EN2,l; +lo=a+f

where B; is some [y + o multilinear form in x, whose coeflicients depend on « and §. In particular,
|Bi(k)| < Cjl|r||"*!2 for some universal C;. Finally, we observe that || Opp(z!1&%2) (2% po)||L2 =
pit2t k)20 0y, for some C, 4, 1) depending only on (11,12, k), and we find that

a+p
10 ((az + b€)* (cz + d€)P) (2*@0)l| < Cla,ppy Y IIlIPAPTHI2
p=0
we find the required inequality with K ; depending on the the C, g with o + 3 < N. O

As a corollary, by specializing at h = 1, we obtain the following :

Corollary 7-3.1. There exists a family of constants Ky 4,d € NN € N such that : for all
P € C[X], for all symplectic linear map & and for all N € N,

|| M (8) (PY0) || 1, ((py~) < KN deg P Noo (P)][5]|Y

where Noo(P) is the sup norm of the coefficients of P.
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7-3.3.3. Action of pseudodifferential operators on coherent states.

In this subsection, we give precise results for the actions of semiclassical pseudodifferential operators
on coherent states, when the symbol of the pseudodifferential operator belongs to the class Ss.

Lemma 7-3.3. Suppose that a € S5(T*R) with 0 < 6 < 1/2. Assume that pg = (x0,&) € T*R.
Then, for every N € N, there exists py(a, pg) € L? such that

N-1
Prl@)Ppy = k @, Po PN G, Po
Opn(a) W2y (a, po) + B2 pv (a, po)
k=0
where
9292 a(po)
/(/)k(aﬂpo) = T(PO)AhOp1 Z #xaé@ \IIO
alp!
a+B=k
and
llow (@, po)llrz < Cyh ™Y sup  |[h°M107a||o
V| <N+M
Remark.

e M is a universal constant.

e The first term of the expansions is a(po)@p,-

o It is effectively an expansion in power of h'/279 since a € S.

e We could also write Op; (z*6%)¥q in the form P(z)¥, where P is a polynomial of degree
a+ 3, or equivalently, it is a linear combination of the first || 4 |§| excited states.

Proof. Let’s write ¢,, = T(po)An¥o. We have

Oph(a)ep, = Opn(a)T(po)AnPo
= T(po)AnOp; (br) %o

where by, (p) = a(po + h*/?p). Let’s write the Taylor expansion of a around py :

920¢ alpo)
(€)= D BT et N Ry (a,€)
atB<N-1 “r
where
1 tal 1/2 N-1
Ry(p) = -/, dtiNa(pO +thZp)(L—t)" " dt

Applying Op; to this expansion, we get the required asymptotic with
pn(a, po) =T (po)AnOpy(RN)¥o
It remains to estimates the L? norm of py. Since T(pg) is unitary, it is enough to evaluate
ArOpP; (Ry)¥o = Oppn(Ry)¢o

where Ry(p) = Ry(h=1/2p) = = fol(l —t)N"1dNa(py + tp)(p®N)dt 3. Using that a € Ss, it
is not hard to see, after derivation under the integral that, for any v € N? and p € T*R,

"Ry (p)| < Cn sup (|07 alloo (o) < BN IR Ya)| o (0) Y
M <N+|v]

This shows that Ry € h=VS5((p)") in the sense of [Zwo12| (Definition 4.4.3). Then, we find that

h*N Opn(Ry) : Hu((p)) = L*(R)

. N
3Here, if f € CN(R2,R), we note dV f(p)(h®N) = ‘iﬁN’t:O f(p+th).
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is a uniformly bounded family of operators, with norm depending on a finite number of semi-norms
of Ry in Ss5((p)"V). We conclude by noting that for any N € N, ¢ is in Hp,({p)"), with a norm
bounded uniformly in h. Hence

lon Lz < [OPRBRN) i, () 12(R) X 10llm, (o)) <A NCn  sup  [[R°1107D]|
[YISN+M

As a simple corollary, we get :

Corollary 7-3.2. Assume that a vanishes at order k at pg. Then,
Opn(a)g,, = Or2 (hk(1/2_5))

In particular, if @ vanishes in a neighborhood of pg, we recover that Opy(a),, = O(h*°). This
is something well known since WF,(¢,,) = {po}-

7-3.3.4. Action of Fourier integral operators on coherent states.

In [CR12] (Chapter 4), the authors study the quantum evolution of coherent states by the propa-
gator of a Schrodinger equation with a time-dependent Hamiltonian. We refer the reader to their
work, and in particular to Theorem 21 in this book for this very general version of the evolution
of coherent states. Here, we will simply study the action of the particular type of Fourier integral
operator of the form given in equation (4-2.3) on states of the form T'(pg) M (x)po. In other words,
we want to study the action of a Fourier Integral Operator on these squeezed and translated states.
More generally, we will consider also squeezed excited states of the form T'(pg) M (k) Ay (P(x)Po(x)).
We will give an asymptotic expansion of these evolved states with a controlled remainder. The
dependence of this remainder on k will be crucial to use recursively the expansion.

Let’s describe the framework in which we want to work : we suppose that €,,(}, are open
intervals of R, 1 € C™(Q,; x Q,) is a phase function that generates the twisted graph of some
symplectic map F in some open set g C R*, that is

Gr/(F) NQo = {(l‘, 8Z’(/J(Z‘,’l7), (9#(?(33,77), —77)’33 €Qy,m € Qn}
We suppose that a € Sg7"" (€, x ;) and we consider the Fourier integral operator :
1
(2mh)

We do not necessarily assume that S is microlocally unitary, but if it were the case, a would satisfy
la(z,n)* = 02,4 (x,n)|+O(h'~¢) for any € > 0. More generally, the amplitude o of S as a Fourier

Su(z) = /RQ et @M=y g (2 nyu(y)dydn

integral operator is given, modulo O(h' )Sy+, by

a(x,n)
as(y,n) = TP F(y,n) = (z,§)
Proposition 7-3.6. Assume that S satisfies the above assumptions. Let k € M3(R) be a sym-
plectic linear map and pg € T*R. Let’s note p1 = F(pg). Let P € C[X]. Then, there exists a
family of polynomials Qx(P)ken such that
e Qo(P) = as(py)P (up to multiplication by an element of U) ;
e Qi (P) is a polynomial of degree deg P+3k and the map P — Qy(P) is linear, with coefficients
depending on k and the derivatives of ¥ and a at (x1,&p) up to the 3k-th order, and we have

Noo(Qk(P)) < Cai(¥)[allor[|£]]** Noo (P)
Moreover, if (21,&) & supp a, then Qf = 0.
e for every N € N,

N-1

> hERQu(P)Y,

k=0

S(T(po)M(m)Ah[P\IIOD = T(p1)M(dy, F o)Ay, +Ry  (7-3.8)

with
1B 22 < B2 Can g e ()llal|onens | |6]*N K deg P Noo (P)
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Here,

C(¢)) depends on the C* norm of ¥ ;

M 1is a universal constant ;

N (P) is the sup norm on the coefficients of P ;

(KN,a)(N,a)en? is a family of universal constants ;

For every € > 0 and k € N, there exists C; j such that ||a||cr < C¢ ph™®.

Remark.

This proposition shows that a Fourier Integral operator transforms a wave packet centered at pg
into a wave packet centered at F(py). However, this transformation squeezes the wave packet
according to the linearization of F at po: this is the effect of M(d,, F'). The control of the error is
important if we want to iterate this formula and apply it to squeezed coherent states M(kp)po,
with a symplectic linear map xj, potentially depending of h. As soon as

[l6n]* < 712,

the remainder stays smaller than the terms in the expansion. In particular, suppose that x; =
En(h) - - - Ko with ||r;|| < e* and n(h) ~ vlog(1/h). Then, the approximation is valid as soon as
1—¢
6

Proof. The following computations are performed modulo multiplication by an element of U.
Let’s note pg = (x0,&p) and p1 = (x1,&1). Recall that, by definition of v,

&1 =0:0(x1,&0) 5 0 = Y(21,60) (7-3.9)
We have, for u € L?(R),

ix€q
(AT (p1)" ST (po) Apu) () = h'/*e™ 1172 (ST(po) Apu) (h'/*x + 1)

=i ﬁ ek W Pataorm) =y o (n1/2 4 gy e R u(h 2y — wo)dydn
m R2
1 7
~ o /2 D a (B2 4wy WP+ & uly)dydn
R

after a change of variable, with

- 1 3

U, m,y) = S (W20 4w, B2+ &) — yn — T2 (@6 + won) (7-3.10)
Let us write the Taylor expansion of w(hl/Qx +x, W% + &) at order N+ 1€ N :

YWz + 21, b + &) = ¥(a1, &) + A2 (20u(21, &) + n0nh(21, &)
N+1

(D1, o) (@, n), (x.m)) + > W2z, m) + RVFD2eX o (pih) (7-3.11)
k=3

+

N>

where 9, is k-multilinear in (x,n) with coefficients depending on the derivatives of ¢ of order k at
(71,&) and for o € N2,

1 ! anN+2
DR @ h) = ey /0 (L= OV s (Wl + th! 2, €+ th! ) dt

In particular, we have the estimates

|0%7 X 4o (wm5 )| < O sup RUPI=N=2211 954 | oo ((ar, m)) N2 (7-3.12)
N+2<|B[<N+2+]|af
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Recalling (7-3.9), we can write :

(ART(p1)"ST (po)Anu) () =

L[ DM ) o)) Y (0124 2+ o)y (7-3.1)
™ JT*R

Then, we write the Taylor expansion of th'Pri@mih) at order N:

N-1 gy k/2 N N/2
h h
@) 4 o

k=0

1
ih' 2y (z,m;h) Y AN / ih2sry (zmih) (1 _ N-1g
(& (N_1)|(T3 (%77» )) o € ( S) S

TN

(7-3.14)

Using (7-3.11), we write 5 = Zé\’:—ok_l hj/21/13+j + h(N*k)/Qr;f’_kN_k and we can expand
k

(rg’) = Z h(a1+"'+<¥k)/2¢3+al o 3ta, + RIN=F)/2 Remainder

ar+-Fap<N—k

where the remainder is a linear combination, with universal coefficients, of terms of the form
Y ...r;f;ajngww o Vsta, 3 0<j<k,a14+---+ar=N—-k (7-3.15)

Gathering all the terms of order h*/2 for k < N — 1, together and gathering all the terms of order
hN/2 in a single remainder term, we have

N-1
eih1/2r§/1(xm;h) _ Z hk/Qﬁk(%Uﬂ/’) + hN/er,1 PN
k=0

where
e Py (-;1) is a polynomial of order 3k in (z, ) with coefficients of the form ¢ ((0°¢(21,%0)) ja|<3+k)
where ¢ is a universal polynomial of degree k;
e ry1 is a linear combination of terms of the form (7-3.15) with0 <k < N-—-1,0<j <k and
at,...,op, withay +---+ap,=N—Fk;
o 7y is defined in (7-3.14).
Similarly, we can Taylor expand a(h'/?z + x1, h'/?n 4 &) to find that

N—-1
eihl/QT;’D(z’mh)a(hl/ZI + xl,hl/Qr] +§0) _ Z hk/2pk(l'77];’l,[},a)
k=0
N-1 _
+hN/2 Z Pi(,m; ) r g (@mi h) + RN Prn g x a(h' Pz + 20, h VP + &) + P X a(BM 2 4 20, B + &)
k=0

second remainder term

first remainder term

(7-3.16)

where Py (+;1,a) is a polynomial of degree 3k in (x,7), given by

Pewmva) = 3 P (@,my) x (klz!d’“zaul,go)((x,n)@’”))

k1+ko=k

and for p € N,

a hre/2 ot p1 @& 1/2 1/2
(@, m;h) = P (1-1¢) ﬁa(m‘l +th 2z, & + th™/“n)dt

Plugging (7-3.16) in (7-3.13) with u = M (k)(P%¥,), we find an expansion in powers of h'/? for
AT (p1)" ST (po) Anu.
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Identification of the first term. The first term of the expansion is

1

> ei(%(DQdJ(Il’50)(%77%(95777))*7;77)&(3317 £o)uly)dydn
™ JR2

Differentiating the relation
F (O (x,m),n) = (x,0:1p(x, 7))
it not hard to see that

dp F

PO

N ( 1 —072, (1, &) )
T 92, 0(x1, &) \O20(x1,&)  (82,0(x1,60))" — 82,0 (w1, 0) 2,0 (21, Eo)

As a consequence, comparing with (7-3.3), we observe that

1 )
0 oD@, )|V / /(B @) e =umy () dydn
*R

is a metaplectic operator associated with d,, F, that we note M (d,,F'), and hence, wee see that

a(xh 50)

—— > PUq| + (smaller terms
By )2 7] T )

ST (po) M ()AL [PWo] = T(p1) M(dyy F 0 1) [

This gives the required form for Qo (P).

Identification of higher order terms. For the term of order k in the expansion of (7-3.13),
based on (7-3.16), we have to understand

1

. ei(%(DQw(m,fo)(x,'fl),(xw))—yﬂ)pk(m,,,7;¢’a)u(y)dyd77
R

Hence, we focus on terms of the form

1

T o

Sm (1) /2 (3 (D* (a1 ’50)(”“"")’(I’"))_y”)xlnmu(y)dydn
R

with [ +m < 3k. The term 2! can be put in front of the integral. Concerning, the 7 term, repeated
integrations by part (or equivalently, using the usual properties of the Fourier transform), we find
that

Stm () = &' M (dp, F)((i0,) ™)

Now, combining this with the standard commutations properties of metapletic operators we write

Stm (M (k) [PWo]) = Opy (') My (dy, F)Opy ((=€)™) M (1) [PWy))
= Mu(dp, F 0 £)Op, ((z o (dF(po) o K)") Opy (=€ 0 &)™) [P¥y])

Finally, the action of Op; ((z o (d,,F o k)") Op; ((—& o k)™) transforms P¥; into another state of
the form QWy where @ is of degree deg P + | + m, where the coefficients of ) depend linearly on
those of P, with coefficients in the linear combination depending on x and on d,, F". By developing

the powers (z o (d,,F o FC))Z and (—¢ o k)™, we see that the coefficients of @ are bounded by
Cim||dpo F||'||6||F™ for some constant Cj .

As a consequence, we can write the entire term of order k in the form : T'(p;)M(d,,F o
K)AR(Qr(P)Ty)) where Q(P) is a polynomial of order deg P + 3k, the map P +— Q(P) is linear
and its coefficients depend on x, the derivatives of ¢ and a at (x1,&p) up to the 3k-th order. This
gives the required polynomial. By putting the terms ||d,, F||! into Csj (1)) and using the special
form of P, we obtain the required estimate

Neo(Qr(P)) < Cai(®)llal|cx][8]]* Noo (P).
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Control of the remainders. The last step of the proof consists in proving that the remainder
term has the required bound. As already written with the underbrace in (7-3.16), this remainder
can be decomposed in two terms: they have different properties. Let us start with the first term,
and call it 7 1.

In the products of the form given by (7-3.15), gathering the factors réﬁa into a single term and
the polynomials v into a single polynomial, we see that the term 7y, appearing in 7x 1, is a

sum of terms of the form Q?’ (z, n)R}l’ (z,m; h), for 0 < j < k, where Q;{’ is a polynomial of degree
3j and R}b(gc, n; h) satisfies for o € N2,

|0“RY (,m; )| < Can—sjp 1) () (7)) >N~

where Csn_3j4(q|(1) depends on the derivatives of 1) up to the order 3N — 3j + |a|.* Using the
same kind of estimates for r% _, (z,n; a; h), we see that 71 satisfies :
Va € N2, (z,7) € R?, [0°Fn 1 (2,n)| < Canjal(¥)llallonia ((z,m)* (7-3.17)

We are now interested in controlling
s 1 i(3(D>(@1.&0) (@m).(2,m)—yn) ~
Ryu(z) = 5 L ORI (@, n)uly)dydn

We will use the following lemma, proved in the appendix 7-7.1. :

Lemma 7-3.4. Let b be a symbol in S((p)"). Then, there exists a symbol b € S({p)"¥) such that
forall0 < h <1,

1

— [ er PR e =) by (y)dydy = M(dy, F) Opa(b)u(x)
27Th T*R

Moreover, there exists a universal integer M’ € N such that b satisfies : for all & € N2,

DN 10°b(p) < Ca sup s (10%B(p) (o))
|B1<|a|+M’ pET*R

where C\, depends on d,,F'.

By applying lemma 7-3.4 (in the case h = 1 in the lemma), we can find a symbol ry j such
that B
Ry = Mi(dp, F)Opy(rn,n)

To conclude the treatment of the first part of the remainder, we compute :

|Rn, 1 M1 (K)[PTo]|| 12 = || M1(dp, F)OPy (ry,n) M (k) [PTo]|| 2
< OP1 ("N ) Hy ((pyeny— L2 X [IML(K) [PYo]ll 1, ((p)3n)y
< Cr (rv ) 1EIPN Ky degp Noo (P)

by using Corollary 7-3.1, where Cis(rn.5) depends on the first M semi-norms of 7y 5, in S({p)>"),
which, in turn depends on the first M + M’ semi-norms of 7 5, in S({p)3") according to Lemma
7-3.4. By (7-3.17), this can be controlled by some constant Csn+ar+n ()| al| o arsar -

Let’s turn to the second remainder in (7-3.16). We want to control

L[ (30?1 60) @) (.m)—ym)

> 7 (2, n)u(y)dydn
v R2

4These estimates comes from (7-3.12) and in fact, we can take

C3N—_3j+4|a|(¥) = sup RUBI=3NH31)/21|9B )| oo
3N—3j<|8|<3N—3j+|al



7-4. DYNAMICAL PRELIMINARIES. 253

Recalling the precise description of 7 in (7-3.14), we set, for s € [0,1] :

~ 1

Rou(z) = 5 /RQ 61(%(D2w(ml750)(fcm)7(r,n))+ish1/2rép(ryn;h)—yn)rg)(x’ n; h)Na(z1+h1/2x,§0+h1/2n)u(y)dydn

and we want to estimate ||Ry M (x)[PWo)||z> uniformly in s € [0,1]. The symbol
b (x,m) = 73 (2,5 ) Va(ey + e, & + b 2n)

lies in the symbol class S({p)>"), with a control on its semi-norms due to (7-3.12). Let’s admit
the following lemma, whose proof is also put in the appendix 7-7.1..

Lemma 7-3.5. For every s € [0,1], there exists B,(-) € S ((p)®") such that :
hd R:Ra = Op;(Bs) ;

e There exists a universal M € N such that for all « € N2, for all s € [0, 1], with some universal
constants Cl,

2
sup|5”‘Bs(p)I<Ca< sup dﬂbw(p)<p>‘3N> (p)°N.
P plBI< o+ M

This lemma allows us to control

1Rs1Z, (pyony-sze < NRERsl b, ((pysm) b () -5%)
< 10p1 (Bl ((0)33) = 1 () =2Y)
< Cn sup sup|(9*Bs(p)) {p)~*"|
la|<M p
2
<Cn | sup supd®by(p)(p)~*"
Bl<2M P
< (Canyar (¥)llallonnr)?

We finally conclude as before for RNJ by using Corollary 7-3.1. This concludes the proof of
Proposition 7-3.6. O

7-4 Dynamical preliminaries.

