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préparée à École polytechnique
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Astrid Hilbert
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Résumé

Cette thèse comporte deux parties.

La première porte sur l’étude du problème d’arrêt optimal champ moyen, c’est-à-dire de

l’arrêt optimal d’une diffusion du type McKean-Vlasov, lorsque le critère à optimiser est une

fonction de la distribution du processus arrêté. Ce problème permet de modéliser la situation

où un planificateur central, contrôlant une population infinie d’agents en interaction, doit

attribuer à chaque agent un temps d’arrêt en vue d’optimiser un certain critère dépendant

de la distribution du système.

Nous étudions ce problème via une approche type programmation dynamique, qui per-

met de caractériser sa fonction valeur par une équation aux dérivées partielles sur l’espace

des mesures, que nous appelons problème (ou équation) de l’obstacle sur l’espace de Wasser-

stein, par analogie avec le problème de l’obstacle classique, rencontré notamment en arrêt

optimal standard. Nous montrons en particulier que si cette équation dispose d’une solution

classique, alors cette dernière est égale à la fonction valeur du problème d’arrêt optimal

champ-moyen, et peut être utilisée pour caractériser les stratégies d’arrêt optimales.

Nous étendons ensuite cette étude au cas où la fonction valeur n’est pas nécessairement

différentiable. Ainsi, nous introduisons une notion de solution de viscosité pour l’équation

de l’obstacle sur l’espace de Wasserstein, pour laquelle nous montrons les propriétés de con-

sistance avec les solutions classiques, de stabilité et d’unicité.

Dans la seconde partie de la thèse, nous nous intéressons au développement d’approximations

pour certaines classes d’équations aux dérivées partielles sur l’espace des mesures de prob-

abilité. Plus précisément, nous montrons que les solutions de viscosité de ces équations

peuvent s’écrire comme limites de solutions de viscosité d’équations définies sur des espaces

de dimension finie.

Nous nous intéressons d’abord au cas du problème de l’obstacle sur l’espace de Wasser-

stein, dont il s’avère que l’équation d’approximation correspond à l’équation de la program-

mation dynamique associée au problème d’arrêt optimal multiple, qui peut être vu comme

une formulation du problème d’arrêt optimal champ-moyen en population finie.

Nous traitons enfin le cas d’une classe plus générale d’équations paraboliques sur l’espace

de Wasserstein. Cette classe couvre notamment le cas des équations d’Hamilton-Jacobi-

Bellman champ-moyen, ou encore celui des équations affleurant dans les problèmes de jeux
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différentiels champ-moyen. Nous montrons également que nos résultats peuvent être étendus

aux équations dépendant de la trajectoire (c’est-à-dire, dont les variables de la solution ne

sont plus le temps et une mesure sur Rd, mais le temps et une mesure sur l’espace des

trajectoires continues).
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Abstract

This thesis consists in two parts.

The first one is concerned with the study of the mean field optimal stopping problem,

that is the optimal stopping of a McKean-Vlasov diffusion, when the criterion to optimize

is a function of the stopped process. This problem models the situation where a central

planner controls a continuous infinity of interacting agents by assigning a stopping time to

each of them, in order to optimize some criterion which depends on the distribution of the

system.

We study this problem via a dynamic programming approach, which allows to character-

ize its value function by a partial differential equation on the space of probability measures,

that we call obstacle problem (or equation) on Wasserstein space by analogy with the classi-

cal obstacle problem, which arises in particular in standard optimal stopping. We especially

show that, if this equation has a classical solution, then it is equal to the value function of

the mean field optimal stopping problem, and that it can be used to characterize optimal

stopping policies.

We next extend our study to the case where the value function is not necessarily dif-

ferentiable. Thus, we introduce a notion of viscosity solution for the obstacle problem on

Wasserstein space, for which we prove the properties of consistency with classical solutions,

stability and uniqueness.

In the second part of the thesis, we are interested in developing approximations for some

classes of partial differential equations on the space of probability measures. More precisely,

we show that viscosity solutions of these equations can be written as limits of viscosity

solutions of equations defined on finite-dimensional spaces.

We first focus our study on the case of the obstacle problem on Wasserstein space, for

which it turns out that the approximating equation corresponds to the dynamic program-

ming equation associated with the multiple optimal stopping problem, which may be seen

as a finite population formulation of the mean field optimal stopping problem.

We finally consider a larger class of parabolic equations on Wasserstein space. This class

covers in particular the scope of mean field Hamilton-Jacobi-Bellman equations, or the case

of equations arising in mean field differential games. We also prove that our results can be

extended to the case of path-dependent equations (i.e., when the variables of the solution

7
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are not the time and a measure on Rd, but the time and a measure on the space of paths).

Notations

In the thesis, we shall systematically use the following notations:

• Let (E,A) be a measurable space endowed with a metric d. We denote by P(E,A) the

set of probability measures on (E,A), and by P2(E,A) its subset of square integrable

probability measures, equipped with the Wasserstein distance defined by

W2(µ, ν) := inf
Q∈Π(µ,ν)

(∫
E×E

d2(x, y)Q(x, y)
)1/2

for all (µ, ν) ∈ P2(E,A)2,

where Π(µ, ν) is the set of couplings of µ and ν. When A = B(E), the Borel σ-algebra

of E, we simply write P(E) and P2(E).

• We denote by supp (µ) the support of µ ∈ P(E,A), defined as the smallest closed set

C ⊂ E s.t. µ(Cc) = 0.

• Given a random variable Z and a probability P, we denote by PZ := P ◦ Z−1 the law

of Z under P.

• The space of the d × d real valued symmetric matrices is denoted by Sd, and the

subspace of non-negative symmetric matrices S+
d .

• For vectors x, y ∈ Rd and matrices A,B, denote x · y :=
∑d

i=1 xiyi and A : B :=

tr (AB>).

• We shall also write “LSC" (resp. “USC") for “lower (resp. upper) semi-continuous".

8



Chapter I

Introduction (Français)

I.1 Généralités sur le contrôle optimal champ-moyen

I.1.1 Motivations

Bien qu’utilisée depuis longtemps en physique statistique, la notion de champ-moyen s’est

durablement imposée en théorie du contrôle depuis qu’elle a été introduite, de manières

indépendantes, par Lasry & Lions [53] et Caines, Huang & Malhammé [47] pour modéliser

les problèmes de décision au sein de systèmes d’agents en interaction. La principale idée

derrière de tels modèles est de postuler que, sous certaines hypothèses de symétrie et lorsque

le nombre d’agents devient très grand, l’étude de ces systèmes peut se réduire à l’étude d’un

agent représentatif qui agit en fonction l’état moyen du système, typiquement donné par

la distribution des autres agents. Lorsque chaque agent cherche à optimiser son propre

critère, de tels problèmes sont appelés jeux à champ-moyen; lorsqu’un planificateur central

contrôle les agents en interaction pour optimiser un certain critère dépendant de l’état global

du système, on parle de contrôle optimal champ-moyen. Le principal objet de cette thèse,

l’arrêt optimal champ-moyen, appartient à cette seconde famille de problèmes.

Bien que moins traité que les problèmes de jeux, le contrôle optimal champ-moyen a

bénéficié d’un intérêt croissant ces dernières années. D’abord étudiée par Bensoussan, Frehse

& Yam [8] et Carmona, Delarue & Lachapelle [22] dans le cadre d’une étude comparative

avec les jeux à champ-moyen, cette classe de problème a principalement été traitée via

deux approches : par l’utilisation d’un principe du maximum (voir par exemple Buckdahn,

Djehiche & Li [13], Andersson & Djehiche [1] ou Meyer-Brandis, Oksendal & Zhou [60]) et

9



CHAPTER I. INTRODUCTION (FRANÇAIS)

par la programmation dynamique (voir par exemple Laurière & Pironneau [54], Pham &

Wei [65], Bayraktar, Cosso & Pham [6], Wu & Zhang [77] ou Djete, Possamaï & Tan [34]).

Des résumés de ces deux méthodes sont présentés dans Carmona & Delarue [21, Vol. I, Ch.

6]. L’approche par programmation dynamique aboutit principalement à la caractérisation

de la fonction valeur du problème de contrôle par une équation d’Hamilton-Jacobi-Bellman

sur l’espace des mesures de probabilité, parfois appelée en anglais master equation.

D’un point de vue probabiliste, l’intuition derrière les problèmes de contrôle optimal

champ-moyen est la suivante : étant donné deux entiers d,N ≥ 1, un ensemble de contrôles

A et W = (W 1, . . . ,WN )ᵀ un mouvement brownien standard de dimension d × N , on

considère le système de N particules en interaction dans Rd :

dXk,N,α
t = b

(
t,Xk,N,α

t , µN (XN,α
t ), αit

)
dt+ σ

(
t,Xk,N,α

t , µN (XN,α
t

)
, αkt )dW

k
t , (I.1.1)

pour tout k = 1, . . . , N , avec XN,α := (X1,N,α, . . . , XN,N,α)ᵀ, α := (α1, . . . , αN )ᵀ ∈ AN le

vecteur des contrôles et

µN (XN,α
t

)
:=

1

N

N∑
k=1

δ
Xk,N,α
t

la distribution empirique du système à l’instant t. Bien que chaque particule k soit contrôlée

par le processus αk, sa dynamique dépend également des autres contrôles {αj}j 6=k, du fait

de l’interaction via la distribution empirique du système. Adoptant le point de vue d’un

planificateur central, on se donne alors le problème de contrôle

sup
α∈AN

E
[ 1

N

N∑
k=1

∫ T

0
fk(r,XN,α

r )dr + g(XN,α
T )

]
,

où T > 0 correspond à l’horizon de temps. Si f et g peuvent s’écrire comme des fonction-

nelles définies sur l’espace des mesures de probabilité, c’est-à-dire peuvent se mettre sous la

forme fk(t,x) = f(t, xk, µ
N (x)) et g(x) = g(µN (x)), on peut alors formuler l’approximation

champ-moyen de ce problème. Plus précisément, quand N → ∞, on considère que la dy-

namique d’une particule représentative du système est donnée par

dXα
t = b

(
t,Xα

t ,L(Xα
t ), αt

)
dt+ σ

(
t,Xα

t ,L(Xα
t ), αt)dWt, (I.1.2)

où L(Xα
t ) désigne la distribution de Xα

t , et W est un mouvement brownien standard. Le

problème de contrôle champ-moyen s’écrit alors

sup
α∈A

E
[ ∫ T

0
f(r,Xα

r ,L(Xα
r ))dr

]
+ g
(
L(Xα

T )
)
. (I.1.3)

10



CHAPTER I. INTRODUCTION (FRANÇAIS)

Une telle approximation est essentiellement justifiée par les résultats du type propagation

du chaos :
1

N

N∑
k=1

δXk,N,α −→
N→∞

L(Xα) en distribution.

Ces problèmes de convergence ont été abondamment étudiés. Nous renvoyons par exemple

au célèbre article de Sniztman [72] ou à Oelschlager [63] pour le cas des diffusions non-

contrôlées, et aux récents travaux de Lacker [52] et de Djete [33] pour le cas des diffusions

contrôlées (pour le premier, dans le cadre des contrôles relaxés).

Outre l’intérêt d’un tel modèle pour étudier les systèmes de particules en interaction,

il est intéressant d’observer que la classe des problèmes couverts par la formulation (I.1.3)

est plus générale que celle traitée dans le cas du contrôle optimal standard, c’est-à-dire des

problèmes de la forme

sup
α∈A

E
[ ∫ T

0
f(r,Xα

r )dr + g(Xα
T )
]
. (I.1.4)

Mentionnons par exemple le problème d’optimisation moyenne-variance, donné par

sup
α∈A

{
E
[
Xα
T

]
− 1

2
Var
(
Xα
T

)}
.

Comme la variance contient un terme quadratique en l’espérance, ce problème ne peut

être écrit sous la forme (I.1.4), et n’est donc pas standard. Fischer & Livieri [42] en ont

par ailleurs proposé une résolution lorsque X est un mouvement brownien géométrique, en

résolvant explicitement le problème à N particules correspondant et en calculant sa limite

lorsque N →∞.

I.1.2 Quelques éléments d’analyse sur l’espace de Wasserstein

Avant d’évoquer le principe de programmation dynamique pour le problème de contrôle

champ-moyen et l’équation aux dérivées partielles associée, il est nécessaire d’introduire un

certain nombre d’éléments d’analyse sur l’espace des mesures de probabilité. Pour un exposé

plus détaillé sur ce sujet, nous renvoyons à Carmona & Delarue [21, Vol. I, Ch. 5]. Soit

(E, d) un espace métrique, et p ∈ [1,+∞). On appelle espace de Wasserstein d’ordre p

l’ensemble Pp(E) des mesures de probabilité qui possèdent un moment d’ordre p fini, et

muni de la métrique

Wp(µ, ν) :=
(

inf
γ∈Γ(µ,ν)

∫
E×E

(d(x, y))pγ(dx, dy)
)1/p

pour tout µ, ν ∈ Pp(E),

11
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où Γ(µ, ν) désigne l’ensemble des couplages de µ et ν, c’est-à-dire l’ensemble des mesures

de probabilité sur E × E ayant µ et ν comme lois marginales. Cette métrique est appelée

distance de Wasserstein d’ordre p, ou encore p-Wasserstein distance en anglais. Si (E, d)

est un espace polonais (c’est-à-dire complet et séparable), alors (Pp(E),Wp) l’est également.

Nous utiliserons souvent la propriété suivante, qui permet de caractériser la convergence au

sens deWp (voir [21, Théorème 5.5]) : Wp(µn, µ) −→
n→∞

0 si, et seulement si, la suite {µn}n≥1

converge faiblement vers µ et est p-uniformément intégrable, c’est-à-dire satisfait

lim
R→∞

sup
n≥1

∫
E

(d(x0, x))pdµn(x) = 0 pour un certain x0 ∈ E.

Il nous est également nécessaire d’introduire une notion de dérivée sur l’espace des

mesures. On dit que u : Pp(E) −→ R admet une dérivée fonctionnelle linéaire, notée

δmu, si

u(µ)− u(ν) =

∫ 1

0

∫
E
δmu(λµ+ (1− λ)ν, x)d(µ− ν)(x)dλ pour tout µ, ν dans Pp(E).

On remarque que cette dérivée est définie à une constante additive près, et qu’il s’agit d’une

fonction de Pp(E) × E dans R. Par ailleurs, si x 7→ δmu(µ, x) est à son tour dérivable,

les dérivées ∂xδmu(µ, ·) et ∂2
xxδmu(µ, ·) coïncident avec les dérivées de Lions ∂µu(µ, x) et

∂x∂µu(µ, ·) (voir [58]), définies dans le cas p = 2 en réécrivant u comme une fonction définie

sur l’espace de Hilbert des variables aléatoire de carré intégrable, et en utilisant la dérivée

au sens de Fréchet.

Soit X est une semi-martingale continue à valeurs dans E = Rd, u : [0, T ]×Pp(Rd) −→ R

admettant des dérivées ∂tu, ∂xδmu et ∂2
xxδmu. Posons µt := L(Xt) pour tout t ∈ [0, T ]. Sous

certaines conditions d’intégrabilité, nous avons la formule d’Itô,

u(t, µt) = u(0, µ0) +

∫ t

0
∂tu(s, µs)ds (I.1.5)

+E
[ ∫ t

0
∂xδmu(s, µs, Xs) · dXs + ∂2

xxδmu(s, µs, Xs) : d〈X〉s
]
,

qui joue un rôle crucial dans l’établissement de l’équation de la programmation dynamique

associée à un problème de contrôle champ-moyen.

I.1.3 Principe de la programmation dynamique

Comme dans le cas du contrôle standard, il est possible d’étudier les problèmes de contrôle

champ-moyen en écrivant un principe de la programmation dynamique. Pour ce faire, il

12
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est nécessaire de changer la variable d’état du problème. Dans le problème de contrôle

standard (I.1.4), f et g sont définies sur un espace de dimension finie, typiquement Rd, et

la variable d’état adaptée est donc le processus X, à valeurs dans cet espace. En revanche,

dans le problème de contrôle champ-moyen (I.1.3), elles sont définies sur un espace de

dimension infinie, l’espace des mesures de probabilité. En conséquence, la variable d’état

correspondante est la loi du processus Xα, ou plus précisément, dans le cas markovien, le flot

de lois marginales {L(Xα
t )}t∈[0,T ]. Ainsi, après avoir réécrit (I.1.3) sous la forme dynamique

V (t, µ) := sup
α∈A

E
[ ∫ T

t
f(r,Xt,µ,α

r ,L(Xt,µ,α
r ))dr

]
+ g
(
L(Xt,µ,α

T )
)
, (t, µ) ∈ [0, T ]× P2(Rd),

où Xt,µ,α correspond à la dynamique (I.1.2) conditionnée à L(Xα
t ) = µ, nous pouvons

montrer que

V (t, µ) = sup
α∈A

E
[ ∫ s

t
f(r,Xt,µ,α

r ,L(Xt,µ,α
r ))dr

]
+ V (s,L(Xt,µ,α

s )) pour tout s ∈ [t, T ].

Si V est suffisamment régulière, nous pouvons alors associer cette égalité à la formule d’Itô

(I.1.5) pour déduire que V est solution de

−∂tu(t, µ) +H(t, µ, δmu(t, µ, ·)) = 0, u(T, µ) = g(µ), (I.1.6)

pour tout (t, µ) ∈ [0, T ]× P2(Rd), avec

H(t, µ, ϕ) :=

∫
E

sup
a∈A

(
b(t, x, µ, a) · ∂xϕ(x) +

1

2
σ2(t, x, µ, a) : ∂2

xxϕ(x)
)
µ(dx)

pour toute ϕ ∈ C2(Rd). Il est également possible d’établir (I.1.6) lorsque V n’est pas

dérivable en recourant aux solutions de viscosité (voir par exemple Wu & Zhang [77] et

Pham & Wei [65], qui utilisent deux notions de solutions de viscosité différentes).

Pour obtenir une caractérisation complète du problème (I.1.3) à l’aide de l’équation

(I.1.6), il est nécessaire d’établir un résultat d’unicité, appelé principe de comparaison dans

la littérature des solutions de viscosité. Un tel résultat est néanmoins difficile à prouver

dans le cas général, et nous redirigeons le lecteur vers [77, Théorème 4.13] pour en voir une

preuve dans un cas particulier.

I.2 Le cas de l’arrêt optimal

Les problèmes d’arrêt optimal correspondent à des problèmes de décision binaires : à chaque

instant, la décision à prendre consiste à arrêter ou non un processus donné, en se basant
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uniquement sur l’information disponible à cet instant et sans possibilité de revenir en arrière.

Il est possible de l’illustrer par le problème du secrétaire : un employeur désire engager un

secrétaire et se livre à une série d’entretiens avec les différents candidats. Après chaque

entretien, il lui faut décider de recruter ou non le candidat.

Le principal but de cette thèse est d’établir une approche type programmation dynamique

du problème d’arrêt optimal champ-moyen, qui constitue une sous-classe particulière des

problèmes de contrôle optimal champ-moyen. Comme pour ces derniers, nous adoptons le

point de vue d’un planificateur central contrôlant une distribution de particules en interac-

tion. Dans ce cadre, il doit attribuer à chaque particule un temps d’arrêt en vue d’optimiser

une certaine fonction de la distribution.

De la même manière que le contrôle champ-moyen se distingue des jeux à champ-moyen,

le problème d’arrêt optimal champ-moyen est à distinguer des jeux d’arrêt à champ-moyen

(parfois appelés mean field games of timing dans la littérature), qui ont été largement étudiés

ces dernières années (voir, entre autres, Bertucci [9], Carmona, Delarue & Lacker [23], Nutz

[62] et Bouveret, Dumitrescu & Tankov [11]).

I.2.1 Rappels sur l’arrêt optimal standard, et particularités de l’arrêt
optimal champ-moyen

Rappelons d’abord quelques généralités à propos de l’arrêt optimal standard (nous renvoyons

vers El Karoui [41] ou Shiryaev [70] pour des exposés détaillés). Soit X un processus de

diffusion

dXt = b(t,Xt)dt+ σ(t,Xt)dWt, (I.2.1)

F la filtration engendrée par le mouvement Brownien W et, pour tout t ∈ [0, T ], soit Tt,T
l’ensemble des F-temps d’arrêt à valeurs dans [t, T ]. On se donne le problème d’optimisation

sup
τ∈T0,T

E
[ ∫ τ

0
f(r,Xr)dr + g(Xτ )

]
,

que l’on peut réécrire sous forme dynamique

V (t, x) := sup
τ∈Tt,T

E
[ ∫ τ

t
f(r,Xr)dr + g(Xτ )|Xt = x

]
. (I.2.2)
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Si V est continue, on peut montrer qu’elle satisfait le principe de la programmation dy-

namique

V (t, x) = sup
τ∈Tt,T

E
[ ∫ τ∧θ

t
f(r,Xr)dr + g(Xτ )1θ≥τ + V (θ,Xθ)1θ<τ |Xt = x

]
,

qui permet de déduire, sous certaines hypothèses de croissance, que V est l’unique solution

de viscosité du problème de l’obstacle

min
{
− ∂tu− b∂xu−

1

2
σ2∂2

xxu− f, u− g
}

= 0, u(T, ·) = g. (I.2.3)

En utilisant cette équation dans le cas où V ∈ C1,2([0, T ]×Rd), ou la théorie de l’enveloppe

de Snell dans le cas général (voir par exemple Karatzas & Shreve [49, Appendice D]), on

peut alors montrer que le temps d’arrêt

τ∗ := inf{s ≥ t : V (s,Xs) = g(Xs)}

est optimal pour le problème (I.2.2). En finance, ce type de problème apparaît naturellement

dans le cadre des options américaines, qui permettent à leur acquéreur de les exercer à tout

instant entre la date de souscription et la maturité. L’actif X sur lequel est construit l’option

étant stochastique, l’acquéreur, qui ne peut prédire son évolution, doit résoudre un problème

d’arrêt optimal pour déterminer la meilleure date d’exercice de l’option. De la même manière

le vendeur, pour se couvrir, tarife l’option en calculant l’espérance de son payoff g(Xτ ) sous

la stratégie d’arrêt optimale.

Comme dans le cas du contrôle, et afin de mieux saisir l’intuition qui se cache derrière le

modèle champ-moyen, nous présentons d’abord le problème d’arrêt optimal à N particules

(appelé arrêt optimal multipe). Ce problème a été traité dans un cadre très général par

Kobylanski, Quenez & Rouy-Mironescu [50]. On adopte une fois de plus le point de vue

d’un planificateur central qui cherche à optimiser un certain critère en contrôlant toutes les

particules du système. Le choix du contrôle pour une particule va influencer la dynamique

des autres via le terme d’interaction. Les contrôles étant ici des temps d’arrêt, le seul moyen

de rendre compte d’un tel impact est donc de rendre les temps d’arrêt intrinsèques à la

dynamique du système, ce qui marque une première différence avec le cas de l’arrêt opti-

mal standard où la dynamique (I.2.1) est non contrôlée. On choisit donc de formuler le

problème ainsi : étant donné une suite de mouvements Browniens mutuellement indépen-

dants {W k}k≥1, FN la filtration engendrée par {W k}1≤k≤N , T N
0,T l’ensemble des N -uplets
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de FN -temps d’arrêt et τ := (τ1, . . . , τN ) ∈ T N
0,T , les particules suivent les dynamiques

dXk,N,τ
t = b(t,Xk,N,τ

t , µN (XN,τ
t ))ik1t<τkdt+ σ(t,Xk,N,τ

t , µN (XN,τ
t ))ik1t<τkdW

k
t (I.2.4)

pour tout k = 1, . . . , N , avec XN = (X1,N,τ , . . . , XN,N,τ )> et i := (i1, . . . , iN )> ∈ {0, 1}N .
Cette équation est celle de la diffusion contrôlée (I.1.1) dans le cas où b et σ sont linéaires

en α, pour

αt = It := (I1
t , . . . , I

N
t )> := (i11t<τ1 , . . . , iN1t<τN )>.

Le vecteur i permet de signaler les particules qui sont arrêtées dès le temps initial, et s’avère

crucial pour établir l’équation de la programmation dynamique caractérisant le problème

d’arrêt optimal multiple, qui s’énonce ainsi:

sup
(τ1,...,τN )∈T N

0,T

E
[ 1

N

N∑
k=1

∫ τk

0
fk,N (r,XN,τ

r )dr + gN (X1,N,τ
τ1 , . . . , XN,N,τ

τN
)
]
, (I.2.5)

Remarquons que, puisque Xk,N,τ
τk = Xk,N,τ

T pour tout k, et que τ et I sont en bijection,

ce problème est équivalent à un problème de contrôle en I. Néanmoins, étant donné la

contrainte de monotonie sur I (qui est décroissant), l’établissement d’un principe de la

programmation dynamique n’est pas aussi immédiat que dans le cas du contrôle standard.

Nous traitons le cas de l’arrêt optimal multiple dans le Chapitre V de cette thèse, qui

correspond à [76].

Si fk,N (·,x) = f(·, xk, µN (x)) pour tout k ∈ {1, . . . , N} et gN (x) = g(µN (x)), alors le

problème d’arrêt optimal multiple admet une formulation asymptotique, le problème d’arrêt

optimal champ-moyen:

sup
τ∈T0,T

E
[ ∫ τ

0
f(r,Xr,L(Xr))dr

]
+ g(L(Xτ )), (I.2.6)

où X est une diffusion de type McKean-Vlasov arrêtée:

dXt = b(t,Xt,L(Xt))Itdt+ σ(t,Xt,L(Xt))ItdWt, avec It := I0−1t<τ , (I.2.7)

et I0− est une variable à valeurs dans {0, 1}. Comme dans le cas de l’arrêt optimal multiple,

il s’agit d’un problème de contrôle champ-moyen en I. Cependant, comme signalé ci-dessus,

la monotonie inhérente à cette famille de contrôles rend moins immédiate l’écriture d’un

principe de la programmation dynamique ; en particulier, il n’est pas suffisant de pren-

dre L(Xt) comme variable d’état, contrairement au cas du contrôle optimal champ-moyen

général.
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Quelques exemples de tels problèmes d’arrêt optimal (critère non standard dépendant

uniquement de la loi du processus arrêté) ont été abordés dans la littérature : nous pouvons

ainsi évoquer les cas de l’arrêt optimal moyenne-variance par Pedersen & Peskir [64] et de

la distortion de probabilité par Xu & Zhou [78], où le critère g est défini par

g(µ) :=

∫ ∞
0

ϕ(P(U(ξ) ≥ x))dx,

où µ est une mesure de probabilité sur (0,+∞), ξ une variable aléatoire de loi µ sous une

probabilité P fixée, U une fonction d’utilité et ϕ une fonction continue de [0, 1] dans lui-même

appelée fonction de distortion. Ces deux exemples sont traités en horizon infini (T = ∞),

lorsque X est un mouvement Brownien géométrique ayant un Dirac comme distribution de

départ.

I.2.2 Problème de l’obstacle sur l’espace de Wasserstein

Le premier objectif de cette thèse est d’établir un principe de la programmation dynamique

(PPD) pour caractériser la fonction valeur du problème. Cette tâche est retranscrite dans

le Chapitre III, et correspond à [74].

Une idée naturelle est d’introduire une version dynamique du problème, sur le modèle

du contrôle optimal champ-moyen (I.1.3). Soit (t, µ) ∈ [0, T ]× P2(Rd), et

V (t, µ) := sup
τ∈Tt,T

E
[ ∫ τ

t
f(r,Xr,L(Xr))dr

]
+ g(L(Xτ ))

= sup
I∈I0([t,T ])

E
[ ∫ T

0
f(r,Xr,L(Xr))Irdr

]
+ g(L(XT )),

où X est une diffusion arrêtée (I.2.7) de processus de survie Is := 1s<τ telle que L(Xt) = µ,

et où I0([t, T ]) est l’ensemble des processus de survie (i.e., l’ensemble des processus de la

forme s 7→ 1s<θ, θ ∈ Tt,T ). Il s’avère cependant que cette formulation est insuffisante pour

obtenir un PPD. En effet, les particules arrêtées sur l’intervalle [t, t + δ), δ ∈ (0, T − t), le
sont toujours sur l’intervalle [t + δ, T ]. Tout contrôle I admissible sur [t + δ, T ] doit donc

vérifier It+δ ≤ I∗(t+δ)−, où I
∗ est un contrôle optimal sur [t, t+ δ). L’impossibilité d’obtenir

un PPD avec cette formulation est donc due à la monotonie des éléments de I0([t, T ]), qui

sont par définition décroissants. C’est donc pour prendre ce fait en compte que l’on choisit

pour variable d’état la loi jointe L((Xt, It)), et non L(Xt). Intuitivement, cela signifie que

l’information qui consiste à connaître les positions des particules dans Rd (la distribution
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L(Xt)) n’est pas suffisante : il faut également connaître leur état, c’est-à-dire savoir si elles

sont arrêtées ou non (information contenue dans la distribution L(Xt, It)).

Nous adoptons alors la formulation suivante : Ω := C0([0, T ],Rd) × I0([−1, T ]), où

C0([0, T ],Rd) désigne l’ensemble des trajectoires continues de [0, T ] dans Rd, désigne notre

espace canonique, et Y := (X, I) le processus canonique sur Ω. Pour tout (t,m) ∈ [0, T ] ×
P2(S), S := Rd × {0, 1}, on désigne alors par P(t,m) l’ensemble des mesures de probabil-

ité sur Ω telles que X ait la dynamique (I.2.7), P-presque sûrement, et P ◦ Y −1
t− = m. Le

problème d’arrêt optimal champ-moyen est alors défini par

V (t,m) := sup
P∈P(t,m)

E
[ ∫ T

t
f(r,Xr,P ◦X−1

r )dr
]

+ g(P ◦X−1
T ). (I.2.8)

Cette formulation, dite faible (le processus est fixé et l’on contrôle sa distribution), permet

notamment de compactifier l’ensemble des contrôles en prenant également en compte les

stratégies d’arrêt randomisées, qui consistent, à chaque instant, à pouvoir également arrêter

X avec une certaine probabilité strictement comprise entre 0 et 1. Ainsi, il suffit que f et

g soient semi-continues supérieurement pour que le problème (I.2.8) admette une solution.

On s’assure par ailleurs qu’il s’agit effectivement d’un problème d’arrêt optimal en posant

τ := inf{s ≥ t : Is = 0} et en remarquant que, lorsque τ parcourt l’ensemble des temps

d’arrêt (randomisés) à valeurs dans [t, T ], P décrit P(t,m).

Une fois ce cadre posé, nous obtenons le PPD:

V (t,m) = sup
P∈P(t,m)

E
[ ∫ s

t
f(r,Xr,PYr)dr

]
+ V (s,PYs−) pour tout s ∈ [t, T ]. (I.2.9)

Comme souvent en contrôle stochastique, on établit l’équation de la programmation dy-

namique associée à notre problème d’optimisation en appliquant une formule d’Itô au PPD.

Cependant, le processus Y est une semimartingale càdlàg et donc potentiellement non

continue, ce qui nous empêche d’utiliser (I.1.5) ; par ailleurs, son flot de lois marginales

{PYs}s∈[t,T ] est lui-même càdlàg, ce qui interdit d’utiliser certaines formules d’Itô pour les

lois de diffusions à sauts trouvables dans la littérature (voir par exemple Burzoni, Ignazio,

Reppen & Soner [15]). Nous sommes ainsi conduits à prouver une formule d’Itô pour le

cas général d’une semimartingale Y càdlàg. Si m := {mt}t∈[0,T ] désigne son flot de lois

marginales, et JT(m) l’ensemble des points de discontinuité de t 7→ mt sur T ⊂ [0, T ], alors
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sous certaines conditions d’intégrabilité :

u(t,mt) = u(0,m0) +

∫ t

0
∂tu(s,ms)ds

+E
[ ∫ t

0
∂yδmu(s,ms, Ys) · dY c

s + ∂2
yyδmu(s,ms, Ys) : d〈Y c〉s

]
(I.2.10)

+
∑

s∈J(0,t](m)

(
u(s,ms)− u(s,ms−)

)
+ E

[ ∑
s∈Jc

(0,t]
(m)

(
δmu(s,ms, Ys)− δmu(s,ms, Ys−)

)]
,

où Y c désigne la partie continue de Y . Toutefois, seul le cas particulier Y = (X, I) nous

intéresse dans le cadre de l’arrêt optimal champ-moyen.

L’application du cette formule au PPD prouve donc que V , si elle est suffisamment

régulière, est solution de l’équation de la programmation dynamique :

min
m′∈Cu(t,m)

{−(Lu+ F )(t,m′)} = 0, DIu(t,m, ·) ≥ 0, u(T, ·) = g, (I.2.11)

pour tout (t,m) ∈ [0, T ]× P2(S), avec

Lu(t,m) := ∂tu(t,m)

+

∫
Rd

(
b(t, x,m) · ∂xδmu(t,m, x, 1) +

1

2
σ2(t, x,m) : ∂2

xxδmu(t,m, x, 1)
)
m(dx, 1),

F (t,m) :=

∫
Rd
f(t, x,m)m(dx, 1)

Cu(t,m) := {m′ � m : u(t,m′) = u(t,m)},

DIu(t,m, x) := δmu(t,m, x, 1)− δmu(t,m, x, 0) pour tout x ∈ Rd.

La notation � désigne ici un ordre partiel sur P2(S) : nous avons m′ � m s’il existe une

fonction mesurable p : Rd −→ [0, 1] telle que

m′(dx, 1) = p(x)m(dx, 1) et m′(dx, 0) = (1− p(x))m(dx, 1) +m(dx, 0).

Intuitivement, cela signifie que m′ peut être obtenue en arrêtant chaque particule non déjà

arrêtée de la distributionm se trouvant en position x avec probabilité p(x). Cu(t,m) désigne

donc les stratégies d’arrêt à l’instant t qui préservent la fonction valeur. La condition

DIu ≥ 0, qui implique que u est croissante pour l’ordre partiel �, exprime la monotonie

naturelle du problème : la fonction valeur est d’autant plus grande que l’ensemble des

particules que l’on contrôle l’est.
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Par analogie avec l’arrêt optimal standard, nous appelons cette équation problème de

l’obstacle sur l’espace de Wasserstein. Nous montrons par ailleurs un théorème de vérifica-

tion, c’est-à-dire que toute solution suffisamment régulière de cette équation est égale à la

fonction valeur (I.2.8). Nous utilisons également ce problème de l’obstacle pour caractériser

les stratégies d’arrêt optimales.

I.2.3 Caractérisation par les solutions de viscosité

Dans cette deuxième partie de notre travail, nous étendons la caractérisation du problème

d’arrêt optimal champ-moyen (I.2.8) par le problème de l’obstacle (I.2.11) dans le cas où

V n’est pas différentiable. Autrement dit, nous entendons définir la notion de solution

faible de (I.2.11), au sens des solutions de viscosité. Introduite par Crandall & Lions [30]

dans le cadre des équations d’Hamilton-Jacobi, cette notion permet de définir des solutions

faibles pour des équations aux dérivées partielles du second ordre elliptiques, notamment

non linéaires. Contrairement aux solutions au sens de Sobolev, les solutions de viscosité sont

définies en tout point. Elles permettent d’obtenir des résultats d’existence et d’unicité sous

des hypothèses de régularité minimes (typiquement, pour des fonctions localement bornées).

Nous renvoyons le lecteur vers l’exposé de Crandall, Ishii & Lions [29] pour plus de détails

sur les solutions de viscosité dans le cadre d’espaces de dimension finie.

Motivé entre autres par les problèmes de jeux et de contrôle champ-moyen, l’étude des

solutions de viscosité des équations sur l’espace de Wasserstein a connu un vif intérêt ces

dernières années et a été menée via des approches très diverses : par l’utilisation de sous-

différentielles (Cardaliaguet & Quincampoix [18], Gangbo, Nguyen & Tudorascu [45]), en

transposant l’équation sur l’espace de Hilbert des variables aléatoires (Pham & Wei [65])

ou en utilisant directement les dérivées sur l’espace des mesures et en construisant des

voisinages de viscosité compacts dans l’espace de Wasserstein (Wu & Zhang [77], Burzoni,

Ignazio, Reppen & Soner [15]).

Dans cette thèse, nous nous inspirons principalement de l’approche de [77], où les au-

teurs définissent une notion de solution de viscosité pour une classe générale d’équations

paraboliques sur l’espace de Wasserstein. Cette notion est intrinsèque : contrairement à

[65], qui utilise une méthode dite de lifting, elle ne recourt à aucun changement d’espace.

Sa principale force réside dans le choix du voisinage de viscosité, dont la compacité est

essentielle pour garantir les propriétés de stabilité et d’unicité des solutions. La boule
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unité sur P2(Rd) n’étant pas compacte, les auteurs décident de considérer l’ensemble des

flots de lois marginales de semimartingales à caractéristiques bornées partant d’un point

(t, µ) ∈ [0, T ] × P2(Rd). De simples arguments de tension de mesures montrent qu’un tel

ensemble est compact (voir par exemple Meyer & Zheng [59]).

Dans le cadre de l’arrêt optimal champ-moyen, nous considérons ainsi l’ensemble des lois

marginales des diffusions de type McKean-Vlasov arrêtées (I.2.7). Plus précisément, étant

donné (t,m) ∈ [0, T )× P2(Rd) et δ ∈ (0, T − t), nous définissions le voisinage de viscosité :

Nδ(t,m) :=
{

(s, m̃) : s ∈ [t, t+ δ], m̃ ∈ {PYs− ,PYs},P ∈ P(t,m)
}
.

Le flot s 7→ PYs étant càdlàg pour tout P ∈ P(t,m), il est en effet nécessaire de prendre

en compte tous les couples {PYs− ,PYs} pour assurer la compacité de Nδ(t,m). Étant donné

une fonction localement bornée u : [0, T ] × P2(Rd) −→ R, on définit alors les ensembles de

fonctions test :

Au(t,m) :=
{
ϕ ∈ C1,1

2 (Qt) : (ϕ− u∗)(t,m) = max
Nδ(t,m)

(ϕ− u∗) pour un δ > 0
}
,

Au(t,m) :=
{
ϕ ∈ C1,1

2 (Qt) : (ϕ− u∗)(t,m) = min
Nδ(t,m)

(ϕ− u∗) pour un δ > 0
}
,

où u∗ et u∗ désignent respectivement les enveloppes semi-continues inférieurement et supérieure-

ment de u. En raison de la structure particulière de l’équation (I.2.11), la définition des so-

lutions de viscosité de solutions est cependant moins classique qu’à l’accoutumée. En effet,

pour une équation usuelle

Du = 0,

où D désigne un opérateur différentiel quelconque, les sur-solutions et sous-solutions de

viscosité se définissent naturellement en tout point (t,m) par

Dϕ(t,m) ≥ 0 et Dψ(t,m) ≤ 0

pour tout ϕ ∈ Au(t,m) et ψ ∈ Au(t,m). La présence de l’inégalité DIu ≥ 0 dans (I.2.11)

nous contraint à une certaine asymétrie entre les définitions de sur-solution et sous-solution.

Ainsi, nous posons:

(i) u est une sur-solution de viscosité de (I.2.11) si, pour tout (t,m) ∈ [0, T ) × P2(Rd),

ϕ ∈ Au(t,m) et m′ � m,

u∗(t,m) ≥ u∗(t,m′) et − (Lϕ+ F )(t,m) ≥ 0,
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(ii) u est une sous-solution de viscosité de (I.2.11) si, pour tout (t,m) ∈ [0, T )× P2(Rd) tel

que Cu∗(t,m) = {m} et ϕ ∈ Au(t,m),

min{−(Lϕ+ F ), (DIϕ)∗}(t,m) ≤ 0,

où DIϕ(t,m) := infx∈Supp(m(.,1))DIu(t,m, x), Supp(m(·, 1)) désignant le support de m(·, 1).

(iii) u est une solution de viscosité de (I.2.11) s’il s’agit à la fois d’une sur-solution et d’une

sous-solution de viscosité.

Les solutions de viscosité ainsi définies sont consistantes avec les solutions classiques et

satisfont la propriété de stabilité. Le résultat d’unicité, donné par un principe de compara-

ison, est comme souvent le résultat le plus délicat à prouver, d’autant plus lorsqu’il s’agit

d’équations sur l’espace des mesures. C’est en renforçant les hypothèses de régularité sur

les coefficients b et σ et en nous appuyant sur une suite régularisatrice pour les fonctions

définies sur l’espace de Wasserstein (introduite par Mou & Zhang [61]) que nous parvenons

à prouver ce résultat important.

I.3 Approximations d’équations aux dérivées partielles sur l’espace

de Wasserstein

La deuxième partie de cette thèse est consacrée au développement d’approximations d’équations

sur l’espace des mesures de probabilité. Plus précisément, notre but est d’approcher les so-

lutions de viscosité de telles équations par les solutions de viscosité d’équations définies sur

des espaces de dimension finie. Une telle démarche a déjà été effectuée par Gangbo, Mayora

& Swiech [44] pour l’équation d’Hamilton-Jacobi-Bellman semi-linéaire (c’est-à-dire avec co-

efficient de diffusion non contrôlé), et dans le cadre d’une notion de solutions de viscosité

différente de celle que nous adoptons. De manière plus lointaine, nous renvoyons également

au travail de Cardaliaguet, Delarue, Lasry & Lions [17], qui montrent la convergence de

la solution de l’équation caractérisant les jeux à N joueurs vers la solution de l’équation

caractérisant l’équilibre de Nash des jeux à champ-moyen.

Dans l’esprit de Barles & Sougainidis [2], qui prouvent la convergence d’un schéma

numérique (dit monotone) pour les solutions de viscosité des équations d’Hamilton-Jacobi-

Bellman, nous étudions la convergence de notre approximation de dimension finie vers la

solution de l’équation champ-moyen via les semi-limites relaxées. Cette approche est com-

plétée par l’utilisation de résultats type propagation du chaos (voir par exemple Snitzman
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[72] ou Oelschlager [63]), qui permettent de faire le lien entre le problème à N particules et

la formulation champ-moyen.

I.3.1 Cas du problème de l’obstacle

Du fait de sa structure particulière, nous traitons le cas du problème de l’obstacle sur

l’espace de Wasserstein de manière isolée. Nous montrons principalement que l’équation

d’approximation correspond à l’équation de la programmation dynamique caractérisant le

problème d’arrêt optimal multiple (I.2.5).

Plus précisément, étant donné un espace de probabilité (Ω0,F0
T ,P

0), on introduit le

problème dynamique

V N (t,y) := sup
τ∈T N

t,T

EP0

t,y

[ 1

N

N∑
k=1

∫ τk

0
fk,N (r,XN,τ

r )dr + gN
(
X1,N,τ
τ1 , . . . , XN,N,τ

τN

)]
(I.3.1)

pour tout y ∈ SN , oùYN,τ := (XN,τ , IN,τ ) suit la dynamique (I.2.4) et Et,y[·] := E
[
·|Y N,τ

t =

y
]
. Comme l’ont prouvé Kobylanski, Quenez & Rouy-Mironescu [50], ce problème peut être

réduit à une suite de N problèmes d’arrêt optimal standards imbriqués, ce qui nous permet

de montrer que (I.3.1) est caractérisé par l’équation{
min

{
− ∂tu(t,y)− (Lu+ f)(t,y) · i, u(t,y)−maxi′<i u(t,x, i′)

}
= 0,

u|t=T = u|i=0 = gN ,
(I.3.2)

où y = (x, i), et i′ < i signifie que i′k ≤ ik pour tout k = 1, . . . , N et i′ 6= i, avec i :=

(i1, . . . , iN )ᵀ, i′ := (i′1, . . . , i
′
N )ᵀ, f := (f1,N , . . . , fN,N )>. Nous appelons cette équation

problème de l’obstacle en cascade. Nous montrons comment utiliser la solution de cette

équation pour identifier une stratégie d’arrêt optimale pour (I.3.1).

Dans le cas où fk,N (·,x) = f(·, xk, µN (x)) pour tout k ∈ {1, . . . , N} et gN (x) =

g(µN (x)), nous montrons que toute sur-solution ou sous-solution de viscosité de (I.3.2)

converge, en un certain sens, vers une sur-solution ou sous-solution de viscosité de (I.2.11).

Si les hypothèses garantissant l’unicité de la solution de (I.2.11) sont vérifiées, ce résultat

implique que la fonction V N converge vers V , la fonction valeur du problème d’arrêt optimal

champ-moyen définie par (I.2.8), c’est-à-dire:

V N (s,yN ) −→
N →∞, s→ t,

W2
(
mN (yN ),m

)
→ 0

V (t,m) pour tout (t,m) ∈ [0, T ]× P2(S).
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Le choix de la notion de solution de viscosité pour le problème de l’obstacle en cascade

s’avère particulièrement important pour garantir ce résultat de convergence. En effet, il faut

qu’elle s’accorde avec les solutions de viscosité pour l’équation de l’obstacle sur l’espace de

Wasserstein dans le sens où, si ϕ est une fonction test pour ce dernier, alors sa projection

sur SN définie par φN (t,y) := ϕ(t,mN (y)) doit être une fonction test pour le problème de

dimension finie. Il s’avère alors que la bonne définition est celle donnée par le critère de «

tangence en moyenne »: étant donné u : [0, T ]×SN −→ R et (t,y) ∈ [0, T ]×SN , on définit

par exemple l’ensemble des fonctions test pour la sur-solution par

Au(t,y) =
{
φ ∈ C1,2([t, T ]× S) : (φ− u)(t,y) = sup

θ∈Tt,T
Et,y

[
(ϕ− u)(θ ∧H, Ȳ N

θ∧H)
]}
,

où Ȳ désigne la version non arrêtée de (I.2.4) et H > t est un temps d’arrêt de localisation.

Cette définition est une adaptation de celle introduite par Ekren [36] dans le cadre de l’arrêt

optimal de diffusions dépendantes de la trajectoire au cas de l’arrêt optimal multiple.

Nous montrons également dans ce chapitre que la diffusion arrêtée à N particules (I.2.4)

converge vers la diffusion McKean-Vlasov arrêtée (I.2.7) dans le sens suivant : pour tout

τ ∈ T N
t,T , quitte à se ramener à une sous-suite, la suite {P0 ◦ (mN (YN,τ ))−1}N≥1 converge

en loi vers une mesure supportée sur P(t,m). En particulier, si τN est une stratégie d’arrêt

optimale pour (I.3.1), alors la limite est supportée sur l’ensemble des stratégies d’arrêt

optimales pour (I.2.8). Réciproquement, tout élément de P(t,m) peut être approché par

une suite de la forme P0 ◦ (mN (YN,τ ))−1 ; en particulier, tout élément optimal pour (I.2.8)

peut s’écrire comme limite d’éléments εN -optimaux (avec εN ↘ 0) pour (I.3.1).

I.3.2 Cas d’une classe d’équations paraboliques

Dans ce chapitre, nous proposons une approximation pour une large classe d’équations

paraboliques sur l’espace de Wasserstein, c’est-à-dire pour les équations de la forme:

−∂tu(t, µ)− F
(
t, µ, u(t, µ), ∂xδmu(t, µ, ·), ∂2

xxδmu(t, µ, ·)
)

= 0, u(T, ·) = g, (I.3.3)

pour tout (t, µ) ∈ [0, T ]×P2(Rd), avec F : [0, T ]×P2(Rd)×R×L0
2(Rd,Rd)×L0

2(Rd,Sd) −→ R,

L0
2(Rd,Rd) (resp. L0

2(Rd,Rd)) désignant l’ensemble des fonctions de Rd dans Rd (resp. Sd)

Borel-mesurables à croissance quadratique. La notion de solution de viscosité que nous

adoptons pour cette classe d’équations est celle de Wu & Zhang [77], qui consiste à prendre
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comme voisinage de viscosité l’ensemble PL des mesures sous lesquelles le processus canon-

ique X est une semimartingale continue à caractéristiques (c’est-à-dire, coefficients de dérive

et de diffusion) bornées par L > 0.

