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Résumeé

Mots clefs: Géométrie non-commutative, théorie de Jauge, théories Grand-Unifiés (GUT), AF-algebres.

La géométrie non-commutative (GNC) est une discipline mathématique développée dans les années 90 par
Alain Connes. Elle se présente comme la nouvelle généralisation de la géométrie usuelle, englobant et dépassant
le cadre Riemannien, et ce dans un formalisme purement algébrique. A I'instar de la géométrie Riemannienne, la
GNC possede elle aussi des liens avec la physique. En effet, la GNC a fourni un cadre puissant pour reformuler
le Modéle Standard de la Physique des Particules (SMPP) en tenant compte de la relativité générale, et ce, en
une seule représentation "géométrique", basée sur les Théories de Jauge Non-Commutatives (NCGFT). De plus,
cette réalisation offre un cadre propice a I’étude des diverses possibilités pour aller au-dela du SMPP, comme les
Théories Grands Unifiées (GUT). Cette thése cherche a montrer une méthode élégante, récemment développée
par Thierry Masson et moi-méme proposant un schéma général pour élaborer des GUTs dans le cadre des NCGFT.
Ceci concerne I’étude de NCGFTs basées sur les C*-algebres Approximativement Finies (AF-algébres), en util-
isant soit les dérivations de 1’algebre, soit des triplets spectraux afin de mettre en place la structure différentielle
sous-jacente a la théorie de Jauge. La séquence inductive définissant ’algeébre AF est utilisée pour permettre la
construction d’une séquence de NCGFTs de types Yang-Mills Higgs, le rang n + 1 pouvant ainsi représenter la
théorie grande unifiée de celle du rang n. Le principal avantage de ce cadre est de controler, a ’aide de conditions
adéquates, 'interaction des degrés de liberté le long de la séquence inductive sur ’algébre AF, et de suggérer un
moyen d’obtenir des modéles de type GUT, tout en offrant de nombreuses voies d’exploration théorique pour
aller au-dela du SMPP.






Abstract

Keywords: Non-commutative geometry, Gauge theory, Grand Unified Theories (GUT), AF-algebras.

Non-commutative geometry (NCG) is a mathematical discipline developed in the 1990s by Alain Connes.
It is presented as a new generalization of usual geometry, both encompassing and going beyond the Rieman-
nian framework, within a purely algebraic formalism. Like Riemannian geometry, NCG also has links with
physics. Indeed, NCG provided a powerful framework for the reformulation of the Standard Model of Particle
Physics (SMPP), taking into account General Relativity, in a single "geometric" representation, based on Non-
Commutative Gauge Theories (NCGFT). Moreover, this accomplishment provides a convenient framework to
study various possibilities to go beyond the SMPP, such as Grand Unified Theories (GUTs). This thesis intends to
show an elegant method recently developed by Thierry Masson and myself, which proposes a general scheme to
elaborate GUTs in the framework of NCGFTs. This concerns the study of NCGFTs based on approximately finite
C*-algebras (AF-algebras), using either derivations of the algebra or spectral triples to build up the underlying
differential structure of the Gauge Theory. The inductive sequence defining the AF-algebra is used to allow the
construction of a sequence of NCGFTs of Yang-Mills Higgs types, so that the rank n + 1 can represent a grand
unified theory of the rank n. The main advantage of this framework is that it controls, using appropriate condi-
tions, the interaction of the degrees of freedom along the inductive sequence on the AF algebra. This suggests
a way to obtain GUT-like models while offering many directions of theoretical investigation to go beyond the
SMPP.
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Symbols and Acronyms

The symbols table is organized with a logic that respects a given view of algebraic structures and the order
in which they can be constructively considered. First, the various algebras used here are presented. Then the
module and Hilbert space structures on which these algebras can act. The third block concerns other structures
that can be extracted from the algebra, such as the character space and the manifold. Then we consider the various
constructions on these last structures, tangent spaces, and others. The 5th block concerns automorphisms and
groups acting on the algebraic structures. The 6th block concerns metric and scalar product structures. The 7th
block deals with the operators used to study differential structures, and the connections that can be associated
with these structures in the 8th one. Finally, the 9th block contains the various operators that are useful in NCG,
while the last block contains all the other symbols used in this thesis.

A an algebra

Ar a finite algebra

C*(M) the algebra of differentiable functions over M
Asm the finite algebra of the SMPP

A:=C (M) ® Ar the algebra of the AC-manifold

M a module (over an algebra)

H the Hilbert space

L*(S) the Hilbert space of square integrable sections of a spinor bundle S
Hsp the Hilbert space/fermionic representation of the SMPP
H; the Hilbert space of the AC-manifold

M(A) the set of all characters of A

M a manifold

F a finite set/space

M=MxF the AC-manifold

e the Lie algebra of smooth vector fields on M
T(M) the tangent bundle over M

I'(E) the space of all sections on the total space E
Aut(A) the automorphisms space of A

Out(A) the Outer automorphisms space of .A

Inn(A) the Inner automorphisms space of A

Diff(M) the space of diffeomorphism of M

15
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IL A
G

G = Map(M, G)

g

Aut(A) = Diff(M) X G

Ysm

SMPP
oM
GR
GFT
GUT

the module and algebra automorphism

the finite dimensional structure group

the Gauge group (locally) parameterized by M
the Lie algebra of §

the automorphisms of A

the metric on M

the metric on A or H

the local Hodge inner product induced by g
the Hodge inner product

the local scalar product

the scalar product

the space of all derivations on A

a derivation over an algebra

the differential

the Dirac operator

the Dirac operator on the spin manifold
the Dirac operator of the SMPP

the Dirac operator of the AC-manifold

a (sometime connection) one form
the fluctuated Dirac operator

the Higgs field

a Gauge potential field

a non-commutative connection along the derivation X

the reality operator

the reality operator of the spin manifold
the reality operator of the SMPP

the reality operator of the AC-manifold
the grading

the grading over the spin manifold

the grading of the SMPP

the grading of the AC-manifold

standard model of particles physics
quantum mechanics

general relativity

gauge field theory

grand unified theory

commutative

CONTENTS



NC
NCG
NCSMPP

£ B

B e NSRS

Du(¥)

ONR
SR
SNR
1/-OSR
-ESR
-ESNR

noncommutative

noncommutative geometry

noncommutative standard model of particles physics
almost finite

a state phase space

a state configuration space

an injective morphism

a state/matter field element in a Hilbert space H
the Lagrangian

the action

a space-time domain over which ¢i* # 0

the collection data of observation changes

an element of (physical) reality

an "abstract" mathematical structure

the 9-representation of the ER

the measurement process of the ER

observable deduced from the ER

the resulting ER after the measurement process
uncertainty principle

complementarity principle

repeatability criterion

kickability criterion

observable realism

observable non realism

state realism

state non realism

y-ontic theory admitting SR

y-epistemic theory admitting SR

/-epistemic theory admitting only SNR
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Introduction

In this last century, theoretical physics has known two important paradigm changes, each of them going in
its way beyond the thought framework offered by Newton. These are General Relativity (GR) and Quantum
Mechanics (QM). The first is written in the framework of differential geometry, and the second is in a pure
algebraic framework. The first describes more precisely what space-time is, the second does the same for the
matter and light.

The formalism in which the physical processes obeying the quantum behavior are described is that of op-
erators acting on Hilbert spaces. This mathematical structure did not exist before QM, it was progressively set
up while the quantum theory was being built. It can therefore be considered as physically motivated. The func-
tions of the classical mechanic’s framework (CM) are thus replaced by operators acting on the states described
as elements in Hilbert spaces. Several important novelties appear as simple consequences of this. Operators
become free not to commute, superposed states can coexist and non-factorizable or entangled states (which are
not tensor products states) combining more than two different particles appear. These three aspects alone induce
almost all the non-classical aspects of quantum. This is the Non-Commutativity (NC) of observables (which are
available data, extracted from the world through experiments performed on it) which is the main origin of the
need for such a formalism. The CM could also be described in this framework (as we will see in 7.3), but it would
be too complicated because the latter only requires simple phase spaces (with commuting functions) to describe
the observables and the mechanics of the concerned processes.

This was W. Heisenberg who first discover the NC properties of QM observables, giving a formulation of
this fact in terms of matrix mechanics. Then von Neumann reformulated QM using operators acting on Hilbert
spaces as elements of C*-algebras. He was the first to mention the potential relevance of an extended geometry
for which functions algebras are replaced by NC ones. Then P.A.M. Dirac followed him in this presentiment of
the need to introduce such concepts for the QM, making the analogy between Poisson’s bracket in CM which is
linked to differentiable structures, and the QM’s commutator. But these were feelings, analogies, and incomplete
conjectures since no such things as geometry were drawn. In 1943, I. Gelfand and M. Naimark proved the so-
called Gelfand-Naimark theorem which will be presented in 1.2. This theorem offers a strong link between states
on such algebras and topological properties, offering a path to extract topological data such as the notion of
points of an underlying space from these algebras. This was an important step to understand how to “make
speak” these algebras about the “geometry” of the space-time in which they live.

Itis only in the 1990’s that A. Connes, set up the complete conceptual framework of NC differential geometry,
concluding satisfactorily on these preconceptions. By revealing the structures extending the usual geometrical
framework, and showing how to study these structures, he offered to the world of physicists and mathematicians
a new, more general, and clearly defined geometrical framework: Non-Commutative Geometry (NCG).

NCG has since then inspired many fields within pure mathematics and theoretical physics. It is not only a
generalization of the Riemannian geometry, but a reformulation of this one (for its commutative restriction) in a
completely new and purely algebraic framework, being free to receive the NC of operators and to go beyond the
notion of point. It is all the more interesting to work on the algebraic side that we can notice a very simple fact
concerning our understanding in the form of a geometrical representation of what is space-time, it is through the
observables that we receive all the information that makes us determine space-time. It seems, therefore, more
logical to have a theory that starts from this algebra of observables as fundamental objects, rather than from a
hypothetical geometrical spacetime, more arguments in this sense will be given in chapter 8.
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The general way of doing, taken by many researchers for applying NCG to various domains was to take
objects belonging to the usual commutative framework (function algebra, CM, Riemannian geometry, groups...)
which we will designate as belonging to Commutative Geometry (CG), then find its algebraic re-formulation,
then try to extend this to NCG framework dropping some commutativity conditions or changing the product:

CG — NCG.

This offers numerous generalizations of common concepts. In physics, this way of thinking is often linked to the
quantization process of observables, especially when the relaxed commutation relation concerns the latter.

There is another way to see things, in the reverse order: NCG — CG. This way is less intuitive since our intu-
ition is based on classical representations and then starts from CG. In physics, this may be called dequantization.
I nevertheless think that this is a more fundamental and potentially fruitful way to see things, in mathematics
and physics. For the mathematician who is familiar with NCG, the emerging feeling can be that it is a more
natural conceptual framework since “commutative mathematics” appear as restrictions, sometimes losing nice
properties and then looking like to be secondary. Non-commutativity appears as the negation of commutativity,
but it is a negation in the direction of the enlargement, and in my opinion, the more fundamental level of mathe-
matical structures are most of the time in this direction. Then taking the continuation of classical (or commons)
concepts to go to their NC generalization seems not to be totally justified for the one who wants to find “good”
NC generalizations.

In physics, colossal efforts have been made to make NC, i.e. to quantify classical concepts, starting from
classical theories. It gives results as for math but brings many problems as well. The fact that no general quan-
tization scheme has been found is for me an indicator of the limitation of this first way of doing. For those who
believe that the classical world must be an emerging picture from pure quantum phenomena (which seems to
be reasonable since it is composed of such objects with such behaviors), the correct path, again, is to find a pure
quantum description of Nature and then see how the classical picture emerges. QM is actually a hybrid theory,
parameterized by the classical world, for its outcomes specifically, but intrinsically not reducible to CM. My hope
is then that a pure NC-inspired mechanics will replace QM, giving asymptotically the classical picture, for a large
number of particles and/or denser environments. Decoherence is a good candidate in this direction.

Strong mathematical reasons have motivated the creation of NCG. An example is provided by the Gelfand-
Naimark theorem, which is at the origin of the study of NC topology. By providing a link between algebra and
topology, it opened the door to the exploration of NC topology (induced by NC algebras), that the formalism of
OM invited us to cross. We thus have various equivalences between algebraic and topological properties, like
the notion of point and pure state on a commutative algebra, compactness, and unitarity, or the property of
connectedness equivalent to the one of the non-existence of (non-trivial) projections for C*-algebras (see section
1.2 for more details).

A second important aspect concerning the study of topological properties via algebraic properties is provided
by the invariants of K-theory which we will address in section 1.3. This is one of the main “tools” for the study
of non-commutative spaces.

Another aspect related to K-theory concerns the work of A. Connes on the continuous cyclic cohomology
which appears to be related to the de Rham homology in the case of commutative algebras. This notion does
not yet introduce a differentiable structure that would generalize the de Rham complex of differential forms.
However, these results, in addition to their links with the Atiyah-Singer index theorem, offer strong motivation
for the introduction of spectral triples with Dirac operators to define a differential structure.

Again linked to K-theory, another motivation is provided by the Serre-Swan theorem. The latter provides
an explicit link between fiber bundles (at the basis of the formulation of gauge theories (GFT)) and projective
modules of finite type on the algebra (see section 11.1). It is this double link with K-theory and gauge theories
that provides one of the main mathematical motivations for the construction of gauge theories on AF C*-algebras,
which is the subject of this thesis.

The strong points of this new “geometrical” framework are that it allows to treat both the discrete and the
continuous within the same formalism (operators and Hilbert spaces), to find all the known results in Riemannian
geometry, while allowing to geometrize the other forces (see chapter 12), and to establish more links with other
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mathematical fields. A nice review on NCG’s landscape can be found in (Connes, 2019), for reference books, see
(Connes, 1994) and (Gracia-Bondia et al., 2013).

From the physicist’s point of view, a strong motivation for NCG comes from the simple fact that this mathe-
matical field was initially developed for the pure physical purpose and that mathematics tells us clearly that NC
algebras like those of observables in QM cannot be thought of as living on the points of a manifold. In theoretical
physics, the quantization of a theory means to find a way to link the commutative operators underlying the classi-
cal observables to the NC operators associated with the quantum equivalent of these observables. A natural way
to introduce a NC algebra is to deform a commutative algebra of functions. For example, one can consider Moyal
quantization, which deforms a function algebra with a Poisson structure. However, there are non-commutative
algebras that are not deformations of function algebras, like for example the algebra of matrices. This algebra
being one of the most famous, it will be used as a toy model to study NC structures throughout this thesis (see
Chapters 2 and 4). There is no theory explaining in a systematic way the quantization process, which seems to
be problematic from the point of view of conceptual clarity. One of the great challenges in physics today is to
find a quantum theory of gravitation, and thus to “quantize space-time”. If the motivation for such an approach
is well founded, it seems clear now that we lack theoretical and conceptual arguments to know how to carry it
out.

In physics, Lie algebras and groups are omnipresent, mainly in gauge theory. NCG proposes a natural gener-
alization of these structures, Hopf algebras, and quantum groups. Initially introduced to study the cohomology of
Lie groups, a Hopf algebra is a bialgebra with an operation called antipode, generalizing the notion of the inverse
operation in groups. A particular type of Hopf algebras are the quantum groups. They are often deformed Hopf
algebras, generally NC. These objects are at the heart of NCG and are considered as the natural generalization
of function algebras on a Lie group manifold, when this became a NCG. Indeed, the deformed algebra can be
considered as the algebra of functions on a NCG space. Some well-known books on quantum groups are for
instance (Chari and Pressley, 1994) and (Klimyk and Schmudgen, 1997).

In physics, example of NC spaces using NC coordinates are given by the x-Minkowski space (Iochum et al.,
2011a,b; Pachot and Vitale, 2015) (whose coordinate algebra contains the bicrossproduct of the Hopf algebra of the
group of k-Poincaré, describing its symmetries) and the Moyal space (Cagnache et al., 2011b; Gracia-Bondia and
Varilly, 1988; Martinetti et al., 2013; Wallet, 2008). One of the main motivations behind such an introduction was
to reconcile gravity with QM and to explore the intuition that such spaces can help to solve the re-normalization
problems. However, nothing in NCG or in the current description of QM implies that the coordinates are NC.
NCG is primarily concerned with NC algebras and is not just about making coordinates noncommutative. These
attempts should therefore not be considered as the only possible ones, and it would be interesting to study
generalizations of spacetime of another kind, without necessarily making the coordinates NC.

One of the greatest progresses made with NCG is to have succeeded in going beyond the equivalence with
topology and measure theory, to include and extend differential geometry (differentiable manifolds, Lie groups,
fiber bundles, connections...). These structures are of major importance in mathematics and particularly in theo-
retical physics. Indeed, they are of primary interest in field theory, as they are the basis for the formulation of all
known forces, whether it is gravitation in the framework of GR or the forces of the Standard Model of Particles
Physics (SMPP) in the framework of Gauge theories. We will explore the two main ways to extend the framework
of differential geometry, the one based on derivations of the algebra in section 3.3, and the one based on spectral
triplets in section 3.4.

The application of the NCG in field theory has been done following two main ways. The first one con-
cerns the re-foundation of the structure of field theories, by changing the background space-time on which they
are defined. One of the main attempts concerns the replacement of the background space-time with a Moyal
space. However, theories on Moyal space are not renormalizable and suffer from the phenomenon called Ultra-
violet/Infrared (UV/IR) mixing. A significant advance was made in 2004, the proposal of an additional term to
the action (harmonic oscillator term) leads to a fully renormalizable NCFT. More details can be found in (Grosse
and Wulkenhaar, 2005a,b), and a nice review on the topic is given by (Wallet, 2008).

The second path concerns the reformulation of field theories within the framework of NCG, but retaining
the nature of the field and background space-time theories. This is the path followed throughout this thesis, the
NCSMPP (presented in chapter 12) being the main realization of this field of applications of the NCG. Indeed, NCG
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has been used to develop GTF (hereafter mentioned as NCGFT) in which scalar fields are part of the generalized
notion of connections. Then, the naturally constructed Lagrangians produce quadratic potentials for these fields,
providing Spontaneous Symmetry Breaking Mechanisms (SSBM) in these models. Our works with T. Masson
can be located in this last field of applications of NCG i.e. the elaboration of NCGFTs.

GFTs are an essential ingredient to model high energy particle physics. From the pioneer work by Yang and
Mills to the Standard Model of Particle Physics (SMPP), the gauge principle has shown how insightful it is both
technically and conceptually, and the search for the “right gauge group” has stimulated physicists to construct
Grand Unified Theories (GUT). Unfortunately, none of these theories has been retained until now as a convincing
model beyond the SMPP.

The way these GUT are constructed relies on the classical mathematics of fiber bundles and connections:
the gauge groups (infinite dimensional spaces) are the groups of vertical automorphisms of principal fibers over
space-time with some convenient structure groups (finite dimensional Lie groups). The choice of the structure
group is then the choice of the gauge group of the theory. GUT rely on finite dimensional Lie groups which are
“big enough”, for instance SU(5), to contain the group of the SMPP, U(1) x SU(2) x SU(3). This unifying approach
(for interactions) is then controlled by the choice of possible “not too large” finite dimensional Lie groups. This
group has to be “not too large” because one has to reduce it to the group of the SMPP that we actually see in
experiments, and the larger the original group, the more hypothesis it requires to perform this reduction, usually
using some successive SSBM.

Since the 90’s, noncommutative geometry (NCG) has shown that one can construct more general gauge field
theories in a natural way (see (Connes and Lott, 1990; Dubois-Violette et al., 1990a,b) for the seminal papers
and (van Suijlekom, 2015) for a review and references for more recent developments). NCG has permitted to
include in a natural way the scalar fields used in the SMPP to make manifest the SSBM which gives masses to
fermions and some of the gauge particles. In this approach, the gauge group is the group of inner automorphisms
of an algebraic structure, which in general is an associative algebra (it could be the group of automorphisms of
a module in some cases). According to the NC differential structure we choose, two main frameworks can be
used to construct NCGFT. The first one (from a historical perspective), initially proposed by M. Dubois-Violette,
R. Kerner, and J. Madore in (Dubois-Violette et al., 1990a,b) concerns the use of derivation-based differential
structure as fundamental structure. The second one, mainly developed by A. Connes, J. Lott, A. Chamseddine,
and M. Marcolli in (Chamseddine and Connes, 1997; Chamseddine et al., 2007a; Connes and Lott, 1990) concerns
the use of spectral triples based differential structure. These ways to build NCGFT will respectively be called
derivation and spectral triple-based NCGFT.

With T. Masson, we start the investigation of a new natural approach to “unifying” noncommutative gauge
field theories (NCGFT). This approach is based on approximately finite-dimensional (AF) C*-algebras, a very
natural class of algebras in NCG (see (Blackadar, 2006; Davidson, 1996; Rerdam et al., 2000) for instance). By
definition, AF C*-algebras are inductive limits of sequences of finite-dimensional C*-algebras. Let us recall the
following two important points (see Sect. 2.2 and Sect. 13 for more details):

1. A finite-dimensional C*-algebra is, up to isomorphism, a finite sum of matrix algebras: A = M,, ® - &M,
where M,, := M,(C) is the space of n x n matrices over C. For a manifold M, NCGFT have been investigated
on the algebras C*(M) ® A (referred to in the literature as “almost commutative” algebras) and these NCGFT
are of Yang-Mills-Higgs types.

2. An AF C*-algebra is constructed in such a way that we get a control of the approximation of this algebra
by the successive finite-dimensional C*-algebras in its defining inductive sequence. This control (in terms of
C*-norms) can be used to approximate some structures defined on the AF C*-algebra. The best example is
the one of the Ky-group that we briefly recall in Sect. 2.3 for sake of illustration.

The motivation for the present approach can be summarized in the following way: point 1 suggests to use the
defining inductive sequence of an AF C*-algebra to construct a sequence of NCGFT of Yang-Mills-Higgs types
and point 2 could be used to get some control on this sequence of NCGFT in a meaningful way as successive
approximations of a “unifying” NCGFT on the full AF C*-algebra. This would be a way to implement inclusions
of (finite dimensional) “gauge groups” as successive approximations of an (infinite dimensional) “unifying gauge
group”. More details on the mathematical and physical reasons will be given (respectively) in sections 11.1 and
13.1. The setting up of the underlying general mathematical structure was done using derivation-based NCGFT
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in (Masson and Nieuviarts, 2021) and using spectral triple-based NCGFT in (Masson and Nieuviarts, 2022). This
thesis is based on these two works.

Notice that the NCGFT that we can define on the full (maybe infinite dimensional) AF C*-algebra can be quite
unusual from a physical point of view since it can involve an infinite number of degrees of freedom in the gauge
sector. But if the control of approximations by “finite dimensional NCGFT (as suggested by point 2) is possible,
then the content of this NCGFT could be understood as a limit of usual and manageable Yang-Mills-Higgs theories
constructed gradually, for instance using empirical data.

In the GUT approach, the “big enough” gauge group must contain all the empirical phenomenology of present
particle physics. But, in our approach, thanks to the approximation procedure, we only require any step in the
inductive limit of NCGFT to approximate the present empirical phenomenology and the future possible discov-
eries in particle physics. As the probing energy increases, a better approximating NCGFT in the sequence has to
be taken at a farther position. In our bottom-up approximation, the number of degrees of freedom (in the gauge
sector) can increase along the sequence, contrary to the usual SSBM, which is a top-down procedure that relies
on reduction of degrees of freedom.

Notice that one might encounter a stationary sequence starting at some point, so that the full AF C*-algebra
would be of finite dimension. In that case, the “final” NCGFT would make appear only a finite number of degrees
of freedom in the gauge sector, very much like ordinary GUT. But even in that situation, some interesting features
might be depending on how the successive NCGFT in the sequence (here finite) of NCGFT are connected to each
other, in particular concerning the mass spectra of the gauge bosons, see Sect. 14.3. At present time, we are not
aware of any empirical fact suggesting that such a radical new approach could be relevant. But we hope that our
new way to construct unifying gauge field theories beyond the SMPP could reveal new empirical content that
would be suggestive to answer open questions in particle physics. Works in this direction will be done after this
PhD thesis.

This thesis has been written with the intention of synthesizing and organizing my knowledge and perspec-
tives on this topic, and in a more general way on the meaning of NCG. This work is far from covering the whole
field of NCG. It represents a selection, according to my tastes, my interests, and the perspective I have chosen
to put forward to present NCG. I have preferred an approach and writing rather oriented on physical principles
(observables, symmetries, degrees of freedom...) for the first three parts because I think that other researchers
having more taste and competence to deal with the most mathematically abstract aspects of NCG had already
depicted in a sufficiently complete way these fundamental points. I hereby express my hopes for future applica-
tions of NCG that will be enlightening for the physicist’s mind, ideally as much as the application of Riemannian
geometry to describe the structure of space was. I have written this thesis intending to address it to different
types of readers on a continuous spectrum between two idealized ones. The first one would be a reader having
a mathematical or theoretical physics background and who would be curious to understand some points con-
cerning NCG for their culture or to develop new physics. They will thus be mainly interested in reading the first
three parts (LILIII). In particular, they could gain intuition by carefully following the applications of the NCG to
matrix algebras in chapter 4 and then to the extensions of the framework of the usual Gauge theories via the
NCG. I will try throughout this text to show how the usual structures, whether topological or geometrical, such
as the differential structures, the notions of point and space, and the gauge theories become when moving to
their NC generalizations, in the purely algebraic framework of C*-algebras. I hope to bring some light to their
understanding of this subject which remains difficult to access. At the other extreme of the spectrum of my
intended readers, my alternative ideal reader is a researcher closer to the themes of NCG and Gauge theories,
more able to appreciate the technical details, the direction followed during this work as well as the contribution
provided to the pre-existing works, while perceiving the perspectives of research on the structure developed in
the work on which this thesis is based. This reader will be more concerned by the parts I and IV.

Outline. This thesis is divided into four parts. Part I is composed of four chapters. In chapter 1, I recall the
essentials of the theory of C*-algebras, putting ahead the properties which allow to consider these algebras as
noncommutative generalizations of locally compact topological spaces. In chapter 2, I introduce the notions of
finite and approximately finite algebras (AF) which will be the basic structures on which the works of this the-
sis are based. These algebras, which will always be matrix algebras, are the prototype of the non-commutative
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algebra and offer one of the most interesting, rich, and simple examples of NC structure, thus offering a pedagog-
ical illustration of noncommutative spaces, which will be followed throughout this thesis. Chapter 3 proposes
to highlight the path from usual differential geometry to its NC generalizations, these structures forming the
skeleton of the NCGFT which will be developed later on. And finally, for pedagogical and practical reasons, I will
present in chapter 4, how the two main methods of studying differential structures put forward earlier allow us to
study such matrix algebras. This will, among other things, introduce the notations that will be used throughout
this thesis. This first part can be considered as a general (and incomplete) presentation of the technical path to
NCG.

Now that some technical grounds have been set up, I propose in Part II a general discussion around NC in
QM, on the meaning of geometry in physics, and of a potential interpretation we can have of NCG.

When people asked me to explain what NCG is intuitively, I was blocked, I could answer that it is a geometry
without points, that it cannot be visualized. In short, I was saying what it is not, without really understanding
what it is. When I went into the literature, I realized that no author was offering such an intuitive view and that
most of them stood at the mathematical level for the understanding of NCG. This part can be seen as a personal
and partial answer to this question. Its claims are of particular importance for me because it seems clear today
that we lack new physical ideas to find relevant and innovative ways to progress. Specially concerning relevant
applications of the mathematical framework offered by NCG in physics. This is why I thought it was essential
to understand the origin of NC in QM and to understand what this meant for the potential NCG that would be
deduced from these observables (if it must be).

I think that it is physics that should drive our mathematical constructions. Then, without an intuitive rep-
resentation of what NCG is, the physicist’s intuition cannot express itself and allow them to guide themselves
in the elaboration of mathematical theories and structures able to grasp the underlying structures of reality, and
potentially express them in the beautiful structures revealed in the NC framework. Part II is then composed of
five chapters. In chapter 5, I present the general aim and structure of the argumentation of this part. In chap-
ter 6, I explain my view on the general misunderstanding in which NCG lives, particularly in the scope of its
applications to physics. In chapter 7, I try to show what is the meaning of non-commutativity of observables
in QM, what it induces, and how we can interpret it. In chapter 8, I discuss the notion of geometry to describe
space-time, its meaning, and its progressive algebraization, giving arguments to show that the algebraic view is
more fundamental than the geometrical one, with the points as primary objects. Then in chapter 9, using all the
arguments presented in this part and arguing that the formalism of QM must be taken seriously concerning its
geometrical consequences, I present some nice potential geometrical implications coming from such a formalism.
Part II corresponds to insights that I want to submit to an editorial review, once I have made more progress on
clarifying the suggested ideas.

Part IIT is composed of three chapters. In chapter 10, I propose a presentation of the gauge principle, and its
mathematical formulation in fibers bundles while presenting the SMPP, its links to gravitation, and the ways to go
beyond this theory. Then in chapter 11, I show how these structures can be generalized in the NC framework, and
then show how this is done when using derivations-based and then spectral triplets-based differential structures.
I conclude this part by chapter 12 with a very general presentation of the NCSMPP, explaining how it offers
a unification of GR and SMPP at the classical level while providing an adequate mathematical framework for
thinking about formulations of theories going beyond SMPP.

Part IV is composed of four chapters. In chapter 13, I present the general motivation behind the works on
which this thesis is based i.e. why building NCGFT based on AF-algebras can offer an interesting framework
to go beyond the SMPP. Then, I highlight how the embedding structure of AF-algebras works, and how we
can connect structures along its inductive sequence using the so-called ¢-compatibility condition, which is an
essential condition to relate NCGFTs at successive steps. Then I show how to build and relate NCGFTs along the
sequence, first in the derivation-based framework in chapter 14 then with spectral triples one in chapter 15. I
conclude part IV with chapter 16 where I summarize the results obtained so far with the derivations and spectral
triples frameworks for the building of NCGFT on AF-algebras, putting into perspective where they have common
features and where they differ. This part contains the main results of this thesis.

This thesis can also be partially read vertically. This may allow a reader more interested in technical details
to get faster to the point. Indeed, two main guidelines have been followed throughout this thesis. The first one
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concerns the study of NCG via differential structures based on derivations presented in section 3.3. The use of
this method on matrix algebras is then done in section 4.1, the construction of NCGFTs based on derivations is
then presented in section 11.5 to finish with chapter 14 by showing what it gives when the finite algebra on which
the gauge theory is constructed is an algebra of type AF. The second line in this vertical reading grid concerns
exactly the same four points (made in 3.4,4.2,11.6,15), but using spectral triples to construct the basic underlying
differential structure. This two lines are almost verbatim transcriptions of (Masson and Nieuviarts, 2021) and
(Masson and Nieuviarts, 2022) and are mainly addressed to the second type of readers. These to lines correspond
to the main work done during this thesis.
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Part 1

From C*-Algebras to Noncommutative
Geometry






Chapter 1

C*-Algebras

Algebra is the intellectual instrument which has been created for
rendering clear the quantitative aspects of the world.

A.N. Whitehead

We will try in the following to give a very general presentation of what algebras are, then C*-algebras, and
to explore some nice structures in this context. An algebra A is a set A equipped with some operations on it’s
elements A = {A, x(1),*(2),...}. A can be a set of numbers, symbols, vectors, or functions... And the more
common operations can be +, %, [, ]... Therefore, an algebra is a pattern of relations, a structure with respect to
abstract operations between its elements. Thus, algebras are very general objects, and therefore useful in math
and physics, where associative, Lie, and C*-algebras are very common, with additional structures such as norm,
states, spectrum...

Fundamental concepts of quantum physics belong to a mathematical framework that cannot be reduced to
the classical one; they form a generalization of the framework used in classical physics, as we will see later in
section 7.3. The mathematical framework of C*-algebras was mainly developed to formulate quantum physics.
It is the result of a long work that can be considered as initiated by Werner Heisenberg’s matrix mechanics in
1925, then transmitted in more mathematical language by Pascual Jordan around 1933, and finally by John von
Neumann’s work setting up a general framework for these algebras. The C*-algebras thus offer a formalism that
generalizes that of classical and quantum theories, while preserving as much as possible of the structures they
share. In the context of physics, the elements of these C*-algebras are operators called observables, they are the
generalization of the notion of classical observable (functions) in the quantum world with operators, susceptible
to not commute. More details can be found in (Landsman, 2006). We propose here to highlight the main features
of the structure of C*-algebras, being motivated by the fact that they form the ground where non-commutative
geometry was born through the Gelfand Naimark theorem presented in section 1.2.

1.1 General Features of C*-Algebras

I would like to make a confession which may seem immoral: I do not
believe absolutely in Hilbert space any more.

J. von Neumann

An algebra A on C is a complex vector space on which an internal law, multiplication, is defined. This
multiplication can be compatible with addition: a(b + ¢) = ab + ac Va,b,c € A. A is said to be associative if
a(bc) = a(be); and unital if it contains the identity element 1 such that 1a = al = a.

The center of an algebra A is the subset of .4 such that:

Z(A)={a€eA/ab=ba, Vbe A}

11
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An involution on an algebra A is a real linear application of A — A" such that for all a,b € A and 1 € C we
have :

a*=a (ab)* = b*a* (Aa)* = Aa”.
The pair (V,||) of a vector space with a norm is said to be complete for this norm if any Cauchy sequence
converges.

Given a vector space V, a norm on V defines a metric d by d(v,w) := |v — w| with v and w € V. A vector
space with a complete norm in the sense of the associated metric is called Banach space and will be denoted
B. This notion of complete distance makes possible to set up topological structures on the vector space, which
makes Banach spaces very useful in functional analysis.

An example of a Banach space is the Cartesian space R" with norm :

ICer, 22, s X))

with 1 < p < oo taking the limit for p going to infinity, we get : [(x1, X2, ..., X,)|e0 = max; |x;|.

A Banach algebra A is a Banach space which is furthermore an algebra such that for any a,b € A we have :
labl < lal ]

A unit element in a Banach space A is an element 1 satisfying 1a = al = a for all a € A, in particular, we have
11 = 1.

A functional on a Banach space B is a linear map p : B — C which is continuous; such that |p(v)| < Clv|
for a given constant C and all v € B. The smallest C satisfying this condition is called the norm of p :

lpl := supilp@)] / veB, Jvl=1}
The space of all functionals on B is the dual space of B and will be denoted B*, itself being a Banach space.
A bounded operator on a Banach space B is a linear mapa : B — B for which :
lal :=supflav| / veB, Ju]=1}<eo  with  [av| <laf |v]

The space of all bounded operators on B will be denoted B(B), it is a Banach space for the norm on operators.

A sesquilinear product on a vector space V is a map denoted by (, ) : V xV — C such that for all
v, w,wi,wp EVetAjand A, € C:

« (0w) = (w,)
o (0, lywy + Aowy) = A41(v, wy) + A2(v, W)
e (v,v) > 0 and such that (v,v) =0ifv =0
This is also called inner product.
The norm of an element v is defined using the sesquilinear product by \/m

A Hilbert space H is a vector space with a complete sesquilinear product in the sense of its associated norm.

All Hilbert spaces that we will consider will be assumed to be separable, i.e. to have a dense countable subset.
An operator on this space is a continuous linear map from H to H, we will denote B(H) the set of bounded
operators on H; and we will most of the time consider bounded operators in the following.
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The simplest example of a Hilbert space is C" with (x,y) = Y.i; X;y1. Observe that if the Hilbert space is
finite dimensional H = C" then both the algebra of bounded and compact operators coincide and are isomorphic
to M, (C).

It was von Neumann who first defined the abstract notion of a Hilbert space and who later developed the
theory of operators (bounded and unbounded) on these spaces (Von Neumann, 2018). He also proved the equiva-
lence between the matrix formalism of Heisenberg’s approach and the wave formalism developed by Schrodinger
to describe quantum phenomenon. Similarly, all Hilbert spaces of a given dimension are isomorphic so that a
Hilbert space can be completely characterised by its dimension. Real Hilbert spaces thus offer a potentially infi-
nite dimensional generalisation of usual Euclidean spaces, in which the geometric notions of distance and angle
still make sense, thanks to a generalisation of the usual product, made by the scalar product.

The adjoint operator a — a* on a Hilbert space is defined by the following property, for all /1,1, € H:
(@y1.92) := (Y1, ay2).

It defines an involution on B(H). An operator a is self-adjoint if a = a*; it is called normal if it commutes with
its adjoint.

The set of self-adjoint operators will be denoted Ur and we can decompose any operator a into two self-
adjoint operators as follows:
A+ A A-A

A=A +iA” := +i—
2 2i

with A” et A” belonging to Uk.

A C~-algebra A is a complex Banach space which is at the same time a *-algebra (the * denoting an algebra
endowed with an involution) such that for all a,b € A we have :

labl <lal lbl ~ and [af* = |a"|la] = |a"al

The important the property |a*a| = |a|?* for a € B(H) is the origin of the definition of C*-algebras; it is the
property that makes the described norm and involution match together and renders the structure much more
workable. Initially, the “C” of C*-algebras stood for closed. For example, any M,(A)-algebra of matrices with
coefficients in a C*-algebra is also a C*-algebra. In particular M,(C) is a C*-algebra for all n € N.

An homomorphism of C*-algebras is a map preserving all the structures of the C*-algebra. The C*-algebras
with these homomorphisms form the category of C*-algebras.

A representation of C*-algebra A on a Hilbert space H is a *-homomorphism from A to the algebra B(H)
of bounded operators on H.

Theorem 1.1.1 (Gelfand-Naimark-Segal) Every abstract C*-algebra A is isometrically %-isomorphic to a con-
crete C*-algebras of operators on a Hilbert space H. If the algebra A is separable then we can take H to be separable.
For a recent reference see (Sitarz, 2013).

Thus, any abstract C*-algebra can be made “concrete”, i.e. representable as an algebra of bounded operators on
a Hilbert space. When this Hilbert space is of finite dimension, this algebra is finite and can be represented as a
matrix algebra. In the following, every algebra will be of finite type.

C*-algebras <> bounded operators in B(H)

This establishes the possibility of considering C*-algebras as abstract algebraic entities without reference to
particular realizations as an operator algebra acting on Hilbert spaces.

C*-algebras are of deep interest because of these three properties:

« They abstract the properties of bounded operations on Hilbert spaces: they do not require any particular
realization as acting on Hilbert spaces. This allows us to think of structures from the simple point of view
of the algebraic relations living on them.
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« Aswe will see in section 1.2, they generalize the properties of locally Compact Hausdorff topological spaces.

« They provide a successful mathematical framework for QM, but also of classical mechanics as we will see
in section 7.3.

Definition 1.1.2 (Spectrum of a € A) Fora € A an element of a C*-algebra, we call Sp(a) the spectrum of a
which is the set given by

Sp(a) :={A € C|a— AL is not invertible } (1.1.1)

The collection of these sets (over all a € A) is Sp(A). It is also the set of unitary equivalences of irreducible *-
representations of A

Definition 1.1.3 (Eigenspaces of an operator) Fora € A a C*-algebra, we call V) the eigenspace associated to
the element A € Sp(a) such that

Vii={y e Hlay =1y}

Definition 1.1.4 (Spectral decomposition of normal operator with discrete spectrum) Fora € A a nor-
mal operator in a C*-algebra, taking P) to be the orthogonal projection onto the associated eigenspace V), and {A;}ies,
the set of all eigenvalues, with the corresponding index set S,. Then we have the decomposition

a= Z AP, (1.1.2)
i€S,
For any normal element a in a C*-algebra, the norm of a is equal to its spectral radius:
lal = sup{lAl /A€ Sp(a)}
We define here three notions of topologies on operators, based on the previously constructed norm:

« The normed topology on B(H) is defined by the convergence criterion:
A, — Aif A, — A| = 0.

« The strong topology on 3(H) is defined by the convergence criterion:
A, = Aif|(A, — Ay — 0forally € H.

« The weak topology on B(H) is defined by the convergence criterion:
Ap = A |1, (An — A)Y2)| —» 0 forall ¥y, € H.

It can be shown that normed convergence implies strong convergence, which in turn implies weak convergence.
A special kind of C*-algebras are the von Neumann algebras:

A von Neumann algebra is an *-algebra of bounded operators on a Hilbert space which is unital and closed
under the weak operator topology. These are of deep interest in QM and axiomatic approach to quantum field
theory.

A factor is a von Neumann algebra with trivial center (the center consist only of scalar operators).

An element a of a C*-algebra is said to be positive if a* = a and if its spectrum is positive Sp(a) C R*. The
space of positive elements will be denoted A™*.

A bounded operator A € B(H) on a Hilbert space H is said to be positive if for all y € H we have (i, Ay) > 0.
This property is equivalent to A* = A and Sp(A) C R* and applies to closed subalgebras of B(H). In QM,
positive self-adjoint operators represent an extension of the notion of positive real functions, whose values are
often associated with observables in classical physics. It is possible to prove that an element a € A is positive if
and only if it can be written as a = b*b for b € A.
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The fact that the positivity of a bounded operator A coincides with its self-adjointness and that Sp(A) C R*
induces that the expected value of an observable A in QM will always be real and positive. The characterisation
of quantum mechanical systems is thus done in this framework via algebraic conditions on the observables, the
Hilbert space allowing to organise the so-called “pure” (non-decomposable) states of quantum systems.

Behind the notion of observable, attached to the real world, a more abstract and underlying notion (from the

physicist’s point of view) is that of state:

Definition 1.1.5 (Positive linear functional) A linear functional p : A — C is called positive if p(a) > 0 for
all positive element a € A. (equivalently p(b*b) >0 Vbe A)

Definition 1.1.6 (State on an algebra) We call state on a C*-algebra A, a positive linear functional p of norm
one, ie ||p|| = 1. A state is called a trace if Va,b € A we have p(ab) = p(ba)

More details can be found in (Sergeev, 2016).

The Gelfand-Naimark-Segal-construction (GNS-construction) is a procedure which permits from any
state p on a C*-algebra A to construct a representation 7, of .4 in a Hilbert space H. A simplified view of the
procedure can be seen as follows, if the vector ¥ € H is such that for all a € A we have p(a) = (¥|a|y) (in Dirac
Bra-ket notation), then we define 7, : A — End(H) the representation of A by the relation p(a) = (¢|aly) :=

W, mp(@)y).

Note the importance of the nature of the product (which is the inner product) in this procedure. The analogy
with QM is that p(a) provides the expectation value of the observable a applied to the state /. As { becomes the
main parameter of the procedure, it can be summarized as:

A=y = p - m(A)

More details can be found in (Blackadar, 2006; Landsman, 2017, 2012).

1.2 Gelfand-Naimark Theorem

One of the main theorems at the origin of NCG is the Gelfand-Naimark theorem, induced by the categorie equiv-
alence between commutative C*-algebras and Hausdorff-types topological spaces as we will see.

Definition 1.2.1 (Character of \A) A character over an algebra A is a surjective non-zero homomorphism
u = A — C which respects the multiplicativity property p(ab) = p(a)p(b) Va,b € A. The set of all characters is
denoted by M(A).

As p(a — p(a)) = 0 we have that a — p(a)l is not invertible, then p(a) € Sp(a).

Example 1.2.2 An example can be given by A = C°(M) the algebra of continuous functions on a locally compact
space M, vanishing at infinity, with p, : f — f(x) the evaluation map on f € A at x € M. o

Lemma 1.2.3 For a commutative Banach algebra A, M(A) endowed with the Gelfand topology is a locally compact
space.

Definition 1.2.4 (Gelfand transform) For A a commutative Banach algebra, we call Gelfand transform (also
called Gelfand representation) of a € A the function a : M(A) — C given by the evaluation of a at pu :

a(p) := p(a). (1.2.1)
The Gelfand Transformation is a map 1l : a — a from A to C(M(A)).

Lemma 1.2.5 Leta € A be a self-adjoint element in C*-algebra. Then pu(a) € R for all u € M(A).



16 CHAPTER 1. C*-ALGEBRAS

Theorem 1.2.6 (Gelfand-Naimark theorem for commutative C*-algebras) If a C*-algebra is commutative
then it is an algebra of continuous functions on some (locally compact, Hausdorff) topological space.

Thus, the Gelfand-Naimark theorem tells us that if .4 is a commutative C*-algebra, then the Gelfand transfor-
mation between A and the algebra C°(X) of continuous functions on the spectrum X of A is an isomorphism. The
Gelfand transform allows us to define a functor that makes the categories of topological spaces and C*-algebras
equivalent. More generally, the Gelfand-Naimark theorem provides a method for representing commutative al-
gebras as algebras of continuous functions on a topological space, it tells us that a space M is equal to the set of
characters on C(M), that is M = M(C(M)), which clarifies the choice of notation made for the set of all characters.

Using the example 1.2.2, the relationship 1.2.1 becomes f(x) = x(f), This relation is quite surprising, because
it shows that we can equally well perceive the points of topological spaces as functions on an algebra of observ-
ables, as we can perceive this algebra as a function on a topological space. This remark is of great importance
and philosophical depth. We will return to it in sections 8.3 and 8.4.

The above mentioned category equivalence implies that we can speak of topology by referring to the alge-
bra of functions living on that topology. Thus, many characteristic properties of topological spaces have their
algebraic counterparts. For example, the group of homeomorphisms of a compact space M is isomorphic to the
group of automorphisms of the C*-algebra C(M). A more detailed list of these equivalences can be found in table
1.1.

Algebra Topology
Commutative C*-algebra A | Topological space M
Projectionless Connectedness
Projection/Pure state Point
Finite projective module Vector bundle
Automorphism Homeomorphism
Unital Compact
Separable Metrisable
Ideal Open subset
Quotient algebra Closed subset
tensor product Cartesian product

Figure 1.1: Equivalences between algebraic and topological properties.

We can therefore talk about topological spaces without any mention of them. Hence the manifold M no longer
needs to be taken as input to express the algebra, since it can be derived from it.

An important remark is that nothing in this category equivalence requires the commutativity of the algebra. It
is by placing us on the side of the algebra, and by relaxing the commutativity condition of the latter that the NCG
came into being, as the extension of the geometric framework that accompanied that of commutative algebras.
This opens a new door for mathematics, where we can consider a non-commutative C*-algebra, and try to make
sense of a corresponding generalization of topological space. This was the beginning of NCG. A schematic view
of the underlying idea of NCG is given in figure 1.2.

Thus, the concept of point being algebraically characterized, we are now free to explore what happens in the
non-commutative context. In non-commutative “spaces”, what was only a point in commutative geometry now
acquires a structure. However, a NC algebra cannot be considered as an algebra of functions on a space thought
as a set of points. NC geometry therefore consists of conveying the properties of spaces (in the commutative
setting) into an algebraic form and then exploring what happens to these properties when moving to the NC
world. NC spaces do not exist as spaces, only their algebras have existence.
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Gelfand-
Naimark
theorem Commutative algebra of con-

tinuous functions over M

Topological space M

Extention to
noncommutative
algebras

Noncommutative
algebra of “functions”

Noncommutative “space”

Figure 1.2: Extending topology through Gelfand-Naimark theorem.

Remark 1.2.7 The notion of point is not lost, it is just no longer fundamental and is therefore destitute of its
general significance. o

Then, coordinates are replaced by the generators of an algebra. Because they do not commute, they cannot be
simultaneously diagonalized and the usual space picture can no longer stand.

Remark 1.2.8 It is important to note that insofar as this theorem can be considered as one of the foundations
of NCG, there is no mention of NC coordinates, only of NC observables. o

More details can be found in (Sitarz, 2013) and (Coquereaux, 1998).

1.3 K-Theory of C*-Algebras

K-theory is a branch of mathematics related to geometry, topology, number theory, and ring theory. The objects
of geometry, algebra, or arithmetic are associated with an object called K-group which contain important infor-
mation about them. It can be seen as the study of additive or abelian invariants over matrix algebras, simple
examples of abelian invariants being traces and determinants (Atiyah, 2000). Examples of results collected from
K-theory approach include the Grothendieck-Riemann—Roch theorem, Bott periodicity, the Atiyah-Singer index
theorem, this last one being one of the big results with the Gelfand-Naimark theorem that motivated the devel-
opment of the NCG. The link made with topological K-theory provides another equivalence between topology
and algebra, through the invariants of the K-theory.

Take A an unital C*-algebra, we consider the projectors of A; ie. elements that are both self-adjoint and
idempotent P* = P = P?. We define Mo(A) := Up>M,(A) where M,(A) := M, ® A is the C*-algebra of p x p
matrices with entries in A. For all n > 1, we consider the set P,(A) of projections onto M, (A), and we introduce
the object Po(A) :

P A) = PulA).

n=1
We then construct an equivalence class ~¢ on Pw(.A); that is P and Q belonging to P..(A) are equivalent if there
is S € M (A) such that P = S5* and Q = S*S. We thus construct D(.A) as the quotient of Ps(A) by ~¢ :
D(A) = Peo(A)/ ~o -

D(A) can be equipped with an additive abelian law denoted +, moreover, D(A) is not a group because there is
no inverse element. We then create another equivalence relation ~ on D(A) x D(A), take (x1, y;) and (xz, y») two
elements of D(A)xD(A); we have (x1, y1) ~ (x2, y») if and only if there is z € D(A) such that x;+y,+2z = x2+y;+2.
We consider Ky(A) = D(A) x D(A)/ ~, which is an abelian group, Ky(A) is the Grothendieck group G(D(A)):

Ko(A) = G(D(A)) = D(A) x D(A)/ ~
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This functor will thus allow us to transfer the study of algebras to that of abelian groups. In the case of inductive
sequences of algebras:

A Ay Ay A
we will be able to build the sequence:

Ko(¢1) Ko(¢2)
Ko(A;) = Ko(Az) — Ko(A3) ... ~ Ko(Aar)

with Ky(¢;) defined in (Rordam et al., 2000). In the subsection 2.3 we will see how K-theory can be used to clas-
sify AF algebras, and in 11.1, that the projections used to build the construction that leads to the invariants of
K-theory can also be used to create projective modules. As we shall see, this provides a nice link with the topo-
logical constructions such as the vector bundles in Gauge theory, more precisely by connecting these projective
modules to the sections of the bundle. As for the Gelfand-Naimark theorem, this result is the consequence of an
equivalence of category.



Chapter 2

Finite and Approximately Finite (AF)
Dimensional Algebras

In the following, as said before, we will only consider algebras of finite dimension, these are the ones with which
the quantum physicist is the more familiar with since she/he deals with experiments with finite or countable
outcome results. In this section, we will offer a more intuitive view of these algebras, adopting the natural matrix
representation. This will give a view of what the commutative limit represents in this unifying scheme. Then, I
will show how any C*-algebra admits a natural direct sum decomposition into sub-algebras. In section 2.2, I will
describe an important kind of algebra which is based on this direct sum decomposition i.e. the AF-algebras, on
which the work of this thesis is based. Then we will show in section 2.3 how K-theory offers a nice classification
of these algebras.

2.1 Finite Algebras

A first observation is that through the Gelfand-Naimark-Segal presented in chapter 1, any finite C*-algebra can
be represented by a matrix algebra acting on a finite-dimensional Hilbert space. These are isomorphic to the
space C" equipped with the inner product (£,7) = Y'I, &n; with &,y € C", where i is the index of an orthonormal
basis of C". More generally, these can be extended by associating a multiplicity space to them: C" ® C* where
i is the multiplicity of this representation. In the context of NCG, these indices i will be associated (in a one to
one way) with elements of a finite space F.

To proceed pedagogically, let us start with the simplest example, that of commutative algebra. A first obser-
vation is that any commutative (finite and acting on H = C") algebra A¢ is of the form A = C", where n is its
dimension, which coincides with that of Z(.A¢). An algebraically equivalent writing is therefore the following,
Vf € Ac:

f(l) 0 0
A R
00 - f)

where the indices 1, ---, n refer to the elements of the Hilbert space on which each f(i) acts, and thus to elements
of F. In the commutative case, the space F can be considered as a topological space with n points. We can see
perfectly well that nothing can give the differential structure taking this form alone, so an additional structure
is needed to link the values of f(i) together. We can also provide this topological space with a metric, giving a
notion of distance between the points, at the level of the algebra. This is common in NCG and notably done in
(van Suijlekom, 2015, p 19). We will see in chapter 3 different procedures to build such metric and differential
structures.

A first step in the NC generalization of this algebra is to replace f(i) by algebras of NC matrices, and thus

19
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obtain the algebra A yc¢ such that Va € Anc:

a 0 0
0 as 0
a= :
0 0 a
This expression is algebraically equivalent to a = @}, a; = P, My, (C), M,,,(C) being matrix algebras of di-

mension n;, as we will see, every finite C*-algebra admits such a writing. Natural Hilbert spaces for this kind of
algebras will be written @), C" ® CH. This example is interesting because the only definable point notions are
associated with each of these matrix algebras independently, there is no more refined point notion, the projec-
tors used to create these points being the elements 1, , identity matrices reduced to algebras M, (C). One way of
representing what happens is to consider that these n points are now endowed with an inner structure, whose
degrees of freedom can be called NC degrees of freedom. Go even further by filling in the non-diagonal terms,
we obtain an algebra A} “even more NC”, with Va € A}

apir 4z Qi
azr Qg - Qzp

a=p. : . : Qi i, € Mnlxng((c)
Qan1 an2 < App

In this case, the space F is the space reduced to a point, none of its elements having the status of a point for the
algebra (through-Gelfand Naimark theorem).

These finite spaces are the basis of the NC standard model which is “built” on the algebra C*(M) ® A (with
M a topological space) which can be considered as the one acting on the Cartesian product space M x F.

Finally, an interesting analogy can be made with QM. If we take the observable defined by the density matrix
p, then we can see how the set of these density matrices forms a NC algebra. The decoherence process can
be understood as a process making this algebra commutative according to a given basis, that of the classical
observables:

P11 P12 - Pin pu1 0 - 0
o S B D
Pn1 Pn2 ' Pmn 0 0 ** Pnn

It is interesting to note that any finite C*-algebra admits a natural decomposition into direct sum. Indeed, by
the Artin-Wedderburn Theorem any finite-dimensional C*-algebra can be represented as a direct sum of matrix
algebras:

A= DM, ©)
i=1

With the n;’s and r being positive finite integers. This can be easily seen in this example of reconstruction, taking
any finite «-algebra A of complex matrices, there exists a minimal set of mutually orthogonal projectors {p;}/_,
spanning the center Z(A) and forming a resolution of the identity (p; = 1,, and 0 outside for example). Then for
any a € A we have:

a= 1_,4(12 <2pi)a: ip,-piaz zr:piap,- =0, 9a;P9...0a, D0

because the projections are in the center and mutually orthogonal. As the projectors depend only on A, this
decomposition holds for any a € A, then we get :

A=V AU = 4,0 4,8..0 A, &0
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with U" the unitary matrix coming from the set of projections, the center of each algebra is trivial Z(A;) = C14,.
A complete derivation can be found in (Bény and Richter, 2015).

This is why we will often study what happens on such representations later on, as they are more convenient
to use, have many links with physics, and because the parameters of the embedding structure of AF-algebras act
specially on the elements of the direct sum.

The concept of direct sum can be generalized to direct integral. It was mostly developed for von Neumann
algebras which are at the heart of the axiomatic approaches to quantum field theory. A deep and important result
goes as follows: If one assumes that von Neumann algebras have the right properties to represent the general
algebra of observables in physics and that one considers A as a potential candidate of interest for physics (without
assuming any parametrization of this algebra with respect to points in space-time, and assuming that this algebra
is finite dimensional), then it is possible to obtain a central decomposition of A, such that, as above for the Artin-
Wedderburn theorem, (via the collection of mutually orthogonal projections of the center forming a resolution
of the identity) given the projections set {p,}ren of such a decomposition, with M the set of indices of these
projections, one has:

®
= d
A A/I Axdp(x)

du(x) being a measure over M. So in other words we have a diagonalization of A according to its center. Each
A, is obtained from a py, it turns out that (almost) each A, is a factor, which is analogous to full matrix algebras
over a field. We have taken x as a subscript to emphasize the potential link with points of space-time. More
details can be found in (Kadison and Ringrose, 1986).

This is of capital significance because it proves that given any algebra (potentially NC) having reasonable
properties concerning physics, it can naturally be rewritten as defined on “a field” parametrized by its center,
where matrix algebras “live” above each point, which is exactly the description made in gauge theories as we
will see in part III. One must therefore understand that starting from such a NC algebra, without any notion of
point, one can rewrite it as a matrix field over a set of points, which one can imagine to be those of space-time.
This theorem thus provides a clue that NCG is a natural framework for gauge theories, since as we will see,
considering a general NC algebra lead naturally to structure like the ones described by fiber bundles. We will see
in section 11.4 how this fact is implemented with AC-manifolds.

Moreover, this construction is not without reminding the Gelfand-Naimark theorem, because these projec-
tions of the center can be taken to construct pure states defined on the algebra (using the trace), and thus define
a notion of disjoint points (mutually orthogonal) for the algebra since they belong to the center of this one. It is
interesting to note the contribution of this approach compared to that of the Gelfand-Naimark theorem which
is more general. Indeed, the notion of point can here be defined on an NC algebra from its own elements, i.e.
without external structure!

2.2 Approximately Finite (AF) Algebras

In this subsection, we would like to recall the necessary structures involved in the definition of AF C*-algebras
that will be used in the following. We would like also to illustrate in section 2.3, with the Ky-group example, the
powerful approximation procedure by finite dimensional structures that we inherit in this framework.

A C™-algebra A is said to be AF (approximately finite-dimensional) if it is the closure of an increasing union of
finite dimensional subalgebras A, i.e. A = U;59.A,. We will always suppose that A4 is unital and that Ay =~ C1 4
(Davidson, 1996). The equivalent of AF C*-algebras in von Neumann algebras are hyperfinite factors. The AF
C*-algebras are non-commutative generalizations of C°(M), with M a totally disconnected space.

It is convenient to describe A as the direct limit A, = lim A, of the inductive sequence of the finite dimen-
sional (sub)algebras {(An, pnm) /0 < n < m} where ¢ : A, — A, are one-to-one unital *-homomorphisms
such that ¢, © ppm = ¢np for any 0 < n < m < p. From this composition property, one needs only to describe
the homomorphisms ¢, ,+1 : A, = Apt1. This can be done in two steps.
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Firstly, any finite dimensional C*-algebra A is *-isomorphic to the direct sum of matrix algebras, A = ®]_; M,
(Davidson, 1996, Thm. II.1.1). Secondly, any unital *-homomorphism ¢ : A = &_ M, — B = &}_, My, is
determined up to unitary equivalence in B by a s x r matrix A = (a;) where ai; € N (non-negative integers)
is the multiplicity of the inclusion of M,, into M,,, (Davidson, 1996, Lemma III.2.1). The multiplicity matrix A is
such that .!_, an; = my. The action of A can be seen on the index sets as follow:

n m

ny m,

A . — .
( "ir > ( rr.ls )

The Bratteli diagram is constructed in such a way that each n; and my corresponds to points in the diagram, the
n;’s being all on the same line, and the my’s on another, the oy; are then used to define arrows between these
points, so that if ax; = 0 there is no arrow, and if 4; # 0 there is an arrow of multiplicity ay;:

n; Qi my
o —> o

Animportant fact is that if A = U,50.4, and B = U,50 B, have the same Bratteli diagram, then they are isomorphic.
Furthermore if A, and /3, are isomorphic Vn, the algebras are not necessarily isomorphic, since the nature of the
embedding structure defined by the a; contain crucial properties. This fact is very important since as mentionned
in (Christensen and Ivan, 2006), ¢ contains many important geometric and topological data. A natural question
will be how to characterize the additional geometric and topological data coming from the structure of the AF
algebra, when we will have constructed differential structures based on such algebras. The characterization of ¢
up to unitary equivalence in B3 permits to take a convenient presentation of the inclusions of the M,,’s into the
M,,’s, for instance by increasing order of the n;’s along the diagonal of M, .

In what follows, we will not be interested in the C* aspect of AF C*-algebras since we will focus on the
differentiable structures compatible with the increasing sequence of {(A,, ¢nn+1) /7 = 0}. In our point of view,
we will consider A« := U,>0.A, as the dense subalgebra of A = U,59.4, of “smooth” elements. A, as the direct
limit of {(Ay, ¢nn+1) / n = 0} in the category of associative (unital) algebras, inherits some algebraic structures of
the algebras A,,.

Let us notice that one key result for the study of AF algebras is given by (Davidson, 1996, Lemma I11.2.1),
which describes the possible unital *-homomorphisms ¢ : A = &]_; M,, — B = @;_, My, . For reasons that will
be explained below (see Sect. 14.3), we will consider non unital *-homomorphisms ¢ : A = ®_; M,, — B =
©}_, M, . In that case, we can use (Davidson, 1996, Lemma III.2.2) to describe ¢ up to unitary equivalence in B
with a matrix A = (ay;), with ai; € N, such that Y7, agn; < my.

Another important point to notice is that in the mathematical considerations described before, the *-
homomorphisms ¢ : A = &]_; M, — B = &;_; My, need only be characterized up to unitary equivalence
in B. This is a consequence of the fact that we need only consider “classes” (modulo isomorphisms for instance)
for the purpose of classifying the structures. A priori, in physics, we may need to consider two *-homomorphisms
¢ as different even if they are related by a unitary equivalence. This is related to the fact mentioned above that
we consider the algebraic structure Ao := Upso.A, instead of its completion, and that its presentation (the se-
quence of *-homomorphisms ¢, ;) may contain some phenomenological information. But, as will be shown,
see Examples 11.5.2 and 11.5.3, the action of (unitary) inner automorphisms is not relevant from a physical point
of view since it consists to a transport of structures. These inner automorphisms are similar to gauge transforma-
tions in the sense that one can chose a particular representative in the class of equivalent structures to describe
a physical situation. This explains why the analysis in this thesis relies on a chosen “standard form” for these
*-homomorphisms which simplifies the presentation.

2.3 The Classification of AF C*-Algebras by K-Theory:

The complete classification of AF C*-algebras was made by G.A. Elliott in the framework of K-theory thanks to the
Ko-functor producing a category equivalence between the theory of C*-unital algebras and that of abelian groups.
This is one of the main arguments motivating the development of NC gauge theories based on AF-algebras.
Because it makes feel their structural importance (from the point of view of topology/algebra equivalence), as
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well as the link with a classification of the gauge theories built on it, with respect to the link between this
classification, and the gauge theories, via the idempotents of the algebra, as we will see in section 11.1 with
the Serre-Swan theorem. Indeed, for any AF algebra, at each rank of the inductive process, we can construct a
K-theory and obtain the corresponding invariants. The fact that this K-theory is linked to the one of the next
rank induces the possibility to compute the K-theory of the AF algebra at the limit of the inductive process. The
interest is therefore to use this fact to make gauge theories in the same way, i.e. by constructing a gauge theory
at each given rank, starting from the previous rank. The fact that K-theory allows us to fully classify AF algebras
will thus allow us to characterize the limit gauge theory associated with the induced AF algebra. We propose
here to show the construction of the functor K, from an AF C*-algebra to the associated abelian group. (Rordam
et al., 2000)

Let us now illustrate how the defining sequence {(A,, ¢nn+1) /1 = 0} can be used to construct “approxima-
tions” of the K, group of A, using the same notations as in section 1.3. The definition (see (Davidson, 1996; Rerdam
et al., 2000) for details) of the K, group of a unital C*-algebra .4 starts with an equivalence class of projections in
Mo (A). The space D(A) := Po(A)/ ~o of equivalence classes [P] of projections in M. (A) is an Abelian semi-
group for the additive law [P]+[Q] := [P®Q] where P®Q := ( s 5 ) € M.(A). Then Ky(A) is the Grothendieck
group of D(A).! We denote by 1 : D(A) — Ky(A) the map defining the universal property of Ky(.A). Then, for
any P,Q € P.(A), one has (Rerdam et al., 2000, Prop. 3.1.7) «([P & Q]) = «([P]) + «([Q]); «([P]) = «([Q]) if and
only if there exists R € Po,(A) such that P® R ~; Q & R; and Ko(A) = {i([P]) — «([Q]) / P,Q € Pw(A)}. So,
describing all the «([P]) is sufficient to get Ko(A).

For a matrix algebra A = M, one has M,(M,) = M, ® M, = M,, and, for any P,Q € Pu(M,), P ~, Q iff
rank(P) = rank(Q). So D(M,,) = N, Ky(M,) = Z and ¢ is the inclusion ¢ : N < Z and so it can be omitted in
that case. For a finite dimensional algebra A = ®]_; M,,, this result generalizes as P = ®]_; P, ~g Q = ®|_; ; iff
rank(P;) = rank(Q;) for any i, so that D(®}_; M,,) = N" and Ko(®|_; M,,,) = Z" (Davidson, 1996, Ex. IV.2.1). Here
again ¢ is the natural inclusion and it can be omitted.