7-4.1. Hyperbolic dynamics.
We recall that the hyperbolicity of F' on the trapped set 7 allows to define unstable/stable Jacobian

(see Chapter 3). As already mentioned, we can fix an adapted Riemannian metric on U such that

the following stronger version of the hyperbolic estimates are satisfied for some Ao > 0 : for every
peET,neN,

v € Eu(p) = [ldoF " (v)]] < e Jo| (7-4.1)

v € Ey(p) = ||d,F"(v)]| < e "||v]] (7-4.2)

If p € T, n € Z, we use this Riemannian metric to define the unstable Jacobian JY(p) and
stable Jacobian J3(p) at p by :

vE Bulp) = [ld,F W)l = J (ool (7-4.3)
ve Bup) = |ld,F"(0)l| = J3(p)lel] (7-4.4)

These Jacobians quantify the local hyperbolicity of the map. Since F' is volume preserving,
Ji(p) T (p) ~ 1.
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Vo
., Wu(p)
pop
. Wu(F"(p))
-4-—%-—-———/
F(p) F"(¢)

Figure 7.2: The linearized dynamics makes the vector closer and closer to the tangent space of the
unstable manifold. See Lemma 7-4.1. The vertical direction corresponds to the stable direction,
in which the dynamics contracts.

From the compactness of 7, the minimal and maximal Lyapounov exponents of are well-defined

1
Amaz = sup limsup — log J*(p) < 400
pET n n

P ¢ u
Amin = plgg' hrr%llnf - log J(p) >0

Standard facts on hyperbolic dynamical systems have been recorded and proved in Chapter 3
and the existence of unstable/stable manifolds have been recorded in Lemma 3-2.1. More quanti-
tative results have been proved in Lemma 3-2.2, Lemma 3-2.3 and Corollary 3-2.1. We will make
use of theses results in this chapter.

In this chapter, we will also use the following lemma concerning the linearized dynamics. If
p € T and p’ € W, (p), the tangent space T, W, (p) will naturally be denoted E,,(p") and ifv € T,/ U,
we note d(v, E,(p’)) the distance between v and E,(p’) computed using the Riemanniann metric
on T,U.

Lemma 7-4.1. There exist ¢; > 0, v € (0,1) and C > 0 such that the following holds. Assume
that p € T, p' € Wy(p), vo € Ty U and n € N satisfy : Vi € {0,...,n}, d(F(p), F'(p')) < e,
[lvo]| = 1 and d(vg, E,(p")) < . Let’s note
 dyF(w)
[|dp F™ (vo )|

Un € Ten(p)U

Then (see Figure 7.2),

A0 Bu(F () < O () d(w0. Bulp)

Remark.

This is a form of inclination lemma : the tangent vectors are attracted toward the unstable
direction upon the evolution. We provide a quantitative and local version of this statement. The
assumption d(vg, E,(p’)) < v is a transversality assumption : it says that vy has to be sufficiently
transverse to the stable direction.

Proof. First note that due to the assumption on p and p’ and Lemma 3-2.2,

d(F'(p), F'(p') < CO"T'd(F" (p), F" (p')) < CO" ey
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for some 0 < @ < 1 and for 0 < i < n. We use coordinates charts r; centered at F'(p) (for
0 <4 < n), given by Lemma 3-4.1. Let’s note (u’, s') the coordinates in k;. Since x;(W,(F(p)) =
{(u%,0)}, the map F between the charts x;_1 and k; is given by :

Kio Fory(u™ s = (v +ag(u ™ 1), s 4 Bi(u' T s'Y)

with 8;(u"=1,0) = 0, da;(0,0) = 0 and d3;(0,0) = 0. Remark that vy ...v; ~ J*(p) ~ (p1 ... i)~
forl1 <i<n.

Let us note wg = d ko(vo) and Wy, = dpn(,ykn(vn). Hence, we want to show that d(i,, Re,) <
CJ%(p)~td(wo, Re,) where Re, = {(u,0)}. Here, to compute the distance, both between points
and tangent vectors, we can simply use the usual euclidean distance in R2. Let us also introduce

w; = dy (kioF")(vg) and write w; = (w¥, wf). With these notations, we have w,, = ||d, F"(vo)| |y,
and s
w
d(n,Rey) = ———2——
|l E™ (vo) |
Since ||d, F™(vo)|| ~ ||wn]|, we are reduced to prove that
Uil < (o)) (7-45)
[[wn||

If 7 is small enough, we can deduce from the transversality assumption on vy that [w§| > 1|w§|.
In particular, [[wo|[? > §|w§|?. Let us note (u’,0) the coordinates of F(p’) in the charts x; and
recall that |u’| < C0" 'e;. We have the relations

wi' = viwl | + dog(u ™1, 0) - w;
w = pwi_y +dBi(u ", 0) - wiy

Since Bi(u,0) = 0, dB;(u’=1,0) - w;—1 = 0 B;(u*~1,0)ws_;. Moreover, dB;(0,0) = 0, and hence,
|04 Bi (w1, 0)ws_;| < Clui=|wi_;| < CO =gy |ws_,|. this gives,

lwi| < (s +CO" ™ ey) (g + CO™)|wi]

'3
CglanJrlfk
|@SMMMHO+MCW3

k=1
Since py > ¢ for some ¢ > 0 and for all 1 < k < n, we can estimate

7 i—1 o)
H <1 + Caﬂn—kl—k) < H (1 + 0510_19’“) < H (1 + Cslc_lﬁi) < 400
k=1 Fok k=0 i=0

As a consequence, |wf| < CJ*(p)~t|wg]. We now turn to a lower bound for ||w,||. From w¥ =
viwd 1 + O(Jut=Y||w;—1]]), we find that

wi'l > vilwi'y | = Clu' ™ llwi—1]] > vilwi | = CO" 7 Jwiy]|
We observe that ||w;_1|| < Jwi | + |wi_;| < |wi ;| + CJ* 1 (p) " w§|, which gives that
wi'| > Jwit_y (v — CO™F177) — CO" T (p) 7

Recall that for §; = e=*1, we have J¥(p)~1 < 6%, so that for some 0y €] max(6, 61), 1], 9" F1=1J%(p)~! <
C0%. Iterating this formula, we find that

n—1
w| > (1 = CO™) ... (vn — COwl| =Y (vn — CO) ... (v; — CO™ )05 ]

i=1

By similar arguments as in the case of |w3 |, we can show that (v, —C9) ... (v; —CO™) > C~LJ%(p)
and |(v, — CO)...(1n — CO,)| < wvy...v, < CJ¥(p). As a consequence, and using the fact that
|wg| > 1/4]|wo]| (by the transversality assumption), we find that

wii| = C7H(1 = 03) T3 (p)l[wol| = C71 T ()l [woll.
We conclude that ||w,|| > |w%| > C~1J%(p)||wol|, which gives (7-4.5). O
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7-4.2. Escape function.

In this subsection, we record the construction of escape functions of [NSZ14], specialized to our

open map F': DcU— AcU. Wedo not give the proof, since it is entirely contained in [NSZ14]
(Lemmata 4.1 - 4.4).

Lemma 7-4.2. Assume that Vs is a small neighborhood of 7 in which F' is well defined. Then,
there exist Cy > 0 and a neighborhood Vi C Vs, of T such that the following holds : For every
€ > 0, there exist functions ¢4 = ¢4 € C° (V1 UF (W), [, +o0[) such that

(p)Nd(va)
£ (@+(p) —p=(F(p ))+Coe~¢i(p);
¢+(p) + & ( )~ €

0 31(p) = O (px(p)!11/2).
The constants in the ~ and O are independent of p € V; U F (V;) and e.

Armed with these two functions, we construct the following escape function
ge =log(Me+ ¢_) —log(Me + ¢y) (7-4.6)

where M > 1 is a constant independent of € and sufficiently large so that the following lemma
holds :

Lemma 7-4.3. For M large enough, there exists C7 > 0 such that, uniformly with respect to e,
peEVI U F(Vl),d(p,T) > (Cie = ge(F(p)) —0e > 1/01

Since we will be interested in the dynamics in a neighborhood of T, we fix a smooth cut-off
function x € C°(V1 U F(V1)), independent of ¢, such that x = 1 in a neighborhood of 7 and we
set

ge = )A(ge (7—47)
As a consequence of the construction of ¢, it is also possible to check that

Lemma 7-4.4. g, satisfies the following estimates : there exist C > 0, 4 > 0 and a family of
constants C\, > 0, a € N2, independent of € such that for all p,( € U,

9:(p)] < Clog e
9%9.(p)| < Ca (71172)

exp(ge(p)) p—C¢\"
oxp(9.(0)) SC< NG >

This last inequality makes e an order function in the rescaled variable p/+/e.

Remark.

We will specialize to € = h2% where § = % — e. For this reason, it is important that the constants
do not depend on e.

e In this particular case, this lemma will ensure that g lives in a suitable symbol class. More
precisely, for this choice of € = h?%, we will have g/logh € S and for |a| > 1, K¥l*19%g € S;.

e The properties of g and ¢4+ will be used to estimate terms of the form exp (tg(p)—tg(F™(p))).
When p is sufficiently far from the trapped set and n ~ alogh, we will be able to show
that this term if O(h*®*)) where L(t) can be made as large as necessary by choosing t large
enough. The properties of g are widely used in 7-6.5.3. and 7-6.5.4..
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7-5 Proof of Theorem 7-1.3.

From now on, Mj(z) = M(z;h) is an open hyperbolic quantum map satisfying the assumptions of
Theorem 7-1.3. Recall that we note ay,(z) the amplitude of Mp(z). Our aim is to understand the
zeros of the Fredholm determinants

det (Id —Mp(2))

Since the spectrum of My, (z) doesn’t change by conjugation, we will instead study
M;(z; h) = e 19 M, (2)e'® (7-5.1)

where ¢ will be chosen below and G = Opy,(g) where g = gp,25 is the escape function constructed
(7-4.7), specialized in the case ¢ = h?® where § = 1/2 — ¢, for some fixed . To alleviate the
notations, we now omit to write that M;(z) depends on h. The role of this conjugation is to damp
the quantum map outside a small neighborhood of the trapped set so that it confers to the new
operator nicer microlocal properties. To exploit the hyperbolicity of F' and the special structure of
the trapped set, we note that the zeros (repeated with multiplicity) of det (Id —M;(z)) are among
the zeros of
det (Id —M;(2)*N)

We will use this remark with an exponent N(h) depending on & in a controlled way and we will
assume that N (h) < C'log + for some C' > 0. A precise value of N(h) will be given later.

7-5.1. Application of a Jensen formula.

The proof of Theorem 7-1.3 relies on the following proposition, whose proof will occupy the end of
this section in 7-5.2.. We recall that 2 =] — R, R[+i] — R, R[ with R fixed but large (in particular,
R >4).

Proposition 7-5.1. Let ¢ > 0. Let g = gp2s be the escape function defined in (7-4.7) with
1/2 —§ =& > 0. Let’s note M;(z) = e tOPrO) My (2)et OPr(9), Tet us fix B €]0, R[. Then, there
exist t=t.>0,C=C:>0,v.>0,9.>0and N = N.(h) € N such that

e When € — 0,
1-0(¢)
g = d ; ?95 e
Y " + 0(5) 6AII]&X
o at fixed ¢, when h — 0, N.(h) ~ 9.log(1/h)

e for all h sufficiently small and for all z € Q with Im(z) € [—f,4],

tr ((Mt(z)N)* Mt(z)N> < Oh~veh—PeP(=2Im ztre—pu) (7-5.2)

Remark.

Since Im z > —f and since the function s — P(—2st,et — ¢,,) is non increasing, the right hand
side can be estimated by h~veh~VeP@Btrei=¢u) — p=du+p(B)=O()  This is where the function

p(B) = —mP(ZBtmt — () appears.
Armed with this proposition, we can conclude the proof of Theorem 7-1.3 by using standard

arguments of spectral theory and complex analysis (we mainly borrow the arguments from [DD13],
[DBW19]).

Proof of Theorem 7-1.3. In Theorem 7-1.3, we want to prove the bound
my({|Rez| <r,Imz > —v})+ 0O (hdeeraX(p(erE)*EvO)) .

The exponent dg is known from [NSZ14] in Theorem 4. We focus on the potential improvement
given by p(y +¢) —e.
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We fix 0 < r < R and v > 0 and note Qy = {|Rez| < r,Im(z) € [—v,2]}. For n > 0, we also
note Q, = {|Rez| < R,Imz €] — v —n,4[}. Since det(Id —M(z;h)) = det(Id —M;(z)) and due to
the relation: Id —A%N = (Id —A)(Id+A + ... A2V 1) we have (we note mr(€;) the numbers of
zeros of det(I—T) in 4, counted with multiplicity),

ma (o) = mag, (R0) < mpgzn (Qo)

that is, it is enough to estimates the number of zeros of f(z) = det (Id —M;(z)?).

We claim that if H is some Hilbert space and if A : H — H is a trace-class operator, then
log |det(I — A?)| < ||A||3}¢ = tr(A*A). Indeed, if we denote \;(A) (resp. o;(A)) the eigenvalues
(resp. singular values) of A repeated with multiplicity, one has,

log | det(I — A4%)] = 3" log(|1 = Aj(4%)]) = 3 log[1 = A;(4)%] < 3 log(1+ A5 (4)%) < 37 Ay (4)?

J

Weyl’s inequalities imply that (see for instance [DZ19], Appendix B.5.1)
D NP <Y (4 = [|Allfs = tr(A4)
J J

which gives the desired result. Hence, we have
log | det (Id —M;(2)*V) | < tr (MY (2))* M (2)) (7-5.3)

which is known to be controlled by Proposition 7-5.1. Let’s note zyp = i € €y. By the Riemann
mapping theorem, for any 7 > 0, there exists a conformal map ¢ : Q, — {|z| < 1} such that
c(z0) = 0. ¢(Qo) € c(£2y), so that there exists 6 > 0 such that ¢(Qo) C {|z] < 1 —J}. We now
apply Jensen’s formula to the function foc. Let n(t) denote the number of zeros of f o ¢ (counted
with multiplicities), in the disc of radius ¢ . We have, by Jensen’s formula,

1-6/2 0y 1 f2m ‘
[ ™= o [ roglsoe((1 - /26 a0 —10g | (z0)
0 ™ Jo

Therefore,

mM(Qo) S thQN (Qo) § ’I’L(]. — (5)

1-6/2
o r [,
1

S50-0) )y ¢
2 1=9/2 (1)
S 51 =9) /0 = &

27
—5(%5) <217r/0 1ngoc((15/2)ei9)delogf(z(>)l>

A

A

< ﬁ <sup log|f(2)] — 10gf(20)|>

z€EQ,

We apply Proposition 7-5.1 with a small parameter ¢, depending on ¢, giving exponents v/, J..
Since v = dy + O(¢’) and ¥ = gx-— + O(€’), we can choose &’ small enough so that

Ver — 6>\maxﬂ€’p(7 + T’) <dg — p(’)’ + 7’) +e.
Hence, we have

sup log |f(2’)| < sup hve! hfﬂs/P(f2Imztmt7<pu) < hdeferp(ern)
2eQ, T ze9, -

since the map 8 — p(f) is non increasing (recall the definition of p(8) in (7-1.4)). To handle the
term —log|f(20)|, we observe that since limsupy,_,|lan(20)||ec < 1, there exists p € [0, 1] such
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that for h small enough, ||M},(20)|| < p. As a consequence, ||M,52N(h)(zo)|| < Cyp*N, so that for h
small enough, ||[M?V|| < 1/2. In particular, for such h, Id —M;(20)?" is invertible and

(a0 7| < 2
As a consequence, one has
— log| det (1d — M, (2)>") | = log|det (1d — M, (0)*) |
= log ’det (Id +My(20)*N (Id _Mt(ZO)zN)il) ‘

< HMt(zo)ZN (1d —My(z0)2Y)

tr

< 1M (20)* Mo

(10— My (2)*) ||
< 2| My(20)"|| s < Ch—dm==tP0E)

This concludes the proof.

7-5.2. Proof of Proposition 7-5.1.

We start the proof of Proposition 7-5.1. We fix some ¢ > 0 and we freeze the complex variable
z and note M}, and «y, instead of M (z) and ay,(2) : we momentarily forget this dependence but
keep in mind that Im(z) € [—3,4] for some 8 > 0. In particular, a(z) = e~ ™=tret + O (h=15p+)
in a neighborhood of 7 and the constant in the estimates below can be chosen independent of z.
Reduction to FIO acting on R. We will note R; = |_|;,]:1 R and L?(R;) = GB}]:1 L?(R). Recall
that by construction (see 4-3), M), is an operator of the form (M;;(h)) where M;;(h) : L*(Y;) —
L2(Y;). Tt will be more convenient for us to work on L?(R). For this purpose, recall that, for all
i,j, there exists M;;(h) € Iy+ (R x R, Gr(F;;)") and cut-off functions ¥;, ¥; such that as operators
L3(v;) - 1(Y:)

and as operator L?(R) — L?(R),

M;j(h) = U;M;;(h)¥; + O(h™)

where, in the two equalities above, the O(h*) hold for the trace norm. Let’s note My(h) =
(U;M;;(h)¥;);;. As soon as N < Clog 4, M(h)N = My(h)Y + O(h*) as operators L?(Y) —
L2(Y) and Mg (h)N = M(h)N + O(h™) as operators L*(R;) — L?*(R;). The same holds after
conjugation by e’“. In particular, this sows that

trpayy (MY M) = trpaa,) (MY) MY ) + O(h)

Since the O(h>°) will finally be adsorbed in our required inequality, it is enough to work with M (k)
instead of Mj,.
From now on, we will write Mj, for the operator Mj, : L?>(R;) — L?(Ry). There exists U 4, ¥p
such that B .
suppVYp €A ; supp¥p @D

and
\I/AMhZMh—FO(hOO); MV p ZMh+O(hOO)

Moreover, we will now omit the h-dependence of the semiclassical operators in the notations when
this dependence is obvious. In particular, we will simply write M or M; instead of M}, or M;(h)
respectively.

Notations. A function a on T*R; = |_|]J:1 T*R is a J-uple of functions (aq,...,ays). The quan-
tization Opy(a) is the diagonal matrix with diagonal entries Opp(a;). The support of a is the
disjoint union of the supports of the a;’s, so as the wavefront set of Opp(a).
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7-5.2.1. Refined quantum partition.

In virtue of Proposition 3-5.1, applied with ¢ = —21Im zt,..; — ,,, there exists n > 0 such that for
any open cover Q of T of diameter smaller than 7, one has

lim L log Py(o,n, Q) — P(¢)| < /3 (7-5.4)

n—+oo n

We consider some €y > 0, which is supposed to be small enough to satisfy all the assumptions
which will appear in the following and which will follow us throughout the end of the chapter. In
particular, we first impose g9 < 7.

