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1.1. Modeles de séparation de phase

1.1 Modeles de séparation de phase

En tant que représentant des équations aux dérivées partielles non linéaires, les mo-
deles de séparation de phase qui ont été initialement proposés en science des matériaux
puis ont été largement utilisés dans de nombreux domaines différents au cours des der-
nieres décennies, par exemple la biologie, 1’écologie, I’astronomie ou encore le traite-
ment d’images. De plus, I’équation de Cahn-Hilliard, proposée par J.W. Cahn et J.E.
Hilliard en 1958 (voir [12]), est une équation de physique mathématique qui décrit le
processus de séparation de phase, par lequel les deux composants d’un fluide binaire se
séparent spontanément et forment des domaines purs dans chaque composant.

1.1.1 Les équations de Cahn-Hilliard
Le systeme de Cahn-Hilliard

ou
= — kA 0
" kAu, k >0, (1.1)

u=—-alu+ f(u), a >0,

est généralement réécrit, de maniere équivalente, sous la forme d’une équation parabo-
lique du quatrieme ordre en espace

Ou
ot

qui est précisément 1’équation connue sous le nom d’équation de Cahn-Hilliard. Ces
équations jouent un rdle essentiel dans la science des matériaux et décrivent des carac-
téristiques qualitatives importantes des systemes a deux phases liées aux processus de
séparation de phase, en supposant une isotropie et une température constante. Cela peut
étre observé, par exemple, lorsqu’un alliage binaire (par exemple, Aluminium/Zinc (voir
[112]) ou Fer/Chrome (voir [80, 81, 82]) est suffisamment refroidi . Dans la premiere
étape, dite de décomposition spinodale : le matériau initialement homogene devient ra-
pidement inhomogene, d’ou une microstructure tres finement dispersée. La deuxieme
étape, appelée grossissement, se produit a une échelle de temps plus lente. De tels
phénomenes jouent un role essentiel dans les propriétés mécaniques du matériau, par
exemple la résistance, la dureté, la rupture, la ténacité et la ductilité. Nous renvoyons le
lecteur, par exemple, a [11, 12, 65, 67, 76, 77, 102, 103] pour plus de détails.

Ici, u est le parametre d’ordre (nous considérerons une densité d’atomes redimen-
sionnée ou concentration d’un des composants du matériau qui prend des valeurs com-
prises entre —1 et 1, les valeurs —1 et 1 correspondant aux états purs. La densité du
deuxieéme composant est —u, ce qui signifie que la densité totale est une quantité conser-
vée) et u est le potentiel chimique (plus précisément, la différence de potentiels chi-
miques entre les deux composants). De plus, f est la dérivée d’un potentiel de double

+ akA’u — kAf(u) = 0, (1.2)
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puits F. Un potentiel thermodynamiquement pertinent F est la fonction logarithmique
suivante qui découle d’un modele de champ moyen :

0, 0 - 1
F(s) = 7 (1=5)+Z[(1=5) In(— %)+ (1+5)In( ;s)], se(=1,1),0<0<86, (1.3)
c’est-a-dire,
0 1
f(s) =—0s+ = In i ° (1.4)
2 1-s5

bien que cette fonction soit tres souvent approximée par des fonctions régulieres (voir
[25, 26, 37, 38]), typiquement,

F(s) = i(sz - 1)%, (1.5)

c’est-a-dire,
f(s)=s—s, (1.6)

plus généralement, on peut prendre F(s) = 1(s* — %)%, B € R. Dans ce cas, si un terme
source non linéaire est ajouté dans 1’équation (1.2), on n’a plus la conservation de la
moyenne spatiale du parametre d’ordre u, I’existence d’une solution globale en temps
devient un probleme. Pire encore, on peut avoir une explosion en temps fini lorsque 1’on
considere des termes non linéaires réguliers (voir [28, 36]), ce qui est problématique
au vu des applications. Néanmoins, il a été prouvé dans [73, 89, 96] que, dans certains
cas particuliers, I’existence de solutions globales en temps peut étre prouvée lorsque
I’on considere plutdt un terme non linéaire logarithmique. Voir Figure 1.1 pour une
comparaison entre les deux potentiels.

0.4

—-—- Polynomial Potential i
—— Logarithmic Potential i

0.3 H I

0.2F 14

1.5 -1 -0.5 0 0.5 1 1.5
S

FiGure 1.1 — Le potentiel logarithmique et le potentiel polynomial.
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Les termes logarithmiques dans (1.3) correspondent a 1’entropie du mélange, et 6
et 6, sont respectivement proportionnels a la température absolue (supposée constante
pendant le processus) et a une température critique ; la condition 6 < 6. garantit que
F a une forme a double puits et qu'une séparation de phase peut se produire. Notez
également que 1I’approximation polynomiale est raisonnable lorsque la trempe est peu
profonde, c’est-a-dire lorsque la température absolue est proche de la température cri-
tique. Enfin, « est la mobilité et « est lié a la tension superficielle a I’interface. Nous
renvoyons le lecteur a [15, 16, 46, 91, 92, 94, 99] pour plus de détails.

D’un point de vue phénoménologique, le systeme de Cahn-Hilliard peut étre dérivé
comme suit.

On considere ’énergie libre (totale) suivante, appelée énergie libre de Ginzburg-
Landau :

Yo(u, Vu) = ‘[‘(%IVMI2 + F(u))dx, a > 0, (1.7)
Q

ou Q Cc R", n=1,2ou 3, est le domaine occupé par le matériau. Le terme de gradient
dans (1.7) a été proposé dans [12] afin de modéliser I’énergie de surface de I’interface
(c’est-a-dire la capillarité ; notez que ces gradients remontent a J.D. van der Waals (voir
[115]); F est aussi appelée énergie libre homogene.

On a alors le bilan de masse 5
u
— = —divh,
ot
ou h est le flux massique qui est lié au potentiel chimique u par 1I’équation constitutive

suivante (postulée) qui ressemble a la loi de Fick :
h =—«kVu.

La définition habituelle du potentiel chimique est qu’il s’agit de la dérivée de 1’énergie
libre par rapport au parametre d’ordre. Ici, une telle définition est incompatible avec la
présence de Vu dans I’énergie libre. Au lieu de cela, u est défini comme une dérivée va-
riationnelle de I’énergie libre par rapport a u, ce qui donne (en supposant des conditions
aux limites appropriées)

u=—alu+ f(w);

le systtme de Cahn-Hilliard s’ensuit alors. Cette dérivée variationnelle peut étre (for-
mellement) vue en écrivant que, pour une petite variation,

oVq = f(onu -Vou + f(u)ou)dx,
Q

ou - désigne le produit scalaire euclidien habituel. En supposant des conditions aux
limites compatibles et en intégrant par parties, cela donne

oVq = f(—aAu + f(u))oudx,
Q
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d’ou découle la définition.
Le systeme de Cahn-Hilliard, dans un domaine borné et régulier €, est généralement
associ€ a des conditions aux limites de Neumann, a savoir,
ou
— =0surl,
ov
ce qui signifie qu’il n’y a pas de flux de masse aux bords du domaine (notez que 4 - v =
ou
—KE), et
ou

— =0surT,
pw sur

qui est une condition aux limites variationnelle naturelle (par naturelle, nous enten-
dons qu’elle permet d’écrire une formulation variationnelle/faible convenable en vue
de I’analyse mathématique du probleme ; cette condition aux limites entraine également
que I’interface est orthogonale aux bords). Ici, I' = 9Q et v est la normale unitaire ex-
térieure des bords du domaine. En particulier, il découle de la premiere condition aux
limites que I’on a la conservation de la masse, c’est-a-dire de la moyenne spatiale du
parametre d’ordre, obtenue en intégrant (formellement) la premiere équation de (1.1)

sur Q, |
Vol () Lu(x, Hdx = (u(0)), Yt < 0. (1.8)

Si nous avons a I’esprit I’équation de Cahn-Hilliard du quatrieme ordre en espace, nous
pouvons réécrire ces conditions aux limites, de maniere équivalente, comme

(u(®) =

% = %:Osurr. (1.9)
Notez que nous ne considérons généralement pas les conditions aux limites de Diri-
chlet, en raison précisément du fait qu’elles ne donnent pas la conservation de la masse,
bien que de telles conditions aux limites simplifient certainement 1’analyse mathéma-
tique. Par ailleurs, on peut aussi considérer des conditions aux limites périodiques (au-
quel cas Q = []:,(0,L;), L; > 0, i = 1,--- ,n); dans ce cas, on a toujours la conser-
vation de la masse. De plus, dans le cas de I’hydromécanique, par exemple pour les
mélanges de deux fluides non miscibles, I’angle de contact est dynamique, en raison des
mouvements des fluides. L’étude de I’équation de Cahn-Hilliard munie de conditions
aux limites dynamiques se trouve dans [29, 62, 83, 101, 119].

1.1.2 Les variantes de I’équation de Cahn-Hilliard

Notez que I’équation de Cahn-Hilliard et certaines de ses variantes sont également
pertinentes pour d’autres phénomenes que la séparation de phase, par exemple le désal-
liage (ceci peut étre observé dans les processus de corrosion (voir [34])); dynamique
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des populations (voir [13]); croissance tumorale (voir [6, 63]); films bactériens (voir
[64]); couches minces (voir [106, 113]); chimie (voir [116]); traitement d’images (voir
[8, 9, 18, 23, 33]); I’astronomie, avec méme les anneaux de Saturne (voir [114]); et
I’écologie (par exemple, le regroupement des moules peut étre parfaitement décrit par
I’équation de Cahn-Hilliard (voir [75]).

En particulier, plusieurs de ces phénomenes peuvent étre modélisés par 1’équation
généralisée de Cahn-Hilliard :

0
a—b;+al<A2u—KAf(u)+g(x,u):O, a, k>0 (1.10)

(ici, a et k n’ont pas nécessairement la méme signification physique que dans I’équation
originale de Cahn-Hilliard). Nous renvoyons le lecteur a [84, 87, 95] (voir aussi [6, 24,
28, 35, 108]) pour plus d’études sur I’équation (1.10). En particulier, I’équation générale
contient les modeles suivants.
(i) Systeme mixte Allen-Cahn/Cahn-Hilliard. Dans ce cas, on considere le systeme
d’équations

ou 5
— =& DAu—u, D,e >0,

ot
J(u)

M= —Au + 5
&
qui peut s’écrire, de facon équivalente, comme

Ou + & DA*u — A(Df(u) + u) + fu) _ 0,
ot &2

et est bien de la forme ci-dessus. En particulier, sans le terme &> DAu dans la premiere
équation, nous avons I’équation d’ Allen-Cahn (qui décrit I’ordre des atomes pendant le
processus de séparation de phases; voir [4]), et, sans le terme —u, nous avons 1’équa-
tion de Cahn-Hilliard. Ces équations sont proposées pour tenir compte des mécanismes
microscopiques tels que la diffusion de surface et I’adsorption/désorption, c’est-a-dire
I’adhésion d’atomes a une surface/la libération d’une substance depuis ou a travers une
surface (voir [57, 59, 60, 79]) et sont étudiés dans [53, 54, 55, 56, 58].

(ii) Equation de Cahn-Hilliard-Oono. Dans ce cas,

g(x,s) = g(s) =Bs, B> 0.

Cette fonction a été proposée dans [105] pour tenir compte des interactions a longue
portée (c’est-a-dire non locales) dans la séparation de phase et également pour simplifier
les simulations numériques, car nous n’avons pas a tenir compte de la conservation de
la masse, bien qu’il semble que cette équation n’est pas considérée dans les simulations.

Une variante de ce modele, proposée dans [31] pour modéliser la séparation de mi-
crophases des copolymeres diblocs, consiste a prendre

1
g(x, 5) = g(s) = B(s - Vol Q) Luo(X)dX), B >0,
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ol ug est la condition initiale. Dans ce cas, nous avons la conservation de la masse ; des
simulations efficaces sont effectuées dans [5, 20]. Cette variante de I’équation de Cahn-
Hilliard-Oono peut également étre couplée aux équations incompressibles de Navier-
Stokes pour modéliser un fluide binaire réagissant chimiquement (voir [51, 52]; voir
aussi [10] pour I’analyse mathématique). Nous renvoyons le lecteur a [30, 88, 118] pour
plus d’études sur I’équation de Cahn-Hilliard-Oono.

(iii) Terme de prolifération. Dans ce cas,

8(x,5) = g(s) = Bs(s — 1), B> 0.

Cette fonction a été proposée dans [63] en vue d’applications biologiques et, plus pré-
cisément, pour modéliser la cicatrisation et la croissance tumorale (dans une dimen-
sion spatiale) et le regroupement des cellules tumorales cérébrales malignes (dans deux
dimensions spatiales); voir aussi [116] pour d’autres fonctions quadratiques avec des
applications chimiques et [6, 28, 89] pour d’autres polyndmes avec des applications
biologiques.

(iv) Terme de fidélité. Dans ce cas,

8(x, 8) = doxa\p(X)(s = h(x)), 49 >0, D C Q, he L*(Q),

ou y désigne la fonction indicatrice, et on considere 1’équation

Ou + Ay — lAf(u) +g(x,H)=0, £>0.
ot e
Ainsi écrit, & correspond a 1’épaisseur de I’interface. Cette fonction g est proposée dans
[8, 9] en vue d’applications a I’'inpainting d’images binaires (c’est-a-dire des images en
noir et blanc). Ici, 4 est une image donnée (endommagée) et D est la région d’inpainting
(c’est-a-dire endommagée). De plus, le terme de fidélité g(x, u) est ajouté pour garder la
solution proche de I’image en dehors de la région d’inpainting. L'idée de ce modele est
de résoudre I’équation jusqu’a 1I’état stationnaire pour obtenir une version peinte (c’est-
a-dire restaurée) u(x) de h(x). Nous renvoyons le lecteur a [23, 24] pour plus d’études.
Dans cette these, nous étudions quelques autres variantes de 1’équation de Cahn-
Hilliard, qui sont pratiquement appliquées en biologie et en segmentation d’images.

1.2 Problemes et cadre

Les cellules gliales sont des cellules non neuronales du systéme nerveux central (cer-
veau et moelle épiniere) et du systeme nerveux périphérique, qui comprennent différents
types de cellules (voir Figure 1.2). En plus de maintenir I’homéostasie et de fournir un
soutien et une protection aux neurones, ils ont également de nombreuses autres fonc-
tions, par exemple, fournir des nutriments et de 1’oxygene aux neurones, détruire les
agents pathogenes et éliminer les neurones morts, etc.

8



1.2. Problémes et cadre

Glial Cells

Ficure 1.2 — Cellules gliales.

Un gliome est un type de tumeur qui prend naissance dans les cellules gliales du
cerveau ou de la colonne vertébrale. Les gliomes représentent environ 30 pour cent de
toutes les tumeurs cérébrales et du systeme nerveux central, et 80 pour cent de toutes
les tumeurs cérébrales malignes. Comme expliqué dans [45], I’hypoxie est une carac-
téristique des gliomes et une faible concentration en oxygene déclenche une transition
proliférative a invasive. Il est important d’étudier la biologie du point de vue des mo-
deles mathématiques. Dans la premiere partie de cette these, nous appliquons plusieurs
modeles différentiels partiels non linéaires pour analyser les problémes ci-dessus.

De plus, dans la deuxieme partie de cette these, nous étudions des modeles de type
Cahn-Hilliard pour la segmentation d’image, qui vise a partitionner une image donnée
en régions afin de reconnaitre et d’analyser différents objets. La segmentation d’image
joue un rdle important dans le traitement d’image et la vision par ordinateur, plus préci-
sément, les applications pratiques de la segmentation d’image incluent I’imagerie mé-
dicale, la vision artificielle, la détection d’objets, la vidéosurveillance, etc.

1.2.1 Modeles de Cahn-Hilliard pour les cellules gliales

Nous considérons tout d’abord dans le chapitre 3 un modele de Cahn-Hilliard avec
un terme symport, qui est proposé pour modéliser certains mécanismes énergétiques
dans les cellules gliales, et

Ou

=t Au— Af(u) +

=J k, k>0, 1.11
kK +u ( )
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ou 0Au

D r 1.12

v Ov OonT, (1.12)
uli=o = uy, (1.13)

ou u correspond a une concentration, % est appelé terme symport et prend en compte
les échanges, par exemple, d’une cellule vers son environnement. Une difficulté cruciale
ici est de prouver I’existence d’une solution biologiquement pertinente, pour surmon-
ter cela, nous prenons f logarithmique plutét qu’un terme non linéaire régulier (typi-
quement cubique), qui peut rendre u négatif et le terme symport singulier. On obtient
I’existence d’une solution faible locale en temps, a savoir,

Théoréme 1.2.1. Nous supposons que i est donné tel que uy € H'(Q), 0 < (up) < 1
et 0 < up(x) < 1, ae. x € Q. Alors, il existe Tog = To(uyg) > O et une solution faible
u de (1.11)-(1.13) sur [0, To] telle que u dans C([0, To]; H'(Q),,) N L=(0, To; H(Q)) N
L%(0, To; HA() et 3¢ € L*(0, To; H'()), ot w désigne la topologie faible. De plus,
0<u(x,t) <1,ae. (x,1) e Qx(0,Ty).

De plus, sous I’hypothese de 0 < J % < 1, la solution faible locale en temps obte-
nue dans le Théoreme 1.2.1 peut étre globale en temps, c’est-a-dire, défini sur [0, T],
VT > 0. On en déduit alors la régularité des solutions, qui est cruciale pour prouver une
séparation stricte du parametre d’ordre u (et pas seulement sa moyenne spatiale) des
états purs 0 et 1 (voir [96]) . Plus précisément, nous avons ce qui suit.

Théoreme 1.2.2. On suppose que n = 1 ou 2, Alors, il existe ¢ € (0, 1) dépendant de la
norme H'(Q) de uj tel que

0 <u(x,t) <1-0, pour presque tout (x,7), x € Q, t > r,
r > 0 donné.

De plus, nous travaillons sur I’équation de Cahn-Hilliard-Oono avec les termes lo-
garithmiques non linéaires :

0
a—b;+A2u—Af(u)+au+k/_l:u:J, @, k, k' >0, (1.14)
ou OAu
I r 1.1
5 5 Osurl, (1.15)
uli—o = Uy, (1.16)

et nous avons le

Théoréme 1.2.3. Nous supposons que u, est donné tel que uy € H'(Q), 0 < (up) < 1
et 0 < up(x) < 1, ae. x € Q. Alors, il existe Ty = To(up) > O et une solution faible
u de (1.14)-(1.16) sur [0, To] telle que u dans C([0, To]; H'(Q),,) N L=(0, To; HL(Q)) N
L%(0, To; HA() et 2 € L*(0,To; H' (). De plus, 0 < u(x, 1) < 1, ae. (x,1) € QX
(0, T)).

10
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De méme, sous ’hypotheése de 0 < J < a, la solution faible locale en temps obtenue
dans le Théoréme 1.2.3 peut étre globale en temps. Nous avons enfin ce qui suit.

Théoreme 1.2.4. On suppose que n = 1 ou 2, Alors, il existe ¢ € (0, 1) dépendant de la
norme H'(Q) de u tel que

0 <u(x,t) <1-9, pour presque tout (x,1), x € Q, t > r,

r > 0 donné.

1.2.2 Un modele de Cahn-Hilliard couplé pour les cellules de gliome
hypoxiques

Nous étudions ensuite un modele couplé pour la transition proliférative a invasive
des cellules de gliome hypoxique, qui est comme suit

0

a—bt‘ — Au = h(ula - w), (1.17)
oo uo

o ATt TrB-o), (1.18)

ou u représente la densité des cellules tumorales, o représente la concentration en oxy-
gene et h est le taux de prolifération défini comme

h(s) = a[= + b(1 - 2)].
B B
Le terme h(o)u(a — u) dans I’équation (1.17) représente la croissance dite logistique qui
suppose que les cellules tumorales proliferent jusqu’a atteindre la densité cellulaire .
La constante a est appelée capacité de charge, S représente la concentration en oxygene
dans les vaisseaux sanguins, v, a, b sont des parametres biologiques positifsetb ~ 0,6 <
1 (ici, on a fixé plusieurs autres parametres biologiques égaux a un et se référer a [45]
pour plus de détails). De plus, le terme Ao dans I’équation (1.18) représente la diffusion
isotrope de I’oxygene, le terme non lin€aire = représente la consommation d’oxygene
par les cellules tumorales, en supposant une cinétique de Michaelis-Menten, et le terme
v(B — o) considere le fait que 1’oxygene est libéré des vaisseaux sanguins a une vitesse
linéaire.
Nous travaillons dans un premier temps sur une équation de type Cahn-Hilliard pour
I’oxygene dans le modele couplé dans le chapitre 4, plus précisément,

P

a_l: — Au = h(ou(a — u), (1.19)
0% Mo — Af) + T by = yp (1.20)
ot 1+0 YO =P )

11
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ou Jdo OAo
v v ov OonT, ( )
Uli=0 = Uy, oli=o = 0. (1.22)

Ici, nous prenons f logarithmique pour la méme raison que dans la section 1.2.1. Nous
déduisons ensuite les estimations a priori pour le probleme et la régularité d’une unique
solution faible, a savoir,

Théoréme 1.2.5. Nous supposons que (i, o) € L>(Q)xH'(Q), uy > 0a.e.,0 < oy <3
a.e. et 0 < (o) < B. Alors (1.19)-(1.22) possede au moins une solution faible locale en
temps (u, o) tel que, pour un certain 7 > 0,

u € L0, To; LA(Q)) N L*(0, Ty; H' (Q), % e L*(0,To; H'(Q)),

o € L=(0, To; H'(Q)) N L*(0, Ty; H*(Q)), %T € LX(0,To; H'(Q)).
En outre,

u >0, 0 <o < pour presque tout (x,t) € Q x [0, Ty].

Nous prouvons en outre que la solution locale en temps donnée ci-dessus est globale en
temps.

Nous travaillons ensuite sur une équation de type Cahn-Hilliard pour la cellule tu-
morale dans le modele couplé dans le chapitre 5, plus précisément,

% + A% — Af(u) = h(o)u(a —u), a > 0, (1.23)
a—O-—A0'+ o+ =B £>0 (1.24)
6t 7 1 + o - 7 B 7, ’ .

ou O0Au Oo

— =0 == r 1.2

v dv v Osurl, (1.25)
Uli—o = Uy, Oli=o = 0. (1.26)

Ici, le terme non linéaire f est de type logarithmique. Nous avons alors

Théoréme 1.2.6. On suppose que (ug, 0g) € H'(Q) x L*(Q) satisfait uy € (0, ), o €
[0,8] a.e., et le terme non linéaire A(s) > 0, s > 0 est borné et Lipschitz continu sur
R. Alors, (1.23)-(1.26) possede une solution faible locale en temps (u, 07), définie sur
[0, To], Ty > 0O, telle que

u € L0, To; H'(Q)) N L*(0, Ty; HA(Q)),

% € L*(0,To; H'(Q)),

12
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o € L*(0, To; L)) N L*(0, To; H'(Q)),

% € L*(0, To; H™'(Q)),

u(t) € (0, ), o(t) € [0,B] pour presque tout ¢ € [0, T]

et il existe une constante ¢ € (0, @) telle que
0 < (u(t)) < a — d pour presque tout ¢ € [0, Ty].

Nous prouvons en outre que la solution locale en temps donnée par le Théoreme 1.2.6
est globale en temps. Nous étudions également la permanence de la tumeur, et donnons
éventuellement des simulations numériques.

On considere enfin des équations de type Cahn-Hilliard a la fois pour la densité
tumorale et la concentration en oxygene dans le Chapitre 6, le modele se réécrit alors
comme suit :

P

6—”; + A2 — Afi(u) = h(o)ula — u), (1.27)
6—O-+A20-—Af(o-)+ " yo =B (1.28)
ot 2 1+0 Yo =P )

ou O0Au Oo OAo

== == —0surT 1.2

ov ov ov ov surts (1.29)

Uli=o = Uy, Oli=o = 0. (1.30)

Ici, les termes non linéaires fi(s), i = 1,2 sont tous deux de type logarithmique. Nous
avons alors

Théoréme 1.2.7. Nous supposons que (1o, o) € H'(Q) x H'(Q), et uy € (0,a), o €
(0,B) a.e. Alors (1.27)-(1.30) possede au moins une solution faible locale en temps (u, o)
définie sur [0, T,)] , pour un certain T, > 0, telle que

u € L0, To; H'(Q)) N L*(0, Ty; HA(Q)), % € L*(0,To; H'(Q)),
o € L™(0,To; H'(Q)) N L*(0, Ty; HX(Q)), ‘2—? € L*(0, To; H'(Q)).

De plus,
0<u<a, 0<o <ppour presque tout(x, ) € Q x [0, Ty].

a

De plus, sous I’hypothese de y > Bl
Théoreme 1.2.7 est globale en temps.

la solution faible locale en temps donnée par le

13
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1.2.3 Sur un modéele de type Cahn-Hilliard pour la segmentation
d’images

Nous considérons dans le chapitre 7 un modele de Cahn-Hilliard pour la segmenta-
tion d’images, qui est comme suit

ou h(x)
— +Au—-A — =0, 1.31
o PN AW LTIy (130
ou  O0Au
R r 1.32
3 = v OsurT, (1.32)
uli=o = uo, (1.33)

Ici, nous prenons f un terme cubique non linéaire. Nous avons alors ce qui suit.

Théoréme 1.2.8. Nous supposons que uy € H'(Q). Alors, (1.31)-(1.33) posseéde une
unique solution faible u telle que

ue L0, T; H(Q) N L*0, T; H(Q))

et p
u
— € L0, T; H™'(),
ot
YT > 0.
Nous prouvons également qu’il existe des solutions qui ne sont pas bornées lorsque le
temps tend vers I’infini. Pour pallier cela, nous proposons une variante du modele, basée

sur le modele de Cahn-Hilliard-Oono, qui assure la bornitude globale dans le temps des
solutions. Plus précisément,

Qﬁ+au+&%-Aﬂm+_—f917-:a (1.34)
ot 1+ (u— 1y
ou O0Au
== =0surl, (1.35)
I/tll:() = Uy. (136)

Ce qui nous permet de réaliser des simulations numériques qui illustrent les résultats
théoriques.

Dans le chapitre 8, nous étudions en profondeur le modele de Cahn-Hilliard-Oono
ci-dessus pour la segmentation d’images. Dans le cas ou f est un polyndme cubique,
nous prouvons tout d’abord que le probleme est bien posé, a savoir,

14
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Théoréme 1.2.9. Pour tout uy € H'(Q) et tout T > 0, (1.34)-(1.36) possede une unique
solution faible u telle que

ue L¥0,T; H(Q)) N L*(0, T; HX(Q)) N LY0, T; L)),

Ou e L*(0,T; H'(Q)).
ot
Nous définissons ensuite le semi-groupe et prouvons I’existence de I’attracteur expo-
nentiel, qui garantit que le semi-groupe possede 1’attracteur global de dimension finie.
Dans le cas ou f est logarithmique, on prouve d’abord I’existence d’une solution
faible, a savoir

Théoréme 1.2.10. Nous supposons que i est donné tel que uy € H'(Q), 0 < up(x) < 1
et 0 < (up) < 1, a.e. x € Q. Alors il existe Ty = To(up) > 0, (1.34)-(1.36) possede une
solution faible u sur [0, 7y] telle que

u € C([0, Tol; H'(Qw) N L=(0, To; H'()) N L*(0, To; H*(Q)),

% € L0, To; H ().

Par ailleurs, 0 < u(x,1) < 1, a.e (x,1) € Q x (0, Ty).

Nous prouvons ensuite la régularité supplémentaire des solutions et la séparation des
états purs dans les dimensions 1 et 2, et enfin nous prouvons 1’existence d’un attracteur
exponentiel et la dimensionnalité fractale finie de I’attracteur global.

Enfin, le contenu et les conclusions du chapitre 3 au chapitre 8 ont été publiées dans
des revues, plus d’informations peuvent étre trouvées dans [68, 69, 70, 71, 72, 73].
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2.1. Phase separation models

2.1 Phase separation models

As a representative of nonlinear partial differential equations, phase separation mo-
dels which were originally proposed in materials science, and have been extensively
used in many different areas, e.g., biology, ecology, astronomy and image processing
in the past decades. Furthermore, the Cahn-Hilliard equation, proposed by J.W. Cahn
and J.E. Hilliard in 1958 (see [12]), is an equation of mathematical physics which des-
cribes the process of phase separation, by which the two components of a binary fluid
spontaneously separate and form domains pure in each component.

2.1.1 The Cahn-Hilliard equations

The Cahn-Hilliard system

ou
M A, k>0,
or oK Kz @.1)

u=—-alu+ f(u), a >0,

is usually rewritten, equivalently, as the forth-order-in-space parabolic equation

% + akA’u — kAf(u) = 0, (2.2)

which is precisely the equation known as the Cahn-Hilliard equation. Theses equations
play an essential role in materials science and describe important qualitative features
of two-phase systems related to phase separation processes, assuming isotropy and a
constant temperature. This can be observed, e.g., when a binary alloy (e.g., Alumi-
nium/Zinc (see [112]) or Iron/Chromium (see [80, 81, 82]) is cooled down sufficiently.
In the first stage, which is known as spinodal decomposition : the initially homoge-
neous material quickly becomes inhomogeneous, resulting in a very finely dispersed
microstructure. In the second stage, which is called coarsening and occurs at a slower
time scale. Such phenomena play an essential role in the mechanical properties of the
material, e.g., strength, hardness, fracture, toughness and ductility. We refer the reader
to, e.g., [11, 12, 65,67, 76,77, 102, 103] for more details.

Here, u is the order parameter (we will consider a rescaled density of atoms or
concentration of one of the material’s components which takes values between —1 and
1, with the values —1 and 1 corresponding to the pure states. The density of the second
component is —u, meaning that the total density is a conserved quantity) and u is the
chemical potential (more precisely, the difference of chemical potentials between the
two components). Furthermore, f is the derivative of a double-well potential F'. A ther-
modynamically relevant potential F is the following logarithmic function which follows
from a mean-field model :

1 -
2

1+s

%)+ (1+5) In( :

F(s) = %(1—s2)+g[(1—s) In( ), se(=1,1),0< 0 <8, (2.3)
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i.e.,
0. 1+s
=—0.5s+ =1 ,
f(s) S+sInT—
although this function is very often approximated by regular ones (see [25, 26, 37, 38]),
typically,

(2.4)

F@):%@Z—D% (2.5)

i.e.,

fls)=s -5, (2.6)

more generally, we can take F(s) = (s’ — %)%, B € R. In that case, if a nonlinear
source term is added in equation (2.2), one no longer has the conservation of the spatial
average of the order parameter u, the existence of a global in time solutions becomes a
challenging problem. Even worse, one can have blow up in finite time when considering
regular nonlinear terms (see [28, 36]), which is problematic in view of applications.
Nevertheless, it was proved in [73, 89, 96] that, in some particular cases, the existence of
global in time solutions can be proved when we consider instead a logarithmic nonlinear
term. See Figure 2.1 for a comparison between the two potentials.

0.4

A —-—- Polynomial Potential |

0.3 H

——Logarithmic Potential I'

-0.2 . . . . .
-1.5 -1 -0.5 0 0.5 1 1.5
S

Ficure 2.1 — The logarithmic potential and the polynomial potential.

The logarithmic terms in (2.3) correspond to the entropy of mixing, and 8 and 6, are
proportional to the absolute temperature (assumed constant during the process) and a
critical temperature, respectively ; the condition 8 < 6, ensures that F' has a double-well
form and that phase separation can occur. Also note that the polynomial approximation
is reasonable when the quench is shallow, i.e., when the absolute temperature is close
to the critical one. Finally, « is the mobility and « is related to the surface tension at the
interface. We refer the reader to [15, 16, 46, 91, 92, 94, 99] for more details.
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From a phenomenological point of view, the Cahn-Hilliard system can be derived as
follows.
One considers the following (total) free energy, called Ginzburg-Landau free energy :

W (u, Vit) = f (%IVulz + Fu)dx, @ > 0, 2.7)
Q

where Q C R", n = 1,2 or 3, is the domain occupied by the material. The gradient term
in (2.7) has been proposed in [12] in order to model the surface energy of the interface
(i.e., capillarity ; note that such gradients go back to J.D. van der Waals (see [115]); F
is also called homogeneous free energy.
One then has the mass balance

ou

— = —divh,

ot IV
where 4 is the mass flux which is related to the chemical potential u by the following
(postulated) constitutive equation which resembles the Fick’s law :

h =—«kVu.