Nous construisons notre approximation ainsi : pourN ≥ 1, et pour tout x = (x1, . . . , xN ),

z = (z1, . . . , zN ) ∈ Rd×N , γ = Diag(γ1, . . . , γN ) ∈ SD
d×N et y ∈ R, on définit l’opérateur

FN (t,x, y, z,γ) := F (t, µN (x), y,Nz · 1x, Nγ · 1x), (I.3.4)

avec z · 1x(x) :=
∑N

k=1 zk1xk(x) et γ · 1x(x) :=
∑N

k=1 γk1xk(x) pour tout x ∈ Rd. On

introduit alors l’équation associée sur [0, T ]× Rd×N :

−∂tu(t,x)− FN
(
t,x, u(t,x), ∂xu(t,x), ∂2

xxu(t,x)
)

= 0, u(T, ·) = gN . (I.3.5)

En employant une nouvelle fois les semi-limites relaxées, et en supposant que (I.3.3) dispose

d’un principe de comparaison (dont la preuve reste un problème ouvert dans le cas général),

nous parvenons à prouver que les solutions de viscosité de (I.3.5) converge vers la solution

de viscosité de (I.3.3), dans le sens introduit dans le paragraphe précédent.

Comme dans le cas du problème de l’obstacle, le choix de la notion de solution de

viscosité pour l’équation d’approximation est crucial et nous optons une nouvelle fois pour

le critère de tangence en moyenne. Cependant, le caractère potentiellement non linéaire

de (I.3.5) nous conduit à utiliser une espérance non linéaire, à l’image du travail d’Ekren,

Keller, Touzi & Zhang [37] dans le cadre des équations aux dérivées partielles dépendant de

la trajectoire (voir aussi Ren, Touzi & Zhang [67] pour un exposé général de cette théorie).

Ainsi, étant donné u : [0, T ]× Rd×N −→ R et (t,x) ∈ [0, T ]× Rd×N , on définit par exemple

l’ensemble des fonctions tests pour la sous-solution par

Au(t,x) = {φ ∈ C1,2([0, T ]× Rd×N ) : (φ− u)(t,x) = inf
θ∈Tt,T

ENt,x
[
(φ− u)(θ ∧H,Xθ∧H)

]
},

où X est le processus canonique sur C0([0, T ],Rd×N ), H > t un temps d’arrêt de localisation

et ENt,x est l’espérance non linéaire définie par

ENt,x[·] := inf
P∈PNL

EP
t,x[·],

avec PNL l’ensemble de mesures semimartingales continues à caractéristiques bornées sur

C0([0, T ],Rd×N ).
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Du fait de cette structure particulière, la preuve du théorème de convergence repose égale-

ment sur un résultat-clé de précompacité, assimilable à une forme de propagation du chaos

pour semimartingales continues à caractéristique bornées. Plus précisément, en invoquant

des critères de tension de mesure et un problème martingale bien choisi, nous montrons que

l’espace des mesures empiriques associées à des semimartingales continues à caractéristiques

(uniformément) bornées est précompact, et que les valeurs d’adhérence appartiennent à PL.
Ce résultat peut être vu comme une généralisation de Lacker [52, Theorem 5.1], qui traite

le cas des diffusions soumises à des contrôles relaxés.

Étant donné que ces notions de solutions de viscosité, tant sur l’espace de Wasserstein

qu’en dimension finie, ont été introduites par leurs auteurs dans le cadre d’équations dépen-

dant de la trajectoire, nous parvenons également à prouver notre résultat de convergence

dans le cadre non-markovien, c’est-à-dire quand la variable µ de (I.3.3) est une mesure sur

C0([0, T ],Rd).

I.4 Vers une résolution numérique pour l’équation de l’obstacle

en cascade

Le but de ce paragraphe est de discuter la possible résolution numérique du problème d’arrêt

optimal multiple. On montre dans le Chapitre V que la fonction valeur de ce problème est

caractérisée comme étant l’unique solution de viscosité de l’équation de la programmation

dynamique (I.3.2). Notre idée est ainsi d’exploiter cette équation pour implémenter une

résolution numérique du problème d’arrêt optimal multiple. Comme nous espérons pouvoir

la résoudre pour des dimensions relative élevées, nous nous inspirons des de méthodes de

Sirignano & Spiliopoulos [71] et Raissi, Perdikaris & Karniadakis [66], qui approchent les

solutions d’équations aux dérivées partielles par des réseaux de neurones, calibrés en utilisant

les opérateurs des équations ainsi que les conditions aux bords pour définir la fonction de

perte.

Soit û(w; ·) le réseau de neurones approchant la solution u de (I.3.2), où w ∈ RK est le

paramètre du réseau. Étant donné (µ1, µ2, µ3) ∈ P([0, T ]×SN )×P(SN )×P([0, T ]×Rd×N ),
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nous définissons la fonction de perte théorique

L(w) :=

∫
[0,T ]×SN

|Aû(w; t,y)|2dµ1(t,y) +

∫
SN
|û(w;T,y)− ϕ(x)|2dµ2(y) (I.4.1)

+

∫
[0,T ]×(Rd)N

|û(w; t,x, 0)− ϕ(x)|2dµ3(t,x),

où

Aû(w; t,y) := min{−∂tû(w; t,y)− Lû(w; t,y) · i, û(w; t,y)− max
|i′|=|i|−1

û(w; t,x, i′)}.

Notre algorithme va consister à minimiser L sur l’ensemble des paramètres w, via une

descente de gradient stochastique. Plus précisément, il suivra les étapes suivante:

1. Simulation de points aléatoires (t1n,y
1
n) ∈ [0, T ]×SN , y2

n ∈ SN and (t3n,x
3
n) ∈ [0, T ]×Rd×N

selon les distributions µ1, µ2 and µ3, respectivement.

2. Calcul de l’erreur quadratique

L̂(wn,q) :=
(
Aû(wn; tn,yn)

)2
+
(
û(wn;T,yn)− gN (xn)

)2
+
(
û(wn; tn,xn, 0)− gN (xn)

)2
3. Descente de gradient: wn+1 := wn − αn∂wL̂(wn,q), où α := {αn}n≥1 est le taux

d’apprentissage,

4. Répétition jusqu’à satisfaction du critère d’arrêt.

Le critère d’arrêt peut prendre des formes diverses : il peut par exemple consister en un

nombre fixé d’itérations, ou bien en une condition sur la norme du gradient de la fonction

de perte.

27



Chapter II

Introduction (English)

II.1 Generalities on mean field control

II.1.1 Motivations

While it has been used for a long time in statistical physics, the notion of mean field has

become inevitable in control theory since it has been independently introduced by Lasry &

Lions [53] and Caines, Huang & Malhammé [47] to model decision problems in system of

interacting agents. The main idea behind such models is to state that, under some symmetry

assumptions and when the number of agents becomes very large, we may reduce the study of

such systems to the study of one representative agent, who acts in function of the macroscopic

state of the system, which is typically given by the distribution of the other agents. When

any agent wants to optimize its own criterion, such problems are called mean field games;

when a central planner controls all the interacting agents in order to optimize some criterion

depending on the global system of agents, we face a mean field control problem. Mean field

optimal stopping, which is the main subject of this thesis, belongs to this second class of

problems.

Although not as extensively studied as games, mean field control has raised a growing

interest over the past few years. First studied by Bensoussan, Frehse & Yam [8] and Car-

mona, Delarue & Lachapelle [22] in the context of a comparative study with mean field

games, this class of problems has been mainly considered via two approaches: by the use

of a maximum principle (see e.g. Buckdahn, Djehiche & Li [13], Andersson & Djehiche [1]

or Meyer-Brandis, Oksendal & Zhou [60]) and by dynamic programming (see e.g. Laurière

28



CHAPTER II. INTRODUCTION (ENGLISH)

& Pironneau [54], Pham & Wei [65], Bayraktar, Cosso & Pham [6], Wu & Zhang [77] or

Djete, Possamaï & Tan [34]). Summaries of these two methods are available in Carmona

& Delarue [21, Vol. I, Ch. 6]. The dynamic programming approach mainly results in the

characterization of the value function of the control problem by an Hamilton-Jacobi-Bellman

equation (sometimes referred as master equation) on the space of probability measures.

From a probabilistic point of view, the intuition behind mean field control problems is

the following: given two integers d,N ≥ 1, a set of controls A and W = (W 1, . . . ,WN )>

a d × N -dimensional standard Brownian motion, we consider the interacting N -particles

system in Rd:

dXk,N,α
t = b

(
t,Xk,N,α

t , µN (XN,α
t ), αit

)
dt+ σ

(
t,Xk,N,α

t , µN (XN,α
t

)
, αkt )dW

k
t , (II.1.1)

for all k = 1, . . . , N , with XN,α := (X1,N,α, . . . , XN,N,α)ᵀ, α := (α1, . . . , αN )ᵀ ∈ AN the

vector of controls and

µN (XN,α
t

)
:=

1

N

N∑
k=1

δ
Xk,N,α
t

the empirical distribution of the system at time t. Although each particle k is controlled

by the process αk, its dynamics also depends on the other controls {αj}j 6=k due to the

interaction via the empirical distribution of the system. Taking a central planner point of

view, we then consider the control problem

sup
α∈AN

E
[ 1

N

N∑
k=1

∫ T

0
fk(r,XN,α

r )dr + g(XN,α
T )

]
,

where T > 0 is the time horizon. If f and g can be written as functionals defined on

the space of probability measures, i.e., can be written as fk(t,x) = f(t, xk, µ
N (x)) and

g(x) = g(µN (x)), we may then formulate the mean field approximation of this problem.

More precisely, when N →∞, we consider that the dynamics of a representative particle is

given by

dXα
t = b

(
t,Xα

t ,L(Xα
t ), αt

)
dt+ σ

(
t,Xα

t ,L(Xα
t ), αt)dWt, (II.1.2)

where L(Xα
t ) denotes the distribution of Xα

T and W is a standard Brownian motion. The

mean field control problem is then stated as

sup
α∈A

E
[ ∫ T

0
f(r,Xα

r ,L(Xα
r ))dr

]
+ g
(
L(Xα

T )
)
. (II.1.3)

29



CHAPTER II. INTRODUCTION (ENGLISH)

This approximation is mostly legitimated by propagation of chaos like results:

1

N

N∑
k=1

δXk,N,α −→
N→∞

L(Xα) in distribution.

These convergence problems have been extensively studied. We refer for example to Snitz-

man [72] or Oelschlager [63] for the case of uncontrolled diffusions, and to the recent works

of Lacker [52] and Djete [33] for the case of controlled diffusions (with relaxed controls in

the first one).

Besides the interest of such models to study systems of interacting particles, we observe

that the scope of problems covered by the formulation (II.1.3) is more general than the one

of standard optimal control, i.e. problems of the form

sup
α∈A

E
[ ∫ T

0
f(r,Xα

r )dr + g(Xα
T )
]
. (II.1.4)

We may for instance mention the mean-variance optimization problem, given by

sup
α∈A

{
E
[
Xα
T

]
− 1

2
Var
(
Xα
T

)}
.

As the variance contains the square of the mean, this problem cannot be written under the

form (II.1.4), and therefore is not standard. Fischer & Livieri [42] have proposed a solution

in the case where X is a geometric Brownian motion, by solving explicitly the corresponding

N particles problem and computing its limit as N goes to infinity.

II.1.2 Some elements of analysis on Wasserstein space

Before stating the dynamic programming principle for the mean field control problem and

the corresponding partial differential equation, it is necessary to introduce some elements of

analysis on the space of probability measures. We refer to Carmona & Delarue [21, Vol. I,

Ch. 5] for a more detailed presentation. Let (E, d) be a metric space, and p ∈ [1,+∞). We

call p-Wasserstein space the set Pp(E) of probability measures of order p, endowed with the

metric

Wp(µ, ν) :=
(

inf
γ∈Γ(µ,ν)

∫
E×E

(d(x, y))pγ(dx, dy)
)1/p

for all µ, ν ∈ Pp(E),

where Γ(µ, ν) denotes the set of couplings of µ and ν, that is the set of probability measures

on E ×E with µ and ν as respective first and second marginal distributions. This metric is
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called p-Wasserstein distance. If (E, d) is a Polish space (i.e. is complete and separable), then

(P(E),Wp) is a Polish space as well. We shall often use the following property, which allows

to characterize the convergence in the sense ofWp (see [21, Théorème 5.5]) : Wp(µn, µ) −→
n→∞

0 if and only if the sequence {µn}n≥1 converges weakly to µ and is p-uniformly integrable,

i.e. satisfies

lim
R→∞

sup
n≥1

∫
E

(d(x0, x))pdµn(x) = 0 for some x0 ∈ E.

It is also necessary to introduce a notion of derivative on the space of measures. We say

that u : Pp(E) −→ R admits a linear functional derivative δmu if

u(µ)− u(ν) =

∫ 1

0

∫
E
δmu(λµ+ (1− λ)ν, x)d(µ− ν)(x)dλ for all µ, ν in Pp(E).

We observe that this derivative is defined up to an additive constant, and that it is a function

from Pp(E) × E to R. Furthermore, if x 7→ δmu(µ, x) is also differentiable, the derivatives

∂xδmu(µ, ·) and ∂2
xxδmu(µ, ·) correspond to the Lions derivatives ∂µu(µ, x) and ∂x∂µu(µ, ·)

(see [58]), defined in the case p = 2 by lifting u into a function defined on the Hilbert space

of square integrable random variables, and by using the Fréchet derivative.

Let X be a continuous semimartingale taking its values in E = Rd and u : [0, T ] ×
Pp(Rd) −→ R such that ∂tu, ∂xδmu and ∂2

xxδmu exist. Denote µt := L(Xt) for all t ∈ [0, T ].

Under some integrability conditions, we have the Itô’s formula

u(t, µt) = u(0, µ0) +

∫ t

0
∂tu(s, µs)ds (II.1.5)

+E
[ ∫ t

0
∂xδmu(s, µs, Xs) · dXs + ∂2

xxδmu(s, µs, Xs) : d〈X〉s
]
,

which plays a crucial role in the derivation of the dynamic programming equation corre-

sponding to the mean field control problem.

II.1.3 Dynamic programming principle

As in the case of standard control, we may study mean field control problems by establishing

a dynamic programming principle. This requires to change the state variable of the problem.

In the standard setting (II.1.4), f and g are defined on a finite dimensional space (say Rd),

and therefore the Rd-valued process X is the appropriate state variable. However, in the

mean field control problem (II.1.3), they are defined on the space of probability measures,
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which is infinite dimensional. Consequently, the appropriate state variable in this context

is the distribution of the process Xα or, more precisely, in the Markovian case, the flow of

marginal laws {L(Xα
t )}t∈[0,T ]. Thus, after rewriting (II.1.3) under the dynamical form

V (t, µ) := sup
α∈A

E
[ ∫ T

t
f(r,Xt,µ,α

r ,L(Xt,µ,α
r ))dr

]
+ g
(
L(Xt,µ,α

T )
)
, (t, µ) ∈ [0, T ]× P2(Rd),

where Xt,µ,α corresponds to the dynamics (II.1.2) conditioned to L(Xα
t ) = µ, we can prove

that

V (t, µ) = sup
α∈A

E
[ ∫ s

t
f(r,Xt,µ,α

r ,L(Xt,µ,α
r ))dr

]
+ V (s,L(Xt,µ,α

s )) for all s ∈ [t, T ].

If V is sufficiently smooth, we may then combine this equality with Itô’s formula (II.1.5) to

prove that V is a solution of

−∂tu(t, µ) +H(t, µ, δmu(t, µ, ·)) = 0, u(T, µ) = g(µ), (II.1.6)

for all (t, µ) ∈ [0, T ]× P2(Rd), with

H(t, µ, ϕ) :=

∫
E

sup
a∈A

(
b(t, x, µ, a) · ∂xϕ(x) +

1

2
σ2(t, x, µ, a) : ∂2

xxϕ(x)
)
µ(dx)

for all ϕ ∈ C2(Rd). It is also possible to derive (II.1.6) when V is not differentiable by using

viscosity solutions (see for example Wu & Zhang [77]) and Pham & Wei [65], who use two

different notions of viscosity solutions).

In order to fully characterize the problem (II.1.3) by the equation (II.1.6), it is also

necessary to prove a uniqueness result, called comparison principle in the literature of vis-

cosity solutions. However, this result is difficult to show in the general case, and we refer

for example to [77, Théorème 4.13] for a proof in a particular case.

II.2 The case of optimal stopping

Optimal stopping problems correspond to binary decision problems: at each time, the deci-

sion to take consist in stopping or not a given process, based on the information available

up to this time only and without possibility to come back. This can be illustrated by the

secretary problem: an employer wants to hire a secretary and organize a sequence of inter-

views with the applicants. After each interview, he must decide whether he hires or not the

candidate.
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The main purpose of this thesis is to establish a dynamic programming approach for

the mean field optimal stopping problem, which is a special subclass of mean field control

problems. As for the latter, we take the point of view of a central planner, who controls

a distribution of interacting particle. In this context, one has to choose for each particle a

stopping time in order to optimize some functional of the distribution of the system.

The same way mean field control differs from mean field games, the mean field optimal

stopping problem differs from mean field games of timing, which have been extensively

studied recently (we refer, for example, to Bertucci [9], Carmona, Delarue & Lacker [23],

Nutz [62] and Bouveret, Dumitrescu & Tankov [11]).

II.2.1 Reminder on standard optimal stopping, and particularities of
mean field optimal stopping

We first recall some generalities on standard optimal stopping (we refer to El Karoui [41] or

Shiryaev [70] for detailed surveys). Let X be a diffusion process

dXt = b(t,Xt)dt+ σ(t,Xt)dWt, (II.2.1)

F the filtration generated by the Brownian motion W and, for all t ∈ [0, T ], let Tt,T be the

set of [t, T ]-valued F-stopping times. We consider the optimization problem

sup
τ∈T0,T

E
[ ∫ τ

0
f(r,Xr)dr + g(Xτ )

]
,

which can be rewritten under the dynamical form

V (t, x) := sup
τ∈Tt,T

E
[ ∫ τ

t
f(r,Xr)dr + g(Xτ )|Xt = x

]
. (II.2.2)

If V is continuous, we may show that it satisfies the dynamic programming principle

V (t, x) = sup
τ∈Tt,T

E
[ ∫ τ∧θ

t
f(r,Xr)dr + g(Xτ )1θ≥τ + V (θ,Xθ)1θ<τ |Xt = x

]
,

which allows to deduce, under some growth assumptions, that V is the unique viscosity

solution of the obstacle problem

min
{
− ∂tu− b∂xu−

1

2
σ2∂2

xxu− f, u− g
}

= 0, u(T, ·) = g. (II.2.3)
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By using the equation in the case where V ∈ C1,2([0, T ]× Rd), or the Snell envelope theory

in the general case (see e.g. Karatzas & Shreve [49, Appendice D]), we may then show that

the stopping time

τ∗ := inf{s ≥ t : V (s,Xs) = g(Xs)}

is optimal for the problem (II.2.2). In finance, this type of problem arises naturally in the

context of American options, which allow their buyer to exercise them at any time between

the subscription and the maturity. Since the stock X on which the option is defined is

stochastic, the buyer (who cannot predict its evolution) has to solve an optimal stopping

problem to find the best time to exercise the option. Similarly, to hedge himself, the seller

prices the optimal by computing the expectation of his payoff g(Xτ ) under the optimal

stopping strategy.

As in the case of stochastic control, and in order to provide a better understanding of the

mean field model, we first present the N particles optimal stopping problem, called multiple

optimal stopping. This problem has been studied in a very general context by Kobylanski,

Quenez & Rouy-Mironescu [50]. We once again take the point of view of a central planner

who wants to optimize a criterion by controlling all the particles of the system. The choice

of the control for one particle impacts the dynamics of the other, due to the interaction

term. In this setting, controls are stopping time, and the only way to highlight this impact

is to make them intrinsic to the dynamics of the system, which is a first difference with

the case of standard optimal stopping, where the dynamics (II.2.1) remains uncontrolled.

We thus state the problem as follows: given a squence of mutually independent Brownian

motions {W k}k≥1, FN the filtration generated by {W k}1≤k≤N , T N
0,T the set of N -uplets of

FN -stopping times and τ := (τ1, . . . , τN ) ∈ T N
0,T , the particles follow the dynamics

dXk,N,τ
t = b(t,Xk,N,τ

t , µN (XN,τ
t ))ik1t<τkdt+ σ(t,Xk,N,τ

t , µN (XN,τ
t ))ik1t<τkdW

k
t (II.2.4)

for all k = 1, . . . , N , with XN = (X1,N,τ , . . . , XN,N,τ )> and i := (i1, . . . , iN )> ∈ {0, 1}N .
This equation corresponds to the controlled diffusion (II.1.1) in the case where b and σ are

linear in α, for

αt = It := (I1
t , . . . , I

N
t )> := (i11t<τ1 , . . . , iN1t<τN )>.

The vector i allows to signal the particles which are stopped from the initial time, and turns

out to be crucial to derive the dynamic programming equation characterizing the multiple
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optimal stopping problem, which writes as follows:

sup
(τ1,...,τN )∈T N

0,T

E
[ 1

N

N∑
k=1

∫ τk

0
fk,N (r,XN,τ

r )dr + gN (X1,N,τ
τ1 , . . . , XN,N,τ

τN
)
]
, (II.2.5)

Observe that, as Xk,N,τ
τk = Xk,N,τ

T for all k, and that τ and I are in bijection, this problem

is equivalent to a control problem in I. Nonetheless, given the monotonicity constraint on I

(which is decreasing), the proof of a dynamic programming principle is not as straightforward

as in the case of standard control. We study the case of multiple optimal stopping in the

Chapter V of this thesis, which corresponds to [76].

If fk,N (·,x) = f(·, xk, µN (x)) for all k ∈ {1, . . . , N} and gN (x) = g(µN (x)), then the

multiple optimal stopping problem has an asymptotical formulation, that is, the mean field

optimal stopping problem:

sup
τ∈T0,T

E
[ ∫ τ

0
f(r,Xr,L(Xr))dr

]
+ g(L(Xτ )), (II.2.6)

where X is a stopped McKean-Vlasov diffusion:

dXt = b(t,Xt,L(Xt))Itdt+ σ(t,Xt,L(Xt))ItdWt, with It := I0−1t<τ , (II.2.7)

and I0− is a {0, 1}-random variable. As in the case of multiple optimal stopping, it is a mean

field control problem in I. However, as said above, the monotonicity property inherent to this

class of controls makes the proof of a dynamic programming principle less straightforward.

In particular, it is not sufficient to take L(Xt) as state variable, unlike the case of general

mean field control.

Some examples of such optimal stopping problems (with a nonstandard criterion de-

pending only on the law of the stopped process) have been studied in the literature: we may

thus mention the case of mean-variance optimal stopping by Pedersen & Peskir [64] and of

the probability distortion by Xu & Zhou [78], where the criterion g is defined by

g(µ) :=

∫ ∞
0

ϕ(P(U(ξ) ≥ x))dx,

where µ is a probability measure on (0,+∞), ξ is a random variable with distribution µ under

some fixed probability measure P, U a utility function and ϕ a continuous function from

[0, 1] into itself called distortion function. These two examples are studied in infinite horizon

(T =∞), when X is a geometric Brownian motion starting from a Dirac distribution.
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II.2.2 Obstacle problem on Wasserstein space

The first objective of this thesis is to establish a dynamic programming principle (DPP) to

characterize the value function of the problem. This task corresponds to Chapter III and

[74].

A natural idea is to introduce a dynamical version of the problem, as for the mean field

control problem (II.1.3). Let (t, µ) ∈ [0, T ]× P2(Rd), and

V (t, µ) := sup
τ∈Tt,T

E
[ ∫ τ

t
f(r,Xr,L(Xr))dr

]
+ g(L(Xτ ))

= sup
I∈I0([t,T ])

E
[ ∫ T

0
f(r,Xr,L(Xr))Irdr

]
+ g(L(XT )),

where X is a stopped diffusion (II.2.7) with survival process Is := 1s<τ such that L(Xt) = µ,

and where I0([t, T ]) is the set of survival processes (i.e., the sets of processes of the form

s 7→ 1s<θ, θ ∈ Tt,T ). However, it turns out that this formulation is not sufficient to obtain a

DPP. Indeed, the particles stopped on the interval [t, t+ δ), δ ∈ (0, T − t), are still stopped

on the interval [t + δ, T ]. Any control I which is admissible on [t + δ, T ] must then satisfy

It+δ ≤ I∗(t+δ)−, where I
∗ is an optimal control on [t, t+δ). The impossibility to prove a DPP

with this formulation is then caused by the monotonicity of the elements of I0([t, T ]), which

are non-increasing by definition. Then, to take this into account, we choose L((Xt, It)) for

state variable instead of L(Xt). Intuitively, this means that the information which consists

in knowing the positions of the particles in Rd (the distribution L(Xt)) is not sufficient: we

also need to know their state, that is, whether they are stopped or not (such information is

encapsulated in the joint distribution L((Xt, It))).

We then use the following setting: Ω := C0([0, T ],Rd)× I0([−1, T ]), where C0([0, T ],Rd)

denotes the set of continuous paths from [0, T ] to Rd, is the canonical space, and Y := (X, I)

is the canonical process on Ω. For all (t,m) ∈ [0, T ] × P2(S), S := Rd × {0, 1}, we then

denotes by P(t,m) the set of probability measures on Ω such that X follows the dynamics

(II.2.7), P-almost surely, and P ◦ Y −1
t− = m. The mean field optimal stopping problem is

then defined by

V (t,m) := sup
P∈P(t,m)

E
[ ∫ T

t
f(r,Xr,P ◦X−1

r )dr
]

+ g(P ◦X−1
T ). (II.2.8)

This formulation, called weak (the process is fixed and we control its distribution), allows in

particular to compactify the set of controls by also taking into account randomized stopping
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strategies, which consist, at any time, in being able to stop X with some probability p ∈
(0, 1). Thus, if f and g are upper semicontinuous, then the problem (II.2.8) admits a

solution. We also obverse that this problem is indeed an optimal stopping problem by

defining τ := inf{s ≥ t : Is = 0} and observing that, when τ goes through the set of

(randomized) [t, T ]-valued stopping times, then P goes through P(t,m).

Once this setting is defined, we are able to prove the DPP:

V (t,m) = sup
P∈P(t,m)

E
[ ∫ s

t
f(r,Xr,PYr)dr

]
+ V (s,PYs−) for all s ∈ [t, T ]. (II.2.9)

As often in stochastic control, we derive the dynamic programming equation correspond-

ing to our optimization problem by applying Itô’s formula to the DPP. However, in our

context, the process Y is a càdlàg semimartingale (thus possibly non continuous), which

prevent us from using (II.1.5). Furthermore, its flow of marginal laws {PYs}s∈[t,T ] is itself

càdlàg, which also bans the use of some Itô’s formula for laws of jump-diffusions available

in the literature (see e.g. Burzoni, Ignazio, Reppen & Soner [15]). We then have to prove an

Itô’s formula for the general case of càdlàg semimartingale Y . If m := {mt}t∈[0,T ] denotes

its flow of marginal laws, and JT(m) the set of discontinuity points of t 7→ mt on T ⊂ [0, T ],

then, under some integrability conditions:

u(t,mt) = u(0,m0) +

∫ t

0
∂tu(s,ms)ds

+E
[ ∫ t

0
∂yδmu(s,ms, Ys) · dY c

s + ∂2
yyδmu(s,ms, Ys) : d〈Y c〉s

]
(II.2.10)

+
∑

s∈J(0,t](m)

(
u(s,ms)− u(s,ms−)

)
+ E

[ ∑
s∈Jc

(0,t]
(m)

(
δmu(s,ms, Ys)− δmu(s,ms, Ys−)

)]
,

where Y c denotes the continuous part of Y . Nonetheless, we are only interested in the

particular case Y = (X, I) in the context of mean field optimal stopping.

Applying this formula to the DPP (II.2.9) proves that, if V is sufficiently smooth, then

it is a solution of the dynamic programming equation:

min
m′∈Cu(t,m)

{−(Lu+ F )(t,m′)} = 0, DIu(t,m, ·) ≥ 0, u(T, ·) = g, (II.2.11)
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for all (t,m) ∈ [0, T ]× P2(S), with

Lu(t,m) := ∂tu(t,m)

+

∫
Rd

(
b(t, x,m) · ∂xδmu(t,m, x, 1) +

1

2
σ2(t, x,m) : ∂2

xxδmu(t,m, x, 1)
)
m(dx, 1),

F (t,m) :=

∫
Rd
f(t, x,m)m(dx, 1)

Cu(t,m) := {m′ � m : u(t,m′) = u(t,m)},

DIu(t,m, x) := δmu(t,m, x, 1)− δmu(t,m, x, 0) pour tout x ∈ Rd.

The notation � denotes a partial order on P2(S): we have m′ � m if there exists a measur-

able function p : Rd −→ [0, 1] such that

m′(dx, 1) = p(x)m(dx, 1) and m′(dx, 0) = (1− p(x))m(dx, 1) +m(dx, 0).

Intuitively, this means that m′ can be obtained by stopping each unstopped particle of

the distribution m localized in position x with probability p(x). Cu(t,m) thus denotes

the set of stopping strategies at time t which preserve the value function. The condition

DIu ≥ 0, which implies that u is non-decreasing for the partial order �, expresses the natural
monotonicity of the problem: the value function is even greater that the set of particles that

we control is.

By analogy with standard optimal stopping, we call this equation obstacle problem on

Wasserstein space. In addition, we prove a verification theorem, i.e. that any sufficiently

smooth solution of (II.2.11) is equal to the value function (II.2.8). We also use this equation

to characterize optimal stopping strategies.

II.2.3 Characterization by viscosity solutions

In the second part of our work, we extend the characterization of the mean field optimal

stopping problem (II.2.8) by the obstacle equation (II.2.11) to the case where V is not

differentiable. In other words, we shall define a notion of weak solution for (II.2.11), in the

sense of viscosity solutions. Introduced by Crandall & Lions [30] in the context of Hamilton-

Jacobi equations, this notion allows to define weak solutions for second order elliptic partial

differential equations, in particular nonlinear. Unlike Sobolev solutions, viscosity solutions

are defined pointwise. They allow to obtain existence and uniqueness results under minimal

regularity assumptions (typically, for locally bounded functions). We refer to the survey of
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Crandall, Ishii & Lions [29] for more details about viscosity solutions on finite dimensional

spaces.

Motivated in particular by mean field games and control, the study of viscosity solutions

for equations on the Wasserstein space has raised a lot of interest over the past few years and

has been realized via very diverse approaches: by the use of subdifferentials (Cardaliaguet &

Quincampoix [18], Gangbo, Nguyen & Tudorascu [45]), in lifting the equation on the Hilbert

space of square integrable random variables (Pham & Wei [65]) or by using directly the

derivatives on the space of measures and by constructing compact viscosity neighborhoods

in the Wasserstein space (Wu & Zhang [77], Burzoni, Ignazio, Reppen & Soner [15]).

In this thesis, we mainly follow the approach of [77], where the authors define a notion

of viscosity solution for a general class of parabolic equations on Wasserstein space. This

notion is intrinsic: unlike [65], which resorts to the lifting method, this does not require any

change of space. Its main advantage lies in the choice of the viscosity neighborhood, whose

compactness is crucial to ensure the stability and uniqueness properties. As the unit ball

on P2(Rd) is not compact, the authors decide to consider the set of flows of marginal laws

of continuous semimartingales with bounded characteristic, starting from a point (t, µ) ∈
[0, T ]×P2(Rd). Then, simple tightness arguments prove that such a set is compact (see e.g.

Meyer & Zheng [59]).

In the context of mean field optimal stopping, we thus consider the set of marginal laws

of stopped McKean-Vlasov diffusions (II.2.7). More precisely, given (t,m) ∈ [0, T )×P2(Rd)

and δ ∈ (0, T − t), we define the viscosity neighborhood:

Nδ(t,m) :=
{

(s, m̃) : s ∈ [t, t+ δ], m̃ ∈ {PYs− ,PYs},P ∈ P(t,m)
}
.

Since the flow s 7→ PYs is càdlàg for all P ∈ P(t,m), it is indeed necessary to take into

account all pairs {PYs− ,PYs} to ensure the compactness ofNδ(t,m). Given a locally bounded

function u : [0, T ]× P2(Rd) −→ R, we then define the sets of test functions:

Au(t,m) :=
{
ϕ ∈ C1,1

2 (Qt) : (ϕ− u∗)(t,m) = max
Nδ(t,m)

(ϕ− u∗) for some δ > 0
}
,

Au(t,m) :=
{
ϕ ∈ C1,1

2 (Qt) : (ϕ− u∗)(t,m) = min
Nδ(t,m)

(ϕ− u∗) for some δ > 0
}
,

where u∗ and u∗ respectively denote the lower and upper semicontinuous envelopes of u.

Given the particular structure of the equation (II.2.11), the definition of viscosity solutions
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is however less standard than usual. Indeed, for a usual equation

Du = 0,

where D denotes some differential operator, the viscosity supersolutions and subsolutions

are naturally defined in any point (t,m) by

Dϕ(t,m) ≥ 0 and Dψ(t,m) ≤ 0

for all ϕ ∈ Au(t,m) and ψ ∈ A(t,m). The presence of the inequality DIu ≥ 0 in (II.2.11)

implies some asymmetry between our definitions of viscosity supersolutions and subsolutions.

Thus, we define:

(i) u is a viscosity supersolution of (II.2.11) if, for all (t,m) ∈ [0, T )×P2(Rd), ϕ ∈ Au(t,m)

and m′ � m,

u∗(t,m) ≥ u∗(t,m′) and − (Lϕ+ F )(t,m) ≥ 0,

(ii) u is a viscosity subsolution of (II.2.11) if, for all (t,m) ∈ [0, T ) × P2(Rd) such that

Cu∗(t,m) = {m} and ϕ ∈ Au(t,m),

min{−(Lϕ+ F ), (DIϕ)∗}(t,m) ≤ 0,

with DIϕ(t,m) := infx∈Supp(m(.,1))DIu(t,m, x), where Supp(m(·, 1)) denotes the support of

m(·, 1).

(iii) u is a viscosity solution of (II.2.11) if it is a viscosity supersolution and subsolution.

Our viscosity solutions are then consistent with classical solutions and satisfy the stability

property. The uniqueness result, implied by a comparison principle, is as usual the most

difficult to prove, even more that we consider equations on the space of probability measures.

We manage to prove this important result by strengthening the regularity assumptions on the

coefficients b and σ and by relying on a smooth mollifier for functions defined on Wasserstein

space, introduced by Mou & Zhang [61].

II.3 Approximations of partial differential equations onWasser-

stein space

The second part of this thesis is dedicated to the development of approximations of equations

on the space of probability measures. More precisely, our goal is to approximate viscosity
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solutions of such equations by viscosity solutions of equations defined on finite dimensional

spaces. A related work has been realized by Gangbo, Mayora & Swiech [44] for the semi-

linear Hamilton-Jacobi-Bellman equation (i.e. with uncontrolled diffusion coefficient), and

with a notion of viscosity solutions different from ours. We may also refer to Cardaliaguet,

Delarue, Lasry & Lions [17], who show the convergence of the solution of the equation

characterizing N -players games to the solution of the equation characterizing the Nash

equilibrium of mean field games.

In the spirit of Barles & Sougainidis [2], who prove the convergence of a numerical scheme

(called monotone scheme) for viscosity solutions of Hamilton-Jacobi-Bellman equations, we

study the convergence of our finite-dimensional approximation to the solution of the mean

field equation via the relaxed semi-limits. This approach is combined with the use of prop-

agation of chaos like results (see e.g. Snitzman [72] ou Oelschlager [63]), which allow to

connect the N particles setting to the mean field one.

II.3.1 Case of the obstacle problem

Given its particular structure, we study the case of the obstacle equation aside. We mainly

show that the approximating equation corresponds to the dynamic programming equation

characterizing the multiple optimal stopping problem (II.2.5).

More precisely, given a probability space (Ω0,F0
T ,P

0), we introduce the dynamical for-

mulation

V N (t,y) := sup
τ∈T N

t,T

EP0

t,y

[ 1

N

N∑
k=1

∫ τk

0
fk,N (r,XN,τ

r )dr + gN
(
X1,N,τ
τ1 , . . . , XN,N,τ

τN

)]
(II.3.1)

for all y ∈ SN , where YN,τ := (XN,τ , IN,τ ) follows the dynamics (II.2.4) and Et,y[·] :=

E
[
· |Y N,τ

t = y
]
. As proved by Kobylanski, Quenez & Rouy-Mironescu [50], this problem

can be reduced to a sequence of N interlocked standard optimal stopping problems, which

allows us to prove that (II.3.1) is characterized by the equation{
min

{
− ∂tu(t,y)− (Lu+ f)(t,y) · i, u(t,y)−maxi′<i u(t,x, i′)

}
= 0,

u|t=T = u|i=0 = gN ,
(II.3.2)

where y = (x, i), and i′ < i means that i′k ≤ ik for all k = 1, . . . , N and i′ 6= i, with

i := (i1, . . . , iN )ᵀ, i′ := (i′1, . . . , i
′
N )ᵀ, f := (f1,N , . . . , fN,N )>. We call this equation cascade
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obstacle problem. We show how to use the solution of this equation to identify an optimal

stopping strategy for (II.3.1).

In the case where fk,N (·,x) = f(·, xk, µN (x)) for all k ∈ {1, . . . , N} and gN (x) =

g(µN (x)), we show that any viscosity supersolution or subsolution of (II.3.2) converges (in

some sense) to the viscosity supersolution or subsolution of (II.2.11). If the assumptions

ensuring the uniqueness of the solution of (II.2.11) are satisfied, this result implies that the

function V N converges to V , the value function of the mean field optimal stopping problem

defined by (II.2.8), that is:

V N (s,yN ) −→
N →∞, s→ t,

W2
(
mN (yN ),m

)
→ 0

V (t,m) for all (t,m) ∈ [0, T ]× P2(S).

The choice of the notion of viscosity solution for the cascade obstacle problem turns out to

be particularly important to ensure this convergence result. Indeed, it has to be consistent

with our notion of viscosity solution for the obstacle problem on Wasserstein space in the

sense where, if ϕ is a test function for the latter, then its projection on SN defined by

φN (t,y) := ϕ(t,mN (y)) must be a test function for the finite dimensional problem. It then

turns out that the good definition is the one given by the ” tangency through the mean ”

criterion : given u : [0, T ]×SN −→ R and (t,y) ∈ [0, T ]×SN , we define for example the set

of test functions for the supersolution by

Au(t,y) =
{
φ ∈ C1,2([t, T ]× S) : (φ− u)(t,y) = sup

θ∈Tt,T
Et,y

[
(ϕ− u)(θ ∧H, Ȳ N

θ∧H)
]}
,

where Ȳ denotes the unstopped version of (II.2.4) and H > t is a localization stopping time.

This definition is an adaptation to the case of the multiple optimal stopping of the definition

introduced by Ekren [36] in the context of path-dependent optimal stopping.

We also show in this chapter that the N particles stopped diffusion (II.2.4) converges

to the stopped McKean-Vlasov diffusion (II.2.7) in the following sense: for all τ ∈ T N
t,T ,

after possibly passing to a subsequence, the sequence {P0 ◦(mN (YN,τ ))−1}N≥1 converges in

distribution to a measure supported on P(t,m). In particular, if τN is an optimal stopping

strategy for (II.3.1), then the limit is supported on the set of optimal stopping strategies for

(II.2.8). Conversely, any element of P(t,m) can be approximated by a sequence of the form

P0 ◦ (mN (YN,τ ))−1. In particular, any element that is optimal for (II.2.8) can be written

as the limit of εN -optimal controls (with εN ↘ 0) for (II.3.1).
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II.3.2 Case of a class of parabolic equations

In this chapter, we propose an approximation for a large class of parabolic equations on

Wasserstein space, i.e. for the equations of the form

−∂tu(t, µ)− F
(
t, µ, u(t, µ), ∂xδmu(t, µ, ·), ∂2

xxδmu(t, µ, ·)
)

= 0, u(T, ·) = g, (II.3.3)

for all (t, µ) ∈ [0, T ]×P2(Rd), with F : [0, T ]×P2(Rd)× R× L0
2(Rd,Rd)× L0

2(Rd,Sd) −→ R,

where L0
2(Rd,Rd) (resp. L0

2(Rd,Rd)) denotes the set of functions from Rd to Rd (resp. Sd)

Borel-measurables with quadratic growth. The notion of viscosity solutions that we use for

this class of equations is the one of Wu & Zhang [77], which consists in taking for viscosity

neighborhood the set PL of measures under which the canonical process X is a continuous

semimartingale with characteristics (i.e., drift and diffusion coefficients) bounded by L > 0.

We build our approximation as follows: for N ≥ 1, and for all x = (x1, . . . , xN ), z =

(z1, . . . , zN ) ∈ Rd×N , γ = Diag(γ1, . . . , γN ) ∈ SD
d×N and y ∈ R, we define the operator

FN (t,x, y, z,γ) := F (t, µN (x), y,Nz · 1x, Nγ · 1x), (II.3.4)

with z · 1x(x) :=
∑N

k=1 zk1xk(x) and γ · 1x(x) :=
∑N

k=1 γk1xk(x) for all x ∈ Rd. We then

introduce the corresponding equation on [0, T ]× Rd×N :

−∂tu(t,x)− FN
(
t,x, u(t,x), ∂xu(t,x), ∂2

xxu(t,x)
)

= 0, u(T, ·) = gN . (II.3.5)

By using once again relaxed semi-limits, and assuming that we have a comparison principle

for (II.3.3) (whose proof remains an open problem in the general case), we manage to prove

that the viscosity solutions of (II.3.5) converge to the viscosity solution of (II.3.3), in the

sense introduced in the previous paragraph.

As in the case of the obstacle equation, the choice of the notion of viscosity solution

for the approximating equation is crucial and we resort once again to the tangency through

the mean criterion. However, the possible nonlinearity of (II.3.5) lead us to use a nonlinear

expectation, similarly to the work of Ekren, Keller, Touzi & Zhang [37] in the context of

path-dependent partial differential equations (see also Ren, Touzi & Zhang [67] for a general

survey of this theory). Thus, given u : [0, T ] × Rd×N −→ R and (t,x) ∈ [0, T ] × Rd×N , we

define for example the set of test functions for the subsolution by

Au(t,x) = {φ ∈ C1,2([0, T ]× Rd×N ) : (φ− u)(t,x) = inf
θ∈Tt,T

ENt,x
[
(φ− u)(θ ∧H,Xθ∧H)

]
},
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where X is the canonical process on C0([0, T ],Rd×N ), H > t is a localization stopping time

and ENt,x is the nonlinear expectation defined by

ENt,x[·] := inf
P∈PNL

EP
t,x[·],

with PNL the set measures such that X is a Rd×N -valued continuous semimartingale with

characteristics bounded by L.

Due to this particular structure, the proof of the convergence theorem also relies on a key

precompactness result, similar to a form of propagation of chaos for continuous semimartin-

gales with uniformly bounded characteristics. More precisely, by using tightness arguments

and a well-chosen martingale problem, we show that the space of empirical measures asso-

ciated with such martingales is precompact, and that its accumulation points belong to PL
This result may be seen as generalization of Lacker [52, Theorem 5.1], who studies the case

of diffusions conducted by relaxed controls.

Given that these notions of viscosity solutions, whether it is on Wasserstein space or in

finite dimension, have been introduced by their authors in the context of path-dependent

equations, we also manage to prove our convergence result in the non-Markovian case, that

is, when the variable µ in eqrefIntro-parPDE-en is a measure on the set of continuous paths

C0([0, T ],Rd).

II.4 Towards a numerical resolution for the cascade obstacle

problem

The purpose of this paragraph is to provide an idea about a possible numerical resolution of

the multiple optimal stopping problem. We prove in Chapter V that the value function of

the multiple optimal stopping problem is characterized as the unique viscosity solution of the

dynamic programming equation (II.3.2). Our idea is to exploit this equation to implement a

numerical approximation of the multiple optimal stopping problem. As we intend to handle

relatively high dimensions, we choose to follow the approach of Sirignano & Spiliopoulos [71]

and Raissi, Perdikaris & Karniadakis [66], i.e., we may approximate the value function with

a neural network, whose calibration is made by using the PDE operator and the boundary

conditions as loss function.

Denote û(w; ·) the neural network approximating the solution u of (II.3.2), where w ∈
RK is the parameter of the network. Given (µ1, µ2, µ3) ∈ P([0, T ]×SN )×P(SN )×P([0, T ]×
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Rd×N ), we define the theoretical loss function

L(w) :=

∫
[0,T ]×SN

|Aû(w; t,y)|2dµ1(t,y) +

∫
SN
|û(w;T,y)− ϕ(x)|2dµ2(y)(II.4.1)

+

∫
[0,T ]×(Rd)N

|û(w; t,x, 0)− ϕ(x)|2dµ3(t,x),

where

Aû(w; t,y) := min{−∂tû(w; t,y)− Lû(w; t,y) · i, û(w; t,y)− max
|i′|=|i|−1

û(w; t,x, i′)}.

Our algorithm shall consist in minimizing L over w via a stochastic gradient descent. More

precisely, it should follow the following steps:

1. Simulation of a random (t1n,y
1
n) ∈ [0, T ] × SN , y2

n ∈ SN and (t3n,x
3
n) ∈ [0, T ] × Rd×N

according to µ1, µ2 and µ3, respectively.

2. Computation of the squared error

L̂(wn,q) :=
(
Aû(wn; tn,yn)

)2
+
(
û(wn;T,yn)− gN (xn)

)2
+
(
û(wn; tn,xn, 0)− gN (xn)

)2
3. Gradient descent: wn+1 := wn − αn∂wL̂(wn,q), where α := {αn}n≥1 is the learning

rate,

4. Repeat until the stopping criterion is satisfied.

Note that the stopping criterion may take diverse forms (a fixed number of iterations, or a

condition on the norm of the gradient of the loss function).
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Dynamic programming equation for

the mean field optimal stopping

problem

III.1 Introduction

In this chapter we study a McKean-Vlasov type of optimal stopping problem, where the

state dynamics and/or the reward function depend on the law of the stopped process. To

be precise, given X0 and an independent Brownian motion W , consider

Xt = X0 +

∫ t∧τ

0
b(s,Xs,LXs)ds+

∫ t∧τ

0
σ(s,Xs,LXs)dWs, (III.1.1)

where τ is a stopping time and LXs denotes the law of Xs. We emphasize the impact of τ

on LXs , in particular, LXs is neither equal to LX0
τ∧s

nor to LX0
s
|s=τ , where X0 denotes the

unstopped process:

X0
t = X0 +

∫ t

0
b(s,X0

s ,LX0
s
)ds+

∫ t

0
σ(s,X0

s ,LX0
s
)dWs. (III.1.2)

Our optimization problem is, for some functionals f and g defined on a space of probability

laws,

V0 := sup
τ

E
[ ∫ τ

0
f(s,Xs,LXs)ds

]
+ g(LXτ ). (III.1.3)
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When b, σ and f do not depend on LXs and g(LXτ ) = E
[
ϕ(Xτ )

]
for some function ϕ : Rd →

R, the above problem reduces to a standard optimal stopping problem, see e.g. Shiryaev

[70]. The mean field optimal stopping problem (III.1.3) can be viewed as the limit of a

multiple stopping problem over a large system interacting through the empirical measure:

Xi
t = xi +

∫ t∧τi

0
b(s,Xi

s, µ̄s)ds+ σ(s,Xi
s, µ̄s)dW

i
s , µ̄s :=

1

N

N∑
i=1

δXi
s
;

V N
0 := sup

(τ1,...,τN )
E
[ 1

N

N∑
i=1

∫ τi

0
f(s,Xi

s, µ̄s)ds+ g
( 1

N

N∑
i=1

δXi
τi

)]
,

(III.1.4)

where δx denotes the Dirac-measure, (W 1, . . . ,WN ) are N × d−dimensional Brownian mo-

tions. We refer to Kobylanski, Quenez & Rouy-Mironescu [50] for general multiple stopping

problems, and we shall investigate the convergence issue in Chapter V.

There has been a strong attention on mean field games of optimal stopping in the lit-

erature, see, e.g., Bertucci [9], Bouveret, Dumitrescu & Tankov [11], Carmona, Delarue &

Lacker [23], and Nutz [62]. Given {µt}t≥0, consider the optimal stopping problem:

V µ·
0 := sup

τ
E
[ ∫ τ

0
f(s,Xµ.

s , µs)ds+ g(τ,Xµ·
τ , µτ )

]
, (III.1.5)

where Xµ is unstopped and solves a standard SDE (not McKean-Vlasov type as in (III.1.2)):

Xµ·
t = X0 +

∫ t

0
b(s,Xµ·

s , µs)ds+

∫ t

0
σ(s,Xµ·

s , µs)dWs.

