IMPACT BASED STRATEGIES CHAPTER 2. FULL-FIELD MEASUREMENTS WITH DIGITAL IMAGE CORRELATION FOR VIBRO-IMPACT CHARACTERIZATION
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Introduction

Every system and structure has its own dynamic behavior. This means that submitted to external forces, the structure may exhibit responses with very high or low amplitudes, depending on the frequency content and spatial distribution of the excitation. If the structural damping is sufficiently low, resonances phenomena can take place at the eigenfrequencies of the structure. This can lead to very high amplitude of vibration even for low excitation forces. This phenomenon might be desired like in the case of musical instruments where the vibrations are needed to produce a sound. On the contrary, vibrations in mechanical systems are generally undesired because they may lead to acoustic disturbances, and to repetitive strain that might accelerate the degradation and end with failure of the system. Nowadays, lightweight designs are required for consumption reduction, as well as economical and ecological purposes. The field of aerospace and the transportation domain in general are concerned, amongst others. Generally, this leads to build structures with bad dynamic properties. In other terms, resonances appear in the operating range of the concerned devices, and the less the structure is damped, the stronger the resonances are. Therefore, controlling and reducing the vibrations are crucial issues in the design process of a structure. Since many solutions exists to reach this objective, the first chapter presents the most common strategies available and currently used.

However, engineers and researchers are facing increasingly severe requirements. Indeed, the will to reduce the environmental impact while conserving high performance level imposes compact designs, low added mass, and to limit the use of polymer materials. In the same time, it is necessary to design safe and robust solutions, with large frequency range of effectiveness. In this context, non-linear absorbers have an interesting role to play because of their high performance potential compared to traditional linear strategies. In particular, this PhD thesis is dedicated to the study of vibro-impact absorbers.

Vibro-impact absorbers are a particular type of non-linear absorbers, taking advantage of the contact non-linearity. Practically, it consists in integrating one (or more) oscillating mass(es) to the main vibrating structure. The vibrations of the structure lead to impacts between the oscillating mass and the structure, and the physical phenomena involved are beneficial to the vibration reduction. Many numerical and theoretical results related to the non-linear and hard-to-understand dynamic behavior of such absorbers are available in the literature.

In this PhD thesis, the approach is complementary to the works already and currently done on vibro-impact absorbers. We adopted experimental approaches, in order to measure and characterize vibro-impact phenomenon. Moreover, we investigated the effect of VI absorbers on structures of progressive complexity. Since many results are established for single degree-of-freedom system, we started to use a vibro-impact absorber on a beam. Then, we studied a three-dimensional structure equipped with vibro-impact absorbers.

INTRODUCTION
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Preamble

This chapter is devoted to introduce the general objectives related to vibration mitigation. The vibro-impact phenomenon is presented, as well as its utilization in vibro-impact absorber for vibration mitigation purposes. The global context of the strategies available in the literature used for vibration reduction is presented, and the benefits of using nonlinear absorbers such as vibro-impact absorbers are introduced. At the end of this chapter, the organization of this manuscript is presented and the scientific objectives of this PhD thesis are listed.

Vibro-impacts as a non-desired phenomenon

Vibro-impact (VI) phenomenon usually refers to impacts triggered by vibrations. Originally, vibro-impacts are non-desired phenomena that systems with slack may undergo. For instance, vibro-impacts may be observed in geared sytems where torque fluctuations lead to contact losses between gear teeth [START_REF] Kadmiri | Experimental and numerical analysis of automotive gearbox rattle noise[END_REF][START_REF] Dion | Gear impacts and idle gear noise: Experimental study and non-linear dynamic model[END_REF][START_REF] Barthod | Experimental study of gear rattle excited by a multi-harmonic excitation[END_REF]. In nuclear power plants and more specifically in the steam generator, the fluid flowing in the tubes makes them vibrate. As these tubes are very close to the rest of the structure, vibro-impacts may occur [START_REF] Thenint | Definition of a linear equivalent model for a non-linear system with impacts[END_REF][START_REF] Moussi | Nonlinear normal modes of a two degree of freedom oscillator with a bilateral elastic stop[END_REF], transforming the dynamic behavior of the structure as non-linear and damaging the tubes in a problematic manner. Such examples are illustrated in figure 1.1. In civil engineering, close buildings submitted to earthquake excitations can also undergo repetitive impacts [START_REF] Muthukumar | A Hertz contact model with non-linear damping for pounding simulation[END_REF]. Moreover, backlash can be observed in systems like gearboxes [START_REF] Singh | Analysis of automotive neutral grear rattle[END_REF] or assemblies [START_REF] Tao | Adaptive control of systems with backlash[END_REF], corresponding generally to contact loss between the different parts of the system. Under particular excitation conditions, such a phenomenon can lead to vibro-impacts.

Besides, some methods are proposed to control and suppress the effect of backlash in mechanisms [START_REF] Nordin | Controlling mechanical systems with backlash-a survey[END_REF]. Similarly, cracked structures excited by an oscillating force undergo alternating phases of contact and contact loss [START_REF] Kisa | The effects of closure of cracks on the dynamics of a cracked cantilever beam[END_REF], leading to non-linear behavior of the cracked structure.

The consequences are often unwelcome, since vibro-impacts may generate noise in gear boxes [START_REF] Rigaud | Investigation of gear rattle noise including visualization of vibro-impact regimes[END_REF][START_REF] Sadoulet-Reboul | A hybrid method for vibroacoustic coupling: Application to the noise radiated around an engine compartment[END_REF]. Because they are a major source of discomfort, it is necessary to develop specific approaches to localize the source of the noise [START_REF] Shul | Localization of rattle noise sources in the vehicle underbody using acceleration signals[END_REF]. Vibro-impacts also modify the dynamic property of the main structure that becomes non-linear [START_REF] Astashev | About some scientific principles of vibro-impact machine design[END_REF], and they may involve fatigue, surfaces damage in the contact zone, suggesting a reinforcement of the considered materials [START_REF] Li | Optimal design of vibroimpact resistant fiber reinforced composite plates with polyurea coating[END_REF]. In other engineering fields, vibro-impacts occur in drilling systems, and the phenomena must be well understood in order to optimize the drilling performance [START_REF] Pavlovskaia | Modelling of high frequency vibro-impact drilling[END_REF]. The present chapter details the common vibration control strategies, and the one based on vibro-impact phenomenon. As a remark, the interested reader can find applications based on vibro-impact phenomenon that are out of the scope of this PhD thesis: for example, some medical devices rely on the non-linear behavior of small vibro-impact devices to generate a motion in the human body [START_REF] Yan | Dynamics of a vibro-impact self-propelled capsule encountering a circular fold in the small intestine[END_REF][START_REF] Guo | Experimental and numerical studies of intestinal frictions for propulsive force optimisation of a vibro-impact capsule system[END_REF], or more generally to obtain locomotion systems [START_REF] Nguyen | The effect of friction on the vibro-impact locomotion system: modeling and dynamic response[END_REF][START_REF] Liu | Experimental verification of the vibroimpact capsule model[END_REF].

A short review of vibration control strategies 1.2.1 Context and common solutions

Reducing the vibrations of all types of structures has occupied engineers and researchers for many years. Indeed, when a mechanical system is excited by an external load, it can vibrate at special frequencies corresponding generally to its eigenmodes, exhibiting sometimes large amplitudes. The vibrational response of the primary structure depends on many factors, such as the type and the amplitude of the external load, the intrinsic damping capacity of the structure... The lower the structural damping of the structure, the higher the vibration amplitude of its resonant peaks. Therefore, if the external load has a frequency content that matches the eigenfrequencies of the structure, the vibrations may become problematic. Vibrations are at the origin of acoustic disturbances like in automobile cabins [START_REF] Ang | Acoustic Metamaterials: A Potential for Cabin Noise Control in Automobiles and Armored Vehicles[END_REF] or in electrical machines [START_REF] Boisson | Magnetic forces and vibrational behavior analysis for flux switching permanent magnet machines[END_REF], they can also prevent mechanical systems to operate properly, in particular if optical components are involved since such devices are very sensitive even to small vibrations [START_REF] Jaboviste | Caractérisation expérimentale et modélisation de solutions amortissantes pour la réduction des transferts vibratoires et la stabilisation de systèmes embarqués[END_REF][START_REF] Li | The influence of flywheel micro vibration on space camera and vibration suppression[END_REF]. When structural components are concerned by vibrations, the repetitive stress can also lead to fatigue [START_REF] Topenot | Model Reduction of Electric Rotors Subjected to PWM Excitation for Structural Dynamics Design[END_REF], and finally to dramatic failure of the structure. All these reasons justify that vibrations have to be tailored. The most common strategies currently adopted to tackle such issues are presented in the following of this section.

Passive strategies

Solutions enabling to reduce the vibrations and to absorb the vibrational energy without any need of external energy supply refer to passive strategies. For instance, elastomer components are often used for their high damping capacity and relatively low density [START_REF] Pellecchia | A procedure to model and design elastomeric-based isolation systems for the seismic protection of rocking art objects[END_REF]. However, their damping capacity may depend on the temperature as illustrated in figure 1.2a and robust design methods must be considered [START_REF] Jaboviste | On the compromise between performance and robustness for viscoelastic damped structures[END_REF]. Tuned Mass Absorbers (TMD) are another well-known strategy that consists in absorbing the vibrational energy of the main structure in a linear attachment and dissipating it locally. Schematically, these devices correspond to a spring-mass element with a parallel damper. A schematic representation is provided in figure 1.2b. Therefore, they have a narrow frequency range of effectiveness which is centered on the natural frequency of the absorber and leads to the apparition of two side resonant peaks on both sides of the eigenfrequency of the absorber. Moreover, TMDs are known to be effective for a specific excitation frequency, but they are not very robust to eigenfrequencies variations, that can take place in bolted assemblies [START_REF] Daouk | Study of the dynamic behavior of a bolted joint under heavy loadings[END_REF]. It is worthy to note that the damping component may be chosen in order to optimize the absorber and increase its effectiveness range [START_REF] Krenk | Frequency Analysis of the Tuned Mass Damper[END_REF]. Nevertheless, the practical realization of such devices may be challenging, especially if the precise control of the damping of the absorber is required [START_REF] Bachy | Investigations on the performance and the robustness of a metabsorber designed for structural vibration mitigation[END_REF]. Based on this last strategy, recent studies have focused on Non-linear Energy Sinks (NES) that are obtained replacing the linear stiffness by a cubic stiffness for instance, though other types of non-linearity can be employed. Cubic NES are usually obtained imposing a transverse displacement of a mass attached to linear springs, as illustrated in figure 1.3a. NES can surpass the performance of classical TMDs. Firstly, they can achieve very high level of vibration reduction using a smaller mass for an equivalent damping. A comparison between a cubic NES and a classical TMD is provided in [START_REF] Parseh | Performance comparison of nonlinear energy sink and linear tuned mass damper in steady-state dynamics of a linear beam[END_REF]. Secondly, they are less sensitive to a small change in the eigenfrequency of the main structure (due to ageing or damaging for example), thus the robustness is increased. Moreover, NES absorbers allow to mitigate a vibration mode efficiently without creating any parasite resonant peak like in the case of the TMD as illustrated in figure 1.3b. However, as such absorbers are non-linear, they are more complex to control, and their optimal design requires specific methods to simulate their behavior. Moreover, NES often need a minimal level of energy to be activated. Coming back to vibro-impacts, the phenomena is also used by researchers for vibration reduction application, leading to the design of what is commonly referred to as vibro-impact absorbers. VI absorbers can be qualified as NES, even if the way the energy is dissipated might be different from the case of a traditional cubic NES. This point will be discussed in the chapter 4. In the case of VI absorbers, the cubic non-linearity is replaced by a contact non-linearity.

Active and adaptive strategies

Such strategies need an external energy supply. A common technique is to use piezoelectric materials that supply a voltage when they are strained. Conversely, they are strained under electric voltage. Therefore, monitoring the voltage and supplying them an electrical signal is a common control strategy that has very high performances for vibration reduction with minimal added mass [START_REF] Preumont | Active damping by a local force feedback with piezoelectric actuators[END_REF][START_REF] Chevallier | Piezoceramic shunted damping concept: testing, modelling and correlation[END_REF]. In assemblies, friction dampers are used and the tightening load can be tuned to manage the optimal load [START_REF] Bouaziz | Vibration Reduction of an Assembly by Control of the Tightening Load[END_REF]. Other strategies consist in adapting the structural property of the system using shape memory polymers and a heating source [START_REF] Butaud | In-core heat distribution control for adaptive damping and stiffness tuning of composite structures[END_REF]. Indeed, the mechanical properties of polymer materials are temperature dependent, and they can reach outstanding performances in terms of loss factor if the polymer is at the glass transition. However, even if such approaches may be more efficient than passive strategies, they are more complex and, to some extent, less robust since vibration reduction cannot be performed in case of default of the system.

CHAPTER 1. AN INTRODUCTION TO VIBRO-IMPACT BASED STRATEGIES

Before concluding this section, it should be noticed that other less common techniques exist and give rise to intense research. For instance, we can cite non-linear piezoelectric shunts [START_REF] Shami | A nonlinear piezoelectric shunt absorber with 2:1 internal resonance: experimental proof of concept[END_REF], friction damper [START_REF] Sun | Parametric Study and Uncertainty Quantification of the Nonlinear Modal Properties of Frictional Dampers[END_REF], centrifugal pendulum absorbers [START_REF] Mahe | Dynamic stability of centrifugal pendulum vibration absorbers allowing a rotational mobility[END_REF], or even Acoustic Black Holes (ABH) that help to dissipate the energy locally on the structure. Because on the effectiveness of ABH for sufficiently high frequencies, they can be combined to vibro-impact absorbers [START_REF] Li | A vibro-impact acoustic black hole for passive damping of flexural beam vibrations[END_REF][START_REF] Li | Combining nonlinear vibration absorbers and the Acoustic Black Hole for passive broadband flexural vibration mitigation[END_REF][START_REF] Li | Experimental evidence of energy transfer and vibration mitigation in a vibro-impact acoustic black hole[END_REF].

Impact based technologies

Among the passive strategies presented before, one can mention a sub-category that refers to impact-based technologies. In more traditional passive strategies, the energy is dissipated thanks to dissipative viscoelastic materials, like in the case of polymers, or thanks to a dissipative component. In the case of TMD and NES, a damper (linear or not) is used. Considering impact based technologies the energy is dissipated differently, relying on the impact phenomenon between the main vibrating structure and one (or more) secondary structure, often denominated as particle. In this section, we decided to separate two approaches: the one related to particle damping, and the other one related to vibro-impact absorbers. We will see that the two approaches can be distinct on a few aspects: in particular, the technology and the design, the physical phenomena involved, and the numerical methods adopted to deal with both devices are different.

Particle damping

Many research works dealing with vibro-impact related to damping and vibration suppression are focused on particle damping [START_REF] Lu | Particle impact dampers: Past, present, and future[END_REF][START_REF] Gagnon | A review of particle damping modeling and testing[END_REF]. Particle damping refers to technologies employing granular materials made of multiple particles enclosed in a same cavity attached to the vibrating structure. An illustration is provided in figure 1.4. Sometimes, Figure 1.4: Illustration of a multiple particle dampers [START_REF] Gagnon | A review of particle damping modeling and testing[END_REF]. some studies dealing with particle damping using a single particle may be found. However, in the present case these solutions are sorted in the following section devoted to VI absorbers because they are closer to these systems in terms of design and working principle. Particle dampers have found application on structures like beams [START_REF] Ahmad | Modeling and experimental study of a honeycomb beam filled with damping particles[END_REF][START_REF] Trigui | An experimental study of a multi-particle impact damper[END_REF], or on more realistic structures like gears [START_REF] Xiao | Energy dissipation mechanism and experiment of particle dampers for gear transmission under centrifugal loads[END_REF], as illustrated in figure 1.5. More generally particle dampers can be widely used in industrial systems, such as cutting tools for vibration suppression, engine turbine, antenna structures, etc [START_REF] Lu | Particle impact dampers: Past, present, and future[END_REF]. Particle dampers rely on impacts and friction to dissipate the energy. Thus, the energy is assumed to be dissipated during particle-to-particle and particle-to-wall inelastic collisions, but also thanks to friction between the particles. When simulations of particle dampers are needed, the studies often rely on the Discrete Element Method (DEM) that is especially suited to solve dynamic problems involving granular materials [START_REF] Gagnon | A review of particle damping modeling and testing[END_REF]. Therefore, designing a particle damper generally aims at maximizing the energy dissipated during the impacts and the contact phases by means of friction, and inelastic impacts. Therefore, some design parameters can be identified like the mass ratio of the particles to the main system, the filling ratio, and the density of the particles [START_REF] Lu | An equivalent method for optimization of particle tuned mass damper based on experimental parametric study[END_REF]. The size of the particles is also sometimes investigated.

It is also possible to find other strategies, like liquid dampers that have replaced the granular materials by a liquid [START_REF] Rozas | A bidirectional tuned liquid column damper for reducing the seismic response of buildings[END_REF], or even the association of a particle damper and a liquid damper [START_REF] Dai | Experimental investigation on dynamic characterization and seismic control performance of a TLPD system: Experimental investigation of a TLPD system[END_REF].

Vibro-impact absorbers

Here we decided to employ vibro-impact absorber as a general term to denote strategies of vibration mitigation based on vibro-impacts. Contrary to the previous section, we consider that a single particle is used in a cavity. Therefore, no granular materials are dealt with anymore. Other terms than vibro-impact absorber can be found in the literature, such as impact damper, impact absorbers or Vibro-Impact Non-Linear Energy Sink (VI-NES). Most of the time, these different terminologies are related to different scientific points of view, even if the systems are practically the same in terms of design. The following aims at clarifying this last point.

As preliminary considerations, VI absorbers consist in triggering the vibro-impact phenomenon voluntarily in order to achieve a vibration reduction of a main vibrating structure. For this purpose, the most common approach is to place a free mass in a cavity attached to the structure. The cavity is defined by a certain gap value that defines the distance available for the ball. Obviously, the direction of displacement of the free mass must be as collinear as possible with the vibration direction of the main structure in order to trigger the impacts. Since the free oscillating mass has a finite space in the cavity, vibroimpacts occur at the ends of the cavity if the vibrations of the main structure become large enough. Usually, the small oscillating mass is a ball, and the cavity is a cylinder because such designs are easy to realize. A notional diagram of a VI absorber is provided in fig- to the distance available for the ball inside the cavity, but the mass ratio plays also an important role in the performance of the absorber.

Impact damper

The studies related to impact dampers deal with passive devices based on impacts between an auxiliary mass and the main vibrating structure. Impact dampers are often related to applied studies, that try to take advantage of impact dampers for vibration reduction purposes using practical approaches.

The structures considered are mostly simple systems like beams [START_REF] Bapat | Single unit impact damper in free and forced vibration[END_REF][START_REF] Wang | Optimum design of a novel pounding tuned mass damper under harmonic excitation[END_REF][START_REF] Safaeifar | Experimental and analytical investigation of impact dampers in free vibration reduction with coulomb friction[END_REF] or onestory building models [START_REF] Wang | Optimum design of a novel pounding tuned mass damper under harmonic excitation[END_REF][START_REF] Dehghan-Niri | Numerical studies of the conventional impact damper with discrete frequency optimization and uncertainty considerations[END_REF]. Whatever the case, the structures are studied in the vicinity of a specific mode, therefore they are systematically modelled as a single degree of freedom (S-DOF). As an exception, the authors have modelled a multi-DOF system in [START_REF] Masri | Response of a multi-degree-of-freedom system with a pounding vibration neutralizer to harmonic and random excitation[END_REF] in order to extend the results already available for S-DOF structures.

In the experimental studies, the authors mainly use harmonic excitations [START_REF] Duncan | The damping performance of a single particle impact damper[END_REF][START_REF] Wang | Optimum design of a novel pounding tuned mass damper under harmonic excitation[END_REF][START_REF] Yüzbasioglu | On the numerical simulations of amplitude-adaptive impact dampers[END_REF] and transient excitations [START_REF] Bapat | Single unit impact damper in free and forced vibration[END_REF][START_REF] Wang | Optimum design of a novel pounding tuned mass damper under harmonic excitation[END_REF][START_REF] Safaeifar | Experimental and analytical investigation of impact dampers in free vibration reduction with coulomb friction[END_REF]. The harmonic excitations can be a pointwise force applied by a shaker, or a base acceleration imposed to the structure via a shaking table, or less common methods like an electric imbalanced motor [START_REF] Wang | Optimum design of a novel pounding tuned mass damper under harmonic excitation[END_REF]. Transient excitations generally correspond to an initial displacement without velocity, before releasing the structure that can freely oscillate.

Many numerical studies are also available. Because of the contact conditions that sometimes lead to complex responses of the main structure, time integration is often used since it can provide very accurate solutions, despite the high computational cost [START_REF] Duncan | The damping performance of a single particle impact damper[END_REF][START_REF] Bapat | Single unit impact damper in free and forced vibration[END_REF][START_REF] Wang | Optimum design of a novel pounding tuned mass damper under harmonic excitation[END_REF][START_REF] Yüzbasioglu | On the numerical simulations of amplitude-adaptive impact dampers[END_REF]. The Runge-Kutta scheme is often used for its accuracy property. The Moreau scheme is also often used [START_REF] Theurich | Effects of modal energy scattering and friction on the resonance mitigation with an impact absorber[END_REF][START_REF] Fang | Vibration suppression and modal energy transfers in a linear beam with attached vibro-impact nonlinear energy sinks[END_REF] for its property of energy conservation [START_REF] Li | Potential of a vibro-impact nonlinear energy sink for energy harvesting[END_REF][START_REF] Acary | Energy conservation and dissipation properties of time-integration methods for nonsmooth elastodynamics with contact: Energy conservation and dissipation properties for nonsmooth elastodynamics with contact[END_REF]. However, special attention must be paid to the determination of impacts instants. For instance, events function are built-in methods available in many commercial software (such as Matlab) that realize zero-crossing detection, corresponding to impacts instant. can achieve this in Matlab when using the Ordinary Differential Equation solver. Another strategy is to determine the response of the system analytically between the impacts [START_REF] Masri | Response of a multi-degree-of-freedom system with a pounding vibration neutralizer to harmonic and random excitation[END_REF]. Moreover, in this same paper the authors have used random excitations to strive to assess the effectiveness of the impact damper in the case of a broadband seismic excitation.

Contrary to particle dampers, the dissipation phenomena are assumed to occur almost exclusively during the contact phases. Phenomena like plasticity or viscous damping of the impacted material are usually assumed. Several models are often used to describe the impact process and traduce both the elastic behavior of the contact, and the dissipation part.

In the context of this manuscript, only simple rheological models are presented. Nevertheless, we will see that more complex approaches exist, and that it is possible to build impact models representing richer phenomena if needed.

The first very simple model that can be used to describe the contact between the mass and the main structure is the Kelvin-Voigt model. It conveys the viscoelastic behavior of the contact material, and it can be represented by a linear spring and damper in parallel. Hence, in the case of a vibro-impact problem, the contact force is defined as:

   F = K.(δ -δ 0 ) + c. δ if δ > δ 0 ; F = 0 if -δ 0 ≥ δ ≥ δ 0 ; F = K.(δ + δ 0 ) + c. δ if δ < -δ 0 ;
where δ is the relative displacement of the colliding solids, δ 0 is the distance before contact from the neutral position, and the dot indicates the first derivative with respect to time. The rheological model and the graphical representation of the contact force as function of relative displacement is provided in figure 1.7. This model can be easily implemented in a time simulation, and because of the linear relation between the force and the displacement, it is even possible to determine analytical solutions of the motions during the contact phase. However, one of the issue with the Kelvin-Voigt model to describe impact phenomenon is the damping force proposed by this model. Indeed, at the end of the contact phase, the damping term c. δ creates a pulling force because of the negative velocity δ. However, this pulling force is not physically realistic since the contact opens in these circumstances, and no pulling force exists. As a remark, the size of the hysteresis loop displayed in the curve depicting the force versus the relative displacement depends on the relative velocity when the contact begins.

Although, the Kelvin-Voigt model is sometimes used as a contact model, it is more suited to describe the material behavior than the contact properties. Thus, the Hertz contact model is more suited to depict the contact force between two solids in contact. In CHAPTER 1. AN INTRODUCTION TO VIBRO-IMPACT BASED STRATEGIES particular, the Hertz model takes into account that the contact surface increases with the contact force, what results in an increase of the contact stiffness. This non-linear behavior (though the model considers a linear elastic behavior for the materials) depends on the geometrical properties of the solids in contact. In the case of a sphere in contact with a plane, the contact stiffness depends on the relative displacement to the power 3 2 . Moreover, a non-linear damper can be used in parallel in order to represent the dissipation phenomena occurring during the contact, as illustrated in figure 1.8. Therefore, for a spherical contact, the contact force is defined as:

F = K h .(δ -δ 0 ) 3 2 + c h .δ 3 2 . δ if δ > δ 0 ; F = -K h .|δ -δ 0 | 3 2 + c h .|δ| 3 2 . δ if δ < -δ 0 ;
where K h depends on the radius R of the sphere, the Young's modulus and Poisson's ratio E i and ν i of the materials, so that K h = 4.R 1/2 3.(k 1 +k 2 ) , and

k i = 1-ν 2 i E i (i ∈ {1, 2}
). c h is the damping coefficient. Using this expression for the damping term leads to avoid the previous problem met with the Kelvin-Voigt model. Like before, the size and the shape of the hysteresis loop depends on the initial contact velocity δ. This model can be easily implemented in a time simulation, though the non-linear stiffness prevents from deriving analytical motions during the contact phase, contrary to the Kelvin-Voigt model.

However, even if the two previous models are based on the physical properties of the colliding solids, the damping term remains difficult to determine, since several physical phenomena are likely to dissipate the energy during the impact. This aspect is investigated in chapter 2.

For this reason, a more practical approach consists in considering a Coefficient of Restitution (COR) e ∈ [0, 1] that directly relates the relative velocities before and after the contact instant t c using the following equation:

V + 2 -V + 1 = -e.(V - 2 -V - 1 ). (1.1)
Using the equation of momentum conservation

m 1 .V - 1 + m 2 .V - 2 = m 1 .V + 1 + m 2 .
V + 2 , the post-impact velocities can be calculated. The impact process is assumed to be instanta- process, and it was demonstrated in [START_REF] Muthukumar | A Hertz contact model with non-linear damping for pounding simulation[END_REF] that it can be related to the damping coefficient of the Kelvin-Voigt model equating the energy loss of each model:

c = -2. ln e π 2 + (ln e) 2 . K. m 1 .m 2 m 1 + m 2 ; (1.2)
where m 1 and m 2 are the masses of the two colliding solids. The same applies to the Hertz model, though some discrepancies are met when the COR approaches zero [START_REF] Zhao | Improved Damping Constant of Hertz-Damp Model for Pounding between Structures[END_REF]:

c h = 3.K h .(1 -e 2 ) 4. δ0 ; (1.3)
where δ0 is the initial relative velocity. Using a Coefficient of Restitution is an extremely simple manner to describe impacts phenomena, since the contact phase itself is neglected. In first approximation, it seems to be a reasonable hypothesis since the contact duration is generally very short compared to the usual other mechanical phenomena considered in structural dynamics. For this reason, this approach is widely used in numerical simulations. However, being able to determine a realistic value for the COR can be a tough problem, as it depends on many parameters, such as the materials in contact [START_REF] Dong | Measurement of impact behaviour between balls and walls in grinding mills[END_REF], the relative velocities [START_REF] Rinaldi | Non Linearity of the Ball/Rubber Impact in Table Tennis: Experiments and Modeling[END_REF], etc... Indeed, many physical phenomena are likely to occur during the impacts and can affect the coefficient of restitution. The interested reader can refer to the following studies where the influence of several phenomena on the COR are investigated, such as the influence of plasticity and vibration of the impacted structure [START_REF] Seifried | The role of the coefficient of restitution on impact problems in multi-body dynamics[END_REF], or the influence of viscous damping and elastic waves [START_REF] Boettcher | Influence of viscous damping and elastic waves on energy dissipation during impacts[END_REF]. Moreover, richer models are available in the literature to represent impacts phenomena. For instance, Boettcher et al. proposed more complex models considering the material behavior and the elastic waves following the impact [START_REF] Boettcher | Influence of viscous damping and elastic waves on energy dissipation during impacts[END_REF]. In [START_REF] Lo Feudo | Finite contact duration modeling of a Vibro-Impact Nonlinear Energy Sink to protect a civil engineering frame structure against seismic events[END_REF], the authors compare an instantaneous contact model with several finite duration contact models.

Vibro-Impact Non-Linear Energy Sink (VI-NES) Practically, the design of VI-NES is identical to impact dampers. However, the studies related to VI-NES are often more theoretical and focus on the non-linear dynamics of the vibro-impact system. This will be developed later in this paragraph. The non-linear part is realized using a mass free to oscillate in a cavity. Like impact dampers, VI-NES are used for vibration reduction purposes. As illustrated in figure 1.10, the studies dealing with VI-NES mostly consider S-DOF structures embedding a VI-NES. The same applies to experimental works that use a main structure made of spring-mass elements in order to reproduce the behavior of a S-DOF structure. Sometimes however, building models with finite number degrees of freedom are considered like in figure 1.11. Indeed, a promising application for VI-NES concerns the field of earthquake protection.