Any morphism of C*-algebras ¢ : A — B induces a canonical morphism of groups ¢. : Ko(A) — Ky(B)
by ¢. o 14([P]) = 15([#(P)]) where ¢p(P) € Peo(B) C M(B) is defined by applying ¢ to the entries of the matrix
P € My(A) C Mu(A). So, from the defining inductive sequence {(A,, $nm) /0 < n < m} of an AF C*-algebra
A= li_n)lA,l, we get an inductive sequence {(Ko(A,), $um+) /0 < n < m}. Then one has Ko(A) = li_n}Ko(A,,)
(Rerdam et al., 2000, Thm 6.3.2).

To compute h’_r)nKO(An), one has to describe the morphisms ¢, 114+ : Ko(Ay) = Ko(Aps1). This can be done
easily in terms of the multiplicity matrices A, ,+; associated to the morphisms ¢, 41 : A, = A,41. In order to
do that, we switch from projections to finitely generated projective modules.

Let P € M,(M,) be a projection with rank(P) = a (< pn). Then P can be diagonalized as P = U*E,U
for a unitary U € M,, and E, = (10“ 8) € M, where 1, is the unit @ x a matrix. Then S := E,U satisfies
§*S = (E,U)*(E,U) = UELE,U = U*E,U = P and S§* = (E,U)E,U)" = E,UU*E = E, so that [P] = [E,].
Consider the free left M,-module (M,)? = M,,,, (row of p copies of M, or rectangular matrices pn x n). Then up
to the unitary equivalence by U (acting on the right on rectangular matrices), P defines the submodule Mp =

MpnnEq = My, = C" ® C (a finitely generated projective module over M,).

In the same way, a class [P = ®]_, P,] € D(®]_; M,,) defines a class (modulo isomorphisms) of left (finitely
generated projective) modules [Mp] with Mp = C" @ C** @ - @ C™ ® C* where ¢; = rank(P;). Indeed, if
P e M,(®_ M,,) = ®_, M, ® M,,, then P, € M, ® M,,, = M,(M,,) and then we are in the previous situation for
every P.. Themap ¢, : D(®_; M) = D(®;_, My,) inducedby ¢ : &I_; M,, = &;_, My, with multiplicity matrix
A = (ag;) sends [P] to [Q = ®]_, Ox] where every entry along M), in Qx € M,(M,, ) contains ay; copies, distributed
along the diagonal of My, , of the entry at the same position along M,, in P;. Since the rank of a matrix projection is
its trace, one gets f := rank(Qx) = Yi_; aa; and the associated module is then Ny = C™ Clr @ C™Ch
by the previous construction. So, in terms of modules, ¢, sends the class of C" @ C*' @ --- @ C™ ® C* to the class
of C"@Ch @ - & C™ @ CFs, where C" @ C*% = M, ,, is repeated ay; times on the diagonal of C" @ CF+ = Mg, my.-

IThe Grothendieck group G(S) of an Abelian semigroup (S, +) is the unique Abelian group K which satisfies the following universal
property: there is a morphism of semigroups ¢ : S — G(S) such that for any morphism of semigroups ¢ : S — T for any Abelian group T,
there is a morphism of groups @ : G(S) > T withp =g o 1.
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The diagonals are filled thanks to the relations m = Y.;_; ain; and fx = Y.i_; axicti. See (Davidson, 1996, Ex. IV.3.1)
where the identification of ¢, with A is also presented using projections.

This describes the maps ¢, ni1+ @ D(A,) = D(Ay,41) in terms of (finitely generated projective) modules. For
AF C*-algebras, D(A) equals the space K;f (A) of stable equivalence classes of projections in Pw(A),? and this is a
cone in Ky (A) such that Ko(A) = K; (A)—K; (A) (Davidson, 1996, Thm IV.1.6, Thm IV.2.3, Thm IV.2.4). So, for AF
C*-algebras, it can be of practical importance to know what it means to approximate elements of D(A) = K (A).
A class [P] € D(A) can be looked at as a sequence of classes [P,] € D(A,) for n > ny, related step-by-step by
the maps ¢, 41+ The sequence {[P,]}n>n, corresponds then to a sequence {{M,]},>n, of equivalence classes of
isomorphisms of finitely generated projective modules on the algebras .4,. Notice that it is only the sequence
in the whole that permits to reconstruct the target element [P] € D(A). We could say that, for some n > ny,
the module M,, “approximates” (as a representative element in [M,]) the class [P], but some information are
encoded in the embedding maps ¢pp1+ : M, = My which then participate to this notion of approximation.
As seen before, concretely, the maps ¢, n11+ are written in terms of the multiplicity matrices A, .1 associated to

the ¢n,n+1 ~3

It is well-known (Elliott’s Theorem, see for instance (Davidson, 1996, Thm IV.4.3)) that the K,-group, sup-
plemented with a structure of scaled dimension group, is sufficient to classify AF C*-algebras. So there is no
more information outside of the one encoded in the sequence of multiplicity matrices A, ,+; to be expected in the
constructions described before since it determines a unique AF C*-algebra and it permits to construct its scaled
dimension group.*, and so to go on from the sequence:

A1&A2&A3 M')AAF
to the sequence:

Ko(¢1) Ko(¢2)
Ko(A1) — Ko(Az) — Ko(A3) ... ~ Ko(Aar).

In the part IV, we will use again these ¢, morphisms to link the essential structures of the gauge theories
which will be associated to each .A;, in order to build inductive sequences of NCGFTs on top AF-algebras.

2P, Q € Pw(A) are stably equivalent, P = Q, if there is a projection R € Pe(A) such that P& R ~y Q & R.

3The full sequence of multiplicity matrices Ay 11 is provided by the AF C*-algebra. It can be represented graphically by a Bratteli diagram,
and it is known that two AF C*-algebras with the same Bratteli diagram are isomorphic (Davidson, 1996, Prop. I11.2.7)

“Keep in mind that an AF C*-algebra can be obtained from different sequences of multiplicity matrices.



Chapter 3

Noncommutative Differential Structures

We have seen with the Gelfand Naimark theorem that properties of an algebra can be mapped to topological
properties of an underlying space in the commutative case. Therefore, we know how to reconstruct the topolog-
ical manifold M from .A, and then obtain the algebra C°(M) of continuous functions on M. It should be noted
that this connection provides only incomplete information about the geometry of this underlying “space”, and
thus for example does not allow one to distinguish between two equivalent topological spaces such as the ones
of torus and teacup for example. The additional information required to fully characterize the geometry would
be to introduce an object enabling the elaboration of a differential structure (on the algebraic side), and from
which one could extract a metric structure (geometric side). It is therefore very important to complete the al-
gebraic/geometric equivalence by finding techniques to define such differential and metric structures, and thus
construct the algebra C*(M) of differentiable functions. Having done this with tools that do not depend on the
commutativity of the algebra, the generalization to NC algebras can be started.

The study of differential structure can be seen as the study of variations of what is observed. This can be
achieved according to any abstract or concrete parameter like time, space, another observable, or numbers. This
can be done infinitesimally or not for the variation of this parameters. In QM, the observational outcomes are
given by O,(¥/) = (¢]al/) (in the equivalent bra-ket notation). Then if we denote by §0,() its variation, they
are two equivalent ways to see its origin:

« The 1st one is to consider that it comes from a variation of the state: ¢’ = ¢ + 5y which gives at first
order O,(y") = (Ylaly) + e({Slaly) + (¥]aldy)) = Ou(¥) + €67 O, (¥) if we neglect the terms of order two in
€. We can call this the Schrodinger picture view of variations.

« The 2nd one is to consider that it comes from a variation at the level of the algebra: ' = a + é§a which
give Oy () = O,(¥) + E|8aly) = O.() + €6°0,(¢) which can be called in the same way the Heisenberg

picture view of variations..

Taking these two variations to be the same: O,(y") = Oy () (via the equivalence between Schridinger and
Heisenberg pictures) which mean that 6V 0, (1) = 6°0,(¢) = 60,(}), we are left with two (in principle) equivalent
ways to study differential structures in this context. As we will see in sections 3.1 and 7.3, this works also in the
classical framework since it can also be describe in the framework of Hilbert spaces an operator algebras.

Different techniques for elaborating differential calculus have been developed, the most general being the
universal differential calculus. Differential calculi based on derivations of the algebra, as well as those based on
the Dirac operator can be obtained as quotients of this universal structure in favorable cases. Thus the derivation
technique can be said to study differential structure directly on .4 while the spectral triple technique is at the
level of operators on H. Then, the two main approaches explored to build NC differential structures in NCG
belong respectively to the two categories of differential structures which will be presented below. Indeed in this
view, the derivation approach to algebra can be seen as a kind of Heisenberg picture (where only variations of
the observables are taken into account), whereas the spectral triplet approach belongs to the Schrodinger picture
(variation of the states).

25
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From a mathematical point of view, the derivation approach seems to be more economic since it has the good
feature that it can be defined from the algebra itself, without added structures (like the Dirac), and that it considers
only the algebra, which is more fundamental than the Hilbert space according to GNS construction. However,
strong mathematical motivations have also motivated the spectral triplet approach, whose mathematical and
physical developments are quite remarkable. Giving the usual Riemannian geometrical framework and having
nice realizations in physics as we will see with the NCSMPP in section 12.

3.1 Usual Differential Structures, open door to Noncommutative Ex-
tension

In what follows I will present these three ways of proceeding. But let us first clarify what we mean by differential
structure, in order to feel as much as possible the potential meaning of it’s NC generalization.

Differential calculus is the study of the rate at which quantities like functions evolve. The main object of
differential calculus is the derivative, which measures this rate according to the evolution of its argument, which
can be a coordinate for example. Using spatial coordinate, the derivative is defined as follows:

df(x) ~ lim flx +dx)— f(x)

d X dx—0 d X

dx#0

(3.1.1)

The identification of a derivative is called differentiation.

Remark 3.1.1 In practice, the study of the variation of an observable can only be done by correlating it with
another observable, known as the reference observable, such as the pointer of a clock or the graduations of a
ruler, it is not intrinsic! O

Derivatives are of great importance in physics, and in almost all scientific fields studying quantities and their
evolution. For example, velocity is the derivative corresponding to the displacement of a moving body with re-
spect to time, the derivative of velocity is the acceleration, and the derivative of momentum (function of velocity)
is equal to the sum of forces acting on the body. Moreover, most of the fundamental equations used to describe
phenomenon are differential equations, whose constituents are once again derivatives. As soon as it is a question
of the evolution of a quantity, or position, according to certain degrees of freedom of the associated space, deriva-
tions associated with these infinitesimal degrees of freedom come into play, this is why differential geometry is
of such great importance and universality in physics. More general definitions of derivative, not involving the
notion of a limit as in eq.( 3.1.1) (which becomes limited in the NC framework) can be defined, using the so-called
q or h-calculus, taking g = exp(ih):

dy(f(x)) = flgx) - f(x)  or  du(f(x)) = f(x+h)— f(x)
When h — 0 or equivalently ¢ — 1, these formulas become equivalent to the usual derivative 3.1.1.

Taking a derivative, we can construct the corresponding differential:

af ),

df(x,dx) = I

(3.1.2)
If f is a real differentiable function, its differential df is a differential 1-form (called exact) which at each point x
is the linear form d f(x). Locally, the differential 1-forms are expressed as combinations of function differentials.

As mentioned before, we can express all these results in the world of operator algebras and Hilbert spaces.
Taking the differential over C*(M), the Hilbert space can be defined as the completion in the L? norm of the
module of 1-forms (considered as vector space here). The derivative d can then be considered as an operator on
this Hilbert space (densely defined) such that viy € H and f € C*(M):

@y =1d, fly =d(f-y)— f-(dy) Heisenberg picture
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f@y)=d(f-y)-@fy Schrodinger picture

With this way of expressing things, with commutators in the framework of operators algebras, we are therefore
able to explore the NC framework extension, adopting more general notions, when needed.

A derivation is a linear map over an algebra that generalizes the derivative operator, but this time on the
algebraic side. Taking an algebra A, a derivation is defined to be a linear map X : A — A which respects the
Leibniz’s rule:

X(ab) = aX(b) + X(a)b

For example, partial and Lie derivatives with respect to a vector field are derivations over algebras on R” or a
differentiable manifold. This formula can be deduced from this simple argument, if we take X(a) and X(b) as
representing small variations of a and b, then the variation X(ab) can be written:

X(ab) = (a + X(a))(b + X(b)) — ab = X(a)b + aX(D)

because X(a)X(b) is negligible since we consider small variations. As we will see, this notion is of great impor-
tance to extend the usual derivative to the NCG framework, partly because Leibniz rule still makes sense on NC
algebras the novelty being that because of now [a, X(b)] # 0, then:

X([a,b]) = aX(b) + X(a)b — X(b)a — bX(a) # 0

Differential calculus can therefore also be constructed on the basis of such derivations.

It is important to realize that derivations on the algebraic side can be viewed to be equivalent to tangent
spaces on the geometric side. Indeed, directional derivatives can be defined as follow: if we take a point x € M,
and a smooth curve y : R — M parameterized by t such that y(0) = x, therefore, taking any f € C*(M) we
have

df(y®) _ dy®)df(y(®)
dt dt dy@®)

at t=0

Where, by comparison to eq.(3.1.2), the derivation %ﬁ(x) can be identified to L3®)

dy(t)
ment dx to %. Therefore, for a given x, taking the set of all derivations %}t)) (at t = 0) corresponding to all

curves y gives the tangent space T, M. This is interesting since, we can see that in this way, the differential struc-
ture on the algebraic side contains the tangent space which is an essential geometric structure. These tangent
spaces being at the hearth of most of the natural geometric constructions. This is why derivations can offer the

and the infinitesimal displace-

algebraic equivalent of tangent spaces, “styling” the points provided by pure states through the Gelfand Naimark
theorem, and fulfilling the algebraic to geometric correspondence. In a more general context than commutative
algebras, some derivations will not correspond to directional derivatives in the usual meaning, but to derivations
along inner degrees of freedom.

Furthermore, derivations can be viewed as infinitesimal generators of the automorphisms in the algebra, as
discussed in (Sakai, 1991), and later in section 3.3, taking an algebra A, and ¢y : A — A an automorphism with
parameter ¢ such that ¢y = 14 and naturally ¢;(ab) = ¢:(a)¢:(b), then the map a — %|,:0¢,(a) is a derivation.
You can therefore think of derivations as a kind of vector fields, linked to the potential infinitesimal displacements
which are allowed in the geometry. In the context of differential geometry (then general relativity), it is possible
to show that diffeomorphisms of M are equivalent to automorphisms of C*(M), therefore derivations can be seen
to be in relation with the set of infinitesimal displacements generating these diffeomorphisms. As we will see in
chapter 11 automorphisms of the algebra can be seen as linked with the symmetries of a theory, and are of great
importance in the framework of Gauge field theories since they will correspond to gauge transformations.

An important structure can be built from the algebra and its derivations, that of the differential calculus. Let
A be an unital associative algebra, a differential calculus on A is a graded differential algebra (Q'(A), d), with
Q(A) = B0 Q(A), Q° = A and by definitiond : Q@ — Q! The derivation must satisfy d*> = 0 together
with the graded Leibniz rule:

d(wn) = (dw)n + (=1)"w(dn)



28 CHAPTER 3. NONCOMMUTATIVE DIFFERENTIAL STRUCTURES

for all w € Q" and n € Q™. A direct consequence is that d1 = 0. The space Q" is called the space of non-
commutative n-forms, which is a A-bimodule. In general, every element of Q" can be expressed as a combination
of elements ayda; ... da,, and we have:

d(aeda; ... da,) = dayda ... da,.

There are many possibilities to make such a differential calculus on .A, these possibilities are distinguished
by the nature of the chosen derivation. In section 3.2, I will present the most general of them, based on the
differential algebra of universal forms Q(A) (Coquereaux, 1998). Then in sections 3.3 and 3.4 I will present the
methods which use the derivations of the algebra Qp,,(A), and the one which uses the spectral triples Qp(A),
both being obtained as a quotient of Qy(.A). More details can be found in (Miller-Hoissen, 1998), (Francois et al.,
2014), (Gracia-Bondia et al., 2013) and (Masson, 2001).

3.2 Universal Differential Structures

The universal differential calculus can be seen as the more general and abstract way to look at differential struc-
tures. In the following, we will need a convenient presentation of the differential graded algebra (Q;,(A), dy).
We follow the presentation in (Masson, 1995) and (Gracia-Bondia et al., 2013).!

Taking an associative algebra A, we define the tensor algebra of degree n on A:

T"A:i=A® - ®A=A""
| S —

n+1 times

with 7°A = A. We define 7" by 7" A = @®,5 7" A. These are bimodules on A and a graded algebra for the
product 7" AQT" A — T"" A defined by (a°® - ®a") (@’ ® -~ ®a") := a°®--®a"a°®--®a’™ . In particular,
T°A is a bimodule over A = T°A. Definedy : 7" A — T A as

dy(@® - ®d)=19d"® - ®a"
+ 22:1(_1)10(10 QR ® a1 R1Qa’ Q- ®a"
+(-D"""®@ - ®d ® 1.

Then dy is a derivation of degree 1 on the graded algebra 7° A such that d; = 0. Notice that dy(a) = 1®a—a® 1
on 7YA. It satisfies the Leibniz rule since:

dy(ab)=1®@ab—ab®1=1®ab—-a®b+a®b—ab®1=dy(a)b+ ady(b).

Let first see how this relates to derivations on the algebra. A derivation X of an algebra .4 into a bimodule M, is
a linear map satisfying the Leibniz rule.

Proposition 3.2.1 For any derivation X of A, in a bimodule M, there is a unique homomorphism of bimodules:
hx @ Qi(A) > M

such that X = hyx o dy.

Proor Taking hx(dya) = X(a), as Q}(A) is generated by the dya taking all a € A, we see that
X(ab) = hx(dy(ab)) = hx(dy(@)hx(b) + hx(a)hx(du(b)) = X(a)hx(b) + hx(a)X(D).

are compatible structures iff Va € A we have hx(a) = a, this requirement inducing the unicity of this homomor-
phism. [ |

!We owe this presentation to Thierry Masson who owed this presentation to Michel Dubois-Violette.
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It is convenient to introduce the maps i{(ao ®®ad") :=a"®®a’'®1l®a’ ® - ®a forany p = 0,...,n+1,
with the convention that for p = 0, the tensor factor 1 is added before a® (for p =n+1,itis added after a"). Then
dy = Yo (-DP i« T"A - T AL

Let p : T'A — T°A be the multiplication map a’ ® a' + a’a’, and define Q};(A) :=keru C T'A. Then dy
maps 7°A into Q}(A) and Q},(A) is generated, as a bimodule on .A, by the dya’s for a € A:?

adpb=a®b—ab®1eQ(A)Cc AR A=A
We can check that this belongs to ker p: p(adyb) = ab — ab = 0. Then, elements in Qf,(A) will take the form:
adyb,dyb, ...dyb, € QL(A) C A%

These definitions are very abstract and give the feeling that many intuitions that we usually associate with
derivations are lost. Let’s see what this can represent in the case of commutative algebras, in order to get an idea
of what this universal differential calculus actually means. Let’s take A to be a commutative algebra. Since the
elements of A can be represented as functions on M, the element of A ® A are of the form ¢(x) ® d(y). Then
adyb can be written as:

ladyb](x, y) = a(x) ® b(y) — a(x)b(x) ® 1(y)

We see that u([adyb](x,y)) = a(x)(b(x) — b(y)) is equal to 0 if x = y. When M is a differentiable manifold, we
recognize the usual differential [dyb](x, y) = b(x) —b(y), taking the limit y — x. we recover the usual differential
one-form of equation (3.1.2):

db(x)
dx

db(x,dx) = dx with dx=y—-x
As mentioned in (Coquereaux, 1998), when considering general dx, this can be seen as a non local differential
calculus.

Let come back to general associative algebras, taking Qf(A) := A and Q(A) 1= QL (A) @4 - Q4 QL (A)
(n times tensor product over A) for any n > 2 and Q;;(A) := @50 O (A). Equivalently, Q;;(A) is the graded
sub-algebra of 7°.A generated by Q%(A) and Q};(A). One can then check that QF.(A) C T"A is generated by
the a’dya’ - dya” for @’ ...,a" € A, so that dy restricts to maps Q(A) — QF'(A), and then (Q}(A),dy) is a
graded differential sub-algebra of (7°.A4, dy).

Let us consider the case A = ®]_; A;, where A, are unital algebras with units 1 4,. It will be useful for future
discussions to use explicit presentations of (7°A, dy) and (Q;(A), dy) constructed as follows. Let

a 0 - 0
A ::{(?“2:;j°> |a=@;_1aie,4}.
00 - a

Forany n > 1and any 1 <y, ..., i, <r,let us introduce the notation A? ; := A; ® - ® A, . Now, let T}

be the set of matrices with entries in A%, ;|

A

esin-1
,j atrow i and column j. This can be schematically visualized as

® ® ®
Al,il,m,in—l,l Al,il»u,in—l,z Al,ilw-,in—l’r

® ® ®
Az,il,...,in,l,l Az,il,m,in,l,z Az,il,m,in,l,r

® ® ®
Ar,il,...,in,l,l Ar,il,.“,in,l,Z Ar,il,...,i,,,l,r

where the first and last algebras in the tensor products will play a crucial role in the following. Combining the
products

® ®
At,n,.. Al,lla-n-lnfl‘ksh---~-],,/_1-]’

®
ik ® Ak,jl,.“,j,,_,,j

2ty a? ®al € T'Aissuch that p(3;a? ® al) =Y, alal = 0,then ;@) ®al =Y, a’(1®a! —al ® 1) =Y, aldyal.
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defined by the product in Ay, and the usual rules for matrix multiplications, one gets products

n n’ r n+n’
silau-’in—lA ® (zfl,-~-,f,l/71A - eakzl Til:n-ain—]’kajlyn-sjn/—lA'

Let us introduce
TA =@ = T, A and TA = @ TA

then %A is a graded algebra for the global product induced by the products defined above. Explicitly, for

0 1 -1 r 0 1 1 "\ /
® i -1 (aio ®al @ ®al® a{‘n)wn:1 e Aand @ ; _; (bj0 ®b;, ® @b~ ® b;l'n')jo,jnle € I"A,
their product in " A is
_ ’_ INT
i, (A ®a} @ @a " @ab) @) @ QY] Qb )LF1 (3.2.1)

Jtseeswr 21 =1

Let p be the component-wise product on ' A. Since multiplications by elements in .A; and A are zero fori #
j, the resulting matrix is diagonal, and so one gets a natural map p : ' A —> T°A. Let Q};(A) :=kerp Cc T'A
and Q[ (A) C T'A be the graded sub-algebra generated by Qf,(A) := T°A and Q},(A). Forany p = 0,...,n+ 1,

define if : oA B Tﬁt.l.,ip_,,k,ip,.“,in_lA by inserting 1 = @}_, 1,4, component-wise, ie. ij = ®_, igAk
with obvious notations. Then one can define dy := ZZZ})(—I)P i) T"A > TAL

Proposition 3.2.2 The map dy is a differential on T° A and there is an isomorphismt : T' A — T A of graded
differential algebras which induces an isomorphism of the graded differential (sub)algebras Q;;(A) and Q;;(A).

a0
0 a,
a® - ®a" € T"A with a? = ®,_, a’ where a’ € A;. Expanding the tensor products along these direct sums,
one gets a sum of terms of the form a) ® -~ ® a] € AP, that we assemble as elements in ¥} , A. This
defines the map ¢t : 7" A — T"A, which, for any n > 0, is by construction an isomorphism of vector spaces. A
straightforward computation shows that the product on ¥° A is such that  is a morphism of graded algebras.

1= -

Proor For n = 0, one defines {(®_, a;) = ( ) € %A for any ®_,a; € A. For n > 1, consider any

By construction of 1117, one has t o i’i = 1117 o t, so that dy is a differential on T°A and ¢ is an isomorphism of
differential algebras.

Finally, the map p has been defined such that t o u = g o t so that ¢ identifies Q};(A) with Q};(A), and so
Q;,(A) with Q;,(A). n

Notice that, with 1 := t(1® 1) € T A, one has dyt(a) = [/i, t(a)] for any a € A.

3.3 Derivation-based Differential Structures

The derivation-based differential calculus was defined by Dubois-Violette in (Dubois-Violette, 1988) and studied
for various algebras, by Dubois-Violette, Kerner, Madore, Masson, Michor, Vitale, de Goursac, Wallet, Wulken-
haar, see for instance (Cagnache et al., 2011a; de Goursac et al., 2007, 2008; Dubois-Violette and Masson, 1998;
Dubois-Violette and Michor, 1994, 1996, 1997; Dubois-Violette et al., 1990a,b; Martinetti et al., 2013; Masson, 1996,
1999). Some reviews can also be found in (Dubois-Violette, 2001; Masson, 2008a,b,c). The main ingredient is the
space of derivations on an associative algebra on which a natural differential calculus can be based.

Let A be an associative algebra with unit 1, and let Z(.A) be its center. The space of derivations of A is
Der(A) ={X : A > A / X linear, X-(ab) = (X-a)b + a(X-b),Va,b € A}.

This vector space is a Lie algebra for the bracket [X,Q)]a = X2)-a — PX-a for all X,2) € Der(A), and a Z(A)-
module for the product (fX)-a = f(X-a) for all f € Z(A) and X € Der(.A). The subspace

Int(A) ={ad, : b+ [a,b] / a € A} C Der(A)



3.3. DERIVATION-BASED DIFFERENTIAL STRUCTURES 31

is called the vector space of inner derivations: it is a Lie ideal and a Z(A)-submodule. The fact that the map
A — Int(A) defined by a — ad, is surjective with kernel Z(.A) implies that Int(.A) can take the corresponding
form:

Int(A) = A/Z(A). (3.3.1)

Taking any X € Der(A) we have [X,ad,] = adx.,, then Int(A) is an ideal of Der(.4) and so, Der(A)/ Int(A) is
also a Lie algebra. This define the subspace of Outer derivations with the quotient Out(A) = Der(A)/ Int(A).
Then there is a short exact sequence of Lie algebras and Z(.A)-modules:

0 — Int(A) — Der(A) — Out(A4) — 0 (3.3.2)

Commutative algebras only have outer derivations.

Suppose that A has an involution a — a*. Then a real derivation on .4 is a derivation X such that (X-a)* = X-a*
for any a € A.

Let QF . (A) be the vector space of Z(.A)-multilinear antisymmetric maps from Der(A)? to A, with Q% ,(A) =
A. Then the total space

Q].:)er(A) = ®P20 QzD’er(A)

gets a structure of N-graded differential algebra for the product

1
(@AN(Xy, oo, Xpig) 1= —— > (DX 1y s XN X oy oo s Xotpra))

T oeS

for any w € QF, (A), any 5 € QF (A) and any X; € Der(A) where &, is the group of permutations of n elements.
A differential d is defined by the so-called Koszul formula

ptl ; j
do(X1,., Xper) 1= 2 DT Xr0X Y, X))+ Y, CD T o([X X)) Y Y X ).
i=1 1<i<j<p+1

This makes (Qp,,(A), d) a graded differential algebra.

Let us take the more intuitive commutative algebra C*(M), we have that Z(C*(M)) = C*(M). We can
see that the algebra of derivations correspond to I'(M) the Lie algebra of smooth vector fields on M such that
Der(C*(M)) = I'(M) = Out(C*(M)) since Int(C*(M)) = 0. In this case, we recover the graded differential algebra
of de Rham forms on M:

Qpe(CT(M)) = Q'(M)
This shows how natural is this construction.
Proposition 3.3.1 (Transport of forms by automorphisms) Let ¥ : A — A be an algebra automorphism.
Then ¥ induces an automorphism on Z(A).

The map ¥p.; : Der(A) — Der(A) defined by ¥pe(X)-a := ¥(X¥1(a)) for any X € Der(A) anda € A, is an
automorphism of the Lie algebra Der(A) and ¥pe(fX) = Y(f)¥per(X) for any f € Z(A) (so Yper is not necessary
an automorphism for the structure of Z(A)-module). For inner derivations, one has ¥per(ad,) = ady(y).

The maps ¥ : QF (A) —> QF_(A) defined by
V(@) (X1, Xp) 1= ¥ (0(Ppe(X1), .o, Ve (X))
for any o € QF_(A) and X; € Der(A), defines an automorphism of the graded differential algebra (O, (A), d).

For p = 0, ¥ defined on Q. .(A) = A is exactly the original automorphism ¥ of A, so that the notation is
justified.



32 CHAPTER 3. NONCOMMUTATIVE DIFFERENTIAL STRUCTURES

Proor For any f € Z(A) and a € A, one has ¥(f)a = ¥(f¥(a)) = ¥(¥ (a)f) = a¥(f) so that ¥(f) € Z(A).

With obvious notations, one has

Pper(X)-(ab) = ¥ (X7 (ab)) =¥ (X-(¥ ' (@P (D)) =¥ (X¥ (@) b+ a¥ (X¥ (D))
= (\PDer(x)'a)b + a(\PDer(x)'b)

so that ¥pe(X) is a derivation.
In the same way, one has ¥p.,.(fX)-a = ¥(f(X ¥ (a))) = ¥(/)¥(X-¥(a)) = ¥(f)¥pe(X)a.
For X,92) € Der(A), one has

oer([X,D])-a = ¥(X(D¥ (@) — ¥(D(XY(2)) = V(XY (¥per(D)-a) — ¥(D¥ ™ (¥per(X)-a))
= \PDer(%)'(\PDer(m)'a) - \PDer(m)'(\PDer(%)'a) = [\PDer(}:): \IlDer(QJ)]'a

so that ¥pe([X,D]) = [Pper(X), Pper(D)]. The inverse Y5, is defined by Y5l (X)-a := ¥71(X-¥(a)) as it can be
easily checked. For inner derivations, one has ¥pe,(ad,)-b = ¥([a, ¥~ (b)]) = [¥(a), b] = ady(y) -b.

For any € QF_ (A), it is easy to check that ¥(w) is a Z(.A)-multilinear antisymmetric map from Der(.A)”
to A. For any w € QF_ (A) and any 7 € Q_ (A), the relation ¥(w) A ¥(5) = ¥(w A1) is a direct consequence
of the definition of ¥ on forms. The proof of ¥(da) = d¥(a) is a straightforward computation: ¥(da)(X) =
P(da(P5L (X)) = P(¥Ppl.(X)-a) = X-¥(a) on the one hand and (d¥(a))(X) = X-¥(a) on the other hand. To prove
d¥(w) = ¥(dw) for w € Qger(A), one has to use a similar computation and the fact that Y5, is a morphism of
Lie algebras. [ |

Example 3.3.2 (Transport of derivations by inner automorphisms) Let u € A be an invertible element
(one can take u to be unitary when .A has an involution). The map ¥(a) := uau™' defines an automorphism
of A and a simple computation shows that ¥pe,(X) = X + adyx 1) for any X € Der(A). In particular, if X = ad,
is an inner derivation, then ¥pe,(ad,) = adyq,1 = ady(,) as expected. Notice also that ¥(f) = f for any f € Z(A)
so that ¥pe,; : Der(A) — Der(.A) is an automorphism of Z(.A)-module in that case. o

3.4 Dirac-based Differential Structures

The notion of Spectral triple, elaborated by A. Connes, mainly motivated by the Atiyah-Singer index theorem, is
a set of data that permits to encode algebraically and analytically all geometric features. In this subsection, we
recall some main facts about the construction of differential structures using spectral triples. We refer to (Connes
and Marcolli, 2008; Masson, 2012; van Suijlekom, 2015) for further details.

The spectral triple way to construct differential structure consists in adding an operator D to the couple
(A, H), this is a differential operator called Dirac operator in analogy with the Dirac operator introduced by P.
Dirac to make the Schrodinger equation consistent with relativity. It can also be viewed as the square root of the
Laplacian, the inverse line element D = ds™!, and contain the data of the metric.

Definition 3.4.1 (Spectral triple) A Spectral triple (A, H, D) is the data of an involutive unital algebra A rep-
resented by bounded operators on a Hilbert space H, and of a self-adjoint operator D acting on H such that the
resolvent (i + D?)™! is compact and that for any a € A, [D, a] is a bounded operator.

Let (A, H, D) be a spectral triple and denote by = : A — B(H) the representation on the Hilbert space H.
This makes H a left .A-module.

An even spectral triple (A, H, D, y) is equipped with a Z,-grading linear map y on M such thaty™ = y,y? = 1,
yD + Dy = 0 (D is odd), yn(a) = n(a)y for any a € A (A is even). The grading y induces a decomposition
H = H* @ H™ according to the eigenvalues +1 of y. Spectral triples without such a grading are referred to as
odd spectral triples.
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A real spectral triple (A, H, D, J) is equipped with a map J : H — H which is an anti-unitary operator:
Y1, J¥2) = (Y2, Y1) for any ¢4, ¥, € H such that Va,b € A:

[a,Jb"] '] =0 commutant property
[[D,a],Jb*] '] =0 first-order condition.

The map Hx.A — H defined by (£, a) — Ja*J~'¢ defines a right module structure on H so that H is a .A-bimodule.
We denote by a° the element in the opposite algebra .A° which corresponds to a € A (A = A° as vector spaces
by the formal map A 3 a — a° € A° and the new product in A° is a’b° := (ba)’). Then, using a° — Ja*J ' asa
left representation of A°, H becomes a left A ® A°-module. We will frequently write a°y = Ja*J 'y = ya for
any a € A and ¢ € H. We define A° := A ® A°. An even real spectral triple is an uplet (A, H, D, J,y) with y as
before. Notice then that ya* = a°y for any a € A, and so y commutes with the left representation of A on H.

In the odd and even cases, the KO-dimensions n mod 8 are given in Table 3.1, where the numbers €,¢’,¢” =
+1 are defined by the requirements:

JP=¢ JD =¢€¢'DJ Jy=€"yJ

The last requirement holding only in the even case.

Table 3.1: KO-dimensions of real spectral triples.

Remark 3.4.2 When J? = —1 and H is finite dimensional, the dimension of the spectral triple is even (see (van
Suijlekom, 2015, Lemma 3.8) for instance). o

Given a finite spectral triple (A, H, D), the .A-bimodule of Connes’s differential 1-forms is given by

Ql(A) := {Z ar [D,be] ¢ ag, by € A}. (3.4.1)

k
Thus, we can define the differential as the map d : A — Q!(A) defined by d(.) = [D,.] and d* = 0.

Remark 3.4.3 This definition connects with the usual differential presented in section 3.1, if we take the usual
Dirac operator Dy = iy*d,, f € C*(M) and ¢ in the corresponding Hilbert space, then:

(D, f1y = Du(f ) = f(Duy) = iy*a,(f)-y

We can see that even if the Dirac operator acts on the Hilbert space, it is equivalent to an action on the algebra
(through the action on the Hilbert space acted on by the algebra), and therefore equivalent to an Heisenberg
picture of the differential structure. O

Therefore, as mentioned in the end of section 3.2, we can construct the exterior algebra of differential forms
associated to the Dirac operator using the corresponding representation 7 : Qf(A) — B(H) of the universal
differential algebra:

HD(adUbldsz dUbn) = a[D, bl][D, bz] [D, bn] a, bl, bz, bn e A

The Dirac operators gives a geometric structure to (A, H, D), allowing to reconstruct lengths between states.
Indeed, taking two states ¢/; and ¢/, with §/(;5) : A — C, we can define the distance between these two states:

d(1,¥2) = sup{ly1(a) —y2(a)l; a € A, ||[D,a]l <1}
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If we consider the commutative algebra A = C*(M), and the usual Dirac operator Dy, = iy*d,,, a pure state leads
to the notion of points trough Gelfand Naimark theorem ¢/;» — x;, € M, then we recover the usual distance
corresponding to the metric g on M:

dy(x1,x2) = supf[ f(x1) = fCx)ls f € CT(M), [I[Das, fIIl < 1}

The link between x(f) and f(x) being given by the Gelfand transform eq.(1.2.1). The proof of this can be found
in (van Suijlekom, 2015)[page~66].The link between the Dirac operator and the metric is given by the gamma
matrices trough {y*, y"} = 2g*". This illustrates how the slope of functions and the distance are linked trough the
Dirac operator.



Chapter 4

Differential Structure on Matrix
Algebras

In this chapter, we will make the differential structures presented in chapter 3 more “concrete" by showing how
they find realization on finite algebras in matrix representations, the first case being M,(C) and the second
P, M,.(C). This will be done only for derivation and spectral triples based differential calculus since it has
already been done in a general way for universal differential calculus in section 3.2. This is a very important
chapter since as mentioned in chapter 2, finite algebras are the algebras of interest here, and that constructed NC
gauge theories will be based on such differential calculus defined on these finite algebras. The case of AF-algebras
is left to chapters 14 and 15 since it requires the notion of ¢-compatibility which will be presented in chapter 13
in order to relate differential structures between two steps in the inductive sequence.

4.1 Differential Structure on M,(C) and B}, M, (C) using Derivations

Since the understanding the situation A; = M,,(C) is our main objective for AF-algebras, we give here a series of
notations and results for later use when this specific situation will be considered in the case of NC gauge theories
in the derivation framework. This is for instance the case in Sect. 11.5 and chapter 14. We refer to (Dubois-Violette
and Masson, 1998; Dubois-Violette et al., 1990b; Masson, 1995, 2008a, 2012) for more details.

4.1.1 Derivations, Differential Structure, Metric, Integration and Hodge »-operator
on M,(C)

The center of the algebra M, := M,(C) is Z(M,) = C1, where 1, is the unit matrix in M,. Let sl, be the Lie
algebra (for the commutator) of traceless matrices in M,. Then the map sl, 3 a — ad, € Int(M,) realizes an
isomorphism sl, = Der(M,) = Int(M,) (with Out(M,) = 0).

Let {E,}4e1 be a basis of sl,,, where I is a totally ordered set with card(I) = n*> — 1 = dimsl,. Choosing an
abstract totally ordered set I to label this basis will be convenient when the inductive sequence defining the
AF-algebra will be considered since then the a’s will be constructed as cumulative multi-indices. The ordering
will be used to order basis forms (for instance to define volume forms). Let us introduce the unique multiplet
(@),..,a’ )€ 1" such that ay < - < a’_,. We will use the notation C(n)yﬁ = C(’;ﬁ for the structure constants

of the Lie algebra s, in the basis {E}aer: [Eq, Eg] = CZﬁEy.

The basis {Ey}4e; induces a basis {9, := adg, }se; of Der(M,) = Int(M,). Let {6%},¢; be its dual basis in sl;. The
derivation 9, is real if and only if E, is anti-Hermitean and one has [9,,dp] = C" 59

The space of NC forms on M, has a simple structure:

Qi)er(Mn) = M"l ® /\-5[:1

35
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and the differential is the Chevalley-Eilenberg differential for the differential graded algebra associated to the
Lie algebra sl, with values in M, using the adjoint representation. Identifying 8" with 1, ® 0" € QL _(M,) =
M, ® \'sl,, one has d6" = —1C/,0° A 6P

Let us consider the canonical metric g : Der(M,)xDer(M,) - Z(M,) = C defined by g(ad,, ad;) := tr(ab) for
a, b € sl,,. This is not the metric defined in (Dubois-Violette et al., 1990b) where a factor % was put in front of the
trace (to get the normalized trace). The reason for this convention is linked to our constructions on AF-algebras
and will be explained below (see (14.2.1) and comments after). Once the basis {9, }qes is given, one introduces the
components g5 := g(d,,9p) = tr(E,Ep) of g.

Let |g| be the determinant of the matrix g. We define the (NC) integral fM on Q.. (M,) by the following rule.

For any » € QF_(M,) with p < n? —1, fM =0.Anyw € QDer (M,) can be written as w = a\/>9”‘1 Ao A O%2
for a unique a € M,, which is 1ndependent of the chosen basis {E, }4er and we define

/a):/ a\/EQ“?/\m/\G“SZ—I 1= tr(a) (4.1.1)
M, M,

Once again, this is not the convention used in (Dubois-Violette et al., 1990b) where a factor % was put in front of

the RHS. In our convention, wye := /| g|9"‘? A - A 0% is the volume form whose integral is normalized to n.

The metric permits to define the Hodge *-operator

2_1—
* 2 QP (My) > Q" (M)

defined by
X0 A NO%) = s Jlglg®Pr - g¥tPregs, g5, 0Pt p o 0P (4.1.2)
where €5, 5,  is the completely antisymmetric tensor such that €a,.ay = 1.

Example 4.1.1 (Transport by inner automorphisms) Let us consider the situation described in Exam-
ple 3.3.2 in the context of the matrix algebra. Let w = P' Wqy....c, 07 N+ NO% be a p-form. To compute " : = ¥(w),
let us introduce the matrix U = (Uf ) defined by v 'E,u = Ua Eﬂ, so that ¥5..(9,) = ad,-1p,, = Uf dp. Since SL,
is unimodular, one has det(U) = 1. Notice also that u™'[E,,,E,,Ju = [u Eyu,u Eyu] = Ufoff [Eg,. Ep,] =

Ufl‘Uffcgfﬁ Eg, on the one hand and u '[Eq,, Eg,lu = C2, u'Equ = C2 Uﬂ3E/;3 on the other hand, so that

UL UL Cl, = Co, UL, By definition, (ea)u(a ) = uG“(‘PDer(aa/))ul = Wl sgu™ = UG = Us0P(an)

so that (9"‘)“ = U[‘;‘Gﬂ In the same way, o = 0" (9ay>-10a,) = u(¥pi(9a,); ..., ¥per (9 Du™" =

,,,,, ap
Ufll -~~Uf;’uwﬁlwﬂpu , so that @* = Ufll Uf;f’uw/;l BUTION A N0 = ua)m LT OC YA A (O%).

Now, the metric g(ad,, ady) = tr(ab) for a,b € sl,, is invariant by the transport associated to the inner auto-

morphism ¥(a) = uau™', and so one has g,5 = Ug‘/Uﬁﬁ’ gwp and g = U;‘,Ug, g" for the inverse metric. In

particular, all the conditions and properties concerning orthonormality associated to g are transported by ¥. For
0 0
w = a+[|gl04 A - A0%-1, one has w* = uau [[g|(0%)* A - A (0%1)* = uau[|g UD(1 a"z’leﬂl A A QP =
a’, ;

uau 1r9a‘ A A% -1 where we have used 081 A - A QP21 = PPz A .. A@%21 and PrPre- ‘Ugl : Uﬁnz,

det(U) = 1. This implies that an = tr(uau™) = tr(a) = an w. Since the metric g is invariant, the Hodge
x-operator is also invariant according to (4.1.2), and since the inverse metric is also invariant under the action of
U, a straightforward computation of x((0%)* A --- A (8% )*) shows that the relation (4.1.2) is also valid when one
replaces all the 8% by (6“)* on both sides. Combining all these results and the explicit relation (4.1.7), one can
show that for any p-forms w and «’, one has an(a) A*e' = an O* A *x™ = an WA > . o

4.1.2 Derivations, Differential Structure, Metric, Integration and Hodge »-operator
on @, M, (C)

In this subsection we consider the derivation-based differential calculus on algebras decomposed as

A=A48-PA =8_ A
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The results are given for these general algebras in order to see how direct sum of matrix algebras are particular.
We define respectively

7 A—> A, andy - A - A

as the natural projection on the i-th term and the natural inclusion of the i-th term®.
Some results are presented using this full generality but others will require A; = M,.

Let’s start with center and derivations.
Lemma 4.1.2 (Center of A) The center of A is Z(A) = &, Z(A)).

Proor Every a = ®_; a; € Z(A) must commute withany b = 0& - 09b; ®0&0 for any j = 1,...,r and any
bj € A;. This implies that a; € Z(A;) for any j. The result follows since ®_; Z(A;) C Z(A). [ |

Let us introduce the convenient notation for the elements
i
A~ ~~~
1L :=5(1)=00-0001000--d0c Z(A) C A.
Notice that we use the fact that the A;’s are unital.
Proposition 4.1.3 (Decomposition of derivations) One has
Der(A) = ®_, Der(A,;), (4.1.3)

ie foranya=@®_,a; € Aand X = ®_, X; € Der(A), one has X(a) = ®_,; Xi(a;).

This decomposition holds true as Lie algebras and modules over Z(A) on the left and over &_, Z(A;) on the
right.

If Der(A;) = Int(A;) foranyi=1,...,r, then
Der(A) = Int(A) = &_, Int(A;) (4.1.4)

Proor The vector space decomposition (4.1.3) can be established using the maps X/ 1= 7/ o X o1; : A; — A;.
Forany a = ®]_, a; and b = @_, b;, one has

X(a) = &), (T X/(a)
and the Leibniz rule X(ab) = X(a)b + aX(b) can then be written as
&), (L, X/(ab) = &), (Ti X/(@) by + & a; (T, X (0) -
For a fixed k, take a; = b; = 0 for i # k. Then this relation reduces to
ey Xah) =00+ ® X (@b ®0D D0+ 00 D aXi(b) 0D - DO.

The k-th term shows that f{ﬁ € Der(.Ay), which implies in particular that f{’,;(l) = 0. Then, with by = 1, one gets
X] = 0 for j # k. This shows that X(a) = ®]_, X;(a;) with X; := X! € Der(A;) and we write

f{ = @;:1 %i
For any f = ®_, f; € Z(A) = ®_, Z(A;), one has
(fX)(@) = f(&; Xi(a)) = &, (fiXi)(a:)

so that (4.1.3) holds true as modules over Z(.A) on the left and over ®_; Z(A;) on the right.

IThe notation 7 is taken to be the same as the notation for representation, but always with indices
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For Y = ®/_;Q; € Der(A), one has

[X,9](@) = X V(@) — Y - X(a) = X (&, Vi(@)) -V (&, Xi(a))
=@, X o Vila) — &, Vi o Xila)
= ®_[X,9il(a)

so that
[xa @] = ®;:1 [xia @l]
This shows that (4.1.3) holds true as Lie algebras.

The proof of (4.1.4) is then a direct consequence: assuming Der(A;) = Int(A;), one has Int(A) C Der(A) =
i-; Int(A;) C Int(A) where the last inclusion follows from ad,, ® - ®ad, = ad, @..@,, - ]

We define P : Der(A;) — Der(A) as the inclusion X; — 0@~ @®0® X; ®0 - @0 in the i-th term. This
is a morphism of Lie algebras and for any a; € A; and f; € Z(A;), one has 4(Xi(a;)) = P(X)(u(a;)) and
Pe(£X)) = u(£)P(X;). Notice also that for any X = @/_; X;, one has fl.\,-% =PU(X) = iitPe‘(%i).

Using results given in Sect. 4.1.1, we obtain the direct Corollary of Prop. 4.1.3:

Corollary 4.1.4 For A = M, & - ® M, , one has Der(A) = Int(A) = sl,,, & - ®sl,,.

Let’s see now how it works for the Derivation-based differential calculus. A useful result concerning the
structure of the derivation-based differential calculus associated to A is the following.

Proposition 4.1.5 (Decomposition of forms) For any p > 0, one has
Oer(A) = B, O (A0,

that is, any o € QF_(A) decomposes as w = ®_, w; with w; € Qb _(A;) and
o(Xy,..., X)) = O wi(Xy,...,Xp;)  forany X = ®_; X € Der(A).

This decomposition is compatible with the Z(A)-linearity on the left and the ®]_; Z(A;)-linearity on the right,
and it is compatible with the products in Q) .(A) and O, (A;).

The differential d on Q},.(A) decomposes along the differentials d; on Q.. (A;) as
dow = @l;l di(l)i
We will extend the projection map 7' : Qf,(A) > Q.. (A;) with the same notation.

ProoF Let w € QF_ (A) and define, for any iy, ..., ip,j=1,...,1,

o}, * Der(A;) x - x Der(A;,) > A;

,,,,,,

with Xy = &] _; X, Let fi = @) _; fry, € Z(A), then applying o on the p derivations fi Xx, the Z(.A)-linearity
of w gives

S (ZZ,.“,I‘,,:l op,, i, (i Xy e ’fp,ipxp,ip)>
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= 69;:1 fl,j "'fp,j (Z; ..... ip=1 wzjl ,,,,, ip(:{l i xp lp)) (4.1.5)

The arbitrariness on the fi’s permits to simplify this relation in successive steps. Let us fix j; and take f; = 1 i
Then on the LHS, the term at j in 695:1 reduces to

lg ip=1 wjl i, (%1 Juo flexp | FERERE) fp,ipxp,ip)-

On the RHS, the only non zero term along &_; occurs at j = j; and gives

Foi o (B iy @, i X))

By arbitrariness on the X;’s, this implies that for j # j, one has o/ = 0 and the remaining non trivial relation

Leenip
becomes (substituting j; to j)
i@y iy R FoiXois s i, %) = oy St (T iys iy B Fis o X))

Let us now fix j, and take f, = /]tjz. Then the relation first gives

2;3,.“,1117 jjg is,. (%1]’ xz 2 f3hx3 i3> fp,ipxp,ip) =0 fOI'j * j2’

which implies «’ iinis,.i, = 0 for iz # j. Then, with this relation, the non vanishing term (at j = j;) simplifies to

(substituting j, to ])

12 =1 J]73 (xlja}:Z]afS'lg%3l3"' >fp,ipxp,ip):ﬁ,] fPJ ( ]]13 (xlj’xZJ’x3l3’~ ,%p,ip))-

We can repeat this argument for iy up to k = p and conclude that the only non zero maps a){-l,“_ip are wj ; for

j=1,...,r. Defining w; := a)ﬁmi, one then gets
O(X1,..., %) = ®; 0;(Xqy, ..., Xpi)
and (4.1.5) reduces to
Oy 0i([1iX1is s [piXpi) = Oy fri o fpiwi(Xnis o, Xp i)

This shows that for any i, w; is Z(A;)-linear. Finally, the antisymmetry of w implies antisymmetry of the w;’s.
This proves that w; € QF_ (A)).

To prove the compatibility of this decomposition with the products, consider w = ®_; w; € Qb _(A) and
n =& n € Q. (A), and p + q derivations X = @] _; Xy, € Der(A). Then by definition

(@ AKXy, s Xpig)
= ﬁ Z (—l)lg‘a)(:{g(l), e :fa(p))r](:{g(‘bﬂ), . %U(PJrq))

€S 4y

=g 2 CDH@L oo Xop)) (Br 1iEotprnge-» Xotprgrs))
0€G 14

= ﬁ ; (‘Dla‘ (@;:1 C‘)i(xa(l),ia---sxa’(p),i)’]i(xa(p-%—l),ia~~~,xa(p+q),i))
€6 piq

=&, (1,!1(1! Z (_l)lglwi(xa(l),i;--~;%a(p),i)ni(%a(p+l),ia---)xa(erq),i))

€S 4y

= @;:1(wi N T]i)(%l,i’ see xPJrq’i)

so that w A np = ®_; w;i A ;.
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Using similar notations, one has

p+1

k k £
) (X1, Xprr) = DM XXV Xpi) + Y, CD (X Xl VY X )
k=1 1<k<<p+1
pt+1 .
= Y D@L, XX Y s Xprra)
k=1
k £
+ Y OOl o[ Xen Xl ¥ oY e, X
1<k<t<p+1
p+l .
= @;:1 ( Z(—l)kﬁf{k,i-wi(f{u, LY :%p-%—l,i)
k=1
k 3
+ Z (—l)kHw,—([f{kli, %t’,i]: LYY , %p+1,i))
1<k<t<p+1

= @i (di@) (X145 - Xpi1i)

so that dw = ®]_,; diw;. [ ]

For the metric, the integration and the Hodge x-operator, we will consider only the situation .A; = M,,. This
permits to limit the study of metrics and Hodge *-operators to the structures defined in Sect. 4.1.1 (see also
(Dubois-Violette and Masson, 1998; Dubois-Violette et al., 1990b; Masson, 1995, 2008a, 2012)).

For every A; = M,,, one introduces a basis {E;}D{EL of sl, where [ is a totally ordered set of cardinal n? — 1.
Let {0/, := adg; }se;, be the induced basis of Der(M,,). The dual basis is denoted by {67} e;,-

We consider the metric g on A = @]_; M,, defined by g(d',,9",) = 0fori # i’ and g’ , := g(9},,d',) = tr(ELE.,)
as in Sect. 4.1.1. Then, by construction, Der(.A4;) is orthogonal to Der(.A;) when i = i’.

A natural way to define a (NC) integral of forms on A is to decompose it along the A; as

/‘0 =Y o
A i

for any w = @, w; € Qp,(A). Here fl = /A» is defined as in Sect. 4.1.1 using the volume form wyo; :=

- 0 a:,l?, 21
JIgoi A A 6;"" where (af,...,a%_) € ' is such that @) < - < a’,

i

-1

In order to compute f , @, one has to find the unique element a = &;_, a; € A such that &_, a;wyo1; captures
the highest degrees in every Qj.,(A;), and then one has | L@ = >, tr(a;). In particular, with wye : = ®}_; Wyolis
one has fA Oyol = Yorey Ny

The metric g on A gives rise to a well defined Hodge *-operator, which, according to the proof of Lemma 4.1.6,

can be written using the Hodge *-operators on each .A; for the metric g'. For any & = ®_, w;, 0’ = ®_, o] €
Qper(A), one has

/ /
WA *0' =Y W A %]

where *; is defined on Qp) . (M,,) as in Sect. 4.1.1, and we define the NC scalar product of forms on A = ®}_; M,
by

(0,0) 1= /Aw Ao =Fi [ @i A xio] (4.1.6)

1

This expression will be used to define action functional out of a connection 1-form.
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4.1.3 A technical result on Hodge *-operators

Let V be a finite dimensional vector space, with dim V = n and let V* its dual. Denote by {e;}x and {6*}; a basis of
V and its dual basis in V*. Let g be a metric on V and let g, : = g(ex, e,). Denote by (g"’) its inverse matrix and
by |g| the determinant of g.

Let A be an associative unital algebra equipped with a linear form 7 : A — C. We define forms on V
with values in A as elements in A ® /\'V*. There is then a natural multiplication: for any w € A ® A\’V* and
ne ANV, ornpe A® N\'TV* is defined by

1
(@An)ey,....epq) 1= ol Z (=1 0(es(r), -+ s er(p)INEo(pr1ys - > €opig))

0€G iy

for any ey, ..., ep4q € V where &, is the group of permutations of n elements.

Given an orientation 6! A - A 0" of the basis {#%};, the metric g and the linear form 7 define an “integration”
/v : A® /\'V* - C which is non zero only on A ® /\"V* where it is defined, for any w uniquely written as

w= \/|E|a®€1 A-AO", by fV © := 7(a). This definition does not depend on the basis {#*}; (only on its orientation
up to a sign). The n-form wyo = \/@1 ® 0" A -+ A 0" is called the volume form.

The metric g defines also a Hodge *-operator on A ® /\'V* defined on w = ﬁwgbm,gp ® 0% A -+ A 0% by the
usual formula

1 ! I 1 1 0] 6,0 ¢, by
*(Ho‘){law(p RO A---NO P) = 7(”*17)! E l|g|w€;”f;7g 16) g i3 LT Q0" AN

computation gives (see for instance (Bertlmann, 1996, Sect. 2.4))

WA *w = ﬁ\/|g|w[1wfpco/["“"[ﬂ QO A AO" (4.1.7)
: 10,0ty o P N AN
Wltha) 1 P ._gll...gppw[; Y

Lemma 4.1.6 Suppose thatV = @[_, V; is an orthogonal decomposition for g. Denote by g; the restriction of g to'V,
denote by *; the corresponding Hodge star operator on A @ \'V;*, and denote by fv the corresponding integration
with volume form wye); such that Wyl = Wyol1 A+ A Wyoly-

Let w0, € AQ NV andw =Y w0 =Y, 0] € A® \'V*. Then

/60 Axe =30 [ o A xio]
14 Vi

t=1,...,nwrittenas £ = ny + - +n_; +kwithk = 1,....,n;, lete, := e}c be the elements of a basis of V; let
{0*%—...n, and {0%}—y.. , be the corresponding dual basis. Let I; be the set of indices £ = n; + -+ + n;_; + k with
k=1,...,n; so that e, € V; for ¢ € I;, and let If be its complement in {1, ..., n}.

The matrix (gy) is block diagonal, and so is its inverse (g5) with blocks (g<¢) and \@ =TI, JIgl- The

contain all the indices ¢ € If. This implies that the RHS contains all the volume forms wy,1; = +/g;[1 ® 6} A~ A6
for j #i.
Let us consider a fixed n-uplet (¢, ..., £,) in the sum in the RHS of (4.1.3). Our strategy is to collect all the

t, € I in front of the n-uplet. Since for r = 1,..., p; one has ¢, € I;, we need only to use a permutation of the
remaining indices to collect the other n; — p; indices which belong to I;. As a permutation, we use the unique
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(n; — pi,n — n;)-shuffle? that maps (€415 ---» £n) into (£ pit1s e [r/u’ A fﬁlﬂni) suchthat £ € [ forr = p;+ 1,...,n;
and ¢ € If for ¥’ = n; + 1,...,n. This shuffle transforms the term (no summation) egl,m,gneff’i“ A - A 0% into
€.t ’g;m,m,[;_,t/{,m,g;lin_9‘/!’#1 Ao AOSAGE A e A O (since the shuffle acts on both the ¢ indices and the §?, there
is no sign).

The summation on all the n — p;-uplets (£,1, ..., £,) can now be performed in 3 steps: first using the (n; —
pi, n — n;)-shuffle which separates the indices belonging to I; and If (there are (n(ln—;I)’!)zZZ! such shuffles to use); then

using a permutation on the n — n; indices £/ € If for ¥’ = n; + 1,..., n to order them in increasing order (there
are (n — n;)! such permutations) so that we can make appear the wy,; for j # i; finally managing the summation
on the indices £ € I for r = p; + 1,...,n;. This gives the series of equalities (with the previous notations and
convention for the indices):

1 b1 t _ ( i)!
G VI8l 077 A N0 = G G N 18166 byttt
0%t A - A O AGT A /\enm

_ ()t /
= Gu—p)in—m)! Efl oLyt toeee BT IR R T PR g

6"““ A AOB A (/\[zgl_ce )

1
(ni—pi)! |gi|6l’1 ol ooty Loy oot g iy o+ 1,
14 .
Ot A e A 0 A (/\j=1,...,r;j¢iwvol,j)

_ pilni+-+ni_1) 1 )
=(-1)¥ " T—p! |gz|€1,A.A,n1+--~+n,-,1,t’1,m,t’,,l.,n1+<--+n,-+1,m,n

£y, t,
Wyol,1 N o N\ Wyoli—1 N\ O P+t A AOA Wyoli+1 N\ N\ Wyoly

To deal with the summation on the indices ¢, € [, we shift their values by —(n; + - + n;_;) to get indices
k. = 1,...,n;. Then we can replace the € tensor by the tensor €ky,.o and at the same time replacing the 0%’s by

the 6s. Using the factor (n+p)' J/Igi| in front, this makes appears *;:

/ (g +e+ni /
*W; = (_1)17 (m " 1)(A)vol,l ANA Wyol,i—1 A (*iwi) A Wyoli+1 ANAA Wyol,r

/kl K

so that, with w; A *;0] = a;wye1;, Where a; = -5 Wi, .. iy @ i

p 1
/ /
w; N\ *W; = Wyol,1 Ao N Wyli-1 N (wi A *iwi) N Wyoli+1 N = N Wyoly = a;Wvyol 1 Ao N Wyoly = AjWyol

Notice that moving w; inside the product of the volume forms w1 ; and then putting a; in front of this product
is possible since volume forms have commutative values in A. Since fV w; A %] = 7(a;), one gets fV wA*xo =

Yicr Jy i nxof = iy (a) = Yy fV Wi A *jaj. n

4.2 Differential Structure on M,(C) and @}, M, (C) using Finite Spec-
tral Triples

In this section, we recall all the important facts about finite real spectral triples that will be needed later on.
In particular, their classification by Krajewski diagrams (Krajewski, 1998) which diagrammatically encode the
essential algebraic data used to characterize spectral triples (see also (van Suijlekom, 2015), in which a sketch of
this classification is given). The result are given only for B;_; M, (C) since in this framework the case of M,(C)
can be seen as a simple restriction of the above more general situation. We will set up the normal form in which
spectral triples express, according to a basis of irreducible representations of the Hilbert space, and differential
structure being constructed from the Dirac operator that will be derived according to this basis, using the formula
eq.(3.4.1). The role played by metric, integration, and Hodge *-operator in the derivation framework, will be
respectively played by the Dirac operator, the integration and the spectral action as we will see in subsection

2A (r, s)-shuffle is a permutation o € &, such that 6(1) < 6(2) < -~ < a(r) and o(r + 1) < 6(r +2) < - < o(r +s). It is well-known that

there are (rrT;!)! (r, s)-shuffles in &, .
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11.6.2 and chapter 12. In the following, we will not need to consider the analytic axioms since we consider only
finite dimensional algebras and representations.

In some proofs we will use the following well-known technical result, which comes from the existence of
cyclic vectors in C" for the matrix multiplication:

Lemma 4.2.1 For anyn > 1 and any vector space V, a linear map ¥V : C"®V — C" ® V such that ¥(aé ® v) =
a¥(£ ®v) for anya € M,(C), £ € C" andv € V, reduces to a linear map ¢ : V — V such that ¥(¢ ® v) = £ ® ¢(v).

PrROOF Let {£*}1<,<, be the canonical basis of C". For any ¢ € C", let a € M,(C) be the matrix with first column
& and all other columns zero. Then one has ¢ = a¢! and aé® = 0 for any a@ > 1. So, ¥({ ® v) = a¥({' ® v) =
ayn % ® ¢u(v) for a family of linear maps ¢, : V — V. With the chosen a, the sum reduces to its first term
only, and so ¥(¢ ® v) = af! ® ¢, (v) = &£ ® ¢, (v). So ¢ := ¢ is the desired linear map. ]

4.2.1 Finite Spectral Triples

A spectral triple (A, H, D) is said to be finite if A is a finite dimensional involutive C-algebra, H is a finite
dimensional Hilbert space on which A is represented, and D = D is a self-adjoint operator on H. The faithful
representation 7 of A on H will be omitted when no confusion is possible. In the following, we will write
A; = M, = M,,(C) since no other matrix algebras will be considered. Let /' : .A; — .A be the canonical inclusion
and m; : A — A; be the canonical projection.

Consider the set A := {nj,...,n,} of irreducible representations (irreps) of .4, where n; is a short notation
that designates at the same time the integer n; defining the irrep (on the space C") and the integer i (the same
that appears in the presentation ®/_; M,, of A). A is completely defined by A and, reciprocally, A = ®]_; M,, can
be recovered from A. Notice that the same dimension n = n; = ny = ... can appear several times, but labeled by
different integers i,i’,.... We will also use the ordering on the labels i’s. Denote by H,, := C™ the irreducible
representations (irreps) of the A;’s, and so of A.

The Hilbert space H can be decomposed into orthogonal components ﬁn‘. :=1'(A;)H, so that H = &_, ﬁn,--
Define ), : ﬁn, - Hand 7t : H - ﬁni the natural inclusions and (orthogonal) projections. Then there are
integers g, the multiplicities of the irreps, such that ﬁn, =H,, ® C* = C" @ CH. So, up to unitary equivalence,
the Hilbert space H can be decomposed as H = @]_; C" ® C* and we now suppose that a unitary map has been
chosen such that ﬁni = C™ @ C*.? If one requires a faithful representation of A, then ; > 1 for all i.

In the even case, one has:

Lemma 4.2.2 y decomposes along a family of linear maps t; : C* — CH such that y(& ® 0;) = & Q €;(0;) for any
& ® o, € C @ CH. This family satisfies t’l-T =t and £ = 1.

ProorF First, consider a = ®_; a; and ¥ = ®/_, § ® o; with only one non-zero component at fixed i for ¢ and a
with a; = 1,, (unit matrix in M,,): then one has y(& ® 0;) € C" @ C*. Since y* = 1, this implies that y decomposes
along the isomorphisms y; : C" ® C¥ — C" @ C/* such that yl-T =y, y? = 1 and y,a; = a;y; for any a; € M,,,.