Assume the above problem has an optimal stopping time τ∗(µ·), then the mean field game

problem is to find a fixed point {µt}t≥0, namely the mean field equilibrium: LXµ·
τ∗(µ·)∧t

= µt,

t ≥ 0. We remark that in the last mean field game, for given {µt}t≥0, the dynamics of Xµ·

does not depend on the stopping time τ and the optimal stopping problem (III.1.5) is a

standard one as in [70], so it has a completely different structure than our optimal stopping

problem. We would also like to mention Li [56], Briand, Elie & Hu [12], and Djehiche, Elie &

Hamadene [31] for closely related works on mean field type reflected BSDEs, and Belomestny

& Schoenmakers [7] for a numerical method for mean field type optimal stopping problems.

However, in all these works again the dynamics of the state process does not depend on the

stopping time τ . To our best knowledge, our work is the first in the literature to study the

optimal stopping problem where the dynamics depends on the law of the stopped process,

or say in (III.1.4) the interaction is through the stopped particles.
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Besides the obvious connection with large interacting particle systems, the general form

(III.1.3) is convenient for many other applications. For example, by considering the un-

stopped state process X0 in (III.1.2), the optimal stopping of mean variance problem

supτ
{

E[X0
τ ] − 1

2Var(X0
τ )
}

corresponds to g(µ) =
∫

R(x − 1
2x

2)µ(dx) +
( ∫

R xµ(dx)
)2 for

a square integrable measure µ. Another example is the optimal stopping problem un-

der probability distortion, used in behavioral economics, which corresponds to g(µ) =∫∞
0 ϕ

(
µ([U−1(y),∞)

)
dy, for some utility function U : R → [0,∞), and some distortion

function ϕ : [0, 1] −→ [0, 1]. When X0 is a Geometric Brownian motion and the time hori-

zon is infinite, Pedersen & Peskir [64] proved the existence of optimal stopping time for the

mean variance problem, and Xu & Zhou [78] obtained the optimal stopping time for the

probability distortion problem for some special shapes of the functions ϕ and U (convex,

concave, or reverse S-shaped). We remark that these problems are typically considered as

time inconsistent problems, as we will explain in the next paragraph, and the existing lit-

erature considers only the static problem, namely the existence of optimal stopping time

for the problem over a fixed time interval ([0,∞) or [0, T ]). We shall study the problem

(III.1.3) systematically, and more importantly, dynamically. We remark that, even when

we consider only the unstopped state process X0, our dynamic approach for the optimal

stopping problem (III.1.3) seems new.

It is well known that standard optimal stopping problems can be solved by the dynamic

programming approach, see e.g. El Karoui [41] and Shiryaev [70]. The situation here is

more subtle because of the involvement of the law. In order to have Dynamic Programming

Principle (DPP, for short), it is crucial to choose the right variable, which stands for the

information one needs to make the dynamic system “Markovian". Indeed, if we define V (t, x)

as the dynamic value function for problem (III.1.3) on [t, T ] with initial condition Xt = x,

which in the case (III.1.4) means we observe only the state xi of one particular player i,

the DPP would fail. Consequently the problem is often viewed as time inconsistent in

the standard sense. Moreover, even if we define V (t, µ) as the dynamic value function for

problem (III.1.3) on [t, T ] with initial condition LXt = µ, the DPP would still fail.

Our first observation is that a successful DPP requires the introduction of the survival

process It := 1{τ>t}. To be precise, we will have the desired DPP if we write the dynamic

value function as V (t,L(Xt,It)), that is, to maintain the time consistency, we need to know

not only the current states of all particles, but also which particles are still surviving. More-

over, we formulate a weak relaxed version of (III.1.1) by allowing for randomized stopping
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times induced by the set P(t,m) of all joint distributions P of the stopped process and the

corresponding stopping time, started at time t from the initial distribution m. Such a weak

formulation is particularly convenient here for two reasons:

• the set of controls has been shifted from the stopping times into P(t,m), that we will prove

to be compact, implying the existence of an optimal P∗ to the mean field optimal stopping

problem as long as f and g are upper-semicontinuous;

• shifting the state variable from the process X into the flow of joint marginal distributions,

denoted as {P(Xt,It)} in order to emphasize its dependence on P, enables us to establish a

DPP and to derive a dynamic programming equation on the space of measures to characterize

the value function V .

More precisely, given that the laws are deterministic, our following DPP is very easy to

establish:

V (t,m) = sup
P∈P(t,m)

∫ s

t
E[f(r,Xr,P(Xr,Ir))Ir]dr + V

(
s,P(Xs,Is)

)
,

Such dynamic programming approach has also been used successfully in the mean field

control literature, where the state variable is LXt , see, e.g., Carmona & Delarue [21, Vol. 1,

ch. 6], Pham & Wei [65], Wu & Zhang [77], and Djete, Possamai & Tan [34].

The corresponding dynamic programming equation is as usual derived by means of Itô’s

formula. Itô’s formula for functions on Wasserstein space of probability measures has been

established for continuous diffusions by Buckdahn, Li, Peng & Rainer [14] and Chassagneux,

Crisan & Delarue [27], and for jump diffusions by Li [57] and Burzoni, Ignazio, Reppen &

Soner [15]. However, [57, 15] require the law of the state process to be continuous under the

Wasserstein distance, while in our case it is quite possible that t 7−→ PIt is discontinuous. We

thus first extend Itô’s formula so that both the state process and its law can have jumps.

Our proof follows the standard derivation, based on the linear functional derivative. We

introduce an appropriate time discretization and reduce our derivation to the standard Itô’s

formula for càdlàg semimartingales. We also refer to the independent work of Guo, Pham

& Wei [46], who prove similar results by using density arguments.

Together with the DPP, our Itô’s formula immediately leads to the desired dynamic

programming equation, an obstacle problem on the Wasserstein space. We shall characterize

the value function, provided its sufficient regularity, as the unique classical solution of the

obstacle problem, and we will use the value function to characterize the structure of the

optimal stopping time. The regularity of the value function, of course, remains a challenging
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problem in general, and we will therefore investigate the viscosity solution approach for the

obstacle problem in Chapter IV.

The chapter is structured as follows. In Section III.2, we set the mean field optimal

stopping problem in weak formulation, and establish the dynamic programming principle.

In Section III.3 we prove the Itô’s formula for possibly discontinuous flows of measures of

semimartingales, that in particular allows us to differentiate smooth functions along the

flow {P(Xt,It)}t∈[0,T ]. In Section III.4 we derive the dynamic programming equation for

the value function and establish its classical solution theory. Section III.5 is dedicated to

some examples illustrating the connection with the standard optimal stopping theory, and

shedding more light on a class of criteria including the mean-variance one. We also provide

an explicit example which exhibits both features of pure stopping strategies and randomized

ones. In Section III.6 we provide two extensions. Subsection III.6.1 extends our results to the

infinite horizon setting, and Subsection III.6.2 provides a quick discussion of the extension

to the case where the process X is a jump-diffusion. Finally, Appendices III.7 and III.8

report some technical proofs.

III.2 Formulation of the mean field optimal stopping problem

Let T <∞ be fixed, and Ω := C0([−1, T ],Rd)× I0([−1, T ]) the canonical space, where:

• C0([−1, T ],Rd) is the set of continuous paths from [−1, T ] to Rd, constant on [−1, 0);

• I0([−1, T ]) is the set of non-increasing and càdlàg maps from [−1, T ] to {0, 1}, constant
on [−1, 0), and ending with value 0 at T .

We equip Ω with the Skorokhod distance, under which it is a Polish space. The choice of

the extension to −1 is arbitrary, the extension of time to the left of the origin is only needed

to allow for an immediate stop at time t = 0.

We denote Y := (X, I) the canonical process, with state space S := Rd × {0, 1}, its
canonical filtration F = (Ft)t∈[−1,T ], and the corresponding jump time of the survival process

I:

τ := inf{t ≥ 0 : It = 0}, so that It := I0−1t<τ for all t ∈ [−1, T ]. (III.2.1)

By the càdlàg property of I, τ is an F−stopping time. Denote further

Qt := [t, T )× P2(S), and Qt := [t, T ]× P2(S), t ∈ [0, T ).
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Let (b, σ, f) : [0, T ]× Rd ×P2(S)→ Rd × S+
d × R and g : P2(Rd)→ R, where S+

d denotes

the set of d × d non-negative symmetric matrices. Throughout the chapter, the following

assumption will always be in force, where P2(S) is equipped with the W2-distance.

Assumption III.2.1 (i) b, σ are continuous in t, and uniformly Lipschitz continuous in

(x,m).

(ii) f is Borel measurable and has quadratic growth in x ∈ Rd, and the following function

F is continuous on [0, T ]× P2(S):

F (t,m) :=

∫
Rd
f(t, x,m)m(dx, 1). (III.2.2)

(iii) g is upper-semicontinuous and locally bounded; and extended to P2(S) by g(m) :=

g(m(·, {0, 1})).

Define the stopped McKean-Vlasov dynamics on [0, T ]:

Xs = X0 +

∫ s

0
b(r,Xr,PYr)Irdr +

∫ s

0
σ(r,Xr,PYr)IrdW

P
r and Is = I0−1s<τ , (III.2.3)

where a solution P of the last SDE is defined by the requirement that the following processes

M and N are P−martingales on [0, T ]:

M. := X. −
∫ .

0
b(r,Xr,PYr)Irdr and N. := M2

. −
∫ .

0
σ2(r,Xr,PYr)Irdr. (III.2.4)

Note that X. = X.∧τ , and in particular XT = Xτ , P−a.s.
We then focus on the mean field optimal stopping problem: given µ ∈ P2(Rd),

V0 := sup
P

EP
[ ∫ τ

0
f(r,Xr,PYr)dr

]
+ g(PXτ ) = sup

P

∫ T

0
F (r,PYr)dr + g(PYT ), (III.2.5)

where the supremum is taken over all solutions P of the McKean-Vlasov SDE satisfying the

constraint PX0 = µ and P(I0− = 1) = 1. We recall that this problem is motivated by the

N -multiple optimal stopping problem (III.1.4), whose convergence is studied in Chapter V.

In order to solve this problem, we use the dynamic programming approach, made possible

by an appropriate dynamic version of the problem. This requires to take as a state the joint

distribution mt of the variables Yt = (Xt, It), which leads to the dynamic value function

V (t,m) := sup
P∈P(t,m)

∫ T

t
F (r,PYr)dr + g(PYT ), (t,m) ∈ Q0, (III.2.6)
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where P(t,m) is the set of probability measures P on (Ω,FT ) such that

• PYt− = m and s ∈ [−1, t)→ Ys is constant, P-a.s.

• The processes M,N of (III.2.4) are P-martingales on [t, T ], so that, for some P-Brownian

motion WP,

Xs = Xt +

∫ s

t
b(r,Xr,PYr)Irdr + σ(r,Xr,PYr)IrdW

P
r , Is = It−1s<τ , P− a.s. (III.2.7)

Proposition III.2.2 For any (t,m) ∈ Q0, the set P(t,m) is compact under the Wasserstein

distance W2. Consequently, existence holds for the mean field optimal stopping problem

(III.2.6).

We relegate this proof to Appendix III.7. Our main result of this section is the following

dynamic programming principle (DPP for short).

Theorem III.2.3 For any (t,m) ∈ Q0 and s ∈ [t, T ], we have the DPP:

V (t,m) = sup
P∈P(t,m)

∫ s

t
F (r,PYr)dr + V (s,PYs−) (III.2.8)

= sup
P∈P(t,m)

∫ s

t
F (r,PYr)dr + V (s,PYs).

Proof Denote, for any probability measure P on (Ω,FT ),

J(t,P) :=

∫ T

t
F (r,PYr)dr + g(PYT ).

We start with proving the first equality of (III.2.8). Let Ṽ (t,m) denote the middle term of

(III.2.8). Fix an arbitrary P ∈ P(t,m), and denote m̃ := PYs− .

First, for any time partition π : −1 = t0 < · · · < tm < s ≤ tm+1 < · · · < tm+n = T ,

introduce the finite measure: for any Ai ∈ B(S),

νπ(A0 × · · · ×Am+n) := P
(
Ys− ∈ ∩mi=0Ai, Ytm+j ∈ Am+j , j = 1, · · · , n

)
.

It is clear that {νπ}π satisfies the consistency condition, and thus it follows from the Kol-

mogorov extension theorem that there exists a probability measure P̃ on (Ω,FT ) such that

{νπ}π is the finite distribution of the process Y under P̃. It is straightforward to verify

P̃ ∈ P(s, m̃), and P̃Yr = PYr for all r ∈ [s, T ]. Thus,

J(t,P) =

∫ s

t
F (r,PYr)dr + J(s,P) =

∫ s

t
F (r,PYr)dr + J(s, P̃) ≤

∫ s

t
F (r,PYr)dr + V (s,PYs−).
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Since P ∈ P(t,m) is arbitrary, we obtain V (t,m) ≤ Ṽ (t,m).

On the other hand, given m̃, by Proposition III.2.2 there exists P̃ ∈ P(s, m̃) such that

J(s, P̃) = V (s, m̃). For the above time partition π, we introduce another finite measure: for

any Ai ∈ B(S),

νπ(A0 × · · · ×Am+n) :=

∫
S

EP
[ m∏
i=0

1Ai(Yti)
∣∣∣Ys− = y

]
×EP̃

[ n∏
j=1

1Am+j (Ytm+j )
∣∣Ys− = y

]
m̃(dy).

Applying the Kolmogorov extension theorem again there exists a probability measure P̂ on

(Ω,FT ) such that {νπ}π is the finite distribution of the process Y under P̂. It is clear that

P̂ = P on Fs−, and {Ys−, Yr, s ≤ r ≤ T} has the same distribution under P̂ and P̃, and

{Yr, r < s} and {Yr, r ≥ s} are conditionally independent under P̂, conditional on Ys−.

We shall emphasize that this conditional independence is valid only conditional on Ys−,

the process Y is in general not Markov under P̂. It is obvious that the processes M,N in

(III.2.4) remain to be P̂-martingales on [t, s]. Moreover, for any s ≤ s1 < s2 ≤ T , any

0 = t0 < · · · < tm < s ≤ tm+1 < · · · < tm+n = s1, and any bounded measurable function

ϕ1 : R(m+1)d → R, ϕ2 : Rnd → R,

EP̂
[
[Ms2 −Ms1 ]ϕ1(Yt0 , · · · , Ytm)ϕ2(Ytm+1 , · · · , Ytm+n)

]
= EP̂

[
EP̃[[Ms2 −Ms1 ]ϕ2(Ytm+1 , · · · , Ytm+n)

∣∣Ys−]× EP[ϕ1(Yt0 , · · · , Ytm)
∣∣Ys−]]

= EP̂
[
0× EP[ϕ1(Yt0 , · · · , Ytm)

∣∣Ys−]] = 0.

Then M is a P̂-martingale on [s, T ] as well, and hence a P̂-martingale on [t, T ]. Similarly

we can show that N is a P̂-martingale on [t, T ], then P̂ ∈ P(t,m). Therefore,∫ s

t
F (r,PYr)dr + V (s,PYs−) =

∫ s

t
F (r,PYr)dr + J(s, P̃)

=

∫ s

t
F (r, P̂Yr)dr + J(s, P̂) = J(t, P̂) ≤ V (t,m).

Since P ∈ P(t,m) is arbitrary, we obtain Ṽ (t,m) ≤ V (t,m), and hence the first equality of

(III.2.8).

It remains to prove the second equality of (III.2.8). First, since Is ≤ Is−, it is obvious

that P(s,PYs) ⊂ P(s, Ys−), and thus V (s,PYs) ≤ V (s,PYs−) for all P ∈ P(t,m). On the

other hand, for any P ∈ P(t,m), set P̃ ∈ P(t,m) be such that P̃ = P on Fs− and Ir = Is−
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for all r ≥ s, P̃-a.s. Then P̃Ys = PYs− , and thus∫ s

t
F (r,PYr)dr + V (s,PYs−) =

∫ s

t
F (r, P̃Yr)dr + V (s, P̃Ys)

≤ sup
P∈P(t,m)

∫ s

t
F (r,PYr)dr + V (s,PYs).

This completes the proof immediately.

In order to derive the dynamic programming equation, we follow the usual procedure,

which requires Itô’s formula along the flow of measures {PYs}t≤s≤T , as we shall develop in

the next section.

III.3 Itô’s formula for flows of laws of semimartingales

In contrast with the available literature reviewed in the introduction, our Itô’s formula allows

for possible jumps for both the semimartingale and its flow of marginal laws m = {ms}.
The mapping s 7→ ms is also càdlàg and we shall denote

JT(m) := {s ∈ T : ms 6= ms−}, JcT(m) := {s ∈ T : ms = ms−}, for all T ⊂ [0, T ].(III.3.1)

We first introduce the notion of linear functional derivative, in the same spirit as Car-

mona & Delarue [21, Vol 1, Definition 5.43] and Cardialaguet, Delarue, Lasry & Lions [17]:

Definition III.3.1 (i) u : P2(Rd
′
) −→ R has a linear functional derivative if there exists

δmu : P2(Rd
′
)× Rd

′ → R

such that δmu is continuous for the product topology and

• the mapping y 7→ δmu(m, y) has quadratic growth in y, locally uniformly in m. That

is, for any compact set Ξ ⊂ P2(Rd
′
), supm∈Ξ |δmu(m, y)| ≤ CΞ[1 + |y|2].

• for all m,m′ ∈ P2(Rd
′
),

u(m′)− u(m) =

∫ 1

0

∫
Rd′

δmu(λm′ + (1− λ)m, y)(m′ −m)(dy)dλ. (III.3.2)

(ii) C1,1
2 ([0, T ]× P2(Rd

′
)) denotes the set of functions u : [0, T ]× P2(Rd

′
)→ R such that

• ∂tu, δmu, ∂yδmu, ∂2
yyδmu exist and are continuous in all variables;

• ∂2
yyδmu is bounded in y, locally uniformly in (t,m).
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Here the subscript 2 in C1,1
2 is to refer the growth conditions so as to ensure appropriate

square integrability in the analysis below.

By abusing the notation, in the following statement, we let Y denote a general càdlàg

Rd
′−valued semimartingale on [0, T ]. We denote Y c the continuous part of Y ; Y c

t = Y0 +

M c
t +Act the Doob-Meyer decomposition, whereM c is the martingale part and Ac is the finite

variation part; ‖Ac‖t the total variation process of Ac and 〈M c〉t the quadratic variation

process of M c.

Theorem III.3.2 (Itô’s formula) Let u ∈ C1,1
2 ([0, T ]× P2(Rd

′
)), and assume

E
[
‖Ac‖2T + 〈M c〉T +

( ∑
0<s≤T

|Ys − Ys−|
)2]

<∞. (III.3.3)

Then, denoting m = {ms}0≤s≤T the marginal laws of Ys,

u(T,mT ) = u(0,m0) +

∫ T

0
∂tu(s,ms)ds

+E
[ ∫ T

0
∂yδmu(s,ms, Ys) · dAcs +

1

2

∫ T

0
∂2
yyδmu(s,ms, Ys) : d〈M c〉s

]
(III.3.4)

+
∑

s∈J(0,T ](m)

[u(s,ms)− u(s,ms−)] + E
[ ∑
s∈Jc

(0,T ]
(m)

(
δmu(s,ms, Ys)− δmu(s,ms, Ys−)

)]
.

The proof of this result is relegated to Appendix III.8. Note that (III.3.4) exhibits two

different sums: one refers to the jumps of Y , while the other to the jumps of the marginals

m. The Poisson process provides a simple example of pure jump process with continuous

marginals (i.e., J(0,T ](m) = ∅).
We now specialize the discussion to the case Y := (X, I). Note that P2(S) ⊂ P2(Rd+1),

we may restrict Definition III.3.1 to P2(S) only.

Definition III.3.3 Let C1,1
2 (Q0) denote the set of functions u : Q0 → R such that ∂tu,

δmu, ∂xδmu, ∂2
xxδmu exist and are continuous in all variables, and ∂2

xxδmu is bounded in

x, locally uniformly in (t,m), where the functional linear derivative takes the form δmu :

(t,m, x, i) ∈ Q0 × Rd × {0, 1} → R satisfying, for any t ∈ [0, T ] and m,m′ ∈ P2(S),

u(t,m′)− u(t,m) =

∫ 1

0

∫
S
δmu(t, λm′ + (1− λ)m,x, i)(m′ −m)(dx, di)dλ.

In this case, of course there is no need to consider the derivative of δmu with respect to the

i-variable. Instead, we denote

δmui(t,m, x) := δmu(t,m, x, i) for i ∈ {0, 1}, and DIu := δmu1 − δmu0. (III.3.5)
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Example III.3.4 Let us define, for a given probability measure P, u(m) := ϕ(m[ψ]), with

ψ smooth and m[ψ] :=
∑

i=0,1

∫
Rd ψ(x, i)m(dx, i). Then we compute

δmu(m,x, i) = ϕ′(m[ψ])ψ(x, i) and DIu(m,x) = ϕ′(m[ψ])[ψ(x, 1)− ψ(x, 0)].

Recall the infinitesimal generator of X, we define

Lu(t,m) := ∂tu(t,m) +

∫
Rd
Lxδmu1(t,m, x)m(dx, 1), where

Lxδmu1(t,m, x) := b(t, x,m) · ∂xδmu1(t,m, x) +
1

2
σ2(t, x,m) : ∂2

xxδmu1(t,m, x).
(III.3.6)

We now state the Itô formula for m := {ms := PYs}s∈[−1,T ]. Note that in Theorem III.3.2,

we consider the jumps on (0, T ]. However, in light of DPP (III.2.8), it is more convenient

to consider the jumps on [0, T ), namely we include the jump at the initial point instead of

the ending point. Such an adjustment is straightforward.

Corollary III.3.5 Let m ∈ P2(S), P ∈ P(0,m), and u ∈ C1,1
2 (Q0). Then,

u(T,mT−) = u(0,m) +

∫ T

0
Lu(s,ms)ds

+
∑

s∈J[0,T )(m)

[u(s,ms)− u(s,ms−)] + EP
[ ∫

Jc
[0,T )

(m)
DIu(s,ms, Xs)dIs

]
.

(III.3.7)

Proof We can easily see that Ys − Ys− = (0, Is − Is−) and

Y c
s = (Xs, I0−), dM c

s = (σ(s,Xs,ms)dW
P
s , 0), dAcs = (b(s,Xs,ms)ds, 0).

Then (III.3.3) obviously holds true. Now following Theorem III.3.2, but by considering the

jump at 0 instead of at T , we have

u(T,mT−)− u(0,m) =

∫ T

0
∂tu(s,ms)ds+ EP

[ ∫ T

0
∂yδmu1(s,ms, Xs) · b(s,Xs,ms)ds

+
1

2

∫ T

0
∂2
xxδmu1(s,ms, Xs) : d〈X〉s

]
+

∑
s∈J[0,T )(m)

[u(s,ms)− u(s,ms−)]

+EP
[ ∑
s∈Jc

[0,T )
(m)

[
δmu(s,ms, Ys)− δmu(s,ms, Ys−)

]]

=

∫ T

0
Lu(s,ms)ds+

∑
s∈J[0,T )(m)

[u(s,ms)− u(s,ms−)] + EP
[ ∫

Jc
[0,T )

(m)
DIu(s,ms, Xs)dIs

]
,

where the last equality thanks to the fact that Is 6= Is− if and only if Is = 0, Is− = 1.

We remark that, in this case J[0,T ](m) = {s ∈ [0, T ] : P(τ = s) > 0}. That is, J[0,T ](m)

is the collection of all atoms of τ under P.
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III.4 Obstacle problem on the Wasserstein space

III.4.1 The dynamic programming equation

We first introduce a partial order � on P2(S): we say that m′ � m if

m′(dx, 1) = p(x)m(dx, 1), and m′(dx, 0) = [1− p(x)]m(dx, 1) +m(dx, 0), (III.4.1)

for some measurable p : Rd → [0, 1], i.e. m′(dx, 1) is obtained from m by randomly stopping

a proportion 1− p(x) of the surviving particles. In our context, mt− = PYt− and mt = PYt ,

with P ∈ P(t,m), so that mt � mt− with conditional transition probability

p(x) = p(t, x) := P(It = 1 | Xt = x, It− = 1). (III.4.2)

Remark III.4.1 The set {m′ : m′ � m} is compact, as it is in continuous bijection with

{m̂ ∈ P2(S×{0, 1}) : m̂◦(x, i)−1 = m}, with (x, i, i′) the projection coordinates on S×{0, 1}.

Our main objective is to show that the dynamic programming equation corresponding to

our mean field optimal stopping problem, as deduced from the DPP (III.2.8), is

min
m′∈Cu(t,m)

[−(Lu+ F )(t,m′)] = 0, DIu(t,m, ·) ≥ 0, u(T, ·) = g, for all (t,m) ∈ Q0,

where Cu(t,m) :=
{
m′ � m : u(t,m′) = u(t,m)

}
.

(III.4.3)

By analogy with standard optimal stopping, we call (III.4.3) obstacle problem on the Wasser-

stein space. The different components of this equation have the following interpretation.

Remark III.4.2 (i) As will be proved in Lemma III.4.3, the inequality DIu(t,m, ·) ≥ 0

expresses the natural monotonicity of the optimal stopping problem, i.e. u is increasing for

�. In other words, the larger the set of surviving particles is, the larger the value function

is.

(ii) Cu(t,m) is the collection of admissible stopping strategies at time t, i.e. those that

preserve the value function for smaller sets of surviving particles.

(iii) The equation min
m′∈Cu(t,m)

− (Lu+ F )(t,m′) = 0 characterizes the sets of particles that are

optimal to keep diffusing (in the same spirit as the classical HJB equation, where the min

characterizes the optimal controls). Note that Cu(t,m) is compact, as a closed subset of the

compact set {m′ � m}, see Remark III.4.1. Therefore the min is attained by the continuity

of (Lu+ F )(t, ·). Finally, as m ∈ Cu(t,m), we have −(Lu+ F )(t,m) ≥ 0.
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(iv) The boundary condition u(T, ·) = g is due to (III.2.6) directly. Moreover, the boundary

condition implies that u(t,m) = g(m), for all t ∈ [0, T ] and m ∈ ∂P2(S) := {m ∈ P2(S) :

m(Rd, 1) = 0}, i.e. all particles are stopped. Indeed, in this case {m′ : m′ � m} = {m} and
thus Cu(t,m) = {m}. Recall (III.2.2) and (III.3.6), then (III.4.3) implies to −∂tu(t,m) =

−(Lu+ F )(t,m) = 0. This clearly implies that u(t,m) = u(T,m) = g(m) for all t ∈ [0, T ].

Lemma III.4.3 Let u : P2(S)→ R admit a linear functional derivative. Then u is nonde-

creasing for � if and only if DIu(m, ·) ≥ 0 for all m ∈ P2(S).

Proof First, assume DIu(m, ·) ≥ 0 for all m ∈ P2(Rd). Then, for m′ � m with corre-

sponding transition probability p, we have

u(m)− u(m′) =

∫ 1

0

∫
Rd
DIu(λm+ (1− λ)m′, x)[1− p(x)]m(dx, 1)dλ ≥ 0.

Conversely, assume that u is nondecreasing for �, i.e. u(m′) � u(m) for all m′ � m.

Introduce N := {x : DIu(m,x) < 0}; pε(x) := 1−ε1N (x), ε ∈ (0, 1); and the corresponding

measure m′ε defined by (III.4.1). Then (m−m′ε)(dx, di) = (2i−1)ε1N (x)m(dx, 1), and thus

0 ≤ 1

ε
[u(m)− u(m′)] =

1

ε

∫ 1

0

∫
S
δmu

(
λm+ [1− λ]m′ε, x, i

)
(m−m′ε)(dx, di)dλ

=

∫ 1

0

∫
N
DIu(λm+ [1− λ]m′ε, x)m(dx, 1)dλ. (III.4.4)

Note that {λm + [1 − λ]m′ε : λ ∈ [0, 1], ε ∈ [0, 1]} ⊂ P2(S) is compact, then DIu(λm +

[1 − λ]m′ε, x) has quadratic growth in x, uniformly in λ, ε. Moreover, sending ε → 0, since

m′ε → m and DIu is continuous in m, applying the dominated convergence theorem we

obtain from (III.4.4) that
∫
N DIu(m,x)m(dx, 1) ≥ 0, which is possible only if m(N , 1) = 0.

That is, DIu(m,x) ≥ 0 for m(·, 1)-a.e. x. Since DIu is continuous in (m,x) and the

set {m ∈ P2(S) : supp (m(·, 1)) = Rd} is dense in P2(S), then one can easily show that

DIu(m,x) ≥ 0 for all (m,x) ∈ P2(S)× Rd.

III.4.2 The main results

Theorem III.4.4 If V defined in (III.2.6) is in C1,1
2 (Q0), then it is a solution of (III.4.3).
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Moreover, for any (t,m) ∈ [0, T ) × P2(S), P∗ ∈ P(t,m) is optimal for V (t,m) if and

only if, denoting m∗ = {m∗s := P∗Ys}0≤s≤T ,

−(LV + F )(s,m∗s) = 0, V (s,m∗s) = V (s,m∗s−), for all s ∈ [t, T ],

DIV (τ,m∗τ , Xτ )1Jc
[t,T )

(m∗)(τ) = 0, P∗-a.s., where m∗τ := m∗s|s=τ .
(III.4.5)

Proof Step 1: We first prove that

−(LV + F )(t,m) ≥ 0, DIV (t,m, x) ≥ 0, for all (t,m, x) ∈ Q0 × Rd. (III.4.6)

Fix (t,m). For any m′ � m, we may choose P ∈ P(t,m) such that PYt = m′, and Is = It,

s ∈ [t, T ), P-a.s. For δ ∈ (0, T − t), by DPP (III.2.8) we have

V (t,m) ≥
∫ t+δ

t
F (s,PYs)ds+ V (t+ δ,P(Xt+δ,It)).

Send δ → 0, note that P(Xt+δ,It) → P(Xt,It) = m′. Then by the continuity of V we have

V (t,m) ≥ V (t,m′). Since m′ � m is arbitrary, by Lemma III.4.3 we see that DIV ≥ 0.

To prove that −(LV + F )(t,m) ≥ 0, we consider P ∈ P(t,m) such that Is = It−,

s ∈ [t, T ], P-a.s. Apply Itô’s formula (III.3.7) on [t, t+ δ] under P, we see that all the terms

involving the jumps are equal to 0. Then by DPP (III.2.8) we have, denoting ms := PYs ,

0 ≥ V (t+ δ,m(t+δ)−)− V (t,m) +

∫ t+δ

t
F (s,ms)ds =

∫ t+δ

t
(Lu+ F )(s,ms)ds.

Note that ms → m as s ↓ t. Then by the continuity of Lu + F one can easily see that

−(LV + F )(t,m) ≥ 0.

Step 2: In this step we prove the equivalence of the optimality condition (III.4.5). First,

if P∗ ∈ P(t,m) satisfies (III.4.5), applying Itô’s formula (III.3.7) on [t, T ) we obtain imme-

diately

V (t,m) = V (T,P∗YT−)−
∫ T

t
LV (s,P∗Ys)ds = g(P∗YT ) +

∫ T

t
F (s,P∗Ys)ds.

As f has quadratic growth in x, locally uniformly in (t,m), we may switch the integral and

the expectation in the expression of F , and thus P∗ is optimal.

On the other hand, for any optimal P∗ ∈ P(t,m) such that V (t,m) =
∫ T
t F (s,P∗Ys)ds+

g(P∗YT ). Denoting m∗s := P∗Ys , s ≥ t, with m = m∗t−, then by DPP (III.2.8) and Itô’s formula

(III.3.7) we have

0 =

∫ T

t
(LV + F )(s,m∗s)ds+

∑
s∈J[t,T )(m

∗)

[V (s,m∗s)− V (s,m∗s−)] + E
[ ∫

Jc
[t,T )

(m∗)
DIV (s,m∗s, Xs)dIs

]
.
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By Step 1 we have V (s,m∗s) ≤ V (s,m∗s−). Together with (III.4.6), we see that all the three

terms in the right side above are nonpositive, then all of them should be 0:

(LV + F )(s,m∗s) = 0, a.e. s ∈ [t, T ]; V (s,m∗s) = V (s,m∗s−), for all s ∈ J[t,T )(m
∗);∫

Jc
[t,T )

(m∗)
DIV (s,m∗s, Xs)dIs = 0, P∗ − a.s. (III.4.7)

Since LV + F is continuous and, for s ∈ Jc[t,T )(m
∗), by definition m∗s = m∗s− and hence

V (s,m∗s) = V (s,m∗s−), then the first line of (III.4.7) implies that the first line of (III.4.5)

holds for all s ∈ [t, T ). Moreover, since τ is the only jump point of I, the second line of

(III.4.7) is clearly equivalent to the second line of (III.4.5).

Step 3: Finally we complete the verification of (III.4.3). First by (III.2.6) V (T,m) =

g(m). Then, by Step 1, it remains to verify minm′∈CV (t,m)[−(LV + F )(t,m′)] = 0. Note

that m∗t− = m and set s = t in the first line of (III.4.5), we have m∗t ∈ CV (t,m). Thus

0 ≤ min
m′∈CV (t,m)

[−(LV + F )(t,m′)] ≤ −(LV + F )(t,m∗t ) = 0,

and therefore the equality holds.

Theorem III.4.5 (Verification) Let u ∈ C1,1
2 (Q0) be a solution of (III.4.3). Then u = V .

Proof We prove the theorem by using the obstacle equation (III.4.3) to construct an

ε-optimal control for (III.2.6). We fix m ∈ P2(S) and assume for simplicity that t = 0.

Step 1: We first prove that u ≥ V . For an arbitrary P ∈ P(0,m), we apply Itô’s formula

(III.3.7) and obtain: again denoting m = {ms := PYs},

u(T,mT−) = u(0,m) +

∫ T

0
Lu(s,ms)ds

+
∑

s∈J[0,T )(m)

[u(s,ms)− u(s,ms−)] + EP
[ ∫

Jc
[0,T )

(m)
DIu(s,ms, Xs)dIs

]
.

(III.4.8)

By (III.4.3) and Lemma III.4.3 we have u(s,ms) ≤ u(s,ms−). Then, (III.4.3) and (III.4.8)

imply that

u(0,m) ≥ u(T,mT−)−
∫ T

t
Lu(s,ms)ds ≥ g(mT ) +

∫ T

t
F (s,ms)ds.

Since P ∈ P(0,m) is arbitrary, we obtain u(0,m) ≥ V (0,m).
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Step 2: We now show that u ≤ V . Let n ≥ 1, tj := j
nT , j = 0, · · · , n. We define

Pn ∈ P(0,m) and mn
s := PnYs recursively such that mn

0− = m, and for j = 0, · · · , n − 1,

thanks to Remark III.4.1,

mn
tj ∈ Cu(tj ,m

n
tj−) s.t. − (Lu+ F )(tj ,m

n
tj ) = 0 and mn

s ◦ i−1 = mn
tj ◦ i

−1, s ∈ [tj , tj+1).

By the arguments of Proposition III.2.2 applied to P(0,m), and by (III.2.7), one can easily

show that W2(mn
s ,m

n
tj ) ≤

Cm√
n
, s ∈ [tj , tj+1), for some constant Cm > 0 which may depend

on m but is uniform on n. Moreover, by Proposition III.2.2 and the compactness of [0, T ],

we see that the set {PYs ,PYs− : s ∈ [0, T ],P ∈ P(0,m)} is compact. As u ∈ C1,1
2 (Q0), Lu+F

is continuous and then uniformly continuous on this set. Then, there exists a modulus of

continuity function ρ such that

−(Lu+ F )(s,mn
s ) = −(Lu+ F )(s,mn

s ) + (Lu+ F )(tj ,m
n
tj ) ≤ ρ(

T

n
+
Cm√
n

), s ∈ [tj , tj+1).

By Itô’s formula (III.3.7), and noting that Pn is constructed such that there is no contribution

of the jump terms, we have

u(0,m) = u(T,mn
T−)−

∫ T

0
Lu(s,mn

s )ds

≤ g(mn
T ) +

∫ T

t
F (s,mn

s )ds+ Tρ(
T

n
+
Cm√
n

) ≤ V (0,m) + Tρ(
T

n
+
Cm√
n

).

Send n→∞, we obtain u(0,m) ≤ V (0,m).

III.4.3 Some discussions on optimal stopping policies

Proposition III.2.2 (i) guarantees that the mean field optimal stopping problem has an

optimal randomized stopping strategy, i.e. a probability measure P∗ on Ω s.t. g(P∗YT ) +∫ T
t F (s,P∗Ys)ds = V (t,m). A pure stopping strategy corresponds to the case where the

conditional transition probability in (III.4.2) ps(·) ∈ {0, 1} for all s ∈ [t, T ]. In this case, the

optimal stopping time is in closed-loop, i.e. τ is a stopping time w.r.t to the P∗-augmented

filtration of X, and the obstacle equation (III.4.3) reduces to:

min
A∈Bu(t,m)

[−(Lu+ F )(t,mA)]=0, u(t,m)= max
A∈B(Rd)

u(t,mA), u|t=T =g, (t,m) ∈ Q0,(III.4.9)

where mA := m ◦ (x, i1A(x))−1, and Bu(t,m) :=
{
A ∈ B(Rd) : u(t,mA) = u(t,m)

}
.
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We now discuss heuristically how to use the value function V to construct an optimal

stopping time, provided V ∈ C1,1
2 (Q0). In light of (III.4.5) and recalling that DIV ≥ 0,

introduce

K(t,m) :=
{
x ∈ Rd : DIV (t,m, x) = 0

}
. (III.4.10)

Fix (0,m0−). We set m∗0− := m0− and construct m∗ for V (0,m0−) in several steps.

Step 1. First, by (III.4.3) and Remark (III.4.1), there exists m∗0 ∈ CV (0,m∗0−) such that

m∗0 � m∗0− and (LV +F )(0,m∗0) = 0. In particular, if m∗0− ◦x−1 is continuous on {I0− = 1},
there exists A ∈ B(Rd) such that I0 = I0−1Ac(X0), and thus the optimal stopping time is a

pure strategy at 0.

Step 2. Let P∗ be a weak solution to the following McKean-Vlasov SDE:

P∗Y0
= m∗0, X satisfies (III.2.3) and It = I01{Xs∈K(s,P∗Ys ),0<s≤t}, P∗-a.s. (III.4.11)

Assume m∗t := P∗Yt is continuous up to certain t1 > 0. Then the optimal stopping time

between [0, t1) is a pure strategy: τ = inf{t ≥ 0 : Xt /∈ K(t,m∗t )}. Note that, since V is the

value function, we should have (LV +F )(t,m∗t ) = 0 for t ∈ [0, t1). We shall remark though,

the McKean-Vlasov SDE (III.4.11) is path dependent and has discontinuous coefficients, so

in general it is hard to solve. Moreover, the case that t1 = 0 is even more difficult to solve.

Step 3. We have obtained m∗t1− from Step 2. As in Step 1, we may find m∗t1 ∈
CV (t1,m

∗
t1−) at t1 such that m∗t1 � m∗t1− and (LV + F )(t1,m

∗
t1) = 0. Then following

Step 2 again we can hopefully extend m∗ to certain t2 > t1. Repeat the procedure, we may

construct m∗ on [0, T ].

We emphasize again that this procedure is just to illustrate the idea, in particular, it

could be helpful for constructing approximate optimal stopping times, as we saw in Theorem

III.4.5 Step 2. In general it is hard to realize this procedure, in fact, even the existence of

classical solution is a very challenging task. Nevertheless, in Subsection III.5.3 below we

will present an example where V is smooth and we can construct the τ explicitly. We also

remark again that, the optimal stopping time in the continuous region constructed in Step

2 above is always a pure strategy, while in the jump region in Step 1 the optimal stopping

time could be indeed mixed, but will also be a pure strategy when the distribution of the

survival particles at that time is continuous.
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III.5 Examples

III.5.1 Connection with standard optimal stopping

In this subsection we consider the case that b and σ do not depend on the P2(S)-valued

variable. For a measurable function ϕ, we define the optimal stopping problem

V (t,m) := sup
P∈P(t,m)

EP[ϕ(XT )], (t,m) ∈ Q0, (III.5.1)

We also introduce v(t, x) := V (t, δ(x,1)) which is related to the standard obstacle problem

min{−(∂tv + Lv), v − ϕ} = 0, v(T, ·) = ϕ, where Lv := b · ∂xv +
1

2
σ2 : ∂2

xxv. (III.5.2)

To be consistent with Definition III.3.3, let C1,1
2 ([0, T ]×Rd) denote the set of v ∈ C1,2([0, T ]×

Rd) such that ∂2
xxv is bounded. This condition can be relaxed in this case though.

Proposition III.5.1 Assume v ∈ C1,1
2 ([0, T ]× Rd). Then:

(i) V (t,m) =
∫
S

(
v(t, x)i+ϕ(x)(1− i)

)
m(dx, di), and V is a classical solution of the corre-

sponding obstacle equation on the Wasserstein space;

(ii) The probability measure P∗ s.t. τ = inf{s ≥ t : v(s,Xs) = ϕ(Xs)} on {It− = 1}, P∗-a.s.,

is optimal for the problem V (t,m). In particular, we see that τ is a pure stopping strategy

under P∗.

Proof Denote by u the right-hand side of the expression in (i). Then u ∈ C1,1
2 (Q0) with

∂tu(t,m) =
∫

Rd ∂tv(t, x)m(dx, 1), δmu(t,m, x, i) = v(t, x)i+ ϕ(x)(1− i),

∂xδmu1(t,m, x) = ∂xv(t, x), ∂2
xxδmu1(t,m, x) = ∂2

xxv(t, x) for all (x, i) ∈ S.

We then show that u is a solution of the equation (III.4.3). First, by (III.5.2),

DIu = v − ϕ ≥ 0 and − Lu(t,m) =

∫
Rd
−Lv(t, x)m(dx, 1) ≥ 0.

Defining At := {x : v(t, x)− ϕ(x) > 0} and mAt := m ◦ (x, i1At(x))−1, we have

u(t,m)− u(t,mAt) =

∫
Act

[v(t, x)− ϕ(x)]m(dx, 1) = 0,

and therefore mAt ∈ Cu(t,m). As −Lv(t, x) = 0, x ∈ At, we have −Lu(t,mAt) = 0. Thus,

u is a solution of (III.4.3), and we deduce that u = V by Theorem III.4.5.

To see that (ii) holds, notice that the flow m∗s := P∗Ys is s.t. m∗s = (m∗s−)As for all

s ∈ [t, T ]. Then P∗ clearly satisfies (III.4.5), and thus is optimal for V (t,m).
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III.5.2 Convex functions of the expectation

Let d = 1, ψ, h, ϕ : R→ R, with ϕ convex. We consider the optimal stopping problem:

V (t,m) := sup
P∈P(t,m)

[
EP[ψ(XT )] + ϕ

(
EP[h(XT )]

)]
. (III.5.3)

This is an extension of the mean-variance optimal stopping problem. Introducing the convex

dual ϕ∗(α) := supβ∈R{αβ − ϕ(β)}, we may write

V (t,m) = sup
α∈R

[
− ϕ∗(α) + Vα(t,m)

]
, with Vα(t,m) := sup

P∈P(t,m)
EP[ψα(XT )], ψα := ψ + αh.

Assuming uα(t, x) := Vα(t, δ(x,1)) ∈ C
1,1
2 ([0, T ]× R), it follows from Proposition III.5.1 that

Vα(t,m) =

∫
S

[
uα(t, x)i+ fα(x)[1− i]

]
m(dx, di),

−LVα(t,mAt) = 0, where At := {x : uα(t, x) > ϕ(t, x)};
DIVα(t,m, x) = uα(t, x)− ϕ(t, x) = 0, when uα(t, x) = ϕ(t, x).

(III.5.4)

Since α is one dimensional, it is not hard to find α∗(t,m) s.t. V (t,m) = Vα∗(t,m)(t,m) −
ϕ∗(α∗(t,m)).

Moreover, fix (t,m) and let P∗ ∈ P(t,m) be the optimal measure for the problem

Vα∗(t,m)(t,m), as constructed in the previous subsection. Then it is obvious that P∗ is opti-

mal for V (t,m) as well, and by Proposition (III.5.1) (ii), τ is an optimal stopping strategy

under P∗.

III.5.3 Construction of a smooth solution

In this subsection we construct an example where the obstacle problem indeed has a classical

solution. First, set b = 0, σ = 1, and thus, for any P ∈ P(t,m),

Xs = Xt +WP
τ∧s −WP

t P-a.s. on {It− = 1}. (III.5.5)

Next, let a ∈ C1([0, T ]) and ϕ ∈ C1,1
2

(
[0, T ]× R+

)
be positive functions such that

∂xϕ(t, x) = 0 for x ≥ at, and ∂xϕ(t, x) > 0 for x < at. (III.5.6)

One such example can be ϕ(t, x) := e−[(at−x)+]3 . Moreover, we introduce another positive

function ψ ∈ C2(R) with bounded derivatives, and set

u0(t,m) := [T − t]ϕ(t, v0(m)), where v0(m) :=

∫
R
ψ(x)m(dx, 1). (III.5.7)
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Proposition III.5.2 Under the above setting, u0 ∈ C1,1
2 ([0, T ] × P2(S)), and u0 is the

classical solution to the obstacle problem (III.4.3) with

F (t,m) := −Lu0(t,m)−
[
v0(m)− at

]+
, g := 0. (III.5.8)

We remark that this F may not take the specific form of (III.2.2), which is mainly motivated

from applications but not really required for our theory. Since this example is just for

illustration purpose of the theory, we content ourselves by allowing for this more general

F . We emphasize again that in general it is hard to have classical solution for our obstacle

problem, and therefore we shall investigate viscosity solutions in Chapter IV.

Proof First, by Definition III.3.1 one may easily verify: δmv0(m,x, 1) = ψ(x), δmv0(m,x, 0) =

0, ∂tu0(t,m) = [T−t]∂tϕ(t, v0(m))−ϕ(t, v0(m)), δmu0(t,m, x, 1) = [T−t]∂xϕ(t, v0(m))ψ(x),

δmu0(t,m, x, 0) = 0. Then it is clear that u0 ∈ C1,1
2 (Q0).

We now show that u0 satisfies (III.4.3). Clearly, u0(T, .) = 0 = g, and{
DIu0(t,m, x) = [T − t]∂xϕ(t, v0(m))ψ(x) ≥ 0,

−Lu0(t,m)− F (t,m) =
[
v0(m)− at

]+ ≥ 0.
(III.5.9)

In particular, −(Lu0 +F )(t,m) = 0 when v0(m) ≤ at. Finally, when v0(m) > at, combining

(III.5.6) and (III.5.7), we have

Cu0(t,m) = {m′ � m : v0(m′) ∈ [at, v0(m)]}, t < T. (III.5.10)

Set m′∗ � m by (III.4.1) with p(x) ≡ at
v0(m) . Then m′∗ ∈ Cu0(t,m) with v0(m′∗) = at.

Therefore,

min
m′∈Cu0 (t,m)

− (Lu0 + F )(t,m′) ≤ −(Lu0 + F )(t,m′∗) =
[
v0(m′∗)− at

]+
= 0.

This, together with (III.5.9), completes the proof.

In the rest of this subsection, we construct an optimal P∗ ∈ P(0,m0−) for the problem

V0 := V (0,m0−) = u0(0,m0−). For simplicity we assume

T = 2, ψ(x) := e−
x2

2 , and X0 = 0, I0− = 1, m0− − a.s. (III.5.11)

We next specify the function a, which relies on two functions κi on [0, T ]× R:

κ0(t, x) := E
[
ψ(x+Wt)

]
, κ1(t, x) := E

[
ψ(x+Wt)1{W ∗t <1}

]
,

at :=
1

2

[
κ0(t, 0) + t2(1− t)2

]
1[0,1](t) +

1

2
E
[
κ1(t− 1,W1)

]
1(1,2](t),

(III.5.12)
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where W ∗t := sup0≤s≤tWs. Recall Karatzas & Shreve [48, Chapter 2, Proposition 8.1] for

the joint density of (Wt,W
∗
t ), by direct calculations we have 0 ≤ ∂tκ0(t, x)− ∂tκ1(t, x)→ 0

as t → 0. Then ∂tκ1(0, x) = ∂tκ0(0, x), which implies that a′1+ = h′1 = a′1−, that is,

a ∈ C1([0, T ]).

