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Introduction

Every system and structure has its own dynamic behavior. This means that submitted to
external forces, the structure may exhibit responses with very high or low amplitudes, de-
pending on the frequency content and spatial distribution of the excitation. If the struc-
tural damping is sufficiently low, resonances phenomena can take place at the eigenfre-
quencies of the structure. This can lead to very high amplitude of vibration even for low
excitation forces. This phenomenon might be desired like in the case of musical instru-
ments where the vibrations are needed to produce a sound. On the contrary, vibrations
in mechanical systems are generally undesired because they may lead to acoustic distur-
bances, and to repetitive strain that might accelerate the degradation and end with failure
of the system. Nowadays, lightweight designs are required for consumption reduction, as
well as economical and ecological purposes. The field of aerospace and the transportation
domain in general are concerned, amongst others. Generally, this leads to build structures
with bad dynamic properties. In other terms, resonances appear in the operating range of
the concerned devices, and the less the structure is damped, the stronger the resonances
are. Therefore, controlling and reducing the vibrations are crucial issues in the design
process of a structure. Since many solutions exists to reach this objective, the first chapter
presents the most common strategies available and currently used.

However, engineers and researchers are facing increasingly severe requirements. In-
deed, the will to reduce the environmental impact while conserving high performance
level imposes compact designs, low added mass, and to limit the use of polymer materials.
In the same time, it is necessary to design safe and robust solutions, with large frequency
range of effectiveness. In this context, non-linear absorbers have an interesting role to
play because of their high performance potential compared to traditional linear strate-
gies. In particular, this PhD thesis is dedicated to the study of vibro-impact absorbers.

Vibro-impact absorbers are a particular type of non-linear absorbers, taking advan-
tage of the contact non-linearity. Practically, it consists in integrating one (or more) os-
cillating mass(es) to the main vibrating structure. The vibrations of the structure lead to
impacts between the oscillating mass and the structure, and the physical phenomena in-
volved are beneficial to the vibration reduction. Many numerical and theoretical results
related to the non-linear and hard-to-understand dynamic behavior of such absorbers
are available in the literature.

In this PhD thesis, the approach is complementary to the works already and currently
done on vibro-impact absorbers. We adopted experimental approaches, in order to
measure and characterize vibro-impact phenomenon. Moreover, we investigated the
effect of VI absorbers on structures of progressive complexity. Since many results are es-
tablished for single degree-of-freedom system, we started to use a vibro-impact absorber
on a beam. Then, we studied a three-dimensional structure equipped with vibro-impact
absorbers.
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Chapter 1

An introduction to vibro-impact based
strategies

Contents
1.1 Vibro-impacts as a non-desired phenomenon . . . . . . . . . . . . . . . . 7

1.2 A short review of vibration control strategies . . . . . . . . . . . . . . . . . 8

1.2.1 Context and common solutions . . . . . . . . . . . . . . . . . . . . . 8

1.2.2 Impact based technologies . . . . . . . . . . . . . . . . . . . . . . . . 11

1.3 Technological benefits of vibro-impact based strategies . . . . . . . . . . 19

1.4 Focus on the application of vibro-impact absorbers . . . . . . . . . . . . 20

1.5 Earlier results and scientific opportunities on vibro-impact absorbers . 21

1.6 Objectives and structure of the PhD . . . . . . . . . . . . . . . . . . . . . . 23

1.6.1 Scientific objectives of the PhD . . . . . . . . . . . . . . . . . . . . . . 23

1.6.2 Content and structure of the manuscript . . . . . . . . . . . . . . . . 24

Preamble

This chapter is devoted to introduce the general objectives related to vibration mitigation.
The vibro-impact phenomenon is presented, as well as its utilization in vibro-impact ab-
sorber for vibration mitigation purposes. The global context of the strategies available
in the literature used for vibration reduction is presented, and the benefits of using non-
linear absorbers such as vibro-impact absorbers are introduced. At the end of this chap-
ter, the organization of this manuscript is presented and the scientific objectives of this
PhD thesis are listed.

1.1 Vibro-impacts as a non-desired phenomenon

Vibro-impact (VI) phenomenon usually refers to impacts triggered by vibrations. Origi-
nally, vibro-impacts are non-desired phenomena that systems with slack may undergo.
For instance, vibro-impacts may be observed in geared sytems where torque fluctuations
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Contact 
between the 
active flanks

Contact 
between the 

reverse flanks

(a) Geared system with contact loss [108].

contact zones

(b) Tube in the steam generator of a
nuclear power plant [127].

Figure 1.1: Examples of two systems submitted to vibro-impacts.

lead to contact losses between gear teeth [57, 32, 15]. In nuclear power plants and more
specifically in the steam generator, the fluid flowing in the tubes makes them vibrate. As
these tubes are very close to the rest of the structure, vibro-impacts may occur [127, 89],
transforming the dynamic behavior of the structure as non-linear and damaging the tubes
in a problematic manner. Such examples are illustrated in figure 1.1. In civil engineering,
close buildings submitted to earthquake excitations can also undergo repetitive impacts
[90]. Moreover, backlash can be observed in systems like gearboxes [120] or assemblies
[123], corresponding generally to contact loss between the different parts of the system.
Under particular excitation conditions, such a phenomenon can lead to vibro-impacts.
Besides, some methods are proposed to control and suppress the effect of backlash in
mechanisms [94]. Similarly, cracked structures excited by an oscillating force undergo al-
ternating phases of contact and contact loss [60], leading to non-linear behavior of the
cracked structure.

The consequences are often unwelcome, since vibro-impacts may generate noise in
gear boxes [108, 112]. Because they are a major source of discomfort, it is necessary to
develop specific approaches to localize the source of the noise [119]. Vibro-impacts also
modify the dynamic property of the main structure that becomes non-linear [12], and
they may involve fatigue, surfaces damage in the contact zone, suggesting a reinforce-
ment of the considered materials [69]. In other engineering fields, vibro-impacts occur in
drilling systems, and the phenomena must be well understood in order to optimize the
drilling performance [100]. The present chapter details the common vibration control
strategies, and the one based on vibro-impact phenomenon. As a remark, the interested
reader can find applications based on vibro-impact phenomenon that are out of the scope
of this PhD thesis: for example, some medical devices rely on the non-linear behavior of
small vibro-impact devices to generate a motion in the human body [144, 47], or more
generally to obtain locomotion systems [93, 78].

1.2 A short review of vibration control strategies

1.2.1 Context and common solutions

Reducing the vibrations of all types of structures has occupied engineers and researchers
for many years. Indeed, when a mechanical system is excited by an external load, it
can vibrate at special frequencies corresponding generally to its eigenmodes, exhibiting
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main structure

viscoelastic 
constraint layer

(a) Viscoelastic material.

mass

main structure

without TMD
with TMD

(b) TMD.

Figure 1.2: Notional diagrams representing a structure equipped with a TMD or a viscoelastic
constraint layer, and the corresponding frequency response.

sometimes large amplitudes. The vibrational response of the primary structure depends
on many factors, such as the type and the amplitude of the external load, the intrinsic
damping capacity of the structure... The lower the structural damping of the structure,
the higher the vibration amplitude of its resonant peaks. Therefore, if the external load
has a frequency content that matches the eigenfrequencies of the structure, the vibra-
tions may become problematic. Vibrations are at the origin of acoustic disturbances like
in automobile cabins [11] or in electrical machines [21], they can also prevent mechanical
systems to operate properly, in particular if optical components are involved since such
devices are very sensitive even to small vibrations [55, 70]. When structural components
are concerned by vibrations, the repetitive stress can also lead to fatigue [131], and finally
to dramatic failure of the structure. All these reasons justify that vibrations have to be tai-
lored. The most common strategies currently adopted to tackle such issues are presented
in the following of this section.

1.2.1.1 Passive strategies

Solutions enabling to reduce the vibrations and to absorb the vibrational energy without
any need of external energy supply refer to passive strategies. For instance, elastomer
components are often used for their high damping capacity and relatively low density
[101]. However, their damping capacity may depend on the temperature as illustrated in
figure 1.2a and robust design methods must be considered [56]. Tuned Mass Absorbers
(TMD) are another well-known strategy that consists in absorbing the vibrational energy
of the main structure in a linear attachment and dissipating it locally. Schematically, these
devices correspond to a spring-mass element with a parallel damper. A schematic repre-
sentation is provided in figure 1.2b. Therefore, they have a narrow frequency range of
effectiveness which is centered on the natural frequency of the absorber and leads to the
apparition of two side resonant peaks on both sides of the eigenfrequency of the absorber.
Moreover, TMDs are known to be effective for a specific excitation frequency, but they are
not very robust to eigenfrequencies variations, that can take place in bolted assemblies
[30]. It is worthy to note that the damping component may be chosen in order to optimize
the absorber and increase its effectiveness range [62]. Nevertheless, the practical realiza-
tion of such devices may be challenging, especially if the precise control of the damping
of the absorber is required [13]. Based on this last strategy, recent studies have focused on
Non-linear Energy Sinks (NES) that are obtained replacing the linear stiffness by a cubic
stiffness for instance, though other types of non-linearity can be employed. Cubic NES are
usually obtained imposing a transverse displacement of a mass attached to linear springs,
as illustrated in figure 1.3a. NES can surpass the performance of classical TMDs. Firstly,

5



CHAPTER 1. AN INTRODUCTION TO VIBRO-IMPACT BASED STRATEGIES

mass

main 
structure

displacement

(a) Illustration of the
realization of a cubic NES

[43].

0.8 0.85 0.9 0.95 1 1.05 1.1 1.15 1.2
0

10

20

30

40

50

60

70

ga
in

reduced pulsation

(b) Comparison of the performance of a cubic NES (green
line) and a TMD (red line) on a single DOF system (dotted

line), from Gourdon et al. [46].

Figure 1.3: Cubic NES.

they can achieve very high level of vibration reduction using a smaller mass for an equiva-
lent damping. A comparison between a cubic NES and a classical TMD is provided in [99].
Secondly, they are less sensitive to a small change in the eigenfrequency of the main struc-
ture (due to ageing or damaging for example), thus the robustness is increased. Moreover,
NES absorbers allow to mitigate a vibration mode efficiently without creating any parasite
resonant peak like in the case of the TMD as illustrated in figure 1.3b. However, as such
absorbers are non-linear, they are more complex to control, and their optimal design re-
quires specific methods to simulate their behavior. Moreover, NES often need a minimal
level of energy to be activated. Coming back to vibro-impacts, the phenomena is also
used by researchers for vibration reduction application, leading to the design of what is
commonly referred to as vibro-impact absorbers. VI absorbers can be qualified as NES,
even if the way the energy is dissipated might be different from the case of a traditional
cubic NES. This point will be discussed in the chapter 4. In the case of VI absorbers, the
cubic non-linearity is replaced by a contact non-linearity.

1.2.1.2 Active and adaptive strategies

Such strategies need an external energy supply. A common technique is to use piezoelec-
tric materials that supply a voltage when they are strained. Conversely, they are strained
under electric voltage. Therefore, monitoring the voltage and supplying them an elec-
trical signal is a common control strategy that has very high performances for vibration
reduction with minimal added mass [104, 28]. In assemblies, friction dampers are used
and the tightening load can be tuned to manage the optimal load [23]. Other strategies
consist in adapting the structural property of the system using shape memory polymers
and a heating source [24]. Indeed, the mechanical properties of polymer materials are
temperature dependent, and they can reach outstanding performances in terms of loss
factor if the polymer is at the glass transition. However, even if such approaches may
be more efficient than passive strategies, they are more complex and, to some extent,
less robust since vibration reduction cannot be performed in case of default of the system.
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Before concluding this section, it should be noticed that other less common tech-
niques exist and give rise to intense research. For instance, we can cite non-linear piezo-
electric shunts [118], friction damper [122], centrifugal pendulum absorbers [84], or even
Acoustic Black Holes (ABH) that help to dissipate the energy locally on the structure. Be-
cause on the effectiveness of ABH for sufficiently high frequencies, they can be combined
to vibro-impact absorbers [68, 67, 66].

1.2.2 Impact based technologies

Among the passive strategies presented before, one can mention a sub-category that
refers to impact-based technologies. In more traditional passive strategies, the energy
is dissipated thanks to dissipative viscoelastic materials, like in the case of polymers, or
thanks to a dissipative component. In the case of TMD and NES, a damper (linear or not)
is used. Considering impact based technologies the energy is dissipated differently, rely-
ing on the impact phenomenon between the main vibrating structure and one (or more)
secondary structure, often denominated as particle. In this section, we decided to sep-
arate two approaches: the one related to particle damping, and the other one related to
vibro-impact absorbers. We will see that the two approaches can be distinct on a few
aspects: in particular, the technology and the design, the physical phenomena involved,
and the numerical methods adopted to deal with both devices are different.

1.2.2.1 Particle damping

Many research works dealing with vibro-impact related to damping and vibration sup-
pression are focused on particle damping [82, 39]. Particle damping refers to technolo-
gies employing granular materials made of multiple particles enclosed in a same cavity
attached to the vibrating structure. An illustration is provided in figure 1.4. Sometimes,

Figure 1.4: Illustration of a multiple particle dampers [39].

some studies dealing with particle damping using a single particle may be found. How-
ever, in the present case these solutions are sorted in the following section devoted to VI
absorbers because they are closer to these systems in terms of design and working prin-
ciple. Particle dampers have found application on structures like beams [5, 132], or on
more realistic structures like gears [143], as illustrated in figure 1.5. More generally particle
dampers can be widely used in industrial systems, such as cutting tools for vibration sup-
pression, engine turbine, antenna structures, etc [82]. Particle dampers rely on impacts
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(a) Honeycomb beam filled with particles [5].
(b) Application to gear

transmission [143].

Figure 1.5: Examples of applications for particles dampers.

and friction to dissipate the energy. Thus, the energy is assumed to be dissipated dur-
ing particle-to-particle and particle-to-wall inelastic collisions, but also thanks to friction
between the particles. When simulations of particle dampers are needed, the studies of-
ten rely on the Discrete Element Method (DEM) that is especially suited to solve dynamic
problems involving granular materials [39]. Therefore, designing a particle damper gener-
ally aims at maximizing the energy dissipated during the impacts and the contact phases
by means of friction, and inelastic impacts. Therefore, some design parameters can be
identified like the mass ratio of the particles to the main system, the filling ratio, and the
density of the particles [80]. The size of the particles is also sometimes investigated.

It is also possible to find other strategies, like liquid dampers that have replaced the
granular materials by a liquid [110], or even the association of a particle damper and a
liquid damper [29].

1.2.2.2 Vibro-impact absorbers

Here we decided to employ vibro-impact absorber as a general term to denote strategies
of vibration mitigation based on vibro-impacts. Contrary to the previous section, we con-
sider that a single particle is used in a cavity. Therefore, no granular materials are dealt
with anymore. Other terms than vibro-impact absorber can be found in the literature,
such as impact damper, impact absorbers or Vibro-Impact Non-Linear Energy Sink (VI-
NES). Most of the time, these different terminologies are related to different scientific
points of view, even if the systems are practically the same in terms of design. The fol-
lowing aims at clarifying this last point.

As preliminary considerations, VI absorbers consist in triggering the vibro-impact
phenomenon voluntarily in order to achieve a vibration reduction of a main vibrating
structure. For this purpose, the most common approach is to place a free mass in a cav-
ity attached to the structure. The cavity is defined by a certain gap value that defines the
distance available for the ball. Obviously, the direction of displacement of the free mass
must be as collinear as possible with the vibration direction of the main structure in order
to trigger the impacts. Since the free oscillating mass has a finite space in the cavity, vibro-
impacts occur at the ends of the cavity if the vibrations of the main structure become large
enough. Usually, the small oscillating mass is a ball, and the cavity is a cylinder because
such designs are easy to realize. A notional diagram of a VI absorber is provided in fig-
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ure 1.6. At first sight, the main design parameter is the gap of the absorber, corresponding

gapMain structure

Vibration 
direction

Direction of efficiency 
of the absorber

Figure 1.6: Notional diagram of a VI absorber attached to a main structure.

to the distance available for the ball inside the cavity, but the mass ratio plays also an
important role in the performance of the absorber.

Impact damper The studies related to impact dampers deal with passive devices based
on impacts between an auxiliary mass and the main vibrating structure. Impact dampers
are often related to applied studies, that try to take advantage of impact dampers for vi-
bration reduction purposes using practical approaches.

The structures considered are mostly simple systems like beams [14, 138, 113] or one-
story building models [138, 31]. Whatever the case, the structures are studied in the vicin-
ity of a specific mode, therefore they are systematically modelled as a single degree of
freedom (S-DOF). As an exception, the authors have modelled a multi-DOF system in
[86] in order to extend the results already available for S-DOF structures.

In the experimental studies, the authors mainly use harmonic excitations [35, 138,
146] and transient excitations [14, 138, 113]. The harmonic excitations can be a pointwise
force applied by a shaker, or a base acceleration imposed to the structure via a shaking
table, or less common methods like an electric imbalanced motor [138]. Transient exci-
tations generally correspond to an initial displacement without velocity, before releasing
the structure that can freely oscillate.

Many numerical studies are also available. Because of the contact conditions that
sometimes lead to complex responses of the main structure, time integration is often
used since it can provide very accurate solutions, despite the high computational cost
[35, 14, 138, 146]. The Runge-Kutta scheme is often used for its accuracy property. The
Moreau scheme is also often used [128, 37] for its property of energy conservation [65, 2].
However, special attention must be paid to the determination of impacts instants. For
instance, events function are built-in methods available in many commercial software
(such as Matlab) that realize zero-crossing detection, corresponding to impacts instant.
can achieve this in Matlab when using the Ordinary Differential Equation solver. Another
strategy is to determine the response of the system analytically between the impacts [86].
Moreover, in this same paper the authors have used random excitations to strive to assess
the effectiveness of the impact damper in the case of a broadband seismic excitation.

Contrary to particle dampers, the dissipation phenomena are assumed to occur al-
most exclusively during the contact phases. Phenomena like plasticity or viscous damp-
ing of the impacted material are usually assumed. Several models are often used to de-
scribe the impact process and traduce both the elastic behavior of the contact, and the
dissipation part.
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In the context of this manuscript, only simple rheological models are presented.
Nevertheless, we will see that more complex approaches exist, and that it is possible to
build impact models representing richer phenomena if needed.

The first very simple model that can be used to describe the contact between the mass
and the main structure is the Kelvin-Voigt model. It conveys the viscoelastic behavior of
the contact material, and it can be represented by a linear spring and damper in parallel.
Hence, in the case of a vibro-impact problem, the contact force is defined as:


F = K.(δ−δ0)+ c.δ̇ if δ> δ0;
F = 0 if −δ0 ≥ δ≥ δ0;
F = K.(δ+δ0)+ c.δ̇ if δ<−δ0;

where δ is the relative displacement of the colliding solids, δ0 is the distance before
contact from the neutral position, and the dot indicates the first derivative with respect
to time. The rheological model and the graphical representation of the contact force
as function of relative displacement is provided in figure 1.7. This model can be easily
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c
(a) Kelvin-Voigt rheological

model.

no contact

co
nt

ac
t

pulling 
force

(b) Force versus displacement
for the Kelvin-Voigt model.

Figure 1.7: Kelvin-Voigt model.

implemented in a time simulation, and because of the linear relation between the force
and the displacement, it is even possible to determine analytical solutions of the motions
during the contact phase. However, one of the issue with the Kelvin-Voigt model to
describe impact phenomenon is the damping force proposed by this model. Indeed, at
the end of the contact phase, the damping term c.δ̇ creates a pulling force because of the
negative velocity δ̇. However, this pulling force is not physically realistic since the contact
opens in these circumstances, and no pulling force exists. As a remark, the size of the
hysteresis loop displayed in the curve depicting the force versus the relative displacement
depends on the relative velocity when the contact begins.

Although, the Kelvin-Voigt model is sometimes used as a contact model, it is more
suited to describe the material behavior than the contact properties. Thus, the Hertz con-
tact model is more suited to depict the contact force between two solids in contact. In
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particular, the Hertz model takes into account that the contact surface increases with the
contact force, what results in an increase of the contact stiffness. This non-linear be-
havior (though the model considers a linear elastic behavior for the materials) depends
on the geometrical properties of the solids in contact. In the case of a sphere in contact
with a plane, the contact stiffness depends on the relative displacement to the power 3

2 .
Moreover, a non-linear damper can be used in parallel in order to represent the dissipa-
tion phenomena occurring during the contact, as illustrated in figure 1.8. Therefore, for a
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(b) Force versus displacement
for the Hertz-damped model.

Figure 1.8: Hertz-damped model.

spherical contact, the contact force is defined as:{
F = Kh .(δ−δ0)

3
2 + ch .δ

3
2 .δ̇ if δ> δ0;

F = −Kh .|δ−δ0| 3
2 + ch .|δ| 3

2 .δ̇ if δ<−δ0;

where Kh depends on the radius R of the sphere, the Young’s modulus and Poisson’s

ratio Ei and νi of the materials, so that Kh = 4.R1/2

3.(k1+k2) , and ki = 1−ν2
i

Ei
(i ∈ {1,2}). ch is the

damping coefficient. Using this expression for the damping term leads to avoid the pre-
vious problem met with the Kelvin-Voigt model. Like before, the size and the shape of
the hysteresis loop depends on the initial contact velocity δ̇. This model can be easily im-
plemented in a time simulation, though the non-linear stiffness prevents from deriving
analytical motions during the contact phase, contrary to the Kelvin-Voigt model.

However, even if the two previous models are based on the physical properties of
the colliding solids, the damping term remains difficult to determine, since several
physical phenomena are likely to dissipate the energy during the impact. This aspect is
investigated in chapter 2.

For this reason, a more practical approach consists in considering a Coefficient of
Restitution (COR) e ∈ [0,1] that directly relates the relative velocities before and after the
contact instant tc using the following equation:

V+
2 −V+

1 =−e.(V−
2 −V−

1 ). (1.1)

Using the equation of momentum conservation m1.V−
1 + m2.V−

2 = m1.V+
1 + m2.V+

2 , the
post-impact velocities can be calculated. The impact process is assumed to be instanta-
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neous and is represented in figure 1.9. The COR conveys the energy loss during the impact

1 2

1 2

Figure 1.9: Illustration of the instantaneous impact process.

process, and it was demonstrated in [90] that it can be related to the damping coefficient
of the Kelvin-Voigt model equating the energy loss of each model:

c =−2.
lne√

π2 + (lne)2
.

√
K.

m1.m2

m1 +m2
; (1.2)

where m1 and m2 are the masses of the two colliding solids. The same applies to the Hertz
model, though some discrepancies are met when the COR approaches zero [148]:

ch = 3.Kh .(1−e2)

4.δ̇0
; (1.3)

where δ̇0 is the initial relative velocity.
Using a Coefficient of Restitution is an extremely simple manner to describe impacts

phenomena, since the contact phase itself is neglected. In first approximation, it seems
to be a reasonable hypothesis since the contact duration is generally very short compared
to the usual other mechanical phenomena considered in structural dynamics. For this
reason, this approach is widely used in numerical simulations. However, being able to
determine a realistic value for the COR can be a tough problem, as it depends on many
parameters, such as the materials in contact [33], the relative velocities [109], etc... In-
deed, many physical phenomena are likely to occur during the impacts and can affect the
coefficient of restitution. The interested reader can refer to the following studies where
the influence of several phenomena on the COR are investigated, such as the influence of
plasticity and vibration of the impacted structure [116], or the influence of viscous damp-
ing and elastic waves [20]. Moreover, richer models are available in the literature to repre-
sent impacts phenomena. For instance, Boettcher et al. proposed more complex models
considering the material behavior and the elastic waves following the impact [20]. In [79],
the authors compare an instantaneous contact model with several finite duration contact
models.

Vibro-Impact Non-Linear Energy Sink (VI-NES) Practically, the design of VI-NES is
identical to impact dampers. However, the studies related to VI-NES are often more the-
oretical and focus on the non-linear dynamics of the vibro-impact system. This will be
developed later in this paragraph. The non-linear part is realized using a mass free to
oscillate in a cavity. Like impact dampers, VI-NES are used for vibration reduction pur-
poses. As illustrated in figure 1.10, the studies dealing with VI-NES mostly consider S-DOF
structures embedding a VI-NES. The same applies to experimental works that use a main
structure made of spring-mass elements in order to reproduce the behavior of a S-DOF
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(a) Model of a S-DOF structure
embedded with a VI-NES.

VI-NES

Shaker

Main 
structure

Laser sensor 
displacement

Ball

(b) Experimental set-up made of a spring-mass element
structure endowed with the VI-NES.

Figure 1.10: Illustration of a VI-NES attached to a S-DOF structure, from Gourc et al. [43].

structure. Sometimes however, building models with finite number degrees of freedom
are considered like in figure 1.11. Indeed, a promising application for VI-NES concerns
the field of earthquake protection.

As explained earlier in this chapter, even if the design of VI-NES and impact dampers
are very similar, the scientific objectives related to VI-NES are often more theoretical and
focus on the non-linear response of the system. To start with, let us consider a S-DOF
system with a mass m, a stiffness k, and a damping coefficient c excited by an external
force Fext endowed with a VI-NES. Its equation of motion is:

m.ẍ + c.ẋ +k.x = Fext +FVI(x, ẋ); (1.4)

where FVI is the force applied by the VI-NES on the system. The equation of motion of the
ball is:

mb .ẍb =−FVI. (1.5)

The force applied by the VI-NES on the system FVI depends on the relative position and
velocity of the ball in the cavity. While the contact conditions are not reached, FVI = 0,
otherwise FVI ̸= 0 and its exact value depends on the contact model chosen. Therefore,
because of the contact conditions, the global behavior of the main system is non-linear
and no easy solutions are known for the system with the VI-NES. Accordingly, many stud-
ies dealing with VI-NES pursue the objective to solve the non-linear dynamic problem
obtained with the VI-NES, in order to predict the response of the system, to better under-
stand its working principle, and at the end to be able to optimize it [63]. Besides, equa-
tion (1.4) becomes a matrix equation in the case of multi-DOF systems, and is also more
challenging to solve. Some existing methods to solve such problems will be briefly dis-
cussed in the following. In particular, the works adopting theoretical approaches address
the question of the stability of the solutions determined [117]. Indeed, only stable solu-
tions can effectively take place in reality. Moreover, particular solutions are sometimes
found, such as periodic solutions, quasiperiodic solutions, or even chaotic solutions [44].
Some of them are illustrated in figure 1.13. Actually, we will see later that these categories
of solutions are related to the performance of the VI-NES. Therefore, they are of particular
interest. In addition, the conditions to obtain such solutions and more precisely the Tar-
geted Energy Transfer (TET) that corresponds to the optimal operating regime are studied
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(a) Three-story model building [95]. (b) Nine-story model building [83].

Figure 1.11: Examples of VI-NES applied on models building.

[74, 96]. The more recent studies rely on the comprehensive works that was proposed in
the past few years to tackle the problem of the optimal design of a VI-NES [74, 145, 6].

In order to determine the solutions of the dynamic system, several approaches are
possible and the review [64] discussed the different possible methods in the section 2.4
of the article. Since the equation of the dynamic system is a non-linear ordinary differ-
ential equation, a common way to compute the solution of the equation is to proceed to
time integration. The results are very accurate, and the method is relatively easy to imple-
ment since ordinary differential equation solver are available. Usually, the Runge-Kutta
scheme is used, while others may be used and have their proper advantages and draw-
backs1. However, the major drawback of this approach is its high computational cost.
Consequently, if large parametric studies are required, the computation time might be-
come prohibitive. Moreover, the numerical integration scheme as well as the time step
should be chosen carefully in order to ensure convergence of the algorithm and accurate
results. Indeed, vibro-impact problems have a non-smooth non-linearity that may be
hard to deal with for the time integration program. Some discrepancies related to non-
conservation of the energy of the system may also be observed in the case of an ill-defined
time-step and integration scheme [103, 102]. The interested reader can also refer to the
work of Acary et al. [2]. Others widely employed technique are the perturbation methods.
They are a class of methods that help to find approximate solutions considering a simplifi-
cation of the initial problem. One of them is the method of multiple scales that consists in
introducing fast time scale and slow time scale variables for the time variable, and to con-
sider that they are independent. For instance, this method is widely used in the following

1In Matlab for instance, the most common solvers are ODE45, ODE23, ODE23t. For more details, see
https://www.mathworks.com/help/matlab/math/choose-an-ode-solver.html
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studies in the case of S-DOF systems [44, 74, 145]. When periodic solutions are expected,
the Harmonic Balance Method (HBM) is suited. It consists in assuming that the solution
of the non-linear dynamic system is a sum of sine and cosine terms. The accuracy of
the solution depends on the number of harmonics considered in the solution. Although
the HBM can deal with strongly non-linear systems, it approximates only the steady-state
responses [64]. Even though VI-NES do not always exhibit periodic responses, some pa-
pers rely on the HBM to predict the response of their system [128]. Very recently, special
Harmonic Balance Methods are presented in [133] using Lagrangian multipliers for vibro-
impact systems.

VI-NES have also been studied experimentally. The experiments are mainly dedicated
to validate the existence of specific regimes predicted numerically [44], to validate par-
ticular analytical approaches aiming to predict complicated response of the VI-NES [72],
or to demonstrate the existence of an optimal response already predicted numerically
[74]. In these studies, harmonic and transient excitations corresponding to initial dis-
placement of the system are considered. On the other hand, building models are con-
sidered [136, 83, 95] that are often related to earthquake protection application. Actually,
the structures considered are multi-DOF systems, generally 2-DOF [136] or 3-DOF [95],
but sometimes more [83]. Because of the underlying applications, the tests aim at as-
sessing the effectiveness of the VI-NES for broad-band excitations corresponding to real
seismic excitations, and more specifically to assess the robustness of VI-NES. In very re-
cent studies, interesting energy-based approaches are adopted to quantify the role of the
dissipation phenomena likely to occur in VI-NES [7, 49].

