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Abstract

This study revolves around linear representations of compact Lie groups and the study of the
isotropy classes of such representations. The initial motivation of this work lays down in solving
some problems in mechanics of materials where representations of compact groups, such as
subgroups of O(3), are involved.

Isotropy classes of group representations are known to be semialgebraic sets characterized by
polynomial invariants inequalities. In this thesis, we prove that, in fact, for any representation of
compact Lie group, closed isotropy classes are algebraic sets. This result is motivated by several
examples in mechanics. For instance, isotropy classes of SO(3)-representation on the space
of second and fourth order harmonic tensors in mechanics are given by polynomial equations,
which make them algebraic sets. Furthermore, we prove a theorem in invariant theory, about
the rationality of invariants for compact Lie group representations. More specifically, for any
representation of a compact Lie group G on a real vector space V and for any isotropy group
H, any polynomial invariant of the representation of the normalizer N(H) on the fixed point set
VH is indeed the restriction on VH of a rational invariant of the initial representation of G on
V. The latter assertion was already known under some restrictive conditions, such as in the case
of algebraically closed fields and generic isotropies. In this work, the results are proven over R
and with no further conditions.

In a second time, an effective method for determining the isotropy classes for reducible
representations is proposed. This method is based on a binary operation between conjugacy
classes of closed subgroups of a compact group, which has been introduced to obtain the isotropy
classes of a direct sum of representations, if the isotropy classes are known for the irreducible
factors. In the specific case of the three dimensional orthogonal group O(3), clips between some
types of subgroups of O(3) have already been calculated. However, until now, clips between type
IT and type III subgroups were missing. Those are encountered in 3D coupled constitutive laws.
In this thesis, we complete the clips tables by computing the missing clips. As an application,
we obtain 25 isotropy classes for the standard O(3)-representation on the full 3D Piezoelectric
law, which involves the three elasticity, piezoelectricity and permittivity constitutive tensors.

Another problem that has been encountered many times in mechanics is solved in this work
using algebraic methods: given an experimental material with no specific isotropy, it is interesting
to determine the closest isotropy of a contitutive tensor for this material. To solve such a problem,
we used methods of polynomial optimization taking advantage of the characterization of the
isotropy classes by polynomial covariants. Two polynomial optimization methods are presented
to solve this question and applied to some constitutive laws in mechanics such as elasticity and

piezoelectricity laws: one makes use of some effective algorithm based on real algebraic geometry



and theory of moments and the other one is an explicit calculation of critical points by an

algebraic method called Euler-Lagrange method.

Keywords

Compact group representation, isotropy classes, constitutive law, polynomial optimization, con-

tinuum mechanics.



Résumé

Cette étude tourne autour des représentations linéaires des groupes de Lie compacts et de I'étude
des classes d’isotropie de ces représentations. La motivation initiale de ce travail réside dans la
résolution de certains problémes en mécanique des matériaux ol des représentations de groupes
compacts, tels que les sous-groupes de O(3), sont impliqués.

Les classes d’isotropie des représentations de groupes sont connues pour étre des ensembles
semialgébriques caractérisés par des inégalités d’invariants polynomiaux. Dans cette thése, nous
prouvons que pour toute représentation d’un groupe de Lie compact, les classes d’isotropie fer-
mées sont des ensembles algébriques. Ceci est motivé par de nombreux exemples en mécanique.
Par exemple, les classes d’isotropie de la représentation de SO(3) sur 'espace des tenseurs har-
moniques d’ordre 2 et 4 en mécanique sont données par des équations polynomiales, ce qui en
fait des ensembles algébriques. De plus, nous prouvons un résultat en théorie des invariants,
concernant la rationalité des invariants pour les représentations des groupes de Lie compacts.
Plus précisément, pour toute représentation d’un groupe de Lie compact G sur un espace vec-
toriel réel V et pour tout groupe d’isotropie H, tout invariant polynomial de la représentation
du normalisateur N(H) sur I'ensemble des points fixes V' est bien la restriction sur V d'un
invariant rationnel de la représentation initiale de G sur V. Cette derniére affirmation était déja
connue sous certaines conditions restrictives, comme dans le cas de corps algébriquement clos et
d’isotropies génériques. Dans ce travail, les résultats sont prouvés sur R et sans autres conditions.

Dans un deuxiéme temps, une méthode pour déterminer les classes d’isotropie pour les
représentations réductibles est proposée. Cette méthode est basée sur une opération binaire
entre les classes de conjugaison des sous-groupes fermés d'un groupe compact, qui a été intro-
duite pour obtenir les classes d’isotropie d’une somme directe de représentations, si les classes
d’isotropie sont connues pour les facteurs irréductibles. Dans le cas spécifique du groupe orthog-
onal tridimensionnel O(3), les clips entre certains types de sous-groupes de O(3) ont déja été
calculés. Cependant, jusqu’a présent, il manquait les clips entre les sous-groupes de type Il et
de type III. Ceux-ci apparaissent dans les lois constitutives couplées en 3D. Dans cette thése,
nous complétons les tables de clips en calculant les clips manquants. Comme application, nous
obtenons 25 classes d’isotropie pour la représentation standard O(3) sur la loi piézoélectrique
3D compléte, qui implique les trois tenseurs counstitutifs d’élasticité, de piézoélectricité et de
permittivité.

Un autre probléme rencontré & de nombreuses reprises en mécanique est résolu dans ce tra-
vail en utilisant des méthodes algébriques : étant donné un matériau expérimental sans isotropie
spécifique, il est intéressant de déterminer 'isotropie la plus proche d’un tenseur constitutif pour

ce matériau. Pour résoudre un tel probléme, nous avons utilisé des méthodes d’optimisation



polynomiale en tirant profit de la caractérisation des classes d’isotropie par des covariants poly-
nomiaux. Deux méthodes d’optimisation polynomiale sont présentées pour résoudre cette ques-
tion et appliquées & certaines lois constitutives en mécanique telles que les lois d’élasticité et
de piézoélectricité : I'une utilise un algorithme effectif basé sur la géométrie algébrique réelle et
la théorie des moments et 'autre est un calcul explicite des points critiques par une méthode

algébrique appelée méthode d’Fuler-Lagrange.

Mots-clés

Représentation de groupe compact, classes d’isotropie, loi de comportement, optimisation poly-

nomiale, mécanique des milieux continus.
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Introduction

This PhD thesis is part of the project 8OPRIME GAMM (Géométrie algébrique
complexe/réelle et mécanique des matériaux) co-funded by two institutes of French
CNRS,

(7) the mathematics institute INSMI (Institut National des Sciences Mathématiques

et de leurs Interactions) and

(73) the engineering institute INSIS (Institut des Sciences de I’Ingénierie et des Sys-

témes).

It straddles two research laboratories: IMJ-PRG (Institut de Mathématiques de Jussieu
- Paris Rive Gauche) and LMPS (Laboratoire de Mécanique Paris Saclay). The main
purpose of this thesis is to solve mathematical conjectures and mechanical problems
arising from Continuum Mechanics using, in particular, real and complex algebraic

geometry.

Mechanical motivation

In physics, the behavior of a material is described using constitutive laws and such laws are
modeled using tensors. The tensor formulation of linear constitutive laws plays an important
role in various physical theories, ranging from electromagnetism to continuum mechanics (see for

instance [10]):

e In the framework of linear elasticity, the stress tensor o (of order 2) and the strain tensor
e (of order 2) of a material are related by the generalized Hooke’s law o = E : €. The

fourth-order tensor E is called the elasticity tensor.

e In the framework of piezoelectricity, the electric displacement tensor d (of order 1) and the
stress tensor o (of order 2) are related by the tensorial constitutive equation d = P : o,

where the piezoelectric tensor P is a third-order tensor.

In these tensorial formulations, the material behavior is described by R-valued tensors (E and
P). However, such a correspondence is not univocal: it depends on the orientation of the material
in space. From a mathematical point of view, this corresponds to the action of the orthogonal
group O(3) on the tensor space under study. Thus, in order to recognize a material, it is necessary
to identify the orbit of the associated set of constitutive tensors. Besides, it is also important

to take into account the symmetries of the material [25]. Appealing to Curie principle: —"the

12
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symmetries of the causes are to be found in the effects”—, a symmetry of a constitutive tensor is
often expected in mechanical applications, by observing the micro-structure of a material. For
instance, the elasticity tensor of a single crystal alloy with cubic crystal network is expected to
be cubic (conjugacy class [Q]), the piezoelectric tensor of an aluminum nitrite (AIN) alloyed with
rocksalt transition metal nitrites is expected to become cubic (conjugacy class [O~]) for a high
chromium concentration |74].

The questions related to material symmetries can be formulated in the language of the repre-
sentation theory of groups (|13, 105, 44, 14]). We can classify the constitutive tensors according
to their invariance under some O(3)-subgroup, and gather them in sets called isotropy strata.
In mechanics, since the considered groups are compact Lie groups, the space of the considered
tensors decomposes into a finite disjoint union of isotropy strata. Each of these strata thus
corresponds to a given symmetry, indexed by a conjugacy class [H] of a closed subgroup H of G.

This thesis is devoted to problems posed by solid mechanics and formulated in the geometrical

framework of isotropy strata of a compact Lie group representation.

Problematics

Geometry of isotropy strata for compact Lie group representations

The geometrical structure of isotropy strata for a group representation G on a real vector space
V can be deduced from the geometry of the orbit space V/G. The initial observation is that the
space of orbits V/G can be described directly using the invariant algebra R[V]Y. In fact, if G is
a compact Lie group, the algebra of G-invariant polynomials is known to separate the orbits [1,
Appendix C|. Consequently, if {J1, Jo,...,Jy} is a set of polynomial invariants which separate
the G-orbits, then the map

J v (J1(v), Jo(v), ..., In(v))

induces an algebraic homeomorphism .J between the orbit space V/G and J(V) C RY, which
is a semialgebraic subset of RY. This link between the invariant algebra and the orbit space
is initially described by Abud-Sartori [1] and then clearly established by Procesi-Schwarz [95].
More precisely, the semialgebraic description of V/G is expressed using the positivity of a matrix
with entries the differentials of the G-invariant functions. This matrix is called the Bézout matrix
(see [95]) or the Hermite matrix (see |23, section 1.4.1]). A rational parametrization for the orbit
space using invariant functions has been studied by Sartori-Valente in [101]. A recent study on
this link was then initiated by Auffray-Kolev-Petitot [2], restricting to the case of an irreducible
representation of SO(3,R). In [2], Auffray-Kolev-Petitot reduced the study of orbit space, in a
non trivial particular case, by considering the representation of the normalizer N(H), for H an
isotropy subgroup of G, on the subspace of fixed points V# of V.

Beyond the semialgebraic structure of the isotropy strata, it was observed, in some cases
in mechanics of materials, that isotropy strata can be characterized explicitly by polynomial
equations. For instance, in [38], most of the isotropy strata of the SO(2)-representation on the

space of elasticity tensors are given by polynomial equations. Moreover, recently, the exploitation



14

of covariants, geometrically richer than the invariants, allowed to obtain explicit polynomial
equations of the eight strata of the SO(3)-representation on the space of harmonic tensors of order
4 (see [91]). This characterization of the isotropy strata by polynomial equations in some specific
cases, brings up questions about the algebraic structure of strata in more general contexts. An
important result of this thesis is that, for any representation of compact Lie group on a real vector
space V, closed isotropy strata are real algebraic subsets of V, being an irreducible component of

the real locus of an algebraic complex variety (Theorem 1.1 of chapter 2).

Rationality of polynomial invariants for compact Lie group representations

It was observed in [2], on an example issued from mechanics, that polynomial invariants for
the restricted representation of the normalizer of an isotropy subgroup H of the group G on
the fixed point set V¥ could be expressed rationally using polynomial invariants of the original
representation of the group G on V. In other words, when H is an isotropy subgroup of G, the
field of G-invariants on V is isomorphic to the field of N(H)-invariants on V. To illustrate this
assertion, consider the example of the natural representation of the rotation group SO(3,R) on

the vector space of traceless symmetric matrices with real coefficients
p(9)(A) = gAg™',  AeH*R®), geSO(3,R).

For this representation, there are exactly three isotropy strata of representative groups Do (three
distinct eigenvalues), O(2) (two distinct eigenvalues) and SO(3) (only one eigenvalue). The fixed
point set for the second isotropy subgroup O(2) is provided by the linear subspace

VOB =LA V; gAg7 = A, VgeO(2)} = {diag(—\, —\,2)\); A € R}.

Then, one can check that A = %, where Iy = tr A2 and I3 = tr A are a generating set of the

invariant algebra
R[H2 (Ri’))]SO(S,R) )

Similar results can be found in the literature but under different hypotheses. In fact, the
isomorphism between the invariant field for the representation (V,G) and the invariant field for
the restricted representation (V¥ N(H)) is a consequence of the slice method used for solving
the rationality problem of the invariant field (see |29, 22]). The rationality problem consists in
studying the conditions on the representation (V,G), under which the field of invariants K (V)¢
is purely transcendental over K. This is a very old problem: it was mentioned in 1911 in [16]
(p.360), then, in 1913, Noether [83] posed the problem in the form of a conjecture. In 1915,
Fisher [35] proved that the field of invariants K (V)% is purely transcendental over K when G is
an abelian group. Also, Maeda proved the result for the alternating group As [71]. However, it
is not always true. For instance, K (V)% is not purely transcendental if G is a finite group [100].
Moreover, counter-examples to Noether’s conjecture were given in the case of non-algebraically
closed fields [76] (see also [106, 21, 99]). The question is still open in many cases, for instance in
the case where the group G is connected.

The isomorphism between the two invariant fields K(V)¢ and K(VH)N(H) was proved for
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several cases with the purpose of solving the rationality problem by the slice method. For
instance, in order to prove the rationality of the invariant field for the group SLs(C) acting on
the binary forms of degree 2n, Bogomolov-Katsylo in [56, 57, 11| and later Maeda in [72], proved
that C(V)¢ is isomorphic to C(VH)NUH) (for H generic). Miyata [79] and later Vinberg [109]
proved the rationality of the orbit space V/G for solvable connected algebraic groups by applying
the slice method looking for the slice W such that N(W) is a solvable connected subgroup (see
also [94, section 2.9]). The result was also proven in [41] for the spinor group and in [46, 47|
for finite groups of monomial automorphisms. The rationality problem has a positive answer in
many cases where the isomorphism K (V)¢ ~ K(VH)N(#H) js used to prove it (for more details
see [22]).

In addition, Luna in [69] and then Luna and Richardson in |70, theorem 4.2] proved that,
for a linear action of a reductive group G on an affine variety V' (so in particular for a linear
representation of G), the restriction map K[VH] — K[V] maps K[V]“ isomorphically onto
K[VHNUE/H when K is an algebraically closed field and H is a generic isotropy (see also [104]).

In this thesis, we prove that there is surjective morphism between the two invariant fields over
R and for any isotropy subgroup H, not only the generic one, that is: for any representation of
a compact Lie group G on a real vector space V' and for any isotropy subgroup H, the restriction

map R[V] — R[VH] induces a surjective morphism
S R(V)E —-s R(VI)NUH),

between the invariant fields of (V, G) that are rationally defined on VY | and of those of (VH, N(H)).

The proof appeals to Popov and Vinberg orbits separating theorem ([94, lemma 2.1]) and
to results on the geometry of orbits by Luna [69] and Richardson [70]. Popov and Vinberg’s
theorem states that a separating set is a generating set of C(VH)N(H)  Note that the latter
theorem is wrong in the real setting. For instance, in the case of the real representation of the
trivial group G = {e} on the real space V = R, the invariant field is given by R(V)Y = R(z).
The polynomial p(z) = 2% separates all the orbits but is not a generator of R(V). For this
reason, a detailed theory on the complexification of a real linear representation of a compact Lie

group is fully provided in chapter 2.

Calculating isotropy strata for a compact Lie group representation

Finding the isotropy strata has always been a difficult problem. Classifying materials according
to their symmetries goes back at least to the work of Lord Kelvin ([107], [58]). From then,
many researchers devoted a great effort to the problem, especially for SO(3) and O(3) tensorial
representations (used to model constitutive laws in mechanics). For instance, concerning the
fourth-order elasticity tensor [45, 24, 103, 112, 17], it was only in 1996 that Forte and Vianello
[37] proved that there exists exactly eight symmetry classes. Inspired by the observation of
Khatkevich ([59]), Forte-Vianello clarified the mathematical problem about the symmetry classes
of an elasticity tensor. They removed the link with crystallographic point groups, which was

extremely confusing and lead to the false conjecture that there were ten symmetry classes.
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Following Forte and Vianello, similar results were obtained for other constitutive tensor spaces
(|38, 66]). For instance, sixteen isotropy classes were obtained for the piezoelectricity tensor (a
third-order tensor) [84, 113, 111, 82, 114].

Besides these results on symmetry classes in continuum mechanics, the subject has also been
active in the mathematical community. First, it was interesting to see whether there is a finite
number of isotropy strata or not. When the group is not finite, the existence of a finite number of
isotropy classes was first conjectured by Montgomery ([32]). Later, Mostow extended the result
for a compact Lie group acting (not necessarily in a differentiable way) on a compact manifold
[81], using results of Floyd [36] (see also [73, 13]). After that, isotropy classes of irreducible
representations for SO(3)-linear representations were obtained by Michel [78]|. Then, Ihrig and
Golubitsky [53] extended the result of Michel to the case of O(3)-irreducible representations.
However, Forte-Vianello approach requires rather refined calculations and reasoning to establish
the classification. This complexity makes it difficult to apply to more involved situations, such
as constitutive tensors of order greater than 4, or coupled constitutive laws involving a family of
tensors [54, 33]. A systematic way to calculate such isotropy classes was proposed by Chossat
and Guyard in [18] for a direct sum of two irreducible SO(3)-representations. To do so, they
introduced a binary operation on conjugate SO(3)-subgroups that allows one to compute the set
of isotropy classes of a direct sum V = Vj @ V5 of linear representations of a group G (if the
isotropy classes for each individual irreducible representation are known). Inspired by Chossat
and Guyard, Olive and coauthors used this operation, called clips operation, to complete and
systemize the initial work of Chossat et al (|87, [88], [86] and [89]). Clips form a binary operation
on the set of conjugacy classes of subgroups of a compact group G. It comes down to calculate
the intersections between two subgroups H; and gHsg~ ' for g € G. In the case of the group
O(3), clips operation between most of O(3)-subgroups are computed in [18] and [86], except for
the clips between type II and type III O(3)-subgroups. Those are nevertheless encountered in
practice, such as in the coupled Piezoelectricity law, where the representations of O(3) on three
different constitutive tensor spaces are involved, namely the fourth-order elasticity tensor, the
third-order piezoelectricity tensor and the second-order permittivity tensor.

We complete in the present work the clips tables of O(3) by computing the missing type
II/type III clips. As an application of this result, we obtain 25 isotropy strata for the coupled
Piezoelectricity low. We also address the coordinate-free characterization of isotropy strata by

polynomial covariants [38, 7, 98, 12, 2, 91|

Distance of a constitutive tensor to an isotropy stratum

An important problem in mechanics is the problem of determining the distance of a constitutive
tensor to an isotropy stratum [42, 39]. A measured constitutive tensor exhibits, in general,
no material symmetry. However, in engineering applications, a measured tensor may have an
expected symmetry due to the microstructure of the corresponding material (appealing to Curie
principle). Finding the closest symmetry stratum to an experimental tensor is important in
practice, since it allows to reduce the number of material constants. A natural question can

then be asked: "What is the closest tensor having a given symmetry class, to an experimental
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measured tensor?" In order to answer this question, one needs to calculate the distance

d(Ty,%) = min| Ty — T|)?
TeXY

between the measured tensor Ty and the closed isotropy stratum X representing the expected
symmetry of Ty and, then, deduce the corresponding minimizer.

This notion of distance to symmetry classes was first introduced in mechanics by Gazis and
coauthors, in 1963, using orthogonal projections of elasticity tensors on the isotropy stratum.
Following Gagzis, many authors considered the calculation of the distance to find the closest
tensor having a specific symmetry to an experimental one [40, 80, 15, 61, 28, 27, 26, 60, 93]).
In [40], Francois used the pole figures to deduce the symmetry class of an elasticity tensor. He
considered an iterative numerical method based on the simplex method for minimization prob-
lems, parameterized by Euler angles, which turns the problem into a non-polynomial one. Other
authors followed Francois, however they did not formulate the distance to a symmetry stratum
as a polynomial optimization problem, so that the problems they had to solve (numerically)
had many local minima and several global minima, making the computations of the solutions
difficult.

In order to solve the distance problem, we take advantage of the fact that the isotropy strata
can be described by polynomial equations, and formulate the distance of a constitutive tensor
to an isotropy stratum as a polynomial optimization problem, which consists in minimizing or
maximizing a polynomial function under some polynomial constraints.

In chapter 5 of this manuscript, we investigate a polynomial optimization method designed
by Lasserre and coworkers [65] to solve our problem, thanks to our formulation of the distance
problem as a polynomial optimization problem. This method consists in building a hierarchy
of relaxed semidefinite problems converging to the optimal solution under some hypothesis on
the constraints set. This method is implemented in a software called GloptiPoly [48, 49, 65].
However, Lasserre’s method deals with problems in terms of number of variables and degree of
constraints which restricts its application to some specific constitutive laws. Using this method,
we were able to find the closest cubic tensor to some experimental tensors for elasticity and
piezoelectricity laws.

On the other hand, in order to minimize a polynomial function under polynomial constraints,
one can also use analytical methods such as Euler-Lagrange method. It consists in formulating the
constrained problem into an unconstrained one using Lagrange multipliers and then finding the
critical points of the considered function by solving a system of polynomial equations [9, 55, 63].
However, this method requires that the set of constraints to be a submersion, which is far from
being satisfied by all the situations with mechanical interest. In chapter 6, this method, combined
with the computation of a Grébner basis, allows to solve the distance to cubic elasticity. In
addition, we determine the closest pair of cubic elasticity and plasticity tensor to an experimental
one (i.e. in the case of the coupled elasto-plasticity law), a problem that could not be solved

using Lasserre’s algorithm since it involves more variables.

To conclude, this thesis emphasizes the fruitful links between Mechanics of Materials and
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Algebraic Geometry. While mechanics keeps inspiring conjectures in algebraic geometry, tools

from algebraic geometry keep being applied to solve mechanics problems.

Outline

This manuscript is organized as follows. In chapter 1, we provide basic materials about group
actions on a set focusing on compact Lie group representations. We recall some key properties
of linear representations of compact Lie groups and we introduce some definitions and questions
related to isotropy classes, stratification and geometry of orbit spaces. We provide proofs to
some known theorems, such as the principal orbit theorem. In the end of this chapter, we
present the theory of invariants and covariants, examples and counter-examples are exposed in
order to illustrate some mechanical and mathematical notions all along the chapter.

In chapter 2, we study the geometry of isotropy strata for compact Lie group representations.
We answer a ten-year-old conjecture on the rationality of the invariants of compact Lie group
representations, deduced from observations made in the case of SO(3)-representations on tensor
spaces in continuum mechanics. Moreover, we prove a result about the algebraicity of the isotropy

strata:

e For any representation of a compact Lie group G on a real vector space V and for any
isotropy group H, the polynomial invariants of the representation of the normalizer N (H)
on the fixed point set V' can be written rationally in terms of the polynomial invariants

of the initial representation of G on V.
e Under the same assumptions, closed isotropy strata are proved to be algebraic sets.

Complexification of compact Lie groups and real representations is needed. For this purpose, a
detailed theory on complexification is provided in this chapter.

In chapter 3, we specify a number of general results from chapter 1 to the case of linear rep-
resentations of the groups O(3) and SO(3). First, we calculate a detailed list of O(3)-subgroups
with their corresponding generators (in Table 3.1). Second, we discuss the harmonic decomposi-
tion of tensor spaces, which consists in decomposing tensor representations into irreducible spaces
(a model of which is given by so-called harmonic tensor spaces). On one hand, we give isotropy
classes for some O(3)-irreducible representations and we give a polynomial characterization of
isotropy classes in the case of SO(3)-representation on harmonic spaces of order 4 (theorem 3.2.7).
On the other hand, we introduce an effective method to find the isotropy classes for reducible
representations. For this purpose, we use the clips operation on the isotropy classes and give
the result of these clips operations on the closed subgroups of SO(3) as well as on the closed
subgroups of O(3) which were not all calculated before. As a consequence, in this chapter, we
provide a complete table of the clips operations between all types of O(3)-subgroups (Table 3.2
and Table 3.3) using a theorem (3.5.2) that helped us reduce the complexity of the calculations.
Using these results, we deduce the isotropy classes of any reducible O(3)-tensor representation
and we illustrate this in the case of Piezoelectricity coupled law in chapter 4.

In chapter 4, we use the clips calculations of chapter 3 to deduce the isotropy classes in

the case of the coupled Piezoelectricity law which involves O(3)-representations on three tensor
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spaces: elasticity, piezoelectricity and permittivity. We start by introducing the Piezoelectricity
coupled law and then we give a detailed description of the O(3)-representation on elasticity and
piezoelectricity tensor spaces. Using the isotropy classes of each of the three representations
involved and the clips operation calculated in chapter 3, we find 25 isotropy classes (theorem
4.4.1) for the Piezoelectricity coupled law.

In the last two chapters, we solve the problem of finding the closest constitutive tensor hav-
ing a specific symmetry to an experimental one by calculating the distance of the tensor to the
chosen symmetry class. For that, we use polynomial optimization methods. In chapter 5, we
apply Lasserre’s algorithm for solving polynomial optimization problems to some numerical ex-
ample in the case of elasticity and piezoelectricity laws. In chapter 6, we use Euler-Lagrange
method to minimize our constrained problem by calculating the Euler-Lagrange equations. As

an application, we apply this method in the case of elasticity and coupled elasto-plasticity laws.



Chapter 1

(Geometry representation of compact

Lie groups

In this chapter, fundamental concepts in representation theory will be introduced to
describe the orbit space of the action of a compact Lie group on a vector space.
1.1 Action of a group on a set
1.1.1 Definition and properties

Let G be a group and V a set. An action of G on V is a map

GxV =V

(g:v) = g-v
satisfying the following properties
1. Forall gghe GandveV,g-(h-v)=gh-v;

2. For allv € V, e-v = v where ¢ is the identity of G.

Remark 1.1.1. This definition corresponds to a left action but a group can also acts on the

right. In this manuscript, we only consider left actions.

Example 1.1.2. Any group acts on itself by left multiplication. In other words, G acts on'V = G

by g-h = gh where g,h € G. A closely related action is given by right multiplication g-h = hg™?

if g, h € G. The use of the inverse is required so the first property of being an action is satisfied.

Suppose that we have an action of G on V', we say that a subset W of V is G-stable if
Vge G, YweW, g-veW,
and we say that W is G-invariant if

Vge G, YveW, g-v=w.

20
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Example 1.1.3. Consider the action of the rotation group SO(2) on R? defined by
g (z,y) :== (xcos(f) — ysin(h), z sin(h) + y cos(h))

for g € SO(2) and (x,y) € R?. Any circle {a* 4+ y*> = r?} centered at the origin is a SO(2)-stable
set of R2.

To an action of a group G on a set V is associated the group morphism
¢ : G — Bij(V)

defined by, if g € G, for allv € V', p(g)(v) = g -v (Bij(V') denotes the group of bijections of V).
The kernel of an action is the kernel of the associated morphism ¢ consisting of the elements
g € G that fix all the elements of V. It is defined by

K={geG|WeV, g-v=uv}.

K is a closed normal subgroup of G.
Definition 1.1.4. Let G be a group acting on o set V. We say that

1. G acts faithfully on V' (or that the action of G is faithful) if its kernel K is trivial i.e.

there is no element in G, except e, that fizes all the elements of V.

2. G acts transitively on V' (or that the action of G is transitive) if Vo,w € V, g € G; w =

g-v i.e. all the elements of V are related to each other by the action.

3. G acts freely on V' (or that the action of G is free) if Vv € V, Vg € G, gv=v = g=c¢e

i.e. for any element of V', there is no element in G, except e, that fizes it.
Remark 1.1.5. A free action is faithful.

Lemma 1.1.6. Any (unfaithful) action of a group G on a set V defines a faithful action of the
group G/K on V|, where K is the kernel of the action.

1.1.2 The orbit space

Given an action of a group G on a set V, an equivalence relation can be defined on V. For

v1,v2 € V, we define "~" as follows
V]~V < dgeG; vy =g-vo. (1.3)
For v € V, the equivalence class of v is called the G-orbit of v and is denoted by G - v:
G-v:={g-v, geG}. (1.4)

The G-orbits form a partition of V' and the space of all G-orbits of V' is the orbit space denoted
by V/G.
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Remark 1.1.7. We consider the projection map
m: V-V/G.

When V' is a topological set, the orbit space V/G is equipped with the quotient topology induced
from the topology on V:

U C V/G is open if and only if 7~1(U) is open in V.
The map 7 is open with respect to this topology.

1.1.3 Orbit types

If G acts on V and v € V, the set of elements of G fixing v is a subgroup of G, called the
stabilizer of v, and denoted by Gy:

Gy ={9€G; g-v=u}.

For the action of a topological group G on a topological set V, Gy is a closed subgroup of G
(Gy = T, *({v}) where m, : G = V; my(g) = g-v). Gy is called the isotropy subgroup (or
symmetry group) of v. We can remark that isotropy groups of elements of a same orbit are

conjugate:
Lemma 1.1.8. For anyv € V and any g € G, we have

Gygo = gGug L.

For v € V, we consider the orbit map p, defined as follows:

o G—G-v

g—g-v.

The map py is surjective by definition of G-v but not necessarily injective. Indeed, if g, h € G,
g-v="h-v < g 'h € Gy, that is h € gG,. This shows that p, is injective if and only if
Gy = {e} that is when the action is free on v (see definition 1.1.4). Consequently, there is a
unique bijective mapping

G/Gy — G -v. (1.5)

Next, we define another equivalence relation on V. For this we need the following definition.

Definition 1.1.9. If p1 and ps are two actions of G on two spaces V and W, then a mapping
¢:V — W is G-equivariant if

Vg € G, ¢opi(g) = p2(9) © ¢
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For v1,v9 € V, we define "=" as follows:
V1 X vy < there exists a G-equivariant bijection ¢ : G -v1 — G - vs. (1.6)

~ 1s an equivalence relation and we denote the equivalence classes, called the orbit types of V,
by:
Vii={weV|vrw}. (1.7)

In the same manner, a preorder can be defined on V/,
v] S v2 < there exists a G-equivariant map ¢ : G -v1 — G - vo (1.8)

and we write
VE:{wEV]v,jw}.

Lemma 1.1.10. /30, lemma 2.6.2] For v1,v2 € V, we have

1. v1 = vy if and only if Gy, s conjugate to Gy, within G, that s, there exists g € G such
that Gy, = gGp,g~ "

2. v1 Zvg if and only if Gy, is conjugate to a subgroup of Gy, within G, that is, there ezists
g € G such that Gy, C gGy,g~ .

Proof. 1. Suppose that v; &~ vy then there exists a G-equivariant bijection ¢ from G - vy to
G -vz. Then, there exists g € G such that ¢(v1) = g-v2 and Gyp,) = Gy,. We deduce
that Gy, = gGy,g~!. The converse can be deduced from the bijection in (1.5).

2. Suppose that v1 = v then there exists a G-equivariant map ¢ from G-v1 to G-v3. We have
d(v1) € G -v3y, 50 ¢p(v1) = ¢' - vy for some ¢’ € G. Let h € Gy,, then h-vy =wv;. Applying
¢, we get ¢(h-v1) = ¢(v1) = ¢’ - va which implies hg' -v2 = ¢’ - v2 (¢(h-v1) = h- P(v1)).
Hence h € ¢'Gy,g'~!. For the converse implication, assume that there exists ¢ € G such
that Gy, C gGp,g~ . We define ¢ : G — G - vy by ¢(¢') = g'g - ve if ¢ € G. The map
¢ is G-equivariant and factors through G -v; (which is bijective to G/Gy, by (1.5)) via

the orbit map. Indeed, if g1 € Gy, C gGy,g~ ! then g3 = ggog™*

o(g'g1) = 9(g).

where g2 € Gy, and
O

1.1.4 Fixed point set and isotropy classes

For a subgroup H of GG, we gather all the elements v € V fixed by the elements of H in a set
called H-fized point set, denoted by VH:

VE={vecV|VheH h-v=u0}.
Let H be a subgroup of G, the conjugacy class of H, denoted by [H], is given by

[H] = {gHg_l, g€ G}.
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The isotropy class of an element v € V' is the conjugacy class of its isotropy group. In other
terms,

v1,v2 € V have the same isotropy class iff 3g € G / Gy, = gG,,lg_l.

Given a closed subgroup H of G, we say that the conjugacy class [H] of H in G is an isotropy
class (or an orbit type) if there exists an element v such that [H]| = [Gy].

"Having the same isotropy class" is an equivalence relation defined on V' which is the same
(by lemma 1.1.10) as the equivalence relation defined in (1.6). "Having the same isotropy class"
(or equivalentely the relation =) is coarser than the relation "being in the same orbit" (1.3)
defined in the previous section. In fact, due to lemma 1.1.8, vectors of same G-orbit have the

same isotropy class but the converse is not always true. Here is a counterexample.

Example 1.1.11. Consider the usual action of SO(2) on R2. All vectors except 0 have conjugate

symmetry groups but they are not in the same orbit.

For an isotropy subgroup H of G (i.e. H = Gy, for v € V'), we gather the vectors having the

same isotropy class in a set called the isotropy stratum with respect to H, denoted by ¥z,
Sy = {v € V;[Go] = [H]}.

By lemma 1.1.10, we can observe that Xy = V,;¥ (1.7) for the vectors v € V such that
Gy = H. In other words, the isotropy stratum Xz consists of the vectors v of V' having isotropy

group conjugated to H. Note that the isotropy strata are G-stable sets.

1.2 Linear representation of compact Lie groups

In this section, GG denotes a compact Lie group and V' a vector space. A representation of the
group G on V is a continuous group morphism
p: G— GL(V)
g+~ p(g)

where GL(V') denotes the group of linear automorphisms on V and for v € V, p(g)v = g -v. A
representation of a group G on a vector space V will be denoted by (V,G) or (V, p).

1.2.1 Reducibility

Definition 1.2.1. A representation (V,Q) is said to be reducible if there exists a non trivial
subspace W of V' (that is W # {0} and W # V) that is G-stable. It is said to be irreducible if

1t 18 not reducible.

Example 1.2.2. The representation of the group SO(n,R) on R™ given by p(g)v = gv, if g €
SO(n,R) and v € R", is irreducible.

Definition 1.2.3. A representation (V,G) is said to be decomposable if V' can be decomposed

wnto a direct sum of irreducible subspaces.
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Remark 1.2.4. A decomposable representation is reducible but the converse is not always true.

As a counterexample, consider the following representation of R on R?

p(t)(z,y) = (x +ty,y), t ER, (z,y) € R?.

p is reducible since E =< (1,0) > is stable by p. However, p is not decomposable. Indeed,
suppose that there exists a subspace F of R? stable by p and such that E® F = R?. Let u be
a generating vector of F (dim F = 1) such that v = (u1,1) with u1 € R (ug # 0 since u ¢ E).
Since F is stable by p then, Vt € R, 3A(t) € R such that p(t)(u) = A(t)u. In particular, for all
t € R, A(t) =1 and then u is fized by all p(t), t € R, which leads to a contradiction.

Definition 1.2.5. A group G is said to be linearly reductive if every finite dimensional repre-

sentation of G is decomposable.
Lemma 1.2.6. Every compact group s linearly reductive.

Proof. Let U C V be a G-stable subspace and < -,- > be a G-invariant scalar product on V'
(which exists since G is compact; take for instance the scalar product defined, for v,w € V, by
<vw >:= fG(g v, g - w)dg where (-,-) is a scalar product on V and dg is the Haar measure
(left and right Haar measure are the same since G is compact) on G (see |13, Chapter 0 section
3], [14, page 46])). Then U+ = {v € V; Vu € U, < v,u >= 0} is a G-stable subspace of V such
that V=U @ UL O

Remark 1.2.7. When the group G is finite, the invariant scalar product defined in the previous

1
proof becomes, if v,w €V, < v,w >:= — Z(g -v,g - w) where |G| denotes the number of

G| =2
elements of G.

Example 1.2.8. Consider the representation p of the group G = SO(n) on the space of real

symmetric matrices V defined by
p(9)A = gAg™t, for g €SO(n) and A€V.

p is reducible since the subspace U generated by the identity matriz 1, is G-stable as well as its
orthogonal U+ = {A € V; < A1, >=0} = {A € V; tr(A) =0} (where < -,- > is defined by,
for AABeV, <A B>=tr(ABT)). Moreover, p is decomposable since V can be decomposed in
V =U @ UL where the representation of G on U~ is irreducible. Indeed, since every symmetric
matriz is diagonalisable in an orthonormal basis then each G-orbit intersect the subspace D
of diagonal matrices. Since D is stable under the action of the permutation group S, then
the representation of G on U™ is determined by the representation of S, on D N UL which is

irreducible.

1.2.2 Isotropic stratification

As G is a compact group, a partial order relation can be defined on the set of the conjugacy

classes of closed subgroups of G:
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Theorem 1.2.9. The relation on the set of conjugacy classes of closed subgroups of a compact
group G defined by

[H1] = [H2] if Hy is conjugate to a subgroup of Ho (1.9)

is a partial order relation.

To prove the anti-symmetricity of the relation (1.9), we make use of the following result:

Lemma 1.2.10. [13, proposition 1.9] Let G be a compact group and H be a closed subgroup of
G. If HC gHg ' for g€ G then H=gHg™'.

Proof. Let g € G such that H C gHg ™! then Vn > 1, gHg™' C g"Hg™™. Let h € H then there
exists hy, € H such that ghg~! = g"h,g". Since G is compact, for all n € N there exists k € N
and ¢’ € G such that the subsequence (¢"*),, en of (¢")nen converges to g’. Set my, = ng+1 —ng,
then we have ghg™ = g™ hy,, g™ — hp, . Since G is compact, there exists r € N and b/ € H
such that the subsequence (h,, )m,, en Of (R, )m,en converges to h’. It follows that gHg ' c H
and hence the equality. d

proof of theorem 1.2.9. The reflexivity and the transitivity of < are straightforward. As for the
anti-symmetricity, we use lemma 1.2.10: let H; and Hy be two closed subgroups of G such
that [Hi] = [Hs] and [Hy] < [Hi], then there exist g1,g2 € G such that H; C ngggfl and
Hsy C g2H1g2_1. We have, on one hand,

Hy C g1Hagi ' C g1goHi(9192)"" = Hi = (9192)Hi(g192) ",

and on the other hand

Hy C goH1g,' = g1Hag7' C (9192)H1(g9192) "t = H1 C g1Hagy "

Hence, we deduce the result. O

The notions of orbit space, isotropy groups and isotropy classes, defined in section 1.1, extends
naturally to the linear representations of a compact group. For an action of a finite group on a
finite set, there exists a finite number of G-orbits. An interesting question arises here about the

number of isotropy classes for a finite dimensional group representation.

Theorem 1.2.11. Let G be a compact Lie group acting on a vector space V. Then there exists

a finite number of isotropy classes.

The finiteness of isotropy classes for a continuous action of a compact Lie group on a compact
manifold was initially conjectured by Montgomery and solved by Mostow in [81] using the result
of Floyd [36]. However, it is much easier in the case of a differentiable action (see [108, Theorem
5.11]). This implies the finiteness of isotropy classes for a linear representation of a compact
Lie group : we can see it by extending a representation on V to an action on the projective

compactification P(V & R), or on the sphere S(V) if we take an invariant inner product.
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For a compact Lie group representation (V, p), the partition of V into (nonempty) isotropy
strata
V= E[Ho] U-“UE[HH]

is called its isotropy stratification or orbit type stratification with respect to the representation
(V. p).
1.2.3 Principal isotropy stratum

To understand the geometry of conjugacy classes, a very useful notion is the notion of slice.

Definition 1.2.12. For any v in V, a local slice of the G-action at v is o local submanifold

S C V passing through v such that:
e S is transverse to the orbit G-v (i.e. Vp e SNG v, T,8 @ T,(G -v) =T,V ).
o S is stable under Gy.

e [f 51,80 are two points in S and if there exists g in G with g - s1 = s, then g belongs to
Gy- In particular, Gs C Gy for each point s € S.

e G- S is an open neighborhood of the orbit G - v.

Slices exist in general for proper smooth actions of Lie groups on manifolds (see [30, Theorem
2.3.1] for the precise hypothesis on the actions), and in particular for actions of compact Lie
groups. However, for linear representations of compact Lie groups, it is possible to produce slices
easily (see lemma B.3 of appendix B of chapter 2). The existence of slices has the following

corollary.

Corollary 1.2.13. Let v in V. Then there exists a neighborhood U of v such that for all w in
U, [Guw] = [Go].

Proof. Let S be a slice at v. If w € G.S then w is in the orbit of a point w’ in S. It follows that
Gu C Gy, 50 [Gy] = [Gw] = [Gy]. O

Due to the existence of a partial order on conjugacy classes, points with locally minimal

isotropy can be defined:

Definition 1.2.14. A vectorv € V' (or its orbit) is called principal if there exists a neighborhood
U of v such that for allw in U, [Gy]| = [Gy]. Equivalently, v is principal if it has locally minimal

1sotropy.
Remark 1.2.15. The set of principal points is open by definition.

Let us denote by 7 the canonical projection from V to V/G. The principal orbit type theorem
can be stated (in the case of linear representations) as follows (see [13, Theorem 3.1], [1, section
V1], [30, Theorem 2.8.5]).

Theorem 1.2.16 (Principal orbit type theorem). For any open subset Q of V' such that 7(§2) is
connected, the set Ugq of principal points in Q is open, dense in Q and Uq/G is connected.
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A proof of this theorem is provided in appendix B of chapter 2.
It follows from the connectivity of Uq/G that there is a unique isotropy stratum ¥z, which
is minimal. This isotropy class [Hy| is called the principal stratum. We can conclude that the

principal orbit type [Hp] is the smallest isotropy class.

Example 1.2.17. Consider, for instance, the representation of the rotation group G = SO(3)

on the space of symmetric 3 X 3 matrices. Then there are exactly three orbit types
D] < [O(2)] = [SOB)]
where [Dq] is the principal stratum.

1.2.4 Closed isotropy stratum

Let H be subgroup of G. We define the fized point set V¥ which is a vector subspace of V, by
VB ={veV|h-v=vforal he H},
and the isotropy stratum Xy by
Yy i={v €V [Gy] = [H]}.
We define the open fixed locus ‘O/H which is a subset of VH:
VH = (e V; Gy=H} c VI,

This definition makes the stratum ¥z the orbit of VH,

Remark 1.2.18. If H, and Hy are two subgroups of G such that Hy C Hy then VH2 c VH1,
Indeed, if v € VU2 then for all h € Hy, h-v = v. In particular, for all h € Hi, h-v = v.
However, it may happen that V1 = VH2 for Hy + H,.

As a consequence of the order relation defined on the conjugacy classes in 1.2.9, we define
closed isotropy stratum with respect to an isotropy subgroup H to be the set consisting of vectors
having at least the symmetry of H. The closed isotropy stratum with respect to H is denoted
by i[ g) and given by

i[H] = {'v €V; Gy D gHg ! for some g € G’} = U YK
[H]=[K]

The closed stratum is the orbit of V.
Remark 1.2.19.

o The terminology we use above is not totally standard, but in literature the terminology
varies according to the authors (for instance, what we call stratum is called orbit bundle
in [108]).
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o The fized locus VT is defined for arbitrary closed subgroups of G (not only isotropy sub-

groups) but we will generally avoid to do so.

o The terminology “closed stratum” and the corresponding notation will be justified by Corol-
lary 1.2.22. The same holds for the open fixved locus.

e The partial order relation on isotropy classes induces a (reverse) partial order relation on

the strata: if Hy, Ho are two isotropy subgroups of G,

[Hi] 2 [Ha] <= Yg,) =Ygy

[¢]
Proposition 1.2.20. Let H be an isotropy subgroup. Then VH is open and dense in VH | more

precisely it contains an open dense subset of V.

