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Chapter 1

Introduction

L’objet de cette theése est la construction de solutions dites haute-fréquences aux équations
d’Einstein dans le vide, équations au coeur de la théorie de la relativité générale. Ce chapitre
introductif contient une présentation mathématique des fondements géométriques et analy-
tiques de cette théorie se resserrant progressivement autour de la question des métriques haute-
fréquences et des contributions nouvelles de I'auteur a ce sujet. Avant de se lancer, prenons
quelques lignes pour raconter brievement 1’origine de la théorie de la relativité générale.

Comme on 'a dit, la relativité générale est une théorie physique élaborée par Albert Ein-
stein entre 1907 et 1915. Elle a pour but de décrire la gravitation. Avant Einstein, cette
derniere était décrite par la théorie de la gravitation universelle d’Isaac Newton. Enoncée en
1687 dans 'ouvrage Principia Mathematica, cette théorie décrit la gravitation comme une in-
teraction, une force, qui s’exerce entre les objets présents dans I'univers. Elle décrit de maniere
unifiée de nombreux phénomenes a priori distincts comme la chute des corps sur Terre ou
le mouvement des astres sur la voite céleste. La théorie de Newton est ainsi extrémement
puissante, et culmine au milieu du 19eme siecle a travers la découverte de la planete Neptune.
La géante bleue n’est alors pas connue, et son existence est postulée pour expliquer la tra-
jectoire perturbée d’Uranus. En supposant qu’Uranus subit I'influence gravitationnelle d’un
corps inconnu décrite par les lois de Newton, Urbain Le Verrier prédit par le calcul la position
de l'intrus. Les télescopes confirment les prédictions de ’astronome francais, et Neptune est
la premiere planete a étre découverte par une formule mathématique !

Au tournant du 20eme siecle et apres 200 ans de succes, la théorie de Newton se heurte
a deux écueils. Le premier est observationnel : les astronomes de I’époque observent une
légere rotation du périhélie de Mercure. Ce mouvement n’est pas prédit par la théorie de la
gravitation universelle, malgré les tentatives des physiciens pour inclure I'influence des autres
planetes sur l'orbite de Mercure. Le deuxieme écueil se prénomme Albert Einstein. Le jeune
physicien travaille alors a ’Office des Brevets de Berne et publie en 1905 une série de quatre
articles qui révolutionnent sa discipline. Le troisieme article présente la relativité restreinte,
qui a pour but d’adapter la mécanique des corps a I’électromagnétisme de Maxwell. Cette
nouvelle théorie a pour conséquence la finitude de la vitesse de propagation de toute interac-
tion. Cela inclut aussi 'interaction gravitationnelle, ce qui entre directement en contradiction
avec la théorie de Newton, qui prédit 'instantanéité des actions réciproques.

Pour ces deux raisons, Einstein se donne en 1907 pour projet de révolutionner notre
compréhension de la gravité, en introduisant une forte dose de mathématique et de géométrie,

poursuivant ainsi son voyage relativiste entamé en 1905. Le résultat de ses recherches est

11
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publié en novembre 1915, c’est la relativité générale telle que nous la connaissons encore
aujourd’hui.

Le plan de cette introduction est le suivant. On introduit les outils géométriques nécessaires
dans la Section La relativité générale et les équations d’Einstein sont présentées dans la
Section [1.2} ou 'on discute aussi le probleme de Cauchy. Les Sections et traitent des
sujets plus spécifiques que sont les ondes gravitationnelles et la conjecture de Burnett. La
Section montre comment les approximations haute-fréquences sont utilisées dans d’autres
domaines de ’analyse des équations aux dérivées partielles. Finalement, la Section|l.6|présente
les trois résultats de cette these.

1.1 Géométrie lorentzienne

Nous commengons par décrire les fondements géométriques de la théorie de la relativité
générale, c’est-a-dire la géométrie lorentzienne. On se base sur 'ouvrage de référence [O'N83)].
On suppose connues les notions de variétés différentielles et d’espace tangent, et dans toute
la suite, toutes les variétés et objets associés sont de classe C°.

1.1.1 Tenseurs et métriques

Les objets les plus importants de la relativité générale sont les tenseurs, et parmi eux se
démarque le tenseur métrique d’une variété.

1.1.1.1 Définitions

Si M est une variété différentielle de dimension 7, on note T, M I'espace tangent a M en un
point p € M et TyM* = (T, M) I'espace tangent dual. Définissons le fibré tangent et le fibré
cotangent :

Définition 1.1.1. Le fibré tangent TM est l’ensemble des vecteurs tangents a M :

TM= ] T,M.
pEM

On note m : TM — M la projection qui a T,M associe p. Le fibré cotangent TM* est
l’ensemble des covecteurs tangents a M :

T™M* = | T,M".
pEM

On note  : TM* — M la projection qui a T, M* associe p.

Les fibrés T M et T M* sont des variétés différentielles de dimension 2n. On peut main-
tenant définir ce qu’est un champs de vecteurs et une 1-forme :

Définition 1.1.2. Un champs de vecteurs X est une application de M dans T M telle que
mo X =1Idpyg. Une I-forme est une application w de M dans TM* telle que 7 o w = Id .

On note I'(M) I'ensemble des champs de vecteurs de M et A'(M) celui des 1-formes.
Concretement, un champs de vecteur est une application qui a chaque point p € M associe
un vecteur tangent X, € T, M. On note C°°(M) l'ensemble des fonctions de classe C*
définies sur M et a valeurs dans R. Nous définissons maintenant les tenseurs, objets centraux
de la relativité générale :
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Définition 1.1.3. Un champs de tenseur T de type (r,s) sur M est une application
T: (AY(M))" x (T(M))* — C®(M)

qui est C°(M)-multilinéaire. On note T, (M) Uensemble des champs de tenseur de type (r, s)
sur M. On parle aussi de tenseur r fois covariant et s fois contravariant, ou plus simplement
de (r, s)-tenseur.

Un tenseur est une généralisation des notions précédentes au sens suivant : T (M)
s'identifie & C®°(M), T (M) s’identifie & (M) et TP (M) sidentifie & AL(M). En util-
isant la C°°-multilinéarité et une fonction saut lisse, on peut montrer que les tenseurs sont
des objets locaux, et en particulier on peut définir un tenseur en un point p.

Le tenseur le plus fondamental d’une variété est son tenseur métrique, plus simplement
appelé la métrique de la variété.

Définition 1.1.4. Une métrique lorentzienne g sur M est un (0,2)-tenseur tel que :
e g est symétrique : pour tout X, Y € T'(M), g(X,Y) = g(Y, X),
e pour tout p € M, g, est une forme non-dégénérée sur T, M,
e pour toutp € M, g, a (—1,1,...,1) pour signature.

Une définition similaire pourrait étre donnée pour les variétés riemanniennes, qui sont
des variétés munies d’une métrique riemannienne, c¢’est-a-dire des (0, 2)-tenseurs symétriques
non-dégénérés de signature (1,...,1). Toutes les définitions qui vont suivre sont données dans
le cadre lorentzien mais elles s’appliquent aussi dans le cas riemannien. Une spécificité du cas
lorentzien est que le signe de g(X, X) est a priori quelconque: si X est un champ de vecteur
on dit que

e X est de type temps si g(X, X) <0,
e X est de type espace si g(X, X) > 0,
e X est nul (ou de type lumiere) si g(X, X) = 0.

Contrairement au cas riemannien, un champ de vecteur nul au sens précédent n’est pas nul
au sens usuel X = 0.

1.1.1.2 Opérations sur les tenseurs

Comme on le voit, les tenseurs sont des objets intrinseques a la variété. En particulier, on les
a définis sans utiliser de systeme de coordonnées. Cependant, il s’avere que la manipulation
des tenseurs dans un systeme de coordonnées est tres pratique. On se donne un systeme
de coordonnées (z%) = (2%)a=1,..n défini sur un ouvert & de M, on peut définir sur U les
champs de vecteurs 0, = % et les 1-formes dz® qui forment une base de T, M et T, M*
respectivement, pour tout p € . On a la relation dz®(dg) = 52‘. Si T est un tenseur de type
(r,s), il s’exprime localement comme :

T =T5 5 00, @ @ 0, @ d2” @+ @ da™, (1.1.1)

ou on utilise la notation fondamentale

Tgll”’kzr =T (de‘l’ e ,daj‘ar7 8/51, ceey 858)
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ainsi que la convention de sommation implicite d’Einstein si le méme indice est en haut et

en bas dans une formule. Les fonctions scalaires T,BO'; 1"",’5"" sont les composantes de T' dans
yersMs

le systéme de coordonnées (z%),. En particulier, une métrique s’exprime localement sous la

forme g = gopdz® ® dz?, que I’on abrégera en g = gafgdxadxﬁ .

Comme g est non-dégénérée, on peut lui associer un tenseur de type (2,0) de coordonnées
g“? vérifiant la relation g®° gpy = 05. Ce tenseur est noté g™t Ainsi, gop et g“% permettent
de "monter” ou de "descendre” les indices, c’est-a-dire de changer le type d’un tenseur sans
changer son nombre d’argument (r + s pour un (r,s)-tenseur). Par exemple, si 7' est un
(2,0)-tenseur, on peut lui associer :

e un (1, 1)-tenseur, dont les composantes en coordonnées sont 1'% 5 =9y T,

e un (0,2)-tenseur, dont les composantes en coordonnées sont 1,3 = gmgrB(;T'Y‘;.

Une opération importante sur les tenseurs est la contraction par rapport a une paire
d’indices ou un des indices est covariant et 'autre est contravariant. Elle permet de passer
d’un (7, s)-tenseur a un (r—1, s —1)-tenseur. Par exemple, si T est un (r, s)-tenseur, on définit
Ci{(T) comme le (r — 1,5 — 1)-tenseur défini par

CHT) = Ty 525 Doy @ +++ @ Do, @ d2® @ - @ da.

Cette opération s’effectue directement sur les composantes du tenseur dans une base fixée
mais est indépendante du choix de la base (ce qui ne serait pas le cas si on contractait deux
indices covariants, ou deux indices contravariants).

Les équations de la relativité générale sont des équations différentielles faisant intervenir
des tenseurs, expliquons donc comment on dérive un tenseur.
Définition 1.1.5. Une dérivation de tenseurs est une famille d’applications
DL T (M) — T2 (M)
telle que :
e pour tout (A, B) € TJ1(M) x TJ2(M), Di{2(A® B) = A® D72(B) 4+ D7} (A) ® B,
e pour toute contraction Cf et A € T7(M), on a Di_| (CF(A)) = CF (D%(A)).

Le lemme suivant explique comment définir une dérivation de tenseurs canonique si on
sait comment dériver les fonctions et les champs de vecteurs.

Lemme 1.1.1. Soit f)g une dériwation des fonctions et ]_N)é une dérivation des champs de
vecteurs. il existe une unique dérivation de tenseurs D telle que DY = DY et D} = D{ et de
plus, si A est un (r,s)-tenseur, on a :

DI(A)(w',...,w", X1,...,Xs) = Dy (A(w',...,0", X1,..., Xy)) (1.1.2)
— ZA (wl,...,D(l)(wi),...,er,Xl,...,Xs)
=1

S
—ZA(wl,...,wT,Xl,...,D(l)(XZ-),...,Xs).
i=1

Dans la section suivante, nous définissons deux notions importantes de dérivation des
champs de vecteurs.
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1.1.2 Connexions et dérivées de Lie

Définition 1.1.6. Une connexion D sur M est une application de la forme

D:T(M)xT'(M) — T'(M)
(X,Y)+— DxY
telle que X — DxY est C°(M)-linéaire, Y — DxY est R-linéaire et pour toute fonction

feC>®M), ona
Dx(fY) = fDxY + X(f)Y.

Sur une méme variété M, il y a plusieurs connexions, et ’objectif du théoréme suivant et
d’en choisir une de fagon canonique, en lien avec la métrique :

Théoréme 1.1.1. Soit (M, g) une variété lorentzienne. Il existe une unique connexion D
sur M telle que :

e D est sans torsion, i.e [X,Y] = DxY — Dy X,
o D est compatible avec g, i.e Xg(Y,Z) = g(DxY,Z)+g(Y,DxZ).

Cette connexion est appelée la connexion de Levi-Civita associée a g et est caractérisée par la
formule de Koszul

29(DyW, X) =Vg(W,X) + Wg(X,V) = Xg(V,W)
Dans la suite, la notation D sera réservée a la connexion de Levi-Civita. Si X est un
champs de vecteur et f une fonction scalaire, on définit Dx f = X f. Grace au Lemme |1.1.1]

on peut alors dériver n’importe quel tenseur en utilisant la connexion de Levi-Civita. En
particulier, on peut dériver le tenseur métrique lui-méme, on obtient

Dxg(Y,Z) = Xg(Y, Z) — g(DxY, Z) — g(Y, Dx Z) = 0, (1.1.3)
ou on a utilisé (1.1.2)) et la condition de compatibilité du Théoreme [1.1.1]

On peut appliquer la connexion de Levi-Civita aux champs de vecteurs J, associés a un
systéme de coordonnées. Les symboles de Christoffel donnent la décomposition de D,d3 =
Dy, 0 dans la base (0). Le lemme suivant donne leur expression.

Lemme 1.1.2. Si on se place dans un systeme de coordonnées, on a D,0g = Flﬁ&y ot

1
Flg = 5971) (aagﬂp + 8ﬁgap - pga,é’) . (1'1'4)
En particulier, on a Flﬁ = Fga.
Une autre notion de dérivation utile est la dérivée de Lie.

Définition 1.1.7. Soit ¢ : U — V un difféomorphisme entre deux ouwverts de M. Soit
Y e I(V), on définit ¢*Y € I'(U) par ¢*Y, = (d/pqﬁ)_1 (Y¢(p)) pour tout p € U. La dérivée de
Lie de Y dans la direction X est

d

LxY = a (¢i{t)* Yv|t:07

ot ¢X est le flot de X, c’est-a-dire la solution de Uéquation différentielle %(ﬁff (p) = X¢tX(p)’

avec d)é( = Idaq, qui est bien un difféomorphisme local partout ot elle est définit.
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On peut démontrer que LxY = [X,Y]. Si on définit Lx f = X f, alors on peut utiliser le
Lemme pour définir LxT pour n’importe quel tenseur. En particulier dans un systeme
de coordonnées on a

Lagpy = 0agpy — 9 ([0, 05],0y) — g (08, [0a, 0y]) = Dagsy (1.1.5)
ou on a utilisé (1.1.2]) et la commutation des champs de vecteurs 0.

1.1.3 Le tenseur de courbure

La commutation des champs de vecteurs 0, associés a un systeme de coordonnées, que I'on
vient d’utiliser, est connue sous le nom de regle de Schwarz. La dérivée covariante, autre
nom de la connexion de Levi-Civita définie au Théoréme [[.1.1] ne vérifie pas cette propriété,
c’est-a-dire qu’en général

DxDyZ # DyDxZ.
Pour mesurer ce défaut de commutativité, on définit le tenseur de courbure, ou tenseur de

Riemann.

Définition 1.1.8. Soit (M, g) une variété lorentzienne et D la connexion de Levi-Civita. La
fonction

R:T(M)? — T(M)
(X,Y,Z) — R(X,Y)Z := DxDyZ — DyDxZ — Dixy %,
définit un (1, 3)-tenseur appelé le tenseur de Riemann de (M, g).

C’est I'ajout du terme —Djx y1Z qui permet a R de définir un tenseur, c’est-a-dire d’étre
C*°-multilinéaire. Ses composantes en coordonnées sont définies par la relation

R(0p,0,)05 = R%p.Oa.
Elles vérifient certaines symétries
Ragys = Rysap = —Rapgsy (1.1.6)
ainsi que la premiere identité de Bianchi
Ropvys + Raspy + Raysg = 0.
Elles vérifient de plus une identité différentielle, appelée la deuxieme identité de Bianchi

Dy Ropgys + DaRgyys + DaRyays = 0. (1.1.7)

Le tenseur de Riemann est un tenseur a quatre indices et est donc compliqué & manipuler.
En contractant des indices, on peut obtenir un objet plus simple. Au vu des symétries ,
la seule contraction intéressante est celle entre le premier et le troisieme indice, ce qui définit
le tenseur de Ricci.

Définition 1.1.9. Le tenseur de Ricci de (M, g) est un (0,2)-tenseur donné en coordonnées
par
R, = R®

pows

et la courbure scalaire de (M, g) est la trace du tenseur de Ricci, i.e R = g R,,,.

En utilisant les symboles de Christoffel, la définition du tenseur de Riemann et en con-
tractant une fois, on obtient I’expression suivante pour le tenseur de Ricci :

Ry = 0oL, — 0,15, +T05T0, —T0,T0 (1.1.8)

[0}
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1.2 Relativité générale

Dans la section précédente, nous avons mis en place 'attirail géométrique nécessaire a la
théorie de la relativité, que nous présentons maintenant.

1.2.1 Les équations d’Einstein

1’idée centrale de cette théorie est une description géométrique de la gravitation, qui devient la
manifestation de la courbure de I'espace-temps, c¢’est-a-dire d’une variété lorentzienne (M, g)
de dimension 4. La courbure de ’espace-temps doit étre reliée a son contenu en matiere et
énergie. De plus, le principe de covariance doit étre vérifié. Ce dernier stipule que les lois
de la physique ne doivent pas dépendre du systéme de coordonnées dans lesquelles on les
écrit. Les tenseurs définis a la section précédente sont donc a priori les objets parfaits pour
exprimer les lois de la relativité générale, en particulier le tenseur de courbure et ses différentes
contractions. Derniére contrainte : les tenseurs considérés doivent étre de divergence nulle,
pour respecter la conservation de la masse et de 1’énergie.

Lemme 1.2.1. On définit le tenseur d’Einstein par
1
Gy = Ry — §R9/W'

On a divyG = 0.
Démonstration. Gréace a (|1.1.3) on a

1
divgGa = 9" DuGua = 9" DyRua — 50uRR (1.2.1)

Pour démontrer que cette expression s’annule, on contracte la deuxiéme identité de Bianchi
(1.1.7)) sur les indices « et v pour obtenir

Dy Rgs + DVRg,ys — DgRy5 = 0.
On contracte cette expression sur les indices 8 et § pour obtenir
R —D'R,, — D°R,5 =0
ce qui conclut la preuve en rappelant . ]

Les équations d’Einstein de la relativité générale s’énoncent alors ainsi
1
R, — §ng, =T (1.2.2)

Au membre de droite de cette équation apparait le tenseur énergie-impulsion, qui modélise
le contenu en matiere et en énergie de l'espace-temps. C’est un 2-tenseur symétrique de
divergence nulle. Donnons deux exemples:

e Le vide. Sil'espace-temps est vide, on a T}, = 0. Prenons alors la trace de (|1.2.2)), on
obtient R—2R = 0 (car la trace de la métrique est égale a la dimension de ’espace-temps,
ici 4) puis R = 0. Les équations d’Einstein dans le vide se réécrivent donc

R, =0. (1.2.3)
Ce sont ces équations que ’on étudie dans cette these. La solution la plus simple est
I'espace-temps de Minkowski, c’est-a-dire R**! muni de la métrique —(dt)? + (dz')? +

(dz?)? 4 (dz3)?. 11 s’agit de I'espace-temps plat de la relativité restreinte, qui est donc
un cas particulier de la relativité générale.
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e La théorie cinétique relativiste. Si ’espace-temps est rempli d'un gaz de particules
se déplagant & la vitesse de la lumiere et pouvant étre décrit pas une densité f, on a
alors

T (f) = / Foup. (1.2.4)
{peTM | g(p,p)=0}

ol la densité f est définie sur ’espace des phases M x T'’M. La condition de divergence
nulle de T}, (f) est équivalente a '’équation de Liouville-Vlasov pour f

paamaf — I‘Zéyplip'/apaf =0. (125)

Si T, (f) est défini par (1.2.4), le systeme d’inconnues g et f constitué de G, = T, (f)
et de ([1.2.5)) est appelé systeme Einstein-Vlasov de masse nulle. Voir le Chapitre 10 de
[CBO9] pour plus de détails sur ce systeme.

On peut aussi imaginer un couplage entre les équations d’Einstein et les équations d’Euler
de la mécanique des fluides (voir Chapitre 9 de [CB09]) ou les équation de Maxwell de
I’électromagnétisme.

Nous faisons maintenant trois remarques formelle sur les équations ([1.2.2]).

1. Les équations d’Einstein (1.2.2)) peuvent s’interpréter comme 1’équation d’Euler-Lagrange
pour la fonctionnelle (appelée action d’Einstein-Hilbert)

Snlg] = /M (Rlg) + Lunlipr g]) iy, (1.2.6)

ou R|[g] est la courbure scalaire associée & g, L, [¢, g] correspond correspond a ’action de
la matiere présente dans I’espace-temps et ott p1y = /— det(g)da est la mesure invariante
associée a g.

2. Une autre fagon de justifier 'expression du tenseur d’Einstein est de chercher tous les
2-tenseurs A, tels que :

e A est symétrique et de divergence nulle,
e A ne dépend que de g et de ses deux premieres dérivées et est linéaire en 9%g.
Un théoreme de Lovelock (voir [Lov72]) assure que les seuls tenseurs vérifiant ces quatre

conditions sont les combinaisons linéaires de G, et g,,,. Cela éclaire le choix d’Einstein
d’ajouter le terme Ag,, a (1.2.2)), on A est la fameuse constante cosmologique.

3. Les équations (1.2.2]) sont tensorielles et sont donc invariantes par difféomorphisme,
c’est-a-dire vraies dans n’importe quel systéeme de coordonnées. Pour les résoudre, on
doit choisir un systeme de coordonnées privilégié, autrement dit faire un choix de jauge.

On aimerait comprendre la structure du systeme (|1.2.3)) afin de formuler un probléeme de
Cauchy. La proposition suivante donne une expression du tenseur de Ricci faisant appel a
Popérateur d’onde, ou d’Alembertien, associé a g, qui est défini par

Oyf == g" DDy f = g" (00, f — T2, 0af) - (1.2.7)

On définit aussi Eg f = g"0,0,f, c’est-a-dire la partie principale du d’Alembertien. Dans
le cas de 'espace-temps de Minkowski, le d’Alembertien est I'opérateur d’onde classique [ =
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—0? + A. On introduit aussi la notation de symétrisation suivante pour une expression
quelconque dépendant de deux indices

Tiap) = Tap + Tha-

Proposition 1.2.1. On a

1~ 1
R/U/ = _§D99MV + 59{)(“8”)}]/) + Quu(ag, 89) (128)

ot Q,,(0g,09) est une forme quadratique en les coefficients de la métrique et ot
H? = g*T? . (1.2.9)

Démonstration. On part de . Notons que les produits I'T" des symboles de Christoffel
sont des termes quadratiques en les coefficients de la métrique (cf )7 ils contribuent
donc a la définition de @, et nous ne les développons pas. De méme pour les termes OI', si
la dérivée tombe sur I'inverse de g alors cela contribue a @),,,. Les seuls termes de I, qui ne
sont pas de la forme g=20¢gdg proviennent donc de 0ol — 0,1y, et en particulier du cas ou
les dérivées impactent dg. En utilisant , ces termes sont égaux a

1 1
§ga6 (aaa,uguﬁ + aaauguﬁ - aaa,@g;w) - §ga6 (auaugoeﬁ + a,uaaguﬁ - auaﬁgua)
1=~

L,
= _iljgg;u/ + 59 s (aaauguﬂ + aaauguﬂ - auaugaﬁ) .

De plus si on s’intéresse uniquement & la partie quasi-linéaire (c’est-a-dire de la forme g=192¢)
de %gpwau)m on obtient

1 1
ng(ﬂgaﬁgpcr (ay)aozgﬁa + a1/) aﬂgaa - ay)aagaﬂ) = §ga[3 (&/&xgﬂp + auaagﬂu - auaugaﬁ)

ce qui conclut la preuve. ]

1.2.2 Le probleme de Cauchy en relativité générale

Nous allons maintenant définir le probleme de Cauchy en relativité générale, c’est-a-dire pour
les équations (|1.2.3) (une construction similaire pourrait étre donnée dans le cas plus général
de (1.2.2)). L’expression (|1.2.8) montre que si H” = 0, les équations ((1.2.3]) se réécrivent

Hggu = 2Quw(9g,9g), (1.2.10)

c’est-a-dire sous la forme d’un systeme d’équation d’ondes quasi-linéaires avec une non-
linéarité quadratique en les coefficients de la métrique. On va donc s’inspirer du probleme de
Cauchy pour ’équation d’onde classique

Ou = F(u, du) (1.2.11)

sur Ry x R3. Pour cette équation, les données de Cauchy sont deux fonctions ¢y et g
définies sur R3, et résoudre le probleme de Cauchy pour (1.2.11)) consiste & trouver v définie

sur Ry x R3 vérifiant (T.2.11)) et telle que
ul{t=0}=po et Qu|{t=0}=¢1.

Nous allons adapter cette construction au cadre géométrique des équations d’Einstein dans le
vide. Nous devons définir ’analogue de I'hypersurface {t = 0} et des restrictions u [ {t = 0}
et du | {t = 0}.
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1.2.2.1 Hypersurface de type espace

Dans l'espace-temps de Minkowski R3*1, ’hypersurface {t = 0} est de type espace, c’est-a-dire
que les vecteurs tangents a {t = 0} sont de type espace pour la métrique de Minkowski. Cette
définition se généralise au cas d’une variété lorentzienne (M, g) quelconque : une hypersurface
Y C M est dite de type espace si g(X, X) > 0 pour tout X € I'(X). C’est sur une hypersurface
de type espace que nous allons définir les données de Cauchy pour .

On peut associer a Y sa normale unitaire, c’est-a-dire I'unique champs de vecteur 1" de
type temps vérifiant g(7,7) = —1 et g(T, X) = 0 pour tout X € I'(¥). L’objet suivant est
fondamental.

Définition 1.2.1. Soit ¥ C M une hypersurface de type espace et T la normale unitaire a
3. On définit un 2-tenseur sur X par

K(X)Y) = —g(DxT.Y),
que l’on appelle la seconde forme fondamentale de 3.

La proposition suivante nous permet d’interpréter la seconde forme fondamentale comme
la dérivée de la métrique dans la direction orthogonale & X :

Proposition 1.2.2. Le tenseur K est symétrique et vérifie
1
K= _iﬁTg' (1.2.12)

Démonstration. On vérifie la symétrie de K : pour X,Y € I'(¥) on utilise la condition de
compatibilité pour obtenir

:g(T, [XvY])
=0,

ou on a utilisé le fait que D est sans torsion et que [X,Y] € T'(X). Pour (1.2.12), on utilise
de plus (L1):

Lrg(X,Y)=Tg(X,Y)—g([T,X].Y) - g(X,[T.,Y])
=g(DrX,Y)+g(X,DrY) —g(DrX,Y)
+9(DxT,Y) — g(X,DrY) + g(X, DyT)
— _K(X,Y) - K(Y,X)

ce qui conclut la preuve en utilisant la symétrie de K. ]

On peut restreindre la métrique g a X car T),X est un sous-espace vectoriel de T, M pour
tout p € X. On définit ainsi la métrique riemannienne g. A cette métrique sont associés une
dérivée covariante D et un tenseur de courbure R définis comme dans le cas lorentzien. On
utilise les lettres latines 4, j, k,£... pour noter un systeme de coordonnées quelconque sur X.
La proposition suivante fait le lien entre le point de vue extrinseque et intrinseque sur X,
c’est-a-dire calcule la courbure de ¥ vu depuis M en fonction de R et K.



1.2. RELATIVITE GENERALE 21

Proposition 1.2.3. L’équation de Gauss est vérifiée:

Rijom = Rijom + Kmj Ko — Kgj K. (1.2.13)
L’équation de Codazzi est vérifiée:
Rigje = —DjKi + DiKy;. (1.2.14)

On en déduit les composantes temporelles du tenseur d’Einstein Dans la base (T)¢;),
c’est-a-dire Ggg et Go;.

Corollaire 1.2.1. On a

2Goo = R+ (tr;K)* — |K |2,
Go; = —DZKM + DitrgK,

ou l’on a posé |K]§ = g"ngKikKjg.

1.2.2.2 Les données et le probleme de Cauchy

Nous pouvons maintenant définir les données de Cauchy pour par analogie a I’équation
(1.6.6). L’analogue de {t = 0} est une varié¢té ¥ de dimension 3 et analogue de u | {t = 0}
est une métrique riemannienne g sur Y. Pour la dérivée dans une direction orthogonale, on
ne peut choisir la dérivée covariante car Dg = 0 (cf ), on choisit donc la dérivée de Lie
et on prescrit Lrg. Par la Proposition [1.2.2] cela revient & prescrire un 2-tenseur symétrique
K sur 2.

Le triplet (X, g, K) définit les données de Cauchy. Le probléme de Cauchy est alors :
chercher une variété lorentzienne (M, g) de tenseur de Ricci identiquement nul et telle que ¥ C
M soit de type espace, g soit la restriction de g a X et K soit la seconde forme fondamentale
de X.

Comme le montre le Corollaire les composantes temporelles G et Gg; ne dépendent
que de g et K. Il est donc nécessaire que les données de Cauchy vérifient les équations suivantes
sur Y, dites équations de contraintes :

R+ (trgK)* — |K|2 =0, (1.2.15)
—~D'K;¢ + Ditrg K = 0. (1.2.16)

L’équation est appelée la contrainte hamiltonienne et la contrainte de mo-
ment. Dans la section suivante, nous allons montrer que résoudre les équations de contraintes
est aussi une condition suffisante pour construire une solution a .

Comme un des théoremes de cette these concerne les équations de contraintes, nous
revenons plus en détails sur ces dernieres et sur une méthode de résolution particuliere, la
méthode conforme, dans la Section [I.2.3]

1.2.2.3 Existence locale en coordonnées d’ondes

Nous montrons maintenant comment construire une solution aux équations d’Einstein dans
le vide en utilisant les coordonnées d’ondes (voir aussi le Chapitre 10 de [Wal84]). Ce choix
de jauge correspond & choisir des coordonnées (z%), telles que H? = 0 (cf (1.2.9)), ce qui est
équivalent a avoir Lgz® = 0.
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Pour simplifier la présentation, on suppose que I’hypersurface initiale est R?. On va
construire une solution aux équations d’Einstein de la forme ([0, 7] x R?,g). On procede de
la maniere suivante:

1. On résout les équations de contraintes ([1.2.15))-(1.2.16)) et on obtient (g, K). A partir
de g on définit gnp [ {t = 0} :

e pour les composantes spatiales on choisit g;; = gij,

e pour les composantes temporelles on choisit ggg = —1 et go; = 0 de telle sorte que
0 est la normale unitaire.

A partir de K on définit 0igij | {t =0}. Comme 0; est la normale unitaire, on utilise
(1.2.12)) et (1.1.5) et on pose 0yg;j = —2K;j. Cela assure que K est bien la seconde
forme fondamentale de {¢ = 0}. De plus on choisit 0;go | {t = 0} de telle sorte que
H? | {t =0} =0. C’est possible car sur {¢ =0} on a

2HO = &gggo - QtI'gK,

S _ _ 1,
Gi; H' = —04g0j + g~ <3kgej - 23jgke> .

2. On résout le systeme d’équations d’ondes suivant pour les coefficients g,z :

Oy = 2Q (99, 09), (1.2.17)

avec les choix précédemment faits de données initiales. On résout (1.2.17)) grace a un
schéma itératif basé sur des estimations d’énergie pour l'opérateur [];. On ne donne pas
plus de détails. On obtient une métrique g sur [0,7] x R? pour un certain 7' > 0.

3. Il reste a montrer que le tenseur de Ricci de ¢ s’annule. Grace & (1.2.17)) et (1.2.8)), g

vérifie
1 P
Ry = 59,0(#6”)]{
ce qui implique
2G,, = gp(#Q,)Hp — 0,H g0 (1.2.18)

Or, puisqu'on a H? | {t = 0} = 0, on obtient sur {¢t = 0}
2Goo = —O.H",
29ijG0i = 8tHj.

Les équations de contraintes étant vérifiées, on obtient 9,H” | {t =0} = 0. On utilise
maintenant le fait que divG = 0 (cf Lemme [1.2.1). Schématiquement, si on injecte

(1.2.18]) dans cette équation on obtient
O,H” + FP(H,0H) =0

sur [0, T] x R3. Comme H et ;H sont nulles initialement, on obtient H” = 0 dans tout

Pespace-temps et G = 0 en rappelant ((1.2.18). On a bien résolu ([1.2.3]) en coordonnées
d’ondes.
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Résumons cette stratégie : pour résoudre dans une jauge particuliere on résout les
contraintes et choisit des données initiales telles que les conditions de jauges soient initialement
vérifiées, on résout un probleme d’évolution qui correspond a annuler le tenseur de Ricci en
négligeant les termes de jauges, puis on propage les conditions de jauges en utilisant divG = 0
ce qui finit d’annuler le tenseur de Ricci. C’est ainsi que Choquet-Bruhat démontra dans
[EB52] la partie ”existence” du théoreme fondamental suivant :

Théoréeme 1.2.1. Tout triplet (X,g,K) de données de Cauchy suffisamment lisses satis-
faisant les équations de contraintes admet un unique développement (M, g) mazimal globale-

ment hyperbolique satisfaisant (|1.2.3)).

La partie ”unicité” du théoreme précédent est due a Choquet-Bruhat et Geroch dans
[CBGG6I].

1.2.3 Les équations de contraintes et la méthode conforme

Dans cette section, nous revenons sur les équations de contraintes —. Elles
forment un systeme couplé d’équations elliptiques non-linéaires pour g et K, respectivement
une métrique riemannienne et un 2-tenseur symétrique sur une variété 3, que ’on suppose de
dimension 3 dans la suite. Quatre équations pour 12 inconnues (les 6 coefficients indépendants
de g et K), il s’agit donc d’un systéme sous-déterminé possédant a priori beaucoup de solu-
tions. Nous allons nous concentrer sur la méthode de résolution la plus utilisée : la méthode
conforme. Nous renvoyons au Chapitre 7 de [CB09] pour une présentation exhaustive de la
théorie des équations de contraintes et a larticle de revue [CP11].

La méthode conforme est la méthode la plus utilisée pour transformer le systeme —
(1.2.16]) en un systeme déterminé, c’est-a-dire choisir 8 parametres pour compenser les 8 degrés
de libertés du systeme. L’idée principale est de fixer la classe conforme de la métrique g, i.e
de chercher g sous la forme

7=

ou v est une métrique riemannienne sur X et ¢ > 0 est une fonction scalaire. On peut montrer
que la courbure scalaire de g est alors donnée par

R(g) = ¢~ (8240 + R(7)¢) .

ou A, = & D;D; est I'opérateur de Laplace-Beltrami associé¢ a . Pour définir les parametres
du tenseur K, il nous faut des objets qui se comportent bien sous une transformation conforme.
Les 2-tenseurs symétriques de trace et de divergence nulle (aussi appelé TT-tenseur) en sont
un exemple. Nous cherchons alors K sous la forme suivante

1
K=¢?(c+L,W)+ §g047"y,
ou 7 = trgK est la courbure moyenne, o est un TT-tenseur pour v, W est une 1-forme et L,
est I'opérateur de Killing conforme défini par (L,W);; = D;W;) — 2(divyW)y;j. Vérifions
que ces choix de parametres correspondent aux 8 degrés de liberté du systeme :

e le choix de la fonction scalaire 7 compte pour un degré de liberté,

e le choix du 2-tenseur symétrique remplit a priori 6 degrés de liberté mais ¢ doit aussi
vérifier div,o = 0 et tryo = 0, c’est-a-dire 4 équations, o correspond donc a 2 degrés de
liberté,
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e le choix de la métrique v remplit a priori 6 degrés de liberté mais en réalité on choisit
la classe conforme, c’est-a-dire & une fonction scalaire (strictement positive) pres, on
a donc 5 degrés de liberté.

Le choix des parametres 7, o et v remplit donc 1+ 2 + 5 = 8 degrés de liberté, et on peut
alors montrer que les équations de contraintes ([1.2.15))-(1.2.16|) pour (g, K) se réécrivent

2
div., LW = gQ@GdT, (1.2.19)

2
8A, 0 = R(y)p + 57%5 +lo+ LW EET, (1.2.20)
ou les inconnues sont maintenant ¢ et W, c’est-a-dire 4 inconnues pour les 4 équations (|1.2.19))-
(1.2.20)). La méthode conforme permet donc de transformer les équations de contraintes en
un systeme déterminé.

L’équation ([1.2.20)) est connue sous le nom d’équation de Lichnerowicz. Un moyen efficace
de résoudre ce systéme et de choisir le parametre 7 constant sur X, on parle de cas CMC pour
constant mean curvature. Ce choix découple (1.2.19) et (1.2.20]) et la difficulté réside alors
dans la résolution de . On peut considérer le cas proche de CMC, c’est-a-dire ou dT—T
est petit. Dans ce cas, nous renvoyons a [CBIY00] pour les résultats les plus récents et pour
I’adaptation de la méthode constructive au cas des variété asymptotiquement plates.

1.2.4 Stabilité de ’espace-temps de Minkowski
1.2.4.1 Solutions explicites et stabilité en relativité générale

Il existe plusieurs solutions explicites des équations d’Einstein dans le vide (1.2.3)). La plus
simple est I’espace-temps de Minkowski, c’est-a-dire la variété R3*t! muni de la métrique
lorentzienne

m = —(dt)* + (dz")? + (do?)? + (d=?)2. (1.2.21)

L’espace-temps de Minkowski est le cadre naturel de la relativité restreinte fondée par Poincaré
et Lorentz. La métrique de Schwarzschild est une autre solution explicite. Découverte seule-
ment quelques mois apres les premieres publications d’Einstein sur la relativité générale, elle
s’écrit

-1
931 = - <1 ) 2M> (dt)? + (1 B QM) (dr)” + 7% ((d6)? + sin®(6)(dg)?)

sur la variété Ry x]2M, +0o[xS? et dépend d’un parametre M > 0.

Une question naturelle dans le domaine des équations aux dérivées partielles est la stabilité
des solutions explicites. Pour les EDPs d’évolution classiques de la physique, la formulation
du probleme est simple : une solution u connue est dite stable si des données initiales proches
(définies sur {t = 0}) donnent lieu & une solution existant pour tout temps et convergeant
vers u en temps long. Pour les équations d’Einstein cette formulation ne fonctionne pas car il
n’y a pas de concept de temps intrinseque. On dit donc qu'un espace-temps donné est stable
si des données initiales proches (définie sur ¥p) donnent lieu & un développement maximal
géodésiquement complet. Cette derniere notion est I’équivalent en relativité générale de ”la
solution existe pour tout temps”.
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La stabilité de l’espace-temps de Minkowski a été démontrée pour la premiere fois en
1993 par Christodoulou et Klainerman, voir [CK93|. Leur preuve se base sur un choix de
jauge dynamique, ou ’espace-temps est feuilleté par des cones sortant et des hypersurfaces
maximales. Ce résultat a été revisité par Lindblad et Rodnianski dans [LR10], ou les auteurs
se placent dans la jauge harmonique. Comme on ’a expliqué dans la Section dans
cette jauge les équations d’Einstein dans le vide se réécrivent comme un systeme d’équations
d’ondes quasi-linéaires avec non-linéarité quadratique pour les coefficients de la métrique.

Mentionnons les travaux récents et indépendants de Klainerman et Szeftel sur la stabilité
sous perturbations polarisées de la famille des métriques de Schwarzschild [KS20] et de Dafer-
mos, Holzegel, Rodnianski et Taylor sur la stabilité en codimension finie de cette méme famille
[DHRT21].

1.2.4.2 Existence globale des ondes

La preuve de [LRI0] se base donc sur ce qui est connu pour les équations d’ondes classiques,
et en particulier sur la fameuse méthode des champs de vecteurs. Introduite par Klainerman
dans [Kla85], cette méthode permet d’incorporer aux estimations d’énergie la décroissance
naturelle des solutions a I’équation d’onde linéaire et homogene. Comme son nom l'indique,
la méthode des champs de vecteurs se base sur 'utilisation de champs de vecteurs spéciaux,
& savoir

{80” S =to; + ro,, Qag = xaag — .Cvgaa} , (1.2.22)

en lieu et place des champs de vecteurs J, usuels. On note Z un élément de . Ces
champs de vecteurs commutent avec l'opérateur O (sauf S qui vérifie [, S] = 20) ce qui
permet d’estimer H@ZI uH 12 Via I'inégalité d’énergie classique de 'opérateur [J si u vérifie une
équation d’onde. Du point de vue de l'existence globale de solution, ces champs de vecteurs
ont l'intérét d’incorporer dans leur définition des poids, ce qui se traduit concretement par
une injection de Sobolev ”dispersive”, aussi appelé inégalité de Klainerman-Sobolev

1
Jul < > 2", (1.2.23)

~ n—1
(1+s) 2 /1+]|q 1j<ng2

ot s=t+7et g=t—retuest définie sur R"! (voir [Sog95] pour une preuve).

L’inégalité remontre en particulier que la décroissance naturelle des ondes est
en t_nT_l, qui est intégrable si et seulement si n > 4. Pour montrer 'existence globale
de solutions & une équation d’onde non-linéaire en dimension 3 d’espace, il faut donc faire
des hypotheses sur la non-linéarité. Dans [Chr86] et [Kla86], Christodoulou et Klainerman
introduisent indépendamment le concept de structure nulle. Une non-linéarité quadratique
Oudu possede la structure nulle si elle est de la forme Oudu oll Ou est une "bonne” dérivée,
c’est-a-dire tangente au cone de lumiere dans I'espace-temps de Minkowski. Pour cette classe
de non-linéarités, Christodoulou et Klainerman montrent qu’il y a effectivement existence
globale de solutions dans R3*! pour des données initiales petites.

Comme expliqué dans [CBO0], la non-linéarité quadratique de ne présente pas la
structure nulle. Pour s’en sortir, Lindblad et Rodnianski utilise une version affaiblie de la
structure nulle, appelée depuis leur article la structure nulle faible.
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1.3 Ondes gravitationnelles

Une différence majeure entre les théories de la gravité newtonienne et einsteinienne est que
dans cette derniere la gravité est dynamique, et les perturbations de la métrique peuvent se
propager dans I’espace-temps. Ce sont les fameuses ondes gravitationnelles détectées en 2015.
Dans cette section, nous présentons le point de vue linéaire puis non-linéaire sur les ondes
gravitationnelles. L’auteur conseille la lecture de ’article de revue [FHO5].

1.3.1 Linéarisation des équations d’Einstein

Les équations d’Einstein dans le vide (|1.2.3]) sont non-linéaires et admettent comme solution
triviale la métrique de Minkowski . D’un point de vue physique comme mathématique,
il est donc naturel de linéariser autour de . Dans cette section, nous présentons
cette procédure en s’inspirant des Chapitres 18 et 35 de [MTWT3| et de la Section 4.4 de
[Wal84].

Pour linéariser (|1.2.3) autour de ([1.2.21)), on considére une métrique de la forme g = m+h
ou m est donné par (1.2.21)) et h est une petite perturbation. On calcule le tenseur de Ricci
de g et on ne garde que les termes linéaires en h et ses dérivées. Dans ce régime, les symboles

de Christoffel (cf (1.1.4)) sont donnés par

1
Tag = 5m" Gahpy + Oshay — Oyhag)

a@%+%%—wm@

ou on a adopté la convention de monter et descendre les indices par rapport & m (et non par
rapport & g). Le tenseur de Ricci (cf ((1.1.8])) est alors donné par

Ry = 0.1y, — 9,175,
1
= 5 (001 = Dby = D000
ou trh = hg et U = m®$9,05 est I'opérateur d’onde usuel. On introduit les notations usuelles
hyw = hyy — %muytrh et

1
fu = 0ahY — i&,trh = 0%y
Les équations d’Einstein dans le vide linéarisées prennent alors la forme
—Ohyw + O foy — M0 fo = 0. (1.3.1)

Pour simplifier , nous allons effectuer un choix de jauge. Un difféomorphisme est
infinitésimalement engendré par un champs de vecteur {, et c’est la dérivée de Lie de la
métrique background m qui représente la perturbation au niveau linéaire. On peut donc
remplacer B/w par BW + 0u€uy — My 0“E, dans pour obtenir la méme équation avec
fu remplacé par f, + [J€,. Quitte a résoudre une équation d’onde sur &,, on peut donc
supposer que f,, = 0 (jauge de Lorentz, par analogie avec 1’électromagnétisme) et les équations
d’Einstein dans le vide linéarisées deviennent
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ou est la condition de jauge de Lorentz. Cette derniére ne détermine pas totalement le
systeme de coordonnées, car elle est invariante si on remplace E,ﬂ, par ﬁw, +0(u€vy — My 0“Ea
avec J¢, = 0. Remarquons que dans [AJOR21] les auteurs obtiennent les équations
et ((1.3.3) en linéarisant I’action d’Einstein-Hilbert (défini en ) plutot que le tenseur
d’Einstein.

1.3.1.1 Ondes planes

Toute solution de ([1.3.2]) peut se décomposer sur la base des ondes planes monochromatiques,

i.e les solutions de (|1.3.2))-(1.3.3) de la forme
By = Ay cos(kaz®) (1.3.4)

ol A et k sont constants et vérifient kok“ = 0 et A,k = 0 (conditions équivalentes a (|1.3.2)
et ([1.3.3) respectivement). La perturbation (|1.3.4)) représente une onde gravitationnelle de
fréquence

1
K= (k2 + k) + k2)?

se déplacant a la vitesse de la lumiere dans la direction (k, ky, k). Pour une onde de la forme
(1.3.4) la liberté résiduelle de la jauge de Lorentz se traduit par le choix de

& = Cy sin(kqz)

avec C' constant qui vérifie bien 1§, = 0 car k,k® = 0. Si on revient a BW, cela revient
a pouvoir remplacer Ay, par A, + C( k) — mu,k*Cy. On se débarasse de cette liberté
résiduelle dans la section suivante ou ’on définit la jauge TT.

1.3.1.2 La jauge TT

Nous allons montrer qu’on peut toujours choisir C, tels que Btu =0 et trh = 0. On parle
alors de jauge TT pour les mots anglais transverse et traceless. Si h est 'onde plane donnée
par alors pour A fixé on cherche C, tel que A,, + C(Hky) — muk*Cy n’ait aucun
coeflicient temporel et soit de trace nulle. C’est équivalent a choisir

A, + Ciky, + Cuky — mp k*C,, = 0, (135)
trA — 2k°C, = 0. (136)

On injecte (|1.3.6) dans (1.3.5)) puis on prends v =i et v =t dans (|1.3.5). On obtient

Cy = —L <1tI“A + Att> et C;= —l (Ctkl + Ati) . (1.3.7)
2k \ 2 ki

On peut donc supposer que le tenseur amplitude dans est sous forme TT, c’est-a-

dire purement spatial et de trace nulle. Montrons qu’on ne peut pas ajouter de nouvelles

contraintes sur ﬁij par un nouveau choix de coordonnées (autrement dit, nous avons épuisé

nos différents choix de jauge possibles). En effet, un calcul direct montre que

1 .-
Ritjt = —iafhij. (1.3.8)

Comme le tenseur de Riemann de la gravité linéarisé est un invariant de jauge, (1.3.8)) montre
que les composantes h;; le sont aussi.
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Combien de degrés de liberté le tenseur h défini par possede-t-il encore 7 Il possede
a priori 10 composantes indépendantes, et vérifie Ewk“ =0, Etu =0 et trh = 0, c’est-a-dire
8 relations. Une onde gravitationnelle possede donc 2 degrés de libertés, qui s’interpretent
comme deux modes de polarisation. Pour simplifier, imaginons une onde se déplagant dans
la direction z, c’est-a-dire k, = ky = 0 et k, # 0. Si la jauge TT est vérifiée, les seules com-
posantes non-nulles de A sont alors A;, = —Ay, et A,y = Ay,. L'onde est donc combinaison
linéaires des deux tenseurs de polarisation e, et ex défini par

er =dzr®dr—dy®dy et ex =dr®dy+dy®dz.

Les symboles + et x font référence a la fagon dont une onde proportionnelle a e, ou ex
déforme les géodésiques de I’espace-temps, et donc un potentiel détecteur (voir la Section 35.6
de [MTW73)]).

1.3.2 Au-dela de approximation linéaire

Linéariser les équations d’Einstein est une étape nécessaire pour en saisir certaines des pro-
priétés les plus fondamentales, d’un point de vue physique et mathématique. L’existence
d’ondes gravitationnelles obtenues par ce processus est un des résultats les plus spectac-
ulaires des travaux d’Einstein. Cependant, cette description linéaire n’est pas totalement
satisfaisante, a la fois d’un point de vue mathématique et physique.

1.3.2.1 Les limites du linéaire

D’un point de vue physique, I’approximation linéaire n’est valide que si les effets de la gravité
sont faibles (ce qui se traduit par le fait que ‘8’“h| < 1). Or, ces effets ne sont pas toujours
faibles et il existe des phénomenes ou 'approximation linéaire n’est absolument pas valide.
On peut penser par exemple a la fusion de deux trous noirs, événement qui est d’ailleurs une
des sources principales d’ondes gravitationnelles. Dans ce cas, 'approximation linéaire peut
donc modéliser la propagation de ’onde loin des deux trous noirs mais elle ne peut décrire sa
création.

Par ailleurs, approximation linéaire ne peut décrire I’énergie de ’onde gravitationnelle.
Le concept d’énergie en relativité générale est compliqué a définir, car la métrique de I’espace-
temps joue a la fois le role d’un arriere-plan ou background et d’un objet dynamique. Or
on voudrait associer une énergie uniquement a ’aspect dynamique, évoluant par rapport a
un background fixe. Dans le cas de 'approximation linéaire, h joue le role de la perturbation
dynamique mais on s’attend a ce que I’énergie soit quadratique en h, et doit donc étre négligée.

Par ailleurs, quels seraient les effets de cette énergie sur le background 7 Dans le cas
de l'approximation linéaire de la section précédente, ces effets sont nuls car le background
minkowskien ne peut pas voir ’onde.

D’un point de vue mathématique, il est évidemment important de considérer les équations
completes. Les non-linéarités ne sont pas uniquement des perturbations négligeables,
comme l'illustre la question de la stabilité de ’espace-temps de Minkowski décrite a la Section
1.2.4.1} Dans le cas linéaire, il s’agit de montrer la globalité des solutions de , ce qui
nécessite quelques lignes, alors que la preuve de Christodoulou et Klainerman de la stabilité
non-linéaire est un livre de 500 pages.
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Pour toutes ces raisons, il nous faut un formalisme capable de décrire des phénomenes grav-
itationnels forts ou ’énergie est clairement définie et impacte significativement le background
selon un schéma

G (BG +onde) =0 < G, (BG) = tenseur énergie impulsion associé a ’onde.

De plus, ce formalisme doit pouvoir s’implémenter pour les équations non-linéaires (|1.2.3).

1.3.2.2 Construction de solutions radiatives approchées a la Choquet-Bruhat

On peut retracer la recherche d’un tel formalisme a [BH64], ou les auteurs consideérent un
processus de moyenne sur plusieurs longueurs d’ondes. L’idée centrale est de considérer que
la perturbation h,, est petite mais que ses dérivées premieres ne le sont pas. Voir aussi les
articles [Isa68al Isa68b]. Une version plus rigoureuse mathématiquement et qui ne fait appel
& aucun procédé de moyenne a été proposée par Choquet-Bruhat dans [CB69| (voir aussi le
Chapitre 11 de [CB09]). Nous allons décrire en détail cet article, en utilisant des notations
adaptées a cette these.

Dans |[CB69], Choquet-Bruhat considére I’approximation de l'optique géométrique. Cette
approche et son histoire seront détaillées dans la Section [1.5.1] mais dans le cas qui nous
intéresse ici, cela veut dire qu’on considere une famille de métriques lorentziennes de la forme

ga(z) = go(x) + MgV <$ W’@) + A2 <$ W@) (1.3.9)

ol A > 0 est une petite longueur d’onde, gy est une métrique pour 'instant inconnue, et ug est
une fonction scalaire jouant le réle d’une phase. Les perturbations ¢(*) et ¢(2 sont fonctions
de la variable d’espace-temps x et de la phase UOT(I). Dans la suite et pour alléger les notations
on écrira plutots g (%) Dans la limite haute-fréquence ou A tend vers 0, gy est proche de

go mais ce n’est pas le cas pour ses dérivées. En effet on a
dgx = dgo + Ougdeg™) + O (N) (1.3.10)
ol Jp signifie la dérivée par rapport & la phase 52 (convention que I'on utilise dans toute cette

these). Pour assurer une limite faible quand A tend vers 0 a ([1.3.10)) on suppose de plus que

g(l) est une fonction périodique de %2, le lemme de Riemann-Lebesgue nous assurant alors

que Jgy converge faiblement vers dgg. Cette derniere propriété est 'analogue rigoureux des
procédés de moyenne envisagés dans [BH64, Isa68al, Isa68b].

L’objectif de Choquet-Bruhat est de trouver des conditions sur les différents termes de

(1.3.9) impliquant
Ryulg) = 0 (). (1.3.11)

Le tenseur de Ricci contenant au plus des dérivées secondes de la métrique, le tenseur R, (gx)
contient a priori des termes d’ordre A~! et A\° qui doivent étre annulés pour obtenir (1.3.11)).
Le résultat de Choquet-Bruhat peut alors s’énoncer sous la forme suivante.

e Pour annuler les termes d’ordre ; de R, (g)).

— La phase ug doit satisfaire I’équation eikonale pour la métrique g, i.e

9o *(dug, dug) = 0.
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— La perturbation ¢(*) doit satisfaire Pol (g(l)) = 0 ou Pol est le tenseur de polarisa-
tion défini par

1
Pol,(T) = gf)“’ <8ﬂuon - QGQUOTW> . (1.3.12)

e Pour annuler les termes d’ordre \° de R, (gy).

— Le tenseur ¢V doit satisfaire une équation de transport le long des rayons de la
phase ug

(D) 4 (D*Daug)gll) =0 (1.3.13)

20%uDag, 9w

ou les indices sont montés avec la métrique gg et ou D est sa dérivée covariante.

— La perturbation ¢(® doit vérifier des conditions de polarisation de la forme
Pol (g(2)> = (gM)2.
— La métrique background gg doit vérifier
Ryuu(g0) = TOuu00vuo. (1.3.14)

avec 7 > 0 qui dépend de la perturbation g™ et dont Iinterprétation physique est
donnée ci-dessous.

Des commentaires s’imposent sur ces conditions.