1.3 Technological benefits of vibro-impact based strategies

As presented before, many strategies are already available to tailor the vibrations that take
place in everyday life structures. Although VI absorbers have interesting properties, they
are still not widely used in industrial cases.

To begin with, since VI absorbers are passive devices, they have all the advantages
related to such strategies, namely the robustness and safety. Moreover, VI absorbers are
expected to have a constant performance even under temperature changes since the con-
tact properties generally do not vary with temperature. Thus, it makes such strategies
suited for harsh environments and aerospace applications. Furthermore, we will see that
VI absorbers allow to mitigate the low frequency modes of the structure, which is some-
times difficult to achieve with traditional strategies. This point will be developed later in
this manuscript. In the case of transient excitations, they perform vibration reduction on
a fast time scale [63] compared to other traditional strategies. In addition, in the con-
text of the current ecological issues, viscoelastic materials will probably be less used in
the futur because of their carbon footprint. Since the realization of VI absorbers a pri-
ori does not require polymer materials, they could offer promising alternatives to usual
technologies. In the same idea, their design seems to remain reasonably simple from the
technological point of view, even if few realizations have taken shape for the moment.
Thus, further experimental work needs to be done on this aspect. On the contrary, the
practical realization of a cubic stiffness (widely used in the context of NES) is sometimes
challenging, especially when very limited space is available to integrate the device on the
main structure [45]. At last, the vibro-impact phenomenon is strongly non-linear. There-
fore, the VI absorbers are also expected to have the benefits of NES, like a small added
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mass compared to the main structure, and a low sensitivity to detuning. Nevertheless,
non-linear phenomena are more complex to understand, simulate, and control. In order
to take advantage of the vibro-impact phenomena for vibration mitigation applications,
comprehensive works must be done to model, predict and experiment the behavior of
vibro-impact based strategies.

1.4 Focus on the application of vibro-impact absorbers

The previous studies have listed some application fields, such as the limitation of the
displacements of buildings submitted to earthquake excitations or for civil engineering
structures likely to oscillate on their vibration modes [92]. Another promising applica-
tion is the chatter control of the cutting tool during a turning process where interesting
experimental realizations have already been proposed [45]. Indeed, since VI-absorbers
need a minimal energy level to be activated, the instable vibration phenomena encoun-
tered in machining guarantees the activation of the device. Moreover, VI absorbers can
generate undesired noise due to the repetitive impacts, what is not a major drawback in
machining applications. Besides, because of the potential insensitivity of VI absorbers to
environmental conditions, such strategies could be suited for applications where these
conditions are likely to vary. For example, the integration of oscillating balls in a brake
pad that undergoes high temperature changes is proposed in [58] for brake squeal atten-
uation. Rare other realizations concern industrial structures such as blades and vanes for
damping purposes [50]. These two examples are illustrated in figure 1.12. More gener-
ally, the technological simplicity and the little space required for VI absorbers make them
promising solutions for applications with high restrictive constraints, such as in the trans-
portation sector in general.
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impacting body

main structure

(a) Frictional impact damper integrated in a
blade [50].

(b) VI dampers integrated in a brake pad
for brake squeal attenuation [58].

Figure 1.12: Examples of realizations using VI and impact absorbers.

1.5 Earlier results and scientific opportunities on vibro-
impact absorbers

The objective of this section is to provide a brief state of the art concerning VI absorbers,
mentioning the major results already known in order to justify the approaches adopted in
this PhD thesis. For the sake of clarity, this section is kept relatively short and the bibliog-
raphy on the different topics will be more detailed in the corresponding chapters of this
manuscript.

To start with, some of the authors interested in employing vibro-impacts for vi-
bration reduction have addressed the question of the optimization of a VI absorber
[74, 105, 145, 49]. The case of harmonic excitations has been the most covered. In this
case, the existence of two main specific regimes have been raised. They definition is
based on the number of impacts per period: the regime with two impacts per period of
the excitation, and the Strongly Modulated Regime (SMR) when less than two impacts
per period occur. This regime is observed in [41] in 2007, and it is called Stronlgy Mod-
ulated Regime or SMR for the first time in [121] in 2008. SMR refers to a regime where
the amplitude of oscillation of the main structure alternates regularly between high and
low amplitude. In other terms, the maximum and minimum amplitudes are significantly
different from the mean amplitude. On the contrary, in the regime with two impacts per
period, the response of the main structure is almost periodic, the amplitude does not vary
over time. These two regimes are illustrated in figure 1.13. Understanding the occurrence
of these regimes is a critical aspect in the perspective of an optimization process of a VI
absorber, since the optimal point leading to the best vibration reduction is at the limit be-
tween these two regimes [74], where the optimal and irreversible Targeted Energy Trans-
fer takes place. These two families of regimes can be extended, and the interested reader
will find further developments in [73]. Up to now, these results have essentially been re-
ported numerically, and experimentally in the case of S-DOF structures for harmonic and
transient excitations. Besides, numerical studies dealing with continuous structures like
beams have drawn the same conclusions [128], even if no experimental validation has
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(a) Displacement of the main structure during the
regime with two impacts per period.
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(b) Displacement of the main structure during the
SMR.
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(c) Displacement of the ball within the main
structure during the regime with two impacts per

period.
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structure during the SMR.

Figure 1.13: Illustration of the regime with two impacts per period and the SMR based on
simulation results.

been proposed yet. Consequently, more complex structures should be studied in order to
generalize the previous results, and to derive optimization rules for VI absorbers.

Furthermore, at least two assumptions are presented in the literature to explain how
vibro-impacts help to dissipate the vibrational energy. On the one hand, an assumption is
that dissipation occurs during the contact phases, and the energy is dissipated through-
out the successive impacts. According to [145], energy dissipation and Targeted Energy
Transfers can only be achieved in the case of dissipative impacts. Therefore, such ob-
servations raise the question of the experimental characterization of vibro-impact phe-
nomenon. On the other hand, because of the non-linear behavior of vibro-impacts,
other studies claim that a multi-modal structure undergoing vibro-impacts is submit-
ted to modal energy exchanges. These energy transfers turn out to be beneficial to the
vibrational energy dissipation that occur even in the case of perfectly elastic and non-
dissipative impacts [128, 48], what is inconsistent with the previous observation. There-
fore, the role of the two previous assumptions should be inquired both numerically and
experimentally. Moreover, such energy transfers are not likely to occur in S-DOF systems.
Since almost no experimental studies tackle the case of continuous and multimodal struc-
tures, further work must be done in that way in order to study the physical phenomena at
stake in vibro-impacts in parallel of numerical investigations.

To summarize, some results on the optimal design of VI absorbers are available, but
they essentially concern simple structures. Furthermore, there is still a lack of experi-
mental validation for more complex systems. Besides, two main physical phenomena
seems to play an important role in vibro-impact devices: the energy dissipation during
impacts, and modal energy transfers. Accordingly, further experimental and numerical
work should be done to better understand both phenomena, and the role they play in the
performance of VI absorbers.
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1.6 Objectives and structure of the PhD

1.6.1 Scientific objectives of the PhD

Based on the earlier works dealing with vibro-impact based strategies for vibration miti-
gation application, the objectives for further investigations have emerged. Therefore, the
objectives pursued in this PhD thesis are described below.

1st Objective: measure and characterize vibro-impact phenomenon A major field
that still needs to be explored concerns experimental investigations dealing with vibro-
impact. Since the physical phenomena at stakes are not clearly identified yet, compre-
hensive works must be done in this direction. More specifically, in vibro-impact systems
classical instrumentation cannot be used on the flying mass in general. Therefore being
able to characterize the contact properties and the vibro-impact phenomenon is still a
challenge. Though, it remains a critical point to well understand the physics of vibro-
impact and to be able to build representative models of the phenomenon.

Accordingly, the first objective of this PhD is to propose a method to measure the dis-
placement of the ball in a vibro-impact system and to characterize the vibro-impact phe-
nomenon.

2nd Objective: inquire the effect of a VI absorber on a multimodal structure More-
over, previous experimental studies are mostly focused on S-DOF structures, or some-
times on multi-DOF structures. Even if this helped to obtain interesting results related to
the behavior of a simple structure embedded with a VI absorber, more realistic structures
should be considered in order to come closer to industrial structures that may exhibit a
more complex behavior. In particular, the literature mentioned that multimodal struc-
tures have an important role to play, because of the energy transfers that are observed in
the presence of vibro-impacts. Such modal energy exchanges cannot occur in a S-DOF
structure.

Hence, the second objective of this PhD is to experiment VI absorbers on continuous
and multimodal structures to inquire the results already established in the case of sim-
pler structures. Two sub-objectives are involved. The first one consists in the design and
realization of an effective VI absorber that can be easily integrated to the structure. The
second one concerns the effectiveness of the VI absorber in the case where the main struc-
ture is submitted not only to harmonic excitations, but also to broadband excitations.

3rd Objective: take advantage of multiple VI absorbers to improve VI absorber per-
formance Then, we will see throughout this manuscript that even if we obtained very
promising results demonstrating the ability of a VI absorber to tackle vibration issues, us-
ing a single VI absorber can lead to some limitations.

Consequently, the third objective concerns the use of multiple VI absorbers on a three-
dimensional structure in order to improve the robustness and the effectiveness of the VI
absorbers. Like previously, it involves a sub-objective related to the design and the real-
ization of smaller VI absorbers.

4th Objective: assess the importance of the modal energy transfers on the effectiveness
of the absorber At last, the literature is sometimes ambiguous concerning the physical
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phenomena at stake during vibro-impacts. Indeed, it is well-known that vibro-impacts
dissipate energy, while no consensus is reached on the way the energy is dissipated: both
dissipative impacts and modal energy exchanges seem to play an important role. Ac-
cordingly, the fourth objective is to assess the importance of the modal energy transfers
highlighted in the literature on the effectiveness of the absorber.

1.6.2 Content and structure of the manuscript

The research work presented in this PhD thesis deals with the development of vibro-
impact based strategies for vibration reduction purposes. The objectives listed above are
addressed in this work throughout the following chapter.

In chapter 2, a new methodology for motion reconstruction of a vibro-impact system
is presented. For this purpose, a Digital Image Correlation process is performed asso-
ciated to full-field measurements realized by a high speed camera. Based on this non-
contact technique, we reconstruct the continuous displacements of both the ball and the
main structure from the discrete displacements. Doing so, the Coefficient of Restitution
and the friction forces acting on the ball during the free flight phases are determined.

The results of this chapter are published in Mechanical Systems and Signal Processing,
Volume 156 entitled Full-field measurements with Digital Image Correlation for vibro-
impact characterisation, and were presented in the international ISMA conference in
2020 [26].

Chapter 3 concerns experimental investigations of a cantilever beam endowed with a
VI absorber. We designed a VI absorber with tunable gap, allowing to perform parametric
studies. The influence of both the gap and the excitation amplitude are explored, and in-
teresting vibration reduction is achieved. Moreover, the two specific regimes (two impacts
per period and SMR) described above are found, and their role related to the performance
of the absorber is confirmed. These results concern both the first and the second mode
of the beam. Then, the response of the beam and the VI absorber are also studied under
white noise excitations, demonstrating the effectiveness of the absorber and providing
new results for non-harmonic excitations. Moreover, the limitations of using a single VI
absorber are highlighted.

The results of this chapter are published in Mechanical Systems and Signal Processing,
Volume 180 entitled Experimental investigations of a vibro-impact absorber attached to a
continuous structure, and presented in the international IMAC conference in 2022.

Chapter 4 addresses the question of the energy balance of a beam with a VI absorber
embedded through a numerical approach. More specifically, the dynamics of the beam
is projected onto a modal basis, and the energy transfers within the modal space are
quantitatively assessed. To achieve this, a model of an Euler-Bernoulli beam is proposed
and solved semi-analytically, allowing to derive exact energy balances. Therefore, the
energy taken from the excited mode and the energy received by each other mode is
computed. In order to deal with the widest range of situations, the cases of an excitation
centered on the first, second and third mode are considered. In particular, the energy
received by the lower modes is studied, since it could be detrimental to the vibration
reduction.
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At last, chapter 5 is devoted to the application of VI absorbers to a three-dimensional
structure. For this study, a model plane is considered. First and foremost, a numerical
method is proposed in order to simulate the response of a three-dimensional structure
submitted to vibro-impacts. The finite element model of the structure is built, then the
matrices of the dynamic system are extracted in order to add the vibro-impact force di-
rectly in the equation of motion of the system. Then, the response is calculated using time
integration. Secondly, the response of the model plane equipped with one VI absorbers
is investigated experimentally. Although interesting performance is achieved, we strive to
highlight the limitations met using a single VI absorber. Therefore, multiple VI absorbers
with tunable gap are designed and realized, with the drive to change the localization of the
VI absorbers handily. The benefits drawn from this approach are presented. In particular,
a procedure to achieve multimodal effectiveness is proposed.

Some of the results of this chapter were presented during the national CSMA confer-
ence in 2022 [25].
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Chapter 2

Full-field measurements with Digital
Image Correlation for vibro-impact
characterization
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Preamble

In the first chapter, we have evidenced that several models are available to describe im-
pact phenomenon. However, determining the correct parameters of these models for a
device undergoing vibro-impacts may be challenging. Indeed, traditional measuring de-
vices such as accelerometers or vibrometers cannot be used on the oscillating ball. There-
fore, this chapter is dedicated to present a non-contact technique based on a high-speed
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camera and a Digital Image Correlation (DIC) process allowing to reconstruct the dis-
placement of both the ball and the structure in order to characterize vibro-impact phe-
nomenon.

2.1 Introduction

The effectiveness of VI absorbers in mitigating the vibrations relies on the interactions be-
tween the oscillating mass and the main structure that occur during the impacts. Mostly,
two assumptions emerge to explain energy dissipation: contact effects such as plastic de-
formation during the repeated impacts [115] or viscous damping during the contact phase
[20] on the one hand, and dynamic effects leading to a high frequency energy transfer and
to a faster vibration mitigation [128] on the other hand. In the last case, the vibrational en-
ergy of the main structure is redistributed within the modal space from low to high modes
that possess higher energy dissipation efficiency.

To better understand the physics of VI phenomenon, it is interesting to adopt an
experimental approach. However, several difficulties must be overcome. Impact phe-
nomenon is non-linear, and occurs on a very short time scale, making its study partic-
ularly challenging. Moreover, VI absorbers are often difficult to equip with measuring
instruments, especially for the free oscillating masses. Using accelerometers on a non-
linear structure may also modify the dynamics of the structure in a complex manner
[140]. Therefore, non-contact techniques could offer an interesting alternative. Among
these techniques, DIC has many interests for VI study to measure the displacements that
cannot be measured with an accelerometer nor a laser vibrometer. Indeed, a low level of
noise is generated using this method (accuracy is below pixel size) and combined with
a high-speed camera, it becomes possible to capture the dynamic behavior of a VI sys-
tem. In solid mechanics, DIC and full-field measurement techniques have paved the way
to new approaches to measure displacement, velocity or strain field and have a growing
interest thanks to the advent of high-speed cameras that allow to get pictures even for
dynamic system with short typical variation time. Many applications are found for dy-
namic testing in combination with high-speed or ultra-high-speed cameras [107]. This
enables the visualization of transient deformation [130], the development of local defor-
mation [17, 124], or phase transformation during dynamic test on shape memory alloys
[114]. Moreover, measuring 3-D displacement field becomes possible if two cameras are
used [107].

The purpose of this chapter is to take advantage of these methods to reconstruct the
motions of both the main structure and the oscillating mass, and to compare different
contact modelling strategies.

Full-field measurement techniques have already been set up in the context of gran-
ular materials to measure the coefficient of restitution of impact between particles, and
between wall and particles, combined with different methods. In the following articles,
authors have built a special apparatus to film the collision between particles or between
a particle and a wall with a high-speed camera. In [54], [141] and [34], the authors can
calculate the COR from the height of the rebounds or free flights duration of the parti-
cle. These quantities are directly derived from the images obtained from the high speed
cameras. In [137], the COR is calculated with the averaged velocities obtained by the dis-
placement over the duration between successive images. Other authors like [51] and [52]
have used an energetic definition of the COR and need both translational and rotational
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velocities of the particle. In the first case, the authors have used the Image Pro Plus soft-
ware to track the particle and calculate the velocities. In the second case, the locations and
velocities of the particle are determined using a particle tracking velocimetry method. In
all these cases, calculations are made to obtain the velocities necessary to obtain the COR:
they are obtained from the measure of the height of rebound, from the duration between
impacts, or from the simple ratio of displacement and duration between images. But the
entire motion of the particle is not considered, and this can result in a lack of accuracy if
only considering the experimental data just before and after impact. The total motion of
the particle provides accurate information to estimate displacements and velocities, es-
pecially in the case of noisy measurements. This statement is the basis of the method that
is presented in this chapter.

In the field of vibro-impact, full-field measurement with a high speed camera has been
used in [108] to visualize VI regimes between gears. According to the authors, the video
post-processing allows to measure the instantaneous position of the gears from the shape
recognition. Recently, a simple method using limited experimental information to recon-
struct the motions of the oscillating mass of a VI absorber and measure the COR has been
presented in [75]. The authors used a laser sensor and an accelerometer to measure the
position of the main structure and its acceleration respectively. From this, the velocity of
the main structure can be derived, and the impact time is given by the discontinuities on
the acceleration signal. Knowing the position of the oscillating mass at impact, its motion
can be reconstructed assuming a friction coefficient between the oscillating mass and the
main structure. Nevertheless, the motion of the oscillating mass is not directly measured
as no visualization of the ball is possible. Thus, no information about the friction coef-
ficient can be provided from this experimental set-up. Moreover, the uncertainty on the
friction coefficient leads to uncertainty on the velocity estimation, necessary to calculate
the COR. At last, the authors noticed a different coefficient of restitution on the left and
right sides of their VI absorber prototype, which is an interesting but unexplained phe-
nomenon. The same observation is reported here.

In this chapter, a dedicated set-up has been designed composed of a ball oscillating
in a cavity, reproducing the behavior of a vibro-impact absorber. A method is proposed
to reconstruct the motion of the oscillating mass and the main structure using DIC with
a single high-speed camera. This method is used to reach the two following objectives.
Firstly, evaluate the performance of DIC for experimental VI characterization, and sec-
ondly, use measurements as input in two modelling strategies based on the coefficient of
restitution and on a Hertzian contact.

The tracking of the displacement of the main structure and the oscillating mass is re-
alized. Models are assumed for the displacement of both the ball and the structure, and
their parameters are identified from curve fitting. The advantage of this is that the veloci-
ties can be easily and accurately obtained by analytical derivation without amplifying the
noise. Then, these results allow to characterize the VI absorber and are used as inputs to
run simulations of the COR model and Hertz damped contact model.

This chapter is organized as follows. Section 2.2 describes the experimental set-up
designed for this study, presents the DIC technique and the post-processing of measure-
ments. Section 2.3 presents the modelling of the VI problem, and the identification of
some of its parameters. Section 2.4 presents the numerical results. In section 2.5, uncer-
tainties on the COR are discussed.
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(a) Photo of the experimental set-up. (b) CAD view.

Figure 2.1: Experimental set-up. 1. Upper plate; 2. Guiding rod; 3. Lower disk shaped part; 4.
Holding rod; 5. Lower plate; 6. Ball; 7. Adapter plate; 8. Upper accelerometer; 9. Upper disk

shaped part; 10. Lower accelerometer; 11. Shaker.

2.2 DIC for VI measurement

2.2.1 Design of a set-up and instrumentation

For this study, an experimental set-up consisting of a ball enclosed between two plates
has been designed (figure 2.1). More details on the materials and dimensions are given in
appendix A.

The main structure is made of two plates separated by an adjustable distance and
maintained by three holding rods. The structure is rigid enough to ensure that the first
natural frequencies cannot be excited in the frequency range of the tests [22 Hz - 30 Hz].
For this purpose, the set-up was designed using numerical modal analysis. The ball is
guided to ensure vertical motion by three guiding rods, so that it is possible to visualize
the entire motion of the ball during its oscillation. The main structure has a sine wave
motion imposed by a Dataphysics shaker (1000 N maximum sine force peak). An adapter
plate has also been used to fasten the set-up on the shaker.

Two accelerometers are stuck on each plate to monitor the acceleration of the plates
and analyze the impact signals. A high speed camera with a 1000 fps frame rate is used
during the test to visualize the oscillation of the ball between the two impact plates. Some
photos extracted from the videos are represented in figure 2.2, where it is possible to see
the ball going up, colliding the upper plate and going down.

2.2.2 Description of the experiments

Different parameters were varied during the experiments, namely the frequency of the
excitation and the displacement magnitude of the shaker. These different parameters are
summarized in table 2.1. Each test was run once and successively. One test lasts approx-
imately 1,5 seconds, producing 1500 frames to analyze. The frequency and the accelera-
tion of the shaker were chosen in order to obtain VI regimes with two impacts per cycle,
one on the upper plate and one on the lower plate.
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Figure 2.2: Images extracted from the video recorded with the high-speed camera.

Test number fexc Displacement magnitude
Test 1 22Hz 27mm
Test 2 22Hz 35mm
Test 3 22Hz 21mm
Test 4 30Hz 27mm

Table 2.1: Parameters for the tests.

2.2.3 Digital Image Correlation and motion reconstruction

In order to reconstruct the motion of the main structure and the motion of the oscillating
ball, a Digital Image Correlation (DIC) technique is used to follow the motions of both the
ball and the structure. Two zones containing a mesh of points are defined corresponding
to the ball and to the main structure (see figure 2.3). A 30 pixels wide centered on each
point of the mesh is defined. After the displacement, the subset is localized in the new
picture thanks to a cross-correlation calculation. The principle of the cross-correlation
to determine the displacement of a subset in an image is as follows. Let’s consider two
subsets: the reference subset, or subset 1, and the current subset, or subset 2. In the
present case, each subset contains 30×30 pixels and each pixel is represented by a gray
level intensity. Let’s call I1(x, y) the function that gives the gray level intensity of the pixel
of coordinates (x, y) belonging to the reference subset (x and y represent a number of
pixels), and I2(x, y) the same function for the current subset. The Zero-mean Normalized
Cross Correlation function used in Matlab is defined as [16]:

γ(dx ,dy ) =
∑

i , j [I1(x + i , y + j )− Ī1][I2(x +dx + i , y +dy + j )− Ī2]√∑
i , j [I1(x + i , y + j )− Ī1]2

√∑
i , j [I2(x +dx + i , y +dy + j )− Ī2]2

; (2.1)

where i , j scan all the pixels of the subset, Ī1 and Ī2 are the average intensity of the pixels
in the considered subset (1 or 2), dx and dy represent the displacements to determine:
they must correspond to the maximum of the cross-correlation function. This criterion
is nonsensitive to intensity variations between the reference and the current subset, as it
is normalized with averaged intensity. Therefore, the displacements of each point of the
mesh is obtained (see figure 2.4). In the present case, as no deformation is expected, the
displacement of the ball and of the main structure are calculated as the average displace-
ment of the points of each mesh. Knowing the length of the cavity, it is possible to deduce
the displacement of the upper and lower plate, and to position them relatively to the ball
displacement. Such results are presented in figure 2.5.
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Figure 2.3: Mesh of points used for the DIC.

(a) Meshes for DIC: general view.

(b) Reference configuration. (c) Configuration after displacement.

Figure 2.4: Principle of DIC. (a) and (b) red squares: subsets. (c) Red square: reference subset.
Blue square: matched subset after displacement. White arrow: displacement vector.
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Figure 2.5: Experimental displacements obtained from DIC.

2.2.4 Signals from accelerometers: post-processing

Two accelerometers were stuck on each plate, (see figure 2.1a) during the dynamic tests.
They were used to monitor the acceleration of the main structure on the one hand, and to
study the post-impact vibrations in the frequency domain on the other hand.

Typical acceleration signals recorded by the accelerometers are shown in figure 2.6a.
The sampling frequency is 50 kHz. One can clearly distinguish the low frequency sine
wave acceleration corresponding to the excitation of the shaker, and the repeating pattern
of high frequency vibrations due to the impacts of the ball on the structure. In order to
analyze the frequency content of the impact signals, it is necessary to focus especially on
the high frequency content of the acceleration signals. Therefore, the following method
is applied. To begin with, signals are filtered using a high-pass filter with a 100 Hz cut-off
frequency to remove the low frequency excitation (see figure 2.6b). The frequency of the
excitation is no more than 30 Hz. Next, each transient vibration due to impact is isolated
considering a signal length equal to a half-period of the excitation signal. The Fourier
transform of each impact is calculated using a Fast Fourier Transform method, and the
results in the frequency domain are averaged using all the impacts recorded on both the
upper and lower plates. At the end, figure 2.7 represents 1

N .
∑N

k=1 γ̂k (ω), where γ̂k (ω) is
the Fourier transform related to the signal from the k-th impact. The frequencies in the
Fourier spectrum in figure 2.7 may correspond to the natural frequencies of the structure.
This can be explained considering energy transfer between the ball and the main struc-
ture. In [128], the authors have shown numerically that when using a VI absorber at a
beam end excited on its first mode, the activation of the VI absorber leads to excitation
of higher vibrational modes of the beam. This non-linear behavior can be interpreted as
a high frequency energy transfer: the energy initially localized on the first mode of the
beam is transferred to higher modes because of impacts. A similar phenomenon is prob-
ably observed here, even if it was not confirmed by further analyses: an experimental
modal analysis was difficult to perform because of the impact location that is impossi-
ble to reach with a classical hammer, and modes identification using a numerical modal
analysis turned out to be difficult because several modes are located in a same frequency
range. Nevertheless, the Fourier transform obtained in figure 2.7 demonstrates the exci-
tation of the structure due to the vibro-impacts.
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Figure 2.6: Post-processing of acceleration signals.
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2.3 Vibro-impact modeling and parameter identification

2.3.1 Modeling and parametrization

A scheme of the experimental set-up studied in the previous section is represented in fig-
ure 2.8. In [117] the authors have analyzed the influence of gravity on stability conditions
for the same device as the one studied here. Even if stability conditions are out of the
scope of this paper, the equations of motions are the same as in the present case.

Ys(t ) and Yb(t ) denote the position of the main structure (i.e the cavity) and the ball,
respectively. The total distance travelled by the ball in the cavity is 2.b. As the excita-
tion signal of the shaker is a sine wave motion, the displacement of the main structure is
supposed to be given by equation (2.2):

Ys(t ) = A.sin(ω.t +ϕ)+B; (2.2)

where A is the amplitude, ω is the pulsation, ϕ is the phase term and B is the offset, what
seems to be in accordance with the experimental displacements of the plates shown in
figure 2.5.

The motion of the ball can be separated into two phases: the free flight phase and the
contact phase. Looking closely at figure 2.5, the displacement of the ball is not perfectly
linear during the free flight phases. It makes sense as the ball is submitted to gravity be-
cause of its vertical motion. Therefore, its displacement is assumed to be quadratic with
respect to time and given by equation (2.3)

Yi
b = ai .t 2 +bi .t + ci ; t ∈ [ti ; ti+1]; (2.3)

for the i-th free flight phase.
With such a model, constant forces acting on a ball are represented such as weight and

friction, and the of motion governing the displacement of the ball is:

mb .ÿ =−mb .g +F f r i ct i on ; (2.4)

where mb is the mass of the ball, g is the acceleration of gravity, and F f r i ct i on represents
the friction force that may apply on the ball when sliding in the cavity. Here, inertia of the
ball is neglected and it is assumed to be a point mass.

Figure 2.8: Illustration of the VI absorber.
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2.3.2 Contact modelling strategies

Two contact models are used here: the first one is based on the COR, and the second one
is a Hertz-damped contact model. In the first approach, the contact phase is assumed
infinitely short, and the physical phenomena that occur during impact are wrapped in a
coefficient of restitution e defined in equation (2.5) that traduces the energy loss during
the impact: e = 1 represents perfectly elastic impacts (no energy is dissipated during the
impact), while e = 0 represents perfectly inelastic impacts (there is no restitution of energy
after the impact, the solids remain in contact). Therefore, each time an impact occurs, the
relative speed before and after impact are related by the following equation:

Ẏ+
b − Ẏ+

s =−e.(Ẏ−
b − Ẏ−

s ); (2.5)

Practically, the problem is reduced to free flight phases (see equation (2.4)), with an initial
condition for Ẏb given by equation (2.5).

In the second approach, the contact phase is governed by the Hertz damped contact
model. So the contact force applied on the ball depends on the interpenetration δ defined
as

δ= Yb −Ys −b if Yb −Ys ≥ b; (2.6)

δ= Yb −Ys +b if Yb −Ys ≤−b. (2.7)

In the case of a sphere in contact with a plate, the contact stiffness K considered here is
the one given by the Hertz model and defined as

K = 4.R1/2

3.π.(kb +ks)
; (2.8)

where the subscripts b and s denote the ball and the structure, respectively, and ki = 1−ν2
i

π.Ei
(i ∈ {b, s}). The contact force of the Hertz damped model is

Fcont act =−K.δ3/2 − c.δ̇; (2.9)

in accordance with the sign convention of figure 2.8, and δ is defined by equation (2.6)
and equation (2.7). In equation (2.9), c is the damping coefficient. As it will be explained
later, c can be chosen to represent the same energy loss than the one represented by the
COR e.

This time, the contact duration is not neglected and the equation of motion that gov-
erns the motion of the ball during the contact phase is

mb .Ÿb =−mb .g +F f r i ct i on +Fcont act . (2.10)

The entire motion of the ball can be simulated using an ODE solver to integrate the
equation of motion given by equation (2.4) for the COR model, or equation (2.10) in the
case of the Hertz damped contact model.