Then, by Lemma 4.2.1, since y commutes with 7, there is a family of linear maps ¢ : C* — C/* such that
y(& ® ;1) = & ® £i(0;) for any & ® 0; € C" ® CH. The relations #; = ¢ and ¢ = 1 are direct consequences of
those on y;. [ |

In the odd situation, let us consider any orthonormal basis {o?” hi<p<y, of CH. In the even case, we require this
basis to be eigenvectors of ¢; with eigenvalues s/ = +1. Then, forany 1 <i <r,let T :={(i,p) | 1< p < pi},
and for any v = (i, p) € T'?, define A : l"fg) — A as A(v) := n;. Notice that y; = #FEE). For any v € FEB), we then
define

H, :=Span{t; ® of | & € C"'} = H,,

SFor sake of completeness, let us mention that the scalar product of this decomposition is the usual one: (¥,y’)y =
(&, & )eni o, o )om for any ¥ = @, & ® o; (and the same for §/’) where & € C" and o; € CHi.
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Then, in the even case, y restricts to the multiplication by s/ on H, with v = (i, p). We define s(v) = s for any v.

The map A is extended in an obvious way on the set
0 . _ 0
ro .— Ullergli)
and there is an orthogonal decomposition of H into irreps
H = @y H,

Let e = (v1,0) € T@ xT©) then the Dirac operator decomposes along maps D, : H, — H,,. Withe := (vq,v;),
DT = D is equivalent to D; = D.. In the even case, yD = —Dy implies that s(v;)D, = —s(v1)D,, so that D, is
non-zero only when s(v;) = —s(v;).

The previous decomposition of the spectral triple (A, H, D) or (A, H, D, y) can be summarized using a dec-
orated graph T, a so-called Krajewski Diagram, together with A:

1. The set of vertices I'®) of the graph is equipped with a map A : I — A. By a slight abuse of notation, the
map A will sometimes be used in the compact notation C*® = C™. We will also use the map i(v) := i for
M) = n;.

2. For any vertex v € '), define H, := Hyw) = C*®)_ The element A(v) € A is a decoration of the vertex .

3.For any n; € A, define 1“53) = elT®|Aw) =n}=21"(n;) and y; := #ng).

4.In the even case, a second decoration is the assignment of a grading map s(v) = £1.

5.For every e = (v1,v;) € T xTO let é : = (vy,11).

6. The space TV ¢ T® x T of edges of the graph are couples e = (vy,v,) such that:

a. there is a non-zero linear map D, : H,, = H,, such that D; = Dj : H,, > H,,.
b. s(vy) = —s(v;) in the even case;
Then D, defines a decoration of e.

Given such a Krajewski Diagram, one can construct a spectral triple up to unitary equivalence in the following
way. As already mentioned, A determines the algebra A = @]_, M,,. A vertex v € T¥) designates a copy of an
irrep M, = M),y = C*'®, and p(v) := #T% is the multiplicity of this irrep in H. So, the Hilbert space decomposes
as H 1= @0 H, = ®_; C" ® CH.

Then the representation 7 of A on H decomposes as 7(a)y = ®,cro0 Gy = S_(a:é;) ® oy, for any a =
®_,a; € Aand any ¢ = @ o ¥y = @, & ® 03, with § ® 0; € C" @ CH, where a;,y), (resp. a;§; ® o;) is the
multiplication of the matrix a;,) on the vector ¢, € C*®) (resp. a; on & € C™).

In the even case, y is determined as the multiplication by the decoration s(v) = £1 on H,. The Dirac operator
D is reconstructed by the decorations D, of the edges e € (V).

It is useful to write an explicit reconstruction of D on the decomposition H = &]_, C" ® C*. First, introduce
an orthonormal basis for each C#, for instance its canonical basis. Since v € I'®) designates a specific copy of an
irrep n; = A(v), one can label all the basis vectors in the union of all the C*’s as {0} e : for any v € I“Sf), o, is
an element of an orthonormal basis of C*. Then we can use the identification H, = Span{¢ ® o, | £ € C*®}. For
any e = (vy,v;) € IV with A(v;) = n; and A(v,) = n;, define ﬁe :Cie@CH - CY @CH, for any & € C™, as

0 ifv#uv;

De(§ ® 0y) = {(De§) ®o, ifv=uy

Then define
Dii= Y D :CreCH-CueCH
e=(v;,0,)el®

A(v1)=n;,A(v2)=n;

Notice that the summation can be written on e € TV n (1"53) X rg?). All the operators D; can be collected in an
operator D : H — H which is automatically self-adjoint.
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4.2.2 Finite Real Spectral Triples

Let us now consider (odd) finite (resp. even) real spectral triples (A, H, D, J) (resp. (A, H,D, J,y)). The Hilbert
space H is then a bimodule over A = @;_; My, or equivalently a left .A°-module, with A* = @] ;_; My, ® M; . This

implies that H decomposes into orthogonal components ﬁninj t= 1 (A)Y(A;)H, so that H = ®; =1 Hun;-

Denote by C™" (T for transpose) the m-dimensional C-vector space of row vectors, which is a natural right
M,,-module, and denote by C™ its corresponding left M; -module (C™ = C™ as column vectors by the formal
map C™ 3 ¢ — & € C™ and, forany a € M;, and £ € C™, a°¢° = (£Ta)").

Let us recall the following result:

Lemma 4.2.3 For any integers n,m > 1, the irreducible left M,, ® M;, -representations are isomorphic to C* @ C™.

Proor The proof relies on the identification of M, ® M;, = End(C") ® End(C™) with End(C" ® C™) by the
natural map End(C") ® End(C™) 3 ¢, ® ¥, = [& ® &, = ¥a(&) @ ¢;,(&;)], which implies that M, ® M,, is
isomorphic to a matrix algebra over the vector space C" ® C™. Then one applies the usual result on irreducible
left representations of matrix algebras. [ |

Let p;; be the multiplicity of the irrep Hpn, = Ch e CY of My, ® M:,/_ and so of A¢, in H. Then one has
ﬁn,-n; = Hppn, ® CHi = C" @ CHv ® C™, so that H = @] ;_; C" ® C' @ C"". In the following, we suppose that a

i,j=1
unitary map has been chosen such that H,,, = C" ® C* @ C"". 4

Denote by J, the anti-unitary operator on C" ® C* ® C™ defined by ¢ ® 0 ® i’ = £ ® & ® 7j° where  is the
entrywise complex conjugated vector (the same for & and 77°). Then J; extends naturally to H as an anti-unitary
operator which preserves each summand ﬁn,-nj and one has J;' = Jy. Notice that J, depends on the canonical
basis for the vector spaces C", C* and C™ (But any fixed orthonormal basis could have been used). We will use
the natural notation Jy(¢) = ¢/ for any y € H. Define K := JJ,, so that | = KJ,. For any a = @]_, a; € A, define
a’ = @, af where aj = JoalJo is the transpose of a; € M,,. For any operator A on H, define A := J,AJ, (if A is
written as a matrix, A is the entrywise complex conjugate matrix, whence the notation).

Proposition 4.2.4 K is a unitary operator on H such that KK = KK = € andaK(y)b = K(b"a") foranya,b € A
andy € H.

Forany1<i,j<r, K(Hninj) = Hun,» SO that Hun, and Han, have the same dimension, i.e. they correspond to
the same multiplicity p;; = pj;.

There is a linear map L;; : CHi — CHFi satisfying L;rj = L' and L;Lij = LjLij = €, such that, for any
§i ® 0ij ® T]; € Hnin]: K(gl ® 0ij ® 7];) =1n; ® Lij(o'ij) ® fio.

Proor Since K is the composition of two anti-unitary operators on H, it is unitary. One has K =10k =JJ
so that KK = JJ,JoJ = J? = € and the same for KK = e.

For any a € A and ¢ € H, one has a = Ja*J 'Y = KJya* J,bK~'. From this we get two relations. For the
first one, replace by Ky to get (Ky)a = KJoa*Jo/, which can be written as (Ky)a = K(a"y). For the second
one, act on both sides with K™! = € JyK J; (consequence of J* = €) to get € JyKh(¥a) = € Joa* JoJoK o/, that we
can simplify as KJy(a) = a*KJyi/. Replacing a* by a and / by ¢/, one gets K(i/a") = a(Ki). These two relations
can be combined as aK (/)b = K(b"¢a") for any a,b € A and / € H. The map K ! satisfies the same relation.

Consider an element § which has only a non-zero component §; ® 0;; ®7; € ﬁnin, and consider a unique non-
zero component 1, for a and a unique non-zero component 1, for b. Then K(§;®0,;®1;) = b'K(§®0,;®n;)a’ €
ﬁnjni’ so that K (ﬁnmj) C ﬁn,-n,-- Using the same line of reasoning with K™!, one gets K ’l(ﬁninj) c ﬁn/ni, and so
K(Hninj) = Hnjn,»-

One can use a slight adaptation of Lemma 4.2.1 to show that there is a family of linear maps L;; : C* — CHi
such that K decomposes as K(& ® 0;; ® 17;) = 1; ® L;;(0y;) ® & for any & € C", 05 € CH, and n; € C™°. It is easy

“The factor C*i/ has been positioned in the middle to put forward the bimodule structure. In the proof of Prop. 15.1.19 it will be convenient
to change this convention.
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to show that K™ decomposes along the family of linear maps L; : CH — CHi and L;rj = Li’j1 since K is unitary.
The relations Lj;L;; = L;;L;; = € are consequence of KK = KK = € since K decomposes along the L;;’s. [ ]

Corollary 4.2.5 Forany & ® 0i; ® 1; € Hyn,, one has J(§ ® 0i; ® 11;) = 7; ® L;j(T) ® &.

Lemma 4.2.6 Let 0 € C'i be an eigenvector of L; with eigenvalue A € U(1). Then G is also an eigenvector with
eigenvalue € A.

ProoF The complex conjugate of the relation L;o = Ao gives L;& = A&, which is equivalent to € L;'a = 177,
so that L;;oc = e Ao. [ ]

Proposition 4.2.7 In the even case, there is a family of linear maps £;; : C' — CH such that y(& ® 0i; ® 1) =
& ® tij(0i)) ®n); forany & ® 0, @1 € flnin/. This family satisfies t’;} =tjand £; = 1.

ProoF For any ¢y € H and any a,b € A, one has y(ayb) = ay(y)b. Then one can use a slight adaptation of
Lemma 4.2.1 to deduce the family of linear maps #;;. The relations satisfied by this family of linear maps are
consequence of the relations satisfied by y. [ |

Lemma 4.2.8 (Technical results on the families L;; and ¢;;) The families of linear maps L;; and ¢;; satisfy the
following properties for any i, j.
1. Forany p = 1,2, let crf;- € CHi and define cr]% i= Lij(Ef}) € CHi. Then <O'}i,0—]2-i>(c#_/‘l = <O'i2j,0'i1j>(cm/. In particular,
05 and afi have the same norm and o}; and aizj are orthogonal if and only if o'j; and 0']2«1» are orthogonal.
2.Lijo by =€"4;0 Ly
3. Let 0;; € CH be an eigenvector of ¢;; with eigenvalue s;; = 1. Then oj; := L;;(7;;) € C*i is an eigenvector of
{;; with eigenvalue s; = €”'s;;.

Proor These relations are straightforward computations using previously proved properties on the families of
linear maps L;; and ¢;.

1. One has (0}, 0%) = (Li;(})), Lij(@})) = (G};, %) = {oi;,0%) = (aF, al). _

2. The relation Jy(§ ® 0;; ® ;) = €”yJ(& ® 0i; ® 1) can be written has 7; ® L;j(£;(0:))) ® & = €"7; ®
t;i(Lij(:))) ® & for any &, 0yj, and 1;- This implies the relation.

3. Using ¢(0i;) = sijoij, one gets £;;(0;) = €;:(Lij(@;)) = €”Lij(6(@:;)) = €”Lij(6(01;)) = €”s;;Li;(Tij) =
6//31']'0']','. |

Let us now describe, in the two following propositions, the key constructions which lead to the classification
of finite real spectral triples. The content of these two propositions will be useful in Sect. 15.1.2 (mainly in
Prop. 15.1.19).

Proposition 4.2.9 Consider the odd case situation.

For1 <i=# j<r, thereis an orthonormal basis {Us}lgpgw of C*i such that Gﬁ = Lij(Eg-) and O'S = eLj,»(Efi)for
anyi< jandany1 < p < pji = pjj.

Fori = j and e = 1 (KO-dimensions 1 and 7), there is an orthonormal basis {oﬁ}lgpgm of CHi such that ol =
Ly(a?).

Fori = j ande = —1 (KO-dimensions 3 and 5), y; is even and there is an orthonormal basis {O'g}lgpgﬂﬁ of CHi
such that 62 = L;(@% ') and 62! = € L;(c%) foranya = 1, ..., ji;; /2.
Proor For 1 < i < j < r, consider any orthonormal basis {O‘S«}lgpgplj of C* and define crfi 1= L,»j(Ef}) € CHi for
all 1 < p < pji = . These vectors form an orthonormal basis satisfying the relations.

For i = j, the proof is an adaptation of the proof in (Wigner, 1960) or (van Suijlekom, 2015, Lemma 3.8) to
the endomorphism L;; of CHi. Let us simplify the notations by replacing C* by CH and L; by L. Recall that
ILL=ILL=¢.

Suppose € = 1. Consider any vector v € C* of norm 1 and define o' = ¢(v + L(#)) if L(#) # —v and o' = iv if
L(®) = —v, where ¢ € R is chosen so that ¢! is of norm 1. Then L(7!) = ¢(L(®) + L(L(9))) = ¢(L(®) +v) = o' in
the first situation, while L(Z') = —iL(#) = iv = ¢! in the second situation. Consider now a second vector v’ € C¥
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of norm 1 that is orthogonal to o!. Then, by Point 1 in Lemma 4.2.8, L(#’) is also orthogonal to L(c') = o. This
implies that o2, defined from v’ as ¢! was defined from v, is orthogonal to ol. Iterating this construction, one
gets an orthonormal basis of C# with the required property.

Suppose € = —1. Let ' € C* be any vector of norm 1, and define o? := L(}), which, by Lemma 4.2.8, has
norm 1. Then (¢2,0!) = (L(c}), o'y = —(L(a}), L(L(c"))) = —(T', L(c")) = —(7,5%) = —(0!,0%) = —(c?,0!) so
that (%, o'y = 0. Consider now a vector ¢ of norm 1 which is orthogonal to ¢! and ¢?, and let o* := L(3°).
From the previous computation, we know that the norm 1 vector ¢* is orthogonal to ¢°. One has (¢*,5') =
—(L(@*), L(L(cY))) = —(7°, L(c!)) = —(5°,5%) = —(c?, %) = 0. So o* is orthogonal to ¢?, and then of 0 = L(5).
Iterating this construction, one gets a basis of C* with the required property, and it shows also that y is even. B

Proposition 4.2.10 Consider the even case situation.

For1 <i=# j<r, thereis an orthonormal basis {O'g—}lgpgyu of CHi of eigenvectors of ;; with eigenvalues sﬁ- =21

such that Gﬁ = Lij(Eg) and 05- = eLﬁ(Efi)for anyi < j, and sfi = e”sf}.

Fori=j,e=1,ande” = 1 (KO-dimension 0), there is an orthonormal basis {c}}1<p<,, of C* of eigenvectors of
; with eigenvalues sl-’J = +1 such that 05 = L,-,-(Eg .

Fori = j and e = —1 (KO-dimensions 2 and 4), ore = 1 and €’/ = —1 (KO-dimension 6), ; is even and there
is an orthonormal basis {O'{i)}lgpgyii of CFi of eigenvectors of £; with eigenvalues s’ = +1 such that 62% = Ly(c%*"),
o271 = e Li(G2%), and s** = €”s¥7! foranya = 1,..., u;/2. In KO-dimensions 2 and 6, one can choose the basis
such that s = +1 and s?* ' = 1.

Proor We will use results from Lemma 4.2.8. For 1 < i < j < r, the orthonormal basis {O'i’;-}lgpg‘uu of CHi
constructed above can be chosen such that it is a basis of eigenvectors of £;;, so that fij(ai’}) = 35-0'5 with 35- =+1.
N

=€"'s;;

Then the vectors Gﬁ =1 j(Ef}) € CHi form a basis of eigenvectors of ¢;; for the eigenvalues s e

ji
Let us consider the cases for i = j. As before, we will omit the index i to simplify the notations.

For € = —1 (KO-dimensions 2 and 4), the basis {o7},<,<, of C¥ in Prop. 4.2.9 can be constructed step by
step such that, for any a = 1,..., /2, £(c® 1) = % 16%7! with s%! = 41 so that 02 = L(c?*!) satisfies
[(O_Za) — sZao.Za with 82a — 6”32a_1.

For € = 1, let us consider two situations. Firstly, suppose €” = 1 (KO-dimension 0). In the construction of
the basis for the corresponding situation in Prop. 4.2.9, we can choose, step by step, the vectors v? in such a way
that £(v?) = sPv? for sP = +£1 and v? is orthogonal to the o?" already defined for p’ < p (It is easy to check that
£ restricts to an endomorphism on the orthogonal complement of the o’ for p’ < p). Then, since €’ = 1, L(i?)
is also an eigenvectors of ¢ with the same eigenvalue, the associated vector o = ¢(v? + L(#?)) or o? = iv? is an
eigenvector of £ with eigenvalue s” (and, as in the proof of Prop. 4.2.9, they are two by two orthogonal). So the
orthonormal basis {o7},<,<, is a basis of eigenvectors of *.

Secondly, suppose €” = —1 (KO-dimension 6). Here, we cannot use the same argument as before since L()
would be an eigenvector of £ with eigenvalue —s. Let 6! € C* be any eigenvector of £ of norm 1 with eigenvalue s,
and define 0% := L(g"), which is an eigenvector of £ with eigenvalue s> = —s'. Then (2, 0') = (#(c?), &(c")) =
—(c?, o) so that (¢% ¢') = 0 and therefore o' and ¢? are orthogonal. Consider now a vector o> of norm 1
which is orthogonal to ¢! and % and which is an eigenvector of ¢ with eigenvalue s®. Then o* := L(5>) is an
eigenvector of £ with eigenvalue s* = —s*, which, by the previous computation, is orthogonal to ¢®. It is also
orthogonal to o!: (c*, 1) = (L(G*), ') = (L(L(E?)), L(c!)) = (5°,5%) = (03,02) = 0 and so is also orthogonal to
0% = L(c"). Iterating this construction, one first shows that y is even and one gets an orthonormal basis of C¥
with eigenvectors of £ such that 6% = L(c®* ') forany a = 1,..., u/2.

In KO-dimensions 2 and 6, one has ¢’ = —1. At each step of the construction of the couples of basis vectors
0?1 and 0%, one is such that s = +1 and the other s’ = —1, so that, up to a permutation (¢%*"!,52%) ~
(6%, e0%1), one can force s = +1 and s%*7! = —1. ]

We are now in position to use these results to decompose in a suitable way the Hilbert space H into irreps.
We already know that H = @] ;_; Hyn, and that Hy,, = C" @ C' @ C™".
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Consider first the odd case. For any 1 < i,j < r, define the set I‘(O) ={Gp, /) |1 < p < ), and for
anyv = (i,p, j) € 1"510211 define A, p : 1"2021] — Aas AMv) := n; and p(v) := n;. Notice that y;; = #1"5321],. Define

K : I“;OLI — l"fg)n as k(v) 1= (J, p,i) for any v = (i, p, j). Using the orthonormal basis {O'i’ii}lgpgyij of C" given in
Prop. 4.2.9, let us define

H, := Span{{; ® 05 ®n; & eChandn; € C'} = Hypy, (4.2.1)

Then, for i < j, ](§, ® 05 ®n)=1;® Lij(Ef}) ®E=7;® aﬁ ® & € Hy) for any & € C™, n;€C",andv € Ff,%j,
while J(¢; ® O' N =7® Lﬁ(Ei-’i) ® fj =€ ® 05— ® EJ € Hy) forany & € C, p; € C"* and v € Fsg)n In the
same way, fori = jande = 1, J(§ ® of @ nj) = ® of ® & € M) Where k(v) = v € T}, , and for € = —1, with
v=_(i2a—1i)foranya =1,.., /2, J(&® ¥ @) = 7; ® 67 ® & € My where k(v) = (i,2a,i) € TV) .
Since J? = ¢, the maps k : Ffloflj - ng)n induce an involution on

ro .— r«

1] 1° nn;

with the property Aok = p (and so p ok = A), where 1,p : T©® — A are defined in an obvious way. This
involution encodes some properties of the family of maps L;;, and so of the map J : H, — H,,) for any v € T®,
We have also an orthogonal decomposition of H along irreps:

H =&y H,

To fully reconstruct J, one needs to keep track of the parity of p for i = j and KO-dimensions 2, 3, 4, or 5 (¢ = —1):
this is done below.

Knowing the KO-dimension (in particular the value of €) and x, one can reconstruct the map J, up to a unitary
on H defining the explicit identifications H, = Hpn, for (n;,n;) = (A(v), p(v)), since then, for any & ® n; € H,,
one has J(£®7;) = ;@& € Hy)fori < jand J(§®n;) = €7;®& € Hy)fori > j. Fori= jand KO-dimensions
land 7, one has J(§ ®7;) =7 ® &

In the even case, one can use in the same way the orthonormal basis given in Prop. 4.2.10. Then one ob-
tains the same results concerning the map J, in particular the existence of k with the same properties and the
reconstruction formulas for J for i # j and i = j in KO-dimension 0. But, in addition, by Prop. 4.2.7, the basis
in Prop. 4.2.10 are composed of eigenvectors of y, and by construction, y is then just the multiplication by +1
on every H,. As before, we define a grading decoration of v as s(v) = +1, which is the eigenvalue of the associ-
ated eigenvector. Notice then that s c k = €”’s as can be checked in Prop. 4.2.10. The grading decoration s fully
determines y.

In KO-dimensions 2, 3, 4, or 5, we have to take into account the parity of p when i = j. We define a parity
decoration of v by y(v) = 0if p is odd and y(v) = 1if p is even. Then for i = j and KO-dimensions 2, 3, 4, 5, or 6,
one has J(§ ® ;) = eX®fj; ® & (since € = 1 in KO-dimension 6, this relation holds also in that case). In all these
KO-dimensions, ; is even and since y(k(v)) = 1 — y(v), half of the v in T'®) are decorated by 0 (resp. 1).

n;n;
The Dirac operator decomposes along the orthogonal subspaces H, as D, : H,, — H,, where we define
= (v,05) € TO xTO. With & := (v5,01), DT = D is equivalent to D; = D;. Moreover, let (n;,,m;) =

(A(vk), p(u)) for k = 1,2, then the first-order condition, written with a = @]_; ;1,, and b = ®/_, p;1,,, implies

(A, — A,)(pj, — p)De = 0, so that D, = 0 when i; # i, and j; # j,, or, equivalently, D, can be non-zero only

when i; = iy or j; = j,. With b as before and any a, one gets [a;,,D,.] = 0 in the situation i; = iy and j; # j,

and [a D,] = 0 in the situation i; # i, and j; = j,. Using the same arguments as in the proof of Prop. 4.2.4, one

gets that D, reduces to a linear map Dg, : C"° — C":° when i; = iy and j; # j, as D, = 1,, ® Dg, and to a

linear map Dy, : C" — C™ when i, # i; and j; = j, as D, = D, ® 1,,. When i; = i, and Ji = Jo, nothing

general can be said about D,. Finally, define x(e) := (x(v;),x(v2)), then the relation JD = €’DJ implies that

D, and Dy are related by J and €’ (an explicit expression is given below). In particular, they are both zero or

non-zero at the same time. As before, in the even case, the relation yD = —Dy implies that D, is non-zero only

when s(vy) = —s(v;).

Let us abstract the construction using a decorated graph T', together with A and the KO-dimension d.
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1. The set of vertex I'® of the graph is equipped with two maps A, p : T(® — A x A, that we write as a single
map 1), := A x p, and define i(v) :=iand j(v) := j for m),(v) = (n;,n;).

2. There is an involution k¥ : T'® — T'® such that A o k = p and such that k(v) = v when A(v) = p(v) in
KO-dimensions 0, 1, and 7.

3. For any vertex v € I'® with 7,(v) = (n;,n;), define H, := H;),0) = C*'® ® CP@ = C™ @ C"". The element
(n;,n;) € A x Ais a decoration of the vertex v.

4. Define the set 1“5321, :={v eTO | m,(0) = (n,n;)} = ﬂ;pl(ni, n;)and y; 1= #FSS;I.

5. Define the map &, : H, = Hy,) as £,(E® ® 10°) = n® ® £©” for any é® € C* and n®* € CP®)". Notice
that k\x(u) 0Ky = Idy, .

6. If the KO-dimension is even, a second decoration of each vertex is the assignment of a grading map s(v) = +1
such that sox = €”s.

7.1f the KO-dimension is 2, 3, 4, 5, or 6, then y; is even and another decoration of each vertex v € I“EIOZI is the

parity y(v) = 0,1 such that y(kx(v)) = 1 — y(v), so that half of the vertices in Fflozl are decorated by the value
Oorl.

8.For any v € T©, define

1 for i(v) < j(v),
e for i(v) > j(v),
€w.d) := 1 for i(v) = j(v)andd = 0,1, 7, (4.22)

eX®  fori(v) = j(v) and d = 2,3,4,5,6.

One can check that e(v, d)e(k(v), d) = € for any v € T®,
9. For every e = (v1,v;) € IO x T, let & := (v5,v;) and x(e) := (k(vy), x(1,)).
10. The space TV ¢ T x T® of edges of the graph are couples e = (v1,v,) such that:
a. A(v1) = A(v2) or p(v1) = p(v2) (or both);
b. s(v;) = —s(vy) in the even case;
c. there is a non-zero linear map D, : H,, — H,, such that:
i.D; =D} : H, — H,,;

il. Dy(ey = €’€(v1, d)e(v2, d) Ko, JoDe JoKic(vy) * Hictwr) = Hic(wy);

iii. For A(vy) = A(vz) and p(vy) = p(v,), D, = 1,, ® D, with Dg, : Cm® — Ce°

iv. For A(v1) # A(v2) and p(v1) = p(v2), De = D ® 1, with Dy, : C" — C"z.

Then D, defines a decoration of e.

Forany §®n; € H,,, itis convenient to write D (&, ®7;,) = Dngi, ®Dg’217;1 as a sumless Sweedler-like notation®
where there is an implicit summation over finite families of operators Dgg : C" — C™2 and D%Z,Z, : Chn® — Cre.
In the previous points 10.c.iii and 10.c.iv, this decomposition is explicitly given (summation reduced to a single
term).

One can see T'© as a set of points on top of the points A x A, where the (down) projection is ). Each point
in 1“5321, = ngpl (n;,n;) is a copy of the irrep Hyp,. So, instead of considering (n;,n;) as a decoration of H,, one
could treat v as an element of the “fiber” I‘SPZ]J on top of (n;, n;). The edges in T“, once projected in Ax A, connect
points horizontally, vertically or self-connect a (projected) point. A convenient representation of I' is then a 3-
dimensional set of points decorated by some values (as seen above) and linked by decorated lines, see Fig. 4.1.

These data determine a real (odd or even) spectral triple. As explained in Sect. 4.2.1, the algebra A is de-
termined by A. A vertex v € I'® defines the irrep H, with multiplicity p(v) := 4T 5o the Hilbert space is

mp(0)
H := @y Hy = & ;o Hun, With Hpn, = C @ C ® C"°. Any operator A on H decomposes into linear maps
A) s Hy > H,,.

>This notation is usual for computations on coalgebras.
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Figure 4.1: A Krajewski diagram for the algebra M,, ® M,, & M,, in the 3-dimensional representation explained
in the text. The component D,, (resp. D,,) of the Dirac operator joins two irreps with same A (resp. same p); D,
and D, join irreps with the same A and p, but D,, can be non-zero only in the odd case. The maps ¥ realize the
axial symmetry defined by the dotted line in the A lattice.

As before, we can describe the representation 7 along these two decompositions. For any a = ®]_; g; € A, any
v= (i, p.,j),andany § = ®,cro Yy = &}, E®0),®n; withy, € H, = C*IQCPP” and £®cf @p; € CH@CHRC™”,
one has 7(a)y = ®,cro Gy = S jzl(a,-s‘*,-) ® crf; ® n; where ay(,)}, is the multiplication of the matrix ;) on the
left factor of C*® ® CP®)* and a;¢ is the usual matrix multiplication on C™. In other words, the decomposition
of the operator n(a) along the H,’s is

n(a), = aiw)6,: + Hy, = H,, (4.2.3)

(where 6! is the Kronecker symbol). In the real case, for any a = @_;a; € A, any b = &)_, b; € A, and any
¥, € H,, one has ab’y, = ai(v)b}(u)% € H, (r omitted) where b;(v) acts on the right factor of CH) @ CPYF (see
footnote 4.2.2). A similar relation holds on C" ® CHi @ C™~.

In the even case, y is determined as the multiplication by the decoration s(v) = £1 on H,. The real operator
J is reconstructed by the family of maps

b= €(U, d)]Ok\v = 6(1}, d) ;C\U]() : H, — H;c(v)
or, equivalently, with i = i(v) and j = j(v), and any & ® 1 € H,,,

JE®n;) = e(,d) il ® & € Hy).
In other words, J! = e(v1,d)dy, Joko, -

The Dirac operator is reconstructed by the decorations D, of the edges e € T"), All the properties of a (even)
real spectral triple are encoded in the relations required above. One has JJy = (k) d)e(v, )ReKoJi =
€. In the same way, D))y, = €' €(v1,d)e(vz, d) Ky, JoDeJoKi(w) (€1, d) Ky Jo) = €' €(vz,d) Ky, JoDe while J, D,
(e(vz2,d) Joky,)De, so that JD = €’D]J. Finally, J,y, = s(v)e(v,d)Jok, while yei )y = s(k(©))e(v, d)Jok, so that Jy
e’yJ.

Let us describe the Dirac operator for the decomposition H = &;;_; Hyn,. Introduce an orthonormal basis

for each C*/ and label all these basis vectors in the union of all the C*/’s as {0, },cr0: for any v € T, | 5, is an

n;n;’
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element of an orthonormal basis of C*/. We use the identification H, = Span{é ® o, ® 1’ | ¢ € C*®), 5 € CH®)},
For e(lélny e = (v,v2) € T® with v, € FSEI)HH and v, € ngz)njz, define D, : Hy, n, — My, n,, for any £ € C" and
n° € C"’, as

(Dggf) ® o0, ® (Dggz)n") ifv =10,

€

~ 0 ifo+v
De<§®au®n">:{ !

Then define
i ~ o~ ~
1J1 .
S L= : -
Dlz]z Z De Hnil nj H“lz nj,
e=(v1.05)er®
' EFSS) U2 EF(Q)

1™ Mg jp
i1j1

The operators D; ;) can be collected in an operator D : H — H which is self-adjoint.

One can write a specific version of (11.6.2) for the decomposition H = @, H, in terms of the operators D,
for e € T, For any w € QF(A) € T"A which decomposes along a sum of typical terms & i =1 (a? ®a ®

- ® a}:} ® a}‘):’j:l € T" A and any vy, v, € I'® one has
n 0 1
ﬂD(w)zo = Z ZUI,...,U,,,lel"(O) ai(uo)D(Ul,Uo)ai(ul)D(Uz,Ul)

all terms at the
(i(vo), i(vy)) entry in w

ag‘(;:_l)D(UmvH)a?(Un) : H, - H, (424
In this formula, one supposes D,,, ,) = 0 when (v;41,v;) € .

A complete basis for any i,j = 1,...,r, let {05—}199” be an orthonormal basis of C*7 (for instance as in
Prop. 4.2.9 or 4.2.10), to which we associate the irreps H, defined as in (4.2.1) for any v = (i, p, j) € l"f,%j. One can

then fix an orthonormal basis {e;; , = 1(,:1) ® r]}fi)}lgagmj (sumless Sweedler-like notation) of C" ® C"°. Let
0, =10, {1, and O i1, T,
Then for any o = (v, ) € fﬁ?}l] lete; 1= &0 ® ol ® Uj(i) € H,. The family {e;}; s defines an orthonormal basis

of H. We define v : T® — T'© a5 p(5) = v for & = (v, @).
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Chapter 5

General Outline

Now that some conceptual and mathematical grounds have been established to understand the origin of NCG and
how it works on the mathematical side, let us try to see which meaning can be given to this noncommutativity,
as well as for the possible NCG that could accompany it. Since this part is not essential to understanding the
technical developments which follow and present assertions of a different nature than the other three parts, the
reader can directly move on to part III.

Welcome to those readers who have been willing to keep reading, before going any further, I would like to
warn you that the ideas developed here are personal ideas, not developed in the literature for most of them,
so there may not be a consensus about them. However, I have tried to make my statements as clear as possi-
ble, demonstrate them as much as possible, and support my statements with quotations to connect them to the
literature and other author’s thoughts, whenever possible.

I believe that a full-fledged mathematical physicist is both someone who can understand and develop the
mathematical structures that define our representations of reality, and make the theory clear at that level. But I
think that she/he must also be someone who understands how the mathematical objects in the theories relate to
observables, concrete physical objects, and how the intuitive/ontological picture we have of the world and the one
we get from its actual mathematical representation go on together. These are not passive philosophical claims,
because these clarifications are essential to guide the physicist’s vision and work in a meaningful way. Many
great scientists like Einstein, Bohr having done huge and fundamental contributions to physics are examples
of researchers who elaborate theories using something outside the scope of pure mathematical thinking, with
through experiments, philosophical principles about nature, intuitive feelings... That is why this part is for me a
very important and needed part that can be considered as an attempt to complete the mathematical presentation
made in the first part.

Attempting to give an ontology or an intuitive explanation of what NCG is, seems not to be an easy task. A
partial attempt in this direction was done in (Huggett, 2018). Intuitive objects such as the notion of a point no
longer make sense. But can we think of anything outside our usual spatial representations? Can we think of a
structure without assuming a set of points that supports our intuition? The NCG forces us to try to understand
the origin of the notion of point which appears so precious to our minds.

There is a certain line of interpretation of NCG, especially developed by A. Connes. These are mainly based
on wave considerations, with the wave number k eigenvalue of the Laplacian formed by the Dirac operator, with
distance thought as linked with wave nature for example. This branch of interpretation happens to be based
on a formalism that reveals part of reality, and which is formally equivalent to matrix mechanics as Shrédinger
showed. In what follows, I will try to highlight the contributions that this dual approach of matrix mechanics
can provide to the interpretation of NCG.

NCG historically comes from the formalism used to describe QM, operator algebras acting on Hilbert spaces
through the Gelfand-Naimark theorem. The NC of observables in QM is seen as a kind of validation of the
potential relevance of the use of NCGs in physics. Usual NCGs are thought to correspond to the notion of
a “space” underlying an algebra of NC observables considered as continuous functions on this “space”. Then, if
there is an interpretation for the NC of observables in QM, this can lead to an interpretation for the corresponding
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NCG. There are two ways of looking at the QM formalism, more precisely concerning the i state. These two
are the epistemic view and the ontic view. The first one postulates that i/ is not relative to an objective physical
entity, but to a potential knowledge, the second one says that {/ corresponds to a real physical state of nature.
If QM is an epistemic theory, then there are no objective geometrical consequences to be determined from its
formalism, because it does not refer to anything substantial. But if the theory is ontic, then (via Gelfand Naimark
theorem and the equivalence of categories between algebra and geometry highlighted in the first part) there must
be geometric consequences. This is why I will often talk about QM and the ways of interpreting it, to make sense
of what I will say in section 7.6 and chapter 9. We will see that the interpretation we have of the state (done
in section 7.5) permits us to deduce the interpretation of the NC in QM (done in 7.6), and finally to deduce an
interpretation of the deduced NCG (in chapter 9). This will be supported by the physical arguments given in
chapter 8 inducing that only observables can lead to the space-time’s geometric representation and that these
observables must therefore be taken to be more fundamental than space-time for the experimental physicist and
thinker.

First of all, in chapter 6 we will have a general discussion about what we mean by NC, NCG, and why NCG
remains largely unknown outside. I will then define some important notions on which the following statements
will be based. To introduce some useful terminology, we will first define what is a physical theory in chapter 7,
and what are the elements of reality. This will be necessary for the sections 7.5 and 8.1 where more advanced
considerations will come into play in the discussion. Then, I will give arguments to support these different points:

(I) The formalism of C*-algebras acting on Hilbert spaces encompasses both Classical and QM, thus offering a

framework to think about their unification (section 7.3).

(I) There are strong indications that the QM formalism refers directly to ontic states, and should therefore be
considered seriously as reflecting something objective i.e. this is not just an algorithm that leads to good
predictions (section 7.5).

(1) That point (IT) induces that NC is linked to non-passivity of the measurement process, and therefore to con-
textual state change (section 7.6).

(IV) Observables are first to the notion of space-time. The space-time must not be thought of otherwise than as a
deduction of the observables that we collect (section 8.1).

(V) Giving objective existence to space-time structures seems to be misleading (section 8.2).

(VI) Geometry can be entirely algebraized, this procedure culminating with the Gelfand-Naimark theorem and
the birth of NCG. Leading to the fact that the structures of the algebra of observables and space-time contain
just as much information, and are equivalent (sections 8.3 and 8.4).

(VII) Because the formalism and observables of QM reflect something objective according to point (II), observables
are prior to space-time structures trough points (IV), (V) and (VI). We then have to understand what are the
geometric consequences behind this formalism. The first one concerns the origin of the notion of point, the
second one of connectedness, and the last one is about a length scale at which the notion of point no longer
stands, opening the door to NCG (chapter 9).

(VII) Considering such a y/-ontic interpretation, using (III) for the consequence on the interpretation of the NC of
observables, this implies that a natural interpretation of the NCG can be that of a measured geometry, this
measurement process being non-passive, changing the underlying notion of “point” coming from the pure
state undergoing change (section 9.5).

This can be viewed as three blocks, the first one containing points (I), (II), and (II) is about the ontic meaning of
the formalism of QM and the interpretation of the NC. The second includes points (IV), (V) and (VI) defends the
fact that observables are prior to space-time representation, and that they contain all the information we need.
The last one with points (VII) and (VIII) proposes to set up the consequences of the assumption of the first two
blocks, when their respective implications are put together.



Chapter 6

Why NCG remains in the Shadow for
Physicists?

It is surprising to note how unknown NCG is to researchers in theoretical physics, and to what extent the min-
imum basis of understanding of the subject remains out of reach for many of them. Indeed, it is not easy to
enter NCG, the language used is very limited to the mathematical one, and few efforts are made to go deeper
in the understanding. The specification of the supposed kind of NC with which NCG deals with, is not clarified
anywhere to my knowledge (which I will try to do in section 6.2 and afterward). Even worse, the terms chosen
to talk about NCG are often extensions of the terms of usual geometry, which have no more sense in this new
context, as we will see in section 6.3. What is a NCG? How to represent it? And why is it a relevant extension
of the geometric framework? Few simple answers are given to these elementary questions. It is not enough to
say that two observables do not commute and that mathematically this is written [a,b] # 0 to have a complete
intuition of what NCG is. One of the main problems in giving an intuition of the NCG lies in the notion of
point, which loses all meaning in NCG. Yet, this notion is the support of our intuition of “tangible” things, of our
representations of reality. So how do we go without it?

6.1 Are Sets and their Elements Primary Objects?

I know that the great Hilbert said “We will not be driven out of the
paradise Cantor has created for us” and I reply “I see no reason for
walking in!”

R. Hamming

Set theory is currently regarded as a foundation of mathematics. Most fields of mathematics are based on the
notion of a set of objects whose relations and operations are studied. The elements can be called points, vectors,
functions... This way of proceeding, by identifying objects, and looking at the notions they have between them,
is embedded in the innate functioning of our minds and provides us with a grid for reading the world, through
different systems of representations. When it comes to representations aimed at describing the “objective” phe-
nomena of the physical world, we formulate physical theories whose symbolic objects are related to physical
objects, phenomena and events. To describe our space-time, the representation is that of a space-time where the
set is called space, and the elements are called points, then points events. The same is true for many physical
theories, where the notions of set and element manifest themselves in different representations. But what is the
proof that this reading grid offers a complete picture of reality?

A hint of the insufficiency of this general framework of thinking is given by the non-commutativity of ob-
servables in QM. For instance, if we consider an operational way to define the elements of a set, according to
the determination of their properties (the experimental way being the only one accessible to us), and that these
properties no longer commute during this determination, it will no longer be possible to separate this set into
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sub-sets corresponding to these properties. Let’s take a simple example to illustrate this. If we consider that our
set is a box and its “elements” are particles that can have two shapes (square and spherical) corresponding to
the observable S for shape, and two colors (red and blue) for the observable C, then if [C, S] # 0, it will not be
possible to partition this set into for example the set of red and spherical particles, the other set blue and square...
This is not possible because these particles cannot have the status of set elements for the properties defined by
S and C jointly, and thus, the procedure for creating sets by specifying the properties of their elements becomes
meaningless, as we no longer obtain sets.

Thus, if the observables do not commute in QM, then we cannot classify “entities” as elements of a set for
these attributes taken together, as we only have access to observables, and we are not allowed to say more than
what observables tell us. Thus as shown in section 7.2, when partitioning the physical reality according to the
two properties deduced from these observables, the notion of phase space will no longer be appropriate. This
is intimately linked to the notions of realism/anti-realism, and therefore to the notion of the element of reality
which will be presented in section 7.5. We will see, with the arguments of section 8.1 and chapter 9 that for
the portion of these observables that leads to geometrical representations of the world, the usual geometrical
framework of space with points is no longer consistent. In this line of thought, another reason resulting from the
formalism of QM, in disagreement with the notion of element and thus of point, will be presented in section 9.2.

6.2 Which NC are we talking about?

What do we mean by non-commutativity? There is the answer of the mathematician, and the one of the physicist,
which are in some way connected.

For the mathematician, two notions of noncommutativities are encountered:

+ The one of the groups, we will say non-abelian for groups. Most often, the concept of group is accompanied
by the concept of transformations of “spaces”.

« The one of algebras, we will say non-commutative for algebras. There is not necessarily the idea of trans-
formation.

As mentioned before, only NC of algebras is connected to NCG and more generally to NC mathematics. The one
of group is usually thought as linked to transformation, and if we consider a non-abelian group whose algebra
of function is commutative, then it will belong to commutative mathematics. This is important to note that no
mention of NC coordinates was given as input to define what is NCG, we only talk about NC of observables.

In the same way, the physicist encounters many non-commutativities in his everyday life. Some of them are
thought to be normal (classical), and others to be not. But what distinguishes normal non-commutativities from
those that could be attributed to an NCG for example? I haven’t found any clarification on this important subject.
I will try to give one in what follow.

Indeed, a question that naturally arises is: “of which non-commutativity are we talking about?” There are
various kinds of non-commutativities, in the present state of affairs, when they correspond to physical theories,
these can be classified into two categories:

1. Process-like NCs in space and time (Type 1 NCs): NCs of rotations, irreversible processes, operations on solids,
an example given by Connes being the operations of closing a bottle and filling it. These have extensions in
space-time.

2.NCs which are not attributed to processes in space and time (Type 2 NCs): they are perceived by the physicist
as belonging to processes without any spatial and temporal extension. They are thought (by many of them)
as intrinsic. These are the NC of observables in QM, of all quantized observables, or of non-abelian gauge
theories. These do not have extensions in space-time.

If this first category corresponds to classical intuition, it is to the second that the special character of the NCG is
clearly attributed, because these observables can well be, within the framework of these models, considered as
functions with values on “points” (in quantum mechanical models), thus without extension in space-time. We can
see that the categories for the physicist are linked to the ones of the mathematician since group action is thought
of as a kind of transformation in physics, and that algebras are connected to observables in physics, usually not



6.3. THE PROBLEM OF THE WORDS USED IN NCG 59

thought of as transformation. We will see in sections 7.5 and 7.6 that according to Bohr, the NC in QM does not
represent a process in space and time. And that he is probably at the origin of this intuition concerning the NC
of observables in QM, as not being seen as processes in space-time.

We will see in section 7.6, that if Type 1 NCs are fully compatible with the realistic thesis (ontic interpretation)
of the state ¢, on the other hand, type 2 NCs induce an anti-realistic thesis regarding the nature of the symbolic
state, and thus (according to the PBR theorem that will be presented) of physical reality by rejecting the idea that
there is an element of physical reality, showing how NC and realism are intimately connected. We will discuss
to which extent the anti-realist hypothesis is actually tenable in section 7.5. In section 7.6, we will see that type
2 NCs are in fact type 1 NCs if one adopts an ontic interpretation of the state in QM.

6.3 The Problem of the Words used in NCG

The limits of my language mean the limits of my world.

L. Wittgenstein

The use of words that make good sense is important when trying to understand new pieces of knowledge.
Physics is not only about equations and mathematical structures, but about common language words and inter-
pretations, which guide our intuition and the elaboration of mathematical structures that are relevant to physics.
Words carry a heavy load of cultural connotations, and conceptual associations, both conscious and unconscious.
If we consider any conceptual framework (it could be a physical theory), it is associated with a set of words, sub-
jective representations, and epistemological concepts that provide us with a ’satisfactory’ understanding of that
framework. When considering an attempt to extend this framework, care must be taken with this set of words
associated with the old framework, when using them to understand the new one, as some of these concepts may
lose their meaning in the process. As has often happened in the history of physics, new words were invented to
accompany new perceptions whose relevance became obvious.

However, some physicists who have left an undeniable mark on the history of physics, such as Bohr, have
helped to mark a philosophical break with this tendency to create new words to understand physics, particularly
in quantum physics. Indeed, as J-M. Lévy-Leblond says in (Lévy-Leblond, 2000) Bohr considered the forms of
expressions of classical physics to be unsurpassable, and considered the desire to find forms of expression specific
to the quantum domain unattainable and condemnable. For him, it was an impossibility in principle. I find this
position extremely difficult to justify, as it appears both surprising and dogmatic. It is difficult to understand
why, unlike many great physicists in history who have encountered counter-intuitive phenomena, Bohr could
allow himself to create and spread the idea that these counter-intuitive characteristics were in fact fundamen-
tal principles (such as the principle of complementarity), expressible in the usual language of classical physics,
as counter-intuitive as they appear to us. Despite his influence, physicists of the following generations have
nevertheless created new words, specific to quantum physics, such as coherence, entanglement, beable... But
the influence of this epistemological break continues to strongly influence physics, and in particular it’s current
teaching, where there is no longer any question of having an understanding other than mathematical, the rest of
the modes of understanding knowledge being quite widely considered as subjective and illusory.

The creation of new words is a constitutive process of scientific knowledge, which must accompany the
emergence of new notions. This is why, starting from the usual geometrical framework, and all the words and
concepts that surround it, such as the notion of point, distance, coordinate, and differential structure... and
going towards the extension of this framework which is NCG, it will be necessary to pay particular attention
to the words chosen. I have noticed that some words commonly used in NCG do not really make sense in this
framework, and thus disturb its comprehension. Here are some of them:

« The notion of point, which remains present in the notion of finite n-point space, does not seem adequate.
These terms designate the finite Hilbert space on which the algebra is represented, but as we have seen with
the Gelfand-Naimark theorem, these elements only acquire the status of points for commutative algebras.
The fact that the elements in Hilbert spaces are intuitively considered as points comes from the status
they have in their use in QM, as classical outcomes, where they only acquire point status at the end of the
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measurement process. One suggestion is to call these elements pre-points, reserving point status for them
when the algebra living on them is or becomes commutative.

« In mathematics, a space is a set with remarkable additional structures, allowing us to define objects anal-
ogous to those of usual geometry. The elements can be called points, vectors, functions... The notion of
space does not make sense in NCG, since we can no longer think of this reality as based on the precious
notions of elements of a set, which are points in the geometry. The Hilbert space does not have the status
of a set (of points) from the point of view of the algebra, it only has one for the classical observer who
perceives well-defined outcomes, there is thus an error in terminology.

« In NCG, coordinates are replaced by generators of the algebra. As they do not commute they cannot be
simultaneously diagonalized and the space disappears. But people continue to name these generators co-
ordinates. Take a look at the meaning of the word coordinate, this comes from the Latin “co” for “together”
with “ordinare” for arranging or put in order. Therefore, the meaning of coordinate can be seen as “put
in relative order objects together” potentially with numbers. In NCG, neither objects/points nor order re-
lations are given in a non-contextual way because of the NC of the observables providing such numbers
used for this ordering. Therefore, this word has no meaning in NCG.

The first two points are deductions from the arguments presented in section 6.1 concerning the limitations of the
concepts of set and set’s elements (space and points respectively).

There are other obstacles to the conceptual understanding of NCG, and this at the basis of its study, as men-
tioned in section 6.2, about which NC is concerned. In addition, regarding the status of NCG in physics, most
physics researchers seem to consider, unconsciously at least, that NCG is a theory, just like loop quantum gravity
or string theory. However, NGC is not a theory, it is a framework of mathematical thoughts, in the same way
as Riemannian manifolds were. General relativity has not been called a theory of Riemannian manifolds, it is a
theory whose mathematical basis is based on this mathematical formalism. So it seems natural to me that re-
searchers who want to set up a theory of quantum gravitation should try to acquire some knowledge of NCG
as a framework, in order to try to understand how to quantify space-time in a relevant way. NCG should not
be considered as a theory, and therefore a rival theory, but rather as representing a mathematical framework for
formulating such theories. Because theories that want to go beyond general relativity must belong to a formalism
that is broader than that of Riemannian manifolds while having links with it since the theory of general relativity
must be found in the limiting cases of large scales and small energy densities.

The problem is probably even deeper than that, connected to the very structure of our language. In everyday
life, we identify objects, which can be thought of as elements of a set, and we attribute specific words to them.
But if the notion of element/object is no longer relevant, is it still possible to put words on things? If, as with
many words, they refer in their definitions to properties of the thing referred to, then to the extent that these
properties become contextual, the usual words lose their meaning. I don’t think there is anything in the structure
of our language to capture in essence the nature of an object whose properties are revealed contextually. But as
always, in science, we can create new words, and new meanings, to improve and extend our representations of
reality.

In section 9.5 I will bring a personal answer resulting from the arguments collected in the different sections
which will follow, as to how one can represent the NCG, and how one can come to get rid of the notions of
points, space, and coordinates, by changing one’s perspective, this change of perspective being among other
things allowed by the theorem of Gelfand-Naimark via the relation 1.2.1. I would finish this section by saying
that in my opinion, the words’ problem extends well beyond NCG, and contaminates many fields of the current
research in theoretical physics.



Chapter 7

NC and Physical Theories

In QM, three phenomena can be considered as really new. The principle of superposition, entanglement, and
the contextuality due to the NC of observables. All of these are due to the replacement (in QM) of functions by
operators. In this chapter, we will try to understand how NC can be understandable in the context of physical
theories (about nature), which change occurs at the level of the formalism, and what can this tells us about nature,
in the context of QM.

7.1 General Structure of Physical Theories

Experience without theory is blind, but theory without experience is mere
intellectual play.

I Kant

A physical theory consists of two things: a mathematical structure 9t and a mapping of the elements of this
structure to the operational measurements process of the corresponding elements in nature. Given a physical
state ER (an element of reality), our representation in the mathematical structure 9t will be called the symbolic
state 7on(ER). The measurement of an ER is the determination of the magnitude of something through the
comparison of this unknown quantity associated with the ER with a reference quantity of equivalent nature
(carried by the element of reality of the object being used as a measuring device), known as the measurement
unit. The informational content we get from the measurement of an ER is called an observable O(ER). The
physical theory must give the link between 7oy (ER) and the measurement process of the physical state ER such
represented:

m9n(ER) — Measurement of ER — O(ER)

If there is no such measurement process, the fact that 7oy (ER) is representing something real may be question-
able. We will call Mes(ER) the measurement process of the ER, and mon(Mes(ER)) it’s representation in the
mathematical structure 91. O(ER) is the only thing that we see (as experimenters), ER and Mes(ER) being out of
reach. As the measurement process corresponds to an interaction, it can change the element of reality:

Measurement

ER" —  ER

If the mode of observation of this ER is non-passive, that is to say, that it disturbs the ER, then, we will have to
distinguish two notions of physical state, the one which would correspond to the physical state before measure-
ment and the one after the process, which we will call F(ER) = ER’. F(ER) can be seen as what we see, and ER
as “what is” (before measurement). A physical theory can then be considered as describing what we observe, not
what is, but we often do this through shortcuts, because in our classical world, these two categories are confused.
We can complete this picture by specifying how and by which apparatus/observer the measurement is done since
observational content is both a function of the ER and of the measurement apparatus. We will encode all these
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data into one symbol, “a” for apparatus (and then for observable in the framework of QM as we already see in
chapter 3). The previous notations become Mes,(ER), O,(ER) and F,(ER).

The act of (classical) measurement should be seen as an interaction between physical objects and is therefore
the restriction to classical observers of a more complete picture of the interaction pattern underlying the mea-
surements process. This interaction extracts some information about the physical state, this information taking
the form of mgn(ER). For some theories, mon (ER) does not describe directly an ER but the data we have on it, for
example statistical data. It’s also possible that 79 (ER) can be an incomplete representation of an ER, that some
hidden variable exists. It is also possible for some theories to reject the idea of an existing ER.

In the special case of QM, mgn(ER) will be replaced by ¢ or p = [¢/)}¢/|, and O,(ER) by A; with a probability
weight tr(P), p) (or by O*(¥) = (Ylaly) = tr(ap) in average), for discrete spectrum as defined in (1.1.2). The
actual QM theory does not predict deterministically the outcome. There will be two manners to interpret its
mathematical structure 91. Indeed, ontological models of QM can be categorized in two ways: the y/-ontic way
and /-epistemic way. /-ontic models consider the symbolic state / (mon(ER)) as referring directly to objective
physical reality, whereas the /-epistemic ones consider it as simple knowledge of the observer on it. As we will
see in section 7.5, this second kind of interpretation can be split into two categories, the one that admits the
existence of ER, and the one that rejects it. For models admitting the existence of a physical state (ER), we will
call ¢ its symbolic state’s representation.

Let’s a and b design two different measurement processes, potentially linked to different observables (or to
the same). Therefore, it is possible to encounter non-commutative relations like:

[Oa , Op ](ER) * 0.

This means that [ O,, O [(ER) = O,(F,(ER)) — Oy(F,(ER)) # 0. As said, the physicist doesn’t know ER (then
F(ER)) nor the way in which a classical observation O(ER) is given from this ER. Therefore an interpretation of
non-commutativity may concern either the link between ER and F(ER), or the way in which the measurement
process can transmit the information O(ER), in classical information format. We will see in section 7.6, that in
the framework of QM, an ontic interpretation of the symbolic state implies that ER # F,o,(ER), putting the
interpretation at the level of the link between ER and F(ER), whereas for epistemic interpretation (defended by
Bohr), it is at the level of the transmission in a classical form that the interpretation must be centered.

The basic mathematical structures 91 corresponding to a huge part of the physical theories are in the field of
algebra. Algebra is the study of symbols and the rules for manipulating and combining these symbols in formulas,
the basic example being the product. These symbols will correspond directly or indirectly to elements of reality,
and the rules will correspond to how these elements of reality interact or combine into bigger systems. Therefore
it is interesting to play with different symbols (representations), or different products, like the universal/tensorial,
star, matrix, or inner products for example.

7.2 Classical Phase Space vs. Quantum Configuration Space

In general, a physical theory consists of four components: a convex state space Sy, a real vector space of observ-
ables Uf, a function connecting these two spaces (,) : Sp; x Ur — R allowing to obtain the expected value of
the given observable for the state in question, and finally laws specifying the dynamics of the theory, such as a
Lagrangian, the Schrodinger or Dirac equation (Landsman, 1998).

In classical mechanics, the phase space Sy is a space of points interpreted as the pure states of the system. The
mixed states are identified by measurement probabilities on S,,. The observables of the theory are real functions
on the phase space Sy, most often continuous and bounded. Thus the space UR of observables can be taken to
be equal to C*(Sps, R), Co(Sps, R) or Cp(Sps, R). There is a function (,) : Sps x Uz — R between the state space
Sps of measurement probabilities y sur S,s,and the space Uk of observables f:

Y Ane P

. f) = u(f) = ldy(o)f(a) ===
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with f(o) the value of the observable f in the state o, and Z the partition function. This function gives the
expected value for the observable f. In general, we have (y, f)? # {u, f*). For a pure state o, the measure is the
Dirac one and we have §,(f) = f(c) and (g, f)* = (i, f?).

In QM, because of the commuting property of the canonically associated variable of the state space, this one
cannot be taken to be a state’s phase space anymore, it became a configuration space S.;. The state space will
then consists of the set of all density matrices p, constructed on a given Hilbert space H:

Ses = {/3 = |¢><I//| > '// €H, ||¢|| = 1}

these are the pure states which are in correspondence with the unitary i states. Similarly, the observables are
the bounded self-adjoint operators on H. The function linking the states to the observables is given by:

(P, Ay =Tr(pA)

equal to (i, Ay') for pure states. Thus we have respectively for the classical case, the statistical physics case and
the quantum case:

Y Ape b

)= [ o =B o (A =T

The main difference between quantum and classical systems is that for the quantum, the property (p, A)? =
(p, A?), will generally be true, just as in the classical case, but it will be true even for pure states, with equality if
¥ is an eigenvector of A.

In general, a quantum system is obtained from a classical system by the quantization process described by
the linear application Q : U;} — L(H) with U}} belonging to C*(S,,, R), and L(H) the space of self-adjoint
operators on H. The quantization procedure therefore consists in establishing the relationship:

Classical observable f < Quantum observable Q(f).

It is interesting to observe that the set of classical observables is supposed to constitute C°(M), where the
procedure for expressing this algebra as being based on M can be provided by the Gelfand Naimark theorem.
Thus, the quantization of an observable belonging to C°(M) will no longer be thought of as being based on
a manifold M but as based on a Hilbert space, which makes the processes of QM impossible to visualize as
occurring in the usual space-time. The observables thus quantized cannot be thought of as living on a manifold.
Thus, given a locally compact manifold M of Hausdorff kind, a “quantization” of M consists in giving a Hilbert
space H and a positive map Q : C°(M) — B(H). When M is compact, we want Q(151) = 1. More detail on the
quantization procedure can be found in (Landsman, 2006).

7.3 KvN formalism and the Classical to Quantum Unification

Many physicists believe that the classical world must be thought of as an emergence of the quantum world, in
certain limit cases. For instance, with phenomena involving large numbers of particles, whose action goes far
beyond # are in which decoherence occurs. Therefore, it seems interesting to find a formalism that deals with
both classical mechanics (i.e. classical observables) and QM (i.e. quantum observables). It is important to notice
that in the language of C*-algebra, these two algebras of observables correspond to:

« Algebra of continuous functions C*(M) over a particular topological space (Classical observables)
« Algebras of bounded operators B(H) on a Hilbert space.

It turns out that such formalism was known very quickly after the development of QM. Indeed, the formalism
of C*-algebras and Hilbert spaces seems to be the most general framework to describe physics. A little-known
fact is that a reformulation of classical physics has been made in this framework so that it encompasses classical
and quantum in the same formalism. Koopman-von Neumann (KvN) mechanics, first presented by Koopman
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and von Neumann in 1931, provides a description of classical mechanics in terms of Hilbert spaces. It opens
up an interesting path for studying quantum-to-classical correspondence. An elementary point that emerges is
that only two distinctions between the classical and the quantum descriptions are needed to go from classical
to the actual formulation of the quantum formalism. This transition needs to add non-commutativity between
conjugate variables and a collapse to render observational content from the formalism. A good introduction to
the KvN formalism can be found in (Bondar et al., 2012)

On the algebraic level, such a reconciliation of quantum and classical concepts would result in particular in
a formalism that contains the explanation of the B(H) — C*(M) transition. The problem is that we have a
Hilbert space on the one hand and a manifold on the other hand. Some physicists justify the fact that we cannot
represent ourselves quantum mechanical phenomena because they don’t live in a manifold M (space-time) but
on a Hilbert space H. However, as we have seen with the Gelfand-Naimark theorem, there is a way to find the
points of M from the pure states of its algebra, when it becomes commutative. This last fact seems to offer a tool
for the path towards the unification of classical and quantum, and to recover M from H and the algebra. More
detail on the quantum to classical correspondence can be found in (Landsman, 2006).

7.4 What is Measurement?

What is our contact with elements of reality? The basic answer is through measurement. We use to think of
measurement and observation as direct perception of what is, but measurement is an interaction, and this must
have consequences. Indeed empirical knowledge and knowledge in general are not knowledge of reality in itself,
but of our interaction with this reality. A measurement process can be seen as an interaction between the object
we want to measure and an object of reference, on which, the corresponding perturbations are interpreted as
caused by this interaction. It is therefore logical to perceive the measurement scheme as an interaction and then
a reading of the information, and not a direct reading of reality as it actually is. However, since usual classical
measurements correspond to interactions that disturb the object being measured in a negligible way, the intuition
that emerges is that we are observing reality as it is, which is a shortcut to phenomenal thinking, since the reality
is that we are observing a disturbance on our sensors and that this disturbance is the signature of what the object
is, after this interaction.

This is intuitive insofar as any measurement corresponds to a physical interaction where the disturbance
of the physical quantities of a reference object (photon, measuring device, etc.) testifies to the presence or of
information on the measured object. This perturbation is linked to conserved physical quantities, such as energy,
momentum, spin, or other quantum numbers. Thus, any change in the properties of the standard object will
necessarily be accompanied by an equivalent change in the physical state being measured. Or the minimal
element of reality for a measurement apparatus is the photon of light, which has at least a certain impulse... Thus,
the interaction that is intended to imprint on the mediator a trace testifying to the presence of the measured object
is always accompanied by the negative reflection of this interaction on the measured particle, thus an alteration
of the corresponding quantities, this is a fact that cannot be contested and which is fully inscribed in the usual
classical thinkings of the world. This argument has a simple consequence, it is that any measurement acquiring
non-trivial information disturbs the physical state, a proof of this last assertion can be found in (Busch, 2009),
where the author shows that any measurement process that acquires nontrivial information on a physical object
disturbs this object. This is quite classical reasoning. Then there is no instrument that leaves unchanged all states
of the system unless the associated observable is trivial.

The fact that measurement in QM cannot be so straightforwardly accompanied by the idea that it is an
observation of the world as it is is at the origin of the creation of the concept of beable introduced by J. Bell to
replace the notion of observable (Bell et al., 2001).
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7.5 Realism, Anti-Realism and the PBR Theorem

Naive realism leads to physics, and physics, if true, shows naive realism to
be false. Therefore naive realism, if true, is false; therefore it is false.

B. Russell

Many scientists have the conception that QM’s formalism does not describe reality (only give us experimental
results), they have accepted to be mystified, and resign themselves to say that ¢ and a are formal tools that give
the measurement’s result, but without physical meaning, as they do not directly represent real objects. For them,
the only view is that of a Hilbert space, and physical objects do not live elsewhere than in this mathematical
representation, or perhaps that there are no real physical objects behind this description...

In this section, we will discuss the interpretations of QM’s formalism. It will be a question of conceptually
partitioning the set of possible ontological options, according to whether realism is admitted or not, whether
it is at the level of the physical state or of what is observed, and finally whether the theory is of the y-ontic
or -epistemic type. The motivations and concepts behind these postures will be presented throughout. Then
arguments will be presented to isolate one of the possibilities of this classification as agreeing with the results of
QM’s experiments. This section is of special significance, as the conclusion reached by these arguments will be
a very important element of the argument presented in section 7.6, and for the conclusions drawn in chapter 9
on the interpretation of the NCG.

As mentioned before, two views can be adopted regarding the ontological nature of the objects described by
QM, the Realistic (R) and the Non-Realistic (NR) postures. To define the relevance of the notion of realism, let us
start by mentioning the original criteria that led to the conjecture of the existence of an element of reality. Two
criteria of reality can be defined:

1. The Repeatability Criterion (RC): It can be defined as follows (EPR paper (Einstein et al., 1935)): if without
disturbing the system in any way, we can predict with certainty (with a probability of 1) the value of a physical
quantity, then there is an element of physical reality ER corresponding to this physical quantity.

2. The Kickability Criterion (KC): If a reference system is disturbed in a way that is not understandable as its free
behavior, then we will say that something physically real has interacted with it, in other worlds, it possesses
a causal power.

Put like that, it is obvious that these realism criteria refer to O(ER), because it is a question about what we
observe. The NR view denies the existence of objective observed observable O(ER) before the measurement, if
RC is not checked, the R position is thus hardly tenable. The KC is a much less powerful criterion than the RC,
because its negation is not clearly definable, as the notion of free behavior is difficult to specify, and sometimes
a matter of convention. The non-verification of the KC is therefore not a direct refutation of the R position.

