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Abstract

We theoretically study topological lattice models relevant to current experimental solid-
state and artificial systems. We develop an explicit analytical computation of the Chern
number in the systems we study and we compare it with other computation methods of
this topological invariant. We propose a protocol, based on the local response to a light
input, to probe the topological properties of a Haldane boson model in a photonic system.
On the kagome lattice, we investigate (i) a magnetic and topological phase transition for a
two-channel model, in relation with recently discovered quantum materials, and (ii) a time-
reversal topological model with flux, Rashba spin-orbit coupling and Hubbard interactions,

relevant for realization in cold-atom gases.
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Introduction

Topology is concerned with continuous deformations between mathematical objects. Topol-
ogy in condensed matter physics, deals with continuous deformations between Hamiltonians
describing quantum systems. It is namely applicable to systems with a gap in the energy
spectrum and for which all the states below the gap are occupied. Consider two (insulating)
lattice translation-invariant quantum systems, each of which is described by a Hamilto-
nian. If there exists continuous deformations between both Hamiltonians describing both
systems, without any gap closure, then both systems share the same topological properties.
The classification of topological phases relies on topological invariants; the dimension and
the symmetries of the system determine the associated topological invariant [1]. In this
manuscript, we are concerned with two-dimensional systems, which break or do not break
time-reversal symmetry, respectively associated to the so-called (first) Chern number and to
the Zs topological invariant [2-5].

The study of the topological phases of matter has quite a recent history compared to
most other phases of matter, e.g. magnetically ordered phases, Bose-Einstein condensates
or superconductors. One of the first reasons is that the former are less usual and less
experimentally accessible than most other phases of matter. Another reason is that the
Ginzburg-Landau theory, a theory describing most of the phases of matter, generally fails to
describe the topological phases. This is because the latter (most often) are described by a
non-local order parameter and may appear without spontaneously broken symmetry while

Ginzburg-Landau theory is built on local order parameters and describes ordered phases



characterized by a spontaneously broken symmetry.

In 1980, von Klitzing et al. [6] characterized a new phase of matter. They measured
the Hall conductance in a two-dimensional electron gas with strong perpendicular magnetic
field. Varying the amplitude of the latter, they observed that the Hall conductance evolves
by plateaus, each plateau corresponding to a phase with a quantized value of the Hall
conductance. Such phases are topological phases called quantum Hall phases. In a quantum
Hall phase, the bulk of the sample is insulating while states which are localized at the edges
of the sample are associated with chiral non-dissipative currents at the Fermi energy. The
quantized Hall conductance [7] can be interpreted as a topological invariant called the Chern
number. A phase with non-zero Chern number is called a Chern insulating phase. A usual
formulation of the Chern number is the integral of a curvature (called the Berry curvature)
over the momentum space [8, 9]. The Berry curvature is the rotational of the so-called Berry
connection which depends on the eigenstates of the system. The latter are defined up to a
U(1) gauge. This forms a U(1) fiber bundle; the bundle being the Brillouin zone and the
fiber being the U(1) gauge of the eigenvectors. The topology of this U(1) bundle is not trivial
if the eigenstates can not be trivially connected over the bundle [10].

In mathematics, a two-dimensional closed surface can be characterized by the integral of
a curvature (the Gaussian curvature in this case) over the surface. This integral gives a
topological invariant which is an integer (Gauss-Bonnet theorem) and which is called the
genus of the surface. It is analogue to the Chern number. Two surfaces with the same genus
can be continuously transformed into each other (without cutting and pasting) while this is
not the case for two surfaces with distinct genus. This is analogue to the impossibility of
continuously transforming two distinct Chern insulating phases into each other. The Berry
curvature and the Berry connection [9], are quantities which are comparable respectively to
the magnetic field and to the magnetic vector potential. The geometrical phase accumulated

by a particle during an adiabatic evolution of a quantum system is called the Berry phase;



it is analogue to the Peierls phase (phase accumulated by a particle moving in a magnetic
vector potential). The Berry phase concept is essential for the understanding of topology in
condensed matter. In particular, degeneracies associated to linear dispersion relation (Dirac
points) in a two-level system are sources of Berry curvatures, and are analogues to magnetic
Dirac monopoles. The latter are quantized, so as the Chern number which counts the number
of monopoles of Berry flux inside the Brillouin zone.

In the quantum Hall effect, an external magnetic field is at the origin of non-trivial Berry
curvature which gives a non zero Chern number. In 1988, Haldane introduced a honeycomb
lattice model characterized by non-zero Chern number with a vanishing total flux in the
unit cell (no Landau levels) [5]. Such a phase is called a quantum anomalous Hall (QAH)
phase. The Haldane model has had a huge impact in topology in condensed matter, and it
led, a bit more than fifteen years later, to the birth of a topological band theory [11-14].
This theory describes time-reversal invariant topological insulators which are characterized
by counter-propagating edges states protected by time-reversal symmetry. The associated
topological phase is called a quantum spin Hall (QSH) phase and spin-orbit interaction is
crucial for this phase to appear.

These topological phases have been built and investigated in solid states systems and
also in artificial systems [15-18]. The Berry phase was first measured using an optical fiber
[19]. Artificial systems, which are highly controllable, enable to simulate and study solid
state systems. This is particularly relevant for the study of topological phases since gauge
fields can be created in artificial systems. Moreover, the latter enable to implement Hubbard
interactions and control their strength, which is very helpful for studying correlated systems.
Hubbard interactions can have an important effect on the properties of a topological system,
as it is the case in several quantum materials which have attracted a lot of attention recently
[20-29].

In this manuscript, we investigate topological models on the honeycomb and the kagome



lattice. Nearest-neighbor tight-binding models associated to these lattice show Dirac Fermions
which are the origin of topological properties observed when these tight-binding models are
changed to topological ones. In artificial systems, the experimental implementation and the
measurement of the topological properties can be challenging. We propose a simple proto-
col, based on the response to a local light input, to probe the topological properties of a
Haldane boson system. In kagome models, the computation of the Chern number can be
tedious. We develop an explicit analytical computation of this topological invariant for the
kagome models we study. We investigate the interplay between topological phases (QAH
and quantum spin Hall phases) and magnetic phases by (i) considering the coupling between
a topological model and a spin model through a ferromagnetic Hund’s coupling term and
(ii) studying a time-reversal topological model with flux, Rashba spin-orbit coupling and
Hubbard interactions.

In Chapter 1, we introduce the formalism and we review the important discoveries and
concepts in topology in condensed matter which we use in this manuscript. The Berry phase
is one of the most important concept in this field and its connection with the integer quantum
Hall effect, the Chern number and the properties of Chern insulators is explained. We also
review the topological band theory describing time-reversal invariant topological systems
and the associated topological Z, invariant.

In Chapter 2, we consider a circuit quantum electrodynamics (cQED) system which is
described by an effective Haldane boson model. We develop an explicit analytical computa-
tion of the Chern number for this model [5]. In one-dimensional cQED system, it has been
shown that the topological properties are measurable from the reflection of microwave light
[30]. Using the insight gained from the computation of the Chern number, we propose a
protocol to probe the topological properties through the response to a local light input. This
is potentially applicable in other boson systems for which a capacitive coupling to a probe

is realizable.



In Chapter 3, we consider two simple topological models on the kagome lattice, one is a
Chern insulator, the other is a quantum spin Hall insulator. These topological models have
attracted much attention [31-42]. The computation of the (spin) Chern numbers has been
performed using diverse methods, however, performing an explicit analytical computation
of this invariant from a study of the U(1) gauge of the eigenstates (of the Hamiltonian
describing the system) is not an easy task and does not appear in the literature before
our publication. Motivated by this, we develop such a computation. We also consider
two spin copies of this kagome system and we compute the associated Zy invariant. These
computations are extended, in Chapter 5, to a bit more involved model. We also investigate
the topological properties of small noisy kagome systems, thanks to numerical computations
of local observables.

In Chapter 4, we introduce and study a magnetic and topological model on the kagome
lattice [193], in relation with recently discovered quantum materials [25-28, 38, 43]. A spin
model is coupled to a topological non-interacting model on this lattice, through a ferromag-
netic Hund’s coupling term. We study the ground state of the spin model and the associated
spin-wave excitations. Depending on the parameters of the spin model, we observe two dif-
ferent magnetic phases and we study their impact on the topological properties. We discuss
the effects of external parameters, such as the temperature and the pressure, on the magnetic
and topological properties of the model. We observe a transition from a ferromagnetic out-of
plane long range order to an in-plane magnetic order (with antiferromagnetic correlations)
coupled to a topological phase transition. Depending on the amplitude of the Hund’s cou-
pling term, the topological phase transition is either a QAH phase to QSH phase transition
or a QAH phase to metallic phase transition.

In Chapter 5, we investigate a new time-reversal invariant topological model with flux,
Rashba spin-orbit coupling and Hubbard interactions on the kagome lattice [188, 246]. This

model is possibly realizable in cold atom gases which are interesting platforms for the im-



plementation of artificial gauge fields and the study of the Hubbard interactions. First
we compute the Z, phase diagram at vanishing Rashba spin-orbit coupling and vanishing
Hubbard interactions, for different on-site potentials configurations, extending the analytical
method we developed in Chapter 3. We explicitly show the connection between the bulk
gap closure, the choice of the U(1) gauge on the eigenvectors and the discontinuity of the
topological invariant. Then we extend the computation of the topological invariant for non-
vanishing Rashba spin-orbit. Finally, we study the effects of Hubbard interactions at 2/3
filling and vanishing Rashba spin-orbit coupling for a particular configuration of the on-site
potentials. By means of perturbation theory and mean field method [44], we investigate the
Mott transition and the magnetic order in the ground state.

Related to the work presented in this manuscript, here is a list of published articles we

wrote during the preparation of this thesis (the name of the author of this manuscript is

abbreviated ”J.L.”):

e Magnetic topological kagome systems
J. L. and K. Le Hur
Phys. Rev. Research 2, 022043(R) (2020)

e Spin-orbit coupling in the kagome lattice with flux and time-reversal symmetry
Irakli Titvinidze, J. L., Maarten Grothus, Bernhard Irsigler, Karyn Le Hur and Walter
Hofstetter

Phys. Rev. B 103, 195105 (2021)

e Hubbard model on the kagome lattice with time-reversal invariant fluz and spin-orbit
coupling
Irakli Titvinidze, J. L. and Karyn Le Hur and Walter Hofstetter
Phys. Rev. B 105, 235102 (2022)

An article related to the work presented in Chapter 2, whose authors are J.L.. and Karyn


https://link.aps.org/doi/10.1103/PhysRevResearch.2.022043
https://link.aps.org/doi/10.1103/PhysRevB.103.195105
https://link.aps.org/doi/10.1103/PhysRevB.105.235102

Le Hur, is currently in preparation.



Chapter 1

Background

In this chapter, we give a general introduction about the systems we study in this manuscript:
two-dimensional Chern insulators and topological insulators. This chapter is important to
introduce and remind definitions and properties on which we rely in the following chapters.

We start by considering a cyclic adiabatic evolution of a quantum system (Sec. 1.1) and we
study the geometrical phase, called the Berry phase [9], acquired by the eigenstates during
such an evolution. This proves essential for the understanding of topology in condensed
matter. The quantum Hall effect [6] has been the starting point of intense research activity
in this domain. The topological invariant characterizing the integer quantum Hall effect can
be formulated in terms of an integration of the Berry phase over the Brillouin zone parameter
space [8]. In Sec. 1.1.3 and Sec. 1.1.4, we review the experimental discovery of the integer
quantum Hall effect and its first theoretical understanding [6, 7, 45].

Then we introduce the formalism we use to describe translation-invariant systems (Sec. 1.2),
we remind Bloch’s theorem [46] and the definition of the Wannier functions [47] that we use
in the following. As examples of translation-invariant Hamiltonians, we introduce tight-
binding models on both lattices we consider in this manuscript, the honeycomb lattice and
the kagome lattice.

The connection between the Berry phase concept and the integer quantum Hall effect (re-

viewed in Sec. 1.1) is explained via the computation of the Hall conductivity using the Kubo



formula [8] in Sec. 1.3. This leads to the introduction of a topological invariant, the (first)
Chern number, which characterizes the topological properties of quantum Hall systems. We
also explain that the chiral edge states discussed in Sec. 1.1.4 are a fundamental consequence
of a non-vanishing Chern number which is a bulk invariant. In this section, we eventually
show the connection between non-vanishing Chern number and the charge polarization which
is an observable characterizing topological systems. The concepts introduced in this section
are widely used throughout this manuscript.

In Sec. 1.4, we review the Z, topological band theory used to describe topological spin
systems which are time-reversal invariant. In particular, we focus on the Kane and Mele
model [11] and on a formulation of the Zy invariant proposed by Fu and Kane [48]. The
concepts introduced in this section are relevant for Chapters 4 and 5 where we study (time-

reversal invariant) spin-orbit coupled systems.

1.1 Important paradigms in topology in condensed mat-
ter and position of this thesis

Here we want to introduce major paradigms concerning the study of topological systems
in condensed matter. Gauge fields coming from geometrical phases are at the origin of the
topological properties. One of the most important concept in topology is the Berry phase
concept [9], directly related to geometrical phases. Even though the theoretical description
of quantum geometrical phase was known long before Berry’s work, geometrical phase was
thought to have no physical effect. Berry’s important breakthrough was to realize that,
on the contrary, this geometrical phase may have very important physical effects. This
is reminiscent of the debate about the reality of the magnetic vector potential and the
Aharonov-Bohm breakthrough [49].

The magnetic vector potential has striking topological consequences on condensed matter

systems. For instance, in two-dimensional electron gas with perpendicular magnetic field, it



leads to the (integer) quantum Hall effect, which first experimental characterization [6, 45]
marked a historic step in condensed-matter physics and have namely led to the development
of theoretical and experimental studies of topological systems [50]. The first theoretical
understanding of this topological effect, is due to Laughlin who used a quantum pump
argument [7]. Thouless et al. [8], in 1982, explained the behavior of the quantum Hall
conductance relying on the Kubo formula. We introduce their result and point out the link

with the Berry phase concept in another section (Sec. 1.3.1).

1.1.1 Aharonov-Bohm effect

Here we first remind the effect of a magnetic vector potential on a (electrically charged)
particle. This is very important for the following because the Berry gauge field, an emergent
quantity which proves essential for the understanding of topological systems, is a gauge
potential, therefore being analogous to a magnetic vector potential.
A particle with electric charge ¢ moving along some path C' in a magnetic vector potential
A acquires a phase ~ such that
7_%/Cdl~A. (1.1)
This was already known from the beginning of quantum mechanics in 1926 [51]. v is also
called a Peierls phase when used in tight-binding models. However, the magnetic vector
potential (in a region where there is neither magnetic field nor electric field) was believed
to have no physical significance [51] for at least more than thirty years after 1926. In 1959,
Aharonov and Bohm [49] first suggested that measurable effects should be expected for a
particle with electric charge ¢ moving along some path C' in a magnetic vector potential A
with vanishing local magnetic and electric field. They proposed a double-slit experiment
with confined perpendicular magnetic field to test this prediction (interferences should be

measured due to the  phase appearing in Eq. (1.1)), prediction which was later confirmed

(see e.g. [52]).
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1.1.2 Adiabatic Hamiltonian evolution and Berry phase

The Aharonov-Bohm effect (see Sec. 1.1.1) may be interpreted using Berry phase’s concept
[9]. Berry studied the adiabatic evolution of a Hamiltonian system and showed that during
this evolution, a phase factor is acquired by the eigenstates, besides the usual ”dynamical”
phase factor exp(%i fot at'E,(R(t ))) Berry’s work is particularly important for the un-
derstanding of the topological phases. Here we introduce it, we underline the connection
with the Aharonov-Bohm effect, we perform calculations which give an important insight on
the topological systems we study in this manuscript and we try to insist on the fact that the

Berry phase concept is related to topological (measurable) properties.

Berry phase We consider a quantum system which depends on a vector of parameters
that we denote R = (X,Y, Z,...). We are interested by the time-evolution (from t = 0 to
t = T) of the system along an arbitrary closed path C in parameter space, i.e. R(0) = R(T).

We write the associated Hamiltonian H(R), and
H(R)[n(R)) = E,(R) [n(R)), (1.2)

where E,(R) and |n(R)), are respectively the eigenenergies and the eigenvectors, the later
being uniquely and continuously defined along C. We choose a gauge on the phase factor
such that it is a smooth function of ¢. Note however that it may be multiply defined (this is
in fact necessary for a topologically non trivial system). The time-evolution of the system is

described by the Schrodinger equation

o [y (1)) = HR(Q@)) [¢(t)) , (1.3)

with |1(t)) the state of the system at time . We consider that the parameters R(¢) (and
therefore the Hamiltonian) are varying slowly enough in time so that if [¢/(0)) = |[n(R(0))),
then, the state at arbitrary time t is, up to a phase factor (to be determined), |n(R(?))).

This result is known as the adiabatic theorem (for more details see Ref. [53]). Then, let us

11



denote |¢(t)) = e®® |n(R(t))). Reporting this in Eq. (1.3) and using Eq. (1.2) gives
— 1 (0.0(1) In(R(1))) + ihde [n(R(2))) = En(R(t)) [n(R(1))) , (1.4)

therefore

o(t) = —% /0 dt' B, (R(t')) + i /0 dt' (n(R(¥))| 0y [n(R(t'))) . (1.5)

The first term in the right-hand side of the last equation is called the dynamical phase factor
and was known to appear in the expression of |¢(t)) long before Berry’s work [9] in 1984.
The second term, called the Berry phase, however, was believed not to play any physical
role before Berry showed its importance. It is interesting to underline the analogy with
the magnetic vector potential which, before Aharonov and Bohm paper in 1959 [49], was
believed to have no physical significance (see Sec. 1.1.1). The analogy goes further as we

detail in the following.

Berry vector potential and gauge choice Let us denote the Berry phase v, and notice

that the time-dependency in the integral is not required:

- / at’ (n(R(1))| 0 [n(R()) = i ]4 IR - (n(R)| ¥ [n(R)) (L.6)

with V the gradient in R-space. Let us denote A,, =i (n(R)| V|n(R)) such that

Yo = ]{dR A (1.7)
C

A, is called the Berry vector potential (or the Berry connection) in analogy with the mag-
netic vector potential and the accumulated phase appearing in Eq. (1.1). The gauge choice
on |n(R)) along C fix the gauge of A,. Under a transformation |[n(R)) — e#®) |n(R)),
with p(R) a unique and smooth function of R along C, the Berry vector potential changes
according to

A, — A, +Vpu. (1.8)
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Note however that because we chose [n(R)) to be unique along C, the contribution ¢, dR-Vp
is necessarily 2wz, with z an integer. Therefore, generally speaking, =, is defined up to 27z
which is not a measurable quantity. Nevertheless, we notice that if v, is not equal to 27 times
an integer, it is necessarily non-vanishing, independently of the gauge choice on |n(R)).

In anticipation of the application of the Berry phase concept to two-dimensional trans-
lation invariant systems, it is interesting to consider a path C around the boundary of the
first Brillouin zone. Because the Brillouin zone is a torus, C is the addition of four paths
Cy, Co, C3 and Cy4, with C3 and C4 being respectively the paths C; and Cy traveled in the
opposite direction. We conclude that if the Berry phase is non-vanishing, it necessarily
means that A, can not be uniquely defined along C and that a smooth gauge transformation
In(R)) — ® |n(R)) (over all the Brillouin zone) has vanishing contribution §,dR - V.
In this case, the Berry phase around the boundary of the first Brillouin zone is a gauge

invariant (see Sec. 1.3.2).

Aharonov-Bohm effect Let us show how this approach is related to the Aharonov-Bohm
effect previously introduced. Consider electrons (and denote the associated wave-function )
traveling around a closed path C which surround a solenoid. Assume that the perpendicular
magnetic field created by the solenoid is non-vanishing only in a region inside C. We denote

the magnetic vector potential A. We have

% (—ihV + eA)? ¢ = Eqp, (1.9)

from which we deduce that 1) is proportional to exp (ik T — i% frz dr’ - A(r' )) Then the

Berry connection is

. e
HWIV[9) = —k+ T A(r), (110
and the Berry phase is
Yo = %%dR CA(r), (1.11)
c
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which is exactly the phase an electron acquires when completing a closed path around the

solenoid.

Berry curvature Let us denote S an oriented surface whose boundary is C and dS the
oriented surface element. If all the components of A, are smooth functions of R on the

surface S, then using Stokes’ theorem from Eq. (1.7) gives

Yo = /SdS (VX Ay). (1.12)

(V x A,) is called the Berry curvature and is analogous to the magnetic field. Glancing
back to Eq. (1.8), it is clear that the Berry curvature is gauge invariant, so is Eq. (1.12).

If A, can not be chosen smoothly over all the surface S, then we may cover § with N
smaller non-overlapping regions {Sj, ..., Sy } which respective boundaries are travelled by the
paths {Cy, ...,Cy} and these paths sum up to C. A, is chosen smoothly in §; and along each

of the paths {Cy, ...,Cy}. Therefore we have

%_/ dR1~An+-~~+/ dRy - A, (1.13)
Cl CN

The regions {Ss, ..., Sy} contain one point where A,, can not be chosen smoothly, therefore
in these regions we define the respective smooth gauge choices {A,, 1,..., A, n}. Then we

have, using Eq. (1.8),

%:/ de-An,1+---+/ dRy - A,y + 2702, (1.14)
Cl CN

with z an integer. This gives

o = / 081 (V x Apy) + - +/ dSy - (V x Ay x) + 272, (1.15)
51 SN

The 27z factor is usually not specified because it is not a measurable quantity. Moreover,
because the Berry curvatures appearing in the last equation are gauge independent, the

Berry phase is written

Vn = /SdS (VxA,). (1.16)
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We shall remember that several gauge choices may be needed over the surface S to use this

last formula.

Computation of the Berry curvature without fixing the gauge Although the Berry
curvature is gauge independent, the computation of +, using Eq. (1.16) requires to correctly
define A,, over S. Let us now write the Berry phase in a way such that the gauge(s) of [n(R))
over § has not to be specified. This is important, for instance, if we want to evaluate 7,
numerically or because defining A,, over § and computing =, (analytically) from Eq. (1.16)
can be tricky. Moreover, this is very helpful to understand why systems with degeneracies
in their energy levels may have non-trivial topological properties.

From Eq. (1.16), we write
Y = —Im/ dS - ((Vn(R)| x [Vn(R))), (1.17)
s
where |Vn(R)) is the vector (in R-space) defined by
(Ox [n(R)), 0y |In(R)), 0z [n(R)),...), (1.18)
and similarly (Vn(R)| is defined by
(Ox (n(R)], 0y (n(R)|, 0z (n(R)],...). (1.19)

We use the identity 1 = > |m(R)) (m(R)| and the fact (from the normalization relation

of the eigenvectors) that (Vn(R)|n(R)) is imaginary to obtain

= —Im/st- (Z (Vn(R)|m(R)) x (m(R)|Vn(R)>) | (1.20)

m#n

|m(R)) being orthogonal to |n(R)) we notice that

(m(R)| VH(R) [n(R)) = E,(R) (m(R)|[Vn(R)), (1.21a)

(m(R)|VH(R)[n(R)) = (m(R)[ (VH(R)) [n(R)) + En(R) (m(R)[Va(R)) . (1.21b)
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Combining both last equations enable to write

Yo = — / ds - V,, (1.22a)
s

AT (n(R)[ (VH(R)) [m(R)) x (m(R)[ (VH(R)) [n(R))

(1.22b)

The last formula now involve only the R-derivatives of the Hamiltonian, therefore we do not

have to specify smooth gauge(s) choice on |n(R)) over S.

Degeneracy and two-level system From Eq. (1.22), we see that a degeneracy involving
only two states, that we denote |[+(R)) and |—(R)), at some point R*, i.e. E,(Rx) =
E_(R*), plays an major role in V,: for R near R*, V may be approximated by

+®R)[(VHRY)) |-(R)) x (-(R)[ (VHR")) [+(R))

V., =Im 5
(E.(R) — E_(R))

(1.23)

We notice that V_ = —V . This situation is important for us because the systems we study
in this manuscript are generally concerned (depending on the value of the parameters) with

degeneracies involving two energy bands.

Dirac points as sources of Berry curvature As an important application of the

Eq. (1.23), let us consider the Hamiltonian which describes Dirac-fermions
H=R-o, (1.24)

with R = (X, Y, Z) a three-dimensional vector of parameters and o = (0., 0y, 0,) and 0,,0,
and o, are the three Pauli matrices. We briefly show that the Berry phase along some paths
in parameter space is non-vanishing and we explain that this potentially leads to non-trivial
topological systems. Later (see Sec. 1.2.4 and Sec. 1.2.5) we show that simple systems on
the honeycomb and on the kagome lattice show Dirac-fermions. Therefore systems on these
lattices may have non-trivial topological properties, which explains our interest for these

systems.
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From Hamiltonian in Eq. (1.24), we notice that the only degeneracy occurs at R = 0 and
that VH = o. Using the actions of the Pauli matrices on the eigenstates |+) and |—), we

find
R
V., = )
T 9R)?

(1.25)

We realize here that V is analogue to the magnetic field generated by a magnetic monopole
at R = 0. Then we deduce that the Berry phase is half of the solid angle €2 subtended by C

at the degeneracy point R = 0.

Link with condensed matter systems and topology Here we consider a Dirac-fermions
system (see previous paragraph) and we assume that C is a path at Z = 0. Then, along C,
the Hamiltonian evolves in the two-dimensional parameter space {X,Y}. Here we have in
mind the analogy with the two-dimensional Brillouin zone of (two-dimensional) translation-
invariant systems. If C encircles the degeneracy point (called Dirac point) at X = 0 and
Y = 0, then the solid angle €2 is +27, giving +7 for the Berry phase. Indeed, the two-
dimensional plane which contains C (at Z = 0) also contains the Dirac point since the later
appears at R = 0. Then, 2 = £27 which is the solid angle subtended by C at the degeneracy
point R = 0.

For an isolated energy band associated to a two-dimensional translation-invariant system,
the Berry phase along the boundary of the first Brillouin zone is 27 times an integer number
called the Chern number (see Sec. 1.3.2). It is related to the topological properties of the
system (see Sec. 1.3.1 and Sec. 1.3.4). Let us again consider an energy band |+) which get
degenerate with another band |—) at a Dirac point when the Z parameter vanishes. Simon
([54]) has proven that the Chern number associated to the band |+) at Z # 0 (i.e. when the
Dirac point degeneracy is lifted) is the sum of the Berry phases along small path surrounding

the Dirac points at Z = 0.
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Summary about the relevance of the Berry phase concept To sum up, the Berry
phase is a very important concept in topology because it links the appearance of topological
phases with two-levels degenerate systems, and explains that the degeneracy can be thought
of as sources of topology. This is particularly relevant for band systems in which degeneracy
characterized by Dirac Fermions can appear by varying the system’s parameters. As we saw,
this is the case for the hexagonal lattice (honeycomb and kagome) systems we introduced.

This is why here we introduce this Berry phase concept.

1.1.3 Integer Quantum Hall effect

The Quantum Hall effect, appearing at low temperatures in two-dimensional electron gas
with a perpendicular magnetic field, is the quantized counterpart of the Hall effect. The
later was discovered by E. Hall, in 1879, who applied a perpendicular magnetic field and a
longitudinal electric current in a two-dimensional conductor (he used a gold leaf mounted on
a plate of glass) and measured a non-vanishing transverse (compared to the direction of the
current) voltage [55]. The transverse resistivity, denoted p,, is therefore non-vanishing, it is
called the Hall resistivity and also denoted py and its value characterizes the Hall effect. Its
inverse is called the Hall conductivity and denoted opy. In the classical version of the Hall
effect, we have oy = ne/B, with n the electron density, e the electron charge and B the
amplitude of the magnetic field.

80 years after Hall’s results, in the sixties, and during the following decades, the realization
of the MOSFET!, played an important role in the discovery of the quantum Hall effect.
Indeed, it enabled to design a two-dimensional electron gas and to study the interdependence
between in-plane electric fields, in-plane currents and perpendicular (to the plane) magnetic
fields. Some years after the first realization of the MOSFET it became possible to investigate

physical effects described by quantum theory in this device [56-60]; low temperatures (few

IMOSFET stands for Metal-Oxide-Semiconductor Field-Effect Transistor. It is the basic building block
of modern electronics and one of the most manufactured device in Human history.

18



Kelvins) and large (perpendicular) magnetic fields (with order of magnitude 10 T) were
reachable. Then it was relevant to think about the quantum consequences in the Hall effect.

When a perpendicular magnetic field (we denote its amplitude B) is applied to a two-
dimensional gas in the quantum limit, the cyclotron orbits of the electrons are quantized and
the Schrodinger equation leads to highly degenerate energy levels (called Landau levels [61]).
The latter have energy E, = hw.(n + 1/2), with n is a positive integer and the cyclotron
frequency w. = eB/m, e and m being the electric charge and the mass of the electron. This
is valid if the temperature is low compared to the energy difference between each Landau
levels, i.e. such that kT < hw,., with kp the Boltzmann constant. The number of states in

each Landau level is given by

_i_eAB
7¢0—27Th’

with ¢ the total magnetic flux through the sample, ¢y = 2wh/e and A the surface of the

L (1.26)

sample. From this, let us define the filling factor v, v = N/Np, with N the total number
of particle in the system (this is the density of states in the two-dimensional electron gas
at vanishing magnetic field times the surface of the sample). We shall mention here that
the disorder present in the physical systems broadens each Landau levels, i.e. the density of
states is a sum of peaks of finite width around the energies F,,.

In 1980, von Klitzing et al. found that the Hall conductivity oy, at integer filling factor
v (i.e. when the density of states at the Fermi energy is close to zero), was in fact quantized

in units of €?/h [6], with an accuracy of few parts in 10°:
og = ve?/h. (1.27)

This is called the integer quantum Hall effect; the accuracy of the measure is nowadays few
parts in 10 [62]. When the disorder in the system is small, we observe plateaus in the
value of o when varying B, as shown in Fig. 1.1(a). Let us mention that few years before
von Klitzing et al.’s result, Ando et al. had concluded that o, at integer filling factor, was

quantized up to some (possibly important) correction term proportional to o,,/B [63], with
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0. the longitudinal conductivity. Also, there was already some experimental studies of oy,
however not accurate enough to observe the plateaus in oy [64]. In Fig. 1.1(a), we observe
that the later goes to zero when the Fermi energy lies between two Landau levels and that
it is non-vanishing when the Fermi energy is inside a Landau level (with the highest value
when the Landau level is half-filled). This is what we may expect from usual band theory.
In the following section we focus on the understanding of the integer quantum Hall effect

via an elegant explanation due to Laughlin.
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Figure 1.1: (a) Longitudinal resistivity o,, and transverse resistivity o,, as a function of the
amplitude B of the perpendicular magnetic field applied to a two-dimensional electron gas.
In the upper left par of the figure is briefly sketch the system, with the magnetic field B,
the longitudinal current amplitude I, and the measured difference of potential U, and U,
respectively in the longitudinal and in the transverse direction of the two-dimensional sample.
This figure is taken from Ref. [65]. (b) Cylinder geometry used to show the quantization of the
transverse conductivity o, through Laughlin argument in Sec. 1.1.4. Here a two-dimentional
electron gas is confined on the surface of the cylinder and a flux A® is adiabatically inserted
thanks to the axial magnetic field B'(¢). In a quantum Hall system, a uniform and constant
magnetic field B is applied in the radial direction of the cylinder, i.e. perpendicular to the
surface of the cylinder, at each points in the surface.
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1.1.4 Laughlin argument and edge states

The quantization of the Hall conductivity Here we describe the argument presented
by Laughlin in Ref. [7], showing that the quantum Hall conductivity is quantized in units
of €%/h. This was the first theoretical understanding of the integer quantum Hall effect in
terms of a topological argument. With this argument we understand that the phase of the
quantum state describing the system plays an important role for the topological properties.
It therefore makes a connection with previous section about the Berry phase concept and
with the following sections and chapters dealing with topological systems.

Let us consider a two-dimensional electron gas confined at the surface of a cylinder (see
Fig. 1.1(b)), which is very convenient because of translation invariance in the y direction
(we may also call it the longitudinal direction) of the sample [66]. We want to study the
transverse conductivity o, for this we choose to study the relation between an electric field
generated in the y direction and the current in the x direction (we may also call it the
transverse direction). The electric field E results from a time-dependent magnetic flux ®(t)
through the cylinder and is given by Faraday’s law ¢ dl- E = 9,®, with dl an infinitesimal
element in the longitudinal direction. The magnetic flux ®(¢) results from a magnetic field
B'(t) along the axis of the cylinder. We denote the flux AP inserted from time ¢t = 0 to time
t="T,ie AD=(t=T)— ®(t=0), we assume that the system is a bulk insulator and,
from time ¢ = 0 to time t = T, we assume that a charge AQ is transferred from the lower
edge to the upper edge, i.e. in the x direction. We therefore write the transverse current

I = AQ/T. The transverse conductivity then reads
I AQ  AQ

T Fd-E T To0  AD

(1.28)

In the last equation, the value of AQ) depends on the value of A® so that o, is a constant.
Laughlin noticed that at some specific value of A®, AP = h/e, AQ must be an integer
number times the electron charge, and then o,, must be quantized in units of e¢*/h. To

understand this, let us look at the Hamiltonian of the free electron two-dimensional gas on
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the surface of cylinder with the magnetic field B’ along the axis of the cylinder. We choose
the following gauge for the magnetic vector potential A’ = e, B’R/2 with e, a unit vector in
the y direction, B’ the amplitude of the magnetic field and R the radial distance as sketch
in Fig. 1.1(b). The Hamiltonian is

1 s, 1 1 AD\?
H = —eAN = —p2 4 —e— 1.2
2m (p—eA) omPe * 2m (py “I ) ’ (1.29)

with p the momentum operator, m the electron mass, B'R?*r = A® and L = 27 R.

Now, consider A® = h/e. When ® goes from 0 to h/e, we see that it is similar to the
variation h/L in p, = hk,, i.e a variation 27/L in k,. From this, we deduce that (i) the
spectrum and the eigenvectors of H are the same at ¢ = 0 and at ¢t = T. However, the
momentum of the occupied states have all change by one increment 27 /L. Therefore, if the
bulk of the system is insulating, there can be a transfer of charges only between the edges,
and from (i) we know that it must be an integer number of electron charge(s): AQ = ze
with z an integer. Then we find

Ory = 262 /I (1.30)

Edge states The transfer of charges between the edges of the system means that some
states, localized at the edges, must cross the Fermi level so that a charge can be accepted
or donated (depending on the edge) at the Fermi energy. Because we consider a uniform
system and from the relative orientation of the axes  and y, we know that o,y = —0y,. In
fact, considering a voltage along x, computing the resulting current along y, and using the
same argument we used in the previous paragraphs, we also find that o, is quantized (the
proof appears this way in Ref.[7]), in agreement with o,, = —0,,. This shows that the state
localized at one edge of the system carry a chiral current; the state localized at the other edge
carry a current in the opposite direction. Halperin ([67]) showed that this state is robust
against weak disorder in the system; the reason being that there is no state available for

backscattering. Halperin ([67]) also showed, from energy and particle number conservation
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and considering weak disorder in the system, that there must also exist delocalized (also
called extended) states below the Fermi energy, in the bulk, that contribute to the electron

transport from one edge to the other during the adiabatic insertion of the flux.

Application to the quantum Hall effect In a quantum Hall system, a uniform and
constant magnetic field B is applied perpendicular to the two-dimensional electron gas;
in the cylinder geometry it would be radial, perpendicular to the surface of the cylinder.
Considering this radial magnetic field B and the axial magnetic field B’ (which produces
the electric field we need to study the quantum Hall effect), we choose the total magnetic
vector potential A + A’ = e, (B'R/2 — Bx), with B the amplitude of the magnetic field B.

It yields the Hamiltonian

1 1 Ad 2
H=—p+—(p, —e"" +eBz) . 1.31
2mpz+ 2m (py ¢ L te x) (1.31)

We see that the Laughlin argument stays valid because translation invariance in the y di-
rection is preserved. Eq. (1.31) is the Hamiltonian of a one-dimensional harmonic oscillator
along the x direction; along the y direction it describes a free particle moving in a periodic
space. The eigenenergies are given by FE, = hw.(n + 1/2), with n a positive integer and
each energy level is called a Landau level. The wavefunctions are the product of harmonic
oscillator states, centered at zg (xo is given Eq. (1.32)) and localized in real space over a
length corresponding to the so-called magnetic length I = \/W, and plane waves in y.
The center of the harmonic oscillator states is given by

A Rk, h [AD
_Ad> kK, _ _ 1.32
T BL T eB  eBL ( o, ”y> ’ (132)

with @y = h/e and n, is an integer given by k, = 2wn,/L. We see that inserting the flux
A® = h/e, which is equivalent to a variation 27/L in k, is also equivalent to a variation of
the center of the harmonic oscillator states. Now suppose that the Fermi level lies between

two Landau levels and add a confining potential in the x direction, necessarily present in
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the real system. This results (see [67]) in the crossing of the Fermi energy only by states
localized at the edges in the x direction (and extended in the y direction) and the bulk
is insulating. From this, we conclude that inserting the flux A® = h/e corresponds to a
charge transfer between the edges along the x direction. Following the convention on the
orientation of the x axis in Fig. 1.1(b), here we find that inserting A® = h/e increases x,
therefore there is a transfer of charge from the lower to the upper edge. At the lower edge,
a hole is created at the Fermi level, while at the upper edge an electron occupied a state
above the Fermi level. This explains why AQ and then oy are quantized and not vanishing
in the quantum Hall effect. When the filling factor v = N/N; (N and Ny are defined in
the previous section Sec. 1.1.3) increases by an integer number, the number of Landau levels
crossing the Fermi energy (at the edges of the sample) increases by the same integer number,
so does oy. Taking into account the narrow localization of the Landau levels in energy space,

this explains the behavior of the Hall conductivity in Fig. 1.1(a).