1. Les conditions de polarisation sur ¢(!) et ¢(®) traduisent la non-hyperbolicité des équations
, qui est liée a son invariance par difféomorphisme. La condition Pol (g(l)) =0
implique que la partie significative de l'onde, c’est-a-dire la partie tangente aux sur-
faces de niveaux de ug, a deux degrés de liberté. On retrouve ainsi les caractéristiques
formelles des ondes planes dans 'approximation linéaire.

2. Du point de vue de 'optique géométrique, I’équation n’est pas surprenante (nous
y reviendrons dans la Section . Ce qui l'est plus, c’est la linéarité de . En
effet les équations d’Einstein sont fortement non-linéaires et on pourrait s’attendre a une
déformation des ondes le long des géodésiques nulles. La condition de polarisation de
g(l) et la structure particuliere des non-linéarités quadratiques du tenseur de Ricci (voir
Section sont a lorigine de cette simplification. En suivant Boillat dans [Boi96],
on dit que les ondes gravitationnelles de la relativité générale sont exceptionnelles.

3. Au vu de , la métrique background gy ne décrit pas un espace-temps vide mais
la perte par radiation de ’énergie contenue dans 'onde, car 7 > 0. Le formalisme de
l'optique géométrique permet donc bien de décrire I’énergie de I'onde et comment elle
est percue par le background.

L’article [CB69] propose donc un formalisme qui comble les lacunes de 'approximation

linéaire décrites a la Section [1.3.2.1] Cependant, ce n’est qu'une construction formelle qui ne
résout que partiellement les équations d’Einstein (cf ) En particulier, Choquet-Bruhat
n’effectue aucun choix de jauge. Comme l'indique Métivier dans [Mé09], une construction de
I’approximation de I'optique géométrique en relativité générale rigoureuse du point de vue de
I’analyse est restée un probleme ouvert.
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Pour finir, mentionnons que ces techniques ont aussi été appliquées au couplage entre la
relativité générale et d’autres théories physiques, par exemple au couplage Einstein-Maxwell
dans [CBTI] ou aux fluides relativistes dans [CBG09]. Notons aussi que I'approximation de
Poptique géométrique a aussi été appliqué aux ondes gravitationnelles dans le cadre linéaire
dans [AJOR2I] et [HO22|]. L’objectif des auteurs est de retrouver pour les ondes gravitation-
nelles un effet Hall géométrique similaire a celui des ondes électromagnétiques décrit dans
[OJD™20).

1.4 La conjecture de Burnett

L’article de Choquet-Bruhat [CB69] présenté ci-dessus montre comment on peut décrire
I'impact d’une onde gravitationnelle sur la métrique background, en allant au-dela de I’approxi-
mation linéaire. En effet, les métriques g) construites sont des solutions approchées des
équations d’Einstein dans le vide (cf ) alors que la métrique background gg satisfait
, c’est-a-dire ne décrit pas un espace-temps vide.

En quel sens la suite (g)), converge-t-elle vers gy quand A tend vers 0 7 Comme g\ =
go + O (N\), on a convergence forte au niveau des métriques elles-mémes, et comme on 'a
expliqué ci-dessus Jgy converge faiblement vers dgy (cf et la discussion qui suit).
La construction de Choquet-Bruhat nous indique donc qu’on ne peut pas passer a la limite
dans les équations d’Einstein dans le vide pour ce type de convergence, c’est-a-dire forte pour
g et faible pour dg. On parle de backreaction, et ce phénomene est rendu possible par la
présence des termes quadratiques dgdg dans le tenseur de Ricci (voir (1.1.8))), car limite faible
et produit ne commutent pas.

Une question plus générale peut donc étre posée : quels espace-temps peuvent étre obtenus
par ce processus ? Autrement dit, quels termes produit-on lorsqu’on passe & la limite dans
le tenseur de Ricci pour ce type de convergence 7 La premiere formulation mathématique de
ces questions est due a Burnett dans un article de 1989.

1.4.1 Enoncé de la conjecture

Dans son article [Bur89], Burnett considere le cadre mathématique suivant. Il considére une
suite de métrique (gy ), indéxée par un petit parametre A > 0 telle que

1. chaque gy est solution des équations d’Einstein dans le vide, i.e G, (gx) = 0,

2. il existe une métrique gg telle que

gx — ¢go, uniformément dans L™,

dgx — Ogo, faiblement dans L.

Dans cette introduction, on dira que gy converge vers gg au sens de Burnett pour signifier
la convergence précédente. La question de la backreaction se formule alors ainsi : quelles
équations d’Einstein vérifie go, i.e qui est G, (g0) ? Remarquons tout de suite que si la con-
vergence de (9gy ), est forte dans L? alors on a nécessairement G, (go) = 0. La backreaction
n’est donc intéressante que s’il y a convergence faible sans convergence forte.

Burnett propose dans [Bur89| la réponse suivante : la métrique go est solution du systeéme
Einstein-Vlasov de masse nulle (voir Section [1.2.1)), i.e il existe une densité f telle que
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Guw(90) = Ty (f) ot Ty (f) est défini par (1.2.4). Burnett conjecture aussi une sorte de
réciproque : toute solution du systeme Einstein-Vlasov de masse nulle est limite au sens
de Burnett d’une suite de solutions a . Cette double conjecture décrit completement
I’adhérence pour la topologie de Burnett de ’ensemble des solutions a .

La premiere partie de la conjecture est appelée la conjecture directe, tandis que la deuxieme
partie est appelée la conjecture indirecte. Elles sont de nature tres différente. Démontrer la
conjecture directe nécessite de considérer une suite quelconque vérifiant les hypotheses ci-
dessus et de démontrer les propriétés formelles de la limite. Pour démontrer la conjecture
indirecte, on se fixe une solution gy du systéeme Einstein-Vlasov de masse nulle et on construit
une suite de solutions a convergeant au sens de Burnett vers gg.

Bien qu’elles constituent deux problemes mathématiques a priori distincts, les conjec-
tures de Burnett directe et indirecte sont liées. En effet, pour démontrer un théoréme sur
la conjecture directe, on suppose donnée la suite (g))) convergeant au sens de Burnett vers
go. Or, il n’est pas clair que des solutions aussi pathologiques aux équations d’Einstein ex-
istent, et démontrer la conjecture indirecte donne des exemples explicites. Dans la section
suivante, nous présentons la littérature sur les conjectures de Burnett, en mettant ’accent sur
la conjecture indirecte, car cette these traite de la construction explicite de suites (gy)x.

1.4.2 Travaux sur la conjecture

La premiere avancée sur la conjecture de Burnett directe a été effectuée par Green et Wald
dans [GWT1I], ou ils démontrent que le tenseur d’Einstein de la limite gy est de trace nulle
et vérifie la condition d’énergie faible, c’est-a-dire G, (go) X*X"” > 0 pour tout X champs de
vecteurs de type temps. Leur motivations viennent de la cosmologie car ils s’intéressent aux
effets des inhomogénéités locales de la structure de I’espace-temps sur son évolution globale
(voir aussi [BCET15] et [GWT5] pour une discussion du role de la backreaction en cosmologie).

Bien qu’en accord avec la conjecture de Burnett, car le tenseur 7),,(f) décrit plus haut
est effectivement sans trace (les particules décrites étant de masses nulles) et vérifie la con-
dition d’énergie faible, les résultats de Green et Wald sont loin de la conjecture de Burnett
complete. Dans la suite de cette section, nous présentons les résultats mathématiques sur
cette derniere. Comme nous allons le voir, 'enjeu principal de ces travaux est de trouver un
cadre mathématique ou une bonne théorie de Cauchy peut étre construite pour les équations
d’Einstein dans le vide. En effet, les suite (g))) sont nécessairement singuliéres en un cer-
tain sens, ce qui permet le défaut de convergence forte de (0gy)r. Le cadre fonctionnel et
géométrique choisi doit donc autoriser 1'existence de telles solutions a .

1.4.2.1 La symétrie U(1)

Les premiers travaux mathématiques sur la conjecture de Burnett sont obtenus par Huneau
et Luk dans une série d’articles que nous présentons ici. Ils y démontrent la conjecture de
Burnett pour des espaces-temps satisfaisant la symmétrie U(1), c’est-a-dire si I'espace-temps
admet un champs de Killing de type espace (on dit alors que I’espace-temps est invariant par
translation dans une direction spatiale). Cette symétrie a été introduite par Moncrief dans
[Mon86]. On peut montrer (voir Appendice 7 de [CB09]) qu’une métrique (Vg en symmétrie
U(1) est de la forme

(4)9 = e g + e2?(da® + Andz®)?,
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ol  est une fonction scalaire, g est une métrique en 2+1 et A, est une 1-forme. Les équations
d’Einstein dans le vide pour (Vg se réécrivent alors

Oy = —3e %0Pwi,w
Ogw = 40Pw0,p (1.4.1)
Ryu(9) = 20,00, + 364 8,wd,w

ol w est le potentiel twist associ¢ a 9,4, — d,A,. Dans leurs travaux sur la conjecture de
Burnett en symétrie U(1), Huneau et Luk se placent de plus dans une jauge elliptique pour
la métrique g. Cette jauge n’existe qu’en dimension 2 + 1 et permet de réécrire la troisieme
équation du systeme précédent comme un systeme elliptique pour les coefficients de g, i.e de
la forme

Ag = (89)* + (9p)” + (dw)? (1.4.2)
ol A est la laplacien usuel sur R2.

Dans [HL19], Huneau et Luk démontrent la conjecture directe en symétrie U(1). Leur
preuve s’appuie sur les mesures de défaut micro-locales introduites dans [Gér91] et sur un
mécanisme de compacité par compensation trilinéaire. La métrique limite gy et la densité
associée sont des solutions au sens des mesures du systeme Einstein-Vlasov de masses nulles.
Ce résultat a récemment été amélioré dans [GAC21] ot les auteurs utilisent moins de dérivées
de la suite (gx)x.

Dans [HL18b] et [HL], Huneau et Luk démontrent la conjecture indirecte en symétrie U(1).
Dans l'article [HL18D, ils démontrent que toute solution du systéme Einstein-poussiéres nulles
est limite au sens de Burnett de solutions de . Le systéeme Einstein-poussiéres nulles
est un cas particulier du systeme Einstein-Vlasov de masse nulle, ou la densité f est une
somme finie de mesures de Dirac supportées sur des hypersurfaces nulles, ces derniéres étant
les surfaces de niveaux de phases ua pour A indice dans un ensemble fini A. Plus précisément,
la métrique en 2 + 1 limite vérifie (comparé a le champs w a disparu car c’est le cas
considéré dans [HLISD]) :

Ugopo =0

R,uz/ (90) = 28#30081/900 + ZAG.A FiauUAa,/uA
go_l(duA,duA) =0 :
2ggﬁaauAagFA + (DgOUA)FA =0

(1.4.3)

La suite (x, ga)a est définie par des ansatz haute-fréquences multiphasiques similaires a celui
envisagé par Choquet-Bruhat dans [CB69], par exemple pour ¢y on a

©Yx = po + Z AF'A cos (%) + Z )\2<pA <UTA) + &y
AcA AcA

ol £, est un reste borné par A\? dans H' et ot p est une somme finie d’harmoniques qu’on ne
détaille pas ici. Des ansatz similaires sont définis pour chaque composante de la métrique. En
particulier on obtient H(92 9 H 12~ % Les normes de forte régularité de (¢y, gx) explosent donc
dans la limite haute-fréquence A — 0. Pour gérer cette explosion, les auteurs s’appuient sur un
résultat d’existence locale en faible régularité pour les équations d’Einstein en symétrie U(1)
et en jauge elliptique obtenue dans [HLI8al]. Le régime de régularité supposé dans [HLI18al
est cohérent avec le caracteére haute-fréquence car la petitesse est uniquement requise dans
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les normes W1, La jauge elliptique joue ici un role crucial car le caracteére elliptique des
équations vérifiées par la métrique (cf ) permet de gagner en régularité. Elle permet
donc de travailler sous le régime de régularité ou les équations (|1.2.3)) sont bien posées, c’est-
a-dire ol les normes H? des coefficients de la métrique sont controlées, résultat célebre de
Klainerman, Rodnianski et Szeftel (voir [KRS15]).

Pour atteindre la conjecture de Burnett indirecte complete, Huneau et Luk approchent
dans larticle a venir [HL] toute solution de Einstein-Vlasov de masse nulle par des poussieres
nulles, qui elles-mémes sont approchées par des solutions de dans le méme esprit que
dans [HL18b]. Pour pouvoir faire tendre le nombre de directions d’oscillations vers l'infini,
c’est-a-dire le cardinal de A, un résultat d’existence pour en symétrie U(1) et jauge
elliptique avec petitesse dans W1 de 'auteur de cette these est utilisé (voir [Tou2T]).

1.4.2.2 Le double feuilletage nul

Dans [LR20], Luk and Rodnianski s’intéressent & la conjecture de Burnett du point de vue du
probleme de Cauchy caractéristique. Dans ce formalisme (voir [Luk12] pour la construction
de solutions locales), on résout les équations d’Einstein en dimension 3 + 1 en prescrivant
des données initiales sur deux cones nuls Hy et H, respectivement sortant et rentrant, et
s’intersectant en une 2-sphere Sy de type espace (voir la Figure 1.1). Un des intéréts de
cette formulation est que les équations de contraintes y sont de type transport et donc sont
plus simples a résoudre. Cela permet de construire des données initiales au comportement dy-
namique intéressant, par exemple formant des surfaces piégées (voir le monumental [Chr(9]).

S0,0

)

Figure 1.1: Le double feuilletage nul

Dans cette formulation, on feuillette ’espace-temps par une famille de cones nuls émanant
de Hy et H, et notés H, et H, (qui sont les surfaces de niveaux de deux solutions de
I’équation eikonale u et u) et s'intersectant en des 2-sphéres Suu- On définit alors un repere
nul (e1,e9,es,eq) tel que es (resp. e4) est tangent & H,, (resp H,) et (e1,e2) est tangent a
Suu- On parle de double feuilletage nul, voir la Figure 1.1. Comme on peut le lire dans le
Chapitre 3 de [KNO03], les équations se réécrivent alors comme un ensemble d’équations
de transport le long des cones pour les coefficients de Ricci I' = g(De, €., €5) et les coefficients
de courbure nuls ¥ = R(e,, ey, €q,€e3). Cet ensemble d’équations compliquées est formé des
équations de structure nulles pour I' et des équations de Bianchi pour ¥ qui ont la forme
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suivante :

WBAF =T1+TI)+ 7,
V3,0 =¥ ,¥+T(1+7).

Dans [LR17], Luk et Rodnianski construisent des solutions locales au probleme de Cauchy
caractéristique telles que les dérivées de la métrique le long des directions nulles sont unique-
ment dans L?, ce qui est compensé par une forte régularité des dérivées de la métrique de
long des 2-spheres (on parle de régularité angulaire). Ce résultat d’existence locale est utilisé
dans [LR20] pour attaquer la conjecture de Burnett en 3+ 1 sans hypotheses de symétrie mais
avec une forte régularité angulaire. Dans cet article, les auteurs démontrent la conjecture de
Burnett directe et I'usage du résultat de [LR17] a plusieurs conséquences :

e Leur construction autorise un défaut de convergence forte par concentration, car la
théorie locale de [LRI7] requiert uniquement que la suite (9gy)x soit bornée. Clest a
comparer au résultats de [HL19, [GdC21] qui requierent tous deux un comportement de
type oscillation, c’est-a-dire ‘8kg>\‘ < M7 pour k = 0,1,2. Larticle [LR20] est ainsi le
premier a produire de la backreaction par oscillation et concentration.

e La théorie locale de [LR17] n’autorise 'irrégularité de la métrique que dans les deux
directions nulles. Par conséquent, le tenseur énergie-impulsion de la métrique limite
décrit uniquement une famille de deux poussieres nulles, et non une solution générale
du systeme Einstein-Vlasov de masse nulle.

L’article [LR20] prouve aussi la conjecture de Burnett indirecte pour des poussieres nulles
potentiellement solutions au sens des mesures, ce qui differe largement de 'usage des ansatz
haute-fréquences dans [HL18b] ou dans cette these qui exige une tres forte régularité de la
solution background.

1.5 Les approximations haute-fréquences en analyse

Dans les sections précédentes, nous avons vu comment les solutions haute-fréquences sont
utilisées en relativité générale pour modéliser la propagation non-linéaire des ondes gravi-
tationnelles (Section ou pour attaquer la conjecture de Burnett (Section . Dans
cette section, nous évoquons deux domaines de I'analyse ou les approximations ou solutions
haute-fréquences sont utiles.

1.5.1 Optique géométrique

Nous commencons par présenter 'optique géométrique. Ce domaine est en réalité défini par
le fait d’approcher des solutions par des approximations haute-fréquences. En ce sens, on peut
interpréter cette these comme ’application de I'optique géométrique au probléeme de Cauchy
en relativité générale, dans la continuité de [CB69]. Nous suivons la présentation faite dans
[MEN9], voir aussi le livre [Raul2] (en particulier son Chapitre 7).

L’optique géométrique est le domaine des mathématiques et de la physique qui étudie la
propagation d’ondes dans des systeémes hyperboliques linéaires ou non-linéaires provenant his-
toriquement de I'optique, ou le modele le plus basique est constitué des équations de Maxwell



36 CHAPTER 1. INTRODUCTION

que ’on peut coupler a un milieu. De maniere générale, on considere des systemes quasi-
linéaires de la forme

d
Ao(a,u)opu + Z Aj(a,u)0ju = F(a,u) (1.5.1)
j=1

ou a décrit un ensemble de parameétres, u : Ry x R4 — R est une fonction vectorielle et ot
les A, sont des matrices N x N telles qu'il existe une matrice S(a,u) lisse par rapport a ses
arguments et telles que S(a,u)Ag(a,u) est définie positive et S(a,u)A;(a,u) est auto-adjointe
pour j = 1,...,d. On dit alors que est symétrisable et on peut résoudre le probleme
de Cauchy local dans H? si s > g + 1, Poutil principal étant une estimation d’énergie a priori.
Pour des systemes tels que , I'optique géométrique cherche des solutions de la forme

u(t, ) = ePU <t,x, olt, x)> (1.5.2)

3

ot £ > 0 est petit, la phase ¢ vérifie I’équation eikonale associée a (|1.5.1)) et 'amplitude U est
transportée le long des rayons, c’est-a-dire le long des hypersurfaces de niveaux de ¢. L’idée
derriere (|1.5.2) est l'interaction de deux échelles de variations différentes.

1.5.1.1 Le cas linéaire et la méthode WKB

Le cas linéaire correspond a la situation ou Ag et Ay dans ne dépendent pas de u et ou
F est une fonction linéaire de u. Il a été étudié par Lax dans [Lax57] grace a la méthode WKB
qui, contrairement a la transformée de Fourier, peut s’étendre aux problemes non-linéaires.
L’idée centrale de la méthode WKB (qui tire son nom des physiciens Wentzel, Kramers
et Brillouin) est de développer formellement 'amplitude U de et de considérer des
solutions de la forme
u(tyw) = o (ta) on out,x) ~ Y ot x). (1.5.3)
n>0

On considere le cas idéalisé ol les matrices A, ne dépendent d’aucun parametres et ot I’ = 0.
On insere alors 'ansatz (1.5.3) dans ’équation et on identifie les puissances de €. On obtient
alors la hiérarchie d’équations suivante

L(dg)oy =0, (1.5.4)
iL(dp)ont1 + L(0)o, =0,

pour n > 1 et ou L(7,§) = 7Ap + Z;l:l &;A; est le symbole de l'opérateur et L(0) = Agdy +

Z?:l A;0;. Pour pouvoir trouver une solution a ([1.5.4)), la phase ¢ doit vérifier I’équation
eikonale

det(L(dp)) =0
et o doit vérifier la condition de polarisation op € Ker(£(dy)). En résolvant la hiérarchie

d’équations ([1.5.4)-(1.5.5), Lax construit dans |[Lax57] des solutions approchées a (|1.5.1]) puis

des solutions exactes pour des données initiales oscillantes.
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1.5.1.2 Le cas non-linéaire et la transparence

Dans le cas non-linéaire, la méthode WKB s’adapte de la manieére suivante. Au lieu de
supposer un comportement oscillatoire simple comme dans ((1.5.3) on considere des profils
d’oscillations, i.e on considere des solutions sous la forme

)>

ot @
ue(t,x) =¢e?y &"Uy, | t,x,
(tx) = Y e, ( :
n>0
ou les U,, sont périodiques en leur troisieme variables. Ce choix est motivé par la possible in-
terférence des ondes due aux non-linéarités qui crée des harmoniques. La premiére justification
de 'optique géométrique dans un contexte non-linéaire remonte a [CB64].

Le choix du réel p est crucial et dépend de ’équation. Si p est trop grand, aucun effet non-
linéaire ne sera percgu et les équations de transport sur les profils U,, seront linéaires, méme si
I’équation étudiée est non-linéaire. Abaissant progressivement la valeur de p, on augmente la
force de 'onde et on atteint une valeur critique pg ou les non-linéarités en Uy sont de méme
ordre que le terme de transport associé a Uy. Cette valeur critique dépend de I’équation mais
généralement on a pg = % pour une interaction cubique (exemple : le modele de oscillateur
anharmonique en optique quantique) et pp = 1 pour une interaction quadratique (exemple
: les équations d’Einstein étudiées dans cette these). Si p = pg, 'équation de transport sur
Up n’est plus linéaire, c’est le régime de [‘optique géométrique faiblement non-linéaire. On
peut alors s’attendre & des phénomenes purement non-linéaires tels que la déformation du
front d’onde ou la création d’oscillations denses. Dans le cas des équations d’Euler 2D, cette
situation peut résulter de l'intéraction de trois ondes comme démontré dans [JMRIS].

Pour certaines équations non-linéaires, malgré le choix de p = pg, I’équation de transport
sur le profil principal Uy est linéaire. C’est le phénomene de transparence, en général lié
a des annulations dues a la structure méme des non-linéarités. Il a été mis en évidence
pour plusieurs systemes d’équations venant de la physique comme par exemple le systeme
de Maxwell-Bloch (voir [JMRO0]). Dans l'article [CB69] présenté dans la Section
Choquet-Bruhat démontre de fait la transparence pour les équations d’Einstein dans le vide
en construisant des solutions approchées. Ce phénomene est aussi a l'oeuvre dans [HLIS8b] ou
les auteurs construisent, en se placant dans une symétrie particuliere (voir Section ,
des solutions a constituées d’une superposition d’ondes se propageant linéairement. A
la connaissance de 'auteur, les résultats de cette these sont les premiers a mettre a profit la
transparence pour des solutions exactes de sans symétrie.

1.5.2 Intégration convexe

L’intégration convexe est une technique d’analyse dont I’histoire remonte a Nash et son
théoreme de plongement isométrique C! (voir [Nash4]) et qui fut formalisée plus tard par
Gromov dans |[Gro86]. Elle a trouvé des applications spectaculaires dans la construction de
solutions pathologiques aux équations de la mécanique des fluides, voir [DLS09] pour un ar-
ticle fondateur. Le but ici n’est pas de présenter la théorie de 'intégration convexe et des
inclusions différentielles de Gromov mais plutét de mettre en exergue les similarités entre
I'usage des solutions haute-fréquences en relativité générale et en mécanique des fluides.

Rappelons les équations d’Euler incompressibles, qui décrivent 1’évolution de la vitesse
v(t,z) € R? d’un fluide non-visqueux subissant des forces internes de pression :

O +div(v ® v) + Vp =0 (1.5.6)
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avec la contrainte d’incompressibilité div(v) = 0 (la pression ne joue aucun role et sera négligée
dans la suite). Pour des solutions assez régulieres de (1.5.6) on a conservation de 1’énergie

ng de. En revanche les techniques d’intégration convexe ont permis de construire des
solutions ne conservant pas l’énergie, par exemple des solutions non-nulles & support fini en
temps. C’est I'objet de la conjecture de Onsager (démontrée dans [[sel8]) : si v € Cf, avec
a > % alors I'énergie est conservée, et pour tout o < % il existe des solutions faibles v € C}"; ne
conservant pas I’énergie. Cette conjecture implique en particulier la non-unicité des solutions
faibles de .

Présentons la construction de ces solutions faibles, en suivant 'introduction de [IselT].
Elles sont obtenues par passage a la limite dans un procédé itératif ou 1'on construit une
suite (vg), de sous-solutions a . Un des enjeux de l'intégration convexe est le choix de
cet ensemble de sous-solutions. Dans le cas de , I'ensemble choisi est ’ensemble des

solution du systeme Euler-Reynolds
O + div(v ® v) + Vp = div(R), div(v) =0 (1.5.7)

ol R est un 2-tenseur symétrique et négatif. L’usage de ce systeéme en intégration convexe
date de [DLS13] et on l'obtient par exemple en régularisant une solution v de (|1.5.6) (par
exemple par convolution) : la vitesse approchée v, vérifie alors avec un tenseur R
mesurant la non-commutation de la régularisation et de la non-linéarité. La suite (vy)y est
alors définie ainsi : on part d’une solution (v, Rp) a et on définit v1 = vy + V ou
V' est une perturbation haute-fréquence choisi pour que v; résolve avec |Ri| < |Ry|,
et ainsi de suite pour ve etc. La procédure converge vers une solution (faible) de , et
montre aussi que toute solution de peut étre approchée dans une topologie faible par
une solution de (|1.5.6).

Les similarités entre ce type de construction en mécanique des fluides et la conjecture de
Burnett sont frappantes. Au-dela de I'usage commun de perturbations haute-fréquences, on
peut remarquer que le systeme Euler-Reynolds est aux équations d’Euler ce que le systeme
Einstein-Vlasov de masse nulle est aux équations d’Einstein dans le vide, c’est-a-dire ’adhérence
faible de I’ensemble des solutions ; et I’apparition d’'un membre de droite non-trivial dans les
équations, div(R) pour la mécanique des fluides et 7}, (f) pour la relativité générale, a dans
les deux cas pour origine un défaut de commutativité entre limite faible et produit (v et
dg jouant alors le méme réle). On note tout de méme une différence de taille : le systéme
Fuler-Reynolds est sous-déterminé, alors que le systéeme Einstein-Vlasov de masse nulle est
bien posé. La question du transfert des techniques d’intégration convexe de la mécanique des
fluides vers la relativité générale reste donc ouverte.

1.6 Présentation des résultats

Nous concluons ce chapitre introductif par la présentation des résultats de cette these. L’objectif
principal de cette these est de construire des solutions haute-fréquences aux équations d’Einstein
dans le vide en dimension 3 + 1 sans hypotheses de symétrie et en jauge d’onde généralisée.

1.6.1 Motivations

Comme on I’a vu dans la Section les constructions rigoureuses existantes de solutions
haute-fréquences aux équations d’Einstein dans le vide utilisent de maniere fondamentale une
hypotheése de symétrie (cas des travaux de Huneau et Luk) ou le double feuilletage nul (cas
des travaux de Luk et Rodnianski).
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Les solutions construites dans le Chapitre [3[ convergent au sens de Burnett (cf Section
1.4.1)) vers une solution du systeme Einstein couplé a une poussiere nulle. Cependant, I'intérét
principal de la jauge d’onde généralisée est qu’elle autorise a prior: la superposition d’ondes,
c’est-a-dire la construction de solutions oscillantes proches d’un nombre fini de poussiere
nulles (une solution de I’équivalent 3 + 1 de ([1.4.3))). Ceci n’est pas possible dans le cadre
mathématique de Luk et Rodnianski dans [LR20], i.e le double feuilletage nul. En effet, la
théorie de Cauchy requise par leur construction exige de compenser ’aspect singulier des solu-
tions le long des hypersurfaces nulles par une forte régularité le long des 2-sphéres. On ne peut
donc imaginer ajouter une troisieme direction le long de laquelle la métrique est irréguliere. La
superposition d’ondes a déja été envisagée dans [HL18b| mais avec une hypothese de symétrie
U(1). Le choix de la jauge d’onde généralisée permet donc a priori la superposition d’ondes
haute-fréquences en dimension 3+1 et sans symétrie.

Le Chapitre [3] qui contient le résultat central de cette these, améliore donc les résultats
de Huneau et Luk d’un c6té en abandonnant ’hypothése de symétrie et les travaux de Luk et
Rodnianski d’un autre coté en se plagant dans une jauge moins rigide. Il constitue aussi une
version rigoureuse du point de vue du probleme de Cauchy de la construction de Choquet-
Bruhat dans [CBG9] (cf Section [1.3.2).

Une autre motivation pour choisir la jauge d’onde généralisée est qu’elle permet d’étudier
de maniere naturelle la question du temps long et de la stabilité. Comme on I'a expliqué
dans la Section [1.2.4] I’article [LRI0] a rendu possible I'usage en relativité générale des tech-
niques venant de I’étude en temps long des équations d’ondes non-linéaires : voir par exemple
[Hun18] pour 'application & la symétrie U(1) ou [BFJ ™21, [LT20] pour I'application au systéme
Einstein-Vlasov. En démontrant I’existence locale en temps de perturbations haute-fréquences
de ’espace-temps de Minkowski en jauge d’onde généralisée, cette these ouvre peut-étre la voie
a une preuve de la stabilité non-linéaire et haute-fréquence de I’espace-temps de Minkowski.
Le Chapitre [4] est aussi un premier pas dans cette direction, puisqu’on y étudie 'existence
globale de solutions haute-fréquences a une équation modele.

1.6.2 Données initiales haute-fréquences

Le Chapitre [2] est la reproduction de article [Tou22b]. On y construit des solutions haute-
fréquences aux équations de contraintes sur la variété non-compacte R3. Le principal résultat
de ce chapitre est donné par le théoréeme suivant (voir le Théoreme pour une version
plus précise):

Théoréme 1.6.1. Soit (go, Ko, Fo,up) une solution proche de la métrique euclidienne des
équations de contraintes mazximale avec une poussiére nulle comme source

R(go) — | KolZ, = 2|Vuol2 F5,
~divg, Ko = |Vuolg, Fidu,
tI'gOKO = 0

1l existe une famille (gx, Ky) de solutions aux équations de contraintes (1.2.15))-(1.2.16) de la

forme
Gy = G (1) (Yo 2-(2) (U0 2-(>2)
9r = Go + g ()\>—|—)\g (/\)—F)\g)\ : (1.6.1)

Ky = K© (%) +AK® (%) +A2K (Y (1.6.2)
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La preuve du Théoreme est une adaptation au contexte haute-fréquence de la méthode
conforme présentée a la Section Les parametres v, 7 et o sont définis par des ansatz
haute-fréquence, ainsi que les solutions ¢ et W des équations ([1.2.19)) et (1.2.20).

Comme expliqué dans la Section[I.2.2.2] les données de Cauchy pour les équations d’Einstein
doivent vérifier les équations de contraintes. Le Théoreme [1.6.1| est ainsi une étape nécessaire
dans la construction d’espace-temps haute-fréquences solutions de .

La difficulté principale de ce résultat est alors formelle : les solutions construites (gy, K))
doivent étre compatibles avec ’ansatz dans 1’espace-temps complet. En particulier, au bas
ordre en )\, la dérivée temporelle d;g est donné par la métrique g elle-méme (car les ondes
haute-fréquences vérifient des équations de transport d’ordre 1). La seconde forme fondamen-
tale K dépend donc de gy dans un certain sens et la question des données initiales n’est pas
indépendante de celle de ’évolution, contrairement au cas classique présenté dans la Section
ou le probleme de Cauchy se résout de maniere ”triangulaire” (on résout d’abord les
contraintes, puis le résultat est injecté dans I’évolution).

1.6.3 Existence locale en coordonnées d’ondes généralisées

Le Chapitre [3| est la reproduction de l'article [Tou22c] et il constitue le coeur de cette these.
On y démontre le théoréme suivant (voir le Théoreme pour une version plus précise):

Théoréme 1.6.2. Soit (go, Fo,up) une solution du systéme Einstein-poussiére nulle sur [0, 1] x
R3 en coordonnées d’ondes, proche de Minkowski, i.e

Ruy(go) == Fgauu[)ayu(),
gal(duo, dug) =0,
298‘58au085F0 + (DQOUO)F[) =0.

1l existe une famille (gx)re(0,1) de métriques haute-fréquences de la forme

9x = go + AgV) (%) + A2 (%) + A2y + A3g®) (%) (1.6.3)
solutions des équations d’Einstein dans le vide (1.2.3)) sur [0,1] x R en coordonnées d’ondes
généralisées.

La preuve de ce théoreme suit la stratégie classique de 'optique géométrique et prolonge
celle mise en place dans [CB69]. On calcule le développement en puissance de A du tenseur de
Ricci de gy défini par pour obtenir une hiérarchie d’équations que les différents termes
de doivent satisfaire. Schématiquement, les ondes ¢g(!) et ¢(®) satisfont des équations
de transport le long des rayons de ug et le reste non-oscillant h) vérifie une équation d’onde
dont I'opérateur d’onde est [y, (on ne détaille pas le role de g(3) ici). Plusieurs aspects de
cette construction sont complexifiés par les particularités du tenseur de Ricci comparé a une
équation d’onde classique comme : la quasi-linéarité, la structure de la non-linéarité
quadratique et les termes de jauges.

1.6.3.1 Les termes de jauges

Ces termes de jauges sont les H” définis en et sont responsable du fait que le tenseur
de Ricci n’est pas un opérateur hyperbolique car les termes g,,0,)H? contiennent aussi des
dérivés secondes de la métrique (dans le Chapitre 11 de [CB09] ils sont appelés termes non-
diagonaux). Si on applique ces dérivées secondes a une onde haute-fréquence on perd donc
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deux puissances de A\ alors que l'opérateur d’onde n’en fait perdre qu’une (car le choix de
la phase ug implique g;l(dug,duo) = O()\). Par conséquent, Ponde ¢ (pour i = 1,2)
apparait a I'ordre A*~2 sous la forme d’un terme de polarisation et & I'ordre A~! sous la forme
du terme de transport habituel. De part la structure du terme g,(,0,)H” dans , ces
termes de polarisation sont de la forme 9, uoPol,) (g(i)) (Popérateur Pol est défini en (1.3.12))
et permettent donc d’absorber des termes orthogonaux aux surfaces de niveaux de la phase
ug-

Pour I'onde ¢(!), on retrouve le résultat de Choquet-Bruhat (cf Section, c’est-a-dire
que Pol (g(l)) = 0. En utilisant les données initiales construites au Chapitre [2| on montre
alors que Ponde ¢g(M) a deux degrés de libertés, en accord avec les ondes planes de la gravité
linéarisée (cf Section. Le tenseur de polarisation de I’onde g(2) est utilisé pour absorber
la création d’harmoniques au niveau A?, voir la section suivante.

Les conditions de polarisation pour g™ et ¢(?) sont des conditions supplémentaires que
ces ondes doivent vérifier en plus des équations de transport le long des rayons. Dans [CB69],
Choquet-Bruhat montre que la premiere condition de polarisation est propagée par I’équation
de transport de g(l). Dans le Chapitre |3, on montre de plus que la seconde condition de
polarisation est propagée par les identités de Bianchi contractées (cf Lemma , a la
maniere d’'un terme de jauge d’onde. Malgré cela, les conditions de polarisation ne sont pas
des conditions de jauge car ce ne sont pas des conditions sur les coordonnées mais sur les
ondes ¢ elles-mémes.

1.6.3.2 La non-linéarité quadratique

Comme on l’a expliqué au début de la Section le terme @, (0g,0g) dans (1.2.8) est
responsable de la backreaction. 1l est aussi responsable de la création d’harmonique. En effet,

si on se restreint a ’onde gsg = COo8 (UTO) Fo(z,lﬁ) on a

1 2
Quv (A&g(l),)\ag(l)> =2 (1 + cos <7;°>) Quv (F<1>au0,F<1>au0) Lo,

Le terme non-oscillant est a 'origine de la backreaction et le terme en cos (2%) traduit la

création d’harmonique. Le terme @), (F W oug, F (1)8u0) satisfait ce que I'on appelle la struc-
ture nulle faible polarisée, c’est-a-dire est de la forme

& (FO, FM) 0,00, u0

si Pol (F(l)) =0oué& (F(l), F(l)) joue le role d’une énergie. Cette structure est utilisée de
maniere cruciale dans la preuve du Théoréme |1.6.2] car elle permet de controler la création
d’harmonique par Pol (9(2)) et de montrer ainsi que les équations de transport de g(l) et
g? sont linéaires, malgré 'aspect fortement non-linéaire de . C’est le phénomene de
transparence introduit dans la Section

1.6.3.3 La quasi-linéarité

L’aspect quasi-linéaire de se manifeste en coordonnées d’ondes généralisées parce que
l'opérateur d’onde appliqué a gy dépend lui-méme de g). Cela a la conséquence suivante pour
la hiérarchie haute-fréquence. Si on applique Uy, a 'onde A¢M, on obtient un terme propor-
tionnel a %g;l(duo, dug). En développant ce terme on obtient, entre autres, un terme en Aby,
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qui est donc absorbé par 1’équation de transport de ¢. On obtient donc schématiquement
le systéme couplé suivant entre g2 et b :

957 0au09p9® = by, (1.6.4)
Dgxh)\ = l:]g,\g@)' (1'6‘5)

Ce systeme présente une perte de dérivée, et la résoudre est le principal challenge analytique
du Chapitre [3] En effet des estimations d’énergie pour les équations précédentes impliquent
d’un coté que Hag(Q)HL? < 1100l 12 et de Vautre que [|9hx] 2 S "829(2)“L2'

Pour regagner cette dérivée, on montre qu’on peut en réalité estimer g, g@ par une
dérivée de ¢@. On utilise pour cela la structure du systéme — et plus partic-
ulierement le commutateur [Lg,g,] que I'on estime grace au feuilletage nul de la métrique
background go. Pour contréler la différence [y, — Uy, on modifie le systeme —
en introduisant des projecteurs spectraux Il< et Id — Il<, ot le symbole de II< est supporté

dans {[¢| < 1}

1.6.4 Temps long pour une équation modele

Le Chapitre @ est la reproduction de l'article [Tou22al] qui a été accepté par la revue Asymp-
totic Analysis. Il est indépendant des deux premiers, car il ne concerne pas directement les
équations de la relativité générale, mais plutot une équation modele, c’est-a-dire partageant
certaines propriétés des équations d’Einstein tout en étant plus simple. L’objectif de cette
simplification est d’investiguer le comportement en temps long des solutions haute-fréquences.
L’équation modele est la suivante:

Ou = Q(du, du), (1.6.6)

posée sur R, xR3 et ot 0 = —97+ A est 'opérateur d’onde associé & la métrique de Minkowski
et ou @ est une forme quadratique vérifiant la condition nulle, c¢’est-a-dire s’annulant si ap-
pliqué au méme vecteur nul. L’équation d’onde est une simplification des équations
d’Einstein écrites en coordonnées d’ondes pour deux raisons : c¢’est une équation semi-linéaire,
car I'opérateur d’onde ne dépend pas de la solution u, et la non-linéarité vérifie la condition
nulle alors que Qn3(9g,0g) (cf ) en vérifie une version faible. Cette derniere simpli-
fication est cruciale si 'on s’intéresse a l’existence globale de solution pour et a déja
été discutée a la Section Le théoreme principal du Chapitre [4f est le suivant (voir le
Théoreme pour une version plus précise):

Théoréme 1.6.3. On considére des données initiales (Fy, o, 1) de taillee. Sie est assez pe-
tit (indépendant de \), il existe une solution globale ®y de (1.6.6) admettant la décomposition

sutvante
t—r

®)\ = p+ A\F cos <)\> + \2Fy.

A T'image des théoréemes démontrés dans les Chapitres [2| et [3] la difficulté principale vient
du caractere haute-fréquence des solutions considérées. Les données initiales étant oscillantes,
on ne peut pas appliquer directement le résultat de Klainerman [Kla86] car ce dernier requiert
des données initiales petites dans des espaces de Sobolev de fortes régularités. Pour contourner
cette difficulté et pouvoir considérer la limite haute-fréquence, on suit la méme stratégie que
pour les Théorémes [I.6.1] et [[.6.2] et on définit un ansatz haute-fréquence pour la solution ®:

K
D)\ (t,x) =@+ ;)\’WI)(M (t,a:, t—)\r) + hy(t, x) (1.6.7)
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oil h), est un reste non-oscillant d’ordre A*. On insére I’ansatz dans ([1.6.6]) et on dérive
une série d’équations de transport pour chaque ®*) ainsi qu’une équation d’onde pour hy dont
la partie principale est . Pour démontrer le Théoreme il suffit donc de montrer
que le systeme triangulaire obtenu admet une solution globale, en adaptant la méthode des
champs de vecteurs de Klainerman présentée a la Section

Plusieurs difficultés apparaissent lorsqu’on applique cette stratégie aux solutions haute-
fréquences. Tout d’abord, les non-linéarités de nécessitent de décrire dans 'ansatz la
création d’harmoniques et de définir précisément comment les ondes ®*) oscillent, ¢’est-a-
dire dépendent de la variable th’” Commes ces dernieres apparaissent comme source dans
I’équation pour le reste hy, on doit aussi commuter les champs de vecteurs avec
lopérateur de transport d; + 0, qui apparait dans la hiérarchie d’équations obtenues pour les
oK) (cf ) On montre que h) existe globalement grace a un bootstrap ot on améliore

des estimations du type
Hw%E)ZIh,\HLZ < eAK-HI, (1.6.8)

L’intéraction entre la dispersion naturelle des solutions et leur caractere haute-fréquence
(traduit par la présence du facteur A —II dans ) est la principale difficulté de 'argument
de bootstrap, et lors de cette étape on montre que le degré de précision de notre ansatz (|1.6.7))
doit vérifier K > 4.

1.6.5 Un théoréme d’existence en symétrie U(1)

Nous concluons cette introduction en présentant un résultat d’existence pour les équations
d’Einstein en symétrie U(1), obtenu pendant le M2 de 'auteur et finalisé pendant sa these.
Ce travail n’est pas inclus dans ce manuscrit car il n’est qu’indirectement lié aux espace-temps
haute-fréquences. Il a aboutit & Particle [Tou21].

Comme on I'a expliqué dans la Section la symétrie U(1) correspond a l'invariance
par translation dans une direction spatiale de la variété. Les équations d’Einstein dans le vide
pour ce type d’espace-temps se réécrivent comme le systeme Einstein couplé a une application
d’onde en dimension 241 :

1
Dg(p = —58_4¢8pwapw,
Ogw = 40°w0,p, (1.6.9)

1
Ry,l/(g) = 26#‘)081/90 + 56_4“03Mw8,,w,

ou g est une métrique en 2 + 1 et ou ¢ et w sont des fonctions scalaires. Pour résoudre ce
systeme, on choisit de se placer dans une jauge dite elliptique, i.e de réécrire la métrique g
sous la forme

g=—N*(dt)* + e*4;; (da' + B'dt) (da? + pdt) ,

ou N et [ sont le lapse et le shift de g respectivement. On inclut aussi dans la jauge elliptique
le fait que les hypersurfaces {t = constante} sont maximales. Dans cette jauge, les équations
d’Einstein se réécrivent comme un systéeme couplé d’équations elliptiques semi-linéaires pour
les coefficients de la métrique N, v et 8. Dans [Tou2l], on démontre le théoréme suivant

Théoréme 1.6.4. Si (p,w) sont des données initiales dans H® et petites dans W4, alors
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1. il emiste une unique solution a (1.6.9) sur [0,T] x R? en jauge elliptique ot T dépend
des normes H® des données initiales,

2. si le temps mazximal d’existence est fini, alors les normes H? de (p,w) explosent ou la
petitesse dans W4 nest plus vérifiée.

D’un c6té, ce théoréme améliore le théoréeme d’existence locale de [HL18a] en abaissant la
régularité nécessaire pour (¢, w) et en remplacant la petitesse dans W1 par la petitesse dans
Wh4, De plus, dans [HL18a] les auteurs consideérent le cas dit polarisé ott w = 0. D'un autre
coté, on résout ici les équations d’Einstein en 3+1 dans le vide alors que dans [HL18a] les
auteurs résolvent les équations d’Einstein en 3+1 couplées a une superposition de N poussieres
nulles. Les hypotheses et conclusions du Théoreme sont motivées par son application
dans [HL]. En effet, le passage de W & W4 permet d’obtenir des estimations uniformes
en N, le nombre de poussieres nulles, que I’on peut alors faire tendre vers +oo pour approcher
une solution du systéeme Einstein-Vlasov.

La preuve de la premiere partie du Théoreme s’inspire de celle mise en place dans
[HL18a]. Apres avoir résolu les équations de contraintes, on introduit un systéme réduit de
type transport-onde-elliptique que l'on résout en identifiant une hiérarchie d’estimées. Les
équations elliptiques impliquent une meilleure régularité pour les coefficients de la métrique
mais inverser le laplacien A sur R? nous force & prendre en compte des croissances logarith-
miques a 'infini.

La seconde partie du Théoreme montre que la norme H? contrdle partiellement le
temps d’existence d’une solution, alors que la méthode d’énergie classique en dimension 241
autorise uniquement I'existence locale dans H?T¢. Pour atteindre H?, on doit supposer que
la petitesse dans W14 est propagée et on met & profit une structure particuliere du systeme
application d’onde mise en évidence de maniére générique dans [CB99]. En effet, on peut
définir d’énergie d’ordre 3 pour les deux premieres équations de (|1.6.9)).



Chapter 2

Solving the constraint equations

2.1 Introduction

2.1.1 Presentation of the result

In this first chapter we construct high-frequency initial data for the Einstein vacuum equations
R, (g9)=0 (2.1.1)

where R, (g) is the Ricci tensor of g a Lorentzian metric on the manifold [0, 1] x R3.

2.1.1.1 The constraint equations

Initial data for on ¥y = {t = 0} are given by
e a Riemannian metric g on X,
e a symmetric 2-tensor K on Y.

In the spacetime ([0, 1] x R3, g) that (g, K) gives birth to, g will be the restriction of g to ¥
and K will be the second fundamental form of X, that is K = —%ETg where T is the unit

normal to ¥y for g. A necessary condition for (g, K) to be the set of initial data to a solution
of (2.1.1) is that (g, K) solves the following constraint equations:

R(g) + (trgK)* — |K[2 =0, (2.1.2)

where R(g) denotes the scalar curvature of g. Equation is the Hamiltonian constraint,
and equation is the momentum constraint. Together, they form a coupled system
of non-linear elliptic partial differential equations and we refer to Chapter 7 of [CB09] for a
complete presentation of their mathematical study.

2.1.1.2 High-frequency initial data and link with Chapter

We construct initial data adapted to the construction of Chapter where we prove the
existence of high-frequency solutions to in generalised wave gauge. The motivation
behind the study of high-frequency vacuum spacetimes is twofold: first they model rigorously
the propagation of strong gravitational waves and second their behaviour in the high-frequency
limit gives an example of backreaction, giving a partial answer to Burnett’s conjecture (see
[Bur89]).

45
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The high-frequency solutions to ([2.1.1]) considered in Chapter (3| form a family (gx)ae(o,1]
where gy is given by a precise high-frequency ansatz of the form

9r = 9o + AgV (%) + A2 (%) + A2y + A3g®) (%) (2.1.4)

where the ¢(9 are periodic smooth functions of their argument % and where (go,up) is a

solution of the Einstein-null dust system. See Section for more details on the background
metric and the properties it satisfies.

Initial data for the spacetime metric gy given by (2.1.4)) are high-frequency solutions to

the constraint equations (2.1.2))-(2.1.3), i.e a couple (g, K) defined by high-frequency ansatz
of the form

g=a0+20 (L) +0 () and K= KO (L) 4250 (L) 10 (3.
However, the high-frequency character of the spacetime we construct in Chapter [3] implies
extra formal conditions that the solution of the constraint equations needs to satisfy. For
instance the waves ¢ in (2.1.4) satisfy first order transport equations in the spacetime which
schematically reads

O*ugD gy = AU

Thus their first time derivatives are given by the RHS of these equations, while they are
initially given by the second fundamental form K. Therefore, the high-frequency expansion
of K is prescribed by the evolution and we need to incorporate some features of the spacetime

metric gy in the resolution of the constraint equations. See Section for a complete
presentation of the interaction between the evolution and the resolution of ([2.1.2))-(2.1.3]).

2.1.1.3 The conformal method
In order to solve (2.1.2))-(2.1.3)) we use the conformal method. This method is based on a

conformal formulation of the data (g, K) and it identifies free parameters. In particular,
this method transform the constraint equations (2.1.2)-(2.1.3)) into a determined system of
equations, a vectorial equation and a scalar equation called the Lichnerowicz equation, see

Section [2.3.1.1| for a more detailed presentation.

Our main challenge is to adapt the conformal method to the present high-frequency con-
text, which as we explained above, translates to extra formal constraints on the solution
(g, K) which in turn need to be translated into constraints on the parameters of the confor-
mal method. We refer to Section for more details on this adaptation and in particular
on the high-frequency expansions defining the parameters.

2.1.2 Preliminaries
We state our main result in Section but before that we present the tools we will need in
this chapter.

2.1.2.1 Geometric notations

Throughout this article, the notation ¥y refers to the manifold R3. On ¥ we consider the

usual Euclidean coordinates z = (x',2% 23), and we denote by e the standard Euclidean
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metric, i.e
e= (dacl)2 + (dx2)2 + (dx3)2.

Latin indices are used for the Euclidean coordinates and therefore runs from 1 to 3. In this
chapter, repeated indices are always summed over. A second frame adapted to the background
structure will be defined in Section 2.2.11

If f is a scalar function, we define its gradient by Vf = (01.f, o f, 05 f). If his a Riemannian
metric on Yy we define

IVf|7 =h"0,f0;f.

In the particular case of the Euclidean metric we simply write |V f|. Moreover if T" and S are
two symmetric 2-tensors on X, we define |T"- S|, = hijhuTiijg and [T|? = |T - T|;. The
trace of T' with respect to h is defined by tr,T" = h¥T;;.

2.1.2.2 Function spaces and asymptotically flat manifold

If x € R? we set (z) := (1 + |x|)% with 2| = /(z1)2 + (22)2 + (23)2. We define the following
weighted Sobolev spaces on R3.

Definition 2.1.1 (Weighted Sobolev spaces). For 1 <p < 400, § € R and k € N we define
the space W;’p as the completion of CZ° for the norm

[ Z H<x>‘”‘°"vau
8

0<|a|<k

e’

where the LP norm is defined with the Euclidean volume element. We extend this definition
to tensors of any type by summing over all components in the Fuclidean coordinates. Some
special cases are HY := Wf’Z and LY := W(?’p.

We also define the following L°°-based spaces:
Definition 2.1.2. For k € N and § € R we define Cgf as the completion of C° for the norm

hlleg = > [[@* v

0<a|<k

’Loo’

Let us recall some usual facts about those spaces (see [CB09| for the proofs).
Proposition 2.1.1. Let s,5',s1,59,m €N, §,8,01,00,8€R and 1 < p < +o0.

1. If s <min(sy, s2), s < s1+ S2 —% and § < 61 —1—52—1-% we have the continuous embedding
Wst? x Wzl Cc Wi
2. Ifm<s— % and <0+ % we have the continuous embedding
Wt c Cy.

The background metric and the solution of the constraint equations we will produce are
asymptotically flat, meaning that they converge in some sense to the Euclidean metric at
infinity. We give the exact definition of asymptically flat initial data.
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Definition 2.1.3 (Asymptotically flat initial data). Let g be a metric on R? and K a sym-
metric 2-tensor on R3. If k > % and § > —%, we say that the pair (g, K) is H(? asymptotically
flat if

g—ecHj and K€ H .

Note that the restrictions on & and & in the previous definition ensure that g is C'! and
g — e tends to 0 at infinity, according to Proposition [2.1.1

2.1.2.3 Elliptic estimates

Solving the constraint equations with the conformal method requires to invert the elliptic
operators A, and div, L., for v a Riemannian metric. The first one is the Laplace-Beltrami
operator acting on scalar functions and the second one is the conformal Laplacian acting on
vector field, see Section for their exact definition.

The metric v will be defined in Section but we can already say that it will be close to
a background metric gy, itself close to the Euclidean metric e on R?. We will benefit from this
fact and invert A = A, and div.L, rather than A, and div,L,. The following proposition
gives the desired inversion properties. The proof of its first part can be found in [McO79)
while the second part is proved in [CBIY00].

Proposition 2.1.2. If—% <6< —% then
A:Hf — L3,
and
diveLe : Hf — L3,

are isomorphisms.

2.1.2.4 High-frequency notations

As explained in the introduction, in this article we consider high-frequency quantities, i.e
tensors of all types including scalar functions, metrics, 1-forms etc. A quantity is said to be
high-frequency if it admits an expansion in powers of the small parameter A with coefficients
of the form

T (%) f (2.1.5)

where f depends only on x € 3y and T is an oscillating function, i.e an element of
{ e R—sin(kf) | k e NfU{0 € R+— cos(kf) | k € N}. (2.1.6)

When considering a high-frequency quantity such as a tensor S, we denote by S the coeffi-
cients of A" in the expansion defining S, which thus expands formally as

S = Z Mg,

1€EL
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Note that S is a tensor of the same type as S. Moreover, if j € Z we define S(29) by
S(z1) = Dok y MNe=i§(k)  This allows us to clearly troncate high-frequency expansions at a
fixed order as in

S = Z Neg(k) L \ig(2d)

k<j—1

To emphasize the fact that a high-frequency coefficient S®) of a tensor S is oscillating we will
often write S (%) instead of just S,

In order to describe concisely the oscillating behaviour of a high-frequency coefficient S
of a tensor S, we write for A a finite subset of ([2.1.6))

SO XN " 1(0)
TeA

(1)

if there exists tensors (S1.”")re4 of the same type as S () such that

i) _ U0\ o(i)
S0 =3 () s,
TeA
This notation allows us to compute the oscillating behaviour of non-linear quantities without
caring too much on the non-oscillating coefficients S&f). Note that S@ < 1 simply means

that S is non-oscillating, i.e does not depend on .