As the COR model traduces the energy loss by the system during the impact, the Hertz
damped model must be able to represent the same dissipation. In the Hertz damped
contact model, the dissipation is due to the damping coefficient c. Indeed, this contact
damping creates an opposing force to the ball displacement that contributes to slow down
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the ball and implies an irreversible kinetic energy loss. In [91], Nagurka et al. provide an
approximation that relates the damping coefficient and the COR so that the COR model
and a Hertz damped contact model lead to the same dissipation:

c =−2.
√

Kl i n .m. lne√
π2 + (lne)2

; (2.11)

where Kl i n denotes the linearized contact stiffness for an average interpenetration δa

defined as

Kl i n = 3

2
.K.δ1/2

a . (2.12)

2.3.3 Parameter estimation

In the previous section, discrete-time displacements of the ball and the structure are ob-
tained thanks to the DIC method. In order to obtain velocities, many approaches are
possible. In the context of DIC, some authors have used finite differences to estimate ve-
locities and accelerations knowing the displacement field [61], but this method is noise
sensitive and leads to inaccuracy in the process of velocity estimation. In order to reduce
the uncertainties or to improve the spatial resolution of the results, others have used a
method to regularize the displacement, taking into account a set of images instead of us-
ing only two pictures corresponding to the reference and deformed configuration [18].
The method used in this paper is to identify the parameters of displacement equations
(equation (2.2) and equation (2.3)) from curve fitting using the experimental displace-
ment points obtained from DIC method. As a result, A, B, ω and ϕ for the structure, and
ai , bi and ci for the ball are obtained minimizing the least-square functions:

A,B,ω,ϕ= arg min
A,B,ω,ϕ

N∑
k=1

[Ys(tk )−Yexp
s (tk )]2; (2.13)

ai ,bi ,ci = arg min
ai ,bi ,ci

N∑
k=1

[Yi
b(tk )−Yexp

b (tk )]2; (2.14)

where N is the length of time vector, Yexp
s and Yexp

b are the experimental displacements of
the structure and the ball. The fitting displacements are represented in figure 2.9.
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Figure 2.9: Fitting displacements for the main structure and the ball.
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It is now possible to calculate the velocity of the main structure and ball differentiating
equation (2.2) and equation (2.3).

Thus, displacements and velocities equations can be used to estimate the kinematics
quantities relative to the main structure and ball at every moment, and the whole motion
is reconstructed.

With the discrete-time displacements, impact times remain unknown as contact
phases are very short and happen between two images. In figure 2.9b, one can see that
impacts occur at the intersection of each free flight trajectory (see figure 2.9b), so impact
time ti between freeflight i −1 and freeflight i can be deduced with equation (2.15).

(ai −ai−1).t 2
i + (bi −bi−1).ti + ci − ci−1 = 0. (2.15)

It is now possible to calculate the velocities when the impact occurs to estimate the
COR, defined as:

ei =
Ẏi

b(ti )− Ẏs(ti )

Ẏi−1
b (ti )− Ẏs(ti )

. (2.16)

2.4 Results of VI characterization

In this section, the results of the characterization of the VI absorber designed for this study
are presented and fall into two parts. The first one is the measurement of the COR, and
the second one is the measurement of the friction forces acting on the ball during its free
flight phases. The measurements presented can be considered as reliable, as the question
of the accuracy and uncertainties of the measurements is addressed in section 2.5.

2.4.1 Coefficient Of Restitution

The COR is calculated for each impact using equation (2.16). An example of the values
measured for the fourth test is presented in figure 2.10. Table 2.2 summarizes the mean
value of the COR on the lower and upper plate and their standard deviations for each test.

As one can see, the COR is different whether the impact occurs on the upper plate
or on the lower plate. This unexpected phenomenon has already been reported in [75].
Therefore the two following sections are devoted to propose some explanations for this
result.

eb et σb σt

Test 1 0,76 0,65 3,37.10−2 4,69.10−2

Test 2 0,74 0,59 4,9.10−2 3,47.10−2

Test 3 0,72 0,60 5,29.10−2 5,06.10−2

Test 4 0,73 0,50 4,89.10−2 3,38.10−2

Table 2.2: Summary of average COR values and standard deviations (b: bottom. t: top).
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Figure 2.10: Example of experimental results of the COR (4-th test).

2.4.1.1 Role of the gravity

Further experiments have been made to try to determine if gravity could influence the
COR and provide an explanation of the differences of COR observed between the upper
plate and the lower plate. Therefore, the same testing conditions as in test 4 (see table 2.1)
were reproduced for three direction of the set-up, namely vertical, tilted (45 degrees from
vertical), and horizontal. The results are presented in figure 2.11. The average values of
the COR for the top and bottom impacts are given in the figure. The COR values are not
significantly changed by the direction of the set-up, and the top and bottom values are
still different whatever the direction. As a consequence gravity does not seem to be the
predominating parameter determining the value of the COR.

In the next section, the influence of the tightening torque of the contact parts is inves-
tigated.

2.4.1.2 Role of the tightening torque

In the experimental set-up, the contact parts n°3 and 9 that can be seen in figure 2.1 are
screwed to the rest of the structure. During the experimentation realized to obtain the
results of this chapter, we noticed that the COR values changed after disassembling and
reassembling the experimental set-up. Accordingly, the role of the tightening torque ap-
plied on the screws of the contact parts is investigated in this section. For this purpose,
the tightening torque of only one side is varied, while the second one is kept constant and
equal to 30 cN.m. Then the following procedure is applied. The torque is set for both
side of the experimental set-up, and a test is run. Each test last one second, enabling to
record 1449 pictures. During one test, approximately 60 impacts occur. Then, the ex-
perimental set-up is disassembled and reassembled before setting the new torque for the
side concerned. It is worthy to note that this disassembling and reassembling process is
not applied to the side where the torque is kept constant for practical reasons. Indeed,
it would necessitate to entirely remove the experimental set-up from the shaker. As a
consequence, the influence of the tightening torque is only studied on one side of the ex-
perimental set-up. Once all the torque values are tested, all this process is repeated three
times in order to assess the repeatability of the tests.
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(a) vertical. (b) tilted (45°). (c) horizontal.
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(d) vertical: eb = 0,77;et = 0,57.

0 0.5 1 1.5

Time (s)

0.5

0.6

0.7

0.8

0.9

C
O

R

(e) tilted (45°): eb = 0,81;et = 0,57.

0 0.5 1 1.5

Time (s)

0.5

0.6

0.7

0.8

0.9

C
O

R

(f) horizontal: eb = 0,82;et = 0,57.

Figure 2.11: Influence of gravity on the coefficient of restitution: pictures of the set-up and COR
values.

The average COR obtained for each of the three tests and each tightening torque are
depicted in figure 2.12a, and the standard deviations are represented in figure 2.12b. The
role of the tightening torque on the COR is clearly demonstrated. Indeed, on the right side
where the torque is varied, the COR increases with the tightening torque, starting at 0,5
corresponding to 10 cN.m and finishing at 0,65 corresponding to 30 cN.m. On the con-
trary, the COR does not vary significantly (between 0,75 and 0,77) on the left side since
the torque is kept constant. Looking closely to figure 2.12, some remarks and interpreta-
tions can be provided. Firstly, considering the COR in figure 2.12a, the repeatability of the
three tests is not very good. However, less dispersion is noticed on the side without dis-
assembly than on the other side. This suggests that disassembling and reassembling the
experimental set-up is related to this result. For instance, it can be due to uncertainties
when setting the torque. Secondly, the figure 2.12b suggests that the standard deviation
is larger on the left side than on the right side, but it does not depend on the tightening
torque. It is possible to separate the values of the left side from the right side anyway. In
order to try to understand why the COR measured is not the same at each impact, it could
be interesting to look at the contact surface shown in figure 2.13. It is well visible that the
contact zone is deformed by the repetitive impacts of the ball. Consequently, the rebound
of the ball is probably modified (and therefore the COR is also modified) depending on the
exact area where the contact occurs.

Other authors have established a link between the COR and vibrational energy, con-
sidering spring-mass elements [111]. Therefore, a certain part of the initial kinetic energy
of the ball is lost because converted into vibrational energy of the main structure and
leads to a COR smaller than unity. In particular, this phenomenon is well shown in [115]
where longitudinal impacts of a ball on rods are studied. The link between the COR and
the vibrational energy of the rod after impact is clearly demonstrated. In the field of sport
and especially tennis and golf, studies have been made to understand which design pa-
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Figure 2.12: COR and standard deviations versus the tightening torque.
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Figure 2.13: Contact part with a zoom on the contact zone.
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rameters influence the COR [97, 1, 142, 109, 71, 59]. As presented earlier, two main trends
emerge. In the first one, the variation of the COR is studied depending on the materials
encountered by the ball or string tension in tennis rackets [71, 1, 109]. In the other ap-
proach, the authors try to link the COR with the dynamic properties of the structures that
collide. For instance, the authors in [71, 59] have studied the effect of impact location on
the COR. In [59], it is shown that the COR is higher when the ball hits the racket close to its
vibration node for the first bending mode. In [142], a link between the natural frequencies
of the solids that collide and the COR is established.

These results and the previous work briefly presented here confirm the existence of
dynamic phenomena during impact that modify the COR and thus the energy dissipa-
tion. It also shows that further work still needs to be done to well understand the physics
of impact phenomenon that occurs in VI absorbers. In the experiments presented in this
chapter various phenomena can occur, in addition to the one previously mentioned. As
the set-up is an assembly of several parts, its dynamic behavior in response to an impact is
difficult to predict. Further work should be done to precisely understand the predominat-
ing physical phenomena that influence the COR, even if the tightening torque seems to
play the most important role in the present case. However, they are beyond the objectives
of this work.

2.4.2 Friction forces

The identification of the parameters ai provides information on the forces acting on the
ball during its free flight phase. Indeed, the dynamic law states that the product of the
mass of the ball by its acceleration is equal to the forces acting on it. The acceleration
of the ball can be derived from equation (2.3) and is given by 2.ai . In the case where no
friction forces act on the ball, its acceleration must be equal to the acceleration of gravity
−g . However, it was found that the acceleration of the ball was slightly different from −g ,
what can be explained by the existence of a friction force Fi

f r i ct i on that acts on the ball

during the i − th free flight phase. Therefore, numerical values were obtained from the
difference between the acceleration of the ball and acceleration of gravity:

Fi
f r i ct i on = mb .(2.ai + g ). (2.17)

These forces are represented in figure 2.14. It is relevant to notice that these forces are
effectively opposed to the motion of the ball, except for the 29th ascent free flight where
the value is not consistent.

2.4.3 Simulation of the VI model

The results presented in the two previous sections allow to characterize the contact
phases with the COR for each impact, and the free flight phases with the friction forces
for each free flight. These results, for each contact phase and free flight phase, can be
used in the models presented in section 2.3 and they can be simulated. In figure 2.15,
one can see that using the experimental values of the COR and of the friction forces leads
to the same behavior of the VI absorber in simulation than in the experience. The same
result is found for the Hertz damped model. The deviation D between experimental and
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Figure 2.14: Example of friction forces (4-th test).

Test 1 Test 2 Test 3 Test 4
COR model 2,78 % 2,51 % 2,44 % 3,5 %

Hertz damped model 3,15 % 3,34 % 3,43 % 3,71 %

Table 2.3: Error between experience and simulation for the COR model and Hertz model.

simulation displacements for the ball is quantified using equation (2.18):

D =

√√√√√∫ t f

ti
(Ysi mu

b −Yexpe
b )2.d t∫ t f

ti
(Yexpe

b )2.d t
; (2.18)

where ti and t f denote initial instant and final instant of the experience, respectively. The
deviations calculated for the different tests and for both models are presented in table 2.3.
As a consequence, it can be concluded that the motion reconstruction method presented
in this paper is able to perform accurate measurements of the position of both the ball
and the main structure in the configuration chosen for the tests.
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Figure 2.15: Comparison of experimental and simulated displacement using the COR model.

2.5 Discussion: statistical analysis of experimental data
and uncertainties

As presented in section 2.4 the COR values are scattered around an average value (de-
pending on the plate where the impact occurs). The COR values are analyzed from a sta-
tistical point of view. To determine if the values follow a special distribution, histograms
are plotted in figure 2.17. µ and σ denote the average value and the standard deviation
respectively. As normal distribution seems to fit the experimental data, quantile-quantile
diagrams are plotted in figure 2.18. High correlation coefficients suggest that the COR val-
ues follow a normal distribution. Similar results were found for the other tests. Average
values for the 4 tests with standard deviation error bars (±σ) are presented in figure 2.16.
Comparatively, the COR values presented in [75] seem to be scattered similarly, and the
standard deviations given in [52] are consistent with the one presented in this paper.

Further work should be done to explain the origin of the scattering of the measure-
ments. In [53], the authors have made a movie of a motionless specimen (a disk in com-
pression between Hopkinson bars) to quantify the uncertainty on the gray level between
pictures because of noised pictures. The same methodology is applied here to determine
the noise displacement involved by noise on the pictures. Such a displacement is rep-
resented in figure 2.19. One can see that the displacement can be divided into a high
frequency content and a low frequency content. The first part can be attributed to the
noise on pictures, that leads to accuracy loss in the correlation process. The second part
is very likely to be due to unwanted motion of the camera while recording the pictures. As
the total displacement is approximately 100 times smaller than the motion amplitude of
the ball (and 50 times for the structure), it is reasonably low to assume that its effects on
the displacement reconstruction and COR estimation are negligible. Moreover, here is the
main advantage of the reconstruction method proposed in this paper. Using a model as-
sociated to a curve fitting process, the noise existing on the measurements has a negligible
influence on the displacement and velocity estimation, whereas using classical finite dif-
ferences to determine the velocity is well-known to be very noise sensitive, what leads to
a bad estimation of the velocity. Other sources of uncertainty in the COR estimation can
be identified, such as the non horizontality of the camera or the rotation of the ball. As an
angle of the camera to the horizontal does not modify the measure of the COR because
the relative velocities of equation (2.5) in each side of the equation are multiplied by the
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Figure 2.17: Histogram of COR values (4-th test).

-2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

theoretical quantiles for normal distribution

0.4

0.45

0.5

0.55

0.6

0.65

0.7

0.75

0.8

0.85

re
al

 q
ua

nt
ile

s

R2
bottom

=0.97356

y=0.048369x+0.73248

R2
top

=0.99283

y=0.033309x+0.50057

COR bottom
COR top

Figure 2.18: Quantile-quantile diagram for normal distribution (4-th test).

41



CHAPTER 2. FULL-FIELD MEASUREMENTS WITH DIGITAL IMAGE CORRELATION
FOR VIBRO-IMPACT CHARACTERIZATION

0 0.5 1 1.5

Time (s)

-10

-8

-6

-4

-2

0

2

D
is

pl
ac

em
en

t (
m

)

10-5

ball
structure

Figure 2.19: Noise displacements measured during motionless test.

same coefficient (depending on the angle), this cannot be responsible for the scattering of
the COR values. Concerning the rotation of the ball, it is demonstrated in [52] that the six
degrees of freedom of the ball must be considered to determine repeatable values of the
COR (i.e with a small standard deviation) for a bouncing ball on a plane. In the present
case, only the vertical translation is possible, but rotations around the three axis are a pri-
ori possible, but not considered here to calculate the COR. Moreover, such rotations of
the ball may be induced by the friction forces identified previously, in the case where they
correspond to friction on the guiding rods. Nevertheless, the ceramic ball is too smooth
and shiny to visualize its rotation. Some attempts with paint marks on the ball in order to
observe its rotation turned out to be unsuccessful, since the ball was stuck due to paint...

No special work has been done to find the origin of the friction forces identified in
this paper. But two assumptions can be made. These forces can be due to friction on
the guiding rods when the ball is in contact with them. Another source of friction can
be the aerodynamic drag of the ball. Further work could be done to try to estimate the
proportion of each category of force, and to understand how to design a set-up to control
the effect of their intensity. Such results could be linked with [128] in which the effect of
friction on the absorber effectiveness is analyzed.

2.6 Conclusions

In this study, an experimental set-up has been designed to take advantage of Digital Image
Correlation and full-field measurement using a high-speed camera in order to reconstruct
the motions of the main structure and the free oscillating mass of a vibro-impact system.
This method overcomes the difficulties encountered to measure the displacement of the
oscillating mass with conventional sensors. Once the discrete-time displacements are ob-
tained from Digital Image Correlation, continuous displacements are derived identifying
models parameters using curve fitting on the experimental points. Velocities can be de-
duced with the analytical derivative of displacements without amplifying the noise, and
the coefficient of restitution can be calculated. With this method, impact instants can
be accurately determined even if they occur between two images recorded by the cam-
era. Moreover, friction forces are evaluated during the free flight phase of the oscillating
mass. The method turns out to be accurate in the different configurations tested, as the
agreement with two simulated models is very good. Experimental characterization of a
vibro-impact absorber can now be realized, and allows to determine the coefficient of
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restitution and friction forces that can be used in a model. The dynamic response of the
structure highlights that a high-frequency energy transfer exists because of vibro-impact
phenomenon, which could be one of the source of dissipation during impact, leading to
a coefficient of restitution smaller than unity. It was demonstrated that gravity has no sig-
nificant influence on the coefficient of restitution, whereas the tightening torque of the
contact parts plays a significant role. Further work must be done in order to explain more
precisely the scattering of the COR measurements.
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Preamble

The previous chapter presented a non-contact technique for vibro-impact characteriza-
tion, enabling to measure the Coefficient Of Restitution and the friction forces acting on
the ball during the free flight phases. However, the structure embedding the ball can be
considered as rigid regarding the excitation frequencies, so that its dynamic behavior can
be neglected. Accordingly, flexible structures should be considered in order to study the
non-linear behavior of the system formed by the structure and the ball. For this purpose,
this chapter deals with an experimental study of a beam endowed with a vibro-impact
absorber in order to assess its performance.

3.1 Introduction

Vibro-impact absorbers can be applied in various situations where structural vibrations
should be reduced. In [83], the authors have used a single-sided vibro-impact Non-Linear
Energy Sink (NES) combined with traditional NES with non-linear restoring force to sup-
press the low-frequency and high amplitude vibrations of a nine-story model building
structure. Nakamura et al. have also used an impact damper on a structure submitted to
walking and seismic excitations [92]. In [50], an absorber is designed for two industrial
structures, a blade and a vane, while Kappagantu et al. [58] tried to benefit from the tem-
perature independence of their vibro-impact absorber to attenuate break squeal. Gourc
et al. [45] managed to reduce the vibration of the tool during turning process thanks to
a vibro-impact absorber. The non-linearity of vibro-impact phenomenon is also utilized
for energy harvesting, as in [65, 147, 36].

The literature dealing with vibro-impact can be divided in two categories, the first
one concerning numerical studies, and the second one dealing with experimental works.
Focusing on the first one, several numerical studies are available in the literature that
aim to better understand how vibro-impact can reduce the vibrations. Most of the time,
harmonic excitations are considered. In these conditions, the existence of two regimes
of motion of the free mass are studied: the Strongly Modulated Regime (SMR) and the
regime with two impacts per period of the main structure [44]. Indeed, the conditions of
existence of these regimes are particularly relevant to study, since they are related to the
capacity of the absorber to effectively reduce the vibrations of the main structure. The
optimal operating point to obtain the best effectiveness (i.e the lowest amplitude of vi-
bration) of the absorber corresponds to the limit between these two regimes [74, 105]. In
these same papers, simple structures with a single degree of freedom (S-DOF) are con-
sidered. To explain the ability of the vibro-impact phenomenon to mitigate the vibra-
tions, some researchers have studied vibro-impact absorber adopting an energetic point
of view. When considering a S-DOF structure (or equivalently a uni-modal structure), the
energy is assumed to be dissipated during the successive impacts [44] and is calculated
in [8]. This energy dissipation is very often quantified using a Coefficient Of Restitution
(COR) when modelling the vibro-impact phenomenon, that can be defined in various
manners, using a kinetic, kinematic or energetic definition [116].

Still looking at numerical studies, continuous structures are studied such as beams or
plates [37, 128, 42, 19, 102], and very promising results are obtained in [37] and [42] to re-
duce the vibrations of a cantilever beam. The existence of the regimes SMR [128, 37] and
two impacts per period [128] are also found, and the role of SMR in vibration mitigation
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is confirmed. Nevertheless, on these continuous and therefore multi-modal structures,
the physical phenomena at stakes may be different, and as a consequence, the way the
vibrational energy is dissipated is also different. Indeed, Theurich et al. [128] have quan-
titatively showed that the vibro-impacts on a vibrating beam lead to excite higher modes,
corresponding to the modes that are not harmonically excited by the external force. This
results in two beneficial phenomena. Firstly, the higher the mode, the lower its ampli-
tude of vibration. As the energy of the first low frequency mode is redistributed within
the modal space, the global amplitude of vibration of the structure is reduced. Secondly,
the energy on the higher modes dissipates faster, as they realize more oscillations in the
same amount of time than low frequency modes. As a consequence, the non-linearity in-
troduced by the vibro-impacts helps to dissipate the vibrational energy on a shorter time
scale using only the intrinsic damping capacity of the structure. An energetic study on a
9-DOF structure is also available in [49]. In [128, 50], the numerical results of the authors
demonstrate that the reduction of the amplitude of vibration is possible even in the case
of conservative impacts, confirming that dissipation during impacts cannot be the only
phenomenon contributing to vibration mitigation.

One can now consider the second categories of studies dealing with experimental ap-
proaches. Some of them confirm the numerical results listed above. Most of the time,
the experiments concern systems made of spring-mass elements intentionally designed
to behave as S-DOF system or, in the more complex cases, structures with a finite number
of degrees of freedom, and the flying mass is a metallic ball. In [74, 105], it is experimen-
tally confirmed that the transition point between SMR and the regime with two impacts
per period corresponds to the configuration leading to the best vibration reduction. The
tunable parameter is the size of the gap available for the flying mass to oscillate. Chang-
ing its size leads to a specific regime or another, while the amplitude of the excitation is
constant. Besides, these systems need to be characterized, especially in terms of contact
properties, in order to develop representative models and to better understand the work-
ing principle of vibro-impact absorbers. Li et al. [75] have recently proposed a method
to reconstruct the motions of the oscillating ball with limited experimental information.
They are able to estimate the COR of their experimental set-up. The work proposed in
the previous chapter and published in [27] pursues the same objective, but this time the
motions of the ball and the structure are reconstructed from a series of pictures using a
high speed camera and a Digital Image Correlation technique. In both studies, the value
of the COR shows some variations that the authors are not able to explain, what confirms
that some work still remains to be done to understand which parameter influences the
contact properties in vibro-impact applications.

Very few experimental studies dealing with continuous or more complex structures
are available. In [135], the authors made some experiments on a cantilever beam
equipped with a vibro-impact absorber at its tip. The results presented bring to light that
the impacts lead the other modes to respond, and not only the excited mode, but no de-
tails are given on the design of the cavity. In the context of particle damping using granular
materials, some pictures of the cavity attached to a beam containing the particles can be
seen in [132], even if the design details are still not delivered. Other authors have designed
a cavity with different lengths when changing the cap to reduce the vibration of a wheel
structure [139]. In [5], the authors have made a different design choice, as they have filled
a honeycomb beam with particles. The particles are integrated to the structure and not
attached to it as seen before.
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The purpose of this work is to experimentally investigate the performances of a vibro-
impact absorber attached at the tip end of a continuous cantilever beam structure and
to inquire the theoretical findings of the literature. To this end, a specific modular device
has been designed allowing a tunable gap as required to find an optimal configuration
through the design-of-experiments method. Full-field measurements allow to measure
precisely the motion of the ball in order to better understand its role in the establishment
of specific vibrational regimes. The chapter is organized as follows. The experimental set-
up including the VI absorber as well as the measuring tools are introduced in section 2.
The section 3 presents the vibration reduction obtained under harmonic excitations for
the first mode on the one hand, and for the second mode on the other hand. The vibration
reduction of the first and second mode for white noise excitation is provided in section 4.

The temporal responses of both the beam and the ball are analyzed in section 5 in
relation with the vibration mitigation performance of the absorber. To do so, a clustering
method is adopted using the number of impacts per period as feature. An analysis of the
phenomena at stakes is conducted in section 6. The chapter ends with conclusions in
section 7.

3.2 Design of the VI absorber for a cantilever beam

3.2.1 The experimental set-up: global overview

In the present work, the attention is focused on an aluminum cantilever beam submitted
to base excitation. As shown in figure 3.1, the clamping system of the beam is directly
attached to the shaker. An accelerometer is stuck on the base of the beam to measure the
base acceleration. The exact shape and dimensions of the beam are given in appendix B.3.
The vibro-impact absorber designed in this study is attached at the beam end. More de-
tails concerning the design are given later in this paper (see section 3.2.3). The experimen-
tal set-up is oriented so that gravity does not influence neither the bending vibrations of
the beam nor the motion of the ball.

3.2.2 Measuring devices

The base acceleration is measured using an accelerometer and controlled during the test
under harmonic excitation. To reach this goal, the acceleration signal is monitored in real
time using National Instrument acquisition card NI 9234 and corrected thanks to a dedi-
cated Matlab program. The corrected signal is sent to the shaker via a NI 9263 excitation
card. More details on the algorithm used to realize the control of acceleration are given in
[125].

The vibrational response of the beam is measured using a vibrometer pointing the
beam end. A high speed camera with four spots light is placed in front of the VI absorber.
Thanks to this, the motion of the ball in the cavity is recorded with 3003 frames per sec-
ond. The global arrangement of all the measuring devices is shown in figure 3.1.

3.2.3 Design of the VI absorber

The VI absorber has been conceived to be attached to the beam end, and not integrated
within the structure itself as done in [5]. There are many reasons for this. To begin with,
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Figure 3.1: Overview of the experimental set-up.
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the beam was designed to obtain its first eigenfrequency around approximately 15 Hz.
Once the material is chosen, the dimensions determine directly the eigenfrequencies of
the beam. In the present case, the height of the beam was too small to integrate the ball
within the beam. Moreover, one of the objective was to visualize the motion of the ball,
and this is easier to realize with an external cavity. Then, the authors wanted to design a VI
absorber with a tunable gap that can be added to a main structure in order to enhance its
damping properties. To reach these last objectives, it was easier to design a VI absorber
independently of the main structure, and to imagine the mounting on the beam at the
end of the design process. Another interesting point is that the VI absorber remains sym-
metrical along the middle plane of the beam what limits the risks of obtaining different
phenomena [75, 27] whether the ball collides the beam on the upper side or on the lower
side.

Therefore, the VI absorber proposed here is made of four elements (see figure 3.2):

1. One cavity;

2. One ball;

3. Two adjusting screws;

4. Two counter nuts.

The ball corresponds to the flying mass travelling inside the cavity. The impacts occur
on the stud of the adjusting screws. The latter are used to adjust the gap between studs,
what results in a longer or shorter distance to travel for the ball before colliding the beam.
The counter nuts allow to lock the screws in their current position and to avoid them to
loosen. The adjustment range enables to lock the ball in the cavity, or to leave a large
space for the ball in the limit of length of the screws (see for example figure 3.2b). At the
end, the cavity is bolted on the beam at three points.

The mass of the ball is equal to 2,7 g, the VI absorber added at the beam end weights
31,3 g and the mass of the free part of the beam (considering the volume and the density
of the material) is 88,4 g. Therefore, the mass of the ball represents 2,26 % of the moving
mass. More details on the materials, the masses and the dimensions are given at the end
of this paper in appendix B.3.

3.2.4 DIC for motion reconstruction

In order to reconstruct the motion of the oscillating ball, a Digital Image Correlation (DIC)
technique is used to follow the motion of the ball. The process is identical as the one pre-
sented in chapter 2, where the methodology is described in section 2.2.3. An example
of the motion of the ball and of the beam end reconstructed using the DIC technique is
shown in figure 3.3. Particular attention can be paid to the fact that the motion of the
beam is rather measured with the vibrometer than with the camera. Indeed, the vibrom-
eter enables a sampling frequency of 250 kHz whereas the camera records the pictures at
the rate of 3003 frames per second. As the beam is expected to vibrate at relatively high
frequencies due to the excitation of its eigenmodes following the impacts, the vibrometer
is more appropriate. On the contrary, the motion of the ball can be well described with
the camera, and no other way to measure its displacement is available. Moreover, as the
vibrometer is able to measure a velocity, the following methodology was applied to obtain
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(a) Zoom on the VI absorber. (b) Different adjustments for the gap.

(c) Exploded view.

Figure 3.2: View of the VI absorber.
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Figure 3.3: Displacement of the ball (blue) and the ends of the cavity (orange) using DIC
technique and laser vibrometry.

the displacement. The signal was integrated using the trapezoidal rule. As the non-zero
offset of the signal leads to a constant slope in the integrated signal, a linear regression
was realized and the corresponding equation was subtracted to the integrated signal to
remove the slope.

3.2.5 Calculation of amplitudes and FRFs

During the tests under harmonic excitation, the temporal signal from the accelerometer
and from the vibrometer are recorded via the National Instruments device with a sam-
pling frequency of 51200 Hz. In order to obtain the average amplitude of vibration at the
beam end at a certain excitation frequency, the envelope of the signal was calculated us-
ing the modulus of the analytic signal that is calculated with the Hilbert transform [38].

Indeed, let’s denote by HT[x(t )] the Hilbert transform of the signal x(t ). Therefore, the
analytic signal is defined as:

y(t ) = x(t )+ i .HT[x(t )]; (3.1)

where i is the unitary imaginary number. The envelope E(t ) of the signal x(t ) is calcu-
lated in equation (3.2):

E(t ) = |y(t )|. (3.2)

An example of the extraction of the envelope of the signal using equation (3.1) and
equation (3.2) is presented in figure 3.4. The average value of the envelope allows to de-
termine the average value of the velocity at the beam end for a certain amplitude of accel-
eration and excitation frequency.

The signal obtained from the accelerometer stuck at the base of the beam is not purely
harmonic because of the impacts. As a consequence, the acceleration amplitude is calcu-
lated using the component of the Fourier Transform of the acceleration at the frequency
of excitation ωexc as presented in figure 3.5. It is worthy to note that the value of the ex-
citation frequency and the duration of the acquisition are chosen in order to obtain an
entire number of periods. It ensures a proper estimation of the amplitude of the signal at
the excitation frequency in the frequency domain.