Proposition III.5.3 Under the above setting, an optimal P∗ has the following structure:

(i) At time 0, there is a massive stop with P∗(I0 = 1) = 1
2 .

(ii)There is no stop during the time interval (0, 1]: It = I0, 0 ≤ t ≤ 1, P∗-a.s.

(iii) Particles stop continuously during the time interval (1, 2):

τ = inf{t > 1 : Xt −X1 ≥ 1} ∧ 2, P∗-a.s. on {I0 = 1}. (III.5.13)

(iv) All the remaining particles stop at time 2.

Proof (i) Note that in this case

v0(m0−) = Em0−
[
ψ(X0)I0−

]
= ψ(0) = 1 >

1

2
=

1

2
κ0(0, 0) = a0. (III.5.14)

Then −(Lu0 +F )(0,m0−) = v0(m0−)−a0 > 0, we have to stop some particles immediately.

We may choose m∗0 such that m∗0(I0 = 1) = 1
2 , and then t = 0 is a jump point of m∗, and

v0(m∗0) = Em
∗
0
[
ψ(X0)I0

]
=

1

2
, and thus − (Lu0 + F )(0,m∗0) = v0(m∗0)− a0 = 0.

Moreover, since v0(m∗0) ∈ [a0, v0(m0−)], by (III.5.10) we have m∗0 ∈ Cu0(0,m0−). This

implies that u0(0,m∗0) = u0(0,m∗0−), and then it follows from (III.4.5) that P∗ is optimal at

t = 0.

(ii) For the P∗ specified in the proposition, we have It = I0 and hence Xt = WP∗
t on

{I0 = 1}, 0 ≤ t ≤ 1, P∗-a.s. By (III.5.12) we see that v0(m∗t ) = 1
2κ0(t, 0) ≤ at, which implies

that −(Lu0 + F )(0,m∗t ) = 0, 0 ≤ t ≤ 1. Since no particle stops during this period, then by

(III.4.5) again P∗ is optimal on [0, 1].

(iii) We first note that, if we continue to keep all particles on {I0 = 1} alive after t = 1,

then we will have v0(mt) = 1
2κ0(t, 0) > at (since κ0 > κ1) and thus −(Lu0 + F )(0,mt) > 0,

which is not optimal. So after t = 1, we start to stop particles, and our structure allows us

to stop the particles continuously in the sense m∗t is continuous in t. Indeed, by (III.5.5)

and (III.5.13),

τ = inf{t > 1 : WP∗
t −WP∗

1 ≥ 1} ∧ 2, P∗-a.s. on {I0 = 1}.
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Then, for t ∈ (1, 2),

v0(m∗t ) = EP∗
[
ψ(Xt)It

]
= EP∗

[
ψ(Xt)I01{τ>t}

]
= EP∗

[
ψ(WP∗

1 +WP∗
t −WP∗

1 )1{I0=1}1{sup1≤s≤t[W
P∗
s −WP∗

1 ]<1}

]
=

1

2
EP∗
[
κ1(t− 1,WP∗

1 )
]

= at.

Therefore, −(Lu0 + F )(0,m∗t ) = 0, 1 < t < 2.

Next, for any 1 < t < 2, clearly m∗t is continuous, and thus u0(t,m∗t ) = u0(t,m∗t−).

Moreover, since v0(m∗t ) = at, by (III.5.9) and (III.5.6) we have

DIu0(t,m∗t , Xt) = [T − t]∂xϕ(t, v0(m∗t ))ψ(Xt) = [T − t]∂xϕ(t, at)ψ(Xt) = 0.

Then by (III.4.5) again we see that P∗ is optimal on [1, 2).

(iv) This is required by our formulation of the problem.

Remark III.5.4 (i) For the P∗ in Proposition (III.5.3), m∗t has two jumps, one at t = 0

and the other at t = 2. In particular, the stopping at t = 0 is randomized. Indeed, since

X0 ≡ 0 under m0−, there is no A ∈ B(R) such that Em0− [ψ(X0)1A(X0)] = a0.

(ii) If X0 has continuous distribution under m0−, say with density ρ0(x), then it is possible

to have pure stopping strategy. Indeed, let x0 be a median of X0. Set T , ψ, I0−, κ0, κ1 as

in (III.5.11) and (III.5.12), and modify the a in (III.5.12) as follows:

at :=
[ ∫ x0

−∞
κ0(t, x)ρ0(x)dx+ t2(1− t)2

]
1[0,1](t) +

∫ x0

−∞
E[κ1(t− 1, x+W1)]ρ0(x)dx1(1,2](t).

By the same arguments as in Proposition III.5.3, the following pure stopping strategy is

optimal:

• At time 0, there is a massive stop for the particles X0 > x0: I0 = 1{X0≤x0}, P∗-a.s.

• There is no stop during the time interval (0, 1]: It = I0, 0 ≤ t ≤ 1, P∗-a.s.

• Particles stop continuously during the time interval (1, 2) following (III.5.13).

• All the remaining particles stop at time 2.

III.6 Some extensions

III.6.1 Infinite horizon case

This subsection is dedicated to the case T = +∞. For any (t,m) ∈ Q0, let P(t,m) denote

the set of P such that PYt− = m and (III.2.7) holds on [t,∞). We shall always assume

67



CHAPTER III. DYNAMIC PROGRAMMING EQUATION FOR THE MEAN FIELD
OPTIMAL STOPPING PROBLEM

Assumption III.6.1 (i) Assumption III.2.1 holds true on [0,∞);

(ii)
∫∞

0 supm∈P2(S) |F (t,m)|dt <∞;

(iii) For any (t,m) and P ∈ P(t,m), X∞ := limt→∞Xt exists, P-a.s.

We remark that one sufficient condition of (ii) above is that |f(t, x,m)| ≤ Ce−λt for some

constants C, λ > 0, and a special case of (iii) is:

d = 1, b = b0x, σ = σ0x, b0 −
1

2
σ2

0 < 0. (III.6.1)

That is, the unstopped process X0 in (III.1.2) is a Geometric Brownian motion and X0
∞ = 0.

We also define I∞ := 0. This allows the case τ = +∞, and guarantees that P(t,m) is

compact. The infinite horizon optimal stopping problem then simply writes:

V (t,m) := sup
P∈P(t,m)

∫ ∞
t

F (s,PYs)ds+ g(PX∞) for all (t,m) ∈ Q0. (III.6.2)

The corresponding obstacle equation on Wasserstein space is

min
m′∈Cu(t,m)

−[Lu+ F ](t,m′) = 0, DIu(t,m, ·) ≥ 0, (t,m) ∈ Q0, (III.6.3)

with boundary condition u(∞, ·) = g.

Now by considering the problem on [0,∞], we see that all the definitions as well as all

the results in the previous sections on the finite horizon remain true in the infinite horizon.

Remark III.6.2 In the infinite horizon, one may naturally consider the time homogeneous

case, that is, b, σ, f do not depend on t. Then V = V (m) is also time homogeneous, and

thus (III.6.3) becomes an elliptic problem: recalling (III.3.6),

min
m′∈Cu(m)

−
[ ∫

Rd
Lxδmu1(m′, x)m′(dx, 1) + F (m′)

]
= 0, DIu(m, ·) ≥ 0, m ∈ P2(S),(III.6.4)

with boundary condition u = g on ∂P2(S) := {m ∈ P2(S) : m(Rd, 1) = 0}. We leave the

details to interested readers.

III.6.2 Mean field optimal stopping of a jump-diffusion

This last subsection is dedicated to an informal discussion about the case where (X, I) is a

stopped jump-diffusion, i.e., Is = It−1s<τ and

Xs = Xt+

∫ s

t
b(r,Xr,mr)Irdr+

∫ s

t
σ(r,Xr,mr)IrdWr+

∫ s

t
γ(r,Xr−,mr−)Ir−dηr,(III.6.5)
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where η is a pure jump process with intensity λs := λs(s,Xs,ms) and whose jump size is

defined by a distribution ν, and γs := γ(s,Xs−,ms−) satisfies the usual conditions. We

refer to Burzoni, Ignazio, Reppen & Soner [15], who characterized the mean field optimal

control of a jump-diffusion by a dynamic programming equation (in the viscosity sense).

The result of this section may be seen as a complement to the context of mean field optimal

stopping. We consider the optimal stopping problem (III.2.6), where P(t,m) is the set of

probability measures such that the canonical process (X, I) satisfies (III.6.5). Then, the

value function still satisfies the DPP (III.2.8). In order to formally derive the corresponding

dynamic programming equation, we need to find the differential operator associated with the

dynamics (III.6.5), which follows from Itô’s formula (III.3.4) in the present jump-diffusion

case. Let u ∈ C1,1
2 (Q0). Observing that the discontinuities in the flow m = {ms} are only

due to I (as η has an intensity, hence no atoms), by shifting the jump at s to t as in (III.3.7),

we have

u(s,ms−) = u(t,mt−) +

∫ s

t
Lu(r,mr)dr +

∑
r∈J[t,s)(m)

[u(r,mr)− u(r,mr−)] + JD,

where JD := EP
[ ∑
r∈Jc

[t,s)
(m)

(
δmu(r,mr, Xr, Ir)− δmu(t,mr, Xr−, Ir−)

)]
.

We next compute JD. Denote ϕr(·) := ϕ(r,mr, ·) for any function ϕ and ∆ηr := ηr−ηr−.
Note again that J[t,s)(m) is countable and thus η does not jump at J[t,s)(m), a.s. Then

JD = EP
[ ∑
r∈Jc

[t,s)
(m)

[
δmur(Xr− + γr(Xr−)Ir−∆ηr, Ir)− δmur(Xr−, Ir−)

]]
= EP

[ ∑
r∈Jc

[t,s)
(m)

[
δmur(Xr− + γr(Xr−)Ir−∆ηr, Ir)− δmur(Xr−, Ir)

]]
+ EP

[ ∑
r∈Jc

[t,s)
(m)

[
δmur(Xr−, Ir)− δmur(Xr−, Ir−)

]]
= EP

[ ∫ s

t

∫
Rd

[
δmur(Xr + yγr(Xr)Ir, Ir)− δmur(Xr, Ir)

]
ν(dy)γr(Xr)λr(Xr)Irdr

]
+ EP

[ ∫
Jc

[t,s)
(m)

DIur(Xr)dIr

]
,

which implies that the differential operator corresponding to the dynamics (III.6.5) is

LJDu(t,m) := Lu(t,m)

+

∫
(Rd)2

[
δmu1(t,m, x+ yγ(t,m, x))− δmu1(t,m, x)

]
γλ(t,m, x)ν(dy)m(dx, 1).
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Then, the dynamic programming equation corresponding to our problem is

min
m′∈Cu(t,m)

− (LJDu+ F )(t,m′) = 0, DIu(t,m, .) ≥ 0, u(T, ·) = g, (t,m) ∈ [0, T ]×P2(S).

All the results of the previous sections can be adapted under appropriate assumptions.

III.7 Proof of Proposition III.2.2

We assume for simplicity t = 0 and fix m ∈ P2(S). Let Cm denote a generic constant which

may depend on T and m but independent of P. We proceed in three steps.

Step 1. We first prove the following uniform integrability: denotingX∗T := sup0≤s≤T |Xs|,

sup
P∈P(0,m)

EP[|X∗T |2] ≤ Cm, lim
R→∞

sup
P∈P(0,m)

EP[|X∗T |21{X∗T≥R}] = 0. (III.7.1)

Indeed, for any P ∈ P(0,m), first by standard arguments we derive from (III.2.7) that

EP[|X∗T |2] ≤ CEm[1 + |X0|2] ≤ Cm.

In particular, this implies that the set {PYs : P ∈ P(0,m), 0 ≤ s ≤ T} is bounded under

W2. Then, for any p > 2, by (III.2.7) again we have EP
[
|X∗T |p

∣∣F0

]
≤ Cm,p[1 + |X0|p], P-a.s.,

where Cm,p may depend on p as well, but is still independent of P. Now for any R > 0,

EP
[
|X∗T |21{X∗T≥R}

]
≤ EP

[
|X∗T |21{1+|X0|≥

√
R}

]
+ EP

[
|X∗T |21{ X∗

T
1+|X0|

≥
√
R}

]
≤ EP

[
|X∗T |21{1+|X0|≥

√
R}

]
+

1√
R

EP
[ |X∗T |3

1 + |X0|

]
= EP

[
EP[|X∗T |2∣∣F0

]
1{1+|X0|≥

√
R}

]
+

1√
R

EP
[EP

[
|X∗T |3

∣∣F0

]
1 + |X0|

]
≤ Cm,2Em

[
[1 + |X0|2]1{1+|X0|≥

√
R}

]
+
Cm,3√
R

Em
[
1 + |X0|2

]
.

Notice that the right side above does not depend on P, then it clearly implies (III.7.1).

Step 2. We next show that P(0,m) is closed under the weak convergence. Let {Pn}n≥1 ⊂
P(0,m) converge weakly to some P∞. Since Pn(X0,I0−) = m for all n, we have P∞Y0−

= m.

Then it suffices to show that the processes M,N in (III.2.4) are P∞−martingales on [0, T ].

We shall report only the detailed argument for M , as it is immediately adapted to N .

Notice that the support of P∞ is separable under the Skorokhod distance dSK , as a sub-

space of the separable metric space Ω. Then it follows from the Skorokhod’s representation
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theorem, see Billingsley [10, Theorem 6.7], that there exists a probability space (Ω0,F0,P0)

and processes {Y n := (Xn, In)}n≥1 and Y∞ := (X∞, I∞) defined on this space such that,

PnY = P0
Y n for all n ≤ ∞, and dSK(Y n, Y∞) −→

n→∞
0, P0 − a.s. (III.7.2)

For all n ≥ 1, the Pn−martingale property of M translates to:

EP0
[(Mn

s −Mn
t )ψ(Y n

.∧t)] = 0 for all ψ ∈ Cb(Ω) and 0 ≤ t ≤ s ≤ T , (III.7.3)

with Mn
s = Xn

t −
∫ s
t b(r,X

n
r ,P

0
Y nr

)Inr dr and Cb(Ω) the set of Rd-valued bounded continuous

functions on Ω. Moreover, for r ∈ [t, T ], by the Lipschitz continuity of b we have

|b(r,Xn
r ,P

0
Y nr

)− b(r,X∞r ,P0
Y∞r

)| ≤ C
[
|Xn

r −X∞r |+W2(P0
Y nr
,P0

Y∞r
)
]
.

Send n → ∞, by (III.7.2) we have |Xn
r − X∞r | → 0, P0-a.s. and P0

Y nr
→ P0

Y∞r
weakly.

Then, by the 2-uniform integrability (III.7.1) of {P0
Y nr
}n≥1, we haveW2(P0

Y nr
,P0

Y∞r
)→ 0, see

Carmona & Delarue [21, Vol. I, Theorem 5.5]. Thus

b(r,Xn
r ,P

0
Y nr

) −→
n→∞

b(r,X∞r ,P
0
Y∞r

), P0-a.s.

Moreover, as b is Lipschitz and {Xn}n≥1 are uniformly integrable (as the 2-uniform inte-

grability of (III.7.1) implies the 1-uniform integrability), then {Mn}n≥1 are uniformly inte-

grable. The convergence for the Skorokhod distance also implies the convergence of In.∧t to

I∞.∧t. This allows to take the limit in (III.7.3) as ψ ∈ Cb(Ω), hence EP0
[(M∞s −M∞t )ψ(Y∞.∧t)] =

0. By the arbitrariness of ψ ∈ Cb(Ω), this proves M∞ is a P0−martingale, or equivalently

that M is a P∞−martingale.

Step 3. We now show that P(0,m) is compact underW2. Let {Pn}n≥1 ⊂ P(0,m). First,

by the first estimate in (III.7.1) and noticing that I is bounded by 1, one can easily obtain

a uniform bound for the conditional variation of Y under all Pn, then by Meyer & Zheng

[59, Theorem 4] we see that {Pn}n≥1 is relatively weakly compact, namely there exists a

weakly convergent subsequence. By Step 2, without loss of generality we assume the whole

sequence Pn → P∞ ∈ P(0,m) weakly. Moreover, by the second estimate in (III.7.1) {Pn}n≥1

is 2-uniformly integrable, then it follows from Carmona & Delarue [21, Vol. I, Theorem 5.5]

again that lim
n→∞

W2(Pn,P∞) = 0. This proves the compactness of P(0,m).

Finally, since g is upper-semicontinuous, the above compactness implies the existence of

optimal P∗ for the mean field optimal stopping problem (III.2.6).
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III.8 Proof of Theorem III.3.2

Let Ξm denote the convex hull of {ms,ms− : 0 ≤ s ≤ T}:

Ξm :=
{
λms′ + (1− λ)mt′ : 0 ≤ λ ≤ 1, 0 ≤ s ≤ t ≤ T, s′ = s, s−, t′ = t, t−

}
⊂ P2(Rd

′
).

We first show that Ξm is compact. Indeed, for any (λn, s
′
n, t
′
n), there exists a convergent

subsequence and we may assume without loss of generality that (λn, sn, tn) → (λ, s, t). By

considering different cases, one can easily show that, possibly along a subsequence, for some

s′, t′ we have λnms′n + (1− λ)mt′n → λms′ + (1− λ)mt′ ∈ Ξm, thus Ξm is compact.

Denote ∆Ys := Ys − Ys− and Y D
t :=

∑
0<s≤t ∆Ys. By (III.3.3) it is clear that

E
[
|Y ∗T |2 + ‖Y D‖2T

]
<∞, where Y ∗T := sup

0≤s≤T
|Ys|, ‖Y D‖t :=

∑
0<s≤t

|∆Ys|. (III.8.1)

For n ≥ 1, set ∆t := T
n , ti := i∆t, i = 0, · · · , n. Then, for each i,

u(ti+1,mti+1)− u(ti,mti) =

∫ ti+1

ti

∂tu(s,mti+1)ds+

∫ 1

0
E[ξλti+1

]dλ,

where ξλti+1
:= δmu(ti,m

λ
ti , Yti+1)− δmu(ti,m

λ
ti , Yti), mλ

ti := λmti + [1− λ]mti+1 .

(III.8.2)

By the standard Itô’s formula:

ξλti+1
=

∫ tn+1

tn

[
Γ2,λ
s · dY c

s +
1

2
Γ3,λ
s : d〈Y c〉s

]
+

∫
(tn,tn+1]

Γ4,λ
s dY D

s ,

where Γ1
s := ∂tu(s,mti+1), Γ2,λ

s := ∂yδmu(ti,m
λ
ti , Ys), Γ3,λ

s := ∂2
yyδmu(ti,m

λ
ti , Ys),

Γ4,λ
s :=

∫ 1

0
∂yδmu

(
ti,m

λ
ti , θYs + [1− θ]Ys−

)
dθ.

Note that mti+1 ,m
λ
ti ∈ Ξm, by the growth conditions in Definition III.3.1 we have

|Γ1
s| ≤ C, |Γ2,λ

s | ≤ C[1 + |Ys|], |Γ3,λ
s | ≤ C, |Γ4,λ

s | ≤ C[1 + |Ys|+ |Ys−|]. (III.8.3)

Then

E
[( ∫ tn+1

tn

Γ2,λ
s (Γ2,λ

s )> : d〈M c〉s
) 1

2
]
≤ CE

[(
[1 + |Y ∗T |2]〈M c〉T

) 1
2
]

≤ CE
[
1 + |Y ∗T |2 + 〈M c〉T

]
<∞.

This implies
∫ 1

0 E
[ ∫ tn+1

tn
Γ2,λ
s · dM c

s

]
dλ = 0, and thus

u(T,mT ) = u(0,m0) +

∫ T

0
Γ1
sds

+

∫ 1

0
E
[ ∫ T

0

[
Γ2,λ
s · dAcs + Γ3,λ

s : d〈Y c〉s
]

+

∫
(0,T ]

Γ4,λ
s dY D

s

]
dλ.
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Fix λ, s, and send n→∞. By the regularity of u we have: denotingmλ
s := λms−+[1−λ]ms,

Γ1
s → ∂tu(s,ms), Γ2,λ

s → ∂yδmu(s,mλ
s , Ys), Γ3,λ

s → ∂2
yyδmu(s,mλ

s , Ys),

Γ4,λ
s →

∫ 1
0 ∂yδmu

(
s,mλ

s , θYs + [1− θ]Ys−
)
dθ, a.s.

By (III.3.3), (III.8.1), and (III.8.3), we may apply the dominated convergence theorem to

obtain

u(T,mT ) = u(0,m0) +

∫ T

0
∂tu(s,ms)ds+

∫ 1

0
E
[ ∫ T

0

[
∂yδmu(s,mλ

s , Ys) · dAcs

+∂2
yyδmu(s,mλ

s , Ys) : d〈Y c〉s
]

+

∫
(0,T ]

∫ 1

0
∂yδmu

(
s,mλ

s , θYs + [1− θ]Ys−
)
dθdY D

s

]
dλ.

Since Ac and 〈Y c〉 are continuous, and ms has at most countably many jumps, then

u(T,mT ) = u(0,m0) +

∫ T

0
∂tu(s,ms)ds+ JD

+E
[ ∫ T

0

[
∂yδmu(s,ms, Ys) · dAcs + ∂2

yyδmu(s,ms, Ys) : d〈Y c〉s
]]
, (III.8.4)

where JD := E
[ ∫ 1

0

∫
(0,T ]

∫ 1

0
∂yδmu

(
s,mλ

s , θYs + [1− θ]Ys−
)
dθdY D

s dλ
]
.

It remains to compute JD. First, by Fubini’s theorem,

JD = E
[ ∑
s∈(0,T ]

∫ 1

0

∫ 1

0
∂yδmu

(
s,mλ

s , θYs + [1− θ]Ys−
)
dθdλ∆Ys

]
= E

[ ∑
s∈(0,T ]

∆δmus

]
where ∆δmus :=

∫ 1

0

[
δmu(s,mλ

s , Ys)− δmu(s,mλ
s , Ys−)

]
dλ. (III.8.5)

Note that (0, T ] = J(0,T ](m) ∪ Jc(0,T ](m). Since J(0,T ](m) is countable, then

E
[ ∑
s∈J(0,T ](m)

∆δmus

]
=

∑
s∈J(0,T ](m)

E
[
∆δmus

]
=

∑
s∈J(0,T ](m)

[
δmu(s,ms)− δmu(s,ms−)

]
, (III.8.6)

where the second equality is due to (III.3.2). Next, for s ∈ Jc(0,T ](m), we have mλ
s = ms,

0 ≤ λ ≤ 1. Then

E
[ ∑
s∈Jc

(0,T ]
(m)

∆δmus

]
= E

[ ∑
s∈Jc

(0,T ]
(m)

[
δmu(s,ms, Ys)− δmu(s,ms, Ys−)

]]
. (III.8.7)

We emphasize that, since Jc(0,T ](m) is uncountable, unlike in (III.8.6) we cannot switch the

order of E and
∑

s∈Jc
(0,T ]

(m) at above. Now plug (III.8.6), (III.8.7) into (III.8.5), and then

plug (III.8.5) into (III.8.4), we complete the proof.
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Chapter IV

Viscosity solutions for obstacle

problems on Wasserstein space

IV.1 Introduction

In Chapter III, we characterized the so-called mean field optimal stopping problem by a

dynamic programming equation on the Wasserstein space, that we call obstacle equation

on Wasserstein space by analogy with the equation corresponding to the standard optimal

stopping problem (see e.g. El Karoui [41] or Shiryaev [70]). More precisely, we proved that

the value function of our optimization problem is the unique solution of the obstacle equation

on the Wasserstein space, provided it has C1,2 regularity (in an appropriate sense). We note

that, besides its obvious connection with multiple stopping problems over a large interacting

particle system, this obstacle equation provides a convenient tool for many time inconsistent

optimal stopping problems. We also remark that, our mean field optimal stopping problem

has quite different structure than the mean field games of optimal stopping.

However, as in the case of the standard optimal stopping problems, one can rarely expect

a classical solution for the obstacle equations. In particular, the infinite dimensionality of

the space of measures makes the regularity requirement even harder to meet. Our goal of

this chapter is thus to develop a viscosity solution theory for the obstacle problem on the

Wasserstein space, which as well-known requires much weaker regularities.

There have been some serious efforts on viscosity solutions of nonlinear partial differential

equations on the Wasserstein space. We first mention the paper by Cardaliaguet & Quin-
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campoix [18], which considered a first order Hamilton-Jacobi-Isaacs equation on Wasserstein

space arising from deterministic zero-sum games with random initial conditions. The com-

parison principle for viscosity solutions was established by combining the doubling variables

argument with Ekeland’s variational principle. In the context of mean field control problems

in a path dependent setting, Wu & Zhang [77] proposed a notion of viscosity solutions for

parabolic equations on the Wasserstein space, inspired from Ekren, Keller, Ren, Touzi &

Zhang [37, 39, 40, 68]. Note that the natural idea which consists in taking Wasserstein balls

for the viscosity neighborhood (as in Carmona & Delarue [20]) leads to serious difficulties as

the Wasserstein ball is in general not compact. Instead, [77] restricted the viscosity neigh-

borhood of some point (t, µ) (where t is a time and µ a measure) to the compact set of all

possible laws of the controlled state process starting from this point. Another remarkable

work by Burzoni, Ignazio, Reppen & Soner [15], in the context of mean field control of

jump-diffusions, restricted the viscosity neighborhood in another way, so as to guarantee

compactness. They proved a comparison result by the doubling variables argument. To

do this, they succeeded in constructing a smooth metric which serves as a test function,

but unfortunately restricts the scope of the method to the case when the coefficients of the

controlled dynamics do not depend on the space variable.

We shall follow the approach of [77]. We consider the joint law of (Xτ∧t,1{τ≥t}) as the

variable of the value function, where X is the state process and τ is the stopping time.

As in [77] we define viscosity solutions by using the set of such laws over all stopping

times τ . This neighborhood set of laws, for a given initial condition, is compact under

Wasserstein distance and thus is desirable for the viscosity theory. We show that, under

natural conditions, the value function of the mean field optimal stoping problem is indeed

the unique viscosity solution of the corresponding obstacle equation on Wasserstein space.

We shall also establish the stability and the comparison principle for the viscosity solutions.

To prove the latter, one key ingredient is a smooth mollifier for continuous functions on

the Wasserstein space, introduced by Mou & Zhang [61]. However, to obtain some uniform

estimates of the smooth mollifier which are needed in our proof of comparison principle, as in

[61] we require the coefficients to be Lipschitz continuous under the 1-Wasserstein distance,

rather than the more natural 2-Wasserstein distance.

As applications of our viscosity theory, we invest several time inconsistent optimal stop-

ping problems, including problems related to mean variance, probability distortion, and

expected shortfall. By considering the law (instead of the value) of the stopped state pro-
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cess as the variable, we show that the value functions are indeed the unique viscosity solution

to the corresponding obstacle equation on the Wasserstein space. Moreover, our results can

be easily extended to the infinite horizon case.

The chapter is organized as follows. In §IV.2, we present the mean field optimal stopping

problem, the corresponding dynamic programming equation and some of its elementary

properties. §IV.3 is the main section, where we propose our definition of viscosity solutions

and prove the main results. §IV.4 is devoted to several applications. Finally, we prove some

technical results in the appendix.

IV.2 The obstacle problem on Wasserstein space

IV.2.1 Formulation

Let T <∞ be fixed, and Ω := C0([−1, T ],Rd)× I0([−1, T ]) the canonical space, where:

• C0([−1, T ],Rd) is the set of continuous paths from [−1, T ] to Rd, constant on [−1, 0);

• I0([−1, T ]) is the set of non-increasing and càdlàg maps from [−1, T ] to {0, 1}, constant
on [−1, 0), and ending with value 0 at T .

We equip Ω with the Skorokhod distance, under which it is a Polish space. Note that the

choice of the extension to −1 is arbitrary, the extension of time to the left of the origin is

only needed to allow for an immediate stop at time t = 0.

We denote Y := (X, I) the canonical process, with state space S := Rd × {0, 1}, its
canonical filtration F = FY = (Ft)t∈[−1,T ], and the corresponding jump time of the survival

process I:

τ := inf{t ≥ 0 : It = 0}, so that It := I0−1t<τ for all t ∈ [−1, T ].

By the càdlàg property of I, τ is an F−stopping time.

Let (b, σ, f) : [0, T ]× Rd ×P2(S)→ Rd × Rd×d × R with σ taking values in non-negative

matrices, and g : P2(Rd) → R. In the following assumption, which will always be in force

throughout the chapter, P2(S) is equipped with the W2 distance.

Assumption IV.2.1 (i) b, σ are continuous in t, and uniformly Lipschitz continuous in

(x,m).

(ii) f is Borel measurable and has quadratic growth in x ∈ Rd, and

F (t,m) :=

∫
Rd
f(t, x,m)m(dx, 1) is continuous on [0, T ]× P2(S). (IV.2.1)
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(iii) g is upper-semicontinuous and locally bounded; and extended to P2(S) by g(m) :=

g(m(·, {0, 1})).

Introduce the dynamic value function

V (t,m) := sup
P∈P(t,m)

∫ T

t
F (r,PYr)dr + g(PYT ), (t,m) ∈ [0, T ]× P2(S). (IV.2.2)

Here P(t,m) is the set of probability measures P on (Ω,FT ) s.t. PYt− = m, the paths

s ∈ [−1, t)→ Ys are constants, P-a.s., and the processes:

M. := X. −
∫ .

t
b(r,Xr,PYr)Irdr and M.M

ᵀ
. −

∫ .

t
σ2(r,Xr,PYr)Irdr (IV.2.3)

are P−martingales on [t, T ], that is, for some P−Brownian motion WP,

Xs = Xt +

∫ s

t
b(r,Xr,PYr)Irdr + σ(r,Xr,PYr)IrdW

P
r , Is = It−1s<τ , P− a.s.

A special element of P(t,m) is P̄ = P̄t,m under which X is unstopped. That is,

Xs = Xt +

∫ s

t
b(r,Xr, P̄Yr)Irdr +

∫ s

t
σ(r,Xr, P̄Yr)IrdW

P̄
r , Is = It−1[t,T )(s), P̄-a.s.(IV.2.4)

Note that Y. = Y.∧τ , and in particular YT = Yτ , P−a.s. Moreover, from the definition of F

in (IV.2.1), we have
∫ T
t F (r,PYr)dr = EP

∫ τ
t f(r,Xr,PYr)dr.

We recall from Chapter III that P(t,m) is compact under the Wasserstein distance W2,

and thus existence holds for the mean field optimal stopping problem (IV.2.2). Furthermore,

we have the dynamic programming principle (DPP for short): for any s ∈ [t, T ],

V (t,m) = sup
P∈P(t,m)

∫ s

t
F (r,PYr)dr + V (s,PYs−) = sup

P∈P(t,m)

∫ s

t
F (r,PYr)dr + V (s,PYs).(IV.2.5)

IV.2.2 Differential calculus

We next recall some differential calculus tools on the Wasserstein space. We say that a

function u : P2(S)→ R has a functional linear derivative δmu : P2(S)× S→ R if

u(m′)− u(m) =

∫ 1

0

∫
S
δmu(λm′ + (1− λ)m, y)(m′ −m)(dy)dλ for all m,m′ ∈ P2(S),

and δmu(m, ·) has quadratic growth, locally uniformly in m, so as to guarantee integrability

in the last expression. As in [74], we denote

δmui(t,m, x) := δmu(t,m, x, i) for i ∈ {0, 1}, DIu := δmu1 − δmu0, (IV.2.6)
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and we introduce the measure flow generator of X

Lu(t,m) := ∂tu(t,m) +

∫
Rd
Lxδmu1(t,m, x)m(dx, 1),

where Lxδmu1 := b · ∂xδmu1 + 1
2σ

2 : ∂2
xxδmu1.

(IV.2.7)

Throughout this chapter, we denote by

Qt := [t, T )× P2(S), and Qt := [t, T ]× P2(S), t ∈ [0, T ).

Definition IV.2.2 Let C1,1
2 (Qt) be the set of functions u : Qt → R s.t.

• ∂tu, δmu, ∂xδmu1, ∂
2
xxδmu1 exist, and are continuous in all variables,

• ∂2
xxδmu1 is bounded in x, locally uniformly in (t,m).

The following Itô’s formula is due to [74, §3]: for any u ∈ C1,1
2 (Q0) and P ∈ P(0,m):

u(T,mT−) = u(0,m) +

∫ T

0
Lu(s,ms)ds

+
∑

s∈J[0,T )(m)

[u(s,ms)− u(s,ms−)] + EP
[ ∫

Jc
[0,T )

(m)
DIu(s,ms, Xs)dIs

]
,

(IV.2.8)

where m := {ms := PYs}s∈[−1,T ], JT(m) := {s ∈ T : ms 6= ms−}, for all subset T ⊂ [0, T ],

and JcT(m) its complement set in T.

IV.2.3 The dynamic programming equation

Given two probability measures m,m′ ∈ P2(S), we say that m′ � m if

m′(dx, 1) = p(x)m(dx, 1), and m′(dx, 0) = [1− p(x)]m(dx, 1) +m(dx, 0), (IV.2.9)

for some measurable p : Rd → [0, 1], i.e. m′(dx, 1) is obtained from m by randomly stopping

a proportion 1 − p(x) of the surviving particles. In our context, mt− = P(Xt,It−) and

mt = P(Xt,It), with P ∈ P(t,m), so that mt � mt− with conditional transition probability

p(x) = pt(x) := P(It = 1 | Xt = x, It− = 1).

The following property (proved in Appendix IV.5) will be often used in this chapter:

Lemma IV.2.3 For an arbitrary m ∈ P2(S):

(i) the set {m′ : m′ � m} is compact,

(ii) any compact subset K(m) ⊂ {m′ : m′ � m} has a smallest element for �, i.e., there
exists m̄ ∈ K(m) such that for all m′ ∈ K(m), we have m′ � m̄ implies that m′ = m̄.
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The dynamic programming equation corresponding to our mean field optimal stopping

problem is the infinitesimal counterpart of the dynamic programming principle (IV.2.5), and

is defined by

min
{

min
m′∈Cu(t,m)

[
− (Lu+ F )(t,m′)

]
, (DIu)∗(t,m)

}
= 0, (t,m) ∈ Q0, (IV.2.10)

with boundary condition u|t=T = g. Here the function (DIu)∗ is the LSC envelope of

DIu : (t,m) 7−→ inf
x∈Supp(m(·,1))

DIu(t,m, x),

which is upper semicontinuous, but not continuous, in general, and the set

Cu(t,m) :=
{
m′ � m : u(t,m′) ≥ u(t,m)

}
, (t,m) ∈ Q0,

indicates the set of positions in Q0 which improve u by stopping the corresponding particles.

For the purpose of the present chapter, we note that this equation is slightly different

from the obstacle equation (III.4.3) introduced in Chapter III:

- if u is a classical solution of (IV.2.10), then it is nondecreasing for � (see [74, Lemma

4.3]), and thus Cu(t,m) is characterized by an equality, as in [74];

- despite the remaining differences, the two equations define the same solution, but

this does not seem to have an immediate proof; we emphasize however that the equivalence

between these two equations is a direct consequence of our uniqueness result in [74, Theorem

4.5], and the comparison Theorem IV.3.11 below.

Our objective in this chapter is to develop a notion of viscosity solution for this equation

which bypasses the strong regularity requirements of classical solutions. As usual, we start

by introducing the notions of the sub- and supersolutions.

Definition IV.2.4 Let u ∈ C1,1
2 (Q0).

(i) u is a classical supersolution of (IV.2.10) if

min
{
− (Lu+ F ), DIu

}
(t,m) ≥ 0, ∀(t,m) ∈ Q0. (IV.2.11)

(ii) u is a classical subsolution of (IV.2.10) if

min
{
− (Lu+ F ), (DIu)∗

}
(t,m) ≤ 0, ∀(t,m) ∈ Q0 s.t. Cu(t,m) = {m}. (IV.2.12)

(iii) u is a classical solution of (IV.2.10) if it is a classical supersolution and subsolution.
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IV.3 Viscosity solutions

IV.3.1 Definition and consistency

For δ > 0 and (t,m) ∈ Q0, we introduce the neighborhood

Nδ(t,m) :=
{

(s, m̃) : s ∈ [t, t+ δ],P ∈ P(t,m), m̃ ∈ {PYs− ,PYs}
}
.

Note that, as the closure of a càdlàg P2(S)-valued graph, Nδ(t,m) is compact, by the

compactnesses of [t, t+ δ], P(t,m) and {(PYs− ,PYs)}s∈[t,t+δ] for any P ∈ P(t,m).

For a locally bounded function u : Q0 −→ R, we introduce its LSC and USC envelopes

relatively to P(t,m), u∗ and u∗ respectively:

u∗(t,m) := lim inf
(s,m̃)→(t,m)

u(s, m̃), u∗(t,m) := lim sup
(s,m̃)→(t,m)

u(s, m̃), for all (t,m) ∈ Q0,

where the limits are taken on all sequences {tn,mn}n≥1 converging to (t,m), with (tn,mn) ∈
NT−t(t,m) for all n. We then introduce the sets of test functions

Au(t,m) :=
{
ϕ ∈ C1,1

2 (Qt) : (ϕ− u∗)(t,m) = max
Nδ(t,m)

(ϕ− u∗) for some δ > 0
}
,

Au(t,m) :=
{
ϕ ∈ C1,1

2 (Qt) : (ϕ− u∗)(t,m) = min
Nδ(t,m)

(ϕ− u∗) for some δ > 0
}
.

Definition IV.3.1 Let u : Q0 → R be locally bounded.

(i) u is a viscosity supersolution of (IV.2.10) if, for any (t,m) ∈ Q0,

u∗(t,m) ≥ u∗(t,m′), ∀m′ � m, and − (Lϕ+ F )(t,m) ≥ 0, ∀ϕ ∈ Au(t,m). (IV.3.1)

(ii) u is a viscosity subsolution of (IV.2.10) if, for any (t,m) ∈ Q0 s.t. Cu∗(t,m) = {m},

min{−(Lϕ+ F ), (DIϕ)∗}(t,m) ≤ 0, ∀ ϕ ∈ Au(t,m). (IV.3.2)

(iii) u is a viscosity solution of (IV.2.10) if it is a viscosity supersolution and subsolution.

Remark IV.3.2 Without loss of generality, we may assume that the maximum in the

definition of Au(t,m) is strict. Indeed, for ϕ ∈ Au(t,m), we set

ϕ̃(s, m̃) := ϕ(s, m̃)− (s− t)2 −
(
m̃(Rd, 1)−m(Rd, 1)

)2 for all (s, m̃) ∈ Qt.

It is obvious that ϕ̃ ∈ C1,1
2 (Qt). As ϕ̃(s, m̃) = ϕ̃(t,m) if and only if s = t and m̃ = m (since

m̃(Rd, 1) = m(Rd, 1), and observing that in this case m̃ = PYt � m for some P ∈ P(t,m)),

80



CHAPTER IV. VISCOSITY SOLUTIONS FOR OBSTACLE PROBLEMS ON
WASSERSTEIN SPACE

we deduce that ϕ̃ ∈ Au(t,m) and the maximum is strict. Moreover, simple computations

show that ∂tϕ̃(t,m) = ∂tϕ(t,m) and Lϕ̃(t,m) = Lϕ(t,m). An analogous statement holds

for Au(t,m).

Our first result shows the consistency between classical and viscosity solutions.

Theorem IV.3.3 Let u ∈ C1,1
2 (Q0). Then u is a classical sub- (resp. super)solution of

(IV.2.10) if, and only if, it is a viscosity sub- (resp. super)solution of (IV.2.10).

Proof (i) Let (t,m) ∈ Q0. If u is a viscosity super/subsolution, then given its smooth-

ness we have u ∈ Au(t,m) ∩ Au(t,m), and we immediately deduce that u is a classical

super/subsolution. In particular, by [74, Lemma 4.3], u is nondecreasing for � implies that

DIu ≥ 0.

(ii) Assume u is a classical supersolution of (IV.2.10). By (IV.2.11) we see that DIu ≥ 0,

then by [74, Lemma 4.3] again we see that u is nondecreasing for �. Now let ϕ ∈ Au(t,m)

with corresponding δ. Introduce ψ := ϕ − u and let P̄ ∈ P(t,m) be defined by (IV.2.4)

s.t. X is unstopped under P̄. By definition of Au(t,m), we have ψ(t,m) ≥ ψ(s, P̄Ys) for

all s ∈ [t, t + δ]. Applying Itô’s formula (IV.2.8), since the jump terms are equal to zero

under P̄, we obtain: −1
δ

∫ t+δ
t Lψ(s, P̄Ys)ds ≥ 0. Send δ → 0, by the continuity of s 7→ P̄Ys we

have −Lψ(t,m) ≥ 0, hence −(Lϕ + F )(t,m) ≥ −(Lu + F )(t,m) ≥ 0 by the supersolution

property of u.

Assume now that u is a classical subsolution. Let ϕ ∈ Au(t,m) with corresponding δ,

and assume that (DI)∗ϕ(t,m) > 0 and Cu(t,m) = {m}. By definition of Au(t,m), we have

[ϕ− u](t,m) ≤ [ϕ− u](s,PYs), for all s ∈ [t, t+ δ],P ∈ P(t,m). (IV.3.3)

Set s = t in (IV.3.3), then it follows from the arbitrariness of P ∈ P(t,m) that [ϕ−u](t,m) ≤
[ϕ− u](t,m′) for all m′ � m. Following the arguments of [74, Lemma 4.3], we deduce from

above that DI [ϕ − u](t,m, ·) ≤ 0, and therefore (DIu)∗(t,m) ≥ (DIϕ)∗(t,m) > 0. The

subsolution property of u then implies that−(Lu+F )(t,m) ≤ 0. Using Itô’s formula (IV.2.8)

under P̄ again on [t, t+δ], we get from (IV.3.3) that −(Lϕ+F )(t,m) ≤ −(Lu+F )(t,m) ≤ 0.

IV.3.2 Some regularity results

In this subsection, we present some regularity results which will be used in the rest of

this section. Since our main focus is the viscosity properties, we postpone their proofs to
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Appendix IV.5.

Lemma IV.3.4 Under Assumption IV.2.1, the value function V is USC.

Theorem IV.3.5 (i) Assume f and g are uniformly continuous in (t, x,m), under W2 for

m, then V is continuous on Q0, under W2 for m.

(ii) Assume further that b, σ are uniformly Lipschitz continuous in m under W1, and f, g

are uniformly continuous in m under W1, then V is also continuous in m under W1.

Even for the standard optimal stopping problems, one can hardly expect the value func-

tion to be smooth. We next establish a regularity result for the value function when X is

unstopped. For (t,m) ∈ Q0, let P̄t,m ∈ P(t,m) be as by (IV.2.4), and define

U(t,m) := g(P̄t,mYT ) +

∫ T

t
F (r, P̄t,mYr )dr. (IV.3.4)

Lemma IV.3.6 For ϕ = b, σ, f, g, assume ϕ is continuous in t and ∂xϕ, δmϕ, ∂xδmϕ, ∂2
xxδmϕ

exist and are continuous and bounded and that, for ϕ = b, σ, all ther derivatives of ϕ are

Lipschitz up to order 2. Then U ∈ C1,2(Q0) with bounded ∂xδmU, ∂xxδmU and in particular

U ∈ C1,1
2 (Q0). Moreover, if b, σ, f, g are uniformly Lipschitz continuous in m under W1

with a Lipschitz constant L, then U is uniformly Lipschitz continuous in m under W1 with

a Lipschitz constant CL.

Finally, we introduce a smooth mollifier for functions on the Wasserstein space.

Lemma IV.3.7 (i) Let U : P2(S)→ R be continuous. There exists {Un}n≥1 in C∞(P2(S))

such that lim
n→∞

sup
m∈M

|Un(m)− U(m)| = 0 for any compact setM⊂ P2(S);

(ii) Let U : P1(S) → R be continuous under W1. There exists {Un}n≥1 in C∞(P2(S)) ∩
C0(P1(S)) such that lim

n→∞
sup
m∈M

|Un(m)− U(m)| = 0 for any compact setM⊂ P1(S);

(iii) Assume further that U is Lipschitz continuous under W1, then we may choose {Un}n≥1

to be Lipschitz continuous under W1, uniformly in n.

The mollifier is adopted from Mou & Zhang [61]. Note that the extension of the state space

from Rd in [61] to S here is straightforward. We remark that if U is Lipschitz continuous

under W2, in general the Lipschitz continuity of Un under W2 is not uniform in n.
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IV.3.3 Viscosity property

We first need a simple lemma whose proof is postponed to Appendix IV.5.

Lemma IV.3.8 (i) Let v : P2(S) −→ R be LSC, and m ∈ P2(S) s.t. v(m) ≥ v(m′) for

all m′ � m with continuous conditional transition probability. Then v(m) ≥ v(m′) for all

m′ � m.

(ii) Let ϕ ∈ C0(Q0,R) admit a continuous linear functional derivative δmϕ. Assume we have

(DIϕ)∗(t,m) > 0 for some (t,m) ∈ Q0. Then ϕ is nondecreasing for � in a neighborhood

of (t,m).

Theorem IV.3.9 The value function V is a viscosity solution of (IV.2.10).

Proof First, by Lemma IV.3.4, V inherits the local boundedness of g.

(i) We first verify the viscosity supersolution property. Fix (t,m) and ϕ ∈ AV (t,m). We

may assume w.l.o.g. that [V∗ − ϕ](t,m) = 0. Let δ > 0 and (tn,mn)n≥1 ∈ Nδ(t,m)

converging to (t,m) s.t. V (tn,mn) −→
n→∞

V∗(t,m), and denote ηn := [V − ϕ](tn,mn) ≥ 0, as

V ≥ V∗. Thus, we have ηn −→
n→∞

0. By the DPP (IV.2.5), we have

ηn + ϕ(tn,mn) = V (tn,mn) ≥
∫ sn

tn

F (r, P̄mnYr )dr + V (sn, P̄
mn
Ysn

)

≥
∫ sn

tn

F (r, P̄mnYr )dr + V∗(sn, P̄
mn
Ysn

) ≥
∫ sn

tn

F (r, P̄mnYr )dr + ϕ(sn, P̄
mn
Ysn

),

where P̄mn := P̄tn,mn ∈ P(tn,mn) is defined by (IV.2.4) such that X is unstopped, and sn :=

tn + hn with hn :=
√
ηn ∨ n−1. Thus, by Itô’s formula, the above gives hn + 1

hn

∫ sn
tn
−(Lϕ+

F )(r, P̄mnYr )dr ≥ 0. Send n→∞, since hn−→0, we obtain −(Lϕ+ F )(t,m) ≥ 0.

We now prove the remaining part of the supersolution property. Let m′ � m with

transition probability p. By Lemma IV.3.8 (i), we may assume without loss of generality

that p is continuous. For all n ≥ 1, define m′n � mn as the measure obtained from mn

by applying the same p. Given the continuity of p and the compactness Nδ(t,m), we see

by (IV.2.9) that W2(m′n,m
′) −→
n→∞

0. Let P̄mn,m
′
n ∈ P(tn,mn) be s.t. P̄mn,m

′
n

Ytn
= m′n, and

Is = Itn , P̄mn,m
′
n-a.s. for all s ≥ tn. By (IV.2.5),

V (tn,mn) ≥
∫ s

tn

F (r, P̄mn,m
′
n

Yr
)dr + V

(
s, P̄mn,m

′
n

Ys

)
, for all s ≥ tn and n ≥ 1. (IV.3.5)

Take s = tn and lim infn→∞ in (IV.3.5), we obtain V∗(t,m) ≥ V∗(t,m
′) as V (tn,mn) →

V∗(t,m).
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(ii) We next verify the viscosity subsolution property. Let (t,m) and ϕ ∈ AV (t,m) be s.t.