In terms of derivation, we use the symbol 6 for the derivation with respect to the =2
variable. For example, if f is a scalar function and if g =T (“70) f then

o=t (%)

2.2 Statement of the results

2.2.1 The background metric

In this chapter, we construct high-frequency solutions to the constraint equations which are
close in some sense to a fixed background solution. Before stating our main result, we present
this background solution. Denoted by (go, Ko), it satisfies the maximal constraint equations
with sources corresponding to a null dust, that is

R(go) — |KolZ, = 2|Vuol2 F5, (2.2.1)
~divg, Ko = |Vuolg, Fgduo, (2.2.2)
trg, Ko = 0 (2.2.3)

where Fy and g are two scalar functions defined on R3. The full background solution is then
(9o, Ko, Fo,up) and we make some assumptions on it.

e Assumptions on (go, Ko). Even though (go, Ko) satisfies non-vacuum constraint equa-
tions, the sources are compactly supported (see below) and we assume that
(go, Ko) corresponds to asymptotically flat and highly regular initial data. By this we
mean that there exists § > —%, a large integer N and € > 0 such that

lgo — ell s + 1 Koll gy, <. (22.4)
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The exact threshold for N is N > 10, see Remark for a justification of this
particular value. For simplicity, we assume without loss of generality that (go, Ko)
give rise to a spacetime metric such that d; is the unit normal to g, which is equivalent
to

1.,
(Ko)ij = —5315(90)@‘-

We denote by D the covariant derivative associate to g.

e Assumptions on Fy. The density Fj is supported in a ball of size R > 0 in R3, i.e
supp(Fy) C Br := {z € R* | |z| < R}. (2.2.5)
It also enjoys some regularity:
[Follgy < e (2.2.6)
where ¢ is defined above.

e Assumptions on ugy. There exists a constant non-zero vector field 3 = (31, 32, 33) such
that

IVuo =3llpy, <e (2.2.7)

where Vuy = (91ug, aug, O3up) is the euclidean gradient of uy. By taking e small enough
in (2.2.7) we can assume that |Vug| is uniformly bounded from below, which implies
that ug has no critical points. Moreover, the level hypersurfaces of ug defined by

Py ={z € R® | up(z) = u}

foliates R? and have the topology of planes thanks to (2.2.7)). This allows us to define
a particular frame at each point of R3. We define the vector field

It satisfies go(INo, Ng) = 1 and is orthogonal to the hypersurface Py,. We consider at
each point z € R3 an orthonormal basis (e1, e2) of T, Py, for the metric go. The frame
(No, e1, e2) will play a crucial role in our construction. While we reserve the usual latin
indices for the coordinates system (z', 22, 23), i.e i,j € {1,2,3}, the bold latin indices
are used for the frame (e1,ez2), i.e i,j € {1,2}.

Finally, we assume that ug give rise to a spacetime solution of the eikonal equation, thus
we assume that dyug = |Vuglg,-

In this article, we don’t prove that a background solution (go, Ko, Fo, ug) solving (2.2.1])-(2.2.3))
and satisfying the above assumptions exists. We refer again to [CBIY00] for the details of
how one can solve the constraint equations with sources in the asymptotically flat setting.

Remark 2.2.1. As explained in the introduction, the main goal of this article is to construct
initial data for Chapter@. The background solution (go, Ko, Fo,ug) considered here is actually
the initial data of the background spacetime solution considered in Chapter[3, which solves
the Einstein null dust system. In the same spirit, the frame (Ny,e1,e2) is the projection of
the background null frame (Lo, Ly, e1, e2) considered in Chapter @
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Remark 2.2.2. The fact that the background solves the maximal constraint equations and
not the full constraint equations is not an important requirement, and our construction can
be adapted to the case where (go, Ko, Fo, ug) solves

R(go) + (trg, Ko)* — |Kol2, = 2|Vuol|2,

—divg, Ko + trg, Ko = |Vuo|g, Fgduo.

However, we choose to include the relation (2.2.3)) since it simplifies our computations.

2.2.2 Solving the constraint equations

The following theorem is the main result of this chapter.

Theorem 2.2.1. Let (go, Ko, Fo, up) be the solution of the maximal constraint equations cou-
pled with a null dust described in Section |2.2.1, and let € > 0 be the smallness threshold.
There ezists £g = €0(, R) > 0 such that if 0 < e < g, there exists for all X € (0,1] a solution

(gx, K)) solution of the constraint equations (3.1.14)-([3.1.15) on R3 of the form

_ _ 2 _ ~
gx = go + Acos (%) FO 4 )2 <sin (%) F&U 4 cos (ug) F(2’2)> + A2hy, (2.2.8)

A
Ky = K2 4 Ak + N2k, (22.9)
with
1 _
K/(\O) =Ko+ 5 sin (@) |Vu0\§OF(1), (2.2.10)

— (1 _1 1 _ 1
~NoF) + (8 + No)T(go)t F) + s o) o >)

(2.2.11)
1 Up\ #(2,1 . (2ug\ =22
~ 3 Vgl <cos <7> Fl(j ) — 2sin ()\) FZ(] )> :

/N
Kl

=
N———
S

|

|
N =
o

o

)]
/N
>’O
N———
>

Moreover:

(i) the tensors FM), FCY and F22) are supported in {|x] < R} and there exists Ceons =
Ceons(0, R) > 0 such that

1 5 e

HN-1 HN-1

(ii) the tensor FW s go-traceless, tangential to Py, and satisfies

2 2
= 8F7, (2.2.12)

} Ja)
g0

(iii) the tensors by and K)(\ZQ) belong to the spaces H(? and Hgﬂ respectively and satisfy

+1g
rrerﬁ%ﬁ]] A HVT’ h>\HL§+T+1 < CronsE,s (2.2.13)
max A VTK/(\ZQ)‘ < Ceonsé.- (2.2.14)
ref0,4] L3
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Remark 2.2.3. Note that in Theorem[2.2.1] the only free data are the background quantities
(9o, Ko, Fo,up). The tensors FO FEY gnd F22) gre obtained in the proof and are deter-
mined by (go, Ko, Fo,uo). The only place where we have freedom in the choice of these tensors
is when choosing the polarization of F(Y) | see the definition of w™™) in Section .

Remark 2.2.4. The threshold N > 10 is chosen so that all the oscillating quantities in this
chapter can be estimated in L along with enough derivatives so that and
hold. If N is larger, then by or K/(\ZQ) would be more reqular than what is stated in Theorem
but we choose only to state the minimal regularity required by our application in Chapter

3

Remark 2.2.5. In (2.2.11)), the index p in (0 + No)pf(go)’;i is a spacetime index and runs

from 0 to 3. Therefore this term seems to depend on the spacetime metric go and not only
on the solution of the equations —. However, since we assume that (go, Ko) give
rise to initial data on Xy for such that 0y is the unit normal to Xg, we have I’(go)’gi =
— f]’o“e (Ko)ie. A similar argument can be made for the term Ogyug, which can be expressed only
with (go, Ko) and spatial derivatives of ug using in particular Opug = |Vuglg,. The expression

of K)(\l) and its link with the spacetime metric will be motivated in Section|2.5.2.4.

As explained above, the main motivation behind Theorem [2.2.1] is to construct high-
frequency initial data for the Einstein vacuum equations, which are solved in Chapter
However, to the best of the author’s knowledge, Theorem [2.2.1] also constitutes the first
example of backreaction for the constraint equations of general relativity. Indeed, the sequence
(gx, K)\)a solves the vacuum constraint equations while converging in the following sense

Jx — Jo, uniformly in L,
Vg — Vo, weakly in Lj,,,
K\ — Ky, weaklyin Ll20ca

towards a solution of the constraint equations with sources (see ([2.2.1)-(2.2.2)-(2.2.3))).

From now on and until Section we drop the index A in the solution (gy, K)) obtained
in Theorem and simply write (g, K).

2.3 Strategy of proof

In this section, we present the strategy of the proof of Theorem Our main tool is a high-
frequency adaptation of the conformal method which we present in Section In Section
2.3.2| we present our main formal challenge, that is the compatibility with the spacetime
ansatz.

2.3.1 High-frequency conformal method

We start by recalling what is the conformal method.

2.3.1.1 The conformal method

Introduced by Lichnerowicz in [Lic44], this method aims at solving the constraint equations
(2.1.2) and (2.1.3) by requiring the solution (g, K) to satisfy formal geometric properties.
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The idea giving its name to the method is to prescribe the conformal class of g, i.e to fix a
Riemannian metric v on R? and to solve for the scalar function ¢ such that

g=v"r (2.3.1)

We say that a tensor is a TT-tensor if it is traceless divergence free and symmetric and one
can show that the space of TT-tensor depends only on the conformal class of the metric.
Therefore, the next step in the conformal method is to decompose the symmetric 2-tensor K
in connection with its trace and divergence features. More precisely we fix a scalar function
7 and a TT-tensor ¢ for the metric v and solve for the vector field W such that

1
K=¢ %(c+LW)+ §<p477' (2.3.2)

where L,W is defined in (2.4.30). The exponents appearing in ([2.3.1]) and (2.3.2)) are linked

to the dimension of the manifold, here 3, see Chapter 6 of [CB09] for their general expression.
The constraint equations (2.1.2)) and (2.1.3) now rewrite as the following coupled system of
non-linear elliptic equations for (¢, W):

2

3
2

div., LW = ggaGdr. (2.3.4)

8A,p = R(Y)p+ 572" — o + LW [2 77, (2.3.3)

2.3.1.2 High-frequency expansions of the parameters and the solutions

In this chapter, we want to construct high-frequency solutions to the constraint equations
through the conformal method. This requires the parameters of the conformal method (that
is v, 7 and o) as well as the solutions ¢ and W to be defined by high-frequency expansions.
Let us detail their definitions.

We first consider the high-frequency metric . Since we want g to be close to gg, we choose
~ already close to gg. More precisely, the full ansatz for v is

v =go+x® (%) + A2y @ (%) , (2.3.5)

where we recall that the notation v® (%) is used to emphasize the fact that 4% is a linear

combination of terms of the form .

Similarly, since we want K to be close to Ky (in a weak sense since it is at the level of one
derivative of the metric, see the discussion following Remark and since we assume that
Ky is go traceless, we define 7 to be of order A!, i.e

7= <@> . (2.3.6)
A

The fact that the high-frequency perturbations don’t contribute to the mean curvature at the

A\ order will be justified in the proof. The TT-tensor ¢ requires a special construction linked

to what we call the compatibility with the spacetime ansatz (see Section , but we can

already give its high-frequency expansion:

o=0c0 (%) + Ao <%) + A2 (0(2) (%) + 5’) (2.3.7)

where ¢ is a remainder whose role is to solve the equations defining the class of TT-tensors,
that is divoo = 0 and tryo = 0, with ~ defined by (2.3.5]).
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To understand the expansions for the solutions ¢ and W, let us look at the effect of the

expansions ([2.3.5)-([2.3.6)-(2.3.7)) on the equations ([2.3.3))-(2.3.4]). A standard feature of high-
frequency quantities is that they lose one power of A per derivative. In ([2.3.3) the metric v is

only differentiated in the scalar curvature R(y) and we can derive from (2.3.5) that

‘VU()’Z
R(y) = —-"9; (9M0n, — t137)) + 0 (1), (2.3.8)

Therefore, if 4! is well-chosen, the RHS of (2.3.3) is O (A%). This implies that the first
oscillating term in ¢ must be at order A2, since A, is a second order elliptic operator (see also
Remark [2.3.1)). More precisely we choose

=t (0 () 8) 00 (5) 50

where ¢ is a non-oscillating remainder. The constant coefficient in (2.3.9)) ensures that gy =

go + O (X). Similarly, (2.3.6) and ([2.3.9) imply that ©®dr = O (A") and the ellipticity of
div, L, allows us to choose W of the following form

W= (W@ () + W) + 2w () (2.3.10)

Remark 2.3.1. The ellipticity of A, or the fact that v is a Riemannian metric, plays a
crucial role here. Indeed, we have

a (1 () = Vagr o0 (1)

whereas if g is a Lorentzian metric, the action of the wave operator on oscillating function is
given by

Uy (f (%)) = %89 (20"ugduf + (Oguo) f) + O (A°) (2.3.11)

where ug satisfies in this case the eikonal equation (this is the standard geometric optics
approach for hyperbolic equations). This means that in the Lorentzian case, a \° order term
is absorbed by adding a \' wave whereas in the Riemannian case a \* wave would be enough.
A similar remark applies for the conformal Laplacian div,L..

As is standard when considering high-frequency expansions, we obtain a hierarchy of
equations. Very schematically, one can say that ¢ and o) (resp. W® and W(3)) will
solve the orders A? and ! of (resp. (2.3.4))), while the non-oscillating remainder ¢
(resp. W) will solve the orders higher than A\2. Compared to a standard high-frequency
expansions, the difficulty here is that the coefficients of the equations themselves, i.e the
parameters of the conformal method, are also defined through high-frequency expansions and
must satisfy formal constraints, the main one being that ¢ must be a TT-tensor. Therefore,
our construction is intricate and we present now some aspects of this entanglement.

2.3.2 Formal constraints

The main purpose of the sequence (gy, K))x is to define special initial data for a family of
spacetime metrics solving the Einstein vacuum equations, i.e a family of Ricci flat Lorentzian
metrics. These metrics gy are also defined by a high-frequency expansion of the form

o= g0+ 290 (5) + 229 () + 4%y
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where gy is the spacetime background metric, see Theorem [3.1.2] in Chapter The high-
frequency character of the vacuum metric g, has several formal consequences and it imposes
extra constraints on the solution (gy, K) of the constraint equations, since we want (gy, K))
to be the first and second fundamental form of the hypersurface ¥ in the spacetime ([0, 1] x
R3, g)) constructed in Chapter

2.3.2.1 The first fundamental form

As explained in Section [3.2.1.2] of Chapter the waves g™V and ¢(? need to satisfy algebraic
polarization conditions, which concretely prescribe their polarization tensor

. L1 .
Pol,, (g(z)> — g(‘)‘” <8yuog£2 — 28au0g/(jg> .
These polarization conditions must hold initially on ¥y which a priori imposes extra con-
straints on g. While the polarization conditions for ¢(?) are ensured by the choice of the
normal components and hence are independent from g (see Section [3.4.6.1|in Chapter , the
polarization conditions for ¢! are ensured by g. Since the latter is given by (2.3.1) and since

p=140 ()\2) (see (2.3.9))), gz(; ) is actually given by (!). Therefore, the polarization con-
dition for ¢g(!) is initially ensured through a well-chosen parameter (1), The exact condition
that v(1) needs to satisfy is to be Py ,-tangential and go-traceless, see ([2.4.4) and (2.4.5).

Remark 2.3.2. These conditions correspond exactly to the definition of the TT gauge in the
linearized gravity setting for a plane wave propagating in the Ng direction. Note that Ny is
not a constant vector field, therefore strictly speaking a plane wave can’t propagate in the Ny
direction. However, as shows, Ny is close to the 3 direction and the analogy with the
TT gauge of linearized gravity is thus valid.

Remark 2.3.3. Actually, the polarization condition for gg) = ’yi(jl) precisely implies R(y) =

@) ()\0). Indeed, recalling ([2.3.8), if vV is Py u-tangential and go-traceless then

and we get R(y) = O ()\0). As explained above, the expansion ¢ = 140 ()\2) 18 made possible
by R(7) = O (\Y).

Another formal constraint on the spacetime metric g is linked to the backreaction at the
heart of Burnett’s conjecture. As explained in Chapter [3 the background metric gg solves the
Einstein equations with sources which are produced by the self-interaction of the wave g(!)
through the quadratic non-linearity of the Ricci tensor. The non-triviality of our construction
(i.e the fact that gy does not describe a vacuum spacetime) is thus ensured by some quadratic
contractions of the tensor g(1). This translates as the condition on v(1).

2.3.2.2 The second fundamental form and the TT-tensor

As ([2.3.11)) shows, the waves g(!) and ¢(?) will solve first order transport equations along the
rays of the phase ug (recall that in generalised wave gauge the principal part of the Ricci
tensor is a wave operator). For such equations, the Cauchy problem only requires that the
initial value of the solution is given on ¥, while the normal derivative is given by the equation
itself. This implies that atgg) [ X is actually prescribed by the evolution equations, but it
is also given by the second fundamental form of ¥, i.e K. Therefore, there is a formal
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constraint coming from the evolution on the 2-tensor K obtained by solving the constraint
equations. We say that K must satisfy the compatibility with the spacetime ansatz.

Let us be more precise on this formal constraint. If )\gg) is of the form A cos (%) Fl(jl)

with Fig-l) solving a transport equation, then its time derivative is of the form
. (U 1 U 1
—sin <7> |Vuo|g0Fi(j) + Acos (7) atFi(j) (2.3.12)

where we used the fact that diug = [Vuglg, on X, as ug solves the background eikonal
equation in the full spacetime. The A\Y part of (2.3.12)) contributes to Kio) (see (2.2.10))) while

the A! part contributes to Kﬁ\l) (see the first line of (2.2.11))). In (2.2.11)), the contribution

of 8tFZ-(jl) has been replaced by its value given by the transport equation that F'(1) satisfies in
the spacetime, i.e

—2D ., FY + (Oyu) FY = 0, (2.3.13)

so that we obtain an expression of K /(\1) involving only g, i.e the induced metric on Xy (Lo =
— 95 Baupdp in (2-3.13)).

The second fundamental form is defined by —%ETgA where £ denotes the Lie derivative
and T is the unit normal to ¥ for g). Therefore, incorporating these formal constraints in the
expression of K /(\0) and K /(\1) require to have the expression of T', which a priori depends on .
However, as it is shown in Section of Chapter 3] we can choose the normal components
of the initial data such that T"= 0; + O (/\2). This fully justifies the ansatz for K obtained

in Theorem 2.2.11

This interaction between the evolution and the solution of the contraint equations has
a consequence for the choice of the TT-tensor . Indeed, in the usual way of solving the
constraint equations, one starts by choosing ¢ and then obtains K through the formula .
Here, as we explained, the orders A\° and A' of K are prescribed by the evolution. Since
p=14+0 ()\2) (which implies that ¢ plays no role in the order A\° and A! in ), this
defines the first orders of o, i.e 0(® and ¢ in so that holds. We are then left
with the task of constructing a TT-tensor with prescribed first orders in its high-frequency
expansion. This is the content of Sections and

2.3.3 Outline of the proof
We give here the outline of the rest of this chapter, which proves Theorem [2.2.1

e In Section [2.4] we define the metric v and compute useful high-frequency expansions
such as its scalar curvature R(v) or differential operators depending on v and appearing
in the constraint equations.

e In Section we define @), o3 and W such that they solve the first orders of the
constraint equations and by doing so we also define the parameter 7. This section is
concluded by the construction of the TT-tensor o.

e In Section we fully solve the constraint equations with a fixed point argument for
the remainders @ and W (we also define W) in the process).

e In Section we conclude the proof of Theorem
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2.4 High-frequency conformal class

In this section we define the metric v on Xy, that is the prefered member of the conformal
class in which we look for g according to (2.3.1)).

2.4.1 Definitions and first computations

We choose
v = go + AP 4+ 22432 (2.4.1)
where
A = cos (%) Fow®, (2.4.2)
~?) — gin (%) w®. (2.4.3)

The two symmetric 2-forms w™®) and w® are directly defined in the frame (Np, e, ez).

e Definition of w"). The coefficients of w(!) in the frame (Np, ey, es) are constants and

satisfy
Wiy =0, (2.4.4)
Wi +wll) =0, (2.4.5)
(wﬁ))z) + (wﬁQ)Q —4 (2.4.6)

e Definition of w®. The 2-form w® depends on w) in the following way: all the

coefficients of w® in the frame (Np,eq,eq) are set to be zero except wj(\?gl and wj(\?32

which are defined by

W) = o (divgy [Vuolg Fow™) Fowl) <D No NI — i (Ko) Nok) (2.4.7)

|VU0|§O J |Vu0|go

This expression will be justified in the proof of Lemma [2.5.3] where we construct the
TT-tensor of the conformal method.

Remark 2.4.1. The properties [2.4.4) and [2.4.5) and the symmetry of wV) imply that the
tensor YV is a linear combination of the tensors

e1®er —ea®ez and e1Reg+exPeq.

This is the equivalent of the 2 degrees of freedom or polarization of the TT gauge in the
linearized gravity setting where go s replaced by the Minkowskian metric, see Remark|2.5.4
As noted in Remark the choice of the polarization of w(), i.e the choice of wgll and

wglz) under the constraint (2.4.6)), is the only freedom we have in the definition of the tensors
FO, F@Y gpd F22),

We define
FO = Fyo®, (2.4.8)

The following lemma summarizes the important properties of FO),
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Lemma 2.4.1. The symmetric 2-tensor FY) is supported in Bg, Go-traceless and Po.u-
tangential. Moreover, (2.2.12) holds and

HF(1>HH <e (2.4.9)

N ~Y
with a constant depending only on 6 and R.

Proof. The support property is implied by the support property of Fy. The property ([2.4.4)
implies that F(!) is Py ,-tangential, which together with (2.4.5)) implies that F (1) is go-traceless
since

trgo F0) = Fy, + By + Py

Moreover, (2.4.6) and (2.4.8)) imply (2.2.12)). The estimation (2.4.9) comes from ([2.2.6)) and

[2:2.7), the latter allowing us to estimate the coefficients of w(!) in the usual Euclidean coor-

. . 1
dinates, i.e Wi

O]

The following lemma gives the expansion of the scalar curvature of . This will be used
to solve the Hamitonian constraint ([2.3.3]).

Lemma 2.4.2. We have

R(y) = R© 4 ARW 1 )\2R(=2)

with
2u,
RO = R(go) — [Vuo|2, Fg — T cos (AO) Vo2, F5 (2.4.10)
. ] =(1 _ij 1 _lj
+ sin (T> |Vu0|g0Fé(j) (—gojaiNg + 2Nogoj>

and

‘R(l)‘ + ‘R(zz)‘ < 2%y + |3 07)?) . (2.4.11)
Moreover

RW % cos(h) + sin(26) + cos(36). (2.4.12)

Proof. We recall the definition of the scalar curvature
R(7) =+ (D ()l = AT ()} + T(NEL ()8 ~ DT ()%
We start by giving an estimation up to second order in A of the inverse of :
79 =g — Xcos (%) (FD)yis (2.4.13)
+ A2 (cos2 (%) gék(ﬁ'(l))ﬂﬁ}g;) — sin (%) (w(Q))ij) +0 ()\3)

where on the RHS all the inverses are taken with respect to the background metric gg. We
now expand the Christoffel symbols of «, we obtain

T8 = T(g0)% + (FO)% + ATW)E + 0 (3?) (2.4.14)
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with
= 1 U _ _
OVk _ : 0\ -kt (1) (1)
(F( ))ij D) Sin (7) 90 <8(iu0Fg') - 8£U0Fij > (2.4.15)
1 uo _ 2
(s = 5 o8 (7) a" (8( Uow,g])) Dpuow; )) (2.4.16)
Lo (200 =)ty o #(0) U\ Ak
s <)\> (FM) a(z‘UOng) + cos (7) Qij

where we defined
_ 1 _ 1 - _ _
Q5 = 596 (8( Fil —aF) - 5 (FU (0(50)ej) = 0e(g0):5) -

By using F' ](Vlo )i =0 and trgOF (1) = 0, we can compute useful contractions of Qf} We first look
at Q?k which vanishes thanks to trgOF(l) =0:

_ _ 1 _
Qb= 5 (BOFR — (FO)0y(g)a) = Sstrg, F =0 (2.4.17)
Using in addition F ](Vlo)i = 0 we have:

gt A _ij - 1. -
96 (No)k@%; = 96 No <aipz<j1> _ aepim)
1~
= GUOFY) — fN trgo PO — g FLD 0N + §F§ ) Nogld

=) ( 99 0;N§ + No@) . (2.4.18)

Since the scalar curvature contains first derivatives of the Christoffel symbols, R(v) con-
tains a priori a A~' contribution from dyT'(?), but thanks to the properties of F1) we can see
that it vanishes. Indeed we have

RY = g (9uods (CO)l; — o000 )

and Fy); = 0 and trg, F()) = 0 imply that
gg MOk =0 and (TO)k =o. (2.4.19)
Let us now look at the A\ terms in R(v). Using again we obtain:
RO — R(go) = 5 (9uods(TV); — druaodn (P V), )
+ 95 0x (T — 256/ (TOHYET (o),
—w% 2) (FO) (9400 (T Ol = 0,00 (DO ) — g (O (DO,
= 5 (Okuode (1)}, — Diuodp (1), )
+ 5 0 () — 256 TO) T (905
— cos (52) (FO) 9400 (FO)f; = gif (CO)5 (DO,
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where we used (F(1))79;ug = 0. We set

= go (D00 () — Druodp (M), )
1T = g (PO — 255 (FOVET (G0)l.
111 = = cos (52} (FO)304uqdy (PO — gy (FOVE O,

and compute further each of these terms. The term I contains all the contributions from I'*)

and implies
I= s1n( ) |Vu 0| (wﬁ) + ég) - %cos <2u0> |Vu 0|
—sin (7) g (@cquf} - C')iqufk)

2
= —4cos <1;\0> |Vu0|g0F0 +sm( ) |Vuolg, Z]) < Ja N0 + NO—EJ)

where we used that the diagonal coefficients of w(® in the frame (Ny, e1, e2) vanish in addition
to m and m The term I7 contains all the linear terms in T(©). Note that
in the notatlon 8k(F(0)) the derlvatlve does not hit the oscﬂlatlng part of IO (i.e sin (“—)f’)

in (2.4.15))). Using (2 we obtain g 8k( r© ))U = (T ))Uakg and
17 = ([T, (9gf + 26§ T(50)%x ) = 0

where we used (T(©)k, = (T©)k. The term ITI contains quadratic terms in I'®). Using
(2.4.15) and (2.2.12f) we obtain

U0\ |, =(1)\ij = _ij =
IIT = — cos (7) (FW) 9oy (TOE, — gif (TO)k(FO)E,
1 o/uo 2 a2 1 . 9 up 2 | A2
= o () IVuols, [ PO+ gin® () 1ol [P
2u,
= —]VuogoFOZ — 3cos <)\D> \Vuo\goFUQ

We conclude the proof of (2.4.10f) by adding I and I11.

The proof of comes from the schematic formula
R(y) =720y +~73(0y)*
which gives schematically
B = (072670 + (07 H0)) @)+ 0O HO@O a0
(@) @O+ 7 (O @) + (@) @) H©

where we recall that our high-frequency notations introduced in Section gives for
instance

(0%y >(1)_COS<)\>32 ()+2cos<)\>6w(2)
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and
(v HD = —cos (@) O

Using (2.4.1)) and (2.4.13) we obtain

“HO R,

(v
(7)Y cos(h),
(v"H® X 1 4 sin(8) + cos(26)
and
0, (8*9)@ X 1 +sin(0),
@)W, (@29, (*9)M X cos(h).

Using these oscillating behaviours we can prove by a direct computation that R(") defined by
(2.4.20|) satisfies ([2.4.12)). This concludes the proof of the lemma. ]

Remark 2.4.2. Note that we denote by v~* any product of k coefficients of the inverse metric

v~L. This also applies to the background inverse metric go‘l.

2.4.2 Expansion of differential operators

The equations (2.3.3) and ([2.3.4)) involve differential operators depending on the metric .
When they are applied to high-frequency quantities, we need to take into account the expan-
sion affecting the coefficients of the operators as well as the expansion of the quantities
themselves. In this section we compute such expansions for all the operators involved, that is
the Laplace-Beltrami operator, the divergence operator, the conformal Killing operator and
the conformal Laplacian.

In terms of notation, if P, is a differential operator acting on tensors of any type and
whose coefficients depends on ~, we can formally obtain an expansion of P,(T") of the form

Py(T) = XPH(T).
k

where the previous sum has finite support. The bracket notation [k] thus plays the same
role for differential operators as the parenthesis notation (¢) introduced in Section for
tensors.

Moreover we can mix the two cases, i.e apply differential operators P, depending on v to
oscillating tensors T' (%2). The expansion of P, (T') then depends on the order of T +— P, (T)
and also v — P,(T"). By the order of v —— P,(T'), we simply mean the top derivative of
appearing in the coefficients of P,. Since both oscillating and non-oscillating terms appear in
the expansions for the parameters and the unknowns of the conformal method (see Section
, we make a difference between the expansions for P,(T") when T is non-oscillating and
when T is oscillating. Usual capital letters are used in the first case and bold capital letters
in the second case, i.e

“STMEPHE(TY) an U0\Y _ N \kpl
Py(T) %:A PH(T) and P7<T<>\)) Zk:)\ PH(T)

where the support of the two previous finite sums are a priori different, depending on 1" and
P,. This explains the difference between Lemmas and below.
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2.4.2.1 The Laplace-Beltrami operator

The only differential operator in the hamiltonian constraint (2.3.3)) is the Laplace-Beltrami
operator associated to 7. If h is a generic Riemannian metric on Xy, we define its Laplace-
Beltrami operator by

Anf = i (aiaj f—T(h)Eay f)
for f a scalar function. Note that A, is the usual Laplacian operator on R? and is denoted by

A in this chapter. Since v = O ()\O) and 0y = O ()\0), if f does not admit a high-frequency
expansion then

A f=0(N).
If f admit a high-frequency expansion we have the following lemma.

Lemma 2.4.3. For f (“70) an oscillating scalar function we have

A (7 (%)) = SH) + {HE () + HE p)

with
HA(f) = [Vuol3, 931, (24.21)
HI(f) = 256 0,u00;00 f + (Bgyu0)dof — 35T (Go)%;0ku0a .- (2.4.22)

with
‘H[ZO](f)‘ < R f| + [y ovorf] . (2.4.23)

Proof. We start with the definition of the Laplace-Beltrami operator :

8 (2 (3)) =701 (2 () =Tk (2 (3)-

1)

Using the expansion of the inverse of « and F](Voi = 0 we have

Ayt 88 ( (uo)) :i|Vuo|§ngo+l

3 )\ (2'yij8~u0845)9g0 + (Avuo)ﬁgga) +0 ()\0)

» L V2,020 + <2g0 Dit100;00 + (Aguo)dop ) + O ()

A

where A, = R 0;0;. Moreover from the decomposition of the Christoffel symbols ([2.4.14))

and (2.4.19) we obtain
Pk (0 (L)) = LT (a0 dhesodo + O ().

The estimate (2.4.23)) simply comes from the definition of A,. O
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2.4.2.2 The divergence operator

The divergence operator appears in the momentum constraint but also in the definition
of the parameter o, which in particular needs to be a divergence free tensor for the metric .
Recall that if h is a Riemannian metric on ¥y and if D™ denotes the covariant derivative
associated, then divy,A = hMD,(Ch)Ag and (divyB); = hkeD,(Ch)Bgi for A a 1-tensor and B a
2-tensor. The divergence operator only depends on first derivatives of v which are O (/\0) SO
we only need an expansion when the tensor on which it acts is itself oscillating.

Lemma 2.4.4. For A;; (%) an oscillating symmetric 2-tensor we have

1 -

with
d Y A) = | Vuolgy s Any, (2.4.24)
() = divg, 4¢ — (50)7 (T )% Aq, (2.4.25)

and
]dLZ”(A)‘ < |y l0A] + [y 20vA4. (2.4.26)

Moreover

d4) X (1 +sin(9))A, (2.4.27)
d(4) T sin(0)9pA + (cos(0) + sin(20)) A. (2.4.28)

Proof. We start by using the expansion of the Christoffel’s symbols from (2.4.14)):

() 4 (M0) _ 1 = =(0)ya ya 2
D" A (T)ﬂ = SOutodpAje + Didje = ([O)7; Ay = AT Awpy + O (W)

We now use the expansion of the inverse of :

1 . Qi a U — ii
= — IVl Anoe + divgy Ae = 5 (DO Ags) — cos (70) (FM)i 9085 A
(2.4.29)

(7 ; — - . U ii
+ A [COS2 (70) gék(F(l))J“Flgi)aiuoagAﬂ — sin (7()) (w(2)) I Ou00p Aje

uo n ij (T T a —1j a
—cos (2) (FO)Y (Diye = (PO Aay ) = 5 (0o Au) |
+0 (M)
This concludes the proof, using F ](Vl ) =0 and géj (f‘(o))fj = 0. The estimate (2.4.26) just comes

0%

from the definition of the divergence. The oscillating behaviours (2.4.27) and ([2.4.28]) can be
directly read on ([2.4.29)). O
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2.4.2.3 The conformal Killing operator

In order to compute L, W in the ansatz for K (2.3.2)), we need to expand the conformal Killing
operator defined by

(%
where A is a 1-tensor. Note that Ly A is a symmetric 2-tensor traceless with respect to h. As
for the divergence operator, L, only depends on first derivatives of v so only an expansion of
LW with W oscillating is necessary.

Lemma 2.4.5. Let W( ) be an oscillating 1-form. We have

2
(LnA)ij =DM A — 5 (divad)hy; (2.4.30)

L, (W (@))j = 2w + KO )+ akE (W)

A A 4 £
where
K (W) = 9u00sWj) + \vu0|go (G0)i;06 Wi (2.4.31)
KU(W) = DWj) — 2Wi, (O gcos ( ) Vuolgo £ Wi, — %dngOW(gg)ij,
(2.4.32)
and
’K%”(W}) SOW] + |y toyw] . (2.4.33)
The following hold:
trg, KU (W) = 0, (2.4.34)
trg, K (W) = cos (%) trp o KU (W), (2.4.35)
The following oscillating behaviour holds
KO(w) % (1 +sin(0))W + cos(0)dyW. (2.4.36)
Proof. We start with the covariant derivative of the oscillating 1-form W) (“—)f’)
D (W (%))J = %aiuoagwj + D, () = Wi () + ACW)S + 22T @) + - )

which also gives us the divergence

o 0 (22) 087 (0 ()
= %( 0) ¥ ORugdp Wy — cos ( 3 ) (F D)™ 000y W
- dngOW — (G0)" (T Wo + 0 (V)

We conclude the proof of — with
LW (3)), =20 (W (), - §din (W (?)) %

and F ](V )Z = 0 and (o)™ (T )) = 0. The trace 1dent1t1es and the oscillating

behaviour ) follows dlrectly from ([2.4.31))- O

Remark 2.4.3. In the previous lemma we used the notation trF(UK[_l](W) to denote
5(1)\ijpel—1 _ik ¢ A(1) g -1
(FOYKG W) = g By K om)

even though F) is not a Lorentzian metric.
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2.4.2.4 The conformal Laplacian

The conformal Laplacian associated to a Riemannian metric A is the operator divy L acting
on 1-tensor. It is the only operator considered in this chapter depending on 9%+, i.e second
derivatives of the metric 7. Indeed L. contains the Christoffel symbols of v through the
covariant derivative, and they are differenciated once by the divergence. Since 9%y = O ()\*1),
this a major difference with the Laplace-Beltrami operator or the divergence operator from
the point of view of expanding quantities in powers of A. Indeed, this implies that even if the
1-form (3 is not oscillating, the quantity div, L. 3 still loses one power of A. If 3 is oscillating,
then div, L, 3 loses two powers of A since the conformal Laplacian is a second order operator.
This explains the two following lemmas.

Lemma 2.4.6. Let 8 be a 1-form. We have

div, L8 = %M[‘” (8) + ME%(B)

with
Mg[_ﬂ (8) = |VU0\§O oS (%) Qéjﬁi(gl)ﬂj (2.4.37)

and
MEV(8) — diveLoB| S |v7 = e [02] + [y 20| [1+ 71| 108 (2.4.38)

+ 092 + 2@ [1+ 7 18

Proof. Let g be any Riemannian metric on R3, we have
. _ij 2 iy _ 2 (i
divgLgBe = g¥ (82'8@'66) - 3353i5j> + Bk <—29 10T (g)% + gae <9 JP(Q)Z)) (2.4.39)

—ij - 2. - 2 —ij | T =
5" <2F(g>j?eazﬂk + 3dw566igﬂ) + 5 (~08,09" + 370 @) 5008 )
— §7T(9)1; LaBroy-

In the case of the high-frequency metric 7, the only terms loosing %, i.e contributing to
M [11] (B), are the v729%yB. More precisely, it concerns terms involving OT® and since
7 (F(O))fj =0, the only contribution is

— . . ~ U ii =
MEY(B) = ~26157 0005 (DO, = [Vuol2, cos () g/ P8

where we used (2.4.15)) and F](Vlo)i = 0. From ([2.4.39)) we also get
. i 2
diveLefy = € (818(3185) - 38481/6]>

which concludes the proof of ((2.4.38)). O

The estimation (2.4.38) will allow us to invert the operator M=%, since we know how to
invert diveLe (see Proposition [2.1.2)) and since we gain a smallness constant € in front of 0?3
thanks to (2.2.4) and (2.4.13). We now state the final lemma of this section, which will allow
us to construct high-frequency solutions of the momentum constraint. The proof is left to the

reader since it follows from Lemmas [2.4.4] and P.4.51
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Lemma 2.4.7. Let W (“70) be an oscillating 1-form. We have

. U 1 _ | -
dlv,yL7 (W (%))Z — FML 2](W> + XML 1](W) + MLZO](W)
with
M2 w) = af ! (K, (2.4.40)
My w) = af ! (KOw)) + 0 (K1) (2.4.41)

The following oscillating behaviour holds

MUY (W) ~ cos(8)W + cos(0)0FW + (1 + sin(6))dpW. (2.4.42)

From (2.4.24)), (2.4.31) and (2.4.40) we obtain

_ 1
ME 2](W) = |Vugl2, <a§wg + 3(N0)58§WN0> . (2.4.43)

In order to solve the momentum constraint, we need to invert this operator. This is done in
the following simple lemma.

Lemma 2.4.8. If « and B are 1-forms such that

1
ap + g(No)eaNo = B (2.4.44)

then

ap =By — %(No)eﬁzvo-

Proof. We contract ([2.4.44)) with the vector field Ny to obtain

4
gaNo - BN(r
Inserting this into ([2.4.44]) concludes the proof. O

2.5 Approximate solution to the constraint equations

In this section, we construct an approximate solution to the constraint equations (2.3.3) and
[2-3.4)) by solving the A\° and A! Hamiltonian level and the A\’ momentum level. In the process
we will define the parameter 7 and in Sections and we construct the parameter o.

2.5.1 The approximate Hamiltonian constraint

We solve the first two levels of the Hamiltonian constraint by choosing ¢(® and ¢®). At those

levels, (2:3.3) decouples from (2.3.4)) since we replace (o + L, W)(SY by (K — %7‘7)(§1), where
KD and 751 will be defined along the way.



2.5. APPROXIMATE SOLUTION TO THE CONSTRAINT EQUATIONS 67

2.5.1.1 The \° Hamiltonian level

We want 90(2) to solve the A Hamiltonian level. Using the expansion of the Laplace-Beltrami
operator A, (see Lemma [2.4.3)), this is equivalent to the following equation:

2 2 1 2
2 02 (2 0 0 0 0)~
8|Vuo|§089g0( )= RO 4 3 (T( )> - 'K( ) — gT( ) %o ) (2.5.1)
where K is defined by
KO = Ky + §sm< ) |Vu0|goF (1) (2.5.2)

so that the compatibility with the spacetime ansatz is satisfied. As the parameter 7 is the
trace with respect to v of K, we have

70 = trgOK(O)
= trg, Ko —|— L sin (l; ) ]Vu0|gotrgOF(1)
=0 (2.5.3)
where we used and Lemma Therefore, rewrites

2
8 Vuol2, 00 = RO — ]K“”

go

(2.5.4)

Since the LHS of (2.5.4)) is a derivative with respect to 6, we need the RHS to be purely
oscillating. Since this shows how the creation of non-oscillating terms is absorbed by the
background constraint equations we state this in a separate lemma.

Lemma 2.5.1. We have

(K

ij 1 _tj
= sin ( 3 ) |Vuolg, eg) (—gojaiNé + B (No — ) 9(?)

2“0 2 2
— 6 cos <)\> ‘VU0|§OFO

Proof. Let us first expand ‘K(0)|§O using (2.5.2)) and (2.2.12):

FO K,

2 2u, UQ
’K(O)‘go — | Ko|2, + [Vuo[2, F§ — cos <A°> |Vuol2, Fy + sin ( \ ) [Vuolgo | F

go

We use now (2.4.10|) to compute the full RHS of (2.5.4):

© = R(go) — |Kol2, — 2/ Vugl2, F2
G 9o Ogo UOQO 0

—|—Sln<l;>|Vu0|go< “( 5 0: Nt + NM) —(FU)-KO >
do
2
— 6 cos (;L\O) ]VUO%OFOQ

where we crucially used the background Hamiltonian constraint (2.2.1) to cancel the non-
oscillating term. Using now

1_ .
= 5ngl)@tgé” (2.5.5)

we conclude the proof of the lemma. O
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This lemma allows us to solve (2.5.4)) by simply setting
1 i 1 3 2u
2) — ( )F(l) GIONE + = (9, — N, = 0)F2 (256
8Vuoly "™ U 9 ONg +5 (0= No) gt ) + qgeos () - (25.6)

Now that ¢ is defined, we can set
(1)

¥

_ Y 1 ) -

P = M (%jﬁil\% + 9 (0r — No) gg]> g0 +w®, (2.5.7)
9o

_ 3 B

F22 = 1FO?gO. (2.5.8)

These definitions are consistent with (2.3.1) and the following lemma summarizes the prop-
erties of F(2D and F22).

Lemma 2.5.2. The symmetric 2-tensors F3Y and F22) are supported in Br and the fol-
lowing holds

o oo 52 2a

HN-1 HN-1 ™

with a constant depending only on § and R.
Proof. The support property follows from the support properties of Fy, F(!) and w®. The

estimate (2.5.9) follows from the definitions (2.5.7) and (2.5.8) and the estimates (2.2.4),
[2-2.6) and ([2.4.9) (recall also (2.4.7) for the definition of w(®). O

2.5.1.2 The \!' Hamiltonian level

We now turn to the A\! Hamiltonian level, which is solved thanks to ¢(®). More precisely, since
7 =0 (\) we need 3 to satisfy

8| Vo |2, 33®) = —gHI! (go(z)) + R (2.5.10)
1
g (g0 Lo 5(©
\K <K L go) e () :

where R() is defined in Lemmaand HI ((p(Z)) in Lemma In the RHS of (2.5.10] m,

it remains to define K and 7). In order to satisfy the compatlbﬂlty with the spacetime
ansatz (recall the discussion from Section [2.3.2.2)), we set

wm_ L (v F( (1) 1 (1)
K’ = —5cos ( 3 ) <_N0Fij + (0 + NO)pF(QO)p(ZF])k oo 2[Vuoly, (Ogouo) Fy; > (2.5.11)
_1 1) _ 2up\ H(22)
2|Vu0|§0 (cos(A)F 2s1n< S ) i .
Since 7 is the trace with respect to v of K we set
71 = — cos (l;\ ) trF(l)K( ) 4+ trgOK(l) (2.5.12)

where we used the expansion of the inverse of v given by (2.4.13) and where we used the
notation trgT" = S¥T;; for S and T two symmetric 2-tensors with the inverse of S being
defined with respect to gg. This actually fully defines the parameter 7, i.e

=AW, (2.5.13)
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As above, we need to show that the RHS of :2.5.10|h is purely oscillating in order to find
©®) solution of this equation. From (2.5.2)), (2.5.11)) and (2.5.12) we obtain

KO % 14sin) and KD, 7 X cos() + sin(26)

which together with (2.4.12)), (2.4.22)) and (2.5.6) gives
RHS of [2:5.10) X cos(6) + sin(26) + cos(36).
This shows that we can solve ([2.5.10)) by setting

) = cos (%) BV 4 sin <2;f0> o2 4 cos <3)\u0> p&3) (2.5.14)

for some @(37“ supported in B and satisfying

o

1=1,2,3

The estimate (2.5.15)) follows from (2.4.11)) and (2.4.7)). Since the ansatz constructed in this
chapter is an order 2 ansatz, the term ¢ will be ultimately hidden in the remainder by (see

[2-2.8) in Theorem [2.2.1)) and thus we don’t need a precise expression of (34,

<e. (2.5.15)

HN-3 "

2.5.2 The approximate momentum constraint

In this section we solve the first level of the momentum constraint. Since 7 = A\ we have
dr = %duoam(l) + Ad7() where the derivatives in dr") don’t hit the oscillating parts of ),
Therefore the first momentum level corresponds to the A° level of (2.3.4)), solved by W2,

Remark 2.5.1. This is where the assumption trg, Ko = 0 simplifies our construction. If
trg, Ko # 0 then T needs to include a non-oscillating A term in 7). This would require a
non-oscillating term in W at the \° order to absorb it

wW=w®+0(\)

where we use a lowercase letter to emphasize that w® is non-oscillating. However, as
explained in Section this term would produce a A~' term in divy L, W (precisely
MEY (W), see Lemma and thus would require an oscillating term W) in W to
absorb it. We make the assumption trg, Ko = 0 precisely to avoid these technicalities.

More precisely, W) needs to solve
_ 2
ML @) = gamam@). (2.5.16)

where we used the expansion obtained in Lemma [2.4.7] Thanks to Lemma [2:4.8| this equation
rewrites as
1

2177(2) _
OQWK - 2|VU0|§0

(No) g (2.5.17)

Since the RHS of this equation is a Jy derivative it is purely oscillating and we can integrate
twice to obtain W®). Using (2.5.12) this also gives

W % sin(9) + cos(26). (2.5.18)
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Note that as opposed to the Hamiltonian constraint, we don’t solve the Al momentum level
here. Indeed, as Lemma hows, the operator div, L, loses one A power even when applied
to a non-oscillating field like W (the remainder in ) Therefore the A momentum level
also involves W and the equation for W) is coupled with the remainder in the ansatz ,
as opposed to ¢ which is not coupled to @ (the remainder in ), since Ayp = O ()\0).

2.5.3 An almost TT-tensor

In this section we define the first terms in the expansion of the parameter ¢ of the conformal
method, i.e ¢(® and o). As explained in Section [2.3.2.2] the definition of the first orders of
o follows simply from our constraint

(<1)
(0 + L) =D = (K - 3;7) . (2.5.19)

Since W is given by W = \? (W(z) + W) + O (A) (with W®) defined by (2.5.17) and W
non-oscillating), we use Lemma to compute (LVW)(SU and (2.5.19)) forces us to define

S0 _ O (2.5.20)
1
o — g _ gT(l)go — KW @) (2.5.21)

where K0, K1) and 7(1) are given by (2.5.2)), ([2.5.11)) and (2.5.12) respectively and K= (W (?)
is defined in Lemma 2.4.5

In this section, we prove that ¢(© + Ao is almost a TT-tensor, that is
oy <a<0> + )\0(1)> =0()) and div, (a<0> + )\0(1)) — 0. (2.5.22)

Using the expansion of v¥ given by (2.4.13)) we have

tr, (0(0) + )\0(1)> = trgoo® + X (— cos (%) trpayol® + trgoa(l)) +0(N?).

Using now the expansion of the divergence operator div, obtained in Lemma we have
1
div,, (0(0) + )\0(1)) = Xd[’”(a(o)) + d[o}(a(o)) + a1l (0(1)) +0(N).

The following lemma, which shows that o©® 4+ Xe(® is almost a T'T-tensor, is crucial since
it validates a posteriori our whole approximate construction.
Lemma 2.5.3. We have
trg,0® =0, (2.5.23)
—cos (%) tro(l)O'(O) + trgoa(l) =0, (2.5.24)

and

0, (2.5.25)
d¥ (¢ + a1 (M) = 0. (2.5.26)
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Proof. We start with the trace identities. Since o© m ) follows from and
trg, £ = 0. Moreover, from (2.5.20) and (|2.5.21|) we have

— cos (%) trp(l)a(o) + trgoa( ) = —cos ( 3 ) trF(l)K( ) + trgoK(l) —
_ trgOK[_I] (W)
Ug
= —cos (7) trpu)K(O) + trgOK(l) -7
=0
where we use (2.4.34) and (2.5.12)). This proves ([2.5.24)).

We now look at the divergence identities. From (2.5.20)), (2.5.2)) and (2.4.24) we obtain

. 1 Uo\ =(1
dL ](0(0)) = §]Vuo!§0 oS (7> Fz(vo)z =0

which proves (2.5.25)). We now compute the two parts of (2.5.26)). Using (2.4.25]) and (2.5.20))

we obtain

d(o®) = divg, K — g7 (F(O)) K
= (divg, Ko)e + — sin ( 3 > (legO]Vu0|gOF( )>z

-1 1 Y 2
j(I‘(O))Zg(KO) — ism( ) |VUO|gogo ( ( ))MFLEJI')

We use (2.4.15), (2.5.5)) and (2.2.12) to rewrite the second line in the previous expression and
obtain

0 1
dL ](0(0)) (divg,Ko)¢ + = sin ( 3 ) (dlvgo\Vuo\go ))l

2
1 i .
+ 1 sin ( 3 ) agqu( )8@0] + 2sin? (@) ]Vu0|g085u0F02
1 . /u . _
= 5sin (70> <(d1v§0\Vu0]§0F(1)) + 8gu0F( )Btg ) (2.5.27)

2
— cos (T) Vo g, Oeuo Fi

where we crucially use the background momentum constraint (2.2.2) to cancel the non-

oscillating terms. We now look at dL_l] (c(M)). Using (2.4.24) and (2.5.21)) we obtain
_ 1 —
dﬂ 1}(0(1)) — —’VUO‘gOaGKJ(\}O)g _ g(%UO(%T(D _ ML 2](W(2))
= 0y (_‘VUO‘?JOKJ(\}O)K - 3éu07(1))

where we use the equation satisfied by W®) (see ([2.5.16))). We use (2.5.11)), (2.5.7) and (2.5.8)

to obtain

(1)
U F, ki
= () (5 (@t

(1)
B (ggfaizv Lo No>gak) (No)e + 3 Vo, o2
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Using (2.5.12)) and trgow(z) = 0 we also obtain
3 uo\ = i _kj 1 . (2ug
) = —Z cos (7) I < I 0, NF + (at — No) gof) + 7 sin <A> Vuols, F2.  (2.5.28)

This gives

_IVUOIEOK](\}O)Z — ag’u,o’l'(l)

(1)
Uuo F _kj
= |Vugg, cos <7) <’;€ (DNONc’f - gOJ(KO)Noj)

FO

ik [~ i1
- (flf)kaiNé + 5 (8 — No) G ) (No)e + 5 IVUO|90 W),
1 2u,
+ 3 sin <)\0> [Vl F20puqg

Adding this to the expression of dg)] (o)) given by (2.5.27) we notice that the terms oscillating
like 260 cancel (see Remark below) and we obtain

d (0 @) +dj e ™)

() 1 . — IVUO" = (1 _kj
= sin ( 3 ) [2 (dlv%]Vuo]gOF(l))Z - JF}EK) (DNON(])q - gO](KO)N()j)

—= |VUO’go “’1\?3@ - *azqu,gl) g O;N¥ + 84UoF,$)No§§j]

Using F 1(\/10)1' = 0 we can compute the divergence of |Vug|g,F (1) and using in addition that

wg\?g No = = 0 we obtain

d¥ (0 +al (eW) = 0.
The tangential components of dl° (¢(®) + d[=1(c(1)) are given by
4 (o) +d; (D)
= sin (%) B (diV§O]VU0|§oF(1)>j
—MF,S) (DNON(; - ggj(Ko)Noj) _1 Vo2 W@, .
2 i 2 go ' Noj

This previous expression vanishes thanks to the choice of w(®) made in (2.4.7). This concludes

the proof of (2.5.26)).

O

Remark 2.5.2. The cancellation of the cos (2“0) terms coming from d[ ](J(O)) and d[ ]( )
in their sum seems to be linked to the weak polarized null condztwn satisfied by the semi-
linear terms in the Finstein equations, which involved products of derivatives of the metric
(see Section n C’hapter@ for the definition of this condition). Indeed, these terms
correspond to terms of the form 'K, I'l' or KK with T the Christoffel symbols and K the
second fundamental form, i.e terms of the form 0g0dg.
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2.5.4 An exact TT-tensor

In the next section, we are going to solve completely the constraint equations, i.e solve for the
remainders in the high-frequency ansatz -. We will thus need the full expression
of the parameters of the conformal method. While v and 7 are already fully defined, o is only
partially known yet and is only an almost T'T-tensor, as it was shown in the previous section.
In this section we finish the construction of 0. We choose the following ansatz

3
o =0 1200 42 (6@ 1 L,Y) + Sy (2.5.29)

In this expression, (@ and o) are given by ([2.5.20) and ([2.5.21) and ¢@, Y and f are yet
to be defined such that

tryo =0 and div,o = 0. (2.5.30)

Let us explain the ansatz (2.5.29). Since we need to satisfy the compatibility with the space-
time ansatz (2.5.19)), we can’t modifiy the order A\° and A!' of o. Thus, a non-oscillating

remainder can only appear at the order A\?. However, such a remainder would not be able to
solve the A! level of div,o = 0 (recall (2.5.22)). Therefore we need to add an oscillating field
at the order A2, i.e 0(®). This field will also be able to solve the A? level of tryo = 0. Finally
the remainder is chosen of the form L,Y + %f’y, where the vector field Y ensures div,o = 0
and the scalar function § ensures tryo = 0.

We now derive the equations for c@ Y and f, which illustrates the above discussion.

Thanks to Lemma the equations rewrite as
A2 (trw(zz)a(o) + tr,yel)a(l) + tr70(2>> + )\3f =0
and
A <d[1] (0©) + d9(eW) 4 a-U(e@) 4 plY (y))
e (d[zﬂ(g(m) + (M) 4 d20 (@) 4 a0y 4 Adf) _0
3

where df also includes derivatives of the oscillating parts of §, which implies in particular that
df = O ()\*1). In order to solve these two equations, we want ¢, Y and f to satisfy the
following coupled system (recall the expression of dl= given by (2.4.24)):

trg,0® = —tr. 00 — tr_oyo) (2.5.31)
f=—tr,eno® —tr cyo —tr 00 (2.5.32)
~|Vuolgd0o, = =My (¥) = a(00) — a’ (o« V) (255.33)
MEY(Y) = —dEB (6O _ g1 (o0 _ gl20(5@)) _ %d,c (2.5.34)

Equations ([2.5.31)) and (2.5.32)) ensure tr,o = 0 while (2.5.33)) and ({2.5.34)) ensure div,o = 0.
The rest of this section is devoted to the resolution of the system ([2.5.31)-(2.5.32))-(2.5.33])-
(2.5.34)). It presents a triangular structure, despite the term M (Y) in (2.5.33).

2.5.4.1 Definition of ¢(? and §

We start by solving the non-differential equations of the previous system, that is (2.5.31])-

(12.5.32))-(2.5.33)). The first step is to show that the RHS of ([2.5.33)) is purely oscillating,
which is a necessary condition since the LHS is a 0y derivative. Thanks to (2.4.37)), the first

term in the RHS is oscillating, and the next lemma deals with the last two.



74 CHAPTER 2. SOLVING THE CONSTRAINT EQUATIONS

Lemma 2.5.4. The following oscillating behaviour holds
dM (@) 4 dl(cMy) %X cos(6) + sin(26) + cos(36).
Proof. From we have
d%(cM) X (1 +sin(0))c™

and from (2.5.21]) we have
o X KW 4 cos(0) + 7V + KU @)
X cos(0) + sin(20) + oW 2

where we used (2.5.11)) and (2.5.12)). Now using ([2.5.18)) we conclude that

d (M) X cos() + sin(20).