Since 7 is totally disconnected, there exists an open cover of T by a finite number of disjoint open
sets (of U) of diameter smaller than gq :

TclJa
A€Q
We fix some py € T N2A and we assume that for all A € Q, there exists ju, lo, moy € {1,...,J}

such that _ .
2 C B(lea 250) C Ajallm N D'"l‘leQl C Ujm

€o is supposed to be small enough so that :
o e <y < e™ in B(py,2ey) for some 7, 7ps > 0, for all h small enough.

e According to Lemma 3-4.1, there exists a chart ky : B(pg,2e9) — Wa = ko (B(pa, 2¢€0)),
adapted to the dynamics, where Wy is a subset of T*R centered at 0. .

e There exist Fourier integral operators By, By € Io(R x R, Gr'(ka)) x Io(R x R, Gr'(rkg")),

quantizing kg in a neighborhood of kg (A) x A

Notations. We will still denote By and By the operators
By = Diag(0,... By, ...,0) : L*(R;) — L*(R;) ; By = Diag(0,...,By,...,0): L*(R;) — L*(Ry)

with the non zero entry in position jo. When we say that (By, By ) quantize kg in a neighborhood

of ky (A) x A, we mean that ByBy = I + O(h>°) microlocally in a neighborhood of 2 (in the
sense that if supp(c) is included in this neighborhood of 2 and if C' = Opy(c), then BjyBgC =
C+ O(h™) ; CByBy = C + O(h*)) and ByBjy = I + O(h*) microlocally in a neighborhood of

R (91)

In virtue of the equation (7-5.4), there exists ng € N such that
1

L log P, )~ Plo)| < 2213
0

As a consequence, there exists a subpartition (W, )qea C Q™ such that T C quA W, and

> sup exp (Z_: p(F i(ﬂ))) < eno(P)e) (7-5.5)

qeA PEW,NT i—0

For ¢ € A, we can find an open set V, € W, such that TNW, C V,. (V,)4e is still a cover of T.
We complete this cover with

Voo =R\ (J Vg (7-5.6)
qeA

We note A, = AU {occ0}. Note also that for ¢ € A, W, is of the form
Ao NF LA NN F- =D, )

and in particular W, C 2y : we note jq,lq,mq,pq,/{q,Bq,Bg, Wy, instead of ja, lai,, Mty s P2ue
Kato, Batgs By, s Wat,- Then, for g € A, we consider a cut-off function x, € C°(Ry,[0,1]) such that
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supp(xq) C Wy and x4 = 1 in a neighborhood of Vq. Finally, we note xoo = 1— quA Xq- We note
that x4 is supported in only one copy of R in R; when ¢ € A and X has non-zero components in
all the copies of R in R ;. Moreover, supp(xoo) C Voo-

We then quantize the symbols x,, ¢ € A :

Aq = Opn(xq) (7-5.7)

Note that for ¢ € A, A, is a diagonal matrix with a single non zero coefficient. The family
(Ag)gea. satisfies the following properties :

Y Ag=1d ; Vge A, |4, <1+ 0(h) (7-5.8)
g€A

Since M™ = quAx M™ A,, we may write

nng __
M™o = 3" My
qeAL,

where forq =¢qo...¢,—1 € A,

My :=M"A,, ...M™A, (7-5.9)

1

Forq=¢qo...qn-1 € A%, we also define a family of refined neighborhoods, forming a refined cover

of T,

n—1 n—1
Va=(1F"™ W) 5 Va=F"Vg)=[)F""V,) (7-5.10)
=0 =0

and we adopt the same definitions by changing V into WW. Roughly speaking, we expect that each
operator My acts from Wy to WJ and is negligible elsewhere. Combining (7-5.8), the fact that
ap < e™ in B(py,2¢ep) and the bound on M, the following bound is valid :

|Mg| 22 < (€™ —|—O(h1_))nn0 (7-5.11)

As soon as |n| < Cy|logh|, we have ||Mq||r2— 2 < Ce™0™  for some C depending on Cj and a
finite number of semi-norms of ¢}, and then

|Mg]| < Ch™M

for some C > 0 and M > 0 depending on Cy and «y,.

7-5.2.2. Local unstable Jacobian.

We want to define unstable Jacobians associated with this refined partition. Let’s fix a word
q=qo---qn-1 € A" and assume that Wy # . Fix p € W . By definition of W,,, there exists
0,55+, Apg—1,; € Q such that

no—1

Wa = [ F7 ()
§=0
Hence, for 0 <1 <n' =n x ng — 1, there exists p; € T such that d(p;, F'(p)) < 2e¢. Hence,

d(F(pr), pr1) < d(F(p), F (p)) + d(F™(p), praa) < Ceg

That is to say, (po, - - -, pn’) is a Ceg pseudo orbit. Assume that dg > 0 is a small fixed parameter. In
virtue of the shadowing lemma (see [HK95], Section 18.1), if ¢ is sufficiently small, (po, ..., pn’) is
8o shadowed by an orbit of F' : there exists p’ € T such that for i € {0,...,n'}, d(p;, F(p')) < do.
Consequently, d(F(p), F'(p')) < 8o 4+ Ceo. If py is another point in W, for i = 0,...,n/,
d(F(p2), F'(p')) < 2e0 + Ceg + dg. For convenience, set €5 = 2g¢ + d + Ceg and note that g5 can
be arbitrarily small depending on £y. As a consequence, we have proven the following
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Lemma 7-5.1. If Wy # 0, there exists p’ € T such that VI € {0,...,nno — 1} and for any
EWg, d(F'(p), F'(p')) < ea.

We fix any p’ satisfying the conclusions of this lemma and we arbitrarily set (recall also the
definition of J“(p) in (7-4.3) for p € T )

JY = J H J (FImo(p (7-5.12)

nno

If p} is another point satisfying this conclusion, we have d(F(p'), Fi(p})) < 2e5 for i € {0,...,n'}
and in virtue of Corollary (3-2.1),
Tring (') ~ Ty (1)
Hence, up to global multiplicative constant, the definition of this unstable Jacobian is independent
of the choice of p’. Notice that if Wy N'T # 0, any p’ € TNW, satisfies the conclusions of Lemma
7-5.1 and Jg ~ Jy, (p).
We have the following facts concerning these local unstable Jacobians :

Lemma 7-5.2. If gg is small enough, the following holds. There exists C' > 0 such that for all
q € A" and for all p € W, we have

o ||d,Frmo|| < CJL
o d(F" Y (p), T) < C (J3) " dlp, T2)

o dip,T) < C(J3) " d(F"™™~1(p), T)

Proof. The three points are consequences of Lemma 3-2.3. The first point is an easy one. Con-
cerning the other two, first recall that T, (resp. 7_) is, in a neighborhood of T, equal to the union
of local unstable (resp. stable manifolds). Let’s consider the second inequality. The proof of the
third one is similar, by inverting the time direction. We fix ¢ € T such that d(p, T1) = d(p, W.(())
and d((, p) < 2eg. Recall that by Lemma 7-5.1, there exists p’ such that Vi € {0,...,nno— 1} and
d(F(p), F'(p')) < 2. We hence consider the unique point ¢’ € W, () NWi(p'). Since ¢’ € Wy (p'),
d(F (), Fi(p')) < CJ:(p)d(p',¢') for all 0 < i < nng — 1. If g¢ is small enough, we may assume
that CJZ (p)d(p’,¢') < 41 for 0 < i <n—1 (where g appears in Lemma 3-2.3). As a consequence,
J}{no(c ) ~ Jhn (p') ~ J&. Moreover, d(F'(p), F'(¢')) < 3e1 + ¢ for all 0 <i < nng — 1. Hence, if
£2 < e,

d(F"" ™ (p), To) < d(F™ 7 (p), Wau(F™(¢"))) < Cpiy (C)d(p, Wa(¢')) < CUgd(p, T

7-5.2.3. Numerology.

In this subsection, we introduce the parameters we will work with. Recall that € has been fixed.
We set § =1/2 — ¢ : it is related to the regularity of the escape function g. For technical reasons,

we also introduce ) 1 3
€ € €

bfp=———101=0— - = - — — -5.1

0=75"35 0 5=35"3 (7-5.13)

satisfying 61 < 0 < §p < 1/2. Recall that ng has been chosen in (7-5.5) and that
Amax = sup limsup — log JX(p).
pET n—+oco N
We define precisely the parameter 9. appearing in Proposition 7-5.1 as
1—4e
Ve= ———. 7-5.14
6Amax (1 + €)2 ( )

The precise value of 9. will be used in the following : what is important is that . = -0(e) <

1/6Amax. Finally, we set
9 1
=n(h) = | =X log =
n = n(h) Llo og hJ

_1
6Amax
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which satisfies
1—4.
ermax(1+€)nno < Gl

In particular, we assume that ¢ is small enough to ensure that
1—4e
Koo p~ 50T < hl/3.
This will constraint the width of the evolved coherent states.

7-5.2.4. Reduction to L?-bounds of an evolved coherent state.

We can find a uniform T € N such that if p € V., there exists k € {—Ty, ..., Ty} such that F*(p)
"falls" in the hole - that is, either there exists k € {1,...,Tp} such that Fi(p) € Dfor1 <i < k-1

and F*(p) € U\ D or there exists k € {1,...,Ty} such that F~i(p) € Afor 1 <i < k—1 and
F~kp)eU \g By standard properties of the Fourier integral operators, each component (M70),;
of M is a Fourier integral operator associated with the component (FTO)l-j of FTo. In particular,
WF;,/ (MTo) ¢ Gr(FT°).

Let us study M2Totnno — ppTopgrmo pfTo - and let’s decompose M™™0 = Yqean Mq. Ifq =
qo - - -qn—1 € A% and if there exists an index ¢ € {0,...,n — 1} such that ¢; = co, one can isolate
this index ¢ and trap A, between two Fourier integral operators M, Ms, belonging to a finite
family of FIO associated to F7°, so that we can write

MM M™ = By My Ao My By

where B;, By satisfy the L?-bound :
1B x [|Bal| < C(|lan]loo)™ " = O(h™)

for some integer K > 0, and we have M; A My = O(h®), with constants that can be chosen
independent of q. Hence, the same is true for M7 MqM 7o, So, we can write, keeping in mind
that |A|" = O(h=X) for some K > 0 :

nno+27Ty __ T Tt
Mo 0 — Z M OMqM 0
Qe Az

=Y MPMgM™ + O(h™)
qe A"

=MT | N My | M+ O(h™)
qceA™

Let us note
M= M"(Id—Ay) = M"Y A, (7-5.15)
qeA

We have shown the following lemma :
Lemma 7-5.3. There exists Ty € N such that
M2T()+7Ln() _ MTOi):nnMTO + O(hoo)

Let us now look at what this equation implies on the trace of M?2T0+""0  In the following
computations, we use : If A is an Hilbert-Schmidt operator and B a bounded operator,

(1) tr(A*A) = [|Afs ;

(i) [|ABl||las < ||B|| x ||Allas : [|BAllas < ||B|] x [|A]|as
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tr ((MtQTo—‘rnno> * MtQTOJ,-n'n,O) — | |Mt2To+nn0 | |%‘{S

2
s + O(h™)

< M|} + O(R™)
< (|| e ()" ME) + O(h™)

= |[agfoomy g

Hence, is is enough to find the expected upper bound (7-5.2) for tr ((9M})* M) to obtain the same
kind of upper bounds for tr ((Mt(z)N)* Mt(z)N).

Evolution in local adapted charts. We will be interested in the evolution of coherent states
through the action of 9. It will be more convenient to work in the charts x4, in which the action
of F is well adapted to the position-momentum coordinate (x,&). For this purpose, we start by
writing,
m;z _ e*tGSDT"*l Z MnOAqetG
qgeA
Recall that B; B, = I + O(h*) microlocally near supp(a,), hence,

My = e MY " M™ A B Bye'“ BBy + O(h™)
qeA

Let’s note B
E, = B,e'“B, (7-5.16)

We also fix gq = Opp(agq) such that WFh(gq) C W, and @ = 1 near supp(x,). This gives :

tr (@) my) = 3 (e OMTIM A, B E By A, ) e M M A B E B, A, ) + O(h)
q,p€A

S ( B (e_tcmn_l M™ A, B, Et) o~ tGpn—1 1m0 AqB;EthZqA;;) +O0(h*™)
q,p€EA

Z tr (B;; (e‘tci)ﬁ"_lM"OAqB;Et) e—tGmn—anoAqB;E‘thgqu> + O(hoo)
geA

< C|A|sup tr ((e_tGim"_lM"“AqB;Et) e—met"—lM"OAqB;Et) +O(h™)
geA

where C is such that Cy||Bg|| % HququH < Cforall g € A (and 0 < h < 1). The passage from

the second to the third line holds since /Tqﬁ; = O(h*) when ¢ # p, in virtue of the fact that
W, N W, # 0. This computations show that it is enough to control, uniformly in g, the trace

tr ((e—tGmn—lM’nOAqB(/]Et) e—tGmn—anoAqB;Et> (7_5.17)
since we now have :
tr ((METOJMWO) MtQTonLnno) < C|A| Slelg tr ((e‘tGDJ?"_lM"OAqB;Et) e‘tGDﬁ”‘lM”UAqB;Et) +O(hoo)
q
(7-5.18)
From now on, we will note p, (, etc. points in U and p, (, etc. their images in the local charts

k4. The resolution of identity of Lemma 7-3.1, valid at the level of operators on L?(R), extends to
the case of matrix operator acting on L?(R), in the following sense :

J

1 R

tr(A) = Z I /T*R < Ajjpp0p > dp
j=1

Hence, if K = e tGon—1Amo AqB(’IE,g7 we have
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. 1 . A
= T*R
1
= Z P < Kij(pﬁ,Kij(pﬁ > dﬁ
1<ij<J 2mh T*R

Since A, By, is diagonal with only one non-zero diagonal entry in position j,, B;; = 0 except when
J = Jq- We can write :

1

tr (7O M A BY) e CMI M A BB ) = o
27h T*R

N 2

[e=tComn=tarmoa, By By | dp
(7-5.19)

where ¢, is the column vector with only one non-zero entry equal to ¢; in position jg.

7-5.2.5. End of the proof.

The main ingredient for the proof of the improved fractal Weyl law, which is also the main novelty
of this chapter is a good control for

- 2
w(p) = He—met"—lM"OAqB;Et¢,3H (7-5.20)

This weight w depends on the parameter ¢t which governs the weight of the escape function. We omit
to write this dependence explicitly : indeed, what is important is that once t is fixed sufficiently
large, w will satisfy the expected decay in Proposition 7-5.2. To state this bound, let’s introduce,
for p € Wy,

Mag(p) = I a(F'(n)
i=0
where
a(p) = exp (—Im 2t et(p)) 5 p € Wy (7-5.21)

so that, for p € W,, we have ap(p) = a(p) + O (hrS’m). We also introduce the following
neighborhood of T

Toor = {p; d(p,T-) <, d(p,Ty) <h™} CU CT*R, (7-5.22)

Proposition 7-5.2. For any L > 0, there exists ¢ = t(¢, L) such that the following holds. Let
peR2 If p & r,(W,), then w(p) = O ((%) ) with uniform constants. Otherwise, assume that
p = kq(p) € kg(Wy). We have

L. If, for all g € A", p € Wy, then w(p) = O(h*®) with uniform constants.

2. Otherwise, there exists a unique q € A™+! such that p € W, - In that case, for some uniform
constants C' > 0 and hg > 0, one has, for 0 < h < hg,

(i) If p & Ts.5,, w(p) < hl;
(i) 1 p € T,
4 ) —1+e - HtE —
U}(p) < C(Ha,q(p))Q (Jq) h(50 0)(dp+e)+d—1/2

This key proposition is proved in Section 7-6. We will also require the following proposition :

Proposition 7-5.3. Let q = qo...¢, € A" with n = n(h) and assume Wy # 0. Then, for
some uniform constant C' > 0, and for h small enough, the following estimate holds :

VOl('E)gl N Wq—) < O h26 p=(0+61)(dr+e) (Jg)_(d’”'s)
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Proof. We assume that W~ # ). According to Lemma 7-5.2, there exists p_ € 7 such that for all
pEWY,
—1
d(p, Ws(p-)) < C (Jg) o (7-5.23)

We also consider p; € T such that d(p,py) < 2h%. In particular, d(p_, py) < g0 and we may
consider a point po € Wy(p—)NW,(p4) and we decide to work in an adapted chart k centered at po.

We want to estimate the volume of /1(73751 NWq ) We assume that W, is included in the domain
of this chart (and so is W) and we choose this chart such that the image of W, (p—) = W(po) is
given by {(0,£),& € V'} : this is possible in virtue of Lemma 3-4.1 (by considering F~! instead of
F to change the unstable manifold into the stable one) °. In virtue of (7-5.23), we have for some
uniform constant C’ > 0

(x,€) € kRgOWVg

) = |z < (T8 e

Let’s consider Z(7) = {£ € V,x,1(0,£) € T} and let’s cover it by N, intervals of size 2kt centered
at point &1,...,&y, € Z(T). Since dim7 N Wy(p_) = dy and in virtue of Proposition 3-6.2, we
may choose N, such that

N, < Ch~01(du+e) (7-5.24)

for some uniform constant C' > 0. For 1 < ¢ < Ny, let’s note o; = /@fl(O,fi). The local unstable
manifold passing through o; can be written, in the chart &, as a graph {(z, g;(z)),z € U;}. We
note

50}

and we cover X,(7) by N;, intervals of size 2h5, centered at points x;;, 1 < j < N;,. Lemma
3-6.1 shows that we can take IV, , such that for all 1 <¢ < N,

Xi(T)={z c U,k H(x,9:(x)) € T, |z| <2C’ (Jg)_l

Niw < C (h0J2) " ° (7-5.25)

for some uniform constant C.
For 1 <i< Ngand 1< j < N,,, let’s also note & ; = g;(x; ;). We claim that there exists a
uniform constant C' > 0 such that

Ng Niu
K (7:5,51 N Wc;) C U U [.Ifi,j - Ch(;l,.lfi,j + Ch(;l] X [fi,j - Chél,fid' + Chél} (7—526)
i=1 j=1

This claim obviously implies the proposition, by combining it with the bounds on Ny (7-5.24)
and the N;,, (7-5.25). We now turn to the proof of this claim.
Let’s consider (z,£) = k(o) € £ (T5,5, N Wg ). We introduce different points (and encourage the
reader to use Figure 7.3 to follow the different steps) :

e Since d(o,T3) < h%, there exists oy € T such that d(o, W, (o)) < h%'. We can replace o
by the unique point in the intersection W, (c4) N Wy(po) and we can note k(o4 ) = (0,&4).

e Since &, € Z(T), there exists i € {1,...,N,} such that |§ — &,| < h%. In particular,
d(oj,04) < Chot,

e Since d(o,7_) < h°, there exists 0_ € T such that d(o, Ws(c_)) < h?. We note oo the
unique point in Wy(o_) N Wy (o4).

e We also note o the unique point in Ws(o_) N W,(0;). Due to the Lipschitzness of the
holonomy maps (with uniform Lipschitz constant),

d(co,0}) < Cd(oy,0;) < Ch%

e Due to the local product structure near oo, we have d(o, 00)? ~ d(o, Ws(00))?+d(o, Wy (00))? ~
R0t 4 K29 Tt gives d(0,00) < Ch% and hence, d(o},0) < Chot.

5In fact, without the assumption on & being symplectic, we may assume that both Ws(po) and Wy (po) are
rectified
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N h o= (x,§)
< ph
(o 90
______—-—‘
< pon
0; (zij, zy) o; = (2, gi(2))
‘o
[ J
Po

Figure 7.3: The different points introduced in the proof of the claim 7-5.26.
e Let’s note o, = (2/,g:(2')). Since 2’ € X;(T), there exists j € {1,...,N;,} such that
|z;; — @] < h°. Then we have

(o}, k((xij,&.5)) < Cla} — @3] < Ch

e We conclude that d(o, k((z; ;,&.;)) < Ch%, which gives |z — 2; ;| < Cho, € — & ;| < ChL.

O

We can now conclude the proof of the main trace estimate. Set N = 2Ty + n(h). We want to
plug the estimates of Proposition 7-5.2 into (7-5.18) and (7-5.19). For ¢ € A, let’s note

Og=rq [Tomn | Wy

qun+1

and let’s write

* 1 A\ gn
) ) < Co o | v

C o ga A ga
< o sup (/ w(p)dp+/ w(ﬂ)dp>
qeA Oq4 R2\O,
dy—1+4e .

