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Chapter 1

L’introduction

Cette thése se concentre principalement sur deux sujets: les équations differentielles stochastiques rétro-

grades de second ordre a croissance quadratique et le probleme de contrat optimal de Sannikov.

Précisément, la premiére partie présente le probléme bien-défini de solution des équations différentielles
stochastiques de second ordre (2EDSR en abrégé) a croissance quadratique. Aprés un résumé concernant
les résultats des équations différentielles stochastiques rétrogrades réflechies a croissance quadratique,
c'est-a-dire, le probléme bien-défini de la solution (I'existence et I'unicité), la comparaison, la stabilité,
etc., on centralise essentiellement des études sur le probleme bien-défini du 2EDSRs correspondantes.
Hormis la croissance quadratique, on suppose aussi que le generateur f soit concave en z avec un
gradient linéaire. Ceci nous offre une inégalité nouvelle de déscentées de la fonction valeur (aussi une
f-surmartingale) V. Aprés d’avoir obtenu la régularité de sa limite en ¢, on s'appuye sur les études de

Soner, Touzi et Zhang [STZ12] pour établir une expression de solution et vérifier |'existence et |'unicité.

La deuxiéme partie traite a fond le probléme de contrat optimal de Sannikov sous contrainte de faille
du bien de production. Un modéle de mandantement fait partie du probléeme de contrat, ol I'Agent
s'occupe du processus de la production et le Principal définit les régles du contrat d'apreés la performance
du processus de la production, en espérant inciter I'Agent a s’engager plus efficacement vers son objectif.
Le contrat a besoin de I'accord de I'Agent au début et progresse en temps réel selon des efforts de deux

cotés. Et puis il stipule le temps d'arrét (deterministe ou aléatoire) du contrat et un versement continu

7



8 CHAPTER 1. L'INTRODUCTION

du Principal a I'Agent jusqu'au terminal ainsi qu'un versement en une fois a la fin. Notre objectif pincipal
est d'étudier I'effet d'imposer des restrictions au temps d'arrét du contrat avant qu'une faille du bien
de production ait lieu. Dans ce but, on propose un nouveau rapprochement numérique, se fondant sur
les réseaux neurons de Galerkin, pour examiner le comportement de la fonction valeur issue de probleme

correspondant du Principal.

Cette thése comporte trois chapitres et se présente comme suit. Notez que, pour la définition pré-
cise de certains symboles apparaissait dans cette partie d'introduction, nous recommandons au lecteur

de lire les chapitres correspondants pour une explication complete.

1.1 2EDSR avec des sujets relatifs

1.1.1 2EDSR a croissance quadratique

Soner, Touzi and Zhang [STZ12] généralisent la théorie des équations différentielles stochastiques rétro-
grades de second ordre, ou ils construisent la théorie complete de |'existence et I'unicité des équations
différentielles stochastiques rétrogrades de second order avec un generateur Lipschitzien. Dans la suite,
beaucoup d’extensions débordent avec des perspectives différentes, par exemple, la structure de généra-
teur, I'intégrabilité satisfaite par la condition terminale, la régularité pour le principe de programmation
dynamique, le cas discontinu, etc.. Jusqu'a présent, il reste encore beaucoup de sujets relatifs et ques-
tions ouvertes a traiter. Si on raconte le progres sur la régularité pour le principe de programmation
dynamique dans I'étude de 2EDSR: [STZ12, STZ13] et Possamai et Zhou [PZ13] en obtiennent la régu-
larité en chemin w sous des hypothéses assez fortes satisfaites par la condition terminale et le générateur
de EDSR, et vérifient la décomposition sémimartingale qui correspond a une fonction valeur du probléme
controle stochastique. Et ceci guarantie I'existence et I'unicité de 2EDSR correspondante. L'hypothese
de régularité a été faite pour prouver la continuité de la fonction valeur au lieu d'utiliser la théoréme de

selection mesurable.
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Possamai, Tan et Zhou [PTZ18] progressent aussi sur le sujet de la régularité. Grosso modo, ils prouvent
d'abord le principe de programmation dynamique en utilisant la théoréme de selection mesurable avec la
comparaison et la stabilité d'ESDR correspondante, et puis étudient la régularité en chemin de la fonction
valeur d'EDSR équipée d'une intégrabilité appropriée et un générateur Lipschitzien, ensuite ils appliquent
ces deux résultats a vérifier le probléeme bien-défini de solution de 2EDSR. Il convient de souligner que

dans leur cas, ils ont besoin aussi d'un générateur Lipschitzien.

Dans ce papier, notre but est d'obtenir I'existence et I'unicité des 2EDSRs équipées d'une condition
terminale & qui est d'exponentielle intégrable et un générateur f a croissance quadratique. On note que,
au lieu d'une hypothése que la filtration est engendrée par le mouvement brownien, on introduit une

autre martingale orthogonale M dans la définition d'EDSR et aussi 2EDSR.

Une étape cruciale pour démontrer notre résultat d'existence fait appel au problélme d'existence et
d'unicité pour les équations différentielles stochastiques rétrogrades réfléchies. Générallement, on con-
sidére les EDSRs réfléchies comme une extension des EDSRs, pour lesquelles la partie de Y doit rester
au-dessus d'un certain processus (on I'appelle barriére) donné au début. D’ailleurs, il existe un processus
a variation bornée sur [0, 7] dans R qui rend la partie Y toujours au-dessus de la barriere. El Karoui et al.
[KKP*97] introduisent des EDSR réfléchies dans le cas ou considérent une filtration Brownienne et une
barriere continue. Lepeltier et Xu [LX07] obtiennent I'existence de solution des EDSRs réfléchies ayant
une condition terminale non bornée, mais avec une barriére continue et bornée. Bayraktar et Yao [BY12]
généralisent ces résultats pour les EDSRs réfléchies équipées d'une barriere continue et non bornée, pré-
cisément, obtiennent |'existence et 'unicité de la solution corréspondante. Tous les deux travaillent sur

une filtration engendrée par un mouvement brownien standard.

Plus tard, plusieurs extensions sur une barriere discontinue sont justifiés avec une base plus large que
seulement celle de Brownienne (par exemple, Crépey et Matoussi [CMO8], Lin, Ren, Touzi et Yang
[LRTY20], Essaky, Hassani et Ouknine [EHO15], Essaky, Hassani et Rhazlane [EHR20], Hamadeéne et
Ouknine [HO15]). Tous les extensions ont besoin d'une hypothése de continuité a droite de la barriére.

Particulierement, on note que I'existence de la solution maximale et minimal des EDSRs réfléchies a
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croissance quadratique étudiées par [EHO15] and [EHR20] sont justifiées sans aucune hypothése de PP-
intégrabilité de la condition terminale, et le résultat de [EHR20] suit mais aussi se distingue de celui de
[EHO15] par son hypothése supplémentaire que la limite a gauche Y_ de la partie Y de la solution soit
bornée par une barriére au-dessus et au-dessous qui sont prévisibles. Un point essentiel a remarquer est
que leur besoin de la continuité a droite de la barriére, qui est différent des extensions obtenues par Grig-
orova et al. [GIOT17] ou ils prouvent que la continuité a droite n'est pas nécessaire dans |'extension des
EDSRs réfléchies équipées d'une filtration Brownienne standard. L'existence et |'unicité y sont établies
en utilisant la décomposition de Mertens d'une surmartingale spéciale (pas forcément continue a droite)

et certaine généralization appropriée de formule 1t6 dii a Galchouk et Lenglart.

L'objet du premier chapitre ici est I'étude de I'existence et I'unicité de solution des équations différen-
tielles stochastiques rétrogrades de second ordre a croissance quadratique. A la section §2.3, on donne un
résumé contenant des recherches anciennes sur les EDSRs réfléchies équipées d'une barriére non bornée.
Ensuite, une estimation nouvelle a priori est justifiée a section §2.3 en utilisant le résultat des EDOs aléa-
toires obtenu par [LX07]. Cette estimation nouvelle joue un réle essentiel pour I'étude de I'unicité (inclut
la comparaison et la stabilité) pour les EDRS réfléchies mentionnées. Si la barriere dans la définition
d'EDSR réfléchie est vers —oo, on obtiendra une EDSR qui hérite I'existence et I'unicité de la solution.
Par conséquent, cela explique notre enquéte sur les résultats des EDSRs réfléchies ou la solution supérieur
des EDSRs a §2.3. Bien noté que la solution des 2EDSRs doit étre, dans un certain sens, le supremum
des solutions des EDSRs standards, on justifie alors I'existence a §2.4. Précisément, on utilise deux fois
le principe de programmaition dynamique pour étudier la mesurabilité de deux fonctions valeurs, V' et
sa limite continue a droite V', et puis on prouve l'existence. Un point a remarquer est |I'importance
de la deduction d'un deuxiéme principe de programmation dynamique sur V*. C'est difficile d’obtenir
diretement un résultat de la régulatiré en temps par la définition de V| a cet égard certains problémes
émergent, comme l'inégalité déscentées, etc.. Vu les circonstances, on ajoute une hypothése naturelle
sur le gradient du générateur en variable z et offre une perspective possible pour étudier ce probléme

bien-défini de la solution de notre 2ESDR. A la section §2.5, on justifie |'unicité.
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1.1.2 Commentaire du principe de programmation dynamique

Aprés avoir défini la fonction de valeur pour des EDSRs correspondantes a croissance quadratique dans
I'espace décalé, I'outil principal pour étudier des questions de mesurabilité dans la théorie du contréle est
le principe de programmation dynamique (PPD en abrégé), qui stipule qu'un probléme d’optimisation

globale peut étre divisé en une série de probléemes d'optimisation locale.

A partir des années 1970, la vérification de ce principe intuitif est cependant difficile a réaliser méme
si simplement énoncé. De nombreux travaux ne considerent que le cas sublinéaire, mais généralement
les probléemes de contrédle d'ici consistent la maximisation d'une famille d'espérances sur |'ensemble des

controles.

Plusieurs exemples pour le cas sublinéaire:

1. Pour le probléme de contrdle stochastique du temps discret, comme dans Bertsekas et Shreve [BS78]
ou Dellacherie [Del85], ils ont prouvé le PPD en se basant sur la stabilité des contrdles de condition-
nement et de concaténation ainsi que sur un argument de sélection mesurable. Et cela conduit a la

mesurabilité de la fonction de valeur associée, et a la construction de contrdles presque optimaux.

2. Pour le probleme de controle stochastique de temps continu. Du fait qu'un suprémem essentiel
sur les temps d'arrét peut étre approché par un suprémem sur une famille de variables aléatoires, El
Karoui [Kar81] a utilisé deux outils, les fortes propriétés de stabilité des temps d'arrét et le fait que
I'argument de sélection mesurable peut étre évité, pour établir le PPD pour le probléeme d'arrét opti-
mal dans un temps continu. En outre, pour les problémes généreux du processus Markov contrdlés (en
temps continu), El Karoui, Huu Nguyen et Jeanblanc [NEKJP87] ont interprété les contrbles comme
des mesures de probabilité sur |'espace de trajectoire canonique pour fournir un cadre a dériver le PPD
en utilisant le théoréme de sélection mesurable. El Karoui et Tan [KT13a, KT13b] ont aussi étudié le
probléeme du temps continu dans un contexte plus général, mais toujours basé sur les mémes arguments

que dans [NEKJP87] et I'article de Nutz et al. [NN13] qui sera mentionné plus tard.
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3. Certains articles ont porté sur la recherche de contourner |'argument de sélection mesurable. Par
exemple, Fleming et Soner [FS06], le faible PPD de Bouchard et Touzi [BT11]. Ce dernier résultat a
ensuite été étendu par Bouchard et Nutz [BN12, BN16] et Bouchard, Moreau et Nutz [BBN14] pour
optimiser les probléemes de contrdle avec les contraintes de I'état ainsi qu'aux jeux différentiels (voir aussi
Dumitrescu, Quenez et Sulem [RDS16] pour un probléme combiné d'arrét et de contréle des EDSRs).
L'outil alternatif qu'ils ont utilisé a la place de I'argument de sélection mesurable est d'ajouter une hy-

pothése supplémentaire, a priori la régularité de la fonction valeur.

4. Bayraktar et Sirbu [BS12, BS13] ont développé la méthode stochastique de Perron qui permet
aux problémes de Markov d’obtenir la caractérisation de la solution de viscosité de la fonction de valeur

sans utiliser le PPD, puis d'en prouver a posteriori.

5. Nutz et al. [NN13, NvH13] ont montré une nouvelle idée motivée par la théorie de la finance
robuste a prouver le PPD pour les espérances sublinéaires (ou un probléeme de contréle stochastique

non-Markovian), qui partagent certaines similitudes des arguments essentiels dans [NEKJP87].

1.1.3 Commentaire de I'espérance non-linéaire

Le concept d'espérances nonlinéaires sur un espace de probabilité donné (c'est-a-dire des opérateurs
agissant sur des variables aléatoires qui préservent toutes les propriétés des espérances sauf de la linéar-
ité) a une longue histoire qui commence avec le but de former la théorie des capacités et est utilisé
en économie pour axiomatiser les préférences des agents économiques qui ne satisfont pas les axiomes

habituels de von Neumann et Morgenstern, ou de la g-espérance (ou EDSRs) introduit par Peng [Pen97].

Cette théorie est construite pour étre cohérente en filtration (ou en temps), c'est-a-dire que sa ver-
sion conditionnelle satisfait la formule de I'espérance totale, similaire a celle des espérances linéaires, qui
est elle-méme une sorte de PPD. Ceci explique l'intérét particulier des recherches sur ce sujet du point

de vue du controle stochastique.



1.1. 2EDSR AVEC DES SUJETS RELATIFS 13

En outre, Coquet et al. [FCP02] ont prouvé que toutes les espérances nonlinéaires cohérentes de filtration

satisfaisant aux propriétés de domination appropriées pouvaient étre représentées par des EDSRs.

Pour distinguer |'approche EDP de I'approche probabiliste:

Peng [Penl3] ont introduit une théorie connexe et a développé autour de la notion de G—espérance,
qui méne a la G-EDSR. lIs ont renoncé a travailler sur un espace de probabilité fixé portant différentes
mesures de probabilité correspondant aux contréles. Au lieu d'un parametre probabiliste, ils ont travaillé
directement sur un espace d’espérance sublinéaire dans lequel le processus canonique déja inclut les dif-

férentes mesures.

lIs utilisent principalement des arguments EDPs pour construire une solution dans le cas Markovian
puis un argument de cl6ture, ou se situe la différence de ces méthodes; mais les résultats finaux sont
extrémement proches de 2EDSRs, avec des restrictions similaires en termes de régularité. En outre, du
fait que les EDPs qu'ils estimaient ont besoin d'avoir au moins une solution continue, alors il semble que

cette approche exige toujours certaine régularité.

L'approche probabiliste des 2EDSRs présente plus de possibilités, comme [NvH13] dans le cas des es-
pérances linéaires (c'est-a-dire lorsque le générateur des EDSRs est a 0), tout peut étre bien défini en

supposant seulement que la condition terminale est (Borel) mesurable.

1.1.4 Commentaire de solution de viscosité d’EDP entierement non-linéaire et dépendante

du chemin (EDPP en abrégé)

Cette notion a été introduite par Ekren, Keller, Touzi et Zhang [IEZ14b, IEZ16a, IEZ16b] et partage des
liens étroits avec 2EDSRs. Précisément, ils ont montré que la solution de 2EDSR, avec un générateur

et une condition terminale uniformément continue (en w), est exactement la solution de viscosité d'une
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EDPP particulier, faisant la théorie précédente de 2EDSRs un cas particulier de la théorie de EDPPs.

Dans [PTZ18], ils ont montré un cas spécial qui ne peut pas étre inclus dans la théorie des EDPPs,
que (une version appropriée de) la fonction valeur pour laquelle ils ont obtenu le PPD fournit une solu-
tion a des 2EDSRs sans exiger aucune hypothéese de régularité. A noter que dans le cadre général qu'ils
ont considéré, la méthode classique de preuve de I'existence et de I'unicité échoue (parce que la filtration
avec laquelle ils travaillent n'est pas quasi-gauche continue en général), et les estimations découlent d'un
résultat général de [BBZ18]. D’ailleurs, ils ont considéré un cas particulier de bien-défini des EDSRs et
une classe plus générale de mesures de probabilité. En particulier, les résultats de [PTZ18] contiennent

un cas particulier de la théorie des EDSRs, ni relatif aux 2EDSRs de [STZ12], ni relatif a G-EDSR.

1.1.5 Commentaire des équations différentielles stochastiques rétrogrades du second ordre

A la suite des résultats de [STZ12] sur 2EDSRs et motivés par la tarification des créances contingentes
américaines sur les marchés incertains en matiére de volatilité, Matoussi, Possamai et Zhou [AMZ13] ont
utilisé la méthodologie de [STZ12] pour introduire une notion des équations différentielles stochastiques
rétrogrades du second ordre et refléchies, et prouvé |'existence et I'unicité dans le cas d'un obstacle

inférieur.

C'était essentiel qu'ils ne considérent que des obstacles inférieurs. Dans ce cas, les effets dus a la
réflexion et au second ordre agissent dans le méme sens, ol tous les deux ils forcent la solution a rester
au-dessus de certains processus. |l suffit donc d'ajouter un processus non-décroissant a la solution de
I'équation. Cependant, dés qu'on essaie de considérer les obstacles supérieurs, les deux effets commen-
cent a se contrebalancer et la situation change radicalement. Cette affaire a donc été laissée ouverte en

[AMZ13].

D’ailleurs, [IEZ14a] ont donné des résultats spécifiques pour le probléme d'arrét optimal dans le cadre
d'une espérance nonlinéaire (qui correspond a peu prés aux 2EDSRs réfléchies avec un générateur égale
a 0). Toutefois, comme il s'agit d'un probléeme de 'sup-sup’, il n'est lié qu'aux 2EDSRs réfléchies plus

faibles. Apres, Nutz [Nutl2] a réussi a traiter le méme probleme de I'arrét optimal en fonction des
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espérances nonlinéaires, mais avec une formulation 'inf-sup’ liée aux 2EDSRs réfléchies supérieures.

1.2 EDSRs réfléchies, EDSRs a horizon aléatoire et a sauts (EDSRS en
abrégé)

Dans ce chapitre de revue, nous traitons trois sujets: des équations différentielles stochastiques rétro-
grades réfléchies (EDSRs réfléchies en abrégé), des équations différentielles stochastiques rétrogrades a
horizon aléatoire et des équations différentielles stochastiques rétrogrades a sauts (EDSRS en abrégé).
Il s’agit d'un sondage qui résume les progres réalisés au cours des dernieres années en fonction de nos
propres besoins et préférences en matiére de recherche. Aprés l'introduction, la premiére partie est
une nouvelle preuve de |'existence et le principe de comparaison des solutions pour un type des EDOs
réfléchie est fourni, qui est utilisé pour obtenir une estimation a priori sur Y-partie de solutions pour les
EDSRs réfléchies a croissance quadratique avec une condition terminale & exponentielle intégrable et un
générateur f a croissance quadratique, équipées des barriéres bornés ou non bornés. Ensuite, la deuxiéme
partie étend la solidité de la théorie des EDSRs/EDSRs réfléchies a croissance quadratique (par exemple,
[BHO8, BHO6, BY12]) a une filtration plus générale engendrée par le mouvement Brownien standard et
une martingale orthogonale. De plus, la discussion dans les troisiéme et quatrieme parties comprend
I'explication des difficultés que nous avons rencontrées dans notre pratique et les sujets de recherche

futurs possibles.

Ici on précise surtout les introductions des derniéres 3 sections: EDSRs réfléchies, EDSRs a horizon

aléatoire et a sauts.

1.2.1 Equations différentielles stochastiques rétrogrades réfléchies (EDSRs réfléchies en

abrégé) dans une filtration plus générale

La théorie des EDSRs et EDSRs réfléchies a croissance quadratique joue un rdle important dans notre

compréhension de 2EDSRs. Par conséquent, nous présentons ici un apercu des principaux arguments
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relatifs a I'existence et a |'unicité des EDSRs/EDSRs réfléchies a croissance quadratique a horizon déter-

ministe.

Equations différentielles stochastiques rétrogrades (EDSRs en abrégé) réfléchies: La no-
tion d'EDSR réfléchie est introduite par El Karoui et al. [KKPT97]. Ici dans ce chapitre, nous
limitons la définition d'une solution pour une telle équation, associée a un générateur f, une condi-
tion terminale £ et une barriére continu L € C%p, étre un quadruple de processus (Y, Z, M, K) €
Co X H2'c(P,R?) x M(P) x I(P), satisfaisant

T T T
Yt=§+/ fs(Ys,Zs)ds—/ Zs-dXs—/ dM, + K7 — K;,0 <t < T,
Jt t Jt
Y, > L, 0<t<T,P-ps., (1.1)

T
/ (Ys — Ly)dK, = 0,P-p.s. (Skorokhod condition),
0

ou dX; := o, dW,, 0, € Sfo (c'est-a-dire, I'ensemble des matrices symétriques non négatives-définies
d x d), et f(-,-,-) est un générateur progressivement mesurable répondant a certaines conditions a
préciser ultérieurement. Notez ici que la filtration sous-jacente n’est pas seulement engendrée par un
mouvement brownien, donc nous introduisons un autre composant dans la définition d'une solution su-
perieur d'un EDSR, a savoir une martingale M qui est orthogonale au mouvement Brownien standard
W. K est un processus continu non décroissant qui pousse a la hausse le processus Y afin de le garder
au-dessus de la barriere L. La derniére équation signifie que le processus K agit seulement lorsque le
processus Y atteint I'obstacle L. Notez que nous autorisons L a prendre la valeur —oo, de sorte que la
notion d'EDSR réfléchie couvre EDSR de Pardoux et Peng [PP90]. Par la paire (f,£), nous entendons

I'EDSR correspondante, sans les deux dernieres conditions concernant la barriere L dans ce qui précede

(1.1).
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1.2.2 Equations différentielles stochastiques rétrogrades (EDSRs en abrégé) a horizon aléa-

toire

La théorie des équations différentielles stochastiques rétrogrades (EDSR en abrégé) a horizon fini est
introduite par Pardoux et Peng [PP90] avec une condition terminale ¢ intégrable au carré et un généra-
teur f uniformément Lipschitzien en y- et z-variable ainsi que I'intégrabilité E[f] |f,(0,0)[?dt] < oo a
certain horizon déterministe 7' > 0. Barles, Buckdahn et Pardoux [BBP97] donnent aussi une preuve de
I'existence et I'unicité en utilisant la méthode de point fixe dans un contexte ou les EDSRs sont définies
par rapport a un mouvement Brownien et une mesure aléatoire de Poisson. Des autres structures sont
étudiées a part d'une continuité Lipschitzienne. Par exemple, Darling [Dar95] justifie I'existence et

I'unicité pour le cas de la continuité Lipschitzienne locale et la convexité de générateur.

Peng [Pen91] étudie I'interprétation probabilistique pour le systéme des équations différentielles stochas-
tiques paraboliques quasi-linéaires de second ordre en introduisant certain genre des EDSRs avec des
Itd EDSs forward classique, ou il explique aussi la relation entre la Y-partie de solution d’'EDSR a hori-
zon aléatoire non borné et les équations aux dérivées partielles elliptiques semi-linéaires, et puis obtient
I'existence et I'unicité d'EDSR sous une hypothése trés particuliere. Darling and Pardoux [DP97] étalis-
sent d'abord I'existence et |'unicité pour I'EDSR classique (dans le sens ou la condition terminale est
donnée au temps fixé au lieu d'aléatoire) avec un générateur pas forcément Lipschtzien en variable y
et z; et aussi obtiennent I'existence et I'unicité des EDSRs au temps terminal aléatoire en utilisant une
hypothese plus faible que celle de [Pen91]. Précisément, en dépendant sur la monotonie en y avec le
parametre a € R et la continuité Lipschitzienne en z avec le paramétre b € R, pour le générateur
fi(y, ), aussi avec certaine condition de I'intégrabilité a propos de la condition terminale £ et f.(0,0)
ainsi que I'horizon aléatoire 7, ils donnent |'existence et |'unicité (Proposition 3.2-3.3, Théoréme 3.4) de
ce genre des EDSRs a horizon aléatoire dans certain espace de Hilbert qui dépend au temps d’arrét 7
presque slirement fini et le nombre particulier b> — 2a. D’ailleurs, leur condition de I'integrabilité exige

que certain paramétre soit plus large que le nombre b? — 2a.

L'une des techniques utilisées la plus souvent par les recherches suivantes est leur traitement indépendant

de la définition de Y et Z sur deux sous-intervalles complémentaires, c'est-a-dire, [tAT, nAT] et [nAT, T].
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De plus, Fuhrman et Tessitore [FT04] élargissent ce résultat pour la situation équipée d'un temps d’arrét
infini avec une condition nouvellement ajoutée concernant a et b que b? — 2a < 0 soit satisfaite, et aussi

la borne de f;(0,0).

Enlever la dépendance de ce nombre b> — 2a attire I'attention de plusieurs chercheurs & un moment
donné. Dans l'intention d'expliquer I'idée principale du progrés obtenu vers cette direction, on modifie

d'abord la définition d'EDSR réfléchie dans le contexte de |'horizon aléatoire comme ci-dessous,

TAT TAT TAT
Ve Yenr + [ (Y 0) b ZJds = [ Z,-aw,+ [ aK,
tAT tAT tAT (12)
"TNAT TNAT __ "TNT
:YT/\’T + fs(}/;a O)dS - / Zs : dWS + dKSv
tAT tAT tAT

ou on définit WS = Wy — [y bedr et le processus b comme b, : 0) Z1{z,1>03- Si on peut

_ fs(ys,zlsz):‘;sm,

enlever la dépendance du générateur f en z, cela est utile a éviter le nombre particulier b?> — 2a dessus.
En effet, si f est Lipschitzien en z, le processus b est borné et &, := exp(fy bsdWs — 1 [5 |bs|*ds) est une
martingale uniformément intégrable dans I'intervalle ¢ € [0, T']. On précise la probabilité originale IP, sous
laquelle W est un processus de Wiener standard, et puis on prend £ comme la densité d'une nouvelle
mesure probabilité Q7 a propos de la restriction Py (la mesure probabilité P restreinte a la c—algebre
Fr). Cette nouvelle probabilité Qr est équivalent de Py et {Wt}ogth est un processus de Wiener sous
Qr. Ensuite on peut étudier I'équation (1.2) sous cette nouvelle mesure de probabilité Qr, pour laquelle
il n'existe plus dépendance en z du générateur. Cela explique I'idée principale de certaines recherches

suivantes comment éviter le nombre particulier b — 2a, comme Briand et Hu [BH98], Royer [Roy14], Hu

et Tessitore [HTO7], Lin Ren Touzi et Yang [LRTY20], etc..

Précisément, dans le cas ou le processus Y prend ses valeurs réelles R, on peut faire une référence
a [BH98] et [Royl4] pour des extensions corréspondantes du générateur sans croissance quadratique en
z. Tous les deux n'ont plus besoin de la dépendance en b?> — 2a du générateur, néanmoins ils éxigent
que f+(0,0) soit borné (p.468 Hypothése (A6.3) et p.478 Hypothese (A7) a [BH98], p.283 Hypothese
(H4) et p.289 Hypothese (H4') a [Roy14]) et le coefficient a € R, (non plus valide pour a € R_) soit

stricte supérieur a 0 ainsi que le théoreme de Girsanov, pour justifier |'existence et I'unicité ol Y est un
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processus continu borné. La différence entre ces deux résultats est que [BH98] demande la continuité
uniformément Lipschitzien en y et z tandis que [Roy14] exige seulement la continuité Lipschitzienne en z
et ajoute une autre croissance en partie y (p.283 Hypothése (H2) a [Roy14]). En méme temps, [Royl4]

étudie aussi la situation ou a = 0.

Particulierement, on aimerait ici mentionner un résultat le plus récent [LRTY20]. lIs exigent une hy-
pothese similaire comme celle de [DP97], avec une modification sur le coefficient de remise et considerent
une classe d'intégrabilité sous I'espérance non-linéaire dominée £¥ au lieu de EF. Leur exemple 3.5 (page
6) clarifie cette corréspondance de leurs hypothéses en utilisant une situation simple ot un générateur
linéaire est considéré. Pour la majorité de recherches qui généralisent [DP97], comme [BH98] et [Roy14]
etc., il existe toujours une hypothéese a > 0, c'est-a-dire, le générateur est monotone stricte, et &, fy sont
bornés. Et tout ce genre des discussions sont inclut comme un cas spécial de I'hypothese 3.2 (page 5)
a [LRTY20]. Pour a = 0, c'est-a-dire le générateur est monotone, [Roy14] étudie I'existence et I'unicité
sous |'hypothése que le générateur f dépendant seulement en z soit borné et & soit aussi borné comme
on a mentionné dessus. Ce résultat est ensuite généralisé par [HTO07], [BC08| et Papapantoleon et al.
[PPS18] pour des situations plus généraux. De plus, théoréme 3.4 (page 5) de [LRTY20] étendent ces
résultats précédents en permettant a < 0, dii aux norms nouveaux sous lesquels ils établissent |'existence

et I'unicité.

Précisément, [HTO7] justifie I'argument pareil pour le cas d'un processus cylindrique de Wiener avec
valeurs dans un espace de Hilbert, ou ils considérent la solution douce de certain type des équations
différentielles partielles elliptiques dans I'espace de Hilbert et la technique principale est la discussion
sur la différentiabilité de ce genre de solution des équations rétrogrades dans certain systeme Markovian

forward-backward des équations par rapport a la donnée initial = de |'équation forward.

Pour le cas quadratique, Kobylanski [Kob00] donne des résultat des EDSRs a croissance quadratique
équipées d'temps d'arrét borné ou p.s. fini en utilisant la transformation Hopf-Cole et le rapprochement

du générateur f.
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Plus tard, Briand et Confortola [BCO08] traitent le cas équipé d'un temps d'arrét infini avec une condition
terminale bornée sous deux hypothéses supplémentaires ajoutées au générateur fi(y,z): Lipschitzien
locale en z et monotone stricte en y. Précisément, ils supposent que pour P-p.s. et pour tout ¢t > O, il

existe constants C' > 0 et A > 0 t.q.

= (BC08-A.1.(i)) pour tout y € R et

2,7 € R |fily, 2) = fily, )] S C(L+ [z +]2'])]z = 2

= (BCO8-A.1.(ii)) f est monotone stricte par rapport a y: pour tout z € RY,

vy, € R, (y — ) (fily, 2) — iy, 2) < =Aly — /|

2

2 (RY) définit I'espace des classes équivalentes des processus mesurables progressive-

On précise que L
ment 1 : [0, 00) x © — R? t.q. pour tout ¢ > 0, [J |1,|2dr < oo, P-p.s. et M><(R?) définit I'ensemble
de processus {F;}+>¢ (filtration engendrée par le mouvement Brownien standard)-mesurables progressive-
ment {1;}+~0 avec valeurs dans R? t.q. E[[;" e=2¢*|t),|%ds] < oo, ensuite avec une condition terminale
borné & et un générateur f;(y,z) a croissance quadratique en z, ils donnent I'existence et |'unicité de
leurs solution, pour laquelle Y est un processus borné et Z fait partie de L2 _(RY) voire M?<(R?) pour
tout € > 0. L’idée principale de leur résultat: pour tout n € N, on définit (Y, Z™) la solution unique
d'EDSR

Y7 =l +/ 1oer fo(Y, Z0)ds — / ZmdW,,0 < t < n. (1.3)
t t

Sous I'hypotheése (BC08-A.1.(i)) et (BC08-A.1.(ii)), I'EDSR a une solution unique d'aprés [Kob00], et
puis Y;* = Y/, Z'1;~, = 0 par [Royl4]. D’ailleurs, c'est nécessaire d'étendre cette solution a |'axe
entier de temps en écrivant pour tout ¢ > n,Y,” =Y, = £1,<,, 24 = 0. Aprés, |'épreuve suit une
procédure rituelle avec une modification nécessaire: d'abord prouver que Y™ soit borné par une constante
indépendante de n; et puis vérifier que la convergence de la série (Y"),>¢ et sa limite égale a Y au sens

de M?<(R) pour tout € > 0; ensuite étudier que la série (Z"),,>o soit Cauchy au sens de M?<(R%), pour
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tout € > 0; et finalement justifier que les processus (Y, Z) satisfassent I'EDSR

—d}/;g = 1{t<7‘}ft<}/t; Zt)dt — thWt, Yr = é sur {T < OO} (14)

[BCO8] cherche une représentation probabilistique pour la solution de certain type des EDPs elliptiques,
pour lesquelles la formule Feynman-Kac concerne des EDSRs Markovians avec I'horizon infini. Comme
[HTO7], leur technique principale est de prouver la différentiabilité de la solution bornée d’'EDSR corre-
spondante a horizon infini par rapport a la donnée initiale z d'une certaine équation forward. Générale-
ment, cette preuve se fonde sur une borne a priori qui est utilisée pour des rapprochements appropriés
des éauqtions pour le gradient de Y en x. Dans ce but, ils exigent aussi certaine structure dissipative et
le parameétre de flux (dans I'équation forward) valué sur R. La différence entre [BCO08] et [HT07] est que:
[HTO7] utilise la stratégie pour des EDPs elliptiques avec un génératuer a croissance sous-linéaire par

rapport au gradient tandis que [BCO08| exige seulement que la constante de monotonicité soit positive.