Proof. Let x be in XO/H. Then thanks to Corollary 1.2.13 there exists a neighborhood U of z such
that for y in U, [Gy] < [H]. If y in UNVH | [H] < [Gy] < [H] so [Gy] = [H]. This means that
HCGy= gHg™! for some g in G so Gy = H by lemma 1.2.10. This proves that XO/H is open.
The second part is difficult and will be proven later (see Corollary 3.17 of chapter 2). O

Remark 1.2.21. For polynomial actions, an open dense subset is also a Zariski open * subset.
Corollary 1.2.22. E[H] is the closure of Y.

Proof. First we prove that E[H] is closed. If (v,)nen i8 a sequence in E[H] that converges to
a vector v € V then, for all n € N, there exists an element g, in G such that, Vn € N,
gnHg, ' C Gy, . Extracting a subsequence, we can assume that (g, )nen converges to an element
gin G. Then gHg~! C G, so that v belongs to f[H]. Now, let v be in f[H]. By definition, there

1 1

exists ¢ in G such that ¢g~! - v belongs to V. Thanks to proposition 1.2.20, g~! - v is the limit

[¢]
of a sequence of elements in V. O

1.2.5 Action of the monodromy group

Let G be a compact Lie group acting linearly on V.
If H is a subgroup of G, We define the normalizer N(H) of H by

NH)={geG|gHg ' =H}. (1.10)

Remark 1.2.23. Note that N (H) is the mazimal subgroup of G in which H is a normal subgroup.
Indeed, N(H) is the isotropy subgroup of H for the action of the group G on the set of all
subgroups of G, defined by

g-K=gKg™t, ifgeG and K is a subgroup of G.

We have the following result (see [2], [43]) :

LA Zariski open set is the complement set of zeros of a finite number of polynomials
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Lemma 1.2.24. For each closed subgroup H of G, VI is N(H)-stable. Moreover, if H = Gy,
is the isotropy group of some vector vg € V', then N(H) = {g cG;lg-VH C VH}.

Proof. Let v in VH. For any ¢g in N(H) and any hin H, h-(g-v) = g- (¢ ' hg) -v = g -v (since
g € N(H)). If moreover H = Gy, and g € G is such that g- V¥ C V¥ then g vgis in VH
but Gy = gGr,g~ ' and thus H C gHg™'. By lemma 1.2.10, since H is compact, g belongs to
N(H). O

The action of G on V induces an action of N(H) on V# and we can therefore reduce (locally)
the problem of describing the orbit space of V/G by the orbit space of V¥ /N(H).

Lemma 1.2.25. Given an isotropy subgroup H and a vectorv € VH then, for allw € X nvHa,
w belongs to the G-orbit of v in V. <= w belongs to the N(H)-orbit of v in V.

Proof. Let v € VH and w € X N VH such that w € G - v then there exists ¢ € G such
that w = g -v. Since w € Y N VH and by lemma 1.2.10, H = Gy. Hence, H = ¢gG,g~*
and we have H C Gy (since v € V). Applying one more time lemma 1.2.10, we deduce
that Gy = gGpg~! = H. Therefore, g € N(H) and hence w € N(H) -v. The converse is
straightforward. O

The representation py gy of N(H) on VH is not faithful. When H is an isotropy group,
its kernel (ker(pN(H)) = {g ENH) | Ywe VvV, PN (E)(9)V :'v}) is exactly H therefore, by

applying lemma 1.1.6, we get the following faithful linear representation
pr : T — GL(VH) where ' := N(H)/H.

When T is finite, each G-orbit intersects VH at most in a finite number of points, in this case,

VH is called a linear slice and T' will be its monodromy group. The cardinal of the monodromy
o

group determine the number of points in the intersection of each G-orbit of a point of V¥ and

VH  In particular, when I is the trivial group then each G-orbit meets V¥ in at most one point.

1.3 Algebras of invariants and covariants

1.3.1 Action of a group on the algebra of invariants

Let K be the field R or C and consider the polynomial algebra K[V] consisting of all polynomial
functions on V' with coefficients in K. The linear action of the group G on the vector space V

extends naturally to K[V] setting as follows

(g-P)(v) :=P(g"-v)

if P € K[V] and v € V. We define the set of all polynomial functions on V' that are invariant
under the action of G, denoted by K[V]%,

K[V ={PeK[V] | Vg€G, g-P=P}.
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K[V]¥ is a subalgebra over K of the algebra K[V] called the invariant algebra.

1.3.2 Integrity basis

The following result is due to Hilbert ([50], see also chapter 2 subsection 1.3.1).

Theorem 1.3.1. For every linear algebraic reductive group, the invariant algebra K[V]E is

finitely generated.

This means that there exists a finite set of invariant polynomials Iy,...,Ix which generate
the invariant algebra K[V]¢:
K[V]¢ = K[4,...,Ix].

Such a family Iy, ..., Iy is called an integrity basis.
The actual determination of an integrity basis remains a very active field of research. Below,

we give some examples.

Example 1.3.2. 1. The case of the natural representation (SO(3),R3) for which an integrity

basis is simply giwen by the squared norm:

RR’POO = R[], I(v) := |lo]*
2. The standard representation (SO(3),Sa(R?)), where we have

R[S2(R¥)]5OG) = R[I}, I, I3], I :=tr(a¥), k=1,2,3.

3. The case of standard representation of the group of permutations S, on R™:
R[R"S" = R[oy, . .., 00
where o; are the elementary symmetric functions
o1(x) =x1+.. . +an, 02(T) = Xigjzixg, ..., on(@) =21... 20, T=(T1,;...,2,) €R".

Definition 1.3.3. A minimal integrity basis is an integrity basis such that none of its elements

can be expressed as a polynomial of the others.

Remark 1.3.4. A minimal integrity basis is not unique, however, all of them have the same
cardinal and the list of the degrees of the generators are the same (see for instance [44, section

5.1.1]).

An important property of polynomial invariants for a real representation of a compact group
(and thus of any integrity basis) is that they separate the orbits, which means that given two
vectors v1,vs € V belonging to different orbits, it is always possible to find a function p € R[V]“
such that p(v1) # p(v2) (see for instance [1, Appendix C]). In other words,

Vp € RIV]Y, p(v1) = p(va) <= v = g - vy for some g € G.
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Example 1.3.5. For instance, two vectors v, w € R? are related by a rotation if and only if

they have the same norms |[v||? = ||w]?.

Using this fact, the orbit space V/G can then be described as a semialgebraic subset of RY.
Indeed, if {p1,...,pn} denotes a generating set for R[V]“, then the mapping

P:v— (pl(U),pQ(U), s ’pN(U))

induces an homeomorphism between V/G and P(V) C RY which is a semialgebraic subset of
RV (see [95]).

In the same way as is defined the algebra of polynomial invariants K[V]%, one can define the
invariant field K (V)< of rational invariants, which is a subfield of the field K (V) of all rational
functions on V. Note that this field is always finitely generated since it is contained in the
finitely generated field K (V') (see for instance |20, theorem 11.23]). Algorithms for constructing
a generating set of rational invariants for the invariant field K (V)% exist and can be used to

express any rational invariant in terms of the generators (see [51, 52|).

1.3.3 Covariant algebra
In [62], Kraft and Procesi have generalized the concept of invariants in the following way.

Definition 1.3.6. Given two representations V and W of a group G, we define Pol(V, W) to be
the space of polynomial mappings p from V to W. Pol(V, W) is a vector space of V' on which G

acts linearly:
YWweV,VgeG, g(plg-v)) =g -pW)

A polynomial covariant of V of type W is a G-equivariant polynomial mapping p : V. — W, which
means that
VweV, VgeG, plg-v)=g-p).

We denote by Pol(V, W)& the set of polynomial covariant of V of type W.

The space Pol(V, W) can be identified with the space L(W* K[V]) of all linear mapping
from W* into K[V]. Indeed, this correspondence comes from the identification of Pol(V, W)%
with K[V] @ W.

This algebraic structure of Pol(V, W) will be then extended to create the covariant algebra

(see also [94, Page 184] for a more general and abstract definition of this concept).

Definition 1.3.7. Let V., W be finite-dimenstonal representations of a group G and W* the dual
vector space of W. The covariant algebra of V of type W, noted Cov(V, W), is defined as the

wmovartant algebra
K[V @ W*°.

Note that the covariant algebra Cov(V, W) has a natural bi-graduation. It is the direct sum

of the finite dimensional vector spaces Covg(V, W) of bi-homogeneous polynomial p(v,w):
e of total degree d in v € V, called the degree of the covariant,

e and, of total degree k in w € W*, called the order of the covariant.
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Furthermore, the subspace of covariants of order 0 is identical to the invariant algebra of V.

Remark 1.3.8. The vector space of polynomial covariants Pol(V,W)E can thus be identified

with
+o00

Covy(V, W) = € Covy1 (V, W),
k=0

the vector space of first-order covariants.

Example 1.3.9. When G = SO(3) and W is the Euclidean space R3, the covariant algebra of a

finite-dimensional representation V is given by
Cov(V) := R[V & R3]506),
An element p € Cov(V) is thus a polynomial which can be wrilten as

p(v,z) = Zpijk(v)xiyjzka
Z'7j7k

where each coefficient p;ji(v) is a polynomial function of v, and such that

! '.’L'),

p(g-v,2) =p(v,9~
for allv eV, z € R3 and g € SO(3).

Like the invariant algebra, the covariant algebra of a finite-dimensional representation of a

compact group is finitely generated.

Theorem 1.3.10 (Hilbert’s Theorem [50]). The covariant algebra Cov (V) is finitely generated,
i.e. there exists a finite set B := {p1,...,ps} in Cov(V) such that

Cov(V) =R[p1,...,Ds)-



Chapter 2

Rationality of normal forms of isotropy

strata

This chapter is an ArXiv preprint in which we study the isotropy stratification of a
linear representation V of a compact Lie group GG. We achieve two important results.
First, we prove that for each isotropy subgroup H, every rational invariant of the
induced representation (V¥ N(H)) can be obtained as the restriction of a global
invariant of (V, @), where N(H) is the normalizer of H and V¥ is the fixed point
set of H. Second, we prove that the closed isotropy strata are real algebraic sets
being an irreducible component of the real locus of an algebraic complex variety.
The proof appeals to theorems and results on the geometry of orbits that hold only
for algebraically closed field. Since we work with real representations of real groups,
a detailed theory on the complexification of a real linear representation of a compact
Lie group is fully provided in this chapter. Finally, in the appendix B, we give a

proof for the principal orbit theorem in the linear case using linear slices.
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RATIONALITY OF NORMAL FORMS OF ISOTROPY STRATA OF A
REPRESENTATION OF A COMPACT LIE GROUP

P. AZZ1, R. DESMORAT, J. GRIVAUX, AND B. KOLEV

ABSTRACT. In this article we study the isotropy stratification of a linear representation V' of
a compact Lie group G. We prove that the closed isotropy strata are real algebraic manifolds
and that for each isotropy subgroup H, every rational invariant of the induced representation
(VH N(H)) can be obtained as the restriction of a global invariant of (V,G), where N(H) is
the normalizer of H and V¥ is the fixed point set of H.
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1. INTRODUCTION

It was observed in [2], on an example from solid mechanics, that the coefficients of the nor-
mal form for some orbit types (also called isotropy classes or symmetry classes in mechanics)
of a tensorial representation (V,SO(3)) could be expressed rationally using some polynomial
invariants of (V,SO(3)). Let us start by giving an example of what we mean by this assertion.
Consider the natural representation of the rotation group SO(3,R) on the vector space H?(R3)
of traceless symmetric 3 x 3 matrices with real coefficients

p(9)A=gAg~!,  AcH*R®), geSO(3R).

For this representation, there are exactly three orbit types corresponding to the symmetry groups
Do (three distinct eigenvalues, generic case), O(2) (two distinct eigenvalues) and SO(3) (only
one eigenvalue). A normal form for the second orbit type represented by the symmetry group
O(2) is provided by the linear subspace

VOB = [A e H2(R?); gAg™' = A, Vg€ O(2)} = {diag(—\, —\,2)\); A € R}.
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I
Then, on the dense open subset A # 0 of (H2(R?))°(?), one has A = 1_—3, where I = tr A% and
2
I3 = tr A3 are a generating set of the invariant algebra

R[HZ (R?))]SO(S,R) )

More generally, consider a linear representation p: G — GL(V) of a compact Lie group G
on a real vector space V. Given an orbit type represented by a symmetry group H C G, each
orbit of this type intersects the fix point set V', which may be considered as a normal form
for these orbits. The normalizer N(H) of H in G stabilizes the linear subspace V! and p
induces a faithful representation of N(H)/H on V. It was conjectured, after the observations
in [2], that every polynomial invariant of this representation is indeed the restriction on vH
of a rational invariant of the initial representation p of G. In a subsequent paper [33], it was
moreover conjectured that the closed strata of any real linear representation V' of a compact
Lie group were moreover real algebraic subset of V. In this paper, we will prove the following
theorem:

Theorem 1.1. Let p: G — GL(V) be a linear representation of compact Lie group G on a real
vector space V', let H be an isotropy group of p, let N(H) be the normalizer of H in G, and let
VH be the fived locus of H.

(1) Every rational invariant of the induced representation (V1 N(H)) is the restriction of
an invariant of (V,G) which is rationally defined on V. In other words, the restriction
map R[V] — R[VH] induces a morphism

S R(V)E —=s R(VI)NUH),

which is surjective when restricted to its domain of definition.
(2) The closed stratum Yg) 18 a closed real algebraic subset of V.

Related results can be found in the literature but under different hypotheses. In almost all
papers, the problem is considered in the complex case and for generic orbit types. The most
classical result fitting in this framework is Chevalley’s restriction theorem that corresponds to
a connected semisimple complex Lie group acting by the adjoint action on its Lie algebra g.
More generally, Luna in [29] and then Luna and Richardson in [30, theorem 4.2] proved that,
for a linear action of a reductive group G on an affine variety V (hence in particular for a
vector space), the restriction map K[V] — K[VH] maps K[V]¢ isomorphically onto K[VH]'
when K is an algebraically closed field, and H is the generic isotropy, and I' = N(H)/H (see
also [29],[36]). Further results can be found in [15, 21, 31, 34] where the same isomorphism is
proved on the fields of invariants of (V,G) and (V(H), N(H)) (that is K (V)¢ ~ K(VH)') under
the hypothesis that K is an algebraically closed field. To illustrate our theorem we provide below
some explicit examples.

Ezxample 1.2. We start with the real version of Chevalley’s restriction theorem. If G is a con-
nected compact Lie group, all maximal tori are conjugate (see [8, Chap. IV Thm 1.6]) and they
are maximal abelian subgroups. Let r denote the rank of GG, which is the dimension of any
maximal torus T in GG. Recall that an element z of g is regular if the closure of the 1-parameter
subgroup of G generated by x is a maximal torus in G. Regular points form a dense open subset
g8 of g, and for any x in g™®, GG, is the centralizer of the maximal torus of G containing the
1-parameter subgroup generated by x, which is the torus itself. Hence, if T" is a maximal torus,
if W = N(T)/T is the corresponding Weil group, and if t is the Lie algebra of T, there is an
isomorphism R[V]Y ~ R[]" (see [8, Chap. VI Prop. 2.1]). Our result implies a weak form of
this statement, namely the same isomorphism at the level of fields of invariants.

Example 1.3. For the standard representation of the symmetric group &3 on V = R3, there are
three isotropy classes [1], [S2], [G3]. The invariant algebra R[R?]®3 is generated by the three
elementary symmetric functions o1, oo and o3. The fixed point set V2 is the plane z = y and
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N(&3) = G,. Hence, R[VS2|N(2) = Rz, ] and we have

__ 0102 — 903 and s — 011)’ — 40109 + 903

20% — 609 O’% — 3092

Ezample 1.4. Here, we provide an example where N(H)/H is not trivial. We consider the
representation of the rotation group SO(3,R) on the vector space V = H*(R3) of harmonic
symmetric tensors of order 4 (or homogeneous harmonic polynomials in three variables of degree
four). It is known, see [14, 16], that there are eight orbit types, and among them the symmetry
class [Ds], where Dy is the dihedral group of order 2. The invariant algebra R[H*(R3)]SOGR) ig
generated by 9 polynomials J; which have been obtained in [3] (see also [2]). The normalizer
N(DDy) is the octahedral group @ and I' = N(Dy)/Dy ~ S3. The fixed point set VP2 is the
three-dimensional vector space spanned by the harmonic polynomials

pr=—zt+6y°2" =y,

p2 = —zt 4+ 62222 — 24,

p3 = —y* + 622y — 4.
In this basis, the action of the monodromy group I' ~ &3 is just the standard action of the
permutation group S3 on the triple (A1, A2, A\3) and the invariant algebra R[VD2]G3 is generated
by the elementary symmetric polynomials (o1, 09, 03) in the A;. It was shown in [2] that o1, o9
and o3 can be expressed rationally in terms of the Jj by

9 (8Jr —3JaJs+3J3Js— Jo° Js)
oy = — ,
LT 2 (65— 92 Ji— 20057 +3.05%)
02 = 7 01 _ﬂJ%
1 1 5 1
e e R — Y
93 = o4 3+7U1 56 712

Outline. The article is organized as follows. In section 2, we recall basic material on repre-
sentations of compact Lie groups and invariant theory. In section 3, we recall an explicit linear
model for the complexification of a compact Lie group and provide several useful results on the
complexification of a real continuous representation of a compact Lie groups. Besides, we prove
one key technical tool, namely that for compact group, normalizers commute with complexifi-
cation. The section 4 is devoted to the proof of theorem 1.1. In addition, two appendices are
provided. In Appendix A, we recall some results about Lie groups, real analytic functions, and
totally real manifolds. Finally, in Appendix B, we provide for the reader’s convenience a proof
of the Principal Orbit Theorem in the linear case.

2. PRELIMINARIES

2.1. Linear representations of compact Lie groups. Let G be a compact (real) Lie group
and let p : G — GL(V) be a continuous linear representation of G on a finite dimensional vector
space V. It is well-known that p is real-analytic (see corollary A.2). In particular, we will be
able to apply all the tools of differential topology concerning smooth action of Lie groups on
manifolds. We write g - v := p(g)v to lighten the notation.

For any vector v in V', we denote by G -v its orbit under G. The quotient set V/G of V under
the action of G is the orbit space of V.

The isotropy subgroup (or symmetry group) of a vector v in V' is defined by

Gy,:={9€G; g-v=0v}.

It is a closed subgroup of GG, hence a Lie subgroup of G. The orbit G - v is a smooth compact
submanifold of V', which is diffeomorphic to the homogeneous space G/G,.
Two vectors in the same orbit have conjugate symmetry groups. Indeed,

VoeV,Vge G, Gg,=gG, g L.



4 P. AZZI, R. DESMORAT, J. GRIVAUX, AND B. KOLEV

Of course, the converse is false but we say that v; and v are in the same isotropy class (or have
the same orbit type in the terminology of [1]) if their symmetry groups are conjugate in G, that
is if there exists g € GG such that

sz = gleg—l‘
Given a closed subgroup H of G, we say that the conjugacy class [H] of H in G is an isotropy
class (or an orbit type) if there exists a vector v such that [H]| = [G,].

The finiteness of isotropy classes for a continuous action of a compact Lie group on a compact
manifold was initially conjectured by Montgomery and solved in [13, 32] (in the case of a smooth
action it is way more easy, see also [4, Chapter VII| and [38, Theorem 5.11]). This implies the
finiteness of isotropy classes for a linear representation of a compact Lie group: we can see it by
extending a representation on V' to an action on the projective compactification P(V @& R), or
on the sphere S(V) if we take an invariant inner product.

Given a compact Lie group G, the inclusion relation on the set of closed subgroups induces
a partial order on the set of their conjugacy classes [7, 1], called by some authors containment
relation [9]. It is defined as follows:

[H1] < [Hal, if H; is conjugate to a subgroup of Hs.

To understand the geometry of conjugacy classes, a very useful notion is that of a slice. We
recall here the general definition, but in our setting not all properties are necessary (see 2.2).

Definition 2.1. For any v in V, a local slice of the G-action at v is an embedded disc S C V
passing through v such that:

e S is transverse to the orbit G - v.

S is stable under G,,.

If s1, 89 are two points in S and there exists g in G with ¢ - s1 = so, then g belongs to
G,. In particular, G4 C G, for each point s € S.

e (G- .S is an open neighborhood of the orbit G - v.

Remark 2.2. We have furthermore the following properties.

e Given a slice S, the open G-stable neighborhood G - S is diffeomorphic to the quotient
G X@, S, and after linearizing the action of G, on S, G - S is locally diffeomorphic to
G x@, N, where N, is the normal space of the orbit at v (viewed as a representation of
the isotropy group G ).

e Slices exist in general for proper actions of Lie groups on manifolds [10, Theorem 2.3.1],
and in particular for actions of compact Lie groups. However, for linear representations
of compact Lie groups, it is possible to produce slices easily (see lemma B.3 below).

e In our settings, where G is compact, the two last properties are automatic (of course up
to shrinking S) as soon as the two first ones are granted.

e The last property can be made slightly stronger: up to shrinking S, we can even assume
that the orbit map from G x S to V is a submersion, in particular it is an open map.

The existence of slices has the following corollary.

Corollary 2.3. Let v in V. Then there exists a neighborhood U of v such that for all w in U,
[Gu] X [Gy].

Proof. Let S be a slice at v. If w € G - S then w is in the orbit of a point w’ in S. It follows
that Gy C Gy, 50 [Gy] = [Gu] < [Gyl. O

Definition 2.4. A vector v € V (or its orbit) is called principal if there exists a neighborhood
U of v such that for all w in U, [Gy] = [G,]. Equivalently, v is principal if it has locally minimal
isotropy.

Remark 2.5.

e By definition, the set of principal points is open.
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e The definition of principal points is not totally standard. Some authors, like [1, section
6] have adopted another definition: A vector v € V' is principal if there exists a neigh-
borhood U of v such that for all w in U, [G,] < [G]. Anyway, for a compact Lie group
representation, the two definitions are equivalent.

Let us denote by 7 the canonical projection from V' to V/G. The principal orbit type theorem
can be stated (in the case of linear representations) as follows (see [7, Theorem 3.1], [1, section
VI, [10, Theorem 2.8.5]).

Theorem 2.6 (Principal orbit type theorem). For any open subset Q of V' such that w(Q2) is
connected, the set Ugq of principal points in Q is open, dense in Q, and w(Ugq) is connected.

For the interested reader, we present a proof in Appendix B. It follows from this result that
there is a unique minimal orbit type.

Definition 2.7. Let G be a compact Lie group acting linearly on V and H be an isotropy
subgroup.
e The fized locus VH is defined by
VE.={veV,h-v=vforallhe H},
it is the vector subspace of elements of V' fixed by H.
e The open fized locus ‘O/H is the subset of V¥ defined by

Vi = {veVvh G, =H}.
e The stratum Yp is defined by
Z[H] = {’U eV, [Gv] = [H]}

o
It is the set of vectors in V having isotropy class [H] and it is the orbit of V.
e The closed stratum

f[H] = {v eV; gHg ' Cc G,, for someg € G}
consists of vectors V having isotropy at least [H]. It is the orbit of V.
Remark 2.8.

e The terminology we use here is not totally standard, but it varies according to different
authors (for instance, what we call stratum is called orbit bundle in [38]).

e The fixed locus V¥ is defined for arbitrary closed subgroups of G (not only isotropy
subgroups) but we will generally avoid to do so.

e The terminology “closed stratum” and the corresponding notation will be justified by
corollary 2.11. The same holds for the opened fixed locus.

e The partial order relation on isotropy classes induces a (reverse) partial order relation
on the strata.

[H1] X [Ho] <= Ym,) = Xy

The normalizer of H is
N(H):={geG|gHg ' =H}.

It is the maximal subgroup of G in which H is a normal subgroup. We have the following result
(see [2], [16]):

Lemma 2.9. For each closed subgroup H of G, VH is N(H)-stable. Moreover, if H = Gy, s
the isotropy group of some point vo € V, then N(H) = {g €G; g-VH C VH}.

Proof. Let v in V. Then, for any g in N(H) and any h in H, we have

h-(g-v)=g-(g 'hg)-v=(gh')-v=g-v.
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If moreover H = G,, and g € G is such that g - VH C VH then, g- v is in V# and thus
H C gHg™', because Ggwy = gGuog~t. Since H is compact, H = gHg~' by [38, Proposition
3.7] and g belongs to N(H), which ends the proof. O

The linear representation p : G — GL(V') induces, by restriction, a linear representation of
N(H) on VH
pnemy: N(H) — GL(VT).
This induced representation is however not faithful in general but, when H is an isotropy group,
its kernel is exactly H and we get a faithful linear representation

prr : TH — GL(VH),

where 'l := N(H)/H is called the monodromy group in [2]. Note that, in that case, two vectors
v1,v9 in VE N Y[ are in the same G-orbit if and only if they are in the same ' _orbit.

Proposition 2.10. Let H be an isotropy subgroup. Then VH is open and dense in VH, more
precisely it contains a Zariski dense open subset of V1.

Proof. Let x be in VH. Then thanks to corollary 2.3 there exists a neighborhood U of z such
that for y in U, [Gy] = [H]. If y in UNVH, [H] < [Gy] < [H] so [Gy] = [H]. This means that
HcGy= gHg~ ! for some g in G so by [38, Proposition 3.7] again, Gy = H. This proves that

VH is open. The second part is difficult and will be proven later on (see corollary 3.17). [l

Corollary 2.11. i[H] is the closure of Xipy).

Proof. First we prove that E[H} is closed. If v, is a sequence in i[H} that converges to v then
there exists elements g, in G such that g,Hg, ! C G,, . After extracting a subsequence, we can
assume that g, converges to an element g in G. Then gHg~' C G, so v belongs to i[H]. Now,
let v be in S[H]. By definition, there exists ¢ in G such that ¢g~! - v belongs to V. Thanks to

1

[¢]
proposition 2.10, g~ - v is the limit of a sequence of elements in V. [l

For a compact Lie group representation (V, p), the partition into (non empty) isotropy strata
V=2 U Uk,

is called its isotropy stratification or orbit type stratification. It can be shown that it is a real
stratification, and even a Whitney stratification (see [10, §2.7 and Theorem 2.7.4]).

Ezample 2.12. Consider, for instance, the representation of the rotation group G = SO(3) on
V = S2R3. Then there are exactly three orbit types

(D] < [0(2)] = [SOB)],

where [D] is the principal orbit type. In that case, VD2 the subspace of diagonal matrices,
intersects all the orbits but since N(Dy) is the octahedral group Q and the monodromy I'P? is
isomorphic to the symmetric group &3, the set V2 is not (formally speaking) a slice, but it can
be seen as a slice with finite monodromy.

2.2. Invariant theory and orbits. In the material we will present, we will constantly deal
with two types of groups:

Compact Lie groups: they admit automatically a faithful representation [8, Theorem
I11.4.1], and thanks to Weyl’s unitary trick, this representation can be chosen unitary.
Besides, every continuous finite-dimensional representation of G is fully irreducible, i.e.
splits as a direct sum of irreducible representations.

Complex reductive groups: they are complex Lie groups admitting a faithful complex
analytic representations and such that every finite-dimensional analytic representation
splits as a direct sum of irreducible representations.
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It turns out that both type of groups are closely linked through the process of complexi-
fication, which will be detailed in 3.1. More precisely, complex reductive groups are exactly
complexifications of compact Lie groups [25, Theorem 4.31]. The idea behind this link is that
Weyl’s unitary trick allows to prove that a complex Lie group is reductive as soon as it contains
a Zariski dense compact subgroup (see for instance [24, Lemma 6.2.7]). Lastly, if G C GL,,(C)
is reductive, then, G is automatically an algebraic subgroup of GL(n,C) [25, Theorem 5.11].

Let G be a real (resp. complex) Lie group, and let K = R (resp. K = C). The linear action
of G on a K-vector space V extends naturally to the polynomial algebra K[V] via the formula

(9-p)(v) :=plg™" v)
for every polynomial p € K[V] and every vector v € V. The set of all polynomials that are
invariants under the action of G is a subalgebra of K[V] denoted by K[V]¥ and called the
imwvariant algebra of V.
The foundational result of invariant theory, due initially to Hilbert [20] in the case of the
action of GL(n,C) on Sym? C", runs as follows.

Theorem 2.13. [19, Theorem X.5.6], 24, Theorem 6.3.1] Let G be a compact (resp. complex
reductive) Lie group, let K = R (resp. K = C), let V be a finite dimensional K-vector space,
and let p: G — GL(V) be a continuous (resp. analytic) representation of G. Then, the invari-
ant algebra K[VC is finitely generated. This means that there exists a finite set of invariant
polynomials p1,...,pn such that

K[V]G = K[p1,...,pN].

Remark 2.14. Although this theorem is stated most of the time for complex reductive groups
(or even reductive groups over an algebraically closed field of characteristic zero), the proof in
the compact case works in the same way since it relies only on the Noetherianity of K[V] and
the existence of a Reynolds operator (which is simply in this case obtained by averaging on the

group).

It is clear that any invariant is constant on G-orbits. The geometry of orbits can be understood
via the invariants, but the situation is different for the real and the complex cases.
K =R, G compact:

e The G-orbits are compact and smooth.

e The invariants separate the G-orbits. In other terms, given two vectors vi,v9 € V
belonging to different G-orbits, it is always possible to find a function p € R[V]“
such that p(v1) # p(v2) (see [1, Appendix C]).

e The orbit space V/G can be described as a semialgebraic subset of RN, Indeed, if
{p1,...,pn} denotes a generating set for R[V]%, then the mapping

P:vo— (pl(v),P2(U)a s 7pN(U))

induces an homeomorphism between V/G and P(V) € RY which is a semialgebraic
subset of RV,
K =C, G reductive:
e The G-orbits are constructible !, and their closure are the same for the usual or for
the Zariski topology.
Two Zariski-closed G-stable sets of V' can be separated by invariants.
Each G-orbit is adherent to a unique closed G-orbit.
The complex scheme V/G = spec C[V]¢ parameterizes closed G-orbits.

In the same way one defines the algebra of polynomial invariants K[V]%, one can define the
invariant field K (V) of rational invariants, which is a subfield of the field K (V) of all rational
functions on V. Note that this field is always finitely generated since it is contained in the
finitely generated field K (V') (see for instance [23]).

LA set is constructible if it is Zariski open in its Zariski closure.
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Following Popov and Vinberg [34], we say that a rational invariant f separates the orbits
01 and Os if it is defined at points of both orbits and assumes different values at these points.
A subset F of K (V)% separates the orbits @7 and O if it contains an element that separates
these orbits. Finally, we say that a subset F' of K (V)G separates orbits in general position if
there exists a nonempty Zariski open subset U C V' such that F' separates the orbits of any two
inequivalent points of U.

Theorem 2.15. [34, Lem. 2.1] Let G be a reductive complex group and p : G — GL(V) a
complex representation of G. If a finite set F C C(V)C separates orbits in general position, then
it generates the field C(V)C.

Remark 2.16.

e The converse of theorem 2.15 is also true (see [34, Theorem 2.3]) and is originally due
to Rosenlicht [35].

e Theorem 2.15 is wrong in the real setting. Consider the real representation of the
trivial group G = {e} on the real space V' = R. Then the invariant field is given by
R(V)% = R(x). The polynomial p(z) = 2> separates all the orbits but is not a generator
of R(V)%.

2.3. The algebraic case. The geometry of the linear action of a compact Lie group (or more
generally the action of a Lie group on a manifold) has been investigated in the framework of
algebraic geometry. The theory is delicate, we will present a quick overview of the situation
as well as results that we need. The setting is as follows: let G be a complex reductive group
acting algebraically on a complex affine algebraic variety (the theory works for any closed field
of characteristic zero, but we will use it essentially in the complex case). The aim is to provide
a local model for the action near an orbit of G. The most simple example happens when the
action is free. If we pursue the analogy with differential geometry, we would expect a local
trivialization near the orbit. However, the following example shows that it is not possible to
expect such a result in the Zariski topology.

Ezample 2.17. Let us consider the group p, of n-th roots of unity, acting naturally on C*. In
this case, the space of orbits is also isomorphic by C*, the quotient map 7 being given by z +— 2™.
We see that it is impossible to trivialize 7 in the Zariski topology on the base. Indeed, a Zariski
open subset of C* is simply obtained by removing a finite number of points, and the projection
remains nontrivial on any such open subset.

The problem comes from the fact that a smooth and surjective morphism between algebraic
varieties does not always have a section in the Zariski topology. However, it has a section in the
etale topology [18, 17.16.3 (ii)]. Concretely this means the following: if ¢: X — Y is smooth and
surjective, then for any y in Y there is a neighborhood U, of y and an etale morphism ¢: V' — U,

such that the pull-back morphism f: V xy, X — V has a section. For the interested reader,
let us mention that the problem of trivializing principal G-bundles in the Zariski topology was
studied in depth by Grothendieck in [17]: in fact he proved that for a given algebraic group
G, then all etale locally trivial principal G-bundles are Zariski locally trivial if and only if G is
affine, connected, and without torsion [17, Theorem 3].

Let us provide a very interesting example, due to Richardson, that illustrates another difficulty
related to the topology of the orbits.

Ezample 2.18. [28, Remark 4° page 98] Let us consider the natural action of SL(2,C) on the
set V3 of cubic binary forms, i.e., homogeneous complex polynomials of degree 3 in two complex
variables. Now, P(13) is isomorphic to S3 P!, the isomorphism being induced by the map which
assigns to a cubic binary form its (unordered) three roots. The action of SL(2,C) is the natural
action of PGL(2,C) on triplets of points in P! after quotienting by +1. Hence there are only 3
possible projective orbits: [w?], [zw?] and [z(w — 2)w], whose respective stabilizers in PGL(2, C)
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are

a 0 *
PGL(2,C)[Zw2] = {(0 1> ,aeC }

PGL(2, C)o(12yu] = {((1) ?) ’ (‘1) é) , (‘01 1) ) <_01 1) ’ G —01) ’ G _01> }

We can now look at the pre-images of these stabilizers in SL(2,C). They act by characters
on binary forms. More precisely, for ¢ in {—1,+1}, if we denote by 7 % f, the right action of

v € SL(2,C) on f € V3, given by (y* f)(§) = f(7- &), where £ = (2, w), we get

3 2
a B, s a 0 2 _ 2wt
<0 1/a>*w =3 (O 1/a>*zw =

w(?é>*4w—@w:—w4w—@, %<511>*dw—@w:—mdw—@

e<g D*dw—@w:—m@thg mGPJ*dw—@w:mdw—@w

EGBv*dw—dw:—mw—@w

Hence we have 4 orbit types:

The orbit of 0 has stabilizer SL(2, C).
The orbit of w? has stabilizer C x Z/3Z.
The orbit of zw? has trivial isotropy.
The orbit of z(w — z)w has isotropy

{696 2) G oo

Now, the set U of binary forms which have three distinct roots is a Zariski open subset of V3
defined by the non vanishing of the discriminant. It is dense, and all points in U have isotropy
Z/3Z. However, SL(2;C),,,2 is trivial. Hence the generic orbit has isotropy Z/37Z, but another
orbit type has trivial stabilizer. This example shows that we cannot expect corollary 2.3 to be
true in whole generality in the algebraic setting.

In the preceding example, the reason why this problem occurs is that the orbit of zw? is
not closed. In the case of a closed orbit, Luna’s slice theorem gives a good description of the
situation.

Theorem 2.19. [28] Let G be a reductive group acting on an affine algebraic variety X. Let x
be a point of X and assume that the orbit G - x is closed in X. Then there exists an etale slice
at x, that is an affine subvariety V of X passing through x satisfying the following properties:

o V is G,-stable
e The natural G-morphism ¢: G xg, V — U is etale, and its image U is an affine neigh-
borhood of the orbit G - x.

Using this theorem, Luna was able to recover results that were holding in the case of compact
Lie group actions, like finiteness of orbit types. The result that will be of crucial importance for
us is the algebraic version of corollary 2.3.

Corollary 2.20. [28, Remark 4° pp. 98] Let G be a reductive group acting on an affine algebraic
variety X. Let x be a point of X and assume that the orbit G - x is closed in X. Then there
exists a Zariski open neighborhood of x such that for any y in X, Gy is conjugate to a subgroup

of G.



10 P. AZZI, R. DESMORAT, J. GRIVAUX, AND B. KOLEV

3. COMPLEXIFICATION

3.1. Complexification of a compact Lie group. The complexification of a real Lie group is
formally defined as the solution of a universal problem, which always exists and is unique up to
a complex analytic isomorphism ([6, Chapter 3]).

If G is compact, it is possible to define G as follows (see [8, IT1.8]): let A be the algebra of
representative functions on GG, that is functions that generate a finite-dimensional representation
inside C°(A, R). Tannaka-Krein duality [8, IT1.7] guarantees that G identifies with real characters
of A, that is every character of A is of the form f — f(g) for g in G. Then G® is defined as the
complex characters of AC.

Ezample 3.1. If G = U(1), A is the algebra of trigonometric polynomials R[cos(f),sin(6)]. Its
complexification is the algebra Clcos(6),sin(f)]. Given a complex polynomial P(cos#,sinf), we

can associate the Laurent Polynomial P (LQI/Z, %) In this way we see that

Clcos(#),sin(0)] ~ C[z,1/7],

since every Laurent polynomial is uniquely determined by its restriction on U(1). Hence, the
complex characters of Clcos(f),sin(f)] are exactly the points of C*.

There is an explicit way to describe this complexification, which is pretty useful to understand
more precisely the geometry of GC. To achieve this, we use the fact that every compact Lie
group admits a faithful representation [8, Thm. III.4.1], and thanks to Weyl’s unitary trick,
it admits a faithful unitary representation. Before going further, let us recall some elementary
facts of linear algebra.

Lemma 3.2.

(1) Polar decomposition: if P(n) denotes the set of hermitian positive definite matrices, then

the product map
U(n) x P(n) = GL(n,C)

is a diffeomorphism.

(2) If v denotes the Cartan involution M — (M*)~' of GL(n,C), then for any M in
GL(m, C) with polar decomposition gh, h? = «(M)~*M.

(3) U(n) = {M € GL(n,C),u(M) = M} and P(n) = {M € GL(n,C),(M) = M~'}.

(4) The map Z — €% from u(n) to P(n) is a diffeomorphism, where u(n) = Lie(U(n)) is
the Lie algebra of skew-hermitian matrices.

This being done, the complexification of a compact Lie group can be described as follows.

Proposition 3.3. [8, Prop. 111.8.3] Let G C U(n) be a compact Lie group and let g be its Lie
algebra. Then

G(C:{geiz ; gEGandZGg}
In particular, G is diffeomorphic to G x g.

Remark 3.4. This result might be surprising at first glance because it is not clear at all that the
right hand side is a group. Let us briefly explain by hand why it is the case. Given g1e*41 and
ggelz2, where g1,¢9o € G and Z1, Z5 € g, we have

iAd(g; ) (Z1) Zs’

- N )

e'"“tgo = gaAd(gy " )e' = gae = goe'

iZngeiZ2 = glggeiZQeiZS. Writing
0122 o123 _ geiZ’

with g € U(n) and Z € u(n), we have thanks to lemma 3.2 (2),

where Z35 € g. We get thus gie

eQzZ _ L(@ZZQ eng)—lezZz eng — eng e22Z2 €ZZ3.

Consider now the real analytic function

1 R
w:gxg—un), (Zo, Z3) % log(e'Z3e?22¢1%3)
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By applying lemma A.1 two times, we get that ¢(Zs, Z3) € g* for sufficiently small Z5, Z3 and
by corollary A.5, we conclude that for all Zo, Z3 in g, ©(Z2, Z3) € g® Nu(n) = g. Hence this
proves that for all Z3, Z3 in g, Z is in g.

We can apply again the same trick: consider the real analytic map

¥:gxg—Un), (Za, Z3) s 7273719\ 72:28)

For Zy, Z3 close to 0, log ¥ takes values in g® Nu(n) = g, so ¥ takes values in G. As G is a
closed real analytic submanifold of U(n) by corollary A.2, we deduce using again corollary A.5

that for all Zy, Z3 in g, W(Z2, Z3) € G. Since V(Zs, Z3) = g, we deduce that g belongs to G and
we are done.

Remark 3.5. The group G is a closed subgroup of GL(n;C), and it is straightforward to check
that Lie(G®) = g+ig = g since u(n) is totally real in gl(n; C). Hence Lie(G®) carries a natural
complex structure for which the bracket is complex linear. It defines on G a complex Lie group
structure for which the exponential map is a local biholomorphism around 0. Besides, G is
totally real in GC.

We have an even stronger property :
Proposition 3.6. The complezified group GC is an affine algebraic subvariety of GL(n,C).

Proof. This is [8, Prop. 111.8.2], the key point being the fact that the algebra of representative
functions on G is finitely generated. O

Corollary 3.7. If G is a compact Lie group, then G is analytically Zariski dense in GC.

Proof. The group G is a totally real analytic submanifold of GC. Hence, thanks to corollary A.2,
the Zariski closure of G in GC is the union of connected components of G that contain G. By
Proposition 3.3, this union is G itself. Il

Corollary 3.8. Let G be a compact Lie group, and assume that G© acts holomorphically on a
(non-necessarily finite dimensional) complex vector space W. Then Wa = we.

Proof. For w in W&, let us consider a linear form u on W. Let ¢: GE — C given by ¢(g) =
u(g - w — w). Then ¢ is holomorphic and ¢ vanishes on G. Thanks to corollary 3.7, ¢ vanishes
on GC. This means that for all g in G, all linear forms take the same values on w and ¢ - w, so
g -w = w. Hence w is fixed by GC. O

Finally, let us prove that G satisfies a universal property (which is more general than |8,
Proposition I11.8.6] which concerns only linear representations).

Proposition 3.9. Let G be a compact Lie group, G its complezification, and ¢: G — GC the
natural morphism. For any complex Lie group H and any morphism f: G — H of Lie groups,
there exists a unique homomorphism F : G — H of complex Lie groups such that f = F o ¢.

a—.m

|\ A

G(C

Proof. We use the notation of proposition 3.3. Let o denote the differential of f at the origin and
let 0C: g€ — b be its complexification. We define a map F: G¢ — H by F(ge'?) = f(g)e”(4).

First we claim that F' is holomorphic. By Lie’s third theorem (see [37, §I1.8, Thm 1]), the
morphism o€ can be uniquely integrated to a local holomorphic group morphism F:G¢ - H
defined in a neighborhood of the identity, whose differential at the identity element is oC. Hence,

F|g integrates o, so F|g = f. Hence, for g close to the identity and Z close to 0, we get

F(ge'”) = F(g)F(e'”) = f(g)e” 7 = J(9)e'” ) = F(gc?),
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so F = F near the identity. It follows that F' is holomorphic near the identity. Since F' is real
analytic, F is holomorphic on (G®)¢. Since for g in G and ¢ in G, F(gf) = f(g)F(¢), it follows
that F is holomorphic on GC. Lastly, Fig = [ is a group morphism on G, so by corollary 3.7,
applied two times, F' is a group morphism. O

3.2. Complexification of a real representation. Let p : G — GL(V) be a real continuous
representation of a compact Lie group G. By proposition 3.9, there exists a unique analytic
extension

Pt Gt = aL(VE)
of p. This complexified representation enjoys some very specific properties that we will list
below.

Proposition 3.10. If we see GC as an affine algebraic group (via proposition 3.6), then pC is
an algebraic map.

Proof. This is proved in [8, Proposition I11.8.6]. O

Remark 3.11. The link between compacity and algebraicity is a beautiful result that relies on the
Peter-Weyl theorem and on the finiteness of the algebra of representative functions. Outside of
this context, such results become immediately wrong. For instance, C and C* are both complex
affine algebraic groups, but exp: C — C* is a holomorphic Lie group morphism that is no longer
algebraic. This comes from the fact that C is not reductive.

Proposition 3.12. Given (V,G), there exists a GC-stable and nonempty Zariski open subset U
of VC such that all orbits of points in U are closed.