Now, from ([2.4.28)) we have
dH(c®) X sin(0)9po® + (cos(h) + sin(26))c®)

and from (2.5.20) and (2.5.2}) we have

@ X 1 4+sin(d).
This concludes the proof of the lemma. O

We have shown that the RHS of ([2.5.33]) is purely oscillating, which allows us to formally
integrate this equation in @ and obtain o(®). More precisely, thanks to FZ(J%% =0, (2.4.37)

implies that M ][V; 1 (Y) = 0. Therefore, (2.5.33)) gives us O’ﬁg N, as a function of lower order

terms in the construction, i.e ¢(® and o). Then, (2.5.31)) gives us 0521) and agz) as a function
(2

of o N> o© and oM. All together, the diagonal components of ¢ in the frame (N, e1, e2)

are functions of ¢(®) and o) satisfying

(2)
‘U NoNo

o« Pt ) o) s

with a high-frequency behaviour, meaning that we lose one power of A for each derivatives.

Remark 2.5.3. Note that we don’t impose conditions on 051) and a( )

their sum.

separately but only on

The other components of ¢ in the frame (Ny,eq,es) as well as the scalar function f

depends on the vector field Y, which is yet to be defined. The equation (2.5.33|) allows us to

(2 )

define o, as a linear function of Y and of o0 and ¢(M). More precisely we obtain

oo )] + |o 8200 < [FOY ]+ [d @) + a0 o) (2.5.36)

with a high-frequency behaviour. Since this component doesn’t appear in the equations o

needs to solve, we set agz) = 0.
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The scalar function § is actually already defined by (2.5.32f), but as 0@ is a function of
Y, so is f. Therefore, thanks to (2.5.35)) and ([2.5.36)) f satisfies

Y)| ‘ ‘Jr‘ —1)(22)0(1)‘+’(7—1)(23)0(0)‘

‘ ‘ I ’ ,Yfl)@ndm((,(m)‘ n ‘(7—1)@1)(1[01(0(1))’

‘ )<2>U<o>)+‘ —1)(zl>(7—1)<1>0(1>‘

‘ -1 (>2) (1)‘+’ —1)(>3) ()) (2.5.37)

A

N

with a high-frequency behaviour.

2.5.4.2 Solving for Y

To conclude the construction of o, it remains to solve (2.5.34). As explained after Lemma
this is done by actually "replacing” the operator M=% by div,.L,. together with a fixed
point argument. More precisely, we define a map ¥

v:B—1B
such that ¥(Y) is the solution of
dive L ®(Y) = div, LY — ME%(y) — a2 (5©) (2.5.38)
—dEUY My —d=% (P (v)) — %df(y)
and where
B = {Z c H? ) 1Z]1 2 < clg} . (2.5.39)

with C7 > 0 to be chosen later. Note that any fixed point of W is a solution of (2.5.34)). In
order to prove the existence of a fixed point, we need to show that ¥ is well-defined and is a
contraction.

Proposition 2.5.1. If C is large enough and € is small enough, then the map ¥ is well-
defined and is a contraction.

Proof. Let Y € B. We bound the RHS of (2.5.38) in L} ,:

IRHS of @539).2 , S |
i Hd[zm (0®) + d[zu(am)‘
=A+B+C+D

diveLeY — M0 (Y)‘

i Hd[zm (0(2)()/))‘ p

542

+A[AF) 22

642

L2

where we omitted the weights for the last term since it is compactly supported. For A, (2.4.38)
gives

A6 =Y | 11070V [z, +[109)°Y |2, +H 9% >oy’

5+2
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where we also used the fact that the coefficients of v are bounded. We bound all the metric
terms in L using the background regularity (2.2.4]) and (2.4.9). More precisely, we have

It = e g S Mo — el + A [FO|+22|®] _, (2.5.40)

1071~ 5 1950l + || F©O||,_ (25.41)
(A P B PREES o

0=, < 9%l + 0PV, + 7] 2542

a(fero] . +fou], )+

Using (2.2.4)), (2.4.9), (2.4.7) and HY||H§ < Ci¢, the estimates (2.5.40)-(2.5.41))-(2.5.42)) then
imply that A < Cye2.

The term D depends only on previous terms of the construction so simply gives
D <e. Themaps Y — 0@ (Y) and Y +— (V) are affine with coefficients as D (see (2-5.35),
(2.5.36)) and (2.5.37))) so a combination of the two previous arguments gives B+C < Cie2 +e.
Note that for C' we need to compensate the loss in power of A when differenciating the
oscillating parts of f with the A in front.

We have proved that A + B + C + D < C1e? + ¢. In particular, this allows us to use
the second part of Proposition to prove that there exists a unique ¥(Y) € H? solving

(2.5.38]). Moreover we have
1Y) S Cre e

Therefore, taking C large compared to the numerical constant appearing in these estimates
and € small compared to 1 proves that ¥ is well-defined and maps B to itself.

To prove that W is a contraction, we consider Y, and Y} two elements of B. By substracting
the equations satisfied by ¥(Y,) and ¥(Y;) we obtain the equation for their difference

diveLe (T (Yy) — (V) = (diveLe - M[Zol) (Yo — Y3) (2.5.43)
B9 (50(7,) — oD (1)) — 2 (V)  1(43)

Using again the fact that Y — ¢ (Y) and Y — §(Y) are affine and using ([2.4.38) for
diveL, — M [20}, we can prove that

IRHS of @58,z , <llYa— Yillyz
Therefore, taking € small enough ensures that ¥ is a contraction. O

Thanks to this proposition, the Banach fixed point theorem implies the existence of Y € B

solving ([2.5.34)), and therefore (c(®(Y),§(Y),Y) solves (2.5.31)-(2.5.32)-([2.5.33)-([2.5.34).

We can also prove that Y enjoys higher regularity. Indeed we can bound the RHS of
(12.5.38)) in higher order Sobolev spaces and use elliptic estimates for div. L. as in the previous
proposition. The worse term in (2.5.38)) is given by Vo which is bounded in HN 2 (see
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2.5.21), (2.5.11) and (2.5.9))) and in terms of decay the worse term is Vo) (see ([2.5.20)),
2.5.2) and (2:2.4)). Therefore we obtain a solution Y of (2.5.34) such that Y € HY and

3

<3F (2.5.44)

g

for k € [0, N — 2], where the loss of A\ powers is due to the high-frequency character of each
term in ([2.5.38]). We summarize what we know on the parameter ¢ in the following corollary.

Corollary 2.5.1. The tensor o defined by (2.5.29)) is a TT-tensor for the metric 7y, belongs
to Hé\_[;ll and satisfies

max A\FF2 ||l yr+2 +  max AP Hka'H Se. (2.5.45)
ke[o,N—3] s+1  ke[o,N-3] Loo

Proof. The oscillating terms ¢(® and ¢(!) lose one A power for each derivatives and we can
estimate the actual tensors by estimating (2.5.20)-([2.5.21]) directly in weighted Sobolev spaces
or in L using Sobolev embeddings of Proposition M Moreover, we can neglect o(?)(Y)
and f(Y") and focus on L,Y in which rewrites broadly as a VY term since we can put

the v and 07 term in L®. Therefore, the estimate (2.5.45) follows directly from (2.5.44)) and
Sobolev embeddings. O

2.6 Exact solution to the constraint equations

We are now ready to solve the constraint equations ([2.3.3) and (2.3.4). The parameters of
these equations are v, 7 and o. The metric v and the scalar function 7 are fully known thanks
to Section [2.4.1) and (2.5.12). The TT-tensor o has been defined in Sections [2.5.4] and [2.5.3]

Recall that the solutions of ([2.3.3)-(2.3.4)) are of the form

w =2 (W (%) + W)+ AW (%) ,

et (89 ()¢ 100 (3).

where cp(Q), go(g) and W2 are defined in Sections [2.5.1.1} [2.5.1.2) and [2.5.2| respectively. There-
fore, it remains to construct @, W and W),

2.6.1 System for the remainders

The construction of Sections 2.5.1.1], 2.5.1.2] and [2.5.2] ensures that the constraint equations
2.3.3) and are partly solved. More precisely, it remains to solve the AZ2 levels of
2.3.3) and the A\Z! levels of . In this section, we compute the exact equations this
gives for @, W and W®).

2.6.1.1 Definition of W& (W)

The purpose of the oscillating vector field W) is to solve the A! momentum level. However,
since the conformal Laplacian div,L. loses one power of A even when applied to a non-

oscillating field such as w (see Lemma , the latter is a source term in the equation for
W®). This explains why W) is considered as part of the remainders, when ¢®) is not.

We define W®) as a function of W The A momentum level writes

B g~ _ 2
ML 2](W(3)) —i—M} ”(W) —i-ML 1](W(2)) - §aﬂ(l)_ (2.6.1)
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Thanks to (2.4.43]) and (2.4.37)) this is equivalent to

B 4 SO = —cos () PO, + i (Gor - MIave) )
Lemma then gives
8(3W£(3) = —cos (%) géjﬁi(fl)ﬁ;j (2.6.2)
+ Mlofgo [gaﬂ(l) - My ®) - i(No)e (;NOT(D - ME\Z}H(W(Z))H :

Let us check that the RHS of this equation is purely oscillating. Since 7(1) is purely oscillating

(see (2.5.28)), we only need to check ME_H(W@)). For this we use first (2.4.42) and then
(12.5.18)), this gives

MW ®) % cos(0)WE + cos(0)ZWE + (1 + sin(0)) 9y W

~ cos(f) + sin(20) + cos(30).

The RHS of (2.6.2)) is thus purely oscillating and we can integrate it twice with respect to 6.
We obtain

et u _47 = o ,res
W) = cos () a5 FL W5 + (2.6:3)
where W Grest) gatisfies
)W(B,Test) S ’87_(1)’ + ‘M[—l}(W(Q)) (264)

with a high-frequency behaviour.

2.6.1.2 The system for W and 7]

In this section, we will expand in the most concise way the non-linearities involved in the
equations for ¢ and W. We start with the equation for W, which, if we drop the vectorial
notation, writes

MEIITY = —ME-D® 7)) — ME @) 1 2(90637)(22) (2.6.5)

The following lemma expands the non-linearity in (2.6.5)).

Lemma 2.6.1. We have

9 6

5 0m) ) = ag + 3 N Day gk (2.6.6)
k=1
where for k € [0,6], ai is supported in Br and
max ||viak|{Lw Se. (2.6.7)

i€[0,N—5]
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Proof. Recall that 7 = Ar(") implies &7 = O ()\0), thus we only need to expand

(1422 (6@ +3) + )\3ap(g)>6

and only keep the terms of order A\? or more, which only excludes the term 1. The coefficient
ag in contains all the terms where @ doesn’t appear, it is thus a polynomial in g0(2)
and go(?’ with no constant term and multiplied by or. Therefore, ao shares the same support
property as <p( ) and <,0( ) and the estimate ) follows from , (2.5.15) 5 15)) and 1

If k£ € [0,6], the same reasoning applies but ay is now a polynomlal in o3 and oG Wlth a
constant term. But as this polynomial is still multiplied by 7, the support property and the
estimate still hold. O

The equation for ¢ writes

3
8ALG = _8ZH[224](¢(1‘)) + RZ? 4+ R(v) (@(2) + o+ )\@(3)> (2.6.8)
i=2
9 _\(22)
+ 3( 72p9)(22) _ (|U+L W| @ 7) .

The next two lemmas expand the non-linearities in ([2.6.8]).

Lemma 2.6.2. We have

5
2 -
3(72@5)(22) = by + Z A% by "
k=1
where for k € [0,5], by is supported in Br and
max A’ HV’kaLw Se. (2.6.9)

1€[0,N—5]

The proof of Lemma is left to the reader since it is very similar to the one of Lemma
We now expand the non-linearities with a negative power of ¢.

Lemma 2.6.3. There exists a universal constant Cemp > 0 such that if ||| 2 < C}, and if
€ 1s small enough, then we have

_A\C2) (>2) 1~
(|0+L7WI3¢7) =(|0+L7W|§) tlo+ LW [ co+ Y epa?* gk

! E>1
where the cg satisfy:
e cq is supported in Br and we have
e M| Vico|| e Se (2.6.10)
o if k> 1, we have
max A [|Vie||, . S 1. (2.6.11)

1€[0,N—5]
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Proof. The constant C.,,; is the one appearing in the embedding Hg — L (see Proposition

EL). ic

lll o < G 1l 2

for all uw € HZ. Now if ¢ is small enough and if H&HH(? < L we have

o 54200 <1

This allows us to expand ¢~ 7 = (1 + A2 (g0(2) + o+ )\go(3)))_7. Indeed there exists a sequence
(ck)ken such that

g0’7 =14+X|co+ Z ck)\2(k’1)$’“
k>1

where ¢ is a polynomial in ¢ and ¢®) with no constant term and c; for k > 1 is a
polynomial in ¢® and ¢®) with a constant term bounded but not compactly supported.

This justifies the estimates (2.6.10) and (2.6.11]). Therefore, we have

_\ (22) (>2) 1)~
(Io+LWE ™) = (lo+ L, WE) ™ o+ LW [ o+ 3 exh2b- D5k
k>1

which concludes the proof. ]

Putting Lemmas [2.6.1] [2.6.2] and [2.6.3] together, we obtain the final form of the system
solved by ¢ and W:

6

MENW) = —-MEHWE W) + 3 N2 Va3 + Riom, (2.6.12)
k=1
5
8A,G = R(MG+ > _ N bt (2.6.13)
k=1

(>2) N
- (]0+L7W|3) — |U+L7W\i co+ Y cxXF VG | 4 Rigam,
k>1

where we define the following remainders

Rinom = —MEN (W) 4 a, (2.6.14)
3
Rttam = —8 Z HEZ270 (o) + RE2 4 R(7) (90(2) + )\go(?’)) + bo. (2.6.15)
=2

2.6.2 Fixed point argument

In this section, we solve (2.6.12) and (2.6.13]) by a fixed point argument. As in Section [2.5.4.2
the idea is to replace the operators depending on v by their Euclidean equivalent and use the
smallness of v — e. We introduce the map ®

P:BxB—BxB

(@, W) — (@1(5), ®2())
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such that ®1(@) and ®,(W) are solutions of the coupled system

dive Le®o(W) = dive L (W) — ME (W) (2.6.16)
6
- METHWEW)) + 5 A Da + Rinom
k=1
5
BA®(3) = 8A% — 8A,@F + R(1)F + > A*by* (2.6.17)
k=1

(>2) ~
_ (|0- + L’YW|3) _ |O' + L’YW& co + Z Ck)\z(kil)@k + Rifam,
k=1

and where B is defined in (2.5.39). Note that a fixed point of ® solves (2.6.12)) and (2.6.13)).

In order to apply the Banach fixed point theorem and prove the existence of a fixed point, we
prove in the next proposition that ® is well-defined and is a contraction.

Proposition 2.6.1. If C1 is large enough and € is small enough, then ® is well-defined and
18 a contraction.

Proof. Let (g, W) € B x B. We start by estimating the L§+2 norm of the RHS of (2.6.16|):

<
|RHS of EEI8),2,, < ‘

diveLe(W) — M20 (’W)(

. I HM[E—H(W@)(W))‘ ;

2
642

+ + ”RmomHL2

6
Z A2, GF
k=1

=A+B+C+D

L2

where we omitted the weights for the last two terms since they are compactly supported. Asin
the proof of Proposition we obtain A < C1e?. For B, we note that the operator M=
is linear and has bounded coefficients and involves up to two derivatives of W(3)(W), recall

Lemma Moreover, thanks to (2.6.3]) W(S)(W) is compactly supported so we obtain
B < HW(3)(W)‘ . Using (2.4.9) and (2.6.4)) this implies B < C1e% +¢.

For C, we simply estimate ¢ in L using the embedding Hg — L (see Proposition
2.1.1)) and together with (2.6.7)) this gives C' < C(C1)e?, where C(C7) denotes a numerical

constant depending on C;. Using (2.6.14)), (2.5.17) and (2.6.7) again we also obtain D < e.
This discussion proves that

< 2
|IRHS of (2.6.16) HL§+2 S C(Ch)e” +e. (2.6.18)
We now estimate the RHS of (2.6.17]):
[RHS of @EID]|;;

5

Z Akakak

k=1

S IAF - Al + IRl 2, + + | Rataml 2

L2

+ H(a+ LWW]i)(Zz)

+ ||lo + L7W|,2Y co+ Z cp A2 gk
Li s k>1 2
542

=A+B+C+D+E+F
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where we omitted the weights for the third and sixth terms since they are compactly supported.
For A we use the expansion defining ~, similarly as in (2.4.38)):

ASNOGT = e + 1107032, S Cre?

where we bound the metric coefficients and their derivatives in L using (2.5.40)) and (2.5.41)).
The terms B and C only contains ¢ with zero derivatives, which we simply bound in L*°
. 2 o0 . < 2 . .
using Hi — L°. We then use Lemma and (2.6.9) to obtain B+ C < C(Cy)e®. Similar

arguments lead to D < e.
We now estimate E and F. It involves the TT-tensor o but thanks to the estimate
(2.5.45)) we can put it in L* and thus focus on L,W. For the same reason, we neglect w®

and W(3)(W). Since the term

cy + Z Ck)\z(kfl)gk
k>1
can be bounded in L by C(Cy)e (using (2.6.10)-(2.6.11]) and H? — L* for the powers of @),

in order to estimate E and F' it is enough to estimate H<L7W)2H , - oince LVW contains
642
derivatives of v we can’t directly use the product law Hg 1 < H (:15‘ 1 L?; 4o of Proposition

without losing one A power. Instead we expand

()2

<Jom,

2
) —i—H 87 W)‘
5+2

642 6+2

For the first term we use the product law H§+1 X Hgﬂ — L§+2 of Proposition For
the second and third terms, we bound 97 in L™ (recall (2.5.41])) and use the product laws
)2
) L

HE x H} < L3,y and HE x H},y — L,,. We obtain | (L, < C(Cy)e? and

512
E+F S O(C))e? +e.
This discussion proves that
IRHS of ( mHLz < O(Ch)e? +e. (2.6.19)

Using the first part of Proposition [2.1.2} (2.6.18) and (2.6.19) prove that there exists a unique
(@1( 3), 'I>2(W)> € H? x H? solving (2:6.16)-([2:6.17) and satisfying

< C(C)e? +e.

2
Hé

1®1(2) 122 + |[@207)]

Therefore, if we take C7 larger than the numerical constant appearing in these estimates and
e small compared to C1, then ((I’l( D), QQ(W)) € B x B. This shows that ® is well-defined.

In order to show that ® is a contraction we consider the equations satisfied by the differ-
ences ®1(¢q) — P1(¥p) and <I>2(W ) — <I>2(Wb) where (¢q, W, ) and (s, Wb) are two elements
of B x B. Together with non-linear inequalities of the form

2 —yH S sup {lalflyit) x e —y)
0<p,q<k—1

we can mimick the previous arguments leading to (2.6.18) and (2.6.19) and prove that by
taking C7 larger and € smaller if necessary the map ® is a contraction. We omit the details. [J
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The Banach fixed point theorem then implies that there exists (@, /V[v/) € B x B solving
(2.6.12)) and (2.6.13]). We can also prove that ¢ and W enjoy higher regularity, as we did for
Y in Section [2.5.4.2) We obtain 3, W € HY % with

3

oo S 3 (2.6.20)

181242 + |7

for k € [0, N — 5]. This concludes the construction of high-frequency solutions to ([2.3.3)-
(12.3.4]).

2.7 Proof of the main theorem

In this section we conclude the proof of Theorem [2.2.1} The solution of the constraint equa-
tions (gy, K) we constructed through the conformal method is given by

o = 'y, (2.7.1)

1
Ky=¢ (0 + L,W)+ §g04fy7' (2.7.2)

where v, 7, o, W and ¢ are the parameters and unknowns of the conformal method and are
defined in the previous sections. Let us check that the two previous expressions match the
expressions of Theorem and the estimates therein.

2.7.1 The metric g, and proof of (2.2.13]

We start with the induced metric. Thanks to (2.3.9) and (2.7.1)) we first have

gr=go + )\’y(l) + 0 (/\2)
which matches (2.2.8) using ([2.4.2) and (2.4.8)). If we now look at the order A? or higher in

o7, we see that it is composed of oscillating terms and terms satisfying better estimates:
>2 _ ~ _ ~
(0*7) 5 = 4o g0 + 4550 + 7P + A <4<p(3)go +4 (go + cp(2)> 7‘”) +0 (N  (273)

where the O ()\2) is a polynomial in terms of ¢, &, 3 g, v and ~v?). Using (2.5.6),

(|2.4.3|i and (|2.5.7|)—(|2.5.8|) we see that

2ug \ =
) (2 — (2,1) (22)
© g0+ sm()\)F —|—COS</\>F

Therefore, by setting

- >2 _

by = (9%7) 7 — 4o g — 4¢@

we prove that g)\ is indeed given by the expression (2.2.8). We now prove estimate (2.2.13)).
Thanks to we have

by = 4330 + A <4<p(3>g0 4 (¢+ @(2)> ’y(l)> +0(\2). (2.7.4)

The regularity of each term in by (recall ) and the decay of ¢ and gg at infinity imply
easily that the amount of derivatives together with the weights in are allowed. The
only part of that remains to be checked is the A behaviour. From this perspective,
03 0@ and v(1) are the worse terms since they lose one A power for each derivative. As
they are already multiplied by A in , this concludes the justification of .
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2.7.2 The tensor K, and proof of (2.2.14))

For the tensor K, we first prove that (2.7.2) matches the expression (2.2.9)). Since ¢ =
1+ 0 (A\?), we have ¢™2 =1+ O (A\?) and ¢* = 14 O (A?). Therefore from (2.7.2)) we obtain

Ky = 0 4 (L, W)® 1 A (J(n (L)) & ;gm(l)) 1002

We now use the ansatz for W (see (2.3.10))) and the expansion of Lemma to obtain
(L, W) =0 and (L, W) = KW ). This gives

Ky — o® 4\ (Uu) LRI 4 ;gm(l)) L0002
— KV 42k +0 (1)

where we used the definition of ¢(® and ¢!, see (2.5.20) and ([2.5.21). Therefore, the solution
K matches the expression ([2.2.9)). The remainder K /\22) satisfies

K = 6@ () + LY + KRYW®) + KE-Uw® (W) + L,W (2.7.5)
—2 ((ﬁ + g0(2)) o+ %’y(l)r(l) +0 (M),

The estimate (2.2.14)) then follows from estimating directly all the oscillating terms in (2.7.5))

and using (2.5.44) and ([2.6.20) for LY, LJWJ or . This concludes the proof of Theorem
and this chapter.



Chapter 3

Local existence in generalised wave
gauge

3.1 Introduction

In this chapter, we are interesting in special solutions of the Einstein vacuum equations
Rulg) = 0 (3.1.1)

where R, (g) is the Ricci tensor of the Lorentzian metric g defined on a manifold M. More
precisely, we construct a sequence of metrics (gy ), solutions of converging when A — 0
in a particular sense to a background metric gg solution of the Einstein equations coupled to
a null dust (equations (3.1.2))-(3.1.3)-(3.1.4]) below). As is standard when solving the Einstein
equations, we need to choose a gauge. In this chapter, we work in generalised wave gauge, i.e
we rewrite as a system of quasi-linear wave equations for the metric coefficients. The
intital data for this system are given by the results in Chapter 2 and in particular they solve
the constraint equations on R3.

The main feature of the sequence (gy), constructed is its high-frequency character. Con-
cretely, the metric g is defined by a high-frequency expansion (A being a small wavelength)
with a non-oscillating remainder in the spirit of geometric optics and the work of Choquet-
Bruhat in [CBG9]. The system is then recast as a hierarchy of equations for each term
of the ansatz: transport equations along the background rays for the oscillating terms and a
wave equation for the remainder. Our result constitutes the first rigorous justification of the
geometric optics approximation for the Einstein vacuum equations in 3 + 1 (see [HLI8b] for
a similar construction in 2 + 1) and we highlight now its main challenges.

The quasi-linear aspect of implies a loss of derivatives in the coupling between the
wave equation for the remainder and one of the transport equation. Regaining this derivatives
is the main analytical challenge of our proof. It heavily relies on the expansion defining g,
and on the use of the background null structure, i.e the foliation associated to a solution of
the eikonal equation for the background metric go.

The quadratic terms in cause the creation of harmonics, which we need to describe
precisely in order to define our high-frequency ansatz. We rely on the weak polarized null
structure of these terms. This allows us to recover a linear behaviour for the propagation of the
waves along the rays, despite the non-linear nature of . This is known as transparency
in the geometric optics literature, see [Mé09].

Due to their gauge invariance, the Einstein vacuum are not hyperbolic. In the case of
high-frequency waves considered here, this implies the presence of polarization conditions.

85



86 CHAPTER 3. LOCAL EXISTENCE IN GENERALISED WAVE GAUGE

They play a role in the control of the semi-linear and quasi-linear terms presented above
but they need to be propagated by the evolution. As opposed to [CBG9], we propagate the
polarization conditions of the second order perturbation in the high-frequency ansatz relying
on the contracted Bianchi identities rather than on the transport equations along the rays.

The remainder of this introduction is structured as follows:

e we introduce our notations and the usual material in Section

e we gather in Section all the analytical and formal properties of the background
spacetime,

e in Section [3.1.3| we define the class of high-frequency initial data we consider,

e finally in Section [3.1.4] we state the main result of this chapter, Theorem |3.1.2

3.1.1 Geometry, function spaces and high-frequency notations

We will work on the manifold M := [0,1] x R3. For ¢ € [0, 1], we denote by ¥; the spacelike
hypersurface {t} xIR3. The greek indices go from 0 to 3 and will always refer to the usual global
coordinates system (¢, z', 22, #3) on M, while latin indices go from 1 to 3 and correspond to
the three spatial directions.

Let T and S be two symmetric 2-tensors on M and let g be a Lorentzian metric on M.
We define a scalar product by

’T ’ S’g = gaﬁgijauSﬁV
with associated norm |T|§ = |T - T|4. The trace of T' with respect to g is defined by tr,T" =
B
ga Taﬁ-

If f is a scalar function on M, we denote by V f a spatial derivative of f and by df a time
derivative 0y f or V f. The wave operator associated to a Lorentzian metric is defined by

O,f = g°° (aaaﬁf - rgﬂauf)

v~vhere FZ 5 are the Christoffel symbols. The principal part of this operator is denoted ﬂg, ie
Oyf = 9%%0,05f.

On each slice ¥y we consider the usual functions spaces LP and W¥P?_ by which we always
mean LP(X;) and W¥P(3;) for some t depending on the context. We will also use the weighted
Sobolev spaces defined in Section of Chapter 2, where we also state their product law
and the usual embeddings.

There won’t be any issue of regularity in the time variable so if f is a scalar function
defined on M, then | f||x < C without any precision on ¢t will always mean

sup | fllx (s, < C
te€[0,1]

where X is one of the function spaces defined here.

As in Chapter 2, we deal here with high-frequency quantities and we follow the same
conventions as they are stated in Section [2.1.2.4]
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3.1.2 The background spacetime

The background quantities are defined on M and are composed of a metric gg, an optical
function ug and a density Fy. They are solution of the Einstein null dust system on M:

Ry (90) = F uu00,u0, (3.1.2)
g0 (dug, dug) = 0, (3.1.3)
—2LoFy + (DQOUO)F() =0, (3.1.4)

where R, (go) is the Ricci tensor associated to g and Ly is the spacetime gradient of ug, i.e
Lo = —g5P 0au005. (3.1.5)

By (3.1.3), Lo is null and geodesic, i.e
go(Lo,Lg) =0 and DLOLO = 0,

where D denotes throughout this chapter the covariant derivative associated to gg. We also
assume that go satisfy in the standard coordinates (¢, 2!, 2, 23) the wave condition

90" T'(g0)p, = 0. (3.1.6)

Note that this condition implies that the wave operator associated to go reduces to its principal
part, i.e Oy, = Ogy. A standard computation shows that under the wave condition (3.1.6]) the

Einstein type equation ({3.1.2]) rewrites as
Ogo (90)as = Pas(90)(990, 890) — 25 Bauodguo. (3.1.7)

where P,3(90)(090,090) is a quadratic non-linearity (see (3.2.2)) for its exact expression). We
make the following assumptions on the background quantities (go,uo, Fp). In what follows,
N >10, 6 > —% and € > 0 is our smallness threshold.

e Assumptions on the metric gop. There exists a constant € > 0 such that for all
te[0,1]

lgo = mll s + 19egoll iy, + 0Fgoll s < e (3.1.8)

where m is the Minkowski metric on M. For convenience, we also assume that 9; is the
unit normal to ¥y of gg, and that the second fundamental form of ¥ is traceless. The
former assumption simplifies the construction of the initial data for the high-frequency
metric (see Section and the latter is only use in the proof of Theorem m (see
Chapter 2) in order to solve the constraint equations. The estimates (3.1.8) means that
we work in the asymptotically flat setting.

e Assumptions on the optical function ug. We assume that there exists a constant
non-zero vector field 3 = (31, 32, 33) such that

IVuo =5llmy, <e (3.1.9)

where Vug = (01ug, O2ug, O3up) is the spatial Euclidean gradient of ug. This implies
that the level sets of ug restricted to any ¥, are asymptotically planes in R3 and that if
¢ is small enough there exists ¢ > 0 such that

inf |Vugl(z) > c. (3.1.10)
z€R3
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This in turn implies that ug has no critical point. Finally, we assume that Lg defined
by (3.1.5) is futur-directed and since J; is assumed to be the unit normal of gy to g

and wug solves (3.1.3)), this implies
8tu0 = ‘VU0|gO (3.1.11)
on Zo.

e Assumptions on the density Fy. We assume that Fj is initially compactly supported,
i.e there exists R > 0 such that Fy [ ¥ is supported in {|z| < R}. Since Lg is null and

geodesic, shows that
supp (Fo) € Jy” ({Ja| < R})
where Jar denotes the causal future associated to gop. We can assume for simplicity that
Jo ({lz] < R}) € {(t,2) € M | || < CouppR}
for some constant Cgypp > 0. Finally we assume the following estimate:

| Foll yn < e (3.1.12)

In this chapter we don’t prove the existence of the background solution (go, Fo,ug) on
M since it follows from standard arguments. We will denote by Cjy any numerical constant
depending on the background estimates stated here, that is depending on 6,N, R or 3.

In addition to the usual coordinates on [0, 1] x R? we will use a frame linked to the optical
function wg, i.e the null frame, which is defined as follows. We denote by H,, the level sets of
ug, 1.e

Hy = {(t,x) € M | up(t,x) = u}.

Since uyg is a solution of the eikonal equation (3.1.3), each H, is a null hypersurface generated
by the geodesic vector field Lg. Thanks to (|3.1.10: they induce a foliation of the spacetime.
For ¢t € [0,1] and u in the image of up we define the following 2-surfaces

Pru =S NHy.

Thanks to , each P, have the topology of a plane in R?. We denote by gy the induced
metric on ¥; and gy the induced metric on P;,. We consider a null vector field Ly such
that go(Lg, Lo) = —2 and an orthonormal frame (e;,ez) of TP, for go. This defines the
background null frame (Lo, Ly, €1, e2), and such a choice is always possible, at least locally.
We use the latin upper case letters as indices for the frame (e;, e2) on TP, ,,. We consider the
subset

To = {Lo,e1,e2} (3.1.13)

of the background null frame. The use of such a frame originates in the seminal work of
Christodoulou and Klainerman on the stability of Minkowski spacetime (see [CK93]) and a
concise presentation can be found in [Szel§].

Further geometric objects related to the background null frame will be needed for the
proof of Theorem linked to the commutator [Lg, Og,]. We refer to Lemma for the
main result on this commutator and to Appendix for its proof.
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3.1.3 Initial data

We reproduce here the main result of Chapter 2 where we construct high-frequency solutions
(gr, K)) of the constraint equations on R3, that is

R(gx) + (trg, Kx)? — | Ku[3, =0, (3.1.14)
—divy, Ky + dtrg, K = 0. (3.1.15)

Theorem 3.1.1. Let (go, uo, Fo) be the solution of the Einstein-null dust system described in
Section and let € > 0 be the smallness threshold. There exists g = €o(d, R) > 0 such
that if 0 < & < &g, there exists for all X € (0,1] a solution (g, Ky) solution of the constraint

equations ([3.1.14)-(3.1.15) on R3 of the form

_ 2 _
gr = go + Acos (%) FO 42 (sm ( 3 ) F&U 4 cos < 3 > F® 2)> +A%hy,  (3.1.16)

Ky = K9 4k + 22K, (3.1.17)
with
KO = Ko—l—fsm( >|vuo\goF1 (3.1.18)
WY = _Loog (Y0 (LN FO 4 Pl otk D) 1 (1)
(K/\ )ij = —5 cos < )\) < Noky;” + (0 + No) F(go)p(ZF] et e S Vuol (Ogouo) Fy; >
(3.1.19)

1 . 2u, — (2,
-3 |VU0|§0 <COS ( \ ) F(2 n 2sin (/\0> Fz(]2 2)> ’

where Ky is the second fundamental form of Yo for go. Moreover:

(i) the tensors F), FGU and F22) are supported in {|z| < R} and there exists Ceons =
Ceons(0, R) > 0 such that

< Ceonsé, (3.1.20)

L P Ll P L

HN-1 HN-1

(ii) the tensor FW s go-traceless, tangential to Py, and satisfies

2

}F(l) — 8F2, (3.1.21)

g0

(iii) the tensors by and K/(\22) belong to the spaces H;;’ and Hfsl+1 respectively and satisfy

Jmex ATV | 12,.,, < Ceonss, (3.1.22)
max A" V’”K/(\Zz)‘ < Coonst. (3.1.23)
ref0,4] Srt1

3.1.4 Local existence

The following theorem is the main result of this chapter.
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Theorem 3.1.2. Let (go, uo, Fo) be the solution of the Einstein-null dust system described
in Section and let € > 0 be the smallness threshold. There exists \g € R and gy =
e0(d, R) > 0 such that if 0 < e < g9, there exists for all X € (0, \o] a solution gy of the form

gr = go + AgV (%) + 229 (%) + A2h,, (3.1.24)

to (3.1.1)) on [0,1] x R3 in generalised wave gauge. Moreover:

(i) the tensors g fori = 1,2 are supported in J; ({|z| < R}) and are periodic and smooth
functions of the argument =,

(ii) there exists C = C(6,R) > 0 such that the following estimates hold

4+ max A
L2 re[l5]

4+ max A
L2 refo0,6]

vrgu)‘

vrg@)‘

v?‘—l—lﬁ)\’

max A"

< Ce, (3.1.25)
r€[0,10] L3,

(iii) the tensor g,(},,) = cos ("—/\0) F;S,l,) satisfy the following polarization and energy conditions

1
g <8uu0F£) - 2&,qu,§9> =0, (3.1.26)
o2 1 2
Lpmp? L m\? _ g2
- (F T (trgoF ) F2. (3.1.27)

Before we present the strategy behind the proof of Theorem in Section let us
make some remarks on this result.

e The notation ¢(* (“—)?) is used in ([3.1.24) to emphasize the oscillating character of ¢(*),
but these tensors also depends on the spacetime variables and this notation actually
stands for the following functions on the spacetime

i) (U i ug(t, x
o () (o) =) (10,52

where (t,x) € [0,1] x R3,

e The exact expression of the ansatz for g, is given in Section Compared to (3.1.24)),
we will then describe precisely the oscillating behaviour of each ¢( for i = 1,2, i.e give
a finite frequency decomposition. Note that in Theorem [3.1.2] we already gave the
frequency decomposition of ¢(!), that is ¢(*) = cos (“70) FO),

e As explained in depth in the introduction, our main goal is to consider high-frequency
limits, that is A — 0. Since the smallness threshold ¢( is independent from A, our
construction is valid in the high-frequency limit and the estimates

lgx — gollpee S A
10 (9x — g0)l| 2 S1

hold even for small A, as well as the time of existence equal to 1. From this perspective,
the restriction A € (0, A\g] with A9 potentially very small is meaningless and only plays
a role in the improvement of one of our bootstrap assumptions (see Proposition [3.6.1]).

e The tensor ¢ also satisfies polarization conditions similar to (3.1.26) but with compli-
cated RHS depending on ¢gV). See Section [3.4.4.2] for more details.
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e The generalised wave condition defining our gauge has a complicated expression and we
choose not to present it in Theorem In particular, it depends on the exact ansatz
for gy and the coupling between the transport equations for the waves and the wave
equation for the remainder. See Section for its exact expression.

e The oscillating terms in depend on the phase %2, where ug is the solution of
the background eikonal equation, i.e . We emphasize the fact that we don’t solve
the eikonal equation for the metric gy, as in [HL18a] but as opposed to [LR20]. This
would require the construction of a null foliation in 3+1 dimensions and hence would
complicate our proof.

3.2 Strategy of proof

In this section, we sketch the proof of Theorem The challenge we face is twofold: first
we need to define the high-frequency ansatz for gy in a fully non-linear context, and then we
need to solve the hierarchy of equations obtained which in particular amounts to solve an
apparent loss of derivatives.

3.2.1 The high-frequency ansatz
In any coordinates system, the Ricci tensor of a Lorentzian metric g reads

2Ra,3(g) = _ljgga,@ + Hpapgaﬁ + gp(aaﬁ)Hp + Paﬁ (g)(ag7 ag) (321)
Let us detail the different terms in this expression.

° ﬂg stands for the principal part of the wave operator, i.e g"9,,0,. Because of this term,
the Einstein vacuum equations are quasi-linear. Moreover, if we think of
as a system of second order partial differential operators for the metric coefficients, the
—Gggaﬁ term represents the diagonal part of the Ricci operator.

e The terms involving H? = gM'T',, are the gauge part of the Ricci operator and they
involve second order derivatives of the metric coefficients. They represent the non-
diagonal part of the Ricci operator and working in generalised wave gauge precisely
means that we prescribe the value of H? in order to solve the loss of hyperbolicity it
causes.

e The quadratic non-linearity Png(g)(0g,0g) is given in coordinates by

1
Pas(9)(99,09) = 9" 9" 0(a9p00ugp)w — 599" 0a9po 9w (3.2.2)
- gﬂpgyaapgauaagﬂu + gupgygapgaoza,uguﬂ‘
It enjoys what we call the weak polarized null condition defined in Section [3.2.1.3

While being highly non-linear, the Ricci tensor and the three parts defining it all enjoy some
special structure at the heart of our construction. The precise ansatz we choose is

gx = go + Agt) + N2 (9(2) + fL\) + Mg (3.2.3)
The remainder by is a symmetric 2-tensor and each g((l% is a finite linear combination of terms

of the form T (%) Sap for S a symmetric 2-tensor and T a trigonometric function, that is

T € {s+—— cos(ks) | k € N} U {s — sin(ks) | k € N}. (3.2.4)
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Without loss of generality, we can assume that ¢! has the form g((llg = cos (“—f) F O%), as
stated in Theorem The Ricci tensor being non-linear, we must incorporate the creation
of harmonics into gx. Even though terms like Pa(g)(9g, 8g) are of the form g~ 1g~1dgdg and
thus corresponds to an interaction of four oscillating terms, the derivatives imply that this
term corresponds actually to an interaction of only two oscillating terms, at least at leading
order. Therefore, we expect ¢ to oscillate with frequency 6 and 26. More precisely, by

analogy with our toy model in Chapter [4, ¢(?) oscillates like sin(6) and cos(26).

The Ricci tensor involves second derivatives of the metric, and R, (g)) admits a priori a
formal expansion of the form

1
Ruw(gn) = XRE“_’D + RO + AR + - .

In the sequel, when considering the formal expansion of the Ricci tensor in powers of A, we
refer to all the terms multiplied by a certain power A¥ as the A* level. Moreover, ”solving the
A¥ level” will mean obtaining Rﬂf,) = 0.

In the rest of this section and for the sake of clarity we drop the index A and only write g
and b instead of gy and b,.
3.2.1.1 The quasi-linearity

We start by studying the quasi-linear part of the Ricci tensor, also called the wave part in
the sequel, that is —[;g,3. We simply compute

0, (T (%) f) —T (%) O, f + %T’ (%) 29" 0,100, f + (Clguo) f] (3.2.5)
+ %T” (%) g~ (dug, dug) f

for any scalar function f and T a trigonometric function. Since g, Y(dug, dug) = 0 we have
schematically

_ 1) 2
g Y(dug, dug) = Mgt + 22D, + 0 (X). (3.2.6)
Therefore, the contribution to R, (gx) of each Eg)\ig(i) reads schematically
A0 (Loaeg(” + g(LIO)LO@?g(”) + ! (Loaeg@) + g5, 039 + g(L?Loagg(”) (3.2.7)

where we neglect for now hy. We recover here the main result of the geometric optics approxi-
mation: the waves g(i) solve transport equations along the rays of the optical function ug
(recall ) These equations will absorb all the terms oscillating as ¢(. To make things
clearer, we define the notion of admissible frequencies:

Definition 3.2.1. Let k = 0,1. The admissible frequencies at the \* level are €0 for
e [1,k+1]. A non-admissible frequency at a certain level is said to be forbidden at this
level.

Looking at ([3.2.7) and at the oscillating behaviour of each g described above, we see
that the transport equations for the g(z) will precisely absorb the admissible frequencies.
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The quasi-linearity of the Ricci tensor manifests itself by the presence of the eikonal terms
gj(-jg Lo~ More precisely, if & = 0,1, it produces at the MF level the terms gj(-jg Loé)@? g +2=9) which
in turn produces (k 4+ 2)0 oscillations if one consider only the top frequency of each g (0 for
g and 26 for g(Q)). Looking at Deﬁnition these are forbidden frequencies and we need
to use the structures of the gauge part and the quadratic part of the Ricci tensor to remove

them, see the end of Section [3.2.1.3]

The remainder by in being non-oscillating, it simply produces ﬂgb y at the A\? level.
Therefore, hy will solve a wave equation absorbing any frequency appearing at the A2 level,
which explains why there is no need to write down this level in , and why ¢®) won’t be
obtained by solving a transport equation.

3.2.1.2 The gauge part

In the last section, we saw how the second order derivatives of the wave part do not produce
a loss of two powers of A since the eikonal term g~!(dug, dug) is of order A\. However, second
order derivatives of the metric also appear in the gauge part of the Ricci tensor, that is the
one involving first order derivatives of H” whose expression is given by

1
HP = g gP° <8ugm, — 285,9””) )

Let us compute the action of this term on the waves ¢(9 as we did in the previous section for
the wave part:

1 1 . ve 1
g;wgpa <augau - 28Jg;w> = ng 98 (auuﬂaé'gcg/) - 280u0809£1y)) +0 (1) .

The leading term in the previous expression will be of great importance in our construction,
it corresponds to the polarization tensor already identified in [CB69].

Definition 3.2.2. Let S a symmetric 2-tensor, we define its polarization tensor by
1
PO]U(S) = gloﬂj (a”uOSUV — 28gu05u,,> . (3.2.8)

Its components in the background null frame (see Section are

Polr,(S) = —=SryL, (3.2.9)
Pola(S) = —Sar,, (3.2.10)
Poly, (S) = =62 S4p. (3.2.11)

Since the main term in the gauge part of the Ricci tensor is g,,Jg)H”, the main contri-
butions of the waves ¢g(" to R, (gx) read schematically

1
Xa(aquolﬁ) <8gg(1)> + )\Oé?(auoPolﬂ) (8929(2)> + Ala(aquolﬁ) (6gg(3)> (3.2.12)

Since the quadratic non-linearity only involves first order derivatives, (3.2.12)) already implies
that solving the A~! level of the Ricci tensor implies Pol (g(l)) = 0. Together with (3.2.9) this
implies that

g =0 (3.2.13)
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which remove some of the quasi-linear forbidden frequencies in ([3.2.7). The identity (3.2.13))
is called the exceptionality condition by Choquet-Bruhat in [CB69] and is a special feature of
the Einstein vacuum equations. It also implies that 91(110) 4 = 0, and we will actually prove that

g](_:lo)a = 0 :

Let us now try to understand the role of Pol (g(i)) for ¢ > 2. We introduce the following
notions to emphasize the structure at stake:

Definition 3.2.3. Let S be a symmetric 2-tensor and recall ((3.1.13]).

1. We say that S is non-tangential if Sxy = 0 for all X,Y € To. In coordinates this is
equivalent to the existence of a 1-form Q such that Sap = 0 uoQp)-

2. We say that S is fully non-tangential if the only non-zero null components of S is
SL,L,- In coordinates this is equivalent to the existence of a scalar function f such that
Saﬁ = faaanguO.

We see in that the polarization of the waves ¢(*) only manifest themselves as non-
tangential terms in the Ricci tensor, at one level lower than the transport equations that g(i)
satisfy. In terms of oscillations, they add the forbidden frequency (k +2)6 at the A* level, for
k = 0, 1. Therefore, the gauge part in the Ricci tensor can remove some forbidden frequencies
with polarization conditions of the form

Pol (g(i)) = lower order terms

if and only if the problematic terms are non-tangential in the Ricci tensor. This holds for the
forbidden frequencies produced by the quadratic non-linearity (see next section) but doesn’t
hold for the quasi-linear forbidden frequencies in (3.2.7)).

The computation ([3.2.12) also shows the role of ¢(®. As explained above, it won’t solve a
transport equation but will only be useful to absorb forbidden frequency at the A!' level.

3.2.1.3 The weak polarized null condition

The semi-linear terms P,z (short for P,5(g)(dg,dg)) are crucial to our construction since they
are the source of backreaction. Indeed we have schematically

2
P.s = (9g0)* + <8u0899(1)> + 0go0udpg™ + O (N) . (3.2.14)

The term (dgp)? is part of the background equation, while dgoOugdpgM) corresponds to an
admissible frequency and thus can be absorbed by the transport equation for ¢g(!). The
middle term in is the most important since it contains a non-oscillating term and
an harmonic 26, that is a forbidden frequency at the A° level. The non-oscillating term
produces the backreaction as it is absorbed by the background equation, which thus becomes
an Einstein-type equation with a RHS (see ) Without any additional structure, the
harmonic 26 would be absorbed by the transport equation for g(l), which would therefore be
non-linear. However, P,z does enjoy additional structure, which we call the weak polarized
null condition and present now.

The history of null conditions goes back to the work of Klainerman in [Kla86] on the global
existence of solutions for semi-linear quadratic wave equations in 3+1 dimensions.
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In order to define the weak polarized null condition, we consider the general quadratic
form Q.g(T, S) acting on symmetric 2-tensors defined by

1
Qaﬁ(Ta S) = ggpggaa(auoTpaaMUOSﬁ)u - iggpgggaauoTpaaﬂUOSuu
- ggpgggapUOTauaUUOSBu + Qgpggo pUOTaaauuosyﬂ

It corresponds to the leading term in A when the derivatives dgdg in P,z both hit oscillating
parts of the waves ¢() and where T and S denote here the amplitude of the waves. The
discussion of Section shows that each wave g will satisfy polarization conditions
through their polarization tensor Pol (g(i)). We can show that

Qup(T,T) = E(T,T) Oauodpuo + g5” Pols (T)IuoTgy, — Pola(T)Pols(T) (3.2.15)

where we define the following energy
1 1
E(T,S) = 1 (trg,T) (trg,S) — 3 |T" - S|g0 . (3.2.16)

Let us explain our classification of null conditions.

e The standard null condition introduced by Klainerman in [Chr86] and [Kla86] would
imply that Qu3(T,T) = 0, since Ly is a null vector field.

e In [CB0O0], Choquet-Bruhat introduces the polarized null condition, which would imply
Pol(T) = 0 = Qas(T,T) = 0.

e We now define the weak polarized null condition by

Pol(T') = 0 = Qap(T,T) is fully non-tangential.

As the computation shows, the quadratic non-linearity in the Ricci tensor does satisfy
the weak polarized null condition. Note the analogy with the weak null condition of Lindblad
and Rodnianski, since the term & (T',T') O,u00gug precisely corresponds to their problematic
term P(d,h,0,h), see Proposition 3.1 in [LR10]. This explains our choice of designation.

The weak polarized null condition is the key structure allowing us to deal with the for-
bidden frequencies caused by the self-interaction of ¢(*). Indeed, the self-interaction of g(*)
produces only fully non-tangential term since Pol (g(l)) = 0. As explained above, this inter-
action produces the 20 forbidden frequency at the \° level (see ), but thanks to the
fully non-tangential structure it can be absorbed by the polarization tensor of ¢(2 which thus
satisfies

1
Polg (g<2)) 3¢ (899(1),899(1)) D5, (3.2.17)
In particular this implies
Poly, (9(2)) —0. (3.2.18)

This last property (together with (3.2.9)) implies that g(L20)L0 = 0 (if we only consider the
top frequency) which remove the 30 forbidden frequency at the A level coming from the

quasi-linearity (see (3.2.7))).
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We summarize the discussion of Sections [3.2.1.1}3.2.1.243.2.1.3] since it describes the key
mechanism of our result. Let ¥ = —1,0,1. The admissible frequencies are absorbed by
the transport equation of g(**Y) (for k& > 0). The quasi-linear terms produce forbidden
frequencies which rewrite as polarization terms while the semi-linear terms produce forbidden
frequencies with the fully non-tangential structure. This allows the polarization tensors of
¢%1+2) originating from the non-diagonal part of the Ricci tensor to absorb the latter. For this
last step, the non-tangential structure would be enough but the fully non-tangential structure
implies in addition that the quasi-linear forbidden frequencies actually vanish. In particular,
this shows how a non-linear theory such as general relativity still implies propagation without
deformation since the transport equation for ¢(!) is linear. This is called the transparency
phenomenon in the geometric optics literature, see [Mé09).

3.2.1.4 Propagation of the polarization conditions

As explained above, we need the waves g1 and ¢(? to satisfy both transport equations along
the rays and polarization conditions. In [CB69], Choquet-Bruhat proves that the polarization
condition for g™, that is Pol (g(l)) = 0, is propagated by the transport equation gV satisfies,
which schematically writes Log(") = 0. She shows that if Pol (g(l)) = 0 holds on X, and if
g solves LogM) = 0, then Pol (g(l)) = 0 holds on the whole spacetime. This is proved by
commuting Ly and Pol which gives an equation of the form

LoPol (g<1)) —0.

Unfortunately, the transport equations and polarization conditions satisfied by g(2) (see Sec-
tions[3.4.2)and 3.4.4.2)) are much more complicated than the one g(!) satisfies and the previous
strategy seems unfeasible. Instead of deriving the equations for Pol (9(2)) directly from the

equations that ¢(®) satisfies, we treat the polarization conditions for ¢ as gauge conditions.
This means that we first solve the hierarchy of equations as if they were satisfied, and then
derive the desired transport equations from the contracted Bianchi identities, which states
that the Einstein tensor of a Lorentzian metric is divergence free. This shows how we recover
the polarization conditions on the whole spacetime, since our choice of initial data will be
such that they hold initially (see Corollary [3.4.1)).

Therefore, we are able to obtain both the transport equations and the polarization con-
ditions for all the waves in g, proving that the latter is a solution of . It remains to
explain how we solve the hierarchy of equations and the challenges its resolution pose from
an analytical point of view.

3.2.2 Solving the hierarchy of equations

In this section, we explain how we solve the hierarchy of equations derived from putting the
ansatz (3.2.3)) into the Einstein vacuum equations (3.1.1). As explained above, the hierarchy
of equations is made of transport equations for ¢(!) and ¢(® and a wave equation for §.

3.2.2.1 The background transport equations

As explained above, the transport equation for ¢! is linear and reads schematically

Lodpg™) = 0. (3.2.19)
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If we only focus on the 260 oscillation in ¢(?), the second transport equation reads schematically
Lodgg® = 52¢gW) (3.2.20)

where in the RHS of we only consider the worst term from the perspective of regularity.
The system — is triangular and solving it causes no problem. In the sequel, the
exact form of this system will be called the background system because the regularity of its
solution only depends on the background spacetime and does not require any bootstrap.

Remark 3.2.1. The threshold for the background regularity, i.e N > 10 (see Section, i
chosen so that all these background quantities and their derivatives can be ultimately bounded
in L. Let us explain briefly why the value 10 fills this requirement.

If the background metric coefficients are in HN11 (we neglect the weights at spacelike
infinity in this discussion), then and imply that ¢V € HN and g@ € HN-2,
Second derivatives of ¢® will appear as a source term in the wave equation for the remainder
bh. In order to prove local well-posedness for this equation we will differenciate it 4 times (see
below) and our worse term is thus 9°g®). We want to bound it in L so the usual
Sobolev embedding H?> — L>® implies that we need N — 2 > 8.

3.2.2.2 The quasi-linear coupling and the loss of derivatives

Let us now look at what we call the reduced system, that is the system solved by the 0
oscillation in g(z) and h. For a semi-linear equation like the one considered in Chapter [4| of
this thesis, this system would also be perfectly triangular. However, due to the quasi-linear
terms, our reduced system is not triangular.

As announced, we focus only on the 6 oscillation in ¢ and write gfﬂ) = sin (%) Sap-
Considering now the term proportionnal to h in the inverse of g that we neglected in the
eikonal term , the term OJ ()\g(l)) produces a term proportional to A cos (%) hLOLOF(l).

Moreover, the wave part of the Ricci also contains terms of the form
Acos (%) LoF + X (Th + sin (%) 0,5) -
Therefore, in order to solve the A! and A? levels we need to solve the following coupled system

Lo§ =1, (3.2.21)
O, = sin (%) 0,3, (3.2.22)

where we only write the terms relevant to the present discussion. Performing energy estimates
for implies schematically that 0F ~ dh while energy estimates for @ give O ~
0%F. Therefore, there is an a priori loss of derivatives in the coupling between :3.2.21|h and
(13.2.22)). Regaining this derivatives is the main analytical challenge of our work.

3.2.2.3 Regaining the missing derivative

The main idea is to show that [J,§ is better than 0%F, i.e better than any second order
derivatives of §. To show this, we would like to derive a transport operator for [,§ from
. However we can’t hope for any structural property of [Lg, 4] since Lg is a null vector
for go and not g. One option would be to construct the full null foliation associated to g, that is
consider [L,,] for L the spacetime gradient of an optical function u solving g~ (du, du) = 0.
This would require to consider the null structure equations and the Bianchi equations in 3+1
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as part as our bootstrap argument. To avoid this and to stick to the background null foliation,
we benefit from the expansion defining g — gg and write schematically

0,8 = Ogo§ + A3 (3.2.23)

We improve the first term in (3.2.23) by considering the commutator [Lg,y,] for which
we can now hope for structural properties. Formally we have from ((3.2.21))

Lo (BgoF) = [Lo, Ogo | + Hgo - (3.2.24)

We need to know what are the second derivatives appearing in the commutator [Lg, O]
This is the content of the following key lemma.