As explained earlier in this chapter, even if the design of VI-NES and impact dampers are very similar, the scientific objectives related to VI-NES are often more theoretical and focus on the non-linear response of the system. To start with, let us consider a S-DOF system with a mass m, a stiffness k, and a damping coefficient c excited by an external force F ext endowed with a VI-NES. Its equation of motion is:

m. ẍ + c. ẋ + k.x = F ext + F VI (x, ẋ); (1.4)
where F VI is the force applied by the VI-NES on the system. The equation of motion of the ball is:

m b . ẍb = -F VI . (1.5)
The force applied by the VI-NES on the system F VI depends on the relative position and velocity of the ball in the cavity. While the contact conditions are not reached, F VI = 0, otherwise F VI ̸ = 0 and its exact value depends on the contact model chosen. Therefore, because of the contact conditions, the global behavior of the main system is non-linear and no easy solutions are known for the system with the VI-NES. Accordingly, many studies dealing with VI-NES pursue the objective to solve the non-linear dynamic problem obtained with the VI-NES, in order to predict the response of the system, to better understand its working principle, and at the end to be able to optimize it [START_REF] Lee | Periodic orbits, damped transitions and targeted energy transfers in oscillators with vibroimpact attachments[END_REF]. Besides, equation (1.4) becomes a matrix equation in the case of multi-DOF systems, and is also more challenging to solve. Some existing methods to solve such problems will be briefly discussed in the following. In particular, the works adopting theoretical approaches address the question of the stability of the solutions determined [START_REF] Serdukova | Stability and bifurcation analysis of the period-T motion of a vibroimpact energy harvester[END_REF]. Indeed, only stable solutions can effectively take place in reality. Moreover, particular solutions are sometimes found, such as periodic solutions, quasiperiodic solutions, or even chaotic solutions [START_REF] Gourc | Targeted Energy Transfer Under Harmonic Forcing With a Vibro-Impact Nonlinear Energy Sink: Analytical and Experimental Developments[END_REF]. Some of them are illustrated in figure 1. [START_REF] Bachy | Investigations on the performance and the robustness of a metabsorber designed for structural vibration mitigation[END_REF]. Actually, we will see later that these categories of solutions are related to the performance of the VI-NES. Therefore, they are of particular interest. In addition, the conditions to obtain such solutions and more precisely the Targeted Energy Transfer (TET) that corresponds to the optimal operating regime are studied [ [START_REF] Li | Optimization mechanism of targeted energy transfer with vibro-impact energy sink under periodic and transient excitation[END_REF][START_REF] Nucera | Targeted energy transfers in vibro-impact oscillators for seismic mitigation[END_REF]. The more recent studies rely on the comprehensive works that was proposed in the past few years to tackle the problem of the optimal design of a VI-NES [START_REF] Li | Optimization mechanism of targeted energy transfer with vibro-impact energy sink under periodic and transient excitation[END_REF][START_REF] Youssef | A complete set of design rules for a vibro-impact NES based on a multiple scales approximation of a nonlinear mode[END_REF][START_REF] Al-Shudeifat | Comparison of a modified vibro-impact nonlinear energy sink with other kinds of NESs[END_REF].

In order to determine the solutions of the dynamic system, several approaches are possible and the review [START_REF] Lee | Passive non-linear targeted energy transfer and its applications to vibration absorption: A review[END_REF] discussed the different possible methods in the section 2.4 of the article. Since the equation of the dynamic system is a non-linear ordinary differential equation, a common way to compute the solution of the equation is to proceed to time integration. The results are very accurate, and the method is relatively easy to implement since ordinary differential equation solver are available. Usually, the Runge-Kutta scheme is used, while others may be used and have their proper advantages and drawbacks1 . However, the major drawback of this approach is its high computational cost. Consequently, if large parametric studies are required, the computation time might become prohibitive. Moreover, the numerical integration scheme as well as the time step should be chosen carefully in order to ensure convergence of the algorithm and accurate results. Indeed, vibro-impact problems have a non-smooth non-linearity that may be hard to deal with for the time integration program. Some discrepancies related to nonconservation of the energy of the system may also be observed in the case of an ill-defined time-step and integration scheme [START_REF] Pozzolini | Some energy conservative schemes for vibro-impacts of a beam on rigid obstacles[END_REF][START_REF] Pozzolini | Vibro-impact of a plate on rigid obstacles: existence theorem, convergence of a scheme and numerical simulations[END_REF]. The interested reader can also refer to the work of Acary et al. [START_REF] Acary | Energy conservation and dissipation properties of time-integration methods for nonsmooth elastodynamics with contact: Energy conservation and dissipation properties for nonsmooth elastodynamics with contact[END_REF]. Others widely employed technique are the perturbation methods. They are a class of methods that help to find approximate solutions considering a simplification of the initial problem. One of them is the method of multiple scales that consists in introducing fast time scale and slow time scale variables for the time variable, and to consider that they are independent. For instance, this method is widely used in the following CHAPTER 1. AN INTRODUCTION TO VIBRO-IMPACT BASED STRATEGIES studies in the case of S-DOF systems [START_REF] Gourc | Targeted Energy Transfer Under Harmonic Forcing With a Vibro-Impact Nonlinear Energy Sink: Analytical and Experimental Developments[END_REF][START_REF] Li | Optimization mechanism of targeted energy transfer with vibro-impact energy sink under periodic and transient excitation[END_REF][START_REF] Youssef | A complete set of design rules for a vibro-impact NES based on a multiple scales approximation of a nonlinear mode[END_REF]. When periodic solutions are expected, the Harmonic Balance Method (HBM) is suited. It consists in assuming that the solution of the non-linear dynamic system is a sum of sine and cosine terms. The accuracy of the solution depends on the number of harmonics considered in the solution. Although the HBM can deal with strongly non-linear systems, it approximates only the steady-state responses [START_REF] Lee | Passive non-linear targeted energy transfer and its applications to vibration absorption: A review[END_REF]. Even though VI-NES do not always exhibit periodic responses, some papers rely on the HBM to predict the response of their system [START_REF] Theurich | Effects of modal energy scattering and friction on the resonance mitigation with an impact absorber[END_REF]. Very recently, special Harmonic Balance Methods are presented in [START_REF] Vadcard | On Harmonic Balance Method-based Lagrangian contact formulations for vibro-impact problems[END_REF] using Lagrangian multipliers for vibroimpact systems.

VI-NES have also been studied experimentally. The experiments are mainly dedicated to validate the existence of specific regimes predicted numerically [START_REF] Gourc | Targeted Energy Transfer Under Harmonic Forcing With a Vibro-Impact Nonlinear Energy Sink: Analytical and Experimental Developments[END_REF], to validate particular analytical approaches aiming to predict complicated response of the VI-NES [START_REF] Li | Dynamics of Cubic and Vibro-Impact Nonlinear Energy Sink: Analytical, Numerical, and Experimental Analysis[END_REF], or to demonstrate the existence of an optimal response already predicted numerically [START_REF] Li | Optimization mechanism of targeted energy transfer with vibro-impact energy sink under periodic and transient excitation[END_REF]. In these studies, harmonic and transient excitations corresponding to initial displacement of the system are considered. On the other hand, building models are considered [START_REF] Wang | Numerical and experimental study of the performance of a single-sided vibro-impact track nonlinear energy sink[END_REF][START_REF] Luo | Large-scale experimental evaluation and numerical simulation of a system of nonlinear energy sinks for seismic mitigation[END_REF][START_REF] Nucera | Application of broadband nonlinear targeted energy transfers for seismic mitigation of a shear frame: Experimental results[END_REF] that are often related to earthquake protection application. Actually, the structures considered are multi-DOF systems, generally 2-DOF [START_REF] Wang | Numerical and experimental study of the performance of a single-sided vibro-impact track nonlinear energy sink[END_REF] or 3-DOF [START_REF] Nucera | Application of broadband nonlinear targeted energy transfers for seismic mitigation of a shear frame: Experimental results[END_REF], but sometimes more [START_REF] Luo | Large-scale experimental evaluation and numerical simulation of a system of nonlinear energy sinks for seismic mitigation[END_REF]. Because of the underlying applications, the tests aim at assessing the effectiveness of the VI-NES for broad-band excitations corresponding to real seismic excitations, and more specifically to assess the robustness of VI-NES. In very recent studies, interesting energy-based approaches are adopted to quantify the role of the dissipation phenomena likely to occur in VI-NES [START_REF] Al-Shudeifat | Shock Mitigation by Means of Low-to High-Frequency Nonlinear Targeted Energy Transfers in a Large-Scale Structure[END_REF][START_REF] Gzal | Extreme intermodal energy transfers through vibro-impacts for highly effective and rapid blast mitigation[END_REF].

Technological benefits of vibro-impact based strategies

As presented before, many strategies are already available to tailor the vibrations that take place in everyday life structures. Although VI absorbers have interesting properties, they are still not widely used in industrial cases.

To begin with, since VI absorbers are passive devices, they have all the advantages related to such strategies, namely the robustness and safety. Moreover, VI absorbers are expected to have a constant performance even under temperature changes since the contact properties generally do not vary with temperature. Thus, it makes such strategies suited for harsh environments and aerospace applications. Furthermore, we will see that VI absorbers allow to mitigate the low frequency modes of the structure, which is sometimes difficult to achieve with traditional strategies. This point will be developed later in this manuscript. In the case of transient excitations, they perform vibration reduction on a fast time scale [START_REF] Lee | Periodic orbits, damped transitions and targeted energy transfers in oscillators with vibroimpact attachments[END_REF] compared to other traditional strategies. In addition, in the context of the current ecological issues, viscoelastic materials will probably be less used in the futur because of their carbon footprint. Since the realization of VI absorbers a priori does not require polymer materials, they could offer promising alternatives to usual technologies. In the same idea, their design seems to remain reasonably simple from the technological point of view, even if few realizations have taken shape for the moment. Thus, further experimental work needs to be done on this aspect. On the contrary, the practical realization of a cubic stiffness (widely used in the context of NES) is sometimes challenging, especially when very limited space is available to integrate the device on the main structure [START_REF] Gourc | Quenching chatter instability in turning process with a vibro-impact nonlinear energy sink[END_REF]. At last, the vibro-impact phenomenon is strongly non-linear. Therefore, the VI absorbers are also expected to have the benefits of NES, like a small added CHAPTER 1. AN INTRODUCTION TO VIBRO-IMPACT BASED STRATEGIES mass compared to the main structure, and a low sensitivity to detuning. Nevertheless, non-linear phenomena are more complex to understand, simulate, and control. In order to take advantage of the vibro-impact phenomena for vibration mitigation applications, comprehensive works must be done to model, predict and experiment the behavior of vibro-impact based strategies.

Focus on the application of vibro-impact absorbers

The previous studies have listed some application fields, such as the limitation of the displacements of buildings submitted to earthquake excitations or for civil engineering structures likely to oscillate on their vibration modes [START_REF] Nakamura | Effects of balanced impact damper in structures subjected to walking and vertical seismic excitations: Effects of Balanced Impact Damper in Structures[END_REF]. Another promising application is the chatter control of the cutting tool during a turning process where interesting experimental realizations have already been proposed [START_REF] Gourc | Quenching chatter instability in turning process with a vibro-impact nonlinear energy sink[END_REF]. Indeed, since VI-absorbers need a minimal energy level to be activated, the instable vibration phenomena encountered in machining guarantees the activation of the device. Moreover, VI absorbers can generate undesired noise due to the repetitive impacts, what is not a major drawback in machining applications. Besides, because of the potential insensitivity of VI absorbers to environmental conditions, such strategies could be suited for applications where these conditions are likely to vary. For example, the integration of oscillating balls in a brake pad that undergoes high temperature changes is proposed in [START_REF] Kappagantu | Vibro-Impact Rotor Dampers For Brake Squeal Attenuation -Towards An Insulator Free Design To Quell Squeal[END_REF] for brake squeal attenuation. Rare other realizations concern industrial structures such as blades and vanes for damping purposes [START_REF] Hartung | Impulse Mistuning of Blades and Vanes[END_REF]. These two examples are illustrated in figure 1.12. More generally, the technological simplicity and the little space required for VI absorbers make them promising solutions for applications with high restrictive constraints, such as in the transportation sector in general. (b) VI dampers integrated in a brake pad for brake squeal attenuation [START_REF] Kappagantu | Vibro-Impact Rotor Dampers For Brake Squeal Attenuation -Towards An Insulator Free Design To Quell Squeal[END_REF].

Figure 1.12: Examples of realizations using VI and impact absorbers.

Earlier results and scientific opportunities on vibroimpact absorbers

The objective of this section is to provide a brief state of the art concerning VI absorbers, mentioning the major results already known in order to justify the approaches adopted in this PhD thesis. For the sake of clarity, this section is kept relatively short and the bibliography on the different topics will be more detailed in the corresponding chapters of this manuscript.

To start with, some of the authors interested in employing vibro-impacts for vibration reduction have addressed the question of the optimization of a VI absorber [START_REF] Li | Optimization mechanism of targeted energy transfer with vibro-impact energy sink under periodic and transient excitation[END_REF][START_REF] Qiu | Design criteria for optimally tuned vibro-impact nonlinear energy sink[END_REF][START_REF] Youssef | A complete set of design rules for a vibro-impact NES based on a multiple scales approximation of a nonlinear mode[END_REF][START_REF] Gzal | Extreme intermodal energy transfers through vibro-impacts for highly effective and rapid blast mitigation[END_REF]. The case of harmonic excitations has been the most covered. In this case, the existence of two main specific regimes have been raised. They definition is based on the number of impacts per period: the regime with two impacts per period of the excitation, and the Strongly Modulated Regime (SMR) when less than two impacts per period occur. This regime is observed in [START_REF] Gendelman | Quasi-Periodic Response Regimes of Linear Oscillator Coupled to Nonlinear Energy Sink Under Periodic Forcing[END_REF] in 2007, and it is called Stronlgy Modulated Regime or SMR for the first time in [START_REF] Starosvetsky | Response regimes of linear oscillator coupled to nonlinear energy sink with harmonic forcing and frequency detuning[END_REF] in 2008. SMR refers to a regime where the amplitude of oscillation of the main structure alternates regularly between high and low amplitude. In other terms, the maximum and minimum amplitudes are significantly different from the mean amplitude. On the contrary, in the regime with two impacts per period, the response of the main structure is almost periodic, the amplitude does not vary over time. These two regimes are illustrated in figure 1.13. Understanding the occurrence of these regimes is a critical aspect in the perspective of an optimization process of a VI absorber, since the optimal point leading to the best vibration reduction is at the limit between these two regimes [START_REF] Li | Optimization mechanism of targeted energy transfer with vibro-impact energy sink under periodic and transient excitation[END_REF], where the optimal and irreversible Targeted Energy Transfer takes place. These two families of regimes can be extended, and the interested reader will find further developments in [START_REF] Li | On the dynamics around targeted energy transfer for vibro-impact nonlinear energy sink[END_REF]. Up to now, these results have essentially been reported numerically, and experimentally in the case of S-DOF structures for harmonic and transient excitations. Besides, numerical studies dealing with continuous structures like beams have drawn the same conclusions [START_REF] Theurich | Effects of modal energy scattering and friction on the resonance mitigation with an impact absorber[END_REF], even if no experimental validation has (a) Displacement of the main structure during the regime with two impacts per period. been proposed yet. Consequently, more complex structures should be studied in order to generalize the previous results, and to derive optimization rules for VI absorbers.

Furthermore, at least two assumptions are presented in the literature to explain how vibro-impacts help to dissipate the vibrational energy. On the one hand, an assumption is that dissipation occurs during the contact phases, and the energy is dissipated throughout the successive impacts. According to [START_REF] Youssef | A complete set of design rules for a vibro-impact NES based on a multiple scales approximation of a nonlinear mode[END_REF], energy dissipation and Targeted Energy Transfers can only be achieved in the case of dissipative impacts. Therefore, such observations raise the question of the experimental characterization of vibro-impact phenomenon. On the other hand, because of the non-linear behavior of vibro-impacts, other studies claim that a multi-modal structure undergoing vibro-impacts is submitted to modal energy exchanges. These energy transfers turn out to be beneficial to the vibrational energy dissipation that occur even in the case of perfectly elastic and nondissipative impacts [START_REF] Theurich | Effects of modal energy scattering and friction on the resonance mitigation with an impact absorber[END_REF][START_REF] Gzal | Rapid nonresonant intermodal targeted energy transfer (IMTET) caused by vibro-impact nonlinearity[END_REF], what is inconsistent with the previous observation. Therefore, the role of the two previous assumptions should be inquired both numerically and experimentally. Moreover, such energy transfers are not likely to occur in S-DOF systems. Since almost no experimental studies tackle the case of continuous and multimodal structures, further work must be done in that way in order to study the physical phenomena at stake in vibro-impacts in parallel of numerical investigations.

To summarize, some results on the optimal design of VI absorbers are available, but they essentially concern simple structures. Furthermore, there is still a lack of experimental validation for more complex systems. Besides, two main physical phenomena seems to play an important role in vibro-impact devices: the energy dissipation during impacts, and modal energy transfers. Accordingly, further experimental and numerical work should be done to better understand both phenomena, and the role they play in the performance of VI absorbers. 

Scientific objectives of the PhD

Based on the earlier works dealing with vibro-impact based strategies for vibration mitigation application, the objectives for further investigations have emerged. Therefore, the objectives pursued in this PhD thesis are described below.

1 st Objective: measure and characterize vibro-impact phenomenon A major field that still needs to be explored concerns experimental investigations dealing with vibroimpact. Since the physical phenomena at stakes are not clearly identified yet, comprehensive works must be done in this direction. More specifically, in vibro-impact systems classical instrumentation cannot be used on the flying mass in general. Therefore being able to characterize the contact properties and the vibro-impact phenomenon is still a challenge. Though, it remains a critical point to well understand the physics of vibroimpact and to be able to build representative models of the phenomenon.

Accordingly, the first objective of this PhD is to propose a method to measure the displacement of the ball in a vibro-impact system and to characterize the vibro-impact phenomenon.

2 nd Objective: inquire the effect of a VI absorber on a multimodal structure Moreover, previous experimental studies are mostly focused on S-DOF structures, or sometimes on multi-DOF structures. Even if this helped to obtain interesting results related to the behavior of a simple structure embedded with a VI absorber, more realistic structures should be considered in order to come closer to industrial structures that may exhibit a more complex behavior. In particular, the literature mentioned that multimodal structures have an important role to play, because of the energy transfers that are observed in the presence of vibro-impacts. Such modal energy exchanges cannot occur in a S-DOF structure.

Hence, the second objective of this PhD is to experiment VI absorbers on continuous and multimodal structures to inquire the results already established in the case of simpler structures. Two sub-objectives are involved. The first one consists in the design and realization of an effective VI absorber that can be easily integrated to the structure. The second one concerns the effectiveness of the VI absorber in the case where the main structure is submitted not only to harmonic excitations, but also to broadband excitations.

3 rd Objective: take advantage of multiple VI absorbers to improve VI absorber performance Then, we will see throughout this manuscript that even if we obtained very promising results demonstrating the ability of a VI absorber to tackle vibration issues, using a single VI absorber can lead to some limitations.

Consequently, the third objective concerns the use of multiple VI absorbers on a threedimensional structure in order to improve the robustness and the effectiveness of the VI absorbers. Like previously, it involves a sub-objective related to the design and the realization of smaller VI absorbers.
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phenomena at stake during vibro-impacts. Indeed, it is well-known that vibro-impacts dissipate energy, while no consensus is reached on the way the energy is dissipated: both dissipative impacts and modal energy exchanges seem to play an important role. Accordingly, the fourth objective is to assess the importance of the modal energy transfers highlighted in the literature on the effectiveness of the absorber.

Content and structure of the manuscript

The research work presented in this PhD thesis deals with the development of vibroimpact based strategies for vibration reduction purposes. The objectives listed above are addressed in this work throughout the following chapter.

In chapter 2, a new methodology for motion reconstruction of a vibro-impact system is presented. For this purpose, a Digital Image Correlation process is performed associated to full-field measurements realized by a high speed camera. Based on this noncontact technique, we reconstruct the continuous displacements of both the ball and the main structure from the discrete displacements. Doing so, the Coefficient of Restitution and the friction forces acting on the ball during the free flight phases are determined.

The results of this chapter are published in Mechanical Systems and Signal Processing, Volume 156 entitled Full-field measurements with Digital Image Correlation for vibroimpact characterisation, and were presented in the international ISMA conference in 2020 [START_REF] Chabrier | Field measurement to understand the physics of vibroimpact for damping application[END_REF].

Chapter 3 concerns experimental investigations of a cantilever beam endowed with a VI absorber. We designed a VI absorber with tunable gap, allowing to perform parametric studies. The influence of both the gap and the excitation amplitude are explored, and interesting vibration reduction is achieved. Moreover, the two specific regimes (two impacts per period and SMR) described above are found, and their role related to the performance of the absorber is confirmed. These results concern both the first and the second mode of the beam. Then, the response of the beam and the VI absorber are also studied under white noise excitations, demonstrating the effectiveness of the absorber and providing new results for non-harmonic excitations. Moreover, the limitations of using a single VI absorber are highlighted.

The results of this chapter are published in Mechanical Systems and Signal Processing, Volume 180 entitled Experimental investigations of a vibro-impact absorber attached to a continuous structure, and presented in the international IMAC conference in 2022.

Chapter 4 addresses the question of the energy balance of a beam with a VI absorber embedded through a numerical approach. More specifically, the dynamics of the beam is projected onto a modal basis, and the energy transfers within the modal space are quantitatively assessed. To achieve this, a model of an Euler-Bernoulli beam is proposed and solved semi-analytically, allowing to derive exact energy balances. Therefore, the energy taken from the excited mode and the energy received by each other mode is computed. In order to deal with the widest range of situations, the cases of an excitation centered on the first, second and third mode are considered. In particular, the energy received by the lower modes is studied, since it could be detrimental to the vibration reduction.
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At last, chapter 5 is devoted to the application of VI absorbers to a three-dimensional structure. For this study, a model plane is considered. First and foremost, a numerical method is proposed in order to simulate the response of a three-dimensional structure submitted to vibro-impacts. The finite element model of the structure is built, then the matrices of the dynamic system are extracted in order to add the vibro-impact force directly in the equation of motion of the system. Then, the response is calculated using time integration. Secondly, the response of the model plane equipped with one VI absorbers is investigated experimentally. Although interesting performance is achieved, we strive to highlight the limitations met using a single VI absorber. Therefore, multiple VI absorbers with tunable gap are designed and realized, with the drive to change the localization of the VI absorbers handily. The benefits drawn from this approach are presented. In particular, a procedure to achieve multimodal effectiveness is proposed.

Some of the results of this chapter were presented during the national CSMA conference in 2022 [START_REF] Chabrier | Dimensionnement d'un vibro-impacteur pour le contrôle vibratoire d'une maquette d'avion et validation expérimentale[END_REF]. 

Preamble

In the first chapter, we have evidenced that several models are available to describe impact phenomenon. However, determining the correct parameters of these models for a device undergoing vibro-impacts may be challenging. Indeed, traditional measuring devices such as accelerometers or vibrometers cannot be used on the oscillating ball. Therefore, this chapter is dedicated to present a non-contact technique based on a high-speed

Introduction

The effectiveness of VI absorbers in mitigating the vibrations relies on the interactions between the oscillating mass and the main structure that occur during the impacts. Mostly, two assumptions emerge to explain energy dissipation: contact effects such as plastic deformation during the repeated impacts [START_REF] Seifried | Numerical and experimental evaluation of the coefficient of restitution for repeated impacts[END_REF] or viscous damping during the contact phase [START_REF] Boettcher | Influence of viscous damping and elastic waves on energy dissipation during impacts[END_REF] on the one hand, and dynamic effects leading to a high frequency energy transfer and to a faster vibration mitigation [START_REF] Theurich | Effects of modal energy scattering and friction on the resonance mitigation with an impact absorber[END_REF] on the other hand. In the last case, the vibrational energy of the main structure is redistributed within the modal space from low to high modes that possess higher energy dissipation efficiency.

To better understand the physics of VI phenomenon, it is interesting to adopt an experimental approach. However, several difficulties must be overcome. Impact phenomenon is non-linear, and occurs on a very short time scale, making its study particularly challenging. Moreover, VI absorbers are often difficult to equip with measuring instruments, especially for the free oscillating masses. Using accelerometers on a nonlinear structure may also modify the dynamics of the structure in a complex manner [START_REF] Woiwode | How Intrusive Are Accelerometers for Measuring Nonlinear Vibrations? A Case Study on a Compressor Blade Subjected to Vibro-Impact Dynamics[END_REF]. Therefore, non-contact techniques could offer an interesting alternative. Among these techniques, DIC has many interests for VI study to measure the displacements that cannot be measured with an accelerometer nor a laser vibrometer. Indeed, a low level of noise is generated using this method (accuracy is below pixel size) and combined with a high-speed camera, it becomes possible to capture the dynamic behavior of a VI system. In solid mechanics, DIC and full-field measurement techniques have paved the way to new approaches to measure displacement, velocity or strain field and have a growing interest thanks to the advent of high-speed cameras that allow to get pictures even for dynamic system with short typical variation time. Many applications are found for dynamic testing in combination with high-speed or ultra-high-speed cameras [START_REF] Reu | The application of high-speed digital image correlation[END_REF]. This enables the visualization of transient deformation [START_REF] Tiwari | Application of 3D image correlation for full-field transient plate deformation measurements during blast loading[END_REF], the development of local deformation [START_REF] Besnard | Analysis of necking in high speed experiments by stereocorrelation[END_REF][START_REF] Tarigopula | A study of localisation in dual-phase high-strength steels under dynamic loading using digital image correlation and FE analysis[END_REF], or phase transformation during dynamic test on shape memory alloys [START_REF] Saletti | Measurement of phase transformation properties under moderate impact tensile loading in a NiTi alloy[END_REF]. Moreover, measuring 3-D displacement field becomes possible if two cameras are used [START_REF] Reu | The application of high-speed digital image correlation[END_REF].

The purpose of this chapter is to take advantage of these methods to reconstruct the motions of both the main structure and the oscillating mass, and to compare different contact modelling strategies.

Full-field measurement techniques have already been set up in the context of granular materials to measure the coefficient of restitution of impact between particles, and between wall and particles, combined with different methods. In the following articles, authors have built a special apparatus to film the collision between particles or between a particle and a wall with a high-speed camera. In [START_REF] Horabik | Determination of the restitution coefficient of seeds and coefficients of visco-elastic Hertz contact models for DEM simulations[END_REF], [START_REF] Wong | Energy dissipation prediction of particle dampers[END_REF] and [START_REF] Dong | Experimental study of oblique impacts with initial spin[END_REF], the authors can calculate the COR from the height of the rebounds or free flights duration of the particle. These quantities are directly derived from the images obtained from the high speed cameras. In [START_REF] Wang | Experimental determination of the coefficient of restitution of particle-particle collision for frozen maize grains[END_REF], the COR is calculated with the averaged velocities obtained by the displacement over the duration between successive images. Other authors like [START_REF] Hastie | Experimental measurement of the coefficient of restitution of irregular shaped particles impacting on horizontal surfaces[END_REF] and [START_REF] Higham | Measuring the coefficient of restitution for all six degrees of freedom[END_REF] have used an energetic definition of the COR and need both translational and rotational CHAPTER 2. FULL-FIELD MEASUREMENTS WITH DIGITAL IMAGE CORRELATION FOR VIBRO-IMPACT CHARACTERIZATION velocities of the particle. In the first case, the authors have used the Image Pro Plus software to track the particle and calculate the velocities. In the second case, the locations and velocities of the particle are determined using a particle tracking velocimetry method. In all these cases, calculations are made to obtain the velocities necessary to obtain the COR: they are obtained from the measure of the height of rebound, from the duration between impacts, or from the simple ratio of displacement and duration between images. But the entire motion of the particle is not considered, and this can result in a lack of accuracy if only considering the experimental data just before and after impact. The total motion of the particle provides accurate information to estimate displacements and velocities, especially in the case of noisy measurements. This statement is the basis of the method that is presented in this chapter.

In the field of vibro-impact, full-field measurement with a high speed camera has been used in [START_REF] Rigaud | Investigation of gear rattle noise including visualization of vibro-impact regimes[END_REF] to visualize VI regimes between gears. According to the authors, the video post-processing allows to measure the instantaneous position of the gears from the shape recognition. Recently, a simple method using limited experimental information to reconstruct the motions of the oscillating mass of a VI absorber and measure the COR has been presented in [START_REF] Li | Experiment-Based Motion Reconstruction and Restitution Coefficient Estimation of a Vibro-Impact System[END_REF]. The authors used a laser sensor and an accelerometer to measure the position of the main structure and its acceleration respectively. From this, the velocity of the main structure can be derived, and the impact time is given by the discontinuities on the acceleration signal. Knowing the position of the oscillating mass at impact, its motion can be reconstructed assuming a friction coefficient between the oscillating mass and the main structure. Nevertheless, the motion of the oscillating mass is not directly measured as no visualization of the ball is possible. Thus, no information about the friction coefficient can be provided from this experimental set-up. Moreover, the uncertainty on the friction coefficient leads to uncertainty on the velocity estimation, necessary to calculate the COR. At last, the authors noticed a different coefficient of restitution on the left and right sides of their VI absorber prototype, which is an interesting but unexplained phenomenon. The same observation is reported here.

In this chapter, a dedicated set-up has been designed composed of a ball oscillating in a cavity, reproducing the behavior of a vibro-impact absorber. A method is proposed to reconstruct the motion of the oscillating mass and the main structure using DIC with a single high-speed camera. This method is used to reach the two following objectives. Firstly, evaluate the performance of DIC for experimental VI characterization, and secondly, use measurements as input in two modelling strategies based on the coefficient of restitution and on a Hertzian contact.

The tracking of the displacement of the main structure and the oscillating mass is realized. Models are assumed for the displacement of both the ball and the structure, and their parameters are identified from curve fitting. The advantage of this is that the velocities can be easily and accurately obtained by analytical derivation without amplifying the noise. Then, these results allow to characterize the VI absorber and are used as inputs to run simulations of the COR model and Hertz damped contact model. This chapter is organized as follows. Section 2.2 describes the experimental set-up designed for this study, presents the DIC technique and the post-processing of measurements. Section 2.3 presents the modelling of the VI problem, and the identification of some of its parameters. Section 2.4 presents the numerical results. In section 2.5, uncertainties on the COR are discussed. 

DIC for VI measurement 2.2.1 Design of a set-up and instrumentation

For this study, an experimental set-up consisting of a ball enclosed between two plates has been designed (figure 2.1). More details on the materials and dimensions are given in appendix A.

The main structure is made of two plates separated by an adjustable distance and maintained by three holding rods. The structure is rigid enough to ensure that the first natural frequencies cannot be excited in the frequency range of the tests [START_REF] Boroson | Optimization under uncertainty of parallel nonlinear energy sinks[END_REF][START_REF] Bouaziz | Vibration Reduction of an Assembly by Control of the Tightening Load[END_REF][START_REF] Butaud | In-core heat distribution control for adaptive damping and stiffness tuning of composite structures[END_REF][START_REF] Chabrier | Dimensionnement d'un vibro-impacteur pour le contrôle vibratoire d'une maquette d'avion et validation expérimentale[END_REF][START_REF] Chabrier | Field measurement to understand the physics of vibroimpact for damping application[END_REF][START_REF] Chabrier | Full-field measurements with Digital Image Correlation for vibro-impact characterisation[END_REF][START_REF] Chevallier | Piezoceramic shunted damping concept: testing, modelling and correlation[END_REF][START_REF] Dai | Experimental investigation on dynamic characterization and seismic control performance of a TLPD system: Experimental investigation of a TLPD system[END_REF][START_REF] Daouk | Study of the dynamic behavior of a bolted joint under heavy loadings[END_REF]. For this purpose, the set-up was designed using numerical modal analysis. The ball is guided to ensure vertical motion by three guiding rods, so that it is possible to visualize the entire motion of the ball during its oscillation. The main structure has a sine wave motion imposed by a Dataphysics shaker (1000 N maximum sine force peak). An adapter plate has also been used to fasten the set-up on the shaker.