1.2 Systems with lattice translation symmetry

In this section we specify the general formalism we use to describe (non-interacting) lat-
tice translation-invariant systems, and we remind Bloch’s theorem and the definition of the
Wannier functions which are important for the understanding of the topological phases. As
examples of lattice translation-invariant systems, we introduce two simple tight-binding mod-
els on the honeycomb lattice and on the kagome lattice. These models are the elementary

building blocks of the models we study in this manuscript.

1.2.1 Tight-binding model and momentum space Hamiltonian

Here we introduce some of the formalism and notations we use throughout this manuscript.
We consider a non-interacting two-dimensional system with (real-space) translation symme-

try. It is described by a Bravais lattice and a basis (also called "motif”). The former is

24



mathematically represented by a set S, which contains all the lattice translation vectors.
The latter describes the arrangement of the inequivalent sites (in a unit cell) that we distin-
guish by a ”color”. Non-interacting two dimensional systems we study are described by a

generic lattice Hamiltonian H of the form

Z Z Z hr,r’,a,o/,a,a’C;a’acrlﬂ,’g,. (]_33)

€87 a,a’ (o,0")e{t,1}2
Here o and o are the index associated to the color of the site and the associated sum runs
over all the colors in a unit cell. o and ¢’ are indices associated to the spin degree of freedom.
The matrix made of the components Ay .o/ 0,0/, has size 2NN, x 2NN, and is hermitian,
with N the total number of Bravais lattice sites and N, the number of colors. ¢, , and

C

ra,0 are respectively creation and annihilation operators for a spin o particle at a lattice

site described by translation vector r and color . In this manuscript we consider either

fermionic or bosonic operators, which, we remind, satisfy the commutation relations

{cl,. Cor g1} = cf e ot Tt Co = Ory0n,0 050 (Fermions), (1.34a)
[cia, Cp U,] = CI’Ucr,ﬁ, — cr,ja/ci[’g = Or 1000050 (Bosons), (1.34Db)

with 0 the Kronecker delta function. In the following, we consider systems for which the
matrix h couples the same sites in the lattice, the nearest neighbors in the lattice and
possibly the next-nearest neighbors in the lattice. For instance, in the simple model we
review in Sec. 1.2.4, h only couples the nearest neighbors in the lattice. It derives from
a tight-binding approximation for a crystal, which consist in considering that the electron
orbitals are localized near the atomic sites. Then, from a simple Hamiltonian made of the

2
kinetic term —2—V2 for the electrons with mass m and of a crystal lattice potential term, h

m
is shown to depend on three overlap integrals, which namely gives an on-site potential term
and a nearest neighbor hopping term [68].

Momentum space description is very convenient for translation-invariant systems and is
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widely used in this manuscript, with the following notations

H=>"3" Y Ieacoothaotiooo (1.35)

keS, o, (o,0")e{t}2
where k belongs to the set S, which contains all the reciprocal lattice vectors and which is

called the Brillouin zone. Here a is the lattice spacing, ¢.e. the smallest distance between

T

two sites in the Bravais lattice. ¢,

and ¢, ., are the Fourier transforms of the operators
cl .o and ¢, . The Hamiltonian decouples into a sum over the momentum space vectors

k of a 2N, x 2N, hermitian matrix made of the components ﬁkya’a/w,,. This makes the

description Eq. (1.35) very convenient.

1.2.2 Bloch’s theorem and eigenstates of the Hamiltonian in mo-
mentum space

Bloch, in 1928, gave a general solution of the Schrodinger equation associated to a parti-
cle moving in a space-periodic potential [46]. His result, know as Bloch’s theorem, is very
important in condensed matter physics. Here we show a derivation of this theorem. It en-
ables to introduce some notations (namely concerning the eigenenergies and the eigenvectors
associated to a non-interacting translation invariant Hamiltonian) that we will use a lot

throughout this manuscript.

-2
Let us consider a single particle (fermion or boson) Hamiltonian H = b + U(r), with

2m
the periodic potential U(r + R) = U(r), R € S, being a translation vector in the Bravais
lattice. Bloch’s theorem states that translation symmetry imposes that each solution |, k)

of the Schrédinger equation H |1y, 1) = En [¥ni) satisfy

(r|nx) = Ynx(r) = eik'rumk(r), (1.36)

with w, k(r + R) = u, x(r). Each solution |, ) is identified by two quantum numbers, n is
called the (energy) band index and k is an eigenvalue of the momentum operator k. r) are

the eigenstates of the position operator r. Let us briefly give a proof of this theorem.
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We define the real space translation operator Ty such that T r) =|r+ R) withR € S,.
Acting with (r| TL = (r + R| on an arbitrary wave function which we then expand in a

Taylor series, and using the real space representation of the operator R, we find that [69]
Tr=e R =3 o ®R k) (k| (1.37)
Kk

with |k) the eigenstates of the momentum operator k. The system is invariant under an
arbitrary translation R, therefore its associated Hamiltonian shall commute with the trans-
lation operator Tr. This is directly checked from the Hamiltonian H because p = hk and
U(r +R) = U(r). Therefore there exist a common basis of eigenvectors [¢) that simultane-

ously diagonalizes Tr and H. Let us consider one of these eigenvectors that we denote [1)).

We write
Hlyp) = Ep), (1.384)
Th ) = tr|d). (1.38b)
Moreover, we have
(K| T [0) = €™ (K[y) = tr (K|1). (1.39)

and either (k|¢) = 0 or (k|¢)) # 0 in which case tg = R, Therefore, if k' # k, then
(K'[¢)) = 0 otherwise tg = e ® which is incompatible with tg = e¢*®. In other words,
each eigenvectors |¢)) may have non vanishing overlap with only one ket |k) so that it can
be labeled by the momentum space vector k. Besides, several eigenvectors [1)) may overlap
with the same ket |k) so we introduce an index n to differentiate them. We therefore write
| k) instead of |¢)) and the corresponding Hamiltonian eigenvalue E,, y.
Now Eq. (1.38b) reads
Th i) = 6 [1h,) (1.40)

Using (r| TL = (r + R| we find

Unie (r+ R) = ™ Feh g (r) . (1.41)
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Let us define u,,(r) = e ™, (r). From Eq. (1.41), we see that u,x(r + R) = u,x(r)
which proves Bloch’s theorem.
In anticipation of further sections, where we are interested in quantities depending on

|unx) rather than |1, k), we note that
e ™ He™ u,1) = B tnk) , (1.42)

with

e T =Y e ™ ) (x| (1.43)
To get Eq. (1.42), we used H [t/ 1) = Enx |thnx), Bloch theorem Eq. (1.36) and the identity
L=2 ) (x].

1.2.3 Wannier functions

Here we briefly introduce the Wannier functions [47] and some associated properties in
one-dimensional system. These functions are useful to understand the relation between
the Chern number and the charge polarization (in two-dimensional time-reversal breaking
systems) and they are also useful to understand the relation between the Z, invariant and
the time-reversal polarization (in two-dimensional systems with time-reversal symmetry).
We consider an isolated energy band indexed by the number n.

The Wannier functions, which we denote |w, r), where R specify the position of the

associated unit cell, are given by

v
(2m)"

’wn,R> =

[ ikt ey, (1.44)
BZ

where the integral is over the Brillouin zone (BZ), d is the dimension of the system (we
consider d = 1 or 2 in the following), V' is the volume of the real-space unit cell and |t ) is
the normalized Bloch eigenvector associated to the band n. |1, ) is defined up to an overall
phase, therefore Eq. (1.44) leaves some freedom on the definition of the Wannier states.

Here, we made this degree of freedom explicit with the introduction of the phase ¢, € R.
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Following from the orthogonality of the Bloch eigenvectors, the Wannier functions |w, r)
form a complete and orthogonal set of functions that span the same Hilbert space as do the
Bloch eigenvectors associated to the band n.

In one-dimension systems, it is possible to find exponentially localized (on the lattice
sites) Wannier functions [70]. The spread of the Wannier functions depends on the choice
of the phase ¢, (k,); the choice ¢y, (k,) = —i [, dk}.An(k],) maximally localizes the Wannier
functions around each (atomic) site [71]. A, (k,) is the Berry gauge field associated to the
band n and it is defined in Sec.1.3.2.

1.2.4 Graphene

As a first example, we review a simple tight-binding model on the honeycomb lattice. This
model is important for several reasons. A very fundamental and general reason why graphene
is interesting is that several other allotropes of carbon are directly related to graphene [72].
For instance graphite is made of graphene stacks, fullerene [73-75] has a structure in space
which occupies the surface of a sphere and each carbon atom has three o-bonds with neigh-
boring atoms and a carbon nanotube [76] is a sheet of graphene wrapped in a cylinder
geometry. These materials have been the focus of an important scientific and technolog-
ical interest [77, 78]. More specifically, graphene, characterized by Dirac fermions at the
degenerate energy points, has interesting topological properties. As we saw in Sec. 1.1.2,
degeneracies in two-level systems are source of Berry curvature flux and may lead to topo-
logically non trivial systems. Numerous experimental and theoretical studies of the Berry
phase in two-dimensional graphite or in other physical platforms where the graphene model
has relevance (e.g. cold atom and light systems) has been realized [79-92], in particular from
the time graphene is experimentally accessible [72]. A bit more generally speaking, topo-
logical systems related to graphene (we will introduce some in the rest of this manuscript)
have attracted and still attract a lot of attention in the scientific community [11, 78, 93—

105]. Here, we review a simple tight-binding graphene model; it proves helpful to study the
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Haldane model presented in Chapter 2, which is itself helpful before studying the current
theoretical description of the quantum spin Hall effect presented in Sec. 1.4.

Graphene [72, 78] is a two-dimensional material made of carbon atoms which disposition
in space forms a honeycomb lattice (see Fig. 1.2(a)). Each carbon atom has three sp? orbitals
(hybridization between one s orbital, one p, orbital and one p, orbital) which contributes
to three o-bonds with three other carbon atoms. This yields the honeycomb structure.
The overlapping between the p, orbitals (called w-bonds) at the nearest neighbors carbon
atoms results in the essential low energy properties of graphene. It is well described by a
tight-binding model on the honeycomb lattice with associated Hamiltonian

H=t Z cchj, (1.45)
(i,3)
where cI is the creation operator for a particle at site i. ¢t; € R, and the associated sum runs
over all the nearest neighbors ¢ and j. In the following, we will consider half-filling because
each p, orbital contains one electron.

The honeycomb lattice has two inequivalent sites in the unit cell (that we label by two
7colors”, A and B) and its Bravais lattice is hexagonal (see Fig. 1.2(a)). Let us write the
creation operators ¢ as ¢l where @ = {A, B} indicates the color at the corresponding
position given by the real-space vector r. We define the Fourier transforms of these real

space creation operators clja, with o = {A, B}:

CLQ = Z e®rel . (1.46)

I‘GSa

We also define 0, 0%, 0% the three Pauli matrices acting in sub-lattice space. In Fourier

space the Hamiltonian reads

H=> Ul (1.47a)
k
3

hye =t Z [cos(k - a;)o, +sin(k - a;)0,], (1.47b)

i=1
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with \IlT = (ckA,cL B). The displacement vectors a;, i € {1,2,3} and b;, i € {1,2,3} are
defined in Fig. 1.2(a).

The graphene model has two energy bands Fy i given by [106]
Ey(k) = £[hi(k)], (1.48)

with
3
k)=t ) exp(—ik-a). (1.49)
i=1

To anticipate the comparison with the results of the following section, we note that

Eyi(k) = +t;,|3+2) cos(k-by). (1.50)

i=1

These energy bands are represented in Fig. 1.2(d). The associated eigenvectors are given by

s 1) = ( + omielo, )|0> (1.51)
) ik-agh k)*
with e~#K) = ﬁ. Both bands cross at both inequivalent points K = g 82 —3 82 and
1
K = & ; 83 i1 the Brillouin zone (sketched in see Fig. 1.2(c)), with gs and g3 defined by

—go-by =27, g5-b3 =0, g3-by =0, and g3-bs = 27r. When the bands cross, the dispersion

relation around K and K’ is linear: for small k, we have
hl(K + k) = UF(—]{ZI + iky)? and hl(K, + k) = UF(/CI + iky), (152)

3
with vp = §t1 the so-called Fermi velocity (in units of the lattice spacing), k, = k - e,,

1 1 :
ky=k-e, e, = 5 (ba + bs) and e, = 3 (by — bg). This leads to

E.(K+k)=E (K +k)=$up k|40 (k) (1.53)

with |k|= /kZ + k2. A linear dispersion relation is reminiscent of massless Dirac Fermions

therefore K and K’ are called the Dirac points. At half-filling, the low energy excitations of
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the model are described by the terms in Eq. (1.47a) near K and K’. The effective Hamiltonian
then reads [107]

Hy = / U oy, (1.54a)
k

hO,k = Uf (_kaxTz + kyO'y) s (154b)

with \PL = (@I{H(, \IJI{,+k> and with 7, the third Pauli matrix acting in the basis of kets
with two components Wl i and ol 11~ The integration runs over k such that |k|< 27 /a.
Finally, let us notice that this graphene tight-binding model respects chiral symmetry,

time-reversal symmetry and inversion symmetry.

1.2.5 Kagome tight-binding model

The kagome (shown in Fig. 1.2(b)) lattice shares common properties with the honeycomb
lattice. Namely, as we show in this section, a simple tight-binding model on this lattice is
characterized by Dirac fermions, as the graphene tight-binding model considered in the last
section. Glancing back at Sec. 1.1.2, we deduce that the kagome lattice is potentially inter-
esting to build non-trivial topological systems. In relation with the Berry phase concept, the
kagome-lattice systems are interesting because they are a good platform for the quantum
anomalous Hall effect. The (classical) anomalous Hall effect has been observed by E. Hall
one hundred and forty years ago [108] and its quantized version has been theoretically and
experimentally studied since Haldane’s work in 1988 (see Ref. [5] or Sec. 2.1 of Chapter 2).
Though it has attracted a lot of attention in the scientific community [4, 5, 109-112], the
understanding of the anomalous Hall effect is still not complete. The quantum anomalous
Hall effect appears in ferromagnetic topological materials, making the kagome-systems par-
ticularly interesting for the study of this effect. Indeed there are a lot of magnetic materials
which atom structure is (or is similar to) the kagome lattice [27, 36-38, 113-116] while this
is not the case for the honeycomb lattice. Moreover, in the kagome systems the band gap

and the ferromagnetic Curie temperature is usually larger than in the honeycomb systems,
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Figure 1.2: (a) Honeycomb lattice representation and definition of the sub-lattices A and B,
of the nearest neighbors hopping amplitudes and of the displacement vectors a;, i € {1,2,3}
and b, ¢ € {1,2,3}. (b) Kagome lattice representation and definition of the sub-lattices
R, B and G, of the nearest neighbors hopping amplitudes and of the displacement vectors
b;, i € {1,2,3} and e;, 7 € {1,2}. (c) Brillouin zone and high-symmetry points for the
honeycomb and the kagome lattice which Bravais lattice is hexagonal. For the honeycomb
lattice, in Sec. 1.2.4, we called g3 the vector called g; in this figure. Dispersion relations for
(d) the graphene model Eq (1.45) and (e) the tight-binding kagome model Eq (1.55).

therefore non-negligible topological properties should be measurable at higher temperatures

[36]. This is very important for practical applications.
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We consider a tight-binding model on the kagome lattice with only nearest-neighbor hop-
ping term. We show that it shares some properties with the graphene model we described in
previous section, namely linear dispersion relation near the Dirac points. The Hamiltonian

reads

H=-t) cle, (1.55)
(i.4)

where c;-r is the creation operator for a particle at site i. ¢; € R, and the associated sum runs
over all the nearest neighbors ¢ and j.
The kagome lattice has three inequivalent sites in the unit cell (that we label by three

"colors”, R, B and GG) and its Bravais lattice is hexagonal (see Fig. 1.2(b)). Let us write the

creation operators C;-r as ¢l , where a = {R, B, G} indicates the color at the corresponding

r,a

position given by the real-space vector r. As we did in the previous section, we define the

Fourier transforms
cLa = Z e™rel . (1.56)
I'GSa

In Fourier space the Hamiltonian reads

H=> Ul (1.57a)
K
0 cos(k-by) cos(k - bsg)
he = =2t | cos(k - by) 0 cos(k-bs) | (1.57b)
cos(k - by) cos(k - by) 0

with \I/L = (cLR,cLB,cLG) The displacement vectors b;, i € {1,2,3} are defined in
Fig. 1.2(b).
Now we investigate the energy spectrum [31, 39] associated to the model we consider here

and we show the similarities with the graphene. We have

det (hye — AI) = (A — 2t)(—=A? — 2tA + 4% f(k)), (1.58)
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with f(k) = 2 H?:1 cosk - b;, —1/4 < f(k) < 2. This yields one flat energy band E, = 2t

and two dispersive bands

Ep =t (1= VT 47(K)). (1.59a)
Er=—t (14 T+47()), (1.59b)

with E; < E,, < E, and degeneracies appear in the spectrum only at f(k) = —1/4 and
at f(k) = 2 in which cases we respectively have E; = E,, = —t and E,, = E,. Graphical
representation of the energy spectrum is given in Fig. 1.2(e). We have checked that hexagon-
localized states associated to alternating values of the phase 0 and 7 are eigenstates with
energies corresponding to the flat band [117, 118]. Such localized states are made possible
because of the specific geometry of the kagome lattice; destructive interference processes

occur in each triangle connected to the hexagon(s) where the state is localized. The equality
81— 82 g2 — 81

f(k) = —1/4 is obtained at both inequivalent points K = and K' = in the
Brillouin zone (sketched in see Fig. 1.2(c)), with g; and g defined by g1-e; = 27, g1-e3 =0,
go-e; =0, and gy - € = 27 and the vectors e;, i € {1,2} are defined in Fig. 1.2(b). Both
lowest bands of the spectrum are in fact identical to both energy bands of the graphene (up
to a global energy shift). Indeed we have f(k) = 327  cos’k-b; — 1 and defining e = e, — e,

so that e; = 2b;, i € {1,2,3}, we find

1+4f(k)—3+2icosk-e,-. (1.60)
i=1
From this we deduce that for small k around K and K’, we have
E,(K+k)=FE,(K +k)=—t (1 — g]k\) + O (k). (1.61a)
E(K+k)=E(K +k)=—t (1 + g\k|> + O (k%) (1.61Db)

3
1/3 filling, the low energy excitations of the model are described by linear relation dispersion

1 1
with |k|= \/kZ + k2, k, =k e,, k, =k e, e, = _ﬁ (1 —eg) and e, = —= (€1 + e3). At

. . ) 3
relation and one can identify vy = §t as for the graphene case.
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1.3 Chern number and link with measurable observ-
ables in topological systems

We now make the connection between the Berry phase and observables such as the Hall
conductivity (Sec. 1.3.1) and the charge polarization (Sec. 1.3.4) in two-dimensional sys-
tems. This leads us to introduce and study a topological invariant, the (first) Chern num-
ber (Sec. 1.3.2), characterizing these two-dimensional systems; systems with non-vanishing
Chern number are called Chern insulators. We also explain the connection between the
Chern number and the presence of the chiral edge states which energy cross the bulk gap in
an open geometry (Sec. 1.3.3). This concepts are widely used throughout this manuscript,
either for the study of Chern insulators (see Chapters 2, 3 and 4), or for the understanding

of time-reversal invariant topological insulators (see Sec. 1.4 and Chapters 3 and 5).

1.3.1 Hall conductivity and TKNN integer

Here we compute the Hall conductivity using the Kubo formula, as Thouless, Kohmoto,
Nightingale, and den Nijs did in 1982 [8]. As we will see, it has a direct link with the Berry
phase concept and in particular with Eq. (1.22). This section therefore provides another
way to understand how the Berry phase concept is related to the Hall conductivity and
the topological properties of the system. It shows the quantization of the Hall conductivity
in the QHE and it leads naturally to the introduction of the Chern number which is the
invariant characterizing two-dimensional topological systems.

We consider a lattice translation-invariant two-dimensional system. Note that if a mag-
netic field is applied to the system, considering the magnetic unit cell instead of the ”usual”
unit cell (as long as we study a ”spinless” system) and magnetic translation operators in-
stead of "usual” translation operators restores the translation-invariance [10]. This lattice
translation-invariant system is described by Bloch states. We assume a small electric field

with amplitude €, applied in one direction of the system (call it the y direction); to be more
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specific we consider this electric field as an adiabatic perturbation of the Bloch Hamiltonian.

Let us compute the transverse conductance o, , defined by

e(Ju)y = Ouy€ys (1.62)

where (j,), is the expectation value of the current density operator in the direction perpen-
dicular to the y direction, resulting from the electric field perturbation and e is the electron
charge. The response to the perturbation may be evaluated using linear response theory (see

for instance [119]) which leads to the so-called Kubo formula (see App. D)

Gy ey Sl Gl ) — ) )
m N<En

where |n) and |m) are eigenstates of the system and E, and E,, their energies, j, is the

current density operator in the y direction, V' is the volume of a unit cell, Er is the Fermi

energy and h is the reduced Planck constant. This gives

_ (ml ga ) (0] 3y [m) = (1] 3o [m) (m] 5y [2)
Ozy = theV Z (E, B, . (1.64)

Em<u<En
Let us apply it to the Bloch system we want to describe. We identify V (n|j,|m) =
(] ) = (] (D H) [m) /1 and V' (n] j, m) = {n] v, [m) = (n] (3, H) [m) /s which gives
i€ @ H) ) (o 9k ) o) (O ) ) ] (9, )

Ozy = 337 o E, _E," (1.65)
Then we use the eigenvalue equation
H|m) = E,, |m), (1.66)
and the action of O, j = {z,y} on
(n| H |m) =0, V|n) # |m), (1.67)
to get
(0] (D, H) [m) = (Ew — En) (] (B, [m)) = (En — En) (8%, (n]) [m) (L.68)
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Reporting this result in Eq. (1.65) gives

2

Ouy = o > ((Okmin) (n|ok,m) — (O, mIn) (n|0,m)) . (1.69)

Em<EF<En

The eigenstates of the Hamiltonian form a complete set and the Fermi energy is supposed

to lie between two bands, therefore >, _p _p (Im) (m| + |n) (n]) = 1, therefore

2
e
0oy = = 3 ((Omldh,m) = (@, mldm)) (1.70)

En<Ep

Transforming this last equation into a sum over the filled bands with index m gives

2

e
Oay = > Cu (1.71)

filled bands
with
1

Cp=— [ d&k- A,l, 1.72
3 [ [V < Al (1.72)

the so-called Chern number associated to the m'" energy band (the integral in the formula

runs over all momentum in the Brillouin zone), and

Eq. (1.71) was first obtained by Thouless, Kohmoto, Nightingale, and den Nijs [8], and is
often referred as the TKNN formula. Defining

Oy = D Orym, (1.74)

filled bands

we see that each band n is associated with a Hall conductivity proportional to the associated
Chern number

Oayn = 7Cn. (1.75)

Thouless, et al. originally derived the TKNN formula for a two-dimensional crystal with
perpendicular uniform magnetic field and they showed that what we called C), here is quan-
tized. This formula is in fact directly applicable to a two-dimensional crystal with vanishing

magnetic field in the unit cell, first introduced by Haldane [5] few years later.
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Comparing Eq. (1.72) with Eq. (1.22), we see that 27 times the Chern number is the
integral of the Berry curvature over the two-dimensional Brillouin zone, i.e. the Berry phase
accumulated by a particle around a close path being the boundary of the first Brillouin zone.

In the next section we explain that C,,, that is called the Chern number, is a mathematical

object used to characterized the topology of a two-dimensional manifold and is quantized.

1.3.2 Chern number

Here we show the quantization of the Chern number, which explains the quantization of the
Hall conductivity. The derivation presented here follows Ref. [10] and is also useful for the
computation of topological invariants in further sections of this manuscript.

As introduced in the previous section the Chern number characterizing an arbitrary iso-

lated Bloch energy band with associated Bloch eigenvector Wy (r) = ey (r) reads

1
C=— ko’ [Vk X Ak] c €y, (176)

2y
with the so-called Berry gauge field Ay = [ d*ruj(r) Viuk(r) = (uk| Vi |uk). Because the
BZ is a torus, if we can find a gauge choice such that Ay is uniquely and smoothly defined
over all the BZ, then, using the Stokes’ theorem, we find that C' is vanishing. Therefore, a
non-trivial topology comes from the impossibility of finding such a gauge choice that makes
Ay uniquely and smoothly defined.

Under a gauge transformation wu(r) — wu(r)e’® with f a smooth function of k and
independent of r, we have Ay — Ay + iV f(k), so C — C. Now, suppose that the BZ is
divided into 2 domains denoted Dy and Dy, where the respective gauge choices |ux ) and
|ux 1) are unique and smooth. We define p(k) a smooth function of k such that |ux;) =
ei(k) |u 1) and we define Ay = (uk1| Vi |uk1) and Ay p = (ug 11| Vi |u 1) which are both

uniquely and smoothly defined fields respectively inside Dy and Dy;. Then we have
1
C = -0 (/ ko’ [Vk X Akﬂ S +/ d2k5 [Vk X Ak,II] . ez) . (177)
A% Dr Di
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We call T the boundary between D; and Dy and we have, from Stokes’ theorem

1
C = :l:— (% dk - Ak,I — % dk - Ak,H) . (178)
20T T r

Note that the sign in the previous equation depends on the choice of the domains D; and
Dy and on the orientation of the one-dimensional integral over I' on the BZ. Applications
of this formula to specific topological systems are detailed in Chapter 4, Sec. 1.1.4 and in

Chapter 5, Sec. 1.1.4. Using Ax1 = Ax 11 + iVip(k), we find [10]

=t ]f dk - Vip(k). (1.79)
2 Jp

Along I', the kets |ux ) and |ukr) = ele(k) |u 11) are unique functions of k and the phase
¢(k) is a smooth function of k, therefore the integral in the last formula is an integer times
27 and C is an integer. We conclude that the Hall conductivity Eq. (1.75) is quantized (in

units of €2/h).
1.3.3 Bulk-boundary correspondence

In the previous sections, we showed that a quantized value of the Hall conductivity is related
to an integer value of the Chern number, which is a bulk invariant. The quantized value of
the Hall conductivity is also related to the presence of the chiral edge states which energy
cross the bulk gap in an open geometry (see Sec. 1.1.4). Here we explain that these edge
states are in fact necessarily appearing at the interface between two systems characterized
by different Chern numbers. We use the notations introduced in Sec. 1.1.2.

Let us consider an adiabatic evolution of the Hamiltonian H(R) in parameter space; the
energies of the system vary continuously. As long as an energy band n stays isolated (no
crossing with other bands) a quantity (that we denote C),(R)) computed from the energy
states associated to this band can only vary continuously. Therefore, in this case, a number
which is constrained to be an integer can not vary. However, if during the evolution of R, the

energy band crosses another one and after the crossing an isolated energy band reappears,
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then, there is no constrain of a continuous relation between both C,(R) associated to the
isolated band before and after the crossing. In other words, taking C,,(R) to be the Chern
number tells us that it can vary only if the bulk gap closes.

Now we consider an interface (where the parameters R vary slowly) between a Chern
insulator and a trivial insulator. Both of these systems, away from the interface region,
are characterized by gapped bulk bands. On the other hand, from the previous paragraph,
we know that at the interface region, the gap has to close so that the topological invariant
characterizing the Chern insulator and the trivial insulator can be different. This is realized
thanks to states which are localized at the interface and which connect the bulk bands below
and above the gap. If we further assume that the system is described by a Dirac Hamiltonian
at the gap closing points, looking for an edge solution of the Schrodinger equation gives a
chiral propagating mode along the interface [2, 66].

This bulk-boundary correspondence is generalizable to an interface between two insulators
characterized by different values (say I; and I,) of a topological bulk invariant (integer). In

such system, I; — I edges states are predicted [2, 120, 121].

1.3.4 Charge polarization

The modern microscopic theory of charge polarization is quite recent and is a rich subject.
We refer the interested reader to the Ref. [122].

Here we would like to give another perspective on the relation between the Chern number
and the charge polarization [123] which is the number of charge pumped during a cycle
such as the one described in Sec. 1.1.4. Let us first consider a one-dimensional system with
associated Hamiltonian H, space coordinate x and momentum coordinate k,. We consider
an energy band labeled by quantum number n.

The Polarization is given by the center of charge of the Wannier states (in units of the

41



electron charge e) [48, 68, 122, 124]

1

P = (wp x| |wn x) = %/ dk, A, (k) + X, (1.80)

with A, (kz) = (Unk,| Ok, [unk,). Let us impose that the Bloch eigenvectors [i,x,) are
defined continuously from k, = —= to k, = 7 and that |y, k,+x) = |¥nk.—x) (note that this

2T ke—r(2)). Then from the expression of the Berry

however implies that w, g, () = ¢~
field (see under Eq. (1.76) for instance) we see that A, (k, + 7) = A, (k, — 7) and the last
integral (right-hand side of Eq. (1.80)) can be taken on a closed loop. Now we parametrize
the Hamiltonian with say time ¢ and we consider an adiabatic evolution of H, from an initial

time ¢, to a final time ¢;. We assume that the Bloch eigenvectors |1, (t)) are defined

continuously between ¢y and t; for all value of k,. We have

P(ty) — P(ty) = 21 [}{ dky Ap(kzyth) — ]{dk‘x An(k:x,to)] , (1.81)

(x

which, gives after application of Stokes’ theorem [48]

8]
Pty) — Plty) = 227T/ dt]{dkmk (1.82)

with the Berry curvature F(t,k;) = (Outini, (t)|0k, Uni,(t)) + c.c. and "c.c.” denotes the
complex conjugate. The experimental access to the polarization in perovskite crystals made
possible to check that Eq.(1.82) leads to consistent physical results [125-128]. In most
experiments, we access the polarization through its derivatives (e.g. via the permittivity,
the piezoelectric tensor, the Born charge [122]). The change in the polarization expressed in
Eq. (1.81) is therefore connected to experimental measurements.

We now consider a two-dimensional real-space system and we write its Hamiltonian in

momentum space
H= Z H(k (1.83a)
=D e Catiar (1.83b)

kz o,

42



with H(k,) = H(k, + 2m). In the thermodynamic limit where the number of unit cell goes
to infinity so that k, (and k,) varies continuously, taking ¢ = k, and considering a periodic
pumping cycle, i.e. tg = kyo and t; = k1 = ko + 27, gives

1
P(ky,l) - P<k7y,0> == % /ko [Vk X Ak] - €y, (184)

where we identify the famous form of the Berry curvature for two-dimensional systems
[V x Ag] - e.. The change in the polarization during a periodic pumping cycle, in units of
the electron charge e, is the Chern number. In other words, during such a periodic pumping
cycle, the center of charge of the Wannier functions is shifted by the value of the Chern

number (remind that we set the lattice parameter to unity a = 1).

1.4 Time-reversal invariant topological insulators

In this section we introduce two-dimensional topological spin systems which are time-reversal
invariant. This is particularly useful for Chapter 5 where we study such systems. As we
explain in the following section, the key physical ingredient of the topological band theory
introduced here is the spin-orbit coupling; its description and its relation with topology is
also useful for the chapter 4. Time-reversal symmetry plays a major role for the topological
properties of the systems studied here. The time-reversal operator is introduced in App. B
and some proofs of statements used in this section can also be found in this appendix.

The topological phase we study in this section is called a quantum spin Hall phase and
was first envisaged to exist in graphene by Kane and Mele who theoretically described it in
Ref. [11]. Almost at the same time, Bernevig et al [12, 13] independently studied a similar
model realizable in mercury cadmium telluride (HgCdTe) semiconductor quantum wells.
This enabled the first experimental observation of the quantum spin Hall phase few years
later [14].

The quantum spin Hall effect is the quantized version of the spin Hall effect. A spin

Hall state is characterized by electrons moving in a direction which depends on their spin
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direction [129, 130]. In a spin Hall system under an applied electric current, the Hall voltage
(difference in the Fermi levels at both edges of the sample) is vanishing but the spin Hall
voltage (difference in the Fermi levels for each spin at both edges of the sample) is finite. The
spin Hall effect appears in systems with strong spin-orbit coupling. A microscopic model
with spin-orbit coupling which shows a quantized spin Hall conductance has been formulated
in years following the first studies about the spin Hall effect [11-13]. It leads to a topological
band theory describing topological insulators [2, 131]. This was also a major step towards the
realization of the quantum anomalous Hall effect, introduced in a theoretical model almost
two decades earlier [5].

In the following section we review Kane and Mele’s model [11]. Then, in section 1.4.2, we
study a topological pump for a time-reversal invariant system and we make the connection

with the topological invariant which characterizes these systems.

1.4.1 Kane and Mele model

The Kane-Mele model [11] is a spin model on the honeycomb lattice. Kane and Mele intro-
duced this model to describe graphene with spin-orbit coupling at low energy. Then they
constructed an effective tight-binding model which, at low energy, is identical to the former

model.

Spin-orbit coupling in the low energy effective model We want to build a low-energy
topological spin model on the honeycomb lattice; our starting point is two spin copies (one

spin up copy, one spin down copy) of the low energy graphene model. Let us define

CA I |
0l = (Vep B, ) (1.852)

T | t t t
Vo = (CK+k,A,avCK+k,B,avCK'+k,A,avCK/+k,B,a ;o e {1} (1.85b)
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where CL 1., 1s the creation operator for a particle with momentum k, color L = {4, B}, and

spin ¢ = {1, ]}. The extension of the Hamiltonian in Eq. (1.54) is

fﬂ):l/n@Lthik, (1.86a)
k

hox = vrl (—ke0.T. + kyoy) (1.86b)

with I the identity in spin space. In this system, we want to open a topological gap at each
Dirac point and we want to keep the system time-reversal invariant, because in such a system,
the edge modes are protected by time-reversal symmetry as we explain in App. B. From the
expression of hyx we see that a gap can be opened only thanks to a term proportional to o,
(third Pauli matrix acting in sub-lattice space).

Let us consider one Dirac point, say K. We can open an identical gap for both spin
polarizations with a term proportional to o,I;, where the identity matrix acts in the spin
space. We have 0o.I1,07! = 0.1, (see App. B) so time-reversal symmetry imposes that at
the other Dirac point K’, we take the same term o.I,. However we know that for a spinless
system a Semenoff mass term 0.1, (I, is the identity in the (K, K'’) space) gives a trivial
phase. Here for a spin model it would just yield two spin copies of trivial topological systems,
so the whole system would also be trivial. Another way to open a gap is to consider, at one
Dirac point (say K), opposite masses for both spin polarizations, i.e. a term o,s,, where s,
is the third Pauli matrix acting in spin space. We want to impose that the system is time-
reversal invariant. A time-reversal transformation flips the spin (in the spin Pauli matrix
language it gives 05,071 = —s, so0 00.5.071 = —0.s.) and it sends the Bloch Hamiltonian at

k = K to the Bloch Hamiltonian at —k = K':
Ohk =K)0' = h(—-k = K'). (1.87)
Therefore the system is time-reversal invariant if we set
h(K") = —h(K), (1.88)
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i.e. the term opening the gap must be proportional to o,7,s,, where 7, acts in the (K, K’)

space. We denote it Hgp and we write its amplitude Agp;

HSO = /\SO/\Ingszsz\Ijky (189)
k

This is a spin-orbit coupling term since it couples spin and momentum quantum numbers.
This is the extension of the (effective low-energy) Haldane mass term o, 7, for a time-reversal
invariant spin system.

This term is referred to as ”intrinsic” spin-orbit coupling because its physical origin comes
from the motion of the electrons in the potential created by the atoms forming the lattice
(as we explain in the paragraph ”Lattice model”). It is invariant under the z — —z trans-
formation, called mirror symmetry about the plane.

In their seminal paper [11], Kane and Mele also considered a Rashba spin-orbit term;
alone it is not sufficient to open a gap but it may vary the gap yielded by Hgo through the

coupling of both spin species. It is given by
Hp = /\R/ \I/L (02T2Sy — 0ySa) Vi . (1.90)
Kk

As for the intrinsic spin-orbit coupling term, we study the lattice version of this term in the

next paragraph.

Lattice model The total spin Hamiltonian H = Hy + Hgo is found to be the low-energy
limit of two spin copies of the Haldane model (at ¢ = 7/2 and M = 0), where the sign of
the t5 term depends on the spin degree of freedom:
121 Z cl7aﬂcj’ﬁ + ity Z Vl-jc;r’aszcm, (1.91)
(i.J) (G, 3))
o o
where we can also write explicitly cj’a = <c;a’T, cjym ¢). The t; term is the graphene Hamil-

tonian Hy and at low energy the t5 term gives the spin-orbit term Hgo. In graphene, the

physical origin of the ¢, term is the spin orbit coupling between a particle’s spin and its
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motion (characterized by the momentum p = hk) in the lattice potential V' (due to the
atoms) [11, 109, 132], given by [133]

(VV xp)-sxL-s, (1.92)

where L is the angular momentum operator and in graphene L - s reduces to L,s, because
the system is invariant under mirror reflection about the lattice plane. As we mentionned
in Sec. 1.2.4, two types of orbitals are found in graphene, the sp? orbitals which contribute
to the o-bonds and p, orbitals which are the one we took into account to describe the low
energy properties of graphene. The amplitude (R;(r)| L.s, |R;(r)) of the term in Eq. (1.92)
between two p, orbitals |R;(r)) and |R;(r)) centered at two nearest-neighbor sites i and j
is vanishing. Indeed, consider a vertical reflection plane along the bond between i and j;
under a mirror transformation about this plane, L, is odd and the p, orbitals are unchanged.
Therefore (R;(r)| L.s,|R;(r)) vanishes. If ¢ and j are next-nearest neighbors, the lattice is
not invariant under the mirror transformation about vertical reflection plane along the i-j
bond. Although Kane and Mele first estimated the amplitude of this term to be ~ 1 meV, it
was shown few years later ([134, 135]) that this term in graphene is actually very small (1073
meV) compared to the relevant energies of the system (remind that the nearest neighbor
hopping term has amplitude ~ 1 eV). The quantum spin Hall effect was also predicted to
happen in HgCdTe ([12, 13]) where the amplitude of the spin-orbit coupling is large ([2,
136-138]); this effect was then experimentally observed [14, 139-141].