The usual definition of the chemical potential is that it is the derivative of the free energy
with respect to the order parameter. Here, such a definition is incompatible with the
presence of Vu in the free energy. Instead, u is defined as a variational derivative of the
free energy with respect to u, which yields (assuming proper boundary conditions)

u=—-alu+ f(u);

the Cahn-Hilliard system then follows. This variational derivative can be (formally) seen
by writing that, for a small variation,

oWVq = f(onu -Vou + f(u)ou)dx,
Q

where - denotes the usual Euclidean scalar product. Assuming compatible boundary
conditions and integrating by parts, this yields

oo = f(—aAu + f(u))oudx,
Q

from which the definition follows.
The Cahn-Hilliard system, in a bounded and regular domain €2, usually is associated
with Neumann boundary conditions, namely,

ou
— =0onT,
ov on
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meaning that there is no mass flux at the boundary (note that 4 - v = —Kg—’:), and

% =0onT,

which is a natural variational boundary condition (by natural, we mean that it allows to
write down a convenient variational/weak formulation in view of the mathematical ana-
lysis of the problem ; this boundary condition also yields that the interface is orthogonal
to the boundary). Here, I' = dQ and v is the unit outer normal to the boundary. In parti-
cular, it follows from the first boundary condition that we have the conservation of mass,
i.e., of the spatial average of the order parameter, obtained by (formally) integrating the
first equation of (2.1) over Q,

1
Vol(Q2)

(u(t)) = fu(x, Hdx = (u(0)), ¥Vt < 0. (2.8)
Q
If we have in mind the fourth-order in space Cahn-Hilliard equation, we can rewrite
these boundary conditions, equivalently, as
ou OAu

EZWZOOHF. (29)

Note that we generally do not consider Dirichlet boundary conditions, due preci-
sely to the fact that they do not yield the conservation of mass, although such boundary
conditions certainly simplify the mathematical analysis. Besides, We can also consider
periodic boundary conditions (in which case Q = []_,(0,L;), L; >0, i =1,--- ,n); in
that case, we still have the conservation of mass. Furthermore, in the case of hydrome-
chanics, e.g., for mixtures of two immiscible fluids, the contact angle is dynamic, due
to the movements of the fluids. The study of the Cahn-Hilliard equation endowed with
dynamic boundary conditions can be found in [29, 62, 83, 101, 119].

2.1.2 The variants of the Cahn-Hilliard equation

Note that the Cahn-Hilliard equation and some of its variants are also relevant to
other phenomena other than phase separation, for instance, dealloying (this can be ob-
served in corrosion processes (see [34])) ; population dynamics (see [13]) ; tumor growth
(see [6, 63]); bacterial films (see [64]); thin films (see [106, 113]); chemistry (see
[116]); image processing (see [8, 9, 18, 23, 33]); astronomy, with even the rings of
Saturn (see [114]); and ecology (for instance, the clustering of mussels can be perfectly
well described by the Cahn-Hilliard equation (see [75]).

In particular, several such phenomena can be modeled by the generalized Cahn-
Hilliard equation :

0
a—b; +aKA2u—KAf(u)+g(x,u) =0, a,k>0 (2.10)
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2.1. Phase separation models

(here, @ and k do not necessarily have the same physical meaning as in the original Cahn-
Hilliard equation). We refer the reader to [84, 87, 95] (see also [6, 24, 28, 35, 108])
for more studies on equation (2.10). In particular, the general equation contains the
following models.

(i) Mixed Allen-Cahn/Cahn-Hilliard system. In this case, we consider the system of
equations

ou
— =& DAu—u, D,e >0,
ot e UoHTH ©
/l:

—Au + f(_;t)’
€

which can be written, equivalently, as

Ou + & DA*u — A(Df(u) + u) + fw 0,

ot g2

and is indeed of the form above. In particular, without the term £2DAy in the first equa-
tion, we have the Allen-Cahn equation (which describes the ordering of atoms during
the phase separation process; see [4]), and, without the term —u, we have the Cahn-
Hilliard equation. These equations are proposed to account for microscopic mecha-
nisms such as surface diffusion and adsorption/desorption, i.e., adhesion of atoms to
a surface/release of a substance from or through a surface (see [57, 59, 60, 79]) and are
studied in [53, 54, 55, 56, 58].

(ii) Cahn-Hilliard-Oono equation. In this case,

g(x,s) = g(s) =Bs, > 0.

This function is proposed in [ 105] to account for long-ranged (i.e., nonlocal) interactions
in phase separation and also to simplify numerical simulations, because we do not have
to account for the conservation of mass, although it seems that this equation is not
considered in simulations.

A variant of this model, proposed in [31] to model microphase separation of diblock
copolymers, consists of taking

g(x, 5) = g(s) = B(s - fg up(x)dx), g >0,

1
Vol(Q)
where u is the initial condition. In this case, we have the conservation of mass ; efficient
simulations are performed in [5, 20]. This variant of the Cahn-Hilliard-Oono equation
can also be coupled with the incompressible Navier-Stokes equations to model a che-
mically reacting binary fluid (see [51, 52]; see also [10] for the mathematical analysis).
We refer the reader to [30, 88, 118] for more studies on Cahn-Hilliard-Oono equation.
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(iii) Proliferation term. In this case,

g(x,s)=g(s)=Bs(s—1), B> 0.

This function was proposed in [63] in view of biological applications and, more pre-
cisely, to model wound healing and tumor growth (in one space dimension) and the
clustering of malignant brain tumor cells (in two space dimensions); see also [116] for
other quadratic functions with chemical applications and [6, 28, 89] for other polyno-
mials with biological applications.

(iv) Fidelity term. In this case,

g(x, 8) = Apyap(X)(s — h(x)), g >0, D CQ, he L*(Q),

where y denotes the indicator function, and we consider the equation

Ou +eNu — lAf(u) +g(x,1)=0, £>0.
ot e
Written in this way, € corresponds to the interface thickness. This function g is proposed
in [8, 9] in view of applications to binary image inpainting (i.e., black and white images).
Here, h is a given (damaged) image and D is the inpainting (i.e., damaged) region.
Furthermore, the fidelity term g(x, u) is added to keep the solution close to the image
outside the inpainting region. The idea in this model is to solve the equation up to steady
state to obtain an inpainted (i.e., restored) version u(x) of h(x). We refer the reader to
[23, 24] for more studies.

In this thesis, we study some other variants of Cahn-Hilliard equation, which are
practically applied in biology and image segmentation.

2.2 Problems and framework

Glial cells are non-neuronal cells in the central nervous system (brain and spinal
cord) and the peripheral nervous system, which include different types of cells (see
Figure 2.2). In addition to maintain homeostasis, and provide support and protection
for neurons, they also have many other functions, for instance, to supply nutrients and
oxygen to neurons, to destroy pathogens and remove dead neurons, etc.

A glioma is a type of tumor that starts in the glial cells of the brain or the spine.
Gliomas comprise about 30 percent of all brain tumors and central nervous system tu-
mors, and 80 percent of all malignant brain tumors. As explained in [45], hypoxia is a
hallmark of gliomas and low oxygen concentration triggers a proliferative-to-invasive
transition. It is significant to study biology from the perspective of mathematical mo-
dels. In the first part of this thesis, we apply several nonlinear partial differential models
to analyze the above issues.
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Glial Cells

FiGure 2.2 — Glial cells.

Moreover, in the second part of this thesis, we study Cahn-Hilliard type models
for image segmentation, which aims to partition a given image into regions in order
to recognize and analyze different objects. Image segmentation plays an important role
in image processing and computer vision, more precisely, the practical applications of
image segmentation include medical imaging, machine vision, object detection, video
surveillance and so on.

2.2.1 Cahn-Hilliard models for glial cells

We consider firstly in Chapter 3 a Cahn-Hilliard model with a symport term, which
is proposed to model some energy mechanisms in glial cells, and reads

ou u
— + Nu— Af(u) + =J, k, K >0, 2.11
A R v @1h
ou 0Au
— =—=0onT, 2.12
ov  ov on ( )
uli=o = uo, (2.13)
where u corresponds to a concentration, k’% is known as symport term and accounts for

exchanges, e.g., from a cell to its environment. One crucial difficulty here is to prove the
existence of a biologically relevant solution, to overcome this, we take f logarithmic
rather than a regular (typically, cubic) nonlinear term, which can drive u to become
negative and the symport term become singular. We obtain the existence of a local in
time weak solution, namely,
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Theorem 2.2.1. We assume that uy is given such that uy € H'(Q), 0 < (up) < 1 and 0 <
uy(x) < 1, a.e. x € Q. Then, there exists Ty = To(ug) > 0 and a weak solution u to (2.11)-
(2.13) on [0, Ty] such that u € C([0, Tol; H'(Q)y) N L0, To; H'(Q)) N L*(0, Ty; H*(Q))
and ‘g—': € L*(0,Ty; H'(Q)), where w denotes the weak topology. Furthermore, 0 <
u(x,t) <1, ae (x,t) € Qx(0,Ty).

Additionally, under the assumption of 0 < J % < 1, the local in time weak solution
obtained in Theorem 2.2.1 can be global in time, i.e., defined on [0, T], VT > 0. We
then deduce the regularity of the solutions, which is the key to prove a strict separation
of the order parameter u (and not just its spatial average) from the pure states 0 and 1
(see [96]). More precisely, we have the following.

Theorem 2.2.2. We assume that n = 1 or 2, Then, there exists 6 € (0, 1) depending on
the H'(Q)-norm of ug such that

0 <u(x,t) <1-90, foralmost all (x,t), x€Q, t>r,
r > 0 given.

Moreover, we work on the Cahn-Hilliard-Oono equation with the logarithmic non-
linear terms :

ou , ku ,
E+Au—Af(u)+au+k,+u—J,a/,k,k>O, (2.14)
ou O0Au
—=——=0onTl 2.15
ov v ont .15
uli=o = uy, (2.16)

and have the

Theorem 2.2.3. We assume that uy is given such that uy € H'(Q), 0 < (up) < 1 and 0 <
uy(x) < 1, a.e. x € Q. Then, there exists Ty = To(ug) > 0 and a weak solution u to (2.14)-
(2.16) on [0, Ty] such that u € C([0, Tol; H(Q)y) N L0, Ty; H'(Q)) N L*(0, Ty; HX(Q))
and 3¢ € L*(0, To; H'(Q)). Furthermore, 0 < u(x,1) < 1, a.e. (x,1) € Qx (0, To).

Similarly, under the assumption of 0 < J < a, the local in time weak solution obtained
in Theorem 2.2.3 can be global in time. We finally have the following.

Theorem 2.2.4. We assume that n = 1 or 2, Then, there exists 6 € (0, 1) depending on
the H'(Q)-norm of ug such that

0 <u(x,t) <1-0, foralmost all (x,t), x€Q, t>r,

r > 0 given.

26



2.2. Problems and framework

2.2.2 A coupled Cahn-Hilliard model for hypoxic glioma cells

We then study a coupled model for the proliferative-to-invasive transition of hypoxic
glioma cells, which reads

% — Au = h(o)u(a — u), (2.17)
oo uo
P e ) 19

where u accounts for the tumor cell density, o accounts for the oxygen concentration
and 4 is proliferation rate defined as

s s
h(s) = a[—= + b(1 — -)].
(s) a[,B+ ( ﬁ)]

The term h(o)u(a — u) in equation (2.17) represents the so-called logistic growth which
assumes that tumor cells proliferate until they reach the cell density a. The constant «
is known as carrying capacity, B represents the oxygen concentration in blood vessels,
v, a, b are positive biological parameters and b ~ 0.6 < 1 (here, we have set several other
biological parameters equal to one and refer to [45] for more details). Furthermore, the
term Ao in equation (2.18) accounts for the isotropic diffusion of oxygen, the nonlinear
term .= accounts for the oxygen uptake by tumor cells, assuming a Michaelis-Menten
kinetics, and the term y(8 — o) considers that oxygen is released from blood vessels at
a linear rate.

We firstly work on a Cahn-Hilliard type equation for the oxygen in the coupled
model in Chapter 4, more precisely,

% — Au = h(o)u(a — u), (2.19)
07\ p2 — Af(0) + ——— +yo =B (2.20)
ot 7 7 1+0 YO =P )
ou Oo OAoc
F il Wi =0onT, (2.21)
Uli=0 = Uo, Tli=o = 0. (2.22)

Here, we take f logarithmic with the same reason in Section 2.2.1. We then derive the a
priori estimates for the problem and the regularity of a unique weak solution, namely,

Theorem 2.2.5. We assume that (ug, ) € L*(Q) x H'(Q), ug > 0 a.e., 0 < oy < B a.e.
and 0 < {oy) < B. Then (2.19)-(2.22) possesses at least one local in time weak solution
(u, o) such that, for some T, > 0,

u € L0, To; LA(Q)) N L*(0, Ty; H'(Q)), % € L*(0,To; H'(Q)),
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0
o€ L*(0,To; H'()) N L*(0, To; H(Q)), a—ot- € L*(0,To; H' ().
Furthermore,
u>0,0<o0<p foralmostall (x,t) € Qx[0,Ty].

We further prove the local in time solution as given above is global in time.
We next work on a Cahn-Hilliard type equation for the tumor cell in the coupled
model in Chapter 5, more precisely,

Ou

” + A%y - Af(u) = h(o)u(a —u), a > 0, (2.23)
6—0-—A0'+ o+ =B B>0 (2.24)
ot 4 l+o v ’ '
ou O0Au Oo
- -2 —0onT 2.2
ov v ov ont (2.25)
uli—o = Uy, Oli=o = 0. (2.26)

Here, the nonlinear term f is of logarithmic type. We then have

Theorem 2.2.6. We assume that (uy, o) € H'(Q) x L>(Q) satisfies uy € (0,a), oy €
[0,B] a.e., and the nonlinear term h(s) > 0, s > 0 is bounded and Lipschitz continuous

on R. Then, (2.23)-(2.26) possesses a local in time weak solution (u,o), defined on
[0, Tol, T > O, such that

u € L*(0, To; H'(Q)) N L*(0, To; H* (),

% € L*(0, To; H™'(Q)),

o € L™(0, To; L*(Q)) N L*(0, Ty; H'(Q)),
oo

— e LX0,Ty; H' (),
5 © (0, Ty (Q))

u(t) € (0,), o) € [0,B] for almost all t € [0, Ty]

and there exists a constant 6 € (0, @) such that
O <{u(t)y <a—9 foralmostall t € [0, Ty].

We further prove the local in time solution given by Theorem 2.2.6 is global in time. We
also study permanence of the tumor, and eventually give some numerical simulations.

We finally consider Cahn-Hilliard type equations for both the tumor density and the
oxygen concentration in Chapiter 6, the model then rewrite as following :

Ou

o+ A*u— Afi(u) = ho)u(a — u), (2.27)
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9% s Mo Afyo) + 22

= 2.2
ot l+o0 Yo =yp, (2.28)
ou O0Au Jo OAo
— = =F7—=—F—= r 2.2
ov ov ov ov OonT, (2.29)
uli=o = uo, oli=o = 0. (2.30)

Here, the nonlinear terms f;(s), i = 1,2 are both of logarithmic type. We then have

Theorem 2.2.7. We assume that (uy, 0¢) € H'(Q) x H'(Q), and uy € (0, @), oy € (0,5)
a.e. Then (2.27)-(2.30) possesses at least one local in time weak solution (u, o) defined
on [0, Ty], for some Ty > 0, such that

0
uHNQMHmmmﬁmnﬂﬁmxgeﬁuniﬂ@»
0
aeﬁmmﬂﬂmww%umm@»;%eﬁuniﬂ@»
Furthermore,

O<u<a, 0<o < foralmostall (x,t) € Qx[0,Ty].

Additionally, under the assumption of y > , then the local in time weak solution

given by Theorem 2.2.7 is global in time.

@
B+1

2.2.3 On a Cahn-Hilliard type model for image segmentation

We consider in Chapter 7 a Cahn-Hilliard model for image segmentation, which
reads

ou h(x)
— +ANu-A — = =\, 2.31
T A S 231
ou OAu
- 7 r 2.32
5 g OonT, (2.32)
ul=o = Uo, (2.33)

Here, we take f a cubic nonlinear term. We then have the following.

Theorem 2.2.8. We assume that uy € H'(Q). Then, (2.31)-(2.33) possesses a unique
weak solution u such that

ue L=, T; H(Q)) N L*0, T; H*(Q))

and 3
geﬁmﬂHﬂmx

YT > 0.
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We also prove that there exist solutions which are unbounded as time goes to infinity.
To overcome this, we propose a variant of the model, based on the Cahn-Hilliard-Oono
model, which ensures the global in time boundedness of the solutions. More precisely,

ou h(x)
- AZ - A _ = 0’ 2.34
o Taut AU f(u)+1+(u_%)2 (2.34)
ou O0Au
R r 2.
e 5 OonT, (2.35)
l/l|t:() = Uy. (236)

Which allows us to performe numerical simulations which illustrate the theoretical re-
sults.

In Chapter 8, we deeply study the above Cahn-Hilliard-Oono model for image seg-
mentation. In the case of f is cubic polynomial, we firstly prove the well-posedness,
namely,

Theorem 2.2.9. For everty uy € H'(Q) and every T > 0, (2.34)-(2.36) possesses a
unique weak solution u such that

ue L=, T; H(Q)) N L*0,T; HX(Q)) N L*0, T; L*(Q)),

%eﬁ@nHﬂm)

We then define the semigroup and prove the existence of the exponential attractor, which
ensures that the semigroup possesses the finite-dimensional global attractor.

In the case of f is logarithmic, we firstly prove the existence of a weak solution,
namely

Theorem 2.2.10. We assume that ug is given such that uy € H'(Q), 0 < ug(x) < 1 and
0 < (up) < 1, a.e. x € Q. Then there exists Ty = To(ug) > 0, (2.34)-(2.36) possesses a
weak solution u on [0, Ty] such that

u € C([0, Tol; H'(Qw) N L¥(0, To; H'(€)) N L*(0, To; H* (),
ou

Eeﬁ@nﬂﬂm)

Furthermore, 0 < u(x,t) < 1, a.e (x,t) € Q x (0, Ty).

We next prove the further regularity of solutions and separation from the pure states
in 1 and 2 dimensions, and finally prove the existence of an exponential attractor and
the finite fractal dimensionality of the global attractor.

Last but not least, the content and conclusions from Chapter 3 to Chapter 8 have
been published in journals, more information can be found in [68, 69, 70, 71, 72, 73].
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Cahn-Hilliard Models for Glial Cells

Modeles de Cahn-Hilliard pour les cellules
gliales
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Cahn-Hilliard Models for Glial Cells

3.1 Introduction

We are interested in this paper in the analysis of PDEs models for energy mecha-
nisms in the brain.
ODEs of the form
k

X
’ =J(x, 1), k, K >0, J>0,
x+k’+x (x,1) >

are often relevant in such situations. We can mention, e.g., lactate or oxygen exchanges
in glial cells (see [7, 17, 107]). Such ODEs were also proposed in [49] to model brain
metabolites concentrations in the circadian rhythm. Here, k’% 1s known as symport term
and accounts for exchanges, e.g., from a cell to its environment (see [61]).

Now, in all these mechanisms, one should also account for spatial diffusion, having
in mind different zones in the brain or in cells. In particular, we studied in [85] (see also
[48]) a reaction-diffusion equation of the form

ou ku

— —A
ot u+k’+u

=J(x, 1)

(we can more generally consider a source term of the form J = J(u, x,?)). Such an
equation also appears in models in [16, 45, 78].
In this paper, we consider instead a Cahn-Hilliard type fourth-order equation, na-
mely,
ou
ot
The original Cahn-Hilliard equation,

+ A’u—Af(u) +

o = Jn.

Ou

=t A*u— Af(u) =0,

was initially proposed to model phase separation processes in binary alloys (see [11,
12]). Since then, this equation, or some of its variants, were successfully applied to many
other applications than just phase separation in alloys. We can mention, for instance,
dealloying (this can be observed in corrosion processes ; see [34]), population dynamics
(see [13]), tumor growth (see [6, 39, 40, 63, 98]), bacterial films (see [64]), thin films
(see [106]), chemistry (see [34]), image processing (see [9, 18, 33]) and even astronomy,
with the rings of Saturn (see [114]), and ecology (for instance, the clustering of mussels
can be perfectly well described by the Cahn-Hilliard equation; see [75]). We refer the
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interested reader to [96, 103] for reviews on the Cahn-Hilliard equation and some of its
variants, as well as their mathematical analysis.

In view of the energy metabolism in the brain and in glial cells, one interest in
considering a Cahn-Hilliard type model is that, in addition to spatial diffusion, we can
also account for the phase separation process (having again in mind different zones in
the brain or in cells in which, typically, the concentration of a metabolite may be high
or very low) and clustering effects.

Compared to the reaction-diffusion model, one essential difficulty is to prove that
the order parameter u remains nonnegative ; recall indeed that u generally corresponds
to a concentration (of a metabolite) and should belong to [0, 1]. This is due to the fact
that we no longer have the maximum principle/comparison principle. Also note that the
symport term kki‘u can become singular when u is negative.

The original Cahn-Hilliard equation usually is associated with a regular (typically,
cubic) nonlinear term. However, as we will see below, the order parameter can indeed
become negative in that case, preventing us from proving a global in time existence
result. To overcome this, we instead consider a logarithmic nonlinear term f. Actually,
as far as the original Cahn-Hilliard equation is concerned, a logarithmic nonlinear term
is the one which is thermodynamically relevant; it is thus natural to also consider such a
nonlinear term for our model. In addition, we consider a modified problem to avoid the
symport term to become singular. A second major difficulty is to prove a strict separation
property of the order parameter from the singular points of f. This necessitates further
regularity on the time derivative of u which is in general not known for variants of the
Cahn-Hilliard equation of the form

Ou

2. _ —
” + A“u — Af(u) + h(x,u) = 0.

Surprisingly, this is already challenging for the simple linear term A(x, s) = as, @ > 0,
when considering logarithmic nonlinear terms f (see [44]); in that case, one has the
Cahn-Hilliard-Oono equation, proposed in [105] to account for nonlocal effects in phase
separation processes. In our case, we are able to prove such a regularity under conditions
on the parameters.

This paper is organized as follows. We first define the mathematical setting for our
problem. We then prove the existence of a local in time biologically relevant solution
which is global under (unfortunately rather restrictive) conditions on the parameters. We
next prove further regularity on the solutions, allowing us to prove the strict separation
in one and two space dimensions. We finally consider a second model, based on the
Cahn-Hilliard-Oono equation, and obtain similar results, this time under more realistic
conditions on the parameters.
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3.2 Setting of the problem

We assume in what follows that J is a constant. We will however discuss the exten-
sion of some our results to more general functions J = J(x, 1).

We consider the following initial and boundary value problem, in a bounded and
regular domain Q of R”, n = 1, 2 or 3, with boundary I'" :

al/l 2 ’
E+Au_Af(u)+k’+u_J’k’k>0’ (3.1)
ou OAu
I r 2
ov ov Oonl, (3-2)
uli=o0 = Uo. (3.3)

Remark 3.2.1. As mentioned in the introduction, u corresponds to a concentration. It is
thus important to ensure that this quantity takes values between 0 and 1. Furthermore,
as mentioned in the introduction, one usually takes regular (typically, cubic) nonlinear
terms with Cahn-Hilliard type models. Unfortunately, such nonlinear terms do not en-
sure biologically relevant solutions. Let us indeed take J = 0, f(s) = (s — %)3 —(s—- %)
and consider the one-dimentional equation

ku
t Upxxx — ax T = 09
U+ u (f(w) o
with obvious notation. Let us now take uy smooth enough satisfying the Neumann boun-
dary conditions and such that uy € [0, 1] and up(x) = (x — %)4 in a neighborhood of
%..Thus, we easily see that uo(%) = ua(%) = ué’(%) = 0, so that (f(u))xx(%,O) =0, and
u" (1) = 24. It thus follows that u,(1,0) = —24 and

1
u(i, 1) = =24t + o(1),

for t close to 0. This yields that u can indeed become negative, which is problematic
here, as the equation may become singular if u approaches —k'.

In view of the above remark, we take f logarithmic, namely,

1
f(s) = —cus = 5) + 6In IL co, 0> 0, s€(0,1).
-8

Remark 3.2.2. In the case of the original Cahn-Hilliard equation, one further takes
6 < 7 to ensure that f is the derivative of a double-well potential F and that phase
separation can occur.
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We can note that f is of class C* and satisfies
f" = —co. (3.4)
Furthermore, the following holds, for s, m € (0, 1) :

&) (s —m) = c,(|f()+ F(s) — ¢,y ¢ >0, ¢, >0, (3.5)

m —

where F(s) = ff F(¢)d¢ and ¢, and ), depend continuously on m. We refer the reader
2

to, e.g., [96] for the proof. Note that, there, the order parameter u takes values in (-1, 1);
we can come back to (0, 1) by a proper rescaling.

In order to prove the existence of solutions, we consider the following modified
problem :

0
a—bt‘ + A2~ Af(u) + g(u) = J, (3.6)
ou O0Au
ov  Ov on 3-7)
Ul=0 = uo, (3.8)
where g(s) = k’lflsl' Note that g is of class C', with g’(s) = ﬁ, so that g is (strictly)
monotone increasing and maps R onto [k, k]. Here, the only difficulty occurs at s = 0
and note that
g(s)—g(O): k —>£ass—>0
s kK +|s| K '

Furthermore, if s > 0, then

kk' kk’
’ — — - 0+’
g'(s) TR Ak

while, if s < 0,
kk' kk'

‘(s) = = — —ass— 0.
SO G T ™
Notation
We denote by ((-, ) the usual L?-scalar product, with associated norm || - ||. We also
set||-]l.; = [I(=A)~z - ||, where (=A)~! denotes the inverse of the minus Laplace operator

associated with Neumann boundary conditions and acting on functions with null spatial
average. More generally, we denote by || - ||y the norm on the Banach space X.
We set () = w+(9) fg-dx, being understood that, if v € H'(Q) = H'(Q), then
(v) = VO+(Q)<V, D) y-10).1 ) We also set, whenever this makes sense, v = v — (v).
We note that
v (PR + )7, v s (TP + 0))7,
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v (VP + (W)? and v - (|AV]2 + (1?7

are norms on H1(Q), L*(Q), H'(Q) and H*(Q), respectively, which are equivalent to
the usual norms on these spaces ; furthermore, || - ||-; is a norm on {v € H~1(Q), (v) = 0}
which is equivalent to the usual H~'-norm.

Throughout this paper, the same letters ¢ and ¢’ denote (generally positive) constants
which may vary from line to line, or even in a same line.

3.3 Existence of solutions

We first prove a local in time existence result.

Theorem 3.3.1. We assume that uy is given such that uy € H'(Q), 0 < {up) < 1 and 0 <
up(x) < 1, a.e. x € Q. Then, there exists Ty = To(ug) > 0 and a weak solution u to (3.1)-
(3.3) on [0, Ty such that u € C([0, Tol; H'(Q)y) N L=(0, To; H'(Q)) N L*(0, Ty; HX(Q))
and % ¢ L*(0,Ty; H'(Q)), where w denotes the weak topology. Furthermore, 0 <

ot
u(x,t) <1, ae (x,t) € Qx(0,Ty).

Proof.

We actually prove the existence of a local in time solution to the auxiliary problem
(3.6)-(3.8) satisfying the regularity and weak separation property stated in the theorem.
Then, since u > 0 almost everywhere, it immediately follows that it is solution to the
original problem.

The idea, to prove existence, is to approximate the singular nonlinear term f by
regularized ones defined on the whole real line and then pass to the limit in the approxi-
mated problems. For instance, one can consider the following C'-functions defined on
the real line and having a linear growth at infinity, N € N :

f(l—%)+f’(1—%)(s—l+%), s>1-4,
fuls) = f(s), s €[4, 1141,
FY+ s =Ly, s < 4,

and replace f by fy in the equations. As this procedure is now standard for the Cahn—
Hilliard equation, we will not detail it here and will instead work directly on the original
equation (3.6) and refer the interested reader to [96]. Note that the approximated func-
tions satisfy (3.4), as well as a property similar to (3.5), with constants which are inde-
pendent of the approximation parameter N, at least when N is large enough (see [96]).
Therefore, the constants which appear below are independent of the approximation pa-
rameter when considering approximated solutions. Also note that, as the approximated
functions go to infinity as s goes to infinity, the solutions to the approximated problems
may also exit [0, 1] and may, in particular, become negative, as mentioned above. This

39



Chapitre 3. Cahn-Hilliard Models for Glial Cells

explains why one only has a local in time existence result when considering this scheme.
We finally mention that the crucial step is to prove that f(u) belongs to L*(Q x (0, Ty)),
for some Ty > O (this allows to pass to the limit in the nonlinear term in the approxima-
ted problems).

That said, we rewrite (3.6) in the following equivalent weaker form :

(—A)*% — AU+ f(u) + (-A)'g(u) = 0, (3.9)
d

A s gy =1 (3.10)

%:OonF, (3.11)

Uli=o = up, Ul=0 = {Uo)- (3.12)

Note that (3.10) is obtained by formally integrating (3.6) over Q and integrating by
parts.
The a priori estimates derived below will be formal. Note that, on the approximated
problems level, they can easily be justified by a standard Galerkin scheme.
First, note that
—k < (gu) <k

(note indeed that g is bounded, so that so is {(g(u))), so that
(uo) + (J = k)t < u(t)) < (up) + (J + ki,

as long as it exists. Assume that
1
26 <<{up) < 1-26, 6 € (0, 5).
It then follows from the above that there exists Ty = T(, ug) > 0 such that

o<u()<1-90,tel0,To]. (3.13)

Let us emphasize that, when working with the approximated problems, T, can be cho-
sen independent of the approximation parameter, which is essential to pass to the limit.
Indeed, the equation for the spatial average of the approximated solutions (i.e., the equi-
valent of (3.10)) would be the same, so that the constants in the corresponding estimates
would also be the same.

We assume from now on that ¢ € [0, Ty].

Let us multiply (3.9) by u and integrate over €2 and by parts. This gives

1d

5 dtnﬁui1 +IVull? + ((F@), w) + (=A) ' g(w), w)) = 0. (3.14)
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3.3. Existence of solutions

Note that it follows from (3.5) and (3.13) that

(F@), w) = (fw),w) = c(lf WL @ + f F(u)dx)-c', ¢ >0,
Q
where the above constants depend on ¢. Furthermore, we have

(=M g(w), )| < cllg@lfall < clIVull.
We deduce from (3.14)-(3.16) that

d _ ,
d—tllullzl + c(IVull® + 1 f @)l @) + f Fu)dx) <c’, ¢ >0.
Q

Let us next multiply (3.9) by & o “ to obtain

1d
571V ||2+|| ||2 + ((f(w), —))+((( A) ' g(u), —))—0-

2dt
Note that

G, 2 ))—((f( ), —))
_d ﬂ
-2 fg Fuydx — (f(u), ==Ly
d
- = f F(u) dx + Vol(Q)((g(w)) — N(F(u))
I Jo

z - F(u) dx = |l f@ll1 @),

recalling that g is bounded. Furthermore,

5. 5 - (e
[(((-A)" g(w), at))l—((g(u),( A) at))l

—  Ou
< _
< cllg@llll =111

u
< cllZ -t

It thus follows from (3.18)-(3.20) that

d ou ,
—(IVull® +2 f FQu)dx) + %, < cllf@llpq + ¢
dt Q ot

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

Let us now add (3.17) and (3.21), multiplied by 6; > 0 small enough, to find a

differential inequality of the form

dE, ou
o HeE W@ +liZ || )<, e>0,

(3.22)
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where

Ey = @, + 6 (IVull® + 2fF(u)dX)
Q

satisfies
E, > c||Vul> = ¢, ¢ > 0.

