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Résumé

Cette thèse porte sur l’approximation de la sortie d’un code de calcul complexe dans un cadre multi-
fidélité, c’est-à-dire que le code peut être exécuté à différents niveaux de précision avec différents coûts
de calcul. Ainsi, les qualités de prédictions du métamodèle de la sortie d’un code complexe peuvent
être améliorées en utilisant en plus des simulations moins précises mais plus nombreuses (car moins
coûteuses) .

Ce travail a pour objectif d’étendre les méthodes de métamodélisation multi-fidélité lorsque les sorties
du code sont fonctionnelles. Tout d’abord, une première approche permettant de combiner les réseaux
de neurones bayésiens et les processus gaussiens est proposée. Ce modèle est adapté lorsque les
relations entre les codes basse et haute fidélité est non linéaire, mais n’est pas encore adapté aux sorties
fonctionnelles.

Dans un second temps, une approche utilisant la décomposition en ondelettes et les processus
gaussien est proposée. Cette approche permet de développer un processus gaussien dans l’espace
des ondelettes qui est équivalent à un processus gaussien dans l’espace temporel. Cette méthode est
naturellement adaptée aux sorties fonctionnelles.

Enfin, la troisième méthode proposée associe une méthode de réduction de dimension de la sortie
avec une méthode de régression par processus gaussien à covariance tensorisée. Cette approche est
développée dans le cadre de sortie de type série-temporelle. Les expressions analytiques de la moyenne
et de la variance de prédiction sont également introduites.
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Abstract

This thesis focuses on approximating the output of a complex computational code in a multi-fidelity frame-
work, i.e. the code can be run at different levels of accuracy with different computational costs. Thus, the
predictive qualities of the surrogate model of the output of a complex code can be improved by using in
addition less accurate but more numerous (because less expensive) simulations.

This work aims to extend multi-fidelity surrogate modeling methods when the code outputs are func-
tional. First, an approach allowing to combine Bayesian neural networks and Gaussian processes is pro-
posed. This model is suitable when the relationship between the low- and high-fidelity codes is non-linear,
but is not yet suitable for functional outputs.

In a second step, an approach using wavelet decomposition and Gaussian processes is proposed.
This approach allows to develop a Gaussian process in the wavelet space which is equivalent to a Gaus-
sian process in the time space. This method is naturally adapted to functional outputs.

Finally, the third proposed method combines an output dimension reduction method with a covariance
tensorised Gaussian process regression method. This approach is developed in the context of time-series
output. The analytical expressions for the predictive mean and variance are also introduced.
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Introduction en Français

La simulation numérique est devenue un outil indispensable pour modéliser et prédire des phénomènes.

Elle est basée sur l’utilisation de codes de calcul complexes et coûteux. Une simulation nécessite

l’utilisation de paramètres d’entrée décrivant le phénomène étudié et renvoie des sorties permettant

d’accéder aux caractéristiques d’intérêt du phénomène en question. Les codes de calcul sont basés

sur la résolution d’équations mathématiques de plus en plus élaborées, c’est ainsi que les simulations

sont devenues très précises mais aussi très coûteuses en temps de calcul. Par conséquent, l’utilisation

d’un très grand nombre de simulations n’est souvent pas envisageable. Lorsque les paramètres d’entrée

sont entachés d’ incertitudes, il est nécessaire de quantifier l’impact de celles-ci sur les sortie du code

de calcul. De telles études sont appelées analyses d’incertitude. Elles ne se limitent pas à quelques

simulations autour d’un point nominal, mais nécessitent une utilisation massive du code de calcul.

Il devient alors essentiel d’approcher les sorties d’intérêt du code par une fonction à faible coût de

calcul. De telles fonctions sont appelées métamodèles (ou modèles de substitution) et apprennent la

relation entre les paramètres d’entrée et les sorties à partir d’un nombre limité d’appels au code de calcul.

La sortie du code est supposée être la fonction g :

g : Q ∈ Rd → Rq

x 7→ g(x)

où Q est un ensemble non vide appelé espace d’entrée. L’objectif est de construire un métamodèle g̃ de

la fonction g. Dans ce manuscrit, on suppose qu’aucune information sur la fonction g n’est disponible, ce

problème est appelé problème de " boîte noire ".

Les informations disponibles pour la construction du métamodèle sont définies par les N observa-

tions de la fonction g aux points du plan d’expériences D =
{
x(1), . . . ,x(N)

}
. Ainsi nous disposons

des données suivantes pour construire le métamodèle
{(

x(i), g(x(i))
)
, for i = 1, · · · , N

}
appelé ensemble

d’apprentissage.

Comme les codes de calcul intègrent une modélisation des phénomènes de plus en plus approfondie,

les sorties qui en découlent sont elles aussi davantage détaillées. La sortie d’intérêt peut alors être de très

1
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Code basse-fidélité

Code haute-fidélité

Métamodèle basse-fidélité

Métamodèle

Enrichie

Figure 1: Illustration de la bi-fidélité avec l’exemple du système Lorentz 63. Pour la basse fidélité, une
méthode d’Euler est utilisée pour résoudre le système, tandis qu’une methode de Runge-Kutta du qua-
trième ordre est utilisée pour la haute fidélité.

grande dimension, c’est notamment le cas des images ou des signaux. Le contexte de cette thèse s’inscrit

dans le cadre où les sorties sont des fonctions dépendant du temps. Lorsqu’elles sont échantillonnées,

elles sont appelées séries temporelles. On suppose que l’échantillonnage se fait sur une grille fine et

régulière, ce qui implique que la sortie est de très haute dimension.

Par ailleurs, il peut exister des versions antérieures ou d’étude d’un code de calcul, qui sont moins

précises mais aussi moins coûteuses. Une version moins précise sera naturellement moins coûteuse.

Lorsque les versions peuvent être classées en fonction de leur précision et de leur coût, on parle de

cadre hiérarchique multifidélité. L’objectif de la métamodélisation multi-fidélité est alors de construire un

modèle de substitution de la sortie de la version la plus coûteuse du code de calcul tout en étant capable

d’utiliser les informations obtenues à partir des versions plus rapides. C’est dans ce contexte que nous

nous sommes placés dans ce manuscrit. La figure 1 illustre le principe de la multi-fidélité lorsque deux

versions d’un code de calcul sont disponibles. Le cas de la métamodélisation de la sortie d’une seule

version du code de calcul est appelé régression "simple-fidélité", par opposition à la multi-fidélité.

L’objectif principal de ce manuscrit est de proposer une méthodologie de construction d’un métamod-

èle multi-fidélité lorsque la sortie à approcher est une fonction dépendant du temps. Pour ce faire, il est

incontournable de commencer par présenter les méthodes sur lesquelles seront basées nos approches.

La première partie de ce manuscript s’y consacre et fait l’objet des trois premiers chapitres alors que la

seconde partie, composée de trois chapitres également, expose plusieurs méthodes répondant globale-
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Introduction

ment ou en partie à l’objectif de départ.

Le chapitre 1 introduit le principe de la construction d’un modèle de substitution de la sortie d’un

code de calcul et s’intéresse principalement à deux approches. Tout d’abord, la régression par processus

gaussien, méthode populaire dans la communauté de la quantification dincertitudes de par ses expres-

sions analytiques de prédiction et de quantification d’incertitudes, est introduite dans la section 1.1. Une

extension de cette méthode aux sorties de type séries temporelles est ensuite exposée dans la section

1.1.3. Celle-ci est basée sur lexpression tensorisée de la fonction de covariance caractérisant la loi un

processus gaussien. A l’instar de la régression par processus gaussien pour sorties scalaires, il est pos-

sible d’obtenir les formules analytiques de prédiction et de quantification dincertitudes. Dans un second

temps, les réseaux de neurones, moins communément utilisés dans la communauté de la quantification

d’incertitudes, sont présentés dans la section 1.2. Afin d’accéder aux incertitudes associées aux prédic-

tions du métamodèle, plusieurs approches sont possibles, mais ce chapitre se focalise sur les réseaux

de neurones bayésiens dans la section 1.2.2.2 ; En effet, l’idée derrière cette modélisation est proche de

celle des processus gaussiens. Enfin, la section 1.3 propose différents critères dévaluation de métamod-

èles, utilisés tout au long du manuscrit, tant en termes de qualité de prédiction que de quantification des

incertitudes.

La plupart des métamodèles présentés précédemment sont limités dans leur capacité à prédire en

grande dimension. Une approche fréquemment utilisée est de réduire la dimension de la sortie et de

réaliser la métamodélisation sur le problème de dimension réduite. Le chapitre 2 est ainsi dédié aux

méthodes de réduction de dimension. La section 2.1 passe en revue les méthodes les plus classiques

telles que la décomposition en valeurs singulières, section 2.1.1, ou les autoencodeurs, section 2.1.4.

Une autre manière d’aborder la réduction de la dimension consiste à exprimer les données dans un

espace où l’information est très concentrée. Une décomposition connue pour concentrer l’information

est la décomposition en ondelettes. Il devient alors possible de choisir les points d’intérêt dans l’espace

d’ondelettes afin de limiter la régression à ces points. C’est notamment le cas de la décomposition en

ondelettes introduite dans la section 2.2.

Le chapitre 3 est dédié à la métamodélisation multi-fidélité. Le schéma auto-régressif AR(1) présenté

par (Kennedy & O’Hagan, 2000) est le premier résultat important de la métamodélisation multi-fidélité. Il

en est question à la section 3.1.1. Il permet de lier la sortie de plusieurs versions de codes en utilisant la

régression par processus gaussien. D’autres métamodélisations utilisant des processus gaussiens peu-

vent être employées dans un contexte de multi-fidélité à l’image des DeepGP que nous présentons à la

section 3.1.2. Comme pour la régression simple-fidélité, l’essor de la métamodélisation par réseaux de

neurones conduit à la modélisation multi-fidélité par des réseaux de neurones. Plusieurs métamodélisa-

tions multi-fidélité avec réseaux de neurones sont proposées dans la section 3.2.

Le manuscrit se poursuit ensuite par l’exposition de troix méthodes originales sur la métamodèli-
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sation multi-fidélité. Le premier modèle, présenté au chapitre 4, est la combinaison d’un processus

gaussien et d’un réseau de neurones bayésien. L’idée est de combiner la flexibilité du réseau de neurones

avec l’efficacité de la prédiction et de la quantification d’incertitudes des processus gaussiens. Pour ce

faire, l’incertitude sur la sortie de processus gaussien doit être fournie en entrée du réseau de neurones

bayésien. Ces travaux sont exposés dans (Kerleguer, Cannamela, & Garnier, 2022). Cependant, le pas-

sage à une grande dimension de sortie s’est avéré complexe et a imposé une limite à cette approche

pour répondre à l’objectif global de départ. Cette approche est une alternative aux méthodes proposées

au chapitre 3.

Ensuite, le chapitre 5 est consacré à la métamodèlisation par processus gaussien d’ondelettes. L’idée

repose sur l’adaptation du modèle AR(1) à des sorties en grande dimension. Pour cela, on utilise la

décomposition en ondelettes qui va concentrer les données afin de réduire la dimension de façon active

grâce à la sélection de points. Pour cela, on a introduit un objet que nous avons appelé processus

gaussien d’ondelettes. L’inversion de la décomposition en ondelettes permet d’obtenir la quantification

des incertitudes de prédiction. Ce chapitre pose les bases nécessaires à la régression par processus

gaussien sur une base d’ondelettes. Le principal apport est la modélisation dans un espace d’ondelettes

avec le calcul de la fonction de covariance dans une espace d’ondelettes pour un processus gaussien

de covariance connue dans l’espace temporel. La possibilité d’une extension à la multi-fidélité AR(1) est

évoquée.

Enfin, le chapitre 6 présente un modèle utilisant une réduction de dimension pour construire un méta-

modèles multi-fidélité pour des sorties de type séries temporelles. La première approche envisagée est

d’étendre la tensorisation de la covariance à la régression par processus gaussien dans un cadre multi-

fidélité. Cependant, la section 6.1 aborde les problèmes de conditionnement des matrices de covariance

qui entravent l’extension souhaitée. La seconde idée de ce chapitrer est d’utiliser la décomposition en

valeurs singulières en tant que méthode de réduction de dimension et d’utiliser la régression par proces-

sus gaussien sur les sorties de dimension réduite. À cela est ajoutée une régression simple fidélité sur

l’espace des fonctions non pris en compte dans la réduction de la dimension à l’aide une métamodélisa-

tion par processus gaussien avec covariance tensorisée. Cette méthode est présentée dans la section

6.3 et comparée à d’autres méthodes de l’état de l’art dans la section 6.4.

La métamodélisation multi-fidélité pour les sorties en grande dimension reste un problème partic-

ulièrement complexe. Ce manuscrit se concentre principalement sur les sorties séries temporelles, mais

on peut aussi imaginer des images ou d’autres objets à haute dimension. De plus, seuls les réseaux de

neurones et les processus gaussiens sont présentés pour la métamodélisation, mais il existe de nom-

breuses autres méthodes telles que les forêts aléatoires, présentées dans (Biau & Scornet, 2016), ou les

polynomes de chaos, voir (Xiu & Karniadakis, 2002). Enfin, dans ce manuscrit, les métamodèles sont

construits pour les performances d’emulation, alors que pour leur utilisation ils pourraient être associés à
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des méthodes d’apprentissage actif, d’optimisation ou d’analyse de sensibilité par exemple.
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Introduction

Numerical simulation has become an indispensable tool for modeling and predicting phenomena. It is

based on the use of complex and expensive calculation codes. A simulation requires the use of input

parameters describing the phenomenon under study and returns outputs allowing access to the charac-

teristics of interest of the phenomenon in question. Computational codes are based on the resolution of

increasingly elaborate mathematical equations, so that simulations have become very accurate but also

very costly in terms of computing time. Therefore, the use of a very large number of simulations is often

not feasible. When the input parameters are subject to uncertainties, it is necessary to quantify the impact

of these uncertainties on the output of the calculation code. Such studies are called uncertainty analy-

ses. They are not limited to a few simulations around a nominal point, but require a massive use of the

calculation code.

It then becomes essential to approximate the outputs of interest of the code by a function with low com-

putational cost. Such functions are called surrogate models (or metamodels) and learn the relationship

between input parameters and outputs from a limited number of calls to the computational code.

The output of the code is assumed to be the function g :

g : Q ∈ Rd → Rq

x 7→ g(x)

where Q is a non empty set called input space. The objective is to build a surrogate model g̃ of the function

g. In this manuscript, it is assumed that no information about the function g is available, this problem is

called "black box" problem.

The information available for the construction of the surrogate model is defined by the N observations

of the g function at the points of the experimental design D =
{
x(1), . . . ,x(N)

}
. Thus we have the following

data to construct the surrogate model
{(

x(i), g(x(i))
)
, for i = 1, · · · , N

}
called the learning set.

As the calculation codes incorporate more and more in-depth modeling of phenomena, the resulting

outputs are also more detailed. The output of interest can then be very large, such as images or signals.

The context of this thesis is where the outputs are time-dependent functions. When they are sampled,
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Low-fidelity code

High-fidelity code

Low-fidelity model

Surrogate model

Enriched

Figure 2: Illustration of bi-fidelity with the example of the Lorentz 63 system. For low-fidelity, an Euler
method is used to solve the system, while a fourth order Runge-Kutta method is used for high-fidelity.

they are called time-series. It is assumed that the sampling is done on a fine and regular grid, which

implies that the output is of high dimension.

Furthermore, there may be earlier or study versions of a calculation code, which are less accurate

but also less expensive. A less accurate version will naturally be less expensive. When versions can

be classified according to their accuracy and cost, this is called a hierarchical multi-fidelity framework.

The objective of multi-fidelity surrogate modeling is then to build a surrogate model of the output of the

most expensive version of the computational code while being able to use the information obtained from

the faster versions. It is in this context that we have placed ourselves in this manuscript. The figure 2

illustrates the principle of multi-fidelity when two versions of a calculation code are available.

The case of surrogate modeling of the output of a single version of the computational code is called

"single-fidelity" regression, as opposed to multi-fidelity.

The main objective of this manuscript is to propose a methodology for building a multi-fidelity surrogate

model when the output to be approximated is a time-dependent function. In order to do so, it is essential to

start by presenting the methods on which our approaches will be based. The first part of this manuscript

is devoted to this and is the subject of the first three chapters, while the second part, also composed of

three chapters, presents several methods that meet the initial objective in whole or in part.

First of all, methods for surrogate modeling of the output of a calculation code are presented in the

chapter 1. An extension of this method to time-series output is given in section 1.1.3. It is based on the

tensorised expression of the covariance function allowing to define a Gaussian process. As for the Gaus-
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sian process regression, we have all the analytical formulas for prediction and uncertainty quantification.

Then, we present more recent methods in the world of uncertainty quantification, such as neural networks

in the section 1.2. Several methods allow to access the uncertainties associated with the predictions of

the surrogate model. We focus rather on the Bayesian neural network, section 1.2.2.2, because the idea

of modeling is close to the Gaussian processes. Finally, the section 1.3 proposes different criteria for

evaluating surrogate models both in terms of quality and quantification of prediciton uncertainties.

Most of the surrogate models presented previously are limited in their capacity to predict in high di-

mension. A frequently used approach is to reduce the dimension of the output and perform the surrogate

modeling on the reduced dimension problem. The chapter 2 is thus dedicated to dimension reduction

methods. The section 2.1 reviews the most classical methods such as singular value decomposition, sec-

tion 2.1.1, or autoencoders, section 2.1.4. Another way of approaching dimension reduction is to express

the data in a space where the information is highly concentrated. One decomposition known to concen-

trate information is the wavelet decomposition. It then becomes possible to choose the points of interest

in the wavelet space in order to limit the regression to these points. This is notably the case for the wavelet

decomposition introduced in section 2.2.

The chapter 3 is dedicated to multi-fidelity surrogate modeling. The AR(1) auto-regressive scheme

presented by (Kennedy & O’Hagan, 2000) is the first important result of multi-fidelity surrogate modeling.

It is discussed in section 3.1.1. It allows the output of several versions of codes to be linked using Gaussian

process regression. Other surrogate modeling using Gaussian processes can be used in a multi-fidelity

context, such as DeepGPs, which we present in section 3.1.2. As for single-fidelity regression, the rise

of neural network surrogate modeling leads to multi-fidelity modeling by neural networks. Several multi-

fidelity surrogate models with neural networks are proposed in the section 3.2.

The manuscript then continues with the exposition of three methods on multi-fidelity surrogate mod-

elling. The first model, presented in chapter 4, is the combination of a Gaussian process and a Bayesian

neural network. The idea is to combine the flexibility of the neural network with the efficiency of the predic-

tion and uncertainty quantification of Gaussian processes. To do this, uncertainty on the Gaussian process

output must be provided as input to the Bayesian neural network. This work is outlined in (Kerleguer et al.,

2022). However, the transition to a large output dimension proved to be complex and imposed a limit on

this approach to meet the overall objective. This approach is an alternative to the methods proposed in

the chapter 3.

Then, the chapter 5 is devoted to wavelet Gaussian processes for surrogate modeling. The idea

is based on the adaptation of the AR(1) model to high dimensional outputs. For this purpose, wavelet

decomposition is used to concentrate the data in order to actively reduce the dimension through point

selection. For this purpose, an object has been introduced which we have called the Gaussian wavelet

process. The inversion of the wavelet decomposition allows us to obtain the quantification of the prediction
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uncertainty. This chapter lays the foundation for Gaussian process regression on a wavelet basis. The

main contribution is the modeling in a wavelet space with the calculation of the covariance function in

a wavelet space for a Gaussian process of known covariance in the time space. The possibility of an

extension to AR(1) multi-fidelity is discussed.

Finally, the chapter 6 presents a model using a dimension reduction to build a multi-fidelity surrogate

model for time-series outputs. The first approach considered is to extend covariance tensorization to

Gaussian process regression in a multi-fidelity framework. However, the section 6.1 discusses the prob-

lems of conditioning the covariance matrices which hinder the desired extension. The idea of the second

part of this chapter is to use the singular value decomposition as a dimension reduction method and to

use Gaussian process regression on the reduced dimensional outputs. To this is added a simple-fidelity

regression on the function space not considered in the dimension reduction using Gaussian process sur-

rogate modeling with tensorised covariance. This method is presented in section 6.3 and compared to

other state-of-the-art methods in section 6.4.

Multi-fidelity surrogate model for high dimensional outputs remains a particularly complex problem.

This manuscript focuses mainly on time-series outputs, but one can also imagine images or other high-

dimensional objects. Moreover, only neural networks and Gaussian processes are presented for surrogate

modeling, but there are many other methods such as random forests, presented in (Biau & Scornet, 2016),

or chaos polynomes, see (Xiu & Karniadakis, 2002). Finally, in this manuscript, surrogate models are built

for emulation performances, while for their use they could be associated to active learning, optimisation

or sensitivity analysis methods for instance.
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Chapter 1

Regression for uncertainty quantification

Numerical simulation has become an indispensable tool for bridging theory and experiments. Simulation

relies on the use of complex and expensive computer codes, which take as input parameters describing

the simulated phenomenon and return as output quantities characterizing it. The computation codes are

based on increasingly complex mathematical equations; they have therefore become more accurate but

also more expensive in terms of calculation time. As a result, the code can only be used to a limited extent.

Many studies, such as optimization, uncertainty quantification, sensitivity analysis or rare event estimation,

require a lot of simulations. To carry out these studies, it is necessary to approximate the output(s) of

interest of the code by a low-cost function, i.e. a function that can be executed an almost unlimited number

of times. These functions are commonly called surrogate models and learn the relationship between input

parameters and output(s) from a limited number of simulations.

The mathematical formalization of the problem is given as follows. The function we search to approach

by a surrogate model is called g :

g : Q ⊂ Rd → Rq

x 7→ g(x)

where Q is a non-empty set called the input parameters space.

We assume that we do not know the g function apart from the simulations we have done at specific

inputs. So, we have a N -sized experimental design set noted D =
{
x(1) =, . . . ,x(N)

}
and the values of

the function g at points in D, noted (z(i) = g(x(i)))i=1,...,N .

In addition to having to predict the computer code output, we are also interested in the accuracy of

this prediction. In other words, what error is made when using the surrogate model instead of the code

to predict a new observation? We will call this the uncertainty of prediction, and we will focus in this

chapter on surrogate models that can quantify (give estimations of) their predictive uncertainties (without

exhaustiveness). We choose to focus only on two types of methods: Gaussian process regression (GPR)

13
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and neural networks (NN). Our choice is mainly motivated by the possible extension of these methods to

a multi-fidelity framework introduced in chapter 3.

The section 1.1 recalls the basic properties of Gaussian processes by introducing the covariance

function. Then, different families of covariance functions used for regression are presented. Then, we

present Gaussian process regression and several criteria to evaluate prediction capacities. To conclude

this section we present an extension of GPR dealing with time-series output.

The section 1.2 describes the neural network model and different ways to formulate it. We recall a

classical learning approach to compute the model. As neural networks are not natively able to quantify

the uncertainties associated to a prediction, we present several methods to address this issue.

1.1 Gaussian process regression (GPR)

The method that first comes to mind when looking to do regression is linear regression. Linear regres-

sion is indeed a regression method that can be adapted to many situations, see (Hastie, Tibshirani, &

Friedman, 2009, sec. 3-4). However, the assumptions required to perform a linear regression are very

strong and often difficult to verify in practice. Starting from linear regression, which is very easy to use,

see (James, Witten, Hastie, & Tibshirani, 2021b), it has been possible to construct non-linear regressions.

In particular there is a method that is widely used for uncertainty quantification: Gaussian process re-

gression, otherwise known as Kriging. In this section, the basics of Gaussian process regression will be

presented. GPR addresses the problem of modeling for a moderate number of input parameters. It also

performs well in terms of quantifying uncertainty.

In this section we first present the tools needed to emulate computer codes. The tools are in link

with stochastic processes and in particular Gaussian processes. A key element of this section is the

presentation of the covariance kernels of the processes. Secondly, the Gaussian process regression

model is presented. Gaussian process regression is highlighted in this section as it gives a prediction with

quantified uncertainty.

1.1.1 Some useful elements for Gaussian process regression

Before presenting the regression method it is necessary to introduce some mathematical tools. As these

tools are basics of probability and statistics, definitions and properties are proposed in the following. For

more detail than the quick introduction that follows many books and courses are available, we refer to

(Grimmett & Stirzaker, 2020; Karatzas & Shreve, 1998).
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Regression for uncertainty quantification 1.1 Gaussian process regression (GPR)

1.1.1.1 From random variable to random process

In order to predict a function, it is necessary to characterize it. Surrogate modeling can be seen as a

completely deterministic point of view, but this is very limited, and the possible models are limited, see

(Hastie et al., 2009, sec. 2.3). This is why we emulate a stochastic model from deterministic data.

Definition 1.1.1. A probability space is a triple (Ω,F , P ) such that:

- Ω is the sample set.

- F is a σ-algebra. F contains the sample set Ω ∈ F . F is closed under complements and countable

unions.

- P is the probability measure. P is σ-additive and P (Ω) = 1.

For a point to be predicted the value of the output is not known. We model our non-knowledge by a

random variable which represents our prediction at this point.

Definition 1.1.2. A random vector (or variable when q = 1) Y is a measurable function Y : Ω → S ⊂ Rq

from the probability space (Ω,F , P ) to the measurable space (S,B(S)) where S is a measurable subspace

of Rq and B(S) is the Borel σ-algebra of S.

Our model, which we seek to approximate, is a function from Rd to Rq, we need to go further in the

modeling.

Definition 1.1.3. A Rq-valued stochastic process Z on Q is an application, that associates a random

vector Z(x) to each x ∈ Q. The random vectors Z(x), for x ∈ Q, are defined on a common probability

space (Ω,F , P ).

For each fixed ω ∈ Ω, the Rq-valued function x → Z(ω,x) is called a realization or a trajectory of the

random process Z.

1.1.1.2 Gaussian vectors

The objects presented above are useful for describing computer code, but they do not allow predictions to

be made. Indeed, stochastic processes are very general and are not easily exploitable for prediction and

uncertainty quantification. It is therefore necessary to add assumptions to our calculation code. However,

we know a law that is commonly found in physics and other sciences: the normal or Gaussian distribution.

This part presents the basic properties of the Gaussian distribution for a random vector.

Definition 1.1.4. The normal distribution or Gaussian distributionN (µ, σ2) of mean µ and variance σ2 > 0

is a continuous probability distribution for a real-valued random variable. Its probability density function

(PDF) is:

f(x) =
1√
2πσ2

exp−(x− µ)2

2σ2
(1.1)
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1.1 Gaussian process regression (GPR) Regression for uncertainty quantification

A random variable that is constant equal to µ is said to be Gaussian with mean µ and variance σ2 = 0.

The univariate Gaussian distribution, presented in definition 1.1.4 is generalized for vectors in the following

definition.

Definition 1.1.5. A n-dimensional random vector X = (x1, · · · , xn),n ≥ 1, is a Gaussian vector with mean

vector µ and covariance matrix Σ if and only if for any a ∈ Rn, aTU is a Gaussian variable with mean aTµ

and variance aTΣa.