Remark 7.5.1 By element of reality (or equivalently physical state), we only refer to a piece of hypothetical
information “carried” by the physical entity in question. O

Remark 7.5.2 Itisinteresting to stress that (RC) assumes that the measurement process must be non-disturbing.
Thus, disproving the RC will require proving that no disturbance has been caused to the system during the
measurement. ]

Remark 7.5.3 The (KC) is the physical principle at the heart of the very notion of measurement, as discussed
in section 7.4. O

Although the notion of realism was initially defined with observational results, it is important to distinguish
between the R/NR thesis which concerns the physical state (/ in ontic models) itself (ER), and those that concern
the measurement result (ay in ontic models for a given observable a), thus O(ER). We are therefore left with
four categories of realism posture, the one about the physical state, which will be called SR and SNR thesis (for
State Realist or State Non-Realist), and the ones concerning observations will be called OR and ONR thesis. SNR
trivially induces ONR, but the converse is not true as we will see with the NC observables. The state and obser-
vation views on realism are sometimes confused by different authors, this is the origin of many misconceptions.
One could summarize these two positions in this way:
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1. Reality exists independently of our observation, we can consider it conceptually, and the act of observation is
a more or less precise transmission of this reality, through an interaction which is the measurement process.

2. Reality is what is observed.

Remark 7.5.4 As mentioned in section 7.4, if a theory only knows disruptive measurement process, therefore,
we have to make the distinction between what is, and what we observe. This is not the case in classical mechan-
ics. o

The OR and ONR categories are not really classifying, as they are secondary in the causal chain of the
measurement process, and can be considered as (classical) deductions of the physical state. Therefore we will
only consider the SR and SNR categories in the classification. It is also possible to divide the set of theories
according to the link between the possible physical state, and the symbolic state representing it. The theories
concerning QM are thus distributed according to 3 categories:

« -ontic theory admitting SR (-OSR): ¢ is a state that corresponds in a bi-uniquely way to this ontic
physical state.

« -epistemic theory admitting SR (/-ESR): Realism is admitted, a real physical state exists, but the i state
only represents information about this state.

« J-epistemic theory admitting only SNR (/-ESNR): Realism is refuted, there is no ontic physical state, ¢ is
a kind of information, about potentialities but there is no defined physical state.

This classification is summarised in the following diagram:

Observations
RC & KC
Observable O — OR ONR
Physical state ER — SR SNR
Link with mon(ER) — -OSR -ESR -ESNR

This diagram is presented as starting on the top from the observations, i.e. from what an experimenter can
be sure of, and going deeper into the speculations we can make about nature within the theory, first about the
realism of what is observed, then about the possible underlying physical state, and finally about the different
types of symbolic i states describing it, thus offering a classification of possible theories in QM.

Bohr was perhaps the most influential physicist involved in the development, and especially the interpretation
of QM. He was probably the most aware of the subtleties of QM, and the most invested in trying to develop a
consistent picture of it. So we will try to understand how his views allow us to locate its position in this diagram,
which is of great importance, since he is, broadly speaking, followed by most of the physicists past and present,
with the Copenhagen interpretation. We will proceed in the logical order of the diagram, from top to bottom.

The first question concerns his position in terms of realism regarding the observational results OR and ONR.
One can unambiguously say that he was in the ONR category, his principle of complementarity being the incar-
nation of it, as this quotation from Bohr in (Bohr, 1950) shows:
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A sentence like “we cannot know both the momentum and the position of an atomic object” raises at once questions
as to the physical reality of two such attributes of the object...

It is interesting to note that his statements are strictly at the level of ONR, without leaving any clue as to
its positioning SR/SNR, as he uses the term “attributes of the object”. What Bohr disputes is that the reality
criterion can be applied jointly to position and momentum. This dependence on the context of measurement is
called contextuality. One cannot speak of certain predictions concerning both position and momentum, these
are revealed not as intrinsic attributes of the quantum object, but as relative to the apparatus context. Therefore,
he positions himself at the level of ONR. The main argument which made him adopt such a position is the
NC of observables and the contextuality which is deduced from it, which he interpreted with the principle of
complementarity which he supported (As we shall see in section 7.6) because of his attachment to wave-particle
duality, which he considered as a fundamental duality (Mehra, 1987).

Concerning his positioning regarding the realism of the physical state (SR/SNR), a lot of confusion has been
made about his claims, sometimes by attributing him ideas that he never had, but also by authors who do not
distinguish between the ONR thesis and the SNR thesis, or between the claims concerning the link between
physical and symbolic states, i.e. in a more general way between reality and our representation of reality. Indeed,
it is commonly attributed to the defenders of the Copenhagen interpretation, and thus to Bohr, to deny the
existence of an objective reality concerning the quantum world, thus displaying a /-ESNR posture, which was a
novelty in history. This can be seen, for example, in this quote from Heisenberg:

“atoms or elementary particles themselves are not real; they form a world of potentialities or possibilities rather
than one of things or facts”.

Similarly, in (Petersen, 1963) A. Petersen refers to the following “shocking” quotation of Bohr, which was
very often attributed to him afterward:

"There is no quantum world. There is only an abstract quantum physical description.

This would put the defenders of Copenhagen, as well as Bohr, in the category of SNR, denying the existence
of an objective physical state. However, as N.D. Mermin says in (Mermin, 2004), Bohr has never published such
an assertion, in any of his articles where he affirms his position on quantum reality, nor in any of his other
writings. Several authors (Folse in (Folse, 1986), and Faye in (Faye, 2012)) argue that Bohr had a realistic view of
the physical state (SR). They say that Bohr always implicitly supported the SR thesis, as this quote from Bohr in
(Bohr, 1929) proves:

[...] the extraordinary development in the methods of experimental physics has made known to us a large number
of phenomena which in a direct way inform us of the motions of atoms and of their number. We are aware even of
phenomena which with certainty may be assumed to arise from the action of a single atom. However, at the same
time as every doubt regarding the reality of atoms has been removed and as we have gained a detailed knowledge of
the inner structure of atoms, we have been reminded in an instructive manner of the natural limitation of our forms
of perception.

He never went back on these statements. Similarly, in (Folse, 1986) Folse argues that the reality of atoms has
been established by experiments that directly cause phenomena that inform us of the existence and behavior
of atoms. This is the KC criterion: the proof that there exist real quantum objects is an experimental fact, the
simple fact being that we measure them, or that we deduce causal consequences from their properties, as Bohr
underlines, this is a proof of the objective existence of these quantum objects. For Bohr the existence of atomic
systems is “the given”, which theory must describe in a way allowing prediction of those phenomena caused
by these entities. Bohr is then, in fact, clearly convinced about the objective reality of the physical state. Many
authors say that Bohr’s words are confused or even contradictory concerning his ontic position, but his words
on this subject are always accurate. They are in terms of “objective communication” and not in terms of “truth”.
The confusion comes, in my opinion, from the readers, whose innate unconscious reflex is to associate with what
one observes, the impression that it is pure reality, without assuming that it is only a piece of information and
that this observation is moreover an interaction. Other authors like Hacking and Cartwright have supported this
view about the reality of quantum physical states, which they call Entity realism.
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Let us come back to the SNR posture, which is justified by its defenders by saying that SNR represents only
information about potentialities and that this is a complete description of reality i.e. that there is no hidden ER
below this. A very simple argument can provide a serious counter-indication to the SNR posture thus described.

Proposition 7.5.5 The SNR view is not in accordance with the results of quantum mechanical experiments.

Proor The SNR posture rejects the idea that there is an element of reality corresponding to the quantum world
and therefore carrying the information that determines the measurement result. However, the repeatability of
an identical measurement made at short time intervals forces one to consider that information is conserved.
So the only way left by this position is, as they do, to say that this information is on the side of the observer,
only our abstract description, and the information thus symbolized exists, not the physical state. This is the
position defended by Heisenberg in particular. Now let’s take any quantum experiment, with a i state, and two
observers O; and O,, these two observers are sensibly the same, they are two identical machines. We then choose
to measure the state with O;, we collect the information by looking at the result of the measurement, then we
remove Oy, and we do the same experiment with O,, immediately after, and we collect the information again. If
there is no ER, and ¢ only represents the information we have, on a world of potentialities, that is to say that
there is no information stored in a ER, then knowing that O, does not have the information that O; has collected,
it should have every chance to find another result, since this information cannot be stored in a ER. However,
the experimental results show repeatability of the collected information, which is in disagreement with the SNR
posture. |

We will give more arguments against the SNR view later.

Now, concerning his position on the link between the physical state and the symbolic state, Bohr was clearly
epistemic, as were most of the advocates of the Copenhagen interpretation. The remarks of the preceding para-
graph thus place him in the /-ESR position. The epistemic interpretation of the symbolic state is supported by
various physicists, for several reasons:

« Because of the multidimensionality (The fact that we are left with nothing but a description of a state living
in a multidimensional Hilbert space.) of the /-state in Hilbert space, which seems not to offer a realistic
vision of the phenomenon as existing in space-time.

« To solve the collapse problem, becoming an actualization of the observer’s knowledge in the Copenhagen
interpretation. For Bohr, the i function is a predictive tool and does not reflect any physical reality. It is
therefore not necessary to say that the subject would provoke any physical process during the measure-
ment. It merely defines a new form of objectivity, by including the mention of the experimental context,
while refraining from including the human subject. This new objectivity is thus fully linked to the thesis
of contextuality. In this view (Copenhagen) the ’collapse’ of the wave function is not a physical process,
and it just reflects an update of our information about the system.

« Because of the EPR paper which emphasizes that the formalism of QM is in contradiction with the thesis
of local realism.

His belonging to the epistemic category is underlined by an important aspect of his thought, concerning the
formalism of which he had a purely symbolic vision (Bohr, 1950):

The entire formalism is to be considered as a tool for deriving predictions, of definite or statistical character, as
regards information obtainable under experimental conditions described in classical terms and specified by means
of parameters entering into the algebraic or differential equations of which the matrices or the wave-functions, re-
spectively, are solutions. These symbols themselves, as is indicated already by the use of imaginary numbers, are
not susceptible to pictorial interpretation; and even derived real functions like densities and currents are only to be
regarded as expressing the probabilities for the occurrence of individual events observable under well-defined exper-
imental conditions.

Therefore as Faye says in (Faye, 2012):

Bohr also considered the state vector to have no ontological status but merely to be a heuristic device for the
calculation of the probability of a specific outcome of the measurement.
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Bohr is definitely on the i/-ESR side. For him and many others, the QM formalism has no direct correspon-
dence with the reality of real objects, it is a symbolic representation that is not faithful to reality, allowing to
set up a kind of algorithm enabling to find the results of experiments. Most of the physicists seem to have this
posture, and do not consider i as real, but rather as a kind of information, which is supported by the fact that
the result provided is probabilistic. This point is of importance for the chapter 9, because depending on whether
one attributes a concrete character to the symbolic state or not, speaking of geometrical consequences deduced
from the QM formalism will have a meaning, or will not have any.

It seems, therefore, that the only positions which are relatively tenable are the ONR, the /-OSR, and the
-ESR, the first being non-disjoint from the other two. Although it is not intuitively obvious, the /-OSR and /-
ESR’s postures are not only different at the philosophical level. Indeed the quantum wavefunction ¥ is said to be
y-ontic if any physical/ontic state in the theory is consistent with only one pure quantum state and /-epistemic
if there exist physical/ontic states that are consistent with more than one pure quantum state. This point will be
important to formally distinguish these two ontological issues and will be used in the proof of the PBR theorem
which I will present now. This will be of major significance in order to decide between the postures, i.e. between
the /-OSR and /-ESR’s interpretations, and then in section 7.6 to interpret the NC of observable in QM. To finish,
in chapter 9 it will permit to interpret the associated geometry we can infer of such an observable, according to
the arguments that I will present in chapter 8 about the objective path (trough measurement) we have to test
physical theories about space-time, in the mathematical framework 9t of geometry.

A theorem of capital importance allows us to determine between the 17-OSR and /-ESR positions. Indeed,
in 2012, a powerful no-go theorem against i/-epistemic interpretations y/-ESR was found (Pusey et al.,, 2012).
This is called the PBR theorem (for Pusey, Barrett and Rudolph). This theorem is considered as being of similar
importance to the Bell, and Bell-Kochen-Specker ones. As these last theorems, PBR theorem is a statement about
hidden variable theories. It constrains hidden variable theories in a very strong way, almost killing the relevance
of their potential existence.

What the PBR theorem shows is that assuming the existence of a physical state (ER), the idea that the associ-
ated symbolic state 79 (ER) = ¢ does not represent reality in a one-to-one way (then this physical state), but our
(probabilistic) knowledge on it is no longer tenable. Indeed, if there is such a physical state, the pure symbolic
state that we associate with it corresponds to a definite statement about this reality, and not to a probabilistic
one. i is therefore no less “real” than the analogous objects used in classical theories to designate states of the
system.

More precisely the PBR theorem states that if we assume that:
1. A quantum system always does have some objective physical state.

2.For any repeatable experimental procedure, there exists a well-defined probability distribution over the set
of possible final outcome states, and a quantum system can be measured projectively on any basis.

3. Statistical independence of experiments, and tendency to tend to the probability distribution just mentioned
when the experiment is repeated many times.

4. Even if two systems are brought together for a joint measurement on an entangled basis, they may until then
be treated as separate systems, with their own space of states, and prepared so that the respective probability
distributions are independent.

5. Quantum predictions are correct.

Then, for a QM description done in a given Hilbert space, taking two preparation procedures that place the
system into two different (symbolic) pure states, they can’t represent the same physical state. If we have two
quantum symbolic states mon(ER;) and mon(ER,) with a physical state as an unknown, then:

7on(ERy) # mon(ERy) —  ER, #ER, (7.5.1)

Two different symbolic pure quantum states are directly linked to different physical states, whatever the reality
in which these physical states take sense may be. This is a really strong statement, it basically says that the
symbolic quantum states i/ we use in QM are as real as our usual classical symbolic states, since they refer both
to physical states in a faithful and complete manner. The symbolic quantum state is then ontic, and the only
survivor of this battle and the happy winner is 1/-OSR.
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Remark 7.5.6 In the i/-OSR theories, the wave-particle duality cannot be a fundamental duality (which is at the
basis of Bohr’s philosophy). Indeed, if the aspects of wave and corpuscular behavior can be associated with two
different i states (one spread out in the space of positions and the other not), knowing that these states are in
one-to-one correspondence with two physical states, then these two physical states will be different too. There
is not, as Bohr represents it to himself, a quantum reality, whose properties can be manifested as undulatory or
corpuscular according to our mode of observation, but two distinct quantum elements of reality. Thus, it is an
effective duality, not a fundamental one, and the principle of complementary that accompanies it is no longer
tenable. w

This theorem is of crucial importance for the interpretation of the quantum mechanical formalism, but it
says nothing about i/-ESNR type interpretations since it is based on the assumption of the existence of a physical
state. I have presented above a strong argument against this posture in the proposition 7.5.5. This point being
important, I wish to give here other more qualitative arguments against the SNR thesis, some of these arguments
are also arguments against the i/-ESR posture:

1. Against y-ESNR: If QM is the basis of the classical as usually thought!, then the quantum state must have the
same status of realism as our classical states. I don’t see how it can be otherwise, we are constituted of particles
with quantum behavior! And it happens that a collapsed particle can find coherences again (Bouchard et al.,
2015). So the fact that its status of realism is going to pass from realism to nonrealism and then realism
by regaining coherences seems to me doubtful. Another argument comes from the KvN formalism, indeed
the implicit message is that the unification of the classical and the quantum can eventually be done in a
single formalism. So if quantum and classical states were of different natures, as the i/-ESNR interpretation
suggests, then this unification would not be thinkable. I find this relatively inconceivable. In connection
with the previous argument, the wave function after the collapse is of the same nature as the one before the
collapse in the formalism, the only difference (in the case of a position measurement for example) is that it
is more localized. So there is no information about potentialities on one side and a concrete actualized result
on the other, it appears strange to say that the ontic status of ¢ can have changed during the measurement
process, going from y/-epistemic to y-ontic. I add to this the fact that what we call real objects, are made of
these same particles, localized, and interacting, so how could it be that the ontic status of { is different from
that of our machines, of all classical objects? I don’t see how. This continuity of vision argument is for me a
strong reason to believe that i designates an entity no less real than any object whose reality is considered
without doubt.

2. Against /-ESNR: The multidimensionality of the Hilbert space in which the wave function lives is not an
argument against realism, it is only that it is no longer thinkable as a phenomenon in a usual space-time, as
mentioned in 7.3.

3. Against y-ESNR: In connection with the previous point, the EPR paper as well as Bell’s inequalities formu-
lated later cannot be taken as proof that realism must be abandoned, it is only local realism that is faulted,
there are many other notions of realism, such as structural realism, or ontic structural realism which remain
possible.

4. Against /-ESNR and /-ESR: As information does not correspond to something real, then if {/ only describes
information, then it cannot act on the environment. Thus, the second criterion of realism (KC) is an argument
for me that decoherence is proof that the wave function is objective because it interacts with the particles
in the environment wherever it has coherences. If / was only information, it would not interact with the
environment.

I have a simple question to ask if we consider that a criterion of existence for an entity is its ability to interact
with its environment, that ¥ does not describe anything real, only information, and that information that
is not material cannot interact with the environment. How is it then that a theory such as decoherence,
verified experimentally, is based on the fact that before the collapse,  interacts with all the particles of the
environment contained in D(1/)? Isn’t this a clue that ¢/ is in itself a real entity?

5. Against /-ESR: The epistemic interpretation of ¥ was promoted to solve the problem of the collapse pos-
tulate, taking it as an actualization of the observer’s knowledge. This was, together with the wave-particle

In the sense that classical theories must be recovered as approximations of quantum theory, in certain regimes, i.e. large number of
particles, large action, particle dense environment...
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duality, a strong reason that led them to think that ¢ refers only to information are potentialities, and that we
should abandon the assumption of realism. But today, the collapse postulate is more commonly considered
to be a problem of the actual QM’s measurement theory.

6. Against /-ESR: Wave-particle duality was taken to be a proof of the fact that ¢ does not refer directly to a
physical state, but to information we have on it. But as mentioned in remark 7.5.6, which was a deduction of
the PBR theorem, wave-particle duality can no longer be taken as a fundamental duality. Therefore, wave-
particle cannot be taken to validate /-ESR interpretations.

The PBR theorem, as well as these arguments, provide a counter indication to the i/-ESR and i/-ESNR theories,
thus putting ahead, as far as this classification is complete, the /-OSR theories. The /-state thus designates
a physical state, the collapse must correspond to a non passive physical process that remains to be discovered.
Therefore, surprising properties such as noncommutativity and entanglement must be taken seriously as to what
they say about our world, at its deepest level because they concern the nature of the fundamental constituents
of all things in our universe.
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7.6 Knowing is Changing: NC as an Observer Effect?

The Very Perception Is Action.

7. Krishnamurti

As mentioned in section 7.3, one of the main discrepancies between QM and classical mechanics comes from
the emergence of observables that do not commute. This fact is the mathematical origin of the Uncertainty Prin-
ciple (UP) which was introduced by Heisenberg in 1927. How we make intuitive sense of this noncommutativity
depends on the interpretation of the wave function we use. There are two almost equivalent ways to consider the
UP, via the wave approach, or via the matrix approach. These are comparable representations, but they highlight
different aspects of reality.

In wave formalism, it is easy to see to which extent a spread according to the momentum modes leads to
a possible interferential pattern, which allows the particle to be localized, but, if the wave packet consists of
only one p mode, then, just like a planar wave, it is spread all over space, and the particle is delocalized. There
is therefore a relationship between the spread in position and the one in momentum. It is a wave property, ¥
cannot be localized in both momentum and the position basis at the same time. The bases of the Fourier modes
in position and momentum representations are therefore connected.

Let’s see to which extent the matrix formalism can complete this picture. In QM, measurement is taken to
collapse the state of the system to one of the eigenstates. When the state is not an eigenstate of the observable, this
collapse is not a projection, but something like a transformation then a projection. For an operator a, we will call
a. the composition of a with the collapse operator (plus normalization, which will not be taken into consideration
here, because it does not change the argumentation). As in (1.1.2), if we take two (normal) operators a and b with
discrete spectrum, then we obtain their following spectral decomposition:

a=Y AP: and b= AP}

i€S, JESy

This represents the operation that corresponds to the associated measurement process in QM. Let us see what NC
of a and b means in first time, and what it implies when we add the collapse postulate i.e. what is the consequence
for [ac, b.].

If ¢ is in an eigenstate of a then it is not affected by the measurement of a : a = Ay with A the eigenvalue,
result of the observation. Otherwise, ¥ undergoes a transformation: ay = ’.

The NC of the observables a and b on  induces that i cannot be the eigenstate of both simultaneously. Thus,
at least one of these two observables is a non-passive measure of the symbolic state .

To illustrate this, let us take @ = % and b = p, and assume that i/ is eigenvector of the operator position:
XYY = xliy), and that it is not the case for the momentum ply) = [i/), thus:

[%, plly) = Gp = pO) = (& = xeD)ply) = ihly)

so that (X — xo))ply) = (* — xoD)ly’) # 0 which explicitly means that [i)’) is not an eigenvector of % with
eigenvalue x, (X|’) # xo|y”)). Then it allows us to get a result different from x, as if the position had changed.
The conclusion is the same if we take i/ to be a linear combination of eigenvectors of X, and that at least one of
these elements is not an eigenvector of p.

If we add the collapse in this picture: a — a. and b — b, (to obtain the true measurement process’s induced
transformation), then the effect on ¢/ is to collapse it onto one of the eigenspaces associated to P; for a or Pb for
b. A basic result of spectral theory is that if you have [a, b] # 0, then their exists at least one couple (i,j) e (Sa, Sp)
such that [Pf, ij] # 0. This induces [a,, b.] # 0 and the previous conclusion works also here.

Then NC of observables (operators in general) is always connected to the non-passive action of at least one
of the two measurement processes on the symbolic state y>. An example for the first case (without collapse)

Note that these conclusions only apply to the symbolic state, then not directly to the physical one.
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can be the NC of gauge potential in non-abelian gauge field theories (if we replace (a,b) by (A,, A,)), and the
second one (with collapse) corresponds to QM’s measurement process. For this last case, the non-passiveness is
not only induced by the NC since the collapse represents a change of the symbolic state too. We can say that NC
adds a contextual property to this collapse-induced change. We cannot directly conclude that NC is linked to the
non-passiveness of the measurement process because the previous conclusions are at the level of the symbolic
state . Therefore, according to our ontologic posture, we are left with two ways of interpreting this NC:

« The one coming from 1/-ESR interpretation schemes: There is change at the level of the symbolic state
¥, but as it is not directly linked to the physical state, we are not forced to said that the latter undergoes
an observer effect. It is even possible to suppose that there is no change at all in this physical state, by
postulating that this NC is induced by the fact that the classical properties in question have no real meaning
for the quantum object, which can thus be, without ambiguity, both a wave and a particle, whereas this has
no meaning in the classical world. This avoids having to consider discontinuous changes in the physical
state in question. It’s a statement about reality itself. Particles don’t have precisely defined momentum
and position to measure. This is a NC interpretation of type 2. There is no Observer effect.

« The less represented one coming 1/-OSR interpretation schemes: the revelation of the classical properties
has nothing mysterious, it is in bijection with the real physical state. But here it is not a question of a single
physical state, since this one is in bijection with the symbolic state... there are thus two physical states,
one transiting to the other one during the measurement, and thus non passivity of the act of measurement!
This is caused by the fact that collapse must be considered to be a physical process which transforms the
physical state in this kind of interpretation, non-commutativity rendering this process contextual. It’s a
statement about what we can know about reality. The act of measuring position changes the momentum,
and vice-versa. This is an interpretation for type 1 NC. There is an Observer effect.

Before going further, let’s try to understand how this NC has been historically interpreted, mainly by Heisen-
berg, then by Bohr.

Heisenberg’s first explanation of his UP was based on the idea that any measurement process must change
the physical state, and that this leads to significant perturbation when considering the measurement of quan-
tum states. Indeed, Heisenberg originally illustrated the intrinsic impossibility of violating the UP by using the
observer effect of an imaginary microscope as an elementary measuring device. The argument goes as follows.
Let us take the example of the electron that we want to localize in space, the minimal measurement scheme to
localize it implies shining at least one photon on it. If the electron was a classical object, like a bird in the sky, the
photon will affect its state in a so tiny way that we neglect this fact in all days life, which leads to the feeling of
seeing “what is”. However, this is not true for quantum objects. Most of the time, the energy of a single photon
is ridiculously small (in comparison to the one of the electron), and affects it in a negligible way, but it’s not true
for very energetic photons.

Let’s explain this measurement scheme more concretely, the microscope experiment consists in observing
how a light ray is deviated by the Compton effect when it scatters with an electron, the measurement of the
deviation angle permit to determine the localization of the electron with a certain accuracy. But this ray of
light has a certain wavelength A, below which it is not possible to measure the position of the particle, and this
wavelength is linked with its energy by the relation E = hc/A. Thus, improving the accuracy of the measurement
of such a position requires to increase the energy of the photon used. But such a photon is also associated with
momentum p = he/A, and a portion of that momentum will be transmitted to the particle during the interaction
process at play, by conservation of this quantum number. Therefore, the more you measure the position with
accuracy, the more you change the momentum. The fact that the momentum of the particle is changed makes
the notion of phase space meaningless, this being at the origin of the introduction of the configuration space
mentioned in section 7.2.

This is a very important argument, it is obviously a purely experimental fact of QM and it as not to be deduced
by any outer logical argument, I will come back on this later in section 9.3. More details on the microscope exper-
iment can be founded in Heisenberg book (Heisenberg, 1949), and (Tipler and Llewellyn, 2012), and (Greenstein
and Zajonc, 2006). This phenomenon was understood by him as a manifestation of the UP. This argument of the
non-passivity of measurement seems quite reasonable, especially since, as said before, it has been demonstrated
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in (Busch, 2009), that a measurement that acquires information on a given system, necessarily disturbs the mea-
sured state. But these argument work at the level of the symbolic state, therefore we cannot conclude directly
like Heisenberg does that it is connected with an objective observer effect.

Indeed, it was argued by Bohr, that the Heisenberg UP has nothing to do with an observer effect. According
to Bohr, he did not make clear the distinction between a position measurement merely disturbing the momentum
value of the particle and the more radical idea that momentum is meaningless or undefinable in a context where
the position was measured instead. As mentioned in (Mehra, 1987):

Bohr felt that Heisenberg had not treated the thought-experiments with the X-ray microscope and the investiga-
tions on the Compton effect and resonance fluorescence light quite properly; his fundamental objection was something
quite different, As Heisenberg recalled: “The main point was that Bohr wanted to take this dualism between waves
and corpuscles as the central point of the problem.”

It is important to stress the fact that Bohr has no fundamental criticism to do to Heisenberg’s paper, but its
attachment to wave-particle duality and its epistemic interpretation of /, which are linked in the large picture
in which he tries to make sense of QM lead him to see things differently than Heisenberg for this experiment
and it’s linked to non-commuting observables. For Bohr, the wave-corpuscle duality was a fundamental duality,
which he made a consequence of the Complementary Principle (CP), which he proposed as a replacement for
Heisenberg’s UP.

In his view of CP, Bohr does not refer to discontinuous changes of the corresponding quantities during the
measurement process, on the contrary, he emphasizes the possibility of defining these quantities. He also rejects
the common view (that Heisenberg adopts for example) about the fact that measurement creates definite results:

The unaccustomed features of the situation with which we are confronted in quantum theory necessitate the
greatest caution as regard all questions of terminology. Speaking, as it is often done of disturbing a phenomenon by
observation, or even of creating physical attributes to objects by measuring processes is liable to be confusing, since
all such sentences imply a departure from conventions of basic language which even though it can be practical for
the sake of brevity, can never be unambiguous. (Bohr 1939: 24)

Bohr always stressed that uncertainty relations are first and foremost an expression of complementarity
(Mehra, 1987). This may seem odd since complementarity is a dichotomic relation between two types of de-
scription whereas the uncertainty relations allow for intermediate situations between two extreme potentialities
(wave and corpuscular behaviors), and therefore causal chain, contrary to the CP which defends the idea that
causal view is a classical restriction that doesn’t make sense in QM:

A causal description of the process cannot be attained; we have to content ourselves with complementary descrip-
tions. “The viewpoint of complementarity may be regarded’, according to Bohr, “as a rational generalization of the
very ideal of causality”

For Bohr, there is no time lapse during which a physical object behaving as a wave would become a particle
or the opposite. He means that these two visions of things are only valid at the classical level and that the particle
does not carry these properties in itself. Rather, the symbolic i state being only there to give us a sort of classical
information useful to understand this inexpressible reality in a raw way as possessing in an unambiguous way
these (classical) properties called complementary. This is why, in this same line of thought, he defended that
causal thinking was also limited to our classical understanding of phenomena and that it reached its limit in a
very obvious way in the experiments involving these complementary observables.

In a more general way, Bohr defended the idea that the usual language, impregnated with the classical vision,
was not able to make quantum phenomena understandable, and that this was probably a fundamental limitation
that could not be overcome for our intuitive understanding of QM within our classical language. Indeed, in (Bohr,
1950), in order to defend the idea that the NC, in connection with the principle of complementarity, is not a matter
of processes in space and time, and that therefore the classical causal analysis is no longer valid, Bohr does not
hesitate to say that the ambiguity of such an interpretation lies in the fact that the classical language, which is
intrinsically causal, cannot describe the reality that lies behind such a NC:
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These so-called indeterminacy relations explicitly bear out the limitation of causal analysis, but it is important
to recognize that no unambiguous interpretation of such relations can be given in words suited to describe a situation
in which physical attributes are objectified in a classical way.

To summarise Bohr’s view on the interpretation of the NC of observables, the complementary between such
phenomena implies that there is only one object which is making different phenomenal appearances in different
experimental arrangements, which lead to different interactions scheme between the observer apparatus, and
the physical state. There is no causal chain, this physical state is not changed by the measurement process, it is
only the measurement of certain properties simultaneously that cannot make sense, and different experimental
arrangements will provide complementary evidence about this unique object. This phenomenon cannot be intu-
itively represented because the classical words, which he considers unsurpassable, do not allow us to intuitively
capture its nature.

For me, this is not a sufficient explanation, he did not explicitly show that it was not a matter of processes in
space and time, whereas it was the result of Heisenberg’s initial demonstration, of which he did not refute the
mathematical content. If he had sought to make this demonstration, he would have realized that the conservation
of quantum numbers during the process of measurement induces that the perception of an information that
testifies to the presence or properties of an object, during the process of measurement, necessarily induces the
perturbation of the corresponding properties that the measured object would carry, this argument having been
more fully discussed in section 7.4. On the other hand, he relies on the idea that classical language is unsurpassable
and provides a limitation to this understanding, which seems questionable from the arguments presented in
section 6.3. Furthermore, his interpretation of NC, which he accompanies with his principle of complementarity,
is not satisfactory, as the use of the concept that conventional language and associated classical notions cannot
deal with the quantum is not a convincing argument. It is like a black box that allows us to say that we cannot
hope to find a satisfactory explanation for quantum phenomena, even by creating new words. This makes it
acceptable to abandon the idea of obtaining an intuitive understanding of reality. The concern to obtain an
intuitive and conceptual coherence is no longer put forward. In my opinion, this idea has strongly polluted
the scientific thoughts developed later. Moreover, as JM. Lévy-Leblond points out (Lévy-Leblond, 2000), the
principle of complementarity was not considered a relevant and convincing idea by researchers such as Einstein
and Schrédinger, and even among his close collaborators such as Heisenberg and Pauli. Yet it was the basis of
Bohr’s philosophy, and of the commonly supported Copenhagen interpretation of which he was the principal
architect.

As we have seen in section 7.5, there is a much stronger argument to defeat his view. Indeed, Bohr’s statements
and interpretations are based on his epistemic interpretation of the symbolic state, without which, if he were to
admit an ontic view of formalism, he could not say that there is no transformation of the state as mentioned
above, and worse than that as mentioned in remark 7.5.6, the wave-corpuscle duality can then no longer be a
fundamental duality, which is at the heart of the interpretation he defends. These two aspects are then connected
to two distinct physical states, and there are therefore intermediate stages of the physical state to consider.

But, as we see in section 7.5, only /-OSR interpretations can be retained to be in accordance with experimental
results. So if the argumentation presented in section 7.5 is correct, the arguments of Bohr cannot be well founded.
Then, NC of QM is of the first kind, linked to process in space and time, caused by the non-passivity of the
act of measurement, then of the same kind as “classical” ones. However, they differ in that we are unable, as
classical observers, to see beyond these NCs, to see the intermediate stages of the process. In QM, processes
such as collapse, decoherence, the measurement process, quantum jumps, etc. were initially considered to be
instantaneous and discontinuous. These phenomena of discontinuous jumps from one symbolic state to another
were called quantum jumps, and it was the very nature of this discontinuity in evolution that made Bohr (among
others) prefer to opt for an epistemic interpretation, as he could not consider that the physical state could undergo
such a discontinuous evolution, which seems reasonable. Schrodinger, who thought that the wave function is a
faithful representation of reality, directly opposed this idea of quantum jump (Schrédinger, 1952) by also rejecting
the principle of complementarity. Nevertheless, at the time, nothing could have foreshadowed a possible non-
continuity of the evolution of the symbolic state, and therefore Bohr’s interpretation could make sense in the light
of the knowledge of the time, even if he could have concluded that the QM formalism could possibly be either
incomplete or that certain developments were missing to draw all the consequences. Today, it is experimentally
demonstrated that decoherence, quantum jumps (Minev et al., 2019) and therefore the measurement process is
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not instantaneous or discontinuous, but continuous and over very short periods of time. There is as yet no theory
explaining collapse in a continuous manner, but history seems to show that the apparent discontinuities in the
evolution of  are gradually disappearing from the scientific landscape, suggesting the possibility of a strictly
continuous evolution for the state (physical and symbolic).

To summarise the information provided by wave and matrix’s representations of reality, the wave aspect tells
us that the distribution of the state according to the impulse and position bases are related. In particular for their
spread. And the matrix interpretation clearly shows us how the state will undergo an evolution for its distribution
according to one of these two bases, during the act of measuring one of the two observables. Thus, we can now
see how any non-commutativity is linked to the non-passivity of the act of measuring one of the two observables
over the symbolic state i/, and then on the physical one. This can also be seen as a simple consequence of what
was said in section 7.4 about the fact that any measurement that obtains nontrivial data is disruptive for the state.

Remark 7.6.1 According to remark 7.5.2, the negation of observable realism induces proof of the fact that there
is no state change during the process. Bohr skipped this step. O

Remark 7.6.2 According to PBR theorem if there is an ER, it will be directly associated with a symbolic state in
a one-to-one correspondence, then supposing that the NC of observable is of type 2 lead to the fact that both the
symbolic and physical state has not been changed since it’s not linked to process in space-time, but as we just
see, for /-OSR interpretations, NC is linked to state change. Therefore, as mentioned in section 6.2, NC of type
2 and state realism SR are not compatible. But NC will always be linked to observable nonrealism (ONR). O

We thus see how the NCs of QM and gauge theory formalism arise from the same fact, the non-passivity of
the interaction that is the measurement in QM, or the non-passivity of the interaction with a boson vector in
gauge theory. Therefore, by the several arguments I have presented so far, I would adopt the ontic point of view
and its implications on the equivalence between noncommutativity and nonpassivity of the act of measurement
in what follows.



Chapter 8

Geometry and the Physical Theories of
Space-Time

Geometry is not true, it is advantageous.

H. Poincaré

History shows us that the extension of the geometrical framework used in physical theory has several times
allowed us to better understand natural processes. The greatest advances in this direction were, in my opinion,
the passage from Euclidean geometry to Riemannian geometry. Each of these steps was motivated by physical
arguments. The first geometry thought to describe space-time was a geometry of absolute space-time, as a
background theater for events. Then with Galileo, space lost its absolute character by becoming that of Galilean
reference frames. Then came Einstein who made geometry dependent on the observer, the notions of distances
and durations relative to the latter, and the notion of simultaneity also, thus breaking the idea of an absolute
time. Later, geometry became actively determined by the fields of matter.

I believe that the time of questioning the geometrical notions and their link with the concept of space-time
is not over. Therefore, we can ask the following question: is there any reason to think that we need a new ex-
tended geometric picture to understand physical processes and space-time? Several arguments can be given for
an affirmative answer. The purpose of the following considerations is to explore how the algebraic framework
in which NCG was developed, and the concepts surrounding it may be relevant when we try to go even further
in understanding what space-time is. In what follows, we will question the epistemological status of geometric
descriptions of space-time, starting by asking how it is measured, and then considering how geometric con-
cepts describing space-time, for example, have been progressively algebraized throughout history, this process
culminating with the Gelfand-Naimark theorem and the creation of the NCG’s framework.

77



78 CHAPTER 8. GEOMETRY AND THE PHYSICAL THEORIES OF SPACE-TIME

8.1 Geometry and Space-Time

Time and space are modes by which we think and not conditions in which
we live.

A. Einstein, 1944

Geometry is a representation of the mind where the processes of reality are made intelligible, it aims to
represent space-time. But what exactly is geometry, and what is the relation between its objects 1 and those
of physics?

)
geometric object 9, «— Spacetime structure ERy : My ~ mon, (ERy).

Is M, connected to a space-time element of reality ER;;? There is no proof of this, on the contrary, the supposition
of the existence of an ERy; leads to problems as we will see in section 8.2.

This question is more complicated than it seems at first sight. For example, a geometric object can be a
distance, a duration, a point, or a coordinate. It must correspond to some structure of space-time. This means
that we have to find an operational experimental way to deduce what corresponds to the given geometric object.
This is the only objective access we can have to this structure and giving meaning to these concepts outside of
this scope is probably misleading. For example, if we want to make sense of the concept of location for a material
object, then we have to find an experimental operational way by which what we refer by this concept can be
measured. If there is no such path, this concept becomes meaningless.

Remark 8.1.1 Note that these considerations on operational ways of measurement of space-time concepts often
concern the use of photons and material objects. We will try to do the same in section 9.3. O

An important observation can then be made, the spatiotemporal (physical) structures ERy; are not measurable.
As Poincaré said:

“Experiments only show us the relationships of bodies to each other; none of them deals, or can deal, with the
relationships of bodies to space, or with the mutual relationships of the various parts of space.”

We cannot directly observe space and its properties. We can only observe material bodies or light (and
other bosons) phenomena. It is only through the observation of these material bodies and light phenomena that
we can obtain information about the properties of space. Then these corresponding ER are those of material
objects. Therefore, the conclusions we draw about the properties of space-time concern the use of concepts and
experiments about its material bodies and light experiment.

As I said, these experiments do not give us direct access to these notions, but to a set of observables {O;} with
relations {R;;} between them, that allow us to deduce these notions. We must therefore conclude that observables
(of material objects) are (on the operational level) primary to the notion of space-time.

Spacetime is not an observable.

It is important to stress that these deductions do not represent space-time in itself, but space-time as experienced
by the processes of nature. This distinction becomes important when these processes start to affect the structure
of space-time, or, more exactly, of the entities whose measurement makes it possible to deduce it. The experi-
enced space-time becomes different from the “pre-existing” one. Thus, what we observe is space-time as it is
experienced by material objects. The “measurement of space-time structure” can then be seen like this:

Measurement Deduction

mm(ER) " —  O(ER) —>  idealized “space-time structure” mon,(ER).

Notice that we use ER a material element of reality instead of ER; a space-time element of reality since the latter
are not measurable, only deducible from measurement on material objects, and then potentially are man-made
creation. A space-time concept can need more than one element of reality to be deduced.
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In physics, we have to let the phenomena speak by themselves and take care not to allow our conscious
representations to replace them, and eventually mislead us. What about the representation of space-time? We
implicitly believe that space-time exists, but we never measure it directly. It is therefore a man-made concept
whose fundamental nature can be questioned. We can thus ask ourselves what led us to the sensation/feeling of
space-time. Ernst Mach, in (Mach, 1890) thinks that space is constructed from the association, the ordering of
our sensations (i.e collection of measurements made by the body). In the same philosophy an intuition about this
was given by Poincaré:

The notion of space cannot be an integral part of any of our sensations taken in isolation. It is only when we
observe the order in which these sensations follow one another that this notion can be born.

In other words, the collection data of observation change (of material objects) leads to the intuitive feeling
of space-time. This set can be written O = {60,,(ER’ )}’JGEII‘;R, with I the index set of all observer/measurement
contexts and Izg the one of physical states/elements of reality. It’s now important to distinguish between two

kinds of observation change:

« The ones which lead to the elaboration of our geometric intuition of space-time, we will call the set of all
these observable changes Q.

« The ones which do not correspond to this usual geometric description, we will call the set of all these
observable changes O, for non-space-time likable.

With the total set O = Oy + O, ;. I will come back on this in section 8.3.

The question is then to know how this collection of observables and observable change leads to the intuitive,
then geometric representation we have of our world, based on concepts like distance, time, point, and coordinates.
A first observation, which will be useful later is that (in many cases, maybe all) the collection of these observables
together with the composition law form an algebra, and that, as mentioned in chapter 3, the observable variations
are encoded in something called differential structure, which as we have seen in chapter 3 enabled to complete
the geometry to algebra unification. Therefore the intuition of Poincaré seems to be proved on the mathematical
side since it is implemented in the differential structure, which was the key ingredient to recover something like
geometry in the NCG framework.

An element of response to explain how an impression of spatial representation, and then of geometry, can
emerge from such a collection of observations is again given by Poincaré, (where he meets Lie and Helmholtz for
the basic intuition). Indeed, for Poincaré, the intuition of transformation groups is primary to that of geometry.
For him, the study of geometry is only the study of a group (of transformations). To say that Euclidean geometry is
the most suitable means that among the possible groups, the one constituted by the transformations of Euclidean
geometry corresponds the most to our experience and in particular to the motion of natural solid bodies. As he
said:

Like Lie, I believe that the more or less unconscious notion of the continuous group is the only logical basis of our
geometry. Like Helmholtz, I believe that the observation of the movements of solid bodies is its psychological origin.

Taking the group of transformations as the fundamental origin of geometric intuition, he adventured to
imagine other worlds, where a different experience, with the observation of different groups could lead to the
elaboration of other geometries, such as non-Euclidean geometry.

Other researchers agree with him on this intuition. According to Klein, geometry is a space, or a set of points,
with a structure, and the bijective applications of the space onto itself that preserve the structure form a group
which can be called the group of automorphisms. For Riemann, an automorphism of a Riemannian space is a
distance-preserving application of the space to itself. We will show in chapter 11 how the automorphisms of the
algebra play a fundamental role in NCG, in order to find on the one hand the usual coordinate changes of general
relativity, and on the other hand the local gauge transformations.

We thus see how the notion of observable and symmetry group on it is seen as the fundamental “reason”
behind the intuition of space and its geometrization. As mentioned in section 3.1, these groups of symmetries on
the observables form the automorphism group of the algebra of observables, which is connected (for infinitesimal
automorphisms) to the notion of derivation, and hence of differential calculus. The argument that groups of
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symmetries on observables are more fundamental than the notion of geometry, and that we should deduce our
notion of space accordingly, will be a crucial point in the argument of the sections 8.3 and 8.4, where it will be a
question of defending the relevance of geometrizing Gauge’s theories, and of discarding the notions of geometry
and space-time, in order to work on these concepts on the side of the algebra of observables.

However, these statements assume that we are talking about measured space-time, not space-time in itself.
It is not clear then whether our theories speak of space-time in itself, or of the one we measure. If the way
we measure it does not affect its structure, it is not essential, for all practical purposes, to differentiate these
cases. But if this is not the case, we must know it, because the two cases will give a different description of what
space-time is. I have found no indication in the literature on special and general relativities regarding this point
of interpretation. But if we go back to the method used by Einstein and Poincaré to discover special relativity
(Hladik, 2004), we notice that the concepts of duration and distance are studied according to the operational mode
of measurement by the photons of light, whose speed is independent of any reference frame. This led them to a
deeper understanding of the concepts of duration, distance, and simultaneity. This is for me a strong indication
that relativistic theories are descriptions of measured space, another indication being that, if this theory is a
physical theory, then it must predict what we observe, then the measured space-time. In this line of thought,
we will test the notion of point in section 9.3, using a similar measurement scheme, with photon and material
bodies.

More details and the origin of the citations used in this section can be found in (Michel, 2004), (Nabonnand,
2010), and (Béchtold, 2014).

8.2 The Point on the Point: is Space-Time Substantial?

Formerly, people thought that if matter disappeared from the universe,
space and time would remain. Relativity declares that space and time
would disappear with matter.

A. Einstein

Whether space-time corresponds to something having tangible existence/substance (manifold substantialism
view of general relativity) or not is a very difficult question. The theory of ether was supposed to describe “what
fills” space-time as a kind of fluid in which material objects undergo displacement. But according to Einstein
in (Einstein, 2007), the relativities show us that if there is such an ether, it must not possess any mechanical
properties like velocity for example. This seems to be far away from what we can think of as something being
substantial (i.e. corresponding to an element of reality).

Let’s suppose that there are such elements of physical reality corresponding to elementary space-time struc-
tures ER. Let’s suppose that this elementary structure corresponds to what we call space-time points, we will
then call it ER,. Let’s try to test whether such an element of reality can truly be consistent with observations.

As mentioned in section 7.5, the origin of the concept of element of reality comes from the fact that the RC
(repeatability criterion) is respected, i.e. one or more observers will make predictions in agreement with each
others when they do repeated measurements on the same object at not-so-distant time intervals. This therefore
equally applies to space-time structures. Take the notion of point and the corresponding element of reality ER,.
If there is such a physical notion, independent of any material object, then, a series of idealized measurements !
of this notion of point by different observers should all coincide with the following result i.e. that ER, describes
a substantive point in space-time with a probability of 1. But we know that the notion of a point depends on
the chosen reference frame, so different observers will see either a point or trajectories in space-time. Indeed,
any test of the notion of a spatial point without the notion of a material object of reference is doomed to failure,
because of the physical equivalence of all Galilean reference frames. The question of the difficulty of conceiving
physically an empty space, without material objects of reference had already been raised by Descartes, a similar
argument using a box containing space as the elementary tool can be found in (Einstein, 1990).

1Because as said before, space-time is not measurable since only observation of material objects is possible, and that there are no material
objects to measure in this idealized measurement scheme
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Similarly as mentioned in section 8.1, spatial structures are not measurable, only the material objects from
which we deduce spatial concepts are. Thus, from the point of view of the physicist’s thinking, concepts of space-
time are derived from those of observation of material objects and thus are not necessarily supposed to represent
a real physical entity in their own right, as distinct from what matter is. There are many other arguments against
the idea that space-time is an autonomous physical entity.

A strong argument against giving physical meaning to points (x) in general relativity was given by Einstein
with the hole argument. The general covariance requirement on the Einstein field equations implies that if we
consider a hole in space-time i.e. a region where the stress-energy tensor T vanishes, a change in the coordinate
system x — x’ taken to be only inside the hole will induce different metrics g, for only one T. But the new
metric is also a solution in the first coordinate system x. Therefore, according to the “points” x of M, there can
be as many distinct trajectories as they are different metrics, but for only one matter field configuration given
by T. This is problematic if we consider these points as being true objective (and then distinct) locations. Thus,
either we restrict ourselves in the set of possible coordinate changes and lose the general covariance, or we
lose the deterministic property of the field equations concerning the trajectories which are its solution. These
two solutions are not acceptable. This can also be seen as a consequence of diffeomorphism invariance, see
(Giovanelli, 2021; Stachel, 2014) for technical details.

Some time later, Einstein finally realized that this argument is based on an implicit assumption we have on
space-time, and therefore on its symbolic representation as being constituted of points x on which physical prop-
erties like the value of a gravitational field (or equivalently of the T, then of any field associated to x) are defined
in a meaningful way. By relaxing this requirement, he makes general covariance and determinism compatible.
But how do we provide meaning to “points” x if they are not therefore intuitively related to “locations” of physical
quantities? How do these coordinates relate to objective locations?

The answer was given by Einstein as “the point coincidence argument”. This means that true objective
locations are not given by coordinates x, but by crossings of world lines which are solutions of the Einstein
fields equations. Indeed, the only observable structures of space-time are point coincidence events, interaction
of a part of the observer apparatus, and the corresponding structure. As he said in (Einstein, 1923):

Our space-time verifications invariably amount to a determination of space-time coincidences. If, for example,
events consisted merely in the motion of material points, then ultimately nothing would be observable but the meetings
of two or more of these points. Moreover, the results of our measurements are nothing but verifications of such meetings
of the material points of our measuring instruments with other material points, coincidences between the hands of
a clock and points on the clock-dial, and observed point-events happening at the same place at the same time. The
introduction of a system of reference serves no other purpose than to facilitate the description of the totality of such
coincidences.

He considers this argument as one of its deepest insights. This was a strong counter indication to the manifold
substantialism view since its points are not referring by their intrinsic structure to locations. Then, the coordinate
systems have no intrinsic meaning. The physical significance of the notion of space-time point is then dependent
on the concept of matter as moving inside them. The notion of point must therefore be operationally based on
such coincidence, this will be used in section 9.3.

Therefore, is it still possible (according to these arguments) to think of empty space, with locations, as men-
tioned above? Going back to the hole argument, if we say that space-time does exist where there is no matter,
we realize that the only way to specify an adequate notion of point is to invoke the geodesic crossings, and thus
from a physical perspective, to reintroduce at least one particle into the hole which must interact with our test
particle. Then, if we implement operationally the point coincidence argument, this means that to implement an
objective notion of point, the hole is no longer a hole since it must contain a particle with which coincidence
permits to set up this notion of point.

So we can see that the idea of thinking of space-time physics as based on a notion of a manifold M with
points leads to paradoxes and strange postulates about what these points are. One way to get rid of this problem
could be to find a formalism where M does not play a primary role. The formalism of general relativity consists
roughly in supposing the existence of a smooth manifold M endowed with a metric, on which we consider the
set of tensorial operations that we can do on it, and thus construct equations whose structural properties encode
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the relevant structures of M. An interesting observation is that M only comes into play in formalism as a tool
to introduce the ring of smooth functions on M (Geroch, 1972). Everything that follows in the developments is
purely algebraic. It is this remark that led to the development of Einstein’s algebras, which are exclusively based
on this ring. By taking this object as first, without any reference to a manifold, one can reformulate general
relativity, without being troubled by M and the paradoxes that come with it when it is taken as input.

As mentioned by N. Huggett in (Huggett, 2018), Earman suggested that taking the algebra as more funda-
mental than M and its points would avoid the hole problem about the meaningfulness of coordinates by virtue of
locations. This was seen as a replacement of manifold substantivalism by algebraic substantivalism. In this view,
points are seen as deductions of matter fields, and of the elements of the corresponding algebra. The idea that
algebra should be taken as more fundamental than space-time and these points was defended by J. Earman and
in Geroch’s work in an attempt to bring arguments around the substantivalist-antisubstantivalist debate revived
with general relativity and its conceptual problems.

I cannot conclude from these arguments that only the antisubstantivalist position makes sense, but insofar
as this would be true, and that physical elements of reality are needed to explain the origin of space-time, then
only the elements of reality offered by material objects can be used to derive such a space-time structure and
it’s representation. As we see, this assertion is supported by the point coincidence argument. In chapter 9, I
will present how some essential structures at the heart of space-time’s concept such as the notion of point and
continuity between two points can be offered by pure matter concepts. In section 9.3, I will use these arguments
to show the limits at which such an operationally implemented notion of point failed, opening the door to NCG...
A nice review about the Relationalism versus Substantivalism debate can be found in (Field, 1984).

8.3 Back to what is Observable, Consequence for Gauge Theories

In section 8.1, arguments have been put for emphasizing the primary status of observables over our usual rep-
resentation of space-time as an entity in itself. Let us then try to reproduce the path of creation of the intuition
of space proposed by Poincaré, without presuming anything. A first observation is that we will acquire, by a
set of measurements, a whole state of observables, and data on their evolution. Our mind then begins to make
representations in which this shapeless mass of observables, as well as their evolutions, can make sense of these
data, according to the symmetries it perceives in the structure and evolution of these observables. Let’s start with
the notion of point. Usually, points are taken as input in all physical theories, i.e. we suppose point x € M as
pre-existing entities on which events can occur. But we have to admit that these notions of point are necessarily
reconstructions from the observables we collect, and concecuntly, these observables have to be considered as
more fundamental than these points. As mentioned in section 1.2, the Gelfand Naimark theorem provides such a
link between observable and points of an underlying “hypothetical manifold”. This theorem has a deep meaning,
it implements a part of Poincaré’s idea presented in section 8.1, i.e. space-time geometrical notions have to be
deduced from the set of observations we can collect. Indeed, if we take again the equality 1.2.1, f € A being such
an observable, x a character on A, and f the inverse Gelfand Transform of f , then we have:

fG) =x(f)
This shows that we can see these two views as equivalent:

« space-time as fundamental — f (x): Take the points x € M as fundamental, and then interpret measure-
ment results as evaluations of observable on these points.

« Algebra of observables as fundamental — x(f): Take observables f € A as fundamental, and points as
special functions evaluating these observables.

We saw in section 8.2 that the notion of point being a source of problems, the approach starting from observables
(Einstein Algebra) could be considered as more fundamental. Moreover, as defended in section 8.1, the structures
of space-time are not measurable, only the observables on the matter are. And finally, as mentioned in sections
7.2 and 7.3, we saw that the first approach which consists in the evaluation of observables pointwisely is not
defined (because of the NC), whereas the algebra of observables is. This is why I think the second approach
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is more fundamental. Then, as mentioned in (Coquereaux, 1998), the measurement process can be taken as a
replacement for the first given consideration of the geometric background space.

Let us thus resume our initial apprehension of what space-time is, starting from the observables and their
variations as mentioned in section 8.1. As said above, a given proportion (Qy) of these observables (and their
evolutions) leads to our usual representation of space-time, while the other (0,y) can rather be perceived as
moving in non-spatialized dimensions, in purely formal structures, remaining attached to points of space-time.
These non-spatialized evolutions can be for example the evolution of color at a given point, of a fermionic field
according to its different charge components, of a spin, or simply of any properties of matter without spatial ex-
tension, and manifesting a temporal evolution. In the first case, we speak of reconstructing notions of trajectories
in space-time and in the second case of evolution in a non-spatial sense. But what determines these trajectories
and evolutions?

The most advanced theoretical view is to consider that trajectories are the results of the path for which the
phase interferences of the wave function of a particle are the more constructive. It is then the evolution of the
phase of the particle that becomes the primary theoretical object of these notions of trajectory and evolution.
The phase is the evolution parameter taken as an argument of the function whose variation is considered.

In geometry, the evolution of this phase along paths is encoded by the notion of parallel transport, imple-
mented by connections. We therefore observe trajectories, which are derived from the evolution of the phase,
which is parameterized by the connections that encode the parallel transport. More generally, given the col-
lection of phase observations, we are free to interpret the infinitesimal irregular changes of the phase in two
ways:

« Either as real phase changes (those induced by gauge potentials), which we will say are induced by forces.

« Either as false phase changes (those induced by gravitation), thought to be simply induced in appearance
by the non-regular structure of the background space.

Apart from technical conveniences, I have not found any conceptual or theoretical reasons for geometrizing
one force over another. What is objective, in short, are the observational changes in the material objects we
collect. A certain portion of these changes (Oy) can make sense in a geometric scheme, in this case Riemannian
(for gravitation), and we are free to do the same for the others (Q,) if we find such a geometric representation.
A little-known fact is that Einstein himself did not defend the idea that General Relativity was a geometrization
of gravitation, he rejected this hypothesis, which made no sense to him, more details on his position can be found
in (Lehmkuhl, 2014). This point will be further defended in the next section 8.4.

Another argument that makes connections as non-concrete as coordinates in terms of the idea that they
represent something physical is provided in (Healey, 2007), where it is shown that gauge potential cannot be
thought of as related to a physical (element of) reality, only curvature can be.

As we will see in part III, gauge theories offer a theoretical framework where the whole set of forces, and
thus phase evolutions, is encoded. Many researchers such as Einstein, Kaluza and Klein, and others have sought
to describe the interactions of the SMPP in a unifying scheme with gravitation, but this has not been successful.
As mentioned in chapter 3, differential structures can be understood as the study of variations in the general
meaning, this variation can be thought of as being along some degrees of freedom, abstract or concrete, like
space-time degrees of freedom (coordinates), another observable degree of freedom, or abstract numbers. Here
the variations of interest being the ones of the phase, we will see that the NC extension of these differential
structures and then of the geometric framework offers a way to make gravitation and the other interactions on
the same footing, in a single unified formalism, making the interactions of the SMPP appear like pseudo forces
induced by the underlying NCG.
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8.4 The Way of the Algebraization of Geometrical Concepts

Algebra is nothing more than geometry, in words; geometry is nothing
more than algebra, in pictures.

S. Germain

In the previous sections, I have highlighted the links between algebraic and geometric structures, presenting
arguments for the fact that observables were primary to the geometric intuition of space-time. However, it is
not yet clear that all geometric properties can be encoded algebraically. For example, we have seen that the
notion of point, having long resisted algebraization, finally yielded this tendency thanks to the Gelfand Naimark
theorem. In this section, I propose to show the historical path of this algebraization of geometrical notions, whose
culminating point can be considered as the creation of the NCG framework, previously presented in part L

Together with arithmetic, geometry is one of the oldest mathematical fields. It comes from ancient
Greeks, with the first meaning being “land measurement”. The first purpose of geometry was to under-
stand spatial properties such as distance, relative positions, and size... It was initially done with compasses
and rulers. Its objects (points, straight lines,..) are familiar to us, certainly, because they are connected to
“a priori” given representations of our mind. We can see that these objects are the basic axiomatic objects with
which Euclid initially played to give axiomatic foundations to geometry. But I think that we have to admit that
these notions rely on very human-like representations probably inherited through the process of natural selec-
tion. For example, the Euclid axioms are based on primary objects such as points, lines, distances, and relative
locations... which only make sense for our inherited representations of the world, and which are very difficult to
explain in detail. The notion of a point, for example, which appears simple, is a profound concept, very difficult
to define. This is why I think that geometry is a more subjective mathematical science than others.

History shows that geometry, as a mathematical discipline, was gradually absorbed by algebra and that each
of the primary objects qualified as subjective has been incorporated and made more meaningful in the algebraic
frameworks. This can be seen as a 4-step process (to simplify).

The first step can be seen as the invention of coordinate systems by Descartes, implementing distance and
relative locations. Descartes is the creator of analytic geometry; perceiving this discipline as an “algebraic pre-
sentation of the ancient’s geometry”. This means that he reduced geometric problems to calculations of length
and translated geometric questions into algebraic equations. Before Descartes, it was understood that algebra
and geometry were completely separate branches of mathematics with no connection between them. His work
is the first to propose the idea of uniting algebra and geometry in a single discipline. The key to this unification
was the notion of coordinates.

In mathematics, coordinates are numbers used to locate a point in relation to a coordinate system. In physics,
these numbers are the result of observables, such as the measurement on a graduated ruler, the time taken for
light to travel between two material objects, etc. In mathematics, a system of coordinates allows each point in an
N-dimensional space to correspond to one (and only one) N-tuple of scalars. In many cases, the scalars considered
are real numbers, but it is possible to use complex numbers or elements of any commutative field.

It is important to stress that this definition is based (in input) on the existence of the notion of point and
commutative field for the associated coordinates. These coordinates are our starting point for understanding the
different generalizations of geometry, as were the Euclidean coordinates in an orthonormal frame of reference,
and then the curvilinear coordinates for manifolds.

Thus, analytic geometry is an approach to geometry in which objects are described by equations or inequa-
tions using a coordinate system. Then in the case of Euclidean geometry, a choice of Cartesian coordinates allows
the sophisticated axiomatic deductions of geometry to be transported into the field of algebraic calculations.

A second step can be seen as containing all attempts to find deeper characterizations of topology and geome-
try of a manifold M (and more general geometries later) through algebraic objects like those based on differential
operators. Spectral geometry can be seen as one of the most interesting and prolific research areas in this di-
rection, providing a lot of characteristic information about topology and geometry from differential operators



8.4. THE WAY OF THE ALGEBRAIZATION OF GEOMETRICAL CONCEPTS 85

defined on M. To be more precise, Spectral geometry is the study of the relationships between geometric struc-
tures on M and the spectra of differential operators like the Laplacian. Two directions were followed as attempts
to answer to these two different questions:

 The inverse problems direction: Which geometric feature can be recovered from the knowledge of the
eigenvalues of the Laplacian?

« The direct problems direction: Knowing the geometry of a Riemannian manifold M, what is the behavior
of the eigenvalues of the Laplacian?

The first question is more commonly expressed as “Can one hear the shape of a drum?”. The answer was the
negative, these differential operators don’t fully characterize the underlying geometric structure; two different
objects with nonequivalent geometries were found to have the same spectrum.

It is interesting to underline that such differential operators are based on the differential structures, which
as mentioned in chapter 3 where essential structures to complete the equivalence between algebra and geom-
etry. Similarly, such operators appear almost systematically in all of the most important equations in physics.
Indeed the spectrum of the Laplacian, or more generally of the d’Alembertian, is connected to important physical
properties of sounds, light, heat, and atomic process. It is present in:

« The Heat equation: d,u = aAu whose eigenvalues give the time decay rates of eigenfunctions in time.

« The wave equation: ou = 0 governs light wave propagation for example, harmonic frequencies being given
by the eigenvalues of the Laplacian.

« The Schrodinger equation: ihd,y = —(h?/2m)Ay + V.

It is interesting to note that in the case of the Heat equation, the computation of the heat kernel (function of
the spectrum) and then something called the heat trace (spectral invariant of interest), lead to an asymptotic
expansion of this trace where the first three moments were connected to important geometric data:

1 1
ay =volM), a;=- S, ay= — 55 — 2|R,,[> — 10|R: J?
0 ( ) 1 6'/M 2 360 M( |p| |yvp|)

s being the scalar curvature, with Ricci and curvature tensors given by R, and wa -

This is very similar to the way in which a spectral invariant is constructed in the spectral triple framework
as we will see in subsection 11.6.2, which will in the same way connect to important geometrical data as we will
see. More details about spectral geometry and this asymptotic expansion can be founded in (Cruz, 2003) and
(Urakawa, 2017).

A third step encompasses the work that tries to find topological information from algebra, i.e. by deducing
from algebra the notion of set, and therefore of points, and then of topology. The first realization was to find
a duality between complete Boole algebras and sets. After this around 1930, Marshall Stone set up a link be-
tween mutually commuting projections on the Hilbert space and Boole algebras, making a link between these
projections and elements of a set, but this link is not complete since it is not implying that this Boole algebra
is complete. Later Stone duality shows the equivalence between compact completely discontinuous spaces and
Boolean algebras. The remaining question is what kind of algebra can correspond to non-discontinuous com-
pact spaces, such as R or M? As mentioned in section 1.2, the answer was given by the Gelfand duality, which
provides a complete link between topological data, and the algebra of observable. This was a crucial step since it
absorbs the concept of point which was previously taken as an input.

The final step can be considered as the elaboration of the NCG framework, giving a differential structure and
then the equivalent of a geometrical structure to the algebra of observables as shown in chapter 3. NCG only
exists in the algebraic setting, mainly because inputs of the geometric framework like points are relegated to the
secondary level in the restrained situation of commutative algebras. The algebra of observables establishes itself
as a background (by replacing M), providing a framework that encompasses the equivalent of all that was done
in the usual geometric one, and goes far beyond.
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Chapter 9

From Quantum Theory to NCG:
Geometric Consequences of the i/-ontic
Interpretation

When forced to summarize the general theory of relativity in one
sentence: Time and space and gravitation have no separate existence from
matter.

A. Einstein

The Gelfand Naimark theorem establishes a one-to-one correspondence between the algebra of continuous
“functions” and the topology of an underlying space. As we already said, our intuition of space comes from the
observations we gather about our environment. The question is therefore whether we should seriously consider
the information possessed by the quantum states and find the correct intuitive geometrical representation coming
with it.

If we look at QM with /-epistemic eyes, i does not refer to an objective reality, but to a tool for predicting
the results of experiments. Then, there are no geometrical consequences to be deduced from it. But with ¢/-ontic
eyes, as the state corresponds to something objective, then, we have to consider it seriously, and try to understand
what is the corresponding geometrical view.

In section 7.5, I provided arguments in favour of the y-ontic interpretation. Then, in sections 8.1 and 8.3,
I gave arguments defending the fact that the observables should be considered by the physicists as primary
to the notion of space-time, which would be an “a posteriori” deduction. These arguments provide a strong
indication of the fact that one must take the formalism of QM as seriously as that of classical theories regarding
its representational fidelity to elements of reality, and consider the induced geometrical consequences. This will
be partially done in what follows, by relying on the links between topological and algebraic realities presented
in section 1.2.