< sup | CRO ) drte)to=s/2 " / \ (e g(p)? (J4) dp | +O(h*)
qeAn+1 "Q(T“lan)

The last inequality holds since the integral outside O, can be made O(h*) by choosing t with
L arbitrarily large. Indeed, using Proposition 7-5.2, the part outside r4,(W,) is O(h*) and the
integral on r,(W,) \ O, is O(hL).

Let q =qo...gn—1 € A*. We write W,, = ﬂ?igl F=1(; ;) with ;5 € Q and for p € Wy

Let’s note ¢ = —2Im zt,.c; — ¢, and recall that a = exp(—Im zt,o;). We have uniformly with
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respect to q € A" and p € W,

(Haq(p)? (J2) ™" < C (Maq(p))® (Js (0) "

n—1 no—1
<CIJ [exp | D eFm™+i(p))
i=0 j=0
n—1 no—1 .
<CIJ | sup exp| D w(Fi(p:))
i=0 \PiWa =0
n—1 no—1
<C Co sup exp ¢(F (pi))
EJ Pi€EWg,NT jgo

The last inequality holds for some Cjy > 0 independent of ng, since ¢ is Hélder continuous. Indeed, if
€o is small enough, in virtue of Lemma 3-2.2, there exists 6 € [0,1) and C > 0 such that if p; € W,,
and if po € W, NT then d(F7(p1), F7(p2)) < C"77. As a consequence, |o(F7(p1)) —o(F7 (p2))| <
COY 7 (with 0; = 7 for some 0 < 8 < 1). Since Z?;Ol 077 < o 0] < 400, we find that

’nofl ’ng*l
exp | > @(F/(p1) | ~exp [ Y @(F(p2))
3=0 3=0
For q € A, let’s call
’I’L(]*l
pg= sup _exp | Y o(F(p))
PEWNT =0

and recall that, due to our special choice of the partition (W,)q (see (7-5.5)), we have > 4 pg <
e (P(9)+e)  We may assume that ng is big enough so that Cy < €™, and hence, quA Copq <
emo(P(9)+2¢) - Ag a consequence, we find that

n—1
tr((MtN)* MtN) < OR0—%0)(dr+e)+5-3/2 Z V01(7fs,51 ﬂW;) (Jg)dy+s H Copa,
qeA" =0

n—1
S Ch(5750)(dH+6)+573/2 Z h251h7(5+51)(dH+6) (Jg)*(dH+5) (Jg,)dH+5 H Copqi
qgeA" =0

n

n—1
<Ch7 3 [I Copa = On77 | 3] Copy | < ChTveene (029

qeA™ i=0 geA
where
Ve=dpg+ (00— 0)(dg +e)+ (1/2—=08)+ (01 +0)e + (261 — 1) = du (6 + 61 — 1) = dg + O(e)
(see the definitions of these exponents in (7-5.13)). Recalling that nngy < 9. log1/h, we find that
tr((MtN)* MtN) < Ch—ve p=0=(P(=2Tm 2trc; —pu)+2¢)
We can finally insert the term 2¢.e into the v, and we find that
tr((MtN)* MN) < Chvep—0eP(-2Imatre—pu)

This concludes the proof of Proposition 7-5.1.
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7-6 Proof of Proposition 7-5.2.

In this section we fix some ¢ = ¢gop and we aim at proving Proposition 7-5.2. If j & xo(W,),
oo
as we will explain, the estimate in O ((%) ) is nothing but a consequence of the fact that

WE(B,AyBy) € kg (W,) and one can for instance apply Lemma 15 in [CR12], Chapter 2, Section
3.

The main part of the Proposition 7-5.2 concerns points p = kq(p) € rq(W,y). To prove this
proposition, we study separately the actions of the different operators in e ~*¢9m—1 Ao AqB(’IEt.

e First, we analyze the action of E;. We show that it is essentially given by the multiplication
by (P,

e We go on studying the propagation of Gaussian coherent state through the iterated actions
of M. The hyperbolicity of the trajectories leads to a deformation of the Gaussian state. The
results we obtain are related to the results of [CR12| with Hamiltonian flow. In particular,
this is where we use the fact that 9. < (6Amax)~!. The approximation we use fails for longer
logarithmic times.

G on the evolved coherent states. In a way, we treat this

o(x)
h .

e Finally, we analyze the action of e~
evolved state as a Lagrangian state with rapidly oscillating amplitude, of the form a(x)e
The scale of oscillation of @ is larger than h?, scale on which g oscillates. We show that, at
leading order, the action of e~*“ is well approximated by the multiplication by e~ t9(@ ' (2))

Notations. In the following, we will be lead to consider states u € L?*(R;) such that all the
components of u are O(h®), except one equal to some v € L?(R). By abuse, we will note v instead
of u as soon as the component where u is non zero is explicit in the context. For instance, we
can simply note ¢; instead of ¢; as soon as we specify that p € ko(W,). Another example : for
any u € L2(Ry) and q € A, B,A4u has only one non zero component at j, and we can use this
component to write u. This will be widely used in the sequel since most of the time we will consider
this type of elements.

7-6.1. Preparatory work.

Due to standard properties of Fourier integral operators, we can consider a pseudodifferential
operator Z, such that WF,(Z,) C W,, T*R\ WF,(1 — Z,) C k,(W,) and E,B,B; = Z, +
O(h®) (recall that W, = k4(B(pg,2¢0)) and that W, € B(py,2¢0) by construction). With these
properties, we have in particular AqB;E't = AqB;EtEq + O(h®) . This allows us to change
harmlessly Et into E; = EtEq in all the computations below. We first write

e M M™ Ay BB, = > e "M A, ... M™ A, M™ A,B,E,
(q15esqn—1)EAN—1L
= > Ay e 'OM™A, .. M" A, M" AB,E; + O(h*)
(q17-0m) EA™
= > Ay '9B) My, 4., ... Mg, 0 My, (B + O(h™)
(q1,---,qn ) EA™

where
My,q = B,M"™ A,By (7-6.1)

We say that a pair (p,q) is admissible if F°(W,) N W, # 0. By standard properties of Fourier
integral operators, if (p, ¢) is not admissible, M, , = O(h™). We say that a word (¢1,...,¢q,) € A"
is admissible if all the pairs (¢;,g;—1) are admissible (with ¢y = ¢). Hence, since n = O (log %), we
can restrict the indices in the above sum to the admissible words.

Suppose that (p,q) is an admissible pair. By composition of Fourier integral operators, M, ,
is a Fourier integral operator associated with the symplectic map F, , == K, 0 F™ o n;l. Since
diam(W,) < e, by taking ¢, sufficiently small, we can assume that F™°(W,) is included in the
domain of k,. Indeed, there exists g, € W, such that F"(p,) € W, and hence if p € W,

d(F"(p), pp) < d(F"(p), F™°(pg)) + d(F"*(pq), pp) < Ceo
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We note (y,n) the variables in the charts and (9,, ;) the canonical basis of R? and we have

o [},4(0) = rp o F"0(pg) = O(eo);

-1
o doly g =dp(, kpody, F" o [dpq Hq] ;

o d, F"(Eyu(pg)) = Eu(F™(pg)) and p — Ey,(p) is Lipschitz. Hence, if we note e,(p,) =
(dp, qu)il (0y) € Eu(pq), due to the definitions of the adapted charts in Lemma 3-4.1, there
exists A, 4 € R* such that

dp, (Kp 0 F™)(eu(pq)) = Ap,g0y + O(c0),
that is donﬂ(ay) = )\p7qay + 0(60).

o Similarly, doF) 4(0n) = ptpq0y + O(eo) for some p, 4, € R*

Eventually, we use the fact that F}, , — F}, 4(0) — doFy, 4 = O(€0)c1(w,) and we get that

Fpo(y,m) = Mgy + 4 (1), tip.qn +0e(y,m)), (y,m) € Wy (7-6.2)

where y,(y, ) and . (y,n) are O(eg) 1. In particular, if €g is small enough, (z,&,y,n) € Gr(F, 4) —
(z,n) is a local diffeomorphism near (0,0,0,0). Then, there exists a phase function 1, , which
generates F), ; in a neighborhood € of (0,0,0,0). Assuming ¢, small enough, we can assume that
Fpq(Wy) x Wy C Q.

As a consequence (see for instance [Ale08], [Zwol2| Chapter 10), the Fourier integral operator
M, 4 can be written under the form (4-2.3), up to O(h*°), that is,

M, qu(x) e%(wl’*qm’")_y")anq (x, n)u(y)dydn (7-6.3)

" 27h Jpe

where a, , is a symbol in Sp+(R?). It has an asymptotic expansion

Qp.q ~ Z hjozl(){l)l (7-6.4)
J=0
where ag; € h%=Sy+, for all j > 1 (that is, 041(7];21 € (=0 "~ "Sp+) and we have
’nofl
oy (@, m)| = 102 b (x,m)[ 2 xq(p) < I @ 0F1(P)> op=rg () s (2.6) = Fygly.m)
i=0

(7-6.5)
Here, we use the fact that in W, ap, = a+ 0O (hrSOJr) to put the O (hrSm) in ozz(,l,%. Moreover,

we have the following support properties : for j € N,

(z,n) € supp(aff)) == (y,m) € rg (supp(Xg)) 5 (2,€) = Fpq(y,m) (7-6.6)
We now pick an admissible word (qi, ..., q,) and for p € R?, we aim at studying

— G ~
| Aq, € ! B(/]nMQn;(Infl o My, g My, o Er@pl|

We have My, (E; = By, M™ A B} B.e'“B). Since WF), (4,B}B,e'“) C supp(xq) and B} is a
Fourier integral operator associated with 5;17 we can find x4 such that supp(Xy) C kgW,) C Wy

and
AB/Bye'“ B}, = AB)B,e'“ B], Opp(X4) + O(h™)

To prove the estimate in O ((%) ), we invoke Lemma 15 in [CR12], Chapter 2, Section 3,
which allows us to say that, if p & k,(W,),

Opi(X)pp = O (<<Z>)w) '

Since both M, 4. ., ...M,, , and the number of terms in the sum are O(h~%) for some K > 0,
we deduce the first part of Proposition 7-5.2 :
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o0
Lemma 7-6.1. Uniformly for p & k,(W,), w(p) = O ((<—’;>> )

We now focus on p € k,(W,) € Wy, for which F, ;(p) is well defined. We finish this preparatory
subsection with an important computation. First note that the neighborhood | qEA W, has been
fixed by dynamical considerations. We may assume that the cut-off function y used in ( 7-4.7) for
the construction of g, is chosen such that suppx € |J qeaWa- As a consequence, we can apply
Proposition 4-2.3 and we have :

Lemma 7-6.2. For all g € A, there exists (g;4);>1 € S5 such that for all N € N, the following
holds:

N-1
B,GB}=Opi(gor,")+ Y W) Opi(g;q) + Ry
j=1

where || Ry |22 < Conyar,ghN (2%

g in Ss up to order 2N + M.

, for some constants Con4ar,g depending on semi-norms of

Remark.

Even if g € Ss, it still satisfies |0%¢g| < Cw,gh"s‘o" as soon as a # 0. This allows us to fairly
define these semi-norms.

Proof. Let’s note that g € log %Sg so that we can apply Proposition 4-2.3 to (log %)71 g. We can
find differential operators L; , such that

BGB —Oph gon JrZh]Oph qu)OH )JrOLz_,Lz( N||gHCZN+M)

In fact, due to the properties of §, 9%g € h=%lSs as soon as & # 0 and the terms Gjq =
h?93(Lj.g) o k;' € Ss for j > 1. Moreover, the O is in fact an O(Coniar,gh™N1=29)), where
Con+m,g depends on semi-norms of g in S5 up to order 2N + M. O

7-6.2. Action of E,.
We begin with the action of E;. Recall the definition of E; = B,e!“B!= =g in (7-5.16).

Lemma 7-6.3. For any N € N and p = k4(p) € kq(W,), there exists 9o, ..., ¥an—1 and 7y such

that
2N-1

Eyp, = Z hj(1/2—5)¢j Ty
j=0

satisfying :
L4 ¢0 — 6 (p[) )
e For 0 < j <2N —1, 7; is of the form

vy = O ()N, (P %0)

where Pt(Jh) is a polynomial of degree at most 2j, with coefficients depending on ¢, g (and

hence, h) and p. It satisfies, Noc(Pt(h) < Cj; with h-independent constants, depending on
derivatives of g.

o ||rnllz: < Cn (1 + [t]))2NFIRN(=20) p =Kot for some Ky > 0 depending on g.

Remark.
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e t is supposed to be fixed, so that the only meaningful term involving ¢ is h~5*. The other
mentions of ¢ can be put into the constants Cy. All the polynomials depend also on h, we
will omit to mention it in the subscripts, but we keep in mind that in the following, all the
polynomials potentially depend on h. Nevertheless, their N,,-norm can be controlled in an
h-independent way.

e This lemma shows that the action of e!“ on ¢, is well approximated by the multiplication by
e'9(P) A priori, this value strongly depends on h since g oscillates at scale h. Nevertheless,
at the scale of a coherent state (that is h'/2), the variations of g are insignificant.

Proof. Let’s fix p = rq(p) € kg(Wy), N € N and set ¢(t) = Eyp;. ¢ solves the equation
'(t) = BqutGB;qupﬁ

Since B,B/ = I microlocally near WF(Z,), we have e/“B/E, = B} B,e'“ B/E, + O(h>). Hence,
up to O(h™) , (t) solves ¢/ (t) = Go(t) with G = B,GBy. 1t is enough to find an expansion for
the solution of this equation. By Lemma 7-6.2, there exists Cy (depending on g) such that, with
Gj = Opn(gj,q) and Go = Opu(g o ryt),

N-1
G . Z hj(1725)Gj < CNhN(1725)
j=0

Set ¥(t) = T(p)*¢(t). Tt solves : ¢/ (t) = T(p)*GT(p)y(t). We also set u(t) = A%a)(t), which solves
w'(t) = Au(t) where A = AfT(p)*GT(p)Ap. Let’s also note A; = ALT(p)*G;T(p)An = Op (a;)
where a;(C) = gj.4(p+h'/*C). We wish to apply the formalism of Appendix 7-7.2. with H = L3(R),
the operator A: H — H, C = {PWV,, P € C[X]} with initial state u(0) = ¥(. The parameter h in
Appendix 7-7.2. is replaced by h = h'/279. If P € C[X], we approximate the action of A by

2
L

A(PWo) = 3 1% 4;(Po) + O (ﬁ2N||P\IJO||>

7=0
N-1 2N —1-2j

=Y h¥ ( > WA R(PT) +RN7j(P\I'O)> +On (hQNHP\IlOH)
7=0 k=0

where, according to Lemma 7-3.3,

030¢ h,
alB!

Ajp=0p, | > n*
a+B=k

(0)z>¢? i Rnj(PPo) = OnN,jdeg P (EQN*QJANOO(P))

where the constant in Oy ; 4eg p depend on g trough its semi-norms, but are h-independent. Gath-
ering the term of same order together, we can write

2N-1
A(PW) = 37 WLA(PWo) + On ey p (A2 Noo(P) )
1=0
here A; = Z2j+k:l A; . It is not hard to see that A;(P¥() = P,¥y where P — P, is linear and

deg P, < deg P +2I. Since g; 4 € S5 if 7 > 1 and since RIM997g = O(1), we observe that as soon as
I > 1, there exists C; depending on g (trough a finite number of semi-norms), but independent of
h, such that

Neo(P1) < CiNw(P)

Concerning Ay, it is clear that it is in fact g(p) Id. We now apply the formulas given in Appendix
7-7.2. and use the notations introduced in this appendix, that is

2N—-1
RQN_l(t) = etA\Ifo — etAO Z Bl’l}l(t)
=0
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with v constructed inductively by (7-7.3) and vg = ¥q. Since Ag is a multiplication, Ax(s) = Ay
for all s € R and we see by induction that v (¢) is of the form

k
’Uk(t) = Ztlphk\l/() = Pk(t)\llo
=0

where P, € C[X] has degree at most 2k. In particular, Noo(Pi(t)) < cx(1 + [t|)¥ for some
h-independent ¢ depending on g. Concerning the remainder, we have

2N—k-1
[Fran (@) =P [ A= Y hA; | on(t)

j=0
= O (RN N (Pi(t))

< CN,k(]- + |t|)k6tg(p)B2N7k

Finally, we recall that RQN,l(t) = ARon_1(t) + Zjﬁgl ﬁjfjgN(t). Hence, integrating this in-
equality, we find that

t
[[Ran—1(t)]| < / JA]] x [[Ran—1(s)|lds + CnhN e (1 4 [¢])2N 1
0

By a version of Gronwall’s lemma, we can find a constant Cy such that
||[Ran—1(t)]| < Cnh?N et max(g(p)l[1AID2N+1

(where Cy depends on finitely many semi-norms of g). Since g € log(1/h)Ss, we can find Ky > 0
such that max(|g(p)|, ||A]])) < Kolog(1/h). Going back to ¢(t), we have proved the Lemma. [

7-6.3. Repeated actions of M, , ..

We fix some q = qq; . .. qn € A™TL. Each term in the development of Eypp is a sum of term of the
form

T (p) A (PyWy)

with some Py € C[X] depending on h. We now focus on the evolution of each of these terms under
the repeated actions of M, We recall that this operator has the form

iy di—1"

1 i
M, qu(z) = — eﬁ(wpvq(x’”)*y”)ap,q(a:,n)u(y)dydn (7-6.7)
27Th R2
with
Qp.q ~ Z hjaz(,{()l (7-6.8)
j=0

This will allow us to use Proposition 7-3.6, but we will have to deal with two different scales of
asymptotic expansion : h and h'/2. To simplify the notations in this context, we note for 1 < i < n,

M‘]iv‘]i—l = Ml

1[111;',(11'—1 =1

Foqioy = L

F® :Fio...oplzﬁqioF”Wo/iq_l
C )

Qgivgior = Y

For 0 < i <, we also note p; = F; o---0 Fy(p) (with pp = p) and set p; = (x;,&;).
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Momentarily, we do not write the e*9(") since it is not changed by the actions of the M;’s. It
will be restored later in Corollary 7-6.2. We fix a parameter N and we start with an initial state

ug = T(ﬁO)Ah (PQ\I’()) (7—69)

with Py a polynomial of degree dy. The coefficients of Py may depend on h, but in a controlled way
(see Lemma 7-6.3). Our aim is to show that we have an asymptotic expansion for u; = M; ... Mjug
of the form

u; = Z hjhk/2u5jak)+T§N)
2j+k<2N

where qu %) has the form

T(pi) M (dﬁF@)) An (3“?’“)\110)

with Pi(j’k) polynomial and with a good control on rl(N). For1<i<nand0<j<N-1, we
apply Proposition 7-3.6 to the operator

1

) = —— eﬁ(ﬁUi(x’")*yn)aZ(.j)(m?n)u(y)dydn
27Th, R2

and for a state of the form

w=T(pi-))M (d;FO) Ay (PWo)

For each such polynomial P, we can find a family ng 7k)(P) of polynomials such that

e QUO(p) = ol (@i8i-1)

= WP (up to a multiplicative factor of norm 1 that we omit in the

proof) ;
o QZ(.J’]“)(P) is a polynomial of degree deg P + 3k and the map P QE

coefficients depending on F?) and the derivatives of 1/; and agj ) at (z4,&—1) up to the 3k-th
order and we have

k) . .
3*) s linear, with

Noo (@) < Cai(wi)[al? || ||ds FO X Nog (P)

Moreover, if (z;,& 1) & supp al(j), then Ql(,j’k) =0.
e for every N € N,

N—1
M (T(pi ) M(d; D) 8 [PWo] ) = T(p) M(dpF ) | 3 02Q0 (Pyw | +RIN (P)
k=0
(7-6.10)
with ‘ . _
IR ()12 < WN2Canpns (80)] 10| o iae ||dpF D PN Ky qeg pNoo (P)

Remark.
(4)

In virtue of the properties of agj), the condition (z;,&,-1) € suppa,”’ <= F™(p) € supp(x,c).