CV ∗(t,m) = {m} and (DIϕ)∗(t,m) > 0. We may assume w.l.o.g. that [V ∗ − ϕ](t,m) =

0. Let δ > 0 and (tn,mn)n≥1 ∈ Nδ(t,m) converging to (t,m) such that V (tn,mn) −→
n→∞

V ∗(t,m), and denote −ηn := [V −ϕ](tn,mn) ≤ 0. Thus ηn −→
n→∞

0. For n ≥ 1, since g is USC

and P(tn,mn) is compact, there exists Pn,∗ ∈ P(tn,mn) s.t. V (tn,mn) =
∫ T
tn
F (r,Pn,∗Yr )dr+

g(Pn,∗YT ). By DPP, we have

V (tn,mn) ≥
∫ sn

tn

F (r,Pn,∗Yr )dr + V (sn,P
n,∗
Ysn

) ≥
∫ T

tn

F (r,Pn,∗Yr )dr + g(Pn,∗YT ),

where sn := tn + hn with hn :=
√
ηn ∨ n−1, and thus,

V (tn,mn) =

∫ sn

tn

F (r,Pn,∗Yr )dr + V (sn,P
n,∗
Ysn

). (IV.3.6)

Note that Pn,∗ ∈ P(tn,mn) ⊂ P(t,m) for all n, and P(t,m) is compact, we may extract

a subsequence (still denoted the same) s.t. Pn,∗ −→
n→∞

P∗, for some P∗ ∈ P(t,m). As

the trajectories r 7→ Pn,∗Yr are càdlàg and sn ↓ t, this implies W2(Pn,∗Ysn ,m
∗) −→

n→∞
0, where

m∗ := P∗Yt � m as P∗ ∈ P(t,m). Thus, taking the lim supn→∞ in (IV.3.6) and recalling

V (tn,mn) → V ∗(t,m), we have V ∗(t,m) ≤ V ∗(t,m∗). As CV ∗(t,m) = {m}, we obtain

m∗ = m. Moreover, (IV.3.6) also implies that

−ηn + ϕ(tn,mn) ≤
∫ sn

tn

F (r,Pn,∗Yr )dr + ϕ(sn,P
n,∗
Ysn−

) for all n ≥ 1. (IV.3.7)

Let BW2(m, δ) denote the W2 ball centered in m, with radius δ. By Lemma IV.3.8 (ii), the

fact that (DIϕ)∗(t,m) > 0 implies that ϕ is (strictly) increasing for � on [t, t+δ)×BW2(m, δ),

for a possibly smaller δ > 0. By convergence to (t,m), we have {Pn,∗Yr , t ≤ r ≤ sn} ⊂
BW2(m, δ) for n large. Then DIϕ(r,Pn,∗Yr− , ·) ≥ 0 and ϕ(r,Pn,∗Yr−) ≥ ϕ(r,Pn,∗Yr ) for t ≤ r ≤ sn.

Using the fact that the trajectories are càdlàg, by applying Itô’s formula on (IV.3.7) we

obtain −(Lϕ+ F )(t,m) ≤ 0.

IV.3.4 Stability

Theorem IV.3.10 Let {uε}ε>0 and {vε}ε>0 be two families of viscosity subsolutions and

supersolutions of (IV.2.10), respectively. Assume that the following relaxed semilimits are

finite

u(t,m) := lim sup
(ε,s,m̃)→(0,t,m)

uε(s, m̃), and v(t,m) := lim inf
(ε,s,m̃)→(0,t,m)

vε(s, m̃), (t,m) ∈ Q0,
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where the limits are sequences (εn, tn,mn)→ (0, t,m), with (tn,mn) ∈ NT−t(t,m). Then u

(resp. v) is a USC (resp. LSC) viscosity subsolution (resp. supersolution) of (IV.2.10).

Proof (i) We prove the stability of the supersolution first. Observe that we may assume

without loss of generality that vε is LSC as v(t,m) = lim inf
(ε,s,m̃)→(0,t,m)

(vε)∗(s, m̃).

Fix (t,m) ∈ Q0, and ϕ ∈ Av(t,m) with corresponding δ, and s.t. (t,m) is a strict

maximizer of ϕ − v on Nδ(t,m), see Remark IV.3.2. By definition, there exists a sequence

(εn, tn,mn) → (0, t,m) s.t. vεn(tn,mn) → v(t,m). Note that (tn,mn) ∈ Nδ(t,m) for all n

large, then we can find δ′ < δ s.t. Nδ′(tn,mn) ⊂ Nδ(t,m). Let (t̂n, m̂n) be a maximizer of

ϕ− vεn on Nδ′(tn,mn). We first note that

(t̂n, m̂n) −→
n→∞

(t,m). (IV.3.8)

Indeed, (t̂n, m̂n) ∈ Nδ′(tn,mn) ⊂ Nδ(t,m) for all n. Thus, by compactness, there exists a

subsequence (still named m̂n) converging to some (t̂, m̂) ∈ Nδ(t,m). Observing that

[ϕ− v](t,m) = lim
n→∞

[ϕ− vεn ](tn,mn) ≤ lim inf
n→∞

[ϕ− vεn ](t̂n, m̂n)

≤ lim sup
n→∞

[ϕ− vεn ](t̂n, m̂n) ≤ [ϕ− v](t̂, m̂),

we conclude from the fact that (t,m) is a strict maximizer of ϕ−v on Nδ(t,m) that (t̂, m̂) =

(t,m), and thus (IV.3.8) holds true. Then, given that (tn,mn) and (t̂n, m̂n) have the same

limit, we have Nδ′′(t̂n, m̂n) ⊂ Nδ′(tn,mn) for some δ′′ < δ′ and n large enough. Then,

as (t̂n, m̂n) is also a maximizer on Nδ′′(t̂n, m̂n), the supersolution property implies −(Lϕ+

F )(t̂n, m̂n) ≥ 0, for n large enough, and we derive the first part of the supersolution property

of v by sending n→∞.

We now prove that v is increasing for �. By Lemma IV.3.8 (i), it suffices to prove that

v(t,m) ≥ v(t,m′) for a given m′ � m with continuous conditional transition probability

p. We define for all n the measure m′n � mn, obtained from mn by applying p. As

W2(mn,m) −→
n→∞

0 and p is continuous, similarly to the proof of Theorem IV.3.9, we see that

W2(m′n,m
′) −→
n→∞

0. Moreover, by the supersolution property of vεn , we have vεn(tn,mn) ≥
vεn(tn,m

′
n), for all n ≥ 1, and we conclude by taking the lim inf that v(t,m) ≥ v(t,m′), as

the l.h.s. of the inequality converges.

(ii) We now prove the stability of the subsolution. Similarly to (i), we may assume that

{uε}ε>0 is a family of USC viscosity subsolutions of (IV.2.10). Let (t,m) and ϕ ∈ Au(t,m)
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be such that (t,m) is a strict local minimizer of ϕ − u. Assume that Cu(t,m) = {m}
and (DIϕ)∗(t,m) > 0. Following the same argument as in the previous step, replacing

maximizers with minimizers, we may construct (t̂n, m̂n), converging to some (t̂, m̂), and

satisfying the inequalities

[ϕ− u](t,m) ≥ lim sup
n→∞

[ϕ− uεn ](t̂n, m̂n) ≥ lim inf
n→∞

[ϕ− uεn ](t̂n, m̂n) ≥ [ϕ− u](t̂, m̂).

By the strict minimum property of (t,m), this again implies that (t̂, m̂) = (t,m), and

lim
n→∞

uεn(t̂n, m̂n) = u(t,m). By Lemma IV.2.3, we may now take m∗n ∈ argmin
�

Cuεn (t̂n, m̂n).

By compactness, there is a subsequence {m∗n}n≥1 converging to some m∗. As uεn(t̂n, m̂n) ≤
uεn(t̂n,m

∗
n) for all n, by definition of Cuεn (t̂n, m̂n), taking the lim sup implies u(t,m) ≤

u(t,m∗), hence m∗ = m as Cu(t,m) = {m}. As (DIϕ)∗(t,m) > 0, m̂n and m∗n are both in a

neighborhood where ϕ is strictly increasing for n large enough, and thus [ϕ−uεn ](t̂n, m̂n) ≥
[ϕ−uεn ](t̂n,m

∗
n), which implies equality by definition of (t̂n, m̂n) and the fact that (t̂n,m

∗
n) ∈

Nδ′′(t̂n, m̂n). Then ϕ ∈ Auεn(t̂n,m
∗
n). As Cuεn (t̂n,m

∗
n) = {m∗n}, the viscosity subsolution

implies −(Lϕ+F )(t̂n,m
∗
n) ≤ 0 for n large enough, and we conclude by letting n −→∞.

IV.3.5 Comparison

Theorem IV.3.11 (i) Let u be an USC viscosity subsolution of (IV.2.10) satisfying u|t=T ≤
g. Assume further that f is uniformly continuous in (t, x,m) under W2. Then u ≤ V .

(ii) Let v be a LSC viscosity supersolution of (IV.2.10) satisfying v|t=T ≥ g. Assume further

that b, σ, f , g can be extended to P1(S) under W1 continuously; b is uniformly Lipschitz

continuous in (x,m) under W1; and σ has the regularity required in Lemma IV.3.6. Then

v ≥ V .

Proof (i) We first compare V and u. Assume by contradiction that u(t,m) > V (t,m) for

some (t,m). Then, for ε > 0 small enough,

u(t,m)− ϕε(t,m) > sup
P∈P(t,m)

∫ T

t
F (r,PYr)dr + g(PYT ), (IV.3.9)

where ϕε(s, m̃) := ε
[
(T − t) +m(Rd, 1)

]
. Let (t∗,P∗) be s.t.

(u− ϕε)(t∗,m∗) +

∫ t∗

t
F (r,P∗Yr)dr

= max
(s,m,P) ∈ NT−t(t,m)× P(t,m) :

m ∈ {PYs− ,PYs}

(u− ϕε)(s,m) +

∫ s

t
F (r,PYr)dr. (IV.3.10)
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where m∗ is the optimal argument in {P∗Yt∗− ,P
∗
Yt∗
}. Clearly t∗ < T . Indeed, if t∗ = T , then

(T,m∗) ∈ NT−t(t,m), and by (IV.3.10) and (IV.3.9) we have

u(T,m∗)− εm∗(Rd, 1) +

∫ T

t
F (r,P∗Yr)dr ≥ (u− ϕε)(t,m)

> sup
P∈P(t,m)

∫ T

t
F (r,PYr)dr + g(PYT ) ≥

∫ T

t
F (r,P∗Yr)dr + u(T,m∗),

as u(T, ·) ≤ g. This is the desired contradiction. Moreover, by Lemma IV.2.3, we may

choose m∗ to be the smallest one which keeps the same value (u − ϕε)(t∗,m∗). Note that

this change is only at t∗, and thus has no impact on the value of
∫ t∗
t F (r,P∗Yr)dr. Then

(u− ϕε)(t∗,m∗) > (u− ϕε)(t∗,m′), for all m∗ 6= m′ � m∗. (IV.3.11)

Furthermore, we note that, since m 7→ m(Rd, 1) is increasing, by (IV.3.11) actually we have

u(t∗,m∗) > u(t∗,m′), for all m∗ 6= m′ � m∗, namely Cu(t∗,m∗) = {m∗}.(IV.3.12)

Next, let f+, f− denote the positive and negative part of f , respectively, and ρ0 the

modulus of continuity function of f . Introduce:

f+(s, x, m̃) := f+(s, x, m̃)− ρ0

(∣∣m̃(Rd, 1)−m∗(Rd, 1)
∣∣ 1

2
)
;

f
−

(s, x, m̃) := f−(s, x, m̃) + ρ0

(∣∣m̃(Rd, 1)−m∗(Rd, 1)
∣∣ 1

2
)
.

It is clear that f+, f
− are also uniformly continuous in (s, x, m̃) (under W2). For ε > 0, by

Lemma IV.3.7 (i) let f+
n
, f
−
n be a smooth mollifier (under W2) such that

|f+
n
− f+| ≤ ε

6
, |f−n − f

−| ≤ ε

6
, on P(t∗,m∗).

Then, for all (s, m̃) ∈ NT−t∗(t∗,m∗) with corresponding P ∈ P(t∗,m∗), and t∗ ≤ r < s,

considering the case m̃ = PYs− , we have

EP
[∣∣∣f+(s,Xs,P(Xs,Ir))Is− − f

+(s,Xs, m̃)Is−

∣∣∣] ≤ ρ0

(
W2

(
P(Xs,Ir),P(Xs,Is−)

))
≤ ρ0

(√
EP[|Ir − Is−|2]

)
≤ ρ0

(√
EP[|It∗ − Is−|2]

)
= ρ0

(∣∣m̃(Rd, 1)−m∗(Rd, 1)
∣∣ 1

2
)
.

Then

EP
[
f+(s,Xs,P(Xs,Ir))Is−)

]
≥ EP

[
f+(s,Xs, m̃)Is−

]
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and, similarly,

EP
[
f−(t∗, Xt∗ ,P(Xs,Ir))It∗

]
≤ EP

[
f
−

(t∗, Xt∗ , m̃)It∗
]
.

Thus, by (IV.2.1) and the regularity of f , we have

F (r,PYr) = EP
[
f(r,Xr,PYr)Ir

]
= EP

[
f+(r,Xr,PYr)Ir − f−(r,Xr,PYr)Ir

]
≥ EP

[
f+(r,Xr,PYr)Is− − f−(r,Xr,PYr)It∗

]
≥ EP

[
f+(s,Xs,P(Xs,Ir))Is− − f

−(t∗, Xt∗ ,P(Xs,Ir))It∗
]
− ρ(s− t∗)

≥ EP
[
f+(s,Xs, m̃)Is− − f

−
(t∗, Xt∗ , m̃)It∗

]
− ρ(s− t∗)

≥ EP
[
f+
n

(s,Xs, m̃)Is− − f
−
n (t∗, Xt∗ , m̃)It∗

]
− ε

3
− ρ(s− t∗),

for some modulus of continuity ρ which can be chosen to be smooth on (0,∞). That is,

F (r,PYr) ≥
∫
f+
n

(s, x, m̃)i m̃(dx, di)−
∫
f
−
n (t∗, x, m̃)i m∗(dx, di)− ε

3
− ρ(s− t∗).

In the case m̃ = PYs , following similar arguments we see the above still holds true. Denote

φnε (s, m̃) :=

∫
f+
n (s, x, m̃)i m̃(dx, di)−

∫
f−n (t∗, x, m̃)i m∗(dx, di),

ψnε (s, m̃) := ϕε(s, m̃)− (s− t∗)
[
φnε (s, m̃)− ε

3
− ρ(s− t∗)

]
,

which are obviously in C1,1
2 (Q0). Then, by (IV.3.10),

(u− ψnε )(t∗,m∗) = (u− ϕε)(t∗,m∗) ≥ (u− ϕε)(s, m̃) +

∫ s

t∗
F (r,PYr)dr

≥ (u− ϕε)(s, m̃) + (s− t∗)
[
φnε (s, m̃)− ε

3
− ρ(s− t∗)

]
= (u− ψnε )(s, m̃).

Thus ψnε ∈ Au(t∗,m∗). Note that

[Lψnε + F ](t∗,m∗) =
[
Lϕε − φnε +

ε

3
+ F

]
(t∗,m∗) = −ε− φnε (t∗,m∗) +

ε

3
+ F (t∗,m∗)

= −2ε

3
+

∫ [
f+
n

(t∗, x,m∗)− f−n (t∗, x,m∗)
]
i m∗(dx, di) + F (t∗,m∗)

≤ −ε
3

+

∫ [
f+(t∗, x,m∗)− f−(t∗, x,m∗)

]
i m∗(dx, di) + F (t∗,m∗)

≤ −ε
3

+

∫ [
f+(t∗, x,m∗)− f−(t∗, x,m∗)

]
i m∗(dx, di) + F (t∗,m∗) = −ε

3
< 0;

(DIψ
n
ε )(s, m̃) = ε− (s− t∗)(DIφ

n
ε )(s, m̃), and thus (DIψ

n
ε )∗(t

∗,m∗) = ε > 0.

Recall (IV.3.12), this contradicts the viscosity subsolution property of u.
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(ii) We next compare V and v. Fix ε > 0. For each n ≥ 1, denote ti := t
(n)
i := iT

n , 0 ≤ i ≤ n.
First, note that, for (t,m) ∈ Q0, it follows from the continuity of the coefficients that

V (t,m) := lim
n→∞

Vn(t,m), where Vn(t,m) := sup
P∈Pn(t,m)

∫ T

t
F (r,PYr)dr + g(PYT ),

Pn(t,m) :=
{

P ∈ P(t,m) : τ takes values in {t1, . . . , tn} ∩ [t, T ], P-a.s.
}
.

Step 1: We show that (Vn − v)(tn−1, ·) ≤ ε
n . Assume to the contrary that there exists

mn−1 such that (Vn − v)(tn−1,mn−1) > ε
n . By the definition of Pn(tn−1,mn−1), we have

Vn(t,m) =
∫ T
t F (r, P̄t,mYr )dr + g(P̄t,mYT ), t ∈ (tn−1, T ], where P̄t,m ∈ P(t,m) is defined by

(IV.2.4).

Let δ1, δ2 > 0 be small numbers which will be specified later. Applying Lemma IV.3.7

(ii), (iii), let (gk, fk, bk) be the smooth mollifier of (g, f, b) (under W1), where bk is also

mollified in (t, x) in a standard way, such that ‖gk− g‖∞+ ‖fk− f‖∞ ≤ δ1, ‖bk− b‖∞ ≤ δ2,

and gk is Lipschitz continuous under W1 with a Lipschitz constant Lk depending on k,

and bk is uniformly Lipschitz continuous in (x,m) under W1 with a Lipschitz constant L

independent of k. By otherwise choosing a larger L we assume σ is also uniformly Lipschitz

continuous in (x,m) under W1 with Lipschitz constant L. Let Uk1,k2 be defined by (IV.3.4)

corresponding to (bk2 , σ, gk1 , fk1). Then, by Lemma IV.3.6,

∂tU
k1,k2(t,m) +

∫
Rd

[
bk2 · ∂xδmU

k1,k2
1 +

1

2
σ2 : ∂2

xxδmU
k1,k2
1 + fk1

]
m(dx, 1) = 0,(IV.3.13)

and Uk1,k2 is Lipschitz continuous in m under W1 with a Lipschitz constant CL,Lk1
in-

dependent of k2. Here, δmU
k1,k2
1 is in the sense of (IV.2.6). This, in particular, implies

|∂xδmUk1,k2
1 | ≤ CL,Lk1

for all k2. Then, we deduce from (IV.3.13) that∣∣∣(LUk1,k2 + Fk1)(t,m)
∣∣∣ =

∣∣∣ ∫ (b− bk2) · ∂xδmUk1,k2
1 m(dx, 1)

∣∣∣ ≤ CL,Lk1
δ2, ∀k2 ≥ 1,(IV.3.14)

where Fk1(t,m) :=
∫

Rd fk1(t, x,m)m(dx, 1) as in (IV.2.1). Moreover, since

Uk1,k2(t,m) = gk1(P̄t,m,k2

YT
) +

∫ T

t
Fk1(r, P̄t,m,k2

Yr
)dr,

where P̄t,m,k2 is s.t. X is unstopped with drift coefficient bk2 instead of b, one can easily

show that ∣∣∣Uk1,k2(t,m)−
(
g(P̄t,mYT ) +

∫ T

t
F (r, P̄t,mYr )dr

)∣∣∣ ≤ C[δ1 + δ2] ≤ ε

4n
,
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for δ1, δ2 small enough. Then

Vn(tn−1,mn−1) = sup
m′�mn−1

∫ T

tn−1

F (r, P̄tn−1,m′

Yr
)dr + g(P̄tn−1,m′

YT
)

≤ sup
m′�mn−1

Uk1,k2(tn−1,m
′) +

ε

4n
.

By the supersolution property, v is nondecreasing for �, hence

ε

n
≤ (Vn − v)(tn−1,mn−1) ≤ sup

m′�mn−1

(Uk1,k2 − v)(tn−1,m
′) +

ε

4n
.

This implies that,

max
(s,m̃)∈NT

n
(tn−1,mn−1)

[
(Uk1,k2 − v)(s, m̃)− T − s

n

]
≥ 3ε

4n
− T

n2
≥ ε

2n
, (IV.3.15)

for n sufficiently large. Note that (Uk1,k2 − v)(T,PYT ) ≤ (gk1 − g)(PYT ) ≤ ε
4n for all

P ∈ P(tn−1,mn−1) and v is LSC, then by compactness of NT
n

(tn−1,mn−1) there exists an

optimal argument (t∗,m∗), t∗ < T , to the above maximum. Thus ϕ(s, m̃) := Uk1,k2(s, m̃)−
T−s
n ∈ Av(t∗,m∗), and therefore,

0 ≤ −(Lϕ+ F )(t∗,m∗) = −(LUk1,k2 + Fk1)(t∗,m∗) + (Fk1 − F )(t∗,m∗)− 1

n

≤ CL,Lk1
δ2 + (Fk1 − F )(t∗,m∗)− 1

n
,

where the last inequality thanks to (IV.3.14). Fix k1 so that (Fk1 −F )(t∗,m∗) ≤ 1
2n and set

δ2 small enough, we obtain the desired contradiction.

Step 2: We show that (Vn − v)(tn−2, ·) ≤ 2ε
n . Assume to the contrary that there exists

mn−2 such that (Vn − v)(tn−2,mn−2) > 2ε
n . By the DPP, we have

Vn(tn−2,mn−2) = sup
P∈Pn(tn−2,mn−2)

∫ tn−1

tn−2

F (r,PYr)dr + Vn(tn−1,PY(tn−1)−),

Observe the fact that v is a viscosity supersolution of (IV.2.10) also implies that v + ε
n is a

viscosity supersolution. Moreover, by Step 1, we have (v + ε
n)(tn−1, ·) ≥ Vn(tn−1, ·). Thus,

using the same procedure as Step 1 (where Vn replaces g on (tn−2, tn−1]), it follows that(
Vn − (v +

ε

n
)
)
(tn−2, ·) ≤

ε

n
.

Finally, by backwards induction, we have (Vn − v)(tn−j , ·) ≤ jε
n for all j ∈ {0, . . . , n}, and

thus (Vn − v)(t, ·) ≤ ε, which implies by the arbitrariness of n and ε that v ≥ V .
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IV.3.6 Infinite horizon case

As in [74, §6.1], we may formulate the problem in infinite horizon (i.e., in the case T =∞),

by replacing Assumption IV.2.1 with the following conditions:

Assumption IV.3.12 (i) Assumption IV.2.1 holds true on [0,∞);

(ii)
∫∞

0 supm∈P2(S) |F (t,m)|dt <∞;

(iii) For any (t,m) and P ∈ P(t,m), X∞ := limt→∞Xt exists, P-a.s.

We remark that one sufficient condition of (ii) above is that |f(t, x,m)| ≤ Ce−λt for some

constants C, λ > 0, and a special case of (iii) is:

d = 1, b = b0x, σ = σ0x, b0 −
1

2
σ2

0 < 0. (IV.3.16)

That is, under the P̄t,m in (IV.2.4), the unstopped process X is a Geometric Brownian

motion and X∞ = 0. All the previous results still hold true in this case, after some obvious

modifications.

IV.4 Examples

In this section we revisit the three examples studied in [74], and add a new example con-

cerning probability distortion. Note that in [74] we assumed that the value functions are

smooth, which is hard to verify. In this section we show that they are the unique continuous

viscosity solution of the corresponding obstacle problem. Note that we shall allow both

T < ∞ and T = ∞, and correspondingly we always assume Assumption IV.2.1 or IV.3.12,

and we shall report the detailed arguments in the case T <∞ only. Moreover, for simplicity

in this section we always assume f = 0.

IV.4.1 Connection with standard optimal stopping

Assume for this example that b and σ do not depend on the measure variable m. For a

measurable function ψ : Rd → R, we define the optimal stopping problem

V (t,m) := sup
P∈P(t,m)

EP
[
ψ(XT )

]
, (t,m) ∈ Q0. (IV.4.1)

That is, g(µ) :=
∫

Rd ψ(x)µ(dx) for µ ∈ P2(Rd). We also introduce v(t, x) := V (t, δ(x,1)),

which is related to the standard obstacle problem: recalling (IV.2.7),

min{−(∂t + L)v, v − ψ} = 0, v(T, ·) = ψ, where Lv := b · ∂xv +
1

2
σ2 : ∂2

xxv. (IV.4.2)

91



CHAPTER IV. VISCOSITY SOLUTIONS FOR OBSTACLE PROBLEMS ON
WASSERSTEIN SPACE

Proposition IV.4.1 Assume b, σ do not depend on m, σ satisfies the regularities required

in Lemma IV.3.6, and ψ is uniformly continuous. Then V is the unique continuous viscosity

solution of the corresponding obstacle equation (IV.2.10), and it holds

V (t,m) =

∫
S

[
v(t, x)i+ ψ(x)(1− i)

]
m(dx, di). (IV.4.3)

Moreover, there exists a pure strategy optimal stopping time.

Proof First, by the uniform continuity of ψ one can easily show that g is uniformly

continuous in m under W1. Then by Theorem IV.3.5 V is continuous in t and uniformly

continuous in m under W1. Thus it follows from Theorems IV.3.9 and IV.3.11 that V is the

unique viscosity solution of (IV.2.10).

It remains to verify (IV.4.3). Let P∗ ∈ P(t,m) be such that,

τ = inf{s ≥ t : v(s,Xs) = ψ(Xs)}, P∗ − a.s. on {It− = 1}. (IV.4.4)

By the standard optimal stopping problem, see e.g. Karatzas & Shreve [49, Appendix D], v

is continuous and P∗ is optimal. Then by (IV.4.1) we derive (IV.4.3):

V (t,m) =

∫
Rd
ψ(x)m(dx, 0) +

∫
Rd

EP∗
[
ψ(XT )

∣∣Xt = x
]
m(dx, 1)

=

∫
Rd
ψ(x)m(dx, 0) +

∫
Rd
v(t, x)m(dx, 1).

Moreover, clearly the optimal stopping time determined by (IV.4.4) is a pure strategy.

We remark that, by utilizing (IV.4.3), it is possible to prove the uniqueness of viscosity

solution under weaker requirement on σ. We leave the details to the interested readers.

IV.4.2 A generalization of the mean variance problem

Consider the optimal stopping problem:

V (t,m) := sup
P∈P(t,m)

ϕ
(

EP[ψ(XT )]
)
, (IV.4.5)

where ψ : Rd → Rk for some k ≥ 1 and ϕ : Rk → R. That is, g(µ) = ϕ
( ∫

Rd ψ(x)µ(dx)
)
.

Proposition IV.4.2 Let b, σ satisfy the conditions in Theorem IV.3.11 (ii), ψ be uniformly

continuous and ϕ be continuous. Assume further that either ψ is bounded or ϕ is uniformly

continuous. Then V is the unique continuous viscosity solution of the corresponding obstacle

equation (IV.2.10).
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Proof Note that, when |ψ| ≤ C, we have
∣∣EP[ψ(XT )]

∣∣ ≤ C and thus in (IV.4.5) we

may replace ϕ with the truncated function ϕC(z) := ϕ( C
|z|∨C z), z ∈ Rk, which is uniformly

continuous. Then in both cases, we may assume w.l.o.g. that ϕ is uniformly continuous, and

therefore, g is uniformly continuous in µ underW1. Then the results follows from Theorems

IV.3.5, IV.3.9, and IV.3.11.

Remark IV.4.3 (i) In the case that ϕ is convex: ϕ(z) := supα[αz − ϕ∗(α)], we have

V (t,m) = sup
α

[Vα(t,m)− ϕ∗(α)], where Vα(t,m) := sup
P∈P(t,m)

EP[α · ψ(XT )].

Let α∗(t,m) be the optimal argument, then the optimal P∗ for Vα∗(t,m)(t,m) is also optimal

for V (t,m), and thus by Proposition IV.4.1 there exists a pure optimal strategy for V (t,m).

Moreover, let P∗ be the optimal control for V (0,m) and Vα∗(0,m)(0,m) as above, and

denote m∗t := P∗Yt . Then, by the DPP for V and for Vα∗(0,m), we have

V (t,m∗t−) = V (0,m) = Vα∗(0,m)(0,m)− ϕ∗(α∗(0,m)) = Vα∗(0,m)(t,m
∗
t−)− ϕ∗(α∗(0,m)).

That is, α∗(0,m) is optimal for supα [Vα(t,m∗t−)−ϕ∗(α)], or say, α∗(t,m∗t−) = α∗(0,m) for

all t.

(ii) A more special case is the mean variance problem: for some constant λ > 0,

d = 1, k = 2, ψ1(x) = x, ψ2(x) = x2, ϕ(z1, z2) = z1 +
λ

2
z2

1 −
λ

2
z2. (IV.4.6)

In the homogeneous case (IV.3.16) with T =∞, Pedersen & Peskir [64] solved the problem

V (δ(x,1)) and the optimal stopping time is a pure strategy. We are in a much more general

framework. However, we should point out that (IV.4.6) does not satisfies the technical

conditions in Proposition IV.4.2.

IV.4.3 Expected shortfall

Let d = 1, and fix some α ∈ (0, 1), we consider the mean field optimal stopping problem

V (t,m) := inf
P∈P(t,m)

ESP
α(XT ) for all (t,m) ∈ Q0,

where ESP
α denotes the expected shortfall under P, i.e., for any r.v. Z with law µ,

g(µ) := ESP
α(Z) :=

1

α

∫ α

0
qγ(Z)dγ = inf

β∈R

{
β +

1

1− α

∫
R
(x− β)+µ(dx)

}
, (IV.4.7)

where qγ(Z) := inf{z : µ(Z ≤ z) > γ}.

Here the second equality has been established by Rockafellar & Uryasev [69].
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Proposition IV.4.4 V is the unique continuous viscosity solution of the corresponding

equation.

Proof Clearly, x 7→ (x − β)+ is Lipschitz continuous with Lipschitz constant 1. By

(IV.4.7), this implies that g is Lipschitz continuous, and, given our assumptions on the

coefficients, we conclude similarly to Proposition IV.4.2 that the required claim follows.

Note further that

V (t,m) = inf
β∈R

[
β +

1

1− α
Vβ(t,m)

]
, where Vβ(t,m) := inf

P∈P(t,m)
EP[(XT − β)+].

One can easily show that limβ→∞

[
β + 1

1−αVβ(t,m)
]

= limβ→−∞

[
β + 1

1−αVβ(t,m)
]

= ∞,

where the second equality is due to α ∈ (0, 1). Then there exists optimal β∗ = β∗(t,m) ∈ R

such that V (t,m) = β∗+ 1
1−αVβ∗(t,m). Therefore, similar to Remark IV.4.3 (i), V (t,m) and

Vβ∗(t,m) share an optimal P∗ ∈ P(t,m), which is a pure optimal strategy as in Proposition

IV.4.1.

Moreover, in the homogeneous case with (IV.3.16) and T =∞, one can easily show that

V and Vβ are independent of t, and Vβ(m) = β−m(R+, 1) +
∫∞

0 (x− β)+m(dx, 0) whenever

m(R+, {0, 1}) = 1.

IV.4.4 Probability distortion

Consider the following optimal stopping problem under probability distortion:

V (t,m) := sup
P∈P(t,m)

∫ ∞
0

ϕ
(
P(ψ(XT ) ≥ z)

)
dz, (IV.4.8)

where ψ : Rd → [0,∞) is a utility function, and ϕ : [0, 1]→ [0, 1] is a probability distortion

function: ϕ(0) = 0, ϕ(1) = 1, and ϕ is strictly increasing. That is, g(µ) =
∫∞

0 ϕ
(
µ({ψ ≥

z})
)
dz.

Proposition IV.4.5 Let b, σ satisfy the conditions in Theorem IV.3.11 (ii), ϕ be a uni-

formly Lipschitz continuous probability distortion function, and ψ be uniformly continuous.

Then V is the unique continuous viscosity solution of the corresponding obstacle equation

(V.4.2).

Proof As in the previous examples, it suffices to show that g is uniformly continuous in

m under W1. Given arbitrary µ1, µ2 ∈ P2(Rd) and, for i = 1, 2, let ξi be a random variable
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on (Ω,F ,P) such that Pξi = µi and EP[|ξ1 − ξ2|] =W1(µ1, µ2). Then∣∣g(µ1)− g(µ2)
∣∣ ≤ ∫ ∞

0

∣∣∣ϕ(P(ψ(ξ1) ≥ z)
)
− ϕ

(
P(ψ(ξ2) ≥ z)

)∣∣∣dz
≤ C

∫ ∞
0

EP
[∣∣1{ψ(ξ1)≥z} − 1{ψ(ξ2)≥z}

∣∣]dz = CEP
[∣∣ψ(ξ1)− ψ(ξ2)

∣∣].
Since ψ is uniformly continuous, we see that g is uniformly continuous in µ under W1.

Remark IV.4.6 (i) In the homogeneous case (IV.3.16) with T =∞, Xu & Zhou [78] solved

the optimal stopping problem V (δ(x,1)) for appropriate ϕ,ψ, and the optimal stopping time

is a pure strategy.

(ii) The mean variance and probability distortion problems are typically viewed as time

inconsistent, as the DPP does not hold for value function v(t, x) := V (t, δ(x,1)). However,

we emphasize that, by viewing m as our variable, V satisfies the DPP and the problem is

hence time consistent.

IV.5 Technical results

Proof of Lemma IV.2.3. (i) The set {m′ : m′ � m} is in continuous bijection with the

compact set {m̂ ∈ P2(S×{0, 1}) : m̂◦(x, i)−1 = m}, with (x, i, i′) the projection coordinates

on S× {0, 1}. This shows the compactness of {m′ : m′ � m}.
(ii) As the map m′ ∈ K(m) 7−→ m′(Rd, 1) is continuous and K(m) is compact, there ex-

ists m̄ ∈ K(m) s.t. m̄ ∈ argmin
m′∈K(m)

m′(Rd, 1). Let m′ ∈ K(m) be such that m′ � m̄ with

some corresponding transition probability p, see the definition in (IV.2.9). Then, clearly

m′(Rd, 1) ≤ m̄(Rd, 1) and thus equality holds by minimality of m̄(Rd, 1). As p ≤ 1, we

conclude that m′ = m̄.

Proof of Lemma IV.3.4. For each (t,m) ∈ Q0 and P ∈ P(t,m), we extend P to (Ω,FT )

as follows: denoted as P̂ ∈ P̂(t,m), Xs = Xr, Is = It−, s ∈ [−1, t), P̂-a.s. We prove the

lemma in two steps.

Step 1. For any compact M ⊂ P2(S), denote P̂M :=
⋃

(t,m)∈[0,T ]×M P̂(t,m). For each

(t,m), P ∈ P(t,m), and R > 1, following the proof of [74, Proposition 2.2] we have

EP̂[|X∗T |2] ≤ C ∫
Rd
|x|2m(dx, {0, 1});

EP̂[|X∗T |21{|X∗T |≥R}] ≤ C ∫
S
[1 + |x|2]

[
1{|x|≥

√
R−1} +

1√
R

]
m(dx, {0, 1}).
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where X∗T := sup0≤s≤T |Xs|. By the compactness ofM, one can easily see that

sup
P̂∈P̂M

EP̂[|X∗T |2] <∞, lim
R→∞

sup
P̂∈P̂M

EP̂[|X∗T |21{|X∗T |≥R}] = 0.

Then the set P̂M is compact. That is, for any (tn,mn) ∈ [0, T ] ×M and Pn ∈ P(tn,mn),

there exists a subsequence, still denoted the same, such that P̂n → P̂∗ under W2, for some

P∗ ∈ P2(Ω,FT ).

We may assume w.l.o.g. that (tn,mn)→ (t∗,m∗) under W2 for some (t∗,m∗) ∈ [0, T ]×
M. We next show that P̂∗ ∈ P̂(t∗,m∗). Indeed, for any δ > 0, we have t∗ − δ < tn < t∗ + δ

for all n large enough. By the required convergence, it is obvious that Xs = Xt∗−δ, Is =

It∗−δ, s ≤ t∗ − δ, P̂∗-a.s., and P̂∗Yt−δ = m∗. Thus, by sending δ → 0, Xs = Xt∗ , Is = It∗−,

s < t∗, P̂∗-a.s. and P̂∗Yt∗− = m∗. Here we used the fact that X has continuous paths.

Moreover, following the arguments in [74, Proposition 2.2] again, we see that the processes

M and MM> in (IV.2.3) are P̂∗-martingales, on [t∗ + δ, T ] for all δ > 0, and hence also on

[t∗, T ] (again since X is continuous). That is, P̂∗ ∈ P̂(t∗,m∗).

Step 2. We now show that V is USC. Fix (t,m) and choose (tn,mn) → (t,m) such

that lim
n→∞

V (tn,mn) = lim sup
(t̃,m̃)→(t,m)

V (t̃, m̃). For each n, let Pn ∈ P(tn,mn) be optimal:

V (tn,mn) =
∫ T
tn
F (r,PnYr)dr+ g(PnYT ). Note thatM := {m,mn, n ≥ 1} ⊂ P2(S) is compact.

By Step 1, we may assume without loss of generality that P̂n → P̂ ∈ P̂(t,m). Then, since

F is continuous and g is USC in m, we have

lim
n→∞

V (tn,mn) = lim
n→∞

[ ∫ T

tn

F (r, P̂nYr)dr + g(P̂nYT )
]
≤
∫ T

t
F (r, P̂Yr)dr + g(P̂YT ) ≤ V (t,m).

This means that V is USC.

Proof of Theorem IV.3.5. (i) follows similar but easier arguments than (ii), so we prove

(ii) only. Let ρ0 denote the modulus of continuity of f, g under W1. We proceed in two

steps.

Step 1. Fix t ∈ [0, T ] and m, m̃ ∈ P2(S). For any P ∈ P(t,m), by possibly enlarging the

space, there exists (X̃t, Ĩt−) on the space (Ω,F ,P) such that

P(X̃t,Ĩt−) = m̃, EP
[
|X̃t −Xt|+ |Ĩt− − It−|

]
=W1(m, m̃).

Consider the following SDE on the space (Ω,F ,P): for Ỹ := (X̃, Ĩ),

X̃s = X̃t +

∫ s

t
b(r, X̃r,PỸr)Ĩrdr +

∫ s

t
σ(r, X̃r,PỸr))ĨrdW

P
r , Ĩr := Ir Ĩt−, P-a.s.(IV.5.1)
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Denote ∆Y := Ỹ − Y . Note that Ir = IrIt−, then

sup
t≤r≤T

|∆Ir| = Ir|∆It−| ≤ |∆It−|, and thus EP
[

sup
t≤r≤T

|∆Ir|
]
≤ W1(m, m̃). (IV.5.2)

Moreover, for ϕ = b, σ, by the desired Lipschitz continuity under W1, we have∣∣∣ϕ(r, X̃r,PỸr))Ĩr − ϕ(r,Xr,PYr)Ir
∣∣∣ ≤ C[|∆Xr|+W1(PỸr ,PYr)

]
+ C[1 + |Xr|]|∆It−|.

By standard estimates, one can show that

EP
t

[
sup
t≤s≤T

|Xs|2
]
≤ C[1 + |Xt|2];

EP
t

[
|∆Xs|2

]
≤ C

∫ T

s
W2

1 (PỸr ,PYr)dr + C|∆Xt|2 + C sup
t≤s≤T

EP
t [1 + |Xs|2]|∆It−|2;

EP
t

[
|∆Xs|

]
≤ C

(∫ T

s
W2

1 (PỸr ,PYr)dr
) 1

2
+ C|∆Xt|+ C[1 + |Xt|]|∆It−|. (IV.5.3)

This implies that

EP[|∆Xs|
]
≤ C

(∫ T

s
W2

1 (PỸr ,PYr)dr
) 1

2
+ CEP

[
|∆Xt|+ [1 + |Xt|]|∆It−|

]
;

W2
1 (PỸs ,PYs) ≤ C

∫ T

s
W2

1 (PỸr ,PYr)dr + C
(

EP
[
|∆Xt|+ [1 + |Xt|]|∆It−|

])2
.

By Grownwall inequality we have, for any R > 0,

sup
t≤s≤T

W1(PỸs ,PYs) ≤ CEP
[
|∆Xt|+ [1 + |Xt|]|∆It−|

]
≤ CRW1(m, m̃) + CEP

[
|Xt|1{|Xt|≥R}

]
=: δR. (IV.5.4)

Notice that P̃ := P ◦ (X̃, I)−1 ∈ P(t, m̃). Then∫ T

t
F̂ (r,PYr)dr + g(PYT )− V (t, m̃)

≤
∫ T

t
EP[f(r,Xr,PYr)Ir − f(r, X̃r,PỸr)Ĩr

]
dr +

[
g(PYT )− g(PỸT )

]
(IV.5.5)

≤ ρ0

(
W1(PỸT ,PYT )

)
+

∫ T

t
EP
[
ρ0

(
|∆Xr|) + ρ0

(
W1(PỸr ,PYr)

)
+ |f(r,Xr,PYr)||∆Ir|

]
.

The uniform regularity of f implies that

|f(r,Xr,PYr)| ≤ |f(r, 0,PYr)|+ C|Xr| ≤ Cm[1 + |Xr|],

97



CHAPTER IV. VISCOSITY SOLUTIONS FOR OBSTACLE PROBLEMS ON
WASSERSTEIN SPACE

where the constant Cm may depend on m. Then, by (IV.5.2), (IV.5.3), and (IV.5.4), we

have

EP
[
|f(r,Xr,PYr)||∆Ir|

]
≤ CmEP

[
[1 + |Xr|]|∆It−|

]
≤ CmEP

[
|∆It−|+ ρ0(δR) + |∆Xt|+ [1 + |Xt|]|∆It−|

]
≤ Cm[W1(m, m̃) + ρ0(δR)

]
.

Plug this into (IV.5.5), we have∫ T

t
F̂ (r,PYr)dr + g(PYT )− V (t, m̃) ≤ Cm

[
W1(m, m̃) + ρ0(δR)

]
+

∫ T

t
EP[ρ0(|∆Xr|)]dr.

Since P ∈ P(t,m) is arbitrary, for some appropriate modulus of continuity ρ we have

V (t,m) − V (t, m̃) ≤ Cmρ(δR). Switching m, m̃, and noticing that we may still use Xt

in δR, we have

|V (t,m)− V (t, m̃)| ≤ Cmρ(δR). (IV.5.6)

Fix m and send m̃→ m under W1, we see that

lim sup
m̃→m

|V (t,m)− V (t, m̃)| ≤ Cmρ
(
CEP[|Xt|1{|Xt|≥R}]

)
for any R > 0. Now send R→∞, we see that limm̃→m V (t, m̃) = V (t,m).

Step 2. Let t < t̃ and m ∈ P2(S). By DPP we have

V (t,m) = sup
P∈P(t,m)

∫ t̃

t
F (r,PYr)dr + V (t̃,PYt̃−) = sup

P∈P(t,m)

∫ t̃

t
F (r,PYr)dr + V (t̃,PYt̃),

V (t̃, m) = sup
m′�m

V (t̃, m′).
(IV.5.7)

First, for any P ∈ P(t,m), note that m′ := P ◦ (Xt, It̃−)−1 � m, then

V (t̃,PYt̃−)− V (t̃, m) ≤ V (t̃,P(Xt̃,It̃−))− V (t̃,P(Xt,It̃−)) ≤ Cmρ(δR),

thanks to (IV.5.6) and (IV.5.4), where, following similar arguments as in Step 1,

δR := CREP[|Xt̃ −Xt|] + CEP
[
|Xt|1{|Xt|≥R}

]
(IV.5.8)

≤ CREP[1 + |Xt|]
√
t̃− t+ CEP[|Xt|1{|Xt|≥R}

]
.

Since P ∈ P(t,m) is arbitrary, by (IV.5.7) we have

V (t,m)− V (t̃, m) ≤ sup
P∈P(t,m)

∫ t̃

t
F (r,PYr)dr + Cmρ(δR) ≤ Cmρ(δR).
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Next, for m′ � m, choose P ∈ P(t,m) s.t. Is = It−, t ≤ s < t̃, and P ◦ (Xt, It̃)
−1 = m′.

Then

V (t̃, m′)− V (t,m) ≤ V (t̃,P(Xt,It̃)
)− V (t̃,P(Xt̃,It̃)

)−
∫ t̃

t
F (r,PYr)dr ≤ Cmρ(δR).

Since m′ � m is arbitrary, by (IV.5.7) we have

V (t̃, m)− V (t,m) ≤ Cmρ(δR), and thus
∣∣V (t,m)− V (t̃, m)

∣∣ ≤ Cmρ(δR).

This, together with (IV.5.8), implies the desired regularity immediately.

Proof of Lemma IV.3.6. We shall apply the results in Buckdahn, Li, Peng & Rainer

[14]. For this purpose, we extend functions on P2(S) to P2(Rd × R). Let φ : R → R be

a smooth function with bounded derivatives s.t. 0 ≤ φ ≤ 1, φ(0) = 0, φ(1) = 1, and

Φ : m̂ ∈ P2(Rd × R) 7→ m ∈ P2(S), with

m(A, 1) :=

∫
R
φ(y)m̂(A, dy), m(A, 0) :=

∫
R
[1− φ(y)]m̂(A, dy), for all A ∈ B(Rd).

Now for ϕ = b, σ, f, g, define ϕ̂(t, x, m̂) := ϕ(t, x,Φ(m̂)). ϕ̂ inherits the regularity of ϕ on

P2(Rd × R).

Next, fix a filtered probability space (Ω̂, F̂T , F̂, P̂) on which is defined a d-dimensional

Brownian motion W . For any (t, m̂), let ξ ∈ L2(Ft; Rd), η ∈ L2(Ft; R) be such that P̂(ξ,η) =

m̂. Consider the following SDE on [t, T ] with solution Ŷ = (X̂, Î):

X̂s = ξ +

∫ s

t
b̂(r, X̂r, P̂Ŷr)φ(Îr)dr +

∫ s

t
σ̂(r, X̂r, P̂Ŷr)φ(Îr)dWr; Îs = η1[t,T )(s), P̂-a.s.

We then define, recalling (IV.2.1),

Û(t, m̂) := ĝ(P̂ŶT ) +

∫ T

t
F̂ (r, P̂Yr)dr, where F̂ (r, m̂) :=

∫
Rd+1

f̂(r, x, m̂)i m̂(dx, di).

We remark that, since b and σ are not necessarily bounded, the coefficients of the SDE

for X̂ is not Lipschitz continuous in Î. However, since Î is already given, such Lipschitz

continuity is not needed. In particular, we can apply [14, Lemmas 6.2 and 7.1] so that

∂tÛ , ∂m̂Û , ∂ŷm̂Û exist and are continuous and bounded. Here ∂m̂Û is the Lions derivative

and satisfies: ∂m̂Û(t, m̂, ŷ) := ∂ŷδm̂Û(t, m̂, ŷ), see e.g. Carmona & Delarue [21, Vol. 1,

Chapter 5]. We also remark that in [14] the function Û takes the form Û(t, x, m̂) while

here Û does not have the x-variable. Moreover, note that each m ∈ P(S) can be viewed
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as an element of P(Rd × R) with support included in S. Since φ(0) = 0, φ(1) = 1, one can

easily see that U(t,m) = Û(t,m). Then clearly U ∈ C1,1
2 (Q0). Finally, the W1 Lipschitz

continuity of U follows arguments similar to that of Theorem IV.3.5, we thus omit the proof

here.

Proof of Lemma IV.3.7 (ii) and (iii) follow directly from [61, Theorem 3.1], after the

straightforward extension to P2(S), as we will do next. Thus we shall only prove (i). For

the ease of presentation, we assume d = 1.

Fix n ≥ 1, we construct Un as follows. First, let Hn, φ
n
j ∈ C∞(R), j ∈ Z, satisfy:

0 ≤ Hn ≤ 1, supp (Hn) ⊂ [−3n
2 ,

3n
2 ], Hn(x) = 1 for |x| ≤ n, |∂xHn| ≤ 3

n ;

0 ≤ φnj ≤ 1, supp (φnj ) ⊂ [ j−1
n , j+1

n ], φnj (x) + φnj+1(x) = 1 for all x ∈ [ jn ,
j+1
n ].