Multiplying (3.9) by —Au, we find, employing (3.4),
ld _» 2 2 -
EEIIMII + 1 Aull” < collVull” — ((g(w), w)), (3.23)

which yields, noting that
|((g(w), w)| < cllal® + ¢,

the differential inequality
d —112 2 —12 ’
Ellu” + || Aul|” < cllull” + . (3.24)
Here, we have also used the fact that
2 ] 2 —2
IVull” < EIIAMII + clfull”,
which follows from standard elliptic regularity results and a proper interpolation inequa-

lity.
Next, we deduce from (3.10) and (3.13) that

d
E<u>2 +{u)* <c. (3.25)
Furthermore, it follows from (3.24) that
H2(Q)

d
d—t||ﬁ||2 + bl < AP + @)+, ¢ > 0. (3.26)

Summing finally (3.22), (3.25) and (3.26), multiplied by 6, > 0 small enough, we
have a differential inequality of the form

‘% + By + [[dlp, ) + %nzm) +lIf@lp@) <. e>0, (327
where
Ey = Ey + (uy’ + 6olull®
satisfies
E; > cllullfy g, — ¢’ ¢ > 0.
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3.3. Existence of solutions

Note indeed that it follows from (3.10) and the boundedness of g that % is bounded.
Having this, we note that (3.9) yields

7@ = A= (-0 2 = (-0 3@,

so that

— Ju
If @Il < c(llAull + ”E“—l +1) (3.28)
and
||f(u)||iz(0,To;L2(Q)) S CEZ(O) (329)
Next, taking s = v and m = (u) in (3.5), it follows from (3.13) that

KF@))] < e((F@), w) + ¢’
= c((f(u),w) + ¢’

< cllf@lllull + ¢,

where the above constants depend on 6. Therefore,

Vertf(u)”iZ(O’To;LZ(Q)) S C(llf(u)lliZ(o’TO;LZ(Q)) + fov <f(l/l)>2 dt)
< cEx(0) + ¢/ E2(0)Jull? +c”

L=(0,To;L*(Q)
< cE3(0) + ¢’

and
Lf @l 20,70:2(0)) < c(E2(0) + 1). (3.30)

As mentioned above, (3.30) is the crucial estimate to pass to the limit in the nonlinear
term and prove the existence of a local in time solution. The rest of the proof is standard
and we omit the details.

O

Remark 3.3.1. The separation property from the singular points O and 1 given in the
above theorem says that there will be no zone where the metabolite under study is totally
absent; there will always be at least some trace of it.

Remark 3.3.2. For a regular, in particular, cubic, nonlinear term f, we can similarly
prove the existence, and also the uniqueness, of the local in time solution. Note however
that, as already mentioned, the solution may become negative (or strictly larger than
one), in which case, the equation may become singular. Consequently, we are not able
to prove a global in time existence result in that case.

Theorem 3.3.1 can be extended to more general functions J = J(x, t) as follows.
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Theorem 3.3.2. We assume that the assumptions of Theorem 3.3.1 hold and that J €
L®(Q % (0,T)), T > 0. Then, the assertions of Theorem 3.3.1 still hold.

Proof.
Note that the weaker formulation of the problem now reads
L0 —15 N -17
(=A)" 57 —Au+ fu) + (=8)"glu) = (=4)"J, (3.31)
d{u)

T (&) = (J), (3.32)

o
M _0onT, (3.33)

ov
uli=o = o, (U)li=0 = (Uo)- (3.34)

We can then repeat the estimates made above, with minor changes. In particular,
when estimating the spatial average of u, we obtain

(uo) — (M= @xo,ry + k)t < Kut)) < Cug) + (I1lz=@xo,ry + k1.

Also note that, e.g., when multiplying (3.31) by Z—?, we have to estimate the term (((=A)™'J, %)).
To do so, we write

AT 2 © oy T a2
(=8)"7. %) = (A)HT. (=8 =)

ou
< cllJll—=Il-
< Il -1

ou ,
<é&l|l—|I%; + c., Ye > 0.
||8t||1 e

We then have the following.

Theorem 3.3.3. Let us assume that 0 < J kTH < 1 and let u be a local in time weak
solution as in Theorem 3.3.1. Then, it is global in time, i.e., defined on [0,T], VT > 0.

Proof.

Let u be a local in time weak solution on [0, 7], T > 0 given, and 7™* be its maximal
time of existence. Let us assume that 7* < T. Then, necessarily, u belongs to [0, 1] for
t € [0, T*). In particular, this yields

ku ku

< < —
k/+1_g(u)_ k'

and

k
J - E(”) <J-(gw) <J - (u).

K +1
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3.3. Existence of solutions

Therefore, noting that J is nonnegative and recalling that J % <1,
K +1
k
< (up)e P+ 1 — e 7, 1€ [0,T*). (3.35)

(Uode™ @' < (u(D)) < (uphe 7' + J (1 — e 71

Finally, it follows from (3.35) that there exists 6 € (0, 1) (which can be taken inde-
pendent of 7*) such that

6 < u()y<1-06, Yte[0,T).

Note indeed that, setting

k k
@(1) = (ugye 1" + 1 — 771,

then
(1 = (up))e 71" > 0.

, k
v = k + 1
Therefore, ¢ is monotone increasing and takes values in [¢(0), o(T)] = [{uo), (up) —
l)e‘k'%T + 1] € (0, 1). The lower bound is straightforward. This yields that, necessarily,
the solution is global in time, since, otherwise, owing to continuity, it can be extended
(recall that T* < T).
O

Remark 3.3.3. (i) Note that the above argument does not work for the approximated
problems (and regular nonlinear terms f).

(ii) In the case of lactate exchanges in glial cells, possible biologically relevant values
are (see, e.g., [47] and the references therein)

k=0.0lmM.s™', k¥ =3.5mM,
J=57.10"mM.s7!,

so that the condition J % < 1 is a restrictive one. It is however satisfied if one consi-
ders a sufficiently small external flux J. Note nevertheless that our equation should be
regarded as only a very simplified model in this situation. More concrete models should
account for different energy mechanisms (e.g., glucose and glutamate/glutamine) or for
the tumor growth in case of cancerous cells. Such more elaborate models will be studied
elsewhere.
(iii) Note that, since g is monotone increasing,
@ elJ - k ,
dt k' +1
Therefore, if J = 0, then (u) is monotone decreasing and, since it belongs to [0, 1], it
converges to some limit. A similar situation arises when J — k% > 0, in which case {u)
is monotone increasing. Also note that it follows from (3.35) that, when J = 0, then (u)
converges to 0 as time goes to +o, as expected.

J].
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We also have the following result, for nonconstant functions J = J(x, ?).

Theorem 3.3.4. We assume that the assumptions of Theorem 3.3.2 hold and that J €
[0, J*], where J*k/T” < 1. Then, a solution as in Theorem 3.3.2 is global in time, i.e.,

defined on [0, T].

Proof.
The proof is similar to that of Theorem 3.3.3, noting that we now have
k k
_ < J— < J* —

k,<u> <J-(gw)<J ot 1<u>,

so that
K +1
(uo)e ¥ < (D)) < o) P!+ JF———(1 = & )

< (upye Pl 4 1 — g T

O

Remark 3.3.4. In the study of brain metabolites concentrations in the circadian rhythm,
one considers in [49] functions J of the form

J =asin’(bt +¢), a, b, ¢ > 0.

The condition in Theorem 3.3.4 on the parameters is again restrictive when compared
to the numerical values taken in [49].

Remark 3.3.5. In the case of a logarithmic nonlinear term f, uniqueness is an open
problem (see however the next section below for a partial uniqueness result).

3.4 Regularity of solutions

We assume in this section that J is a constant.
We have the following.

Theorem 3.4.1. We assume that the assumptions of Theorem 3.3.3 hold and that 0 <
J kTH < 1. Then, any weak solution u to (3.1)-(3.3) satisfies

% € L>(r, +00; H'(Q)) N L*(r, T; H(Q)),

Vr<T,r>0andT > 0 given.
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3.4. Regularity of solutions
Proof.
The estimates below are again formal, but they can also be justified within a Galerkin
scheme for the approximated problems.
Rewrite the equations in the equivalent form

Z—u +gWw) —J = Ay,

(3.36)

u=-Au+ f(u), (3.37)
Ou _ du

il wie =0onT. (3.38)

First, note that it follows from (3.37) that

) = (f(w)),

so that, owing to the regularity obtained in the previous section, u € L*(0,T; H'(Q))
since

p=—(= A)_ 12 - (-0 "g(w).

(3.39)
Next, let us multiply (3.36) by a—‘; to have
ou ou ou
—,—)) = —=—||Vu|I* - 4
(( 5 o ) = || ull” = (gw) = J, % ) (3.40)
Let us then differentiate (3.37) with respect to time to obtain
o _
— =-A— — 341
i +f (u) (3.41)
Multiply (3.41) by % to find
ou 0 ou Ou
(G5 = ||v (W55
> V— - coll— 42
> |l atll Collatll, (3.42)

owing to (3.4). Combine (3.40) and (3.42) to have

1d
EE||V,1|| +||V—|| + ((g(u) — ))_ o||—||

1 ou ou
< = V— — —) 4
_2|| atll +C(”8t”‘1+<8t>)’ (3.43)

owing to a proper interpolation inequality. Now, note that

0, d 0
((g(u) = J, 8_6)) = (8w~ ) - ((g'(u)a—b;,/vt))- (3.44)
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Let us then combine (3.43) and (3.44) to obtain
d 5 ou , ou , ,.0u
E(IIVﬂII +((g(w) = L w)) + IIVEII < CIIEIIH_I(Q) +c IIEIIIIMII

1. _ou, ou , )
< SIVSHE + 1S B gy + ),

noting that g’ is bounded, so that

d ) 1 _ou, ou , 5
IV + ((8G) = L)) + SV < el g + lkl)- (3.45)

Set finally
A = IVl + () = T, ).

Note that, since g’ > 0,

((g(u) = J, ) = (g(w) — J, —Au + f(u)))
= ((g'(w)Vu, Vu)) + ((g(u) = J, f(u))
> ((g(w) — J, f(w))).
Also note that C "
e == T

so that it follows from (3.5) (indeed, 0 < J& < 1 implies that k > J and 0 < £ < 1)
that

)

((g() = J, f(w)) 2 Cf Fu)dx—-c', ¢>0.

Q

Therefore,
A>|Vul> =¢c, ¢>0,

and an application of the uniform Gronwall’s lemma yields that
i € L(r, +00; H'(Q)),

r > 0 given, owing also to (3.27) and (3.39) which allow to see that the assumptions of
this lemma indeed hold.
The result finally follows from (3.39), recalling that % is uniformly bounded.
O
The regularity obtained in Theorem 3.4.1 is the key regularity for proving a strict
separation of the order parameter u (and not just its spatial average) from the pure states

0 and 1 (see [96]). More precisely, we have the following.
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Theorem 3.4.2. We assume that n = 1 or 2 and that the assumptions of theorems 3.3.3
and 3.4.1 hold. Then, there exists 6 € (0,1) depending on the H'(Q)-norm of uy such
that

0 <u(x,t) <1-0¢, for almost all (x,7), x€ Q, t>r,

r > 0 given.

The proof of this theorem is very similar to those given in [96], Chapter 4 (see also
[44, 99]), and we omit the details.

Remark 3.4.1. (i) This result says that, as soon as time is positive, the nonlinear term
becomes regular (and also bounded). Note that this then allows to prove additional
regularity on u and, in particular, that the solution is strong as soon as time is positive.
(ii) The strict separation is not known in three space dimensions, already for the origi-
nal Cahn—Hilliard equation, unless we make some growth assumptions on the singular
nonlinear term f which are not satisfied by the relevant logarithmic ones (see [99]).

Remark 3.4.2. From a biological point of view, the strict separation property says that,
in the phase separation process, there is always some amount (and not just some trace)
of the metabolite in, say, all regions of the cell.

A consequence of the above results is the following.

Corollary 1. We assume that n = 1 or 2 and that uy € H>(Q), with % =0onT and
0 <up(x) <1-9,ae. xe€Q,0 € (0,1). Then, a solution as given in Theorem 3.4.1 is
unique.

Proof.

We first note that the regularity on 1, implies that %(0) € H'(Q) and, thus, u(0) €
H'(Q), allowing us to take r = 0 in the above results.

Next, having the strict separation property, we can essentially proceed as for the
original Cahn-Hilliard equation with a regular nonlinear term to prove uniqueness, as
well as the continuous dependence with respect to the initial data (say, with respect
to the H~'(Q)-norm). Let us just mention that the difference, when compared to the
original Cahn-Hilliard equation, is that we have to handle a term of the form

((fQur) = fup), {uy — u))),

where u; and u, are two solutions which satisfy the strict separation property (in the case
of the original Cahn-Hilliard equation, this term does not appear, due to the conservation
of the spatial average of the order parameter; see [96], also for several other variants of
the Cahn-Hilliard equation). Without the strict separation property, we would not know
how to estimate this term, whereas, here, noting that the nonlinear term f is globally
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Lipschitz continuous when considering two solutions which are strictly separated from
the pure states, we can write

|f (1) = f(ux)l < cluy — uol.
|

Remark 3.4.3. (i) Having the strict separation property and uniqueness, we can study
the asymptotic behavior of the associated dynamical system. In particular, we can prove
the existence of finite dimensional attractors, meaning, roughly speaking, that the limit
dynamics can be described by a finite number of degrees of freedom. We refer the inter-
ested reader to, e.g., [96, 100, 111] for discussions on this.

(ii) Another interesting problem is the convergence of single trajectories to steady states.
Not that, already for the original Cahn-Hilliard equation, such a question is not a trivial
one, since one may have a continuum of steady states (see [109]). Here, due to the
additional symport term, the problem is particularly challenging and we cannot proceed
asin [109].

(iii) When k > J, one has a unique spatially homogeneous equilibrium given by

_kJ

k=T

In particular, when J = 0, u, = 0 and we already saw that {u(t)) tends to 0 as t goes to
+00. Proving a full stability result is however challenging and will be studied elsewhere.

Ue

3.5 A second model

We consider in this section the following initial and boundary value problem :

% + APu—Af(u) + au + k,k_:tu =J, a, k, K >0, (3.46)
ou O0Au

Fvinr vl OonT, (3.47)

u|t:0 = Up. (348)

We again assume that J is a constant. When the symport term does not appear and J = 0,
we recover the Cahn-Hilliard-Oono equation.
Considering again a modified problem, namely,

0
a—”t‘ + A2 — Af(u) + au+ g(u) = J, (3.49)
ou OAu
— = — = r .
5 5 OonT, (3.50)
uli—o = Uy, (3.51)

we can prove the following.
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Theorem 3.5.1. We assume that uy is given such that uy € H'(Q), 0 < {up) < 1 and 0 <
uy(x) < 1, a.e. x € Q. Then, there exists Ty = To(ug) > 0 and a weak solution u to (3.46)-
(3.48) on [0, Ty] such that u € C([0, Tol; H' (Q)w) N L0, To; H'(Q)) N L*(0, To; H*(Q))
and 3¢ € L*(0, To; H'(Q)). Furthermore, 0 < u(x,1) < 1, a.e. (x,1) € Qx (0, To).

Proof.
We first note that the equation for the spatial average of the order parameter now
reads

d(u) B
i + auy = J — (g(u)),
which yields
(up)e™™ + JT_k(l —e ) < (u(t)) < (uphe™ + JT—I—k(l —e ), (3.52)

allowing us to deduce the existence of Ty > 0 such that, for 7 € [0, 7],
1
0 <{u())y<1-46, 6 €0, 5).

Here, we again assume that 26 < {up) < 1 — 26.
We then consider the weaker formulation

(—A)*% —Au+ fu) +a(-A) "+ (-A)"gu) = 0, (3.53)
Zz —0onT, (3.54)
u|t_0 = Uyp. (355)

Let us multiply (3.53) by i to obtain, for ¢ € [0, T)],
1d , ou , —— Ou ad _, = Ou
EEIIVMII + ”E”—l + ((f(w), E))+ Ed_t”””‘l +(((-4) g(w), E)) =0. (3.56)
Note that
((f(u) (u) )) = ((f (u)
_4 Q
=7 f F(u)dx — ((f(w), )
d
= L F(u)dx + Vol(Q)((g(w)) + a{u) — J)(f (u))

2= F(u) dx = cllf@lli @), (3.57)
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since (u) belongs to [0, 1]. It thus follows from (3.56)-(3.57) that, for ¢ € [0, Ty],

d _ i ,
a,—t(IIVLtII2 + alful?; +2 f F(u)dx) + IIEIIZ < clf@lli + ¢ (3.58)
Q

The rest of the proof is similar to that of Theorem 3.3.1 and we omit the details.
O

Remark 3.5.1. (i) Note that if J > k and J + k < «, then it follows from (3.52) that
0 < (u(t)y <1 -0 for all times (in a finite time interval), so that the solution is actually
global in time.

(ii) When k = J = 0, it follows from (3.52) that {u)y € (0, 1) for all times and we
recover the global in time existence for the Cahn-Hilliard-Oono equation. This slightly
simplifies the proof given in [96].

We then have the following theorem which improves the global existence result
mentioned in the above remark.

Theorem 3.5.2. Let us assume that 0 < J < a and let u be a local in time weak solution
as in Theorem 3.5.1. Then, it is global in time.

Proof.
We proceed as in the proof of Theorem 3.3.3.
Let again u be a local in time weak solution on [0, 7], T > 0 given, and 7™ be its

maximal time of existence. Assume that 7* < T. Noting once more that u belongs to
[0, 1] for t € [0, T™), it follows that

0< < ,
S8 =

so that, proceeding as above,

k
kK +1

1 J
(upye™™ + —(J — )1 — e ™) < (uD)) < (upye™ + =(1 — ™),
a (04

which allows us to conclude when J "T“ > 1,ie.,J > -*. When J kTH < 1, we can

. kK+1°
write

k
—( r o)) < J —au) - (gw) < J - (uy,

K +1
yielding
K +1
(oye™ ¥ < (u(D)) < (uohe P!+ J

(1 - e 7",

We can again conclude as in the proof of Theorem 3.3.3.
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Remark 3.5.2. Note that the value of J given in Remark 3.3.3, (ii), is compatible with
the condition J < a, for a rather small value of a. This is no longer the case for the
values considered in [49], with a proper extension of the results when J is nonconstant,
as in Section 3. In that case, indeed, a should be large, i.e., less but close to 1. It is
interesting to note here that, as far as the original Cahn-Hilliard theory is concerned,
the dynamics of the Cahn-Hilliard-Oono equation is close, in a proper sense, to that of
the Cahn-Hilliard equation when « is small (see [96]).

We next have the following.

Theorem 3.5.3. We assume that the assumptions of Theorem 3.5.2 hold and that k > &J,

0< ,f_”s‘] < land(l1-¢)J < a, € € (0,1). Then, any weak solution u to (3.46)-(3.48)

satisfies

9
a—”t‘ € L=(r, +00: H-'(Q)) N LA(r, T: H'(Q)),
Vr<T,r>0andT > 0 given.

Proof.
We proceed as in the proof of theorem 3.4.1. The only difference here is that

A = |IVUIP + ((g(u) + au — J, )

and we have to estimate

((gQu) + au = J, f(w)))

from below. Writing
gwy+au—-J=gu)—eJ+a(u—-(1- S)C_Jy)’
it follows that
((g(u) + au — J, f(u))) > cLF(u)dx -, c>0,
which finishes the proof.

We finally have the following.

Theorem 3.5.4. We assume that n = 1 or 2 and that the assumptions of theorems 3.5.2
and 3.5.3 hold. Then, there exists § € (0,1) depending on the H'(Q)-norm of uy such
that

0 <u(x,t) <1-0, foralmost all (x,7), x€ Q, t>r,

r > 0 given.
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Remark 3.5.3. Let us assume that J = 0 and let us consider the spatially homogeneous
equilibrium u, = 0. Then, multiplying (3.46) by u, we obtain

1d k
EEIIMH2 + 1Al + @llul* < col Vull® + ;Ilullz-

Let Ay be the first eigenvalue of the operator —A associated with Neumann boundary
conditions and acting on functions with null spatial average. Writing (see, e.g., [96,

111]) .
Aul? = (=A)ull* 2 A4ll(=A)2all® = 44| Vull,
we find

1d k
Ed—tllull2 + (A = co)lIVull® + (a - E)IIMII2 <0.

Therefore, if co < A, and kﬁ < @, then 0 is stable. Furthermore, if kﬁ < a, then we have a
differential inequality of the form

d
Ellull2 +cllul® <0, ¢ >0,

and it follows from Gronwall’s lemma that O is asymptotically stable. Note however that
the condition ¢y < Ay is a restrictive one.
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Chapitre 4

A coupled Cahn-Hilliard model for the
proliferative-to-invasive transition of
hypoxic glioma cells

Un modéele couplé de Cahn-Hilliard pour la
transition proliférative a invasive des cellules
de gliome hypoxique
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A coupled Cahn-Hilliard model for the
proliferative-to-invasive transition of hypoxic glioma
cells

4.1 Introduction

We consider in this article a Cahn-Hilliard type model for the proliferative-to-invasive
transition of hypoxic glioma cells.

Gliomas are highly invasive brain tumors and constitute the most prevalent mali-
gnant brain tumors. In particular, low-grade gliomas are diffuse tumors and have an un-
common growth. More precisely, one observes an inexorable slow growth without any
symptom, followed by a changeover to high-grade gliomas [66]. Studying and curing
such tumors involve several difficulties. On the one hand, as it is hidden in the brain, ha-
ving an idea of the glioma stage and size requires the use of imaging techniques such as
MRI (magnetic resonance imaging) or PET-scan (positron-emission tomography scan).
On the other hand, a glioma is highly diffusive, so that it is difficult to define it with
certainty or to remove all of it with a simple resection without affecting normal tissues.

In [45], H. Gomez proposed a model for the proliferative-to-invasive transition of
hypoxic glioma cells. As explained in [45], hypoxia is a hallmark of gliomas that is
often associated with poor prognosis and resistance to therapies. Furthermore, an insuf-
ficient oxygen supply reduces the proliferation rate of tumor cells, which contributes
to a slower progression of the lesion, but also increases the invasiveness of the tumor,
making it more aggressive. The model reads

0

0—? — Au = h(o)u(a — u),
oo uo
— _A - _
ot T l+o VB -0,

where @, § and vy are positive biological parameters (here, we have set several other
biological parameters equal to one and refer to [45] for more details) and

s s
h(s) = alz +b(1 = )1,

B B
with a,b > 0 and b ~ 0.6 < 1; note that, in our analysis, we will actually take h
bounded, as in [16] (see also [98]). These equations account for the tumor and oxygen
dynamics and assume that the rate of change of the tumor cells density is given by
the net migration of the tumor cells plus the proliferation of the cancerous cells. In
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particular, u is the tumor cells density and o is the oxygen concentration. The nonlinear
term in the first equation represents the so-called logistic growth which assumes that
tumor cells proliferate until they reach the cell density @. The constant « is known as
carrying capacity. Furthermore, the nonlinear term 2= in the second equation accounts
for the oxygen uptake by tumor cells, assuming a Michaelis-Menten kinetics.

In this paper, we consider instead a Cahn-Hilliard type equation for the oxygen,
namely,
oo

ot

uo

1+0

+ Ao — Af(0) + +yo = yp.

Actually, more precisely, in view of the term yo, ¥ > 0, one has here a Cahn-Hilliard-
Oono type equation ; the Cahn-Hilliard-Oono equation was proposed in [105] to also
account for long-ranged effects.

The original Cahn-Hilliard equation,

% + A’u— Af(u) =0,
was initially proposed to model phase separation processes in binary alloys (see [11,
12]). Since then, this equation, or some of its variants, were successfully applied to
many other applications than just phase separation in alloys. We refer the interested
reader to [96, 103] for reviews on the Cahn-Hilliard equation and some of its variants,
as well as their mathematical analysis.

In particular, Cahn-Hilliard type models in the context of tumor growth and energy
metabolism in the brain can be found in, e.g., [6, 28, 39, 40, 63, 73, 89, 98].

One interest in considering a Cahn-Hilliard type model here is that, in addition to
spatial diffusion, we can also account for the phase separation process, having in mind
different zones in the cells in which, typically, the concentration of oxygen may be high
or very low.

Our aim in this paper is to prove the existence of weak solutions. Compared to the
reaction-diffusion model, one essential difficulty is to prove that the order parameter o
remains nonnegative ; recall indeed that o corresponds to the concentration of oxygen.
This is due to the fact that we no longer have the maximum principle/comparison prin-
ciple for Cahn-Hilliard type equations. Also note that the term %= can become singular
when o is negative. To overcome this, we consider a logarithmic nonlinear term f in
the above system. Actually, as far as the original Cahn-Hilliard equation is concerned,
a logarithmic nonlinear term is the one which is thermodynamically relevant; it is thus
natural to also consider such a nonlinear term in our model. In addition, we consider a

uo

modified problem to avoid the second nonlinear term 2= to become singular.

58



4.2. Setting of the problem

4.2 Setting of the problem

We consider the following initial and boundary value problem, in a bounded and
regular domain Q ¢ R", n = 1, 2 or 3, with boundary I" :

ﬁ_u — Au = h(o)u(a — u), 4.1)
ot
07 N —Af@)+ -+ yo =8 4.2)
ot l+o0 ’
%:%:%—szonF, 4.3)
Uli=o = Uo, Tli=o = 0. 4.4

Here, a, B and y are positive (biological) parameters and 4 : R — R is a bounded and
globally Lipschitz continuous function such that

h(s) >0, s > 0.

Furthermore, f is of logarithmic type,

ﬁfs,se(o,ﬁ),0<9</%

f(s) = —co(s — 'g) +0ln
(the condition 0 < 0 < ‘% is made to ensure that we indeed have a double-well form for
the corresponding potential and that phase separation can occur when considering the
original Cahn-Hilliard equation). Note that

£ 2. (4.5)
Besides, there holds, for s, m € (0,5),
f()(s —m) > c,(If () + F(5)) — ¢}y € >0, ¢, 20, (4.6)

where

F(s) = f @) de

corresponds to the potential and ¢, and ¢;, depend continuously on m (see [96] ; actually,
there, f is defined on (-1, 1), but we can make a rescaling).

Remark 4.2.1. The original Cahn-Hilliard equation is often associated with a cubic
nonlinear term, typically, f(s) = s* — s. However, in that case, the order parameter
may not remain in the relevant interval. In particular, it can become negative. In our
case, this may be problematic, as the nonlinear term 1= may become singular. On the
contrary, as we will see below, logarithmic nonlinear terms ensure that o remains in the

relevant interval.
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In order to study the existence of solutions, we introduce the following auxiliary

problem :
% — Au = h()u(a — u),
%;+N0—Amﬂ+lﬁa+vv=w’
A
% — ?9_?/- = 66_;- =0onT,

Uli=o = Uy, Oli=o = 0.

(o

Note that the nonlinear term 1ZI<T|

still lead to a negative o.

4.7)

(4.8)

4.9)
(4.10)

can not become singular. However, taking f cubic may

Next, we approximate the singular function f by the following C'-functions defined

on the real line, N € IN :

fB-=D+B-s—B+71), s>p—1,
In(s) =4 f(s), s€5.8- 7],
G+ (s —73), s<+.
Note that, for every N € N,
f[(/ > —Co

and, for s € R, m € (0,5) and N large enough,

Tn(s)(s —=m) 2 cu(fv (DN + Fn(9) = ¢, € >0, ¢, 20,

where

mw:ﬂm@%

and ¢,, and c,, depend continuously on m and are independent of N (see [96]).

We then consider the following approximated problems, for N € N :

o
= = Buy = hiowux(a - uy),
t
0N | N2y — Af(or) + 2TV 4 ey = 9B
o N N(ON 1+ o] YON =7P,
duy doy A
TN TN _gonT,

ov ov ov

UNli=0 = Uy, ONl=0 = 0.

.11

(4.12)

(4.13)

(4.14)

(4.15)
(4.16)

Note that, for a given N € IN, we can prove, via a standard Galerkin scheme, the local
in time existence (as well as the uniqueness) of a solution (uy, 0y), on some interval
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[0,Ty), Ty > O (see also the estimates in the next section below). Note indeed that
s — —— 1is globally Lipschitz continuous on R, with derivative s —

1+]s]
W= Yo fgv g

1
(T+lsh*

We set, for v € L'(Q),

and, for v € H'(Q),
)

= m(% 1>H-1(Q),H1(Q)-

We finally set, whenever it makes sense,
v=v—{v).

We denote by ((-, -)) the usual L>-scalar product, with associated norm || - ||. We also set
|-]-1 = ||(—A)‘% - |I, where (—A)~! denotes the inverse of the minus Laplace operator
associated with Neumann boundary conditions and acting on functions with null spatial
average. More generally, we denote by || - ||x the norm on the Banach space X.
We note that
v (W2, + D2, v (WP + D),
v (I + ()7 and v - (JAVIP + (1))

are norms on H'(Q), L*(Q), H'(Q) and H*(Q), respectively, which are equivalent to
the usual norms on these spaces. Furthermore, || - ||_; is a norm on {v € H'(Q), (v) = 0}
which is equivalent to the usual H~'-norm.

Throughout this paper, the same letters ¢ and ¢’ denote (generally positive) constants
which may vary from line to line, or even in a same line.

4.3 A priori estimates

We assume that there exists 0 € (0, /—3) such that
26 < (og) < B —26. 4.17)

The estimates below are formal, but they can be justified within a standard Galerkin
scheme. Furthermore, all constants below are independent of the approximation para-
meter N.

That said, we rewrite the problem in the following equivalent weak form :

ou
a_zN — Auy = h(oy)un(a@ — uy), (4.18)
oo -
)N ATy + faom) + (A TN A Ty = 0, (4.19)
ot 1+ |oyl
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d{oy) UNO N
=8, 4.20
I +<1+|0N|> B (4.20)
ﬁuN _ (90'1\/ _
a5 oy OonT, 4.21)
UNli=0 = Uy, ONl=0 = 07, (4.22)

with
oy = EN + <0'N>

We multiply (4.18) by uy and have, integrating over Q and by parts and recalling
that 4 is bounded,

1d
Ed_”uNHZ + ||VHN||2 = fh(O'N)Mzzv(a/ —uy)dx
t Q

<c f (e + lunDelx
Q

2 3
< C(””NH + ”uN”L}(Q))’

which yields, noting that it follows from interpolation that (see [16])

1
3 2 2 6
lunll s < 5UVuNll™ + lunll™) + cllunll®,

@ =5
the differential inequality
d 2 2 6
Etlluzvll + IVunll” < (1 + llunll®), (4.23)

where we have also employed Young’s inequality.
In particular, it follows from (4.23) that

d
Elluzvll2 < c(1 + llunl®), (4.24)

which yields, owing to the comparison principle, that there exists 77 > 0 independent
of N such that
lunll < c1, £ €[0,T1], (4.25)

where we emphasize that the constant ¢; is independent of N. Note indeed that the
constant in (4.24) is independent of N. Moreover, within a Galerkin scheme, we would
have the same constants and time 7.

Having this, it follows from (4.20) that

UNO N

(on@) = e ooy +e f e"'(yB -« Nds

0 1+ oyl
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and, for ¢ € [0, T] and owing to (4.25),

! !
™" f &Y — ()| < e f e"' (B + c2)ds
0 1+ | oyl 0
<@+ 21—,
Y
where ¢, is independent of N. We thus deduce that
e7(oo) —c3(1 =€) < (on(®) < e o) + 51 —e™), t € [0, T1], (4.26)

where cj is independent of N. It follows from (4.17) and (4.26) that there exists 7, > 0,
T, < Ty, independent of N (but depending on ¢) such that

5 <(on()y <B-06, 1el0,Ts]. (4.27)

We assume from now on that ¢ € [0, T5].
We multiply (4.19) by oy and obtain

1d _ _ _ L uno _
Ed—ufmuil + IVonI? + lonl, + (o), Tn) + () Fy) = 0
t 1+ ol

Note that, owing to (4.12) and (4.27) and for N large enough,

((fvlon),on) 2 cllfv(om)llg) + f Fy(oy)dx) = ¢, ¢ >0,
Q

where ¢ and ¢’ depend on 6. Furthermore, owing to (4.25),

(=A)! fl(fN TV = |<(1”j$Nl,(—A>*EN»

< cllunlllionll-1

— 112 2
< YllonllZy + clluyll

— 2
<Alloyllz; +c.