1.2.3 Equations différentielles stochastiques rétrogrades avec sauts (EDSRS en abrégé)

On se concentre sur les équations différentielles stochastiques rétrogrades avec sauts (EDSRS en abrégé).
Ici se trouve un résumé concis des recherches anciennes: sous I'hypothése d'une condition terminale &£
exponentielle intégrable et un générateur ¢ a croissance quadratique, El Karoui, Matoussi et Ngoupeyou
[KMN18] prouvent I'existence de solution des EDSRSs déterminées par une mesure aléatoire (la premiere
partie de p.23 Théoreme 5.6); ensuite, Jeanblanc, Matoussi et Ngoupeyou [JMN16] en vérifient I'unicité
pour certain générateur spécial ayant une forme explicite, et leur EDSRS est déterminée par une martin-
gale locale continue (par exemple, le mouvement Brownien) et le processus Poisson (p.7 Proposition 2).
On remarque que leur unicité profite du générateur explicit, qui ne convient pas d'autre cas plus général.
Sur la base de ces considérations, une possibilité de la recherche suivante est I'étude de I'inégalité de
déscentées pour certaine g-surmartingale d'aprés les EDSRSs spéciaux bien-définis dii a [JMN16]. I
est important d'étudier la régularité en chemin de la g-surmartingale, qui jouera un rdle essetiel dans

I'existence et |'unicité des EDSRSs.



22 CHAPTER 1. L'INTRODUCTION

1.3 Le probleme de contrat optimal de Sannikov sous contrainte de faille du

bien de production

Aprés un premier apercu du probleme de I'Agent et du probleme de Sannikov Principal originalement
étudiés par Possamai et Touzi [PT20] et initialement introduits par Sannikov [San08], nous introduisons
un nouveau schéma de délégation dans un contrat, c'est-a-dire le probléme de Principal dans un processus
de sortie par défaut pour lequel il existe une restriction supplémentaire sur le délai de résiliation. Des
équations de programmation dynamiques sont données pour les deux cas ainsi que leurs formes équiva-
lentes, et un résultat de comparaison est prouvé sous le réglage d'un processus de sortie par défaut. En
outre, nous proposons une approximation numérique de réseau neural de Galerkin pour comprendre la

fonction de valeur dans Sannikov Principal probléme avec/sans processus par défaut.

On précise ci-dessous les recherches correspondantes.

Holmstrom et Milgrom [HM87] révélent la forme linéaire d'un contrat optimal dans un probleme a
horizon fini avec la fonction d'utilité CARA pour tous les deux parties (le Principal et I'Agent), ou seule-
ment la dérive du processus de production est influencée par I'effort de I'’Agent. Généralement, on le
considere comme le premier et avant-garde papier, soulignant que c'est plus facile de traiter le probleme

de contrat optimal dans une circonstance au temps continu.

Cette perspective est suivie et vérifiée par une multiplicité des articles avec |'hypothése au temps con-
tinu. Précisément, les extensions suivantes du résultat de Holmstrom et Milgrom sont Schattler et
Sung [SS93], Sung [Sun95b, Sun95a], Miiller [M98, M00], Hellwig et Schmidt [Hel07, HS02]. En com-
parant avec les papiers ci-dessus qui partagent la méme circonstance o ils ont tous considéré |'extension
au temps continu issue d'une approche du premier ordre émergées de la théorie contrat dans le cas
statique (par exemple Rogerson [Rog85]), Williams [Wil08, Willl, Will5] et Cvitani¢, Wan, et Zhang
[CWZ06, CWZ08, CWZ09] prennent un autre chemin en utilisant le principle maximum stochastique
et des équations différentielles stochastiques forward—backward a décrire la récompense optimale pour

des utilités plus généraux. On peut référer aussi a la monographie excellente de Cvitani¢ et Zhang [CZ12].



1.3. LE PROBLEME DE CONTRAT OPTIMAL DE SANNIKOV SOUS CONTRAINTE DE FAILLE DU BIEN DE PRODUCTION23

Les papiers de Sannikov [San08, San13] présentent des nouveautés avec des perspectives différentes:
d'abord c'est son idée originale de considérer la valeur de continuation dynamique de I'Agent comme
une variable d'état pour le probléeme de Principal; et puis plusieurs interprétations économiques révélées
par la situation a horizon infini considérée dans sa recherche. Pour le premier cas, il existe une approche
élégante, s'appuyant sur le résultat de réprésentation de la fonction valeur dynamique, qui est présen-
tée par I'implémentation systematique au temps continu. En méme temps, au temps discret, Spear et
Srivastava [SS87] prouvent que cette idée est bien impliquée dans la présentation du probléme. Pour le
point second, I'argument principale de Sannikov est que le Principal démissionne optimalement I'Agent
en I'offert un parachute d’or, ca veut dire qu'un flux de consomption, constant continu tout au long de
la vie, lorsque I'utilité de continuation arrive au niveau assez haut, et I'’Agent ayant une petite utilité
de reservation posséde une location informationnel, au sens qu'il est offert un contrat avec de valeur

extrément haute.

Notre discussion ici se limite au cas ol le Principal et I'Agent partagent le méme coefficient d’actualisation.

Au dela de la nouveauté méthodologique introduite dans I'article de Sannikov, son modéle met en

évidence plusieurs résultats économiques remarquables.

Tout d'abord, son modeéle justifie I'optimalité d'une rente fixe sous forme d'un golden parachute quand
I'agent atteint une valeur de continuation de son utilité assez haute. Autrement dit, si |'agent atteint un
coup assez élevé, le principal préfére terminer son contrat et s’en séparer moyennant le paiement d'une
compensation au moment d’arréter le contrat. Une premiere motivation du chapitre est d’examiner si ce
résultat continue a étre vrai si le risque de faillite du bien de production est pris en compte en imposant

une clause de fin de contrat en cas de faillite du bien de production.

Le deuxieme résultat économique remarquable dans le travail de Sannikov concerne I'existence d'un
phénomene de rente informationnelle. 1l s'agit d'un gain d'utilité que I'agent pourrait réaliser du fait

de I'asymétrie d'information inhérente dans le probleme de délégation: le principal ne peut observer
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I'effort de I'agent et n'a acces qu'a la réalisation de la valeur du bien de production. Cette asymétrie
d'information est a I'origine du risque de moralité (moral hazard) modélisé dans le probléme de délégation

étudié par Sannikov.

Dans le probleme de contrat optimal de Sannikov, le principal cherche le meilleur contrat en max-
imisant son utilité, étant donnée la réponse optimale de |'agent au contrat proposé, et sous la contrainte
d'acceptabilité de I'agent qui réclame une valeur d'utilité supérieure a un niveau de réserve. En dessous
de ce niveau, I'agent refuse de rentrer dans le jeu de délégation. La rente informationnelle est justement
une situation ou le contrat optimal offert par le principal confére une utilité pour I'agent strictement
supérieure a son niveau de réserve. Autrement dit, grace a son avantage informationnel, I'agent force
le principal a lui offrir un contrat optimal qui lui procure une utilité strictement supérieure a son seuil

d'acceptabilité.

Dans le modéle de Sannikov, le phénoméne de rente informationnelle est mois en évidence pour des
valeurs du seuil d’acceptabilité assez petites. Si le seuil d'acceptabilité de I'agent est en dessous d'une
valeur donnée (y*, celle qui réalise le maximum de I'utilité du principal), il est optimal pour le principal

d'offrir un contrat qui induit une valeur d'utilité pour |'agent égale a y*.

Dans le modele étudié dans le chapitre 3 ot la fin du contrat est conditionnée par la non faillite du
bien de production, nos résultats numériques révelent que cette rente informationnelle est largement
diminuée. Plus précisément, si la valeur du bien de production est largement éloignées du risque de
faillite, nous constatons que la rente informationnelle existe a I'image des résultats de Sannikov. Cepen-
dant plus la valeur du bien de production diminue, plus cette rente informationnelle diminue, jusqu’'a

disparaitre quand le bien de production est trés proche du niveau de faillite.

A propos de la partie numérique, on fait ici une introduction concise sur des méthodes classiques des
EDPs (semi-linéaire et entierement non-linéaire). Pour les EDPs semi-linéaires, le défi principal est issu
du fléau de la dimension qui rend la discrétisation inatteignable lorque la dimension est plus que 3. Pour

résoudre ce probléme, il existe des méthodes probabilistes sans maillage basées sur des EDS rétrogrades,
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une méthode de branchement, méthodes Picard a plusieurs niveaux. Pour le deuxiéme cas, les EDPs
entierement non-linéaires, il existe normalement une partie de non-linéarité contenant le deuxieme terme
dérivé. Plusieurs méthodes classiques, par exemple, les méthodes déterministes comme la méthode de
différence finie ou la méthode des éléments finis, des méthodes max-plus pour les équations HJB, ne
sont développés que pour les dimensions inférieures. Nous renvoyons les lecteurs a Germain, Pham et

Warin [GPW20] pour une description détaillée des références connexes.

Les méthodes d'apprentissage automatique se sont développées rapidement au cours des dernieres an-
nées. Parmi eux, [BEJ19] a proposé un réseau neuronal global profond visant a résoudre les EDPs
nonlinéaires de grande dimension avec la minimisation d'une fonction de perte objective basée sur la
représentation des EDS backward de second ordre, ils n'ont pas donné de test concret sur un exemple
entierement nonlinéaire. Plus loin, [GPW20] se concentrent sur la fourniture d’une approximation efficace
de la Hessienne, c'est-a-dire, le terme I' de I'EDSR, pour donner 3 nouveaux algorithmes, a savoir, le
DBDP explicite de second ordre en plusieurs étapes, le DBDP multi-étapes de second ordre et le DBDP

multi-étapes de second ordre Malliavin.

Etant différent de ces essais d'apprentissage automatique sur les EDP semi-linéaires et entierement non-
linéaires, nous allons discuter ici d’'une approximation numérique de réseau Galerkin totalement nouvelle

a résoudre notre EDO / EDP dans l'intérét.
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Chapter 2

Quadratic 2BSDE with unbounded terminal

condition

Bowen SHENG
After a summary of previous research results on the solutions of quadratic reflected backward SDE,
i.e., wellposedness (existence and uniqueness), comparison principle, stability result, etc., we in this
paper mainly consider the wellposedness of solutions for the corresponding second order backward SDE.
Besides the quadratic growth, we also assume that the generator f is concave in z with linearly growing
gradient. This leads to a new downcrossing inequality of the value function (also a f-supermartingale)
V. Gaining the regularity of its right limit w.r.t. ¢, we follow Soner, Touzi and Zhang [STZ12] to get the

representation of solutions and implement the proof of wellposedness.

2.1 Introduction

Soner, Touzi and Zhang [STZ12] extend the theory of backward stochastic differential equation(BSDE,
hereafter) to the second order case, where they give a complete theory of existence and uniqueness
for certain type of second order backward SDE(2BSDE, hereafter). After this, many generalisations
emerged in different perspectives, e.g., the structure of generator, the integrability satisfied by the ter-
minal condition, regularity requirement for dynamic programming principle, discontinuous setting, etc..
Until now, there still exists lots of interesting problems in this topic. For example, if we take a look at

the progress made in the regularity assumption for dynamic programming principle concerned in 2BSDE:

27
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[STZ12, STZ13] and Possamai and Zhou [PZ13] obtained the dynamic programming principle under very
strong continuity assumptions w.r.t. w on the terminal condition and the generator of the BSDEs, and
obtained a semimartingale decomposition of the value function of the corresponding stochastic control
problem, which ensured well-posedness of the associated 2BSDE. These regularity assumptions are made
to obtain the continuity of the value function a priori, which allows to avoid completely the use of the

measurable selection theorem.

Possamai, Tan and Zhou [PTZ18] made progress concerning the regularity assumptions. Generally
speaking, they firstly proved the dynamic programming principle following directly from the measurable
selection theorem together with the comparison and stability of the corresponding BSDEs, then they
studied the path regularization of the value function for the BSDEs equipped with appropriate integra-
bility and a Lipschitz-continuous generator, and next they applied the above two results to obtain the
well-posedness of 2BSDE, which is also equipped with a terminal condition and a Lipschitz-continuous

generator.

In this paper, our final goal is to obtain the wellposedness of the solution of 2BSDE equipped with
an exponential integrable terminal condition £ and a quadratic generator f. Note that we do not assume
that the filtration is generated by a Brownian motion, we introduced another orthogonal martingale M

in the definition of a solution of BSDE.

Another tool which will be used in our main result is the wellposedness of quadratic reflected back-
ward SDE(RBSDE, hereafter). Generally, we consider RBSDE as an extension of BSDEs for which the
Y-part of the solution is required to stay above(precisely, greater than or equal to) some given process,
which we name it as the barrier. Besides, there exists a nondecreasing process in addition which keeps
the Y-part of the solution stay above the barrier. El Karoui et al. [KKP*97] introduce RBSDEs in
the situation where a standard Brownian filtration and a continuous barrier are considered. Lepeltier
and Xu [LX07] obtained the existence of solutions for quadratic RBSDEs with an unbounded terminal
condition, but it's equipped with a bounded continuous barrier. Bayraktar and Yao [BY12] extended to

the unbounded continuous barriers, precisely, getting the wellposedness of the corresponding solutions.
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Both of them work also on the filtration generated by a standard Brownian motion.

Later on, several extensions based on these results had been made to the case of a discontinuous barrier
with /without a larger stochastic basis than the standard Brownian one(for example, Crépey and Matoussi
[CMO08], Lin, Ren, Touzi and Yang [LRTY20], Essaky, Hassani and Ouknine [EHO15], Essaky, Hassani
and Rhazlane [EHR20], Hamadéne and Ouknine [HO15]). All these extensions require an assumption
of right continuity for the barrier. In particular, we mention that the existence of maximal and minimal
solution for (stochastically) quadratic RBSDE studied in [EHO15] and [EHR20] is validated without as-
suming any P-integrability conditions on the terminal condition, and [EHR20] inherits also differs from
[EHO15] by the additional requirement that the left limit Y_ of the Y-part for the solution is bounded
by an upper and lower barriers which are both predictable. One essential point which calls for attention
is that the requirement of right continuity for the barrier differs these extensions from the result obtained
by Grigorova et al. [GIOT17] where they give a further extension of RBSDEs to the case for which in
the standard Brownian filtration the barrier is not necessary to be right continuous. The corresponding
wellposedness has been established with the help of Mertens decomposition of optional strong (but not
necessarily right continuous) supermartingales and some appropriate generalization of Itd's formula due

to Galchouk and Lenglart.

The outline of this paper is as follows. In §2.3, we give a summary of previous research results on
RBSDEs w.r.t. unbounded barriers. Based on the discussion of random ODE in [LX07], a new a priori
estimate given in §2.3 plays an essential role for the uniqueness results (including comparison principle
and monotone stability) for the former mentioned RBSDE. While we set the barrier in the definition of
RBSDE to be —o0, it results in a BSDE which inherits the wellposedness of solutions, so this explains
our previous interest for RBSDE or the supersolution of BSDE in §2.3. Then, having in mind that the
solution of the 2BSDE should be, to some extent, a supremum of solutions of standard BSDEs, we for-
mulate our existence proof in §2.4. Precisely, we use twice the dynamic programming principle to study
the measurability issues of two value functions, V' and the corresponding right continuous limit V', and
then we show the existence. One point to mark is the necessity of the second dynamic programming

on V*t. Because it's difficult to obtain directly a result on regularity in time by the definition of V, we
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naturally turn to study V', during which certain problems arise, like the downcrossing inequality, etc..
For all of these, we add a natural condition on the gradient of the generator with respect to the z-variable

and provide a possible perspective to look into and work on. In §2.5, we update the uniqueness result.

2.1.1 Canonical space

Let d € N*. We denote by Q := C([0, 7], R%) the canonical space of all R¢-valued continuous paths w
on [0,7] s.t. wy = 0, equipped with the canonical process X, that is, X;(w) := w, for all w € Q. Denote
by F = (F;)o<t<r the canonical filtration generated by X, and by F, = (F;")o<i<r the right limit of F
with F; := Ny Fs for all t € [0,T) and F := Fr. We equip w with the uniform convergence norm

|w||oso = Supg<scr [|we||; so that the Borel o-field of €2 coincides with Fr.

Let .#; denote the collection of all probability measures on (2, Fr). Note that .#; is a Polish space
equipped with the weak convergence topology. We denote by 5 its Borel o-field. Then for any
P € .#,, denote by FF the completed o-field of F, under P. Denote also the completed filtration
by F¥ = (F} )o<t<r and FY the right limit of F*, so that F" satisfies the usual conditions. For P C .,
we say that a property holds P quasi-surely, abbreviated as P-q.s., if it holds P a.s. for all P € P.
Moreover, we introduce the universally completed filtration FV := (F)ocicr, F* = (F])o<i<r, and

FP+ .= (F/ ) o<i<r, defined as follows:

f;tU = ﬂPe//{lfgp7 -Ftp = mPGPf;‘,Pa te [OvT]a

Fote=FL, tel0,T), and Frt:=FF.

We also introduce an enlarged canonical space () :=  x Q. By abuse of notation, we denote by (X, W),
its canonical process, that is, X;(©0) 1= w;, Wi(@) = wj for all @ := (w,w') € Q, by F = (F;)octcr
the canonical filtration generated by (X, W), and by F = (?f)ogth the filtration generated by X.

Similarly, we denote the corresponding right-continuous filtration by Fi( and F., and the augmented

filtration by Ffp and F]i, given a probability measure P on Q.

Define Py, the subset of .# s.t., for each P € Py, X is P-local martingale whose quadratic varia-
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tion (X) is absolutely continuous in ¢ w.r.t. the Lebesgue measure. Note that the d X d-matrix-valued
processes (X) can be defined pathwisely, and we may introduce the corresponding F-progressively mea-

surable density processes

a; 1= lim sup T .
n—oo E

so that (X), = fg asds,t = 0,P-as., for all P € Py.. For later use, we observe that, as a; € Sfo, the

set of d x d nonnegative-definite symmetric matrices, we may define a measurable generalized inverse

1
a; ', and a symmetric measurable square root &, := a7.

Throughout this paper, we shall work with the following subset of Py, :

Py :={P € Py : & and 5 ' are bounded , dt @ P(dw)-a.e.}.

2.1.2 Spaces and norms

From now on, we will simply keep using symbols like F and T etc. to represent the enlarged filtrations.
Forp > 1,

(i) One-measure integrability classes: given a finite time horizon 7' > 0, let 71 denote the set of all
[F-stopping times v s.t. 0 < v < T, P-a.s. For any probability measure P € ., let 7 be an Fﬁ—stopping

time, similarly we can define 7, etc. Besides, we define,

s Let LO(}';“’P,R) be the set of R-valued and Ft+’P—measurab|e r.v., then,
LP(P,R) := {£ € L%(FLT,R) : €8s ey = E[IEF] < 00}

Besides, L=(P, R) := {¢ € LO(F"" | R), |||l (pr) := esssuplq [€(w)] < oo}
Low(B,R) = {€ € LO(FF™,R), Ele"M]] < 00,Yp € (1, 00)}.

= Let B be a generic Banach space with norm |-|g. For any p, g € [1, 00), let H”4(P, B) be the space of

g 1
all B-valued F¥, -progressive measurable processes X with || X||pp.a(pm) := {EPKIOT |Xt\ﬁdt) ”} }q <
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o0. We simply write HP for HP? if p = ¢ and add superscript 1oc if the integrability only satisfies
JT |1 X Bdt < co,P-ass.. Besides, MP(PP) denotes the space of R-valued, ¥ -adapted martingales

M, with P-a.s. cadlag path, s.t. M is orthogonal to W and || M ||y, = E"[(M)%] < oc.

= Let C]%P be the set of all R-valued, ]F]i—adapted continuous processes on [0, 7], then,
Jr
CP(P) := {X € Ch : || X% := EF[ sup |X;|"] < oo}
+ 0<t<T

I(P):={X € (C%i : X is an increasing process with X, = 0}
IP(P) :={X € [(P) : Xy € LP(P,R)} for all p € [1, 00).
CHPON) (P .= {X € Cge - EF [eMX VX)) < 00} C Mpepon C(P) for all A, X € (0,00),

where X 1= sup, .o 71(Xy)*, and C*PP)(P) := {X € CJ. : E¥[e?*+] < oo} for all p € (0, 00),
’ +

where X, := sup,¢(o 1) Xt

Moreover, for any p € [1,00), we set SP(P) := C=P®)(P) x H?% (P, R?) x MP(P) x I?(P). By using D
to replace C in the above definition, we mean cadlag instead of continuous process. And correspondingly
we denote respectively L (P), I, (IP) for the cadlag version of I(P), I(PP).

(ii). Integrability classes under non-dominated nonlinear expectation: take P C P, as a subset of

probability measures, and define

EP[] = Hsmlég EF[].

Let G := {G; }+>0 be a filtration with F; C G, for any t > 0. We define the subspace L7(P,R,G) as the

set of all Gr-measurable R-valued r.v. &, s.t.

1110 (p p.c) = E7[IE]] < o0.

Similarly we can give the definition of the subspaces D?(P,G), D**®) (P, G), H(P,R%, G) by replac-
ing FY by G. Moreover, for any p € [1,00), we set S?(P,G) := D) (P,G) x H>?(P,R%,G) x
(MP(]P’))PGP X (]Ifdl(IP’))Pep, where DP(P)(P G) denotes the set of all R-valued, G-adapted cadlag

processes X on [0, T, satisfying ||.X|

peseio)(p,) = €7 [eP¥*] = suppep EF[ePX] < co.
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2.1.3 Definition of equations

Reflected Backward SDEs(RBSDEs): The notion of reflected backward SDE has been introduced
by El Karoui et al. [KKPT97]. Here, a solution of such an equation(f,&, L), i.e., associated with a
generator f, a terminal condition £ and a continuous(or cadlag) barrier L, is a quadruple of processes

(Y, Z,M,K) € Cp (or D% ) x H>'¢(P,R?) x M(P) x I(P)(or L.(P)), satisfying
+ +

T T T
Yt=€+/ fs(Y&Zs,&s)ds—/ Zs-dXs—/ dM, + Kpr — K;,0 <t < T,
t t t
Y; > L;,0<t < T, P-as, (2.1)

T
/ (Ys — Ly)dK,; = 0,P-a.s. (Skorokhod condition),
0

where f.(-,-,-) is a progressively measurable map satisfying some conditions to be specified later. Note
that here the underlying filtration is not only generated by a Brownian motion, so we introduce another
component in the definition of a supersolution a backward SDE, namely a martingale M which is or-
thogonal to standard Brownian motion W. K is a continuous(or cadlag) nondecreasing process which
pushes upwards the process Y in order to keep it above the barrier L. The last equation means that the
process K acts only when the process Y reaches the barrier I.. Note that we allow L to take the value
—00, so the notion of reflected backward SDE covers backward SDE of Pardoux and Peng [PP90]. By
the pair (f,€), we mean the corresponding backward SDE, without the last two conditions concerning

the barrier L in the above (2.1).

Second order Backward SDEs(2BSDEs): Following [STZ12], we introduce 2BSDE as a family
of backward SDEs defined on the supports of a convenient family of singular probability measures. For

this reason, we introduce the subset of Py :

Poi={P e Py: fO(w) < 00, for Leb ® P-ae. (t,w) € Ry x Q}, (2.2)
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where f2(w) = fi(w,0,0,5(w)). We also define for all stopping times 7:
Pe(1o) :={P € Py: P =P on F,,}, and P; (19) := Up=oPp(70 + h). (2.3)
The 2BSDE is defined by
T
Y=+ / Fo(Ye, Z0,8,)ds — Z, - dXs — dM, + dK,, Po-qss. (2.4)
Ji

for some nondecreasing process K together with a convenient minimality condition.
Definition 2.1.1. Let p, \, N € R,. A process triple (Y, Z,(M¥)pep,) €

Dexp()\,)\’)(,ljo’ ]FP0+) (Or, Dexp(p) (7)0’ IE‘PoJr)) % H2,2p (7)0’ Rd’ ]F'Po+> % (MP(]P)))
is said to be a solution of the 2BSDE(2.4), if

PePy

. YT = f, Po—q.s..

= for all P € Py, the process

t
KF =Yy~ Y; + / (Y, Z0.5)ds + Z, - dX, + dME, ¢ > 0,P-as,
0
is a non-decreasing process starting from KE)P =0.

= the family {K PPe Po} satisfies the minimality condition: for 0 < s < t, there exists a sequence
of stopping time {75}, p withn € N and ' € Py (s) (which possibly tends to +oc) s.t.
]P / / /
K! = essinf EY[K}, | F, "], P-as.. (2.5)
P'ePS (s) n
Remark 2.1.2. Some words about the relaxation from (2.4) to the very above definition, i.e., here for
example we allow for a dependence of M on the underlying probability measure P. This dependence is
due to the fact that the stochastic integral Z - X = [ Z, - dX is defined P-a.s. under all P € P, and
should rather be denoted by (Z - X)* in order to emphasize the P-dependence. By Nutz [Nut12](p.3
Theorem 2.2, which works under the Zermelo—Fraenkel set theory with axiom of choice (ZFC) together

with the Continuum Hypothesis), the family {(Z - X)¥,P € Py} in our framework can be aggregated as

a medial limit Z - X. In this case, Z - X can be chosen as an F™°%" -adapted process, and the family
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{MPF® P € Py} can be aggregated into the resulting medial limit M, i.e., M = M¥ P-a.s. for all P € P,.

2.1.4 Assumptions

Let us consider a 2BSDE (2.4) with terminal condition ¢ and generator f : [0, T]x QxRxR?xS;° — R.

Assumption 2.1.3.

1. The random variable & is Fr-measurable and for every fixed (y, z,0), the map (t,w) — fi(w,y, z,0)

is F-progressively measurable.

2. Lipshitz in y: there is a constant £ > 0, s.t. for each (t,z,0,w) € [0,T] x R? x S;° x Q, and any
¥,y €R,

|ft(way7z70) - ft(w,y',z,a)| < £|y - y,|

3. Growth condition: for every (t,w,y,z,0) € [0,T] x Q x R x R? x S;°, there exists a > 0,3 > 0

and v > 0 s.t.

| fi(w,y, 2,0)| < a+ Bly| + %|0z|2.

4. Concave in z : for all (C,y) € (0,1) x R, all 21,2, € R% o € S7° and P is a fixed probability

measure,

ft(way7 C'Zl + (1 - C)Z%U) 2 Cft(wuyv 21, U) + (1 - C)ft(way7 22, U)7dt & d]P)_a'e'

5. There exists some constant v > 0 s.t. for (t,w) € [0,T] x Q,

’aft(wv Y, z, U)

y
5 | < S (L+loz]).
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2.2 Wellposedness of solutions for quadratic 2BSDE

We state here the main result of this paper.

Theorem 2.2.1. Consider 2BSDE(f,£)(2.4).

(i) (Existence) Under Assumption 2.1.3, if for any P € Py, EF[eME + X7 < o0 for some

AN >0 with £+ 3 < 55, then the 2BSDE (2.4) has a solution (Y, Z, (M¥ )pep,) which belongs

6V2y?

to the space mpe(LA?;/)Dexp(m,xw)(pmFP0+) % 7_[2,2p(730’Rd7IE‘7>o+) X (MP(]P))PE%.

(i) (Uniqueness) Under Assumption 2.1.3, assume that (Y,Z,(M")pcp,), belonging to the space
DPON) (Py FPo+) x H2lee (P, RE, FPo+) x (I\\/JIP(IP’))PEp , is a solution to the 2BSDE(2.4), then for
0
0 < t < T, the 2BSDE(2.4) has at most one solution in DZPAX) (P FPot) x H2:loc(Py RY, FFo+) x
; !/
(N/JIP(IP))W0 with X € (v, 00) and X € (0, 00).

Remark 2.2.2. Under our main result of 2BSDE, we here try to explain ahead the relation between
solutions of 2BSDE and corresponding BSDE. In fact, the solution of 2BSDE(a family of measures) relies
on BSDE(single measure) or RBSDE which will be shown in our final existence and uniqueness proof.
One natural question is the necessity of reducing 2BSDE to BSDE and how we perform this process. To
answer this issue, we can think reversely, i.e., how estimates in [S.22a], w.r.t. quadratic BSDE in a more
general filtration, can go from BSDE to 2BSDE? To handle this problem, we will take 2 steps: one is
sample paths catenation for which the new path after catenation is still continuous, so this guarantees
the feasibility of using [S.22a]; the other or next step is taking supremum over a family of measures,
which doesn’t bother the extension of estimates in [S.22a] to apply on 2BSDE because now it's only the
supremum matters in all estimates concerned. Although the new value function which we will construct
in the end is cadlag no longer continuous, this fact plays NO role in our estimates and only matters in

the final existence and uniqueness where then we will turn to [EHO15], no longer [S.22a].

1. We give here two a-priori estimates for the solution above, based on the estimates of solution for

RBSDEs in [BY12], i.e.,
1 Pr_~ePTet P P +,P
Yt<00+;ln]Et e |,Vt € [0, T),VP € Py, where E;[-] :=E"[-|F,";

Besides, if €TV £~ € Le"p(f;f’]?, P, R), then (Y, Z, M, K) lies in SP(P) for all p € [1V 27, 00). To
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be precise, for any p € (1V 27, 00),

EF[e"Y"] < EF[e”€] + ¢, EF [ ¢7] < o0,

T p )
EPK/ |Z,|?6%ds + d<M>s> + Kéi} < EF[eP] < o0,
0

where ¢y and c, are all positive constants.

1

2. The condition 5 + % < for A\, \' > 0 guarantees the existence of ay > 1V 2y s.t. ay =

N 6V2y
1+ ag + ag, (;27)* = 2t for some ag, a3 € Ry

In order to prove the above theorem, we need firstly to recall some previous research results on
RBSDEs or BSDEs. Then, we set the barrier in the definition of RBSDE to be —oo, it results in a BSDE
which inherits the wellposedness of solutions. Next, having in mind that the solution of 2BSDEs should
be, to some extent, a supremum of solution of standard BSDEs, we give the existence and uniqueness

proof.

2.3 A review of quadratic BSDE

We list here several results on quadratic BSDE with unbounded terminal condition and generator with

quadratic growth in z, which will be needed for the proof of our main result.