Two accelerometers are stuck on each plate to monitor the acceleration of the plates and analyze the impact signals. A high speed camera with a 1000 fps frame rate is used during the test to visualize the oscillation of the ball between the two impact plates. Some photos extracted from the videos are represented in figure 2.2, where it is possible to see the ball going up, colliding the upper plate and going down.

Description of the experiments

Different parameters were varied during the experiments, namely the frequency of the excitation and the displacement magnitude of the shaker. These different parameters are summarized in table 2.1. Each test was run once and successively. One test lasts approximately 1,5 seconds, producing 1500 frames to analyze. The frequency and the acceleration of the shaker were chosen in order to obtain VI regimes with two impacts per cycle, one on the upper plate and one on the lower plate. FOR VIBRO-IMPACT CHARACTERIZATION 

Digital Image Correlation and motion reconstruction

In order to reconstruct the motion of the main structure and the motion of the oscillating ball, a Digital Image Correlation (DIC) technique is used to follow the motions of both the ball and the structure. Two zones containing a mesh of points are defined corresponding to the ball and to the main structure (see figure 2.3). A 30 pixels wide centered on each point of the mesh is defined. After the displacement, the subset is localized in the new picture thanks to a cross-correlation calculation. The principle of the cross-correlation to determine the displacement of a subset in an image is as follows. Let's consider two subsets: the reference subset, or subset 1, and the current subset, or subset 2. In the present case, each subset contains 30 × 30 pixels and each pixel is represented by a gray level intensity. Let's call I 1 (x, y) the function that gives the gray level intensity of the pixel of coordinates (x, y) belonging to the reference subset (x and y represent a number of pixels), and I 2 (x, y) the same function for the current subset. The Zero-mean Normalized Cross Correlation function used in Matlab is defined as [START_REF] Besnard | Caractérisation et quantification de surfaces par stéréocorrélation pour des essais mécaniques du quasi statique à la dynamique ultra-rapide[END_REF]:

γ(d x , d y ) = i , j [I 1 (x + i , y + j ) -Ī1 ][I 2 (x + d x + i , y + d y + j ) -Ī2 ] i , j [I 1 (x + i , y + j ) -Ī1 ] 2 i , j [I 2 (x + d x + i , y + d y + j ) -Ī2 ] 2 ; (2.1)
where i , j scan all the pixels of the subset, Ī1 and Ī2 are the average intensity of the pixels in the considered subset (1 or 2), d x and d y represent the displacements to determine: they must correspond to the maximum of the cross-correlation function. This criterion is nonsensitive to intensity variations between the reference and the current subset, as it is normalized with averaged intensity. Therefore, the displacements of each point of the mesh is obtained (see figure 2.4). In the present case, as no deformation is expected, the displacement of the ball and of the main structure are calculated as the average displacement of the points of each mesh. Knowing the length of the cavity, it is possible to deduce the displacement of the upper and lower plate, and to position them relatively to the ball displacement. Such results are presented in figure 2.5. 

Signals from accelerometers: post-processing

Two accelerometers were stuck on each plate, (see figure 2.1a) during the dynamic tests. They were used to monitor the acceleration of the main structure on the one hand, and to study the post-impact vibrations in the frequency domain on the other hand. Typical acceleration signals recorded by the accelerometers are shown in figure 2.6a. The sampling frequency is 50 kHz. One can clearly distinguish the low frequency sine wave acceleration corresponding to the excitation of the shaker, and the repeating pattern of high frequency vibrations due to the impacts of the ball on the structure. In order to analyze the frequency content of the impact signals, it is necessary to focus especially on the high frequency content of the acceleration signals. Therefore, the following method is applied. To begin with, signals are filtered using a high-pass filter with a 100 Hz cut-off frequency to remove the low frequency excitation (see figure 2.6b). The frequency of the excitation is no more than 30 Hz. Next, each transient vibration due to impact is isolated considering a signal length equal to a half-period of the excitation signal. The Fourier transform of each impact is calculated using a Fast Fourier Transform method, and the results in the frequency domain are averaged using all the impacts recorded on both the upper and lower plates. At the end, figure 2.7 represents 1 N . N k=1 γk (ω), where γk (ω) is the Fourier transform related to the signal from the k-th impact. The frequencies in the Fourier spectrum in figure 2.7 may correspond to the natural frequencies of the structure. This can be explained considering energy transfer between the ball and the main structure. In [START_REF] Theurich | Effects of modal energy scattering and friction on the resonance mitigation with an impact absorber[END_REF], the authors have shown numerically that when using a VI absorber at a beam end excited on its first mode, the activation of the VI absorber leads to excitation of higher vibrational modes of the beam. This non-linear behavior can be interpreted as a high frequency energy transfer: the energy initially localized on the first mode of the beam is transferred to higher modes because of impacts. A similar phenomenon is probably observed here, even if it was not confirmed by further analyses: an experimental modal analysis was difficult to perform because of the impact location that is impossible to reach with a classical hammer, and modes identification using a numerical modal analysis turned out to be difficult because several modes are located in a same frequency range. Nevertheless, the Fourier transform obtained in figure 2.7 demonstrates the excitation of the structure due to the vibro-impacts. 

Vibro-impact modeling and parameter identification 2.3.1 Modeling and parametrization

A scheme of the experimental set-up studied in the previous section is represented in figure 2.8. In [START_REF] Serdukova | Stability and bifurcation analysis of the period-T motion of a vibroimpact energy harvester[END_REF] the authors have analyzed the influence of gravity on stability conditions for the same device as the one studied here. Even if stability conditions are out of the scope of this paper, the equations of motions are the same as in the present case. Y s (t ) and Y b (t ) denote the position of the main structure (i.e the cavity) and the ball, respectively. The total distance travelled by the ball in the cavity is 2.b. As the excitation signal of the shaker is a sine wave motion, the displacement of the main structure is supposed to be given by equation (2.2):

Y s (t ) = A. sin(ω.t + ϕ) + B; (2.2)
where A is the amplitude, ω is the pulsation, ϕ is the phase term and B is the offset, what seems to be in accordance with the experimental displacements of the plates shown in figure 2.5.

The motion of the ball can be separated into two phases: the free flight phase and the contact phase. Looking closely at figure 2.5, the displacement of the ball is not perfectly linear during the free flight phases. It makes sense as the ball is submitted to gravity because of its vertical motion. Therefore, its displacement is assumed to be quadratic with respect to time and given by equation ( 2.3)

Y i b = a i .t 2 + b i .t + c i ; t ∈ [t i ; t i +1 ]; (2.3) 
for the i-th free flight phase. With such a model, constant forces acting on a ball are represented such as weight and friction, and the of motion governing the displacement of the ball is:

m b . ÿ = -m b .g + F f r i ct i on ; (2.4)
where m b is the mass of the ball, g is the acceleration of gravity, and F f r i ct i on represents the friction force that may apply on the ball when sliding in the cavity. Here, inertia of the ball is neglected and it is assumed to be a point mass. 

Contact modelling strategies

Two contact models are used here: the first one is based on the COR, and the second one is a Hertz-damped contact model. In the first approach, the contact phase is assumed infinitely short, and the physical phenomena that occur during impact are wrapped in a coefficient of restitution e defined in equation (2.5) that traduces the energy loss during the impact: e = 1 represents perfectly elastic impacts (no energy is dissipated during the impact), while e = 0 represents perfectly inelastic impacts (there is no restitution of energy after the impact, the solids remain in contact). Therefore, each time an impact occurs, the relative speed before and after impact are related by the following equation:

Ẏ+ b -Ẏ+ s = -e.( Ẏ- b -Ẏ- s ); (2.5)
Practically, the problem is reduced to free flight phases (see equation (2.4)), with an initial condition for Ẏb given by equation (2.5).

In the second approach, the contact phase is governed by the Hertz damped contact model. So the contact force applied on the ball depends on the interpenetration δ defined as

δ = Y b -Y s -b if Y b -Y s ≥ b; (2.6) δ = Y b -Y s + b if Y b -Y s ≤ -b. (2.7) 
In the case of a sphere in contact with a plate, the contact stiffness K considered here is the one given by the Hertz model and defined as

K = 4.R 1/2 3.π.(k b + k s ) ; (2.8)
where the subscripts b and s denote the ball and the structure, respectively, and

k i = 1-ν 2 i π.E i (i ∈ {b, s}).
The contact force of the Hertz damped model is

F cont ac t = -K.δ 3/2 -c. δ; (2.9)
in accordance with the sign convention of figure 2.8, and δ is defined by equation (2.6) and equation (2.7). In equation (2.9), c is the damping coefficient. As it will be explained later, c can be chosen to represent the same energy loss than the one represented by the COR e. This time, the contact duration is not neglected and the equation of motion that governs the motion of the ball during the contact phase is

m b . Ÿb = -m b .g + F f r i ct i on + F cont ac t .
(2.10)

The entire motion of the ball can be simulated using an ODE solver to integrate the equation of motion given by equation (2.4) for the COR model, or equation (2.10) in the case of the Hertz damped contact model.

As the COR model traduces the energy loss by the system during the impact, the Hertz damped model must be able to represent the same dissipation. In the Hertz damped contact model, the dissipation is due to the damping coefficient c. Indeed, this contact damping creates an opposing force to the ball displacement that contributes to slow down CHAPTER 2. FULL-FIELD MEASUREMENTS WITH DIGITAL IMAGE CORRELATION FOR VIBRO-IMPACT CHARACTERIZATION the ball and implies an irreversible kinetic energy loss. In [START_REF] Nagurka | A mass-spring-damper model of a bouncing ball[END_REF], Nagurka et al. provide an approximation that relates the damping coefficient and the COR so that the COR model and a Hertz damped contact model lead to the same dissipation:

c = - 2. K l i n .m. ln e π 2 + (ln e) 2 ;
(2.11)

where K l i n denotes the linearized contact stiffness for an average interpenetration δ a defined as

K l i n = 3 2 .K.δ 1/2 a .
(2.12)

Parameter estimation

In the previous section, discrete-time displacements of the ball and the structure are obtained thanks to the DIC method. In order to obtain velocities, many approaches are possible. In the context of DIC, some authors have used finite differences to estimate velocities and accelerations knowing the displacement field [START_REF] Koohbor | Analysis of dynamic bending test using ultra high speed DIC and the virtual fields method[END_REF], but this method is noise sensitive and leads to inaccuracy in the process of velocity estimation. In order to reduce the uncertainties or to improve the spatial resolution of the results, others have used a method to regularize the displacement, taking into account a set of images instead of using only two pictures corresponding to the reference and deformed configuration [START_REF] Besnard | Analysis of image series through global digital image correlation[END_REF]. The method used in this paper is to identify the parameters of displacement equations (equation (2.2) and equation (2.3)) from curve fitting using the experimental displacement points obtained from DIC method. As a result, A, B, ω and ϕ for the structure, and a i , b i and c i for the ball are obtained minimizing the least-square functions:

A, B, ω, ϕ = arg min A,B,ω,ϕ N k=1 [Y s (t k ) -Y exp s (t k )] 2 ;
(2.13)

a i , b i , c i = arg min a i ,b i ,c i N k=1 [Y i b (t k ) -Y exp b (t k )] 2 ; (2.14)
where N is the length of time vector, Y Thus, displacements and velocities equations can be used to estimate the kinematics quantities relative to the main structure and ball at every moment, and the whole motion is reconstructed.

With the discrete-time displacements, impact times remain unknown as contact phases are very short and happen between two images. In figure 2.9b, one can see that impacts occur at the intersection of each free flight trajectory (see figure 2.9b), so impact time t i between freeflight i -1 and freeflight i can be deduced with equation (2.15).

(a i -a i -1 ).t 2 i + (b i -b i -1 ).t i + c i -c i -1 = 0. (2.15)
It is now possible to calculate the velocities when the impact occurs to estimate the COR, defined as:

e i = Ẏi b (t i ) -Ẏs (t i ) Ẏi-1 b (t i ) -Ẏs (t i )
.

(2.16)

Results of VI characterization

In this section, the results of the characterization of the VI absorber designed for this study are presented and fall into two parts. The first one is the measurement of the COR, and the second one is the measurement of the friction forces acting on the ball during its free flight phases. The measurements presented can be considered as reliable, as the question of the accuracy and uncertainties of the measurements is addressed in section 2.5.

Coefficient Of Restitution

The COR is calculated for each impact using equation (2.16). An example of the values measured for the fourth test is presented in figure 2.10. Table 2.2 summarizes the mean value of the COR on the lower and upper plate and their standard deviations for each test.

As one can see, the COR is different whether the impact occurs on the upper plate or on the lower plate. This unexpected phenomenon has already been reported in [START_REF] Li | Experiment-Based Motion Reconstruction and Restitution Coefficient Estimation of a Vibro-Impact System[END_REF]. Therefore the two following sections are devoted to propose some explanations for this result. 

Role of the gravity

Further experiments have been made to try to determine if gravity could influence the COR and provide an explanation of the differences of COR observed between the upper plate and the lower plate. Therefore, the same testing conditions as in test 4 (see table 2.1) were reproduced for three direction of the set-up, namely vertical, tilted (45 degrees from vertical), and horizontal. The results are presented in figure 2.11. The average values of the COR for the top and bottom impacts are given in the figure. The COR values are not significantly changed by the direction of the set-up, and the top and bottom values are still different whatever the direction. As a consequence gravity does not seem to be the predominating parameter determining the value of the COR.

In the next section, the influence of the tightening torque of the contact parts is investigated.

Role of the tightening torque

In the experimental set-up, the contact parts n°3 and 9 that can be seen in figure 2.1 are screwed to the rest of the structure. During the experimentation realized to obtain the results of this chapter, we noticed that the COR values changed after disassembling and reassembling the experimental set-up. Accordingly, the role of the tightening torque applied on the screws of the contact parts is investigated in this section. For this purpose, the tightening torque of only one side is varied, while the second one is kept constant and equal to 30 cN.m. Then the following procedure is applied. The torque is set for both side of the experimental set-up, and a test is run. Each test last one second, enabling to record 1449 pictures. During one test, approximately 60 impacts occur. Then, the experimental set-up is disassembled and reassembled before setting the new torque for the side concerned. It is worthy to note that this disassembling and reassembling process is not applied to the side where the torque is kept constant for practical reasons. Indeed, it would necessitate to entirely remove the experimental set-up from the shaker. As a consequence, the influence of the tightening torque is only studied on one side of the experimental set-up. Once all the torque values are tested, all this process is repeated three times in order to assess the repeatability of the tests. The average COR obtained for each of the three tests and each tightening torque are depicted in figure 2.12a, and the standard deviations are represented in figure 2.12b. The role of the tightening torque on the COR is clearly demonstrated. Indeed, on the right side where the torque is varied, the COR increases with the tightening torque, starting at 0,5 corresponding to 10 cN.m and finishing at 0,65 corresponding to 30 cN.m. On the contrary, the COR does not vary significantly (between 0,75 and 0,77) on the left side since the torque is kept constant. Looking closely to figure 2.12, some remarks and interpretations can be provided. Firstly, considering the COR in figure 2.12a, the repeatability of the three tests is not very good. However, less dispersion is noticed on the side without disassembly than on the other side. This suggests that disassembling and reassembling the experimental set-up is related to this result. For instance, it can be due to uncertainties when setting the torque. Secondly, the figure 2.12b suggests that the standard deviation is larger on the left side than on the right side, but it does not depend on the tightening torque. It is possible to separate the values of the left side from the right side anyway. In order to try to understand why the COR measured is not the same at each impact, it could be interesting to look at the contact surface shown in figure 2.13. It is well visible that the contact zone is deformed by the repetitive impacts of the ball. Consequently, the rebound of the ball is probably modified (and therefore the COR is also modified) depending on the exact area where the contact occurs.

Other authors have established a link between the COR and vibrational energy, considering spring-mass elements [START_REF] Ruan | The unexpectedly small coefficient of restitution of a twodegree-of-freedom mass-spring system and its implications[END_REF]. Therefore, a certain part of the initial kinetic energy of the ball is lost because converted into vibrational energy of the main structure and leads to a COR smaller than unity. In particular, this phenomenon is well shown in [START_REF] Seifried | Numerical and experimental evaluation of the coefficient of restitution for repeated impacts[END_REF] where longitudinal impacts of a ball on rods are studied. The link between the COR and the vibrational energy of the rod after impact is clearly demonstrated. In the field of sport and especially tennis and golf, studies have been made to understand which design pa- ]. As presented earlier, two main trends emerge. In the first one, the variation of the COR is studied depending on the materials encountered by the ball or string tension in tennis rackets [START_REF] Li | Effects of string tension and impact location on tennis playing[END_REF][START_REF] Vallatta | On The Coefficient Of Restitution Of Tennis Rackets[END_REF][START_REF] Rinaldi | Non Linearity of the Ball/Rubber Impact in Table Tennis: Experiments and Modeling[END_REF]. In the other approach, the authors try to link the COR with the dynamic properties of the structures that collide. For instance, the authors in [START_REF] Li | Effects of string tension and impact location on tennis playing[END_REF][START_REF] Kawazoe | Analysis of Impact Phenomena in a Tennis Ball-Racket System : Effects of Frame Vibrations and Optimum Rocket Design[END_REF] have studied the effect of impact location on the COR. In [START_REF] Kawazoe | Analysis of Impact Phenomena in a Tennis Ball-Racket System : Effects of Frame Vibrations and Optimum Rocket Design[END_REF], it is shown that the COR is higher when the ball hits the racket close to its vibration node for the first bending mode. In [START_REF] Wu | Numerical Examinations of Relation between Restitution Characteristic and Eigen Frequencies[END_REF], a link between the natural frequencies of the solids that collide and the COR is established. These results and the previous work briefly presented here confirm the existence of dynamic phenomena during impact that modify the COR and thus the energy dissipation. It also shows that further work still needs to be done to well understand the physics of impact phenomenon that occurs in VI absorbers. In the experiments presented in this chapter various phenomena can occur, in addition to the one previously mentioned. As the set-up is an assembly of several parts, its dynamic behavior in response to an impact is difficult to predict. Further work should be done to precisely understand the predominating physical phenomena that influence the COR, even if the tightening torque seems to play the most important role in the present case. However, they are beyond the objectives of this work.

Friction forces

The identification of the parameters a i provides information on the forces acting on the ball during its free flight phase. Indeed, the dynamic law states that the product of the mass of the ball by its acceleration is equal to the forces acting on it. The acceleration of the ball can be derived from equation (2.3) and is given by 2.a i . In the case where no friction forces act on the ball, its acceleration must be equal to the acceleration of gravity -g . However, it was found that the acceleration of the ball was slightly different from -g , what can be explained by the existence of a friction force F i f r i ct i on that acts on the ball during the it h free flight phase. Therefore, numerical values were obtained from the difference between the acceleration of the ball and acceleration of gravity:

F i f r i ct i on = m b .(2.a i + g ).
(2.17)

These forces are represented in figure 2.14. It is relevant to notice that these forces are effectively opposed to the motion of the ball, except for the 29 t h ascent free flight where the value is not consistent.

Simulation of the VI model

The results presented in the two previous sections allow to characterize the contact phases with the COR for each impact, and the free flight phases with the friction forces for each free flight. These results, for each contact phase and free flight phase, can be used in the models presented in section 2.3 and they can be simulated. In figure 2. [START_REF] Barthod | Experimental study of gear rattle excited by a multi-harmonic excitation[END_REF], one can see that using the experimental values of the COR and of the friction forces leads to the same behavior of the VI absorber in simulation than in the experience. The same result is found for the Hertz damped model. The deviation D between experimental and Comparatively, the COR values presented in [START_REF] Li | Experiment-Based Motion Reconstruction and Restitution Coefficient Estimation of a Vibro-Impact System[END_REF] seem to be scattered similarly, and the standard deviations given in [START_REF] Higham | Measuring the coefficient of restitution for all six degrees of freedom[END_REF] are consistent with the one presented in this paper. Further work should be done to explain the origin of the scattering of the measurements. In [START_REF] Hild | Measurement of kinematic fields via DIC for impact engineering applications[END_REF], the authors have made a movie of a motionless specimen (a disk in compression between Hopkinson bars) to quantify the uncertainty on the gray level between pictures because of noised pictures. The same methodology is applied here to determine the noise displacement involved by noise on the pictures. Such a displacement is represented in figure 2. [START_REF] Bhattacharjee | Transverse impact of a Hertzian body with an infinitely long Euler-Bernoulli beam[END_REF]. One can see that the displacement can be divided into a high frequency content and a low frequency content. The first part can be attributed to the noise on pictures, that leads to accuracy loss in the correlation process. The second part is very likely to be due to unwanted motion of the camera while recording the pictures. As the total displacement is approximately 100 times smaller than the motion amplitude of the ball (and 50 times for the structure), it is reasonably low to assume that its effects on the displacement reconstruction and COR estimation are negligible. Moreover, here is the main advantage of the reconstruction method proposed in this paper. Using a model associated to a curve fitting process, the noise existing on the measurements has a negligible influence on the displacement and velocity estimation, whereas using classical finite differences to determine the velocity is well-known to be very noise sensitive, what leads to a bad estimation of the velocity. Other sources of uncertainty in the COR estimation can be identified, such as the non horizontality of the camera or the rotation of the ball. As an angle of the camera to the horizontal does not modify the measure of the COR because the relative velocities of equation (2.5) same coefficient (depending on the angle), this cannot be responsible for the scattering of the COR values. Concerning the rotation of the ball, it is demonstrated in [START_REF] Higham | Measuring the coefficient of restitution for all six degrees of freedom[END_REF] that the six degrees of freedom of the ball must be considered to determine repeatable values of the COR (i.e with a small standard deviation) for a bouncing ball on a plane. In the present case, only the vertical translation is possible, but rotations around the three axis are a priori possible, but not considered here to calculate the COR. Moreover, such rotations of the ball may be induced by the friction forces identified previously, in the case where they correspond to friction on the guiding rods. Nevertheless, the ceramic ball is too smooth and shiny to visualize its rotation. Some attempts with paint marks on the ball in order to observe its rotation turned out to be unsuccessful, since the ball was stuck due to paint... No special work has been done to find the origin of the friction forces identified in this paper. But two assumptions can be made. These forces can be due to friction on the guiding rods when the ball is in contact with them. Another source of friction can be the aerodynamic drag of the ball. Further work could be done to try to estimate the proportion of each category of force, and to understand how to design a set-up to control the effect of their intensity. Such results could be linked with [START_REF] Theurich | Effects of modal energy scattering and friction on the resonance mitigation with an impact absorber[END_REF] in which the effect of friction on the absorber effectiveness is analyzed.

Conclusions

In this study, an experimental set-up has been designed to take advantage of Digital Image Correlation and full-field measurement using a high-speed camera in order to reconstruct the motions of the main structure and the free oscillating mass of a vibro-impact system. This method overcomes the difficulties encountered to measure the displacement of the oscillating mass with conventional sensors. Once the discrete-time displacements are obtained from Digital Image Correlation, continuous displacements are derived identifying models parameters using curve fitting on the experimental points. Velocities can be deduced with the analytical derivative of displacements without amplifying the noise, and the coefficient of restitution can be calculated. With this method, impact instants can be accurately determined even if they occur between two images recorded by the camera. Moreover, friction forces are evaluated during the free flight phase of the oscillating mass. The method turns out to be accurate in the different configurations tested, as the agreement with two simulated models is very good. Experimental characterization of a vibro-impact absorber can now be realized, and allows to determine the coefficient of CHAPTER 2. FULL-FIELD MEASUREMENTS WITH DIGITAL IMAGE CORRELATION FOR VIBRO-IMPACT CHARACTERIZATION restitution and friction forces that can be used in a model. The dynamic response of the structure highlights that a high-frequency energy transfer exists because of vibro-impact phenomenon, which could be one of the source of dissipation during impact, leading to a coefficient of restitution smaller than unity. It was demonstrated that gravity has no significant influence on the coefficient of restitution, whereas the tightening torque of the contact parts plays a significant role. Further work must be done in order to explain more precisely the scattering of the COR measurements. 

Preamble

The previous chapter presented a non-contact technique for vibro-impact characterization, enabling to measure the Coefficient Of Restitution and the friction forces acting on the ball during the free flight phases. However, the structure embedding the ball can be considered as rigid regarding the excitation frequencies, so that its dynamic behavior can be neglected. Accordingly, flexible structures should be considered in order to study the non-linear behavior of the system formed by the structure and the ball. For this purpose, this chapter deals with an experimental study of a beam endowed with a vibro-impact absorber in order to assess its performance.

Introduction

Vibro-impact absorbers can be applied in various situations where structural vibrations should be reduced. In [START_REF] Luo | Large-scale experimental evaluation and numerical simulation of a system of nonlinear energy sinks for seismic mitigation[END_REF], the authors have used a single-sided vibro-impact Non-Linear Energy Sink (NES) combined with traditional NES with non-linear restoring force to suppress the low-frequency and high amplitude vibrations of a nine-story model building structure. Nakamura et al. have also used an impact damper on a structure submitted to walking and seismic excitations [START_REF] Nakamura | Effects of balanced impact damper in structures subjected to walking and vertical seismic excitations: Effects of Balanced Impact Damper in Structures[END_REF]. In [START_REF] Hartung | Impulse Mistuning of Blades and Vanes[END_REF], an absorber is designed for two industrial structures, a blade and a vane, while Kappagantu et al. [START_REF] Kappagantu | Vibro-Impact Rotor Dampers For Brake Squeal Attenuation -Towards An Insulator Free Design To Quell Squeal[END_REF] tried to benefit from the temperature independence of their vibro-impact absorber to attenuate break squeal. Gourc et al. [START_REF] Gourc | Quenching chatter instability in turning process with a vibro-impact nonlinear energy sink[END_REF] managed to reduce the vibration of the tool during turning process thanks to a vibro-impact absorber. The non-linearity of vibro-impact phenomenon is also utilized for energy harvesting, as in [START_REF] Li | Potential of a vibro-impact nonlinear energy sink for energy harvesting[END_REF][START_REF] Zhang | Energy harvesting from a dynamic vibro-impact dielectric elastomer generator subjected to rotational excitations[END_REF][START_REF] Fan | Modeling and parametric study on DE-based vibro-impact energy harvesters for performance improvement[END_REF].

The literature dealing with vibro-impact can be divided in two categories, the first one concerning numerical studies, and the second one dealing with experimental works. Focusing on the first one, several numerical studies are available in the literature that aim to better understand how vibro-impact can reduce the vibrations. Most of the time, harmonic excitations are considered. In these conditions, the existence of two regimes of motion of the free mass are studied: the Strongly Modulated Regime (SMR) and the regime with two impacts per period of the main structure [START_REF] Gourc | Targeted Energy Transfer Under Harmonic Forcing With a Vibro-Impact Nonlinear Energy Sink: Analytical and Experimental Developments[END_REF]. Indeed, the conditions of existence of these regimes are particularly relevant to study, since they are related to the capacity of the absorber to effectively reduce the vibrations of the main structure. The optimal operating point to obtain the best effectiveness (i.e the lowest amplitude of vibration) of the absorber corresponds to the limit between these two regimes [START_REF] Li | Optimization mechanism of targeted energy transfer with vibro-impact energy sink under periodic and transient excitation[END_REF][START_REF] Qiu | Design criteria for optimally tuned vibro-impact nonlinear energy sink[END_REF]. In these same papers, simple structures with a single degree of freedom (S-DOF) are considered. To explain the ability of the vibro-impact phenomenon to mitigate the vibrations, some researchers have studied vibro-impact absorber adopting an energetic point of view. When considering a S-DOF structure (or equivalently a uni-modal structure), the energy is assumed to be dissipated during the successive impacts [START_REF] Gourc | Targeted Energy Transfer Under Harmonic Forcing With a Vibro-Impact Nonlinear Energy Sink: Analytical and Experimental Developments[END_REF] and is calculated in [START_REF] Al-Shudeifat | Numerical and experimental investigation of a highly effective singlesided vibro-impact non-linear energy sink for shock mitigation[END_REF]. This energy dissipation is very often quantified using a Coefficient Of Restitution (COR) when modelling the vibro-impact phenomenon, that can be defined in various manners, using a kinetic, kinematic or energetic definition [START_REF] Seifried | The role of the coefficient of restitution on impact problems in multi-body dynamics[END_REF].

Still looking at numerical studies, continuous structures are studied such as beams or plates [START_REF] Fang | Vibration suppression and modal energy transfers in a linear beam with attached vibro-impact nonlinear energy sinks[END_REF][START_REF] Theurich | Effects of modal energy scattering and friction on the resonance mitigation with an impact absorber[END_REF][START_REF] Geng | Suppression of multiple modal resonances of a cantilever beam by an impact damper[END_REF][START_REF] Bhattacharjee | Transverse impact of a Hertzian body with an infinitely long Euler-Bernoulli beam[END_REF][START_REF] Pozzolini | Vibro-impact of a plate on rigid obstacles: existence theorem, convergence of a scheme and numerical simulations[END_REF], and very promising results are obtained in [START_REF] Fang | Vibration suppression and modal energy transfers in a linear beam with attached vibro-impact nonlinear energy sinks[END_REF] and [START_REF] Geng | Suppression of multiple modal resonances of a cantilever beam by an impact damper[END_REF] to reduce the vibrations of a cantilever beam. The existence of the regimes SMR [START_REF] Theurich | Effects of modal energy scattering and friction on the resonance mitigation with an impact absorber[END_REF][START_REF] Fang | Vibration suppression and modal energy transfers in a linear beam with attached vibro-impact nonlinear energy sinks[END_REF] and two impacts per period [START_REF] Theurich | Effects of modal energy scattering and friction on the resonance mitigation with an impact absorber[END_REF] are also found, and the role of SMR in vibration mitigation is confirmed. Nevertheless, on these continuous and therefore multi-modal structures, the physical phenomena at stakes may be different, and as a consequence, the way the vibrational energy is dissipated is also different. Indeed, Theurich et al. [START_REF] Theurich | Effects of modal energy scattering and friction on the resonance mitigation with an impact absorber[END_REF] have quantitatively showed that the vibro-impacts on a vibrating beam lead to excite higher modes, corresponding to the modes that are not harmonically excited by the external force. This results in two beneficial phenomena. Firstly, the higher the mode, the lower its amplitude of vibration. As the energy of the first low frequency mode is redistributed within the modal space, the global amplitude of vibration of the structure is reduced. Secondly, the energy on the higher modes dissipates faster, as they realize more oscillations in the same amount of time than low frequency modes. As a consequence, the non-linearity introduced by the vibro-impacts helps to dissipate the vibrational energy on a shorter time scale using only the intrinsic damping capacity of the structure. An energetic study on a 9-DOF structure is also available in [START_REF] Gzal | Extreme intermodal energy transfers through vibro-impacts for highly effective and rapid blast mitigation[END_REF]. In [START_REF] Theurich | Effects of modal energy scattering and friction on the resonance mitigation with an impact absorber[END_REF][START_REF] Hartung | Impulse Mistuning of Blades and Vanes[END_REF], the numerical results of the authors demonstrate that the reduction of the amplitude of vibration is possible even in the case of conservative impacts, confirming that dissipation during impacts cannot be the only phenomenon contributing to vibration mitigation.