Proof. Since G is compact, we can endow V' with an inner product. Hence we have a chain of
maps

G2 O(n) c U(n) c GL(n;C)
Thanks to proposition 3.3, it is possible to check that O(n)® = O(n;C) so we get that p* takes
values in O(n; C). Hence the action preserves a symmetric nondegenerate complex bilinear form,
and the result follows from [27]. O

Lemma 3.13. For any v in V, (G%), = (G,)°.

Proof. By corollary 3.7, G, is Zariski dense in (G,) so (G,)° fixes v for the complexified
representation. This yields the inclusion (G,)® C (G©),.

For the converse implication, we argue as in the proof of proposition 3.12. Let us denote by
dp the differential of the G-action at the origin. Let £ = ge'? be an element of (G©),. Then ¢(¢)
belongs to (G®), too, so €*% = 1(£)~¢ belongs to (G®),. It means that exp(2idp(Z)) - v = v.
Now 2idp(Z) is a complex hermitian endomorphism of V, so it is diagonalizable with real
eigenvalues. It follows that dp(Z)(¢) = 0, so Z belongs to Lie(G,). Hence, e fixes v so g fixes
v too. Tt follows that g belongs to G,, which proves that ¢ belongs to (G,)®. O

Proposition 3.14. For any v in V, GC - v is closed.
Proof. Tt follows directly from [11, Lemma 2.2] since G is compact. O

Remark 3.15. For the reader’s convenience, we can provide a sketch of the proof of the above
proposition. It relies heavily on the beautiful theory of Kempf and Ness [22]. Let us fix an inner
product on V such that G acts by orthogonal transformations, and extend it to an hermitian
product on V€. The moment map p: VC — g* is given by
1

p0)(€) = 5-(€ oo}
This definition makes sense because ¢ belongs to u(V°) so it is skew-hermitian. Then Kempf-
Ness theorem states that an orbit G® - v is closed if and only G -v N p=1(0) # 0 (see for
instance [26, Theorem 4]). However, since G acts by orthogonal transformations, the moment
map p vanishes on V. The result follows.
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Proposition 3.16. For any isotropy H, the complex open fixzed locus in (V(C)H(C contains a
nonempty Zariski open set.

Proof. Let v be a vector in V such that G, = H. Thanks to proposition 3.14, G - v is closed,
and thanks to corollary 2.20, there exists a Zariski open set U containing x such that for any
w in U, Gy, is conjugate to a subgroup of G,. Let us now look at U=Un (VC) , which is a
nonempty Zariski open subset of (VC)H . Then for w in U , (G%),, is conjugate to a subgroup
of HC so there exists ¢ in GC such that

Cc (@Y cgtH .
It follows from lemma A.3 that g normalizes HC, which implies that (G©),, = H. O

[e]
Corollary 3.17. For any isotropy H, the open fized locus VH contains a nonempty (real)
Zariski open set.

Proof. Thanks to corollary 3.8 we have (VH)C = (VO = (VC)HC. Then the result follows
from proposition 3.16 and corollary A.7. O

We can also compare real and complex orbits. This result won’t be strictly necessary in the
sequel but it can help to understand the geometry of the situation.

Proposition 3.18. For any vector v in V, (GC-v) NV =G - v.

Proof. One inclusion is obvious. For the other inclusion, let H be the isotropy of v. Thanks
to lemma 3.13, the orbit G* - v is isomorphic to G¢/HC. Let ¢ denotes the Cartan involution
on GC. Assume that £ - v is real for some element £ in G®. Then ¢(f) -v = £-v = v so 1(£)"1/
belongs to HC. If ¢ = ge'?, then e€*Z belongs to HC. It implies that Z is in b, so €*Z is in HC.
Hence £ -v =g - v. O

Remark 3.19. The result [5, Proposition 2.3] predicts in our case that the intersection of a
complex orbit with real points is a finite union of real orbits. Hence this result is weaker, but
holds for more general groups.

Ezample 3.20. Let us give an example where this intersection is strictly bigger than the real
orbit. For this we take again Example 2.18, but with the action of GL(2;C) instead of SL(2;C)
acting on the vector space of degree 3 binary forms. Then the GL(2,R)-orbit of z(w — z)w
consists of all binary forms of degree 3 with real coefficients and 3 distinct roots. However, real
binary forms that are in the GL(2,C)-orbit of z(w — z)w consist of real binary forms with 3
distinct roots (not necessarily real). This locus is a union of two GL(2;R) orbits: the orbit of
z(w — z)w and the orbit of z(z%? + w?). There is no contradiction with the result we proved,
because GL(2,R) is not compact. As a matter of fact, GL(2, R) is the split real form of GL(2,C)
and not the compact one, which is U(2).

Finally, we go back to the algebra of invariants.

Lemma 3.21. The three complez algebras (R[V])C, C[VE]C and C[VEIC" are naturally iso-
morphic.

Proof. We have R[V]€ ~ C[VC]. Then the result follows from corollary 3.8. O

Corollary 3.22. If {J1,...,Jn} is a set of generators for R[V|C, then, it is also a generating
set for (C[V(C]GC.

3.3. Complexification of normalizers. The aim of this section is to prove that the complexi-
fication of the normalizer of a compact subgroup of a compact Lie group is naturally isomorphic
to the normalizer of the corresponding complexified subgroup (proposition 3.26). This result is
in accordance with Luna’s result [30, Lemma 1.1]. In the following three lemmas, G' denotes a
compact Lie group acting on a vector space V and H is a Lie subgroup of G. We denote by G
and HC their respective complexifications.
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Lemma 3.23. Let H be a closed subgroup of a Lie group G and let I" be a set of representatives
in H of the finite group H/H€®, where H is the identity component of H. Then,

Lie(N(H)) = N(§) N {X € g, ¥y € T, Ad(7)(X) — X € b}.

Proof. Let X € Lie(N(H)) then for all real ¢, /X is in N(H). Let Y € b, then e*¥ is in H and
therefore Ad(efX)(e®Y) is in H. Taking the derivatives with respect to s and then to ¢, we get
Ad(X)(Y) € b which implies that X € N(h). Now, let v be in I'. Then Ad(e*¥)(y) belongs to
the connected component H¢y of H containing 7. Consequently, e!X~ve **¥~~1 ¢ H. Deriving
at t = 0 we get that X — Ad(y)(X) is in b.

Conversely, let X e N(h)n{X € g, Vy €T, Ad(y)(X) — X € b}, and let Y be in h. Then,

et X gsY o —tX _ Ad(etX)(esY) _ esAd(efX)(Y) — esexp(tad(X))(Y) c g
It follows that !X Hée *X c H®. We must now deal with the other connected components. Let
~v be in I'. Then
etX,yeftX,yfl — etX Ad(’y)(eitX) — etXef Ad(v)(tX) _ etXet(XfAd('y)(X))ftX.

Set Y = X — Ad(y)(X), then, by assumption, Y € h and tY —tX = — Ad(y)(X) € h. By

applying Baker-Campbell-Hausdorff formula (lemma A.1) on e/Xye Xy~ = !XV =1X e get

that etXye X~~1 = et where Z is an iteration of Lie brackets in terms of X and Y hence
Z € §. Therefore, we have

6tX(,.)/esY)eftX _ (etX,yeftX),yfl v (etXesYeftX) c H.

€eH cHe

Consequently, e/ normalizes H, which implies that X belongs to Lie(N (H)). O
Lemma 3.24. Let by be a Lie subalgebra of u(n), Z € h, B € N(h) and A € u(n).

If ¥4 = BB then A—Beb.
Proof. Consider the following real analytic function

Frutm) x N(b) > u(n),  (Z,B) = ~n(cPeiZeiB) _ 2B,

1

Note that f is well-defined because e'PeiZe’P is an element of P(n), thanks to lemma 3.2 (2).

Indeed,
L(ezBe'LZezB) _ eszeszesz — (ezBe'LZezB)fl.

Then, we can take its logarithm in u(n) thanks to lemma 3.2 (3). Next, we apply Baker-
Campbell-Hausdorff formula (lemma A.1) two times on e’Ze?¢e’® and we deduce that f(B, Z)
is in b for B and Z sufficiently close to zero. Thanks to corollary A.5, this is valid everywhere
since f is real analytic. Hence A — B belongs to b. O

Finally, we need the following classical result.

Lemma 3.25. Let u be a diagonalizable endomorphism of a vector space V' with real eigenvalues.
If W C V is stable by exp(u), then W is stable by u.

Proof. Let A1,...,A; be the distinct eigenvalues of u, and let P be a polynomial such that for
any i, P(e*) = X\;. Then P(exp(u)) = u, since this equality can be checked on a basis of
eigenvectors of u. The result follows directly. O

Proposition 3.26. We have
Nee(H®) = (N (H))®.

Proof. If g is in Ng(H), then, gHg~' ¢ H C H®. Consider the holomorphic application
Cy: H® = G/HE,  hw— ghg™h.
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Then, Cy vanishes on H, and thanks to corollary 3.7, Cy vanishes on H C. The same argument
applies for g~! so g normalizes H® in G®. Hence Ng(H) C Ngc(H®) and by theorem 3.3 we
get
(NG(H))® C Nge(H).

Let us prove the reverse inclusion. Let g be in NGC(H(C). By theorem 3.3, we can write g = ke~
with k in G and X in g. We need to prove that &k (resp. X) belongs to N(H) (resp. Lie(N(H)).
We have 1(g) = ke™™X. To prove that X € Lie(N(H)), we use the description of Lie(N(H))
given in lemma 3.23.

On one hand, thanks to lemma 3.2 (2), we have e?* = ((g)~'g. Besides, the normalizer
of HC is stable under the Cartan involution ¢, and hence ¢%¥ normalizes HC. This implies
that Ad(e®X)(hC) = hC, where b is the Lie algebra of H. Now Ad(e*X) = exp(2iad(X)).
Since X is in u(n), 2iad(X) is diagonalizable with real eigenvalues. Thanks to lemma 3.25,
ad(X)(h®) c h®. Consequently, X € N(h®). Since X is in u(n), X belongs to N(b).

On the other hand, let v in T'. Then e*X~e=2X ¢ HC since e*X € N(H®). Now we calculate
1(e2 X ye 21X =1 (21X e =2iX) which on one side gives e*# with Z € b and on the other side, we

21X

have

L(e2iX —2iX)—1(e2iX —22'X) (6—22'X 62iX)—1(62iX e—2iX)

e e = gl g
— e—QiX Ad(,y—l)(e%X)e—ZiX

Y ) 1 iy
—e 21X€41Ad(7 )(X)e 22X‘

Therefore, combining the two equalities together, we get

. _ . . 71 _ .
6212 —e 21X642Ad('y )(X)e 21X

that is
e4z’Ad(»y—1)(X) _ 2X 27 20X
Applying lemma 3.24 with A = 2Ad(y1)(X) € u(n) and B = 2X € N(), we have finally
Ad(y 1) (X) - X € h,s0 X — Ad(y)(X) € h. This proves that X belongs to Lie(N (H)).
Now, both X and ke'* normalize H® and so does k € N(H®). We have kHC k™! = HC so

H=HNU(n) =kH k' NUn) = kH NUMR))k' =kHE!
so k belongs to Ng(H). O

4. PROOF OF THE MAIN THEOREM

The main idea to prove theorem 1.1 is issued from the following erroneous proof. Let
{J1,...,JN} be a generating set for the invariant algebra R[V]“. Then this set is a sepa-
rating set for (V,G) (see the discussion after remark 2.14). For 1 < k < N, let j; denote the
restriction of Ji, to V. The inclusion V¥ < V induces the morphism

R[V]S 5 RIVANUD {7 I e v

Then, the set {j1,...,jn} is separating for (VH, N(H)). If theorem 2.15 was true for a real
representation, we could conclude that F is a generating set for the invariant field R(V )N (H)
and this would achieve the proof. Unfortunately this is false. However, this argument can be
modified to become a real proof.

Proof of theorem 1.1. Let {Jy,..., Jy} be a generating set for the invariant algebra R[V]“. Then
{J1,...,Jn} separates the orbits of (V,G). Let j; be the restriction of .J, on V¥, then, the j
separate the orbits of V7 N Y-

Let W = (V(C)HC. Thanks to proposition 3.16, there exists a nonempty Zariski open set U
of W such that for any w in Uy, G = H®. Let K = Ng(H). The group K acts on W, and
thanks to proposition 3.12, there exists a nonempty Zariski open subset Us of W such that all
KC-orbits of elements of Us are closed in W. Let U = U; N Us, then, U is also a nonempty
Zariski open set in W.
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We claim that {j1,...,jn} separates KC-orbits of elements in U. To prove this, let w; and
ws be two elements in U that are not in the same K C-orbit. Assume that wy and w; are in the
same GC-orbit. If gw; = ws for some g in GC, then H® = gHC¢~! and g belongs to Ngc(HC).
Thanks to proposition 3.26, ¢ is in K, which gives a contradiction. Hence GCw; N GCwy = 0.

The KC-orbits of wy and ws are closed because wy and we belong to Us. Besides, thanks to
proposition 3.26, K€ = Ngc(HC). It follows from [29, Corollary 1] that the GC-orbits of w;
and wg are also closed. Since these orbits are constructible, they are Zariski closed (and also
Gc—stable). Thanks to corollary 3.22, they can be separated by the Ji. This proves our claim.

By Popov & Vinberg’s theorem 2.15, the j; generate the field (C(W))% “. It follows that the
map

(CVENT — (W)™
is surjective. It remains to go back to real fields of invariants. Thanks to corollary 3.8, we have
a diagram

(CEENT = (CW)*

(CVE)T = (C(W )R

Moreover, C(VC) = R(V) ®g C and C(W) = C((VI)®) = R(VH) @k C. Hence the map
(R(V))E s (R(VH))Nelt)

is also surjective because every real rational invariant is in the image of a complex rational
invariant, and therefore it is also the image of its real part.

We now prove the algebraicity of strata. Thanks to proposition 3.16, there exists a Zariski
subset U in (V&) " which is contained in the open fixed locus. Let X denotes the GC orbit of
U in VC, then by Chevalley’s theorem X is constructible in V', so its topological closure is the
same as its Zariski closure.

Let us first prove that X NV lies in ©g. If v is in X NV, then there exists ¢ in G such that
¢-v belongs to U. This implies G5 = HC, and therefore ¢ GS ¢~! = HC. Since G and HC are
stable under the Cartan involution ¢, we also have ¢(£) GS 1(¢)~t = H®. Tt follows that ¢(¢)~1.¢
normalizes GE. If £ = ge'?, then 1(¢)~' .4 = €?# and thanks to proposition 3.26, Z is in the Lie
algebra of Ng(G,) so €'# normalizes GS. Tt follows that

H(C _ geiZG(Ee—iZg—l _ QGS g—l.
Taking the fixed points under the Cartan involution on both sides, H = g G,, g~!, which implies

that v lies in the G-orbit of V1.

Let us now prove that X NV = E[H]. The inclusion follows by taking the closure of the
inclusion X NV C Xpgy. For the other inclusion, recall that U is a Zariski open subset of W
and that X is the GC-orbit or U. We have thus U NV ¢ X NV and thanks to corollary A.8,
UNVH is a nonempty Zariski subset of V. Hence, V¥ ¢ X NV. Since the right hand side is
G-stable, we get S[H] cXnV.

We can finish the proof as follows: X is Zariski open in X, so X NV is Zariski open in the
algebraic set X N'V. Therefore, X NV is also an algebraic set, which is the union of a finite
number of irreducible components of X NV. |

Remark 4.1.

e In the first part of the proof, we made crucial use of Luna’s criterion for closedness of
orbits [29, Corollary 1]. For an easy proof of this theorem using Kempf-Ness theory,
see [26].

e The natural candidate for i[ ) should be X NV. However, we don’t know if X NV is
irreducible in full generality. Hence the best result we could get is that i[ ) 1s one of its
irreducible components.
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APPENDIX A. LIE GROUPS AND REAL ANALYTIC STRUCTURES

In this appendix, we recall a few results we need about Lie groups, and add some folklore
results on real analytic functions and real analytic manifolds.
We now focus on Lie groups, and recall the following classic formula.

Lemma A.1 (Baker-Campbell-Hausdorff formula). [12, §3.4] Let G be Lie group and g its Lie
algebra. Consider X,Y € g. Then the solution Z € g of eXe¥ = e is a formal series in iterated
commutators of X and'Y

1 1 1

where indicates terms involving higher commutators of X and Y. If X and Y are suffi-
ciently small elements of the Lie algebra g, the series is convergent.

“© oo

This formula implies that the multiplication of G in exponential coordinates near the neutral
element is real analytic. From this, one deduces immediately the following result.

Corollary A.2. Let G be a Lie group. Then G has a natural real analytic structure such that:

e The multiplication map is globally real-analytic
e For any g in G the map Lgyoexp in a neighborhood of 0 defines a local real analytic chart
near g.

Besides, if H is a Lie subgroup of G, then H is a real analytic submanifold of G. More generally,
any continuous morphism between compact Lie groups is real analytic.

Lastly, let us state the following lemma, which is the differentiable version of [38, Proposition
3.7].

Lemma A.3. Let L be a Lie group with a finite number of connected components, K be a closed
subgroup of L, and assume that there exists £ in L such that {K{~' C K. Then, ¢ normalizes
K.

Proof. The automorphism Ad(¢) stabilizes &, so it is an automorphism of €. Therefore Ad(¢/~1)
stabilizes € so (1Kl C K°©.

Let K /K€ be the set of connected components of K. Then K/KF€ is a finite group and Ad(¢)
induces an action on K/K€. Let k be a representative of an element of K/K€¢ which is in the
kernel of Ad(¢). Then ¢k¢~1 belongs to K¢ so k = ¢~1(¢y¢~1)¢ € K¢, which means that the
class of k is 0 in K/K®. Hence Ad(¢) is injective, and since K/K€ is finite, Ad(¢) is a bijection.
This implies that for any & in K there exists an element of the form ¢k’¢~! in the connected
component of k. This means that there exists k” in K¢ such that (k4! = k"k so we get
M= ()R e o= (LR T K e K. O

We now recall a folklore results on propagation of local real analytic identities.

Lemma A.4. Let n be a positive integer, let V be an open and connected subset of R™, and
f:V = R a real analytic function. If there exists v € V such that f = 0 on a neighborhood of
v then f=0 on V.

Proof. Let S be the set of points z in U such that all partial derivatives of f vanish at x. This set
is closed, but since f is real analytic it is also open. Since v € S, S is nonempty so S =V. O

Corollary A.5. Let n be a positive integer, and assume to be given the following data:

V' is an open and connected subset of R™,

Z is a real analytic manifold,

Y is a (closed) real-analytic submanifold of Z,
f:V — Z is an analytic function.

Assume that there ezists a point v in V' and a neighborhood U, of v in V such that f(U,) C Y.
Then f(V)CY.
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Proof. Let W be the subset of points « in V' such that there exists a neighborhood U, of x in
V such that f(U,) C Y. By definition, W is open. Let o be a point in W N V. As Y is closed,
f(z) €Y. Let ¢: Uy, — R™ be a real analytic chart on a neighborhood U, of y in Z, such that
U, NY is given by the equations ¢1 = --- = ¢, = 0, and let U, be a connected neighborhood
of z in V such that f(U,) C U,. Then, for 1 <4, ¢; o f is a real analytic function on U, that
vanishes on an open subset of U, (since x € W) By lemma A .4, for 1 < i < r, ¢; o f vanishes
in U,, which means that f(U,) C Y, so x € W. It follows that W NV = W, which means that
W is closed in V. Since V is connected, W =V and in particular f(V) C Y. O

We end this appendix with some classical results on totally real submanifolds. Let X be a
complex manifold. A real submanifold S of X is totally real if for any s in S, TsS is a totally
real subspace of Ts X, which means that TsS NiT:S = {0}.

Lemma A.6. Assume that S is a totally real submanifold of a complex manifold that is moreover
real analytic. Then, around each point s of S, there exists an holomorphic chart p: Ug — C™,
where Uy is a neighborhood of s, such that p(UsNS) = p(Us) NRE.

Proof. Let f: RF — S be a real analytic parametrization of S defined in a neighborhood of 0
such that f(0) = s. We can complexify f to a map F — CF. Now, for each point z in C* near
0, dFo(u + i) = dfo(u) + idfp(v). Since T3S is totally real, we see that dFy is injective and
has rank k. It follows that F' parameterizes a complex manifold of X containing S. The result
follows. O

Corollary A.7. Let X be a complex manifold and S be a totally real and real analytic subman-
ifold of X of mazximal dimension. Then the analytic Zariski closure of S is the union of the
connected components of X which intersect S.

Proof. 1t is enough to deal with the case where X is connected. Let Z be a complex analytic set
containing S. For any point s in S, let Z’' be an irreducible component of Z containing s and
let us write locally Z" = (;_,{fi = 0} around s. According to lemma A.6, we can write locally
the inclusion of S in Z around s as the inclusion of RY in C near 0. Then, fijgny = 0. Since
for any multi-index I = {i1,...,ix} we have

o'f orf
Loy=%Lo)=0
aZI( ) 83:1( ) =0,
we see that f; =0, so Z' contains a neighborhood of s in X. Hence Z' = X. O

Corollary A.8. Let V be a real vector space of finite dimension. If U is a nonempty Zariski
open set in VC, then UNV is a nonempty Zariski open set in V.

Proof. Let Z be the complement of U in VC. Then Z is a closed analytic subset of VC. Assume
that U NV = (. Then Z contains V, so it contains its Zariski closure. Thanks to corollary A.7,
Z =VC so U =0 and we get a contradiction. Hence U NV # () and the result follows. ]

APPENDIX B. PROOF OF THE PRINCIPAL ORBIT THEOREM IN THE LINEAR CASE

In this appendix, we provide for the reader’s convenience a proof of theorem 2.6 for the linear
case, which combines the ideas of the proofs presented in [10] and [38].
We first need a topological lemma, which allows to propagate connexity.

Lemma B.1. Let X be a connected topological space, U a dense subset of X, and assume than
for any point x in X, there exists a neighborhood U, of x such that U NUy, is connected. Then
U 1is connected.

Proof. Assume that U can we written as the disjoint union of two nonempty open sets U; and
Us. Since U is dense, X = U; U Uj and since X is connected, U1 N Uz # (. Let z in U; N Us.
Let U, be a neighborhood of = such that U NU, is connected. Then U NU,, is the disjoint union
of U1 NU, and UsNU,. However these two open sets are non empty, and we get a contradiction.
Hence U is connected. O
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Remark B.2. This lemma can be better visualized in term of sheaf theory, let j: U — X denote
the inclusion, and let us consider the morphism of sheaves A: Zx — j.Zy. Then the two
hypotheses can be translated as follows:

e U is dense in X if and only if A is a monomorphism.
e The second property is granted if and only if there exists a covering (U;);er of U such
that Ay, is an isomorphism.
We claim that these two properties imply that A x is also an isomorphism. Indeed, the injectivity
is straightforward and for the surjectivity, we argue as follows: if s is a global section of j.Zy
on X, then for all i, we can write 5|7, = Ay, (t;), and therefore Ay,ny, (t; — ;) = 0. Since A is
a monomorphism, the (¢;)'s glue together to a global section t of Zx such that Ax(t) = s.
To conclude, we write

HY(U,Zy) = (X, j«.Zy) ~ HY(X, Zx) ~ Z,
and therefore U is connected.

Now we explain how to construct linear slices explicitly.

Lemma B.3. Assume that G acts by orthogonal transformations on V. For any v in'V, let E,
be the tangent space of the orbit G -v at v. Then, E;- is a linear subspace of V, stable by G,
and meets all G-orbits in V. Besides, a neighborhood of v in E;- is a local slice of the G-action
at v.

Proof. The Lie algebra g of G acts on V, besides this action is given by a morphism from g to
o(V). The tangent space of G - v at v is given by

E,={X v, X €g}

Since X acts by an element of o(V'), (X - v|v) = 0 so v is orthogonal to E,. Besides, if g is in
Gy, wis in E and X is in g, we have

(9-wlX ) = (wg™ (X -v)) = (w]Ad(g™")(X) -v) =0

so g - w belongs to E;-. Hence E;- is stable by G,.

Let O be an orbit in V, and assume that w is the point of O that minimizes the distance to
v. Then w is a critical point for the function g + ||g=! - w —v||*> = ||g - v — w]||?, which means
that for all X in g, (X -v|v —w) = 0. Since v belongs to E;-, so does w. O

Proof of theorem 2.6, linear case. We argue by induction on the dimension on V. The case
V = {0} is obvious. We now separate two different situations.

Case 1: the representation p: g — o(V) is trivial. Then, the representation itself is trivial
on the neutral component of G, which means that G factors to a representation of the finite
group G/G¢. Let I' be the image of the representation, it is a finite group acting faithfully on
V. Principal points are exactly the complement of the finite union of the fixed loci V7 for v in
I'\ {e}. It is open and dense, we denote it by U. Let us now partition I' \ {e} as I'; UT'y where

I'={yel,codimV? =1}, and I'y={ye€l,codimV” > 2}.
Let us write I't = {v1,..., %} I'a = {Vp+1, - - -, Yp+q}, and let us define inductively open subsets
() 1<i<ptq of V as follows: Qy = Q and Q; = Q;_1 N (V7). Then, each Q; is dense in ;_;.
Besides, for any v in ;1 N V7 if B is a small ball centered in v, then we separate two cases.
o If 1 <i <p, then BN (V") is connected.
elf p+1<i<p+gq, BN (V) is not connected because V7 is an hyperplane, but
~i has order 2 in I". Hence 7; swaps the two connected components of B N (V7)€ so
(BN (V7)) is connected.
Hence it follows by induction using lemma B.1 that all 7(£2;) are connected. In particular, since
Qg =Uaq=UNQ, m(Uq) is connected.
Case 2: the representation p: g — o(V) is not trivial. Let

W = {v € V such that VX € g, X - v =0}
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be the kernel of the representation p. Then, by hypothesis, W is a proper vector subspace of V.

First we claim that W has codimension at least 2. Indeed, if W has codimension 1, then
the line W is stable by the action of G¢. Since orthogonal transformations of a line are 41,
the action of G* is trivial on this line, which implies that W = V and gives a contradiction. It
follows from this that 7(2 N W¢) is connected.

Next we claim that points of W are not principal. Indeed, if w is in W, G,, contains the
identity component G¢ of G. If w was principal, then for any w’ close to w, the same property
would hold for G,,. This would imply that w’ is in W, so W would have nonempty interior.
Hence we can replace Q by Q N W+ without changing the conclusions, that is assume that
QNw =0.

If v is in Q, thanks to lemma B.3, we can apply the induction hypothesis with the action of
G, on E;- which has smaller dimension. Let us consider a small G,-stable open ball B centered
at v in E;. If the radius is small enough, B is a local slice of the G-action at v. Let P be the
set of principal points in B. By induction, since B is open and connected in FE;-, P is open and
dense in B, and P/G, is connected.

Let us now remark that since B is a local slice, for any v' in B, (G,), = G,. It follows that
‘P consists of principal points of B, but also of V. This proves that v is in the closure of Ug, so
Ugq is dense in €.

Since B is a local slice, we can assume, up to shrinking B, that the action map G x B — V
is an open map. Hence, U, = G.P is an open subset of principal points in V', and furthermore
U,/G =P/G, is connected.

We can now conclude by applying lemma B.1 to the pair (7(Uq),7(2)). For v in Q, we can
consider the neighborhood G - B of v in V. Then Uo NG - B = U, so n(Uq) N7 (G- B) =P/G,
is connected. Hence m(Uq) is connected. O
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Chapter 3

O(3) and SO(3)-representations on space

of tensors

Any finite-dimensional representation of a compact Lie group has a finite number
of isotropy classes. An interesting problem would be to find the isotropy classes of
a group representation. In the specific case of the three dimensional group O(3),
there exist effective methods to obtain the isotropy classes of irreducible representa-
tions, and also of some reducible ones. We extend here such results to all reducible
O(3)-representations using clips operation. The calculation done in this chapter is
contained in an article accepted for publication in Mathematics and Mechanics of

Complex Systems ([5]).

Denote by T"(R?) the vector space of n-th order tensors on the Euclidean space R3. We
consider the representation of the rotation group SO(3) on T"(R3) given by (using Einstein

notation)

pn is called the standard representation. Thanks to the Euclidean scalar product on R3, we do
not have to distinguish between covariant and contravariant tensors. As for the full orthogonal
group O(3) = SO(3) & {*I}, another representation arises according to the possibility of —I
acting trivially or as minus the identity. When —I acts trivially, the representation of O(3) on
T"(R3) is reduced to the representation of SO(3) and when —I acts as minus the identity, we

consider the following representation

pn(9)T = det(g)pn(g)T- (3.2)

pn is called the twisted representation and such a tensor T is called a pseudo—tensor.

Note that the representation of even degree pa, of O(3) on a tensor space is reduced to the
representation of SO(3) ((p2n, O(3)) is equivalent to (pan, SO(3))). In this case, the representation
of O(3) is only reduced to the twisted representation.

26
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3.1 Closed O(3)-subgroups

In the following, the notation r(n, §), with 6 € [0; 2x[ and n = (ng, ny, n), a unit vector, denotes

the Rodrigues formula to represent a rotation by angle # around n, which is given by
r(n,0) = exp(0j(n)) = 1+ j(n) sin(6) + j(n)2(1 — cos(0))

where j(n) denotes the antisymmetric matrix with entries

0 N Ny
](n) = Ny 0 —Ng
—Ny  Ng 0

Given a subgroup I' of O(3), set
IPp={gel | detg=1} andT_={geT | detg=—1}.

Then I' = I'; UT'_ and we have the following classification (see [43, chapter XIII section 9], [19,
page 352]).

Type I: A closed subgroup I' of O(3) is of type I if I'_ = (), in which case T is a subgroup of
SO(3). A subgroup of type I is conjugate to one of the following list

SO(3), 0O(2), SO(2), D,, Z,, T, O, I, or 1

Type II: A closed subgroup I' of O(3) is of type Il if —I € T", in which case —I'_ = I'; and
I'=T4U-I4. A subgroup of type Il is a direct product of a subgroup of type I and the

subgroup Z§ = {£l1}, it is a conjugate to one in the following list

SO3)®zs, O(2)@Z;, SOQ2)DZ;, Zn®L; D,oZ; ToOZLS, O0Z; IZ;

Type III: A closed subgroup I' of O(3) is of type IIT if T # () but —I ¢ T'. Then, I'; is a
subgroup of index 2 in the subgroup I' = I'; U (=T'_) of SO(3). In that case, there exists
yel \ I'y such that —T'_ =~AT'y and ' = 'y U —T';. Five representatives of conjugacy
classes of subgroups of type III can be deduced

Ly = LU (—r(es, =)Ly Vn > 1 (3.3)
D? = Z, U (~r(er, 7)) Zn Vn > 2. (3.4)
D¢ =D, U(—r(es, %))]D)n Yn > 1. (3.5)
0~ =TU (—r(es, g))’ﬂ‘. (3.6)
0(2)” = SO(2) U (~r(e1, 7))SO(2). (3.7)

In figure 3.1, conjugacy classes of closed SO(3)-subgroups are represented. An arrow from

a class [Hi] to a class [Hs] means that [H;] < [Hs] where < is the partial relation order on
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the set of conjugacy classes defined in theorem 1.2.9. Relations between conjugacy classes of

O(3)-subgroups can be found in [19, table A.5].

[SO(3)]
0(2)] 0] iy
(T] for m\= 3,4
[SO(2)] for/m = 3,5
forjm =2
[D"l]
(Zyn] / itk |m
(D]

ifk|m
2] /
1]

Figure 3.1: Diagram of SO(3)-subgroups.

Example 3.1.1. Consider the example of Z; (a type 1II O(3)-subgroup) deduced using Zs and
r(es,m/2) as in equation (3.3) above:

ZZ = 7o U (—I‘(eg, 7T/2)Z2) = {I, I‘(eg, 71'), —I‘(eg, 7'('/2), —I‘(eg, 37’(’/2)} .

We propose, in Table 3.1, generators for type I and type III closed O(3)-subgroups.

We give now some useful decomposition of subgroups T,Q and I. To do so, let us first

7 <r <u 277;)> , (3.9)

where the axis (u) generated by u is said to be the primary axis of Z%. We have

introduce the subgroup

and, for any g € SO(3),

In particular, Z, is given by



29

Type I subgroup Order Generators

Ly 12> 2 n r (es,27/n)

Dy, n>2 2n r(es,27/n), r(ey, )

T 12 r(es,m), r(e1,m), r(e; + ez + es,27/3)

0 24 r(es,7/2), r(e1,m), r(er + ez + e3,27/3)

I 60 | r(es,m), r(e; +ex +e3,27/3), r(e; + des,27/5) ¢ := (1++/5)/2
SO(2) 00 r(es,d), 6¢€]0,2n]

0(2) 00 SO(2),r(ey, )

Ly 2 —r(es, )

Lg,, 1> 2 2n —r (e3,7/n)

Dd . n>2 4n —r(e3,™/n), r(e,m)
Di, n>2 2n r(es,27/n), —r(e1,m)
O 24 —r(es,7/2), —r(es —es3,m)
0(2)~ 00 SO(2), —r(ey,n)

Table 3.1: Generators of closed O(3)-subgroups

and D,, by
D, = {r <e3,2k”> r(by,m); k=0,....n—1, i= 1n} (3.10)
n

with b; being the secondary axis of D, in the (xy)-plane such that b; =e; and b; =r (63, %) b;,_1
for ¢ > 2. We propose now details on compositions of the subgroups T, O and I, with explicit
axes for all cyclic and dihedral subgroups they contain.

First, we have (see [53| for instance)
3 4
T=|Jz5ul]Jzs" (3.11)
i=1 j=1
with

Sy, —ep+ex+e3, 8, =€ —ey—e3, S8, = —€] +ey—e3, 8, =—e —ey+es.



For the cubic group, we have

3 4 6
o=JzguJz"u|Jz5*
i=1 j=1 k=1

with vectors aj given by

ac;, = €1 + €2, Acy

aC4 =€ — 83, aC5

Finally, we have

6 10 15
I1=JzeulJzy vl zy-
i=1 j=1 k=1

60

(3.12)
=e;—ey, a,=e;+es (3.13)
=eg+e3, a, =ey—es.

(3.14)

Taking ¢ := Lﬁ to be the golden ratio, vectors u; are obtained as centers of icosahedron faces

( |86, Figure 11]):

= (1 + 3¢)61 + (2 + ¢)63,
Uyg = —(2 + ¢)62 — (1 + 3¢)63,

uy == (2+ ¢)e; + (1 + 3¢p)ea,
us = (1+3¢)er —

= (2+¢)ez — (1 +3¢)es

Then vectors v; are obtained from vertices of icosahedron:

1
v :=e1+ey+e3, V= e + —eo,

o
1
U5 = ey + 563, Vg := —e1 + ey t+es,
v el — ¢e v 1e oe
9 1= ——e1 — ¢es, 10 ‘= —€1 — ¢es
¢ ¢

while vectors wy are obtained from its edges:

wi :=e1 + (gb—l— 1)62 + (1 + ;) es,

(2+ d)es, wup:=(2+ ¢p)er — (1 +3p)es.
1
v3:=e1t+ey—e3, V4= pes — 563
1
v7 = —¢ej + ge% Vg = —e] + ey — €3

= (1+<1b> er+ex+ (¢+1)es

<1+;>6263

= (1 + ;) er —ez + (¢ + 1)es,

=e1+ (p+ 1)ex — <1+;)e3

;) €s,

w2
ws : (¢+161+( ) 2+e3, wy:=
1
We : ((Zﬁ—i—l e — ( ¢> e +e3, wr
1
ws : (¢+1 el — < (23> es —e3, Wy
1
wio = ¢ez, wi = —e€;+ (p+ 1eg + (1 + ¢) e3, wiy = ¢ge3
1
wig = — (1 + ¢) e1t+ex+ (p+1es, wiy:=—€+(p+1)es — (1 +
1
w15 (1+¢) el —ex+ (p+ 1es
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Finally, the subgroups SO(2) and O(2) are given by
SO(2) = {r(es,0),0 € [0,2n]} (3.15)

and
O(2) = {r(es,0),r(b,m), 0 € [0,27]|, b € (zvy) — plane} . (3.16)

3.2 Irreducible representations

The study of a representation of a compact Lie group is often made easier by considering its
decomposition into a direct sum of irreducible representations (the notion of reducibility is in-
troduced in section 1.2). In fact, any representation of a compact Lie group can be decomposed,
non uniquely, into a direct sum of irreducible representations (proof can be found in [43, Chapter
XII, section 2|). The irreducible representations of the groups SO(3) and O(3) are known (up to
isomorphism). Explicit models for these irreducible representations are provided by the so-called

harmonic tensor spaces, described below.

3.2.1 Harmonic tensors

!, Contracting two indices

Let S*(R?) be the subspace of totally symmetric tensors of order n
i,7 on a totally symmetric tensor S does not depend on the particular choice of the pair (i, 7).
Thus, we can refer to this contraction without any reference to a particular choice of indices. We
will denote this contraction as tr(S), which is a totally symmetric tensor of order n — 2 and is

called the trace of S.

Definition 3.2.1. Let S € S*(R3), S is called harmonic if tr(S) = 0. The space of n-th order
harmonic tensors is denoted by H™(R3) (or simply H"). H" is a linear subspace of S"(R3) of

dimension 2n + 1.
Remark 3.2.2. A n-th order tensor T € T"(R?) is a n-linear mapping

T: R*xR¥*x...xR* =R
(@1,...,2n) — T(x1,...,20).
Thus, the subspace S™(R®) of totally symmetric tensors can be identified with the vector space
Pn(R3) of homogeneous polynomials of degree n. Following this correspondence, a traceless totally
symmetric tensor H corresponds to an harmonic polynomial h i.e. with vanishing Laplacian:

Ah = 0. We denote by H,(R?) the space of harmonic polynomials of degree n. An action of
SO(3) (or O(3)) on H,(R3) is induced by the natural action on R3:

for p € Ho(R?) and g € O(3), (pn(9)p)(x) = p(g~ ).

The subspace H"(R3) is invariant under the action of SO(3) (a rotated harmonic tensor

'A tensor of order n is a n-linear map between vector spaces, denoted by n indices. A tensor of order n is
totally symmetric if it is invariant under permutation of its n indices.
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stays harmonic) and this follows from the fact that the space of harmonic polynomials H,, is
SO(3)-invariant (see [14, proposition 5.10]).

Theorem 3.2.3. [/3, 14] The subspace H"(R3) is irreducible for the SO(3)-representation p,.
Moreover, every irreducible representation of SO(3) is equivalent to (H™(R?), p,) for some integer

n.

Remark 3.2.4. Two representations (V, p1) and (W, p2) of a group G are said to be equivalent
if there exists an equivariant (definition 1.1.9) linear bijective map from V into W (see [14,
definition 1.4]).

Corollary 3.2.5. (Harmonic decomposition) Every finite dimensional representation V' of the
rotation group SO(3) splits into a direct sum of irreducible representations, each of them being

isomorphic to an harmonic tensor space H™(R?).

As a consequence, we can deduce a similar result for O(3)-representation. Denote by H#"(R3)
the space of harmonic tensors of order n endowed with the twisted representation p, defined in
(3.2).

Corollary 3.2.6. [85, corollary 3.1.2] The subspaces H™(R3) and H#"(R3) are irreducible for
the O(3)-representation. Moreover, every irreducible representation of O(3) is equivalent to
(H™(R3), pp) or (H#™(R?), p,,) for some integer n.

3.2.2 Isotropy classes for irreducible representations

The problem of finding isotropy classes for irreducible representations started in mechanics with
the study of symmetry changes of a material, in the sixties. Thereafter, Michel [77, 78] and
Sattinger [8] developed a new approach to solve the problem, in the specific case of SO(3)-
representations, using a convenient group-theoretic framework. Since then, several contributions
have been made in this subject and been extended to O(3)-representations, especially from the
mathematical point of view by lhrig and Gobulitsky [53], and Chossat et al [19] who made
several corrections on the results of [53]. In figures 3.2, 3.3 and 3.4, we give the isotropy classes
for SO(3)-representation p, on the irreducible spaces H"(R3), for n = 3,4,5 deduced from [53,
theorem 6.6]. For the case n = 3, an error in [53| has been corrected by Olive et al. in [92]. In
fact, in [53, theorem 6.6], [Do] is said to be an isotropy class for SO(3)-representation on H?(R?)

which is not true.

3.2.3 Characterization of the closed isotropy strata for H*(R?)

In this section, we give a polynomial characterization of the closed isotropy strata of SO(3)-
representation p, on the space of harmonic tensors of order 4. For this, we introduce the following

symmetric second-order tensors da, .. .,dyo, for H € H*(R3):

d2 = t1"13(H2) d3 = tr13(H3) d4 = d%
d; = doyHdy dg =d3 d; = d3Hd, (3.17)
dg = d3H?d, dy=d}Hd? dio = diH?d}
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[SO(3)]

Figure 3.2: The poset of symmetry classes for H?.

/LSO(g)l\
[0(2)]

0]

Figure 3.3: The poset of symmetry classes for H.

We consider as well the nine fundamental invariants:
Ji = tr(dg), k=2 ...,10.

Denote by q the euclidean metric and e the Levi-Civita tensor. We define the symmetric second-

order tensors

1
/2 = d2 — gtr(dg)q, C3 = H: dg, Cyq 1= H: C3, V5 (=€ ! (dgCg), Vg := € . (d204).
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[]D)4] 80(2
[]l

Figure 3.4: The poset of symmetry classes for H°.

Theorem 3.2.7. Let H € H*(R3) a fourth order harmonic tensor. Then

(1) He Xgo3) <= dy=0.

(2) He Xyg) <= dy=0.

(3) He Xip2) <= da xd3 =0, Hxdy=0 and 3430J5 — 81.J5 = 0.

(4) He Xpp,] <= dy xd3 =0 and tr(H x d) =

(5) HeSp, <= dyxdi=0, (H:dy) x da =0 and 196J5 — 51.J3 + 216.J5.J4 + 10.J3 = 0.
(6) H € E[Dﬂ <= v5=vg=0, tr(dy x c3) =0 and 3J, — J3 = 0.

(7) He X, < vs x [(vs.H.vs)vs] =0 and v x [(vs.H?.vs5)vs] = 0.

Proof. 1. For the proof of (1) and (2) see [91, theorem 9.3].

2. The first implication is deduced from [91, corollary 9.6 & theorem 8.5] together with |2,
proposition 4.5]. Conversely, H belongs to i[o@)] (i.e. H is at least transversely isotropic)
if H e 2[0(2)] or H € 2[80(3)]' By |91, lemma 8.1|, dg x d% = 0 imply that do is at least

transversely isotropic, which leads to two cases:

e if dy is transversely isotropic then H € X9 since H x dg =0 [91, corollary 9.6]

e if da is isotropic (i.e. dj = 0) then H € Xigo(3) or H € Xjg) (by (1) and (2)).
However, the case H € Ygj is impossible thanks to the equation 3430J§ —81J3 =0
|2, proposition 4.5].

Hence, H € i[0(2)] in all cases.
3. IfH e E[DAL] then H € Z[]D)4] or H € 2[0(2)] or H e Z[@] or H € 2[50(3)] (see figure 33) If

H € Yp,) then d2 € Yoy, H x da # 0 and tr(H x d2) = 0 ([91, corollary 9.6]) and by
[91, theorem 8.5] d2 € X|o(2)) gives the equation dg x d2 =0.

Conversely, suppose that dg x d3 = 0 and tr(H x d2) = 0. The equation dg x d3 = 0

implies that dg is either isotropic or transversely isotropic |91, lemma 8.1]:
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e if dy is isotropic then dj = 0 and H € Xso(3) C Xp,],

e if dy is transversely isotropic then we consider two cases: if H x do # 0 then H €
Yip,] C Ejp,) since tr(H x dz) = 0. And if H x d2 = 0 then H € Zig2)] C Ep,j [91,
corollary 9.6].