As explained later in this chapter, tests with stepped sine excitation are realized
around the first and second eigenfrequency of the beam. Knowing the amplitude of the
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Figure 3.4: Extraction of the envelope of the beam response.
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Figure 3.5: Determination of the acceleration amplitude at the base of the beam using the Fourier
Transform. Left: time domain signal; Right: frequency domain signal.

response of the beam and the amplitude of the acceleration imposed at the base for each
excitation frequency, the amplitude of the FRF can be calculated dividing the first am-
plitude by the last one. To obtain the acceleration - acceleration FRF, the acceleration
response of the beam is calculated multiplying the average value of the envelope (see
equation (3.1), equation (3.2) and figure 3.4) by ωexc .

The phase of the FRF is determined calculating the angle between the complex num-
bers given by the Fourier transform of the response of the beam and the reference signal
(base acceleration) at the excitation frequency. Here again, an angle of π/2 is added to
obtain the acceleration - acceleration FRF.

3.3 Harmonic excitation: vibration mitigation of the first
and second mode

In this section, the beam is excited around its first eigenfrequency by a harmonic exci-
tation. The objective is to validate the ability of the absorber to effectively reduce the
vibrations of the beam. Some relations between the gap value and the optimal operating
point are established.

3.3.1 Vibration mitigation of the first mode

The first flexural modes of the beam were identified and the eigenfrequencies are gath-
ered in the table 3.1. At this point, it is worth noting that when exciting the first mode,
the tests are run on a shaker with a 200 N rated peak force. A stronger shaker with a 2500
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N o 1 2 3 4 5 6 7
Frequency (Hz) 14,23 103,31 142,75 341,00 631,64 977,70 1433,57

Table 3.1: First eigenfrequencies measured on the 200 N shaker.

N rated peak force was used when exciting the second mode. More details are given in
section 3.3.2.

3.3.1.1 Gap influence: parametric study

The influence of the gap is analyzed under harmonic excitation with constant accelera-
tion amplitude using the design-of-experiments method. The amplitude of the excitation
was fixed to 0,03 g. This value enabled sufficiently large displacements to analyze the mo-
tions with the camera, but small enough to stay in the linearity range of the beam. The
first eigenfrequency of the beam with a gap equal to zero (the ball plays the role of an
added mass) is equal to 13,87 Hz. The tests are realized using stepped sine excitation, the
frequency range was centered around this value going from 13,21 Hz to 14,87 Hz with 26
values regularly spaced.

Six values of gap were tested, starting from 1,53 mm up to 3,77 mm. The amplitude
and phase FRFs are given in figure 3.6. One can see that when the gap is small, the vi-
bration reduction is not very effective. Basically, the ball behaves like an added mass that
shifts the first eigenfrequency from 14,23 Hz to 13,87 Hz. When the gap goes larger, it is
possible to get a more effective vibration reduction for the frequency range tested and the
peak in the FRF becomes flat. This is the case when the gap is equal to 2,67 mm where
the vibration reduction is optimal. The vibration reduction can be quantified compar-
ing the maximum of the amplitude of the FRF when the ball is locked AVI locked with the
maximum of the amplitude for a certain gap value AVI. The level of reduction in decibels
is equal to 20.log10

AVI locked
AVI

. If the gap keeps increasing, the amplitude of the FRF starts
growing again. These results demonstrate that under harmonic and constant excitation
amplitude, there is an optimal gap leading to a maximum vibration reduction.

The phase of the FRFs plotted in figure 3.6b shows a good correlation with the ampli-
tude of the FRFs in figure 3.6a. Indeed, when the vibration reduction is the most effective,
it corresponds to a decreasing of the phase on the largest frequency range (see the curve
for gap = 2,67 mm), what is consistent with the fact that the damping obtained thanks to
the vibro-impacts is the greatest.

Besides, one can wonder what role plays the acceleration amplitude on the perfor-
mance of the absorber.

3.3.1.2 Scalability property

Theurich and al. [128], relying on the equations of their model, pointed out that there ex-
ists a scalability property that allows to establish a relation between the gap, the excitation
amplitude and the response of the beam. Their statement is as follows. If one knows the
response y(t ) of the VI beam for a gap g0 and an excitation e(t ), therefore the response of
the system with a gap equal to α.g0 and an excitation α.e(t ) is α.y(t ), where α ∈R. This
property is illustrated in figure 3.7.

A consequence of this property is that the FRF should remain unchanged if both the
gap and the excitation amplitude are multiplied by the same coefficient α. This statement
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Figure 3.6: FRFs of the parametric study on the gap.

Figure 3.7: Illustration of the scalability property that relates the gap, the excitation amplitude
and the response.
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Gap g1 (mm) Excitation e1

(g)
Ratio R = e1/g1

(g/mm)
Gap g2 (mm) Excitation e2

(g) = R× g2

1,53 3.10−2 1,96.10−2 2 3,92.10−2

1,87 3.10−2 1,61.10−2 2 3,21.10−2

2,29 3.10−2 1,31.10−2 2 2,62.10−2

2,67 3.10−2 1,12.10−2 2 2,25.10−2

2,99 3.10−2 1,00.10−2 2 2,01.10−2

3,77 3.10−2 7,96.10−3 2 1,59.10−2

Table 3.2: Gap and excitation parameters to illustrate the scalability property.

is verified experimentally in this section. Assuming that the property is true, the gap was
fixed at 2 mm and the corresponding excitation amplitude was calculated in order to ob-
tain the same FRFs as in figure 3.6. To do this, the ratio R = Exci t ati on

Gap between the gap and
the excitation amplitude was conserved in the following tests (see table 3.2).

The FRFs obtained are superimposed to the ones obtained before in figure 3.8. In or-
der to quantify the difference between the results and the theory if the scalability property
was verified, the ratios between the FRFs obtained under an excitation of 0,03 g and the
FRFs obtained for a gap of 2 mm are calculated for the configurations presented in ta-
ble 3.2 for each frequency. A ratio of 1 is expected, the experimental ratios calculated are
plotted in figure 3.9 and the mean values are also presented in the legend.

One can see that the scalability property seems to be reasonably verified for this exper-
imental set-up and for the conditions tested. Indeed, the FRFs are almost superimposed
in figure 3.8a, and the ratios between these same FRFs are close to unity (figure 3.9). More-
over, the same trends are observed: in terms of vibration reduction, the performance in-
creases when the acceleration amplitude is reduced (which is equivalent to increase the
gap value) up to the optimal operating point. The latter is associated to a gap of 2 mm and
an acceleration amplitude of 2,25.10−2 g. After this optimal operating point, decreasing
the amplitude leads to deteriorate the performance of the absorber. The slight differences
with the theory predicted by the scalability property can have various origins. In particu-
lar the uncertainties when tuning the gap, or because of the presence of friction that can
affect the domain of validity of the property. The examination of the precise conditions
of validity of the property are beyond the scope of this paper and will be investigated in
another study. In the following of this work, this scalability property will be considered as
valid.

3.3.1.3 Role of the mass of the ball

In the previous experiments, the ball used represents 2,26 % of the total moving mass
(free part of the beam and VI absorber). The results suggest a reduction of the amplitude
of vibration up to 24 dB. Other experiments are realized with smaller balls. Their mass
and the proportion of the total moving mass are given in table 3.3. In these experiments,
we took advantage of the scalability property to run the tests varying the amplitude of
the excitation instead of varying the gap, what is easier to realize as it does not need any
intervention by the user on the absorber and avoids running the same test with different
gaps several times. The gap was set at 2 mm.

The FRF obtained can be visualized in figure 3.10, where the optimal response cor-
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Figure 3.8: FRFs obtained varying the acceleration amplitude instead of the gap and
demonstrating the scalability property.
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Figure 3.9: Examination of the validity of the scalability property calculating the ratios of the
amplitude of the FRFs for the configuration presented in table 3.2.

Mass of the ball (g) 0,86 1,49 2,04 2,71
Proportion of the total moving mass 0,72 % 1,24 % 1,71 % 2,26 %

Table 3.3: Mass of the balls and proportions of the total moving mass.
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Figure 3.11: Vibration reduction depending of the mass of the ball.
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responds to the FRF leading to the maximum vibration reduction. The overall vibration
reduction depending on the mass is represented in figure 3.11. In this last figure, the vibra-
tion reduction is calculated as (Amax

BL −Amax
VI )/Amax

BL , where Amax
BL represents the maximum

amplitude of the FRF when the ball is locked taken on the fitting curve, and Amax
VI repre-

sents the maximum amplitude of the FRF with the vibro-impact absorber activated. As a
remark, considering the response with the ball locked (and not without ball) for the ref-
erence amplitude allows to compare responses of the structure with the same embedded
mass, what would be the case on a real structure equipped with a vibro-impact absorber.
One of the consequence is that the maximum amplitude of the response is around the
same frequency, making the responses easy to compare.

One could expect that the heavier the ball, the better the vibration reduction. It is il-
lustrated if the third ball (2,04 g) is set aside. For this ball, the reduction is slightly too low
comparing to the tendency of the other balls. It was observed that the ball was sliding
in the cavity with more friction than the others. As a consequence, this vibro-impact ab-
sorber may have a behavior slightly different from the others in terms of vibration reduc-
tion. However it is hard to say which of the four absorbers behaves significantly differently
than the expected average behavior. Therefore, these results confirm that a larger mass
helps to reduce the vibrations with more effectiveness but no precise rule can be obtained
concerning the dependency of the reduction to the mass of the ball.

3.3.2 Vibration mitigation of the second mode

In order to run the experiments of this section, the experimental set-up was mounted on
a stronger shaker with a 2500 N rated peak force. The latter was more suited to the exci-
tation of the second mode as it can supply a higher force, and it is stiffer. Indeed, the 200
N shaker used for the previous experiments was reaching its limits when increasing the
excitation frequency, as the set-up resulted in a too heavy eccentric mass in these condi-
tions. The consequence is that the new eigenfrequencies of the beam are quite different
in this new configuration, as suggested comparing table 3.1 and table 3.4. These differ-
ences arise because the new shaker is stiffer, and hardly affected by the eccentric mass
contrary to the 200 N shaker. Nevertheless, the methodology employed is still valid.

In these experiments, we took advantage of the scalability property to run the tests
varying the amplitude of the excitation instead of varying the gap, as it is easier to real-
ize as it does not need any intervention by the user on the absorber and avoids running
the same test with different gaps several times. The FRFs obtained are presented in fig-
ure 3.12.

The same trends are observed when the excitation frequency is centered around the
second mode. An optimal acceleration amplitude (or equivalently a gap) can be found
to reduce the vibrations of the second mode with the best effectiveness. In comparison
with the first mode, the vibration reduction is smaller (around 10 dB for the second mode
instead of 24 dB for the first mode). The reason of this might be the location of the vibro-
impact absorber in relation with the location of the vibration node of the beam. For the

N o 1 2 3 4 5
Frequency (Hz) 15,27 120,3 338,6 636,6 987,6

Table 3.4: First eigenfrequencies of the beam on the 2500 N shaker.
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Figure 3.12: FRFs of the parametric study on the acceleration amplitude for the 2nd mode.
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first mode, there is only one node and it is located at the base of the beam, which is the
opposite side of the vibro-impact absorber. One can assume that it corresponds to the
most effective configuration, as the absorber is located where the vibrational energy of
the beam is maximal. In the case of the second mode, there exists another vibration node
close to the beam end, what may lead to a suboptimal configuration from the point of
view of the absorber location. Another explanation may concern the energy transfer to-
wards the higher modes. When exciting the second mode of the beam, the possibility of
energy transfer is probably smaller than when exciting the first mode. As a consequence,
the effectiveness of the absorber is reduced. At last, the friction may play an important
role in the behavior of the ball as the relative velocity is significantly higher when exciting
the second mode than exciting the first one.

The results of this part demonstrate that VI absorbers can be used to mitigate the vi-
brations even of the second or higher modes of a structure. The main limitation is the
length of the gap. Indeed, the higher the mode, the lower its amplitude of vibration and
therefore the lower the gap. If the optimal value is too small, it may become difficult to
tune it properly.

In the next part, the performance of the absorber under random excitation is inves-
tigated. Then, in section 3.5, the responses of the beam in the time domain for the tests
of the current section are analyzed and the two well-known regimes (namely SMR and 2
impacts per period) are identified. Their role in the effectiveness of the absorber is also
brought to light.

3.4 Vibration mitigation for white noise excitation

In order to assess the capacity of the vibro-impact absorber to mitigate the vibrations for
non-harmonic excitation, its performance was evaluated for white noise excitation in the
frequency range 10 Hz - 2000 Hz. The FRFs were calculated using Hanning window for
both the vibrometer response and the signal from the accelerometer. The FRFs are the
result of the average of 100 measurements. Contrary to the harmonic excitation tests,
the base acceleration amplitude was not controlled. The gap was set to 1 mm and the
amplitude of the excitation signal was varied.

The amplitudes of the FRFs for the first mode are depicted in figure 3.13a. The best
configuration corresponds to a gap value of 1 mm and 7,5.10−3 m.s-2 for the amplitude of
the excitation signal. It results in a reduction of the amplitude of 16 dB. The same trends
are observed than for the tests under harmonic excitations. Namely, for a high excitation
amplitude, the vibration reduction is not quite effective, and a smaller excitation ampli-
tude leads also to a bad reduction with a frequency peak close to the initial frequency
resonance of the beam. The optimal excitation amplitude is between these two configu-
rations. Even if SMR and the regime with two impacts per cycle do not exist any more un-
der random excitations, the videos confirm that the optimal configuration leads to more
recurring and efficient impacts than in the suboptimal cases. For a too large amplitude of
excitation, the ball undergoes multiple impacts, colliding several times the same side of
the cavity, whereas very few impacts occur when the excitation is too small, resulting in
the non-activation of the VI absorber.

Concerning the second mode of the beam, the FRFs presented in figure 3.13b did not
show any significant reduction of the amplitude. This low effectiveness on the second
mode can be explained because the gap is too large to activate the impacts efficiently
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Figure 3.13: Amplitude of the FRF for white noise excitation and gap = 1 mm.
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Figure 3.14: Spectrum of the beam displacement with the ball locked.

in this part of the frequency range. Indeed, the amplitude of displacements for the sec-
ond resonant peak is significantly lower than for the first resonant peak as shown in fig-
ure 3.14. Moreover, the figure 3.13b shows that, the higher the amplitude of the excitation,
the lower the peak of the FRF. This suggests that it would be necessary to increase signif-
icantly the excitation (or equivalently to reduce gap) in order to reach a maximum of the
vibration reduction for the second mode.

These random excitation tests demonstrate that even for non-harmonic excitations,
there exists an optimal configuration. However, the best configuration is found for one
mode, but is not suited for the other modes since their amplitudes of vibration are very
different. This observation is consistent with the results obtained under harmonic excita-
tions. Therefore, no multi-mode mitigation can be performed with a single VI absorber on
the beam, and a perspective would be to use several absorbers with very different gap val-
ues to deal with several modes simultaneously. Doing this, the absorbers with larger and
smaller gaps would be effective for the lower and higher frequency modes, respectively.
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(b) Response of the beam undergoing 2 impacts per
cycle.

Figure 3.15: Observation of the two regimes: SMR and two impacts per cycle.

3.5 Regimes and optimal operating point

3.5.1 Two regimes: SMR and 2 impacts per cycle

When structures possess an essential non-linearity as in the case of Non-Linear Energy
Sink (NES), they exhibit specific operating regimes in the temporal domain. In the case
of structures equipped with a VI absorber, the SMR and the regime with two impacts per
cycle are of interest as they are related to the optimal operating point of the VI absorber
[105].

The SMR is characterized by strong and visible changes of the envelope amplitude of
the response of the main structure (see figure 3.15a). In this regime, phases with contin-
uous impacts alternate with phases without impacts. As a consequence, less than two
impacts per cycle are observed in average.

In the regime with two impacts per cycle, the impacts are continuously sustained and
occur two times during an excitation period (see figure 3.15b). The envelope amplitude
does not show significant changes and the response is almost periodic.

3.5.2 Optimal performance

The relation between the optimal performance of the absorber and the existence of the
two regimes described above has been highlighted in [105, 74] numerically and experi-
mentally. However, these studies deal with structures intentionally designed to behave as
a S-DOF system. Such results have never been reported concerning multi-modal struc-
tures adopting an experimental approach. In the following paragraphs, the response of
the beam is analysed in the time domain for different points designated from A to O on
the FRFs (figure 3.6a). All the videos used to obtain the results of this section are provided
as supplementary material of the article related to this chapter : Experimental investiga-
tions of a vibro-impact absorber attached to a continuous structure.

3.5.3 Counting the impacts

As the number of impacts per period is identified in the literature as an interesting feature
to discriminate the different regimes, a method is developed to count the impacts given
the temporal responses of the beam. For this purpose, the velocity of the beam is filtered
using a highpass filter with a 500 Hz cut-off frequency, and its envelope is computed us-
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Figure 3.16: Illustration of the method developed for the impact detection.

ing the Hilbert transform. Then, two parameters must be set. Firstly, a threshold value
is defined above which an impact is detected. Secondly, a minimum duration ∆Tmi n be-
tween impacts is assumed in order to avoid the detection of multiple impacts when only
one occur. The method is illustrated in figure 3.16.

3.5.4 Clustering the regimes

Relying on the previous method, the number of impacts per period is counted for each
temporal responses. The corresponding results are depicted in figure 3.17. The figure
suggests gather the results in clusters using the number of impacts per period of the exci-
tation as feature. Thus, three clusters are identified. In the first one, multiple impacts per
period are observed. In the second one, two impacts per period occur, while in the third
one, less than two impacts per period take place, corresponding mostly to the SMR. The
temporal responses are given in appendix B.1 for more details.

cluster 3 (SMR)

cluster 1 (multiple impacts)

cluster 2
(2 impacts per period)

Figure 3.17: Number of impacts per period for each temporal responses.

The distribution of these clusters in the graph gap - frequency can be explained in
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the following manner. Concerning the cluster one, the gap is very small making the ball
bounce several times in the cavity. This is illustrated by the responses at point A, B, C, E
and F. On the contrary, when the gap is increased, the course of the ball is longer and a
quasiperiodic motion can be established. The oscillations of the ball are quite well syn-
chronized with the oscillations of the beam, so that around two impacts per period are
observed for points D, H and K. One should notice that the responses around point K for
a gap equal to 2,99 mm are at the limit between the cluster two and the cluster three, as
a desynchronization can be observed on the temporal response at point K (figure B.4),
even if the regime with two impacts per cycle mostly happens. A similar remark can be
done for points E and F which are between the two first clusters (figure B.2). At last, when
the gap becomes too large compared to the amplitude of the beam the SMR is observed,
that corresponds to the red areas where less than two impacts per period occur. This is
the case when the gap is excessively increased, such as for responses corresponding to
gap = 3,77 mm (points M, N and O), but also when the frequency of excitation is far from
the resonance (points G, J, L, and I). The behavior of both the ball and the beam during
the SMR can be described this way. Assuming that there are no impacts at the begin-
ning of the analysis because the beam is at rest, the amplitude is increasing until the first
vibro-impact occurs. At this moment the impacts are sustained for a while, and they con-
tribute to reduce the amplitude of the beam. When the amplitude becomes too small,
the impacts stop, the amplitude of the beam increases again and the process is repeated
continuously. This can be well visualized looking at the temporal responses at point N in
figure B.5.

In terms of vibration reduction, the regime with two impacts per period is the most
effective as seen in figure 3.6a, and especially when the impacts occur at the maxima of
velocity of the beam (point H). Indeed, more energy is involved in the impacts, and they
contribute effectively to reduce the vibrations. When the regime with two impacts per
period is observed but the impacts are not well synchronized on the maxima of velocity
of the beam (this can be seen on the temporal response of point E for instance, even if it
belongs to the first cluster), the vibration reduction is good but it is not as high as possible.
In the optimal response reached for a gap equal to 2,67 mm, the two regimes SMR and two
impacts per cycle are observed in the whole frequency range. This suggests that the gap
value leading to the optimal response is at the limit between the appearance of the SMR
and the regime with two impacts per period. On the contrary, if the gap is too small, mul-
tiple and low kinetic energy impacts occur. As explained before, the ball behaves mostly
as an added mass and the vibration mitigation is not effective (points A, B, and C).

3.5.5 Conclusions

In conclusion of this analysis, the results lead to the following statements. (i) The gap
value must be chosen in relation with the amplitude of the main structure, and the fre-
quency of vibration has no direct influence on the choice of the gap (its influence on the
amplitude is indirect since the frequency is close to the resonance frequency). (ii) If the
gap is too small, the regime with two impacts per cycle is observed but the intensity of
the impacts is low as they do not occur at the maxima of the velocity and the vibration
reduction is not very effective. In this case, the impacts occur before the maximum veloc-
ity of the beam. If the gap is too large, the synchronization of the impacts on the beam
is not sustainable and the SMR takes place, leading to a suboptimal vibration reduction.
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Figure 3.18: Flowchart for the optimal design of the absorber.

Just before the impacts stop, they occur after the maximum velocity of the beam. The
optimal operating point is at the transition between those two regimes. (iii) Thanks to
the scalability property, it is possible to extrapolate the argumentation to the acceleration
amplitude while the gap is maintained constant. Increasing the gap is equivalent to re-
ducing the acceleration and vice versa. A design flowchart is proposed in figure 3.18 in
the case of harmonic excitation in order to help to choose the design parameters. More
specifically, we can consider that the design parameters are the gap and the location of
the VI absorber. Indeed, the excitation amplitude cannot be chosen in general. There-
fore, we propose to modify either the gap or to move the VI absorber on the structure in
order obtain the appropriate vibration amplitude.

The same conclusions are drawn when the second mode is excited. The correspond-
ing results and analysis are in appendix B.2.

3.6 Physical phenomena at stake

3.6.1 Excitation of the higher modes

Previous studies [128] have presented numerical results highlighting the energy transfer
that occurs towards the non-excited modes of a structure submitted to vibro-impacts.
Here, it is not possible to quantify the energy transfer that takes place between the modes
of the beam, but analyzing the Fourier transform of the temporal response of the beam
for certain values of gaps and frequencies confirms the non-linear response of the beam
and the excitation of the higher modes. As a remark, an interesting and recent study com-
bining numerical and experimental results of a sphere impacting a beam are presented
in [40], where the modal energy quantities of the beam are evaluated both experimentally
and numerically. Figure 3.19 represents the Fourier transform of the temporal beam re-
sponse at point H in figure 3.6a, the black vertical lines represent the eigenfrequencies of
the beam. The curve plotted is the result of an average calculus. The temporal signal is
divided in 40 parts of 10 periods long. The Fourier transform of each part is calculated,
and the average corresponds to the curve in figure 3.19. The higher modes of the beam
are clearly responding due to the vibro-impacts. It is also possible to visualize some har-
monics of the excitation, as there are some peaks located at frequencies corresponding to
multiples of 14,21 Hz indicated by arrows in the figure.
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Figure 3.19: Fourier Transform of the temporal beam response at point H (gap = 2,67 mm and f =
14,2 Hz).

Here, one may want to compare the spectrum of the beam response for different gap
configurations, and more precisely the amplitude of the peak for higher modes. How-
ever, when the gap value is changed, the vibration regime is also modified as well as the
intensity of the impacts. As a consequence, it is not possible to compare directly the am-
plitudes in the spectrum without any information about the impact force applied by the
ball. Measuring this force and the mechanical energy of the beam would be an interesting
approach, but is still an experimental challenge to take up.

3.6.2 Energy stored and dissipated by the ball

As explained earlier in this paper, the way vibro-impacts help to dissipate the vibrational
energy still needs to be clarified. In some cases, the energy is assumed to be dissipated
during inelastic impacts (i.e a certain amount of the kinetic energy of the two bodies
colliding is lost during the impact). In other cases, and more particularly in the case
of multi-modal structures, the energy is supposed to be redistributed within the modal
space thanks to the vibro-impacts and dissipated faster than when the energy is only con-
tained in a low frequency mode.

Another point is that the ball itself stores a small part of the vibrational energy in
the form of translational or rotational kinetic energy (the rotation is quite visible on the
videos). Before the first vibro-impact, the ball is at rest and its kinetic energy is zero. When
the first impact occurs, a certain amount of energy goes from the beam to the ball that
starts moving. After a few impacts, this transient motion ends and the ball oscillates more
regularly (it can be said that the beam has reached a steady state, but this notion is not
suited to the case of a VI beam as the response is never exactly periodic). A certain amount
of the vibrational energy of the beam goes to the ball to maintain its oscillating motion,
otherwise it would stop because of friction that slows the ball during its free flight phases.
Indeed, the kinetic energy of the ball is decreasing between impacts in figure 3.20. This
means that a small amount of the energy is dissipated through friction in the cavity. An-
other amount of the energy initially localized on the first mode is redistributed to the
higher modes of the beam when the impacts occur.

The energy of the ball is plotted for different gap configurations in figure 3.20. Partic-
ular attention should be paid to the ordinate scale that is the same for all graphs at the top
of the figure in order to compare the amplitudes between the gap configurations. One can
see that the lowest level of kinetic energy of the ball is reached when the gap is 2,67 mm,
what corresponds to the optimal case in terms of vibration reduction of the first mode
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Figure 3.20: Kinetic energy of the ball in time domain for different gap values. Top: Entire signal.
Bottom: zoom on a few periods.

(regime with two impacts per period). Even if it can be surprising at first sight, it makes
sense as the lowest amplitude of the beam leads to smaller velocities of the ball. For the
gap of 3,77 mm corresponding to the regime SMR, the phases with no impacts are quite
visible as they correspond to the smallest amplitudes of the kinetic energy of the ball.

As a conclusion, these results demonstrate that if the ball stores a small amount of the
vibrational energy of the beam, it is not the main way to reduce the vibrations as the more
effective configuration (gap = 2,67 mm) leads to the smallest energy of the ball. The theory
that the energy is transferred to the higher modes of the beam is therefore compatible with
the previous observations.

3.7 Conclusions

In this work, the effectiveness of a vibro-impact absorber with tunable gap attached to
the tip of a beam is demonstrated experimentally. The beam is harmonically excited at its
base, and both the response of the beam end and the motion of the ball are measured, us-
ing respectively a laser vibrometer and a high-speed camera associated with a Digital Im-
age Correlation technique. Such experimental study dealing with vibro-impact absorber
on a multi-modal and continuous structure has never been reported in the literature be-
fore.

A parametric study highlights the existence of an optimal gap that reduces efficiently
the vibration amplitude of one mode of the beam under constant excitation amplitude.
Equivalently, there exists an optimal excitation amplitude if the gap is maintained con-
stant, and this can be translated into a scalability property. At last, an optimal configura-
tion was found for the first and for the second mode of the beam under harmonic excita-
tion. Under white noise excitation, an optimal vibration mitigation was found for the first
mode but multi-mode mitigation was not possible to achieve with a single VI absorber.

In order to better understand the working principle of the vibro-impact absorber, the
temporal responses of the beam and the motion of the ball are analyzed for different con-
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figurations. The responses of the beam can be gathered in three clusters. In the first one,
the gap is too small compared to the amplitude of the beam, so that multiple and weak
impacts occur leading to a poor vibration reduction. In the second cluster, the gap is well
tuned and a quasiperiodic motion takes place with two impacts per period. This regime is
optimal in terms of vibration reduction. The last cluster corresponds to the case where the
amplitude of the beam is not high enough to activate the impacts continuously. There-
fore, less than two impacts per period are observed and the Strongly Modulated Regime
is visible, leading to a suboptimal vibration reduction.

Furthermore, analyzing the spectrum of the response of the beam undergoing the op-
timal regime shows that the higher modes of the beam are excited as well as the harmon-
ics of the excitation. This demonstrates the energy transfer and the non-linear behavior
of the vibro-impacted beam. The study of the energy of the ball highlights its role in the
energy transfer during vibro-impact.

On the whole, these promising results open up new perspectives for vibro-impact ab-
sorbers, especially concerning their technological development and their optimal design.
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Understanding vibro-impacts through a
numerical energy-based approach
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Preamble

In the previous chapters, we have derived the coefficient of restitution in the case of a spe-
cific experimental set-up using full-field measurements. In this respect, the coefficient of
restitution informs about the energy dissipated during the impacts. Furthermore, we have
also demonstrated experimentally the performance of a vibro-impact absorber attached
to a beam in chapter 3. In this last case however, tackling the physical phenomena at stake
in order to explain experimentally and quantitatively how the energy is dissipated is still a
challenge. Accordingly, this question can be addressed numerically as energy quantities
can be more easily computed than experimentally measured. Thus, the objective of this
chapter is to analyze the energy balance of a beam submitted to vibro-impact to better
explain the working principle of vibro-impact absorbers.
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4.1 Introduction

In the papers dealing with vibro-impact absorbers, many of them consider systems repre-
sented by a single degree of freedom (S-DOF) [79, 76, 3, 45, 74]. In these cases, the energy
is assumed to be dissipated during the impacts. To describe this process, two modeling
approaches are proposed. In the first one, the impacts are considered instantaneous, and
the energy dissipated is related to a coefficient of restitution [116]. The energy dissipated
during the impacts is evaluated in [76, 77, 74]. Even if using a coefficient of restitution
is very convenient from a numerical point of view, it can lead to undesirable approxima-
tions [79] and the choice of a realistic value for the coefficient of restitution can turn out
to be a hard problem [27]. The second approach consists in resolving the dynamics dur-
ing the contact phase. To do so, contact models are used such as the Hertz contact model
for instance [79, 90, 42, 116], though other models can be used. Usually, a damper is con-
sidered and it models the energy dissipation. Moreover, the damping coefficient is often
related to a coefficient of restitution in order to obtain an equivalent energy dissipation
[90, 79, 27, 116].