Lemma 3.2.1. Let f be compactly supported, we have

IlLo, Ogo] £l 2 < C(Co) (I0Lofll 2 + 1B fll 2 + 101 2) - (3.2.25)

Moreover, if r > 1 we have
IV" (Lo, Ogo] fll 2 < C(Co) (IV70Lo fllp2 + IV Bgo fll g2 + 10f e + 0% F || yor) - (3.2.26)

The proof of this lemma is postponed to Appendix [3.A] and is based on the null structure
induced by the optical function ug. In the case of equation , the term [y, § from
3.2.25) is treated with Gronwall’s inequality and the term OLgF rewrites as 0 thanks to
3.2.21)). By using again the expansion for g, we can use equation for the term Uy b
in (3.2.24). Therefore, we are able to show that [y, § is at the level of 9, which is consistent

with (3.2.22)). This is done in details in Section |3.6.4.1

It remains to improve the second term in . As our notation suggests it, we don’t use
any structure of the second order derivatives involved but rather benefit from the small factor
A in front. The idea is to cancel one derivative with this factor, which rigorously involves a
spatial Fourier projector Il<, that is a Fourier multiplier supported in {\5 | < %} If we also
define IT> = Id — Il<, we have indeed Bernstein-like estimates in L?:

NITI<(f) ~ f and LTI (f) ~ 0.

The proof of these estimates and the exact definition of the projectors Il< and II> are post-
poned to Appendix In order to benefit from those projectors, we need to introduce

them into the system ([3.2.21))-(3.2.22)). Instead of this system, we thus solve

Lo§ = I1<(h), (3.2.27)
Oyb = sin (%) 0,3 + %HZ(h). (3.2.28)

Using the two Bernstein-like estimates, equation now implies that A\9?F ~ dh while
the extra term in is absorbed by the energy estimate for the wave operator. This
modification of the system is only possible because — are obtained as part of
the high-frequency expansion of the Ricci tensor. This allows us to artificially remove II>(h)
from the transport equation for § by simply rewriting the Ah term as

MI<(B) + X2 x (T (b).
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This shows how one can use (3.2.23]) to gain a derivative, solve (3.2.21))-(3.2.22]) and obtain

1
1oV7bll 2 + 10V Sl2 < 55 (3.2.29)
for r € [0,4] (we omitted the weight at spacelike infinity for ). Note that since we modified
the equation for §), we need the following commutator estimate to deal with the first term

in (3.2.23):

Lemma 3.2.2. Let u and v be two tempered distribution. We have
I, 1<) Voll 2 S (IF0ll g + Al 53 ) o1l (3.2.30)

This lemma will be used to estimate [II<,,,]. Its proof is postponed to Appendix
and relies on the Littlewood-Paley decomposition, and we introduce in Section the
material needed.

3.2.2.4 The order of precision of the ansatz

Finally, let us comment on the order of precision of the high-frequency ansatz defining g). As
shows, the order of precision is 2, since the non-oscillating remainder hy appears first
at the order A\? in g,. This is similar to the construction of high-frequency ansatz in [HLISH]
in U(1) symmetry, but different from the results of Chapter [} where we are able to construct
high-frequency ansatz of arbitrary precision for a toy model.

As in Chapter [d] the value of this order of precision is linked to the method of proof we use
to solve the equations at stake. To make this clearer, let us assume that this value, denoted
by K € Z, is not fixed yet.

The transport equations only involve the transport operator Ly which is part of the back-
ground and therefore their resolution is independent from A\. However, we use energy estimates
associated to gy to solve (3.2.28). As shown in [Sog95] (see also Lemma in this chapter)
this energy estimates reads schematically

ol () 5 x| t foml ) (10ul2 0+ [ t [T} (3.2.31)

Therefore, in order to construct a solution to (3.2.28|) with a time of existence independent
of A, we need ||0gx||;~ to be bounded uniformly in the high-frequency limit A — 0, since
it appears as coefficient in . If we focus on the term A¥hy in gy, the usual Sobolev
embedding H? — L gives

H)\Kah)\HLoo SN 00l g2 S A2

where we used the fact that one loses one power of A for each derivatives of 9h (see (3.2.29)).
See Lemma for a more rigorous proof. We see why we need K to be at least equal to
2. The present chapter then shows that K = 2 is sufficient to construct local high-frequency

solutions to (3.1.1)) on [0, 1] x R3.

An interesting problem would be to construct similar solutions but of greater order of
precision, which could pave the way for the study of the long time dynamics of high-frequency
waves. Indeed, Chapter [ of this thesis shows with a toy model how the vector field method
requires K > 4.
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3.2.3 Outline of the chapter

We give here an outline of the Chapter’s remainder which is concerned with the proof of
Theorem [3.1.2] and follows the strategy depicted in the previous sections.

e In Section we give the final expression of the ansatz for g\ and expand its Ricci
tensor.

e In Section [3.4] we state the hierarchy of equations as well as the polarization and gen-
eralised wave gauge conditions. The hierarchy is composed of the background system
and the reduced system. We also define the initial data.

e In Section we solve the background system.
e In Section we solve the reduced system.

e In Section we show that the metric gy is actually a solution of (3.1.1]) by propagating

the polarization and generalised wave gauge conditions.

3.3 The high-frequency ansatz

In this section, we present the ansatz for the spacetime metric gy and compute its Ricci tensor.

3.3.1 High-frequency expansion of the metric

The metric we consider is given by
gx = g0 + MM + A2 (9(2) + h>\> + 230 (3.3.1)

where

g = FW cos (%) ;

@ — 2 gin (“2) 4 FCDgin (“0) 4+ F2) gog [ 210
g S,\sm(/\>+F sm(}\)—l—F COS<A>.

The symmetric 2-tensors F M and F&D for i = 1,2 are called the background perturbations.
They satisfy the background system, defined in the Section 3.4.2] The symmetric 2-tensors
$» and by satisfy the reduced system, defined in Section We use a different font to
emphasize their special role. The exact definition of ¢®® will be given in Section let
us just say for now that it is a polynomial in terms of the background perturbations and
their derivatives and is independent hy but does depends on §) without derivatives. The
background perturbations tensors don’t depend on A, unlike the tensors §», by and the metric
gy itself. However, for the sake of clarity we drop from now on this notation and only write

§, b and g.

Remark 3.3.1. The presence of § and F Y in ¢ seems redundant and is not necessary.
However it seems useful to the author to distinguish between the part of the 6 oscillation in
g® coupled to b (see Sections for a informal discussion) and the part whose only
purpose is to absorb terms coming from ¢V such as DQOF(l) and which can thus be treated as
a background quantity.



3.3. THE HIGH-FREQUENCY ANSATZ 101

We can formally compute the high-frequency expansion of the inverse of g. In coordinates
it is given by

gm/ _ gSW +)\(guu)(1) + )\Q(Q;W)(Q) +)\3Huy (3'3‘2)
where we define
py(1) _ (1) Uo
(g"") (£) cos(A ) (3.3.3)
N (©2) _ e (D)o (1) (02 (YO apr o (YO
(9") 9o (FV))"7 F,,) cos ()\> 5 snl()\) b (3.3.4)

_ (2,1)\pv s @ _ (2,2)\pv 2&
(F'>Y) sm()\) (F'\>7)) COS(/\)

On the RHS of those expressions, all the inverse are taken with respect of the background
metric gg. For example we have (F(l))“” = g” gé’”F,S;). The quantity H*” is defined so that

(3-3:2) holds with (g")(® for i = 1,2 being defined by (3.3.3)-(3-3.4), and one can verify by
hand that H* = O (1).

Remark 3.3.2. Note that we denote by g=% any product of k coefficients of the inverse metric

g~ L. This also applies to the background inverse metric go_l.

3.3.2 High-frequency expansion of the Ricci tensor

In this section, we compute the Ricci tensor of the metric g given by (3.3.1). In order
to lighten the computations, we assume that Pol (F(l)) = 0, where Pol is the polarization

operator defined in (3.2.8). We also assume F' l(/t)Lo = 0, which altogether gives F’ E)) =0 and

[0}

trgoF(l) = 0. The fact that F() satisfy these conditions will be proved in Section [3.5.3.1

The expansion of the Ricci tensor is based on , i.e its decomposition in generalised
wave coordinates, and we first decompose the wave part ﬂggag, then the gauge part H”
and finally the quadratic non-linearity P,3. We recall the notion of admissible/forbidden
frequencies (see Deﬁnition: at the A* level, only the frequencies £6 for £ € [1,k+ 1] are
admissible, with £ =0, 1.

The exact expression of the expansions are complicated and we proceed as follows to
present them in the clearest way possible. We start by giving the formal expansions in
powers of X (see (3.3.5), (3.3.17)) and (3.3.27))), and then give the oscillating expansion of each
coefficients in Lemmas [3.3.1], [3.3.2 and [3.3.3] for the wave part, Lemmas [3.3.4], [3.3.5] and [3.3.6|
for the gauge part and Lemmas [3.3.7] and for the quadratic non-linearity.

3.3.2.1 The wave part

We start by the expansion of the wave part of the Ricci tensor of g. Formally we have

Flygos = W 4 AW >2)

YWY (3.3.5)

« 67

Lemma 3.3.1 (Expression of W), We have

0 ~ . Uup 1 = 1
W(ﬁ) = Ugo(90)ap — sin (7) [_2LOF(£5) + (DQOU‘O)FO((B) : (3.3.6)

«
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Proof. The main ingredient is the computation (3.2.5). We can use the expansion of the
inverse given in (3.3.2)-(3.3.4)) and F’ &)a = 0 to expand first the eikonal term g~!(dug, dug):

g_l(duo, dug)

_ 1 _ayw(@ uo
= go (duo,dug) — AFp 7 cos ( )\)

2
¥ (Sranasin (%) + £ sin () 4 £ cos (50) + b, ) + 0 (¥)
2
— a2 <3LOLO sin (%) + Fiog)sin (52) + Fiap) co (T’) + hLOLO> +0 (W) (337)

where we also used (| . The absence of a )\0 term in 7) explains why there is no A~!
term in the expansion of Dgga[g given by (3 Slmllarly we have

9" 0,u0dyf = —Lof + O (N?) (3.3.8)
and

O, f = Clgo f — )\cos( N ) (FDY™ 9,0, f + O (A2) (3.3.9)

for f a scalar function. Using the general formula (3.2.5) and the expansions (3.3.7), (3.3.8)
and (3.3.9) we can expand Uyg,3 and obtain the different terms in (3.3.5)). In particular the

A terms in ﬂggaﬁ, ie WO([%) come from 82gg and dugdpdgH. O

Remark 3.3.3. Note that the absence of the forbidden frequency 20 is due to F&)a =0.

Lemma 3.3.2 (Expression of W), We have

1 uQ 1,1 . 2ug 1,2
Wi = cos () WiV +sin <A> W (3.3.10)

1. [2ug 1) ug 2ug | (2,2) (1)
+ §SIH ( X ) 3L0L0Fa5 + cos (7> cos ()\> FLoLoFaB

where WD and W2 are given in (3.3.11) and (3.3.12).

Proof. The A terms in ﬂggag come from 92¢g™M) and Augdpdg?, which explains the oscillating
decomposition of W) in m More precisely, the terms VV(1 i) are given by

WY = —2LoF + (Qgeuo) E5 Y + WY (3.3.11)
— 2L ap + (Ogotu0)Fap + bLoLo c(yg),
1,2 2,2 ~ 1,2 2,1) (1
Wi = ( 2LoF5 + (Ogyuo) Fg™ + W5 4F£0L3) (g;) (3.3.12)
with W19 being some irrelevant lower order terms formally admitting the following expression
WD = g2FWa2g 4 g5 207 FY) 4 g5 2(FW)20%0. (3.3.13)
O]

Remark 3.3.4. Note the appearance of the eikonal terms §r,,r, and Fg)’zg in W) | which will

require a special treatment. The exact expression in front of F gig in (3.3.10) is irrelevant,
the only important remark to be made is that it involves the 30 frequency, which is forbidden
at the X\ level.
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Lemma 3.3.3 (Expression of W(2)). We have
>2 ug -9
Wes” = Oghag + sin ( 3 ) CySap + A0y + Wi57 (3.3.14)

where VNVO%Q) contains only lower order terms and is given in (3.3.15|).

Proof. Since the A? terms in the Ricci tensor will be absorbed by the wave equation for b, there
is no need for a decomposition in frequencies and ([3.3.14)) simply follows from considering first
all the second derivatives of §, h and ¢® and then putting all the lower order quantities into

WO%Z). This gives the following schematic expression:

WED = (4713 (9up)2FD 4 (oY (0290 + 9ug + dugdFD (8u0)2F(2’i)> (3.3.15)
+ (g7 HEY (82F(1) +0Pug P 4 aUOaFW‘)) +g 10?3,

O

As explained in Section [3.2.1.1] the forbidden frequency 36 at the A! level comes from the

eikonal term in (3.2.5). Moreover, it is caused by the ”top frequency term”, i.e F gjg See
the end of Section [3.4.4.2| to see how we deal with these quasi-linear forbidden frequencies.

3.3.2.2 The gauge part

In Section [3.2.1.2] we explained how the main part in the gauge term H” are the polarization
tensors Pol of each wave in . These tensors will play an important role in the consistency
of our ansatz by absorbing forbidden frequencies. The gauge term is also responsible for a
potential loss of hyperbolicity. Indeed, the two non-oscillating terms in , i.e g and b will
solve wave equations, but the gauge term H” contains first order derivatives of those tensors
which leads to the loss of hyperbolicity announced (since the Ricci tensor contains derivatives
of H?). The generalised wave gauge choice is precisely made to cancel those problematic
terms. We already assume the usual wave gauge condition for the background in , and
for b the problematic terms are given by

1 1
(3.3.16)

- 1 1
- (amo)w - 30rta —sin () (Ba0Fd) - 5oruor(y) )

Concretely, T? contains all derivatives of h and §. Though it doesn’t satisfy a wave equation,
we also put 0F in (3.3.16)), its presence will be justified by the analysis of the hierarchy of
equations, which will show that 8F are at the level of 9. Note that in the first line, 9g(®
is the non-frequential derivative of ¢(®, i.e we don’t differentiate the oscillating parts of ¢3).
These A¢g(®) terms are here since they involve 8F. The presence of the last line in is
linked to ¢(® and will be explained at the end of this section.

We now introduce the formal high-frequency expansion of H?:

HP = A ((H“))p + cos (%) 9 Pol, (5)) 42 (( HO)Y 4 TP> FASHEYY,  (3.3.17)
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Note that there is no A° term thanks to (3.1.6) and Pol (F (1)) = 0. For clarity, we denote by
H the part of H containing only allowed terms from the wave equation perspective, that is

HP = HP — \2Y°. (3.3.18)
Lemma 3.3.4 (Expression of H1). We have
(HO) = cos () (67Poly (FEV) + (10D)) (3.3.19)

+ sin <2:0) <—2gg”Pola (F(2,2)) + (ﬁ(1,2))p)

where HOYD and H12) qre given in (3.3.20) and (3.3.21)).

Proof. We decompose (H™M)? into frequencies and highlight its dependence on g?. This
gives the expression ([3.3.19)). We only need a formal expression of H D),

AOD = g2 (aF(l) +961F(1)ago) . (3.3.20)
However, we need the precise expression of H (1’2), wich comes from gy l(g_l)(l)ﬁuoﬁgg(l) and
is given by
N 1 2
(F12))p — —zggg&ytm ‘F(l) (3.3.21)
90
O

Remark 3.3.5. Note that § doesn’t appear in H® (even though it plays a similar role as
F®) since its polarization contribution is already in (3.3.17). As Lemma will show,
this contribution actually vanishes.

Lemma 3.3.5 (Expression of H®). We have

(H®D)* = g7 Pol, (9pg™) + (AP)” (3.3.22)

where H® is given in .

Proof. Since H® will be absorbed at the A! level by ¢(®), we don’t need to specify its decom-
position in frequency. The expression only means that we highlight the dependency
of H® on ¢(®, meaning that the quantity (H?))” is defined so that holds, and does
not depends on ¢®). Moreover, thanks to our choice of YT* (see (3-3.16)), (H®)? also does
not depends on h. Indeed, (FI (2))p could depend on h through two types of terms.

e The 0h appearing in ga{((‘?g)(g), which corresponds to the first line in (3.3.16[). The
latter also ensures that (H(?))? does not depend on 9.

e The b appearing in (¢71)®(9g)©), which corresponds to the last line in ([3.3.16)).

The term (H®))? does however depend in a polynomial fashion on the quantities go, F(!) and
F@1 and their first derivatives. Therefore, we can write schematically

H® = g3 ((F<1>)2 + P30 4 5) (8go + dug W) (3.3.23)
+ 95 FO@OFW 1 9ug FED 4 gug) + gy 20F %)
where we used a schematic version of (3.3.4)), that is

(67 = g0” (F0)? + D 45 +5).
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Lemma 3.3.6 (Expression of H(Z%)). We have

HE3) = (472)=3) <890 + 6u0F(1)> (3.3.24)
+ (g72)=2) (5}7(1) + Oug 20 au()%) + (g)EVIFED.

Proof. Since H (=3) will only appear at the RHS of the wave equation for the remainder b, its
only important property is its independancy from 0f and 0F. This holds thanks to ,
where in particular we put the d¢(® in Y* since ¢® contains linear terms in § (see Section
below). It does depend on gg, F' M, F@ and their first derivatives, and on §, h and

3). The terms depending on g3 in H=3) are still O (1) with respect to ), since we lose one
X power when the derivatives hit the oscillating parts of ¢(3), producing the dyg® already
included in H®). This justifies the schematic expression . O

The gauge term H?” is differenciated in the Ricci tensor, and we now give the first two
orders of the high-frequency expansion of these terms. We have

(H?0pg05 + 900 H?)” = (90) p(aDp)u00s(H™M)? — sin ( ) dauoPoly)(3),  (3.3.25)
(Hpapgab, + gp(aaﬂ)Hp)(l)
_ ((H“))p + cos (% 92" Pol, (g)) (ap(go)aﬁ ~ sin (%) apqu(fé};) (3.3.26)

+ (90)pte (9 (HD)? + cos (52) 9 (66 Pols (8))) + (90)(asyuod (H)? +17)
+ cos (%) Flg(l(laﬁ)uo (89(H(1))P — sin (%) gy’ Pol, (S)) ,

where by 65)(H(1))p in ([3.3.26) we denote the derivative of (H™)? without differenciating its
oscillating parts (i.e the cos (“70) and sin (27;0) in (3.3.19))).

3.3.2.3 The quadratic non-linearity

In this section we expand P,(g)(dg,0g) (see (3.2.2]) for an exact expression). Formally we
have
Pas(9)(99,89) = P + AP{) + A2PZ7. (3.3.27)

The main structural remarks on P, were already made in Section [3.2.1.3] where we defined
the weak polarized null condition. We recall the main consequences of this structure: the self-
interaction of a wave T' produces fully non-tangential terms and Pol(T) terms (see (3.2.15)).

Lemma 3.3.7 (Expression of P(©)). We have

(5%) = Po(zg) [9(”} + P(g) [g0] (3.3.28)

where
PL) [90] = Pas(90)(9g0, 090), (3.3.29)
P [4M] = %5 (PO, FD) dauodsuo + cos (2;“)> Do Py (g (3.3.30)

—sin (52) (226000}, B + 0un PV [o])

and where ]55(0’2) [g(l)] and Péo’l) [g(l)] are given in (3.3.31)) and (3.3.32)).
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Proof. The A\° terms in P,s(g)(dg,dg) are of the form g;2(9g)(9g)®), with (9g)© being
itself of the form Ago + Augdpgt). We decompose first P(O) in terms depending on ¢ which
gives .The background dependent terms are simply given by g, ! 9o 199000, that is the
quadratic non-linearity appearing on the RHS of , hence . The terms depending
on ¢V come from the self-interaction of g™V and from the interaction between g™ and the
background. Since Pol (F (1)) = 0 we obtain where

p/gm) [gu)} = g5 2FWag. (3.3.31)

and
O [g(n] _ _35 <F<1), F<1)> Dsuo. (3.3.32)
0

Remark 3.3.6. The forbidden frequency in (3.3.28|) has the non-tangential structure, allowing
the polarization tensors of g2 to absorb it.

Lemma 3.3.8 (Expression of P()). We have

(1) (1) M| (<1
aﬁ_pﬁ[mhp [( >] (3.3.33)
where
U . 2u 3u
P[] e () £ i () 7 e (B0) P
O[] _ v ug Uo\ 1(2,1) - (2u0) (2,2
Py [g( )} = —2L{T(90)(ap <cos (7> Sup) + cos (7) F 3" — 2sin <)\> Fs >

+ 0oy o]

and where P(1 2 P(1 2 and P( 3 are gwen in (3.3.37)) and (3.3.38]), and ]5[(31) [9(2)] is given
in (3.3.40) (see also (3-3.41)).

Proof. The A terms in P,g(g)(0g,0g) are of the form

2
9 g™ HW ((890)2 + Ogoduodog™ + (Duodpg™ ) ) (3.3.36)
+ 952090 (99 + g™ ) + g5 20u0deg™ (99 + g ) .

We decompose PV into a part depending on g(2) and a part depending only on the background

and on ¢g("), hence ([3.3.33)). Next, we can decompose the two terms in (8.3.33) in frequencies
following (j3.3.36)). For PO({IB) [g(gl)], this gives (3.3.34]). Since the frequencies 6 and 26 are

admissible at the X level, a formal expression of P(b1) and P12 is enough:

PUB = (g5 (g7 V00 + 95209 ) (D90 + Ouodpg ™) (3.3.37)

for k € [1,2]. The frequency 36 is forbidden at the A level, therefore we need the exact
expression of P(3) . It comes from the term go_l(gfl)(1)8u089g(1)8u0899(1) and is given by

PSB’?’) _ a(auO]sg,?)) (3.3.38)
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with

. 1
/g173) _ —gﬁguog{f’)(F(l))W [Sclf)Fﬁ)- (3.3.39)

Let us now look at the part of P() depending on ¢(?), denoted in (3.3.33) by P(i};) [g(g)] . We

first decompose it into terms coming from the interaction between ¢(® and the background,
i.e terms of the form gy 20g00updpg'?, and terms coming from the interaction between ¢(?)
and g, i.e terms of the form 962(8u0)2899(1)89g(2). This gives (3.3.35]) with

156(1) [9(2)} = COoS (%) pﬂ(l’l) [9(2)} + sin (220) pﬂ(1,2) [9(2)} ~+ cos (3)\%) pﬂ(l,?)) [9(2)} .

(3.3.40)

We don’t need a precise expression for Pﬁ(l’i) [9(2)] for ¢ = 1,2,3 and only write down the
following schematic expression

P [9(2)} = g2 (890 + aqu“)) (3 + F(Q”“)> . (3.3.41)

O

Since P(22) will be absorbed by the wave equation for the remainder §, we don’t need to
know its frequency decomposition. As all the terms coming from P,3(g)(9dg, dg) it is of the
form ¢—20gdyg.

3.4 The hierarchy of equations

In this section, we present the equations that the different terms in solve. We divide
them into two groups of equations, the background system presented in Section and
the reduced system presented in Section @ Note that ¢ is defined in Section but
doesn’t solve a differential equation. The background and reduced system are choosen so that
(13.3.1)) satisfy the Einstein vacuum equations, this will be proved in Section

Before we present the equations, we define the following transport operator:
£y = —2Dp, + Oguo (3.4.1)

where we recall that D is the covariant derivative associated to gg. It acts on tensor fields of
all type, including scalar functions.

3.4.1 A guide to the hierarchy

The exact expression of the equations satisfied by the different terms in are quite
complicated and in this section we break down the role these equations play in cancelling the
different parts of the Ricci tensor. First note that the assumptions that Pol (F (1)) = 0 (which
has been made in Section implies that there is no A~! terms in the Ricci tensor of g.
Therefore, we have the following decomposition

0 1 >2
R.s(9) = Rg,é)’ + )\Riﬁ) + )‘2R£v,_3 )2
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The A terms in R,s(g) are given by

0)

0 0 (0)
2RY) = —W) + P + (H Opgas + g0 H”)"” | (3.4.2)

where these different terms are given by Lemmas [3.3.1} [3.3.7| and (3.3.25)). In order to obtain
Rgg = 0, we proceed as follows:

e the non-oscillating terms in (3.4.2)) are absorbed by the background equation (3.1.7)) for
go,

e the terms in sin (“70) (which corresponds to an admissible frequency) are absorbed by
a transport equation for F(V) (see (3.4.4) below), except for the terms with the non-
tangential structure which are absorbed by the polarization tensor of F(1),

e the terms in cos (2%) (which corresponds to a forbidden frequency and all have the
non-tangential structure thanks to the weak polarized null condition) are absorbed by

the polarization tensor of F(2:2),

The polarization conditions that F(21) and F(22) needs to solve are precisely given in Section

BZ42 below.

The A! terms in R,s(g) are given by

2R\) = ~WS) + P + (H0pgas + 9,005 H?) " | (3.4.3)

where these different terms are given by Lemmas [3.3.2] [3.3.8 and (3.3.26)). In order to obtain

Rsb)) = 0, we proceed as follows. First we look at the terms independent from h or §:

e the terms in cos (%) and sin (2%) (which corresponds to admissible frequencies) are ab-
sorbed by transport equations for F(>1) and F(>2) (see (3.4.5) and (3.4.6)) below), except
for the terms with a non-tangential structure which are absorbed by the polarization
tensor of ¢,

e the terms in cos (3%) (which corresponds to a forbidden frequency) with the non-

tangential structure are absorbed by the polarization tensor of ¢(3),

e the term cos (3%) without the non-tangential structure (see (3.3.10))) rewrites itself as
a polarization term (see (3.4.17))) which eventually vanish at the end of the proof.

The polarization condition that g(® needs to solve is precisely given in Section m The
main terms depending on h and § are all multiplied by cos (“70) and are absorbed by the

transport equation for § (see (3.4.7) below).

In order to solve the Einstein vacuum equations, it remains to obtain R%Q) = 0. This
is done by putting all the remaining terms on the RHS of a wave equation for b (see (3.4.8))
below) except for the T# terms coming from the A\? terms in ([3.3.17).

Remark 3.4.1. Following this procedure, we don’t actually solve the full Einstein vacuum
equations. It will remain some polarization conditions and generalised wave gauge terms
which are proved to vanish in Section[3.7
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3.4.2 The background system

We present now the system solved by the background perturbations, called the background
system. The equation for F(1) is

LF =o. (3.4.4)
The equations for g(2) are
HFE = WY+ PG - DY [g0] (3.4.5)
A = W P L (D ¢ 2500 [j0]) P+ Lo )

(3.4.6)

The background system is a coupled transport-wave system which admits a triangular
structure. It will be solved in Section [3.5| and all the estimates and support properties of
the background perturbations are given in Theorem [3.5.1] The purpose of the equations

(3.4.4])-(3.4.6)) is given in Section Their exact expression follows from the computations

performed in Section [3.3.2

Remark 3.4.2. Note that the terms
H0,1) [ (1
_D(apﬁ) [g( )}
and

%LSESO’I) [9(1)} F)+ %D(aﬁﬂ(‘;’m [g(l)}

in (3.4.5) and (3.4.6) are obtained from the gauge terms (3.3.20|) after having replaced the

polarization tensors Pol (F(Z’i)) coming from HY by the non-tangential terms they absorbed
. p(0)
m Raﬁ.

Since (3.4.4)), (3.4.5) and ([3.4.6)) are first order transport equation, the initial data for the

background system consist in
F) 1% and F3) | 5.

They are given in Section

3.4.3 The reduced system

We present now the system solved by the tensors § and b, called the reduced system. As
explained in Section [3.2.2.3] we introduce the Fourier cut-offs II< and II:

Definition 3.4.1. Let 1 : R® — [0, 1] be a smooth function supported in
{¢eR’ | gl <2}

and such that x1(§) =1 if |€] < 1. For A > 0 we define xx(§) = x1(XE), thus x» is supported
in {€ €R? | 1¢] < 2} and xa(6) = 1 if 6] < &. We define Ti< by

H<(f) = F L 00F(f)
for f € L?. We also define
II> =1d - Il<.
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The equations for § and h are then

LoBap = —Tl< (DoLo) FLg (3.4.7)

~ . U ~ ~ 1 u
Oybas = —sin () OySas — Ayl — 5 cos () Iz (bose) FY +R(g)  (348)

where we set
~ o o\ (>2)
R(g) = W5 + (H0y005 + 9O H?) ~ + P57, (3.4.9)

with H defined in (3.3.18).

Equations — form a coupled transport-wave system and its purpose is to solve
the tangential part of the remaining orders of the Ricci tensor of g, i.e some part of its order
1 and the orders superior or equal to 2, as explained in Section [3.4.1} The spectral projectors
Il< and IT> are used to avoid the loss of derivatives described in the introduction, see Section
0. 2. 2.0l

Since ([3.4.7)) is a first order transport equation and (3.4.8)) is a second order wave equation
the initial data for the reduced system consist in

Sap [ X0, bag [ 2o and  Iihag [ Xo.

They are given in Section

3.4.4 Generalised wave gauge and polarization conditions

As it is usual when solving the Einstein equations, we impose gauge conditions. Since we
solve a wave equation for h we need a generalised wave gauge. Moreover, as the study of first
order high-frequency waves by Choquet-Bruhat shows, the oscillating parts of the ansatz need
to satisfy polarization conditions, i.e their polarization tensor (see for its definition) is
prescribed.

3.4.4.1 Generalised wave gauge condition

The tensor h solves the wave equation (3.4.8]) and we associate to it a generalised wave gauge
condition. In Section |3.3.2.2| we already defined Y7, see ([3.3.16]).

Definition 3.4.2. The generalised wave gauge considered in Theorem[3.1.9 is defined by

TP =0. (3.4.10)
Remark 3.4.3. For later use, we define TP as the terms in Y independent from Ob:
Y v _po . uo 1 1
TP = g g” (sm (7) (8,&” — 2803,“,) + A <8ug§?;) -5 Ugfﬁ?)) (3.4.11)

AN 1 . u 1
— 957" (@(go)oy — 50 (g0)s —sin () <auqu§i> - Qaaqu,SB)) :
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3.4.4.2 Polarization conditions

The polarization conditions prescribe the polarization tensor of F2%) in terms of F(!) and the
background metric.

Definition 3.4.3. We define the following tensors:

ViRY = Poly (FED) + (go)ps (D)7 + P [ "l (3.412)
] i 1
B S 0

The polarization conditions are
Vi) =0 (3.4.14)
together with

Poly (F1) 0. (3.4.15)

We don’t introduce the notation V(! since the proof of (3.4.15)) and (3.4.14) are different.
They are both based on the same idea: computing transport equations satisfied by either
Polg (F (1)) or V(2J) and use the fact that those quantities vanish on X (see Corollary
below). However, the method used to derive those transport equations differs, see Section

B214] for more details.

The exact expression of V(1) is irrelevant. However, ) and (3.3.32)) imply

1 " 1
Ly <_2(90)pB(H(1’2))p - ZPB(OQ) [9(1)D =0 (3.4.16)

which together with (3.2.9) and (3.4.13) implies

2,2 2,2
S (3.4.17)

This shows how we deal with the forbidden frequency coming from the quasi-linearity in the
wave part of the Ricci tensor. The frequency 360 at the A level (see (3.3.10])) is proportional
to Fg)ig which thanks to @ rewrite as V terms, i.e it vanishes if we are able to prove
that the polarization conditions @I} hold.

3.4.5 Definition of ¢

The tensor ¢ is introduced in the ansatz (3.3.1)) in order to absorb the non-tangential part
of the A! level in the Ricci tensor of g. Unlike the other terms in (3.3.1)) it doesn’t solve any
differential equation but only a polarization condition. More precisely we want ¢() to satisfy

Pols (agg<3>) —(g0) 309 (D) —cos( )\)F(I)a (HDY? (3.4.18)
: Ccos (U0 pl1a)
P [ } cos< \ >PB

A necessary and sufficient condition for (3.4.18]) to be satisfied is that its RHS is purely
oscillating, this holds thanks to (3.3.19) and (3.3.40|). Indeed, (3.3.40]) implies that P[_(jl) [9(2)]
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is purely oscillating while (3.3.19) implies that the product cos (“70) Dp(HM)P is also purely
oscillating.

We are left with the question of solving an equation of the form
Polg(T) = Qg (3.4.19)

with 3 a 1-form for T" a symmetric 2-tensor. According to (3.2.9), (3.2.10) and (3.2.11f) we

just need to set

TLOLO = _QLO
Troa =—Q4
T = _QLO

with all the other coefficients of T" being zero. This implies that we can solve (3.4.19)) for T’
satisfying |T'| < |€2| with an implicit constant depending only on the background spacetime.

As it is clear from the RHS of (3.4.18]), ¢® depends on the background quantities go, F'(V),
F@1 and their first derivatives and on the non-background field § through the terms H®
and ]5[_(31) [9(2)] (see (3.3.23)) and (3.3.41))). However, it does not depend on . We summarize
this discussion in the next lemma.

Lemma 3.4.1. Given FV, F2) and §, there exists a symmetric 2-tensor ¢ solution of

(13.4.18|) of the form

g(3) _ Z T (%) <g(3,T)(3) Jrg(s,T,BG))

TeA

where A is a finite subset of trigonometric functions (see (3.2.4)) ), g (§) satisfy schemati-
cally

g(?”T) () = gogo_3 (8go + aqu(l)) 5 (3.4.20)

and where ¢ TBS) s a polynomial in the background quantities go, FY), FZ0 and their first

derivatives. In the rest of this article, we will use the notation

9@ =D T (L) D),

g(3BG) Z T (%) gBTBG).
TeA

Note that since 9(3) only absorb oscillating terms, it has the same support as FO) p29)

or §, which will be proved to be compact in this chapter.

3.4.6 Initial data for the spacetime metric

In this section, we define the initial data on ¥y for the different tensors appearing in the
high-frequency ansatz (3.3.1)). They are based on the solution of the constraint equations
presented in Theorem [3.1.1] which is the main result of Chapter
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3.4.6.1 Initial data for the background system

We start with the tensors F(U, F(21) and F(22) . For the spatial components, we simply set

(1 =(1) 21) =21 2,2 =(2,2
FO=pY  F2V=F2Y FEY = g2 (3.4.21)
For the time components of F(1) | we set
F 15 =o0. (3.4.22)

For the time components of F(%9) we need to ensure that F(% satisfy on ¥ the polarization
conditions ([3.4.14)). For clarity, we define the 1-forms QO for i = 1,2 so that

2,1 )i 7
ViR = Poly (FE1) — aff). (3.4.23)

Note from (3.4.12), (3.4.13), (3.3.20), (3.3.21), (3.3.31)) and (3.3.32) that Q) involve only go
and its derivatives or F(1) and its first derivatives 9F(). For VFW | the initial data on ¢ are

obtained by differenciating directly FO(}B) defined in (3.4.21)) and (3.4.22) and for 8tFo(é}3) they

are obtained by rewriting the equation we want F(1) to satisfy, that is (3.4.4) which rewrites
as

(Dgyu0) FLY (3.4.24)

OFS) = —NoFLy) + (0 + No)T (g0 L) <

o «"u8) 2oy,

where we used the fact that on ¥ we have Lo = |Vuglg, (0; + No). At this stage, the RHS of
(13.4.24)) is fully defined on ¥y, which implies that this is also the case for Q. Tt remains to

define the initial data for Fg(i’l) fori=1,2 by

1

F) =-FR) - Vol ay, (3.4.25)
Fyny = —%Fzﬁ’ﬁo - Mﬂ(jg, (3.4.26)
Fg? =o. (3.4.27)
Note that these definitions only ensure
V2D sy =0 (3.4.28)

thanks to (3.2.9) and (3.2.10). The fact that VL(i’i) also vanishes on ¥ is the content of
Lemma B.7.90 a

3.4.6.2 Initial data for the reduced system

We define here the initial data for the solution of the reduced system. For the tensor § we
simply set

Sap [ o =0. (3.4.29)

Before we look at h, note that with (3.4.29) we can apply Lemma and fully define ¢©®
on Y. Indeed it is independent from h and depends only on F(V), F(2%) and their derivatives

which can be computed on X by looking at the transport equations we want them to satisfy,
that is (3.4.4), (3.4.5)) and (3.4.6)).




114 CHAPTER 3. LOCAL EXISTENCE IN GENERALISED WAVE GAUGE

Since h solves a second order equation we need to prescribe h and dh on Xy. We start
with the spatial components of f, defined so that the induced metric on ¥y of the spacetime
metric g defined by (3.3.1)) is precisely the Riemannian metric g obtained in Theorem
This imposes

bij = bij — )\9(3)- (3.4.30)

j

where h is given in (3.1.16). For the time components of h, we choose them so that they
compensate the one of ¥, that is

Boa = —Agh, - (3.4.31)

Note that we can now obtain the initial data for the derivatives of §. Indeed, (3.4.29) obviously
gives us that V§,s [ X9 = 0 and since we want § to solve (3.4.7)), the time derivative of § is
initially given by

1

_ I F 4.32
atgaﬂ 2’VU0’§O S (hLOLO) af)’ (3 3 )

where we also used (3.4.29)) to simplify (3.4.7)).

We now want to define the initial data for 0;h,s. The spatial components, i.e 0;h;;, are
chosen so that the second fundamental form of ¥ as an hypersurface in (M, g) is given by
K obtained in Theorem The second fundamental form is defined by —%ETg where T is
the unit normal to ¥ for g and L is the Lie derivative. A priori, the unit normal T depends
on . This shows that in order to obtain the dependence of d;h;; on A, we need to know more
about T

Lemma 3.4.2. The future unit normal T to Yo for the metric g given by (3.3.1) satisfies
T=08,+2 (3.4.33)

with the vector field Z = Z'0; + Z'0; given by

[ NI

WZQ+MWﬁ%m77L (3.4.34)
_1
?:—Vﬂﬁwuﬂﬁ%gﬁvz- (3.4.35)

Proof. Since the unit normal to a spacelike hypersurface for a given Lorentzian metric is
unique, we just need to prove that we can construct the vector field Z such that T' defined by

(13.4.33) satisfies

Note that thanks to (3.4.22)), (3.4.27)), (3.4.29) and (3.4.31) and the fact that 9, is the unit

(()?) . This gives

normal to X for gg we have goo = —1 and go; = A\%g,
2 _ —_
(T, 0;) = )\29(()i) (1+ 2" + gi; 27

SO we impose

7t = - \gig? (1+ 7). (3.4.36)
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Moreover, we have
9(T,T) = =1+ 2900 Z% + gupZ°Z"

so we impose 2gpq 2 + gagZO‘ZB = 0. After expanding the quadratic term and inserting
(3.4.36]) this condition rewrites as a quadratic equation for Z*

Yy 2 _ij 54

The two roots of this equation are

N

+ (1 + )\4§ijgé?)g$))7 -1

Since we want T to be future directed, we choose the root where + = +, i.e (3.4.34)). Inserting

this into (3.4.36]) gives (|3.4.35)). O

We now compute the expression of the second fundamental form of ¥ as an hypersurface

in (M, g) with g being given by ({3.3.1)).

Lemma 3.4.3. If g is given by (3.3.1) and if GtF(B is given by m then on g the
following holds

1
_§£Tgij = K)(\O) + )‘K)(\l) + )‘2 ( E h + Kevol)>

where K/(\O) and Kgl) are given by (3.1.18) and (3.1.19). Moreover, we have schematically

evol

NEED — 70900 + A299¢MV) 4 A2 (ag + ORI 4 Zo‘ﬁg@)) +A3Tg®). (3.4.37)
Proof. Recalling that g is defined by (3.3.1)) we have
1 1 A A2 A2 A3
—5Lrg=—5Lrgo — §£Tg( ) - *ﬁTg( ) — S Lrh— *ETQ( )

We compute or schematically estimate each term in this expression, using the expansion of T’
given in Lemma The latter gives

1
—§ET90 = Ko+ O (Z%0go)

where Z% denotes either Z! or Z' and where we used the fact that 0; is the unit normal to
Yo for go. Similarly, using dyug = |Vuglg, on Xo we have

—%ETQQ) = 1sm ( ) |Vu 0|goF( )_2 cos (%) GtFZ-(jl) +0 ()\Zo‘ﬁg(l)>

D) 2
1,
= S sin (5 Vuolgo P
A (0 (1) kA1) 1 (1)
— 5 COSs <7> <—N().FU + (815 + No)pl—‘(g())p(sz]) + m(DgOUO)F]

1O <)\Za89(1)>



116 CHAPTER 3. LOCAL EXISTENCE IN GENERALISED WAVE GAUGE

where we used (3.4.24]) and (3.4.22)) to compute 8tFi(jl) and (3.4.21)) to compute Fz-(jl). Using
in addition (3.4.29) we now obtain

A2 (2) A Ug —(2,1) . 2ug = (2,2)
_?ETgij = —5 cos (7) [Vuglg, Fy;7" + Asin ~ |Vuolg, Fy;

+0 (/\2 (OS +OF(2d 4 Zaag@))) .

This concludes the proof of the lemma, by recalling the expression of K/(\i) for i = 1,2 given

in (3.1.18) and (3.1.19). O

As explained above, we want the initial data for d;h;; to ensure that the second fundamen-
tal form of ¥y for g, i.e —%ETgij, matches the tensor K given by Theorem According
to the previous lemma, this is equivalent to

1 =(>2) _ -(>2)
—§£Th + K, =K (3.4.38)
(>2) . . . . . . e
where K=" is given in Theorem Using the expansion of T', this defines the initial data
for d;b;; on g by

evol

o (< 2Ry +0.(12,00), 0y) — 20Ky +2AKE)y) . (34.39)

It remains to define the initial value for 0;hp,. They are chosen so that the generalised
wave condition (|3.4.10]) holds on ¥. This condition rewrites as

g,uy <a,uhm/ - ;aoh,uu> = _gapr- (3.4.40)

Note that the initial data for T# are fully defined. Indeed the last line in depends
on background quantities and on g | ¥y. For the first line, we use for the tangential
derivatives or for the initial value of 9;§. A similar argument using Lemma
allows us to deal with 8¢ in T*.

Thanks to the decomposition of g"” on ¥ rewrites as

1 - 1
—TT” <aﬂhau - 2aahﬂu) = _QJPTP - gké (&chof - 2aahk2) .

where the RHS is fully defined thanks to (3.4.30)), (3.4.31) and (3.4.39). We project this
expression onto the initial frame (7),0;) and rearrange terms to obtain the initial value of
Thrr and Th;r:

- 1
Thrr = 2, 7TT" + 297, Y° + 277 g" (akhgg — 2&,%4) , (3.4.41)
1 - 1
Thir = b,/ TTY + §T“TV@‘UW + gip, XP + g <8kbif - 2@'%2) . (3.4.42)

Using the decomposition of T' given by Lemma |3.4.2 we can deduce from ([3.4.41)) and (3.4.42])
the initial value of 9;ho. (see how we obtain (3.4.39)) from (3.4.38)).
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3.4.6.3 Initial estimates and properties

In the following corollary, we summarize the formal properties satisfied by the initial data
defined in the previous sections and give the estimates they satisfy.

Corollary 3.4.1. The initial data for the background and reduced systems defined in Sections
15.4.6.1) and|3.4.6.4 are such that

(i) the first and second fundamental forms of the hypersurface X are given by (g, K) from
Theorem [3.1.1] and therefore solve the constraint equations,

(i) the tensors F(), FY and F22) are initially supported in {|z| < R} and there exists
a constant Ci, > 0 such that

HF(l)HHN(EO) * HF(M)HHNfl(zO) + HFQQ)HHN%@O) < Cine, (3.4.43)
e A NOVTblz L (s) < Cine, (3.4.44)

(i1i) the following initial polarization conditions hold

Pol (F(1)> —0, (3.4.45)
Vel = o, (3.4.46)
Pol () = 0, (3.4.47)

(iv) the initial backreaction condition hold
£ (F<1>,F<1>) = 4F2, (3.4.48)

where & is defined in (3.2.16)),

(v) the initial generalised wave gauge condition hold

TP =0. (3.4.49)

Proof. The first item of the corollary holds thanks to (3.4.21)), (3.4.29), (3.4.30]) and ([3.4.38)).
We now turn to the second item the corollary. The support property of FO  p@L and
F@2) follows directly from the support property of F(1), F(21) and F(32) stated in Theorem

[3.1.1and (3.4.21), (3.4.22), (3.4.25)), (3.4.26) and (3.4.27)). Similarly, we deduce (3.4.43) from

[B.1.20).
Proving ([3.4.44]) amounts to bound the Sobolev norm of the initial data for h and 0. First,

from ([3.4.30) and (3.4.31)) we can schematically write h = §+ Ag(®). On ¢, ¢ is compactly
supported and depends only on background quantities (see the discussion following (3.4.29))).
The estimate

r 9
Hv +1hHL§+T+1(ZO) S y (3450)

for r € [0,4] thus follows from (3.1.22)). We now look at 0:h;;, defined in (3.4.39). Since
Z =0 ()\2) and only contains background quantities (see (3.4.35) and (3.4.34)) the worse

terms in (3.4.39) are the last two (the first two can be estimated with (3.4.50)). For them
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we use (3.1.23) and (3.4.37) (note that K’Sj) involves the non-background quantities 0;§ for
which we need to use (3.4.32))). This proves that

€
HatVTf)inLgHH(EO) S V
for r € [0,4]. We proceed similarly for d;ho, using (3.4.41) and (3.4.42). This concludes the
proof of (3.4.44)).

The initial polarization conditions and are consequences of —
— and , while holds since F() is initially Py -tangent and
go-traceless (see the corresponding properties of F' (1) in Theorem . Samewise,
follows from . The initial generalised wave gauge condition follows from

1|3.4.41|b and 4|3.4.42|h. O

3.5 Solving the background system
In this section we solve the background system (3.4.4))-(3.4.6) defined in Section The

following theorem summarizes the estimates and the support properties of the background
perturbations.

Theorem 3.5.1. Given initial data as in Corollary[3.4.1 and if € is small enough, there exists
a unique solution

(F(l), FeD. F(2’2)> (3.5.1)

of the background system (3.4.4)-(3.4.6) on [0,1] x R3. Moreover:
(i) the tensors in (3.5.1) are supported in {|z| < CsyppR},
(ii) there exists Chy = C1(Co) > 0 such that the following estimates hold

RIS AR R

HN-2 HN-2

(iii) F satisfies [3.1.26) and (3.1.27).

The proof of this theorem is the content of Sections and

3.5.1 Background transport estimates

We want the background perturbations to solve the equations (3.4.4)-(3.4.5))-(3.4.6). The
equations solved by their coefficients in any basis are thus of the form

(Lo+mh=f (3.5.2)

for f and 7 given scalar functions on [0, 1] x R? (recall (3.4.1))). Moreover, thanks to Corollary
the initial data on Y for the background perturbations are compactly supported. For
the model equation this allows us to consider f supported in [0, 1] x K for K a compact
of R3 and h | ¥ compactly supported. Since L is the spacetime gradient of the background
phase ug and thanks to and we can define characteristics for the equation
on [0,1] x R3. The existence of a solution h to this equation can thus be proved using the
method of characteristics, we don’t give the details.
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A solution h of can be proved to be as regular as f using its expression given by
the characteristics method. However, since our proof of Theorem is based on Sobolev
spaces, we now derive energy estimates for the transport operator Lg. As a byproduct, this
standard estimate proves the unicity of a solution to and therefore to the solutions of
(3.4.4)-(3.4.5)-(3.4.6]).

Lemma 3.5.1. Let h and f two scalar functions on [0,T] x R® for some T < 1, compactly
supported and such that

Loh = f. (3.5.3)
Then the following holds for all t € [0,T]
b1 @) < €Co) (10 0+ [ (1Bl )+ 1713 () as) . (354)
Proof. We start by decomposing Ly in the (9, 0;) basis:
Lo = L0, + Ljo;.
Recalling we have
Ly = —gétatuo - g(i)taiuo»
Ly = —gt{owuo — g3 0juo.
Since ug satisfies the eikonal equation we have
96 (Oruo)® + 296 Opugdsuo + |VuolZ, =0

Taking & small enough in (3.1.8) and (3.1.9)) then ensures that
1

L

L] + OLE| < C(Co) (3.5.5)

on [0,1] x R3. We now prove the energy estimate. After multiplication by h, the equation

(3.5.3)) can be rewritten as

1 fh 1L
—Oh? = — — = Z29;h% 3.5.6
For s € [0,T] we integrate (3.5.6) on X with respect to the usual Lebesgue measure and
integrate by part in the last integral to obtain
1 fh 1 Li
— [ ohPdr= | ‘Sdx+ / o) (0> h2dz. (3.5.7)
2 /s, s, L 2 /e, " \Lj

In the integral in the LHS, we recognize the time derivative of an energy for h. Therefore

(13.5.7) leads to
d h Li
Linee s =2 [ s +/ 0, <0> h2da.
dt .

t t
= Lo Ly

Using now the Cauchy-Schwarz inequality for the first integral in the RHS and (3.5.5) we
obtain

0122 () < (Co) (IMIB= () + 1122 (5))

Integrating this inequality on [0, ¢] for ¢t < T concludes the proof. O



120 CHAPTER 3. LOCAL EXISTENCE IN GENERALISED WAVE GAUGE

3.5.2 Solving for F(V, F1) and F®2)
Equations (3.4.4)-(3.4.5)-(3.4.6) have a triangular structure:

e (3.4.4) only depends on the background quantities through the coefficients of the oper-
ator %,

e the RHS of (3.4.5) depends in addition on F(1),
e the RHS of (3.4.6) depends on the background quantities, F(!) and F(®1).

Moreover, thanks to the support properties stated in Corollary we obtain that the
background perturbations are supported in {|z| < CsuppR}-

The conclusion of this discussion is that the estimates stated in Theorem [B.5.1] follow
directly from Lemma the estimates of the RHS of (3.4.5))-(3.4.6) we prove in the following
lemma and the initial regularity stated in Corollary [3.4.1] see (3.4.43)).

Lemma 3.5.2. We have

IRHS of BAB)||y~—» < C(Co) HF<1>HHN , (3.5.8)
IRHS of BB x-» < C(Co) (HF<1>HHN n HF(QJ)HHN?Q) . (3.5.9)

Proof. The estimates and (3.5.9) follow from (3.3.13)), (3.3.37), (3.3.31) and ( m

and the background regularlty stated in Section [3.1.2

3.5.3 Algebraic properties of F'(!)
In this section we prove that F(1) satisfies ([3.1.26) and (3.1.27). To this purpose, we define

1
CA = ig(DLoLO; €A).

Thanks to the properties of the background null frame, we obtain the following decomposition
of Dz, X for X a vector field of the null frame:

DLOLO =0, (3.5.10)
DLOLO = 2§A€A, (3.5.11)
DLOeAZQAL()—l-WLOeA,, (3.5.12)

where ¥ L, is the projection of Dy, X onto T'P; ,,. Note that the regularity of the background
stated in Section is enough to ensure that ¢ , as well as go (WLO e, ep) are bounded on
M.

3.5.3.1 Propagation of the first polarization

We state a general commutation result.

Lemma 3.5.3. Let T be a symmetric 2-tensor. If Pol(T) | ¥y = 0 and Pol (Z4T) = 0 on
M, then

Pol (T) = 0

on M.
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Proof. We start by using the structure equations of the background null frame to compute a
transport equation for Pol(T"). Using (3.5.10|) we have

LOTLOLO = (DLOT)LOLO + QTLOCMDLOLg = (DLOT)LOLO'

Using in addition (3.5.12)) we obtain
LoTroa = (DryT)roa + TroaDroed + TaaDryLg
= DrT)rea + ¢, Tror, + 5BCQO(Y7LO€A, eB)Tryc-
Similarly, we obtain
Lo (6*PTap) = 0*B(Dr,T) ap + 6P TaDrye?
= 02D, T)ap +20"P¢  Tr,n
where we also use
046 PTacgo(V,em,ep) =0

which holds because 7" is symmetric and go(Vp, -, -) is antisymmetric. Recalling (3.4.1)), this
gives the following identities

gOTLO Lo — (XOT) LoLo>

LoTroa = (LT Loa — 2¢ , Troro — 26°Cg0(Vy, ea,8)TLoc,
Lo (6P Tap) = P (LAT) ap — 46"P(  TpL,.

Now, thanks to (3.2.9)-(3.2.10)-(3.2.11)), the assumption Pol (4T) = 0 can be used to rewrite
the previous system:

ZPolr,(T) =0,
LoPolA(T) = —2¢ ,Pol, (T) — 267 go(V 4, e5)Polc(T), (3.5.13)
ZLyPoly, (T) = —464P¢  Polp(T).

This system is a homogeneous and linear transport system for the null components of Pol (7).
If we define the energy

E = > [Polx (T3>
Xe{Lo,Ly,e1,e2}

then Lemma applied to the system (3.5.13)) and Pol (T") [ ¥y = 0 implies that

E(t)§/0 E(s)ds

for all t € [0, 1] and with a constant depending only on the background null frame. Gronwall’s
inequality then implies that F(¢) = 0 on the whole spacetime, which concludes the proof. [J

When applied to F(1) this lemma gives the following.
Corollary 3.5.1. We have

Pol (F<1>) =0 (3.5.14)

and

Fi, =0. (3.5.15)



122 CHAPTER 3. LOCAL EXISTENCE IN GENERALISED WAVE GAUGE

Proof. The equation (3.4.4) directly implies that Pol (.i”oF(l)) = 0 and Pol (F(l)) [20=0

holds (see (3.4.45])). We can thus apply Lemma to obtain ([3.5.14)). The proof of (3.5.15)
is similar: using the null structure equations (3.5.10) and (3.5.11)) we obtain

Dy, FLY, = (DLOF(1)> +2678¢ P, = (DLOF(l))

LOLO LOLO

where we used F g))A = 0 (which follows from ([3.5.14))). Together with (3.4.4)) this last com-

putation implies that FI%)LO satisfies

.,%FE))LO —0.

Since F&)LO I o = 0 (see (3.4.22)) and (3.4.21))), this implies (3.5.15] if one uses the energy
estimate of Lemma and Gronwall’s inequality (see the end of the proof of the previous
lemma for the details). O

Remark 3.5.1. This lemma shows the consistency of the computations of Section

which were made under the assumptions that (3.5.14) and (3.5.15)) hold. Note that (3.5.14])
1s actually the same as (3.1.26)) and that (3.5.14) and (3.5.15) are equivalent to Fg))a =0 and
trg, F(1) = 0.