We thus deduce from the above the differential inequality

d _ ,
E”O-Nll%l + C(||V0'N||2 + ||fN(0'N)||L1(Q) + f Fn(oy)dx) <c’, ¢> 0. (4.28)
Q

We now multiply (4.19) by Z* and find

1d 0o N oo 0o
5 7, (IVoNl + AT, >+||—||2 + ((fu(ow), tN>)+<< “fT’Nl (=A) ﬂ))_
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Note that
UNo N _1(95,\/ 651\/
— _ < -
(o A 50 < el =5 = s
oy
< -
ell=- s
and o J 3
(o8 g
((fu(on), N)) f Fy(ory) dx — Vol(Q){fy(an)H{—=).
dt Jgo ot
Furthermore, it follows from (4.20) and (4.25) that
oo
|<8—N>| < c(1 + |luyl) < ¢,

which yields

oo d
(o). Ty 2 & fg F(ow)dx — clfu(evln.

It follows from the above that we have the following differential inequality :

d _ oo ,
a,—t(”VO'N”2 + 7||O-N||%1 +2 f Fy(oy)dx) + Ha_tN”%l <cllfvomlpg + ¢ (4.29)
Q

We finally multiply (4.19) by —Aoy and have

Ed_HO-NHZ +IAoyIP + YlloNIP + (fy(on)Vory, Vo)) + (( oN) =
IG X

which yields, owing to (4.11) and noting that

(-

.
1+| NI an)l < cliowll,

the differential inequality

d _ —
a,—tllffzvll2 +1AoyI? + yllonlP? < (1 + [IVaulP). (4.30)

Summing (4.28), n; times (4.29) and 7, times (4.30), n;, 7, > 0 small enough, we
obtain a differential inequality of the form

dE oo ,
ot c(E + Aoyl + II(?—lNllfl + l/n(oMllig) < ¢, ¢ >0, (4.31)
where

E = |lonl?; + m(IVoul? + yliowl?, +2 f Fy(oy) dx) + malloyl?
Q
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satisfies
E > c|Voul? = ¢, ¢>0.

It now follows from (4.19) that

S oo _ L Tuno
Tu(on) = —(—A)‘la—N + Aoy —y(~A) oy - (A
t 1 +lon

so that

_— oo
lfn(omll < C(”a_tNH—l +[|Aoyll + D).
Combining (4.31) and (4.33) gives the differential inequality

oo

dE Y /
— + c(E + Aoyl + I—=1P + Ifw(omllpe + Ii@nI?) < ¢, ¢ > 0.

dt ot
In particular, it follows from (4.34) that
“fN(O-N)”iZ(O,Tz;LZ(Q) < C(E(O) + 1)
Then, taking s = oy and m = (oy) in (4.12), we find
Kfn(on)l < e((fulon), an) + ¢

= c((fn(on),on) + ¢

< cllfv(omllllonll + ¢’

< cllifn@IEO) + 1)? + ¢,

so that
/v (o mlz20,:020) < c(E(0) + 1).

4.4 Existence of solutions

We have the following.

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

Theorem 4.4.1. We assume that (ug, o) € L*(Q) X H'(Q), ug > 0 a.e., 0 < 0y < B a.e.
and 0 < {o¢) < B. Then (4.1)-(4.4) possesses at least one local in time weak solution

(u, o) such that, for some T, > 0,

u € L0, To; LA(Q)) N L*(0, Ty; H'(Q)), % € L*(0,To; H'(Q)),

o € L¥(0, To; H'(Q)) N L*(0, To; HA(Q)), %—(j € L*(0, To; H'(Q)).
Furthermore,

u>0, 0< o <pgforalmostall (x,7) € QX [0, Ty].
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Proof. The passage to the limit in the approximated problems, as well as the separation
property for o from the singular values O and 3, are based on the a priori estimates
derived in the previous section and standard techniques (see, e.g., [16] and [96] for
details). This yields in particular a local in time weak solution to the auxiliary problem
(4.7)-(4.10). Noting then that o > 0 a.e., this solution actually is a local in time weak
solution to the original problem (4.1)-(4.4).

There only remains to prove that # > 0 a.e.. This can be proved, as in [16], by
multiplying (4.1) by —u~, where

u=u"—u, u" =max(u,0), u= = —min(0, u),

noting that / is nonnegative for s > 0 (recall indeed that o > 0 a.e.). Note that such a
multiplication is compatible with a Galerkin scheme.
O

Remark 4.4.1. Considering logarithmic nonlinear terms allows to directly ensure that
o satisfies the biologically relevant condition

O<o<pae..
Furthermore, assuming that u, further satisfies
uy < o a.e.
allows to have the further biologically relevant condition
O<u<aa.e,

as long as the solution exists. Indeed, this immediately follows by multiplying (4.1) by
(u—a)* (see also [16]).

Let 7. > 0 be the maximal time of existence of a local in time weak solution as
given in Theorem 4.4.1.
We then have the following.

Theorem 4.4.2. We further assume that uy € [0, @] a.e.,
his)>H, H>0, s >0,

and
a

> —

y‘ﬂ+1
Then, for any T > 0, a local in time solution as given above is global in time, i.e.,
defined on [0, T].
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4.4. Existence of solutions
Proof. First, multiply (4.1) by u to obtain

1d
——|lul?® + |[VulP* = a f h(o)u? dx — f h(o)u?® dx.

Note that, since # > 0 and oo > 0 a.e.,

fh(o-)u d-x > HHZ’[”L%(Q)
Q

Furthermore, owing to interpolation and Young’s inequality,

2 2
Iafh(ff)u dx| < cllull” < cllullllullm g
Q

IA

IVull + c(llul® + (u)*)

IA

2 2
IVull” + cllul]

IA
N = M| = 1| —

H
Vul? + = +c.
IVull” + 5 c

3
||M||L3(Q)

We thus deduce from the above the differential inequality

—||u|| +[IVull® + Hilul]; (4.37)

L (Q)

In particular, it follows from (4.37) and Young’s inequality that

d 2 2

— + <c,c>0,

S+ cllull” < s c

which yields, employing Gronwall’s lemma, the global in time estimate (compare with
(4.25))

llull < c, (4.38)

as long as the solution exists, where the constant ¢ only depends on u,. Therefore, owing
to continuity, we can extend u.
Now, in order to extend o, we note that the crucial point is to prove that (") remains
in (0, B) for all times.
Note that o satisfies
d{o)

74‘7( o)+

so that, since u € [0,a] a.e. and o € [0,[] a.e. and as long as the solution exists (note
that here we need to work on the original equations, not on the approximated ones),
af d{o)

1+’3—7+7<0'><7’ﬁ

=P,

Y6 -
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It thus follows from Gronwall’s lemma that

a

T ,8)(1 —e ) < (o) < (o) + (1 —e™), (4.39)

(ooye™ + E()’ -
Y

as long as it exists.
Let us consider the function

o(t) = (oo)e™” + (1 —e™).
Noting that ¢(0) = (o) € (0,8) and lim,_, ., ¢(¢) = B, we easily see that
(p(2)) € (6,-106), 6 €(0,B), t€[0,T],

since ¢ is monotone. Proceeding similarly for the left-hand side of (4.39), we deduce
that there exists ¢ € (0,5) depending only on 7, such that

() € (6,8-6), 6 €(0,8), 1[0, T].

Therefore, we can also extend o, owing again to continuity, which finishes the proof of
the theorem.
O

Remark 4.4.2. (i) Actually, when uy € [0, a], the condition H > 0 is not necessary,

since we immediately have
|lu|| < @ +/Vol(€2),

as long as it exists, and can extend u. Also note that we actually have a solution defined
on R*.

(ii) If we do not assume that u < «a a.e., we have, owing to (4.38),

uo

K

)N < cllull < ¢,
1+0

where the constant ¢’ only depends on the initial datum uy, the biological parameters of
the problem and the domain . Therefore,

(To)e™ + (B - c;,)(l —e™) <o () < (o) +B(1 — e,

and we deduce that the solution is global in time, provided that

4

S

22— — y2=

™|

Cl
Y
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This condition is however stronger than the one in Theorem 4.4.2 in general. Also note
that, if we again take H = 0, then we obtain a differential inequality of the form

d. o 2
d_t”u” < c|lull”,

vielding, owing to Gronwall’s lemma,
llull® < €T,
as long as it exists. We thus find an estimate of the form

uo .
K——)I < cllull < ce”,
1+0

which does not allow to extend o when T is large.

Remark 4.4.3. Uniqueness and further regularity (in particular, the existence of strong
solutions) are open problems. The difficulty here comes from the Cahn-Hilliard type
equation and already appears without any coupling (see [96]).
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Chapitre 5

A Cahn-Hilliard model with a
proliferation term for the
proliferative-to-invasive transition of
hypoxic glioma cells

Un modele de Cahn-Hilliard avec un terme de
prolifération pour la transition proliférative a

invasive des cellules de gliome hypoxique
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A Cahn-Hilliard model with a proliferation term for the
proliferative-to-invasive transition of hypoxic glioma
cells

5.1 Introduction

Our aim in this paper is to prove the existence of solutions for the following pro-
blem :

% + A’u— Af(u) = hio)u(a — u),

oo
— — Ao +yo + = yB.
ot MR A

This system of equations is a variant of the following one :

0
0—? — Au = h(ou(a — u),

oo uo
- — + = — ,
ot 7 1+0 YB =)

proposed in [45] to model the proliferative-to-invasive transition of hypoxic glioma
cells.

Gliomas are highly invasive brain tumors and constitute the most prevalent mali-
gnant brain tumors. In particular, low-grade gliomas are diffuse tumors and have an
uncommon growth. More precisely, one observes an inexorable slow growth without
any symptom, followed by a changeover to high-grade gliomas (see [66]). Studying and
curing such tumors involve several difficulties. On the one hand, as it is hidden in the
brain, having an idea of the glioma stage and size requires the use of imaging techniques
such as MRI (magnetic resonance imaging) or PET-scan (positron-emission tomogra-
phy scan). On the other hand, a glioma is highly diffusive, so that it is difficult to define
it with certainty or to remove all of it with a simple resection without affecting normal
tissues. Furthermore, as explained in [45], hypoxia is a hallmark of gliomas that is of-
ten associated with poor prognosis and resistance to therapies. An insufficient oxygen
supply reduces the proliferation rate of tumor cells, which contributes to a slower pro-
gression of the lesion, but also increases the invasiveness of the tumor, making it more
aggressive.

In the above equations, a, 8 and vy are positive biological parameters (here, we have
set several other biological parameters equal to one and refer to [45] for more details)
and

h(s) = a[é +b(1 - g)], (5.1)
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with a, b > 0 such that A(s) > 0 for s € [0, 5]. Note that, in our analysis, we will actually
take h bounded, as in [16] (see also [98]). These equations account for the tumor and
oxygen dynamics and assume that the rate of change of the tumor cells density is given
by the net migration of the tumor cells plus the proliferation of the cancerous cells. In
particular, u is the tumor cells density and o is the oxygen concentration. The nonlinear
term in the right-hand side of the first equation of each system represents the so-called
logistic growth which assumes that tumor cells proliferate until they reach the cell den-
sity . The constant @ is known as carrying capacity. Furthermore, the nonlinear term
1= accounts for the oxygen uptake by tumor cells, assuming a Michaelis-Menten kine-
tics. Finally, the nonlinear term f in the equation for the tumor cells density considered
in this paper, which is of Cahn-Hilliard type, is the derivative of a double-well poten-
tial /. Such a nonlinear term, which is already present in the original Cahn-Hilliard
equation, allows to account for phase separation and clustering processes, which are
processes that we also wish to model here (see below).
The original Cahn-Hilliard equation,

Ou
ot

was initially proposed to model phase separation processes in binary alloys (see [11,
12]). Since then, this equation, or some of its variants, were successfully applied to
many other applications than just phase separation in alloys. We refer the interested
reader to [96, 103] for reviews on the Cahn-Hilliard equation and some of its variants,
as well as their mathematical analysis.

In particular, Cahn-Hilliard type models in the context of tumor growth can be found
in, e.g., [6, 28, 39, 40, 63, 73, 72, 89, 98]. One interest in considering a Cahn-Hilliard
type model is that, in addition to spatial diffusion, we can also account for the phase
separation process. Indeed, in the phase separation of binary alloys, one ends up with
zones (separated by a diffuse interface) in which one of the alloys is dominant. By ana-
logy, Cahn-Hilliard type equations in tumor growth were proposed to separate, e.g.,
different zones in the tumor such as quiescent and proliferative cells. In particular, this
allows to have the same equation in both zones. Furthermore, Cahn-Hilliard type equa-
tions also model clustering effects which are indeed observed in tumors (we can think
for instance of the clustering of brain tumor cells; see, e.g., the concluding section in
[63]). Note that such effects cannot be modeled by a reaction-diffusion equation.

The reaction-diffusion system proposed in [45] was studied in [16] in which, in
particular, existence and uniqueness of biologically relevant solutions are obtained, i.e.,
solutions such that u € [0, @] and o € [0, 5] almost everywhere.

Taking a Cahn-Hilliard type model for the tumor growth is more challenging, due
to the nonlinear term h(o)u(a — u), called proliferation term in [63] (for a constant A).
Indeed, as observed in [28], for a constant &, one can have blow up in finite time when
considering a cubic nonlinear term f; this blow up can be avoided by considering a

+ A’u—Af(u) =0,
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logarithmic nonlinear term f (see [89]). Furthermore, again for a cubic nonlinear term
and a constant 4, an example of a solution which instantaneously becomes negative
was constructed in [96] in one space dimension, meaning that the solution cannot be
biologically relevant.

In this paper, in order to prove the existence of global in time biologically relevant
solutions, we take a logarithmic nonlinear term and consider an auxiliary system in

which the nonlinear term +*Z is replaced by li‘lfr - In this way, this nonlinear term cannot

1+0
be singular when approximating the logarithmic nonlinear term by regular ones. We

then prove the existence of a local in time solution to the approximated problems. We
are next able to pass to the limit in the approximated problems and prove the existence
of a local in time biologically relevant solution to the original problem. We finally prove
that this solution is global in time.

We can note that, contrary to the reaction-diffusion system proposed in [45], we
no longer have a maximum principle which allows us to immediately deduce that both
the tumor cells density and the oxygen concentration are bounded and that local in
time solutions are global (see [16]). This, together with the possibility of blow up in
finite time for approximated solutions, makes the proof of existence of a solution more
complicated. Furthermore, even though we still have the boundedness of the oxygen
concentration (indeed, we still have a reaction-diffusion equation for the oxygen), pro-
ving the boundedness of the tumor cells density and, thus, the existence of a global in
time solution, requires a more involved analysis. On the other hand, we studied in [?]
a model in which the oxygen concentration is modeled by a Cahn-Hilliard equation,
while the equation for the tumor is of reaction-diffusion type. In that case, the analysis
is simpler, since the maximum principle allows to have the boundedness of the tumor
cells density. Consequently, the additional nonlinear source term in the Cahn-Hilliard
equation is bounded, contrary to what we have here in the equation for the tumor. Note
that having such a bounded source term allows, e.g., to avoid blow up in finite time. It
is also interesting to note that considering the sole Cahn-Hilliard equation with such a
bounded source term allows to prove additional regularity and uniqueness results in two
space dimensions (see [72]); this seems much more involved with an unbounded one.

Another important question is to predict the tumor evolution. We give a sufficient
condition ensuring permanence of the solutions, meaning that the tumor cannot disap-
pear.

We finally give some numerical simulations.
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5.2 Setting of the problem

We consider the following initial and boundary value problem, in a bounded and
regular domain Q ¢ R", n = 1, 2 or 3, with boundary I" :

0
a—”t‘ + A2u— Af(u) = h(o)u(a — ), @ > 0, (5.2)
a—O-—Ao-+ o+ e =B B>0 (5.3)
at y 1 +0 - 7 ’ 7’ ’ .
ou OAu Jdo
— =— =_—"=0onTl 5.4
ov  dv  Ov ont (5.4)
uli=o = uo, oli=o = 0. (5.5)

We make the following assumptions.
(H1) The initial datum (1o, 07) belongs to H'(Q) x L*(Q) and satisfies

uy € (0,), og €0,8] ae..
(H2) The nonlinear term 4 is bounded and Lipschitz continuous on R and satisfies
h(s) >0, s >0.
We set h* = max[o g h.

Remark 5.2.1. Since we are interested in biologically relevant (and thus bounded) so-
lutions, taking h bounded is reasonable. For instance, we can take h as in (??) in [0, 8]
and truncate outside this interval.

(H3) The nonlinear term f is of logarithmic type,

0
Y se(0@), 0<6 <0

£(5) = ~60(s = 3) + 61 ln — ;

In particular, there holds
f=-6 (5.6)

and there exist constants c¢,, > 0 and ¢,, > 0 which depend continuously on m such that

F()s —=m) = e, (| f ()] + F(5)) = ¢ 5, m€(0,0), (5.7)

m?

where

ﬂ@:ﬁf@%

2(a — )
o’

=— @(s — g)2 + 61((a@ — s) In( )+ sln(g)), s € (0, ).
2 2 a
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Note that there exists a constant ¢; > 0 such that

F > —c. (5.8)

Furthermore, the condition 0 < 6, < “4& is made to ensure that F has a double-well

form and that phase separation can occur. Note however that it was observed in [63]
that, when £ is a positive constant, then phase separation can also occur even if F does
not have a double-well structure.

In order to avoid the nonlinear term
wing auxiliary problem :

“Z to become singular, we introduce the follo-

P
a—bt‘ + A2u = Af(u) = h(o)u(a — u), (5.9)
0T _ Ao +yo+ T —yp (5.10)
o1 YT T A '
ou O0Au Oo
ou _oAu_ 00 _ o T 11
oy Ov Ov OonT, G.11)
=0 = Uo, Oli=o = 0. (5.12)

Next, we approximate the singular function f by smooth functions fy defined on
the whole real line. Actually, we also need to approximate the potential F' and, more
precisely, its convex part F'y, defined by

2(a —s)

2
Fi(s) == 6,((c — 5)In( ) + sln(gs)).

We thus have 0
10
F(s) = =2 (s = 27 + Fi(s)

and we can write, similarly,
a
S(8) = —0u(s — 5) + f1(s),

where

fi(s) = Fi(s) = 6) In ——.

a-—s
We then approximate, for N € IN large enough, the function F'; by the functions F y
of class C* defined by

“ 1 1
Fl (CL’—N),S>(Y—N,

4 } 4
Fi($):=F"(s), s € [£,a- 11,
FPG), s <
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k) X\ _ Y _
Fix3) =FG) k=0, .. 3.

This yields that

4
le 1 1 1
T g)(a—ﬁ)(‘s—a+ﬁ)k,s>a—ﬁ,

Fin(s) =1Fi(s), s € [ﬁ,a - %],

41 k)1 1 \k 1
2l (=3 s <y

and we can introduce the functions f; y defined as follows :

3
1 p(k) 1 1 1
Y afPa-Ds—a+ i s>a- 1,

Fin(s) = Fip(s) = { fis), s € [1.a— 1],
3
z LA = 2, s < 1

Note in particular that f; v has a cubic growth at infinity and is of class C*. We finally
define the approximated potentials and nonlinear terms as follows :

0
Fu(s) 1= ==/(s - %)2 + Fin(s),

Ful(s) 1= Fl(s) = —Oo(s — %) + fin(s),

respectively.
Adapting the proofs given in [96], we can prove that these approximated functions
satisfy, for N large enough,
fu = -6y, Fy > —cy, (5.13)

there exist constants ¢,, > 0 and ¢/, > 0 which depend continuously on m such that

In($)(s —m) 2 cu(lfn()] + Fn(s)) — ¢, s €R, m € (0, ), (5.14)

and there exist constants ¢, > 0 and ¢3 > 0 which are independent of s and m such that
(fw(s +m) — fy(m)s > cr(s* + m’s>) —c3, s, me R. (5.15)

Furthermore, all constants are independent of N.
We finally introduce the following approximated problems, for N € IN large enough :

0
% + Auy — Afy(uy) = hioy)uy(@ — uy), (5.16)
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—— —A =B, 5.17

o Aowryont s =08 (5.17)
0”1\] (?AuN 80’N

= = =0onT, 5.18

ov ov ov on ( )

uyli=o = o, onl=0 = 0. (5.19)

We set, for v € L'(Q),

1
= d
W= Yo va g
and, forv € H1(Q),

1
(v) = Vol () W, D10 @-

We finally set, whenever it makes sense,

V=v-—(v).
We denote by ((-, -)) the usual L*-scalar product, with associated norm || - ||. We also
set|-||-1 = ||(—A)‘% -|I, where (—A)~! denotes the inverse of the minus Laplace operator

associated with Neumann boundary conditions and acting on functions with null spatial
average. More generally, we denote by || - ||x the norm on the Banach space X.
We note that
vis (TP, + )2, v i (FIP + ()32,

v (VP + (W)? and v - (|AV]2 + (0)3)?

are norms on H™'(Q), L*(Q), H'(Q) and H*(Q), respectively, which are equivalent to
the usual norms on these spaces. Furthermore, || -||-; is anorm on {v € H~'(Q), (v) = 0}
which is equivalent to the usual H™'-norm.

Throughout this paper, the same letters ¢ and ¢’ denote (generally positive) constants
which may vary from line to line, or even in a same line.

5.3 Local well-posedness of the approximated problems

We can note that (5.16)-(5.19) is associated with the following weak (variational)
formulation :
Given (ug, 0p) € HX(Q) x H'(Q), find (uy, oy) : [0, T] — H*(Q) x H'(Q) such that

d
d—t((uzv, V) + ((Auy, Av)) = ((fn(uy), Av)) = (h(oy)un(a — uy),v))

in '(0,T), Yv e H(Q),
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UNON
1+ |onl

in D'(0,7T), Yw € H'(Q),

d
(v W)+ (Vou, Vw)) + y((on, w)) + (( W) = ((¥B,w))

unli=0 = uo, onli=0 = 0o,

for a given T > 0, where 2’ denotes the space of distributions.
We will actually work with the following equivalent formulation of (5.16)-(5.19) :

=N %’V — Aty + fy(uy) = (=A) " hoyuy(a — uy), (5.20)
T — (herpus(a = un, (5.21)

a% — Aoy +yoy + 1MITUNN| = yB, (5.22)

aaij = 0(;% =0onlT, (5.23)

uyli=o = o, onli=0 = 0o, (5.24)

where uy = uy + (uy). These equations are associated with the following weak formu-
lation :
Given (ug, o) € H'(Q) x H'(Q), find (uy, on) : [0,T] —» H'(Q) x H'(Q) such that

d 1 1
(A Zuy, (ZA)72v)) + (Viaw, V) + (v (un), v)) = (=)' h(on)un(@ = uy), v))

in D'(0,7), Yv e H'(Q), (v) =0,

d
Z‘IN ) _ (@ - uy)) in DO, T),
d UNO N
— (W) + (Yo, Vw)) +y(ow. w) +((5 W) = (8, w))
+ |on|

in D'(0,T), Yw € H'(Q),

UNli=0 = Uy, ONl=0 = 07,

for a given T > 0, where uy = uy + (uy). We can note that this second variational
formulation is weaker than the first one, in the sense that it is defined under weaker re-
gularity on uy. However, they are equivalent for regular enough solutions and a solution
to (5.20)-(5.24) will be considered as a weak solution to (5.16)-(5.19) (being understood
that we consider here solutions to the associated variational formulations).

We have the following.
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Theorem 5.3.1. We assume that (H1)-(H3) hold. Then, there exists To > 0 and a unique
weak solution (uy, o y) to (5.16)-(5.19) such that
uy € L0, To; H'(Q)) N L*(0, To; H* (),
8MN
B €
on € L*(0,To; L*()) N L*(0, To; H' (Q)),
60’1\7
s €
Remark 5.3.1. Actually, here, the conditions uy € (0,a) and oy € [0,8] a.e. are not
necessary. When h is constant, as mentioned in the introduction, we can observe blow
up in finite time, so that we do not expect a global in time existence result. Furthermore,
again when h is constant, we can construct solutions to (5.16) which instantaneously
exit the relevant interval [0, a], even if uy € [0, a].

Proof.
Existence : The proof of existence can be carried out via a standard Galerkin scheme
associated with (5.20)-(5.24) and appropriate a priori estimates. In what follows, we
only give formal estimates.

We multiply (5.20) by —Auy, integrate over € and by parts and multiply (5.21) by
Vol(QQ){uy). Summing then the resulting differential equalities, we obtain, noting that
Il -1 = IFII*> + Vol(Q){-)? (also note that this amounts to multiplying (5.16) by uy),

L0, To; H (),

L*(0,Ty; H'(Q)).

1d
EE”I/’NHZ + 1 Auy|* + ((fy(un) Viey, Vuy)) = f h(oy)uy (@ = uy) dx. (5.25)
Q

Note that it follows from (5.13) that
((f3(un)Vuy, Vuy)) = =60l Vuyl?
> — Wyl — clux P, (5.26)
since, owing to interpolation and standard elliptic regularity results,

2
IVunll” < cllunllllunllme)
< cllunllll(lAunl + llenl]).

Furthermore, since £ is bounded,
| | & v —uy)dx| < c(lluyll® + lluyll}
(onuy(a — uy)dx| < c(|luy unllizz )
Q
2 3
< c(llunl? + lunl )
2 3 3
< c(lunll + !l il )

1
< e(1+ llunll®) + Z”AMNHZ, (5.27)
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where we have employed Young’s inequality and interpolation again. It follows from
(5.25)-(5.27) that

d
Elluzvll2 + [ AuylP < (1 + lluyll®). (5.28)
In particular,
d
a’,—tlluzvll2 < e(1 + [lunll®). (5.29)

We deduce from (5.29) and the comparison principle that there exists 7y > O such that
llun (@Il < ¢, t € [0, Tol. (5.30)

We assume from now on that ¢ € [0, Ty].
First, note that

0
|<§>| < o(1 + luylP) < c. (5.31)

We multiply (5.20) by = ‘7'“’ and have, noting that (a"”)

1d

SVl + ||—|| L+ (), —))—((h(rrN)uNm—uN)( a2 )) (5.32)
Note that p p J
(u(uy). ”tN» - f Fy(uy) dx — ((f(uy), Z‘tm)).

Furthermore, owing to the expression of fy (recall that fy has a cubic growth at infinity),
Young’s inequality, (5.21) and (5.30)-(5.31),

d{uy)

d{uy)
t

I((fv(un), p

Dl =1 f Iv(uy) dx |

< C(l + ”uN”L%(Q))

and, owing to the continuous embedding H 2(Q) c L3(Q) and the interpolation inequa-
lity
el 3 g < clluxl? IIMNIIHl(Q)

(we consider the most complicated case n = 3),
a1} ) < clluyll? IIuNIIHl(Q) < CIIuNIIH](Q),

so that, owing to (5.30),

I((fwv(un), < >

N <ed+ IIMNIIHI(Q)) < (1 + [[VuylP). (5.33)
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Finally,

ou ou 2
(h(o)un(a — uy), (—Arl%m < c||<—A)‘1ﬂ||La@< f (uxl® + 1) dx)}
ou
< c||ﬂ|| 1<f<|uN|3 + 1) dx)}
< 2||a—|| L+ (1 + [VuylP). (5.34)

proceeding as above and noting that the embedding H'(Q) c L3(Q) is continuous. It
thus follows from (5.32)-(5.34) that

d ou
d—(IIVMNII2 +2 f Fy(uy) dx) + |12, < e(1 + [[VuylP). (5.35)
t o ot

s
1+|s|| =

1d
S—llowll? + IVonlP + yllowl? < (v, ow) +

2 dt
< Jllowl’® +c(1+||uN||>
< ol +c.
so that J
ol + 1o + Yol < c. (5.36)

The regularity stated in the theorem follows from the second of (5.13), (5.28)-(5.30)
and (5.35)-(5.36) (the regularity on 22 can be read from (5.22)). Furthermore, the pas-
sage to the limit in the Galerkin scheme follows from the above estimates and classical
Aubin-Lions compactness results (see also [16]).

Uniqueness : Let (11, 0) and (u,, 0,) (for simplicity, we drop the index N) be two local
in time solutions with initial data (u, o, 071 9) and (12, 072 0), respectively, and assume that
they are defined on a common time interval [0, T,y]. Then, (u,0) = (uy,01) — (42, 07)
and (ug, o) = (110, 01,0) — (U0, 02) satisfy

.
GV a—b; = A+ fy() = fn(uz) = (=8)" (h(oDur(@ — wy) = h(o)ua(@ = uy)), (5.37)

d{u
c<lt> = (h(oui (@ — uy) — h(o)ux(a — uy)), (5.38)
oo U0 U0
— A — = 5.39
ot 0+7(r+1+lcrl| 1 + |0 -3
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ou oo

_— = — = F 4

3 = 3y OonT, (5.40)
Uli—o = Uy, Oli=o = 0. (5.41)

We multiply (5.37) by u and obtain

1d
Mnﬁna + IVl + ((f () = fu(u), @)

= ((h(o)u (@ = uy) = h(o)uz(a@ = up), (=A) ™). (5.42)

Note that, owing to (5.13),

((fv(uy) = fa(uz),u)) = ((fn(ur) — fu(ua), w) — ((fn(ur) — fa(uz), (u)))
> —Oollull® = ((fn(ur) — fv(ua), ().

Furthermore, owing to the continuous embedding H'(Q) ¢ L*(Q) and recalling that fy
has a cubic growth at infinity,

|((Fv(ur) = fv(uz), (up)l < clu)l L(qu — 15 + |} — u3] + |ul) dx

< c|<u>|f(u% +u5 + 1)|uldx
Q

2 2

< ey + 2l + Do)
2 2

< el g + Nzl + Dillliae)

< cpllulllu)l.

Note that all constants above depend on N. It thus follows that

(fw(r) = fy(w), W) = —cr ([l + (u)?). (5.43)

We also note that, since 4 is bounded and globally Lipschitz continuous,

(oD (@ = ur) = h(oa)us(a@ = up), (=A) ')
< (((h(oy) = h(o2)u (@ = uy), (=A) "))
+ |((h(o2) (i (@ = ur) = us(@ — wp)), (=A)~'w))|

< f lorl(ut + DI(=A)"ul dx + f (Ui + 15 + Dull(=A)""ul dx)
Q Q
< c(llulllié(g) + Iqullié(g) + Dllull + Il IDI=A) "l 50

2 2 —
< el + 2l ) + Dl + eIy

< ey (Iluel| + llor{DIfaal |-
< er(lull? + 1o l), (5.44)
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where we have used the continuous embedding H'(Q) ¢ L(€Q). It thus follows from
(5.42)-(5.44) that

1d —
Ea,—tllull2 + VUl < er (Il + @)* + llol),

which yields, employing the interpolation inequality |[u|* < c|[ul|-||Vul|,
d _ _
ztllullgl +IVull® < cr([ull2; + () + llol). (5.45)

Multiplying then (5.38) by (u) and proceeding in a similar way, we find

d(u)?
dt

We now multiply (5.39) by o and have

< ery (Il + @) +llol) + IIVMII (5.46)

1d U o U0
—— +||Vo||” + + )
ST ol + IVl + Hlorll? (G T R g

0)) =0. (5.47)

Lipschitz continuous,

uio Uro- g1 ()

oDl =I5 s )|+ 1(ua(

I+l 1+l 2| |1| L+loil  1+]o
2
< ||M||||0'||+Cf|uz||0'| dx
Q

2
< [lullllorll + cllualls@llollys g

< llullloll + exyllorll;

( ), )|

LQy

Let us again consider the most difficult case n = 3. Recall that we have the continuous
embedding H 3(Q) c L3(Q), as well as the interpolation inequality

ol y < il ol

HI(Q) HY Q)
Therefore,
uio Uron
— ,0-
|((1 +loil 1+ o )
< llellllorll + erpllollllor]lz @
1
2 2 2 =12 2 2

< (IVall” + yllell) + EIIVMII + er([ullZy + @)™ + o),

which yields

d _ 1
ZIIUII2 < e (Il + (W) + llol”) + EIIVullz- (5.48)
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Summing finally (5.45)-(5.46) and (5.48), we find a differential inequality of the
form

E
W < crEr, (5.49)

where
—2 2 2
E = ullZ, + () + lloll".