One can now consider the second categories of studies dealing with experimental approaches. Some of them confirm the numerical results listed above. Most of the time, the experiments concern systems made of spring-mass elements intentionally designed to behave as S-DOF system or, in the more complex cases, structures with a finite number of degrees of freedom, and the flying mass is a metallic ball. In [START_REF] Li | Optimization mechanism of targeted energy transfer with vibro-impact energy sink under periodic and transient excitation[END_REF][START_REF] Qiu | Design criteria for optimally tuned vibro-impact nonlinear energy sink[END_REF], it is experimentally confirmed that the transition point between SMR and the regime with two impacts per period corresponds to the configuration leading to the best vibration reduction. The tunable parameter is the size of the gap available for the flying mass to oscillate. Changing its size leads to a specific regime or another, while the amplitude of the excitation is constant. Besides, these systems need to be characterized, especially in terms of contact properties, in order to develop representative models and to better understand the working principle of vibro-impact absorbers. Li et al. [START_REF] Li | Experiment-Based Motion Reconstruction and Restitution Coefficient Estimation of a Vibro-Impact System[END_REF] have recently proposed a method to reconstruct the motions of the oscillating ball with limited experimental information. They are able to estimate the COR of their experimental set-up. The work proposed in the previous chapter and published in [START_REF] Chabrier | Full-field measurements with Digital Image Correlation for vibro-impact characterisation[END_REF] pursues the same objective, but this time the motions of the ball and the structure are reconstructed from a series of pictures using a high speed camera and a Digital Image Correlation technique. In both studies, the value of the COR shows some variations that the authors are not able to explain, what confirms that some work still remains to be done to understand which parameter influences the contact properties in vibro-impact applications.

Very few experimental studies dealing with continuous or more complex structures are available. In [START_REF] Vinayaravi | Experimental investigation and theoretical modelling of an impact damper[END_REF], the authors made some experiments on a cantilever beam equipped with a vibro-impact absorber at its tip. The results presented bring to light that the impacts lead the other modes to respond, and not only the excited mode, but no details are given on the design of the cavity. In the context of particle damping using granular materials, some pictures of the cavity attached to a beam containing the particles can be seen in [START_REF] Trigui | An experimental study of a multi-particle impact damper[END_REF], even if the design details are still not delivered. Other authors have designed a cavity with different lengths when changing the cap to reduce the vibration of a wheel structure [START_REF] Wang | Prediction methods for the damping effect of multi-unit particle dampers based on the cyclic iterations of a single-unit particle damper[END_REF]. In [START_REF] Ahmad | Modeling and experimental study of a honeycomb beam filled with damping particles[END_REF], the authors have made a different design choice, as they have filled a honeycomb beam with particles. The particles are integrated to the structure and not attached to it as seen before. ATTACHED TO A CONTINUOUS STRUCTURE The purpose of this work is to experimentally investigate the performances of a vibroimpact absorber attached at the tip end of a continuous cantilever beam structure and to inquire the theoretical findings of the literature. To this end, a specific modular device has been designed allowing a tunable gap as required to find an optimal configuration through the design-of-experiments method. Full-field measurements allow to measure precisely the motion of the ball in order to better understand its role in the establishment of specific vibrational regimes. The chapter is organized as follows. The experimental setup including the VI absorber as well as the measuring tools are introduced in section 2. The section 3 presents the vibration reduction obtained under harmonic excitations for the first mode on the one hand, and for the second mode on the other hand. The vibration reduction of the first and second mode for white noise excitation is provided in section 4.

The temporal responses of both the beam and the ball are analyzed in section 5 in relation with the vibration mitigation performance of the absorber. To do so, a clustering method is adopted using the number of impacts per period as feature. An analysis of the phenomena at stakes is conducted in section 6. The chapter ends with conclusions in section 7.

Design of the VI absorber for a cantilever beam

The experimental set-up: global overview

In the present work, the attention is focused on an aluminum cantilever beam submitted to base excitation. As shown in figure 3.1, the clamping system of the beam is directly attached to the shaker. An accelerometer is stuck on the base of the beam to measure the base acceleration. The exact shape and dimensions of the beam are given in appendix B.3. The vibro-impact absorber designed in this study is attached at the beam end. More details concerning the design are given later in this paper (see section 3.2.3). The experimental set-up is oriented so that gravity does not influence neither the bending vibrations of the beam nor the motion of the ball.

Measuring devices

The base acceleration is measured using an accelerometer and controlled during the test under harmonic excitation. To reach this goal, the acceleration signal is monitored in real time using National Instrument acquisition card NI 9234 and corrected thanks to a dedicated Matlab program. The corrected signal is sent to the shaker via a NI 9263 excitation card. More details on the algorithm used to realize the control of acceleration are given in [START_REF] Teloli | Good practices for designing and experimental testing of dynamically excited jointed structures: The Orion beam[END_REF].

The vibrational response of the beam is measured using a vibrometer pointing the beam end. A high speed camera with four spots light is placed in front of the VI absorber. Thanks to this, the motion of the ball in the cavity is recorded with 3003 frames per second. The global arrangement of all the measuring devices is shown in figure 3.1.

Design of the VI absorber

The VI absorber has been conceived to be attached to the beam end, and not integrated within the structure itself as done in [START_REF] Ahmad | Modeling and experimental study of a honeycomb beam filled with damping particles[END_REF]. There are many reasons for this. To begin with, ATTACHED TO A CONTINUOUS STRUCTURE the beam was designed to obtain its first eigenfrequency around approximately 15 Hz. Once the material is chosen, the dimensions determine directly the eigenfrequencies of the beam. In the present case, the height of the beam was too small to integrate the ball within the beam. Moreover, one of the objective was to visualize the motion of the ball, and this is easier to realize with an external cavity. Then, the authors wanted to design a VI absorber with a tunable gap that can be added to a main structure in order to enhance its damping properties. To reach these last objectives, it was easier to design a VI absorber independently of the main structure, and to imagine the mounting on the beam at the end of the design process. Another interesting point is that the VI absorber remains symmetrical along the middle plane of the beam what limits the risks of obtaining different phenomena [START_REF] Li | Experiment-Based Motion Reconstruction and Restitution Coefficient Estimation of a Vibro-Impact System[END_REF][START_REF] Chabrier | Full-field measurements with Digital Image Correlation for vibro-impact characterisation[END_REF] whether the ball collides the beam on the upper side or on the lower side.

Therefore, the VI absorber proposed here is made of four elements (see figure 3.2):

1. One cavity;

2. One ball;

3. Two adjusting screws;

4. Two counter nuts.

The ball corresponds to the flying mass travelling inside the cavity. The impacts occur on the stud of the adjusting screws. The latter are used to adjust the gap between studs, what results in a longer or shorter distance to travel for the ball before colliding the beam. The counter nuts allow to lock the screws in their current position and to avoid them to loosen. The adjustment range enables to lock the ball in the cavity, or to leave a large space for the ball in the limit of length of the screws (see for example figure 3.2b). At the end, the cavity is bolted on the beam at three points.

The mass of the ball is equal to 2,7 g, the VI absorber added at the beam end weights 31,3 g and the mass of the free part of the beam (considering the volume and the density of the material) is 88,4 g. Therefore, the mass of the ball represents 2,26 % of the moving mass. More details on the materials, the masses and the dimensions are given at the end of this paper in appendix B.3.

DIC for motion reconstruction

In order to reconstruct the motion of the oscillating ball, a Digital Image Correlation (DIC) technique is used to follow the motion of the ball. The process is identical as the one presented in chapter 2, where the methodology is described in section 2.2.3. An example of the motion of the ball and of the beam end reconstructed using the DIC technique is shown in figure 3.3. Particular attention can be paid to the fact that the motion of the beam is rather measured with the vibrometer than with the camera. Indeed, the vibrometer enables a sampling frequency of 250 kHz whereas the camera records the pictures at the rate of 3003 frames per second. As the beam is expected to vibrate at relatively high frequencies due to the excitation of its eigenmodes following the impacts, the vibrometer is more appropriate. On the contrary, the motion of the ball can be well described with the camera, and no other way to measure its displacement is available. Moreover, as the vibrometer is able to measure a velocity, the following methodology was applied to obtain ATTACHED TO A CONTINUOUS STRUCTURE the displacement. The signal was integrated using the trapezoidal rule. As the non-zero offset of the signal leads to a constant slope in the integrated signal, a linear regression was realized and the corresponding equation was subtracted to the integrated signal to remove the slope.

Calculation of amplitudes and FRFs

During the tests under harmonic excitation, the temporal signal from the accelerometer and from the vibrometer are recorded via the National Instruments device with a sampling frequency of 51200 Hz. In order to obtain the average amplitude of vibration at the beam end at a certain excitation frequency, the envelope of the signal was calculated using the modulus of the analytic signal that is calculated with the Hilbert transform [START_REF] Feldman | Hilbert transform in vibration analysis[END_REF]. Indeed, let's denote by HT[x(t )] the Hilbert transform of the signal x(t ). Therefore, the analytic signal is defined as:

y(t ) = x(t ) + i .HT[x(t )]; (3.1)
where i is the unitary imaginary number. The envelope E(t ) of the signal x(t ) is calculated in equation (3. The signal obtained from the accelerometer stuck at the base of the beam is not purely harmonic because of the impacts. As a consequence, the acceleration amplitude is calculated using the component of the Fourier Transform of the acceleration at the frequency of excitation ω exc as presented in figure 3.5. It is worthy to note that the value of the excitation frequency and the duration of the acquisition are chosen in order to obtain an entire number of periods. It ensures a proper estimation of the amplitude of the signal at the excitation frequency in the frequency domain.

As explained later in this chapter, tests with stepped sine excitation are realized around the first and second eigenfrequency of the beam. Knowing the amplitude of the The phase of the FRF is determined calculating the angle between the complex numbers given by the Fourier transform of the response of the beam and the reference signal (base acceleration) at the excitation frequency. Here again, an angle of π/2 is added to obtain the acceleration -acceleration FRF.

Harmonic excitation: vibration mitigation of the first and second mode

In this section, the beam is excited around its first eigenfrequency by a harmonic excitation. The objective is to validate the ability of the absorber to effectively reduce the vibrations of the beam. Some relations between the gap value and the optimal operating point are established.

Vibration mitigation of the first mode

The first flexural modes of the beam were identified and the eigenfrequencies are gathered in the N rated peak force was used when exciting the second mode. More details are given in section 3.3.2.

Gap influence: parametric study

The influence of the gap is analyzed under harmonic excitation with constant acceleration amplitude using the design-of-experiments method. The amplitude of the excitation was fixed to 0,03 g. This value enabled sufficiently large displacements to analyze the motions with the camera, but small enough to stay in the linearity range of the beam. The first eigenfrequency of the beam with a gap equal to zero (the ball plays the role of an added mass) is equal to 13,87 Hz. The tests are realized using stepped sine excitation, the frequency range was centered around this value going from 13,21 Hz to 14,87 Hz with 26 values regularly spaced.

Six values of gap were tested, starting from 1,53 mm up to 3,77 mm. The amplitude and phase FRFs are given in figure 3.6. One can see that when the gap is small, the vibration reduction is not very effective. Basically, the ball behaves like an added mass that shifts the first eigenfrequency from 14,23 Hz to 13,87 Hz. When the gap goes larger, it is possible to get a more effective vibration reduction for the frequency range tested and the peak in the FRF becomes flat. This is the case when the gap is equal to 2,67 mm where the vibration reduction is optimal. The vibration reduction can be quantified comparing the maximum of the amplitude of the FRF when the ball is locked A VI l ocked with the maximum of the amplitude for a certain gap value A VI . The level of reduction in decibels is equal to 20.l og 10 A VI l ocked A VI

. If the gap keeps increasing, the amplitude of the FRF starts growing again. These results demonstrate that under harmonic and constant excitation amplitude, there is an optimal gap leading to a maximum vibration reduction.

The phase of the FRFs plotted in figure 3.6b shows a good correlation with the amplitude of the FRFs in figure 3.6a. Indeed, when the vibration reduction is the most effective, it corresponds to a decreasing of the phase on the largest frequency range (see the curve for gap = 2,67 mm), what is consistent with the fact that the damping obtained thanks to the vibro-impacts is the greatest.

Besides, one can wonder what role plays the acceleration amplitude on the performance of the absorber.

Scalability property

Theurich and al. [START_REF] Theurich | Effects of modal energy scattering and friction on the resonance mitigation with an impact absorber[END_REF], relying on the equations of their model, pointed out that there exists a scalability property that allows to establish a relation between the gap, the excitation amplitude and the response of the beam. Their statement is as follows. If one knows the response y(t ) of the VI beam for a gap g 0 and an excitation e(t ), therefore the response of the system with a gap equal to α.g 0 and an excitation α.e(t ) is α.y(t ), where α ∈ R. This property is illustrated in figure 3.7.

A consequence of this property is that the FRF should remain unchanged if both the gap and the excitation amplitude are multiplied by the same coefficient α. This statement Frequency (Hz) (a) Amplitude of the FRFs. The letters A -O corresponds to points that will be analyzed in section 3.5. Frequency (Hz) is verified experimentally in this section. Assuming that the property is true, the gap was fixed at 2 mm and the corresponding excitation amplitude was calculated in order to obtain the same FRFs as in figure 3.6. To do this, the ratio R = Exci t at i on Gap between the gap and the excitation amplitude was conserved in the following tests (see table 3.2).

The FRFs obtained are superimposed to the ones obtained before in figure 3.8. In order to quantify the difference between the results and the theory if the scalability property was verified, the ratios between the FRFs obtained under an excitation of 0,03 g and the FRFs obtained for a gap of 2 mm are calculated for the configurations presented in table 3.2 for each frequency. A ratio of 1 is expected, the experimental ratios calculated are plotted in figure 3.9 and the mean values are also presented in the legend.

One can see that the scalability property seems to be reasonably verified for this experimental set-up and for the conditions tested. Indeed, the FRFs are almost superimposed in figure 3.8a, and the ratios between these same FRFs are close to unity (figure 3.9). Moreover, the same trends are observed: in terms of vibration reduction, the performance increases when the acceleration amplitude is reduced (which is equivalent to increase the gap value) up to the optimal operating point. The latter is associated to a gap of 2 mm and an acceleration amplitude of 2, 25.10 -2 g. After this optimal operating point, decreasing the amplitude leads to deteriorate the performance of the absorber. The slight differences with the theory predicted by the scalability property can have various origins. In particular the uncertainties when tuning the gap, or because of the presence of friction that can affect the domain of validity of the property. The examination of the precise conditions of validity of the property are beyond the scope of this paper and will be investigated in another study. In the following of this work, this scalability property will be considered as valid.

Role of the mass of the ball

In the previous experiments, the ball used represents 2,26 % of the total moving mass (free part of the beam and VI absorber). The results suggest a reduction of the amplitude of vibration up to 24 dB. Other experiments are realized with smaller balls. Their mass and the proportion of the total moving mass are given in table 3.3. In these experiments, we took advantage of the scalability property to run the tests varying the amplitude of the excitation instead of varying the gap, what is easier to realize as it does not need any intervention by the user on the absorber and avoids running the same test with different gaps several times. The gap was set at 2 mm.

The FRF obtained can be visualized in figure 3.10, where the optimal response cor- Frequency (Hz) - In this last figure, the vibration reduction is calculated as (A max BL -A max VI )/A max BL , where A max BL represents the maximum amplitude of the FRF when the ball is locked taken on the fitting curve, and A max VI represents the maximum amplitude of the FRF with the vibro-impact absorber activated. As a remark, considering the response with the ball locked (and not without ball) for the reference amplitude allows to compare responses of the structure with the same embedded mass, what would be the case on a real structure equipped with a vibro-impact absorber. One of the consequence is that the maximum amplitude of the response is around the same frequency, making the responses easy to compare.

One could expect that the heavier the ball, the better the vibration reduction. It is illustrated if the third ball (2,04 g) is set aside. For this ball, the reduction is slightly too low comparing to the tendency of the other balls. It was observed that the ball was sliding in the cavity with more friction than the others. As a consequence, this vibro-impact absorber may have a behavior slightly different from the others in terms of vibration reduction. However it is hard to say which of the four absorbers behaves significantly differently than the expected average behavior. Therefore, these results confirm that a larger mass helps to reduce the vibrations with more effectiveness but no precise rule can be obtained concerning the dependency of the reduction to the mass of the ball.

Vibration mitigation of the second mode

In order to run the experiments of this section, the experimental set-up was mounted on a stronger shaker with a 2500 N rated peak force. The latter was more suited to the excitation of the second mode as it can supply a higher force, and it is stiffer. Indeed, the 200 N shaker used for the previous experiments was reaching its limits when increasing the excitation frequency, as the set-up resulted in a too heavy eccentric mass in these conditions. The consequence is that the new eigenfrequencies of the beam are quite different in this new configuration, as suggested comparing table 3.1 and table 3.4. These differences arise because the new shaker is stiffer, and hardly affected by the eccentric mass contrary to the 200 N shaker. Nevertheless, the methodology employed is still valid.

In these experiments, we took advantage of the scalability property to run the tests varying the amplitude of the excitation instead of varying the gap, as it is easier to realize as it does not need any intervention by the user on the absorber and avoids running the same test with different gaps several times. The FRFs obtained are presented in figure 3.12.

The same trends are observed when the excitation frequency is centered around the second mode. An optimal acceleration amplitude (or equivalently a gap) can be found to reduce the vibrations of the second mode with the best effectiveness. In comparison with the first mode, the vibration reduction is smaller (around 10 dB for the second mode instead of 24 dB for the first mode). The reason of this might be the location of the vibroimpact absorber in relation with the location of the vibration node of the beam. Figure 3.12: FRFs of the parametric study on the acceleration amplitude for the 2nd mode. ATTACHED TO A CONTINUOUS STRUCTURE first mode, there is only one node and it is located at the base of the beam, which is the opposite side of the vibro-impact absorber. One can assume that it corresponds to the most effective configuration, as the absorber is located where the vibrational energy of the beam is maximal. In the case of the second mode, there exists another vibration node close to the beam end, what may lead to a suboptimal configuration from the point of view of the absorber location. Another explanation may concern the energy transfer towards the higher modes. When exciting the second mode of the beam, the possibility of energy transfer is probably smaller than when exciting the first mode. As a consequence, the effectiveness of the absorber is reduced. At last, the friction may play an important role in the behavior of the ball as the relative velocity is significantly higher when exciting the second mode than exciting the first one.

The results of this part demonstrate that VI absorbers can be used to mitigate the vibrations even of the second or higher modes of a structure. The main limitation is the length of the gap. Indeed, the higher the mode, the lower its amplitude of vibration and therefore the lower the gap. If the optimal value is too small, it may become difficult to tune it properly.

In the next part, the performance of the absorber under random excitation is investigated. Then, in section 3.5, the responses of the beam in the time domain for the tests of the current section are analyzed and the two well-known regimes (namely SMR and 2 impacts per period) are identified. Their role in the effectiveness of the absorber is also brought to light.

Vibration mitigation for white noise excitation

In order to assess the capacity of the vibro-impact absorber to mitigate the vibrations for non-harmonic excitation, its performance was evaluated for white noise excitation in the frequency range 10 Hz -2000 Hz. The FRFs were calculated using Hanning window for both the vibrometer response and the signal from the accelerometer. The FRFs are the result of the average of 100 measurements. Contrary to the harmonic excitation tests, the base acceleration amplitude was not controlled. The gap was set to 1 mm and the amplitude of the excitation signal was varied.

The amplitudes of the FRFs for the first mode are depicted in figure 3.13a. The best configuration corresponds to a gap value of 1 mm and 7, 5.10 -3 m.s -2 for the amplitude of the excitation signal. It results in a reduction of the amplitude of 16 dB. The same trends are observed than for the tests under harmonic excitations. Namely, for a high excitation amplitude, the vibration reduction is not quite effective, and a smaller excitation amplitude leads also to a bad reduction with a frequency peak close to the initial frequency resonance of the beam. The optimal excitation amplitude is between these two configurations. Even if SMR and the regime with two impacts per cycle do not exist any more under random excitations, the videos confirm that the optimal configuration leads to more recurring and efficient impacts than in the suboptimal cases. For a too large amplitude of excitation, the ball undergoes multiple impacts, colliding several times the same side of the cavity, whereas very few impacts occur when the excitation is too small, resulting in the non-activation of the VI absorber.

Concerning the second mode of the beam, the FRFs presented in figure 3.13b did not show any significant reduction of the amplitude. This low effectiveness on the second mode can be explained because the gap is too large to activate the impacts efficiently in this part of the frequency range. Indeed, the amplitude of displacements for the second resonant peak is significantly lower than for the first resonant peak as shown in figure 3.14. Moreover, the figure 3.13b shows that, the higher the amplitude of the excitation, the lower the peak of the FRF. This suggests that it would be necessary to increase significantly the excitation (or equivalently to reduce gap) in order to reach a maximum of the vibration reduction for the second mode.

These random excitation tests demonstrate that even for non-harmonic excitations, there exists an optimal configuration. However, the best configuration is found for one mode, but is not suited for the other modes since their amplitudes of vibration are very different. This observation is consistent with the results obtained under harmonic excitations. Therefore, no multi-mode mitigation can be performed with a single VI absorber on the beam, and a perspective would be to use several absorbers with very different gap values to deal with several modes simultaneously. Doing this, the absorbers with larger and smaller gaps would be effective for the lower and higher frequency modes, respectively. ATTACHED TO A CONTINUOUS STRUCTURE 

Regimes and optimal operating point

Two regimes: SMR and 2 impacts per cycle

When structures possess an essential non-linearity as in the case of Non-Linear Energy Sink (NES), they exhibit specific operating regimes in the temporal domain. In the case of structures equipped with a VI absorber, the SMR and the regime with two impacts per cycle are of interest as they are related to the optimal operating point of the VI absorber [START_REF] Qiu | Design criteria for optimally tuned vibro-impact nonlinear energy sink[END_REF].

The SMR is characterized by strong and visible changes of the envelope amplitude of the response of the main structure (see figure 3.15a). In this regime, phases with continuous impacts alternate with phases without impacts. As a consequence, less than two impacts per cycle are observed in average.

In the regime with two impacts per cycle, the impacts are continuously sustained and occur two times during an excitation period (see figure 3.15b). The envelope amplitude does not show significant changes and the response is almost periodic.

Optimal performance

The relation between the optimal performance of the absorber and the existence of the two regimes described above has been highlighted in [START_REF] Qiu | Design criteria for optimally tuned vibro-impact nonlinear energy sink[END_REF][START_REF] Li | Optimization mechanism of targeted energy transfer with vibro-impact energy sink under periodic and transient excitation[END_REF] numerically and experimentally. However, these studies deal with structures intentionally designed to behave as a S-DOF system. Such results have never been reported concerning multi-modal structures adopting an experimental approach. In the following paragraphs, the response of the beam is analysed in the time domain for different points designated from A to O on the FRFs (figure 3.6a). All the videos used to obtain the results of this section are provided as supplementary material of the article related to this chapter : Experimental investigations of a vibro-impact absorber attached to a continuous structure.

Counting the impacts

As the number of impacts per period is identified in the literature as an interesting feature to discriminate the different regimes, a method is developed to count the impacts given the temporal responses of the beam. For this purpose, the velocity of the beam is filtered using a highpass filter with a 500 Hz cut-off frequency, and its envelope is computed us- ing the Hilbert transform. Then, two parameters must be set. Firstly, a threshold value is defined above which an impact is detected. Secondly, a minimum duration ∆T mi n between impacts is assumed in order to avoid the detection of multiple impacts when only one occur. The method is illustrated in figure 3.16.

Clustering the regimes

Relying on the previous method, the number of impacts per period is counted for each temporal responses. The corresponding results are depicted in figure 3.17. The figure suggests gather the results in clusters using the number of impacts per period of the excitation as feature. Thus, three clusters are identified. In the first one, multiple impacts per period are observed. In the second one, two impacts per period occur, while in the third one, less than two impacts per period take place, corresponding mostly to the SMR. The temporal responses are given in appendix B.1 for more details. The distribution of these clusters in the graph gap -frequency can be explained in the following manner. Concerning the cluster one, the gap is very small making the ball bounce several times in the cavity. This is illustrated by the responses at point A, B, C, E and F. On the contrary, when the gap is increased, the course of the ball is longer and a quasiperiodic motion can be established. The oscillations of the ball are quite well synchronized with the oscillations of the beam, so that around two impacts per period are observed for points D, H and K. One should notice that the responses around point K for a gap equal to 2,99 mm are at the limit between the cluster two and the cluster three, as a desynchronization can be observed on the temporal response at point K (figure B.4), even if the regime with two impacts per cycle mostly happens. A similar remark can be done for points E and F which are between the two first clusters (figure B.2). At last, when the gap becomes too large compared to the amplitude of the beam the SMR is observed, that corresponds to the red areas where less than two impacts per period occur. This is the case when the gap is excessively increased, such as for responses corresponding to gap = 3,77 mm (points M, N and O), but also when the frequency of excitation is far from the resonance (points G, J, L, and I). The behavior of both the ball and the beam during the SMR can be described this way. Assuming that there are no impacts at the beginning of the analysis because the beam is at rest, the amplitude is increasing until the first vibro-impact occurs. At this moment the impacts are sustained for a while, and they contribute to reduce the amplitude of the beam. When the amplitude becomes too small, the impacts stop, the amplitude of the beam increases again and the process is repeated continuously. This can be well visualized looking at the temporal responses at point N in figure B.5.

In terms of vibration reduction, the regime with two impacts per period is the most effective as seen in figure 3.6a, and especially when the impacts occur at the maxima of velocity of the beam (point H). Indeed, more energy is involved in the impacts, and they contribute effectively to reduce the vibrations. When the regime with two impacts per period is observed but the impacts are not well synchronized on the maxima of velocity of the beam (this can be seen on the temporal response of point E for instance, even if it belongs to the first cluster), the vibration reduction is good but it is not as high as possible. In the optimal response reached for a gap equal to 2,67 mm, the two regimes SMR and two impacts per cycle are observed in the whole frequency range. This suggests that the gap value leading to the optimal response is at the limit between the appearance of the SMR and the regime with two impacts per period. On the contrary, if the gap is too small, multiple and low kinetic energy impacts occur. As explained before, the ball behaves mostly as an added mass and the vibration mitigation is not effective (points A, B, and C).

Conclusions

In conclusion of this analysis, the results lead to the following statements. (i) The gap value must be chosen in relation with the amplitude of the main structure, and the frequency of vibration has no direct influence on the choice of the gap (its influence on the amplitude is indirect since the frequency is close to the resonance frequency). (ii) If the gap is too small, the regime with two impacts per cycle is observed but the intensity of the impacts is low as they do not occur at the maxima of the velocity and the vibration reduction is not very effective. In this case, the impacts occur before the maximum velocity of the beam. If the gap is too large, the synchronization of the impacts on the beam is not sustainable and the SMR takes place, leading to a suboptimal vibration reduction. ATTACHED TO A CONTINUOUS STRUCTURE Just before the impacts stop, they occur after the maximum velocity of the beam. The optimal operating point is at the transition between those two regimes. (iii) Thanks to the scalability property, it is possible to extrapolate the argumentation to the acceleration amplitude while the gap is maintained constant. Increasing the gap is equivalent to reducing the acceleration and vice versa. A design flowchart is proposed in figure 3.18 in the case of harmonic excitation in order to help to choose the design parameters. More specifically, we can consider that the design parameters are the gap and the location of the VI absorber. Indeed, the excitation amplitude cannot be chosen in general. Therefore, we propose to modify either the gap or to move the VI absorber on the structure in order obtain the appropriate vibration amplitude. The same conclusions are drawn when the second mode is excited. The corresponding results and analysis are in appendix B.2.

Physical phenomena at stake

Excitation of the higher modes

Previous studies [START_REF] Theurich | Effects of modal energy scattering and friction on the resonance mitigation with an impact absorber[END_REF] have presented numerical results highlighting the energy transfer that occurs towards the non-excited modes of a structure submitted to vibro-impacts. Here, it is not possible to quantify the energy transfer that takes place between the modes of the beam, but analyzing the Fourier transform of the temporal response of the beam for certain values of gaps and frequencies confirms the non-linear response of the beam and the excitation of the higher modes. As a remark, an interesting and recent study combining numerical and experimental results of a sphere impacting a beam are presented in [START_REF] Gehr | Computational and experimental analysis of the impact of a sphere on a beam and the resulting modal energy distribution[END_REF], where the modal energy quantities of the beam are evaluated both experimentally and numerically. Figure 3.19 represents the Fourier transform of the temporal beam response at point H in figure 3.6a, the black vertical lines represent the eigenfrequencies of the beam. The curve plotted is the result of an average calculus. The temporal signal is divided in 40 parts of 10 periods long. The Fourier transform of each part is calculated, and the average corresponds to the curve in figure 3.19. The higher modes of the beam are clearly responding due to the vibro-impacts. It is also possible to visualize some harmonics of the excitation, as there are some peaks located at frequencies corresponding to multiples of 14,21 Hz indicated by arrows in the figure. Here, one may want to compare the spectrum of the beam response for different gap configurations, and more precisely the amplitude of the peak for higher modes. However, when the gap value is changed, the vibration regime is also modified as well as the intensity of the impacts. As a consequence, it is not possible to compare directly the amplitudes in the spectrum without any information about the impact force applied by the ball. Measuring this force and the mechanical energy of the beam would be an interesting approach, but is still an experimental challenge to take up.

Energy stored and dissipated by the ball

As explained earlier in this paper, the way vibro-impacts help to dissipate the vibrational energy still needs to be clarified. In some cases, the energy is assumed to be dissipated during inelastic impacts (i.e a certain amount of the kinetic energy of the two bodies colliding is lost during the impact). In other cases, and more particularly in the case of multi-modal structures, the energy is supposed to be redistributed within the modal space thanks to the vibro-impacts and dissipated faster than when the energy is only contained in a low frequency mode.