However, S-DOF systems may not represent the dynamic behavior of more realistic
structures where other physical phenomena can occur. Indeed, a few papers consider
multi-modal structures and have evidenced that the vibro-impacts lead to redistribute the
vibrational energy within the modal space [136, 8, 83, 95] even if this redistribution is not
quantitatively determined. In other works, the energy transfers are evaluated for 2-DOF
structures [106, 48], for multi-DOF structures [7, 49], or for a beam structure [128, 37, 129].
Transient excitations are mainly considered, whereas in the case of harmonic excitations,
the frequency is close to the first resonance only.

In the previous cases, the equations of motion are seldom solved in the frequency
domain using the Harmonic Balance Method, though the hypothesis of periodic response
can be questioned. Mostly, the differential equations are solved in the time domain using
numerical integration. Thus, the energy balance can be derived. But the accuracy of the
calculations is related to the integration scheme and to the size of the time step, that may
be hard to choose in the case of vibro-impact problems.

The approach adopted in this chapter is to focus on the energy transfers within the
modal space for a beam endowed with a vibro-impact absorber, considering conservative
impacts. For this purpose, the impacts are described using a coefficient of restitution
equal to one, and the equations of motion are solved analytically between impacts. This
method allows deriving energy balance with negligible error. Then, the energy transfers
in the case of a harmonic excitation centered on the first, second, and third mode are
considered demonstrating the effectiveness of the vibro-impact absorber in each case.
Additionally, the way the energy is dissipated is explained and quantitatively assessed. At
least, the results obtained for the first three modes are compared.
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4.2 Dynamics of a beam with vibro-impacts

4.2.1 Model, parametrisation, and equations of motion

4.2.1.1 Model and parametrisation

The problem considered in this chapter is a cantilever beam submitted to a bending load.
A vibro-impact absorber is attached to the beam, consisting in a ball able to travel verti-
cally in a cavity. The displacement of the ball is limited by two stops linked to the beam.

The beam is oriented by the x⃗ axis, while the y⃗ axis corresponds to the bending direc-
tion. A notional diagram is provided in figure 4.1.

Figure 4.1: Clamped-free beam with an attached vibro-impact absorber.

The following list defines the parameters of the problem:

• w(x, t ) is the transverse displacement of the beam;

• ub(t ) is the displacement of the ball;

• xexc is the position of the external excitation force;

• xVI is the position of the vibro-impact absorber on the beam;

• L is the length of the beam;

• b is the half-gap of the cavity (the ball can oscillate over a distance equals to 2.b);

• mb is the mass of the ball;

• ρ is the density of the material of the beam;

• E is the Young’s modulus of the material of the beam;

• I is the second moment of area of the beam;

• A is the area of the cross-section of the beam;

•
−−→
Fexc is the external exciting force;
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•
−→
FVI is the contact force of the ball on the beam during impacts.

All the simulations presented are done for the numerical values given in table 4.1.
Therefore the mass ratio is equal to 1,8%, calculated as mb

ρ.A.L .

mb (kg) E (Pa) ρ (kg.m-3) I (m4) A (m2) L (m) xexc (m) xVI (m) Fexc (N)

3,9.10−3 7.1010 2700 4,17.10−10 2.10−4 0,4 0,08 0,4 10

Table 4.1: Numerical values of the parameters.

4.2.1.2 Equations of motion

Here, the beam is modeled using linear Euler-Bernoulli theory, so that only bending mo-
tions are considered and rotational inertia of the cross-sections are neglected. In this
context, the equation governing the dynamic of the beam is:

E.I.
∂4w

∂x4
+ρ.A.

∂2w

∂t 2
= δ(x −xexc ).Fext (t )+δ(x −xVI).FVI(ub , w); (4.1)

while the second Newton’s law applied to the ball gives:

mb .üb =−FVI(ub , w). (4.2)

4.2.1.3 Definition of the excitation force and the contact force

For the purpose of this numerical study, we consider a harmonic external forcing. There-

fore,
−−→
Fexc = Fexc (t ).y⃗ is defined as:

Fexc (t ) = Fexc . sin(ω.t ). (4.3)

The contact force of the ball on the beam is defined as:

−→
FVI = FVI(ub , w).y⃗ ; (4.4)

and:
FVI(ub , w) = 0 if |ub(t )−w(xVI, t )| < b;
FVI(ub , w) > 0 if ub(t )−w(xVI, t ) ≥ b;
FVI(ub , w) < 0 if ub(t )−w(xVI, t ) ≤−b.

The exact expression of FVI(ub , w) will be detailed later in this chapter.
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4.2.2 Modal decomposition and problem reformulation

4.2.2.1 Determination of the modal basis

The dynamic behavior of the beam is governed by equation (4.1), where the displacement
w(x, t ) must be determined. We first look for the free response of the system, so that Fexc

and FVI(ub , w) are null.
A common technique is to use the method of separation of variables. We look for

a solution w(x, t ) which is the product of a spatial-dependent function ϕ and a time-
dependent function q :

w(x, t ) =ϕ(x).q(t ). (4.5)

Using the notations ∂2q
∂t 2 = q̈ and ∂kϕ

∂xk = ϕ(k) to express the derivatives, injecting equa-
tion (4.5) in equation (4.1), and assuming that q ̸= 0 and ϕ ̸= 0 we obtain:

ρ.A.q̈ .ϕ+E.I.q.ϕ(4) = 0 ⇔ q̈

q
=− E.I

ρ.A
.
ϕ(4)

ϕ
. (4.6)

The left-hand side is a time-dependent function, while the right-hand side is a spatial-
dependant function. As a consequence, both sides of the equation are constant with re-
spect to time and space. Let’s set:

q̈

q
= λ; (4.7)

and:

ϕ(4)

ϕ
= k4; (4.8)

where k is the wave number and is:

k4 =−ρ.A

E.I
.λ. (4.9)

Since we are interested in oscillating solutions, we consider the case where λ> 0, and
we set:

λ=−ω2. (4.10)

The solution of equation (4.8) is given in equation (4.11):

ϕ(x) = c.cos(k.x)+d . sin(k.x)+e.cosh(k.x)+h. sinh(k.x); (4.11)

where c, d , e and h are fixed by the boundary conditions of the beam. These clamped-
free conditions must be verified at all time, and they are formulated in appendix C.1. The
equation system obtained leads to the final equation (4.12) that governs the wave number
of the bending clamped-free beam.

cos(k.L).cosh(k.L) =−1. (4.12)
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There exists an infinite number of solutions ki (i ∈N∗) that can be determined numer-
ically. From equation (4.9) and equation (4.10), we are also able to derive the eigenfre-
quencies of the beam, or the eigenvalues of the problem, associated to the mode shapes
using equation (4.11), or the eigenvectors of the problem. The association of an eigen-
value and eigenvector is an eigenmode, and they form a basis for the solutions.

Finally, the equation system in appendix C.1 allows to determine only three of the four
constants c, d , e and h. Thus, it is necessary to fix one of the constants, what corresponds
to normalize the mode shapes ϕi . Renaming the constant to determine αi , it is therefore
possible to derive the following expression for the mode shapes:

ϕi (x) = 1

αi
.[sin(ki .x)− sinh(ki .x)+βi .(cos(ki .x)−cosh(ki .x))]; (4.13)

where αi depends on the normalisation. It is common to choose αi in order to obtain
unitary modal masses as explained below, which is

∫ L
0 ρ.A.ϕ2

i (x).d x = 1.
And:

βi = cos(ki .L)+cosh(ki .L)

sin(ki .L)− sinh(ki .L)
. (4.14)

4.2.2.2 Determination of the modal equation with external forcing

In this part, the external forcing is considered as non-zero. Using the modal basis deter-
mined previously, the response of the beam is projected onto the modal basis, so that:

w(x, t ) =
+∞∑
i=1

ϕi (x).qi (t ); (4.15)

where ϕi and qi are the mode shape and the modal coordinate of the i-th mode, re-
spectively. As it is not possible to work with a basis of solutions that has an infinite dimen-
sion, a modal truncation is adopted. It consists in considering only the N first modes, as-
suming that neglecting the higher modes leads to negligible error in the dynamic behavior
of the system. The displacement becomes:

w(x, t ) =
N∑

i=1
ϕi (x).qi (t ). (4.16)

Furthermore, the eigenmodes satisfy the orthogonality properties in the meaning of
dot product. We have:{ ∫ L

0 ρ.A.ϕi (x).ϕ j (x).d x = 0 if i ̸= j ;∫ L
0 ρ.A.ϕi (x).ϕ j (x).d x = mi if i = j ;

and:{ ∫ L
0 E.I.ϕi (x).ϕ(4)

j (x).d x = 0 if i ̸= j ;∫ L
0 E.I.ϕi (x).ϕ(4)

j (x).d x = ki if i = j ;

76



CHAPTER 4. UNDERSTANDING VIBRO-IMPACTS THROUGH A NUMERICAL
ENERGY-BASED APPROACH

where mi and ki are called the modal mass and the modal stiffness, respectively. Usu-
ally, the normalization of the modal shapes is chosen in order to obtain unitary modal
mass, which is mi = 1. Reinjecting equation (4.16) in equation (4.1), we can get rid of the
sum using the dot product with respect to mass premultiplying by ϕi (x) and integrating
along the x-axis. At this point we can directly add a damping term in the modal equation
using the modal damping coefficient ci . This is an easy way to take in account the dissipa-
tion of the material without using a complex model of dissipation. Thus, equation (4.17)
is obtained and the unknown qi can be determined solving this modal equation:

mi .q̈i + ci .q̇i +ki .qi =ϕi (xexc ).Fexc (t )+ϕi (xVI).FVI(ub , w) i ∈ �1 ; N�. (4.17)

Or, using a matrix formalism:

[M].{q̈}+ [C].{q̇}+ [K].{q} = Fexc .{ϕ(xexc )}+FVI.{ϕ(xVI)}; (4.18)

where [M], [C], [K] denote the modal mass, damping and stiffness matrices. If unitary
modal masses are used, then [M] = [1]. For general considerations, the mass matrix term
[M] will be kept.

4.2.3 Analytical solutions during free flight phases

We start to study the response of the system between impacts. This situation corresponds
to FVI(ub , w) = 0 and the equation (4.17) and equation (4.2) become:

mi .q̈i + ci .q̇i +ki .qi =ϕi (xexc ).Fexc (t ); (4.19)

and:

mb .üb = 0. (4.20)

The solution of equation (4.20) is:

ub(t ) = A.t +B; (4.21)

where A and B must be determined thanks to the initial conditions.
Let’s define the following quantities for the i-th mode:

• ωi =
√

ki
mi

the eigenpulsation;

• ξi = ci

2.
p

mi .ki
the modal damping ratio;

• Ωi =ωi .
√

1−ξ2
i the pseudo-pulsation.

The well-known solution of a second order ordinary differential equation (4.19) with
a harmonic second member is the sum of the homogeneous solution qh

i (t ) and of a par-

ticular solution q p
i (t ) where:

qh
i (t ) = e−ωi .ξi .t .[ai .cos(Ωi .t )+bi . sin(Ωi .t )]; (4.22)
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and:

q p
i (t ) = di . sin(ω.t )+ei .cos(ω.t ). (4.23)

The constants ai and bi must be determined using the initial conditions, while the
constants di and ei must satisfy equation (4.19) in the stationary response when the ho-
mogeneous solution given in equation (4.22) has vanished. In appendix C.2, the deter-
mination of the constants are described, and a remark related to the implementation of
equation (4.22) in a computer program is proposed.

4.2.4 Determination of the solutions at impact instants

4.2.4.1 On the determination of impacts instants

Up to now, we were able to determine the solutions for w(x, t ) and ub(t ) analytically with-
out approximations. However, we will see that no analytical solution exists to determine
the exact impact instant.

The contact conditions corresponding to an impact of the ball on the beam are:{
ub(t )−w(xVI, t ) = b for contact on top;

ub(t )−w(xVI, t ) =−b for contact at the bottom.
(4.24)

Given the form of ub(t ) and w(x, t ) in equation (4.21) and equation (4.16), the only
way to compute the contact instant tc is to solve the contact conditions 4.24 numerically.
To reach this objective, the same methodology presented in [9] is used. Practically, it con-
sists in a dichotomy: for each time step, the contact conditions are monitored. When one
of them is reached at time step ti , we come back to the previous time step ti−1 and divide
it by ten (∆t =∆t/10). The process is repeated until the time step has reached a threshold
value, which is chosen small enough to consider that contact instant is accurately deter-
mined on the one hand, and that the calculation is fast enough on the other hand.

Let’s consider that the displacements are computed for discrete time steps ti . The ini-
tial width of the time step is∆t = ti+1−ti . We also define two vectors Dtop and Dbot whose
components are a measure of the distance between the ball and the top and bottom of the
cavity for the first ten time steps:

Dtop =

 ub(t1)−w(xVI, t1)−b
...

ub(t10)−w(xVI, t10)−b

 and Dbot =

 ub(t1)−w(xVI, t1)+b
...

ub(t10)−w(xVI, t10)+b

 .

Let’s call Dtop (ti ) the component of Dtop in which the time step is equal to ti (the
same applies to Dbot ). We are looking for a change of sign in each component of Dtop and
Dbot that would mean that one of the contact conditions is reached. More specifically the
components of Dtop are always strictly negative without contact, while the components
of Dbot are always strictly positive. Therefore, a contact at the top gives Dtop (ti ) ≥ 0, and
a contact at the bottom leads to Dbot (ti ) ≤ 0. While no contact is detected, the next ten
time steps are considered. The general expressions of the vectors Dtop and Dbot starting
at ti are:
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Dtop =


ub(ti )−w(xVI, ti )−b

...
ub(ti+k )−w(xVI, ti+k )−b

...
ub(ti+10)−w(xVI, ti+10)−b

 and Dbot =


ub(ti )−w(xVI, ti )+b

...
ub(ti+k )−w(xVI, ti+k )+b

...
ub(ti+10)−w(xVI, ti+10)+b

 .

When a change of sign is detected between the time steps ti+k and ti+k+1 (k ∈ �0;9�),
the following method is applied:

• we come back to the time step ti+k ;

• the width of the time step is divided by ten: ∆t = ∆t/10, so that we have ten new
time steps between ti+k and ti+k+1;

• we compute the vectors Dtop and Dbot starting now at ti+k .

Again, we can now look for the change of sign and repeat this process iteratively while
∆t > ∆tthr where ∆tthr is a threshold value that determines the accuracy of the approx-
imation of the contact instant. The figure 4.2 illustrates the reduction of the step size
before the impact instant, and the flowchart in figure 4.3 describes the process.

When this condition is reached, we know that the contact instant tc verifies the fol-
lowing inequality:

ti+k < tc < ti+k+1; (4.25)

and we make the approximation: tc ≈ ti+k with an error smaller or equal to ∆tthr .
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Figure 4.2: Illustration of the iterative process implemented in order to approximate the impact
instant. The green dots denote the impact of the ball with the beam.
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Figure 4.3: Flowchart describing the impact detection process.

4.2.4.2 Post-impact solutions

When the impact occurs, several strategies can be used to describe what happens during
the contact and to obtain the state of the system immediately after the impact. Here, the
choice is made to use a coefficient of restitution to describe the impact behavior. Many
reasons have motivated this choice. First, the contact duration is reasonably short com-
pared to the typical duration of oscillation of the first mode of the beam. As a conse-
quence, the coefficient of restitution is suited as it allows to obtain the state of the system
immediately after the impact without computing the behavior of the system during the
contact phases. Moreover, an alternative could be to use a Hertz model to describe the
contact between the ball and the beam, but unfortunately in this case no analytical solu-
tions exist. This strategy is therefore eliminated as the objective is to use only analytical
solutions in order to derive exact energy balance. Furthermore, one of the objective is to
study the modal energy transfer induced by the vibro-impacts and to investigate the abil-
ity of this strategy to reduce the vibrations even in the case of non-dissipative impacts.
This can be easily realized setting the coefficient of restitution to one.

The coefficient of restitution may be defined in various manners. Usually, a kinematic,
kinetic, or energetic coefficient of restitution is used. The previous definitions are pro-
vided in [116]. Here, we choose to use the kinematic definition considering the COR as
the ratio of the relative velocities below and after the impact:

e = u̇b(t+c )− ẇ(xVI, t+c )

u̇b(t−c )− ẇ(xVI, t−c )
. (4.26)

In equation (4.26), tc denotes the impact instant, and t+c and t−c are the instant imme-
diately after and before the impact respectively. The objective is to use e to determine the
unknowns after an impact for t = t+c , which are ub(t+c ), u̇b(t+c ), qi (t+c ), q̇i (t+c ) knowing the
state of the system for t = t−c . For this purpose, we will integrate the modal equation (4.17)
during the impact [37]. This can be written using a matrix formalism:

[M].{q̈}+ [C].{q̇}+ [K].{q} = Fexc .{ϕ(xexc )}+FVI.{ϕ(xVI)}.

Integrating between t = t− and t = t+ and multiplying by [M]−1 leads to:

{q̇+}− {q̇−} = [M]−1.{ϕ(xVI)}.
∫ t+c

t−c
.FVI(ub , w).d t . (4.27)

Indeed, as the modal coordinates {q(t )} and Fexc (t ) are continuous functions

of time, it implies that
∫ t+c

t−c {q(t )}.d t = 0,
∫ t+c

t−c {q̇(t )}.d t = {q+} − {q−}) = 0, and
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∫ t+c
t−c Fexc (t ).d t = 0. Therefore, [M]−1.[K].

∫ t+c
t−c {q(t )}.d t = 0, [M]−1.[C].({q+}− {q−}) = 0 and

[M]−1.
∫ t+c

t−c Fexc (t ).d t = 0.
Moreover, the impulse P applied by the ball on the beam is defined as

P = ∫ t+c
t−c FVI(ub , w).d t , and the second Newton’s law gives that:

P =−mb .(u̇+
b − u̇−

b ); (4.28)

Injecting equation (4.28) in equation (4.27) and multiplying by {ϕ(xVI)T}, we obtain:

ẇ+− ẇ− =−mb .(u̇+
b − u̇−

b ).{ϕ(xVI)
T}.[M]−1.{ϕ(xVI)}; (4.29)

We can now replace ẇ+ in equation (4.26) in order to express u̇+
b only as a function of

quantities evaluated at t−c :

u̇+
b = ẇ−.(1+e)+ u̇−

b .(mb .{ϕ(xVI)}T.[M]−1.{ϕ(xVI)}−e)

mb .{ϕ(xVI)}T.[M]−1.{ϕ(xVI)}+1
. (4.30)

Equation (4.30) can be used in equation (4.27) to obtain the modal coordinates after
the impact:

{q̇+} = {q̇−}−mb .(u̇+
b − u̇−

b )[M]−1.{ϕ(xVI)}. (4.31)

At the end, the derivatives of the modal coordinates and the velocity of the ball after
the impact are fully determined thanks to equation (4.30) and equation (4.31). The dis-
placement of the ball and modal displacements are unchanged during an impact, such
that u+

b = u−
b and {q+} = {q−}. Thus, the time response of the beam submitted to vibro-

impact can be determined analytically, where negligible approximations are necessary to
solve the contact instant.

4.3 Energy-based approach

The behavior of the beam under harmonic excitations is studied. The excitation frequen-
cies are chosen in the vicinity of the first three modes of the beam. The displacements and
velocities are evaluated at the end of the beam. For all the results obtained in this section,
the parameters of the model are defined as follows:

• the number of modes in the modal basis is arbitrarily set to eight 2;

• the initial time step is equal to 2.π/(20.ω8), so that twenty time steps are used to
describe the fastest oscillation of the beam;

• the threshold value ∆tthr for the impact detection is set to 1.10−13 s;

• the coefficient of restitution e is set to one.

More specifically, we decided to set e = 1 in order to assess numerically the effective-
ness of a vibro-impact absorber in the case of non-dissipative impacts. The other phe-
nomena leading to energy dissipation will be investigated and described in this section.

2The same study is realized with 6 modes in appendix C.6.

81



CHAPTER 4. UNDERSTANDING VIBRO-IMPACTS THROUGH A NUMERICAL
ENERGY-BASED APPROACH

As a remark, considering more than eight modes in the modal basis leads to prohibitive
simulation cost. Meanwhile, it allows to represent the multimodal behavior of the beam
with a sufficient accuracy to keep eight modes in the basis.

4.3.1 Specific regimes and vibration attenuation

In this section, we will present the typical responses of the beam with the VI absorber
using the model presented in the previous section. At the beginning of each response,
both the beam and the ball are at rest: {q̇(t = 0)} = {0} and u̇b(t = 0) = 0. The displacement
of the ball is null, whereas the position of the ball is 0,99×b (close to the contact condition)
in order to ensure the occurrence of the vibro-impacts.

4.3.1.1 Determination of the mean amplitude

In order to be able to plot the response of the beam in the frequency domain, it is nec-
essary to determine the amplitude of the response of the beam for each excitation fre-
quency. For this purpose, the method applied is to detect the maxima for each period
of excitation and to calculate the average of these maxima to obtain the mean amplitude
of the beam. In order to get rid of a possible transient regime at the beginning of the

response, the maxima are detected after a duration τ = log(1000)
ξ1.ω1

that corresponds to the
duration necessary to reduce of a factor 1000 the transient regime of the first mode which
is the slowest mode to mitigate. One hundred of maxima are used to calculate the average
as illustrated in figure 4.4.

It is worthy to note that, in chapter 3, the mean amplitude was calculated from the
envelope of the signal computed using the Hilbert transform and not the maxima during
each period of excitation. As it was verified that the two methods give the same mean
amplitude, and that the results presented in this section were obtained prior to the exper-
imental results of the chapter 3, the method has been left unchanged.
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Figure 4.4: Response of the beam in the time domain. The red circles denote the maxima for each
period of excitation.
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4.3.1.2 Optimal gap and time responses

We realized a parametric study on the gap, varying the gap in the range 1 mm - 15 mm with
increments of 1 mm. The mean amplitude of the beam is calculated for each frequency
and for the different gap values based on the temporal response. It allows to identify an
optimal value of the gap that leads to the best vibration reduction. The results are pro-
vided in figure 4.5 where the optimal response is obtained for a gap within the range 7-8
mm. For the smaller gaps, the frequency response is close to the response with the ball
locked, since almost no attenuation is observed and the resonant peak is slightly shifted
due to the added mass. An optimum is found if the gap is increased, though this is not
monotonic. Indeed, increasing the gap beyond this optimal value has a detrimental ef-
fect on the vibration reduction. By comparison, the attenuation obtained with a Tuned
Mass Damper is provided in appendix C.5. Furthermore, it seems relevant to notice that
the vibration reduction is very sensitive to gap changes when the latter is smaller than the
optimal value, whereas the reduction is less sensitive to the gap changes when it is larger
than the optimal value. This suggests that the vibro-impact absorber is more robust to
gap changes in the last case, that corresponds to the SMR. In order to illustrate this re-
sult, the amplitude of the beam and the attenuation obtained with the VI absorber are
depicted in figure 4.6, depending on the gap value.
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Figure 4.5: Response of the beam in the frequency domain for several gap values. Left: the
amplitude is decreasing up to an optimum while the gap is increased. Right: the amplitude is

increasing while the gap is increased again.

Five points (A-E) are specified. For some of them, the response of the beam and the
displacement of the ball in the cavity are also depicted in figure 4.7.

As already seen experimentally, the response leading to the minimum amplitude vi-
bration is at the limit of the SMR (this regime can be observed for point D and E in fig-
ure 4.7) and the regime with two impacts per period (point C in figure 4.7). It is interesting
to see that in the response at point C, the regime with two impacts per period is mainly
observed, but the SMR briefly emerges after 5 seconds, illustrating well that the separa-
tion between the two regimes occurs around a gap equals to 7 mm.

In the following of the section, the objective is to understand how the energy is dissi-
pated thanks to the vibro-impacts. To do so, the energy transfers that occur for the points
A, B, D and E are analyzed.
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Figure 4.6: Illustration of the robustness to gap variations.
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Figure 4.7: Time responses for the four points A,B,C and D (see figure 4.5). First line:
displacement of the end of the beam. Second line: displacement of the ball in the cavity attached

at the end of the beam.

4.3.2 Preliminary definitions

4.3.2.1 Definitions of the terms of the energy balance

For the purpose of the energy-based approach proposed in this chapter, it is necessary to
define the energetic quantities that will be studied. We consider the system {beam + ball}
submitted to the external excitation Fexc . For the i-th mode of the beam, we have:

• The kinetic energy Ei
ki n = 1

2 .mi .q̇2
i ;

• The potential energy Ei
pot = 1

2 .ki .q2
i ;

• The mechanical energy Ei
mec = Ei

ki n +Ei
pot ;

• The dissipated energy Ei
di ss =

∫ t
0 ci .q̇2

i .d t ;

• The energy of the excitation Ei
exc =

∫ t
0 Fexc (t ).ϕi (xexc ).q̇i (t ).d t ;

• The kinetic energy of the ball Ebal l = 1
2 .mb .u̇2

b .
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In order to compute the previous terms without approximations, the dissipated en-
ergy Ei

di ss and the energy of the excitation Ei
exc which are expressed with an integral are

calculated analytically instead of using numerical integration. To reach this goal, a few
technical difficulties must be overcome and are detailed in appendix C.4.

4.3.2.2 Instantaneous and average energy balance

Prior to looking at the energy transfers occurring during the vibro-impacts, it is necessary
to focus on the energy balances of the system. Let’s consider a vibro-impact. The change
in the mechanical energy of the system during an impact for the i-th mode can be ex-
pressed as∆Ei

mec = Ei
mec

+−Ei
mec

−
. Similarly, the change in the kinetic energy of the ball is

∆Ebal l = E+
bal l −E−

bal l . Therefore, the instantaneous energy balance during a vibro-impact
is:

N∑
i=1

∆Ei
mec +∆Ebal l = 0. (4.32)

The equation (4.32) can be visualized graphically in figure 4.8 for the point A. The
green curve demonstrates that the energy balance is well verified and that the error made
solving the model and the different terms of the energy balance is negligible. Indeed, in
the right part of the figure that represents the value of the left-handed member of equa-
tion (4.32), we can see that the values remains below 4.10−16 (whereas they are expected to
be zero), which may be neglected compared to the individual terms of the energy balance.
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Figure 4.8: Energy balance at each impact for the point A. Left: zoom for a few impacts. Right:
focus on the green curve that is close to zero.

On the other hand, one may consider the global energy balance of the system over a
certain amount of time, which is expressed as:

N∑
i=1

Ei
ki n +

N∑
i=1

Ei
pot +

N∑
i=1

Ei
di ss +Ebal l =

N∑
i=1

Ei
exc . (4.33)

The validity of equation (4.33) can also be verified graphically in figure 4.9 for the point
A. Once again, the values remain below 5.10−14, that is negligible compared to the values
of the terms of equation (4.33) displayed in figure 4.10. For longer simulations, it should
be necessary to verify if the divergence observed in figure 4.9 remains below an acceptable
threshold...
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Figure 4.9: Global energy balance over the entire period of resolution for the point A.

0 1 2 3 4 5 6 7 8 9 10

Time (s)

0

0.5

1

1.5

2

2.5

3

3.5

E
ne

rg
y 

(J
)

Ekin
1-N

Epot
1-N

Ediss
1-N

Eball

Eexc
1-N

9.9 9.95 10
0

0.01

0.02

0.03

0.04

Figure 4.10: Value of each term of the global energy balance 4.33.

As the energy balances presented in this section are reasonably verified, we are now
definitely able to study the energy transfers that occur in the system {beam + ball} in the
presence of vibro-impacts.

4.3.3 Harmonic excitation on the first mode

In this section, the energy transfers occurring at points A, B, D and E of figure 4.5 are
assessed. First and foremost, the energy transfers are analyzed for the configuration of
point A. Then, the energy transfers for the four points are compared.

4.3.3.1 Energy transfers for a single frequency (point A)

Since the objective is to study how the mechanical energy of both the beam and the ball is
distributed among the modes and how it is dissipated, let’s begin by observing the energy
transfers at each impact and for each mode. To do so, the variation of the mechanical
energy ∆Ei

mec for the i-th mode is represented in the figure 4.11. One can notice that
∆Ei

mec > 0 means that the mode i has received energy during the vibro-impact, whereas
∆Ei

mec < 0 means that it has lost energy.
Therefore, we can observe that the first mode looses energy during the majority of the

vibro-impacts, while the modes 2 to 8 receive energy, though the variations are smaller
than the one observed for the first mode. Moreover, as the variation is not the same at
each vibro-impact, the figure 4.12 depicts the average variation of the mechanical energy
∆Ei

mec for the i-th mode normalized by the energy of the entire system {beam + ball } at
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Figure 4.11: Variation of mechanical energy of each mode at each impact.

the moment of the impact Es y st =∑N
i=1 Ei

mec +Ebal l , so that the figure 4.12 represents the

quantity
∆Ei

mec
Es y st

for each mode. These results confirm the previous conclusions, as the first

mode looses almost 10% of the total energy in average. Regarding the higher modes, they
receive around 1,5% of the total energy in average.
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Figure 4.12: Average variation of energy during the impacts.

Between the impacts, the mechanical energy on each mode is dissipated. And the
higher the mode, the faster the energy is dissipated. Indeed, referring to appendix C.4,
Ei

di ss(t ) contains terms proportional to e−2.ωi .ξi .t and e−ωi .ξi .t . In figure 4.13, it can be
seen that for the modes 2 to 4, the mechanical energy received during a vibro-impact is
not entirely dissipated before the next vibro-impact. On the contrary, for the modes 5 to
8, the mechanical energy decreases to almost zero between vibro-impacts. On average on
the whole response of the beam, we can compute the energy dissipated by each mode.
The ratio between the energy dissipated by each mode and the total energy dissipated

Etot
di ss =

∑N
i=1 Ei

di ss is represented in figure 4.14, so that it represents the quantity
Ei

di ss

Etot
di ss

for

each mode. One can see that the first mode contributes up to 29 % of the total dissipation,
while the last modes are closer to 11 %.