Hamiltonian in Eq. (1.91) is time-reversal symmetric so it is characterized by a topological
Zs invariant, as we argue in Sec. 1.4.2. Moreover, it is inversion symmetric, so it is possible
to compute v from the method presented in Sec. 3.3.2. In fact, v can also be computed as a
difference of Chern numbers associated to both spin energy band since the Hamiltonian in
Eq. (1.91) does not contain spin mixing terms. From Eq. (1.91), we see that we have two
spin-copies of the Haldane model at vanishing Semenoff mass. These two copies experience

an effective opposite magnetic density (in terms of the Haldane model), therefore the total
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polarization is vanishing but the difference in polarization between both Kramers’ partner is a
topological invariant. This difference is the difference between the Chern numbers associated
to both Kramers’ partner. If the system has open boundary, at each edge of the system, two
edge modes (forming a Kramers’ pair) are localized, they propagate along the edge in opposite
directions and they are associated to opposite spin polarizations. This gives a quantized spin
Hall conductivity o, which relates the difference in the spin currents along the edges and an
applied electric field in the direction perpendicular to the edges. For instance, in a system
with translation invariance along the x direction, we have J; — J, = o3 F,, where J, is the
current along the x direction associated to the o spin species when a small electric field £,
is applied in the y direction. As we explain in App. B, in the momentum space, the energy
associated to both partners of a Kramers’ pair cross at the time reversal invariant points.
Time-reversal symmetry protects this crossing; single-particle scattering terms (which could
open a gap) between both partners of the Kramers’ edge pair are necessarily (because of
time-reversal invariance) vanishing. The energy associated to two modes localized at different
edges can also cross at other points in momentum space; the gap can not open here because
the scattering between modes localized at different edges of the (bulk insulating) system is
not possible.
The lattice version of the Rashba spin-orbit coupling term, which corresponds to a term
(s X p) - e,, with e, a unit vector along the z direction, reads
A Yl (0nd! ;= 0ydy ) ¢ (1.93)
(i,5)
It arises when mirror symmetry about the two-dimensional lattice plane is broken and since
it mixes the spin degree of freedom, the Z, invariant can not be obtained as simply as we
discussed in the previous paragraph. However, small values of Ag (such that the band gap
does not close) do not destroy the topological phase, as we can see from the phase diagram
of the model Fig. 1.3. Starting in the topological phase at A\gx = 0 and varying Agr, the spin

Hall conductivity o, is not conserved (and not quantized) but the topological Z, phase is
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Figure 1.3: Energy spectrum in (a) the topological phase and (b) the trivial phase of the
Kane and Mele model. The inset shows the phase diagram as a function of the amplitude of
the Semenoff mass and of the Rashba spin-orbit amplitude, both in units of the amplitude
of the intrinsic spin orbit coupling. This figure is taken from Ref. [144].

conserved as long as the gap does not get closed [11, 142-144]. In open geometries, at each
edge of the system, in the topological phase, two edge modes (forming a Kramers’ pair)
are localized and they propagate along the edge in opposite direction but they can not be
labelled by a spin quantum number. Again, as we explained in the last paragraph, the edge

states are robust because of conserved time-reversal invariance which protects their crossing.

1.4.2 7, topological invariant

During a pumping protocol, the variation of the center of charge of the Wannier states
associated with one isolated energy band is related the Chern number of the band (see
Sec. 1.3.4). In a (topological) time-reversal invariant system, from Kramers’ theorem, we
know that the system is composed of a set of pairs of (time-reversed) energy bands. In
momentum space, each energy band in a pair cross at the time-reversal symmetric points
of the BZ, i.e. such that k = —k. The Chern number is defined for a set of well isolated
energy bands only. In a time-reversal invariant system, the Chern numbers associated to

each Kramers’ pair are vanishing. This can be explained without calculation: if the Chern
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number would be nonvanishing, it means that the system would present physical properties
breaking time-reversal symmetry (e.g. chiral edge modes) which is in contradiction with
the fact that we consider a time-reversal invariant system. Therefore the Chern number
is necessarily vanishing and can not characterize the topology of a time-reversal invariant
system.

In a time-reversal invariant system, Fu and Kane [48] showed that the variation of the
center of charge of the Wannier states is related to the topological properties and can be used
to build a topological invariant. To be more specific, here, what matters is the difference
between the center of charge of the Wannier states associated to both states of a Kramers’

pair. Let us review this in a formal way.

Zo pumping protocol for time-reversal invariant systems We consider a one-dimensional
time-reversal invariant system with associated Hamiltonian H, space coordinate z and mo-
mentum coordinate k,. Moreover, we consider an isolated (Kramers’) pair of energy bands,
and we label each band by the indices I and II. We assume that there is no other degeneracy
in the energy spectrum than those imposed by time-reversal invariance § H9~' = H (which
appear at k, = {0,7,—7}). The band I eigenstate |u', ) (at —k;) is the time-reversal

transform of the band II eigenstate |w; ), up to a U(1) phase factor:

uly,) = 0 uy) (1.94)
with &, a real number. 6% = —1 gives
[l ) = —e“50 |u) ). (1.95)

We introduce, by analogy with Sec. 1.3.4, the polarization associated to the band s =

{I, 11} eigenstate [48]

1 s
P =— dk, A°(k,), (1.96)
21

—T
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with A%(k,) = i (uj_| Ok, |uj ). We notice that P' = P modulo an integer. Indeed, using

Eq. (1.94) and (0w} | Ok, |0u}. ) = — (uj. | Ok, |uy.) we find

A —hy) = =i by | O, ULy, ) = AV(k,) + O 6. (1.97)
therefore
1 T
Popt= / d, [AUk,) + A (—ky) — AV (k,) — AY(—,)] (1.98)
T™Jo
= o [k (6 ) = o (6 - )
= on ), WOk Sk — b)) = 50 (or = Loa)
k. = m and k, = — being the same points of the Brillouin zone, and the kets |uj ) being

uniquely defined, we know that e®-= = e~ which means that (£, — £_;) is equal to 27 times
an integer. In other words, for a time-reversal invariant system, the Wannier state associated
to the band s has the same center of charge (up to a lattice constant) than the Wannier state
associated to the time-reversed partner of the band s. The value of P! — P is not a gauge
invariant (e.g. consider a simple gauge transformation |uj ) — ¢/ |uj )). The complete
set of Wannier functions associated to the band s states, {|w%)}, is a set of functions which
centers of charge run over all the lattice positions. The set of centers of charge associated
to the set of Wannier functions {|w%)} is invariant under a gauge transformation because of
the periodic boundary conditions. It is possible to choose the gauge such that P! — P, the
difference between the centers of charge of |w() and |w{') (more generally it is the difference
between the centers of charge of |w)) and |wll)), is exactly vanishing (not up to an integer).
With this in mind, let us now discuss a pumping protocol for the system; it will naturally
lead us to define a topological invariant for a time-reversal invariant system.

As we did in Sec. 1.3.4, we consider an adiabatic evolution of H, from an initial time ¢ = 0
to a final time 7'/2 (T is one period; H(0) = H(T)). We assume that the Bloch eigenvectors
are defined continuously between 0 and 7'/2 for all value of k,. We assume that H is time-
reversal invariant at ¢ = 0 and 7'/2 while it breaks time-reversal invariance for each time

between ¢t = 0 and T'/2. At the time-reversal points ¢t = 0 and 7'/2, we know that a pair of
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Wannier states is localized over each lattice site, because of time-reversal symmetry. Let us
assume that we choose the gauge as we discuss previously, such that |w);) and |w') have the
same center of charge X at time t = 0, i.e. P'(0)— PY(0) = 0. During the pumping protocol
time-reversal symmetry is broken so the Wannier states are not required to be localized by
pairs. At the end of the pumping protocol (at time 7'/2), both partners of a ” Wannier pair”
which had the same center of charge at t = 0 can:

(i) be associated with the same center of charge; in this case |w)) and |w!) keep the same
center of charge X, or

(ii) be associated with the same center of charge up to one lattice constant; in this case
lwl,) has for instance center of charge X — 1/2 and |w'}) has center of charge X + 1/2 and
|w) form a pair with |w§_;) and |w¥) form a pair with |wl, ). We say that the Wannier
states "switch partners” (see Fig. 1.4).

In both cases, the sum of the centers of charge is constant from ¢t = 0 to 7'/2 because the
total Chern number is vanishing.

If the one-dimensional system has open boundary conditions, at 7'/2 and at each end of the
system, it appears one occupied Wannier state for a Wannier pair. Therefore each edge yields
two degenerate states, and the ground state for a system with two edges (cylinder geometry)
is composed of four degenerate states (see Fig. 1.5). This is unusual for noninteracting
topological phases: threading half a flux in the system changes the degeneracy of the ground
state (see [66]).

Let us define Py(t) = P'(t) — P"(t). We notice that, for the pumping protocol discussed
in the previous paragraphs, the number A defined such that A = Pp(7'/2) — P»(0) mod 2 is a
gauge invariant because a gauge transformation would transform Py(7/2) and Py(0) equally
(look at Eq. (1.98)). Both topologically distinct pumping processes that we referred as case
(i) and (ii) are characterized by a different value of A. In the case (i) both partners of a

”Wannier pair” keep the same center of charge therefore A = 0 while in the case (ii), the
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Figure 1.4: Switching of the Wannier pairs centers during a pumping cycle of period T in
a topological system. Fig. (a) shows how the positions of the Wannier centers move when
performing a pumping cycle. ¢ = 0, t = T'/2 are both times for which the system is time-
reversal invariant. Fig. (b) shows the two-dimentional space of the system; the I" points are
the time-reversal invariant points. This figure is taken from Ref. [48].

Wannier states "switch partners” so A = 1. A defines a Zy topological invariant.

Similarly to what we did in Sec. 1.3.4, for a two-dimensional real-space system, the varia-
tion of the time coordinate is replaced by the variation of the k, momentum coordinate and
the pumping protocol defines a topological invariant for a two-dimensional system. Note that
this protocol involves only half of the BZ because k, = 0 and k, = 7 are the time-reversal
invariant points. This is consistent with the fact that the other half of the BZ encodes the
same information because of time-reversal symmetry. In general, it is not an easy task to
compute this Zs invariant. In the rest of this section, following Ref. [48], we give a formu-
lation of this invariant which appears under a U(2) symmetric form and which explicitly

shows its Zs character.
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Figure 1.5: Dispersion relation for a cylinder geometry, between two time-reversal points in
the BZ. The bulk bands and only the energy of the modes at one edge are sketched. I', and
I'y are inequivalent time-reversal invariant momenta corresponding respectively to what we
call t = 0 and ¢ = T'/2 in the text. When going from one time-reversal invariant point to
the other, either (a) the modes keep the same partner, the occupation does not change and
the ground state degeneracy remains the same, or (b) the edge modes switch partners which
results in a half-filled time-reversal pair at I', and changes the ground state degeneracy. This
figure is taken from Ref. [2].

Time-reversal polarization and Z, invariant Under a U(2) transformation |uf ) —
>y Uss |ui ), with U a unitary matrix, the many-body wave function (which is the Slater
determinant of the two states) is unchanged. In PVs (PW’s) expression, as it is written in
Eq. (1.96), only |uj, ) (|uj.)) is appearing so P' (P™) seems to break the U(2) symmetry.

Let us find an expression where P* appears under a more U(2) symmetric form. We have

1 s
P'=— | dk, (A'(k,) + A'(—k,)), (1.99)
2 Jo
and using Eq. (1.94) and (0u;. | Oy, |0u;! ) = — (ui | Ok, |u;. ) we find
Al(=ky) = =i (uly, [ O, [uly,) = AY(ky) + O, &, (1.100)
which leads to
1 s
Pl=— (/ dky A(ky) + & — 50) ; (1.101)
2m \Jo
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with A(k,) = Al(k,) + A%(k,). A very similar computation leads to

0
pu_l (/ dkxA(kx)—&mLﬁo), (1.102)

=5 B

Let us write &, — & as the Pfaffian of a unitary matrix w(k,). This is important to get
an expression explicitly independent of the representation given by Eq. (1.94) and to show
that P! does not break the U(2) symmetry. The components of w(k,) are the projections of

the time-reversed partner of an eigenstate at k, over an eigenstate at —k,:

W (ky) = (U, |Ous ). (1.103)
At the time-reversal points k, = 0 and k, = 7, w(k,) is antisymmetric. Indeed, using
k., = —k, for time-reversal invariant points, writing § = M K, with M a unitary matrix, K
the complex conjugation operator, and using M = —M7*, we find

Weg(ke) =Y (wh,)) My (uy)) = = (uf,)) Mo (uf,)), = —wea(ke).  (1.104)

m,n m,n

Here we explicitly have
0 e ke
ws,s’(kz) = ) y (1105)
_efzgsz 0
For a two-dimensional matrix, the Pfaffian is the off-diagonal component: Pf[w(k,)] = e~ %*=.
This gives
o [ Plw(r)]
&y =ilog | 1.106
6~ o= ilog | 7 (1.106)

from which we write

P'— P = % (/07r dk, A(k,) — /_i dk, A(k,) + 2ilog {%D : (1.107)

From the explicit form of w(k,) Eq. (1.105), we can show that

PI—PH:L
%

s

| T o] + 210 {%D | e
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and

1

Pl pPl=_— ( /O "k, 0 Jog det [u(k,)] + 2log {%D : (1.109a)

20
/det [w(m)] Pf]
Pl—pl— —<2 [\/(;tipfzg D (1.109b)

Let us here write \/det [w(m)] = e™X, x €] — m, 7|, such that its logarithm is on the principal

branch and remind that det [w(7)] = Pf[w(m)]> which imposes that Pf[w(r)] = /07 with

2nm

z an integer. Each integer z mod 2 is equivalent because e = 1 with n an integer. If z is

odd or even, Pf[w(7)] is respectively opposite or equal to y/det [w(7)]. Then we get
P'— P" = zmod 2, (1.110)

which shows that P'— P is an integer defined modulo 2. This lead to the following definition
for A:

H v det (1.111)

We understand that A is also an integer deﬁned modulo 2 and since it is gauge invariant it
is the Zs topological invariant which characterizes the topological properties of the system.
When using this formula it is essential that the wave functions evolve continuously during
the pumping protocol (if we study a two-dimensional system, the wave functions must evolve
continuously on the BZ), because it is essential for the pumping protocol that only one gauge
choice is used. The same results can be found if we would have considered several Kramers’
pairs (see Ref. [48]). We notice that if the system has extra-symmetries, the computation
of v may be simplified (see Chapter 3) and we also notice that several other formulations of
this invariant has been proposed [144-148].

In the next chapter, we show explicit computations of the Zs invariant for the Haldane
model and for the simple kagome model studied in Sec. 3.1. This makes the connection
between the general theory we introduced in this section and practical implementations of

the Z, invariant computation that we developed and which we use in Chapters 4 and 5.
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1.5 Conclusion

In this chapter, we have introduced the general formalism we use throughout this manuscript.
We have reviewed the important discoveries and concepts in topology in condensed matter
which are relevant for the studies we present in the following.

The Berry phase is one of the most important concept in this regard and its connection
with the integer quantum Hall effect, the Chern number and the properties of Chern insula-
tors have been explained. We have tried to make clear the connection between topological
invariant and physical observables. This concepts are widely used in this manuscript, either
for the study of Chern insulators (see Chapters 2, 3 and 4), or for the understanding of
time-reversal invariant topological insulators (Chapters 3 and 5). We also have reviewed two
tight-binding models on the honeycomb and on the kagome lattice. These are the elementary
building blocks of the models we study in the following.

Finally, we have reviewed the topological band theory describing time-reversal invariant
topological systems and the associated topological Z, invariant. This is particularly relevant
for Chapter 5 where we study such systems. We have emphasized on the particularly im-
portant role of the spin-orbit coupling; its description and its relation with topology is also

useful for the chapter 4.
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Chapter 2

Haldane light system and local probe
of the Chern number

In this chapter, we review the Haldane model [5], we develop a computation of the associated
bands’ Chern number and we propose a protocol to probe the Haldane topological phase
diagram in a photonic system. An article related to the work presented in this chapter,
whose authors are J.L. and Karyn Le Hur, is currently in preparation.

The Haldane model (1988) is a topological model for a Chern insulator without Landau
levels on the honeycomb lattice [5]. It is characterized by a local magnetic flux density
which respects the spatial translational symmetry of the lattice but breaks time-reversal
symmetry. The total flux in the unit cell is vanishing. This is in contrast with the quantum
Hall phase [6] (see Sec.1.1.3) which implies non-vanishing flux in the unit cell (because of the
uniform external magnetic field). It was the first theoretical model predicting the quantum
anomalous Hall effect. A quantum anomalous Hall phase is a phase characterized by non-
vanishing Chern number in a system with vanishing total flux in the unit cell. Some of the
topological properties associated to such a phase were described in Sec. 1.3.2 of Chapter 1.
The Haldane model has had a huge impact in topology in condensed matter, and it led, a bit
more than fifteen years later, to the birth of topological band theory. The kagome systems
we study in Chapters 3, 5 and 4 are deeply related to the Haldane model.

The Haldane model has been realized in solid-state systems, in cold atom gases and in
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photonic systems (coupled waveguides) [112, 149, 150]. One very convenient way to realize
this model for artificial systems is to use Floquet engineering [149-154].

The most common way to probe the topological properties of a Chern insulator, in con-
densed matter systems, is to determine the Hall conductance from transport measurements
[6, 155]. The topological properties of artificial systems have been measured in many differ-
ent ways [15-18]. In cold atom gases, the measurement of the topological properties has been
realized for instance, via transport measurements (measurement of the Hall drift) [150, 156],
using interferometry [157-159], relying on the observation of chiral edge states [160, 161] or
via a measurement of the Berry curvature [162]. Let us also mention that, for condensed
matter systems and cold atom gases, it has been shown that the response to a circular drive
on the system also enables to probe the topology [163-169]. In photonics systems several
ways to measure the topological properties have also been studied. These systems gather for
instance gyromagnetic photonic crystal [170-173], arrays of coupled waveguides [149, 174,
175] optomechanical systems [176, 177] and cavity and circuit quantum electrodynamics
(cQED) [33, 178-182]. These artificial systems enable to build artificial fields [17, 183].

We are here interested in a Haldane boson model in cQED systems [18, 180, 181]. Several
cQED systems have been realized and in some cases the topological properties have been
measured [33, 178, 179]. An example of cQED system leading to an effective photon kagome
lattice Hamiltonian was proposed in Ref. [33]. In this system the microwave resonators
(which are series of LC circuits) are arranged in a honeycomb array and coupled together
via Josephson ring circulators.

In Ref. [30], a protocol to probe the topological properties of a one-dimensional LC circuit
system is proposed. In this work, the authors considered a transmission line (capacitively)
coupled to a single cell in the chain. They showed how one can rebuild the Zak phase (which
is the topological invariant characterizing the one-dimensional system the authors studied)

from the reflection coefficient. In this chapter, we consider a local light probe with capacitive
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coupling to a Haldane boson model in cQED. We show one can measure the Chern number
from the reflection coefficient at specific energy points.

This chapter is organized as follows. In Sec. 2.1, we review the Haldane model for a boson
system. First, we explain that the Haldane model is a valid simple choice for a honeycomb
tight-binding model which breaks time-reversal symmetry and which have vanishing total
flux in the unit cell. We write the associated Hamiltonian and we give its momentum-space
representation, along with some important remarks on the energy dispersion relation.

In Sec. 2.2, we perform an explicit analytical computation of the bands’ Chern numbers
for the Haldane model, starting from Eq. (1.79) of Chapter 1. We explicitly show how the
sign of the "mass function” determines both band’s Chern numbers. Such a computation
does not appear explicitly in the literature, to the best of our knowledge. Both first sections,
Sec. 2.1 and Sec. 2.2, are written for a boson system to avoid introducing other definitions in
Sec. 2.3, however the results obtained in both first sections do not depend on the statistics.

In Sec. 2.3, we consider a local capacitive probe on the lattice and the reflection coefficient
which relates an input voltage and an output voltage in this probe. We show that the sign
of the "bulk gap function” is encoded in this reflection coefficient at the energy of the Dirac
point at which the band gap is the narrowest. In the system we consider, which is made of
resonators of frequency amplitude in the GHz range, the sign of the "bulk gap function” is

measurable via microwave light.

2.1 Haldane model

In this section, we introduce the Haldane model for a light system. First, we explain that,
for a honeycomb tight-binding model which breaks time-reversal symmetry and which have
vanishing total flux in the unit cell, a valid simple choice contains real nearest neighbor
hopping terms and complex next-nearest neighbor hopping terms. Then we write the Haldane

Hamiltonian and introduce the notations which we use in this chapter.

60



2.1.1 Breaking time-reversal symmetry while having a vanishing
total flux in the unit cell

As explained in Sec. 1.2.4 of Chapter 1, breaking time-reversal symmetry is necessary to
open a gap in the system and therefore to possibly obtain topological energy bands. A
non-vanishing local magnetic flux density B(r) with vanishing total flux in the unit cell [5]
breaks time-reversal invariance, because the time reversal operator send B(r) to its opposite.
We can impose that B(r) respects the symmetries of the lattice. Then, the vector potential
A (r) which derives from B(r) can be chosen to have the same periodicity than the lattice.

The honeycomb lattice is such if the magnetic flux is vanishing in a unit cell, it is vanishing
in an hexagon (see Fig. 2.2(b)). Moreover, all the nearest-neighbor closed paths in the
lattice are made of an integer number of hexagons and therefore are associated to zero
magnetic flux. Therefore the nearest neighbor hopping terms (deriving from the B(r) field
that respects the symmetries of the lattice) shall not give rise to a topologically non-trivial
lattice model. Another way to reach this conclusion is to notice that all the valid choices
of nearest neighbor hopping terms are equivalent, up to a local U(1) gauge transformation,
to the "bare” choice where all the nearest neighbor hopping terms are real. The latter is
associated to a topologically trivial lattice model so we deduce that it is the same for all the
valid choices of nearest neighbor hopping terms.

The smallest area enclosed by the next-nearest neighbors is smaller than the area of a unit
cell. Therefore it is possible to choose B(r) such that a closed path along the next-nearest
neighbors encircle a region threaded by a non-vanishing flux while the total flux in the unit
cell is vanishing (see Fig. 2.2(b)). Then the next nearest neighbor terms, associated to
complex amplitudes, break the time-reversal symmetry and may yield a topological system.
In both next subsections, we review the lattice Hamiltonian of the Haldane model and
investigate the associated dispersion relation. The computation of the topological invariant

for the bulk bands in performed in Sec. 2.2.
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2.1.2 Haldane Hamiltonian for a photonic system

We consider a circuit quantum electrodynamic (cQED) system made of an array of resonators
coupled together in such a way that the system is described by an effective photon lattice
Haldane Hamiltonian H. Such a photonic system is permanently driven to compensate for
the photon decay processes that necessarily happen [18]. A photonic system has positive
energy eigenvalues; usually, in such a system, the on-site energies are large (denoted i)y here,
usually ~ GHz order of magnitude) compared to the hopping amplitudes on the effective
lattice (e.g. can be ~ 10 MHz to ~ 100 MHz) [33, 184, 185]. The effective photon lattice

Haldane Hamiltonian H reads

H=t3 clatiytte 3 e et D (0 + &Ml (21)
(i, 7) (&, 90 i
o#f a
where c;r’a is the creation operator for a color-a boson at site 7. ¢; € R, t, € R and the

associated sums respectively runs over all the nearest neighbors (therefore a and [ are
different colors) and all the next-nearest neighbors i and j with color « = {A, B}. ¢ € R
and v;; = +1(—1) if the associated czacm term displaces a particle clockwise (counter-
clockwise) along the triangle made by the a-color sites in the concerned hexagon of the
lattice (see Fig. 2.2(a)). M € R, £4 = +1 and £ = —1 and the associated sum runs over all
sites of the lattice. This term is a color-alternate mass term first studied by Semenoff who
also considered the real nearest neighbors terms in the honeycomb lattice [186]. Varying the
amplitude M, we show in Sec. 2.2 that the Semenoff term enables to study the transition
from a trivial insulator to a Chern insulator (topological phase with finite Chern number).
h€Y is chosen such that all the energies associated to H are positive. In Ref. [5], Haldane
considered fermions and no 7€) term; in fact the first part of this chapter (Secs. 2.1 and 2.2)
does not depend on the statistics and the term 7€), has almost no effect (just a shift of the

Fermi energy) but we already specify the statistics and consider the term i)y so that we do

not have to change notations.
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2.1.3 Momentum space and dispersion relation

A Fourier transformation gives a formulation of H in momentum space

H=> Ul (2.2a)
k

3
I+t Z [cos(k - a;)o, +sin(k - a;)o,]

=1

3
hx = hQll + 2t5 cos ¢ [Z cos(k - by)

3
M — 2ty sin ¢ Z sin(k - bz-)] 0., (2.2b)

with U} = (cLA,ck B) defined in Sec. 1.2.4 and a;, ¢ € {1,2,3} and b;, ¢ € {1,2,3} defined
in Fig. 2.2. We remind that the three Pauli matrices ¢, 0¥, 0% act in sub-lattice space. We
notice that the o, term of equation (2.2b) opens a gap and the ¢, term breaks time reversal
symmetry.

The Haldane model is characterized by two energy bands in momentum space E;j and

Es x given by

E17k = ho \/|h1 |2+h2 ) and E27k = ho —|— \/|h1 |2—|—h2 ) s (23)
with
3
ho(k) = hQg + 2t5 cos ¢ Z cos(k - b;), (2.4a)
=1
3
ha(k) = M — 2t,sin¢ » _sin(k - by), (2.4D)
=1
3
k) =ty exp(—ik - a;). (2.4c)

From Egs. (2.3), we see that a band crossing appears at hy(k) = hao(k) = 0. hy(k) =0 is

reached at both inequivalent points K = 882

and K’ = % in the Brillouin zone (see
Fig. 2.3(a)), with gs and g3 defined by —gs-bs = 27, go-b3 = 0, g3-bs = 0, and g3 -bs = 27.
Moreover, we have hy(K) = 0 if M = +3v/3tysin¢ and hy(K') = 0 if M = —3+/3t,sin ¢.

When the bands cross, the dispersion relation around K and K’ is linear. The K and K’ are

called the Dirac points. The energies for several values of M are represented in Fig. 2.1.
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Figure 2.1: Energies of the Haldane model as a function of ¢3 = ak - g3, with a the lattice
spacing. The energies are expressed in units of ¢;. The values of the lowest band energy
at both Dirac points, £y g and Ej g/, are shown. The parameters considered are ¢ = 7/2,
ty = 0.15t; and (a) M = 0.1 x 3v/3ty, (b) M = 0.9 x 3v/3ty, (c) M = 3v/3t, and (d)
M =2 x 3/3t.
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Figure 2.2: (a) Honeycomb lattice representation and definition of the sub-lattices A and B,
of the nearest neighbors and next-nearest neighbors hopping amplitudes and of the displace-
ment vectors a;, i € {1,2,3} and b;, i € {1,2,3}. (b) Magnetic fluxes in the unit cell, which
contains one "up” triangle (associated to a flux +3¢ and delimited here by a green dashed
line with arrow) and one "down” triangle (associated to a flux —3¢ and delimited here by
a green dashed line with arrow). The regions shaded with the same color are equivalent up
to a lattice translation and are threaded by the same magnetic flux. This shows that the
magnetic flux in an hexagon is vanishing.

2.2 Smooth Berry gauge fields and topological proper-
ties of the Haldane model

In this section, using Eq. (1.79) of Chapter 1, we show an analytical computation of the
bands’ Chern numbers for the Haldane model introduced in Sec. 2.1. We identify how the
change of sign of the function hsy (see Eq. (2.4)) at the Dirac points results in the variation
of the topological properties of the model. In Sec. 2.3, we show that this can be measured

via a local capacitive probe on the lattice.

2.2.1 Hamiltonian and eigenvectors

In Sec. 1.2.2 of Chapter 1, we reminded that the real-space periodic part of the Bloch
eigenvector satisfy

e R T He™T 1, 1) = B [tin) (2.5)
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i.e. the kets |u,k)’s are the eigenvectors of
e_ik’fHeik'f = Z \I’Lﬁkqjk, (26)
k

with

hy =t [1 + cos(k - by) 4 cos(k - by)] 0% + t; [sin(k - by) — sin(k - by)] 0¥, (2.7)

which we also write

e KT kT = Z @Lhk\i’k, (2.8)
k

with L = CLA, eik'ai”cLB). In other words, |u; k), i = {1,2} is the eigenvector of hy in the

T
basis (ckk, eik'a?’cg’k). Let us define the coefficients a;(k) and b;(k) such that
uis) = (ailk)cl e + Bilk)e™ ™l ) [0) (2.9)

with
2
= 1. (2.10)

Ja; (K)[* + [b;(k)

From the relation hy |u;x) = E; |u;x), we get

(k)" a; (K), (2.11)

bi(k) = ha(K) — ho(K) + Eix

with hg, hy and hy defined in Sec. 2.1.3. It is useful to define b;(k) = b;(k)e™ s so that

a;(k) and b;(k) are the components of the eigenvectors in the basis (cTA o Ch k),

i) = (as(R)ely o+ bilk)ehy, ) 10) (2.12)

with

() + b (k) [* = 1, (2.13)

and the relation between the components of the eigenvectors reads

1L M, (2.14)

bilk) = ha(k) — ho(K) + Eix
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2.2.2 Gauge choices, unique and smooth Berry gauge fields

Let us describe two gauge choices G; and G; for the eigenvectors that we respectively write
|uix,r) and |u;x rr). Then we show how these choices enable to define the Bloch eigenvectors
so that we can compute the bands’ Chern numbers using Eq. (1.79) from Sec. 1.3.2 of
Chapter 1.

Gauge choices We define both following gauge choices:

(i) Gauge choice Gr: the coefficient a;(k) is real. More precisely, we choose

a;(k) = pi(k), (2.15)
with
(k) = 2tk = hoi{l;) * Bk (2.16)
, 1/2
and Ry(k) = [2 (hz(k)2 n |h1(k)\2+(—1)1h2(k)\/|h1(k)|2+h2(k)2>] , and we have
bi(k) = \;(k)e ) | (2.17)
with
|7 (k)| Cip) _ € (k)
Ai(k) = and e Wl = 1Y 2.18
M= R 0] .
(ii) Gauge choice Gpy: the coefficient b;(k) is real. We choose
bi(k) = Ai(k), (2.19)
and we have
a; (k) = pi(k)e?™, (2.20)

Let us notice that hy(k) is vanishing only at the Dirac points K and K’ and that we have

ha(k) — ho(k) + E;x = hao(k 1)%y/|h1(k)[2+ha(k)2. From this, we see that ha(k) —
ho(k) + E;x (and therefore R) may be vanishing only at the Dirac points K and K’. We
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| M| < 3v/3ty|sin¢| > 3/3ty|sin ¢

sen(ha(K)) sgn(sing)  sgn(M)
sen(ha(K')) —sgn(sing)  sgn(M)

Table 2.1: Table giving the sign of hy(K) and hyo(K') as a function of M and sgn(sin ¢).

(—1)'sgn(sin @) limy x [ps(k)] limgx [ps(k)] limgx [Ni(k)]  limy ke [Ai(k)]

+1 0 sgn(sin ¢) 1 0
-1 —sgn(sin ¢) 0 0 1

Table 2.2: Table giving the values of of p;(k) and A;(k) at the Dirac points in the case
|M|< 3v/3ty|sin @| , as a function of the sign of the Semenoff mass M and of the index of
the energy band 1.

have
;gymm—m®+Em=gngm@ma+enw+ew%%>, (221a)
Jim R = lim [205(k)? (14 (—1) sgn (ha)) + 2/ (K)] (1 + (—1)ha(k)/2)]7* . (2.21b)

The sign of hy at both Dirac points is given in Table 2.1 as a function of M and ¢.

Smooth Berry gauge fields and Chern numbers We are looking for the zeros of p;(k)
and \;(k), which potentially yield (depending on the gauge choice) non-smooth definition
of the Berry gauge field Ay. Here we need to distinguish the cases |M|< 3v/3ty|sin ¢|,
| M |= 3+/3ty|sin ¢| and [M|> 3v/3t,|sin ¢|.

(i) In the case |M|< 3+v/3ty|sin ¢|, we gathered the values of of p;(k) and \;(k) at the
Dirac points in Table 2.2. From this table, we see that it is impossible to apply gauge choice
G or gauge choice G everywhere in the BZ because p;(k) and A;(k) are vanishing at one
of the Dirac points. It follows that it is impossible to find a unique and smooth phase for
the ket |u; k) and therefore it is impossible to find a unique and smooth Berry gauge field

Ay everywhere in the BZ. Let us split the BZ into two non-overlapping domains [10]. One
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domain, which we call the D; domain contains K and the other one, the D;; domain, contains
K’, as if is sketched in Fig. 2.3(a). The boundary between D; and D;; do not contain neither
K nor K’. We also define P a closed path along this boundary (see Fig. 2.3(a)), surrounding
once K (and also K’ since the BZ is a torus).

Now, for (—1)"sgn(sin ¢) = +1, we apply G for the points contained in Dy; and Gy for the
points contained in D; while for (—1)"sgn(sin ¢) = —1, we apply G for the points contained
in D; and Gy for the points contained in Dy;. Then the phase of |u;x ) (the eigenstate in
Dy) and |u; k1) (the eigenstate in Dyy) and the Berry gauge fields A; xr = (wix1| Vi [tix1)
and A;x 11 = (Uixrr| Vi [tix 1) are uniquely and smoothly defined respectively on D; and
Drr. As we did in Sec. 1.3.2 of Chapter 1, we write the Chern number associated to the ;%
band (remind that j = 1 or j = 2)

1
Cj = — / d2k} [Vk X Aj,k,I] - e, +/ d2]€ [Vk X Aj,k,II] e, . (222)
2w Dy Diy

Using Stokes’ theorem and considering the specific choice of path P shown in Fig. 2.3(a)

1
Oj = % (f; dk . Aj,k,I - f;dk . Aj,k,H) . (223)

Along P, we have |u;y ;) = e/("17sennd)e() oy ) We choose ¢(k) so that it is smooth

leads to

along the whole P path and we obtain

(—1)? sgn(sin ¢)

C;, =
J 2

?{ dk - Vi (k). (2.24)

C; is found by studying how ¢(k) evolves when moving along P. Generally speaking, when
the P path surround a ¢(k)’s divergence (here at the K or K’ point), the accumulated phase
increases or decreases by +2mz, z € Z, which gives a quantized value of C, as expected.
Here, from the expression of ¢(k) (see Eq. (2.18)) and from the expression of hy(k) (see
Eq. (2.4c)), we find that ¢(k) changes by —27 when moving along the entire closed path P.

One can also easily build intuition from Eq. (1.52) for a small path around K or K’. This
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gives

C; = (=1)" sgn(sin ¢). (2.25)

(ii) If |[M|= 3v/3ty|sin #| then the bands cross at K or K’ so the Chern number is not
defined.

(iii) In the case |M|> 3v/3ty|sin ¢|, we gathered the values of p;(k) and \;(k) at the Dirac
points in Table 2.3. At both Dirac points, either p;(k) or A;(k) are non-vanishing, therefore
it is possible to find a unique and smooth phase for the ket |u; k) everywhere in the BZ which
leads to a unique and smooth Berry gauge field Ay. Depending on the value of (—1)%sgn(M),
we apply gauge choice Gy or Gy for all the points of the BZ, and then we can show that the
associated wave function |u; k) or |u;x r) (and its phase) is uniquely and smoothly defined,
as is the Berry gauge field A, x 111 = (Wix 111| Vi |wix 111). Because the BZ is a torus, we find
that the Chern numbers C; are vanishing.

This gives the phase diagram of the Haldane phase diagram shown in Fig. 2.3(b): in
the case |M|< 3v/3ty|sin ¢|, we have C; = (—1)""sgn(sin ¢) while if [M|> 3v/3t,|sin ¢|,
the Chern numbers C; are vanishing. Moreover we showed (see namely Eq. (2.21)) that
the sign of hy at the Dirac points (see Table 2.1) indicates the value of C;. To be more
specific, the discontinuity in the value of C; at the transition arises from a discontinuity
in sgn(hy(K))sgn(ha(K')): at |M|< 3v/3ty|sin¢|, sgn(ho(K))sgn(ho(K')) = —1 while at
|M|> 3+/3ty]sin ¢|, sgn(he(K))sgn(ho(K')) = +1. In other words, when the sign of hy is
opposite at the Dirac points, the system is a Chern insulator, while when the sign of Ay is
the same at the Dirac points, the system is a trivial insulator. In the following section, we
show how the sign of hy at the Dirac points can be measured in a Haldane light system via

a local capacitive probe on the lattice.
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(—1)"sgn(M)  limox [pi(k)] limeox [pi(k)] limiex [Ai(k)] - limiexe [Ai(K)]

+1 sgn(M) sgn(M) 0 0
-1 0 0 1 1

Table 2.3: Table giving the values of of p;(k) and A;(k) at the Dirac points in the case
| M |> 3+/3ty]sin ¢|, as a function of the sign of the Semenoff mass M and of the index of the
energy band .

g- W Dy

3V3] v=0
K/

-3/3] v=0

|
s |
O

m e
(@) ®)

Figure 2.3: (a) Definition of the Brillouin zone for the honeycomb lattice and of the D,
and Dj; domains, each associated to a specific gauge choice for the eigenvectors of the
Bloch Hamiltonian considered in Sec. 2.2. Lowest band Chern number phase diagram of the
Haldane model (this figure is taken from Ref. [5]).