4. If H € i[ﬂ)g} then H € Z[Dg] and hence ds € 20(2), tr(Hx dg) #0and (H:dy) xd2 =0
by [91, corollary 9.6]. By [91, theorem 8.5], d2 € X|o(2) gives the equation da x d: = 0.
As for the last equation, it is deduced from |2, proposition 4.3].

Conversely, if da x d2 = 0 then ds is either isotropic or transversely isotropic [91, lemma
8.1]. If dy is isotropic then H € Ygo(3) C S[D?)] (see figure 3.3). If dy is transversely

isotropic then we consider two cases:

e if tr(H x dy) # 0 then H € Yp,] C Xjp,; since (H : dz) x dy = 0 [91, corollary 9.6].
e if tr(H x d2) = 0 then
— if Hx dy =0 then H € Xj5(9)) C Xy
— if H x d2 # 0 then H € Xpp,). However, it H € ¥p, C i[m] then, using
[2, proposition 4.9], 6Js = —3J3 + 9J2J4 + 20J2 together with the hypothesis
equation 196.Js — 51.J3 + 216J2J4 + 10J2 = 0 will give the following equation
5J§ — 8JoJs — 70J§ = 0 which contradicts the fact that H € S[D4]~

5. Using [91, theorem 9.10, corollary 8.4] we deduce the first implication.

Conversely, v5 = v = 0 and tr(dz X c3) = 0 imply that H € ¥p,) if d2 x d2 # 0 or
c3 xc3 # 0ordg xcg#0. Now, ifdyg xd3 =0, c3 x ¢ = 0 and da x ¢3 = 0 then
(d2,c3) is transversely isotropic ([91, theorem 8.5]) and hence H € ¥jp,) or H € ¥jp,) or
H € Yp(2) ([91, theorem 9.4]). But the equation 3.J4 — J2 = 0 prevents H from being
trigonal ([2, proposition 4.7]) so that in all cases we have H € Xp,].

O

3.3 Reducible representations

3.3.1 Isotropy classes for a direct sum of irreducible representations

After considering the problem of finding the isotropy classes for irreducible representations, many
were interested in solving the problem for a direct sum of irreducible representations. In par-
ticular, they have established the isotropy classes for SO(3) and O(3) tensorial representations
(used to model constitutive laws in mechanics), based on the fact that every finite dimensional
representation of a compact Lie group can be decomposed into a direct sum of irreducible repre-
sentations, as mentioned in theorem 3.2.5. For instance, in 1996, Forte and Vianello [37] solved
definitively the problem for the SO(3)-representation on the space of elasticity tensors (a set of
fourth-order tensors). In that case, eight isotropy classes were found. Based on this method,
the problem was solved for other constitutive laws. For example, 16 isotropy classes were ob-
tained for the O(3)-representation on the space of Piezoelectricity tensors (a set of third-order
tensors) [84, 113, 111, 82, 114]. Similar results were obtained for other constitutive tensor spaces
[38, 66].
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However, the Forte-Vianello approach requires rather fine calculations and reasoning to estab-
lish the classification. This complexity makes difficult its application to more involved situations,
such as constitutive tensors of order greater than 4 or coupled constitutive laws involving a family
of tensors [54, 33]. A systematic way to calculate the isotropy classes was proposed by Chossat
and Guyard in [18| using a binary operation between conjugacy classes. This operation was
named the clips operation in [87, 88, 86, 89|, where it was generalized and used to determine

isotropy classes for reducible representations.

3.3.2 Clips operation

Chossat and Guyard [18] found the isotropy classes of a direct sum of two irreducible SO(3)-
representations. To do so, they introduced a binary operation on the conjugacy classes of closed
SO(3)-subgroups that allows one to compute the set of isotropy classes J (V') of a direct sum
V = Vi @& Vs of linear representations of a group G, if we know the isotropy classes for each
individual representation. Such an operation has been generalized by Marc Olive [86] to all

conjugacy classes of closed subgroups of a given group G and is defined as follows

Definition 3.3.1. For two subgroups Hy and Hy of a group G, we define the clips operation of
the congugacy classes [H1] and [Ha| as the set of conjugacy classes

[H1] ® [Hs] := {[Hi NgH2g""], g€G}.
This definition extends to two families (finite or infinite) F1 and Fo of conjugacy classes

FieF= |J [H]e[H,).
[H;]eF;
ie{1,2}

The following lemma states a central result that is useful to find the isotropy classes of a
reducible representation once we know the isotropy classes of irreducible ones (see |86, lemma
2.3] for a proof).

Lemma 3.3.2. Let Vi and Va be two linear representations of G. Then the set J (V1 & Va) of
isotropy classes of the representation of G on Vi & Va is given by

JWVoVe)=JWV1)e J (V).

Using this result, one can find the isotropy classes of any representation V provided we know
1. a stable decomposition V=W, & ---  W,.,
2. the isotropy classes of each representations Wy, k € {1,...,r},

3. the clips table of [H;] ® [Hs] for all conjugacy classes [Hi], [Ha] of closed subgroups of G.

3.4 Clips operations between closed O(3)-subgroups

As recalled in section 3.1 (see also [53] for details), any closed O(3)-subgroup is either of type
I, type II or type III. The clips tables have already been established for two type I subgroups
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(see [18, table 1],[86, Table 1] and subsection 3.4.1) and for two type III subgroups (see [86, Table
2]). The clips operation between a type I and a type III subgroup is deduced from [86, Lemma
5.4]. The clips between a type I and a type II subgroup or two type II subgroups are deduced
from the clips between two type I subgroups, see remark 3.4.1 below. However, the clips between
type II and type III subgroups do not seem to have already been calculated. The main result
of this chapter is their calculation, the results are summarized in tables 3.2 and 3.3 of the next

section.
Remark 3.4.1. Notice that

1. if Hy and Hs are two closed subgroups of SO(3), then,

[H1] @ [Hy & Z3] = [H1] © [Ha| and [Hy & Z5] © [Hy & Z3] = ([H1] © [H2]) ® Z5.

2. for every subgroup H of SO(3) we have

[H]@[03)] = {[H]} and [1] @ [H] = {[L]}.

3.4.1 Clips operations between closed O(3)-subgroups of type I

The clips tables for SO(3)-subgroups can be found in [18, table 1] and [86, Table 1|. However,
these two tables differ in some cases. In the following remark, we point out the differences

between the two references and we recalculate the disputed clips.

Remark 3.4.2. The two tables regrouping the clips between SO(3)-subgroups provided in [18,
table 1] and [86, Table 1] differ in the following cases:

o Clips between [Dy,] and [O(2)] (see equations (3.10) and (3.16) for details on these sub-
groups): the table given by Chossat [18] is the correct one in this case

[Dn] © [0(2)] = {[1], [Dn], [Da] (4 n is even), [Zo]}

since Olive in [86] has [Ds] if n is odd instead of n even. Indeed, the following intersection

D, N gO(2)g~" = {r <eg, 2’%“) ,r(bi,ﬂ)} A {x(ges, ), r(gb, 7)}

gives Do only if n is even (take for instance g = r (62, %) : ges = —e1; = by and gb; = —eg3).

e Clips between [T] and [T]: the table of Olive [86, table 1] is the correct one for this case

since Chossat [18, table 1] omits the congugacy class [Do]. Indeed, [Ds] € [T]® [T] since the

intersection

3 4
TngTgt, forT=|J7g Ul Z" (3.10),
i=1 j=1

gives Dy for g=r (62, g) for exzample.
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e Clips between [T] and [O]: we follow the table given by Olive [86] for this case

since Chossat [18] omits the conjugacy class [Z3]. Indeed, [Z3] € [T] ® [Q] since the inter-

section
3 4 s 3 4 s 6
ONngTg™!, forT=|Jz5ulJZ’(311), and 0 =25 U | )27 U 23" (3.12),
=1 7j=1 =1 7j=1 k=1

giwes Z3 for g =r (62 — es, arccos(—%)) for example.

e Clips between [O] and [I]: we consider the table 1 of Olive [86]

O] © [I] = {[1], [Z2], [Z3], [D3], [T]}

since [D2] ¢ (O] ® [I]; the intersection

6 10 15
ONnglg™, forl= U Zg U U Zy' U U Zy*(3.14),
i=1 j=1 k=1
gives Do only if there exists three orthogonal vectorswy, k =1,...,15, that turn to ey, ez, €3

for some rotation g. However, the only three orthogonal vectors wy which match this
condition are the vectrs of the triplet (wy, w10, w12), and in that case the intersection gives

T (since g is necessarily the identity rotation in that case).

o Clips between [I] and [I]: the table given by Olive [86] is the correct one in this case
[0 @ (1] = {[1], [Z,], [Z3], [Ds], [Z5], [Ds], [I]}

since Chossat has the conjugacy class [T| which cannot be realized by any rotation using the
intersection 1N glg=! (the only rotation that could realize T is the identily rotation which
gives I instead).

3.4.2 Clips operations between type Il and type III subgroups: results

We give, in tables 3.2 and 3.3, clips operations between type II and type III subgroups, where

we have used the notations
d:=ged(m,n), di:=ged(k,n), dj, = ged(k,m),

[Z2] if n even _ - 2
Z(n) = _ and Lo = [1], [Zs], Dy, ], [ZQ |, (D3], [Zas), [Das], | dg]'
[Z5]  else

Remark 3.4.3. In the following tables we have used the conventions

Z:) = (1], [Di]=[Z], [Df]=1[Z;], [D3]=[Dj]-
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® (Z3,,] [D7] [D..]
(1], [Z2], (25 ], [Z5,] if % even
(1], [Z,,] if % even (1], [Z4] if m odd
c _ if m even
[Zm D ZQ} [1]’ [Z2]’ [ZQ ]7 [Zd] and % odd
[1],[Za] else (1], [Za], [Z5 ] else
(1], [Z4] else
(1], [Z2], [Das,], [Z5] iF m
z . g if 7 even
B . [ﬂ]: [ZdL [Zd2] . even [ZQdL []D)2]7 [DQd}
(1], [Z3,], Z(n) if % even (Z5 ], [Dg,], [DF]

[Dm & Zs] (1], [Zo], [Do], [Zy]  if m even

(1], 2], Z(n) else 1], (2] » il ol al ] and 5 0dd
[Zd2]7 [Z;]v []Dczi]
[]1}7 [Z2]7 [Z;L [Zd]7 [Dd]v [DZ} else
Lo, [ZZ} .
c (1], [Za,), [Zas), [Za,] :
[0 &7 [1,[22]  ifneven | [Z;],[D5), [D,), D, Lo, 2318 S
[Zag],[Z;] and4fn
(1], 23], [Za,] else o clse
[T D Zé] []1]» [Zd3]7 Z(n) []1]» [Z;L [Zdﬂ’ [Zd3]7 [Déz] []l]v [ZQL [Z;]v [Ddﬂ» [D;], [st]
1), [Za,), [Za,

e z5) (1], £(n), [Zay . [Zas] T (1], [Z2), (23], [Das . (D3], 2], [Za

(Zas), [Z5 ], [Dg, ]

[SO(2) @ Z3]

(1], [Z5,]

(1], 23] [Zn]

(1], [Z2], [Z5], [25,]

[0(2) ® Z5]

(1], Z2(n), [Z5,,]

(1], (23], DG, ], [D7]

[117 [22]7 [ZQ_L [Ddz]a [Dg]v [Dgn]

Table 3.2: Clips between type II and IIT O(3)-subgroups (part 1)
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® [07] [0(2)7]
(1], (Zay), (23], (2] if 4m
2 5] (1], ] 12
(1], [y, [y, (2] else
[l]v [ZQL [Zdé]v [ZQ_} .
z:), D), D3], g T4
’ (1], [Z, ] if m even
(D3], D7,
D @ Z3) (1], [Z2], [Za), [Z5 ] if m even
[D2], [Déé}, D3] and 4fm (1], [Za]
Z3), D5 O
[]l]> [ZQ]v [Zd’s]v [Z;], []D)Zé] else
[@ > Zg] []l]v [ZQ]7 [23]7 [Z;]v [ZZL [D;], [Dg}v []D)Z]v [(O)_} []1]7 [ZQ]a [Z;]v [D;L [D§]7 [Dézl]
[T & Z5] (1], (Z2], [Zs], [Z3 ], [D2], [D3], [T] (1], [Z2], [Zs], [Z5 ], [ D3]
[IT® Z3] (1], (Z2], [Z5 ], [D2], D3], [Zs], [T] (1], [Z2], [Z5], D3]
[SO(2) @ Zs3] (1], [Zs], (23], [Z}] (1], [Z3],[SO(2)]
[0(2) & Zs3] [1], (23], D3], [DF] D3], [O0(2)7]

Table 3.3: Clips between type II and III O(3)-subgroups (part 2)

3.5 Clips operations between type II and type III O(3)-subgroups:
calculations
Let ' =Ty U(—T4) (—y € T'\ T'y) be a subgroup of type III (see section 3.1) and H a

subgroup of SO(3). By definition, the clips operation between a type IT and a type III subgroups
[T] ® [H @ Z5] is given by the intersection I' N (gHg~! @ Z$) which can be reduced to

PN(gHg ' ©25) = (TN (gHg ) U (=T N (gHg™ ), —yeT\TIy (3.18)
Indeed, as we have H @ Z§ = H U (—H) we deduce that

DO(H & Z5) = (T4 U (—yT4)) N (H U (—H))
— (D N H) U (D4 N (=H)) U (—(705) N H) U (~(3T4) 1 (= H))
— (T4 N H) U(=((4T) N H)).
In the following, we prove a theorem which describes the possible conjugacy classes belonging

to the clips between a type II and type 111 subgroups of O(3). The computation of such classes can

be complicated since it involves intersection of groups of type III which can be tricky sometimes
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and we would risk to not cover all the groups resulting from this intersection. For this reason, we
use a characterization of these conjugacy classes making use of the clips between type I subgroups
that have already been calculated before (see subsection 3.4.1). But, before this, a preparatory

lemma is needed.

Lemma 3.5.1. Let (K+,K) be a pair of subgroups of a group G of index 2 and H be a subgroup
of G. Then, either

K. NH=KnNH,or the pair (K. N H, K N H) is of index 2.
Proof. Consider the following exact sequence
15K, SKBK/K, ~7,—1

Then p(K N H) is a subgroup of Zy. Therefore, either p(K N H) = Zy and in this case (K4 N
H, KN H) is a pair of index 2 (considering the exact sequence 1 — K. NH — KN H — Zy) or
p(KNH)=1 and then KNH =K, NH. O

Theorem 3.5.2. Let " be a type III subgroup of O(3), built from a pair of SO(3)-subgroups

(T4, 1) of index 2 and let H be a subgroup of SO(3). Let L be a subgroup of O(3) such that
(L] € I ® [H © Z5] then, either

1. L is of type I and [L] € ([I'+] ® [H]) N ([I'] © [H]),

2. or L is of type LI built from a pair (Ly, L) of index 2 such that [L1] € [T +]®[H] and [L]
[ @ [H].

Proof. First, remark that —I does not belong to the intersection between a type Il and a type
IIT subgroups and hence if [L] € '] © [H @ Z§] then L is either of type I or type IIL. Let
[L] € [T ® [H @& Z§] then [L] is given by the union (3.18)

L=TyNgHg 'U(=(T'yNgHg™"), geSO@B), yel\Ty.

If "', NgHg ' = () then L is of type I and L = 'y NgHg~' = T NgHg™'. Hence, [L] €
(4]  [H]) N ([F) © 7)) ~ N

If \['y NgHg™ ! # () then L is of type Il and Ty, NgHg ' # T NgHg™!. Since (I'y,T) is a
pair of index 2 then, by lemma 3.5.1, the pair (I'y NgHg™ !, N gHg™1) is of index 2. Hence,
there exists 0 € T NgHg '\ (I'y NgHg™!) such that

L=TyngHg " U(~o(T+NgHg™"))

Hence the result. O

In the next subsections, we compute the clips operation between type II and type III sub-
groups of O(3) using theorem 3.5.2 which involves clips between type I O(3)-subgroups that have
already been calculated in previous works ([18, 86], see also remark 3.4.2). Indeed, the classes

for the clips operation between a subgroup H @ Z§ of type 1l and a subgroup I' of type 1II are
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deduced from the knowledge of the tables of the clips [[';] ® [H] and [I'] ® [H]. By eliminating
the classes that cannot be realized by any g € SO(3), we deduce the clips operation between [I]
and [H & 7).

3.5.1 Clips with Z,,

First, let us recall that Z,, is built from the couple (Zy,, Zay,), where Z,, is given by (3.9), as in
the equation (3.3) of section 3.1

_ v
Ly = Ty U (—VZy), =T (es, E)

where we denote Z; := {I} when n = 1.

Lemma 3.5.3. Let n > 1 and m > 2 be two integers and d = ged(m,n). Then

{[1],[Z3,]}  if 2 even,

Z3,) © [Z, @ Z5] =
2 {[1], [Z4] } else.

Proof. We deduce from (3.18) that
— -1 c -1 -1 T
Zi N (9Zmg ™ ©L5) = (2 N 9mg ™) U (—(120 N 9Zmg ™)), v =T (es, ﬁ) .

In the case when ges and ez are not colinear, such group reduces to 1, so we suppose now

that ges = +e3. We thus have to consider
(Zp, N Zp)) U (= (YZ, N L))

where Z, N Zy, = Zq, and vZy N Z., is obtained by solving the equations of unknown kq, ke € Z

2]{:1—1-1:27]{:2 (3.19)
n m '

If m = mid and n = nyd, for my,n1 € N, then the equation (3.19) becomes (2k; + 1)dm; =
2kadny with ged(mi,n1) = 1. We get solutions only if m; = 7 is even. By replacing my by
2p we get that p divides ko hence ky = pk’. Replacing my by 2p and ko by pk’ in the equation
(2k1 4+ 1)dmy = 2kadn; we get that k' is odd. On one hand, % = 22PTZ and on the other hand,
2l — B with K odd. If we write k' = 2k + 1 such that k € N, then

n (2k+1)7r>}'

YLy, N Loy, = {I‘ (63, d

In the following, recall that

B [Z2]  if n even,
Z(n) =17y, ® (2o & Z5) = (3.20)
[Z5]  else.
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Lemma 3.5.4. Let n > 1 and m > 2 be two integers and d = ged(m,n). Then

{[]1]7 [ng],Z(n)} if 7 even,

i {[1], [Zq], Z(n)} else.

Proof. Recall from (3.10) that
Dy = Zy U, 251, 751 := {e,x(by, )}

where b; are called the secondary axes of the subgroup D,,, with

blzel, bk:r<63,1>bk,1, k:2,...,m.
m

We have

Ly N (gDmg ™" © Z5) = (Zn N gDmg ™) |J (= (4Zn N (gDmg ™)) -

The non-trivial cases take place for ges = +e3 and the union is then deduced from lemma

3.5.3, and for gb; = +e3 in which case we get Z(n), hence the conclusion. O]

Lemma 3.5.5. Let n > 1, d3 = ged(3,n) and ds = ged(5,n). We have

Z5,) © [T @ Z5] = {[1], [Za,], Z2(n)},  [Zy,) © [T @ Z5] = {[1], Z(n), [Zas), [Zas]} -
{[1), [Z2], [Zay), [Z4]}  if n is even and 4|n,

Z3,) © [0 & Z5] = { {[1], [Za, (Zay), [Z1]}  if m is even but 41 n,
{[1), (2], [Zay]} if nis odd.

Proof. By (3.18), we have to consider
(Zo N (gHg™ ")) U (=(YZy N (gHg™h))) for H =T, 0, 1.

Let us consider decomposition (3.11) of the group T. Then the only non-trivial cases are obtained
for ge; = +e3 in which case we get Z(n), and for gs;, = +e3 we get Zg;.

For the group O given in (3.12), the only non-trivial cases are for ga., = +es and gs;; = +e3
which have been calculated in the case of T, and for ge; = +es in which case we get Zy if 4 | n,
Z, if n is even but 41 n and Z; otherwise.

For the group I, we consider the decomposition (3.14) and we deduce the result following the

same reasoning. O

Finally, for the subgroups SO(2) and O(2) given in (3.15) and (3.16) and as a direct conse-
quence of (3.18),

Lemma 3.5.6. For any integer n > 1 we have:

Z5,) @ [80(2) @ Z5] = {[1], [Z3,]},  [Z5,] @ [0(2) ® Z5] = {[1], Z(n), [Z3,] }
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with Z(n) given by (3.20).

3.5.2 Clips with D7

As explained in section 3.1, the subgroup D? is obtained for —y = —r(eq, ), so that

D? = ZyU—Zy = ZnU{—1(b1,7),..., —r(bn,7)}, bi=e1, by=r (eg, ”) br1, k=2,....n

n
where b;, i € {1,...,n}, are called secondary axes of the dihedral subgroup D, (see [86, Appendix
Al).

Lemma 3.5.7. Let m, n > 2 be two integers and d = ged(m,n). Then

D2] ® [Zo @ 7S] = {[1], [Za]} if m is odd,
{[]1], (Zs ], [Zd]} if m is even.

Proof. From (3.18) we have to consider
D}, N (9Zmg ™" © 25) = (Zn N gLimg ™) U (~(VLn N gZLmg™")), v =r(e1,m),

where vZ,, = {r(bi,n),..., r(b,,m)}. Here, the only non-trivial cases are obtained when
79t = Zy, (see lemma 3.5.3) or Z;’i , which leads directly to the result. O

Lemma 3.5.8. Let m, n > 2 be two integers and d = gecd(m,n) and do = ged(2,n). Then

D2 © [Byy @ Z5] — {11, Za.], [Zd], (23], IDF,), [DF]} - if m és even,
{[1]7 [Zdz]a [Zd]a [ZZ_]ﬂ [Dé]} Z'f m 15 odd.

Proof. We apply theorem 3.5.2 with 'y = Z,, and T' = ID,,. We have from [86, table 1]
(Zn] © D] = {[1], [Za], [Za]} and [Dn] © D] = {[1], [Zo], [D2] (if m and n even), [Zaq], [Dq]}

Hence, the classes of [DZ] ® [D,, & Z§], corresponding to type I subgroups, are in the following
list

(] @ [H) n (] @ [H]) = {[1], [Za,], [Za]}
and the classes corresponding to type III subgroups are in the set
{[ZQ_], [DF,]( if m is even), [Dfl]} )
We can check that all the eventualities can occur by using (3.18):
(Zn N gDmg™ ") U (—(VZn N gDmg ™))

where yZ, = {r(b;,7),i=1,...,n} and Dy, = Zy, U, Z;’j, we get

o [Zg,] for a rotation g such that, 3j =1,...,m, gb; = e3 (take for instance g =r (63, %) o

r (62, g) that turns only e; to es and nothing else),
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e [Zg4] for a rotation g such that ges = e3 (for instance g =r (63, %)),

e [Z;] for a rotation g such that, 3j = 1,...,m and 3¢ = 1,...,n, gb; = b; (for instance
g=r (617 %))7

e D3] for the identity rotation for instance,

e [D7 ] if m is even and in this case we can take g = r (62, g) for instance so that we have

ges —e; = b1 and gbg = bg = €9.

Lemma 3.5.9. Let n > 2 be an integer, do = ged(2,n) and ds = ged(3,n). We have
D] @ [T & Z3) = {[1], [Z3], [Zay], [Za,], [DF,]} -

Proof. We deduce from [86, table 1] and theorem 3.5.2 that the classes in [D7] @ [T & Z§],

corresponding to type I subgroups, are in the following list

([Zn] @ [T]) N ([Dn] © [T]) = {[1]; [Za,], [Zas]}

and the classes corresponding to type III subgroups are in the set

{123], D3]} -
We can check that all the eventualities can occur by using (3.18):
(Zn N gTg™ ") U (=(vZn NgTg™"))
where Z,, = {r(b;,7),i=1,...,n} and T = | J>_, Z% Ujle Z:tj (3.11), we get
e [Z5] for a rotation g such that 3i = 1,...,n, ge; = b; (take for instance g =r (el, %)),
e [Zg,] for a rotation g such that 3i = 1,...,n, ges = e3 (take for instance g =r (63, %)),
® [Zg,] for a rotation g such that 3j =1,...,4, gs;, = e3,

e [D7 ] for a rotation g such that 3i = 1,...,3, ge; = e3 and the two remaining e; turn to

two orthogonal b; (exists for n even).
O

Lemma 3.5.10. Let n > 2 be an integer, do = ged(2,n), ds = ged(3,n) and dy = ged(4,n). We

have

[sz] © [@ D Zg] = {[]l]a [Zd2]> [Zdzs}a [Zd4]a [Z5]7 [Dflg]a [Dflg]v [ 24}} .

Proof. We deduce from [86, table 1] and theorem 3.5.2 that the classes in [DZ] © [0 & Z§],

corresponding to type I subgroups, are in the following list

([Zn] @ [0]) N (D] @ [0]) = {[1], [Za], [Zas], [Z4,]}
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and the classes corresponding to type III subgroups are in the set
{[z;], [Ddy7], [DZ,], [DF,]} -

We can check that all the eventualities can occur by using (3.18):

(Zn N g0g~") U (—(vZn N g0g™"))

where O = 2, Z8 US_, Zy7 Uj_, Z5™ (3.12), we get

e [Zy] for a rotation g such that, , 3k =1,...,6 and 3i = 1,...,n, ga., = b, (for instance

take g =r (el, %) or (63, —%) that turns only a., to e1),
e [Zg4,] for a rotation g such that, 3k =1,...,6, ga., = es,

® [Zg,] for a rotation g such that, 3j =1,...,4, gs;; = e3,

e [Zg,] for a rotation g such that, 3i = 1,...,3, ge; = e3 (take for instance g = r (63, g) )
r(e3)),

° [Dé2] for a rotation g such that, 3i =1,...,6, ga., = e3 and two other edge axes a., turn
to two orthogonal axes +b; for i = 1,...,n (such g exists for n even),

. []D)ég] for a rotation g such that gs;; = e3 and three other edge axes a., (for instance a., , a.,

and a.; are three coplanar edge axes separated by an angle of %) turn to three £b;,
o [Dj,] for g =r (e3, ) for example.
O

Lemma 3.5.11. Let n > 2 be an integer, dy = ged(2,n), d3 = ged(3,n) and ds = ged(5,n). We
have

D7) © [ 25] = {[1], [Za,): [Za,), [Za5], (23], [DF,] } -

Proof. We deduce from [86, table 1] and theorem 3.5.2 that the classes in D] ® [I & Z$], corre-
sponding to type I subgroups, are in the following list

([Zn] © M) N ([Dn] © (1)) = {[1], [Za,], [Za5], [Za5]}
and the classes corresponding to type III subgroups are in the set
{[25], [DF,], [DF,], D]} -
We can check that all the eventualities can occur, except [D7,] and [D7_], by using (3.18):
(Zn N glg™") U (= (vZn N glg™"))

where = J{_, Z& U2, 25’ U2, Z8* (3.14), we get

e [Zy] for a rotation g such that, 3i =1,...,n and Ik =1,...,15, gwy = b,
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[Zg4,] for a rotation ¢ such that, 3k = 1,...,15, gwy = e3,

[Zg,] for a rotation g such that, 35 =1,...,10, gv; = es,

[Zg5] for a rotation g such that, 3i =1,...,6, gu; = es,

[]D)fb] for a rotation g such that gw; = es and two other axes wy turn to two orthogonal
axes b; for i = 1,...,n (such a g exists for n even) (the identity rotation works as well

since wy, wig, w12 are colinear to e1, e, e3 (e; = b; for some i for n even)),

[DZ,] for arotation g such that gv; = e3 and three other axes w; turn to three b;. However,

there is no three coplanar wy separated by an angle of %,

[DZS] for a rotation g such that ge; = e3 and five axes w; turn to five b;. However, there is

no five coplanar wy separated by angle of £.

Lemma 3.5.12. For any integer n > 2, we have

D7) @ [SO(2) © Z5] = {[1], [Z;], [Zn] }
[D7] @ [0(2) & Z5] = {[1], [Z;], DG, ], [D7]}

Proof. By theorem 3.5.2 we deduce that the classes in the clips [DZ] ® [SO(2) ® Z§] are in the

following list
{[0], (23], [Zn]} -

All the classes of the above list can be realized by a rotation g using the union Z, NgSO(2)g~! U
(—(YZy, N gSO(2)g™1)) (3.18) where SO(2) consists of all the rotations around e3. Indeed, we
get:

e [Z5] for a rotation g such that, 3i =1,...,n, ges = by,
e [Z,] for the identity rotation for instance.

As for the classes in [DZ] © [O(2) & Z§], by theorem 3.5.2 we know that such classes are in the

following list
{[11]7 [Zdz}v [Zg]’ [ flg]a []D)Z]} :

By the same reasoning, the above classes can be all realized except for [Zg,] using (3.18)
Zn N gO(2)g~" U (—(vZn N gO(2)g™"))

where vZ,, = {r(b;,7),i=1,...,n} and gO(2)g~! = {r(ges,),r(gb,7),b € (zy) plan}. In-
deed, we get

e [Z5] for a rotation g such that, 3i = 1,...,3, gb = b; (take for instance g = r (el, %) o

r (e, %) that turns only e to ey),

o [Df]forg=r (e2, 5) for example,
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e [DZ] for the identity rotation for example.

O]
3.5.3 Clips with D4,
First we have (see section 3.1)
d _ _ _ T
DQn_DnU( ’Y]Dn)’ ’Y—r<e37n>
where we can write
2k
]D)n = {I‘ <63,17r> ,r(b21+1,7r); k1 :0,...,n— 1} (3.21)
n
2k 1
—D,, = {—r <e3, (2+)7r) ,—r(by, m)iky =0,...,n— 1} (3.22)
n
with
b1 = €1 and bl :r<63,z> bl—h l:2,...,n. (323)
n

Lemma 3.5.13. Let m, n > 2 be two integers and d = ged(m,n). Then

{[]1]7 {ZQL [22_]7 [ng]} Zf % even,
D%,] @ [Zm © Z5) = { {[1],(Za), [Z5), [ Za]}  if m even and ™ odd,
{[1], [Z4]} else.

Proof. From (3.18) we have to consider intersection

— _ _ ™
D4, (1 (gZng ™" @ Z5) = (D N gZmg ™) U (~(YBa NgZmg ™)) 7= (e5.7)

which can always reduce to 1. Otherwise we only have to consider three cases:
e gesz = te3 and we deduce intersection from lemma 3.5.3,
e gez = £by for some [ and intersection reduces to Z, for m even,

e ges = +by; 1 for some [ and intersection reduces to Zo for m even, and this concludes the

proof.

Lemma 3.5.14. Let m, n > 2 be two integers, d = ged(m,n) and dy = ged(2,n). Then

{{1), [Zo], [Dgy), (23], [Z3,), D3], [Dg,]} if 'y is even,
[Dgn] © Dy, @ Z3] = {[]1], Zs], Do), [Z5 ], (D3], [Zg], [Dg], [Dj]} if & is odd and m is even,
Z ]

{[]1]7 [22]7 [ 2_}7 [Zd}v Dd ’ [DZ}} else.
Proof. We apply theorem 3.5.2 with I'y = I, and I’ = Dy,,. We deduce from [86, table 1]

D] © [Dy,] = {[1], [Z2], [D2](if m and n even), [Z4], [Da] }
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and
{[1], [Z2], [Do], [Zaq], Daq]} if % even

[D2n] © D] = § {[1], [Z2], [D2], [Z4], [Dg]}  if m even and 2 odd
{[1], [Z2], [Z4], [Dal} if m odd

Hence, the classes in [DZ] © [Dy, ® Z§], corresponding to type I subgroups, are in the following
list

{[1], [Z2], [Do]} if 7 even,
(D] ® D)) N ([D2n] @ [Din)) = { {[1], [Z2], [Do), [Za), [Da]}  if m even and ™ odd,
{[1] [Z2], [Za], [Dal} if m odd,

and the classes corresponding to type III subgroups are in the set

{[23), D), [Z3,], [D3,]} i 3 even,
{1Zy], D3], (D3]} if m even and 3 odd,
{[ZQ_]7 [Dé]} if m odd.

We can check that all the eventualities can occur by using (3.18):
(Dn N gDmg ") U (—=(1Dn N gDmg "))

where D,, and yD),, are given in (3.22). We obtain

. []Dg 4 if %7 is even and [Dg] otherwise for a rotation g such that gez = e3 and gb; = £bg; 1

for some I,

[ng] if 7 is even and [D7] otherwise for a rotation g such that ges = e3 and gb; = +by

for some I,

[Z5,] if & is even and [Z4] otherwise for a rotation g such that ges = e3 only,

[Dy]  if m and n even,
D3]  if m even and n odd, _
. for a rotation g such that ges = £bg;y1 for some I,
[Z2]  if m odd and n even,
[Z5] if m and n odds,

e [Zs] for a rotation g such that ges = £bg;41 for some [,

D3]  if m even,

.
N
>,

if m odd and n even, for a rotation g such that ges = by, and gb; = e3,

[Z5]  if m and n odds,



e [Z5] if m is even for a rotation g such that gez = by;.

Lemma 3.5.15. For any integer n > 2 and dy, = ged(n, k) for k = 2,3, we have

[Dgn] © [T @ Z%] = {[]uv [Z2]7 [Zd3]7 [Dd2]7 [ZQ_]7 [Dg}} .
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Proof. We deduce from [86, table 1] and theorem 3.5.2 that the classes in [Dg,] ® [T @ ZS],

corresponding to type I subgroups, are in the following list
([Dn] @ [T]) N ([D2n] © [T]) = {[1], [Z2], [Zd,], [Da,]}
and the classes corresponding to type III subgroups are in the set
{123), 3]}
We can check that all the eventualities can occur by using (3.18):
(Dr N gTg™") U (=(vDy N gTg™)),

where D, and yD,, are given in (3.10) and (3.22) and T in (3.11). We get

® [Zg,] for a rotation g such that gs;; = +es,

r(es:51));

e [Z] for a rotation g such that ge; = by for i =1,...3,

two bgj1q for some [,

two bg; for some I.

Lemma 3.5.16. Let n be any integer and dy = ged(n, k) for k = 2,3, we have

{L@7 [ZZL [24]7 [D4]7 [Di]} if 4|n,
D¢, 0z = {Lo, [Z;], [Dﬁ]} if n is even and 41 n,
{Lo} if n is odd.

Lo = [ﬂ]? [ZQ]v [Dd2]7 [ZQ_]v [D;], [Zd3]7 [Dds]a [ng]

[Z2] for a rotation g such that ge; = bgyy1 for i = 1,...,3 (take for instance g =r (el,

™

3

)o

[Dg,] for a rotation g such that ge; = e3 for i = 1,2,3 and the two remaining e; turn to

[]DjQ] for a rotation g such that ge; = es for ¢ = 1,2,3 and the two remaining e; turn to
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Proof. We deduce from [86, table 1]
D] @ [0] = {[1], [Z2], [Zas), [Za], [Day ), [Das], [Da, ]}
where dy = ged(4,n) and
[Dan] @ [0] = {[1], [Z2], [Zas), [Z2a,], [D2], [Dgs], [D2a,]} -

We deduce, by theorem 3.5.2, that the classes in [D4,] ® [0 @ Z§], corresponding to type I

subgroups, are in the following list
([Dn] @ [O]) N ([D2n] @ [O]) = {[1], [Z2], [Zas], [Da, ), [Das], [Za] (if 4 [ n), [D4](if 4 [ n)}
and the classes corresponding to type III subgroups are in
{1231, 1Z3)(if n is even), [D3], [D3,], [DF](f 4 | n), [DF](if n is even and 41 n)} .
We can check that all the eventualities can occur by using (3.18):
(Dn g0y~ ") U (~(vDy N gOg ™))
where D, and yD,, are given in (3.10) and (3.22) and O in (3.12). We get

e [Zy] for a rotation g such that ga., = boq fori=1,...n,

[Dg,] for a rotation g such that ga., = e3 and two other edge axes a., turn to two orthogonal

axes bojy1 (exists for n even) for some [,

[Zy ] for a rotation g such that ga., = by,

[D3] for a rotation g such that ga., = bg; and two other edge axes a, turn to two

orthogonal axes by; for some [,

[Z45] for a rotation g such that gs;, = es,

[Dgy] or [DF,] for a rotation g such that gsi; = es and three other edge axes a., turn
to three secondary axis of D, (either three bg;11 or three bo;) (one can take for instance
g=r(e3,§)or(<1,—1,0 >, arccos (1/v3)) to get Dg,),

e [Z4] for a rotation g such that ge; = es for i = 1,...,3 (when 4 | n),

e [Z,] for a rotation g such that ge; = e3 for i = 1,...,3 (when n is even and 4 { n),

[Dy4] or [Df] for a rotation g such that ge; = e3 with 4 | n and two edge axes a, together

with the remaining two e; turn to four secondary axis of D,, (either four bg;11 or four by;),

[DF] for the identity rotation for instance.
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Lemma 3.5.17. For any integer n > 2 and dy = ged(n, k) for k =2,3,5, we have
[Dgn] © [H S3] Zg} = {[]1]7 [Z;], [Z2]7 []DdQ]) [Dg]v [ZdB]a [st]}

Proof. We deduce from [86, table 1] and theorem 3.5.2 that the classes in [Dg,] ® [I ® ZS],

corresponding to type I subgroups, are in the following list

([Dn] @ M) N ([D2n] © M) = {[1], [Z2], [Das], [Zas], DG, ], [Zas], [DF, ]}

and the classes corresponding to type III subgroups are in the set

{(Z3], D3], [DF,], [DF]} -

We can check that all the eventualities can occur except [Dg,], [DZ.], [Dg,], [DZ.] for the same

argument as in lemma 3.5.11 by using (3.18):

(D N glg™) U (—=(3Dy N glg™))
where D, and yD,, are given in (3.10) and (3.22) and I in (3.14). We get
e [Z] for a rotation g such that gwy = by for k =1,...,15,

e [Zs] for a rotation g such that gwy = by for k=1,...,15,

[Dg,] for a rotation g such that gwj = e3 and two other axes wy turn to two orthogonal

axes bojy1,

[]DD;Q] for a rotation g such that gw; = es and two other axes wy turn to two orthogonal

axes boy,

[Zg,] for a rotation g such that gv; =e3 for j =1,...,10,

[Zg45] for a rotation g such that gu; = ez fori=1,...,6.

Finally, we have

Lemma 3.5.18. For any integer n > 2 we have

D] @ [S0(2) & 2§ = {[1], [Za], (23], [Z3,]}
D4,] ® [0(2) @ Z§] = {[1],[Z2], (23], [Da,], [DF], [DF,]} -

Proof. By theorem 3.5.2 we deduce that the classes in the clips [D4,] ® [SO(2) @ Z$] are in the

following list
{[]1]7 [ZQL [ZZ_L [ZQ_n]} :

All the classes of the above list can be realized by a rotation g using the union

D, NgSO(2)g~" U (—(7Dn N gSO(2)g71))(3.18).
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Indeed, we get:

e [Zs] for a rotation g such that ges = boji1,
e [Z5] for a rotation g such that ges = by,

e [Z,,] for the identity rotation for instance.

As for the classes in [DY, ] ® [O(2) @ ZS], by theorem 3.5.2 we know that such classes are in the

following list
{11],(22], (23], Da,), [DS,), (D3]} .
By the same reasoning, the above classes can be all realized by a rotation g using (3.18)

D, N gO(2)g~" U (—=(vD, N gO(2)g™ "))

where gO(2)g~! = {r(ges, 0),7(gb, ), b € y plane}. We get,

e [Zs] for a rotation g such that g =r (el, %) or (62, g) that turns only ez to e; for instance,

[Z5] for a rotation g such that gb = by for some k and some b € (zy)-plane and that
does not turn es to the other axes of Dy, (take for instance g =r (bzk, %) or (es, ) where

a is the angle between b and boy),

[Dg,] for a rotation g =r (62, g) for instance (for n even there exists k such that bogy; =

e2),

[D3] for a rotation g =r ('U, g) where v is a secondary axis of Dg,, orthogonal to es and bog

for instance,

[D¢ ] for the identity rotation for example.

3.5.4 Clips with O~
First, we introduce a useful decomposition of the subgroup O~ (see section 3.1), constructed

from the couple (T, Q) of index 2

0" =TuU(—T), ~v=r <el, g)

where

3 4
T=|Jz5 |7z, (3.24)
i=1 =1

AT = {r (@c,,m),r (ei, g) T (ei, 377?)} . (3.25)

Lemma 3.5.19. Let m > 2 be an integer and dj, = ged(k,m) (k= 2,3). Then we have

{1,123, [Z4). 1271} if 4m,

[@_] © [Zm D Zg] = {[]1]7 [Zdé}v [Z;{z]’ [ng]} otherwise.
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Proof. From (3.18) we have to consider intersection
_ _ _ _ 7r
07 N (9Zmg ™" ©Z5) = (TN gZmg ™) U (~(YT N 9Zmg™") 7 =r(e1, )

which can always reduce to 1. Otherwise we only have to consider three cases:
e ges = *e; and we get [Z, ] if 4 [ m and [Zg)] if not,
e ges = +ts;; and we get [Zgy],

e ges = ta., and we get [Z;,Q].

Lemma 3.5.20. Let m > 2 be an integer. We have

]7 [ZQ]ﬂ [22_]7 [ng]v [DZ’SL [ZZL [Dé], []D)fll]} if 4‘777,,
071 © D & Z5] = { {[1], [Z2], [Z5], [Zay), [ ], (D], [D5]} if m is even and 4 fm,
|, (Z2], 125, [Zas), D%} if m is odd.

Proof. We apply theorem 3.5.2 with I'y = T and I = Q. We deduce from [86, table 1]

T] ® (D] = {[1], [Zay), [Zay), [Das |}
and
0] ® [D] = {[1],[Z2], [Zay), [Zay], [Day ], Dy, Dy ]} -

Hence, the classes in [O7] ® [Dy, ® Z§], corresponding to type I subgroups, are in the following
list
(IT] © [Dw]) N ([0] © [Drn]) = {[1], [Z2], [Z4y), D]}

and the classes corresponding to type III subgroups are in

{1Zy),D4), 12, (D3], D]} if 4] m,
{1Z7), D3], Dy} if m even and 4 fm,
{1z3), Dz, I} if m odd.

We can check that all the eventualities can occur by using (3.18), except [Ds] when 4 | m since

it becomes Dg in this case. Consider
(TN gDmg™ ") U(=(YT N gDmg ™))

where 7T is given by (3.25). We obtain

e [Zy] for a rotation g such that gb; =e; fori=1,...,mand j =1,...,3 (take for instance
g=r(e23)or(es 7)),

e [Z3] for a rotation g such that gb; = a,, for i = 1,...,m (take for instance g = r (ac,, ) o

r(es, 7)),
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[Zg;) for a rotation g such that ges = sy,

[]Dé,] for a rotation g such that ges = St and three secondary axis b; of D, turn to three
3

Qe

[Ds] for a rotation g such that ges = e; and two orthogonal secondary axis of Dy, turn to
the two remaining e; and that is possible when m is even and 4 { m since if 4 | m we get
D],

[D3] for a rotation g such that ges = e; and two orthogonal secondary axis of Dy, turn to

orthogonal a., and this is possible if m is even,

e [Z;] for a rotation g such that ges =e; for i =1,...,3 and if 4 | m.

Lemma 3.5.21. We have
[07] @[T e Z5] = {[1], [Z2], [Z;], Do), [D3], [Zs], [T]} -

Proof. We deduce from [86, table 1| and theorem 3.5.2 that the classes in [07] ® [T & Z§],

corresponding to type I subgroups, are in the following list
([T] @ [T]) N ([0] @ [T]) = {[1], [Z2], [Zs], [D2], [T]}
and the classes corresponding to type III subgroups are in
{[z,], D3]}
We can check that all the eventualities can occur by using (3.18):
(TNgTg~ ) U(=(vTNgTg™)),

where 7T is given by (3.25) and T in (3.11). We get
e [Zs3] for a rotation g such that gs;, = sy,
e [Dy] for a rotation g =r (62, g) for instance,

e [Z] for a rotation g =r (e3, %) or (ez, 5) for instance,

[D3] for a rotation g such that ge; = e; for i = 1,...,3 and the two remaining e; turn to

two a, (for instance g =r (e3, %)),

[Z5] for a rotation g such that ge; = a., for ¢ = 1,...3 (for instance g = r (acl,g) o

r(es; ),

[T] for the identity rotation for instance.
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Lemma 3.5.22. We have
(07] @ [0 28] = {[1], [Z2], 23], [Zs], [Z), (D3], D3], [DF), (0]} .