87



CHAPTER 4. UNDERSTANDING VIBRO-IMPACTS THROUGH A NUMERICAL
ENERGY-BASED APPROACH

9.9 9.95 10
0.028

0.03

0.032

0.034

0.036

E
ne

rg
y 

(J
)

mode 1

9.9 9.95 10
0

0.5

1

1.5

10-3 mode 2

9.9 9.95 10
0

0.5

1

1.5

10-3 mode 3

9.9 9.95 10
0

0.5

1

1.5

10-3 mode 4

9.9 9.95 10

Time (s)

0

0.5

1

1.5

E
ne

rg
y 

(J
)

10-3 mode 5

9.9 9.95 10

Time (s)

0

0.5

1

1.5

10-3 mode 6

9.9 9.95 10

Time (s)

0

0.5

1

1.5

10-3 mode 7

9.9 9.95 10

Time (s)

0

0.5

1

1.5

10-3 mode 8

Figure 4.13: Mechanical energy for each mode versus time.
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Figure 4.14: Energy dissipated by each mode over the whole duration.

4.3.3.2 Comparison of the four points A, B, D and E

In this section, the energy transfers at the suboptimal points A, B, E and at the optimal
point D are compared. In figure 4.15, the energy received by each mode is represented. It
is quite visible that at the optimal point D, more energy is subtracted from the first mode
and is redistributed to the higher modes. On the contrary, at point A for instance, fewer
energy is taken from the first mode while the higher modes are less excited. The result is
that most of the energy is concentrated in the first mode, that has the largest amplitude of
vibration. This energy transfer towards the higher modes leads some authors to combine
a VI absorber with an acoustic black hole that can absorb the vibrations for sufficiently
high frequencies [68, 67, 66].

As the first mode receives less energy at the optimal point D, its contribution to the
dissipation of the vibrational energy is lower. Simultaneously, the higher modes dissipate
a larger amount of energy. These observations are illustrated in figure 4.16. As the higher
modes realize more oscillations in the same amount of time than the lower modes, their
energy is dissipated faster than in the case of the lower modes, which is another beneficial
phenomenon that helps to reduce the amplitude of vibration.
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On the whole, the results presented in this section demonstrate that the effectiveness
of the vibro-impact absorber can be explained in terms of energy transfers that are related
to the gap value. Let’s start with the smallest and largest gap values that lead to observe in
figure 4.7 the regime with multiple impacts (or more rarely the regime with two impacts
per cycle) and the Strongly Modulated Regime, respectively. In these cases, the results in
figure 4.15 show that the energy transfer from the first excited mode to the higher modes
is small, resulting in a poor effectiveness of the absorber as the vibrational energy is not
dissipated efficiently by the higher modes. On the contrary, when the gap is well tuned so
that the regime with two impacts per cycle is mainly observed, the energy transfer from
the first excited mode to the higher modes is maximized. The figure 4.16 shows that the
vibrational energy is efficiently dissipated by the higher modes, resulting in the highest
vibration reduction.

Then, the following sections address the problem of an excitation on the second and
the third mode.
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Figure 4.15: Comparison of the energy received for four gap values corresponding to the points A,
B, D and E.

4.3.4 Harmonic excitation on the second and third mode

In the previous section, it was demonstrated that the maximal effectiveness of the VI ab-
sorber corresponds to the maximum energy transfer from the first excited mode towards
the higher modes.

However, assuming that the excited mode is not the first mode, but the second or the
third one, it is particularly relevant to study the distribution of the energy between the
modes due to the impacts. Since the lower modes have a poor damping capacity, and
their amplitude is often larger than the higher modes, such an energy transfer towards
these lower modes could be detrimental to the effectiveness of the absorber.

The figure 4.17 and figure 4.18 shows the FRFs obtained varying the gap for an exci-
tation in the vicinity of the second and third mode, respectively. It should be mentioned
that the gap values are adjusted in order to visualize a maximum in the vibration reduc-
tion performance of the absorber. The corresponding values are probably impossible to
obtain experimentally, but the conclusions drawn in the section remain valid. In each
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Figure 4.16: Comparison of the energy dissipated for four gap values corresponding to the points
A, B, D and E.

case, the energy distribution is analyzed for four points A, B, C and D of the FRFs. As
previously, the average energy transferred to the modes in proportion of the mechanical
energy available in the system throughout the impacts is studied on the one hand, and the
energy dissipated by each mode in proportion of the total energy dissipated is examined
on the other hand. These quantities are depicted in figure 4.19, 4.20, 4.21 and 4.22.
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Figure 4.17: FRFs of the beam excited on the second mode for several gap values.

Focusing on the optimal point C for mode 2 and 3, we still observe that the energy
transfer is maximized from the excited mode towards the higher modes, corresponding
to the highest amount of energy dissipated by the higher modes, and the lowest for the
excited mode. Consequently, the previous conclusions seem to remain valid. Moreover,
it is worthy to note that a negligible amount of energy is transferred to the lower modes
(-0,3 % to the first mode in figure 4.19, -0,02 % to the first mode and 0,2 % to the second
mode in figure 4.20), what is beneficial to the effectiveness of the absorber to mitigate the
vibrations of not only the first mode. Another interesting point is the energy transfers ob-
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Figure 4.18: FRFs of the beam excited on the third mode for several gap values.
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Figure 4.19: Energy received by mode for an excitation on the second mode.

served at point A in figure 4.19 and figure 4.20. The graphs reveal that the energy transfers
are very small: below 0,04 % in figure 4.19 and 0,4 % in figure 4.20. The reason of this is
very probably that as the gap is very small, the multiple impacts involve small kinetic en-
ergy, and thus small energy transfers, illustrating well that some regimes are less efficient
than others in terms of energy transfers.

Nevertheless, comparing the case of an excitation in the vicinity of the first and sec-
ond mode, the energy transferred to the higher modes is lower in the second case than in
the first one (for the optimal case and for the eightth mode, 3% versus 3,9%). The same
observation can be made looking at the energy transfers for an excitation in the vicinity
of the third (2,6% for the eightth mode). This suggests that the higher the mode to miti-
gate, the worse the effectiveness of the absorber. Besides, this is illustrated in figure 4.5,
4.17 and 4.18 since the vibration reductions obtained are respectively 15,4 dB; 13,9 dB
and 11,5 dB. However, this last remark should be read carefully. Since the model used
is based on a finite modal base truncated to eight modes, it is necessarily simplifies the
phenomena. Therefore, comparing the energy transfers in these different cases can lead
to misinterpretations that may not correspond to reality as long as higher modes might be
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Figure 4.20: Energy received by mode for an excitation on the third mode.
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Figure 4.21: Energy dissipated by mode for an excitation on the second mode.

considered in the modal basis to represent rigorously the behavior of the beam submitted
to vibro-impacts.

The same results based on a model with only six modes instead of eight are provided
in appendix C.6, and they lead to the same conclusions. Therefore, the number of modes
in the modal basis does not seem to change the present conclusions. Here, we decided
not to increase the number of modes because of the high computational cost.
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Figure 4.22: Energy dissipated by mode for an excitation on the third mode.

4.4 Robustness to eigenfrequencies variations

Contrary to TMD that have a narrow frequency range of effectiveness, VI absorber are ex-
pected to be more robust to frequency variations. More specifically, it is assumed that if
the main structure present eigenfrequencies changes, it should not modify significantly
the performance of the absorber. Eigenfrequencies variations can be due to aging or sen-
sitivity to environmental conditions in the case of natural materials like wood or compos-
ite made of natural fibers, or due to damage that can modify the stiffness properties of
the main structure, during an earthquake for instance. In order to quantify this potential
interesting property of VI absorbers, the performance of the VI absorber is assessed for
two gap value. The first one is set to 8 mm, and corresponds to the optimal value found
previously. The second one is set to 10mm, larger than the optimal gap. Indeed, we found
in figure 4.6 that a slightly larger gap than the optimal value enables to obtain a better
robustness to gap variations. Therefore, it seems relevant to examine if the robustness
still stands for frequency variations. Meanwhile, the eigenfrequencies of the beam are
changed. For this purpose, the square of the modal stiffnesses ki of each mode are var-
ied at the same time in the range [−20%;+20%] with increments of 2,5%, so that the new
eigenfrequencies are varied in the same range, and they are called ω∗

i (ω∗
i = −20%×ω1

; −17,5%×ω1 ; −15%×ω1 ; ... ; 10%×ω1). With the VI absorber embedded, the max-
imum of the new vibration amplitude uVI

xx% of the beam (with an eigenfrequency shift
of xx%) is analyzed, and it can be compared to the maximum amplitude of the beam
uVI

0% with the initial eigenfrequencies, or to the maximum amplitude of the beam u0%

with the initial eigenfrequencies without VI absorber, or at last to the maximum ampli-
tude uxx% with the same eigenfrequency shift of xx%. The figure 4.23 depicts a few fre-
quency responses of the beam depending on the variations of the eigenfrequencies and
illustrates the previous quantities uVI

xx%; uVI
0%; u0%; uxx%. In figure 4.24, the subset 4.24a

depicts the ratio max(uVI
xx%)/max(uVI

0%). Accordingly, if the ratio is greater than 1, the re-
sponse of the beam with the modified eigenfrequencies is higher than the response with
the initial eigenfrequencies. On the contrary, a ratio smaller than 1 indicates a lower re-
sponse with the modified eigenfrequencies than without. In figure 4.24b, the attenuation
20. log[max(uVI

xx%)/max(u0%)] is depicted, allowing to compare the attenuation obtained
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Figure 4.24: Robustness of the VI absorber to eigenfrequencies variations.

in presence of eigenfrequencies variations with the initial attenuation. At last, the fig-
ure 4.24c illustrates the attenuation 20. log[max(uVI

xx%)/max(uxx%)] in order to quantify
the attenuation with respect to the amplitude of the modified beam (eigenfrequencies
shifted) without absorber.

As a consequence, these results suggest that a very interesting robustness to eigenfre-
quencies variations is achieved using a VI absorber. For instance, looking at figure 4.24a
almost no variations of the amplitude level are observed between −5% up to +20% for
the gap of 8 mm, demonstrating the robustness of the VI absorber. The same conclusion
is drawn from figure 4.24b, where one can see that the initial level of attenuation of 15,7
dB is guaranteed in the same range. Interestingly, the range of the robustness is extended
when the gap is set to 10 mm, allowing an almost constant amplitude between −15% up
to +20%. However, the attenuation level is slightly deteriorated from at least 16 dB to
14dB, since the gap is greater than its optimal value. This improvement of robustness
could be expected regarding the figure 4.6. Indeed, under constant excitation amplitude,
a gap larger than its optimal value leads to observe the SMR. During this regime, the at-
tenuation is less sensitive to gap variations. On the contrary, in the regime with two (or
more) impacts per period obtained for gaps smaller than the optimal value, the atten-
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uation is quite sensitive to gap variations. Moreover, the scalability property illustrated
in chapter 3 shows that the gap and the vibration amplitude of the beam are related by
a scalability property and play analogous roles regarding the attenuation. Since varying
the eigenfrequencies of the structure modify the amplitude of its resonant peaks (see fig-
ure 4.23), the robustness during the SMR regime observed in figure 4.6 still applies in the
present case. At last, the last subset 4.24c demonstrates that changing the eigenfrequen-
cies of the structure changes the optimal gap. Indeed, one can see that the gap of 10 mm
becomes optimal for ω∗

i = 0.9×ωi . Moreover, it is worthy to note that setting the gap to
10 mm allows keeping the vibration attenuation below 11 dB, while setting the gap to 8
mm only allows remaining below 8 dB. Therefore, depending on the requirements of the
application, it could be relevant to set the gap to its optimal value in order to obtain the
best vibration reduction level, or more suited to choose a greater gap value to ensure the
robustness of the VI absorber, in particular to frequencies and amplitude variations of the
main structure.

4.5 Conclusions

In this chapter, the vibration mitigation achieved using a vibro-impact absorber attached
to a beam submitted to a harmonic excitation is explained through an energy-based ap-
proach. A model of an Euler-Bernoulli beam with a VI absorber attached at its end is
solved using a semi-analytical method. As long as no solver is used, this method enables
to derive exact energy balances leading to negligible errors.

The first result is that the vibration reduction of the excited mode of the beam is per-
formed in spite of the impacts are perfectly elastic and non-dissipative. Thus, even if
energy dissipation occurs in reality during the vibro-impacts, this is not the only phe-
nomenon at stake that helps to reduce the vibrations.

Besides, the energy transfers due to the vibro-impacts are analyzed. More specifically,
two quantities are examined. The first one is the average energy transferred to the modes
in proportion of the mechanical energy available in the system throughout the impacts.
The second one is the energy dissipated by each mode in proportion of the total energy
dissipated. In the case of an excitation on the first mode, the results obtained highlight
an energy transfer from the first excited mode towards the higher modes of the beam.
Moreover, considering the modes four to eight, the energy is uniformly distributed be-
tween them. Two beneficial phenomena are identified. Firstly, the higher modes have
a lower amplitude of vibration. Thus, the less energy is contained on the lower modes,
the smaller the amplitude of vibrations. Secondly, as they realize more oscillations in the
same amount of time than the lower modes, the energy dissipation occurs faster and the
vibrational energy is dissipated more efficiently.

Finally, the case of an excitation on the second and on the third mode is considered
in order to achieve two objectives. The first one is to assess the ability of the absorber
to mitigate the vibrations of higher modes, and the second one is to analyze the energy
transfers towards the lower modes as it could be detrimental to the effectiveness of the
absorber. The study reveals that an interesting vibration attenuation is performed for the
second and the third mode. Moreover, the energy transfers towards the lower modes are
negligible.

In conclusion, the effectiveness of the vibro-impact absorber is confirmed for har-
monic excitations on the first three modes, and the effectiveness is physically explained
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examining the energy transfers between the modes.
At last, the robustness of the VI absorber is assessed in the case of eigenfrequencies

variations of the beam. We found that the absorber is quite robust since almost no varia-
tions of the amplitude are observed while the eigenfrequencies are changed. Interestingly,
the robustness can be further increased setting a greater gap than the optimal value.
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Chapter 5

Application to a three-dimensional
flexible structure
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Preamble

The previous chapters have considered a beam equipped with a vibro-impact absorber.
Indeed, these structures are well-known, facilitating the interpretation of the role of the
vibro-impact absorber on the behavior of the main vibrating structure. The effectiveness
of a vibro-impact absorber was assessed experimentally in chapter 3, and explained nu-
merically in chapter 4. In order to go towards the application of vibro-impact absorbers
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to industrial cases, more realistic structures should be considered. Moreover, using a sin-
gle VI-absorber has demonstrated some limitations, such as the ability to mitigate a sin-
gle mode at a time with two different optimal settings. The objectives of this chapter
are twofold. Firstly, a model plane is considered as a more realistic structure, and it is
equipped with a vibro-impact absorber. Both numerical and experimental approaches
are proposed. Secondly, the model plane is equipped with multiple VI absorbers in order
to enhance the effectiveness of the vibration reduction achieved on the plane, especially
concerning the multimodal attenuation.

5.1 Introduction

The literature and the previous chapters have highlighted the potential and the promis-
ing effectiveness of vibro-impact absorbers with respect to their technological simplicity.
A crucial point to understand the physical phenomena at stakes in vibro-impact is the
multi-modal behavior of the main structure because of the modal interactions that oc-
cur in the presence of vibro-impacts. However, the studies are still far from dealing with
real industrial structures. Very often, single-DOF or multi-DOF structures are consid-
ered [83], while other cases focus on beams [128, 4, 42]. Therefore, single-DOF structures
inevitably oversimplify vibro-impact phenomena since energy transfers between modes
cannot exist, and structures like beams are more likely to represent the physical phenom-
ena at stakes. Yet, they remain quite simple. Consequently, the behavior of more complex
structures equipped with vibro-impact absorbers need to be investigated. Moreover, the
questions of modeling, simulating and predicting the response of a three-dimensional
structure endowed with vibro-impact absorbers still need to be addressed in the perspec-
tive of the design of absorbers to tackle industrial problems. In addition, experimental
approaches on such structures still need to be adopted.

Besides, two main drawbacks related to vibro-impact absorbers have been raised in
the literature. Firstly, a single vibro-impact absorber is often used to tackle a single mode
of a multi-modal structure [42]. Indeed, as the displacements obtained at the resonances
are smaller for higher modes than for lower modes, the gap of the absorber cannot be
properly tuned for several modes that have very different amplitudes. In addition, since
vibro-impact absorbers are non-linear devices, they necessitate a certain level of energy
to be activated. As a consequence, the effectiveness of such an absorber may be limited
to a certain range of excitation level. For these two reasons, a promising strategy is to use
multiple absorbers, and this results in several benefits. In the case of vibro-impact ab-
sorbers, it allows to reduce the size of the oscillating mass, and therefore the noise and
the stress when the contacts occur [85]. But employing multiple absorbers can also in-
crease the robustness and the range of effectiveness of linear [10, 13] or non-linear [105]
absorbers. In the last case for instance, the vibration reduction of a single-DOF structure
is increased using two VI-NES that activate at different levels of excitation. Other works
have taken advantage of this principle to improve the effectiveness of multiple non-linear
absorbers [22]. Furthermore, the use of multiple absorbers may have other benefits, espe-
cially concerning the multimodal effectiveness. In the case of linear absorbers, using mul-
tiple absorbers tuned at different frequencies may lead to achieve vibration reduction on
several modes simultaneously and for broadband vibration absorption [134, 98]. A design
methodology is provided in [37] in the case of a beam equipped with two VI absorbers that
aim to reduce the vibrations of the two first modes. Nevertheless, these works exclusively
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deal with single-DOF, multi-DOF structure, or beams, and no more than two absorbers
are used simultaneously in the case of vibro-impacts absorbers. Yet again, using multiple
absorbers on more realistic three-dimensional structure should be investigated.

The conclusions of the previous studies are synthesized here. Few studies dealing with
the application of vibro-impact absorbers on three-dimensional structures are available,
whether experimentally or numerically. In particular, being able to simulate the vibration
reduction of a three-dimensional structure obtained thanks to a vibro-impact absorber is
rarely discussed. At last, the strategy of using multiple absorbers has already been inves-
tigated in the case of linear absorbers, NES, and VI NES in very recent studies. Neverthe-
less, further work remains to be done before being able to propose a design methodology.
Moreover, none of them have adopted an experimental approach, and the application
concerns mostly simple structures like beams or multi-DOF structures. In this chapter,
a numerical approach based on the finite element model of a three-dimensional struc-
ture is proposed in order to simulate the dynamic behavior of a model plane in the pres-
ence of a vibro-impact absorber. It is worthy to note that simultaneously to this study,
another work was proposed in [87] in order to realize long-term simulations of vibro-
impacts problems based on a finite element model. The authors argued that their ap-
proach help to reduce significantly the computational efforts. The method proposed is
validated experimentally in another paper [88]. In our work, the structure that we studied
is a model plane. Based on the numerical results, some rules are presented regarding the
design process of a VI absorber leading to the optimal vibration reduction. In order to
confirm the trends observed in the simulation results, experiences are realized, demon-
strating the ability of the VI absorbers to reduce the vibration level of the model plane, but
also highlighting the limitations of using a single VI absorber. Then, multiple absorbers
are designed, and they are spatially distributed on the wings of the plane. The benefits of
using multiple absorbers, as well as the influence of both their position and gap on the
level of vibration mitigation is presented.

5.2 Dynamic of a three-dimensional structure submitted
to vibro-impacts

5.2.1 Finite element model and matrix formalism

In order to assess the vibration mitigation effectiveness of a vibro-impact based strat-
egy on a three-dimensional structure, a model plane is considered in this chapter. It is
equipped with a vibro-impact absorber at each end of the wings. The vibro-impact ab-
sorber is designed in a very similar manner than in chapter 3, though its dimensions and
the size of the ball are modified. The CAD views are available in figure 5.1.

The geometry file is then imported in COMSOL in order to build the finite element
model of the plane equipped with the absorbers. Therefore, the equation to solve is given
in equation (5.1):

[M].{ü}+ [C].{u̇}+ [K].{u} = {F}; (5.1)

where {F} = {Fexc } + {FVI}. Assuming that the finite element model contains Nnode

nodes, then the number of degrees of freedom is Ndo f = 3 × Nnode since the transla-
tions in the three directions are possible. Therefore the dimension of [M], [C] and [K] is
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(a) CAD view of the model plane.
(b) CAD view of the VI

absorber.

Figure 5.1: CAD view.

Ndo f ×Ndo f . Moreover, {u} is the vector of the nodal displacements, {Fexc } is the force of
the excitation, and {FVI} is the force of the vibro-impact absorber on the plane. Assuming
punctual forces, {Fexc } and {FVI} have only one non-null component (respectively called
Fexc and FVI), they correspond to the degrees of freedom where the forces apply. For all
the previous vectors, their dimension is Ndo f ×1.

The materials properties of the different parts of the plane illustrated in figure 5.2 are
given in table 5.1. The angle bars are used to connect the wings and the ailerons to the
fuselage. The interfaces have no equivalent in the real system. They are used to tune the
stiffness of the connections in the model updating process, not presented here.

The damping model used in COMSOL is based on a loss factor η, so that the damping
matrix becomes :

[C] = η.[K]

ω
. (5.2)

5.2.2 Modal decomposition

Considering equation (5.1), the size of the matrix system to solve is Ndo f ×Ndo f . In order
to reduce the size of this system, a modal decomposition is adopted. The same approach
as used in chapter 4 is adopted here. Therefore, we decide to consider the Nmode first
modes of the structure (Nmode ≤ Ndo f ), and the displacement field {u} is supposed to be
a product of a spatial dependant function [φ] and a time dependant function {q}:

{u} = [φ].{q}; (5.3)

where [φ] (Ndo f ×Nmode ) is the matrix of the mode shapes {φk } (Ndo f ×1):

[φ] = [
{φ1}, {φ2}, . . . , {φNmode }

]
; (5.4)

and {q} (Nmode ×1) is the vector of the generalized coordinates qk (t ):
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Parameter Value

Wings and ailerons (steel)
Young’s modulus E 196.109 Pa
Density ρ 7721 kg.m-3

Loss factor η 0,005
Fuselage (aluminum)

Young’s modulus E 70.109 Pa
Density ρ 2775 kg.m-3

Loss factor η 0,01
Angle bars (aluminum)

Young’s modulus E 70.109 Pa
Density ρ 2694 kg.m-3

Loss factor η 0,01
Interface wings / angle bars

Young’s modulus E 13,36.106 Pa
Density ρ 2694 kg.m-3

Loss factor η 0,01
Interface ailerons / angle bars

Young’s modulus E 16,09.106 Pa
Density ρ 2694 kg.m-3

Loss factor η 0,01
VI absorber (aluminum)

Young’s modulus E 70.109 Pa
Density ρ 2700 kg.m-3

Loss factor η 0,01

Table 5.1: Material properties used in the model of the plane.

{q} =



q1(t )
...

qk (t )
...

qNmode (t )


. (5.5)

The eigenpulsations are given by the the Nmode first solutions of equation (5.6):

det([K]−ω2.[M]) = 0. (5.6)

Then, the mode shape {φi } of the i-th mode can be calculated solving:

(−ω2
i .[M]+ [K]).{φi } = {0};

and it is necessary to fix the components of [φ] in order to obtain unitary modal
masses, what is [φ]T.[M].[φ] = [I].

At the end, we obtain:

[Mr ].{q̈}+ [Cr ].{q̇}+ [Kr ].{q} = [φ]T.{F}; (5.7)
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wings
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Figure 5.2: Illustration of the parts and materials of the plane.

where [Mr ] = [φ]T.[M].[φ] = [I], [Kr ] = [φ]T.[K].[φ] = diag(ki ), [Cr ] = [φ]T.[C].[φ] =
diag(ci ) (since Basile’s hypothesis is verified) are the reduced matrices, projected onto the
modal basis. Using COMSOL with Matlab, it is possible to use the reduced mass, damping
and stiffness matrices [Mr ], [Cr ] and [Kr ] of the finite element model in Matlab.

Then, equation (5.7) can be transformed in a first order equation, which is a necessary
step to proceed to numerical integration, using:

{Z} =
{

{q}
{q̇}

}
. (5.8)

This leads to:

{Ż} =
[

[0] [I]
−[Kr ] −[Cr ]

]
.{Z}− [φ]T

[
{0}
{F}

]
= [A].{Z}+ {B}. (5.9)

The equation governing the displacement of the ball is mb .üb = −FVI. In order to in-

clude this equation in the first order differential matrix system 5.9, we can set {Ub} =
{

u̇b

üb

}
and derive that:

{U̇b} =
[

0 1
0 0

]
.{Ub}− 1

mb
.

{
0

FVI

}
= [Ab].{Ub}+ {Bb}. (5.10)

Therefore, equation (5.10) can be included in equation (5.9). For this purpose, we set

{Y} =
{

{Z}
{Ub}

}
in order to obtain:

{Ẏ} =
[

[A] [0]
[0] [Ab]

]
.{Y}+

{
{B}

{Bb}

}
= [A∗].{Y}+ [B∗]. (5.11)
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At the end, equation (5.11) traduces the dynamics of the structure and the ball dur-
ing both the free-flight and contact phases. The contact force is defined in the following
paragraph.

5.2.3 Contact phases

The contact of the ball with the wing plane occurs if the following conditions are satisfied:{
ub(t )−ukt (t ) ≥ 0 for contact on top;

ub(t )−ukb(t ) ≤ 0 for contact at the bottom;
(5.12)

where kt and kb denote the number of the degrees of freedom of the plane corre-
sponding to the top and the bottom of the cavity where the contact applies. Then, the
interpenetration δ between the ball and the structure can be defined as:

δ= ub(t )−ukt (t ) for contact on top;

δ= ub(t )−ukb(t ) for contact at the bottom.
(5.13)

Here, we choose to define the contact force FVI applied by the ball on the structure
using the Hertz model:

FVI = Kh .δ3/2 if the contact occurs on top;

FVI =−Kh .(−δ)3/2 if the contact occurs at the bottom;

FVI = 0 if the contact conditions are not satisfied;

(5.14)

where Kh is the contact stiffness. It depends on the materials and geometries of the
solids in contact, and is given by the Hertz model described in chapter 1.

At the end, the matrix system 5.11 can be solved numerically using the Matlab solver
ODE23t 3 based on a trapezoidal rule.

5.2.4 Simulation and design of the vibro-impact absorber

5.2.4.1 Configuration of the plane for the simulations

In the simulations, only one VI absorber was activated, the other one was left empty. The
measurement and excitation points are the same, and they are located at the end of the
wing, next to the VI absorber. The figure 5.3 illustrates this arrangement.

The plane is in free-free boundary conditions. The ten first modes are considered in
the modal basis. The added mass due the cavity of one VI absorber and the ball represents
2,41 % of the total mass of the plane.

5.2.4.2 Relation between the gap and the force of excitation

We have defined an indicator I to assess the vibration reduction obtained in a given fre-
quency range thanks to the VI absorber. In the frequency range studied, the maximum
of the response of the structure with the vibro-impact absorber is compared to the max-
imum of the response without the absorber. The figure 5.4 illustrates the two compared
responses, and the indicator is defined as follows:

3https://www.mathworks.com/help/matlab/math/choose-an-ode-solver.html
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Figure 5.3: Illustration of the configuration of the plane in the simulations.
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Figure 5.4: Illustration of the calculation of the indicator defined in equation (5.15).

From the indicator presented in equation (5.15), it is possible to derive the vibration
attenuation A in decibels:

A = 20. log10(I). (5.16)

The attenuation defined in equation (5.16) is calculated for the first mode of the plane,
the excitation force is maintained constant at 0,05 N and the gap is varied. For each gap
value, the attenuation obtained is reported in figure 5.5.

The results confirm what was previously observed. Under constant excitation am-
plitude, there exists an optimal gap value that leads to the best vibration reduction. It
is worthy to note that the attenuation is less sensitive to the gap value when the gap is
larger than the optimal value. On the contrary, for gap values smaller than the optimum,
the attenuation can vary roughly even for tiny variations of the gap. This result is partic-
ularly relevant to notice in the context of a robust design of the absorber, although this
question is not investigated. Then, several other simulations are performed, so that the
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Figure 5.5: Attenuation of the first mode of the plane depending on the gap value for a constant
excitation force.

attenuation is assessed for various gap values and amplitudes of the excitation force. The
figure 5.6 depicts the results.

Zone 1

Zone 2

Figure 5.6: Map representing the attenuation obtained on the first mode depending on the gap
and the amplitude of the excitation.

The blue areas correspond to a weak vibration attenuation, while the red areas cor-
respond to the best vibration reduction. Up to now, we were used to maintain either the
excitation force constant and to vary the gap, or to fix the gap and to vary the excitation
in order to find an optimal value. Here, it is interesting to see that the excitation force
plays a similar role than the gap in the vibration reduction. Indeed, considering a con-
stant gap value, it is possible to find an excitation force that leads to the best vibration
reduction. This result is reminiscent of the scalability property described and illustrated
experimentally in the chapter 3 in section 3.3.1.2. In this chapter, it was found that if the
ratio excitation / gap is maintained constant, the attenuation remains also at the same
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value. This linear behavior can be visualized in figure 5.6, as the frontiers between the
color zones are almost linear. Practically, it means that tracking the optimal point of the
absorber can be performed satisfying the linear relation 5.17 where b is the gap, Fexc is
the excitation force, and α is a positive coefficient that must be determined.

b = α.Fexc . (5.17)

At last, the same remark concerning the robustness can be done. The figure 5.6 can
be divided in two zones, separated by the dotted gray line. In zone 1, the gap b is greater
than its optimal value, and the excitation force Fexc is lower than its optimal value. In this
zone the attenuation is slightly sensitive to variations of b and Fexc . Conversely, in zone
2 the attenuation is much more sensitive to variations of these two parameters. As the
excitation is not a design parameter, the gap should be chosen advantageously depending
on the excitation force in order to ensure a sufficient robustness of the tuning.