2.3 Haldane light system and local response to capac-
itively coupled probes

Here we present a protocol for the measurement of the topological properties of a Haldane
model in a circuit quantum electrodynamics (cQED) setup. This protocol involves a local
probe with capacitive coupling to the system and it relies on the measure of the reflection
coefficient which relates an input voltage signal and an output voltage signal in this probe.

The results may be expanded to a kagome lattice system, although more tedious.
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2.3.1 Capacitive coupling with a transmission line

In this section we consider a resonator (light) probe which is coupled to the Haldane photonic
system described in Sec. 2.1.2. We assume a capacitive coupling between the probe and the
system. We write H,1, the Hamiltonian associated to the probe and H.p the Hamiltonian

describing the coupling between the system and the probe.

Probe The probe is a resonator with a certain number of (relevant) modes, each mode
q being characterized by the frequency w, > 0. The probe is coupled to the system at
position Ry. The lattice site at position Ry belongs to the sublattice A or B; in each case we
respectively define jo = j (Rg) = 1 or jo = j (Rg) = 2. We write the Hamiltonian associated

to the probe

Hpy, = qubTRo,qu07q7 (2.26)
q
with bgr,,, the annihilation operators for the mode g of the probe at Ry.

Coupling We assume a capacitive coupling between the probe and the resonator at lattice

site at Rg. The associated Hamiltonian reads

Hcpl - (CRO + CJlr{()) qu (bRo,q + bi{o,q) ) (227)
q

where we wrote CLO the creation operator for a boson at site Ry. The coupling amplitude g,

is assumed not to depend on the position of the probe. Let us define ¢ = max, (g,). In the

following, we consider that g is small compared to the energies F; x of the system.

2.3.2 Response function and topological properties

Here we investigate the relation between an input voltage (V! [w]) at frequency w in the probe
at Ry and the resulting output voltage (Vgi*[w]) (still in the probe at Ry), with (Vg [w])

t . . . . .
and (Vgi'[w]) the Fourier transforms with respect to the time variable ¢ of respectively (see
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App. C)

ViR (t) Zg “wat=t)pp o) + hee.) (2.28)

and

Vout qu o~ iwq(t— tf)bRO J(t7) + hec. ) (2.29)

q

t; is an initial time in distant past and ¢ is a final time in the distant future. We show that for
a frequency w corresponding to the energy at one of both Dirac points, this relation between
(Vi [w]) and (Vg'*[w]) can be used to evaluate the sign of hy and therefore to rebuild the
Haldane phase diagram. We also mention the connection with the energy density of states.

For explicit definitions and demonstrations we refer to App. C.
Relation between (Vi [w]) and (Vg *[w])

In App. C, we computed the relation between the output voltage operator in a probe at a
certain position on the lattice and the input voltage operators associated to an ensemble of
probes on the lattice. Here, considering only one probe at Ry, and taking the average values

of these operators in the driven probe’s state gives
(VR [W)) = (1 + i [w]xRoeRr,) (VR [w]) + O(g"), (2.30)

where we remind that (Vg [w]) and (Vg™ [w]) are first order terms in g and with

= 2V 3 2 0 - ) S+ )] 23
q
and
2 *
1 (B2 k05 By k075
_ 0,k _ 0,% 2.32
XRo.Ro V2N ; (—w — Eix+i0t  —w+ Ejp+i0t )7 ( )
k

where N is the number of lattice sites and E;y is defined in Eq. (2.3). 0%‘1,1( and O‘?,k are

respectively the coefficients a;(k) and b;(k) appearing in Eq. (2.11):

2 1 1
of = Qay, 2.33
! hg(k) — ho(k) + Ei,k ¢ ( )
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from which we write the eigenvectors of the matrix hy (defined in Eq. (2.2b))

i) = Bl 10) = (abch e+ atuchy) 10), (2.34)

and the coeflicients Bf  are defined by

all0) = Zm@ L 10). (2.35)

Using Egs. (2.33) and (2.34), we obtain

e 1 g
QS = = —I— 2.36
AN A 20

which is a real number.
The sign of hy; at the Dirac points

Now, we transform the variable k into a continuous variable, i.e. we consider the large

number of lattice sites limit, and we use

i ol
dkydk jok bk dkydks 3. E - E
// W B+ 0% { o 1 o k)} (2.37)
— Z7T // dkldkfzﬁlo kal k ( w j: E’Lk)?
BZ
where P denotes the principal value. We obtain
2
V2(27)*XRomo = — D P { g dlydks i, 0% 0 (E — Ezk)}
=1
2
+) P l — dleydk B, 1,05, 0(E — E k)}
=1 o (2.38)

2

+ o Z // dkldkgﬁlo kOéZ k ( w + Ei,k)
i=1
2

—mZ// dleydks Bl 050 (—w — Eixe).
i=1 7 /BZ

Let us denote 1+ iJ[w|xRr, R, = R(w). From Eq. (2.30) and because J[w] is of order 2 in g,
we have

[(Vity' [w])| = Re [R(w)] [{Vgy [w])| + O(g"), (2.39)
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with |(VE™[ M (Vg [w]) ((Vg*[w]))” and the same holds for (Vi [w]) and Re[R(w)]

reads

Re[R(w)] =1 — J[w Z //BZ dkydka 3, 1,050 (—w + Ei)
(2.40)

Jlw|m S
' m Z //BZ dky ks 5, k030 (@ + Eie).
i=1

[(VR™[w])| and |(Vi [w])| are respectively the amplitudes of the average output and input
voltages in the probe at frequency w.

Let us consider a probe with one relevant mode wy > 0 and an average input voltage in
the probe which is a cosine function of time with amplitude V4 (and frequency wy) to fix the
ideas. It gives two delta peaks in the frequency space at —wg and +wy. Therefore | (V5" [w])|
is non-vanishing only for w = —wy or w = +wy. The average output voltage at —wy and +wy

is then respectively given by Re [R(—wyp)] Vo/2 and Re [R(+wo)] Vo/2. J]w] reads
Jw] = 2v2716? [6(w — wo) — 6(w + wo)] (2.41)

therefore we have (remind that the energies E; are positive numbers)

Re [R(—wop)] = Re [R(4wo)] Z //BZ dkydky 55, k%k (—wo + Eix). (2.42)

Now let us assume that wy = Ej, r, with kg an arbitrary wave-vector in the BZ. We have

o ha(K)
o oJ0  — 2.43
jO,k ]O,k 2 2\/|h1 |2+h2 ) ( )

We notice that at the Dirac points, |hi|= 0 so 25;37 70 0 = 1 —sgn(hy). Therefore, if Ej ,
is non-degenerate at kg = K or kg = K’, Re[R(w)| can be used to probe the sign of hy
respectively at k = K or k = K’. For instance, from Fig. 2.1, we observe that, at ¢ = /2
and ty = 0.15¢, for M > 0, Ej, k, jo € {1,2} is non-degenerate. In fact, at t, < 0.15¢;, for
sing > 0 and M/ty > 0, Ej, k, jo € {1, 2} is non-degenerate and for sin ¢ > 0 and M /t, <0,

Ej, k', jo € {1,2} is non-degenerate.
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In Fig. 2.4, we show a numerical evaluation of 1 — Re [R(w)] from Eq. (2.42), for sin¢ > 0
and for Fy g — 0.02t; < w < By g + 0.02¢) and By g — 0.02) < w < Ey g + 0.02¢; (the
"optical probe bandwidth” is four percent of the amplitude of the nearest neighbor hopping
terms of the Haldane effective boson model) respectively in the cases M /ty > 0 and M /ty < 0.
We considered a 50 x 50 unit cells periodic Haldane model described by the Hamiltonian
in Eq. (2.2). It confirms that Re[R(w)]| gives the sign of hy, at K or K’ respectively for
M/ty >0 and M/ty < 0.

1 - Re[R(w)] x1071 0 1 - Re[R(w)] x1071
1.0 3.0
0.8 2.5
h> (K’ 0 h-> (K 0 2.0
Mo sgn(hz(K")) > 0.6 M sgn(hz(K)) > e
£, 3v3 04 1.0
0.2 -3V3 0.5
sgn(h,(K)) <0
0 0.0 0 1 3 3 0.0

(b)

Figure 2.4: The quantity 1 — Re [R(w)] computed from Eq. (2.42), for sin¢ > 0 and for (a)
M/ty >0, By g — 0.02t; < w < Ey g+ 0.02¢; and for (b) M/ty <0, By g — 0.02t; <w <
Ei k4 0.02¢t;. We considered a 50 x 50 unit cells periodic Haldane model described by the
Hamiltonian in Eq. (2.2) and we have chosen ¢ = 0.15¢;. 1 — Re [R(w)] is given in units of
g%, where ¢ is the amplitude of the coupling between the probe’s mode and the system, and
the color scale is logarithmic.

Remarks

Let us briefly mention few points about this protocol.
(i) For smaller systems, down to ~ 30 unit cell systems, the quantity 1 — Re[R(w)]

computed from Eq. (2.40) still gives a good approximation of the Haldane phase diagram.
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(ii) From Eq. (2.36), we notice that the density of states can be measured by summing
the responses 1 — Re[R(w)] for both energies w = E) g and w = Es i with a probe at
jo = 1 (sublattice A) or jo = 2 (sublattice B). The density of states can also be measured
by summing the responses 1 — Re [R(w)] for both energies w = E; i with a probe at jo =1
(sublattice A) and w = E; i with a probe at j, = 2 (sublattice B), for i = 1 (lowest energy
band) or i = 2 (highest energy band).

(iii) If the input is created at a site on the sublattice (A or B) and the output is measured

at a site on the other sublattice (respectively B or A), we have

i jo h1<k>
o,k ik X 3
2+/|ha (k)2 +ha( )

(2.44)

where jo = 2(1) if jo = 1(2). At the Dirac points, h; is vanishing, therefore the measure here
does not help to rebuild the topological phase diagram.

(iv) Other reflection/transmission measures have been proposed in the litterature. For
instance, in Ref. [187], the reflection coefficient gives the (Hofstatter) energy spectrum. This
differs from our system namely from the coupling considered. In this Ref. [187], the authors
(see the ”Supplementary Information” file) have considered that each resonator mode couples
to a single running wave in the probing waveguides. This is different from the (capacitive)
coupling we considered.

(v) Numerical computations of 1 — Re [R(w)] for nearest-neighbor tight binding topologi-
cal models on the kagome lattice (for several configurations of the chemical potentials) show
that it is also possible to evaluate the topological properties with this capacitive-coupling
light probe. The details of the analytical computations are more complicated than for the
honeycomb lattice (because the kagome lattice has three sites per unit cell) but it seems
possible to show analytically that this capacitive-coupling light probe indeed is informative
about the value of the Chern number. For this computation, the explicit analytical compu-
tation of the bands’ Chern numbers, as we showed in this chapter for the Haldane model, is

helpful. We perform this computation in the following chapter. More generally, it should be
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possible to make a clear link between the Chern number and the response function computed
in this section, for an arbitrary lattice model. We are currently working on this.
(vi) We also considered a protocol to probe the Chern number for a Haldane (fermion)

model with a capacitively coupled probe, described by the coupling
CI{OCRO Z 9q (bRo,q + bko,q) ) (2.45)
q

where cg, is a fermion annihilation operator (and bg, , is still a boson annihilation operator).
We computed the response function which is given by the particle-hole Green’s function.
Evaluating the topological properties for such a fermion system with this capacitive-coupled
light probe protocol is a priori more complicated but maybe not impossible. We are currently

working on this.

2.4 Conclusion

In this chapter, we have introduced a boson Haldane model. We have explicitly computed
the Chern number phase diagram starting from Eq. (1.79) of Chapter 1. In the following
chapters, this method is extended to the Chern number’s computation for the kagome topo-
logical systems we consider. We have shown that the sign, at both Dirac points, of the
function that we called hy (its expression is given in Eq. (2.4)) indicates the value of both
bands’ Chern number. hs depends on the Semenoff mass term M and on the amplitude t,
associated to the next-nearest neighbors hopping terms of the Haldane model.

In Sec. 2.3, we have considered a local probe with capacitive coupling to the Haldane
system, for the regime of small coupling amplitudes. We have explicitly computed the
reflection coefficient, which relates an input voltage and an output voltage in this probe, as
a function of the system’s parameters. We show that the sign of the "mass function” (hs(K)
or hy(K') depending on the sign of M /tysin ¢) is encoded in this reflection coefficient at the
energy of the Dirac point at which the band gap is the narrowest. Since the Chern number is

determined from the sign of hy at the Dirac points, the measure of the reflection coefficient
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(for an input of energy equal to the energy of the Dirac point at which the band gap is
the narrowest) determines the Chern number phase diagram. In the system we consider,
which is made of resonators of frequency amplitude in the GHz range, the sign of the "mass
function” hsy is measurable via microwave light.

Numerical computations indicate that evaluating the topological properties in kagome
Chern insulating boson system, with this capacitive-coupling light probe protocol is also
possible. Therefore it should be possible to realize such a measure for instance in the cQED

system proposed in Ref. [33] which leads to an effective photon kagome lattice Hamiltonian.
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Chapter 3

Kagome topological models and
computation of the topological
invariants

In this Chapter, we introduce a topological nearest-neighbor tight binding model on the
kagome lattice and we develop an analytical computation of the associated lowest band
Chern number. To the best of our knowledge this explicit computation does not appear
in the literature before our publication [188]. We also consider two spin copies of this
kagome system and we compute the associated Z, invariant [48, 189, 190] at 2/3 filling.
These computations are extended, in Chapter 5, to the case of different chemical potential
configurations. We also investigate the topological properties of small noisy kagome systems,
thanks to numerical computations of local observables.

As we mentioned in Chapter 1, Sec. 1.2.5, the kagome lattice is particularly interesting
for studying topological effects in lattice models. Indeed, Dirac points appear in a simple
nearest-neighbor tight-binding model on the kagome lattice. The quantum anomalous Hall
effect on the kagome lattice has attracted much attention [31-38]. The computation of Chern
number has been performed, for instance, by studying the contribution of each Berry phase
flux coming from the Dirac cones, by the investigation of the edges states, or numerically,
e.g. using a method where one does not have to worry about the arbitrary gauge of the

eigenvectors resulting from the numerical computation [191]. In materials, the spin-orbit
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interaction plays an essential role for the appearance of the quantum anomalous Hall effect.
In several kagome materials, the spin-orbit interaction has relatively high amplitude and
opens a topological gap (at least at some points in the Brillouin zone) [25, 26, 36, 37, 192].
Several time-reversal invariant kagome systems with intrinsic spin-orbit interaction have also
been studied [39-42, 193].

This chapter is organized as follows. In Sec. 3.1, we explain that a kagome tight-binding
model with complex nearest neighbor hopping terms breaks time-reversal symmetry and
have vanishing total flux in the unit cell. We compute the associated energy spectrum and
briefly review [34] an analytical computation of the edge modes. In Sec. 3.2, we study the
topological properties of this kagome tight-binding model. First, we develop an analytical
computation of the lowest band Chern number, starting from Eq. (1.79) of Chapter 1. Then,
we numerically investigate the local density of states and the chiral currents in small noisy
systems. We also review another method for the determination of the Chern number, based
on the splitting of the energy bands in weak magnetic fields [34, 194]. Such computations
and methods are used in the following Chapters.

Eventually, in Sec. 3.3, we compute the Z, invariant at 2/3 filling and we show the
appearance of edge states for time-reversal invariant kagome systems with spin and inversion
symmetries. Because the system conserves the spin in the out-of-plane direction, the Z,
invariant can be deduced from the Chern number computation [48, 189], as we explain in
Sec. 3.3.1. The system has also inversion symmetry, enabling us to use another method to
obtain the Z, invariant [190]. This enables us to check the results obtained from the former

method.

3.1 Simple topological model on the kagome lattice

Here we introduce and study a topologically non-trivial lattice model with a local magnetic

flux density B(r), which, as described in Sec. 2.1.1, respects the symmetries of the lattice and
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for which the total flux in the unit cell is vanishing. This model is the topological building

block of the models we study in Chapters 4 and 5.

(b)

Figure 3.1: (a) Kagome lattice representation and definition of the sub-lattices R, G and B,
of the nearest neighbors hopping amplitudes and of the displacement vectors e;, i € {1,2}
and b;, i € {1,2,3}. (b) Magnetic fluxes in the unit cell, which contains one hexagon
(associated to a flux —2¢ and delimited here by a green dashed line with arrow), one "up”
triangle (associated to a flux +¢ and delimited here by a green dashed line with arrow) and
one "down” triangle (associated to a flux +¢ and delimited here by a green dashed line with
arrow). The regions shaded with the same color are equivalent up to a lattice translation
and are threaded by the same magnetic flux.

3.1.1 Breaking time-reversal symmetry while having a vanishing
total flux in the unit cell

The kagome lattice has three inequivalent sites in the unit cell that we label by three ” colors”,
R, G and B as shown in Fig. 3.1. Its Bravais lattice is hexagonal. The kagome lattice is such
that a unit cell contains an hexagon, a triangle "up” and a triangle "down”. Therefore, as
we can see in Fig. 3.1b, it is possible to choose B(r) such that there is a finite non-zero flux
through each hexagon and triangle. Then the nearest neighbor terms, contrarily as in the
honeycomb lattice, break the time-reversal symmetry (which opens a gap) and may yield a
topological system, although the total flux in the unit cell is vanishing. The nearest neighbor
hopping amplitudes are complex and the contribution of the magnetic flux density is given by

the so-called Peierls phases exp <z% Jdl- A(r)), with dl the oriented infinitesimal element
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along the hopping path.

This leads us to consider the following simple, although possibly topological, Hamiltonian

1))

H=—-t Z e~iulScle, (3.1)
(i)

with ¢ € R and ¢ € R. c;r is the creation operator for a particle at site i. The sum runs
over ¢ and j nearest neighbors and v;; = +1(—1) if cl c; makes the particle jumping counter-
clockwise (clockwise) inside the triangle of the kagome lattice containing sites i and j (see

Fig. 3.1a).
As we argue in Chapter 4 (see in particular Sec. 4.1.2), Hamiltonian in Eq. (3.1) is relevant
in topological kagome materials; spin-orbit coupling being the physical origin of the time-
reversal symmetry breaking. Hamiltonian in Eq. (3.1) is also relevant for light and cold atom

systems (see respectively Refs. [33, 34, 182] and Chapter 5).

3.1.2 Hamiltonian in momentum space and energies

In Fourier space the Hamiltonian reads

H=> Ul (3.2a)
K
0 e cos(k-by) e/ cos(k - by)
by = =2t | e7"/3 cos(k - by) 0 B cos(k-bs) |, (3.2b)
e®/3 cos(k - by) e 3 cos(k - bs) 0

with Wl = (cLR, CLB, CLG) defined in Sec. 1.2.5 and the displacement vectors b;, i € {1,2, 3}

defined in Fig. 3.1a. The eigenenergies are given by (see also [195])

1+ f(k) 0(k)

E = —4t 5 s (3.3a)
1 k 0(k)—2
B, = —apy L0 00 = 21 (3.3b)
3 3
k k)+2
E, = —4t ! +:{< ) cos t );_ W, (3.3¢)



with f(k) = 2][>_, cosk - b, and 0 < f(k) < 7 defined by

= arccos 321 (k) cos &
0(k) = 20t f(k))3/2 . (3.4)

We have E; < F,,, < F, and the equality is reached when time-reversal symmetry is preserved
(0 = 0 or ¢ = m). The topological invariant associated to the different energy bands is

computed in Sec. 3.2.1.

Figure 3.2: Energies for the system described by the Hamiltonian in Eq. (3.1) for a cylinder
geometry. We considered a system with periodicity along the direction e; (see Fig. 3.1(a))
and open boundary conditions along the direction es; with line edges formed by the lattice
site B and R. Figures (a) and (b) differ by the value of the flux taken, respectively ¢ = /2
and ¢ = 3w /4.

3.1.3 Edge states

Here we evaluate the eigenenergies Fy and the eigenstates ¥ of the Hamiltonian in Eq. (3.1)
for a lattice cylinder geometry. We considered a system with periodicity along the direction
e; (see Fig. 3.1(b)) and open boundary conditions along the direction ey with line edge
formed by the lattice site B and R. We apply a partial Fourier transform on the Hamiltonian

H. A numerical computation gives the eigenenergies and the local density of states given
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by p(E,r) = >, 0(E — Eg)|[(r|V)|?. It satisfies the following normalization condition :
[dEY, g p(E,r) = N, with R the ensemble of all possible lattice sites and N their total
number. The eigenenergies are represented in Fig. 3.2 (for two different values of the flux
¢) and the numerical evaluation of the local density of states shows that the states which
dispersion relation link the bulk bands are indeed edge states.

The energy and the expression of these edge modes can be analytically determined as
shown in Ref. [34]. Let us briefly review this. We write the eigenstates as a superposition of
localized states on each atom :

Uolg) = Y D Gamol@)a,m), (3.5)

a=R,B,G m
where m labels the unit cells along the direction e;. We assume that ¢, (¢q1) = 0 (because
along the edge there is no color G atom; we can also build intuition from the numerical

evaluation of the local density of states) and we use the ansatz

gbB,R(m) = )\m¢B’R(0). (36)

It gives the energies of the two edge modes E1 and the associated values of A, in agreement

with the numerical solution:

E, =+2r cos(%), (3.7a)

Ay = — cos (% — %)/cos (% + %) , (3.7b)
A_ = sin ((g - %)/sin (g + %) : (3.7¢)

If the Fermi energy lies in the bulk gap, this predicts one eigenmode located at each edge of

the system; |A+|> 1 or |A+|< 1 determines which mode is localized at which edge.
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cosk.by =0 cosk.by =0

. eo(k) <0 <0 >0 >0
D; domain 2(k)
1 53(]{) >0 <0 <0 >0

(b)

D;; domain

(a)

Figure 3.3: (a) Choice of two domains in the Brillouin zone, each associated to a specific
gauge choice for the eigenvectors of the Hamiltonian in Eq. (3.10a). (b) Sign of e5(k) and
e3(k) (6o = —2t cos(k - b,)) in the BZ and the related evolution of ¢ (k) along several portions
of the I' path (shown in figure (a)), for sgn (sin ¢) > 0.

3.2 Topological properties of a simple model on the
kagome lattice

In this section, we investigate the topological properties of the kagome system introduced in
Sec. 3.1. In Sec. 3.2.1, we develop an analytical computation of the Chern number starting
from Eq. (1.79) of Chapter 1. Such a computation does not appear explicitly in the literature
before our publication [188], to the best of our knowledge. This computation is generalized
to a kagome model with different configurations of non-vanishing chemical potentials in
Chapter 5. In Sec. 3.2.2 we study the topological properties of the model introduced in
Sec. 3.1 through local observables in small noisy systems. For these systems, we perform
numerical computation of the local density of states, of the currents and of the density of

states under small magnetic fields.
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3.2.1 Computation of the Chern number from a smooth field ap-
proach

Here we compute the Chern number associated to lowest energy band of the kagome-lattice

model with Hamiltonian
(A ]7

H=—t Z e vial3cle (3.8)
(i4)

described in Sec. 3.1. We remind that the Chern number is well-defined if the energy band
is isolated from the others, which here means that ¢ ¢ {0, 7}. The computation of the other

bands’ Chern number is similar.
Gauge transformation and Hamiltonian

We remind that in Fourier space the Hamiltonian reads

H=> Ul (3.9a)
k
0 ei®/3 COS(k . bl) e i9/3 COS(k . bg)
hk = —2t e_i¢/3 COS(k . bl) O ei¢/3 COS(k * b3) ) (39b)
ei¢/3 COS(k . b2) e_i¢/3 COS(k . b3) O

with \IIIT< = (cLR, CLB, CLG). In the following, we rather use

H=> Ul (3.10a)
K
0 cos(k - by) cos(k - by)
he = =2t | cos(k - by) 0 ¢ cos(k-bs) |, (3.10b)
cos(k - by) e cos(k - bs) 0

for the computation of the Chern number. This differs by the U(1) local gauge transformation

—i¢/3 /3
\I/L = (CLR,CLB,CLG> — (cLR,e i/ CLB,GZ(W CLG>. (3.11)
The Chern number is invariant under this transformation. We use Eq. (3.10b) instead of

Eq. (3.9b) because it simplifies a bit the computations and because it describes one spin

copy of the v = 0 limit of the system we study in Chapter. 5.
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Energies and eigenvectors

Let us denote F the energy of the lowest band and we remind that

E = -2y il —; S (k)] cos 0(;{>, (3.12)

with f(k) = 2][>_, cosk - b, and 0 < f(k) < 7 defined by
3/2
6(k) = arccos 3T/ (k) COSBQZ : (3.13)
2(1+ f(k)¥

As we saw to the section Sec 2.2, the kets |u, k)’s are the eigenvectors of

e T ™ = N Wl Iy, (3.14)
K
with, here,
0 e kbicos(k-by) e ®P2cos(k - by)
hie= =2t | e™P1cos(k - by) 0 e kb0 cog(k - by) | (3.15)
ek bz cog(k - by) ekPie cos(k - by) 0
which we also write
o Ik ikt — Z @Lhk\ffk, (3.16)
K

with \ifl = (CLR, eik'bchB, eik'b%LG). We write
(1) chc + bI) el + 90) el ) 10)
VIrOP + ) + gk

the eigenvector of h(k) (defined in Eq. (3.10b)), in the basis (cLR,e"k‘bchB,eik'bQCLG),

, (3.17)

|ux) =

which is also the eigenvector of h(k) in (CL R,CL B,CLG>. From this relation, we get the

r(k), the b(k) and the g(k) coefficients.
Gauge choices, unique and smooth Berry gauge fields

We describe two gauge choices G; and G for the eigenvectors that we respectively write
|u 1) and |uk ;7). We will see later that these choices enable to correctly define the Bloch

eigenvectors over the BZ.
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(i) Gauge choice Gr: the coeflicient g(k) is real. More precisely, we choose

g(k) = p(k), (3.18)

with
_ kb Eey(k) 1

k)etel) = ~e 4k 1
p( )6 251(1{) + 26 53( ) ) (3 9)
where p(k) and ¢(k) are both real numbers and where we defined ¢, = —2tcos(k - by,).

Then we have
E? — €§(k)

k)= ———— 2 "Leiwl) 2
) = e (3.20)
and
E? — e2(k) ,
bk) = — 2" p(k)e 1) 3.21
(1) = =g el (321)
with
pl(k)e““(k) — ¢ tk(b1=by) [Eag(k)e*m + 51(k)€2(k)} ’ (3.22)

where p; (k) and ¢;(k) are both real numbers.

(ii) Gauge choice Gpy: the coefficient r(k) is real. We choose

g(k) = p(k)e . (3.23)
Then we have
E? — &2(k)
k)= ———3~ 3.24
i) = -5 (3:24)
and
E? — e2(k) ,
b(k) = 2 o(k el =1 (k)] 3.95
(1 = = ol (3.25)
. ) . . 1 1
We introduce the three nonequivalent high symmetry M points, M; = —§g1, M, = §g2
1
and M3 = = (g1 + g2) (see Fig. 3.3). We have p(k) = 0 at the My point. We have p;(k) =0

2
at the My and the M; points. Here, it is impossible to find a unique and smooth gauge

everywhere in the BZ. Then we split the BZ into two non-overlapping domains where we

apply different gauge choices [10] (see Fig. 3.3(a)). One domain, which we call the Dy;
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domain, contains the point where p(k) vanishes. The other one, the D; domain, contains all
the points where E? — £2(k) vanishes or £;(k) vanishes. The boundary between D; and Dy;
do not contain any of the p(k) =0, E* —e3(k) = 0 and ¢;(k) = 0 points. We also define T" a
closed path along this boundary, surrounding once the My point, as sketched in Fig. 3.3(a).
Now, we apply G gauge choice for the points contained in D; and G; gauge choice for the
points contained in Dy;. Then the associated wave function |uy ;) and |uy r7) (and its phase)
and the Berry gauge fields Ayx ; = (ux 1| Vi |ukr) and Ay ;r = (uk 11| Vi |uk rr) are uniquely
and smoothly defined respectively on D; and Dyy.

As we did in Sec. 1.3.2 of Chapter 1, we write the Chern number

1
C=-— ( / A2k [Vie X Ari] - e, + / A’k [Vie < Agr] -ez) : (3.26)
2im \ Jp, Dy

Using Stokes’ theorem and considering the specific choice of path I" shown in Fig. 3.3(a)

leads to

1
C=— (— 7{ dk - Ay + j[ dk - Akﬂ) . (3.27)
2o P P

Along T', we have |uy ;) = e=®) |uy ;). We choose (k) so that it is smooth along the
whole I' path and we obtain

1

Now, we find C' by studying (analytically) how (k) evolves when moving along I'. Gen-
erally speaking, when the I" path surround a ¢(k)’s divergence (here at the My point), the
accumulated phase increases or decreases by £27z, z € 7Z, which gives a quantized C', as
expected. Here, from the expression of p(k) (see Eq. (3.19)), we find that ¢(k) changes by

—2msgn (sin ¢) when moving along the entire closed path I'. This gives
C = —sgn (sing), ¢ €0, 7[. (3.29)

We have performed this computation by (i) determining the value of p(k)e’*™) along the lines

go(k) = 0 and £5(k) = 0 (remind that ¢, = —2t cos(k - b,)) in the BZ (see Table 3.1) and (ii)
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kl kQ kS k4

E(k) <0 <0 <0 <0
e1(k) <0 <0 <0 <0
e9(k) 0 <0 0 >0
e3(k) >0 0 <0 0
p(k)eie® S| gilkiba-g) L I L e S L T e
2 Ky 2e1 |y, 2 ks 2e1 |y,

Table 3.1:  Value of p(k)e™*®) (see Eq. (3.19)) along the lines e5(k) = 0 and e3(k) = 0
(remind that ¢, = —2tcos(k - b,)) in the Brillouin Zone. As it is sketched in Fig. 3.3(b),
the points k; and k3 belong to the line e5(k) = 0 and the points ks and k4 belong to the
line e3(k) = 0.

studying the sign of e2(k) and e3(k) in the BZ (see Fig. 3.3(b)). As an example, the evolution

of (k) along several portions of the I' path is shown in Fig. 3.3(b), for sgn (sin¢) > 0.
From Eq. (3.29), we conclude that all flux ¢ €]0, x|, the lowest band associated to the

model introduced in Sec. 3.1 has non-vanishing Chern number. If the Fermi energy lies in the

gap above the lowest band, the system is a Chern insulator, and as we saw it is characterized

by one chiral edge mode.

3.2.2 Topological properties observable in small systems with dis-
order

Here we show that the local density of states and chiral currents show topological features in
a noisy 3 x 3 unit cells system. We also review a method for the computation of the Chern
number which relies on the splitting of the energy bands under a weak magnetic field. We
show that this method also constitutes a way to probe the topological properties in small

noisy systems.
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Figure 3.4: Energies (in units of ¢, Figs. (a), (d) and (g)), local density of states (at E =
1.25E (t), Figs. (b), (e) and (h)) and lattice currents (in units of ¢/a in Figs. (c), (f) and (1))
in a 9 unit cells kagome system for increasing values of Gaussian noise amplitudes, from top
to bottom row: no noise, 10 percent noise, 20 percent noise (see Sec. 3.2.2 for details). We
chose E (¢) = 3w /4. For the right panel figures, the color blue or red refers to the current
orientation. Along an horizontal path, if the particles moves left (right) the color is blue
(red). For non-horizontal path, if the particle moves up (down), the color is red (blue).
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Local density of states and chiral currents

Here we compute the energies, the local density of states and the currents for the system
described by Eq. (3.8)), in a plane geometry composed of 9 unit cells and adding noise on
the parameters. The local density of states reads p(E,r) = >, (E — Ey)|{(r|¥)|? and
satisfies the normalization condition [dEY, g p(E,r) = N, where the sum runs over all
the eigenstates W of the system, with R the ensemble of all possible lattice sites and N = 40
their total number. The current operator between two lattice sites m and n is given by
Jmn = —icjntmncn + H.c., where t,,, is the hopping amplitude (complex term, —te*i?/3 i
our case) between m and n.

Numerical evaluation of the local density of states and of the currents shows that for
values of the Fermi energy lying between two bulk bands, we observe edge modes (see
Figs. 3.4(a) and 3.4(b)) and the localization at the edges of the current expectation value
Y g O(E — Eg) (V| jmn |¥) (see Fig. 3.4(c)).

We also numerically investigated the effect of Gaussian noise on the chemical potential
i (which is zero everywhere in the ideal case Eq. (3.8)), on the amplitude of the hopping
term ¢ and on the flux ¢. Results are shown in Figs. 3.4(d)-3.4(i) for increasing values of
the noise. For Figs. 3.4(d)-3.4(f) and Figs. 3.4(g)-3.4(i) the noise on u and t is a gaussian
distribution with standard deviation respectively equals to 0.1 E (¢) and 0.2 E (¢), where E (¢)
is the average value of t; the noise on ¢ is a gaussian distribution with standard deviation
respectively equals to 0.1 E (¢) and 0.2 (¢) where E (¢) is the average value of ¢. We refer
to these amplitudes of noise respectively as ” Gaussian noise with amplitude 10 percent” and
”Gaussian noise with amplitude 20 percent”. We observe that these rather small systems
show density of states localized at the edges and chiral currents up to rather large values of

Gaussian noise.
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Splitting of the energy bands under a weak magnetic field and noise

Here we consider a weak magnetic field B = BZ orthogonal to the kagome lattice plane. Let
us call the energy bands when B = 0 the "parents bands”. Under a weak magnetic field,
each parent band i (i = 1, 2 and 3 label respectively the lowest, the middle and the highest
energy bands) is split into a certain number of subbands that we denote D;. There is a
relation between this number, the amplitude of the magnetic field and the Chern number C;
associated to the " parent band [34, 194]. We introduce f = gn, where ng = %az is the

number of flux quanta in the system and ¢ is the area of the first magnetic Brillouin zone.

In the following, we choose B such that 1/f is an integer. Then we have:

We implemented the effect of the magnetic field for the Hamiltonian in Eq. (3.8) for a
cylinder geometry (periodic boundary conditions only in one direction of the lattice) and
for a square geometry (periodic boundary conditions in both directions of the lattice). We
also considered the same gaussian noise than the one considered in the previous section,
with a smaller amplitude: the noise on p and ¢ is a gaussian distribution with standard
deviation respectively equals to 0.01 E (¢) and the noise on ¢ is a gaussian distribution with
standard deviation respectively equals to 0.01 E (¢). We call this noise ” Gaussian noise with
amplitude 1 percent”. We investigated systems of sizes 10 x 5 unit cells and 10 x 10 unit
cells for the cylinder geometry and 27 x 27 units cells for the square geometry; the density
of states p(E) = )y 6(E — Ey)/N in such systems are reported in Fig. 3.5 (for E (¢) > 0).
In the last equation, the sum runs over all the eigenstates W of the system, and N = 40 is
the total number of lattice sites. We see that we have D; = 4 subbands, Dy = 5 subbands
and D3 = 6 subbands, which gives, considering that we used 1/f =5, C; = —C5 = —1, and
Cy =0.

It seems that larger noises makes ineffective the method for probing the Chern number.

Keeping the same system sizes or smaller, maybe if one would optimize the detection of
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Figure 3.5: Splitting of the energy bands for the system described by Eq. (3.8) under a
weak magnetic field (1/f = 5, see text) on open noisy systems with non-vanishing Chern
numbers. (a) and (b) show the density of states p(F) at 1/f = 5 for a cylinder geometry
of size respectively 5 x 10 and 10 x 10 (number of unit cells in the translation invariant
direction x numbers of unit cells in the direction perpendicular to the edges of the system).
(c) Density of states (here at vanishing magnetic field), for a square geometry of size 27 x 27
unit cells. (d) Density of states p(F) under a weak magnetic field (1/f = 5), for a square
geometry of size 27 x 27 unit cells. The insets in Fig.(c) and (d) show the local density of
states. For all the figures, we considered a ”Gaussian noise with amplitude 1 percent” (see
text in Sec. 3.2.2) and we considered E (¢) = 7/2.

the density of states pics the method would still be efficient up to, say Gaussian noise with
amplitude 5 percent. However, it seems out of reach that this method works at Gaussian
noise with amplitudes 10 or 20 percent, which are yet values at which we know that the local

density of states and the currents still shows topological properties for such small systems
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(see Fig. 3.5(c) and previous subsection).

3.3 Computation of the Z, number with spin and in-
version symmetries

In this section, we consider two spin copies of the two-dimensional Hamiltonian in Eq. (3.8),
with opposite flux associated to each spin copies (this is required to conserve time-reversal

symmetry, see Sec. 1.4):

H = —thIe_wSZ””/?’cj, (3.31)
(i)

with cZT = (cZTT, C;r ¢> and s, is the third Pauli matrix acting in spin space, as we defined in

Sec. 1.4. We compute the Z, in such a system, relying either on the conservation of the spin

number along the out-of-plane direction or on the conservation of the inversion symmetry.