It means that all linear combinations of Gaussian vectors are Gaussian variables. We can therefore

note X ∼ N (µ,Σ).

We can retain that:

1. the components of a Gaussian vector X are independent if they are uncorrelated (Σ is diagonal),

2. if the components of a vector are Gaussian and independent then this vector is Gaussian,

3. the sum of two independent Gaussian vectors is a Gaussian vector.

In the case where X is a Gaussian vector, the condition of invertibility of its covariance matrix is

sufficient to establish the existence of a density:

Theorem 1.1.6. Let X ∼ N (µ,Σ) be a Gaussian vector of size n with Σ invertible. The PDF fX of X is:

fX(x) =
1√

(2π)n detΣ
exp

(
−1

2
(x− µ)tΣ−1(x− µ)

)
. (1.2)

We can also deduce that Gaussian vectors are stable by affine transformation.

Properties 1.1.7. Let X be a Gaussian vector in Rn, with mean µ and covariance Σ. Let A ∈ Mp,n(R)

and b ∈ Rp. Then the random vector AX + b is a Gaussian vector in Rp. Its mean is Aµ + b and its

covariance is AΣAT .

The following theorem is essential because it is central to the Gaussian process regression. It is about

the stability of Gaussian density distribution by conditioning.

Theorem 1.1.8 (Theorem of Gaussian conditioning). Let (Y,X) be a Gaussian vector with mean (µ, ν)

and covariance Cov(Y,X) =

W CT

C V

 with V invertible. The distribution of Y |X = x is Gaussian with

mean µ⋆ = µ+ CTV −1(x− ν) and covariance W ⋆ =W − CTV −1C.

Corollary 1.1.8.1. To generate realizations from a Gaussian vector of size n X ∼ N (µ,Σ), we have:

X = AZ + µ, (1.3)
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Regression for uncertainty quantification 1.1 Gaussian process regression (GPR)

with A the square root matrix of Σ and Z a random vector with independent components Z ∼ N (0, In). It

is then possible to generate realizations of X from realizations of Z.

1.1.1.3 Gaussian processes

Gaussian processes are the generalization of the Gaussian distribution from a random variable to a

stochastic process.

Definition 1.1.9. A stochastic process Z(x) on Q ⊂ Rd valued in R is a Gaussian process when for all

x(1), . . . ,x(n) ∈ Q, the random vector (Z(x(1)), . . . , Z(x(n))) is a Gaussian vector.

A Gaussian process is characterized by its mean and covariance function. The mean function of a

Gaussian process Z(x) is the function :

m : Q ⊂ Rd → R

x 7→ E(Z(x))

The covariance function of a Gaussian process Z(x) is the function:

k : Q×Q → R

(x,x′) 7→ Cov
[
Z(x), Z(x′)

]
The covariance function k must be positive semi-definite.

Definition 1.1.10. An n × n symmetric real matrix M is said to be positive-definite if xTMx > 0 for all

non-zero x in Rn.

Definition 1.1.11. An n × n symmetric real matrix M is said to be positive semi-definite if xTMx ≥ 0 for

all non-zero x in Rn.

Definition 1.1.12. We define the covariance matrix at the N points D =
{
x(1), · · · ,x(N)

}
. The covariance

matrix K ∈MN,N (R) is the matrix defined byKi,j = k
(
x(i),x(j)

)
with (i, j) = 1, · · · , N , with K = {Ki,j}i,j .

Definition 1.1.13. A symmetric kernel k : Q×Q→ R is positive semi-definite on Q if:

n∑
i=1

n∑
j=1

cicjk(x
(i),x(j)) ≥ 0 (1.4)

for any x(1), · · · ,x(n) ∈ Q, c1, · · · , cn ∈ R, given n ∈ N.

The following theorem shows that to create a Gaussian process, it is sufficient to create a mean

function and a covariance function.
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1.1 Gaussian process regression (GPR) Regression for uncertainty quantification

Theorem 1.1.14. Let Q be any set, m any function from Q to R and k any symmetric positive semi-

definite function from Q × Q to R. Then there exists a Gaussian process Z(x) on Q with mean function

and covariance function k.

The covariance kernel describes relations between Z(x) and Z(x′). For examples, let k1(x,x′) = 1, a

Gaussian process Z(x) with mean zero and covariance function k1 is constant (i.e., P (Z(x) = Z(x0)) = 1

for all, x,x0 ∈ Q). Let k2(x,x′) = 1{x=x′}, a Gaussian process Z(x) with mean zero and covariance

function k2 is composed of independent Gaussian values.

Stationary "Kernel" covariance function A GP is said to be stationary when its covariance function is

stationary.

Definition 1.1.15. A covariance function k is stationary when for any x,x′ ∈ Q, k is a function of τ , with

τ = x− x′.

In this paragraph we are interested in stationary covariance kernels, and we use the term stationary

Gaussian process when such functions allow to define the GP. These kernels are used in GP regression

to emulate computer codes.

It exists a property of stationary covariance kernel that says that they can be represented as the Fourier

transform of a positive measure. The definition of the Fourier transform used in the following is given with

all properties in section 2.2.1. The following theorem is given in (Rasmussen & Williams, 2006, sec. 4.2.1)

and allows to have convenient characterization of stationary covariance functions with Fourier transform

of k.

Theorem 1.1.16. (Bochner’s theorem) For any continuous positive definite function k(τ) from Rd into R,

there exists a unique positive measure µ on Rd such that:

k(τ) =
1

(2π)d

∫
Rd

ei<τ,ξ>dµ(ξ), (1.5)

with < ·, · > the scalar product.

Proof. A proof can be found in (Gihman & Skorokhod, 2004, pp. 208-212). The expression of the theorem

we use is from (Stein, 1999).

In the case where dµ(ξ) has a density we can introduce the spectral density S(ξ) (or power spec-

trum) of the covariance kernel k(τ). It can be useful for the representation of GP in Fourier domain, see

chapter 5.
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Theorem 1.1.17. (Wiener-Khintchine theorem) In the case that the spectral density S(ξ) exists, the co-

variance function and the spectral density are Fourier duals of each other:

k(τ) = 1
(2π)d

∫
S(ξ)ei<τ,ξ>dξ, (1.6)

S(ξ) =
∫
k(τ)e−i<τ,ξ>dτ. (1.7)

The spectral density must be integrable because k(0) = 1
(2π)d

∫
S(ξ)dξ and S(ξ) ≥ 0 for all ξ.

1.1.1.4 Examples of stationary covariance kernel on R

The following paragraphs are a list of standard stationary covariance kernels. For a more complete list,

see (Rasmussen & Williams, 2006, sec. 4.2; Stein, 1999; K. Tiwari & Chong, 2019, ch. 6).

Gaussian kernel

Definition 1.1.18. The Gaussian or squared exponential covariance function is defined as:

k(τ) = exp

(
−|τ |

2

2θ2

)
, (1.8)

where θ is the correlation length. The spectral density of the Gaussian covariance function is:

S(ξ) =
√
2πθ exp

(
−1

2
θ2|ξ|2

)
. (1.9)

Gaussian processes associated with Gaussian kernel are infinitely differentiable almost surely, thanks

to Kolmogorov-Chentsov theorem.

ν-Matérn kernel

Definition 1.1.19. Matérn class of covariance function is defined as:

k(τ) =
21−ν

Γ(ν)

(√
2ν|τ |
ℓ

)ν

Kν

(√
2ν|τ |
ℓ

)
, (1.10)

where Kν is a modified Bessel function (see (Olver, Lozier, Boisvert, & Clark, 2010)), Γ is the Gamma

function, ν is a positive parameter and ℓ is the correlation length. The spectral density of this covariance

function is:

Sν(ξ) =
2π

1
2Γ
(
ν + 1

2

)
(2ν)ν

Γ(ν)ℓ2ν

(
2ν

ℓ2
+ ξ2

)−(ν+ 1
2)
. (1.11)

A Gaussian process Z(x) with a ν-Matérn covariance kernel is ν-Hölder continuous in mean square.

This expression being particularly complex, we limit ourselves to a reduced number of ν.
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Figure 1.1: Comparison of the stationary kernels. Both pictures have the same legend. On the right there
is a realization of GP with the covariance on the left. It can be seen that the more the covariance is peaked
in 0 the rougher the realization. For this figure γ = 0.8.

Remark 1.1.20. The most common ν values give:

• ν = 1
2 , then the expression is equivalent to exponential kernel

k(τ) = exp

(
−|τ |
ℓ

)
, S 1

2
(ξ) =

2

ℓ

(
1

ℓ2
+ ξ2

)−1

. (1.12)

• ν = 3
2 , the simplification gives:

k(τ) =

(
1 +

√
3|τ |
ℓ

)
exp

(
−
√
3|τ |
ℓ

)
, S 3

2
(ξ) =

12
√
3

ℓ3

(
3

ℓ2
+ ξ2

)−2

. (1.13)

• ν = 5
2 , the simplification gives:

k(τ) =

(
1 +

√
5|τ |
ℓ

+
5|τ |2

3ℓ2

)
exp

(
−
√
5|τ |
ℓ

)
, S 5

2
(ξ) =

400
√
5

ℓ5

(
3

ℓ2
+ ξ2

)−3

. (1.14)

The Matèrn-52 is the most used for computer code uncertainty quantification.

γ-exponential kernel The γ-exponential kernel is defined as:

k(τ) = exp

(
−
(
|τ |
ℓ

)γ)
, 0 < γ ≤ 2. (1.15)

Comparison of the kernels The covariance kernels are associated with GP. Figure 1.1 shows the

differences between kernels and associated GP.
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1.1.1.5 Stationary covariance functions on Rd

From covariance functions defined of R it is possible to construct covariance functions defined on Rd.

Three methods are presented below.

Tensorized covariance function It is possible to build a kernel on Rd by tensorization of one-dimensional

kernels. Let us assume that, for i = 1, · · · , d, ki is a one-dimensional stationary kernel. Then:

k(x− x′) =

d∏
i=1

ki(xi − x′i), (1.16)

is a stationary kernel on Rd. For example the tensorized square exponential covariance kernel on Rd is:

k(x,x′) = σ2
d∏

i=1

exp

(
−(xi − x′i)2

ℓ2i

)
. (1.17)

Isotropic covariance function Another method to build stationary kernels on Rd is to apply a one-

dimensional stationary kernel k1 to the Euclidean norm on Rd. If k1 is a one-dimensional stationary

kernel, then

k(x− x′) = k1(|x− x′|), (1.18)

is a stationary kernel on Rd. For example the isotropic square exponential covariance kernel on Rd is:

k(x,x′) = σ21 exp

(
−∥x− x′∥2

ℓ21

)
.

Geometric covariance function The previous method can be extended by using a weighted l2-norm in

Rd. If k1 is a one-dimensional stationary kernel, then:

k(x− x′) = k1


√√√√ d∑

i=1

(xi − x′i)2
ℓ2i

 , (1.19)

is a stationary kernel on Rd. For example the geometric square exponential covariance kernel on Rd is:

k(x,x′) = σ21 exp

(
−

d∑
i=1

(xi − x′i)2

ℓ2i

)
,

with ℓ = (ℓ1, · · · , ℓd), which is equivalent to eq. (1.17).
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1.1.2 Gaussian process modeling

The approach comes from (Krige, 1951). The regression by Gaussian process in the current formalism

is defined in (Rasmussen & Williams, 2006). There are many recent extensions, for example in (Gu &

Berger, 2016; Rullière, Durrande, Bachoc, & Chevalier, 2018) Gaussian process regression is adapted

for a large number of data.

1.1.2.1 Gaussian process prediction

In this section, we seek to approximate a scalar output of a computational code g. The function g we wish

to learn is deterministic (noisy free case) and defined on Q ⊂ Rd into R. Let us assume that the emulator

is a Gaussian process Z(x) with mean function µ(x) and with covariance function k(x,x′). We want to

predict the value of g(x) for all x ∈ Rd from a few observations of g at points in D = {x(1), . . . ,x(N)}. We

introduce the vector Z = (Z(1), . . . , Z(N)), it is the Gaussian vector observed in the learning set.

A common choice for the mean µ(x) is to take a linear form : µ(x) = fT (x)β, where f(x) is a column

vector of p known functions and β the corresponding coefficients. In the following, we introduce the

correlation function r(x,x′) such that k(x,x′;σ, ℓ) = σ2r(x,x′; ℓ), where ℓ and σ are correlation length and

standard deviation of the function k. The kernel is supposed to be in Rd so that the correlation length is

the vector ℓ.

If we know the mean and the covariance functions, we can express the joint distribution:Z(x)
Z

 ∼ N
fT (x)β

Fβ
, σ2

 1 rT (x)

r(x) R

 , (1.20)

where F =


f1(x(1)) · · · fp(x(1))

...
...

f1(x(N)) · · · fp(x(N))

 is the matrix of regressors, r(x) =
[
r(x,x(i))

]
i=1,··· ,N is the correlation

vector between Z(x) and the observation points. The correlation matrix between the observation points

is R =
[
r(x(j),x(i))

]
i,j=1,··· ,N .

We can therefore predict the probability distribution of Z conditioned by the data and the hyperparam-

eters: Z(x)|Z = zN , β, σ, ℓ, with zN =
{
g(x(1)), · · · , g(x(N))

}
. Because the vector (Z(x),Z) is Gaussian

conditionally to the hyperparameters we can use the theorem of Gaussian conditioning. Then, the distri-

bution Z(x)|Z = zN , β, σ, ℓ is Gaussian with mean µ⋆(x) and variance v⋆(x):

µ⋆(x) = fT (x)β + rT (x)R−1
(
zN − Fβ

)
, (1.21)

v⋆(x) = σ2
(
1− rT (x)R−1r(x)

)
. (1.22)

This model is called the simple Kriging.
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Thanks to the Gaussian property of the posterior distribution and section 1.1.2.1, we can define the

prediction interval at confidence level α:

Iα(x) =
[
µ⋆(x)− C(α)v⋆(x)

1
2 , µ⋆(x) + C(α)v⋆(x)

1
2

]
, (1.23)

with C(α) the 1− α
2 quantile of the standard Gaussian distribution. For α = 95% we have C(95%) ≈ 1.96.

Remark 1.1.21. • The Kriging mean interpolates the observation points. Also, the variances at ob-

servation points are null. This important property of Kriging means that the model is interpolating at

observation points.

• The Kriging mean does not depend on the standard deviation σ.

• The Kriging variance at a point is independent of the observed values. This makes it possible to

predict the reduction in variance when adding a new observation point even before having the value

of the observation. This is useful for active learning.

• In real cases it can be of interest to product non-interpolating models. In particular for noisy mea-

surements, it is possible to add a ’nugget’ effect so that the model is not interpolating. This can be

useful for optimization, see (Picheny & Ginsbourger, 2014).

There are other ways to express the Kriging problem. One way is to express it as the best linear

unbiased predictor (BLUP). It is also possible to express the prediction mean as the sum of kernels centred

at the observation point. More details can be found in (Robinson, 1991). This form is the solution of the

regularization problem on a reproducing kernel Hilbert space (RKHS). The first elements are proposed in

(Kimeldorf & Wahba, 1971). The whole framework is described in (Rasmussen & Williams, 2006).

Example in 1d We assume that our computer code is the function:

g(x) = 0.5(6x− 2)2 sin(12x− 4) + 10(x− 0.5)− 5. (1.24)

The experimental design is D = {0, 0.2, 0.4, 0.6, 0.8, 1}. A second learning set with more data (card(D) =

60) on a regular grid is also proposed.

We can see the interpolative nature of the Gaussian process regression. The result is presented in

fig. 1.2. The prediction intervals are larger when fewer points are known. The shape of the prediction

intervals is typical of Gaussian process regression. We can therefore see that this method can be very

satisfactory for fairly regular functions and when we have few observations of them. The prediction interval

is presented in eq. (1.23). The interval is larger when the data are far from the training points and the

interval is smaller when there are more points. The model is very accurate, and the prediction interval is

representative of the information we have about the function.
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Figure 1.2: Two regression problems solved with GP regression. The proposed covariance kernel is
Matèrn 5/2. The regression is performed for two training sets. It can be seen that the prediction perfor-
mance and the uncertainty quantification (in the form of prediction intervals) improve with the increase of
the number of training points.

1.1.2.2 Parameters estimation

In section 1.1.2.1, we assumed that the mean and covariance functions were known. However, although

we can indeed know their parametric form, it is necessary to estimate their parameters. For the linear

mean function, the β coefficients must be estimated and for the covariance function, the σ2 variance and

the correlation lengths ℓ must also be estimated.

Bayesian Estimation The parameters to estimate are
(
β, σ2

)
. With this method we consider ℓ fixed.

A Bayesian estimation of ℓ can be proceeded as presented in (Le Gratiet, 2013b, sec. 1.3.1).

Definition 1.1.22. The prior distributions of the hyperparameters
(
β, σ2

)
are:

σ2 ∼ IG (α, γ) , (1.25)

β|σ2 ∼ N
(
b0, σ

2V0
)
, (1.26)

with b0 a vector, V0 a covariance matrix and IG(α, γ) stands for the inverse gamma distribution with density

function:

p(x) =
γαe−γ/x

Γ(α)xα+1
1x>0. (1.27)

This form of priors distributions allows obtaining a closed form expression for the predictive distribution.

These priors are conjugate priors.

Property 1.1.23. Parameter posterior distributions The observed data are zN a vector containing the ob-

served output values. The likelihood of zN knowing β and σ2 can be expressed, thanks to the multivariate
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normal assumption:

p(zN |β, σ2) = 1

(2πσ2)
N
2

√
|R|

exp

(
−(zN − Fβ)TR−1(zN − Fβ)

2σ2

)
(1.28)

with |R| the determinant of the matrix R, F =


f1(x(1)) · · · fp(x(1))

...
...

f1(x(N)) · · · fp(x(N))

 is the matrix of regressors, r(x) =

[
r(x,x(i))

]
i=1,··· ,N is the correlation between Z(x) and the vector

(
Z(x(i))

)N
i=1

. The correlation matrix of

this vector is R =
[
r(x(j),x(i))

]
i,j=1,··· ,N . The Bayes rule gives us that β|zN , σ2 ∼ N (Aθ,A), with:

A−1 =
[
FTR−1F+ V −1

0

] 1

σ2

and

θ =
[
FTR−1zN + V −1

0 b0
] 1

σ2
.

The Bayes rule gives σ2|zN ∼ IG
(
N
2 + α,Qσ

)
, with:

Qσ = 2γ + (b0 − β̂)T (V0 +
[
FTR−1F

]−1
)(b0 − β̂) + Q̃σ, (1.29)

with β̂ =
(
FTR−1F

)−1
FTR−1zN the generalized least square estimator and

Q̃σ = (zN )T
[
R−1 −R−1F(FTR−1F)−1FTR−1

]
zN .

Details on the previous property can be found in (Santner, Williams, & Notz, 2003).

It should be noted that we can introduce priors that reflect the fact that we have no information a priori.

These priors are called non-informative priors. Jeffreys’ priors are an example of objective prior. There

are other types of priors such as reference priors, see (Berger, Bernardo, & Sun, 2009). Non-informative

priors are usually improper distributions obtained from Fisher information matrices, see (Fisher, 1955).

For more details on non-informative priors see (Gu, Wang, & Berger, 2018, 6A).

Maximum likelihood estimation In this paragraph we seek to estimate β,σ and ℓ. One of the most

popular methods for estimating parameters is maximum likelihood. This approach has the advantage of

being very fast in computation time. As with Bayesian estimation, the starting point is the observations

zN . Thanks to the multivariate Gaussian assumption we have:

p(zN |β, σ2, ℓ) = 1

(2πσ2)
N
2

√
|Rℓ|

exp

(
−(zN − Fβ)TRℓ

−1(zN − Fβ)

2σ2

)
, (1.30)
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with Rℓ the correlation matrix depending on ℓ. The Maximum Likelihood Estimator (MLE) of β conditionally

to σ, l and zN is:

β̂ =
(
FTRℓ

−1F
)−1

FTRℓ
−1zN . (1.31)

This is the generalized least squares estimator of β. By substitution of β by β̂ in the likelihood we get the

optimum with respect to σ2:

σ̂2 =
(zN − Fβ̂)TRℓ

−1(zN − Fβ̂)

N
. (1.32)

The MLE of ℓ is obtained by minimizing the log-likelihood:

L(ℓ, zN ) = N log(σ̂2) + log(|Rℓ|). (1.33)

This MLE gives estimation of the parameters. This marginal likelihood has to be numerically minimized in

ℓ in order to estimate the best value of ℓ.

More details can be found in (Bachoc, 2013) and (Santner et al., 2003).

1.1.3 Tensorized non-stationary covariance for time-series output

This subsection is highlighting a method that can be seen as high-dimensional Gaussian process regres-

sion. This methods is dealing with time-series output. As the problem is slightly different, we start by

defining it. The code is the function z depending on two variables, x and t. For each point x we have the

time-series z(x, ·). The goal is to emulate the code using GP regression.

For the calculation of surrogate models with functional outputs, there are two different techniques.

The first is dimension reduction method as presented in chapter 2. An alternative is presented here, the

second method is GP regression with covariance tensorization. The method is presented in (Rougier,

2008) and the estimation of the hyper-parameters is from (Perrin, 2020).

In this subsection we consider that the output is a time-dependent function observed on a fixed time

grid {tu}u=1,··· ,Nt , with Nt ≫ 1, which is called a time-series.

The experimental design in a times-series output case is very different from a scalar output case.

In particular, for a value x in the experimental design D, all the t of the time grid are in the experimental

design. TheNt×Nx matrix containing the observations is Zobs =
(
z(x(i), tu)

)
u=1,...,Nt
i=1,...,Nx

. In GP regression we

model the prior knowledge of the code output as a Gaussian process Z(x, tu) with x ∈ Q and u = 1, . . . , Nt

with a covariance function C given by eq. (1.35) and a mean function µ given by eq. (1.34). We focus

our attention to the case Nt > Nx. We assume that the covariance structure can be decomposed into

two different functions representing the correlation in x and the correlation in t. If we choose well both

functions, the Kriging calculation is possible (Perrin, 2020; Rougier, 2008).

In the following we present a simplification of the method proposed in (Perrin, 2020). The a priori
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RNt-valued mean function is assumed to be of the form:

µ(x) = Bf(x) (1.34)

where f(x) is a given RM -valued function and B ∈ MNt×M (R) is to be estimated. We define by F the

Nx ×M matrix [fT (x(i))]i=1,...,Nx .

The a priori covariance function C(tu, tu′ ,x,x′) can be expressed with the Nt × Nt matrix Rt and the

correlation function Cx : Q×Q→ [0, 1] with Cx(x,x) = 1:

C(tu, tu′ ,x,x′) = Rt(tu, tu′)Cx(x,x
′). (1.35)

The covariance in time is expressed as a matrix because the temporal grid is finite and fixed. The covari-

ance "matrix" (here a tensor) of
(
Z(x(j), tu)

)
u=1,...,Nt
j=1,...,Nx

is

R = Rt ⊗Rx, (1.36)

with (Rx)k,l = Cx(x
(k),x(l)) k, l = 1, . . . , Nx.

If Rx and Rt are not singular, then the a posteriori distribution of the RNt-valued process Z given the

covariance functions and the observations Zobs is Gaussian:

(Z(x, tu))u=1,...,Nt
|Rt, Cx,Zobs ∼ GP(µ⋆(x), R⋆(x,x

′)Rt), (1.37)

with the Nt-dimensional posterior mean:

µ⋆(x) = ZobsR
−1
x rx(x) +B⋆u(x) (1.38)

where rx(x) is theNx-dimensional vector
(
Cx(x,x

(j))
)
j=1,...,Nx

. The posterior covariance functionR⋆(x,x
′)

is :

R⋆(x,x
′) = c⋆(x,x

′)
(
1 + v⋆(x,x

′)
)
. (1.39)

The functions that are used in the regression are:


u(x) = f(x)− F TR−1

x rx(x)

c⋆(x,x
′) = Cx(x,x

′)− rx(x)TR−1
x rx(x

′)

v⋆(x,x
′) = u(x)T (F TR−1

x F )−1u(x′)c−1
⋆ (x,x′)

, (1.40)

and

B⋆ = ZobsR
−1
x F (F TR−1

x F )−1. (1.41)
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The correlation function Cx is assumed to be a Matèrn 5
2 kernel with a tensorized form, see (Ras-

mussen & Williams, 2006, ch. 4):

Cx(x,x
′) =

d∏
i=1

(
1 +

√
5|xi − xi′|
ℓxi

+
5|xi − xi′|2

3ℓ2xi

)
exp

(
−
√
5|xi − xi′|
ℓxi

)
, (1.42)

with ℓx = (ℓx1 , . . . , ℓxd
) the vector of correlation lengths. Other choices are of course possible. Rt is

estimated using R−1
x and the observations Zobs by maximum likelihood, as in (Perrin, 2020):

R̂t =
1

Nx

(
Zobs − Ẑ

)
R−1

x

(
Zobs − Ẑ

)T
, (1.43)

with Ẑ being the Nt × Nx matrix of empirical means Ẑu,i = 1
Nx

∑Nx
j=1 (Zobs)u,j , ∀i = 1, . . . , Nx and u =

1, . . . , Nt.

It remains only to estimate the vector of correlation lengths ℓx = (ℓx1 , . . . , ℓxd
) to determine the function

Cx. As presented in (Perrin, 2020), the maximum likelihood estimation is not well-defined for ℓx. Indeed,

the estimation of Rt by eq. (1.43) is singular because Nx < Nt. In fact, we do not need to invert Rt

as seen in Equations (1.37) to (1.41). The method generally used to estimate the correlation lengths is

cross-validation and, in our case, Leave-One-Out (LOO). LOO consists in building a surrogate model with

all the data except one point, given the values of the correlation lengths. We compare the prediction of the

surrogate model with the data at this point, which gives us an error. We build as many surrogate models

as there are points, and we can therefore evaluate the quality of our surrogate model as a function of the

values of the correlation lengths. The LOO mean square error that needs to be minimized is:

ε2(ℓx) =

Nx∑
k=1

∥µ(−k)
⋆ (x(k)|Z(−k)

obs , ℓx)− Zobs(x
(k))∥2, (1.44)

where µ(−k)
⋆ (x(k)|Z(−k)

obs , ℓx) is the RNt-valued prediction mean obtained with the correlation length vector

ℓx, using all observations except the k-th, which is
(
z(x(k), tu)

)Nt

u=1
(note that we remove a whole time

series from the data in this special LOO procedure), at the point x(k) and ∥ · ∥ is the Euclidean norm in

RNt. The LOO learning set is Z
(−k)
obs =

(
z(x(i), tu)

)
u=1,...,Nt

i=1,...,Nx;i ̸=k
and Zobs(x

(k)) =
(
z(x(k), tu)

)
u=1,...,Nt

. We

can use an expression of ε2(ℓx) that does not require multiple regression, as in (Bachoc, 2013; Dubrule,

1983). For more detail see appendix A.