In this chapter, we will see how the elementary constituent of the notion of space, i.e. the notion of point,
can be deduced from the QM formalism in section 9.1, and then, in section 9.2 I will outline a way to understand
what can fundamentally connect these points and thus be the potential origin of the notion of continuity for
spaces. Then, in section 9.3, I will show how, when and at what scale this notion of point loses meaning, in
connection with the NC. We will see in particular that this happens for scales larger than the Planck scale A,. As
I will discuss in section 12.2 these arguments could eventually provide a physical justification for the NCSMPP...
Then in section 9.4 I will show how, when restricted to unitary operators (without collapse), the notion of inner
derivation presented in section 3.3, acquires a natural meaning. To finish, I will make the synthesis of all what
has been said in this part, and of the vision of the NCG that I deduce in section 9.5.
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9.1 Gelfand Naimark Theorem, Pure States and Points

In general relativity, x represents point-events, i.e. potential supports of an interaction between particles, or the
simple presence of one of them. The implicit view is that there is a space-time M, a point x € M, and that a
particle can eventually be found at this point. In this view, the point is primary to the presence of a particle. In
section 8.2, T have presented some arguments that go against this view, i.e. defining a notion of point, independent
of the presence of a material object in it, while remaining objective (using the realism criteria set up in section
7.5) seems to be unsuccessful. A possible conclusion of such a reasoning is that the event particle is upstream of
this notion of point, which would be in line with the arguments presented in sections 8.1 and 8.4 concerning the
primacy of the algebra of observables (concerning material objects) over space-time notions. In QM, it is the ¢
states that represent the famous point-event particles of which the current theory of gravitation speaks. As we
have seen, the Gelfand-Naimark theorem tells us that it is the pure states that provide the notion of point, from
the algebra. Hence, given these arguments, it seems likely that these pure states are those of material particles,
and that the notion of point to which an observer has access thereby arises like this. In what follows, it is assumed
that the pure states at the origin of the notion of points considered correspond to states of material particles.

Gelfand Naimark theorem said that if there is a pure state 79y (ER) (corresponding in a bijective way through
PBR theorem to a physical state ER as seen in 7.5), then in the case of commutative algebras, we can construct
a point x from this ER. As coordinates are deducible from these observables, then, only commuting observables
will lead to a good notion of coordinate (associating numbers to points in a non-contextual way):

Point = pure state + commuting observables — Notion of coordinates

As this depends on the projection property of the state, it will not be possible to associate such point events with
mixed states.

Remark 9.1.1 Therefore, we can see that pure states provide the notion of space-time points. But these pure
states also contain degrees of freedom that are not spatializable (Dirac fermion and anti-fermion component of the
wave-function, left/right component, spin, and other quantum numbers being in superposed states into the total
pure state). Then if the category equivalence behind the Gelfand-Naimark theorem is to be taken seriously, these
internal degrees of freedom must therefore know their geometric counterpart. As we will see, this is partially
done in the SMPP, where these internal degrees of freedom are taken to be the element of a finite space F, which
will be named the fermionic representation space. Then any pure state can be associated with a notion of point,
with inner degrees of freedom given by these inner structures, that can be geometrized as we will see in remark
11.4.1 and chapter 11. o

Remark 9.1.2 Making such a link between a pure (symbolic) state and objective points is meaningless in /-
ESR theories (/-epistemic theories admitting the existence of a physical state) because one physical state can
correspond to two distinct symbolic states, then to two distinct points !. This cannot be linked to any objective
physical notion of point, since a particle is defined to be able to interact with others at a given location, not at
two at the same time. m

An interesting terminology issue will be to no longer state that a particle is at a point x, but that the particle is
the point. This connects with the point coincidence argument presented in section 8.2, where the impossibility
of defining a relevant notion of point without the pre-existence of a particle with which to interact in this “place”
was considered. This finally appears to be logical since the only observed points are material objects...

Taking i/ to be a pure state, we call Dy (i) the space-time domain where the presence density p = ¢//* of
is non-zero. Then the only notion of point event we can associate to i is one D (¢). This extends the notion of
point: usual points are recovered when decoherence and collapse occur during classical measurement processes,
making Dy (i) very “localized”.

Then we can see that we have points, coming from the physical states of material objects, which can offer
candidates for the points events described in general relativity. But how do these points relate between them-
selves, and how connectedness between such points can be implemented, using concepts belonging only to the
realm of material objects?

!Without any mention to coordinate change or move in space-time to explain the two different symbolic formulations of the same point
given to be attached to the physical state
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9.2 Entanglement and Connectedness

Entanglement is usually conceived (at the formal level) as “non-separability” of the tensor product in the Hilbert
space. Two states /; and i/, are said to be entangled if the joined state i/, ; is not the tensor product state /; ® /».
Now, what does the y/-ontic interpretation tell us? It shows that this description is not only a formal one, but
that it represents directly a kind of physical reality. Let’s see what this means for our algebraic to topology
correspondence.

Entanglement has a direct geometric correspondence among the equivalences listed in table 1.2. This is given
in a transparent way by the equivalence provided between connectedness and projectionless. If we consider the
previous join pure quantum state i/, 5, its reduced states (in {; and/or ¥;’s basis, when taking the partial trace)
are mixed so that each of them cannot be associated with a point event as mentioned in section 9.1, only the
total state can. Therefore, the point is the union of the two particles, and {/; and ¢/»’s elements of reality cannot
be seen as disconnected pieces (in the topological meaning). Then two entangled particles form a point, even if
they are far away in our usual space-time representation of the world.

Then, entanglement between ER; and ER; leads to connectedness of the associated space-time elements x;
and X, which are not points, only the joined physical state ER; ; being one.

Many physicists believe that any mixed state i is the projected sub-state of a larger pure state ., where it
shares entanglements with other sub-states of this i/;,;. There is no consensus on the reality of such an assump-
tion. However, it is certain that a pure state which interacts with its environment becomes mixed, and I do not
know of any other process which makes it possible to go from a pure to a mixed state. In the previous section
9.1, the fact that mixed states cannot be linked to the notion of point was mentioned. Then if we claim that any
mixed state i can be seen as a sub-state of a bigger pure state i/,,, then there is a possibility to reconstruct such
a notion of point (then location), through this purification procedure.

The fact that entanglement may be at the origin of the continuous structure of space-time is at the very
heart of the Einstein—Rosen = Einstein—Podolsky-Rosen conjecture. This conjecture proposes an ambiguous
connection between two concepts, one existing in the field of observables (then algebra), the other, in that of
spatial concepts (then manifold, with metric). Nothing explains the link between these two concepts in the
claims of its advocates. Fortunately, the previous assertions give an unambiguous connection between these two
concepts and their representations. I think that the concepts of space-time in general relativity, and of observable
in QM must be unified in the purely algebraic framework offered by NCG.

Points of the manifold correspond to point-events in physics, two entangled particles thus form a single event.
I take such an entanglement as a potential candidate for the implementation of the concept of point coincidence
mentioned in section 8.2. This means that concerning a material object, an associated objective notion of point
can only be built using its link with another material object, this link being interaction or entanglement (which
are often linked since entanglement is created by interactions).
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9.3 Position Measurement, Compton Scale and NCG

If one wants to be clear about what is meant by “position of an object,” for
example of an electron..., then one has to specify definite experiments by
which the “position of an electron” can be measured; otherwise this term
has no meaning at all.

W. Heisenberg, 1927

Space-time is represented as a manifold made of points-event. The mind likes it very much because the points
are easy to think about, they are concrete objects and support our intuition of things. But does this view resist
to experience?

It is commonly admitted that at the Planck scale 1,, the notion of localization via the coordinates’ measure-
ment of a particle loses its meaning. The argument used, developed in (Doplicher et al., 1995), deduces from
general relativity and the wave nature of particles (linked to the UP) that the measurement of the position of a
particle beyond a certain precision requires the intervention of a high-energy mediator which generates a black
hole, for dimensions of the order of A,. This paper seems to be a reference taken by Connes in (Connes, 1997) to
physically motivate NCG, and represents the general line of thought regarding the conjecture of a limit scale at
which the notion of space-time supported by a Riemannian manifold loses credibility. It is interesting to note in
this approach that it is the measured space-time that is no longer a Riemannian manifold, which seems to be in
the same line of thought as the arguments presented in section 8.1. Moreover, these statements clearly seem to
imply that the act of measurement modifies geometry, but this important conclusion is not made explicit.

In this section, we will test the spatio-temporal notion of a point event. To test the notion of a point, we
need to implement an experiment that gives us access to this notion. A first observation is that if we do not
measure absolute position, but the position of a material object, then the notion of a point in space-time has no
objective meaning without that of the measurement of a material object with respect to a given object taken as
reference. Imagine that we want to test the notion of position for the most elementary material object we have, a
particle. The only way to do this, without absorbing or totally disturbing the physical state of this particle, is to
send a light beam on it, which will be scattered by the Compton effect (for charged particles). This deviation will
provide an indication of the presence of the particle in the corresponding space-time area. This is the essence of
the microscope experiment argument mentioned in section 7.6 and an implementation of the point coincidence
argument presented in section 8.2.

As we see, the photon possesses a wavelength A, which must be smaller than the desired scale of localization
to permit to do this measurement. But the more you want to know precisely the localization of the electron,
the more you need a photon with a small wavelength (then big energy), and the more it affects the state of the
electron, changing its measured momentum. If we take the particle designed by ¢ to have a mass my, then its
mass-energy is given by E; = myc®. When the energy of the photon used to measure the position starts to be
of this order, then this measurement scheme starts to change the momentum of the particle. The wavelength of
the photon is connected to its momentum through p, = h/A. If we take A to be the scale at which we want to
measure the location of /, then we see that it starts to affect in a non-negligible way the momentum p, when p,
starts to be close to the mass-energy Ey. Equalizing these two parts give the Compton wavelength:

B _h
E¢ = pyc - /L// = mf]//c
In other words, the Compton wavelength is nothing but the wavelength of a photon whose energy is the same
as the rest-mass energy of the particle. Then if we want to test the notion of location for a fermionic particle ¢,
it starts to change its momentum when trying to measure this location under 1j scale precision. As mentioned
in section 7.6, this is the origin of the NC of position and momentum observables. But as proved by the Gelfand
Naimark theorem, and defended in chapter 8, observables are not only linked to the space-time picture but first
to it. Then, this NC is linked to a NCG which starts to occur at /1; scales.

The same appears if we measure momentum, and that i is not in momentum eigenstate basis, i undergoes
change, and the position measurement before and after the momentum measurement reveals different positions.
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Since momentum and position are observables that we can obtain in space-time, then, it is not only a NC in phase
space but also in something which can be seen as an extension (in an unknown meaning) of C*(M). Therefore,
if as Heisenberg we take physical theories to give the prediction of what we observe (“measurement=meaning
principle”) so that we restrict our notion of reality to what is accessible by experiments, then, a correct descrip-
tion of the structure of space-time at Compton scales cannot be made in a geometrical framework where the
fundamental elements are points.

Remark 9.3.1 Itis interesting to note that when Einstein and Poincaré studied the notions of duration, distance,
and simultaneity, they proceeded similarly: by testing these notions with experiments where light rays are used
to “measure” these notions. It is in this regard that the previous comments on the test of the notion of a point
can be seen in this line of thought. O

More details on the minimal length and the link between Compton scale and uncertainties can be found in
(Moniruzzaman and Faruque, 2016) and (Premovic, 2018).

The Compton wavelength of a particle is also the scale at which quantum field theory starts to be needed
to obtain accurate predictions. The fact that this coincides with the second quantization (the one of bosonic
and fermionic fields) can be understood thanks to the above arguments. Such processes, using gauge bosons for
example, become so energetic that particle creation and annihilation start to be possible.

Thus, the two pure NC encountered in theoretical physics (that of QM, and that of quantized Gauge connec-
tions) can be associated with the non-passivity of the act of interaction represented by the multiplication of the
mathematical representations mon(ER;) and mon(ER,) of the interacting entities ER; and ER,. The interaction
process is represented mathematically by the multiplication operation.

Therefore, the notion of point, and then of Riemannian manifold, loses meaning well before reaching the
Planck scales 4,. It loses effect at different scales, depending on the mass of the fermionic field taken into con-
sideration for the test of this notion of point. Thus, to each fermionic field i/ will be associated a mass m; and

a length scale AL, the associated Compton wavelength, considered as the scale at which the notion of point and
Riemannian manifold ceases to be relevant. These are therefore scales, which according to the arguments devel-
oped in the section 7.6, are accompanied by a NC at the level of the observables, and thus by a NCG at the level
of the deduced geometry. As we will see in chapter 12, these are curiously the characteristic scales of the NC
spaces created to geometrize the set of forces in the NCSMPP.

9.4 Almost Naturalness of Inner Derivations

In section 7.6 we saw that the NC of the observables could be associated with the non-passivity of the act of
measurement. The claim of this section concerns QM theory without collapse (therefore not concerning physics,
unfortunately). If before the measurement of the observable b, we have O,() = (¥/|al/), after the measurement
of b, the state is transformed: /) — b|/) and thus O,(i/) becomes:

Oa(by) = (y|b"ably)

Thus the variation of the observable can be written:

850a(¥) = (Y1b"ablyy) — (flaly)

The fate of the observation coming from a when the observable b is realized is therefore given by the inner
automorphism ady-(a) = b*ab. If b is unitary, then we have:

adp(a) =b*ab=ady1(a) =b+blab—b=b+b'[a,b] =b+b'dy(a)

With the derivation dj(a) = [a, b]. This expression is analogous to the one of usual variation of functions along
space coordinates: f(x + dx) = f(x) + 9, f(x)dx.

An example of a unitary operator is the translation operator (temporal or spatial), it is interesting to note
that this is connected to the momentum, as well as to the degrees of freedom of space-time. As we can see in the
Ehrenfest equation, these inner derivations are the derivations of QM:

iha,p = [H, p].
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The fact that many observables are not unitary operators (not only thanks to collapse) makes it impossible to
build a differential structure from these observables. The obstacle to unitarity in the measurement process goes
further in QM, with the collapse coming with the process. However, the collapse is considered as a problem of
measurement and therefore does not have to be considered an unalterable fact. It is moreover possible that our
observables are approximations of a larger operator, which may be unitary. In any case, the obstacle to unitarity
for the evolution of ¢ is accompanied by an artificial renormalization of the wave function because its norm is not
preserved, which from the point of view of elegance and conceptual simplicity can be considered as a defect of
the current formalism. I therefore do not despair of the possibility that inner derivations may acquire a physical
meaning.

An interesting feature of inner derivations is that they implement an important operational physical reality
of the study of variations. Indeed, in practice, the study of variations is always done by collecting the observables
of an object whose variations are being studied. But it is not possible to study variations in an abstract way, it
is always done by comparing these observables with those of a reference object, i.e. the observables of a clock,
a ruler, or any other physical object presenting a range of possible observations relevant to the study of this
evolution. The study of variations is thus fundamentally that of the evolution of the links of relative observables
between objects, which is indeed the case for the inner derivations where it is a question of the evolution of the
observable linked to a when the observation b is made.
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9.5 Geometry through Algebraic Eyes:

It is common to find the anti-realist arguing that the success of quantum
theory has dealt the death blow to realism, while simultaneously some
realists herald the quantum revolution as demanding a reconstruction of
the conceptual framework of physics to attain a fuller understanding of
nature’s structure.

H. Folse

In this section I will synthesize what has been said in this part, deducing some consequences in the same
time, and building (in an incomplete manner) the emerging general picture. This will be done in a different order
now that some of the ideas have been presented, so as to highlight the logical path to the NCG and to offer a
better understanding of the proposed algebraic substantialism philosophy behind it.

By NCG, I mean the algebraic reformulation of geometry, which can go beyond the scope of the latter through
NC algebras. Therefore I speak also of Riemannian geometry seen from the algebraic eyes.

We do not observe space-time, but observables of material objects, from which we derive concepts of space-
time. Space-time is therefore a concept deduced from observables of material objects. We can then suppose that
there is a space-time which is an entity in itself, where material objects arise in a subordinate way: this is the
geometrical substantialism view of space-time. But we have seen that general relativity and various arguments
undermine this view.

Is it then possible to completely determine space-time from observables? In physics, observables can be
considered as elements of an algebra, while space-time is best described in terms of geometry. History shows
that concepts of geometry may have been absorbed into those of algebra, culminating in the absorption of the
notions of point and tangent space into the framework of NCG. It then seems plausible that our theories of
space-time can be entirely deduced from the observables of material objects.

We can therefore see that the geometric and algebraic representations of space-time are equivalent. It has
been shown that the algebraic framework probably offers a more appropriate and fundamental framework. Be-
cause it is both less limited and closer to physics (observables), potentially allowing to overcome some internal
inconsistencies in general relativity. This is why algebraic substantialism will be taken as a replacement for the
geometric one.

Let us therefore admit that observables are primary to the notion of space-time, and then look at what this
might imply. It turns out that the observables accessible to us can be divided into two categories, classical ob-
servables, which are perfectly related to the idea of space-time, and quantum observables, which as we have seen
are problematic at this level. In the algebraic framework, we have seen that pure states defined on an algebra
provide the notion of a point and that observables that do not commute do not provide such notions of point. If
the QM formalism designates objective physical states, then the mathematical equivalence between observable
and geometry can be used to extract an objective geometrical meaning from the quantum formalism. If not,
then no relevant geometrical consequences can be extracted. We have presented arguments to defend that this is
the case: QM’s formalism refers to objective physical entities. Then, it remains to understand what “geometric”
consequences can be deduced from this formalism.

Geometry is a deduction from observables, we are not allowed to say more. But for a certain class of phe-
nomena, the measurement corresponding to the objects 91 (of the material physical theories) which permits to
determine the represented spatial elements 91, can no longer be considered as passive

Measurement Deduction .
mm(ER;) —  mom(ERy)  —>  space-time structure Mg

But if the physical theory of space-time is a theory that is intended to account for what is observed, then 9
must be modified accordingly. Because our model of reality must fit with what is observed, and that, according
to the PBR theorem, if we take two distinct symbolic states, corresponding to two physical states, then

ﬂm(ERl) * ﬁm(ERz) - ER1 * ERZ
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But as we saw with Gelfand Naimark theorem in section 9.1, this will correspond to two different points x; and
x; given by ER; and ER, respectively. However, we have seen in section 7.6, that the NCG is interpreted as a
perturbation of the symbolic and thus the physical state, which means that at least one of the two observables
causes a change of the physical state. Therefore, if we suppose that this change is from ER; — ER,, then, this
corresponds to a change x; — x; of the associated notion of point. The NCG can thus be interpreted as geometry
in motion, this motion being induced by the act of measurement, which is, as mentioned in section 7.4, always
an interaction. The NGC is thus a perceived geometry, where the very act of observation disturbs the geometry,
i.e. the notion of point. In the algebraic substantialist view, we can see the measurement process can be taken as
a replacement for the process of considering the geometric background space. If points can be seen as secondary
to the process of measurement, then, I have no problems with NCG since nothing forces this process to lead to
this notion.

It is interesting to note that according to the arguments developed in section 7.4 and in (Busch, 2009), the
non-passivity of the act of measurement is universal (concern any measurement processes, classical and quan-
tum). Thus, if noncommutativities are associated with such a nonpassivity of the act of measurement as defended
in section 7.6, then the noncommutativities of some observables are universal but asymptotically null for macro-
scopic objects (giving classical theories with commuting observables as an “asymptotic” theory). The interesting
point that emerges is that insofar as the classical observables are only asymptotically commutative and that they
allow us to deduce our usual representation of space-time, then the latter is only asymptotically Riemannian,
without being fundamentally so. This invites us to reconsider the NCG as a potentially universal framework (in
line with the idea presented in the introduction that NC is more fundamental), of which the eventual Riemannian
space-time is only an approximation when the observables tend asymptotically to commute.

Other interesting topological consequences such as the link between entanglement and connectedness have
been seen, as well as the extension of the notion of point. This suggests that where the QM formalism seems to
offer great novelties (superposed states, NC, entanglement), notable geometrical consequences are to be found.

In section 6.1, we talk about the limitation of the thinking of sets as primary objects, this being linked to NC
of characteristic properties used to build the set thanks to conditions given by these properties. It is interesting
to note that the second big novelty of the QM world, i.e. entanglement, is also connected to the end of the set’s
thinking as being fundamentals. Indeed, two entangled particles cannot be seen as linked to distinct elements of
a set, neither at the level of their states nor at the level of the characteristic properties of these states, collected
during the measurement process. This is for me a strong indication that nature shows us the limitation of set’s
thinking as being universal.

For those who believe that QM is the ground of any theories about nature (because this talks about the me-
chanics of the elementary components of everything), this signifies that set’s thinking is no longer fundamental,
but asymptotically true. This may also be the case for mathematics.

An order is a conceptual representation that we use to make sense of what we observe in the world. It is a
tool, to find the “good order” in which observed things seem to make sense. It is an “a priori” given reading grid
of the world used to interpret the events we observe. An order can be seen as better than another if it requires
less information to understand and predict what happens in a meaningful way. Space-time is the main order,
its causal structure gives the order in which we make sense of processes. This order was first described to be
Euclidean with absolute space-time, then Euclidean without absolute space, then after some steps Riemannian.
Each time, these upgrades help to obtain more consistent picture of the process which occurs in nature.

In the above, I have argued that the formalism of QM should be taken seriously in terms of the geometrical
consequences that can be deduced from it. This way of thinking opens up a surprising perspective. QM presently
does not admit any satisfactory ontological scheme, it defies our intuition in various ways, in particular via non-
commutativity and entanglement whose geometrical consequences have been discussed. Even worse, it seems
to be in inadequacy with certain spatial and temporal notions such as locality, simultaneity... It is then in conflict
with the actual notion of order. Can these difficulties of interpretation and visualization of quantum processes
come from a limitation of our space-time representation to fully capture the nature of quantum events? Does QM
invite us by its very formalism and its geometric consequences to revisit the notion of "order’ that we use to make
sense of observed processes (space-time)? If it is the case, then the NCG framework can potentially offer a picture
(deduced from quantum formalism) in which quantum processes will express intuitively. This potential algebraic
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framework can be used as a tool to understand the quantum to classical unification, and unify geometry (space)
to observable (matter), closing the path undertaken by Einstein. This would be achieved in a theory in which all
space-time concepts are absorbed into matter ones, providing a theory in which all elements are observable.
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Part III

Toward Noncommutative Gauge Field
Theories
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Chapter 10

The SMPP in the Framework of Gauge
Field Theories (GFT)

In this chapter, the foundations of gauge theories and the current SMPP will be presented. This will introduce
the different notions that will be generalized later in chapters 11 and 12, such as connection, curvature, action,
and the formalism of gauge theory. A mention will be made on the possible links between the current theory
of gravitation, and the treatment of fundamental interactions in the SMPP. Then I will finish by presenting the
generally followed procedure to find theories beyond the SMPP.

10.1 Principle of Gauge Theory

Maxwell’s formulation of electromagnetism can be considered as the birth of gauge theory. The elementary
observation was that electric and magnetic fields can be seen as secondary to a vector potential and that adding
suitable vector fields to this vector potential doesn’t change the physics i.e electric and magnetic fields which
affect the observed motion of charged particles. This can be considered as a symmetry of the theory. Gauge
transformations can then be seen as field transformations that left unchanged some important quantities like
the Lagrangian, which correspond to an important physical quantity. Later, symmetry arguments and gauge
principle were at the earth of many of the biggest achievements of theoretical physics, such as particle physics,
in QM, and in relativity theories.

Let’s see now how the gauge principle is implemented in particle physics, leading to the covariant derivative
and its curvature.

Let G be a finite-dimensional compact Lie group parameterized by M. The field #/(x) is a multiplet represen-
tation of G, it represents the fermion field. Taking g(x) € G, it’s representation 7(g(x)) must be a unitary, to
preserve inner product on the fermion field, and therefore physical probabilities. In what follows, we will only
speak about the representation, then we will use the notation g(x) for 7(g(x)).

A Lagrangian L(i/,9y') can be defined for this field. Physical Lagrangians are composed of elements like v
and ¥d,¥. The requirement is that this Lagrangian must be invariant under the action of G:

Ly, a¢) = L(gy,a(gy)) VgEG
But as g(x) is a function on M:
gy (x)) = (9g()Y(x) + g(x)(ay (x)) = g(x)ay (x).

Then as the Lagrangian is a polynomial function of i/ and 9y it will not necessarily be invariant under the action

of C.

This is solved by introducing a connection field A = Aj(x)T, which is an element of the Lie-algebra based on
M, with T, its generators. It transforms in an inhomogeneous way:

A— A=gAg™ + gog™! (10.1.1)
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this represents bosons which are responsible of the different interactions. The derivative on M is then generalized
to a covariant derivative in a fiber bundle:

D = a + (ie/h)A (10.1.2)

where e is the coupling constant of the theory (electric charge in the case of electromagnetism). This implements
the minimal coupling between fermions and bosons fields. Then we have that D(gy) = gDy and therefore:

L(y.Dy) = L(gy.gDY) Vgeg

Let’s go back to coordinate representation to better understand the link with physics. Let’s take g(x) =
exp(—(ie/h)A(x)) for the unitary transformation, with A(x) = A(x)?T, the generator of the phase transforma-
tion. Then we obtain the new fermion field t/;(x) = g (x) = ¢Y(x) — (ie/W)A(x)¥(x) and 10.1.1 becomes
Au(x) = Au(x) + 9,A(x).

Let us now explore the equivalent transformations, experienced when 1/(x) and A,(x) undergo infinitesimal
displacements in space-time. The gauge potential aims to define a notion of parallel transport, i.e. to specify be-
tween two neighboring points in M what will be considered as an equivalent phase, in view of its transformation
which is not attributed to an intrinsic change of the phase, but to an extrinsic one induced by the curvature of
the folding space. Thus, the phases at x* and x* + dx* are considered to be parallel transports of each other if
they differ by an amount (e/h)A,(x)dx*. Thus we get that

J(x + dx) = exp(ie/h) A, (x)dx )i (x)

which is considered as an objective transformation of the state since it undergoes spatial displacement. After
some calculations, we obtain that the total phase accumulation around an infinitesimal path represented by the
square of sides (dx*,dx") is given by:

Y(x) = (1 + (ie/h)Fy,dxdx" ) (x)
With the term:
Fyv = (ayAv - avA,u) - l(e/h)[Aps Av]

that is interpreted as the curvature of the gauge potential, directly connected to the phase accumulation. In
physics phase is not an observable, only the difference of phases is, and thus corresponds to a physical invariant.
We can see that F,, is connected to this infinitesimal difference of phases between the two paths (dx* then dx")
and (dx" then dx*). As F,, corresponds to something physical (not depending on the way we parameterize it with
coordinates), a natural requirement will be to find gauge transformations g(x) preserving the scalar associated
to the curvature: Tr(F,,(x)) = Tr(g(x)F,(x)g~'(x)). Another way to calculate the curvature is obtained from
the covariant derivative D, = 9,, + (ie/A)A,, introduced earlier:

(ie/h)Fyv = [Dpst] —D[aﬂ,a‘,] = [D[Js Dv]

because [d,, d,] = 0 with holonomic basis in Riemannian geometry.

Thus, the connection is interpreted as the phase difference accumulated during an infinitesimal displacement,
this quantity cannot be associated with an observable ie. a physical quantity, a then fundamental invariant is
obtained by calculating the phase accumulation on an infinitesimal loop.

The symmetry principle provides a strong thinking line for developing physical theories. The way of pro-
ceeding can be seen as follows. Let’s take a more general setting than fermion fields and Lagrangian based on
these fields. Let V be a vector space (degrees of freedom of a theory), and K(V) be the space of polynomial
functions on V (potential functional of these degrees of freedom representing something physically objective).
Consider now G a group actingon V, g € G, and f € K(V). The group action is (g.f)(x) := f(g'(x)). Two ways
to construct models have been used:

1. Given G we name K(V)Y the space of polynomials on V which are left invariant by G : Vg € G we have

gf=1r.
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2. Given k;(V) € K(V) we name Gy, (y) the set of group elements which let k;(V) unchanged.
The first one takes the group as fundamental and tries to find the correct invariant polynomial which is left
invariant by this group, the second takes the polynomial as prior, trying to find the correct symmetry group,
to catch other structures for example. These two ways of doing have greatly contributed to the advancement
of physics, but the first one was the most efficient way to build the SMPP, by constraining its structure using
symmetry arguments. More generally, the procedure followed by physicists to build and improve the SMPP can
be seen as follows:
1. Choose the structure group G with n generators and make it be locally parameterized by M: G = Map(M, G),
this provides a space of local symmetries.
2. Choose the (locally defined) matter fields (Dirac fermions, scalars, etc.) as representations of G. It is an
implementation of the local symmetries just mentioned.

3. Set up a notion of derivation, leading to the differential structure upon which the Lagrangian £ and then
motion equations can be expressed.

4. Construct a covariant derivative extending the previous derivation by choosing the gauge bosons in a repre-
sentation of G. It is an implementation of the minimal coupling between gauge and matter fields.

5. Write the more general Lagrangian which is invariant under G action (gauge principle) and satisfies other
requirements such as being renormalizable.
6. If there is a Higgs like mechanism, compute the minimum of the Higgs potential and deduce the corresponding
masses.
7. Use QFT tools based on this Lagrangian to obtain predictions and compare them to experimental results.
Thus, any framework implementing in a clear and coherent way the gauge principle will be welcome. The
general structure of this framework must make in relation 3 main structures. A geometric structure given by
the space-time manifold M, an algebraic structure .A which uses to be a finite-dimensional algebra, and a global
structure G(M, A) that joins the two in one piece. The geometric structure can be obtained through a projection
from the global structure, and the algebraic one from inclusion into the global.

As we will see in the next section 10.2, the formalism of fiber bundle and differential geometry proved to
be particularly suitable to implement this gauge principle. However, one of its limitations, related to the Higgs
mechanism, will be presented in this same section. Then in Chapter 11, I will show how the NC extension of
gauge theories allows to overcome this limitation, and thus make the structure from which the SMPP Lagrangian
is extracted in a more mathematically consistent way. Other formalisms implement the gauge principle and
address this particular limitation, such as the transitive Lie algebroids (Frangois et al., 2014) for example.

10.2 Gauge Theory in Fiber Bundle’s Framework and Yang-Mills The-
ory

A fiber bundle E is a topological construction that is locally expressible as a product space between elements of
a base space M and a fiber F. A continuous surjective projection map 7 : E — M permits to express this local
structure. When it is globally expressible as E = M x F, it is said to be trivial. The formalism of fiber bundles has
proved to be particularly suitable to provide a mathematical structure for gauge theories, gradually establishing
itself as the appropriate formalism from the 1975s. It is in this context in particular that the gauge potential
acquired the status of connection in the fiber bundle, providing, in some way, a geometric interpretation of the
gauge theories. Actually, all the forces of the SMPP are expressed as induced by gauge fields which are expressed
in such a formalism.

Definition 10.2.1 (Section in a fiber bundle) Taking the fiber bundle = : E — M, a section on this fiber is a
continuous function f : M — E such that n(f(x)) = x for all x € M.

E is the total space, M is the base space, and I'(E) is the space of global sections of E. These can be vector, tensor,
or spinor fields, and correspond to (fermionic) matter fields. An important property to consider in order to find
the NC generalization of T'(E) is that it is a module on the algebra C*(M).
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Let Gg be a Lie group acting on E, taking an element e € E and g € Gg, the right action of Gg on E is given by
R,(e) = e.g. The gauge group is the group G of “vertical” automorphisms of E, i.e the ones which respect fibers:
n(e.g) = m(e). The fiber above x will be then denoted by F, = n7(x), it represents all the values the fermionic
vector field defined over x can take.

Let g be the Lie algebra of G. A connection on E is a one form on E with values in g: @ € Q!(E) ® g such
thatvé e g andvg € G:

Ady(R:(0)) = @ and o) =¢

with Adg(e) = geg_1 the adjoint representation, and §E the fundamental vector field on E, linked to R,:, t being
a real parameter. The associated curvature Q € Q?(E) ® g is given by Q = dw + %[w, ] with the graded bracket
at the level of g. It is then possible to locally trivialize E on small open sets of x € M in order to obtain the usual
gauge connection expressed here in spacetime coordinates A, € Q'(x) ® g and it’s curvature F,, € Q*(x) ® g
which transform in the same way as in section 10.1, g € G being parameterized by M.

The SMPP consists in the understanding of two things, what are matter fields, and through which mediators
they interact. In the fiber bundle framework, these two fields will correspond to well identified structures in the
fiber bundle formalism:

« Matter fields will correspond to sections in the fiber bundle
« Interaction fields will correspond to connection in the principal bundle

Because of their statistics, matter fields will correspond to fermions and interaction fields to bosons.

In the field of developments in particle physics, Yang-Mills theories can be considered as one of the most
important breakthroughs coming from the application of the Gauge principle, they are now at the heart of the
structure of the SMPP. Indeed, exploring how non-abelian Lie groups like SU(n) are implemented in the gauge
potential can lead to building gauge theories that permit a better understanding of strong and weak forces, later
allowing the electro-weak unification. Now, all forces of the SMPP are expressed as Yang-Mills theories.

In the case of gauge symmetry under the action of a non-Abelian (locally parameterized) group G, the situation
is slightly more complicated, as said, it is described by a Yang-Mills theory. If we consider G = SU(n), it acts on
the fermionic field ¢(x) € C", we note {T%},-;..,—1 the infinitesimal generators, then we have:

2 (%) .
yx)=| | Au(x) = AS()T g(x) = ", (10.2.1)
¥a(x)

The curvature being given by F,, = Fj,T* with F;, = 9,A] — 9,4}, — (ie/h) f“bcAZAﬁ with f%¢ the structure
constants of g.

To build an invariant from F, we have to understand how the inner product work on indices forms. Taking the
couple (M, §) of a manifold with it’s metric, then § induce the bilinear form { | ) : Q¥(M) ® QK(M) — Q°(M).
For compact manifold, an integral against the volume form vol; can be defined, this is called the Hodge inner
product (| ) : QM) ® Q*(M) — R, it is defined by:

(F1|F2) = '/M<F1|F2>l)olg

This allows to define the Hodge star operator x : Q¥(M) — Q"¥(M), i.e. this is the unique linear function such
that:

F1 A\ *Fz = <F1|F2>Uolg

Then the bosonic action associated with A can be given by the Yang-Mills action:

Sb:/F/\*F
M
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This number must be left invariant by two kinds of process, gauge transformations, change of coordinate (accord-
ing to general relativity framework), and trough any transformation corresponding to the equarions of motion,
these last ones being given by computing the solutions of:

551,22/5F/\*F=0.
M
for one shell solutions. The fermionic action is given by:

Sp=- /M iy (y" D, + imc/h)yd*x

This provides a nice link between physical objects and mathematical structures. But as mentioned in (Frangois
etal., 2014), the Higgs field is an object with ambiguous status in terms of the mathematical structure representing
it. Indeed, it is both considered as a Boson, and as a section in a vector bundle, which typically represents Fermions
fields. Moreover, its potential is not deduced from the formalism but added by hand. This appears to be slightly
inconsistent from the mathematical structures’ point of view. As we will see in section 11.4, and then in sections
11.5 and 11.6, the reformulation of the SMPP in the NC framework will make the Higgs field more consistent as
a mathematical structure, with a natural potential coming from the formalism.

10.3 The Standard Model of Particle Physics

The purpose of this section is to highlight the structure of the SMPP, making the connection between it’s La-
grangian, the meanings and interpretations of its terms, it’s symmetries according to the gauge principle, and in
which way equations of motion can be obtained from it.

A Lagrangian L is a quantity that takes a particular value at each point in space and time. The Lagrangian is
one of the most fundamental objects in theoretical physics. It is a functional which can depend for example on
fields (in field theory) or on the metric of space-time (in general relativity), and which has the property of having
its integral on the space-time (i.e. the action) minimized for a physical state and its evolution. This condition
is expressed by the Euler-Lagrange equation, the so-called equation of motion. The Lagrangian also allows us
to define and study the crucial notion of symmetry. We call global symmetry under the action of a group G a
transformation that leaves the Lagrangian invariant and depends on a single parameter g € G for the whole
space-time. Conversely, a local symmetry depends on a parameter g € G for each point in space-time or, more
precisely, on a smooth function g(x).

The Lagrangian of the SMPP is the following:
1 _ _
L= —ZF,NF”V + By +Y,y;;0Y; + he. + [D'O]° + V(D) (10.3.1)

with ¢ = ¢y,, If = iy”D,, yi; the Yukawa coupling matrix, ® the Higgs field and V(@) = 1®? + u®* its potential.
The quantum version of the Standard Model Lagrangian consists of several quantum fields, each associated
with a Standard Model particle. There are actually 3 types of fields classified by their spins:
« those for Fermions (quarks and leptons) designated by ¢ with spin 1/2.
« those for the mediator bosons (photon, gluons, W* and Z° bosons), designated by A, with spin 1.
« The Higgs bosonic field is designated by ® with spin 0.

These fields are functions of the space-time points. They are not simple functions with numerical values, but
operators acting on field’s state, adding or removing particles. Consequently the Lagrangian and its associated
action become operators too, this is called quantization and consists in promoting these fields, which are for the
moment only functions, to the status of operators on a Hilbert space, the Fock space, which then verifies certain
imposed commutation relations. There is no canonical method to quantize fields, this leads to many difficulties
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such as the need of renormalization. An important physical point that the Lagrangian makes it possible to
determine is how the various particles propagate between points in space-time. The corresponding terms are
those defining the creation of a particle at a given point and its annihilation at another one, the ones with two
fields.

Einstein’s relation (E = mc?) allows the conversion between energy and mass, and thus the possibility of
changing the number and nature of particles during a process. Unlike in classical and pure QM, the nature of
the system can then change, and visit many intermediate states. The possible transitions and their probabilities
are constrained by the structure of the Lagrangian. All independent groupements of terms of £ describe the
interaction between particles (potentials and interactional terms) or propagators (kinetics terms):

« Kinetic terms: They correspond to the free propagation of the particle along space-time degrees of free-
dom, it implies spacetime derivatives and mass terms. For Fermions i/ i/, for Bosons these are terms like
(6*A,)? and for the Higgs Boson |9"®|*

- Potential and international terms: For Fermions i/ — iy and ¢/,y;;®y;, for Bosons —3F F" —
(0" A,)? and |D*®|* — |9"®[* and V(D)

L correspond then to the difference between potential and Kinetics terms.

Remark 10.3.1 ,y;;®y; containing the Yukawa coupling matrix y;; which specifies the strength of the inter-
action (and then it’s probability to occur) between fermions and Higgs field. This term gives both the fermion’s
masses and the probability strength of the flavor-changing process. We will see in section 12.2, mainly in remarks
12.2.3 and 12.2.2, that in the context of the NCSMPP, this term acquires a kind of kinetic interpretation in the
same way as it/ [y o

The SMPP is written in the framework of gauge theory, we will denote by GFTsypp the actual gauge field theory
of the SMPP.

10.4 Gravitation and Gauge Theories

Actually, we know 4 fundamental forces, the ones of the SMPP, and Gravitation. Many physicists try to unify
Gravitation to the three other forces, in order to understand how to quantize gravitation and obtain a more
unified picture. Some basic hints can make us think that these two blocks share some similarities:

« The position coordinate is not observable, only the difference of coordinate between two positions is. The
same hold for phases and then connections, only relative difference in phases are observable. Making gauge
potential and coordinate on the same footing for the fact that they do not directly represent an observable,
but rather a relationship between observables.

« Like gauge transformations, general coordinate transformations have no consequences on physics, they
represent symmetries of the theory.

« The curvature of spacetime curves the trajectories of test particles. Interactions symbolized by gauge
potentials acting on fermionic fields of test particles curve their trajectories, in a similar way as gravitation
when we compute the curvature of the gauge potential (see the gravitational Aharonov-Bohm effect).

But the problem is that gravitation is a geometric theory contrary to other forces and that they are expressed in
different mathematical fields.

Historically, gravitation was elaborated by Einstein in the framework of pseudo-Riemannian geometry and
not in the one of gauge theory. The basic principle of this framework is to define an affine connection V
[(T(M)) xT(T(M)) — I(T(M)) by the constraints:

Vo, 0y = fV5,9, and Y, fo, =0,fd, + fV,d,

vf € C*(M) and 9,, 9, € T(T(M)). These locally connect tangent spaces.
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In order to make this connection compatible with the metric structure g, we define the metric connection by
9A§(9y, av) = g(v/laps av) + g(ay> v/\av) (10-4-1)

which can be seen as a sub-case of equation (11.2.1) that will be defined later.

Adding the torsion-free condition (vayav — V5,0, = [9,,8,]) we obtain the Levi-Civita connection, which is at
the heart of general relativity.

Using these Levi-Civita connection, we can construct a covariant derivative (in local coordinate) on the tan-
gent bundle v, : T(T(M)) — I(T(M)), with curvature being given by [V,,,Vs,] — V|5, 4,]- Using the Christoffel
symbols defined by V; a9, = Tﬁva,\, the curvature can be computed, giving the curvature tensor Rﬁvp, then the
Ricci tensor R, = wa 1> and then the scalar curvature g*”R,,,. This last scalar can be taken to define the action of
the Gravitation theory:

S[g] /MR\/@d“x

But the fact that the primary field taken to be the metric g is not a 1-form makes the Lagrangian given by R only
invariant under the group Diff(M), taken to be the gauge group of the theory. Therefore, R is only a scalar for
the geometric structure defined on M, but not for general Gauge transformation, then different to gauge theory
in the general meaning.

In the same way, we can see that forces in gauge theories differ from the gravitation one since this last has
been given a geometric interpretation, promoting it to the status of pseudo-force i.e. fictitious force induced by
the effect of an irregular background geometry. This is not the case with Gauge’s theories, for which forces are
considered as pure forces, without any underlying geometrical representation explaining them.

But subsequent developments reformulated this theory in the field of Cartan geometry making this theory
be of gauge type. More details on the construction can be found in (Bennett, 2021; Francois et al., 2014). We will
see in chapter 12 that the NCSMPP offers such a way to reformulate both Gravitation and SMPP forces into the
same framework, at the same time being gauge theory and pseudo forces induced by pure geometry.

10.5 Open Doors to go Beyond the SMPP

In physical theories, unification can be seen as how two theories, previously understood as independent become
sub-manifestations of a larger theory, according to some parameters like energy change, formalism change inside
the same framework, framework change... It is perceived as an enhancement of the theoretical understanding.

Taking a physical theory and its mathematical structure 91, not all theoreticians will agree on the fact that
it is complete and consistent or not, and in this last case, they can differ on which way this enhancement must
be done. The enhancement of a physical theory can be thinking according to several criteria and arguments. I
propose here 3 kinds of enhancement arguments:

1. The first concern is the diminution of the number of constant inputs. Like for example the 18 inputs of the
SMPP.

2. The second one is the diminution of the number of independent formal inputs. The equations of the theory
are deduced from minimal principle, the number of “put by hand” elements is minimal. A good framework
can help to obtain this result.

3. Consistency with experiment, with other theories on their crossings area, and on the conceptual and episte-
mological level.

In what will follow (see section 12.1), I will highlight according to which one of these arguments NCG improves
our understanding of the SMPP.

Concerning the SMPP, here is a non-complete list of what can be seen as missing-points with potential en-
hancement needed in the actual description:

« Find a mechanism that determines the origin of fermion masses, and thus explains the three-generation
existence. (12 inputs over 18 are concerned)
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« About the Cabibbo Kobayashi-Maskawa (CKM) matrix Mcg:

1. The eigenstates of the free Hamiltonian are also the ones of the gravitational, strong and electromag-
netic interactions, but they are not eigenstates of weak one. There are no explanations for this fact
(Hiibsch, 2015).

2. The non-unity of the measured CKM matrix. According to the theoretical framework in which this
matrix is constructed, it must be unitary.

3. There is no theory predicting the value of the angles parameterizing the CKM matrix.
+ Neutrino mixing and oscillations

« Potential unification with gravitation, find a better formalism implementing naturally the Higgs field and
its potential as mentioned, explain and/or unify the coupling constants...

Some of these points are questionable on whether they are truly problems in the actual description.

In this regard, Grand Unified Theories (GUT) can be considered as the most significant attempt for solving
such problems. The search for unification in field theory is a very old and fruitful field of investigation in theo-
retical physics. Some nice achievements are the unification of electric and magnetic fields in the electromagnetic
one, and later of this last with weak force in the electroweak unification. GUT are extensions of the SMPP with
larger symmetry groups than the existing ones. They must contain the SMPP group as a subgroup and possess
complex representations (fermionic fields) in accordance with the ones of the SMPP... Actually, GUTs theorists
try to exploit the successful arguments of gauge symmetries and group theory to unify electroweak and strong
interactions into a single one. A hint for such hope of unification is that the flows of the gauge couplings “con-
stants” of the SMPP at a high energy scale seem to converge.

Therefore, the question is what are the ways in which the SMPP fields can be embedded into an unified field?
This unified field (and its groups) must be large enough to encompass the current groups of the SMPP, but not
too, so that there will not be too much new physics, likely not to fit with the experiment. It must correspond to
the effective theory at higher energies, and render the actual SMPP within a certain limit, with some physical
process (like spontaneous symmetry breaking for example). By introducing new fields with their symmetries,
GUTs can improve many features of the SMPP. For example, they can provide a gauge coupling unification, give
an explanation for the lightness of neutrino masses, introduce contributions that can solve some flavor anomalies,
potentially explain charge quantization and predict values for weak mixing angles.

The first and simplest GUT being explored was the one of the Georgi—Glashow model corresponding to the
gauge group SU(5). Many other groups like SU(5) x U(1), SO(10), E; ... have been explored, without succeeding.
A nice review of GUTs attempts can be found in (Croon et al., 2019).

Let us try to explain why this kind of attempt seems to offer a set of natural paths for unification, by trying
to think in a general way about unification. The first assumption to make is that this can be done in the current
formalism of gauge theories, or in any more or less equivalent formalisms based on field theories, such as the
NCSMPP presented in chapter 12. The basic ingredients of the SMPP are gauge potentials, not fermionic fields,
which are secondary representations, so the structure of the standard model is primarily driven by the nature of
these bosonic fields, this is the second assumption. A procedure to create such a model is to choose the right gauge
field according to these invariance groups and symmetry arguments, and then to choose among the possible set
of representations (fermionic fields, chiral structure...), which one is the most adequate. Assumption three is that
the same procedure should be used in attempts at unification, but taking into account the basic ingredients of
the old theory, i.e. those fermionic and bosonic degrees of freedom (dofs), which should be linked according to
certain criteria. It is now a question of understanding the (conceptual) passage from the gauge theory of the
SMPP, i.e. GFTsypp, to the grand unified theory:

GFTsmpp — GFTgur

in the first time, because the GFTgytr must be built from the one of the SMPP. Then we have to understand
the (physical) mechanism GFTsypp < GFTgur which renders GFTsypp from GFTgyr trough a suitable physical
process, like spontaneous symmetry breaking mechanism SSBM. This can be seen into a 3 step process: first find
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the good gauge field algebra, then a suitable (fermionic field) representation and check that the corresponding
mechanism restitutes the actual SMPP. There are many ways to imagine GUTs in this way. In this thesis, the
construction of gauge fields based on inductive sequences of algebras (which correspond to these gauge potentials
taken as input) will offer a framework to elaborate such GUT and understand the GFTsypp — GFTgyr transition.
This transition will correspond to a step in the inductive sequence. This will be presented in section 13, and done
in part IV. The implementation of assumption three (condition between the two theories, at least on its elementary
degrees of freedom i.e. gauge and fermionic fields) will be given by the ¢-compatibility condition defined along
the sequence and presented in section 13.
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Chapter 11

Noncommutative Gauge Field Theories
(NCGFT)

In this chapter, I propose to show how the concepts presented in the previous chapter can be generalized in
NCG. It will be done in a general way for the notions of connection, curvature, fiber bundle, and symmetries, but
using derivation in section 11.5 then spectral triples in section 11.6 based GFT. Then the actual NCSMPP will be

presented in chapter 12, with some discussions. From now on, we will always suppose that A is unital, with unit
1.

11.1 Fiber Bundle and Serre-Swan Theorem

Another important topological structure possess a well identified algebraic counterpart, that of vector bundles.
Indeed, the Serre-Swan theorem states that any vector bundle on a manifold M defines a C*(M)-projective module
of finite type on the algebra A = C*(M) by considering the set of smooth sections of this fiber; and conversely, if
M is connected, any C*(M)-projective module of finite type comes from a vector bundle on M. As for the Gelfand-
Naimark theorem this duality is more than a coincidence. It results from the category equivalence between that
of vector bundles on M and that of C*°(M)-projective modules of finite type on A = C*(M). Let first define what
is a projective module.

Definition 11.1.1 Let A be an algebra, a module M over A is projective iff we have M & N = A", for some
module N (over A), and an integern > 1.

We build a free module A" over A.

Lemma 11.1.2 Taking a projection p € M,(A) such that p* = p = p*, then we can define the projective module
M, = A"p.

Proor If p is a projection, then 1 — p is also a projection, and they are mutually orthogonal. Therefore M;_, =
A"(1 - p) is such that we have A" = M, ® M;_, so that according to definition 11.1.1, this two modules are
projective. ]

This module is said to be finitely generated when n is finite.

Let illustrate this by using our favorite commutative algebra A = C*(M), p is therefore a function of x € M.
Thus My = C*(M)"p(x) define the module associated to x.

Then any module M on A will be considered as the non-commutative equivalent of an associated vector
bundle, through the associated section. The set of sections of a trivial vector bundle whose fiber is of dimension
n is isomorphic to the module (C*(M))". When the fiber is not trivial, we place ourselves in a larger space, which
means adding dimensions to trivialize it, the initial fiber is then obtained using a projection p: (C*(M))"p. In
the commutative case, the space of matter fields can therefore be represented by a right module on A, in the NC
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case, care should be taken to distinguish between the left and right modules. In NCG, bi-module will frequently
be more adapted than module.

As we shall see, this new extending framework for the usual gauge theories is entirely algebraic, and thus
leaves us with more freedom. This motivates the introduction of C*-algebras as non-commutative generalizations
of locally compact topological spaces, and modules as non-commutative generalizations of vector bundles.

It is interesting to notice that when A is unital, there is a correspondence between projective modules of
finite type and idempotents of M,(A). We can define (in an equivalent way to what has been done in section
1.3) a notion of algebraic equivalence between idempotents which is equivalent to the notion of isomorphism
between projective modules. As we have seen in section 1.3, these idempotents allow us to classify algebras via
K-theory, and thus in our context to classify the associated vector bundles. This is why the Serre-Swan theorem
allowed to relate topological and algebraic K-theory (see (Swan, 2006) for more details).

Then if we take A = C*(M), we have M,(A) = C*(M, M,(C)) = C*(M) ® M,(C), we recognize the AC-
manifold. Thus the Serre-Swan theorem tells us that it is possible to construct a vector bundle using this AC-
manifold, with base space M. We will see in section 11.4 that the AC-manifold is the basic structure of NCGFT,
and that it has led to the current non-commutative standard model of particle physics in chapter 12. The fact that
K-theory allows to classify AF-algebras (which are generalizations of M,(C)) provides a strong mathematical
motivation to develop NCGFTs on AC-manifolds where the finite part algebra is taken to be an AF algebra.
Indeed, K-theory and Serre-Swan theorem are intimately related through their use of the idempotents of M,(A).
Then K-theory can be used to classify the corresponding gauge theories and “even more” the ones based on
AF-algebras offering a strong mathematical reason to do NCGFTs based on AF-algebras.

11.2 Generalization of Vector Fields, Connections and Curvature

As said before, the Serre-Swan theorem asserts that finitely generated projective modules are linked to vector
bundles. Therefore we have to replace usual vector fields V constituting sections by modules M over an algebra.
A very nice fact, proved by Cuntz and Quillen in (Cuntz and Quillen, 1995) is that every projective module admits
the existence of connection and conversely, any module having a connection is projective. Defining a connection
requires the pre-existence of a differential structure. In the usual framework, this can be the covariant derivative
or the de Rham differential. As mentioned in chapter 3, these can be replaced by derivation and spectral triples-
based differential structures.

In the case of the universal differential calculus (Q};(A),dy), a NC connection can be defined as a 1-form
w=Y,;aldyal € QL(A), but it is a too general definition. Now if we take an algebra .A with an involution * and
the associated differential calculus (Q°(A), d) with w € Q" and n € Q™, we will suppose that the graded algebra
Q' possess an involution such that (wn)* = (—=1)"5*w*, and that d is real (dw)* = d(w*).

Definition 11.2.1 let M be a left A-module, and Q'(.A) be a first-order differential calculus over A, with differen-
tiald. A connection is defined by a mapV : M — Q'(A) ® 4 M such that,Ya € A ande € M:

V(ae) = aV(e) +da ® 4 e.

Then the associated curvature is given by R = V2 with R : M — Q2(A) @4 M.

A Hermitian structure on M is a R-linear map h : M ® M — A such that h(ae;, aze;) = ajh(ey, ex)a; for
any a,a; € A and e;, e; € M. A connection V is Hermitian if for any real X of A and any e, e, € M, one has

dh(es, e2) = h(V(e1), e2) + h(e1, V(ez)) (11.2.1)

This can be viewed as a generalization of the metric condition given in equation (10.4.1).

It turns out that the module concept is not sufficient to elaborate nice structures, in particular concerning
hermiticity problems. The bimodule structure (a module that is both left and right, making left and right multi-
plications compatible) is therefore preferable, especially in the context of spectral triples.



11.3. AUTOMORPHISMS OF FINITE NONCOMMUTATIVE SPACES 111

11.3 Automorphisms of Finite Noncommutative Spaces

If you cannot change your condition, change your perception.

D. Mridha

In the framework of NCGFT, automorphisms will provide gauge and coordinate change. As mentioned in
chapter 3, they are two ways to consider such changes. The first can be seen as change at the level of the Hilbert
space (i.e. it’s generalization as module here), and the other as being at the level of the algebra.

To be general, let A be an * algebra with unit, and M a left .A-module. Let’s start with the automorphisms
which are implemented at the level of M.

Definition 11.3.1 (Automorphism of a module M) An automorphism of a module M is a A-linear map 11 :
M — M which is invertible and preserves the module structure:

II(ae) = all(e) Ve € M and a€ A.

Let’s suppose that M is equipped with a Hermitian structure h. The gauge group G of M is the group of
automorphisms of M as a left module that preserve the Hermitian structure such that for any a € A, e,e’ € M,
g € G satisfies

glae) = agle), h(g(e), g(e")) = hle,€’). (11.3.1)

The action of g on a connection is defined by the compositions V > V& := go Vo g1, It is easy to check that V&
is a connection and that V88! = (V8)% for any g1, g2 € G.

Now, for the automorphisms implemented on the algebra:

Definition 11.3.2 (+-automorphism of a x-algebra A) An *-automorphism of a x-algebra A is a linear map
A A — A which is invertible and preserve the *«-algebra structure:

A(ab) = A(a)A(b) and A(a") = Ala)” Va € A.
Given A a *-algebra, we denote by Aut(.A) its automorphism group.
Aut(A) will be related to the gauge group associated to .4. We call U'(A) the group of unitary elements in A:

VA ={ue A :uu" =vu=1}

Definition 11.3.3 (Inner automorphism of A) An automorphism A is called inner if it is of the form A(a) =
ad,(a) = uau* withu € U'(A) and a € A. The group of inner automorphisms is denoted by Inn(A).

In a similar way as for derivations with equation (3.3.1), the map U'(A) — Inn(A) defined by © — ad, is
surjective with kernel the elements u € U°(A) such that ad,(a) = a Va, which correspond to U"(Z(A)). Then we
have:

Inn(A) = U'(A)/U(Z(A))

Definition 11.3.4 (Outer automorphism of \A) The group of outer automorphisms of A is defined by the quo-
tient

Out(A) := Aut(A)/Inn(A)
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For M a smooth compact manifold, and A = C*(M), we have Aut(A) = Out(A) = Diff(M), the group of
diffeomorphisms of M. Taking a diffeomorphism = : M — M , the link between diffeomorphism and (outer)
automorphism is given by the pullback over function space:

E(f)(x) = f(E(x)) vieA and Vx € M

Conversely for A = M,(C) = B(H) for a given Hilbert space H of dimension n, all automorphisms will be inner.

Taking an algebra A, we have the short exact sequence of groups:
1 — Inn(A) — Aut(A) — Out(A) — 1
from which 3.3.2 can be seen as an infinitesimal version.

In sections 11.5 and 11.6, we will see that the first kind of automorphisms will be implemented for NCGFT
based on derivations and that the second kind will be used for its spectral triples counterpart.

11.4 General Principles of NCGFT and the AC-Manifold

Let’s try to understand how the principle of gauge theory can be implemented using this extended framework.
The general procedure (which includes usual gauge theories) will be to:

Find a differential struc- Build connection to
Find an automorphism
ture linked to degrees implement parallel 1
. invariant scalar built
of freedom associated transport along these
. » S from this connection
with some “space degrees of freedom

Now, suppose that we are interested in finding a space for which the diffeomorphism group is a compact
Lie group. But they are no such a manifold. As mentioned in the previous section 11.3, taking a manifold M,
its diffeomorphism group is equivalent to Aut(C*(M)). Thus, by moving into the algebraic equivalent, a very
important observation can be made, automorphisms of algebras can be extended to provide compact Lie groups,
these being the automorphisms of matrix algebras. The question then becomes, what is the appropriate structure
of “space” i.e. algebra that could both contain Diff(M) and the gauge Lie group G (potentially the one of the
SMPP) in its automorphisms group?

An answer was given by the almost commutative manifold, alternatively designed by the “space” M=MxF
or its algebra A= C®(M) ® Ap, F being a finite space. The automorphisms group Aut(.//t\) is then equivalent
to Diff(M) x G, with G = Map(M, G), G being the standard model group U(1) x SU(2) x SU(3) for example. We
recognize the different structures at the heart of the implementation of the gauge principle mentioned in section
10.1 i.e. the geometric structure M, the algebraic structure Ar and the global one A= C*(M) ® Ar.

Subsequently, the AC-manifold’s algebra was taken to be the fundamental structure that allowed to obtain
the NCSMPP. The first use of the AC-Manifold was made in 1990, in (Dubois-Violette et al., 1990a) and (Dubois-
Violette et al., 1990b) by M. Dubois-Violette, R. Kerner and J. Madore with the algebra C*°(M)®M,,(C). This model
shows for the first time that gauge theories arise naturally from a NC structure, with the advantage to consider
the gauge group as the set of unitary elements of an *-algebra. In addition, it allowed us to understand that Higgs
and gauge fields could be gathered in the same non-commutative object, with a more natural interpretation for
the Higgs field, the potential of the Higgs being naturally given in the formalism, addressing the problem raised
in section 10.2. Indeed, the Higgs field can be seen as a connection along the internal NC degrees of freedom, its
potential is equivalent to both the “Einstein-Hilbert action” and the usual bosonic potential. Higgs scalar then
acquires a geometrical interpretation, it gives both a connection in the finite part of the AC-manifold and the
fermionic mass matrix. This model was the basis of later developments, and in particular of the NCSMPP mainly
developed by A. Connes about which I will speak in chapter 12.
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Remark 11.4.1 Notice that we chose the terminology F both for the finite space and the fiber. This is because
the finite space is a kind of replacement for this fiber in the context of NCG. The finite space is constituted of n
elements, each one being able to take several values. These elements correspond to the different distinguishable
characteristics (like charge) the fermionic field can possess i.e. the i of the i/;(x) defined in section 10.2.1 which
represents the value taken by the field for the element i at spacetime location x. Fixing its values for each i and
x € M will define a section. And if we visit all its potential values for every i = 1...n at a given x, then we recover
the fiber F, defined in section 10.2. The finite space and the fiber are the same spaces but seen differently by the
formalism. We will call F the fermionic representation space. O

Therefore, doing NCGFT will consist in working with the algebraic counterpart of the usual gauge theory struc-
tures defined in section 10.2, the main equivalences being given in table 11.1.

Usual gauge field theories: NCGFT:
(differential geometry) (algebra)
symmetry group G (Lie group) associative algebra A
algebra C*(M) center of the algebra
vector field/sections on the fiber bundle | finitely generated projective module M on A
gauge group: vertical automorphisms G gauge group: Aut(M)
differential structure: de Rham differential structure: universal,
derivations, spectral triples
Covariant derivative NC connection 1-form associated to the
differential structure and based on M

Figure 11.1: Equivalences between topological and algebraic properties for gauge field theories.

The general procedure will then be to find a differential calculus based on Af or M, then find a notion of connec-
tion, and then compute the action functional. Having done this, the road will be taken to obtain more concrete
gauge theories, using the AC-manifold’s algebra A= C®(M) ® A, and then construct the associated NCGFT
which will be called NCGFT 4,, the finite algebra Ay being the only variable input. Then we will obtain the
associated action functional S 4, (which is not only a function of Ar as we will see), doing this in the derivation
framework in section 11.5 and in the spectral triples one in section 11.6. In chapter 12, using spectral triples-
based NCGFT and taking an appropriate algebra Ar, we will see that the action of the SMPP can be extracted,
this NCGFT thus being named the NCSMPP.

11.5 Derivation-based NCGFT

As we will see, the derivation’s framework offers a way to do NCGFT, implementing the Higgs boson in its
generalized connection, and naturally implementing a SSBM-like mechanism. Initial developments can be found
in (Dubois-Violette et al., 1990a,b).

Let A be a unital associative algebra equipped with an involution a — a* and let M be a left A-module. A
(NC) connection V on M is a family of linear maps V¢ : M — M defined for any X € Der(A) such that

1.Vyx = fVx and Vg, = Vg + Vy for any f € Z(A) and X,2) € Der(A).
2.Vx(ae) = (X-a)e + aVxe forany a € A, e € M and X € Der(A).
The connection must be Hermitian: X-h(ey, e2) = h(Vxey, e5) + h(e1, Vxez) for any a;,a; € A and ey, e, € M.

The curvature of V is the family of maps R(X,92)) : M — M defined for any e € M and X,9) € Der(A) by
R(X, Qe := (VaxVy —VyVx ~ Vizg)e

It can be easily shown that R(X,Q))(ae) = aR(X,%))e for any a € A so that R(X,%2)) € Hom 4(M, M) (space of
homomorphisms of left modules).
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A special case of interest is the left module M = A for the multiplication in A equipped with the canonical
Hermitian structure h(a, b) := ab* for any a,b € M = A. Then, since A is unital, the connection V is completely
given by its values on the unit 1 € A: for any e € M = A and any X € Der(A),

Ve = Vx(el) = (Xe) +e(Vxl) = (Xe) + ew(X)

where we define w(¥) := Vx1. Then one has w € Q},(A) and o is called the connection 1-form of V. The
compatibility of V with A implies that for any real derivation X, one has w(X) + w(X)* = 0 since 0 = X-1 =
Xh(1,1) = o(X) + w(X)*.

The curvature can be computed in terms of w as R(X,2))e = eQ(%X,9)) where

QX,Y) = (do)(X, ) — [o(X), (V)]
using the fact that M = A is also a right .A-module. The 2-form Q € Q%,.(A) is the curvature 2-form of V.

The gauge group G is the space U'(A) of unitary elements in A which act on the right on M and respect
conditions defined in 11.3.1. Indeed, any g € G is defined by its value u := g(1) € A so that g(e) = g(el) =
eg(l) = eu. Since G is a group, the element u is invertible in A and the unitary condition comes from the
compatibility with the Hermitian structure: 1 = h(1,1) = h(lu,1u) = uu®. A computation shows that the
connection 1-form associated to V4. = g o Vx o g™! is given by:

o* 1= u ou —u(dw)

and its curvature 2-form is Q“ := u'Qu. A very simple NC connection is given by V% :=a — Xa.

Proposition 11.5.1 (Transport of connections by automorphisms) Let us consider the hypothesis of
Prop. 3.3.1.

Let ¥proq : M — M be an invertible linear map such that ¥poq(ae) = ¥(a)Poa(e) for anya € A ande € M.

Let V be a connection on M compatible with a Hermitian structure h on M. Then, for any X € Der(A) and e €
M, the maps V‘;M"de 1= Wiod (V\IH (x)qfidlod(e)) define a connection on M which is compatible with the Hermitian

Der

structure K™t defined by h¥«(ej, ;) 1= ¥ (h(‘PKA{)d(el), ‘I’ﬁ)d(ez))). Its curvature R¥ve¢ satisfies R¥vo4(X,Q))e =
Phiod (RO¥RL(X), ‘PB@,(&D))‘I’KA{)d(e)) where R is the curvature of V.