The proof of Lemma [3.5.3| shows that we can obtain a transport equation on the polar-
ization tensors Pol(T)) of a tensor if we know Pol(ZT). In the case of F() it is obviously
the case thanks to (3.4.4)), and we easily obtained the first part of Corollary However,

the transport equations for F(24 i.e (3.4.5) and ([3.4.6)), are not as simple as ((3.4.4)) and we

can’t hope to compute Pol (.,EfoF (2’i)) easily. A second difficulty comes from the fact that the
polarization conditions for F(2%) are not simply Pol (F (2’i)) = 0 but rather involve non-linear

expressions depending on F(1) (see (3.4.12)) and (3.4.13])). For these two reasons, the propa-
gation of the second polarization, i.e the propagation of the polarization conditions satisfied

by F29 can’t be proved with Lemma and is postponed to Sectionm
3.5.3.2 Propagation of the energy

We now prove that the energy of the gravitational wave described by ¢(!) is propagated by
the evolution.

Lemma 3.5.4. We have

£ <F<1), F<1)) = —AF? (3.5.16)
on M.
Proof. Thanks to and Corollary |3.5.1] we have

£ <F<1>,F<1)> - —% ’F(l) z = [(Féfgl)Q + (Fé}ﬁzﬂ .
0

We use (3.4.4), F]-E?A = 0 (consequence of (3.5.14))), the null structure equation (3.5.12)) and

the fact that go(WLO-, -) is antisymmetric to derive a transport equation for the quantities
involved:

2 2
~Lo (FIL) "+ Ogouo) (FEL, ) = —4FL, FU),00(W 1, e2),

2 2
~Lo (F,) "+ Ogouo) (FLLL,) " = 2P0 FEL g0(pe1,e0) — 2P0, FEL, go(V e, e2).
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Thanks to Fe(2122 = —Fe(f,ll (another consequence of (3.5.14])) the RHS of the second equation

becomes 4Fe(1122 Fe(llglgo(v Lo€1s e2). Therefore, we obtain the following transport equation for

the energy:
L& (F<1>, F<1>) + (Ogei0)€ <F<1>, F<1>) —0.
Together with this last equation implies
(—Lo + Ogyuo) (€ (FV, FO) +4FF) = 0. (3.5.17)

Moreover, (3.4.48) implies that & (F(M), F() 4 4F¢ vanishes on X, equation (3.5.17) then
implies (3.5.16)). O

3.6 Solving the reduced system

In this section we solve the reduced system (3.4.7)-(3.4.8]). This is done by a bootstrap

argument, i.e by showing that we can improve a priori estimates using the equations.

3.6.1 Bootstrap assumptions

As explained in Section[3.2.2.2] the reduced system presents a loss of derivatives. The addition
of the Fourier cut-off II< in the equation for § implies that two derivatives of § are actually
at the level of one derivative of b, which is consistent with what we would obtain from an
energy estimates on the equation for h. Indeed, by commuting with V2 (the case of
time derivatives is similar) we obtain broadly from

t 1 t
V23] 5/ [ V*T0< () || 5/ Vbl 2 -
0 A 0

Putting this in the energy estimate for h would give || V]| 2 < 7 with T the time of existence.
By compensating the largeness of % by the smallness of T" would prove well-posedness for the
system (3.4.7)-(3.4.8) on [0,73] x R?® for T\ — 0 when X tends to 0. This is far from we
want since it doesn’t allow us to consider the high-frequency limit A — 0 of g). For this we
need a time of existence independent of A. In other words, the addition of II< remove the
loss of derivatives but does not remove the ”loss of A”. This discussion explains our choice of
bootstrap assumptions on § and b:

e § is supported in J ({|z| < R}) and satisfies

N v plIreAvAS NHHe2vT < Ae,
I18ll2 + mesx X IV7Sl 2 + mae A(10V7F 2+ max X|GFV7F]| 1 < Ave

(BA1)
oy V197 Co8le < Ao
(BA2)

e h satisfies

r r r r+1 2\ <
e A (Hatv bz, +IVV F’”Lﬁmr) + max A |0797 )], < Ase.
(BA3)
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These bootstrap assumptions solve the ”loss of A\” since implies that EgS is bounded
by A? in L? while implies boundedness by % Recovering is the main challenge
we face. Note that the support property of § just follows from the transport equation it
satisfies (3.4.7), the fact that its RHS is supported in J; ({|z| < R}) and that § | %o = 0.

As explained above, a local in time solution to — exists a priori and by taking
the constants A; large enough (compared to Cj, of Corollary we can assume that the
set of times ¢ such that (BAT)-(BA2)-(BA3] are satisfied on [0,t] is non-empty. We define
T to be the supremum of those times. We have 0 <T' < 1 but a priori T depends on A. In
the next sections, we prove that actually (BAT)-(BA2)-(BA3]) holds with better constant
on [0,T]. This will contradict the definition of 7" and prove that a solution to —
exists and satisfy (BA1)-(BA2)-(BA3)) on [0, 1], that is the interval of existence of go, F'}),
F&D and F22),

In the sequel, we will always precise the dependence on A of our estimates. For X a
numerical quantity, the notation C'(X) will denote any function of X. The symbol < will
denote < C' for C depending only on §, R and other irrelevant numerical constants. We
already assume that A; < As < Az and that A; > C(Cp) for all the C(Cp) that will appear
in the proofs.

Remark 3.6.1. Since A can be chosen as small as we want, the bootstrap assumptions (BA1))
and imply that || X || s S ||V X || 2 for X € {§, b} (forb this holds with the appropriate
weights at spacelike infinity), i.e that the main term in each H® norm is the norm of the top
derivative. Therefore in the sequel, when using (weighted) Sobolev embedding we will only
write down the morm of the top derivative.

3.6.2 First consequences

We give here the first consequences of the bootstrap assumptions (BAT)-(BA2)-(BA3]). Note
first that the inequality

t
91z, (0% 18152, ©)+ [ 10z, as

together with (BA3) implies ||hHL§+1 S Cine + T Ase. Since T' < 1 and As is assumed to be
larger than Cj, we obtain

bllzz, | < Ase. (3.6.1)

We now deduce from the bootstrap assumptions some estimates for the metric g. We
introduce the following split of the metric g:

g=g9Ba+g (3.6.2)
where
2
gBa = go+ Ag) + A2 <F(271) sin (%) + F(22) ¢og (;“’)) + A3g(BBO), (3.6.3)
=22 (rain (YO (3)
G=\ (gsm ( 3 ) 1 h+ g (3)) . (3.6.4)
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Remark 3.6.2. Note that the term g (F) in § will be omitted in the sequel (with the excep-
tion of Lemma since it is basically a linear term in § (see Lemma with an extra

A, and thus behaves at least better than § sin ("70)

On the one hand, the metric ggg contains the background metric and all the background
perturbations. Thanks to Theorem it is very regular but because of ¢(!) its behaviour
with respect to A is bad. On the other hand, the metric g is less regular than ggg but satisfies
better estimates in terms of A\. The following lemma gathers the required properties of g, gpa
and g.

Lemma 3.6.1. The following estimate holds

max A" 1|V (g — g0)l e S Ase, (3.6.5)
ref0,3]

194 (986 — 90)| 1 < C(Co)~5 (3.6.6)

A3’

Proof. Let r < 3. We have g — go = gsg — 9o + §- For gsg — go we simply use (3.6.3)), the
estimates of Theorem B.5.1] and Lemma [3.4.1] to obtain

V" (9Ba — 90)ll L < C(Co)

)\r
The proof of (3.6.6)) is similar. For § we use the weighted Sobolev embedding H? '\ = L of

Proposition 2.1.1}

. V™| 10
PR (PN e 1 -
r1+ro=r
2 ([t V23]
SA Hvr bHLg+ 42 +h§ ; \r2—2

)\2A3€+ Z 1 Xﬂ

AT‘+1 )\7‘2—2 )\T’1+1
r1+ro=r
< Agé‘
~ Zr—1
where we used (BA3|), (BA1)) and r < 3. O

Also note that the estimates in Lemma also holds for the inverse of g, which we
can also decompose as in (3.6.2)). In what follows we won’t make any difference between a
coefficient of g or a coefficient of its inverse.

We also deduce from the bootstrap assumptions an estimate for R(g), i.e the term in
(3.4.8]) containing only non-problematic terms.

Lemma 3.6.2. The following estimate holds

T TR < N2
e NIVIR( Lz, S CA)e™ (3.6.7)
Proof. In terms of expansions in powers of A, the definition of R(g) (see (3.4.9)) ensures the
correct behaviour, that is R(g) = O ()\0) but since it contains oscillating terms one looses a
power of A for each derivatives. This explains why

VRO gz, S

1
S+14r T

(3.6.8)
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In terms of its dependency on the metric coefficients, we don’t need to be very precise about
the exact expression of R(g), its only important property is that it does not contain second
order derivatives of either §, ¢(® or h. Indeed:

(22)

e the quadratic non-linearity term P is of the form ¢g—20¢0yg,

e the 82§, 929 and 8%h coming from the wave part of the Ricci tensor are already in
(B.4.8) and are thus absent from W(=2),

e the 9F, 9g® and dh coming from the H? term in the Ricci tensor are already put into
Y and therefore absent from H?, which implies that the 9°F, 8%2¢(®) and 9?h coming
from the gauge part are absent from R(g).

Therefore, the terms in R(g) can be put into two categories:

1. the purely background terms, i.e depends only on gy, F!) or F(249 and their first and
second derivatives,

2. the non-background terms, depending quadratically on zeroth or first order derivatives
of § or h with background coefficients.

We can bound all of terms from the first category in L* thanks to the background regu-
larity, Theorem and the fact that N > 10 (see Remark [3.2.1)). Since those terms are all
background, the constant appearing in the estimate is of the form C(Cj).

The terms in the second category can all be estimated using the bootstrap assumptions
(BA1) and (BA3)) and by bounding the background coefficients in L>°. We only give the
details for the worse term in terms of A behaviour and spatial support, i.e )\ng_ 2 (8[])2:

v (o® @0%)

2 T T
L SCCN Y [0VThovThl e

Strl r1+ra=r

If r1 <2, we put OV™h in L*°, i.e we use the product law of weighted Sobolev spaces in
Proposition [2.1.1

PR it PR st P
Agé—j A3€

~ )\r1+2 X )\TQ :

If 1 > 3, then r9 < 2 (since r < 4) and we proceed similarly. Finally we obtain

N2
< C(Aj)e .

2 ~ T
L6+7‘+1 )\

A2V (952 (@9)%)|

3.6.3 Estimates for §

We start by studying §, which solves the transport equation (3.4.7)). For clarity, we simply
write b instead of bz, appearing in this equation.
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Proposition 3.6.1. The following estimate holds

152 < Ase?, (3.6.9)
bty NIV E 2 S (Mje + Aze?), (3.6.10)
€
IIﬁ%X NN OV S| 2 + Hﬁax AL ||82VT$”L2 S (Mie+ A352) . (3.6.11)

Proof. We want to apply Lemma so we need to estimate the L? norm of the RHS of
(3.4.7)), which we rewrite

1
LoSap = §HS (h) F(l) (Dgou0>ga,8 + L F(go)ﬂ(a&/ﬁ) (3.6.12)

2

The RHS of (3.6.12) is supported in {|z| < CsyppR} thanks to the support property of § and
F®M). We estimate all the background quantities (see Theorem [3.5.1]) in L> and obtain

IRHS of B.6.12)],> < C(Co) (e [IT< (h) |2 + (ISl 12)
< C(Co)Asze® + C(Co) || 2

where we forgot about the projector II< and used (3.6.1). Therefore, § [ ¥9 = 0 and Lemma
3.5.1{ imply that for all ¢ € [0, 7] we have

t
11122 () < C(C) A2 + C(Co) /0 1312 ds

which gives (3.6.9)) after applying Gronwall’s inequality.

We now turn to the proof of (3.6.10)), for which we need to commute (3.6.12)) with spatial
derivatives. For r € [1, 6] we schematically obtain

Lo(V'8) = [Lo. V1§ + Y. (V"I (0) V2 FD + V™ (Qyuo + Lol(90)) V5

r1+re=r
(3.6.13)
From Lemma [3.5.1] (8.6.13) and § | X¢ = 0 we have for ¢ € [0, 7]
t / 2 / 2
181 0 < o) [ (L0180 + 3 (v ne o], + [v75]), ) ) @
r'<r
(3.6.14)

where we again estimate all the background quantities in L.

We estimate the commutator [Lg, V"] § using the following formula, true for any linear
operators:

n—1
[A,B"]=> B"'"*[A, B|B". (3.6.15)
k=0
With the usual Leibniz rule this gives
r—1
Lo, V'] 5| < Z‘V’" 1+ ((VL§)2 v’fg)‘ SOy ‘avks( (3.6.16)

k=0 k=0
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where we used the background regularity.
We first treat the case 7 = 1. In order to treat the case of a time derivative in (3.6.16)),
we rewrite the equation satisfied by §
Lioi§ = LHVE + < () FY) + (Ogyuo + Lol (90))§ (3.6.17)
which together with (3.6.1) gives [|0F|;2 < C(Co)[[VS| 2 + C(Co)Ase?. Therefore, using

~

(3.6.9) and (3.6.1])) we obtain from (3.6.14))

t
V53 (6 S C(Co) 3" + C(Co) [ (2 IVT1< () + 511 ) ds

t
< C(Co) A2 + C(Co) / V5|12 ds
0

where we also forgot about II< and used (BA3)). Using Gronwall’s lemma, this proves (3.6.10))
in the case r = 1.

If now r > 2, we have from (BA1))

I[Lo, V7157 < C(Co) ZH(’)‘V%H +C(Co) |V 13|
k=0

2 2
< o(cy) e

56y +C(Co) [Chviams:[

For the second term in this last expression we rewrite the equation for V' ~1:
LoV 1§ = [Lo, V' §+ LYV'F (3.6.18)
+ Y (V“Hg (h) V"2FW 4+ v (O,u0 + Lol (g0)) V’“zg) .

ri+reo=r—1
which thanks to (3.6.16), (BAT)), (BA3) and (3.B.12) gives
AZet + A2e?
2\2(r—2)

10V 13][%. S C(Co) V73122 + C(Co) (3.6.19)

Therefore, we have estimated the commutator in (3.6.14)):
)\2A§64 + A2A3¢2
2\2(r=1)

For the first sum in the time integral in (3.6.14]), we distinguish between ' = r and 7/ <r —1
and use (3.B.12) and (BA3|) (and r—1<5):

Lo, V'] 322 < C(Co) IV S22 + C(Co)

A24

S vns i, € 19l + 3 v 5

" <r ’<r 1

For the second sum in the time integral in (3.6.14)), we simply use (BA1)) if v’ < r—1. Putting
everything together gives

)\2A262 A254 t

T2 1 3 T2

197812 (1) < C(Co) ( oy Wn) (e [ 197l s

which gives (3.6.10) after applying Gronwall’s lemma. Now that (3.6.10]) is proved, we notice

that (3.6.19)) implies the first part of ((3.6.11). For the second part, we apply 9; to (3.6.18)
and estimate the result with (3.6.10]). O
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3.6.4 Estimates for ﬂgS

In this section, we derive the estimates for Eg& This is the most crucial part of the proof,
where we deal with the loss of derivatives exhibited in Section [3.2.2.2} As explained in Section
3.2.2.3, we start by using the high-frequency character of g to decompose [,z as in

OyFas = OgoSas + (9" — 96") 0u0,Tap- (3.6.20)

We are going to estimate separately the two terms in (3.6.20)).

3.6.4.1 Estimates for [, §

In this section, we prove by a finite strong induction argument on the value r € [0, 4] that

< C(A)e? + A1£.

IV gl 12 S G (3.6.21)

The proof of the induction step or the base case are similar. Therefore, we will prove (3.6.21))
for a fixed value of r and assume that it holds for all value strictly less than = in [0, 4]. This
induction assumption will only be used in the proof of Lemma [3.6.8

In order to estimate V", §, we start by deriving a transport equation from (3.4.7):
Lo(V'Oyy &) = V"[Lo, Ogo|T + [Lo, V'Hge & + V'Ogy LoS- (3.6.22)
We give names to the three terms in (3.6.22)):

A?" = VT[L07 Dgo]gv
BT = [LQ,VT]D_%S,
C, 1= V'O, Lo3.

Remark 3.6.3. These notations and the induction argument presented above will allow us to
use the triangular structure of the equations

Lo(Ogy§) = Ao + Bo + Co
Lo(VOgE,F) = A1+ B+ Cy

Lo(V'0g3) = A, + B, + C,.

Indeed, during the proof of Lemmal[3.6.8, we will estimate B, in terms of the Ay, By and Cy
for0<k<r—1 (see (3.6.36) ).

We start by estimating A,.
Lemma 3.6.3. We have

< Aje + Ase?

1Arlz2 S —— 5 + IV Uyl 2

Proof. We start with the case r > 1. We apply (3.2.26]) to §:

IV" (Lo, Ogolll 2 S IV"OL0F 2 + IV Dol 2 + 1081 o + [|0°F ] o -
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Thanks to (BA1) and r < 4 we have

A
103 + [10%8 | 1o S 5o

A
Since the equation ([3.4.7)) schematically reads Lo = § + hF () we also have

)

IV 0LoF 2 < Z (HavkgHLQ te Havk
k=0

< Aie + A362
where we used (BA1]), (BA3)) and r < 4. This concludes the proof of the lemma in the case
r > 1. The case r = 0 is treated similarly with (3.2.25)) instead of (|3.2.26)). O

We now estimate C,. Using ([3.4.7)) we see that
IC| S ‘VTEQOHS (h) F(l)‘ + VO3 + Q| (3.6.23)

where Q contains the terms where at most r + 1 derivatives (out of the r + 2 involved in
V"0y,) hit either § or b. In this case, the last derivative must therefore hit some background
quantity. This implies that Q contains only lower order terms and using the background
regularity we easily obtain

)

s 5 (o], el

r/'<r—

< Aje+ A3€2

.6.24
e (3.6.24)

where the ¢ in front of H@QVTIE)HP comes from F) and where we used (BAT]), (BA3) and
r—1<3.

We now turn to the estimates of the first term in (3.6.23)), i.e V'O, I< (h). Forgetting
about II< and go, this term is of the form Uh, for Wthh we Would like to use (3.4.8). In order
to do this, we need first to commute Dgo and II< and second to replace Dgo by Oy. This give
the following decomposition:

V'Ogoll< (§) = V" [Ogy, <] b + V'TI< (Ogh) — V< (Oyg,b) - (3.6.25)

The lemmas[3.6.4] [3.6.5]and [3.6.6] below estimate the three different terms in the decomposition
(3.6.25). Since V’"ﬁgoﬂg (h) is multiplied by F® in , giving an extra ¢, we don’t need
to be very precise in terms of the bootstrap constants A;. For the same reason, the support
property of F(1) implies that we can forget about the weight at spacelike infinity for § or g
(except in Lemma below).

Lemma 3.6.4. We have

A3€

AT
Proof. Thanks to [V",II<] = 0 and to the Leibniz rule we obtain

V" [Bg0, <] B 2 S

IV" B I bl 3 [I[V7900° 972, < ]l

r1+ro=r
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We first study the case where o < 3. We use [82V’"Q,Hd =0 and (3.B.14))

(97 00297 1] b)) = |17 0. T1<] 929728 .
A g 0797

where we used the background regularity and (BA3|) (with ro < 3). If now ro = 4, then
r1 = 0 and r = 4. Since we can’t estimate 92Vh, we need to gain one spatial derivative, and

for this purpose we use (3.2.30)) instead of (3.B.14]) to obtain

900"V, 1<) B[ 12 = [|l90, TT<] 0*V 0] .,
< C(Co) [°V7h]

where we also used the background regularity and (BA3|). O

In the next lemma, we estimate the term V"II< (@gh) in (3.6.25)) and therefore we need
to estimate the L? norm of

V'Tl< (RHS of (3.4.8)). (3.6.26)

In the forthcoming Section we will improve with energy estimates for the wave
operator. Therefore, we will apply V" to and will need an estimate for the weighted
L? norm of without the projector Il< (in addition to a commutator estimate, see
Proposition . This explains why in the next lemma we project ourself and first prove

(3.6.27) and then get (3.6.28) as a consequence.
Lemma 3.6.5. We have
C(A;)e? + Age

IV Ogbll, < v (3.6.27)
which in particular implies
V7T (B,)]] 2 S C(A) - (3.6.28)

Proof. We only need to prove (3.6.27)). As explained above, we rely on the equation satisfied
by b, that is (3.4.8). We have

V" O3]l

T T q(3)
IVl S > el x| V]| (3.6.29)
r1+ro=r
€ V™I ()]l 2 .
3 2w IR,
r1+ro=r
=1+ 11+ 1IT+1V
where the ¢ in front of II (h) comes from F(1). For T we simply use (BA2) to get
A
1< 2 (3.6.30)

~ Ar'
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For I1, we first note that ¢®) is oscillating and therefore one looses potentially two powers of
A in O,¢®). However this is not the case since if T is a trigonometric function (recall (3.2.4))
and f a scalar function then we have schematically

B (VT (%2 £) = 107 (@uo, duo)f + g0 + A, f
= g0f + X (Qgf +gf) (3.6.31)

where we used g~!(dug,dug) = O (A?) (see (3.3.7)) and did not write the trigonometric

functions. Therefore, we use the decomposition of Lemma and obtain from (3.6.31)) on
the one hand

N2
< C(Aj)e”+¢€

r . (3,BG)
7B, £ =25

and on the other hand

A Hvrﬂgg(?’) (5)‘

< S VTVl + A | VTS L

rit+re=r

L2

where for the sake of clarity we replaced each ¢®*)(F) by & (see ([3.4.20)). We study the sum.
If 1 < 3, then we use (3.6.5) and |[go|| ;- <1 and (BA1) to write

< C(AZ)€2 + A26'

HvrlgavT?%’HLZ ~ )\T,1

If ry = 4, then we use the decomposition ((3.6.2]) and write

1V*905]| 2 < IV 98005 12 + [|V*505]] ..
S IVi8G | oo 103122 + |V40)) 12 193] o0
< A1€2 + C(AZ)EZ
~ A3 4
where we used . Using in addition we obtain

< C(A;)e? + Age
2~ A7 '

A 978,09 @)]

We have proved that

C(AZ‘)EQ + Asge

I < G (3.6.32)
For I11, we use (3.B.13) to obtain
\VAVAR Aze?
e ¥ Arf”” == (3.6.33)

r1+reo=r

where we used (BA3) and r; < 4. For IV, we simply use (3.6.7). Together with (3.6.30)),
(3.6.32) and (3.6.33) this concludes the proof. O

Lemma 3.6.6. We have

HVTHS (Dg—gob)HL2 5 C(Ai)ﬁ'



3.6. SOLVING THE REDUCED SYSTEM 133

Proof. We first treat the case r = 0. We forget about the projector II< and use (3.6.5) and

to obtain
I[T1< (9 — 90) 8%6) || 12 < llg = goll o [|0B]] 2
A
< AAse x T3€
S C(A)e?

If r > 1 we use (3.B.12)) to get rid of one derivative and the Leibniz rule to obtain

97112 (0~ 0) 0%6)] 2 <+ [97 (g~ a0) 0°0)

1
ST IV - )l [0V .
ri+ro=r—1
< 1 A36 A3€
~ X )\7‘1—1 X AT2+1
2
S O(di) 5
where we again use (3.6.5)) in addition to (BA3|) and the fact that r; < 3. O

Putting together Lemmas [3.6.4} [3.6.5| and [3.6.6| and the estimate ([3.6.24]) we obtain
Lemma 3.6.7. We have

Aje + Ase?
1C 2 S 1/\7T3 + IV Oge Sl 2 -
We now estimate B,..
Lemma 3.6.8. We have
Aje + C(A4; g2
IBole § PSR o i

Proof. Note that By = 0 so we can assume r > 1. We first use (3.6.16]) to obtain

TS [V 108, + 5 lavo (3.6.34)
k=0 k=0

where we distinguished between time and spatial derivatives. For the first sum in (3.6.34]), we
note that if £ <r — 2 we have

A €
[v*1008 2~ZHW 1
where we used (BA1|). This gives
r—1 Ave
1
> [[VH008) , S 1V DBl + S (3.6.35)
k=0

For the second sum in (3.6.34)) we need to proceed differently since we didn’t include time
derivative of [y, § in the bootstrap assumptions. We use the equation satisfied by VkDg()%
which schematically reads

V0§ = V0§ + A + B + G
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Therefore, if we sum these equalities from 0 to r — 1 and use (3.6.35)) again we obtain

r—1

r Ale’:“
1Bz S IV B8l 2 + 5 + > (IAkllzz + 1Bl g2 + Crllz2) - (3.6.36)
A1€—|- C(Ai)e’:“Q

k=0
L2>
)\r—l

We can now use Lemmas [3.6.9 and B.6. 7t
r—1
Aje + A36
S (IAdl g2+ 1Cw2) < Z (Ak + ][0,
k=0
where we used the induction assumption ([3.6.21) for HVkDgOSHLQ with £ < r — 1. Since we
can assume A < ¢ this shows that

A

r—1

C Az 82
S (1Aklzs + 110kl ) 5 S5
k=0

Going back to ((3.6.36) this gives
, Ase + O(A)e? C
IBrll2 S IV OgySll 2 + + Z Bl -

Thanks to an iterative argument, this shows that
Aie+C (A¢)€2
)\r

where we again used the induction assumption ([3.6.21]) for HV’“DQOSHLQ with £ < r —1 and
the fact that By = 0.

Brllz2 S IV g8l +

O
Putting everything together, we finally obtain the following proposition.
Proposition 3.6.2. The following estimate holds
max A" ||V 0,5 2 S C(Ai)e® + Ase. (3.6.37)

ref0,4]

Proof. We want to apply Lemma to the equation (3.6.22)). For this we estimate its RHS,
by putting together Lemmas [3.6.3] [3.6.8] and [3.6.7}

) C(Aj)e? + Ae
IRHS of (3:622) /> < V' Dyl + ()Arl

Lemma [3.5.7] then implies

C(A;)e? + Aqe

t
G +/ [V'Ogo Sl 12 ds. (3.6.38)
0

IV BgoSll 2 (8) S IV el 12 (0) +

Let us now estimate the initial data term in (3.6.38[). Since § [ Xg = 0, the only cases

we need to consider are 9;V"T'F and 9?V"F. The initial data for such terms are obtained by
differenciating ((3.4.32)). Using the background regularity this gives

|09 15|, ) S Y2 ||V <o) )

r’'<r+1
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where the £ comes from F(1) in front of TI< (h) in ([3:4.32). Using r < 4 and (BA3) we obtain

2
< A36
~Y AT

10: V5] 2 (0)
The proof is similar for 0?V"F and we omit the details.

Going back to (3.6.38)) we have proved that

, C(A;)e? + Aje L
IV Tl 5 S5 4 [0

Gronwall’s inequality then implies that
C (Ai)EQ + Aje
AT '

This concludes the induction proving that (3.6.21) holds for all values of r € [0,4]. Since
Ogo§ and Og, § only differs by lower order terms, this also concludes the proof of (3.6.37). O

IV Dol 2 S

3.6.4.2 Estimates for (g — g0)9%F
We now estimate the second term in (3.6.20)).

Proposition 3.6.3. For r € [0,4] we have

mex A1V (g = 90) 0%F) || ;2 S C(A)E™ (3.6.39)
Proof. We start by noticing that (BA1)) imply
At 92V <A 3.6.40
max A [0V s S Ave (3.6.40)
which in turn implies
max A3 H82V’"SHLOO < Aje (3.6.41)
ref0,2]

with the usual H? — L> embedding. To prove the proposition, we start with the Leibniz
rule:

V" ((9 = 90) 9°F) || 12 S Z V™ (g — g0) °V"™F |, -

r1+re=r

If 7y < 3, then we use (3.6.5) and (3.6.40|) to obtain

V"™ (9= 90) V25 12 SIIV™ (9 — 90)ll 1< [|0° V725
€ Aie
S Vs
< A1€2
SESY

where we also used the fact that ro < 4.
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If now 7 = 4, we have r = 4 ans 7 = 0. In this case we use the decomposition (3.6.2]) to
write

IV (g — 90) %3 > < [V* (gBa — 90) %5 | 12 + || V*50°5]| . - (3.6.42)
For the first term in we put the background quantities in L*°:
9% (o~ 0) ]2 % 9" (gm0l 9% (36,43
< £ e
< C(Cy) 3 X 3
A 2
< C(Co) 55

where we used (3.6.6)) and (3.6.40)). For the second term in (3.6.42)) we use (3.6.4]) to decompose
it further:

V45055 o < 2| W (sin (52) §) 05|, + X2 [ V605 + A* | 99 ()02
(3.6.44)
Using and we first obtain
M [[V100°5]| 2 < A V70| 2 (1075 - (3.6.45)
< A1A3<€2

Now, by using the Leibniz rule on the product sin (%) § and putting aside the case where 4
derivatives hit sin (“—/\0) we obtain

X HV4 (sin ( A) >52 2 S i2 15078 1= + Z Aa = HVZ’%QSH (3.6.46)
a<3
1
S 5o 8= 198+ 3 5o 98] 751
a+b=4
a<3
1 A A 1 A A
SﬁleEXTlE Z)\afZX)\blfglx;;
a+b=4
a<3
A%52

where we used (3.6.40) and (3.6.41). We treat the better term A* HV‘lg(?’) (3)823“L2 in (3.6.44])
similarly. Putting (3.6.42)), (3.6.43)), (3.6.45) and ([3.6.46) together gives

&2
F-
This concludes the proof of the proposition. ]

V4 (g — 90) %5 || .. S C(Ay)

Together with the decomposition ([3.6.20)), the results of Propositions and finally
imply
Proposition 3.6.4. The following estimate holds

rgﬁ%)i]]A Hvr QSHLQN (Ai)e? + Age.
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3.6.5 Estimates for h

We start by deriving a weighted energy estimate for the principal part of the wave operator
associated to g, i.e Lg. For clarity we define

Eo(h) = 10112 + VIS
for h a scalar function and o € R.

Lemma 3.6.9. Let h be a scalar function on [0,T] x R3, for all t € [0, T] we have
t o
Ey(h)(t) S Eo(h)(0) + (14 C(A))e) /0 Ey(h)(s)ds + /O [Bh[z (s)ds.

Proof. Let w(z) = (1+ |$]2)U. We set f = O,h and multiply this identity by wd;h and
integrate over ¥; for t € [0,7] with the usual Lebesgue measure:

/ wg't 0o hdx 4 2 / wgt0,hd;0:hdx + /
Zt Et

wgijath(?i@jhdm—/ wohfdx.
P

p

We rewrite the first integral and integrate by parts in the second and third integrals to obtain:

1dFE 4
—~— — [ w(0g") (Oh)*dz — / 9; (wg”) (0yh)*dx
2 dt poN po
— / O; (wgij) 0ihOjhdx + 1/ w (8tgij) 0;h0jhdx = / woph fdx. (3.6.47)
Zt 2 Et Et

where
E(t) :/ w (—g"(3h)* + g 0;hO;h) .
¢

Taking & small enough in (3.1.8)) we obtain the existence of a universal constant C’ > 0 such
that

1
c’
Using the background regularity and the bootstrap assumptions (BA1)) and (BA3) as in
the proof of Lemma we obtain ||0g||;«~ S Ase. Using in addition |Vw| S w we obtain

~

|0(wg)| < (14 C(A4;)e) w. Going back to (3.6.47)), this implies

E,(h) < E < C'E,(h). (3.6.48)

%(t) §C’(Ai)8/ w@h@hdx—k/ wothfdz
dt b b

S (1+ C(A)e) Eg(h)(8) + |1 f1172 (¢)

where we also used the Cauchy-Schwarz inequality. Integrating this inequality from 0 to
t € [0,T] we obtain

E(t) < B(0) + (1 + C(Ae) /0 B, (h)(s)ds + /0 112, (s)ds

Using (3.6.48)) concludes the proof. ]
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Proposition 3.6.5. We have

mas N7 sy (V) S PO (C(A)e* + (CF + A3) €%) (3.6.49)
re|0,

r+1 2\ 1+C(A;)e -2 .
ma X[V SO (CANE b A)e). (3650

Proof. We start with the proof of (3.6.49). We commute V" and ig (with r € [0,4]) to
obtain the equation satisfied by V" from (3.4.8):

O,V7h = [0y, V'] b + V'T,b. (3.6.51)

From the energy estimate in Lemma we need to estimate the L?s 414, norm of the RHS
of (3.6.51f). We estimate the commutator first. We have

H [Elg’ V?‘] bHL%-&-H—T g Z “VT1+1982VT2h“L§+1+T
r1+ro=r—1

Asze
S

We have r1 < 3. If r; < 2, then mimicking the proof of Lemma|3.6.1| gives HV”Hg‘

L3y

which in turn implies

IV +iga* V2]l

S+1+7r

r1+1 Avis
<19l 1097
< A3€ % A3€
~ AT A\r2+1
< e’
S C(Ai)y

where we used (BA3)). If r; = 3, then » =4 and ry = 0 we use the decomposition (3.6.2):
4. 52 4 2 492
99080, < 7m0, + [930%]
For the first term, we put V4gpg in L$° as in the proof of Lemma:3.6.1| and use (BA3)). For

the second term, we do as in the proof of Proposition [3.6.3] see (3.6.45)) and ([3.6.46). This
proves that the commutator in (3.6.51)) satisfies

2
1[5 V70,2 <O

S414r AT

(3.6.52)

We now estimate the second term in (3.6.51)). This has already been done in Lemmam7
we recall (3.6.27)):

C(Ai)€2 + AQZE

S+l AT

IV Ol S
Together with this implies that

(ImAL] P

Strg1 AT

(3.6.53)
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We now apply Lemma [3.6.9| to (3.6.51) with o = § + r + 1, this gives for ¢t € [0,7T] (after
multiplication by A?")

N By (VH)(1)
SN Es1r11(V79)(0)
t t B
+ (1 + C(4))e) /0 AN Es i1 (V7H)(s)ds + /O AZTHngThHiEMH (s)ds

SN Es 1 (V7H)(0) + C(Ay)e* + A3

e | N Eg 1 (V7h) (s)ds

We apply Gronwall’s lemma to obtain
N Bsria (VD)() S €O (N B0 (V70)(0) + C Ay + A3€7) .
In order to estimate Esy,11(V"H)(0), we use (3.4.44):
A Es441(V79)(0) < CP 2.
This concludes the proof of .

We now turn to the proof of (3.6.50). For this we write the operator Elg in the following
schematic way:

0, = ¢"d}7 + goV.
Thanks to the background regularity we can divide by ¢' and therefore obtain for r < 3:

H&?VT!)HLQ S Z HV7"1gvr2|jthL2 + Z Hvr1gvrzgavm+thL2
S+r42 il S4r+2 S ern 2 e

=T+ 11I.

For I, we use (3.6.5)), the background regularity and (3.6.27)):

C(A,;)62 + Ase

1< -

For IT we proceed similarly but use (3.6.49) instead:

el HCMAE (O(A))e? + (Cin + A2) €)

11 ’S A\7+1
This concludes the proof. ]
3.6.6 Conclusion of the bootstrap
Looking at Propositions [3.6.113.6.4H3.6.5] we see that a choice of constants A; such that

A1 < Ay < As together with € and A small enough compared to 1 (but with € still independent
from \) allows us to improve the bootstrap assumptions (BAT)-(BA2)-(BA3), as long as
their time of existence of (§,h) is less than 1. This shows that the time of existence of the
solution (§, b) is actually equal to 1. We have proved the following theorem.
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Theorem 3.6.1. Given initial data as in Corollary [5.4.1] and if € and X are small enough
(but with e still independent from X), there exists a solution (F,b) to the reduced system
- (]E on [0,1] x R3. Moreover there exists a numerical constant C > 0 such that
(BA1)-(BA2)-(BA3) hold with the A; replaced by C.

The estimates that (F, ) satisfied, along with the ones satisfied by FO) R and FE2)
(see Theorem [3.5.1)) prove the main estimate ([3.1.25]) in Theorem if one define

ba=b+Ag®).

It only remains to prove that g given by (3.3.1)) solves the Einstein vacuum equations.

3.7 Solving the Einstein vacuum equations

By proving Theorems [3.5.1f and [3.6.1} we construct a metric g given by solution to
both the background and the reduced system on the manifold [0,1] x R3. In this section, we
conclude the proof of Theorem by proving that g is actually a solution to the Einstein
vacuum equations, i.e that R,,(g) = 0 on the same manifold. We will show in Section
that R,,(g) contains only polarization condition tensors (see Section or the
generalised wave gauge term Y?. The fact that these terms vanish will be proved in Sections
and using the contracted Bianchi identities, i.e the fact that the Einstein tensor of
g is divergence free.

3.7.1 The reduced Ricci tensor

In this section we compute the Ricci tensor of the solution g to the background and reduced
systems. We show that it contains only V(29 or T terms, which explains afterwards the exact
expression of the equations —. This is based on the high-frequency expansion of
the Ricci tensor performed in Section [3.3.2] whose notations we follow. The results of this
section imply that the Ricci tensor of g formally admits the following expansion

Ry = R + AR} + N RG?). (3.7.1)

Before we start computing the terms in (3.7.1]), let us obtain the polarization of §. Thanks
to the RHS of (3.4.7) having a polarization tensor equal to 0 and thanks to (3.4.29) and
(3.4.47)), it is easy to mimic the proof of Lemma and to obtain the following:

Lemma 3.7.1. We have Pol () = 0 and Fr,., =0 on [0,1] x R?.

Recalling (3.3.10) and (3.3.17)), this lemma implies in particular that the expression of
1

W,s and HP simplify and become

1 Up 1,1 2ug 1,2 Up 2ug 2,2) (1
WC(YB) = cos (7> Wc(vﬁ ) + sin ( ;y > Wéﬂ ) + cos (7> cos <)\> F£0L2F55)7
H? = NHDY + 02 ((H®)? +77) 4 N (HE)r,

3.7.1.1 The zeroth order

We start by computing the zeroth order of R, (g), denoted R/(S,) and which satisfies

0 0 0
2R} = ~ W3 + (90)apyuodo(H™M)” + PLY. (3.7.2)
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Lemma 3.7.2. Given F(V solution of (3.4.4) we have

o 1 . rug (2,1) 2ug (2,2)
Raﬁ = —5 S1n (7) 8(au0V ) — 2cos <)\> 8(auovﬁ) .

Proof. We use (3.3.6)), (3.3.19) and (3.3.28) to rewrite (3.7.2). We note that the Christoffel

symbols in Pé%) [g(l)] combined with the transport operator in WC(Y%) actually give the operator
% since in coordinates we have

DLOTaﬂ = LOTaﬂ - LSF(QO)Z(/apT,B)U

for any symmetric 2-tensor 1. Moreover we use (3.5.16)). We obtain

Rgg = —0g(90)ap + Pas(90)(990, dg0) — 2F08 upOgug + sin ( 3 ) 4D F( )
_ain (YO (2.1 r7(L1)yp 1) 1 (1)
sin ( 3 ) d(a o <P015) (F ) +(90) oy (H' )P + P 8) [g D

2u, -
+ 2cos (/\0) dalo (—2P015) (F(Q’Q)) + (go)pﬁ)(H(l’Q)) + P(()) 2) [ (1 )}> )

Thanks to (3.4.4) and the equation ({3 satisfied by the background metric gg, the fist line
of this expression vanishes. Moreover, the second and third line can be rewritten with V(1)
and V22 see (8.4.12) and (3.4.13). This concludes the proof. O

3.7.1.2 The first order
(1)

In the following computations of Raﬁ we will encounter a lot of terms proportional to the

polarization terms V(29 for which a precise expression is useless. Therefore, we introduce the
following practical notation: we denote by O (V(Q)) any combination of the tensors V(29) or
its derivatives for j = 1,2. This notation extends to tensors, in the sense that O% (V(Q)) will
denote any 1-tensor with coefficients of the form O (V(g)).

Let us compute RS;. Since (9g)® = dgg — sin (%) dugFM) we have

. U
2R = — W) + (HD) (9p(g0)as —sin (52) GuaF L)) + (90)padpy(HV)”  (3.73)
+( ) p(a aﬁ)ang(H( ))p -+ cos < \ ) F((l)aﬂ)ltoag( ( ))p—i-Po(ig)
+2R1) (1) (3.7.4)

where by dg)(H ()P we denote the derivative of (H(1))? without differenciating its oscillating

parts and where 2RS[3 (Y) contains all the contributions of T? to the A! level of the Ricci
tensor. We don’t give the exact form of these contributions yet.

Lemma 3.7.3. Given F?V F22) & and ¢ solutions to (3.4.5), [B-4.6), (3.4.7) and
(13.4.18]) we have

a 1 U 21 . (2ug (2,2) 9 1)
R,z = ha ( D.V, —sin ()\) D.V, +0 (V( )) Fos

8)

1
508 (57) = (o) Fid + R (X).
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Proof. We decompose WO%) using first (3.3.10) and then (3.3.11]) and (3.3.12)), and we decom-
pose PC%) using first (3.3.33)) together with (3.3.34)), (3.3.38)) and (3.3.35]). Again we note that

the Christoffel symbols in (3.3.35]) with the transport operator in (3.3.11)) and (3.3.12)) form
S F249 We obtain

—Wélﬁ) + PO%) = —cos ( ) (92” F(2 Y4 W(l’l) — Po(élﬁ’l)> (3.7.5)

By
— cos ( 5 ) (%Sa@ +bLoL, ég)

. [ 2ug (22) | (L2 | 1 pl2) L@ ()
+ 2sin ()\> (D%OFC“,B + Wafj 2Paﬁ ZFLOLOFCY,B

+ a(aquﬂ(;) [9(2)] + cos ( ) 8(a OP(; 3)

ug 2uo\ (2,2) (1)
— cos (7> cos ()\) FLoLoFaﬁ
In this expression, the last two lines include forbidden frequencies at the A level, the first one

will be absorbed by the polarization of ¢(® and we can rewrite the second one in terms of
polarization conditions, thanks to (3.4.17)). Therefore the last line in (3.7.5) is of the form

)
O(VP)F,j.
Let us now look at the terms in (3.7.3) depending on H) or H®). For H® we use
(3-3.22) and for H) we rewrite it using V(9 for i = 1,2 (see ([3.4.12)) and (3.4.13)):
2u, -
(Myp p(0,1) | (1) 220 opo pl0.2) | (1)
(O = —cos (50) 7 PO o] = Gsin (50 ) 7102 [g)] (37.6)

2
+ cos ( 3 ) p7y 2D — 25in <Z0> grevE,

We can split the terms in ([3.7.3) depending on HM) or H?) into three categories:
e admissible frequencies, i.e @ and 26, which only depends on g™,

e terms depending on ¢(=2) with both admissible and forbidden frequencies but with the
non-tangential structure,

e terms depending on V(2% and DV(2%) the former are of the form O (V(Q)) but we keep
the latter as they are.

More precisely, using ([3.7.6) and ([3.3.22) we obtain

2R + W) — P — 2R (1)

e ()P 5] o () P 1] 00 0] )

(3.7.7)

U (2,1) . [ 2ug (2,2) 9 (1)
+ cos (7) D(QVB) — 2S1n <)\> D(avﬂ) -+ O <V( )) FO[,B

+ auoPol ) (a§g<3>) + Oatt0(90) 5 90 (HP)P + cos ( ) Oatio ' 3) Bp(H V)P

- Soin (40) i (B0 202 5] £
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where we also used the following simple fact true for all Q2 1-tensor:

QSUQaap(go)aﬁ + (gﬂ)p(aaﬂ) (96)090) = D(agﬁ)- (3.7.8)

In this expression, note that the last line corresponds to a forbidden frequency without the
non-tangential structure, but thanks to this line vanishes. This is due to the weak
polarized null condition. With this in mind, we add (3.7.5]) and (3.7.7)) and use ,
and to cancel the admissible frequencies:

QRSﬁ) - 2R((X15) (1)
U 1
= —COoS (7) II> (hLoLo) Fo(cﬁ)

(2,1) (2,2) 2 (1)
—i—cos(/\)D(aV) —2sm< 3 )D(QV) +O<V( ))Faﬂ

~ UQ
+ 8(au0Polﬂ) (8929(3)> + 8(au0(go)p5)8g(H(2))” -+ cos <7> 6(au0F,§/13))89(H(1))p
A1) [ (2 3ug 5(1,3)
+ 8(au0PB) [g( )] -+ cos (A) 8(auOPﬂ)

We conclude the proof using (3.4.18)), which shows how g(3) absorbs the terms with the non-
tangential structure. O

3.7.1.3 The higher orders

Since the higher levels of the Ricci tensor are canceled via the wave equation for the remainder

(=2)

b, we don’t need a very precise expression of R of and we simply write

>2)

o N
2R =~ WD + (H09p905 + 9pap)H7) ~ +2RG (X) + P

where we recall that H? = H? — AT and where Rgﬂ?) (T) contains all the contributions

from Y* at the order A? or higher in the Ricci tensor. Note that

ARY (1) + AR (1 AQ 179 NN 3.7.9
where on the RHS of (3.7.9) the derivatives in 0,95 and 9 Y* also hit the oscillating parts
(producing Rsﬁ) (7).

Lemma 3.7.4. Given b solution to (3.4.8) we have

>2) 1 ug ) 4 p2)
R = o5 cos (52) > (bran) FL + B (X)

The term proportional to %Hz (broL,) in R(Z2) cancels out with the same term present in
RM g0 that it disappears from the final Einstein tensor computed in the next sections.

3.7.2 The Einstein tensor and the contracted Bianchi identities

As Lemmas [3.7.2H3.7.3}3.7.4 shows, the Ricci tensor of g given by (3 contains only gauge
terms or the polarization conditions, i.e terms depending only on T and V(&) In order to

show that g is solution of the Einstein vacuum equations, it thus remains to show that they
vanish.
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This is the content of Sections and[3.7.4] and it is proved using the contracted Bianchi
identities, i.e the fact that the Einstein tensor of any metric is divergence free, which will give
us extra equations satisfied by V(3% and Y. Even though this is standard when working with
the (generalised or not) wave coordinates, the high-frequency character of g (which manifests
at this point with the presence of the polarization conditions tensors V(Q’i)) changes the
situation. Schematically, we will show that the divergence of G satisfies

div,G =T (%) LV @D 4 N

with T a trigonometric function (see (3.2.4])). The contracted Bianchi identities precisely state
that for all A € (0, \g] we have

T (%) LV @) 4 20,7 =0 (3.7.10)

with %V (2% independant of A and EQT depending on A through g and Y. Our goal is to
extract from (|3.7.10) the two equations

V@) =0 and 0, =0.

However, because of the oscillating term in and the fact that ﬂgT depends on A
(since Y depends on A through b or §), we can’t simply consider the expression in
as a polynomial in A vanishing on the interval (0, Ag]. Instead we multiply by T (“—)?)
and consider the weak limit in L? when X\ tends to 0 (see the following remark). In order
to consider this limit for Eg’f we need precise estimates obtained in Lemma and which
follows from our bootstrap assumptions for h and §. This strategy allows us to show that
V(21 =Y = 0 on the whole spacetime, see Propositions and [3.7.2

Remark 3.7.1. Let T be a trigonometric function, i.e an element of (3.2.4]). Let us be
more precise on the convergence of the family (T (“—)?))/\E(O 2ol when X\ tends to 0. This con-
vergence will be crucially used in Lemma and Proposition for terms of the form
T (“’—)?) f with f compactly supported and C', and therefore we only care about the convergence
in L*(K) for K a compact of R3. Let v a test function supported in K.

of (T (UTO)),\E 0.\0
Thanks to (3.1.10), we can use a stationnary phase argument and prove

uo
[T (5) o] £ M- (3711)
Using now the density of test functions in L?(K), we deduce from (3.7.11)) that
()
/K ()¢

tends to 0 as X\ tends to 0 for all ¢ € L*(K). This shows that the family (T (“70))
converges weakly to 0 in L*(K). In the sequel, the compact K will be

)\E(O,)\o}

K = {]z] < CsuppR}a

i.e the mazimal support of all the background perturbations, and in particular the support of
V(24)
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3.7.2.1 The Einstein tensor

For g the metric solution of the background and reduced systems on [0, 1] x R? we define its
Einstein tensor by

1
Gap = Rap — 5Rgas (3.7.12)

where R = g"”R,,, is the scalar curvature of g. The terms V@) and T will be treated
differently so it is useful to decompose G in the following way:

Gop =G (V)aﬁ + G (T)aﬁ . (3.7.13)
with

2?2 1,
G(Map =5 <9p(aaﬁ)Tp = 9060, Y° + T0pgap — 59" 17 8p9;u/9a6> (3.7.14)

and G (V) depending only on V>, Thanks to Lemmas [3.7.2}3.7.3{3.7.4] the tensor G (V)
admits a high-frequency expansion

G(V)s = G+ G0 +0 (2.

«,

as it is a direct application of Lemmas (which in particular allow us to compute
the high-frequency expansion of the scalar curvature).

The following lemma gives the expression of G((IO and Gsﬁ), we leave the proof to the reader
3.7.2

Lemma 3.7.5. We have

Gaj = —% sin (% (6(auovﬂ()2’” + VL(g’l)(go)a@ (3.7.15)
— 2cos (2;0> <a(aroﬁ()2’2) + VL(§’2) (go)a/3> ,

Gog = %COS (% (D(aVé)z v dngOV(2’1)(90)aﬂ) (3.7.16)
— sin (220> (D(aVB()M) B divgov(z,z) (g[})aﬂ> L0 (V@)) Fo((g).

3.7.2.2 The contracted Bianchi identities
The (contracted) Bianchi identities precisely reads
div,G = 0. (3.7.17)

From the decomposition (3.7.13) it suffices to compute divyG(Y) and div,G(V'). The former
is computed and studied in Section [3.7.2.3] while the latter formally admits the following
high-frequency expansion:

div,G (V), = %B(V)Ejl) +BOV)© £ 0()) (3.7.18)

07

The terms B(V)g) for ¢« = —1,0 will be computed in Section m
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3.7.2.3 Divergence of G(7T)

In this section, we compute and study the divergence of the gauge terms associated to the
wave equation, i.e G (Y), whose expression is given by (3.7.14]). The expression in coordinates

divyG (Y), = ¢"0,G(T),, — g’“’FZ(aG (T)py)
and a standard computation first gives
A2 ~ ~
div, G (1), = 5 (90,17 + Bo) (3.7.19)

with
Ba = " 00 Y 0ugp) — 9" 0, X Ougua

v 1 loa 17
+ 9" 0y <Tp Opgov = 59 T”aygpagau> —g" TG (X))

Recall the definition of T given in (3.3.16). We study divyG (Y) in the following lemmas where
we are careful about the amount of derivatives involved and the orders in A. In the proof, we
only consider the dh and OF terms in Y” (i.e the first line in ) since they satisfy the
worst estimates. Moreover, since we only care about L?(K) norms with K compact we can
neglect the weights for h.

Lemma 3.7.6. We have
Hding(T)aHLQ(K) <A

Proof. In this proof, we use the notation L? = L?(K) for clarity. We start with B,. Recall
that g and Og are bounded in L™ irrespective of \. Moreover, 9h and 9F are bounded in L?
irrespective of A thanks to (BA1) and (BA3). Therefore, the only terms potentially losing

one power of A in B, are Y and 0?g. Indeed thanks to (3.3.1)), (BAT)) and (BAS) those

terms are bounded by % in L?, which shows that

|

Let us now look at 0, Y?(h). Again, we only focus on the main terms in T?(h), that is
dh + sin (%) 0F. For 0h, we use the equation (3.4.8) and commute it with one derivative to
obtain

Ba| . S

1
—. 7.2
PRSI (3.7.20)

Og0b = 00gh + [y, 9]b.

We have

- 1
H[Dg78]bHL2 5 HagHLOO H82bHL2 5 X

where we used (BA3|). We now use the equation (3.4.8)) (again, we only write down the terms
depending on § with the highest derivative):

. 1= . - 1 -
1083501 > S 5 1863 2 + VOS] 12 + 083 2 S 5 + 10555,



3.7. SOLVING THE EINSTEIN VACUUM EQUATIONS 147

where we used (BA2). This estimate can’t directly be used to bound ﬁtig& instead we use
B6.17):

19031l 2 5 1119 BBl 2 + 12605 .2

SO*3]p2 + [1VE8 2 + |71 -
1

<<
~ A

We proved that
~ 1
1C600]|2 < 5- (3.7.21)

For the sin (%) 0F term in Y7 (h) we use (3.2.5)) to deduce that we need to estimate

%cos ( 3 ) ZH0F + sin ( 3 > <D 0% — )\29 (dUOadUO)(C)S) .

First, using (3.3.7), (BA1) and (BA2|) we obtain

5

- 1 1
HDQQS—)\ZQ (dug, dup) IR

Moreover, using (3.4.7) commuted with one derivative we obtain
12003 2 < 1120, 013l L2 + 100> S 1

where we used (BA1T]) and (BA3]). We proved that

[ (s () 25)

Together with ([3.7.21)), (3.7.22) proves that H@gT”HLQ < %, which concludes the proof. [

1
LSy (3.7.22)

3.7.3 Propagation of the second polarization

In this section, we prove that V(2% = 0 on the whole spacetime. We start with the following
lemma.

Lemma 3.7.7. We have B(V)&_l) =0.

Proof. The % terms in divyG (V') comes from the differenciation of the oscillating parts of

G,(,%E i.e

BV = L

5 cos (7) 0" ug (8(au0VV()2’1) + V,—Ei’l)(go)au>
+ 4sin <2)\ > 0" ug <8(au0VV()2 2 4 VL(i’Q) (gO)au>
where we recall . Now If i = 1,2, we have
0" ug (8(au0VV()2’i) + VL(g’i) (go)al,) = —BVUOVL(i’i) + Véi’i)al,uo =0

which concludes the proof. ]
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)

In order to propagate the polarization condition V(%9 = 0, we compute By

Lemma 3.7.8. We have

1 UuQ »
B(V)go) §sm ( \ > ( .,g/ﬂ V(2 1) +gM V(2 1)D[M(L0) })

+ 2cos <2§\L ) ( LV 22 + 90 VV(Q’Q)D[M(Lo)a}) :

Proof. From the definition (|3.7.18)) we obtain

divyG (V) = 9" 0,G(V)va — ¢ T7,G(V)pa = 9" T1aG(V) oo (3.7.23)
where I'f,, denotes the Christoffel symbols associated to g, which admits the following expan-
sion
where

uo

A
Note that Fﬁ))a =0 and try F(M) = 0 imply g§”(T®)7, = 0. This gives

BN = g 8,u00yG ) + gt D,GQ) — ghiv (T2 GO) (3.7.25)

poc~ pv

(TO)e, = —% sin ( ) 9° (auquﬁp +d,uoFY — a,UOFﬁ)) . (3.7.24)

where in DHG(O) we don’t differenciate the oscillating functions. We start by looking at the
term depending on GV, whose expression is given by (3.7.16). Thanks to F} (1) = 0 the terms
proportional to O (V(Q)) in 3.7.16 don’t contribute to B(V)( ). We are left w1th

9" Duuods Gl = 5 Lin ( AO) (Lg @V - divgoV(Q’l)(Lo)a) (3.7.26)

2ug
+ 2cos ( : ) (L @V — divg, V2 (Lo)a) .
Let us now look at the third term in (3.7.25)). Let ¢ = 1,2, we expand using (3.7.24)):

(90)" (C )5 (Bu0V, S + Via (900 (3.7.27)

e

)
0) 90 96" <%UOF( ) — 0,uoF )) V2 (g0

U v po %
O) g(‘f gg (8(Mu0F§L) — 8UU()F152) 8(,0“0‘/,,()27 )

|
N o =N =
wn
=
=]
/N /N 7

By
Uo v _po (1) 2,1
7) gg gg <8(“u0F o) — Oy F( )) &,uOVp( i)
=0.