This yields, employing Gronwall’s lemma,
Ei(t) < eT'E(0), t € [0, Tol, (5.50)

and the uniqueness, as well as the continuous dependence with respect to the initial data
in the H~'(Q) x L*(©)-norm, follow.
]

Remark 5.3.2. (i) In general, the Cahn—Hilliard equation is considered with a cubic
nonlinear term, typically, f(s) = s° — s. The estimates above also yield a local in time
well-posedness result in that case, for the auxiliary problem. However, we again men-
tion that we cannot rule out the possibility of blow up in finite time, nor the fact that
u can instantaneously become negative. Therefore, we cannot ensure that o remains
nonnegative, so that this does not yield a local in time solution to the original problem.

Tumor cells density

Ficure 5.1 — Unbounded function .

(ii) Numerical simulations show that we can have blow up in finite time in the original
problem (5.2)-(5.5) with a cubic nonlinear term (see Figures 5.1-5.2). In these simula-
tions, we take Q = (0,5) x (0,1), a =1, =15,y = 0.1, f(s) = (s — 0.5 = (s = 0.5),
uo(xy, xp) = W and o randomly distributed between 0.3 and 0.8. In Figure 5.1,
h is as given as in [45], h(s) = E‘ + 0.6(1 — E"), while, in Figure 5.2, h(s) = 0.6 if s < 0,
h(s) = [—; +0.6(1 — %) if0 <s<pBandh(s)=1ifs>1, sothat (H1) is satisfied. In both
cases, we observe blow up at t,,. = 5.68. Also note that o remains positive, while u
becomes negative. In the figures, umax (resp., umin) and sigma-max (resp., sigma-min)
denote the maximal (resp., minimal) values of u and o, respectively.
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Tumor cells density

FiGure 5.2 — Truncated function /.

Remark 5.3.3. Note that the constants in (5.26)-(5.30) and (5.36) are independent of
N, so that the same holds for Ty which only depends on the initial data uy and o .
However, the estimates on the time derivative of uy depend on N. In the next section, we
will derive estimates which are independent of N, allowing us to pass to the limit in the
approximated problems.

5.4 Existence of solutions to the original problem

We can note that (5.2)-(5.5) is associated with the following weak formulation :
Given (ug, 0p) € H*(Q) x H'(Q), find (1, o) : [0, T] — H*(Q) x H'(Q) such that

d
Zt((”’ V) + ((Au, Av)) = ((f(u), Av)) = ((h(o)u(a — u), v))
in (0, T), Yv e H(Q),

d
Z (@) + (o, V) + Y(@ ) + (7= W) = (4B w))
t I+o

in D'0,T), Yw € H(Q),
Uli=o = Up, oli=o = 0o,

for a given T > 0.
We also consider the following equivalent formulation of (5.2)-(5.5) :

(—A)‘l% — Al + f(u) = (=A) " h(o)u(e — u), (5.51)
d
% = (h(o)u(a — u)), (5.52)
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oo uo
— _A — .
ot O-+70-+1+0' B (5:53)
ou Oo
—_ = — = r . 4
dv  Ov Oonf, (5.54)
uli=o = U, oli=o = 0, (5.55)

where u = u+ (u). These equations are associated with the following weak formulation :
Given (ug, 0p) € H'(Q) x H'(Q), find (u,0) : [0, T] = H'(Q) x H'(Q) such that

d 1 1
7, (A2 (CA)2v) + (Vi V) + ((f (), v))

= (=N "W(o)u(a — u),v)) in D'(0,T), Vv € H'(Q), (v) =0,
d{u)

dr (h(e)u(a — u)y in D'(0, T),

d
Z((@ ) + (Vo Tw)) + (o w) + ((1”—", W) = (yB.w))
+ O
in D'(0,T), Yw € H'(Q),

Uli=o = Uy, Oli=o = 0,

for a given T > 0, where u = u + (u).

As in the previous section, a solution to (5.51)-(5.55) will be called a weak solution
to (5.2)-(5.5) (by solution, we again mean a solution to the corresponding variational
formulation).

We have the following.

Theorem 5.4.1. We assume that (H1)-(H3) hold. Then, (5.2)-(5.5) possesses a local in
time weak solution (u, o), defined on [0, Ty], Ty > 0, such that

u € L0, To; H'(Q)) N L*(0, Ty; H*(Q)),

o L*0,To; H'(Q)),

ot

o € L™(0, To; L*(Q)) N L*(0, Ty; H' (),
‘98% € L*(0, To; H'(Q)),

u(t) € (0,a), o) € [0,8] for a.a. t € [0, To]

and there exists a constant 6 € (0, @) such that
0 <{(u@®))<a-doforaa.rel0,Ty].
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Proof.
All constants below are independent of N.
First, note that it follows from (H1) that there exists ¢ € (0, £) such that

26 < (upy < a —26. (5.56)
Then, considering again the equivalent formulation (5.20)-(5.24), recall that
lun @Il < ¢, t € [0, Tol, (5.57)

for Ty > 0 independent of N.
Noting that it follows from (5.21) that

L) < htorsuntar— un
< e(1 + |luyl)
<c, (5.58)
we can assume, taking if necessary T, smaller and still independent of N, that
0 <(un(@®) <a-0,tel0,To]. (5.59)

We assume from now on that 7 € [0, Ty].
We next multiply (5.20) by uy to obtain

%%Hﬁzvll%l + [Vul? + (f(un), n)) = ((R(on)un(a — uy), (=A)"ay)).  (5.60)
We write

((fw(un), un)) = %((fN(uN)’ﬁN)) + %((fN(uN) = f(un)), un)),
so that, employing (5.14) (with s = uy and m = (uy); also recall (5.59)) and (5.15)
(with s = uy and m = (uy)), we find

((fv(un), un)) 2 c(llfv(un)llg) + jg; Fy(uy)dx

+ f (i + Uy (uy)?) dx) = ¢/, ¢ > 0. (5.61)
Q
Furthermore,
|(h(ow)un(@ — uy), (—A) " un))l < c( f @y + 1)) |yl
Q

< ¢ f Gty + (un)* + 1) dx)?[fuyl]
Q

< sfﬁj‘vdx + co(1 + [luwll*)
Q

< afﬁj*vdx +cpy Ve > 0, (5.62)
Q
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owing to (5.57) and Young’s inequality. It thus follows from (5.60)-(5.62) that there
exist constants ¢ > 0 and ¢’ > 0 such that

d . — ,
EIIMNHE]+C(|IVMNII2+||fzv(u1v)||u<g>+fFN(MN)dX+f(ﬁ?v+u12v<uN>2)dX) <c’. (5.63)
Q Q

We now multiply (5.20) by = 6”” and obtain

1d

| Oun
Ed_”VMNHZ ||—||2 +((fN(uN) ))—((h(fTN)uzv(a—uzv)( A —)) (5.64)

We note that

ou d 0
((f(un), MN)) 7 fg Fy(uy) dx - V01(Q)<fzv(u1v)><ﬂ>

d
> < f F(un) dx = cllfu )l (5.65)
Q

owing to (5.58). Furthermore,

-
(h(o)un (@ = uy), (—A)™ (;‘N

a
< 2||(r)—N|| 1+cf(uN+(uN)4+ 1) dx

1||‘9—|| 1ﬁLc(fﬁ;‘vaszr 1). (5.66)
Q

It thus follows from (5.64)-(5.66) that

d Ju
—(IVuylP + 2 f Fy(uy)dx) + [ 12, < eyl + f mydx+1). (5.67)
dt Q ot Q
We sum the differential inequality
d
Ztlluzvll2 + | Auyl* < ¢

which holds here (see (5.28) and recall (5.57)), (5.63) and ¢ times (5.67), 6 > 0 small
enough. This yields, taking & small enough, that there exist constants ¢ > 0 and ¢’ > 0
such that we have a differential inequality of the form

dE,
7+c(Ez+||uN||H2(Q)+||fN(uN)||L1<Q)+|| V2 o) S tel0. Tl (5.68)

where

E; = llunl® + llay|, + 6(IIVuy* + ZfFN(uN) dx)
Q
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satisfies
2

E2 > C””N”Hl(g)

-, c>0.

Here we have also used the fact that
0
) < e, (S0 < e 1e[0.Ty).

Having this, we note that

_ P
Fuluy) = —(—A)*% + Auy + (=A) RN un(@ — uy),

which yields
S ouy
/v ()l < C(”E”H*‘(Q) + lunll2@) + D). (5.69)
Note indeed that

(=) h(ory)un (@ = un)ll < c(llullFs g, + llunl)
< c(lunBygy + D
< c(llunllllunllmz@) + 1)
< c(|lunllpz) + D).

Combining (5.68) and (5.69) and also summing with (5.36) (which holds here), we
find a differential inequality of the form

dE —_—
2 (s + gy + 0By + Gl + (TGP (5.70)
auN 2 ’
+||F||H—1(Q)) <c,te [Oa T0]7
for proper constants ¢ > 0 and ¢’ > 0, where

2
E; = E) + ||oyl|

satisfies
Es > c(lunllzy g + llowl?) = ¢, ¢ > 0.
In particular, it follows from (5.70) that

I 7200 < CCE3(0) + D). (5.71)

Next, employing once more (5.14), with s = uy and m = (uy), we see that

[ ()| < el((fv(un), un))l + ¢
= c|((fy(un), up) + ¢

< cllfw(umllllunll + ¢,
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so that

Kfwun ) < cllfv@unliCEs(0) + 1) + ¢’

and
v @n)lz20,70:220) < ¢(E3(0) + 1). (5.72)

The regularity stated in the theorem follows from (5.70) and (5.72). Furthermore,
these estimates allow to pass to the limit and have a weak solution (u, o) to (5.9)-(5.12)
in a standard way (see [16, 96] for details) satisfying

0 < u(x,t) < a for almost all (x, 1) € Q x (0, Ty).
Finally, since u > 0 a.e., we easily prove that
0 < o(x, 1) < B for almost all (x,7) € Q x (0, Ty),
multiplying (5.10) by —o~ and (o~ — 8)", respectively, where
x=x"—x7, x" =max(x,0), x_ = —min(0, x).

Indeed, multiplying (5.10) by —o~, we obtain

1d -)?
S—llo”IP + IVo | + yllo | + f o | dx = —Vﬁf o dx <0,
Q Q

2dt 1+ o]
so that p
Zt||a—||2 < 0and [lo” ()| < llopI* for a.a. t € [0, Ty
Note that, since oy € [0,5] a.e., then oy = 0 a.e. and o~ = 0 for almost all (x,7) €

Q x (0, Ty). Therefore, o > 0 for almost all (x, ¢) € Q X (0, Ty). We proceed in a similar
way for the upper bound on o. In particular, this yields that («, o) actually is a solution
to the original problem (5.2)-(5.5).
O
We then have the following.

Theorem 5.4.2. Under the assumptions of Theorem 5.4.1, the local in time weak solu-
tion (u, o) is global in time.

Proof.

Let 7* be the maximal existence time of a local in time solution given by Theorem
5.4.1 and assume that 7* < +oco.

Then, one has, immediately,

() < llaf| = VOI(Q)%Q’, t€[0,T), (5.73)
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meaning that the upper bound on ||u|| is now independent of 7*.
However, in order to extend the solution, we need to make sure that

(u@®) € [6,a—96], t€[0,T"),

holds for some ¢ € (0, @) (having this, we can repeat all estimates in the proof of Theo-
rem 5.4.1, for the limit solution, and see that they hold for 7 € [0, T*)).
To do so, note that

d
% = (h(o)u(a — u)),
which yields, since u € [0, a] and o € [0, 8], as long as the solution exists,
d
0< % < h*{u(a — u)).
Therefore,
duy %/ 2 * 2
037+h aluy < W (—u” +2au) < h™a",
so that

(o)™ < (@) < (upde™ " + a(1 — e, (5.74)

It immediately follows from (5.74) that
(u®) € [6,@ — 5], t €[0,T7),

where ¢ € (0, @). Indeed, setting

@(s) = (uphe™ ™ + a(l — e ™)

9

it is easy to see that ¢ takes values in such an interval, noting that ¢ is monotone increa-
sing.
Having this, we can extend the solution by continuity, which finishes the proof.
]

Remark 5.4.1. Further regularity, in particular the existence of a strong solution, and
uniqueness are open problems. Actually, multiplying (5.3) by —Aoc, we obtain

1d
Ed—llvo'll2 +Ac|? + ylIVall* < f lullAc| dx,
! Q

which yields
d
d—tllVGII2 + A + yIIVol? < [lull®.

We can thus have more regularity on o. The difficulty is to derive additional regularity
on u. Note that this is already an open problem for (5.2) with h constant.

93



Chapitre 5. A Cahn-Hilliard model with a proliferation term for the proliferative-to-invasive transition of hypoxic glioma ce

5.5 Permanence of the solutions

We have the following.

Theorem 5.5.1. We assume that ||luy — || < ||a|| and 6y < Ay, where A, is the first ei-
genvalue of the minus Laplace operator associated with Neumann boundary conditions
and acting on functions with vanishing average. Then, for any solution to (5.2)-(5.5) as
given in Theorem 5.4.2, there exists a constant ¢ > 0 such that

lu@ll = ¢, 120,

meaning that there cannot be extinction of the tumor, even as time goes to +oo.

Proof.
Set v = u — . Then, v solves

aw .,

e + Av — Af(u) = —h(o)uv, (5.75)
ov  O0Av
= = T 7
3 g OonT, (5.76)
V=0 = Vo 1= Up — . 5.77

Multiplying (5.75) by v, we obtain, owing to (5.6) and noting that #(c0") > 0 and
u>0,

1d
EEIIVII2 + 1AVl < 6ol

Writing
— 1_
IAVIP = [I(=A)VIP = 4lI(=A) 29I = A4V,

we find

L4, I? + (A1 — 6)IVVIP <0

—Zw _ v ’

2 dr 1 =6 <
so that

VIl < llug — all, > 0.

Finally,

Nlu@I = llell = VIl = lleell = |l — all > 0, >0,

which finishes the proof.
]

Remark 5.5.1. We can also take 6y = 0, meaning that f is convex. In that case, one
always has permanence of the solutions given by Theorem 5.4.2. Note that, when h is a
positive constant, then one can also observe phase separation in that case (see [63]).
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Remark 5.5.2. Let us consider the spatially homogeneous solutions u = u(t), o = o (t)
to (5.2)-(5.5), i.e., the system of ODEs

u' = h(o)u(a — u), (5.78)
, ur
o +yo+ 1+O_—7,3, (5.79)
u(0) = up € [0, a], 0(0) = oy € [0,8]. (5.80)

Then, when (H3) holds, this system is a particular instance of the reaction-diffusion
system considered in [16] and one has the global in time existence and uniqueness of
biologically relevant solutions. Let us now take h as in (5.1) and assume that uy € (0, @)
(the cases uy = 0 and uy = a are straightforward). Then, h is no longer bounded and
only locally Lipschitz continuous. However, the Cauchy—Lipschitz theorem yields the
existence and uniqueness of the maximal solution (u, o) on [0, t*), t* > 0. Note that if,
fort €[0,t%), o(t) = 0, then it follows from (5.79) that

o’(t)=yB > 0.

Therefore, o cannot become negative and o(t) > 0, t € [0,t*). Let now 0 < t, < t* be
the maximal time such that u(t) € (0, ), t € [0, t,). Then, fort € [0,1,),

’

u

= h(o). (5.81)

u(a — u)
Note that h is monotone increasing and invertible, with

_ B s
hl(s) = ——(= = b).
(9) = 752> =b)
Furthermore, fort € [0,1t,),

’

= @(1), (o) = ¢(1),
u(la — u)

for some continuous function ¢, which yields

u®) Uy

= e b 09 o) = BN p(t)), 1 € [0, 1,). (5.82)
a—u(t) a-—u

Recall that o(t) > 0, which is equivalent to
©(t) > ab, t € (0,1,). (5.83)
Therefore, it follows from (5.82) that

u(t) o _Uo

> "t e0,t,). (5.84)
a—u(t)  a-—u
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In particular, this yields that there is no blow up in finite time and that u remains in
(0, @). Consequently, if, for some t € [0,1,), o(t) = B, then it follows from (5.79) that

u()p
1+
We thus conclude that t, = t* = +oo and that the solution is global in time, with

(u(t), o) € (0,a) X [0,B], t € [0, +00). It is also interesting to note that it follows from
(5.84) that

o't =- <0.

Iim u(?t) = «

t—+00
and that this convergence is exponentially fast (this also holds, for h bounded, if h(s) >
hy, > 0, s > 0). This is in agreement with the results obtained in [16] and above,
i.e., permanence of the tumor. However, here, we can be more precise, since the tumor
reaches its maximal size exponentially fast.

5.6 Numerical simulations

As far as the numerical simulations are concerned, we slightly modify the equations,
following [45], and consider the following system of equations :

@ + A(div(D(0)Vu)) — Af(u) = lh(O')u(a' - u),
ot o

97 e+ AT _ y(B - o),

0 ko + ao

where D(o) = 0.02(% +0.9(1 - %)) and h(o) = 2(% +0.6(1 — %)). Note in particular
that, contrary to the analysis performed in the previous sections, the function /4 is no
longer bounded. However, as mentioned in Remark 5.2.1, since the relevant solutions
are expected to be bounded, this will not affect the simulations. We also consider, as in
[45] for the reaction-diffusion model, a more general nonconstant diffusion coefficient
D for the tumor growth and note that, since o is expected to take values in [0, 3], D
is bounded and positive. These modifications will allow us to compare some of our
simulations with those in [45].
Then, we write the above system in the following equivalent way :

ou 1

i Aw = ;h(a)u(af - u),

w = —=div(D(0)Vu) + f(u),

oo Aouo

— — DyA = -

ot 0 O-+ko+a/0' YB =0,
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which has the advantage of splitting the fourth-order (in space) equation into a system of
two second-order ones. This allows us to consider a P; finite element approach for the
space discretization, together with an implicit but linearized Euler time discretization.
More precisely, let 77, be the triangulation of Q and V,, = {v* € C%(Q), v}, € Pi, VK €
9.} The discrete variational formulation reads :

Letu,, o € Vj, fori =0, 1,...,n. Find ("', wi*!, 0"y € (V},)? such that

1 1 1
5((u2+1,¢)) + (VW V) - C—y((h((fﬁ)u}i“(a —uy™),¢) = 57 Ui 9)):
(3™ @) = (D@ Vi, V) = (fG™), ) = 0,

n+l —n+l

1 n+1 n+1 A()I/lh O-h n+1
(@00 + DoV V) + (Tt ) = 7(B = o). )
o+ ao,

forall ¢, ¢, L € V).

For simplicity and in order to reduce the computation times, the scheme is linearized,
except for the computations in Figure 5.4, in the sense that each nonlinear implicit term
G(u}*"), where G is a nonlinear function, is approximated by :

Gy ~ G + ! — UG (ul).

We make the following choices :

Q=(0,2)x(0,15), a=2, =05, f(s) = -2(s — %) +0.251n— ,

a—-S

Dy =001, Ap=5, kg =1, y=1.3, 6h=0.02,

where 64 is the meshsize.

5.6.1 The initial conditions are constants or small perturbations of
constants

We first take constant (spatially homogeneous) initial conditions, namely, uy = 1.3
and o) = 0.25. The stepsize 6t is taken as 0.002. The solutions u and o remain spatially
homogeneous for every r > 0, as expected, and their behavior is given in Figure 5.3.
The tumor concentration increases and tends to @ = 2, while the oxygen concentration
o decreases and tends to o™, solution to the equilibrium problem 2%Z = (8 — ¢7). Our

ko+ao
choices of parameters lead to o approximately equal to 0.0639. '
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Ficure 5.3 — Constant initial conditions : uo = 1.3 and oy = 0.25.

Next, we take uy randomly distributed between 1.3 and 1.5 and oy randomly dis-
tributed between 0.25 and 0.35. We use the non-linearized scheme in that case, since
the minimal value of the tumor cells density comes very close to 0 and the linearized
scheme is not satisfactory. The stepsize ¢6f is taken as 0.0005. We can note that this
is a rather small stepsize. Actually, one often takes a small stepsize in simulations for
Cahn-Hilliard type models; here and also below, since we do not have any information
on the stability of our scheme (also note that the scheme should be at best of order one
in time and we consider a P, finite element), we voluntarily took an even smaller one.
The oxygen concentration still decreases, but the behavior of the tumor concentration
changes drastically (see Figure 5.4). Note that we observe a phase separation here, si-
milar to what is obtained with the original Cahn-Hilliard equation. As mentioned in the
introduction, this cannot be observed with the reaction-diffusion model.

\\\\\\\\\\\\\\\\\\\\\\\\

FiGure 5.4 — Tumor concentration at ¢t = 0.15 (left), r = 0.25 (middle) and ¢ = 0.35
(right), up = randomly distributed between 1.3 et 1.5 and oy randomly distributed bet-
ween 0.25 et 0.35.
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5.6.2 Modeling of tumor growth and hypoxia

In our last test, we take 1y = 0.852e™2(2%) 4 0.05 and o = B(1 — 0.9%), as
displayed in Figure 5.5. The stepsize 6t is taken as 0.0005.

FiGure 5.5 — Tumor at ¢ = 0 (left), Oxygen at ¢ = O (right).

The tumor and oxygen concentrations corresponding to ¢ = 0.15 and 0.4 are dis-
played in Figures 5.6 and 5.7, respectively. We can note that the tumor spreads and
proliferates, with the area under acute hypoxia increasing. The behavior of the tumor
and the oxygen is consistent with what is observed in [45].

FiGure 5.6 — Tumor at r = 0.15 (left) and at r = 0.4 (right).

wwwwwwwwwwwwwww

FIGURE 5.7 — Oxygen at ¢ = 0.15 (left) and at = 0.4 (right).
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Chapitre 6

On a coupled
Cahn-Hilliard/Cahn-Hilliard model for
the proliferative-to-invasive transition
of hypoxic glioma cells

Sur un modele couplé de
Cahn-Hilliard/Cahn-Hilliard pour la transition
proliférative a invasive des cellules de gliome
hypoxique
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On a coupled Cahn-Hilliard/Cahn-Hilliard model for
the proliferative-to-invasive transition of hypoxic glioma
cells

6.1 Introduction

Glioma is a common malignant primary brain tumor, which is used to describe can-
cerous tumors that stem from glial cells. In particular, compared with low-grade glioma,
high-grade glioma is characterized by high-rate proliferation and diffuse invasion. Ba-
sed on the Fisher-Kolmogorov theory, H. Gomes extended the classical proliferation-
invasion mathematical model by introducing an equation that governs the oxygen dyna-
mics (see [45]). Since hypoxia is a hallmark of gliomas and low oxygen concentration
triggers a proliferative-to-invasive transition, this model accounts for the dependence on
the proliferation rate and the diffusion coefficient of tumor cells on oxygen concentra-
tion. The model reads

%—Au:h(a)u(af—u),
0 pr+ 1T - o)
ot o 1+0_—)/ 7

where u is the tumor cell density, o is the oxygen concentration and /4 is proliferation
rate defined as s P
h(s) = a[=+b(1 — =)].
B B

The term h(o)u(a —u) in the first equation represents the so-called logistic growth which
assumes that tumor cells proliferate until they reach the cell density . The constant «
is known as carrying capacity, 8 represents the oxygen concentration in blood vessels,
v,a, b are positive biological parameters and b ~ 0.6 < 1 (here, we have set several
other biological parameters equal to one and refer to [45] for more details). Further-
more, the term Ao in the second equation accounts for the isotropic diffusion of oxy-
gen, the nonlinear term % accounts for the oxygen uptake by tumor cells, assuming
a Michaelis-Menten kinetics, and the term y(8 — o) considers that oxygen is released
from blood vessels at a linear rate.

Note that, we will actually take /4 bounded, as in [16] (see also [98]). The model
accounts for the tumor and oxygen dynamics and assume that the rate of change of
tumor cells density is given by the net migration of the tumor cells plus the proliferation
of the cancerous cells.

The model above is modeled by standard reaction-diffusion equations. In this paper,
we consider instead Cahn-Hilliard type equations for both the tumor density and the
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oxygen concentration, i.e.

% + A’u— Afi(u) = h(o)u(a — u),
a—0-+A20'—Af(0')+ aadi o =6
ot : l+o 177

In view of the term yo, ¥ > 0 in the second equation, we actually have a Cahn-Hilliard-
Oono type equation. The Cahn-Hilliard-Oono equation was proposed in [105] to also
account for long-ranged effects.

The original Cahn-Hilliard equation,

Ou

s A*u— Af(u) =0,

was initially proposed to model phase separation processes in binary alloys (see [11,
12]). Since then, this equation, or some of its variants, were successfully applied to
many other applications than just phase separation in alloys. We refer the interested
reader to [96, 103] for reviews on the Cahn-Hilliard equation and some of its variants,
as well as their mathematical analysis.

In particular, Cahn-Hilliard type models in the context of tumor growth and energy
metabolism in the brain can be found in, e.g., [6, 28, 39, 40, 63, 73, 89, 98]. For the
study of the model for proliferative-to-invasive transition of hypoxic glioma cells, ac-
tually, there are two special cases have already been addressed. In [72], we consider
the equations that consist of the coupling of a reaction-diffusion equation for the tumor
density and a Cahn-Hilliard type equation for the oxygen concentration. For the Cahn-
Hilliard type equation one accounts for the phase separation process (e.g. different zones
in the cells in which, typically, the concentration of oxygen may be high or very low).
In this case, we have proved the existence of weak solutions. In [70], we take into ac-
count the equations that consist of the coupling of a Cahn-Hilliard type equation for the
tumor density and of a reaction-diffusion equation for the oxygen concentration. For the
Cahn-Hilliard type equation one accounts for phase separation processes (e.g. different
zones in the tumor) and clustering effects in tumor growth. In this case, we have pro-
ved the existence of weak solutions, studied permanence of the tumor and given some
numerical simulations.

In this paper, we consider two Cahn-Hilliard type equations in the model for the
proliferative-to-invasive transition of hypoxic glioma cells. Our aim is to prove the exis-
tence of a local in time biologically relevant solution, which means we need to ensure
the solution won’t blow up or go to negative. Note that the nonlinear term h(o)u(a — u)
is one of the challenges to conquer. For a constant /4, blow up could occur in finite time
when we consider a cubic nonlinear term f (see [28]). To avoid this, we consider a
logarithmic nonlinear term f; (see [89]) for the first equation. Another challenge is to
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prove the order parameter o remains nonnegative. This is due to the fact that we no lon-
ger have the maximum principle/comparison principle for Cahn-Hilliard type equations.
Also note that the term - can become singular when o~ is negative. To overcome this,
we also consider a logarithmic nonlinear term f, for the second equation. Actually, as
far as the original Cahn-Hilliard equation is concerned, the logarithmic nonlinear term
is the one which is thermodynamically relevant; it is thus natural to also consider these
nonlinear terms in our model. In addition, we consider a modified problem to avoid the
second nonlinear term = to become singular. Otherwise, we prove the existence of a
local in time biologically relevant solution which is conditionally global in time.

6.2 Setting of the problem

We consider the following initial and boundary value problem, in a bounded and
regular domain QCcR”, n=1, 2 or 3, with boundary I'" :

% + A%u— Afi(u) = h(o)u(a — u), (6.1)
9% N — Ao + 2T by = 9B (6.2)
ot 2 l+0o YO = ’

ou O0Au Oo OAo

- == = = — = I .

oy Ov ov ov Oonl, 6.3)

uli=o = Uy, li=o = 0. (6.4)

Here, a, B and vy are positive (biological) parameters and 4 : R — R is a bounded and
globally Lipschitz continuous function such that

h(s) >0, s >0.

Furthermore, the nonlinear terms f; and f, are of logarithmic type, precisely

)
S se.a) 0<6 <2
a—s 4

fo(s) = —Ko(s — 'g) + K1 lnﬁ—is, 5€(0,8), 0 <k < ’%,

£i(s) = —6o(s - %) +6,1In

where the conditions 0 < 8, < “4& and 0 < k; < ‘% are made to ensure that we indeed

have the double-well forms for the corresponding potentials and that phase separation
can occur when considering the original Cahn-Hilliard equation.
Note that

—0o, (6.5)
—Ko (6.6)
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respectively. Furthermore, there hold, for s, m € (0, @),

H (s —m) = ci(| i) + Fi(s)) = ¢i,s €1m >0, ¢}, =0, (6.7)
while for s, m € (0, ),

F(8)(s —m) = con(| ()] + Fa(s)) = s €om >0, ¢, =0, (6.8)

where ¢y, ¢},,, com and ¢}, depend continuously on m (see [96]) and

ﬂ®=ﬂﬁ@%iﬂw=ﬁﬁ@%-

Remark 6.2.1. The original Cahn-Hilliard equation is often associated with a cubic
nonlinear term, typically, f(s) = s° — s. However, in that case, the order parameter may
not remain in the relevant interval. In particular, it can become negative. In our case,
u could blow up in finite time, and the nonlinear term {Z= may become singular when
o becomes negative. In fact, as we will see below, these problems can be avoided by
taking logarithmic nonlinear terms.

We consider the following auxiliary problem :

0
a_I: + A2u = Afi(w) = h(o)u(a — u), (6.9)
do
mn + Ao — Afr(o) + | | =B, (6.10)
ou O0Au 80’ 6A0'
- = — = — = = r .11
ov ov dv  dv =0Oon ©6.11)
Uli=o = Uy, Oli=o = 0. (6.12)

Next, we approximate the singular function f; by the following approximated func-
tions of class C* and C* defined on the whole real line :

6 a
Fin = =5 (s =5+ Fun().

, a
Sin=Fiy=—0(s - 5) + fin(s),

where F y(s) = f; Sin(@€)dé and fiiy = F il’N is the approximated function of fi; =

61 In —*. We have
(4)(0/— 5) §>a— ]i,,
F{)y(9) = {F (), s e [N,a— Nl
FO), s< L,

k k
F“N() F()()k 0,..,3.
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This yields that

2 Okl,F(k)(a— D —a+ Dk s>a-1,
FiinGs) = Fri(s), SE[I, 1]

SonF GG = ) s < 4

and
ZZ 0k!
fll,N(S): ﬁl(s) s € N’a_ﬁ]’

(k) 1 1
Ok'fl ( )(S_ N)k’ s < N°®

Note in particular that fj; y has a cubic growth at infinity. And for N large enough, these
approximated functions satisfy

(k)(a— l)(s a+ #)k s> a— ﬁ,

fin == 6o, (6.13)
fin(s)(s —m) Zc1(Ifinvs)| + Fin(s)) — ¢}, seR, me (0,a), (6.14)

where ¢; > 0 and ¢} > 0 depend continuously on m, and
(fin()(s +m) = finm)s = ca(s* + m*s*) = ¢, s,m € R, (6.15)

where ¢; > 0 and ¢, > 0 are independent of s and m. Moreover, all constants are
independent of N. We refer the reader to [96] for the proof.

The singular function f, can be approximated in a similar way by the following
C'-functions defined on the real line, N € N :

HPB-D)+B- =B+ s>B—+,
fn(s) =1 fls), sel+.8- 1],
L)+ HEs— 1), 5 < 1.
Note that, for every N € N,
fon 2 Ko (6.16)

and for N large enough,
Lon($)(s =m) = eI on($)] + Fan(s)) — ¢5, s € R,m € (0,B), (6.17)

where F; n(s) = fés Hné) dé, c3 > 0 and ¢ > 0 depend continuously on m and are
2

independent of N (see [96]).
We then consider the following approximated problems, for N € N :

ou
— + Ay = AfivGuy) = hoyu(e - uy). (6.18)
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0
TN Roy - Aanlon) + =X 4 yoy = 98, (6.19)
ot 1+ |owl
al/lN aAMN 80’1\] 6AO'N
= = = =0onT, 6.20
ov ov ov ov on ( )
uyli=o = g, onli=0 = 0o. (6.21)

Note that, for a given N € N, we can prove, via a standard Galerkin scheme, the local
in time existence (as well as the uniqueness) of a solution (uy, o), on some interval
[0,Ty), Ty > O (see also the estimates in the next section below). Note indeed that
“— 1s globally Lipschitz continuous on R, with derivative s

1+(s|
W= Yo fgv *

S =

1
(I+lsh*

We set, for v € L'(Q),

and, forv € H'(Q),
1
)= m(% Du-19.m1@)-
We finally set, whenever it makes sense,
v=v—{(V).

We denote by ((-, -)) the usual L?-scalar product, with associated norm || - ||. We also set
|- -1 = ||(—A)‘% - |Il, where (=A)~! denotes the inverse of the minus Laplace operator
associated with Neumann boundary conditions and acting on functions with null spatial
average. More generally, we denote by || - ||y the norm on the Banach space X.