5.2.4.3 Multi-modal attenuation

The question of the attenuation of several modes simultaneously using a single VI ab-
sorber was raised in the previous chapters of this manuscript and in some papers [42]. It
was shown that using a single vibro-impact absorber can reduce the vibrations of a sin-
gle mode at a time, but the effectiveness on several modes simultaneously is essentially
impossible to achieve. Indeed, the difference of vibration amplitude of the modes are
incompatible with the level of activation of the vibro-impact absorber. For instance, if
the gap is well tuned in order to trigger the vibro-impacts when the structure oscillates
in the vicinity of its first mode, this gap value is too large to trigger the impacts when the
structure is excited on higher modes since their amplitude of vibration is lower, unless
the excitation force is increased. In the present case, a simulation of the response of the
model plane on a wide frequency range (5-200 Hz) was performed. The force was set to
0,05 N and the gap was tuned at 3,65 mm, corresponding to the optimal value found in
figure 5.5. The response in displacement of the plane is depicted in figure 5.7

The level of activation of the vibro-impact absorber is well visible: above 10−3 m, the
impacts are triggered and the response is well attenuated compared to the response with-
out absorber. Thus, the effectiveness on the first mode is quite interesting. Concerning
the second mode, a moderate vibration reduction is achieved since the resonance peak is
slightly above 10−3 m without the absorber. However, one can expect a larger vibration re-
duction if the gap was reduced appropriately. At last, the effectiveness on the third mode
and higher is null because the resonance peak remains below the threshold of activation
of the absorber. Consequently, no impacts occur, the ball remains at rest and the response
of the structure is linear.

In the following section, the experimental behavior of the model plane equipped with
a vibro-impact absorber is investigated.
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Figure 5.7: Response of the plane of the whole frequency range. Fexc = 0,05N ; b = 3,65mm.

5.3 Experimental study of a model plane with one vibro-
impact absorber

5.3.1 Description of the experiments

Based on the design shown in figure 5.1b, two VI absorbers were manufactured and at-
tached at the end of the wings. However, only one absorber is activated at a time in the
following experiences, otherwise it is specified. A shaker with a stinger is used to apply
the excitation force on the plane. The response of the plane is measured at the left end
of the wing thanks to a laser vibrometer. The figure 5.8 illustrates the arrangement of the
equipments.

cell force

VI absorbers

measuring point shaker

(a)

cell force

VI absorber

(b)

Figure 5.8: Overview of the experimental set-up.
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5.3.2 Harmonic excitation of the first mode

In this section, the plane is excited by a harmonic force which frequency is in the vicinity
of its first mode. The control of the excitation force is realized using the same method
than in chapter 3. The details are given in [125]. The gap of the VI absorber situated next
to the observation point is equal to 2,4 mm. On the opposite side of the wing, the other
VI absorber is locked, so that its gap is equal to zero. In these tests, the gap is fixed and
the excitation force is varied. The methodology adopted to calculate the FRF of the plane
from the time response is based on the Hilbert transform, as done previously in chapter 3
in section 3.2.5.

The figure 5.9 shows the FRFs obtained for each excitation force. Even if the values
chosen for the excitation force do not allow to find an optimal configuration (the attenu-
ation keep increasing when the excitation force decreases), the behavior observed is the
same as found in the simulations before: high excitations lead to responses close to the
response with the ball locked, while decreasing the excitation improves the attenuation.
Furthermore, we can suppose that keep decreasing the force beyond the optimal excita-
tion force should lead to obtain a response close to the response without ball.

In the following paragraph, the response of the plane to broadband excitations is stud-
ied and the effectiveness of the absorbers is examined.
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Figure 5.9: FRFs of the plane for several excitation force amplitudes.

5.3.3 White noise excitation

The vibration reduction obtained for white noise excitation is also investigated. We will
see that interesting attenuations can be obtained on the first four modes of the plane, and
we will end with the limitations of using a single VI absorber (or two with the same gap).

The excitation is a white noise signal in the frequency range [10;50] Hz. Three gap
values and four excitation force amplitudes are tested: 0,1 mm ; 0,2 mm and 0,3 mm for
the gaps, and 1×Fexc ; 1,4×Fexc ; 1,8×Fexc and 2,3×Fexc where Fexc is the reference level of
the excitation force. It is worthy to note that the excitation is not controlled during these
tests, only the voltage of the force signal is changed in order to change the excitation force.
Then, the Root Mean Square value of the force is calculated for each voltage.

The FRFs obtained are compared in figure 5.10. Concerning the third mode, one
should notice that the results are not presented because they are not usable. Indeed, the
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curves are very noisy and impossible to distinguish from each other. A likely reason for
this is that the excitation point is very close to the node of the third mode, leading to non-
usable results for this mode. As usual, the same effects of the gap and of the excitation are
observed. It is relevant to see that interesting vibration reductions are obtained for all the
modes studied, depending on the gap and the force value. More details concerning the
attenuation are depicted in figure 5.11. Hence, up to 7 dB are obtained for the first mode
(gap = 0,1 mm and 1×Fexc ), 11 dB for the second mode (gap = 0,2 mm and 1,8×Fexc ),
and more than 12 dB for the fourth mode (gap = 0,2 and 2,3×Fexc ). With two VI absorbers
(one at each end of the wings) tuned with the same gap, the vibration reduction is even
better: up to 19 dB, see figure 5.12.
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Figure 5.10: Zoom on the FRFs of each mode for white noise excitation.

Looking at the attenuation presented in figure 5.11 and figure 5.12, many relevant
remarks must be done. To start with, the scalability property discussed earlier in this
manuscript is visible here again. Indeed, when an optimal vibration reduction is found
corresponding to the pair gap and Fexc , this optimum is moved to higher excitation force
if the gap is increased, as illustrated on the second mode in figure 5.11. Then, consid-
ering the modes 1, 2 and 4, the optima are not simultaneous: when the value pair Fexc

and gap is optimal for one mode, it is necessary not for the other modes (for instance,
see figure 5.11 at gap = 0,2 mm). Therefore, increasing (respectively decreasing) the force
has a beneficial (respectively detrimental) effect on the attenuation of one mode, while it
has a detrimental (respectively beneficial) effect on the attenuation of another mode (see
for example mode two and four at gap = 0,1 mm in figure 5.11). This is even clearer in
figure 5.12 for the modes one and two on the one hand, and for the mode 4 on the other
hand. This illustrates very well that multimodal attenuation cannot be achieved using a
single VI absorber (or even two VI absorber since they have the same gap).
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Figure 5.11: Vibration reduction obtained in figure 5.10 depending on the gap and the excitation
force.

Force

6

8

10

12

14

16

18

A
tte

nu
at

io
n 

(d
B

)

mode 1
mode 2
mode 4

Force

6

8

10

12

14

16

18

20
A

tte
nu

at
io

n 
(d

B
)

gap = 0,2 mm gap = 0,3 mm

1 1,4 1,8 2,3 1 1,4 1,8 2,3

Figure 5.12: Vibration reduction obtained with two VI absorbers activated with the same gap at
the wings ends.

Accordingly, the next section focuses on the realisation of multiple VI absorbers spa-
tially distributed on the wing plane. The objective is to surpass the limitations observed
in the previous cases where a single VI absorber is used.

5.4 Realization and experimentation of multiple VI ab-
sorbers spatially distributed on a three-dimensional
structure

This section deals with the experimental results of the vibration behavior of the plane
equipped with multiple VI absorbers, in order to address the question of multimodal at-
tenuation. The reader should be warned that the plane used in this section has a slightly
different design than the one used in the previous section. For practical reasons, the con-
nections between the wings and the fuselage are realized differently. Therefore, their dy-
namic behavior are barely different. However, this is not a major issue since the results of
this section are not directly compared to the previous section.

5.4.1 Description of the experimental set-up

The design of the VI absorbers is based on the CAD work done previously. The cavity
is realized from a PMMA tube. The screw and the counter nut are manufactured, and
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they close the top of the cavity. Thanks to the screw the gap can be set in the range 0
mm - 2 mm. A magnet is stuck at the bottom of the cavity in order to attach and move
the VI absorbers very easily at the surface of the wings to study various locations of the
absorbers. In order to try to obtain the same contact properties on each side of the cavity,
thin steel disks are stuck on the magnet and on the screw. At the same time, it avoids any
damages to the magnet and the screw that may not resist very well to repeated impacts.
Photos of one VI absorber are presented in figure 5.13, and the masses of one VI absorber
compared to the mass of the plane are given in table 5.2. Therefore, one VI absorber with
its ball represents 0,32 % of the mass of the plane, and 0,69 % of the mass of the wing.

Figure 5.13: One VI absorber.

Plane Wing One VI absorber One ball
875 g 408 g 1,8 g 1g

Table 5.2: Mass of the structure and of the VI absorber.

The plane is suspended by thin rigid wires in order to approach free-free boundary
conditions (see figure 5.14). The plane is excited by a white noise signal using a shaker and
the excitation force is measured using a cell force. The amplitude of the excitation force is
not controlled. Nevertheless, the gain of the amplifier is set at the same level for each test,
as is the voltage of the excitation signal. The fluctuations of the amplitude of the excitation
force and the repeatability of the response of the plane are evaluated in appendix D.4.
As illustrated in figure 5.15, the VI absorbers are behind the wings in order to leave the
opposite surface free in order to perform the measurements of the observation points
(depicted in figure 5.14) thanks to the vibrometer. In the following of this chapter, all the
FRFs presented correspond to the average of the modulus of the FRF obtained at each
measuring point.

5.4.2 Influence of the gap on the effectiveness in the frequency range

A first parametric study is realized in order to estimate the gap values that are susceptible
to lead to an effective vibration reduction. For this purpose, three VI absorbers are posi-
tioned at the end of the wings as great displacements are expected at this location. Their
gap are varied (they all have the same value), and the vibration attenuation obtained for
each mode is evaluated like previously using equation (5.16). The FRFs obtained for all
the gap values are depicted in figure 5.16. The figure is divided in ten frequency ranges.
For each of them, a zoom on the FRFs can be visualized in figure 5.17, and the attenuation
is assessed in figure 5.18.

As a remark, the mode at 82 Hz will not be considered in this study, because the exci-
tation point is very close to a node. Therefore, the corresponding mode is hardly excited
and the results obtained in this frequency range are not usable.

111



CHAPTER 5. APPLICATION TO A THREE-DIMENSIONAL FLEXIBLE STRUCTURE

9 cm 9 cm 9 cm 9 cm

Figure 5.14: View of the plane in free-free conditions. The white dots correspond to the
observation points measured by the vibrometer.

Looking at the results of figure 5.17 and figure 5.18, a general trend is observed: for the
lowest frequency modes, the largest gaps lead to the best effectiveness. On the contrary,
the smaller gaps are more efficient considering the higher frequency modes. It corrob-
orates the conclusions drawn in the previous chapters. One can notice that the peaks
have slightly moved to the left compared to the FRF without ball. This is due to the added
mass of the VI absorbers. Moreover, these added masses may slightly change the mode
shapes of the plane. Therefore, the FRFs without balls and with the balls locked are not
superimposed (see appendix D.1). Here, the attenuation calculated does not take in ac-
count this change in the mode shapes. For the sake of simplicity, this phenomenon is not
considered, and the attenuation is calculated using the FRF without ball as reference.

These preliminary results permit to verify that the range of gap available effectively
allows significant attenuation. Moreover, they give an overview of the optimal gap values
corresponding to each frequency range. Nevertheless, the influence of the location of the
absorbers should be investigated as well. Accordingly, such tests are presented in the next
paragraph.

5.4.3 Multi-modal attenuation

As we have previously seen that one gap value is mainly effective in a narrow frequency
range, we will combine multiple absorbers tuned with different gaps in order to obtain a
multimodal vibration reduction. To reach this objective, four locations are identified cor-
responding to the anti-nodes of specific modes. Thus, large displacements are expected
at these locations. For each location, the gap is varied in order to find the best value lead-
ing to the best vibration reduction.
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shaker VI
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Figure 5.15: View of the shaker and the cell force.
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Figure 5.16: FRFs obtained with three VI absorbers at the end of the wings. The attenuation is
calculated in the ten frequency ranges denoted in this figure.

5.4.3.1 Determination of the locations and gaps of the VI absorbers

The four locations tested are presented in figure 5.19. For each location, the gap is var-
ied in order to determine its optimal value. Then, the attenuation is evaluated for all
the gap values and for each frequency range. At the end we are able to determine the
frequency range of effectiveness of the four locations, and the corresponding gap that en-
ables the maximum vibration reduction. These attenuations are available in figure 5.21.
The damping performance obtained in each frequency range will be discussed in the light
of the modal shapes given in figure 5.20. Both experimental and numerical modal shapes
are presented for a better visualization. However, the model did not predict correctly the
mode shape for the two modes at 199 Hz and 215 Hz. Accordingly, they are removed from
the figure. One can see that the two modes in the range [112 ; 154] Hz and [280 ; 330] Hz
are very affected by the location 2 and 4, while the location 3 reaches its best effectiveness
in the range [112 ; 154] Hz. The reason for this is that the modes at 135 Hz - 136 Hz and
316 - 320 Hz correspond to the torsional modes, and location 2 and 4 correspond to the
anti-nodes of the second torsional mode (316 and 320 Hz) where large displacements are
taking place. By contrast, the location 3 corresponds to a node of this same mode, while
it corresponds to the anti-node of the first torsional mode (135 Hz). This is why such a
great effectiveness can be achieved on this mode. Specifically, the FRF displacement /
force gives responses ten times higher at the points in the middle of the wings compared
to the points at the end of the wing for the first torsional mode. Similarly, the response is
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Figure 5.17: Zoom of the figure 5.16 on each frequency range.

5 times higher concerning the second torsional mode. On the contrary, location 1 does
not exhibit much effectiveness for the two torsional modes, but interesting attenuation
is achieved for almost all the others. Indeed, the end of the wings are submitted to large
displacements in the case of the flexural modes (modes 1, 2, 3, 4, 7, 8, 9, 10, 13, 14 in
figure 5.20), but not for the torsional modes. More details on the amplitude of the dis-
placements are given in appendix D.2.

Moreover, the location 2 was supposed to be efficient on the mode at 270 Hz as it corre-
sponds to an anti-node of this mode. However, the figure 5.21 shows that the attenuation
reaches only 9 dB, what is less than expected. Looking carefully to the mode shape at 270
Hz in figure 5.20, we can see that this mode presents large displacements on the ailerons
(the experimental mode shape shows this better than the numerical mode shape). Conse-
quently, this mode is harder to mitigate since no VI absorbers are located on the ailerons.
Despite this, placing the VI absorbers at the end of the wings where displacements are
larger enables to achieve a better effectiveness of 14 dB.

At last, the effectiveness achieved on the two first modes (18 Hz and 41 Hz) could
probably be increased using larger gaps, but the maximum gap is reached in this case.

In order to assess the multimodal effectiveness of multiple absorbers, we focused on
the attenuation circled with red line that correspond to the targeted attenuation on the
corresponding frequency range. Thus, it determines the gap to choose. Then, the four lo-
cation are used simultaneously with the objective to improve the effectiveness for several
frequency ranges simultaneously. Therefore, the following approach is adopted:

• The gap of the VI absorbers of location 1 are set to 2 mm in order to mitigate the two
first modes;

• The gap of the VI absorbers of location 2 are set to 0,2 mm in order to mitigate the
torsional modes in the frequency range [112 ; 154] Hz and [280 ; 330] Hz;

• The gap of the VI absorbers of location 3 are set to 0,4 mm in order to mitigate the
mode in the frequency range [85 ; 112] Hz (a great effectiveness is also expected in
[112 ; 154] Hz);
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Figure 5.18: Vibration reduction obtained using three VI absorbers at the end of the wings in each
frequency range.
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Figure 5.19: The four locations tested.

• The gap of the VI absorbers of location 4 are set to 0,2 mm in order to mitigate the
modes in the frequency range [112 ; 154] Hz and [280 ; 330] Hz

5.4.3.2 Combination of multiple VI absorbers

The comparison of the FRFs obtained separately in each of the four locations of the ab-
sorbers and for the four locations simultaneously are presented in figure 5.22. The corre-
sponding attenuations are given in figure 5.23.

It is interesting to see that the vibration reduction obtained in the case where all the
VI absorbers are used simultaneously is equal or greater than in the case of each location
1, 2, 3 or 4 taken individually. Therefore, even in the case of the frequency range where
no particular effectiveness was expected, a significant attenuation is achieved. Thus, the
modes around 200 Hz are reduced up to 20 dB, the mode at 270 Hz is reduced of 14 dB.
Even the modes at 371 Hz and 406 Hz are reduced of 18 dB and 15 dB respectively. How-
ever, none of the location tested are efficient in the frequency ranges [414 ; 500] Hz.

As a consequence, we have performed multimodal vibration reduction using multi-
ple VI absorbers that are appropriately located on the structure, and choosing the gap
value that leads to the best effectiveness. Moreover, the difference of the amplitudes of
displacement of the lower and the higher modes of the plane is less than in the case of
the beam that was studied in chapter chapter 3. For instance, the ratio of the amplitudes
of displacements of the first and the fourth mode of the plane is approximately 18, while
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Figure 5.20: Mode shapes of the plane.

it is more than 5000 in the case of the beam ! The FRF displacement / force is given in
appendix D.3 for more details. Such a result facilitates the effectiveness of the absorbers
on several modes simultaneously, and this is probably the reason why vibration reduction
could be performed even in frequency ranges where it was not particularly expected.

Lastly, one should be aware that adding masses to the structure slightly changes the
frequency and the mode shapes, and it is not considered here.

5.4.4 Vibration reduction of the low-frequency modes

In the domain of vibration reduction, a difficulty is to perform vibration suppression of
the first low frequency modes of the structure without deteriorating the static rigidity. In-
deed, a common solution is to use polymer materials because they have very high damp-
ing properties in certain conditions of temperature. However, these interesting damping
properties are often related to bad static rigidity of the material, what is a major problem
for the structural resistance [24]. The previous chapters have shown that great vibration
reduction was performed on the first mode of a beam using a VI absorber. Nevertheless,
the static rigidity should be verified. This is done on the plane equipped with multiple
VI absorbers. The figure 5.24 show the FRF displacement / force averaged on all the ob-
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Figure 5.21: Determination of the frequency range of effectiveness for each location of the VI
absorbers. The red circles correspond to the targeted attenuation and determine the gap value.

servation points on the plane. At the lowest frequencies (10 Hz in the present case) it
represents the flexibility of the plane. Therefore, the static rigidity is obtained consider-
ing the inverse of the flexibility, and it means that the flexibility must be as low as in the
case where no VI absorbers are attached to the plane. As the two curves merge for the
lowest frequency, we can conclude that the attachment of the three VI absorbers at the
ends of the wings does not deteriorate the static rigidity of the plane. Meanwhile, the two
first low frequency modes of the plane are interestingly damped by the adding of the VI
absorbers. Thus, VI based strategies are good candidates to perform both low frequency
vibration reduction while guaranteeing that the structural properties of the structure are
not significantly affected. Moreover, a greater attenuation could be expected for the first
modes in the present case if the gap is increased. However, the maximum value was al-
ready reached.

5.4.5 Response to narrowband excitations

In the literature, many papers aiming to explain the mechanisms leading to energy dis-
sipation in vibro-impacts state that energy transfers occur between modes [128, 49, 7].
More specifically, the vibro-impacts excite the higher modes of the considered structure.
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Figure 5.22: Comparison of the FRFs obtained for different locations and gaps of the VI absorbers.
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Figure 5.23: Attenuation obtained for different locations and gaps of the VI absorbers. The red
circles are the targeted attenuation.

This statement has been verified numerically in chapter 4 of this manuscript, where a
model of a beam submitted to vibro-impact is solved using a semi-analytical method.

The present section is devoted to study the response of the model plane submitted to
narrowband white noise excitations, and to analyze the vibrational response of the struc-
ture to vibro-impacts out of the range of excitation. For this purpose, a narrow frequency
range is selected for the excitation signal, and the response of the plane is analyzed up
to 5000 Hz. The arrangement of the vibro-impact absorbers correspond to the one pre-
sented in figure 5.18, where three VI absorbers are set at the both ends of the wings.

5.4.5.1 Excitation of the two first modes: 10 - 70 Hz

The first case investigated consists in exciting the plane on its two first flexural modes,
at 18 Hz and 41 Hz. Therefore, the white noise excitation is in the range 10 - 70 Hz. The
excitation amplitude is maintained constant, and the gap is varied. The figure 5.25 shows
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Figure 5.24: FRF in displacement illustrating the damping of the two first modes ensuring the
static rigidity (gap = 2 mm).

that the gap of 2 mm leads to the best vibration reduction, especially for the second mode.
The subfigure b) represents the quadratic velocity of the plane, averaged on the measur-
ing points on the frequency range 70 - 5000 Hz. The choice was made to use the quadratic
velocity instead of the velocity because it is proportional to the kinetic energy of the struc-
ture and has an interesting physical meaning. At this point, the subfigure b) allows to dis-
tinguish the responses with the VI absorbers from the responses without balls, as the first
ones are largely higher than the last ones. Then, the subfigure c) shows the integral of the
quadratic response over the frequency range 70 - 5000 Hz, so that it allows to compare
the accumulation of the energy in the structure over the frequency range. It is worthy to
note that the highest curves correspond to the gap values leading to the best vibration re-
duction. Interestingly the curves related to the responses without balls and with the balls
locked are approximately one thousand times lower. As a consequence, it confirms that
vibro-impacts lead to an energy transfer from the lower modes of the structure towards
the higher modes. Moreover, the closer to the optimal response, the higher the energy
transfer.
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Figure 5.25: Analysis of the excitation in the range 10 - 70 Hz. a) FRF. b) quadratic velocity out of
the excitation range. c) integral of the quadratic velocity out of the excitation range.

5.4.5.2 Excitation of the fourth mode: 85 - 123 Hz

In this second case, the excitation is in the vicinity of the fourth mode, so that we are able
to study the response of the structure for frequencies both lower and higher than the ex-
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citation frequencies. This time, the optimal gap is equal to 0,5 mm. In figure 5.26, the up-
per plots b) and c) focus on frequencies higher than the excitation range, while the lower
plots d) and e) focus on frequencies lower than the excitation range. Looking first at the
subfigures b) and c), the same conclusions than above can be drawn: the responses with-
out balls and with the balls locked lead to negligible levels of vibration in this frequency
range, while the optimal response is the one that accumulates the most energy over this
frequency range. However, the conclusions are different regarding the plots d) and e). In-
deed, the subfigure d) representing the quadratic velocity shows that the higher values are
related to the worst response in terms of vibration reduction (gap equal to 2 mm and 1,2
mm). Furthermore, the subfigure e) confirms this observation, since the most energy is
accumulated in the range 10 - 85 Hz for the gap equal to 2 mm. On the contrary, the curve
associated to the optimal gap (equal to 0,5 mm) is quite below. This would suggest that,
once the optimal gap is found, the vibro-impacts result in an energy transfer in the upper
part of the frequency range larger compared to suboptimal cases, but not in the lower part
of the frequency range. As explained in chapter 4, this phenomenon is beneficial to the vi-
bration reduction, and the energy-based approach adopted in this same chapter comes to
the same conclusions. Consequently, VI absorbers seem to be able to damp not only the
first mode of a structure, but also the higher ones without significant detrimental effects.
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Figure 5.26: Analysis of the excitation in the range 85 - 123 Hz. a) FRF. b) quadratic velocity above
the excitation range. c) integral of the quadratic velocity above of the excitation range. d)

quadratic velocity below the excitation range. e) integral of the quadratic velocity below of the
excitation range.

5.5 Conclusions

The study of the behavior of a multi-modal structure equipped with vibro-impact ab-
sorbers turned out to be a crucial point to represent the physical phenomena at stakes
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on real structures. Accordingly, this chapter examines numerically and experimentally
the behavior of a model plane endowed with a single vibro-impact absorber. In a second
time, we realized experiments in order to investigate the benefits of employing multiple
VI absorbers to overcome the limitations encountered with a single VI absorber.

First, a modeling and numerical work is proposed to simulate the time response of
a three-dimensional structure equipped with a vibro-impact absorber. The approach
adopted is based on a finite element model of the structure. Once the matrices of the
system are known, the vibro-impact force is added to the equations and the system is
solved using numerical integration. The simulations exhibit very clearly a relation be-
tween the gap and the excitation amplitude of the main structure. This can be turned
into the following design rule: the optimal vibration reduction can be reached for sev-
eral gaps and excitation forces, and the relation between these two parameters is linear.
This finding should help to determine the optimal gap of the absorber, depending on the
excitation conditions. Moreover, the influence of these two parameters are confirmed ex-
perimentally. In addition, the effectiveness of a VI absorber for white noise excitation is
investigated. The results show distinctly that a single VI absorber can tackle one mode at
a time, leading to attenuation up to 13 dB. However, no optimal configuration exists to
address the problem of multimodal attenuation.

To this end, the model plane tested in this chapter is then equipped with smaller mul-
tiple VI absorbers. Preliminary tests confirm that smaller gaps are more suited to tackle
higher modes, while larger gaps have a better effectiveness on the first modes of the plane.
In order to deal with multimodal attenuation, the influence of the location of the ab-
sorbers on the frequency range of effectiveness is firstly examined. Furthermore, the level
of performance obtained in each frequency range is explained based on the mode shapes.
In the light of these results, four locations are combined and allow to perform an effective
multimodal vibration reduction. Even if the attenuation obtained is more complex than
simply the sum of the attenuation of each individual location, it is worthy to note that we
achieved at least the same vibration attenuation than the one obtained for each individual
location. And sometimes even better. Then, it was verified that such absorbers enable to
perform low frequency vibration reduction without significantly modifying the structural
properties of the plane, and in particular, the static rigidity, whereas it is usually difficult
to achieve with polymer materials. At last, narrowband excitations are considered and
the behavior of the plane is studied out the range of excitation in order to assess the non-
linearity effects due to vibro-impacts. The results corroborate the conclusions drawn in
chapter 4, since the structure seems to undergo larger energy transfer towards the higher
modes than towards the lower modes, confirming that no major detrimental effects occur
in the presence of vibro-impact absorbers.
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Conclusions and perspectives

The work presented is this PhD thesis is focused on the design of vibro-impact absorbers
in the context of vibration mitigation. New experimental approaches are adopted, and
provide novel and promising results concerning the performance and the design of vibro-
impact absorbers. In particular, a full-field measurement method is proposed for vibro-
impact systems. Then, structures of progressive complexity are equipped with vibro-
impact absorbers, namely a beam and a three-dimensional structure corresponding to
a model plane. Numerical approaches are adopted to complete and validate the experi-
mental results.

The first contribution of this work concerns the development of a full-field measure-
ment technique allowing to measure and characterize the vibro-impact phenomenon.
The technique developed is based on a Digital Image Correlation process and a series of
pictures recorded using a high speed camera. The motions of both the main structure
and the ball are reconstructed, overcoming the difficulties encountered to measure the
displacement of the oscillating mass with conventional sensors. Then, continuous dis-
placements are obtained using curve fitting as a model identification process. Hence, it is
possible to derive the velocities using analytical derivatives without noise amplification.
At the end, the coefficient of restitution and the friction forces acting on the ball during
the free flight phases are obtained. Up to now, these quantities remained unmeasurable,
demonstrating the high benefit of such field measurement for vibro-impact applications.
These results correspond to the chapter 2 and are published in Mechanical Systems and
Signal Processing, Volume 156 entitled Full-field measurements with Digital Image Corre-
lation for vibro-impact characterisation.

The second contribution concerns the application of vibro-impact absorbers on
multi-modal structures, since many theoretical results of the literature are obtained for
single degree-of-freedom systems. Accordingly, two structures are equipped with a single
vibro-impact absorber and are tested experimentally. The first one is a cantilever beam
submitted to base excitation, and the second one is a model plane, playing the role of
a more realistic structure. For both of them, a vibro-impact absorber with tunable gap
has been designed and manufactured. Harmonic and random excitations are consid-
ered. In the case of harmonic excitations, parametric studies on the gap confirm that, like
for single degree-of-freedom systems, the optimal gap is at the limit between the regime
with two impacts per period of the excitation and the Strongly Modulated Regime. An
optimal gap can also be found for random excitations, even if the previous regimes do
not exist anymore. Interestingly, we also have clearly demonstrated that a single vibro-
impact absorber can tackle one mode at a time, but that multimodal attenuation cannot
be achieved. The corresponding results can be found in both chapter 3 concerning the
beam, and chapter 5 for the model plane. Moreover, the results obtained on the beam
in chapter 3 are also published in Mechanical Systems and Signal Processing, Volume 180
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entitled Experimental investigations of a vibro-impact absorber attached to a continuous
structure.

Consequently, the third contribution is related to the design of multiple vibro-impact
absorbers in order to improve the vibration mitigation performance, and more specifi-
cally to obtain a multimodal attenuation. Therefore, the influence of two parameters is
investigated, namely the gap and the location of the vibro-impact absorbers. The results
show that smaller gaps are more likely to tackle higher modes, whereas larger gaps are
more suited for lower modes. Regarding the location of the absorbers, it should be cho-
sen on the antinodes of the mode(s) that must be mitigated. Combining several gaps and
locations of the absorbers, it is possible to achieve multimodal attenuation. Moreover, we
verified that it was possible to reduce the vibration amplitude of the lower modes of vibra-
tion without deteriorating the static rigidity of the structure. The corresponding studies
are described in chapter 5.

Finally, the last contribution concerns the evaluation of the modal energy transfers in
a structure equipped with a vibro-impact absorber, and their role in the effectiveness of
the absorber. For this purpose, a model of an Euler-Bernoulli beam with a VI absorber
attached at its end is solved using a semi-analytical method, allowing to derive exact
energy balances. Firstly, we observed that vibration reduction is performed in spite of the
impacts are perfectly elastic and non-dissipative. Considering a harmonic excitation of
the first mode of the beam, the results show that mechanical energy is transferred from
the first excited mode to the higher modes that contribute to the energy dissipation in a
more effective manner. Moreover, this energy transfer is greater when the gap is set at its
optimal value, which corresponds the best vibration reduction. The same conclusions
are drawn for an excitation in the vicinity of the second and the third mode of the beam.
In addition, we observed that negligible energy transfers occur from the excited mode
toward the lower modes. This is worthy to note, since such phenomenon would be
detrimental to the performance of the absorber. This results corresponds to chapter 4.
Besides, in chapter 5, the response of the plane out of the frequency band of excitation is
analyzed, and leads to similar conclusions.