Another point is that the ball itself stores a small part of the vibrational energy in the form of translational or rotational kinetic energy (the rotation is quite visible on the videos). Before the first vibro-impact, the ball is at rest and its kinetic energy is zero. When the first impact occurs, a certain amount of energy goes from the beam to the ball that starts moving. After a few impacts, this transient motion ends and the ball oscillates more regularly (it can be said that the beam has reached a steady state, but this notion is not suited to the case of a VI beam as the response is never exactly periodic). A certain amount of the vibrational energy of the beam goes to the ball to maintain its oscillating motion, otherwise it would stop because of friction that slows the ball during its free flight phases. Indeed, the kinetic energy of the ball is decreasing between impacts in figure 3.20. This means that a small amount of the energy is dissipated through friction in the cavity. Another amount of the energy initially localized on the first mode is redistributed to the higher modes of the beam when the impacts occur.

The energy of the ball is plotted for different gap configurations in figure 3.20. Particular attention should be paid to the ordinate scale that is the same for all graphs at the top of the figure in order to compare the amplitudes between the gap configurations. One can see that the lowest level of kinetic energy of the ball is reached when the gap is 2,67 mm, what corresponds to the optimal case in terms of vibration reduction of the first mode (regime with two impacts per period). Even if it can be surprising at first sight, it makes sense as the lowest amplitude of the beam leads to smaller velocities of the ball. For the gap of 3,77 mm corresponding to the regime SMR, the phases with no impacts are quite visible as they correspond to the smallest amplitudes of the kinetic energy of the ball. As a conclusion, these results demonstrate that if the ball stores a small amount of the vibrational energy of the beam, it is not the main way to reduce the vibrations as the more effective configuration (gap = 2,67 mm) leads to the smallest energy of the ball. The theory that the energy is transferred to the higher modes of the beam is therefore compatible with the previous observations.

Conclusions

In this work, the effectiveness of a vibro-impact absorber with tunable gap attached to the tip of a beam is demonstrated experimentally. The beam is harmonically excited at its base, and both the response of the beam end and the motion of the ball are measured, using respectively a laser vibrometer and a high-speed camera associated with a Digital Image Correlation technique. Such experimental study dealing with vibro-impact absorber on a multi-modal and continuous structure has never been reported in the literature before.

A parametric study highlights the existence of an optimal gap that reduces efficiently the vibration amplitude of one mode of the beam under constant excitation amplitude. Equivalently, there exists an optimal excitation amplitude if the gap is maintained constant, and this can be translated into a scalability property. At last, an optimal configuration was found for the first and for the second mode of the beam under harmonic excitation. Under white noise excitation, an optimal vibration mitigation was found for the first mode but multi-mode mitigation was not possible to achieve with a single VI absorber.

In order to better understand the working principle of the vibro-impact absorber, the temporal responses of the beam and the motion of the ball are analyzed for different con-ATTACHED TO A CONTINUOUS STRUCTURE figurations. The responses of the beam can be gathered in three clusters. In the first one, the gap is too small compared to the amplitude of the beam, so that multiple and weak impacts occur leading to a poor vibration reduction. In the second cluster, the gap is well tuned and a quasiperiodic motion takes place with two impacts per period. This regime is optimal in terms of vibration reduction. The last cluster corresponds to the case where the amplitude of the beam is not high enough to activate the impacts continuously. Therefore, less than two impacts per period are observed and the Strongly Modulated Regime is visible, leading to a suboptimal vibration reduction.

Furthermore, analyzing the spectrum of the response of the beam undergoing the optimal regime shows that the higher modes of the beam are excited as well as the harmonics of the excitation. This demonstrates the energy transfer and the non-linear behavior of the vibro-impacted beam. The study of the energy of the ball highlights its role in the energy transfer during vibro-impact.

On the whole, these promising results open up new perspectives for vibro-impact absorbers, especially concerning their technological development and their optimal design. 

Chapter 4 Understanding vibro-impacts through a numerical energy-based approach

Preamble

In the previous chapters, we have derived the coefficient of restitution in the case of a specific experimental set-up using full-field measurements. In this respect, the coefficient of restitution informs about the energy dissipated during the impacts. Furthermore, we have also demonstrated experimentally the performance of a vibro-impact absorber attached to a beam in chapter 3. In this last case however, tackling the physical phenomena at stake in order to explain experimentally and quantitatively how the energy is dissipated is still a challenge. Accordingly, this question can be addressed numerically as energy quantities can be more easily computed than experimentally measured. Thus, the objective of this chapter is to analyze the energy balance of a beam submitted to vibro-impact to better explain the working principle of vibro-impact absorbers.

Introduction

In the papers dealing with vibro-impact absorbers, many of them consider systems represented by a single degree of freedom (S-DOF) [START_REF] Lo Feudo | Finite contact duration modeling of a Vibro-Impact Nonlinear Energy Sink to protect a civil engineering frame structure against seismic events[END_REF][START_REF] Li | On the energy transfer mechanism of the single-sided vibro-impact nonlinear energy sink[END_REF][START_REF] Afsharfard | Suppressing forced vibrations of structures using smart vibro-impact systems[END_REF][START_REF] Gourc | Quenching chatter instability in turning process with a vibro-impact nonlinear energy sink[END_REF][START_REF] Li | Optimization mechanism of targeted energy transfer with vibro-impact energy sink under periodic and transient excitation[END_REF]. In these cases, the energy is assumed to be dissipated during the impacts. To describe this process, two modeling approaches are proposed. In the first one, the impacts are considered instantaneous, and the energy dissipated is related to a coefficient of restitution [START_REF] Seifried | The role of the coefficient of restitution on impact problems in multi-body dynamics[END_REF]. The energy dissipated during the impacts is evaluated in [START_REF] Li | On the energy transfer mechanism of the single-sided vibro-impact nonlinear energy sink[END_REF][START_REF] Li | Numerical study of a symmetric single-sided vibro-impact nonlinear energy sink for rapid response reduction of a cantilever beam[END_REF][START_REF] Li | Optimization mechanism of targeted energy transfer with vibro-impact energy sink under periodic and transient excitation[END_REF]. Even if using a coefficient of restitution is very convenient from a numerical point of view, it can lead to undesirable approximations [START_REF] Lo Feudo | Finite contact duration modeling of a Vibro-Impact Nonlinear Energy Sink to protect a civil engineering frame structure against seismic events[END_REF] and the choice of a realistic value for the coefficient of restitution can turn out to be a hard problem [START_REF] Chabrier | Full-field measurements with Digital Image Correlation for vibro-impact characterisation[END_REF]. The second approach consists in resolving the dynamics during the contact phase. To do so, contact models are used such as the Hertz contact model for instance [START_REF] Lo Feudo | Finite contact duration modeling of a Vibro-Impact Nonlinear Energy Sink to protect a civil engineering frame structure against seismic events[END_REF][START_REF] Muthukumar | A Hertz contact model with non-linear damping for pounding simulation[END_REF][START_REF] Geng | Suppression of multiple modal resonances of a cantilever beam by an impact damper[END_REF][START_REF] Seifried | The role of the coefficient of restitution on impact problems in multi-body dynamics[END_REF], though other models can be used. Usually, a damper is considered and it models the energy dissipation. Moreover, the damping coefficient is often related to a coefficient of restitution in order to obtain an equivalent energy dissipation [START_REF] Muthukumar | A Hertz contact model with non-linear damping for pounding simulation[END_REF][START_REF] Lo Feudo | Finite contact duration modeling of a Vibro-Impact Nonlinear Energy Sink to protect a civil engineering frame structure against seismic events[END_REF][START_REF] Chabrier | Full-field measurements with Digital Image Correlation for vibro-impact characterisation[END_REF][START_REF] Seifried | The role of the coefficient of restitution on impact problems in multi-body dynamics[END_REF].

However, S-DOF systems may not represent the dynamic behavior of more realistic structures where other physical phenomena can occur. Indeed, a few papers consider multi-modal structures and have evidenced that the vibro-impacts lead to redistribute the vibrational energy within the modal space [START_REF] Wang | Numerical and experimental study of the performance of a single-sided vibro-impact track nonlinear energy sink[END_REF][START_REF] Al-Shudeifat | Numerical and experimental investigation of a highly effective singlesided vibro-impact non-linear energy sink for shock mitigation[END_REF][START_REF] Luo | Large-scale experimental evaluation and numerical simulation of a system of nonlinear energy sinks for seismic mitigation[END_REF][START_REF] Nucera | Application of broadband nonlinear targeted energy transfers for seismic mitigation of a shear frame: Experimental results[END_REF] even if this redistribution is not quantitatively determined. In other works, the energy transfers are evaluated for 2-DOF structures [START_REF] Quinn | Equivalent modal damping, stiffening and energy exchanges in multi-degree-of-freedom systems with strongly nonlinear attachments[END_REF][START_REF] Gzal | Rapid nonresonant intermodal targeted energy transfer (IMTET) caused by vibro-impact nonlinearity[END_REF], for multi-DOF structures [START_REF] Al-Shudeifat | Shock Mitigation by Means of Low-to High-Frequency Nonlinear Targeted Energy Transfers in a Large-Scale Structure[END_REF][START_REF] Gzal | Extreme intermodal energy transfers through vibro-impacts for highly effective and rapid blast mitigation[END_REF], or for a beam structure [START_REF] Theurich | Effects of modal energy scattering and friction on the resonance mitigation with an impact absorber[END_REF][START_REF] Fang | Vibration suppression and modal energy transfers in a linear beam with attached vibro-impact nonlinear energy sinks[END_REF][START_REF] Theurich | Predictive design of impact absorbers for mitigating resonances of flexible structures using a semi-analytical approach[END_REF]. Transient excitations are mainly considered, whereas in the case of harmonic excitations, the frequency is close to the first resonance only.

In the previous cases, the equations of motion are seldom solved in the frequency domain using the Harmonic Balance Method, though the hypothesis of periodic response can be questioned. Mostly, the differential equations are solved in the time domain using numerical integration. Thus, the energy balance can be derived. But the accuracy of the calculations is related to the integration scheme and to the size of the time step, that may be hard to choose in the case of vibro-impact problems.

The approach adopted in this chapter is to focus on the energy transfers within the modal space for a beam endowed with a vibro-impact absorber, considering conservative impacts. For this purpose, the impacts are described using a coefficient of restitution equal to one, and the equations of motion are solved analytically between impacts. This method allows deriving energy balance with negligible error. Then, the energy transfers in the case of a harmonic excitation centered on the first, second, and third mode are considered demonstrating the effectiveness of the vibro-impact absorber in each case. Additionally, the way the energy is dissipated is explained and quantitatively assessed. At least, the results obtained for the first three modes are compared.

Dynamics of a beam with vibro-impacts 4.2.1 Model, parametrisation, and equations of motion 4.2.1.1 Model and parametrisation

The problem considered in this chapter is a cantilever beam submitted to a bending load. A vibro-impact absorber is attached to the beam, consisting in a ball able to travel vertically in a cavity. The displacement of the ball is limited by two stops linked to the beam.

The beam is oriented by the ⃗ x axis, while the ⃗ y axis corresponds to the bending direction. A notional diagram is provided in figure 4.1. The following list defines the parameters of the problem:

• w(x, t ) is the transverse displacement of the beam;

• u b (t ) is the displacement of the ball;

• x exc is the position of the external excitation force;

• x VI is the position of the vibro-impact absorber on the beam;

• L is the length of the beam;

• b is the half-gap of the cavity (the ball can oscillate over a distance equals to 2.b);

• m b is the mass of the ball;

• ρ is the density of the material of the beam;

• E is the Young's modulus of the material of the beam;

• I is the second moment of area of the beam;

• A is the area of the cross-section of the beam;

• --→ F exc is the external exciting force;

• -→ F VI is the contact force of the ball on the beam during impacts.

All the simulations presented are done for the numerical values given in table 4.1. Therefore the mass ratio is equal to 1, 8%, calculated as 

Equations of motion

Here, the beam is modeled using linear Euler-Bernoulli theory, so that only bending motions are considered and rotational inertia of the cross-sections are neglected. In this context, the equation governing the dynamic of the beam is:

E.I. ∂ 4 w ∂x 4 + ρ.A. ∂ 2 w ∂t 2 = δ(x -x exc ).F ext (t ) + δ(x -x VI ).F VI (u b , w); (4.1)
while the second Newton's law applied to the ball gives:

m b . üb = -F VI (u b , w). (4.2)

Definition of the excitation force and the contact force

For the purpose of this numerical study, we consider a harmonic external forcing. Therefore, --→ F exc = F exc (t ).⃗ y is defined as:

F exc (t ) = F exc . sin(ω.t ). (4.3)
The contact force of the ball on the beam is defined as:

-→ F VI = F VI (u b , w).⃗ y; (4.4)
and:

   F VI (u b , w) = 0 if |u b (t ) -w(x VI , t )| < b; F VI (u b , w) > 0 if u b (t ) -w(x VI , t ) ≥ b; F VI (u b , w) < 0 if u b (t ) -w(x VI , t ) ≤ -b.
The exact expression of F VI (u b , w) will be detailed later in this chapter.

Modal decomposition and problem reformulation 4.2.2.1 Determination of the modal basis

The dynamic behavior of the beam is governed by equation (4.1), where the displacement w(x, t ) must be determined. We first look for the free response of the system, so that F exc and F VI (u b , w) are null.

A common technique is to use the method of separation of variables. We look for a solution w(x, t ) which is the product of a spatial-dependent function ϕ and a timedependent function q: w(x, t ) = ϕ(x).q(t ).

(4.5)

Using the notations k) to express the derivatives, injecting equation (4.5) in equation (4.1), and assuming that q ̸ = 0 and ϕ ̸ = 0 we obtain:

∂ 2 q ∂t 2 = q and ∂ k ϕ ∂x k = ϕ (
ρ.A. q.ϕ + E.I.q.ϕ (4) = 0 ⇔ q q = - E.I ρ.A . ϕ (4) ϕ . (4.6)
The left-hand side is a time-dependent function, while the right-hand side is a spatialdependant function. As a consequence, both sides of the equation are constant with respect to time and space. Let's set:

q q = λ; (4.7) 
and:

ϕ (4) ϕ = k 4 ; (4.8)
where k is the wave number and is:

k 4 = - ρ.A E.I .λ. (4.9)
Since we are interested in oscillating solutions, we consider the case where λ > 0, and we set: where c, d , e and h are fixed by the boundary conditions of the beam. These clampedfree conditions must be verified at all time, and they are formulated in appendix C.1. The equation system obtained leads to the final equation (4.12) that governs the wave number of the bending clamped-free beam. cos(k.L). cosh(k.L) = -1.

λ = -ω 2 . ( 4 
(4.12)

There exists an infinite number of solutions k i (i ∈ N * ) that can be determined numerically. From equation (4.9) and equation (4.10), we are also able to derive the eigenfrequencies of the beam, or the eigenvalues of the problem, associated to the mode shapes using equation (4.11), or the eigenvectors of the problem. The association of an eigenvalue and eigenvector is an eigenmode, and they form a basis for the solutions.

Finally, the equation system in appendix C.1 allows to determine only three of the four constants c, d , e and h. Thus, it is necessary to fix one of the constants, what corresponds to normalize the mode shapes ϕ i . Renaming the constant to determine α i , it is therefore possible to derive the following expression for the mode shapes:

ϕ i (x) = 1 α i .[sin(k i .x) -sinh(k i .x) + β i .(cos(k i .x) -cosh(k i .x))]; (4.13)
where α i depends on the normalisation. It is common to choose α i in order to obtain unitary modal masses as explained below, which is L 0 ρ.A.ϕ 2 i (x).d x = 1. And:

β i = cos(k i .L) + cosh(k i .L) sin(k i .L) -sinh(k i .L) . (4.14)

Determination of the modal equation with external forcing

In this part, the external forcing is considered as non-zero. Using the modal basis determined previously, the response of the beam is projected onto the modal basis, so that:

w(x, t ) = +∞ i =1 ϕ i (x).q i (t ); (4.15)
where ϕ i and q i are the mode shape and the modal coordinate of the i-th mode, respectively. As it is not possible to work with a basis of solutions that has an infinite dimension, a modal truncation is adopted. It consists in considering only the N first modes, assuming that neglecting the higher modes leads to negligible error in the dynamic behavior of the system. The displacement becomes:

w(x, t ) = N i =1 ϕ i (x).q i (t ). (4.16)
Furthermore, the eigenmodes satisfy the orthogonality properties in the meaning of dot product. We have:

L 0 ρ.A.ϕ i (x).ϕ j (x).d x = 0 if i ̸ = j ; L 0 ρ.A.ϕ i (x).ϕ j (x).d x = m i if i = j ;
and:

L 0 E.I.ϕ i (x).ϕ (4) j (x).d x = 0 if i ̸ = j ; L 0 E.I.ϕ i (x).ϕ (4) j (x).d x = k i if i = j ;
where m i and k i are called the modal mass and the modal stiffness, respectively. Usually, the normalization of the modal shapes is chosen in order to obtain unitary modal mass, which is m i = 1. Reinjecting equation (4.16) in equation ( 4.1), we can get rid of the sum using the dot product with respect to mass premultiplying by ϕ i (x) and integrating along the x-axis. At this point we can directly add a damping term in the modal equation using the modal damping coefficient c i . This is an easy way to take in account the dissipation of the material without using a complex model of dissipation. Thus, equation (4.17) is obtained and the unknown q i can be determined solving this modal equation:

m i . qi + c i . qi + k i .q i = ϕ i (x exc ).F exc (t ) + ϕ i (x VI ).F VI (u b , w) i ∈ 1 ; N . (4.17)
Or, using a matrix formalism:

[M].{ q} + [C].{ q} + [K].{q} = F exc .{ϕ(x exc )} + F VI .{ϕ(x VI )}; (4.18)
where [M], [C], [K] denote the modal mass, damping and stiffness matrices. If unitary modal masses are used, then [M] = [START_REF] Vallatta | On The Coefficient Of Restitution Of Tennis Rackets[END_REF]. For general considerations, the mass matrix term [M] will be kept.

Analytical solutions during free flight phases

We start to study the response of the system between impacts. This situation corresponds to F VI (u b , w) = 0 and the equation (4.17) and equation (4.2) become:

m i . qi + c i . qi + k i .q i = ϕ i (x exc ).F exc (t ); (4.19)
and:

m b . üb = 0. (4.20)
The solution of equation (4.20) is:

u b (t ) = A.t + B; (4.21)
where A and B must be determined thanks to the initial conditions. Let's define the following quantities for the i-th mode:

• ω i = k i m i the eigenpulsation; • ξ i = c i 2. m i .k i the modal damping ratio; • Ω i = ω i . 1 -ξ 2 i the pseudo-pulsation.
The well-known solution of a second order ordinary differential equation (4.19) with a harmonic second member is the sum of the homogeneous solution q h i (t ) and of a particular solution q p i (t ) where: The constants a i and b i must be determined using the initial conditions, while the constants d i and e i must satisfy equation (4.19) in the stationary response when the homogeneous solution given in equation (4.22) has vanished. In appendix C.2, the determination of the constants are described, and a remark related to the implementation of equation (4.22) in a computer program is proposed.

q h i (t ) = e -ω i .ξ i .

Determination of the solutions at impact instants 4.2.4.1 On the determination of impacts instants

Up to now, we were able to determine the solutions for w(x, t ) and u b (t ) analytically without approximations. However, we will see that no analytical solution exists to determine the exact impact instant.

The contact conditions corresponding to an impact of the ball on the beam are:

u b (t ) -w(x VI , t ) = b for contact on top; u b (t ) -w(x VI , t ) = -b for contact at the bottom. (4.24)
Given the form of u b (t ) and w(x, t ) in equation ( 4.21) and equation (4.16), the only way to compute the contact instant t c is to solve the contact conditions 4.24 numerically. To reach this objective, the same methodology presented in [START_REF] Amado | Modélisation d'un système dynamique à jeu du groupe moto-propulseur[END_REF] is used. Practically, it consists in a dichotomy: for each time step, the contact conditions are monitored. When one of them is reached at time step t i , we come back to the previous time step t i -1 and divide it by ten (∆t = ∆t /10). The process is repeated until the time step has reached a threshold value, which is chosen small enough to consider that contact instant is accurately determined on the one hand, and that the calculation is fast enough on the other hand.

Let's consider that the displacements are computed for discrete time steps t i . The initial width of the time step is ∆t = t i +1 -t i . We also define two vectors D t op and D bot whose components are a measure of the distance between the ball and the top and bottom of the cavity for the first ten time steps:

D t op =    u b (t 1 ) -w(x VI , t 1 ) -b . . . u b (t 10 ) -w(x VI , t 10 ) -b    and D bot =    u b (t 1 ) -w(x VI , t 1 ) + b . . . u b (t 10 ) -w(x VI , t 10 ) + b    .
Let's call D t op (t i ) the component of D t op in which the time step is equal to t i (the same applies to D bot ). We are looking for a change of sign in each component of D t op and D bot that would mean that one of the contact conditions is reached. More specifically the components of D t op are always strictly negative without contact, while the components of D bot are always strictly positive. Therefore, a contact at the top gives D t op (t i ) ≥ 0, and a contact at the bottom leads to D bot (t i ) ≤ 0. While no contact is detected, the next ten time steps are considered. The general expressions of the vectors D t op and D bot starting at t i are:

CHAPTER 4. UNDERSTANDING VIBRO-IMPACTS THROUGH A NUMERICAL ENERGY-BASED APPROACH D t op =         u b (t i ) -w(x VI , t i ) -b . . . u b (t i +k ) -w(x VI , t i +k ) -b . . . u b (t i +10 ) -w(x VI , t i +10 ) -b         and D bot =         u b (t i ) -w(x VI , t i ) + b . . . u b (t i +k ) -w(x VI , t i +k ) + b . . . u b (t i +10 ) -w(x VI , t i +10 ) + b         .
When a change of sign is detected between the time steps t i +k and t i +k+1 (k ∈ 0; 9 ), the following method is applied:

• we come back to the time step t i +k ;

• the width of the time step is divided by ten: ∆t = ∆t /10, so that we have ten new time steps between t i +k and t i +k+1 ;

• we compute the vectors D t op and D bot starting now at t i +k .

Again, we can now look for the change of sign and repeat this process iteratively while ∆t > ∆t t hr where ∆t t hr is a threshold value that determines the accuracy of the approximation of the contact instant. The figure 4.2 illustrates the reduction of the step size before the impact instant, and the flowchart in figure 4.3 describes the process.

When this condition is reached, we know that the contact instant t c verifies the following inequality:

t i +k < t c < t i +k+1 ; (4.25)
and we make the approximation: t c ≈ t i +k with an error smaller or equal to ∆t t hr . 

Post-impact solutions

When the impact occurs, several strategies can be used to describe what happens during the contact and to obtain the state of the system immediately after the impact. Here, the choice is made to use a coefficient of restitution to describe the impact behavior. Many reasons have motivated this choice. First, the contact duration is reasonably short compared to the typical duration of oscillation of the first mode of the beam. As a consequence, the coefficient of restitution is suited as it allows to obtain the state of the system immediately after the impact without computing the behavior of the system during the contact phases. Moreover, an alternative could be to use a Hertz model to describe the contact between the ball and the beam, but unfortunately in this case no analytical solutions exist. This strategy is therefore eliminated as the objective is to use only analytical solutions in order to derive exact energy balance. Furthermore, one of the objective is to study the modal energy transfer induced by the vibro-impacts and to investigate the ability of this strategy to reduce the vibrations even in the case of non-dissipative impacts. This can be easily realized setting the coefficient of restitution to one. The coefficient of restitution may be defined in various manners. Usually, a kinematic, kinetic, or energetic coefficient of restitution is used. The previous definitions are provided in [START_REF] Seifried | The role of the coefficient of restitution on impact problems in multi-body dynamics[END_REF]. Here, we choose to use the kinematic definition considering the COR as the ratio of the relative velocities below and after the impact:

e = ub (t + c ) -ẇ(x VI , t + c ) ub (t - c ) -ẇ(x VI , t - c ) . ( 4 

.26)

In equation (4.26), t c denotes the impact instant, and t + c and t - c are the instant immediately after and before the impact respectively. The objective is to use e to determine the unknowns after an impact for t = t + c , which are u b (t + c ), ub (t + c ), q i (t + c ), qi (t + c ) knowing the state of the system for t = t - c . For this purpose, we will integrate the modal equation (4.17) during the impact [START_REF] Fang | Vibration suppression and modal energy transfers in a linear beam with attached vibro-impact nonlinear energy sinks[END_REF]. This can be written using a matrix formalism:

[M].{ q} + [C].{ q} + [K].{q} = F exc .{ϕ(x exc )} + F VI .{ϕ(x VI )}.
Integrating between t = t -and t = t + and multiplying by [M] -1 leads to:

{ q+ } -{ q-} = [M] -1 .{ϕ(x VI )}. t + c t - c .F VI (u b , w).d t . (4.27)
Indeed, as the modal coordinates {q(t )} and F exc (t ) are continuous functions of time, it implies that

t + c t - c {q(t )}.d t = 0, t + c t - c { q(t )}.d t = {q + } -{q -}) = 0, and 80 
CHAPTER 4. UNDERSTANDING VIBRO-IMPACTS THROUGH A NUMERICAL ENERGY-BASED APPROACH t + c t - c F exc (t ).d t = 0. Therefore, [M] -1 .[K]. t + c t - c {q(t )}.d t = 0, [M] -1 .[C].({q + } -{q -}) = 0 and [M] -1 . t + c t - c F exc (t ).d t = 0.
Moreover, the impulse P applied by the ball on the beam is defined as We can now replace ẇ+ in equation (4.26) in order to express u+ b only as a function of quantities evaluated at t - c :

P = t + c t - c F VI (u b , w).d t ,
u+ b = ẇ-.(1 + e) + u- b .(m b .{ϕ(x VI )} T .[M] -1 .{ϕ(x VI )} -e) m b .{ϕ(x VI )} T .[M] -1 .{ϕ(x VI )} + 1 . (4.30)
Equation (4.30) can be used in equation (4.27) to obtain the modal coordinates after the impact:

{ q+ } = { q-} -m b .( u+ b -u- b )[M] -1 .{ϕ(x VI )}. (4.31)
At the end, the derivatives of the modal coordinates and the velocity of the ball after the impact are fully determined thanks to equation (4.30) and equation (4.31). The displacement of the ball and modal displacements are unchanged during an impact, such that u + b = u - b and {q + } = {q -}. Thus, the time response of the beam submitted to vibroimpact can be determined analytically, where negligible approximations are necessary to solve the contact instant.

Energy-based approach

The behavior of the beam under harmonic excitations is studied. The excitation frequencies are chosen in the vicinity of the first three modes of the beam. The displacements and velocities are evaluated at the end of the beam. For all the results obtained in this section, the parameters of the model are defined as follows:

• the number of modes in the modal basis is arbitrarily set to eight2 ;

• the initial time step is equal to 2.π/(20.ω 8 ), so that twenty time steps are used to describe the fastest oscillation of the beam;

• the threshold value ∆t t hr for the impact detection is set to 1.10 -13 s;

• the coefficient of restitution e is set to one.

More specifically, we decided to set e = 1 in order to assess numerically the effectiveness of a vibro-impact absorber in the case of non-dissipative impacts. The other phenomena leading to energy dissipation will be investigated and described in this section.

As a remark, considering more than eight modes in the modal basis leads to prohibitive simulation cost. Meanwhile, it allows to represent the multimodal behavior of the beam with a sufficient accuracy to keep eight modes in the basis.

Specific regimes and vibration attenuation

In this section, we will present the typical responses of the beam with the VI absorber using the model presented in the previous section. At the beginning of each response, both the beam and the ball are at rest: { q(t = 0)} = {0} and ub (t = 0) = 0. The displacement of the ball is null, whereas the position of the ball is 0, 99×b (close to the contact condition) in order to ensure the occurrence of the vibro-impacts.

Determination of the mean amplitude

In order to be able to plot the response of the beam in the frequency domain, it is necessary to determine the amplitude of the response of the beam for each excitation frequency. For this purpose, the method applied is to detect the maxima for each period of excitation and to calculate the average of these maxima to obtain the mean amplitude of the beam. In order to get rid of a possible transient regime at the beginning of the response, the maxima are detected after a duration τ = log(1000) ξ 1 .ω 1 that corresponds to the duration necessary to reduce of a factor 1000 the transient regime of the first mode which is the slowest mode to mitigate. One hundred of maxima are used to calculate the average as illustrated in figure 4.4.

It is worthy to note that, in chapter 3, the mean amplitude was calculated from the envelope of the signal computed using the Hilbert transform and not the maxima during each period of excitation. As it was verified that the two methods give the same mean amplitude, and that the results presented in this section were obtained prior to the experimental results of the chapter 3, the method has been left unchanged. 

Optimal gap and time responses

We realized a parametric study on the gap, varying the gap in the range 1 mm -15 mm with increments of 1 mm. The mean amplitude of the beam is calculated for each frequency and for the different gap values based on the temporal response. It allows to identify an optimal value of the gap that leads to the best vibration reduction. The results are provided in figure 4.5 where the optimal response is obtained for a gap within the range 7-8 mm. For the smaller gaps, the frequency response is close to the response with the ball locked, since almost no attenuation is observed and the resonant peak is slightly shifted due to the added mass. An optimum is found if the gap is increased, though this is not monotonic. Indeed, increasing the gap beyond this optimal value has a detrimental effect on the vibration reduction. By comparison, the attenuation obtained with a Tuned Mass Damper is provided in appendix C.5. Furthermore, it seems relevant to notice that the vibration reduction is very sensitive to gap changes when the latter is smaller than the optimal value, whereas the reduction is less sensitive to the gap changes when it is larger than the optimal value. This suggests that the vibro-impact absorber is more robust to gap changes in the last case, that corresponds to the SMR. In order to illustrate this result, the amplitude of the beam and the attenuation obtained with the VI absorber are depicted in figure 4.6, depending on the gap value. Five points (A-E) are specified. For some of them, the response of the beam and the displacement of the ball in the cavity are also depicted in figure 4.7.

As already seen experimentally, the response leading to the minimum amplitude vibration is at the limit of the SMR (this regime can be observed for point D and E in figure 4.7) and the regime with two impacts per period (point C in figure 4.7). It is interesting to see that in the response at point C, the regime with two impacts per period is mainly observed, but the SMR briefly emerges after 5 seconds, illustrating well that the separation between the two regimes occurs around a gap equals to 7 mm.

In the following of the section, the objective is to understand how the energy is dissipated thanks to the vibro-impacts. To do so, the energy transfers that occur for the points A, B, D and E are analyzed. 

Preliminary definitions

Definitions of the terms of the energy balance

For the purpose of the energy-based approach proposed in this chapter, it is necessary to define the energetic quantities that will be studied. We consider the system {beam + ball} submitted to the external excitation F exc . For the i-th mode of the beam, we have:

• The kinetic energy E i ki n = 1 2 .m i . q2 i ; • The potential energy E i pot = 1 2 .k i .q 2 i ; • The mechanical energy E i mec = E i ki n + E i pot ; • The dissipated energy E i d i ss = t 0 c i . q2 i .d t ;
• The energy of the excitation E i exc = t 0 F exc (t ).ϕ i (x exc ). qi (t ).d t ;

• The kinetic energy of the ball E bal l = 1 2 .m b . u2 b .