1.2 Uncertainty quantification with Neural Network

The section describes the neural network model and different ways to formulate it. We recall a classical

learning approach to compute the model. As neural networks are not natively able to predict uncertainties
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associated to a prediction, we present several methods to address this issue.

A neural network (NN) is a surrogate model that links linear regression by an activation function. The

composition of a linear regression and an activation function is called a neuron. Neurons are organized in

layers, as presented in fig. 1.3.

The name "neural network" came from thinking of these different layers operations as analogous to

neurons in brains. And in particular activation is seen as a trigger that is also present in neurons. However,

the more complex the methods become, the further away the NN are from brain models.

Thanks to the impressive achievements of the NN, see (LeCun et al., 1989) for example, it has been

possible to construct uncertainty quantification methods from these models. (Kabir, Khosravi, Hosen,

& Nahavandi, 2018) provides an overview of existing methods for uncertainty quantification with neural

networks. As NN surrogate models have been constructed to be accurate on high dimension, (Tripathy

& Bilionis, 2018) shows an example of surrogate model for high dimension with NN. In (Pasini, 2015) the

author shows that NN can be used in a small data context but also for critical applications. This has also

been proposed for more complex models as in (Liu & Deng, 2015).

Parallels have also been drawn with other regression methods. The link between NN and linear re-

gression is more than obvious as NN are composed of elements related to linear regression. (Cohen,

Sharir, & Shashua, 2016; Michel & Nouy, 2022) shows the link between NN and tree tensor format. In

(Williams, 1996) it is shown that infinitely wide NN with distributions placed over their weights converge to

Gaussian process. This allows us to be confident about the ability of NN to take uncertainty into account.

1.2.1 Definition for NN surrogate models

In this section we will use the formalism given in (James, Witten, Hastie, & Tibshirani, 2021a). This is a

simplified version of (Hastie et al., 2009). In this section the NN emulates an unknown function g with input

x ∈ Rd and output y ∈ Rq. A neural network takes an input vector x and builds a nonlinear approximation

NN of g with the help of data. We called D =
{
x(1), · · · ,x(N)

}
the learning set and the data set consists

of the observations
{
g(x(1)), · · · , g(x(N))

}
. The specificity of the NN compared to the GP is its structure.

The structure of the NN is composed of many simple linear regressions and then passes into an activation

function which introduces a non-linearity. The element called input layer consists in decomposing the input

vector into a number of scalars corresponding to the input dimension. Then comes the hidden layer which

takes the output of the previous layer as input and builds a linear regression and then activates it using the

activation function. A set of regressions and activations is called a neuron (or node). When the output of a

hidden layer is of size K it is said to be composed of K neurons. Then the output layer takes in the output

of the last hidden layer and makes a linear regression corresponding to the size of the output. Figure 1.3

is an illustration of a fully connected NN with 1 hidden layer and q = 1.
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Figure 1.3: Neural network with a single hidden layer. The inputs respectively the outputs are x =
(x1, x2, x3), respectively y = (y1). The number of neurons in the hidden layer is Nn.

The NN model for one hidden layer and for q = 1 has the form:

NN(x) = β0 +

K∑
k=1

βkς

wk0 +

d∑
j=1

wkjxj

 , (1.45)

with β0, · · · , βK parameters of the linear regression of the output layer, with βi ∈ R,

{wkj , k = 1, · · · ,K; j = 1, · · · , d} parameters of the linear regression of the hidden layer and ς the activa-

tion function. The function ς is chosen in advance and a specific discussion is made in section 1.2.1.1.

The parameters of the different regressions are estimated from the data. To get a fit of the NN we need to

have an error loss and a fitting algorithm. Fitting algorithms are presented in section 1.2.1.2.

It is possible to add as many hidden layers as one wishes. These are multi-layer neural networks.

For some applications, especially in image processing, we will try to have a certain structure in the neural

networks. Many coefficients w and β are therefore fixed at 0. An example is convolutional neural networks,

used for example in (LeCun et al., 1989). There are also other structures of NN that do not rely only

on fixing some parameters to 0, for example recursive neural network, see (Frasconi, Gori, Member, &

Sperduti, 1998). In (Creswell et al., 2018), the authors present different structures but with the same idea

of learning. In the following we will only focus on fully connected NN.
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1.2.1.1 Activation function

The activation function ς is essential. Without an activation function or with a linear one the model pro-

posed in eq. (1.45) would collapse into a linear model. The parameter conditioning of this linear model

would also be very bad, so it is best to avoid it as much as possible. (Ramachandran, Zoph, & Le, 2017;

Rasamoelina, Adjailia, & Sinák, 2020) propose a comparison of most of the activation functions available.

We have decided to limit ourselves to the most common activation functions. In this section we present:

Sigmoid, tanh, ReLU and PReLU.

Definition 1.2.1. The Sigmoid activation function is a function from R to [0, 1]. The function can be

expressed:

Sigmoid(z) =
1

1 + e−z
, (1.46)

with z ∈ R.

This function is the same function used in logistic regression. Sigmoid was widely used in the early

instances of NN. The major advantage is that the function is infinitely differentiable. This makes it easier

to implement. The main problem with this function is the output range. It does squash the output and

cause the gradient to vanish in deep networks. Then a function with a steeper gradient is constructed to

simplify the optimization.

Definition 1.2.2. The Hyperbolic Tangent function is a function from R to [−1, 1]. The function can be

expressed:

tanh(z) =
2

1 + e−2z
− 1, (1.47)

with z ∈ R.

This activation function suffers from the same vanishing gradient problem, but it is much more limited

for small networks. tanh is also infinitely differentiable. tanh will be used for BNN in section 1.2.2.2.

In modern neural networks the preferred choice is the ReLU function. This function is linear for all

positive values and null elsewhere.

Definition 1.2.3. The rectified linear unit ReLU function is a function from R to [0,+∞). The function can

be expressed:

ReLU(z) = max (0, z) , (1.48)

with z ∈ R.

The ReLU function has the advantage to get true zero values. This can help regularization in a context

that requires sparsity. The disadvantage to get values in R+ is that for certain types of NN (such as

Recurrent NN), layers can have large number of neurons. The major downside of ReLU is vanishing
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Figure 1.4: a) the 4 activation functions proposed. b) the derivative of the activation functions.

gradient for negative values. This is called "dying ReLU", see (Trottier, Giguere, & Chaib-draa, 2017). The

optimization of the parameters is then hard because the neurons that are far in the negative will have null

gradient and null output.

Multiple techniques have been used to improve ReLU, see (Trottier et al., 2017). One classical attempt

to fix "dying ReLU" is proposed in (He, Zhang, Ren, & Sun, 2015). The idea is to combine two linear

functions: one for positive and one for negatives values.

Definition 1.2.4. The parametric leaky version of a Rectified Linear Unit PReLU is a function from R to

R. The function can be expressed:

PReLU(z) = max (0, z) + αmin (0, z) , (1.49)

with z ∈ R and α > 0 a learnable parameter of the activation function.

This function has the advantage to be able to learn negative values. The back propagation, defined in

the following, will also be available to learn the coefficient α. This does not solve the problem of extreme

values but an appropriate architecture can.

All the activation functions presented in this section are listed in table 1.1, with their main properties.

According to current knowledge, none of the activation functions is superior to the others for all appli-

cations. As the work on activation functions is evolving very fast, see (Rasamoelina et al., 2020), it is

possible that new and more efficient functions for our application cases will emerge. Activation functions

presented in this section and their derivative are shown in table 1.1. We can see that the major variations

are near zero: this has an influence on the initialization of the NN weights but should not have one on the

final prediction.
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Function formula Derivative Output range

Sigmoid(z) 1
1+e−z

e−z

(1+e−z)2
[0, 1]

tanh(z) 2
1+e−2z − 1 1

cosh2 z
[−1, 1]

ReLU(z) max (0, z)

{
1 if z > 0,

0 otherwise.
R+

PReLU(z) max (0, z) + αmin (0, z)

{
1 if z > 0,

α otherwise.
R

Table 1.1: Activations functions

1.2.1.2 Fitting a Neural Network

In this section we present a method to fit NN. For this section we set q = 1. We restrict ourselves to

a hidden layer for illustration in the following. As in (Hastie et al., 2009), the chosen method is back

propagation because we can learn a lot from it. Having chosen a structure for our NN, it remains to

estimate the weights βi and wkj . The set of weights to be estimated is the following:

{wkj ; k = 1, · · · ,K; j = 1, · · · , d}

{βi; i = 0, · · · ,K} .
(1.50)

In the following the set of coefficients βi and wkj will be called θ. The first thing to do in order to build a

model is to build an error function. We use one of the functions proposed in section 1.3. However, the

name of the function is adapted to the use for the learning of NN.

Sum of squared error

Definition 1.2.5. The sum of squared errorR(θ) for the parameter θ and the learning setD =
{
x(i),y(i)

}N
i=1

(remenber that y(i) ∈ R) is:

R(θ) =
N∑
i=1

(
y(i) −NNθ(x

(i))
)2
. (1.51)

The sum of squared error is the MSE times the number of samples N . Then it is also related to ℓ2,loss.

We should note that the error is constructed with training data. This is coherent with the fact that this

method is used during training.

The goal of fitting is then to minimize the function R(θ). The method used to minimize R(θ) is gradient

descent. Gradient descent is known to be proposed by Cauchy and one of the first use for non-linear

function is (Curry, 1944). I also must mention that Hadamard has proposed a similar method at the

beginning of the 20th century. The back propagation is the name of the gradient descent but in the context

of optimizing a NN.
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However, we want our model to be well adapted to all data sets and not just to the learning set we use.

One can imagine a model that knows the training points perfectly well to have a zero error at these points

but whose prediction outside these points is meaningless. This problem is called overfitting. The problem

of the overfitting will be addressed in the last paragraph.

Back propagation An overview of the gradient descent is available in (Ruder, 2017). The generic

approach to get the gradient of the sum squared error loss of the NN is the back propagation. The general

idea of back propagation is to express the derivative of the loss function and to minimize it using an

iterative method.

The error can be expressed as a sum of errors:

R(θ) =

N∑
i=1

Ri(θ) =

N∑
i=1

(y(i) −NNθ(x
(i)))2, (1.52)

The back propagation algorithm is extremely simple:

1. Initialization: we start with an initial value of θ0 for the parameters in θ.

2. Iteration on t:

(a) Compute a vector δ that improves θ, i.e. with θt+1 = θt + δ gives R(θt+1) < R(θt).

(b) Set t← t+ 1.

We can estimate the vector δ by calculating the gradient of R(θ), evaluated at θt:

∇R(θt) = ∂R(θ)

∂θ

∣∣∣∣
θ=θt

(1.53)

This gives the direction along which R(θ) increases more rapidly. We will then move θ in the opposite

direction:

θt+1 ← θt − ρ∇R(θt), (1.54)

with ρ the learning rate. We choose ρ such that R(θt+1) ≤ R(θt). Since R(θ) is a sum of Ri(θ) we can just

examine one of the terms. The expression of Ri(θ) depends on the parameters:

Ri(θ) =

y(i) − β0 −
K∑
k=1

βkς(wk0 +
d∑

j=1

wkjx
(i)
j )

2

, (1.55)

with i = 1, · · · , N . In the following we will write zik = wk0 +
∑d

j=1wkjx
(i)
j . We have the derivative with

respect to βk:
∂Ri(θ)

∂βk
= −2(y(i) −NNθ(x

(i)))ς(zik), (1.56)
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with ς the activation function, i = 1, · · · , N and k = 1, · · · ,K. we take the derivative with respect to wkj :

∂Ri(θ)

∂wkj
= −2(y(i) −NNθ(x

(i)))βkς
′(zik)x

(i)
j , (1.57)

with ς ′ the derivative of the activation function, i = 1, · · · , N , j = 1, · · · , d and k = 1, · · · ,K. With this we

can have access the computation of ∇R(θt).

The back propagation algorithm is composed of two passes. The forward pass is the first pass that

computes the estimation of the function for a set of parameters θ. The backward pass is the pass that

computes the error and computes the new values of the parameters.

The advantages of the back propagation method is its simplicity and its ability to be easily parallelized.

But this method can be slow in particular for deep learning. A method that is commonly used to fit NN is

BroydenFletcherGoldfarbShanno (BFGS) algorithm.

Initialization of the learning process To initialize the optimization algorithm we need initial values for

β and w. The most natural way of doing it is to use null values but the NN will be symmetric and will

never move from this initial position. Another idea is to compute with large random values but according to

(Hastie et al., 2009, p. 398) it leads to poor optimization performances. The optimal method is to initialize

the parameters with values close to 0 but randomly chosen. As exposed in (Nguyen & Widrow, 1990),

the initial weights can have an influence on the learning speed, and so on the prediction in the industrial

time-contrained world.

Prevent overfitting Often the dimension of θ is larger than the number of learning points. This can lead

to the overfitting of the NN. The parameter θ that optimizes the function R(θ) is known to overfit. One way

of solving this problem is to use a validation set. A validation set is a set that is not used to train the NN but

only to evaluate its accuracy. If the accuracy is constant considering the validation set error, but the back

propagation is still optimizing the error, it may mean that we have to stop optimization to avoid overfitting.

Another method to prevent overfitting is to add a penalty to the error function such that:

J(θ) =
∑
i

β2i +
∑
i,j

w2
ij , (1.58)

with J the penalty. The function to optimize is R(θ) + λJ(θ) with λ ∈ R+⋆ a parameter. This can be seen

as an analogy of the ridge regression, see (Hastie et al., 2009, p. 223). Other forms of penalty can be

imagined.
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Figure 1.5: Two regression problems solved with two different NN.

1.2.1.3 Implementation

The advances in this field require a great deal of computer knowledge to be used in practice. In what is

presented below we have used the (Bingham et al., 2019; Paszke et al., 2019) python libraries. Pytorch

(Paszke et al., 2019) allows to build a NN knowing its structure. Moreover, all the most advanced opti-

mization tools are implemented, which allows to use NN efficiently. Pyro (Bingham et al., 2019) is a less

mature library that allows the use of Bayesian formalism in the Pytorch library.

An example in the context of small data We assume that our computer code is the function:

g(x) = 0.5(6x− 2)2 sin(12x− 4) + 10(x− 0.5)− 5. (1.59)

The experimental design is D = {0, 0.2, 0.4, 0.6, 0.8, 1}. This function comes from (Le Gratiet, 2013b,

p. 98). In this paragraph we construct a surrogate model based on NN fully connected presented in this

section.

The result is given in fig. 1.5. The prediction of the surrogate model is very similar to local linear

regression. This type of shape is common in applications.

1.2.2 Methods for uncertainty quantification with neural network

Neural network models have proven to be accurate for regression. The variety of applications that use NN

for modeling makes it one of the most studied methods. Unlike GP, linear regression or polynomial chaos

expansion, they do not have a native uncertainty computation. However, the uncertainty of the surrogate

model is a key element in the study of the computer codes. In this subsection we present methods for

uncertainty prediction of a NN. The first method presented is the dropout. In second, Bayesian neural

network are presented and finally three others methods are introduced.
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Figure 1.6: Illustration of the dropout in a particular NN. The coefficients are learnt by using only coeffi-
cients that are linked with the solid lines. But during the learning phase, neurons (here the second) have
their links with the following layers removed. The dashed lines represent the coefficients that are put to
zero during an iteration of the learning.

1.2.2.1 Dropout

According to (James et al., 2021a, p. 438), dropout is an efficient form of regularization, close to ridge

regularization. The idea is to remove a fraction β of the nodes in a layer when fitting the model. This

operation is reproduced for different training instances. Nodes are randomly selected and ignored in an

instance of training. Then other nodes are randomly selected, the NN is trained and so on. To compensate

the loss of nodes the weights are scaled for each layer by a factor 1
1−β . This is supposed to prevent nodes

to be overspecialized. In practice, dropout is easy to implement (just an activation function with Bernoulli

trial has to be implemented) and has shown relative efficiency (James et al., 2021a, Table 10.1).

This method is presented here because it is theoretically similar for an infinite number of neurons with

the deep Gaussian process, see (Damianou & Lawrence, 2013) and (Gal & Ghahramani, 2016) for details.

This does not make the dropout a method of uncertainty quantification but the NN has a non-deterministic

output during the learning phase. The idea presented in (Gal & Ghahramani, 2016)is to activate dropout

during the testing period to effortlessly provide an ensemble of multiple predictions. This model has shown

its efficiency in (Althoff, Rodrigues, & Bazame, 2021). This model is working well for complex structures

of NN. The dropout also needs more data to fit than for classical regularization methods.
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Figure 1.7: Two regression problems solved with two different NN with Dropout. On the left we removed the
95% interval because it was too large. The figure shows two different training sets with the NN prediction
with dropout.

Example We use the same data as for NN. We assume that our computer code is the function:

g(x) = 0.5(6x− 2)2 sin(12x− 4) + 10(x− 0.5)− 5. (1.60)

The experimental design is D = {0, 0.2, 0.4, 0.6, 0.8, 1}. A second learning set with more data is also

proposed. We see that the model is giving a prediction interval. The model has shown a poor prediction,

see fig. 1.7. The average prediction is indeed worse than for the GP and the prediction interval is much

larger. However, there is not enough data to make the dropout work properly.

1.2.2.2 Bayesian Neural Network

Neural networks have been used to emulate unknown functions based on data (Cigizoglu & Alp, 2006),

and in particular computer codes (Tripathy & Bilionis, 2018). Our goal, however, is also to quantify the

uncertainty of the emulation. BNN makes it possible to quantify predictive uncertainties. Below we present

the BNN structure and the priors for the parameters.

The BNN model In order to simplify the notations, we present a BNN with one hidden layer. It can be

easily extended for multi-layer BNN. Let Nl be the number of neurons in the hidden layer. The function g

to emulate goes from Rd to R.

The output of the first layer is

y1 = G (w1x+ β1) , (1.61)

with x ∈ Rd the input vector of the BNN, β1 ∈ RNl the bias vector, w1 ∈ RNl×d the weight matrix and

y1 ∈ RNl the output of the hidden layer. The function G : RNl → RNl is of the form G(β) = (ς(βj))
Nl
j=1,

page 38 Multi-fidelity surrogate modeling adapted to functional outputs



Regression for uncertainty quantification 1.2 Uncertainty quantification with Neural Network

...

X1

X2

X3

N1

N2

Nn

Y1

Input
layer

Hidden
layer

Ouput
layer

Figure 1.8: Representation of the BNN. The law of each neuron is represented at its centre. This means
that in order to have a realization of the output, the parameters are drawn from the associated law repre-
sented. For simplicity, we have only represented one law per neuron and not all the parameter laws.

where the activation function ς can be hyperbolic tangent or ReLU for instance. The second (and last)

layer is fully linear:

BNN (x) = wT
2 y1 + β2, (1.62)

with w2 ∈ RNl the weight matrix, β2 ∈ R the bias vector and BNN (x) ∈ R the scalar output of the BNN at

point x.

We use a Bayesian framework similar to the one presented in (Jospin, Buntine, Boussaid, Laga, &

Bennamoun, 2020). Let θ denote the parameter vector of the BNN, which is here θ = (wi, βi)i=1,2. The

probability distribution function (PDF) of the output given x and θ is

p(y|x,θ, σ) = 1√
2πσ

exp
(
− (y − BNN θ(x))

2

2σ2

)
, (1.63)

where σ2 is the variance of the random noise added to account for the fact that the neural network is an

approximation. BNN θ(x) is the output of the neural network with parameter θ at point x.

Applying Bayes’ theorem, the posterior PDF of (θ, σ) given the data D = (x(i), yi)
N
i=1 is

p(θ, σ|D) =
N∏
i=1

p(yi|xi,θ, σ)p(θ, σ) (1.64)

up to a multiplicative constant, where p(θ, σ) is the prior distribution of θ, σ described below. The posterior
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distribution of the output at x has pdf

p(y|x,D) =
∫∫

p(y|x,θ, σ)p(θ, σ|D)dθdσ, (1.65)

and the two first moments are:

Epost [Y ] =

∫∫
BNN θ(x)p(θ, σ|D)dθdσ, (1.66)

Epost
[
Y 2
]
=

∫∫ (
BNN θ(x)

2 + σ2
)
p(θ, σ|D)dθdσ. (1.67)

Contrarily to GP regression, the prediction of a BNN cannot be expressed analytically as shown by

(1.65) but there exist efficient sampling methods. To sample the posterior distribution of the BNN output,

we need to sample the posterior distribution of (θ, σ). This is done in a following paragraph. By eqs. (1.66)

and (1.67), the estimated mean f̃ and variance Ṽ of the output at point x are:

f̃(x) =
1

Nv

Nv∑
i=1

BNN θi
(x), (1.68)

Ṽ (x) =
1

Nv

Nv∑
i=1

[
BNN θi

(x)− f̃(x)
]2

+
1

Nv

Nv∑
i=1

σ2i , (1.69)

where the (θi, σi)
Nv
i=1 is the sample of (θ, σ) with its posterior distribution.

Priors for BNN Here we choose a prior distribution for (θ, σ) that is classical in the field of BNN (Jospin

et al., 2020, p. 10). The prior laws of the parameters (wi, βi)i=1,2 are:

wi ∼ N
(
0, σ2wi

I
)
, bi ∼ N

(
0, σ2βi

I
)
, i = 1, 2, (1.70)

with σw,β1,2
the prior standard deviations. The prior for σ is the standard Gaussian N (0, 1) (assuming

the function g has been normalized to be of order one). All parameters are assumed to be independent.

The choice of priors in BNN is discussed in (Karaletsos & Bui, 2020). The authors use GP as prior of

BNN. Another way to see prior for BNN came from (Matsubara, Oates, & Briol, 2020). It is the same as

presented here for one hidden layer.

Sampling of the posterior law In this paragraph we study the sampling algorithm for the posterior law.

The Markov Chain Monte Carlo (MCMC) method aims at generating the terms of an ergodic Markov chain

(Xn)n∈N whose invariant measure is the target law with density p(x) which is known up to a multiplicative

constant. This Markov chain is specially constructed for this purpose, in the sense that its transition
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kernel is defined such that p is its unique invariant probability. There are several possible variations of this

principle, such as the Metropolis-Hastings algorithm, see (Metropolis, Rosenbluth, Rosenbluth, Teller, &

Teller, 1953; Robert, 2004, sec. 6.3.2).

The Metropolis-Hastings algorithm is as follows. We give ourselves a starting point x0 and an explo-

ration law, i.e. a family (q(x′,x))x∈Rd of probability densities on Rd parametrized by x′ ∈ Rd that are easily

simulated. We assume that we have simulated the n-th term of the chain Xn.

1. We make a proposition X ′
n+1 drawn according to the density law q(Xn, ·).

2. We calculate the acceptance rate a(Xn, X
′
n+1) = min(1, ρ(Xn, X

′
n+1)) with,

ρ(xn,x
′
n+1) =

p(x′
n+1)q(x

′
n+1,xn)

p(xn)q(xn,x′
n+1)

. (1.71)

3. We draw Un+1 ∼ U(0, 1).

4. We put:

Xn+1 =

 X ′
n+1 if Un+1 ≤ a(Xn, X

′
n+1)

Xn if Un+1 > a(Xn, X
′
n+1)

(1.72)

We note that we only need to know p up to a multiplicative constant to be able to implement the

algorithm according to eq. (1.71). In the case where q is symmetrical q(x′,x) = q(x,x′), the acceptance

rate is simply min(1,
p(X′

n+1)

p(Xn)
). We have a symmetrical q in particular when the exploration law is Gaussian:

(q(x′,x))x∈Rd is the density of the law N (x′, σ2I) with σ2 to be calibrated in order to have an acceptance

rate that is neither too high (which means that we do not explore enough), nor too low (which means that

we reject the proposition too often because it is too far). Usually we calibrate σ2 during the simulation to

observe a constant acceptance rate of the order of 1
4 , for more details see (Gelman, Gilks, & Roberts,

1997).

The Hamiltonian Monte Carlo (HMC) algorithm is a special instance of Metropolis-Hastings algorithm.

HMC method is special because the exploration law q(x′,x) is determined by a Hamiltonian dynamic, in

which the potential energy depends on the target density p. This model is proposed in (Duane, Kennedy,

Pendleton, & Roweth, 1987). One algorithm that is efficient for HMC on the No-U-Turn Sampler (NUTS).

It is used in this manuscript to sample the posterior distribution of (θ, σ), see (Hoffman & Gelman, 2014).

1.2.2.3 Other black-box methods

We have already seen the BNN and the drop out in the previous sections. There are many other methods

with uncertainty quantification for neural networks. In this section we will discuss a few of them.
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A good survey of these methods is available in (Kabir et al., 2018). In the numerous methods that

generate uncertainty of prediction from a NN, 3 methods have been selected: bootstrap method, confor-

mal prediction and lower upper bound estimation method. These methods will be briefly introduced in the

following paragraphs.

Bootstrap method The Bootstrap method is a well-known method in statistics that processes inference

from learning points, see (Hastie et al., 2009, p. 249). From a learning set of N points we select a sub-

learning set of size N ′. The model is fitted using the sub-learning set. With all the different models fitted it

is now possible to obtain a sample of the output. The prediction is the empirical mean of all the prediction

outputs. The prediction interval is determined by the empirical quantiles depending on the prediction

interval we want. This method can be costly if we want to build a complete sample with all possible

sub-learning sets. The choice of the size and the number of sub-learning sets is a question in Bootstrap.

This method has been used to quantify output uncertainty for NN. A method close to the general

idea has been implemented for a practical application in (M. K. Tiwari & Chatterjee, 2010). (Khosravi,

Nahavandi, Srinivasan, & Khosravi, 2015) proposes a method that improves the prediction interval using

only the variance for uncertainty prediction.

Conformal prediction Conformal prediction is an online learning method that provides a prediction of

a time-series based on previous values and input of the model. The idea is to predict the value of yn

knowing xn and the previous pairs (xk,yk)k=1,··· ,n−1. More details are available in (Balasubramanian, Ho,

& Vovk, 2014). This method is specific to time-series and the prediction assumes that the properties of

the time-series are stationary.

Lower upper bound estimation method This method, unlike the other two, requires changes to the

structure of the neural network. The general idea is to build a classical network but to change the last

layer so that for each output there are actually two outputs. One output corresponds to the upper bound

and one to the lower bound. The problem is how to conserve this property in the learning phase. An

algorithm is proposed in (Khosravi, Nahavandi, Creighton, & Atiya, 2011). This method is efficient but the

fact that the target prediction interval is set strongly in the model makes it very inflexible.

The choice of BNN is based on the comparison given in the figure (Hastie et al., 2009, p. 413), see

fig. 1.9. It is shown that the BNN is very competitive compared to other regression methods.

1.3 Criteria for assessing the quality of models

In order to evaluate surrogate models we need to have accurate and reliable metrics. There are two goals

that we want to achieve. First, the error of prediction will compare the mean of prediction with the output
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Figure 1.9: Reproduction of (Hastie, Tibshirani, & Friedman, 2009, fig. 11.12): Performance of different
learning methods on five problems, using both univariate screening of features (top panel) and a reduced
feature set from automatic relevance determination. The error bars at the top of each plot have width
equal to one standard error of the difference between two error rates. On most of the problems several
competitors are within this error bound.
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of the code. Second, the prediction interval must be evaluated. This problem is a trade-off between a

large size, too large to give information, that contains certainly the output and a small size that does not

contain the output value.