See [77, (3.3)] for a construction of φnj . Next, for each j ∈ Z, define

ψnj (µ) :=

∫
R
φnj (x)Hn(x)µ(dx) + 1{j=0}

∫
R
[1−Hn(x)]µ(dx), (IV.5.9)

for all finite measure µ on R. We emphasize that, slightly different from [77], here the µ will

be m(·, i) whose total measure is less than 1 and thus it is not a probability measure. Note

that ψnj ≥ 0 and
∑

j∈Z ψ
n
j = µ(R). Moreover, denote Zn := {j ∈ Z : |j| ≤ 2n2} with size

Nn := 4n2 + 1, and

∆n :=
{
~z = {zj}j∈Zn : |zj | ≤ N−3

n for all j 6= 0, and z0 := −
∑

j∈Zn\{0}

zj

}
.

We now define, for each ~z ∈ ∆n and m ∈ P2(S), i = 0, 1, mn(dx, i, ~z):=
∑

j∈Zn ψ̂
n
j (m(·, i), ~z)δ j

n
(dx),

ψ̂nj (µ, ~z):= Nn
Nn+1

[
ψnj (µ) + µ(R)[ 1

N2
n

+ zj ]
]
.

(IV.5.10)

Note that |z0| ≤ N−2
n , and thus ψ̂nj (µ, ~z) ≥ 0. One may easily verify that

∑
j∈Zn

ψ̂nj (µ, ~z) =
Nn

Nn + 1

[ ∑
j∈Zn

ψnj (µ) +
µ(R)

Nn

]
=

Nn

Nn + 1

[
µ(R) +

µ(R)

Nn

]
= µ(R);

mn(R, i, ~z) =
∑
j∈Zn

ψ̂nj (m(·, i), ~z) = m(R, i), and thus mn(S, ~z) = 1.
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In particular, this implies that mn(·, ~z) ∈ P2(S) for every ~z ∈ ∆n, where the square integra-

bility follows from the fact that supp (mn(·, ~z)) is finite. Finally, let ζn be a smooth density

function with support ∆n, and we construct

Un(m) :=

∫
∆n

U(mn(·, ~z))ζn(~z)d~z, m ∈ P2(S). (IV.5.11)

The smoothness of Un follows from the same arguments as in [61, Theorem 3.1]. However,

we note that [61] uses the W1-distance and requires M to be a compact subset of P1(S).

This is mainly for the uniform Lipschitz continuity of Un which holds only under W1. Here

we provide a proof for the uniform convergence of Un under W2. We first show that

M :=
{
mn(·, ~z) : m ∈M, n ≥ 1, ~z ∈ ∆n

}
⊂ P2(S) is compact. (IV.5.12)

Indeed, fix R > 0. Denote ZRn := {j ∈ Zn : |j| ≥ nR} for n > R
2 . Then∫

{|x|>R}
|x|2mn(dx, i, ~z) =

∑
j∈ZRn

j2

n2
ψ̂n~j (m(·, i), ~z)

=
∑
j∈ZRn

j2

n2

Nn

Nn + 1

[
ψnj (m(·, i)) +m(R, i)[

1

N2
n

+ zj ]
]
.

From the construction of ψ~j , one can easily verify that∑
~j∈ZRn

j2

n2
ψnj (m(·, i)) ≤ 2

∫
{|x|>R}

|x|2m(dx, i).

Moreover, note that |zj | ≤ N−3
n for all j ∈ ZRn . Then, for n >

R
2 ,∫

{|x|>R}
|x|2mn(dx, i, ~z) ≤ 2

∫
{|x|>R}

|x|2m(dx, i) +
∑
j∈ZRn

j2

n2
m(R, i)

C

N2
n

≤ 2

∫
{|x|>R}

|x|2m(dx, i) +
Cm(R, i)
Nn

≤ 2

∫
{|x|>R}

|x|2m(dx, i) +
Cm(Rd, i)

R2
.

On the other hand, when n < R
2 , we have

∫
{|x|>R} |x|

2mn(dx, i, ~z) = 0. Thus,

sup
m∈M,n≥1,~z∈∆n

∑
i=0,1

∫
{|x|>R}

|x|2mn(dx, i, ~z) ≤ 2 sup
m∈M

∑
i=0,1

∫
{|x|>R}

|x|2m(dx, i) +
C

R2
.

SinceM⊂ P2(S) is compact, we have lim
R→∞

sup
m∈M

∑
i=0,1

∫
{|x|>R}

|x|2m(dx, i) = 0. Then

lim
R→∞

sup
m∈M,n≥1,~z∈∆n

∑
i=0,1

∫
{|x|>R}

|x|2mn(dx, i, ~z) = 0.
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This proves thatM is uniformly square integrable, and therefore compact in P2(S).

Next, note thatM is also compact in P1(S), by [61, (3.15)] we have

lim
n→∞

sup
m∈M,~z∈∆n

W1(mn(·, ~z),m) = 0. (IV.5.13)

Then, for any R > 0,

W2
2 (mn(·, ~z),m) ≤ RW1(mn(·, ~z),m) + C

∑
i=0,1

∫
|x|≥R

2

|x|2
[
mn(dx, i, ~z) +m(dx, i)

]
.

This, together with the uniform integrability ofM and (IV.5.13), implies immediately that

lim
n→∞

sup
m∈M,~z∈∆n

W2(mn(·, ~z),m) = 0. (IV.5.14)

Finally, by the compactness (IV.5.12), we see that U is uniformly continuous onM. Then

it follows from (IV.5.11) and (IV.5.14) that lim
n→∞

sup
m∈M

|Un(m)− U(m)| = 0.

Remark IV.5.1 While not used in the thesis, the following property is interesting in its

own right: if U is monotone under �, then so is the Un constructed in (IV.5.11). Indeed,

assume U is increasing, and let m′ � m with transition probability p. For each ~z ∈ ∆n, by

(IV.5.9) and (IV.5.10), it is clear that

0 < ψ̂nj (m′(·, 1), ~z) ≤ ψ̂nj (m(·, 1), ~z), and thus p̂j(~z) := ψ̂n~j (m′(·, 1), ~z) / ψ̂nj (m′(·, 1), ~z) ∈ (0, 1].

Since m′(dx, {0, 1}) = m(dx, {0, 1}), it is also obvious that∑
i=0,1

ψ̂nj (m′(·, i), ~z) =
∑
i=0,1

ψ̂nj (m(·, i), ~z).

Then m′n(·, ~z) ≤ mn(·, ~z) for each ~z ∈ ∆n, with transition probability p̂(·, ~z) satisfying

p̂( jn , ~z) = p̂j(~z) for all j ∈ Zn. Then, since U is increasing, by (IV.5.11) we see that

Un(m′) ≤ Un(m).

Proof of Lemma IV.3.8. (i) Let m′ � m with transition probability p. As m is a

probability measure on (S,B(S)), it is a Radon measure. Then, by Lusin’s theorem (see

Folland [43, 7.10]), we may find for all k ≥ 1 a continuous pk : Rd −→ [0, 1] s.t.

m
(
{x : p(x) 6= pk(x)}, {0, 1}

)
≤ 1

k
.
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Let {m′k}k≥1 be the measures obtained from m by applying the transition probabilities

{pk}k≥1, and φ a bounded and continuous function. Then∣∣∣ ∫
Rd
φ(x)pk(x)m(dx, 1)−

∫
Rd
φ(x)p(x)m(dx, 1)

∣∣∣ ≤ 2

k
‖φ‖∞,

and thus m′k(dx, 1) converges weakly to m′(dx, 1). We do similarly with m′k(dx, 0), and thus

m′k converges weakly tom
′. As {m′k}k≥1 is uniformly integrable, we have limk→∞W2(m′k,m

′) =

0. As v is nondecreasing for �, we have v(m) ≥ v(m′k) for all k ≥ 1. Then, as v is LSC, we

have v(m) ≥ lim inf
k→∞

v(m′k) ≥ v(m′).

(ii) As (DIϕ)∗ is LSC, there exists δ > 0 s.t. (DIϕ)∗ ≥ 0 on [t, t + δ] × BW2(m, δ). Let

(s,m0), (s,m1) be in this neighborhood, s.t. m1 � m0 with transition probability p. Then,

we have

ϕ(s,m0)− ϕ(s,m1) =

∫ 1

0

∫
Rd
DIϕ(t, λm0 + (1− λ)m1, x)(1− p(x))m(dx, 1)dλ.

By convexity of BW2(m, δ), we have DIϕ(t, λm0 +(1−λ)m1, ·) ≥ 0, hence the desired result.
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Chapter V

A finite-dimensional approximation

for the obstacle problem on

Wasserstein space

V.1 Introduction

Lasry & Lions [53] and Caines, Huang & Malhamé [47] introduced mean field games to study

systems of interacting agents as their number goes to infinity. In [17], Cardaliaguet, Delarue,

Lasrly & Lions indeed proved the convergence of the N -players game to the corresponding

mean field game, provided that the value function of the problem is smooth. Since then,

an extensive part of the literature has been dedicated to these convergence issues: see

e.g. Cardaliaguet [16], Bayraktar, Cecchin, Cohen & Delarue [5, 4], Cecchin & Pelino [25],

Cecchin, Dai Pra, Fischer & Pelino [26], Laurière & Tangpi [55], Djete [32] or Doncel, Gast

& Gaujal [35].

However, the literature is not as extensive when it comes to the convergence of mean field

control problems. We may mention Lacker [52], who proved a propagation of chaos result

for optimally controlled McKean-Vlasov dynamics, or Fischer & Livieri [42], who solved

the mean-variance control problem by first solving its finite-dimensional approximation and

then proving the convergence of the solution as the dimension goes to infinity. We also refer

to Cecchin [24], Bayraktar, Cecchin & Chakraborty [3] and Cardaliaguet & Souganidis [19].

The two contributions the most relevant to our work are the ones of Gangbo, Mayorga
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& Swiech [44] and Talbi [73] (which correspond to Chapter VI of this thesis). In the first

paper, the authors develop a finite-dimensional approximation for Hamilton-Jacobi-Bellman

equations with uncontrolled volatility, in the sense of viscosity solutions (defined via lifting

on the Hilbert space of square integrable random variables). The second paper introduces

an approximation for a class of partial differential equations on Wasserstein space, which

covers the scope of mean field control problems.

Our present objective is to find a finite-dimensional approximation of the mean field

optimal stopping problem introduced in Chapter III, which we characterized by a dynamic

programming equation on Wasserstein space, that we call obstacle problem by analogy with

the equation corresponding to the standard optimal stopping problem (see e.g. El Karoui

[41] or Shiryaev [70]). More precisely, after developing in Chapter IV an appropriate notion

of viscosity solution for our obstacle problem, we now intend to find a finite-dimensional

PDE whose viscosity solutions converge to viscosity solutions of the equation on Wasserstein

space.

This finite-dimensional PDE (that we call cascade obstacle due to its remarkable struc-

ture) naturally turns out to be related to the multiple optimal stopping problem, which

consists in optimizing some reward of a system of interacting particles by assigning each

particle a stopping time (see Kobylanski, Quenez and Rouy-Mironescu [50] for a review of

this problem in a very general setting). In the spirit of Barles & Souganidis [2], we prove

that the semi-relaxed limits of the viscosity super/subsolutions of the cascade obstacle are

viscosity super/subsolutions of the obstacle on the Wasserstein space as the number of par-

ticles goes to infinty. We also complete this result with a propagation of chaos theorem for

stopped McKean-Vlasov diffusion (see Snitizman [72] for the case of classical diffusions).

An important feature that ensures the convergence relies in the choice of the set of

the test functions for the finite dimensional problem. Similarly to the viscosity theory

developed for path-dependent PDEs (see e.g. Ekren, Keller, Touzi & Zhang [37], Ekren,

Touzi & Zhang [39, 40], Ekren [36] and Ren, Touzi & Zhang [67]), we only require test

functions to be tangent to the super/subsolution through the mean, whereas the tangency

is pointwise in the standard literature. This tangency through the mean can be seen as the

finite-dimensional counterpart of our set of test functions on the Wasserstein space.

The chapter is organized as follows. In §V.2, we present the main notions of the chapter,

i.e. mean field optimal stopping problem, the obstacle equation on Wasserstein space, the

multiple optimal stopping problem and the cascade obstacle equation. §V.3 states the main
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results of the chapter, namely, the convergence of the value function and the propagation of

chaos. §V.4 introduces the dynamic programming equations characterizing the mean field

and N particles problems. §V.5 and §V.6 are dedicated to the proofs of our main results.

In §V.7, we study the multiple optimal stopping problem and specify our notion of viscosity

solutions for the cascade obstacle equation. Finally, we provide a technical lemma in the

appendix.

Notations. Given x ∈ Rd×N , we denote by mN (x) := 1
N

∑N
i=1 δxi ∈ P(Rd).

V.2 Presentation of the problem

V.2.1 The mean field optimal stopping

Let T <∞ be fixed, and Ω := C0([−1, T ],Rd)× I0([−1, T ]) the canonical space, where:

• C0([−1, T ],Rd) is the set of continuous paths from [−1, T ] to Rd, constant on [−1, 0);

• I0([−1, T ]) is the set of non-increasing and càdlàg maps from [−1, T ] to {0, 1}, constant
on [−1, 0), and ending with value 0 at T .

We equip Ω with the Skorokhod distance, under which it is a Polish space. We denote

Y := (X, I) the canonical process, with state space S := Rd × {0, 1}, its canonical filtration
F = (Ft)t∈[−1,T ], and the corresponding jump time of the survival process I:

τ := inf{t ≥ 0 : It = 0}, so that It := I0−1t<τ for all t ∈ [−1, T ]. (V.2.1)

By the càdlàg property of I, τ is a F−stopping time. Note that the choice of the extension

to −1 is arbitrary, the extension of time to the left of the origin is only needed to allow for

an immediate stop at time t = 0.

Let (b, σ, f) : [0, T ] × Rd × P2(S) → Rd × Rd×d × R with σ taking values in the set of

non-negative matrices, and g : P2(Rd)→ R. In the following assumption, which will always

be in force throughout the chapter, P2(S) is equipped with the W2 distance.

Assumption V.2.1 (i) b, σ are continuous in t, and uniformly Lipschitz continuous in

(x,m).

(ii) f is Borel measurable and has quadratic growth in x ∈ Rd, and

F (t,m) :=

∫
Rd
f(t, x,m)m(dx, 1) is continuous on [0, T ]× P2(S). (V.2.2)

(iii) g is upper-semicontinuous and locally bounded.
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We also extend g to P2(S) by g(m) := g(m(·, {0, 1})). Introduce the dynamic value function

V (t,m) := sup
P∈P(t,m)

∫ T

t
F (r,PYr)dr + g(PYT ), (t,m) ∈ [0, T ]× P2(S). (V.2.3)

Here P(t,m) is the set of probability measures P on (Ω,FT ) s.t. PYt− = m and the processes:

M. := X. −
∫ .

t
b(r,Xr,PYr)Irdr and M.M

ᵀ
. −

∫ .

t
σ2(r,Xr,PYr)Irdr (V.2.4)

are P−martingales on [t, T ], that is, for some P−Brownian motion WP,

Xs = Xt +

∫ s

t
b(r,Xr,PYr)Irdr + σ(r,Xr,PYr)IrdW

P
r , Is = It−1s<τ , P− a.s. (V.2.5)

A special element of P(t,m) is P̄ = P̄t,m under which X is unstopped. That is,

Xs = Xt +

∫ s

t
b(r,Xr, P̄Yr)Irdr +

∫ s

t
σ(r,Xr, P̄Yr)IrdW

P̄
r , Is = It−1[t,T )(s), P̄-a.s.(V.2.6)

Note that Y. = Y.∧τ , and in particular YT = Yτ , P−a.s. Moreover, from the definition of

F in (V.2.2), we have
∫ T
t F (r,PYr)dr = EP

∫ τ
t f(r,Xr,PYr)dr.

We recall from Chapter III that P(t,m) is compact under the Wasserstein distance W2,

and thus existence holds for the mean field optimal stopping problem (V.2.3).

V.2.2 Differential calculus on Wasserstein space

We recall some differential calculus tools on the Wasserstein space. We say that a function

u : P2(S)→ R has a functional linear derivative δmu : P2(S)× S→ R if

u(m′)− u(m) =

∫ 1

0

∫
S
δmu(λm′ + (1− λ)m, y)(m′ −m)(dy)dλ for all m,m′ ∈ P2(S),

and δmu(m, ·) has quadratic growth, locally uniformly in m, so as to guarantee integrability

in the last expression. As in Chapter III, we denote

δmui(t,m, x) := δmu(t,m, x, i) for i ∈ {0, 1}, DIu := δmu1 − δmu0,

and we introduce the measure flow generator of X

Lu(t,m) := ∂tu(t,m) +

∫
Rd
Lxδmu1(t,m, x)m(dx, 1), (V.2.7)

where Lx is the generator of X:

Lxδmu1 := b · ∂xδmu1 +
1

2
σ2:∂2

xxδmu1.
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We also write ∂2
µµu1,1(t,m, x, x′) := ∂x′δm∂xδmu(t,m, x, 1, x′, 1). Throughout this chapter,

we denote by

Qt := [t, T )× P2(S), and Qt := [t, T ]× P2(S), t ∈ [0, T ).

V.2.3 The multiple optimal stopping problem

Let (Ω0,F0
T ,F

0,P0) be a filtered probability space, equipped with a sequence of d-dimensional

Brownian motions {WN}N≥1. We denote FN the canonical completed filtration of {W k}1≤k≤N .
We also denote T Nt,T the set of the [t, T ]−valued FN−stopping times for all t ∈ [0, T ], and

[N ] := {1, . . . , N}, and T N
t,T := (T Nt,T )N .

We recall that mN (x) := 1
N

∑N
k=1 δxk . For τ ∈ T N

t,T , let Xτ be the solution of the

stochastic differential equation{
Xk,τ
t = xk +

∫ t
0 b
(
s,Xk,τ

s ,mN (Xτ
s )
)
Iks ds+

∫ t
0 σ
(
s,Xk,τ

s ,mN (Xτ
s )
)
Iks dW

k
s ,

Iks = ik1τk>t,
(V.2.8)

for all k ∈ [N ]. We define the multiple optimal stopping problem

V N (t,y) := sup
τ∈T N

t,T

Et,y
[ 1

N

N∑
k=1

∫ T

t
f(r,Xk,τ

r ,mN (Xτ
r ))Ikr dr + g

(
mN (Xτ

T )
)]
. (V.2.9)

V.3 Main results

Our first main result states the convergence of the value function of the multiple optimal

stopping problem to the corresponding mean field problem. We recall the assumptions

needed for our comparison principle Theorem IV.3.11:

Assumption V.3.1 b, σ, f and g can be extended to P1(S) under W1 continuously, b, g

are uniformly Lipschitz continuous in (x,m) under W1 and all the derivatives of σ up to

order 2 are bounded and Lipschitz-continuous.

Theorem V.3.2 Let Assumption V.3.1 hold, and V N and V be respectively the value func-

tions of the multiple and mean field optimal stopping problems (V.2.9) and (V.2.3). Then

V N converges to V , i.e.

V (t,m) := lim
N →∞, s→ t

mN (yN )
W2−→ m

VN
(
s,mN (yN )

)
for all (t,m) ∈ Q0.

108



CHAPTER V. A FINITE-DIMENSIONAL APPROXIMATION FOR THE OBSTACLE
PROBLEM ON WASSERSTEIN SPACE

This result is proved in §V.5 by using the dynamic programming equations, which char-

acterize the finite population and the mean field optimal stopping problems. In particular,

our proof relies heavily on Theorem V.5.1, which is stated and proved in §V.5.

Our next main result states the convergence of optimal stopping strategies:

Theorem V.3.3 (i) Let the assumptions of Theorem V.3.2 hold and τ̂N ∈ T N
0,T be εN -

optimal for (V.7.2) for all N ≥ 1, with εN ↘ 0. Assume mN (Yτ̂N

0− )
W2−→ m for some

m ∈ P2(S), and that f and g are bounded. Then,
{

P0 ◦
(
mN (Yτ̂N )

)−1}
N≥1

is tight, and all

its accumulation points are supported on the set of the optimal controls for (V.2.3).

(ii) In particular, if (V.2.3) has a unique solution P∗ and {τ̂N}N≥1 is a sequence of εN -

optimal stopping strategies for (V.2.9), then {mN (Yτ̂N )}N≥1 converges weakly to P∗.

We finally prove that any control for the mean field problem may be approximated

by controls for the N -particles problem. In particular, even when (V.2.3) has multiple

solutions, optimal controls may be approximated by a sequence of εN -optimal controls for

the N -particles problem, with εN ↘ 0.

Theorem V.3.4 Fix m ∈ P2(S), and yN , N ≥ 1, such that mN (yN )
W2−→ m.

(i) Let P ∈ P(0,m). There exists τN ∈ T N
0,T , N ≥ 1, s.t. the process YτN started from

YτN

tN
= yN satisfies

mN (YτN )
W2−→ P, P0-a.s.

(ii) Let P∗ ∈ P(0,m) be optimal for (V.2.3), and let Assumption V.3.1 hold. Assume further

than g and F are bounded. Then there exists εN ↘ 0, τ̂N ∈ T N
0,T that is εN -optimal for

(V.2.9) s.t. the process Yτ̂N started from Yτ̂N

tN
= yN satisfies

mN (Yτ̂N )
W2−→ P∗, P0-a.s.

Theorems V.3.3 and V.3.4 are proved in §V.6.

V.4 Dynamic programming equations

In this section, we define the two equations that will be crucial to prove our main convergence

result Theorem V.3.2.
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V.4.1 Obstacle equation on Wasserstein space

Definition V.4.1 Let C1,2
2 (Q0) be the set of functions u : Q0 → R s.t.

• ∂tu, δmu, ∂xδmu1, ∂
2
xxδmu1 exist, and are continuous in all variables,

• ∂2
xxδmu1 is bounded in x, locally uniformly in (t,m),

• ∂2
µµu1,1 exists and (t,m, x) 7→ ∂2

µµu1,1u(t,m, x, x) is continuous and has quadratic

growth in x, locally uniformly in (t,m).

Remark V.4.2 In the present chapter, the set C1,2
2 (Q0) has a different definition from the

one we used in the previous chapters, as we additionally require the existence of the second

order derivative ∂2
µµu1,1. However, we can see that the viscosity theory implied by requiring

such regularity for the test functions is equivalent to the one we developed in Chapter IV;

in particular, the test functions involved in the proof of our comparison result Theorem

IV.3.11 are infinitely differentiable, so that the validity of this result does not depend on the

definition of C1,2
2 (Q0) we set.

Introduce a partial order � on P2(S): we say that m′ � m if

m′(dx, 1) = p(x)m(dx, 1), and m′(dx, 0) = [1− p(x)]m(dx, 1) +m(dx, 0), (V.4.1)

for some measurable p : Rd → [0, 1]. In our context, mt− = P(Xt,It−) and mt = P(Xt,It),

with P ∈ P(t,m), so that mt � mt− with conditional transition probability p(x) = pt(x) :=

P(It = 1 | Xt = x, It− = 1). When p = 1A, with A ∈ B(Rd), we denote mA the measure

defined by (V.4.1). We recall from the previous chapters that the set {m′ : m′ � m} is

compact.

In Chapter IV, we proved that V is the unique viscosity solution of the obstacle problem

on Wasserstein space

min
{

min
m′∈Cu(t,m)

[
− (Lu+ F )(t,m′)

]
, (DIu)∗(t,m)

}
= 0, (t,m) ∈ Q0, (V.4.2)

with boundary condition u|t=T = g. The function (DIu)∗ is the LSC envelope of

DIu : (t,m) 7−→ inf
x∈Supp(m(.,1))

DIu(t,m, x),

which is upper semicontinuous, but not continuous, in general, and the set

Cu(t,m) :=
{
m′ � m : u(t,m′) ≥ u(t,m)

}
, (t,m) ∈ Q0,
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indicates the set of positions in Q0 which improve u by stopping the corresponding particles.

We recall from Chapter IV that, under appropriate assumptions, the value function V

is the unique viscosity solution of (V.4.2).

V.4.2 The cascade obstacle equation

One essential observation to study (V.2.9) is the following result, which is proved in [50]:

Proposition V.4.3 For all (t,y) ∈ [0, T ]× SN , we have

V N (t,y) = sup
θ∈T Nt,T

Et,y
[ 1

N

N∑
k=1

∫ θ

t
fk(r, X̄r)I

k
r dr + max

i′<i
V N (θ, X̄θ, i

′)
]
, (V.4.3)

where i < i′ means ik ≤ i′k for all k ∈ [N ] and i 6= i′.

Consider the partial differential equation

min{−∂tu(t,y)− i · (Lu+ f)(t,y), u(t,y)−max
i′<i

u(t,x, i′)} = 0, u|t=T = u|i=0 = gN ,(V.4.4)

for all (t,y) ∈ [0, T ]× SN , where i < i′ means ik ≤ i′k for all k ∈ [N ] and i 6= i′, and

Lϕ :=
(
bk∂xkϕ+

1

2
σ2
k∂

2
xkxk

ϕ
)
k∈[N ]

for all ϕ ∈ C2(Rd×N ), (V.4.5)

with bk(t,x) := b(t, xk,m
N (x)), σk(t,x) := σ(t, xk,m

N (x)), f(·,x) = (f1, . . . , fN )>(·,x) :=(
f(·, x1,m

N (x)), . . . , f(·, xN ,mN (x)
)> and gN (x) := g(mN (x)) for all x ∈ Rd×N . We call

(V.4.4) cascade obstacle equation, for which we define viscosity solutions (see Definition

V.7.3). In Section V.7, we prove (in a more general framework which covers the present

setting) the following results:

Theorem V.4.4 (Existence) Assume f and gN are Lipschitz-continuous. Then V N is a

continuous viscosity solution of (V.4.4).

Remark V.4.5 By standard techniques, a comparison result for this equation can be proved

by direct iteration of the comparison result for the standard obstacle problem for single op-

timal stopping problems.

These results are proved in §V.7, where we study the finite population multiple optimal

stopping problem in a more general framework.
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V.5 Convergence of the value function

Introduce PN (S) := {mN (y) : y ∈ SN}. Let SN be the set of functions w : [0, T ]×SN −→ R

such that w(t,y) = wN (t,mN (y)) for some wN : [0, T ] × PN (S). If {wN ∈ SN}N≥1 be a

sequence of locally bounded functions, uniformly in N , we denote

w(t,m) := lim inf
N →∞, s→ t

mN (yN )
W2−→ m

wN (s,mN (yN )), and w(t,m) := lim sup
N →∞, s→ t

mN (yN )
W2−→ m

wN (s,mN (yN )),

for all (t,m) ∈ Q0.

Theorem V.5.1 (i) Let {uN ∈ SN}N≥1 be a sequence of continuous and locally bounded,

uniformly in N , viscosity subsolutions of (V.4.4). Then u is a viscosity subsolution of

(V.4.2).

(ii) Let {vN ∈ SN}N≥1 be a sequence of continuous and locally bounded, uniformly in N ,

viscosity supersolutions of (V.4.4). If v is continuous, then it is a viscosity supersolution of

(V.4.2).

Proof of Theorem V.5.1

(i) We first prove that u is a viscosity subsolution of (V.4.2).

Fix (t,m) ∈ Q0 and ϕ ∈ Au(t,m) with corresponding δ0 ∈ (0, T −t). We assume w.l.o.g.

(see [75, Remark 3.2]) that

(t,m) is a strict minimum of (ϕ− u) on Nδ(t,m), with Cu(t,m) = {m}. (V.5.1)

Let (tN ,yN ) be such that (tN ,mN (yN )) −→ (t,m) and uN (tN ,mN (yN )) −→ u(t,m) as

N → ∞. We also introduce for all N ≥ 1, the functions φN (s,y) := ϕ(s,mN (y)) for all

(s,y) ∈ [0, T ]× SN .

Step 1: We prove that, without loss of generality, {yN = (xN , iN )}N≥1 may be taken s.t.

uN (tN ,yN )− max
i′<iN

uN (tN ,xN , i′) > 0 for all N ≥ 1. (V.5.2)

Indeed, either we may extract from {yN}N≥1 a subsequence satisfying this property, or we

may extract a subsequence (still denoted the same) s.t.

uN (tN ,yN )− max
i′<iN

uN (tN ,xN , i′) ≤ 0 for all N ≥ 1. (V.5.3)
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Then iN 6= 0, as otherwise the maximum is equal to −∞, and thus (V.5.2) is trivially

satisfied, and there exists yN,∗ := (xN , iN,∗) which attains the above maximum, and s.t.

uN (tN ,yN,∗)− max
i′<iN,∗

uN (tN ,xN , i′) > 0 for all N ≥ 1,

that is, the property (V.5.2) is satisfied. As mN (yN ) converges, the first marginal of

mN (yN,∗) converges and, since its second marginal is a measure on {0, 1}, the sequence

{mN (yN,∗)}N≥1 is tight, and we may thus extract a subsequence (still denoted the same)

converging to some m∗ � m. Then, taking the lim inf as N →∞ in (V.5.3), we obtain

u(t,m)− u(t,m∗) ≤ 0, i.e. m∗ ∈ Cu(t,m),

which implies that m∗ = m by (V.5.1). Observing that

u(t,m) = lim
N→∞

uN (tN ,mN (yN )) ≤ lim inf
N→∞

uN (tN ,m(yN,∗)) ≤ lim sup
N→∞

uN (tN ,m(yN,∗)) ≤ u(t,m),

we deduce that (tN ,mN (yN,∗),uN (tN ,mN (yN,∗)) −→
N→∞

(t,m, u(t,m)), and thus we may

replace {yN}N≥1 with {yN,∗}N≥1, which satisfies (V.5.2).

Step 2: Fix δ ∈ (0, δ0). By standard optimal stopping theory, there exists θNδ ∈ TtN ,T s.t.

EP0

tN ,yN

[
(φN − uN )(θ ∧HN

δ , ȲθNδ ∧H
N
δ

)
]

= inf
θ∈T

tN ,T

EP0

tN ,yN

[
(φN − uN )(θ ∧HN

δ , Ȳθ∧HN
δ

)
]
,

where Ȳ := (X̄, iN ) satisfies the unstopped version of (V.2.8), and

HN
δ := inf

{
s ≥ tN :W2

(
mN (Ȳs),m

N (yN )
)
≥ δ
}
∧ (tN + δ).

Note that, since {uN}N≥1 is locally bounded, uniformly in N , we may assume w.l.o.g. that

N is large enough and δ small enough so that {(φN − uN )(θNδ ∧ HN
δ , ȲθNδ ∧H

N
δ

)}N≥1 is

uniformly bounded.

Step 3: We now justify that

lim sup
N→∞

P0
(
θNδ < HN

δ

)
> 0. (V.5.4)
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Indeed, assume to the contrary that lim sup
N→∞

P0
(
θNδ < HN

δ

)
= 0. We have:

(ϕ− u)(t,m) = lim
N→∞

(ϕ− uN )(tN ,mN (yN ))

≥ lim sup
N→∞

EP0

tN ,yN

[
(ϕ− uN )(θNδ ∧HN

δ ,m
N (ȲθNδ ∧H

N
δ

))
]

≥ lim inf
N→∞

EP0

tN ,yN

[
(ϕ− uN )(θNδ ∧HN

δ ,m
N (ȲθNδ ∧H

N
δ

))
]

= lim inf
N→∞

EP0

tN ,yN

[{
(ϕ− uN )(HN

δ ,m
N (ȲHN

δ
))(1− 1θNδ <H

N
δ

) (V.5.5)

+(ϕ− uN )(θNδ ,m
N (ȲθNδ

))1θNδ <H
N
δ

}]
= lim inf

N→∞
EP0

tN ,yN

[
(ϕ− uN)(HN

δ ,m
N (ȲHN

δ
))
]
,

where we use the uniform boundedness of {(φN − uN )(θ ∧ HN
δ , Ȳθ∧HN

δ
)}N≥1 and the fact

that lim sup
N→∞

P0
(
θNδ < HN

δ

)
= lim

N→∞
P0
(
θNδ < HN

δ

)
= 0.

Let ȲtN ,yN be the version of Ȳ starting from ȲtN ,yN

tN
= yN . Since (tN ,mN (yN )) −→

N→∞
(t,m) and Ȳ is a unstopped diffusion whose coefficients satisfy the usual Lipschitz conditions,

by classical propagation of chaos (see Oelschläger [63]) and compactness of [t, T ], there

exists a subsequence νN := {P0 ◦
(
HN
δ ,m

N (ȲtN ,yN )
)−1}N≥1 that converges weakly to some

element of ν ∈ P2([t, T ] × P2(Ω)), under which Y is an unstopped diffusion starting from

the distribution m. Thus, denoting by (τ, λ) the canonical mapping on [0, T ] × P2(Ω), we

have by continuity of ϕ− uN and (τ, λ) 7→ λYτ (since Y is unstopped under λ, ν-a.s),

lim inf
N→∞

EP0

tN ,yN

[
(ϕ− uN )(HN

δ ,m
N (ȲHN

δ
))
]

= lim inf
N→∞

Eν
N
[
(ϕ− uN )(τ, λYτ )

]
≥ Eν

[
(ϕ− u)(τ, λYτ )

]
≥ (ϕ− u)(τ(ω̄), λYτ(ω̄)

(ω̄)),

for some ω̄ ∈ [0, T ]× P2(Ω). Yet, given that, by definition of HN
δ , we have

W2

(
λYτ ,m

N (yN )
)
≥ δ or τ = tN + δ, νN -a.s.,

for all N ≥ 1, we also have,

W2

(
λYτ ,m

)
≥ δ or τ = t+ δ, ν-a.s.

ω̄ may then be chosen s.t. (τ(ω̄), λYτ(ω̄))(ω̄)) 6= (t,m). Since Y is an unstopped diffusion

under λ, ν-a.s., with λYt− = m, we deduce that (τ(ω̄), λYτ(ω̄)
(ω̄)) ∈ Nδ(t,m). Since we
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have (ϕ−u)(t,m) ≥ (ϕ−u)(τ(ω̄), λYτ(ω̄)
(ω̄)), this contradicts the fact that (t,m) is a strict

minimum on Nδ(t,m). Thus, (V.5.4) holds true.

Step 4: We prove that φN ∈ C1,2(ΛtN ) (see §V.7.4). More precisely, we extend the results of

Carmona & Delarue [21, Vol. 1, Propositions 5.35 & 5.91] to the present setting by proving

that, for all (s,y) ∈ [0, T ]× SN and k ∈ [N ] s.t. ik = 1,

∂xkφ
N (s,y) =

1

N
∂xδmϕ1(s,mN (y), xk), (V.5.6)

∂2
xkxk

φN (s,y) =
1

N
∂2
xxδmϕ1(s,mN (y), xk) +

1

N2
∂2
µµϕ1,1(s,mN (y), xk, xk).

Let h > 0 and (e1, . . . , eN ) be the canonical basis of Rd×N , and k be s.t. ik = 1. Denoting

T khφ
N (t,y) := 1

h

(
φN (s,y + hek) − φN (s,y)

)
, with y + hek = (x + hek, i), and mλ,k

h :=

λmN (y + hek) + (1− λ)mN (y), we have

T khφ
N (s,y) =

1

h

(
ϕ(s,mN (y + hek))− ϕ(s,mN (y))

)
=

1

h

∫ 1

0

∫
S
δmϕ

(
s,mλ,k

h , y
)
d(mN (y + hek)−mN (y))(y)dλ

=
1

N

∫ 1

0

1

h

[
δmϕ

(
s,mλ,k

h , yk + h
)
− δmϕ

(
s,mλ,k

h , yk
)]
dλ.

As ϕ ∈ C1,1
2 (Q0) and ik = 1, the integrand converges as h → 0, and therefore is bounded

for (h, λ) ∈ [0, h0]× [0, 1] for some h0 > 0. We may then apply the dominated convergence

theorem. As mλ,k
h −→

h→0
mN (y), this leads to the first equality. We now compute

T kh ∂xkφ(s,y) =
1

hN

(
∂xδmϕ1(s,mN (y + hek), xk + h)− ∂xδmϕ1(s,mN (y), xk)

)
=

1

hN

(
∂xδmϕ1(t,mN (y + hek), xk + h)− ∂xδmϕ1(s,mN (y + hek), xk)

)
+

1

hN

(
∂xδmϕ1(s,mN (y + hek), xk)− ∂xδmϕ1(s,mN (y), xk)

)
It is clear that the first term of the right hand side tends to 1

N ∂
2
xxδmϕ1(s,mN (y), xk) as

h→ 0. The second term is equal to

1

hN

∫ 1

0

∫
S
δm∂ωδmϕ1(s,mλ,k

h , xk, y)d(mN (y + hek)−mN (y))(y)dλ

=
1

N2

∫ 1

0

1

h

[
δm∂ωδmϕ1,1

(
s,mλ,k

h , xk, xk + h
)
− δm∂xδmϕ1,1

(
s,mλ,k

h , xk, xk
)]
dλ.
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Similarly to the case of the first order derivative, we may apply the dominated convergence

theorem to deduce that it converges to

1

N2
∂xδm∂xδmϕ1,1(s,mN (y), xk, xk) = ∂2

µµϕ1,1(s,mN (y), xk, xk).

Step 5: We prove that φN is a test function of uN in some well chosen point. By (V.5.4),

for all δ > 0 and N ≥ 1, we may find ωδ,N ∈ Ω0 s.t., after possibly passing to a subsequence,

θNδ (ωδ,N ) < HN
δ (ωδ,N ). Then, introducing (tNδ ,y

N
δ ) := (θδ,N (ωδ,N ), ȲtN ,yN

θNδ (ωδ,N )
(ωδ,N )) and

the process ZN defined by

ZNs := ess inf
θ∈T N

tN ,T

EP0[
(φN − uN )(s, ȲtN ,yN

s )|FNs
]
for all s ∈ [tN , T ],

i.e., the P0-lower Snell envelope of s 7→ (φN − uN )(s, ȲtN ,yN
s ), which is a P0-submartingale,

we have for all θ ∈ TtNδ ,T

(φN − uN )(tNδ ,y
N
δ ) = ZN

tNδ
(ωδ,N ) ≤ EP0[ZN

θ∧HN
δ

]
≤ EP0[

(φN − uN )(θ ∧HN
δ , Ȳ

tN ,yN

θ∧HN
δ

)
]
,

and thus we have

(φN − uN )(tNδ ,y
N
δ ) = min

θ ∈ T
tN
δ
,T

EP0

tNδ ,y
N
δ

[
(φN − uN )(θ ∧HN

δ , Ȳθ∧HN
δ

)
]
. (V.5.7)

Therefore, since φN ∈ C1,2(ΛNt ) by the previous Step, we have φN ∈ ANuN (tNδ ,y
N
δ ) and

the subsolution property provides,

min
{
− ∂tφN (tNδ ,y

N
δ )−(LφN + fN )(tNδ ,y

N
δ )·iN , (V.5.8)

uN (tNδ ,y
N
δ )− max

i′<iN
uN (tNδ ,x

N
δ , i
′)
}
≤ 0.

Step 6: We finally derive the subsolution property of u. First observe that, since tNδ =

θNδ (ωδ,N ) < HN
δ (ωδ,N ), we have (tNδ ,y

N
δ ) −→

δ→0
(tN ,yN ). Since φN , LφN + fN and uN are

continuous, sending δ to 0 in (V.5.8) provides

min
{
− ∂tφN (tN ,yN )− (LφN + fN )(tN ,yN ) · iN , uN (tN ,yN )− max

i′<iN
uN (tN ,xN , i′)

}
≤ 0.

Since we assumed w.l.o.g. that uN (tN ,yN )−maxi′<iN u
N (tN ,xN , i′) > 0, this implies

−∂tφN (tN ,yN )− (LφN + fN )(tN ,yN ) · iN ≤ 0 for all N ≥ 1. (V.5.9)
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Thus, by (V.5.6),

−∂tφN (tN ,yN )− (LφN + fN )(tN ,yN ) · iN

= −Lϕ(tN ,mN (yN ))− 1

N2

∑
k:iNk =1

σσᵀ : ∂2
µµϕ1,1(tN ,mN (yN ), xNk , x

N
k )

where

σσᵀ : ∂2
µµϕ1,1(tN ,mN (yN ), xNk , x

N
k ) := σσᵀ(tN ,mN (yN ), xNk ) : ∂2

µµϕ1,1(tN ,mN (yN ), xNk , x
N
k ).

By continuity of (s, m̃) 7→
∫
σσᵀ : ∂2

µµϕ1,1(s, m̃, x, x)m̃(dx, 1), we have

1

N

N∑
k=1

σσᵀ : ∂2
µµϕ1,1(tN ,mN (yN ), xNk , x

N
k )iNk −→

N→∞

∫
Rd
σσT : ∂2

µµϕ1,1(t,m, x, x)m(dx, 1),

and thus
1

N

N∑
k=1

σσᵀ : ∂2
µµϕ1,1(tN ,mN (yN ), xNk , x

N
k )iNk = O(

1

N
).

Therefore, (V.5.9) becomes

−(Lϕ+ F )(tN ,mN (yN )) +O
( 1

N

)
≤ 0 for all N ≥ 1.

Since (tN ,mN (yN )) −→
N→∞

(t,m) and Lϕ+F is continuous, we conclude by sending N →∞.

(ii) We now prove that v is a viscosity supersolution of (V.4.2). Fix ϕ ∈ Av(t,m) with

corresponding δ and s.t. (t,m) is a strict maximizer of ϕ − v on Nδ(t,m). With the same

procedure and notations as Steps 2 to 5 of (i) (in particular, we rewrite (V.5.5) with reversed

inequalities and switch lim sup and lim inf), we may find (tNδ ,m
N (yNδ )) −→

(δ,N)→(0,∞)
(t,m)

s.t.

(φN − vN )(tNδ ,y
N
δ ) = max

θ∈T
tN
δ
,T

EP0

tNδ ,y
N
δ

[
(φN − vN )(θ ∧HN

δ , Ȳθ∧HN
δ

)
]
,

Thus φN ∈ ANvN (tNδ ,y
N
δ ) and the viscosity supersolution property provides

min
{
−(Lϕ+ F )(tNδ ,m

N (yNδ )) +O
( 1

N

)
,

vN (tNδ ,m
N (yNδ ))− max

i′<iNδ

vN (tNδ ,m
N (xNδ , i

′))
}
≥ 0. (V.5.10)
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As (tNδ ,m
N (yNδ )) −→

(δ,N)→(0,∞)
(t,m), sending (δ,N) −→ (0,∞) in (V.5.10) provides the first

part of the viscosity supersolution property:

−(Lϕ+ F )(t,m) ≥ 0.

We now prove that v is nondecreasing for �. Let A ∈ B(Rd) and assume that

m(dx, 0) and m(dx, 1) have continuous densities. (V.5.11)

By considering the corresponding cumulative density functions, we easily see that

(mN )A(yN ) :=
1

N

N∑
j=1

δ(xNk ,i
N
k 1A(xNk )) −→

N→∞
mA.

By (V.5.10), we have vN (tN ,mN (yN )) ≥ vN (tN , (mN )A(yN )) for all N ≥ 1. Taking the

lim inf and using the fact that vN (tN ,mN (yN )) −→
N→∞

v(t,m), we deduce v(t,m) ≥ v(t,mA).

Given the arbitrariness of A and Lemma V.8.1, we deduce that v(t,m) ≥ v(t,m′) for all

m′ � m satisfying (V.5.11). By (V.4.1), density of measures with continuous density in

P2(S) and continuity of v, we easily extend this inequality to all m′ � m with continuous

transition functions, and finally by [75, Lemma 3.8] to all m′ � m.

Proof of Theorem V.3.2 We first prove that the V N are locally bounded, uniformly in

N . Fix (t,m) ∈ Q0 and (s,yN ) ∈ [0, T ]× SN , with mN (yN )
W2−→ m. Observing that

EP0

s,x

[∣∣g(mN (XT )
)
− g(mN (xN ))

∣∣2] ≤ LEP0

s,xN

[
W2

2

(
mN (XT ),mN (xN )

)]
≤ L

N

N∑
k=1

EP0

s,x

[∣∣Xk
T − xNk

∣∣2]
≤ C(T − s)

where, by Lemma V.9.1, C is a constant independent from N , and L is a Lipschitz constant.

We obtain similar estimates with F and then we easily see that∣∣∣V N (t,yN )−
∫ T

s
F (s,mN (yN ))dr − g

(
mN (xN )

)∣∣∣ ≤ C ′√T − s (V.5.12)

for some constant C ′ independent from N . Since f and g are Lipschitz continuous w.r.t.

W2, we deduce that

|V N (s,yN )| ≤ CT
(
W2(mN (yN ),m) + F (t,m) + g(m)

)
,
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where the constant CT depends on T only. This proves that the V N are locally bounded,

uniformly in N . By symmetry of the dynamics of Y and of f and g, we also clearly have

V N ∈ SN , and thus

V (t,m) := lim inf
N →∞, s→ t

mN (yN )
W2−→ m

V N (s,yN ), and V (t,m) := lim sup
N →∞, s→ t

mN (yN )
W2−→ m

VN (s,yN ). (V.5.13)

are well-defined. The Lipschitz continuity of f and g provides the continuity of V N (see

Theorem V.4.4 and V . Then, by Theorem V.5.1, V and V are respectively viscosity super-

solution and subsolution of (V.4.2). Moreover, (V.5.12) implies that V (T, ·) = V (T, ·) = g.

We may thus apply our comparison principle [75, Theorem 3.11] to deduce that V ≥ V .

By (V.5.13), we also have the converse inequality, and thus V = V , and these functions are

viscosity solutions of (V.4.2). By uniqueness, they are equal to V and the two semi-limits

(V.5.13) are equal to the limit.

V.6 Propagation of chaos for stopped McKean-Vlasov diffu-

sions

The following results extend the classical propagation of chaos to the setting of stopped

diffusions:

Proposition V.6.1 Let yN ∈ SN , τN ∈ (T Nt,T )N , N ≥ 1, m ∈ P2(S) such thatmN (yN )
W2−→

m, and YτN be the SN -valued process defined by (V.2.8) started from YτN
t = yN . The se-

quence
{

P0 ◦
(
mN (Yτ )

)−1}
N≥1

admits a converging subsequence whose limit is supported

on P(t,m).

Proof Step 1: We first prove the existence of a limit. For all N ≥ 1, denote νN :=

P0 ◦ (mN (YτN ))−1 ∈ P2(P2(Ω)). By Lacker [51, Corollary B.1], we have to prove that

(i) {νN}N≥1 is uniformly integrable, i.e., limR→∞ supN≥1 Eν
N
[
W2

2 (λ, δ0)1W2(λ,δ0)≥R

]
= 0,

where λ is the identity map on P2(Ω),

(ii) the sequence of mean measures {EP0[
mN (YτN )

]
}N≥1 is tight,

where, for all m̃ : Ω0 −→ P2(Ω), the mean measure EP0
[m̃] ∈ P2(Ω) is defined by〈

EP0
[m̃], ϕ

〉
:= EP0[〈m̃, ϕ〉] for all ϕ ∈ C0

b (Ω).
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Let R > 0. We have

Eν
N
[
W2(λ, δ0)1W2(λ,δ0)≥R

]
= EP0

[
W2

(
mN (YτN ), δ0

)
1W2(mN (YτN ),δ0)≥R

]
≤ 1

R
EP0
[
W2

2

(
mN (YτN ), δ0

)]
≤ 1

R
EP0
[ 1

N

N∑
i=1

|Yi,τN |2∞
]

≤ 2

R

{ 1

N

N∑
i=1

|yNi |2 + EP0
[ 1

N

N∑
i=1

|Yi,τN − yNi |2∞
]}
.

Since W2

(
mN (yN ),m

)
−→
N→∞

0, 1
N

∑N
i=1|yNi |2 converges as N → ∞, and thus is bounded.

By Lemma V.9.1, we have EP0
[

1
N

∑N
i=1|Xi,τN − xNi |2∞

]
≤ CT , where CT is independent

from N . Finally, there exists a constant C̃T independent from N and R s.t.