2.3.1 Existence

Theorem 2.3.1 ([S.22a] Proposition 3.9). Let (f,£) be a pair s.t. f satisfies the quadratic growth (i.e.,
(3) in Assumption 2.1.3) and that

for any o € S7°,dt @ dP-a.e.(t,w) € [0,T] x Q, the mapping f(t,w,-,-, o) is continuous. ~ (2.6)

If EF[eMEe 4 XM EVID] < oo for some A, N > 6 with & + 5 < 1 then BSDE(f,€) admits

|\ CEPMAN(P) 5 H22P(P; R?Y) x MP(P) x IP(PP) that satisfies
Lw

Yi<co+21ln EP[e¢” €| FHF) Wt € [0, T); Besides, if €+ € L= (P, R), then this solution (Y, Z, M, K)

a solution (Y, Z,M,K) € N
e

belongs to SP(P) = C=PP)(P) x H*?(P,RY) x MP(P) x IP(P) for all p € [1,00). To be precise, for any
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p € (1,00), we have the following a priori estimates:

EF[e"Y] < ¢, + ¢, EF[e?"" "] < oo

T p )
EPK/O 6§|ZS|2ds+d(M>s> +K§} < EF [e¥] < 0.

2.3.2 Comparison and uniqueness

Theorem 2.3.2 ([S.22a] Theorem 3.10). Let (f,£),(f",¢) be two pairs and let (Y,Z, M, K) (resp.
(Y',Z',M', K")) be a solution of BSDE (f,¢) (resp. BSDE (f',&')) s.t.

(C1) £ < ¢ P-as.;
(C2) EP[eNY- + eAY*/_] < oo forall A € (1,00) and K € IP(P) for some p € (1,00);

(C3) Fora, 3,k = 0,7 >0, f (resp., f') satisfies (2), (3) in Assumption 2.1.3, f (resp., f') is concave
in z, and Af(t) = f(t,Y/.Z]) — f'(t,Y/,Z]) < 0,dt ® dP-a.e. (resp., Af(t) := f(t, Y}, Zy) —
f(t, Y, Z;) <0,dt @ dP-a.e.);

then Y, <Y/ for any t € [0,T],P-a.s..

Based on the above comparison principle, we could follow a routine procedure(e.g., Briand and Hu
[BHO8] Corollary 6) to naturally verify the uniqueness of corresponding BSDE. Besides, a new uniqueness
result on corresponding RBSDE could also be shown by using Legendre-Fenchel transform, for which we
only need a given exponential moment on the Y-part of the solution and some special inequality, without

using the above comparison result. And this is more general than the former one induced by comparison.

2.3.3 Stability

We finally report the following result which is needed in the mesurability discussion of component con-

cerned in the solution of 2BSDE.
Theorem 2.3.3 ([S.22a] Theorem 3.13). Let {(f™,&n)}menugoy be a sequence of pairs s.t.

(51) For the same constants o, 5,k > 0 and v > 0, {f"}nenuqoy Satisfies the Lipschitz condition in
y(i.e., (2) in Assumption 2.1.3); besides, { f" },en also satisfies quadratic and concave in z(i.e., (3),

(4) of Assumption 2.1.3);
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(52) P-a.s. &, converges to &,
(S3) Z(p) = sup,,enuio} EP[erén] < oo for all p € (1, 00).

Foralln > 0, let (Y™, Z™, M", K™) be the unique solution of the quadratic BSDE (f",&,) € Npej1,00)SP (P).
If f*(t,Y,2, Z?) converges dt @ dP-a.e. to fO(t,Y,?, Z?), then for any p € [1,0),

T p
i, B[ sup (¥ — YOP] = Jim EK [ 1z - zpatas + aurr - M»>s) } ~0.
n (o] O

N0 g0, T

Moreover, if it holds dt @ dP-a.e. that f™(t,w,y, z) converges to f°(t,w,y, ) locally uniformly in (y, z),

then up to a subsequence, we have further lim,, oo E¥ [sup,cio 7y |K}* — KP[P] = 0,¥p € [1,00).

2.4 Existence of solutions for the 2BSDE

2.4.1 Shifted space

We define here the concatenation of two paths w,w’ at time ¢:
(w ®t w/)s = wsl[oat) (5> + (wt + w;_t)]-[t’oo) (S)7 S 2 07

and the (¢, w)-shifted r.v.:

(W) = E(w @ W), forall W € Q.

If & is F; s-measurable, then we have that £ is F,-measurable by the monotone class argument.
Besides, 7% := 7% — ¢ remains to be an [F-stopping time for any F-stopping time 7, < 7, and the
shifted process

YW = Y (w @ W), s >0,

remains to be F-progressively measurable for any FF-progressively measurable process Y. All notations in
above can be extended to (7,w)-shifted for any finite F-stopping time 7. Next, we define fs()’t’”(w’) =

Jias(w ®;w',0,0,0,(w')), and

Pt,w) = {PePy: o) < oo, for Leb @ P-ae. (s,u') € Ry x Q},
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and P() = P(O, O)

We recall from [LRTY20](Lemma 6.1) that the mapping (w,t,w') € X X Ry X Q = w @, W' € Q
is continuous. And if £ is Fr-measurable, then £7°(+) is Fr ® B([0,00)) ® F..-measurable.

According to Stroock and Varadhan [SVO7](Theorem 1.3.4), there exists a family of regular condi-
tional probability distribution (for notation ease, r.c.p.d.) (IP7),cq for any probability measure PP on Q

and F-stopping time 7. On (€2, F), a probability measure P is induced by the r.c.p.d. 7, precisely,
P(A) =P (w®, A) =PL({w®,w : 0" € A}),A € F. (2.7)

Immediately, for every F-measurable r.v. £, we have EFS[¢] = EF™[¢7+].

2.4.2 Measurability of BSDEs on the shifted spaces

Given P € Py, we introduce here the following shifted deterministic horizon BSDEs

T—t
Yool = ¢he 4 / fReer, 208 5 )dr — Z89F - dX, — dMET, s €[0,T —t],P-as. (2.8)

In order to emphasize the dependence on the terminal condition, we shall also denote the Y-component
of the solution of this BSDE by Yt“F[¢ T]. We repeat once again the above mentioned continuity of
the mapping (w,t,w’) € QX Ry x Q= w®;w' € Q which allows us to set L. = —o0, and the wellposed-

ness of solutions for quadratic BSDE follows from Theorem 2.3.1 and the corresponding uniqueness result.

Following Briand and Hu [BHO06], we introduce the exponential transform,
Vtw,P . R AR LY StwP . tw,P P Vot w,P P
yt,w, = 1V 7£t,w = € ’Zt,w, — 7673’ ZtwlP ,Yyt,w, zZhw, ’
~ : t,w,P o~
JCtw P ::/0 7673’5 d/C?“J’P — ,Y/O yi,deK?w,P’

— . 2t
MT ey [ Jretapio® 4 2 [ pretaoier),,
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and

1 2 2
Fo¥(p,q,0) i= 10y (wfﬁ’“’ (I;p z a) - U|Q|>,

we have
~ ~ T—t ~ ~ ~ —
Yol — ghw / Frerer ztel 5 dr — Z09FdX, — dMEF s € [0, T — t],P-as.  (2.9)

Define the value functions

Vi(w) := sup Y"F[6,T],  with Y0P [, T]:= BF [ ¢, T7). (2.10)
PeP(t,w)
Viw) = sup YFET),  with Y P[€ 7] := EFVS7I€ 7)) = EP [T (2.11)
PeP(t,w)

The final objective of this section is to prove a measurability result as below, which is necessary for the

dynamic programming. We omit their proofs which are similar to the results in [LRTY20].

Proposition 2.4.1. Let Assumption 2.1.3 (1)-(4) hold true, the mapping (t,w,P) — Y*F[¢ T](resp.,
YR [€,T]) is B([0,00)) @ Fr @ B(.#,)-measurable.

Lemma 2.4.2 ([LRTY20] Lemma 6.3). There exists a version of Y'“¥ s.t. the mapping (t,w,s,w’,P) €
[0,00) x Q2% [0, 00) x QX Py = YEF (W) € R is B([0, 00)) x Fr x B([0, 00)) X Foo X B(.#,)-measurable.
2.4.3 Dynamic programming principle

In this section, we prove that the dynamic value process V satisfies the dynamic programming principle.

Lemma 2.4.3. Let Assumption 2.1.3 (1)-(4) hold true, and { satisfy the corresponding exponential
integrability in Theorem 2.3.1 and 2.3.2. Then, for T being an F-stopping time and taking values in
[t, T)(#£ 0) and P € Py,

1. EPYF|F](w) = Y™ [¢,T), for P-a.e. w € Q,
2. VE[6.T) = VP [VEIE ), 7| = VP [BF [VEIE TN F, | 7], for all ¢ > 0,

which also works for the couple of ¥ with Y.
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We omit the proof which is similar to [LRTY20](Lemma 6.5) or [PTZ18](Lemma 2.7). Next we claim
some properties of the probability family {P(t,w)} ¢ w)eo,r1x0, originated from Nutz and van Handel

[NvH13](Theorem 4.3), and this is needed for applying the classic measurable selection results.

Lemma 2.4.4 ([NvH13|, Theorem 4.3). Define [P] = {(t,w,P) : P € P(t,w)}, then [P] is Borel-
measurable in R, x Q x .. For any (t,w) € [0,T] x Q and all stopping time 7 satisfying t < 7 <
T( and [t,T —t] # 0), defining 7t := 79 —t_we have

1. P(t,w) = P(t,wn), and for all P € P(t,w), the rcp.d. P7"“¢ ¢ P(r,w @, '), for P-ae.

w' e Q.

2. For any F=+.-measurable kernel v : Q0 — ., with v(w') € P(T,w ®; w') for P-a.e. w' € (2, the

mapping P’ := P ®=+.. v defined by
P/(A) = / / (11)7" (W) (do"; W P(dw"), A € F,
is a probability measure in P(t,w).

Consider 2BSDE( f, £)(2.4). Due to Remark 2.2.2, we know that under different exponential integra-
bility conditions, we have two cases of exponential integrability for the Y-part of the solution. In the

following, we only consider the second case and the first one is similar, so we omit here.

Before the statement of the theorem, we recall that Pp(t) and P(t,w) are defined as

Pp(t) :={P € Py: P =P on F},

P(t,w) :={P € Py: fO* (') < 0o, for Leb ® P-a.e.(s,w') € R, x Q},

where fO09 (W) = fii(w®;w',0,0,5(w)), so that Py = P(0,0).

Theorem 2.4.5 (Dynamic programming for V). Let Assumption 2.1.3 (1)-(4) hold true, and £ satisfy
the corresponding exponential integrability in Theorem 2.3.1 and 2.3.2, the mapping w +— V (w) is

FY(:= Npe.sy, FT)-measurable. For any (t,w) € [0,T] ® 2, and an F-stopping time T with t \T < 7 <

T
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T( and [t,T] # (), defining o= ptw t,

sup EP[|(V;)"|P] < +o0, sup EF[|V,|P] < 400, forallp>1V 27, (2.12)
PePy PePy
Vilw) = sup Y"F[V,, 7], (2.13)
PeP(t,w)
V, = esssupEX [VF'[V;, 7)| 7], P-a.s., for all P € P, (2.14)
P’E'P}P(t)

Proof. W.L.O.G., we assume from now on that (¢,w) = (0,0).

1. By Proposition 2.4.1, (t,w,P) — Y*“F[€, T] is B([0,00)) ® Fr @ B(.#,)-measurable, and Lemma
2.4.4 shows that [P] is analytic. By Bersekas and Shreve [BS96] (Proposition 7.47), it follows that
(t,w) = Vy(w) := SUPpep (1) Y'F[¢,T] is upper semi-analytic and thus universally measurable,
i.e., B([0,00)) ® FU-measurable. Note that V;(w) = V;(win.), we get from Galmarino's test that

V. is FU, ,-measurable.

2. We here prove (2.12). Due to measurable selection theorem (e.g., Proposition 7.50 in [BS96]), for

each € > 0, we may find an FY-measurable kernel ¢ : w — v¢(w) € P(7(w),w), s.t. forallw € Q,
V, Y @e T] te, ie, exp(YV5") < exp(y Y™ @[e, T)) + e, (2.15)
then we have by Lemma 2.4.3(1), for all P € Py C P,

exp(yY7 < g, T)) = B [exp(y)F9r")

]-"T} (w),P-as.,

for all P € Py. Then we have

EF | exp(y25 " )I") < EF [[EF® [exp(y7°)

= EP[|[BFe [ exp()F97) + €| F ] (w)

Cp (B [exp(pyVFe™")] + €).

N

By the a priori estimate for the solution of the corresponding BSDE (Theorem 2.3.1), we have that

. 1 ‘
PP < o+ — InEFY {e’YeﬁT@*\/Lj)VT:-,]P’], vt € [0, 7],
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i.e. forp>1V 2y,

OFT W) RO [ EVED| ERE]p ¢ BFO [ EVLD)| 1)

finally we obtain

sup EP[|V:(w)?] < Cp< sup EF®* [emeﬁT(ngD] + c,,) < 00,
PePo PePy

which gives the required estimate by letting ¢ — 0.

. We here prove (2.13). Using Lemma 2.4.3(2), we get that

Vi = sup V076, 7] = sup 738"

PePy PePy
= sup BF (V5 [€, 7)) = sup BF | VG [VF[€, 7, 7] = sup B |5 [EF(DF[¢, 7). 7). 7.
PePy PePy PePy

For all P € Py, P-a.s. w, we have,

Vi(w)= sup YPIET] = sup EF|V7F[E 71| > B [VF[E, 71| 7| (w),
PeP(r,w) PeP(r,w)
then this leads to
Vo < sup EF {)7(?[‘77,7']} = sup YOOV, 7], (2.16)
PePo PePo

where the last equality is due to the definition (2.11) and the first inequality is by the comparison
principle Theorem 2.3.2(for BSDEs' case by letting the barrier tend to —o0). As for the reverse
inequality, it follows, by the measurable selection theorem, there exists an FY-measurable kernel
v w e vS(w) € P(T,w) s.t. (2.15) holds true for any p > 1V 27. Define P := P ®, v¢, clearly
we have P|z. = IP|£., and then by Lemma 2.4.3 and the stability Theorem 2.3.3 (for BSDEs' case

by letting the barrier tend to —o0), we have

T,

Vo > EF[VS[, 7)) = P (WS [BF (05" [6, 711 R, 7)) = BP O [B O 15 VL€, 71174, 7).

By (2.15), the RHS is bigger than E” [37(?[‘77,7'}} — C'e for some C' > 0 which is independent of e.

Therefore, Vy > ?QOP[VT,T] — C'e, so we obtain the required equality by letting ¢ — 0.
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4. This part goes to prove (2.14). Now the above case (f,w) = (0,0) can be generalized so that we
have

Vi(w) = Y[V, 7], for all P’ € P(t,w).

Fix a probability measure P € P,, it follows from the Lemma 2.4.4(1) that for any P € Pp(t) C P,

we have P € P(t,w) and then V;(w) > e r [Vs, 7]. From Lemma 2.4.3(1), we have

V> ]Eﬂj?[ﬁ,ﬂ‘]ﬂ,[?—a.s., and then V, > efsﬂgupEﬁ[jF[‘Z,T]‘ft}a
PePp(t)

The reverse inequality can be validated by using the measurable selection theorem on the opti-
mization problem (2.13). In fact, we can get an F'-measurable kernel v¢ : w — v*(w) € P(t,w)
st Vi(w) < YU @IV, 7] + e. We have P¢ := P ®, v° € Py by Lemma 2.4.4, and therefore
P¢ € Pp(t). This together with Lemma 2.4.3(1) gives

V, <E¥ [)N/tp V., TH}}} +e< qssﬂjéup ol {)7?[177, T]’ft} +e.
PePs(t)

By sending ¢ — 0 we get the required inequality.
O
Now that we obtained the measurability issues of V; and V;, we need to study their regularities in time.

Define for all (t,w), the F-progressively measurable process

Vo= limsup V,, V;":= limsup V. (2.17)
reQN(t,T),rlt reQN(t,T),rlt
Precisely, we expect to prove that

1. these two limits (2.17) exist for any time in [0,7] or equivalently lim inf,cqnezry¢ Vs (resp.,

lim inf, cqne,7),r1e V) exists for any t € (0,T].
2. the new value process V;* (resp., V") is cadlag.

Normally, we study the so-called downcrossing inequality for V' (resp., ‘7) in order to furthermore get

the path regularity. For the up-(resp., down-) crossing inequality for f-sub(resp., super-) martingale
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while terminal condition £ satisfies certain type of integrability and generator f is Lipschitz continuous
in (y, z) or quadratic in z for the related BSDE, there exists generally two previous results. One is the
case of square integrable £ and Lipschitz f in Chen and Peng [CP00](p.173, theorem 6) where they use
the explicit form of y-part of the solution for related BSDE to construct a supermartingale in order to
perform classical downcrossing inequality. The other is the case of bounded ¢ and quadratic f in Ma and
Yao [MY10](p.731, theorem 5.5), which use that [; Z, - dW, is a BMO martingale and f is quadratic
combined with Y is in L>°(P,R) for some probability P.

Compared with the previous literature, the following downcrossing inequality for an f-supermartingale is
a new part. On one hand, we don't have Lipschitz continuity jointly w.r.t. (y,z). On the other hand,
there is no more BMO martingale here due to the exponential integrability £ in our setting. So none of

the results mentioned work for the problem that we consider.

And below, we only consider the case of V' while it's similar for ‘N/ so we omit it here.

2.4.4 Existence of a cadlag version of V/

We fix a time horizon T" > 0 and recall that 7}y 7] denotes the set of stopping times a.s. less than or equal
to T'. Furthermore, here for all v € Tjy 1], we define 7|, 7] to be the set of 7 € Tjo 7y s.t. 7> ¢, P-ass,,

where [P is a fixed probability measure. Besides, we say (¢,7) € Ty if v € Ty and 7 € Ty 1)

= 1). Then, we define a nonlinear

Let p € (1,+00] and ¢ denote the conjugate of p (i.e. %
7>} of maps

1
> T
conditional expectation operator as a family € = {&, ., (¢, 7) €

¢, LP(F,P)— LP(F,P), for (s, 7)€ Ts.

For p € (0, 00|, we denote by X? the collection of all optional processes U s.t. U, lies in L?(F,,P) for

all 7 € 7TQ7T}.

We say that U/ is a E-supermartingale if i/ € XP and U, > €, .[U,] a.s. for all (¢, 7) € Ts.
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Given (1,7) € T3 and " satisfies some necessary exponential integrability condition, we set &/ [¢] :=

YViF in which (Ytef ZtwF A«F) s the unique solution of the following BSDE(2.8)
T—t
Yol =g / FEe ol 28 6, ) dr — 2097 - dX, — dMEF, s > 0,P-as.

We define &/-supermartingales, also called f-supermartingales, for & = &/ i.e. U is a ¢/-supermartingale

iff U € XP and U, > €/ _[U,] as. for all (1, 7) € Ts.

.
For any m > 0, we denote by Q‘Ej—f;” the nonlinear expectation operator associated to the generator

(t,w,y, z) — £m]|z| and the stopping times (¢, 7) € Ts.

Downcrossing inequality

Theorem 2.4.6. For any finite set ¢ = {0 <rog <r < --- <71, < T}, let D)V, _#) denote the

number of downcrossings of the interval [a,b] by V over ¢, then D%(V, #) < oco,P-a.s. for allIP € P,.

Proof. Without loss of generality, we can always suppose that ro = 0 and r, = 7, and also that
b > a = 0. Indeed, whenever b > a # 0, we can consider the barrier constants (0,b — a), and the
QE?—supermartingaIe V — a, with generator f,.(y,2) := f.(y + a, z), which reduces the problem to the

case b > a = 0.

Step 1. For any j € {1,---,n} and any finite set 7 = {0 < ryp <r; < --- <1, < T}, we

consider the following quadratic BSDE:
twPj V. " twptwPj Ztwlj & d _ gtwPyj dX _thvw,P,j Vi ) 1P
yr - 7“j—i_ fs (ys ) s 70-3) S s ' s s ) re [TJ—17TJ]7 -a.s.,
T

where the terminal condition V;j, defined in (2.10), is the f-supermartingale. Note that if we want to use
the wellposedness of quadratic BSDE with exponential integrable terminal condition(which corresponds
to the results on RBSDE in the former section), we should firstly check the exponential integrability of

such £ that we choose, i.e., we have to verify that V € D) (P)(i.e., EF[eP"*] < o0) for p € [1V27, 0).
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Indeed, for any ¢ € [0, 77,

P t,w,P p
Ep[ep%]ZEP{exp (p sup Ep[yé’w’“’[ﬁ,ﬂm :EPKesupPEP“’”)E & Wﬂ”

PeP(t,w)

P
<E

p
( sup EF yOW]PET]> } (Jensen's inequality)
PeP(t,w)

p
< sup EPK sup EFfe yé&KT]) }
PeP(t,w) PeP(t,w)

= sup EF[[Vr[] < oo,
PeP(t,w)

(2.18)
where the last inequality is due to (2.12) and the penultimate equality corresponds to the special case
of v = 1. So now we have verified the exponential integrability of V' and could claim the wellposedness
of the above quadratic BSDE.

Next, define a d-dimensional process 3 4 (r) := (5, -+, 8%),Vr € [0,7,] by

aftw

- ere(rj 1,75) 8 (ytw[?’] (thp]lv'“ 7CZZ:,W7PJ7Z’O>“' aO))v Cl € [Oa 1]7 S {17 >d}7
]:

where z; denote the [-th component of the d-dimensional r.v. Z. By mean value theorem that for any

r € (rj_1,7l,

fﬁw yth] thIP’]> fi,W(yﬁ,w,Paj,())

d
Z { t,w ytwlP,] thIF’,], . ’Z;f,w,IP’,j,l’ 0, . ’0)) o fﬁ,m(yﬁ,w,ll’),]j (Z;‘/,w,IF’,]J, . ’Z;‘/,w,PJ,l—l’ 07 . 70))}
l

I
—

I
M&

thP]lBl Aztw]P’] :16/<T)

N
Il
—

(2.19)
Moreover, (5) in Assumption 2.1.3 gives that
7\ w,
|B¢l~| < 2 z‘: re(rj— 1,7“11 (1+ ’UTZt IP)7]|)7 rel0r), le{l,-- d} (2.20)
=

Another essential point is the Legendre-Fenchel transformation of f,(Y%<®7 .) : under (2),(3) and (4)
of Assumption 2.1.3, for any q € R?, we define f,(V“F7 q) = sup,pa (fs(yﬁ’w’P’j,z) + z- q). If

we take M as the dt ® dP-null set except on which the above mentioned assumptions hold, then for
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(s,w) € (‘ﬁp)c,f exhibits two properties of interest. One is

foierd q) > —a — B

Yool 4 o fa . taf?, for any YU € R, (2.21)
v

which is obvious due to the quadratic growth of f in z and 2 - q < %|6;1q|2 + 2|552|*. The other
is the concept of subdifferential. Given (Y1« ZtwFi) € R x R we define O(— f,)(Yiwti Ztwkd)
as the subdifferential of — f, (Vi Fd ) at ZEwPd and O(—f,) (Vv Fd, ZEwPi) is a non-empty convex
compact subset of q € R s.t. —f,(YiwPi ZtwPi) 4 f(Ytwkd Ztwli) > (ZtwPi — ZtePi) . g
for any Z;t*”’ﬁp’j € Re. By ZtwFi . q 4 f(Yiwli ZtwPi) > ZtelPi. g 4 (Z;t’w7p’j — Ztwliy g+
Fo(Yreli Ztwli) and f(Vieli q) = SUD 4407, (fs(y;*“f’j, ZbwPa) 4 Zitw g q), we could
obtain

FoDIoR 1q) = ZL95T - q 4 fo(V0R 208, (2.22)

Immediately by this definition and (2.19) in the above, we know that —f3 (s) belongs to the subdiffer-
ential 9~ 1 (Y109, ZtwP3).

Step 2. Define for j € {1,--- ,n},
g’(ﬂ/ . X)Tj _ 6_%1‘07»]' |E;15j‘2ds+fofi 73'\;25]‘61)(57 with 6/() — (5.1’ . 76(1)

Note that here we only require the space H?'"°¢(P; R?) for Z“:“’F_part of the corresponding solution, as
in the above uniqueness result(which is directly implied by Theorem 2.3.2), and this is far weaker than

the space H>?P(P, R?),p > 1 in the existence result(Theorem 2.3.1). So we have,
T 75 n 2
/ 6718 4 (s)[2ds < / (g S Lacpr, vy (14 \aszw]y)) 672|ds < oo, P-as., (2.23)
r ‘ T j=1

and then we may consider for all m € N the P-a.s. finite F-stopping time 77/, := inf {t € [rj_,my

I 1858617 + (6,209 ds > m} A vy Define f] = i1z, 16,28 - dX,, and L] =

Tj—1

exp (¢ = 3(0)) = exp (J3 Lezn, )65 287 - dXo = § - Lazr, 15518 4 *ds). Due to the definition

of 7, we have Ep[exp (%(@)T%AOO)} = Ep{exp (% fofgl 1{32”_1}]35?15/\%5)} < oo and we claim

that {Liﬂl/\t}te[o’rﬂ is a uniformly integrable martingale by Novikov's Criterion. By % = Liyjﬁ and
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XP™ =X, — Jt Gsly, | cocriyBrOs lds = X; — [¢ i, <scrsyB rds, we know that Q’, is a probabil-

s<7'm

ity measure equivalent to P and {X7" }tefo.r,) is a local martingale under

j . Vi TTJﬁ . 1
EF {LJ InL/, } :E@m[ln%} :EQ’“[/ 6.8 5 - dXI™ + 2|6/6;1|2d5}

Jj—1

ZEEQ% /Trjn
2 T 1

(2.24)

~—1p |2
‘O’s ﬂ/| ds}
j7
Note that in the sub-intersect [r;_1,7;], the BSDEs w.r.t. different time share the same terminal condi-
tion, then P-a.s.,

i -
t,w,P t,w,P,j et twPj ZtwPj ~ " t,w,P,j tw,P,j
YEeki _ pt J:/ R, 2R G0 ds — [ (2609 dX, 4 dMEE)
m r

= / (FE39, =5 5 (5)) = BEFT (= 4 (s)))ds — 2127 - X, — dML=F

> [ (= B Lo D s = 2 i — e,
ri-1
(2.25)

where the choice of —f , in the penultimate equality is important under the definition of ﬁg =

Je Lssr, 110528 5 - dX, and {L?

. . . 7,m
Tﬂ;lm}te[ovrj] as well as its corresponding local martingale { X7 }icjo.r)-

Besides, the penultimate equality is due to the property of subdifferential element —f3 ,, as we claimed

exactly before the theorem and the last inequality is (2.21). By taking expectation E@gﬂ, we have

7_
-1 m ri_1

1 ; 7, ] . h :
%E@ﬂ / 6516 5 (s)*ds| <E% {yﬁ;w’f”ﬂ — YT (a+ﬁ!y£’“’ﬂ“\)ds}

A (2.26)
<E9m {(2 + BA;) - S[%p | \yﬁ’W’P’j\} + al\,
se|0,r;
where A; —1;_1. Inside of the above expectation E@m
EQ%’/[ sup ’ytw}”” :EPK sup ‘yt‘”PJD ~LJT'J}
s€[0,75] s€[0,r5] m
,w,P,g,+ t,w,P,j,— 1
gEP [ep (37* Py, J )} + E]P |:L] (hl LJ —In p)}
"p (2.27)

—_RP [ep( i’w,P,j,++yi’“«?,j,)} EQm [( In Lf—ﬂg _1n pﬂ

_F? [e”(yi‘“’“)”’”yi’w‘“”’j’)} = ;m p+ 21}91@@2” [ / Tg"

Jj—1

|5515f|2d8},
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where in the ante-penultimate inequality we use the fact that for all x € R,y € (0,00), 2y = px - % <
err 4+ %(lny —Inp) < eP” + %lny. So we have
(1 Lo s e[ [ o ora] <] o n
2y 2p ! ey 8 S = J i
(2.28)
and if we consider the above estimate in all intersects which satisfies A; < (% — 2)% forj e {1,--- ,n},
then
Eh { / 6718, (5)[2ds| < EF [e”(yi’w’y’j’uyi’“”ﬂm’j’_)} ! Py 04 = 2,
rj-1 35— 52+ BA) Y 5 — 55 (24 BAy)
(2.29)

and note that the condition p € (2% —I—oo) guarantees the positivity of (% —2)% above. To conclude, we
obtained EF [Li% In L]T'YJJ = %E@gﬁ [f[jfl |88_16/(3)|2d8] < 3%. By de la Vallée-Poussin’s lemma(here
the corresponding non-decreasing function for this lemma is ¢(x) := zlnx,z € (0,00)), {Li%}meN is
uniformly integrable w.r.t. m(note that this is different to the fact proved above that {Li,@/\t}te[oﬂ"j]
is a uniformly integrable martingale for a given m € N and this claim will be used in the 2nd equality
below), so E¥[L] ] = limy, ]EP[L]T%] = limy, o0 BF[L] ] = limy, oo E*[1] = 1, which show that L’
is a martingale. Once again by dc% = L{j and X/ := X, — I 1{s>r, 138 #(5)ds, we could claim that

Q’ is a probability measure equivalent to P and {Xg’}te[om is a local martingale under Q7.

Step 3. Based on the last results, we have for any r € [r;_1, 7],

Yyt = Vi, + /T j{f;’w(yz’w’lp’j, 0) + Zitwki . B slds — /T ] ZLoPd X, — /r i M
=V, + / j fre(YEei 0)ds — / ’ Zteli . gxi — / I AME P
= Vit [ F0,00ds + [T, 0) < f1(0,0))ds — [7 2R ax] — [T apiess

=V, + / 7 £(0,0)ds + / T NYeRds - / Y gteRd L gxI - / Y AMER,
(2.30)
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We also introduce another linear BSDE

~t,w,P

A 74 +/ —|f2(0,0)] ds+/ NP gs 4 ZheRd Bf]ds—/j?i’w’]?’j-dXs—/deZ’w’P’j

—w]+/ —1£5(0,0)]) ds+/ NP g —/ ZheRd X / AT
(2.31)

By the comparison principle for BSDEs (see e.g., Kruse and Popier [KP16]) and the fact that V' is an

thJ twP.i . . .
f-supermartingale, it's clear that y yr;_;l 7 < V,,_,. Solving the above linear BSDE (2.31), it
follows that

—twP.i i "I Ndr L
yﬁ’jf” =EY {v,njefm —/ ¢ |f“”(0 0)|ds|F, 1] (2.32)
Tj—l

Step 4. Our final goal is to give an estimate of the down-crossing number D}(V, 7 ), which cor-
responds to the f-supermartingale V. To do this, the idea is that we will try to firstly define a Q’-
supermartingale(namely y defined below) and show the relation between this constructed Q’-supermartingale
and the above f-supermartingale V; then refer to the classical down-crossing inequality for this Q-
supermartingale.