Therefore the third term in ([3.7.25)) vanishes. Finally, let us look at the second term in this
expression. From Dgg = 0 we obtain

gD,GY) = —% sin (%) <—g’OWVV(2’1)DM(L0)a — V.@Ddiv,, Lo (3.7.28)
~(Loadivg, VED = Dy, VD 4 9,v,21)
— 2cos <2;‘0> (—gg”va?)Du(LO)a — V22 div,, Lo
~(Loadivg, V32 = D, VD 4 9,V 2%
Adding this to concludes the proof. O
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Before proving the propagation of the second polarization, we first prove that V(2 D=0

on Y. Recall that the tangential components of V(2 )' already vanish on X thanks to our
choice of initial data for F(29 see (3.4.46). Since Vﬁ’l) only involves the projection of the

metric on g (see (3.2.11])), VL(EJ) = 0 can’t be ensured by well-chosen initial data, it has to
be directly satisfied by the solution of the constraint equations. This means that we could
have performed this computation in Chapter [2| However, it seems more consistent with the
splitting between Chapters |2[ and |3| of this thesis to study V]EQ’Z) here. Moreover, we will
benefit from the reduced form of the Einstein tensor obtained in Lemma [3.7.5] and the fact
that the constraint equations are solved on the initial hypersurface.

Lemma 3.7.9. We have

VED 5 = 0.
Proof. Thanks to , it remains to show that Véz’i) =0 on Yy. In fact, it is enough to
show that

v 13 = 0. (3.7.29)

Indeed, if (3.7.29) holds then VL(2 A = VL(g’i) (where we used that Ly = [Vuglg,(0; + No)

and Ly = [Vuglg, (0 — Np) on ) and m ) then gives the result. Therefore, let us prove
B7.29).

Lemma [3.7.5| and ([3.4.28]) imply that on X

1 2
G(V)ap = —zsin ( 3 > I oV()’ ) _ 2cos <7;\IJO> 8(au0Vé)2’2) +0(N).

2

Moreover, T” contains oscillating terms (see (3.3.16))) and also terms depending on A like b or
§. More precisely, if we only write the top derivatives of the non-background terms we have

GOOI S AOF| +A* (1975 + [0%0]) -
Estimates (BATI) and (BAS]) then imply that G(Y) is O (\) in L?(K). Conclusion, we have

1 ru (2,1) 2ug (2,2)
Gop = 5 sin <7) 8(au0VB) — 2cos <)\> 8(au0V5) +0(N) (3.7.30)

where the O ()) has to be understood in L?(K). Now, Corollary ensures that the
constraint equations are satisfied on ¥, which in particular gives Gy = 0 on X, where T is
the unit normal to g for g. Thanks to Lemma we have T'= 0; + O ()\2) so the previous
identity implies that Ggp = O ()\2) on Y. Thanks to and this rewrites as

2u
—sm( ) [Vu 0|90V0 Y 4cos </\0> |Vu0|501/b(2’2) =0(\). (3.7.31)

We multiply this identity by sin (“0) and take the weak limit in L?(K) when X tends to 0
Remark - shows that the weak limit of sin (“—)f’) and sin (“f) cos (230) are respectlvely 5

and 0. Moreover VO( Y does not depend on A so we obtain Vo( U . Then ([3.7.31)) becomes
2
cos < “0> Vuols, V22 = 0 (). (3.7.32)

Multiplying this identity by cos (230) and taking the weak limit in L?(/K) when A tends to 0

gives similarly that VD(2 2) — 0. This proves ([3.7.29)) and concludes the proof of the lemma. [
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We can now prove the propagation of the second polarization.
Proposition 3.7.1. The following holds on the whole spacetime:
V) = (3.7.33)

fori=1,2.

Proof. We look at the quantity sin (%) divyGy, which thanks to Lemmas |3.7.7| and |3.7.8|
rewrites

sin (%) divyGo = %Sin2 <%) (—foVéQ’l) + ggVVV@’l)D[M(LO)a]) (3.7.34)

+ 2sin (%) COS (2?\0> (—Q%VQ(M) + QgVVV(Q’2)D[u(LO)a]>

+0 (N

where we use the Bianchi identities (3.7.17), Lemma and where the O () has to be
understood in L?(K). The quantity

— LV + gh"VEID |, (Lo) o)

v

only involves the background perturbations so it doesn’t depend on A. Therefore the weak
limit when A tends to 0 of the first two lines in (3.7.34]) is equal to

1 v
1 (—.,%Vyvl) + gt VV(2’1)D[M(L0)Q]) . (3.7.35)

Thanks to (3.7.17)), the weak limit of (3.7.34]) is zero and we obtain the following equation for
(21,

LV = gtV EYD, (Lo) o). (3.7.36)
If we now multiply div,G, by cos (2%), Lemma and (]3.7.36|) imply

cos <2u0> B, = 2cos® (2?\0> (—D%VOSQ’Q) + gé)LVVV(ZQ)D[M(LO)(X]) +O0(N).

We again take the weak limit in L? when A tends to 0 and thanks to (3.7.17) we obtain

LV = gV EID,(Lo) o). (3.7.37)

v

Equations ([3.7.36) and (3.7.37) are transport equations for the quantities V29 i = 1,2.
Thanks to Lemma [3.7.9] we know that

V) =0 (3.7.38)
for i = 1,2. Together with the energy estimate for the transport operator Ly (see Lemma

3.5.1) and Gronwall’s inequality, (3.7.37]) and (3.7.38]) lead to (3.7.33)).
O
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3.7.4 Propagation of the generalised wave gauge and conclusion

In the previous sections, we proved that V(%) = 0 for i = 1,2. In order to prove that ¢ is
a solution of the Einstein vacuum equations, it remains to prove that T? = 0. Indeed, the
Einstein tensor of g now reduces to G (Y1), i.e

2

A 1
Gaﬁ = ? <gp(a85)'fp - gaﬁﬁpT” + Tpapgaﬁ - 2gwjrpapguugaﬁ> (3739)

where in dg)T” we also differenciate the oscillatory parts of T”. At this point, it is standard
to deduce from the Bianchi identities (3.7.17)) the fact that T solves a system of linear wave
system on the spacetime.

Proposition 3.7.2. The following holds on the whole spacetime:
TP =0.

Proof. The main ingredient is already contained in (8.7.19). Since V(29 = 0, we have Gap =
G(T)aﬁ and (3.7.19)) together with (3.7.17) then implies

O, Y7 + ALY, XY + BAY* = 0. (3.7.40)

As announced, T solves , i.e a system of linear wave equations on the spacetime. If
Y? and TY? vanish on X, then YT” vanishes on the whole spacetime (recall that T is the unit
normal to ¥ for g, see Lemma. From Corollary and our choice of initial data for
g, we deduce what we need.

e Our choice of initial data for d;ho, implies that Y* [ ¥y = 0, see the end of Section
3.4.6.2| or Corollary Thanks to (3.7.39) this also implies that on ¥y we have

2

5 (gp(oaaﬁ)Tp - gaﬁatTO) (3741)

Gas = 5

e Corollary[3.4.1]states that the constraint equations are solved on ¥, which reads Gpr =
0 and Gp; = 0. Since T = (1 + Z%)0; + Z'0; and ¢(T, ;) = 0 the previous components
of the Einstein tensor rewrite

TY°

_ 0 _
Grr = QTQQPQTTp + 0, T = —1 7

and
Gri = goiTY + gy TY?

where we used (3.7.41)) and Y? | X9 = 0 to cancel any spatial derivative of YT*. Since
Z' =0 (M) (see (3.4.34)) the constraint equations indeed imply that TY? | S = 0.

O

Propositions [3.7.1] and [3.7.2] concludes the proof of Theorem by showing that the
metric g solution of the background and reduced systems is actually a solution of the Einstein
vacuum equations.
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Appendix

3.A  The commutator [y, Lo] and proof of Lemma [3.2.1]

This first appendix is devoted to the proof of Lemma [3.2.1] which estimates the commutator
[Ogo, Lo|, where Ly is defined by (3.1.5) and go is the background metric.

A general computation using the expression of the wave operator in coordinates shows
that if X is any vector field and f a scalar function we have

[Cgo, X1f = QQS[BgBW(DaX)Mag&,f + Oaf (DgoXa +X (gggr(go)ga))
= 2957 6" (DaX), 030, f + 0o fOgy X (3.A.1)
where we also used the wave coordinate condition for the background (3.1.6). In the context

of Lemma [3.2.1] we consider X = Lo and f compactly supported and we are only interested
in the principal terms in [Og,, Lo f. Indeed the non-principal part simply satisfies

100.fOgo L | S 1011 (3.A.2)

with a constant only depending on the background spacetime. It remains to estimate the

second derivatives of f in (3.A.1)), i.e
ggﬁggu(DaLO)uaﬁaufv

by using the expression of the background metric in the background null frame defined in
Section B.1.2

« 1 _(a a
gO”B = —§Lé Lg) + 5ABeAeﬁB. (3.A.3)

Using (3.A.3)) twice and the fact that Lg is geodesic, that is Dr,Lo = 0, we obtain

1 1
9679t (DaLo), 00,1 = = 594" (DiyLo)duLof = 59t (D, Lo)udyLof

+ 5ABg/0uj(DeA LO),uayer
1

v 1
= — 50" (D1, Lo)ud Lof — 567 LE(De\Lo)Loes f

1
— §5ABL5(DeAL0)uL0€Bf +§4B59Pell (D, Lo)epen f

1 ., 1
= =59 (DryLo)udvLof - §5ABL’6(DeAL0)uLo€Bf

+ 5AB(SCD6é(DeAL0)M€DGBf

153
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where we also used L{j(D., L), = 0, which follows from the fact go(Lo, Lo) = 0 is constant.
Using now the fact that

[Loes f| S |10Lof| +10f]
and recalling (3.A.1]) and (3.A.2) we obtain
1890, Lol fll 2 < lleaenfllg2 + 10Lof |2 + 10l 2 - (3.A.4)

where we also used the compact support of f to switch from pointwise estimates to L? norms.
Therefore, in order to prove Lemma it remains to estimate ||eaep f| 2.

This follows from elliptic estimates on F;,. If K denotes the Gauss curvature of F; , and
if djut o, denotes the volume form on P;,, induced by gy (the induced metric on P, ,,), then the
scalar Bochner identity (Proposition 3.5 in [Szel§|) reads

/P [Hess f12, djig = / (A dptga — /P K|V £, dpr (3.A.5)
t,u t,u

t,u

where
Af =06"Peqepf +54P5Py(Y, ec.eplent,
Vi =06"(eaf)es.

Thanks to the regularity assumptions stated in Section [3.1.2] and the fact that the 2-surfaces
P, ,, foliates 3;, we can integrate (3.A.5) in the Ny direction and obtain

leaesfllz S NAflLz + 101l

where we recall that ||-||;2 denotes ||| 2.5,y and where the implicit constant depends only on
background quantities. Together with (3.A.4]) this gives

B0, Lol fll 2 S 1Afll 2 + 10Lofll 2 + 0l 2 - (3.A.6)

We now use Lemma 2.5 of [Szel2] which gives the expression of the wave operator in the null
frame and implies

1Af e S 180 fll L2 + 10Lof |2 + 0l 2 -
Together with (3.A.6|) this concludes the proof of the first part of Lemma

The second part is proved in a similar way. For » > 1, we apply (3.2.25)) to V" f and
obtain

110, OgoIV" Fll 2 S NOLoV" fll g2 + 8o V7 fll 2 + 10 1 v
S IVIOLofll e + IV Bgo fll 2 + 10| e
+0Lo, VI 2 + Do, V711 12

Moreover we have

110Lo, V"Il 12 + 0o, V1 f 2 S 0% || s

where we recall that » > 1. It remains to notice that

IV" (Lo, Ogol fll 2 S I11Los O]V fll g2 + 10f e + 10% f || s -

This concludes the proof of Lemma [3.2.1
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3.B The spectral projections

In this section, we prove Lemma [3.2.2] The proof is based on the dyadic decomposition at
the heart of Littlewood-Paley theory, which we present shortly.

3.B.1 Littlewood-Paley theory

This presentation of the Littlewood-Paley theory is based on [BCD11]. We start by considering
two smooth radial functions y and ¢ from R? to the interval [0, 1] supported in {|¢| < 3} and
{% <l < %} respectively and such that

X + Z ® (Q_j.) = 1’ (3B1)

7>0
7 —il = 2= supp (¢ (277-)) Nsupp (¢ (277)) =0,

j > 1= supp (x) Nsupp (¢ (277-)) =0,

% <P+ PP (27 <L (3.B.2)
>0

The existence of x and ¢ is the content of Proposition 2.10 in [BCDII]. They define a
dyadic partition of unity, with which we can define the dyadic blocks A;. If u is a tempered
distribution on R? we set A;u = 0 if i < —2 and

Aqu=F (xF(u))
Aju = F! (go (2_j-) f(u))

for 5 > 0 and where F denotes the Fourier transform on R3. We also define

Sju = Z Ajru.

J'<i-1

for 5 > 0. For u a tempered distribution, we use the notation spect (u) = supp (F(u)).
Therefore the support properties of x and ¢ imply

spect (A_ju) C {]é\ < g} , (3.B.3)

spect (Aju) C 27 {i < ¢l < 2} (3.B.4)

for j > 0. The following proposition contains all the basic estimates we need on the dyadic
blocks.

Proposition 3.B.1. Let u be a tempered distribution.

1. The so-called Bernstein estimates hold
1X;V %l < 2% | X ull (3.B.5)

for X; € {Sj,A;}, a=0,1 and for all 1 < p < 4o0.



156 CHAPTER 3. LOCAL EXISTENCE IN GENERALISED WAVE GAUGE

2. Moreover, the following estimates hold
3.
1 Xjull 0o S 227 | Xjul| 2 - (3.B.6)
for Xj e {Sj, AJ}
Proof. For j > —1, we have spect (X;Vu) C 2/ B for B a ball centered at 0 in R3. Let ¢ be a
compactly supported function on R? such that ¢ | B = 1. This implies
F (Xju) = ¢ (277) F (Xju).
Therefore, for &« = 0,1 we have
X;Vou = 28795 (Ve F~L(4)) (221) * Xju (3.B.7)
where the symbol * denotes the convolution between two functions. The Young inequality
implies
XVl < 2% [(VOFTH9)) (27:) ] 11 1Kl o
S 29 [[VOFTH )| o 1 Xull
where we change variable in the last step. This proves (3.B.5). Now, if « = 0 in (3.B.7)),
another case of Young inequality implies
1Xull e S 2% (| F7H8) (27) || 2 1K ull 2
EP T
<227 H]: 1(¢)HL2 ||Xju||[,2

which concludes the proof of the proposition. O

The property (3.B.1]) allows us to decompose each function « into an infinite sum of smooth
and localized in Fourier space functions:

u = Z Aju. (3.B.8)
i>—1

The series is a priori purely formal, and though each dyadic blocks Aju is smooth
the function u might have to be defined merely as a distribution. However, one can link the
regularity of u and the summability properties of the series. The next proposition gives a
characterization of the Sobolev spaces in terms of the convergence of the series (3.B.§)).

Proposition 3.B.2. If s € R and u is a tempered distribution, then

j 2
ue H® — (2° ||Aju||L2)jGN € (“(N).
Moreover, there exists C' > 0 such that for all tempered distribution v we have

1 is B
ol D 2 Al < Jlullfs <C Y 275 (|Ajull7s (3.B.9)

j>1 j>—1

Proof. By definition of the space H*, we have ||u|| . = ||(-)°*F(u)|| ;2. Using the first inequality

in we obtain
lulfy <2 { [ ©*OF@E©PE+ Y [ @ 278 IFu©Pag

Jj=0
S 2P Aulge + 20 Al
j=0
where we used the support properties of x and . This proves half of (3.B.9), the other half
is proved similarly using the other inequality in (3.B.2]). O
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The decomposition (3.B.8)) is also very useful to study products of functions. Indeed,
formally we have

Aul v
Z JUR

J3'z2-1

for u and v two tempered distributions. As it is well known the product uv could not even be
a tempered distribution. In order to understand the product’s properties, Bony introduced
in [Bon&1] what is now called the Bony decomposition:

Definition 3.B.1. For u and v two tempered distributions, we define the paraproduct T,v
and the remainder R(u,v) by

Ty = Z Si—1uljv,

R(u,v) = Z Ajulpv.
li—kI<1

The Bony decomposition of uv is then
wv = Tyv + Tyu + R(u,v).

In the sequel, we don’t directly use Bony’s decomposition but rather the spectral property
of the general terms in the series defining T;,v and R(u,v), namely if ¢ > —1 and |j — k| < 1:

spect (S;_julv) C 2°C, (3.B.10)
spect (Ajulw) C 2B/, (3.B.11)

with ¢’ = {5 < || <3} and B' = {0 < [¢| < £} .

3.B.2 Definition and first properties of II< and II-

Recall Definition where we define the operators II< and II>. Their behaviour with
respect to derivatives is similar to the one of dyadic blocks (see Proposition |3.B.1)) thanks to
the support property of their symbols.

Lemma 3.B.1. Let f be a scalar function. We have

MVI<(Alzz S 1 fllz2 (3.B.12)
I (Pl 2 S ANV FIlze - (3.B.13)

Proof. To prove (3.B.12)), we use Parseval’s identity twice and the support property of x:

V<D< [ ERIFOOF S 35 [ IFONOFAE = 51150
=3
The proof of (3.B.12)) is similar:

I ()72 < / IF()(E) g £ N / €21 F(F)(E))PdE = N ||V f||72 -
AlgI>1 R4
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The following lemma is a special case of Lemma 2.97 in [BCD11]. For the sake of com-
pleteness, we redo the proof.

Lemma 3.B.2. Let u and v be two tempered distribution. We have

Ifw, <] vll 2 S AVl oo [0l 22 - (3.B.14)

~

Proof. Using the usual notation of pseudo-differential calculus we have II< = x1 (AV). For f
a function we have y1 (A\V) f = A3 (.F_lxl) ()\_1-) x f. This gives

(100 OV 0) (@) = 35 [ (F7 1) (V2 = ) (uly) - o)) ow)dy

RS
1
=3 /[O s (]-“*1)(1) (/\*12) (Vu(z — 27), 2)v(x — 2)dzdr
1] %

where we used the Taylor expansion for formula for u. Defining ¥(z) = z (F~'x1) (z) we
obtain

IVull .
(1 AV)]0) (2)] < Pyl /mw @ (A2 fo( — 2)ldzdr.

We take the L? norm of this inequality to obtain after a last change of variable in W:
1T, xa AV)]wll 2 < AVl oo [0l g2 W] 21 -

This concludes the proof, noting that ||¥|/;1 < ||x1||c for k large enough. O

3.B.3 Proof of Lemma 3.2.2

Let N € N the unique integer such that % < 2N < % In this proof, we will mainly use
the fact that x(&) = 1if |¢] < 2V~1 and x\ (&) = 0 if |¢] > 2V*! (recall that x) is defined
in Definition . To benefit from this, we use the dyadic decompositions of u and v and
regroup terms following the paraproduct decomposition (see Deﬁnition to obtain:

[u, HS] Vv = Z [Sj_lu, HS] AjV’U + Z [Aju, HS] Sj_1Vv + Z [Aiu, HS] AjVU

J J li—j|<1
=1 A1 + Ay + Asz.
We start with A;. We have
[Sj_lu, HS] A]’VU == Sj_luH§ (AJVU) - HS (Sj_l’LLAjVU) . (3B15)

If j is such that 27 x % > 2N+ then implies II<A; = 0 and implies that
II< (Sj—1ulA;Vv) = 0. Therefore in this case the two terms in vanish. If 3x27 < 2N-1
then IT<A; = Aj and Il< (Sj_1uA;Vv) = S;_1uA; Vv, so the two terms in are equal.
Therefore there exists C' > 0 independent from A such that

1Al < > IESj-1u 1<) AV

1 i C
ox ST

We now use (3.B.14]) and (3.B.5) to obtain
1Az SA D0 IVSjull e 145Vl 2

1 C
<2<

SAMVullz Y 2 A0l
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Using now the Cauchy-Schwarz inequality for finite sums, the characterization of L? given in

1
Proposition [3.B.2| and <ZL<2J'<Q 2pj> " < A7 we obtain
C

A=""=2X

1ALl L2 S IVl oo [0l 2 - (3.B.16)

For As, we have
[Aju, HS] Sj_1Vv = AjuHS (Sj_lvv) — HS (Ajqu_1Vv) . (3B17)

If3x2/ < 2N=LthenTI<S;_1 = S;_1 and (3.B.10) still implies IT< (AjuS;_1Vv) = AjuS;_1 Vv,
so the two terms in (3.B.I7) are equal. If 27 x & > 2N¥*1 then II<S; 1 = Il< and
II< (AjuS;j—1Vv) = 0. Therefore there exists C' independent from A such that

A2z < Y 1A, <] Sjo1 Vol e + Y [Ajull< (V)| o

<2i< <

‘)—‘
>Q

Q)

A

We treat the first sum as we treated Aj:

> AT S Vol SA Y VAl 1851 Vol 12

1 . 1 i C
<2< ox <<

CA
SIVullpee Il 2 A >0 2

>Q

S Vullpe [[oll 2 -
For the second sum, we use (3.B.12]) and then (3.B.6)

1
Y 1Al (V)| S 3 Ivllz > Al

§ <o §<oi
1 s T
S ol D0 2728 || Al s
X<

< Al 5 lloll

where we used the Cauchy-Schwarz inequality in ¢2, the characterization of H 3 given in

Proposition [3.B.2| and <ZQ<2]- 2_2j> ? < A2. We finally obtain
)\ —

1zl 2 S (IVull e + A llully3 ) ol (3.8.18)
For As, we define
j+1 j+1
Ri= > [AuI]A Vo= Y (Aullc (A;Vv) — TI< (Ajul; Vo)) (3.B.19)
i=j—1 i=j—1

so that Az = Y. R;. If 27 x 32 < 2V~1 then (3.B.11)) implies Tl< (Ajul;Vo) = Ajul;Vo
and (3.B.4) implies II<A; = A;, so that the two terms in (3.B.19)) are equal and R; = 0.
Therefore there exists a constant C' > 0 independent from A such that

j+1
[Asll2 < D> D [Aw, <] AjVol| 2.

c ji=j—1
C <27 =]
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We use (3.B.14), (3.B.5)) and (3.B.6))

j+1
§. .
sl SA D D0 22 || Al e 1450
C<oji=j—1
)\_
14
SA D 297 | Ajull e 140

o
3=

where we neglect the7 sum over i. Using again the Cauchy-Schwarz inequality in ¢2, the
characterization of H2 and L? given in Proposition we finally obtain

A3z S Mlull g lvllz2 -

Together with (3.B.16) and (3.B.18) this last estimate concludes the proof of Lemma




Chapter 4

Global existence for a toy model

4.1 Introduction

4.1.1 Presentation of the result

In this article we are interested in proving the global existence of high-frequency solutions to
the following semi-linear wave system

0P = Q(89, 0P) (4.1.1)

on R, x R® where (0 = —0? + A is the standard d’Alembertian operator and @ has the
null structure (see Definition . The initial data we consider are highly oscillatory in the
radial direction. This corresponds to a large data regime, which is to be compared with the
well-known small data regime, see the discussion below. Let us give a rough version of the
theorem proved in this article (see Theorem for a precise version):

Theorem 4.1.1. Consider sufficiently regular functions (Fy, o, 1) of size € on R3 and
let A\ > 0. If € is small enough (independent of X\), there exists a global solution ®y to
Ou = Q(Ju, du) of the form:

t—r

®) = ¢+ AF cos (A> + M\2Fy (4.1.2)

where
o o satisfies Do = Q(0p,0p) and (¢, 0rp)|1=0 = (0, $1),
o I satisfies (8,5 + O + %) F = Fdyp and Fj;—y = Fp,
o F)\ satisfies |F)\| < e.

In the next section we will review in detail our strategy of proof, for now let us just mention
that the global existence of solutions to (4.1.1)) on R3*! with any (regular and small enough)
initial data is a classical result of Klainerman (see [Kla86]), which introduced the concept of
null quadratic forms precisely for this purpose, and Christodoulou (see [Chr86]) which used
conformal compactification. Our proof relies crucially on the vector field method Klainerman
introduced, but our theorem is not a consequence of his result for the following reasons:

e Theorem [£.1.1] can be summarized as follows: take some oscillating initial data contain-
ing terms like A cos (%), then the unique global solution arrising from those initial data
actually presents the same oscillating behaviour. Unlike Klainerman, we not only prove
global existence but propagate the shape of the high-frequency ansatz.

161
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e Another crucial aspects of Theorem [.1.T]is that the smallness threshold is independent
of A. One interesting aspects of high-frequency solutions of the form is that
their H® norm is large for any s > 1, if A is close to 0. Indeed, by differentiating
strictly more than once we obtain negative powers of A\. Therefore, if one wants to apply
Klainerman’s result with a fixed but small A one needs to counterbalance the size of %
with the smallness of the initial data (concretely by assuming something like e < \), see
Remark [£.3.1] Therefore, our work gives an example of how one can relax the smallness
assumption of Klainerman’s result.

Our motivations for studying solutions of the form (4.1.2)) to non-linear wave equations
like come from Burnett’s conjecture in general relativity and are presented at the end
of this introduction (see Section . However, highly oscillating solution to hyperbolic
equations have been intensely studied in the field of geometric optics. In 1957, Lax laid
the foundations of this field in his article [Lax57|, where he proved that linear hyperbolic
equations admit WKB solutions. Named after the physicists Wentzel, Kramers and Brillouin,
WKB solutions were first introduced to understand the behaviour of quantum systems in a
semi-classical regime, the main idea being to write some part of the solution as an asymptotic
expansion in terms of the small parameter . In geometric optics, the small parameter is a
wavelength.

In this article, we prove global existence of a highly oscillating solutions of a non-linear
wave equation. The construction of high-frequency ansatz for non-linear systems has been
first conducted by Choquet-Bruhat in [CB64], where she applies her result to deduce the
ill-posedness of the Cauchy problem in C! for the systems she considers. In [JR92], Joly and
Rauch extend the approximation procedure to higher space dimension. A complete overview
of geometric optics can be found in the book of Rauch [Raul2].

In the limit A — 0, solutions of the form explode in any WP if k > 0. Therefore,
Theorem [4.1.1]allows us to consider large initial data for which we are still able to prove global
existence. In [WY16], Wang and Yu also consider the large data regime by studying the short
pulse ansatz, inspired by Christodoulou and his study of black holes formation.

4.1.2 Strategy of proof

Let us present our strategy of proof, which can be viewed as a high-frequency adaptation of
Klainerman’s vector field method.

4.1.2.1 Global existence for non-linear wave equations

In spatial dimension strictly larger than 3, the standard decay of waves is enough to ensure
the global existence under the small initial data assumption of solutions to wave equations of
the form

Ou = (Ou)?. (4.1.3)

However, since the counter example of John (see [Joh81]), it is known that solutions to
[@#1.3) on R**! don’t necessarily exist for all time, even in the small initial data regime.
The globality of solutions depends on the actual structure of the quadratic non-linearity. In
1984, Klainerman introduced the famous null condition (see [Kla86] and Definition [4.2.1)).
The null condition can be summarized as follows: in every product dudu at least one of the
derivatives is tangent to the light cone, and therefore enjoys better decay. This restriction
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on the non-linearity in (4.1.3)) is sufficient (though not necessary) to obtain the existence of
global solutions for small initial data.

In order to prove global existence of a solution, one powerful method is the vector field
method, which goes back to Klainerman (see [Kla85]). Instead of using standard derivatives
O, to derive energy estimates, the heart of the method consists in using special vector fields
linked to the symmetries of the Minkowski spacetime (see ) These vector fields are
interesting for two reasons: they enjoy nice commutation properties with the wave operator
and a more refined version of the classic Sobolev embedding H®* C L* for s > % holds when
replacing the standard derivatives in the H* norm by the Minkowski vector fields (the so-called
Klainerman-Sobolev inequality, see Proposition. This refined Sobolev embedding comes
with decay rates in the null coordinates ¢ + r and ¢ — r, which is the key argument to prove
global existence.

This method can be improved by using a weighted energy estimate with an increasing
function of ¢ =t — r as a weight. This weight implies the presence of an additional term on
the LHS of the usual energy estimates (see Lemma , allowing to better control some of
the derivatives of the solution (in our case the derivatives tangent to the light cone). This is
known as the ghost weight method and was first introduced by Alinhac in [AliO1].

4.1.2.2 The high-frequency hierarchy

The main particularity of our result is the use of an high-frequency ansatz with a precise
description of the oscillating terms, displaying what we call a half-chessboard shape. Let ®y
be the solution of (4.1.1) admitting the following formal high-frequency expansion

OA(t,z) ~ > Aol <t,a:, t;74> . (4.1.4)
k>0

By half-chessboard shape, we mean that each <I>(i)(t, x,0) contains several oscillating terms in
the 0 variable according to the following pattern:

d0) =1
dM) = cos(h)
2 = sin(0) + cos(20) (4.1.5)

®B) = cos(0) + sin(20) + cos(30)

Remark 4.1.1. In (4.1.5)), we only wrote down the oscillating terms, i.e the dependence of
&) on its third variable, and by ®©) = 1 we mean that it does not actually depends on the
third variable, i.e it is not oscillating.

The main challenge in defining a pattern of oscillation for each order is to capture the
creation of harmonics due to the non-linear part of . It is not trivial that the half-
chessboard shape is "stable” under quadratic non-linearity of the form (9®,)2, i.e that those
terms only create harmonics already present in the ansatz for ®,. This will be rigourously
proved in Section where we present the exact form of the ansatz for @, (see )
The non-linear interactions also create non-oscillating terms which can’t be absorbed by the
ansatz, unless we add to some non-oscillating fields. To lighten this introduction we
choose not to show them yet.
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From a differential point of view, plugging oscillating terms A* cos (%) F (with u a phase
to be chosen later) in the wave operator gives

O </\k cos <§) F) = \F2 (maﬂaauagu) cos (%) F (4.1.6)
— M\ lgin (%) (zmaﬁaauag + Du) F

+ A\ cos (%) arF

where m®? Daudgu = —(0pu)*+|Vul?. We recover what is called the geometric optics approzi-
mation: in order to have [J ()\k coS (%) F) at the same order as A\* cos (%) F we need

° maﬂﬁauagu = 0, i.e u to be a solution of the eikonal equation, or said differently we
need the spacetime gradient of u, denoted du, to be a null vector field for the Minkowski
metric. In the rest of the article we will choose u =1t — r.

° (2m°‘58au85 + Du) F =0, i.e F to be transported along the rays of u. If u =t —r, this
rewrites

(8t+8r+i>F:O.

The fact that u satisfies the eikonal equation has another consequence, related to our pattern
of oscillation (4.1.5). Indeed since @ is a null form and Ou is a null vector the following term
vanishes

(sin (%) F(1)>2 Q(du, du) (4.1.7)

where F(1 is the coefficient of ®1). The presence of this term would totally break the half-
chessboard shape since we would need ®1) (as well as ®*) for k > 2 because of the triangular
structure) to contain all frequencies (see Remark |4.4.10)).

The conclusion of this discussion is that solving is equivalent to solving a triangular
hierarchy of linear transport equations along the rays of u for each coefficients in the high-
frequency expansion of @), as well as a semi-linear wave equation for the remainder h, which
is added to the formal expansion to make it an exact solution of . Our ansatz
is therefore of the following schematic form

K
Br(t,z) = 3 ADH <t,x, t;) + Iy (4.1.8)
k=0

where hy = O ()\K ) solves an equation of the form
Dha = Q(0hx, 0hy) + A1) (4.1.9)

where Q is the null form and AX®() denotes terms of orders A depending polynomially on
the high-frequency waves ®*) and their derivatives. Note that we deliberately forgot a lot of
terms in , since from the point of view of the dependence in A the quadratic terms in
Oh) are the most dangerous.
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In , the degree of precision of the expansion defining @ is given by the integer K.
Our work shows that we need K > 4 to close the bootstrap procedure for . This is due
to the method used to prove global existence to , i.e the vector field method. Indeed, we
want hy to satisfy bootstrap assumptions of the form HBZIh)\HLQ < NI (where Z denotes
any Minkowskian vector fields, see ) This mimics a high-frequency behaviour while
hy is not oscillating. In order to improve these bootstrap assumptions, we will recover decay
from the Klainerman-Sobolev inequality. This inequality allows one to bound |f| by HZ3 f H 12
with appropriate decay rates, which we omit in this introduction (see Proposition 4.2.2)). The
bootstrap assumptions for hy therefore imply that |0hy| < M=%, This explains the lower
bound on the degree of precision of the ansatz K > 4.

As a final remark on our strategy of proof, let us explain how we get decay for the high-
frequency waves ®*) | which appear as source terms in (4.1.9). As explained above, the
high-frequency waves solve a hierarchy of transport equation of the form

(at + 0, + i) f=g (4.1.10)

with a RHS depending on the lower order high-frequency waves (thus respecting the triangular
structure of the system). This equation rewrites (0; + 0,)(rf) = rg, from which we get
|f| < r~1if the RHS satisfies |g| < 772, See Proposition for a precise statement. In the
hierarchy of transport equations, the most dangerous term is O®*) | i.e comes from the third
line in . Schematically if we only consider this term we have

(at + 0 + 1) e+ — Op*),
T

Therefore, in order to apply Proposition we need |D<I>(k)| < 773, We can’t get this decay
by commuting [] with the transport operator 8t+8r+% since it would only give D@(’“)‘ <l
Instead we compute and estimate O®*) directly from 8t+8r+% in Lemma See Remark

for a more detailled discussion of this procedure.

4.1.3 A toy model for general relativity

Here we present our principal motivation for studying the global existence of high-frequency

solutions to (4.1.1)).

4.1.3.1 The Einstein vacuum equations in wave coordinates

The Einstein equations are the main equations of the general relativity theory, they spell out
the link between the curvature of the spacetime and the matter and energy it contains. On
a Lorentzian manifold (M, g) and in the vacuum case they can be written in an elegant and
compact form:

Ric(g) =0, (4.1.11)

where Ric(g) is the Ricci tensor of the metric g. In order to define a initial value problem
for this equation, we need to specify a coordinate system on M. Noticed by Einstein in 1916
and used by Choquet-Bruhat to show local existence of the Einstein system in the 1950’s, the
wave coordinates define the most common coordinate system used in the study of the Einstein
equations. In this coordinate system, the equation becomes

Oygap = Pap(9g,09), (4.1.12)
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where [, is the wave operator associated to g and P, is a quadratic non-linearity. Thus,
the Einstein vacuum equations are recast as a quasi-linear hyperbolic system for the metric
coefficients, which allows one to define and study a Cauchy problem (see [EB52] for the first
proof of local well-posedness using wave coordinates).

One of the major question in general relativity is the question of the stability of particular
solutions, such as the Minkowski spacetime, which, thanks to reduces to a hyperbolic
long-time existence problem. As it was proved by Choquet-Bruhat in [CB00], the non-linearity
in does not satisfy the null condition presented in Section Note that the Einstein
vacuum equations do satisfy a null condition through a dynamical gauge choice, see the seminal
work |[CK93]. However, the Einstein vacuum equations in wave gauge satisfy what Lindblad
and Rodnianski call a weak null condition, allowing them to prove the non-linear stability of
the Minkowski spacetime in this gauge in [LR10].

Therefore, studying the semi-linear equation Ju = Q(Ju, du) where @ is a null form is a
toy model for the Einstein vacuum equations: it is a semi-linear equation instead of a quasi-
linear equation, with the quadratic part being a null form instead of merely satisfying the
weak null condition.

4.1.3.2 Burnett’s conjecture

The Einstein vacuum equations are highly non-linear, which a priori allows backreaction to
occur. This phenomenon can be described as follows: if a sequence of metrics (gy ) converges
in some sense to a background metric gg, and if for all A\ we have Ric(gy) = 0, do we have
Ric(go) = 0 ? Said differently, can we pass to the limit in the Ricci tensor? Identifying
the potential limit matter models occuring because of backreaction is called the Burnett
conjecture, and was introduced by Burnett in [Bur89].

If the convergence g\ — go happens in a very strong topology then the answer is obviously
positive, but if the convergence is weak enough, we might obtain non-zero contributions from
quadratic terms like 9(gx—g0)9(gr—go). In the framework chosen by Burnett, the convergence
is the following: gy converges strongly in L™ and 0gy converges weakly in L?. High-frequency
ansatz of the form — precisely enjoy this type of convergence, and have been used
to tackle Burnett’s conjecture locally in time by Huneau and Luk in [HLI8b]. This fully
motivates the study of high-frequency solutions to (4.1.1)).

Remark 4.1.2. FEven though the high-frequency solution ®) converges in the Burnett sense to
®O) | no backreaction occurs in the case of the equation , meaning that the background
limit solution ®©) also satisfy (see also in the reduced system). As Choquet-
Bruhat noticed in [CBO0], this is linked to the null condition satisfied by . Indeed,
backreaction could only occur through the non-oscillating contributions of the squared sinus in
, but as we saw vanishes because Q is a null form.

The absence of backreaction for takes nothing away from the study of high-frequency
solutions to this equation, as it is a first step towards proving the stability of high-frequency
perturbation of some background metric gy close to Minkowski for the equation , which
would require to incorporate the ideas of [LR10] to the high-frequency setting presented in this
article.

4.2 Preliminaries

In this section, we describe our geometric and analytic setting, and introduce the key estimates
used in this article.
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4.2.1 Notations and function spaces
4.2.1.1 Coordinates and derivatives

We work in R, x R? with the usual global coordinates system (t = zg, 21,22, 23). We also
introduce the null coordinates

s=t+r and g=r—t.

For t > 0 we use the standard notation ; := {t} x R3. We also define the following subset of
R, x R3 for some R > 0:

) Ry xR* | R < ¢ <R},

z) e Ry xR* | ¢ < R},

AR = {(tv )
BR = {(tv )
and we set Al := ANy, If 2 = (21,29, 23) and r = |z|, recall that 8, = Y_,_; 5 ;w;0; where
wp =TI f iRy X R3 — R is a scalar function, then we define its spacetime gradient by

the vector Of = (Opf, 01 f,02f,05f). The "good” derivatives are defined to be
—_ 1 _ ;
Jo =50 +0,) and 3 =0; - %ar.

As we will see, they enjoy better decay than the other derivatives. In this article we consider
RZ-valued functions for some d > 1, i.e vectorial functions of the form u = (uy,...,uq). For
such a function we define

Oul = > |0aus| and |Jul= D [Daudl.
a=0,...,3 a=0,...,3
i=1,....d i=1,...,d

4.2.1.2 Null forms

Now we define the class of quadratic non-linearties we consider in this article, i.e the classical
null forms introduced by Klainerman.

Definition 4.2.1. A quadratic form Q is said to be a null quadratic form (also called null
form in the sequel) if it is a linear combination of Qo and Qn5 where

Qup(X,Y) = Xo¥p — XgYo and Qo(X,Y) = —XoYp + 67 X;Y;
for two vector fields X,Y on Ry x R3, and o, 5 =0,1,2,3.

One can show that the null forms defined in this way are precisely the quadratic forms on
the tangent bundle of Minkowski spacetime vanishing when contracted twice with the same
null vector field.

Since the spacetime gradient of a scalar function is a vector field on R4 x R3, this definition
allows us to consider Q(du, Ov) for u, v two scalar functions. However in this article, we would

like to consider wectorial functions. Therefore if u : Ry x R3 — RY with u = (u1,...,uq)
and v: R, x R? — R with v = (v1,...,vg), and if Qe are null forms, we define
Q(0u,0v) == > Que(Qug, dvy). (4.2.1)
k=1,....d

(=1,....d'
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With this notation, we can write down properly the system studied in this article. For d > 1,
we want to solve the system

Ou; = Q;(0u, Ou)

where u : R, x R® — R? is a vectorial function, i.e u = (ug,...,uq), and where Q; is as in
for i = 1,...,d. Though the Einstein equations motivates the study of a system of
wave equations in this article, this plays no particular role here and from now on (with the
exception of the statement of the main result) we will drop the indexes relative to R? and
simply use the condensed notation

Ou = Q(Ju, Ou).

The null forms are in some sense the best quadratic non-linearity we can hope for in the
sense that in each product dudu, at least one of the derivatives is a good one, meaning that:

1Q(9u, )| < |9u||v| + [Du]|0v]. (4.2.2)

4.2.1.3 Function spaces

In terms of function spaces, we use the usual LP, C™ and Sobolev spaces defined on R3,
together with weighted Sobolev spaces, defined by

Definition 4.2.2. Let m € N, 1 < p < o0, d € R. The weighted Sobolev space Wg"’p s the
completion of Cg° under the norm

lullwyer = - @797

|BlI<m

Lr

We will use the notation H§* = Wgn’Q. The weighted Hélder space C§* is the completion of
C™ under the norm

lllep = Y- [[@ 97| .

[B|<m

Note that we defined scalar functions spaces. However by setting

lullx = > luillx

i=1,....d

for u = (uq,...,uq) and X any previously defined space, we extend those spaces and the
corresponding norms to R%valued functions. A weighted equivalent of the Sobolev embedding
holds for those spaces (see [CB09| for a proof):

Proposition 4.2.1. Let ssm € N. If s > 2 and § < § + %, then we have the continuous
embedding

+
Hy™ < O
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4.2.2 Minkowski vector fields

We consider the set of Minkowski vector fields
{8a, S =to + ro,, Qaﬁ = :Eaag — $58a} (4.2.3)

and denote by Z! any product of |I| elements of this set, where I is an 11-dimensional integer.
Note that since zg = —z°, we have Qq; = —t0; — x;0;. These vector fields allow us to recover
the usual derivatives O while gaining a weight, whose nature explain why the derivatives 0
are called ”"good” derivatives:

— 1
> 1Z"u| and |8“‘51TSZ|ZI“|‘ (4.2.4)
1]=1 11=1

ou| <
%l = T

The Minkowski vector fields enjoy good commutativity properties with the wave operator:
[0,72]=0
except for S, which satisfies [, S] = 200. This implies that

0z < > 1270wl (4.2.5)
<)

The Minkowski vector fields behave nicely with the null forms, in the sense that the following
holds:

1Z'QOu,00)| S Y |QOZ"Mu,02"))| (4.2.6)
[N+ I <]

4.2.3 Useful estimates

In this section we collect different estimates crucially used in this paper.

4.2.3.1 Weighted Klainerman-Sobolev inequality

We start by an estimate which allows us to bound the L*> norm of a function knowing the
L? norm of some of its derivatives with weights.

Proposition 4.2.2. Consider the weight

14+ 0+q)™* for ¢<O
“’(Q)'—{ 1+ (1+]g)? for ¢>0

with 1 < 8 <3 and a > 0. Let f be compactly supported, we have

1 1
TENiEar ; |+ @2'1] ..

This is the so-called weighted Klainerman-Sobolev inequality, for which a proof can be
found in |[LR10]. The assumption on f in the previous proposition can be relaxed: the
proposition holds as long as the RHS of (4.2.7)) is finite.

w2 (g) f] S

(4.2.7)
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4.2.3.2 Weighted energy estimate
As is standard, our strategy of proof relies on energy estimates for the wave operator .

Lemma 4.2.1. Let w(q) be a non-decreasing weight function. Then

t t
/ 0 Pw(g)dr + / / B! (g)dardr < / 0w(q)dz + / / IOpdotw(q)dzdr.
2y 0 J¥; DI 0o Jx,

This lemma is the semi-linear equivalent of Lemma 6.1 in [LRIO0]. It gives a weighted
energy estimate, with a weight depending only on ¢. This is called the ghost weight method
and was first introduced by Alinhac in [Ali01]. Depending on the choice of the weight, it gives
us extra decay for solutions of a wave equation in the region ¢ > 0, i.e the exterior of the
light-cone. The other advantage of this method is the presence of a space-time integral on the
LHS involving only the ”good” derivatives of the solution.

The usual energy estimate for the wave operator is obtained when w(g) = 1, and one of the
standard application of this case is the finite speed of propagation for solutions of semi-linear
wave equation.

Lemma 4.2.2. We define
Ciowo = {(t,7) € Ry x R3 |0<t<ty and |z—mo|<to—t}

and B(xo,tg) is the ball in R3 centered at xo of radius tg. Let P : R3*1 — R a smooth function
such that
|P(X)| < |1X]+ X

Let (to,z0) € Ry x R3 and u : R3*! — R a solution of Ou = P(du) in Ctozo- If (u,0pu)
initially vanishes on B(xo,to), then g, , =0.

This lemma will be used to localize the different terms in the decomposition of our solution
(see (4.4.1)).

4.3 Main result

We now state the main result of this article.

Theorem 4.3.1. Letd > 1, N > 26, R > 0, —% << %, Fy € CN74R3,R?) supported in
A and (po, 1) € HY THR?, RY) x HY | (R3,RY) such that

[Follon—1 + llgoll v + ol , < e

There exists eg = €o(N, R, ) > 0 such that if e < g9 and A € (0, 1] there ezists a unique global
solution ®y : Ry x R — R? to

O0y; = Qi(0Py,00),)
(I))\\tzo = gpo—l—)\F()COS (%) ~
8t<1>,\‘t:0 = @1+ Fpsin (%) + )\F07/\
where Q; is a null form and ]3’0)\ 18 supported in Aé% depending only on (o, p1, Fo) and which
satisfies Hﬁb,)\HL < e. The function ®, admits the decomposition
t—r

®)\ =9+ AFcos <)\> + \2F),

where
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o ¢ € HYTY(Ry x R* RY) satisfies Oip; = Qi(dp, dp) and (0, 010)j1—g = (0, 1),

o F e ON=4R, x R} RY) is supported in A" and satisfies

1 1
<6t + 0 + T> Fi=3 Z FrpQi(0(t — 1), 000)

kyt=1,....d
and ‘F1|t=O = F07
o )\ is supported in BR and it is such that |F\| < e and [0F)\| < .

Remark 4.3.1. The main feature of this theorem is that the smallness constant g¢ does
not depend on A\, which is allowed to take any value in (0,1]. In addition to the nature of
the decomposition of ®, this is at the heart of the high-frequency nature of the solution we
construct: if we let X\ tends to 0, the high order norms of ®, (precisely the WP norm for
p > 1) blows up but this is not compensated by letting €g go to 0 as well. Therefore, the limit
of ®y as A tends to 0 is meaningful, and we have:

dy\ — ¢, wuniformly in L™,
0By — dp, weakly in L.

4.4 Construction of the ansatz

The heart of the proof of Theorem [£.3.1]is to construct a high-frequency ansatz for the solution
®,. The main purpose of this ansatz is to capture the creation of higher-order harmonics
through the quadratic non-linearity. Those harmonics may also include non-oscillating terms.
As explained in the introduction, we choose an ansatz with a half-chessboard shape. More
precisely we consider a solution ®, of the form

Br=p+ > MWy 3 AP FEDTED gy (4.4.1)
2<k<K-—1 1<i<k<K

where K > 2 is an integer and where we use the following notation for and k,7 € Z:

o J sim(U52) ik is odd,

T . 4.4.2
A cos (@ if K+ 1 is even. ( )

Besides from being at the very heart of what we call an half-chessboard shaped ansatz, this
notation is useful to capture the behaviours of the standard trigonometric functions regarding
products and derivation (see Lemma [4.4.1). A bit of vocabulary:

e ¢ is called the background solution,

e the functions ¥ are called the non-oscillating terms of the ansatz, whereas F(k’i)TE\k’i)

are the oscillating terms,

e the function h) is the remainder of the ansatz and is non-oscillating, however it mimics
a high-frequency behaviour, i.e it loses one power of A for each derivatives, a fact clearly
seen on the schematic estimates it will satisfy:

107 Ry 2 SAETIT™ for m > 1.
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The degree of precision of the ansatz (4.4.1) is given by the integer K. Our work is valid
for all values of K > 2, but shows that global existence as a solution of (4.1.1)) requires K > 4.
As explained in the introduction, this is due to the Klainerman-Sobolev inequality.

Remark 4.4.1. Since we adopt the standard convention that sums over empty sets vanish,
there are no 9 functions in the ansatz if K = 2. However, one major interest of our result
1s precisely the freedom we have on K: even though we are interested in a lower bound on K
to ensure the global existence of ®y, our proof also shows that we can describe the propagation
of high-frequency waves with an arbitrary large precision.

Remark 4.4.2. In the rest of the article we will use the following convention: V) = 0 and
FED =0 4fi >k or k = 0. This will be useful in the sequel not to be too bothered with
complicated sums.

Our strategy of proof is to derive formally from O®) = Q(9P), 0P, ) a system of equations
for the unknowns (¢, w(e), Fka) hy) and prove global existence for this system, called in the
rest of this article the reduced system. Let us start by stating a technical lemma summariz-
ing some basic properties of the trigonometric functions Tg\k’l) regarding products, the wave

operator and the null forms.

Remark 4.4.3. In the next lemma and in the rest of the article (including the technical next
section), we won’t write the numerical constants which appear in the computations, meaning
for example that an equality like (4.4.3) has to be understood in the following sense: there
exists real constants A = A(k,,i,j) and B = B(k,{,i,j) such that

Though these numerical constants can depend on every indexes appearing in (4.4.1), they

are not allowed to depend on X\, meaning that we will always keep trace of \ in the formal
computations.

Lemma 4.4.1. Let k,0,i,5 € Z, f and g any function and @ any null form. We have

T(Ak,i) _ TQk\?IiI) and
Tg\k,i)Tg\&j) _ Tg\k—s—ﬁ,i-i-j) i T(A’““_j), (4.4.3)
i i 1 1y
o () =+ Lt s
i i 1 = —1,
Q (9 (1), 09) = Q(0f. 99T\ + £ fwdgT{ Y, (4.4.5)
@ (0(r187) 0 (4137)) = Q.00 T LY (4.46)

1, = 14 ; 1 = i 1
+ Xfw@ng\k 1 )Tg\e’]) + ng@ng\k’ )Tg\Z l’j),
where £ is the following transport operator
1
.iﬂ = 6,5 + 87~ + ;

and where wd stands for a linear combination of w;Ou fori=1,2,3 and o =0,1,2, 3.
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Proof. The proof of (4.4.3) is a direct rewriting with our notation (4.4.2)) of the usual lin-

earization formulas

2 cos(a) cos(b) = cos(a — b) + cos(a + b),
2sin(a) cos(b) = sin(a — b) + sin(a + b),
2sin(a) sin(b) = cos(a — b) — cos(a + b).

The proof of (4.4.4]) follows from a direct computation, and even though O is a second order
operator, we don’t lose two powers of \ since the phase ¢ — r satisfies the eikonal equation for
the Minkowski metric, i.e

m*P0,(t — )85t — 1) = 0. (4.4.7)
The proof of follows from the computations
Qo(0(t —1),0h) = —20¢h,
Qoi(0(t — r),0h) = ;h + 2w;00h,
Qi;(0(t — 1), 0h) = w;0;h — w;d;h,
(which holds for any scalar function h) and the definition of a null form as in Definition [4.2.1]
The formula follows directly from . O

Remark 4.4.4. Note that even though a null form only involves first order derivatives, we
would expect some % terms in since Q(Ou,dv) is a quadratic expression. It is not
the case since null forms are precisely the quadratic forms vanishing on null vector fields in
Minkowski space, and precisely means that the space-time gradient of t — r is a null
vector field.

Remark 4.4.5. Since |0!°lw;| < 1 in the region {r > +} for any multi-indez o and since

formulas (#.4.5) and ([E.4.6) will be applied with f supported in AY, the w factors in (4.4.5)

and 1|4.4.6 are irrelevant in our estimates and we omit them in the sequel.

4.4.1 High-frequency expansion of the semi-linear wave equation
In this section, we plug the ansatz into the equation

Od) = Q(0Dy, 0P)). (4.4.8)
The computations are rather tedious, and we present them in the form of two lemmas, one

for the LHS of (4.4.8) and one for its RHS.

4.4.1.1 Expansion of the wave operator
We start with the RHS of (4.4.8)).
Lemma 4.4.2. If &) is defined by (4.4.1) we have

00y = > A (00,

0<p<K
with
(@3,)© =0y + gF(lvl)Tg\DJ) (4.4.9)
i) (K 1
(C0) ") = 3 OPEITD 4 o, (4.4.10)

1<i<K
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and

(Oo)® = > (D%F(P“v") + DFW)) T 4 Oy (4.4.11)
1<i<p+1

for1<p< K —1.