3.3.1 Z,; number and edge states for systems with conserved spin
number along the out-of-plane direction

Zo number If the Hamiltonian commutes with the spin operator along the out-of-plane
axis (which is the case for the system we consider here), s,/2, then each band can be labeled
by ¢ = {1,]} which identify the eigenvalues of s,/2. We are interested by the value of
the Zy number when the Fermi level lies in the bulk gap between the lowest bands and the
middle bands. The procedure to obtain the Zy number if the Fermi level lies in the bulk gap
between the middle bands and the highest bands or if the Fermi level lies above the highest
bands is similar. Let us denote the o-band Chern number C,, and we call it the spin-o Chern
number. When s, is conserved, the Z; number is the difference between both spin Chern

numbers (see Sec. 1.4.1 or Refs. [48, 189)):

1
V=3 (Cy = C)) mod2 = Cymod 2. (3.32)
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From Eq. (3.29), we deduce that

v =1Y¢ €]0, |, (3.33a)

v=0V¢ e {0,7}. (3.33b)

Edge states As we explained in Sec. 1.4, the v = 1 phase is associated with opposite-spin
counter-propagating modes at each edge of the system. We can also extend the results of the
"edge state” paragraph of Sec. 3.1, by performing the same analysis for each spin ¢ species,
and labelling each quantity by ¢ (namely ¢ — ¢, and \. — A.,). In Fig. 3.6, we show
the energy dispersion relation for a system described by the Hamiltonian in Eq. (3.31) in a
cylinder geometry. Counter-propagating modes which connect the bulk bands appear clearly
and the numerical evaluation of the associated local density of state shows their localization

1
at the edges of the system. We also have A\_; = P because of the replacement ¢y = —¢,
—

5

and A_+(q1) = so we get A_+1(q1) = A_(—q1) which shows that opposite spin

Af,T(—QD

species with opposite velocities are localized at each edge of the system.

3.3.2 Computation of the Z, invariant in inversion symmetric sys-
tems

Here we use the invariance of the topological number under a U(1) local gauge transfor-
mation, so we consider two spin copies of the Hamiltonian in Eq. (3.10b), with opposite
flux associated to each spin copies. The purpose of this section is to show another way of
computing the Z, invariant. We use this method in Chapter 5 to check the results obtained

from the method introduced in the previous sections.
For a two-dimensional system

For a two-dimensional system invariant under inversion symmetry (r — —r), the Z5 topo-

logical invariant v (defined for time reversal invariant Hamiltonian, i.e. B = 0) is given by
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Figure 3.6: Dispersion relation for the spin system considered in Sec. 3.3.1, associated to the
Hamiltonian (3.31), in a cylinder geometry with flux ¢ = 37/4 and for different boundary
shapes. Below the dispersion relations figures, we show a sketch (it is taken from Ref. [34]) of
small systems with the boundary shape considered for the computation of the energies: (a)
corresponds to the line-line boundaries while (b) corresponds to the line-armchair boundaries.
The numerical computation shows that the edge modes which appear in (a) are degenerate
twice (for all the momenta ¢;) while the edge modes which appear in (a) are degenerate twice
only for few specific values of the momenta ¢; (namely the time-reversal invariant momenta).
In both figures, there are therefore two time-reversed pairs of edge modes; these pairs are
localized at opposite edges of the system.

39, 190]
(1" = T] Otnima; (3.34)

o1

with 0, ny) = szl Dom (F (mm)) is the product of the parity eigenvalues pay,, at I, no)s
associated to each occupied Kramer’s degenerate pair (pa,, and po,,_; are identical). The
I'(n, ns) Points are the time-reversal invariant points, i.e. the points such that H(I'(;, n,)) =

OH (L4 n,))© " These points can be written

1
L) = B) (1191 + n2go) , (3.35)
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with g; and g» both reciprocal lattice basis vectors. These points correspond to the so-called

I' point and to the three M points.
For a topological model on the kagome lattice

As in Sec. 3.3.1, we are interested by the value of the Zy; number when the Fermi level lies
in the bulk gap between the lowest bands and the middle bands. We rely on the Eq. (3.34);
we first need the parity eigenvalues p,, associated to each of the four I'(,, ,,) points so we
need to express the Hamiltonian and the momentum space parity operator at these points.
Eq. (3.34) only implies the parity eigenvalues associated to one of the lowest band, because
the parity eigenvalues associated to the other band are identical. Here, as we mentioned in
the previous section, each band can be label by o = {1, ]} which identify the eigenvalues of
s,/2. Therefore, in the following, we consider separately each of both diagonal H, parts of
the Hamiltonian H =) _H,.

The parity operator can be defined in real space by

P (CR,T'a CB,r, CG,'r') = (CR,fry CB,—r—e1> CG,frfeg) . (336)

A Fourier transformation of the fermionic operators enables to see that, in momentum space,
the parity operator reads

P = diag (1,e "%, e ") | (3.37)

Therefore, at the T'(g9) point, Pr, , is diagonal so d(90) = 1 and at the other points we have
PF(170> = diag (1, —1,1), Pr(o,l) = diag(1,1,—1), and PI‘(1,1) = diag (1, -1, -1).

Now we need to evaluate the lowest energy associated eigenvectors of H,(k) at 'y,

99



I',1), and I'(y ;). This is straightforward here since we have

0 0 —2
Ho(Lo)=| 0 0 0 |, (3.3%a)
—2t 0 0
0 =2t 0
Ho(To)=] =2t 0 0], (3.38b)
0 0 0
0 0 0
Ho(Tap)=| 0 0 —2te’s=¢ | . (3.38c¢)
0 —2teis=? 0

We denote the lowest energy eigenvalue Ej(k) and we write the |u, k) the o spin species

associated eigenvector

(7o (k) choper + o (R) e + 9B}l ) 10

VIra () + [, (k) + g, (k)
At the points I'(1 o), I'(0,1) and I'(q 1) the smallest energy eigenvalues are F; = —2¢ and the

[Uo k) = (3.39)

associated eigenvector are proportional to

(i) (—1,0,1) at the I'(1 ¢y point,

(ii) (=2t/(A+ E}),1,0) at the I'q4) point,

(iii) (0,2te™=?/(X — E;),1) at the T'¢1,1y point.

Applying the parity operator on the eigenvectors, we find that the system studied here is
a topological insulator. Of course, this is valid when ¢ # {0, 7} which is the condition for

which the system is insulating. These results are sum up in table 3.2.

3.4 Conclusion

We have adapted several methods for the computation of the Chern number for a topological
model on the kagome lattice. These models are the elementary topological building blocks

of the models we study in the following chapters.
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(ny1,n2) Eigenvalues E; (r,(k),b,(k),g,(k)) Parity operator (—1)”

(1,0) —2t (-1,0,1) diag(1, —1,1)
(0,1) —2t (—1,1,0) diag(1,1,-1) -1
(1,1) —2t (0, —eis=% 1) diag(1, —1, —1)

Table 3.2: Table summarizing the computation of the Z, topological invariant v for an
inversion and time-reversal symmetric system. (nj,ns) are defined in Eq. (3.35), and the
eigenvector’s coefficient (r,(k), b, (k), g-(k)) is defined in Sec. 3.39.

First, using Eq. (1.79) of Chapter 1, we have explicitly performed the computation of
the lowest band’s Chern number in a kagome system. We notice that this computation
is more involved because the kagome lattice contains three colors per unit cell. Again,
when the system is topologically non-trivial, we made two different gauge choices for two
complementary domains in the Brillouin zone, but here, one of both domains contains one
of the time-reversal invariant momenta. We also computed the Z, invariant relying on spin
and inversion symmetry [48, 189, 190] and we commented on the appearance of edge states
for two spin copies of the kagome system introduced in Sec. 3.1. In Chapter 5, we use these
methods for the computation of the Z, invariant for different sets of chemical potentials.

We also showed the robustness of the topological properties in small (9 x 9 unit cells)
square systems against Gaussian noise on the parameters: even for large values of the noise,
the local density of states and the chiral currents show topological features. We compared
this with another probe of the topological features: under a weak out-of-plane magnetic
field, each ("parent”) energy bands is split into a number of subbands that depends on the
"parent band’s” Chern number [34, 194]. From the numerical evaluation of the density of
states, at magnetic field 1/f = 5 (see Sec. 3.2.2), we achieved to retrieve the bands’ Chern
number from this method only for systems of size larger than about 30 x 30 unit cells and

with Gaussian noise amplitude smaller than about 1 percent.
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Chapter 4

A magnetic and topological kagome
system

In this chapter, we propose a model on the kagome lattice which, under the variation of an
external parameter, shows a transition from a magnetic Chern insulator, to an in-plane mag-
netic order possibly associated to a quantum spin Hall phase [193]. The external parameter
is either the temperature or the pressure; we justify that the model we study is associated
to a disordered phase at high values of this external parameter.

We apply this model to the Weyl semimetal Co3SnySs which has recently attracted much
attention [25-28, 38, 43]. The crystal structure of this material shows two-dimensional
stacked sheets of cobalt atoms which are arranged in a kagome lattice inside each sheet. Un-
der a variation of external parameters, such as the temperature or the pressure, this material
shows a magnetic transition, from an out-of-plane ferromagnetic phase at low temperature
and low pressure going through an {out-of-plane ferromagnetic + in-plane antiferromagnetic}
phase and possibly (depending on the temperature and the pressure) reaching a paramagnetic
phase. In this material, a large anomalous Hall effect is observed, with Hall conductivity
correlated to the ferromagnetic fraction [26, 27].

The magnetic and topological properties depend on the Coulomb-interaction strength
[196-198], which has been estimated around 4eV in CozSnsSy [28]. On the other hand, spin-

orbit coupling plays an essential role for the appearance of the anomalous Hall effect and its
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quantized version [4, 109, 112]. It appears that Kagome materials are good candidates for
investigating physical effect due to spin-orbit coupling. Indeed, spin-orbit coupling is found
to open non-negligible gaps in diverse kagome materials, e.g. gaps of amplitudes ~ 30 meV
in Fe3Sn, [37] and in TbMngSng [192], ~ 20 meV in CsyMnsFys [36]. In CozSnySs, spin-orbit
coupling also has large amplitude and is deeply related to the anomalous Hall properties
[25-28, 38, 199].

A very common framework for studying magnetic ordered phases is the Heisenberg spin
model. This model shows interesting phases on triangular lattices, because these lattices
are frustrated. On the kagome lattice, the classical limit of the Heisenberg model, which
shows a large ground state degeneracy [200-205] and its quantum limit [206-216] have been
extensively studied. Diverse numerical and analytical approaches have been employed to
tackle Heisenberg models on the kagome lattice, for instance, spin-wave theory and high-
temperature expansions [200, 201], Monte Carlo methods [202, 203], exact diagonalization
[210, 217, 218], density-matrix renormalization-group computations [213, 215, 219]. The
ground state at the isotropic (antiferromagnetic) Heisenberg point on the kagome lattice
seems to be a spin-liquid phase.

In the model we develop here, the magnetic properties are described by an anisotropic
Ising ferromagnetic Heisenberg model on the kagome lattice. We study this model first
evaluating the classical ground states and then using a spin wave approach to investigate
the stability. Exact diagonalization study of this model has been performed in Ref. [220].
In the model we introduce in this chapter, the magnetic properties result from a channel
associated to localized spins on the kagome lattice, while the topological properties result
from a channel associated to itinerant electrons on this same lattice. Both channels are
coupled via a ferromagnetic Hund’s coupling.

At the microscopic level, one channel contains half-filled orbitals, in which the spin parti-

cles experience a large on-site Hubbard interaction which gives rise to Mott physics. In this
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limit of a large Hubbard interaction, perturbation theory gives an antiferromagnetic nearest
neighbor effective spin Hamiltonian and each particle is considered to be localized on each
kagome lattice site. We study these localized spin particles in the limit of large spin. The
other channel contains low-energy mobile electrons which are coupled to the first channel
via a large Hund’s coupling [216, 221, 222] that we consider to occur along the out-of-plane
direction. We consider a double-exchange mechanism [221, 223-226] which induces nearest
neighbor ferromagnetic J, coupling between the localized spins. The low-energy electronic
properties of our model are given by mobile electrons which are described by a tight-binding

model with spin-orbit coupling [11, 36, 227, 228].

4.1 Hamiltonian

In this section, we first build an effective spin model for the description of the half-filled
orbitals (denoted Og) in which the spin particles experience a large Hubbard interaction (or
with small exchange integral between neighbors, i.e. strong localization around the atomic
centers). This results in a Mott state with localized spin particles. Then we write the

Hamiltonian for the mobile electrons and their coupling with the localized spins.

4.1.1 Localized spins

We first consider a simple microscopic model with a nearest neighbor hopping term and a
Hubbard interaction term for the spins in the orbitals Og. The former term reads
—ts Y _ CLCy,, (4.1)
(ig),0
where tg is a real parameter, the sum runs over all lattice nearest neighbors, and Cj, is the
annihilation operator of a spin ¢ particle in the orbital Og centered at the lattice site 2. The

Hubbard interaction term reads

UZ T 2R (42)
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with U > t, n;, = C’ZTUC'W, where the sum runs over all lattice sites and over both spin

polarizations o = {1, }.

Effective spin Hamiltonian We use perturbation theory to get an effective Hamiltonian

Herr (see App. F) in the strong interaction limit, i.e. U is large compared to tg. We denote

7‘[0 == Uznnnu, (43&)
V=—tg Yy ClLC, (4.3b)
(ig).,0

We consider that the orbitals are half-filled, i.e. Ng = N, with Ng the total number of spin
particles in the orbitals Og and N the number of lattice sites. The ground states of H, are
states with exactly one particle at each sub-lattice sites. These states are linear combinations
of the ~ 2V states |0y ...on), with o; = {1, 1}, for i € [1... N]. The first order terms (with
respect to tg/U) of the effective Hamiltonian, (1’| V' |¢), where |[¢)) and |¢') belong to the
ground state subspace (denoted Sp), vanish. Indeed, V' |¢) are linear combination of states
with two particles on some site ¢ and zero particle of some site j. The second order terms of

Heg are

/ ¥ -, t
W Hal) =1 3 Y WGl ml G Cho [0, (1.4)
Im)¢Hr (i), (kL) "

0,0

with |m) the eigenstates of Ho which do not belong to the ground states subspace Sy and
E,, the corresponding eigenenergy. The numerator of the equation (4.4) is non vanishing
only if |m) = CI_Ci, |¢) and if |m) = C’}g,C’wl |1') so if k= j and [ = 7 and for these states

E,, = U. Therefore we have

t5 t i
Hor = =7 ; ClCiwClLCi. (4.5)
17),

0,0

Using the fermionic anti-commutation relations we get

ClCiwCl,Cio = —CL,CioCl,Cior + Sromis,
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def

and using > _n;, == n; = 1 (Heq acts on a ground state), we get
T T z Qz 1
ZC CjoCloCig = —25755 + 5,
and
Z CjorCl,Ciy = 2 (S7ST + SYSY)
U;ﬁa
where S = —CJ 004.5/C; o (implicit summation on repeated indices) and (TU o T =1y, 2}

are the Pauli matrices. This gives, up to the constant energy term —.J; /4,

Het = Y [J1sS7S; + Jis (STST + S1SY)]. (4.6)
(i5)
2

4t
with J,, = 75 > 0.

Let us mention that, if we also consider a nearest-neighbor spin-orbit coupling term for the

orbitals Og, the effective Hamiltonian reads, up to the constant energy term —(.J;, + Jx)/4,

Her = Y [(Jos + Ing) 878 + (S — Iag) (S7ST + SYSY)] (4.7)
(i)

2

with Jy, = > 0 and \g is the amplitude of the spin-orbit coupling term given by

S
U
—i)g Z vi;CF 0% . Clgr, (4.8)

the sum runs over all nearest-neighbors ¢ and j and v;; = +1 or —1 if, respectively, the
particle jumps counter clockwise or clockwise inside the considered triangle of the kagome
lattice. The presence of this term has no important consequence on the study performed in
the following. In Co3SnySs, band-structure numerical calculations indicate that spin-orbit
coupling has a negligible effect on the magnetic properties [229].

This Hamiltonian, valid in the strong interaction limit, acts on the ground state where

there is one electron per site. As we discussed in the introduction of this Chapter, we
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treat these localized spins classically in the limit of large spin S. These spins are coupled to
itinerant electrons via a large Hund’s coupling [216, 221, 222] in the z direction. This leads
to a double-exchange mechanism [221, 223, 224 which induces nearest neighbor coupling (its
amplitude is denoted —.Jy) between the localized spins that we assume to be of ferromagnetic
(Jg > 0). The total spin Hamiltonian then reads

Mo = [=J.57S; + Juy (S7ST + SPSY)] (4.9)

(i)

with —J, = —Jg+Ji, + 54 and Jyy = Jiy — Jyg. In the following we consider Jy > Ji, +Jyg,
r.e. J,>0.

We notice that this model breaks continuous rotational symmetry and may show sponta-
neous magnetization (with finite temperature phase transition) in the z direction for finite
temperature, particularly for the ”Ising ferromagnetic” regime J,,/.J, < 1, contrarily to the
isotropic Heisenberg model for which the lower critical dimension is 2 [230]. In fact, at
zero temperature, we show in the Sec. 4.2.1 that because of the geometry of the kagome
lattice, the transition point is J,,/J, = 2, the classical ground state being ferromagnetic for

oy /s < 2.

4.1.2 TItinerant electrons and Hund’s coupling

Here we write the Hamiltonian associated to the itinerant spins and their coupling with the
localized spin in the orbitals Og. The itinerant electrons are assumed to belong to orbitals
(denoted O;) with large spatial extension around the lattice site and the amplitude of the
Hubbard interaction in these orbitals is much smaller than in the Og orbitals. Here we
write a microscopic model for the itinerant electrons where we take into account a nearest
neighbor hopping term, a nearest neighbor spin-orbit coupling term and a ferromagnetic
Hund’s coupling between the itinerant electrons and the localized spins. In CosSnySs,, ab-
initio band-structure calculations suggest that the states near the Fermi energy are mainly

associated to the cobalt 3d orbitals [229, 231, 232].
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Nearest-neighbors hopping term The nearest neighbor hopping term (denoted H,),
which results from the exchange integral between the orbitals O; at nearest neighbor sites,

reads

Ht = —tl Z CIJng, (410)
where t is a real parameter, the sum runs over all lattice nearest neighbors, and c¢;, is the

annihilation operator of a spin ¢ polarized itinerant electron in the orbital O, centered at
the atomic site 7. The sum runs over all lattice nearest-neighbors 7 and j and over both spin

polarizations for a.

Nearest neighbor spin orbit coupling The spin-orbit coupling term, which takes into
account the coupling between an itinerant electron’s spin and its motion in the lattice poten-
tial, is L,s, because the system is invariant under mirror reflection about the lattice plane
(see Refs. [11, 36, 109, 133, 228] and also Sec. 1.4.1). The kagome lattice is not invariant un-
der the mirror transformation about vertical reflection plane along a nearest-neighbor bond,
so the nearest-neighbor spin orbit coupling is a priori not vanishing. We write this term
Hgo, its amplitude \;, and we have

Hgo = —i); Z VichUch = —i\ Z Vij (cITcﬁ — chﬂ) , (4.11)

(ij),0,8 (ig)

with c;r = <CLT, cz i)’ 0” is the third Pauli matrix acting in spin space, the sum runs over
all nearest-neighbors ¢ and j and v;; = +1 or —1 if, respectively, the electron jumps counter
clockwise or clockwise inside the considered triangle of the kagome lattice. In fact, it is shown

in many kagome systems that this term is indeed not vanishing and that its amplitude is

large and has important electronic consequences [36, 37, 192, 199].
Ferromagnetic Hund’s coupling We define s; = (s?, s?, s7) the spin operator acting on

the itinerant electron spins and S; = (s¥,s?,s?) the spin operator acting on the localized

17 %1%

spins. As we already mentionned, we consider a strong Hund’s coupling in the 2 direction

108



between the localized spins and the itinerant electron spins. The associated Hamiltonian is

denoted Hj, and reads

he
Hy=—hy Sisi=—%3 8 ((;ZTTCZ-T - c}icu) , (4.12)

where h,. is the (real) amplitude of the coupling.

4.2 Magnetic order in the large spin S limit

In Sec. 4.2.1, we determine the classical ground state from a minimization of the energy
associated to this spin Hamiltonian. In Sec. 4.2.2, we investigate the stability of this ground

state against quantum fluctuations in the large spin limit.

4.2.1 Energy minimization and classical magnetic state

We now compute the ground state of this spin Hamiltonian in the classical limit of large spin
S. We write the value of the spin operators in the classical ground state (S¥) = S'sin 6; cos ¢;,
(S7)y = S'sinb; sin;, and (S?) = S cosb;, with 6; € [0, 7], and ¢; € [0,27] and S is the norm
of the spins in the classical ground state. In this limit, we obtain
He = S? Z [—J, cosB; cosb; + Jy, sin 6, sin 6, cos(¢; — ¢;)] . (4.13)
(ig)
We determine the classical ground state from a minimization of the energy associated to this
spin Hamiltonian. The magnetic state results from the competition between ferromagnetism
in the z direction and antiferromagnetism in the xy plane.
The energy reaches its minima in the parameter space made up of the 6; at all the lattice

sites ¢ if we have

Qi = Hj = {0, 7T/2, 7T}, (414)
or
—J: _ tan; _tanbi 6 o 0 2
ny - tan 9]2 COS<¢Z' - ¢J) - tan ej COS(¢Z ¢]) v<0“ 0]) S (]Oa W/Z[U]ﬂ-/lﬂ'[) ) (415)
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for all 5 such that ¢ and j are nearest-neighbor sites. The last condition, when considering

the nearest neighbours in a triangle of the kagome lattice, gives 0, = 0, def 0. Therefore,

gathering both conditions (4.14) and (4.15) gives 6, = 6, def 0, V(6;,6;) € ([0,7])>.

Now, given this constraint (all the angles 6; are the same for the minimum energy), we
look for the configuration(s) of the angles ¢; which minimize(s) the energy. First let us seek
this condition for an arbitrary triangle of the lattice and then try to extend it to all the
nearest-neighbors in the lattice. When the angles are well defined, i.e. for all 8 ¢ {0, 7},
the energy reaches its minima in the parameter space made up of the ¢; at the three lattice

sites ¢ forming a triangle of the lattice, for all j such that i and j are nearest-neighbor sites,

if we have

bi— b = i%”, 0 ¢ {0, 7)., (4.16)

with the same sign for all ordered pair (i, j) nearest neighbors inside a triangle. It is possible
to fix this condition for every other triangles of the lattice. Given the condition Eq. (4.16)

on the values of the parameters ¢;, the energy reads

oy . 1 1
E=5? ; [(—Jz) cos® 0 — 7‘1’ sin? 9] = 25N {(—JZ + ény) cos” 0 — §ny] , V0 ¢ {0,7},
ij
(4.172)
E=38) (-J.) = —25’N.J., if6 € {0,}, (4.17b)

(i)
with N the number of lattice sites. The solutions which minimize the energy in the 6
parameter space are given by

1
(i) if Jyy > 2.J,, writing —J, = —5Jay +§, with 0 €]0, J,,/2[, we have
2 2 Jay
E =28 N(&cos 9—7) , V8 € [0, 7], (4.18)

and we deduce that F reaches its minimum at § = 7/2 and is E = —S2N J,,.
(ii) if J,y < 2., replacing § by —d, we see that E reaches its minimum at 6 € {0, 7} and
is B = —25°NJ,.
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(iii) if J,, = 2J,, then E = —S*N J,, for all 6.

The transition between ferromagnetism along the z axis and in-plane antiferromagnetism,
at Jyy = 2J., is discontinuous.

The classical limit for J,,/J, > 2 has therefore vanishing out-of plane magnetic order but
120° spin ordering in the XY plane and each configuration is invariant under a global shift
of the parameters ¢;. This order is characterized by both following constraints: zero total
spin in each triangle of the lattice and each spin lies in the XY plane. Determining the Néel
ground state is not trivial because several inequivalent in-plane (XY) configurations satisfy
this ordering [200]. Studies performed for the antiferromagnetic Heisenberg model show that
the antiferromagnetic ground state is highly degenerate and has finite entropy per site at
T = 0 [200-202, 233-235]. This systems, similarly to the model we study here, have ground
state characterized by zero total spin in each triangle of the lattice (i.e. coplanar 120° spins
in each triangle of the lattice), however, there is no constraint that each spin lies in the XY
plane. Therefore, local distortions of the spin configuration are allowed and the spin wave
energy spectrum shows a flat band at zero energy [200-202]. This is not the case for the
present situation. In the next section, we study the spin wave excitations, of the classical

phases we just obtained.

4.2.2 Spin-wave analysis

Here, we are interested in the stability of the classical magnetic phases (determined in the
previous section) against spin wave excitations. We compute the energies of the spin waves

in the harmonic approximation (linear spin wave theory).

Ferromagnetic phase From Eq. (4.13) and using S¢ = (S + 5;7) /2and S} = —i (S} — S;) /2

7 3

we write

zQz Jflf - -
Hs =) [—JZSi S% + Ty (SFS;+575H)1, (4.19)
(i)
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In the ferromagnetic state, the spins order along the z axis so we write the Holstein-Primakoff

transformation as follows

S =S —dla,, (4.20a)

)

S =1/25 —dla; a;, (4.20c)

with s the spin norm and a; a boson spin-wave annihilation operator at site i. We consider

So =al\/25 — ala;, (4.20Db)

the large spin S limit of this transformation and we rewrite it, to second order in the boson

operators alT and a; (harmonic approximation)

S =S8 —dla,;, (4.21a)
S7 =254, (4.21b)
S =+v2Sa,, (4.21c)

Now we use the previous transformation to write the formulation of Hg in a spin-wave
harmonic approximation. It reads, after a Fourier transformation (so considering periodic

boundary conditions)
Mg =—2NJ.S* + 2.8 (2005 + yrhap) al (K)as(k), (4.22)
k

with vp = Juy/J. (vr € [0,2]), aq(k) is the momentum space boson spin-wave annihilation
operator associated to the color a spin sub-lattice (in the ferromagnetic phase), d, s is the

Kronecker delta function and the A matrix reads

0 cosk-b; cosk- by
A=| cosk-b; 0 cosk-by |, (4.23)
cosk-by cosk-bs 0

where b;, i € 1,2,3 are the three vectors (previously defined) joining the nearest neighbor

sites on the kagome lattice (see for instance Fig. 3.1(a) of Chapter 3). The eigenvalues of A
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are

A= 1, (4.242)
o = % (1 +/I1+ 4f(k)) , (4.24b)
N = & (1- VITif), (4.24¢)

2

with f(k) =2 Hi:l cosk - b,. Let us call

Uﬂ(k) = (U,LL,l’ U,LL,Q? U/L,?))? (425)

the normalized eigenvectors of A (1 € {1,2,3}), and we define

d(k) = Z Vpaap(k), (4.26)

Then we have

Mg =—2NL.S*+ 2.8 (2+vrA,) di(k)d,(k), (4.27)
k

The three spin wave branches with energies €, (k) = 2J,.5 (2 + yp\,) are sketched in Figs. 4.1(a)
and 4.1(c) for different values of yr. We remind that the energy of the so called classical
state is

= —2NJ.S? (4.28)
0=0

<52 Z —J, cos?h — % sin? 9)
4,J

with NV the number of spins in the system. For all values g, except vr = 2 (transition point),

we observe a finite gap between the lowest energy associated to the spin wave excitations
and the energy associated to the classical state. \; = —1 so ¢; is a flat band and because
A < A3 < Ay, € is associated to the lowest energy states. Moreover, we have checked
that hexagon-localized excitations associated to alternating values 0 and 7 of the azimuthal
angles are eigenstates with energies corresponding to the flat band [200]. The energy of the
spin wave excitations for the lowest dispersive band, for second order in small |k| is given by
e2(k) = 2J.5 (2 — vp + 2£|k[?). This quadratic dispersion relation is shown in Figs. 4.1(b)
and (d).
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Figure 4.1: Spin wave spectrum in the harmonic approximation for the ferromagnetic phase
(computed from Eq. (4.27)). The energy is expressed in J,S units. Figures on the first row
are associated to J,,/.J, = 1 and figures on the second row to J,,/J, = 1.9. Vectors q;
and g, are dual to the unit vectors e; and ey of Fig. 3.1(a) of Chapter 3. We took periodic
boundary conditions, the Brillouin zone (BZ) is therefore a torus. On the first column, we
represented the spectrum for the whole BZ, whereas the second column’s figures are cuts
along the I'’XY lines of the BZ (I' = (0,0), X = (0,7), Y = (7/2,7)).
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Antiferromagnetic phase The procedure we follow is detailed in [200]. We remind that
the classical antiferromagnetic phase is characterized by a spin order in the XY plane with
angles between nearest neighbor spins ¢; — ¢; = £27/3. The sign of ¢; — ¢; is fixed for the
three ordered pairs (1 — ¢a, P2 — @3, ¢35 — ¢1) in each triangle of the lattice. It is convenient
for the study to rewrite the Hamiltonian (given by Eq. (4.9)) in a so-called rotating frame
(x;, yi, z), in which one axis (say y; axis) is aligned with the local spin at site ¢ and the z

axis remains the same. This is done thanks to the following transformation

SY = cos ¢;S¢" — sin ;] (4.29a)

ST = cos ;5] — sin ;57" (4.29b)
and H now reads

H =) [=J.5585 + Juycos (6 — &) (ST'S]7 = SP'S)") + Ty sin (65 — 05) (S7S)" — SY577)]

(4.30)
We can now perform the Holstein-Primakoff transformation, writing .S the spin norm and a;

a boson spin-wave annihilation operator at site 1,

S¥ =S —dla,, (4.31a)

S*=al\/25 —dla;, (4.31Db)
ST =1/2S — dlaa;, (4.31c)

where, because of the respective orientation of the axis in the frame (z;, y;, z), S;° = S7 £ 7.
As we did for the ferromagnetic phase, we consider the large S limit and we keep only terms
up to second order in the bosonic operators. Because the sign of ¢; — ¢; is fixed for the
three ordered pairs in each triangle of the lattice, the 5;*S¥ — SY"S}7 term in Eq. (4.30) is

canceled out when performing the (i, j) summation in each triangle of the lattice. H then
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reads

SJ, 1 1
H = _NJg;ysz—i- . Yy Z [(5 _ ’YAF> (aiaj + a}a]) — (5 + PyAF) <a1aj + am}) + 2@3@11 )

{i.9)
(4.32)

with J, = yapJey, var € [0,1/2]. Now, we restrict our analysis to the q = 0 configuration
[200] for which the magnetic unit cell contains three sites and corresponds to the kagome
lattice unit cell. In fact, this calculation would yield the same result for the v/3 x /3 unit
cell, as in Ref. [200] analysis, where only including further nearest neighbor terms lifts the

degeneracy between both configurations. A Fourier transform of H gives

1
H = —NJ;BySQ —+ SJ:Cy Z { [25a,ﬁ - (5 + ’}/AF) Aa75:| al(k)ag(k) (433)
k

b))}
(4.34)

where a, (k) is the momentum space boson spin-wave annihilation operator associated to the
color « spin sub-lattice (in the antiferromagnetic phase), and the matrix A is the same than

in the ferromagnetic phase (see Eq. (4.23)). Here we obtain

H=-NJ,,S*+ 5y { [2 - (é + VAF> )\“] d',(k)d,(k) (4.35)
k,p

#5570 ) M (000,10 + 00 10) b (430

Now we define the coordinate operator @, (k) and the momentum operator P,(k) such that

Q00 = 5 (4,10 = 4,(19). (137a)
1

P,(k) = 7 (d.(~k) +di(k)), (4.37b)

[Pu(k)> QZ(Q)] = —10k+q,00u,v5 (4.37¢)

Then, using Z# A, =0, we have
1
H o= NS Ny + 500, 3 (1= e ROOPI + (1 53, ) Qu0QL00)

k,u

(4.38)
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and we see that we get a well-known harmonic oscillator Hamiltonian. Therefore we define

two normal modes operators b, (k) and bf,(k) such that

\/T1 (bu(k) + bl (k)) . (4.39a)

— bl (k)), (4.39D)
|:b q) u 1) (439C)
with ¢y and ¢; two constant terms. We take cg = /1 — %)‘w c1 = /1 —yarA, and we find
2 t 1
H=—NJ,,S* = NJoyS + > eu(k) | b, ()b (k) + 5) (4.40)
k,u
with
eu(K) = JoyS1/2(2 = N (1= 7ar ). (4.41)
which explicitly reads
3
€1 = 2ny5 5 (1 + ’YAF); (442&)
B L+ var
a(k) = 240,51 /1+ Fl)rar — — (1 +/1+ 4f(k)) (4.42D)
1+
k) = 20,81+ f0ar - D (1 IR, o

The k-dependency of these energies is represented in Fig. 4.2. Let us compare with the

energy of the classical antiferromagnetic state which is

(SQZ —J, cos?h — J 2 sin 0)

Here we have —1/4 < f(k) < 2 so the flat band ¢; is the higher energy band. Hexagon-

= —NJ,,S% (4.43)

0=m/2

localized excitations associated to alternating values of the spin S? components with opposite
signs are eigenstates with energies corresponding to the flat band [200]. The energy in the
lowest dispersive band for small |k| is given by es(k) = 2J,,5/1 —274p|k|. This linear

dispersion relation is clearly shown in Figs. 4.2(b) and (d). From Eq. (4.40), we see that
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there is an energy shift A between the classical state energy and the lowest energy associated
to the normal mode (bf,(k)) particles. At the transition we have A = 0, but for y4p < 1/2
(i.e. Jyy > 2J,), we see (Fig. 4.4(a)) that A < 0, reaching Ag min ~ 0.043J,, per spin
for v4r — 0. This negative energy shift destabilizes the classical state characterized by
¢i — ¢; = 2m/3. In fact, for J,,/J, > 2, Changlani et al. [220] found a spin liquid phase
using exact diagonalization [236, 237] for a 36 sites system. This seems to be consistent
with the spin liquid phase found for the Heisenberg isotropic point on the kagomé lattice
[211-215].

Results of Refs. [220, 238] also show a long range ordered ferromagnetic phase at J,,,/.J, <
2 and a long range order in-plane antiferromagnetic phase (at J,,/J, > 2) when next nearest
neighbor spin exchange is added. This is in general relevant for real systems, for instance
in Co3SnySs further than nearest neighbor spin exchange seem to play a non negligible role
(239, 240]. In this Weyl semi-metal, in the ferromagnetic phase, ferromagnetic spin exchange
between the kagome plane has also non-negligible amplitude [239, 240]. Then it seems
probable that in the antiferromagnetic phase, these couplings are also non negligible. Since
there is no frustration between the planes, this should stabilize both the ordered phases we
observed. The anisotropic Heisenberg model with ferromagnetic spin exchange term .J, along
the z direction and antiferromagnetic spin exchange term J,, in the XY plane has also been
studied on the triangular lattice [241]. A long range ferromagnetic order at J,,/.J, < 2 and
an antiferromagnetic in-plane 120° order at J,,,/.J, > 2, stable against spin-wave fluctuations,

at small temperature, was found.

4.3 Consequence of the magnetism on the topological
properties of the low-energy channel

In this section we describe a temperature or a pressure-induced magnetic and topological

transition. First we describe how varying the temperature or the pressure can be understood
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Figure 4.2: Spin wave spectrum (computed from Eq. (4.41)) in the harmonic approximation
for the antiferromagnetic phase. The energy is expressed in J,S units. Figures on the first
row are associated to J,,/J, = 2.1 and figures on the second row to J,,/J, = 3. Vectors q;
and g, are dual unit vectors e; and ey of Fig. 3.1(a) of Chapter 3. We considered periodic
boundary conditions, the Brillouin zone (BZ) is therefore a torus. On the first column, we
represented the spectrum for the whole BZ, whereas the second column’s figures are cuts
along the I'’XY lines of the BZ (I' = (0,0), X = (0,7), Y = (7/2,7)).
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in our model as varying the ratio J,,/J,. This leads to a magnetic phase transition, from a
ferromagnetic phase at low temperature or ambient pressure to a spin liquid phase (or an in-
plane antiferromagnetic phase if further spin exchange nearest neighbor terms are considered)
and then to a disordered phase at high temperature or pressure. The ferromagnetic phase is
associated with quantum anomalous Hall effect while the in-plane ordered phase is associated
with a metal behavior or a quantum spin Hall effect depending on the values of the Hund’s
coupling amplitude and of the Fermi level. We have been inspired from the Weyl semimetal
Co3SnySs,, in which a magnetic and topological phase transition as the temperature or the
pressure varies [27, 229]. It is believed that the anomalous Hall effect which is observed in
the Weyl semimetals results from the QAH effect happening in each layer [38, 155, 242-245].
This justifies a comparison between the phase transition associated to the two-dimensional

model we study and the phase transition in CozSnsSs.

4.3.1 Temperature or pressure phase transition

Here we consider the effect of either a variation of the temperature or a variation of the
pressure in the model we built. This gives two different physical origins for the variation of

Juy/J. leading to a magnetic transition.
Temperature effect

Starting in the ferromagnetic phase .J,,/J, < 2 and approaching the transition point J,,, /J, =
2 we saw that the amplitude of the gap between the energy of the classical state and the
lowest energy of the spin wave excitations goes to zero. Moreover, the lowest energy spin
wave excitations are degenerate and associated to a flat band. The entropy Sr associated
to such degenerate states, at finite temperature 7', results in a free energy term —7'Syr that
should lower the flat band energy given by Eq. (4.27). Therefore, before the transition point,
for J,,/J, < 2, this energy becomes smaller than the classical ground state energy —2N.J,S?

and it destabilizes the ferromagnetic order. In other words, when T increases, the value of
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Juy/J. at the transition should be decreased, from J,,/.J, = 2 at zero temperature to some
value J,, /J, < 2 at finite temperature. Here we notice that the parameters J, and .J,, are
fixed. In the following, we choose to describe this situation by keeping the transition point
fixed J,,/J., = 2 while varying the ratio J,,/J, as the external parameter (the tempera-
ture) varies. The later does not appear explicitly in the following but is responsible for this
transition.