Eν
N
[
W2(λ, δ0)1W2(λ,δ0)≥R

]
≤
C̃t,L
R

for all N ≥ 1 and R ≥ 0,

and thus limR→∞ supN≥1 Eν
N
[
W2(λ, δ0)1W2(λ,δ0)≥R

]
= 0 and (i) is proved.

To show that {EP0[
mN (YτN )

]
}N≥1 is tight, we show the sequences corresponding to the

two marginals are tight. For the first marginal, we prove Aldous’ criterion (see Billingsley

[10, Theorem 16.10]), i.e.,

sup
N≥1

sup
τ∈T0,T

〈
EP0[

mN (YτN )
]
, |X(τ+δ)∧T −Xτ |2

〉
−→
δ→0

0. (V.6.1)

Yet, by standard estimates for SDEs, we have, for fixed N, τ and δ,

〈
EP0[

mN (YτN )
]
, |X(τ+δ)∧T −Xτ |2

〉
=

1

N

N∑
i=1

EP0
[∣∣Xi,τN

(τ+δ)∧T −X
i,τN

τ

∣∣2] ≤ Cδ
for some C > 0 independent from δ and N (see Lemma V.9.1). This implies (V.6.1). The

second marginals are measures on I0([−1, T ]), and are in continuous bijection with measures

on [0, T ], and thus are tight. We consequently obtain (ii), and thus {νN}N≥1 admits a

subsequence converging to some ν ∈ P2(P2(Ω)).

Step 2: We now prove that ν is supported on P(t,m), or equivalently, that λ ∈ P(t,m),

ν-a.s. As W2(mN (yN ),m) −→
N→∞

0, it follows that λt− = m, ν-a.s. By compactness of the

laws of bounded stopping times, the second marginal of λ is the distribution of a stopping
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time. It remains to prove that the first marginal of λ is the law of a stopped McKean-Vlasov

diffusion (V.2.5). For all ψ ∈ C2
b (Rd), introduce

Mψ,λ
s (Y ) := ψ(Xs)−

∫ s

t
Lxψ(r,Xr, λr)Irdr = ψ(Xt) +

∫ s

t
σ∂xψ(r,Xr, λr)dWr,

Fix ht ∈ C0
b (Ω) that is Ft-measurable. We shall prove that〈

λ, ht(M
ψ,λ
s −Mψ,λ

t )(Y )
〉

= 0, ν-a.s., (V.6.2)

which means by the arbitrariness of s and ht that Mψ,λ(X) is a λ-martingale, ν-a.s., and

thus, by arbitrariness of ψ, that λ is supported on P(t,m). Denoting M ·t,s := M ·s −M ·t , we
compute:

EP0
[( 1

N

N∑
k=1

htM
ψ,λ
t,s (Y k,τN )

)2]
=

1

N2

N∑
k=1

EP0
[
h2
t |M

ψ,λ
t,s |2(Y k,τN )

]
≤ 1

N2

N∑
k=1

EP0
[ ∫ s

t
h2
t |σ∂xψ(Xk,τN )|2dr

]
≤ C

Th2
t |∂xψ|2EP0[

1 + |X|2∞
]

N
,

for some constant C, where the equality is due to the mutual independence of the {W k}k∈[N ]

and to the Ft-measurability of ht. Then

Eν
N
[〈
λ, htM

ψ,λ
t,s (Y )

〉2
]

= EP0
[( 1

N

N∑
k=1

htM
ψ,λ
t,s (Y k,τN )

)2]
−→
N→0

0. (V.6.3)

On the other hand, as νN converges weakly to ν and P ∈ P2(Ω) 7→
〈
P, hMψ,P

t,s (Y )
〉2 is

continuous and bounded from below, we also have

0 ≤ Eν
[〈
λ, htM

ψ,λ
t,s (Y )

〉2
]
≤ lim inf

N→∞
Eν

N
[〈
λ, htM

ψ,λ
t,s (Y )

〉2
]
,

which together with (V.6.3) proves (V.6.2), and thus we conclude that λ ∈ P(t, µ), ν-a.s.

Proof of Theorem V.3.3 (i) Let ν̂N := P0◦(mN (Yτ̂N ))−1. By Proposition V.6.1, we may

extract a subsequence (still denoted the same) that converges weakly to some ν̂ supported
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on P(0,m). Since τ̂N is εN -optimal for (V.7.2), we have

V N
0 ≤ EP0

[
1

N

N∑
k=1

∫ T

0
f(r,Xk,τ̂N

r ,mN (Yτ̂N

r ))Ikr dr + g
(
mN (Yτ̂N

T )
)]

+ εN

= EP0

[∫ T

0
F (r,mN (Yτ̂N

r ))dr + g
(
mN (Yτ̂N

T )
)]

+ εN

= Eν̂
N
[ ∫ T

0
F (r, λr)dr + g(λT )

]
+ εN

for all N ≥ 1, where λ denotes the canonical map on P2(Ω). By Theorem V.3.2, we have

V N
0 −→

N→∞
V (0,m). Since F and g are bounded, and εN ↘ 0, this implies

V (0,m) ≤ Eν̂
[ ∫ T

0
F (r, λr)dr + g(λT )

]
.

Since ν̂ is supported on P(0,m), we have

V (0,m) ≥
∫ T

0
F (r, λr)dr + g(λT ), ν̂-a.s.,

and therefore

V (0,m) =

∫ T

0
F (r, λr)dr + g(λT ), ν̂-a.s.

This proves that ν̂ is supported on the set of optimal controls.

(ii) If (V.2.3) has a unique solution P∗, then δP∗ is the unique accumulation point of {P0 ◦(
mN (Yτ̂N )

)−1. As this sequence takes its values in a compact set, this implies that it

converges weakly to δP∗ , i.e., mN (Yτ̂N ) converges weakly to P∗.

Proof of Theorem V.3.4 (i) Without loss of generality, we assume that (Ω0,F0
T ,F

0,P0)

is sufficiently large so that there exists a sequence of i.i.d. processes Y k, k ≥ 1, driven by

W k, such that P0
Y k

= PY . Denote τk the jump time of Ik, and τN := (τ1, . . . , τN ), N ≥ 1.

For k ∈ [N ], let Ỹ k := (X̃k, Ĩk) be the process driven by

X̃k
t = xNk +

∫ t

0
b(s, X̃k

s ,ms)Ĩ
k
s ds+

∫ t

0
σ(s, X̃k

s ,ms)Ĩ
k
s dW

k
s , Ĩkt := iNk 1t<τk ,

with m := {mt := PYt : t ∈ [−1, T ]}. By standard estimates using the Lipschitz-continuity

of b and σ, we may find a constant C (depending on T ) such that

EP0[|Xk,τN

.∧t − X̃k
.∧t|2∞

]
≤ C

∫ t

0
EP0
[
|Xk,τN

.∧s − X̃k
.∧s|2∞ +W2

2 (m̄N
s ,ms)

]
ds,
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with m̄N := {m̄N
t := mN (YτN

t ) : t ∈ [−1, T ]}, and where ‖·‖.∧t denotes the norm ∞ of

a path up to time t, and ms := m.∧s (and similarly for m̄N and m̃N below). Thus, by

Gronwall’s lemma,

EP0[|Xk,τN

.∧t − X̃k
.∧t|2∞

]
≤ C

∫ t

0
EP0
[
W2

2 (m̄N
s ,ms)

]
ds. (V.6.4)

Introduce m̃N :=
{
m̃N
t := 1

N

∑N
k=1 δỸ kt

: t ∈ [−1, T ]
}
. Note that

W2(m̄N
t ,mt) ≤ W2(m̄N

t , m̃
N
t ) +W2(m̃N

t ,mt).

By (V.6.4) we have

EP0[W2
2 (m̄N

t , m̃
N
t )
]
≤ 1

N
EP0
[ N∑
k=1

|Xk,τN

.∧t − X̃k
.∧t|2∞

]
≤ C

(∫ t

0
EP0[W2

2 (m̄N
s ,ms)

]
ds
)
.

Then, by the Gronwall inequality again, we deduce

sup
0≤t≤T

EP0[W2
2 (m̄N

t ,mt)
]
≤ C sup

0≤t≤T
E
[
W2

2 (m̃N
t ,mt)

]
On the other hand, by [61, Theorem 8.3 (ii)], we can easily see that

lim
N→∞

sup
0≤t≤T

EP0[W2
2 (m̃N

t ,mt)
]

= 0, (V.6.5)

from which we eventually deduce that

lim
N→∞

EP0[W2
2 (m̄N ,m)

]
= 0.

This implies that m̄N → m in probability, and thus, we may extract a subsequence that

converges P0-a.s. for W2. This is the desired result.

(ii) By (i), there exists a sequence τ̂N , N ≥ 1, such that mN (Yτ̂N )
W2−→ P∗Y , P0-a.s. Thus,

introducing

εN := V N (0,mN (yN ))− EP0

[∫ T

0
F (r,mN (Yτ̂N

r ))dr + g
(
mN (Yτ̂N

T )
)]
,

we deduce from Theorem V.3.2, the boundedness of F and g and the optimality of P∗ that

εN ↘ 0 (from N sufficiently large), and that τ̂N is εN -optimal for (V.2.9).
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V.7 Multipe optimal stopping: viscosity solutions with tan-

gency in mean

V.7.1 Formulation of the problem

We study the multiple optimal stopping problem in a more general context (without symme-

try assumption on the drift and diffusion coefficients) as a subject of independent interest.

More precisely, for k ∈ [N ], let bk, σk : [0, T ] × Rd×N −→ Rd and S+
d (R), respectively, be

functions satisfying the standard Lipschitz conditions. Let τ := (τ1, . . . , τN ) be a family of

FN -stopping times, and Xτ , Iτ := (X1,τ , . . . , XN,τ )ᵀ, (I1,τ , . . . , IN,τ )ᵀ processes defined as

the solution of the stochastic differential equations

Xk,τ
t = xk +

∫ t

0
bk(s,X

τ
s )Iks ds+

∫ t

0
σk(s,X

τ
s )Iks dW

k
s , I

k
s = ik1τk>t for all k ∈ [N ],(V.7.1)

where x := (x1, · · · , xN )ᵀ ∈ Rd×N , i := (i1, . . . , iN )ᵀ ∈ {0, 1}N . We also denote by X̄ := XT,

where T := (T, . . . , T )ᵀ ∈ RN , the unstopped version of the dynamics (V.7.1). Denoting

y := (x, i) ∈ SN , and following Kobylanski, Quenez & Rouy-Mironescu [50], we consider

the problem

V N (t,y) := sup
τ∈(Tt,T )N

Et,y
[ 1

N

N∑
k=1

∫ τk

t
fk(r,Xτ

r )dr + g
(
Xτ
T

)]
(V.7.2)

= sup
τ∈(Tt,T )N

Et,y
[ 1

N

N∑
k=1

∫ T

t
fk(r,Xτ

r )Ikr dr + g
(
Xτ
T

)]
where f1, . . . , fN ∈ C0([0, T ] × Rd×N ,R), g ∈ C0(Rd×N ,R), and Et,y[·] := Et,y[·|Yτ

t− = y],

with Yτ := (Xτ , Iτ ).

V.7.2 The single optimal stopping case

In this paragraph, we set N = 1 and ψ : Rd −→ R. We consider the optimization problem

V 1(t, x) := sup
τ∈Tt,T

Et,x
[
ψ
(
Xτ

)]
,

where X is defined by the dynamics dXs = b(r,Xr)dr + σ(r,Xr)dWr. The corresponding

dynamic programming equation is given by the so-called obstacle heat equation

min{−(∂t + L)u, u− ψ} = 0, u(T, .) = ψ, (V.7.3)
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Let T +
t,T := {H ∈ Tt,T : H > t}. We consider the notion of viscosity solutions introduced by

Ekren, Keller, Touzi & Zhang [37], where the sets of test functions are defined by

Au(t, x) :=
{
φ ∈ C1,2([t, T ]× Rd) :

∃H ∈ T +
t,T s.t. (φ− u)(t, x) = max

θ∈Tt,T
Et,x

[
(φ− u)(θ ∧H,Xθ∧H)

]}
,

Au(t, x) :=
{
φ ∈ C1,2([t, T ]× Rd) :

∃H ∈ T +
t,T s.t. (φ− u)(t, x) = min

θ∈Tt,T
Et,x

[
(φ− u)(θ ∧H,Xθ∧H)

]}
.

Definition V.7.1 We say u : [0, T ] × Rd −→ R is a viscosity supersolution (resp. subsolu-

tion) of (V.7.3) if, for all (t, x) ∈ [0, T ]× Rd,

min{−(∂t + L)φ(t, x), u(t, x)− ψ(x)} ≥ 0 (resp. ≤ 0) for all φ ∈ Au(t, x) (resp. Au(t, x)).

Theorem V.7.2 Assume ψ is Lipschitz continuous. Then V 1 is the unique continuous

viscosity soution of (V.7.3).

Proof The continuity of V 1 follows from the Lipschitz-continuity of ψ. Then, the fact

that V 1 is a viscosity solution of (V.7.3) follows from Ekren [36], and the uniqueness from

(i).

V.7.3 Reduction to a sequence of single optimal stopping problems

While our convergence results hold under symmetry assumptions on the dynamics of the

N -particles system, we study the multiple optimal stopping problem in the general case,

where each particle has its own dynamics.

Introduce ΛNt := [t, T )× SN , and Λ̄Nt := [t, T ]× SN , t ∈ [0, T ).

Proof of Proposition V.4.3 By Kobylanski, Quenez & Rouy-Mironescu [50, Theorem
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3.1], we have

V N (t,y) = sup
θ∈Tt,T

Et,y
[

max
l∈[N ]

sup
τ∈T N−1

θ,T

Eθ,Y−lθ

[ 1

N

N∑
k=1

∫ T

t
fk(r,Xτ⊗lθ

r )Ikr dr + g
(
Xτ⊗lθ
T

)]]

= sup
θ∈Tt,T

Et,y
[ 1

N

N∑
k=1

∫ θ

t
fk(r, X̄r)I

k
r dr

+ max
l∈[N ]

sup
τ∈T N−1

θ,T

Eθ,Y−lθ

[ 1

N

N∑
k=1

∫ T

θ
fk(r,Xτ⊗lθ

r )Ikr dr + g
(
Xτ⊗lθ
T

)]]
,

where

Y−l := (X̄, i−l), i−l := (i1, . . . , il−1, 0, il+1, . . . , iN )ᵀ, andτ⊗lθ := (τ1, . . . , τl−1, θ, τl+1, . . . , τN ).

By the Markov property, we have

sup
τ∈T N−1

θ,T

Eθ,Y−lθ

[ 1

N

N∑
k=1

∫ T

θ
fk(r,Xτ⊗lθ

r )Ikr dr + g
(
Xτ⊗lθ
T

)]
= V N (θ, X̄θ, i

−l).

By induction, we see that V N is nondecreasing in i for the partial order on {0, 1}N , and
thus

max
l∈[N ]

V N (θ, X̄θ, i
−l) = max

i′<i
V N (θ, X̄θ, i

′),

hence the desired result.

V.7.4 Viscosity solutions for the cascade obstacle equation

Our purpose is to show that V N is the unique viscosity solution of the cascade obstacle

equation (V.4.4). Define the sets of test functions

Au(t,y):=
{
φ ∈ C1,2(ΛNt ) : ∃H ∈ T +

t,T s.t. (φ− u)(t,y) = max
θ∈Tt,T

Et,y
[
(φ− u)(θ ∧H, Ȳθ∧H)

]}
,

Au(t,y):=
{
φ ∈ C1,2(ΛNt ) : ∃H ∈ T +

t,T s.t. (φ− u)(t,y) = min
θ∈Tt,T

Et,y
[
(φ− u)(θ ∧H, Ȳθ∧H)

]}
,

where φ ∈ C1,2(ΛNt ) means that ∂xkφ(s,y), ∂xk,xkφ(s,y) exist and are continuous for all

(s,y) ∈ ΛNt s.t. ik = 1.

126



CHAPTER V. A FINITE-DIMENSIONAL APPROXIMATION FOR THE OBSTACLE
PROBLEM ON WASSERSTEIN SPACE

Definition V.7.3 Let u : ΛN0 −→ R and f := (f1, . . . , fN )>.

(i) u is a viscosity supersolution of (V.4.4) if, for all (t,y) ∈ ΛN0 ,

min{−∂tφ(t,y)− (Lφ+ f)(t,y) · i, u(t,y)−max
i′<i

u(t,x, i′)} ≥ 0 for all φ ∈ Au(t,y).

(ii) u is a viscosity subsolution of (V.4.4) if, for all (t,y) ∈ ΛN0 ,

min{−∂tφ(t,y)− (Lφ+ f)(t,y) · i, u(t,y)−max
i′<i

u(t,x, i′)} ≤ 0 for all φ ∈ Au(t,y).

(iii) u is a viscosity solution of (V.4.4) if it is a viscosity supersolution and subsolution, and

if u|t=T = u|i=0 = g.

Proof of Theorem V.4.4. As the fk and g are Lipschitz-continuous, the continuity of

V N proceeds from standard SDE estimates. By (V.4.3), the multiple optimal stopping

problem (V.7.2) may be written as a single optimal stopping problem. More precisely,

(t,x) 7→ V N (t,x, i) is a standard optimal stopping problem for every fixed i ∈ {0, 1}N , with
obstacle (t,x) 7→ maxi′<i V

N (t,x, i′). We may then apply the result of Theorem V.7.2 (ii).

V.7.5 Construction of an optimal stopping strategy

We start by introducing the family of stopping times which will turn out to be optimal for

(V.7.2). Given τ ∈ (Tt,T )N and the corresponding process I := Iτ , we slightly modify our

notations and write XI := Xτ . Let u be continuous viscosity solutions of (V.4.4) with sub-

quadratic growth. Given a solution of (V.4.4) u, we define recursively the stopping times

τ̂ := (τ̂1, . . . , τ̂N ) and the random {0, 1}N -valued vectors {ik}k∈[N−1] as follows:

• τ̂0 := t, I(0) := i0 := i,

• τ̂k+1 := inf
{
s ≥ τ̂k : u(s,XI(k)

s , ik) = max
i′<ik

u(s,Xs, i
′)
}

(V.7.4)

• ik+1 is the smallest element of argmaxi′<ik u(τ̂k+1,X
I(k)

τ̂k+1
, i′) for the lexicographic order

• I(k+1)
s = I(k)

s 1s<τ̂k+1
+ ik+11s≥τ̂k+1

for all s ∈ [−1, T ]

for k = 0, . . . , N − 1. In that case, the above elements can be interpreted as follows:

• τ̂k is the stopping time of the kth particle;
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• the (random) vector ik is the state of the particles system on [τ̂k, τ̂k+1) : if ikj = 1,

then the particle j is still diffusing on this interval; otherwise, it is stopped; the use of

the lexicographic orders allows its uniqueness, hence its wellposedness;

• the sequence (I(k))k∈[N ], defined recursively, allows to construct an optimal control

I∗ := I(N).

Denote τ ∗ := (τ∗1 , . . . , τ
∗
N ) the stopping times whose order statistics correspond to τ̂ defined

by (V.7.4), i.e. τ∗j := inf{s ≥ t : I∗,js = 0} for all j ∈ [N ]. We shall prove it is an optimal

stopping rule for (V.7.2), or equivalently that I(N) is optimal for (V.7.2).

Theorem V.7.4 Assume the value function V N is continuous, and is the unique viscosity

solution of (V.4.4). Then τ ∗ is an optimal stopping policy for the problem (V.7.2).

Proof Recall from Proposition V.4.3 that

V N (t,y) = sup
θ∈Tt,T

Et,y
[ 1

N

N∑
k=1

∫ θ

t
fk(r, X̄r)I

k
r dr + max

i′<i
V N
(
θ, X̄θ, i

′)]. (V.7.5)

As V N is continuous, it follows from the standard optimal stopping theory that an optimal

stopping strategy for (V.7.5) is

τ̃i,t := inf
{
s ≥ t : V N (s, X̄s, i) = max

i′<i
V N (s, X̄s, i

′)
}
.

Given that u = V N by uniqueness of the solution of (V.4.4), we see by direct induction that

τ̃ik,τ̂k−1
= τ̂k for all 1 ≤ k ≤ N , and thus

V N (t,y) = u(t,y) = Et,y
[ 1

N

N∑
k=1

∫ T

t
fk(r,Xτ∗

r )Ikr dr + g(Xτ∗
T )
]
.

Structure of the optimal stopping times Introduce the set-valued random flow:

As := {j ∈ [N ] : I∗,js = 1}, for all s ∈ [t, T ],

which takes its values in the collection of subsets of [N ], and

Xs := {Xτ∗,j
s }j∈As , for all s ∈ [t, T ],
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which is the set of the positions of the particles that are not stopped yet at time s. Then,

we may rewrite the optimal stopping times τ∗ as

τ∗j = inf{s ≥ t : Xτ∗,j
s /∈ Xs} = τ j(Xτ∗,j

. ,X.) for all j ∈ [N ]. (V.7.6)

In the symmetric case (i.e., in the setting of Section V.2.3), we may specify further the

structure of the optimal stopping times (V.7.6). Denoting Xτ∗,X
s := (Xτ∗,j

s )ᵀj∈Xs for all

s ∈ [t, T ] (i.e., the vectors of the processes not stopped yet a time s), we observe the optimal

stopping times have the following structure:

τ∗j = τ∗(Xτ∗,j
. ,m|Xs|(Xτ∗,X

. )) := inf
{
s ≥ t : Z̃s /∈ supp (mM (Zs))

}
for all j ∈ [N ].(V.7.7)

As we expect the flowm|Xs|(Xτ∗,X
s )s∈[t,T ] to tend towards a flow of deterministic distribution

as N →∞, the optimal stopping times in the mean field limit is expected to have the closed-

loop structure τ ∗ = τ ∗(X.).

V.8 Approximation of randomized stopping strategies by pure

strategies

In this appendix, we prove that any immediate stopping strategy can be approximated by

a pure strategy (see [74, §4.3] for a discussion on randomized and pure stopping policies).

Lemma V.8.1 Denote (ξ, I) the canonical map on Rd × {0, 1}, and let m ∈ P2(S) be s.t.

m ◦ ξ−1 has a continuous density. Let m′ � m. For all ε > 0, there exists A ∈ B(Rd) s.t.

W2(mA,m′) ≤ ε.

Proof We assume without loss of generality that m ◦ I−1 = δ1. It suffices to show that

m′ may be rewritten as the limit of a sequence {m ◦ (ξ,1An(ξ))−1}n≥1, with An ∈ B(Rd).

First, we compute, for (α, β) ∈ Rd × R, the characteristic function

Em
[
eiα·ξ+iβI

]
= Em

[
(eiα·ξ+iβ − eiα.ξ)I

]
+ Em

[
eiα·ξ

]
=

∫
K
ψ(x;α, β)f(x)Em[I|ξ = x]dx+ Em

[
eiα·ξ

]
,

where K and f are the support and the density of ξ, and ψ(x;α, β) := eiα·x+iβ − eiα·x.

129



CHAPTER V. A FINITE-DIMENSIONAL APPROXIMATION FOR THE OBSTACLE
PROBLEM ON WASSERSTEIN SPACE

Step 1: Fix n ≥ 1, and assume K is compact. Then, there exists Jn ≥ 1 and two sequences

{xnj ∈ K}1≤j≤Jn and {rnj ≥ 0}1≤j≤Jn s.t.

Jn⋃
j=1

B(xnj , r
n
j ) ⊂ K, max

1≤j≤Jn
rnj ≤

1

n
,
⋃Jn
j=1B(xnj , r

n
j ) is disjoint and Leb

(
K\

Jn⋃
j=1

B(xj , r
n
j )
)
≤ 2−n,

where Leb denotes the Lebesgue measure on Rd. There also exists {r̃nj ≥ 0}1≤j≤Jn s.t.

Leb(B(xnj , r̃
n
j )) =

∫
B(xnj ,r

n
j )

Em[I|ξ = x]dx for all j ≤ Jn.

Introduce An :=
⋃Jn
j=1B(xnj , r̃

n
j ). Note that r̃nj ≤ rnj for all j ≤ Jn, and thus An is also a

disjoint union. We then have:∣∣∣Em[eiα·ξ+iβI]− Em
[
eiα·ξ+iβ1An (ξ)

]∣∣∣ ≤ Jn∑
j=1

∣∣∣ ∫
B(xnj ,r

n
j )
ψ(x;α, β)f(x)E[I|ξ = x]dx

−
∫
B(xnj ,r̃

n
j )
ψ(x;α, β)f(x)dx

∣∣∣+ |ψf |∞2−n

≤
Jn∑
j=1

∫
B(xnj ,r

n
j )
|ψ(x;α, β)f(x)− ψ(xnj ;α, β)f(xnj )|

+

∫
B(xnj ,r̃

n
j )
|ψ(xnj ;α, β)f(xnj )− ψ(x;α, β)f(x)|dx+ |ψf |∞2−n

≤
Jn∑
j=1

rnj ρ(rnj ;α, β) + r̃nj ρ(r̃nj ;α, β) + |ψf |∞2−n ≤ 2
( Jn∑
j=1

rnj

)
ρ
( 1

n
;α, β

)
+ |ψf |∞2−n

≤ 2Leb(K)ρ
( 1

n
;α, β

)
+ |ψf |∞2−n

for some modulus of continuity ρ(·;α, β) of ψ(·;α, β)f , which is continuous hence uniformly

continuous on the compact K. As α and β are arbitrary, this proves the desired result.

Step 2: Assume K is not compact and fix ε > 0. Let Kε ⊂ Rd be a compact set s.t.∫
Kε f(x)dx ≥ 1 − ε. Then, applying the procedure of Case 1 to Kε, we have, for some

modulus of continuity ρε(·;α, β),∣∣∣Em[eiα·ξ+iβI]− Em
[
eiα·ξ+iβ1An (ξ)

]∣∣∣ ≤ ∣∣∣Em[eiα·ξ+iβI1Kε(ξ)
]
− Em

[
eiα·ξ+iβ1An (ξ)1Kε(ξ)

]∣∣∣
+
∣∣∣Em[eiα·ξ+iβI1(Kε)c(ξ)

]
− Em

[
eiα·ξ+iβ1An (ξ)1(Kε)c(ξ)

]∣∣∣
≤ 2Leb(Kε)ρε

( 1

n
;α, β

)
+ |ψf |Kε,∞2−n + 2ε

Since n is independent from ε, this completes the proof.
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V.9 A useful estimate

Lemma V.9.1 Let xN ∈ Rd×N , N ≥ 1, such that mN (xN )
W2−→ m for some m ∈ P2(S).

Let Xτ be the process defined by the dynamics (V.2.9) starting from Xτ
0 = xN , for some

τ ∈ (T N0,T )N . Then there exists a constant C ≥ 0, independent from N , such that

E
[ 1

N

N∑
k=1

|Xk,τ
s −Xk,τ

t |2
]
≤ C|s− t| for all t, s ∈ [0, T ].

Proof For k ∈ [N ], denote bk(t,x), σk(t,x) := b(t, xk,m
N (x)), σk(t, xk,m

N (x)). We have

|bk(r,x)|2 ≤ L
(

1 + |xk|2 +W2
2 (δ0,m

N (x))
)

≤ L
(

1 + |xk|2 +
1

N
|x|2

)
for all x ∈ Rd×N , with L a Lipschitz constant, and similarly for σk. Then, applying standard

estimates to the process 1
N

∑N
k=1X

k,τ , we have

E
[ 1

N

N∑
k=1

|Xk,τ
s −Xk,τ

t |2
]
≤ C̃(1 +

1

N
|xN |2)|s− t|

for some constant C̃ ≥ 0 depending on L and T only. As mN (xN )
W2−→ m, the sequence

{ 1
N |x

N |}N≥1 converges, and thus is bounded. This provides the desired result.
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Chapter VI

A finite-dimensional approximation

for viscosity solutions of partial

differential equations on Wasserstein

space

VI.1 Introduction

The objective of the chapter is to find a finite-dimensional approximation for a general class

of PDEs on Wasserstein space, satisfied in the sense of viscosity. This can be seen as the

counterpart of Chapter V for a larger class of equations. We use the notion of viscosity

solutions developed by Wu & Zhang [77], which is intrinsic and allows for path-dependent

PDEs (i.e., the solutions of the equations depend on the time and on a probability measure

on the space of continuous paths of Rd). This class of equations covers in particular equations

arising in mean field stochastic control (including the case of controlled volatility). We intend

to find a finite-dimensional PDE whose viscosity solutions converge to viscosity solutions

of the equation on Wasserstein space. More precisely, in the spirit of Barles & Souganidis

[2], we prove that the semi-relaxed limits of the viscosity super/subsolutions of the finite-

dimensional PDE are viscosity super/subsolutions of the PDE on Wasserstein space as the

dimension goes to infinty. Assuming that the comparison principle holds for the latter

equation, this implies the convergence of viscosity solutions.
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An important feature that ensures the convergence relies on the choice of the set of the

test functions for the finite dimensional problem. Similarly to the viscosity theory developed

for path-dependent PDEs (see e.g. Ekren, Keller, Touzi & Zhang [37], Ekren, Touzi & Zhang

[39, 40] and Ren, Touzi & Zhang [67]), we only require test functions to be tangent to the

super/subsolution through the mean, whereas the tangency is pointwise in the standard

literature. This tangency in expectation can be seen as the finite-dimensional counterpart

of our set of test functions on Wasserstein space.

Another key ingredient lies in a propagation of chaos-like result for multidimensional

semimartingales with bounded characteristics. In the spirit of Lacker [52], who proves a

propagation of chaos result for SDEs with relaxed controls, we combine compactness ar-

guments and a martingale problem approach to ensure that the empirical mean of such

semimartingales converges to the law of a semimartingale with bounded characteristics.

This result allows us to connect our set of test functions for the finite-dimensional equation

to our set of test functions on Wasserstein space.

The chapter is organized as follows. In Section VI.2, we present the class of equations on

Wasserstein space and the notion of viscosity solutions. In Section VI.3, we introduce the

finite-dimensional approximation and state the main result of the chapter, the convergence

theorem. In Section VI.4, we present some examples. Section VI.5 extends our results to

the case of path-dependent PDEs. Sections VI.6 and VI.7 are respectively dedicated to the

proof of the convergence theorem and the propagation of chaos result.

Notations. We denote 〈µ, f〉 :=
∫
fdµ. SD

d×N denotes the set of blockwise diagonal matrices

of the form Diag(A1, . . . , AN ), where each Ai ∈ Sd. Given x := (x1, · · · , xN ) ∈ EN , we

denote by µN (x) := 1
N

∑N
i=1 δxi ∈ P(E), and PN (E) := {µN (x) : x ∈ EN}.

VI.2 Viscosity solutions of partial differential equations on

Wasserstein space

VI.2.1 Differentiability on Wasserstein space

For t ∈ [0, T ), we denote

Qt := [t, T )× P2(Rd) and Qt := [t, T ]× P2(Rd).

Definition VI.2.1 Fix t ∈ [0, T ).
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(i) u : Qt −→ R has a functional linear derivative if there exists δmu : Q0 × Rd → R

satisfying, for any s ∈ [t, T ] and µ, µ′ ∈ P2(Rd),

u(t, µ′)− u(t, µ) =

∫ 1

0

∫
Rd
δmu(s, λµ′ + (1− λ)µ, x)(µ′ − µ)(dx)dλ,

and δmu has quadratic growth in x ∈ Rd, locally uniformly in (s,m) ∈ Qt.

(ii) We denote by C1,2
b (Qt) the set of bounded functions u : Qt → R such that ∂tu, δmu,

∂xδmu, ∂2
xxδmu exist and are continuous and bounded in all their variables.

VI.2.2 Partial differential equation on Wasserstein space

Let F : [0, T ]×P2(Rd)×R×L0
2(Rd,Rd)×L0

2(Rd,Sd) −→ R, where L0
2(Rd,Rd) (resp. L0

2(Rd,Sd))

denotes the set of Borel measurable functions from Rd to Rd (resp. Sd) with quadratic growth,

and g : P2(Rd) −→ R. We consider the following equation:

−∂tu(t, µ)− F
(
t, µ, u(t, µ), ∂xδmu(t, µ, ·), ∂2

xxδmu(t, µ, ·)
)

= 0, u|t=T = g, (VI.2.1)

for all (t, µ) ∈ Q0.

Assumption VI.2.2 (i) F is continuous in the following sense:

F (t′, µ′, y′, Z ′,Γ′) −→ F (t, µ, y, Z,Γ) as (t′, µ′, y′, Z ′,Γ′)→ (t, µ, y, Z,Γ),

where the convergence of µ′ to µ is in (P2(Rd),W2) and the convergence of (Z ′,Γ′) to (Z,Γ)

is pointwise for Z,Z ′ ∈ C0
b (Rd,Rd) and Γ,Γ′ ∈ C0

b (Rd,Sd).

(ii) For all (t, µ, y, Z,Γ) ∈ [0, T ]× P2(Rd)× R× L0
2(Rd,Rd)× L0

2(Rd,Sd), we have

F (t, µ, y, Z,Γ) = F (t, µ, y, Z ′,Γ′)

for all Z ′,Γ′ s.t. Z ′|supp (µ),Γ
′|supp (µ) = Z|supp (µ),Γ|supp (µ).

VI.2.3 Viscosity solutions

Let L > 0, Ω := C0([0, T ],Rd), X be the canonical process on Ω and F := {Ft}t∈[0,T ] be the

corresponding filtration.

Definition VI.2.3 We denote by PL the set of measures P ∈ P2(Ω,FT ) s.t. X is a P-

semimartingale with drift and diffusion characteristics uniformly bounded by L. For (t, µ) ∈
Q0, we also define PL(t, µ) := {P ∈ PL : PXt = µ}.
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We define the viscosity neighborhood of (t, µ) ∈ Q0 by

Nδ(t, µ) := {(s,PXs) : s ∈ [t, t+ δ],P ∈ PL(t, µ)},

which is compact under W2 (see Wu & Zhang [77, Lemma 4.1]). We may then introduce

the sets of test functions:

Au(t, µ) :=
{
ϕ ∈ C1,2

b (Qt) : (ϕ− u)(t, µ) = max
Nδ(t,µ)

(ϕ− u) for some δ > 0
}
,

Au(t, µ) :=
{
ϕ ∈ C1,2

b (Qt) : (ϕ− u)(t, µ) = min
Nδ(t,µ)

(ϕ− u) for some δ > 0
}
.

Definition VI.2.4 Let u : Q0 → R.

(i) u is a viscosity supersolution of (VI.2.1) if, for all (t, µ) ∈ Q0 and ϕ ∈ Au(t,m),

−∂tϕ(t, µ)− F
(
t, µ, u(t, µ), ∂xδmϕ(t, µ, ·), ∂2

xxδmϕ(t, µ, ·)
)
≥ 0.

(ii) u is a viscosity subsolution of (VI.2.1) if, for all (t, µ) ∈ Q0 and ϕ ∈ Au(t,m),

−∂tϕ(t, µ)− F
(
t, µ, u(t, µ), ∂xδmϕ(t, µ, ·), ∂2

xxδmϕ(t, µ, ·)
)
≤ 0.

(iii) u is a viscosity solution of (VI.2.1) if it is a viscosity supersolution and subsolution.

Definition of viscosity solutions via semi-jets. Fix (t, µ) ∈ Q0 and δ > 0. For

(v, a, f) ∈ R× R× C2
b (Rd), introduce

ψv,a,f (s, ν) := v + a(s− t) + 〈ν − µ, f〉 for all (s, ν) ∈ Nδ(t, µ). (VI.2.2)

We have the equivalence result:

Proposition VI.2.5 Let u : Q0 −→ R.

(i) u is a viscosity supersolution of (VI.2.1) if and only if it satisfies the viscosity superso-

lutions properties for all test functions of the form (VI.2.2).

(ii) u is a viscosity subsolution of (VI.2.1) if and only if it satisfies the viscosity subsolutions

properties for all test functions of the form (VI.2.2).

Proof We only provide the argument for (i). If u is a viscosity supersolution of (VI.2.1),

then it satisfies the supersolution property for all ϕ ∈ Au(t, µ), in particular for those of the

form (VI.2.2).
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Assume now that the supersolution property is verified for all ψv,a,f ∈ Au(t,m), (v, a, f) ∈
R × R × C2

b (Rd). Let ϕ ∈ Au(t, µ) and ε > 0, and fix (v, a, f) :=
(
ϕ(t, µ), ∂tϕ(t, µ) −

ε, δmϕ(t, µ, ·)
)
. We have, for (s, ν) ∈ Nδ(t, µ):

(ϕ− ψv,a,f )(s, ν) = ϕ(s, ν)− ϕ(t, µ)− a(s− t)− 〈ν − µ, f〉

=
(
ϕ(s, ν)− ϕ(t, ν)− a(s− t)

)
+
(
ϕ(t, ν)− ϕ(t, µ)− 〈ν − µ, f〉

)
= (s− t)

(
∂tϕ(t, ν) + η(s− t)− ∂tϕ(t, µ) + ε

)
+

∫ 1

0

〈
ν − µ, δmϕ(t, λµ+ (1− λ)ν, ·)− δmϕ(t, µ, ·)

〉
dλ

where η(s − t) −→
s→t

0. As (s, ν) ∈ Nδ(t, µ), there exists P ∈ P(t, µ) s.t. ν = PXs . Thus,

introducing hλt,s := δmϕ(t, λµ+ (1− λ)ν, ·)− δmϕ(t, µ, ·), we have〈
ν − µ, δmϕ(t, λµ+ (1− λ)ν, ·)− δmϕ(t, µ, ·)

〉
= EP

[
hλt,s(Xs)− hλt,s(Xt)

]
.

As ϕ is smooth, we may apply Itô’s formula to hλt,s, and thus

EP
[
hλt,s(Xs)− hλt,s(Xt)

]
= EP

[ ∫ s

t
∂xh

λ
t,s(Xr) · dXr +

1

2
∂2
xxh

λ
t,s(Xr) : d〈X〉r

]
≤ (s− t)ε

2
,

for all s ∈ [t, t + δ] and δ sufficiently small, given the boundedness of the characteristics of

X under P, the boundedness and continuity of the derivatives of ϕ and the continuity of the

flow s 7→ PXs . Finally, as we also have ∂tϕ(t, ν) + η(s− t)− ∂tϕ(t, µ) ≥ − ε
2 for δ sufficiently

small, we have

(ϕ− ψv,a,f )(s, ν) ≥ (s− t)
(
− ε

2
+ ε− ε

2

)
= 0 for all (s, ν) ∈ Nδ(t, µ),

which implies since ψv,a,f (t, µ) = ϕ(t, µ) that ψv,a,f ∈ Au(t, µ). Then, the supersolution

property writes

−(∂tϕ(t, µ)− ε)− F
(
t, µ, u(t, µ), ∂xδmϕ(t, µ, ·), ∂2

xxδmϕ(t, µ, ·)
)
≥ 0,

and we obtain the desired result by letting ε −→ 0.

Under additional assumptions on F (see Wu & Zhang [77, Assumption 3.1]), viscosity

solutions satisfy the usual properties of consistency with the classical solution and stability.

However, the uniqueness result has only been proved for some specific cases (see [77, Theorem

4.13]). Therefore, we shall use the comparison principle as a standing assumption:

Assumption VI.2.6 (Comparison principle) Let u, v be respectively USC viscosity sub-

solution and LSC supersolution of (VI.2.1) such that u(T, ·) ≤ v(T, ·). Then u ≤ v.
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VI.3 Finite-dimensional approximation

VI.3.1 The approximating equation

Let N ≥ 1. We shall write in bold character the elements x = (x1, . . . , xN ) ∈ Rd×N and

γ = Diag(γ1, . . . , γN ) ∈ SD
d×N . Introduce, for (t,x, y, z,γ) ∈ [0, T ]×Rd×N×R×Rd×N×SD

d×N ,

FN (t,x, y, z,γ) := F (t, µN (x), y,Nz · 1x, Nγ · 1x), (VI.3.1)

where z · 1x(x) :=
∑N

k=1 zk1xk(x) and γ · 1x(x) :=
∑N

k=1 γk1xk(x) for all x ∈ Rd. We then

introduce the PDE on [0, T ]× Rd×N :

−∂tu(t,x)− FN
(
t,x, u(t,x), ∂xu(t,x), ∂2

xxu(t,x)
)

= 0, u|t=T = gN , (VI.3.2)

with gN (x) := g(µN (x)), ∂xu(t,x) := (∂x1u, . . . , ∂xNu)(t,x) ∈ Rd×N and ∂2
xxu(t,x) :=

Diag(∂2
x1x1

u, . . . , ∂2
xNxN

u)(t,x) ∈ Sd×N .

VI.3.2 Viscosity solutions

We define viscosity solutions for the equation (VI.3.2), as in the non-Markovian PDEs.

We refer to Ren, Touzi & Zhang [67] for a general overview of viscosity solutions for such

equations. Let X := (X1, . . . , XN )> be the canonical process on ΩN and FN = {FNt }t∈[0,T ]

the corresponding filtration. For t ∈ [0, T ), define

ΛNt := [t, T )× Rd×N , and Λ̄Nt := [t, T ]× Rd×N .

Definition VI.3.1 For (t,x) ∈ ΛN0 , let PNL (t,x) be the set of P ∈ P2(ΩN ,FNT ) such that

• Xt = x, P-a.s.,

• there exist bP, σP : [0, T ]× ΩN −→ Rd×N ,SD
d×N , FN -measurable, uniformly bounded by L,

s.t.

dXs = bP
s ds+ σP

s dW
P
s , (VI.3.3)

where WP is a d×N -dimensional P-Brownian motion.

Lemma VI.3.2 The set PNL (t,x) is weakly compact.
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Proof Let P̃NL (t,x) be defined as PNL (t,x), without requiring that σP is blockwise diago-

nal. Clearly PNL (t,x) ⊂ P̃NL (t,x), and we know from Zheng [79, Theorem 3] that P̃NL (t,x)

is weakly compact. Since SD
d×N is closed, PNL (t,x) is closed for the weak convergence, and

therefore is weakly compact.

Let T Nt,T denote the set of [t, T ]-valued FN -stopping times, and T N,+t,T := {H ∈ T Nt,T : H >

t}. We define the sets of test functions:

ANu(t,x):=
{
φ ∈ C1,2

b (Λ
N
t ) : ∃H ∈ T N,+t,T s.t. (φ− u)(t,x) = max

θ∈T Nt,T
ENt,x

[
(φ− u)(θ ∧H,Xθ∧H)

]}
,

ANu(t,x):=
{
φ ∈ C1,2

b (Λ
N
t ) : ∃H ∈ T N,+t,T s.t. (φ− u)(t,x) = min

θ∈T Nt,T
ENt,x

[
(φ− u)(θ ∧H,Xθ∧H)

]}
,

where EN and EN are the nonlinear expectations defined by

ENt,x[·] := sup
P∈PNL (t,x)

EP[·], ENt,x[·] := inf
P∈PNL (t,x)

EP[·], (VI.3.4)

and C1,2
b (Λ

N
t ) denotes the set of bounded functions of C1,2(Λ

N
t ) with bounded derivatives.

Definition VI.3.3 Let u : Λ̄N0 → R.

(i) u is a viscosity supersolution of (VI.2.1) if, for all (t,x) ∈ ΛN0 and φ ∈ ANu(t,x),

−∂tφ(t,x)− FN
(
t,x, φ(t,x), ∂xφ(t,x), ∂2

xxφ(t,x)
)
≥ 0. (VI.3.5)

(ii) u is a viscosity subsolution of (VI.2.1) if, for all (t,x) ∈ ΛN0 and φ ∈ ANu(t,x),

−∂tφ(t,x)− FN
(
t,x, φ(t,x), ∂xφ(t,x), ∂2

xxφ(t,x)
)
≤ 0. (VI.3.6)

(iii) u is a viscosity solution of (VI.2.1) if it is a viscosity supersolution and subsolution.

VI.3.3 Main results

Let SN be the set of functions h : Λ̄N0 −→ R such that h(t,x) = hN (t, µN (x)) for some

hN : [0, T ]× PN (Rd) −→ R.

Theorem VI.3.4 (i) Let {vN ∈ SN}N≥1 be a sequence of continuous and locally bounded,

uniformly in N , viscosity supersolutions of (VI.3.2).The relaxed semi-limit defined by

v(t, µ) := lim inf
N →∞, s→ t

µN (xN )
W2−→ µ

vN (s, µN (xN )) for all (t, µ) ∈ Q0
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is finite and is a LSC viscosity supersolution of (VI.2.1).

(ii) Let {uN ∈ SN}N≥1 be a sequence of continuous and locally bounded, uniformly in N ,

viscosity subsolutions of (VI.3.2). The relaxed semi-limit defined by

u(t, µ) := lim sup
N →∞, s→ t

µN (xN )
W2−→ µ

uN (s, µN (xN )) for all (t, µ) ∈ Q0

is finite and is a USC viscosity subsolution of (VI.2.1).

The proof of this result is relegated to Section VI.6.

Theorem VI.3.5 Let {V N ∈ SN}N≥1 be a sequence of continuous and locally bounded,

uniformly in N , viscosity solutions of (VI.3.2) s.t. V N |t=T = gN , and introduce for all

(t, µ) ∈ Q0

V (t, µ) := lim inf
N →∞, s→ t

µN (xN )
W2−→ µ

VN (s, µN (xN )), V (t, µ) := lim sup
N →∞, s→ t

µN (xN )
W2−→ µ

VN (s, µN (xN )). (VI.3.7)

If Assumption VI.2.6 holds and V |t=T = V |t=T = g, then V N converges to the unique

continuous viscosity solution V of (VI.2.1), i.e., the following limit exists:

V (t, µ) = lim
N →∞, s→ t

µN (xN )
W2−→ µ

VN (s, µN (xN )) for all (t, µ) ∈ Q0

and is the unique viscosity solution of (VI.2.1).

Proof By Theorem VI.3.4, V and V are respectively viscosity supersolution and subso-

lution of (VI.2.1). As V |t=T = V |t=T = g, the comparison principle implies V ≥ V . By

(VI.3.7), we also have the converse inequality, and thus V = V , and these functions are vis-

cosity solutions of (VI.2.1). Given the comparison principle, (VI.2.1) has a unique viscosity

solution, and thus V = V = V and the two semi-limits (VI.3.7) are equal to the limit.

VI.4 Application to stochastic control

VI.4.1 Mean field control

Let k ≥ 1, A ⊂ Rk and (b, σ) : [0, T ] × Rd × P2(S) × A → Rd,Sd, continuous in (t, a) ∈
[0, T ] × A, Lipschitz-continuous in (x, µ) ∈ Rd × P2(Rd) uniformly in (t, a) and uniformly
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bounded by L. For (t, µ) ∈ Q0 and α : [0, T ]× Ω −→ A, let Pt,µ,α be s.t. X is a controlled

McKean-Vlasov diffusion with drift and diffusion coefficients b and σ, i.e.

Xs = ξ +

∫ s

t
b(r,Xr,P

t,µ,α
Xr

, αr)dr +

∫ s

t
σ(r,Xr,P

t,µ,α
Xr

, αr)dW
α
r , Pt,µ,α-a.s, (VI.4.1)

where Wα is a standard d-dimensional Pt,µ,α-Brownian motion and Pt,µ,αξ = µ. Let At be
the set of processes α : [t, T ]×Ω −→ A s.t. (VI.4.1) has a unique weak solution. We consider

the mean field control problem

V (t, µ) := sup
α∈At

EPt,µ,α
[ ∫ T

t
f(r,Xr,P

t,µ,α
Xr

, αr)dr + g(Pt,µ,αXT
)
]
,

where f is bounded and continuous in all its variables, and g is Lipschitz-continuous w.r.t.

W2. We know from Wu & Zhang [77, Theorem 5.8] that, if V is continuous, then it satisfies

the following Hamilton-Jacobi-Bellman (HJB) equation on Wasserstein space:

−∂tu(t, µ)− FHJB(t, µ, ∂xδmu(t, µ, ·), ∂2
xxδmu(t, µ, ·)) = 0, u(T, ·) = g, (VI.4.2)

where

FHJB(t, µ, Z,Γ) :=
〈
µ, sup

a∈A

{
b(t, ·, µ, a) · Z(·) +

1

2
σ2(t, ·, µ, a) : Γ(·) + f(t, ·, µ, a)

}〉
.(VI.4.3)

Proposition VI.4.1 Assume A is compact. Then FHJB satisfies Assumption VI.2.2.