In order to compute the previous terms without approximations, the dissipated energy E i d i ss and the energy of the excitation E i exc which are expressed with an integral are calculated analytically instead of using numerical integration. To reach this goal, a few technical difficulties must be overcome and are detailed in appendix C.4.

Instantaneous and average energy balance

Prior to looking at the energy transfers occurring during the vibro-impacts, it is necessary to focus on the energy balances of the system. Let's consider a vibro-impact. The change in the mechanical energy of the system during an impact for the i-th mode can be expressed as

∆E i mec = E i mec + -E i mec -.
Similarly, the change in the kinetic energy of the ball is

∆E bal l = E + bal l -E - bal l .
Therefore, the instantaneous energy balance during a vibro-impact is:

N i =1 ∆E i mec + ∆E bal l = 0. (4.32)
The equation (4.32) can be visualized graphically in figure 4.8 for the point A. The green curve demonstrates that the energy balance is well verified and that the error made solving the model and the different terms of the energy balance is negligible. Indeed, in the right part of the figure that represents the value of the left-handed member of equation (4.32), we can see that the values remains below 4.10 -16 (whereas they are expected to be zero), which may be neglected compared to the individual terms of the energy balance. On the other hand, one may consider the global energy balance of the system over a certain amount of time, which is expressed as:

N i =1 E i ki n + N i =1 E i pot + N i =1 E i d i ss + E bal l = N i =1 E i exc . (4.33)
The validity of equation (4.33) can also be verified graphically in figure 4.9 for the point A. Once again, the values remain below 5.10 -14 , that is negligible compared to the values of the terms of equation (4.33) displayed in figure 4.10. For longer simulations, it should be necessary to verify if the divergence observed in figure 4.9 remains below an acceptable threshold... Time (
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.9: Global energy balance over the entire period of resolution for the point A. As the energy balances presented in this section are reasonably verified, we are now definitely able to study the energy transfers that occur in the system {beam + ball} in the presence of vibro-impacts.

Harmonic excitation on the first mode

In this section, the energy transfers occurring at points A, B, D and E of figure 4.5 are assessed. First and foremost, the energy transfers are analyzed for the configuration of point A. Then, the energy transfers for the four points are compared.

Energy transfers for a single frequency (point A)

Since the objective is to study how the mechanical energy of both the beam and the ball is distributed among the modes and how it is dissipated, let's begin by observing the energy transfers at each impact and for each mode. To do so, the variation of the mechanical energy ∆E i mec for the i-th mode is represented in the figure 4.11. One can notice that ∆E i mec > 0 means that the mode i has received energy during the vibro-impact, whereas ∆E i mec < 0 means that it has lost energy. Therefore, we can observe that the first mode looses energy during the majority of the vibro-impacts, while the modes 2 to 8 receive energy, though the variations are smaller than the one observed for the first mode. Moreover, as the variation is not the same at each vibro-impact, the figure 4.12 depicts the average variation of the mechanical energy ∆E i mec for the i-th mode normalized by the energy of the entire system {beam + ball } at the moment of the impact E s y st = N i =1 E i mec + E bal l , so that the figure 4.12 represents the quantity ∆E i mec E s y st for each mode. These results confirm the previous conclusions, as the first mode looses almost 10% of the total energy in average. Regarding the higher modes, they receive around 1, 5% of the total energy in average. Between the impacts, the mechanical energy on each mode is dissipated. And the higher the mode, the faster the energy is dissipated. Indeed, referring to appendix C.4, E i d i ss (t ) contains terms proportional to e -2.ω i .ξ i .t and e -ω i .ξ i .t . In figure 4.13, it can be seen that for the modes 2 to 4, the mechanical energy received during a vibro-impact is not entirely dissipated before the next vibro-impact. On the contrary, for the modes 5 to 8, the mechanical energy decreases to almost zero between vibro-impacts. On average on the whole response of the beam, we can compute the energy dissipated by each mode. The ratio between the energy dissipated by each mode and the total energy dissipated 

E t ot d i ss = N i =1 E i d i

Comparison of the four points A, B, D and E

In this section, the energy transfers at the suboptimal points A, B, E and at the optimal point D are compared. In figure 4.15, the energy received by each mode is represented. It is quite visible that at the optimal point D, more energy is subtracted from the first mode and is redistributed to the higher modes. On the contrary, at point A for instance, fewer energy is taken from the first mode while the higher modes are less excited. The result is that most of the energy is concentrated in the first mode, that has the largest amplitude of vibration. This energy transfer towards the higher modes leads some authors to combine a VI absorber with an acoustic black hole that can absorb the vibrations for sufficiently high frequencies [START_REF] Li | A vibro-impact acoustic black hole for passive damping of flexural beam vibrations[END_REF][START_REF] Li | Combining nonlinear vibration absorbers and the Acoustic Black Hole for passive broadband flexural vibration mitigation[END_REF][START_REF] Li | Experimental evidence of energy transfer and vibration mitigation in a vibro-impact acoustic black hole[END_REF].

As the first mode receives less energy at the optimal point D, its contribution to the dissipation of the vibrational energy is lower. Simultaneously, the higher modes dissipate a larger amount of energy. These observations are illustrated in figure 4.16. As the higher modes realize more oscillations in the same amount of time than the lower modes, their energy is dissipated faster than in the case of the lower modes, which is another beneficial phenomenon that helps to reduce the amplitude of vibration.

On the whole, the results presented in this section demonstrate that the effectiveness of the vibro-impact absorber can be explained in terms of energy transfers that are related to the gap value. Let's start with the smallest and largest gap values that lead to observe in figure 4.7 the regime with multiple impacts (or more rarely the regime with two impacts per cycle) and the Strongly Modulated Regime, respectively. In these cases, the results in figure 4.15 show that the energy transfer from the first excited mode to the higher modes is small, resulting in a poor effectiveness of the absorber as the vibrational energy is not dissipated efficiently by the higher modes. On the contrary, when the gap is well tuned so that the regime with two impacts per cycle is mainly observed, the energy transfer from the first excited mode to the higher modes is maximized. The figure 4.16 shows that the vibrational energy is efficiently dissipated by the higher modes, resulting in the highest vibration reduction.

Then, the following sections address the problem of an excitation on the second and the third mode. 

Harmonic excitation on the second and third mode

In the previous section, it was demonstrated that the maximal effectiveness of the VI absorber corresponds to the maximum energy transfer from the first excited mode towards the higher modes. However, assuming that the excited mode is not the first mode, but the second or the third one, it is particularly relevant to study the distribution of the energy between the modes due to the impacts. Since the lower modes have a poor damping capacity, and their amplitude is often larger than the higher modes, such an energy transfer towards these lower modes could be detrimental to the effectiveness of the absorber.

The figure 4.17 and figure 4.18 shows the FRFs obtained varying the gap for an excitation in the vicinity of the second and third mode, respectively. It should be mentioned that the gap values are adjusted in order to visualize a maximum in the vibration reduction performance of the absorber. The corresponding values are probably impossible to obtain experimentally, but the conclusions drawn in the section remain valid. In each Focusing on the optimal point C for mode 2 and 3, we still observe that the energy transfer is maximized from the excited mode towards the higher modes, corresponding to the highest amount of energy dissipated by the higher modes, and the lowest for the excited mode. Consequently, the previous conclusions seem to remain valid. Moreover, it is worthy to note that a negligible amount of energy is transferred to the lower modes (-0,3 % to the first mode in figure 4.19, -0,02 % to the first mode and 0,2 % to the second mode in figure 4. [START_REF] Boettcher | Influence of viscous damping and elastic waves on energy dissipation during impacts[END_REF], what is beneficial to the effectiveness of the absorber to mitigate the vibrations of not only the first mode. Another interesting point is the energy transfers ob- The reason of this is very probably that as the gap is very small, the multiple impacts involve small kinetic energy, and thus small energy transfers, illustrating well that some regimes are less efficient than others in terms of energy transfers. Nevertheless, comparing the case of an excitation in the vicinity of the first and second mode, the energy transferred to the higher modes is lower in the second case than in the first one (for the optimal case and for the eight th mode, 3% versus 3,9%). The same observation can be made looking at the energy transfers for an excitation in the vicinity of the third (2,6% for the eight th mode). This suggests that the higher the mode to mitigate, the worse the effectiveness of the absorber. Besides, this is illustrated in figure 4.5, 4.17 and 4.18 since the vibration reductions obtained are respectively 15,4 dB; 13,9 dB and 11,5 dB. However, this last remark should be read carefully. Since the model used is based on a finite modal base truncated to eight modes, it is necessarily simplifies the phenomena. Therefore, comparing the energy transfers in these different cases can lead to misinterpretations that may not correspond to reality as long as higher modes might be 91 considered in the modal basis to represent rigorously the behavior of the beam submitted to vibro-impacts.

The same results based on a model with only six modes instead of eight are provided in appendix C.6, and they lead to the same conclusions. Therefore, the number of modes in the modal basis does not seem to change the present conclusions. Here, we decided not to increase the number of modes because of the high computational cost. 

Robustness to eigenfrequencies variations

Contrary to TMD that have a narrow frequency range of effectiveness, VI absorber are expected to be more robust to frequency variations. More specifically, it is assumed that if the main structure present eigenfrequencies changes, it should not modify significantly the performance of the absorber. Eigenfrequencies variations can be due to aging or sensitivity to environmental conditions in the case of natural materials like wood or composite made of natural fibers, or due to damage that can modify the stiffness properties of the main structure, during an earthquake for instance. In order to quantify this potential interesting property of VI absorbers, the performance of the VI absorber is assessed for two gap value. The first one is set to 8 mm, and corresponds to the optimal value found previously. The second one is set to 10mm, larger than the optimal gap. Indeed, we found in figure 4.6 that a slightly larger gap than the optimal value enables to obtain a better robustness to gap variations. Therefore, it seems relevant to examine if the robustness still stands for frequency variations. Meanwhile, the eigenfrequencies of the beam are changed. For this purpose, the square of the modal stiffnesses k i of each mode are varied at the same time in the range [-20%; +20%] with increments of 2, 5%, so that the new eigenfrequencies are varied in the same range, and they are called

ω * i (ω * i = -20% × ω 1 ; -17, 5% × ω 1 ; -15% × ω 1 ; ... ; 10% × ω 1 )
. With the VI absorber embedded, the maximum of the new vibration amplitude u VI xx% of the beam (with an eigenfrequency shift of xx%) is analyzed, and it can be compared to the maximum amplitude of the beam u VI 0% with the initial eigenfrequencies, or to the maximum amplitude of the beam u 0% with the initial eigenfrequencies without VI absorber, or at last to the maximum amplitude u xx% with the same eigenfrequency shift of xx%. The figure 4.23 depicts a few frequency responses of the beam depending on the variations of the eigenfrequencies and illustrates the previous quantities u VI xx% ; u VI 0% ; u 0% ; u xx% . In figure 4.24, the subset 4.24a depicts the ratio max(u VI xx% )/ max(u VI 0% ). Accordingly, if the ratio is greater than 1, the response of the beam with the modified eigenfrequencies is higher than the response with the initial eigenfrequencies. On the contrary, a ratio smaller than 1 indicates a lower response with the modified eigenfrequencies than without. In figure 4 0.8 0.9

(b) Attenuation with respect to the non-modified beam amplitude.

0.8 0.9

(c) Attenuation with respect to the modified beam amplitude. As a consequence, these results suggest that a very interesting robustness to eigenfrequencies variations is achieved using a VI absorber. For instance, looking at figure 4.24a almost no variations of the amplitude level are observed between -5% up to +20% for the gap of 8 mm, demonstrating the robustness of the VI absorber. The same conclusion is drawn from figure 4.24b, where one can see that the initial level of attenuation of 15,7 dB is guaranteed in the same range. Interestingly, the range of the robustness is extended when the gap is set to 10 mm, allowing an almost constant amplitude between -15% up to +20%. However, the attenuation level is slightly deteriorated from at least 16 dB to 14dB, since the gap is greater than its optimal value. This improvement of robustness could be expected regarding the figure 4.6. Indeed, under constant excitation amplitude, a gap larger than its optimal value leads to observe the SMR. During this regime, the attenuation is less sensitive to gap variations. On the contrary, in the regime with two (or more) impacts per period obtained for gaps smaller than the optimal value, the atten-uation is quite sensitive to gap variations. Moreover, the scalability property illustrated in chapter 3 shows that the gap and the vibration amplitude of the beam are related by a scalability property and play analogous roles regarding the attenuation. Since varying the eigenfrequencies of the structure modify the amplitude of its resonant peaks (see figure 4.23), the robustness during the SMR regime observed in figure 4.6 still applies in the present case. At last, the last subset 4.24c demonstrates that changing the eigenfrequencies of the structure changes the optimal gap. Indeed, one can see that the gap of 10 mm becomes optimal for ω * i = 0.9 × ω i . Moreover, it is worthy to note that setting the gap to 10 mm allows keeping the vibration attenuation below 11 dB, while setting the gap to 8 mm only allows remaining below 8 dB. Therefore, depending on the requirements of the application, it could be relevant to set the gap to its optimal value in order to obtain the best vibration reduction level, or more suited to choose a greater gap value to ensure the robustness of the VI absorber, in particular to frequencies and amplitude variations of the main structure.

Conclusions

In this chapter, the vibration mitigation achieved using a vibro-impact absorber attached to a beam submitted to a harmonic excitation is explained through an energy-based approach. A model of an Euler-Bernoulli beam with a VI absorber attached at its end is solved using a semi-analytical method. As long as no solver is used, this method enables to derive exact energy balances leading to negligible errors.

The first result is that the vibration reduction of the excited mode of the beam is performed in spite of the impacts are perfectly elastic and non-dissipative. Thus, even if energy dissipation occurs in reality during the vibro-impacts, this is not the only phenomenon at stake that helps to reduce the vibrations.

Besides, the energy transfers due to the vibro-impacts are analyzed. More specifically, two quantities are examined. The first one is the average energy transferred to the modes in proportion of the mechanical energy available in the system throughout the impacts. The second one is the energy dissipated by each mode in proportion of the total energy dissipated. In the case of an excitation on the first mode, the results obtained highlight an energy transfer from the first excited mode towards the higher modes of the beam. Moreover, considering the modes four to eight, the energy is uniformly distributed between them. Two beneficial phenomena are identified. Firstly, the higher modes have a lower amplitude of vibration. Thus, the less energy is contained on the lower modes, the smaller the amplitude of vibrations. Secondly, as they realize more oscillations in the same amount of time than the lower modes, the energy dissipation occurs faster and the vibrational energy is dissipated more efficiently.

Finally, the case of an excitation on the second and on the third mode is considered in order to achieve two objectives. The first one is to assess the ability of the absorber to mitigate the vibrations of higher modes, and the second one is to analyze the energy transfers towards the lower modes as it could be detrimental to the effectiveness of the absorber. The study reveals that an interesting vibration attenuation is performed for the second and the third mode. Moreover, the energy transfers towards the lower modes are negligible.

In conclusion, the effectiveness of the vibro-impact absorber is confirmed for harmonic excitations on the first three modes, and the effectiveness is physically explained examining the energy transfers between the modes.

At last, the robustness of the VI absorber is assessed in the case of eigenfrequencies variations of the beam. We found that the absorber is quite robust since almost no variations of the amplitude are observed while the eigenfrequencies are changed. Interestingly, the robustness can be further increased setting a greater gap than the optimal value. 

Preamble

The previous chapters have considered a beam equipped with a vibro-impact absorber. Indeed, these structures are well-known, facilitating the interpretation of the role of the vibro-impact absorber on the behavior of the main vibrating structure. The effectiveness of a vibro-impact absorber was assessed experimentally in chapter 3, and explained numerically in chapter 4. In order to go towards the application of vibro-impact absorbers to industrial cases, more realistic structures should be considered. Moreover, using a single VI-absorber has demonstrated some limitations, such as the ability to mitigate a single mode at a time with two different optimal settings. The objectives of this chapter are twofold. Firstly, a model plane is considered as a more realistic structure, and it is equipped with a vibro-impact absorber. Both numerical and experimental approaches are proposed. Secondly, the model plane is equipped with multiple VI absorbers in order to enhance the effectiveness of the vibration reduction achieved on the plane, especially concerning the multimodal attenuation.

Introduction

The literature and the previous chapters have highlighted the potential and the promising effectiveness of vibro-impact absorbers with respect to their technological simplicity.

A crucial point to understand the physical phenomena at stakes in vibro-impact is the multi-modal behavior of the main structure because of the modal interactions that occur in the presence of vibro-impacts. However, the studies are still far from dealing with real industrial structures. Very often, single-DOF or multi-DOF structures are considered [START_REF] Luo | Large-scale experimental evaluation and numerical simulation of a system of nonlinear energy sinks for seismic mitigation[END_REF], while other cases focus on beams [START_REF] Theurich | Effects of modal energy scattering and friction on the resonance mitigation with an impact absorber[END_REF][START_REF] Afsharfard | Application of nonlinear magnetic vibro-impact vibration suppressor and energy harvester[END_REF][START_REF] Geng | Suppression of multiple modal resonances of a cantilever beam by an impact damper[END_REF]. Therefore, single-DOF structures inevitably oversimplify vibro-impact phenomena since energy transfers between modes cannot exist, and structures like beams are more likely to represent the physical phenomena at stakes. Yet, they remain quite simple. Consequently, the behavior of more complex structures equipped with vibro-impact absorbers need to be investigated. Moreover, the questions of modeling, simulating and predicting the response of a three-dimensional structure endowed with vibro-impact absorbers still need to be addressed in the perspective of the design of absorbers to tackle industrial problems. In addition, experimental approaches on such structures still need to be adopted. Besides, two main drawbacks related to vibro-impact absorbers have been raised in the literature. Firstly, a single vibro-impact absorber is often used to tackle a single mode of a multi-modal structure [START_REF] Geng | Suppression of multiple modal resonances of a cantilever beam by an impact damper[END_REF]. Indeed, as the displacements obtained at the resonances are smaller for higher modes than for lower modes, the gap of the absorber cannot be properly tuned for several modes that have very different amplitudes. In addition, since vibro-impact absorbers are non-linear devices, they necessitate a certain level of energy to be activated. As a consequence, the effectiveness of such an absorber may be limited to a certain range of excitation level. For these two reasons, a promising strategy is to use multiple absorbers, and this results in several benefits. In the case of vibro-impact absorbers, it allows to reduce the size of the oscillating mass, and therefore the noise and the stress when the contacts occur [START_REF] Masri | Analytical and Experimental Studies of Multiple-Unit Impact Dampers[END_REF]. But employing multiple absorbers can also increase the robustness and the range of effectiveness of linear [START_REF] Americano Da Costa | On the optimal design and robustness of spatially distributed tuned mass dampers[END_REF][START_REF] Bachy | Investigations on the performance and the robustness of a metabsorber designed for structural vibration mitigation[END_REF] or non-linear [START_REF] Qiu | Design criteria for optimally tuned vibro-impact nonlinear energy sink[END_REF] absorbers. In the last case for instance, the vibration reduction of a single-DOF structure is increased using two VI-NES that activate at different levels of excitation. Other works have taken advantage of this principle to improve the effectiveness of multiple non-linear absorbers [START_REF] Boroson | Optimization under uncertainty of parallel nonlinear energy sinks[END_REF]. Furthermore, the use of multiple absorbers may have other benefits, especially concerning the multimodal effectiveness. In the case of linear absorbers, using multiple absorbers tuned at different frequencies may lead to achieve vibration reduction on several modes simultaneously and for broadband vibration absorption [START_REF] Vaurigaud | Targeted energy transfer with parallel nonlinear energy sinks. Part I: Design theory and numerical results[END_REF][START_REF] Pai | Acoustic metamaterial beams based on multifrequency vibration absorbers[END_REF]. A design methodology is provided in [START_REF] Fang | Vibration suppression and modal energy transfers in a linear beam with attached vibro-impact nonlinear energy sinks[END_REF] in the case of a beam equipped with two VI absorbers that aim to reduce the vibrations of the two first modes. Nevertheless, these works exclusively deal with single-DOF, multi-DOF structure, or beams, and no more than two absorbers are used simultaneously in the case of vibro-impacts absorbers. Yet again, using multiple absorbers on more realistic three-dimensional structure should be investigated.

The conclusions of the previous studies are synthesized here. Few studies dealing with the application of vibro-impact absorbers on three-dimensional structures are available, whether experimentally or numerically. In particular, being able to simulate the vibration reduction of a three-dimensional structure obtained thanks to a vibro-impact absorber is rarely discussed. At last, the strategy of using multiple absorbers has already been investigated in the case of linear absorbers, NES, and VI NES in very recent studies. Nevertheless, further work remains to be done before being able to propose a design methodology. Moreover, none of them have adopted an experimental approach, and the application concerns mostly simple structures like beams or multi-DOF structures. In this chapter, a numerical approach based on the finite element model of a three-dimensional structure is proposed in order to simulate the dynamic behavior of a model plane in the presence of a vibro-impact absorber. It is worthy to note that simultaneously to this study, another work was proposed in [START_REF] Monjaraz Tec | A massless boundary component mode synthesis method for elastodynamic contact problems[END_REF] in order to realize long-term simulations of vibroimpacts problems based on a finite element model. The authors argued that their approach help to reduce significantly the computational efforts. The method proposed is validated experimentally in another paper [START_REF] Monjaraz-Tec | Prediction and validation of the strongly modulated forced response of two beams undergoing frictional impacts[END_REF]. In our work, the structure that we studied is a model plane. Based on the numerical results, some rules are presented regarding the design process of a VI absorber leading to the optimal vibration reduction. In order to confirm the trends observed in the simulation results, experiences are realized, demonstrating the ability of the VI absorbers to reduce the vibration level of the model plane, but also highlighting the limitations of using a single VI absorber. Then, multiple absorbers are designed, and they are spatially distributed on the wings of the plane. The benefits of using multiple absorbers, as well as the influence of both their position and gap on the level of vibration mitigation is presented.

Dynamic of a three-dimensional structure submitted

to vibro-impacts

Finite element model and matrix formalism

In order to assess the vibration mitigation effectiveness of a vibro-impact based strategy on a three-dimensional structure, a model plane is considered in this chapter. It is equipped with a vibro-impact absorber at each end of the wings. The vibro-impact absorber is designed in a very similar manner than in chapter 3, though its dimensions and the size of the ball are modified. The CAD views are available in figure 5.1. The geometry file is then imported in COMSOL in order to build the finite element model of the plane equipped with the absorbers. Therefore, the equation to solve is given in equation ( 5 The damping model used in COMSOL is based on a loss factor η, so that the damping matrix becomes :

[C] = η.[K] ω .
(5.2)

Modal decomposition

Considering equation (5.1), the size of the matrix system to solve is N d o f × N d o f . In order to reduce the size of this system, a modal decomposition is adopted. The same approach as used in chapter 4 is adopted here. 

=                q 1 (t ) . . . q k (t ) . . . q N mod e (t )                . ( 5.5) 
The eigenpulsations are given by the the N mod e first solutions of equation (5.6):

det([K] -ω 2 .[M]) = 0. (5.6)
Then, the mode shape {φ i } of the i-th mode can be calculated solving: Then, equation (5.7) can be transformed in a first order equation, which is a necessary step to proceed to numerical integration, using: {Z} = {q} { q} . (5.8) This leads to:

(-ω 2 i .[M] + [K]).{φ i } = {0};
{ Ż} = [0] [I] -[K r ] -[C r ] .{Z} -[φ] T {0} {F} = [A].{Z} + {B}.
(5.9)

The equation governing the displacement of the ball is m b . üb = -F VI . In order to include this equation in the first order differential matrix system 5.9, we can set {U b } = ub üb and derive that:

{ Ub } = 0 1 0 0 .{U b } - 1 m b . 0 F VI = [A b ].{U b } + {B b }.
(5.10) Therefore, equation (5.10) can be included in equation (5.9). For this purpose, we set {Y} = {Z} {U b } in order to obtain: .11) At the end, equation (5.11) traduces the dynamics of the structure and the ball during both the free-flight and contact phases. The contact force is defined in the following paragraph.

{ Ẏ} = [A] [0] [0] [A b ] .{Y} + {B} {B b } = [A * ].{Y} + [B * ]. ( 5 

Contact phases

The contact of the ball with the wing plane occurs if the following conditions are satisfied: u b (t )u kt (t ) ≥ 0 for contact on top; u b (t )u kb (t ) ≤ 0 for contact at the bottom;

(5.12)

where kt and kb denote the number of the degrees of freedom of the plane corresponding to the top and the bottom of the cavity where the contact applies. Then, the interpenetration δ between the ball and the structure can be defined as: δ = u b (t )u kt (t ) for contact on top; δ = u b (t )u kb (t ) for contact at the bottom.

(5.13)

Here, we choose to define the contact force F VI applied by the ball on the structure using the Hertz model:

       F VI = K h .δ 3/2 if
the contact occurs on top; F VI = -K h .(-δ)3/2 if the contact occurs at the bottom; F VI = 0 if the contact conditions are not satisfied; (5.14) where K h is the contact stiffness. It depends on the materials and geometries of the solids in contact, and is given by the Hertz model described in chapter 1.

At the end, the matrix system 5.11 can be solved numerically using the Matlab solver ODE23t 3 based on a trapezoidal rule.

Simulation and design of the vibro-impact absorber

Configuration of the plane for the simulations

In the simulations, only one VI absorber was activated, the other one was left empty. The measurement and excitation points are the same, and they are located at the end of the wing, next to the VI absorber. The figure 5.3 illustrates this arrangement.

The plane is in free-free boundary conditions. The ten first modes are considered in the modal basis. The added mass due the cavity of one VI absorber and the ball represents 2,41 % of the total mass of the plane.

Relation between the gap and the force of excitation

We have defined an indicator I to assess the vibration reduction obtained in a given frequency range thanks to the VI absorber. In the frequency range studied, the maximum of the response of the structure with the vibro-impact absorber is compared to the maximum of the response without the absorber. The figure 5.4 illustrates the two compared responses, and the indicator is defined as follows: From the indicator presented in equation (5.15), it is possible to derive the vibration attenuation A in decibels: A = 20. log 10 (I).

(5.16)

The attenuation defined in equation (5.16) is calculated for the first mode of the plane, the excitation force is maintained constant at 0,05 N and the gap is varied. For each gap value, the attenuation obtained is reported in figure 5.5.

The results confirm what was previously observed. Under constant excitation amplitude, there exists an optimal gap value that leads to the best vibration reduction. It is worthy to note that the attenuation is less sensitive to the gap value when the gap is larger than the optimal value. On the contrary, for gap values smaller than the optimum, the attenuation can vary roughly even for tiny variations of the gap. This result is particularly relevant to notice in the context of a robust design of the absorber, although this question is not investigated. Then, several other simulations are performed, so that the The blue areas correspond to a weak vibration attenuation, while the red areas correspond to the best vibration reduction. Up to now, we were used to maintain either the excitation force constant and to vary the gap, or to fix the gap and to vary the excitation in order to find an optimal value. Here, it is interesting to see that the excitation force plays a similar role than the gap in the vibration reduction. Indeed, considering a constant gap value, it is possible to find an excitation force that leads to the best vibration reduction. This result is reminiscent of the scalability property described and illustrated experimentally in the chapter 3 in section 3.3.1.2. In this chapter, it was found that if the ratio excitation / gap is maintained constant, the attenuation remains also at the same value. This linear behavior can be visualized in figure 5.6, as the frontiers between the color zones are almost linear. Practically, it means that tracking the optimal point of the absorber can be performed satisfying the linear relation 5.17 where b is the gap, F exc is the excitation force, and α is a positive coefficient that must be determined. b = α.F exc .

(5.17)

At last, the same remark concerning the robustness can be done. The figure 5.6 can be divided in two zones, separated by the dotted gray line. In zone 1, the gap b is greater than its optimal value, and the excitation force F exc is lower than its optimal value. In this zone the attenuation is slightly sensitive to variations of b and F exc . Conversely, in zone 2 the attenuation is much more sensitive to variations of these two parameters. As the excitation is not a design parameter, the gap should be chosen advantageously depending on the excitation force in order to ensure a sufficient robustness of the tuning.

Multi-modal attenuation

The question of the attenuation of several modes simultaneously using a single VI absorber was raised in the previous chapters of this manuscript and in some papers [START_REF] Geng | Suppression of multiple modal resonances of a cantilever beam by an impact damper[END_REF]. It was shown that using a single vibro-impact absorber can reduce the vibrations of a single mode at a time, but the effectiveness on several modes simultaneously is essentially impossible to achieve. Indeed, the difference of vibration amplitude of the modes are incompatible with the level of activation of the vibro-impact absorber. For instance, if the gap is well tuned in order to trigger the vibro-impacts when the structure oscillates in the vicinity of its first mode, this gap value is too large to trigger the impacts when the structure is excited on higher modes since their amplitude of vibration is lower, unless the excitation force is increased. In the present case, a simulation of the response of the model plane on a wide frequency range (5-200 Hz) was performed. The force was set to 0,05 N and the gap was tuned at 3,65 mm, corresponding to the optimal value found in figure 5.5. The response in displacement of the plane is depicted in figure 5. [START_REF] Al-Shudeifat | Shock Mitigation by Means of Low-to High-Frequency Nonlinear Targeted Energy Transfers in a Large-Scale Structure[END_REF] The level of activation of the vibro-impact absorber is well visible: above 10 -3 m, the impacts are triggered and the response is well attenuated compared to the response without absorber. Thus, the effectiveness on the first mode is quite interesting. Concerning the second mode, a moderate vibration reduction is achieved since the resonance peak is slightly above 10 -3 m without the absorber. However, one can expect a larger vibration reduction if the gap was reduced appropriately. At last, the effectiveness on the third mode and higher is null because the resonance peak remains below the threshold of activation of the absorber. Consequently, no impacts occur, the ball remains at rest and the response of the structure is linear.

In the following section, the experimental behavior of the model plane equipped with a vibro-impact absorber is investigated. 

Harmonic excitation of the first mode

In this section, the plane is excited by a harmonic force which frequency is in the vicinity of its first mode. The control of the excitation force is realized using the same method than in chapter 3. The details are given in [START_REF] Teloli | Good practices for designing and experimental testing of dynamically excited jointed structures: The Orion beam[END_REF]. The gap of the VI absorber situated next to the observation point is equal to 2,4 mm. On the opposite side of the wing, the other VI absorber is locked, so that its gap is equal to zero. In these tests, the gap is fixed and the excitation force is varied. The methodology adopted to calculate the FRF of the plane from the time response is based on the Hilbert transform, as done previously in chapter 3 in section 3.2.5. The figure 5.9 shows the FRFs obtained for each excitation force. Even if the values chosen for the excitation force do not allow to find an optimal configuration (the attenuation keep increasing when the excitation force decreases), the behavior observed is the same as found in the simulations before: high excitations lead to responses close to the response with the ball locked, while decreasing the excitation improves the attenuation. Furthermore, we can suppose that keep decreasing the force beyond the optimal excitation force should lead to obtain a response close to the response without ball.