Above a certain temperature 7;,, such that kg7, ~ J,,, the magnetic order disappears
because the Boltzmann weights of the ordered configurations decrease (classical phase tran-
sition from a Ginzburg-Landau theory). Above a temperature T} such that kgT; ~ Ay,
where Ay, denotes the amplitude of the itinerant electrons gap (the gap is due to the spin-
orbit coupling term), we expect that the topological order disappears. Indeed, the energy
bands for the itinerant electrons disappear because transitions between states associated to
different bands are possible at T;. The exchange coupling amplitudes have been estimated
around 10 — 20 meV = 100 — 200 K in Co3zSnsS, [239, 240]. Spin-orbit gaps (appearing at
certain points in momentum space), are of order 10 — 50 meV = 100 — 500 K in Co3SnsS,
[199]. This seems consistent with the argument developed in this paragraph and with the

magnetic and topological transition observed.
Pressure effect

In Co3SnyS,, it is also shown that a magnetic and topological transition is observed when
the external (hydrostatic) pressure is varied [27, 229]. The increase of the pressure results
in the reduction of the rhombohedral lattice parameter which closes the half-metallic gap
[229]. For the model we built, we argue that the reduction of the rhombohedral lattice
parameter results in the increase of the amplitude of the exchange integrals, in particular
the one associated to the localized spins, tg, which we assumed small when no external
pressure is applied. This yields an increase of J,,, = t%/U compared to J,, which would lead

to a ferromagnetic-antiferromagnetic phase transition. This is valid as long as ts/U < 1.
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Above a certain pressure, the exchange integrals are so large that the Og orbitals are not
associated to localized particles and the energy gaps associated to the itinerant electrons go

to zero, which results in a phase without magnetic and the topological order.
Gaussian distribution

Let us write R the ratio J,,/J,: R = Jy,/J,. For both temperature and pressure induced
transitions, we consider that we only have access to an effective distribution law for the
random variable R which is a function of the external parameter Pg (being the temperature
or the external pressure as we describe in the last section). We write Ry (Pg) the mean value
of R at Pg and its variance 2 (Pg).

As an example we consider a Gaussian law and write its probability density function

P(R) = —— exp (—M) (4.44)

o2mo 202

where, as we wrote, Ry and o2 depend on Py so P(R) does also depend on Pg. We remind
that R > 0. We want to impose
/ ARP(R) ~ 1. (4.45)
0

Then we assume that for all external parameter values Pg, 0(Pg) < Ro(Pg).

4.3.2 Topological model for the itinerant electrons

Here we consider two topological phases for the itinerant electrons model introduced in

Ai :
Sec. 4.1.2. Let us define t = \/tZ + A\? and ¢ = 3 [arctan <t_> + 7T:|. This gives

(2

— te_i¢azyij/3 = —(tl — Z'/\iVZ‘jO'Z), (446)
The Hamiltonian associated to the itinerant electrons is

b0 he
H=—t Z clemio7 ”ij/gcj -5 Z Szelo®e;, (4.47)
(i5) 4

7

We notice that we already computed the Chern numbers associated to the energy bands

given by the first term —¢3°, . cleio™val3c. (see Chapter 3): we have C' = — sgn (sin ¢)
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(C' = +sgn (sing)) for the lowest energy band associated to the spin 1 (]) particles, C' =0
for the middle energy band associated to both spin 1 particles and spin | particles, and
C' =sgn (sing) (C = —sgn (sin¢)) for the highest energy band associated to the spin 1 ({)

particles.

4.3.3 The magnetic transition yields a topological transition

Here we show how the magnetic order influences the topological order. In Sec. 4.2, we
found that, in the large S (for the localized spins) limit, if R < 2, the localized spin show
a ferromagnetic out-of-plane order while if R > 2 there is no out-of-plane order. This leads
to two different topological phases associated to the itinerant electrons. In the following, we
label by lo, mo and uo respectively the lowest, the middle and the highest itinerant electron
spin ¢ energy bands. Moreover, as we mentioned, both temperature and pressure induced

transitions introduced in Sec. 4.3.1 are described by the variation of R.
Magnetic and topological transition

For R < 2, the Hund’s coupling term acts like a magnetic field:

Hy = —he Y Sisi=—heY (S)si=—hsSY si. (4.48)

We consider that h. is large enough so that the energy bands [ T and m 7 lie below the
bands u 1, [ |, m | and u | and that the Fermi level lies in the gap between the bands [ 1
and m T and the other ones. This means that h. has at least amplitude of the order ¢; (the
amplitude of the nearest neighbor hopping terms). Such a situation is shown in Fig. 4.3(a).
The computation of the Chern number in Chapter 3 (see Eq. (3.29)) is directly applicable to
the present case. We consider \; > 0 so ¢ > 0. The lowest spin 1 energy band is associated
with Chern number —1 while the middle spin 1 energy band is associated with Chern number
0 giving Cy = —1 (here C|, = 0 because all the spin | bands are above the Fermi level) and

a total Chern number C' = —1.
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For R > 2, the out-of-plane magnetic moments vanish, therefore the h. term vanishes.
The energy bands associated to the itinerant electrons have twofold spin degeneracy. Such
a situation, with the Fermi level previously defined (Fig. 4.3(a)) is shown in Fig. 4.3(b). We
see that a convenient choice of h. and of Er makes that the Fermi level lies between the
degenerate energy bands [ 1, [ | and m 1T, m |. The computation of the topological invariant
in Chapter 3 (see Eq. (3.32)) is directly applicable to the present case and we deduce that
we a have a QSH state with v = (Cy — () /2mod 2 =1 (C} and C| are the Chern numbers
respectively associated to the spin 1 and | electrons) and vanishing total Chern number
C=0C+0C,.

Figs. 4.3(c) and (d) also show another choice for the values of h. and of Ep for which
we observe a QAH phase associated to ferromagnetism but no topological properties in the

("high temperature”) antiferromagnetic phase.
(Gaussian) distribution on R

In the large S limit, for R < 2 (ferromagnetic order), (S7) = S is non-vanishing, C' = —1,
Cy = —1 and C| = 0 (giving v = 0) while for R > 2, there is no out-of-plane magnetic order
(S7)=0,C=0,Cy =—1and C| =1 (giving v = 1).

Writing E((S7?)), E(C), E(C;) and E(C)) the values of respectively (S7), C, C; and C|
averaged over the distribution P(R) (see Eq. (4.44)), we obtain

o0

E((S)) = /0 T ARP(R)(SH)(R) = S /1 L 4RP(R) = gerfc {ﬁ (% - RO)] (4499

E(C) = —perie [ \/150 (% - RO)} | (4.49b)
E(C)) = —1, (4.49¢)

ey -1~ hoe[ L (3-m)]. s

where we denoted by ”erfc[]” the complementary error function. E((S?)) depends on the

value of the external parameter P via Ry and . These results are represented in Fig. 4.4(b).
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Figure 4.3: Dispersion relation for the itinerant electron channel Eq. (4.47), in a cylinder
geometry with flux ¢ = 37/4 and for line-armchair boundary shape (see Chapter 3, Fig. 3.6).
Figures on the left are associated to the ferromagnetic phase (S?) # 0 and figures on the
right are associated to the in-plane magnetically ordered phase (S?) = 0. The energies are in
units of . Top row corresponds to a value of h, = 2.7t and we set the Fermi level at energy
Er = —1.3t. Bottom row corresponds to a value of h. = 3.8t and we set the Fermi level at
energy Ep = —2.5L.
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Figure 4.4: (a) Energy shift Ap between the energy of the classical antiferromagnetic state
and the lowest energy associated to the spin wave excitations, in units of S.J,, per spin.
(b) Values of (S7), —C, —C4 and C| averaged over the distribution P(R) (see Egs. (4.49)),
as a function of the ratio J,,/J,. Here, we arbitrary took the standard deviation o of the
distribution in Eq. (4.44) to be 0.05.J,,,. Moreover, we considered h. = 2.7t and Ep = —1.3t,
as in Figs. 4.3(a) and 4.3(b), which gives a QAH-QSH transition.

The order parameters are here statistical averages which may represent averages over all
the two-dimensional layers of a three-dimensional sample, averages over over different time

realizations or averages over different magnetic clusters in the sample.

4.4 Conclusion

In this chapter, we built a two-channel model on the kagome lattice to describe a transition
from a magnetic Chern insulator, to an in-plane magnetic order with possible quantum spin
Hall effect. One channel is associated with localized spin while the other contains itinerant
electrons which are coupled to the former via a large Hund’s ferromagnetic coupling [31, 216,
221, 222, 225, 226].

The localized spin channel is described by an anisotropic Heisenberg model with ferromag-

netism along the z direction. The microscopic origin of this model is a large on-site Hubbard
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interaction which gives rise to Mott physics and a double-exchange mechanism with the
itinerant electrons [221, 223-226]. This results either in an out-of-plane ferromagnetic phase
or in an in-plane ordered phase. The in-plane ordered phase is either a spin-liquid or a long
range order phase if further nearest neighbor spin-exchange is considered [220].

The localized spins couple to the spins of the itinerant electrons through a ferromagnetic
Hund’s coupling term. The itinerant electrons are described by a nearest neighbors hopping
term with spin-orbit coupling [11, 36, 227, 228]. In the ferromagnetic phase, the ferromag-
netic Hund’s coupling term acts like a magnetic field and for certain values of the chemical
potential, the itinerant channel shows a quantum anomalous Hall effect. In the in-plane or-
dered magnetic phase, the itinerant electrons model is time-reversal invariant and, depending
on the Fermi energy, is either associated to a quantum spin Hall phase or to a metallic phase.

We applied this model to the Weyl semimetal Co3SnsS, in which a temperature and
pressure dependent magnetic and topological transition is observed. On the one hand, at
finite temperature, we argue that the ferromagnetic phase should be destabilized near the
transition because of the finite entropy associated to the spin wave excitations. Therefore,
increasing the temperature yields a magnetic transition and as a consequence it also results
in a topological transition because, as we explained in the previous paragraph, the later is
coupled to the former in our model. On the other hand, an increase of the pressure results
in the reduction of the rhombohedral lattice parameter [229]. In our approach, we argued
that this would results in the increase of the exchange integrals (hopping terms), which,
consequently, varies the in-plane spin-exchange term in our model and yields a magnetic and

topological transition.
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Chapter 5

Time reversal symmetric topological
insulators

In this chapter we study a new time-reversal invariant topological model for a two-dimensional
kagome lattice system. It contains flux L,s, and L,s, nearest-neighbor terms, respectively
reminiscent of intrinsic spin-orbit coupling (see Sec. 1.4.1) and Rashba spin-orbit coupling
processes. We study this model for several on-site energy configurations. We show how
the topological phase, resulting from the flux term, is tuned by varying the amplitude(s) of
on-site energy terms and/or of the Rashba spin-orbit coupling term, at filling n = 2/3. In
the last section of this chapter, we study the effect of Hubbard interactions on the topologi-
cal properties for a specific on-site energy configuration and at vanishing Rashba spin-orbit
coupling. The work reviewed in this chapter, which results from a collaboration involv-
ing Karyn Le Hur’s group (Ecole Polytechnique, Palaiseau), and Walter Hofstetter’s group
(Goethe University, Frankfurt) was published in Refs. [188] and [246]. Walter Hofstetter’s
group was mainly concerned with the numerical investigation of the topological and magnetic
phase diagram in the non-interacting case and in the interacting case. In this chapter we
only briefly mention their numerical results; the interested reader is referred to both previous
references.

My contribution in these publications essentially concerns analytical computations. In

the non-interacting case, I determined, through several methods, the Z, phase diagram for
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different on-site energy configurations. In particular, I performed an explicit analytical com-
putation of the spin Chern number using the method we developed in Chapter 3, Sec. 3.2.1;
to the best of our knowledge this computation does not appear in the literature before our
publication. In the interacting case, I determined the system’s ground state, for a specific
limit of the on-site energies’ amplitude, at vanishing Rashba spin-orbit coupling. I used
perturbation theory in the large Hubbard amplitude U limit and a mean-field method for
smaller U.

In two-dimensional time-reversal invariant systems, the spin-orbit interaction is essen-
tial to obtain non-trivial topological properties (see Refs. [2, 11-14, 48, 144, 145] and sec-
tion 1.4.1). Several topological insulators on the kagome lattice have been studied, for in-
stance first and second nearest neighbors intrinsic spin-orbit interaction [39-41, 193], Rashba
spin-orbit interaction [247] or intrinsic and Rashba spin-orbit coupling for the breathing
kagome lattice [42]. Related to the quantum spin Hall phase, the quantum anomalous Hall
phase on the kagome lattice has attracted much attention [31-38]. In several kagome ma-
terials, the spin-orbit interaction has relatively high amplitude and opens a topological gap
(at least at some points in the Brillouin zone) [25, 26, 36, 37, 192].

Hubbard interactions [248] on the kagome lattice leads to very interesting phases, because
of geometrical frustration in this lattice and the appearance of flat bands [117, 118, 249-260]
and namely in the limit of large Hubbard interactions at half filling, spin models become
relevants [261, 262] and have been extensively studied on the kagome lattice [200-205, 208
216, 218, 263-268]. Recently, materials showing interplay between topological and magnetic
properties has attracted a lot of attention [20-24, 28, 29].

The experimental investigation of the model we study here is possibly reachable using cold
atom gases; the impressive experimental progress in this domain has enabled the simulation
of many topological and correlated condensed matter systems [269, 270]. Experimental

realization of Bose-Einstein condensate in 1995 has been the starting point of intense research
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activity focused on cold atom systems [269, 271-273]. Cold atom gases of fermions have
been realized few years later [274-276], as well as optical lattice traps, which have enabled
to study systems with spatial periodicity [277-280]. In particular, the kagome lattice has
been experimentally realized by overlaying two optical triangular lattices [281] and there are
also proposals based on other techniques [282, 283]. In cold atom gases, topological systems
are implementable via artificial gauge potentials [80, 284-292]. Several topological systems
have already been experimentally realized, for instance the Hofstadter Hamiltonian and the
Haldane model [150, 156, 293, 294]. More specifically, topological models with spin-orbit
coupling have been investigated theoretically on two-dimensional lattices [80, 291, 292, 295],
have been engineered [296-300] and it has been shown such spin-orbit coupled systems are
associated with spin Hall effect [301-303]. The simulation of Hubbard interactions in cold
atom systems has been achieved experimentally for bosons [304-307] and fermions [268, 308—
312]. These systems are very interesting for the study of Hubbard interactions since it is
possible to tune the amplitude of the interaction thanks to Feshbach resonances.

This chapter is organized as follows. In Sec. 5.1, we compute the Z, invariant at vanishing
Rashba spin-orbit coupling. In this case, there is a simple link between the Z, number and
both Chern numbers associated to each spin polarized occupied bands (see [48, 189] or
Chapter 1, Sec. 1.4). We compute these spin Chern numbers using an extension of the
method introduced in Chapter 3, Sec. 3.2.1, for several on-site potential configurations.
At vanishing Rashba spin-orbit coupling, the system is inversion symmetric therefore the
Zo, number can also be computed from the eigenvalues of the parity operator at the time-
reversal invariant points in the Brillouin zone [39, 42, 190], as we mentioned in Chapter 3,
Sec. 3.3.2. We adapt this method for our system and compare the results we obtain with
the one we obtained from the extension of the method introduced in Chapter 3, Sec. 3.2.1.
We also use another method for the (numerical) computation of the spin Chern numbers at

vanishing Rashba spin-orbit coupling, relying on the splitting of the energy bands under a
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weak magnetic field [34, 194].

Then, in Sec. 5.2 we study the effect of the Rashba spin-orbit coupling; the topologi-
cal phase diagram is readily obtained by adapting the argument introduced in Chapter 1,
Sec. 1.3.3 and computing the energy gap phase diagram. We also numerically compute the
energy spectrum, the local density of states and the currents in systems with open boundary
conditions.

Eventually, in Sec. 5.3, we study the effect of Hubbard interactions (amplitude U) added
to the topological model we introduce at vanishing Rashba spin-orbit coupling. We consider
a specific on-site energy configuration. In this case, we use perturbation theory in the large

U limit and a mean-field method for smaller U.

5.1 Quantum spin Hall phase on the kagome lattice
with color-dependent chemical potentials

In this section, we study the effect of several on-site potential configurations for a time-
reversal model on the kagome lattice with flux and conserved spin s,. We describe the
analytical computation of the Zs number at filling n = 2/3, which means that the number
of particles in the system is 1/3 of the maximum number of particles that the system can
host (which correspond to n = 2). First, we develop two methods for this computation. One
method relies on the simple link between the Zs; number and both Chern numbers associated
to each spin polarized occupied bands [48, 189]. The challenge here is to compute analytically
these Chern numbers. The other method relies on the conservation of the inversion symmetry
[190]: the Zy number is the product of the parity eigenvalues at the high symmetry points
of the BZ. These methods are applied to the different on-site potential cases (i), (ii) and
(iii) described in Sec. 5.1.1, for arbitrary values of the phase ¢ and the on-site potentials

amplitude A.
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5.1.1 Hamiltonian

In Sec. 1.4.1 we reviewed a Z, topological time-reversal symmetric model on the honeycomb
lattice. This model contains an intrinsic spin-orbit coupling term L,s, (we also call it a flux
term) which is essential for the emergence of topological energy bands.

Here we study the effect of such a L.s, term along only one direction of the kagome lattice
and written as an exponential phase factor. This makes it particularly relevant for a cold
atom system where this spin-dependent ”phase” term could be implemented using artificial
gauge potential [288]. Keeping the notations we previously used for the description of the
kagome lattice we write this L.s, term

— 3 e gt e, € g, + e, (5.1)

r

where t is the hopping amplitude for the fermions between neighboring sites in the lattice.
CLJ = (c;m, ch,i) is the operator which creates a fermion at site r for « = R, at site r+ by
for « = B, and at site r + by for @« = G. We remind the definitions of the vectors b, and e,
in Fig. 5.1(a) where we represented the flux term introduced in Eq. (5.1). The total flux in
each unit cell is vanishing and a local flux which sign depends on the spin is inserted. If we
consider each spin species separately, this flux term breaks time-reversal symmetry.

To vary the amplitude of the topological gap, we also consider an on-site potential term,

which reads

S Aanan (5.2)

r o=R,B,G

with nare = ¢l ¢y the density operator for the spin o and we have ngy = Na ey + N,
In the following we consider several configurations for this on-site potential term: (i) Ap =
_/\R = X and /\G = 0, (11) >\R = X and )\B = )\G = O, and (111) /\B = Aet )\R = /\G = 0. The

case A\g = A and Ag = Ag = 0 is equivalent to the case (ii).

Along the directions e; and e (see Fig. 5.1(a)), we consider real-amplitude —¢ hopping
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cosk.by =0

D; domain
D;; domain

(b)

Figure 5.1: (a) and (c¢) Kagome lattice representation and respectively Hamiltonian in
Eq. (5.3) and Hamiltonian in Eq. (5.41) hopping terms. The direction of the arrow is asso-
ciated to a positive sign in the phase of exponential for the hopping terms between the sites
G and B or R and G. (b) Definition of the Brillouin zone into two domains, each associated

to a specific gauge choice for the eigenvectors of the Hamiltonian in Eq. (5.3).

terms and the complete Hamiltonian we study is then
H = —t Z C}r%,rHCB,r + c%,r—l—elHCB,r + C;r%,rHCG’,r + CTG,r]ICR,r—I—eg
r

i 1S, T 1S,
+ € oyt Chpie,€ g,y + Hoe |+ AaTa,r-
r a=R,B,G

We consider periodic boundary conditions in both directions of the lattice.

transformation gives

Hok) 0
H = I :
; Wy N ¥y
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with
)\R &1 (k) 62(1{)

Ho(k)=| e1(k) B e=%e3(k) | » (5.5)
62(1{) €_isz¢€3(k) Ag

(o t t t t t
Uy = (CR,k,T’CBM’CG,k,TﬂcR,k,uCB,k,uCG,k,J , (5.6)

€q = —2tcos(k - b,), and s, = 1(—1) for 0 =7 (}). We notice that if the on-site potential
terms are vanishing, we obtain the Hamiltonian in Eq. (3.10b) studied in Chapter 3. As we
mentioned in Chapter 3, this Hamiltonian only differs from the Hamiltonian describing two
spin copies of Eq. (3.8) by a U(1) local gauge transformation. It is obviously time-reversal

invariant.

5.1.2 Computation of the Z, invariant from the spin Chern num-
bers

We now compute the lowest band spin Chern numbers C,, associated to the model described
in the previous section (for different on-site energy configurations), by implementing the

method described in Chapter. 3, Sec. 3.2.1 [10]. The Z, invariant v is then given by v =
Cymod 2 (see Sec. 3.3.1).

On-site potential configuration \g = —Ag = X and A\ =0

Here we consider the case for which the on-site energies are such that A\g = —Ag = X\ and
Ag = 0. We compute v for all flux ¢ and arbitrary onsite energy A. Both lowest energy band
(associated to opposite spin species) are described by the energy F given by

5 _2\/)\2+4t2 1+ f(k)]  0(k)
B 3 3

(5.7)
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with f(k) = 2][>_, cosk - b, and 0 < §(k) < 7 defined by

33/2 <f(k¢) COS¢+ )‘(5%(1{)&; 5%(1{)))

2 (1 + f(k) + (%)j

From this we observe that the gap between the lowest band and the middle one only closes

0(k) = arccos

572 (5.8)

at A = ++/2t. It is valid for each spin species, to which associated middle band energy is

given by

COS

. __2\/)\2+4t2[1+f(k)] 0(k) — 27
m 3 3 )

(5.9)

1
Let us remind that we denote the three nonequivalent high symmetry M points, M; = —5 g1,

M, = %gQ and M3 = %(gl +g») (see Fig. 5.1(b)). At A = /2t the energy bands touch
in reciprocal space at the My point, while at A = —v/2¢ the energy bands touch at the M;
point, and we observe that

(i) at A < —v/2t, we have E < \, with the equality occurring at the M; point,

(ii) at —v/2t < A\ < v/2t, we have E < —|)|,

(iii) at A > v/2t, we have E < —\, with the equality occurring at the M3 point.

In the following, we will only describe the computation of the lowest band Chern number

for the case A < 0 because the case A > 0 can be studied following almost the same steps.

Let us write
(o) chescs + bok)chper + 0o (k)chier ) 10
VIra (B + b, (k) + g, ()

the lowest energy eigenvector of H, (k) in the basis (cL R eik'bch Bt ©

[Uo k) = : (5.10)

ik'bQCLGJ). We now
determine the coefficients r,(k), b,(k) and g, (k) for 3 gauge choices G, Gy; and Gy on
the eigenvectors that we respectively write |uy g 1), |Uok 1) and |ty rrr). We will see later

that these choices enable to correctly define the Bloch eigenvectors over the BZ.

(i) Gauge choice Gr: the coefficient g, (k) is real. More precisely, we choose

9o(K) = po(K), (5.11)



with

where p, (k) and ¢, (k) are both real numbers. Then we have

and

with

po(k)ei# k) = _cikba (

Ta(k) = -

ba(k) =

p1o(k)e' o ®) = el ®imb2) [([ 4 Ny (k)e 2% + £ (k)ea ()] |

E — Nea(k)
281(1{)

E(E - )) — £5(k)

E(E + \) —&3(k)

2e1(k)

Pl,a(k)

where p1 ,(k) and ¢, ,(k) are both real numbers.

(ii) Gauge choice Gpy: the coefficient r,(k) is real. We choose

Then we have

and

Then we have

and

bg(ki) =

ga(k) _ pg(k)ei%(k).

E(E + \) — e2(k)

1
2

efi@a(k)

pl,a(k)
(iii) Gauge choice Gpyr: the coefficient b, (k) is real. We choose
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pa(k)e_wl’(r(k) s

3(k)

pa(k)ei[%(k)—wl,a(k)] )

)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)



Notice that ¢, (k) is well-defined (modulo 27) for all k except when p,(k) = 0 or when
e1(k) = —2tcosk - by = 0 and ¢, ,(k) is well-defined for all k except when p; ,(k) = 0.

Now we have to distinguish two different cases A < —v/2t and —v/2t < X < 0. First, the
\ < —/2t case. In this case, ' < \. The points for which p,(k) = 0 are the same than those
for which p; ,(k) = 0. These are the M, = %gg point at which cosk-by = cosk-bs = 0, and
the M point at which cosk-b; = cosk-bs = 0 and F = A. In this case, we apply gauge choice
Gyyp for all the points of the BZ; then the wave function |uq g r7r) (and its phase) is uniquely
and smoothly defined, as is the Berry gauge field A, k111 = (Uok111| Vi |tk 111). Because
the BZ is a torus, we find that the lowest band Chern numbers C,, are both vanishing. A
very similar proof can be done for the A > /2t case. We conclude that at n = 2/3 filling, for
all flux ¢ €]0, 7|, the phase associated to Ag = —Ag = A and A\g = 0, |A|> v/2t is a trivial
insulator.

Now, let us study the —v/2t < X < 0 case which includes the A = 0 case we studied in
Chapter. 3, Sec. 3.2.1. In this case, E < A. We have p,(k) = 0 at the M, point. We have
p1(k) = 0 at the M, and the M points. Here, it is impossible to find a unique and smooth
gauge everywhere in the BZ. Extending the study of Chapter. 3, Sec. 3.2.1, we define the D;;
domain, which contains the point where p,(k) vanishes, and the D; domain, which contains
all the points where F(E — )\) — e2(k) vanishes or ¢;(k) vanishes (see Fig. 5.1(b)). The
boundary between D; and D;; do not contain any of the p, (k) =0, E(E — \) —e3(k) =0
and e1(k) = 0 points. We also define I' a closed path along this boundary, surrounding once
M, as it is sketched in Fig. 5.1(b). We apply G gauge choice for the points contained in
D; and Gy gauge choice for the points contained in D;; and it yields unique and smooth
Berry gauge fields on each domain D; and Dy;. Along I', we have |u, k) = e iwo(k) |Uo ke, 11)
and we define ¢, (k) so that it is smooth (along I'). Here we have (this is the adaptation of
Eq. (3.28) to the present case)

1

= — . . 22
Co= 5 ﬁ dk - V00 (k) (5.22)
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Studying how ¢, (k) evolves when moving along I', we get
Cy = —$.5gn (sing) . (5.23)

A very similar proof can be done for the 0 < A < V2t case. We conclude that at n = 2 /3
filling, for all flux ¢ €]0, 7], the phase associated to A\g = —Ag = A and A\g = 0, |A\|< /2t is
a quantum spin Hall topological insulator v = 1.

This computation allows us to understand the discontinuous changes in the Zs number.
Let us denote max(FE;) the highest energy eigenvalue associated with the lowest band. When
A is such that |A\|< v/2t, we have max(E;) < —|)A|. From the eigenvector’s coefficients (see
Egs. (5.11)—(5.21)), we see that we can not define a continuous gauge choice in the whole BZ.
At |A\|= v/2t the gap between the lowest and the middle energy bands closes. When A is such
that |A|> v/2t, max(F;) = —|A|. It is now possible to define a continuous gauge choice in the
whole BZ. When varying A and crossing the |\|= v/2t point, the fact that max(F;) goes from
max(F;) < —|\| to max(FE;) = —|\| gives a discontinuity in the Zy number. It is important
to notice that when |A|> v/2¢, max(F}) is reached at either the high symmetry M; point or
the high symmetry M3 point. In Sec 5.1.3, we use a different method for computing the Z,
number. But as we shall see, this is still the fact that max(F;) goes from max(FE;) < —|A|
to max(E;) = —|A| which yields a discontinuity in the parity eigenvalue (associated with the
lowest band) at the high symmetry points, and this eventually gives a discontinuity in the

Z.5 number.

v=20 v=1 v =100

| | >
I 1 o

5 Cy = —s.sgn(sin ¢) NG A\

Figure 5.2: Topological phase diagram for the on-site energy configuration Ag = —Ap = A,
Ag = 0.
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On-site potential configuration \p = A and A\g = A\¢ =0

Now we consider the case where one of the sublattices has a finite onsite energy, while on
the other two sublattices the onsite energy vanishes, A\g = A and A\g = A\¢ = 0. At v =0,
we compute the Zs number for all flux ¢ and arbitrary onsite energy A at n = 2/3 filling.
The computation is similar to the one we have done for the \g = —Agp = A and A\ =0
case. We denote A = A /3t. Both lowest energy band (associated to opposite spin species)

are described by the energy E' given by

E = Qt\/iz + g [1+ f(k)] cos MTJ”QW (5.24)
with f(k) = 2][>_, cosk - b, and 0 < §(k) < 7 defined by
3193 _ 3 _
(k) = arccos A 42X (14 f(k) — 12e3(k)) —4f (k) cos ¢ | (5.25)

4 3/2
{)\ + 3 1+ f(k)

In this case, the gap between the lowest band and the middle one only closes for the parameter
value A = —2t, at the reciprocal space M3 point. It is valid for each spin species, to which

associated middle energy band is given by

0(k) — 2w

By = 2t\/x2 + % 1+ F (k)] cos ==

(5.26)

We observe that

(i) for A < —2t, we have ' < A, with the equality occurring at the M3 point,

(ii) for A > —2¢, we have £ < \.

Now we can proceed in the same way than in the last section. We keep the same notations
for the coefficients of the eigenvectors and we introduce 3 gauge choices.

(i) Gauge choice Gpy: the coefficient g, (k) is real. More precisely, we choose

9o (k) = p2o(K), (5.27)

with

o (R)ciero®) — cicoaby) [ TE XN o 1

A , (5.28)
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where ps (k) and ¢, ,(k) are both real numbers. Then we have

E2 =2 k )
ro(k) = gl )pz,ae"%“(k),
p3,o’
and
2
ba(k) _ E(E - )\) B 82<k) —igogﬁ(k:) ’
251(1()
with

3.0 (Kk)eiPre k) = gikb2 [Eea(k) + =% ¢ (k)ea(k)]

where p; (k) and @3 ,(k) are both real numbers.

i1) Gauge choice Gv: the coefficient b, (k) is real. We choose
( ) g
9-(k) = p27(,(k:)ei‘p2’”(k).

Then we have

and
E(E —\) —e3(k)
261(1()

b (k) = —

(iii) Gauge choice Gyr: the coefficient r,(k) is real. We choose

Jo (k) = p2,0<k)€w3g(k) .

Then we have

and

by (k) = _E(E —A) - 53(1{)efi[goz,a(k)ws,a(k)]

261 (k)

(5.29)

(5.30)

(5.31)

(5.32)

(5.33)

(5.34)

(5.35)

(5.36)

(5.37)

When A < —2t, gauge choice Gy is applicable to the whole BZ. We conclude that at

n = 2/3 filling, for all flux ¢ €10, [, our model with Ag = A and A\g = A\g =0, A < —2t is

characterized by a trivial insulating phase.
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When A > —2t¢ | we split the Brillouin zone into 2 non-overlapping domains: the Dy
domain contains the point where py(k) vanishes and the Djy domain contains all the points
where E(F — \) —e3(k) vanishes or &1 (k) vanishes. The application of gauge choice G and
Gy in respectively Dy and Dy indicates us that at n = 2/3 filling, for all flux ¢ €]0, 7|,
our model with A\g = XA and A\g = A\g = 0, A > —2t is characterized by a quantum spin Hall

phase v = 1.

_12 Cy, = —s.sgn(sin o) }\

Figure 5.3: Topological phase diagram for the on-site energy configuration A\p = A\, A\gp =
Mg = 0.

On-site potential configuration A\ = X and A\ = A\ =0

At v = 0, we compute the Z, number for all flux ¢ and arbitrary onsite energy A. The
computation is very similar to the one done at A\g = A and A\g = A\¢ = 0. We can show that,
for all flux ¢ €0, 7], the A < —2t parameter space is characterized by a trivial insulating
phase while the A > —2t¢ parameter space is characterized by a quantum spin Hall phase

v=1.

5.1.3 Computation of the Z, invariant using inversion symmetry

Now we check the results obtained in the previous section by using the method described
in Chapter. 3, Sec. 3.3 [190]. We consider both configurations A\g = —Ag = A\, \¢ = 0 and
Ar = A, Ap = A\g = 0 (this last case is identical to A\g = XA and Ag = A\g = 0 as we showed
previously) and we compute the Z, invariant associated to the Hamiltonian in Eq. (5.4) at
n = 2/3 filling (Fermi level in the gap between both lowest energy bands and both middle

energy bands). In this Hamiltonian, because both spin polarization are not coupled, we
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consider separately each of both diagonal parts.
As we explained in Chapter. 3, Sec. 3.3, at the I'g) point, Pr, is diagonal and at the

other points we have

Pr,,, =diag(1,—1,1), (5.38a)
Pr,,, = diag (1,1, -1), (5.38D)
Pr,,, =diag(1,-1,-1). (5.38c)

At F(170)’ I‘(071), and F(l,l)'a we have

Ar 0 =2t Ar =2t 0
Ho(Cao)=| 0 A 0 ; Ho(T)=] =2t Ag 0 |, (5.392)
-2t 0 Mg 0 0 Ao
AR 0 0
Ho(Tan)=] 0 A —2teis=¢ | . (5.39b)

0 —2te 9 g
On-site potentials A\g = —Agp =X and \g =0

In the case A\p = —Ag = A and Ag = 0, we have

(i) at the I'(; o) point, for A < —/2t, the smallest eigenvalue is F = \ and the associated
eigenvector is proportional to (0, 1, 0) (coefficients (r,(k), b, (k), g-(k)) defined in Eq. (5.10)),
while for A > —\/525, the smallest eigenvalue is £ = — (/\ + \/m) /2, with associated
eigenvector proportional to (—2t/(A + E;),0,1).

(ii) at the I'(g1) point, the smallest eigenvalue is F = —V/4t2 + X2 and the eigenvector
associated to it is proportional to (—2t/(A + E;), 1,0).

(iii) at the I'¢; 1y point, if A > V/2t, then E = —\ is the smallest eigenvalue and the asso-
ciated eigenvector is proportional to (1,0, 0), while if A < V/2t, then the smallest eigenvalue is

E = ()\ — V1612 + )\2) /2, with associated eigenvector proportional to (0, 2te’=? /(A — E;) | 1).
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Applying the parity operator and the eigenvectors, we find that the phases A > /2t and
A\ < —+/2t are trivial insulators while the phase —v/2t < A < /2t is a quantum spin Hall

phase v = 1. These results are summarized in Table 5.1.
On-site potentials A\g = X and A\ = \g =0

In the case A\r = A and A\gp = A\g = 0, we have

(i) at the I'q o) point, the smallest eigenvalue is F = ()\ — \/m) /2, with associ-
ated eigenvector proportional to (—F/2t,0,1) (coefficients (r,(k),by(k), g-(k)) defined in
Eq. (5.10)).

(ii) at the T'g,1) point, the smallest eigenvalue is E = (A — v/1612 + A2) /2, with associated
eigenvector proportional to (—F/2t,1,0).

(iii) at the I'(y 1y point, if A < —2¢, then £/ = X is the smallest eigenvalue and the associated
eigenvector is proportional to (1,0,0), while if A > —2¢, then the smallest eigenvalue is
E = —2t, with associated eigenvector proportional to (0, —e®=?,1).

Applying the parity operator on the eigenvectors, we find that the phase A < —2t is a
trivial insulator while the phase A > —2t is a quantum spin Hall phase v = 1. These results

are summarized in Table 5.2.

5.1.4 Splitting of the energy bands under a weak magnetic field

The determination of the spin Chern number may be performed using the method introduced
in Chapter 3, Sec. 3.2.2 [34, 194] which rely on the determination of the energy spectrum
under a weak magnetic field B = Bz orthogonal to the Kagome lattice plane. Let us show to
which extend it is applicable to the present model described by the Hamiltonian in Eq. (5.4).

Hamiltonian in Eq. (5.4) decouples into two spin independent parts. Spin up and spin
down part are associated to opposite energy bands’ Chern number. Here we only consider
the spin up part of the Hamiltonian.

We implement the effect of the magnetic field in the Hamiltonian. We compute the
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A (n1,n2) Eigenvalues F (ro(k),bs(k),g,(k))  Parity operator (—1)"

A< =2t (1,0) A (0,¢,0) diag(1,—1,1)
(0,1) —V/A4t2 + )2 (=2t2/(\+ E),t,0)  diag(1,1,—1)  +1
(1,1) (A= V1612 +X%) /2 (0,2t /(A — E),t) diag(1,—1,—1)
A<V2t (1,00 —(A+VI62+X2) /2 (=262/(A+ E),0,t)  diag(1,—1,1)
(0,1) —V/4t2 + N2 (=2t2/(A+ E),t,0)  diag(1,1,-1) -1
(1L,1)  (A=VI62+22) /2 (0,2t%™?/(\ — E),t) diag(1l, -1, 1)
A>V2t 0 (1,0)  — (A+VI62+22) /2 (=22/(A\+ E),0,t)  diag(1,—1,1)
(0,1) —V/A4t2 + )2 (—=2t2/(\+ E),t,0)  diag(1,1,—1)  +1
(1,1) —\ (t,0,0) diag(1,—1,—1)

Table 5.1: Table summarizing the computation of the Z, topological invariant v for an inver-
sion and time-reversal symmetric system. In this example, we took the chemical potentials
to be Ap = —Agp = X and Ag = 0. (n1,n2) define the time-reversal invariant momenta (see
Chapter 3, Sec. 3.3.2), and the eigenvector’s coefficients (r,(k), b, (k), g»(k)) are defined in
Sec. 5.1.2.