To be precise, let A, := Y7_; M1, )(s), it follows that the discrete process {y,, }o<j<n defined by
Yr; = ‘/’f‘jeforj Al — / ] efos Ardr|f§,w(07 0)|d3
' 0

is a Q/-supermartingale. Indeed, the fact that V' is an f-supermartingale gives that for 7 € [r;_1,7;],

t,w,P,j

Ve = ) < 1 239

r

If we take 7 = 7,_; and use the (2.32), we obtain that

E@J{ —/ I e 0,0)ds| F, | < V. (2.34)
After multiplying a constant elo’ " (not els’ dr) in both sides,
o [Vf i [ ek 0, 0)]ds | < Ve el (235)
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This shows that {‘/Tjefoj /\rdr_fg'j efo )‘T'drll]“st’w(()7 0)|d$}0<j<n (i.e., {yrj }ogjgn) is a Qj_supermartingale.
While the upper and lower boundary for V' are respectively b and 0, here we have to define the upper

and lower boundary for the above constructed /-supermartingale y, i.e., for ¢ > 0, let
g s
g = bela 20— [T el phe 0, 0)]ds,
0
and
q S
ly = —/ eo Ardr| £89(0.0)|ds.
0

Denote then by Dj'(y, # ) the number of down-crossing of the process y from the upper boundary u to

the lower boundary [. Notice that

{V, <0} = {y, <l,} | = {V downcrosses from b to 0 = y downcrosses from u to [}
{Ve =20} = {yg = ug} :>D8<V,/)<Df(y,f),

so we can apply the classical down-crossing theorem for supermartingales to y, and obtain that

EY [y, Aty = Yr, At

MiNgefr; )] (ug —1y)

EY DYV, #)] <E¥Y[Diy, 7)) <

elT
\TEQ |:(y7‘371 /\ beLT - y’f‘j)l{ur]- 291‘]-} + (yrjfl /\ beLT - uTj)l{u7‘j <y7‘j}:|

oLT " .
:TE [(y”‘]—l N be - yrj) - (u”‘j - y’r‘j) A 0]

€L7T o Lr [ Ads r [T e
< E (V;,j_1 Ab)e eJo (Vrj Ab)+e |fo9(0,0)|ds| < oo,

0
which holds true for all j € {1,2,--- ,n}, and now this estimate implies the required claim thanks to

the equivalence of the measures Q7 and P. O
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A cadlag version of the value function

Using the estimate of Theorem 2.4.6 and following the same argument as in Karatzas and Shreve [KS12]

(Theorem 1.3.8(v), p.14), we could then claim that for any p > 1V 2+, the right limit

Viw):= lim Vi(w)= lim sup Y™F[¢T lim sup EF|Vrer],
¢ ( ) r€QN[t,T],rit ) reQ,rlt PGP(E«)UJ) [f ] reQn[t,T],rlt PG'P(EM) |:y }
VP (W) = lim VP(w) = lim su Yool N,T P g lim sup EF emygwp ,
( t ) ( ) reQn(t,T],rlt T( ) reqQ, TthIPEP(Ew)( [g ]) re@ﬂ[t,T],ritpep(Rw) { }

exists Py-q.s. and the process V' (resp., V1) is cadlag Pp-q.s.

Proposition 2.4.7 (Dynamic programming for V). Let Assumption 2.1.3 (1)-(4) hold true, and
satisfy the corresponding exponential integrability in Theorem 2.3.1 and 2.3.2 , then: if E[e** +

62’\'76BT5+] < oo, we have V* € DN (Py FPo+) | for A, X > 0 with T+ < ﬁ; if &YV

£~ has exponential moments of orders p € [1V27y,00), we have V' € DP®)(Py FPo+) | for p > 1v2y.

And for 0 < t; <ty <T, and P € Py, we have

ViF = ess Sup VIV t), P-ass.
P'eP; (t1)

Proof. We consider here only the second case, i.e.,, VT € Dexp(p) (PO,IFPO*) forp > 1V 2y.

1. To verify that V* € DoP®)(Py FPot) and lim,, o EF[|ViE — V,IP] = 0,¥p > 1V 27,t < T.
Indeed, letting {¢,}.>1 be the sequence decreasingly approximating ¢, satisfying ¢, — ¢t < 27" and

t < T as well as for all P € Py, we deduce that

EF[(V;7)P] = lim EP[(V;,)P] < sup sup EF[(Vi)P] = v < oo,

n—00 t'<T PPy

by (2.12) in Theorem 2.4.5, and this implies that supscp, E°[(V;))?] < v.

Define 8, := |V;& — V,;7|. Then for any m > 1, we have
EF(08] <EP[0 N iomy] + ET [0 ppamy]) < 207 EF Loy ¥ + Con(E7(0F])7,

letting n, m — oo, we get the required convergence.

2. Prove that V;7 > yfj Vi, t2),P-as. for all P € P,. Clearly we had verified the wellposedness of
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the RHS in step 1, precisely, by the integrability of V. By (2.15) in Theorem 2.4.5, we have
Vi 2 B (Vi [Vig, 5] Fip], P-as., (2.36)

where 7" and t} are defined from t¢; and ¢, as before. Due to the stability Theorem 2.3.3 (for

BSDEs' case by letting the barrier tend to —oo) together with Step 1, we have

Tim (| Ve [Vig, 15] = Vip Vil s tallurey < lim |V [Vig, 15] = Vep Vil s ol vy = 0, (2:37)

Combining (2.36) and (2.37), we have

Vil = lim Vi > lim lim B[V [Vig, 3] Fip] = lim EX Vi [ViF, ]| Fep] = B V[V ] 17,

m—0o0 N—r00

where we used the fact that Y¥[V;[ 5] € D=P®)(P, FF) in the last equality.

3. Here we prove the reverse inequality. The comparison principle Theorem 2.3.2(for BSDEs' case by
letting the barrier tend to —oc), together with step 2, gives that

P P / / P ’
€55 sup ytl [ to 7t2] 2 €SS sup yg D)f; [5? T]v tQ] = €esssup yE [Sa TL
P'ePH (t1) P'ePS (t1) P'eP (t1)

where the last equality is similar to the 1st equality in (2) of Lemma 2.4.3. Then we only need to

prove that V; < esssupy, P (tr) VEE,T).

Vi znlggo ]E[\/;H}"t ] = lim E[ess sup EP[ F¥|ft?]|ftﬂ

n—oo P’EP}}»(tn

< lim ]E[essﬂgup EF[ F%].E;LH.F;;]

IO prepd(h)

= lim ess Sup EP[ IP::\}"W
"0 P (1) Eh
7 / tl / 7 / /
= lim_esssup {y;‘j +EF [/ [V 20 ,65)ds — 27 - dX, — dM | FF
t

T pept(th) T

beoc

where we used the fact that {] —¢; < 27" and the estimate of the last inequality is just similar to

Theorem 2.3.1.
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4. So far, we had proved the equality required in this proposition, so we have that V;© = ess supP,GPJr 0 [5 7).
Here we prove that VT also has the integrability property of V, i.e. V' € D**®) (P, FPo+). For
any p = 1V 2,

V[P = | ess'sup P [E, TP = esssup [VF[€, TP < oo,
P'eP(t) P'eP(t)

where the last inequality is obtained from the a-priori estimate in Theorem 2.3.1.

2.4.5 Proof of Theorem 2.2.1: existence

Proof. As before, we consider here only the second case, i.e., V € DPP) (Po, FP0F), for p > 1V 27,

and we adapt the argument in [STZ12] and [PTZ18].

1. We first prove the existence of a process Z, (MF¥)pep,, (KF)pep, s.t. forall p > 1V 27,

(Z,M*, K¥) € H?*(P,R*, FL) x MP(P) x T2, (P),

T T (2.38)

and V;F = ¢ + / f(VF, Z,,5,)ds — / Zy-dX,+dMF —dKF t > 0,P-as.
t t

Fix P € Py. By Proposition 2.4.7, V € D=P®)(Py, FFo+) for p > 1V 2. It follows from the
existence of RBSDE equipped with lower cadlag barrier [EHO15](Theorem 2.1, the corresponding
claim on minimality solution, for which we may verify line by line that their proof applies well to the
case here of an infinite upper bound and an additional orthogonal martingale) that there exists a
minimal solution (Y*, ZF M¥ KT) for all P € Py(with spaces to identify in a while), to the RBSDE

§+/ FYE, ZF G)ds — (ZF - dX, + dMT — dKP), YT > V", P-as.

(2.39)
and / (1 AYE — V,i))dKf =0, forallt > 0.
0

We now claim that Y¥ = V' P-a.s.. Indeed, by contradiction we assume that 2¢ := YOP — Vit >0,
then 7. := inf{t > 0: VP < V;" +¢} > 0,P-as. Clearly 7. < T, because the two processes are
equal to ¢ at time T". By Skorokhod condition, K = 0 on [0, 7], thus we can reduce the RBSDE to

a BSDE on this time interval. Denoting the corresponding solution by V¥ [V, ], we obtain that,

YE < VIV 7] + B[, — VA < VSVl + e S Vi e,
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where we use the dynamic programming principle of Proposition 2.4.7 in the last inequality. Then
this is contradictory to the definition of . So we proved Y¥ = V*. And now by the exponential
integrability proved in Proposition 2.4.7, we could claim that the lying space of (Y¥, Z¥, M¥ KF)

as D=P0)(P) x H2%(P,R¢, FE) x MP(P) x I

rcll

(P), for all P € Py, and p € [1V 2v,00). The
next step is to prove that the family {Z%}pcp, can be aggregated to some general process in the
universal sense, then V' is a cadlag semimartingale which satisfies (2.38). In fact, we know that
the quadratic covariation process (V' ', X') can be defined on R, x Q by [Kar95]. Indeed, (V*, X)
is Po-q.s. continuous and therefore is F70+-predictable, or equivalently, F¥0*-predictable. We can
define a universal FPo*-predictable process Z by Zdt := 6;*d(V*, X),, and compare with the
corresponding variation for each P € Py, it follows Z = Z¥ P-a.s. for all P € P,. Then we finished

the proof of (2.38).

2. In this part we prove that the family of the increasing processes { K¥}pcp, satisfies the minimality
condition. Let 0 < s < T,P € Py, € P (0), and denote by (V¥ Z¥', MF') the solution of
the BSDE with parameters (f,&). In the following, we will claim an equivalent probability measure
Q/(~ P') and its underlying local martingale X7, all defined later. Define §Y := V+ — V¥ §7 :=
7 — 2% 5M = M — M" . Once again, we define " as the ds ® dP’-null set except on which
Assumption 2.1.3 holds. For any (y,z) € R x RY, let O(—f,)(y, z) denote the subdifferential of
the function —f,(y,-) at z. For any (s,w) € (‘ﬁpl)c, by measurable selection theorem(see e.g.,
Benés [Ben70](Lemma 1) or Elliott [Ell82](Lemma 16.34)), there exists respectively a progressively
measurable process q! € 9(—f,)(V.F (w), Zs(w)) and G2 € O(—f,) (V¥ (w), ZF (w)) s.t.,

FVE Z) =V, 8h) - Zo-al, fF, 28 = L7 .82 - 25 g2 (2.40)

In particular, we note that

LV Z) — LOF 28 = f(viral) - Zo- 8k - £F 8 + 28 g,

92

[V Z) = £ 28) < (Vi) — Zo- @2 — L 8 + 25 - a2

(2.41)

Since (V*,Z, M™, K®), which is the solution to the RBSDE(f,&,V*), belongs to the space

Npe(1v2y,00) DZPP (P') x H22 (P, RY, FY ) x MP(P') x IE, (P'), it holds P-a.s., [y |fs(Vi, Zs)|ds+

rcll
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[Vt + J& |67 Z,|?ds < oc. Based on the fact that

f(ViF, 20) = [V &) = Z, -,

. 1 -
> - V|4 gl R - g (BI04 o EE).
v 2

(2.42)

we then have
1 T T
—/ 167151 2ds </ |fs(vj,zs)|ds+(a+/3vj)T+7/ 16, 7,2ds < 00, P-as.. (2.43)
~ Jo 0 0

Taking N € Ns.t. £ < (% - 1)% Let to =0 and t; := L for j € {1,--- ,N}. We define the

process Mt] = exp ( - fot 1{32”-1}5—;2&; ~dXs — %f(]t 1{82tj—1}’a-;1a;|2d5)7t S [Oa tj]' Forn € N,
we define the stopping time
J

. M
7) = inf {t € [tji—1, 1] :/ [16+(Zs + Z5))? 4 |6,1G1%)ds > n or Mt
tj—1

J ti—1

1
< = Nt 2.44
e e

Then, lim, o, T 77 = t;,P-a.s. by (2.43), and {Mi /\t}te[o | is a uniformly integrable martingale
. ) " tj ‘
by Novikov's criterion. Hence, ‘fi(%é = Mi{/\t induces a probability Q7 which is equivalent to P’

Besides, { X" = X, + J& 1{tj,lgng%}aids}te[ovtj] is a local martingale under Q7.

We consider the estimate on q! by formulating the calculus below,

vt v :/ " fs(v;,zs,&s)ds— Z X, +dMY + K5 - K}

] 1
ti—1 tj—1

7'7]1, v /
> [ R / Zy - dX" + dMP (2.45)
ti—1
) ) . ,
> (—a—mvjwrglq;y?)ds— Zy-dXI" 4+ dMY,
2y tj—1

ti—1

then by taking expectation EQit[-] on both sides, we get

Lo 7 i
—EQ”/ 167 1q! |ds

<]EQ7L
2'}/ ti—1

Vi —v++/ (a+ BIV,F)d }
| (2.46)
<E® [(2+6Aj) sup IVfl} taly (A=t =)

SG[O,tj]
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And from now on, we could step by step follow the deduction in Theorem 2.4.6 to get Q’ is a

probability measure equivalent to P’ and {Xg}te[o,tj] is a local martingale under 7, where ﬁ%f = Mt]]
and X7 := X, + [§ Liose, ,y0ids.
Now we could verify the minimality condition on ¢ € [t;_1,t;],7 € {1,2,--- , N}. In fact,

J

oYy, , — 5YT£ :/Tn [fs(v;r728763> fS(y}spla Y )}ds —0Zs - dX, — d(SME), + dKf/

ti—1

> (7 RV &) - 2,8 — LOF G + 205, -6l ds — 07, - dX, — do M+ dKT
tj—l

— [ [V - LOF Y] ds — 62, - dx] — dsMP + dKT
t]',l

7

= [ " RYids — 62, - dXI — dSMF + dK¥,

t]',l

(2.47)

where K is a bounded process due to the Lipschitz continuity satisfied by the Legendre-Fenchel

transformation f of f. Set [y, ¢ :=exp (‘ftz—l Esds), orsay, I'y, =1+ fttjfl Ksl't;_; sds, then

d(th_l,t(SY;) :drtj_l,td}/{f + th_l,tdéy;f + d<th—17‘7 5Y>t
=Ly, 1 0Ydt + Ty, | (=R - 0Yidt + 02, - dX] + doMY — dK} ) (2.48)

=Ty, (62, - dX] + doM; — dK]),

i.e.,
Doy vty 1 0Yy =T, | 50V, — Ft (02 - dX] + doME — dKT. (2.49)
n i1
Note that 6 > 0, then we take conditional expectation Egil [[] == EQj[~|.7-"tj71] in (2.49), we get

j 7-7]; / / MJJ i /
5}/;5.7.71 2 ]Egj—l |:/ th1,tdKF:| ")/tj 1tj ]Et] L |:/ dK]P):| >”}/tj htJ]EED] L |: JTn dKP:|
tj—1 tj— Mt 1 7t

/ | dKP'}

J

% 1,85 P’
J J Et7 . |:
(2.50)
with 7, ¢, = e Rloo(ti—ti-1) < infy, ,<i<t,; T, , 4. By removing parameters to the LHS together
with dynamic programming principle in Proposition 2.4.7, we get that

K dK?] =o.

P
essinf EY [
j—1
tj—l

P'eP (tj—1)
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Note that j € {1,---, N}, then we obtain the minimality condition on the whole interval [0, 7.

2.5 Uniqueness

In this section, we prove the uniqueness result which is stated in detail including its representation.

Theorem 2.5.1 (Uniqueness). Under Assumption 2.1.3 and assuming that (Y, Z, (M")pcp, ), belonging
to the space DPOA) (P FPo+) x H2le(Py, RY FPo+) x (M<P)>P6P , is a solution to the 2BSDE(2.4),
0

then for all P € Py and 0 < t1 <ty < T,

P /
Yorr = esssup VEp(Yipar,ta A T) (251)
PP (t1AT)

— esssup yE’AT(g, T),P-as., (2.52)

PP, (t1AT)

the 2BSDE(2.4) has at most one solution in D¥PN) (Py FFPot) x Hlee(Py R FPo+) x <M(P))Pe7>0

with X € (y,00) and X' € (0, 00).
Proof. The proof follows the idea of [STZ12] (Theorem 4.4), and the new part is that we have to deal

with quadratic difference term. First, if (2.51) holds, this implies that

Y,, = esssup VF(T,¢), P-as. forall P e P, (2.53)
P'eP (r1)

and thus is unique. Then, since we have d(Y, X); = Z,d(X), Po-q.s., Z is also unique. We now prove
(2.51) in two steps. The outline is that, we will use comparison theorem to get one inequality, and use

the the minimal condition (2.5) to get the second(i.e., the reverse) one.

1. Fix 0 < ry <ry <T and P € Py. For any P’ € Py (r1), we have

n, TSt<ry Plas.

Y=, +/ " L(Ye. 20,5, ds — Z, - dX, — dMP + KF — K¥
t

and that K% is non-decreasing, P’-a.s.. The existence of the solution to the above BSDEs has

been validated in the previous section. Then, we can always apply the comparison theorem of
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quadratic BSDE under P’ to obtain Y;, > VF (r,,Y,,),P-as. Since P = P on F!, we get
Yy, = V¥ (rs,Y,,), P-ass. and thus

Y, > esssup V¥ (ry,Y,,), P-as.
P’ P+(r1)

2. We now prove the reverse inequality. Fix P € Py. In the existence proof of last section, we have
proved that there exists a sequence of stopping time {7} with n € N and P’ € P, (PP), for which
we use the superscript P’ to emphasize its dependence on this probability measure, s.t.

P / /
essinf Ef [K% — K} |=0,P-as.,je{l,--- N} (2.54)
Pepf(0) 7T " -

For every P’ € PE(ry), denote 6Y =Y — V¥ (1y,Y,,), 67 == Z — Z¥(ry,Y,,), and 6M =
M — M. Using the same notation in the above existence proof (notice that we here take the
division {t;},cq1,...n} on the interval [r1,r;]), we have the following formulation similar to (2.47)

with

/ v . t - - v 1~ MJ
I = 7 Adinf {t € [tj_1,t] : /t 16 Zs|* + 5525 | +16,'92|*ds > n or th > n} Nt
(2.55)

j—1 tj—l

where we emphasize that {77} is the localizing sequence in the above minimality condition.

7‘9]’!1');./ ! ! !/ /
5Y; :/ (1Y, Z,5,) — O 22 6,)|ds — 62, - dX, — dSME + dK?
tj—1
19]31,, ~ ! / /
g [fs(Ysaa) Z qs_fs( s 7~)+Z£> 'az}ds—ézs‘dxs_d(SMf +dK£P

ti—1

19]? / / /
= / FY @) = 7, @)|ds — 62, - dX3" — doM” + dK?

_ " msay ds — 62, - dX" — dsSMY + dK",
ti—1

(2.56)

where the ante-penultimate inequality uses the second inequality in (2.41) and X7" = X, +

f:

. Rsds )
Jo Lgs, <scorydads for t € [0,1;]. Recall that for t; <t <t Ty, =e’=1 ", then we obtain
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that

. 19%1/ , i ’ /
Yy, , <EY { /t I‘tjhtdKf} <E;Q]?'l[ sup Ty (K — KEI)}
j—1

-
tj,lgtgﬁli/ "
[Kloo (t—tj—1) Q7 P P
<e EY | Kl — K
[%|oo (tj—t;—1) TP’ s
gne NI ]Etj71 KTE, Ktj71 R

where we use 1915/ < TEZ, in the second inequality. Similar to the above existence proof, we here use the

minimality condition (2.54), the fact that ' € Py (r1) are arbitrary as well as that j € {1,--- , N},

we end the proof.



Chapter 3

RBSDE, BSDE with random horizon and
BSDE)J

Bowen SHENG

In this review paper, we handle with three subjects: quadratic reflected backward SDEs, random horizon
quadratic backward SDEs and quadratic backward SDE with jumps. It's a survey to summarize the
corresponding progress made in the latest years according to our own research need and preference.
After the introduction, the first part is a new proof of existence and comparison principle of solutions
for one type of reflected ODEs is provided, which is used for obtaining an a priori estimate on Y-part of
solutions for the quadratic reflected backward SDE with an exponential-integrable terminal condition &
and a quadratic generator f, for both bounded and unbounded obstacles. Then, the second part extends
the wellposedness of quadratic BSDE/RBSDE(e.g., [BH08, BH06, BY12]) to a more general filtration
generated by the standard Brownian motion and an orthogonal martingale. Next, the discussion in the
third and fourth parts includes the explanation of difficulties which we encountered in our practice and

possible future research topics.
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3.1 Introduction

3.1.1 Canonical space

Let d € N*. We denote by Q := C([0, 7], R?) the canonical space of all R%valued continuous paths w
on [0,7] s.t. wy = 0, equipped with the canonical process X, that is, X;(w) := wy, for all w € Q. Denote
by ' = (F;)o<i<r the canonical filtration generated by X. We equip w with the uniform convergence

norm ||w|ls = supg<;<7 |lwe||, so that the Borel o-field of 2 coincides with Frp.

Let .#, denote the collection of all probability measures on (2, Fr). Note that .#; is a Polish space
equipped with the weak convergence topology. We denote by B its Borel o-field. Then for any
P € .#,, denote by F! the completed o-field of F;, under P. Denote also the completed filtration

by F¥ = (F} )o<t<r-

We also introduce an enlarged canonical space Q :=  x €, and denote by (X, W) as its canonical
process, that is, X;(&) 1= wy, Wi(@) = w, for all © == (w,w’) € Q, by F = (F;)o<t<r the canonical
filtration generated by (X, W), and by F¥ = (75()0@5@ the filtration generated by X. By abuse of

notation, we will keep using P to represent IP on €.

3.1.2 Spaces and norms

For p > 1. (i) One-measure integrability classes: given a finite time horizon T' > 0, let 7o denote the
set of all Fp—stopping times v s.t. 0 < v < T,P-a.s. For any probability measure P € .1, let T be an

=P o - : . ,
" -stopping time, similarly we can define 7 ,, etc. Besides, we define,

= Let LO(F,,R) be the set of R-valued and F, -measurable r.v., then,
LP(P,R) = {¢ € L(F7.R) « [€llfoem = E[IE]7] < oo}

Besides, L (B, R) = {¢ € LTy, R), [[l|uox(e.z) = esssupfeg €(w)] < oo}
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Lexp (P, R) := {£ € LY(F, R), E[e?l] < 00, Vp € (1, 00)}.
» Let B be a generic Banach space with norm |-|. For any p, g € [1, 00), let H”4(IP,B) be the space of
- a 1
all B-valued F -progressive measurable processes X with || X .oz = {EP[(IOT |Xt|ﬁdt)p”q <
o0o. We simply write HP for H?? if p = ¢ and add superscript loc if the integrability only satisfies

q —]
(fOT |Xt\ﬁdt)” < 00, P-a.s.. Besides, MP(IP) denotes the space of R-valued, F' -adapted martin-

gales M, with P-a.s. cadlag path, s.t. M is orthogonal to W and || M|y ) := EF[(M)F] < oco.

s Let (C%P be the set of all R-valued, F -adapted continuous processes on [0, 7], then,

C*(P):={X € (C%p N X e = essﬂgup( sup |Xi(w)|) < oo}
we  tel0,T]

C/(P) 1= {X € Co : | X|[8 = B[ sup [X,]"] < oo},
I(P):={X € (C%p : X. is an increasing process with X, = 0}
IP(P) := {X € [(P) : Xr € L’(P,R)} for all p € [1, 00).

CoPO(P) := {X € C : EF [P XD < 00} € Myepton) CP(P) for all A, X € (0, 00),

where X 1= sup,c(X¢)*, and C*PP)(P) := {X € (C%p : EF[erX+] < oo} for all p € (0, 00),

where X, := sup,¢c(o ) Xt

Moreover, for any p € [1,00), we set SP(P) := C™P®)(P) x H>2(P, R?) x MP(PP) x I7(P).

3.2 Existence of a solution for reflected ODEs

Inspired by Lepeltier and Xu [LX07], here we give a new proof of their result (p.12 Theorem 6.2). Firstly,
we introduce here some background(two necessary technical tools). One is an ODE as Briand and Hu

[BHO6] points out: define

H(p) :=p(ay + Blog p)1i +o0)(p) + 7L (—oo1)(D)

=(1Vp)- (ay+ Blog(1Vp)),VpeR,
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the solution of the integral equation for any = € R,

& = $+/ (65)ds,0 <t < T, (3.1)
is as follows,
B(T—t) _ 1 »
exp (70[66>x65(T ), r>1, >0,
IR L r21, B=0,
t\T) =
z+ya(T —t), r<l, z+Tya<l1,
ePlS—t) _q
[+ ya(T — )] (s7)(t) + exp | v 3 log(t), <1, z+4+Tya>1,

where S € [0, T satisfies that x + va(T — S) = 1. Particularly, we would like to claim explicitly certain
necessary properties of (3.1) to be used later on, with the special setting of using €7 to replace its x:
for any T € [0, 7],

— +/ ))ds, t € [0,T). (3.2)

eﬂs

(iYforx > 0: ¢ — exp{up(T —t) + ’yxeﬁ(%_t)}, where p(s) := Y1520 + 81—, Vs € [0, T];

(ii)for x < 0 :
B O (T —1) < 1+ (T —t) < eI L ere @ if 7 4 (T — 1) < 1,
0~

T
~ 6717 — 1 ~ ~ (33)
exp {mp T—-t+ < eI, if € 4+ w(T —1t) > 1.
i

t

And we have the following properties:

(¢1) for any € R and T € [0, T],t — qﬁ?(m) is a decreasing and continuous function on [0, T7.
(¢2) forany z € R and T € [0, 7], T — qbtf(x) is an increasing and continuous function on [0, 7.
(¢3) forany 0 <t < T < T,z qbtf(x) is an increasing and continuous function on R.

(¢4) forany z € R and 0 <t < T < T, o7 () < exp{up(T) + yxtelT}.

The other tool is the following reflected ordinary differential equation. Now, consider the reflected

ordinary differential equation(RODE in short) reflected to one continuous obstacle [ on [0, 7], with ter-
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minal value x € R, whose solution is a couple (v, kt)o<t<r, and k is a continuous increasing process,

ko = 0, and the following holds

T
ye=x+ | H(ys)ds + kr — ki,
- (3.4)

Yp = lt,/ (ys — ls)dks = 0.
0

Here we suppose

Assumption 3.2.1. The function H : R — R is continuous, strictly positive (or strictly negative) and

there exists a strictly positive function iy, s.t. |H(y)| < io(y), with [5° Z.Odé/!) = 0.

Then we have

Theorem 3.2.2. Under Assumption 3.2.1 there exists a unique solution (y:, ki)o<i<r for the RODE
(3.4). Moreover,

Ye = sup ug, (3.5)

t<s<T

where (uf)o<i<s is the unique solution of the following ODE defined on [0, s],

up = (21 omry + Ll geery) + /t H(u?)dr, (3.6)
Existence

Proof. By Assumption 3.2.1, fooolHdﬁ > fooom%) = oo. For convenience, here we only consider the
strictly positive H > 0. Due to lemma 1 of Lepeltier and San Martin[LM98] (a sufficient and necessary

condition), for —oo < = < 00, the following ODE

Y =1+ /tT H(ys)ds (3.7)

has a unique global bounded solution on [0, 7. It's explicit: for z > z, we define J(z) := ;%dy,
then y, = J~}(T —t). Then, we go back to the RODE (3.4), it's easy to get the following expression
satisfied by the solution (for this type Skorohod equation, see e.g., Karatzas and Shreve [KS12] p.210

Lemma 6.14)

(e, b — ky) = <max{J—1(T AN {zt _ <x n /tT H(ls)ds>] n{Jl(T_tKlt}>
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so we confirmed the existence. ]

Moreover, we have a comparison theorem.

Theorem 3.2.3. We consider the equations associated to (H',z%,1),i = 1,2, and assume that H' and

H? satisfy Assumption 3.2.1. Let (y', k") be the respective solutions of their equations. Moreover, we

assume for t € [0, T,

' > a? H'(y) = H(y). 1} > 17

Then, ytl > ytz.

Proof. We consider [(y? — yi)*]%. Notice that on the set y? > vy}, y? >yl > I} > [?, so we have

T T T
|2ty = k) = 12— 1)+ @ = gk = [ - ) k!
t t t
T T
=/ (2 = 12) = (ya — I gyazyeydis —/ (v — ys)"dk,
t
T T
—/ o = )2z Ry —/ (s = L)Ly i —/ (ys — ) "dks,
t t
(3.8)
where in the final inequality the first term is not bigger than 0 by (3.4) and the last two terms are not

negative, then we could claim that [ (y2 — y!)*d(k? — k!) < 0. Taking the differential of [(y? — 3} )*]?
ons € [t,T],

3~y = (7 — ) P 42 [ (52— ) d(s? — )"
Note that T
yi —y =t —a +/t [H?(y2) — H'(y,))ds + ki — kp — & + Ky,
=d(y; —yy) = —[H(y7) — H'(y,)|dt — d(k7 — k).
and
d(ys — y)" = Lpesynd(yl — ys),
so we have,

0=1[(F—yr)"P =(y7 — - 2/ — ) Ly d(y? — 1),
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i.e.
[y —y))T) = —2/ — Y  Lpesynd(y? — yl)
= 2/ Y2 — ys) gy [H(y2) — H' (y2)]ds + 2/ —ys)  Lgesynyd(B7 — k)
\(5 8) 2/ - ys 1{y§>y}}{H (ys) - Hl(ys)]ds

Notice the property of the integrand inside that H?(y?) — H'(y!) = [H?(y?) — H*(y})] + H?*(y!) —
H'(yh) < |[H*(y?) — H*(yD)]| + 0 < ppe|y? — yl|, where ppe is the Lipschitz coefficient of function

H?(-) over {x € R: ||z| < |yl V |y2]}. This gives that

T
[(yf —y)TP < 2uH2/t (2 — y) Ly |yl — yilds

T
<2umm [ (2 =) ds.

Then Gronwall’s inequality gives that (y? —y/)T =0, i.e., y} > y7. ]

Remark 3.2.4. The result is still true under the assumption H'(y?) > H?(y?),t € [0,T].

For the uniqueness and characterization of the solution, we suggest to refer to [LX07].

3.3 Reflected backward SDEs in a more general filtration

The theory of quadratic backward SDE and quadratic reflected backward SDE play an important role
in our understaning of second order backward SDE. Therefore, we give here an survey of principle
arguments concerned in the existence and uniqueness of quadratic backward SDE /reflected backward

SDE with deterministic terminal horizon.

3.3.1 Definition of equations

Reflected Backward SDEs(RBSDEs): The notion of reflected backward SDE(RBSDE here after) has
been introduced by El Karoui et al. [KKPT97]. Here in this paper, we limit the definition of a solution

for such an equation, associated with a generator f, a terminal condition £ and a continuous obstacle
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Le C%P, to be a quadruple of processes (Y, Z, M, K) € (C%P x H2°¢(P,R?Y) x M(P) x I(IP), satisfying

T T T
Y;:§+/ fs(YS,ZS)ds—/ ZS-dXS—/ AM, + Ky — K, 0 <t < T,
t t t
Y, > L;,0<t < T, P-as, (3.9)

T
/ (Yy — Ly)dK, = 0,P-a.s. (Skorokhod condition),
0

where dX, = 6,dW, 0, € Sfo(i.e., the set of d x d nonnegative-definite symmetric matrices), and
f.(-,-,-) is a progressively measurable map satisfying some conditions to be specified later. Note that
here the underlying filtration is not only generated by a Brownian motion, so we introduce another com-
ponent in the definition of a supersolution a backward SDE, namely a martingale M which is orthogonal
to standard Brownian motion W. K is a continuous nondecreasing process which pushes upwards the
process Y in order to keep it above the obstacle L. The last equation means that the process K acts
only when the process Y reaches the obstacle L. Note that we allow L to take the value —oo, so the
notion of reflected backward SDE covers backward SDE of Pardoux and Peng [PP90]. By the pair (f, &),
we mean the corresponding backward SDE, without the last two conditions concerning the obstacle L in

the above (3.9).

Assumption 3.3.1. Given the terminal condition ¢ and generator f : [0,T] x Q x R x R* — R. For

ease of notation, we denote f := fi(w,0,0).