Proof. We deduce, by theorem 3.5.2; that the classes in [07] ® [0 & Z§], corresponding to type

I subgroups, are in the following list
([T) @ [0]) N ([0] @ [0]) = {[1], [Z2], [Z3], [D2], [T]}
and the classes corresponding to type III subgroups are in the set
{12), (27), D3], (D3], [DF), [0} .

We can check that all the eventualities can occur by using (3.18) except [Ds] since to get [Dg] we
need a rotation g such that ga., = e; and ge; = e; which will give [Z;]. We have

(TNg0g~ ) U (~("TNgOg™))
where T is given by (3.25) and O in (3.12):

e [Zy] for a rotation g such that ga., =e; for i =1,...,3 (take for instance g =r (el, %) o

r(es,—1)).

[Zy ] for a rotation g =r (acl, %) or (637 %) )

[D3] for a rotation g = r (es, §) for example,

[Z3] for a rotation g such that gs;, = sy,

[]D)és] for a rotation g such that gs;; = s;, and three edge axes a., turn to three a.,,

[Z,] for a rotation g such that ge; = e; for some 4,5 = 1,...,3 (take for instance g =

r(es 5)),

[D4] for a rotation g =r (63, g) for example,

[O~] for the identity rotation for instance.

Lemma 3.5.23. We have
[07] @ [Te Z5] = {[1], [Z2], [Z3 ], [Z5], [D3], [T]} .

Proof. We deduce from [86, table 1] and theorem 3.5.2 that the classes in [O7] ® [I & Z§],

corresponding to type I subgroups, are in the following list

([Tfe M) N (0] @ M) = {[1], [Z], [Z5], [T]}
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and the classes corresponding to type III subgroups are in the set

{[Z;], [Dg]v [Dg}} :

We can check that all the eventualities can occur except [D3] (same argument as in lemma 3.5.11)
by using (3.18):
(TNglg™)U(-("TNglg™")

where T is given by (3.25) and I in (3.14). Hence, we get
e [Zs] for a rotation g such that gwy =e; for k=1,...,15andi=1,...,3,

e [Z;] for a rotation g such that gwy = a,,

[D3] for a rotation g such that gwy = e; and two other axes wy turn to two orthogonal axes

a, (take for instance g =r (e3, 7)),

e [Zs3] for a rotation g such that gv; = sy,

[T] for the identity rotation for instance.

Lemma 3.5.24. We have
[07] @ [SO(2) ® 23] = {[1], [Zs]. [Z,], [Z4]} -

Proof. By theorem 3.5.2 we deduce that the classes in the clips [07] © [SO(2) @ Z§] are in the

following list
{[mv [ZQL [Z?’L [ZQ_]’ [ZZ]} .

All the classes of the above list can be realized by a rotation g using the union T N gSO(2)g~ U
(—(yT N gSO(2)g™ 1)) (3.18) except [Zs]. Indeed, we get:

e [Zs3] for a rotation g such that ges = sy,
e [Z5] for a rotation g such that ges = a,,

e [Z,] for the identity rotation for instance.

Lemma 3.5.25. We have
(07] @ [0(2) & Z§] = {[1], [Z;], [DF], (D]} .

Proof. By theorem 3.5.2 we deduce that the classes in the clips [07] ® [O(2) & Z§] are in the

following list
{[1],(22), [D2), (23], D3], [D5], D]} .

Using the union TNgO(2)g~1U(—(yTNgO(2)g™ 1)) (3.18) where gO(2)g~ ! = {r(ges, 0),r(gb, ), b € zy plan},

we deduce the classes that can be realized by a rotation g:
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e [Z,] for a rotation g such that ges = a,,

e [D3] for a rotation g such that ges = sy, and three axes b of the (zy)-plane turn to a.,

(take for instance g =r (< —1,1,0 >, arccos (%))),

e [DY] for the identity rotation for instance.

3.5.5 Clips with O(2)~

We construct O(2)~ as follows

0O(2)” =SO(2) U—(ySO(2)) where v =r(e1, )
= {I‘(eg, 9), 0 c [0, 27T], —I‘(b, 71')} .

where r(b, 7) represent the symmetry with respect to all the axes in the zy plane.

Lemma 3.5.26. Let m > 2 be an integer and dy = ged(2,m). We have
0(2)7] © [Zm ® Z5) = {[1], [Zn], (2]}
Proof. We get the result by considering the following intersection (from (3.18))
0(2)” N (9Zmg ™" @ Z5) = (SO(2) N gZng™") U (=(¥S0(2) N 9Zmg ™))
where v = r(e;, ) and ySO(2) = {r(b,7)}. O
The proof of the following lemma is similar to the proof of lemma 3.5.8.
Lemma 3.5.27. For any integer m > 2, we have

{[0], (23], D3], [DF,]} i m is even,

[0(2)7]© D & Z5) =
{{[ll], 23], [Z5],[DZ,]}  if m is odd.

Proof. We apply theorem 3.5.2 with I'; = SO(2) and T' = O(2). We deduce from [86, table 1]
[SO@2)] © [Dm] = {[1], [Z2], [Zn]}

and
[0(2)] @ D] = {[1], 23], [Dgy ), (D] } -

Hence, the classes in [O(2) 7] ® [D,, ® Z§], corresponding to type I subgroups, are in the following
list
(S0(2)] © [D]) N ([O(2)] © [Drn]) = {[1], [Z2]}

and the classes corresponding to type III subgroups are in the set

{1z3], D3], D3]} -
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We can check that all the eventualities can occur by using (3.18), except [Ds] when 4 | m since

it becomes Di in this case. Consider
(SO(2) N gDy~ ") U (—=(vSO(2) N gDrmg ™))

where vSO(2) = {r(b, ), b € xy plane}. We obtain

e [Zs] for a rotation g such that gb; = e (possible only if m is odd since if m is even the

second part of the intersection will not be empty),
e [Z5] for a rotation g such that gb; = b for some b in the zy plane,
D []D)flé] for a rotation g =r (ez, 5) for example,
e [DZ,] for the identity rotation for instance.
O

The argumentation for the calculation of the clips with O(2)~ is very similar to the ones for

D? exposed in subsection 3.5.2.

Lemma 3.5.28. We have

[0@2)7]e [Tezs) = {[1], 3), (23], (D3]} .
[0(2)7]e [0 Z5] = {[1], 2 |, D3], D3], (D] } -
[0(2)7] @ [Le z5] = {[1], [ ] [ ] [DZ]}

And finally we deduce the clips with SO(2) & Z§ and O(2) ©Z$ in the same way as in lemma
3.5.12.

Lemma 3.5.29. We have

[0(2)71@ [S0(2) & Z5] = {[1], [Z;],[SO(2)]} .
0@2)71@[0(2) ® Z5] = {D3],[0(2)"]} -



Chapter 4

Application to constitutive laws

An explicit set of 25 isotropy classes is deduced for the standard O(3)-representation
on the coupled Piezoelectric law in three dimensions, where both elasticity tensor,
piezoelectricity tensor and permittivity tensor occur. The result obtained in this
chapter is contained in an article accepted for publication in Mathematics and Me-

chanics of Complex Systems (|5]).

4.1 Introduction to Piezoelectricity coupled law

In mechanics, constitutive laws relate the stress imposed on a material and the resulting defor-
mation at a macroscopic level. They are used to describe the behavior of a material exposed
to some constraints. These laws are modeled using tensors and the questions related to their
symmetries can be formulated in the language of group representation theory. We propose here
to apply clips operation to the specific case of the linear Piezoelectricity law. We introduce the
space of constitutive tensors occurring in the mechanical description of Piezoelectricity, which
describes the electrical behavior of a material subject to mechanical stress. It is defined by a
triplet of tensors given by an elasticity tensor, a piezoelectricity tensor and a permittivity tensor.
Such a space is naturally endowed with an O(3)-representation, and the finite set of isotropy
classes is obtained in theorem 4.4.1 below.

We now recall the Piezoelectricity law (details can be found in [102, 64, 96, 75]). First, the
mechanical state of a material is characterized by two symmetric second order tensors: the stress
tensor o and the infinitesimal strain tensor . The relation between these two tensors forms the
constitutive law that describes the mechanical behavior of a specific material. In linear elasticity,

the relation is linear known as the generalized Hooke’s law, given by
oc=E:¢
where E is the elasticity tensor, a fourth order tensor having the following index symmetries
Eijii = Ejili = Eyjik = Eyj, 4,7,k 1 € {1,2,3}.

We define the associated space of elasticity tensors Ela, which is a 21-dimensional vector space.

Similarly to the mechanical state, the electrical state of a material is described by two vector
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fields: the electric displacement field d and the electric field e. These two fields are related and
the relation between them forms the constitutive law that describes the electrical behavior of a

material. In the linear case, it is given by
d=S.e

where the second order symmetric tensor S is called the permittivity tensor. We define S to be
the vector space of the permittivity tensors, which is of dimension 6.

Finally, the Piezoelectricity law is given by the coupled law

c=E:e—eP
d=P:o0+S.e

In components (using Einstein notation), we write

0ij = Eijrigr — erPrij

d; = PijkO'jk + Sijej

) i7j7k7l€{17273}

which involves a third order tensor P called the piezoelectricity tensor, satisfying the index
symmetry
P’ij‘:})’lk‘]7 iajak€{172a3}‘

The vector space of piezoelectricity tensors is an 18 dimensional vector space, noted Piez.
As a consequence, the linear electromechanical behavior of any homogeneous material is

defined by a triplet P of constitutive tensors
P:=(E,P,S) cEla® Piezd S
and we define Piez to be the space of Piezoelectricity constitutive tensors:
Piez = Ela & Piez & S.
The natural O(3)-representation p on Piez is given in any orthonormal basis by
(P(9E)ijt = Gipgjq9krGisEpgrs:  (P(9)P)ijk = Gipgjq9krLogrs  (p(9)S)ij = GipgjqSpg  (4.1)

if g € O(3) and (E,P,S) € Piez.

4.2 SO(3)-representation on the space of elasticity tensors

The elastic behavior of a material is represented by the elasticity tensor, the fourth order tensor

E that relates the stress and strain tensors in the generalized Hooke law

c=E:¢
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where o is the stress tensor and € is the strain tensor and the operation ":" is the contraction

of two indices (for instance, E : € writes in components: (E : €);; = Ejjuekl).
4.2.1 Elasticity tensor
The main mechanical object in this study is the elasticity tensor

E : S’(R?) — S*(R®)

where S?(R?) is the space of second order symmetric tensors on R? (equipped with the canonical

basis e, e, e3) for which we consider the following orthonormal basis (S?(R3) = R ® R?)

e11 = ey ®ep
€22 = e ®e2

€33 = €3 X €é3

1

€23 = E(GQ ®e3+e3®er)
1

€13 = 5(61 ®e3+e3®er)
1

e12=—(e1®ex+ex®eq)

N

The elasticity tensor E is a contravariant fourth order tensor that takes a second order

symmetric contravariant tensor o and gives a second order symmetric covariant tensor e:
ol = Eiikley. (4.2)

Since we work in an orthonormal basis, we do not distinguish between contravariant and covariant

tensors (we equip R? with the usual scalar product), hence equation (4.2) becomes
0ij = Eijricn-

In the orthonormal basis of S(R?) defined above, we write

o11 €11
0992 €22
(o) =| 7% and  {e}=| =

\/5023 \/5623
\/5013 \@613
\/5012 \/5512

The symmetry of the tensors o and € induces an indicial symmetry in the first two indices 4, j
of ;i as well as in the last two indices k,[. Moreover, the fact that E derives from a potential

induces a major symmetry in the indices so that in the end E is endowed with the following
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subscripts symmetries of its components (see [31, Chapter 3] or [67]),
Eijki = Ejirt = Eiji = Epij-

We denote by Ela the space of elasticity tensors.
Thanks to these indicial symmetries, an elasticity tensor has 21 independent components and

can be represented by a 6 x 6 symmetric matrix in the considered orthonormal basis of S(R?)

Eri11 Eq122 Eiss  V2Eu23 V2Eims V2Ein

Eq129 E2290 Ess  V2Es03 V2E123 V2Ei

Eqi33 E933 Ess33  V2E333 V2Ei333 V2 Eia33
V2FE1193 V2E203 V2FEas33  2FEa303 2F2331 2F2312
V2Ei113 V2Ei23 V2Ei333  2Ess3 2F1313  2E3110
V2FEi12 V2Ei2s V2FEi233  2Ea31 2FE3112 2F1212

{E} =

This matrix is called the Kelvin matrix and it is used, usually, for computations since it is the
matrix representation of the elasticity tensor in an orthonormal basis (for instance, the matrix
{E~1} is simply equal to {E}™!). On the other side, if one simply aims at viewing the elasticity
parameters, another notation can be used for the matrix of the elasticity tensor, called the Voigt

matrix
Eiiin Eiuize Eiiss Eiuies Bz Eiae

Er122 FEa222 Faosz  FEozes  Eisos Eiooo
Fi133  FEoo3s  Essz33  FEazss Fisss  FEioss
Er123  FEa2o3  Fasss  FEoges  Eogst Easio
FEr113 Fi2o3 Fiszs FEosszr Eiziz Esie

Ei112 Eigoe Eigzz Eozio Ezi12 Ei212

4.2.2 Isotropy classes for SO(3)-representation on Ela

Consider the action of SO(3) on the vector space Ela of elasticity tensors given by (using Einstein
notation)
(Q*E)ijk = gipgqukrglsqurs, g e SO<3)> E € Ela.

The problem of classifying linear elastic materials according to their symmetries goes at least
as far back as the work of Lord Kelvin ([107], [58]). From then, many researchers devoted
a great effort to the problem especially in crystallographic theory since they took for granted
that symmetries of elasticity tensors should be looked for within the set of crystal classes and
they found seven groups of orthogonal tensors corresponding to seven crystal systems (for more
details on crystallographic theory, one can refer to Backus [6], Rychlewski [97], Walpole [110],
Cowin and Mehrabadi [24], Love [68|, Federov [34] and many others). However, the requirements
imposed by some symmetries that do not exist in crystal lattices could not be avoided which
made the researchers in the domain settle for 10 symmetry classes for the elasticity tensors
( [45],]24], [103], [112]) until 1996 when Forte-Vianello (|37]) proved that there exist exactly
eight symmetry classes. Inspired by the observation of Khatkevich ([59]), Forte-Vianello clarified

the mathematical problem about the symmetry classes of an elasticity tensor and removed the
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link with crystallographic point groups which was extremely confusing and lead to the false
assumption that there were ten, rather than eight. Later, Chadwick and coauthors confirmed
the eight classes in ([17]).

Theorem 4.2.1. (Forte-Vianello 1996 [37]) There exists 8 isotropy classes for the SO(3)-

representation on the space of elasticity tensors Ela, given by

{[1]; [Z2], [D2], D], D], (O], [O(2)], [SO(3)]} -

The eight elasticity isotropy classes for the SO(3)-representation on Ela are depicted in Fig-
ure 4.1 with the mechanical nomenclature and arrows corresponding to the partial order < (an
arrow from [H;] to [Hs] means that [H;| < [Hs], see subsection 1.2.2).

@ isotropic: [SO(3
@ tetragonal: [Dy]

monoclinic: [Zs)]

transversely isotropic: [O(2 cubic:

trigonal: [Ds) @ @ orthotropic: [Dy]

triclinic: [1]
Figure 4.1: The poset of symmetry classes for Ela [53, 37].

4.2.3 Harmonic decomposition of the space of elasticity tensors

The vector space Ela can be decomposed into a direct sum of irreducible spaces (see section 3.2).

Backus in [6] was the first to give such a decomposition to Ela:
Ela = H°(R?) @ H°(R3) @ H%(R3?) @ H?(R?) @ HY(R?)

where H"(R?), for n = 0,2, 4, is the space of harmonic tensors of order n. Meaning that any
E € Ela can be written as
E = (a7167 d/7V/7H)7

with a, 8 € H(R?) (called the isotropic components of E), d’,v' € H?(R3) (the second-order
harmonic components of E) and H € H*(R?) (the fourth-order harmonic component of E). The
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harmonic components «, 3, d’ and v’ are given by
/ 1 / 1
a = tr(d), B = tr(v), d:=d- 3 tr(d) q, vi=v-og tr(v) q.

where d := tri2 E (d;j = Ejj, using Einstein notation) and v := tri3 E (v;j = Ejg;). In other

words, an elasticity tensor E € Ela admits the following explicit harmonic decomposition [6]:

E=E*+q®at+q ® b+H. (4.5)
(4) (2,2)

where ) )

E® = _—(a+28)qq+-(a—f)q & q, (4.6)
15 4 6 (2,2)
a = tr(d), B = tr(v), (4.7)
and 5

a=_(d'+2v),  b=2d-V). (4.8)

with d’ and v’ defined by (4.2.3).
In (4.5), q is the Euclidean canonical bilinear 2-form represented by the components (05); je{1,2,3)

in any orthonormal basis and the tensor products ® and ® , between symmetric second-order
(4) (2,2)
tensors a, b, are defined as follows (using Einstein notation):

1
(a % b)ijr = g(aijbk:l + bijak; + aixbj; + biraj + aibjr + biajk),

and

1
(a (58;) b)ijr = 6(2%'% + 2bijar; — aipbj — aybjr — bigaj — byajy).

4.3 O(3)-representation on the space of piezoelectricity tensors

To describe the electric state of a material, we use the piezoelectricity law. In fact, an electric
displacement is induced in response to an applied mechanical stress and this property is modeled
by a third order tensor P, called piezoelectricity tensor. The constitutive equation for this law
is given by

d=P:0 (di= Pjroj 1,7,k €{1,2,3})

where d is the electric displacement vector and o is the stress tensor.

4.3.1 The piezoelectricity tensor
The piezoelectricity tensor is a third order tensor
P:S*(R3?) — R?

with indicial symmetry Pjji = P, 4,7,k € {1,2,3} ([33]). We denote by Piez the space of

piezoelectricity tensors.
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A piezoelectricity tensor has 18 independent components and can be represented by a 3 X 6

matrix, either in so-called Voigt notation (to view the piezoelectricity parameters)

Pii1 Piag Pizz Piaz Pz Prig
[Pl = | Pai1 Paa Pass Prs Pas Popo (4.9)
P311 P3oo P333 P33 P33 P312

or in so-called Kelvin notation (useful for computations since it is the matrix representation of

the tensor in an orthonormal basis)

P Pias Piss V2Pios V2Pii3 V2P
{(P}=| Poa1 Puo P33z V2Px3 V2Paz V2Ps1a |- (4.10)
Psi1 Psoo Piss V2Psos V2P313 V2P0

4.3.2 Isotropy classes for O(3)-representation on Piez

Consider the action of O(3) on the vector space Piez of piezoelectricity tensors given by

(g* P)ijk: = gipgqukrppqra g E 0(3)’ P € Piez.

Obviously, the physical nature of the piezoelectric material is not affected by this transformation,
only its constitutive tensors are transformed. The possible anisotropies of a constitutive law
are modeled on the symmetry classes of the associated representation. Symmetry classes of
the piezoelectricity tensors can be found in many works such as [84, 113, 111, 82, 114] who
followed the approach of Forte-Vianello [37] in the case of the elasticity tensor. Later, Olive et
al. proposed a general algorithm in [87, 88, 86, 89] to simplify the determination of symmetry
classes based on the definition of clips operations on conjugacy classes (a strategy initiated by
Chossat et al. [19, 18] and defined in subsection 3.3.2) and the harmonic decomposition defined
in subsection 4.3.3. By these means, the 16 symmetry classes of Piez are directly obtained in the

following theorem (the notations and definitions of O(3)-subgroups are fully given in section 3.1):

Theorem 4.3.1 (Olive et al. 2021 [89]). A conjugacy class of a closed subgroup of O(3) is a
symmetry class of a tensor P € Piez if and only if it belongs to the 16 elements set of symmetry

classes:
{(1], [22], 23], D3], D3], [Z3 ], [Z7], [Da], [Ds], (D], [DE], [SO(2)], [0(2)], [0(2)7], [07], [0(3)]} -
4.3.3 Harmonic decomposition of the space of piezoelectricity tensors
The harmonic decomposition of the space Piez for the O(3)-representation is given by
Piez ~ H? @ H*? @ H' @ H',

where, if n € N, H” denotes the space of nth-order harmonic tensors endowed with the standard
representation and H#" refers to the same space endowed with the twisted representation (3.2)
(see also [89]).
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Any piezoelectricity tensor P € Piez can be written as
P = (v,w,a,h)

with v,w € H'(R?), a € H*?(R?) and h € H?(R?).

Let ® be the symmetric tensor product and P* € S?*(R3) denote the totally symmetric part
of P (of components (P®);;, = %(Pijk + Pjir, + Pyji)). Any piezoelectricity tensor P € Piez can
be decomposed as the sum

P=g+h

where 5
h:=P*- -q0 tr(P%) € H3(R?), (4.11)

is the leading harmonic part of P, and
g:=P—h=(v,w,a),

is orthogonal to h (i.e. (g, h) = g;jrhijr =0).

Remark 4.3.2. The third-order tensors g = g(P) and h = h(P) are linear covariants of P.

4.3.4 Characterization of the cubic class

Here we give the characterization of the cubic class ¥g- for piezoelectricity tensors.

Theorem 4.3.3. Let P = g + h € Piez be a piezoelectricity tensor, with h € H3(R?) its leading

harmonic part, let
dy=h:h (ie., (d2)ij = hirithii)

and d), = da — %tr(dg) q be second-order covariants of P. Then P € Yg- (is at least cubic) if
and only if
g=0 and d)=0,

and P € Xig- (is cubic) if and only if furthermore h # 0.

The proof of this theorem is fully detailed in the appendix C of chapter 5 of this manuscript.

4.4 Isotropy classes for the coupled piezoelectricity law using

clips operation between O(3)-subgroups

In the following, we denote by J (V') the set of isotropy classes of the representation of either
SO(3) or O(3) on the vector space V.

As a consequence of lemma 3.3.2, the isotropy classes J(Piez) can be deduced from isotropy
classes Ela, Piez and S:

J(Piez) = (J(Ela) ® J (Piez)) ® J(S).

Recall from theorem 4.3.1 the isotropy classes of Piez (the notations and definitions of O(3)-

subgroups have been recalled in section 3.1):
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J (Piez) = {[1], [Z2], (Zs], D3], (D3], (5], (27 ], [D2], (D3], [D4], (D],
[SO(2)],[0(2)),[0(2)7], [07], [0(3)]} -

The symmetry classes for O(3)-representation on Ela and S are the same as the symmetry
classes for SO(3)-representation which can be found in [38] and [91], except that each type I
subgroup occurring in the list of isotropy classes has to be replaced by the corresponding type
II subgroup (see section 3.1). Indeed, —I acts trivially on Ela and S. Hence, the isotropy classes

for the O(3)-representation on Ela and S are given by
J (Ela) = {[1], [Z2 © Z3], [D2 & Z3), [D3 & Z3], [Ds & Z5}, [0 & Z5), [O(2) & Z5], [SO(3) & Z3]} ,

and
J(S) = {[D2 & Z3], [0(2) & Z5], [SO(3) & Z3]} .

We deduce the isotropy classes of the Piezoelectricity coupled law Piez = Ela® Piez® S from
lemma 3.3.2 by calculating the clips operations between the isotropy classes of Ela, Piez and S
(see Table 3.2 and Table 3.3 for clips between type II and IIT O(3)-subgroups and [86, table 1]
for clips between two type I and remark 3.1 (1) for type I with type II and two type II).

Theorem 4.4.1. [5] There exist 25 isotropy classes for the Piezoelectricity coupled law Ela @
Piez ® S given by

j(Pzez) = {[]l]’ [ZQL [23]’ [Z4]7 [D2]7 [D3]7 [D4]7 [80(2)]7 [0(2)]7 [0(3)]7
[ZQ ©® Z%]? [DQ @ Zg]’ UD?) ©® Zg]? [D4 ©® Zg], [(O) ©® Zg]? [O(2> @ Zg]’
23], 23], D3], (D3], (D3], (D4, [DF], [DE), (071, [0(2)7]} -



Chapter 5

Distance to isotropy strata by Lasserre

polynomial optimization method

This chapter is an ArXiv preprint [3] in which we solve the problem of the distance to
isotropy strata using Lasserre’s method for polynomial optimization problems. We
take advantage of the characterization of the isotropy strata by polynomial equations
in some cases (elasticity and piezoelectricity for instance) to formulate the prob-
lem of determining the closest tensor belonging to a specific isotropy stratum to an
experimental one into a polynomial optimization problem. In other words, from a
mechanical problem, we construct a minimization problem of a polynomial function
under polynomial constraints. Lasserre provides a method for solving such problems
that consists on building a hierarchy of relaxed semidefinite problems converging to
the optimal minimum under some conditions. With this method, we were able to
solve the problem for some numerical examples in cubic elasticity and cubic piezo-
electricity for instance. Despite its efficiency in converging to the desired solution
in a small amount of time with high numerical precision, this method is not always
convenient. In fact, when the number of variables and the number of constraints

increase, converging to the optimal solution becomes more difficult.
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DISTANCE TO A CONSTITUTIVE TENSOR ISOTROPY STRATUM
BY LASSERRE POLYNOMIAL OPTIMIZATION METHOD

P. AZZ1, R. DESMORAT, B. KOLEV, AND F. PRIZIAC

ABSTRACT. We give a detailed description of a polynomial optimization method allowing to
solve a problem in continuum mechanics: the determination of the elasticity or the piezoelec-
tricity tensor of a specific isotropy stratum the closest to a given experimental tensor, and the
calculation of the distance to the given tensor from the considered isotropy stratum. We take
advantage of the fact that the isotropy strata are semialgebraic sets to show that the method,
developed by Lasserre and coworkers which consists in solving polynomial optimization problems
with semialgebraic constraints, successfully applies.
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1. INTRODUCTION

In mechanics, linear constitutive laws are described by the orbit space of a representation
of the three-dimensional orthogonal group on the vector space of the considered constitutive
tensors T [45, 13, 21]. This orbit space is endowed with a natural stratification by isotropy
classes [H], the strata X|g) being the set of tensors with symmetry group conjugate to H.

The symmetry group of a measured (raw) tensor Ty is in general trivial. However, in practice,
appealing to Curie principle—the symmetries of the causes are to be found in the effects—
a symmetry of a constitutive tensor is often expected by observing the micro-structure of a
material [5, 24, 25]. For instance, the elasticity tensor of a single crystal alloy with cubic crystal
network is expected to be cubic ([O], see figure 1), the piezoelectric tensor of an aluminum
nitride (AIN) alloyed with rocksalt transition metal nitrides is expected to become cubic ([07])
for a high chromium concentration [49]. The mechanical problem thus comes down to the
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computation of the distance d(To,i[H]) of a raw constitutive tensor Ty to a closed isotropy
stratum i[ H]-

In linear elasticity, which involves a fourth-order tensor E, the distance to an isotropy stratum
has been formulated as the minimization problem [27, 25, 18, 54, 12]

min [Eo —E[,  E=p(g9)A,  AecFix(H), g€50(3),

€2m)

with the natural parameterization by normal form A (a fixed point set for a representative
symmetry group H) and rotation g. This problem has, however, many local minima and several
global minima, making the determination of all the solutions numerically difficult.

In this paper, we formulate the computation of the distance to an isotropy stratum as a
polynomial optimization problem. To do so, we make use of the property that the closed isotropy
strata i[ ) are basic closed semialgebraic sets [1, 2,63, 65]. For the fourth-order elasticity tensor,

an explicit characterization of the closed strata i[ ) by polynomial equations and inequalities
has recently been obtained, by means of polynomial covariants [61, Theorem 10.2]. Since such
a result is not yet available in piezoelectricity, we have provided in theorem 7.2 a polynomial
characterization of the cubic symmetry stratum f[@,] for the third-order piezoelectricity tensor.

We formulate the distance problems in question in such a way that we can apply a semialge-
braic optimization method designed by Lasserre and coworkers [40, 41, 42, 33, 37] to compute
directly the global miminum of a polynomial function over polynomial constraints describing
a basic closed semialgebraic set. This method consists in building a sequence of semidefinite
programs whose optimal values converge to the desired minimum, under some hypothesis on
the constraints. The benefit is that there exist efficient algorithms to solve numerically semidef-
inite programs, based on methods used in linear programming [17, 47, 73], such as the ellipsoid
method [30] or the interior point method [56, 3, 57, 71, 36, 8, 9, 19]. The considered algorithm
has been implemented by Lasserre and Henrion [33] in a Matlab freeware, named GloptiPoly [32],
that aims to solve a sequence of relaxed semidefinite programs using SeDuMi (a Matlab toolbox
for solving semidefinite programs created by Sturm [69, 70]). Moreover, this algorithm, when its
stopping criterion is satisfied, extracts (approximated) minimizers for the considered minimized
function.

Organization of the paper. The paper is organized as follows. In section 2, we recall basic
material on isotropy classes and we pose the problem of the distance to an isotropy class. In
section 3, we introduce polynomial optimization and its formulation to semidefinite programs.
In section 3 and section 4, we describe the Lasserre and coworkers method for solving polynomial
optimization problems with semialgebraic constraints as well as the corresponding algorithm,
implemented as the software GloptiPoly. As a direct application, we deal with three examples
of constitutive tensors. In section 5, we illustrate the method with the academic example of
the distance of a symmetric second-order tensor to the transversely isotropic stratum E[O(QH.
In section 6, we compute the distance of an experimental elasticity (fourth-order) tensor of a
Nickel-based single crystal superalloy to the cubic stratum i[@], and consequently we extract
the cubic elasticity tensor the closest to the experimental one. Finally, in section 7, we detail
how polynomial optimization allows to find the cubic piezoelectricity (third-order) tensors, in
f[@,]7 the closest to raw tensors for wurtzite alloys.

All the tensorial components will be expressed with respect to an orthonormal basis. Hence,
no distinction will be made between covariant and contravariant components. The notation
q = (6;5) stands for the Euclidean metric tensor.

2. ISOTROPY CLASSES AND STRATA — DISTANCE TO AN ISOTROPY STRATUM

Let G be a compact group and p : G — GL(V) be a continuous representation of G on a finite
dimensional real vector space V. Given v € V, its orbit is the subset of V defined by

Orb(v) := {p(g)v; g € G},
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and its symmetry group (or isotropy group) is defined as

Gy :={g9 € G; p(g)v=v0}.

The concept of symmetry group allows to define an equivalence relation on V, which is coarser
than the relation “to be in the same orbit” and defined as follows: two vectors v1 and vo have
the same isotropy class (or same symmetry class in mechanics [22, 23]) if they have conjugate
symmetry groups. In the following, we shall denote by

[H]:={gHg™"; g€ G}

the conjugacy class of the subgroup H of G. To each conjugacy class [H], where H is a closed
subgroup of G, corresponds the subset of V defined by

Y= {v €V, [Gy] = [H]}.

If this subset is not empty, [H] is called an isotropy class and Y(m) is the isotropy stratum
associated to [H]. It is known (see [55, 10, 48]) that there is only a finite number of isotropy
classes for any finite dimensional representation of a compact group.

The set of conjugacy classes [H] of closed subgroups of a compact group is endowed with a
partial order relation (reflexivity and transitivity are direct and true even if G is not compact
but anti-symmetry requires the compacity of G [11, Proposition 1.9]), given by

[H] < [K] — 3g€G, gHg'CK.

Due to the order relation defined on the conjugacy classes, we define a closed stratum to be
the set consisting of vectors having at least the symmetry [H], denoted by Y(m), and defined by

E[H} = {’U eV, [H] < [Gv]} = U Z[K].
[H]=[K]

The isotropy stratum Xz and the closed isotropy stratum E[H] are semialgebraic sets [1, 2,
63, 65], i.e defined by polynomial equations and inequalities [14, 9]. Actually, if G is a subgroup
of GL(V), we can give a direct proof of this fact. Indeed, if G is a compact subgroup of GL(V),
G is a real algebraic set by [62, Chapter 3, paragraph 4, Theorem 5]. Notice that so is the subset
Gy, if v € V, as it is described by polynomial equations in the coefficients of the matrices of
the real algebraic set G. Now, since H is a closed subgroup of G, H is in particular a compact
subgroup of GL(V) and then a real algebraic set as well. As a consequence, the closed isotropy
stratum

Sim ={veV;3geG,VheHghg 'v=v},

and the isotropy stratum
i = {v €V, 3ge G Vhe Hghgw=v and 3¢ € G,Vk € G kv =v = kg " € H} ,

are both described by first-order formulae (in the sense of [9, Definition 2.2.3]) so that the sets
i[ m] and Yjp) are semialgebraic sets by [9, Proposition 2.2.4] (the latter cited result is an avatar
of Tarski-Seidenberg theorem which is an angular stone of semialgebraic geometry).

We shall introduce the distance of a vector vg € V to the closed isotropy stratum i[ H)

(1) A(vo, Bpp)* == min [jvo — v|,
VE[H]
for some G-invariant norm ||-||. A minimizer will be denoted by v*.

Examples of interest for the present work are provided by Continuum Mechanics, for which
G is either SO(3) or O(3), V is a space of tensors on R?, endowed with the invariant norm

ITN o= /T i T i
and the action on a tensor T is written (in an orthonormal basis)
(PO TD)irci = 90 - 91" Thr.jur TEV, g€G.
Finally, the O(3)-subgroups will be denoted according to the notations in [29].

1.0
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Ezample 2.1. In elasticity,
V = Ela = S*(S*(R?)) = {E € ®'R®, Eijii = Ejits = Epij }

is the 21-dimensional vector space of elasticity tensors, and G = SO(3). In that case there are
exactly eight isotropy classes [1], [Z2], [D2], [Ds], [D4], [O(2)], [O], [SO(3)] [22], and the problem
of the distance to an elasticity isotropy stratum has been investigated in [74, 25, 18, 54, 38, 39).

Ezample 2.2. In piezoelectricity,
V = Piez = {e € ®3]R3, Cijk = ez‘kj}

is the 18-dimensional vector space of piezoelectricity tensors, and G = O(3). In that case there
are exactly 16 isotropy classes [1], [Z2], [Z3], [D3], D3], [Z5 ], [Z;], [D2], [Ds], D], D], [SO(2)],
[0(2)], [O(2)7], [07], [O(3)] [58, 76, 60], and the problem of the distance to a piezoelectricity
isotropy stratum has been investigated in [77].

When polynomial equations and/or inequalities characterizing the semialgebraic set i[H] are
known (see [6, 61]), the distance to an isotropy stratum problem (1) reduces to minimize a poly-
nomial function (the quadratic function A( - ,f[ H})Q) under polynomial constraints. In that case,
we can solve the distance to an isotropy stratum problem using polynomial and semialgebraic
optimization [42, 44, 53, 66], which allows to approximate numerically the global minimum of
the function A(-, X))

3. SEMIALGEBRAIC OPTIMIZATION METHOD

The problem of determining the constitutive tensor having a specific symmetry the closest to
an experimental one can be viewed as an example of the problem of minimizing a polynomial
function over polynomial constraints

(2) fr=mf{f(z); x € K},

where f € R[X] :=R[Xy,...,X,], £ = (21,...,2,) € R” and K is a basic closed semialgebraic
set

K ={zcR" gi(@) > 0,...,n() > 0},

with g1,...,9m € R[X] (see [14, 9] for self-contained references on semialgebraic geometry).

We now describe Lasserre’s method [40, 42], that will allow us to solve numerically the prob-
lem of the distance from an experimental tensor to a closed stratum. The method consists in
constructing a sequence of semidefinite programs whose optimal values form a nondecreasing
sequence which converges to the optimum f*.

In this section, apart from theorem 4.1 which is a refinement of [42, Theorem 6.2], there is no
original statement: we give the essential steps and results of the approach for pedagogical reasons
and to be self-contained. For more details on Lasserre’s method and the involved mathematical
results and background, we refer to [42, 44, 66].

The first step of the method is to notice that the optimization problem (2) can be reformulated
as

(3) f*=inf { fdu; p probability measure on R"™ with support in K } .

Rn

Indeed, for z € K, if §, denotes the probability Dirac measure on R” at , we have f(z) = [ fdd,
and, conversely, if p is a probability measure on R™ with support in K,

f@)dn(e) = [ fduta) = £
Rn Rn
Now, if (Yo )aenn is a sequence of real numbers, denote by M (y) the infinite symmetric matrix

(ya+ﬂ)a7ﬁ€Nn ’
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(called the moment matriz associated to y) and, if g = 3 5cn g5 XP, set

g y=1| Y gsYars e RY".

pen aeN?

Under an hypothesis called the Archimedean hypothesis, we can write the optimization problem
(3) as

(4) f* = infn {<f7y>7 Y(o,...,0) = 17 M(g’L : y) = Oa @ = 07' . 'am}
y€RN

where, if y € RN, (f,y) := > o faYa, and go := 1. Here, if M is a finite or infinite matrix with
real coefficients, M > 0 means that M is positive semidefinite (an infinite symmetric matrix
is called positive semidefinite if all its principal submatrices are positive semidefinite). The
formulation (4) is a direct consequence of the following solution of the moment problem on K.

Theorem 3.1 (Putinar, Jacobi—Prestel). Suppose that the polynomials g1, ..., gm describing K
satisfy the Archimedean hypothesis. Then, for ally € RN", y has a representative measure on K
(i.e. there exists a finite Borel measure p on R™ with support in K such that, for any o € N,
Yo = [pn 2%dp(x)) if and only if the moment matrices M(y), M(g1-y), ..., M(gm-y) are positive
semidefinite.

This statement is a reformulation of [42, theorem 2.44] and is due to Putinar ([64]) and Jacobi-
Prestel ([35]). We recall the proof below but, first, we have to define the essential Archimedean
hypothesis.

Definition 3.2. Consider the R-module

m

M(gi,...,gm) == {0’0 + Zaz-gi; 00, . ..,0m sum of Squares} C R[X]
i=1

(a polynomial p € R[X] is a sum of squares if there exist polynomials pi,...,py € R[X] such

that p = Z;Vﬂ p?) We say that the polynomials g1, ..., gn, satisfy the Archimedean hypothesis

(or that M(g1, ..., gm) is an Archimedean module) if there exists a positive integer N such that

n
N — ZXZQ € M(glaagm)
i=1
We refer to [66, Theorem 1.1] (a result due to Schmiidgen) for a list of properties equivalent
to the Archimedean hypothesis. Notice that if g1,..., ¢, satisfy the Archimedean hypothesis,
then
K={z eR" gi(z) >20,...,gm(z) > 0}

is necessarily compact. The crucial point is that, if g1,..., g satisfy the Archimedean hypoth-
esis, then we have access to Putinar’s Positivstellensatz.

Theorem 3.3 (Putinar [64]). Suppose that the polynomials g1, ..., gm describing K satisfy the
Archimedean hypothesis, and let p € R[X]. If p(K) C]0; +oo[, then p € M(g1,. .., gm)-

See also [66, section 2] and [44, section 3.7] for alternative proofs.

Proof of theorem 3.1. Let y € RY". The direct implication is actually true even if the poly-
nomials g1, ..., gm do not satisfy the Archimedean hypothesis. Indeed, suppose that y has a
representing measure p on K. Now, take any vector p = (pa)genn Of RN with finitely many
nonzero coordinates and set p := > poX®. If M is any matrix, denote by M T"its transpose.
If g is any polynomial of {go, ..., gm}, we have then

p"M(g-y)pP =) paps (ng / w"*/Bﬂdu(w)) = / g(@)p(x)*du(z) > 0.
a,f3 ¥ R

n

By definition, for all z € K, g(x) > 0, and the support of y is included in K.
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Conversely, suppose that the matrices M (y), M (g1 -y),..., M(gm -y) of y are positive semi-
definite, and denote by L, the linear mapping

p= Zan“ € R[X] — Zpaya €R.

Let g € {g0,--.,9m} and consider the symmetric bilinear form
RIX]xR[X] — R
(P, q) = Ly (pgg)

which is represented by the localizing matrix M (g - y) in the canonical basis of R[X]. In par-

ticular, for every polynomial p, if p denotes the vector (pa)yenn, We have
Ly (p’9) =p"M (g9-y)p >0
and, consequently, the linear mapping L, has nonnegative values on M(gz, ..., gm). By Putinar’s

Positivstellensatz 3.3, this implies that L, has nonnegative values on any polynomial p € R[X]
such that p(K) C]0; +ool.

If p € R[X] satisfies p(K) C [0;4o00[ then, for any positive real number ¢, the polynomial
p + € has positive values on K so that L,(p) + € = Ly(p+€) > 0, and therefore L,(p) > 0. We
can then apply Haviland’s theorem ([31], see also [50, section 3.2] and Theorem 4.15 and section
4.6 of the up-to-date version of [44]) to the mapping L, : there exists a measure p on R" with
support in K such that L,( fRn ) for all p € R[X]. In particular, for all a € N",
we have

Yo = Ly (X*) = /nxo‘du(m)

i.e., y is the moment sequence of the measure . Il
From now on, we assume that the polynomials g1, ..., gm satisfy the Archimedean hypothesis
so that we can write
(5) f*: eiflégn{<f7y>; y0:17M(gi'y)t07i:07"'7m}7
y

where yo 1= yo,...0)-

Lasserre’s method to solve the optimization problem (4) consists, then, in relazing this infinite-
dimensional problem into a sequence of finite-dimensional problems which are semidefinite pro-
grams. Semidefinite programs, or SDP’s; are optimization problems over finite positive semidef-
inite symmetric matrices which generalize linear programs, and for which there exist efficient
algorithms of numerical resolution. SDP-solving algorithms include methods inspired by the
ones used in linear programming, such as interior point methods (see for instance the refer-
ences [3, 72, 69, 71, 26, 75]).

Below, we follow Lasserre’s notations in [42, section 6.1.1]. First, if &k € N, let

A(k) = {(a1,...,an) e N a; + -+ ap, < k}
and, if y € R 2% and k' € N satisfies k' < k, set My (y) := (ya+5)a’B€A(k,). If g € R[X], set

g-yi={ D 98vars e RAM),
pen acA(k)
Finally, for ¢ € {0,...,n}, denote v; := PegT(gi)—‘ (notice that vg = 0) and let dy be the integer

e ([3950] oy, ).
For d any integer such that d > dy, we then consider the optimization problem

(6) Pd = {<fy> y0:17Mdfvi(gi'y)>__07i:O7"'7m}7
RA(Qd)

relaxed from (5).
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For a given d > dy, the optimization problem (6) is a semidefinite program (and can then
be numerically solved using SDP solvers). Indeed, for all y € RAR4) guch that yo = 1 and all
i €{0,...,m}, we can write

Md—vi (gi : y) = AOi + Z yaAai
acA(2d)\{0}

where, for all & € A(2d), Aq; is a symmetric square matrix of size A(d — v;) (see also [66,
section 5)).

The following theorem of Lasserre ([42, Theorem 6.2], see also [66, Theorem 1.5]) asserts that
the sequence of optima (pg)ys4, converges to f*:

Theorem 3.4 (Lasserre). The sequence (pa)g>q, 9 a nondecreasing sequence that converges
to f*. B

Proof. Let d be an integer such that d > dy and denote by F; the set of vectors y € RA24) such
that yo = 1 and My_,, (¢;-y) = 0 for all i € {0,...,m}. The set {(f,y); y € Fy41} is included
in the set {(f,y); y € Fy}. Indeed, if y € F;41 and if we denote by 7 the truncation (ya)aeA(Qd)
of y, we have jy = yo = 1 and, for i € {0,...,m}, Mgq_, (¢i - ) = 0 (because My_,, (g; - ) is a
principal submatrix of the positive semidefinite matrix Mgi1-y, (gi - v)), as well as (f,7) = (f,y)
since deg f < 2d. As a consequence, pg < Pg+1-

We then show that the nondecreasing sequence (pg);~ do 18 bounded by f*. Consider the
formulation (5) of our optimization problem and denote by F the set of sequences y € RN" such
that yo =1 and M (g; -y) = 0 for all i € {0,...,m}. Let y be in F and let ¥ := (Ya)nep(2a) Pe
the truncation of y. Again, we have 5y = 1, Mg_y, (¢; -7) = 0,4 € {0,...,m}, and (f,7) = (f,y),
so that pg < f*. Therefore, the sequence (pg)ys4, converges.