Let g € G be a gauge transformation on M. Then g¥i(e) := Wyjoq 0 g o ¥y 4(e) belongs to G. If g is compatible
with h then g¥ is compatible with h*¥et, One has (V8)¥ved = (V' ¥roa )g Vod

For M = A, let ¥yj0q = V. Let w (resp. w*) be the connection 1-form of V (resp. of V¥ ). Then one has 0¥ = ¥(w).
Letu = g(1) and u® = g¥(1), thenu? = ¥(u).
Proor Foranya € A, f € Z(A), X € Der(A) and e € M, one has

v§\1od(a6) = Yrod (v‘yﬁér (x)‘{’_l(a)l{jlt/llod(e))
= atoa ((¥per(X) ¥ (@) Fioa(®)) + Favoa (¥ (0,29 Vitoa(e)

= WMod (‘P’l(x-a)‘f’g,ﬂod(e)) + a¥Mod (V\P-l (X)TKA{)d(e)) = (X-a)e+ av\;‘“"de

Der

(35)\111:410(1(616)) = \PMQd (V\y—l

Der

and
V?E?de = Piod (Vg (1) Patoa(®)) = Ptod (Vami(pyt (1) ¥atoa(€)) = Paiod (¥ ()t ) Frina(e))
= F¥vod (Va0 ¥iroa(€)) = fV3"e
so that V¥™ed is a connection. The compatibility with A¥¥ is proved by

XhP (e, 6) = X¥ (h(Typaler), Yapale2))) = ¥ (Fpe (X)h(Fyhaler), Frmalez)))
=¥ (h(Vay, 0 Pioa(e1): Yrioa(e2))) + ¥ (A(¥yioalen), Vg, ) Yrioa(e2)))



11.5. DERIVATION-BASED NCGFT 115

=¥ (h(Fyha(VE e, Trpa(e2)) + ¥ (h(Typalen), Trpa (Vi es)))

= Mo (v\;Mod e, e) + K ¥ Mod (e1, v\;:Mod e;).
The relation for the curvature R¥ is a straightforward computation:

¥Mo — (g¥Mod 7¥Mo ¥Mod 7 ¥ Mo Yo
R wid(:f’@)e — (vx\idvad _vadvad _v[g’%]) e

= Piiod © Vi1, (x) © ¥itod © ¥Mod © Vit @) © Prioa(e)
— Phiod © Vit (@) © atod © ¥aod © Vit (2) © Priod(€) = Pivod © Vit (12,97 ° Paioa(e)
= Wnod ° Vst ) © Vs @) ° Paioa(€) — ¥atod © Vit @) © Vst () © Frioale)
~ Whtod ° Viwst (0.5 @)1 © Frioa(€)
= Watod (R(¥per(X), ¥per (D)) ¥rioa(©))
The map g* is obviously invertible with inverse (g¥¥)™ = Wyoq0 g7 o ¥} 4. It is @ morphism of modules:
£7(a6) = Ptoa © & Fy(06) = Foa & (¥ @F51y(6)) = Frion (¥ (@)g » ¥yhy(e)) = ag™4(e). One has

h‘PM"d(g\PM‘)d(el)’ g\yM"d(ez)) =¥ (h(qli/llod o Wrod o g0 TK/Llod(el), ‘Ijidlod °o¥Mod © § © q’ﬁlod(ez))
=¥ (h(g o Yyhaler), g o Vapale)) = ¥ (R(Fypaler), Taialez)) = h¥¥(ey, €2)

and

WYhod _ -1 _ -1 -1
(V&) = ¥nod © viair(x) °Whiod = ¥Mod © & ° Vst () ° 8 © Yiiod

= (Prod © & © Frioa)° (iviod © Vgt (1) © Tya) o (Phod © & © Prioa)

Der

— g‘I’Mod 5 v;Mod o ( g‘I’Mod)—l — (v‘ﬂmd)? Mod
Finally, one has
@ (X) = VRl =Yo Vo ¥ 'L = Wo Vi (191 = ¥ (0(¥ph (X)) = ¥(w)(X)

andu? = g¥(1) =¥ogo ¥ 1(1) = Vo g(l) = ¥(u). [

11.5.1 Action in the Derivation-based Framework

To define a gauge field theory on M, one considers the “fields” defining a connection V on M and a Lagrangian
L(V) for these fields. This Lagrangian is usually constructed for the left module M = A using a Hodge star
operator x on the space of forms on A:

LNV) 1= —QA*Q.

Then, using a trace |/ 4 (which sends forms to scalars) we can define an action:

S[V] ::/AE(V)z—/AQ/\*Q

the sign is necessary for positivity. The matter Lagrangian can be defined in a similar way. One first considers
VasamapV : M — Qb (A)®4 M. Using a natural involution on Q,,(A) which extends the involution on
A (see (Frangois et al., 2014) for instance), one can extend h to (Q5_.(A) ®4 M) ® (Q},(A) ® 4 M) — QBTI(A)
by fisfl)p ®e,wg®e€) 1= wyh(e,e) A wg- Then /A h(Ve, xVe) defines a Klein-Gordon type action for matter fields
e € .

Since we restrict our analysis to matrix algebras, we refer to Sect. 4.1.1 for the construction of an explicit
Hodge star operator and a trace.

Let us describe the degrees of freedom in the gauge sector of a NCGFT defined on M, and on C*(M) ® M, see
(Dubois-Violette and Masson, 1998; Dubois-Violette et al., 1990a,b; Francois et al., 2014; Masson, 2012) for some
details. We use some notations from Sect. 4.1.1.
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11.5.2 Example of A = M,

Let us consider A = M,. Then Der(A) = Der(M,) = sl,, and, for k = 1,...,n% — 1, let {E;} be a basis of anti-
Hermitean traceless matrices in s, so that {9y := adg,} is a basis of real derivations of M,.! Let us consider the left
module M = A with the canonical Hermitian structure h(a,b) : = ab*. There is a canonical connection vV on M
defined by ﬁaka := Eraforanyk = 1,...,n*~1anda € A = M with connection 1-form ¥(3;) = Ey. This canonical
connection satisfies two important properties: firstly, its curvature is zero; secondly, it is gauge invariant (see also
(Cagnache et al., 2011a) for another occurrence of such a canonical connection). It is then convenient to compare
any connection 1-form  on M to this canonical connection, by writing © = wp8* = &— B0 = (Ex—B;)6*. Then
the curvature 2-form Q = %leek A 0" has components Qy, := Q(dk,dr) = —([Bi, Be] — C[:B,). This curvature
vanishes iff Ex — By is a representation of the Lie algebra s, (for instance By = 0 or By = Ey). The connection w
is compatible with h iff wi + wj; = 0 for any k. Since the E;’s are anti-Hermitean, this compatibility condition is
equivalent to By + B = 0 for any k and then Q;, = —Q,. We can then decompose By = B,’;El + iB,(C’ln with real
functions B, £ = 0, ..., n*—1, so that the number of degrees of freedom (number of real functions) in w is n*(n*—1).
The action of a gauge transformation g € U(n) induces the transformation By — g~'Big (the inhomogeneous
part of the gauge transformation is absorbed by @).

Notice that this approach is only interesting for n > 2 since for n = 1, M; = C is commutative and so there is
no derivation and so no degree of freedom By’s.

Suppose that the basis {0x} is orthonormal for the metric g defined as in Sect. 4.1.1. Since QA*Q = %QHQvaol
for Ok = gkk/g”'Qk/[,, the action is then —% Dk tr(Qe)? = —% Yoo tr([Be, B] — C{'By,)?. Notice that — tr(Qy,)* =
tI'(ngQZ[) > 0.

From Prop. 11.5.1 and Examples 3.3.2 and 4.1.1, an inner automorphism defined by a unitary element u in
M, produces a transport of all the structures defining the NCGFT on M,. One has o* = Ufuwu 6, and since
o* = UluEu™6F = o, this implies that By is mapped to BY = UfuBu~'. One then has [BY, B] — C['BY, =
U,f’Uf’ u™! ([Bk/, By] - C,’C’T;,Bm/) u and the Lagrangian in the B} is the same as the Lagrangian in the B;. We con-
clude that such an action of inner automorphisms is not relevant from a physical point of view.

11.5.3 Example of A= C*(M) ® M,

Let us consider the algebra A= C*(M) ® M, for a manifold M. The space of derivations is Der(//t\) =[IM)®
1,] & [C*(M) ® sl,] where T(M) = Der(C*(M)) is the space of vector fields on M, and Z(,Zt\) = C®(M). For
p = 1,..,dimM, let {9,} (usual partial derivatives in a coordinate system given by a chart of M) be a basis of
real derivations on the geometric part, and let {dx*} be the dual basis of 1-forms. We can define a metric on this
almost commutative manifold:

g(a,u + g, 0y + aﬁ) = g(a,u, 9,) + g(am aﬁ) = g,uv + 8ke

where we recognize g, the usual metric for manifold, and g, the metric for the inner degrees of freedom defined
in section 4.1.

Let us consider as before the left module M = A with the canonical Hermitian structure h(a,b) := ab*.
Then a connection 1-form w can be written as w = w,dx* + wpbF = A dxt + (B — Bi)0* with Ay B € ./T and
this connection is compatible with h when A, + A} = 0 and By + B; = 0 (since the E;’s are anti-Hermitean). As
before, we can decompose A, = A'E, +iA)1, and By = B{E, + iB)1, so that the number of degrees of freedom
in @ is n?(dim M + n? — 1). A gauge transformation given by g € C®(M) ® U(n) induces the transformations
Ay~ g 'A g — g darg and By — g~'Big where dgr is the ordinary de Rham differential on M (to simplify, we
used the notation dx* instead of dgrx*). So A,dx* can be identified with an ordinary U(n)-connection.

The curvature of w can be decomposed into three parts: Q = %Q,,de” Adx” + Qpdxt A ok + %Qk[Gk A Q¢ with

Qu = 9,A — A, —[AL A
Q,uk = _(a,uBk - [A,u: Bk]),

'We depart here from the conventions in many papers where the Ey. are chosen to be Hermitean and y are defined as adig, .
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Qxr = —([B, Be] — CitBm).

The term Q,, is the usual field strength of A,, Q is (up to a sign) the covariant derivative of By along the
connection A, and Qy, is the expression obtained for the algebra .4 = M,. Using natural notions of metric
and Hodge *-operator in this context, a natural Lagrangian is the sum of 3 (positive) terms —1 tr(€Q,, Q") —
tr(Q Q) — 1 tr(Q Q). Finding a minimal configuration for such a Lagrangian is equivalent to minimizing
independently these 3 terms. The last one vanishes if and only if E; ~— By is a representation of sl,,. One possibility
is the take B = 0 for all k (referred to as the “null-configuration” in the following), which cancels also the second
term. Then one reduces the theory to massless gauge fields A,. Another more stimulating configuration is to
consider By, = Ej (referred to as the “basis-configuration” in the following), and then the second term reduces to
—tr([A,, Ex][A*, EF]), which, after developing, produces mass terms for the A, fields, see Lemma 11.5.2. This is
similar to the SSBM implemented in the SMPP to give masses to some gauge fields.

Notice that for an ordinary Yang-Mills theory in the framework of fiber bundles and connections, with struc-
ture group U(n), we have only the fields A%, £ =0, ...,n? — 1 since there is no “algebraic part” which produces the
By’s. With the structure group SU(n), there is no field Ag (the matrices E,, £ =1,...,n% — 1, generate the real Lie
algebra su(n)).

Contrary to Example 11.5.2, this case is also interesting for n = 1. In that case, the degrees of freedom are
only in the spatial direction (the A,’s) and they can be used to construct an ordinary U(1) gauge field theory.

Once again, one can ask about the action of an inner automorphism defined by a unitary element in A. The
action of such an automorphism on a “spatial” derivation X € T'(M) is given by ¥pe(X) = X + adyx.u1) (see
Example 3.3.2). If u is a unitary in M, (not depending on M), then one gets ¥p.(X) = X. This implies that
the spatial directions (the 9,,’s) are only affected by u through the action of ¥, w}, = uw,u”", while the “inner”
directions (the d¢’s) change according to the rules given in Example 4.1.1. This implies that the Lagrangian in
the new fields is the same as the one in the original fields and so such an action of inner automorphism is not
relevant from a physical point of view. When u is depending on M, the second term in ¥p.,(X) does not vanish
and it produces mixing between spatial directions and inner directions: some degrees of freedom in the B;’s are
sent in the spatial part «). This situation will not be considered in the following.

Lemma 11.5.2 Let us consider a NCGFT as previously given. In the basis-configuration for the By’s, the masses
induced on the fields Af; fort=1,...,n* — 1, in the decomposition A, = Af;E[ + iAgln, are all the same and equal to

Miasis-config = \ 21, while the field Aﬁ is mass-less.

Proor Using the metric g defined as g(Ei,E;) = tr(ExE,) (see Sect. 4.1.1), the masses for the fields Af;, £ =
1,...,n* — 1, are given by the term

M, A AME = —gh® b (A, B J[AY, Er, ) = —Al APE g% tr([Ey,, Ex, [y, B, )

— _ AbApty Jkiky ~my ~my — _ Al Al Ghiks my ~m;
=-A AP g CilkICIZthr(EmlEmz)— AL AR g g, Crk Cok,

where A, = A{E, +iA)1,. Since the field A), disappears, its mass is 0.

For any X,Y € su(n), the Killing form K(X,Y) = tr(ady o ady) satisfies K(X,Y) = 2ntr(XY) so that, on
the one hand, K, := K(Ei, E;) = 2n g, and on the other hand, Ky, = C},CJ.. Let us define Crpm = gunCip
so that C}, = g™ Cipm and Cisn is completely antisymmetric in (k, £, m). This leads to ghke gmlmZC;'l'}chZ,zcz =
gklszglklmCZ’kz = —gk‘kzcglmlegkz = —Ck Tk SO that Mflfz = Ck ok = Koo, = 2nge,. This proves that the

fHm Hm
diagonalization of (MZ [2) gives a unique eigenvalue 2n so that there is a unique mass Mpasis-config = V21. [ |

Remark 11.5.3 The way to do NC gauge theories in the derivation framework can be seen as a geometrization
of the generators T, of the gauge potential introduced in chapter 10. Making this object being at the same level
of the 9, in the covariant derivative (10.1.2) which becomes even more similar to a simple derivation, in a NCG.
This looks like a nice and direct implementation of NCG in the gauge field theory framework. O

This model lacks a fermionic action. More details can be found in (Francois et al., 2014; Masson, 2008a).
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11.6 Spectral Triple-based NCGFT

For models using spectral triples, we take the module to be a Hilbert space M = H. As we will see, here the
connection is obtained from the inner fluctuations of the Dirac operator. As the elaboration of spectral triples
is intimately linked to the elaboration of a NCSMPP, we let the presentation of the history of the elaboration of
spectral triples based NCGFT to chapter 12.

Two spectral triples (A, H,D, J,y) and (A’,H’,D’,J’,y’) are unitary equivalent when A’ = A, and there
exists a unitary operator U : H — H’ and an algebra isomorphism A : A — A’ such that 7/ o A = UnU"},
D' =UDU L, J/=UJU Y, andy’ = UyU™..

A symmetry of a spectral triple is a unitary equivalence between two spectral triples such that H” = H,
A = A,and 7’ = 7,sothatU : H - H and A € Aut(A), i.e. a symmetry acts only on D, J and y. In the
following, we will only consider automorphisms A which are A-inner, that is, there is a unitary u € U°(A) such
that A,(a) = uau*. This unitary in A defines the unitary U = n(u)Jz(u)J! : H — H, which can be interpreted
as the conjugation with 7 (u) for the bimodule structure. A straightforward computation shows that such U acts
as an automorphism on A, leaves J and y invariant:

UaU™" = 2(r(u) a(z()) 7(w)" = r(ar () 7(u) (r(w))" = r(war)* = Axw(a)
UJU™ = 2] n) (W) (x@))) = n)]Jn@)J " =]~ =]
Uyu' =e"yUu" =y

and modifies the Dirac operator D as:
DY =UDU* = D + n(w)[D, n(w)*] + €'J (x(w)[D, z(w)*]) J . (11.6.1)

The usual way to look at this relation is to interpret the commutator with D as a kind of differential: this ex-

pression tells us that D is modified by the addition of two inhomogeneous terms of the form “z(u)dm(u)™!".

By definition, gauge transformations are inner symmetries of a spectral triple. In order to compensate for
the inhomogeneous terms, we can use the same trick as in ordinary gauge field theory: add to the first order
differential operator D a gauge potential. To do that, we need a convenient notion of NC connections.

We now suppose that there is an orthogonal decomposition of the Hilbert space H = &/_; H; such that the
representation decomposes along 7 = ®/_, 7; where 7; is a representation of A; on H;: forany ¢y = ®/_, ¢, € H
anda = ®]_, a; € A, n(a)y = ®]_, mi(a;)y;. Then the Dirac operator D decomposes as a r x r matrix of operators
Dj : H; — H;. We propose to write the representation xp as follows. Let us consider the universal differential
calculus (Q((A),dy) and consider any w € Q(A) C T"A which decomposes along a sum of typical terms

-
i,

& i =1 (¥ ® a ®-®adle a'}) jo1 € 3" A. Then np(w) is the r x r matrix of operators

ﬂD(w){ = Z D=1 aQDflaillfo e Diighipl gt H; - H; (11.6.2)

i In—g “in1 T in-1 ]
all terms at the
(i, j) entry in w

Notice that, since w € Qf(A), these sums define bounded operators because only commutators [D,a] could
appear in 7p(w) (this is not necessarily the case for a generic element in T".A).

As mentioned in section 11.2, a NC connection is defined as a 1-form w = Y; a’dya; € Q}(A) (finite sum).
Elements in the vector spaces Q;(A) can be represented as bounded operators on H by

HD( Y aldya) - dUa?) := Y, (@)D, n(a})] -+ [D, x(al)].

Notice that the map 7p is not a representation of the graded differential algebra Q;;(A). In particular, dy is not
represented by the commutator [D, —] as a differential. The representation zp can also be used to represent n-
forms on the right module structure of H by 3, a’dya} - dyal + Jap (¥, aldya} - dya?) J~!. The map zp may
have a non trivial kernel, this is why we will prefer to use w € Q}(A) instead of 7p(w) in some forthcoming
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constructions. We notice that the term 7 (u)[D, 7(x)*] in equation (11.6.1) can be interpreted as a particular
connection.

Given D and w € Q}(A), one defines the operator D,, := D + np(w) + €' Jrp(w)] ™' called the fluctuated
Dirac operator. Where np(w) is an element of the space of Connes differential 1-forms Q},(A). By a gauge
transformation u € U'(A), D,, is transformed into

(Do)" =D + m(w)mp(@)n()" + 7(W)[D, 7(w)*] + €' Jr(wmp(w)n W)™ + € Jr@)D, 7).
This relation can be written as D, where w* € Q,(A) is a gauge transformation of w defined as »* := uwu* +
udyu®.

This is how a gauge field (in the general meaning of the term) is extracted from the Dirac when it is un-
dergoing inner fluctuation. Therefore, considering A = C®°(M) ® Afr we see that Out(C*(M)) the group of

Outer automorphisms of A is enhanced by the inner automorphisms of Ar. As the metric comes out from the
Dirac, these new automorphisms give us deformation of the Dirac and then of metric for the spectral geometry

of (2, H 2, D 7), these deformations are interpreted as the gauge fields of Yang-Mills theory.

Thus, any real spectral triple (A, H, D, J,y) possesses a gauge group deduced from the unitaries of A, linking
this triple to other triples wherein the algebra is unitary equivalent to A and where the Hilbert space is left
unchanged. The gauge group of the triple can be defined as follows:

Definition 11.6.1 (Gauge group of a spectral triple) We define by G(A, H;J) the gauge groupe of the given
spectral triple by:

G(AH;)) ={U = uJu] 'Ju € U'(A)}

It is connected to the gauge group acting on by the unitary u : @ — uwu* +u[D,u*]. The element U = ujuj ™!
corresponds to the composition of the left and right actions of u on H: U : ¢ — u.£.(u*)” which is called the
adjoint action of u.

Taking a spectral triple (A, H, D, J,y), it is possible to construct another spectral triple with a given commu-
tative subalgebra of A. Let’s define:

Ay i={a € Ala] =Ja'}

Proposition 11.6.2 Then (A;, H,D, ],y) is also a spectral triple, we have that is a* € A;j for any a € Aj, that
Aj € Z(A), that for any w € QL(A): [a, ] = 0, and G(A, H;]) = U'(A)/U(A)).

Proor If we take a € Aj and b € A then:
T =0 a)) =(@) =a and then a’]=Ja

Using the fact that a = J~'a*J we have JaJ™' = a* and then ae? = a = Ja*J !, so that:
[a,b] = [Ja*J ', b] = 0

thanks to commutant property. The fact that .A; commutes with Q},(A) is a direct consequence of the first order
condition. For the last point, if we consider the surjective map U'(A) — G(A, H;J) given by u — uJuJ ™!, then
this map is a group morphism with kernel given by:

ueUW|uwu " =1 o u] =Ju'}= V(A
which proves the last point. [ |

Because of the Gelfand-Naimark theorem, A can be seen as a subalgebra of C(X), X being a background space.
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11.6.1 Dirac Operator on a Spin Manifold

No one fully understands spinors. Their algebra is formally understood
but their general significance is mysterious. In some sense they describe
the ’square root’ of geometry and, just as understanding the square root of
-1 took centuries, the same might be true of spinors.

M. Atiyah

The motivation of this subsection is to introduce the structures behind GR from the NCG framework point
of view and introduce some notations that will be important in subsection 11.6.2 and then chapter 12.1.

Let’s consider the tangent bundle T(M) over M, as said the Levi-Civita connection V is the only connection on
T(M) which is both compatible with the inner product defined by the metric, and torsion-free. It can be written
in local coordinate as V,,(9,) = rﬁvaﬂ, with l"fw the Christoffel’s symbols.

Let E be a vector bundle over M, and VE the associated connection, the associated Laplacian is given by:

AF = —g"(VEVE — T, V5). (11.6.3)
Now let M be a Riemannian spin® manifold, S be the spinor bundle define on M, and {e;(x)} b¢ alocal orthonormal
(g(ei,ej) = &) basis of T'(T(M))lx. In this basis, the Christoffel symbols became V,, = Ff”-dx,, ® e;. The spin
connection V* is defined to be a lift of the Levi-Civita connection to the spinor bundle:

S _ 1 i

V=0~ eri}/ Vi
It acts on elements /(x) of the Hilbert space. Then, the Dirac operator Dy; : I'°(S) — I'°(S) on M is given by
the composition of the spin connection with Clifford multiplication ¢ by Dy = —iyﬂvfl.
Remark 11.6.3 Taking f € C*(M), the Dirac operator Dy, is linked to the usual differential:

[Da, £y = =ic(V*(fy) = fV°Y) = —ic(d )y =

As wanted, this Dirac operator connects to the Laplacian, taking s = R, g"" the scalar curvature, and the Laplacian
of the spin bundle A® defined according to the equation (11.6.3), we have that:

1
D3 =N + e (11.6.4)

The scalar product on M is defined as follows, taking the fiber of S above x € M, we define (, ), the scalar product
parameterized by M, and which varies continuously along M. Then we have the following scalar product on I'(S):

W, ¢2) = '/M (Y1(x), Pa(x))x /det gdx (11.6.5)

The completion of I'(S) for the scalar product (, ) is called the space of square integrable spinors, and will be
denoted L(S). As mentioned in (Besnard and Brouder, 2021; Lawson and Michelsohn, 2016), the scalar product
defined in (11.6.5) is not defined for pseudo Riemannian manifolds. More details can be found in (van Suijlekom,
2015).

11.6.2 Action in the Spectral Triples Framework, case of the AC-Manifold

Math and music are intimately related. Not necessarily on a conscious
level, but sure.

S. Sondheim

Given a spectral triple (A, H, D) it is possible to extract spectral invariants from this structure. These quanti-
ties do not vary under the action of unitaries, and thus of the gauge transformations. We will retain two invariants
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here, for their capacity to give precisely the action of the standard model coupled to gravity, as we will see in
chapter 12 when an adequate spectral triple is chosen.

The first invariant, originally introduced by A. Chamseddine and A. Connes in (Chamseddine and Connes,
1997) is called the bosonic spectral action. Given D, = D + w + €/ JwJ ! the (bosonic) spectral action is defined

by:
Splw] :=Tr f(D,/A) (11.6.6)

where f : R — Ris a positive and even function which decay at +c0 and provided a trace class operator, A € R
being a cutoff parameter. This is the only natural spectral invariant that respects additivity. More conditions on
f can be founded in (Eckstein and Iochum, 2018) and (van Suijlekom, 2015).

The second one will be called the fermionic spectral action. In the even case, when the spectral triple is

equipped with y and J operators, for any r; € H*, where H* corresponds to Grassmann vectors associated to
vectors iy € H* = ker(y — 1) (even elements in H), the fermionic spectral action is defined by:

Stlw. 9] := %(]J, Du)ii (11.6.7)

Proposition 11.6.4 The fermionic action is invariant under gauge transformation.

Proor TakingU = uju] ", we have S[w", Uy = 1(JUY,UD,U*U{); = LJUY,UDP)5 = HUJY,UD )y =
Stlo.¥]. n

For the bosonic action a “good” function f can be taken to be f : D,, — exp(—tD?).

Remark 11.6.5 It is interesting to note that this invariant involves a function of the Laplacian constructed from
the Dirac. This way of producing characteristic invariants of an underlying geometry is not new. As mentioned
in section 8.4, the study of the eigenvalues of differential operators such as the Laplacian defined on a manifold
(to see what geometric data they contain) was at the heart of investigations in the field of Spectral geometry.
The spectral action can therefore be seen as a way to sum the eigenvalues of the Laplacian, these eigenvalues
reflecting objective physical quantities, such as energy, that are conserved during unitary transformations. As
mentioned in section 8.4, this operator is both connected to the geometry of the underlying space and to the
stable planar waves allowed in that geometry. One can therefore interpret this spectral action as a means of
summing up the possible stables modes of the fields in the geometry in question, these modes being linked to
energies. It is thus quite credible that this action corresponds to a physical invariant. An advantage of the spectral
triple approach is that it allows us to completely characterize the underlying geometry in the commutative case
at least, unlike the original work done in spectral geometry on Riemannian manifolds where the same spectrum
of the Laplacian could correspond to two different manifolds. What is very curious is that, as we will see in
chapter 12, this action provides the Lagrangian of the SMPP whereas the latter is made from the curvatures of
the connections, which have a completely different interpretation as seen in section 10.1. O

To compute Sp, an asymptotic expansion of this action can be computed from the existence of its heat kernel
expansion, taking the limit¢ — 0:

Tr(exp(—tH)) ~ Z te;

All the formulas used here work also if we take D instead of D,,, but the induced spectral action is the one that
leads to the SMPP. More analytic details can be found in (van Suijlekom, 2015) and (Eckstein and Iochum, 2018).

It is interesting now to see what form this action takes in the case of an almost commutative manifold A=
C®(M) ® Ar. The corresponding spectral triple can be seen as the tensor product of (C®(M), L%(S), Dar, Jar, Ym)
with (Ar, H 4., D ;. Jas» Y a,) defined by:

(.A\ = COO(M)®AF, Hﬁ = L2(5)®HAF,D£ ZZDM®1+}/M®DAF,
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J2 7 =IM®Jap Y7 1= ¥YM ®Vap):

It is important to emphasize that given two real spectral triples, their product will not always be a spectral
triple. For example, if we take the two triplets (C*(M), L2(S), Dy, Jar, yam) and (Ar, H 4., DAF,]AF, Y.4,) with cor-
responding (eu, €}y, €1p) and (er, €f, €F), then a direct calculation shows that the signs (e, €’,€””) of the almost
commutative manifold are defined if this relations are satisfied:

VY A/ & _ & 7 7" _n
€ =€)y = €y€r € = €p€F €’ =e)€p

and if (e, €/, €”) exist in the table of KO-dimensions. Any AC-manifold must respect these relations to be associ-
ated with a definite spectral triple. We will then suppose that this is the case.

Now, taking any w € Qg,(//l\), the fluctuated Dirac operator takes the form:
- D RN

w can be represented as nDX(a)) = a[D z,b], with a and b in .//t\ we will take the notation w for nDi(w) now.
Computing this connection gives:

first term second term
a[D 4,b] = a[Dy ® 1,b] +alyy ® D4, b] (11.6.8)
The first term give:
a[-iy*9, ® 1,b] = [-iy*d, ® 1,bla = —iy* ® ad,b :=y" ® A, (11.6.9)

Thanks to first-order condition and the fact that [y, z(a)] = 0. Then the second term:
alym ® D, b] = ym @ a[D 4., b] 1= ym ®d

Thenw =y"® A,l +yy ® ® with the Hermitian operators A,, and ® on C*(M) ® H 4. Let’s compute the fluctuated
Dirac operator ﬂDi(w), it split into three terms. The first is Dy; ® 1, then we have:

Y@ A, + (el ® €p)Un ® Ja V" © A,Un! ® J11)
=" ® (A, + eyenersa Adyy)
=y eA,
the last term being:
i ® Dy +yu @ ¢ + (€ ® €p)Un ® Ja Jym ® Oy ® J41)
=y ® Dy, + O+ EME;CIE;:]AF(I)]AF)

=y ® 0.

Weobtain D ; =Dy ®1+y" ® A, +ym ® P. As we see, the action of an element U € Q(A H 3] ;) is equivalent
toa transformatlon at the level of the connection given by 0" = uwu™ + u[D 4, u*]. This glves

" =u(y" @Ay +ym @ P+ u[Dy ® 1+ yp ® Dy, u']
Using [u,y] = 0 and [Vf,, u*] = 9,u*, we recover the usual gauge transformation:
A, = uAu" —iud,u” O — udu” +u[Dy,,u"]

Now let Vz be the spin connection on S introduced in the previous section 11.6.1, and consider the vector bundle
E = $® (M x H) such that L*(E) = H ;, and let V := V5 ® 1 +1® (9, + iA,) and QF, = [V, V/] be the
natural twisted connection on E defined by the spectral triple, and it’s curvature. Then we have that D ¢ =~ =

—iy*VE 4+ ym ® .
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Finally, let D, := 9, + iad(A,) = ad(Vﬁ) and its curvature F,, := 9,A, — 3, A, + i[A,, A/] or equivalently
[Dy,D,] = iad(F,,). F,, and va are linked by the relation:
Qf, =0, ®1+il®F,.

As we will see, @ will correspond to the Higgs field. More complete computational details can be found in (van
Suijlekom, 2015).

Let’s compute DiT = (Du®1+y"®A,+ym ® )’ now. After some computation (details in (van Suijlekom,
)
2015)[p.146]) we find that
1 1
DA =AF+ el iéy“yv ® Fy +iymy" ® D, @ + 1 ® &
= AE =
which is called the generalized Laplacian, Af being given by 11.6.3.

Inserting this in the heat kernel expansion, we have:

Tr(exp(— tD2 ))~ Zt z ak(DA )

k>0

where ny corresponds to the dimension of M, and

ak(DiT,w) 1= /M ar(x, Df&w) Jgd'x
with the Seeley-DeWitt coefficients ay(x, Dif,w)' The a; with odd k being zero, and f; = fow f(p)p~ldp the
moments of f. Doing the computation, we find:

a(x, D% ) = (4m) * Tr(1)

ax(x, D% ) = (47[)% Tr((s/6) + F)

ay(x, D% )= ((47) 77" /360) Tr(=12As + 55° — 2R, R™ + 2R, R + 60sF

+ 180F% — 60AF + 309, (Q)™)
as(x, D%w) = 43 terms of order 3: F°, FR?, (Qﬁv)3

More details about this asymptotic expansion can be found in (Gilkey, 2011). This permits us to compute the heat
kernel expansion of the bosonic spectral action, taking ny; = 4 we have:

Tr f(D;,/N) ~ f(O)a4(DiTw) +2 szzaz(DiTw) +2 f4A4a0(DiTw) +0O(A™ (11.6.10)
After some computations, we can see that if we define n to be the dimension of H 4,, and define:

L(guw, Aps @) 1= nLy(gu) + Lo(A) + Lo(gur, Ay, D) (11.6.11)
with:

_ AN AN f(0) v
[/M(g,uv) - 272 24”23"' 4807 2( 3R,uvR )
0
£aa) = O 1, )
Ll 209 = - 2 10t + LD maany + TO pemviary) + 2O imiary + LD o, 0000

then:

Tr f(Dz,/N) ~ /\‘4 L(gu, Ay @) Jgd*x + O(A™)
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Remark 11.6.6 Because of the Laplacian, the term %A(Tr(sz)) will make no contribution in this boundary

term integral. O

Remark 11.6.7 We can see that in the case of the AC-manifold, D2 _ contains the Laplacian AF over the Rieman-

nian manifold defined in subsection 11.6.1. We can therefore see that it extends in some way the usual Laplacian,
and then the physics behind it, in the sense of the discussion made in section 8.4. O

More computational details can be found in (van Suijlekom, 2015).

Let’s see what happens for the fermionic action. If we consider an element i € H 4, then it takes the form
Y = xy ® £ with y € L*(S) and ¢ € H 4,. Then we have H} =LX(S)"® Hy, o I2(S)” ® Hy, = ker(y; — 1), so
that any element ¢/ € H} will take the form:

Y=xn®{+r®n (11.6.12)

with j;, € L*(S)* for left handed spinors, yz € L*(S)™ for right handed spinors, £ € H}; ,n € H}, . Taking {e,}
the orthonormal basis of 1, and {e,},ero the one of }; , equation (11.6.12) can be written:

Y = @ )(L(") ®e, + X};’) ® ey
(0,0, T®)

uer(f)

We restrict ourselves to the case € = —1 such that J4, : H} — HJ, this being the only interesting case in
order to obtain the good fermionic action for the NCSMPP. In this case, we can consider that J4, connects the
basis of H and H}_i.e {Ja,e = exw)lero is an orthonormal basis of 7} . Then we have ¢ = P, 0 e

e+ )(1(3") ® ex(v)- Because y ;D » = —D 7y ; the operator D 4, and then ® willactas Dy, : H3 — H . Therefore,

taking e = (v1,v;), we can define ®, : H,, — H,, as the restriction of ® on these corresponding subspaces such
that ®.e, = m.e,, with m, a scalar. Furthermore, we define x(e) by x(e) = (k(v1), k(v2)).

Taking the corresponding Grassmann vector J, the fermionic spectral action becomes:
~ 1~ ~
Srloyl= U D V5 (11.6.13)

Using the fact that A, take the form (}; _(;, ) in the {(e,, €w))}yero basis, such that Y,e, = Ylfv)eu and Ye.) =
—Y,E e, () With Yﬂ(”) a scalar and v € T'®), (11.6.13) then contains the 4 terms:

J_;fl} = @ ]M)’ZL(U) ® €x(v) + EF]M)E}(QU) ®ey

ver©
(DM ® 1)lﬁ @ DM 7 (®) ®e, + DM)(R ® ex(v)
ver'©®
'eA )lﬁ @ Y'x (U) ®Y.e — Y“)&(J)) ® Viecw)
vel©

(}/M ® q))‘ﬁ = @ Z YM)ZL(U) ® dee, + YM)E}(QU) ® Dy €x(v)
,/er@ ver®
e=(v,v")
'=(c(v)v")
Taking the corresponding scalar products (the one defined in (11.6.5) for the spinor field, and the usual one
associated with the inner product for the Hilbert space of the finite part), after some computations, we find that:

Silo. 1= (Uit Dui) = Uy i)
ver©
+ Z (meUM)?(U), }’M)?L(U )) + Eme(e)UMXR ’YMXR ))>
/er®
e:U(v',K(u))

Or equivalently Sy[w, 7] = Yvero Stlo, ], with (, ) the spinor space’s scalar product defined in (11.6.5).



Chapter 12

The NCSMPP (in the Framework of
Spectral Triples)

In the context of NCG’s applications in physics, the elaboration of a NCGFT yielding the Lagrangian of the
SMPP can be considered as one of the most important achievements. This NCGFT is written using spectral triple
techniques. This realization is the result of a long work in which 7 major steps can be highlighted:

1.

In 1990, M. Dubois-Violette, R. Kerner and J. Madore in (Dubois-Violette et al., 1990a) (Dubois-Violette et al.,
1990b) showed that building NCGFTs on the AC-manifold model allowed to obtain a situation analogous to
the usual gauge theories, with a natural interpretation of the Higgs field, and the potential naturally coming
from the generalized curvature. This work was done via the framework of derivations of the algebra for the
study of the purely NC part.

2. Just after that, in 1990, A. Connes and J. Lott, inspired by this work, set up an equivalent thinking framework,

but with the spectral triple technique, to build a non-commutative Standard Model (Connes and Lott, 1990).
The so-called Connes-Lott model did not incorporate gravitation.

.In 1996, an important step was reached by A. Chamseddine and A. Connes. In (Chamseddine and Connes,

1997) they propose an action principle (presented in section 11.6.2), associated with the spectral triple of a
NC space, which allows to incorporate gravitation into the previous model, but it suffers from the problem
of fermion doubling and imposes null-mass for neutrinos.

.In 1996, F. Lizzi, G. Mangano, G. Miele and G. Sparano provide a way to overcome the fermion doubling

problem (Lizzi et al., 1997).

.In 2006, J. Barrett and A. Connes, in (Barrett, 2007) and (Connes, 2006) solved these two problems in one

move, by allowing the metric dimension of a space to be independent of its KO-dimension, and making the
choice of KO-dimension 6 for the finite NC part. It additionally gives a mass relation, which must be imposed
at the unification scale, and therefore constrains potential models beyond the SMPP.

.In 2007, thanks to A. Chamseddine, A. Connes, and M. Marcolli, this works culminate in the full derivation

of the (minimal) Standard Model, minimally coupled with gravity’s Lagrangian, directly computed from the
spectral action on a given AC-manifold (Chamseddine et al., 2007a), predicting a mass of 170 GeV for the
Higgs boson, and giving a postdiction of the Top quark mass. I will succinctly describe this model in chapter
12.

.In 2012 after the discovery of the Higgs boson, with a mass of 125 GeV, A. Chamseddine and A. Connes

revisited their model to find an adequate Higgs mass, proposing not to neglect a certain scalar field appearing
in the calculations of the NCSMPP (Chamseddine and Connes, 2012).

8. The achievement of the NCSMPP, corresponding to actual phenomenology opens the path to go beyond the

SMPP in this framework. An important open door in this way was given in 2013 by A. Chamseddine, A.
Connes, and W. van Suijlekom (Chamseddine et al., 2013).

Other very important contributions to this programme can be mentioned, mainly due to D. Kastler, T. Schiicker,
B.Iochum, J. M. Gracia-Bondia, L. Carminati, C. Stephan, see for instance this nonexhaustive list (Carminati et al.,
1996; Gracia-Bondia et al., 1998; Iochum et al., 1995, 1997, 2004).
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In this chapter, I will show the elementary structure behind this NCSMPP, making some general remarks
and highlighting how it allows a geometrization of all forces. Then I will mention how this non-commutative
reformulation offers an adequate framework to think and constrain the creation of GUTs, preparing the last part
of this thesis where I will explore a way to do it, using this framework and AF-algebras.

12.1 Obtaining the Full Lagrangian of the SMPP

As mentioned in section 11.6, the development of the NCGFT in the framework of spectral triple allowed to set
up a NC structure from which the SMPP Lagrangian can be extracted in a natural way. The goal of this section
is to present the general structure behind the NCGFT which leads to the actual NCSMPP. This section aims to
present the general idea of the NC structure behind this reformulation. Then a lot of technical details will not
figure here in order to focus on the essential structures. A more complete presentation of the NCSMPP can be
found in (Chamseddine et al., 2007b; Jureit et al., 2007; van Suijlekom, 2015).

The NCSMPP is based on the following AC-manifold:

STASM :(-;t\ = COO(M) ® -ASM> Hf’{ L= LZ(S) ® HSM,DA\ =Dy ® 1 +¥Ym ® Dsy,
J7 =M ®Jsmy g o= ym @ Ysm) (12.1.1)

We note that STy, is here only parameterized by the finite part, because it will be the only variable part in
what will follow, i.e. the manifold part will always be the same as here. J; and y), define the charge conjugation
and chirality operator used in particle physics. To obtain a definite spectral triple for the AC-manifold, with good
spectral action, KO dimension 6 will be the good choice for the finite part (the space of fermionic representations).

The algebra of the finite part is given by Agy = C®H® M;(C), an element a € Agy, is given by the elements
(a1, az,a3) € (C,H, M3(C)). The Hilbert space is given by Hsy = (H;&H;@&H, Hz)®* with H; for leptons, H; for
anti-leptons, H, for quarks, Hz for anti-quarks, and @3 for the 3 generations. The ways elements of Ay act on
the different parts of Hgy can be found in (van Suijlekom, 2015)[p.188]. Imposing the unimodularity condition,
the Gauge group of the finite part is then given by the quotient on the finite cyclic subgroup :

G(Asm, Hsas Jsmr) = U(1) x SU(2) x SU(3)/ pis.-

To build the connection, we use the same procedure as done in section 11.6.1 concerning equation (11.6.8). Taking
a,b € Asyy, the associated one form a[D 2 b] then split into two terms, one coming from Dgy and the other from
Dy Then, the equation (11.6.9) which corresponds to this second term now splits into 3 parts y* ® A, ; with A, ; =

—ia;d,bjand j € {1,2,3}. Computing the fluctuated Dirac operator, we recover D ; = Dy®1+y*®(A,j)+ymu®@P
where Aﬂ 1 (resp A, and A 3) correspond to the U(1) (resp SU(2) and SU(3)) gauge bosons. Having obtain D ; ,
we can therefore compute the bosonic spectral action S;[w]

For the fermionic action, the novelty is that the Hilbert spaces H), now split into two pieces Hg,, . Ve by pair-
ing with the spinor field’s chiralities. Then, we have the basis Hg), R given by {e]}, ), and {Jsyel 1= ef(u)}v ),
for a basis of M), , (Because we choose KO dimension 6 so that € = —1, then Js) change the chirality). The
same being done with {e}} ) for H3, ;.

It is possible to connect Hg,, , and Hg,; basis using an operator h : l“(ioiz = - 10 )L /g such that h* =

hoxoheox =1and that the basis of 15, ; /g are also given by {eﬁ(/v)} . Another splitting can be given by the

UEF(O)
type of fermion field, with leptons (v for neutrinos type and e for the other leptons), and by quarks (u for quarks
up type and d for quarks down). Because there are only 3 generations, each of the basis of the four Hilbert spaces
H3, g /L will possess 3 elements. Furthermore, h and k operators cannot connect different types of fermions. I'®
will then be the index set of fermions (resp. F( ) for anti fermions), and FR /L the index set of Right/Left handed
fermions. Then any ¢ in Ht will take the general form:

Y = @Xe@ﬁ ®e) + X ' ® eh(v) + XeR ® elc(v) + XeL ® ex(h(u))
UGI‘(_O))
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R L R L
+ le,vlg ® v, X\E,UL) ® Vh(v) + XV(UIg ® Vrc(v) + Xl’E,UL) ® VK(h(u))

) R () L ) R () L

F Xk © Uy + Xl ® Uiy + Xak © Uy T XaL © Ui(hiv))
) R () L ) R () L

+ Xir ®dy + xg7 ®dyg,) + X,;j)R ®dy) + X(;L ® dy(n(w)

All Dirac spinors are independent. The fermionic spectral action S¢[w, /] can then be computed.

A complete computation of these two actions leads to the SMPP’s Lagrangian as presented in (10.3.1), coupled
to gravitation.

Remark 12.1.1 In the NCSMPP, A, and & are considered as independent degrees of freedom, taken as input in
calculations. But on the formal level of the construction, we can see that they are deductions of a[D 4,,b] = i)
and —iad,b = A,. Then, they are formally linked by their dependence on a and b. As far as I know, the fact that
A, and @ are linked by the algebra’s degrees of freedom was not mentioned, and I haven’t found any authors
mentioning the reason for such an omission.

Insofar as there may be no reason for such an omission, one advantage of such an observation would be to
decrease the number of independent degrees of freedom in the current theory and more strongly constrain the
structure of the SMPP. o

Remark 12.1.2 We can see that ny;, the number of dimensions of space-time is linked to the structure of the
Lagrangian in this approach. In equation (11.6.10), we see that the therms {a;}; which give non-zero contribution
in the spectral action at the origin of the Lagrangian of the SMPP are the ones such that k < ny;. If the space-time
was of dimension 2 or 6, the Lagrangian should be very different. This is a strong constraint. O

Remark 12.1.3 The terms in Tr(®?) and Tr(®*) in the Lagrangian can be seen as weight associated with loops
in Krajewski’s diagram (in the irreducible’s representation space of the fermionic field) because of the trace
properties. This can be put in analogy with the curvature F,, F*” where F,, was given in section 10.1 by computing
the total phase accumulation of a fermion field along a loop in space-time. Therefore, we can see that in the two
cases, the curvature of the connections is associated with loops in their corresponding geometries, commutative
and not commutative. As mentioned in section 9.1, if the pure state of a given particle gives the notion of point,
the irreducible representations which correspond to Left/Right, fermion/anti-fermion, and charge parts of this
pure state can be seen as internal degrees of freedom living within this point. O

I think that according to the three criteria of enhancement of a theory listed in section 10.5, the NCSMPP can
be considered as potentially better than the actual SMPP in the usual framework, and must therefore replace it.
Let’s see how it satisfies these different points.

For the first point, the number of independent inputs in the NCSMPP is inferior to the one of the SMPP.
News relations between the SMPP’s parameters are obtained, like the GUT relation of the couplings constants,
are other relations giving a prediction for the Higgs mass and a post-diction for the Top quark. This fact comes
from the more algebraically constrained structure of the NC framework.

For the diminution of the number of independent formal inputs, the fact that the Higgs is now a well-defined
object in the mathematical structure and that its potential is deduced from the formalism is a great advance.
Another enhancement concerns the fact that the right hypercharges are naturally implementes by the NC frame-
work. In fact, all the structures of the Lagrangian are deduced from minimal principles: extending the notion
of space, studying the general automorphisms of its algebra, and computing an invariant thanks to the obtained
fluctuated Dirac operator. Furthermore, it offers a link between the whole structure of the Lagrangian and the
dimension of space-time.

To complete the praise for this NC reformulation, with the third kind of enhancement (Consistency with other
theories on their crossings area, and on the conceptual and epistemological level), the NCSMPP is not less than
a unification of all forces in one framework, where similar structures can be found by extending the “geometric”
picture, such as generalization of the line element, of the notion of propagation along these line element, and
then of motion with it’s associated kinetic energy as we will see in section 12.2.
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Nevertheless, this can’t be considered a complete reformulation, since as mentioned in subsection 11.6.1, the
spacetime manifold is taken to be Riemannian whereas it is Minkowskian in relativity theory. The compact
Riemannian assumption is essential to obtain the asymptotic development of the bosonic spectral action which
cannot therefore be Lorentz invariant.

Now that the NCSMPP has been set up, what can we do with this structure? Are there some advantages to
study the SMPP in this framework? One of the main prospects of the NCSMPP concerns the creation of GUTs,
because of the strong constraints offered by the formalism. This will be more fully discussed in section 12.2 and
in the whole part IV where the purpose will be to set up a general formalism to create GUTs in the framework
of NCGFT. Another perspective of interest concerns the potentiality to offer ways to quantize gravitation since
it is now presented in a formalism equivalent to that of the other forces, for which we know how to do.

It is not excluded that the SMPP can be found in the derivation framework too, but few theoretical efforts
have been made in this direction. More details on the NCSMPP can be found in (Chamseddine et al., 2007a; Jureit
et al., 2007; van Suijlekom, 2015).

12.2 Beyond the SMPP in the NCSMPP’s Framework

Where there is matter, there is geometry.

7. Kepler

The NCSMPP in the framework of spectral triples can be seen as a “classical” (no quantization mentioned)
unification of general relativity and the SMPP, all in one pure geometric framework. In this section we will
discuss the meaning of this geometrization, and how this NCSMPP offers a nice and constrained way to make
models beyond the SMPP. This section can be viewed as the NC (partial) reply to sections 10.4 and 10.5.

The NCSMPP is a powerful way to geometrize the interaction of elementary particles, in the same way as
Gravitation was geometrized with general relativity. Let’s first try to highlight how the NCSMPP offers a unifying
framework for all forces, then a unification at the formal level.

Let’s consider the Dirac equation:
(i(h/c)y"0, + m)y = 0

The idea of the NCSMPP is to “geometrize” this mass term such that the Dirac equation appears as a simple
kinetic term linked to a move in something bigger than spacetime. This is done by adding a new term into the
Dirac operator D ; := Dy ® 1 + ym ® Dgy which represents the correspondings new degrees of freedom.

Take a look at another expression of the Dirac equation using the reduced Compton wavelength A. = h/mc:
(—iy*o, + /2 =0

We recognize Dy, and the scalar coming from Dgy. We can see that the mass term is associated with an inverse
length scale term, proportional to the Compton wavelength defined in section 9.3. In the NCSMPP, this mass
term is taken to be given by the Dirac operator Dsy of a pure NCG. These Compton scales will then correspond
to the natural scales of this NCG.

Remark 12.2.1 In section 9.3, I give physical arguments about the fact that the usual notion of point fails at
such scales, which can then induce a NCG. We have therefore this nice coincidence, on one side, we have the
NCSMPP built from mathematical arguments stating that the natural scale associated to a NCG is the Compton
scale. And on the other side, we have the physical arguments developed in part II which induce the same thing.
I believe that it is an open door to find a physical justification for such a geometrization of all forces. O

Remark 12.2.2 Itis interesting to note that the Dirac operator D, is related to the momentum of the particle, and
thus to the de Broglie characteristic scale A, = h/mv, whereas the mass is related to the Compton characteristic
scale A, = fi/mc. These two scales are equal when v = c. If 4, is usually associated with a wavelength which is
observable in a space-time propagation, we cannot say the same for 1.. However, the framework of NCG makes
it possible to perceive this scale as associated with propagation, but along the NCG’s degrees of freedom. O
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Remark 12.2.3 ¥,y;;¢y; and iy are very close in form, an idea of the NCSMPP is to make the thirst term
be a kinetic one by creating new pure NC degrees of freedom (in the same way as 9, are those of space-time).
This is done by constructing the corresponding “covariant derivative” Dgy which will give y;;¢ and then the
fermions and bosons masses. In this way, we can say that /,y;;¢y; describes the kinetic term associated to the
propagation (corresponding to y;;¢) of the fermions in these pure NC degrees of freedom i.e. in the representation
space associated to the finite space Fsy (the finite space associated to Agy). This implement the idea presented
in remark 9.1.1 about the continuation of the Gelfand-Naimark equivalence for these inner degrees of freedom.

This offers in the same way a framework to geometrize the set of observable change O,;; mentioned in section
8.1 with the link made with gauge theory done in section 8.3. The NCSMPP offers then a geometrical picture for
all observable variations O, taking O to be encoded by the gravitational part of the SMPP. O

The parts of the Lagrangian which are linked to the Dirac equation can then be associated with kinetics terms
associated with space-time and non-space-time propagation:

« i@y corresponds to the part linked to displacements in space-time degrees of freedom, linked to the vari-
ation observable set Oy

« U,ij$y; corresponds to the part linked to displacements in “non space-time” degrees of freedom, linked to
the variation observable set Q. This corresponds to an elementary displacements in the inner represen-
tation space of the fermion fields, from the element indexed by i to the one indexed by ;.

A can then be considered as the scale at which the notion of point fails according to section 9.3, such that no-
space-time propagation is possible below, since the notion of point fails at such scales. New degrees of freedom
are then visited at these scales, these are those of a NCG.

Energy is a quantity deducible from the observation of the state’s rate of change that occurs during physical
processes (then of Q). For free particles, it can therefore be seen as the addition of the kinetic energies associated
to move along space-time (“C" for commutative) and NC degrees of freedoms (dofs):

C dofs NC dofs
lautan) ~—
E* = pzc2 + mict .
We have the momentum corresponding to the observation of the state change according to space degrees of
freedom, and the mass-energy which will then corresponds to the state change according to inner degrees of

freedom i.e. in the fermionic representation space Fs.

Inertia can then be seen as induced by the proportion of the total kinetic energy (linked to the spacetime and
non-spacetime degrees of freedom), which leaks into the inner (non-spatialized) degrees of freedom and then can
be seen as a kind of non-total transmission of the potential energy encoded in gauge fields (which leads to the
acceleration) into kinetic energy for the spacetime degrees of freedom.

This appears to be in line with the program in search for unified field theory (UFT), in which Kaluza-Klein’s
theory and Einstein’s works around the unification of gravitation and electromagnetism into one geometric pic-
ture are well-known attempts. The NCSMPP made it possible to reformulate the SMPP in a way that unifies it
with gravitation so that the four fundamental forces are expressed as pure gravitation on a space M =M xF.
Diff(M) now fits into a generalization of the diffeomorphisms Diff(]\71) = Diff(M) X G on this extended space,
defined trough the automorphisms of the algebra A = C°(M) ® Ap with G = Map(M, G), and G being the
standard model symmetry group for example. In general relativity (commutative geometry), gravity emerged as
a pseudo-force associated with general coordinate transformations which are equivalent to diffeomorphisms. In
this extended almost-commutative geometry, the other forces become pseudo-forces too, induced by the auto-
morphisms of the algebra, the diffeomorphisms of M being equivalent to the outer ones.

The usual line element ds being connected to inverse of the Dirac operator Dy, (which contains the gravita-
tional forces data) is now extended to ds trough the new Dirac operator D 1= Dp®1+yy ®Dgsyy. Therefore, this
new line element contains all the forces in its very structure, where gauge bosons appear as inner fluctuations
of the associated metric.
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If this framework offers a nice classical unification for gravitation and the other forces, it seems to be very
adapted to the elaboration of GUT-like unification too. This is probably because of its algebraic and very con-
strained structure, making links between the fermionic content and the GUT relation for example. The fact that
the SMPP is now interpreted geometrically makes GUTs extensions (at higher energies) similar to a change in
the geometry, just like for the geometry in general relativity which is a function of the stress-energy tensor and
can therefore change with it. In what follows, a general framework to do such GUTs will be constructed, using
AF-algebras as base algebra, and suitable compatibility conditions to implement the link between the theory and
its GUT. This will be done using derivation and then spectral triples-based gauge theories. More details about the
constraints offered by this NCSMPP approach can be found in (Chamseddine and Connes, 2008; Iochum et al.,
2004; Jureit and Stephan, 2008; van den Broek and van Suijlekom, 2013).
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Chapter 13

GUTs, AF-Embedding and
¢-Compatibility Condition

The main purpose of this thesis is to construct NCGFTs based on AF C*-algebras. As mentioned in section 2.2,
because of the composition property of ¢ i.e. $pmp © Pum = ¢Pnp, one needs only to describe the homomorphisms
Gnn+1 Ay = Ay Then, the heart of the problem is to understand what happens during a single step in the
inductive sequence, and so to identify how NCGFTs based on the algebra at a given step (A = A,) transform
into the next one (B = A, 4):

NCGFT 4 ~» NCGFT3.

The NCGFT 4 does not only depend on the algebra A. According to the case (derivations or spectral triples),
NCGFTs will also depend on the chosen representation, on the chosen automorphisms, on the selected connec-
tion, and the choices concerning the additional structural operators (D, J, y ...). It is thus necessary to connect
all these essential ingredients along the inductive sequence to relate the NCGFTs at different steps. It is the ¢-
compatibility condition (presented in section 13.3) that implements this constraint between structures. This part
represents the main realization of the work done during this thesis, for which the articles (Masson and Nieuviarts,
2021) and (Masson and Nieuviarts, 2022) are the achievements, using the method of derivations for the first one,
and of spectral triples for the second.

13.1 GUTs as a Motivations to do NCGFT’s based on AF-Algebras

In section 10.5, we highlighted the fact that the creation of GUT-type models should take the algebra describing
the gauge field as input, and give an explanation of the transformation GFTgsypp — GFTgyr. In this part, we
will try to show how the construction of NCGFTs based on algebras of type AF offers an interesting way to
understand this move, using suitable conditions to link NCGFTs along the inductive sequence.

There is no general way to understand how to get NCGFT from NCGFT 4. But this seems reasonable to
expect that the structure of NCGFT 4 would be recovered from NCGFT 3, under certain conditions since we expect
to obtain a GUT-like process. Thus, an insight can be that the NCGFT 5z must contain all degrees of freedom of
NCGFT 4, and that essential structures must be related.

We will then observe the consequences on the algebra of the AC-manifold whose finite part is taken to be
this AF C*-algebra, Aup 1= C®(M) ® Aar, in order to identify how NCGFTs based on the algebra at a given step
A= C*(M) ® A transform into the next B = C*(M) ® B. The Lagrangian obtained at a given step can be
interpreted as a unified NCGFT of the previous one. For instance, if we take A= C*(M) ® A to be the one
which gives the NCSMPP (.»Zl\ 1= C®(M) ® Asy with the corresponding structure presented in chapter 12), then

the purpose is to see how according to suitable conditions B:= C*(M) ® B can represent a GUT like extension
of the NCSMPP. The inherited structures will be identified in order to see how the old degrees of freedom (those
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from the previous step) and the new ones interact, and how we recover parts of the “old” Lagrangian in the new.

We propose to explore how the general embedding given by ¢ of A into /3 can provide such a link between
the two NCGFT, and how AF’s embedding special characteristics can help to obtain “more concrete” class of
models. A key ingredient to do this sequence of NCGFT will be the ¢-compatibility condition. It will permit to
relate of the structures of NCGFT 4 and NCGFTp. As we will see, one of the main properties of AF embedding is
that they do not allow the embedding of two different block algebras in the direct sum of A at the same position
within a block of B (see equation (13.2.7)). The novelty with the spectral triples approach is that this will not be
the case for some irreps in the Hilbert space which can be “mixed” during the embedding (see equation (15.1.8)).

In our approach to NCGFT based on a “sequence” of finite dimensional NCGFT on the A,’s, we will not
suppose that an approximation at a level ny gives us all the information about the “limiting” NCGFT in the AF
algebra. In other words, some new inputs (in addition to the A, ,+1’s) could be “added” at every step. This implies
(obviously) that many non-equivalent NCGFTs could be constructed on top of a unique AF algebra. This relies
on the fact that there may be physical motivations to construct one sequence rather than another and that the
chosen embedding at every step could participate in the phenomenology. This is similar to, but also a departure
from, GUT where some information is encoded in the SSBM reducing the large group to the group of the SMPP:
in our research program, we can look at our embeddings as being in duality with the SSBM, in a way that will
be illustrated in Sects. 14.3 and 15.2.

13.2 Structure of the AF Embedding

We will study the lift of an inclusion ¢ : A — B regarding some of the structures defined on A and /3. Here
we consider the special case of sums of matrix algebras, A = ®_; M, and B = ®]_, M,,,. For reasons that will
be explained in Sect. 14.3 for derivations and Sect. 15.1 for spectral triples, ¢ is not necessarily unital. We define
the corresponding projection and injection maps 77!, 7, i/, and 1§. We also suppose that there are (orthogonal)
decompositions H 4 = ®_; H 4; and Hp = ®]_, Hpy such that the H 4; (resp. H ) are Hilbert spaces on which
A; (resp. By) are represented. In other words, the (left) module structures are compatible with the direct sums of
algebras and Hilbert spaces: forany a = ®_; a; € A and y = ®_, {; € H 4, one has ay = ®]_, a;/; (and similarly
for B).

An operator A on H 4 can be decomposed along the operators A; 1= ﬂ';{A 0oAo l;'lA : H; = My j. The same
holds for operators on Hp. For computational purposes, we recall that one has

Ay =@, (i AAW)) = X0 o1 8y, = ASW).

In the same way, a (general, not necessarily the one of the AF-algebra) morphism of algebras ¢ : A — B
decomposes along the maps ¢ := 77 ooty : A; > By and a morphism of Hilbert spaces ¢3; : H4 — Hp
decomposes along the ¢}, := T oy o ty, * Hai — Hpy. One has

$(a) = Br, ( =1 d’;c(ai))’ and  ¢u(Y) = Br, ( =1 ¢1Hk(¢z))
Notice also that ¢(aa’) = ¢(a)$(a’) implies

Y laa) = X o ¢;'C(a,»)¢i(a;-) forany k =1,...,s (13.2.1)

Let’s now consider the inclusion given by the AF-algebra. The inclusion ¢ is taken in its simplest form, and
we normalize it such that, for any a = ®]_, a;,

a; ® 1, 0 0 0
0 a; ® 1y, - 0 0

dr(a) 1= zf o pla) = : : : (13.2.2)
0 0 o a®l,, 0

0 0 0 0

Nok
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where the integer ay; > 0 is the multiplicity of the inclusion of M,, into M, , Oy, is the ny x ny zero matrix such
that ny > 0 satisfies my = ng + >,i_; aimi, and

a 0 0 0
0 a 0 O .

a®l, =|. . . .| ok times.
0 0 - a

We define the maps ¢} := ¢y o'y : M,, > M,,, which take the explicit form

0 - 0 0 0 -« 0
0 0 0 o - 0
$iar) =0 0 a®1l, 0 - 0 (13.2.3)
0 0 0 0 0
0 - 0 0 0 — 0
The maps ¢} satisfy a stronger relation than (13.2.1): for any i, j = 1,...,rand k = 1,...,s,
; i 0 ifi#j
A LACHER I e (13.24)
T paa)) ifi =

This is the main specific characteristic of AF-algebra’s embedding structures.

If A=A, and B = A, for a AF-algebra lim .A,, then the multiplicities ay; define the Bratteli diagram of
this AF-algebra and vice versa. The integers no 4 are defined by complementarity at each step.

When ay; > 0, for 1 < @ < ai; we define the maps qS;C » @ Mn, — M, which insert g; at the a-th entry on the
diagonal of 1,,, in the previous expression, so that a; appears only once on the RHS. The maps ¢, ¢}, and gb}m
are morphisms of algebras and one has

¢ =@, bk : By My, > Bpy M,

P = iy Pr o 7+ Dy My, > My, (13.2.5)
P = Zglil ;c,a P My, = M.

Notice then that ¢x(14) = Yi_; Yook, ¢ _(14,) fills the diagonal of My, with }'\_; axn; copies of 1 except for the

a=1Fka
last noy entries. When ngy = 0, one gets ¢x(14) = 1p,, otherwise, let

Doy = Loy — (L) €M, and  py) 1= @)y Py, € B. (13.2.6)

The p,,,’s are diagonal matrices with zero entries except for the last ng; diagonal entries (bottom right) which
are equal to 1.

Lemma 13.2.1 Foranya,b € A, anyiy,is € {1,...,r}, anya; € {1,...,a;,} and any ay € {1, ..., a3, },
¢;-<1,a1 (a)qs;cz,az(b) = 5i1,i25a1,a2 ;cl,al (ab) (13.2.7)

Proor This is a direct consequence of the definition of QS}W and the multiplications of block diagonal matrices.m

13.3 ¢-Compatibility in the Derivation Framework

Definition 13.3.1 An one-to-one map ¢yoq : M — N between a left A-module M and a left B-module N is
@-compatible if Pproa(ae) = $(a)pmod(e) for anya € A ande € M.

Remark 13.3.2 A “physical meaning” for the ¢-compatibility condition is to conserve the action of embedded
algebras elements on embedded Module’s spaces, meaning in some ways that bosonic fields (elements in the
algebra) continue to act in the same way on their associated fermionic fields (elements in the module). a
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In the following, since we want to construct a direct limit of modules accompanying a direct limit of algebras
with one-to-one maps, we always suppose that @04 is also one-to-one. As before we define the corresponding
projection and injection maps M, 71,?/, I and L’J‘\/.

From (Davidson, 1996, Cor. II1.1.2), we know that all the left modules on A and B are of the form M =
Ch"e@Cu"@-®C"®C*and N = C™ @ C/r @ - & C™ ® CP for some integers o; and . Two situations are
easily handled to construct an one-to-one ¢-compatible map @pioq : M — N.

1. The case o; = By = 1 for any i and k. In that situation, ¢yoq can be constructed in a natural way using the

multiplicities ay; of ¢. Denote by 1, € C" (resp. 0, € C") the vector with all the entries equal to 1 (resp. 0).