In the following paragraph, the response of the plane to broadband excitations is studied and the effectiveness of the absorbers is examined. 

White noise excitation

The vibration reduction obtained for white noise excitation is also investigated. We will see that interesting attenuations can be obtained on the first four modes of the plane, and we will end with the limitations of using a single VI absorber (or two with the same gap).

The excitation is a white noise signal in the frequency range [10; 50] Hz. Three gap values and four excitation force amplitudes are tested: 0,1 mm ; 0,2 mm and 0,3 mm for the gaps, and 1×F exc ; 1, 4×F exc ; 1, 8×F exc and 2, 3×F exc where F exc is the reference level of the excitation force. It is worthy to note that the excitation is not controlled during these tests, only the voltage of the force signal is changed in order to change the excitation force. Then, the Root Mean Square value of the force is calculated for each voltage.

The FRFs obtained are compared in figure 5.10. Concerning the third mode, one should notice that the results are not presented because they are not usable. Indeed, the curves are very noisy and impossible to distinguish from each other. A likely reason for this is that the excitation point is very close to the node of the third mode, leading to nonusable results for this mode. As usual, the same effects of the gap and of the excitation are observed. It is relevant to see that interesting vibration reductions are obtained for all the modes studied, depending on the gap and the force value. More details concerning the attenuation are depicted in figure 5.11. Hence, up to 7 dB are obtained for the first mode (gap = 0,1 mm and 1 × F exc ), 11 dB for the second mode (gap = 0,2 mm and 1, 8 × F exc ), and more than 12 dB for the fourth mode (gap = 0,2 and 2, 3×F exc ). With two VI absorbers (one at each end of the wings) tuned with the same gap, the vibration reduction is even better: up to 19 dB, see figure 5.12. Frequency (Hz) Looking at the attenuation presented in figure 5.11 and figure 5.12, many relevant remarks must be done. To start with, the scalability property discussed earlier in this manuscript is visible here again. Indeed, when an optimal vibration reduction is found corresponding to the pair gap and F exc , this optimum is moved to higher excitation force if the gap is increased, as illustrated on the second mode in figure 5.11. Then, considering the modes 1, 2 and 4, the optima are not simultaneous: when the value pair F exc and gap is optimal for one mode, it is necessary not for the other modes (for instance, see figure 5.11 at gap = 0,2 mm). Therefore, increasing (respectively decreasing) the force has a beneficial (respectively detrimental) effect on the attenuation of one mode, while it has a detrimental (respectively beneficial) effect on the attenuation of another mode (see for example mode two and four at gap = 0,1 mm in figure 5.11). This is even clearer in figure 5.12 for the modes one and two on the one hand, and for the mode 4 on the other hand. This illustrates very well that multimodal attenuation cannot be achieved using a single VI absorber (or even two VI absorber since they have the same gap). gap = 0,2 mm gap = 0,3 mm Accordingly, the next section focuses on the realisation of multiple VI absorbers spatially distributed on the wing plane. The objective is to surpass the limitations observed in the previous cases where a single VI absorber is used.
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Realization and experimentation of multiple VI absorbers spatially distributed on a three-dimensional structure

This section deals with the experimental results of the vibration behavior of the plane equipped with multiple VI absorbers, in order to address the question of multimodal attenuation. The reader should be warned that the plane used in this section has a slightly different design than the one used in the previous section. For practical reasons, the connections between the wings and the fuselage are realized differently. Therefore, their dynamic behavior are barely different. However, this is not a major issue since the results of this section are not directly compared to the previous section.

Description of the experimental set-up

The design of the VI absorbers is based on the CAD work done previously. The cavity is realized from a PMMA tube. The screw and the counter nut are manufactured, and they close the top of the cavity. Thanks to the screw the gap can be set in the range 0 mm -2 mm. A magnet is stuck at the bottom of the cavity in order to attach and move the VI absorbers very easily at the surface of the wings to study various locations of the absorbers. In order to try to obtain the same contact properties on each side of the cavity, thin steel disks are stuck on the magnet and on the screw. At the same time, it avoids any damages to the magnet and the screw that may not resist very well to repeated impacts. Photos of one VI absorber are presented in figure 5.13, and the masses of one VI absorber compared to the mass of the plane are given in table 5.2. Therefore, one VI absorber with its ball represents 0,32 % of the mass of the plane, and 0,69 % of the mass of the wing. Plane Wing One VI absorber One ball 875 g 408 g 1,8 g 1g Table 5.2: Mass of the structure and of the VI absorber.

The plane is suspended by thin rigid wires in order to approach free-free boundary conditions (see figure 5.14). The plane is excited by a white noise signal using a shaker and the excitation force is measured using a cell force. The amplitude of the excitation force is not controlled. Nevertheless, the gain of the amplifier is set at the same level for each test, as is the voltage of the excitation signal. The fluctuations of the amplitude of the excitation force and the repeatability of the response of the plane are evaluated in appendix D.4. As illustrated in figure 5.15, the VI absorbers are behind the wings in order to leave the opposite surface free in order to perform the measurements of the observation points (depicted in figure 5.14) thanks to the vibrometer. In the following of this chapter, all the FRFs presented correspond to the average of the modulus of the FRF obtained at each measuring point.

Influence of the gap on the effectiveness in the frequency range

A first parametric study is realized in order to estimate the gap values that are susceptible to lead to an effective vibration reduction. For this purpose, three VI absorbers are positioned at the end of the wings as great displacements are expected at this location. Their gap are varied (they all have the same value), and the vibration attenuation obtained for each mode is evaluated like previously using equation (5.16). The FRFs obtained for all the gap values are depicted in figure 5.16. The figure is divided in ten frequency ranges. For each of them, a zoom on the FRFs can be visualized in figure 5.17, and the attenuation is assessed in figure 5. [START_REF] Besnard | Analysis of image series through global digital image correlation[END_REF].

As a remark, the mode at 82 Hz will not be considered in this study, because the excitation point is very close to a node. Therefore, the corresponding mode is hardly excited and the results obtained in this frequency range are not usable. Looking at the results of figure 5.17 and figure 5.18, a general trend is observed: for the lowest frequency modes, the largest gaps lead to the best effectiveness. On the contrary, the smaller gaps are more efficient considering the higher frequency modes. It corroborates the conclusions drawn in the previous chapters. One can notice that the peaks have slightly moved to the left compared to the FRF without ball. This is due to the added mass of the VI absorbers. Moreover, these added masses may slightly change the mode shapes of the plane. Therefore, the FRFs without balls and with the balls locked are not superimposed (see appendix D.1). Here, the attenuation calculated does not take in account this change in the mode shapes. For the sake of simplicity, this phenomenon is not considered, and the attenuation is calculated using the FRF without ball as reference.

These preliminary results permit to verify that the range of gap available effectively allows significant attenuation. Moreover, they give an overview of the optimal gap values corresponding to each frequency range. Nevertheless, the influence of the location of the absorbers should be investigated as well. Accordingly, such tests are presented in the next paragraph.

Multi-modal attenuation

As we have previously seen that one gap value is mainly effective in a narrow frequency range, we will combine multiple absorbers tuned with different gaps in order to obtain a multimodal vibration reduction. To reach this objective, four locations are identified corresponding to the anti-nodes of specific modes. Thus, large displacements are expected at these locations. For each location, the gap is varied in order to find the best value leading to the best vibration reduction. 

Determination of the locations and gaps of the VI absorbers

The four locations tested are presented in figure 5.19. For each location, the gap is varied in order to determine its optimal value. Then, the attenuation is evaluated for all the gap values and for each frequency range. At the end we are able to determine the frequency range of effectiveness of the four locations, and the corresponding gap that enables the maximum vibration reduction. These attenuations are available in figure 5.21.

The damping performance obtained in each frequency range will be discussed in the light of the modal shapes given in figure 5.20. Both experimental and numerical modal shapes are presented for a better visualization. However, the model did not predict correctly the mode shape for the two modes at 199 Hz and 215 Hz. Accordingly, they are removed from the figure. One can see that the two modes in the range [112 ; 154] Hz and [280 ; 330] Hz are very affected by the location 2 and 4, while the location 3 reaches its best effectiveness in the range [112 ; 154] Hz. The reason for this is that the modes at 135 Hz -136 Hz and 316 -320 Hz correspond to the torsional modes, and location 2 and 4 correspond to the anti-nodes of the second torsional mode (316 and 320 Hz) where large displacements are taking place. By contrast, the location 3 corresponds to a node of this same mode, while it corresponds to the anti-node of the first torsional mode (135 Hz). This is why such a great effectiveness can be achieved on this mode. Specifically, the FRF displacement / force gives responses ten times higher at the points in the middle of the wings compared to the points at the end of the wing for the first torsional mode. Similarly, the response is 5 times higher concerning the second torsional mode. On the contrary, location 1 does not exhibit much effectiveness for the two torsional modes, but interesting attenuation is achieved for almost all the others. Indeed, the end of the wings are submitted to large displacements in the case of the flexural modes (modes 1, 2, 3, 4, 7, 8, 9, 10, 13, 14 in figure 5.20), but not for the torsional modes. More details on the amplitude of the displacements are given in appendix D.2. Moreover, the location 2 was supposed to be efficient on the mode at 270 Hz as it corresponds to an anti-node of this mode. However, the figure 5.21 shows that the attenuation reaches only 9 dB, what is less than expected. Looking carefully to the mode shape at 270 Hz in figure 5.20, we can see that this mode presents large displacements on the ailerons (the experimental mode shape shows this better than the numerical mode shape). Consequently, this mode is harder to mitigate since no VI absorbers are located on the ailerons. Despite this, placing the VI absorbers at the end of the wings where displacements are larger enables to achieve a better effectiveness of 14 dB.

At last, the effectiveness achieved on the two first modes (18 Hz and 41 Hz) could probably be increased using larger gaps, but the maximum gap is reached in this case.

In order to assess the multimodal effectiveness of multiple absorbers, we focused on the attenuation circled with red line that correspond to the targeted attenuation on the corresponding frequency range. Thus, it determines the gap to choose. Then, the four location are used simultaneously with the objective to improve the effectiveness for several frequency ranges simultaneously. Therefore, the following approach is adopted:

• The gap of the VI absorbers of location 1 are set to 2 mm in order to mitigate the two first modes;

• The gap of the VI absorbers of location 2 are set to 0,2 mm in order to mitigate the torsional modes in the frequency range [112 ; 154] Hz and [280 ; 330] Hz;

• The gap of the VI absorbers of location 3 are set to 0,4 mm in order to mitigate the mode in the frequency range [85 ; 112] Hz (a great effectiveness is also expected in [112 ; 154] Hz); 

Combination of multiple VI absorbers

The comparison of the FRFs obtained separately in each of the four locations of the absorbers and for the four locations simultaneously are presented in figure 5.22. The corresponding attenuations are given in figure 5.23.

It is interesting to see that the vibration reduction obtained in the case where all the VI absorbers are used simultaneously is equal or greater than in the case of each location 1, 2, 3 or 4 taken individually. Therefore, even in the case of the frequency range where no particular effectiveness was expected, a significant attenuation is achieved. Thus, the modes around 200 Hz are reduced up to 20 dB, the mode at 270 Hz is reduced of 14 dB. Even the modes at 371 Hz and 406 Hz are reduced of 18 dB and 15 dB respectively. However, none of the location tested are efficient in the frequency ranges [414 ; 500] Hz.

As a consequence, we have performed multimodal vibration reduction using multiple VI absorbers that are appropriately located on the structure, and choosing the gap value that leads to the best effectiveness. Moreover, the difference of the amplitudes of displacement of the lower and the higher modes of the plane is less than in the case of the beam that was studied in chapter chapter 3. For instance, the ratio of the amplitudes of displacements of the first and the fourth mode of the plane is approximately 18, while servation points on the plane. At the lowest frequencies (10 Hz in the present case) it represents the flexibility of the plane. Therefore, the static rigidity is obtained considering the inverse of the flexibility, and it means that the flexibility must be as low as in the case where no VI absorbers are attached to the plane. As the two curves merge for the lowest frequency, we can conclude that the attachment of the three VI absorbers at the ends of the wings does not deteriorate the static rigidity of the plane. Meanwhile, the two first low frequency modes of the plane are interestingly damped by the adding of the VI absorbers. Thus, VI based strategies are good candidates to perform both low frequency vibration reduction while guaranteeing that the structural properties of the structure are not significantly affected. Moreover, a greater attenuation could be expected for the first modes in the present case if the gap is increased. However, the maximum value was already reached.

Response to narrowband excitations

In the literature, many papers aiming to explain the mechanisms leading to energy dissipation in vibro-impacts state that energy transfers occur between modes [START_REF] Theurich | Effects of modal energy scattering and friction on the resonance mitigation with an impact absorber[END_REF][START_REF] Gzal | Extreme intermodal energy transfers through vibro-impacts for highly effective and rapid blast mitigation[END_REF][START_REF] Al-Shudeifat | Shock Mitigation by Means of Low-to High-Frequency Nonlinear Targeted Energy Transfers in a Large-Scale Structure[END_REF]. More specifically, the vibro-impacts excite the higher modes of the considered structure. This statement has been verified numerically in chapter 4 of this manuscript, where a model of a beam submitted to vibro-impact is solved using a semi-analytical method. The present section is devoted to study the response of the model plane submitted to narrowband white noise excitations, and to analyze the vibrational response of the structure to vibro-impacts out of the range of excitation. For this purpose, a narrow frequency range is selected for the excitation signal, and the response of the plane is analyzed up to 5000 Hz. The arrangement of the vibro-impact absorbers correspond to the one presented in figure 5.18, where three VI absorbers are set at the both ends of the wings.

Excitation of the two first modes: 10 -70 Hz

The first case investigated consists in exciting the plane on its two first flexural modes, at 18 Hz and 41 Hz. Therefore, the white noise excitation is in the range 10 -70 Hz. The excitation amplitude is maintained constant, and the gap is varied. The figure 5 that the gap of 2 mm leads to the best vibration reduction, especially for the second mode. The subfigure b) represents the quadratic velocity of the plane, averaged on the measuring points on the frequency range 70 -5000 Hz. The choice was made to use the quadratic velocity instead of the velocity because it is proportional to the kinetic energy of the structure and has an interesting physical meaning. At this point, the subfigure b) allows to distinguish the responses with the VI absorbers from the responses without balls, as the first ones are largely higher than the last ones. Then, the subfigure c) shows the integral of the quadratic response over the frequency range 70 -5000 Hz, so that it allows to compare the accumulation of the energy in the structure over the frequency range. It is worthy to note that the highest curves correspond to the gap values leading to the best vibration reduction. Interestingly the curves related to the responses without balls and with the balls locked are approximately one thousand times lower. As a consequence, it confirms that vibro-impacts lead to an energy transfer from the lower modes of the structure towards the higher modes. Moreover, the closer to the optimal response, the higher the energy transfer. 

Excitation of the fourth mode: 85 -123 Hz

In this second case, the excitation is in the vicinity of the fourth mode, so that we are able to study the response of the structure for frequencies both lower and higher than the ex-citation frequencies. This time, the optimal gap is equal to 0,5 mm. In figure 5.26, the upper plots b) and c) focus on frequencies higher than the excitation range, while the lower plots d) and e) focus on frequencies lower than the excitation range. Looking first at the subfigures b) and c), the same conclusions than above can be drawn: the responses without balls and with the balls locked lead to negligible levels of vibration in this frequency range, while the optimal response is the one that accumulates the most energy over this frequency range. However, the conclusions are different regarding the plots d) and e). Indeed, the subfigure d) representing the quadratic velocity shows that the higher values are related to the worst response in terms of vibration reduction (gap equal to 2 mm and 1,2 mm). Furthermore, the subfigure e) confirms this observation, since the most energy is accumulated in the range 10 -85 Hz for the gap equal to 2 mm. On the contrary, the curve associated to the optimal gap (equal to 0,5 mm) is quite below. This would suggest that, once the optimal gap is found, the vibro-impacts result in an energy transfer in the upper part of the frequency range larger compared to suboptimal cases, but not in the lower part of the frequency range. As explained in chapter 4, this phenomenon is beneficial to the vibration reduction, and the energy-based approach adopted in this same chapter comes to the same conclusions. Consequently, VI absorbers seem to be able to damp not only the first mode of a structure, but also the higher ones without significant detrimental effects. Frequency (Hz) 0 0.5 

Conclusions

The study of the behavior of a multi-modal structure equipped with vibro-impact absorbers turned out to be a crucial point to represent the physical phenomena at stakes on real structures. Accordingly, this chapter examines numerically and experimentally the behavior of a model plane endowed with a single vibro-impact absorber. In a second time, we realized experiments in order to investigate the benefits of employing multiple VI absorbers to overcome the limitations encountered with a single VI absorber. First, a modeling and numerical work is proposed to simulate the time response of a three-dimensional structure equipped with a vibro-impact absorber. The approach adopted is based on a finite element model of the structure. Once the matrices of the system are known, the vibro-impact force is added to the equations and the system is solved using numerical integration. The simulations exhibit very clearly a relation between the gap and the excitation amplitude of the main structure. This can be turned into the following design rule: the optimal vibration reduction can be reached for several gaps and excitation forces, and the relation between these two parameters is linear. This finding should help to determine the optimal gap of the absorber, depending on the excitation conditions. Moreover, the influence of these two parameters are confirmed experimentally. In addition, the effectiveness of a VI absorber for white noise excitation is investigated. The results show distinctly that a single VI absorber can tackle one mode at a time, leading to attenuation up to 13 dB. However, no optimal configuration exists to address the problem of multimodal attenuation.

To this end, the model plane tested in this chapter is then equipped with smaller multiple VI absorbers. Preliminary tests confirm that smaller gaps are more suited to tackle higher modes, while larger gaps have a better effectiveness on the first modes of the plane. In order to deal with multimodal attenuation, the influence of the location of the absorbers on the frequency range of effectiveness is firstly examined. Furthermore, the level of performance obtained in each frequency range is explained based on the mode shapes. In the light of these results, four locations are combined and allow to perform an effective multimodal vibration reduction. Even if the attenuation obtained is more complex than simply the sum of the attenuation of each individual location, it is worthy to note that we achieved at least the same vibration attenuation than the one obtained for each individual location. And sometimes even better. Then, it was verified that such absorbers enable to perform low frequency vibration reduction without significantly modifying the structural properties of the plane, and in particular, the static rigidity, whereas it is usually difficult to achieve with polymer materials. At last, narrowband excitations are considered and the behavior of the plane is studied out the range of excitation in order to assess the nonlinearity effects due to vibro-impacts. The results corroborate the conclusions drawn in chapter 4, since the structure seems to undergo larger energy transfer towards the higher modes than towards the lower modes, confirming that no major detrimental effects occur in the presence of vibro-impact absorbers.

Conclusions and perspectives

The work presented is this PhD thesis is focused on the design of vibro-impact absorbers in the context of vibration mitigation. New experimental approaches are adopted, and provide novel and promising results concerning the performance and the design of vibroimpact absorbers. In particular, a full-field measurement method is proposed for vibroimpact systems. Then, structures of progressive complexity are equipped with vibroimpact absorbers, namely a beam and a three-dimensional structure corresponding to a model plane. Numerical approaches are adopted to complete and validate the experimental results.

The first contribution of this work concerns the development of a full-field measurement technique allowing to measure and characterize the vibro-impact phenomenon. The technique developed is based on a Digital Image Correlation process and a series of pictures recorded using a high speed camera. The motions of both the main structure and the ball are reconstructed, overcoming the difficulties encountered to measure the displacement of the oscillating mass with conventional sensors. Then, continuous displacements are obtained using curve fitting as a model identification process. Hence, it is possible to derive the velocities using analytical derivatives without noise amplification. At the end, the coefficient of restitution and the friction forces acting on the ball during the free flight phases are obtained. Up to now, these quantities remained unmeasurable, demonstrating the high benefit of such field measurement for vibro-impact applications. These results correspond to the chapter 2 and are published in Mechanical Systems and Signal Processing, Volume 156 entitled Full-field measurements with Digital Image Correlation for vibro-impact characterisation.

The second contribution concerns the application of vibro-impact absorbers on multi-modal structures, since many theoretical results of the literature are obtained for single degree-of-freedom systems. Accordingly, two structures are equipped with a single vibro-impact absorber and are tested experimentally. The first one is a cantilever beam submitted to base excitation, and the second one is a model plane, playing the role of a more realistic structure. For both of them, a vibro-impact absorber with tunable gap has been designed and manufactured. Harmonic and random excitations are considered. In the case of harmonic excitations, parametric studies on the gap confirm that, like for single degree-of-freedom systems, the optimal gap is at the limit between the regime with two impacts per period of the excitation and the Strongly Modulated Regime. An optimal gap can also be found for random excitations, even if the previous regimes do not exist anymore. Interestingly, we also have clearly demonstrated that a single vibroimpact absorber can tackle one mode at a time, but that multimodal attenuation cannot be achieved. The corresponding results can be found in both chapter 3 concerning the beam, and chapter 5 for the model plane. Moreover, the results obtained on the beam in chapter 3 are also published in Mechanical Systems and Signal Processing, Volume 180 entitled Experimental investigations of a vibro-impact absorber attached to a continuous structure.

Consequently, the third contribution is related to the design of multiple vibro-impact absorbers in order to improve the vibration mitigation performance, and more specifically to obtain a multimodal attenuation. Therefore, the influence of two parameters is investigated, namely the gap and the location of the vibro-impact absorbers. The results show that smaller gaps are more likely to tackle higher modes, whereas larger gaps are more suited for lower modes. Regarding the location of the absorbers, it should be chosen on the antinodes of the mode(s) that must be mitigated. Combining several gaps and locations of the absorbers, it is possible to achieve multimodal attenuation. Moreover, we verified that it was possible to reduce the vibration amplitude of the lower modes of vibration without deteriorating the static rigidity of the structure. The corresponding studies are described in chapter 5.

Finally, the last contribution concerns the evaluation of the modal energy transfers in a structure equipped with a vibro-impact absorber, and their role in the effectiveness of the absorber. For this purpose, a model of an Euler-Bernoulli beam with a VI absorber attached at its end is solved using a semi-analytical method, allowing to derive exact energy balances. Firstly, we observed that vibration reduction is performed in spite of the impacts are perfectly elastic and non-dissipative. Considering a harmonic excitation of the first mode of the beam, the results show that mechanical energy is transferred from the first excited mode to the higher modes that contribute to the energy dissipation in a more effective manner. Moreover, this energy transfer is greater when the gap is set at its optimal value, which corresponds the best vibration reduction. The same conclusions are drawn for an excitation in the vicinity of the second and the third mode of the beam. In addition, we observed that negligible energy transfers occur from the excited mode toward the lower modes. This is worthy to note, since such phenomenon would be detrimental to the performance of the absorber. This results corresponds to chapter 4. Besides, in chapter 5, the response of the plane out of the frequency band of excitation is analyzed, and leads to similar conclusions.

Of course, further work are envisioned in the perspective of the design of vibro-impact absorbers for real industrial applications. To start with, it is necessary to identify the conditions that enable the best performances of the vibro-impact absorber. If the influence of the gap is now well understood and affects directly the level of vibration reduction, the question of the robustness is not fully addressed yet. Preliminary numerical results are proposed at the end of chapter 4 and highlight the robustness of the vibro-impact absorber to eigenfrequencies variations. This result must be validated experimentally, and random excitations should be considered in addition to harmonic excitations. With the same objective, the robustness to variations of the excitation amplitude must be studied.

Still focusing on the development of industrial applications, it seems crucial to be able to build predictive models that make engineers able to design absorbers that meet the performances required, using fast and low-cost numerical approaches. For this purpose, model updating related to the vibro-impact process needs to be realized. Yet, almost no work dealing with this problematic is proposed. The full-field measurement method proposed in chapter 2 may be a starting point allowing to obtain reliable experimental data. Accordingly, even if no model updating process was realized during this work, all the necessary elements are available, namely the models and the experimental data.

Then, very recent studies have shown the existence of damage in the contact zones of the vibro-impact absorber, due to the repetitive impacts of the ball. Therefore, the contact properties are modified. Before going towards industrial applications, it is absolutely necessary to investigate the influence of the damaging of the contact zone on the behavior and performance of the absorber. Moreover, the evolution of these damages over time must be analyzed in order to understand their influence on the service life of a vibroimpact absorber. To do so, adopting an experimental approach is probably a relevant strategy.

Furthermore, the vibro-impact absorbers developed in the present work lead to important noise during the experiment. For the moment, this drawback is not considered as irrevocably detrimental. Indeed, the presence of noise is acceptable considering applications such as machining, or the takeoff and landing phase of a plane. Nevertheless, the development of more silent devices should be considered in the future, using smaller absorbers or based on the encapsulation of the device for instance.

At last, the mechanical design of vibro-impact absorbers must be improved. In particular, the design efforts that have been realized in this PhD thesis to design and manufacture modular devices have to be continued. It seems relevant to go towards the miniaturization of the vibro-impact absorbers in order to reduce their mass and size, and meet the industrial challenges that we are facing. 

C.2 Analytical solutions during free flight phases

One can demonstrate that if the initial conditions q i (t 0 ) and qi (t 0 ) are given and the second member of equation 4.19 is known, then: 

               a i = A 13 -
-c i .ω+( m i .ω- k i ω c i ).(k i -m i .ω 2 )
. With:

                
A 11 = e -ω i .ξ i .t 0 .[-ω i .ξ i . cos(Ω i .t 0 ) -Ω i . sin(Ω i .t 0 )]; A 12 = e -ω i .ξ i .t 0 .[-ω i .ξ i . sin(Ω i .t 0 ) + Ω i . cos(Ω i .t 0 )]; A 21 = e -ω i .ξ i .t 0 . cos(Ω i .t 0 ); A 22 = e -ω i .ξ i .t 0 . sin(Ω i .t 0 ); A 13 = qi (t 0 ) -ω.[d i . cos(ω.t 0 )e i . sin(ω.t 0 )]; A 23 = q i (t 0 )d i . sin(ω.t 0 )e i . cos(ω.t 0 ).

C.3 Implementation of q h i (t )

The homogeneous solution q h i (t ) is:

q h i (t ) = e -ω i .ξ i .t .
[a i . cos(Ω i .t ) + b i . sin(Ω i .t )]. In the perspective of an implementation in a computer program, one should notice that the term e -ω i .ξ i .t is exponentially decreasing with respect to time. In order to satisfy the initial conditions described previously, it is necessary that a i and b i become larger at each impact to compensate the decay of the exponential term. Therefore, if the simulation is long enough, a i and b i may reach infinite values as e -ω i .ξ i .t decays to zero. In order to get rid of this, one can redefine q h i (t ) this way: where β is a integration constant to determine. Practically, this term will be fixed indirectly ensuring the continuity of E i ext (t ) at the impact instants. At the end, injecting the linearized expression C.6-C.9 in C. [START_REF] Ahmad | Modeling and experimental study of a honeycomb beam filled with damping particles[END_REF] Rcemment, lexploitation de phnomnes non-linaires dans les solutions de contrle vibratoire a fait son apparition car des proprits intressantes ont t dmontres. Par exemple, de tels dispositifs sont supposs avoir une bande de frquence defficacit plus importante, et ncessitent un faible ajout de masse. es technologies bases sur le vibro-impact en sont un exemple. Il sagit gnralement de tirer profit des impacts entre une structure principale  contrler et des masses libres en translation intgres  la structure. es vibrations de la structure principale dclenchent alors le phnomne de vibro-impact, conduisant  des transferts dnergie et finalement une rduction du niveau vibratoire. Par consquent, lobjectif de cette thse est dexploiter le phnomne de vibro-impact  des fins dattnuation vibratoire. es principales contributions de ces travaux concernent des approches exprimentales nouvelles. Tout dabord, une mthode de mesure et de caractrisation du vibro-impact est propose. Base sur une srie dimage issue dune camra rapide et sur un calcul de corrlation dimages, cette nouvelle mthode permet dobtenir le Coefficient de Restitution ainsi que les forces de frottement dans le systme  vibro-impact. Puis leffet dun vibro-impacteur sur une structure multi-modale est investigu. Exprimentalement, les cas dune poutre et dun modle davion sont tudis. Sur la poutre, lefficacit du vibro-impacteur pour plusieurs types dexcitation est dmontre. Par ailleurs, les rsultats montrent que le gap et lamplitude dexcitation jouent des rles analogues. Ainsi, ces deux paramtres dterminent entirement lattnuation obtenue, ainsi que le rgime de vibration non-linaire du systme. De plus, une tude nergtique numrique dmontre limportance du rle des transferts dnergie dans lespace modal pour les problmes de vibro-impact. e cas du modle davion vise quant  lui  considrer une structure plus raliste avant de sattaquer  des structures industrielles. ne mthode base sur la mthode des lments finis est dveloppe pour simuler le comportement de lavion quip dun vibro-impacteur. es rsultats de simulation obtenus sont compars  des rsultats exprimentaux, mettant bien en vidence les limitations rencontres avec lutilisation dun unique vibro-impacteur. Finalement, des vibro-impacteurs multiples sont raliss dans loptique daugmenter les performances vibratoires du dispositif. Il est ainsi possible dobtenir une attnuation multi-modale en exploitant un gradient de gap et en choisissant judicieusement la localisation des vibro-impacteurs sur lavion.
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  Geared system with contact loss[START_REF] Rigaud | Investigation of gear rattle noise including visualization of vibro-impact regimes[END_REF]. contact zones (b) Tube in the steam generator of a nuclear power plant [127].
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 11 Figure 1.1: Examples of two systems submitted to vibro-impacts.
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 12 Figure 1.2: Notional diagrams representing a structure equipped with a TMD or a viscoelastic constraint layer, and the corresponding frequency response.
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 1 AN INTRODUCTION TO VIBRO-IMPACT BASED STRATEGIES Comparison of the performance of a cubic NES (green line) and a TMD (red line) on a single DOF system (dotted line), from Gourdon et al. [46].
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 13 Figure 1.3: Cubic NES.
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 1 AN INTRODUCTION TO VIBRO-IMPACT BASED STRATEGIES (a) Honeycomb beam filled with particles [5]. (b) Application to gear transmission [143].
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 15 Figure 1.5: Examples of applications for particles dampers.
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 116 Figure 1.6: Notional diagram of a VI absorber attached to a main structure.