The last step is to show that f* is actually the limit of (py) d>dy- 1 €18 a positive real number,
one can show that there exists d > dg such that f*—e < pg < f*: the interested reader is invited
to refer to [42, Theorem 6.2] or [66, Theorem 1.5]. The proof involves the dual SDP associated
to (6), together with Putinar’s Positivstellensatz 3.3. O

4. LASSERRE’S ALGORITHM — GLOPTIPOLY

The principle of Lasserre’s algorithm to solve problem (2) is to numerically compute the
sequence of optima (pa)g>4, (Which by theorem 3.4 converges to f*) using SDP solvers at each
step. In order to complete this approach, one has to define a stopping criterion for the algorithm.
In [42, section 6.1], Lasserre chooses a sufficient condition in terms of ranks of moment matrices,
a condition which is motivated by the theorem below. The result we show is actually a slight
generalization of [42, Theorem 6.6], that we decided to state in order to take into account
the fact that a SDP solver, when applied to the SDP (6), only provides, at best, a numerical
approximation of the optimum p;. Let € be a nonnegative real number, d be an integer such
that d > dy and denote v := max(vy,...,vy).

Theorem 4.1. Let y € Fy (we defined F; in the proof of theorem 3.4) such that pg < (f,y) <
pa + €. If rank My_,(y) = rank My(y) then

fF<{fy)<pates f+e

Moreover, if we denote s := rank My(y), there exist at least s points & of K such that f* <
f(@) < f +e.

In other words, if an optimal solution y, up to a fixed precision €, of the SDP (6) satisfies
the above rank condition on its moment matrix, then (f,y) is an approximation of f* up to
precision e. Furthermore, there exist at least rank My (y) points of K which are global minimizers
of f up to precision e.

Remark 4.2. (1) For e = 0, we recover Theorem 6.6 in [42].
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(2) The SDP solver used in the algorithm of Lasserre implemented in the freeware Glop-
tiPoly 3 computes an element y of F; which is an approximation of an optimal solution of
(6) and such that the rank r of My(y) is maximal among the ranks of moment matrices of
elements of Fy. GloptiPoly then checks if the numerical rank of the principal submatrix
Mgy (y) of My(y) is equal to r. The numerical rank of a matrix M is, roughly speaking,
the number of singular values of M which are greater than a fixed precision, and the nu-
merical rank of M is not greater than its rank. As a consequence, if the numerical rank
of My_,(y) is (at least) r, we have the inequalities r < rank My_,(y) < rank My(y) = r
so that rank My_,(y) = rank My(y) and the stopping criterion of theorem 4.1 applies.
More details about these questions can be found in [34, sections 4.4.1 and 4.4.2].

(3) In [42, section 6.1.2] is described the algorithm, implemented in GloptiPoly, which extract
(approximated) global minimizers of f when the rank condition is satisfied.

Theorem 4.1 is a consequence of the following one whose sketch of proof is postponed below.
For any r € N\ {0}, a Borel measure p on R" is said to be r-atomic if there exist 1, ..., 2, € R”
and positive real numbers Ay, ..., A, such that g =7 | \idg,.

Theorem 4.3 (Curto-Fialkow [16], Laurent [43]). Let y € Fy. If rank My_,(y) = rank M(y),
then y can be represented by a s-atomic measure, where s := rank My(y), whose support is
included in K.

Proof of theorem J.1. We adapt the proof of [42, theorem 6.6]. Suppose that rank My_,(y) =
rank My(y). Then, by theorem 4.3, y has a s-atomic representing measure p with support
included in K : there exist €1,...,2; € K and Aq,..., Ay €]0;+o00[ such that g =7 | A\idg,.
In particular, since yg = 1, we have 1 = yy = fR" () =37, A\i. Then

= > = [ Y fsdula ZAfml >Z>\f e
acA(2d) R™ ven(2d)
so that f* +e€> pg+e> (f,y) > "
Finally suppose that there exists i € {1,...,s} such that f(z;) > f* 4 e. This implies that

Z )\jf(il?]) > Z )\]f* +e=f"+e,
pust =1

which is not true according to the above inequalities. As a consequence, for all i € {1,...,s},
[r<fl@i) < ff+e

Proof of theorem /.3. We point out the essential steps of the reasoning, referring to [44] for the
detailed proofs. We have

rank My, (y) <rank My_,41(y) < --- <rank My 1(y) < rank My(y)

and suppose that rank My_,(y) = rank M,(y): we obtain that rank My_,(y) = rank My(y). We
can then recursively apply the Flat Extension Theorem 5.14 of [44] (originally due to Curto and
Fialkow in [15]) to assert the existence of a sequence § of RN" such that, for all a € A(2d),
Yo = Yo and, for all k € N satisfying k > d — v, rank My, (y) = rank My(y) = s

In particular, for all & > d, since the principal submatrix My(y) = My (y) of My (y) is positive
semidefinite (because y is in Fy) and rank My, (y) = rank My (y), the symmetric matrix My, (y) is
also positive semidefinite (see [44, Definition 1.1]). In other words, the (infinite) moment matrix
M (y) is positive semidefinite. Since, furthermore, rank M (y) = s, by [44, Theorem 5.1 (i)],
there is a s-atomic measure p representing ¥, and then y, with support the finite real algebraic
set

V(I):={x eR"; forall p e I,p(x) =0}

where I := {p € R[X]; Mp =0} (the proof of Theorem 5.1 (i) of [44] involves real algebraic
geometry).

The last step is then to prove that this support is included in K. Write V(1) = {x1,...,zs}
and let Aj,...,As €]0;+oo[ such that p = >0 ; N\idg;. By Lemma 5.6 of [44], there exist
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P1,---,Ds € R[X] of degree at most d — v such that, for all ¢,5 € {1,...,s}, pi(x;) = d;; (see
also [44, Lemma 2.3]). For alli € {1,...,s} and j € {1,...,m}, we then have, because y € Fy,

0 < pf Ma—o(gj - y)pi = /R gj@)pi(@)*du(@) = Y Aeg;(@i)pi(@n)? = Nigj (@)
k=1

(see the proof of proposition 3.1 above for the first equality) and, since A; > 0, g;(z;) > 0. As a
consequence, for all : € {1,...,s}, z; € {x € R™; gi(x) > 0,...,9m(x) >0} = K. O

We finally present the algorithm implemented by Lasserre and Henrion in the Matlab freeware
GloptiPoly 8 to numerically solve polynomial optimization problems. For details on GloptiPoly
and its use, see [33] and Appendix B of [42].

In order to solve a SDP relaxation pg, d > dg, GloptiPoly 3 uses by default the SDP solver
SeDuMi of Sturm [70]. Other SDP solvers can also be used as long as they are interfaced through
Yalmip [46] (see section 5.9 of [33]).

The inputs of GloptiPoly are
the variables X7, ..., X,,
the polynomial f € R[X7,..., X,],
the polynomials g; € R[X1,...,X,], j € {1,...,m}, satisfying the Archimedean hypoth-
esis,

e a maximal relaxation order dypax > do.

The first output is a status number £ € {—1,0,1}:

e £ = —1 means that the consider SDP solver could not solve numerically any of the
relaxations pg, d € {dp, ..., dmax};

e ¢ = 0 means that the solver numerically solved (that is up to a prescribed precision ¢)
at least one of the relaxations pg, d € {do,...,dmax}, but at each such success either

no optimal solution was provided by the solver, either the rank stopping criterion of
Theorem 4.1 was not satisfied by the (approximated up to precision €) obtained optimal
solution y4. In that case, the algorithm also outputs the last computed (and then
greatest) optimal value pg; which is (up to precision €) a lower bound for f*;

e ¢ = 1 means that the rank stopping criterion of Theorem 4.1 has been satisfied by an
optimal solution y, of a solved relaxation pg, d € {dp,...,dmax}- In that case, the
algorithm also outputs pg which is then an approximation of f* up to the prescribed
precision e.

Lasserre’s algorithm for polynomial optimization is, in pseudo code, the following (see [44,
Algorithm 6.1]):

d%do
p = —00
£+ -1

while d < dp,.x do ask SDP solver to solve pg
if not possible then
d<—d+1
else
£+ 0
p < optimal value provided by the solver
if SDP solver found an optimal solution y and y satisfies rank stopping criterion then
£+ +1
Return ¢,p
Stop
else
d<—d+1
end if
end if
end while
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Return &,p

Remark 4.4. (1) When the rank condition is satisfied, we can also ask GloptiPoly to extract
minimizers up to precision € (in the sense of Theorem 4.1), which involves the algorithm
described in [42, section 6.1.2].

(2) If the output £ is 0 or —1, one can increase dpyax to try to obtain an approximation (or
a better lower bound) of f* at a higher relaxation order.

(3) There is no complexity known for Lasserre’s method. Actually, we do not know if there is
a maximal relaxation degree dy,.x, dependent on the inputs of the problem, which would
ensure the rank stopping criterion to be satisfied at some ordre d < dp,.x. However, what
makes this method advantageous is that it benefits from the interesting complexity of
SDP solvers to solve semidefinite programs (see for instance [42] A.1.2).

We conclude this part by the following remark: the convergence of Lasserre’s polynomial
optimization method, described in the previous sections, takes place when the constraint set is
a semialgebraic compact set satisfying the Archimedean property 3.2. Nevertheless, when the
Archimedean condition is not satisfied but the polynomial function f is coercive, Jeyakumar—
Lasserre-Li in [37] provide a way to consider the optimization problem (2) as a problem with
constraints satisfying the Archimedean condition :

Lemma 4.5 (Jeyakumar—Lasserre-Li). Suppose that the polynomial function f : R™ — R asso-
ciated to f € R[Xq,...,Xy] is coercive, and let ¢ > 0 and y € K such that ¢ > f(y). Then the
quadratic module M(g1, ..., gm,c— f) associated to the semialgebraic set

K ={zcR" gi() 2 0,...,gm(z) > 0,c - f(z) > 0}
is Archimedean (in particular, K is compact). Furthermore,

J* = inf f(z) = inf f(z) = min f(z).
zeK zcK zeK

Proof. The set E = {& € R"™; ¢ — f(x) > 0} is not empty since y € E. Furthermore, the set E
is compact. Indeed, if we suppose that E is not bounded, we can find a sequence (x,)pen of
elements of E such that ||z,| — 4o00. But then f(x,) — +oo since f is coercive, which is
impossible since, by definition of E, for alln € N, f(x,) < c. Since E = {& € R"; ¢ — f(z) > 0}
is compact, then the quadratic module M(gy,...,gm,c — f) is Archimedean by [66, Theorem
1.1]. Finally, we have ¢ > f(y) so ¢ > f* and

fr=mf{f(z); ze K} =inf{f(z); z€ KN{c—f >0} }:inf{f(m); zef(}.
O

In other words, even if the polynomials g1, ..., g, do not satisfy themselves the Archimedean
hypothesis, provided that f is coercive, we can place ourselves in the range of application of
Lasserre’s method by adding the inequality ¢ — f > 0 to the constraints g1 > 0, ..., gm > 0.

Remark 4.6. In [42, theorem 6.5], Lasserre states some classical conditions (known as the
Karush-Kuhn-Tucker (KKT) conditions [42, section 7.1]), already encountered in nonlinear pro-
gramming, to ensure the finite convergence of the hierarchy of the semidefinite relaxations (6).
These conditions are initially a certificate for global optimality [42, theorem 7.4 and 7.5] and
hold generically for a polynomial optimization problem [42, theorem 7.6].

5. DISTANCE TO THE TRANSVERSELY ISOTROPIC STRATUM OF THE SYMMETRIC
SECOND-ORDER TENSOR

Let V = S%(R3) be the vector space of symmetric second-order tensors, endowed with the
natural action p2(g)a = gag?l, for a € S(R3), g € G = SO(3). Let q = (d;;) be the Euclidean
metric,

1
a=a-— gtr(a) q,
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be the traceless part of a, € be the Levi-Civita tensor. We denote by ()° the total symmetrization
of a tensor. The generalized cross-product of symmetric tensors is defined as [61]

(7) axb:=—(a-e-b)’, (i.e., (axb)ijr = —(aiersbsk)®) -

For a,b € S?(R3), it is a totally symmetric third-order tensor with 10 independent components.
There are three isotropy classes for the symmetric second-order tensors (S?(R3), SO(3)):

e [D9] (orthotropy), if a has three distinct eigenvalues,
e [O(2)] (transverse isotropy, characterized by the polynomial equation a? x a = 0 [61,
Lemma 8.1]), if a has two distinct eigenvalues.
e [SO(3)] (isotropy, characterized by the linear equation a’ = 0), if a has three equal
eigenvalues.
We illustrate through this first example the accuracy of Lasserre’s polynomial optimization
method to compute the distance to an isotropy stratum. We shall obtain by this way the distance
A(ag, Xjo(2))) of the orthotropic second-order tensor

-7 4 -4
ap = 4 ) -2
-4 -2 5
and compare the numerical results obtained with the algebraic solution derived in [4]:
(8) A(ao, Zjo))? = [lag —a*||* = 18,
where
—44 20 -20 —7.333333 3.333333 —3.333333
9) a* = — 20 31 5 ~ 3.333333  5.166667 0.8333333
-20 5 31 —3.333333 0.8333333  5.166667

The numerical problem is first reduced to the following polynomial optimization problem
. 2
min ||ag — a
min g —alf,
where
K:{a; a2><a:()}.
Then, in order to properly apply the algorithm described in section 4, we need to ensure the

Archimedean property (definition 3.2), and for that we use lemma 4.5. Therefore, to the 10
equations a? x a = 0, we add the inequality ¢ — ||ag — b||? > 0 where we take

1 0 0
b=(0 1 0 | €K,
0 0 -2
and choose accordingly ¢ = 300. GloptiPoly then computes the approximation
(10) Jao — &

2

of the minimum A(ag, Xio2))? = min, i [ag — a||?, where

(11) f(:{a; a’xa=0,c—|ag—al®>>0}.
The optimal result computed in 1.2 seconds on a standard PC,

B —7.33299 3.33348 —3.33348
A(ag, Zior))? ~ 18.000007,  a** ~a*= | 3.33348 5.16651 0.83343 |,
—3.33348 0.83343  5.16651

is close to the exact solution (8)—(9), with the constraints accurately satisfied:

maxilgi(a’)] _ may (a2 x a%)]
lao]l? lao]®
For different values ¢ € [202,450], one gets

18.000007 < A(ag, Ejo())? < 18.00006,

=5.6961077.
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with the GloptiPoly convergence obtained for the first degree of relaxation d = dy = 2. The
value chosen for c affects the numerical solution. In fact, by increasing ¢ we get closer to the
true minimum (=18), but the convergence is lost for ¢ > 500 (with a GloptiPoly status £ = 0 at
the first relaxation).

Remark 5.1. The transversely isotropic closed stratum i[0(2)] can also be characterized by a
single scalar equation of degree 6,

(12) g(a) = 12]ja% x a||? = (tr(a’2))’ — 6 (tr(a”®))* = 0,
with a’, the traceless part of a. However, there is no finite convergence of the associated relax-
69(a)

ation problem, since grad, g(a) = tr(a,g)a’ = 0 when g(a) = 0. In particular, the independence

of the gradients of the constraint functions at the minimum (first order KKT sufficient condition
mentioned in [42, theorem 6.5, theorem 7.2], see remark 4.6) is not satisfied.

The present example illustrates the strong dependence of the GloptiPoly convergence issue
on the characterization of the isotropy classes. Indeed, convergence is obtained for the covariant
characterization a? x a = 0, but not for the invariant characterization (12).

6. DISTANCE TO CUBIC ELASTICITY ISOTROPY STRATUM

In this section, we compute the distance of an experimental elasticity tensor Eq to the cubic
isotropy stratum i[@], and determine the associated minimizer E*. The distance to an isotropy
stratum problem has been widely addressed in the Continuum Mechanics literature, by solving
it in terms of an unknown rotation (either parameterized by Euler angles [24, 25], or by a
unit quaternion [18, 38, 39]). Here, we use the characterization of the (cubic) isotropy stratum
by means of at most quadratic covariants in order to formulate such a distance problem as a
quadratic polynomial optimization problem. This makes us able to apply Lasserre’s method,
and to show that using GloptiPoly allows to compute an accurate solution of this non trivial
example.

6.1. Formulation of the distance problem as a polynomial optimization problem. Let
V =Ela= {E € ®4R3, Eijki = Ejip = Eklij} (dim Ela = 21)
be the set of elasticity tensors E : S?(R3) — S?(R?), introduced in example 2.1, and G = SO(3).

An elasticity tensor E € Ela can be represented by a 6 x 6 symmetric matrix, in Voigt notation,

Eynn Euge Fiiss Fiies Eiis B
Er122 FEaooo FEaozz Fazesz Eises Eiooo
_ | Bi1ss Ea23s Essss FEosss Fisss  FEioss
(13) [E] | E E FE FE E E
1123 FEooo3  FEaszz Fazaz Faszr  Easio
E1113 Fi2o3 Fisss  FEossi Eizis Esie
Er112 Fi292 Figszz FEaogie Bz Eioie

The vector space Ela decomposes into a direct sum of SO(3)-irreducible subspaces (so-called
harmonic decomposition [7, 68])

Ela = H°(R®) @ HO(R?) @ H*(R?) ® H?(R3) @ H*(R?),
where H"(R?) denotes the space of harmonic tensors of order n (dim H"(R3) = 2n +1). Letting
d= tr12 E, VvV = t1"13 E,
the harmonic decomposition of E € Ela can be expressed as (see Appendix A for explicit
formulas)
E = (a7ﬁ’ d/7vl’ H)?

with a = trd, 8 = trv € H°(R3) the scalar (isotropic) components of E, with d’,v/ € H?(R?)
its second-order harmonic components (the traceless parts of d and v), and H € H*(R3) its
fourth-order harmonic component. The squared Euclidean norm of E is then

2 4
(14) [EJ* = 5% + 457 4 [l +2v/||* + S ld" = /|| + [ H||*.
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We consider the triclinic experimental elasticity tensor Eg representing the Nickel-based aero-
nautics single crystal superalloy (of CMSX-4 type), measured in [25]. In Voigt notation:

243 136 135 22 52 —17
136 239 137 —28 11 16
135 137 233 29 —49 3

(15) Bol=1 99 98 929 133 —10 -4 | CP=
52 11 —49 —10 119 -2

—-17 16 3 -4 -2 130

This material has an expected symmetry, namely the cubic symmetry [Q], deduced from its
cubic microstructure (see figure 1).

FIGURE 1. Cubic microstructure of CMSX-4 Ni-based single crystal superalloy [51].

We then aim a computing of
(16) A(Eq,Z(g))* = min |[E; — E|*.
EcXp
This optimization problem has 21 variables E;;;. To set it as a polynomial optimization problem,

we take advantage of the fact that the cubic elasticity stratum is an algebraic set, characterized
by explicit polynomial equations.

Theorem 6.1 (Olive et al [61]). Let E = («, 8,d’,v/,H) € Ela be an elasticity tensor,

d2 =H H (’1:.6., (dg)ij = Hipqupqrj>
and dj = dy — 3 tr(d2) q be second-order covariants of E. Then E € Y] (is at least cubic) if
and only if
vi=d =0 and dj=0,
and E € Yq) (is cubic) if and only if furthermore H # 0.
We have then the following result.

Theorem 6.2. Let E = (a, 3,d’,v/,H) and Eq = (a0, Bo, dy, v, Ho) be two elasticity tensors.
The 21-dimensional minimization problem (16) is equivalent to the 9-dimensional polynomial
optimization problem

min ||Hy — HH2,

d,=0

with E = (g, B0,0,0,H), and

2 4
(17) min |Eo — E|* = ﬁ”df) +2vp|® + §||d6 — voll? + min|[Ho — H|/*.
Eec3g d,=0

Proof. The squared distance function in (16) is

HEO - E)H2 = ||(a0 - awBO - /87d6 - dI7V6 - Vl? HO - H)“2
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It can be expressed as
2 4
|Eo—E|? = 5(ao—a)2+4(ﬁo—ﬁ)2+ﬁ||d6+2V6—(d’+2V’)H2+§Hd6—V6—(d'—V')H2+||Ho—H||2,

by using (14). By theorem 6.1, taking a = o, 8 = By, d' = 0 and v/ = 0, we get (17), and the
polynomial optimization problem (16) is reduced to the following problem in only 9 variables
(the components of H € H*(R3), dim H*(R3) = 9) instead of 21,

min ||Hy — H|)?.
d)=0
O

Remark 6.3. An elasticity tensor E € Ela corresponds to a quadratic elastic energy density,
which must be positive semidefinite. This condition can be characterized using SO(3)-invariant
polynomial inequalities on E, and thus added to the set of polynomial constraints, if necessary,
using the following fact. Given a symmetric real n X n matrix A, we get

A is positive semidefinite <= Vi € {1,...,n}, 0; >0,

where o1, ...,0, denote the elementary symmetric polynomials in the eigenvalues A; of A. In-
deed, if \; > 0 for all ¢ € {1,...,n}, then o; > 0 for all i € {1,...,n}. Conversely, assume that
o; > 0forall i € {1,...,n}. Then, the polynomial

p=(X+AM)X+X) ... X+ =X"+0 X"+ .. 40, 1X +0p,

satisfies

p(z) > 2" >0, YV > 0.
Hence, the (real) roots of p, namely —Ai,..., —\,, belong to | — oo, 0], and thus A\; > 0 for all
ie{l,...,n}.

In practice, an experimental tensor Eg is most often measured as semidefinite and the tensor
the closest to Eg computed as semidefinite, so, here we do not add the semidefiniteness constraint
E > 0 to our optimization problem.

6.2. Resolution by Lasserre’s method. A fourth order harmonic tensor H € H*(R?) is
represented by the following real matrix (in Voigt notation)

Ao + A3 —A3 —As —-X1 Y1+Y, — 7y
—As As+A A\ —Xo -1 Zi+ 2
- —Ay A M +A XK+ Xy Y —Z1
(18) [H] B -X3 — X5 X1+ Xs -\ -7 -1
i+Y, -1 -Ys —Z —As -X1
— 79 Z1+ Zs -1 - -X1 —A3

In practice we set
z = (A1, A2, A3, X1, X2, Y1, Y2, Z1, Z),
and GloptiPoly computes the approximation
(19) | Ho — H*|?
of the minimum A(Hy, ¥(g))? = min__z f(2), where f(x) = |[Ho — H||*> and
R ={a; dy=0,c— f(@) 2 0},
with ¢ = 58000 > f(0) to ensure the Archimedean property on the set of constraints. The five
quadratic scalar equations (dj);; = 0 are detailed in Appendix B. For Ey given by (15), we have
f(x) = 540A5 + 620A3 — 88X + 668A1 — 2647 — 26475 — 456X, + 875 + 8AF
+ 8A3 + 8AZ 4+ 8YF +16X7 + 8X3 + 16Y + 1627 — 392Y; — 808Ys
2026042

+ 872175 4+ 2A1 Ao + 2A5A3 + 8X1 X + 8Y1Ys + 2A3A1 + 35
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We obtain the result at the first relaxation order d = dy = 1 with GloptiPoly status £ = +1 and
value

min f(zx) ~ f(z*) = 2530.474727 GPa?,
zeK

The computation time is of 0.9 seconds. The computed minimizer is

x* = (—36.401489, —20.227012, —38.908985, —6.396664, 27.780748,
— 2.277546,44.251364, —4.557344,21.161507).

By (18), it corresponds to the fourth-order harmonic tensor H* solution of (19).
We get, by theorem 6.2, E* = (ayg, 80,0,0, H*), i.e.,
E'=—(a0+26)a®q+ (a0 —Bo)a ® q+H",
15 6 (2,2)
with ® the symmetric tensor product (see Appendix A). The elasticity tensor E* is cubic (and
not isotropic) since H* # 0.
Finally, the computed cubic tensor E* € ¥(g) the closest to Eo is, in Voigt notation,

240.130669 144.442318 125.760345 6.39666 41.97381  —21.161507
144.442318  223.956191 141.934823 —27.780748  2.277546 16.604162

(%] = 125.760345 141.934823 242.638164 21.384084 —44.251364  4.557344 GPa

6.39666 —27.780748  21.384084  133.268156  4.557344 2.277546 '

41.973817 2277546 —44.251364  4.557344 117.093678 6.39666

—21.161507 16.604162 4.557344 2.277546 6.39666 135.775651

It corresponds to A(Eg, Xig)) ~ |Eq — E*|| = 74.131148 GPa and to the relative distance to
cubic symmetry

Ey — E*
[Eo — BT _ 0.103910,
[ Eo|
slightly better than the solution computed in [25] using a parameterization by Euler angles
together with a simplex minimization method. Note that the constraint d), = 0 is satisfied

accurately, since

—4.097 -2810% —4910°6
=105 -2810% —4.455 4210°% | ~o0.
—4910% 42106 —8.552

dy
Ho[?

One can choose other values for ¢ satisfying ¢ > f(y) for some y € K. The GloptiPoly solution
varies slightly as ¢ runs the interval [58000,61000], with a computation time of 0.9 seconds for
¢ = 58000, of 0.8 seconds for ¢ = 60000, and of 0.1 seconds for ¢ = 61000. Outside from this
narrow interval, the GloptiPoly convergence is lost (Gloptipoly status £ = 0).

Remark 6.4. The computation time is lower for this quadratic optimization problem (with 9
variables) than for the degree 3 polynomial optimization problem of section 5 (with 6 variables).

7. DISTANCE TO CUBIC PIEZOELECTRICITY ISOTROPY STRATUM

In this final section, we apply Lasserre’s polynomial optimization method to compute the
distance A(ep, i[@—}) of a raw piezoelectricity third-order tensor' eg to the cubic piezoelectricity
stratum E[@,], This problem seems to have never been addressed before. It is important for the
design of dielectric materials, since for instance the piezolectricity behavior strongly depends on
the crystal primitive cell symmetry.

1relating induced polarization in a dielectric material to the strain tensor.
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7.1. Formulation of the distance problem as a polynomial optimization problem.
According to the three-dimensional piezoelectricity framework [21, 28|, we denote by

V = Piez = {e € °R3, eijk = eikj} (dim Piez = 18),

the vector space of piezoelectricity tensors e : S?(R3?) — R3 (see example 2.2), and set G = O(3).
A piezoelectricity tensor e € Piez can be represented by a 3 x 6 matrix, in so-called Voigt
representation,

€111 €122 €133 €123 €113 €112

[e] = | e211 €222 e233 €23 €213 €212

€311 €322 €333 €323 €313 €312
The vector space Piez decomposes into a direct sum of O(3)-irreducible subspaces (so-called
harmonic decomposition [68])

Piez = H (R?) & H (R?) & H*(R?) & H3(R?).
The notation H"(R3) still refers to the vector space of n-th order harmonic tensors endowed with
the standard O(3)-representation p,,, while H™(R3) refers to the same vector space endowed with
the twisted O(3)-representation py, such that p(g) = (det g) pn(g). One has
e = (v,w,a,h)

with v,w € H'(R?), a € H*(R3) and h € H?(R?).

Let ® be the symmetric tensor product and e® € S3(R3) denote the totally symmetric part
of e (of components (e*);;; = %(eijk + ejik + €xji)). Any piezoelectricity tensor e € Piez can be
decomposed as the sum

e=g+h
where
3
(20) hi=e'—=q0 tr(e®) € H3(R?),

is the leading harmonic part of e, and
g:=e—h=(v,w,a),
is orthogonal to h (i.e., (g, h) = gijrhijr = 0).
Remark 7.1. The third-order tensors g = g(e) and h = h(e) are linear covariants of e.

The squared Euclidean norm of e is then
(21) el = eijuesn = llg] + [

We will first consider the following raw (triclinic) piezoelectricity tensor ey for pure wurtzite
AIN (aluminum nitride, = 0), of Voigt representation,

0 0 —0.0505 —0.0394 —0.2854 —0.0637
(22) [eo] = | —0.0637 —0.0042 0.0332 —0.2818 —0.0058 0.0185 C/m?,
—0.5807 —0.5822 1.4607  0.0022  0.0002  0.0043

in Coulomb per square meter, computed by Density Functional Theory (DFT), using ab-
initio simulations, by Manna and coworkers [49, Fig.3]. We will also consider wurtzite alloys
CrzAlj_;N and the associated raw piezoelectricity tensors e (given in the Appendix D for
chromium concentrations 0 < z < 0.25). Note that pure rocksalt CrN corresponds to a Cr-
concentration x = 1, and that the value x = 0.25 is the so-called wurzite to rocksalt phase
transition point [52].
We aim at computing by polynomial optimization

(23) A(eo, ¥p-1)* = min [leg —e]/?,

ecXy—
and e* € Xg-] the closest to ep. In order to succeed, we first have to characterize the cubic
piezoelectricity stratum f[@),] by polynomial equations (a proof of the following theorem is
provided in Appendix C).
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Theorem 7.2. Let e = g + h € Piez be a piezoelectricity tensor, with h € H3(R3) its leading
harmonic part, let

d2 = h : h (i.e., (dg)ij = hz’klhklj) y
and dy = dg — %tr(dQ) q be second-order covariants of e. Then e € Yg- (is at least cubic) if
and only if
g=0 and dj=0,
and e € Yo (is cubic) if and only if furthermore h # 0.
With the same proof as for theorem 6.2, we have the following result.

Theorem 7.3. Let e = g+ h and eg = go + hy be two piezoelectricity tensors, with h and hg
their leading harmonic parts. The 15-dimensional minimization problem (23) is equivalent to
the 7-dimensional polynomial optimization problem

min |hy — h|%,
d,=0
with e = h, and

min [leg — e[|* = ||go[|* + min [hy — hlf*.
e€Xp— d,=0

7.2. Resolution by Lasserre’s method. A third order harmonic tensor h € H?(R?) has seven
independent components and is represented by the following real matrix (in Voigt notation)

hi11 hi2a  —hi11 — hi22 hi23 —ha23 — h333  hi12
(24) [h] = hi12 hasa  —hi12 — ha2o h223 hi23 hi22
—haoog — h333  hoos h333 —Hi12 — haoa  —hi11 — hi2a  hios

The traceless second order tensor d5 has five independent components (d5);; detailed in Appen-
dix B.
We set
z = (h111, h112, P12z, hios, hoza, hoos, hass).
GloptiPoly computes the approximation

(25) o — |2
of the minimum A(eo,i[@_}y = min__z f(z), where f(z) = [ho — h||? and
K={z; dy=0,c— f(z) >0}, c=3.
For eq given by (22), we have (in C?/m*)
f(x) = 6h111h122 + 6hoozhass + 6hi12hass + 4h3qy + 6hi 1y + 6h3gy + 4oy

4 6h393 + 4h3s5 + 6hiys — 0.1002h111 — 0.1742h199 + 0.16365193

— 0.0114ho23 — 5.2244h333 + 0.4574h112 + 0.0836h222 + 2.7367.
Remark 7.4. We take ¢ = 3 > f(0) to ensure the Archimedean property, but in the present case

the convergence status £ does not seem to depend on c¢. Dropping the condition ¢ — f(z) > 0 in
K also leads to an accurate computed optimum.

We obtain the result min__z f(z) ~ f(z*) = 1.060855 C?/m? at the first GloptiPoly relax-
ation d = dp = 1 (with convergence status £ = +1 and for a computation time of 0.8 seconds).
The components of the computed minimizer h* are (in C/m?):

hi11 = —0.075476, hi12 = —0.426450, hi22 = 0.088998, hj23 = —0.005937,
haoa = 0.412070, hooz = —0.308913, h3z3 = 0.609783.

By theorem 7.3, the computed cubic tensor e* € Xg- the closest to e is simply e = h*. In
Voigt notation,

—0.075476  0.088998 —0.013521 —0.005937 —0.300870 —0.426450
[e*] = | —0.426450 0.412070  0.0143797 —0.308913 —0.005937 0.088998 C/m2
—0.300870 —0.308913 0.609783  0.014379 —0.013521 —0.005937
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The distance and the relative distance to cubic piezoelectricity are finally
leo —e*||
lleoll

The results obtained for the raw piezoelectricity tensors ef given in the Appendix D for wurzite
Cr;Al;_.N, with different chromium concentrations, are summarized in Table 1.

Aleg, Sjp-1) ~ |leg — €*|| = 1.214681 C/m?, = 0.684256.

x A(Eo, Xjp-)) He(|]|e_0|(|3*|| Computation time (s)
0 (AIN) | 1.214681 0.684256 0.7
0.035 | 1.307327  0.715295 0.7
0.07 | 1.364909  0.729065 0.8
0.10 | 1541726  0.785604 0.6
0.13 | 1542293  0.758240 1.0
0.16 | 1.665883  0.793355 0.6
0.19 | 1.852505  0.813719 0.7
0.225 | 1.877377  0.781094 1.2
0.255 | 1.944763  0.752770 0.7

TABLE 1. Results for the raw piezoelectricity tensors of [49] for different Cr-
concentrations x (the distance A(Eo, Xp-1) = [[eo — €*| is in C/m?).

Remark 7.5. The computation times are of the same order of magnitude as for the cubic elasticity
case. For this quadratic optimization problem (with 7 variables) as well, they are lower than for
the 6 variables but degree 3 optimization problem of section 5.

8. CONCLUSION

Some isotropy strata of tensorial representations of the orthogonal group are explicitly char-
acterized by polynomial covariants. We have taken advantage of this fact to formulate the
computation of the distance to these strata as a polynomial optimization problem. We have
used the property that the isotropy classes for the representation of SO(3) on the vector space
of elasticity tensors are in general semialgebraic. The present work shows the interest of the
characterization of the isotropy classes by means of polynomial covariants, rather than by means
of invariants. In particular, the covariant characterization of the cubic piezoelectricity symmetry
stratum (theorem 7.2), which is the cornerstone of our methodology, is a new result.

We have then recalled Lasserre’s method to solve polynomial optimization problems under
semialgebraic constraints. Under the so-called Archimedean hypothesis, this approach consists
in writing the initial problem as an infinite semidefinite program from which is constructed
a sequence of relaxed semidefinite programs that converges to the desired global minimum.
We have presented the corresponding algorithm implemented in the freeware GloptiPoly, in
particular its stopping criterion.

We have applied this polynomial optimization method to compute the cubic tensor the closest
to a raw (measured) constitutive tensor, both in continuum mechanics elasticity and piezoelec-
tricity. We have considered the following examples

e of an elasticity tensor measured by Frangois and coworkers [25] for an aeronautics Nickel-
based single crystal superalloy,

e of nine piezoelectricity tensors computed for wurtzite alloys using Density Functional
Theory (DFT) and ab-initio simulations, by Manna and coworkers [49].
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In both cases, we took advantage of the distance being a coercive polynomial function to
adapt the constraints so that they can satisfy the Archimedean condition, in order to ensure the
convergence of the method to the desired minimum.

APPENDIX A. EXPLICIT HARMONIC DECOMPOSITION OF AN ELASTICITY TENSOR

An elasticity tensor E € Ela admits the following explicit harmonic decomposition [7]:

(26) E=E*{+q®a+q ® b+H.
(@) (2.2)

where
(27) E“O—i(a+2,8) ® +1(a—5) ®

~ 15 Q(4)q 6 Q(Z)(L
(28) a=tr(d), B=tr(v),
and
(29) a— ;(d’ +2v),  b=2(d V).

with d’ = d — % tr(d)q and v/ = v — £ tr(v)q respectively the traceless parts of d = trj» E and
v = triz E.
In (26), q is the Euclidean canonical bilinear 2-form represented by the components (d;;) in

any orthonormal basis and the tensor products ® and & , between symmetric second-order
(4) (2,2)
tensors a, b, are defined as follows:

1
(a % b)ijk = (A © b)ijr = é(aijbkl +bijag + aikbji + biraj; + agbjr + byaj),

and

1
(a (58;) b)ijk = 6(2az‘jbkl + 2bjjag; — aibj — aibjr — biaj — byajk).

We have, for Euclidean norm,
2 2 2, 2, v me 4 e 2
IE[" = 5a” + 457 + o fld" + 2v[[" + 2 f|d" = v + |[H]]%,

Using (28)—(29) we obtain for the experimental elasticity tensor Eg (given by (15)) the har-
monic decomposition

EO = (a07 BOa d67 V6> HO)
with
ap = 1531, fy = 1479,

42 14 -1 —11 -1
dy=12 2 23| GPa, vp=|-11 9 —1] GPa,
14 23 -3 -1 -1 -8

180 1
0’ =7 (w+26)q®@q+ - (w—>F)a ® q,
15 4) 6
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and, in Voigt notation,

1986 1093 893 5 352 99
35 35 35 7 7
1093 2306 1213 _gq 3 132
35 35 35 7 7
893 1213 2106 9 355 _ 33
35 35 35 7 7
[Ho] = GPa.
1213 33 3
5 —31 26 123 33 3
352 3 __ 355 33 893 5
7 7 7 7 35
99 132 33 3 5 1093
7 7 7 7 35

APPENDIX B. COMPONENTS OF SECOND-ORDER COVARIANT df
B.1. Elasticity tensor case. The components (dj);; = (d2)i; — 5 (d})kxdi; of do = H:H, with
H the fourth-order harmonic tensor given by (18), are:
2

(dy)11 = 3( —4AT — AjAg — AyAz +2A3 + 2A9A3 + 2A3 + X7 — 4X1 Xy — 4X3

+ VP +5Y1Ys + 2Y5 — 227 — 2125 + 273),
(dh)20 = —%( — 2A% + AjAg — 2A A3 4+ 4A3 + AoA3 — 2A% + 2X7 + X Xy — 2X3
—Y? + AN Yo + 4YS — Z7 — 5212y — 273),
()12 = 3X1Y1 + 3XoY] — 4X 1Yo — XoYo + 421\ + ZoAy + 3Z1Ay — ZoAy — 271 A3,
(dh)13 = 3X1(Z1 + Zo) — Xo(421 + Zs) + 3Y1A1 — Yoy — 2Y A + 4Y1 A3 + YaAg,
(dY)23 = 3Y12Z1 + 3YaZy — AY1Zy — YoZo — 2X1 A1 + 4X1 A9 + XoAo + 3X A5 — XoA3.

B.2. Piezoelectricity tensor case. The components (d);; = (d2);; —%(dé)kk@-j ofdy=h:h
are:

2
(dy)11 = 3 (k311 — 3hi12Hazo — 2R3,y + 3hooshsss + hiss) ,

(dy)22 = —g (2h11 + 3h111hi2e — K399 + hass(3haos + 2hs33)) |
(d3)12 = h111(2h112 + ho22) + 3hi12hi22 + 2h122h922 — 2hi23h3ss,
(d5)13 = hi11hoos + hi22(3ha23 + hass) — 2h123has,

(d3)23 = —2h111h123 — hi12(3ho23 + 2h333) — hooz(haos + has3).

APPENDIX C. PROOF OF THEOREM 7.2

Smith and Bao [67] have derived a minimal integrity basis of five invariants for the algebra
R[H?(R3)]5°G)| of polynomial SO(3)-invariants of the third-order harmonic tensors h € H?3(R?).
These five invariants (equations (2.3) and (2.4) in [67]) can be recast in a more intrinsic form as

L=|hl? — Ki=tdj,  Is=]vs]?
Kio = h(vs,v3,v3),  Ki5 = det(vs,d2 - v3,v3-h-v3),
where do = h : h and w3 := h : dj. In [59], Olive and Auffray have used these results to deduce

that a minimal integrity basis for the algebra R[H?(R?)]°®), of polynomial O(3)-invariants of
h € H3(R3) consists of the four invariants

IQ, K4, 167 and KlO-
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Here, we will formulate alternative integrity bases for both R[H?(R*)]S®) and R[H?(R?)]°G),
which happen to be more useful in order to characterize the cubic symmetry class in H?(R3) for
O(3). These will be used to prove theorem 7.2.

Theorem C.1. Let h € H3(R?) be an harmonic third-order tensor, d2 = h : h, and
1
v3:=h: d,2, Vg 1= dl2 V3, V7 = dIQ -vs  where dIQ =dy — § tr(dg)q.

(1) A minimal integrity basis of R[H3(R*)]SOG) is constituted by the five invariants

L:=trdy = 0%, Ii=te(d?) = |d3)°,  Is = |fus]?,

IIO = HdIQ X ’UgHz, [15 = det(vg,v5,v7).

(2) A minimal integrity basis of RH3(R*)]OG) is constituted by the four invariants I, I,
Iﬁ, and IlO-

Proof. To prove the theorem, it is enough to show that Smith and Bao’s invariants can be
expressed as polynomials of Is, Iy, Ig, I19, I15, since, then, this set will be generating and
moreover the cardinal of a minimal integrity basis of homogeneous invariants does not depend
on the choice of a particular basis [20]. Indeed, one can check that

1
Ky =14+ 5122’
4 1 1 2 2
Kig=—=-Lo— —L%I4+ =1, I + =, 1,2 + =1
10 3110 = 5o l2 4+92 6+924+346a
K5 = 215,
which achieves the proof. (I

Proof of theorem 7.2. Let e = g+ h be a piezoelectricity tensor,
g = (v,w,a) e H'(R®) @ H'(R?) @ H¥(R?),  h e H}R?).

If e € Xig-, then g = (v,w,a) € X(g-| vanishes since an element in H'(R3) or H?(R?) with at
least cubic symmetry ([O7]) is necessarily isotropic. For the same reason d(h) = 0. Conversely,
if g = 0, then e = h € H?(R?) is harmonic, and it suffices to show that h € Yo~ (is at least
cubic). Since we assume furthermore d, = 0, we have

L(h)=|h|>>0,  IL(h)=0, Igh)=0, Ip(h)=0.
Now an harmonic tensor in H3(R?) which is fixe O~ is written (in Voigt notation (24)) as
00
hp=46(0 0
00
For such a tensor we get
Iy(hg) =60%,  Iy(hg) =0,  Is(hg) =0,  Ijp(hg) =0.

Therefore, since I(h) = ||h||? > 0, we can find a real number § such that 662 = I5(h), and thus
an at least cubic tensor hgy such that

I>(hg) = I2(h), I4(hg) = I4(h), Is(ho) = Is(h), Iip(hg) = Ip(h).