A (ny,mn2) Eigenvalues F (ro(k),b,(k),g-(k)) Parity operator (—1)"

A< =2t (L,0) (A= V162 +)2) /2 (—E/2,0,1) diag(1,—1,1)
(0,1)  (A=V162+A%) /2 (—E/2,t,0) diag(1,1,-1)  +1
(1,1) A (t,0,0) diag(1, —1, —1)

A> =2t (1,0)  (A—+V16t2+A2) /2 (—E/2,0,t) diag(1, —1,1)
(0,1) (A —+V162+ A2) /2 (—E/2,t,0) diag(1,1,-1) -1
(1,1) —2t (0, —te™=¢ 1) diag(1,—1,-1)

Table 5.2: Table summarizing the computation of the Z, topological invariant v for an inver-
sion and time-reversal symmetric system. In this example, we took the chemical potentials
to be Ag = XA and A\g = A\¢ = 0. (n1,n2) define the time-reversal invariant momenta (see
Chapter 3, Sec. 3.3.2), and the eigenvector’s coefficients (r,(k), b, (k), g-(k)) are defined in
Sec. 5.1.2.
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energy spectrum and the energy density of states (DoS) so that we can count the number
of subbands arising from each parent band. We consider for instance B such that 1/f = 5.
Figure 5.4 show the density of states (DoS) at different values A\,. At A\, =0, « = R, B, G,
we see that we have D; = 4 subbands, Dy = 5 subbands and D3 = 6 subbands, which gives
v1 = —v3 = 1, and vy = 0. We see that when |)\,| starts increasing, counting the subbands
becomes more and more difficult; when A, reaches a value of the order ¢ or greater, the

determination of the Chern number relying on this method becomes impracticable.

. 0.06 0.06
50 - 0.05 50 0.05
0.04 i 0.04
25 SEErgs 0.03 2.5 . o ggEt ) 0.03
_o-sEEEE-C 0.02 Saii: 0.02
E ool EEii E oo
0.01 0.01
-2.5 ) 2 -2.5 =Ic -
-5.0 FLE —-5.01 -
-5 5 -5 5

Figure 5.4: (a) Density of states for the spin up part of the Hamiltonian with v =0, 1/f =5,
and at —Agp = Ag =\, Ag =0 and (b) A\g = A\, A\p = A¢ = 0.

5.2 Rashba spin-orbit coupling and 7, topological phase

In this section, we consider the effect of a Rashba spin orbit coupling term (see Chapter 1,
Sec. 1.4.1) on the model we introduced in Sec. 5.1. This term breaks the inversion symmetry,
varies the amplitude of the topological gap and whose physical origin is for instance a per-
pendicular electric field. First we write the Hamiltonian we considered here, for a cold atom
system and we check explicitly the invariance under a time-reversal transformation. Then

using the argument reviewed in Chapter 1, Sec. 1.3.3, we determine the topological phase

145



diagram using a numerical computation of the gap between the second lowest energy band
and the third lowest energy band. We compare these results with the one obtained by our
collaborators in Frankfurt [188] who used a numerical method based on twisted boundary

conditions [313].

5.2.1 Hamiltonian and time-reversal symmetry

Similarly to the flux term, we write the Rashba spin-orbit coupling term along only one
direction of the lattice (see Fig. 5.1(c)) and under a form potentially implementable through

an artificial gauge field in cold atom gases
- tz ck7re’i2”% Car T cg’re’m”% CRrie, T H-C.. (5.40)
r

We remind that s, is the first Pauli matrix in spin space. We notice that the Rashba spin-
orbit coupling terms act as a complex amplitude hopping term with spin flip and that it

breaks inversion symmetry. The complete Hamiltonian is

_ 1 1 } —12TY Sy T —i27TY S
H o= —t § : CR,rHCB,r + CR,r+e1]ICB,r + CR,re CG,r + CG,re CR,r+e2
r
+ cly e¥e, +cl e, + He |+ Aol (5.41)
B,r Gr B,r+es G,r s alla,r, .
r o=R,B,G

and in momentum space it reads

Hi(k)  Hso(k)

H=> W Ui (5.42)
Zk: Hio(k)  Hy (k)
with
AR e1(k) cos(2my)ea(k)
Ho(k)= e1(k) Ap e95(k) |, (5.43)
cos(2my)ex(k) e "=9e5(k) A
0 0 sin(27y)¢(k)
Hso(k) = 0 0 0 : (5.44)

sin(27y)é(k) 0 0
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T (T T T T T T
Uy = (CR,k,T>CB,k,WCG,k,T?CR,k,wCB,k,¢>CG,k,¢> ) (5.45)

€a = —2tcos(k - b,), (k) = 2tsin(k - by) and s, = 1 (—1) for o =1 ({).

Let us check that the Hamiltonian in Eq. (5.41) is invariant under time-reversal sym-
metry: OHO ! = H (see App. B). Let us rewrite e=™°" =T cos 21y — i0® sin 27y and
e'%7" =T cos ¢ +io*sin and we remind that oYc%c¥%* = 0 and oY0?0?* = o*. Then we
write H = 3, i H (k)1 , with H(k) a generic notation for the momentum space Hamilto-
nian matrix which appears in Hamiltonian 5.42. We notice that we have H,(—k) = Hz(k)*
and Hso(—k) = — (Hso(k))" and it leads to OH(k)©~! = H(—k) therefore H is invariant

under a time-reversal transformation (see App. B).

5.2.2 Topological phase diagram

At v = 0 the Hamiltonian in Eq. (5.41), the system is characterized by a quantum spin
Hall phase v = 1 and hosts, at each edge, one spin ¢ chiral mode and its time-reversal
conjugate anti-chiral mode, and the bulk is insulating; the system in the trivial phase is a
trivial insulator. When ~ # 0, the analytical computation of v = 1 relying on Eq. (1.111) is
theoretically possible but much more complicated because we would have to compute and
study the eigenstates of the 6 x 6 Hamiltonian in Eq. (5.41).

In fact, using the phase diagrams we found at v = 0 and the energy gap phase diagrams
for non-vanishing values of ~, it is possible to obtain the Z, topological phase diagram for
non-vanishing values of 7. In Sec. 1.3.3, we showed that, during an adiabatic evolution of the
Hamiltonian, an integer bulk quantity computed from the bulk energy states can vary only
if the bulk gap closes. This is applicable to the Z, invariant which indeed is an integer (see
Eq. (1.111)). The energy gap phase diagrams for the different configurations of the on-site
energies we considered previously are shown in Fig. 5.5. From this and the phase diagrams
at v = 0 (see Figs. 5.3 and 5.2), we deduce the Z, topological phase diagrams for non-

vanishing values of v which are shown in Fig. 5.5. This figure has in fact been obtained from
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the numerical computation of the Zs invariant performed by our collaborators in Frankfurt
[188]. The numerical method they used takes advantage of twisted boundary conditions [191,
313, 314]. Let us remind, as we explained at the end of Sec. 1.4.1 in Chapter 1, that in the
Zo phase at v # 0, the spin Hall conductivity is not quantized and the edge modes can not
be labelled by a spin quantum number. Indeed the Rashba spin-orbit coupling term (s,)
does not commute with s,, see Eq. (5.41).

Finally let us mention that we have checked the appearance of edge modes in a cylinder
geometry (we used partial Fourier transformation on the Hamiltonian (5.41), see App. E). For
instance, Fig. 5.6 show the energy spectrum at v = 0.05¢, for the on-site energy configuration
A = —Ar = A\, A\g = 0 and for two different values of A. We have numerically evaluated the
local density of states at a Fermi energy in the bulk gap between the second lowest energy
band and the third lowest energy band (only the case in Fig. 5.6a is associated with states
in the bulk gap). Both states of a time-reversed pair in the bulk gap show localization at

the same edge of the cylinder.

5.3 Hubbard interactions

In this section, we investigate Hubbard interactions (with amplitude U) for the model we
studied, at half filling, at v = 0 and for the on-site energy configuration A\g = A\, A\ = A\g = 0.
The aim is to study the ground state of the system and to determine what range of interaction
amplitudes enable the topology to survive.

We consider the Hamiltonian

H = H, +Hy+ Mo, (5.46)
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Figure 5.5: Value of the gap, A, between the second and the third energy bands and of the
Zs number v associated to the Hamiltonian defined in Eq. (5.42). In the figures showing v,
the white regions correspond to the parameter space for which the gap closes, therefore v is
not defined in these regions. (a) Ag = Ap = A¢ = 0 and the quantities A and v are shown
as a function of the v parameter and of the flux amplitude ¢. (b) A\g = =Ag =\, A\¢ = 0,
(¢) Ag = A\, A\g = A =0 and (d) A\g = A\, A\¢ = Ag = 0, the quantities A and v are shown
as a function of the v parameter and of the on-site potential amplitude A in units of ¢ and
here ¢ = m/2. These figures are taken from Ref. [188] and were realized by I. Titvinidze.
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Figure 5.6: Energy relation dispersion for a cylinder with the on-site energies such that
Ap = —Ar =\, A\¢ = 0 and a flux ¢ = 7/2 at v = 0.05¢. In Fig. (a), A = 0.5¢ and in Fig.
(b) A = 1.7¢.

with
=t Z CR r]ICB,r + C}Q,r—l—el]ICB,r + C}%,rHCG,r (5.47a)
g e, + €€ g e, € G, T Ho |
Hy=> Anpro, (5.47b)
(5.47¢)
Hy = UZ Z Nea,rtMar, |- (5.47d)
v a=RBG

In the following, we consider the limit A > ¢. We study the case U > t using perturbation
theory (see App. I') and A > U using a mean field approach. We compare the results
with the results obtained by our collaborators in Frankfurt who used real-space dynamical

mean-field theory [246] to study the phase diagram for —6 < A/t < 10 and 0 < U/t < 10.

5.3.1 Perturbation theory at A\ >t and U >t

Let us first study the effective Hamiltonian in the limit A >t and U > t and determine the

associated classical ground state.
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Effective Hamiltonian at second order

We use perturbation theory (see App. F) in the limit A > ¢ and U > ¢ and considering
n = 2/3 filling. The ground states of Hy + H, are the states, that we denote [¢), with
no particles on the R-sublattice sites and one particle at each B and G sublattice sites.
These states are linear combinations of the ~ 22V states |0,01.8,01.G5---,0,0nB,0NG),
with 0;, = {1,,}, fori € [1,...,N] and a = B, G. The first order terms of the expansion in
t/U and t/\, (¢'| Hy|tp) vanish. Here [¢) and [¢)) belong to the ground state subspace, that
we denote Sy. Indeed, H; 1) is composed of states which are linear combination of states
with 2 particles on a color B or G site or 1 particle on a color R site. Theses states are
orthogonal to [¢)"). The second order terms give the effective Hamiltonian (at order 2), that

we denote Heg

(W[ Mot [0) = Y W H, ’njgm’ Held) (5.48)
m) S0 "

with |m) the eigenstates of Hy +#H, which do not belong to the ground state subspace Sy and
E,, is the corresponding eigenenergy. Here we note that the ground state energy is Ey = 0.
The numerator in the above equation is composed of terms like (4| ¢l c;o [m) (m|cl_cior |10)
with (7, 7), and (k,[) two pairs of nearest neighbors in the lattice. These are non vanishing
only if |m) = cl_cior [¢0) and |m) = c}acw |¢/") which means k = j and [ = i, because [¢)
and [¢)') are linear combinations of states which all are associated to no particle on the R
sublattice sites and exactly one particle to each B and G sublattice site. The energy E,,
associated with the intermediate states |m) is A if j is the position of a R sublattice site and
U if j is the position of a B or G sublattice site. We notice that if i is associated to a R
sublattice site, then the term (4| cl_¢;, |m) (m|cl_,cipr [¢0) is vanishing.

Now we use the fermionic anti-commutation relations and the fact that (n; + n;) =1
for i € B,G and (nj;) = (n;;) =0, for j € R. Here (O) is the eigenvalue of the operator O

when acting on the ground state. In Heg, the terms proportional to ¢2/) are constant energy
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terms; up to these terms, H.g reads

4t?

o z z z z
Heff —7 |: B,I‘SGJ' + SB7I‘+G3SG7P
r

+ CO8S 2¢( %,rsé,r + S%,rsg',r + S%,r—i—egsé,r + S%,r+e3‘sé',r)
+ sin 2¢ <S§,rsg¥,r - S%,rsé,r + S%,rJregS?é,r - S%,H»egsé,r)] ) (549>

L4

where S7, . = R

r T . . .
05 Corxny and 05, 7= {x,y,2} are the Pauli matrices.

Correlations at ¢ =0 and ¢ = 7/2

First, when ¢ = 0, the effective Hamiltonian is the one of decoupled antiferromagnetic 1D
Heisenberg spin chains. This has been studied a lot, e.g. using the bosonization technique,
and it is known to be characterized by an algebraic decay of the spin correlation function
[315, 316].

When ¢ = 7/2, the transformation (that preserves the commutation relations)
Br = —SBr Spr — —Sp,, and S, — Sp ., (5.50)

on the spin operators at the B-sublattice site in each G-B chain gives back the effective
Hamiltonian at ¢ = 0. We deduce that the z antiferromagnetic and xy ferrromagnetic
effective Hamiltonian at ¢ = 7/2 is also characterized by an algebraic decay of the spin

correlation function.
Ground state at ¢ # {0, 7/2}

At ¢ # {0,7/2} the effective Hamiltonian possesses XXZ anisotropy and also contains a
so-called Dzyaloshinskii-Moriya interaction term, SfS;’ — S7S7, where i and j are the B
and G nearest neighbors. Here we want to compute the ground state in the classical limit
of large spin S. We write the value of the spin operators in the classical ground state

(Sar) = Paxsinbyrcospar, (SY,) = parsinba,singa,, and (S7,) = parcosty,, with

a,r
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Oor € [0, 7], and @ur € [0, 27| and p,, is the norm of the spins in the classical ground state.

In this limit, we obtain

4¢2 _ .
Heg =7 PBrPGr| COSOp oSOy + sinbp,sin b, cos[2¢0 — (par — ©Br)]]

r

+ PBrtes PG| COSOB rie; COSOGy +8IN0p rye, SINOG, cOS 20 — (Par — PBrtes)] ],

This is similar to the effective Hamiltonian for the Hofstadter-Hubbard model on a square
lattice [317].

The classical ground state minimizing the energy associated to Heg is associated to pp, =
PBrtes = PGx> OBr = OB rye; = T — Ogr and ©gr — ©Br = ©ar — PBrie; = 2¢ — . This
is in agreement with the results mentioned above. Indeed, in the limit ¢ = 0 and ¢ = /2,
this is the classical ground state of respectively the antiferromagnetic Heisenberg spin chain

and the z antiferromagnetic and zy ferromagnetic spin chain.

5.3.2 Mean field method

In this section we use a mean field approach (see for instance Ref. [44]) to obtain an approx-
imation of the Hamiltonian which is quadratic in the creation and annihilation operators.
This method is applied in the next section for the computation of the ground state of the
system.

First we rewrite the Hubbard interaction term

HU = %Z Z (Smr : Sa,r + S&y-) ) (551)

r oa=R,B,G

1
with Sap - Sar = (59,)° = (52,)° = (S2.)7 = (52,)°, S¥, = éclrﬁagﬁcmm and o9 _ is the

identity and O'g’,y, v = {x,y, z} are the Pauli matrices. Using a mean field approximation,

i.e. neglecting the terms of order [Syr — (Sas)], we find

U

Ho < > [2Sar - (Sax) = (Sau) - (Sarx) + 50 - (5.52)

r,a

153



We define (S, ,) = —¢a,r. We have
Hy~-UY (Sar- @ +1¢ 0 +Q§ SO . (5.53)
= a,r a,r 2 a,r a,r 9 - a,r

We assume that the field ¢, , has the translation symmetry of the lattice, i.e. @or = Parre,:

with k = 1, 2, so we write ¢, = @,. Using Fourier transformation, we get

Sex\ UN
~ _U o’ SCM - = - T4 o s 554
Hy ;(qb K 2) 2;¢¢ (5.54)
with k the momentum space variable and N = N;N, the total number of unit cells. We
write
UN
Hy ~ ) hHith — = ) Ga Pa (5.55)
k a
with
Jz AN 2 hl
M= gt | ] (5500
Hyw Hiy
¢R,0’ 0 0
o,0 U
Hy'=-51 0 ¢5s 0 [, (5.56b)
0 0 qu,o
¢r- O 0
L ]t _U
Hi = [Hmt} = B 0 (;537_ 0 . (5.56(:)
0 0 ¢
Here
Pao = Po — 5204, (5.57a)
Dot = Pp L1107, (5.57b)

with s, =1 (—1) for 0 =1 ({) and
_ (.1 t i t t
wch = (CR,k,T’ Cg,km €Gkt CRk,L CB R, CG,k,¢) : (5.58)
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We also remind that H; + H, reads

Hiok) 0
Mo+t =S ol [ 7 5 5.59
ne zk:¢ 0 Hyk) v ( )
A 51(k> 82(1{)
Ho(k)=| ei(k) 0 e*:%e5(k) | (5.59b)

(
o(k) e 0ey(k) 0

™

with e, (k) = —2t cos(k - b,), where v = 1,2, 3. Gathering H; and H; + H,, we obtain

UN
H~ Z¢Lh(k)¢k - T Z ¢o¢ : ¢on (560)
k a=R,B,G
with
U BT pbt
hk) = — (5.61a)
4 Pt pld
U
A+ 5¢R,O’ 51(k) 82(1{)
=1 eik) %¢B,a eey(k) | (5.61b)
U
e2(k) e "es(k) EgbG,a
U
§¢R,_ 0 0
== 0 Gene 0

U
0 0 — O _
5 ¢a,

Hamiltonian in Eq. (5.60) is quadratic in the creation and annihilation operators. A
determination of the eigenstates associated to this Hamiltonian and a minimization of the

ground state energy is feasible from the matrix h(k).

5.3.3 Ordered parameter at A >t and A > U

We can now determine the set of parameters ¢¥ (v = x,y,2) which minimizes the ground

state energy Fj associated to the Hamiltonian H. We are interested in the limit A > ¢ and
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A > U for which the computation is tractable. Let us write the wave function ¢y as follows

T T T T T
1/% = (CRkT7CRkaBkT?CBkaG’kT’CGk¢> (5.62)
and correspondingly the Hamiltonian h(k)

ﬁ(k):glw hf ) }fA(k) (5.63)
L \ha(k) ho(k)

Here

U U
. A — §¢R,T 5¢R,—

U
§¢R,+ A — §¢R,¢

hal = (00 el 0 (5.64b)
0 eak) 0 ek)

—U%QbB,T %@3, e"es(k) 0

. — B, - _Q¢B,¢ 0 e e3(k)
hok) = | 2 2 I I . (5.64c¢)
6_Z¢€3 (k) 0 — _¢G,T 5¢G’,
s o

0 eey(k) 2%+ —5%u

We want to determine the four lowest eigenvalues X associated to h(k). The two other

eigenvalues are of order A and do not interest us here. We have
det (ﬁ(k) - %]I - X]I> — det (BR(k) - X]I)
~ ~f ~ -1 .
x det (ho(k) ~ X1- ik (k) (hR(k) - X]I) hA(k)) . (5.65)
Here det <}~LR(k) — X]I) # 0 and we write
- . —1.
han(k) = ho(k) = Ay (k) (ha(k) = XT) s (k). (5.66)

It reads (with implicit k dependency)

~4 ~
L,o) (L,o|ha |R;) (Ri| ha |L',0") (L', 0’
o0’ =1 i
L
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where the sum runs over the two color B and G for L and L' and ¢ and ¢’ run over both
values of the spin degree of freedom. |R;) and E; are respectively the eigenvectors and the
eigenvalues of l;,R(k). In both following subsections, we determine the set of parameters ¢,
(v = 2,y,z) which minimizes the ground state energy associated to H at zeroth and first

order in 1/\ for Reg.

— cosf=1
0 4 04 — cos¢=“-3_/2

— COS§=1212

0 3 cosf=1/2

—— cosp=0.1

© 0.2 © 0.2
0.1
0.0+ , ‘ , 0.0 - | |
0 5 10 15 0 5 10

U/t U/t
(a) (b)

Figure 5.7: (a) Order parameter |¢| computed from the Eq. (5.77) as a function of U/t. (b)
Solution |¢| of Eq. (5.84), as a function of U/t, for different values of ¢. Here, A = 30t.

The lowest order in 1/\

The lowest order in 1/ gives

hea(k) = ho(k). (5.68)
We assume that ¢% = ¢% because there is no asymmetry in the system justifying that
it should be different. We write ¢° = ¢} = ¢%. The equation det (fNLO(k) - X]I) =0 is
equivalent to det (ﬁo(k) + %qﬁoﬂ = )N(]I> =0 with X = X + %qgo_ It gives Xt hl(k)j(2 n
ha(k) = 0 with

0 = (5 ) (60 bu+de 6o+ 230 (569
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and
U\* U\?
nati) = (5 ) lonPloct 2400 2530 (5 ) oot
2
~ 2300 (5 ) leon20 (650t + oot +sin2o (6ot ~ oot (70

The solution reads

X(k) = oo
1 U\? U [(U\? v
- V2 2e3(k)* + (5) (lpsl*+locl®) + 5\/(5) (Ip512—|pc|?)” + 423(k) g
(5.71)
with
96 = (5 + Pc)” — 4sin® ¢ ($H0E + SLoY) + 25in 20 (Pho% — PhBE) - (5.72)

U
The spectrum associated to h(k) reads F(k) = vy + X (k). To find the classical magnetic

order associated to the system we minimize the total energy
B =YY B®) -0 Y bu-ou (5.73)
ik a=R,B,G
where the sum over ¢ runs over all the filled bands, which is fixed by the filling factor n. In
our case n = 2/3. It means that the summation in Eq. (5.73) runs over i = {1,2}. We look
for the set of parameters {¢%, 0%, 0%, 0%, 0%, ¢&} which minimizes Fio, by computing the

solution of

OF {8E1 N OF,
ooy~ 2= |90y " 99y
L ={B,G} and v = {z,y, 2}, associated to the lowest value of Ei.. This namely yields the

} +UN¢Y =0, (5.74)

following condition

(g) (151 ~106l*)" + dea(k) gy = 0. (5.75)
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which does not depend on the value of U. Let us write the magnetic order parameters
O = |@alsinbd, cos @, ¢Y = |@alsinb,sinp,, and ¢Z = |¢pa|cosb,, with |¢d.|€ [0,1/2],

0, € [0, 7], and ¢, € [0,27]. In these notations, we have

Gp = \¢B]2+\¢G\2+2\¢B]]¢G|(cos Op cosbg + sinfpsin g cos [2¢0 — (pe — ¢p)]).  (5.76)

Eq. 5.75 gives the condition |¢pg|= |@¢g|, 0 = 7 — 0g and pg — ¢ = 2¢ — 7, which is
in agreement with the results we obtained from perturbation theory in the limit U > t.
Besides, here, the minimization of Eiy also imposes the following condition on the value of

|p|= |pB|= |dc| as a function of U

11 3 1
U 2N 4 a0 + U6l

(5.77)

This condition can be satisfied for all values of U with the appropriate choice of |¢| shown
in figure 5.7a.

Our collaborators (see Ref. [246]) also performed R-DMFT computations in the case
¢ = /2 and for large enough on-site potential A and Hubbard interaction U. Their results
show the appearance of antiferromagnetic correlations in the z direction. This magnetic
order is one of the solutions found from the analytical approach used in this section. It
seems that the most general solution (at ¢ = 7/2) found from the analytical approach is
antiferromagnetic correlations in the z direction and/or ferromagnetic correlations in the xy
plane. Nevertheless, it seems that the behavior of the order parameter |¢| found using both
approaches is qualitatively the same, but there it shows a small quantitative difference. At
the transition, the variation of the magnetization obtained from the R-DMFT method is

bigger than the one obtained from the analytical mean field method.
First order in 1/\

Here we investigate the behavior of the order parameter, at order 1/)\, assuming that the

solution found at order 0 in 1/ (|¢p|= |¢c|, 05 = 7 — O and ¢c — pp = 2¢ — 7) is still
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valid. Up to the order t*/(\-max(U, t)) and neglecting the terms of order ¢3/\? and (£*U)/\?

and higher order terms, we have

~ U hy/2 — X?
det (heﬁ(k) + Eqbo]l — XH) = Mf (=AX? —2 (e} +3) X + Ay /2 — deyeaez cos B) .
(5.78)
: - U,
The solutions to det | heg(k) + Eqb [—XI)=0are
2e160e3c08¢ (€2 +€2)
Xy (k) = =/ /2 + - , 5.79
Xo(k) = —/h1/2, (5.79b)
2e16963c08 ¢ (€3 +£3)
X3(k) =/ hi1/2 — — ) 5.79¢
Xy(k) =/ hi/2. (5.79d)
We have
2515253 COS¢
e e+t ————" >0,VU > 0Vk 5.80
1 2 \/m ( )
In the limit A > ¢, this leads to
X1 (k) < Xa(k) < Xs(k) < X4(K). (5.81)
For each band, the spectrum is F;(k) = i ng) + X;(k), 1 = {1,2,3,4}. The total energy
reads
UN
Bow=2 D E) === > 6o ¢ (5.:82)
ik a=R,B,G

where the sum over ¢ runs over all the filled bands, which is fixed by the filling factor n. In
our case, as we already mentioned n = 2/3, which means that both lowest energy bands are

filled, giving the following total energy

2e16963c08¢ (2 +¢e3) UN
Fot = 2/ /2 + _ _ bo- . (5.83)
tot )\ /h1/2 )\ 2 a%:B,G

We look for the value of |¢| which minimizes this energy. Jy:Eior = 0 gives

l _ L Z 1 (1 4618283 COS(b )
U 2N A2 Vagk) + Ul \ - Ao + U2jo) )

(5.84)
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The solution of the previous equation is given in Fig. 5.7b, from numerical evaluation at

A = 30t.

5.4 Conclusions

Motivated by the increasing experimental progress in cold atom setups [150, 156, 281, 287,
290, 293, 294, 300], we have studied the effect of flux and Rashba spin orbit coupling on
the Z, phase diagram of a new topological model on the kagome lattice. We have shown
the appearance of Zy topological phases for different types of on-site potentials, at filling
n=2/3.

First have investigated the Zs topological phase diagram, at vanishing Rashba spin-orbit
coupling. We have adapted the analytical computation developed in Chapter 3, Sec. 3.2.1
for several configurations of the on-site potentials, and arbitrary flux. From this, we have
showed explicitly how the closure of the bulk gap results in a drastic change of the gauge we
choose for the eigenstates. This yields a discontinuity in the value of the spin Chern numbers
from one gapped phase to another gapped phase. The intrinsic spin-orbit interaction opens
a topological gap and leads to a quantum spin Hall phase [11-14, 48, 144]. The topological
gap can then be varied by on-site energy terms; this leads to a transition between a quantum
spin Hall insulator and a trivial insulator. We have adapted another analytical method [190]
to check the topological phase diagram, and, in agreement with the results obtained from
the former method, we have observed that at the transition, a fundamental change in the
parity eigenvalues at the high symmetry points yields a discontinuity in the Z, number.

Then we have generalized the results in the case of non-vanishing Rashba spin-orbit cou-
pling, relying on the energy gap diagram. The Rashba spin-orbit coupling term varies the
topological gap; the quantum spin Hall effect is not conserved, however, as long as the
Rashba term does not closes the gap, a Zs topological phase is observed. This is analogue to

Kane and Mele’s results for a honeycomb system [144]. When the gap is closed, a metallic
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phase is obtained. Several on-site energy configurations were considered; this led to different
phase diagrams. For a (rather large) cylinder geometry, we have checked the appearance of
a pair of counter-propagating edge modes in the Zs topological phase.

In the last section, we have studied the effects of Hubbard interactions, at 2/3 filling and
vanishing Rashba spin-orbit coupling for a particular configuration of the on-site potentials
leading to a stripe-decoupled phase. In the case of large interaction, we have used pertur-
bation theory to build an effective Hamiltonian. The latter shows anisotropic spin exchange
coupling and depends on the flux term and its classical ground state shows antiferromag-
netic or ferromagnetic correlations. For smaller amplitude of the interactions, we have used
a mean field method [44] to investigate the ground state. We found, at zero temperature,
in-plane magnetic correlations which depend on the flux and antiferromagnetic out-of-plane
correlations. The magnetic order parameter undergoes a transition at U/t ~ 2, from van-
ishing values to finite values. The large U limit is consistent with the perturbation theory
results and the transition observed is in agreement with the R-DMFT calculations performed
by our collaborators [246].

As we discussed in the introduction, there has been many recent achievement in cold
atom setups. The kagome lattice [281] and gauge fields [150, 156, 293, 294] have been
experimentally realized. Hubbard interactions in cold atom fermionic systems have also
been realized [268, 308-312]. It would be interesting to propose a protocol for the realization
of a kagome lattice, with tunable on-site energy terms and gauge fields, altogether, with

possibly the Hubbard interactions.
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Conclusions and outlook

In this thesis we have studied topological phases on the honeycomb lattice and on the kagome
lattice, in solid state systems and artificial systems.

First, in Chapter 2, we have studied a Haldane boson model. We have developed an
explicit analytical computation of the Chern number in this model. To the best of our
knowledge this explicit computation does not appear in the literature before our publication.
From this computation we have noticed that the U(1) gauge of the wave functions has
a special behavior at some points in parameter space. This led to the identification of
functions which sign, at the Dirac points, determines the value of the topological invariant.
Then we have considered a probe with local capacitive coupling to a Haldane cQED system.
Using the knowledge gained from the computation of the Chern number and input-output
formalism [318], we have shown how the local response of the system to a (microwave) light
input can be used to probe the topological properties of the Haldane cQED system.

The explicit analytical computation of the topological invariant has been extended, in
Chapters 3 and 5, to a tight-binding model on the kagome lattice with nearest neighbor
spin-orbit coupling and different on-site energies configurations. We have explicitly shown
how the closure of the bulk gap results in a drastic change of the gauge we may choose for
the eigenstates and therefore in a discontinuity in the value of the spin Chern numbers.

In Chapter 4, we have study a magnetic and topological model on the kagome lattice,
in relation with recently discovered quantum materials. We have considered a spin model,

coupled, through a ferromagnetic Hund’s coupling, to a topological non-interacting model

163



on this lattice. Depending on the parameters of the spin model, we have found either a
ferromagnetic out-of-plane long range ordered phase or an in-plane ordered phase. Spin-wave
excitations destabilize the ferromagnetic phase near the transition and always destabilize
the in-plane (antiferromagnetic) phase. The in-plane phase is either a spin-liquid or a long-
range ordered phase if further nearest neighbor spin-exchange is considered [220]. We have
shown that each magnetic phase selects a specific topological phase of the system. Then
we have argued that a variation of the external parameters, such as the temperature or
the pressure, should result in a magnetic phase transition coupled to a topological phase
transition. Depending on the amplitude of the Hund’s coupling term, the topological phase
transition is either in a QAH phase-QSH phase transition or a QAH phase-trivial phase
transition.

In the last Chapter, we have studied a new time-reversal invariant kagome topological
model with flux and Rashba spin-orbit coupling for a cold atom system. We have computed,
with the analytical method aforementioned, the topological Z, phase diagram when the am-
plitude of the Rashba spin-orbit coupling is vanishing and from the energy gap phase diagram
we have obtained the Zs topological invariant at finite Rashba spin-orbit coupling. We have
also studied the effects of Hubbard interactions in this model at 2/3 filling and vanishing
Rashba spin-orbit coupling for a particular configuration of the on-site potentials leading
to a stripe-decoupled phase. By means of perturbation theory and mean field method [44],
we have investigated the ground state. We found, at zero temperature, in-plane magnetic
correlations which depend on the flux and antiferromagnetic out-of-plane correlations. The
magnetic order parameter undergoes a transition at U/t ~ 2, from vanishing values to finite
values.

We are left with a certain number of open questions concerning the work presented in this
manuscript.

In Chapter 2, we have shown that the response to a local light input on a Haldane
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cQED system is informative about the topological properties. The general form of the
response function does not depend on the lattice system which is considered (see App. C).
In Chapters 3 and 5 we have shown explicit analytical computations of the topological
invariants for kagome systems. We observed that the closure of the bulk gap results in a
drastic change of the gauge we may choose for the eigenstates. It seems possible to observe
such a change thanks to the local response function. We have performed some numerical
computations that seems to indicate that this response function is indeed informative about
the topological invariant for kagome topological systems. It would be also very interesting
to try to make a clear link between the Chern number and this local response function for
an arbitrary lattice model.

Moreover, this protocol is not a priori restricted to cQED systems, it seems conceivable
as long as

(i) the particles are bosons,

(ii) the topological system under study is not too small; numerical computations showed
we could rebuild the topological phase diagram with a good very precision for a 50 x 50 unit
cells system and with a rather good precision for smaller systems (it seems correct down to
~ 30 x 30 unit cells), and

(iii) the coupling between the probe and the system is a capacitive coupling.

Therefore, it would be very interesting to propose specific protocols for other artificial
systems, namely for cold atom gases for which the kagome lattice has already been imple-
mented and which offer the possibility to realize artificial gauge potentials. Besides, it should
be easier to realize a system having a sufficiently large size in cold atom gases compared to
cQED systems. A further very interesting outlook would be to think about a generalization
of this probe for a Z, artificial system.

As mentioned at the end of Chapter 2, changing the statistics of the particles (considering

a fermion Chern insulator) leads to a different form of the response function (particle-hole’s
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Green function). It seems more complicated than for boson systems to define a clear topo-
logical probe. This is an open question whether or not it is possible.

In Chapter 4, we have considered a magnetic and topological model on the kagome lattice;
we have explained, qualitatively, the behavior of the system at non-zero temperature. It
would be interesting to compute the entropy of the magnetic ground state and to study
quantitatively the effect of the temperature on the magnetic and topological phases of the
system, as it has been done for a similar spin model on the triangular lattice for instance in
Ref. [241].

In Chapter 5, we have studied the effects of Hubbard interactions for a specific limit of the
topological model we studied in this chapter. We computed the ground state of this model
using a minimization of the free energy. It would be interesting to study the fluctuations
in the charge and spin channels due to possibly non zero variation of the free energy in the
ground state at second order in the variation of the Hubbard stratonovich fields [44]. Finally,
in cold atom gases, the kagome lattice [281], gauge fields [150, 156, 293, 294] and Hubbard
interactions [268, 308-312] have been experimentally realized. However, designing a protocol
for the realization and the investigation of the model we studied is not a simple task, but it

would be very interesting.
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Appendix A: Résumé en francais

Nous étudions théoriquement des modeles topologiques sur réseaux, pertinents pour des
matériaux et des systemes artificiels actuels. Nous développons un calcul analytique explicite
du nombre de Chern pour les systemes que 'on étudie et nous comparons ce calcul avec
d’autres méthodes de calcul de cet invariant topologique. Nous proposons un protocole, a
partir d'une mesure de la réponse locale & une excitation lumineuse (micro-onde), pour sonder
les propriétés topologiques d’un modele bosonique de Haldane, dans un systeme photonique.
Sur le réseau de kagomé, nous étudions (i) une transition de phase magnétique et topologique
pour un modele a deux canaux en lien avec un matériau quantique récemment découvert,
et (ii) un modele topologique invariant par renversement du temps et contenant un terme
de flux, un terme de couplage spin-orbite de type Rashba et un terme d’interactions de
Hubbard, dont la réalisation est pertinente dans des gaz d’atomes froids.

A.1 Chapitre 1

Dans le chapitre 1, nous introduisons le formalisme, les concepts et les découvertes impor-
tantes en topologie de la matiere condensée que 1’on utilise dans ce manuscrit. Nous insistons
en particulier sur deux systemes a deux dimensions qui sont les principaux sujets d’étude de
cette these : les isolants de Chern et les isolants topologiques.

Tout d’abord, dans la section 1.1, nous considérons une évolution adiabatique d’un systeme
quantique et nous étudions la phase géométrique, appelée la phase de Berry [9], accumulée
par les vecteurs propres du Hamiltonien lors d'une telle évolution. Cette étude est tres
importante pour la compréhension des systemes topologiques en matiere condensée. L’effet
Hall quantique [6] est le point de départ de I'intense activité scientifique dans ce domaine
de la topologie en matiere condensée. L’invariant topologique qui caractérise l'effet Hall
quantique entier peut étre formulé comme une intégrale de la phase de Berry sur la zone de
Brillouin [8]. Dans les sections 1.1.3 et 1.1.4, nous présentons la découverte expérimentale
de l'effet Hall quantique entier et sa premiére interprétation théorique [6, 7, 45].

Ensuite, dans la section 1.2 nous introduisons le formalisme que ’on utilise pour décrire les
systemes invariants par translation, nous rappelons le théoréme de Bloch [46] et la définition
des fonctions de Wannier [47] que l'on utilise par la suite. Comme exemples de systemes
invariants par translation, nous présentons deux modeles dits "tight binding” sur les réseaux
que nous considérons dans ce manuscrit, a savoir le réseau en nid d’abeille et le réseau de
kagomé.

Dans la section 1.3, le lien entre le concept de phase de Berry et 'effet Hall quantique entier
est expliqué grace au calcul de la conductivité de Hall en utilisant la formule de Kubo [8]. Ceci
permet d’introduire I'invariant topologique (le nombre de Chern) qui caractérise les systemes
Hall quantiques. Nous expliquons également que les modes de bords chiraux mentionnés dans
la section 1.1.4 sont fondamentalement reliés a une valeur non-nulle du nombre de Chern.
Finalement, dans la section 1.3, nous montrons le lien entre une valeur non-nulle du nombre
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de Chern et la polarisation de charge, cette-derniere étant une observable caractérisant les
isolants de Chern. Les concepts introduits dans cette section sont largement utilisés dans le
reste du manuscrit.