The problem with studying the efficiency of a model is that there is no best estimate of the error. It is

therefore essential to use estimators that fit our needs. It should be noted that according to the adage:

there is no free lunch in statistics, there is no method that is superior to all others. This also applies to the

evaluation of models.

In this section we will consider a test set:
{
x
(i)
T , g(x

(i)
T )
}
i=1,··· ,NT

, with NT the size of the test set. In this

section we consider that the surrogate model gives a prediction mean µ̃
(
x
(i)
T

)
and a prediction interval

Iα (x) the prediction interval at point x with confidence level α.

1.3.1 Error prediction metrics

Definition 1.3.1. ℓp,loss is the error defined with the p-norm, with p ∈ [1,+∞]. We can express it as:

ℓp,loss =

(
1

NT

NT∑
i=1

∥µ̃
(
x
(i)
T

)
− g(x

(i)
T )∥pp

) 1
p

, (1.73)

with ∥ · ∥p the lp norm over Rq.

A highly predictive model will give a ℓp,loss close to 0, but the value will depend on p. In a more general

way, the smaller p is, the more we take into account all the errors in the same way, whereas the larger p is,

the more we penalize the fact of making a large error. Generally only the values p = 1,p = 2 and p = ∞

are used.

Definition 1.3.2. The mean square error, MSE is:

MSE =
1

NT

NT∑
i=1

∥µ̃
(
x
(i)
T

)
− g(x

(i)
T )∥22 (1.74)

MSE is the most commonly-used measure of the quality of a surrogate model, according to (James,

Witten, Hastie, & Tibshirani, 2021c, p. 29). This estimator will give a small value to an accurate surrogate

model and a bigger one to a less accurate surrogate model. For a description on how to use this estimator

in learning see (James et al., 2021c, pp. 29-33).

The error evaluations proposed above are all dependent on the unit of the model output. As a conse-

quence, the error values given will depend on the set normalization. In order to overcome this problem we

propose to use indicators that take the form of a proportion.
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Definition 1.3.3. The Q2 error is evaluated by:

Q2 = 1−

∑NT
i=1 ∥µ̃

(
x
(i)
T

)
− g(x

(i)
T )∥22

NTVT (g)
, (1.75)

with VT(g) =
1

NT

∑NT
i=1 ∥ g(x

(i)
T )− 1

NT

∑NT
j=1 g(x

(j)
T )∥22.

A highly predictive model gives a Q2 close to 1 while a less predictive model has a smaller Q2. We

note that the Q2 can be negative, this is generally not a good sign for the accuracy of the surrogate model.

This estimator comes from the Nash-Sutcliffe model efficiency coefficient introduced in (Nash & Sutcliffe,

1970).

There is an estimator of the error that is almost identical to Q2 which is the R2. The only difference

between these estimators is that the Q2 is constructed from test data (which was not used for training),

whereas the R2 is constructed on the training data
{(

x(i), g(x(i))
)
, i = 1, · · · , N

}
. This has a big conse-

quence because the R2 is between 0 and 1 for linear regression while the Q2 is less than 1. The R2 is an

estimation of the error that is expressed:

R2 = 1− RSS

TSS
, (1.76)

with TSS =
∑N

i=1 ∥ g(x(i))− 1
N

∑N
j=1 g(x

(j))∥22 the total sum of square and RSS =
∑N

i=1 ∥µ̃
(
x(i)
)
−g(x(i))∥22

the residual sum of square. For more detail on R2, with specification in linear regression, (James et al.,

2021b, pp. 69-70).

A well-known error evaluation is RMSE, Root Mean Square Error. The estimator I use the most is Q2.

Remark 1.3.4. When the output of the computer code is a time-series we can evaluate the estimation of

the error for each point and get a time-series Q2(t).

1.3.2 Error uncertainty quantification metrics

In this paragraph we evaluate the prediction interval of the surrogate model. It is very difficult to have a

complete evaluation with only one real of the quality of the prediction interval. The goal is that the interval

is as small as possible and that the output of the code is within this interval with a probability close to what

is required. To evaluate the surrogate model we choose a value of the confidence level α. Here we will

limit ourselves to the case where q = 1.

The first indicator presented is simple and simply checks whether the value of α is possible with respect

to the prediction interval. This measure was presented in (Hong, Meeker, & McCalley, 2009).

Definition 1.3.5. The coverage probability CPα is defined as the probability for the actual value of the
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function to be within the prediction interval with confidence level α of the surrogate model:

CPα =
1

NT

NT∑
i=1

1
g(x

(i)
T )∈Iα(x(i)

T )
, (1.77)

with 1 the indicator function and Iα(xi
T ) the prediction interval at point x with confidence level α.

The prediction uncertainty of the surrogate model is well characterized when CPα is close to α.

We then want to see if the prediction interval is as small as it can. To this purpose we use an estimator

presented in (Acharki, Bertoncello, & Garnier, 2023).

Definition 1.3.6. The mean prediction interval width MPIWα is the average width of the prediction inter-

vals:

MPIWα =
1

NT

NT∑
i=1

∣∣Iα(x(i)
T )
∣∣, (1.78)

where Iα(x) is the prediction interval at point x with confidence level α and |Iα(x)| the length of the

prediction interval Iα(x).

The prediction interval of the surrogate model is small when MPIWα is small.
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Chapter 2

Dimension reduction for regression

In Chapter 1, we saw a number of regression methods with quantification of the prediction uncertainty.

However, these methods are only effective when the outputs to be approximated are relatively low dimen-

sional. When the regression problem has high-dimensional outputs, such as time-series, then the natural

solution is to reduce the dimension of the outputs to return to the previous case.

The problem we are interested in is the following: let us consider a computational code of which

outputs are of the form z(x, t) with x ∈ Q ⊂ Rd and t ∈ [0, 1].

We know this code in a limited number of x but for t discretized on a regular grid. We try to reduce

the output z(x, t) by r coefficients a1(x), · · · , ar(x). For that we use a dimension reduction noted F . The

principle of dimension reduction is illustrated in fig. 2.1. For the regression, the objective is to predict in the

space of z(x, t), it is thus necessary to be able to return to the output space of the code. This is how we

look for a pseudo-inverse of F denoted F−1. Note that F−1 is not an inverse of F because there would be

no reduction of dimension. The only exception would be the case where r is equal to the number of points

on the time grid. Thus, we obtain an approximation ẑ(x, t) of z(x, t). Our objective is to have r as small as

possible and to have ẑ(x, t) as close as possible to z(x, t). In order to solve the regression problem, we

will then use the algorithms presented in chapter 1 on the coefficients a1(x), · · · , ar(x).

In the section 2.1, the most common dimension reduction techniques in a regression framework are

presented. These dimension reduction techniques are constructed based on data. We restrict ourselves

to methods that allow an inverse reconstruction in the original space (existence of a pseudo inverse

introduced before)

z(x, t) F
a1(x)

...
ar(x)

F−1 ẑ(x, t)

Figure 2.1: Illustration of the dimension reduction for time-series outputs. F is the dimension reduction
function and F−1 its pseudo inverse.
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The methods presented are singular value decomposition, independent component analysis, autoen-

coders and kernel methods.

In the section 2.2, the wavelet transform is presented. Although not strictly speaking a dimension

reduction method, it is widely used to compress information. Before introducing the wavelet transform, we

will introduce the Fourier transform. Finally, dimension reduction methods based on the wavelet transform

are presented.

2.1 Data based methods

Dimension reduction is usually based on the learning data. A data-driven dimension reduction method

consists in building a decomposition specific to the data. The challenges are the construction of dimension

reduction with a low number of data and the associated uncertainty quantification. This section is divided

into a part on singular value decomposition, a part on independent component analysis, a part on kernels

PCA and a part on autoencoders.

2.1.1 Singular Value Decomposition

The most commonly used method according to (Hastie et al., 2009) is the Singular Value Decomposition

(SVD). Principal component analysis (PCA) is a particular case of SVD. The aim is to achieve a low rank

approximation of a matrix Y.

Definition 2.1.1. The singular value decomposition (SVD) is a factorization of a matrix. It is a general-

ization of the eigendecomposition but for a non-square matrix. The singular value decomposition of the

matrix Y ∈Mn,m(R) is the factorization:

Y = UΛVT , (2.1)

where U ∈ Mn,n(R) and V ∈ Mm,m(R) are orthogonal and Λ a rectangular diagonal matrix inMn,m(R)

with non-negative coefficients. We choose that the coefficients of Λ are non-decreasing. The matrix can

be expressed as U = [u1, · · · , un], V = [v1, · · · , vm] and Λ = diag (λ1, · · · , λn), where the vectors (ui)i

form an orthogonal basis of Rn, the vector (vi)i form an orthogonal basis of Rm, λ1 ≥ · · · ≥ λn ≥ 0, and

The interpretation of this decomposition is that the first λi and the associated singular vectors ui,vi are

the most important in the decomposition of the matrix. And each is less important than the next in the

reconstruction of the matrix Y. So it is very easy to reduce dimension by truncating the SVD.

To be able to truncate it is necessary to give a reconstruction error. We look for the difference between

the matrix Y and the reconstruction Ŷ. To construct Ŷ we truncate the coefficients by taking only the first
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r triplets of singular values and vectors. Thus, we can express Ŷ as:

Ŷ =

r∑
i=1

λiuiv
T
i , (2.2)

with r the chosen size of the reduced space. This reconstructed matrix must be compared to the actual

matrix in order to evaluate the error of reconstruction. To calculate the error the Frobenius norm is used.

It is defined for the matrix A as:

∥A∥F =
√
trace(ATA). (2.3)

By properties on the Frobenius norm and SVD decomposition we have:

∥Y − Ŷ∥2F =

N∑
i=r+1

λ2i , (2.4)

with N = min{n,m}. This development gives us the following theorem.

Theorem 2.1.2. Rank theorem The best approximation by a r-rank matrix of a matrix Y in the sense of

the Frobenius norm is the SVD-decomposition of Y reduced to its r first coefficients. This is expressed

as:

argminrankA=r ∥A−Y∥2F =

r∑
i=1

λiuiv
T
i . (2.5)

We will now apply the SVD decomposition to the Nt×Nx matrix Y =
{
z(x(i), tu)

}
i,u

, Nx is the number

of elements and Nt is the number of time samples. We have N = min{Nx, Nt}. We express our data as

the sum of the product of a coefficient depending on x and a function depending on t. The SVD, eq. (2.1),

of Y gives:

z(x(j), tu) =
N∑
i=1

ai(x
(j))γi(tu), (2.6)

with ai(x(j)) = λi(ui)j and γi(tu) = (vi)u. In particular, the vectors γi, i = 1, · · · , Nt, form a basis of RNt

and we define the orthogonal matrix γ = {γi}i. This is the SVD expression of the dimension reduction

function F , introduced in fig. 2.1.

The stochastic process Z(x, tu) with x ∈ Rd and u = 1, · · · , Nt is used to emulate the function. We

consider that there exists a determinist, unknown basis Γ such that:

Z(x, tu) =

N∑
i=1

Ai(x)Γi(tu), (2.7)

with Ai(x) =
∑Nt

u=1 Z(x, tu)Γi(tu). We assume that Ai(x) are independent Gaussian processes. Then

(Z(x, tu))x∈Q,u=1,··· ,Nt
is a GP and because Γ is deterministic then Z(x, tu) defined as a linear combination

of (Ai(x))x∈Q,i=1,··· ,N is a GP. Knowing the data, we set Γ = γ. To predict Z(x, tu) the GP regression is
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used on Ai knowing Ai(x
(j)) = ai(x

(j)) for all i.

We need to truncate in order to reduce the dimension. A discussion on this truncation is proposed on

chapter 6. A surrogate model on a SVD basis is used in (Nanty, Helbert, Marrel, Pérot, & Prieur, 2017).

Some limits:

• The basis is based on data. However, the uncertainty on the basis is not taken into account. In the

case of using the SVD for regression, the question of uncertainty about the basis comes up.

• The truncation introduces error in the reconstruction. This error depends on the learning data and

can change depending on the learning set.

2.1.2 Independent component analysis

We consider z(x, tu) the output of the calculation code. It is model by Z(x, tu). The aim of the PCA is to

build a {Γ} basis such that :

Z(x, tu) =
N∑
i=1

Ai(x)Γi(tu), (2.8)

with Ai(x) independent coefficients. In the case where the coefficients Ai are Gaussian, an ICA can

be performed by SVD. However, it may be interesting to have independent coefficients Ai(x) for more

complex modeling. This is exactly what is proposed by Independent Component Analysis (ICA).

Unlike the SVD method, ICA is a class of algorithm and not an algorithm. The most known method

of ICA is Infomax (Bell & Sejnowski, 1995), FastICA (Hyvärinen & Oja, 2000) and Kernel ICA (Bach &

Jordan, 2002).

ICA is not a method but more a class of methods. In the following two subsections we present two

methods that are related to ICA. As such it is very difficult to conclude on the advantages and disadvan-

tages. However, compared to SVD, the quantification of uncertainty is more complicated to assess for

most of the ICA methods. We do not use these methods for our production.

2.1.3 Kernel PCA

In this subsection we want to reduce the dimension of Nt. We want to estimate the function z(x, tu) output

of the code with x ∈ Q and u = 1, · · · , Nt by a function Z(x, t′j) with j = 1, · · · , N ′
j with N ′

j < Nt.

In the field of multivariate statistics, kernel principal component analysis (Schölkopf, Smola, & Müller,

1998) is an extension of PCA using the techniques of kernel methods. Kernel PCA involves projecting the

data through a non-linear application into a high-dimensional space known as the feature space where

the linear PCA is applied. This method is based on the kernel trick.
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Kernel trick The kernel trick is to replace a scalar product in a high-dimensional space with a kernel

function, which is easy to calculate. A linear classifier can easily be transformed into a non-linear classifier

with this method. Another advantage of kernel functions is that the transformation to high-dimensional

space does not need to be explicit. This method is proposed in (Boser, Guyon, & Vapnik, 1992).

This paragraph was written with the help of (Schölkopf, Burges, & Smola, 1999, chapter 20). The

methods start by choosing a kernel k that satisfies the Mercer’s conditions, i.e. the kernel k is continuous

symmetric and positive semi-definite. We will work on the discretized kernel, as this is the case we are

interested in for the implementation. The considered points are tu, with u = 1, · · · , Nt. Then the kernel

matrix K = {k(tu, tv)}Nt
u,v=1 is computed using the input variables t. K is symmetric positive semi-definite.

We can diagonalize K and get an eigendecomposition. The principal component at a point t is extracted

using projection onto the eigenvectors of K in the reduced space. This means that at each step a PCA is

made close to the t point. The condition on the kernel gives that this procedure corresponds to the PCA

in large dimension.

The major problem with this method is the inability to have an inverse transform. This method is

difficult to use for our regression problem. The uncertainty quantification of the reconstructed basis is also

an issue for the problem we want to solve. This type of technique is not used in the following, although

there are some resinous papers that exploit it, see (T. Zhou & Peng, 2020).

2.1.4 Autoencoders

An autoencoder is an artificial neural network used for unsupervised learning of discriminative features.

This method was proposed in (Kramer, 1991).

The purpose of an autoencoder is to learn a representation, or encoding, of a data set, usually with

the aim of reducing the dimensionality of that set.

The simplest form of autoencoder is a forward propagating neural network, very similar to the multilayer

perceptron. The autoencoder has an input layer x, an output layer x̂ and one or more hidden layers

connecting them. The output layer has the same number of nodes as the input layer; in other words, x

and x̂ have the same dimension. The innermost hidden layer is denoted x̃. x̃ is called latent variables

or latent representation. It represents x but in a space with reduced dimension. An illustration of an

autoencoder is given in fig. 2.2.

There is another form of autoencoder called variational autoencoder, see (Kingma & Welling, 2014).

In a variational autoencoder, the input data is sampled from a parameterized distribution. The encoder

and decoder are jointly driven so that the output minimizes a reconstruction error between the parametric

posterior and the observation.
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Figure 2.2: Autoencoders with input dimension 3 and laten space 1.

2.2 Fourier and Wavelet transform

The Fourier transform is widely used in many areas of mathematics. In particular, it is used to solve

differential equations. Fourier transforms are also used in signal processing and in a large number of

numerical methods. This representation is also very important in understanding multiresolution analysis.

The wavelet transform should allow us to achieve a different dimension reduction compared to what is

proposed by other methods.

In this section we will explain the Fourier transform and its main properties. Then the wavelet transform

will be presented. We will focus on the Daubechies wavelets and mainly the Haar case.

2.2.1 Fourier transform

The key idea of Joseph Fourier was to represent periodic functions as series of harmonically related

sinusoids. The first application of this groundbreaking representation was to solve the heat equation.

Definition 2.2.1. The Fourier transform of an integrable function g : Rn → C is the function ĝ : Rn → C,

such that:

ĝ(ξ) =

∫
Rn

g(x)e−i<x,ξ>dx, (2.9)

with < ·, · > the scalar product.

If the Fourier transform is integrable, an inverse Fourier transform exists:

g(x) =
1

(2π)n

∫
Rn

ĝ(ξ)ei<x,ξ>dξ, (2.10)

There are different Fourier transform conventions. We have chosen this convention, called angular

frequency, non-unitary.

For the following we consider that the dimension is 1.
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Properties 2.2.2. Let f and g be two integrable functions and denote by f̂ and ĝ their Fourier transform.

Let a ∈ R and b ∈ R. We denote by F the Fourier transform operator.

• The Fourier transform is linear: F [af(x) + bg(x)] (ξ) = af̂(ξ) + bĝ(ξ)

• Shift in the "time" domain gives: F [f(x− a)] = e−iaξ f̂(ξ)

• Shift in the "frequency" domain gives: F
[
f(x)eiax

]
= f̂(ξ − a)

• Scaling in the "time" domain gives: F [f(ax)] = 1
|a| f̂

(
ξ
a

)
This is a non-exhaustive list of the properties of the Fourier transform. For a number of common

functions there is an analytical expression for their Fourier transform.

The problem with the use of the Fourier transform is that it does not allow the phenomena to be

positioned in the so-called temporal space. The so-called temporal space is the space of the original

function before the transformation.

One idea is to do the Fourier transform on a reduced window. Thanks to this we can have the instan-

taneous frequency of the signal. This is called the short term Fourier transform.

Definition 2.2.3. We define Sf the Short Term Fourier Transform of the function f on the window g :

Sf (u, ξ) =

∫
f(x)g(x− u)e−iξxdx. (2.11)

The spectrogram is defined as |Sf (u, ξ)|2. g is a window function that means that it is a function with

compact support on a closed interval.

The spectrogram makes it possible to estimate the frequency of a function over a short period. But

the accuracy of the frequency estimation is limited by the Weyl-Heisenberg theorem. There is a trade-off

between frequency estimation and temporal estimation.

Theorem 2.2.4. (Weyl-Heisenberg inequality) Assume that f , xf(x) and ξf̂(ξ) are square integrable. The

inequality is: (∫
x2|f(x)|2dx

)(∫
ξ2|f̂(ξ)|2dξ

)
≥ 1

2

(∫
|f(x)|2dx

)2

. (2.12)

This means that there is a trade-off between frequency and position in the input space.

The Fourier transform is not strictly speaking a dimension reduction. However, it is possible to have

a regression done in the Fourier domain. In high dimensions, one method may be to truncate the coeffi-

cients. The problem is complicated because it depends on the application.
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2.2.2 Wavelet transform

Wavelets are proposed by Jean Morlet and Alex Grossmann and used for applications in (Kronland-

Martinet, Morlet, & Grossmann, 1987). An introduction to the wavelet transform is given in (S. G. Mallat,

2009).

With all the methods proposed above, the idea is to express the data on a space (depending on the

method) which simplifies the expression of the data, and it is thus possible to reduce the dimension.

These dimension reduction methods are known to be effective especially for image compression, see

(Calderbank, Daubechies, Sweldens, & Yeo, 1997). For wavelet dimension reduction the idea is different.

We try to build several subspaces which will allow us to reduce the dimension.

2.2.2.1 Multi-resolution analysis and wavelet function

We start by introducing multi-resolution analysis.

Definition 2.2.5. A multi-resolution analysis of L2(R) is a sequence of nested subspaces:

{0} ⊂ · · · ⊂ V1 ⊂ V0 ⊂ V−1 ⊂ · · · ⊂ V−n ⊂ V−(n+1) ⊂ · · · ⊂ L2(R) (2.13)

that satisfies self-similarity in space, self-similarity in scale, completeness and regularity relations.

The development of multi-resolution in the context of signal processing has been firstly proposed in

(S. Mallat, 1989). The link with wavelet is presented in the same paper.

The properties that should satisfy the multi-resolution, for k ∈ Z are:

• Self-similarity in space: each subspace Vk is invariant under shifts by integer multiples of 2k. That

is, for each f ∈ Vk, m ∈ Z the function g defined as g(x) = f(x−m2k) also belongs to Vk.

• Self-similarity in scale: all subspaces Vk ⊂ Vl, k > l, are time-scaled versions of each other, with

scaling dilation factor 2k−l. i.e., for each f ∈ Vk there is a g ∈ Vl with ∀x ∈ R : g(x) = f(2k−lx).

• The space resolution of a subspace is the length of the time sequence associate. In the sequence

of subspaces, for k > l the space resolution 2l of the lth subspace is higher than the resolution 2k of

the kth subspace.

• Regularity: the model subspaces V0 is generated as the linear hull of the integer shifts of one or a

finite number of generating functions ϕ or ϕ1, . . . , ϕr.

• Completeness: ∪kVk should be dense in L2(R), and ∩kVk should only contain the zero element.

Those integer shifts should form a frame for the subspace V0 ⊂ L2(R).
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A multiresolution decomposition is characterized by the scaling function ϕ. The function ϕ generates an

orthogonal basis of each space Vj . We then can write a scaling equation because V1 ⊂ V0, 2−1/2ϕ(t/2) ∈

V1 and {ϕ(t− n)}n∈Z is an orthogonal basis of V0. The decomposition is:

1√
2
ϕ(
t

2
) =

∑
n∈Z

h[n]ϕ(t− n), (2.14)

with h a discrete filter called conjugate mirror filter, and h[n] = ⟨ 1√
2
ϕ( t2), ϕ(t− n)⟩.

Orthogonal wavelet subspaces carry the details that increase the resolution of a signal. We have that

Vj ⊂ Vj−1. For the multi-resolution analysis {Vj} the orthogonal complement Wj of Vj to Vj+1, we write

this Vj = Vj+1
⊕
Wj+1. The orthogonal projection of f on Vj−1 can be expressed as the sum of two

orthogonal projections on Vj and Wj . (S. G. Mallat, 2009, theorem 7.3) proves that an orthogonal basis

of Wj can be constructed by scaling and translating a wavelet ψ. {ψj,k}k∈Z is an orthogonal basis of Wj .

As for ϕ and h we can associate a discrete filter to ψ: g[n] = ⟨ 1√
2
ψ( t2), ϕ(t− n)⟩. We will use the definition

of the family {ψj,k, j ∈ Z, k ∈ Z} and {ϕj,k, j ∈ Z, k ∈ Z} of translated and dilated functions:

ψj,k(t) = 2−
j
2ψ
(
2−jt− k

)
, (2.15)

and

ϕj,k(t) = 2−
j
2ϕ
(
2−jt− k

)
. (2.16)

For any square integrable function f : R 7→ R, the wavelet coefficients W f
j,k are defined by:

W f
j,k =

∫
f(t)ψj,k(t)dt j ≥ 0, k ∈ Z (2.17)

2.2.2.2 Orthogonal wavelet

We introduce the orthogonal wavelet because the orthogonal framework is efficient for regression.

Definition 2.2.6. Orthogonal wavelet An orthogonal wavelet is a wavelet of which associated wavelet

transform is orthogonal. This means that the inverse wavelet transform is the adjoint of the wavelet

transform.

Assuming that the scaling function ϕ is of compact support and with orthogonal shifts this means that

ϕ is a refinable function. This means that it satisfies the refinement equation. The refinement equation is:

ϕ(t) =
N∑

k=−N

akϕ(2t− k), (2.18)
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with (ai)
N
i=−N the scaling sequence. The same sum can be computed for the wavelet function ψ:

ψ(t) =
N−1∑
k=−N

(−1)ka1−kϕ(2t− k). (2.19)

Consequently,
{
ψk,j(t) = 2−j/2ψ(2−jt− k) : k, j ∈ Z

}
is a countable complete orthogonal wavelet basis in

L2(R).

Necessary condition for orthogonality: The wavelet ψ is necessarily orthogonal if the scaling

sequence (ai)
N
i=−N is orthogonal to any shifts of itself by an even number of coefficients. This is translated

in equation by: ∑
n∈Z

anan+2m = 2δm,0, (2.20)

where δi,j is the Kronecker delta.

Vanishing moments

Definition 2.2.7. Vanishing moments ψ has p vanishing moments if 0 ≤ k < p:∫
tkψ(t)dt = 0. (2.21)

This means that ψ is orthogonal to any polynomial of degree p− 1.

Theorem 2.2.8. If ψ is an orthogonal wavelet with p vanishing moments, then it has a support of size

larger than or equal to 2p− 1.

Proof. The proof of this theorem is given in (Daubechies, 1988). The proof uses properties of the discrete

wavelet transform and in particular the size of its scale sequence.

2.2.2.3 Discrete wavelet transform algorithm

As for Fast Fourier Transform we need a way to compute the wavelet transform for a discretized function.

There is a continuous function y(t) associated with the discretized function y[n] for n ∈ [0, Nt − 1]. We

define y[n] =
∫ (n+1)
n y(t)dt. Nt is the number of sample for the discrete function. For simplicity, we assume

that Nt is a power of 2. If this is not the case we can either interpolate with sub-sampling or use the 0

padding method. The Discrete wavelet transform (DWT) is the adaptation of the wavelet transform to the

case of a discrete signal y[n]. The DWT consists of computing a reduced number of coefficients W y
j,k for

specific values of j, k. If a discretized procedure of the previous definitions was used the computation time

would be long, then an accelerated procedure has been proposed.

page 56 Multi-fidelity surrogate modeling adapted to functional outputs



Dimension reduction for regression 2.2 Fourier and Wavelet transform

The DWT is an iterative procedure. The initialization of the method is that a0[n] = y[n] ∀n ∈ [0, Nt − 1].

At each iteration we build two sequences, the scale sequence (aj [n])n, and the detail sequence (dj [n])n

with j ∈ [1,M ] with 2M = Nt. The detail coefficients are the wavelet coefficients at the j + 1 level. This

means that Wj,k = dj [k].

In order to calculate the coefficients a filtering is used which makes the procedure extremely fast. The

discrete wavelet decomposition can be done using two filters: a low-pass G filter and a high-pass H filter.