But an integrity basis for a real representation of a compact group separate the orbits [2, Ap-
pendix C]. Hence, h and hg are necessarily in the same orbit, which means that h = p3(g)hy,
for some g € O(3). O
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APPENDIX D. RAW PIEZOELECTRICITY TENSORS FOR WURTZITE

The raw piezoelectricity tensors efj considered in section 7 correspond to the mean values
computed in [49] for wurtzite Cr,Al;_,N, with = the chromium concentration (in C/m?),

—0.0329  0.0599 —0.0195 0.0267 —0.2327 —0.0988
(€903 = [ —0.0548 —0.0129 —0.0063 —0.2075 —0.0051 —0.0293 |,
—0.5872 —0.4900 1.5560 —0.0218 —0.0278 —0.0115
—0.0393  0.0185 0.0048 0.0290 —0.2171 —0.0436
€00 = —0.07 00554 0.0137 —0.1574 0.0198  0.0044 |,
~0.5179 —0.5886 1.6521 —0.0085 —0.0095 —0.0119
0.0291  —0.0141 —0.0523 —0.0016 0.0028 0.0138
€)' = —0.0611 0.0819 —0.0567 —0.1841 0.0116 0.0270 |,
—0.5244 —0.5918 1.7715 —0.0018 0.0066 —0.0145
—0.0985 0.1138  0.047 —0.0169 —0.0169 —0.0984
€013 = 0.0558 0.0183 —0.0367 —0.1735 —0.0384 0.0474 |,
—0.5441 —0.5455 1.8506 —0.0148 —0.0016 —0.0193
0.0315 —0.0375 0.0273 0.0206 0.0206 0.0933
€01 = —0.215 —0.0717 0.0845 —0.2157 0.0438 —0.0332 |,
—0.4517 —0.5587 1.9243 0.0447 0.0277 —0.0482
0.4524  0.3564 —0.0827 —0.0276 —0.0276 0.1067
)] = —0.0783 0.0868 0.0318 0.0037 —0.1053 —0.0765 |,
~0.5768 —0.4566 2.0350 —0.1332 —0.1016 —0.1253
0.0428  0.0974 —0.0429 —0.0319 —0.0363 0.0099
[ed?%] = —0.1399 —0.2386 —0.0253 —0.1505 0.0143 —0.1770 |,
—0.5800 —0.5552 2.2197  0.0164  0.0048  0.0234
—0.0914  0.0758 0.0000 —0.0022 —0.2835  0.0000
[€92%] = 0.0000 —0.0022 0.0000 —0.2660 0.0002 —0.0020
—0.6063 —0.5847 2.3709 —0.0714 —0.0738 —0.0559
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Chapter 6

Distance to isotropy strata by Euler

Lagrange method

This chapter is an ArXiv preprint [4] in which we solve the same problem of the
distance to isotropy strata introduced in the previous chapter but here using an ana-
lytic method for solving polynomial optimization problems based on Euler-Lagrange
equations. Fuler-Lagrange method for solving constrained polynomial optimization
problems, consists in formulating the constrained problem to an unconstrained one
with the help of Lagrange multipliers. This comes down to find the critical points
of a polynomial function leading to a system of polynomial equations that can be
solved using Grobner basis (for example). With this method, we were able to solve
the problem for some numerical examples, first in cubic elasticity and then in cu-
bic elasto-plasticity for instance. However, a submersion condition is imposed on
the constraints functions in order to apply this method which restrict the possible
cases for which this method can be applied. For instance, finding the closest cubic
piezoelectricity tensor to an experimental one, which has been already done for some
examples using Lasserre’s method in section 7 of the previous chapter, cannot be done
using Euler-Lagrange method since the Jacobian of the constraint function does not

have maximal rank and so the submersion condition is not satisfied.
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THE DISTANCE TO CUBIC SYMMETRY CLASS
AS A POLYNOMIAL OPTIMIZATION PROBLEM

P. AZZ1, R. DESMORAT, B. KOLEV, AND F. PRIZIAC

ABSTRACT. Generically, a fully measured elasticity tensor has no material symmetry. For single
crystals with a cubic lattice, or for the aeronautics turbine blades superalloys such as Nickel-
based CMSX-4, cubic symmetry is nevertheless expected. It is in practice necessary to compute
the nearest cubic elasticity tensor to a given raw one. Mathematically formulated, the problem
consists in finding the distance between a given tensor and the cubic symmetry stratum.

It is known that closed symmetry strata (for any tensorial representation of the rotation
group) are semialgebraic sets, defined by polynomial equations and inequalities. It has been
recently shown that the closed cubic elasticity stratum is moreover algebraic, which means that it
can be defined by polynomial equations only (without requirement to polynomial inequalities).
We propose to make use of this mathematical property to formulate the distance to cubic
symmetry problem as a polynomial (in fact quadratic) optimization problem, and to derive its
quasi-analytical solution using the technique of Grobner bases. The proposed methodology also
applies to cubic Hill elasto-plasticity (where two fourth-order constitutive tensors are involved).

1. INTRODUCTION

Anisotropic elasto-plasticity theories introduce (at least) two fourth-order constitutive tensors,
the Hooke and the Hill tensors for instance. It is nowadays possible to measure/determine all
their components [41, 8, 7, 27, 29, 16, 29, 46]. These measured constitutive tensors are however
generically triclinic (they have no material symmetry).

On the other hand, many materials (such as composite/engineered materials, single crystal
superalloys or rocks) have an expected symmetry, most often due to their microstructure and
their elaboration process. In practice, appealing to Curie principle (“the symmetries of the
causes are to be found in the effects”), their constitutive tensors shall inherit the material
symmetry (orthotropy, cubic or monoclinic symmetry for example), so that the natural question
is to determine the constitutive tensor with a given material symmetry the nearest to a given
measured (triclinic) constitutive tensor. This question has been extensively studied, from both
the theoretical and numerical points of view, since the pioneering work of Gazis, Tadjbakhsh
and Toupin [31], and subsequent works in the 90s [8, 7, 27, 22, 29]. Most works focus on the
elasticity tensor [31, 25, 27, 28, 34, 22, 29, 21, 47, 40, 24, 48], a few ones on the piezoelectricity
tensor [66]. So far, we are not aware of some similar studies for the Hill plasticity tensor or the
combination of several constitutive tensors.

Even if some analytical attempts exist [31, 63, 59, 6], the distance to an elasticity symmetry
class problem is usually solved numerically, following [27, 29, 22, 21], using the parameterization
of a symmetry class, by its normal form A (for instance (8) for cubic symmetry [25]) and a
rotation (),

E =Q*A with components Ejji = QipQjqQurQisApgrs
where * stands for the action of the rotation ) on the tensor A [26, 63]. Letting Eq be the given
experimental (raw) elasticity tensor, one has thus to solve the minimization problem

: o 2
(1) min [|Eo — @+ Al
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2 P. AZZI, R. DESMORAT, B. KOLEV, AND F. PRIZIAC

The rotation @) can be parameterized by the Euler angles or by a unit quaternion q [21, 39,
40], allowing, in the second case, for the formulation of the considered distance problem as a
polynomial optimization problem. Indeed, the function |Eg — Q(q) » A||? is then quadratic in
A and polynomial of degree 16 in q. Note, however, that a pair (@, A) is far from representing
uniquely a tensor E. For instance, a cubic elasticity tensor E is represented by 24 pairs (Q, A)
or 48 pairs (q,A) (since Q(q) = Q(—q)). This means that we expect to find at least 24 global
minima (@, A), or 48 global minima (q, A) to problem (1), which correspond to the same cubic
elasticity tensor E. More generally, there are at least as many global minima (@, A) as there
are symmetries of A (24 for cubic symmetry).

Since the variables (Q and A are independent, if GG is the symmetry group of the considered
material, the minimum (1) can be rewritten as [29]

(2) HgnllEo—Q*RG(QT*Eo)Il27

where R is the Reynolds operators [60, Chapter 2] (orthogonal projector of Ela onto the vector
space Fix G of considered normal forms A) and, here for finite groups, defined explicitly by

R (C) := L Y RxC,
=
where |G| is the order of the group G. Definition (2) is the expression of the distance to a
symmetry class adopted by most authors. It has the advantage of removing one variable A in
the minimization problem but the disadvantage of doubling the degree in () and thus in gq.

Solving the distance to a given symmetry problem (1) is usually done numerically with, then,
the risk to reach a local minimum instead of a global one [29, 47, 20]. To overcome this difficulty,
Frangois and coworkers proposed to plot first pole figures for the given elasticity tensor Eg [27, 28]
(renamed plots of the monoclinic distance in [47, 40]). Accordingly, they got an initial value for
E, not too far from Eg, which was then optimized by a standard numerical (iterative) scheme.

Computational algebraic or semialgebraic optimization methods have been developed to find
(directly) the global minimum of a multi-variable polynomial function (with polynomial con-
straints), using semidefinite programming for example [50, 5, 62, 61, 44, 65, 43]. On the other
hand, there are nowadays symbolic computation methods to solve sets of polynomial equations,
for instance the method of Grébner bases [17] (see also [19, 60]). These methods work well
when the number of variables (i.e., of unknowns) is small and when the degree of the poly-
nomials remains low [43]. The Grobner basis method is available in the algebraic geometry
software Macaulay2 [32] and in most Computer Algebra Systems. It does not make any numeri-
cal approximation if the coefficients of the considered polynomials are rational numbers and the
Grébner basis method can be seen as quasi-analytical. We use the prefix quasi because at one
step, after an exact variables elimination process, one has to solve a polynomial equation in one
variable, the remaining equations becoming afterwards linear.

The elasticity symmetry classes have been characterized by polynomial equations and inequali-
ties in [53] (see also [2], or [9] for the case of harmonic fourth-order tensors), illustrating the math-
ematical property that the closed SO(3)-symmetry strata' are semialgebraic sets [3, 4, 55, 57].
The necessary and sufficient conditions for a Hooke tensor to belong to one of the eight elas-
ticity symmetry strata have been formulated using polynomial covariants (in a coordinate-free
manner). For a Hooke tensor, the cubic stratum is characterized by quadratic equations [53,
Theorem 10.3]. Therefore, one hopes to formulate the distance to cubic elasticity problem as a
quadratic optimization problem (of much lower degree than for the normal form/quaternion pa-
rameterization method) and expects a quasi-analytical solution using the Grébner basis method.
To succeed, one will simply have to derive first-order Euler—Lagrange equations for the corre-
sponding quadratic optimization problem.

Cubic symmetry is of most importance for Ni-based single crystal superalloys, such as CMSX-
4 [30, 54, 56], the material of aircrafts gas turbine blades (subject to (visco-)plasticity [45, 13]).
Thanks to the harmonic decomposition [10, 58, 18, 11|, the geometry of cubic fourth order

1A symmetry stratum is the set of all tensors which have the same symmetry class.
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tensors is now well understood. This will make it possible to formulate the calculation of the
distance to cubic symmetry as a polynomial optimization problem, not only for a single elasticity
tensor, but also for a pair (E, P) of two fourth-order constitutive tensors. Here, E is understood
as the Hooke (elasticity) tensor and P as the Hill (plasticity) tensor. Indeed, we shall see that
this pair of tensors is at least cubic if and only if the harmonic second-order components of E
and P vanish and if their harmonic fourth-order components are at least cubic and proportional.

We will make use of the reformulation of the distance to cubic elasticity as a quadratic opti-
mization problem, in order to solve it quasi-analytically. In practice, this will be done thanks to
the theory of Gribner bases. We will take advantage of the fact that the material parameters,
such as the components of an experimental elasticity tensor, are measured with only a few sig-
nificant digits to work with rational coefficients polynomials. This point is of main importance
in the resolution of a system of polynomial equations by the obtention of a Grobner basis (see
remark A.1l in the Appendix).

The paper is organized as follows. The Euler—Lagrange method for solving constrained opti-
mization problems is briefly presented in section 2. Background materials on cubic constitutive
tensors are recalled in section 3 and section 4. The problem of the distance to cubic elasticity is
formulated as a polynomial (quadratic) optimization problem in section 5 and solved thanks to
the theory of Grobner bases in section 6. The extension to the pair (E, P) of the Hooke and Hill
tensors is described in section 7 and section 8. Finally, in section 9, we explain how to compute
a natural cubic basis for any given cubic Hooke tensor. To be self-contained, a summary of
Grobner bases methods for algebraic elimination is provided in Appendix A. Last, the lack
of accuracy of some upper bounds estimates of the distance to cubic elasticity is discussed in
Appendix B.

Notations. We are working in orthonormal bases, so that we do not have to distinguish between
covariant and contravariant tensors. The tensor product is denoted by ®. An harmonic tensor
is a traceless totally symmetric tensor. The space of harmonic tensors of order n will be denoted
by H"(R3) or simply H". It is a subspace of dimension 2n + 1 of the vector space S*(R?), the
space of totally symmetric tensors S = S*® of order n (where (-)*® is the symmetrization operator).

Let S = S® € SP(R?) (of order p) and T = T* € S?(R?) (of order ¢) be two totally symmetric
tensors. The totally symmetric tensor product © is defined by

SOT:=(S®T)* c SFT(R?).

It is a totally symmetric tensor (of order p + ¢q). The generalized cross product between two
totally symmetric tensors, which was introduced in [53], is defined by

(3) SxT:=(T-g-8)°esPrat,

where € = (1) is the Levi-Civita tensor. In components, it is written as

S
(Tiy ik Ehipl Stipsripyg1)’

A dot denotes a contraction between two tensors and several dots, several contractions. For
instance

(a-b)ij = aibj, a:b = ajjbij,
(H:a);; = Hijrap, (H : K)ijrr = HijpgKpgri, (H:K)ij = Hipgr Kpgrj

where a, b are second-order tensors and H, K, fourth-order tensors. The usual abbreviations
H?2=H:H and H?> = H : H: H shall also be used.

2. THE EULER-LAGRANGE METHOD FOR POLYNOMIAL FUNCTIONS AND CONSTRAINTS

The simplest method to solve a minimization problem for a polynomial function f, defined
on R"™, is probably the Fuler—Lagrange method, which consists in looking for its critical points.
The critical points of f are solutions of a system of algebraic equations which may be solved
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using Grobner bases for example (see Appendix A). When, moreover, polynomial algebraic
constraints g(z) = 0 are involved, where

g:R" — RP,

is a smooth vector-valued function, the method of Lagrange multipliers can be used [12, 38,
42]. In geometric terms, the constraint problem means that we seek for critical points of the
restriction of f to the submanifold of R™

(4) S :={x eR"; g(x) =0}.

This requires that the constraint function, g : R® — RP, is a submersion on S = g~1(0), which
means that the linear tangent map (i.e., here the Jacobian matrix)

Teg: R" > RP

is of maximal rank p at each point x € S (which requires that n > p). This condition ensures
that S is a smooth submanifold of R™ of dimension n — p [42]. In that case, one can show, using
the implicit function theorem, that the solutions of the constrained problem

(5) min f(z) with g(z)=0,
x
are critical points of the function

(6) Fz, ) = f(2) + (A 9(2)),

where (-,-) is the duality bracket on RP and the dual variable X is the Lagrange multiplier. A
proof of this fact can be found in [1, Theorem 3.5.27].

Remark 2.1. Note however that the extrema of f are in general saddle points of F' [38].
Therefore, one should not make the false statement that the minimization of the constrained
problem (5) is equivalent to the minimization of the function (6).

The critical points of (6) are the solutions of the algebraic system

oF _0f (, 09\_,
(7) ox ox ox

oF
oA
These equations are referred to as (first-order) Fuler—Lagrange equations with constraints.

In practice, however, the problem is not that simple. In several problems, the set S = g~1(0)
contains some point & at which g is not a submersion. Worse, in the following example, which
concerns the distance of a deviatoric second order tensors = h € H? to transverse isotropy,
the gradient of g is singular at each point h of S.

Example 2.2 (The transversely isotropic (closed) strata in H?). It is the vector subspace S
of H? of deviatoric tensors which have at least two identical eigenvalues. The set S is defined
implicitly by the polynomial equation

g(h) = (rh?)® =6 (trb®)* =0, heH
Unfortunately, the gradient of g in H?
grady, ¢ = 6 ((trh?)*h — 6(tr h?)(h?)")

vanishes identically on the set S = g~1(0), since, when h € H? is transversely isotropic, we have

trh3
h2 I _
(h%) tr h?
and thus
6¢g(h
grad, g = 9(h) 0.
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Fortunately, all situations are not as bad as in this example but singularities may still exist.
In the following examples, concerning respectively cubic fourth-order harmonic tensors and
elasticity tensors, of main interest for the present work, the set S is defined by a mapping g
which is a submersion on a big open subset of S, but not on all of S.

Example 2.3 (The cubic (closed) strata in H*). It is the vector subspace S of H* of fourth-order
harmonic tensors which are at least cubic. It was shown in [53, Theorem 9.3|, that this set can
be defined as

S = {H€H4; g(H):O},
where
g: H* — H?

is a polynomial mapping of degree 2. One can check that g is a submersion at each cubic tensor
H +# 0, but not at H = 0, which is a singular point.

Example 2.4 (The cubic (closed) strata in Ela). It is the vector subspace S of Ela of elasticity
tensors which are at least cubic. It was shown in [53, Theorem 10.2], that this set can be defined
as

S ={E € Ela; g(E) =0},
where
g :Ela — H? @ H? @ H?

is a polynomial mapping. One can check that ¢ is a submersion at each point E € S if E is
cubic, but not if E is isotropic.

Remark 2.5. In [33] and [64] are proposed some algorithms to solve the constrained problem (5)
even when the polynomial mapping ¢ is not a submersion, under some further hypotheses (the
implementation of the algorithm proposed in [33] is available on the webpage of the first author
as a Maple library). These algorithms involve the notions of nonsingular and singular points
of the real algebraic set S = {x € R™; g(z) =0}. Under some hypotheses on S and on the
polynomial coordinate functions (gi,...,gp) of g, a point  of S is said to be nonsingular if the
Jacobian matrix of g at « is of rank n — d, where d is the dimension of the real algebraic set
S (which is by definition the so-called Krull dimension of the ring of polynomial functions on
S), otherwise z is said to be singular. If the real algebraic set S has no singular point, it is said
to be nonsingular and, in this case, S is a smooth submanifold of R"™ of dimension d (precise
definitions and properties can be found in [14]). However, the correctness of the subroutine
GenCritValues of [64, Section 4] is, as far as we understand, not clear for us since it refers to an
algorithm of [37] which is carried out on complex algebraic sets, not on real ones.

3. CUBIC ELASTICITY TENSORS

The space of elasticity tensors [26], denoted by Ela, is the space of fourth-order tensors E
with the following index symmetries

Eijki = Ejirt = Eiji = Eriij-

Ela is a vector space of dimension 21 and an elasticity tensor E € Ela can be represented in
Voigt notation by the matrix

Eiinn Eree Eiuiss Eiugs Bz Eie
E1120 E2999 Foo33 Ea223 Fi223 Ei222
E] = FEr133 Fa233 FE33zz FEaosss Eizzs Eio3s
FEr123 FE9993 Faszzs FEagaz Fazzr Eogio
Ei113 FEi223 Fisss Eazzt Fiziz Esiie
Ei12 Ei22 Fi233 Eaziz Ezi12 Eio12
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If E has at least the cubic symmetry, there exists an orthonormal basis (e;) (called the natural
basis or the cubic basis), in which E has the so-called cubic normal form in Voigt representation

Eiinn Euge Eiie 0 0 0
Er192 Eiinn Erioe 0 0 0
Er192 Eriz2 Eiinn 0 0 0
(8) [E] = 0 0 0 FEi219 0 0
0 0 0 0 Ei919 0
0 0 0 0 0  Eior

(e1,e2,e3)
If F1111 — Fr129 — 21212 = 0, then E is isotropic. Otherwise, it is cubic. One may point out
the cubic symmetry group (Q) and write Eg for the normal form of a cubic tensor E.

If £, v and G, respectively denote the Young modulus, the Poisson ratio, and the shear
modulus of a material, the engineer’s expressions for the F;;;; are

(1-v)E
Fiig = = Y)=
111 = 7 > 5,2
14
Eijgg = — 2=
1122 11— — 2]/27
Ei212 = G,

and G # E/2(1 + v) when E is cubic. In intrinsic notations, a cubic elasticity tensor E can be
rewritten as in [26]

(9) E=2ul+M®1+H, H#£0,

where I is the fourth order tensor with components I;;5,; = %(&kdﬂ + 6;605%) and H € H* is a
cubic fourth-order harmonic tensor?. Here,
1 1
)\ = T5<2 tI‘(tl“lg E) — tr(tr13 E)) = g(Ellll — 2E1212 + 4E1122),
and

1 1
W= %(— tr(tris E) + 3tr(tris E)) = 5(E1111 + 3E1212 — E1122),

are the Lamé constants.
A fourth-order harmonic tensor has 9 independent components. It can always be parameter-
ized as (in Voigt notation, see [23, 52]),

Ao+ A3 —Aj —As -X1 Yi+Ys -2
—As  As+A M\ —Xo -1 1+ 2
—As —A\q AM+A Xi+Xe Yo -7
1 H| =
(10) [H] -Xi — X5 X1+ Xo -\ -2 -"
Y1+Y; -1 -Ys —Z1 —Ay -Xi
—Zy 1+ 2o —Z1 - —X1 —A3

If H has at least the cubic symmetry, there exists an orthonormal basis (e;), in which (in Voigt
notation, see [9]):

8 -4 -4 0 0 O

-4 8 -4 0 0 O

-4 -4 8 0 0 O 1
o o o0 0 -4 0

0o 0 0 0 0 -4

(e1,e2.e3)

with 6 = 0 when H is isotropic and § # 0 when it is cubic.

Remark 3.1. The decomposition (9) of E into A, p, and H (with H cubic), is the so-called
harmonic decomposition of a cubic elasticity tensor (see [10, 18]).

2je. totally symmetric, H = H?, and traceless, tr;; H = 0.
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The generalized Lamé constants A\ = A(E), u = p(E) are two (linear) invariants of E. The
scalar 6 = §(E) is a (rational) invariant of the cubic elasticity tensor E. Indeed, one has then [9,
Section 5.1]:

J3

12 § =22
(12) 4Jy°

where
(13) Jo = ”HH2 = tr(tr13 H2) = H’ijleijkla and J3 = tr(tr13 H3) = H’ijleklqupqij7

are two polynomial invariants of H (first introduced in [15]). The Euclidean squared norm of
the cubic elasticity tensor E is then

IE[? = 3 (3\% + 4\ + 8u?) + 48067,

When evaluated on (10), the invariants Jo and J3 can be expressed as
(14)  Jy = 2(41\% + A1Ag + Ay Az + 4A3 + AgAg + 4A5 4+ 8X7 44X, X + 4X3

+8YR + AV1Yy + AYE + 822 + 471 7y + 4222),
(15) Js= 6(1\%/\2 + ATAZ + A2(Ag + As) — 3X (A1 + As) — 2A5X1 X5

+4X1 (Ao Xy + (Y1 + Vo) (Z1 4 Zo)) + Xa (Ao + A3) + 4Xo(Z1 (Y1 + Y2) + Y1 Z5)

— 3M Y — 3AYE 4+ Ay (Af — AqAs + A3 +4Y1Ys + Y5 — 3Z7) — 2A V1Y

+ A1Y22 — 3AQZ% + 4N Z1 75 — 200721 7o + A1222 + A2Z22> .
Remark 3.2. Given a cubic elasticity tensor E* = (Ei*jkl)7 expressed in an arbitrary basis, the
calculation of its normal form E = Eg (of Voigt representation (8)) is straightforward (using (11)

within (9)). Indeed, the normal form (8) is recovered from the calculation of A, p and § = J3/4.J5
by the above formulas with

(16) E1111 = 2p0+ A + 84, Er192 = A — 40, E1212 = p — 40,
where the invariants A, p, J2, Js and 0 are evaluated on E*.

The covariant characterization of the elasticity symmetry classes by polynomial equations
(and inequalities) has been performed recently, in [53, theorem 10.2]. The case of the cubic
symmetry is recalled as theorem 3.3 below. We denote by

1
a=a-— gtr(a) 1,

the deviatoric part of a second-order tensor a, and by E?, the totally symmetric part of E, with
components

1

ikl = g(Eijkl + Eikji + Euji).-
Theorem 3.3 (Olive et al (2021)). Let E be an elasticity tensor,

d=trixcE and v=trisE,
respectively, the dilatation and the Voigt second-order tensors,

1 1
A= 1—5(2trd —trv) and p= %(3trv —trd),
the Lamé constants,
2
(17) H:Es—(2,u+)\)1®1—§1®(d’+2v’)
and
d, =H:H,
with components (d2)ij = HipgrHpgrj. Then, E is cubic if and only if
d=v' =0, dy, =0, and Jy=trdy#0.
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Remark 3.4. The decomposition of any elasticity tensor provided by the above formulas,
E= ()\7 Hy d,a Vl? H)a

into the harmonic components A\, u € H°, d’,v/ € H? and H € H%, is the so-called harmonic
decomposition of E [10, 58, 18].

4. CUBIC PAIR OF ELASTICITY-LIKE TENSORS

There exist constitutive laws (for instance, anisotropic elasto-plasticity [35]) involving two
fourth-order constitutive tensors. The question of the characterization of all the symmetry
classes of a pair

(E,F) € Ela x Ela
of elasticity-like tensors seems to be an open one. Nevertheless, this question has a relatively
simple answer in the cubic symmetry case, thanks to the harmonic decompositions of both
tensors E and F,
E=\ud, v ;H) and F = ({,m,e ,w K),
and by recalling that the symmetry group G g ) of the pair (E,F) is the intersection of the
symmetry groups of its harmonic components [26],
G(E7F) =GeNGr=Ga NGy NGuNGe NGy NGK.

As an harmonic (deviatoric) cubic second-order tensor is isotropic and therefore vanishes (so
that Ggr) = Gu N Gk), and as the normal form of an harmonic cubic fourth-order tensor is
one-dimensional, the pair of elasticity-like fourth order tensors (E,F) is cubic if and only if its

harmonic second-order components vanish and its harmonic fourth-order components are cubic
and proportional. By theorem 3.3 we get the following result.

Theorem 4.1. Let E = (\, u,d’,v/,H) € Ela and F = (¢,m,e’,w’,K) € Ela be two elasticity-
like fourth-order tensors, and

dyH)=H:H, dyK)=K:K,

be the quadratic covariants of their respective harmonic fourth-order components H and K.
Then, the pair (E,F) is cubic if and only if

d=v=e=w =0,

and either

(a) d5(H)=0 and H=kK #0,
or

(b) dy(K) =0 and K =FkH #0,
with k € R.

5. DISTANCE TO CUBIC ELASTICITY AS A QUADRATIC OPTIMIZATION PROBLEM

It is possible to reformulate the distance to cubic symmetry problem into a quadratic opti-
mization problem
m}%nHEO —E||*> with E at least cubic,

since the function to be minimized ||Eg — E||? and the constraint “E at least cubic” (equivalent
tod = v/ =0 and d} = 0 by theorem 3.3) are expressed by quadratic polynomials in E. This
21-dimensional problem can be further reduced to a 9-dimensional optimization problem in the
harmonic component H € H* of E only.

To achieve this reduction, we perform the harmonic decompositions of both the given and the
sought tensors Eg and E (see remark 3.4 and (9)),

Eo = (Ao, po,dfy, v, Hp) and E = (A, 1,0,0, H).

Then, using the formula

2 4
(18) IBJ* =3 (3M7 + 4\ + 8p:%) + = [|d + 2| + S fld = V|| + [ )%,
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for the Euclidean squared norm ||E||? := E :: E of an elasticity tensor E = (\, u,d’, v/, H), we
get,

F(E) = [Eo — E[* =3 (3(A — A)* + 4(Xo — A)(t0 — ) + 8(po — 11)?)
2 4
+ 57lldo + 2voll* + Slldo — voI* + 1Ho — H?,
whose minimum for E = E* cubic is obtained for A = A9, 4 = po and H cubic. We have
therefore
E* =201+ M1®1+H",
with H* € H* solution of the quadratic optimization problem

(19) min|[Hy — H|? with g=d,=0,

and the five scalar constraints in (5)
()11 =0, (d3)22=0, (dy)12=0, (d3)13=0, and (dy)23=0,

are indeed quadratic in H.
The optimum is cubic if H* # 0, with then the distance and the relative distance to cubic
symmetry respectively equal to

2 4
d(Eo, cubic symmetry) = [[Eq — E| = \/ ol + 2vh)12 + 5 1y — vhlI2 + |Fy — H |2,

and
d(Eog, cubic symmetry) [[Eq — E*||

1 Eol| Bl

In order to apply the Euler-Lagrange method to our constrained optimization problem (19),
we have to check (see section 2) that the smooth mapping

g: H* 5 H?, Hw—d,=(HH),
is a submersion for all cubic tensors H € H* (i.e., that the Jacobian matrix Tgg : H* — H? is
of maximum rank 5, for each cubic tensor H). This is indeed the case. To show this, we observe
that the mapping H — g(H) = (H:H)' is covariant, meaning that
9(Q+H) = Qxg(H)

for every rotation ). Therefore, the rank of T3¢ is equal to the rank of Tg, g for every rotation
Q@ and it is enough to compute this rank when H is the cubic normal form (11), which is 5. Note
however that g is not a submersion when H = 0 (i.e., when H is isotropic).

The Euler-Lagrange method further reduces the distance problem (at given Hy),

g(rgi)gof(H), fH)=|Ho-H|?  g¢(H)=dy,

to the determination of the critical points of the polynomial function
F(H,X) = [Ho — H|[* + X : g(H),

with H € H* an harmonic fourth-order tensor and where the Lagrange multiplier A € H? is an
harmonic (deviatoric) second-order tensor.
The differential of F' with respect to H is given by

dF.6H = 2(H — Ho) - 6H + X : (1 5H + 0H  H)
=2(H —-Hyp) = 6H+2S(\) :: 0H,

thanks to the equalities A : d, =X : d2 = A : (H:H), where

(20) S(A) = %gradH()\ Ldy) = (H- A €,
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is the fourth-order harmonic part of the tensor (H - X)® (of components Hjji,Ap). It can be
computed using for example Eq. (17), or using directly the harmonic decomposition of totally
symmetric tensors [58][52, Section 2.2], with here

1
(21) tr(H-A)° = B H:\ and trtr(S\)) =trtr(H-X)° =0,
so that (introducing the symmetrized tensor product ®)
(22) S(A) = (H~)\)S—%1®(H:)\).
. oF oF
Therefore, the Euler-Lagrange equations - 0 and w 0 reduce to the system of
equations

(23) {H —Hy+SA\) =0 (9 scalar equations),

d,=0 (5 scalar equations),
in the 9 independent components H;jx; of H € H* and the 5 independent components Aij of
A€ H2

The system (23) can be further simplified by extracting from the equality H—Hy+ S(A) =0
some linear equations in H.

Lemma 5.1. The Euler-Lagrange system (23) implies that
H:Hy—-Ho:H=0, (3 linear scalar equations)
(24) (H-Hy) =H=0, (1 quadratic scalar equation)

d, =0. (5 quadratic scalar equations)

Proof. By contracting three times the first equation H — Hy + S(A) = 0 in (23) with H on the
right and then on the left, we get

(25a) H:H-Hy H+SO\) H=0,
(25b) H:H-H:Hy+H:S(\) =0.
By (22) and some calculations, we have
H = s S A H= A dyt Se— SH2
SA):H=H-)°:H 7(1@(H./\)),H—4/\ d2+4c 14H P
and
. ) s Bopr. 1 3 3.

where both ¢ and H? : A = H: H : A are symmetric second-order tensors with components
cij = Hipgr HipgsArs,  (B? 1 X)ij = Hijrt Hitmn Amn-
If H is at least cubic, then, d; = 0 and A - da = d2 - A is symmetric. Thus
S(A):H=H:S(\),
and, substracting (25b) from (25a), we get
H:Hy—-Hy:H=0.

The second equation in (24) is obtained, by applying the Euler lemma on homogeneous
functions to the quadratic function

1
H — 5)\ :dy(H),
whose gradient is S(X). We get

S(A) i H == (gradg(A:dy)) = H=X:d5(H) =0,

DN |
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for each tensor H which satisfies d),(H) = 0. Therefore, contracting four times the first equation
H—-Hy+S(A) = 01in (23) with H, we obtain the second equation of (24), H—Hy) = H=0. O

6. NUMERICAL APPLICATION — DISTANCE TO CUBIC ELASTICITY
Let us now apply the Euler—Lagrange method to the problem of determining the distance
d(Ep, cubic symmetry) = min |Ey — E|| = ||E; — E¥|,
E cubic

of an experimental tensor Eg to the cubic symmetry closed stratum. In our application the
tensor Eg, taken from [29] (refer to [41, 8, 7, 28, 21, 16] for measurements), is the elasticity
tensor of a Nickel-based single crystal superalloy. In Voigt notation:

243 136 135 22 52 17
136 239 137 -28 11 16
135 137 233 29 —-49 3
22 =28 29 133 -—-10 -4
52 11 —-49 -10 119 -2
—-17 16 3 -4 =2 130

It can be checked (by [53, Theorem 10.2 ], see also [29]) that the tensor Eg is triclinic (with no
material symmetry), even if it corresponds to a material with a so-called cubic v/+" microstruc-
ture [30, 54, 56].

Using the formulas of theorem 3.3 we obtain the harmonic components of E,

(26)  [Eo] = GPa,  |Eo| =713.41 GPa.

1583 1453
)\0 = ? (;:Pa7 Ho = T5 GPa,
T2 1 -1 11 -1
dy=|( 2 2 23 GPa, vp=| —-11 9 -1 | GPa,
14 23 16 -1 -1 -8

3
and, by (17) (in Voigt notation),

—1986 1093 893 175 1760  —495
1093 —-2306 1213 —1085 15 660
1 893 1213 —-2106 910 —1775 —165
(27) [Ho] = 35 175 —1085 910 1213 —165 15 GPa.
1760 15 —1775 —165 893 175

—495 660 —165 15 175 1093
The cost function f = ||[Hy — HJ|? to minimize can then be expressed as (in GPa?)
f(x) =8A% + 2A1Ag + 2A1 A3 + 668A;1 + 8A3 + 2A9A3 4 540A5 + SAZ + 620A3
+ 16X7 + 8X1(Xy — 11) + 8X3 — 456X, + 16Y7? + 8Y Yy — 392Y;
2026042
+ 8Y} — 808Ys + 1627 + 87, Zo — 2647, + 873 — 26475 + 3

in the variable
x = (X1, X2, Y1,Ya, Z1, Z2, A1, Ao, Ag).
if the parameterization (10) is used for H.
In terms of components, and according to the expression (26) for the considered material, the
system of equations of lemma 5.1 is constituted

(a) of the three scalar equations,

1515991A1 + 6907074A5 + 2816520A3 + 4774213Y5 + 131931777 + 38271362,
1= )

2851559
., _ 275225101 — 547466545 — 1823999A; — 3665127Y5 + 11987467; — 16550272,
2= 2851559 ’
y. _ 14013851 — 236918510, — 193986445 — 15828579Y, + 4529623 7; + 45314057
1= )

8554677
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which correspond to the linear equation H: Hy — Hy: H = 0,
(b) of the scalar equation,

(H—Hp) :: H = 8A?+2A1 Ao +2A 1 A3+8A2+2A5A3+8A2+16 X7 +8X, Xo+8X24+16Y48Y1 Y5
+8YZ+16 224871 Zo+8Z2+334A1+270A2+310A3—44 X1 —228 X5 —196Y] —404Y5— 1327, — 13275
(c) and of the & equations g;; = (d2);; = 0, with

2
g11 = (dh)11 =§( — 4N — AyAg — AjA3 + 203 4+ 2A0A3 + 2A% + X7 — 4X Xy — 4X3
+ Y2 +5Y1 Yo + 2Y5 — 27% — 717 + 273),
2
g22 = ()2 = — 5 (- 2A% + A1Ag — 2A1 Az + 4A5 + AgAg — 2A5 + 2XT + X1 Xo — 2X3

— Y2 +4AV1Yo +4YS — Z% — 5712, — 273),
g12 = (dj)12 =3X1Y1 + 3XoY1 — 4X1Ys — XoYo + 4Z1A1 + ZoAy + 321 Ay — ZoAy — 271 As,
g13 = (dy)13 =3X1(Z1 + Zo) — Xo(4Z1 + Zo) + 3Y1A1 — YoAy — 2Y1 A9 + 4Y1A3 + YaAs,
g2z = (d)e3 =3Y1Z) + 3YaZy — 4125 — YaZo — 2X1 A1 + 4X1 Ao + XoAy + 3X A3 — XoAs.
Using the first three linear equations (of point (a)), we further reduce the system to 6 equations
gij =0 and gs=(H—-Hp)::H=0,

quadratic in the 6 variables Y5, Z1, Z5, A1, A2, A3, and which can be solved thanks to the determi-
nation of a Grobner basis GB, by symbolic computation using Mathematica software®. We take
advantage of the fact that the material parameters (here the components of Eg), are measured
with only a few significant digits to work with rational coefficients polynomials. This point is
of main importance in the resolution of a system of polynomial equations by the obtention of a
Grobner basis (see remark A.1 of the Appendix). The result is aset GB = {GBy,...,GB3s2} of 32
polynomials GB,, (unfortunately too lengthy to be given) in the variables Ya, Z1, Za, A1, Ag, A3,
and which vanishes if and only if the initial (polynomial) system (24) is satisfied.

In the present application, the first polynomial of the Grobner basis GB; is found to be
function of Az only, GBy function of Ay and As (but linear in Ag), and so on, up to GBs
function of all the variables (but linear in Y3), as in (38) of Appendix A with n = 6 and xz¢ = As.
Solving? GBj(A3) = 0, we get either Az = Az(,)o) = 0 (leading to the isotropic solution H(®) = 0)
or As is a real root of a polynomial of degree 14, which has 8 non-zero real roots (in practice
determined with a 50 significant digits precision),

AV = 38908854, A =—10425071, AP = -8.424314, ALY = —6.225368,
AP = 3104952, AP = —3.056232, A =1.745698, AL =13.541284.

Except from this initial (roots) solving, the remaining unknowns Ao, then Ay, Zs, Z; and
last Yo, are obtained analytically one per one for each Aés) solution (thanks to the equations
GB,, =0, m > 2, given by the elements of the Grébner basis GB, when A3 is evaluated). The
variables X1, X9, Y7 are finally given by the three linear equations of point (a).

This polynomial optimization approach shows that, generically, for the distance to cubic
symmetry problem, the number of critical points solutions of the first-order Euler—Lagrange
equations (24) is finite, the corresponding solutions H() being fully determined by all the roots
of the polynomials in the Grébner basis GB. The global minimum min f(H) is simply the
minimum minimorum

min |[Hy — H® |2 = |Hy — HY||? = 2530.47 GPa?,
1<s<8

3py the command GB = GroebnerBasis {911, 922,912,413, 23,96} ,{Y 2,21, Z2, A1,A2, A3}], where by
default the lexicographic elimination order is used.
4using the command NSolve[GBJ[[1]] == 0, A3, WorkingPrecision — 50].
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which is here given by the solution s =1, A3 = Aél),

X1 = —6.396655, Xo = 27.780761, Y, = —2.277535,
Y, = 44.251233, Zp = —4.557361, Zy = 21.161420,
Ay = —36.401302, Ay = —20.226895, A3 = —38.908854,

for H*. The numerical value f(0) = ||Hpl||? = 57886.9 GPa? for H isotropic is found larger than
the one 2530.47 GPa? for the optimal cubic tensor H.
With the values A = Ao = 1583/15 = 105.533333 and p = po = 1453/15 = 96.866667, the
tensor
E* =20 + A1 ® 1+ HY,
of Voigt representation

240.130916 144.442188 125.760229 6.39665526 41.9736976  —21.1614201
144.442188 223.956510 141.934636  —27.7807617  2.27753546 16.6040582

(28) [E*] _ 125.760229 141.934636 242.638469 21.3841064  —44.2512331  4.55736193 GPa
6.39665526 ~ —27.7807617  21.3841064 133.267969 4.55736193 2.27753546
41.9736976 2.27753546  —44.2512331  4.55736193 117.093562 6.39665526
—21.1614201  16.6040582 4.55736193 2.27753546 6.39665526 135.775521

is the (cubic) elasticity tensor that minimizes the distance to cubic symmetry, with then
d(Eop, cubic symmetry) = 74.13 GPa.

With a relative distance .
|Eq — E*||

ol
it is slightly better than the solution obtained by Frangois-Geymonat—Berthaud by a numerical
iterative method [29].
As H* #£ 0, the tensor E* is cubic. The distance of Eg to isotropy,
d(Ey, isotropy) = ||Eo — (2p0I + A1 ® 1)|| = 246.68 GPa,

is found larger than the one to cubic symmetry, with a relative distance to isotropy

= 0.1039,

d(Ey, isotropy)
[ Eo|
By remark 3.2, the normal form (denoted here by Eg) of the optimal cubic elasticity tensor
E* = (A = Ao, = p0,0,0,H*) given by (28), is obtained directly thanks to the computation of
its invariants. We get, by the explicit formulas (12) to (15),
Jo = |H*||? = 55356.440 GPa%,  J3 = tri3(H*3) = —2377889.1 GPa3,

so that, in GPa,

= 0.3458.

J3

A = 105.533333, 1= 96.866667, 0= S —10.738990,
2
and
(29)
213.354743 148.489295 148.489295 0 0 0
148.489295 213.354743  148.489295 0 0 0
[E*] | 148.489295 148.489295 213.354743 0 0 0 GP
ol = 0 0 0 139.822628 0 0 a,
0 0 0 0 139.822628 0
0 0 0 0 0 139.822628 ( )
e1,e2,e3)
which, for practical applications, can be by approximated by
213 1485 1485 0 0 0
1485 213 1485 0 0 0
w1 | 148.5 1485 213 0 0 0
(30) Eal=1" 0 0 140 0 0 GPa.
0 0 0 0 140 0
0 0 0 0 0 140

(e1,e2,e3)
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7. DISTANCE TO CUBIC ELASTO-PLASTICITY AS A POLYNOMIAL OPTIMIZATION PROBLEM

The anisotropic Hill elasto-plasticity theory for metallic materials introduces not one but two
fourth-order constitutive tensors [35, 45, 36, 13],

e a first one, E € Ela, to describe the anisotropic elasticity,
e a second one, P (sometimes considered as dimensionless), to describe the yield (plastic-
ity) criterion, and such as the condition

o :P:o' —R’<0

corresponds to an elastic loading or unloading stage (with ¢’ € H? the continuum me-
chanics deviatoric stress tensor). When assumed constant, the scalar R stands for the
material yield stress, when taken as evolving during loading, it stands for the material
hardening. The Hill tensor P has the indicial symmetries of elasticity tensors (so that
P € Ela).

With no lack of generality, instead of P, we can work with a tensor F of elasticity-type, and

compute a dimensionless Hill tensor P = F/C by normalizing afterward F with a constant C.
Indeed, when F is in its normal form (8), setting

2 3F1212
31 C:=-(F —F d Li=—-7"7"—
(1) 3( i~ Fuz) an Fiinn — Fize’
allows to recover the standard expression of cubic Hill yield criterion (in cubic basis (e;)), as

1
o :P:o = 3 ((011 — 092)% + (033 — 011)? + (090 — 033)2) + 2L (0%2 + 02 + 053) .

The harmonic decomposition of F is then (see remark 3.4)
F= (E,m,e’,w',K) ,
with
(= Lotre—trw) and L strw —tre)
= —2tre—trw) and m=—3trw—tre
15 30 ’
the Lamé constants of F, where
e:=troF and w:=tr3F,

are respectively the dilatation and Voigt tensors of F, and K = (F)*¥ € H* is the harmonic
fourth-order component of F, given by (17),

K=F)°’-02m+0)161- 31@ (e +2w').

We now assume that two given elasto-plasticity tensors Eg and F are available (possibly
triclinic) for a given metallic material. As a generalization of the formulation of the distance
problem of section 5, in which only one constitutive tensor (the elasticity tensor) was involved,
we propose to define the optimum cubic estimates E** and F** = CP** of the two elasto-
plasticity constitutive tensors, as the minimizers of the following quadratic function (with W a
given strictly positive weight)

f(E,F):= |Eq - E|I* + W|Fo - F||?,

at given tensors Eg and Fyg = CPy, under the constraint that both the elasticity tensor E
and the Hill tensor F = CP are cubic and share the same cubic axes (by theorem 4.1). The
introduction of a weight W is necessary in practice, since the orders of magnitude (and the
units) of the Hooke and Hill tensors are often very different.

Remark 7.1. /| E|2 + W|F||2, with W > 0, is a norm on Ela @ Ela.
We first perform the harmonic decompositions of Eg and Fy,

EO == ()\07/’607d67V67H0) ’ FO = (60,m07667W6,K0) )
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with Ao, po, lo, mo € H°, df), v}, e, wjy € H? and Hy, Ko € H* their harmonic components. The
harmonic decompositions of the sought cubic tensors E and F are

E:(A,M,0,0,H), F:<£7m70707K)a
with A, i, £,m € H°, H,K € H*, and, according to (9), we have
E=2l+M®1+H and F=2ml+/101+K,

with dj(H) = d}(K) = 0 and K = kH (by theorem 3.3). Using the formula (18) for both
|Eo — E||? and ||Fg — F||?, we get

F(E) =3 (300 = ) + 40 = Ao — 1) +8(po — p)*)
+3W (3(o — €)% + 4(Ly — £)(mo — m) + 8(mg — m)?)
2 4 2w 4w

ol + 29 + Sy — vhll2 + S lleh + 22 + - lleh — whl?