We also write the expansion of M; on the form, for every N,

Ju

M; =" wim? 4+ 5 (7-6.11)
j=0

<

with B B
1S < Ci kN2

Since M; belongs to the finite family (M, ,), we can replace fCV’i,N’6 by 5]\1,5 =sup,; C; ne-
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We now give the iteration formulas for the required expansion. We state PO(O’O) Py, and
Péj’k) = 0 for the other values of (j, k). For 25 + k < 2N, we define inductively Pi(J’k) l]PI;) by
the formula (to alleviate the notations, we will omit to specify the dependence in Py when this is

not necessary) :
S Q(”’k2( Jl”“)) (7-6.12)

J1+j2=j ki+ka=k

Concerning the remainder term, we set

rgN) = r;ﬁ% =M, (T’(ND + Z h3+k/25 (N—j—[k/21) ( 51?))
2j+k<2N
+ Z hN_jl_j2_k1/2R(j172(N_j1—j2)_k1) (Pl(jllykl)) (7-6 13)
i i .
2j14+2j2+k1 <2N

Lemma 7-6.4. With the above notations, we have for 1 <i <mn,

v Mo M= X WA A s P =100 (50) (P 00)
2j+k<2N

We now analyze these formulas to understand more precisely these terms and obtain a good
k)

control of the remainder. In particular, concerning the polynomial Pi(j ™ we want to control their

degree and the norms of their coeflicients.

Leading term. First note that the leading term (that is the term (0,0)) has a nice form. Indeed,
up to a factor of norm 1, it is given by

PO _ (w1,6-1)
PXH|wm@me
no—1

:POXH Xau H ao FI | (F'Mo(p))
1=0 =0

The product on the right plays a crucial role in the analysis. Let’s note

no—1

po(p) = | Xa [[ a0 F7 | (F™ () 5 mailp) Hml

We remark that
7T0t7i(p) < H(quo---ch—l (P)

Recall that II, q(p) = H;mg*l o (F'(p)). To simplify the notations, let’s note Iy ; = Iy go...q,_; -

()

Moreover, combining the support property (7-6.6) of «;”’, Remark 7-6.3. and the properties of

QEJ’ given by Proposition 7-3.6, we see that for q = qqg...qi—1,

pgW; = VikeN, QM=o (7-6.14)

Analysis of the polynomial Pi(’j};f). According to (7-6.14), we assume that p = k;'(p) €
Wq’o gi_,+ Otherwise, there is nothing more to say. We start by the easiest part of the analy-
sis :

Lemma 7-6.5. For all 0 < ¢ < n and all (j,k) with 2j + k < 2N, Pi(jg,’(f) is of degree at most
3k + deg Py.
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Proof. We argue by induction on i. This is obvious for the case i = 0. To pass from i — 1 to i, we
use (7-6.12) which shows that

d P»(j’k) < d (42,k2) (P»(jhkl))
g - j1+j2=r?7%:1(+k2=k 8 QZ il

A

ik
< max 3ko + deg Pi(i Y 2
J1t+je=j,k1+ke=k

< max 3ko + 3k1 + do
J1+i2=j,k1+k2=k

< 3k +dy

A

The analysis of N (Pi(j ’k)) is a bit more tedious.

Lemma 7-6.6. For every e, there exists a family of constants Cj . depending on the dynamical
system and on M such that: For all 0 <14 <n and all (j, k) with 2j + k < 2N, we have

Noo (Pz(,Jlé’];)) < Cj,k,eh_k6i2J+kHa,i(p) (Ju ) NOO(PO)

q0---qi—1

Remark.
The dependence on i is of major importance. Here, i <n = O(log 1/h). Hence, the term 2/ is

3k
essentially harmless compared to the second part I, ;(p) (J;‘O ---q'i—1> h—Fe. The factor IT,.i(p)
does not depend on k and is common to all the terms. It can be put in front of the all expansion.
On the contrary, the growth of Jy =~ influences the precision and the validity of the expansion.

So that the expansion holds, we need to require

(J“ )3 h=¢ < h™1/?

q0---9i—1
As a consequence, this is where the assumption

1—4e

e < e

(see its definition in (7-5.14)) is important and lead to a valid expansion.

Remark.

The constant C} .. depends on M}, through its amplitude oy, as a Fourier integral operator in
the class I.(R x R, Gr(F)’) and it depends only a finite number N; ; of derivatives.

Proof. To alleviate the notations, we renormalize Py so that Noo(Pp) = 1. We fix (4, k) such that
2j + k < 2N. By iterating (7-6.12), we find that

Pi(j,k) _ Z ngukL) 0.0 ngl’kl)(Po)

Jittgi=g
koA hi=k

We now use the simple following idea : when 4 is large that is when i > 2j + k, and when
Ji+---+ji=jand k1 + - -+ k; = k, most of the couples (j;, k;) are equal to (0,0). From a more
quantitative point of view, we have

H1<1<i,(ji ki) #(0,0)} <2+ k

Indeed,
2 +k=201+ - +ji)F (ki 4+ k) >H#{1 <1 <4, ki) #(0,0)}



7-6. PROOF OF THE KEY PROPOSITION 277

Let’s note P(i,2j + k) the set of subsets of {1,...,i} of cardinals smaller than 2j + k. For
L € P(i,2j + k) we define the set of indices Z, C N x N’ by

At tgi=g
):((jla~~~7ji)7(kla--~aki))EIL'<:> ki+---+k=k

- =
7,k

(

)

With these notations, we have

Pi(j’k) _ Z Z ngi;ki) 640 Q(ljh]ﬂ)(PO)

LEP(3,25+k) (7 ?)GIL

)

%
Let’s fix £ € P(i,2j5 + k) and (7, k) eI Let’s write L= {l; <--- <l,,}. Since Ql(o,o) is simply
a multiplication by pa.i(p), we have :

QZ(_ji,kz‘) o Q(]l’kl Hpa ] ox Q(]LmJﬂm ] Q(lekh ( )

gL

Using Proposition 7-3.6, we can estimate

j i1, ,k
Now (QU 4 6 20 QU 8) (o)) < Nua(Po) x T oy (01, Ml s, s[5

p=1

For 1 <1 <, ¢; and al(') belong to a finite family of functions (corresponding to the finite number

of admissible transitions). Hence, recalling that oz(j ) e So+ if j =0 and h® Syt if j > 1, we can
find a global uniform constant dependlng on the dynamlcal system, and on a certain number ik
of derivatives of « such that for all j' < j, k¥’ < k and for all [,

hoke/2 if § =0

(4" )
Cspr (wl)”al ||Ck’ <C ke { hke/2p—mn; if j'>1

where we artificially choose n, ; = 7> and use the fact that a(]) € Seyp (resp. h™"kS, j9) if " =0

(resp. j' > 1). As a consequence, smce Ju +-+i,, =jand kyy +---+ k, =k, we have

m

. ) 3k
N, (Ql(i:m,kzm) 0.0 Ql(fll ,kzl)(PO)) < C;Tzk’ENOO(Po)h—ks/2h—]nk,j <IS<I%I<) ||dpF(l)||)

Since m < 2j + k, there exists a global constant, still denoted Cj i ., such that, uniformly in Z,

3k
j 11,7 ] l F
NOO ( (‘ﬂm”klm ’ Q(] l ( )) < CJ © 5 (Po)h * <1S<l< || pA (Z)||>

l m

o, Finally, since |a] > e=*™ in

We remark that for 1 <1 <n, ||d;FO|| < C||d;F!|| <
( ) € Ig we have

=2
the neighborhood qu a Wy of T, we see that for every (7, k
(i ki) (J1,k1) ke u 3k

Noo (QE) 00 QE M (R) ) < O Noo (PO Tai(p) (Ui, ,)

We can now conclude the proof. Indeed, we have

Noo (Pi(j’k)> < > #Ipx ( ke Noo (Po) ™ TLai(p )(J:Z) i 1>3k)
LEP(i,2j+k)

If £ € P(i,25 + k), we estimate (crudely) the cardinal of Z, by

HTp < G+ D)k + D)7 < (G4 D2 K4 1)2FF
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Finally,
2j+k i
v > =y (1)
LEP(3,25+k) m=0 \"

is a polynomial function of 7, of degree 2j + k. Hence, thee exists C; j, such that

o R

LEP(i,2j+k)

This concludes the proof. O

Control of the remainder. Armed with Lemma 7-6.6 and the iterative formula (7-6.13), we can
deduce a control for the remainder term. Let’s consider B > 1 such that ||M,,|| < B for all
admissible pair (¢,p) (it is possible to take B < (1 4+ ¢)||c||00, Or even with € going to 0 as h — 0,
but the precise value of B is not relevant for this term). For this reason, we will also get rid of the
precise value of II,; and assume that ||a||« < B so that ||I,|| < B".

Plugging the previous estimates into (7-6.13), we get

1M < BIrM 1+ ST WOy h NI RZDAZD 0D
2j+k<2N

+ 2 N Cyon —2j1—2ja— o)+ a0 (im )R~ (h‘5||dﬁF(i)|\3
2j1+2j2+k1<2N

OIN =21 —2jo—k1 G
Ji,k1)
) K3k, 3k +deg Po Noo (P24"Y)

Recall that ||[PUg||r2 < Kgeg pNoo(P) for some family of constants K,, depending only on n. By
(4:k)

the expression of u; , we have

[u |z = [[POP W12 < Kapsaes pyNoo (PO

K2

We also recall that we can bound ||d;F®|| by C.J, for some global constant C.

0---qi—1

~ R 3k

N < BIENI 4 > AN Ky Gy B (T )
2j+k<2N

3\ 2(N—j1—j2)
N . —Me . i:2j1+k1 —€ u
+ D WY Ciy gk Ky, Gy 2 B (h (Vi s )
2j1+2j2+k1<2N

Finally, we plug the bound Jg . | < C.ePmax(11€) into the previous inequality. We can find a

constant C'n deg py,e Such that
||T§N)|| < B||7’1(§1)H + Chodeg PovsBiiNeGNi/\maxﬂ«ks)hN(1725)h7M6
This being valid for all 1 <4 < n, by induction on ¢, we find that
i
HTEN)” < ZBz‘—l X CN deg PO7EBllN€6Nl)\max(1+6)hN(172s)h7M5
1=0

%
< ON,deg P(),EBZ. Z ZNGGNI)\maX(1+E) hN(l*ZE)thE
=0

Let ¢y > 0 be such that Z;:o [N 8N Amax (1+e) < c1\/7€e61\”)‘mx(”5)2 for all i € N. This gives, for
a constant Cn deg Py,e»

N i 6Nidmax(1+€)2 7 N(1—2¢) 3 — M
] < O e py e B PN Amex (L) pN (120 =M e

To conclude, recall that n(h) < ¥.logl/h with 9, = %. Hence, as soon as ¢ < n(h),

eONiAmax(14¢) < h=N(01~4¢) and this shows the following lemma
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Lemma 7-6.7. There exists constants Cn g, such that for all N € N and for all P, € C[X], we
have for all 1 <i < n(h),

1P < Ondeg oD ™K Noo (Py)
with K = 9. log B + Me.

First consequences. Since N can be taken arbitrarily large, we recover the known fact that
a wave packet centered at p is changed after n steps into an excited squeezed state centered at
F(™(p). The squeezing is governed by the unstable Jacobian along the orbit of p. In particular,
we obtain the expected following corollary, which gives the first point in Proposition 7-5.2.

Corollary 7-6.1. Let’s note q = qo...qn € A", Let j € k(W) and let us note p = k' (p).
o If p g Wy, then Ay e "“B) Mg, g, , - My, ¢Erpp = O(h™).
e IfpeW,,
e TCM I M™ A B Eyp, = Ag e "Bl My, g0y - My, g0 Evpp + O(h™)

with constants independent of q and p.
Proof. This is a consequence of the previous results and the fact that WFh(Bqﬂ,Aqne*tGB;n) S
K, (Wa..)-

Moreover, we can combine Lemma 7-6.3 (the running index in the formula of Lemma 7-6.3 was

J, it becomes [ in the sum below) and Lemma 7-6.4 to get :

Proposition 7-6.1. Assume that p = k4(p) € kg(W,) with p € W, Then, for any N € N,

we have the following expansion (with n = n(h)) o
My, a0y ~--Mq1,q0Et<P;3 — Z hj+k/2hl(1/2—5)u£lj,k,l) + RglN)
2j+k+<2N
where
uldHD = 9T (5 Y M(d FM)A, (P,(jv’“”\llo)
P,(lj’k’l) is a polynomial of degree at most 3k + 2[ and

. . 3k
Noo (BF*D) < Cypgen®™ M Mlan(p) (T ) B

q0---9n—1

PéO,O,O))

Concerning the leading term, = Tan(p). Concerning the remainder R%N) we have

||R1(~LN)||L2 < CNEh—(K+KOt)h2Ns

Proof. We simply state Péj L P(j}f()l) which satisfies the required bound for the degree and

' t,h
N. Here, Pt(l,z appears in the expansion of Lemma 7-6.3. Lemma 7-6.3 and Lemma 7-6.4 show
that

Mg, g - My, g Evpp= Y W21 GkD 4 p(N)
2j+k+I<2N
with ugf L given by the required formula and
2N-1
R7(ZN) = My, gos - My aran + Z hl(1/2—6)r;1’V—(lE)l/2J)
1=0 B

We can use the bound ||ron|| < Cxh¥ =29 and the bound for 7’7(1{\2 in Lemma 7-6.7. Since the

degrees of the polynomial Pt(’l,z are bounded by 4N, we can forget the depence in deg P in the
estimates of Lemma 7-6.7, so that we find

2N
||R$LN)|| < CN,ehiKhiKOt Z hl(1/276)h2(N7l/2)€ < CNﬁhf(K‘I*Kot)hQNE
0

where the last inequality follows from ¢ = 1/2 — §. O
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Remark.

This expansion mixes up different scales :
e the scale h!'=2% = h2¢ : it comes from the symbol class in which ¢ lives ;

e a second scale which is the scale h'/2 when n is independent of h. In our context, it is better
to think this second scale to be hl/z(J%mqn)?’h_E. This scale depends on the starting point
p. The definition of 9. ensures that the higher order terms are smaller than the leading
term.

Since we can choose N as large as we want, we can ensure that the remainder decays in h and
that the leading term controls the whole expansion. Note also that the constants Cj ;. and Cy ¢
depends on g and M = Mj(z) and they can be chosen uniform in z € Q(h) N {Im z € [—0, 4]}.

7-6.4. Final action of A, e "“B/ .

From now on, and until the end of the section, we assume that p € W, and we prove the missing

items of Proposition 7-5.2.

We need to understand the action of e’tGB(’]n on the terms ug’k’l) of the last expansion. Since

all these terms have the same form, we consider a general polynomial P of degree d and want to
understand

e Bl (T(ﬁn)/\/l (d,;F(”)> Ah(P\Ifo))

It is no more possible to reuse the strategy of Lemma 7-6.3. Indeed, if ¢ still oscillates on scale h°,
M (dﬁF(”)) Ay (PWy) is no more a wave packet in a box of size h'/2. To see that in a model case,
assume that dF;F(") is given by the diagonal matrix

A O
0 A7
with A\ ~ JY ~ h~™% where

q0---9n—1

1—4e

>\min'l9 < < Amaxﬁ = ST N9
g @ g 6(1—'—5)2

Then M (d;F™) is nothing but Ay and hence, M (dpF™) Ay (PTg) = Apyz (PWo). This states

oscillate in the z-direction on a scale h'/2=% > 9.

7-6.4.1. Precise description of dﬁF(").

It is not possible to write dsF (") exactly as a diagonal matrix in the standard position/momentum
variable. However, the following lemma shows that d[,F(") stays close to a diagonal matrix :

Lemma 7-6.8. There exists €5 which can be made arbitrarily small depending on £y such that the
following holds. There exists A, q, fin,q € RT such that for all n, g = qo ... ¢, and p € kq (W(; ),
we have for some global constant C' > 0 :

o CTHJY < Apqg < CJY
L 071 S /ffn,q>\n,q S C 5

. dﬁpm) is close to a diagonal matrix :

n >\n, 0
o5 1)

Hn,q
Proof. We note p; = F'™ (p) = k' o F(p). Recall also that F() = kg 0 F™0 o x_ 1,

‘ S EQJ(I;
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Step 1 : Reduction to p € 7. By definition of W,,, for i € {0,...,n}, we have d(pq,, pi) < 2¢0.
Hence,

d(F™ (pg,)s pis1) < d(F"(pg, ), "0 (p) + d(F" D (p), piga) < Ceg

for a constant C only depending on F'. That is to say, (po,. .., pn) is a Ceg pseudo orbit for F™.
Assume that dy > 0 is a small fixed parameter. In virtue of the Shadowing Lemma ([HK95] , Section
18.1), if g is sufficiently small, (pg, . .., pn) is dp shadowed by an orbit of F° i.e. there exists p’ € T
such that for i € {0,...,n}, d(p;, F(p’)) < . Consequently, d(Fm0(p), Fmo(p)) < §g + Ceo.
For convenience, set €2 = g + Ceg and note that €5 can be arbitrarily small depending on £y. By
Lemma 3-2.3, for 1 <i <mn,

ld, 0l < C Ty () 5 C7hg < i (0') < CJg,

q0---9i—1 qo---qi—1
Hence, using the relation
n—1
dpF"™ — dp P =" d gt (o F™F 7 0 (dpagi (o) F™ = dipnr () F™) © d P
k=0

we find that

HdpF’nno _ dp’anOH S CZ Jﬁo(n_k_l) (F’I’LO(]C*Fl ) HanOk(p)F - dF"Ok(p )F || ’nok )

n—1

<C N d(F™R(p), F"R (o)) Tt (0)
k=0

< CJ:; Z gmin(kmfk)go
k=0
< CJg&)

where we use the Lemma 3-2.1 in the third equality and the last one follows from Z" ! gmin(k,n—k) <
2> k=0, [n/2] ok <2377 0% < +oo. It is not hard to deduce from this that

|dsF™ —d, (o F™ || < CJleg
Hence, it is enough to prove the Lemma for d,iq(p/)F(”).