They are the discrete Fourier transforms of the conjugate mirror filters g and h.

After applying the filters we use a downsampling operator. Thus, in the case of orthogonal wavelets

the dimension is exactly the same in input and output. The downsampling operator is denoted ↓ 2 in

fig. 2.3. Half of the points are downsampled.

This decomposition is repeated to increase the size of the detail coefficients and decrease the size of

the scale coefficients. The dimension of aj is decreased until it is no longer possible to downsample it.

For a starting sequence of size Nt = 2M we will have M iterations of the algorithm. At the output of the

DWT we have M lists of decreasing size from 2M−1 to 1 for the detail functions plus a sequence of size 1

for the scaling function.

The inverse wavelet transform can be done by reversing the procedure. As the wavelet basis is orthog-

onal then the number of element in the wavelet domain is the same as in the time domain. This procedure

is not by itself a dimension reduction because the dimension of the DWT is exactly the dimension of the

original signal.

In (S. Mallat, 1989, sec. 7.3), an algorithm is proposed to implement the discrete wavelet transform.

This algorithm is filter-based in order to be fast. The illustration of this algorithm is given on fig. 2.3.

General framework for implementing wavelet transform efficiently is available in (Rioul & Duhamel, 1992).

To calculate the coefficients dj+1[n] and aj+1[n] we need to convert the wavelet function ψ into two

filters h and g. We have aj [n] = ⟨f, ϕj,n⟩ and dj [n] = ⟨f, ψj,n⟩. Following relations hold true:

aj+1[2n] = ⟨f, ϕj+1,2n⟩ = aj ⋆ h̄[4n], (2.22)

with h̄[n] = h[−n] and ⋆ the convolution. The same for dj+1 gives:

dj+1[2n] = ⟨f, ψj+1,2n⟩ = aj ⋆ ḡ[4n]. (2.23)

It is then possible to express g and h as functions of ψ and ϕ:

g[n− 2p] = ⟨ψj+1,p, ϕj,n⟩, (2.24)
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aj [n] h[n]

g[n]

↓ 2

↓ 2

dj+1[n]

aj+1[n]

Figure 2.3: Illustration of an iteration of the fast wavelet transform algorithm. ↓ is the downsampling
operator, g is the low-pass filter and h the high-pass filter associated with the discrete wavelet transform.

and

h[n− 2p] = ⟨ϕj+1,p, ϕj,n⟩, (2.25)

with n ∈ Z and p ∈ Z.

The discrete implementation of wavelet can be seen as computing the wavelet coefficients of a wavelet

ψj,k. We consider the wavelet coefficient W y
j,k. The coefficient j is fixed, i.e. we process the study at a

certain scale j. Then we identify the operation,

W y
j,k =

∫
y(t)2−

j
2ψ
(
2−jt− k

)
dt, (2.26)

to a convolution of y. We see the convolution is sampled at points 1, 2j , 22j , · · · , 2M . We then use the

mirror filter to compute the fast wavelet transform algorithm.

Example: The Haar wavelet can easily be computed with the discretized framework. The Haar

function is:

ψ(t) =


1 if 0 ≤ t < 1

−1 if 1/2 ≤ t < 1

0 otherwise

. (2.27)

Then the associate discrete filters are h[n] =
√
2
2 [−1, 1] and g[n] =

√
2
2 [1, 1].

2.2.2.4 Daubechies Wavelets

Daubechies wavelets are a specific class of wavelets function introduced in (Daubechies, 1988). We need

expressions of ϕ and ψ for this class of wavelets.This gi It is interesting that these functions have certain

properties. The first of these is that the functions are compactly supported. The Daubechies wavelets

maximize the number of vanishing moments of a given support. Having many vanishing moments is

interesting for representing functions and in particular polynomials. With m vanishing moments we easily

encode polynomials of degree m − 1. The number of vanishing moments generally gives the name of

the Daubechies wavelets. The Daubechies wavelets that has m vanishing moments is called dbm with

m ∈ N∗. In fig. 2.4 we present a plot of different Daubechies wavelets.
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Figure 2.4: Representation of the Daubechies wavelets for 1, 2, 6 and 12 vanishing moments.
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Definition 2.2.9. (Daubechies wavelet) The Daubechies wavelet of the order m is an orthogonal wavelet

defining a discrete wavelet transform and characterized by m vanishing moments and support (number of

coefficients) 2m. It has the minimal support amongst all orthogonal wavelets with m vanishing moments.

The specific case of the Haar wavelet The Haar basis is easy to understand. The functions of this

basis are piecewise-constant. This is why it was introduced first. In this case the Haar basis was used

by Alfréd Haar in 1910, even if the formalization came later. The construction of an orthogonal basis with

compact support is the key element. In general the Haar basis is defined as a particular Daubechies basis.

We will study it because it has two advantages: its Fourier transform has a simple analytical expression

and it is the simplest. This simplicity allows us to have a passage from continuous to discrete space easily.

In the classification of Daubechies wavelets the Haar wavelet is called db1.

Remark 2.2.10. We consider the wavelet function db1. The number of vanishing moments is then 1. Then

N = 2 that means that we will only have 2 coefficients for the scale sequence and the wavelet sequence.

The expression of h and g can be then defined as h[n] =
√
2
2 [−1, 1] and g[n] =

√
2
2 [1, 1].

The Haar basis is the only orthogonal basis of compactly supported wavelets for which the associated

averaging function ϕ has a symmetry axis. The Fourier transform is,

ψ̂(ξ) = − i
ξ

[
1− exp

(
− iξ

2

)]2
= ie−iξ/2 sin (ξ/4) sinc (ξ/4) (2.28)

with sinc(x) = sin(x)
x for x ̸= 0 and sinc(0) = 1.

2.2.2.5 Conversion to continuous Wavelets

When we calculate the discrete wavelet, we see that the coefficients are different depending on the sam-

pling. To avoid this, it is possible to use a local filtering method. In this paragraph we present this method.

We start with the expression in the continuous case and then the expression in the discrete case. We will

focus here on the Haar transform.

Continuous case Let (f(t))t∈[0,2M ] denote the function for which we want to compute the Haar

wavelet coefficients. We denote the approximation coefficients at level zero by

a0 =
(
a0(k)

)2M−1

k=0
, (2.29)

which are defined by

a0(k) =

∫ k+1

k
f(t)dt, for k = 0, 1, . . . , 2M − 1. (2.30)
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Given this level zero representation, the data, we construct successively their wavelet coefficients with

respect to the Haar basis as follows. Let

a1(k) =
1√
2
(a0(2k) + a0(2k + 1)), (2.31)

W f
1,k =

1√
2
(a0(2k)− a0(2k + 1)), for k = 0, 1, . . . , 2M−1 − 1, (2.32)

be the smoothed signal and its fluctuation, or detail, at the finest scale. This process of averaging and

differencing can be continued by defining

aj(k) =
1√
2
(aj−1(2k) + aj−1(2k + 1)), (2.33)

W f
j,k =

1√
2
(aj−1(2k)− aj−1(2k + 1)), for k = 0, 1, . . . , 2M−j − 1, (2.34)

for j = 1, . . . ,M . The data vector a0 can then be reconstructed from
(
aM ,W

f
M ,W

f
M−1, . . . ,W

f
1

)
with

Wf
j = (W f

j,k)
2M−j−1
k=0 since from equations (2.31-2.32) we have

a0(2k) =
1√
2
(a1(k) +W1,k), (2.35)

a0(2k + 1) =
1√
2
(a1(k)−W1,k), for k = 0, 1, . . . , 2M−1 − 1, (2.36)

and now a1 can be replaced by sums and differences of a2 and W2, etc, so that we have

aj(2k) =
1√
2
(aj+1(k) +W f

j+1,k), (2.37)

aj(2k + 1) =
1√
2
(aj+1(k)−W f

j+1,k), for k = 0, 1, . . . , 2M−1−j − 1, (2.38)

for j =M − 1, . . . , 0.

The detail coefficients at level j can alternatively be expressed as

W f
j,k = 2−j/2

∫ ∞

−∞
ψ
(
t2−j − k

)
f(t)dt, (2.39)

with the mother wavelet defined by

ψ(t) =


1 if 0 ≤ t < 1

−1 if 1/2 ≤ t < 1

0 otherwise

. (2.40)
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and the average is:

aM = 2−M/2
2M−1∑
k=0

a0(k) = 2−M/2

∫ 2M

0
f(t)dt. (2.41)

The detail coefficients correspond to probing the function at different scales and different ‘times’, with

k representing time and j scale. Let us assume that (f(t))t is a random process. Then the vector(
aM ,Wf

M , · · · ,W
f
1

)
is a random vector. If the process f is stationary, then the vector Wf

j = (W f
j,k)

2M−j−1
k=0

is stationary for any j = 1, · · · ,M . We define the definition set I of points (j, k). From the expression of

Wf
j we have:

I =
{
j, k|j = 1, · · · ,M & k = 0, · · · , 2M−j − 1

}
. (2.42)

I is a vector of 2M − 1 elements, and with the addition of aM ,
(
aM ,Wf

M , · · · ,W
f
1

)
is 2M -dimensional.

Discrete case We now assume that we observe a discretized version of the process (f(t))t∈[0,2M ]:

f (d)n = f
( n
2N
)
, n = 0, 1, . . . , 2M+N − 1.

We introduce the approximation coefficients at level zero:

a
(d)
0 =

(
a
(d)
0 (k)

)2M−1

k=0
, (2.43)

as

a
(d)
0 (k) = 2−N

(k+1)2N−1∑
n=k2N

f (d)n , for k = 0, 1, . . . , 2M − 1. (2.44)

Given this level zero representation, the data, we construct successively their wavelet coefficients W
(d)
j

with respect to the Haar basis as described in the previous section. We are only interested in the data

a
(d)
0 , we will not look for detailed information below this scale.

If the process f is zero-mean Gaussian, then the joint vector
(
a
(d)
M ,W

(d)
M ,W

(d)
M−1, . . . ,W

(d)
1

)
is zero-

mean Gaussian and its covariance matrix is equal (when N is large enough) to the one obtained in the

continuous case (in practice, N does not need to be very large if the correlation ’length’ of the process f

is of order one or larger, N = 3 or 4 should be sufficient).

2.2.2.6 Wavelet and dimension reduction

Wavelet transforms are widely used for data compression. In particular, the 2D wavelet transform is used

for image compression, see (Lewis & Knowles, 1992; Usevitch, 2001). The methods presented in these

articles are based on quantization, which can be viewed as a process of mapping the input values of a

large set to the output values of a smaller set. The quantization in wavelet domain is to neglect the low
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values so that a smaller number of points can be used to reconstruct the same image. These methods

are used for compression by quantizing the wavelet transform. The whole method is based on the fact

that such a transform is less visible than the same quantization but on the image directly.

It should also be noted that there are lossless compression methods as in (Calderbank et al., 1997).

These lossless compression methods cannot be used for regression. The compressed output is not

identifiable, and it is therefore hard to make a prediction.

There are also regression methods using wavelets such as (Amato, Antoniadis, & De Feis, 2006).

These methods are rarely used for regression and are case dependent.
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Chapter 3

Multi-fidelity regression

The objective of this chapter is to present the different methods for emulating hierarchical multi-fidelity

data, called multi-fidelity regression. Hierarchical multi-fidelity data are data organized in several sets

that can be classified according to their computational cost and their accuracy. The most accurate data

is naturally the most expensive to obtain. For example, data can be obtained from different versions of

computational codes simulating the same phenomenon but with different computational complexities.

In this manuscript, we assume that the data is the output of a computational code, although the meth-

ods presented can be used for any hierarchical multi-fidelity data. The objective is then to build a multi-

fidelity surrogate model of the output of the most expensive version of the computational code while being

able to use the information obtained from the faster versions. Multi-fidelity regression can be performed

using different methods.

The historical method, called AR(1) multi-fidelity Gaussian process regression, presented in sec-

tion 3.1.1, has its origins in the work of Kennedy and O’Hagan in (Kennedy & O’Hagan, 2000). This

method is effective when the low-fidelity models can capture the right trends and the outputs of the low-

and high-fidelity models have a strong linear correlation. The method ignores low-fidelity data when the

relationship between the low- and high-fidelity models is not linear. This means that even if the low-fidelity

data do not provide information to build the high-fidelity model, the high-fidelity model will not be degraded

because we will be in a single-fidelity Gaussian process regression framework presented in section 1.1 of

chapter 1. It is also possible to aggregate multi-fidelity models, as proposed in (De lozzo, 2013, ch. 6).

With the advent of Deep Gaussian processes (DeepGPs), presented in section 3.1.2, it has become

possible to relax the autoregressive condition of the model. Thus, there are successful models even in the

case of non-linear relationships between low- and high-fidelity models, see (Cutajar, Pullin, Damianou,

Lawrence, & González, 2019; Perdikaris, Raissi, Damianou, Lawrence, & Karniadakis, 2017).

There are also competing methods using neural networks (NN), presented in section 1.2 to solve the

same type of problem. These approaches are presented in section 3.2. Although they are not known

to be efficient for small data sizes (the number of training points is only slightly larger than the effective
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dimension of the problem), the modularity and simplicity of NNs make multi-fidelity NNs methods very

attractive.

Multi-fidelity polynomial chaos expansion (MF-PCE) can also be exploited as in (Ng & Eldred, 2012) for

multi-fidelity regression. MF-PCEs are mainly used for sensitivity analysis, see (Palar, Zuhal, Shimoyama,

& Tsuchiya, 2018).This approach will not be presented, because this manuscript focuses on Gaussian

processes.

Before starting this chapter, two caveats should be made. The first is that multi-fidelity regression is a

form of transfer learning, but it is not exactly the same thing. In the case of multi-fidelity, it is assumed that

data of different fidelities emulate the same phenomenon. This is not the case with transfer learning. One

example can be found in (Zhuang et al., 2021). An example of transfer learning is to use a neural network

pre-trained on a first set of images to learn a new set of images. The second caveat is that the word

"multi-fidelity" is also used in the context of Monte Carlo methods. The problem is then different because

it is not a question of building a surrogate model but of accelerating the convergence of the methods. This

Monte-Carlo method is generally called multi-level Monte-Carlo method, see (Patsialis & Taflanidis, 2021).

These two aspects, transfer learning and Monte Carlo methods, will not be discussed in this manuscript.

In order to use multi-fidelity in real cases, it is often necessary to adapt uncertainty quantification tools

to this context. Work on experimental design, (Jakeman et al., 2022), and sensitivity analysis has been

done, (Le Gratiet, Marelli, & Sudret, 2015), for example. Multi-fidelity is increasingly used in real applica-

tions. For example, (Abdallah, Lataniotis, & Sudret, 2017; Babaee, Bastidas, DeFilippo, Chryssostomidis,

& Karniadakis, 2020) use these methods for weather prediction and for wind turbine design.

3.1 Multi-fidelity regression with Gaussian Processes

In this section we present classical multi-fidelity regression methods using Gaussian processes. These

methods are the extension of chapter 1 to the multi-fidelity framework. For this purpose we can distinguish

two methods, the autoregressive (AR(1)) model and the Deep-Gaussian processes.

3.1.1 GP regression with autoregressive (AR(1)) model

In this section we want to build a surrogate model of a code αH(x) whose input x is in Q ⊂ Rd and whose

scalar output is in R. The construction of a surrogate model for complex computer code is difficult because

of the lack of available output data. We consider the situation in which a cheaper and approximate code

αL(x) is available. In this section, we apply the regression method presented by (Kennedy & O’Hagan,

2000), reviewed in (Forrester, Sóbester, & Keane, 2007) and improved in (Le Gratiet & Garnier, 2013).
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3.1.1.1 The model

We model the prior knowledge of the code output (αL, αH) as a Gaussian process (AL, AH). The vector

containing the values of αF(x) at the points of the experimental design DF is denoted by αF, and AF is the

Gaussian vector containing AF(x), x ∈ DF.The combination of AL and AH is A. So is α, the combination

of αL and αH. We present the recursive model of multi-fidelity introduced by (Le Gratiet & Garnier, 2013).

The experimental design is constructed in such way that DH ⊂ DL. We assume the low-fidelity code is

computationally cheap, and that we have access to a large experimental design for the low-fidelity code,

i.e. NL > NH or even NL ≫ NH.

The article (Kennedy & O’Hagan, 2000) presents the Markov property. It can be formalized as: ∀x ∈ Q,

if AL(x) is known, we can learn nothing more about AH(x) from AL(x
′) for x′ ̸= x. This will lead us to

introduce two Gaussian processes δ(x) and ÃL(x) into the model with the ÃL(x) ⊥ δ(x) property.

We consider the hierarchical model introduced by (Le Gratiet & Garnier, 2013):


AH(x) = ρL(x)ÃL(x) + δ(x)

ÃL(x) ⊥ δ(x)

ρL(x) = gTL (x)βρ

, (3.1)

where ⊥ means independence, T stands for the transpose,

[δ(x)|βH , σH ] ∼ GP
(
fTH (x)βH, σ

2
HrH(x,x

′)
)
, (3.2)

and ÃL(x) is a Gaussian process conditioned by the values αL. Its distribution is the one of
[
AL(x)|AL = αL, βL, σL

]
with

[AL(x)|βL, σL] ∼ GP
(
fTL (x)βL, σ

2
LrL(x,x

′)
)
. (3.3)

Therefore, the distribution of ÃL(x) is Gaussian, with mean µÃL
(x) and variance σ2

ÃL
(x):

µÃL
(x) =fTL (x)βL + rTL (x)C

−1
L

(
αL − FLβL

)
, (3.4)

σ2
ÃL
(x) =σ2L

(
rL(x,x)− rTL (x)C

−1
L rL(x)

)
. (3.5)

Here:

- GP means Gaussian process,

- gL(x) is a vector of qL regression functions,

- fF(x) are vectors of pF regression functions,

- rF(x,x
′) are correlation functions,

- βF are pF-dimensional vectors,

- σ2F are positive real numbers,
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- βρ is a q-dimensional vector of adjustment parameters,

- CF =
(
rF(x

(i),x(j))
)NF

i,j=1
is the NF ×NF correlation matrix of AF,

- rF(x) =
(
rF(x,x

(i))
)NF

i=1
is the NF-dimensional vector of correlations between AF(x) and AF,

- FF is the NF × pF matrix containing the values of fTF (x) for x ∈ DF.

For x ∈ Q, the conditional distribution of AH(x) is:

[
AH(x)|A = α, β, βρ, σ

2
]
∼ N

(
µAH(x), σ

2
AH

(x)
)
, (3.6)

where β =
(
βTH , β

T
L
)T is the pH + pL-dimensional vector of regression parameters, σ2 =

(
σ2L, σ

2
H
)

are the

variance parameters,

µAH(x) =g
T
L (x)βρµÃL

(x) + fTH (x)βH

+ rTH(x)C
−1
H

(
αH − ρL(DH)⊙ αL(DH)− FHβH

)
(3.7)

and

σ2AH
(x) =

(
gTL (x)βρ

)2
σ2
ÃL
(x) + σ2H

(
1− rTH(x)C

−1
H rH(x)

)
. (3.8)

The notation ⊙ is the element by element matrix product. ρL(DH) is the NH-dimensional vector containing

the values of ρL(x) for x ∈ DH. αL(DH) is the NH-dimensional vector containing the values of αL(x) at the

points of DH.

The prior distributions of the parameters β and σ are given in section 3.1.1.2. The hyperparameters

of the covariance kernels rL and rH can be estimated by maximum likelihood or by leave-one-out cross

validation (Bachoc, 2013). The nested property of the experimental design sets DH ⊂ DL is not necessary

to build the model, but it is simpler to estimate the parameters with this assumption (Q. Zhou, Wu, Guo,

Hu, & Jin, 2020). Moreover, the ranking of codes and the low computer cost of the low-fidelity code allow

for a nested design for practical applications.

3.1.1.2 Priors

The goal of a Bayesian prediction is to integrate the uncertainty of the parameter estimation into the

predictive distribution as in (Le Gratiet, 2013a). Here the parameters are σ, β and βρ. As explained in (Le

Gratiet & Garnier, 2013), the result is not Gaussian, but we can obtain expressions of the posterior mean

E [AH(x)|A = α] and variance V [AH(x)|A = α]. It is possible to consider informative or non-informative

priors for the parameters (Le Gratiet & Garnier, 2013; Ma, 2020). Here we consider informative conjugate
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priors:

[
σ2L
]
∼IG (mL, ςL) , (3.9)[

βL|σ2L
]
∼NpL

(
bL, σ

2
LVL
)
, (3.10)[

σ2H|AL = αL, βL, σL

]
∼IG (mH, ςH) , (3.11)

[
βρ, βH|AL = αL, σ2H, βL, σL

]
∼Nq+pH

bH =

bρ
bβH

 , σ2HVH = σ2H

V ρ 0

0 V β
H

 , (3.12)

with

- bL a vector of size pL,

- bρ a vector of size q,

- bβH a vector of size pH,

- V β
H a pH × pH matrix,

- V ρ a q × q matrix,

- VL a pL × pL matrix,

- mF and ςF are positive real numbers and IG stands for the inverse Gamma distribution.

By using these informative conjugate priors we obtain the following a posteriori distributions as in (Le

Gratiet & Garnier, 2013) :

[
σ2L|AL = αL

]
∼IG (dL, QL) , (3.13)[

βL|AL = αL, σ2L

]
∼NpL (ΣLνL,ΣL) , (3.14)[

σ2H|A = α
]
∼IG (dH, QH) , (3.15)[

βH, βρ|A = α, σ2H
]
∼NpH+q (ΣHνH,ΣH) , (3.16)

with:

- dF = nF
2 +mF,

- Q̃F =
(
αF −HFλ̂F

)T
C−1

F

(
αF −HFλ̂F

)
,

- QF = Q̃F + ςF +
(
bF − λ̂F

)T (
VF +

(
HT

F C
−1
F HF

))−1
(
bF − λ̂F

)
,

- ΣF =

[
HT

F
C−1

F
σ2

F
HF +

V −1
F
σ2

F

]−1

,

- νF =

[
HT

F
C−1

F
σ2

F
αF +

V −1
F
σ2

F
bF

]
,

- HF is defined by HL = FL and HH =
[
GL ⊙

(
αH1TqL

)
FH
]
,

- GL is the NH × q matrix containing the values of gTL (x) for x ∈ DH,

- 1qL is a q-dimensional vector containing 1,
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- λ̂F =
(
HT

F C
−1
F HF

)−1
HT

F C
−1
F αF.

Consequently, the posterior distribution of AH(x) has the following mean and variance:

E [AH(x)|A = α] = hTH(x)ΣHνH + rTH(x)C
−1
H

(
αH −HHΣHνH

)
, (3.17)

V [AH(x)|A = α] =
(
ρ̂2L(x) + ερ(x)

)
σ2
ÃL
(x) + QH

2(dH−1)(1− r
T
H(x)C

−1
H rH(x))

+
(
hTH − rTH(x)C

−1
H HH

)
ΣH
(
hTH − rTH(x)C

−1
H HH

)T
, (3.18)

with ρ̂L(x) = gTL (x)β̂ρ, β̂ρ = [ΣHνH]i=pH+1,...,pH+q and ερ(x) = gTL (x)Σ̃HgL(x) with Σ̃H = [ΣH]i,j=pH+1,...,pH+q.

The posterior mean E [AH(x)|A = α] is the predictive model of the high-fidelity response and the pos-

terior variance V [AH(x)|A = α] represents the predictive variance of the model.

Interesting work on priors has been done in (Ma, 2020). Objective prior for the AR(1) model are

developed in (Ma, 2020, sec. 4). The objective priors proposed in (Ma, 2020) are expressed in such a

way that they can be computed efficiently. The prediction is similar in mean and covariance to the AR(1)

model with informative prior for large learning set.

3.1.1.3 Illustration

In this section we illustrate the AR(1) multi-fidelity model on a function called Forrester function, see

(Forrester et al., 2007). For this example we use the two levels of fidelity function: The low-fidelity function

zL(x) = 0.5(6x− 2)2 sin(12x− 4) + 10(x− 0.5)− 5,

and the high-fidelity function

zH(x) = 2zL(x)− 20x+ 20,

with x ∈ [0, 1].

We seek to estimate the value of the function zH for any value of x ∈ [0, 1]. For that we have two

training sets DH and DL respectively for high- and low-fidelity. These two sets are nested, thus DH ⊂ DL.

In fig. 3.1 we show an example where the number of high-fidelity samples is 4 and the number of low-

fidelity samples is varied from 4 to 11. The chosen kernel is Matérn 5/2 with priors and hyperparameters

are selected as in (Le Gratiet, 2012), (ρ = 1, β = 0, and no trends). We can already see that for the case

where the two sets are of the same size, the classical GP regression is found. This is due to the Markov

property of the AR(1) model. It can also be seen that the prediction improves as the number of low-fidelity

points increases. The interest of multi-fidelity is also the reduction of the uncertainty. The 95% prediction

interval is reduced close to the low-fidelity known points. This interval can be easily computed thanks to

the Gaussian distribution. The prediction standard deviation V [AH(x)|A = α]
1
2 at this point is multiplied

by a coefficient to obtain the half-width of the prediction interval. For 95% we have 1.96V [AH(x)|A = α]
1
2 .
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Figure 3.1: Multi-fidelity AR(1) regression for the Forrester function with various learning sets. The low-
fidelity curves are represented in red and in black for high-fidelity one. The solid curve is the function, and
dashed curve is the surrogate model with 95% prediction interval.

This shows the interest of the multi-fidelity approach.

However, this function is not very representative of what can be seen in multi-fidelity codes and was

constructed for the AR(1) model. This explains the very good performance of the AR(1) method on this

function. Moreover, this function is already very easy to learn in simple-fidelity even with little data, which

limits the significance of the example.

3.1.2 DeepGP for multi-fidelity modeling

GP regression is an effective method for building emulators. However, it fails for a number of high-

dimensional problems, such as images. With the increase of computing power and the development of

network learning, a new method has emerged. In (Damianou & Lawrence, 2013), the deep GP method is

proposed. This method consists in building a Gaussian process network in order to have a more complex

model of stochastic processes. Deep GP was then extended to the multi-fidelity framework in (Perdikaris

et al., 2017). In this case the deep GP is split into two. One part of the deep GP emulates the low-fidelity

(the first layer) while the other one emulates the high-fidelity (the second layer). This method can the-

oretically be extended to more than two levels of fidelity (layers) but in practice the computational cost
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explodes.

3.1.2.1 General definition of DeepGP

Deep Gaussian processes are recent methods introduced in (Damianou & Lawrence, 2013). The main

idea is to offer a more flexible model than the classical Gaussian processes. In particular, Deep GPs are

an efficient way to generalize non-stationary processes. An example of a metamodel constructed using

this technique is (Radaideh & Kozlowski, 2020).

A deep Gaussian process is a stochastic process from Rd to R of the form:

ZH ◦ ZH−1 ◦ · · · ◦ Z1, (3.19)

where, for h = 1, . . . , H, Zh is a Gaussian process from Rdh to Rdh+1 . dh is the dimension of the latent

variables, d1 = d and dH+1 = 1. In analogy to neural networks, Z2, . . . , ZH−1 are hidden layer processes

andH is the number of layers. Deep GP are based on composing Gaussian processes, their mathematical

analysis becomes non-tractablew. A lot of computing power during training can overcome this problem.