Then one can define ¢4 by

e ®1g,
() (2] 1ka2
o puoa(e) =| P [eNp=C™
e ®1g,
0y,

2. The case @; = n; and fr = my for any i and k. This situation corresponds to M = A and N' = B. The
canonical map @04 is taken to be ¢ itself.
By construction, these two maps are ¢-compatible. In the more general situation, we have to inject a; times (as
rows) C" ® C% into C™ ® CFP+ (C" ® C% is injected only when a; > 0). A necessary condition is that Sy is
large enough to accept the largest ¢;. This necessary condition leaves open the possibility of constructing many
modules and many maps ¢y,4 Which are ¢-compatible.

Similarly to ¢, we decompose Prod as ¢§\Aod,k = ﬂ,f‘/ ° PMod © tiw : M; > Nyand forany 1 < a < o,
Piodra - Mi = Ni which insert e; € M; at the a-th row.

13.4 ¢-Compatibility in the Spectral Triples Framework

The first structure to consider are the Hilbert spaces H 4 and Hp, that we can consider as left modules on A and
BB via their corresponding representations that are not explicitly written in the following.

Definition 13.4.1 A morphism of Hilbert spaces ¢3; : H4 — Hp is p-compatible if p3,(ay) = $(a)d3 () for any
a € A andy € H 4 (the representations w4 and 7z are omitted in this relation).

For bimodules, the associated ¢-compatibility relation will be set up in subsection 15.1.2. Given the morphism
¢y : Hy — Hp, one can decompose Hp as Hg = ¢p(H,4) ® ¢ (H )" in a unique ¢z -dependent way,
where ¢3,(H 1) = Ran(¢y,) is the range of ¢3;. This implies that any operator B on H can be decomposed as

¢ pL

B! B . . . . . -
B= ( BZ ¢ ) with obvious notations, for instance B; s pu(H ) > ¢3(H ). In this orthogonal decomposition,

1
L FL

gt gt
. B B
onehasB':< ‘. })
B:" B
¢ g

Definition 13.4.2 (¢-compatibility of operators) Given two operators A on H 4 and B on Hp, we say that they
are ¢-compatible if g3, (AY) = Bigf)y(lﬁ) forany y € H 4 (equality in ¢ (H 4)).

This definition makes sense since both sides belong to ¢z,(H 4). Notice that, by an abuse of notation, we use
the terminology “¢-compatibility” but this notion depends on the couple of maps (¢, ¢3/).

One can define a stronger ¢-compatibility between A and B:

Definition 13.4.3 (Strong ¢-compatibility of operators) Given two operators A on H 4 and B on Hp, we say
that they are strong ¢-compatible if ¢3,(AY) = By (¥) for anyy € H 4 (equality in Hp).

Notice that these two ¢-compatibility conditions imply that Ker ¢3; C Ker ¢y o A, since, if ¢ € Ker ¢, then

0= ngb;.,(lﬁ) = ¢3(A¥) in the first case, and similarly in the second case. A sufficient condition for this to hold
for every A is to require ¢3; to be one-to-one.



13.4. ¢-COMPATIBILITY IN THE SPECTRAL TRIPLES FRAMEWORK 137

Remark 13.4.4 Definition 13.4.1 implies that 7 4(a) and 75(¢(a)) are strong @-compatible for any a € A. o

The following Proposition gives other consequences of the two definitions, where diagonality refers to the
previously defined 2 x 2 matrix decomposition.

Proposition 13.4.5

1. ¢-compatibility and strong ¢-compatibility are stable under sums of operators.

2. Compositions of strong ¢-compatible operators are strong ¢-compatible (this is not necessarily true for ¢-
compatible operators).

3.If A onH 4 and B on Hp are strong ¢-compatible then B/ =o.

4. Strong ¢-compatibility implies p-compatibility.

5. Ifo = 0, the p-compatibility implies the strong ¢-compatibility.

6. When B is self-adjoint, strong ¢-compatibility implies that B is diagonal.

7.1f A on H and B on Hy are strong ¢-compatible and A and B are unitaries, then A" and BT are strong ¢-
compatible and B is diagonal.

mpep(a)) 0 )

8. For any a € A, the operator n o ¢(a) on Hp reduces to a diagonal matrix np o $(a) = ( . .
o n

Proor Point 1 is obvious by linearity of the compatibility conditions and the matrix decompositions. For point 2,
let Ay, A; be two operators on H 4 and By, B, two operators on H which are strong ¢-compatible with A; and
A, respectively. Then for any ¥ € H 4, one has ¢3,(A;As¢) = B¢ (Azy) = BiBagy () so that A A, is strong
¢-compatible with By B,. For ¢-compatibility, this line of reasoning is not possible in general.

One can identify ¢z(/) with (¢HO(‘/’)) € du(Hy) & pu(H - = Hp (resp. ¢ (AY) with (‘Z’H(OA‘”)), Y
’ b
that B$¢H(¢) identifies with <B§¢g(¢)) while B¢z,(1/) identifies with (B“”¢H(¢) ) The ¢-compatibility condi-

B gn(p)

tion implies that the map Bf; s du(H ) — ¢ (Hy) is completely determined by A and ¢y, while the strong

¢-compatibility condition implies firstly that ¢3,(Ay) = Big{)y(w), and secondly that Bf 2 pu(H ) — pr(H )"
is the zero map, which is point 3. So, using these results, one gets that the strong ¢-compatibility implies the

¢-compatibility condition (which only constrains the Bg component of B), which is point 4. For point 5, from

)
B = 0 and $u(AY) = Bjgn(y), one gets By () = (B;;Eji) = (00 ) = (#19) = gr,(Ap), which is the
1 PH

strong ¢-compatibility condition.
Point 6: if B is self-adjoint, the condition B = B implies B;T = Bf = 0, so that B is diagonal.

Point 7: if A and B are unitaries, then ¢3,(/) = ¢#(ATAY) on the one hand and ¢(/) = B" B¢ (/) on the
other hand, so that ¢, (ATAy) = B*Bgy (/) = B¢, (Ay). Since A is invertible, any ¢/’ € H_4 can be written as
Y’ = Ay, so that ¢ (ATY) = B¢ (y) for any y, which proves that A" and B are strong ¢-compatible. The

strong ¢-compatibilities implies Bf =0 and (B*)f = B;T = 0, and so B is diagonal.

wrop(a)f) mrep(a)f
mse(a)] mped(a)t

is strong ¢-compatible with 7 4(a), so that x5 o ¢(a)‘iS = 0. Since 7p o ¢(a*) = np o ¢(a)’, this implies that
TR ° (/’J(a*)(ﬁ = 0 for any g, so that 7 o ¢(a) reduces to a diagonal matrix. [ ]

Point 8: let us use the notation 75 ¢(a) = < ) for any a € A. From Definition 13.4.1, 75 - ¢(a)

¢ pL
B¢ Brﬁ

One can associate to B = ’
BY Bt

) the operator B\g = ( %ﬁ g ) Then the ¢-compatibility between A and B is

equivalent to the strong ¢-compatibility between A and Eﬁ

Lemma 13.4.6 The ¢-compatibility of ¢, is equivalent to ¢y, (ai);) = ¢ (@), () forany1 <i<r,1<k<s,
a; € Ai andlﬁi S HA),‘.



138 CHAPTER 13. GUTS, AF-EMBEDDING AND ¢-COMPATIBILITY CONDITION

PrOOF One has ¢y (ay) = &;_, ( X1, $i(ays)) and $p(@)pu () = &}, ( Tizs #i(add} (¥1) so that ¢y (ap) =
P(a)pr () is equivalent to Y., ¢ (ai)i) = Y $p(a)dy, . (V) for any k. Taking a; and ¢/; non-zero only for one
value of i, this implies that ¢} (a;;) = ¢}(a;))$}, (V) for any i. Reciprocally, if this last equally is satisfied for any
i, it implies the previous one by linearity. [ |

Lemma 13.4.7 Two operators A on H 4 and B on Hp are strong ¢-compatible if and only if 3',_, o Al L) =
Yoi=1 Bi o ¢ () forany 1 <i<r, 1<k <s, and; € Hy,.

Two operators A on H 4 and B on Hp are ¢p-compatible if and only if 37;_, ;-l,k o Al(Yn) = B¢ ' o @by Vi)
forany1<i<r,1<k<s,andy; € Hy,.

ProoF On the one hand, one has ¢5(Ay) = &_, (X! =1 ¢£,,k o A’](lﬁl)) and on the other hand B¢y (y) =

EBk 1(2[_ Yie1 Bf o ¢ ). So, the relation ¢y (Ay) = Bn(y) is equivalent to Y- 1¢;{’k o AYn) =

%21 Xiey Bf o ¢, () for any k. Taking 1/; non-zero only for one value of i, this implies Y7, ¢3,, o Ai(y) =
> B[ g{)H ;) for any i and k. By linearity, this relation implies the previous one.

Concerning the gZ) compatibility, one can replace Bby B¢ in the previous result. Since BZ acts only on ¢z, (H 4),
one can replace B by the operators Bg : [ o pr(H A) — 7Tk o ¢p3/(H ) in the final relation. [ ]
We can extend the maps ¢} as ¢) """" D AR Be i by d) """ (alo ®®a) =g (@) ® - ® oy ' (af.)

for any iy, ..., i, and ko, ..., k,, and then we define maps $ : T"A > T"B,foranyn > 1,by & ; _, (al- ®al ®
~@d '®a" )” PO (T e (a) ®@al @@ a) ®a”))k[ > and, for n = 0, the diagonal

In-1 In-1

matrix with entries a; at (i,i) is sent to the diagonal matrix Wlth entries Y,;_; i (a;) at (k,k). Using (3.2.1) and
(13.2.1), one can check that gES\ : A — T B is a morphism of graded algebras and that (Eﬁ\(Qﬁ,(A)) c QL(B), so

that $ 2 Qi (A) = Q((B) is a morphism of graded algebras. These properties are consequences of the general
situation that will be described in Sect. 15.1.1.

From a purely mathematical point of view, the strong ¢-compatibility condition appears more natural, mainly
because of properties given in points 2, 6 and 7 and as we will see later with proposition 15.1.6 because it preserves
spectral triples KO dimension. This condition implements equality of actions at the level of all Hz, making the
relation dependent on the new degrees of freedom. But it is too restrictive for physics as it imposes a diagonal
operator Dp and thus no couplings between new and old degrees of freedom along the sequence, which must
lead to very limited models for physics.

On the contrary, the ¢-compatibility condition is only an equality at the level of ¢3,(} 4), then being less
restrictive. It appears to be more natural since it is only based on inherited degrees of freedom and then appears
closer to the relation of definition 13.4.1 which was first in this construction. Consequently, this condition appears
to be more natural and in line with the ¢-compatibility condition on Hilbert spaces. Moreover, from a physical
point of view, the ¢-compatibility condition is natural in the sense that it focuses on the conservation of the
action of NCGFT’s operators at a given step on the embedding of the Hilbert space on which they previously
act. As mentioned in remark 13.3.2, this condition embodies the physical idea of the transport of the action of a
physical operator A € A on H 4, when this one is embedded in Hp. Moreover, it allows the Dirac Dj to have
off-diagonal terms. This permits couplings between the degrees of freedom of the injected and added fermionic
fields, which seem to be a natural requirement for GUT models. This is why we have chosen to focus our study
on this ¢-compatibility condition of operators to obtain NCGFTs of interest, as will be done later in section 15.2.



Chapter 14

Derivation-based Approach to NCGFT
on AF-Algebras

In this chapter, we propose to set up NCGFTs based on AF-Algebras using the derlvatlon based approach. Th1s

will be done for one step in this two cases, ¢ : A = ®_; M,, » B = ®]_, M, and ¢ A:=C"(M)®A— B :
C®(M) ® B, then computing the link between the action at successive steps in subsection 14.3.1. In section 14.4,
some physical applications concerning mass spectra generated by Spontaneous Symmetry Breaking Mechanisms
(SSBM) are proposed using numerical computations for specific situations. This chapter is an account of the
results given in (Masson and Nieuviarts, 2021).

14.1 Modules and Connections for Direct Sum Algebras

We consider left modules on A of the form M = @®[_; M; where M, is a left module on A;. This requirement
is sufficient for the particular situation A = M, @ - ® M,, since, according to (Davidson, 1996, Cor. I11.1.2), the
modules of this algebra are of the form C" @ C* & --- & (C”' ® C* = My, xa, @ -+ ® My, o, for some integers o,

where M, is the vector space of n; x a; matrices over C.

Define 7M°¢ : M — M, as the projection on the i-th term and Bod @ Mi = M as the natural inclu-

sion. Then, 7M°d o /i, | = Idy, and for any a = @/_, @; and e = @/_, ¢;, one has 7M°4(ae) = 7'(a)rM°(e) and
Mod — Mod

7% (u(a)e) = aim;"*%(e).

Proposition 14.1.1 (Decomposition of connections) A connectionV on the left A module M defines a unique
family of connections V' on the left A; modules M; such that for any e = ®'_, ¢; and any X = ®/_, X;, one has

Vxe = @ Vy e

Denote by R; the curvature associated to V', then, for any X = @'_, X;, any Q) = ®_, 2, and any e = ®'_, e;, one
has

R(X,D)e = ®_, R(X:,D)e;

ProOF Since X = @_; X; = Y, 17(X)), one has Vxe = Yi_; Vpa(xe for any e € M. This implies that Vx is
completely given by the r maps Vper(xy : M — M.

So, for a fixed i and for any X; € Der(.A;), let us study the map V,per(,) : M — M. Since Per(x) = iil?er(xj),

one has, for any e € M, Vpa(xye =V e= /iivlper(xi)e so that ﬂj-“"d o Vpper(g,y = 0 for j # i. In other words,

TuPer(xy)
V per( )€ takes its values in M.

For a ﬁ).(ed Jj, take now e = ‘{Aoq(ej) for some e; € M. Since /ijli/[od(ej) = ‘z{/lod(ej) one has vlper(xi)li/lod(ej) =
leer(xi)(ljl'IMod(ej)) = (LPe‘(f{i)-lj)tfwod(ej) + le,IDer(xi)ej = le,per(xi)ej since l?er(%i)_lj = 0 whatever i and ] If
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J # i, then vl})er(}:l)l{\./lod(ej) = /ijvlluer(xi)e]- = 0 since V,per(xy€; has only components in M;. This implies that Vper %,
is only non zero on components in M;, and so defines a map

le = 7'[.M0d o Vl?er(xi) o l;\/lod : Mi i Mi.

i i
Then, by construction, one has, for e = ®]_, ¢; and X = ®_, X;, Vxe = ®_; Vi ;.

Now, let f; € Z(A;), then

Vix e =m0 (Ve © tioa(e)) = 1 (Ve © froaer)
= Mo (UVipercy © thaoa(e)) = fim o Viper(x,) © Ingod (€1)
= fiV%e

Let a; € A;, then

Vixla,-ei = JZ'IMOd (V,per(xi) ° tf\dod(aiei)) = JTIMOd (vl{)er(xi) o li(ai)tfwod(ei))

= M (P D (@) ihoa(en) + M0 (1@ perca,) © tygoa(ed)
= (Xra)m" " o thyoq(e) + aim™ o Ve, o thgoaler)
= (Xra)e; + Ve
These two relations show that V' defines a connection on the left .A; module M;.

Concerning the curv_aturg, one has VxVye = Vx (8, ngiei) =, vfxl_v"%ei and Vix gje = @, V’txi,%]ei )
that R(%, QJ)e = 69;:1([? o Vl@l] - vl[xi,in,'])ei = @lr:l Ri(:{i: jS)ei. ||

Let us now consider the special case M = A with the natural left module structure. In that situation, we can
characterize V by its connection 1-form w € Q}_,(A) defined by w(X) := Vx1 and its curvature takes the form
of the multiplication on the right by the curvature 2-form Q € Q3. .(A) defined by Q(X,9) = (dw)(X,) —

[0(X), ()]

Proposition 14.1.2 In the previous situation, the decomposition of the connection Vx = ®|_, V"xi in Prop 14.1.1 is
related to the decomposition of the connection 1-form w = ®!_, w; in Prop. 4.1.5 where w; € Q},(A;) is the connection
1-form associated to the connection V'.

In the same way, the connection 2-form Q of V decomposes along the connection 2-forms Q; of Vi: Q = @_; Q.

ProoF Onehasl1 = @[_; 1; where 1, is the unitin A;. With X = @®]_, X;, one then has w(X) = V31 = @]_, V"%‘ 1, =
6{:1 wi(f{i).
The curvature 2-forms are defined in terms of differentials and Lie brackets (commutators in the respective

algebras) from the connection 1-forms. We have shown that these operations respect the decomposition of forms.
This proves the relation of the curvature 2-form of V. [ |

14.2 Lifting one Step of the Defining Inductive Sequence

As expected, ¢ does not relate the centers of A = ®_; M,, and B = ®;_, M,,,. This implies in particular that we
can’t expect to find or to construct a “general” map to inject Der(.A) into Der(J3) as modules over the centers, or,
with less ambition, to inject a sub module and sub Lie algebra of Der(.A) into a sub module and sub Lie algebra
of Der(B). This strategy may indeed require very specific situations.

Since it is convenient to consider all the derivations of .4 and /3, our approach is to keep track of the deriva-
tions in Der(/3) which “come from” (to be defined below) derivations in Der(A). These derivations will propagate
along the sequence of the direct limit, while new derivations will be introduced at each step of the limit.

For any i, let us chose an orthogonal basis {ajt,a 1= adE;m}aGIi of Der(A;) = Int(M,,) where ij € sl, and [ is
a totally ordered set of cardinal n? — 1. For any k, we can introduce a basis of Der(B;) = Int(M,, ) in two steps.
Let us define the set

],? ={G k) /ie{l,...,r}, a €{1,...,a}, k € I}
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and for any f§ = (i,a,k) € ],f, define
Efg’ﬁ = Ppa(El) € 5l and a’,;ﬁ 1= adEgﬂ € Der(By).

The set ],f is totally ordered for f = (i,a,x) < ' = (/,&/,k’)iffi<ior[i=ianda < a’lor[i=i and a = &’
and x <k’ € L].

Denote by g4 and g the metrics on A and 53, defined as in Sect. 4.1.1. We know that gB(adE; e adgw )= 0for
B, B
k # k’. So, let us consider a fixed value k. With the previous notations, one then has gB(adEl;B e’ adEk( )) =0
ik B ok

when i # i or [i = i’ and a # &’] since then the product of matrices E},; (i”)E’,; (.’ x) 18 zero. Then one has

) B,(l’,a’,x’)) = tr(E]’;,(i,a,K)E%,(i/,a/,K/)) = 6””50{0{/ tr(EfiLKEfi"K/)

= 5ii'5aa’gA(adE;LK, adE;w,) = 5ii’5aa'gi\,;<;</ (14.2.1)

k -
gB,ﬁﬁ’ = gB(adE’;s.(i,a.K s adEk

In the following, we will use the fact that the metric (g 5 ) b pert (and also its inverse ( g,‘;/i ) 55 ) is diagonal
BB BB k7B,

e],f’
by blocks along the divisions induced by the choice of a couple (i, ) for which f = (i, @, k). Notice also that if
the 9} ’s are orthogonal (resp. orthonormal) for g4, so are the a’,;.ﬁ’s for the metric g for any § € ],f . This is the

reason we chose to remove the % factor in front of the definition of the metrics (see Sect. 4.1.1).

We can now complete the family {8’,‘3 ﬁ} se? into a full basis of Der(/3;) with the same notation, f € Ji = ]]f’ uJi
g k

where J{ is a complementary set to get card(Jy) = mj — 1, in such a way that

g,;(&’,;’ﬁ,a]g’ﬂ,) =0forany ff € ],? and g’ € J§. (14.2.2)

In other words, the metric g is block diagonal and decomposes Der(/;) into two orthogonal summands. We
choose any total order on J; which extends the one on ],f . One knows that such a procedure is always possible,
but for practical applications (for instance to construct gauge field theories, as in Sect. 14.4), such a concrete basis
could be useful, in particular since the basis that we construct is adapted to the map ¢ : A — B. Lets then see
how to construct such a basis adapted to ¢.

Recall that the maps ¢§w send the matrix algebras M,,, fori = 1,...,r and @ = 1,..., a;, on the diagonal of
M,,,, with a possible remaining block 0, on this diagonal. In order to manage this last block in the same way as
the others, let us add the value i = 0 to refer to this block, with ax = 1. In the following, we will use the notation
ng};’a(Mn,) with i = 0 (and a = 1) to refer to this block.

Consider any matrix E € M,,, which have only non zero entries outside the blocks (j)}'c’a(M,,l.) fori=0,...,r.
Then a straightforward computation using block matrices shows that tr(E’,;, ﬂE) = tr(EE’,‘S, /3) = 0forany ff € ],f (the
product in the trace is off diagonal). In the same way, for any E in the block ¢} ;(M,,), one has Eg pE = EE’E p=0.
This implies that ad for any E outside of the blocks ¢}, ,(M,,) fori = 1,...,r is orthogonal (for the metric induced
by the trace) to adgt , for any f € ],f .

To complete the free family {adg }, ¢ in Der(JBy), it is then sufficient to describe the elements E € sl,, =
Bp° e k

Der(By) “outside” of the blocks ng};’a(Mn,) fori =1,...,r. We will do that using the block decomposition induced
by the ¢, (M, ).

We can introduce a first family of matrices Eg 5 for new indices f (in a set J) as (traceless) matrices with non
zero entries in ¢} ;(M,,). There are n§ — 1 such elements.

Then, let us notice that for fixed i = 0,...,r, the d’;;,a(Mni) for a = 1, ..., ; are in diagonal blocks ay;n; x ayn;.
We call these blocks the enveloping blocks of M,, inside M,,,. We introduce a second family of matrices E’g,ﬂ as
matrices with non zero entries outside the enveloping blocks of the M,,’s. For every i = 0, ..., r, the row containing
the enveloping block of M,, contains ), ;... (axin;)(axyny) entries (non zero outside the enveloping block).

The next level of blocks embedding we consider is the one inside the enveloping block of M,,, for every i. In
such a block, ¢};’a maps M, into the diagonal. For every i = 0,...,r, we can then introduce a family of matrices
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E% s with non zero entries inside the enveloping blocks of M,, but outside the blocks ¢;< M) (fora =1,..., o).
For a fixed i, there are ay;(ax; — 1) blocks of size n; x n;, so that one can construct Y., a;(ar; — 1)(n;)? such matrices
in the third family (as expected, for i = 0 there is no contribution since ay = 1).

Inside the enveloping block of M,,, we can also construct matrices with non zero entries in the blocks (j)}w (My,).
Indeed, for fixed i and «, let us consider the matrix EY with 1,, in the block ¢§c,a(M”i)' For f = (i, @, k) one has
E},;ﬁEf‘ = Egﬁ andfor f’ = (i,a’,x) with @ # o’ one has Egﬁ,E;" = 0. Notice that E¥ ¢ s, ,but,fora =1, ..., o —1,

the matrices E¥ — E&*! belong to sl,, and, by the previous remark, are orthogonal to the Ef pforpe ],fs . These
matrices constitute the fouth family: there are ) ,(a; — 1) such matrices (once again, there is not contribution
fori=0)

The fifth and last family of matrices are constructed as n;E} — n,E},, € sl,, fori = 0,...,r — 1. These r
matrices have entries in different enveloping blocks.

Let us collect the number of matrices E};a’,ﬁ for B € J¢ that we have constructed:

card(Ji) = nﬁ -1+ 21’20 Zi’zo;ixi’(akini)(aki’ni’) + 21’20 ari(og — 1)(m)* + Zizo(aki —1)+r
=ng+2 Yuis1(akini)ng + X i (@rini)(@rrny) — Yisy anl(n)? —1] -1
=(m)*-1- card(],?)

where we have used my = no + Y5, an; and cardU,fS) = Yis1 kil(n;)? — 1]. This shows that card(Ji) = (mi)?* —
1 = dimsl,, for ji := ]kqS U J¢ and that the free family {E';iﬁ}ﬂg . is a basis for sl,,. This construction and this
computation can be adapted to the case ny = 0.

Notice that the derivations 8’,‘3’ p = adge ’ for B € J¢ are not necessarily orthogonal. One can apply the Gram-
Schmidt process to transform this basis into an orthonormal one.

Let us return to the main construction. Notice that (14.2.2) implies that the inverse of the matrix ( g,’% By )ppret

denoted by ( g,’gﬁk/ )ppres is also block diagonal and is such that ( ggﬂk/ ) 5 e 1S the inverse of (gf 5p) 55 with
! 2P, g P

ejd
gD = i gl g,
The derivations 8"3’ pfor e ],f are the one “inherited” from the derivations on .A. We will use the convenient

notation 8’,‘3,ﬁ = ¢} ,(d4,) for B = (i,a, ). A key ingredient to introduce the ¢-compatibility condition on forms
is the following.

Lemma 14.2.1 Forany1 <k <s,1<ii <r,1<a<au 1<a <,k €L, x’ €Iy, ar € Ay, one has
k - . . v . .
9B Gax) Phar (@) = DA ) P o (ar) = Sir S P (I i)
and
i f o L, . S
[aB,(i,()(,K)’ aB,(i’,a/,k/)] = [quc,a(a.;l,l()’ qs;c,a’(a.:l,x’)] = 5i>i/ 60!>UC' d);c,a([aflt,x’ afll,lc’])

PrROOF @}, (9} ) is an inner derivation for the matrix Ef, (ia) i Which the only non zero part Ej is located on

the diagonal of M,,, at a position depending on i and «, see above. In the same way, the non zero part of d)};a,(a,-/)
is ay on the diagonal of M,,,. When i # i’ or & # o/, the commutator of these two matrices is zero. When i = i/
and @ = ', the commutator is [E{ ,,a;] = 9 ,-a; on the diagonal of M,, at the position designated by i and a.
This matrix is obviously (/’J}C (9 -a:)- This proves the first relation.

The proof of the second relation relies on the same kind of argument since the 9, are inner derivations. ®

Definition 14.2.2 (¢-compatible forms) A form w = ®_; w; € Qp..(A) is ¢-compatible with a form n =
&_ Mk € Qe(B) ifand only if forany1 < i <r,1 <k <s,1< a < ay, w; and ng have the same degree p
and for any 8}1’,{1, s @’LKP € Der(A,;) (kx €1,), one has

Pra (wi(@’i,xl, ---ﬁi,,c,,)) =1k (¢5;,a(6};,,c1 )y eens ¢};,a(8}t,,c,,)) (14.2.3)
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Notice that the LHS of (14.2.3) has only non zero values in block matrices on the diagonal of M,,, at a position
which depends on i and « (see above). This implies that the RHS has the same structure.

Proposition 14.2.3 Let w = @_; w;, @ = ®_; o] € Qp,(A) andn = ®_, ni, 7’ = &} _, ;. € Qe (B) such that
is g-compatible withn and o’ is p-compatible withn'. Then w A’ is p-compatible withnAny’ and dw is $-compatible
with dn.

Proor Since the product of forms decompose along the indices i and k, we fix these indices in the proof and we
suppose that the degres of w; and w] are p and p’ respectively. Inserting the RHS of (14.2.3) into (3.3) one has

e A1) ($ha@h s Bl )

Y U e (B o B i) 1 (Bl el ,)

T plp/t
pp 0€Q,,

1 . . . . .

— § _1\lo| 4i (i i /(o i

T oplp/ £ 1"%ka (w’(aAMu’“"aA:Ka@))wi(aA,dew’""aAMw’)))
€S,

- ¢;'c’a ((a)l- A a);)(ajt’,q, s a“i""pw’))
In the same way, inserting the RHS of (14.2.3) into (3.3) one has

(@) (P ) Ik, )

p+1

. . . . k . .
— Z(—l)kﬂﬁ,a(aﬁﬁk)’?k (¢;<’a(a;t,,q ), .V ,(ﬁ}c,a(@’l’,{pﬂ)>
k=1

/ . . . . i k . .
+ Z (=) nk([¢2,a(3}1,,<k)=¢Z,a(3}t,:<k,)]’~~-Y~~~Y---’¢5<,a(aft,xp+l))

1<k<k’<p+1
p+1 P
= Y (D¢, <a;m-mi(a;m, Y, 611,,%))
k=1
, . X . k .
+ Z (_1)k+k ¢;<,a <wi([a_;l,xk’ a-;l,Kk/ ], LY B a.;l,Kpﬂ))
1<k<k’<p+1
= Pho (@)@l 0, ) m

Let {04 ;}cer, be the dual basis of {@‘LK }xer,- Then one has QA"’i(aj’K,) = 51?'/ 5,’:: In the same way, denote by {Gg’k}ﬂgﬂ
the dual basis of {a’,;,ﬂ}ﬁe -

Remark 14.2.4 (¢-compatibility and components of forms) Let us first illustrate ¢-compatibility for 1-
forms. One has » = @[, w, ® 0}, for , € A; and n = &}_, ,71; ® Qg’k for 77];3 € By. Then (14.2.3) reduces to
Pro(w)) = ryl(‘i’ «x)- This means that the components 17’;3 of 1 in the “inherited directions” ¢} (9} )’s are inherited
from w.

In the same way, for p-forms, the LHS of (14.2.3) is non zero only for components along the §’s of the form
(i, a, k) with the same couple (i, @), and these components are given by the RHS. So, all the components ’7214..&,

in the “inherited directions” fi, ..., B, for f = (i,a, ki) (same i and a) are constrained by the ¢-compatibility
condition. O

Let M = ®_, M; and N' = ®}_, N and let V™ and V" be two connections on the A-module M and a -
module N with an one-to-one ¢-compatible map ¢yoq : M — N'. We will used the maps ¢§Vlod,k,a ¢ M; = Ni

These connections define connections V** on M; and YNk on WV k-

Definition 14.2.5 The two connections VM and VN are said to be ¢p-compatible if and only if, for any1 < i <r,
1<k<s, 1<a<a k €1, one has

i Mi ) _ Nk j
Phod k. (Vaj":ei> = vﬁﬂ(afit)x)qs;\/[od,k‘a(ei)' (14.2.4)
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When M = A and N = B, one can introduce the connection 1-forms w ¢ and w w for vM and VV. Then
one has

Lemma 14.2.6 Ifw, and o are $-compatible, then VM and VN are ¢-compatible.

Proor Here we have ¢poq = ¢. Using A; > ¢; = ¢;14, and the definitions of the connection 1-forms, one has
Vg:lx”e,» = (9 ce)la + eiwri(9y, ), so that

¢;<,a (v:;}f;iei) = 9{);:,01 ((ai,lc‘ei)le) + ¢§c,a (ein:i(ajt,K))
= (qs;(a(a./ftlc)d);ca(el)) ¢}lc,a(1«4i) + ¢§<,a(ei)w./\/',k (QS;(a(a_AK))
= (PP (@) PhaLa) + diealedVy) )1,

. . . . Nk Nk .
= ()b;c)a(a/ll,;c)'qs;(,a(ei) + ¢;(,a(ei)v¢}’(ya(ai’()1l3k - v#m(aﬁx)(}s;(,a(ei)

where we have used (;Sfc,a(ei) = ¢};’a(ei)¢;;,a(1f1i) and ¢};’a(ai,x)-¢;;’a(1Ai) = ¢;’<ﬂ(ajl,K-1A‘_) = 0 so that, using the
Leibniz rule, (¢;c,a(a;\,l<)'¢;<,a(ei)) ¢;c,a(1¢41) = ¢i,a(a¢ft,K)'¢L,a(ei)' n

Remark 14.2.7 Let us stress that the reverse of this Lemma is not true: ¢-compatibility between connections is
weaker than ¢-compatibility between their connection 1-forms. Indeed, let us assume that the two connections
are ¢-compatible, that is that the first and last expressions are equal in the computation in the above proof. Then
one can extract an equality at the second line between the connection 1-forms: Take ¢; = 1 4, and since then the
first terms in both sides are zero, one gets

Pra (01i010)) = Plala)on k (o)) (14.2.5)

This a weaker relation than (14.2.3). In Remark 14.2.4, we noticed that the @-compatibility (14.2.3) between
forms implies that all the values w (d)};’a(ai’,c)) come exactly from the values w (3} ). What (14.2.5) says is
that ¢} ,(14,), as a projector, selects only a part of the matrix @ x (¢};’a(6jt’x)) to be compared with the matrix
wm.i(9},)- So some parts of the matrix w (¢;’<,a(ajw)) may not be inherited.

For practical reasons, we prefer to deal with the stronger ¢-compatibility condition, since it permits to “trace”
(to “follow”) the degrees of freedom of the w,;’s “inside” the w »r;’s. The weaker ¢-compatibility condition mix
up these degrees of freedom into the matrices w y (qs;m(a;m)) O

Let us consider the following specific situation for ¢ : A — B3, where A = ®_; M,, is embedded into B = M,,
with m > Y[, n; in such a way that each M, appears once and only once on the diagonal of M,,. We consider
on A and B the integral defined in Sect. 4.1.1.

Proposition 14.2.8 Let v = ®_; w; € O}, (A) and n € Q. (B) be such that n is ¢-compatible with » and n
vanishes on every derivation dp g with p € J° (here we omit the k = 1 index). Then

/’IA*B’Y:/C‘)/\*ACU
B A

PrOOF Since k = 1 and a = 1 are the only possible values, to simplify the notations we write ¢' for gb}m We will
refer to ¢'(M,,) C M, as the i-th block on the diagonal of M,,. The metric g5 induces an orthogonal decomposition
of the derivations of B which is compatible with these blocks. Two derivations ady and adg such that E € ¢i(M,,i)
and E’ has no non vanishing entries in ¢'(M,,) are orthogonal. So, Der(53) = @_, Der(¢(M,,)) ® Der(B)° where
the decomposition is orthogonal for g and Der(/3)° are derivations “outside” of the ¢'(M,,)’s.

For any p one has n(¢'(9) ), - ¢"(ajl’xp)) = ¢ (a)i(ajl’xl, s a;t,x,,))'l These are the only possible values for 7.

In particular 5 vanishes on any derivation in Der(/3)°. Notice that ¢’ (w,»(a;,,q, e thkp)) is 09, QZM) € M,

!Since the w; and 1 are not supposed to be homogeneous in Qf,,(A;) and Qf..(13), one has to evaluate them against any number of
derivations.
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at the i-th block on the diagonal of M;,. We can then write = > ni where n; € ¢'(M,,) ® /\" Der(¢'(M,,))* C
My ® /\"Der(¢'(Mn,))"

Let us define the metric gy, ) as the restriction of g to Der(¢'(M,,)). From this metric we construct its
o) along the derivations of the matrix block ¢(M,,). Then we
can apply Lemma 4.1.6, where the linear form 7 is the ordinary trace on M,,, to get

Hodge x-operator 4y, ) and its NC integral /;5,

/ MAXEN=Xicy [ 1A kg, )i

B ¢ (M)

One has Der(¢'(M,,)) = Der(M,,) and, using (14.2.1), 8p(m,) becomes g; in this identification, so that *gy, )
corresponds to *M,- I this identification, the form #; is then w;, so that f¢f(M 3 A * g )i = fM_ Wi N * M, ;.

This shows that [, n A xpn=Yi_, f;, @i A*m, @i = [, © A x40 by (4.1.6). ]

A slight adjustment of the proof of Prop. 14.2.8 gives (with the same notations):

Corollary 14.2.9 Suppose that ¢ : A — B includes k; times M, on the diagonal of M,,. Then, with the same
assumptions, one has

/’7/\ *Bl = Yoy Ki /wi N ki@
B i

14.3 Direct Limit of NC Gauge Field Theories

14.3.1 ¢-Compatibility of NC Gauge Field Theories

As mentioned in Sect. 2.2, we will consider non unital +-homomorphisms ¢ : A = &[_; M,, = B = @j_; My,.
The reason for this choice is that we would like to cover physical situations where the gauge group are enlarged at
each step of the defining inductive sequence {(A,, nm) / 0 < n < m}. For instance, one may ask for the inclusion
of U(2) into U(3), which can be performed in our framework by considering a natural inclusion ¢ : M, — M;.
This inclusion cannot be unital. A unital morphism would require for instance to consider the inclusion ¢ :
M; ® M, — M;, which may not correspond to a phenomenological requirement.

We first consider a NCGFT on the algebra A = @]_, M,,. Let us use the notations of Sect. 14.2: for any i, let
{ajt’,c t=adg }xer, be an orthogonal basis of Der(.A;) = Int(M,,) where EJfLK € sl, and J; is a totally ordered set of
cardinal n? — 1, and let {6 }c¢; be the dual basis of {9}, }cer-

Since we are interested in the manipulation of connections as 1-forms, we restrict our analysis to the left
module M = A. From Example 11.5.2 and the results in Sect. 14.1, with obvious notations, a connection 1-form

can be written as w = @®]_; w; and its curvature 2-form as Q = @®]_; Q;, with w; = wfc@’{’i = @ — BiKQA"’i =
(B — B, )0;; and Q; = %Q}cmﬁi‘i A0y with Q- = —([Bi,> Bi,] = C(n)ie,, By ..) where C(m;):,, are the

structure constants for the basis {E; , } of sl,,.

The natural action for this NCGFT is then

S=-2ia /iQi A*iQy = = Ty 3 r( Qe Q) = = X § B, 1 ,)?
= =21 7 Zoaer 1Bl B | = COR, B, )’
where in the last line we have used the fact that the metric is diagonal.
As in Subsect 11.5.3, one can also consider a NCGFT on the algebra A= C*(M)®@ A =8_,C°(M)®M,,

for a manifold M. Then w; = A} ,dx* +(E{, — B )0}, and Q; = ;Q , dx" Adxt + Q) dxt AOY + 5O 04 A O,
with

P i T Y i
Qﬂlllz - aFlAA,llz al‘zAA,ﬂl [AA,M’ AA:Hz]’

Q,iuk = _(aﬂBfil,K - [ .il,y’ B./il,ic])’
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Q:qrcz = _([B/it,;q’ B/il,;cz] - C(n KIKZB_A K3)

In that case, the natural action is
S=-Y, s (% tr(Q, , Q) + tr(Q, QY*) + 1 tr(QKlszi,Klkz)) lgvldx

where gy is a metric on M.

This action shares the same main features as mentioned in Subsect 11.5.3: it makes appear a SSBM thanks to
the presence of the scalar fields By, = sz‘;; E o+ 1B;‘ 1,, which can be non zero for a minimal configuration of
the Higgs potential —1 3.7, tr(QL Q). Then the couplings in — Y[, tr(Q, Q") induce mass terms for the
(gauge bosons) fields 4 , = AX;EJQ ot iAj?Hlni. We will concentrate of this feature in the following.

K1K2

In order to simplify the analysis of the relation between NCGFT defined at each step of an inductive sequence
of finite dimensional algebras {(A,, pnm) /0 < n < m}, we will consider a unique inclusion ¢ : A — B with
A =@_, M, and B = ®]_, My, as in Sect. 14.2.

Let n = @;_, nx be a connection 1-form on B for the module N' = B. Denote by © = &;_, O its curvature

2-form. We use the notation n; = }7; of Bk = (Ek 5 Bé ﬁ)Gﬁ s and O = 1@)’[‘5 5, Gglk/\ngk with @El 5= —([B,’;ﬁl, BIkS,ﬁz]_

C(mk)ﬁ1 5,85 ﬂ3) where C(mk)ﬂ 5, are the structure constants for the basis {Ek ﬂ} of sly,.

We suppose that 5 is ¢-compatible with w. This implies that, for all = (i, a,x) € ]k , r]’/‘; = ¢ o(@}) and that
Bllg’,ﬂ = ¢§C,0{(B.Z\,K)'

Lemma 14.3.1 For any f; = (i1, a1,%1), f2 = (iz, a2, k3) € ]1?’ 81;31/?2 = 0 foriy # iy oray # a, and ®]/§1ﬂ2 =
¢ka(QK1KZ)fori =i =iyanda = o = a,.

Proor One has to evaluate

CRCAMCN/MCIS)
= D Qe B 0,00 = By ()P, (8l,))
= (91, (O, 800D = [, (O (B, (0]
= 0 O VD 0 (01, (02,)) = B, (08 VB, (@1, (3, )
= (B oy Ol ) Dy O D) = (B, (01,01, D), B, (01,(3) )]
For iy # iy or a3 # ay, from Lemma 14.2.1, all the terms in the first line vanish while the last commutator is zero
since the two matrices involved do not occupy the same position on the diagonal of M, . For i; = i = i and

a; = ay = a, the expression reduces to ¢};,a(§2i(a¢2,xl, thkz)) (which is also a consequence of Prop. 14.2.3).
Notice that this result is also a direct consequence of the expression of @El s, in terms of the B,’;,’ﬁ’s. |

The curvature components @’/‘51 s, for Bi, fo € Ji can be separated according to the 3 possibilities: (1) (1. f2)

in ],f x],fs; (2) (B1, B2) or (P2, B1) in ],f x J¢; (3) (B1, B2) in J§ x J§. From (14.2.2), the metric gg (and its inverse) is
block diagonal for these subsets of indices. The natural action on /3 can then be decomposed as

k k,
S = =Yi1 1 Zpupues, 1105, 0)
— 1 k k.B1 B2 k k.B152 1 k k.p1 B2
= 2kt (5 X gt 1O 5,0+ X i e (05, 0P 5 B (6, 07 ))

For fixed k, let us consider the first summation on ],f. By Lemma 14.3.1, the two indices f; = (i1, a1,%1), f2 =

(ig, a2, x3) € ],f must satisfy i; = i; and a; = @, to get a non zero contribution, so that

k k.piB2y — i K :
%2515261;? tr(GﬂlﬁzG hh )= 3 21 1 Zak K1,k2€L tr(®(zam)(lak;)® b )(WKZ))
T2 21 1 Zakx K1,K2€l; tr(Qkuc QZ’K”Q) =2 Zi:l ki ZKl K2 €l tr(QK1K Qi’KIKZ)
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where we have used (14.2.1) (which holds true also for the inverse metrics) to make an equivalence between
raising the indices f§ and raising the indices k.

This relation tells us that the action on B contains copies of terms from the action on A. As expected, these terms
involve the degrees of freedom which are inherited on /3 from those on .A. They involve also the multiplicities
of the inclusions of M,, into M,, . This implies that the relative weights of these terms are not the same on B as
they are on A.

Let us now consider the algebra B := C*M) ® B = @_,C°(M) ® My,. The connection 1-form is
parametrized as n; = A’g’ydx” + (Eg,ﬁ - Béyﬂ)ng. We extend the ¢-compatibility between 1 and w on the ge-
ometrical part by the condition that AI;;, y = et LAY Dt A’,‘;fﬂ where A’gfy € M, has zero entries in the image
of ¢y (which is concentred as blocks on the diagonal). In other words, all the degrees of freedom in A4; , are copied
into A’}iy according to the map ¢.

From this decomposition, the components of the curvature 2-forms 6, = %@’;l " dxtt A dxH: + @ﬁﬁdx“ A Qg et

%@’El ﬁze,é’jk A ngi can be separated into inherited components from the curvature 2-forms €; on A, interactions
terms between inherited components of the w; 1-forms with new components of the r; 1-forms, and completely
new terms from new components of the 7. Explicitly, one has

k _ k k k k
®lllllz - aﬂlABxﬂz - af’ZAB,ﬂl - [AB:HI’ AB,HZ]
= Z?:l ¢;< (aﬂlA.;t,,ug - alleli,,ul - [ .;t,/ll’A.;l,,Uz])

i ¢ i k, ke i ai k. k, ke gk
T L=l ([¢;<(A.;t/11 )’ AB,Cyg] + [AB,CM’ ¢;<(A.;lllg)]) + a.ulAB,C[Jz - alleB,cyl - [AB,C,ul’ AB,C,uz
In the same way, for any f§ = (i, 2, k) € ],f, one has
85[5 = _(ayB]];ﬂ - [Ag,ng,ﬁ]) = _¢;<,a (a#B/il,K - [A/it,y’le,x]) + [AI;S,C/N ¢§<,a(B,i,K)]

where the last term is off diagonal. For § € J;, @l’jﬁ depends on the fields A’;J’.fy which couple with B,’;yﬂ. Finally,
@’Bl s, has been explored before.

Denote by A* and B* the groups of invertible elements in .4 and /3 and let us define gz? ¢ A — B, for any
a=@®_,a € A", as

a1 ®1,, 0 0 0

B 0 a; ® 1y, - 0 0

M) :=nkodla)=| : : :
0 0 a4, Q® 10!kr 0
0 0 0 1,

It is easy to check that ¢ is a morphism of groups: for a € A, one has ¢(a) € B* and §(a)™! = @(a!). One has
also ¢(a)* = ¢(a*) so that if u € U'(\A) is a unitary element in A, so is ¢p(u) in B.

Lemma 14.3.2 For anya € A and any u € A", one has (E(u)gzﬁ(a) = ¢(ua) and ¢(a)$(u) = ¢(au). For any
kef{1,..,s},anyi€{l,...,r}, and any a € {1, ..., ax;}, one has g’?(u)qﬁ};’a(a) = ¢, (ua) and ¢;;’a(a)$(u) = ¢} ,(au).

ProoF From (13.2.5), it is sufficient to prove the last relations involving ¢ . Since ¢(u) differs only from ¢(u) at

the last ng x ny block entry on the diagonal where ¢} ,(a) is zero, one has g(u)gé};’a(a) = p(w¢. ,(a) = ¢}, ,(ua) by
(13.2.5) and (13.2.7). The same proof applies for the right multiplication by u. [ |

Proposition 14.3.3 Let w be a connection 1-form on A and let n be a $-compatible connection 1-form on BB. Let
ueU(A)andv := ¢(u) € U'(B). Then " andn’ are ¢-compatible.
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ProoF Recall that w* = u'wu — u~'(du) and n* = v'nv — v~'(dv). Notice that 7'y (w*) = u;'wu; — u;*(du;) €
Qb (A;) and similarly 75(n") = vy eve — vp '(dvg) € Qb (By). For any k and any 8 = (i,a, k) € ],f, one has

ﬂg(rlv)((ﬁi,a(afil,;c)) = U1:1’7k(¢;;,a(3,ft,x ))vk - l),:l [¢;'c,a(E/it,K)> vk]
= 0 Pl (01(30)) vk = 0 Bl (Bl s i])
= o (1 0w — 1 ()@ )) = B (T (0)h))

where we have used Lemma 14.3.2. [ ]

We have a similar result for connections on .A and B:

Proposition 14.3.4 Let w be a connection 1-form on A and let 1 be a g-compatible (in the extended version) con-

nection 1-form on B. Letu € 7/'(./1\) andv := (/;(u) € 'l/'(l§). Then * and 1’ are ¢-compatible (in the extended
version).

Proor Concerning the algebraic parts of ; and r, the proof is the same as for Prop. 14.3.3. It remains to show
that the A% := u;' A} ,ui — u;'9,u; are copied into AI;BUIJk = v,;lAl;ipvk — v '9,vr according to the map ¢. Using
the fact that vy is block diagonal, and that these blocks are q’)}(’a(ui) or 1,,, the diagonal part of the first term
v,:lA’,‘i#vk is exactly Y[, ¢;;(ui‘1Ath,#ui). The second term v} '9,v; contains only blocks on the diagonal: the zero
block from the block 1, and blocks qﬁ};’a.(ui)_laygb};!a(ui) = ¢} ,(u;'9,u;) otherwise. This proves that the blocks on
the diagonal of A],“S”; are copies of the A" according to the map ¢. Obviously, the off diagonal part of AIE’; mixes

the degrees of freedom from the Ajw’s and u;’s. [ |

Prop. 14.3.3 and 14.3.4 show that ¢-compatibility of connections is compatible with gauge transformations.

We have now at hand all the technical ingredients to discuss NCGFT on the AF C*-algebra defined by a
sequence {(An, $nm) /0 < n < m}. This NCGFT uses the derivation-based differential calculus constructed on
the dense “smooth” subalgebra A« := U,>0.4, as the inductive limit of the differential calculi (O}, (A,), d), and
a natural module is the algebra A, itself. With obvious notations, the same holds for //l\m. All these constructions
are canonical. A connection is constructed as a limit of connections on each .4, (with module the algebra itself).
If we insist the connection 1-form on A,4; to be @, ,1-compatible with the connection 1-form on A, then some
degrees of freedom in this connection are inherited from those of the connections on A,, and new degrees of
freedom are added. This limiting procedure is compatible with a good notion of gauge transformations (see
Prop. 14.3.3 and Prop. 14.3.4).

Concerning the dynamics, the terms in the action functional on A, can be found (with possible different
weights) as terms in the action functional on A,4;. If a solution for the gauge field degrees of freedom has been
found on A, then these degrees of freedom appear as fixed fields in the action on A, 4, and so as constrains when
one solves the field equations on A, for the new fields (non inherited degrees of freedom). The same applies
to an inductive sequence {(A,, Onm)/ 0 < n < m}. The Lagrangian on A (or //l\m) should be constructed as a
limiting procedure by adding new terms at each step in order to take into account the new degrees of freedom.
But then this Lagrangian could contain an infinite number of terms. From a physical point of view, we do not
expect to reach that point: only some finite dimensional “approximations” (at some levels n) can be considered
and tested in experiments. In other word, the purpose of our construction is not to define a “target” NCGFT (which
could be quite singular) but to construct a direct sequence of finite dimensional NCFGT. We expect all the empirical

data to be encoded into this sequence which formally defines a NCFGT on A (or //l\m).

As already mentioned at the end of Sect. 2.2, the *-homomorphisms ¢, 41 : A, = A, are only character-
ized up to unitary equivalence in A,,;. We have shown that the action of such an unitary equivalence, which
takes the form of an inner automorphism on A, is a transport of structures that does not change the physics.
This is why it is convenient to work with the standard form used in this thesis for these *-homomorphisms.
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14.4 Numerical Exploration of the SSBM

We would like now to concentrate on the SSBM in our framework. Using previous notations, when the Higgs
potential —3 Y1, tr(Qf  Q"1*) for A is minimized, the degrees of freedom in the By, = Bj{ff; Ej . +iB{1,, are
fixed (possibly with a choice in many possible configurations) and the ¢-compatibility transports these values
into the B,’; 5= B,I;’Z/Eé gt iBgioﬁ 1,,’s. Then, using these fixed values, minimizing the Higgs potential for B only

concerns a subset of all the Bgzg/’s. The configuration they define is not necessarily the minimum of the Higgs

potential for Bif it were computed along all the B,];,:g,’s.

A~

The configuration of the fields Bj{i{’s on A (resp. the fields B,’;jﬁ/’s on B) induces a mass spectrum for the
gauge fields Aj{'}’s (resp. the gauge fields A];J’,fj’s). In order to illustrate the way the masses of the A’,;’,i’s are related
to the masses of the A;{f‘u’s by the constraints induced by ¢, we have produced numerical computations of the
mass spectra for simple situations ¢ : A — B. These computations have been performed using the software
Mathematica. The following situations have been considered:

1. A = M, and B = M;j. This is the minimal non trivial situation one can consider. It illustrates many features
of the other situations concerning the masses of the fields A]Ei’s.
2. A =M, & M, and B = M,. This situation is used to illustrate how two different configurations for the fields

Bj(fj:’s (one for each M) can conflict to produce a rich typology for the masses of the fields A];fl’s.

3. A = M, ® M, and B = Ms. This situation is used to show, by comparison with the preceding one, how the
target algebra influences the mass spectrum.

4. A = M, ® M; and B = Ms. This situation is used to show, by comparison with the preceding one, how the
source algebra influences the mass spectrum.

Due to the large number of parameters involved in the mathematical expressions, the numerical computations
cannot explore the full space of configurations for the fields BX;/’S. This is why we have chosen to work with
a very simplified situation: for every i, the fields ijf;’s are parametrized by a single real parameter A; which
interpolates, on the interval [0, 1], between the null-configuration and the basis-configuration (see Sect. 11.5.3)
as B/"LK = AiEjLK. For each value of the A;’s, the minimum of the Higgs potential on B along the fields B,’;’f,/’s
which are not inherited (via ¢) is computed. Then this minimum configuration is inserted into the couplings
with the fields Al,cs’i’s to compute the mass spectrum. A comparison with the mass spectrum of the fields Aj{’fﬂ’s

is easily done, since this spectrum is fully degenerate: all these fields have the same mass A; = /2n; according to
Lemma 11.5.2.
Let us first make some general remarks on the expected results. When A; = 0 for all i = 1,...,7 (in our

examples r = 2 at most), the configuration on ./4/1\ is the null-configuration. So, we expect the constraints due
to the values of the fields Bj{f‘x’ = 0 when computing the minimum of the Higgs potential on B to produce the

null-configuration for the fields B,];”él ’s. In the same way, when A; = 1foralli = 1, ...,r, the configuration on f/t\ is

the basis-configuration, and since ¢ preserves Lie brackets, the minimum of the Higgs potential on Bis expected

to be the basis-configuration for the fields Bg:ﬁl’s. All the numerical computations presented below are consistent
with these expected results.

When J; is neither 0 nor 1, the configuration for the fields Bj{ﬁ! ’s is not a minimum of the Higgs potential

on A (with value 0 in that case). Nevertheless, we consider these configuration as “possible” since A is not
necessarily the first algebra in the sequence {(A,, ¢nm) /0 < n < m}. Indeed, as the results will show, and as

already mentioned, the minimum of the Higgs potential on B is not the minimum along all the Béif;/’s’ and its

value can be non zero. So, we are not reduced to considering only zero minima on A and it is legitimate to
explore other configurations for the fields Bj{i ’son A.

Before describing the four cases, let us consider the situation in Fig. 14.1 which concerns the algebra M, only.
The plot in Fig. 14.1a is the Higgs potential for the fields By, = A,E;, depending only on A;. It is a quadratic
polynomials in A; and it looks very much like the Higgs potential of the SMPP in this approximation (reduction
to a 1-parameter dependency). The plot in Fig. 14.1b is the mass spectrum for the Aft’; fields. As proved in



150 CHAPTER 14. DERIVATION-BASED APPROACH TO NCGFT ON AF-ALGEBRAS

Lemma 11.5.2, it is fully degenerated and depends linearly on A; with slope /2n; where n; = 2 in the present
case. Similar plots can be obtained for any value n;. These plots can be compared to the ones obtained in the
four cases numerically explored.

V(Ay) m(Ay)
250+

200

150 - 02 04 05 08 n
100}

\50 I
. . .

Ay — . .
-1 1 2 ! 1 1 > A

(a) Minimum values for the Higgs potential with details in insert. (b) Masses for the gauge fields.

Figure 14.1: A = M;: plots for A; € [-1,3].

All the numerical computations have been performed using orthonormal basis. We have noticed that the mass
matrices, which have been computed in terms of an orthonormal basis E}j 8 (here we have only k = 1) constructed
as in subsection 11.5.3, are almost diagonal, up to terms of order 107 (these small values could be considered as
numerical artifacts). This motivates the introduction of the following nomenclature for the labels appearing in
the plots of the mass spectra for the gauge bosons. These labels refer to directions defined for speciﬁc subsets
of matrices Ej} p € Mn, = B. The labels a' will refer to the inherited directions in ¢(M,,) C B. Let gb(A) be the
smallest square matrix block in Mm that contains all the ¢(M,,). The label b (resp. d) will refer to non diagonal
(resp. diagonal) directions in g{)(.A) that are not labeled by the a’. When ¢(A) # B, the labels ¢’ will refer to non
diagonal directions in B\m that commute with all the ¢(M,,) for i’ # i: this means that these directions are

matrices in M, with non zero entries only in B\@(A) at the same rows and columns occupied by ¢(M,,). In the
same situation, the label e will refer to diagonal directions with non zero entries in B\¢$(.A) and which commute

with m

For the first case A = M, and B = M, see Fig. 14.2, there is only one real parameter A;. On the plots, this
parameter is restricted to A; € [—1,3].2 On Fig. 14.2a, one sees that minimum values for the conﬁgurations of
the B, s fields in the Higgs potential, taking into account the fixed values of the inherited fields B, = MEj,.a
zero only at A; = 0, 1. These values show a maximum near A; = 0.563 and grow rapidly outside of A; € [0, 1]

This plot shows a similar global conformation as the one in Fig. 14.1a. On Fig. 14.2b, the induced masses for
the gauge bosons Aj; , are presented. This mass spectrum is richer than the one in Fig. 14.1b. It is not continuous,
and one of its discontinuities coincides with the maximum of the values of the Higgs potential minima near
A1 = 0.563. The second discontinuity, near A; = 2.376, corresponds to a discontinuity in the Higgs potential
minima plot that is visible at larger scale, as shown in the zoom effect circle. This mass spectrum is organized
as follows: the a'-lines have degeneracy 3, the c!-lines have degeneracy 4, and the e-lines have degeneracy 1,
which amounts to the 8 fields A}SIL on B. Notice that the al and aj (resp. ¢} and c}) straight lines are part of
the same straight line (as shown by the dotted lines) with slope 2 = /2n; (resp. M) Up to these small off-
diagonal values in the mass matrix, the 3 fields Al’ﬁ belonging to the a'-lines are the inherited 3 fields Al’K
M. The slope of the a! and a} lines shows that the 1nher1ted fields retain their masses when they are 1nduced by

¢ : A — B. The aj-line reveals that there is a slight breaking of this invariance for a specific range in A;. The
e-lines correspond to the diagonal direction diag(1,1,—2)/6 € Ms.

2 A numerical exploration on the interval [-100, 100] shows that the lines presented on Fig. 14.2b are extended linearly.
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(a) Minimum values for the Higgs potential with details in insert. (b) Masses for the gauge fields.

Figure 14.2: A = M, — B = Ms: plots for 1, € [-1,3].

For the next three cases, there are two parameters A;, i = 1, 2 and the plots explore the square (1;,1;) € [0, 1]%.
Concerning the minimum values for the Higgs potential, all the points in the square can be displayed. But
concerning the mass spectra, all the points in the square would give a cloud of points impossible to interpret.
This is why we have chosen to display what happens along 7 specific lines in the square [0, 1]%, which are given
in Fig. 14.3:

0.0 A
00 02 04 06 08

Figure 14.3: The 7 lines for (11, 1,) € [0, 1]* along which computations of masses have been performed.

Since the resulting plots in 3d may be quite difficult to read nevertheless, we have displayed two specific
directions: the first one is the diagonal in the plane (4;,4,), for A; = A, € [—1,3]; the second one is the anti-
diagonal 1; + A, = 0.5 in the square [0, 1]2. The diagonal plots can be directly compared to the first case, and
they display a comparable rich structure: a restricted number of degenerated masses and some discontinuities.
The anti-diagonal plots can be used to better understand how the inherited and new degrees of freedom behave
in relation to each other (as encoded in the nomenclature for the labels). The choice of the parameter 0.5 for
the anti-diagonal line A; + A, = 0.5 is justified by the fact that we then explore in the 3 cases a region without
discontinuity.

All results are given in the figures 14.4a, 14.4b, 14.4, 14.5a, 14.5b, 14.5, 14.6a, 14.6b, 14.6, 14.7a, 14.7b, 14.7,
14.8a, 14.8b, 14.8, 14.9a, 14.9b, 14.9, 14.10a, 14.10b, 14.10c¢, 14.10.

Let us consider the second case A = M, @ M, and B = M,;. The minimum values for the Higgs potential
in Fig. 14.4a show a line of discontinuity that have a counterpart in the mass spectrum in Fig. 14.4b. Exploring
A1 = Ay € [-1,3] in Fig. 14.7 shows that there are other discontinuities (at least one in the range considered) as in
Fig. 14.2. In the mass spectrum in Fig. 14.7b, the a! and a?-lines have degeneracy 3, the b-lines have degeneracy
8, and the d-lines have degeneracy 1. For i = 1,2, the slope of the a! and a} (resp. b; and b;) straight lines is
2 = /2n; = \2n; (resp. \/3). As in the previous case, modulo very small off-diagonal values in the mass matrix,
the 6 = 2x3 fields in the a'-lines are inherited from the 2x 3 fields Ajj’; and Ajj’; from the two copies of M, and the
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V(A1 A2)
m(Ay, Az)

0.0

(a) Minimum values for the Higgs potential. (b) Masses for the gauge fields.

Figure 14.4: A = M, ® M, — B = My: plots for the square [0, 1]? in the plane (A;, A,).

A

(a) Minimum values for the Higgs potential. (b) Masses for the gauge fields.

Figure 14.5: A = M, ® M, — B = Ms: plots for the square [0, 1] in the plane (1;, A,).

d-lines correspond to the diagonal direction diag(1,1,—1,—1)/ J4 € M,. The plot in Fig. 14.10a shows how the
distribution of these gauge fields changes along the anti-diagonal A; + A, = 0.5. The perfect symmetry around the
diagonal at A; = 0.25 in Fig. 14.10a shows that the two M, blocks play an equal role, as expected. At A; = 0.5, we
end up on the side A, = 0 in Fig. 14.4b, where the top line (end of the a'-line) has a slope 2 = /2n; with respect
to A; € [0, 1]; the middle line has a slope \/3_/2 (the b-line); and the lower line has a slope 0 (it corresponds to the
ends of the a®-line and the e-line). Here again, at least in the region 4; + 4, < 0.5 (before the first discontinuity),
we have checked numerically that the masses of the inherited fields are preserved by the map ¢ : A — B.

The third case A = M, ® M, and B = M;, illustrated in Figs. 14.5, 14.8, and 14.10b, differs from the previous
one by the greater number of new degrees of freedom in /. The discontinuity in Figs. 14.5a and 14.5b is larger. Its
position has also moved, as can be seen also in Fig. 14.8b. In this latter plot, the a' and a*-lines have degeneracy
3, the b-line have degeneracy 8, the ¢! and c¢?-lines have degeneracy 4, the d-lines have degeneracy 1, and the
e-lines have degeneracy 1. Notice that the d and e lines are almost always merged in the plot, except for d; and
e, which are close but clearly separated. For i = 1,2, the slope of the a} and @} (resp. b; and bs, resp. ¢} and c})
straight lines is 2 = 2n; = /2n, (resp. /3, resp. \/3_/2) Modulo very small off-diagonal values in the mass
matrix, the 6 = 2 x 3 fields in the a’-lines are inherited from the 2 x 3 fields Aflt”’; and Ajz’; from the two copies
of M. In accordance with the nomenclature of the labels, the 8 fields in the b-lines are new degrees of freedom
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(a) Minimum values for the Higgs potential. (b) Masses for the gauge fields.

Figure 14.6: A = M, ® My — B = Ms: plots for the square [0, 1]? in the plane (A;, A,).
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Figure 14.7: A = M, & M, — B = M;: plots on the diagonal (1;,1,) for A, € [-1,3].

along directions Eé’ﬁ that are contained in My C Ms, where M, contains the two copies of M. The 8 = 2 x 4
fields in the c'-lines are new degrees of freedom along directions Ej s that are defined with components outside
of this My C Ms: the c'-line (resp. c’-line) corresponds to fields in the directions Ej; with non zero entries
outside of My C Ms and in the same rows and same columns as the ones in M, (resp. M,,). In other words, the
Ey; 4 for the c'-line do not commute with ¢(M,, ) while they commute with ¢(My,), and vice versa for the c*-line.
The d-lines correspond to the diagonal direction diag(1, 1,—1,-1,0)/ J4 € M5 and the e-lines correspond to the
diagonal direction diag(1,1,1, 1, —4)/ /20 € Ms. The anti-diagonal plot in Fig. 14.10b brings us more information
concerning the relationship between the a’ and ¢'-lines: it seems that there is a correlation between the a!-line
(resp. a*-line) and the c'-line (resp. c*-line) due to the fact that their associated directions Ej 5 do not commute.
This non commutativity could also explain the curved b-line which is “constrained” by the directions in the a
and a?-lines.

Finally, the fourth case A = M, @ M3 and B = Ms, illustrated in Figs. 14.6, 14.9, and 14.10c, is closer to the
second case than to the third case. We conjecture that this is due to the fact that the diagonal in B is filled by ¢
in the second and fourth cases, while there is a remaining 0 in the third case (which permits the existence of the
directions for the ¢! and c®-lines in Fig. 14.10b). In the mass spectrum in Fig. 14.9b, the a!-lines have degeneracy
3, the a®-lines have degeneracy 8, the b-lines have degeneracy 12, and the d-lines have degeneracy 1. The slope of
the a! and a} (resp. a? and a2, resp. b; and bs) straight lines is 2 = /2n; (resp. v/6 = 2n, resp. +/25/6). Modulo
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Figure 14.8: A = M, & M, — B = Ms: plots on the diagonal (1;,4,) for A; € [-1,3].
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Figure 14.9: A = M, ® M; — B = Ms: plots on the diagonal (14, 4;) for A; € [-1,3].

very small off-diagonal values in the mass matrix, the 3 fields in the a'-lines are inherited from the 3 fields Aflt’,';
from M,, = M, and the 8 fields in the a?-lines are inherited from the 8 fields Aj”’; from M,, = Ms. The d-lines

correspond to the diagonal direction diag(1,1,1,1,-4)/ J20 € Ms. As showed in Fig. 14.10c, the mass spectrum
along the anti-diagonal is no more symmetric, as can also be seen in Fig. 14.6b (look for instance at the singular
line in the mass spectrum): this distinguishes this case from the second one and illustrates how a change in the
algebra A affects the mass spectrum.