Step 2 : The case p € T. We assume that p € 7. The spaces E,(p), Es(p), E.(F™(p)) and
Es(F™0(p)) are well-defined. For ¢ € A and e = s,u, the maps ( € W, NT — dekg(Ee(¢)) are
Lipschitz. Since dpkq(Eu(pq)) = ROy, dykq(Es(pg)) = RO, and d(pg,, p) < Cea, d(pq,,, F"™(p)) <
Ceo, we can fix unit vectors
eg € dpig, (Eu(p)) » € € dpkiq, (Es(p))
eu S dF""O (p)K}qn (E (ano( ))) es S dF""O (P)K/(In (ES(ano (p)))

such that ef, e = 0, + O(e2) and €, e, = 0, +O(e2). If we note Py (resp. P,) the change-of-basis
matrix from the natural basis of R? to (e, eo) (resp. (e¥,e?)), then Py, P, = Iy+0(e2) (with global
constants in O not depending on n). Moreover, since d;F(™ (e?) € Re? and d,F(™(ef) € Res,, the
matrix P, 'd,F(™ Py is diagonal. Let’s write it

(i o)
0 Hn,q

An,q (r€sp. fin q) is nothing but an unstable (resp. stable) Jacobian for p, and hence A, q ~ Jg.
Since det d,F™™ =1, A, qpin,q = det(Pp)~* det(P,) =1+ O(ez). Finally,

P F Py = (I + O(e2))dp F™ (I 4+ O(e3)) = dp F™ 4O (| |, F™)| |52) =dpF™ + 0 (e2JY)

This concludes the proof. O
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As a consequence of this lemma, in the standard position/momentum coordinates, we can write
4P = (@ On) JE 5 by Cnydyy = O (222 7-6.15

p = cn  dy, ; Gn ™~ Jgq 5 O,y Cn,y Gp = (EQq) (—. )

Here, a,, by, ¢y, d, depend on p, but we won’t make this dependence precise since p is fixed until
the end of the section. Since we want to understand the action of M (d@F(”)) on excited coherent
states, we also introduce

Y = (Cn +idp)(an +ibp) " 5 Bn = Re(vn) 3 o = Im(yn) ™" = [an +iby|? (7-6.16)

We’ve got the basic estimates

an ~ (J9%5 B =0(e2) (7-6.17)

Now assume that P € C[X] and decompose P into the basis of the renormalized hermite polyno-
mials (h,) : P = Zze:gop ax(P)hg. By Proposition 7-3.5,

ay, — ib,

k/2 T g2 5 .2
b (| =775 ) €7 = cnBann (Wi ¥ iBn 35
an + ibn) k <(anh)1/2> e cn kN (RET0) (x)e'2

M (dF ) A (hico) () = (avnrch) ™/ (

with |¢, x| = 1. As a consequence, there exist linear maps ®,, : C[X] — C[X] such that for all
n € Nand P € C[X],

o deg ®,,(P) =deg P for all P € C[X] ;
¢ Noo(®n(P)) < Kieg PNoo(P) where Kqeq p depends only on deg P;

e and the following relation holds

M (dF™) Ay (PBo) = A1 (B0 (P)¥o) ¢iBnsh (7-6.18)

Remark.

This state is written as a Lagrangian state associated with the Lagrangian manifold {(x, 8,)},
with amplitude a(z) = Aq,n (Pn(P)¥o) (z). Since o, ~ (Jé‘)z, oy, ~ h™ for some o > 2Apine,
the amplitude a oscillates on a scale h'/2=/2 and this is indeed not a true Lagrangian state.
Nevertheless, this scale is larger than the scale h’ on which the symbol g oscillates and when
considering the final action of e'“, we will interpret this state as a Lagrangian state seen from
the scale h9. Note that compared with the initial state g, localized in position in an interval of
size h'/2, this expression shows a stretching in position.

7-6.4.2. Asymptotic expansion for the exponential.
We now aim at understanding the state Aqne’tGB(’Znu where u is of the form

2

x_

u(@) = T(pn) Aa,nf) (x)e 5
where f = PV for some P € C[X]. We first claim that
Ag e 6Bl = Ay, B} e PGB 4 O(h™)
Proof. Set A(t) = Aqne’tGBénetB%GBén. At t =0, A(0) = Ay, B, . We differentiate:
A(t) = A, e7' [B) B, GB, —GB} |,
The operator A, e~'C is bounded on L? and has its semiclassical wavefront set included in supp Xqy -

In particular, 4,, e *¢ (B), By, —1d) = O(h*°) (uniformly for ¢ in a bounded interval). This shows
that A’(t) = O(h>). We conclude that A(t) = A,, B, + O(h>). O
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tB,, GB,

Hence we aim at understanding the action of e~ ». We make use of Lemma 7-6.2 and

we write for all N € N,
N-1
Gy, = By, GB,, = Opy, ( goky, —|—Zh]1 ) Opy, (9j.qn) + BN
j=1

with ||Ry|| < OnhNI=20). Let’s write go 4, = g © k,!. Similarly, we have

Aan;nefth"T(pAn) _ Aan;nT([)n)e*tT(ﬁ")*Gq"T(ﬁ")

and we recall that T(5,)* Opn(a)T(pn) = Opn(a(- + pn)) for any a € S'. Let’s note h;(() =
9j.an (Pn + C), so that
A= T(ﬁn)*anT(ﬁn) — Z ,i(1—29) Oph(hj) + ON(hN(1725))
j=0
Recall that in virtue of Lemma 7-6.2, hy € log(1/h)S5 and h; € S5 for j > 1.

Finally, we need to understand the action of e~*4 on states u(x) = Aanhf(x)eiﬁng. We want
to apply the formalism of Appendix 7-7.2. with H = L?(R) and A. The class of elements which
will interest us is defined as follows : we say that a h-dependent family of states u = u;, € L?(R)
belongs to the class C if w has the form :

g2
u(z) = a(x)ePrm

where a = ap € C°(R) satisfies : for all p € N, there exists C}, such that

1) (2)] < Cph=(a,h) 1/ (1+ th)_ (7:6.19)

This class depends on h (and n, which himself depends on k). For such a state u, we define the
natural semi-norms on C :

an(0) = supsup (0 @)1, (1+ 2 )) (7-6.20)

k<p z€R anh
In particular, one has ||u|| < Cqo(u).
Remark.

In fact, the introduction of the semi-norms g; with the factor (1 + %)*1 is purely technical :
it allows to work in a symbol class depending on this order function (see the proof of Lemma
7-6.10 in the appendix 7-7.1.3.). In the end, we will simply need to estimate the semi-norm g
of each term of the expansion of an evolved state e *4u, but this will require to control (a finite
number of) semi-norms g; of the initial state u. This reason has motivated the introduction of
the ¢;’s. We will mainly consider states u with exponential decay and what is important is that
O*Wo < O p(1+22)7P/2 for all k,p € N.

The following lemma ensures that the states we work with are indeed in C, as soon as h?® < a,,h.
Recall that «,, > Ch™%mi» where iy = 2Amint:. Then, it suffices to require

e=1/2—-0 < amin/2

This is clearly not a problem since we want to work with 6 = 1/2 — ¢ very close to 1/2 and we
assume that this is true, that is, we assume that

g S Oémin/Q.

Lemma 7-6.9. Assume that u(z) = A%h(P\Ilo)ew"% where P € C[X] has degree d. Then u € C
and for all j € N, there exist constants Cyg ; depending only on d and j such that ¢;(u) < Cq ;N (P)
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Proof.
(R (PE) Y (@)] = | (@nh) 32 A ((PT) ) ()|

< B (mhan) " (P (k) /2a)|

Here, we use that a,h > h?°. and P; is a polynomial which depends linearly on P, with deg P; =
deg P+ j and Noo(P}) < C4j N (P). Hence, we have

2
qr(u) < sup sup ‘(Pj\IJO)((anh)*lmx)’ <1 + x )
j<k zeR o h

< supsup |(P;Ty)(x)] (1 + a:?)
j<k z€R

< sup Cd’jNoo(Pj) < Cd,kNoo(P)
J<k

O
To apply the formalism of Appendix 7-7.2., we will require the following lemma. This a more

or less direct application of the stationary phase theorem in the quadratic case. We write its proof
in appendix 7-7.1.3.. This lemma explains how to compute Op,(m)u for u € C and m € Sy.

Lemma 7-6.10. There exists M > 0 such that the following holds. Assume that m € Sj or
m = hg. Then, for all k£ € N, there exists Ay(m) : C — C such that for u € C, written under the

form u(z) = a(x)eiﬂ"%
o Aog(m)u(z) = m(x, fpa)u(z);

e For k > 1, Aix(m) is of the form

Ag(m)u(z) = Z cl(x)aia(w)ei’g“% (7-6.21)
1<2k

where |cl(p) (z)] < Cpppht=P9.

e For all (j,k) € N2\ {(0,0)}, there exists ¢jx > 0 such that for all u € C, g;(Agx(m)u) <
Cj kG2k+j(1);
e For all N € N* and for all j € N, there exists C; y > 0 such that

N-1

9 (Oph(m)u - hk(l_za)Ak(W)“) < Cjngjpanar(u)hN 2
k=0

Remark.

We need to distinguish the cases m = hg and m € S5 because hg is not in Sy (recall that we
only have hy = O(log(1/h))). However, hg satisfies [0%hg| < Coh™1%1% as soon as |a| > 1. This
explains why we restrict on (4, k) # (0,0) in the third item but in the case m € Sy, the expression
given in the first item shows that it also holds for (j, k) = (0,0).

Gathering the terms of same order in the expansions of each Opy(h) given by Lemma 7-6.10,
we can build the family of operators

Ap:C—Ci A=Y Aj().
j+i=k

Each A} has the same form as (7-6.21) and they satisty, for all u € C,

o Agu(x) = ho(x, Bpx)u(x).
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e For all (j,k) € N2\ {(0,0)}, there exists c;, > 0 such that for all u € C, g;(Ayu) <
Cjk G2k (W);

e For all N € N* and for all j € N, there exists C; xy > 0 such that
N—1
aj (A“ - hk(lQé)Ak“) < Cjnajanar(w)hV 720
k=0

We now use the formulas and notations of Appendix 7-7.2. to show :

iBp o

Proposition 7-6.2. Assume that P € C[X] is of degree d and consider the state u = Ay, n(P¥g)e 2k
Then, ¢ being fixed, there exists a family of functions (f;) and K7 > 0 such that,

e vo(z) = u(z) ;
e For all N € N*, there exists Cy q such that

N-1
Aqn<—tGB’ T(pnu— Y WUVB, T (ﬁn>uk>

k=0

< Oy ghM U2 RN (P)

where

uk(x) = exp (—tho(z, Bnz))) vi(z) ; vi(z) = fr(z) (Aa,n o) (x)em;hm2

e For all £ € N, there exists ¢, 4 > 0 such that for all z € R,

2 k/2
|fr(2)] < cra (1 + oih) N (P)

Remark.

| In particular, these last estimates imply that vy, € C.

Proof. We use the notations and formulas of Appendix 7-7.2., with parameter i = h'=2%. We define
a family (vg(t)) by the iterative formula 7-7.3. The operator A is nothing but the multiplication
by
ap(x) = ho(z, Brx)
and hence, e54° is the multiplication by exp (sap).
Let us note A (s) = e~*40 Ape*40 and let us show that A (s)u(x) has the same form as (7-6.21),
with the functions ¢;(x) replaced by functions ¢ (s, ). We have

e (2)0 (e a(a)) — () 3 ( ) (5, 2)a=") (2)

m=0
l

Z m(s, )00 a(x)

m=0

where a,(s,z) = e 59097 (%) is a sum of terms of the form
st [ a8 with (k,.... k) € (N*)" and &y + - + k; = m
j=1

and &, (s, 2) = (7)ci(z)ai—m(s, ). It is not hard to see that [0Pa,, (s, 2)| < Cp, p(1+]s|) A0 +P)

so that we have
- m 1 2
el =(7) | £ (2 )@l
p1+p2=p P

<Cpim sup pOU=P1)d p—(I=m+p2)s < prl_’mh(m,p)é
p1t+p2=p
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which shows that the term in front of 07" has the correct behavior to be of the form (7-6.21) and
we can set G, (5, 2) = Y, cop Cim (S, ) so that

Ag(s)u(z) = Z Em (s, )0 (ue—iﬁn:ﬁ/zh) ¢iBna? /2R

m<2k
Let us now analyze the action of Ag(s) on states of the form c(az)Aa”h(\IIO)(x)ew"%. We claim
that we can write
o2 -
Ax(5) (el () @) 5 ) = di(5,0) N, (Bo) @) 57 (1622
where
22 \"
|0Pdy,(s,2)] < Crph P (14 [sPF sup  [c™(y)| (1 + ) : (7-6.23)
yER,m<2k+p onh
To see that, let us write
y - By N AT
(52002 () (B0)) = E(5.2) 3 (7} )7 ) (an (00) ()
1=0
A _— Qi((anh) 122
= (Z ( ; >cm(5,x)c( l)(x)(((anh))w) Ao, n(Wo)(z)
1=0

Co (s8,2)
where @; € R[X] are some polynomials of degree . We hence have,

m\ . my ms ((anh —1/24
ag( Z ( )Cm(svx)c( )(x)Q ((Ofnh)n)mﬂ )>

my
mi+mo=m

GG(CP)Cm(&x)‘ =

IN

Comp S |0 &m(5,2) |0 472) (@) () /27 21 QUE) () 1/ 22) (1 + )™
p1+p2+p3=p

2 (m2—p3)/2
<Gy s KO )y (1)

mi+mo=m
p1+p2+p3=p

9 \ m/2
<Cpp  sup  [c(y)]  sup  AITPOIRTmaER)d (g gy (1 + x)
yeERI<m—+p mi+mao=m Oénh
p1+p2+p3=p

22 m/2
<Gy _swp O (142
yeRI<m+p (679

and the claim is proved, with d(s,z) =", o) Cim(s, ).

We now analyze precisely the iteration formula (7-7.3) in Appendix 7-7.2.. We use the notations
of this appendix (in particular, for the remainders 7; y and Ry). Let Ky > 0 be such that
|ho| < Kolog1/h so that |et| < h=tKo, For j > 0, we have

g;(e"u) < B¢ sq;(u)

This is obvious for j = 0. For j > 1, it comes from the fact that the derivatives of hy satisfy
|0%ho| < Cyh™121% for a # 0 and the definition of g; in (7-6.20).

Leading term. For our leading term in the expansion we want in Proposition 7-6.2, we simply
have
ug(t) = e'*u

As a consequence,

g; (Fo,n(t)) < Cj,NBNQj+2N+JVI (e*u) < Cj,NBNCO,j+2N+Mh7lt‘KOQj+2N+M(U) < Cd,j,NﬁNhilthONoo(P)
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Iteration. By induction, using the formulas (7-7.3) and (7-6.22), we see that if the initial state is
22
U= Ay, n(PYg)en3h then

ve(t) = fult, 2)Aay n (Vo) ()P 50

k/2
where |02 f1.(s, )| < Crph P2(1 + |s])* (1 + %) Noo(P). When p = 0, it gives the required

estimate for |fx(z)| in Proposition 7-6.2. It follows that
g (e 0up(t)) < K0 cg g5 (un(t)) < B RO e 5 (14 [t) A0 G (1 + [£))* Noo (P)
Moreover, we can estimate

q; (Fe,n(t) < C]}N—kﬁN_ijJrZ(ka)JrM (etAOU/c(t)) < Cd,NJ',IcﬁN_kh_lt‘KO(l + [t)* Noo (P)

Conclusion We find that for j € N,

N-1 N-1
qj (Z izkfk,N(t)> < RN It Z Canjr(1+[t)*Ne(P)
k=0 k=0

< Ca g nhV RO (14 [t)NV I N (P)

Integrating (7-7.4), and recalling that || - || < Cgqo in C, we have

[t] -
1Bava®l] < [ 1ANRx -1 (9)llds + CaonFVh150 (14 )Y 1N ()
0

By a version of Gronwall’s lemma, we can find a constant C'n 4 such that
|Rn—1(t)|| < CN,dﬁNeM max(Kollog hl,IIAID (1 4 12)N N__(P)

Since, ||A|| = O(logh), there exists K; > 0 such that eltlmax(Kolloghl[[Al) < p=ItK: and it
concludes the proof of Proposition 7-6.2. O

Combining Proposition 7-6.1, (7-6.18) and Proposition 7-6.2, we deduce the following expansion.
Corollary 7-6.2.
Aq €_tG9,nn_1MnoAqB;(pﬁ _ Aq Z hj+k/2+ls+msu;j,k,l,m)
2j+k+1+2m<2N
+ O (R HEHED RN (log i)V} (7-6.24)

where
iBpx?

T(pn) ui B0 (2) = et R0 (0 En) fIRLI (1) Aoy (Vo) (x)e ™ 2

where we have, for all z € R,

' , 2 \ m/2
[F8400)| < L) ()" 07 (14 2

Concerning the leading term, fT(LO’O’O’O) is constant equal to 4 . (p).

Proof. In the expansion of Proposition 7-6.1, we transform the states uﬁlj’k’l) using formula (7-6.18).

Finally we use Proposition 7-6.2 on each such state. For u%”“’”, we keep the INV;; first terms of

the expansion, where N, p; = N —j — [(k+1)/2]. It gives a remainder term i satistying

lrGFD || 2 < Oy joshd e/ 2HER2ENs kN (q)n (pT(Lj,kJ))) p—t(Ko+K1)

g CNJ & lhj+k/2+lah2€Nj’k’lh_k€n2j+kHa n(p) (Jg)?)k h_t(KO+K1)

< CNj i lhj+k/2+leh2el\’j,k,zn2j+khfkeh7kﬁh*Kft(KoJrKl)

< On.jea (log 1/h)N h25jh25Nhk(1/2—2£—ﬁ)h—K—t(Koﬁ-Kﬂ
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But we have 1 — 2¢ — ;2=25 > ( (assuming that ¢ < 1/4, which is not a problem since we work

2 2(1+e) =
with € small). Hence, Hr,(f’k’l)H < Cnjk, (log 1/h)N h=K—tEo+K1) - Ag a consequence, gathering
all the remainders rﬁlj ) together and adding them to e_tGB(’M R,QN), we obtain a remainder term
controlled by Cyh~K—tKo+K)p2Ne (1601 /p) N ag expected. O

7-6.5. Crucial estimates for the terms of the expansion.
In the expansion of Corollary 7-6.2, the leading term is given by

u(r)z =T (pn)uslo,070,0) = exp (tg(p) — tho(z, Bn))) Aa,n(Yo)()e™ 27 Tan(p)

As a consequence of the Corollary 7-6.2, the other terms have the form

0
T*(5) = Uoklsm) () — flskidm) Uy ()
(pn) un (I) n (1’) Wa,n(p)

with

2\ m/2
‘f,sjvk‘v“”)(sc)‘ < Cjppmn™ T (T )Sk Mo (0)h™* (1 o )

q0---9n o, h
so that, denoting

0 iBn z2

U =~ = exp (tg(p) — tho(x, Bu)) Aa, n (Vo) (x)e 5

Ta,n
we have
‘ hj+k/2+la+msugljvkalvm)‘
7 L2 < Cj’k,l’mhj+}c/2+la+man2j+k (Jc%,..qn)?)k pke (7-6.25)
Man(p) x || (14 25) v |

qo‘“qn)gk h=ke < Opedknrmax(Ite) p—ke < (Z’;JL_IC;(#;_E < CLh™ %2 we see that
the right hand side in the above inequality tends to 0 when h — 0. As a consequence, it is enough

to control
22 m/2
1 — n
( * O‘nh) !

This is what we do in the rest of this subsection.

Recalling that (J“

L2

7-6.5.1. Reduction to a compact interval.
Note that since WF(A,) is compact, there exists x € C°(R) such that
AyB;, = AyByx(x) + O(h>)

and it is possible to choose a single x for all the A,. Indeed, recall that WF(A4,) = supp(xq) €
Wy C B(pg,2¢e0) and that kg is well-defined in a neighborhood of p, of fixed size €1 bigger than
go. There exists a 2, € ¥o(R?) such that

AgBIZ, = AgB, + O(h™) 3 WFu(E,) € rg(W,)

In particular, diam (WF(Z,)) = O(go). Hence, it is enough to fix x € C2°(R) such that xy =1 in
a neighborhood of 7, (WF(Z,)) for all ¢ € A and such that supp x C [-Ceq, Ceg] for some large
constant C independent of £3. As a consequence, we focus on xv,.