Analogy between deep GP and NN is interesting but should not be confused with other work that

seeks to find GPs in NN structures. Links have been made between certain types of NN and GP, see

(Lee et al., 2018) for deep NN and (Garriga-Alonso, Rasmussen, & Aitchison, 2019) for convolutional NN.

However, for Deep GPs the structure of the network is used to construct a complex stochastic process

from Gaussian processes.

As what we are interested in here is multi-fidelity, the deep GP regression will not be further detailed

here. However, a few works of interest can be detailed. The general framework was introduced in (Dami-

anou & Lawrence, 2013) and with more details in (Damianou, 2015). For optimization, (Hebbal, Brevault,

Balesdent, Talbi, & Melab, 2021) proposes an interesting approach and benefits from the non-stationarity

of the output process. The general framework of the deep GP and the expression of the posterior is

presented in (Bachoc & Lagnoux, 2021). Non-parametric Bayesian estimation of Deep GPs can be con-

sidered from this paper.

3.1.2.2 Deep GP for multi-fidelity regression

The Deep GP method introduced in (Perdikaris et al., 2017) makes it possible to adapt the approach to

cases in which the relationships between the code levels are nonlinear. An improvement has been further

made by adding to the covariance function of the high-fidelity GP proposed by (Perdikaris et al., 2017)

a linear kernel in (Cutajar et al., 2019). Multi-fidelity GP regression has been used in several fields as

illustrated in (Pilania, Gubernatis, & Lookman, 2017; Song, Chen, & Yue, 2019). In this section we place

ourselves in the context of multi-fidelity with two levels of codes. We can extend to more than two levels,
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but this becomes very expensive in terms of computation time. The low-fidelity code is emulated by aL

and the high-fidelity one by aH .

The multi-fidelity deep GP model We generalize the autoregressive multi-fidelity scheme of eq. (3.1)

to

aH(x) = gL(aL(x)) + δ(x), (3.20)

where gL(·) is a function that maps the low-fidelity model output to the high-fidelity one. In (Perdikaris

et al., 2017), a Bayesian non-parametric treatment of gL is proposed by assigning it a GP prior. aL in

eq. (3.1) is a GP prior. The composition of two GP priors gL(aL(x)) gives rise to the deepGP as first put

forth in (Damianou, 2015; Damianou & Lawrence, 2013), and, therefore, the posterior distribution of aH is

no longer Gaussian. The independence of gL and δ allows eq. (3.20) to be simplified to:

aH(x) = g̃L(a
⋆
L(x),x), (3.21)

where g̃L is a Gaussian process of mean µH and covariance kH . The idea of this model is that δ is

included in the modeling of g̃L. a⋆L is the conditional low-fidelity GP. Under the assumption of noise-free

data and stationary kernels, this leads to a property equivalent to the Markov property of the AR(1) model.

(Zertuche, 2015) proposes an approach to this subject.

The covariance functions In this paragraph we discuss the choice of kH . There are different possibil-

ities of defining this covariance depending on the integration between codes. We will present the model

proposed in (Perdikaris et al., 2017). Then we propose a covariance function we think is the most adapted

to many cases: (Cutajar et al., 2019).

The covariance kernel proposed in (Perdikaris et al., 2017) is as follows:

kH(a⋆L(x), a
⋆
L(x

′),x,x′) = kρ(x,x′)kf (a⋆L(x), a
⋆
L(x

′)) + kδ(x,x′), (3.22)

where kf is the covariance between outputs obtained from the low-fidelity level, kρ is a space dependent

scaling factor, and kδ is the kernel modeling the bias at that fidelity level.

The proposed covariance function in (Cutajar et al., 2019) is as follows:

kH(a⋆L(x), a
⋆
L(x

′),x,x′) = kρ(x,x′)
[
σ2a⋆L(x)a

⋆
L(x

′) + kf (a⋆L(x), a
⋆
L(x

′))
]
+ kδ(x,x′), (3.23)

where σ2 is the variance associated to the linear part. This term tends to represent the linear part of

the integration between codes, which simplifies the optimisation. The two expressions are equivalent in

theory but differ in terms of their parameters. This has an influence on the performance of the DeepGP
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Figure 3.2: Capture form (Cutajar, Pullin, Damianou, Lawrence, & González, 2019) of four examples of
multi-fidelity functions. High-fidelity is in red and low-fidelity is in blue. The interaction between fidelity is
in green.

model.

The parameter estimation is done as for DeepGP but much simpler. In fact we have an additional

information: the output of the low-fidelity code. The prediction is therefore done in two steps. First, a

classical simple-fidelity regression for the low-fidelity code. Second, a DeepGP regression but without

changing the parameters associated with the first GP or low-fidelity layer.

Motivation of DeepGP: The AR(1) model is efficient for the case in which the integration between

codes is linear. However, as a large part of the computational codes are derived from complex non-

linear problems, it is expected that there will be non-linear interactions between codes. For non-linear

interactions the DeepGP model is ideal. In this paragraph we try to show the interaction between two

known codes and why DeepGP can have a contribution in certain cases.

In (Cutajar et al., 2019), represented in fig. 3.2, we can see different examples of multi-fidelity functions.

We distinguish them in two groups: functions with linear and non-linear interactions. Their interactions can

be seen on the lower curve in green. There is a clear difference between the two cases. For the linear

case, we imagine that the AR(1) model fits perfectly, which is shown above and in (Cutajar et al., 2019).

A straight line can be seen between codes. Even for the part where the line is not perfectly straight this

can be solved by regression on δ. On the contrary, it is necessary in the two non-linear cases to take into

account this non-linearity under the risk of losing all the advantage of the multi-fidelity regression. There

are links between codes in this case but nothing linear, which is a problem for modeling. In particular, for

the non-linear A, we can see a quadratic interaction which is relatively clear and which could help in the

learning process. It is in non-linear cases that the use of DeepGP is recommended.
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3.2 Multi-fidelity with Neural Network

Recent improvements in the implementation of neural networks have motivated research on multi-fidelity

neural networks (Li, Xing, Kirby, & Zhe, 2020). In (Meng & Karniadakis, 2020), the authors combine a

fully connected neural network (NN) and a linear system for the interactions between codes. The low-

fidelity surrogate model is built using a fully connected NN, see (Zhang, Xie, Ji, Zhu, & Zheng, 2021)

for a direct application. In order to quantify the prediction deviations and to evaluate the reliability of the

prediction, the NNs have been improved to become Bayesian Neural Networks (BNN) (MacKay, 1992).

The multi-fidelity model has been improved by using BNN for high-fidelity modeling in (Meng, Babaee,

& Karniadakis, 2021). In this manuscript this method will be called MBK. The method in (Meng et al.,

2021) offers options for single-fidelity active learning and is more general for multi-fidelity modeling. The

disadvantages of methods using NN are the non-prediction of the model uncertainties and the difficult

optimisation of the hyper-parameters in a small data context. These disadvantages can be overcome by

the use of BNNs. The ability of BNN for uncertainty quantification is explained in (Kabir et al., 2018).

3.2.1 "Fully" connected modeling

Neural networks are a widely used method for regression as proposed in section 1.2. Moreover, it is

an extremely flexible tool, and it is therefore possible to build a model as a composition of models. The

simplest method considered is to build a fully connected network for low-fidelity. It takes inputs from

the low-fidelity code and estimates the low-fidelity outputs. The high-fidelity replacement model has as

input the inputs of the high-fidelity code plus the estimated low-fidelity outputs. It predicts the outputs of

the high-fidelity code. This method is common and has been proposed in (Li, Kirby, & Zhe, 2020) for

example. This method, although very simple, is extremely effective for problems with a large amount of

data.

In order to make it even more predictive and to deal with problems where the amount of data is more

limited, the BNN framework is used for high-fidelity regression. For this model, it is assumed that there is

enough low-fidelity data to have a perfect or almost perfect emulator of the low-fidelity code. However, the

high-fidelity is modelled by a BNN. This model has been proposed in (Meng et al., 2021).

The main advantage of these methods is their extreme simplicity. They are easily expandable to larger

input or output dimensions. However, multi-fidelity NNs have defaults that prevent us from using them to

solve our problem:

• The predictive uncertainty of low-fidelity surrogate model is not taken into account even though we

have little low-fidelity data. We address this problem in chapter 4.

• The learning curve is very long even for simple applications. It is a waste to use tools that are very

time-consuming when there are less time-consuming and equally efficient tools, such as Gaussian
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Figure 3.3: Illustration extracted from (Meng & Karniadakis, 2020) that shows the multi-fidelity NN model
proposed.

processes.

• The output model is difficult to interpret. Sensitivity analysis is harder than for GP based models.

In this section we have only looked at NNs with simple structures. However, a method with a more

complex structure has caught our attention. In the next paragraph we will present this method and its

advantages over other multi-fidelity methods.

3.2.2 Physically inspired and AR(1) like NN

In this paragraph we present a method that has been introduced in (Meng & Karniadakis, 2020). Because

of the structure we interpreted this as the NN version of the AR(1) model. Therefore, we call this method

AR(1) like NN. It should be noted that this method is often linked to physically inspired neural networks,

as in (Jagtap, Mitsotakis, & Karniadakis, 2022; Meng & Karniadakis, 2020). An example where the two

methods are not related is (Zhang et al., 2021), but this paper only presents application results.

The principle of the method is to emulate the low-fidelity code by a NN as for the other methods. The

difference is for high fidelity. As with the previous methods, the high-fidelity emulator takes as input the

code inputs plus the low-fidelity prediction. However, the NN is split into two parts. The first part is a NN

without the activation function, completely equivalent to a linear regression. The second part is a classical

NN. The two parts are put in parallel and summed in output. We find (as for the AR(1) regression) a model

with a linear part plus a term which depends on the inputs, hence the name of the method. An illustration

of this model is proposed fig. 3.3. It can be noted that in the classical case a physics inspired NN is placed

last. We can use the model without the physics-inspired NNs in the case where we have no information

on the regularity of our code. The outputs are then less accurate but not necessarily less predictive.
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The advantage of this method is that it can be extended to high-dimensional problems. Moreover, its

interpretation is easier thanks to the linear part. We have used this method in chapter 6 to compare with

the methods we have proposed. The computational cost is also greatly reduced because the model is

simpler than for the NN black boxes. However, the uncertainty is not taken into account. Nevertheless,

this method seems to us to be essential in the study of the high output dimension, even if theoretical

developments are lacking to characterize its efficiency.

3.3 Conclusion on state-of-the-art multi-fidelity

There are many methods for performing multi-fidelity regression. They are adapted to different cases and

often have complementary drawbacks. It seems to us that the AR(1) approach can be applied to many

problems. The model adapts well to many problem frameworks. However, there is still a lot of work to be

done in high dimensions. More recent methods exist but are not very convincing in terms of quantification

of inaccuracy, the NN, or in terms of computation time, the DeepGP.

The state-of-the-art methods and the original methods that we proposed in chapter 4 can be compared

on test cases, from simple functions to complex numerical codes. Such comparisons are carried out in

(Cutajar et al., 2019) and in chapter 4. It is impossible to conclude on the superiority of one method over

the others. It can be said that with little data or when the link between codes is clode to linear the AR(1)

model is the most efficient. The DeepGP models are the most efficient when the link between codes is

known but non-linear. NN methods are more efficient when we have little knowledge about the code, in

high dimension and with large sets of data.
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Chapter 4

Gaussian Process-Bayesian Neural

Network

In this chapter we will present a work on multi-fidelity modeling. Even if we consider the AR(1) multi-

fidelity model as very efficient, it is interesting to improve the model and to try to overcome its deficiencies.

Gaussian process regression is a proven method. BNNs are more and more present in the literature of

uncertainty quantification. It is therefore quite natural that we are interested in combining the two in a

multi-fidelity model.

This chapter is based on the work (Kerleguer et al., 2022). In a first part, the general model of Gaussian

Process-Bayesian Neural Network is presented. In a second part, three sampling methods to transfer the

output information from the GP into inputs of the BNN, are proposed. Finally, in a last part the GP-BNN

method is compared to other methods.

4.1 Combining Gaussian processes and Bayesian neural network

From now on we consider a multi-fidelity framework with two levels of code, high fH and low fL fidelity,

as in (Kennedy & O’Hagan, 2000). The input is x ∈ Rd and the outputs of both computer code levels

fL(x) and fH(x) are scalar. We have access to NL low-fidelity points and NH high-fidelity points, with

NH < NL. In our article we focus on the small data framework where the low-fidelity code is not perfectly

known. Under such circumstances it remains uncertainty in the low-fidelity surrogate model. If NH ≪ NL

the situation is different, and we could assume that the low-fidelity emulator is perfect.

We therefore have two surrogate modeling tools: GP regression and BNN. To do multi-fidelity with non-

linear interactions the standard methods use combinations of regression methods. With our two methods

we can make four combinations: GP-GP also called DeepGP in (Cutajar et al., 2019; Perdikaris et al.,

2017), GP-BNN the method proposed in our manuscript, BNN-GP and BNN-BNN. The Deep GP model
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will be compared to the proposed method in all examples of our manuscript. The BNN-BNN method would

be extremely expensive and very close to the full NN methods by adding the predictive uncertainty. The

logic behind our choice of GP-BNN over BNN-GP is as follows: if we assume that the low-fidelity code

is simpler than the high-fidelity code, then it must be approximated by a simpler model. GP regression

is a surrogate model easier to obtain and it gives a Gaussian output distribution that can be sampled

easily. Whereas BNN is more complex to construct and allows for more general output distributions to be

emulated.

The code output to estimate is fH with the help of low- and high-fidelity points. As the low-fidelity code

fL is not completely known a regression method with uncertainty quantification, GP regression, is used,

to emulate it, as in section 1.1. The output of the low-fidelity GP is then integrated into the input to a BNN,

described in section 1.2.2.2, to predict fH .

The low-fidelity surrogate model is a GP YL(x) built from NL low-fidelity data points
(
x
(i)
L , fL(x

(i)
L )
)
∈

Rd × R. The optimisation of the hyper-parameters of the GP is carried out in the construction of the sur-

rogate model. The GP is characterized by a predictive mean µL(x) and a predictive covariance CL(x,x
′).

To connect the GP with the BNN the simplest way is to concatenate x and µL(x) (the best low-

fidelity predictor) as input to the BNN. However, this does not take into account the predictive uncertainty.

Consequently, we may want to add CL(x,x) or
√
CL(x,x) to the input vector of the BNN. The idea is

that the BNN could learn from the low-fidelity GP more than from its predictive mean only, in order to give

reliable predictions of the high-fidelity code with quantified uncertainties. We will show that the idea is

fruitful, and it can be pushed even further.

We have investigated three methods to combine the two surrogate models and to transfer the posterior

distribution of the low-fidelity emulator to the high-fidelity one. We demonstrate in section 4.3 that the best

solution is the so-called Gauss-Hermite method.

4.2 Transfer methods

The two learning sets are DL = {(x(i)
L , fL(x

(i)
L )), i = 1, . . . , NL} and DH = {(x(i)

H , fH(x
(i)
H )), i = 1, . . . , NH}

with typically NH < NL and we do not need to assume that the sets {x(i)
L , i = 1, . . . , NL} and {x(i)

H , i =

1, . . . , NH} are nested.

The low-fidelity model is emulated using GP regression, as a consequence the result is formulated as

a posterior distribution given DL that has the form of a Gaussian law.

Property 4.2.1. The posterior distribution of YL(x) knowing DL is the Gaussian distribution with mean

µL(x) and variance σ2L(x) of the form (1.21-1.22). We denote its pdf by p(yL|DL,x).

Proof. The proof is given in (Rasmussen & Williams, 2006, ch. 2.2) (prediction with noise free observa-

tions) and in section 1.1.
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The posterior distribution of the high-fidelity code given the low-fidelity learning set DL and the high-

fidelity learning set DH may have different forms depending on the input of the BNN.

4.2.1 Mean-Standard deviation method

In the Mean-Standard deviation method, called Mean-Std method, we give as input to the BNN the point

x and the information usually available at the output of a GP regression, i.e. the predictive mean and

standard deviation of the low-fidelity emulator at the point x.

In this method, the input of the BNN whose output gives the prediction of the high-fidelity code at x is

xBNN = (x, µL, σL). The idea is that the BNN input consists of the input x of the code and of the mean and

standard deviation of the posterior distribution of the low-fidelity emulator at x. The high-fidelity emulator

is modelled as:

YH(x) = BNN θ(x, µL(x), σL(x)) + σϵ, (4.1)

with ϵ ∼ N (0, 1). We use the learning set DH
MS =

{(
x
(i)
H , µL(x

(i)
H ), σL(x

(i)
H ), fH(x

(i)
H )
)
, i = 1, . . . , NH} to

train the BNN and get the posterior distribution of (θ, σ), see section 1.2.2.2. Note that DH
MS can be

deduced from DL and DH .

Property 4.2.2. The posterior distribution of YH(x) knowing DL and DH
MS has pdf

p
(
yH |x,DH

MS ,DL
)
=

∫∫
1√
2πσ

exp
(
− (yH − BNN θ(x, µL(x), σL(x)))

2

2σ2

)
p(θ, σ|DH

MS)dσdθ, (4.2)

with p(θ, σ|DH
MS) the posterior pdf of the hyper-parameters of the BNN.

Proof. Let p(yH |θ, σ,x,DL) be the probability density function (pdf) of YH(x) given by eq. (4.1). This pdf

can be written:

p(yH |θ, σ,x,DL) =
1√
2πσ

exp
(
− (yH − BNN θ(x, µL(x), σL(x)))

2

2σ2

)
The law of total probability gives that:

p
(
yH |x,DH

MS ,DL
)

=

∫∫
p(yH |θ, σ,x,DL)p(θ, σ|DH

MS)dσdθ

=

∫∫
1√
2πσ

exp
(
− (yH − BNN θ(x, µL(x), σL(x)))

2

2σ2

)
p(θ, σ|DH

MS)dσdθ.

Corollary 4.2.2.1. The mean and variance of the posterior distribution of YH(x) knowing DH
MS and DL is:

µH(x) =

∫∫
BNN θ(x, µL(x), σL(x))p(θ, σ|DH

MS)dσdθ, (4.3)
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and

CH(x) =

∫∫ (
BNN θ(x, µL(x), σL(x))

2 + σ2
)
p(θ, σ|DH

MS)dσdθ, (4.4)

Proof. By the definition of the mean and variance we get:

µH(x) =

∫
yHp

(
yH |x,DH

MS ,DL
)
dyH ,

CH(x) =

∫
(yH − µH(x))2p

(
yH |x,DH

MS ,DL
)
dyH .

We replace by the expressions given in property 4.2.2.

µH(x) =

∫
yH

∫∫
1√
2πσ

exp
(
− (yH − BNN θ(x, µL(x), σL(x)))

2

2σ2

)
p(θ, σ|DH

MS)dσdθdyH ,

which gives eq. (4.3). For the variance:

CH(x) =

∫
(yH − µH(x))2

∫∫
1√
2πσ

exp
(
− (yH − BNN θ(x, µL(x), σL(x)))

2

2σ2

)
p(θ, σ|DH

MS)dσdθdyH ,

which gives eq. (4.4).

Corollary 4.2.2.2. Given DL and DH
MS , given a sample (θi, σi)

Nv
i=1 of the posterior distribution of (θ, σ):

µ̃H(x) =
1

Nv

Nv∑
i=1

BNNθi
(x, µL(x), σL(x)), (4.5)

and

C̃H(x) =
1

Nv

Nv∑
i=1

(
BNNθi

(x, µL(x), σL(x))
2 + σ2i

)
− µ̃H(x)2, (4.6)

are consistent estimators of µH(x) and CH(x).

The estimators need samples of the posterior distribution of (θ, σ). By the HMC method (NUTS), we

get a sample of the hyperparameters (θj , σj) with the posterior distribution of the high-fidelity model.

4.2.2 Quantiles method

The Quantiles method consists of giving the mean and two quantiles of the low-fidelity GP emulator as

input to the BNN. Assuming we want to have the high-fidelity output uncertainty at level α% we take the
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α/2% and the (1− α/2)% quantiles. The high-fidelity emulator is modelled by YH(x):

YH(x) = BNN θ(x, µL(x), QL,α/2(x), QL,(1−α/2)(x)) + σϵ, (4.7)

with ϵ ∼ N (0, 1). The expression of the BNN input vector is xBNN = (x, µL, QL,α/2, QL,(1−α/2)) and the

high-fidelity learning set isDH
Q :

{(
(x

(i)
H , µL(x

(i)
L ), QL,α/2(x

(i)
H ), QL,(1−α/2)(x

(i)
H )), fH(x

(i)
H )
)
, i = 1, · · · , NH

}
.

Property 4.2.3. The posterior distribution of YH(x) knowing DL and DH
Q has pdf

p
(
yH |x,DH

Q ,DL
)
=

∫∫
1√
2πσ

exp
(
−
(yH − BNN θ(x, µL(x), QL,α/2(x), QL,(1−α/2)(x)))

2

2σ2

)
p(θ, σ|DH

Q )dσdθ,

(4.8)

with p(θ, σ|DH
Q ) the posterior pdf of the hyper-parameters of the BNN.

Corollary 4.2.3.1. The mean and variance of the posterior distribution of YH(x) knowing DH
Q and DL is:

µH(x) =

∫∫
BNN θ(x, µL(x), QL,α/2(x), QL,(1−α/2)(x))p(θ, σ|DH

Q )dσdθ, (4.9)

and

CH(x) =

∫∫ (
BNN θ(x, µL(x), QL,α/2(x), QL,(1−α/2)(x))

2 + σ2
)
p(θ, σ|DH

Q )dσdθ, (4.10)

Corollary 4.2.3.2. Given DL and DH
Q , given a sample (θi, σi)

Nv
i=1of the posterior distribution of (θ, σ).

µ̃H(x) =
1

Nv

Nv∑
i=1

BNNθi
(x, µL(x), QL,α/2(x), QL,(1−α/2)(x)), (4.11)

and

C̃H(x) =
1

Nv

Nv∑
i=1

(
BNNθi

(x, µL(x), QL,α/2(x), QL,(1−α/2)(x))
2 + σ2i

)
− µ̃H(x)2, (4.12)

are consistent estimators of the mean and variance in corollary 4.2.3.1.

This method is very similar to the Mean-Std method and only the BNN input changes. This is why the

estimators have the same form. It can be noted that the dimension of the BNN inputs is larger than for

the Mean-Std method. The estimators need samples of the posterior distribution of (θ, σ). By the HMC

method (NUTS), we get a sample of the posterior law of the hyperparameters (θj , σj) with the posterior

distribution of the high-fidelity model.
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4.2.3 Gauss-Hermite quadrature

In this section we want to transfer the information about the posterior distribution of the low-fidelity emulator

by a sampling method. The GP posterior distribution is one-dimensional and Gaussian for each value of

x. Therefore, a deterministic method for sampling is preferable in order to limit the number of calls to the

BNN. In the following this method is called GPBNN. We propose to represent the Gaussian distribution

by S nodes of the Gauss-Hermite quadrature (Gautschi, 2012, ch. 3). This method has been chosen

because it estimates the Gaussian distribution efficiently. The samples f̃L,j(x), with j = 1, . . . , S, of the

GP posterior distribution are constructed using the roots zS,j of the physicists’ version of the Hermite

polynomials HS(x) = (−1)Sex2
∂Sx e

−x2
, S ∈ N. For each input x the GP posterior law has mean µL(x) and

variance CL(x,x). Therefore, the jth realisation in the Gauss-Hermite quadrature formula is:

f̃L,j(x) = µL(x) + zS,j
√
2
√
CL(x,x), (4.13)

and the associated weight is pS,j = 2S−1S!
S2H2

S−1(zS,j)
, for j = 1, . . . , S. The learning set of the BNN is DH

GH :{(
(x

(i)
H , µL(x

(i)
H ), σL(x

(i)
H )), fH(x

(i)
H )
)
, i = 1, · · · , NH

}
. The high-fidelity emulator is modelled as:

YH(x) =
S∑

j=1

pS,jBNN θ(x, f̃L,j(x)) + σϵ, (4.14)

with ϵ ∼ N (0, 1) and f̃L,j(x) is given by eq. (4.13). The Gauss-Hermite method for multi-fidelity is illus-

trated at fig. 4.1.

Property 4.2.4. The posterior distribution of YH(x) knowing DH
GH and DL is

p
(
yH |x,DH

GH ,DL
)
=

∫∫
1√
2πσ

exp

− 1

2σ2

yH − S∑
j=1

pS,jBNN θ(x, f̃L,j)

2 p(θ, σ|DH
GH)dσdθ, (4.15)

with p(θ, σ|DH
GH) the posterior distribution of the hyper-parameters of the BNN. f̃L,j is given by eq. (4.13).

Corollary 4.2.4.1. The posterior mean of YH(x) is:

µH(x) =

∫∫  S∑
j=1

pS,jBNN θ(x, f̃L,j)

 p(θ, σ|DH
GH)dσdθ. (4.16)

The posterior variance of YH(x) is:

CH(x) =

∫∫  S∑
j=1

pS,jBNN θ(x, f̃L,j)

2

+ σ2

 p(θ, σ|DH
GH)dσdθ − µ2H(x). (4.17)
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The expression of f̃L,j is given by eq. (4.13).

Corollary 4.2.4.2. Given DL and DH
GH , given a sample (θi, σi)

Nv
i=1 of the posterior distribution of (θ, σ),

µ̃H(x) =
1

Nv

Nv∑
i=1

S∑
j=1

pS,jBNN θi
(x, f̃L,j(x)), (4.18)

and

C̃H(x) =
1

Nv

Nv∑
i=1

 S∑
j=1

pS,jBNN θi
(x, f̃L,j(x))

2

+
1

Nv

Nv∑
i=1

σ2i − µ̃2H(x), (4.19)

are consistent estimators of the mean and variance in corollary 4.2.4.1.

Note that this sampling method is different from the Quantiles method (even for S = 3 and α ≈ 0.110).

Indeed, in the Quantiles method the input of the BNN contains the mean and quantiles of the low-fidelity

code predictor whereas the Gauss-Hermite method is a sampling method in which the input of the BNN

contains only one sample of the low-fidelity code predictor and the predictor is a weighted average of the

BNN.

The sample (θi, σi) of the posterior distribution of (θ, σ) can be obtained by the HMC method (NUTS).

The choice of S is a trade-off between a large value that is computationally costly and a small value

that does not propagate the uncertainty appropriately. S = 2 is the smallest admissible value regarding

the information that should be transferred. At first glance, a large value of S could be expected to be the

best choice in the point of view of the predictive accuracy. However, a too large value of S degrades the

accuracy of the predictive mean estimation. This is due to large variations of f̃L,i(x) for large values of S.

Interesting values turn out to be between 3 and 10 depending on the quality of the low-fidelity emulator,

as discussed in section 4.3.