Proof Let (Z,Γ) ∈ C0
b (Rd,Rd) × C0

b (Rd,Sd). First observe that the sup in (VI.4.3) is

finite as all terms are bounded. Moreover, as b, σ and f are continuous in (t, µ, a) and A is

compact, it comes that

(t, µ) 7→ sup
a∈A

{
b(t, x, µ, a) · Z(x) +

1

2
σ2(t, x, µ, a) : Γ(x) + f(t, x, µ, a)

}
is continuous for all x ∈ Rd. We then deduce from the boundedness of Z and Γ that FHJB

is continuous in (t, µ). Also, if (Z ′,Γ′) −→ (Z,Γ) for (Z ′,Γ′) ∈ C0
b (Rd,Rd)× C0

b (Rd,Sd), we

deduce from the dominated convergence theorem that FHJB(t, µ, Z ′,Γ′) −→ FHJB(t, µ, Z,Γ).

This proves Assumption VI.2.2 (i). (ii) is clearly satisfied as FHJB is an integral w.r.t. µ.

Remark VI.4.2 We observe that, in the case of FHJB, Z and Γ may belong to L1(µ).

However, we chose to restrict them to sets of bounded functions when we introduced the

operator F in order to have a more general framework and avoid possible integrability issues.
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Finite-dimensional approximation For (t,x) ∈ [0, T ]× Rd×N and a given control α =

(α1, . . . , αN ) : [0, T ]× ΩN −→ AN , let Pt,x,α be such that, for all i ∈ [N ] := {1, . . . , N},

Xi
s = xi +

∫ s

t
b(r,Xi

r, µ
N (Xr), α

i
r)dr +

∫ s

t
σ(r,Xi

r, µ
N (Xr), α

i
r)dW

i,α
r , Pt,x,α-a.s,(VI.4.4)

whereWα := (W 1,α, . . . ,WN,α)> is a standard d×N -dimensional Pt,x,α-Brownian motion.

Let ANt be the set of processes α : [t, T ] × ΩN −→ AN s.t. (VI.4.4) has a unique weak

solution. We define the control problem

V N (t,x) := sup
α∈ANt

N∑
i=1

EPt,x,α
[ ∫ T

t
f i,N (r,Xr, α

i
r)dr + gN (XT )

]
,

with f i,N (t,x, a) := f(r, xi, µ
N (x), a). We know from standard stochastic control theory

that, if V N is continuous, then it is a viscosity solution of

−∂tu(t,x)− sup
a∈AN

{
b(t,x,a)·∂xu(t,x)+

1

2
σ2(t,x,a) :∂2

xxu(t,x) + f(t,x,a)·e
}

= 0,(VI.4.5)

where b(t,x,a) :=
(
b
(
t, xi, µ

N (x), ai
))>

1≤i≤N
, σ(t,x,a) := Diag

(
σ
(
t, xi, µ

N (x), ai
))

1≤i≤N
,

f(t,x,a) :=
(
f i,N

(
t,x, ai

))>
1≤i≤N

and e := (1, . . . , 1)> ∈ RN .

Proposition VI.4.3 If Assumption VI.2.6 holds for (VI.4.2) and the {V N}N≥1 are con-

tinuous, then V N converges to V , i.e.,

V (t, µ) = lim
N →∞, s→ t

W2(µN (xN ), µ)→ 0

V N (s,xN ) for all (t, µ) ∈ Q0.

Proof We first show that (VI.4.5) is the finite-dimensional approximation of (VI.4.2), i.e.,

FNHJB(t,x, z,γ) = sup
a∈AN

{
b(t,x,a) · z +

1

2
σ2(t,x,a) : γ + f(t,x,a) · e

}
,
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where FNHJB is the finite-dimensional approximation of FHJB defined by (VI.3.1). We compute

FNHJB(t,x, z,γ) = FHJB(t, µN (x), Nz · 1x, Nγ · 1x)

=
〈
µN (x), N sup

a∈A

{
b(t, ·, µN (x), a) · z · 1x +

1

2
σ2(t, ·, µN (x), a) : γ · 1x

+f(t, ·, µN (x), a)
}〉

=

N∑
i=1

sup
a∈A

{
b(t, xi, µ

N (x), a) · zi +
1

2
σ2(t, xi, µ

N (x), a) : γi

+f(t, xi, µ
N (x), a)

}
= sup

a∈AN

N∑
i=1

{
b(t, xi, µ

N (x), ai) · zi +
1

2
σ2(t, xi, µ

N (x), ai) : γi

+f(t, xi, µ
N (x), ai)

}
= sup

a∈AN

{
b(t,x,a) · z +

1

2
σ2(t,x,a) : γ + f(t,x,a) · e

}
.

Moreover, since A is compact and g is Lipschitz-continuous, V N is continuous. Let Kg be a

Lipschitz constant for g and fix α ∈ AN . Observe that

EPt,x,α
[∣∣g(µN (XT )

)
− g(µN (x))

∣∣2] ≤ K2
gEPt,x,α

[
W2

2

(
µN (XT ), µN (x)

)]
≤

K2
g

N

N∑
k=1

EPt,x,α
[∣∣Xk

T − xk
∣∣2]

≤ C(T − t)

with C is independent from N and α, due to the uniform boundedness of the drift and

diffusion coefficients, and thus∣∣∣V N (t,x)− gN (x)
∣∣∣ ≤√C(T − t). (VI.4.6)

As g is Lipschitz-continuous, this provides

|V N (t,x)| ≤ C ′
(
1 +W2(µN (x), µ) + |g(µ)|

)
for all µ ∈ P2(Rd) and some C ′ ≥ 0,

which implies that {V N}N≥1 is locally bounded, uniformly in N . Moreover, (VI.4.6) also

implies that V and V (defined similarly to (VI.3.7)) satisfy V |t=T = V |t=T = g. Note also

that, by symmetry of the problem, V N ∈ SN . We may then apply Theorem VI.3.5 to derive

the convergence result.
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VI.4.2 Zero-sum stochastic differential games

We present in a more informal way a second example. We consider the following control

problem, arising in zero-sum games:

V+(t, µ) := inf
α1∈A1

t

sup
α2∈A2

t

EPt,µ,α
1,α2[ ∫ T

t
f
(
s,Xs,P

t,µ,α1,α2

Xs
, α1

s, α
2
s

)
ds+ g

(
Pt,µ,α

1,α2

XT

)]
,

where the measures {Pt,µ,α1,α2
: α1 ∈ A1

t , α2 ∈ A2
t } are such that X has the dynamics

(VI.4.1), substituting (α1, α2) to α. By Cosso & Pham [28], V+ is a viscosity solution of

(VI.2.1), with operator

F+(t, µ, Z,Γ) :=
〈
µ, inf

a2∈A2

sup
a1∈A1

{
b(t, ·, µ, a1, a2) · Z +

1

2
σ2(t, ·, µ, a1, a2) : Γ + f(t, ·, µ, a1, a2)

}〉
.

Although [28] uses another notion of viscosity solutions, we may consider in the context of

our discussion that V+ is also a viscosity solution in the sense of Definition VI.2.4. Assuming

A1 and A2 are compact, the corresponding finite-dimensional approximation is then given

by (VI.3.2), with operator

FN+ (t,x, z,γ) := inf
a1∈AN1

sup
a1∈AN2

{
b(t,x,a1,a2) · z +

1

2
σ2(t,x,a1,a2) : γ + f(t,x,a1,a2) · e

}
.

As in the case of mean field control, we may show that this corresponds to the PDE satisfied

by the control problem

V N
+ (t,x) := inf

α1∈(A1
t )
N

sup
α2∈(A2

t )
N

N∑
i=1

EPt,x,α
1,α2[ ∫ T

t
f i,N

(
r,Xr,α

1
r ,α

2
r

)
dr + g

(
XT

)]
,

where the measures {Pt,x,α1,α2
: α1 ∈ A1

t ,α2 ∈ A2
t } are such that X has the dynamics

(VI.4.4), substituting (α1,α2) to α.

Proposition VI.4.4 If Assumption VI.2.6 holds for (VI.2.1) with F = F+, then V N
+ con-

verges to V+, i.e.,

V+(t, µ) = lim
N →∞, s→ t

W2(µN (xN ), µ)→ 0

V N
+ (s,xN ) for all (t, µ) ∈ Q0.
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VI.4.3 The uncontrolled case

The purpose of this paragraph is to recover the classical propagation of chaos result for

diffusion processes, whose first instance was given by Snitzman [72] for some special models.

b and σ do no longer depend on the variable a. We consider the equation

−∂tu(t, µ)−
〈
µ, b(t, ·, µ)·∂xδmu(t, µ, ·) +

1

2
σ2(t, ·, µ) :∂2

xxδmu(t, µ, ·)
〉

= 0, u(T, ·) = g,(VI.4.7)

where g ∈ C0
b (P2(Rd),R), the set of continuous and bounded functions from P2(Rd) to R.

For N ≥ 1, we easily see that the corresponding finite-dimensional approximation writes

−∂tuN (t,x)− b(t,x) · ∂xuN (t,x)− 1

2
σ2(t,x) : ∂2

xxu
N (t,x) = 0, uN (T, ·) = gN .(VI.4.8)

For (t, µ,xN ) ∈ Q0 × Rd×N , let (P̄t,µ, P̄t,x
N

) ∈ PL(t, µ)× PNL (t,xN ) be such that X and X

are the uncontrolled versions of (VI.4.1) and (VI.4.4), respectively P̄t,µ-a.s. and P̄t,x
N -a.s.

As g ∈ C0
b (P2(Rd),R), we know that, under some smoothness assumptions on b and σ (see

Talbi, Touzi & Zhang [75, Lemma 3.6]), we have

u(t, µ) = g
(
P̄t,µXT

)
, uN (t,xN ) = EP̄t,x

N [
gN (XT )

]
= EP̄t,x

N [
g
(
µN (XN

T )
)]
,

for all (t, µ) ∈ Q0 and xN ∈ Rd×N . Thus, applying Proposition VI.4.3, we have uN (0,xN ) −→
u(0, µ) as N →∞ and W2(µN (xN ), µ)→ 0, hence

EP̄0,xN [
g
(
µN (XN

T )
)]
−→
N→∞

g
(
P̄0,µ
XT

)
,

which exactly means that P̄0,xN ◦ (µN (XN
T ))−1 converges weakly to P̄0,µ

XT
, as it is true for

all g ∈ C0
b (P2(Rd),R). This corresponds to the propagation of chaos result proved by

Oelschlager [63].

VI.5 Extension to path-dependent PDEs

VI.5.1 Pathwise derivatives

For t ∈ [0, T ), we adapt our previous notations to the path-dependent case:

Qt := [t, T )× P2(Ω) and Qt := [t, T ]× P2(Ω).

For (t, µ) ∈ Q0, we denote by µ[0,t] the law of the stopped process X·∧t under µ.
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Definition VI.5.1 (i) Given a metric space E, we denote by C0([0, T ]×Ω, E) the set of F-

progressively measurable and continuous functions from [0, T ]×Ω to E, where Ω is equipped

with the norm |ω| := supt∈[0,T ]|ωt| for all ω ∈ Ω.

(ii) We denote by u ∈ C1,2([0, T ]×Ω) the set of functions u : [0, T ]×Ω→ R such that there

exist ∂tu ∈ C0([0, T ] × Ω,R), ∂ωu ∈ C0([0, T ] × Ω,Rd) and ∂2
ωωu ∈ C0([0, T ] × Ω,Sd) such

that, for all P ∈
⋃
L>0 PL, u satisfies

du(t,X) = ∂tu(t,X)dt+ ∂ωu(t,X) · dXt +
1

2
∂2
ωωu(t,X) : d〈X〉t, P-a.s.

Definition VI.5.2 Fix t ∈ [0, T ].

(i) We denote by C0(Qt) the set of functions u : Qt → R continuous for the pseudo-metric:

W̃2

(
(s, µ), (r, ν)

)
:=
(
|s− r|2 +W2

2 (µ[0,s], ν[0,r])
) 1

2 for all (s, µ), (r, ν) ∈ Qt. (VI.5.1)

(ii) We denote by C1,2
b (Qt) the set of bounded functions u : Qt → R such that ∂tu, δmu,

∂ωδmu, ∂
2
ωωδmu exist, are bounded in all their variables and continuous in (t, µ) in the sense

of (i), where the functional linear derivative takes the form δmu : [t, T ] × P2(Ω) × Ω → R

satisfying, for any s ∈ [t, T ] and µ, µ′ ∈ P2(Ω),

u(s, µ′)− u(s, µ) =

∫ 1

0

∫
Ω
δmu(s, λµ′ + (1− λ)µ, ω)(µ′ − µ)(dω)dλ.

Note that, if u ∈ C0(Qt), then u(s, µ) = u(s, µ[0,s]) for all (s, µ) ∈ Qt.

VI.5.2 Path-dependent equation on Wasserstein space

Let F : [0, T ]×P2(Ω)× R× L0
2(Ω,Rd)× L0

2(Ω,Sd) −→ R, where L0
2(Ω,Rd) (resp. L0

2(Ω,Sd))

denotes the set of Borel measurable functions from Ω to Rd (resp. Sd) with quadratic growth,

and g : P2(Ω) −→ R. We consider the following equation:

−∂tu(t, µ)− F
(
t, µ, u(t, µ), ∂ωδmu(t, µ, ·), ∂2

ωωδmu(t, µ, ·)
)

= 0, u|t=T = g, (VI.5.2)

for all (t, µ) ∈ Q0. We define semijets similarly to (VI.2.2) and straightforwardly adapt

Proposition VI.2.5 and Assumption VI.2.2 to the path-dependent setting.
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VI.5.3 Viscosity solutions

We redefine, for all (t, µ) ∈ Q0, PL(t, µ) := {P ∈ PL : PXt∧· = µ[0,t]}, as well as the

neighborhood

Nδ(t, µ) := [t, t+ δ]× PL(t, µ),

which is compact under W̃2 (see again Wu & Zhang [77, Lemma 4.1]). We then introduce

the sets of test functions:

Au(t, µ) :=
{
ϕ ∈ C1,2

b (Qt) : (ϕ− u)(t, µ) = max
Nδ(t,µ)

(ϕ− u) for some δ > 0
}
,

Au(t, µ) :=
{
ϕ ∈ C1,2

b (Qt) : (ϕ− u)(t, µ) = min
Nδ(t,µ)

(ϕ− u) for some δ > 0
}
.

Definition VI.5.3 Let u : Q0 → R.

(i) u is a viscosity supersolution of (VI.5.2) if, for all (t, µ) ∈ Q0 and ϕ ∈ Au(t,m),

−∂tϕ(t, µ)− F
(
t, µ, u(t, µ), ∂ωδmϕ(t, µ, ·), ∂2

ωωδmϕ(t, µ, ·)
)
≥ 0.

(ii) u is a viscosity subsolution of (VI.5.2) if, for all (t, µ) ∈ Q0 and ϕ ∈ Au(t,m),

−∂tϕ(t, µ)− F
(
t, µ, u(t, µ), ∂ωδmϕ(t, µ, ·), ∂2

ωωδmϕ(t, µ, ·)
)
≤ 0.

(iii) u is a viscosity solution of (VI.5.2) if it is a viscosity supersolution and subsolution.

VI.5.4 Finite-dimensional approximation

Let N ≥ 1. We shall write in bold character the elements ω = (ω1, . . . , ωN ) ∈ ΩN . Intro-

duce, for (t,ω, y, z,γ) ∈ [0, T ]× ΩN × R× Rd×N × SD
d×N ,

FN (t,ω, y, z,γ) := F (t, µN (ω), y,Nz · 1ω, Nγ · 1ω), (VI.5.3)

where z · 1ω(ω) :=
∑N

k=1 zk1ωk(ω) and γ · 1ω(ω) :=
∑N

k=1 γk1ωk(ω) for all ω ∈ Ω. We then

introduce the path-dependent PDE on [0, T ]× ΩN :

−∂tu(t,ω)− FN
(
t,ω, u(t,ω), ∂ωu(t,ω), ∂2

ωωu(t,ω)
)

= 0, u|t=T = gN , (VI.5.4)

with gN (ω) := g(µN (ω)), ∂ωu(t,ω) := (∂ω1u, . . . , ∂ωNu)(t,ω) ∈ Rd×N and ∂2
ωωu(t,ω) :=

Diag(∂2
ω1ω1u, . . . , ∂

2
ωNωN

u)(t,ω) ∈ Sd×N .
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We now define viscosity solutions for (VI.5.4). We adapt the notations of Section VI.3.2

to the path-dependent case. For t ∈ [0, T ), define

ΛNt := [t, T )× ΩN , and Λ̄Nt := [t, T ]× ΩN .

For (t,ω) ∈ ΛN0 , we define PNL (t,ω) similarly to PNL (t,x), with the conditionXt∧· = ωt∧·,

P-a.s„ for all P ∈ PNL (t,ω). Similarly to Lemma VI.3.2, we have the following result:

Lemma VI.5.4 The set PNL (t,ω) is weakly compact.

We define the sets of test functions:

ANu(t,ω):=
{
φ ∈ C1,2

b (Λ
N
0 ) : ∃H ∈ T N,+t,T s.t. (φ− u)(t,ω) = max

θ∈T Nt,T
ENt,ω

[
(φ− u)(θ ∧H,X·∧θ∧H)

]}
,

ANu(t,ω):=
{
φ ∈ C1,2

b (Λ
N
0 ) : ∃H ∈ T N,+t,T s.t. (φ− u)(t,ω) = min

θ∈T Nt,T
ENt,ω

[
(φ− u)(θ ∧H,X·∧θ∧H)

]}
,

where EN and EN are the nonlinear expectations defined by

ENt,ω[·] := sup
P∈PNL (t,ω)

EP[·], ENt,ω[·] := inf
P∈PNL (t,ω)

EP[·], (VI.5.5)

and C1,2
b (Λ

N
t ) denotes the bounded elements of C1,2(Λ

N
t ) (defined similarly to C1,2([0, T ]×

Ω)) with bounded derivatives.

Definition VI.5.5 Let u : Λ̄N0 → R.

(i) u is a viscosity supersolution of (VI.2.1) if, for all (t,ω) ∈ ΛN0 and φ ∈ ANu(t,ω),

−∂tφ(t,ω)− FN
(
t,ω, φ(t,ω), ∂ωφ(t,ω), ∂2

ωωφ(t,ω)
)
≥ 0.

(ii) u is a viscosity subsolution of (VI.2.1) if, for all (t,ω) ∈ ΛN0 and φ ∈ ANu(t,ω),

−∂tφ(t,ω)− FN
(
t,ω, φ(t,ω), ∂ωφ(t,ω), ∂2

ωωφ(t,ω)
)
≤ 0.

(iii) u is a viscosity solution of (VI.2.1) if it is a viscosity supersolution and subsolution.

In this paragraph, SN denotes the set of functions h : Λ̄N0 −→ R s.t. h(t,ω) =

hN (t, µN (ω)) for some hN : [0, T ]× PN (Ω) −→ R.
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Theorem VI.5.6 (i) Let {vN ∈ SN}N≥1 be a sequence of uniformly continuous for (VI.5.1)

and locally bounded, uniformly in N , viscosity supersolutions of (VI.5.4). Then, the relaxed

semi-limit defined by

v(t, µ) := lim inf
N →∞, s→ t

µN (ωN )
W2−→ µ

vN (s, µN (ωN )) for all (t, µ) ∈ Q0

is finite and is a LSC viscosity supersolution of (VI.2.1).

(ii) Let {uN ∈ SN}N≥1 be a sequence of uniformly continuous for (VI.5.1) and locally

bounded, uniformly in N , viscosity subsolutions of (VI.5.4). Then, the relaxed semi-limit

defined by

u(t, µ) := lim sup
N →∞, s→ t

µN (ωN )
W2−→ µ

uN (s, µN (ωN )) for all (t, µ) ∈ Q0

is finite and is a USC viscosity subsolution of (VI.2.1).

The proof of this result is relegated to Section VI.6. Similarly to Theorem VI.3.5, this

implies the following result:

Theorem VI.5.7 Let {V N ∈ SN}N≥1 be a sequence of uniformly continuous for (VI.5.1)

and locally bounded, uniformly in N , viscosity solutions of (VI.5.4) s.t. V N (T, ·) = gN , and

introduce

V (t, µ) := lim inf
N →∞, s→ t

µN (ωN )
W2−→ µ

VN (s, µN (ωN )), V (t, µ) := lim sup
N →∞, s→ t

µN (ωN )
W2−→ µ

VN (s, µN (ωN )).(VI.5.6)

If Assumption VI.2.6 holds and V |t=T = V |t=T = g, then uN converges to the unique

continuous viscosity solution V of (VI.5.2), i.e.,

V (t, µ) = lim
N →∞, s→ t

µN (ωN )
W2−→ µ

VN (s,ωN ) for all (t, µ) ∈ Q0.

VI.6 Proof of Theorems VI.3.4 and VI.5.6

VI.6.1 The Markovian setting

We first prove Theorem VI.3.4. We only prove the convergence of the viscosity superso-

lutions, as the case of the subsolutions is handled similarly. It is clear that v is finite as
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{vN}N≥1 is locally bounded, uniformly in N . Fix (t, µ) ∈ Q0 and ϕ ∈ Av(t, µ) with cor-

responding δ0 ∈ (0, T − t). By Proposition VI.2.5, we may assume w.l.o.g. that ϕ is a

semijet of the form (VI.2.2), with characteristics (v, a, f) ∈ R × R × C2
b (Rd). Replacing ϕ

with ϕ̃(s, ·) := ϕ(s, ·)− (s− t)2, we may also assume w.l.o.g. that (t, µ) is a strict maximum

of (ϕ− v) on Nδ0(t, µ).

Step 1: Let (tN ,xN ) be a sequence such that tN −→ t, µN (xN )
W2−→ µ, and vN (tN , µN (xN )) −→

v(t, µ) as N →∞. We also introduce, for all N ≥ 1, the functions φN (s,x) := ϕ(s, µN (x))

for all (s,x) ∈ Λ
N
0 . Fix δ ∈ (0, δ0), and introduce the stopping time

HN
δ := inf

{
s ≥ tN :W2

(
µN (Xs), µ

N (xN )
)

= δ
}
∧ (tN + δ).

By Ekren, Touzi & Zhang [38, Theorem 3.5] and weak compactness of PNL (t,xN ), there

exists (θNδ ,P
N,∗) ∈ T N

tN ,T
× PNL (t,xN ) s.t.

EPN,∗
[
(φN − vN )(θNδ ∧HN

δ ,XθNδ ∧H
N
δ

)
]

= sup
θ∈T N

tN ,T

ENtN ,xN
[
(φN − vN )(θ ∧HN

δ ,Xθ∧HN
δ

)
]
,(VI.6.1)

where ENtN ,xN is defined by (VI.3.4). Indeed, by continuity of φN − vN , we easily see that

the Markov process s 7→ (φN − vN )(s,Xs) is bounded and uniformly continuous on {(t,ω) :

t ≤ HN
δ (ω)}, and that PNL (t,xN ) satisfies [38, Assumption 3.4]. Also, note that, since

{vN}N≥1 is locally bounded, uniformly in N , and µN (xN )
W2−→ µ, we may assume w.l.o.g.

that, after passing to an appropriate subsequence and for δ small enough, {(φN − vN )(θ ∧
HN
δ ,Xθ∧HN

δ
)}N≥1 is uniformly bounded for all θ ∈ T Nt,T .

Step 2: We now justify that

lim sup
N→∞

PN,∗
(
θNδ < HN

δ

)
> 0. (VI.6.2)

Indeed, assume to the contrary that lim sup
N→∞

PN,∗
(
θNδ < HN

δ

)
= lim

N→∞
PN,∗

(
θNδ < HN

δ

)
= 0.

149



CHAPTER VI. A FINITE-DIMENSIONAL APPROXIMATION FOR VISCOSITY
SOLUTIONS OF PARTIAL DIFFERENTIAL EQUATIONS ON WASSERSTEIN SPACE

We have:

(ϕ− v)(t, µ) = lim
N→∞

(ϕ− vN )(tN , µN (xN ))

≤ lim inf
N→∞

EPN,∗
[
(ϕ− vN )(θNδ ∧HN

δ , µ
N (XθNδ ∧H

N
δ

))
]

≤ lim sup
N→∞

EPN,∗
[
(ϕ− vN )(θNδ ∧HN

δ , µ
N (XθNδ ∧H

N
δ

))
]

= lim sup
N→∞

EPN,∗
[{

(ϕ− vN )(HN
δ , µ

N (XHN
δ

))(1− 1θNδ <H
N
δ

)

+(ϕ− vN )(θNδ , µ
N (XθNδ

))1θNδ <H
N
δ

}]
= lim sup

N→∞
EPN,∗

[
(ϕ− vN )(HN

δ , µ
N (XHN

δ
))
]
,

where we used the fact that {(ϕ−vN )(θNδ ∧HN
δ , µ

N (XθNδ ∧H
N
δ

))}N≥1 is uniformly bounded

and lim sup
N→∞

PN,∗
(
θNδ < HN

δ

)
= lim

N→∞
PN,∗

(
θNδ < HN

δ

)
= 0.

Since (tN , µN (xN )) −→
N→∞

(t, µ), by Proposition VI.7.1 and compactness of [t, T ], there

exists a subsequence νN := PN,∗ ◦
(
HN
δ , µ

N (X)
)−1 that converges weakly to some ν ∈

P2([t, T ]×P2(Ω)) supported on [t, t+ δ]×PL(t, µ). Thus, denoting by (τ,m) the canonical

mapping on [0, T ] × P2(Ω), we have by upper semicontinuity of ϕ − vN and continuity of

(τ,m) 7→ mXτ ,

lim sup
N→∞

EPN,∗
[
(ϕ− vN )(HN

δ , µ
N (XHN

δ
))
]

= lim sup
N→∞

Eν
N
[
(ϕ− vN )(τ,m)

]
≤ Eν

[
(ϕ− v)(τ,mXτ )

]
≤ (ϕ− v)(τ(ω̄),mXτ(ω̄)

(ω̄)),

for some ω̄ ∈ [0, T ] × P2(Ω). We also observe that τ > t, ν-a.s. Indeed, given that, by

definition of HN
δ , we have

W2

(
mXτ , µ

N (xN )
)

= δ or τ = tN + δ, νN -a.s.,

for all N ≥ 1, we have, as v is LSC,

W2

(
µ,mXτ

)
= δ or τ = t+ δ, ν-a.s.

As ν ◦m−1 is supported on PL(t, µ), we have mXt = µ, ν-a.s. Thus the above inequalities

imply that τ > t, ν-a.s. ω̄ may then be chosen s.t. τ(ω̄) > t, and we have (ϕ − v)(t, µ) ≤
(ϕ − v)(τ(ω̄),mXτ(ω̄)

(ω̄)), which contradicts the fact that (t, µ) is a strict maximum on
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Nδ(t, µ). Thus, (VI.6.2) holds true, and we may find a subsequence {ωδ,N}N≥1 s.t. tNδ :=

θNδ (ωδ,N ) < HN
δ (ωδ,N ) for all N ≥ 1.

Step 3: We now prove that φN is a test function for vN in some well chosen point. Introduce

xδ,N := XθNδ (ωδ,N )(ω
δ,N ) and YN , the nonlinear Snell envelop of s 7→ (φN − vN )(s,Xs), i.e.,

YN
s (ω) := sup

θ∈T Nt,T
ENs,ω

[
(φN − vN )(θ ∧HN

δ ,Xθ∧HN
δ

)
]
,

which satisfies Ys ≥ E
N
s,Ys

[Yθ∧HN
δ

] for all θ ∈ T Ns,t . Then we have, for all θ ∈ T N
tNδ ,T

,

(φN − vN )(tNδ ,x
δ,N ) = YN

tNδ
(ωδ,N )

≥ ENtNδ ,ωδ,N
[
YN
θ∧HN

δ

]
≥ ENtNδ ,ωδ,N

[
(φN − vN )(θ ∧HN

δ ,Xθ∧HN
δ

)
]
,

and therefore, as we are in the Markovian case,

(φN − vN )(tNδ ,x
δ,N ) = max

θ∈T N
tN
δ
,T

ENtNδ ,xδ,N
[
(φN − vN )(θ ∧HN

δ ,Xθ∧HN
δ

)
]
.

Observe that φN ∈ C1,2
b (Λ

N
tNδ

). Indeed, since ϕ = ψv,a,f is a semijet, we have

∂tφ
N (s,x) = ∂tϕ(s, µN (x)) = a,

∂xiφ
N (s,x) =

1

N
∂xf(xi) =

1

N
∂xδmϕ(s, µN (x), xi), (VI.6.3)

∂2
xixiφ

N (s,x) =
1

N
∂2
xxf(xi) =

1

N
∂2
xxδmϕ(s, µN (x), xi),

for all i ∈ [N ]. As HN
δ > tNδ on {X·∧tNδ = ωδ,N·∧tNδ

}, we have φN ∈ ANvN (tNδ ,x
δ,N ) and the

supersolution property provides

−∂tφN (qNδ )− FN
(
qNδ , v

N (qNδ ), ∂xφ
N (qNδ ), ∂2

xxφ
N (qNδ )

)
≥ 0. (VI.6.4)

where qNδ := (tNδ ,x
δ,N ).

Step 4: We finally derive the viscosity supersolution of v. By (VI.3.1) and (VI.6.5), we
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have:

FN
(
qNδ , v

N (qNδ ), ∂xφ
N (qNδ ), ∂2

xxφ
N (qNδ )

)
= F

(
tNδ , µ

N (xδ,N ), vN (tNδ , µ
N (xδ,N )),

N∑
k=1

∂xδmϕ(tNδ , µ
N (xδ,N ), xδ,Nk )1

xδ,Nk
,

N∑
k=1

∂2
xxδmϕ(tNδ , µ

N (xδ,N ), xδ,Nk )1
xδ,Nk

)
= F

(
tNδ , µ

N (xδ,N ), vN (tNδ , µ
N (xδ,N )), ∂xδmϕ(tNδ , µ

N (xδ,N ), ·), ∂2
xxδmϕ(tNδ , µ

N (xδ,N ), ·)
)
.

The second equality is a consequence of Assumption VI.2.2 (ii). Note that

(tNδ , µ
N (xδ,N ), vN (tNδ , µ

N (xδ,N ))) −→
δ→0

(tN , µN (xN ), vN (tN , µN (xN )))

by definition of HN
δ and continuity of vN , and thus

(tNδ , µ
N (xδ,N ), vN (tNδ , µ

N (xδ,N ))) −→
(δ,N)→(0,∞)

(t, µ, v(t, µ)).

We then deduce from the smoothness of ϕ and the continuity of F (in the sense of Assumption

VI.2.2 (i)) that

FN
(
qNδ , v

N (qNδ ), ∂xφ
N (qNδ ), ∂2

xxφ
N (qNδ )

)
−→
δ → 0

N →∞

F
(
t, µ, v(t, µ), ∂xδmϕ(t, µ, ·), ∂2

xxδmϕ(t, µ, ·)
)
.

Finally, as ∂tφN (qNδ ) = a = ∂tϕ(t, µ), sending (δ,N) −→ (0,∞) in (VI.6.5) provides the

viscosity supersolution property of v.

VI.6.2 The path-dependent setting

The proof of Theorem VI.5.6 follows the same arguments. We use the notations of Section

VI.5. Let (tN ,ωN ) be a sequence such that (tN , µN (ωN )) −→ (t, µ) and vN (tN , µN (ωN )) −→
v(t, µ) as N →∞. We also introduce, for all N ≥ 1, the functions φN (s,ω) := ϕ(s, µN (ω))

for all (s,ω) ∈ ΛN0 . Fix δ ∈ (0, δ0), and introduce the stopping time

HN
δ := inf

{
s ≥ tN :W2

(
µN (X·∧s), µ

N (ωN·∧tN )
)
≥ δ
}
∧ (tN + δ).

Observe that, for all s ≥ tN ,ω ∈ ΩN s.t. s ≤ HN
δ (ω), we have

|vN (s,ω)| ≤ vN (tN ,ωN )|+ ρN

(
|s− tN |+W2

(
µN (ω·∧s), µ

N (ωN·∧tN )
))

≤ vN (tN ,ωN ) + ρN (2δ),
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where ρN is continuity modulus of vN . Furthermore, φN is Lipschitz-continuous as it has

bounded derivatives. Thus φN − vN is bounded and uniformly continuous on {(s,ω) : s ≤
HN
δ (ω)}, and by [38] again, there exists (θNδ ,P

N,∗) ∈ T N
tN ,T
× PNL (t,ωN ) s.t.

EPN,∗
[
(φN − vN )(θNδ ∧HN

δ ,X·∧θNδ ∧H
N
δ

)
]

= sup
θ∈T N

tN ,T

ENtN ,ωN
[
(φN − vN )(θ ∧HN

δ ,X·∧θ∧HN
δ

)
]
,

where ENtN ,ωN is defined by (VI.5.5). Similarly to the Markovian setting, we may find a

subsequence {ωδ,N}N≥1 s.t. tNδ := θNδ (ωδ,N ) < HN
δ (ωδ,N ) for all N ≥ 1, and satisfying

(φN − vN )(tNδ ,ω
δ,N ) = max

θ∈T N
tN
δ
,T

ENtNδ ,ωδ,N
[
(φN − vN )(θ ∧HN

δ ,X·∧θ∧HN
δ

)
]
.

Observe that φN ∈ C1,2
b (Λ

N
tNδ

). Indeed, since ϕ = ψv,a,f is a semijet, we have

∂tφ
N (s,ω) = ∂tϕ(s, µN (ω)) = a,

∂ωiφ
N (s,x) =

1

N
∂ωf(ωi) =

1

N
∂xδmϕ(s, µN (ω), ωi),

∂2
ωiωiφ

N (s,ω) =
1

N
∂2
ωωf(ωi) =

1

N
∂2
ωωδmϕ(s, µN (ω), ωi),

for all i ∈ [N ]. As HN
δ > tNδ on {XtNδ ∧·

= ωδ,N
tNδ ∧·
}, we have φN ∈ ANvN (tNδ ,ω

δ,N ) and the

supersolution property provides

−∂tφN (qNδ )− FN
(
qNδ , v

N (qNδ ), ∂ωφ
N (qNδ ), ∂2

ωωφ
N (qNδ )

)
≥ 0. (VI.6.5)

where qNδ := (tNδ ,ω
δ,N ). We conclude similarly to (i).

VI.7 A precompactness result

In this section, we state and prove our propagation of chaos-like result for continuous semi-

martingale with bounded characteristics:

Proposition VI.7.1 Let {ωN}N≥1 ∈
∏
N≥1 ΩN and µ ∈ P2(Ω) s.t. µN (ωN·∧t)

W2−→ µ[0,t],

and {PN ∈ PNL (t,ωN )}N≥1. Then, the sequence {PN ◦ (µN (X))−1}N≥1 is tight, and all its

accumulation points are supported on PL(t, µ).

Definition VI.7.2 (i) Denote Y := (A,M) the canonical process on Ω2 := Ω× Ω. Let P̃L
be the set of probability measures P on Ω2 such that:
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• A is absolutely continuous w.r.t. to the Lebesgue measure on [0, T ], with |dAsds | ≤ L, P-a.s.,

• M is a P-martingale on [0, T ], with
√

d〈M〉s
ds ≤ L, P-a.s.

(ii) Denote Y := (A,M) = {(Ak,Mk)}k∈[N ] the canonical process on ΩN,2 := ΩN × ΩN .

Let P̃NL be the set of probability measures P on ΩN,2 s.t.:

• A is absolutely continuous w.r.t. to the Lebesgue measure on [0, T ], with |dA
k
s

ds | ≤ L, for

all k ∈ [N ], P-a.s.,

• M is a P-martingale on [0, T ], with
√

d〈Mk〉s
ds ≤ L and 〈Mk,M l〉 = 0, for all k 6= l ∈ [N ],

P-a.s.

Lemma VI.7.3 For all {PN ∈ P̃NL }N≥1, the sequence {PN ◦ (µN (Y))−1}N≥1 is tight, and

all its accumulation points are supported on P̃L.

Proof Step 1: We first prove the existence of a limit. For all N ≥ 1, denote νN :=

PN ◦ (µN (Y))−1 ∈ P(P2(Ω2)). By Lacker [51, Corollary B.1], we have to prove that

(i) {νN}N≥1 is uniformly integrable, i.e., limR→∞ supN≥1 Eν
N
[
W2

2 (λ, δ0)1W2(λ,δ0)≥R

]
= 0,

where λ is the identity map on P2(Ω2).

(ii) the sequence of mean measures {EPN
[
µN (Y)

]
}N≥1 is tight,

where, for all P ∈ P2(ΩN,2) and µ̃ : ΩN,2 −→ P2(Ω2), the mean measure EP[µ̃] ∈ P(Ω2) is

defined by 〈
EP[µ̃], ϕ

〉
:= EP[〈µ̃, ϕ〉] for all ϕ ∈ C0

b (Ω2).

Let R > 0. We have

Eν
N
[
W2(λ, δ0)1W2(m,δ0)≥R

]
= EPN

[
W2

(
µN (Y), δ0

)
1W2(µN (Y),δ0)≥R

]
≤ 1

R
EPN

[
W2

2

(
µN (Y), δ0

)]
≤ 2

R
EPN

[ 1

N

N∑
i=1

|Ai|2 + |M i|2
]
.

For each i ∈ [N ], we have

EPN [|Ai|2] ≤ (LT )2 and EPN [|M i|2
]
≤ 4L2T,

the latter by Doob’s inequality. Thus, there exists a constant CT,L independent from N and

R s.t.

Eν
N
[
W2(λ, δ0)1W2(λ,δ0)≥R

]
≤
CT,L
R

for all N ≥ 1 and R ≥ 0,
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and therefore limR→∞ supN≥1 Eν
N
[
W2(λ, δ0)1W2(λ,δ0)≥R

]
= 0 and (i) is proved.

To show that {EPN
[
µN (Y)

]
}N≥1 is tight, we prove Aldous’ criterion (see Billingsley [10,

Theorem 16.10]), i.e.,

sup
N≥1

sup
τ∈T0,T

〈
EPN [µN (Y)

]
, |A(τ+δ)∧T −Aτ |2 + |M(τ+δ)∧T −Mτ |2

〉
−→
δ→0

0, (VI.7.1)

where T0,T denotes the set of [0, T ]-valued F-stopping times. Yet, we have, for fixed N, τ

and δ,

〈
EPN [µN (Y)

]
, |M(τ+δ)∧T −Mτ |2

〉
=

1

N

N∑
i=1

EPN
[∣∣M i

(τ+δ)∧T −M
i
τ

∣∣2] ≤ L2δ

by Itô’s isometry. We obtain a similar estimate for A, and this implies (VI.7.1) and conse-

quently (ii), and thus {νN}N≥1 admits a subsequence converging to some ν ∈ P(P2(Ω2)).

Step 2: We show that ν is supported on P̃L. First observe that, by definition of PN , we

have

|Aks −Akr | ≤ L|s− r|, PN -a.s., for all k ∈ [N ] and s, r ∈ [0, T ],

and thus

|As −Ar| ≤ L|s− r|, µN (Y)-a.s., PN -a.s., for all k ∈ [N ] and s, r ∈ [0, T ],

and finally

νN
[
λ
(
|As −Ar| ≤ L|s− r|

)
= 1
]

= 1, for all N ≥ 1 and s, r ∈ [0, T ].

Since {|As − Ar| ≤ L|s − r|} is closed in Ω2,
{
λ
(
|As − Ar| ≤ L|s − r|

)
= 1

}
is closed in

P2(Ω2), and thus the weak convergence of νN to ν implies

1 = lim sup
N→∞

νN
[
λ
(
|As −Ar| ≤ L|s− r|

)
= 1
]
≤ ν

[
λ
(
|As −Ar| ≤ L|s− r|

)
= 1
]
≤ 1,

that is, ν
[
λ
(
|As−Ar| ≤ L|s− r|

)
= 1
]

= 1. Since s and r are arbitrary, this implies that A

is absolutely continuous w.r.t. the Lebesgue measure on [0, T ] with |dAsds | ≤ L, λ-a.s., ν-a.s.
We now prove that M is a λ-martingale on [0, T ], ν-a.s. Fix r ≤ s in [0, T ], and

155



CHAPTER VI. A FINITE-DIMENSIONAL APPROXIMATION FOR VISCOSITY
SOLUTIONS OF PARTIAL DIFFERENTIAL EQUATIONS ON WASSERSTEIN SPACE

hr := h(Yr), where h ∈ C0
b (Ω2). We compute:

Eν
N
[〈
λ, hr(Ms −Mr)

〉2
]

= EPN
[( 1

N

N∑
i=1

h(Y i
r )(M i

s −M i
r)
)2]

≤ 1

N2

N∑
i=1

|h|2EPN
[
|M i

s −M i
r|2
]

≤ |h|2L2T

N
−→
N→∞

0,

where we used the fact that 〈Mk,M l〉1k 6=l = 0, and the σ(Yr)-measurability of hr to derive

the first inequality. Thus, as νN converges weakly to ν,

0 ≤ Eν
[〈
λ, hr(Ms −Mr)

〉2
]
≤ lim inf

N→∞
Eν

N
[〈
λ, hr(Ms −Mr)

〉2
]

= 0,

hence Eν
[〈
λ, hr(Ms −Mr)

〉2
]

= 0, which implies that〈
λ, hr(Ms −Mr)

〉
= 0, ν-a.s.,

which by the arbitrariness of s, r and h means that M is a λ-martingale, ν-a.s. We prove

similarly to A that
√

d〈M〉s
ds ≤ L, λ-a.s., ν-a.s.

Proof of Propostion VI.7.1 Introduce

AN
s := Xt + 1s≥t

∫ s

t
bPN
r dr, MN

s := 1s≥t

∫ s

t
σPN
r dWPN

r ,

where bPN , σPN and WPN are as in (VI.3.3). Then, we clearly have

P̃N := PN(AN ,MN ) ∈ P̃
N
L .

Therefore, by Lemma VI.7.3, νN := P̃N ◦ (µN (Y))−1 converges weakly to some ν supported

on P̃L(t, µ). Define µ̂N := PN ◦ (µN (X))−1 and fix ϕ ∈ C0
b (P2(Ω)). We have:

〈µ̂N , ϕ〉 = EPN
[
ϕ
(
µN (X)

)]
= EPN

[
ϕ
(
µN (Y) ◦ (A+M)−1

)]
= Eν

N
[
ϕ
(
λ ◦ (A+M)−1

)]
−→
N→∞

Eν
[
ϕ
(
λ ◦ (A+M)−1

)]
by weak convergence of νN to ν, since λ 7→ ϕ

(
λ ◦ (A+M)−1

)
∈ C0

b (P2(Ω2)). Thus we have

〈µ̂N , ϕ〉 −→
N→∞

〈µ̂, ϕ〉,

where µ̂ := ν ◦
(
λ ◦ (A+M)−1

)−1. Therefore, by arbitrariness of ϕ, µN converges weakly to

µ̂, which is clearly supported on PL(t, µ) since ν is supported on P̃L and µN (ωN )
W2−→ µ.
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Titre : Arrêt optimal champ-moyen et approximations d’équations aux dérivées partielles sur l’espace de Wasserstein

Mots clés : Arrêt optimal, champ-moyen, contrôle stochastique.
Résumé : Cette thèse comporte deux parties. La
première porte sur l’étude du problème d’arrêt optimal
champ moyen, c’est-à-dire de l’arrêt optimal d’une dif-
fusion du type McKean-Vlasov, lorsque le critère à op-
timiser est une fonction de la distribution du processus
arrêté. Ce problème permet de modéliser la situation où
un planificateur central, contrôlant une population infi-
nie d’agents en interaction, doit attribuer à chaque agent
un temps d’arrêt en vue d’optimiser un certain critère
dépendant de la distribution du système. Nous étudions
ce problème via une approche type programmation dy-
namique, qui permet de caractériser sa fonction valeur
par une équation aux dérivées partielles sur l’espace
des mesures, que nous appelons problème (ou équation)
de l’obstacle sur l’espace de Wasserstein, par analogie
avec le problème de l’obstacle classique, rencontré no-
tamment en arrêt optimal standard. Nous montrons en
particulier que si cette équation dispose d’une solution
classique, alors cette dernière est égale à la fonction va-
leur du problème d’arrêt optimal champ-moyen, et peut
être utilisée pour caractériser les stratégies d’arrêt opti-
males. Nous étendons ensuite cette étude au cas où la
fonction valeur n’est pas nécessairement différentiable.
Ainsi, nous introduisons une notion de solution de vis-
cosité pour l’équation de l’obstacle sur l’espace de Was-
serstein, pour laquelle nous montrons les propriétés

de consistance avec les solutions classiques, de sta-
bilité et d’unicité. Dans la seconde partie de la thèse,
nous nous intéressons au développement d’approxima-
tions pour certaines classes d’équations aux dérivées
partielles sur l’espace des mesures de probabilité. Plus
précisément, nous montrons que les solutions de visco-
sité de ces équations peuvent s’écrire comme limites de
solutions de viscosité d’équations définies sur des es-
paces de dimension finie. Nous nous intéressons d’abord
au cas du problème de l’obstacle sur l’espace de Wasser-
stein, dont il s’avère que l’équation d’approximation cor-
respond à l’équation de la programmation dynamique as-
sociée au problème d’arrêt optimal multiple, qui peut être
vu comme une formulation du problème d’arrêt optimal
champ-moyen en population finie. Nous traitons enfin le
cas d’une classe plus générale d’équations paraboliques
sur l’espace de Wasserstein. Cette classe couvre no-
tamment le cas des équations d’Hamilton-Jacobi-Bellman
champ-moyen, ou encore celui des équations affleurant
dans les problèmes de jeux différentiels champ-moyen.
Nous montrons également que nos résultats peuvent être
étendus aux équations dépendant de la trajectoire (c’est-
à-dire, dont les variables de la solution ne sont plus le
temps et une mesure sur Rd, mais le temps et une me-
sure sur l’espace des trajectoires continues).

Title : Mean field optimal stopping and approximations of partial differential equations on Wasserstein space

Keywords : Optimal stopping, mean field, stochastic control.
Abstract : This thesis consists in two parts. The first
one is concerned with the study of the mean field opti-
mal stopping problem, that is the optimal stopping of a
McKean-Vlasov diffusion, when the criterion to optimize
is a function of the stopped process. This problem mo-
dels the situation where a central planner controls a conti-
nuous infinity of interacting agents by assigning a stop-
ping time to each of them, in order to optimize some cri-
terion which depends on the distribution of the system.
We study this problem via a dynamic programming ap-
proach, which allows to characterize its value function
by a partial differential equation on the space of proba-
bility measures, that we call obstacle problem (or equa-
tion) on Wasserstein space by analogy with the classical
obstacle problem, which arises in particular in standard
optimal stopping. We especially show that, if this equa-
tion has a classical solution, then it is equal to the value
function of the mean field optimal stopping problem, and
that it can be used to characterize optimal stopping po-
licies. We next extend our study to the case where the
value function is not necessarily differentiable. Thus, we
introduce a notion of viscosity solution for the obstacle
problem on Wasserstein space, for which we prove the

properties of consistency with classical solutions, stability
and uniqueness. In the second part of the thesis, we are
interested in developing approximations for some classes
of partial differential equations on the space of probability
measures. More precisely, we show that viscosity solu-
tions of these equations can be written as limits of visco-
sity solutions of equations defined on finite-dimensional
spaces. We first focus our study on the case of the obs-
tacle problem on Wasserstein space, for which it turns out
that the approximating equation corresponds to the dyna-
mic programming equation associated with the multiple
optimal stopping problem, which may be seen as a finite
population formulation of the mean field optimal stopping
problem. We finally consider a larger class of parabolic
equations on Wasserstein space. This class covers in par-
ticular the scope of mean field Hamilton-Jacobi-Bellman
equations, or the case of equations arising in mean field
differential games. We also prove that our results can be
extended to the case of path-dependent equations (i.e.,
when the variables of the solution are not the time and a
measure on Rd, but the time and a measure on the space
of paths).
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