We note that

v (W + D2, v e (FIP + 09?2,

vis (WP + D)2, v s (AR + ()?)2
are norms on H-1(Q), L*(Q), H'(Q) and H*(Q), respectively, which are equivalent to
the usual norms on these spaces. Furthermore, || -||-; is a norm on {v € H~1(Q), (v) = 0}
which is equivalent to the usual H~'-norm.

Throughout this paper, the same letters ¢ and ¢’ denote (generally positive) constants
which may vary from line to line, or even in a same line.

6.3 Existence of a local weak solution

Theorem 6.3.1. We assume that (ug, 0¢) € H'(Q) x H'(Q), and uy € (0, ), o € (0,5)
a.e. Then (6.1)-(6.4) possesses at least one local in time weak solution (u, o) defined on
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[0, Ty], for some Ty > 0, such that

u € L*(0, To; H'(Q)) N L*(0, To; H* (), % € L*(0, To; H'(Q)),

o € L™(0,To; H'(Q)) N L*(0, Ty; HX(Q)), ‘2—? € L*(0, To; H'(Q)).

Furthermore,
0O<u<a, 0<o <pgforalmostall (x,7) € QX [0, Ty].

Proof. The proof of existence can be carried out via a standard Galerkin method and ap-
propriate priori estimates. In what follows, we only give formal estimates. Furthermore,
all constants below are independent of the approximation parameter N.

We first multiply (6.18) by uy and have, integrating over € and by parts

1d
EE‘”uan + 1 Aunl? + ((ff () Viay, Vuy)) = f h(on)uz(@ = uy)dx. (6.22)
Q

Note that it follows from (6.13) that
, 1
((f} N(un)Viey, Vun)) = =60l [Vun | = _Z”AMNHZ — clluylP, (6.23)
since proper interpolation and standard elliptic regularity results that
IVunllP < cllunllllunllmzy < cllunli(iduy]l + luxl).
Furthermore, since % is bounded, we have
| fh(mv)u?v(a — uy)dx| < c(luyll + llunlls q))
Q
< c(llunlP + il )
3 3
< c(llunlP + Ny 112 lunl] o )

1
< e(1+ Jlunll®) + ZIIAMNIIZ, (6.24)

owing to the continuous embedding H'(Q) c L}(Q), interpolation inequality and young’s
inequality. It follows from (6.22)-(6.24) that

d
a,—tlluzvll2 + [ Aunl? < (1 + lluyll®). (6.25)
In particular,
d
EHMNHZ"‘ < (1 + Jlunll®). (6.26)
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We deduce from (6.26) and the comparison principle that there exists 7; > 0, which is
independent of N, such that

lun(@®I* < ¢, t € [0,T]. (6.27)

We assume from now on that ¢ € [0, T].
Now we rewrite the problem in the following equivalent weak form :

it
(- A)f _t — Auy + fl n(uy) = (=A)” lh(O'N)MN(CY — uy), (6.28)
_, 00y . UNON 1
(—=A)"! el ATy + fon(on) + (—A) ' ——— + y(-A)'Ty = 0, (6.29)
t 1+ |owl
d

<§zN ! = oy (e — u)), (6.30)

d{on) UNON |
7 +<1+|GN|>—7B, (6.31)

6141\/ _ aO'N

i vl =0onT, (6.32)
unli=o = o, onli=0 = 0, (6.33)

where Uy = ﬁN + <MN> and oN = EN + <0'N>
We assume that there exist ; € (0, %) and 6, € (0, g) such that

201 < (up) £ a — 20y, (6.34)
20, < (0g) £ B —20,. (6.35)

Then, we recall (6.27) and it follows from (6.30) that

d(uy)
dt

We can deduce that, for ¢ € [0, T]

| | < Kh(oy)uy(a — up))l < (1 + lluyll®) < c. (6.36)
01 <(uy@®) <a-06y, te[0,T]. (6.37)
Similarly, it follows from (6.31) that

UNON

(on(®) = e o) + e f e (B - $

0 + |owl

)ds,

owing to (6.27) again,

|€_Wf e)”(')’ﬁ < UNO N Nds| < e_ytf eyl(le +cy)ds < (ﬁ + C_;)(l _ e—yt)’
0

+ oyl
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where ¢; is independent of N. We thus deduce that
e(oo) —e3(1 — ) < (on(®) < e o) + c5(1 —e™), t € [0, T1], (6.38)

where cj3 is independent of N. It follows from (6.35) and (6.38) that there exists 0 <
T, < Ty, which is independent of N (but depending on ¢,), such that

0y < (on(t) < B =08, t€[0,T3]. (6.39)

We assume from now on that ¢ € [0, T5].
We multiply (6.28) by uy and have

1d
Ed—tllﬁzvllfl +IVull* + (fin(un), uy) = (R(oy)un(@ — uy), (—A)uy)).
We write
1 1
((fl,N(uN),ﬁN)) = 5((f1,N(uN)’ﬁN)) + E((fl,N(”N) — fiun)), un)),

so that, employing (6.14) (with s = uy and m = (uy), also recall (6.37)) and (6.15) (with
s = uy and m = {uy)), we have

(fiw(un), ) 2 c(ll il + fg F n(uy)dx + fg @y + TyGuy))dx) = ¢', ¢ > 0.
Furthermore,
(W) (e = uy), (D) ay)| < ¢ L (el + D)dx)? |-
< o fg @+ () + 1)dx)’
< efgﬁj‘vdx + co(1 + llunll?)
Sefgﬁ?\,dx+cg, Ye > 0,
since (6.27) and Young’s inequality. It thus deduces from above that
d_ o 2
E”uNll_l +c(|IVull” + Ifin )l @) + LFl,N(uN)dx

+ f (i + r(uy)?)dx) < ¢’ ¢ > 0. (6.40)
Q
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We now multiply (6.28) by = B”N and obtain

1d 8uN

Ed—IIVuzvll2 ||—||2 + ((fiv(uy), —)) = ((h(oy)un(a — uy), (=A)”

Note that

1“N

=) 64D

auN d

((fin(un), —-)) =

0o
=< f Fys(in)dx = VOl@) i () )

d F1 ~Nun)dx = cll fi n(un)llL )

owing to (6.36). Furthermore,

,0u
(h(oy)un(e — uy), (—A)™! ﬂ))l

6 1 0
<c(f(uN X —||ﬂ||21+cf(ﬁ;‘v+<u1v>“+1>dx
Q

< E”W”_l + C(L uyd + 1).

It thus follows from above that

d ou
E(”VMNHZ +2 L Fin(uy)dx) + ||8_t1V|E1
< (vl + f uydx + 1). (6.42)
Q

Summing (6.25), (6.40) and (6.42) times 71, 7; small enough, we have, taking & small
enough, a differential inequality of the form

dE,

7 c(Er + llunllaqy + I1finmliiq) + || || )<c (6.43)

where ¢ > 0,¢ € [0, T,] and

Ey = lluyll® + llayl?, +m(IVunl® + szl,N(uN)dx)
Q

satisfies

E, > clluyl o — ¢, ¢ > 0.

H'(Q)

Here we have also used the fact that
0
() < ¢, (0 < e, 1e[0.T1).
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Having this, we note that

- a_
Fin(iy) = —(=A)™! % T Auy + (A o — ),

which yields

_— ou
finumll < C(Ila—;lllgl + ) + - (6.44)

Note indeed that

I=A) " h(owun (@ = un)ll < clullys g, + lunl)
< C(””N”i]l(g) + 1)
< c(llunllllunllzz) + 1)

< c(llunllpz2) + 1.

Combining (6.43) and (6.44), we obtain a differential inequality of the form

dE . du ,
d_tl +c(E) + IIMNI@z(Q) + i)l + 1)l + |I6—tN||31) <c. (6.45)

It follows from (6.45) that

“fl7N(MN)”?‘2(O,T1;L2(Q)) < C(El (O) + 1)7

using (6.14) again, with s = uy and m = (uy), we have

K fin @) < cl((fin(un), )| + ¢
= cl((fin(un), un))| + ¢’
< ell finCmlillunll + ¢
< cllfinunIEI©0) + 1) + ¢,
so that
AN G207, 120 S CE1(0) + 1), (6.46)

These estimates allow to pass to the limit of (6.28) to have a weak solution.
We next multiply (6.29) by oy and obtain

1d
2 dt

UNO N

1+ ol

oy + IVl + Yllowl, + (Hnlon), Tn) + (A)™ ,on)) = 0.
Note that, owing to (6.17) and (6.35) and for N large enough,
(an(on),on) = c(lfon(omliig) + f Fyon(oy)dx) —c’, ¢ >0,

Q
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where ¢ and ¢’ depend on ¢. Furthermore, owing to (6.27),

UNON _ UNON 1
T+l on)l = I(( s |(A) o)l

< CIIMNIIIIO'NII—l

((=A)™

— 2 2
< HllonllZ; + clluyll

— 2
<ylloyllz, +c.

We thus deduce from the above that
d _ ,
E”O'N”%l + C(||V0'N||2 + I on(omlig) + f Fon(on)dx) < c’, ¢ > 0. (6.47)
Q

We then multiply (6.29) by = ‘9‘”’ and have

1d 2 — 2 55’1\/ 2 80_'1\, _ (90'1\/
2dt(IIchzvll +yllownllZ) + I P 12, + ((fan(ow), % ))+((1 | | NG ))
Note that o7 . e
UNO N _100N ON
I((1 Pyt NGAY) —))I CIIMNIIII—II 1<CIIa—II 1
and

oo d 0
(Hon(ow), ‘TIN)) - f Fan(ow)dx — Vol<9><f2N<aN)><ﬂ>

Furthermore, it follows from (6.27) and (6.30) that
oo
(=0 < e+ lluyl) < e,
which yields

80‘N d

((fon(on), —)) ELFZ,N(O-N)dx_c||f2,N(0-N)”L'(Q)-

It deduces from the above that
d _ oo ,
a,—t(”VO'N”2 + 7||O-N||%1 +2 L Fon(oy)dx) + ll(’i—tNH%l < cllfan(omlli@ + ¢’ (6.48)

We finally multiply (6.29) by —Aoy and have

UNO N

—/ =0
1+ oy oN))

3 TN + I1AoyI? + YlITnl + (5 x(ow) Vo, Von)) + (

which yields, owing to (6.16) and noting that

UNO N

+loyl’

(5

,on)| < cllowll,
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the differential inequality

d _ —
Ztlltfzvll2 +[1AoyI? + yllowl? < (1 + [IVaulP). (6.49)

Summing (6.47), 1, times (6.48) and n; times (6.49), n,, 73 > 0 small enough, we obtain
a differential inequality of the form

dE, 80—N

T c(Ex + |Aoyl* + ||—| | HAanEMIng) < ¢, ¢ >0, (6.50)
where

E; = [[onlP; + ma(IVoul? + vlionl?, +2 fg Fan(oy)dx) + nsllonl
satisfies

E, > c|[Voul? = ¢, ¢ > 0.

It now follows from (6.29) that

- oo _ . uNo
fn(on) = =(=0)"' == + Aoy =y (-8 Ty - (AT ——,
ot 1+ |O'N|
so that
_— 0oy
|l fon(omll < C(”W”—l + | Aayll + 1). (6.51)
Combining (6.50) and (6.51) gives the differential inequality
dE
th + c(E> + |Aoyll” + || || L+ IAn Wl + IaxEnIP) < ¢, ¢ > 0. (6.52)
It follows from (6.52) that
||f2’N(O-N)||iZ(O,T2;L2(Q) < C(EZ(O) + 1)
Then, taking s = oy and m = {oy) in (6.17), we have
Kfan(own) < c((fan(on), on) + ¢
= c((fon(on),on) + ¢
< cllfan(omlllonll + ¢’
< cll an(@mIE0) + D)2 + ¢,
so that
| f2n (T2 0,522 < ¢(E2(0) + 1). (6.53)
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The estimates above allow us to pass to the limit of (6.29) to obtain a weak solution. The
regularity stated in the theorem follows from (6.45), (6.46), (6.52) and (6.53). Further-
more, we have a local in time weak solution (u, o) to the auxiliary problem (6.9)-(6.12)
in a standard way (see [16, 96] for details) satisfying

0<u(x,t)<a, 0<o(x,t)<pforalmost all (x,t) € Q x (0, Ty),

where Ty = min{7T, T>}. Noting that # > 0 and o > 0 a.e., which yields that (u, o) is
also a local in time weak solution to the original problem (6.1)-(6.4). |

Remark 6.3.1. When we consider logarithmic nonlinear terms with the Chan-Hilliard
type equations, which allows to directly ensure that u, o satisfy the biologically relevant
conditions

O<u<a, 0O<o<pBae.

These are crucial to make sure that (u, o) actually is a solution to the original problem.
We then show that a local in time weak solution is conditionally global in time.

Theorem 6.3.2. Under the assumptions of Theorem 6.3.1, for h(s) > 0, s > 0, if we set

h* = max h,
[0,8]
and assume that o
> .
y_ﬁ+1

Then a local in time weak solution (u, o) is global in time.

Proof. Let T* be the maximal time of existence of a local in time weak solution as
given in Theorem 6.3.1 and assume that 7 < oo.
Then, we have 1
lu@Il < llall = Vol(Q)>a, t € [0,T),

which means the upper bound on ||u|| is now independent of T*.

In order to extend the local in time weak solution (u, ), it’s critical that proving (u)
and (o) remain in (0, @) and (0, 8), respectively, for all times. Note that the following
estimates are working on the original equations rather than the approximated ones, but
we can repeat all preceding estimates for the limit solution, which hold for ¢ € [0, T™).

Then we have )

u
22—tk —u),
0 (h(o)u(a — u))
which yields, since u € [0, a] and o € [0, 8], as long as the solution exists,
d .
0< % < h*(u(a — u)).
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Therefore,

0< % + hradu) < W (—u® + 2au) < h*a?.

It thus follows from Gronwall’s lemma that
(upYe™ " < (u(®) < (upye™ ™ + (1 — &™),
It immediately follows from above that
(u(n) € [61,@ = 61], 1 €[0,T7),
where 6, € (0, @). Indeed, setting
o(1) = (upye ™ + (1 — e,

it’s easy to see that ¢ takes values in such an interval, noting that ¢ is monotone increa-
sing.
Similarly, we have

d{o) ur
a TN T T
and then 5 (o)
« o
- < 7 < vB.
074 145~ +y(o) <yB
It also follows from Gronwall’s lemma that
(opre ™ + 5(7 - %)(1 —e ") < (o) < (opye” +B(1 - e (6.54)

as long as it exists.
Let us consider the function

¢(1) = (ooye™ + (1 —e™).
Noting that ¢(0) = (o) € (0,5) and tlign ¢(t) = B, we easily see that

(p(1)) € (62,8 = 62), 62 € (0,B), t€[0,T7],

since ¢ is monotone. Proceeding similarly for the left-hand side of (6.54), we deduce
that there exists 0, € (0, 8) depending only on 7, such that the same conclusion can be
obtained.

Having this, we can extend the solution (u, o) by continuity, which finishes the proof.
m]

Remark 6.3.2. Uniqueness and further regularity, in particular the existence of strong
solutions, are open problems. Note that the difficulty here comes from the Cahn-Hilliard
type equation and already appears without any coupling (see [96]).
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On a Cahn-Hilliard model for image segmentation

7.1 Introduction

Image segmentation plays an important role in image processing and computer vi-
sion. More precisely, its aim is the partition of a given image into regions in order to
recognize different objects. It has a wide range of applications, including medical ima-
ging, object detection and video surveillance.

During the last decades, several approaches have been proposed to handle this pro-
blem. These include clustering methods, graph partitioning methods, statistics based
methods, variational methods and PDEs based methods. We refer the reader to, e.g.,
[19, 104, 117, 120, 121] and references therein for more details.

In particular, in [120], the authors proposed the following Cahn-Hilliard type model
for image segmentation :

& h(x)

ou
RS —1 =
8% + (Lt - 5)2

ot

b

1

+ e NP u— —Af(u) +
&1

where f is a cubic nonlinear term and

1
h(x) = —(ii(x) = 1) = 3i(x) = c2)?).

Here, €, &, 4; and A, are positive constants and i is a given image taking values in
[0, 1]. Such a model takes advantage of the favorable features of high-order PDEs and
is also easier to handle than Euler’s elastica based models. We can note that Euler’s
elastica models lead to the minimization of some functional. However, the associated
Euler-Lagrange equations are highly nonlinear, which make numerical simulations deli-
cate. By comparison, the highest order term in the Cahn-Hilliard model is linear, which
significantly reduces the difficulty of developing effective numerical schemes and also
makes the analysis of the equation possible. We refer the interested reader to [120, 121]
and references therein for more details.

The authors in [120] proposed the following strategy in view of numerical simula-
tions. Solve first the equation up to steady state, taking, say, c; = 1 and ¢, = 0. Then,
modify ¢ and ¢,, depending now on the above steady state, as follows :

_1
~ fg(% + %arctan(';—zz))idx

Ci 1 ,
1,1 u-4
(3 + Larctan( —2))dx
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1
1 1 473Ny
- fg(i - arctan(;))zdx
- 1
w1
fg 1- %arctan(g—;)) dx
and repeat the procedure until ¢; and ¢, converge.
The original Cahn-Hilliard equation,

du

o A*u— Af(u) =0,

was initially proposed to model phase separation processes in binary alloys (see [11,
12]). Since then, this equation, or some of its variants, were successfully applied to
many other applications than just phase separation in alloys. We refer the interested
reader to [96, 103] for reviews on the Cahn-Hilliard equation and some of its variants,
as well as their mathematical analysis.

In particular, Cahn-Hilliard type models in the context of image processing can be
found in, e.g., [9, 18, 24, 21, 22, 33]. The authors in [120] studied the existence of
solutions for their model. However, their proof is strongly based on the fact that the
solution u remains in the relevant interval [0, 1]. However, as we will see below, there
exist solutions which are unbounded as time goes to infinity, which could be problematic
in view of numerical simulations.

In this paper, we give a proof of existence and uniqueness of solutions which does
not require such a strong assumption. We also propose a modification of the model pro-
posed in [120], based on the Cahn-Hilliard-Oono equation proposed in [105] to account
for long-ranged interactions in the phase separation processes and to simplify numeri-
cal simulations. In particular, this modification of the model ensures the global in time
boundedness of the solutions. We finally give numerical simulations which illustrate our
theoretical results.

7.2 Setting of the problem

We consider the following initial and boundary value problem :

ou h(x)
- Az - A _ = 0, 7.1
o AT AT T T (D
ou 0Au
7T r 7.2
dv v OonT, (7.2)
ul=o = Uo, (7.3)

in a bounded and regular domain Q c R”, n = 1, 2 or 3, with boundary I'. Here, we
have set several constants equal to 1.
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We assume that 2 € L*(Q), which is consistent with what is considered in [120].
We further take, for simplicity,

f)=5 s,

though we can more generally consider any cubic polynomial with positive leading
term, or even any regular function with such a cubic growth at infinity. Note in particular
that

ff>-1, F>—-c ¢c>0, (7.4)

where : | .
F(s) = fo @ de = 35t = 55
We finally set

g(s) = To eI 1y

and note that g is nonnegative and bounded by 1.

We set, for v € L'(Q),
1
= gy J, 0

and, forv € H1(Q),
1
(v) = W(Q)@’ 1>H—1(Q),H1(Q)-

Furthermore, we set, whenever it makes sense,

Vv=v—(v).
We denote by ((-, -)) the usual L*-scalar product, with associated norm || - ||. We also
set|-||-1 = ||(—A)‘% -|I, where (—=A)~! denotes the inverse of the minus Laplace operator

associated with Neumann boundary conditions and acting on functions with null spatial
average. More generally, we denote by || - ||x the norm on the Banach space X.

We note that 1 |

v (I, + ) v e (FIP + )1,
v (IVVP + () and v > (JAVIP + (1))

are norms on H-'(Q), L*(Q), H'(Q) and H*(Q), respectively, which are equivalent to
the usual norms on these spaces. Furthermore, || -||-; is a norm on {v € H~'(Q), (v) = 0}
which is equivalent to the usual H~!-norm.

We recall several inequalities (see, e.g., [96]) which we will frequently employ be-

low.
e The Poincaré-Wirtinger inequality :

IVl < cllVvll, Yv e H'(Q). (7.5)
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Note that a consequence of this inequality is that
(=)l < clvll-y, ¥v € HH(Q), (v) =0. (7.6)

¢ An interpolation inequality :

Ivll < CIIVII%IIIVVII%, Vv e H'(Q), (v) = 0. (7.7)

Throughout this paper, the same letters ¢ and ¢’ denote (generally positive) constants
which may vary from line to line, or even in a same line.

7.3 Existence of unbounded solutions

One crucial question, in many applications of Cahn-Hilliard type models, and es-
pecially in view of applications to image segmentation, is whether or not the solutions
remain in the relevant interval, say, [0, 1]. Note that, in the case of the original Cahn-
Hilliard equation, one can construct simple counterexamples showing that the solutions
can leave the relevant interval. However, one can prove, assuming that the initial data are
regular enough, that the solutions are globally (in time) bounded. We refer the interested
reader to, e.g., [96] for details.

Here, we cannot prove a similar result. Indeed, we have the following.

Proposition 7.3.1. Assume that h = h, is a nonvanishing constant. Then (7.1)-(7.3)
possesses unbounded solutions.

Proof. Let us look for spatially homogeneous solutions, u(x,t) = y(t), so that the
boundary conditions are automatically satisfied. We thus have to solve the separable
ODE
h* _

+1 _ 1y
+(-3)

’

y

b

which is equivalent to
’ ’ 1
y+y Q- 5)2 = —h,.

This yields
1

1 5
v -y +y= — ht
3 T 7 c(yo) ,

where y is the initial datum. It immediately follows that
e lim,, . y(f) = +co when h, <0,

e lim,,,. y(f) = —oo when h, > 0,

which finishes the proof.
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Remark 7.3.1. Also note that

e
1+(y-3)?

’

y:

has the opposite sign of hy, so that y is monotone increasing (resp., decreasing) when
hy <0 (resp., he > 0).

Remark 7.3.2. Of course, taking h constant is restrictive in view of applications to
image segmentation. In particular, in the iterative algorithm considered in [120], this
may only happen in the first iteration for a trivial image; indeed, in the subsequent
ones, the only possible constant h would be 0, meaning that one has the original Cahn-
Hilliard equation, for which one has bounded solutions under proper regularity as-
sumptions on the initial data. Note however that the idea in this algorithm is to solve
the equation up to steady state at each iteration. We also note that, in view of the nume-
rical simulations performed below, one may have unbounded solutions also when h is
nonconstant. One should thus be careful with the first iteration to avoid having an un-
bounded solution, even though the numerical simulations suggest that the convergence
to infinity is slow.

7.4 Existence and uniqueness of solutions

We have the following.

Theorem 7.4.1. We assume that uy € H'(Q). Then, (7.1)-(7.3) possesses a unique weak
solution u such that

ueL>0,T; H'(Q)) N L*(0, T; H*X(Q))

and

ou
— e X0, T; H '(Q)),
5 © ( (Q))

VT > 0.
Proof. Note that, integrating (7.1) over Q, we have

d{u) 3
S (h(x)gw)) = 0.

We introduce the following weaker formulation of (7.1)-(7.3) :

(—A)‘l% — Al + f(u) + (=A) "h(x)g(u) = 0, (7.8)
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d{u)

ot (h(x)g(u)) = 0, (7.9)
@ =0onT, (7.10)
ov

uli=0 = uo, (Wi=o = (uo), (7.11)

where u = u + (u). This formulation is associated with the following variational formu-
lation : Find u : [0, T] — H'(Q) such that

d -
E(((—A)_lﬁ, V) + (Y, V) + ((f (), v) + (~A) ' h(x)g(u), v)) = 0 in D'(0,T),

Vv e H'(Q), (v) =0,
d{u)

=+ (h(x)g(w) = 0in D0, ),

uli=o = o, (W=o = (o),
where u = u + {(u).
Existence : The proof of existence can be carried out via a standard Galerkin scheme
based on the above variational formulation. Here below, we only give formal estimates

which can be justified by the aforementioned scheme.
Note that, since g is bounded by 1 and & € L*(Q),

[Kh(x)g(u)l < c, (7.12)
so that, in view of (7.9),

ou
—) <ec 7.13
K 3 t>| <c (7.13)

Furthermore, it follows from (7.9) and Young’s inequality that
d 2

<d”t> + ) < c(u)® + 1. (7.14)

Multiply (7.8) by ‘;—ﬁ and integrate over 2 and by parts to obtain

1d 2 ou D) ou
2 gVl +2 fg Fu)dx) + 512y = (F@), (500

pe
+((h(x)g(w), (—A)_la—l:)) = 0. (7.15)

We note that, owing to (7.13) and Young’s inequality,

0
(.G <e [ 1ralds
t Q

< nf u'dx + ¢, Vn > 0. (7.16)
Q
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Furthermore, it follows from the properties of g and 4, the Poincaré-Wirtinger inequality

(7.6) and Young’s inequality that

ou J
(o)), (-8 )] < ell -1l
1 ou
< SI5 I + e

Combining (7.15)-(7.17), we arrive at

d ou
—(IVull? +2fF(u)dx)+ ||—”||%1 < nfu4dx+c,7, v > 0.
dt 0 ot 0

Next, multiplying (7.8) by u, we find

%%Ilﬁllﬂ +(IVull + (f(w), ) + (h(x)g(w), (=A)"'w)) = 0.
We note that, recalling that u = 7 + (u),
((f), w) = (f(w) — f(w)), )
= fg @' + 3w (uy + 3u°(u)?) dx — |[ul?
> fg (@' + 3u*(u)*)dx - 3 fg [l |(uyldox — [l

> ¢ f @ + 7wy dx — il co > 0,
Q

(7.17)

(7.18)

(7.19)

(7.20)

owing to Young’s inequality. Furthermore, recalling that g is bounded, employing the
Poincaré-Wirtinger inequality (7.6) and noting that the embedding L*(Q) ¢ H™'(Q) is

continuous, we have
[(h(x)g(w), (=A)"w)| < clfull® + ¢’
It thus follows from (7.19)-(7.21) that

1d
S =l +1Vull® + ¢ f @+ (uy’)dx < cllal + ¢,
2dt Q
so that, owing to the interpolation inequality (7.7) and Young’s inequality,
d
—|[all?, + IVull? + co f @'+ wuy)dx < c.
dt Q
We finally multiply (7.8) by u to obtain

1d
EEIIEII2 +1Aul? + ((f' )V, Vi) + (h(x)g(w), ) = 0,

(7.21)

(7.22)
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which yields, recalling (7.4) and noting that, employing the Poincaré-Wirtinger inequa-
lity (7.5),
|((h(x)g (), w)| < cliull < cl[Vull,

the differential inequality
d o 2 2
d_t”M” + ||Au||” < c||VulI” + ¢'. (7.23)

Summing (7.14), (7.18), (7.22) and ¢ times (7.23), 6 > 0 small enough, we find the
differential inequality

dE _ o )
— + c(llullyp g, + f(a“ + ) dx + || —|2) < (1 + ), ¢ >0, (7.24)
dt 0 ot

where
E = (u) + [[ull®, + ollall® + IVull® + 2 f F(u)dx
Q
satisfies

E > cllull?, o — ¢, ¢ > 0. (7.25)

Q)

Also note that, owing to Holder’s and Young’s inequalities,

(u)y* < cf utdx < c(f F(uwdx + 1),
Q Q
so that it follows from (7.24) that
dE
— < c(E + 1). (7.26)

These estimates allow to deduce the existence results, passing to the limit in the
Galerkin approximations by standard techniques.

Uniqueness : Let #; and u, be two solutions with initial data u, o and u,, respecti-
vely. We set u = u; — up and uy = uy o — upo. Then, u satisfies the following initial and
boundary value problem :

Em -

(8718 AT+ ) = ) + (-8 ROt — ga) = 0, (7.27)
d

% + (h(x)(gun) — glun) = 0, (7.28)

% =0onT, (7.29)

T = Tios (WYl = (i) (730)
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Multiply (7.27) by u to obtain, owing to (7.4),

1d
S —l@2y + IVal? = Vol(Q)(f (ur) = f (u2))u)

2dt
F((h()(gan) — g(u2)), (~AY'B)) < [lul> (7.31)
Note that
() — glag) = A r e = DU
S T - D) (1 + (o - 1)
which yields

Ih(x)(g(u1) — g(u2))| < clul. (7.32)
It thus follows from (7.32) that

((h(x)(g(r) = g(u2)), (=AY W)| < cllulllfal] -
1
< ZIIVMIIZ + ([l + (u)), (7.33)

where we have also employed the Poincaré-Wirtinger inequality (7.6) and the interpo-
lation inequality (7.7), together with Young’s inequality. Furthermore,

|f(f(”l)_f(”2))dx| SCf(uf+u§+ Dluldx
Q Q

2
< c(llul

2
+ luall74q) + Dllull

LA(Q) LA(Q)
2 2
< clurln gy + a2l 0, + Dl
< crllull, (7.34)

where, here and below, ¢ denotes a constant depending on the final time 7', in view of
the regularity of #; and u,, which may change from line to line. Note that we have used
the Cauchy-Schwartz inequality and the Sobolev embedding H'(Q) c L*(Q). We de-
duce from (7.31)-(7.34), employing again the interpolation inequality (7.7) and Young’s
inequality to handle (7.34), that

d _ —
d—tlluH%] + VUl < er(lal? + (u)?). (7.35)

Next, proceeding as above, it follows from (7.28) that

d{u)?
dt

< clfuel [Ku)]

< IVull + el + (). (7.36)
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Summing finally (7.35) and (7.36), we have
d _ _
E(Ilullﬂ +(u)?) < er(ully + (), (7.37)

which yields, employing Gronwall’s lemma, the continuous dependence with respect to
the initial data in the H~'-topology, as well as the uniqueness.
]

Remark 7.4.1. It follows from the regularity stated in the above theorem and Lions-
Magenes’s theorem (see [74]; see also [96]) that u € C([0, T]; H? (Q)). It also follows
from Strauss’s lemma (see [110]) that u € C([0, T]; H'(Q)y,), where the index w denotes

the weak topology.
We then have the following.

Theorem 7.4.2. We further assume that uy € H*(Q), with %0 = 0 on I'. Then, the
solution u given in Theorem 7.4.1 satisfies

u e C(0,T]; HX(Q)) N L*0,T; HY(Q))

and

% e LX0,T; LX(Q)),

VT > 0.
Proof. We again derive formal estimates.
Multiplying (7.1) by A%u, we obtain
1d
Ed—tIIAuII2 + 1A%ul? = (Af(u), A%u)) + (A(x)g(w), A’u)) = 0. (7.38)
We note that :
((h(x)g(w), A*u))| < cllAul] < L—LIIAZuII2 +c. (7.39)

Furthermore, we can prove that, say, for n = 3 (see [96], Chapter 3, inequality (3.35);
this inequality is derived by properly employing the Agmon and several interpolation
inequalities),

1
(Af (), Au))| < ZlIIAzMII2 +c(1+ llulli ) (7.40)
It thus follows from (7.38)-(7.40) that
d
EIIAMH2 +IA%ul < (1 + llull )- (7.41)

This allows us to conclude. In particular, the continuity again follows from Lions-
Magenes’s theorem.
]
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Remark 7.4.2. Note that it follows from Proposition 7.3.1 that we cannot expect to have
uniform in time estimates on the solutions. Actually, in view of the proof of Theorem
7.4.1, we can be more precise. Indeed, we can have a global in time estimate on u in
L*(Q), combining (7.22) and (7.23). However, as {u) can indeed go to infinity as t goes
to infinity, (7.24) shows that we cannot expect a global in time estimate on u.