The value of Nv is chosen large enough so that the estimators in eqs. (4.18) and (4.19) have con-

verged. As shown in the analysis of section 4.3 Nv = 500 is sufficient.

We could expect the computational cost of the GPBNN method to be expensive. The number of

operations needed to compute an iteration of the HMC optimisation is proportional to S × Nv × NH .

Because S and NH are small in our context the computational cost of one realisation of the BNN is

actually low. Thus optimisation of the hyperparameters is feasible for NH ≲ 100.

4.3 Experiments/Comparison with other methods

In this section we present two analytic examples and a simulated one. The first one is a 1D function, and

we consider that the low-fidelity function may be unknown in a certain subdomain. The second one is a

Multi-fidelity surrogate modeling adapted to functional outputs page 87



4.3 Experiments/Comparison with other methods GP-BNN

x

...

...
µ̃H(x)

C̃H(x)

GP
BNN

High-fidelity

Low-fidelity ∑
S

pS,1

pS,S
f̃L(x)∼GP

f̃L,1(x)

f̃L,S(x)

Figure 4.1: Schematic of the multi-fidelity Gauss-Hermite model. The input is a point x. The output
consists of a predictive mean µ̃H(x) and a predictive variance C̃H(x).

2D function with noise. Finally, we test the strategy on a more complex double pendulum system. All the

numerical experiments are carried out on a laptop (of 2017, dell precision with intel core i7) using only

CPU and the running time never exceeds 2 hours.

4.3.1 1D function approximation

The low- and high-fidelity functions are:

fL(x) = sin 8πx, fH(x) =
(
x−
√
2
)
f2L(x), (4.20)

with x ∈ [0, 1], where fH is the high-fidelity function (code) and fL the low-fidelity function (code). These

functions have been introduced in (Perdikaris et al., 2017) and are well estimated with a DeepGP and a

quadratic form of the covariance. In this example we assume that we have access to a lot of low-fidelity

data, NL = 100, while the high-fidelity data is small, NH = 20. We also consider situations in which there

is a segment Ī ⊂ [0, 1] where we do not have access to fL(x). The learning set for the high-fidelity code

is obtained by partitioning [0, 1] into NH segments with equal lengths and then by choosing independently

one point randomly on each segment with uniform distribution. The learning set for the low-fidelity code is

obtained by partitioning [0, 1]\Ī into NL segments with equal length and then by choosing independently

one point randomly on each segment with uniform distribution. The test set is composed of NT = 1000

independent points following a random uniform law on [0, 1].

We adapt the errors available in section 1.3 to the multi-fidelity context. We denote by
(
x
(i)
T , fH(x

(i)
T )
)
i=1,...,NT

the test set. The error is evaluated by:

Q2
T = 1−

∑NT
i=1

[
µ̃H(x

(i)
T )− fH(x

(i)
T )
]2

NTVT (fH)
, (4.21)

with VT(fH) = 1
NT

∑NT
i=1

[
fH(x

(i)
T ) − 1

NT

∑NT
j=1 fH(x

(j)
T )
]2. A highly predictive model gives a Q2

T close
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to 1 while a less predictive model has a smaller Q2
T. The coverage probability CPα is defined as the

probability for the actual value of the function to be within the prediction interval with confidence level α of

the surrogate model:

CPα =
1

NT

NT∑
i=1

1
fH(x

(i)
T )∈Iα(x(i)

T )
, (4.22)

with 1 the indicator function and Iα(x) the prediction interval at point x with confidence level α. The mean

prediction interval width MPIWα is the average width of the prediction intervals:

MPIWα =
1

NT

NT∑
i=1

∣∣Iα(x(i)
T )
∣∣, (4.23)

where Iα(x) is the prediction interval at point x with confidence level α and |Iα(x)| the length of the

prediction interval Iα(x). The prediction uncertainty of the surrogate model is well characterized when

CPα is close to α. The prediction uncertainty of the surrogate model is small when MPIWα is small.

For the GPBNN method we obtain the interval Iα(x) by sampling Nv realisations of the posterior

distribution of the random process YH(x) described in section 4.2. The interval Iα(x) is the smallest

interval that contains the fraction α of the realisations (yj)
Nv
j=1 of YH(x). The performances for the different

methods are compared in table 4.1. For the GP 1F model and the AR(1) model the prediction interval

is centered at the predictive mean and its half-length is q1−α
2

times the predictive standard deviation,

where q1−α
2

is the 1 − α
2 -quantile of the standard Gaussian law, because the posterior distributions are

Gaussian. For the Deep GP model the prediction interval is obtained by Monte-Carlo sampling of the

posterior distribution (with 1000 samples).

We use GP regression with zero mean function and tensorized Matérn 5/2 covariance function for

the low-fidelity GP regression. The implementation we use is from (GPy, 2012). The optimisation for GP

regression gives a correlation length of 0.108. For this example we choose Nn = 30 neurons, we use the

ReLU function as activation function, and we use the BNN implementation proposed in (Bingham et al.,

2019). The sample size of the posterior distribution of the BNN parameter (θ, σ) is Nv = 500 (see fig. 4.3).

Low-fidelity surrogate models of different accuracies are considered to understand how our strategy

behaves under low-fidelity uncertainty. This is done by considering that low-fidelity data points are only

accessible in [0, 1]\Ī. We have thus chosen to study three cases, a very good low-fidelity emulator with

Ī = ∅ (for which the Q2
l→l of the low-fidelity emulator is 0.99), a good emulator with Ī = [13 ,

2
3 ] (Q2

l→l = 0.98)

and a poor emulator with Ī = [34 , 1] (Q2
l→l = 0.84).

Table 4.1 compares for these examples the different techniques, proposed in section 4.2, for Ī = ∅.

All methods have the same efficiency in terms of Q2
T. The uncertainties of the predictions are overesti-

mated for all methods. However, the Gauss-Hermite method has the best CPα and the best prediction
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Table 4.1: Error Q2
T , coverage probability CPα and mean prediction interval width MPIWα for α = 80%

and for different methods of sampling. Here Ī = ∅.

Q2
T CPα MPIWα

Gauss-Hermite S = 5 0.99 0.88 0.083
Mean-Std 0.99 0.97 0.095
Quantiles 0.99 0.90 0.105
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Figure 4.2: Error Q2
T, coverage probability at 80% and MPIW80% as functions of S.

interval (i.e., the smallest mean prediction interval width MPIWα). The quantiles method and the Mean-

Std method also have reasonable CPα, but their prediction intervals are larger. This leads us to use the

Gauss-Hermite method. However, we note that all methods over-estimated the prediction interval. We

believe this is due to the high regularity of the function to be predicted.

In fig. 4.2 we report the performances of the GPBNN method as functions of S between 1 and 12 for

different Ī. For S = 1 the uncertainty is underestimated and the accuracy of the prediction is not optimal,

which shows that it is important to exploit the prediction interval predicted by the low-fidelity model. For

2 ≤ S ≤ 5 the prediction is good, the error is constant and the Q2
T is maximal as seen in fig. 4.2(a).

Figure 4.2(b) shows that the coverage probability is acceptable for 2 ≤ S ≤ 7. Finally, the MPIW80% on

fig. 4.2(c) is minimal for 3 ≤ S ≤ 7. The best value of S is in [2, 5] depending on the accuracy of the
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Figure 4.3: Error Q2
T, coverage probability at 80% and MPIW80% as functions of Nv for Ī = ∅.

low-fidelity emulator.

We have carried out a study on the best value of Nv. We thought that the best value would be the

largest possible. Therefore, we tested for values of Nv ranging from 1 to 1000 for Ī = ∅. For values of Nv

greater than 200 the performance is identical as a function of Nv. For values below 200 a greater variability

was found. We choose to use Nv = 500 to have a sufficient margin. In Figure 4.3 we have averaged the

estimators for 5 independent training sets.

We now want to compare our GPBNN method with other state-of-the-art methods. The single-fidelity

GP method used to emulate the high-fidelity code from the NH high-fidelity points is called GP 1F. We use

the implementation in (GPy, 2012). The multi-fidelity GP regression with autoregressive form introduced

by (Kennedy & O’Hagan, 2000) and improved by (Le Gratiet & Garnier, 2013) is called autoregressive

model AR(1). The method proposed in both (Cutajar et al., 2019; Perdikaris et al., 2017) is called DeepGP,

we use the implementation from (Perdikaris et al., 2017) and the covariance given in (Cutajar et al., 2019)

equation (11). The method from (Meng et al., 2021) is called MBK method. The MBK method is the

combination of a fully connected NN for low-fidelity regression and BNN for high-fidelity. We implemented

it using (Bingham et al., 2019). The methods that require the minimal assumptions on the function fL

and fH are the GPBNN and MBK methods. This is the reason why they are the two methods that are

compared in fig. 4.4.

First, the output laws for the MBK method and for the GPBNN presented in fig. 4.4 are different. For
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Figure 4.4: Comparison between the MBK method (in blue) and the GPBNN method with S = 5 (in green)
for the estimation of the function fH eq. (4.20) (in red). The high-fidelity data points are in red. The light
colored lines (blue and green) plot the prediction intervals I80%(x).
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the MBK method the posterior law is associated to the high-fidelity BNN knowing both the high-fidelity

data and the low-fidelity model. Unlike the MBK method, the GBBNN method’s output law represents the

posterior law knowing high-fidelity points and the posterior distribution of the low-fidelity model built from

the NL low-fidelity points. In fig. 4.4 S = 5 because, as discussed above, this value seems to be the best

value when the low-fidelity code is not so accurate.

The presented techniques for multi-fidelity regression are compared in tables 4.2 to 4.4. The GP 1F

model and the multi-fidelity AR(1) model do not have good predictive properties. For the GP 1F model it is

due to the lack of high-fidelity data and for the AR(1) model it is due to the strongly nonlinear relationship

between the code levels. The three other methods perform almost perfectly when Ī = ∅. The DeepGP

is outstanding when Ī = ∅ but the interaction between the codes (a quadratic form) is given exactly

in the covariance structure which is a strong assumption in DeepGP that is hard to verify in practical

applications. When Ī is non-empty the MBK method gives less accurate predictions because the method

assumes strong knowledge of the low-fidelity code level. However, its prediction interval seems realistic

for this example although too large. The DeepGP has reasonable errors but Tables 4.3 and 4.4 show that

the predictive uncertainty of the DeepGP method does not fit the actual uncertainty of the prediction (it

has poor coverage probability, either too large or too small). The GPBNN method has the smallest error

(best Q2
T) and it is predicting its accuracy precisely (it has good and nominal coverage probability; here

S = 5) and the predictive variance and prediction interval width are small compared to the other methods:

The GP 1F and AR(1) models have reasonable coverage probabilities but large mean prediction interval

widths. For this simple illustrative example the GPBNN method seems to be the most suitable method.

Table 4.2: Q2
T for different methods and segments Ī of missing low-fidelity values. Here S = 5.

Ī GP 1F AR(1) DeepGP MBK GPBNN

∅ 0.12 −0.29 0.99 0.99 0.99[
1
3 ,

2
3

]
0.13 −0.34 0.98 0.90 0.98[

3
4 , 1
]

0.12 −0.29 0.90 0.51 0.93
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Table 4.3: Coverage probability CPα for α = 80% and for different methods and segments Ī of missing
low-fidelity values. Here S = 5.

Ī GP 1F AR(1) DeepGP MBK GPBNN

∅ 0.82 0.82 0.99 0.76 0.88[
1
3 ,

2
3

]
0.78 0.79 0.60 0.84 0.83[

3
4 , 1
]

0.78 0.82 0.62 0.86 0.78

Table 4.4: Mean prediction interval width MPIWα for α = 80% and for different methods and segments Ī
of missing low-fidelity values. Here S = 5.

Ī GP 1F AR(1) DeepGP MBK GPBNN

∅ 0.44 0.55 0.002 0.037 0.083[
1
3 ,

2
3

]
0.42 0.45 0.010 0.36 0.082[

3
4 , 1
]

0.44 0.45 0.097 0.31 0.084

4.3.2 2D function approximation

The CURRIN function is a two-dimensional function, with x ∈ [0, 1]2. This function is commonly used to

simulate computer experiments (Cutajar et al., 2019). The high- and low-fidelity functions are:

fH(x) =

[
1− exp

(
− 1

2x2

)]
2300x31 + 1900x21 + 2092x1 + 60

100x31 + 500x21 + 4x1 + 20
, (4.24)

fL(x) =
1

4
[fH(x1 + δ, x2 + δ) + fH(x1 + δ,max (0, x2 − δ))]

+
1

4
[fH(x1 − δ, x2 + δ) + fH(x1 − δ,max (0, x2 − δ))] , (4.25)

with x = [x1, x2] and δ the filter parameter. In (Cutajar et al., 2019) we have δ = 0.05 and this gives

very small differences between the two functions and the prediction of the high-fidelity function by the

low-fidelity one has Q2
l→h = 0.98. In the following we set δ = 0.1, and then Q2

l→h = 0.87. An additive

Gaussian noise is added to the low-fidelity code. The noise has a zero mean and a variance equal to the

empirical variance of the signal 0.08.

In this example we also consider that the low-fidelity code is costly and we only have a small number

of low-fidelity points: NL = 25 and NH = 15. The high- and low-fidelity points are chosen by maximin Latin

Hypercube Sampling (LHS), see (Helton & Davis, 2003). LHS is a space-filling design of experiment. The

test set is composed of 1000 independent points following a random uniform law on [0, 1]2.

The kernel used for GP regression low-fidelity is a Matérn 5/2 covariance function. The predictive

error for the GP regressor of the low-fidelity model is Q2 = 0.91 using a nugget effect in the Gaussian
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Table 4.5: Comparison of the multi-fidelity methods on the CURRIN function viaQ2
T, CP80% and MPIW80%.

GP 1F AR(1) DeepGP MBK GPBNN

Q2
T 0.73 0.80 0.29 0.27 0.88

CP80% 0.68 0.80 0.62 0.57 0.80
MPIW80% 0.5 1.0 0.13 1.9 0.51

Figure 4.5: Illustration of the double pendulum.

process regression. The BNN is defined with Nl = 40 neurons and the mean and variance are evaluated

by eqs. (4.18) and (4.19) with Nv = 500. Nl could be chosen arbitrarily but the fact that we are in a small

data context leads us to choose a small value. It is possible to use cross-validation to choose Nl, but

the computer cost would be here prohibitive. The previous example discussed in section 4.3.1 suggests

choosing S between 3 and 5 for the low-fidelity surrogate model sampling. In this example, due to the

large low-fidelity error the model needs a large value of S to account appropriately for the uncertainty and

we choose S = 5.

All methods have been compared in table 4.5. The GPBNN model in this example seems to be

accurate in terms of Q2
T and in uncertainty quantification. It is much better than the GP 1F model (single-

fidelity GP model built with the high-fidelity data). We presume that it is due to the lack of high-fidelity

data. AR(1) model gives better but not satisfying results. This is expected due to the non-linearity between

codes. The results of the DeepGP method and the MBK method are worse than the one of the GP 1F in

error and in uncertainty. For the DeepGP this can be understood by the fact that the covariance is not well

adapted, see (Cutajar et al., 2019). And for the MBK the lack of points leads to a very poor optimisation

of the hyper-parameters.

4.3.3 Double pendulum

The double pendulum system can be seen as a dual-oscillator cluster, see Figure 4.5. The system is

presented in (Perrin, 2020). The inputs of the system are of dimension 5, including (k,M, θ0, θ̇0, y0).

The output is of dimension 1, it is the maximum along the axis y of the position of the mass m in the

first 10 seconds. We have two codes: the high-fidelity code numerically solves Newton’s equation. The

low-fidelity code simplifies the equation, by linearisation for small angles of the pendulum motion, and
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Table 4.6: Comparison of the multi-fidelity methods on the pendulum example via Q2
T, CP80% and

MPIW80%.

GP 1F AR(1) DeepGP MBK GPBNN

Q2
T 0.93 0.94 0.95 0.54 0.95

CP80% 0.81 0.78 0.62 0.88 0.80
MPIW80% 0.154 0.146 0.069 0.859 0.101

solves the system. Our goal is to build a surrogate model of the high-fidelity code using NL = 100 and

NH = 20, with maximin LHS sampling. The input parameters are the mass M ∈ [10, 12], the spring

stiffness k ∈ [1, 1.4], the initial angle of the pendulum θ0 ∈ [π4 ,
π
3 ], the initial derivative θ̇0 ∈ [0, 1

10 ] and the

initial position of the mass y0 ∈ [0, 0.2]. The fixed parameters are ẏ0 = 0, the gravitational acceleration

g = 9.81, the length of the pendulum l = 2 and its mass m = 0.5. The output is the maximum in time of

the amplitude of the mass m. The error is computed on a test set, different for each learning set, of 64

samples uniformly distributed on the input space. To evaluate each model we use 5 independent learning

and test sets.

The Q2
l→l for the low-fidelity surrogate model with a Matérn 5/2 as kernel for the GP is 0.98. The

BNN is defined with Nl = 30 and Nv = 500, and we use the GPBNN strategy with S = 5. The results

are presented in Table 4.6. The prediction of the MBK method is not accurate compared to all the other

methods. We think that this is due to the small data set regarding the dimension of the BNN’s input.

However, the uncertainty of prediction is still accurate even if the prediction interval is large compared to

the other methods (i.e. the coverage probability is close to the target value). This result is very surprising

for us in regard with the poor quality of the low-fidelity model, that has a Q2
l→l of 0.7. The DeepGP model

shares the best predictive error with GPBNN. The single fidelity and the AR(1) models display slightly

larger errors. The CP80% values are in the target area for GP1F and AR(1) but they are associated with

large prediction intervals. The DeepGP clearly underestimates the uncertainty of its predictions. CP80%

value is good for the GPBNN and close to the target value. Moreover, the prediction interval is the smallest

of all methods. On this real life example the GPBNN is competitive compared to other state-of-the-art

methods.

4.4 Conclusion

Our main focus in this chapter is to give the Gaussian Process regression posterior distribution of a low-

fidelity model as input to a Bayesian neural network for multi-fidelity regression. Different methods are

proposed and studied to transfer the uncertain predictions of the low-fidelity emulator to the high-fidelity
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one, which is crucial to obtain minimal predictive errors and accurate predictive uncertainty quantification.

The Gauss-Hermite quadrature method is shown to significantly improve the predictive properties of the

BNN. The conducted experiments show that the GPBNN method is able to process noisy and real life

problems. Moreover, the comparison with some stat-of-the-art methods for multi-fidelity surrogate model

highlight the precision in prediction and in uncertainty quantification.

It is possible to extend this method to more than two levels of codes. This is done by considering

the output of the BNN as an input to the higher fidelity model. Two different models can therefore be

considered. One uses the output of the BNN directly and by sampling gives it as input to the higher fidelity

BNN. We can also generate realisations of our surrogate model and consider them as realisations of the

low-fidelity code and thus apply the GPBNN method.

The interest of combining regression method for multi-fidelity surrogate modeling is not to be proved,

but this manuscript adds the heterogeneity of models for multi-fidelity modeling. To be able to combine

heterogeneous models into one model and to consider the uncertainty between them is one of the keys

to adapt the multi-fidelity surrogate model to a real-life regression problem.

It exists several methods that allow large learning sets for GP regression. This approach could be used

for the GP part of the GPBNN. With more time in the training the BNN part will be able to deal with many

points, even if this ability is less critical because NL ≫ NH . Consequently, the GPBNN can be extended

in order to tackle larger data sets.

Existing autoregressive models and Deep GP can only be used for low-dimensional outputs. We wish

to extend the method to high-dimensional outputs. Dimension reduction techniques have already been

used as principal component analysis or autoencoder, as well as tensorized covariance methods (Perrin,

2020) and section 1.1.3 that remain to be extended to the multi-fidelity context. However, neural networks

are known to adapt to high-dimensional outputs. We should further investigate how to build multi-fidelity

surrogate models with functional input/output in the context of small data. The ability to construct models

that are tractable for high-dimensional input and output is key for further research.
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Chapter 5

Multi-fidelity wavelet Gaussian process

regression

The methods for multi-fidelity regression presented in chapters 3 and 4 are well suited to the case of

regression of one-dimensional outputs with multi-dimensional inputs. However, both methods based on

Gaussian processes and neural networks are limited in the number of training points or uncertainty esti-

mation. Moreover, with the improvement of numerical computation capacities, the output of the codes can

be of higher dimension and in particular time-series. This leads to an increase in the number of training

points. In this chapter we propose a method to perform multi-fidelity regression with time-series output

but limiting the number of training points.

Fourier transforms and wavelet transforms are commonly used to compress information from natural

signals. These methods allow working in known projection spaces which have the advantage to concen-

trate the information on a few coefficients. Moreover, these methods are invertible, which is essential for

regression. We have chosen not to study the Fourier transform because we are interested in signals that

are not periodic, but this method is efficient mainly in this context. We will therefore decompose our output

signals on a wavelet basis.

In this chapter we define an object called Wavelet Gaussian process equivalent to a Gaussian process

but in wavelet space. The interest is to concentrate the information, so that the training can be carried

out on the points with the most information. As the information is very concentrated we can dispense with

the information on the less informative points. The key is the construction of a covariance kernel in the

wavelet space. Using this kernel the selection of the training points is made with the addition of the data

expressed in the wavelet space.

Although this work is original, there is some work that has been done on Gaussian process regression

and wavelets. It is even interesting to note that work has already been done on multi-fidelity and wavelets.

In the manuscript (Zertuche, 2015) a framework for a multi-fidelity model is proposed but unlike this chap-
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ter the work focuses mainly on wavelet decomposition. We can also note the work of (De lozzo, 2013) in

which multi-fidelity and wavelets are considered together, even if in this case multi-fidelity is not considered

under the same perspective as in this manuscript. Indeed, this study is based on a high-fidelity code and

several non-hierarchical low-fidelity codes. The models are aggregated using Gaussian processes. Haar

wavelet transformations are also found in (De lozzo, 2013) for heteroscedastic regression. In this study

different models are linked using Haar wavelets. A simple-fidelity regression model in a wavelet basis is

presented in (Balafas, Kiremidjian, & Rajagopal, 2018). This paper proposes a model with independence

of coefficients, which is not the one favoured here. For the modeling of non-stationary processes we can

quote (Hu & Wang, 2015).

In this chapter the Wavelet Gaussian process is presented. Then the specific case of Wavelet Gaus-

sian process with Haar wavelet and Matérn kernel is presented. Finally, the multi-fidelity AR(1) model is

presented adapted to Wavelet Gaussian processes.

5.1 Wavelet Gaussian process

Let us assume that our prior knowlege of the code z(x, t) has the form of a Gaussian process Z(x, t) with

tensorized covariance. We express Z as:

Z(x, t) ∼ GP
(
µ(x, t), k(x, t,x′, t′)

)
, (5.1)

with t, t′ ∈ R, the mean function is µ and the kernel function can be expressed as k(x, t,x′, t′) =

kx(x,x
′)kt(t, t

′). kt is stationary, it means that kt(t, t′) = F (t − t′). The spectral density of Z for a fixed

x is kx(x,x)F̂ , where F̂ is the Fourier transform of F . This is a tensorized framework for covariance ker-

nel. The kernels kx and F can be chosen independently. The process Z is stationary if we assume that

the chosen kernels are stationary. The Gaussian process Z can be expressed as linear combination of

wavelet function and scale function. We call this the Wavelet Gaussian process (WGP). In the following

we will present this object.

In the following we will assume that the covariance is tensorized so that we will be able to eliminate

the x. Moreover, for the calculation of the covariance we assume a continuous time t. However, we know

that for the application the time is on a regular grid. Consequently, the model is defined for the case of

time on a grid. So we have a discretized model in t, but the covariance formula is expressed for any value

of t which allows to obtain it on all the points of the grid. In fact, the considered process is discretized, but

we have an expression for its continuous Fourier transform. This is what motivates the use of continuous

notations.

Definition 5.1.1. (Wavelet Gaussian process) Let ψ and ϕ be respectively a wavelet function and the scale

function. Let Z be a Gaussian process with tensorized covariance k = kxF , we construct an associated
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Gaussian process A such that the process Z can be expressed as:

Z(x, t) = A(x, 0, 0)ϕ(t) +
∑
j,k∈I

A(x, j, k)ψj,k(t), (5.2)

where I is defined in eq. (2.42), I =
∪

M→∞
{
j, k|j = 1, · · · ,M & k = 0, · · · , 2M−j − 1

}
. A is called the

(ϕ,ψ) WGP of Z.

Theorem 5.1.2. If Z is a Gaussian process with covariance kx(x,x′)F (t− t′), then the (ϕ,ψ) WGP A of Z

is a Gaussian process with covariance kA(x,x′, j, k, j′, k′) = kx(x,x
′)kWGP (j, k, j

′, k′):

kWGP (j, k, j
′, k′) =



1
2π

∫
ϕ̂(ξ)ϕ̂(ξ)F̂ (ξ)dξ j = j′ = 0

√
2j

2π

∫
e−iξ2jkψ̂(2jξ)ϕ̂(ξ)F̂ (ξ)dξ j = 0 and j′ ̸= 0

√
2j

2π

∫
e−iξ2j

′
k′ψ̂(2j

′
ξ)ϕ̂(ξ)F̂ (ξ)dξ j ̸= 0 and j′ = 0√

2j2j′

2π

∫
e−iξ(2jk−2j

′
k′)ψ̂(2jξ)ψ̂(2j′ξ)F̂ (ξ)dξ otherwise

(5.3)

Proof. In the proof we limit ourselves to the case j ̸= 0 et j′ ̸= 0. The other cases are variations of this

one.

This is done in order to separate the calculation of the covariance in x which is identical to the classical

case here and the covariance in t which is specific for the WGP. For a fixed x let us consider the Gaussian

process Zx(t) =
Z(t,x)√
kx(x,x)

of stationary covariance function F and spectral density F̂ :

F̂ (ξ) =

∫
F (t)e−iξtdt, (5.4)

and:

F (t) =
1

2π

∫
F̂ (ξ)eiξtdξ. (5.5)

The spectral representation of Zx(t) can be expressed as:

Zx(t) =
1

2π

∫ √
F̂ (ξ)eiξtdBξ, (5.6)

with Bξ a complex Wiener process. We have:

E
[
dBξdB

′
ξ

]
= 2πδ(ξ − ξ′)dξdξ′, (5.7)

with δ the Dirac delta function.
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If we combine eqs. (2.17) and (5.6) we can get an expression wavelet coefficients.