Of course, further work are envisioned in the perspective of the design of vibro-impact
absorbers for real industrial applications. To start with, it is necessary to identify the con-
ditions that enable the best performances of the vibro-impact absorber. If the influence
of the gap is now well understood and affects directly the level of vibration reduction, the
question of the robustness is not fully addressed yet. Preliminary numerical results are
proposed at the end of chapter 4 and highlight the robustness of the vibro-impact ab-
sorber to eigenfrequencies variations. This result must be validated experimentally, and
random excitations should be considered in addition to harmonic excitations. With the
same objective, the robustness to variations of the excitation amplitude must be studied.

Still focusing on the development of industrial applications, it seems crucial to be able
to build predictive models that make engineers able to design absorbers that meet the
performances required, using fast and low-cost numerical approaches. For this purpose,
model updating related to the vibro-impact process needs to be realized. Yet, almost no
work dealing with this problematic is proposed. The full-field measurement method pro-
posed in chapter 2 may be a starting point allowing to obtain reliable experimental data.
Accordingly, even if no model updating process was realized during this work, all the nec-
essary elements are available, namely the models and the experimental data.
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Then, very recent studies have shown the existence of damage in the contact zones of
the vibro-impact absorber, due to the repetitive impacts of the ball. Therefore, the con-
tact properties are modified. Before going towards industrial applications, it is absolutely
necessary to investigate the influence of the damaging of the contact zone on the behav-
ior and performance of the absorber. Moreover, the evolution of these damages over time
must be analyzed in order to understand their influence on the service life of a vibro-
impact absorber. To do so, adopting an experimental approach is probably a relevant
strategy.

Furthermore, the vibro-impact absorbers developed in the present work lead to im-
portant noise during the experiment. For the moment, this drawback is not considered
as irrevocably detrimental. Indeed, the presence of noise is acceptable considering ap-
plications such as machining, or the takeoff and landing phase of a plane. Nevertheless,
the development of more silent devices should be considered in the future, using smaller
absorbers or based on the encapsulation of the device for instance.

At last, the mechanical design of vibro-impact absorbers must be improved. In par-
ticular, the design efforts that have been realized in this PhD thesis to design and manu-
facture modular devices have to be continued. It seems relevant to go towards the minia-
turization of the vibro-impact absorbers in order to reduce their mass and size, and meet
the industrial challenges that we are facing.
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Appendix A

Appendix chapter 2

A.1 Features of the experimental set-up

The diameter of the ball is 4,8 mm, its mass is 1,82.10−4 kg, and the mass of the entire
structure of the VI absorber is 6,63.10−1 kg. The materials used for each part are sum-
marized in Table A.1. The main dimensions are given in Fig. A.1. During all the tests
presented in this paper, the distance between the upper disk and the lower disk was 16,6
mm.

Figure A.1: Main dimensions (in mm) of the experimental set-up.

material
ball ceramic

plates aluminium
guiding and holding rods steel

disks aluminium

Table A.1: Materials of the experimental set-up of the VI damper.
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Appendix B

Appendix chapter 3

B.1 Analysis of the temporal response for the first mode

This appendix presents the temporal responses of both the ball and the beam for the dif-
ferent points from A to O of the FRFs of Fig. 3.6a
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Figure B.1: Temporal responses for the gap = 1,53 mm. First line: Time velocity at the beam end
on a 4 s duration. Second line: Zoom on the first line plot on a 0,3 s duration. Third line:

Estimated displacement at the beam end (orange) and for the ball (blue).
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Figure B.2: Temporal responses for the gap = 2,29 mm.
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Figure B.3: Temporal responses for the gap = 2,67 mm.
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Figure B.4: Temporal responses for the gap = 2,99 mm.
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Figure B.5: Temporal responses for the gap = 3,77 mm.
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B.2 Analysis of the temporal response for the second mode

This appendix presents the temporal responses of both the ball and the beam for the dif-
ferent points from A to O of the FRFs of Fig. B.6
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Figure B.6: FRF with the points for which the temporal response is analysed.
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Figure B.7: Temporal responses for the acceleration = 1,08 g. First line: Time velocity at the beam
end on a 4 s duration. Second line: Zoom on the first line plot on a 0,3 s duration. Third line:

Estimated displacement at the beam end (orange) and for the ball (blue).
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Figure B.8: Temporal responses for the acceleration = 0,938 g.
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Figure B.9: Temporal responses for the acceleration = 0,866 g.
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Figure B.10: Temporal responses for the acceleration = 0,722 g.
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Figure B.11: Temporal responses for the acceleration = 0,577 g.

B.3 Masses, materials and drawings of the parts of the VI
absorber

Part Mass (g) Material

Cavity 6,41 aluminium
Adjusting screw 7,54 steel

Counter nut 0,117 brass
Ball 2,71 steel

Beam 189,02 aluminium

Table B.1: Masses and materials of the components of the VI absorber.

9



APPENDIX B. APPENDIX CHAPTER 3

Figure B.12: Drawing and main dimensions of the cavity.

Figure B.13: Drawing and main dimensions of the beam.

Figure B.14: Drawing and main dimensions of one adjusting screw.
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Appendix chapter 4

C.1 Determination of the modal basis

The four boundary conditions of the beam are:

1. No displacement at x = 0: w(0, t ) = 0 hence ϕ(0) = 0 ;

2. No rotation at x = 0: −∂w
∂x (0, t ) hence ϕ′(0) = 0 ;

3. No shearing force at x = L: −E.I∂
3wr el
∂x3 (L, t ) = 0 hence ϕ(3)(L) = 0 ;

4. No bending moment at x = L: −E.I∂
2wr el
∂x2 (L, t ) = 0 hence ϕ(2)(L) = 0.

And they lead to the following equation system:

c +e = 0;
d +h = 0;

−c.cos(k.L)−d sin(k.L)+e.cosh(k.L)+h. sinh(k.L) = 0;
c. sin(k.L)−d .cos(k.L)+e. sinh(k.L)+h.cosh(k.L) = 0;

We choose to substitute e and h and to use only c and d :


e =−c;

h =−d ;

c.[sin(k.L)− sinh(k.L)]−d .[cos(k.L)+cosh(k.L)] = 0;

c.[cos(k.L)+cosh(k.L)]+d .[sin(k.L)+ sinh(k.L)] = 0.

(C.1)

As said before, we are looking for non-trivial solutions. Hence, the two last equations
must be dependant and the following determinant is null:

det

[
sin(k.L)− sinh(k.L) −cos(k.L)−cosh(k.L)
cos(k.L)+cosh(k.L) sin(k.L)+ sinh(k.L)

]
= 0

11
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⇔

[sin(k.L)− sinh(k.L)].[sin(k.L)+ sinh(k.L)]+ [cos(k.L)+cosh(k.L)]2 = 0

⇔

cos(k.L).cosh(k.L) =−1 (C.2)

C.2 Analytical solutions during free flight phases

One can demonstrate that if the initial conditions qi (t0) and q̇i (t0) are given and the
second member of equation 4.19 is known, then:

ai = A13−A12.bi
A11

;

bi = A11.A23−A21.A13
A11.A22−A21.A12

;

di = ei
ci

.(mi .ω− ki
ω );

ei = Fexc .ϕi (xVI)

−ci .ω+(
mi .ω− ki

ω
ci

).(ki−mi .ω2)

.

With:

A11 = e−ωi .ξi .t0 .[−ωi .ξi .cos(Ωi .t0)−Ωi . sin(Ωi .t0)];
A12 = e−ωi .ξi .t0 .[−ωi .ξi . sin(Ωi .t0)+Ωi .cos(Ωi .t0)];
A21 = e−ωi .ξi .t0 .cos(Ωi .t0);
A22 = e−ωi .ξi .t0 . sin(Ωi .t0);
A13 = q̇i (t0)−ω.[di .cos(ω.t0)−ei . sin(ω.t0)];
A23 = qi (t0)−di . sin(ω.t0)−ei .cos(ω.t0).

C.3 Implementation of qh
i (t )

The homogeneous solution qh
i (t ) is:

qh
i (t ) = e−ωi .ξi .t .[ai .cos(Ωi .t )+bi . sin(Ωi .t )].

In the perspective of an implementation in a computer program, one should notice
that the term e−ωi .ξi .t is exponentially decreasing with respect to time. In order to satisfy
the initial conditions described previously, it is necessary that ai and bi become larger at
each impact to compensate the decay of the exponential term. Therefore, if the simula-
tion is long enough, ai and bi may reach infinite values as e−ωi .ξi .t decays to zero. In order
to get rid of this, one can redefine qh

i (t ) this way:

qh
i (t ) = e−ωi .ξi .(t−t0).[ai .cos(Ωi .t )+bi . sin(Ωi .t )]; (C.3)

12
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where t0 is the impact instant. Doing this, the calculation of the terms Ai j is modified
in the following manner:

A11 = −ωi .ξi .cos(Ωi .t0)−Ωi . sin(Ωi .t0);
A12 = −ωi .ξi . sin(Ωi .t0)+Ωi .cos(Ωi .t0);
A21 = cos(Ωi .t0);
A22 = sin(Ωi .t0);
A13 = q̇i (t0)−ω.[di .cos(ω.t0)−ei . sin(ω.t0)];
A23 = qi (t0)−di . sin(ω.t0)−ei .cos(ω.t0).

And ai and bi take values that remain reasonably low compared to the infinite value
of the software used for the simulation.

C.4 Analytical evaluation of the energy terms

Among the terms of the energy balance defined in 4.3.2.1, the analytical calculation of
Ei

exc and Ei
di ss must be explained.

C.4.1 Energy of the excitation

Knowing that Fexc (t ) = Fexc . sin(ω.t ), let’s recall that:

Ei
exc =

∫ t

0
Fexc (t ).ϕi (xexc ).q̇i (t ).d t ; (C.4)

and from C.3, we have:

q̇i (t ) =e−ωi .ξi .(t−t0).[−ωi .ξi .(ai .cos(Ωi .t )+bi . sin(Ωi .t ))−ai .Ωi . sin(Ωi .t )

+bi .Ωi .cos(Ωi .t )]+ω.(di .cos(ω.t )−ei . sin(ω.t )). (C.5)

The sine and cosine products that appears in sin(ω.t ).q̇i (t ) can be linearized:

sin(ω.t ).cos(Ωi .t ) = 1

2
.[sin((ω+Ωi ).t )+ sin((ω−Ωi ).t )]; (C.6)

sin(ω.t ).sin(Ωi .t ) = 1

2
.[cos((ω−Ωi ).t )−cos((ω+Ωi ).t )]; (C.7)

sin(ω.t ).cos(ω.t ) = 1

2
.sin(2.ω.t ); (C.8)

sin2(ω.t ) = 1

2
.[1−2.cos(2.ω.t )]. (C.9)

Therefore, in order to derive the analytical expression of equation C.4, it is necessary to
determine a primitive of ea.(t−t0).cos(b.t+ϕ) where t0, a,b,ϕ ∈R and b ̸= 0. The primitives
of the other terms are well-known.

Realizing two successive integrations by parts, one can demonstrate that:

13
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∫ t

0
ea.(u−t0).cos(b.u +ϕ).du = ea.(t−t0)

b.(1+ (a/b)2)
.[(sin(b.t +ϕ)

+ (a/b).cos(b.t +ϕ))]+β; (C.10)

where β is a integration constant to determine. Practically, this term will be fixed indi-
rectly ensuring the continuity of Ei

ext (t ) at the impact instants.
At the end, injecting the linearized expression C.6-C.9 in C.5 and C.4 and factorizing,

we obtain:

Ei
exc (t ) = Fexc .ϕ(xexc ).

1

2
.[(−ωi .ξi .ai +bi .Ωi ).(γ1 +γ2)

− (ωi .ξi .bi +ai .Ωi ).(γ3 −γ4)

+ ω

2
.(di .γ5 −ei .γ6)];

where:

γ1 =
∫ t

0
e−ωi .ξi .(t−t0). sin((Ωi +ω).t ).d t ; (C.11)

γ2 =
∫ t

0
e−ωi .ξi .(t−t0). sin((ω−Ωi ).t ).d t ; (C.12)

γ3 =
∫ t

0
e−ωi .ξi .(t−t0).cos((ω−Ωi ).t ).d t ; (C.13)

γ4 =
∫ t

0
e−ωi .ξi .(t−t0).cos((ω+Ωi ).t ).d t ; (C.14)

γ5 =
∫ t

0
sin(2.ω.t ).d t = 1

2.ω
.(1−cos(2.ω.t )); (C.15)

γ6 =
∫ t

0
[1−cos(2.ω.t )].d t = t − sin(2.ω.t )

2.ω
. (C.16)

The terms C.11-C.14 can be calculated analytically using equation C.10 replacing a, b,
and ϕ by the corresponding values and using that sin(ω.t ) = cos(ω.t −π/2).

C.4.2 Energy dissipated

Let’s recall that:

Ei
di ss =

∫ t

0
ci .q̇2

i .d t . (C.17)

Besides:

q̇2
i = (q̇h

i )2 +2.q̇h
i .q̇ p

i + (q̇ p
i )2. (C.18)

Developing each term and linearizing the trigonometric terms lead to:

14



APPENDIX C. APPENDIX CHAPTER 4

(q̇h
i )2(t ) =e−2.ωi .ξi .(t−t0).[(−ai .ωi .ξi +bi .Ωi )2.cos2(Ωi .t )︸ ︷︷ ︸

1+cos(2.Ωi .t )
2

+ (−bi .ωi .ξi −ai .Ωi )2. sin2(Ωi .t )︸ ︷︷ ︸
1−cos(2.Ωi .t )

2

+2.(−ai .ωi .ξi +bi .Ωi ).(−bi .ωi .ξi −ai .Ωi ).cos(Ωi .t ).sin(Ωi .t )︸ ︷︷ ︸
1
2 . sin(2.Ωi .t )

]. (C.19)

(q̇ p
i )2(t ) =ω2.[d 2

i .cos2(ω.t )︸ ︷︷ ︸
1+cos(2.ω.t )

2

+e2
i . sin2(ω.t )︸ ︷︷ ︸

1−cos(2.ω.t )
2

−2.di .ei .cos(ω.t ).sin(ω.t )︸ ︷︷ ︸
1
2 . sin(2.ω.t )

]. (C.20)

q̇h
i (t ).q̇ p

i (t ) =ω.e−ωi .ξi .(t−t0).[di .(ai .ωi .ξi +bi .Ωi ). cos(Ωi .t ).cos(ω.t )︸ ︷︷ ︸
1
2 .[cos((Ωi−ω).t )+cos((Ωi+ω).t )]

+di .(−bi .ωi .ξi −ai .Ωi ). sin(Ωi .t ).cos(ω.t )︸ ︷︷ ︸
1
2 .[sin((Ωi+ω).t )+sin((Ωi−ω).t )]

]. (C.21)

Injecting equations C.19, C.20, C.21 in equation C.18 and C.17, we can express Ei
di ss(t )

in a more compact expression, so that:

Ei
di ss =ci .[

Γ1

2
.(µ2

i +η2
i )+ Γ2

2
.(µ2

i −η2
i )+Γ3.µi .ηi

+Γ4.ω.(di .µi −ei .ηi )+Γ5.ω.(di .µi +ei .ηi )+Γ6.ω.(di .ηi −ei .µi )

+Γ7.ω.(di .ηi +ei .µi )+ ω2

2
.(Γ8.d 2

i +Γ9.e2
i −2.di .ei .Γ10)]. (C.22)

where the following terms have been defined:

µi =−ai .ωi .ξi +bi .Ωi ; (C.23)

ηi =−bi .ωi .ξi −ai .Ωi . (C.24)

And:
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Γ1 =
∫ t

0
e−2.ωi .ξi .(t−t0).d t =− 1

2.ωi .ξi
.(e−2.ωi .ξi .(t−t0) −e2.ωi .ξi .t0 ); (C.25)

Γ2 =
∫ t

0
e−2.ωi .ξi .(t−t0).cos(2.Ωi .t ).d t ; (C.26)

Γ3 =
∫ t

0
e−2.ωi .ξi .(t−t0). sin(2.Ωi .t ).d t ; (C.27)

Γ4 =
∫ t

0
e−ωi .ξi .(t−t0).cos((Ωi −ω).t ).d t ; (C.28)

Γ5 =
∫ t

0
e−ωi .ξi .(t−t0).cos((Ωi +ω).t ).d t ; (C.29)

Γ6 =
∫ t

0
e−ωi .ξi .(t−t0). sin((Ωi +ω).t ).d t ; (C.30)

Γ7 =
∫ t

0
e−ωi .ξi .(t−t0). sin((Ωi −ω).t ).d t ; (C.31)

Γ8 =
∫ t

0
(1+cos(2.ω.t )).d t = t + 1

2.ω
. sin(2.ω.t ); (C.32)

Γ9 =
∫ t

0
(1−cos(2.ω.t )).d t = t − 1

2.ω
. sin(2.ω.t ); (C.33)

Γ10 =
∫ t

0
sin(2.ω.t )).d t =− 1

2.ω
.(cos(2.ω.t )−1). (C.34)

The terms C.26-C.31 can be calculated analytically using equation C.10 replacing a,
b, and ϕ by the corresponding values and using that sin(ω.t ) = cos(ω.t −π/2). Particular
attention should be paid to equation C.25, as the term e2.ωi .ξi .t0 is expected to grow ex-
ponentially with the simulation duration. As explained before, it could lead to numerical
discrepancies. Accordingly, this term can be chosen to zero at this point, and the question
of the integration constant will be indirectly solved ensuring the continuity of Ei

di ss(t ) at
the impact instants.

C.5 Comparison with a Tuned Mass Damper

The figure C.1 compares the displacement response of the beam obtained in identical
conditions as those described in section 4.3 in the following cases:

• No absorber attached to the beam ;

• Optimal VI absorber (based on the results depicted in figure 4.5) attached at the end
of the beam ;

• Optimal Tuned Mass Damper attached at the end of the beam for various damping
ratio ξ, and for a mass ratio equal to 1,8% similar to the case of the VI absorber.

Therefore, one can see that if ξ is greater or equal to 6,3%, these simulation results show
that the TMD outperforms the VI absorber in terms of maximum vibration amplitude of
the frequency range considered here. However, reaching such a damping ratio is partic-
ularly challenging. Damping ratios closer to 2% are more realistic. In this last case the VI
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Figure C.1: Response of the beam equipped with the optimal VI absorber, or with a TMD.

absorber remains more effective. Moreover, we have seen at the end of chapter 4 that the
VI absorber is particularly robust to eigenfrequencies variations, what is not the case for
TMD.

C.6 Energy based approach with 6 modes

The present section aims to present the results obtained for the same simulations as in
section 4.3 using only six modes in the modal basis instead of eight in order to see if the re-
sults are changed. The figure C.2, figure C.3 and figure C.4 present the FRF of the beam for
an excitation in the vicinity of the first, second, and third mode. The figure C.5, figure C.6,
and figure C.7 depicts the mechanical energy transferred to each mode for an excitation
in the vicinity of the three first modes. At last, the figure C.8, figure C.9, figure C.10 shows
the energy dissipated by each mode.

The conclusions previously established at the end of chapter 4 remains unchanged. In
particular, the existence of an energy transfer towards the higher modes, and the negligi-
ble amount of energy transferred towards the lower modes is also demonstrated here.
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Figure C.2: FRFs of the beam excited on the first mode for several gap values.
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Figure C.3: FRFs of the beam excited on the second mode for several gap values.
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Figure C.4: FRFs of the beam excited on the third mode for several gap values.
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Figure C.5: Energy received by mode for an excitation on the first mode.
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Figure C.6: Energy received by mode for an excitation on the second mode.
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Figure C.7: Energy received by mode for an excitation on the third mode.
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Figure C.8: Energy dissipated by mode for an excitation on the first mode.
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Figure C.9: Energy dissipated by mode for an excitation on the second mode.
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Appendix D

Appendix chapter 5

D.1 Change of the FRFs due to added masses

The VI absorbers attached to the wing plane add small masses to the structure. This con-
tributes to shift the eigenfrequency and to change slightly the mode shapes. In order to
complement the section 5.4.2, the figure D.1 illustrates the change in the FRF when three
VI absorbers with the balls locked are attached at the end of the wings. Because of the
added masses, the resonance peaks are shifted towards lower frequencies. Moreover, their
amplitudes are sometimes changed.
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Figure D.1: Comparison of the FRFs to illustrate the effect of the added masses due to VI
absorbers

D.2 Comparison of the displacements for flexural and tor-
sional modes

This appendix specifies the amplitudes of the displacements measured on the plane wing
in order to explain the efficiency observed in 5.4.3.1. The figure D.2 illustrates the dif-
ference of displacements that can be observed on the measuring points for flexural and
torsional modes. This highlights very well that the point 1 undergoes larger displacements
when the plane vibrates on the flexural modes, while points 5, 6, 7 and 8 has larger dis-
placements when the plane vibrates on the torsional modes.
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Figure D.2: Displacements of the measurement points depending on the mode shape.
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D.3 Frequency Response Function in displacement of the
model plane

This appendix comes as a developpement to explain the results presented in 5.4.3.2. As
the efficiency of the absorbers are related to the gap and to the vibration amplitude of the
plane, it is interesting to look at the displacement of the plane for the excitation frequency
range. Consequently, the FRF displacement / force is depicted in figure D.3. This shows
that the displacements decrease less rapidly with the frequency than in the case of the
beam presented in chapter 3. Therefore, finding the gap values that enable to perform a
multimodal attenuation may be easier in the case of the plane.
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Figure D.3: FRF displacement / force of the plane without absorbers.

D.4 Repeatability with multiple VI absorbers

This appendix aims at assessing the repeatability of the tests realized on the model plane
equipped with multiple absorbers. Even if the locations of the absorbers during these
tests do not correspond to the tests realized in chapter 5, the conclusions can be extended
to these tests.

D.4.1 Repeatability of the response

In the results presented below, two tests are realized. Before running the second test, the
stinger of the shaker is removed and re-attached. The VI absorbers are also removed, the
gap is set again, and the absorbers are re-arranged on the wings. The FRFs presented are
calculated a single measurement point at the left end of the wing. The results demonstrate
that no significant variations are observed.

D.4.2 Repeatability of the excitation force

The tests with multiple absorbers presented in chapter 5 are realized without controlling
the excitation force. Nevertheless, the gain of the amplifier is set at the same level for each
test, as is the voltage of the excitation signal. Since the force level is not monitored, it may
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Figure D.4: Repeatability of the response without balls.

slightly vary in the tests. The objective of this appendix is to demonstrate that the varia-
tions of the excitation force remains at a reasonably low level, despite the absence of con-
trol. In the following results, the spectra of the excitation force are compared in figure D.6a
for several different tests dealing with different gap values and different arrangements of
the absorbers. The configuration of these tests are presented in figure D.6b. This last fig-
ure depicts the variation of the Root Mean Square level of the excitation force compared
to the mean value.

Therefore, the variation through all the tests is not greater than 7 %, which seems to
be reasonably acceptable in order to be able to compare the results of all the tests even if
no force control is used.
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Figure D.5: Repeatability of the responses for several arrangement of the VI absorbers.
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Figure D.6: Repeatability of the excitation force.
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Title: Contributions to the development of vibro-impact absorbers : from the characterization 
towards the design of multiple absorbers

Keywords: vibro-impact, vibration mitigation, non-linear dynamics, digital image correlation

Abstract : Structural vibrations take place in each systems because of their natural resonant 
behavior. In some cases though, these vibrations may become problematic since they lead to 
great amplitudes disturbing the systems, to noise, repeated stress and therefore fatigue, 
ending with failure of the structures. Accordingly, these vibrations should be controlled. Some 
well-known solutions exist, like Tuned Mass Dampers or the use of polymer materials that 
have very high dissipative capacity. However, the effectiveness of these solutions are reached 
if certain conditions are matched, such as a proper frequency tuning, or a specific range of 
temperature. Therefore, the solutions available to control the vibrations need a trade-off 
between the performance, the added mass, and the robustness of the device, among others.

Recently, devices involving non-linear phenomena have emerged for their interesting 
properties. For instance, such devices are expected to be efficient on a widest frequency 
range, requiring a low added mass. Vibro-impact based technologies are part of this approach. 
The usually take benefit of the impacts between a main vibrating structure to control and small 
oscillating and embedded masses. Because of the vibrations of the main structure, vibro-
impacts are triggered, leading to energy transfers and vibration reduction. Consequently, the 
main objective of this PhD is to take advantage of vibro-impact phenomenon for vibration 
mitigation application.

The main contributions of this work concern new experimental approaches. To begin with, a 
method is proposed to measure and characterize vibro-impact phenomenon. Based on a high-
speed camera and a Digital Image Correlation process, this new method allows to derive the 
Coefficient of Restitution and the friction forces acting on the ball in a vibro-impact system. 
Then, the effect of a vibro-impact absorber on a multi-modal structure is inquired. 
Experimentally, the cases of a beam and of a model plane are considered. On the beam, the 
performance of the absorber for various type of excitations is demonstrated. The results also 
highlights that the gap and the vibration amplitude plays analogous roles. Setting these two 
parameters fully determine the attenuation, and the occurrence of specific non-linear regime of 
vibration. Moreover, an energy-based approach is adopted numerically, demonstrating the 
important role of the modal energy transfers in vibro-impact problems. The case of the model 
plane aims to consider a more realistic structure before going towards industrial structures. A 
numerical approach based on the Finite Element method is developed to simulate the behavior 
of the plane equipped with a vibro-impact absorber. The simulation results are compared to 
experimental results, highlighting the limitations encountered with a single vibro-impact 
absorber. Finally, we took advantage of multiple vibro-impact absorbers to improve the 
vibration mitigation performance. More specifically, a multi-modal attenuation is achieved using 
a gap gradient and placing the vibro-impact absorbers at specific locations on the plane.
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Titre:Contributions au dveloppement dabsorbeurs  vibro-impacts : de la caractrisation  la 
conception dabsorbeurs multiples

Mots-cls: vibro-impact, rduction des vibrations, dynamique non-linaire, corrlation dimages

s: De par le caractre rsonant des structures qui nous entourent, celles-ci se montrent plus ou 
moins sensibles aux vibrations auxquelles elles peuvent tre soumises. Dans certaines conditions, ces 
vibrations peuvent devenir problmatiques, notamment lorsquelles gnrent de grandes amplitudes de 
vibration qui perturbent le fonctionnement du systme principal, du bruit, des contraintes rptes et 
donc de la fatigue pouvant conduire  la rupture. Des solutions existent, telles que les absorbeurs 
dynamiques ou absorbeurs  masse accorde ou encore lutilisation de matriaux polymres qui 
possde une grande capacit de dissipation dnergie. Cependant, des conditions particulires sont 
requises afin que ces solutions sont pleinement performantes. Il sagit par exemple dun bon accordage 
frquentiel, ou dune plage de temprature particulire. Par consquent, les solutions de contrle 
vibratoire sont ncessairement un compromis entre performance, masse ajoute, et robustesse du 
dispositif notamment.

Rcemment, lexploitation de phnomnes non-linaires dans les solutions de contrle vibratoire a fait 
son apparition car des proprits intressantes ont t dmontres. Par exemple, de tels dispositifs 
sont supposs avoir une bande de frquence defficacit plus importante, et ncessitent un faible ajout 
de masse. es technologies bases sur le vibro-impact en sont un exemple. Il sagit gnralement de 
tirer profit des impacts entre une structure principale  contrler et des masses libres en translation 
intgres  la structure. es vibrations de la structure principale dclenchent alors le phnomne de 
vibro-impact, conduisant  des transferts dnergie et finalement une rduction du niveau vibratoire. 
Par consquent, lobjectif de cette thse est dexploiter le phnomne de vibro-impact  des fins 
dattnuation vibratoire.

es principales contributions de ces travaux concernent des approches exprimentales nouvelles. Tout 
dabord, une mthode de mesure et de caractrisation du vibro-impact est propose. Base sur une 
srie dimage issue dune camra rapide et sur un calcul de corrlation dimages, cette nouvelle 
mthode permet dobtenir le Coefficient de Restitution ainsi que les forces de frottement dans le 
systme  vibro-impact. Puis leffet dun vibro-impacteur sur une structure multi-modale est investigu. 
Exprimentalement, les cas dune poutre et dun modle davion sont tudis. Sur la poutre, lefficacit 
du vibro-impacteur pour plusieurs types dexcitation est dmontre. Par ailleurs, les rsultats montrent 
que le gap et lamplitude dexcitation jouent des rles analogues. Ainsi, ces deux paramtres 
dterminent entirement lattnuation obtenue, ainsi que le rgime de vibration non-linaire du 
systme. De plus, une tude nergtique numrique dmontre limportance du rle des transferts 
dnergie dans lespace modal pour les problmes de vibro-impact. e cas du modle davion vise 
quant  lui  considrer une structure plus raliste avant de sattaquer  des structures industrielles. 
ne mthode base sur la mthode des lments finis est dveloppe pour simuler le comportement 
de lavion quip dun vibro-impacteur. es rsultats de simulation obtenus sont compars  des 
rsultats exprimentaux, mettant bien en vidence les limitations rencontres avec lutilisation dun 
unique vibro-impacteur. Finalement, des vibro-impacteurs multiples sont raliss dans loptique 
daugmenter les performances vibratoires du dispositif. Il est ainsi possible dobtenir une attnuation 
multi-modale en exploitant un gradient de gap et en choisissant judicieusement la localisation des 
vibro-impacteurs sur lavion.

niversit Bourgogne Franche-Comt
32, avenue de l’ Observatoire
25000 Besanon
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