Remark 7.4.3. (i) One way to have a model which ensures global in time boundedness
is to consider the following modified boundary value problem :

I h
O eWut au—LAfw + 2D _ g a0, (7.42)
at €1 85 + (l/t - 5)2
ou OAu
—=—= I. 7.4
ov ov Oon (7.43)

Here, when h = 0, we obtain the Cahn—Hilliard—Oono equation (see [105]). Integrating
(7.42) over Q (we again set 1 and &, equal to 1), we find

% + afu) + (h(x)g(u)) = 0. (7.44)
This yields that t
(uy = (u(0)e™ + e fo e”(h(x)g(w)) ds,
so that e N
Ku(@))| < Ku(0))le™ + T(l —e ™), 120. (7.45)
In particular;
Ku()| < Ku(0))] + WT“mm’ 1>0. (7.46)

Therefore, the spatial average of u is bounded, uniformly with respect to time. Pro-
ceeding then as in the proofs of Theorems 7.4.1 and 7.4.2, we can use this to deduce
that u € L*(R*; H'(Q)) and u € L*(R*; HX(Q)), respectively, employing the uniform
Gronwall lemma in the latter case.

It is proved in [96] that, when « is small, then the dynamics of the Cahn-Hilliard-
Oono equation is close to that of the original Cahn-Hillard equation, in the sense that
one can construct exponential attractors for the Cahn-Hilliard-Oono equation conver-
ging to exponential attractors for the Cahn-Hilliard equation as a goes to 0*. This
suggests that the Cahn-Hilliard-Oono segmentation model could also be relevant for
applications to image segmentation, when « is small, even though we cannot construct
such robust attractors here, since the limit model has unbounded solutions. In that case,
however, the upper bound (7.46) is large. Nevertheless, we do not have unbounded solu-
tions, avoiding the drawbacks mentioned in Remark 7.3.2. Then, for a large a, we lose
the good properties of the model for image segmentation, as suggested by the numerical
simulations below.
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7.5 Numerical simulations

We emphasize that the theoretical results, obtained in the previous sections for &, =
&, = 1, are still valid for arbitrary positive &, and &,.
As far as the numerical simulations are concerned, we rewrite the equation in the
equivalent form
ou
e Aw + h(x)g(u) = 0,

1
w = —gAu+ —f(u),
€1

ou ow

5 = E =0on F,
which has the advantage of splitting the fourth-order (in space) equation into a system
of two second-order ones. Then, we consider a P, finite element approach for the space
discretization. When &, = 1, the computations are performed with a semi-implicit Euler
time discretization (implicit for the linear terms and explicit for the nonlinear ones).
However, when g; = 0.2, the semi-implicit scheme becomes unstable and we use instead
a linearized implicit scheme for the time discretization. The numerical simulations are
performed with the software Freefem++ (see [50]).

In the simulations below, we set Q = (0,1) x (0, 1), f(s) = 45> — 65% + 25 (i.e., f is
the derivative of the double-well potential F(s) = s*(s — 1)%) and g(s) = 52+(i—~2—l)2’ with
&, = 0.1. The triangulation is obtained by dividing € into 100 x 100 sqliares2 and by
dividing each square along the same diagonal. The time step is taken as 6f = 0.01.

7.5.1 The function / has constant sign

FiGure 7.1 — &) = 1, h = h; positive (left), h = h, negative (right)
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We first test the problem for A(xy, x;) = xzfoz (hence, h; is positive) and take ug
randomly distributed between 0.5 and 1. The time evolution of the spatial average of
the solution is displayed in the left part of Figure 7.1. We note that () is monotone
decreasing and seems to tend to —oo as ¢ tends to +oco.

In the right part of Figure 7.1, we set hy(xy, x;) = _xzj—l().Z (hence, h; is negative) and
take uo randomly distributed between 0.25 and 0.75. In that case, the spatial average (u)
is monotone increasing and seems to tend to +oo.

These results are consistent with our theoretical results.

7.5.2 The function / does not have a constant sign

Weset Q" ={x € Q, h(x) >0} and Q™ = {x € Q, h(x) <0}.

In the left part of Figure 7.2, we choose uy randomly distributed between 0.25 and
0.75 and take h3(xy, x2) = (x; — 0.2)(x, — 0.2), meaning that /3 does not have a constant
sign. Also note that, in that case, Vol(QQ") > Vol(Q7). The spatial average (u) is mono-
tone decreasing and seems to tend to —co.

On the contrary, in the right part of Figure 7.2, we choose 1, randomly distributed
between 0.25 and 0.75 and take h4(x;, x2) = x;(x,—0.8). In that case, we have Vol(Q*) <
Vol(€27). The spatial average (u) is monotone increasing and seems to tend to +oco.

FiGure 7.2 — &, = 1, h = h3, Vol(Q*) > Vol(Q7) (left), h = hy, Vol(Q*) < Vol(Q27)
(right)

We finally choose uy(x, x;) = 0.6 sin?(27mx;)| sin(27x,)| and take hsp(x1,x2) = 0.5
on (0, 1)x(0,m), hs,(x1, x2) = =0.50n (0, 1) X (1, 1). In Figure 7.3, we make n vary so as
to compare the cases Vol(Q*) > Vol(Q2™), Vol(Q*) = Vol(27) and Vol(QQ") < Vol(Q").
We can see that the solution u reaches a steady state when Vol(Q2*) = Vol(Q27) or when
Vol(Q*) is slightly larger than Vol(27), but not in general.

The time evolution of the maximal, averaged and minimal values of the solution are
displayed in Figure 7.4, when = 0.5 (hence, Vol(Q*) = Vol(Q27)). In the left part of
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the figure, £, is taken equal to 1 and, in the right part, £, is taken equal to 0.2. In these
two cases, the solution reaches a steady state.

2 T T

7= 0.25, Vol(2*) << Vol(2)
7= 0.4, Vol(2*) < Vol(2)
11=0.5, Vol(2*) = Vol(2')
7= 0.53, Vol(2*) > Vol(2)
15+ 7=0.6, Vol(2*) >> Vol(Q") R

0.5

05 I I I I I I I I I

FiGure 7.3 — Evolution of (u) when g1 = 1, h = hs,; nj takes the values 0.25, 0.4, 0.5,

0.53 and 0.6

FiGure 7.4 — h = h5,%. Evolution of u,,,, (1), Ui, when g, = 1 (left), &y = 0.2 (right)

7.5.3 Comparison with the Cahn-Hilliard-Oono type model

Since the first model can be seen as a particular case of the second one, with @ = 0,
we now compare the previous numerical results based on equation (7.1) with those
based on equation (7.42), for @ = 0.1. The results are consistent with Remark 7.4.3, (ii).
Although the solution to (7.1) seems to tend to —oo (left part of Figures 7.5 and 7.6) or
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L L L L L L L L L L L I L L L L L L
0 2 4 6 8 10 12 14 16 18 20 o 2 4 6 8 10 12 14 16 18 20

FIGURE 7.6 — h = h3, &1 = 1, Vol(Q*) > Vol(Q7) (left), h = h4, &1 = 1, Vol(Q') <
Vol(Q7) (right)

to +oo (right part of Figures 7.5 and 7.6), the solution to (7.42) with @ = 0.1 behaves as
that to (7.1), but seems to remain bounded.

In Figure 7.7, we take h = hs,, withn = % Moreover, we take £, = 1 in the left part
of the figure, £, = 0.2 in the right part and make a vary. We observe that, in both cases,
the steady state is reached for small values of a, but this is no longer true for larger
values of a@. Figure 7.8 displays the maximal and minimal values of the solution when
h = h5,%, &1 = 0.2 and for different values of « (the average (u) is displayed in the right
part of Figure 7.7).
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Ficure 7.7 — Evolution of (u) when &, = 1 (left) and & = 0.2 (right)

FiGure 7.8 — Evolution of u,,,, (left) and u,, (right) when &, = 0.2 and for different
values of
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On a Cahn-Hilliard-Oono model for image segmentation

8.1 Introduction

Image segmentation is the process of partitioning a image into multiple segments,
which plays an significant role in image processing and computer vision. More preci-
sely, it aims to partition a given image into regions in order to recognize and analyze
different objects. The practical applications of image segmentation involve medical ima-
ging, machine vision, object detection, video surveillance and so on. In the past few
decades, a range of approaches have been proposed to deal with this problem, which
include clustering methods, graph partitioning methods, statistics based methods, varia-
tional methods and PDEs based methods. We refer the readerto [19, 104, 117, 120, 121]
and references therein for more details. And Cahn-Hilliard type models in the context
of image processing can be found in [9, 18, 24, 21, 22, 33, 71].

In particular, a Cahn-Hilliard type model for image segmentation has been proposed
and studied in [120], the authors prove the existence and uniqueness of solutions for the
model, but their conclusion is based on the precondition that the solution # remains in
the relevant interval [0, 1]. However, we have presented in [71] that there exist solutions
which are unbounded when time goes to infinity, nevertheless, we can not obtain a
global in time estimate on u. To overcome this, we consider a modified boundary value
problem :

0 1 h
T aut o Nu— —Afu) + W _g a0, (8.1)
€1

ot &+u—-12

where f is a cubic nonlinear term and

1
B0 = —((i() = c1)* = (i(x) — c2)?).

Here, €1, £, 41 and A, are positive constants and i is a given image taking values in [0, 1].
We will set &; = 1,i = 1,2 in this paper for simplicity. Such a model takes advantage
of the favorable features of high-order PDEs and is also easier to handle than Euler’s
elastica based models.

Furthermore, if we take 4(x) = 0, the equation (8.1) will turn into the well-known
Cahn-Hilliard equation when @ = 0, and the equation (8.1) will reduce to the Cahn-
Hilliard-Oono equation when @ > 0. Note that the Cahn-Hilliard-Oono equation is
proposed in [105] to account for long-ranged (i.e., nonlocal) interactions in the phase
separation processes and also to simplify numerical simulations. We refer the interested
reader to [11, 12, 97, 103] for reviews on the Cahn-Hilliard equation and some of its
variants, as well as their mathematical analysis.
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In this paper, we propose a modification of the model proposed in [120], based on
the Cahn-Hilliard-Oono equation, which ensures the global in time boundedness of the
solutions. We work on this model in two cases : f(u) is a classic cubic term; f(u) is
a logarithmic term. We study the well-posedness and the asymptotic behavior of these
models in different cases.

8.2 Setting of the problem

We consider the following initial and boundary value problem, in a bounded and
regular domain Q ¢ R", n = 1, 2 or 3, with boundary I" :

ou 5 h(x) 3
at+au+Au Af(u)+1+(u_%)2—0, (8.2)
ou  O0Au
E_W_Oonf, (8.3)
uli—o = uy. (8.4)

We assume that 7 € L*(Q), which is consistent with what is considered in [120].
We further take

f(s):s3—s

for simplicity, though we can more generally consider any cubic polynomial with posi-
tive leading term, or even any regular function with such a cubic growth at infinity. Note
in particular that the above nonlinear term satisfies the dissipativity properties

frz-1 (8.5)

and

F Z _C, c Z 0’
where ; | .

F(s) = fo @ de = 35t = 55
We then set |
)= ————
8(s) -1y

and note that g is nonnegative and bounded by 1.
We finally set, for v € L'(Q),

v

1
~ Vol(Q) fgv(x) dx
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and, forv e H'(Q),
1
(v) = m(% D a0 @)-

Furthermore, we set, whenever it makes sense,

v=v—{v).
We denote by ((-, -)) the usual L*-scalar product, with associated norm || - ||. We also
1 . .
set||]l-; = l[(=A)~z-||, where (—A)~! denotes the inverse of the negative Laplace operator

associated with Neumann boundary conditions and acting on functions with null spatial
average. More generally, we denote by || - ||x the norm on the Banach space X.
We note that
vis (TR, + 02, v s (1P + ),

v (VP + (W)? and v - (IAV]2 + (n)?)?

are norms on H-1(Q), L*(Q), H'(Q) and H*(Q), respectively, which are equivalent to
the usual norms on these spaces. Furthermore, || -||-; is anorm on {v € H™1(Q), (v) = 0}
which is equivalent to the usual H~'-norm.

At last, we recall several inequalities (see [71, 96]), which will be frequently applied
below.

e The Poincaré-Wirtinger inequality :

IVl < clIVvll, Vv € HY(Q). (8.6)
Note that a consequence of this inequality is that
(=AWl < clVll-y, ¥v € HH(Q), (v) = 0. (8.7)
e An interpolation inequality :
1
IVl < eV, IVvIiz, ¥v e H'(Q), (v) = 0. (8.8)

Throughout this paper, the same coefficients ¢ and ¢’ denote (generally positive)
constants which may change from line to line, or even in the same line.

8.3 The first model with cubic term

8.3.1 The well-posedness results

We first present the well-posedness result of the problem (8.2)-(8.4), which allows
us to construct the dissipative semigroup so that we can prove the existence of the global
attractor. The proof of existence is based on a standard Galerkin scheme.
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Theorem 8.3.1. For everty ug € H'(Q) and every T > 0, (8.2)-(8.4) possesses a unique
weak solution u such that

ue L=, T; H'(Q)) N L*0, T; H*(Q)) N L*(0, T; L*(Y)),

ou
— e LX0,T; H'(Q)).
5 < L« (£2))
Proof.
Integrating (8.2) over € to have
d{u)
g T+ (h(xgw)) =0, (8.9)

then it follows from (8.2) and (8.9) that

(;—L; +au + Au — Af(u) + h(x)g(u) = 0, (8.10)

where u = u + (u). We can rewrite in the equivalent weaker form of (8.2)-(8.4) :

(-A)"! % +a(-A) " - Au+ f(u) + (-A) " h(x)g(u) = 0, (8.11)
Ou =0onT, (8.12)
ov

uli=o = Uo, (W0 = (uo). (8.13)

Existence : The proof of existence is based on a standard Galerkin scheme and the
a priori estimates. We consider the following approximated problem : for m € N given,
{w;}(i = 1,...,m) forms an orthogonal in V basis, we set V,, = span(wy, ..., w,,) and find
Uy = ity Ui mw;, such that

d -
E(((—A)_lﬁm, V) + (D) Ty V) + (Wt V) + ((F ), v)

+ (N 'h(x0)g(uy), v)) = 0in D'(0,T),Yv € V,, (8.14)
dZ‘t’”) + oy + (h(X)2G)) = 0in D'(0,T), (8.15)
Upli=0 = U, (Umi=0 = (Uo), (8.16)

where u,, = u, + (u,) and 9’ denotes the space of distributions. In view of (8.15),
employing the Gronwall’s lemma to have

(Un(1)) = (ugye™™ + e fo e (h(x)g(uy)) ds,
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so that

Kt (D)] < Kuo)le™ (I-e™), t20.

Al

n L>®(Q)
0%

We further assume that [(uo)| < M, M > 0, in particular, we obtain that

[Kum (O] < Kuo)l + <M, Vt>0, (8.17)

17l
a

which means the spatial average of u,, is bounded, uniformly with respect to time.
Taking v = w; in (8.14), multiplying the resulting equality by u;,, and summing over
i=1,..,mtohave

1d

> dtllﬁmllgl + all@nll2) + 1Vl + (@), Tn)) + (1)), (~A) ') = 0.

Noting that,employing the Young’s inequality, we have

3
(flatn) 1)) = Flltnlls g, =

1
i) fg Flunddx < Zlanlt g, + cur

and recalling that 4 € L*(Q), g is bounded by 1, we have

1
(R0 g(ttn), (D) )| < cllugl < Ellumll2 +c

by employing the Poincaré-Wirtinger inequality, Young’s inequality and the embedding
L*(Q) — H™'(Q) is continuous.
We deduce from the above that

d _ _
Ellumllgl + 20[@nl2; + IVl + 2llitnll}a g, < c, (8.18)

where ¢ is may depend on M’, we omit the subscript M’ of constant ¢ here and in the
following.
In view of (8.15), we have

d{un)®

T U, < c{u)* + 1, (8.19)

recalling (8.17) to deduce that
d — 112 2 — 112 2 \v/ 2 2 4 < 8.20
E(Ilumll_l + (um)”) + a((funllZ) + )™ + [IVull™ + 2wl ) < c (8.20)
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Recalling that V — ([[ul*, + (v)?)? is a norm on H~'(Q), which is equivalent to the usual
H~'(Q)-norm. It thus follows from (8.20) and the Gronwall’s lemma that u,, is bounded,
independent of m, in L*(0, T; H~'(Q)) N L*(0, T; L*(Q)).

We then take v = w; in (8.14) and multiply the resulting equation by A;u; , to find

1d,_ _ ,
Ed_t”umllz + a’”“m”2 + ”Aum”2 + ((f (u)Vum, Vum)) + ((h(x)g(um)a um)) = O’
employing the Poincaré—Wirtinger inequality again, we have
[((R(x)g(ttn), ) < cllnll < clViayll,

it thus follows from (8.5),(8.19),(8.20) to obtain that

1d
Ed_t””’"llz + | + 1A < Vil + ¢ (8.21)

it follows from (8.20),(8.21) and the uniform Gronwall’s lemma that u,, is bounded,
independent of m, in L*(0, T; L*(Q)) N L*(0, T; H*(Q)).
Finally, taking v = w; in (8.14) and multiply the resulting equation by d% to have

d  _ oL, o
g Nl + 1Vl +2 f Flun)d0) + 21212 = (Flu) ()

Q
_O0uy,

+((h(x)g(um), (=A) IW» = 0.
We note that, recalling (8.15),(8.17) and the properties of 4 and g, we have

U

0
ot

M) = (f ), aum))) + ((f (), (h(X)8(u))))

Scfufndx+c'
Q

—((f (),

and
ou, ou, 1 du
h )y (AT =Y < el =2y < ===, + ¢
[((R(x)g(um), (—A) o N < cll o ll-1 2|| o I, +¢
Recalling (8.19), it thus follows from the above that
d 2 2 O 4 /
—(llunllZy + IVull” +2 | Flup)dx) +|—IIZ, <c | u,dx+c, (8.22)
dt Q ot Q

which yields that u,, and %’" are bounded, independent of m, in L*(0, T; H'(Q)) and
L*(0, T; H'(Q)), respectively.
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It follows from the above and the Aubin-Lions compactness results that there exists
u € L0, T; H'(Q) N L*(0, T; H*(Q)) N L*(0, T; L*(Q)), with % € L*(0,T; H ()
such that

U, — uin L=, T; H'(Q)),
u, — uin L*(0, T; H*(Q)),

w, —5 uwin L40, T; LA(Q)),
ou,, ou

2 inLX0,T:H'(Q
5 5 n 0,T; H ' (Q)),

passing to the limit in the linear terms is straightforward, the existence results can be
deduced by the estimates above.

Uniqueness : Let u; and u, be two solutions with initial data u; o and u,, respecti-
vely, such that (u; ) = (uz0). We set u = u; — up and up = u; 9 — upo. We then have the
following systerm :

P
a—b; +au + ANu— A(f(u) — () + h(x)(g(uy) — g(u)) = 0, (8.23)
d
% + au) + (h(x)(g(u1) — g(ua)) = 0, (8.24)
ou OAu
Fviair vl OonT, (8.25)
M|[=0 = Uy. (826)

Proceeding as in the previous subsection, we can rewrite (8.23) in the equivalent weaker
form

9 -
(—A)_la—btt +a(=A) "= Au+ f(ur) = fluz) + (=) h(x)(g(wr) — guz)) = 0. (8.27)

Multiplying (8.27) by u to have

%%nﬁnil ol + IVl + ((fn) = fu), ) + (A (g ) = g(un). (~A) ') = 0.
Noting that
((fn) = fu). ) > ~|ull® = (u) fg Flun) = flu)dx
and
) fg ) = flu)dx| < clw) fg jul(uty + w3 + 1)dlx
< el + (el gy + lnallts g, + D)

1 _
< LIVulP + clnllfsg, + hellfs g, + DARIE, + ).
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Furthermore, we note that

(u; +up — Du
(L4 — DDA+ (= 1)

gluy) — g(up) = —

which yields
h(x)(g(ur) — gu2))| < clul

and
_ _ 1 _
[((x)(g(ur) — g(ua)), (=A) ' w))| < cllullllall-; < ZIIVMIIZ +c([ull?, + ).
We then deduce from the above that
d —12 20ln 2 \v/ 2 < 4 4 1 —12 2
Ellull_l + 2a[ul |2y + IVull” < cllurlla g + 12llfa g, + DARIZ, + (@)7).

In view of (8.9), we have

Ku(t))| < M, Nt > 0, (8.28)
and
2
d<dut> + 2a(u)’ < c(u)?, (8.29)

to deduce that
d o 2 —2 2 2
d—t(llull_l + u)7) + 2a(|[ullZ; + (@)”) + [IVull
< clnillly gy + Nealteq, + DA, + (). (8.30)
It follows from (8.20), (8.30) and the Gronwall’s lemma that
llur(8) = ur(D)l|-1 < celluos — uoall-1, 0< 1 < T, (8.31)

which yields the uniqueness, as well as the continuous dependence with respect to the
initial data in the H~! topology. O

Remark 8.3.1. It follows from the Lions-Magenes theorem (see[74, 96]) that if u €
L*(0,T; H*(Q)) and Z—’t‘ e L>(0,T; H'(Q)), then u € C([0, T];H%(Q)). It also follows
from Strauss’s lemma (see[110]) that if u € C([0,T]; H%(Q)) N L0, T; H(Q)), then
u € C([0, T1; H!(Q)), where the index w denotes the weak topology.
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8.3.2 Further a priori estimates

We need to derive higher regularities of the solutions and show that absorbing sets
exist before we prove the existences of the attractors. We first write

d
Ellullﬂ + 2o, + VUl + 2l g < ¢, (8.32)
it follows from (8.32) and the Gronwall’s lemma that
lull?) < e lluoll®, + ¢, ¢ > 0. (8.33)

We deduce from (8.33) that exists a bounded subset B of H~!(Q) and #, such that u, € B
and t > t, implies u(t) € By, where By = {¢p € H'(Q), ()| < M’, ||¢||§{,1(Q) < c}is
the bounded absorbing set for the associated dynamical system on H~!(Q), then we can
rewrite (8.33) as

lu@®ll-1 < c, (8.34)
and deduce from (8.32) that
f+r
f IVullPds < c¢,, t > to,r > 0, (8.35)
t
+r
f e}y ds < cry 12 10,7 > 0. (8.36)
t
We next write L d
——||lul* + allul® + ||Aull> < c||Vull? + ¢ (8.37)

2dt
Noting that
lull® < 2([@l* + (w)®) < e(IVull® + M),

we deduce from (8.35),(8.37) and the uniform Gronwall’s lemma that

lu@®Il < c, t > 1,(= 1), (8.38)

I+r
f lAulPPds < c,, t > 1, (8.39)
t

which yields the existence of a bounded absorbing set for the associated dynamical
system on L*(Q).
Similarly, we write

d o
—(allul*, + [Vul* +2 f F(u)dx) + ||—”||%1 < cf utdx + ¢, (8.40)
dt Q ot Q
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and then deduce from (8.40) and the uniform Gronwall’s lemma that

Nl < ¢, t= 0= 1),

(8.41)

which yields the existence of a bounded absorbing set for the associated dynamical

system in H'(Q).

We note that all estimates derived from these differential inequalities are justified

within the above Galerkin scheme, passing to the (weak lower) limit.
We finally multiply (8.2) by A%u to obtain

1d

EEIIAMH2 + allAull? + 1A%ul> = ((Af (), Aw)) + ((h(x)g(u), A’u) = O,

employing the interpolation inequality and Young’s inequality, we have (see [96])

(AL @), M) < IAFaIIA ]
< c(1+ |lull’

2 52
HI(Q))”A 1/[” 3
1

2112 14
< ZNAUI + (1 + lull

(Q))'

|

We further have |
|((h(x)g(w), A*u))| < cl|A?ul| < ZIIAZMII2 +c,

hence, owing to (8.29), we have
d 2 2 2 2 2. 12 14 2
E(IIAMII + w)?) + a(||Aull” + (@)”) + [|A%u||” < (1 + ||| +(u)%),

H'(Q)

and, owing to (8.28) and (8.41), 3¢, such that, V¢ > t;, we have
d 2 2 2 2 212
E(IIAMII + w)”) + a(||Aull” + (u)”) + [|A7ul|” < c,

We deduce from (8.42) and the uniform Gronwall’s lemma that

lu®llp2q) < ¢, 1214,

I+r
f IA%ullPds < c,, t > 1,
t

(8.42)

(8.43)

(8.44)

which yields the existence of a bounded absorbing set for the associated dynamical

system in H*(Q).
We then obtain the following theorem :
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Theorem 8.3.2. We assume that uy € H*(Q), with %’ = 0 on I'. Then, the solution u
given in Theorem 8.3.1 satisfies

u € C(0,T]; HX(Q)) N L*(0, T; H*(Q))

and

P
6—”; € LX0,T: LXQ)), VT > 0.

Remark 8.3.2. (i) Here we can more generally consider any cubic polynomial with
positive leading coefficient or even any regular function with such a cubic growth at
infinity, but with restrictions on the degree in two or three space dimensions. In two
space dimensions, noting that the embedding H 2(Q) - L6(Q) is continuous and em-

ploying the interpolation inequality ||v|]| » < c||v|| ||v|| Yv e H %(Q), we can see

Hi @ HX(Q)’
that f(u) € L*0,T;H), which yields the strong continuity in H; In three space di-
mensions, noting that the embeddmg HY(Q) c L%Q) and employing the interpolation

HZ(Q),VV e H'(Q), it follows that f(u) € L3(0,T; H) and
E eLs (0, T; D(A™Y)), which yields the weak continuity of u in H.

(ii) In particular, we can consider polynomials of degree 2p + 1, p € N, with positive
leading coefficient in three space dimensions. We further note the following assumptions
on the nonlinear term f :

mequalzty VIl @) < C||V|| (vl

fis of class C*, f(0) =
f(s) = —co, ¢ 20, sER,
If() < eF(s)+c., Ve>0, s €R,
f)(s=k) = c1F(s)—cp, F(s) > —c3, k=(s), ¢1 >0, ¢2,¢3 20, s€R,

where F(s) = fos f(&)dE. We can differentiate (8.13) with respect to time and obtain the
H?—estimate of u, which is globally in time, by steps. And prove the uniqueness, as well
as the continuous dependence with respect to the initial data for V—norm, without any
restriction on p in three space dimensions. The proof is essentially the same as that for
the classical Cahn-Hilliard equation, more details can be found in [96].

8.3.3 Asymptotic behavior

We first give the preliminary materials and prove the existence of the global attractor.

Proposition 8.3.1. We have the continuous (with respect to the H™'-norm) semigroup
S (t) defined as
S(t) : LA(Q) — L*(Q),up = u(t), t > 0.
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The proposition directly follows from Section 8.3.1. Furthermore, it follows from
Section 8.3.2 that S (¢) possesses a bounded absorbing set 8) which is compact in L*(Q)
and bounded in H*(Q), i.e.,

S(@t): LX(Q) — HX(Q), t > 0.
Setting
Dy = {v € LAQ), [ < M'), M’ >0,
it follows from the uniform estimates obtained in Section 8.3 that we have the dissipative
semigroup (still denoted by S (7)) acting on the phase space @y,
S(f) . QDM/ g QDM/, t>0.
Finally, it is deduced from standard results that we have the following theorem.

Theorem 8.3.3. The semigoup S (t) possesses a global attractor A such that A is com-
pact in L*(Q) and bounded in H*(Q).

Remark 8.3.3. It is easy to see that we can assume, without loss of generality, that B
is positively invariant by S (1), i.e. S (1)B; C B, Yt > 0.

We next give the definition of the fractal dimension, and prove that the dimension of
the global attractor is finite in the next section.

Definition 8.3.1. Let X C E be a (relatively) compact set. For € > 0, let N.(X) (if it is
necessary to make the topology precise, we will also use the notation N.(X, E)) be the
minimal number of balls of radius & which are necessary to cover X. Then, the fractal
dimension of X is the quantity (which belongs to [0, +co])
log, N.(X ) In N (X
dimy X = lim sup ng—f)( = lim sup 1 f )).
e—0* 10g2 P -0t In P

Furthermore, the quantity H.(X)(= H.(X, E)) = log, N.(X) is called the Kolmogorov
eg—entropy of X.

Theorem 8.3.4. Let X be a compact subset of E. We assume that there exist a Banach
space E\, with norm || - ||g,, such that E, is compactly embedded in E, and a mapping
L : X — X such that L(X) = X and L satisfies the following smoothing property on the
difference of two solutions :

ILx1 — Lxo|lg, < mllxy — xallg, Vxy, x2 € X, ¢ > 0.
Then, the fractal dimension of X is finite and satisfies
dimg X < 7—(471”(BE1 0,1),E),
where Bg, (0, 1) is the unit ball in E| (note that it is relatively compact in E, so that its

1 . .
3y —entropy is finite).
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Proof. We recommend [96, 111] to interested readers for more details about the proof.
O

We again consider the initial and boundary value problem (8.23)-(8.26), and it is
sufficient here to take initial data belonging to the bounded absorbing set 8 defined in
the previous section. We first derive a smoothing property on the difference of the two
solutions, which is vital to prove the existence of exponential attractors.

Multiplying (8.23) by tu to have

d
d—t(tllﬁllz) + atlfull® + dlAul® < l[all® + ctl|Vul?, (8.45)

noting that

[(h(x)(g(ur) — g(ua)), )| < ctllall* < ctl[Vull?
and
(V) = Vf(up), Vu)) = ((f' (u)Vu, Vu)) + ((f (1) = f'(u2))Vua, Vu)),

where
((f'(u1)Vu, Vu)) > —[|Vull®

and
I(((f'(u)) = f/(u2))Vup, Vu))| = 3 L(u% — u3)Vu, - Vudx < c||[Vull*

by employing (8.5), the generalized Holder inequality, interpolation inequality and Theo-
rem 8.3.1.
Integrating (8.30) between 0 and ¢, it follows from (8.31) that

!
2 ! 2
jﬂ”Vm|dSSCfLWMQ1—MQﬂLy
0

Recalling again

el < cIVull® + (u)?)

HY(Q)
so that

!
2 / 2
‘fHWMmﬂSSWHWm—Mmmp
0

Owing to (8.29), we deduce from the above that
d
E(tllﬁll2 + Ku)?) < |[all® + w)® + cr((Vull* + (u)?), (8.46)

Integrating (8.46) between 0 and ¢, we obtain

+1t
)|l < c—f el s < c—ec o = woal (8.47)
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where the constants ¢ and ¢’ are depend on M’.

We finally derive a Holder (both with respect to space and time) estimate. Actually,
the Holder continuity with respect to x follows from (8.31). To prove the Holder conti-
nuity with respect to #, we have

2 Oy i (™ Ou
llue(tr) — u(t)ll-1 = ||f EdT”_] <|n —f2|2|f ||—t||%1d7'
151 n

0
2 ou ,
|fﬁ =12 dr] < e,

where the constant ¢ depends on B and T such that #,,7, € [0, T] and

1
2
’

we note that, owing to (8.40),

llu(ty) — u()ll-1 < clty — 12 (8.48)
We finally deduce from (8.31), (8.47) and (8.48) the following results.

Theorem 8.3.5. The semigroup S (t) possesses an exponential attractor M C B, i.e.
(i) M is compact in H-'(Q);

(i) M is positively invariant, S (OM c M, NVt > 0;

(iii) M has finite fractal dimension in H™'(Q);

(iv) M attracts exponentially fast the bounded subsets of L>(Q), VB c L*(Q) bounded,

diStH—l(Q)(S (t)B, M) < Q(||B||L2(Q))e_“, c > O,t > O,

where the constant c is independent of B and disty-1 ) denotes the Hausdorff semidis-
tance between sets defined by
diStH—l(Q)(A, B) = Sup inf ”Cl - b”H—l(Q).
acA beB
Corollary 2. The semigroup S (¢) possesses the finite-dimensional global attractor A C
B,.
Proof. According to Theorem 8.3.4 and (8.47), the conclusion follows immediately. O

Remark 8.3.4. It follows from Theorem 8.3.4 and (8.47) that n is monotonically increa-
sing with respect to M'. Owing to (8.17), one can easily deduce thatn — +o0 as a — 0,

which means %} — 0 and it is then clear that the estimate on the dimension goes to +co.