+ [Ho — H||> + WK, — kHJ|”.
The minimum of this expression is obtained for

A= Ao, K= Ko, t=1Lly, m=my, H:H*a k:k*a
where H* and k* correspond to absolute minima of the problem
min {|IHy — H|* + W|Ko — kH|*}, with dj(H)=H: H) =0.

Remark 7.2. Note that the condition K = kH # 0 implies that the pair (H,K) is cubic,
meaning that both H and K are cubic and share the same cubic axes.

To solve the problem of the distance of a pair (Eg, Fp) to cubic symmetry, we therefore have
to find the critical points of the polynomial function

(32) F(H,k,\) == [Ho — H||> + W[|Ko — kH|* + X : g,

with H € H* an harmonic fourth-order tensor, k a scalar, and where the Lagrange multiplier X €
H? is a deviatoric second-order tensor. Observe that the first-order Euler-Lagrange equations
for this optimization problem can furthermore be recast in a similar form as (24).

Lemma 7.3. The first-order Euler—Lagrange equations,

oF OF oF
TH 0, o 0 and o 0,
mmply
H:Hy+ kWKy) — (Ho+ EWKy):H=0 (3 scalar equations)
(33) (H-Hy) =H=0 (1 scalar equation)
W(kH-Kjy) =H=0 (1 scalar equation)
d, =0 (5 scalar equations)

Remark 7.4. The distance problem thus formulated is not a quadratic optimization problem.
The equation

(kH-Kp)=H=0
is indeed polynomial, but of degree three in the variable x = (H, k).

The first equation of (33) is not linear anymore, it cannot be used to reduce the number of
unknowns before the computation of a Grobner basis. The quasi-analytical resolution by the
obtention of a Grobner basis will nevertheless be similar (but with four more variables) to the
resolution for the single elasticity tensor case (except that the computation of a Grébner basis
will be more computer time consuming).



16 P. AZZI, R. DESMORAT, B. KOLEV, AND F. PRIZIAC

8. NUMERICAL APPLICATION — DISTANCE TO CUBIC ELASTO-PLASTICITY

We consider here the example of the triclinic elasticity tensor Eg (still given by (26), the
harmonic decomposition Eg = (Ao, po, dj, w', Hp) remaining the one of section 6), and of the
following triclinic plasticity tensor Fy, in Voigt notation,

191 —-54 —-83 —-34 —-94 59
-54 176 —-71 71 —40 -23
-83 —71 207 —-44 130 —-36
-34 71 —-44 99 -—-15 -—-17 |’
-94 —40 130 -15 179 —40

59 —23 =36 —-17 —40 79

[Fo] = |Fo|| = 715.78.

Using the formulas of theorem 3.3, we obtain Fo = (¢, mo, €(, w(,, Ko), with

324 1853
EO:_?u mo = 15)
3 0 891 19
0= "= - r_ 226
ey=(trnFo)'=( 0 —§ —7 |, wy=(trsFo)=| 21 —%° 13
-4 =T 3 19 —13 17

and (in Voigt notation)

—-101 —-727 828 1275 —3460 1855
727 1304 =577 2650 —920 —1015

1 828 =577 =251 —1375 4380 —840
35 | —1275 2650 —1375 —577 —840 —920
—3460 —920 4380 —840 828  —1275

1855 —1015 —840 —920 —1275 727

[Ko] =

The cost function
f(H) = |[Ho — H|” + W|Ko — kHI|?,
that we have to minimize in order to solve the distance problem

i Eo— E|?+ W|Fo - F||?),
(E%lCI}IbiC(H 0 I+ WI[Fo 1)

is (in GPa?)
f(x) = 8A3 + 2A1 Ay + 2A1 Az 4 668A1 + 8AZ + 2AA3 + 540A, + 8A2 + 620A3

+ 16X7 + 8X1(Xy — 11) + 8X7 — 456X, + 16Y}2 + 8Y1Ys — 392Y]
2026042
35

- W<16X12k2 + 8X1k(Xok — 70) + 8X2k® 4+ 920Xk + 16Y2 k2 4 8Y1Yak? + 160Y1 k
+ 8YZ k% + 1792Yok 4 8AZk? + 2A1 Aok? + 2A1 Azk? + 8A3k? + 2A9A3k? + 8A3K? 4 16k Z7

6495682)
35 ‘

+ 8YF — 808Ys + 1627 + 87, Zy — 2647, + 875 — 26475 +

+ 8k%Z1 Zy + 8k*Z5 — 258 A1k + 304Aok — 318A3k — 344kZ1 + 656k 2y +
It is expressed in the variable
x = (k, X1, X2,Y1,Ya, Z1, Z2, A1, Mg, Ag),

if the parameterization (10) is used for H. The first-order Euler-Lagrange equations are given
in lemma 7.3. In components, they consist of
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(a) the three scalar equations,

(al)  —43kA W + 125kAsW + 328kAsW + X1(199 — 264kW) + Xo(52 — 204kW)
— 555kWY; — T0kW Y + 220kW Zy + 159kW Z — 33A1 — 132A3 + 138Y;
— 11Yy — 1872, — 310Z5 = 0,

(a2)  kW(—204A; — 896As — 20A3 + 375X + 43X, + 61Y; + 152Y5 — 2571 + 18575)
4 52A1 + 404A5 + 49A3 + 33X, + 1237 + 270Y — 797, — 4675 = 0,

(a3)  460kA1W — TOkASW + 185kAsW — 7X1(13kW + 21) + X5 (129kW — 334)
+ AKWY; — 125kW Y, — 612kW Z1 + 20kW Zy — 228A; — 11A5 — 46A3
+99Y; + 15621 — 4975 = 0,

which correspond to the linear equation H:(Ho + kWKy) — (Ho + kWKyp) : H =0,
(b) the scalar equation (H — Hp) :: H = 0 (detailed in point (b) of section 6),
(c) the scalar equation

(KH — Ko) :: H = 8kA? + 2kA 1Ay + 2kA Az + 8kAS + 2kAsAs + 8kA2 + 16k X?
+ 8X1(kXo — 35) + 8k X2 + 16kY + 8kY1Ys + 8kYZ + 16k 2}

+ 8kZ1Z5 + 8]{:23 — 129A; + 152A9 — 159A3 4 460.X2 + 80Y]
+ 896Yy — 172771 4+ 32825

(d) and the 5 equations g;; = (dz2);; = 0 (detailed in point (c) of section 6).

We set a unit weight W = 1 for the numerical application. The resolution is similar to the
one for the single elasticity tensor case, except that now the variable z is 10-dimensional, and
that there is no a priori reduction in the number of scalar unknowns. Rational coefficients are
considered for the given tensors Ey and Fy (and for their harmonic components Hy and Ky). A
Grobner basis GB = {GBy, ..., GBj11} of 111 elements is computed using Mathematica. Its first
element GB; is found to be a polynomial in A3 only; As is either zero (leading to the isotropic
solution H = 0) or it is a solution of a polynomial equation of degree 56, which has 18 real non
zero roots (in practice determined with a 100 significant digits precision). Once GB1(A3) = 0
is solved, the remaining Grébner basis equations are linear (as in (38) of Appendix A) in the
variables Ao, A1, ..., X9, X1, and k.

The minimum minimorum for the cost function is here given by the solution Az = —19.612165
(it is not given by the isotropic solution H = K = 0). We get the optimal value k** = —2.134021
for k and (in GPa):

X1 = —16.788457, X2 = 39.191663, Y; = —8.812379,
Y5> = 43.001809, Z; = —8.048394, Zy = 30.315189,
Ay = —15.769513, Ay = 5.950665, A3 = —19.612165,

so that the optimal tensor H** has expression (in Voigt notation)

—13.661500  19.612165 —5.950665 16.788457 34.189430  —30.315189
19.612165  —35.381678  15.769513  —39.191663 8.812379 22.266795
[H**] o —5.950665 15.769513 —9.818848 22.403206  —43.001809 8.048394 GPa
- 16.788457  —39.191663  22.403206 15.769513 8.048394 8.812379 '
34.189430 8.812379 —43.001809 8.048394 —5.950665 16.788457

—30.315189  22.266795 8.048394 8.812379 16.788457 19.612165

With the values A = A\g = 105.533333 and p = po = 96.866667, the optimal cubic elasticity
tensor

E* = 2u0l + M1 ® 1 + H*™,
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has Voigt representation,

285.605167  125.145498 99.582668 16.788457 34.189430  —30.315189
125.145498  263.884989  121.302846 —39.191663 8.812379 22.266795
[E**] _ 99.582668 121.302846  289.447819 22.403206  —43.001809 8.048394 GPa
16.788457  —39.191663  22.403206 112.636180 8.048394 8.812379 ’
34.189430 8.812379 —43.001809 8.048394 90.916002 16.788457
—30.315189  22.266795 8.048394 8.812379 16.788457 116.478831

Since £ = £y = —64.800000 and m = mg = 123.533333, we get for the optimal cubic plasticity
tensor

F* =2mol + {p1 ® 1 + E**H*,

the Voigt representation

211.420595  —106.652774 —52.101155 —35.826922 —72.960965  64.693254

—106.652774  257.771914  —98.452474  83.635836  —18.805804 —47.517810

[F**] o —52.101155 —98.452474  203.220295 —47.808914  91.766769  —17.175444
- —35.826922 83.635836 —47.808914  89.880860  —17.175444 —18.805804
—72.960965 —18.805804 91.766769  —17.175444 136.232178 —35.826922

64.693254 —47.517810  —17.175444 —18.805804 —35.826922  81.680560

The relative distance to cubic symmetry for this two
lem is

constitutive elasto-plasticity tensors prob-

[Eo — EX[]2 4 [[Fo — F*|]2
I Eo? + [[Fol|?

It is slightly larger than the relative distance for the single elasticity tensor case solved in
section 6.

As H* and K** = k™ H** are non zero, the two optimal tensors E** and F** are cubic (and
so is the pair (E**,F**)). The relative distance of the given pair (Eg, F¢) to isotropy,

= 0.2462.

E (201 1o D2 + IFy — (2mal 1®1)[2
\/H 0~ 2uol+ A1 ® D|* + [|Fo — @mol + L1 @ DI _ ) g6

[ Eoll* + [[Fofl?

is larger than the one to cubic symmetry.

The normal forms (8) for both the optimal Hooke and Hill tensors are finally obtained thanks
to the computation of their invariants A, i Jo, J3 and J, here evaluated first for E** and then
for F** (by remark 3.2). Using (16) for each tensor E** and F**, we get:

229.484303 140.424515 140.424515 0 0 0
140.424515 229.484303 140.424515 0 0 0
% 140.424515 140.424515 229.484303 0 0 0
[E@] = 0 0 0 131.757849 0 0 GPa’
0 0 0 0 131.757849 0
0 0 0 0 0 131.757849
(e1,e2,e3)
331.183705 —139.258519 —139.258519 0 0 0
—139.258519  331.183705  —139.258519 0 0 0
% —139.258519 —139.258519 331.183705 0 0 0
[F@] = 0 0 0 49.074814 0 0 GPa’
0 0 0 0 49.074814 0
0 0 0 0 0 49.074814

(e1,e2,e3)
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2295 140.5 1405 0 0 0
140.5 2295 1405 0 0 0O
o 140.5 1405 2295 0 O 0O
EsT=1" 0 0 132 0 0 GPa,
0 0 0 0 132 0
0 0 0 0 0 132
(61762,63)
331 —139 —139 0 0 O
~139 331 —139 0 0 O
» ~139 —139 331 0 0 O
FSl=1 0 0o 0o 49 0 o0 GPa.
0 0 0 0 49 0
0 0 0 0 0 49
(e1,e2.e3)

These two normal forms are obtained in the same cubic basis (e;). Finally, by (31), the Hill
parameter associated with Fg is

L =0.312949 ~ 0.31.

9. RECOVERING THE NATURAL BASIS OF A CUBIC FOURTH-ORDER CONSTITUTIVE TENSOR

A continuum mechanics anisotropic constitutive law, such as elasticity, is not represented by
a unique constitutive tensor E but by the set of all elasticity tensors @ x E related to E by a
rotation ). Mathematically speaking, the anisotropic material property is represented by the
orbit

Orb(E) ={Q*E, det@ = 1}.

For a given cubic elasticity tensor E, there exists a tensor Eg in its orbit that is fixed by all
the transformations of the orientation preserving octahedral group @. The tensor Eg is the
so-called normal form of E, and has (8) as Voigt representation.

When a cubic constitutive tensor — such as the tensors E*, E** and F** of previous numerical
applications sections — is not expressed in its natural (cubic) basis, one needs

(1) to compute its normal form,
(2) and to compute the rotation ) that puts it in its normal form.

Task (1) can be done in a straightforward manner, using Invariant Theory (see remark 3.2). Note
that the polynomial (A, p, J2 and J3) and rational (§) invariants then involved are computed
in the working basis (in which are expressed E*, E** and F**) by explicit formulas, whereas
the methodology proposed in [59] needs the computation of the eigenvalues of the Kelvin 6 x 6
matrix representation of the considered elasticity tensor.

In practice, there are several ways to perform task (2): using Mazwell multipoles [11] and
solving a degree-8 polynomial equation in one variable, or solving the linear system [2, Appendix
B]

L(a):=tr(Hxa)=0, acH?

where H is the fourth-order harmonic component of the considered (cubic) elasticity tensor E
(it will next be either H* or H** or K**). Here, the product x is the generalized cross product
between totally symmetric tensors, defined by (3), and the totally symmetric fifth-order tensor
H x a has components

(H X a)ijklm = (airgrjsHsklm)s-

Generically, the deviatoric tensor a, solution of the equation L(a) = 0, is orthotropic and carries
the cubic basis (e;). We shall apply the second methodology, which reduces to solve the linear
equation L(a) = 0, once the components of a cubic elasticity tensor are given (in an arbitrarily
oriented basis).
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Remark 9.1. To avoid useless computations, it is important to note that, given a cubic elasticity
tensor E = (A, 1, 0,0, H), it is equivalent to solve

tr(Hxa)=0, acH?,

or to solve
tr(B° xa) =0, acH?
where E? is the totally symmetric part of E.

The leading harmonic part H of E is assumed to be known. Indeed, it has been computed in
the previous applications sections for the three optimal tensors E*, E** and F**. The method-
ology to determine the rotation matrix @) is the following.

(1) Compute a basis (aj,as) of the two-dimensional space of solutions of the linear system
L(a) =0.

(2) The pair of second-order tensors (aj,az) is orthotropic [53]. Hence, a random tensor
a = taj + sag in this subspace will be generically orthotropic (as also, almost certainly,
both a;, ag computed by a Computer Algebra System). For such an orthotropic tensor,
an orthogonal basis of eigenvectors u; will provide the solution as the rotation matrix
Q = (u1,u9,us).

(3) The normal form Eg of E is then obtained as

E@ = Q * E, (E(@)ijkl = Qinijerlsqurs-

Rotation associated with the cubic normal form for E*. Let us first apply this method-
ology to the cubic tensor E = E* = (g, po, 0,0, H = H*) the nearest to Eg (given by (28)). A
basis for the space of traceless solutions for the system L(a) = tr(H* x a) =0 is

1 0.1719141925  —0.4213723048

a; = | 0.1719141925 —0.3670248470 0
—0.4213723048 0 —0.6329751530
0 —0.1797028254 —1.106498932

ag = | —0.1797028254  3.880108140 1
—1.106498932 1 —3.880108140

and the associated eigenvectors matrix @) is

—0.244381988215706  0.112674376458757  —0.963110548548488
(34) Q = | —0.966260413618850 —0.111624674249115  0.232122263412857 | .

0.0813526699553721  —0.987342097243103 —0.136151849428213
Finally, the normal form of E* is Efj = Q « E*, and one recovers (29).
Rotation associated with the cubic normal forms for E** and F**. The methodology

also applies to the optimal cubic tensors E** and F** of section 8 . A basis for the space of
traceless solutions for the system tr(H** x a) =0 is

1 0 —25.46740405

a = 0 37.84482400  20.16410890 ,
—25.46740405 20.16410890 —38.84482400
0 1 49.43123622

as = 1 —76.54548515 —40.58449192 ,
49.43123622 —40.58449192  76.54548515

and the associated eigenvectors matrix () is

0.167497955759488  —0.944709963469717 —0.281899839903180
—0.897926575725844 —0.264239899698699  0.352001619332188

—0.407028622361688  0.194165806279755  —0.892539825582074
(35) Q- .
The normal forms of E** and F** are Efy = Q«E** and F§j" = Q+xF**. They are (simultaneously)
obtained for the (same) rotation ). One then recovers the normal forms given at the end of
section 8 (4.e., in Voigt notation, the matrices [Ef] and [Fg]).
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10. CONCLUSION

Thanks to the recent characterization of the cubic elasticity symmetry classes by polynomial
covariants [53], we have formulated the distance to cubic symmetry problem as a polynomial
optimization problem, and derived the associated Euler—Lagrange equations. We have used the
theory of Grobner bases to solve these equations, in a quasi-analytical manner (using a Computer
Algebra System). This methodology has been applied to the case of a single elasticity tensor,
as well as to the case of a pair of Hooke and Hill elasto-plasticity tensors. Besides, we have
recovered the normal forms of the optimal cubic elasticity/plasticity tensors.

The key-point of the study is that the corresponding cubic symmetry is defined by a poly-
nomial tensorial equation, which is a submersion (apart from the isotropic singularity, which is
controlled). This makes it possible to apply the Euler-Lagrange method and use Grébner bases
to compute the critical points.

APPENDIX A. SOLVING ALGEBRAIC SYSTEMS USING GROBNER BASES

In this appendix, we propose to explain how to use Grobner bases to solve non-linear algebraic
systems. Our goal is not to summarize the theory of Grébner bases, nor to introduce the basics
of algebraic geometry but to explain through some examples how it works. For more details
on this topic and a deeper insight, we strongly recommend the following books [19, 60], which
contain a lot of references.

Grobner bases were introduced in the sixties by Buchberger [17]. Like Gaussian elimination
method is used to solve a system of linear equations, Grobner bases are useful to solve a system
of non-linear algebraic equations

fl(fL’l,...,JIn) =0
(36)
fm(l‘l,...,$n) =0

where f1,..., f;n are polynomial functions in the variables x1,...,x,. Note however that in
general, and even for one variable, it is useless to search for closed-form solutions. Therefore,
what is expected is a procedure which produces a new system of algebraic equations which is
simpler. Contrary to Gauss elimination algorithm, where the variables are naturally ordered by
the choice of a basis, we need to choose a total order on monomials in order to make the Gréobner
bases algorithm to work. There are many total orders on monomials in several variables, the
most common being the lexicographic order induced by x; < 3 < --- < x,, and the resulting
Grébner basis will depend drastically on the choice of an order.

Let us illustrate what we mean here through an example. Consider, for instance, an inter-
section of three quadrics in R3, given by the following non-linear system of three homogeneous
polynomial equations of degree 2

azg +:E§ +x% =1
(37) .7}% + 2120 =1

T1T3 + 122 = 2.

in the three variables (z1,z2,x3). The computation of a Grébner basis for this system (with
the lexicographic order induced by x; < z9 < x3) leads to the following equivalent system of
equations

323 + 325 + 623 + 323 +1=0
Ty = —5T3 — 3x3 + 513

T = —31% - 31:% - 61:% — 2z3.
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Therefore, in this example, computing a Grébner basis for a system of n equations in n variables
leads to an equivalent system of equations of the form

P, (z,) =0

(38) Tn—1 = Pn—l(xn)

x1 = Pi(xy)

In other words, in that case, one has been able to reduce the non-linear algebraic system (37)
to an equivalent triangular system consisting in one polynomial equation in the last variable
xn and a list of n — 1 equations which are solved in the remaining variables z,_1,...,z1. In
particular, such a system has at most a finite number of solutions.

This is generally what happens if one tries to solve an algebraic system of n equations in n
variables but there exists, nevertheless, some degenerate situations (as it is the case for linear
systems when the determinant of the system vanishes). In the next example, we will illustrate
this degeneracy. Consider the following set of equations

x% +l’g +:17§ =1
(39) r1x2 + $§ =1
wg — 2122 —i—:r% =0.

An equivalent system given by the computation of a Grébner basis (for the lexicographic order
induced by z1 < z9 < x3) is

x%—l—xlxg—l:O
—xgxg—l—xlx%—x%—i—:cg—xl =0
x%—l—m%x%—%ﬁg—i—x%—x%—i—l:o
it aidai—1=0

This time, the explicit solution of the problem is far less straightforward (it will be given and
explained anyway below). What we can observe, however, is that the third equation in (39) is a
linear combination of the first two ones. Thus, the system is in fact rectangular (two equations in
three variables, rather than three equations). More generally, this situation appears for systems
of n algebraic equations with n variables each time the polynomials fi,..., f, are algebraically
dependent.

Let us discuss now in which way we can interpret this procedure as an extension to systems of
polynomial equations of the Gaussian elimination algorithm. In Gauss algorithm, a succession
of invertible linear transformations reduces a general system of linear equations into one which
is triangular. The first equation involves all the variables, the second equation does not involve
x1, the third equation does not involved x1,zs, .... In the nonlinear case a similar process
occurs somehow but requires, to be described correctly, to define the notion of ideal.

An ideal I of the algebra Clzi,...,z,] is a subalgebra of C[xy,...,z,] which is stable by
multiplication by every polynomial in C[x1,...,x,]. More precisely, this means that

fel and peClxy,...,x,) = pfel
Now consider the system (36) and the ideal

I:: {plfl++pmfma pk e(c[xlv"'vxn]}7

generated by fi,..., fm. It is clear that every f € I vanishes on each solution of (36), and
conversely that the solutions of (36) can be recast as the solutions of the infinite system of
equations

f(.%‘l,...,l'n):(], fel
Now, let us introduce the [-th elimination ideal

I :=1NClxiy1, ..., xn), I=1,...,n—1.
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Note that I; is an ideal of Clzj11,...,z,] but not of C[x1,...,x,]. It is however a subalgebra of
Clzy,...,zy] and we have

I,.1Cc---CclhCl.

Then, a Grébner basis (computed using the lexicographic order induced by 1 < o < -+ < xy,)
provides a new system of generators of I which is compatible with the sequence of elimination
ideals. Let us illustrate what we mean here, using our first example (37). In that case, the
following Grobner basis was computed

g1 = —3x§ - 3x§ - 6$§ — 2x3 — 11,
g2 = 3:U?7) + 6:U§ — x3 + 229,
g3 = —3x§ — 3:52 — 6:5% — 3:5% -1

In this example, I is generated by g1, g2, 93, 11 by g2,93 and I by g3. It is in this sense that
a Grobner basis can be considered as a triangulation of the initial problem. Hence, in this
example, solving the problem consists first in finding the roots of g3 = 0, then calculating x4
using go = 0 and then z; using g; = 0. Consider now the second example (39). In that case,
the following Grobner basis was computed using the lexicographic order x1 < x9 < x3

2
g1 =23+ 122 — 1,
_ 2 2 3

g2 = —X2%3 + 2123 — Xy + T2 — T,
2 2 2

g3 = a3+ x5+ a7 — 1,
4 2 2 2 4 2

ga = x3 + 5375 — 2235 + 15 — 75 + 1.

In this example, I is generated by gi1,92,93,94, I1 by g4 and Is by 0. We could continue
here to explain the complete resolution of the problem but it appears that changing the order
on monomials makes the resolution by far much more readable for a human being. Indeed,
changing the lexicographic order x1 < o < x3 to 3 < x1 < x2 leads to the following Grébner
basis
{91 = :U% — 1+ 2129,
g2 = T} — 2133 + 23,

and, then, I is generated by g1, 92, I1 := I N Clx1,x2] by g2 and Iy := I N Clxs] by 0. We will
now proceed to the complete resolution of the system. First, we need to solve the equation in
one variable xg given by I. Since I» is generated by 0, this means that the variable x5 is free.
We will thus set o =t (¢t € C). Then, we need to solve the system of equations in two variables
(2, 1) given by I;. More precisely, since we have already solved the problem for x3 (the system
is triangular), we seek solutions (x3,x1) of

x% — T1T2 —I—x% =0,

which extend the solution xs = t. Hence, a2 is no more a variable here but a parameter. This
equation has either one solution (zo = 0,21 = 0) if £ = 0 or two conjugate imaginary solutions
if t # 0. Now, we need to solve the system of equations in three variables (x2,x1,x3) given by
1. Hence, we need to solve the equation

x§—1+x11:220

but where (z2 = a,z; = b) is a solution of the previous step and where z9 = a and z; = b should
be considered as parameters of the problem. Such a solution is said to extend the previous one. In
our example, we find exactly two solutions for x3 for each solution (z2 = a,z1 = b) (because the
coefficient of :1;% is one). In other examples, nevertheless, some solutions could be not extendable
(for example, if the coefficient of #3 depends on a, b and vanishes for some values of a and b).
This example illustrate the triangular process allowed by the computation of a Grobner basis
in solving non-linear algebraic equations. Note finally that solutions are sought in C. In this
example, there are an infinite number of complex solutions. Of course, it may happen that there
are no real solution at all.



24 P. AZZI, R. DESMORAT, B. KOLEV, AND F. PRIZIAC

Remark A.1. The Grobner bases are exact when computed over the field Q of rational numbers.
It is a natural question whether or not, one could work with Groebner bases with coefficients in
the field of real or complex numbers, or to be more exact, using floating numbers. In practice,
this is a difficult topic since there are convergence/accuracy issues. Anyway, this subject is
a research area called Groebner bases with coefficients in an inexact field. We redirect the
interested reader to [49)].

APPENDIX B. UPPER BOUNDS ESTIMATES OF THE DISTANCE TO CUBIC ELASTICITY

Baerheim [11] has observed that the dilatation tensor dy = triz Eg, and the Voigt tensor
vo = tri3 Eg, both second-order covariants of Eg, generically carry information related to a
"natural” basis of an elasticity tensor. Using accordingly an eigenbasis of

1 2
tO:Ao:l—Z(l:Ao:l)l, such as t6:§(d6—v6),

built from the asymmetric part Ag = Eg—(E)® (in the sense of Backus [10]) of the raw /measured
elasticity tensor, Stahn and coworkers astutely define an upper bound estimate M (Eg, [G]) of
the distance to a 3D elasticity symmetry class [G], in a few steps [59]:

(1) by computing an eigenbasis of tg and a rotation @y that brings it into its diagonal form
(i.e., such that Qg xto = Qo to Qg and Qo * t{, are diagonal),

(2) by computing Qo * Eo,

(3) finally, by setting

(40) M(Ey, [G]) := glEiBHQ*QO*EO—RG (Q*Qo*Ep)|,

with the property @ x Qo * Eg = (QQo) » Eg and where Rg is the Reynolds operator
(an orthogonal projector [60, Chapter 2], see also [6, Appendix C]), associated with the
group G representative of the considered symmetry class.

In particular, for the cubic elasticity case and the finite proper octahedral (cubic) group
G = O (of order 24), one has

where the rotations Ry = I, Ry, ..., Ro4 are the 24 elements of the group O.

Remark B.1. The definition (40) does not depend on a particular choice of the rotation Q,
among the 24 possibilities bringing tg into its diagonal form.

It is here important to point out that difficulties arise for cubic symmetry as the second-order
covariants c(E) of a cubic tensor E (such as Q * c(E) = ¢(Q xE) VQ € SO(3)) are all isotropic,
i.e. spherical. Indeed, they inherit the cubic symmetry group of E, and a cubic second-order
order tensor is necessarily isotropic. This point is discussed in [11, 52, 2, 59]. For a material
with a close to be cubic microstructure, it is expected that, even if the measured tensor t( is
orthotropic, the related eigenbasis information may be not relevant and may be of the order of
magnitude of the measurement noise.

This is why, starting from the harmonic decomposition of a given triclinic elasticity tensor

EO = ()\07 Ko, d67 V67 H0)7

we propose another upper bound estimate of the distance of Eg to elasticity cubic symmetry, as

(41) A(Eo, [0]) := [[Eq — E"P¥,
where the cubic elasticity tensor
(42) E"PPeT = 2u0l + M1 ® 1+ (CO i HQ) Co

is computed from the cubic harmonic fourth-order tensor of unit norm

_ 15 [(d3 x do) - (d x da)]" .
Co = ? Hd22 X d2H2 5 with d2 = Ho .Ho,
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()" denoting the harmonic fourth-order part. Both E"PP" and A(Ey, [0]) are thus built from
a cubic fourth-order covariant (Cy) defined from the fourth-order harmonic part Hy of the raw
tensor Eqg (Cp is naively assumed to better carry the cubic basis than dg, vp or tg).

Component formulas for the generalized cross product d22 x dg (a third order tensor defined
by (3)) are given in [2, Appendix B]. Note that

1
Id3 x daf|? = = ((tr(ds)’ - 6 (tr(ds) )
and
1
[(d2 x dy) - (d2 x d2)]' = (d2 x dy) - (d2 x d3) — 1—5||d22 xdof? (3T -1®1).

Remark B.2. The fourth order tensor Cy is a rational covariant of Hy, therefore of Ey. It is
built from the second-order quadratic covariant da = da(Ep). When ds is orthotropic (which is
generically the case for the raw/measured tensor Eg) the third-order tensor d x dg is tetrahedral
and harmonic, and the fourth-order tensor (d3 x dg) - (d2 x ds) is cubic but not harmonic [51].

Using (18), an invariant formula for the upper bound estimate (41)—(42) is finally

2 4
(1) A0 0]) = /Iy + 2l + Sy — vl + [Hl? — (Co s Hy)?
The upper bound estimates (40) and (43) as well as the relative estimates
M((E A(E
( 0> [(O)]) and ( 0, [@])
[ Eoll [ Eo|

are compared in Table 1 with the exact distance d(Eg, cubic symmetry) and with the relative
distance d(Eg, cubic symmetry)/||/Eg| computed in section 6 for the raw elasticity tensor (26).
The upper bounds estimates are found not very accurate, the proposed upper bound estimate
A(Ey, [0]) (built from Hy) being only slightly better than the estimate M (Eg, [Q]) (built from
dj — v()). This shows the difficulty to define an accurate estimate of the distance to cubic
elasticity from second-order covariants of the raw elasticity tensor, and underlines the interest
of being able to compute the exact distance d(Eg, cubic symmetry).

d(Eop, cubic symmetry) M (Eo,[0]) A(Eog,[0)])
Distance/estimates (GPa) 74.13 245.5 238.6

Relative distance/estimates 0.1039 0.3441 0.3344
TABLE 1. Comparison of upper bounds estimates of the distance to cubic elasticity.
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Appendix A

Normal form of the coupled

Piezoelectricity law

Consider the representation of the rotation group (SO(3) or O(3)) on the space of tensors (see
chapter 3). A material is not represented by a unique tensor T but by the orbit of T. Among
the tensors that belong to the orbit of T, there exists one tensor that is fixed by all the rotations
of the symmetry group of T, this tensor is called the normal form of T. In other words, the
normal form of a tensor T, having the symmetry of a subgroup H of G, is an element of the

fixed point set defined as follows
Fix(H)={T | Vg€ H, g+T =T}.

The orthonormal basis in which the normal form of a tensor T is represented is called natural
basis for T. Every tensor T having a symmetry group H can be expressed in its normal form.
In fact, one can deduce the symmetry of a tensor if it is given in its natural basis.

Consider the representation of O(3) on the space of Piezoelectricity constitutive tensors for
the coupled law described in chapter 4 (see (4.1)). A normal form of a triplet P € Piez, having
the symmetry of a subgroup H, is a triplet of tensors that are fixed by all the elements of H. In
other terms, a normal form of P € Piez for the subgrup H belongs to the fixed-point set

Fix(H) = {P = (E,P,S) € Piez | Yh € H, (p(h)E, p(h)P, p(h)S) = (E,P,S)}
where (see chapter 4)
(p(M)E)ijkt = 9ipGiqGrrGisEpgrs,  (P(R)P)ijk = GipGiqGkrPogrs  (P(R)S)ij = Gip9jqSpq-

In this part, a basis of the fixed-point set of each isotropy class of the coupled law Piez, given
in theorem 4.4.1, is computed. We used [53, theorem 3.2 and theorem 3.5] to calculate the

dimension of each fixed-point set given in tables A.1, A.2 and A.3.
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| [H] | (1] | [Zs] | [Zs] | [Z4] | [Ds] | [Ds] | [Da] | [SO(2)] | [O(2)] | [O(3)] |
dimFix(H)) 45 | 25 |15 13|15 0] 9| 1 | s | o |

Table A.1: Dimension of the fixed-point sets for each symmetry class of Piez of type I

| [H] | ZeoZ) | Do Z5] | D3 ®Z] | [DaZ§) | [ODZS] | [O(2) & Z§] |
CdimEFix() | 17 | 12 | s | s | a4 | 7

Table A.2: Dimension of the fixed-point sets for each symmetry class of Piez of type Il

| [H] | [Z5] | [Z4] | [Z6] | (D3] | (] | (D] | (D] | (D] | [DF] | (O] | [O(2)7] |
Cdim@ix(m) | 27 | 13 9 |72 w0 s | 5] w0 |

Table A.3: Dimension of the fixed-point sets for each symmetry class of Piez of type III

Let (E,P,S) € Piez, E,P and S can be represented by the following matrices (in Voigt
notation):
FE1111 Enize Enss Eres Fiusi Eie
Ev199 Eazo2  Eoaszs  Eaooas  FEazgi Eooro
FEi133 FEoa3s  Essss FEszes Eszsi Eszio

Bl = Eri23 Eaos Fszoz Foges Eoagzi Eoasin |
FEr1131 Fa31 FE3szr Faosszr Eizis Esie
Er112 Eo212 Esz12 Eoziz Ez1iz Eiore
P11 Proa P33 Piaz Priz Prio St S12 Si3
[Pl = | Poi1 Pra Pasg Prs Pug Pua | and [S]=| Si2 Sy S
P311 P3go Psszz Psag Paiz Paio S13 S23  Ss3

A basis of the fixed-point set of a subgroup H is computed by solving a linear system defined

using the generators of H from table 3.1: if h; are the generators of H then we have

p(h)E=E Vi
p(hi)P =P Vi
p(hi)S =S Vi

In the following, an element of each fixed-point set is represented by a triplet of normal forms
in their matrix representation. A triplet of Fix(H) is denoted by [N]g = ([E]#, [P]m, [S]w)-
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A.0.1 Symmetry classes of type I

Ei111 Eii2e Fiass 0 0 Ei112
FE E E 0 0 E.
Euzz E2222 E2233 ’ ’ E2212 0 0 0 Pus Pus 0 Su S 0
(N]z, = 1133 2233 3333 3312 ’ 0 0 0 Pus Pus 0 A 50 S» 0
0 0 0 B Lo 0 P31 Psy P 0 0 P 0 0 &S
31 322 Psss 312 33
0 0 0 Eo331  Fi313 0 '
Ei112 Ea212 E3312 0 0 Ei212
E3222 —2FE1212 + Faz22  Fa23zz  Ez112 —FEa312 0
—2FE1212 + Fa222 E2222 E2233 —FE3112  Fo3ia 0
Ea233 E2233 E3333 0 0 0
[N}Zs = )
E3112 —FE3112 0 E2323 0 E3312
—Es312 Es312 0 0 E2323 E3112
0 0 0 E3312 E3z112 FEi212
—P12 P2 0 —P13 Parz  —Paa22 S22 0 0
—Po22 P2 0 Poaz Paiz Poro ) 0 S O
P332 P32 Psss 0 0 0 0 0 Ss3
E3222  FEi122  Faass 0 0 —Fa212
FE FE. E 0 0 E
E1122 E2222 E2233 ’ ’ 2;12 0 0 0 —Pos Pas 0 S 0 0
[Nz, = 228 2258 5333 ) 0 0 0 Pe23  Paiz 0 |, 0 S 0
0 0 0 B 0 0 Py Psyy P 0 0 0 0 0 &8
0 0 0 0 Fons 0 322 P22 Ps33 33
—FE2212  E2212 0 0 0 FEi212
Ei1111 Eii22 FPiiss 0 0 0
E E Fso3: 0 0 0
E1122 E2222 E2255 ’ ’ ’ 0 0 Pas 0 0 Su 0 0
(N, = 1133 2233 3333 , 0 0 0 Pas 0 , 0 S22 O
0 0 0 Ea393 0 0 0 0 0 0 P 0 0 S
0 0 0 0 Eim;s 0 2 5
0 0 0 0 0 E1212
E3322 —2E1212 + Ea222  Ea233  E3112 0 0
—2FE1212 + Fa222 E2222 E2233  —FE3112 0 0
FEa233 E2233 E3333 0 0 0
[N}]DB = b
E3112 —Fs3112 0 E3323 0 0
0 0 0 0 E2323  E3112
0 0 0 0 E3z112 Ei212
—P12 Pz 0 —Poiz O 0 S22 0 0
0 0 0 0 P13 Poi2 |, 0 S O
0 0 0 0 0 0 0 0 S33
FEazoo  FEr122  Faoss 0 0 0
FE E E 0 0 0
E1122 E2222 E2233 N . o 0 00 —Pniz 0 O S22 0 0
(N]p, = 2233 2233 3333 o o0 o 0 Pos 0. 0 Sm 0
0 0 0 FEs303 0 0
0 0 O 0 0 0 0 0 S33
0 0 0 0 E2323 0

0 0 0 0 0 Fh212
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Ea2922 —2F1212 + Ea222  El133 0 0 0
—2F1212 + E2222 E3222 Er133 0 0 0
Ei133 Ei133 Es333 0 0 0
[N]so() = :
0 0 0 Fi313 0 0
0 0 0 0 Ei313 0
0 0 0 0 0 Ei212
0 0 0 —P23 Pz 0 Sii 0 0
0 0 0 P13 Pais 0], 0 S11 0
P311 P11 Psss 0 0 0 0 0 Ss3
E3292 —2F1212 + F2222  Eriss 0 0 0
—2F1212 + E2222 Ea292 FEi133 0 0 0
Ei133 Ei133 Es333 0 0 0
Nloe = 0 0 0  FEms 0 0o |
0 0 0 0 Ei313 0
0 0 0 0 0 Ei212
0 0 0 —Pos 0 0 S11 0 0
0 0 O 0 Pz 0 |, 0 S11 0
0 0 O 0 0 0 0 0 S33

A.0.2 Symmetry classes of type II

The normal form of a Piez tensor belonging to a symmetry class of type Il can be deduced from

the previous subsection using the following lemma.

Lemma A.0.1. Let H be a subgroup of type I. We have
Fixpie,(H & Z5) = Fixglags(H).

Proof. The result follows using the harmonic decomposition of Piez (deduced from the harmonic
decomposition of Piez ([89]), Ela and S ([90]))

Piez=H'0oH?} ¢ 3H* s H 2 ¢ 2H' & 3HC,
and the following two assertions:

1. Let G be a group and (V, p) be a linear representation such that V' = V; @ V5 stable. Then
for all H subgroup of G

Fixy (H) = Fixy, (H) & Fixy, (H).

Fix(H) if n is even (p(—1I) =1)

9. Fixyn (H @ Z5) =
0 if nis odd (p(—1I) = —I)

Hence, we have FiX'PieZ(H D Zg) = FiXH4€B3H2®3HO (H) = FiXE]a@S(H). [l
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We can deduce from the previous lemma that

A.0.3 Symmetry classes of type 111

Eii111 Eii22 Ehss 0 0 Ei112
Ei122  FE22220  Faoss 0 0 Ea212 Pii Piss  Piss
Ei133  FE2233  FEassss 0 0 Es312
[Ny = s | Pein Pe2z Pass
2 0 0 0 Eo323  Ea3sn 0 0 0 0
0 0 0 Eo331  Fisis 0
Ei112 E2212 Eszie 0 0 Ei212
E2222  FEi122 Eaoss 0 0 —Fa212
Ei122 FEazoa  Eaoss 0 0 E2212
Fa233  Eazzz  E3333 0 0 0
WNlz; = 0 0 0  Eass O o |
0 0 0 0 E3323 0
—F2212  Eaoi2 0 0 0 Ei212
0 0 0 Paiz —Faos 0
0 0 0 Psos P13 0
—P322 P32 0 0 0 Ps12
Ea222 —2F1212 + Faoo2  Ea233 0 0 0
—2F1212 + E2220 E3292 E3233 0 0 0
Es233 Es233 Es333 0 0 0
NIz = 0 0 0 Fass 0 0
0 0 0 0 Fo3a3 0
0 0 0 0 0 Ei212
—Po12 Poiz2 0 0 0 —Paoeo
—Paz Pz 0 0 0 Poro
0 0 0 0 O 0
Ei111 Eii22 Eiass 0 0 0
E E E. 0 0 0
Fuw Bwms Bwa o o o | (0 0 0
[Np; = d o o o
0 0 0 B 0 0 Ps11 P3aa Psss
0 0 0 0 Ei313 0
0 0 0 0 0 Ei212
Ea292 —2F1212 + F2222  Faozs  Esii2 0 0
—2F1212 + Fa222 Ea222 E233 —E3112 0 0
E5233 E2233 E3333 0 0 0
[Nlos = E —E 0 B 0 0
3112 3112 2323
0 0 0 0 Eo3zz3  E3112
0 0 0 0 Es112 Ei212
0 0 0 0 Po2z  —Poa22
—Paaa  Paas 0 Paas 0 0
P32 Ps2a  Psss 0 0 0

[Eluezs = [Eln, [Pluezg = 0 and [S|nezs = [S]u-

0
0

Psa3

)

0
Paos
0

0
0

Psi13

S22
0

S22
0
0

P13
0
0

Sa2
0
0

Pi1o
P2
0
0 0
0 Sss3
0 0
Saa 0
0 Sss3
0
0/,
0
0 0
0 Sss3

’

S11
0
0
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Sll
S12
0

SZQ

S12
S22

533

533
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E3222
Ei122

E3233

Eiin

Ei122

Fhi33
[N]Dg = 0
0
0

E2220

Ei120

E2233
[N]Dg = 0
0
0

Es220
FEi133
FEi133

0

0

0

[Nlo-

[N}O(Q)* =

Ei122
E2222

E2233

Eii122
E2222

FEa233

Ei122
E2222

E5233
0

0
0

E2222

Fa233
E2233

E3333

E1133
E2233

E3333

Eoa233
Ea233
Es333

0

0

0

—2FE1212 + Fa222

E3233
0
0
0
Ei133  Fhriss
Ea222  FE1133
Er133 Eaooo
0 0
0 0
0 0
Ea222
—2F1212 + E2222
Ei133
0
0
0

0 0 0
0 0 0 0 0 0 0 P 0 S
0 0 0 223 22
s 0 0 0 Psos 0 0], 0
Eass 0 0 Psss Py Piss 0 0 0 0
0 Fosas 0 320 P322 Pa3s
0 0 Fi212
0 0 0
0 0 0 P P P 0 0 0 S
0 0 0 111 122 133 11
, 0 0 0 0 0 Poo |, 0
E2323 0 0
0 0 0 0 Psis 0 0
0 Ei313 0
0 0 Er212
0 0 0
0 0 0 0O 0 0 P 0 0 S 0
0 0 0 0 0 O ?)13 P 0 ;2 S
Eosos 0 0 ) 213 ) 22
0 0 O 0 0 Ps12 0 0
0 FEa303 0
0 0 Ei212
—2F1212 + E2202  E2233 0 0 0
E2222 E2233 0 0 0
E5233 E3333 0 0 0
0 0 B33 0 0o |’
0 0 0 E2323 0
0 0 0 0 E212
—Py12 P12 0 0 O 0 Sao 0 0
0 0 0 0 0 P |, 0 Sao 0
0 0 0 0 O 0 0 0 S33
0 0 0
0 0 0 0 0 0 P 0 0 S 0
0 0 0 312 33
5 0 0 O 0 P312 0 5 0 533
FEi313 0 0
0O 0 O 0 0 Ps12 0 0
0 Ei313 0
0 0 Fh313
—2FE1212 + Fa222  E1133 0 0 0
Ea222 Fh133 0 0 0
E1133 E3333 0 0 0
0 0 FEiz O 0o |’
0 0 0 Ei313 0
0 0 0 0 Ei212
0 0 0 0 Pus O\ /Su 0 0
0 0 0 P13 0 01, 0 S11 0
Ps311 P31 Psss 0 0 0 0 0 Sss3
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522

0
S33
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