1. The random variable & is 7§—measurable and for every fixed (y, z), the map (t,w) — fi(w,y,z) is

' -progressively measurable.

2. Lipschitz in y: there is a constant k > 0, s.t. for each (t,z,w) € [0,T] x R¢x Q, and any y,y’ € R,

|ft(w7y7 Z) - ft(waylv Z)| < H|y - yl|

3. Growth condition: for every (t,w,y, z) € [0,T] x Q2 x R x R%, there exists « > 0,3 > 0 and v > 0
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s.t

v
|ft(way7’z)| < o+ B|y’ + §|Ut2|2.

4. Concave in z : for all (¢,y) € (0,1) x R, all 21,2, € R, and P is a fixed probability measure,

ft(wv Y, Czl + (1 - C)ZQ) 2 gft(wv Y, Zl) + <1 - C)ft(wa Y, 22)7 dt ® dPP-a.e.

3.3.2 Two a priori estimates

Proposition 3.3.2. Let (f,&, L) be a triple s.t. £ € L>*°(P,R), LT € C>(P), and [ satisfies the
quadratic growth (i.e., (3) in Assumption 3.3.1). If (Y,Z, M, K) is a solution of the quadratic RBSDE
(f,§,L), and Y+ € C>(P), then it holds P-a.s. that

7], vtelo,T]. (3.10)

1
Y, < co + — InE[ere” € VLD
v

Proof. (1). This part is for finding a ‘bound generator’ of the original generator f and solving the
corresponding random ODE(3.2) as well as giving some estimate of its solution. Note that we use the
exponential transform originally used in Briand and Hu [BHO08] to search this ‘bound generator’. Indeed,
(Y, Z,M,K) € (C%p x H? (P, R?) x M(P) x [(P) with Y+ € C>(P) is a solution of RBSDE(f, &, L) if and
only if (Y, Z,M,K) := (e ,ye?Y Z,~ [;edM,,~ [ ¥*dK,) € C*(P) x H2(P,R%) x M(P) x I(P)

is a solution of RBSDE(f, e*¢, e7L) with

- ~ 2 d(M),
fs(szv Zsu M) = fs(Y;y Zs) - 1{Ys>0}%}/:9 <d8>

mY, Z, v Z\° ., V2 d(M),
=1 Y. | fs , - = gl —1 —Y; ,

(3.11)

for any s € [0,T]. We define o := ay V 5V 1, then by the quadratic growth (3) in Assumption 3.3.1
that ds @ dP-a.e.,

fs(@/, Z) < H(y) = Z/(M + 3n y>1{y21} + ,Ul{y<1}7 (3-12)
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for any (s,v,2) € [0,T] x R x R%. From its definition, we know that H(-) is strictly positive, increasing,
continuous and convex function satisfying [5° ﬁdy = 00. Note that properties of the following ODE
w.rt. H(")

—ew—f—/ s))ds,t € [0,T).

has been precisely discussed as (3.2) in §3.2 and we continue to adopt their corresponding notations here.

(2). For any w € €, [LX07](Theorem 6.2) shows that the following reflected ODE
L@ <Ay (w) = 78 +/ ))ds + kr(w) — k(w), t € [0,T7,
T
[ (00) = () =0
0

has a unique solution (A.(w), k.(w)) € (C%p x I(P), satisfying

+

At(W) = Ssup (/S H(AT(W))dT' -+ erygl{s:T} + e’YLs 1{S<T})

s€[t,T (3 13)
= sup uj(w),t € [0,T],
s€[t, T
where u?(w),¢[o,s) denotes the unique solution of the following ODE
wi(w) = 61y + B gy + / (@))db, r € [0, 3], (3.14)

and by comparing (3.2) and (3.14), it's direct to get that u}(w) = ¢ﬁ(£(w)1{s:T} + Ls(w)l{s<T}).
Then, we get from (3.13) and (¢4) that for t € [0, 77,

0< e < Ay(w) = sup. uj (w) < exp {MSO(T) + e (w) v Li(W))}vt € [0,T7]. (3.15)

Besides, for any 0 < t; < to < T, we get from (3.13) and the fact (¢1) that ¢5(z) is decreasing w.r.t.
T’

Ay (W) = sup wuy (W) = sup uj (w) = sup wup,(w) = Ay, (w), (3.16)
s€lt1,T) s€[t2,T s€[t2,T

which, together with (3.13), means that ¢ — A;(w) is decreasing and continuous. Besides, we get from
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(3.13) and the fact (¢2) that ¢7(x) is increasing w.r.t. s,

Ay(w) = sup uj(w) =sup{uj(w):s e (t,T)NQ)U{T}}. (3.17)

s€t,T|

For any 0 <t < s < T, we get from (¢3) the continuity of ¢;(-) that uj(w) = &7 ({1ys=ry + Lsl{s<ry)
is 7[5—measurable. We get from (3.17) that for any t € [0,T], A; is 7§—measurable (but not necessarily

—=P
F,-measurable).

(3). We now introduce an ' -adapted process fr = E[H(At)]ff],t € [0,7]. By (3.16), we know
that A; is decreasing w.r.t. t, and since H (-) is increasing, then for 0 < ¢ < s < T, it holds ]E[fs]flf] =
E[H(As)|?f] < E[H(At)|7]f] = f;, P-as., so f is a supermartingale. As we know Y € C*(PP), we have
(&, LT) e L*(P,R) x C*(P).

By the continuity of H(A.), (3.15) and bounded convergence theorem, we have E[f;] = E[H(A;)] =
limg ) E[H(Ay)] = lim,, E[fs], ¢ € [0,T]. By [KS12](Theorem 1.3.13), f has a right-continuous modifi-
cation ?, so f could be seen as a generator which is independent of (y, z). By Fubini's theorem, Jensen's

inequality and (3.15), we have

E[/OT Ws|2dé‘} :/OTE[ﬁsl?]ds = /OT E[[fs*lds <(sensen) /OOOE[E[|H<AS) 7 (3.18)

:/OTEHH(AS)|2]ds < 0.

Because ¢?¢ € L>°(P,R) and ¢’ € C>(PP), we could follow [KKP*97](Theorem 5.2 and Proposition

2.3) to obtain that RBSDE(f, e, ") admits a unique solution (Y, Z, M, K) € C2(P) x H2(P,R%) x

M?(P) x I*(P) and that for any ¢ € [0, 7],

=P
t

Vi = esssupE {/t fods + € 1opy + 1oy | F

7'67;,7“

} P-as.. (3.19)
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By Fubini’s theorem, for any ¢t € [0, 7], 7 € T; r,

E[/;}sds

ds

—p T ~ _p T =P, | =P
ft] :/t E[1(ser s 71 )ds :/t E[1(cn E[H (A,)|F,]|F,

) (3.20)
—/ 1{S<T}H )|7ﬂ ds = E{/t H(A,)ds fﬂ ,P-as..
Then from (3.19), (3.13) and (3.15) (by order), we get that for any ¢t € [0, 7], P-a.s.,
Y, =esssupE /T H(A)ds + e”gl{T:T} + et 1 g Fﬂ
T L (3.21)

<E[A|F) < e DE[ € VD] < 0, Pas.,

where C, := exp {,ugo(T) + yeﬂT(Hgﬂ\Lm(P,R) % HL+H(C00(IP>))}. By the continuity of process ), it holds
that P-a.s. for ¢t € [0, 77,

0<el <Y < euso(T)E{eveﬂT(ngvLi)‘fﬂ <O, (3.22)

which shows that ) € C>*(P) with ||Y||ce@) < C..

(4). The last step is to show that P(Y, < Y,,Vt € [0,7]) = 1. In fact, given n € N, we define
the Fp—stopping time 7, ;= inf{t € [0, 7] : [i|6:Z,|*?ds > n} AT. Clearly, lim,,_,,, 7, = T,P-a.s. Using

Tanaka's formula in the process (Y — ))", we get that

( TaAt y’l’n/\t) _( Tn yTn +/ {y >V.} fs(Y;JZSaM) _Ffvs)ds

» "1y, (@R, —dK,) - /TW 1, (Ze — Z)dX, (3.23)
Tn — 1 Tn

[T 1 (@M, —dMy) — = [ de,te [0,T],
TnAt {Ys>y3}( ) Tn At < < [O ]

. . —P . . . .
where £ is the local time, a R-valued, F -adapted, increasing and continuous process. Because H(-) is

increasing, continuous and convex, by Jensen's inequality and (3.21) we could show that

H(Y,) —f, = HY,) — E[H(As)!? | <oy HY:) — HY,) < CplYs — V|, 5 € [0,T], (3-24)

where C'y is the Lipschitz coefficient of H(-) over {z € R, |z| < ||}7||Coo(]p>) V | Y]|c(p) }- Besides, by
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using (3.22) and the flat-off condition of (Y, Z, M, K') we could get that
T _ T N
| oy @B < [ 1 yp YK, = 0,Pas. (3.25)
Taking the expectation in (3.23), we can deduce from (3.12), Fubini's theorem, (3.25) and (3.24) that

~ T ~
E(Vrnt = Yrond) ] = El(Vz, = D0 Ssanzazs) | E[Ljser gy, (H(T) = 1)) ds
T - T ~ n
<0200t | E[Lpen) Loy, Vs = Nl]ds < Cor [ B[Lpucrny Lig oy, (Ve = 2 ds

<Cu /tTIE[( s — Voune) Hds, t € 0,70

By Gronwall's inequality, we have that E[(Y;, nr — V)] < eCHTIE[( - V.)" },Vt € [0, T1]. Letting
n — 00, by the continuity of processes Y, Y and bounded convergence theorem, we have that for any

€ (0,17,
E[(Y; — Y,)"] =0, then V; < ), P-ass. (3.26)

By once again the continuity of processes Y and ), we get that P(Y; < ), Vt € [0,7]) = 1, which
together with (3.22) gives (3.10). O

By letting L go to —oo, we could obtain the following version for corresponding BSDE.

Proposition 3.3.3 (BSDE version). Let (f,&) be s.t. f satisfies the quadratic growth (i.e., (3) in
Assumption 3.3.1). If (Y, Z, M, K) is a solution of the quadratic BSDE (f,§), and Y € C>(P), then
it holds P-a.s. that

1 _
Yi<a+ - ImE[e ¢ F], Vte[0,T] (3.27)

Proposition 3.3.4. Let (f,£, L) be a triple s.t. f satisfies the quadratic growth (i.e., (3) in Assumption
3.3.1). If (Y, Z,M, K) is a solution of the quadratic RBSDE (f,&,L) s.t. Y € C&POX)(P) for some

AN > 1 with + + 5 < 1, then for all p € (1, /\AJ;\/\,),

T p ,
E[(/ |&SZS|2ds+d(M)S> + K% } e B+ N < oo, (3.28)
0

Proof. From the definition of py, we know that py = /-2~ (A+/\’) A 2 > 1, and define the stopping times
7, = inf{t € [0,T] : (Jye S

(Zs - dXs + dM,)); > n} AT,Vn € N. Because E[e*Y- | < 0o and
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7 € H?P°(P,RY), M € M(P), we get that Y,” + ([, Z, - dXs + dM,)r < oo, P-a.s.. Then, we have
<f0 po’y ) (Z dX +dM )>T < epo'yY,: <f0 Zs'dXs+dMS>T < 007]1])'3-5-1 and then hmn%oo Tn = Ta P-as.

Next, we could apply It&'s formula to e P on [0,7,] for any n € N. Note that a + Sz < (a Vv

2_’6 )e(pO‘pO)W Vx > 0, we obtain P-a.s.,
(P5—po)y

ey [
nr / P [ 226%ds + d(M.),]
0
e — gy [PV L (Y, Z,)ds 4+ e P (Z, X + dM, — dE)
0

v Tn, v, ﬁ 5 v ¥ v (329)
LePorYs +po’y/ e PoVYs | [ o v 5 e(P5=Po)¥IYs| ds 4+ ~e P07 S[|ZS|28fds+d(M>s}
0 (Pg — po)y 2

+ poy

/ e (7, dX, + M)
0

2 _ 2 2 - .
Note that [ e PorYst(Po—PoYslgs L [ e P07 ivs<0yYeds < TePo?+ P-as.. Then we could combine

this with Burkholder-Davis-Gundy inequality and (3.29) to show that

E{(/O' 5 (7, - dX, +dM)>X}

<C{E[6W*] +IE{ {po'y(a Vv M) TeborYs } } +E[</OT POYs (7, dX, 4+ dM, ))

. )\2
<ol g|([ er - ax v am)E |

om‘y
om‘y

I

(3.30)

0

besides, we can apply Young's inequality Cab < 3C%a? + $b%,Va, b € R, on the second part of the last
term, i.e.,

A

C(A 7p0’yY <Z dX +dM )>2p0 < CQQpO’YY* <A PO“I S(Z dX +dM )>72—

s
o

A
7 (3.31)

~

1 ety - 1 : —_P s
<(Young)502ep2w* +§</0 (7, - dX, + dM,)

IS

1 1 © —poYYs
o150 + 2(/0 T (7 AX, + dM,)) 2
To conclude the last two steps, we have

B|([ 5 2 ax, +de\CE[GW;]QEWO- = 7 aX M)

5‘ cﬁw‘y

5 (3.32)
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2% A
Since E[(fy e ™% (Z, - dX, + dM,))72 | < n"s

< 00 due to the definition of 7, it follows that

EWO' L (7 dX, +dM))A

Let n — oo, we have by monotone convergence theorem that

< CE[eM].

EW]' S (7 dX, +dM)>%

< CE[eMY ],

Note that ;”;pp < Ap;pp < X, we use Young's mequahty with p =

32,2, and ¢ = Tp (note that by the
Py
definition of py, p2p = A+X <land A>1,s0q=

2 > 1) to get that

E |:</ 7. dX. + dMQ%} <E |:ep0p7y*+ </ pov s
0 0

(Z.-dX. + dM.))}, }

(3.33)
’ + —
SC’(IE[eA T +E{e’\7y* D < 00,
Pop s 2POP Lyt oyt
where ¢ L R < MY

. Besides, we have P-a.s. that

T T T
Kr=Yo—¢— [ 10 2)ds+ [ Z-aXo+ [ am,

T
<ol + 2+ BTV +Y) + 2 [ 12,62 +

By Burkholder-Davis-Gundy inequality and (3.33), we have

E[K@]gCE{H(Y*) LY /Z dX, + dM.,)} }

<C’<E[6X7Y"+] + ]E[GMY*D < 00.

Proposition 3.3.5 (BSDE version). Let (f,&) be s.t

f satisfies the quadratic growth (i.e., (3) in
Assumption 3.3.1). If (Y, Z,M,K) is a solution of the quadratic BSDE (f,¢) s.t. Y € C&POA)(P)
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for some A\, N > 1 with  + 5, < 1, then for all p € (1 AN ),

1 AN
N DYDY

T p _ ,
E[(/ laszs|2ds+d<M>s> *K%} < o Bl + X7 < oo, (3.34)
0

3.3.3 A monotone stability result
The existence is based on the following monotone stability result.

Theorem 3.3.6. For anyn € N, let {(f",&,, L") }nen be a triple and let (Y™, Z™, M™, K™) € C°(P) x
H2 (P RY) x M(P) x I(P) be the corresponding solution of RBSDE (f" &,, L") s.t.

(M1) All f*.n € N satisfy the quadratic growth (i.e., (3) in Assumption 3.3.1) where they share the

same constants o, 3 > 0 and v > 0;

(M2) There exists a function f : [0,T] x Q x RxR¢x S;° — R s.t. for dt @ dP—a.e. (t,w) € [0,T]x £,

the mapping f;(w,-,-) is continuous and f]*(w,y,z) converges to fi(w,y,z) locally uniformly in

(y,2);

(M3) For some L € C°(IP) and some R-valued, F]i—adapted process Y, it holds P-a.s. that for any
t € [0,T),{L}}nen and {Y;"}nen are both increasing (resp. decreasing) sequences w.r.t. n with
lim, oo T L} = Ly (resp., lim, o L L} = L) and lim,,_,, T Y =Y, (resp., lim,_,, | Y* =Y,

).

Denote L; := (L})~ Vv L; and Y; := (YT VY, Wt € [0,T]. If 2 := E[eM** + eXY] < oo for some

AN > 6 with 3+, < & thenY € C®POTA(P) and there exists (Z, M, K) € H22P (P; RY) x

AN
Yoy

MP(PP) x IP(P) s.t. the quadruplet (Y, Z, M, K) is a solution of the RBSDE (f,&, L) with & := Yr.

In order to prove this result, we will divide it into several steps to verify. First of all, we know from

the above statement that it holds P-a.s. that

~ < LINL KLY <Y<Y VY, <%,te€|0,T],vn € N. (3.35)
By setting \g := 5 + %(A’\;\;\, — 6) < A’EFX, — 1, we have py = WA{AM’) € (1,%). Given n € N,

(3.35) gives that E[eMY™)- + e’\/“/(yn)j} < E[eM? + eN7%] < co. By setting p = py, Proposition 3.3.4
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gives that

E {( |z dx 4+ M+ (s

< C(]E[e”'y(y”)r] +E{€/\w(yn)*}> < COZ < 0. (3.36)

We know from above that {Z"},cn is a bounded subset of the reflexive Banach space H*?P° (PP, R?),
which is also true for {M"},cn in the space MP°(PP). By Yosida [Yos80](Theorem 5.2.1), {Z"},cn has
a weakly convergent subsequence (for notation ease, we still represent it by {Z"},cn) and the limit

Z € 0?20 (P, R?). And {M"},cn has a weakly convergent subsequence and the limit M € MP (P).

Lemma 1.A. Under the setting of Theorem 3.3.6, {Z"},.cn strongly converges to Z in H?(P,R?), and

{M"},en strongly converges to M in M(P).

Proof. Step 1. Define ¢(z) := - (e*"® — \gyx — 1) > 0,Vz € R. For any m > n, we define

Ao

Emm i =&n—& and @ :=0Q™ —O" for © =Y, Z, M, K,L( and U := M — K). Using Itd's formula
to the process ¢(Y™") on [t, T yields that
1 /T
qb(ng’n _|_ 5/ ¢// Ym,n)d<Zm,n . X + M.m’n>5
—(Emn) +/ &Y™ (s, Y, ZM) — fr(s, Y, ZM)]ds (3.37)

—/ Y20 dX, + dM™Y, ¢ e [0, T).

We can deduce from (3.35) and (3.36) that

t
E[ sup / & (Y (200 d X, + dM™

te[0,7]

} <(8pc) CE {< /0 ¢/(ng’")(Z;”’”-dXS+dM;"’”))%}

ZCE[< / (Y D(Z5m - dX, + dM") 12| (¢(x) = " — 1,2 €R)
0

<CE

(o (zmnax e
(3.38)

where we use \g7Y™" > 0 because for m > n,{Y,}, T and therefore Y, > Y,,; note also that in the
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m,n
last term above, we have ¢*7Ys " < A0 (ZA%) 3nd then

CE {ekoﬂf*%) (1 + / Zmn X + dM;”“)T)}
0

<CE

. Po

eroPLr L rop2r e 4 <1 + (/ Z0" - dXs + dM?’”)T> ] ( Young's inequality ) (3.39)
0

<C(1+4Z2) < oo,

where we used Young's inequality with the setting of p; = /\io,pg = X and py = W/\(/MX) =

-1
( - L i) . To conclude, this shows that [, ¢'(Y;™")Z7" - d X + dM™"™ is a uniformly integrable

p1 p2

martingale. By setting ¢t = 0, we get from (3.37) that

B3] + 38| [ o'z .

<Bio(eo] +E| [ o] v [0l 2 (v b)) (e40)

9
mn2 _ _ 7n)\|2 2
+1 S<2|Z 2+ (o - 2)/(Z, — Z0)* + <3+ )\0_5)]25] )}ds

In above, we used the fact that |Z7"|2 + | Z7|? < 2|27 + 3| Z7|2 = | Z7)? + | 22 + | Z7)? —4Z2M 2" +

412717 and | Z7)? < (1+ 292)|Z = Z2P + (1 + 255)| 26
Note that |Y;™"| < |Y; — Y| < |Y; — Y}}|,Vt € [0,T],P-a.s., we have that P-a.s.

H(Emn) < D(§ = &) and [¢/'(Y;™")| < [¢'(Y, = Y[")| < [¢' (Y, = V)], ¥t € [0, T, (3.41)
by the monotonicity of ¢ and ¢’. Similarly, we have P-a.s. that
/(L™ < 1¢/(Ly — L})] < |6/ (Lo — L), ¥t € [0,T] (3.42)
By (3.39), we have that

T
EU |¢’(Ysm’”)|d(ZW*”-X,+M‘m’”)s} gE[ sup | (Y7 /Zm“ AX o+ dM™ )y | < 00, (3.43)
0 s€[0,T7
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which together with (3.40), (3.41) and (3.35) gives that

T T
| [0 = 2z ax v, | < 2mlote - 6]+ 2| [ o akye]

+E{ /OT ERAE ] [4a +2B(1Y7 +1Y])

#o52(Ou =212 - 2P + (34 .5 ) 2 s

(3.44)

Step 2. Now we handle with the second part on the RHS of (3.44) by our assumption (M3). Assume

firstly the increasing case,

[ /T
0

[ orvear]

[ (T
<E / (Y™ — LZ)dK;”} ( the flat-off condition and monotonicity of ¢')
0

: T

besides, we could continue to estimate the last term above that E{fOT Toymepmy@ (L") dKT | <

| K7 |leo e r) [0 (L")

inequality; to conclude,

1
< C=wo||¢/ (L — L™ P
< CER (L~ )]

||<cp§91(P) ) by using (3.36) and (3.42) in the last

L n
< C=ro ”(;S/(L — L )Hcpggl(]}n)' (3.45)

T
E[ | o mmans
0

Besides, it holds for the decreasing case of assumption (M3) that

T T
E[ | ¢’<nm7”>dK£’""}<—E[/ 1{vn-Ln}¢’<L?»n>dK4< =0 ¢/(L — L] o, .
0 0 s s Cpofl(ﬂ))

Step 3. Since {4/|¢/(Y."™"™)|G.Z™"} ;u=r weakly converges to \/|¢/ (Y. — Y)|G.(Z.—Z") in H? (P, R?) to-
gether with the same fact between {\/|¢’(Y. —Y™)d(M — M™)./d - |};n>n and {\/|<;5’(Y.m’”)d<va”>./d )

which we could verify exactly as in [BY12](p.1201 Appendix corresponding to its (3.12)), then by The-
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orem 5.1.1(ii) of [Yos80] we have that

T
| [ 160~ Y2 - 22) X+ O, M)
(3.46)
<liminfE { / Nle iz X + M,"”“”)s} ,

Note that H%2?P° (P, R?) C H?(P,R%), the sequence {Z™},,~, also weakly converges to Z in H?(PP, R%).

Step 4. Applying Theorem 5.1.1(ii) of [Yos80] once again together with the fact that Agy = ¢ — A\gy¢’

due to the definition of ¢, we have

AWE[</ Z,— Z") - dX, + d(M, — M"))}

m—o0

(3.47)
=limsup E

m—oo

— 29¢) (Y™ d(Zm" - X + M."“”)s}

(
<lim supE[ A XM,
- (o -2)

yhmmeU |6 (V™) |d(Zmm - X, 4+ MY, }

and then we can deduce from (3.44), (3.45) and (3.46) that the last term above has an upper bound
2B€ - )]+ CZANGL 1)y + CB| [ 1600 =YD + 2+ 24 212t
i.e., we have proved that

mE[< [[(2.- z2) - ax. + aoo, - M:>>T}

1 T
2BOE - )]+ CZRNGL - L)+ B [ 160~ Y1+ 24 80+ 822,
(3.28)

Step 5. Note that )y < AH,, then \ > AO}‘ ) By Young's inequality with p = /\AO and ¢ = ,\—7)\,\0’ we

get from (3.35) that P-as., 0 < (€ — &,) < 5 A4 < O (M 4 27%) Wn € N. By the fact
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that E[e*? + eX7%] < 00, ¢ is continuous and dominated convergence theorem, we have that

li\m E[o(§ —€,)] = 0. (n >\, oo here represents & — &, \, 0) (3.49)

Dini's theorem and (M3) imply that P-a.s.,

lim sup |L} — L¢| = lim sup |Y;" =Y =0. (3.50)

n—00 t€]0,T] n—00 €[0,7]

Step 6. The fact that ¢’ is continuous shows that P-a.s.,

0= lim |¢'( sup |L} — L¢|)| = lim sup exp{Aoy|L} — Li|} — 1 = Jim sup |¢' (L} — Ly)|.
O efo,T] "0 te(0,1) €[0,7]

From (3.42), we have that P-as. Supte[O,T |¢'(Ly — L?)]% < Supyepo ) [0 (Le — L,})|P§721,‘v’n € N.

Using Young's inequality with p = 2 = 22X we get from (3.35) that
E &m|¢u4—LbMW}<EFQQwH%1<cmkﬁﬁ+eM%]<mx (3.51)
t€[0,T7]

Then by dominated convergence theorem we have that

_po_
lim E{ sup |¢'(Ly — L?)|P0—1} =0. (3.52)
nN\oo | e[0T

Step 7. It follows from (3.35) and (3.41) that P-a.s.

16/ (Y; = Y)|(1+ &L + % + 62 77)
<o (Y = Y (L+ L+ %) + 10 (V; — V)52 (353)

<CNTEA) 4|61y, — Y6222, %t € [0,T],¥n € N,

Similar to (3.51), one has E[sup,c(o 7 |¢'(Y: — Yt1)|%} < CZ < oo, which together with Young's
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inequality and (3.51) shows that

T [ Ay 7 .
| [ (856 4 - vz

2oy v / NP T o0 o
ex+y + sup |¢' (Y — Y, )P0 T + o; Zpdt
te[0,T 0

(3.54)
<CE

< 0.

Then the continuity of ¢’ and dominated convergence theorem imply that lim,, o E[f] ¢'(Y; — Y;*)(1 +
%, + % + 67| Zi|*)ds] = 0.

Step 8. We conclude with the above calculus. Combining (3.49), (3.52), (3.54) and Doob's mar-

tingale inequality leads to the following deduction on (3.47):

lim E{(/O'(Zs — 2 dX, + d(M, — Mf))T} —0,

o ) (3.55)
} 0.

t
and lim E{ sup / (Z —Z")-dX. +d(M. — M")
0

n=oo | tef0,T]

Lemma 1.B. Under the setting of Theorem 3.3.6, Y € CeP1A)

Proof. Step 1. In this part, we prove that by (3.55), we take a subsequence of {Z"},cn (we still
denote it by {Z"},en) s.t. lim, o Z}' = Z;,dt @ dP-a.e. In fact, we can choose this subsequence s.t.
Z* = sup,cy |Z"| € H2(P,RY), see Lepeltier and San Martin [LM97] or Kobylanski [Kob00](Lemma
2.5). By (M2), it follows ds ® dP-a.e. that

which leads to that f is also F' x B(R) x B(R¢)\ B(R) -measurable by the measurability of f,,¥n € N.
By (3.56) and (M1), we also get that f satisfies (3) in Assumption 3.3.1. Besides, by (M3) we have
lim,, 7o Y = Y., P-ais.. For ds ® dP-a.e. (s,w) € [0,T] x €, the continuity of mapping f(s,w,-,")
shows that

lim [[fo(Y, Z2) = fo(Vs, Z0)]] = 0, (3.57)

n—oo
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We could also see that (M2) gives that for ds ® dP-a.e. (t,w) € [0,T] x Q,

0 < hr{g%gf ’[fn(‘S?Y;n? Z:) - f(57y;n7 Z:)”
< T sup {[[fu(s,w,9,2) = f(s,0,9,2)]| = Jyl < |Y2@)| V [Ya@)] < 00,]2] < Z2(w) < oo}

=0,

which together with (3.57) shows that ds ® dP-a.e.

lim ’[fn(S7st7 Zg) - f(S>Y:97 ZS)” = 07 (358)

n—00

By (3) in Assumption 3.3.1 and (3.35), we have ds ® dP-a.e.,
\h@lﬁzﬁ—f@ﬁhiﬂ<2@+M%£+®@+%ﬁﬂ@?+ﬁﬂ%ﬁn€NseWJT(3”)

On a P-null set \V, we assume that (3.58), (3.59) hold for a.e. s € [0,T] and %, + % + [ 52(|1Z:|* +

|Zs|*)ds < oo. By dominated convergence theorem, we have, for any w € N,

T
lim / fu(5,00, Y, Z0) — f(s,w, Y, Zy)|ds = 0. (3.60)
0

n—oo

For any n € N, the integration on s in (3.59) gives that

T
[Vl Y2 20) = (.Y, Z2)lds
0

T
0

3.61
22 (2 ()4 (w) | Y (3.61)
<CeBG+3po + 5 /

62120 + |Z,P)ds.

Then together with (3.51) and (3.36), we have
T Po
]EK / ds>
0

which implies that
fn(5> Y;n> Z?) - f(8> Y;, Zs)

< 00,Vn € N, (3.62)

< CE+CE {< / Z,dt)™
0

fn(sa Y?v Z?) - f(S, Y;n Zs)
1+po

1 “)

is uniformly integrable in L'(P,R) due to the fact that H% < po(where py > 1). So it follows from
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(3.60) that

1+4+pg
2

In(8, Y, Z0) — f(s,Ys, Z) ds) } = 0. (3.63)

T
lim E K /
n—oo 0

Note that ¢(z) > 2%22? and ¢/(z) > Agyz,x € R, it follows from (3.49) and (3.52) that

po—1

. 2 _ . n _ . P n pLg ro —
Jim B[(§—&)T=0and lim [L—L] = lim {E LiggT!(Ls—LsH 0 ]} = 0. (3.64)
Moreover, for any p € [1,00), it follows from (3.35) and (3.51) that
IY" 10 e) < (L. + 2] < CE[er 4] < CZ ¥ € . (3.65)

Step 2. For any m,n € N with m > n, using 1td’s formula to the process (Y.™")? this gives that

T
(V™) =€, + 2 / Y f(, Y Z0) = fuls, Y, Z0)]ds

T .
o [Ty X dupm) — ([ 2 X, M)
L ! (3.66)
<€+ [ YUl Y2 fuls Y 22 ds
’ t

T
. 2/ yme(zmn . dx, + dUm™), t e [0, 7).
t
By the flat-off condition of (Y™, Z™, M™, K™), we have that P-a.s.,

T T
/ (Y™ — L")dK! = / LMK < K7 sup |[LIV"|,t € [0,T7, ( increasing );
0 s s ~ T T
/ (Y™ — L™)dK" = — / L™mdK™ < K2 sup |L™"|, € [0, 7], ( decreasing ).
t t s€[0,T]

Furthermore, Holder's inequality, (3.36), Burkholder-Davis-Gundy inequality and (3.65) imply that

po—1
<E[E2, ]+ CEn | for( Y, Z) = ful-, Y, 20|

1+pg
H" "2 (P,R)

£ sup i
t€[0,77]

(3.67)

N o1
+ O L™| + CZ3(| 27" |2 ey + CZ 70 [|M™ [apae).