Remark 8.3.5. A. Miranville has proved in [96, 86] that the dynamics of the Cahn-
Hilliard-Oono equation is close to that of the original Cahn-Hilliard equation when a
is small. In another word, we can construct exponential attractors for the Cahn-Hilliard-
Oono equation converging to the exponential attractors for Cahn-Hilliard equation as
a — 0%. However, the conclusion is not valid in our case, we can not obtain the robust-
ness here, since the solutions to the Cahn-Hilliard type model for image segmentation
would be unbounded as time goes to infinity, and we can not obtain a global in time
estimate on u.
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8.4 The second model with logarithmic term

In this section, we study the Cahn-Hilliard-Oono equation with logarithmic terms as
following

% +au+ Au— Af(u) + h(x)gu) =0, @ > 0, (8.49)
ou 0Au
gu _oon_ r :
o= OonT, (8.50)
Ul=o = Uo, (8.51)

where

1
f(s):—co(s—§)+91nls ,se(O,l),0<9<%,

we can note that f is of class C*, which satisfies
[ z—co (8.52)
and
(s —m)=cu(lf()+ F(s))—c,,, seRme (0,1), ¢,, >0, c,, >0, (8.53)

where F(s) = ff f(€)dé and ¢, and ¢, depend continuously on m. Furthermore, we can
2
write

f(s) = fi(s) = cos, f{ = 0.

The function f also enjoys the above properties.

8.4.1 The well-posedness results

We again employ a Galerkin scheme. The crucial step, to prove the existence of a
solution to the above problem, consists of deriving an a priori estimate independent of N
on the approximated logarithmic term fy(uy) so that we can pass to the limit N — +oco
in the following approximated problems.

Theorem 8.4.1. We assume that ug is given such that uy € H'(Q), 0 < ug(x) < 1 and
0 < (ugy < 1, a.e. x € Q. Then there exists Ty = To(ug) > 0, (8.49)-(8.51) possesses a
weak solution u on [0, Ty] such that

u € C([0, Tol; H' (Q)w) N L7(0, To; H'(Q)) N L*(0, To; H(Q)),

% e L*(0,Ty; H'(Q)).

Furthermore, 0 < u(x,t) < 1, a.e (x,t) € Q x (0, Ty).
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Proof. We first define, for N € N, the approximated functions fy € C'(R) as

FET+ D+ 1+ D6+ 1-3), s<—1+4,
In(s) =1 f(s), s|<1 -4,
A=+ fA-Ds—1+7), s>1-+.

We easily see that fy also satisfies
fy = —co, (8.54)
and, for s € R,m € (0, 1) and N large enough, fy also enjoys the following inequality
In(s)(s —m) 2 c(|fn (D] + Fn(9) = ¢} ¢ >0, ¢, 20, (8.55)

where Fy(s) = f; fn(€) dé and the constants are independent of N, we refer the reader
to, e.g., [96] for the proof.
We then rewrite (8.49) in the following approximated form, for N € N :

0
% + auy + Nuy = Afy(uy) + h(x)guy) = 0, (8.56)
Oouy  O0Auy
ov ov Oont, (857
Unli=o = uo, (8.58)

We first integrate (8.56) over Q and integrate by parts to have

(C%% + auy) + (h(x)g(uy)) = 0, (8.59)
which yields that
(un) = (ug)e™™ + e fo t e’ (h(x)g(un))ds, (8.60)
so that
[Kun ()] < (ug)e™ + ||h”L—m(g)(l —e™ ), (8.61)

it then follows from the above that there exists Ty = Ty(0,ug) > O such that, for ¢t €
[0, To],

[Kun() <1 =96, 6 € (0, %). (8.62)
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Here, we assume that 26 < (uy) < 1 — 26. Noting that T, can be chosen independent of
the approximation parameter, which is essential to pass to the limit.
Then we rewrite (8.56) in the following equivalent form :

(ZL;V + auy + A%uy — Afy(uy) + h(x)g(uy) = 0, (8.63)
ouy O0Auy

5 5 OonT, (8.64)

Unli=0 = Uop. (8.65)

Let us multiply (8.63) by (=A)~'uy to obtain

1d - -
Mnﬁmﬁl + allanll?, + IVunll® + ((fv(un), @n)) + (h(x)gun), (~A)"iy)) = 0.

It follows from (8.55), where we assume that s = uy and m = (uy) to have

((fun), @) = ((fv@uw), 1n)) = c(lfv @)l + fg Fy(uy)dx) - ¢, ¢ >0,
and noting that
((h(x)g(un), (=A)"un))| < clliiyll-1 < %anna +c.
We deduce from the above that
d%nﬁNn%l + oyl + 20Vl + c(llfy @)l + fg Fy(uy)dx) < ¢, ¢ > 0.

In view of (8.59), we have

d{uy)®

-+ auy ) < cluy)? (8.66)

and
d _ 2 — 2 2 2
E(Iluzvll_l + (un)?) + a(lluyllZ; + (uy)?) + 2||Vuyl|

+C(||fN(uN)||L1(Q) + LFN(MN)dX) < +<MN>2 + C’, c>0. (867)

It follows from the above and the uniform Gronwall lemma that uy is bounded, inde-
pendent of N, in L*(0, T; H'(Q)) N L*(0, T; H'(Q)).
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Let us next multiply (8.63) by (-A)~ 16”” to have

al/lN

d Ju
EE(”VMNW + alfuy|?,) + II%H%] + ((fN(uN) )) + (h()g(un), (=0)" )=

Noting that

— JOu ou
(), %)) = (fu(uw), ﬂ))
d<uN>

= | Pt = Gt S
> % [ Fxtods=clfsmlla
and
(OO, (- ) < | 0y < I, + e

ot
We obtain that

d _ ou ,
E(”VMNHZ + ol + ZIFN(MN)dX) + ||a—tNII31 < cllfnumlii@ + ¢ (8.68)
)

It thus follows from (8.66)-(8.68) and the uniform Gronwall’s lemma that uy and o are
bounded, independent of N, in L*(0, T; H'(Q)) and L*(0, T; H~'(Q)), respectlvely
We finally multiply (8.63) by uy to have

1d -
EE”I/‘N” + alluyl® + 1Aun| + ((f' () Vuy, Vuy)) + (h(x)g(uy), iy)) =
it follows from (8.54) that

((fy(un) Vi, Vuy)) = =colVunll,

and noting that

(RO un), up)Il < cllunll < '[[Vull,

and considering the inequality
1
2 2 — 12
IVunll” < E“AMN” + cllunll” + ¢,

which follows from standard elliptic regularity results and a proper interpolation inequa-
lity. Combining the inequalities above to deduce

d - — ,
a,—tlluzvll2 + [ Aunl? < clfanl® + ¢’ (8.69)
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It follows from (8.66), (8.69) and the uniform Gronwall’s lemma that uy is bounded,
independent of N, in L¥(0, T; L*(Q)) N L*(0, T; H*(Q)).

Summing (8.67),(8.68),(8.69) multiplied by 6 > 0 small enough and (8.66), we
finally obtain the energy inequality as following

dEN — 2 8ﬁN 2 ’o
s c(En + lluyllzp ) + ”WH_] + | fvun)lliig) < ¢, ¢ >0,
where
Ey = (uyn)” + a2, + IVuyl* + ZfFN(uN)dx + Sl
Q
satisfies

2

wa c,c>0.

Ey 2 clluyll

We also note that the dissipative estimate follows immediately by employing the Gron-
wall lemma

Ex(t) < e “En(0)+c’,c>0,t>0, (8.70)
which yields
len (Ol ) < ce™"(Ex(0) + 1),¢’ > 0,1 >0, (8.71)

Note indeed that (8.63) yields

- _ o . ou [P
fun) = Bty = (=8 atiy = (=)' == = (=A) h(x)gCuy).
so that
S _ _ Ouy
/v (um)ll < c(l|Auy|| + [luyll-1 + IIWIH +1)
and
||fN(MN)||L2(Q><(o,T0) < cEn(0). (8.72)

Next, taking s = uy and (uy) in (8.55), it follows from (8.62) that

(v ()l < e((fv(uy), uy)) + ¢
= c((fwuy), uy)) + ¢

< cllfw(umllllunll + ¢, (8.73)

159



Chapitre 8. On a Cahn-Hilliard-Oono model for image segmentation

where the above constants depend on ¢ and (u). Therefore,
- To
||fN(uN)||i2(QX(O’TO) < C(||fN(MN)||iz(QX(0,TO) + ; (fw(uy))*dr)
< cEx(0) + ¢/ Ex(O)lluyl* + ¢”
< cEX(0) + ¢

so that

||fN(MN)||L2(Q><(o,T0)) < c(E) + 1). (8.74)

As mentioned above, (8.74) is the crucial estimate to pass to the limit in the nonlinear
term. Since the above estimates are independent of N, the solution of the approximated
problems converges to a limit function u in the sense

uy — uin L0, To; H'(Q)),

uy — uin L*(0, To; HX(Q)),

duy % in L2(0, To; H'(Q)),
fv = fin LX(Qx (0, Tp))

and

uy —> uin C([0, Tol; HL ()

by using the Aubin-Lions compactness results and W.A. Strauss lemma. We thus finish
the proof of the existence.

The uniqueness follows instantly. Let #; and u, be two solutions with initial data u;
and u,, respectively, such that (u; o) = (uap). Setting u = u; — up, uy = Uy — Uz, We
then have

p, -
-A)! G—L: +a(—A) " = Au+ f(ur) — fluz) + (=D h(x)(g(ur) — g(u)) = 0, (8.75)

d
% + au) + Ch(x)(glur) — g(ua)) = 0, (8.76)
ou OAu
== OonT, (8.77)
Mllzo = Uy. (878)

Multiplying (8.75) by u, we obtain
1d
Eallﬁllgl +allal?, + IVull® + ((F ur) = f(u2), ) + ((h(x)(g(ur) = g(u)), (=A)"w)) = 0,
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in view of (8.52), employing the interpolation inequality, which yields

((fQur) = fu2), W) = =collull® = —collull ||Vl

and noting that
1h(x)(g(ur) — g(uz))| < clu|
so that

1
() (g(ur) = gu2)), (=AW < cllulllfil]-y < ZIIVMII2 + (Il + (u)*)

by using interpolation inequality and Poincaré-Wirtinger inequality. It follows from
(8.76) that

d{u)?
dt

+ 2au)* < c(uy, (8.79)
we then deduce from the above that
%(IIEIIEI + (u)?) + 20|l + w)®) + IVull> < c(llull?, + (), (8.80)
employing the uniform Gronwall’s lemma, we obtain
(1) = ur(D)l|-y < cellurg = uoll-1, 0 << T, (8.81)

which yields the uniqueness, as well as the continuous dependence with respect to the
initial data in the H~! topology. i

Remark 8.4.1. (i) Note that if ||hl| .~ ) < @, then it follows from (8.61) that 6 < (uy(1)) <
1 — 0 for all times, so that the solution is actually global in time.

(i) When ||hl|1~q) = O, it follows from (8.61) that (u) € (0, 1) holds for all times, and
the global in time existence of the solution for the Cahn-Hilliard-Oono equation can be
obtained easily.

8.4.2 Regularity and separation from the pure states
We have the following results.
Proposition 8.4.1. The solution u to (8.49)-(8.51) given in Theorem8.4.1 satisfies

% € L=(r, +oco; HY(Q)) N L*(r, T; HY(Q))

Vr <T,wherer >0andT > 0 are given.
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Proof. We recall that we have the equation

) S -
(=A)"! a—bt‘ + a(=A) T = Au+ @) + (~A) Thng(w) = 0. (8.82)
Differentiating (8.82) with respect to time, we have

_,00u _,0u ’ 3
(A" o a(=A) —I—A— f(u)—+( A)'h(x)g’ (u)——O, (8.83)

multiplying (8.83) by % 5 » We obtain

1d ou ou
: dln—”n 1 ana—jua +||V + (' (u )— —)) (h(x)g’ (u)—( A —))

recalling the properties of 4, g and (8.52), we write instead

ou Ou
(h(x)g’ (u)—( A —)>|_ ||—”||||—”|| |

and

ou Ou d(u)

((f"(u )E (%))—((f( )E ) ((f( )— D)

d{u) d f
> —coll—IP - 2= | F
2 Co|| || I (w)dx

d d d?
:—con—n - ff Fd) + dii”

F(u)dx.
Q

Setting

1 ou d(u)f
A= =||—| F
2”(9t” ar s (u)dx,

we deduce from the above that
dA ou 1 _ou ou d{u) , dz(u)f
—IV=11> < e(||—|1>, + |—= F(u)d 8.84
o all ||1 2|| (%II _C(Ilatll_1+| 7 ) - ar ), (w)dx (8.84)

by employing proper interpolation inequalities.
Recalling (8.60) and (8.70), we can see that A is bounded from below :

1, 0u
A>—|—|
Sl ” 12
Similarly, it is easy to prove that the last two terms on the right-hand side of (8.84) are

bounded from the above. We finally obtain the differential inequality of the form

dA ou 1. _ou ou

I all—ll | EIIVEII2 < C(IIEIIZ + (up)” + E(0)* + 1), (8.85)
where E is the equivalent of Ey for u, the resulte follows from (8.66) and (8.85) by
using the uniform Gronwall’s lemma. O
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Proposition 8.4.2. We assume that2 < p < +cowhenn =2 and?2 < p < 6 whenn = 3.
Then, the solution u further satisfies

Ilf @llzrrrr @y < €5 luDllw2rq) < €
Yt > r,r > 0 given, where the constant ¢ depends on the H'(Q)-norm of u.

Proof. We rewrite (8.82) as an elliptic equation :

0 -
—Au+ fi(u) = —(—A)_la—b; + (f () + cou — a(=A)"i = (=A) " h(x)g(u)
h,. (8.86)

Recall that f(s) = fi(s) — cos, f{ = 0, (8.72) and (8.73) for u and f and note that, owing
to Proposition8.4.1, f(u) € L™(r, t; L>(Q)), so that

(f(w) € L*(r,0).

Then, it follows from the above that

_,0u —
WAl @) < II(=A) ]E”H'(Q) + [{f @) + collull g o) + all(=A) lu”H‘(Q)
+1(=A) " h(x)g(w)|
ou _
< C(”E”—l + [ @) + el ) + Nlmll-1)
<c,tz2r,
so that
||hu||L°°(r,t;H1(Q)) <ctzr, (8.87)

where the constant ¢ depends on the H'!(Q)-norm of uy.
We then multiply (8.86) by |f;(1)|P~2 fi(u) to obtain

- f Aul fi ()P~ fi(w)dx + f |fi@)|Pdx = f hfi @)~ fi (w)dx.
Q Q Q
We note that
_ f AulfGOP fiwdx = (p = 1) f G2 (0VuPdx > 0,
Q Q

since f{ > 0. Furthermore, we obtain, employing Young’s inequality and proper Sobolev
embedding theorems,

1
|| i fipdx] < SIUAGIE g + Wl
o) 2

1
< AL + Ml g
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It thus follows that

LAWIL, q) < il g -

so that

I llr@) < Uil @) + llullm @) (8.88)

We finally deduce from (8.87)-(8.88) (and (8.70) again) that

If @l o rrry) <, t 2. (8.89)

Having this, it follows from standard elliptic regularity results applied to (8.86) and
(8.87) that

el oo rswrry < €5t 2T,

which finishes the proof, recalling that u € C([0,T]; H "), VT > 0. O
As a consequence of (8.89) we have the following result.

Theorem 8.4.2. We assume that n = 1. Then, there exists 6 € (0, 1) depending on the
H'(Q)-norm of uy such that

lu@lli@) <1 -6, >r,
where r > 0 is given.

Proof. We can pass to the limit p — +co in (8.89) (see [1, 3]) and conclude the proof,
owing to the continuity of u with respect to time. O

Remark 8.4.2. The separation property from the pure states given in Theorem 8.4.1
means, roughly speaking, that we never completely reach the pure states during the
phase separation process : there always remains at least some trace of the other com-
ponent. The above strict separation property says that not only can we never completely
reach the pure states, but also there remains some given quantity of the other component.

Proving the strict separation property in two space dimensions is more involved and
is based on the following result.

Proposition 8.4.3. We assume that n = 2. Then, the following holds for everyt > r,r > 0
given, and for every p € N :

Lf |y < €,

where the constant ¢ depends on p.
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Proof. We also need to deal with the elliptic equation (8.86), the tricks we use here are
similar to those in Proposition 8.4.2, we recommend to readers [96] for more details. O
Then we can prove additional regularity on the time derivative of u.

Proposition 8.4.4. We assume that n = 2. Then, the weak solution u to (8.49)-(8.51)
further satisfies

% € L=(r, +co; L*(Q)) N L*(r, T; H*(Q))

Vr < T, wherer >0and T > 0 are given.
Proof. We multiply (8.83) by —A% to obtain
1d du ou

du ou  Ou Oou ou
e | Il [ 2 72 72 4 i i Ayl ’ Ay =
5 715 1+ el I+ A + ((F )72 AZ) + (FA) T h(0)g () - —A=2) = 0,

in view of the properties of 4 and g again, we have

. ) ou ou ou ,
(((=A)" " h(x)g (M)E’ _AE)) < CIIEII
and

" 61/[ 8ﬁ , au aﬁ
(P @5 AS < I @llalG A

, 6u 1 (9ﬁ 3

<clf (M)HL“(Q)”EHZHAE”%
1. ou, , o L 0u
< EIIAEII +cllf (u)llwg)llgll

by employing the Holder, Ladyzhenskaya, and Young inequalities. In view of (8.66), it
is deduced from the above that

d ou , ou , - o Ou

ISP+ 1A= < (ellf @l + <l
we can conclude by applying the uniform Gronwall’s lemma, with (8.84) and Proposi-
tion 8.4.3 (for p = 4). O

Remark 8.4.3. This regularity also holds in one space dimension, owing to the strict
separation property given in Theorem 8.4.2.

We then obtain the following result.

Theorem 8.4.3. We assume that n = 2. Then, there exists 6 € (0, 1) depending on the
H'(Q)-norm of ug such that

lu)llp=@) < 1 =06, >,

where r > 0 is given.
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Proof. We note that, owing to the regularity given in Proposition 8.4.4, the right-hand
side A, in (8.86) satisfies

Al @xray < ¢, t 2T
Having this, we can proceed as in the proof of Proposition 8.4.4 O

Remark 8.4.4. (i) The strict separation property is still open in the three space dimen-
sion.

(ii) Having the strict separation property also allows us to prove the finite fractal di-
mensionality of the global attractor.

8.4.3 Asymptotic behavior

Based on the dissipative estimations in Section 8.4.1, we set
@ ={ve H( Q) NL(Q),0 < v(x) < la.e., (V)] < 1},
we can define the continuous (for the H~!(£2)-norm) semigroup
Sqot): D —> Duy,t>0.

It follows from (8.71) that S ,(¢) is dissipative in @, i.e., it possesses a bounded absorbing
set B; C &. We then obtain the following result.

Theorem 8.4.4. The semigoup S ,(t) possesses a global attractor A, such that A, is
compact in P.

Furthermore, we have the existence of a uniform (with respect to @) absorbing set
B, cdn H*(Q),i.e., VB C @ bounded, Ity = 1,(B) independent of & such that

S.(BC B, t>1,
it thus sufficient to construct the exponential attractors M.

Theorem 8.4.5. The semigroup S ,(t) possesses an exponential attractor M, on 8.

Proof. We again consider the initial and boundary value problem (8.75)-(8.78), and
derive a smoothing property on the difference of the two solutions, which is the crucial
step to prove the existence of exponential attractors.

We next multiply (8.75) by t‘g—? to have

1d _ Em 5
S (@R, + AIVlP) + e 1P+ () = flan). 5)
i 1
+(((-8) (g - gGu)), 5)) = S, + S IVul’

166



8.4. The second model with logarithmic term
We note that
ou ou
((f(u1) = f(u2), 5)) < clIV(f(u) - f(MZ))””E”—l
t ou
< CIIV(f f Gy + Gy = up)dsulll| =l
0 t
b ou
sl | f G+ sGuy = u)dsVulll =2l
0 t

: o
+ ||uf [y + s(uy — up))(Vuy + sV (up — u1))dS|IIIEII-1
0

ou
< cIVull + Ml Vaur[[F+ e} Var DI -1

1
2
< cllilf g, + 7171

and

ou
(=)' h(x)(g(ur) - (uz)) ))I CIIMIIII—II 1 < cl[Vul? +—||—||1

by employing Holder, Young, Poincaré inequality and continuous embedding, where
the constant ¢ only depends on 8. We have

d ou ,
—(cvtllull2 +1[Vull*) + t|| ||2 < alful?, + ctllullHl(Q) + |Vl
Owing to (8.79), we further obtain
d ou
E(Oztllﬁllgl +1[Vull® + 1u)?) + t||a—’:||%1 + a(u)’
< a(lull, + (u)*) + ct(llullzl(g) +(u)?) + 1([Vull® + (u)?). (8.90)
Integrating (8.80) over (0, 1), we get
t
f IVullPds < cellug,y — upal;, (8.91)
0
where the constant ¢’ only depends on 87, hence
t /
f il s < celluo s — o2l (8.92)
0

Owing to (8.81), (8.90)-(8.92) and the uniform Gronwall’s lemma, we have

[l — < ceMug,y — o, Vt > 0. (8.93)

2
u2”H1(Q)
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We finally derive a Holder (both with respect to space and time) estimate. Actually,
the Holder continuity with respect to x follows from (8.81). To prove the Holder conti-
nuity with respect to 7, we have

1
2
s

2 Ou o (7 ou,
llu(t1) — u(@)ll-1 = ||j; EdT”—l <l - 12|2|ft: ||E||_1d7'

we note, owing to Proposition 8.4.1, that

2 Ou
2
—||7.d7| < ¢,
|ft1 |I8t||_1 |

where the constant ¢ depends on 8] and T such that #,,1, € [0, T] and
latr) = w()l|y < clty = 1] (8.94)
The conclusion is finally deduced from (8.81), (8.93) and (8.94). O
Corollary 3. The semigroup S ,(t) possesses the finite-dimensional global attractor (A,,.

Proof. Tt follows immediately in view of Theorem 8.3.4 and Theorem 8.4.5. O

Remark 8.4.5. Because of the same reason we explained in Remark 8.3.5, we do not
have the robustness of exponential attractor in this case.

168



Chapitre 9

Conclusion générale et perspectives

We introduced the phase separation models associated with regular potential and
logarithmic potential, and we focused on the mathematical analysis of the applications
of Cahn-Hilliard type equations in biology and image processing. Results from these
studies have led to a deeper understanding about tumor growth and image segmentation.
We conclude our achievements as following :

In our study of Cahn-Hilliard models for glial cells, which was proposed to model
some energy mechanisms in glial cells. We considered a thermodynamically relevant
logarithmic nonlinear term to prove the existence of a biologically relevant solution, and
obtained a strict separation from the pure states 0 and 1 in one and two space dimensions
by proving additional regularity on the solutions. We further approached a second model
based on the Chan-Hilliard-Oono equation with the same idea.

We next studied a coupled reaction-diffusion system, which accounts for the tumor
and oxygen dynamics. By analogy, Cahn-Hilliard type equations in tumor growth were
proposed to separate, e.g., different zones in the tumor such as quiescent and prolifera-
tive cells. Moreover, Cahn-Hilliard type equations also model clustering of brain tumor
cells. Note that such effects can not be modeled by a reaction-diffusion equation. There-
fore, we dealt with three variants of the coupled model for the proliferative-to-invasive
transition of hypoxic glioma cells : In [72], we considered a Cahn-Hilliard type equation
for the oxygen concentration, which accounts for the phase separation processes (e.g.,
different zones in the cells in which, typically, the concentration of oxygen may be high
or very low) ; In [70], we considered a Cahn-Hilliard type equation for the tumor density,
which accounts for phase separation processes (e.g., different zones in the tumor) and
clustering effects in tumor growth. In[69], we considered Cahn-Hilliard type equations
for both the tumor density and the oxygen concentration. We proved the existence of
a biologically relevant solution by considering a modified model and taking a logarith-
mic nonlinear term in the Cahn-Hilliard equation. In particular, we studied permanence
of the tumor, and gave some numerical simulations. Recall that a cubic nonlinear term
can not prevent the solution becomes negative, which means the solution can not be
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biologically relevant.

Note that the proof of existence is based on a standard Galerkin scheme, more pre-
cisely, deriving uniform (with respect to N) a priori estimates on the solution " to the
approximated problems and passing to the limit N — oco. Compared with the regular po-
tential, it is more difficult to pass to the limit of the approximated logarithmic potential,
we need to take advantage of the properties of the logarithmic potential (see [32, 90, 96]
for more informations), which indeed ensures the boundedness of solutions. As we ex-
plained in the above, logarithmic potential is thermodynamically relevant, it is nature to
consider such a nonlinear term in certain models.

The last model was proposed for image segmentation. We firstly studied on a Cahn-
Hilliard type model, the well-posedness have been derived, however, there exist solu-
tions which are unbounded as time goes to infinity, this could be problematic in view
of numerical simulations. To overcome this, we proposed a variant of the model, ba-
sed on the Cahn-Hilliard-Oono equation proposed in [105] to account for long-ranged
interactions in the phase separation processes and to simplify numerical simulations.
In this case, the global in time boundedness of the solutions can be ensured, we then
gave numerical simulations which illustrate the theoretical results. We further studied
the well-posedness and the asymptotic behavior of a Cahn-Hilliard-Oono type model
for image segmentation in two cases. In the case of a regular potential, the existences
of the global attractor and the exponential attractor have been proved, and it shows that
the fractal dimension of the global attractor will tend to infinity as @ — 0. In the case
of a logarithmic potential, we proved a strict separation from the pure states 0 and 1 in
one and two space dimensions, and showed that the dimension of the global attractor is
finite by proving the existence of the exponential attractor.

According to the conclusions we have obtained, we further present some perspec-
tives on these models.

For the Cahn-Hilliard model with a symport term for glial cells, having the strict se-
paration property and uniqueness, we can further study the asymptotic behavior of the
associated dynamical system. In particular, we can prove the existence of finite dimen-
sional attractors, meaning, roughly speaking, that the limit dynamics can be described
by a finite number of degrees of freedom. We refer the interested reader to [96, 100, 111]
for more discussions on this. Another interesting problem is the convergence of single
trajectories to steady states. Not that, already for the original Cahn-Hilliard equation,
such a question is not a trivial one, since one may have a continuum of steady states
(see [109]). Here, due to the additional symport term, the problem is particularly chal-
lenging and we cannot proceed as in [109].

For the coupled Cahn-Hilliard model for the proliferative-to-invasive transition of
hypoxic glioma cells, uniqueness and further regularity (in particular, the existence of
strong solutions) are open problems, the difficulty comes from the Cahn-Hilliard type
equation and already appears without any coupling (see [96]). Besides, taking into ac-
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count the practical significance of the model, it is also necessary to study this model
endowed with dynamic boundary conditions (see [14, 27, 42, 43, 93, 101]), as well as
the numerical simulations.

For the image segmentation models, the robustness of exponential attractor of the
model in [68], like A. Miranville presented in [86], can not be derived owing to the limi-
tations of the Cahn-Hilliard type model for image segmentation, which we have studied
in [71]. Moreover, since the long-ranged interactions have been taken into account, the
next step is to apply the models to real images. In addition, we also note that it is ob-
served in [24] that, when considering a logarithmic nonlinear term in the Cahn-Hilliard
model for image inpainting, one has better results and convergence times. Hence, the
performance of a Cahn-Hilliard-Oono model for image inpainting is desirable as well.
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Résumé : Cette these vise a approfondir les applications des modeles de type Cahn-Hilliard
en biologie et en traitement d’images. Dans la premiere partie, nous étudions dans un premier
temps un modele de Cahn-Hilliard pour les cellules gliales, nous prouvons I’existence d’une
solution biologiquement pertinente et une stricte séparation des états purs en 1D et 2D. Nous
considérons ensuite un modele de Cahn-Hilliard-Oono et en déduisons des conclusions simi-
laires. De plus, nous étudions un modele couplé pour la transition proliférative a invasive des
cellules de gliome hypoxiques, nous considérons les équations de type Cahn-Hilliard dans trois
cas, et prouvons principalement I’existence de solutions globales en temps, en particulier, nous
étudions la permanence de la tumeur, et donnons quelques simulations numériques dans certains
cas. Dans la deuxiéme partie, nous étudions un modele de Cahn-Hilliard pour la segmentation
d’images, le caractere bien-posé a été abordé€, étant donné que la solution pourrait étre non bor-
née quand le temps tend vers 1’infini, nous considérons un modele de Cahn-Hilliard-Oono pour
pouvoir effectuer des simulations numériques qui illustrent les résultats théoriques. Nous étu-
dions ensuite le comportement asymptotique des modeles de type Cahn-Hilliard-Oono a terme
non linéaire cubique et terme non linéaire logarithmique, plus précisément, 1’existence d’attrac-
teurs de dimension finie.

Mots clés : modele de Cahn-Hilliard, cellules gliales, solution biologiquement pertinente, sé-
paration stricte, modele de Cahn-Hilliard-Oono, cellules de gliome hypoxiques, simulations
numériques, segmentation d’image, caractere bien-posé, comportement asymptotique

Abstract : This Thesis aim to delve the applications of Cahn-Hilliard type models in biology
and image processing. In the first part, we initially study a Cahn-Hilliard model for glial cells,
we prove the existence of a biologically relevant solution and a strict separation from the pure
states in 1D and 2D. We further consider a Cahn-Hilliard-Oono model and deduce the simi-
lar conclusions. Moreover, we study a coupled model for the proliferative-to-invasive transi-
tion of hypoxic glioma cells, we consider the Cahn-Hilliard type equations in three cases, and
mainly prove the existence of global in time solutions, in particular, we study permanence of
the tumor, and give some numerical simulations in certain case. In the second part, we study
a Cahn-Hilliard model for image segmentation, the well-posedness has been addressed, since
the solution could be unbounded as time goes to infinity, we consider a Cahn-Hilliard-Oono
model so that we can perform numerical simulations which illustrate the theoretical results. We
further study the asymptotic behavior of the Cahn-Hilliard-Oono type models with cubic non-
linear term and logarithmic nonlinear term, more precisely, the existence of finite dimensional
attractors.

Keywords : Cahn-Hilliard model, glial cells, biologically relevant solution, strict separation,
Cahn-Hilliard-Oono model, hypoxic glioma cells, numerical simulations, image segmentation,
well-posedness, asymptotic behavior



	Table des matières
	Introduction générale
	Modèles de séparation de phase
	Les équations de Cahn-Hilliard
	Les variantes de l'équation de Cahn-Hilliard

	Problèmes et cadre
	Modèles de Cahn-Hilliard pour les cellules gliales
	Un modèle de Cahn-Hilliard couplé pour les cellules de gliome hypoxiques
	Sur un modèle de type Cahn-Hilliard pour la segmentation d'images


	General introduction
	Phase separation models
	The Cahn-Hilliard equations
	The variants of the Cahn-Hilliard equation

	Problems and framework
	Cahn-Hilliard models for glial cells
	A coupled Cahn-Hilliard model for hypoxic glioma cells
	On a Cahn-Hilliard type model for image segmentation


	I Problèmes non linéaires en séparation de phase
	Cahn-Hilliard Models for Glial Cells
	Introduction
	Setting of the problem
	Existence of solutions
	Regularity of solutions
	A second model

	A coupled Cahn-Hilliard model for the proliferative-to-invasive transition of hypoxic glioma cells
	Introduction
	Setting of the problem
	A priori estimates
	Existence of solutions

	A Cahn-Hilliard model with a proliferation term for the proliferative-to-invasive transition of hypoxic glioma cells
	Introduction
	Setting of the problem
	Local well-posedness of the approximated problems
	Existence of solutions to the original problem
	Permanence of the solutions
	Numerical simulations
	The initial conditions are constants or small perturbations of constants
	Modeling of tumor growth and hypoxia


	On a coupled Cahn-Hilliard/Cahn-Hilliard model for the proliferative-to-invasive transition of hypoxic glioma cells
	Introduction
	Setting of the problem
	Existence of a local weak solution


	II Modèles pour la segmentation d'images
	On a Cahn-Hilliard model for image segmentation
	Introduction
	Setting of the problem
	Existence of unbounded solutions
	Existence and uniqueness of solutions
	Numerical simulations
	The function h has constant sign
	The function h does not have a constant sign
	Comparison with the Cahn-Hilliard-Oono type model


	On a Cahn-Hilliard-Oono model for image segmentation
	Introduction
	Setting of the problem
	The first model with cubic term
	The well-posedness results
	Further a priori estimates
	Asymptotic behavior

	The second model with logarithmic term
	The well-posedness results
	Regularity and separation from the pure states
	Asymptotic behavior


	Conclusion générale et perspectives
	Bibliographie