  Force versus displacement for the Kelvin-Voigt model.
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 17 Figure 1.7: Kelvin-Voigt model.

  ct (b) Force versus displacement for the Hertz-damped model.
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 18 Figure 1.8: Hertz-damped model.
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 12219 Figure 1.9: Illustration of the instantaneous impact process.

  (a) Model of a S-DOF structure embedded with a VI-NES. Experimental set-up made of a spring-mass element structure endowed with the VI-NES.
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 110 Figure 1.10: Illustration of a VI-NES attached to a S-DOF structure, from Gourc et al. [43].
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 1 AN INTRODUCTION TO VIBRO-IMPACT BASED STRATEGIES(a) Three-story model building[START_REF] Nucera | Application of broadband nonlinear targeted energy transfers for seismic mitigation of a shear frame: Experimental results[END_REF].(b) Nine-story model building[START_REF] Luo | Large-scale experimental evaluation and numerical simulation of a system of nonlinear energy sinks for seismic mitigation[END_REF].
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 111 Figure 1.11: Examples of VI-NES applied on models building.

CHAPTER 1 .

 1 AN INTRODUCTION TO VIBRO-IMPACT BASED STRATEGIES impacting body main structure (a) Frictional impact damper integrated in a blade [50].
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 113 Figure 1.13: Illustration of the regime with two impacts per period and the SMR based on simulation results.
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 21 Figure 2.1: Experimental set-up.1. Upper plate; 2. Guiding rod; 3. Lower disk shaped part; 4. Holding rod; 5. Lower plate; 6. Ball; 7. Adapter plate; 8. Upper accelerometer; 9. Upper disk shaped part; 10. Lower accelerometer; 11. Shaker.
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 22 Figure 2.2: Images extracted from the video recorded with the high-speed camera.
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 223 Figure 2.3: Mesh of points used for the DIC.

  (a) Meshes for DIC: general view. (b) Reference configuration. (c) Configuration after displacement.
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 2425 Figure 2.4: Principle of DIC. (a) and (b) red squares: subsets. (c) Red square: reference subset.Blue square: matched subset after displacement. White arrow: displacement vector.

  Window of the Fourier analysis (c) One impact signal isolated.
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 26 Figure 2.6: Post-processing of acceleration signals.
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 227 Figure 2.7: Average Fourier transform of all the impact signals : 1 N . N k=1 γk (ω).
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 28 Figure 2.8: Illustration of the VI absorber.

  displacements of the structure and the ball. The fitting displacements are represented in figure 2.9.
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 29 Figure 2.9: Fitting displacements for the main structure and the ball.
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 2 FULL-FIELD MEASUREMENTS WITH DIGITAL IMAGE CORRELATION FOR VIBRO-IMPACT CHARACTERIZATIONIt is now possible to calculate the velocity of the main structure and ball differentiating equation (2.2) and equation (2.3).

  Test 1 0,76 0,65 3, 37.10 -2 4, 69.10 -2 Test 2 0,74 0,59 4, 9.10 -2 3, 47.10 -2 Test 3 0,72 0,60 5, 29.10 -2 5, 06.10 -2 Test 4 0,73 0,50 4, 89.10 -2 3, 38.10 -2
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 2210 Figure 2.10: Example of experimental results of the COR (4-th test).
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 2 FULL-FIELD MEASUREMENTS WITH DIGITAL IMAGE CORRELATION FOR VIBRO-IMPACT CHARACTERIZATION vertical: e b = 0, 77; e t = 0, 57. tilted (45°): e b = 0, 81; e t = 0, 57. horizontal: e b = 0, 82; e t = 0, 57.
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 211 Figure 2.11: Influence of gravity on the coefficient of restitution: pictures of the set-up and COR values.
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  torque on the right side (cN.m) Standard deviation of the COR.
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 2 Figure 2.12: COR and standard deviations versus the tightening torque.
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 213 Figure 2.13: Contact part with a zoom on the contact zone.
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 2214 Figure 2.14: Example of friction forces (4-th test).
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 2 Figure 2.18: Quantile-quantile diagram for normal distribution (4-th test).
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 2219 Figure 2.19: Noise displacements measured during motionless test.
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 33 Figure 3.3: Displacement of the ball (blue) and the ends of the cavity (orange) using DIC technique and laser vibrometry.

  2): E(t ) = |y(t )|. (3.2) An example of the extraction of the envelope of the signal using equation (3.1) and equation (3.2) is presented in figure 3.4. The average value of the envelope allows to determine the average value of the velocity at the beam end for a certain amplitude of acceleration and excitation frequency.
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 3435 Figure 3.4: Extraction of the envelope of the beam response.

  Phase of the FRFs.
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 36 Figure 3.6: FRFs of the parametric study on the gap.
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 37 Figure 3.7: Illustration of the scalability property that relates the gap, the excitation amplitude and the response.

  gap = 2,29 mm gap = 2,67 mm gap = 2,99 mm gap = 3,77 mm acc = 3,86.10 -2 m.s -2 acc = 3,16.10 -2 m.s -2 acc = 2,58.10 -2 m.s -2 acc = 2,21.10 -2 m.s -2 acc = 1,98.10 -2 m.s -2 acc = 1,57.10 -2 m.s -2 ball locked (b) Phase of the FRFs.
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 38 Figure 3.8: FRFs obtained varying the acceleration amplitude instead of the gap and demonstrating the scalability property.
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 311 Figure 3.11: Vibration reduction depending of the mass of the ball.
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  Phase of the FRFs.
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 3133314 Figure 3.13: Amplitude of the FRF for white noise excitation and gap = 1 mm.

  Response of the beam undergoing 2 impacts per cycle.
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 315 Figure 3.15: Observation of the two regimes: SMR and two impacts per cycle.
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 316 Figure 3.16: Illustration of the method developed for the impact detection.
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 317 Figure 3.17: Number of impacts per period for each temporal responses.
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 318 Figure 3.18: Flowchart for the optimal design of the absorber.
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 319 Figure 3.19: Fourier Transform of the temporal beam response at point H (gap = 2,67 mm and f = 14,2 Hz).
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 320 Figure 3.20: Kinetic energy of the ball in time domain for different gap values. Top: Entire signal.Bottom: zoom on a few periods.
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 41 Figure 4.1: Clamped-free beam with an attached vibro-impact absorber.
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 41 .L . m b (kg) E (Pa) ρ (kg.m -3 ) I (m 4 ) A (m 2 ) L (m) x exc (m) x VI (m) F exc (Numerical values of the parameters.
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 10 The solution of equation (4.8) is given in equation (4.11): ϕ(x) = c. cos(k.x) + d . sin(k.x) + e. cosh(k.x) + h. sinh(k.x); (4.11)
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 42 Figure 4.2: Illustration of the iterative process implemented in order to approximate the impact instant. The green dots denote the impact of the ball with the beam.
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 443 Figure 4.3: Flowchart describing the impact detection process.

  and the second Newton's law gives that: P = -m b .( u+ b -ub ); (4.28) Injecting equation (4.28) in equation (4.27) and multiplying by {ϕ(x VI ) T }, we obtain: ẇ+ -ẇ-= -m b .( u+ b -ub ).{ϕ(x VI ) T }.[M] -1 .{ϕ(x VI )}; (4.29)
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 44 Figure 4.4: Response of the beam in the time domain. The red circles denote the maxima for each period of excitation.
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 45 Figure 4.5: Response of the beam in the frequency domain for several gap values. Left: the amplitude is decreasing up to an optimum while the gap is increased. Right: the amplitude is increasing while the gap is increased again.
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 4 UNDERSTANDING VIBRO-IMPACTS THROUGH A NUMERICAL ENERGY-Attenuation depending on the gap.
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 4647 Figure 4.6: Illustration of the robustness to gap variations.
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 48 Figure 4.8: Energy balance at each impact for the point A. Left: zoom for a few impacts. Right:focus on the green curve that is close to zero.
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 410 Figure 4.10: Value of each term of the global energy balance 4.33.
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 48411 Figure 4.11: Variation of mechanical energy of each mode at each impact.
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 412 Figure 4.12: Average variation of energy during the impacts.
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 8413 Figure 4.13: Mechanical energy for each mode versus time.
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 414 Figure 4.14: Energy dissipated by each mode over the whole duration.
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 415 Figure 4.15: Comparison of the energy received for four gap values corresponding to the points A, B, D and E.
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 4416417 Figure 4.16: Comparison of the energy dissipated for four gap values corresponding to the points A, B, D and E.
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 418419 Figure 4.18: FRFs of the beam excited on the third mode for several gap values.
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 4420421 Figure 4.20: Energy received by mode for an excitation on the third mode.
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 4422 Figure 4.22: Energy dissipated by mode for an excitation on the third mode.

  Ratio of the amplitudes.
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 424 Figure 4.24: Robustness of the VI absorber to eigenfrequencies variations.
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  .1): [M].{ ü} + [C].{ u} + [K].{u} = {F}; (5.1) where {F} = {F exc } + {F VI }. Assuming that the finite element model contains N nod e nodes, then the number of degrees of freedom is N d o f = 3 × N nod e since the translations in the three directions are possible. Therefore the dimension of [M], [C] and [K] is (a) CAD view of the model plane. (b) CAD view of the VI absorber.
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 51 Figure 5.1: CAD view.
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 52 Figure 5.2: Illustration of the parts and materials of the plane.
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 5354 Figure 5.3: Illustration of the configuration of the plane in the simulations.
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 551256 Figure 5.5: Attenuation of the first mode of the plane depending on the gap value for a constant excitation force.
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 5753158 Figure 5.7: Response of the plane of the whole frequency range. F exc = 0, 05N ; b = 3, 65mm.
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 59 Figure 5.9: FRFs of the plane for several excitation force amplitudes.
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 510 Figure 5.10: Zoom on the FRFs of each mode for white noise excitation.
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 511 Figure 5.11: Vibration reduction obtained in figure 5.10 depending on the gap and the excitation force.
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 512 Figure 5.12: Vibration reduction obtained with two VI absorbers activated with the same gap at the wings ends.
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 5 Figure 5.13: One VI absorber.
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 514 Figure 5.14: View of the plane in free-free conditions. The white dots correspond to the observation points measured by the vibrometer.
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 515 Figure 5.15: View of the shaker and the cell force.
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 516 Figure 5.16: FRFs obtained with three VI absorbers at the end of the wings. The attenuation is calculated in the ten frequency ranges denoted in this figure.
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 517 Figure 5.17: Zoom of the figure 5.16 on each frequency range.
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 5184519 Figure 5.18: Vibration reduction obtained using three VI absorbers at the end of the wings in each frequency range.
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 4521 Figure 5.21: Determination of the frequency range of effectiveness for each location of the VI absorbers. The red circles correspond to the targeted attenuation and determine the gap value.
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 522 Figure 5.22: Comparison of the FRFs obtained for different locations and gaps of the VI absorbers.
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 523 Figure 5.23: Attenuation obtained for different locations and gaps of the VI absorbers. The red circles are the targeted attenuation.
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 1185524 Figure 5.24: FRF in displacement illustrating the damping of the two first modes ensuring the static rigidity (gap = 2 mm).
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 525 Figure 5.25: Analysis of the excitation in the range 10 -70 Hz. a) FRF. b) quadratic velocity out of the excitation range. c) integral of the quadratic velocity out of the excitation range.
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 526 Figure 5.26: Analysis of the excitation in the range 85 -123 Hz. a) FRF. b) quadratic velocity above the excitation range. c) integral of the quadratic velocity above of the excitation range. d) quadratic velocity below the excitation range. e) integral of the quadratic velocity below of the excitation range.
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 2 Figure B.2: Temporal responses for the gap = 2,29 mm.
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 3 Figure B.3: Temporal responses for the gap = 2,67 mm.
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 4 Figure B.4: Temporal responses for the gap = 2,99 mm.
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 526 Figure B.5: Temporal responses for the gap = 3,77 mm.
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 7 Figure B.7: Temporal responses for the acceleration = 1,08 g. First line: Time velocity at the beam end on a 4 s duration. Second line: Zoom on the first line plot on a 0,3 s duration. Third line: Estimated displacement at the beam end (orange) and for the ball (blue).
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 8910111 Figure B.8: Temporal responses for the acceleration = 0,938 g.
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 5 Figure C.5: Energy received by mode for an excitation on the first mode.
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 67 Figure C.6: Energy received by mode for an excitation on the second mode.
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 8 Figure C.8: Energy dissipated by mode for an excitation on the first mode.
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 910 Figure C.9: Energy dissipated by mode for an excitation on the second mode.
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 2 Figure D.2: Displacements of the measurement points depending on the mode shape.

Figure D. 5 :

 5 Figure D.5: Repeatability of the responses for several arrangement of the VI absorbers.
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 6 Figure D.6: Repeatability of the excitation force.
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 2 

	Test number	f exc	Displacement magnitude
	Test 1	22 Hz	27 mm
	Test 2	22 Hz	35 mm
	Test 3	22 Hz	21 mm
	Test 4	30 Hz	27 mm

1: Parameters for the tests.

Table 2 . 2

 22 

: Summary of average COR values and standard deviations (b: bottom. t: top).

Table 2 .

 2 3: Error between experience and simulation for the COR model and Hertz model.

		Test 1 Test 2 Test 3 Test 4	
	COR model	2,78 % 2,51 % 2,44 % 3,5 %	
	Hertz damped model 3,15 % 3,34 % 3,43 % 3,71 %	
	simulation displacements for the ball is quantified using equation (2.18):	
	D =	t f t i (Y si mu b t f t i (Y expe -Y b	expe b ) 2 .d t ) 2 .d t	;	(2.18)
	where t				

i and t f denote initial instant and final instant of the experience, respectively. The deviations calculated for the different tests and for both models are presented in table 2.3. As a consequence, it can be concluded that the motion reconstruction method presented in this paper is able to perform accurate measurements of the position of both the ball and the main structure in the configuration chosen for the tests.

As presented in section 2.4 the COR values are scattered around an average value (depending on the plate where the impact occurs). The COR values are analyzed from a statistical point of view. To determine if the values follow a special distribution, histograms are plotted in figure

2

.17. µ and σ denote the average value and the standard deviation respectively. As normal distribution seems to fit the experimental data, quantile-quantile diagrams are plotted in figure

2

.18. High correlation coefficients suggest that the COR values follow a normal distribution. Similar results were found for the other tests. Average values for the 4 tests with standard deviation error bars (±σ) are presented in figure 2.16.

  in each side of the equation are multiplied by theFigure 2.16: Summary of average COR values with error bars (±σ).
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Figure 2.17: Histogram of COR values (4-th test).

table 3

 3 Hz) 14,23 103,31 142,75 341,00 631,64 977,70 1433,57

	N o	1	2	3	4	5	6	7
	Frequency (							

.1. At this point, it is worth noting that when exciting the first mode, the tests are run on a shaker with a 200 N rated peak force. A stronger shaker with a 2500 ATTACHED TO A CONTINUOUS STRUCTURE

Table 3 .

 3 1: First eigenfrequencies measured on the 200 N shaker.

Table 3 .

 3 2: Gap and excitation parameters to illustrate the scalability property.

	Gap g 1 (mm)	Excitation e 1	Ratio R = e 1 /g 1	Gap g 2 (mm)	Excitation e 2
		(g)	(g/mm)		(g) = R × g 2
	1,53	3.10 -2	1, 96.10 -2	2	3, 92.10 -2
	1,87	3.10 -2	1, 61.10 -2	2	3, 21.10 -2
	2,29	3.10 -2	1, 31.10 -2	2	2, 62.10 -2
	2,67	3.10 -2	1, 12.10 -2	2	2, 25.10 -2
	2,99	3.10 -2	1, 00.10 -2	2	2, 01.10 -2
	3,77	3.10 -2	7, 96.10 -3	2	1, 59.10 -2

Table 3 . 3 :

 33 Examination of the validity of the scalability property calculating the ratios of the amplitude of the FRFs for the configuration presented in table 3.2. Mass of the balls and proportions of the total moving mass.

								R = 1,96.10 -2 g/mm. Average = 0,97
		1.6						R = 1,61.10 -2 g/mm. Average = 1,07
								R = 1,31.10 -2 g/mm. Average = 1,01
	of FRFs	1.2 1.4						R = 1,12.10 -2 g/mm. Average = 0,97 R = 1,00.10 -2 g/mm. Average = 0,99 R = 7,96.10 -3 g/mm. Average = 1,02
	Ratio	1								
		0.8								
		13.2	13.4	13.6	13.8	14	14.2	14.4	14.6	14.8	15
						Frequency (Hz)			
	Figure 3.9: Mass of the ball (g)		0,86	1,49	2,04		2,71
	Proportion of the total moving mass 0,72 % 1,24 % 1,71 % 2,26 %

Figure 3.10: FRF and vibration reduction for each ball.

  ss is represented in figure 4.14, so that it represents the quantity

	E i d i ss
	E t ot d i ss

for each mode. One can see that the first mode contributes up to 29 % of the total dissipation, while the last modes are closer to 11 %.

  Figure 4.23: Frequency responses varying the eigenfrequencies, the gap is set to 8 mm. Dotted lines: responses with VI absorber. Solid lines: responses without VI absorber.
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									.24b, the attenuation
	20. log[max(u VI xx% )/ max(u 0% )] is depicted, allowing to compare the attenuation obtained

Table 5 .

 5 Therefore, we decide to consider the N mod e first modes of the structure (N mod e ≤ N d o f ), and the displacement field {u} is supposed to be a product of a spatial dependant function [φ] and a time dependant function {q}: 1: Material properties used in the model of the plane.

	{u} = [φ].{q};	(5.3)
	where [φ] (N d o f × N mod e ) is the matrix of the mode shapes {φ k } (N d o f × 1):	
	[φ] = {φ 1 }, {φ 2 }, . . . , {φ N mod e } ;	(5.4)
	and {q} (N mod e × 1) is the vector of the generalized coordinates q k (t ):	

  A 12 .b i A 11 ; b i = A 11 .A 23 -A 21 .A 13 A 11 .A 22 -A 21 .A 12 ; d i = F exc .ϕ i (x VI )

	e i c i	.(m i .ω -	k i ω );
	e i =		

  .(u-t 0 ) . cos(b.u + ϕ).d u = e a.(t -t 0 ) b.(1 + (a/b) 2 ) .[(sin(b.t + ϕ) + (a/b). cos(b.t + ϕ))] + β; (C.10)

.(t -t 0 ) .[a i . cos(Ω i .t ) + b i . sin(Ω i .t )]; (C.3) APPENDIX C. APPENDIX CHAPTER 4 t 0 e a

  and C.4 and factorizing, we obtain:E i exc (t ) = F exc .ϕ(x exc ). 1 2 .[(-ω i .ξ i .a i + b i .Ω i ).(γ 1 + γ 2 ) -(ω i .ξ i .b i + a i .Ω i ).(γ 3 -γ 4 )The terms C.11-C.14 can be calculated analytically using equation C.10 replacing a, b, and ϕ by the corresponding values and using that sin(ω.t ) = cos(ω.t -π/2).

					+	ω 2	.(d i .γ 5 -e i .γ 6 )];
	where:						
	γ 1 =						
	γ 5 =	0	t	sin(2.ω.t ).d t =	1 2.ω	.(1 -cos(2.ω.t ));	(C.15)
	γ 6 =	0	t	[1 -cos(2.ω.t )].d t = t -	sin(2.ω.t ) 2.ω	.	(C.16)
	C.4.2 Energy dissipated			
	Let's recall that:						
				E i d i ss =	0	t	c i . q2 i .d t .	(C.17)
	Besides:						
				q2			

t 0 e -ω i .ξ i .(t -t 0 ) . sin((Ω i + ω).t ).d t ;

(C.11)

γ 2 = t 0 e -ω i .ξ i .(t -t 0 ) . sin((ω -Ω i ).t ).d t ;

(C.12)

γ 3 = t 0 e -ω i .ξ i .(t -

t 0 ) . cos((ω -Ω i ).t ).d t ; (C.13) γ 4 = t 0 e -ω i .ξ i .(t -t 0 ) . cos((ω + Ω i ).t ).d t ; (C.14) i = ( qh i ) 2 + 2. qh i . qp i + ( qp i ) 2 . (C.18)

Developing each term and linearizing the trigonometric terms lead to:

In Matlab for instance, the most common solvers are ODE45, ODE23, ODE23t. For more details, see https://www.mathworks.com/help/matlab/math/choose-an-ode-solver.html

th Objective: assess the importance of the modal energy transfers on the effectiveness of the absorber At last, the literature is sometimes ambiguous concerning the physical

(a) Photo of the experimental set-up. (b) CAD view.

(a) Zoom on the VI absorber. (b) Different adjustments for the gap. (c) Exploded view.Figure 3.2: View of the VI absorber.

The same study is realized with 6 modes in appendix C.6.

https://www.mathworks.com/help/matlab/math/choose-an-ode-solver.html
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6 (136 Hz) 7 (192 Hz) 8 (199 Hz) 9 (215 Hz) 10 (270 Hz)

11 (316 Hz) 12 (320 Hz) 13 (371 Hz) 14 (406 Hz) it is more than 5000 in the case of the beam ! The FRF displacement / force is given in appendix D.3 for more details. Such a result facilitates the effectiveness of the absorbers on several modes simultaneously, and this is probably the reason why vibration reduction could be performed even in frequency ranges where it was not particularly expected. Lastly, one should be aware that adding masses to the structure slightly changes the frequency and the mode shapes, and it is not considered here.

Vibration reduction of the low-frequency modes

In the domain of vibration reduction, a difficulty is to perform vibration suppression of the first low frequency modes of the structure without deteriorating the static rigidity. Indeed, a common solution is to use polymer materials because they have very high damping properties in certain conditions of temperature. However, these interesting damping properties are often related to bad static rigidity of the material, what is a major problem for the structural resistance [START_REF] Butaud | In-core heat distribution control for adaptive damping and stiffness tuning of composite structures[END_REF]. The previous chapters have shown that great vibration reduction was performed on the first mode of a beam using a VI absorber. Nevertheless, the static rigidity should be verified. This is done on the plane equipped with multiple VI absorbers. The figure 5. [START_REF] Butaud | In-core heat distribution control for adaptive damping and stiffness tuning of composite structures[END_REF] show the FRF displacement / force averaged on all the ob-

Appendix A Appendix chapter 2 A.1 Features of the experimental set-up

The diameter of the ball is 4, 8 mm, its mass is 1, 82.10 -4 kg, and the mass of the entire structure of the VI absorber is 6, 63.10 -1 kg. The materials used for each part are summarized in Table A 

Appendix C

Appendix chapter 4

C.1 Determination of the modal basis

The four boundary conditions of the beam are:

1. No displacement at x = 0: w(0, t ) = 0 hence ϕ(0) = 0 ;

2. No rotation at x = 0: -∂w ∂x (0, t ) hence ϕ ′ (0) = 0 ;

3. No shearing force at x = L: -E.I

And they lead to the following equation system:

We choose to substitute e and h and to use only c and d :

As said before, we are looking for non-trivial solutions. Hence, the two last equations must be dependant and the following determinant is null:

where t 0 is the impact instant. Doing this, the calculation of the terms A i j is modified in the following manner:

And a i and b i take values that remain reasonably low compared to the infinite value of the software used for the simulation.

C.4 Analytical evaluation of the energy terms

Among the terms of the energy balance defined in 4.3.2.1, the analytical calculation of E i exc and E i d i ss must be explained.

C.4.1 Energy of the excitation

Knowing that F exc (t ) = F exc . sin(ω.t ), let's recall that:

and from C.3, we have:

The sine and cosine products that appears in sin(ω.t ). qi (t ) can be linearized:

Therefore, in order to derive the analytical expression of equation C.4, it is necessary to determine a primitive of e a.(t -t 0 ) . cos(b.t +ϕ) where t 0 , a, b, ϕ ∈ R and b ̸ = 0. The primitives of the other terms are well-known.

Realizing two successive integrations by parts, one can demonstrate that: ].

(C.20) 

where the following terms have been defined:

And: 

The terms C.26-C.31 can be calculated analytically using equation C.10 replacing a, b, and ϕ by the corresponding values and using that sin(ω.t ) = cos(ω.t -π/2). Particular attention should be paid to equation C.25, as the term e 2.ω i .ξ i .t 0 is expected to grow exponentially with the simulation duration. As explained before, it could lead to numerical discrepancies. Accordingly, this term can be chosen to zero at this point, and the question of the integration constant will be indirectly solved ensuring the continuity of E i d i ss (t ) at the impact instants.

C.5 Comparison with a Tuned Mass Damper

The figure C.1 compares the displacement response of the beam obtained in identical conditions as those described in section 4.3 in the following cases:

• No absorber attached to the beam ;

• Optimal VI absorber (based on the results depicted in figure 4.5) attached at the end of the beam ;

• Optimal Tuned Mass Damper attached at the end of the beam for various damping ratio ξ, and for a mass ratio equal to 1, 8% similar to the case of the VI absorber.

Therefore, one can see that if ξ is greater or equal to 6, 3%, these simulation results show that the TMD outperforms the VI absorber in terms of maximum vibration amplitude of the frequency range considered here. However, reaching such a damping ratio is particularly challenging. Damping ratios closer to 2% are more realistic. In this last case the VI absorber remains more effective. Moreover, we have seen at the end of chapter 4 that the VI absorber is particularly robust to eigenfrequencies variations, what is not the case for TMD.

C.6 Energy based approach with 6 modes

The present section aims to present the results obtained for the same simulations as in section 4. The conclusions previously established at the end of chapter 4 remains unchanged. In particular, the existence of an energy transfer towards the higher modes, and the negligible amount of energy transferred towards the lower modes is also demonstrated here. 

Appendix D Appendix chapter 5 D.1 Change of the FRFs due to added masses

The VI absorbers attached to the wing plane add small masses to the structure. This contributes to shift the eigenfrequency and to change slightly the mode shapes. In order to complement the section 5.4.2, the figure D.1 illustrates the change in the FRF when three VI absorbers with the balls locked are attached at the end of the wings. Because of the added masses, the resonance peaks are shifted towards lower frequencies. Moreover, their amplitudes are sometimes changed. 

D.2 Comparison of the displacements for flexural and torsional modes

This appendix specifies the amplitudes of the displacements measured on the plane wing in order to explain the efficiency observed in 5.4.3.1. The figure D.2 illustrates the difference of displacements that can be observed on the measuring points for flexural and torsional modes. This highlights very well that the point 1 undergoes larger displacements when the plane vibrates on the flexural modes, while points 5, 6, 7 and 8 has larger displacements when the plane vibrates on the torsional modes.

D.3 Frequency Response Function in displacement of the model plane

This appendix comes as a developpement to explain the results presented in 5.4.3.2. As the efficiency of the absorbers are related to the gap and to the vibration amplitude of the plane, it is interesting to look at the displacement of the plane for the excitation frequency range. Consequently, the FRF displacement / force is depicted in figure D. [START_REF] Afsharfard | Suppressing forced vibrations of structures using smart vibro-impact systems[END_REF]. This shows that the displacements decrease less rapidly with the frequency than in the case of the beam presented in chapter 3. Therefore, finding the gap values that enable to perform a multimodal attenuation may be easier in the case of the plane. 

D.4 Repeatability with multiple VI absorbers

This appendix aims at assessing the repeatability of the tests realized on the model plane equipped with multiple absorbers. Even if the locations of the absorbers during these tests do not correspond to the tests realized in chapter 5, the conclusions can be extended to these tests.

D.4.1 Repeatability of the response

In the results presented below, two tests are realized. Before running the second test, the stinger of the shaker is removed and re-attached. The VI absorbers are also removed, the gap is set again, and the absorbers are re-arranged on the wings. The FRFs presented are calculated a single measurement point at the left end of the wing. The results demonstrate that no significant variations are observed.

D.4.2 Repeatability of the excitation force

The tests with multiple absorbers presented in chapter 5 are realized without controlling the excitation force. Nevertheless, the gain of the amplifier is set at the same level for each test, as is the voltage of the excitation signal. Since the force level is not monitored, it may Therefore, the variation through all the tests is not greater than 7 %, which seems to be reasonably acceptable in order to be able to compare the results of all the tests even if no force control is used.

Title: Contributions to the development of vibro-impact absorbers : from the characterization towards the design of multiple absorbers Keywords: vibro-impact, vibration mitigation, non-linear dynamics, digital image correlation Abstract : Structural vibrations take place in each systems because of their natural resonant behavior. In some cases though, these vibrations may become problematic since they lead to great amplitudes disturbing the systems, to noise, repeated stress and therefore fatigue, ending with failure of the structures. Accordingly, these vibrations should be controlled. Some well-known solutions exist, like Tuned Mass Dampers or the use of polymer materials that have very high dissipative capacity. However, the effectiveness of these solutions are reached if certain conditions are matched, such as a proper frequency tuning, or a specific range of temperature. Therefore, the solutions available to control the vibrations need a trade-off between the performance, the added mass, and the robustness of the device, among others.

Recently, devices involving non-linear phenomena have emerged for their interesting properties. For instance, such devices are expected to be efficient on a widest frequency range, requiring a low added mass. Vibro-impact based technologies are part of this approach. The usually take benefit of the impacts between a main vibrating structure to control and small oscillating and embedded masses. Because of the vibrations of the main structure, vibroimpacts are triggered, leading to energy transfers and vibration reduction. Consequently, the main objective of this PhD is to take advantage of vibro-impact phenomenon for vibration mitigation application.

The main contributions of this work concern new experimental approaches. To begin with, a method is proposed to measure and characterize vibro-impact phenomenon. Based on a highspeed camera and a Digital Image Correlation process, this new method allows to derive the Coefficient of Restitution and the friction forces acting on the ball in a vibro-impact system. Then, the effect of a vibro-impact absorber on a multi-modal structure is inquired. Experimentally, the cases of a beam and of a model plane are considered. On the beam, the performance of the absorber for various type of excitations is demonstrated. The results also highlights that the gap and the vibration amplitude plays analogous roles. Setting these two parameters fully determine the attenuation, and the occurrence of specific non-linear regime of vibration. Moreover, an energy-based approach is adopted numerically, demonstrating the important role of the modal energy transfers in vibro-impact problems. The case of the model plane aims to consider a more realistic structure before going towards industrial structures. A numerical approach based on the Finite Element method is developed to simulate the behavior of the plane equipped with a vibro-impact absorber. The simulation results are compared to experimental results, highlighting the limitations encountered with a single vibro-impact absorber. Finally, we took advantage of multiple vibro-impact absorbers to improve the vibration mitigation performance. More specifically, a multi-modal attenuation is achieved using a gap gradient and placing the vibro-impact absorbers at specific locations on the plane. niversit Bourgogne Franche-Comt 32, avenue de l' Observatoire