P)

By (3.64), (3.63) and (3.55), we conclude that {Y"},cy is a Cauchy sequence in C*(P). Let Y be

its limit in C*(PP), there is a subsequence {n;}ien s.t. limp oo SUPieiopy |Yy" — ¥i| = 0,P-a.s., which
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together with (M3) implies that P(Y;" = Y;,Vt € [0,7]) = 1. So Y is a continuous process satisfying

lim sup |Y}" —Yi| =0,P-as. (3.68)
nN\©o0 1[0, T]

Step 3. Since E[eMY- 4 AV < E[eM% + eX7%] < 0o by (3.35), we see that Y € C*P(A) - ]
Lemma 1.C. Under the setting of Theorem 3.3.6, K € K(P).
Proof. Here we define an F]p—adapted, continuous process: for any ¢ € [0, 7],

t
K, =Y,—Y, — / fs(Yy, Z)ds + (Z, - dX, + dM). (3.69)
0

It follows from (3.63) and (3.55) that {Y",Z", M"},en has a subsequence (we still denote it by
{Y", Z", M"},en) s.t. P-ass.,

n—00

T
i { [ 106,72 20) = £(s.72 20
0

. (3.70)
+ sup / (Z7 — Zy)d X + d(M] — M) } = 0.
tefo, 7] | YO
The last two equations together with (3.68), we have that
lim sup |K] — K| =0,P-as., (3.71)

N0 yel0,7]

which shows that K is a finite bounded variation process, so K € K(PP). Here we summarize that
L, Y;,&(= Yr) and f are known in the beginning while K, Z, M are verified in this proof, so letting
n — oo in (3.35) as well as the RBSDE w.r.t. (Y™, Z™ M™ K") gives that P-a.s.

T
L <Y =g+/ £.(Ya, Z)ds — (Z, - dXs + dU,), t € [0,T].
t

Lemma 1.D. Theorem 3.3.6 is valid.

Proof. For P-a.s. w € €, since {(Y", L", K™) }nen uniformly converges {(Y., L., K.)} w.r.t. ¢ by (3.50)
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and (3.71), we could follow the standard arguments (e.g., [BY12]) and the flat-off condition of each

(Y;", Ly, Kp) that

T T

lim [ (Yi(w) = Lo(@))dKe(w) = lim [ (V@) — Lp(@)dK7 (w) = 0.

n—oo 0 n—0o0 0

Together with the previous steps, we have shown that (Y, Z, M, K) is a solution of the quadratic
RBSDE(f,¢,L). Since Y € C*P:X7) | Proposition 3.3.4 shows that (Z, M, K) € H>*(P,R?) x

MP(P) x KP(P) for any p € (1, /\/\T/\:\’) O

Theorem 3.3.7 (BSDE version). For any n € N, let (Y™, Z" M", K") € C°(P) x H>"¢(P;R?) x
M(P) x I(P) be the corresponding solution of BSDE (f",&,), n € N s.t.

(M1) All f*.n € N satisfy the quadratic growth (i.e., (3) in Assumption 3.3.1) where they share the

same constants o, 3 > 0 and v > 0;

(M2) There exists a function f : [0, T] x Qx RxR¢x S7° — R s.t. for dt @ dP—a.e. (t,w) € [0,T] %,

the mapping f;(w,-,-) is continuous and f}*(w,y,z) converges to fi(w,y,z) locally uniformly in

(y,2);

(M3) For some R-valued, F' — adapted process Y, it holds P-a.s. that for any t € [0, T, {Y;" }nen is

increasing (resp. decreasing) sequence w.r.t. n with lim,,_,., TY,* =Y} (resp., lim,_,., | Y;" =Y,

).

Denote Y, = (Y)* VY;",Vt € [0,T]. If 2 := E[eX"*] < oo for some A\, N > 6 with } + & < &,

then Y € C*PAA)(P) and there exists (Z, M, K) € N o \H2#(P;RY) x MP(P) x IP(P) s.t. the
vy

quadruplet (Y, Z, M, K) is a solution of the BSDE (f,£) with & := Y.

3.3.4 Existence

Theorem 3.3.8. Let (f,&, L) be a triple s.t. f satisfies the quadratic growth (i.e., (3) in Assumption
3.3.1) and that

dt @ dP-a.e.(t,w) € [0,T] x €, the mapping f(t,w,-,-) is continuous. (3.72)
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If E[e?ME + e’\IVeﬁT(ngVLj)] < oo for some A\, \' > 6 with % + 5 < %, then the quadratic RBSDE

(f,€, L) has a solution (Y, Z, M, K) € N o\ CEPATAN(P) 5 H2?P(P; RY) x MP(P) x IP(P) that

p 7>\+>\/

satisfies (3.10). Besides, if TV L, € L*P(P,R), then this solution (Y, Z, M, K) belongs to SP(P) =

CoP(P)(P) x H>?P(P, R%) x MP(P) x IP(IP) for all p € [1,00). To be precise, for any p € (1, 00), we have

the following a priori estimates:

E[e’*] < E[pyL;] + cpE[emeﬁT(ﬁvLi)] < 00;
T p (373)
E[(/O 52| Z,[2ds +d<M>S) +K§} < ¢E[e7Y] < co.

Proof. Step 1. Introduce the ‘cut-off’ and validate the wellposedness of a maximal bounded solu-
tion for corresponding quadratic RBSDE. To be detailed, for any x € R and m,n € N, we de-
fine 2™ = z V (—m) and z™" = (x \Y% (—m)) A n. Clearly, (z™)” Vv (z™")” < z~ and (2)* A
(™)t < o, Kobylanski, Lepeltier, Quenez and Torres [KLQTO02] gives the wellposedness of a maxi-
mal bounded solution (Y™", Z™® M™n K™m) € C*(P) x H*(P,R) x M(P) x K(P) for the quadratic
RBSDE(f, £™", L™™)(note that here we state their result in the context of a more general filtration).

Then we could obtain from Proposition 3.10 and the above discussion on cut-off functions that P-a.s.,

1 e m,n m,n ] ].
Ly < —(L)T S LTSV < op + mE{J (iennyrvameyt) Fi| <co+—Bite0,T),
Y v
(3.74)
where B; = ]E[eWeﬁT(ﬁvLj)’fﬂ. Besides, we could follow Proposition A.1(Comparison theorem for
quadratic RBSDEs with bounded obstacles) in [BY11] to show that P-a.s.,
Y LY LY e [0, T (3.75)

Step 2-1(n — +0o0). As n,m go to +00 by order, we conclude in the following two parts the existence
of solution for our target RBSDE as the limit of solutions for cut-off case verified in Step 1. Indeed,
given m € N, we have L™ € C°%P) and {L{""},en is an increasing sequence w.r.t. n as well as
lim, .o 1T L™ = L™ for any t € [0,7]. By (3.74) and (3.75), we know that outside a P-null set

N {Y " }aen is an increasing sequence w.r.t. n and bounded in the upper sense ¢y + %ln B; for
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any t € [0,T]. Next except on this P-null set N,,, we define Fp—adapted process Y, (w) 1= lim, o, T

Y™™ (w), (t,w) € [0,T] x Q. In particular,

Yft = lim Y7 = lim g =€ (3.76)
We could obtain that P-a.s.
_ 1
—L; <Y"<c+—InB,te|0,T], (3.77)
Y

by letting 7 go to oo in the above (3.74). For any t € [0, T, we define .Z/™ := (L")~ v (L")~ < Lj,
and 2" == (Y, v (/") < ¢ —&—%ln B,. Then we get from from Doob’s martingale inequality that
E{e’w“ﬂn + eXV%m] gE[eML*_} + c,\/E{B;\/] = ]E{eML*_} + C)\/E{B%/}
(3.78)

=K {e’WL*_} + C,\rE{e)‘,VeﬁT(ﬁVLr)} < 00.
Therefore, we can now use the monotone stability result Theorem 3.3.6 to claim that Y € C&PAA) ()

and that there is (2, M™, K™) € N, v \H**(P, R?) x MP(P) x IP(P) s.t. (Y™, Z™ M™ K™) is

PE(L N

a solution of the quadratic RBSDE(f, Y;*, L™). We let n go to +oc in (3.75) and obtain that P-a.s.
YLyt e [0,T). (3.79)

Step 2-2(m — +0o0). Firstly, we note that {L}"},,cy is a decreasing sequence w.r.t. m and lim,, , |
L™ = L for any t € [0,T]. From (3.77) and (3.79), we know that outside a P-null set A, {Y;"}.en
is a decreasing sequence w.r.t. m and bounded in the lower sense —L; for any ¢t € [0, T]. Therefore,
except on this P-null set A/, we define ?P—adapted process Y; := lim,, .o, | Y™, (t,w) € [0,T] x Q. As

m — oo in (3.76) and (3.77), we have P-a.s. that
Vi< Jim LY = Jim L€ = (320

and

1
—i;gﬁ<%+;m&JGMH. (3.81)
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For any t € (0,77, we define % := (L;)~ vV Ly < Ly, and & == (Y;')* VY," < ¢ + In B, P-as..
The same as in (3.78), we can have that E[e’% 4 X 1%] < E[eME | 4 ey E[eX7?” ¢7VED] < 00, Once
again, we use the monotone stability Theorem 3.3.6 and (3.80) to obtain that Y € C&P*A)(P) and

there si (Z, M, K) € N H22P (P, R)(P,RY) x MP(P) x KP(P) s.t. (Y,Z, M, K) is a solution of

’
pe(la%)

the quadratic RBSDE(f, ¢, L).

Step 3. If in addition we have the assumption that £ V L, € L®P(IP,R), then for any p € (1,00)

we have
E[e"™] B[ + ] < B[] + ¢, E[MI] = B[] + ¢, E[M}] (3.82)
3.82
=E[eP"] + CPE[emeﬁT(@vL;*)] < CPE[emeBT(ﬁvL*)] < o0,
which gives that Y € C&P®)(P)(of course in C*P®)(P) as v € R, ). Besides, we could obtain (3.73)
by applying Proposition 3.3.4 with A = \' = 3p. O

Theorem 3.3.9 (BSDE version). Let (f,£) be a pair s.t. f satisfies the quadratic growth (i.e., (3) in

Assumption 3.3.1) and that
dt @ dP-a.e.(t,w) € [0,T] x 2, the mapping f(t,w,-,-) is continuous. (3.83)

IfE[eN 7€) < oo for some \, N > 6 with + + L < L then the quadratic BSDE (f,¢) has a solution

AN
SN N

if €+ € L=P(P,R), then this solution (Y, Z, M, K) belongs to SP(P) = C®P(P)(P) x H>?*(P,R?%) x

(Y,Z,M,K) € N ( ><CA"”M(IP) x H2?(P;RY) x MP(PP) x IP(IP) that satisfies (3.27). Besides,
pe

MP(P) x IP(P) for all p € [1,00). To be precise, for any p € (1,00), we have the following a priori

estimates:
E[eP] < ¢, + cp]E[epWﬁT5+] < o0;
(3.84)
< B[] < 0o

T p
E[(/ a§|zs|2ds+d<M>s) e
0

3.3.5 Comparison

Theorem 3.3.10. Let (', &Y, LY), (f%, €%, L?) be two triples and let (Y, Z1, M', K*) (resp. (Y%, Z?, M? K?))
be a solution of RBSDE (f1 &', L') (resp. RBSDE (f?,£2,L?)) s.t.

(C1) €' < & and for any t € [0,T],L; < L?, P-a.s.;
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(C2) IE[@’\Y*L+ + e’\Y*Q’_] < oo for all A € (1,00) and K' € TP(IP) for some p € (1,00);

(C3) Fora, B,k > 0,7 >0, f! (resp., f?) satisfies (2), (3) in Assumption 3.3.1, f* (resp., f?) is concave
in 2 and Af(t> = ftl(Y?a Zt2> - ftQ(Y;‘/27ZtQ) < Oadt ® dP-a.e. (resp., Af(t) = ft1<Y;‘/l7Ztl> -
AV ZH <0, dt @ dP-ae.);

then Y,;' <Y? foranyt € [0,T],P-a.s..

Proof. Step 1. Following the classical procedure for comparison of quadratic BSDE with deterministic
horizon(e.g., [BHO08]), we choose some 6 € (0,1) and define 9 := Y — Y2 3 := 0Z' — Z? M =

OM' — M2 &= OK' — K2 as well as an T -progressively measurable process

Lt 0, Z2) — fL(t, Y32, Z2
a; :==1gy130 (1{%&0} ( : t>®t b B) — fliy,=0y | = Fliyicocyzy
3.85)
"t Y! Z)) - U YeE 2] (
+ 1{Y1VY2<0} (1{Y17gy2}f < ¢ ;2 £,2< ¢ t) - li]_{ylzy2})7t E [O,T}
t T It

Note that here we only consider the first case in (C3), and for the second case in (C3), we just need to
modify most parts related to f! in this proof to f2, so we omit it here. Then A, := [} a,ds,t € [0,7]
is an Fp—adapted process. By Lipschitz continuity (2) in Assumption 3.3.1, we have dt ® dP-a.e. that
lar] < k,t € [0,T], thus A, := sup,eo 7y |Ae] < Ji |as|ds < KT, P-a.s. By concavity (4) and quadratic
growth (3) in Assumption 3.3.1, we have dt ® dP-a.e. that

=

2001 (69, 2) = (1= 0)(a+ Bl = 575013 vy € B,

fty, 22 201 (ty, Z})+ (1 —0)f'(t,v,

(3.86)

where we used 77 = 07} + (1 — 0)2’521__6941 =07} + (1 — 0)72 in the first inequality. Next, for any

n € N, define an T -stopping time
t
T, = inf {t € [0,7) : / G2(|ZH? + | Z2)%)ds + (M) + (M?); > n} AT. (3.87)
0

Clearly, lim,,_, 7, = T, [P-a.s.. Besides, we here define (y 1 := %. Using 1t6's formula to the process

[, = exp{Cpre?*Q;}, s € [0,T], similar to the classical case(e.g., [BHO8]). For readers’ ease, we here
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write down this detail:

. 1
dT, = d(e0 79 = CorTd(e™Y,) + §C92,Trsd<€AQ}>s

1
=GorTa (e, + eV dA) + S Gl d().),

3.88
=Gorlee{ = (0f] = f2)ds + (02} — 22) - dX, + d(OU} — U2)} + Gorloe™ Dsarods .
+ ;ggj,rse“s (02} — 22)%6%ds + d(OM' — M?).],
then we write the above differential form as the integration form to obtain that
e =Tt Gor [ P {0732, 20) = P V2. 2) = 0l
— ;ge,TeAsd@. X +M), — CGor M I et (38 SdX, + dfms) (3.89)

T,

T, 4 [ Guds+ G [ Tae™dR = G [ Do (3,-dX, + M)t € [0,7],
Tn /AL Tn/\t

T/t

where we introduced the notation
1
Gds :—ngTFseAs{[(Gfl(s,Ysl, Zsl) — f2(8, Yf, Zf)) — as9)s]ds — §C97T6Asd<3‘ - X 4+ 93?>9}

Then by (C3) we can obtain that ds ® dP-a.e.,

Gyds < gg,TrSeAs{[(efl(s, Y1 2h) = (s, Y2, 22)) — a..)ds — 2(17_ 9)d<3. X+ zm)} (3.90)

where we used in the last term that CeyTeAS = l%ee”TJFAS > 115 due to the fact A, < kT

Step 2. Below, we will verify by 3 cases whether there exist a bound not related to 6 for G, pre-

cisely we will prove that
Gy < yerf T AT, {a + (B + k) (YT + Yf”)} ,ds @ dP a.e., (3.91)

where YT =YV 0,Y2" == —(Y2A0), for s € [0,T].
1) For ds@dP-a.e. (s,w) € {Y}(w) > 0}, using the definition of @ and (3.86) with y = Y! (where we used

concavity and quadratic growth), i.e., f(s, Y}, Z2) > 0f1(s, Y]}, Z;)—(l—@)(oz—l—mYsl|)—ﬁ5’§|35|2,
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we can then replace 0f1(s, Y}, Z!) in (3.90) by this estimate to get that,

Gds <g9,TrseAs{[9f1(s Y, 2 — (s, 0], 22)|ds — T a3, X +zm.>s}

Y s 2(1— 0)
—ca,TrseAs{ <f1<8, Y4, 22) — fs, 070, 22) 4 (1 - 0)(a + mm)ds (3.92)
v -
519 (5213, %ds — d(3.- X. + sm_>s)};

besides, by using Lipschitz continuity, i.e. (2) in Assumption 3.3.1, we have
|f1(37 )/517 ZsQ) - fl(svey;la Zs2)| < /{(1 - 9)‘}/31|7

then to conclude the above calculus, we obtain that

Gids <C97TF56AS{ (1= 0¥+ (1= 0)(a+ BV )]ds + (6213 ds — d(3.- X + sm.)s)}

y
21— 6)

<V6HT+ASI"‘S [OH— (8 + /{)Y;l&}ds.
(3.93)

2) For ds @ dP-a.e. (s,w) € {YV}(w) < 0 < Y2(w)}, inserting ‘—f1(s,0,Z) + f'(s,0,Z)' (= 0) in
(3.90), we have

G <G (017 (5V2. 20 = PH6.0.22)| 4 0 (6,0.28) = ' (5.Y2.22)

v
- asips]ds - 2<1 _ 9)d<3 - X+ S):n>s}

<Gt {[ =04 (£6.0.2)+ 0= 00t 51 g a3 P - P22 e i

o
T 0)d<3. -X+9Jt.>s}

(3.94)
where we use (3.85), i.e. a; = —r for the case Y.!(w) < 0 < Y2(w) and apply (3.86) with y = 0; once

S

again by Lipschitz continuity, we have

F1(5,0,22) = (5, Y2, 22) < w2

) S 7 S
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then to conclude the above calculus, we obtain that

Gds <49,Trse/*s{ [ —O0rY] + kY2 4+ (1 —0)a + HQJS} ds + (&§|35|2ds —d{3. - X + sm))}

.
2(1— )

<Corlse™ [(1 - 0)04} ds < aye T4 ds.

(3.95)
3) For ds @ dP-a.e. (s,w) € {Y;! VY2 < 0}, we use (3.86) with y = Y. to get that
Gus =G {0705, 20) = 07 (5.Y2.28) = 0.+ (L= )+ V) 4 5?3,
— A3 X M)
2(1-10) s
<Gl eAs{ef (s, YL, ZH —0f (s, Y2, Z}) — a, s + (1 9)(a+5\Yf|)ds};
(3.96)
by the definition of a, we have
9f (37)/;1’Z ) 9f1(37YSQstl)_asQ)s: (1_9)615}/327
then to conclude the above calculus, we obtain that
Gyds <C97TF56AS{(1 —0)a, Y2+ (1 —0)(a+ /B\Yf\)ds}
(3.97)

Lyer T AT, [ — kY2 +a+ ﬁ|Yf|}ds = e THAT [a + (K + B)YSZ’_}ds

To conclude, we have obtained three bounds in above, namely e +4:T", [OH— (6+R)Y;’+}, et AT,

and yert AT [a +(k+ B)Y:f’_}, then (3.91) follows.

Step 3. Now, we define a process D; := exp{ T [a + (B + k) (YET + Yf’_)}ds},t e [0,7].
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The integration by parts with the bound (3.91) obtained for G gives that P-a.s

Dy, Ty, =Deynlrune + | :t D,dl'y + T'ydD,
=D, T i+ ::t Ds{ ~CpaTyet [[(9 FUs, YE 72 = f2(s, Y2, 22)
— a),)ds — ~Coretd(3. - X + zm>} — CorTse®df, + Corlse™ (3, - dX, + dM )}
L

D.Dye® ™ o+ (8 + w) (V) + Y27)]ds
Tn AL

:DTn/\tPTnAt +

s{ - Gst - C@,TFSeAsdﬁs + C@,TFSGAS (38 . dXs + dmts)}
T/t
+ n

D.Dye ™ [o+ (B + k)Y +Y27)]ds,
T/t

(3.98)
so we have
Lot € Drynilryns <D5To, + G [ DLseMdEE = Gor [ D™ (3, - dX, + dn,)
" " (3.99)
Together with that P-a.s., L} < L? < Y2 for any s € [0, 7], the flat-off condition of (Y, Z1 M' K')
shows that P-a.s.,

1 T 1 T 1 T yerT+Asy 1 1
/0 D,IdK! = /0 141y DK < /0 Lyyzav DLAK! < [ Dee PTAKY < oK,

where we used

(3.100)
o, s e < 1 o)
<exp { - 'ye”T“‘SYQ} exp {'ye”T“‘S Y2 },
and
D et —exp{ ZHT/O a+ (8 +k) (Y1’+ + Y2 )]d } et YT
{ T[/O o+ 6+m)(Y1++Y2—)}dr+Y2—” (3.101)

{ [aT+ (B+ k) T+1)Y2* (B+IQ)T§/;1’+:|}:: S
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By Hélder's inequality and the solution space, we have, except on a P-null set M¥, that

Efo(L+ K] <(E[<l77]) 7 (EIL+ Kn)” < Ikl 2y, - C(L+ IKrlluem) < oo

L7 (P,R)

and E[D;T.] <E{ exp [vem [+ (B4 RV + Yf’_)}T} exp {ce,TMY;* T Y)} }

beoc

where the last two inequalities are guaranteed by condition (C3). Then Burkholder-Davis-Gundy inequal-

|

1
<E{ exp ['yeMaT +7e* (B + )T + ﬁ] (V" +Y27)

(3.102)

ity shows that

Tn /AL
E[ sup / DDy (3,dX, + d,)
0

te[0,77]

(SIS

<CE

DTF*GA*< /O 5213, ds + d(Dﬁ)s) ] (3.103)

<CmE[D;T,] < oo,

so [q"" DT yes(3,dX, + dM,) is a uniformly integrable martingale.
Taking E[-|F, ] in (3.99), where the 3rd part in RHS disappears because it's local martingale and the

2nd part is

Tn

" D,Ie*dK!

Tn /At

E [Ce,T

f} < Cge,TE[ / D, dK!
Tn /At

f] < CConEE {gK;

Frn/\t:|
by (3.100), then we get that P-a.s.

Lot <E[D, T [ Froad] + CC@,TEKK%LTMM]

(3.104)
<1{7—71<t}D7'n]‘—‘7'n + 1{Tn>t}E[DTnFTn‘ft:| + CC97TE|:§K71—’"FTn/\t:|
Letting n — oo, by dominated convergence theorem, we have P-a.s.
Ty < E[DrTr[F)] + ClorBc K1 Fy] <E[Dre™™ €| F\] + ClorE[ K} | F] (3.105)

<C(1V ¢or)Els(1 + K7)|F4],

where we used two inequalities in (3.101) which correspond respectively to the penultimate and last
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inequality here. Taking the logarithmic in above leads to,

1 o 10 e\ e, 10 N[ ,—rT—A
oY, — Y < Tln 1Y, )¢ t+ T<C+ InE[¢(1 + Kp)|Fe])e t,P-as.. (3.106)
Letting 6 — 1,we have that Y;! — Y;*> < 0,P-as. O

Theorem 3.3.11 (BSDE version). Given (f,€),(f",&'), let (Y, Z, M,K) (resp. (Y',Z',M', K')) be a
solution of BSDE (f,£) (resp. BSDE (f',¢')) s.t.

(C1) ¢ < ¢ P-as.,;
(C2) B[N + eAY*L] < oo forall A € (1,00) and K € IP(P) for some p € (1,00);

(C3) Fora, B,k > 0,7 >0, f (resp., f’') satisfies (2), (3) in Assumption 3.3.1, f (resp., ') is concave in
z,and Af(t) = fi(Y/, Z])— fi(Y/, Z]) < 0,dt @ dP-a.e. (resp., Af(t) = fi(Yi, Zi) — fi(Ys, Z4) <
0,dt ® dP-a.e.);

then Y; <Y/ for any t € [0,T],P-a.s..

Remark 3.3.12. Directly, we could obtain the uniqueness of corresponding RBSDE and BSDE from the

above comparison results.

3.3.6 Stability
Theorem 3.3.13. Let {(f™,&n, L™) }menugoy be a sequence of triples s.t.

(S1) For the same constants «, 3,k > 0 and v > 0, f° satisfies the Lipschitz condition in y (i.e., (2) in
Assumption 3.3.1) and { f" } e satisfies quadratic in z, Lipschitz iny (i.e., (3), (2) of Assumption
3.3.1) and concave in z (i.e., (4) in Assumption 3.3.1);

(52) It holds P-a.s. that &, converges to &y and that L}' converges to LY uniformly int € [0,T);
(S3) Z(p) = sup,,enuio) E[eP&nVEN] < oo for all p € (1,00).

Taking (Y°,Z° M° K°) € Myept,00)SP(P) = Mpefr,00)CPP(P) x H22(P;R?) x MP(P) x IP(P) as a
solution of the quadratic RBSDE (f°,&y,L°), and for any n € N, we take (Y",Z", M™, K") as the
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unique solution of the quadratic RBSDE (f",&,, L") € Mpe1,00)SP(P). If f1(Y?, ZP) converges dt ® dIP-
a.e. to f(Y?, Z}), then for any p € [1,00), {sup,cpo.r |Y/" = Y| nen is a uniformly integrable sequence
in L}(P,R) and

T p
lim E[ sup |¥;* — YOP] = JLIEO]EK/O 2" — Z,|?6%ds + d(M" — M.>S> } —0.

N0 el0,7T)

Moreover, if it holds dt @ dP-a.e. that fI'(w,y,z) converges to fX(w,y,z) locally uniformly in (y,z),

then up to a subsequence, we have further lim,, o E[sup,c(o 1 |[K7* — KPP] = 0,Vp € [1,00).
Below we divide the proof into four steps.

Lemma 2.A. Givenn € N,6 € (0,1) and € > 0. Then we have that P-a.s.

Y=Y < (1 =0)(IY°] + Y] +

an (ZI”’) telo,T], (3.107)
where I}"" == E[I}V'|Fy] fori=1,2,3,4 s.t.

t
I =Dy, with D; == exp {yeQHT/ [a+ (8 + KJ)’Y;OHdS}ﬂf € [0,7] and
0

M = eXp{COGHT(Kn - 9€0| \ ’50 - 9§n|)}
2% =(e" T DY, / 1AL f(5)|ds with Cg = L T = exp{Coe T (Y + YO))
-0 (3.108)
and A, f(t) .= [*(t,Y, Z}) — fo(thtO, Z)),t €10, T);
e (1 + Cpexp{rT + egge”T}){l + Drexp |y { e T(Y0 + Y")} (K9 + K?)};

= C‘) eI DY, [ sup |LI" — Loy}(K%JrK;E).
t€[0,T)
Proof. Define Q™ := 0Y" — Y™, 3" :=0Z° — Z" M := OM° — M™, 8" := OK° — K", and define two
processes
n(t,0YL, Z0) — fr(t, Y, 2P ¢
ay = 1{m?¢0}f (t, 0% Z; )q)nf .Y 27) _ Klggn—oy, A} ::/ ayds, te€[0,7]. (3.109)
: 0

t

As in (3.89)(Here we use ¢y to denote (y ), using It6's formula to the process I'?" := exp{Cpe* YPr},t €
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[0, T gives that

T
0= 4G [ T {0705 Y0 22) - (5,7 22) - 2t
t
1 n T n
— 5ggeAsd<3" X +OM° — M_")S} + / e (0dK? — dK™)
t
T
— & / Ire (30 dX, +d(6M° — M)t € [0, 7]
t
T
oo [ e (0006, Y228 - (52, 220) -
t

— SGea(3 - X + smm} + @/ et dgh — ge/ Iret (37 dX, + dom?] ¢ € 0,7,
t t
(3.110)

and here we could define
n 1 n
G?ds ::Q?FZBAS {wfo(sv }/;0» ZS) o fn(sa }/;na Z;L) - aga‘jg}d‘s - 5@96143 d<3n X+ QMO - Mn>s}

) s 7 S

=G {1075, Y2 22) = (5, Y7 28) N - JGe a3 X+ ), |
(3.111)

By (2) in Assumption 3.3.1 and the fact that f,, is concave in z, we have that dt ® dP-a.e. for any

y € R,

£ (59, 22) 20" (5,9, 7) + (1 = 0)f" (y T _30)
(3.112)

200" (5,9, 20) = (1= O+ Blul) = 575023t

Then in the definition (3.111) , we use the definition of A, f(t) :== (¢, Y, Z?) — f°(t,Y,°, Z?) to

obtain that,
Grds =<er:e/*?{ [[ —BAf(s) + 07 (5, Y0, 20) — (s, Y, 2] - @} ds— ooed(3" - X + sm.">s}
<zt { [ 8uf(6) 40776, Y2, 20) = 17(5,¥2. 22

+ |fn(87Yt907 Z:) - fn(370Y;0’ Z:)|}d3:| - ;C96A2d<3n - X+ mn>s}7
(3.113)

where we use the fact that ‘—f"(s,0Y?, Z") + f™(s,0Y2,Z") = 0’ and the definition of a4 that
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(s, Y, Z0) 4+ a™Ym = f(s,0Y, Z™); besides, we could apply (3.112) with y = Y to get
0F"(s,Y2, 20) — (s, Y2, Z) < a+ BIYY)
and use Lipschitz continuity((2) in Assumption 3.3.1) to obtain
(5, Y, Z0) = (5, 0¥, Z2)] < w(1 = 0)[Y];

to conclude the above calculus, we have that

Gras <Grze {[18,(6) + (a4 AV0D) + 5 23
L= 0?1 as - St x o, | (3119

<{762“Tr: ot (51 VY] + cee”r:mnf(sn}ds.
As in (3.99), integration by parts gives that

T T T
IY <D} < Dyl 4 G [ DTHAf(s)lds + G [ DT dK? — ¢ [ DIie™ (37 - dX, + o)
t t t

T T
I 4 I + et Dy /0 dK° — ¢ / D I (37 - dX, + d"), ¢ € [0, 7).
t

(3.115)
By the flat-off condition of (Y, Z° M° K°), we have that
T T T T
/ ngKg :/ 1{Y50:L9}FZng - / 1{Y§0=L9§L2+6}FZng +/ 1{Y?:LQ>LQ+6}FZng
0 0 ‘ 0 s 0 ST
T T
g/o Livocyrie exp{ve* Y| + eCpe™ YA KO + Tn/o 1{|L;l—Lg\>e}ng (3.116)
1
<exp{ve® Y + epe" } K + —Tn( sup |L} — L?DK% P-ass.,
€ t€[0,T)
where in the penultimate inequality with the indicative function 1(yo_ro<iniecyniey, We use
KT kT ,AY KT ,A?
I7 = exp{Goe™ D7) =exp{fe_ eeA?wYSO—Yb} S exp{”i Y - Y}
kT ,AY &T ,AY
Sexp{fyi 69 964-7? 60 (9—1)}/5”} (Y2 <Y +e) (3.117)

<exp{CeeA205 +7€2HT’}/;n|} < exp{ceenTee +,}/62KT‘YSH|}.
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For each p € (1,00), (3.73) and (S3) lead to

/ T ) ) f y
supE{eW*" + /O Z" - dX 4+ dM™YP + (K7 )P} <, sup E[e?7 T €I

n/eN n’eN

<= (3pveﬁT) .

Then, it holds that
sup E [emy*” iy / 2 dX, + M™Y. + (K}”)p}
meNU{0} 0

<= + B[ ([ 224X, + D + (7] = ),

which combining with (S1) gives that

—_

E[n?] <]E[€pCee“T(\§n\+|£ol)] < ,E[e%Cee“T(EiVLf) + 62pCee"T(€o+VL2)} < E(2PCQ€KT)

)

[\

K n K = 2
ETZ < E[€2PC96 Ty + BQPCee TY*O} < E<1p(9€2mT>7

1
2
E[(/()T,Anf(s)|d5>p} < E[(2T(a+ﬁ1ﬁ0) +’V/O.T\8SZS\2ds>p}

T p
< E | + (/ |8SZ£|2ds> ], ( Note that p € (1,00))
0

ELSBPT L - L?V’} <GE|(LL) + (L] < B[ + ] < ¢2(p)
€10,

(3.118)

(3.119)

(3.120)

(3.121)

(3.122)

(3.123)

By definition of D; given in this theorem , we have Dy < cgexp{ye** (3 + )Y}, and then we could

also see here that Dy € LP(P,R). So we can get from Young's inequality and (3.119)-(3.123) that the

r.v.s ]g’i,i = 1,2,3,4 are all integrable. Besides, Burkholder-Davis-Gundy inequality, definition of T,

and Holder's inequality imply that

t n
| Drnet (30 - dX, + am,) || <ok
0

E [ sup
te[0,7]

([ ooz

T 3
DTTn< / |653§]2ds+d<9ﬁ,")8> ]
0

<COE

T 3
<COHDT||1L4(1P,1R)||Tn||L4(P,R)EK/0 |5532‘I2d8 + d<9ﬁ?>5>

5.37%ds + d(?m.>s> 2]

(3.124)

< 00,
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ie. [y DImes (37 - dX, + dMN) is a uniformly integrable martingale.