We set

C:n(l‘) = Kq_nl (ﬁn + (.13, ﬂnx)) S an (7—626)

It describes a curve, preimage by k,, of the line g, + (x, 8,x). To ensure that ¢, (x) is well defined,
pn + (z, Brx) has to be at distance at most €1 of kg, (pg,) = 0. We claim that we may choose g
small enough so that

x € supp(x) = (n(x) is well defined (7-6.27)

Indeed, = € suppx = |z| < Cep, so that d(pn, ke, (pg,)) = O(co) and we choose eq, ensuring
the good definition of (,(x).
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7-6.5.2. Control of the norm of v,,.

Our goal is to control the norm of xwv,, which allows to control the leading term. In fact, as
already explained, to control the higher order terms, it is also necessary to control the norm of

m/2 ~
X (1 + Of:h> vp. Let us note U, (x) = 7= /4(1 + 352)m/267I2/2'
22 m/2 2 ~
H <1 " ah> xinl| = [IX@PEO DN o) ) P
n 2 IR
2 1/2 2
= [ a2 a-ztaentean 20y g2ymee g
R
We have

Lemma 7-6.11.

22 m/2
]l‘3f|20411/2h50 (1 + Oénh> X(.’E)Un(l’) = O(hOO)Lz

The constants in O(h>°) depend on m and &, but neither on p nor n as soon as n ~ 9. log 1/h.

Proof. Since g = O(logh), we have
e2t9(P)=2t9(Cu((enh)*2)) < o (O(log(h))) = O(h=C)

for some C' depending on ¢ and g. We also have |x| = O(1). Hence, after a change of variable
1/2h1/2

r=a« 1y, it suffices to estimate

2 2
/ﬁl%ay%ﬁmaVQMN(a%Qh”2yxl+@F)m6’ydy::/" (L+y*)me ¥ dy
R

ly|>h%0=1/2

Since §y < 1/2, we conclude by using the standard estimate
/ﬁ (1+y>)"e ¥ dy = 0,(A™)
lyI>A

O

A very important consequence of this lemma is that we only need to focus on (,(z) where
|z] < a,ll/2h50. In particular,

|z < al/?h% = d(Ca(2), pn) < Cap/?h%

Recall that a}/z < Cemmax(1t+e) < O~ 5(175) and recall that g is such that

5o — 1—4e >

1
6(1+e) = 3 (7-6.28)

ensuring that a;/zhéo < ChY/3. Tt will turn out to be important.

7-6.5.3. Control outside an h’-neighborhood of 7.

We first treat the case where p lies outside an h°-neighborhood of 7 (in fact, we will be slightly
less precise in the unstable direction, see the Lemmata below). The following estimate strongly
relies on the structure of the escape function g. The escape property of g has been used in [NSZ14]
to damp the symbol of the Fourier integral operator M (h) and they prove that the norm of M;(h)
outside an h?-neighborhood of 7" can be smaller than any arbitrary ¢ as soon as ¢ is well chosen.
Here, we want to obtain strong polynomial decay of the form h” for some L = L(t) as large as we
want if ¢ is sufficiently large. This will be possible since we propagate on logarithmic times n(h).
We are interested in controlling the term

| d(w) = exp (tg(p) — tg(Ga())) |
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which controls the norm of xv,,. Indeed, since ||TIJ/m||Oo < 400, we have

m/2

1+ N g/ d(2)2| A n T (2) 2 + O(R)
\;c|<o<1/2h5o

L2

< Cm(anh)_l/Q/ d(z)2dz + O(h™)
|a:|<a1/2h50

In virtue of the construction of ¢ in (7-4.6), we have

Mh* + ¢_(p)
Mh? + ¢ (Gu(w))

MK + ¢4 (Gu(2))

() = (R_(@)R+(2))' , R(x) i= S

, Ry(z) =

(7-6.29)

(These terms depend on p and h, but we voluntarily omit this dependence to alleviate the nota-
tions). Recall also that p, = F"(p) = k' (pn) = ¢a(0).

Proposition 7-6.3. Estimates for R_. There exists a global constant C > 0 (i.e. depending
only F and ¢ trough the choice of the partition of unity, but independent of p, h and q) such that

forall z € [fozi/Qh‘;O, oz,l/Qh‘sO], we have
o Ifd(p,T-) > h', R_(z) < C (J) %
e Ifd(p,7-) < h’, R_(z) < C.

Proof. We pick z € [—a%/Qh‘SO, ai/Zh‘sO].

e We assume that d(p, 7-) > h°. By Lemma 7-5.2 and (7-6.17), d(p,,T—-) > C~1J4d(p, T_-) >
C—'a/?h®. Then, we have

d(Ga(2), T2) 2 d(pn, T-) = d(Gu(@), p) = C~ en/2d(p, T-) — Coy/?h™ > O~ ey /2d(p, T-)
since 0 < &y and h? < d(p, T_). Recall that ¢_(¢) ~ h?° +d(¢,T-)%. Hence,

Cld( T ) _1 2
R () ———1—~ < Ca; " <C(J¥
= Conndip. TP Ua)
e The second point is much easier (and in fact very crude at this stage) : if d(p, 7_) < h%, the
numerator Mh?® + $_(p) is smaller that Ch?. Concerning the denominator, we simply use

the fact that ¢_ > 0 to bound it from below by Mh?°, and we deduce that R_(z) < C.
O

We now come to the case of Ry. Before, we need to understand more precisely the Lagrangian
space {(x,B,2)}. We expect it to be a good first order approximation of an unstable manifold.
This is the content of the following lemma :

Lemma 7-6.12. There exists a global constant C' > 0 such that the following holds : there exists
¢ € T such that for all z € [—a}/Qh‘SO, a,l/Qh‘SO], we have

A(Ga(@), Ty) < dlGn(@), WalG)) < € (W77 + (J3) ") dlp, T) + Ch®

Remark.

The different terms which compose the error above appear at different places in the proof. One
of this term is due to the fact that it is a first order approximation of an unstable manifold : we
need to control the error term in this approximation. It turns out that as soon as |z| < al/ Zpso =
O(h'/3), this error is O(|z|?) = O(h?*/3). Depending on p (and q), the main term of the error can

differ. As we will see, when d(p, 7)) > h%, the term h% is negligible.
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Figure 7.4: The poins introduced in Step 1 of the proof Lemma 7-6.12.

Proof. Step 1 : p,, is close to a reference unstable manifold W, (¢}). (See Figure 7.4)

In this first step, we want to show that p, is close to an unstable manifold W,,(¢}). As in the
proof of Lemma 7-5.2, we consider a point (4 € T such that d(p, 7+) = d(p, W, ({+)) and such
that for all 0 < i < n, d(F"™((y), F(p)) < ey for some small € depending on 9. Note also
that, by the third point of Lemma 7-5.2, d(p, 7_) < Cs (Jg)fl €o. Let’s fix a point (_ such that
d(p,T-) = d(p, Ws(¢_)) and let’s consider (o the unique point in Wy, ({4) NW,(¢_). Then, we still
have d(p, T;) = d(p, W, (¢o)) and we also have

B 2
d(p.C0)* ~ d(p. T-)* +d(p, To)* < C ((J5) " 20) +dlp, T2)?
For 0 <i < mn, set (¥ = F°((p). We have

d(pn, Wa(C2)) < C (J) ™" d(p, WulCo)) < € (J2) ™ d(p, T2)

and
d(pn, G)? < C (J2)? d(p, T-)? +C (J3) " d(p, T2)? < Cey

Let us fix ¢, € W, (¢) such that

d(pn, Wu(})) = d(pn Cn)

Step 2 : The curve (,(z) is close to the (unstable) tangent space E,((,).

Step 2-a : First approzimation. (See Figure 7.5).

We now want to show that the curve is a rather good approximation of the tangent space of
W, (¢*) at ¢,. To do so we make the following observation (recall the notations of (7-6.15) and the
definition of 3, in (7-6.16)).

v, = <61n> — a;1/2dﬁF(n)(v;) : V’;L _ 04;1/2 (Zn)

n

and note that ||[v/,|| = 1 (since a2 = a2 +b2). We compare this vector v,, to w,, :== aﬁlmdéF(")(V;)

where ¢ = Kgo (Co) with o = F~"0(({,). Arguing as in the proof of Lemma 7-6.8, we can show
that
1dpF™ — deF™|| < CTgd(p, o)

By the triangular inequality, d(p, o) < d(p,Co) + d(Co,{o) where the first term is controlled
by C’((Jg)ileo +d(p,73r)). For the second term, we use the fact that {, € W,((o) and

d(C, F™™ (o)) < Ceg, this gives d(Co, o) < C (Jél‘)f1 €o. As a consequence, we find that

|dp P — dFUV|| < CJyd(p, Ty) + Ceo
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(&)

Figure 7.5: The curve (, () passing through p,, (in red) is close to an unstable manifold W, ((};)
(in green). W, (¢) is well approximated, near ¢,, by its tangent space at (,, spanned by a vector
close to w,,.

Finally, recalling that al/ ~ J§ - so that v, and w,, are close from being normalized -, we get
that ||V, — w,|| < Cd(p, T1) + Ceo (J2) ™
Let’s now define ¢, (z) by

Kqp (E,Ax)) = Kq, (én) + W,

We have (recall that ¢,(z) = £, ' (pn + 2Vn))

d(zn(x)’ Cn('r))) Kqn, (én) +TwWp, pn + xvn)

(
(Gns o) + |l [[ Wi = V|

C
Cd
uy—1 L
<C(Jg) " dlp. To) + ol (Cdlp, To) +20 (J3) )
C(Ju) 1 (paﬁ)‘FCJghéo (d(p77;)+050 (Jg)_l) T ‘x| Sai/QhéU
C

(&)™ + 1) d(p, T2) + Cn™

where we use the fact that Juh% < Ch'/3. We will now control the distance of Cnlz) to Ty

Step 2-b : Comparison with the tangent space. (See Figure 7.5).
In this step, we want to show that w;, is close to a vector spanning drq, (T¢, Wu((3;)). To do so,
we use Lemma 7-4.1. If g( is small enough (depending on the parameter £; appearing in Lemma

—1
7-4.1), we can ensure that the vector v,, is suffienctly close to R x {0} and hence, (ds ko) V), is
Co n

-1
sufficiently close to Tp, W. (o), so that we can apply this lemma with initial vector (déo no) V).

To alleviate the notations, let’s note £ = ry, (W, (C3)), m = k,, (). By applying Lemma 7-4.1
and sending the result in the chart x,,, we obtain that

(g Toe) <0 )

since ||wy, || < C, the same is true for w,. Let’s pick w), € T,,£ such that |[w,, —w/|| < C (J¥)
We now define Z, (x) by the relation

-2

Fan (Zn(@)) = g, (Gal@)) + Wi
If 2| < oz}/zh‘sﬂ, it is clear that
A(Zn (@), Ca(2)) < |2lllwy — W[ < C (J2) 7 al/2h% < Cag V2R <
Gathering the steps 2-a and 2-b, we see that

A(Ga(@), T2) < d(Zn(@), T2) + C((J3) ™"+ )d(p, T) + Ch®
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Step 3 : The tangent space is a good approximation. The only remaining point is
to control d(Z,(x),T;). We observe that w), € T,,,L. Hence, by standard results of differential
geometry, d(m + aw!, L) < C2? where C' depends on ||w/,|| and on the curvature of £ - which
can be controlled independently of the base point En of this unstable manifold. As a consequence,
if 2| < as/?hdo < p1/3, d(m + xw',L) < Ch?*/3 <« Ch%. This shows that d(Z,(z),T;) <
Cd(m +aw’,, £) < Ch% and concludes the proof of the lemma. O

This Lagrangian being well understood, we can now come to the estimates for R :

Proposition 7-6.4. Estimates for R,. There exists a global constant C' > 0 such that for all
T € [fa}/Qh‘SO, arl/zh‘s“], we have

o Ifd(p,Ty) > h, Ry (z) < Ch% ;
o If d(paﬁ) < h617 R+(l‘) <C
(for some constant C' > 0).

Proof. Recall that §; = § —e. We pick z € [—aimh‘so,a,l/zh‘so]. Here, we will use the inequality
d(pn,T4) < C (Jf;)_l d(p,T+) and the result of the previous lemma, namely,

A(Ga(@), T) < C© (B 4+ (1)) dlp, T3) + O™

Recall that Jg > Cen(MAmin(1=¢) > C_p =0 Amin(1=¢),
We choose some 0 < 8 < min(1/3, 9 Amin(1 — €)), which ensures that

d(Ga(@), T2) < ChPd(p, Ty) + Ch™

Note that since we work with € small, it is harmless to assume that € < 3. We treat the two points
separately :

e For this first point, we distinguish two cases :

First case : h% < d(p,7:) < h°7 In this context, one has d((,(z),T,) < ChPRO=F +
Ch% < Ch?. As a consequence, 4 (C,(x)) < Ch?%. We also have ¢, (p) > C~1(h20+h%01) >
C~'h?* which gives

R (@) < — M+ C)h?

2(6—01) 2
< S e < OO = o

Second case: d(p,7y) > h° % . In this context, we have d(p,7;)? > h?® so that we
can bound the denominator Mh?® + $, (p) from below by C~'d(p,7,)%. Concerning the
numerator, we have

d(Ca(@), T3) < CHPd(p, Ty) + Ch™ < ChPd(p, T7.)

since hPd(p, Ty) > hPh°=P > h® > h%. We deduce also that ¢, (¢, (x)) < Ch?Pd(p, T+)?.
As a consequence,

Ch?d 2

Ry(z) < Chd(p, T+)°

23 2¢e
< Trigp T T SO <h

e We now assume that d(p, 7,.) < h'. As in the first case above, we can bound the numerator
by Ch?®. Concerning the denominator, we simply use the fact that ¢, > 0 to bound it from
below by Mh?%, and this gives, as expected

Ri(x)<C
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Let’s recap these two estimates and their implications concerning d(z) (and recall that by
definition, 8 > ¢ and Jg > C~th=F)
d(p,T_) > h® = d(z) < (Ch*)" < W<, Vo € [—al/2h% al/?h%]
d(p, T-) < B® and d(p, Ty) > ™ = d(z) < (Ch%)" | Vz € [—al/?h%, al/2h%]
As a consequence, the L? norm of yv,, is very small when p lies outside the neighborhood of T~
defined before Proposition 7-5.2 :
Tos = {p, dlp, T-) < h°,d(p, 1) < h™} (7-6.30)
Indeed, we obviously have

Proposition 7-6.5. For all L > 0, there exists t = t(e, L) such that the following holds. Assume
that p € 75,5,. Then,

/ ) d(x)%dz < Cht
|| <an/?ho

7-6.5.4. Crucial estimates in 755, .
We now turn to the crucial estimate which helps to control the L? norm of yv,, when pETss-
Proposition 7-6.6. Assume that p € 755,. Then,

/ d(x)*de < C (J“)dH+8 R00=0)(dr+e) 6
\x\§a1/2h50 - a

n

Proof. Step 0 : A simple estimates for d(z). First recall from Proposition 7-6.4, p €
Tss, = d(x) < CR_(x)!. Moreover, the numerator in R_(z) is bounded by Ch?® and since
@ (Ca(x)) > Ch? + Cd(Cy(w), T-)?, we find that

d(x) < C <1+ (W)?)

Step 1 : The mass is supported in an h’-neighborhood of 7. We use Lemma 7-6.12
which asserts that there exists (i such that

—t

d(Go (@), Wu(C})) < ChPd(p, Ty) + Ch% < h? (7-6.31)

with 8 defined in the proof of Proposition 7-6.4. Recall that in the chart kg, , Kq, ((n(z)) =
pn + (x, Brx). Moreover, if ¢ is small enough, we may assume that k,, (W, ((})) can be written
as the graph of a function :

fg, Wu(Cr)) = {(2, Gu(2)), = € L}

where I, is a small interval of size ~ g and G,, a smooth function with bounded C* norms (with
bounds depending only on the F' and the charts). Since d(p,, W.(¢})) < h°, up to translating,
we may assume that p, = (0,&,) and |G, (0) — &,| < h?. In particular, if A is small enough, we
may assume that [—a}l/Qh‘SO,a,l/zh‘SO] C I,,. Finally, if gy is small enough, we can also assume that

|Gl (2)] < 1/4if |z] < 2ar/*h% < 1 (recall that the chart k4 is centered at a point p, such that
Kq(Eu(pg)) = R x {0}). We now set

X(T) = {& € [-20,/°h%, 20,/21™] (2, Gu(2)) € T}

Let’s cover X(7) by N intervals of size 2h%, centered at points z1,...,2x € X (7). In virtue of
Lemma 3-6.1, we can choose N such that

N < c (Jgh(;ofé)dH+6

Each interval around z; of size O(h®) supports a mass of order O(h°). Our aim in the following
lines is to show that the weight of the integral supported at distance larger than h° of the x; is also
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Wi(p_)
Pmin :/f‘n_(ic_)‘_‘_’_/—
— | W.(C)
! /{;ll(a:/, Gu(2)))
p_

Figure 7.6: The points appearing in the proof of the claim 7-6.32

O(h?), so that we will be able to estimate the whole integral by Nh?, which would conclude the
proof. Let us consider x € [—ai/Qh‘SO, a,l/Qh‘SO] and assume that for all 1 <i¢ < N, |z — z;| > 249,
Let us choose ¢ such that |z — x;| = minj<g<ny | — x| We claim that there exists v > 0, uniform
with respect to p, h and z € [—a,l/zh‘s‘), a,l/Qh‘;O] such that

d(Gn(2), T-) = v|z — i (7-6.32)
Let’s admit it for a while. For i € {1,..., N}, let’s note

Ji = {z € [—al/?h% al/2h%] & — x| = 1?]132}\, x—xk|}

These intervals from a partition of [—oz,ll/ 2pdo ap/ 2pdo).

2 —2t
/ d(x)de < / Cl1+ (W) dx
|z| <ot/ 2 R0 |z]<ak/2hdo h

n n

< Cij;/J (1+ <d(c"(}f£’[))2> 72tdz

N

o\ —2t
vz — x|
<C / ldx Jr/ 1+ (> dx
Zl |z;—z|<2h0 |z;—xz|>2h% ( h?

N 1 2t
<C 4h° +/ () R°d
iz:; ( wi>2 \1+ (vy)? Y

< CNRK

Here, t is large enough and in particular, we may ensure that ¢ > 1 so that the integral converges.

Step 2 : Proof of the claim (7-6.32). We argue by contradiction and assume that
d(¢n(z), T-) < v]x — xz;| for some sufficiently small v (with conditions specified below). Since
7_ is made of local stable leaves near 7 (and (,(x) lies in a small neighborhood of 7), we may
chose p_ € T such that d((,(x), T-) = d((n(x), Ws(p—)). Let’s still note p_ € T the unique point
of W, (¢r) N Wi(p—) and let’s write xq, (p—) = (z—, Gy (z_)). Again if ¢ is small enough, all the
stable leaves in k4, can be written as graphs in the vertical variable : let us write

Ka (Wis(p-)) = {(Hs(€),€), € € Is}

where I is a small interval of size O(gg) and Hy a smooth function with C° norms bounded by
constants only depending on the dynamics and the chart. Up to translating, we may assume that
(Hs(0),0) = kg, (p—) = (z—-,0). As for G,, if ¢ is small enough, we can assume that |H(£)] <1
for all ¢ € I,. Finally, let us note pmin = n;l(Hs(fmin),fmin) a point in Wy(p_) such that

n

d(Cn (), pmin) = d(Cn(2), Ws(p-)) (see Figure 7.6).
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Since by (7-6.31), d(¢, (), W (¢5)) < h?, we can find 2’ € I,, such that ||(z, B,2)— (2, Gy (2"))]| <
h®. This inequalitiy implies
v — 2| < B,
Brx — Gu(2')| < 1%,
|Gul@) = Gua")| <k,
|Gu(2) — Bnx| < h°.