The proof of this lemma is left to the reader and is an application of (4.4.4) together with
the convention stated in Remark 4.2l

4.4.1.2 Expansion of the null form

Lemma 4.4.3. If ®) is defined by (4.4.1) we have

Q(0®y,00)) = Y AW 4 A QEN)

0<k<K-1
with
Q) = Q(ap,0p) + F1VPpTMY, (4.4.12)
1
QM) = SN (hs) + Q(OF, 09)T (4.4.13)
+ AT (FOFT + Q(OF,0F )Ty + Q(OF,00)Tx + FOUT, + Q(0v,dv))
and
(guﬁ
=QAW,00)+ > Q(ayp®),0prh) (4.4.14)
2<k<p—2
+ Y (P8 4 QFED, 0p) ) TP
1<i<p+1
+ Z <Q(3F(k,i), FP=kd)y | pldgpr—k+Lli) 4 F(p—k+1,j)5F(k,i)) (Tg\p,i+j) 4 T(;,Fj))
1<i<k<p
1<j<p—k+1
+ Y T <F(k+1’i)5¢(l’*k’) + QOF®, %(p—k)))
0<k<p—1
1<i<k+1

for 1 <p < K —1, and where N'(h)) is defined in .
Remark 4.4.6. In this lemma, we use the following notations for clarity:
o F or 1 denotes linear combinations of terms of the families F*2) or (0,
(k1)

o T, denotes linear combinations of terms of the family T,"",

e in front of a linear combination, the symbol \™ means that the coefficients of the linear
combination contains some positive powers of \.
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Proof. Using —, we obtain by direct expansion
Q(0®», 0®y) = Q(Ip, 8p) + Q(Ohr, 0hy) + Q(Ohx, Dp) + AT Q(I(FTy), Ohyr) + AT Q(d, dhy)
+ Y AQEFED ap)T!Y 4 N ARG

1<i<k<K 1<i<k<K
+ > MQay™®), ap)

2<k<K-—1
4 Z \k+H-1 (F(k,i)gF(e,j)+F(e,j)5F(k,i)> (Tg\k—l—é—l,z‘-&-j)+Tg\k+€-1,z‘—j))

1<k <K

1<i<k

1<5<e

(4.4.15)

. Z )\k+€Q(aF(k,i)7aF(2,j)) (T&k+e,i+j)+TE\k+e,i—j))

1<k <K

1<i<k
1<5<t

i Z )\ka(aF(k,i)’w)(e))T(Ak,i)+ Z )\k+e—1F(k,¢)5¢(5)T(Akai)

1<i<k<K 1<i<k<K

2<I<K—-1 2<I<K—-1

Y AQe™,00)

2<k (<K —1
Note that in order to simplify the terms FOF we used (4.4.3) and its consequence

(k=1)p(63) _ ki) p(t=1.3) _ rp(kbe=Lii4i) | rp(ke=1ii—5)
T ) = o) = 1 + T :

Now we want to regroup terms by their A powers. For this we use the following facts

S M= > N > appr+0 ()

1<k <K 2<p<K-1 1<k<p-1
Yo o Ma= Y N Y g+ 0 (M)
1<k<K 3<p<K—-1  1<k<p—2
2<U<K-1
S MHa= > W > ar s+ 0 (M)
2<kI<K-1 4<p<K-1 2<k<p-2

which holds for every families (a )k, pen2. Therefore if 1 <p < K —1 we have

QW) = Z Q(ap(pyi)ﬁ@)rrgpvi)_,_ Z F(pHJ)g(pTE\PJ)+Q(a¢(p)7a¢)

1<i<p =
+ Y QEFRIoFeh) (TP L )
1<i<k<p-—1
1<j<p—k
+ Z Q(aF(k,i),aw(p—k))Tg\k,i) N Z (0™, 3
1<i<k<p—1 = s
+ Z (F(k,z‘)EF(p—kH,j) + F(p—k+1,j)5F(k,¢)) (T(Ap,iﬂ-) N T(Ap’i*j)>
1<i<k<p
1<j<p—k+1

+ Z F(k,i)gw(p—k—i-l)Tg\k*l»i)
1<i<k<p—1
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where we used several times our convention on () and on sums over empty sets. If we
regroup terms according to their oscillating behaviour in this expression we obtain (4.4.14]).

It remains to compute Q® and Q=K. For Q) we simply look at . For Q=)
we don’t need to be precise in terms of the oscillating behaviour and the hierarchy since
Ohy will absorb everything. This explains the expression of the lemma, with the following
definition:

N(hy) = Q(0hy, 0hy) + Q(Ohy, 0) + AT Q(I(FT), 0hy) + AT Q(9, 0hy).  (4.4.16)

O]
4.4.2 The reduced system
As the two previous lemmas show, solving
Oy = Q(0Py, 0P,)
is equivalent to solving the following high-frequency hierarchy:
(O0,) = QW) (4.4.17)
for0<p< K —1 and
(OD,)F) = Q=K. (4.4.18)

Since hy is not-oscillating, (4.4.18]) simply rewrites as a semi-linear wave equation with oscil-
lating coefficients:

Ohy = N (hy) + MXEQ(OF, 00)Ty + AEOFT,,
+ NN (FOFT), + Q(OF, 0F)T + Q(OF, 0¢) Ty + FOYT + Q(9, 0v))

For the remaining equations of order AP for 0 < p < K — 1, note that both the LHS and
RHS contain non-oscillating and oscillating terms, which we have to identify precisely.

For p = 0 it is quite straightforward: the non-oscillating part can be absorbed by the
background equation

D = Q(0p, 0)

and the part oscillating like Tf\o’l) is absorbed thanks to a transport equation for F(1:1):

ZFD = p1ge,

If 1 <p < K —1, the distribution between oscillating and non-oscillating terms is less
clear, especially since the interaction between the different F' (k1) leads to the creation of
non-oscillating terms. This is a consequence of the presence of Tg\p =) i , which is
non-oscillating if and only if p is even and ¢ = j. These created non-oscillating terms are
the motivation behind the terms (¥, indeed they are absorbed by Oy present in .
Therefore, since p has to be even so that TE\p A9) g non-oscillating, we only need © for ¢
even and we take &) = 0 for £ odd.

This has the following nice consequence: in the last term of Q) (for1<p<K-1)

Yool ( FOHLDF0-R) 4 QaFH), 8¢(p—k))>

0<k<p—1
1<i<k+1
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we now impose that p — k is even, which implies Tg\k’i) = Tg\p ) (since p and k have the same

parity). Therefore, the oscillating terms in Q®) are all of the form Tf\p ) for 1 <i<p+1
and we can rewrite Q) in the following more condensed form

Q(p) — Z Q(p,i)Tg\Pvi) + 7TQ(P) (4.4.19)
I<i<p+1
where
QW) = Fetlg, + QOF(SP) dp) + QAF(EP) gF(=P))
+ FEPGRER) 4 pEPgy(Er) 4 Q(OF(EP)| 9y (SP))
and

Q) = Qv 8p) + QY =P~ gy(=P=2)) L Q(OF(=P) gF(=P)) 4 p(=PGR(<P),

Remark 4.4.7. Here, we used the useful notation ¥(<9 to denote any ¥v9) for j <i. Same-
wise, F(ER) denotes any F(&) for1 <i <l <k.

Recall that our previous remark on the presence of non-oscillating terms basically means
that 7Q® = 0 if p is odd. Thanks to the decomposition (4.4.19), we see that both sides of

[@4.17) oscillate in a similar manner, and we can assume the following equations on ¥®) and
FpFLi).

petl) L Oped = Q) and Op®) = 7Q@).

By collecting the results of this discussion, we define the reduced system for the unknowns
(907 w(z)7 F(k’i)v h)\) to be

O = Q(d¢, 0yp), (BG)
2F®) —Opk-b 4 pEDHe + QOFEFY dp) + QOF(EF-D gr(sk-1)) (T(k, 1))
4 PERD (k=1 | p(sk=0g(Sk=1) 4 o@p(h=1) gy (<k-1),

O™ = Q(av™®, 8p) + Qv =k 9yp(=+F=2)) 4 Q(aF (=R gF(=k)) 4 SRRk
(W(k))

Ohy = N(hy) + MEQ(OF, 0p) Ty + NKOFT, (W)
+ NEXT (FOFT) + Q(OF, 0F )T + Q(OF, 0¢) Ty + FOYT + Q(d, 0v)) .

The initial data for (¢, @, F%%) hy) are given by

(k,i) | Fy if (ki) =(1,1)
F =10 iock<K. (4.4.20)
(¢(k)7at¢(k))|t:0 = (07 0)7
(hx, 0cha)ji=0 = (0,0).

We denote by S the system of equation (BG])-(T(k,))-(W (k))-(W] where k and i take all
the possible values such that F*9 or ¢(*) are well-defined.
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Remark 4.4.8. Note that in this system, we follow again the convention never to write ex-
plicitly the numerical constants appearing in the expansion. But since they appear in Theorem
let us recall the exact equations satisfied by ¢ and F(:D

1
Opi = Qu(d0,0¢) and ZF" =2 3~ FMQua(t - ), 0),
kt=1,....d

where Q; are the null forms of the main system for ®,.

Remark 4.4.9. As we explained in the discussion before the definition of the reduced system,
the functions ¥v\¥) only exist for even k but for the sake of clarity, it seems useful to forget
this and consider that we want to solve the equations (W (k)) for all values of k between 2
and K — 1.

We see that there is a coupling between (T'(k,¢)[) and (W (k)) but with a particular tri-
angular structure: the RHS of (T(%,1)) involves only F(*+17) and 4 for ¢ < k — 1, and the

RHS of (W(%)) involves only F(7) and 4 for ¢ < k. This is a consequence of our choice of
ansatz 1@.4.1|) and it allows us to solve this system with the following strategy:

1. We first solve (BG]), this is done in Section [£.5.1]
2. We solve (T(1,1)), which initiates a strong induction argument:

(a) if we know F9) and ¢ for 1 < j < ¢ < k, we can solve (T(k + 1,i)) for
1<i<k+1.

(b) ... and then solve (W (k + 1)).
This is done in Section 5.2
3. Finally in Section we solve .
Following this strategy, we prove the following theorem about the reduced system S:

Theorem 4.4.1. Let K > 4, N > 6+ 5K, R > 0, —% <6< %, 0 <a<l, (po,91) €
HéV‘H X Hﬁl and Fy € CN=* with support in A(l;z such that

1£ollen—a + lloll gver + llerllgy | < e (4.4.21)

There exists eg = €9(K, N, R,d) > 0 such that if e < g9 and 0 < X\ < 1 there exists a global

solution (¢, PO pksi) hy) to the reduced system S with initial data as in (4.4.20)). Moreover,
the following estimates hold:

o pc HN*L satisfies

ooz

LQ,S& for |I| <N,

with
w(q) = 1+ +1q)~ for ¢<0
q 1+ (1+[g)20+) for ¢>0°

o F(ki) ¢ ON+4-5K 4o supported in AR and satisfies

3

P
~ (147

for |I| < N+4-5K,
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o ) ¢ HNTI=5K s supported in B and satisfies

s

LQS&, for |I| < N+8—5K,

o hy € HNT3=5K s supported in BE and satisfies

1027 hy]| o S XL for [I] < N +2-5K.

Note that in this article, ||f||;> denotes the L? norm on a t = constant slice. The rest of
this article is devoted to the proof of this theorem, but we can already see that it implies our
main result, i.e Theorem |4.3.1

Proof of Theorem [{.5.1] The reduced system is defined such that if an ansatz of the form
(4.4.1)) solves it, then ®) solves O0®) = Q(OPy,dP)). Therefore, Theorem implies
Theorem [4.3.7] setting

. ko (ki) (ki)
Foai= 1y > NoF T

=0T |t=0
2<k<K
1<i<k
F:=pb,
.1 o
Byi= | 2 Mo® 4 3 NFRITE) 4o,
2<k<K—1 2<k<K

1<i<k

As mentioned in Theorem we want F& A to depend only on (¢, @1, Fp). This holds since
F(k’l)‘t:0 can be recover through (T(%,7)) since 9; = £ — 0, — 1. Because

r

the quantities O

of the triangular structure of the reduced system, it can be seen quite easily that 0, F (k’i)‘ =0

only depends on (pg, 1, Fy) and their spatial derivatives. O

Remark 4.4.10. According to Klainerman’s result, considering quadratic non-linearities with
a null structure ensures global existence for the non-linear wave equation in space dimension
3. But from a high-frequency perspective, null forms are also of prime interest. Indeed, if
Q(0u, 0v) were not a null form, the expansion of Q(O(fT),d(gT)) would contain a term of
the form fgQ(O(t —r),0(t —r)). Looking at the decomposition of Q(0Py,0P,), we see that
the equation on ®Y) would be of the form

2
L0,V = (89<I>(1)> T (4.4.22)

where 8y corresponds to derivatives with respect to the third variable of ®1) (see (A.1.4) for

the formal definition of Cb(l)). The non-linear equation ([A.4.22)) requires ®V) to be described
by a "full” Fourier series, i.e

oW(t,2,0) = > FUO(t,2) exp (i£0)
LEL

with an infinite amount of FY non-zero. Though the equations for the higher order terms (i.e
®) fori > 1) would remain linear equations, the triangular structure and the presence of o)
as source term would also imply that all the ®@) are described by full Fourier series. Therefore
the null structure allows us to consider a ”simple” ansatz, the so-called half-chessboard ansatz.



180 CHAPTER 4. GLOBAL EXISTENCE FOR A TOY MODEL

Remark 4.4.11. The weight w is parametrized by its exponents in the exterior region q > 0
and in the interior region g < 0. The exterior exponent 2(d + 1) is chosen so that the bound

HwéaZQpHLQ < e holds initially and follows from the smallness assumptions (4.4.21). The
constraint on § then implies that 1 < 2(§ + 1) < 3, which will allow us to apply Proposition

[£.2.3. The interior exponent v is chosen so that there exists 0 < v <1 and2—-v >a+1
(take for example v = I_Ta), the latter tmplying

w
- S w' 4.4.23
A+ (4.4.23)

4.5 Global existence for the reduced system

In this section, we prove Theorem following the strategy outlined previously.

4.5.1 The background wave equation

We first study the global existence for . From the celebrated work of Klainermann on
null forms, we know that a global solution exists. However, since the resolution of @) will
be a sort of high-frequency equivalent of this one, it seems helpful to the author to write down
the complete argument leading to the global existence for . The proof is a bootstrap
argument, based on both L> and L? estimates. As mentioned in the introduction, we use
Alinhac ghost weight method. Since the equation we solve satisfy the null condition, this is
not mandatory. However, the ghost weight method leads to a very efficient proof.

Proposition 4.5.1. There exists €9 > 0 such that, if € < g9, (BG)) admits a unique global
solution p. Moreover, ¢ satisfies

Se for |I| < N. (4.5.1)

1
wa@ZIgp i
L

Proof. We define Ty to be the maximal time of existence of a solution ¢, which, by the local
in time theory, is positive and satisfies the following blow-up criterion:

1
Ty < 400 <= lim Z wa@ZILp (t) = +oo0.
t—Ty \TI<N L2

Let Cy > 1 be a constant to be choosen later. We define T' < Tj to be the maximal time such
that the inequality

1
wa@ZIgp (t) < Coe for |I| <N, (4.5.2)

L2

hold for 0 < t < T. By the assumptions on ¢y and ¢; and the Proposition we have
T > 0, for Cy large enough.

We start by deriving decay for Zl¢ from ([@.5.2). If |[I| < N — 3 we can apply the
Klainerman-Sobolev inequality stated in Proposition (since 1 < 2(04+1) < 3 and a > 0),
use the bootstrap assumption (4.5.2)) and obtain

1 C
‘wfaZ[go‘ < 0

~ (14 s)y/1+ g



4.5. GLOBAL EXISTENCE FOR THE REDUCED SYSTEM 181

Using the behaviour of the weight w; in the exterior and interior region this implies

— G for ¢<0
I | < (1+s)y/1+]q|
02" ¢| < ole for ¢>0 ° (4.5.3)

(1+5)(1+]q))** 3

In order to derive decay for Zly, we integrate (4.5.3)) along the constant s lines. Recall that
the assumptions (4.4.21) and the weighted Sobolev embedding stated in Proposition

implies that
005

(1 —|—7“)‘5+%

on the initial hypersurface. Note that r = s if £ = 0. Now, let ¢ > 0 and integrate (4.5.3))
from the initial hypersurface along the constant s lines, this gives

S /
(14872 Jo (1+s)(1+g])°"2

|8Z1g0‘ <

< 006 i C(]E

~ 3 1
(L+8)°2  (1+s)(1+]q)"

< CQE

(148 gl)2

where we also used the initial spatial decay and |¢| < s. In particular, we obtain the following

decay along the null cone ‘Zlcp(q = 0)‘ < %. Now, let ¢ < 0 and integrate (4.5.3]) from the

null cone along the constant s lines, this gives

0 /
1Z(q < 0)] < Coe +/ Coe dg 50057\/14”‘1‘_
T+s  Jg (1+8)/1+]¢] 1+s

Since § + % > 0, the worst estimate is the interior one and overall we have proved that

Coer/1
gl < GVt N s, 45.4
Pl (1+5s)

We then improve the inequality (4.5.2)), using the weighted energy estimate given by
Lemma {271 We set

E(t) = Z 'wf@ZIgo : (1),
I|<N L2
S(t) ::/O P H(wl)%ngso‘ ; (7)dr

We use Lemmal4.2.1} sum for |I| < N and thanks to (4.2.5) and (4.2.6]) we obtain for ¢ € [0,T]:

t
Et)+S(t) SEO0) + > /}|wlazh¢azf2<patzf¢||L1 (7)dr. (4.5.5)
|1 [+T2|<N 70

Because of the assumption (g, 1) € H év HxH é\jH and the choice of exponent in the exterior
region for the weight wy, we have E(0) < &2. Since |I1|+|I2| < N, it must holds that || < §
or |I1] < &. We examine the two cases separately:
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o If 1] < %, then

1 C
02" 0| S —— |2 H | < e .
1+ |q] (1+s)zT2(14|g))t 2

where we used (4.2.4) and (4.5.4) and where v is as in the Remark [4.4.11] Using
2ab < a? + b? and (4.5.2) we obtain:

|w102" 002" 00, Z" || 1 (7)

1 2
C()E 1 I 2 U)§ AT
< ———NwioZlp|| (1) + Coe || —L2—=502"2¢p| (1)
(L)t s U+l T
C3es L= |2
= 7(1 )i + Cpe H(w1)2 07z 2¢‘ L (7).
The last step is valid because of (4.4.23]).
o If |I,| < &, then
= 1 C
p2¢| S 122l S —
(1+5)3

where we agin used (4.2.4) and (4.5.4). Using the Cauchy-Schwarz inequality and (4.5.2])
we obtain directly:

_ C 1 1 03 3
lnd 2" 02 00,2 ||, (1) S —— |[w0z" || |wiozle| <0
2 2 (1+7)2

(I+7)

L2

Therefore, since t — (1+7)"1"" and t — (1 +T)_%

for t € [0, T7:

are both integrable over R, we obtain

t
> / w102 0200, 2" ¢||,, (T)dr S Cie® + CoeS(1).
|1 |+ T2| <N 7O

Absorbing CyeS(t)into the LHS of (4.5.5) we have proved that

with C' > 0 a numerical constant. We now choose Cjy such that C' < % and g such that

CCpe < % and Cv/Che < i. Thus, we proved that the inequality (4.5.2)) hold with a constant
% instead of C, which contradict the maximality of 7', thus proving that 7" = Ty. But if
T = Ty, it implies that the energy is bounded up to the time Tj, implying that Ty = +oo,

which concludes the proof. O

< Ce+ C+/CpeCoe for |I| <N,
L2

1
w07 p

4.5.2 The high-frequency hierarchy

In this section, we solve the coupled transport equations (T'(k,7)|) and wave equations (W (k)))
with a strong induction argument which heavily relies on the triangular structure of the

reduced system.

The equations (T'(k,7)|) are of the form
ZLf=fu+g. (4.5.6)

Everything we need to know about (4.5.6]) is contained in the following proposition, whose
proof is postponed to Appendix [4.B]
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Proposition 4.5.2. Let M € N, fy:R?> - R a CM function supported in Ay such that

follerr S e

Moreover, let ji,g: Ry x R? = R two CM functions with g supported in A™ and such that
L+ Z0u + A +r)?| 2| Se for |I| <M.

There exists a unique global solution f € CM to [£.5.6) supported in AR and satisfying

€
1+r

With Lemma (4.5.2)) we are now ready to solve (T(k,)|) and (W (k)). Since we will prove
F ki

that the functions ) are supported in A%, we will be only interested in the decay in r,
which gives decay in s. We will also forget about ¢ and use many times the fact that in the
region A%, r and t are equivalent. We prove the following proposition:

VRS for |11 < M.

Proposition 4.5.3. Let 1 < i < k < K and 2 < ¢ < K — 1. There exists Fk) e 0N

supported in A% solving (T(k, 1)) and ¥ € HMt supported in BT solving (W (k). Moreover,
they satisfy the following estimates:

e

7l pki)) < I| < N, 4.5.
| |N1+r7 fO’F ’|— k> ( 57)
» 5
\zIoF®kd| < T for |I| < N — 2, (4.5.8)
HaZIMHLQ <e for || < M, (4.5.9)

where N, = N +4 — 5k fork > 2 and Ny =N —4 and My = N + 3 — 5¢.

Remark 4.5.1. Since ) is not defined, the limiting term in the equation T(2,14) is OF®),
whereas if k > 3 then the limiting term in the equation T (k,i) is oY1) since we lose three

derivatives using the Klainerman-Sobolev inequality to obtain decay from L? estimates. This
explains why N1 — Na # Ny — Ny for all k > 2.

To prove Proposition we proceed by strong induction on the value of k. More
precisely, we will show that if the estimates (£.5.7)-(#.5.8)-(@.5.9) holds for 1 < k < k' and
2 < ¢ < K for k' some integer satisfying 2 < k¥’ < K — 2, then they also hold for k,/ = k' + 1.
Note that the borderline cases k = 1 and k = K, for which ¢*) is not defined, are proved in
a similar manner so we don’t write down their specific proofs.

Before we start, we derive decay for solutions of wave equation, i.e 1) for £ < k' and ¢.
This follows from the weighted Klainerman-Sobolev inequality of Proposition [£.2.2] and the
exact argument has already been given in the proof of Proposition Following the same
strategy, we obtain from (4.5.1)) and (4.5.9)):

1
yzf¢(f>|551:8|q‘, for |I|<M;—3 and (<K, (4.5.10)
1
€ , or <N -3. .0.
Alg < eYiEll < N—3 4511

1+ s
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4.5.2.1 The transport equation for the oscillating terms
We start by solving (T'(k' + 1,1)), which we recall:
ZF®FL) — Op®) ¢ pEFLIG, 1 QOFER) 9p) + QOFER) gF(ER)
+ FERER) 4 pERGy(E) L QaF(ER) | gy(R)).
In sake of clarity we define G*+14) such that L F* +1) = p*+105, 4 K +149  Note that

the expression of G179 involves only F¢9) for ¢ < k' and ¢® for ¢ < k' so we can estimate
it using ([#.5.7), [#.5.8) and (£.5.9). This is done in the following lemma.

Lemma 4.5.1. G159 45 supported in AR and the following estimate holds

| ZzTGgWF+10)| < for |I| <N —1-5k,

(1+7)3
Proof. Formally we have

G +L) — Op®*) 4 Q((‘)F(Skl), dp) + Q((‘)F(Skl), aF(Sk’)) + Q(ap(ék’), 3¢(§k’))_
Let us count how many times each terms can be differentiated:

e we want to estimate 8w(§k/) using (4.5.10)), we can differentiate this term at most M —4
times,

e the terms AF(SF) are better than CF*) which thanks to (£.5.8) can be differentiated
at most N — 2 times.

Since My — 4 < N — 2, we can differentiate G +L1) gt most My — 4 times, i.e at most
N — 1 — 5K times. Now, let |I| < N — 1 — 5k’, we have:

1
Tl o
N Z |Zh+1p(§k’) || 2121y N Z |zh F(SE) | |le¢(§k’)|
1+7r 1+7r
11|+ T2 | < T]+1 |11 |+ 12| < 1]+1
<_°
~(1+41)3
where we used (£.5.7), (£.5.8), (.5.10) and (4.5.11)). O

Lemma 4.5.2. There exists a unique solution F*+1) ¢ ON=1=5K 1o (T(K' 4-1,4)) supported
in AR such that

3

| ZT pFH1)| < (R for |I| <N —1-5k, (4.5.12)
|ZIOF® 19| < q fr)3, for |I|<N—3-5k. (4.5.13)

Proof. We apply Proposition with M = N —1-5K, g = G +1) and p = Op which
satisfy the required estimates thanks to Lemma and to

_ _ ZJcp] \ZJcp] €
ALV A § 1276l o § < 4.5.14
l71<1| |J|<IT]+1
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in the region A for [I| < N — 4 and where we use (£.5.11)). This concludes the proof of
(4.5.12)). Let us now turn to the proof of (4.5.13)). Because of Lemma we have

OFK+1) — §95,3, FE L) 4 [(FEHIF,) 4 lF(k’-&-l,i)g(p L LaHL) }G(k/ﬂ,i)’
o r o r

where L = 0y — 0.. We estimate this expression directly, for I a multi-index such that
|[I| < N —3—5K:

‘ZIDF(k’+17z‘)| < ‘ZIEQF(]C/-"-lJ)’ + ‘Zla(F(k:’-&-l,i)g(P)’ + |Zl(r—1F(k'+17i)5(P)’
+ |ZlaG(k’+1,i) + ‘ZI(T—IG(k’-H,i)”

< Z |Z‘]F(k/+1’i)]
T e AFTP
+ Z |leF(k/+17i)||Z125(p’ + Z \Z‘]GWH’“\
[T+ T2 <[I|+1 |JI<I1]+1
< €
~(1+7r)3

where we used commutation property of Z! and 0 as in (#.5.14)), the Leibniz rule and

|ZE(r~1)| < r~! for every multi-index K. Using (#.5.12), ([#.5.14) and Lemma we
conclude the proof of (4.5.13)). O

Remark 4.5.2. Note that in the previous proof, we used Lemma[f.A.3, which basically shows
that if we have a good control on £ f, then Of decays better than two derivatives of f, since

it behaves like two "good” derivatives of f, i.e 52f. This prevents us from estimating Lf by
commuting O and . The decay obtained through this method would not be sufficient since

L2, 0)f = fé(sijaiéjf Flot

where "l.0.t” stands for lower order terms. This would imply that if f solves (4.5.6)), then CIf
solves

(L — p)(rOf) = 00f + Lo.t.
Since a normal derivative doesn’t give extra decay in A%, we would only get Of ~ % while we

need %3, given Proposition .

4.5.2.2 The wave equation for the non-oscillating terms

We now solve (W(K' +1)):

Dw(k’+1) — Q(a¢(k’+1)7agp) + Q(Gw(gkl*1)7aw(§k’fl))
We define H*+1) such that Oy = Q(a¢(k/+1), ) + HE+1)  Note that H*+1) involves

YO for £ < k'—1 and F for ¢ < k'+1, thus respecting the triangular structure. We estimate
H®*+1 in the following lemma.

Lemma 4.5.3. H&+Y s supported in BE and the following estimate holds

|z D) < for |I| <N —2—5k. (4.5.15)

(1+s)3
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Proof. Formally we have
gE+) Q(@w(ﬁk’*l)’ 3¢(Sk’*1)) + Q(aF(Sk/+1), 3F(§k’+1)) + PESKHNFp(SK+1)
Let us count how many times each terms can be differentiated:

e we want to estimate 8w(§k/*1) using (4.5.10)), we can differentiate this term at most
Mj_1 — 4 times,

e we want to estimate dF (SF+1) using [@.5.12) for AF*+D or {@5.7) for OFEF) so we
can differentiate these terms at most N — 2 — 5k’.

Since N — 2 — 5k’ < My _; — 4, we can differentiate H*'+1) at most N — 2 — 5k’. Now, let

|I| < N —2— 5K, we estimate Z! H¥+1 using (&.5.7), (#.5.12) and (4.5.10):

(’ZI1+1F(§k’+1)‘|le+1F(Sk’+1)’ ’ZI1+1¢(§1<~"*1) ‘ ,ZIQ+1¢(§k’fl) ‘>
_|_

71 g (2k+2)) <
| DY 47 (1+5)(1+]q))

1]+ L2|<|1]

g2

(1+s)*

<

O]

Lemma 4.5.4. If ¢ is small enough, (W(k' 4+ 1)) admits a unique global solution p*'*+1) e
HN=2-5" gupported in BE and satisfying

<e for |I|]<N-—2-5FK.

2"~

e

Proof. In order to prove Lemma [4.5.4] we use a continuity argument. We let T the maximal
time of existence of a solution ¥*+1) to (W (k' + 1)), which satisfies

(t) = 400

. 1 /
Ty < +00 <= lim Z szale(k +1)) L

=T | <N—2-5k

where w is defined in Theorem Because of the support properties of H*+1) and Lemma
the function ¥+ is supported in Br (therefore the exterior exponent of w plays no
role here). We make the following bootstrap assumption:

Hw%azlw(k’ﬂ-l)’

L <e  for |I|<N-2-5K. (4.5.16)

Since the initial data for ¢*'*1) vanish, we can assume that (£.5.16) holds on some time
interval [0, 7] with T > 0. Moreover, we assume that 7" is the maximal time so that (4.5.16))
holds. We define

Ben®)= 30 fuloz'v ], o,

[T|<N—2—5k'

t 1— /
- 3 (K'+1)
Spr41(t) = /0 |1|<N§25k/ H(w’)28ZIw K+l ’

2
L2 (7)dr.
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We apply the weighted energy estimate of Lemma the Cauchy-Schwarz inequality and
our bootstrap assumption (4.5.16) to obtain (recall that the initial data for w(klﬂ) vanish):

Ery1(t) + Spraa(t) < / HwDZI (K'+1) g 71y (W +1)‘ dr
|I\<N 25k LY(BrNZ7)
< / Hw2DZI¢(’“'+1)‘ 2 ‘wgazlw(k +1)H ar.
|I\<N o5k L2(BrNX;)
(4.5.17)
Now if |[I| < N — 2 — 5K/, using (4.2.5)) and (4.2.6) we obtain:
1 ! 1 , _
sz k +1)‘ < H Lo g (K1) R ‘
e P D R s P
[J1]+]J2| <]
Y ez azy|
||+ < 1] L2(BRN%,)
+ Y |z HE )
|J|§I| L2(BENx;)
=A+B+C.

We start with the easiest term, i.e C', for which we use (4.5.15)) and the fact that w is bounded

on Bg:
T+R dr % 62
cse(f 1) s
0 (14+7r+7) (1+7)2

which implies C' < e2. For A, we use (£.5.11)) and |q| < s to get

0Z7¢| < ———
(1+3s)2

for all |Ja| < N —2 — 5. This gives

A<e Z

<nN—a—sk (1 + 7)2

62

3
2

(1+T)

where we also used (4.5.16)). Let us now look at B, by first using (4.5.11)) to obtain

3

0Z7¢| <

1

(1+s)2T2(1+q))' "2

for v defined at the beginning of this proof. Using (4.4.23]) this gives

1
BS % > wil_ﬁz‘%(k,“)
(1 + 7')2 \J|<|I\ ( + ’q‘) L2(BENS;)
S —7 > |@)iazTer ]
(1+7)2%7 | ji Ty LA(BRNEr)
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Putting our estimates on A, B and C' together we obtain from (4.5.17)):
Ejy41(t) + Sw41(t)

S /t<A+C)Hwéazw<’f’+l>H ar +
\[|<N—2-5k' 70 L2

t
Sga/dfg
0 (1+7)2

+ 3 /Ot (‘EV "(w/)%EZJw(k’Jrl)’

1
7+7
I<Il<N 25k 70 (L4 7)272

t
553/ LS
0 (1+7)2

+ Z (5 /t H(w’)%ngw(k/H)’
0

[I|<N—2-5k'

t
/B“wéazf¢(k’+1)“ dr
2
|I|<N—2—5k 70 L

Hwéazlw(k/+l)H dr
L2(BROS,) L2

2 d t 1
L2(BRNZ,) T+€/0 (14 7)ttv

w297 K+ HQ dT>
L2

t dr t dr
553/ s 1(t)+53/ _dr
0 (1—1—7‘)% - o (147)t+v

where for the integral involving A 4+ C' we use (4.5.16) and for the integral involving B we
used first 2ab < a? + b? and ([#.5.16)). Therefore, we have proved that there exists a constant
C > 0 such that for all ¢ € [0, T

Ek/+1(t) + (1 - Cé‘)skq_l(t) < Cel.

We now choose € so that € < % This implies that for all ¢ € [0, T
L o
Ek/+1(t) S 55 .

Therefore, we improved (4.5.16f), thus proving that actually T' = Ty. This breaks the blow-up
criterion, proving that Ty = +o0o0. Note that since w(klﬂ) is supported in Br the ghost weight
w is bounded and we can change (4.5.16)) to the estimate of the lemma. ]

This concludes the induction and thus the proof of Proposition

4.5.3 The equation for the remainder

The proof of the global existence for (W]) follows the same structure as the proof of Proposition
E51l

4.5.3.1 Bootstrap assumptions and first consequences

We use again the ghost weight w defined in Theorem [4.4.11 We let Ty be the maximal time
of existence of a solution h), which satisfies the following blow-up criterion:

. 1
To<+oo <= lm Y |wboz'h| () = +oc,

t—T, \I|<N'

where N’ is some large enough integer. In terms of number of derivation, the limiting term
in the equation for hy is OF 9 which we can differentiate at most N + 2 — 5K thanks to
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(4.5.8). Therefore we set N’ = N 4+ 2 — 5K, which satisfies N’ > 8. We define two rescaled
energies:

2
E\(t):= 3 A2l H“’%QZ%H (),
<N g

Sa(t) = 3 a2l /0 t |w2azim, (r)ar

[T|<N'
We make the following bootstrap assumptions on hjy:

sup Ex(t) < C3e% (4.5.18)
te[0,7)

Here Cs is a constant to be choosen later. We let T' < T be the maximal time such that these
estimates hold on [0,T]. Since (hy,0thy)ji—o = 0, this bootstrap assumption is satisfied at
t =0and T > 0. Note that immediately implies that for every multi-index [I| < N’
and for every t € [0,T] we have

Hwéazfm”m (1) < CoenE-I1I, (4.5.19)

Recall @):
Ohy = N(hy) + AEQ(OF, 0p) T + A\EOFT,
+ MNEXT (FOFT) + Q(OF, 0F) T + Q(OF,0¢) T + FOYT + Q(0, 0v))

To capture the different support properties, we define

Ay, = EQ(OF, 00) Ty + \EOFT,
+ MY (FOFT) + Q(OF,0F) T + Q(OF,9¢)Ty + FOYT,)
B = M ATQ(9v, 0v)

such that
Clh)y, :N(h)\) + A+ B). (4.5.20)

Thanks to the vanishing of the initial data of h) and the fact that the RHS of (4.5.20]) is
supported in Bg, we can apply Lemma [£.2.2) to prove that h) is also supported in Bgp.
4.5.3.2 Decay estimates

We start by deriving some decay for h) and the non-homogeneous terms in [Jhy. This again
follows from the weighted Klainerman-Sobolev inequality and we don’t repeat the argument.
However, we state it in a lemma to emphasize the appearance of the factor N<—3~11,

Lemma 4.5.5. The following estimate holds on [0,T]

Coey/1
|thAyg2gl++|‘”AK—3—|f for |I| < N' 3. (4.5.21)
S

The following lemma estimates the non-homogeneous terms in [h).
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Lemma 4.5.6. The function Ay are supported in A" and satisfies

2iay < X II<N 4.5.22
ZA S G for SN (4522
The function By is supported in BT and satisfies
2
1Z'B,| < (1i )3)\K+1 for |I] <N (4.5.23)
S
Proof. Since
12 TP < Cp g pa M, (4.5.24)

for some Cy 5 > 0, we can directly estimate A using its expression:

1Z'AN\ S D AIRZhOR
[T+ 12| <[]

)\K_‘13| |ZIl+1F‘ zht1lp VALRE zl2+1
- e (125 4125 4 |27 )
1]+ 12|+ 151 <| ]

g
< = § )\K7|J|
~J 3
(1+5)° 75

where we used (4.5.7), (4.5.8),(4.5.10) and (4.5.24). For By we recall (4.5.10), which implies
that forall 2 </ < K -1

1
1210 < 5V1++|q|, for 1] < Mg_1 — 3.
S

Recalling the expression of By concludes the proof:

22y . @ e

ZIB <)\K+l
2Bl % 2 TATwiEi) Sarep

|11+ 12| <|1]

since N'+1 < Mg_1 — 3. d

4.5.3.3 Energy estimates
We conclude the bootstrap by improving .
Proposition 4.5.4. For large enough Co and small enough € (depending on Cs), we have for
every t € (0,7
Ex(t) < %C&e?
Proof. Applying Lemma m to Z'h, for every multi-index |I| < N’, multiplying what we

obtain by A72K+2ll and summing over I we get for every t € [0,7] (recall that the initial
data for hy and O;hy vanish):

t
NOEENORSY / AT |wDZ hy0 2 hy |, dr
n<nr 0

t _ 1 1
<y /OA 2K+2/1| szDZIhAHLQ szathAHLQdT (4.5.25)
[T|<N’
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where we used the Cauchy-Schwarz inequality. Thanks to (4.5.20) and (4.2.5) we get for
|[I| < N':

Hw%DZIhAHLQSV S (HwéZ‘]N(hA)‘

J J
\J1<|1] L?(BrNS-) +1l AAHLQ(ARQET) +|2 B/\HLZ(BROET))'

Thanks to Lemma [.5.6] we have

HZJA H +HZJB H <€)\K—|J\ T+RL 2 < ﬂ
M L2(ARns,) AMlL2(Brns,) ~ ; (trtn)t < (1+T>%‘

(4.5.26)
We now look at NV (hy) using (4.4.16)):

g J1,J2 J1,J2
szz N(hA)ng 3 (N1 + Ny )
[J1]4+|J2]<|J]

Ye{e,ATFTy\}
j=1,2

with
NV = |wboz mdz || .
NP = |wbozimazx| .
N = Hw%azhrézhhAHLQ.
We start by N1J "2 and we distinguish two cases: since |J;| 4 |Jo| < N’ we have either
|J1] < NTI or |Jo| < NT/
o If |J1] < &' then implies (since N’ >8 = &' +1 < N’ —3)
A\ —4-|1]
(1+5)275(1+ql)' 3

where v is as in (4.4.23). Using (4.4.23]) we obtain

8)\K—4—‘J1|

10271 hy| <

J1,J2
Ny <

~

(4.5.27)

v

(1+47)2t5

(w’)%ézhm‘

L2’

o If |Jo| < X' then (£.5.21)) implies
2
EAK—4—|J2‘

0Z72hy <
(1+5)

3 -
2

Therefore using (4.5.19)) we obtain

2)\2K—4—|J1|—|J2|
<t — (4.5.28)
(1+7)2
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We now turn to N%lih for T € {p,¥, \TFT,}. Using ({4.5.10)), (¢.5.11)) and (4.5.7)) we obtain

_ 212l
9271| 5 ——
(1+5)3
where we used the presence of AT to regain one power of X. Using then (4.5.19)) this implies
Al 2\ K -1l /2]
Nglih < 67 S ———— (4.5.29)
(1+ T) (14+7)2

Finally, let us look at NJI’JQ for T € {p,, \* FT,}. Using again (4.5.10), ([#.5.11)) and (4.5.7)

we obtain

075 g —
REEET R M

where v is as in (4.4.23)). Therefore using (4.4.23)) we obtain

NJl,JQ < 6)\_|J1‘
T,Q ~Y l_i_,
(1+ 7-)2 P

(w’)%EZJQhAHLQ . (4.5.30)

We now put ([4.5.26)-([.5.27)-(4.5.28)- (4.5.29)- (4.5.30)) together into (&.5.25) to obtain
A K+2|f| ]
an+sns Y [ H

|T|<|T|<N’ (1+7)2

t o2\ —K+2/I|=|J1|-| 2|
D 3
5

[J1]+]J2 | <[T|<N

5)\—2K+2|I|—|J1\
+ Z l+£
N ’0 (L+7)2T2

where the first line corresponds to , the second to and and the third to
(@5.27) and (#.5.30). Note that we used K > 4 to bound A*~% by 1 in and .
For the first two integrals, we simply use . For the third integral we use 2ab < a? + b?
and split the A\ powers carefully:

/6/\ 2K+2|I|—|J1|
0 (1+7’)2

t
S / E)\72K+2‘J2|
0

< eS8y (t) + e3N2UHI=1Al=1z2)

Hw28ZIh,\H dr

‘wéaZIhAH dr
L2

1— 1
((w/)aazbhAHB HmaZIhAHLQ dr

|(@)30z7m| |, [wbozna

- 2 t€>\—2K+4|I|—2‘J1|—2|J2|
‘(w')%azhhAHLQ +/

(1 + 7—)1+1/

2
wiozn,|
L2

Since |J1| + |J2| < |I| and |J| < |I| we have proved that there exists a constant C' > 0 such
that

Ex(t) 4+ (1 = Ce)S\(t) < CCye? + C&3

We now choose Cy > 4C and € < % so that for every t € [0,T], Ex(t) < %22 2

™

O]

The result of Proposition [4.5.4] contradicts the maximality of T" and thus 7' = Ty. But now
Ex(t) is bounded up to Ty by C7¢2, which proves that Ty = +oc. This concludes the proof of
Theorem 4.4.1]



Appendix

4.A Commutators

In this first appendix, we estimate [Z,0] and [Z,.Z]. The later will be used in the second
appendix, where we solve equation (4.5.6)).

Lemma 4.A.1. For every Z € Z, we have
5 ‘5 Di,z
{Zv az] :pzae + Z 172,7
zZ'eZ

for some functions pf and p; 7+ such that for every Z' € Z, multi-index K and ¢ € {1,2,3}
there exists Cg’f such that
K16
25| + 125 piz| < C

in the region AT,

Proof. Tt follows from direct computations, using the formula 9; = 9; — L0y

[ai7 at] - 07

_ i~ 1
[0i,0;] = %33' + —(8ij — wiw;)0r,

[52'7 S] - 57;7
05, Q] = 6ir0;j — 6ijOk,
— tw; = w
[61, on] = 76] + Tk(dw — wiwj)QOk.

O

The following proposition estimates the commutator between the Minkowski vector fields
and the transport operator .Z.

Proposition 4.A.1. For every multi-index I we have
al’ef et
EAEESY %@ZJ +vhz/ 2+ r—gZJ ,
[JI<[]-1

for some functions aﬂ’z, b{, and 05 such that for every multi-index I, J and K with |J|+1 < |I|
and every £ € {1,2,3} there exists C’f’l’e > 0 such that

|Z5a} | + 1 250) + |27 el < o

in the region AT,

193
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Proof. We prove this by strong induction on the value of |I|. Some direct computations show
that

(L, 0] =2, Q4] =0
2,0 = —0; + S,
[Z, Qoi] = tia —wi L + (:;_t)ld,
2.5 -2,

Z4__ z
which proves the proposition if [I| = 1. We use the notation [.Z, Z] = %Tag + b8 + (;%Id.
Now let |I| be a multi-index with || < N —1 and Z be any minkowskian vector field, we have

2, 22" = 712,72 + | &, 212"

5 (e

|JI<H]-1

1
+ Y (b{,z".ercng)
=i '
Z
+ > JzaZJ+ e 07" + by .zzf+ Zf
1<t

Using the assumptions made on the functions a:’,’f, bl and cf, the fact that |ZK(r=1)| < r7t
for every multi-index K, we see that the first sum contains only good terms, meaning that
they have the form we want. It is also the case for the terms in the second sum and for the

Z,l__ VA

terms 2—0,Z" and % Z!. To conclude the proof, it remains to deal with the third sum and
T T

bngI:

e for b4 27!, we simply write bZ £ Z! = b% 21 £ +b% (£, Z!]. Because of the assumptions
made on bg , it proves that the term bg L 7" has the desired form.

e for the third sum, we use Lemma

10 It 10
ay- J_ Ay = 7 Ay o, 517
> ’ 70,7 > 0,27 + > ~-(2,007
[JI<|T]-1 [J|<IT| [J]<T]-1
e Ltk ey
_ YJ 75 5J J Pig J J PLZ" 1 g
= Z . 027 + Z 77“ o2’ + Z 77‘2 VAV A
[JI<I] [J|<T]—-1 [JI<|T]—-1

which is of the desired form.
This concludes the proof of the proposition. O
The following Lemma estimates [1f if we know Zf.

Lemma 4.A.2. If f and g are such that £ f = g, then
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Proof. Applying separately —d; + 0, to £ f = g we obtain
/

RO (atf P ) - Ly

We recognize on the LHS of the previous equation the operator . applied to f so that :

2
~OFf +02f +0.f = —Lg— 2.

Recalling that A = 9? + %(% + 6%9,;0; concludes the proof. O

4.B The transport equations

The goal of this appendix is to prove Proposition 4.5.2

4.B.1 The reduced transport equation

We start by considering the following reduced transport equation

(L+n)f=yg (4.B.1)
where
e g:R,. xR?+— R is a continuous function supported in A%,
e n:R, x R¥— R is a continuous function such that |n| < ﬁ

We start by constructing a well-chosen solution to (L — n)¢ = 0 which is close to 1.

Definition 4.B.1. Let x : R — [0,1] be a smooth function supported in {ﬁ <r < 2R}
and such that x|4, = 1. Using polar coordinates we define X a cut-off function around AR in
R, x R3? by

X(t,r,w) = x(r—tw).

Lemma 4.B.1. There exists a function 8 vanishing outside of{ﬁ < q < 2R} which satisfies
B|<e  and  LO+B)=(1+pB)n in AR

Proof. We simply define § using polar coordinates

t
B(t,r,w) := exp (X(t, r,w)/ n(t,r—t+ t',w)dt’) — 1.
0

Thanks to our assumption on 7, 3 satisfies the bound |3| < e. Thus, if € is small enough, we
can bound 1+ 8 from below by %, and therefore In(1 + ) is well-defined and satisfies clearly
L(n(1 + B)) = n in A%, which implies L(1+ ) = (1 + 8)n. O

It is now easy to solve (4.B.1]):

Lemma 4.B.2. Let fy : R? — R supported in Ag and g : Ry xR3 — R supported in A®. There
exists a unique global solution f of (4.B.1)) with initial data fy. This solution is supported in
AR and satisfies

IS sup ([fo(@)]+ 1+ [a])[g(t 2)]) -
(t,z)eR4 xR3
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Proof. The uniqueness follows easily from an energy estimate related to the operator L + 7.
To construct a solution, we use polar coordinates and set

1

o) = )

<(1 + B(0,r — t,w)) fo(r —t,w)

+ /t(l + B(s,r —t+s,w))g(s,r —t+ s,w)ds).
0

By construction, we have fl,—o = fo and L((1+ 8)f) = (1 + B)g, and f is supported in AR
Let (t,z) € AR, since L(1+ ) = (14 B)n in A® we have:

1

(L+n)f(tz)= T+ 8t

L+ P) )t x) = g(t, ).

This proves the existence of a solution. The estimate on |f| comes from the expression of
f, the estimate % < 1+ B < 2 and the support property of g (note that in A%, r and ¢ are
equivalent). O

4.B.2 The transport operator .

Using the result of the previous section, we now solve the equation
Lf=fu+g (4.B.2)

where
A+ 2"+ (1 +7)° 127 Se (4.B.3)

for |[I| < M, where M is an integer. We consider initial data fy supported in Ay and satisfying
| follcar S . Our strategy is to first deduce some a priori estimates.

We first take advantage of [.Z, ] = 0:

Lemma 4.B.3. If f is a smooth and global in time solution of (4.B.2)) initially supported in
Ay, then

e
\ij\gm for |J| < M. (4.B.4)

Proof. We prove this lemma by strong induction on the value of |J|. If |J| = 0, we just rewrite

s
(L—=p)(rf)=rg

and apply Lemma using . Assume now that the estimate holds for all

value of |J| < k with £k < M — 1 and let J be a multi-index such that |J| = k + 1. Since

[Z,9Q] = 0, the equation for Q7 f is

L f =T fut+ Yl ratu+ 0’y
Ji1+Jo=J
|J1|<k

which rewrites
(L-pElf)= > rhfa”u+r0lyg.
J1+Jo=J
[ 1<k
Because of the induction hypothesis and of (4.B.3)), the RHS of this equation is bounded by

ﬁ. Thus, we can apply Lemma and conclude the proof. O
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Note that in the previous lemma, in order to apply Lemma[£.B.2] we have to prove that the
initial data for rQ” f are bounded. Since the vector fields 2 involve only spatial derivations,
this boundedness property follows from f being supported in Ag and smooth. In the next
lemma however, we fully use Proposition and estimate Q7 Z! f, again with the help of
Lemma m This requires to bound the initial data for rQ’Z! f, which may involve some
time derivative. To find OF Jji=0, we simply use the equation and [.Z, 0] = 0 to derive

the equation for 85_1 f which gives

_ oA i p o _
off = ookt -2 S gialuv ot
it+j=k—1

Therefore we obtain Of Jlt=o by induction on k, and check easily their initial boundedness.
With that in mind, we can estimate Q72 f:

Lemma 4.B.4. If f is a smooth and global in time solution of (4.B.2)) initially supported in
Ag, then

V7S —— I +]J] < M. 4B.5

| Ay for HIFII< (4.B.5)
Proof. We prove this lemma by strong induction on the value of |I|. The case |I| = 0 is a
consequence of Lemma Assume now that the estimate (4.B.5) holds for all value of
|[I'l < k with kK < M — 1 and all J’ such that |[I'| + |J'| < M. Let I be a multi-index such
that |I| = k+ 1 and let J be a multi-index such that |I| + |J| < M. Formally, the equation
on Q771 fis

(L-pEQ/Z )= > rQ"zhfQRz0 0400 2 4 r(2,Q7Z7)f. (4.B.6)
I +1x=I
Ji1+Jo=J
[I1|<k
[J1]<]J]-1

Using the induction hypothesis and (4.B.3|), the first two terms in the RHS of (4.B.6) are

bounded by ﬁ It remains to estimate the commutator. Using [.Z, Q)] = 0 and Proposition

[ AT we have:

1.0 I
REROAVIES K <a7{ 8gZI'f+b}ZI/$f+igZI'f)
I|<|1]-1

DY ‘QJEZf’f‘Jr 3 r‘QJZf’.zf)Jr 3 1]QJZf’f

[|<||-1 |<|I]-1 [|<|1]-1

(4.B.7)

Since |I’| < |I| — 1 we can use the induction hypothesis to obtain

S 1’Qv’zl’f

<11

< _ &
~ (1472

To estimate the terms involving .Z f, we simply use (4.B.2)), the induction hypothesis and
EB3):

Y. rlezles|s Y ezt ekl 0 2 S
<=1 11<|1]-1 r
Li+IL=I

Ji+Ja=J
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It remains to estimate the first terms in (4.B.7). Using [Q,0] ~ 0 and 9, = wTkak we get

—_— ! 1 ! !
3 ‘Qfaszjg 3 f‘QJZIf
<71 r<i-1
|J'|<|J]+1

In this last sum, note that |I’| < |I| —1 and |I'| + |J'| < |I| = 14 |J]+1 < M. Thus we can

use our induction hypothesis to bound this by %7")2 In conclusion, the RHS of (4.B.6) is
bounded by ﬁ, and we can apply Lemma and conclude the proof. O

In the previous lemma, the case J = 0 gives that a global smooth solution of (4.B.2)
satisfies

€
7 < — fi Il < M.

This a priori estimates allows us easily to prove the existence and uniqueness of a global
solution to (4.B.2)). We summarize this discussion in the following corollary:

Corollary 4.B.1. Let fy supported in Ay and such that and let p and g satisfy (4.B.3)).
There exists a unique global solution f € CM to [{.B.2) with initial data fy. Moreover, f is
supported in A% and satisfies

271 < —

I < M.
S Jor <
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Résumé : Cette thése s’intéresse a des solu-
tions haute-fréguences aux équations de la relativité
générale. Ces solutions permettent de décrire la pro-
pagation d’'ondes gravitationnelles dans un contexte
non-linéaire. Elles sont aussi un exemple de ba-
ckreaction et contribuent ainsi a I'étude de la conjec-
ture de Burnett.

Les Chapitres 2 et 3 sont dédiés a la construc-
tion de solutions locales en temps haute-fréquences
(gx)x aux équations d’Einstein dans le vide en jauge
d’onde généralisée, approchant en un sens faible une
métrique background gy modélisant une poussiere
nulle. Les données initiales pour les équations d’Ein-
stein devant vérifier les équations de contraintes,
on construit des solutions haute-fréquences a ces
équations sur R? dans le Chapitre 2 en adaptant la
méthode conforme, i.e en définissant ses parametres
par des ansatz haute-fréquences.

Dans le Chapitre 3, on construit la famille (gx)a,

Titre : Construction d’espace-temps haute-fréquences

Mots clés : relativité générale, équations d’Einstein, équations aux dérivées partielles, optique géométrique
faiblement non-linéaire, probleme de Cauchy, équations de contraintes, ondes gravitationnelles

qui est définie par un ansatz haute-fréquence. Pour
la partie oscillante de I'ansatz, on identifie une
hiérarchie d’équations de transport linéaires ainsi que
des conditions de polarisations. Ces dernieres sont
propagées par les identités de Bianchi, et elles per-
mettent de contrdler la création d’harmoniques grace
a la structure nulle polarisée faible des termes semi-
linéaires. Le couplage avec I'équation d’'onde quasi-
linéaire pour le reste induit une perte de dérivée que
I'on résout en utilisant le double feuilletage nul de la
métrique background et en introduisant un cut-off en
Fourier. On évite ainsi de construire le double feuille-
tage nul pour les métriques g,.

Le Chapitre 4 est dédié a I'étude en temps long d'une
famille de solutions haute-fréquences a une équation
d’'onde semi-linéaire présentant une structure nulle.
En se basant sur la méthode des champs de vecteurs,
on montre I'existence globale de ces solutions.

Title : Construction of high-frequency spacetimes

Abstract : This thesis is interested in high-frequency
solutions to the equations of general relativity. These
solutions describe the propagation of gravitational
waves in a non-linear context. They also display the
backreaction phenomenon and thus contribute to the
study of Burnett’s conjecture.

Chapters 2 and 3 are devoted to the construction of
high-frequency local in time solutions (g, ), to the Ein-
stein vacuum equations in generalised wave coordi-
nates, approaching in a weak sense a background
null-dust solution. The initial data for the Einstein va-
cuum must satisfy the constraint equations and we
construct high-frequency solutions of these equations
on R? in Chapter 2 by adapting the conformal method,
where the parameters are defined by high-frequency
ansatz.

Keywords : general relativity, Einstein equations, partial differential equations, weakly non-linear geometric
optics, Cauchy problem, constraint equations, gravitational waves

In Chapter 3, we construct the family (g )., defined by
a high-frequency ansatz. For the oscillating part of the
ansatz, we identify a hierarchy of transport equations
as well as polarization conditions. The later are pro-
pagated through the Bianchi identities, and allow us to
control the creation of harmonics thanks to the weak
polarized null structure of the semi-linear terms. The
coupling with the quasi-linear wave equation for the
remainder induces a loss of derivatives which we re-
gain using the background double null foliation and a
Fourier cut-off. Thus, we avoid constructing the double
null foliation for the metrics g,.

Chapter 4 is devoted to the long time study of high-
frequency solutions to a semi-linear wave equation
with a null structure. We show global existence using
the vector field method.

Institut Polytechnique de Paris
91120 Palaiseau, France
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