For any ¢ € [0, 77, taking ]E[|7:f] in (3.115) and (3.116) gives that I'} < Y% | I}, P-a.s., which leads
to that

1 —
0

0 4 ,
Y0¥ < (L= )Y 40V — Y < (1 - )Y+~ In (z fz”) Pas.  (3.125)
i=1

The other half of (3.107) is similar to the above proof, so we omit here. O

Lemma 2.B. For any p € [1,00), exp{pysup,co 7 |Y;* — Y|} converges to 1 in probability.

Proof. Given 6 > 0, we use (by order) (3.107) and twice Doob's martingale inequality to get that

P( sup |V — Y| > 5)

te[0,7
0 n g 1-46 . n,i g
<P (1 -0)(Y, +Y*)>§ +P S In( > I > (3.126)
i=1
1-6 4 R
< IR v+ P > et )
i=1
by an adjustment on the estimate for the last term above, i.e.
1 - 9 0 4 . 1 _ Oy ]. — 9 9~y 0 9Ny =8y 4 ni
QTE[Y* + Y:kn] + ZP I > 1 21-9) | < TE[e e 2V ] + 4e30-0) ZE[]Tv ]’
i=1 v i=1

we know that E[e2"" + ¢2"7'] < 2Z(2) and

. n,i — 3 %
> E[I}] geKTC{HTInHU(P,R) + o {:<1 — 062“)}

i=1
1
K o 8 K g n
+ 1+ e +C:H1—962 Tﬂ 1= LOHC4(P)}’

X

[ 1auslas

L4(P,R)

where C':= 1+ || Drl|L2e,r) + SUpP,en {E[DTeVeQNT(Y*OJFY*n)(K% + K%)} + |1 Dr(KY + K:?)HV(P,R)} and

note that in the last inequality we have applied (3.119), (3.121) and Hélder's inequality; then to conclude
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the above calculus, we obtain

e

1—0~ sy ~( 8
P sup |Y" =Y >6) <2——Z(2) 1 4T Tn O 72 r) + Co| 2| ——e* T
te[0,1] oy ’ 1-0 (3 127)

14 Gpee™ + C: {:(62”)} IL" — LO||C4(IP’)}-

% 1—0

[ 18 ss)las

L4(P,R)
Note that by Hélder's inequality and (3.119), we can show that C' is a finite constant. The fact that
A, f converges to 0 and (S1) lead to that dt ® dP-a.e.

lim A, f(t,w) =0 and |A, f(t,w)] < 2a + 28Y (w) + 67| Z (w)]?, ¥n € N. (3.128)

n—00

For P-a.s. w € ©, we assume that (3.128) holds for a.e. ¢ € [0,T], and that Y2+ [ 62| 2°%(w)|ds << oc.
Then dominated convergence theorem gives that lim,, o fy |A,f(s,w)|ds = 0. By (S2), we also have
P-a.s. that limy, o7, = € 1%0) and lim,, o (supyepo.ry [Lf — L2]) = 0. Applying (3.120), (3.122) and
(3.123) with any p > 4, we have that {12 }nen, {(Jo |20 f(s)|ds)" }nen and { supyeoq |7 — Lgy4}n€N
are all uniformly integrable sequences in L' (P, R), which gives that lim,, o, E[n2] = E[e2¢™" &l] and
limnﬁooE[(fg |Anf(s)|ds)* + sup,eor) LT — Lgﬂ = 0. Letting n — oo in (3.126) and next letting

€ — 0 yields that

1 - 9 = —oy K =T
lim supP( sup |V = Y| > 5) <2 =(2) + 46“T62<150>C<1 + [l T‘fo‘HLz(P,R) 4 € )
n—00 t€[0,7T] 5’}/ 1-6
(3.129)
As § — 1, it follows that limn_)oo]P’(supte[O,T] Y - Y0 > 6) = 0, which gives that for any p €

[1,00), exp{py supeior) V7" — Y|} converges to 1 in probability. ]
Lemma 2.C. lim,, o E[(f¢ (2 — 2°) - dX, + d(M] — M?))?| = 0.

Proof. Fix p € [1,00). Since E{ exp [2]97 SUPepo 7y |Yi" — Y;OH} < SR[P4 Y] =(4p) holds
for any n € N by (3.119), it follows that {eXp [pq/ SUPieo ) 1Yy — Y;OH} oy 15 2 uniformly integrable
sequence in L*(P,R), which gives that hm,HOOE{{ exp [pv SUPepo ) 1Yy — Y;Oﬂ }} = 1. Particularly,

we have that {SUpte[o,T] Y, — Yto\p} e uniformly integrable sequence in L' (P, R) and that

lim E[ sup |Y;" — Yto p] =0. (3.130)
N0 | te0,T)
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Given n € N, using Itd's formula to the process |Y;* — Y,°|?, we can obtain from (S1) that

T
/ 20 — Z°%52ds + d(M"™ — MP),
0
T
<|£n - 50|2 - D/n - Yo 2 + 2/ Yn - YO)[(fn(S’st7 Z;l) - fo(‘S?YsOv Zg))]ds

+2/ CYO)(dK" — dK?) — 2/ YO(Z — 2°) - dX, + d(M? — MP)]

3.131
<2 sup [V Y| (2aT + BT (Y +Y7) (3.131)
te[0,7]

T
+ 3  BZ 128 A+ a0, + K4 )

T
s =¥ [0 S YOIZE - 22)- X+ Oy - M) P
0

te(0,7)

Then we use (by order) Burkholder-Davis-Gundy inequality, Holder's inequality, and (3.119) to give that

T p
E[(/ 20— Z01%52ds + d(M" — M§>S> }
0

<68 sup 7 VI | 4 o] sup (VY0P [ (22 - 22X g - 2120
s€[0,T] s€[0,T] 0

1 2p
2 T 2
+ CP{E[ sup |[YI' — Y50|2p} } X { sup E[eQmY*m + (/ |Z™?62ds + d(M,’”)S) + (K?‘)Qp} }
s€[0,T meNU{0} 0

1 .
< E| sup \YS”—YO\QP} + E[(/ (22 = Z2) - dX + d(M] — M2))5. }
s€[0,T] 2 0
%
+¢ 5(219){15[ sup IK"—KO\Q’J” :
s€[0,7]
(3.132)
Recalling that E[(fOT |z — Z0|2ds)7} < oo as Z", Z° € H>?(P,R%), then we have that
T
(] (22 - 22X+ g - 22| <68 sup (1 - V2P
0 s€[0,T
. (3.133)
~ 2
+oEen{E| s -] )
s€[0,T7]

As n — oo, (3.130) gives that

n—oo

lim E[(/OT(ZQ — 7% dX, + d(M" M°)>p] — 0. (3.134)
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]

Lemma 2.D. Theorem 3.3.13 is valid.

Proof. Here we assume additionally that dt @ dP-a.e., f"(t,w,y,2) converges to f°(t,w,y,2) locally
uniformly in (y, z). By (3.130) and (3.134) with p = 1, {(Y™, Z", M") },.en has a subsequence(we still
denote it by {(Y™, Z", M")}nen) s.t. limy, oo supieiopy Yy = Y| = 0,P-as. and lim,, o Z" = Z7
as well as lim,, ., M]* = M, dt @ dP-a.e. In fact, we can select this subsequence s.t. sup,.y|Z"| €
H?(P, RY)( see e.g., [LM97] or [Kob00](Lemma 2.5)). Fix p € [1,00), by similar arguments to those
leading to (3.63), it follows from (S1) and (3.119) that

i 5| ([ Tz - o zas) | <o (3139

For any n € N, we have P-a.s. that

t
Kp = KD =Yg =Y = (v =¥ + [ [0, 20) — prove 2] ds

. . (3.136)
~ [ —an) — |20~ z2)- dxX,, e € [0, 7).
0 0
Then Burkholder-Davis-Gundy inequality gives that
]E{ sup |K}' — Kf|p}
te[0,T]
t p
<GE| sup |V =Y P+ (/ [f;)(}{SO’ZS?) — f:(}/snyzg)}ds) (3.137)
t€[0,T) 0

(SIS

|

where Hélder's inequality shows that E[(_[OT 02|22 — Z"*ds + d(M? — M”}S)

T
+ </ 52 2% — Z7|ds + d(M° — M_”>S>
0

p

¥

} < {E<IOT&§\Z2 -

. Letting n — o0, (3.130)-(3.135) give that lim,,_,« E{supte[oﬂ K} —

2

zipas+ o -, ) |}

KOPP| = 0. O
Theorem 3.3.14 (BSDE version). Let {(f™,&n) }menuqoy be a sequence of pairs s.t.

(51) For the same constants «, 3,k > 0 and v > 0, f° satisfies the Lipschitz condition in y (i.e., (2) in
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Assumption 3.3.1) and { f" } .en satisfies quadratic in z, Lipschitz iny (i.e., (3), (2) of Assumption
3.3.1) and concave in z (i.e., (4) in Assumption 3.3.1);

(52) It holds P-a.s. that &, converges to &,
(S3) Z(p) := SUPenuo} E[e?$n] < oo for all p € (1, 00).

Taking (Y°,Z° M° K°) € Myep1,00)SP(P) = Myeft,00)CPP(P) x H2?(P;R?) x MP(P) x IP(P) as a
solution of the quadratic BSDE (f° &), and for any n € N, we take (Y™, Z", M™ K™) as the unique
solution of the quadratic BSDE (f",&,) € Mpepoo)SP(P). If f(Y}?, Z)) converges dt @ dP-a.e. to
FLYP,ZD), then for any p € [1,00), {sup;ciop 1YY" — Y.’ [P}nen is @ uniformly integrable sequence in

LY(P,R) and

T p
lim E[ sup |V — Y] = ILm EK/ |Z" — Z,|*62%ds + d(M" — M.>s> } =0.
T n (o] 0

n—00 te [07 ]

Moreover, if it holds dt @ dP-a.e. that f'(w,y,z) converges to f)(w,y,z) locally uniformly in (y,z),

then up to a subsequence, we have further lim,, .. E[sup,c(o 7 [Kf* — KPP] = 0,Vp € [1,00).

3.4 Random horizon backward SDEs

3.4.1 Survey

The theory of backward stochastic differential equations(BSDE, here after) in finite terminal time
was introduced by Pardoux and Peng [PP90] with square integrable terminal condition £ and uni-
formly Lipschitz continuity of the generator f in both y and z components as well as an integrability
E[fs | £:(0,0)|?dt] < oo for some deterministic terminal horizon T' > 0. Barles, Buckdahn and Pardoux
[BBP97] also give a proof of this wellposedness based on a fixed point argument under the context of
BSDE w.r.t. both Brownian motion and a Poisson random measure. Some structures other than Lips-
chitz continuity are explored as in Darling [Dar95] which verifies the wellposedness under local Lipschitz

and convexity of its generator.

Peng [Pen91] studies the probabilistic interpretation for the systems of second order quasilinear parabolic

partial differential equation by introducing certain type BSDE associated with some classical 1t6 forward
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SDEs, where he also describes how the solution Y of BSDE with an unbounded random terminal time is
related to the semilinear elliptic PDE and obtains the existence and uniqueness of this BSDE under quite
strong assumption. Darling and Pardoux [DP97] firstly establish an existence and uniqueness result for
a ‘classical’ BSDE(in the sense that the terminal condition is given at a fixed, i.e., non random, terminal
time) with generator not necessarily Lipschitz w.r.t. both variables y and z; and also obtain the wellposed-
ness for BSDE with random terminal time by using a weaker assumption compared with the one used
in [Pen91]. Precisely, relying on both monotonicity in y with parameter a € R and Lipschitz continuity
in z with parameter b € R, for the generator f;(y, z), together with some integrability condition w.r.t.
terminal condition & and f.(0,0) as well as the random horizon 7, they give the wellposedness(existence
and uniqueness, Proposition 3.2-3.3, Theorem 3.4) of such BSDEs with random horizon in some Hilbert
space depending on both the a.s. finite stopping time 7 and the particular number b?> — 2a. And their
integrability condition requires also some parameter bigger than the number > — 2a. One technique
frequently referred later on by other research is their respective treatment of the definition for Y and
Z parts on two subintervals, namely [t A 7,n A 7] and [n A 7, 7]. Furthermore, Fuhrman and Tessitore
[FT04] extend this result to the case of infinite stopping time with the modification of a and b to be

b* — 2a < 0 and the boundedness of f;(0,0).

Removal of the dependence of this particular number b*> — 2a had attracted several corresponding re-
search for a while. In order to explain the main idea for progress made in this direction, let's modify the

definition RBSDE(3.9) to the context of random horizon as below,

TAT TNAT TAT
Y;‘,/\T :YT/\’T + {fs(yz';a 0) + bS ) ZS}dS - / ZS ) dWS + dKS
tAT tAT tAT
/7\“/\7' TAT ﬁ_, TAT " (3138)
~Vene+ [ L0 s~ [ Z,-aW,+ [ aK,,
JEAT tAT AT

where we define Ws = W, — [y bydr and the process b as by = %

SN 71750y I we
can remove the dependence of the generator f w.r.t. z, this will help to avoid the above mentioned
particular number > — 2a. Indeed, if f is Lipschitz w.r.t. z, then the process b is bounded and
& = exp(fy bsdW, — L [7|bs|?ds) is a uniformly integrable martingale in the interval ¢ € [0,7]. We
denote the original probability as P under which 1 is a Wiener process, then we take &7 as a density of

a new probability measure Qr w.r.t. to the restriction Py (which is the probability measure P restricted
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to Fr). This new probability Q7 is equivalent to Py and {Wt}ogth is a Wiener process under Q.
Then we can study the equation(3.138) under the new probability measure Q, for which there is no
more dependence w.r.t z for its generator. This explains the main idea how some research used later on
to get rid of the particular number b* — 2a, like Briand and Hu [BH98], Royer [Roy14], Hu and Tessitore
[HTO7], Lin Ren Touzi and Yang [LRTY20].

Precisely, for the case where the process Y takes value in the real set R, we could refer to [BH98|
and [Roy14] for related extension on generator without quadratic growth w.r.t. z. Both of them no
longer need the dependence on the number b> — 2a of the generator, instead they require the bound-
edness of f;(0,0)(p.468 Assumption (A6.3) and p.478 Assumption (A7) in [BH98], p.283 Assumption
(H4) and p.289 Assumption (H4") in [Roy14]) and strict positiveness of monotone coefficient a € R, (no
longer valide for a € R_) as well as use the Girsanov transform to get the wellposedness for which Y is a
continuous bounded process. The difference between these two is that [BH98] requires uniform Lipschitz
continuity on y and z while [Roy14] requires only Lipschitz continuity on z and adds another growth
condition on the y part(p.283 Assumption (H2) in [Roy14]). Meanwhile, [Roy14] also investigates the

case where a = 0.

Particularly, we would like to mention the most recent result [LRTY20], they require a similar inte-
grability condition as [DP97] with a modification on the discount coefficient and consider an integrability
classes under dominated nonlinear expectation ¥ instead of E¥. Their Example 3.5(page 6) illustrates
this relevance of their assumption in a simple case where a linear generator is considered. For most works
which generalize [DP97], like [BH98] and [Roy14] etc., it is always assumed that a > 0, i.e., the generator
is strictly monotone, and the coefficients &, f; are bounded. And all these have been included as a special
case of Assumption 3.2(page 5) in [LRTY20]. For a = 0, i.e. the generator f is monotone, [Royl4]
provides the existence and uniqueness under assumptions that the generator f depending only on z is
bounded and ¢ is bounded as we mentioned above. This result was later generalized by [HT07], [BCO08]
and Papapantoleon et al. [PPS18] to a more general setting. And theorem 3.4(page 5) of [LRTY20]
generalizes these previous results by allowing for a < 0, thanks to the new norms under which they set

up the wellposedness result.
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Precisely, [HT07] consider the same argument in the case of a cylindrical Wiener process with val-
ues in a Hilbert space, where they consider the mild solution of certain type of elliptic partial differential
equation in some Hilbert space and the main technical point there is the discussion on differentiability of
such bounded solution of the backward equation in some Markovian forward-backward system of equa-

tions w.r.t. the initial datum x of the forward equation.

For the quadratic case, Kobylanski [Kob00] gives the results for quadratic BSDEs with bounded or

a.s. finite stopping time by means of a Hopf-Cole transformation and approximation of the generator f.

Later on, Briand and Confortola [BCO8] extends to the infinite stopping time with a bounded termi-
nal condition under two additional assumptions made on the generator f;(y, z): local Lipschitz on z and
strictly monotone w.r.t. y. Precisely, they assume that for P-a.s. and for any ¢t > 0, there exist constants

C>0and XA >0, s.t.

= (BCO8-A.1.(i)) for any y € R and

57 € R £y, 2) — fily, )| < CQU+ [l + 2]z = 2

» (BCO8-A.1.(ii)) f is strictly monotone w.r.t. y: for any z € R%

vy, € R, (y — ) (fily, 2) — iy, 2) < =My —y/|*.

Denote L2 _(R?) as the space of equivalence classes of progressively measurable processes 1 : [0, 00) X

Q — R?st. for any t > 0,E[[ |[¢,|?dr] < oo and M?<(RY) the set of {F;};so(filtration gener-
ated by standard Brownian motion)-progressively measurable processes {1;}:>¢ with values in R? s.t.
E[[;F> e72¢|¢),]?ds] < oo, then with a bounded terminal condition ¢ and quadratic growth of f;(y, 2)

w.r.t. z, they give the existence and uniqueness of its solution, for which Y is a bounded process and Z

belongs to L (R?) moreover M?*¢(R?) for all ¢ > 0. The main idea of the proof: for any n € N, define

loc
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(Y™, Z™) as the unique solution to the BSDE
Yy = Elgen + / 1sery fo(Y, ZM)ds — / ZdW,,0 < t < n. (3.139)
t t

Under the above Assumption (BC08-A.1.(i)) and (BC08-A.1.(ii)), the BSDE(3.139) has a unique bounded
solution according to [Kob00], moreover Y;* = Y} | Z"1;~. = 0 by [Roy14]. Furthermore, it's necessary
to extend this solution to the whole time axis by setting for any t > n, Y, =Y " =£1,,, 2 = 0. Then
the proof follows a routine procedure with necessary technique modification: firstly to prove that Y is
bounded by a constant independent of n; then to verify that the convergence of the sequence (Y"),>o
and it converges to Y in M%*¢(R) for all € > 0; next to study that the sequence (Z"),>¢ is a Cauchy

sequence in M?%¢(R?), for all ¢ > 0; and finally to show that the process (Y, Z) satisfies the BSDE

—d}/t = 1{t<T}ft(Y;‘/7 Zt)dt — thWt, Y;— = 5 on {T < OO} (3140)

[BCO8] looks for a probabilistic representation for the solution of some elliptic PDE, for which this kind
of Feynman-Kac formula involves Markovian BSDEs with infinite horizon. Similar to [HT07], their main
technical point is to prove the differentiability of the bounded solution of corresponding BSDE with
infinite horizon w.r.t. the initial datum z of some forward equation. Generally the proof is based on
an a priori bound for suitable approximations of equations for the gradient of Y w.r.t. x and to this
end they also require certain dissipative structure and the diffusion parameter in corresponding forward
equation valued in R. The difference between [BC08] and [HTO7]: [HTO7] use this strategy for the same
elliptic PDE with the generator having sublinear growth w.r.t. the gradient; [BCO8] require only the

monotonicity constant of f to be positive.

3.4.2 Future research

One open question is the wellposedness of quadratic RBSDE with random terminal time(not necessary
to be bounded or finite in certain cases) and exponential integrable terminal condition(not necessary to

be bounded). Based on the wellposedness of quadratic BSDEs on determinal terminal horizon in [BH06]



112 CHAPTER 3. RBSDE, BSDE WITH RANDOM HORIZON AND BSDEJ

and Briand and Hu [BHO08], we know that this type of equation calls for exclusive technique, exponential
transformation on the original BSDE/RBSDE, other than those we mentioned in above. Besides, we
should also adapt properly the original BSDE to the required solution spaces in advance with certain
discount coefficient concerning the random horizon before we do the exponential transformation. Ac-
cording to our trial, this will unfortunately make the tools used in [BH06], [BH08] and [BY12], like the
wellposedness of RODE, no longer valid for the new discussion. And it often calls for the study of a new

random PDE.

For example, we take the a priori estimates and comparison as an example to illustrate this particu-

larity.

About the a priori estimates: two classical steps are concerned in [BY12]. 1. First of all, quadratic
structure of fi(y,z) are needed to get a ‘bound generator’ H which possesses better properties(e.g.
monotonicity) and try to solve some corresponding random ODE which takes this H as its generator.
The solution of this random ODE should a nice bound due to its explicit expression and the behaviour
of H. 2. Then, the usage of Gronwall's inequality is a routine procedure here to construct the relation
between the solution w.r.t. generator f;(y, z) required in the a priori estimate theorem and the solution
w.r.t. the ‘bound generator’ H, and next the nice bound obtained for the latter one in step 1 could be
transferred to apply on the former case(the solution w.r.t. generator f;(y, z)), which gives the a priori
estimate in need. However under the context of quandratic RBSDE with random terminal time and

unbounded terminal condition, RODE and Gronwall’s inequality are no longer applicable.

About the comparison principle, instead of estimating the difference of two solutions, e.g., Y and Y,
here the classical treatment is the ‘1 — 6’ method to construct the term Y — 8Y” for any 6 € (0,1)

for which the convexity of the generator plays an important role. To this end, the construction of this

,YEKT

4= concerning the deterministic terminal horizon 7" > 0 and Lipschitz coefficient ,

variable (4 :=
brings great convenience for related discussion like It6's formula and estimates. However, this procedure

becomes seemingly difficult to handle when the terminal time is random 7.
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3.5 Backward SDEs with jumps

We focus on the backward SDE with jumps(BSDEJ here after). A concise review of the former research:
under the setting of exponential integrable terminal condition £ and quadratic generator g, El Karoui,
Matoussi and Ngoupeyou [KMN18] have proved the existence of solution for BSDEJ driven by a random
measure(the first part of p.23 Theorem 5.6); furthermore Jeanblanc, Matoussi and Ngoupeyou [JMN16]
have verified the uniqueness for some special generator which has an explicit form, and their BSDEJ
is driven by a continuous local martingale(e.g., Brownian motion) and Poisson process(p.7 Proposition
2). Note that their uniqueness result benefits from the special explicit generator which doesn't cover
the general case. Based on this, one future research could be a downcrossing inequality for some g-
supermartingale based on this well-defined speacial BSDEJs considered in [JMN16]. This is important
to study the path regularity of g-supermartingales which will play an important role in the wellposedness

of corresponding second-order backward SDEs with jumps.

Concerning the up-(resp., down-) crossing inequality for g-sub(resp., super-) martingale while termi-
nal condition ¢ satisfies certain type of integrability and generator ¢ is Lipschitz continuous in (y, z) or

quadratic in z for the related BSDE, a summation of former results is as following:

1. without jumps: there exists generally three previous results for g(y, z). The first one is the case of
square integrable & and Lipschitz continuous f in Chen and Peng [CP00](p.173 theorem 6) where
they use the explicit form of y-part of the solution for related BSDE to construct a supermartingale
in order to perform classical downcrossing inequality. The second one is the case of bounded &
and quadratic f Ma and Yao [MY10](p.731 theorem 5.5), which use that [; Z, - dW, is a BMO
martingale and f is quadratic combined with Y is in L>°(IP, R) for some probability P. And the
third one is in Sheng [S.22b] where they don't have Lipschitz continuity jointly w.r.t. (y,z), and

there is no more BMO martingale there due to the exponential integrability £ in their setting.

2. with jumps: we here mention two results for g(y, z,u). One is that Royer [Roy06] study the prop-

erties(including regularity) of related non-linear expectation where ¢(y, z, u) is Lipschitz w.r.t. z,u,
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continuous et monotonic w.r.t. y and & is square integrable. Particularly, they mentioned the
Girsanov's theorem w.r.t. some local martingale whose continuous part corresponds to Brownian
motion and discrete part relates to compensated Poisson random measure. This technique has
also already been used in Xia [Xia00](Theorem 4.1) without pointed out obiviously. And this fact
could easily be verified by using Corollary 12.15 and 12.16 in He, Wang and Yan [HWY92]. The
other is that Kazi-Tani, Possamai and Zhou[KTPZ16] extend the BSDE's case in [MY10] to the

corresponding quadratic BSDEJ's case by means of BMO martingale.



Chapter 4

The Sannikov optimal contracting problem

under defaultable output process

Nicolas Baradel, Bowen Sheng and Nizar Touzi
After a first glimpse of Agent problem and Sannikov Principal problem originally studied by Possamai and
Touzi [PT20] and initially introduced by Sannikov [San08], we introduce a new scheme of delegation in a
contract, i.e., the Principal problem under defaultable output process for which there exists an additional
restriction on the termination time. Dynamic programming equations are given for both cases as well
as their equivalent forms, and a comparison result is proved under the setting of a defaultable output
process. Besides, we propose a Galerkin neural network numerical approximation for understanding the

value function in Sannikov Principal problem with /without defaultable process.

4.1 Introduction

Holmstréom and Milgrom [HM87] reveal the linear form of an optimal contract in a finite horizon problem
together with CARA utility functions for both parts(principal and agent), where only the drift part of the
output process is influenced by the agent’s effort. Generally we consider this paper as the first seminal
result to highlight that optimal contracting problems seem to be easier to tackle with in the continu-

ous—time setting.

This point-view has been followed and verified by a large amount of continuous—time literature. Pre-

115
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cisely, the later extension of Holmstréom and Milgrom’s result are Schattler and Sung [SS93], Sung
[Sun95b, Sun95a], Miiller [M98, M00], and Hellwig and Schmidt [Hel07, HS02], etc.. Compared with
these papers sharing the common ground where all of them consider the continuous—time extensions of
first—order approach arised from the contract theory literature in static cases(see for example Rogerson
[Rog85]), Williams [Wil08, Willl, Will5] and Cvitani¢, Wan, and Zhang [CWZ06, CWZ08, CWZ09]
instead turn to utilize the stochastic maximum principle and forward—backward stochastic differential
equations to characterise the optimal compensation for more general utility functions, see also the ex-

cellent monograph by Cvitani¢ and Zhang [CZ12].

Sannikov's work [San08, San13] show the innovation from different perspectives: one is the original
idea to consider the dynamic continuation value of the agent as a state variable for the principal's
problem; the other is considerable economic implications revealed by the infinite horizon setting in his
research. For the first case, we should notice that an elegant solution approach by means of a repre-
sentation result of the dynamic value function has been provided by its systematic implementation in
continuous—time. Meanwhile, in the discrete-time case, Spear and Srivastava [SS87] show that this idea
is already underlying in the setting of the problem. As for the second point, the main arguments of
Sannikov's work are that the principal optimally retires the agent, offering him a Golden Parachute, that
is to say a lifetime constant continuous stream of consumption, when his continuation utility reaches a
sufficiently high level, and that an agent with small reservation utility possesses an informational rent, in

the sense that he is offered a contract with strictly higher value.

Our discussion in this paper is fixed in the case where the principal and the agent share the same

discount rates.

In addition to the methodological novelty introduced in Sannikov's article, his model highlights sev-

eral remarkable economic results.

Firstly, his model justifies the optimality of a fixed annuity in the form of a golden parachute when

the agent reaches a high enough utility continuation value. In other words, if the agent reaches a high
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enough hit, the principal prefers to terminate his contract and separate from it subject to the payment
of compensation at the time of stopping the contract. A first motivation for this chapter is to examine
whether this result continues to be true if the risk of bankruptcy of the production is taken into account

by imposing an end-of-contract clause in the event of bankruptcy of the production.

The second remarkable economic result in Sannikov's work concerns the existence of an information
rent phenomenon. This is a utility gain that the agent might realize due to the information asymmetry
inherent in the problem of delegation: the principal cannot observe the effort of the agent and has access
only to the realization of the value of the production. This information asymmetry is the origin of the

moral hazard modeled in the delegation problem studied by Sannikov.

In Sannikov's optimal contract problem, the principal seeks the best contract by maximizing its util-
ity, given the optimal response of the agent to the proposed contract, and under the acceptability
constraint of the agent who claims a higher utility value at a reserve level. Below this level, the agent
refuses to enter the game of delegation. The informational rent is precisely a situation where the op-
timal contract offered by the principal confers a utility upon the agent strictly higher than its level
reserve. In other words, thanks to his informational advantage, the agent forces the principal to offer

him an optimal contract which provides him with a utility strictly superior to his threshold of acceptability.

In Sannikov's model, the phenomenon of informational rent is less evident for fairly small acceptabil-
ity threshold values. If the agent acceptability threshold is below a given value (y*, the one that achieves
the maximum utility of the principal), it is optimal for the principal to offer a contract that induces value

utility for the agent to be equal to y*.

In the model studied in this chapter where the end of the contract is conditioned by the bankruptcy
of the production, our numerical results reveal that this rent information is greatly diminished. More
precisely, if the value of the production is largely removed from the risk of bankruptcy, we find that
the informational rent exists in the image of Sannikov's results. However, the more the value of the

production decreases, the more this informational rent decreases, until it disappears when the production
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is very close to the level of bankruptcy.

As for numerical methods, we state some basic background for the classical treatment on PDEs(semilinear
and fully nonlinear). For the first case-semilinear PDEs, the main challenge comes from the curse of di-
mensionality which makes the standard discretion impracticable when the dimension is greater than 3. In
order to solve this problem, there are probabilistic mesh-free methods based on backward SDE, branching
method, multilevel Picard methods. For the second case-fully nonlinear PDEs, normally there exists a
nonlinearity part containing the second derivative term. Several classical methods, e.g., deterministic
methods by finite difference method or finite element method, max-plus methods for HJB equations, are
only developped for lower dimensions. We refer the readers to Germain, Pham and Warin [GPW20] for

detailed description of related references.

Machine learning methods have developed quickly over the past few years. Among them, Beck, E and
Jentzen [BEJ19] have proposed a global deep neural networks aiming at solving the high-dimensional
nonlinear PDEs with the minimisation of an objective loss function based on the second order backward
SDEs representation, they didn't give any concrete test on fully nonlinear example. Later on, [GPW20]
focus on providing an efficient approximation of the Hessian, i.e. I'-term of backward SDEs, to give
3 new algorithms, namely, second order explicit multi-step DBDP, second order multi-step DBDP and

second order multi-step Malliavin DBDP.

Different to these machine learning trials on semilinear and fully nonlinear PDEs, we here will discuss a

totally new Galerkin network numerical approximation to solve our ODE/PDE in interest.

4.2 Sannikov’s contracting problem

The contracting problem consists of a delegation scheme between two parties, the Agent in charge of
the management of the output process, and the Principal who sets up the terms of a contract indexed
on the performance of the output process so as to incite the Agent to best serve her objective. The

contract requires the Agent's approval at the initial time, and is then subject to the full commitment of
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both parties.

The contract stipulates the termination time of the contract, a continuous payment until termination,
and a lump sum payment at termination. Our main objective in this paper is to explore the effect of

restricting the termination time of the contract to occur before the default of the contract.

4.2.1 Output process under agent’s effort

Let WY be a scalar Brownian motion on a probability space (€2, F,P). The formulation of the Sannikov

optimal contracting problem starts from the output process X defined by
X, =Xo+ oW, t>0,

where the initial data X, > 0 and the constant volatility coefficient & > 0 are given. The information

structure is defined by F = {F;,t > 0}, the P'-augmentation of the natural filtration of X.