Since by assumption, |z—x;| > 2h%, when h is small enough, the inequality |G, (z)—fnz| < v|z—2/]
holds. We have

||(HS(€min)ﬂ§min) - ({L‘7ﬂn1’)‘| S Cd(gﬂ( ) pmln) < Cd(cn( ) ) < CV|'T - m.ll

From this we deduce that
minl < [€min = Ga(@)] + [Gul@)] = [émin — Gu@)] + G (@) — Gulao)]
< Vmin — Boz] + |Bnz — Gu(z)| + %m o
<\ (H (Emin): Emin) — (@, Bu)|| + V]2 — 3] + 3@ e
< Cvlx — x| + i|x —x_|
Finally, we find that,

|"L‘* - LL'l < ‘l‘, - Hs(fmin” + |Hs(£min) - -75|
< ‘H(O) - H(fmin” + H(H(fmin),gmin) - (l’,BnI)H
|€min| + Cv|x — x;| (recall that |[H'| < 1)

IN

IN

1
Z|x —z_|+ Cv|z — ;]

From this, we deduce that
4
|z —z_| < gCl/|ar — x| (7-6.33)

A first consequence of this inequality is that if v is small enough so that 4”,—0 < l, we have
1
o] <ol + Jlo—mil < 5 \x| + || < a1/2h50 + 4a1/2h‘50 < 2al/2pdo

Since £, '(z_,Gu(z_)) = p— € T, we deduce that z_ € X(7). In particular, there exists
j €{1,...,N} such that |[z_ — x;| < h%. But then, we would have
|

1 1
|xi—m|§|zj—z|S|x_f:cj|+|x_—:17|§h6+1\xfxi|§ :z:f:ci|+1|a:—:vi|<\xfxi|

2
(recall that |z — ;| > 2h%) . This gives the required contradiction and concludes the proof of the

claim (7-6.32).
O

7-6.6. End of the proof.

We can use Lemma 7-6.11, Proposition 7-6.5 and Proposition 7-6.6 to conclude the proof of Propo-
sition 7-5.2. Indeed, since ||¥,, |00 < +00, we have

’rn/2 .
1 Jr _— XUn < / d(m)Q\Aanh\IIm(I)Fdx + O(h™)
L2 \z|<a1/2h50
< Om(anh)*“/ d(z)*dx + O(h™)
|x|<a1/2h‘50
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It gives a bound C,,,h when p ¢ Ts5, (with L as large as necessary by choosing ¢ large enough)
and when p € 755, , we find that

:1:2 m/2 2
1+ —- XUn

w\da—14€ 1 (§0—8)(dg+e)+5—1/2
< C’ J h( 0 )( 5) /
anh 12 ( q)

When m = 0, it gives a control of the leading term, since we have

llunllZ> < o (p)Ixval |72

and since I, ,(p)? = O(h™2) for some Ly > 0, so that for p € Ts 5, we can have [[ul |2, = O(hl)
for any L by choosing ¢ large enough.

This controls the first term of the expansion given by Corollary 7-6.2. We recall that the
number of terms in the expansion and the remainder are controlled by a integer N € N. For the
other terms in the expansion given by Corollary 7-6.2, as already explained with (7-6.25), they all
have their L? norms controlled by some

22 m/2
<1 + anh> XVn

with m < N and e(h) — 0 when h — 0. Finally, we can choose N = N (g) such that the remainder
has an L2 norm O(h2L). This concludes the proof of Proposition 7-5.2, and eventually of Theorem
7-1.3.

5(h)Ha,n(P)

L2

7-7 Appendix of the Chapter.

7-7.1. Missing proofs of the Lemmata involving stationary phase expan-
sions.

In this appendix, we give the missing proofs of Lemmas 7-3.4, 7-3.5 and 7-6.10. It relies on different
uses of stationary phase theorems.

7-7.1.1. Proof of of Lemma 7-3.4.

To alleviate the notations, let’s note g(z,n) = (D% (x1,&)(x,n), (x,1)) and write it q(x,n) =
uz? + 2ven + wn?. The metaplectic operator M(d,, F) admits the kernel

/ ek (za@m—vn) g,
R

and k(y, x) is the kernel of M(d,, F)*. We also note

|U‘1/2

k(zvy) = 27Th

_ 1 £(sa@m)—yn)j,
Myu(z) = 5 L b(z, n)u(y)dydn
We have
(Ml )" Mu) () = o [ b (Bt am 120y, )02y
R4
:L/ u<z)e%($—z)§ M/ e%(%Q(yyf)—%Q(y777)+7«‘(77—5))6(y f)dydn dzd¢
2’/Th R2 2’/Th R2 ’
b(x,8)
= Opy, (b)u(x)

= Opp(b)u(z)
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where Opj! denotes the right quantization, and by [Zwo12| (Theorem 4.13), b(z,§) = e~ 2 (DeDed (g €).
Let’s analyze b:

6(x7 5) = % R2 €%(%q(y,€ —%q(yﬂ]‘f‘g)""wn)B(y’ g)dydn
_ ol et (gwn® —wng—vyntan) g, ) qudn
27Th R2
= o [ e R EIh (o (y — ), €)dydy (change of variable vy + w - y)
T Jr2

= T Prh(v ! (z — w), €)

In particular, if w = 0, we directly find that b(z, &) = B(vilx,f). Otherwise, it is represented by
the formula ([Zwo12], Theorem 4.8):

As a consequence, we see that b is obtained from b by composing 3 actions : the one of e~ (Da:De ),

the change of variable (z,¢) + (v~ (z—w¢), ¢) and e#wDz. The second one is obviously continuous
from S((p)3™) to S({p)3"). We can now use [Zwo12] Theorem 4.17 (or more precisely, the estimates
given in the proof) : both the action of e %Pz and e~ 2 (P=D¢) are continuous from S((p)*N) to
S({p)2N), and more precisely, there exists a universal integer M and universal constants C,, such
that, for every a € N2, (x,¢) € T*R,

0%(Lb) (2, < Co sup  [[(p) >N b|(p)*N
|BI<al+M

with L being either e3wD? or ¢=%(De:De)  The same holds for the change of variable. This gives

the required estimates for the symbol b and concludes the proof of the Lemma.

7-7.1.2. Proof of Lemma 7-3.5.

Fix s € [0,1] and recall that, with the notation ¢ introduced above

Rsu(z) = o - ei(Bal@m+sh! ry@mh)—yn)p o (2 Py (y)dydn

Let’s introduce
Ry = AL RAS
and observe that the Schwartz kernel of R, is given by

1

= et (zat@m+spy (@mh)=w)p (2 pyu(y)dn

ks(x,y) =
where
Y eym) = 9720 (b2, ) = b, )=, E0) —aDeth (e, o)~y 1, o) — 5l )
and by (z,1) = by (h~Y/2z, h=/2n) which lies in Sp+ ((p)3N). Let’s note b, (x,n) = 1q(z,n) + spg

and remark that
a§n¢s = (1 - S)ainql)(xlv 60) + Sainw(xl + x, 60 + 77)
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Since 0,1 does not vanish on 2, X €, it has constant sign and hence, 857]@/15 (z,m) # 0 on Qg x Q.
We now analyze the kernel K, of R:R; and find that this kernel is

K.(z,y) = /R Tz, @)k (2 y)d=

= [ ox0 (0 = 0205 = -+ ) ) (e b )t
R3

= [ gt ee [ oxp (500~ 0159~ 0 = ) ) B o bl m)na:

Bs(y,€)

which is the kernel of Op,]f(Bs). To analyze B, we want to apply a stationary phase theorem and
we need to know the stationary points in the variable (z,7), of the phase

(I)s(zvnay7§) = %(2,7)) - 1/%(2,5) - y(n - 5)

We have
0:®5(2,m,y,8) = 0us(2,m) — s (2,m) = 5§n¢s(2,77(275»77))(77 -

for some n(z,£,m) € [n,€]. Hence, since 83,7@/1 does not vanish,

0:P4(2,m,9,§) =0 <= £=1

We also have
a77(I>S(’2:7 77, y7 6) = 877’(/}5 (Z7 77) - y

so that the equation 0,®(z,&,y,£) = 0 has at most one solution, using again the fact that 85,,%
does not vanish. When there is no stationary point, a non stationary phase argument gives that
|Bs(y,&)| < O(h*°)(p)SN. If there is a stationary point, it is given by a smooth function z,(y, ¢)
locally around (y,&) and a stationary phase argument shows that |Bs(y,&)| < Car(p)®N where
C)r depends on the first M semi-norms (for some universal integer M) of by. We can treat the
derivatives of B, by differentiating under the integral and integration by part to obtain the same
estimates for 8 By, involving derivatives of by up to order ||+ M. This shows that B, € S((p)3V).
We conclude the proof by passing from Opg to Opy, as in the proof of Lemma 7-3.4 and we come
back to h = 1 by standard scaling arguments.

O

7-7.1.3. Proof of Lemma 7-6.10.
Let’s write u(z) = a(x)e’ﬁ"% with a satisfying (7-6.19).

1

Opp(m)u(z) = 3 e m <

T +y
2

,5) et (7= g (y)eiPn 5 dydg

1 1 -
— [ m (x + y, Bz + f) a(z 4 y)e  wY(EFFn I)ewn(;ih)dydg
2mh Jpe 9

o o221 i
_ ¢ / m (w42, Buw+€) alw + y)ed (7720 dyae
27Th R2 2

B(x)

To analyze B(x) ,we invoke the stationary phase theorem in the quadratic case (see [Zwol2],
571 -
-1 0
of [Zwo12], Theorem 4.17. We fix a cut-off function x € C2°(R?) with supp x C B(0,1) and x =1
in a neighborhood of 0. We write (with x1 = x,x2 =1—x)

Theorem 3.13) with the non singular symmetric matrix @,, = < and we follow the proof

1

B(z) = Bi(z)+Ba(z) ; Bji(z) = 21h o

Xi(y,§)m (:C + g, Brnx + 5) a(m+y)e#(ﬂny2—2yf)dyd§
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2
We also set v;(z) = B;(z)e?’»2n . By the stationary phase expansion, we can expand B : for every

N eN,
1

Z (DD)) (,0,0) + Ry (2)

=0

Ry(z) =0 (hN sup  sup Iaif@éC(x,y,f)l)

Y, k+HI<2N+2
‘We observe that :

e The first term of the expansion of By is given by m(z, Bpz)a(z) ;

e Bj is smooth since we can derive under the integral and obtain the same kind of expansion;

21
cad*m(x, Bpr)aV) (r) with o € N2, 1 € N, |a| +1 < 2k and ¢, € R. The coefficients c,
of this sum depend on Q,. Since 3, = O(gy), these coefficients are bounded uniformly in n.
As a consequence, there exists ¢, = ¢k p(m) such that for p € N with &k + p > 0,

: _ 1 (@'p.o)\* :
e The k-th term, that is cx(z) = 7 (5~ ) ¢(2,0,0) is a sum of terms of the form

ap(cr) < crph ™ gonp(u)

Hence we set Agu(z) = h**cp(x )ZB"% which has the required form in virtue of the expres-
sion of ¢ (x).

Concerning the remainder term, we have
2\ —2
Ry (z) < Cn(m)RNh=CN+29 oy (1 + W)
lyl<1
It is not hard to see that
2\ —2 2 -2
sup (1+($+y)> §C<1+x>
ly|<1 anh anh
-2
We choose M > 0 such that M (1—28)—28 > 0, so that Ry ar(x) < Cn(m)hN (129 SUp|y|<1 (1 + (Cj;y) ) .
By writing, By (z) = Yr o cx(z) + Xrn' " ex(x) + Ryvyar(z) , we see that

N-1
q0< thku> < CNRN ) gon ()

k=0
By differentiating under the integral, we can show similarly that

N1
qj (Ul - Z Aku> < ONRN =29 g o nar (u)

k=0
It remains to analyze B3. Since there is no stationary point in the integral defining Bs, we do

repeated integration by part using the differential operator L(y,§) = % which satisfies

L (e%(Qn(y7£)7(y7£))> = en(Quu:9WO) | Set cy(w,y,&) = (1 — x(y,E))m(z +y/2, B +y/2)a(z +y).
Since |Q(y, &)| > c(y? + €2)'/2 on supp(1 — x), we observe that for M € N.
(LM ey, y, €) < Car(1+ 42 + €2)~M2R20=0M g () (ah) V4 (1 + ( + y)z/anhfz
< Cor(1+ 12 + €3~ M2ZR2A=OM g () (o, )4 (1 + x2/anh)72 (1+ y2/anh)72
< Cor(1+ 12 + €2~ M2R2A=OM g () (o, )4 (1 + x2/anh)_2
Integrating over R?, we find that |By(z)| < CMh2(175)MQ2M(U)(Oénh)1/4 (1+5€2/04nh)72~ In

particular, with M = N, qo(v2) < CyhNO=29gyn(u). Similarly, we can show that g;j(v2) <
C; nAN=29) g5 on (u). Since Opp(m)u = vy + vg, this concludes the proof of the Lemma 7-6.10.

O
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7-7.2. Formulas for approximation of exponential.
We consider
e a Hilbert space H (H = L?(R) for applications in this chapter) ;
e a bounded operator A : H — H ;
e a parameter h;
e a "class" C of elements of H, that is a subspace of H.

We assume that for each j € N, there exists A; : C — C such that, in some sense to be specified in
applications, Au ~ Z;io h? Aju. More precisely, we assume that for all N € N and all u € C, we

can write
N-1

Au= " W Aju+hN Ry (u)
j=0

A

We are interested in understanding the action of the operator e’ on elements of C. Recall that if

up € H, t — e*uyg is the solution of the Cauchy problem

{ %u(t) = Au(t)
u(0) = ug

Moreover, we assume that Ay extends to a bounded operator on H, so that e*° is a well-
defined operator and we assume also that e*4°(C) C C for all t € R. We introduce in this appendix
formulas and notations to give an approximation of e!4u. Of course, the interesting mathematical
work lies in controlling the following terms and the accuracy of the expansion, which is done in
applications. Let us fix an integer N € N and an initial state u € C.

Leading term. For our leading term, we simply state ug(t) = et4oy. Then, we set Ry(t) =
etAu — etAoy, We have Ry(t) = Aetu — Age!4ou. Hence, we have

N—-1
Ro(t) = ARo(t) + Y WA;e ™ u+ion(t) 5 Fon(t)=h"Ry(u(t) (7-7.1)

j=1

First correction. When N = 1, we stop. Otherwise, we can correct this first approximation by
a term of order h. Of course, it is possible to write down directly a general formula for every j,
but it seems to the author that the case j = 1 helps to understand the general case. Let’s try the
Ansatz u; (t) = et4ov, (t) and set

Ri(t) = eu — et (u + hoy (1))
Then we have,

Ry (t) = Ro(t) — he' (Agus (t) + vi(t))
N-1
= AR (t) + Z B Ajetdou 4 7o n (1) — hAe 0y (t) + h(A — Ag)etAov (t) — hetAou) ()
j=1
N-1
= AR (t) + Z R Ajetou + 7o n (1) + h(A — Ag)eovy (t) — het o] (t)

j=1

To cancel the term of order h in the sum, we set
t
vi(t) = / e 540 A et Aouyds (7-7.2)
0

To proceed with our expansion, we need to assume that v1(t) € C for all ¢ € R. This will be the
case in the applications, with precise control on vy ().
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Higher order terms. For convenience, let’s note A;(s) = e*SAOAjeSA". We can construct by
induction a family of functions v (t) by setting vo(t) = v and for 1 <k < N — 1,

k=1 .t
vR(t) :g /0 Ap_i(s)v(s)ds (7-7.3)

For these formulas to hold, we assume that this construction ensures that vi(t) € C for all ¢ € R.
It will be satisfied in applications. We also set

N—-k—1
P (t) = (A= Ag)e vy (t) — Y B Ajeou(t)

j=1
and

k
Ry(t) = etAu — eto Z hlu(t)
1=0

7r.n (t) has to be seen as a term of order hN~F. These formulas ensure that

N-1 k k
Ri(t) = ARi(t) + > I ( Ak—letAOUl(t)> + > W)
j=k+1 =0 j=0

In particular, when k = N — 1,

N—-1
Ry 1(t) = ARy 1(t) + > WFn (7-7.4)
j=0
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Résumé: Dans cette thése, nous nous intéressons aux
résonances dites de scattering, qui jouent un role fonda-
mental dans I’étude de I’équation des ondes a ’extérieur
d’obstacles. Nous tacherons de comprendre certains as-
pects de la répartition de ces résonances, plus parti-
culiérement en dimension d = 2 et 'on s’intéresse a
des obstacles & frontiére lisse, strictement convexes qui
vérifient une condition de non-eclipse. Nous établissons
I’existence d’'une région sans résonance sous l'axe réel
- on parle de trou spectral - et améliorons des bornes
supérieures pour le comptage de résonances dans des
boites. Ces résultats font intervenir de fagon cruciale la
structure fractale de I’ensemble capté du flot du billard.
Ces travaux sont dans la lignée des récentes avancées

obtenues dans ’étude des résonances des surfaces hy-
perboliques convexes co-compactes. L’outil fondamen-
tal pour l'obtention du trou spectral est un Principe
d’Incertitude Fractal, récemment développé par S. Dy-
atlov et J. Bourgain, notamment.

Nous obtenons aussi des résultats similaires dans
I'étude des résonances de lopérateur semiclassique
—h2A + V ou V est un potentiel lisse & support com-
pact. En fait, ’étude du probléme des obstacles se fait
naturellement & haute fréquence et permet d’utiliser les
outils de ’analyse semiclassique. Les méthodes utilisées
dans le cas des obstacles s’appliquent alors aux opéra-
teurs semiclassiques —h2A + V grace a deux articles de
S. Nonnenmacher, J. Sjéstrand et M. Zworski.

Title: Influence of the fractal structure of the trapped set on the scattering resonances

Keywords: Resonances, open hyperbolic systems, quantum chaos, obstacle scattering

Abstract: In this thesis, we are interested in the study
of the scattering resonances, which play a crucial role in
the study of the wave equation outside obstacles. We
aim at understanding some aspects of the distribution of
these resonances, more particularly in dimension d = 2
and for strictly convex obstacles with smooth boundary,
satisfying a no-eclipse condition. We prove the existence
of a band without resonance below the real axis - called
a spectral gap - and improve upper bounds for counting
functions of resonances in boxes. These results involve
the fractal structure of the trapped set of the billiard
flow. These works follow the recent results obtained in
the study of convex co-compact hyperbolic surfaces. The

crucial tool in the proof of the spectral gap is a Fractal
Uncertainty Principle, recently developed by S. Dyatlov
and J. Bourgain, among others.

We also prove similar results in the study of semiclas-
sical scattering resonances for operators —h?A+V where
V is a smooth compactly supported potential. In fact,
the study of the obstacle problem is naturally turned
into a high-frequency problem which allows to use the
methods of semiclassical analysis. The strategy used in
the case of the obstacles can be applied to the semiclas-
sical operators —h%?A + V thanks to two papers of S.
Nonnenmacher, J. Sjéstrand and M. Zworski.
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