Dans la section 1.4, nous présentons la théorie des bandes topologiques utilisée pour décrire
les systemes topologiques invariants par renversement du temps. En particulier, nous nous
concentrons sur le modele de Kane et Mele [11] et sur une formulation de Uinvariant Z,
proposé par Fu et Kane [48]. Les concepts introduits dans cette section sont pertinents pour
I’étude de systemes avec couplage spin-orbite présentés dans les chapitres 4 et 5.

A.2 Chapitre 2

Dans le Chapitre 2, nous considérons un systeme de type circuit d’électrodynamique quan-
tique (cQED) qui est décrit par un modele de Haldane bosonique. Nous développons un
calcul analytique explicite du nombre de Chern (section 2.2) pour ce modele [5]. Nous mon-
trons que le signe d’'une fonction que 'on appelle hy, aux points de Dirac, indique la valeur
du nombre de Chern associé a chacune des bandes d’énergie. hy dépend de la masse de
Semenoff M et de 'amplitude ¢, associée aux termes de saut seconds voisins dans le modele
de Haldane. Dans les systemes unidimensionnels de type cQED, il a été montré que les pro-
Fri]étés topologiques sont mesurables via la réflexion de lumiere micro-onde sur le systeme
30].

En utilisant la connaissance acquise par le calcul du nombre de Chern, nous proposons un
protocole pour sonder les propriétés topologiques via la réponse a un signal lumineux local
(section 2.3). Plus précisément, nous considérons une sonde locale avec un couplage capacitif
au systeme (ce-dernier étant décrit par un Hamiltonien effectif de type modele de Haldane
bosonique), dans le régime de faibles amplitudes de couplage. Nous calculons explicitement
le coefficient de réflexion qui fait le lien entre un signal entrant et un signal sortant dans la
sonde, en fonction des parametres du systeme. Nous montrons que le signe de la fonction
hs, a I'un des deux points de Dirac, mentionnée dans le paragraphe précédent, peut étre
rebati par la mesure de ce coefficient de réflexion. Or, la transition de phase topologique
associée au modele de Haldane est déterminée par le signe de la fonction hs a 'un des deux
points de Dirac (plus précisément, au niveau du point de Dirac pour lequel le gap d’énergie
entre les deux bandes d’énergie est le plus faible). Par conséquent, la mesure du coefficient
de réflexion (pour un signal entrant d’énergie égale a ’énergie de I’état propre du systéme
évalué a I'un des deux points de Dirac) est suffisante pour rebatir le diagramme de phase
topologique. Dans les systemes de type cQED faits de résonateurs de fréquence typique
de l'ordre du GHz, le signal d’entrée dans la sonde est un signal micro-onde. Ce protocole
est potentiellement applicable dans d’autres systemes bosoniques pour lesquels un couplage
capacitif a une sonde est réalisable.

A.3 Chapitre 3

Dans le chapitre 3, nous considérons deux modeles topologiques simples sur le réseau de
kagomé, I'un meéne a un isolant de Chern (associé a l'effet Hall anormal quantique), 'autre
mene a un isolant topologique (associé a leffet Hall quantique de spin). Ces modeles
topologiques ont attiré beaucoup d’attention dans la communauté scientifique [31-42]. Tout
d’abord (section 3.1), nous expliquons qu’un modele simple sur le réseau de kagomé, avec des
amplitudes de saut complexes entre proches voisins, brise la symétrie de renversement par
rapport au temps et est associé a un flux total nul dans la cellule unitaire. Nous présentons le
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spectre d’énergie d’un tel modele et nous passons rapidement en revue un calcul analytique
des modes de bord [34].

Le calcul du nombre de Chern (de spin) a été effectué via diverses méthodes, cependant,
effectuer un calcul analytique explicite de cet invariant topologique (a partir de 1’étude de
la jauge choisie pour les fonctions d’onde du systéme) n’est pas aisé et n’apparait pas dans
la littérature avant notre publication [188]. Motivés par ceci, nous développons un tel calcul
dans la section 3.2.1. Nous définissons deux choix de jauge distincts pour les états propres du
systeme et nous définissons deux surfaces complémentaires dans la zone de Brillouin. Nous
appliquons un de ces deux choix de jauge pour une des deux surfaces définies dans la zone de
Brillouin (cette surface contient un des points de haute symétrie de la zone de Brillouin) et
l'autre choix de jauge pour I'autre surface (elle contient les autres points de haute symétrie
de la zone de Brillouin). Nous montrons comment la différence de phase entre ces deux choix
de jauge évolue a la frontiere entre les deux surfaces et mene a un nombre de Chern entier
et non nul pour la bande énergétique la plus basse, dans le cas ou 'amplitude de saut entre
proches voisins est complexe. Ce calcul se généralise aux autres bandes d’énergie du systeme.

Dans la section 3.2.2, nous étudions la robustesse des propriétés topologiques pour de
petits systemes avec bruit (Gaussien) sur les parametres du modele, via des estimations
numériques d’observables locales. En particulier, nous évaluons la densité locale d’états et
les courants chiraux dans le systeme et nous montrons que ces deux observables présentent
des propriétés topologiques, méme pour des valeurs assez élevées du bruit sur les parametres.
Nous comparons ceci avec une autre sonde des propriétés topologiques : sous un champ
magnétique dont la direction est perpendiculaire au plan du réseau, chaque bande d’énergie
"parent” est divisée en un certain nombre de sous-bandes qui dépend du nombre de Chern
associée a la bande d’énergie "parent” [34, 194]. Grace a une évaluation numérique de la
densité d’états, nous retrouvons la valeur du nombre de Chern pour des systemes dont la
taille est supérieure a environ 30 x 30 cellules unitaires et avec un bruit Gaussien dont
I’amplitude est inférieure a un pour cent.

Enfin, dans la section 3.3, nous considérons deux copies de spin du systeme précédemment
mentionné (alors le systéme devient invariant par renversement du temps) et nous calculons
I'invariant topologique Z,. Ce-dernier peut étre obtenu a partir des nombres de Chern de
spin car le Hamiltonien ne comprend pas de couplage entre spins [48, 189]. L’invariant
topologique Zy peut aussi étre calculé en utilisant la symétrie d’inversion du systeme [190];
il est donné par le produit des valeurs propres de 'opérateur parité évalué aux quatre points
de haute symétrie dans la zone de Brillouin. Nous adaptons un tel calcul pour le systeme
que 'on considere, dans la section 3.3.2. Ces calculs sont étendus, dans le Chapitre 5, a un
systeme plus complexe.

A.4 Chapitre 4

Dans le Chapitre 4, nous introduisons et étudions un modele magnétique et topologique sur
le réseau de kagomé [193], en lien avec de nouveaux matériaux quantiques [25-28, 38, 43].
Un modele effectif de spin (associé & un canal de spins localisés) est couplé a un modele
topologique sans interactions sur ce réseau (associé a un canal d’électrons dits itinérants),
via un terme de Hund ferromagnétique [216, 221, 222].

Le modele magnétique est un modele anisotropique de type Heisenberg avec un terme
d’échange ferromagnétique dans la direction perpendiculaire au plan formé par le réseau
de kagomé. L’origine microscopique de ce modele vient d’une forte interaction répulsive
sur-site de type Hubbard qui donne naissance a une physique de Mott et un mécanisme
de double échange [221, 223-226] avec le canal d’électrons itinérants. Dans la section 4.2,
nous étudions l'état fondamental du modele de spin et les excitations associées de type
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ondes de spin. En fonction des parametres du modele de spin, nous observons deux phases
magnétiques distinctes: une phase ferromagnétique dans la direction perpendiculaire au plan
formé par le réseau de kagomé ou une phase magnétique dans le plan. Cette derniere est soit
une phase liquide de spin soit une phase antiferromagnétique avec ordre a longue portée si
d’autres termes de couplage entre spins (au-dela des plus proches voisins) sont inclus dans
le modele [220].

La transition de phase magnétique est couplée a une transition de phase topologique
(section 4.3). Les électrons itinérants sont décrits par un modele sur le réseau de kagomé
avec un terme de saut proches voisins et un terme de couplage de type spin-orbite [11, 36,
227, 228]. Dans la phase ferromagnétique, le couplage de Hund ferromagnétique agit comme
un champ magnétique dans la direction perpendiculaire au réseau. Pour certaines valeurs
du potentiel chimique (modulant le niveau de Fermi), le canal d’électrons itinérants est
associé a une phase Hall anormale quantique. Quand le systeme est caractérisé par la phase
magnétique dans le plan, le modele associé aux électrons itinérants respecte la symétrie par
renversement du temps. En fonction de la valeur de I’énergie de Fermi, ce-dernier est soit
associé a une phase Hall quantique de spin ou a une phase métallique.

Nous discutons l'effet de parametres extérieurs, tels que la température ou la pression, sur
les propriétés magnétiques et topologiques du modele. D’une part, a température finie, nous
justifions que la phase ferromagnétique devrait eétre déstabilisée proche de la transition a
cause de I'entropie finie associée aux excitations de type ondes de spin. Par conséquent, une
augmentation de la température résulte en une transition magnétique et donc aussi (en vertu
du paragraphe précédent) en une transition topologique. D’autre part, une augmentation de
la pression génére une diminution du pas du réseau [229]. Dans notre modele, nous justifions
que ceci résulte en une augmentation des intégrales d’échange (c’est-a-dire des amplitudes
associées aux termes de saut proches voisins). Ceci meéne, par conséquent, a une variation
du terme d’échange de spin dans le plan (pour le Hamiltonien effectif de spin) et induit donc
une transition magnétique et topologique.

A.5 Chapitre 5

Dans le Chapitre 5, nous étudions un nouveau modele topologique, invariant par renverse-
ment du temps, avec un terme de flux, un terme de couplage spin-orbite de type Rashba,
différentes configurations de potentiels sur-site, et un terme d’interactions répulsives (modele
de Hubbard), sur le réseau de kagomé [188, 246]. Ce modele est potentiellement réalisable
pour des gaz d’atomes froids, qui sont des plateformes intéressantes pour 'implémentation
de champs de jauge artificiels et pour I’étude des interactions de type Hubbard.

Dans un premier temps (section 5.1), nous calculons le diagramme de phase topologique
(invariant topologique Z,) a remplissage 2/3, quand le terme de couplage spin-orbite Rashba
et le terme d’interactions de Hubbard sont nuls, pour différentes configurations de potentiels
sur-site, ce qui élargit la méthode analytique développée dans le Chapitre 3. Nous mon-
trons de fagon explicite comment la fermeture du gap d’énergie résulte en un changement
tres important du choix de jauge pour les vecteurs propres du Hamiltonien. Ceci mene a
une discontinuité dans la valeur des nombres de Chern de spin quand les parametres du
Hamiltonien évoluent de telle fagon que I’on passe d’une phase isolante a une autre (les deux
étant séparées la fermeture du gap d’énergie). Le terme de flux est tres important pour
I'ouverture d'un gap d’énergie avec une phase Hall quantique de spin [11-14, 48, 144]; les
termes de potentiels sur-site permettent de varier le gap d’énergie et d’observer des transi-
tions entre des phases Hall quantiques de spin et des phases isolantes triviales. L’invariant
topologique Z, est aussi calculé en utilisant la symétrie d’inversion du systeme [190]. Nous
prolongeons la méthode utilisée dans le chapitre 3 et nous obtenons des résultats cohérents
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avec la méthode précédemment mentionnée. A la transition entre une phase Hall quantique
de spin et une phase isolante triviale, nous observons un changement tres important dans les
valeurs propres de l'opérateur parité aux points de haute symétrie dans la zone de Brillouin;
ceci génere une discontinuité dans la valeur de l'invariant Z,.

Ensuite, nous prolongeons le calcul de cet invariant topologique quand le terme de cou-
plage spin-orbite de type Rashba est non nul (section 5.2). Ce-dernier varie 'amplitude du
gap d’énergie et rend possible des processus de renversement de spin (< spin flip processes ).
L’effet Hall quantique de spin n’est donc pas conservé, cependant, tant que le terme de spin-
orbite Rashba ne ferme pas le gap d’énergie, une phase isolante topologique Zsy est observée.
Ceci est analogue au résultat de Kane et Mele [144]. Nous considérons différentes configura-
tions de potentiels sur-site, menant a différents diagrammes de phase. Pour une géométrie
cylindrique (conditions périodiques aux bords dans une direction seulement), nous vérifions
I’apparition d’une paire de modes de bord contre-propageants dans la phase topologique Zs.

Enfin, dans la derniére section (section 5.3), nous étudions 'effet des interactions de type
Hubbard (toujours a remplissage 2/3), quand le terme de couplage spin-orbite Rashba est
nul, pour une configuration particuliere des potentiels sur-site. Pour des interactions de Hub-
bard de grande amplitude U, nous utilisons une théorie des perturbations afin d’obtenir un
Hamiltonien effectif de spin. Ce-dernier présente des termes d’échange de spin anisotropiques,
dépend du terme de flux et son état fondamental classique présente des corrélations ferro-
magnétiques et/ou antiferromagnétiques. Pour des interactions de Hubbard de plus petite
amplitude U, nous utilisons une théorie de champ moyen [44] et nous étudions ’état fon-
damental du systeme. A température nulle, le systeme présente des corrélations magnétiques
dans le plan du réseau qui dépendent du terme de flux et des corrélations antiferromagnétiques
dans la direction perpendiculaire au plan du réseau. Le parametre d’ordre magnétique mon-
tre une transition a U/t ~ 2 (¢ est 'amplitude de saut entre proches voisins). Au-dela de
cette valeur, la phase est magnétique et isolante de Mott. La théorie de champ moyen est
compatible avec la théorie des perturbations (pour de grandes valeurs de U). La transition
observée est en accord avec les calculs R-DMFT effectués par nos collaborateurs [246].
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Appendix B: Time-reversal symmetry

Time-reversal symmetry is one of the most important symmetries for the topological systems
we studied in this manuscript. It is expected that this symmetry plays an important role in
the quantum Hall effect, which, as we explained concerns systems where this symmetry is
broken. If this symmetry is conserved, it may also play a very important role, as we saw in
the quantum spin Hall effect. Here we underline some important properties of time-reversal

symmetry for the topological systems studied in this manuscript. More details can be found
in Ref. [66].

B.1 Time-reversal operators

A time-reversal transformation reverses the arrow of time. It means that this transformation
reverses the momentum quantities. Spins are momentums, therefore the time-reversal opera-
tors is expressed differently in both cases of spinless and spinful systems. For a particle with
no spin, the time-reversal operator # is identical to the complex conjugation anti-unitary
operator K, # = K. We have 6% = 1.

For a spin system, things are different. The time-reversal operator 6, still anti-unitary,

reads
0=UK, (B.1)

with U = e ™ a unitary operator, S, being the spin operator along the y axis. S, is
purely imaginary, therefore 82 = 7™ We immediately notice the following property: a
27 rotation of an integer spin is equivalent to the identity whereas under a 27 rotation a
half-integer spin is multiplied by —1. We deduce that §* = 41 for a system made of integer
spins or for a system made of an even number of half-integer spins and #* = —1 for a system
made of an odd number of half-integer spins. This is very important because of Kramers’
theorem which we now demonstrate.

B.2 Kramers’ theorem

Consider system of particles described by the Hamiltonian H, with conserved time-reversal
symmetry, i.e. [0, H] = 0, and with associated eigenstates |¢)) and eigenvalues F, H |[¢)) =
E ). From [0, H] = 0, we have H6 |¢)) = E0|¢): 0 |¢) is also an eigenstate of H and 6 |)
and [¢) are associated to the same energy. % = —1 constrains € |1) to be orthogonal to |1)).
Indeed, using —1 = 62 = UU* and UUT = 1, we find U* = —U" and then

OU[) = Unmt3) Yn = = > (Unn) ot = — (0019) , (B.2)

m,n m,n
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which leads to (fy|¢)) = 0. For half-integer spin systems, i.e. systems composed of an odd
number of half-integer spin particles, and if the system is time-reversal invariant, each energy
is degenerate at least twice.

B.3 Translation-invariant systems with time-reversal
symmetry

The time reversal invariance links the Bloch Hamiltonian at momentum k and momentum
—k. Kramers’ degeneracy theorem then tells us

Let us write
H=> U(k)hk)U(k), (B.3)

with W(k) the fermion field annihilation operator at momentum (k), which contains the
annihilation operators cg o, for a particle of momentum k, with the different color o and
both values of half-integer spin o = {1,]}. We write ¢; o, the annihilation operator for

a pari[;icl]e at unit cell position 7, color a and half-integer spin ¢. Under time-reversal, we
have |66

-1 _ ;Y

0ciaol " =10, 5Ciaor, (B.4a)
t -1 _ .t Y

0ci 0 n0"" = —iC 4 51001 o (B.4b)

with ¢¥ the second Pauli matrix acting in spin space and implicit summation on the repeated
indices is assumed. It gives, for the Fourier transforms of these operators

06k7a700_1 = Zgg_ o-’c—k,()é,o'/7 (B5a)
T -1 _ . f
Qck,a,oﬂ - _Zcfk,a,a’o-g/,cr' (B5b)

This leads to
9h(k)€*1 = h(=k). (B.6)

Then, from Kramers’ theorem, we know that if |¢)(k)) is an eigenstate of the Hamiltonian,
then 0 |1)(k)) is also an eigenstate with the same energy. In translation-invariant systems, we
denoted |1(k)) the eigenstate of h(k) with energy E(k), h(k) (k) = E(k) |¢(k)). € |v(k))
is in fact the eigenstate of h(—k) with energy E(—k) = E(k), indeed

h(=Kk)0 [ (k)) = Oh(k)0~'0 [ (k) = Oh(k) [ (k)) = E(k)0 [v(k)) . (B.7)

Let us here notice that at the time-reversal invariant points of the BZ k = —k, there are at
least two degenerate states of energy E(—k) = E(k).

B.4 Scattering from a state [¢) to its time-reversal
partner

A quantum spin Hall system is characterized by at least one chiral edge mode and one anti-
chiral edge mode, the later being the time-reversal conjugate of the former. Because of the
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presence of counter-propagating modes in close proximity, we could expect that scattering
process play an important role in this system, which would be described by non-negligible
Hamiltonian coupling elements between the chiral and the anti-chiral modes. From the
Kramers’ theorem and the identity 6h(k)0~! = h(—k), we know that the energy of the chiral
and the anti-chiral modes is crossing at the time-reversal symmetric points k = —k in the
BZ. The study of a two-level system teaches us that off-diagonal coupling elements in the
Hamiltonian operator opens a gap in the dispersion relation. Therefore, non-negligible scat-
tering process would mean a non-negligible gap in the edge modes dispersion relation which
could be important enough so that no modes cross the Fermi level, turning the spin-Hall
insulating phase (characterized by a mobility gap) to a trivial insulating phase (characterized
by a "true” gap).

In fact, for the single particle case, if the number of chiral modes (which is the same as
the number of anti-chiral modes) is odd, the single-particle scattering process between the
chiral and the anti-chiral modes is forbidden by time-reversal symmetry. This is what we
show here, starting with the simple case with only one chiral mode |¢)) and one anti-chiral
mode 0 |¢). We consider a time-reversal invariant Hamiltonian H describing the possible
scattering process (a priori [1)) and 0 |¢)) are not H eigenstates since H is possibly composed
of non-diagonal elements coupling these states). The coupling term between |¢) and 6 [¢)) is

. * o * _ 1-
<9w’ H ‘w> - Z (Um’PKQ/}p) Hm,nwn - Z (Uﬂ%p) wPHm,nwn - Z wp (U )p,m Hm,nwm
m7n7p m?”’p m7n7p
(B.8)
Using H = 0HO~! and 6! = —0, and U being self-adjoint, we find

OOIH ) == > Wy (UT) U Hy, Urthn = = Y o Hy U, (B.9)

m7n7p7q?7. 7p T

and H' = H gives

OV H ) = = b HopUl oy = = > (Unnthh)" Hy gty (B.10)

7pr /r-L7p7,rl

Then we conclude that
OV H |¢) = — (0y| H [¢p) = 0, (B.11)

i.e. the single-particle scattering between the chiral edge mode and the anti-chiral edge mode
is forbidden because the time-reversal symmetry is conserved in the system.

Now we ask whether or not a gap in a system with /V chiral edge modes and N anti-chiral
edge modes can be opened (i.e. turn the mobility gap into a true gap) by single-particle
backscattering terms. To open a gap in such a system, where we have at least N twice-
degenerate energy points, it is required to consider at least /N excitations which scatter to
their time-reversal conjugates; each excitation scattering term lifting the degeneracy of a
time-reversal conjugate pair. However, because we have here 2N states, if we want to inves-
tigate single-particle scattering terms only, it is required to consider at most N excitations
which scatter. Therefore, we consider exactly N excitations. We compute the probability
that N particles which occupy N edges states (these are composed of a certain number of
chiral modes plus a a certain number of anti-chiral modes) are scattered back to their N
time-reversal conjugates.

Let us denote |¢;), i € [1,..., N] these N occupied modes and their time-reversal conju-
gates are 0 |1;). We denote &; the vector space associated to the particle ¢, H; the Hamiltonian
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operator in &; and 6; the time-reversal operator in &;. The Hamiltonian operator describing
the possible scattering processes and the time-reversal operator for the entire system are
respectively H = Zf\il H; and 0 = ®Z]\L1 0;. The probability that the N occupied states are
scattered to their N time-reversal conjugates is proportional to the Hamiltonian coupling
element between the Slater determinant |, ..., 1y) and the Slater determinant associated
to the N time-reversal conjugates 0 |1y, ..., ¥y). We write

1, ) = Y sgn(o ®|¢@ , (B.12)

ceESN

with ¢ a permutation in Sy which is the set containing all permutations of {1,..., N} and
|15, (1)) referring to the particle i in the state |¢),,). Let us define o and ¢’ two permutations
in Sy. First we extend both relations Eq. (B.2) and Eq. (B.10), using the assumptions
02 =—1and Hz = QZHZQZ_l?

<9iwai (Z)|¢U£<Z>> == <01¢04(Z>|¢01 (Z)> ) (B13a)
(Oitho, ()| H [thor (1)) = — (Oitor (1) H [0, (1)), (B.13b)

From these relations, we find

( ® lﬂm > H® WJU = ) <9® <w0{(2)|) H® WJUZ(Z» ) (B14)
and using Eq. (B.12), we get

O W1, N H Y, on) = (D)Y@ r, .. on)) H Y1, . w), (B.15)

We therefore conclude that, in an open time-reversal invariant system (with an insulating
bulk) supporting an odd number of (half-integer spin) chiral edge modes and an odd number
of (half-integer spin) anti-chiral edge modes, the single-particle scattering terms which could
open a gap are in fact necessarily vanishing so these processes can not open a gap.
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Appendix C: Local response to

capacitively coupled probes in a
two-dimensional lattice bosonic

system

C.1 System under consideration

Total Hamiltonian We consider a 2-dimensional lattice system with periodic boundary
conditions. Let us consider a set of resonant light probes which are coupled to the system.

We write the Hamiltonian
H = Hyy + Hprb + Hcpla (Cl)

where Hj, is the (topological) lattice Hamiltonian, H,,, is the Hamiltonian associated to
the probe(s) and H,p is the Hamiltonian associated to the coupling between the lattice and
the probe(s).

Lattice Hamiltonian Let us call No the number of sites per unit cell in the lattice we
consider and N the total number of unit cells. We label each sites within a unit cell with
different colors, and two different sites belonging to the same Bravais lattice are labeled by
the same color.

We define the Fourier transform of the annihilation operator of a (bosonic) particle at position
r and the inverse relation

. 1 »
Ajx = Z e_lk'rar and Ay = N Z eZk‘raj(r),ka (02)
k

I‘ERj

with R; the ensemble containing all the lattice positions of the color-j sites and the function
j(r) returns the color index at the r site. We formally write

Hi = Y | Wihi Wy, (C.3)
k

with ¥} = (ai’k, . ajv7k>. We write hy’s associated eigenvalues E; x, where i € {1,..., N¢},

and we write the associated eigenvectors
’(:D k’o Zazka]k‘o (C4>
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with ozgk € C. We have

N¢
Hy =Y Ei®, Py (C.5)
k =1

Probe(s) Each probes are resonators with a certain number of relevant modes, each mode
q being characterized by the frequency w,. Therefore we write

prb - Z qu rqa (C6)

reR, ¢

with b, , the annihilation operators for the mode ¢ of the probe at » € R,, R, being the
ensemble of the positions of the nodes coupled to a probe.

Coupling We assume a capacitive coupling between each probe and a node of the lattice.
The Hamiltonian reads

Hcplzz ar + al qu b —l—bT (C.7)

rcRy

The coupling g, amplitude is assumed not to depend on the position of the probe.

C.2 Input-output analysis for a set of resonant cavity
probe coupled to the system

Here we use the input-output formalism as reviewed in Ref. [318]. Let us define the input
voltage in the probe at r

Vm qu o~ iwq(t=ti) rq( )+ h.c.) , (C.8)

and the output voltage in the probe at r

Vout Zg _qu(t_tf)br,q(tf> + hC) . (Cg)

Let us call z, = (ar +af). The Heisenberg equation of motion (EOM) for the bj,

Sl

operator reads _
br#l =1 [Hv bI‘7 ] = qu r,q Z\/—gqxr (ClO)

Writing ¢; < t the initial time in the distant past, the solution of this equation of motion is

e () = ==ty (1) — iv/3g, / dre=i=at=")g (7). (C.11)
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Considering t¢ > t a final time in the distant future gives an other solution

brg(t) = e ™a0=1b, () +iV/2g, / ! dre= =y, (). (C.12)
t
Combining the previous equations and their complex conjugate counterparts we get
Vin(t) — 2\/5292 /tf dr sin (wy(t — 7)) 2o (7) = VU (2). (C.13)
q t;
We Fourier transform the previous equation with respect to the time variable ¢, we define
J(t) = 2v/2i Y g2 sin (w,t) [319] and we get
Vo] = VIR w] + iJ[w]ze[w)]. (C.14)

Notice that J[w] € R. Its explicit expression is

Tlw] =2v21 ) g2 (3(w — wy) — 6w + w,)), (C.15)

where 0 is the Dirac delta function. Let us notice that if the spectrum of the probe is
symmetric with respect to 0, then J[w] is vanishing (so as J(t)). In the following, we assume
it is not the case.

C.3 Response function

Now we express ,|w] as a function of V,"[w]. The Heisenberg EOM for the ®; ) modes reads

(i)i,k = —1Ex®Pix — 1 Z (ozf,(lf)eik'r> ’ Z 9q (br,q + bl7q) i (C.16)
q

rcRy

Using equation C.11 we have,

iDise(t) = Buciset) + Y (ade™) V(1) + 0(g?), (C.17)

rcRy,

with ¢ = max, (¢g,) and in the limit of small g compared to the energies (E; ) of the system.
Now we use the Fourier transformation with respect to the time variable to write

1 j(r) ikr) " 1 in
il = ey O (adle™s) VL] + O(2). (C.18)
b reiip
and .
O] =~ D el V] + O(?), (C.19)
i,k reR,
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Note that ®;y[w] = T.F.(®;x)[w], T.F. denoting the Fourier transform and @I,k[w] =

. (], ) o] so @] # (2 1e1)

We introduce the Bij . coefficients such that

aly |0) = Zm@ K 10). (C.20)
Then we have

1 N o
Ty = W E ’ E : (ezkr (B;(r),k) Dy + h.c.) , (C.21)
k =1

and we obtain

= XewVillw] + O(g%), (C.22)
ro€R,
with N
% — 1 Z Cz*k r,ro . Ci,k,r,ro (C 23)
Y VAN —\—w— Eix+i0t  —w+ Ejx+i0t )’ '
k
and
Cikrreo = ] i(r), kaz(l:O)e elrmro), (C.24)

Let us notice from the last equation that adding a probe with no input does not influence
the response at the other probes (with or without input). This is because we restricted the
response to first order in g, .

Finally, Eq. (C.14) gives

VoUllw] = VX w] 4 iJ[w Z Xewo Varlw] + O(gY), (C.25)

ro ERP

which is the equation from which we start in Chapter 2 to investigate a Haldane cQED
system.
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Appendix D: Kubo formula

In this appendix we apply linear response formalism to a fermion insulating system subjected
to a small electric, in the zero temperature limit. The general formalism presented here
enables, for instance, to show the link between the Hall conductivity and the Chern number
(see Sec. 1.3.1 of Chapter 1). For more details, we refer the reader to the Refs. [119, 320,
321].

Let us define A(O)(t) the change, at time ¢, in the expectation value of an arbitrary
observable O, from its equilibrium value (O)eq = Tr{p? O}, under an adiabatic small per-
turbation described by a Hamiltonian which we write H'(t) = A({)B. B is an operator
and A(t) is the time-dependent amplitude of the perturbation. Here, p4 = e P/ 7 is the
density matrix at time ty, before the perturbation is applied, when the system is in global
canonical equilibrium at temperature 37! and described by the Hamiltonian H, and Z is
the canonical partition function. The density matrix at time ¢t > t; is given by the quantum
Liouville equation.

We have [320]
8O = [ dteon(t— ) = —5 [ Tarm{mion— o). BAe). ()
with ,
opl(t— 1) = —%9@ — )Te{p [O(t — t'), B]}. (D.2)
We also have e | 5 e AB(t — ihr)
O (D.3)

with O(t — t') and B(t) the interaction representations of respectively the operators O and
B

O(t — t') = eflo(t=t) pe=tHo(t=t) (D.4a)
B(t) = e'Hot pe=iflot, (D.4b)
This gives
conlt—1) = - | Cartep 2oy, (D.5)
0
Let us consider an adiabatic perturbation resulting from a small uniform and static electric
field € perturbation, is switched on adiabatically from ¢ty = —oo to ¢ [322]. In this case we
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write

H'(t) = \(t) - B, (D.6a)
A = —ee lim e'/¢, (D.6b)
(—o0

B = /drn(r)r, (D.6c)

with n(r) the (number) density operator and r the positions of the particules in the system.
Using the continuity equation, we obtain dB/dt = j(t) and j(t) = [ drj(r,t), with j(r,¢)
the current operator in the interaction picture defined from the continuity equation for the
number density operator. By definition, we have

j(t) = etHotjeiHot, (D.7)
Moreover, we assume the electric field is along the direction e,, and we write € = ¢,e, and
J = Jjo€a. We write A(O), the resulting change in O. We have
+oo

A{O), =V lim dte™t/¢ { (D.8)

(—o0 0

B . .
/ drTr {peq che, (mlOn) Y " cle, (pl jo |q) & Frm PR/ } ea},
0

m,n p.q

where |m), |n), |p) and |¢) are the eigenstates of Hy, E,, E,, E, and E, the associ-
ated eigenenergies and c¢,,, c,, ¢, and ¢, the associated annihilation operators. Using

TrpeqCh,Cnhcy = OmpOng f(En) (1 — f(Em)) + OmpOmpf (En) f(E,), with f the Fermi-Dirac dis-

n-p-q

tribution and ¢ the Kronecker delta function,
B 1— e*(Ep*Eq)ﬁ
dre™Er=EaT — : (D.9)

J
and

dte™"/5e"\ P RN — : , .

0 h/C—i(E, — Ey)

we get

oBEn _ oBEm

ih/C+ (B, — Ey)

(m| O |n) (n] jo M) €q. (D.11)

(—o0

A(O), = iheV lim Z f(gmzféEn)

In the zero temperature limit, from the behavior of the Fermi-Dirac distribution, we obtain,
for an insulating system (chemical potential x4 in the energy gap)

. . Ig, <u<k, — 1, <u<in .
A(O), =ihVe Clg(r)lo (Bo — Ev) (B — By + ih)C) (m| O |n) (n] jo |m) €q, (D.12)

m,n

which leads to

A(O)o =ihVe >

Em</lz<En

(m| On) (n] jo |m) — (n| O Jm) (m| ja 1)
(En - Em)2

€q- (D.13)
This is the equation we start from in Sec. 1.3.1 of Chapter 1.
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Appendix E: Cylinder geometry and
partial Fourier transformation

Here we give the detailed formulation of the Hamiltonian (5.41) (studied in Chapter 5) for a
cylinder geometry which we used to compute the associated spectrum and eigenvalues. The
Hamiltonian (5.41) reads

_ E T T —i2mys; T —i2mys
= —t [CR rHCB,r + CRrie: ]ICB,I' + CR,I'6 TCG,I‘ + Ca r€ xcR,r—i-eg

3 Xana, (E.1)

r a=R,B,G

T 1¢s, T 1S,
+ € ot Chrie, € o+ Hee

and we consider open boundary conditions along the e; direction and edges along the e
direction.
Let us define

T (A T T T T T
v, = <CR,r,T7 CBr+by,4 CGrtbyt CR L CBrtby 10 CG,r-ﬁ-bg,i) . (E.2)

We also define r, the coordinate along the e, direction and and ky = 2k - by and we write

"1 ro T \/_ Z Zk2\1}11 kQU];rQ’ (ES)
with , .
Uy, = diag (1,1,e7"/2 1 1,7/ . (E.4)
We perform a partial Fourier transformation and we obtain
H = Z |: r1, k’QJO k2 riky T (\Ilrl k:g‘]l(kQ)\IjTl—O—l,kQ + HC)i| ) (EE))
r1,k2
with
Jo.amy (k2) o0 (k2) Ji.) () 0
Jo(ks) = | 707 TR k) = [ . (B6)

Jo,umy(k2)  Jop (k) 0 Ji 0 (k2)
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AR —t g9 cos (277)
Jo(0.0) (k2) = —t Ap —terilka/2=5:0) [ (E.7)

E9 COS (271")/) —tei(k2/2*5z¢) /\G

0 &(k)sin(277)

Jor (k) = Joum(ke) = 0 0 , (E.8)
)sin (277y) 0 0
(o,0) k2 —t 0 te’(k2/2+52¢) 5 (Eg)

and we remind that €9 = —2t cos(kq/2), (ko) = 2tsin(ky/2) and s, = 1(—1) for o =1 ({).
Now, we write the Hamiltonian

-
H = Z‘I’ (K2) Wy, (E.10)

with
Jo(ka)  Ji(ko) 0

Ji(ko)T To(ka)  J1(k2)

H(ky) = 0 Nk Jolke) , (E.11)

and Vi, = (Yoky, Yikss Vorys s Ynk,). The energies at each ko are found by performing
numerical diagonalization of H(ky) (size 6N X 6N).
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Appendix F: The resolvent method
and perturbation theory

F.1 Effective Hamiltonian

Here we consider the Hamiltonian

H ="M+, (F.1)

where, in practice, Hy is a Hamiltonian for which the spectrum and the eigenvectors are
computable and V' is a perturbation (which amplitude may be small or not). We denote by P
an orthogonal and hermitian projector which commutes with Hy and () = 1— P the associated
complementary projector. In practice, P projects onto a subspace of eigenvectors of Hy. We
write G(z) = (z —H)~" the resolvent of the Hamiltonian H. Considering z = E + in or
z = F —in gives the Fourier transform (up to a factor ih) of respectively the retarded or
advanced Green function, which dictates the time evolution under H. We have

PG(2)P =P (2P — Heg) ', (F.2)

with
Heg = PHP + PVQ (2Q — QHQ) ' QV P, (F.3)

being the effective Hamiltonian for the evolution of the system in the subspace in which P
projects.

F.2 Perturbation theory up to second order in V

We write € the energy amplitude associated to V' and U the energy amplitude associated to
Ho. We consider € < U.

We denote by Sy the subspace of eigenvectors of Hg, corresponding to the ground state
with energy Ey. To second order in €/U, the effective Hamiltonian in Sy is

Heg =FEoP + PV P
+PVQ(Ey— Q(Hy +H\) Q) ' QVP, (F.4)

where P here projects on Sy. The higher orders can be computed from Eq. (F.3). In practice,
we consider two states [¢), and [¢)') in Sy, and from Eq. (F.4) we get (still at second order
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in e/U)

(0| Hegt [) =Eo (') + (| V [¥)

('] V |m) (m|V |4)
+ M%; o : (F.5)

with |m) the eigenstates of Hy which do not belong to the ground state subspace Sy and E,,,
is the corresponding eigenenergy.
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Résumeé : Nous étudions théoriquement des modeéles
topologiques sur réseaux, pertinents pour des
matériaux et des systémes artificiels actuels. Nous
développons un calcul analytique explicite du nombre
de Chern pour les systémes que I'on étudie et nous
comparons ce calcul avec d’autres méthodes de cal-
cul de cet invariant topologique. Nous proposons un
protocole, a partir d’'une mesure de la réponse locale
a une excitation lumineuse (micro-onde), pour sonder
les propriétés topologiques d’'un modele bosonique de

Titre : Phases topologiques, réponse a la lumiére et réseau de kagomé

Mots clés : Matiere condensée, Phases topologiques, Réseau de kagomé

Haldane, dans un systéme photonique. Sur le réseau
de kagomé, nous étudions (i) une transition de phase
magnétique et topologique pour un modeéle a deux ca-
naux en lien avec un matériau quantique récemment
découvert, et (i) un modele topologique invariant par
renversement du temps et contenant un terme de flux,
un terme de couplage spin-orbit de type Rashba et un
terme d’interactions de Hubbard, dont la réalisation est
pertinente dans des gaz d’atomes froids.

Abstract : We theoretically study topological lattice
models relevant to current experimental solid-state and
artificial systems. We develop an explicit analytical com-
putation of the Chern number in the systems we study
and we compare it with other computation methods of
this topological invariant. We propose a protocol, ba-
sed on the local response to a light input, to probe the
topological properties of a Haldane boson model in a

Title : Topological phases, light response and kagome lattice

Keywords : Condensed Matter, Topological phases, Kagome lattice

photonic system. On the kagome lattice, we investigate
(i) a magnetic and topological phase transition for a
two-channel model, in relation with recently discovered
quantum materials, and (i) a time-reversal topological
model with flux, Rashba spin-orbit coupling and Hub-
bard interactions, relevant for realization in cold-atom
gases.
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91120 Palaiseau, France
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