The Agent devotes an effort which affects the distribution of the output process. This is mod-
elled by introducing the equivalent probability measure P“ defined by the Radon-Nikodym density
& = exp (fOT LqdWy — %(%)st) on F;, for all t > 0. Here the effort process « is F— progres-
sively measurable with values in a compact subset A of [0, c0).

We shall denote by A the collection of all such effort processes. For all o € A, it follows from the
Girsanov theorem that the process W := W — [ %sds is a P“— Brownian motion. We may then write

equivalently the output process dynamics in terms of the P“— Brownian motion W as
dXt = Oétdt + Udma, 4 2 0,

which highlights the effect of the effort process o on the P“— distribution of the output process.

4.2.2 The Agent’s problem

The agent preferences are defined by a fixed discount rate > 0, a utility function

u(z) = 71:%, for all z >0,
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for some parameter v > 1, and a function A : [0, 00) — [0, 00) representing the agent’s cost of effort.
We assume h to be increasing, strictly convex, and continuously differentiable, with 2(0) = 0. In our

numerical experiments, we shall take
h(z) := px + cz?, © >0, for some constants 3,c > 0.

The contract proposed by the Principal at time zero consists of a triple C := (7,&,7), where 7 is an
F—stopping time indicating the termination time, # = {m,t > 0} is a non-negative scalar process
representing the continuous payment until termination, and £ is a non-negative F,.— measurable r.v.
representing the payment at termination, or the Golden Parachute in the terminology of Sannikov. Such

a contract C is admissible if it satisfies in addition the following integrability conditions:

lim supP*[r > n| =0, and ilelEEPa Ke_TIT|§|)7 + /OT (e_r/5|775\>7d5} < 00, (4.1)

for some 1’ € (0,7 A 1). We denote by € the collection of all admissible contracts.

Given a contract C := (7,7, &) € €, we denote
¢:= u(€)7 and 7 1= u(ﬂ-t)) t =0,
and we introduce the Agent's problem as:

UA(C) :=sup J*(C, o), where J*(C,a) := E" [e*"g“ —k/;"e”S (nt—h(at))dt}, (4.2)
acA 0

Notice that the last expectation is well-defined due to the non-negativity of the utility function u, and

the boundedness of A.

Moreover, as the agent is allowed to choose zero effort « = 0, and ( = u(§) > 0, n = u(n) > 0, we

have

UAC) = JA(C,0) > 0. (4.3)

We finally introduce the (possibly empty) set of agent’s optimal responses

A*(C) == {a e A: UNC) = JA(C,a)}.
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4.2.3 The Sannikov Principal’s problem

The principal has the same discount factor » > 0 as the agent, and aims at optimizing the following

criterion:
JP(C,a) = E¥ { —e "TE+ /T re P (dX, — myds)|,
0

where the last expectation is well-defined in {—oc} U R, due to the boundedness of A and the non-

negativity of & and m. Introducing the function

we rewrite the last problem as
JP(Ca) = B {emF(g) + / pe?*(c, + F(ny)dt|.
0

The Principal proposes a contract C, the Agent considers the contract provided that it fulfills his
participation constraint which states that it induces a utility value larger than u(R), for some given

R > 0. Then the agent is only willing to consider the contracts in the set
¢f={Cee:UNC) 2 u(R)}.

The Principal anticipates the agent's optimal response, and chooses the contract which best serves her

objective under the Agent's participation constraint

U :=sup sup J'(C,a). (4.4)
CeehR acA*(C)

4.2.4 The Principal problem under defaultable output process

Our main objective in this paper is to introduce the additional restriction that the termination time 7

can not exceed the default time of the output process

Ty ::inf{tEO:Xt:O}.
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We then introduce the restricted set of contracts
¢y = {C =(r,m,¢§) eC:7< TO} and ¢ = {C €y :UNC) = u(R)}

By restricting the Principal-proposed contracts to €%, we introduce the Principal problem under default-
able output process:

VP = sup sup JY(C,q). (4.5)
Ceell acA*(C)

This formulation seems to be more reasonable from the economic viewpoint. Indeed, in the Sannikov
formulation, the Principal extracts the total effort devoted by the Agent, and this has no consequence
on the state of the output process. This is largely subject to criticism as the Principal can still benefit
from the project even if its value drops to deep non-positive values, as long as the Agent is willing to
devote such an effort. In our formulation of V¥ in (4.5), the Principal can extract the Agent’s effort as
long as the project is solvent, where we assume that the project is bankrupt when the value of its output

hits the origin.

4.3 Dynamic programming equations

4.3.1 Agent’s continuation utility and optimal response

In this section, we recall the dynamic programming representation of the Agent’s value function which
will serve for both problem U and V. Notice that the Hamiltonian of the Agent's problem is given by

the convex conjugate of the cost of effort function

h*(z) :=sup {za — h(a)}, z € R. (4.6)

acA

The sub-gradient of this convex function

A

A(z) == 0h*(z) ={a € A: h*(z) = za — h(a)}

contains all possible maximizers of h*(z), and will later serve as a parameterization of the Agent's optimal

responses. As we claimed before, we will follow the example given in [San08] and [PT20], i.e., consider
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in our later numerical analysis the case where h(a) := $ha® + fa,a € A C [0,00), for some positive

constants h and /3. Therefore, & = (Z;ﬁ)Jr € A(z), and h* = 7@;5)2.

Then, the lump-sum payment £ = —F(() promised by the principal at the termination time 7 can

be represented as
— Yo,2Zm Yo,Z2m _ K Yo, Zm __ px _
C=Yoln YOIy [ 24X+ (Y, W(Z.) = na)ds), (4.7)
0

where YY0.Z™ represents the continuation utility of the Agent given a continuous consumption stream
m = —F(n) and Z satisfies the integrability condition

P

( /O T(eT't|Zt|)2dt>2} < . (4.8)

Denote by Z the collection of all such processes. This representation plays a crucial role for the sequel,

sup (e*”|Y}|)p < 00, and sup E**

[e3
sup EF
o<« acA

acA

due to the fact that

for C = (1,YY0%™ 1) € €, we have

Yy = U#(C) and A*(C) = {a F — prog. meas. with a € A(Z), dt @ dP° — a.e.}.

Moreover, for any admissible contract (7,&,7) € €, we may find Y; € R such that £ = Ygo’z’” for some

pair (Y, Z) satisfying (4.8).

Consequently, we may reduce the Principal’s objective to the following standard stochastic control

problem
UY = sup U(Yp), where U(Yy) := sup J(7,7,Z,a), (4.9)
Yo>u(R)
(r,2,m)
and a€A(Zz)
J(T, T, Z7 CAL) — EIP’?I |:er7'F(Y:rYO,Z,7T) + /T Tefrt (&t + F(T/t>)dt:| . (410)
0

where the maximization is over Z € Z and (7, 7) satisfying (4.1), together with the limited liability

condition YY0:%™ > () inherited from the dynamic version of (4.3).
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4.3.2 Dynamic programming equation of the Sannikov problem

The reduction of the Sannikov optimal contracting problem to the control problem (4.9) opens the door
for the standard dynamic programming approach. Notice that YY0:%7 is the only state variable here, and
is subject to the state constraint YY0:%™ > () together with the following dynamics under the Agent's

optimal response:
Y5 = r (V8T 4 hay) — i) dt + 7 Zod W, Pi-as., for all a € A(Z). (4.11)

Given the reduced formulation of the principal problem in (4.9)-(4.10), the nonlinear differential operator
corresponding to the stochastic control part of the problem is given by:

1
L% = v—y/ — sup {F(n) —nv' +a+ h(a) + 27‘02222/’}.

n>0,z€R,a€A(2)

Then, introducing the dual function

F*(p) == inf{np — F(n)} = —(y = )(p7)77, peR, (4.12)

n=0

together with the second order differential operator J is given by
~ / " A~ A / ]‘ 2.2 1
J'0") = sup a+ h(a)w' + zro*z%v

2€R, a€dh*(z) 2

1 +
= oolysoy + <o) sup {d + h(a)v' + 77"02,221/’} ,
220 (0), acA(2) 2

we may rewrite differential operator L° as
L = v—yi(y)+ F* (v’) - j(vl, v”). (4.13)

By standard stochastic control theory, the dynamic programming equation corresponding to the mixed
control-and-stopping problem (4.9)-(4.10) is min{v—F, L%} = 0 on (0, o), together with the boundary
condition v(0) = 0 induced by the state constraint Y > 0. As shown in Possamai and Touzi [PT20],
the obstacle part of this equation can be dismissed. Indeed, as F™*(v') < yv' — F(y) and J(v',v") > 0,

it follows that L < v — F, and therefore the last dynamic programming equation is not altered by
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taking away the obstacle part. One of the main results of Possamai and Touzi [PT20] is that the value

function U" is a C? solution of the equation
L°UY =0, on (0,00), and U"(0) =0, (4.14)

and in fact, UY is the unique viscosity solution of this equation in the class of functions with bounded

U? —F.

4.3.3 The defaultable output case

We next turn to the problem V¥ which differs from UY by the restriction on the stopping time component
of the contract 7 < Ty. Following the same line of argument as in Section 4.3.1, we may again reduce
the Principal’s objective to the following standard stochastic control problem

VP = sup V(Yp), with V(Yy) := sup J(7,7, Z,a), (4.15)

Yo}u(R)
(r,2Z,m)

acA(Z)
where the performance criterion J(7, 7, Z, a) is given by (4.10), and the maximization is over Z € Z
and (7, ) satisfying (4.1), together with the limited liability condition Y¥o%7™ > ( inherited from the

dynamic version of (4.3), and the defaultable output restriction on the termination time
TSTOZinf{t>0:Xt:0}.

As this restriction involves explicitly the process X through its hitting time of the origin, we have to
account for both state variables X and Y = Y247 whose dynamics under the Agent’s optimal response

is given by:
dXt = dtdt + O'tha,

(4.16)
dY, = r(Yi+h(a) —m)dt + rZodWi, Pi-as..
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The nonlinear differential operator induced by the optimal control part of the problem V¥ in (4.15) is

1 o’
Lv = v—yvy—gvm

Vg R 1
— sup {F(n) —nuy + a(l + =) + h(@)v, + =0 (r2"vy, + Qvay)}
n>0,z€R,a€A(2) r 2
o2
= Uv—yYu, — ﬂvm + F*(vy) — jl(vz, Uy, U, Uy, Uy )

where we introduced the second order degenerate operator

1
3 (Vi Uy, Uiy Uiy, Vyy) = SUD {d(l + Ul) + h(a)v, + =0 (r2"vy, + szzy)}.
z€R,a€A(z) r 2

By standard stochastic control theory, the function V' is a viscosity solution of the dynamic programming

equation corresponding to the mixed control-and-stopping problem (4.15):

min {v — F, le} =0 on (0,00)%, with v

,=F oo =0 (4.17)

Tr=

Proposition 4.3.1. Equation (4.17) is equivalent to

L'v =0 on (0,00)?, with boundary conditions v . .
= y=

Proof. (4.17) = (4.18). Define S := {v = F'}, we have by (4.17) that L'v > 0 on S and L!'v = 0 on
S¢. Now if we want to prove L'v = 0 on (0,00)? = S U S¢, we only need to show that L'v < 0 on S,

i.e., to show L'F < 0 on S. To this end, note that

L'F = F—yF, — U—QF
F, R 1
— sup {F(n) —nF, +a(l+ =)+ h(a)F, + z0*(rz*F,, + QZme)}
n>0,2€R,G€A(2) r 2
o? .
= F—yFy—ZO—I—F (Fy)

1
—  sup {&(1 + 9) + h(a)F, + =0*(rz*F,, + 220)}
2€R,G€A(z) r 2

= F—yF,+F(F,)-3(F.F,) =L'F,

where the latter LOF < —J(Fy, Fyy>+ < 0 by the definition of F* in (4.12) .
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(4.18) = (4.17). By definition of L'v, we have

1 o’
Lv = v—yvy—gvm

Vg R 1
— sup {F(n) —nu, +a(l + 7) + h(a)v, + 502(7"221)% + QZUIy)}

n>0,2€R,acA(z)

0.2

< v—F — —vyy,
2r

by considering the particular values = y and 2z = 0. Then L!'v = 0 implies that w = v — F is a

supersolution of the equation w — ‘;—iwm >0 on (0,00)?, and w|,—g = w|y—o = 0. As w is bounded, it

follows from the comparison result that w = v — F' > 0. Consequently, we have min {v — F, le} =0.

]

Lemma 4.3.2. (Comparison) Let u and v be respectively a viscosity sub-solution and a viscosity super-

solution of (4.18), such that for some constant C' > 0:
0<p—F<C, forR%, forp € {u,v}.
Then u < v on R2.
Proof of Lemma 4.3.2. We rewrite the equation (4.18) as
v+ G(x,y, Dv, D*») = 0, on Ri, (4.19)
where the nonlinearity G is given, for any (y,p,q) € R, x R? x M? and p := Dv,q := D?v, by
G(z,y,Dv,D*v) = —yv,+ F*(v,) — jl(Dv, D?v),

=1 2
A 2.\ ._ o ~1
with 3 (Dv, D*v) i= §-Vpe — I (Vg Uy, Uz, Vay, Vyy)-

Step 1. Following the proof of Possamai & Touzi [PT20] in the non-defaultable output setting, let

pi= 2V~ for some v >, and we introduce for all « > 0 and ¢ > 0:

M, = sup {u(ﬁ) —v(d) — wa,s(e,e’)}.

2
9,6'€R2
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where, denoting 1 := (1,1),

Varc(0,0) = 2|0 —0]" +clog1+1-0)
W w

a
;(|x — 2|+ |y — y'\“) +elog(l+z+y), 0= (z,y),0 € R2.
For all fixed € > 0, it follows from the growth assumptions on u and v that the supremum in the definition

of M, . may be confined to a compact subset K. C Ri X Ri, with K, independent of a.. Then,

Mae = u(lae) —v(0),.) = Yae(lae, b)), for some b, 0, € K..

Moreover by compactness of K., we may find a sequence (0., 0. ,,) := (0a, ., 0., .), converging to some

(9;, é;) By standard arguments from viscosity solution theory, we have

=0, M. := lim M,, .= sup (u—v)(f,) — elog (1 +1- @6)

0 9/
g,n
’ &mn yi n—oo Ae 2

A

0. =0 lim o
€ € oo

In order to prove the required comparison result, we assume that there is some 0y = (¢, o) € (0, 00)?

such that 7 := (u —v)(6y) > 0, and work towards a contradiction.

Under this assumption, we have for sufficiently small ¢ that

A

0 <n—clog(l+1:6) < My, . — (u—0)(6) —elog (1+1-0.) < (u—0)(0o).

Asu—v < 0on 8R§r, it follows that ég € (0, 00)2 for sufficiently small €. In particular, for n sufficiently

large, we have that 6., and ., are both in (0,00)*. Then denoting

p—1

0|  sgn(dz.p,) _
‘ : : , with (02, 0Ye ) == (e — 1:;771,1/67” — y;n),

Pen = Qp -

1
sgn(0Ye,n)

09-n
it follows from the Crandall-Ishii lemma (M.G. Crandall, H. Ishii and P.-L. Lions) [CIL92, Theorem 3.2])

that there exists for all n > 1, a pair (Xe,an;n) of 2 x 2—symmetric matrices such that

—2, el —9._
(pe,nst,n> € J +u(95,n)7 (pér,n - 1_|_19,>Xé,n) S J U(@;n),
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and

&en

1 0
- ()\ + HC‘577L||>I4 < < C&n + AOSQJN fOr a” A > 0,

Joy 10
Cs,n = quvbs,n(ee,n) eé,n) = en 2 5
09 {09
19

)

D., == an(p — 1)diag(|5$57n|“_2, |5y57n|“_2), bep 1= m>

where I, are the identity matrices in R? and R*, .J, the 2 x 2 matrix with all entries equal to 1, 0, the

2 X 2 matrix with all entries equal to 0, and where we use the spectral norm for symmetric matrices.

Take A = ||C.,.|| 7!, we get

Xs,n 0 an
_QHCS,nHLL g g Ce,n + : .
— [Cnl

(4.20)

Multiplying the last inequality by (£7,£7) to the left and (£7,£7)7 to the right, for an arbitrary £ € R?,

it follows from the right hand side inequality of (4.20) that

, 202,
X, — X!, < (bw g H)JQ. (4.21)

Step 2. By the sub-solution and super-solution properties of u and v, we have for any n € N

1
U(es,n) + G(ee,mpe,m Xa,n) < 0 < U(eéyn) + G<9::7n>p&:,n - H%> Xé,n) .
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We deduce that

n—elog(l+1-60y)) < wu(.,)— v(@éyn)

el
S (;<;mﬂ%m__1+1%%m?3¥m)__G(amwpmw)ém)

/
€ ys,n

Ltal, +y,

+F* (oo sen(0y0)

|0y | +

3
1+1-0.,

~1 ~1 el ’
+J (pe,m XE,n) —-J <p5,n — ma Xg,n>

) - F* (an|5ye,n|uilsgn(5ye,n)>

=1 ~1 81
- an|5ya,n|u +e+ J (pa,m Xs,n) -J (ps,n - HT? Xé,n) )
en

where the last inequality follows from the non-negativity of z. ,,y., and the non-decrease of F*. We
=1 . . . . .
next use the fact that J is elliptic and co—Lipschitz for some ¢y > 0. Then, it follows from the last

inequalities together with (4.21) that:

2

2b
n—eclog(l1+1-60)) < an|dycnl* +e(l+cy)+ 2co <b5,n + HCmH) (4.22)

Step 3. We now send n to oo, and distinguish two cases. First, if (HC'MH) o 1S unbounded, then after

possibly passing to a subsequence, we deduce by letting n go to oo that

77—610g(1—|—1-90)§(1+Co)€+00%—>0, as €\, 0,

(1+1-6.)

which is the required contradiction as the left hand side converges to n > 0.

Alternatively, if (HCMH> is bounded, then after possibly passing to a subsequence, we have a

neN

converging subsequence, and notice that we then have

[Cenll —> C) = A%+ 5|, where A° = = lim D.,.
A Ja |0
and 0, = (35, 9°), F = ——_ Bu=| 212

(14254 9°)% 0y |0,
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If the sequence (D?).~q is unbounded, we take again a subsequence and get a contradiction by letting
€ goto0in

€)2
n—eclog(l14+1-6y) < (1+co)e+ cob® + |(\CZH . (4.23)

In the remaining case where the sequence (D?).- is bounded, we also show by the same argument as

in Possamai & Touzi that inequality (4.22) leads to a contradiction. O

4.4 Galerkin neural network numerical approximation

Let (L£r)1<e<z, be a sequence of linear functions defined by:

L, R%1 — R*

z—=> W +b, 1<0<LL.

in which L > 2,d; > 1, Wy € Mgy,q4, , and by € R% for 1 < ¢ < L. We introduce K : R — R a
nonlinear function. For any = = (z1,...x,) € R? with p > 1, we denote by K (z) the component-wise
application of K, i.e.

K(zy,...2p) = (K(z1),... K(xp)).

A feedforward neural network is a function defined from R% to R% defined as the composition:
x> LroKoL; j0...0KoL(x). (4.24)

In our framework, dy > 1 is the dimension of the inputs whereas the dimension of the output is fixed at
d;, = 1. We introduce d = (d;)1<¢<1, the sequence of the dimensions of the neural network. We denote

by @ its set of parameters:

6 := (W, be)r<e<r,

whose dimension is n(d) := % ,(d,_; + 1)d, and can be seen as an element of R™%_ We denote by

N . the collection of all neural networks defined in (4.24) for {d € {do} x (N*)L=2 x {1},0 € R”(d)}.

Remark 4.4.1. The use of neural networks as a function approximator is justified by Hornik, Stinchcombe
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and White [HSW89] which states that N | is dense in L?(1) for any finite measure i on R% whenever
K is continuous and non-constant. Moreover, [HSW90] ensures that, if K in non-constant and C*, then
Nég o approximates any C* function and its derivatives up to order k, arbitrarily well on any compact

set of R,

4.4.1 Deep learning for Sannikov’s problem

Recall from Possamai and Touzi [PT20] that equation (4.14) admits a unique solution in the class of

functions that satisfy the growth condition

(UP = F)(y) < Clog(1 +log(1 + y)). (4.25)
and that UY and F are asymptotic to each other

(UY = F)(y) =0 when y — +oo0, (4.26)

and even equal away from some large value yg, for some values of the parameters. We shall use the
property above to ensure that (4.25) holds and to get the right solution from (4.14). We recall that

(4.26) is a consequence of the stronger estimate
(UP = F)(y) < (U™ = F)(y) -0 when 3y — +oo0, (4.27)
where UB is the value function of the first best formulation of the contracting problem defined by
UB(y) = Sup{JP(C,a) :Cecd, acAand J4(C,a) > y}. (4.28)

Our purpose is to solve numerically the equation (4.14)-(4.26) using a neural network N which
belongs to Nfz{;,L ony € [0,7] for some g > 0. We fix Y C [0,7] a finite number of points in
which we shall evaluate the accuracy of the neural network. The accuracy is linked to a loss function

h:[0,7] x C%([0,7]) — R, which should have the form

WY N(,0) = LN Ol + [INO: IR +[IN@:0) - F@)Il', N eNg,. (429
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in which ||.||L, ||-||s and ||.||r are norms and p., pp, pr € N*, and assuming that 7 is great enough such

that UY () — F () is close to 0.

Nonetheless, this form is not accurate for a good minimization in order to estimate 6, since the loss
function defined in (4.29) is a combination of three norms. An idea is to make the boundary condition
N(0;0) = 0 and the limit condition N(y;0) — F(y) — 0 when y — 7 endogenous. Instead of using N

as a numerical solution of equation (4.14)-(4.26), we introduce a function g defined by:

y = f(y, N(y;0)),

(4.30)

in which f is a smooth function from R? to R, linear in its second argument. We require g to satisfy
g(0;0) =0 and g¢(y;0)=F(y) VN € Nﬁf),L-

Such a function g satisfies the boundary condition of (4.14) and the limit condition (4.26) for all N €

Négw assuming that 7 is great enough. Applied to g, the loss function A is simply:
h(Y:9(.0) = |IL% (00l N € N ;. (431)

The aim is to minimize h(Y; g(-,0)) over 6§, and denote by 0 a corresponding numerical minimizer. The

resulting g(-, #) is the numerical solution of (4.14)-(4.26).

4.4.2 Numerical results

We use the euclidean norm for ||.||r, in the loss function h with p;, := 2. We introduce:

9(0) :y — F(y) +y([ —y)’N(y; ),

as an approximator of the solution of (4.14)-(4.26). We set the network N with the parameters L = 3
and d = (1,32,8,1). Note that dy = 1 since the function is defined on a subset of R and d, is the
output, fixed at 1 since the values of N belongs to R. The dimension of , which is number of parameters

to estimate, is 337. The estimation of the parameter 6 is done with the stochastic gradient descent of
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Adam (see Kingma and Ba [KB14]).

Figure 4.1 shows the numerical solution obtained from the neural network estimation in which we take
the parameters of [San08] and [PT20] (with v = 2,7 = 0.05,h = 0.5, =04, § =1 and § = 1.75).

We get the archetypal case where a Golden Parachute exists.

O-SI— I I I I I I I I il

0.0 — yrg(y;0) -

-0.5- \ 1

~1.0- ]
-1.5-

—-2.5- i
~3.0- ]
—35L ' ' ' ' ' ' ' ' J

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8

Figure 4.1: Final squared euclidean loss is 2.11 x 107%.

4.4.3 Deep learning the defaultable output case

Recall that as FF < VP < U, it follows from (4.27) that
0<VP(x,y) - F(y) < (U™ =F)(y) -0 when y— 400, z>0. (4.32)

Moreover, V¥ is the unique viscosity solution of the equation (4.18)-(4.32) in the class of functions

that satisfy the growth condition, for all > 0,

VP(z,y) — F(y) < Clog(1 + log(1 +1y)). (4.33)
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We shall use the property above to ensure that (4.25) holds and to get the right solution from (4.18).

The purpose is to solve numerically the equation (4.18)-(4.32) using a neural network which belongs
to N ; on (z,y) € [0,7] x [0,7] for some Z > 0 and 7 > 0. We fix X C [0,z] and Y C [0, 7] two sets

with a finite number of points in which we shall evaluate the accuracy of the neural network.

As in the Sannikov problem, we shall introduce a function g depending on the neural network and

which integrates the boundary and limit conditions:

g(0) :[0,7] x [0,5] — R (4.34)

(z,y) — f(x,y, N((z,9);0)), (4.35)

in which f is a smooth function from R3 to R, linear in its third argument.

We require g to integrate the boundary and limit conditions. For the limit condition, since it holds for

x > 0, and is not continuous in x, we shall only impose it at . We propose the following ¢ definition.

9((0,9);0) = F(y),9((,0);6) =0 and g(z,7:0) = F(y) z€[0,z],y€[0,7,NeNJ .

Such a function ¢ satisfies the boundary condition of (4.18) and the limit condition (4.32) for all

N € Nflth, assuming that 7 is great enough. Applied to g, the loss function h can be simply:
B(X x Yig(-,0)) = IL'%(-:0)(X x Y:0)|[2, N e Nk . (4.36)

in which ||.||, is a norm and p;, € N*. The aim is to minimize h(X x Y;g(-,0)) over 6, and denote by

6 a corresponding numerical minimizer. The g(-,é) is the numerical solution of (4.18)-(4.32).

4.4.4 Numerical results

We use the euclidean norm for ||.||r, in the loss function h with p;, := 2. We introduce:

oy kT —x  ky—uy .
o(50) s (0.9 )+ (5 ) Vi),
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as an approximation of the solution of (4.18)-(4.32), with £ = 1.2. We set the network N with the
parameters L = 2 and d = (2,32, 8,1). Note that dy = 2 since the function is defined on a subset of

R? and dy, is the output, fixed at 1 since the values of N belongs to R. Here, the condition g(z,7) = 0

is replaced by ¢g(kZ, k) = 0 to leave more flexibility for the estimation of the solution, and we choose
k = 1.2. The dimension of 8, which is number of parameters to estimate, is 369. The estimation of the

parameter @ is done with the stochastic gradient descent of Adam (see [KB14]).

Figure 4.2 shows the numerical solution obtained from the neural network estimation in which we

take the same parameters of the one dimensional case (with v = 2,7 = 0.05,h = 0.5, =04, § = 1

A

and (7,7y) = (16,1.75)). We draw the function y — g(x,y; 0) for several values of x € [0, T].

0.0 -
-0.5-
~1.0-

_1'5 -

— Yy~ Fy)
—2.0- —— yisg(24,5;0)

— yg(48,4;0)
2.5~ —— yig(72,,0)

— yg(96,;0)
—3.0 - =—— y>g(120,;0)

1 1 1 1 1 1 1 1
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75

Figure 4.2: Final squared euclidean loss is 3.09 x 1072.

As expected, Figure 4.2 exhibits an increase of the Principal’s value function V¥ in terms of the output
initial value Xo, with V(0,y) = F(y), due to the fact that the production asset is at the bankruptcy
level. Since F'is decreasing, this induces the principal’s value function for Xy = 0 that

VP(0) = SEEV(O,y) = F(R).

For positive initial value X, of the output process, the value function y — V' (X, y) exhibits a bump

near the origin with a maximum value attained at some point R(X,). Consequently, the principal’s value
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function is given by

VP(Xy) = sgg V(Xo,y) = V(Xo, RV R(X))).
yz

In other words, if the participation level R of the agent is below R(X,), it is optimal for the principal
to award him with R(X,) > R in compensation for the hidden action of the agent. This illustrates the
so-called informational rent gained by the agent due to the information asymmetry. This effect is in
agreement with the main finding of Sannikov in the non-defaultable production asset setting. We also
observe that VP (Xj) increases towards U (X,) for large Xj.

Finally, Figure 4.2 shows that the map X, — R(XO) seems to be increasing. In other words,
the farther the production asset is from bankruptcy, the more informational rent can be extracted by
the agent, and also the larger is the utility value of the principal. This is more visible on the surface

A

representation of (z,y) — g(x,y;0) ~ V(z,y) in Figure 4.3.

.y Fy)
 (z,y) - g(z,y;0)

Figure 4.3: Surface view.
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Résumé : Cette thése se concentre principale-
ment sur deux sujets. La premiere partie présente
le probleme bien-défini de solution d’équations
différentielles stochastiques de second ordre (2EDSR
en bref). Aprés un résumé concernant les résultats
d’équations différentielles stochastiques réflexies a
croissance quadratique, i.e., le probléme bien-défini
de solution (I'existence et l'unité), la comparaison,
la stabilité, etc., on centralise essentiellement le
probléme bien-défini de 2EDSR correspondante. Hor-
mis la croissance quadratique, on assume aussi que
le generateur f soit concave de z avec une gra-
dient linéaire. Celui-ci nous offre une inégalité nou-
velle de déscentées de la fonction valeur(aussi une
f-surmartingale) V. Aprés avoir obtenu la régularité
de sa limite en ¢, on s’est appuyé sur les études de
Soner, Touzi et Zhang [STZ12] pour établir une ex-
pression de solution et vérifier 'existence & I'unité. La
deuxiéme partie traite a fond le probleme de contrat
optimal de Sannikov sous contrainte de faille du bien

de production. Un modéle de mandantement fait par-
tie du probleme de contrat, ou I'’Agent s’occupe du
processus de la production et le Principal définit les
régles du contrat d’aprés la performance du pro-
cessus de la production, en espérant inciter 'Agent
a s’engager plus efficacement vers son objectif. Le
contrat a besoin de I'accord de I’Agent au début et
progresse en temps réel selon des efforts de deux
cotés. Et puis il stipule le temps d’'arrét (deterministe
ou aléatoire) du contrat et un versement continu du
Principal a I'Agent jusqu’au terminal ainsi que un ver-
sement en une fois a la fin. Notre objectif pincipal est
en étudier I'effet d'imposer des restrictions au temps
d’arrét du contrat avant qu’une faille du bien de pro-
duction ait lieu. Dans ce but, on propose un nou-
veau rapprochement numérique, se fondant sur les
réseaux neurons de Galerkin, pour examiner le com-
portement de la fonction valeur issue de probleme
correspondant du Principal.

Title : Quadratic second-order backward stochastic differential equation and numeric analysis for Sannikov’s

optimal contracting problem

Keywords : 2BSDE (BSDE,RBSDE) ; Sannikov’s problem ; Principal-Agent problem ; deep learning ; stochas-

tic control and optimal stopping

Abstract : This thesis works mainly on two subjects.

The first part is about the wellposedness of quadratic
second-order backward stochastic differential equa-
tion. After a summary of previous research results
on the solutions of quadratic reflected backward SDE,
i.e., wellposedness (existence and uniqueness), com-
parison principle, stability result, etc., we in this paper
mainly consider the wellposedness of solutions for the
corresponding second order backward SDE. Besides
the quadratic growth, we also assume that the gene-
rator f is concave in z with linearly growing gradient.
This leads to a new downcrossing inequality of the
value function (also a f-supermartingale) V. Gaining
the regularity of its right limit w.r.t. ¢, we follow Soner,
Touzi and Zhang [STZ12] to get the representation of
solutions and implement the proof of wellposedness.

The second part is about the Sannikov optimal
contracting problem under defaultable output process.

The contracting problem consists of a delegation
scheme between two parties, the Agent in charge of
the management of the output process, and the Prin-
cipal who sets up the terms of a contract indexed on
the performance of the output process so as to incite
the Agent to best serve her objective. The contract
requires the Agent approval at the initial time, and
is then subject to the full commitment of both par-
ties. The contract stipulates the termination time of the
contract, a continuous payment until termination, and
a lump sum payment at termination. Our main objec-
tive in this paper is to explore the effect of restricting
the termination time of the contract to occur before
the default of the contract. To this end, we propose a
type of Galerkin neural network numerical approxima-
tion to investigate the behavior of the value function
arised in the Principal’s problem.

Institut Polytechnique de Paris
91120 Palaiseau, France