Let us make comments on these results. The exploration of the space of configurations for the fields Bfi{ffc/’s
along paths parametrized by the A;’s already shows a rich typology concerning the possible masses for the gauge
bosons A /3/;31

As seen in Fig. 14.2 for instance, the minimum for a conflictual situation A; = 1 and A, = 0 (conflict between
the two minimal configurations for the B , and B, in M;) is non zero and produces a global configuration for the
fields B}, 5,5 that is neither the null-configuration nor the basis-configuration. The induced masses show 3 possible
values with degeneracies. Inserting this configuration as a initial data for another step into a sequence of NCGFT
constructed on the sequence {(A,, ¢nm) /0 < n < m}, may propagate this in-between result and produce more
subtle configurations with richer possibilities for the masses of the gauge bosons.

Since the exploration of the space of configurations for the fields B”fc ’s is reduced to paths parametrized by
the A;’s, our results do not offer a general and systematic view of what could happen in our kind of models.
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Figure 14.10: Masses for the gauge fields along the line A; + A, = 0.5.

Nevertheless, the results presented above already display a rich phenomenology from which some information
can be drawn. The first noticeable feature is that the mass spectra, constrained by the ¢-compatibility, reveal
that the masses are grouped in specific directions, so that we have neither a full degeneracy (as in Fig. 14.1b)
nor a complete list of independent masses (as many masses as degrees of freedom): these specific directions are
grouped according to the inherited degrees of freedom (the a'-lines), according to the way the new degrees of
freedom commute or not with the inherited ones (the b and c'-lines), and according to the possible new diagonal
degrees of freedom one can introduce (the d and e-lines). Masses for inherited gauge bosons are preserved by the
¢-compatibility condition quite systematically near the null-configuration. Concerning the first discontinuity
on the diagonal plots before the basis-configuration, the position of this discontinuity seems to be related, by
an approximate linear relationship, to the ratio of the number of new degrees of freedom over the number of
inherited degrees of freedom, see Table 14.1:

Case Nndof Nidof Tdof Al,ﬁrst Al,second
My & M3 — M;s 13 11 1.182  0.475 2.526
M, & M, - M, 9 6 1.5 0.542 2.456

My — M; 5 3 1.667 0.563 2.376
M, & My, — M; 18 6 3 0.734 2.263

Table 14.1: Relationship between the positions of the first and second discontinuities and the ratio of the number
of new degrees of freedom over the number of inherited degrees of freedom in the diagonal plots Figs. 14.9b, 14.7b,
14.2b, and 14.8b: nygef (resp. nidof) is the number of new (resp. inherited) degrees of freedom, rgof = Nngot/Nidot is the
ratio of these degrees of freedom, A; g5t (resp. A1 second) is the value of A; at the first (resp. second) discontinuity.
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Chapter 15

Spectral Triple-based Approach to
NCGFT on AF-Algebras

In this chapter, we propose to set up NCGFT based on AF-Algebras using the spectral triple-based approach. In
subsection 15.1.2, we will see how to lift arrows of a Bratteli diagram to arrows between Krajewski diagrams. In
subsection 15.2.1 we will create the “¢-normalized” map for physical purposes. In subsection 15.2.2, the spectral
actions defining NCGFTs associated with two spectral triples related by the arrows of the Bratteli diagram are
compared (tensored by a commutative spectral triple to put us in the context of Almost Commutative manifolds).
This is done by using the ¢-normalized map and working with ¢-compatible operators at the level of the two
successive spectral triples of the elementary step in the inductive sequence. This chapter is an account of the
results given in (Masson and Nieuviarts, 2022). Other works consisting in the development of spectral triples and
non-commutative gauge theories on AF algebras in a different way can be found in (Christensen and Ivan, 2006;
Marcolli and van Suijlekom, 2014).

15.1 Lifting one Step of the Defining Inductive Sequence

In this section, we adapt to spectral triples the inclusion map ¢ : A — B. As explained in Chapt. 13, the main
idea, which is central in this thesis, is to define a notion of ¢-compatibility for the structures defining spectral
triples (A, H4,D4,J4,y4) and (B, Hp,Dp, J5,y5) on top of A and B. This construction, applied in Sect. 13 to
AF-algebras, can be interpreted as a lift of arrows in a Bratteli diagram to arrows between Krajewski diagrams.

15.1.1 General Situations

In this subsection, we will explore the consequences of ¢-compatibility and strong ¢-compatibility conditions on
the structure of spectral triples.

Definition 15.1.1 (¢-compatibility of spectral triples) Assume given a ¢-compatible map ¢2; : Hy — Hp.

Two odd spectral triples (A, H 4, D 4) and (B, Hp, D) are said to be ¢p-compatible if D 4 is p-compatible with
Dg.

Two real spectral triples (A, H,D,J4) and (I3, Hp,Dp, Jp) are said to be ¢p-compatible if D 4 (resp. Ja) is
¢-compatible with Dp (resp. Jp).

In the even case for A, one requires that I3 is also even and that the grading operatorsy 4 andyp are p-compatible.
Strong ¢-compatibility of spectral triples can be defined in an obvious way.

Remark 15.1.2 Notice that strong ¢-compatibility of spectral triples is similar to the condition (3) given in
(Floricel and Ghorbanpour, 2019, Def 2.1) where their couple (¢, I) corresponds to our couple (¢, ¢p3;). We depart
from this paper where inductive sequences of spectral triples are studied in the following way: we will restrict
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our analysis to the algebraic part of spectral triples since only AF-algebras will be considered later, so that the
analytic part is quite trivial in our situation, and we will focus on gauge fields theories defined on top of spectral
triples. For instance, conditions like (ST1) (about the *-subalgebra .A*) and (ST2) (about the compactness of
the resolvent of the Dirac operator) in (Floricel and Ghorbanpour, 2019) will not be considered here. Moreover,
since we are interested in accumulating “new degrees of freedom” along the inductive limit, the ¢-compatibility
condition will be more effective than the strong ¢-compatibility condition. O

Since J4 and J5 define A° = A ® A° and B° = B ® B° modules structures on H 4 and Hp, it is convenient
to express ¢-compatibility in terms of this structure. The morphism ¢ defines a canonical morphism of algebras
¢° : A° — BB by the relation ¢°(a°) := @(a)’. We then define ¢° : A°* — B as¢® := ¢ Q ¢, i.e. ¢°(a; ® a;) =
P(a;)®¢°(a3). Let M (resp. N') be a A-bimodule (resp. B-bimodule), which is also a .A¢-left module ( resp. 53°-left
module) by (a;®a;)e := a,ea, forany e € M and a;, a; € A (and similar relations for Band N'). Then, we say that
a linear map between the two bimodules ¢yoq : M — N is ¢-compatible if it is ¢°-compatible between the two
left modules, that is drmoa((a; ®a;)e) = ¢¢(a; ®ay)pumod(e), which is equivalent to Paoda(areaz) = ¢(ar)Pumod(e)P(az).

Lemma 15.1.3 Suppose that ¢, : Hy4 — Hp is gp-compatible as a map of left modules and that J4 and Jp are
strong ¢-compatible. Then ¢y is ¢°-compatible as a map between the bimodules defined by the real operators.

Proor For any ¢ € Hy, aj,a; € A, by definition, one has a;a;, = (a1 ® a;) = aiJaa5J4¥. On the one
hand, since ¢y, is ¢-compatible, one has ¢3,(a1¥) = ¢(a;)d (). On the other hand, ¢y (Va,) = dpr(JaasJa¥y) =

JsP(a2)" Tppn () = ¢r()P(az). L
Lemma 15.1.4 Suppose that Jp is strong ¢-compatible with J4:
l.eg = €p.

2.J5" is strong ¢-compatible with J;*
3. Jp is diagonal in its matrix decomposition.

4. If two operators A on H 4 and B on Hp are $-compatible, then the operators J4AJ ;' and JgB]z" are ¢-compatible.

ProoF From J4 = e, and J3 = ep, one gets e 49 () = ¢ J4Y) = Jadpu () = epdn(y) for any € H 4, so that
€5 = €4. From this we deduce that J;' = €] is strong ¢-compatible with J;* = € 4.

Ty T
Let gy = (i

$u(H) and Y; € gu(H)* Then Js(yn) = (50 ) and Jswy) = (/0. so that 0 = (W ¥mh, =
TsWr), JsW)m, = <Jg,¢(¢3)s]§,¢(¢%)>sz- From Jz! = epJp and ]g’L = 0, one gets that ]g,(ﬁ is invertible with
(]g,d))‘1 = (]Igl)g = EBJZ#S, so that ]g,¢(¢7-1(7‘[,4)) = ¢3(H 1), which implies that Jz ;%) € ¢n(H)", that is,
],J3~¢(¢;5) = 0 for any Y5 € ¢ (H )", and so Jé’,q& =0.

From (]BB],gl)ﬁ = ]g’¢B£(]g’¢)‘1, we deduce that the operators J4AJ" and JzBJ;' are ¢-compatible. [

>. Since Jp is strong ¢-compatible with J4, we already know that Jg, L, =0 Letyp €

Lemma 15.1.5 Let us consider the even case and suppose yp is ¢p-compatible withy 4.
1. Then yp is diagonal in its matrix decomposition, so that strong ¢-compatibility and ¢-compatibility between yp
and y 4 are equivalent.
2. Then ¢y is diagonal for the matrix decomposition induced by H, = H} & H and Hp = H}; ® Hy, so that ¢
restricts to maps H — H.

" $ L
ProoF Point 1: since y; = yj5, one has y5 = (i’i‘? "Bs ) The ¢-compatibility implies (y}’;’ B o) = o) =

B YB.L
&1 (), so that (yg’ ¢)2 = 1. Since y%4 = 1, one has (yg(p)2 +V5 ¢y,§jp = 1, from which we get y; ¢y,§;; = 0, which
implies YIJS-,gﬁ = 0, so that yp is diagonal. By Prop. 13.4.5, this implies strong ¢-compatibility.
Point 2: for every ¢y € H¥, one has ¢ () = ¢n(ya¥) = ypdu (), so that ¢, () € H;. ]

Proposition 15.1.6
1. If two (odd/even) real spectral triples are strong ¢-compatible, then they have the same KO-dimension (mod 8).
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2. If two (odd/even) real spectral triples are ¢-compatible and Jp is strong ¢-compatible with ] 4, then they have the
same KO-dimension (mod 8).

Proor Let (A, H4,D4,J4) and (B, Hp, Dp, ) be two strong ¢-compatible real spectral triple. In the even case,
consider the gradings y4 and yz. Then one has J4 = €4, JaDa = €/4DaJa, and Juys = €jyaJa (in the even
case), and similar relations for 3. We already know from Lemma 15.1.4 that € 4 = €. For any iy € H 4, one has
¢ UaDay) = JsDpdn(y) and ¢ (DaJay) = Dplspn(y), so that e = €4, and ¢r(Jaya¥) = Jsyspn () and
b1 (yaJa¥) = yJppu (), so that €73 = €}.

The second assertion follows the same line of computations, using the fact that Jz and y5 are diagonal (Lem-
mas 15.1.4 and 15.1.5), so that in particular UBDB)g = ]g’ngggS and (DBJB)‘; = qui’,¢]g,¢~ [ ]

The requirement that Jz be strong @-compatible with J, seems to be inevitable in the generic situation to
get the same KO-dimension. In the case of AF-algebras, this requirement will be a consequence of another
requirement on the ¢z, map, see Prop. 15.1.15.

Let (A, H4,D4,J4) and (A’, H 4, D4, J4/) be two unitary equivalent real spectral triples for Uy : H4 —
Hy and gy : A > A’ and let (B, Hp, D, Jp) and (B’, Hpz, Dy, Jr) be two unitary equivalent real spectral
triples for Ug : Hg — Hp and ¢ : B —> B'.

Proposition 15.1.7 Suppose that (A, H 4, D 4,]4) and (3, Hp, Dp, J5) are strong ¢-compatible, and that there are
a morphism of algebra ¢’ : A" — B and a linear map ¢}, : Hp — Hp such that ¢’ o g4 = ¢p o $ and
41UaY) = Ugdn (V) for anyy € H 4. Then (A’ Ha/,D v, Jur) and (B', Hp, Dy, Jp') are strong ¢’ -compatible. If

the spectral triples are even, the result holds also.

This result shows that strong ¢-compatibility is transported by unitary equivalence if one assumes some
natural conditions on the maps ¢’ and ¢,, which are the commutativity of the following diagrams:

ALy n H 4 o, Hp
J{(ﬁﬁi J{ B and lUA’ J/UB
ANy Mo 2% 1y

Proor For any ' € Hy, let y € H 4 be the unique vector such that ' = Uyy, and for any a’ € A’, let
a € A the unique element such that @’ = ¢4(a). Then one has ¢},(m (" W’') = ¢, (4 o p4(@)Uay) =
P Uarma(@)y) = Uppu(ma(@)y) = Up(rp o p@)du(Ua™y") = Up(rp o pa)Us'¢3,(") = (mp o dp ©
d(@)5, W) = (mp o ¢'(@)3, '), so that ¢}, is ¢’-compatible. Let A and B be strong ¢-compatible op-
erators on H 4 and My and define A’ := U4AU, ! and B’ := UgBUp ™! on H 4 and Hy. Then one has
B (A = @, (UAAY) = Upgp(AY) = UsBow() = BUpbru(l) = B'd(Uah) = B'd ("), so that A’ and
B’ are strong ¢’-compatible. Applying this result to D4 and Dy (resp. J4- and Jiz, resp. y4- and yp in the even
case) shows that (A4’, H4,D 4, Ju) and (3, Hp, Dy, Jp') are strong ¢’-compatible and similarly in the even
case. ]

In the proof, the commutativity of the first diagram is only used when the representation x5 is applied, and
more specifically, when this representation acts on ¢,(H /). In other words, the minimal condition in this proof
is that mp o ¢’ o ¢4 = T o P ° ¢ holds as operators acting on ¢}, (H) C Hp.

Another version using only ¢-compatibility can be proposed in the following way:

Proposition 15.1.8 Suppose that (A, H4,D,J4) and (B, Hp, D, J5) are ¢p-compatible, and that there is a mor-
phism of algebra ¢’ : A" — B’ and a linear map ¢;, : Ha — Hp such that ¢’ o g4 = ¢p o ¢ and §5,(Uy) =
Updn () for any y € H 4, and suppose that Ug is diagonal. Then (A’, H,Da,Ja) and (B', Hp,Dp, Jizr) are
¢’ -compatible. If the spectral triples are even, the result holds also.

Proor The proof follows the same line of reasoning as for the proof of Prop. 15.1.7, with the key difference that,
from B’ := UpBUp ! and the fact that U is diagonal, one has BY = ngBz(Ulgz)‘l. [ ]
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The map ¢ induces a natural map of graded algebras ¢ : 7°A — T "B by the relation ¢(a° ® - ® a") =
#(a®) ® -+ ® Pp(a"). If w € QL (A), then one can check that ¢(w) € QL (), so that ¢ restricts to a map of graded
algebras Q;,(A) —» Q;;(B). f $(1 4) = 1, then ¢(dya) = p(lyQ@a—a®1y) = 15 ® ¢(a) — #(a) ® 15 = dyp(d).
If $(14) # 1, let ps 1= ¢(1,4) € B be the induced projection. Then ¢(dya) = ps ® p(a) — $(a) @ py € O} (B) can
be written as ¢(dya) = pydyd(a) + p(a)dy(1s — pg) = pgdud(a) — ¢p(a)dy ps. This shows that ¢ is a morphism of
differential algebras only when it is unital. In the following, we will use the most general relation ¢(a’dyal) =

#(a®)dyg(al) — ¢(a°a1)dUp¢ since ¢(a)py = ¢p(a).

Proposition 15.1.9 Suppose that Dy is $-compatible with D 4.
1. For any w € Q[ (A), 7p,, o $(w) is ¢p-compatible with rp, , (w).
2. Suppose that J is strong ¢-compatible with J4. For any unitariesuy € A and up € B such that m4(uy) and
np(up) are g-compatible and np(up) is diagonal in the matrix decomposition, Dy} is ¢-compatible with D'}

3. Using the hypothesis of the previous points, D"B’;ﬁ((‘)) is p-compatible with D', .

Condition 2 in this Proposition implies in particular that 7z o ¢’ o p4 = 7 ° Pp o ¢ (see comment after
Prop. 15.1.7) with A’ = A, B’ = Band ¢’ = ¢.
ProOF We can reduce the general case to @ = a’dya’ € Qf(A). Let us then consider np, o ¢(a’dya') =

$(a®)[Dp, ¢p(a")] — ¢p(a’a")[Dp, pg] (with 75 omitted in this relation and the following). For any i/ € H 4, one
has ¢(a’a")[Dp, pyln(y) = $(a’a )Dpdn ) — $(a°a )p(L)Dpdr(y) = 0, since psdu () = ¢2 (), so that

¢ L
7p,s © Pp(a’dyat)pr () = ¢(a®)[Dp, p(a')]¢2 (). Using the matrix decomposition D = <DB"5 Dag > and Point 8

Dy, Dp,
in Prop. 13.4.5, one gets

r 2 qu(w)) _ $(@)5[Dy,. $(@)lpn ()
$(a”)[Ds, $( )]( 0 (45(“0)1(13?3,&(611);?—¢(a1)jD¢g,l)¢H(¢)

From this relation we get ﬂDB(qS(aOdUal))i = qS(aO)g[Dgw qS(al)g] and then 7p, (gb(aOdUal))ingH(lﬁ) =
¢(a°)$[DZ¢, ¢(al)$]¢7{(lﬁ) = ¢n(a’[D4,a'ly) = ¢ (7p,(a®dya’)y) since Dj is ¢-compatible with D 4.

Using the hypothesis that 73(up) is diagonal, a straightforward computation gives (r5(ug)'[Dg, 75(u 3)])? =
(ﬂB(uB)'*)i[DZW ﬂB(uB)i] from which we deduce that mp(us)’[Dp,7p(us)] is  $-compatible
with 74 (u4)T[D 4, m.4(u4)]. From Lemma 15.1.4, we deduce that Jzm(us) ' [Dp, n5(us)] 5" is p-compatible with

Jama@a) [D, wa(ua)l]3, and so that DY = Dj + ﬂB(uB)T[Dli, n5(un)l + € Jpmn(un) [Dp, tp(up)lis" is ¢-
compatible with D'{* = D4 +m4(uA) [Da, ma(ua)+€, Jamaa)T[Da, wa(un)l] ;! since €f; = €/, by Prop 15.1.6.

The last point combines the two previous results by replacing D4 by D4, = D4 + 7ip ,(®) + €/, Ja7p, (©)] 1
and D by D g() = Dp+7p,(¢(w))+ € Jpmp,($(w))]5" which are ¢-compatible by the first point, Lemma 15.1.4,
and Prop 15.1.6. n
nped(ua) 0

o 1t
75 o Plua)puW) = Pu(ma(uqs)y) for any ¥ € H, and 17 is the identity operator on ¢ (H 4)*. But this
operator is not necessarily of the form 75(u) for a unitary up € B. In the case of AF-algebras, it will be possible
to construct a unitary up € B from uy such that 7 4(u,4) and np(up) are (strong) ¢-compatible and nz(up) is
diagonal, see Prop. 15.1.14.

Notice that one can associate to any unitary u4 € A the diagonal (unitary) operator where

A strong version of the previous proposition can be proposed, for which a proof is not necessary since it
combines previous results and the same line of reasoning when computations are needed:

Proposition 15.1.10 Suppose that Dp is strong ¢-compatible with D 4.
1. For any w € Q[ (A), 7p, ° $(w) is strong ¢-compatible with rp , (w).
2. Suppose that Jp is strong ¢g-compatible with 4. For any unitariesu, € A and up € B such that m4(u,) and
np(up) are strong ¢p-compatible, Dy is strong ¢-compatible with D'}
3. Using the hypothesis of the previous points, D"B’f¢(w) is strong ¢-compatible with D"A’fw.
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15.1.2 AF-Algebras in terms of Krajewski’s Diagram Structures

We will use the results of section 4.2, in particular the diagrammatic descriptions of (odd/even) real spectral
triples. Let (A, H4,D,J4) and (BB, Hg, D, J3) be two real spectral triples on the algebras A = @]_; M,, and
B=®;_ My, with H, = @Uer? H,, and Hp = @wer(,‘;) Hp.y. As we defined the maps i, j on 1“52), let us define
the similar maps k, £ on 1"5;)): for any w € Fg) with 7;,(w) = (mg, m,), k(w) :=k and #w) := £

Let ¢3 : H4 — Hp be a ¢-compatible linear map of bimodules (¢°-compatible as left modules). This map
decomposes along the maps ¢}, : Ha, — Hp, between irreps on both sides. For any a = &[_;a; € A,
b=@®_,bic A andy = EBuerﬁ” ¥y, one has ¢3,(ab"y) = $(a)Pp(b)’ Pz () with (using (4.2.3))
(/J)H(abol//) = ZUEFE;)) eawel"(,g) ¢l7)~l,w(ai(v)b;'(u)¢v) and ¢(a)¢(b)c¢7'l(¢) = zverg) eawel‘(,g) ¢(a)k(w)¢(b);(w)¢v7~l,w(¢v)'

We can select a fixed v and choose  with only one non-zero component ¢,. Then one gets, for any v € I",” and

(0)
A
any w € l“sg), ¢V7_”Lv(a,~(u)b}(v)¢v) = (@kew)P(@y,y P71, (Y). Let us now consider a fixed index i and a with only
non-zero component at i(v) = i, and the same for a fixed j and b: with (k, £) = (k(w), w)), one has

S (@b5Y0) = PP (b;) By () (15.1.1)

This relation, combined with (13.2.3), suggests to decompose C™ in Hp,, = C™ @ C™* as C™ = [@]_,C" ®
C*] @ C™* and similarly for C™* with a last term C™, so that one has the orthogonal decomposition

Hp, =C™ @ C™ =[@];_,C"®C™" ®C" @ C] ® [®_, C" ® C*™ @ C""] (15.1.2)

& [@,_, C* @C% @ C"] e [Ch @ C"] ) 15.1.3
Jj=1
Foranyi,j=1,...,rand k,f=1,...,s, let us define the inclusion
) CveC™®C%®C" < C™®Cm.
Notice that I,:Jé, = I} ® I/ with the inclusions [} : C" ® C% < C™ and I} : C% ® C" — C™.

Let F{P00 . Cr@Ca@Cw@C"* — Cn@C “®C™%®C™ be the involution @t ®c!®n; - 1,00 ®0F ®F
and Ff : C™ @ C™* — C™ ® C™ the involution ¢ ® &; — J; ® ;. Then, one can check that

i j ii .G
F;;»( o I]i’][ — Ié]é ° F‘S ).3j.0) (1514)

Notice that J4 : Hay = Hax,@) can be written as J4 = €4, d4)Jo ® Jo) © FZ since FX = K4, with (4, j) =
(i(v), j(v)).
In the case of a AF-algebra, the inclusions I{ (and so I J and I,i]{,) are defined directly from the Bratteli diagram

of the algebra, that is, they depend only on the inclusion ¢ : A — B. We can now write ¢ in terms of these
inclusions.

Combining (15.1.1) and (15.1.2), the map ¢j, , first reduces to a map C" @ C"* — C" ® C* @ C* @ C"",
and using a slight adaptation of Lemma 4.2.1, it reduces to a linear map C — C* @ C%, that is, to the data of
an element u(v, w) € C*% ® C*, such that ¢}, , is the composition of C" ® C"* 3 § ® n; > & @ u(v, w) ® 17 €
Cn @ C% @ C* @ C"° with the inclusion I,i][ When a; = 0 or ay; = 0, ¢, , = 0.

Consequently, the ¢-compatible map ¢, is completely determined by a family of matrices u(v, w) € My xqa, =
i . . . L s N iy C . )
C* ® C*i! by the previous relation, with (i, j) = (1(1)): j()) and (k, £) = (k(w), &(w)). Notice that for v, Q/A er®
such that m,,(v) = m,(v"), the ranges of ¢},,, and ¢}, are at the same place in Hp,, (the range of I,i’i,), and
u(v,w) and u(v’, w) define a kind of relative positioning and weight between the two ranges. If 7,,(v) # 7;,(v"),

the ranges are orthogonal in Hz,, since the ranges of I,i][ and I,ii;,j/ are distinct in the orthogonal decomposition
(15.1.2) when (i, j) = (7, ).

IWe use the following convention. Let x,x” € C" and y,y” € C™. Define C" ® C" 3 x ® y = z = x| € Myxm and 2’ = x’y’T € Myy, s0
that z(v) = (§,v)cmx for any v € C™. One then gets j ® x = z* and tr(z*2z”) = {x, x")cn(y, y")cm, and by linearity, a similar relation holds for
z=Y,;xy andz’ =Y, x/y/". This relation will be used in the following.
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For non-real spectral triples, a similar (simpler) result can be obtained: a ¢-compatible map ¢z, : H4 — Hp
is completely determined by the linear maps ¢3,,, : H4, = C" — Hp,, = C™ fori = i(v) and k = k(w), and so
by a family of vectors u(v, w) € C* such that ¢}, , is the composition of C" 3 & = & ® u(v, w) € C" @ C* with
the inclusion I} : C% @ C% — C™.

The following result summarizes the construction achieved so far:

Lemma 15.1.11 There is a family of matrices u(v,w) € My xq, such that, for any v € F(j) and w € F(BO), with
@i, )) = (i), j(v)) and (k, &) = (k(w), &w)), one has

P& ®n) = I,zji,(fl @ u(v,w)®1n;) forany& ®n; € Hy,. (15.1.5)
Foranyv € F(O), anyw € F(O), and anya = ®_, a; € A, one has
P (@) ® ulv, w) ® 1)) = [{aids ® u(v, w) ® 177)

with (i, j) = (i(v), j(v)) and (k, £) = (k(w), {w)).
In the even case, if yj is $-compatible withy 4, then ¢}, ,, and so u(v, w), can be non-zero only when s(v) = s(w).

Proor The first statement is a summary of the previous decomposition of ¢3;. The second relation is a direct
consequence of this decomposition of ¢, and (15.1.1). Notice that in the LHS, one could replace ¢ (a;) by ¢r(a)
since only the entries positioned according to i in the matrix ¢x(a) € M,y,, see (13.2.2) and (13.2.3), give non-zero
contributions once applied on the range of I,’Ci, In the even case, the statement is a consequence of Lemma 15.1.5,
which implies here that ¢, ,, = 0 when s(v) # s(w). [ ]

Let us stress that u(v, w) is an essential object since it encodes all the data of embedding (i.e. ay;’s and the way
of embedding into these corresponding blocks) which is at the heart of the Bratteli diagram structure. Then, it
allows us to link Bratteli’s and Krajewski’s diagrammatic structures since the way its basic elements (nodes v and
w) are now connected to Bratteli’s diagram structures.

Proposition 15.1.12 Two operators A on H 4 and B on Hp are strong ¢-compatible if and only if

Yser® P, (A ¥) = X, v B, W) (15.1.6)
foranyv, € F(Af)), wy, €T and Vv, € Hay,. They are $-compatible if and only if

St B A) = B0 B 851 )

foranyv; € F(O), wy € F(O), and,, € H4,,, where ngz : Hpa, N1 (H 1) = Hpa, N ¢r(H 1) is the decomposition
ofBi along the Hp,, N ¢ (H 4)’s.

Proor For any y = &, T© Yy, € My, one has Ay = Dyer® Zvlel"(j) Ay, and $p(Y) =
D, e Zvl e 0%, (). This implies ¢y, (Ay) = D, Zvlm e $% 1, (Asih,) and, in a similar way, By (i) =
D10 2o, e o, e By: ¢y, (Ww,). The strong ¢-compatibility is then equivalent to Zul,vger(j) B, (A0, =

2o, e 2, a® B2 9%, W) for any wy € I and, by linearity (fixing { with one non-zero component at v;),
sz a® qﬁlflm (A%, = Zwl a® ijf(ﬁ”ﬁm (,,) for any v; € 1"52) and w, € F(BO')-
The ¢-compatibility relation follows the same computation with B replaced by Bg. [ |

Lemma 15.1.13 Foranya = @_;a; € A andb = &;_, b; € B, m4(a) and n5(b) are strong ¢-compatible if and
only if, for anyv € I“SX), anyw € T and any &iw) ® 1,y € Hap, one has

bren T 1) ® u(v, w) ® 13,) = Lai i) ® u(v, w) ® 17j,)

Proor Inserting (4.2.3) into (15.1.6) for A = w4(a) and B = 75(b), one gets ¢}, ,(aiw)¥) = brw) P, (W) for any
vE 1“52) and w € I“(,g). Using (15.1.5) for ¢}, , then gives the relation. [ |
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Proposition 15.1.14 Let uy € A be a unitary element and define ug := ¢(u) + pn, € B (see (13.2.6)). Then
up is a unitary element such that tp(up) is diagonal (in the orthogonal decomposition defined by ¢3,) and is strong
¢-compatible with 74 (u ).

PrOOF One already knows that 7 o ¢p(u ) is strong @¢-compatible with 7 4(u4) (see Remark 13.4.4). By con-
struction, the range of ¢y, is contained only in the first term in brackets (the double direct sum over i, j) in
(15.1.2), while 7(pp,) is non-trivial only on the last two terms (the ones with C™* as first factor). This implies

that 75(pn, ) (¥V) = 0 = ¢pn(uqy) for any any ¢y € H 4. So, one has 75(up)dn () = ¢z (usy) for any ¥ € H 4,
and since 7 4(u4) and 75(up) are unitary, by Prop. 13.4.5, n5(up) is diagonal. [ |

Proposition 15.1.15 Jp is strong ¢-compatible with ], if and only if

€4(v,dy)

en(w, d;s)u(v’ w) (15.1.7)

u(kc (V) kp(w)) =

foranyv € I“Eg) andw € Fg) where d 4 (resp. dp) is the KO-dimension of A (resp. B).
Prop. 15.1.20 below gives a criterion on spectral triples on top of .4 and B so that d4 = dp.

Proor For any /, = & ® n; € H4,, one has qS';_;f,E'Z(W)UAIﬁU) = EA(v,dA)qS';_;fi'g(w)(ﬁj ® f{’) = EA(U,dA)IZ}i(ﬁj ®

u(k 4(v), k(W) ® é;,) and Jz¢y, ., (V) = Js ol,i’,’é,(é Qu(,w)®1n;) = e5(w, dB)I{f;’ki (ﬁj Quv,w)* ® é,?l) when one uses
(15.1.4) and the identification of My, xs,, With C* ® C* (see Footnote 1). This implies the required equivalence.m

(}(;rollary 15.1.16 If Jp is strong ¢-compatible with ] 4, then, for anyv € I‘Eg) andw € F(BO), ';_;‘fi'g(w) # 0 if and only
if gy, 0.

Proor For any v € ng) andw € Fg), with (i, j) = (i(v), j(v)) and (k, £) = (k(w), f(w)), from (15.1.7), one has

x4 (v o ji o eA(U,dA) ji * o
$32 0 & @ 1) = Ii(E @ u(ca ), kp(w)) ® 1) = == IH(E; ® uv, w)" @ 17).
’ ’ ep(w,dp)
We then get the equivalence since u(v, w) defines 3, . [ |
Forany v = (i,p’,j) € T(X?nlnj, we define

Y My = Ha, as i ({i(,;) ® 0'5» ®n?) = §i(’;) ® ag ®n?.

Jx Je

Proposition 15.1.17 Letv,v’ € 1“52), w e Fg), andy, € Hay and ), € Hay.

When 1;,(v) # 7,,(v"), one has (¢, ., (¥,), ¢17)-/1,w(%')>7113,w =0.
When 7,,(v) = m,(v"), one has

(B @0)s B0 Vo 5, = oo ) Wi D, tr(ulv, ) u(’, w))
In particular, for any ¢, € Hu, and ), € H4,, one has

15 Wl = Wl Juo, )l
(B GGy = sl G0, Z ey tru, w) u’, w))) (15.18)

where |—|F is the Frobenius norm on matrices, defined as |Al|% := tr(A*A). This implies that ¢, : Ha, — Hp is
one-to-one if and only if 3 olu(v, w)|% > 0.
B
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(a) A Bratteli diagram

(b) A lift of a Bratteli diagram between two Krajewski diagrams

Figure 15.1: Lift of a Bratteli diagram between two Krajewski diagrams.

(a): An example of a Bratteli diagram for the inclusion M,, ® M,, ® M,, = M,,, ® M,,, with multiplicities o; for
the inclusion of M, into M,,, .

(b): Some lifts of the maps (arrows) given in the Bratteli diagram (a) as maps ¢3,,, : Ha, = Hp.w, here repre-
sented as (green) arrows decorated with their defining matrices u(v, w) € C*% @ C*, see (15.1.5). The configu-
ration for the arrows v; — w;, and x4(v2) = kp(w,) is the consequence of Corollary 15.1.16. In the even case,
according to Lemma 15.1.11, one should have s(v;) = s(w,) for u(v;, ws) to be non-zero, and similarly for other
arrows. The arrows M,, = M,,, and M,, — My, in (a) are not lifted in order to lighten the drawing.
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ProoF From a previous remark, the scalar product is zero when m,,(v) # m,,(v"). So, suppose 7;,(v) = 7;,(v").
Leti = i(v) = i(v') and j = j(v) = j(v") and consider §, = &®n; and ¥, = &' ®n7, so that ¢}, (V,) = &®u(v, w)®n;
and ¢‘;;W(¢;,) = & @ u(’,w) ® 17 both in C" ® My,xe, ® C" = C" @ C% ® C* ® C" c C™ ® C™.
Then (¢}, ,,¥), ¢1{1,W(‘//;/)>HB,W = (& & )cn(nj e tr(u(v, w)*u(v’, w)) where the trace factor is obtained from the
identification of Mg xq,, With C% ® C* and we have used the fact that A(v) = A(t) = n; and p(v) = p(v”) = n;
to write the scalar products. This implies the formula in terms of the scalar product on H 4,, from which we
deduce the relations on the norm in Hp,, and on the scalar product in Hg. This last relation implies the norm

relation |45, u)l3,, = s ||§1A,U ( ZwEF(BO) [u(v, w)||12p) Then, suppose ngr%)) JuCv, w)|% > 0: if /, € H 4, is such that
5(W) = 0, then [,|7, = 0, so that ¢, = 0, that is, ¢}, is one-to-one. Suppose Zwer(,;” |u(v, w)|2 = 0, then
|64, W)l = 0 for any , € H 4,, so that ¢}, = 0, that is, ¢4, is not one-to-one. ]

Notice that the condition zwer(,;’) Ju(v, w)||}27 > 0 for any v € rﬁf{) does not implies that ¢7; is one-to-one: one
can consider a situation where, for v,v” € T} such that 7,,(v) = m1, ("), Yy € Hup, and ¥, € Ha , $,, (o) +
';_/[’W(l//;,) =0¢€ Hp,, for some w € F(rg)-

From (15.1.8), it is natural to define, for any v,v” € 9

o = 0 if 73, (1) # 72, (v2)
X ero tr(ur, wyuy, w) i mp(01) = m(v2)

so that (15.1.8) can be written as (¢}, (¥,,), #3(W0, Drs = Wop> 2@y, D, T

With ,(v1) = 73,(v2) = (n;,n;), one has T"" = Zwel"(,g> tr(u(vy, w)u(vy, w)) = zwer‘,? tr(u(vy, w)*u(vy, w)) =
Tvvz, so that (T**2),, ,, is a Hermitian matrix, so that this matrix can be diagonalized. Recall that the labels v;, v,
depends on the choices of the orthonormal bases {0'5}1£pgyij of the spaces C*#’s: this diagonalization (see proof
of Prop. 15.1.19) is related to a change of these bases. This leads us to introduce the following Hypothesis.

Hypothesis 15.1.18

We suppose that ¢y is one-to-one and is such that there are orthonormal bases {O'i’;-}lgpgyij of the spaces C*i which
conform to Prop. 4.2.9 (in the odd case) or Prop. 4.2.10 (in the even case), and such that, for the decomposition of H 4
induced by these bases, T"""* = t, 6" when m,,(v1) = 7,(v2), with real numberst, such that t. ) = t,.

A direct consequence of these assumptions is that (¢%(¥,,), ¢% W) )u, = 0 for any v; # v, and
(@5 W), 5, Wi, = toWu,¥y)s,, for any v. The one-to-one requirement is natural in the context of AF-
algebras, since it generalizes the one-to-one requirement on ¢. On the other hand, the diagonalization require-
ment is not mandatory for the formal developments to come, but it will be useful to compare spectral actions
for ¢-compatible spectral triples on A and B in Sect. 15.2. Moreover, this requirement is satisfied for some
KO-dimensions:

Proposition 15.1.19 Suppose that ] is strong ¢-compatible with ] 4, and, in the even case, thatyg is ¢p-compatible
with y 4. Then, in KO-dimensions 0, 1, 2, 6,7, the diagonalization requirement in Hypothesis 15.1.18 is satisfied for

any ¢u.

PrROOF Let {of}}lgpgﬂij be orthonormal bases of the spaces C*/ which satisfy Prop. 4.2.9 (in the odd case) or
Prop. 4.2.10 (in the even case). Let us first complete the notations introduced before Prop. 15.1.17, where we have
introduced the identification v = (@, p, J). With this notation, we define k 4(v) = (j, p,i) where p = 1,..., yj; = p;;
and p = p (obviously, this bar is not to be confused with a complex conjugation).

Let {Tzl}lgqgka be orthonormal bases of the spaces C"* where v, are the multiplicity of the irreps Hpm,m,
in Hp. These bases define the irreps Hp,, for w = (k,q,f) € F%),)mkm( as in (4.2.1). We have written the map
P34+ Hay — Hp,, in terms of a matrix u(v, w). It is convenient to write ¢}, ,, explicitly in terms of the bases
{05} and {r/,}. In order to avoid cumbersome notations, we use the identification C*  C*  C"* = C"®@C"*®CH
(resp. C" @ C"* @ C™ = C™ @ C™* ® C"*) so that 05- (resp. 7,) will appear on the right in the tensor products.

Then we can replace the notation u(v, w) by the notation u;;]f; € Mgy, xq,, Which refers to the bases {‘75‘} and {r{ }
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for which, similarly to (15.1.5), one has ¢}, (§®n;® 05- = I,iﬁ,(fl ® uglz ®17}) ®7}, (no summation). In the p and q

variables, T with 1;,(v;) = m3,(v2) = (1;, n;) then becomes Tf}l’pz = Zk’&q tr((u;jg;z)*ulglzl) for pr,pa=1,..., wij.
Notice the switch 1 < 2 which will be convenient later. Since we suppose that Jj is strong ¢-compatible with

J4, by Prop. 15.1.15 one get (15.1.7) in terms of the new notations: u/-f = <44044) (P« Thig implies that

tkq — eplktqgds) \"ktq
prp2 _ Jiprye, JLP €alipz.jda)ea(i-projda) i.p2 ) L1y
Tji1 ‘= Zf,k,q tr((“[k,qz Uy ql) = Zk 6q A Ze/;(léf,qf;l,g)zl 4 tr(ukg,qz(uk[’ql) )
= e (i, p1. j.d)e (i, pa, j,d )T (15.1.9)
In the following, we fix the couple (i, j). Let us introduce a change of bases {cr 1 to {cr } in C*i, where
01-/]? 2 u?’ 1’0' for a unitary matrix U = (u?’ P)p - Then a straightforward computation shows that the
matrices uk[p deﬁned relatively to the bases {a } and {r]} are uk'j qp Zp ut’ Puk(, , and the associated

/Pl Py _ Zk ” tr((u;’quz )-k /ij, Pl) become

/PPy _ ] 4 if,Pz * U Py _ 0l Dy Dl Pr.p2
Tij - Zk,t’,q 2171,;72 upepyfif tr((uk[q k[q Zp ubp2yP1P1 T” s

so that T, = UT;U* with U* = (u??"), , (here we use the switch 1 < 2 mentioned before). Since Tj; is a
Hermitian matrix, there is a unitary matrix U such that T;; = UT;;U" is diagonal with real eigenvalues tf} =1,

So, for the new basis {0' } of C*i defined by U, T/, and so (T"*2),, ,,, is diagonal.

ij>

Let us now look how this diagonalization can be performed according to the constraints given in proposition
4.2.9 (in the odd case) or Prop. 4.2.10 (in the even case). The first constraint, common to Prop. 4.2.9 and 4.2.10, is
aﬁ =e,(, p, J, dA)Lij(Ef}) for any p, where € 4(i, p, j,d4) = €4(v,d ) is defined in (4.2.2).

Let us first consider the case i < j (for any KO-dimension), for which e 4(i, p, j,d4) = 1 and p = p, so that,
from (15.1.9), one has T‘g"‘g2 = sz’pl. T;; is the transpose of T;;. Since this result is true in any basis of CH, this
implies T’ = UT;U*. On the other hand, 0'p = LU(O' ) = Zp ub PLU(O'U) = Zp u?’ Poﬂ,
bases from {0' } to {0' } in C*i is performed by the unitary matrix U. From these two compatible relations, one
concludes that the change of basis defined by U in C*/ which diagonalizes T;; automatically induces a change of

so that the change of

bases U in C*# which diagonalizes T/;. Notice then that the eigenvalues tp in T’ are the same as the eigenvalues

tp in T}, so that t, () = t,.

Let us now consider i = j in KO-dimensions 0, 1,7. Then, as before, € 4(i, p,i,d4) = 1 and p = p, so that,

from (15.1.9), one has TZ"”* = TI*”' | and we already know that TJ"?* = TI*?': the matrix T; is a real symmetric
matrix, and the diagonalizing matrix U can be chosen to be an orthogonal matrix (so a real matrix). This result

is compatible with the required condition o7 = L;(G%) on the basis since o; - Li,»(E:f ) = Zp ub'?Ly(ch) =
2 uP w'rel = 2puf 'Pof. Here, it is trivial that t, () = t, since x4 (v) = v.

Finally, consider i = jin KO-dimensions 2, 3, 4, 5, 6. In that situation, if p = 2a (resp. p = 2a—1) then p = 2a—1
(resp. p = 2a), and € 4 (i, 2a—1,i,d4) = 1 and € 4 (i, 2a,i,d 4) = € 4. The matrix T} is a block matrix ( %e %o ) where
o and e stand for odd and even: for instance Tj* = (T;***) and T§’ = (T;***™") with a;,a, = 1,..., ;;/2. Then,
from (15.1.9), one has T3 = i b2l iaze-l _ o 202071 and T4~ Y22 = ¢, T4 %" Considering
these block matrices as matrices indexed by ay, a,, this means that T® = T0°, T&® = e 4T of ,and T"e =e T,
Since Tj; is Hermitian, one also has T* = T;*" and T° = Tg¢".

In KO-dimensions 3, 4,5, one has €4 = —1, so that T5° = —~T%°" = T%**, which implies that T¢° and T5® are
antisymmetric matrices. We report the analysis for KO-dimensions 2, 6 after the following considerations.

In the even case, since yp is ¢-compatible with y 4, from Lemma 15.1.11, u(v, w) is non-zero only when s(v) =
s(w), so that the sum defining T**2 implies s(w) = s(v;) = s(vz). The matrix (T"*2),, ,, is then block diagonal
along the decomposition s(v) = +1, and its diagonalization can be done by blocks: in terms of the change of
bases in C/i, this means that the unitary U introduced above which diagonalizes T;; can be chosen to preserve

the eigenspaces defined by the maps ¢; in Prop 4.2.10. The decomposition along s(v) = +1 is preserved by k 4

since sp = eiflsp so all the previous developments are compatible with this choice for U.
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In the case i = j and KO-dimensions 2, 6, from Prop. 4.2.10, one has s(i, 2a,i) = 1 and s(i,2a — 1,i) = —1, so
that the block decomposition (I.%: ;::ZZ ) corresponds to the block decomposition along s(v) = +1, and from the
previous considerations, this implies that T;° = T3® = 0. Slnce T% is Hermitean, there is a unitary matrix U
such that UT%°U* is diagonal, and then by transposition, UT OU is also diagonal with the same eigenvalues, that

is, te ) = t,. The unitary U = ( o7 diagonalizes T; and this diagonalization is compatible with the required

conditions 024 = L;(c%") and 62! = e4Ly(c%): U = (12“/“) (resp. 0= (@%%)) induces a change of the sub-
basis {cZ }to {0729} (resp. {0271} to {0777 1}) with /2% = ¥ 4% %6 (resp. 072%™ = Za %921y The required
condition is satisfied since then 672~ = € 4 L;(/%* ) =e Y, 0% “L,,(O'” )= Z o2l [ |

We suspect that the diagonalization property proved in Prop. 15.1.19 could be true also in KO-dimensions
3,4,5. But we were unable to prove this fact. Nevertheless, the proposition fortunately covers the KO-dimension
6 used in the finite part of the spectral triple for the NC version of the Standard Model of Particles Physics, see
(Chamseddine et al., 2007a) and (van Suijlekom, 2015) for instance.

Proposition 15.1.20 Iftwo (odd/even) real spectral triples are p-compatible and ¢y, is such that (15.1.7) holds, then
they have the same KO-dimension (mod 8).

Proor Since ¢y satisfies (15.1.7), by Prop. 15.1.15, Jp is strong ¢-compatible with J,4 and is diagonal. By
Lemma 15.1.5, yp is strong ¢-compatible with y4 and is diagonal The difference with Prop. 15.1.6, is that Dp
is only ¢-compatible with D 4. So, we already get 3 = € 4 and €3 = €’;: it remains to consider €/, and €.

. s ThsD%e ThsDsy Dmﬂ/w Dy gl5. ¢ o
Since Jz is diagonal, one has JgDg = | ¢ %¢ "¢ | and DpJp = w8 BB ) 5o that J D% =
] g ] Jé,LDZL JI;,LDILE,L ] DZ,L-’E,& Dg,ijg,i ]B’¢ B¢

eng p ],ﬁ 4~ Inserting this relation in the ¢-compatibility conditions on Ji and D implies €j; = €/;. ]
From Prop. 15.1.12, the strong ¢-compatibility condition between D and D 4 is equivalent to
Zuzeffg) ¢;-Zl,w2 (DA:(UhUz)lﬁUl) = Zwler(,g) DB,(W1,W2)¢;-11,WI (l//l)l)

for any v, € 1"52), wy €T, and Yy, € H 4,,, and the ¢-compatibility condition is equivalent to

2yt ® D100, DA or0)¥0r) = Xy e D3 5 sty W)

where DB s Hpw, N pre(HA) = Hpa, N ¢p3(H4). Unfortunately, from this relation, we cannot de-

fine the elementary operators D%} 4w wy) 1D terms of the elementary operators D 4, ,,).- Only the operators

Zwlergw D%,¢,(wl,wz) LB, o Hpw, N P3(H ) = Hpuw, N $3(H 4) can be recovered from the D 4, 5,)’s-

15.2 Spectral Actions for AF-AC Manifolds

Given a spectral action (A, H4,D4, J4,y4) for a finite dimensional algebra A and given a Riemannian spin
manifold (M, g) equipped with its canonical spectral triple (C*(M), L?(S), Das, Ju, yam), we consider the spectral
triple (A := C*(M) ® A, H 3 :=L*(S)® Hy,D; :=Dy®L1+yy ®Da,J; 1= Ju ® Ja¥; 1= ym ® ya) over
the Almost Commutative algebra A. Obviously, this makes sense only when the KO-dimension for M and A
produces such a spectral triple, see for instance (Dabrowski and Dossena, 2011).

Then, given two spectral triples (A, H 4, D4, Ja,y4) and (B, Hp, Dp, ], y5) for two finite dimensional alge-
bras A and B, and a one-to-one morphism ¢ : .A — B such that the two spectral triples are ¢- compatlble with
Ji strong ¢-compatible with J4, the aim of this section is to compare the spectral actions on A and B (for the
same Riemannian spin manifold (M, g)).

In order to have a good physical interpretation of the ¢-compatibility, in particular at the level of the fermions,
we first need to introduce a “normalized” ¢3; map.
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15.2.1 Normalized ¢;; Map

Denote by ¢, : H, — Hp a given morphism as in Def. 13.4.1. We suppose that it satisfies Hypothe-
sis 15.1.18. Then we can choose the orthonormal bases {af}}lgpg,,ﬁ of C*i that diagonalize (T""2),, ,, and this

implies that {gb(}_,(e,;)}ﬁefﬁ) is a basis of ¢J,(H ). For any § = (v,@), we can identify ¢9,(e;) with ¢3/(e;). Let

v, = (v1,11) and 0y = (vy, ). When v; # v,, one has (d)g_’(”(e,;l), ¢?_’,”(e,;2)>HB = 0, while, when v = v; = v,
( ¢(7)%u(eﬁl), ¢2,{v(e52))HB = t, (U1, 02)n,, = t Oay,- This implies that {gb?{(e,;)}ﬁ O is an orthogonal family. Since ¢},

is one-to-one and ¢}/ (e;)|* = t,, one has t, # 0 for any v € 1“52).

Definition 15.2.1 The normalized ¢, map associated to the map ¢}, : Ha — Hp which satisfies Hypothe-
sis 15.1.18 is the map ¢3; : H, — Hp defined by

-1/2
RCRTYARED WA WA (15.2.1)
Using (15.1.1) with b; = 0, one can check that ¢y satisfies Def. 13.4.1.

The normalization has been chosen such that the family {f; := qSH(e,;)}ﬁef(j) is an orthonormal basis of
e of ¢z (H 4)* where fg) is
B

cf© 1S an orthonormal basis of H adapted to the decomposition
B

$1:(H 4). This basis of ¢z,(H 4) can be completed with any orthonormal basis { f;}
any index set for this basis. So, {f,j}ﬁefg‘)) u{fi}

dr(H ) @ pr(HA)"

We now consider the normalized ¢7, map in place of ¢},. The relation between the scalar products in Hy and
H 4 reduces to the simple relation (¢}, (,), ¢, (Vo)1 = Vv ¥y)1,, for any v.

In the following, ¢-compatibility of operators will be relative to the normalized ¢3; map.

For an operator B on Hp which is ¢-compatible with an operator A on H 4, the components qu, Bf, and
Bt of B in the 2 x 2 matrix decomposition induced by Hp = ¢3,(H 1) & ¢3/(H 4)* will be called non-inherited,
while the component Bg will be called inherited. Let us use the acronym “INIC” for “Terms with Non-Inherited
Components” in the following technical results, which are the main interest for the use of the normalized ¢y
map:

Lemma 15.2.2 Fori = 1,...,n, let B; be an operator on Hp which is ¢-compatible with an operator A; on H 4.

1. For any i,0, € ffg), one has: (fo,» B1 = Bufi, )2, = (€5, A1 -+ Anes, )1, + INIC
2. As a consequence, one has: tr(By - By) = tr(A; -+ A,) + TNIC

Proor First, let us prove the relation in Point 1 forn = 1. We omit the index i. Using the matrix decom-

position Ae; = Y z0 AYey along the basis {e;}, 70, the RHS is A'. For the LHS, one has (f;,Bf;,)u, =
A A 2

(#5:(es,), Bgfﬁvﬁ(%))m = (¢h(es,), ¢ (Aes, ), = Zf,gﬁﬂw A; (9hi(es,), $5,(e5)) ;- This expression is zero for

v; # v, so the summation reduces to the summation over the & = (v;, @) € f(j): i) Agz(d);}[(egl), (e, =

Zﬁ:(vl,a) Agz<el71 > eﬁ>HA = Ag;

B oo . B!, B}, . .
Let us return to the general situation n > 1 in Point 1. With B; = < P > a straightforward computation
i1 Dit

shows that the only component in B; -+ B, that contains only inherited components is in the block (B - Bn)g and

it is B} ;- B, so that (f;,, By - By fi, ), = (fy,, BL ;= Bh , f3,), + TNIC. The proof that (f,, B}, B}, f;, )1, =

(es,, A1 -+ Aney, )31, is the same as before, with Bg = Bf(p Bf,d: and A = A; - A, which satisfy ¢3,(Ay) = Bgdm(tﬁ).

Point 2 is a direct consequence of Point 1. By the previous argument on the product B, - By, one has

tr(By -+ Bn) = Xz {fos Bu - Bufidrs + Lo (fio» Br -+ Bufiodris = Lpgo{fos B Bu fo)n, + TNIC

and Zﬁef?(fﬁ, By Bufi)m, = Eﬁef?(e,;, A; - Aney)y, + INIC = tr(A; -+ A,) + TNIC by Point 1. [ |
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Remark 15.2.3 Point 2 can be proved directly without the assumption that ¢z, is normalized. O

The notion of ¢-compatibility has been developed for operators on H 4 and Hp. We define ¢-compatibility
for fermions as follows:

Definition 15.2.4 A vector {5 is ¢-compatible with a vector Y 4 if 5 — ¢r(Y 1) € P (H )™ .

Using this definition, we extend the acronym “INIC” (“Terms with Non-Inherited Components”) to terms
which contains fermions.

From a physical point of view, the consequence of the normalization of ¢ is that, for any ¢ € H 4, one has

I Wl = W12,

since, with §/ = @, ¥, one has [¢n ()5, = &, (B3 W), 93Dy = S0 oY, = W, This
means that ¢y, respects the normalization of the state vector when it is injected from H 4 into Hp. This state

can be “diluted” at different “places” in Hz (different irreps) but its norm is conserved.

15.2.2 Comparison of Spectral Actions

The purpose of this section is to compare the spectral actions for the two ¢-compatible spectral triples

(J"l\,Hﬁ,Dﬁ =Dy ®1+ym®DaJ; i =Ju®Jay; =y ®ya)

and
(B,HzDg :=Dy®1+yn®Dp.Jz :=Ju®Jpyz = Yu ®Y5)
for the same Riemannian spin manifold (M, g). We suppose that ¢3; : H 4 — Hp is normalized.

We extend in a natural way the map ¢ to a morphism of algebras g/é\ =1d®¢ : A — B. In the same way,
we denote by ¢y :=1d®¢y : H ; > H the natural extension of ¢y. The notion of (strong) ¢-compatibility is
then naturally defined from the notion of (strong) ¢-compatibility: an operator B =By ®Bron Hj is (strong) $—
compatible with an operator A = Ay ® Ar on H, ifd?H(A()(@ng)) = ng?y()(®¢) (resp. $H(Ax®¢) = B;S\H()(®lﬂ))

forany y ® y € H ,, thatis, y ® ¢n(Ary) = x ® B;’z!(quH(lﬁ) (resp. x ® ¢pu(ArY) = y ® Brdu ().

Lemma 15.2.2 then extends naturally to:
Lemma 15.2.5 Let {y.}.cc be an orthonormal basis of L*(S). Fori = 1,...,n, let B; be an operator on Hy which is
$—compatible with an operator A; on H ;.

1. For any 01,0, € f(j) and ¢y, ¢, € C, one has

(Xer ® fir Bi Buxe, ® i), = (e, ® €5, A1 -+ Ay xe, ® €3,)3, + TNIC
2. As a consequence, one has

Tr(B, - B,) = Tr(A; - A,) + INIC

Proor The proof is similar to the one of Lemma 15.2.2, noticing that the geometrical part plays no role in the
main steps. ]

We follow (van Suijlekom, 2015) to define the bosonic and the fermionic spectral actions. For any w € Q}](.,Zt\)
let us consider the operator D/T,w =D;+to+ e’ﬁjﬁa)];zl where w is used in place of ﬁDi(w). Let f : R—>Rbea
positive even function. Then the bosonic spectral action is defined by (11.6.6).

To define the fermionic spectral action, we introduce the vector space of Grassmann vectors H 4 defined from

H ~

I and the notation y € H 1 forany y € H T Then, in the even case, for any ¢ € H}, where H} corresponds
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to Grassmann vectors associated to vectors ¢ € H; = ker(y ; — 1) (even elements in H 7). Then the fermionic

spectral action is defined by (11.6.7).

From now on, we suppose that dim M = 4 and, to simplify the presentation (to focus mainly on the algebraic
part of the spectral actions), we suppose that (M, g) is compact and flat, so that all the Riemann tensors will be
trivial in the following.

Let us use the following notations. For any w € Q} (A) with 7p (w) =" ® A + yu ® @, for Hermitian

operatorsA,, and ® on C*(M) ® H 4, define A, -—A,J ]AA,,A and<I> —DA+¢‘+]A¢’]A,SO that D, =
Dy®1+y"®A,+yn ® Q.

Let Vi be the spin connection on S, and consider the vector bundle E = S ® (M x H 4) such that L>(E) = H -,
and let Vf 1= Vf, ®1+1® (9, +iA,) be the natural twisted connection on E defined by the spectral triple, so
that D,Z,w = —iy“Vf; +ym ® ®. Finally, let D, := 9, +iad(A,) and F,, := 9,A, — 93, A, +i[A,, A/]. In the same
way, we introduce o/, AL, @, A;, @, F, DL, F;V for the algebra B.

Let f, = fom f(x)x"'dx be the moments of f for n > 0, then we have the general result (van Suijlekom,
2015, Prop. 8.12) that we have simplified to take into account the fact that the metric g is Euclidean. In particular

there is no Einstein-Hilbert Lagrangian since the purely geometric part needs not be compared from Ato B.

Proposition 15.2.6 Suppose that the KO-dimension of A is even, then
Tr f(D ¢, /D) ~ / L(A,®)d*x + O(A™)
’ M

with

LA, D) = LA(A) + Lo(A,, D)

where L4(A,) = f©) tr(F,, F*"), and, up to a boundary term,

fz f( ) () + M tr ((D,®)(D"®))

Lo(A,, ) =— tr(?) + ===

We use the same function f and the same cut-off A for the spectral actions on Aand B. It corresponds to the
same Lagrangian as in (11.6.11), without the terms coming from the metric of M.

We suppose that w € Qll](.;l\) and o’ € Qg](fj’\) are g-compatible in the sense that ﬂDg(w’ ) and ﬂDX(a)) are
(;S\-compatible. Since the family of vectors {y*, yu} are linearly independent in the Clifford algebra generated by
the y#’s, this implies that AL (resp. @) is ¢-compatible with A,, (resp. ®). The strong ¢-compatibility between
Ji and J 4 then implies that A, (resp. ®’) is ¢-compatible with A, (resp. ®). Notice then that 9,®’ (resp. 9,A)) is
¢-compatible with 9, (resp. 9,A,). > We then have:

Proposition 15.2.7 Suppose that w € Q[l](.//l\) and o’ € Q}](l/ﬁ’\) are $—com_patible in the previous sense. Then

5 (A;) =L ; (A + INIC

Ly ¢,(A =1L 10(Ay ®) + INIC

Proor From Prop. 15.2.6, all the terms in L5 ,(A}) and L5, (A}, ) are traces of polynomials of (}\—compatible
elements. So, according to Lemma 15.2.5, up to terms with non-inherited components, they are equal to the

similar expression in terms of traces of polynomials of the corresponding elements on A. [ |

Remark 15.2.8 This Proposition can be proved without the assumption on the normalization of ¢4, see Re-
mark 15.2.3. o

Thanks to the fact that ¢3; does not depend on the points in M.
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A slight extension of Prop. 15.1.8 shows that w € Qb(ﬁ) and o’ := (;5\(@) € Qb(f)’\) are g?—compatible. But then
«’ contains only inherited degrees of freedom, and so this situation is quite trivial from a physical point of view.

Proposition 15.2.9 I}/ is g—compatible with ), then
Sg’f[w/, lﬁ/] = <]I/3\¢/’Dl/3\,w/¢/>ﬁg = <J£¢’Du‘tw¢>ﬁ; + INIC = S/tf[w’ ¥]+ TNIC

Proor Since 7p (w’) and D . (w) are ¢ compatible, D5  and D ; = are g;S\-compatible, and since J and J4 are

strong ¢-compatible, then J; and J ; are strong gb-compatlble.

Using previously defined notations, one can write |/ = i Vel ® f5 + D ¥y ® fy and
Yei V" xe ® €5 Since y’ and i are ¢-compatible, one has ¢’ = y* for any c,i. So, (Jg¥',Dy V' )ii. =
5 4 B
Deraninis VIV Upher @ fis Dy ey @ fodit, = €5 Lerrinin V'V er ® fis JgDg o Xes ® fi)jy,- From
Lemma 15.2.5, one has (), ® f;,. JsDg . Xe, ® fvz>f-2,; = (Xe, ® €5, J 3D 3 X, ® e,;z)ﬁ/T +TNIC so that, since € = € g,
<]§l///, Dﬁ,w’¢/>ﬁ§ =€z 261’62’51362 ¢01,51¢cz,ﬁz<Xm ® fﬁ] 3JA\D£@XL‘2 ® e,;z>ﬁ£ + TNIC = ijs Dﬁ,w¢>ﬁﬁ + TNIC. |

Remark 15.2.10 Notice that the formal proofs presented in the previous Propositions, which compare the spec-
tral action on 3 to the spectral action on ft do not reveal the terms which mix inherited and non-inherited
components. A concrete and complete computation is necessary to compare precisely the two Lagrangians. This
computation was done but is too long to be presented here. O

These results can be collected to construct a sequence {(ﬁn, H;.Dz.Jz.vz )Ins0) of even real spectral triples
(on AC manifolds) which are (En »+1-compatible and a sequence of their corresponding spectral actions S;[w, ] +
S¢lwn, ¢,,] with a control about their inherited and non-inherited terms. Using slight modifications of Prop. 15.1.9

and 15.1.14, a gauge transformation on A can be transported to a gauge transformation on Anﬂ So, we end up
with a sequence of compatible NCGFT constructed on top of the defining sequence of an AF-algebra A = li)n Anp.
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Chapter 16

Conclusions and Outlooks

In this chapter, we propose to conclude this part and therefore the essential results put forward in this thesis,
thus opening some perspectives for future works.

Both frameworks allow us to find the Lagrangian on top of A into the one on top of 5. In the case of the
derivations, this depends on the convention chosen to define the integration (see (4.1.1)). In the case of spectral
triples, it depends on the choice of taking the ¢-normalized compatibility (see (15.2.1)). These two choices are
linked to how a “scalar weight” is associated with the objects used. The fact that the action of A is recovered
at the rank B is an important indication of the naturalness of these constructions, particularly concerning the
intuition (underlying the GUTs) of extending a theory by keeping some of its structures.

The derivation framework is more constrained by the formalism than the spectral triple one. From a math-
ematical point of view, this may seem to be an advantage as there are fewer free choices. But from the point of
view of physical applications, the resulting structure is probably poorer than with the spectral triples where ad-
ditional choices to the natural structure of the AF-algebra appear for each of the structural operators. However,
as suggested in section 14.4, a potential interesting phenomenology concerning the prediction of bosons masses
should be explored.

The spectral triple framework offers the possibility to work with both notions of ¢-compatibility for the
operators. It would be interesting to determine the results for the Lagrangian by taking the strong ¢-compatibility
and/or any ¢-map (not necessarily the ¢-normalized). In the same way, a numerical exploration remains to be
done in the case of spectral triples.

Unfortunately, the implemented project is very large and I didn’t get the time to explore all its relevant
aspects. Then many questions remain to be explored, in particular, what is the tractability offered along the
inductive sequence by the ¢-compatibility notions, by the norm or by Dirac operators? What is the meaning
of the NCGFT at the end of the inductive sequence, given that it would potentially have an infinite number of
degrees of freedom? Which AF-algebra can be interesting to make NCGFTs on it? Knowing that AF-algebras
can approximate geometries and that our NCGFTs benefit from a geometrical interpretation, to what extent can
the implemented scheme allow us to approximate geometries?

The two frameworks thus established offer a large number of possibilities concerning the elaboration of
phenomenological models. Indeed, many choices are possible, concerning the AF-algebra, the module (or Hilbert
space), the chosen notion of ¢-compatibility and of the structural operators for the spectral triplets, or the way
u(v,w) embeds the fermionic fields, potentially allowing a “rotation" mechanism in the representation space
(which could be linked to the CKM matrix mechanism). After the end of my PhD thesis, I hope to have the
opportunity to work with researchers having some expertise in these fields, in order to study and explore GUT-
like models beyond the NCSMPP, within this framework.

Finally, this work goes beyond the development of NCGFTs. Indeed, a large part of the efforts made during my
PhD thesis have concerned the elaboration of differential structures on AF-algebras, with notions of compatibility
between the operators allowing to build and relate these structures at each step of the sequence. There remain
many avenues to explore from this simple fact, notably on the possibility of approximating interesting, potentially
commutative geometries with this procedure.
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