WZ
j,k =

∫
Zx(t)ψj,k(t)dt (5.8)

=
1

2π

∫∫ √
F̂ (ξ)eiξtψj,k(t)dtdBξ (5.9)

=
1

2π

∫ √
F̂ (ξ)ψ̂j,k(ξ)dBξ (5.10)

We consider that the mean of the Gaussian process is null. The covariance function k is then:

kWGP (j, k, j
′, k′) = Cov

(
WZ

j,k,W
Z
j′,k′
)
= E

[
WZ

j,kW
Z
j′,k′

]
. (5.11)

Consequently, eq. (5.11) gives:

kWGP (j, k, j
′, k′) =

1

2π

∫
ψ̂j,k(ξ)ψ̂j′,k′(ξ)F̂ (ξ)dξ (5.12)

with ψ̂j,k(ξ) complex conjugate of ψ̂j,k(ξ). Then the covariance can be expressed as a function of the

Gaussian process spectrum and the wavelet function:

kWGP (j, k, j
′, k′) =

√
2j2j′

2π

∫
e
−iξ

(
2jk−2j

′
k′
)
ψ̂(2jξ)ψ̂(2j′ξ)F̂ (ξ)dξ. (5.13)

Note that eq. (5.13) applies for any covariance kernel and any orthogonal wavelet basis.

5.1.1 The examples of Daubechies wavelet transform of GP with Matérn kernel

In this subsection we will consider that the covariance kernel is a Matérn 5/2 function and that the wavelet

basis considered is Haar. The Matérn 5/2 is presented in chapter 1. The expression of its spectral

density is important in this context. The Haar basis is presented in section 2.2.2. This transformation was

presented because it is a classic wavelet transformation. Its Fourier transform has a simple analytical

expression.

Theorem 5.1.3. If Z a Gaussian process with covariance kx(x,x′)F (t− t′), then the Haar WGP of Z is A.

If F be a Matern 5/2 kernel, then the covariance of A is kA(x,x′, j, k, j′, k′) = kx(x,x
′)kWGP (j, k, j

′, k′):

kWGP (j, k, j
′, k′) =

200
√
5σ2

3π
√
2j2j′

− ∑
i∈Nj,j′

αiπe
−

√
5|γi|
l

1000

(
3
√
5l2 + 7|γi|l +

√
5γ2i

)
−
∑

i∈Nj,j′

παi|γi|l
125

 , (5.14)

with values of αi, γi and Nj,j′ depending on j, k, j′, k′ given in tables 5.1 to 5.4.
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Proof. The first part of the proof is to show that the covariance function can be written as:

kWGP (j, k, j
′, k′) =

200l
√
5σ2

3π
√
2j2j′

∫ ∞

0

∑
i αi cos(ξγi)

ξ2 (l2ξ2 + 5)3
dξ. (5.15)

The second part of the proof is to determine the value of the integral:

D = 2l

∫ ∞

0

∑
i αi cos(ξγi)

ξ2 (l2ξ2 + 5)3
dξ.

In order to simplify the expressions we focus only on the case j ̸= 0 and j′ ̸= 0. The Matérn 5/3 kernel is:

F (τ) =

(
1 +

√
5|τ |
ℓ

+
5τ2

3ℓ2

)
exp

(
−
√
5|τ |
ℓ

)
, F̂ 5

2
(ξ) =

400
√
5

ℓ5

(
3

ℓ2
+ ξ2

)−3

. (5.16)

We compute eq. (5.13) for the kernel (Matérn 5/2). Equation (5.13) becomes:

kWGP (j, k, j
′, k′) =

200l

3π

√
5σ2
√
2j2j′

∫
e
−iξ

(
2jk−2j

′
k′
)
ψ̂(2jξ)ψ̂(2j′ξ)

dξ

(ξ2l2 + 5)3
. (5.17)

The Haar wavelet basis in eq. (5.13) is introduced. This gives :

kWGP (j, k, j
′, k′) =

3200l
√
5σ2

3π
√
2j2j′

∫
sin2

(
2jξ

4

)
sin2

(
2j

′
ξ

4

)
e
−iξ

(
2j(k+ 1

2
)−2j

′
(k′+ 1

2
)
)

ξ2 (l2ξ2 + 5)3
dξ (5.18)

We can note that:ℑ
(
exp−iξ(2jk − 2j

′
k′)
)
= −ℑ

(
exp iξ(2jk − 2j

′
k′)
)

, with ℑ a function that returns only

the imaginary part of the input element. Consequently, the imaginary part of kWGP (j, k, j
′, k′) is null and

kWGP (j, k, j
′, k′) can therefore be written as:

kWGP (j, k, j
′, k′) =

3200l
√
5σ2

3π
√
2j2j′

2

∫ ∞

0
sin2

(
2jξ

4

)
sin2

(
2j

′
ξ

4

)
cos
(
ξ
(
2j(k + 1

2)− 2j
′
(k′ + 1

2)
))

ξ2 (l2ξ2 + 5)3
dξ (5.19)

In order to simplify the integration, we try to have an expression of αi and γi such that:

sin2
(
2jξ

4

)
sin2

(
2j

′
ξ

4

)
cos

(
ξ

(
2j(k +

1

2
)− 2j

′
(k′ +

1

2
)

))
=
∑
i

αi cos(ξγi). (5.20)

The full computation is given in appendix C.2. The same can be proceeded for (j = j′ = 0), (j ̸= 0 and

j′ = 0) and (j = 0 and j′ ≠ 0). This gives tables 5.1 to 5.4. We have completed the first part of the proof.

Now we compute the second part of the integral:

D = 2l

∫ ∞

0

∑
i αi cos(ξγi)

ξ2 (l2ξ2 + 5)3
dξ. (5.21)
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In order to output the value of the integral it is necessary to ensure that the product of the cosine with a

rational fraction is integrable. To do this we decompose our rational fraction into a sum of 4 fractions:

1

ξ2 (ξ2l2 + 5)3
= − l2

125 (l2ξ2 + 5)
− l2

25 (l2ξ2 + 5)2
− l2

5 (l2ξ2 + 5)3
+

1

125ξ2
(5.22)

With using eqs. (5.21) and (5.22) we are able to simplify the integral to compute. To be able to

compute the value of the integral, the 4th term in cosine is modified by the property
∑

i αi = 0 we have∑
i αicos(γiξ) =

∑
i αi (cos(γiξ)− 1). Then:

D = 2l3
∫ ∞

0

∑
i

(
− αi cos(ξγi)

125 (l2ξ2 + 5)
− αi cos(ξγi)

25 (l2ξ2 + 5)2
− αi cos(ξγi)

5 (l2ξ2 + 5)3
−
αi sin

2( ξγi2 )

125ξ2l2

)
dξ. (5.23)

Since l > 0 and γi ∈ R, we compute the 4 integrals:

∫ ∞

0

cos(ξγi)

l2ξ2 + 5
dξ =

πe−
√
5|γi|
l

2
√
5l

, (5.24)

∫ ∞

0

cos(ξγi)

(l2ξ2 + 5)2
dξ =

πe−
√

5|γi|
l (5|γi|+

√
5l)

100l2
, (5.25)

∫ ∞

0

cos(ξγi)

(l2ξ2 + 5)3
dξ =

πe−
√

5|γi|
l (
√
5|γi|(5γ2i + 3l2) + 15γ2i l)

2000|γi|l3
, (5.26)

∫ ∞

0

sin2(ξγi/2)

ξ2
dξ =

π|γi|
4

. (5.27)

From the previous results we have:

D =−
∑
i

αil
2πe−

√
5|γi|
l

125
√
5

−
∑
i

αilπe
−

√
5|γi|
l (5|γi|+

√
5l)

1250

−
∑
i

αiπe
−

√
5|γi|
l (
√
5|γi|(5γ2i + 3l2) + 15γ2i l)

5000|γi|
−
∑
i

παi|γi|l
125

.

(5.28)

Straightforward computations give:

D = −
∑
i

(
αiπe

−
√
5|γi|
l

)[
60|γi|l2 + 35

√
5γ2i l + 5|γi|(5γ2i + 3l2)

5000
√
5|γi|

]
−
∑
i

παi|γi|
125

, (5.29)

D = −
∑
i

αiπe
−

√
5|γi|
l

1000

(
3
√
5l2 + 7|γi|l +

√
5γ2i

)
−
∑
i

παi|γi|l
125

, (5.30)

which completes the proof.
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i 1 2

αi
1
2 −1

2

γi 0 1

Table 5.1: Values of γi and αi for j = j′ = 0. N0,0 = {1, 2}.

i 1 2 3 4 5 6

αi 2 −2 −1 −1 1 1

γi −2j′k′ − 1
2 −2j′k′ + 1

2 2j
′ (1

2 − k
′)− 1

2 2j
′ (1

2 + k′
)
+ 1

2 2j
′ (1

2 − k
′)+ 1

2 2j
′ (1

2 + k′
)
− 1

2

Table 5.2: Values of γi and αi for j = 0 and j′ ̸= 0. N0,j′ = {1, 2, 3, 4, 5, 6}.

The computations of tables 5.1 to 5.4 are available in appendix C.2.

It should be noted that theorem 5.1.3 is necessary for the generation of WGP. This provides the

covariance matrix in the wavelet space of a given Gaussian process. It can be useful for some applications,

such as optimization or hyperparameters selection, to get the derivative of the covariance. The derivative

of the covariance can be found in appendix C.1. However, for the regression it is necessary to make some

further small adaptations.

Generate wavelet Gaussian process The purpose of this paragraph is to show the difference between

the generation of a GP and a WGP. In this paragraph we fix x. The GP is generated in the time domain.

The WGP is generated in the wavelet domain but thanks to the inverse wavelet transform we are able

to have realizations of the WGP in the time domain. The two GP are equivalent, as a consequence the

covariance in the time domain should be the same for the GP and the WGP. The comparison in the time

domain of the empirical covariance function obtained from a GP and a WGP with Matèrn kernel is given at

fig. 5.1. The two models are absolutely identical, it is just the empirical estimate of the covariance matrix

that is different from the theoretical matrix. It can be seen that the covariance of GP and WPG in the time

domain are equal, within to numerical errors.

The Goal is to generate a GP in the time domain with the framework of a WGP in the wavelet do-

main. This means that instead of computing the randomness on Z(x, t) we compute the randomness on

i 1 2 3 4 5 6

αi 2 −2 −1 −1 1 1

γi −2jk − 1
2 −2jk + 1

2 2j
(
1
2 − k

)
− 1

2 2j
(
1
2 + k

)
+ 1

2 2j
(
1
2 − k

)
+ 1

2 2j
(
1
2 + k

)
− 1

2

Table 5.3: Values of γi and αi for j ̸= 0 and j′ = 0, Nj,0 = {1, 2, 3, 4, 5, 6}.
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i 1 2 3 4 5 6 7 8 9

αi 4 −4 −2 −2 −2 1 1 1 1

γi − (2jk − 2j
′
k′) 0 2j

2 −2j

2 −2j
′

2
2j

′

2
2j

2 −
2j

′

2 −2j

2 + 2j
′

2
2j

2 + 2j
′

2 −2j

2 −
2j

′

2

Table 5.4: Values of γi and αi for j ̸= 0 and j′ ̸= 0.Nj,j′ = {1, 2, 3, 4, 5, 6, 7, 8, 9}.
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Figure 5.1: Comparison in the time-domain of the empirical covariance functions obtained from a WGP
and from a GP. We plot the covariance of the Gaussian vectors on a given time grid obtained from a WGP
(left) or form a GP. The time grid is t = 1, · · · , 64 and t′ = 1, · · · , 64, the correlation length is ℓ = 1

2 ∗ 64, the
variance is σ = 1. 1000 realizations are used to compute empirical covariance matrices.

page 106 Multi-fidelity surrogate modeling adapted to functional outputs



Multi-fidelity wavelet Gaussian process regression 5.1 Wavelet Gaussian process

0.0 0.2 0.4 0.6 0.8 1.0
t

2

1

0

1

2
Z(

t)
WGP
GP

Figure 5.2: Realizations of a WGP and a GP with same covariance in the time domain. The time grid is
t = 0, 1

63 , · · · , 1, the correlation length is ℓ = 1
2 , the variance is σ = 1

A(x, j, k). Figure 5.2 presents the same GP in the time domain, but one is generated in the time domain

and the other one, the WGP, is generated in the wavelet domain. We see that both are close from each

other. This allows us to consider the regression by WGP.

5.1.2 Regression of Wavelet Gaussian process in large dimension

We place ourselves in the framework of simple-fidelity regression. The aim of this section is to present the

tools for running the regression. We consider A is the WGP associated to Z. As the outputs of the code

are time-series, Nt data points (x, tu)
Nt
u=1 are available for all points in the training set x. For simplicity, we

assume that Nt = 2M with M ∈ N. At the observed data z(x, tu) of the GP Z(x, tu) we associate a(x, j, k)

with (j, k) ∈ I, associated to the WGP A(x, j, k) with (j, k) ∈ I because card(I) = Nt. This means that we

have Nt × Nx learning points (x, j, k). The expressions of the mean and variance, in section 1.1.2.1, of

the prediction limits the number of points that we can use for learning. This is due to the needed inversion

of R. We call NKrig the maximum number of points that can be considered for GP regression. Because

Nt ×Nx > NKrig the selection of point is the key to the regression.

One could say that we have the same problem as in the time domain. The difference is that the data

are more correlated in the wavelet domain, which allows us to condition on fewer points for the same

result. The question is: which points should be chosen to do the regression efficiently?
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Selection of points: In order to preserve the advantages of a surrogate model we limit ourselves to a

training set D̃ of NKrig points (x, j, k). For that it is necessary to eliminate points. We will thus classify

the points according to a criterion. For our criterion we have imagined two ideas. The first idea is to

look at the values of the coefficients. The objective is to take into account only the points which have the

largest a(x, j, k) observed values. We want to build the set D̃ = {(xi, ji, ki)}
NKrig
i=1 . The learning set D̃ must

maximize the criterion:

D̃ = argmaxD st card(D)=NKrig

∑
(x,j,k)∈D

a(x, j, k)2. (5.31)

This idea is inspired by what is done in wavelet-based image compression. The problem is that we can

only take into account points with a large amplitude but not necessarily an amplitude characteristic of the

data. We therefore arrive at the second idea which consists in taking into account the variance of each

coefficient. Therefore, from the given covariance theorem 5.1.3 it is possible to see which points should

have the largest and therefore play the largest role in the WGP. This can be written:

D̃ = argmaxD st card(D)=NKrig

∑
(x,j,k)∈D

V [A(x, j, k)] . (5.32)

The disadvantage of this method is that it does not take into account the data. So we tried to combine the

two approaches to have both advantages: using the data but also the points that have the most influence

on the WGP. We write the criterion:

D̃ = argmaxD st card(D)=NKrig

∑
(x,j,k)∈D

V [A(x, j, k)] + αa(x, j, k)2, (5.33)

with α the coefficient between the two criteria. This criterion seems to be efficient but depends on the

parameter α. In the following we take α = 1.

We did not investigate point selection further. However, it seems to us that a criterion taking into

account the reconstruction error in the time domain would be relevant. Work in this direction is in progress.

Regression: We use the same GP regression method as described in chapter 1. We call this GP

regression in wavelet domain or WGP regression. This regression is equivalent to the regression in the

time domain. The only difference is the covariance kernel. In order to make predictions it is necessary to

go back into the time domain. This is done with the discrete wavelet transform.

The optimization of the hyperparameters is initialized with the correlation length of a trajectory in time

domain. We fix a x in the training set and perform a GP regression on Z(x, t). By maximum likelihood es-

timation we obtain the initialization of the hyperparameters. For this we use the GP regression presented

in chapter 1. Then, we place ourselves in the wavelet domain, i.e. we perform the wavelet transform on

the data. We select the most interesting points (x, j, k) with the previously calculated correlation length,
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i.e. we construct D̃. This is done using eq. (5.33). This method is effective when the representation of the

data in a wavelet domain is sparce.

5.1.3 Illustration on an example

In this illustration we want to emulate a function g of 2 variables t and x. The expression of g is:

g(x, t) = sin(4π(
x

4
+ 1)t+

x

10
). (5.34)

The input variable is x ∈ [0, 1]. The so-called time variable is t ∈ [0, 1]. For this example we have Nt = 32,

Nx = 13 for the learning set. The goal of this illustration is to show the point selection and the regression

efficiency. In order to perform the point selection we first construct the WGP covariance matrix associated

with the data. This covariance matrix, shown in fig. 5.3, is typical of a data concentrating transformation.

It can be seen that only certain coefficients have a significant variance. The idea of point selection is to

assume that we are able to estimate all the coefficients from carefully selected points. We have tested the

3 selections procedure described in the previous subsection. We have observed that the first procedure

gives unreliable result. The second one gives unstable results. The last one gives results that we describe

below.

5.1.3.1 Point selection:

On fig. 5.3, we can see that a significant proportion of the points (x, j, k) play a small role in the wavelet

Gaussian process, i.e. setting manyA(x, j, k) coefficients to zero has little effect on Z(x, t). This motivates

the fact that we neglect to add the least interesting points to the learning set. The criterion 5.33 was

chosen. The ratio of selected points (x, j, k) is 1 in 5 in the training set.

5.1.3.2 Results:

The prediction of the WGP surrogate model is accurate compared to the actual code. As illustrated in

fig. 5.4 the results are accurate.

We can see that visually the prediction is accurate for each of the trajectories. However, the Q2(t)

is not completely satisfactory at certain points. This is due to the example having a very low dispersion

close to t = 0.1. So the prediction has to be very good to get a good Q2(t). But as t increases prediction

quantity improves, and we end up with a value of Q2(t) close to 1 for t close to 1.

It can also be noted that a decrease in the quality of the prediction is present periodically. This is

particularly visible on the Q2(t). However, these poorly predicted points are the local maxima of the

function. We have therefore made the hypothesis that this is due to the sampling of the sine function. The

effect fades away as the sine function shifts in phase and there is no longer a cluster effect of maximums.
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Figure 5.3: Covariance matrix for the learning points (x, j, k). Each axis encodes the triple (x, j, k). The
grid of the matrix is {(xi, j = 0, k = 0); (xi, j = 1, k = 0); (xi, j = 1, k = 1), i = 1, · · · , Nx}. The crossed
points are the ones selected for the learning part. We represent the covariance for the values of x, j, k
with the highest amplitudes. As such most of the coefficients have not been presented.
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Figure 5.4: Result of regression. On left three examples of trajectories x = 0.20, 0.29, 0.97, solid lines are
the function and dashed lines are the prediction. On right, we see the Q2(t) of the WGP regression. For
this example we have Nt = 32, Nx = 13 and x ∈ [0, 1] on a uniform grid in t and x.

This problem is particularly difficult because the sinus has a different frequency for each value of x.

This type of configuration is particularly difficult to manage for dimension reduction methods such as SVD.

It is with this type of problem in mind that we have devised this method.

5.2 Towards multi-fidelity Wavelet regression

In this section we explain how to modify the WGP framework for multi-fidelity using the AR(1) model.

AR(1) modeling for multi-fidelity is accurate in many contexts, see chapter 3. An attempt has been

made in this section to adapt the WGP to AR(1) multi-fidelity. The objective is to build a model with the

same properties as the AR(1) model but in the wavelet domain.

Let assume that (ZH , ZL) is a Gaussian process of the form:

ZL(x, t) = AL(x, 0, 0)ϕ(t) +
∑
j,k

AL(x, j, k)ψj,k(t),

ZH(x, t) = AH(x, 0)ϕ(t) +
∑
j,k

AH(x, j, k)ψj,k(t),

then the AR(1) hypothesis is done on (ZH , ZL):

ZH(x, t) = ρ̃(x)ZL(x, t) + δ̃(x, t),
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with δ̃ and ZL two independent GP. The hypothesis is also true for (AH , AL):

AH(x, j, k) = ρ(x)AL(x, j, k) + δ(x, j, k),

with δ and AL two independent GP. We assume that the covariance of (ZH , ZL) is of parametric form.

Then the covariance of (AH , AL) is of parametric form. This model is proposed in chapter 3. AH and AL

are correlated. This method is considered to solve the problem of multi-fidelity with large output dimension.

Selection of points The selection of points for multi-fidelity poses an additional problem. If we use the

AR(1) framework with the implementation of (Le Gratiet & Garnier, 2013), it is convenient to have nested

designs between high and low-fidelity. However, with the criterion proposed in section 5.1.3.1, nesting is

not guaranteed. It can be noted that the nesting criterion can be relaxed, see (Zertuche, 2015), but this is

done at the cost of an increase in the computational cost. The nesting constraint can also be seen as a

constrained optimisation problem, which is the method we envisage for future work.

Multi-fidelity is for the moment an avenue for the use of WGP. Results for solving high-dimensional

output multi-fidelity using WGPs are still to come.

5.3 Conclusion

This chapter is the basis for our work on WGPs. The aim is to show the interest of such a framework. It

has been shown to be of interest for simple-fidelity regression with high dimensional output. Thanks to an

illustration we have seen that WGP can be adapted to particular cases. Focusing on Haar wavelets and

Matérn kernels we were able to describe analytically the covariance of WGPs.

Then we presented the property that interests us for the transition to multi-fidelity. It is thanks to this

modeling that we hope to be able to implement the WGP in multi-fidelity.

However, there are still a number of difficulties to overcome. The first of these is point selection. We

have proposed a simple and efficient method for our illustration but it seems difficult to go further into the

implementation. The second difficulty will be the transition to multi-fidelity with several training sets. In

particular, the question of nested designs, which does not pose too many problems in applications, will be

an issue. There are however tools as proposed in (Le Gratiet, 2013b, ap. B).
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Chapter 6

Dimension reduction for multi-fidelity

functional output

We have described in section 1.1.3 a simple-fidelity regression method for time-series outputs. Moreover,

the AR(1) multi-fidelity model for scalar outputs is described in section 3.1.1. We therefore seek to com-

bine the two methods. In this chapter two approaches are presented. The first approach consists of a

modification of the covariance tensorization method. However, this method cannot be used numerically.

For this reason, two methods have been introduced based on covariance tensorization method and the

AR(1) model. The first method is based on dimension reduction. The second method adds an orthogonal

part to the first. As it is independent, GP regression with tensorized covariance can be used. The positive

results presented in this chapter are also available in (Kerleguer, 2021).

6.1 Limitation of the tensorized covariance method for multi-fidelity

In this section we use covariance tensorization to perform a multi-fidelity regression. However, when

confronted with the limitations of this method, we find that it is not feasible in practice

6.1.1 Regression problem

To carry out a single-fidelity regression for a code whose output is a time-series we can use the method

presented in section 1.1.3 or use output dimension reduction. This work is inspired by: (Rougier, 2008)

which shows a separation of the covariance matrix, (Conti, Gosling, Oakley, & O’Hagan, 2009) which

presents its use in Gaussian processes and (Perrin, 2020) which presents a regression model. (Marque-

Pucheu, 2018) gives the structure we will use in this manuscript.

We are interested in the problem presented in section section 1.1.3. We start with some reminders on

the covariance function and numerical methods of resolution in the simple-fidelity framework.
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Definition 6.1.1. Let C be the covariance function of the GP regression proposed in section 1.1.3. We

assume that there exists two covariance functions Ct and Cx such that:

C
(
ti, tj ,x,x

′) = Ct (ti, tj)Cx

(
x,x′) , 1 ≤ i, j ≤ Nt,x,x

′ ∈ Rd (6.1)

Consequently, the matrices Rt and Rx that determine the covariance matrix of the data are defined

as:

(Rt)ij = Ct (ti, tj) , (Rx)kl := Cx

(
x(k),x(l)

)
. (6.2)

Note: For simple-fidelity GP regression we are able to estimate the matrix Rt. We use (Perrin, 2020,

Proposition 3) and get:

R̂t :=
1

Nx

(
Yobs − M̂

)
Rx

−1
(
Yobs − M̂

)T
, (6.3)

with Yobs the outputs Nt ×Nx matrix of the code and M̂ the mean of the outputs for "Simple Kriging" and

a linear combination of functions for "Universal Kriging".

As reported in (Perrin, 2020), the matrix Rx is typically ill-conditioned. The chosen regularization is:

R̂x
−1 = (Rx + εINx)

−1 (6.4)

This regularization seems better for GP regression with tensorized covariance than the following regular-

ization:

R̂x
−1 =

(
Rx

TRx + ε2INx

)−1
Rx (6.5)

To compute eq. (6.3) the value of ε must be large enough and the regularization proposed in eq. (6.4) is

used.

We now seek to extend the method proposed in section 1.1.3 to multi-fidelity. To do this, we will start

by setting up a model. Then a resolution method is presented with the estimates presented in the model.

For the multi-fidelity regression we assume that:

ZH(x, t) = ρZL(x, t) + δH(x, t), (6.6)

with ZL(x, t) and δH(x, t) are independent Gaussian processes. ZL(x, t) is of mean µL and tensorized

covariance CL. By the model of eq. (6.1) we set:

CL = CtLCxL. (6.7)

of the form given in eq. (6.1). δH(x, t) is of mean µδ and tensorized covariance Cδ. Equation (6.1) gives
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the expression of the covariance:

Cδ = CtδCxδ. (6.8)

In order to estimate the outputs of two codes: high-fidelity (H) and low-fidelity(L). The problem can be

express as in property 6.1.2.

Property 6.1.2. In the multi-fidelity model 6.6 the joint distribution of Z(x)
H = {ZH(x, tu), u = 1, · · · , Nt},

Z
(DH)
L =

{
ZH(x(i), tu), u = 1, · · · , Nt; i = 1, · · · , NH

}
and Z(DL)

L =
{
ZH(x(i), tu), u = 1, · · · , Nt; i = 1, · · · , NL

}
,

knowing µL, µδ, ρ and the hyperparameters of CL and Cδ, is:


Z

(x)
H

Z
(DH)
H

Z
(DL)
L

 ∼ N


ρµL (x) + µδ (x)

ρµ
(DH)
L + µ

(DH)
δ

µ
(DL)
L

 ,

ρ2C(x)
L + C

(x)
δ rx(x)

T

rx(x) B


 , (6.9)

with the covariances of the outputs C(x)
L = {CL(x,x, tu, tv), u = 1, · · · , Nt; v = 1, · · · , Nt}, same for C(x)

H ,

rx(x) =
(
ρ2C

(DH ,x)
L + C

(DH ,x)
δ , ρC

(DL,x)
L

)T
and

B =

ρ2R(DH)
L +R

(DH)
δ ρC

(DH ,DL)
L

ρC
(DL,DH)
L R

(DL)
L

 ,

with R
(DH)
L and R

(DH)
δ are NtNH × NtNH covariance matrix and R

(DH)
L is a NtNL × NtNL covariance

matrix. C(DL,DH)
L is a NtNL ×NtNH covariance matrix.

The distribution Z
(x)
H |Z

(DH)
H = z

(DH)
H , Z

(DL)
L = z

(DL)
L , µL, µδ, ρ, CL, CH is Gaussian with mean µ⋆H(x)

and variance v⋆H(x):

µ⋆H(x) = ρµL (x) + µδ (x) + rTx (x)B
−1 (z− F) , (6.10)

with z =
(
z
(DH)
H , z

(DL)
L

)
, F =

(
ρµ

(DH)
L + µ

(DH)
δ , µ

(DL)
L

)
, and

v⋆H(x) = ρ2C
(x)
L + C

(x)
δ − rTx (x)B

−1rx(x). (6.11)

In order to perform the GP regression it is necessary to perform an inversion of the Nt(NH + NL) ×

Nt(NH +NL) matrix B. For this purpose a generalized eigenvalue problem is introduced.

Definition 6.1.3. This definition is extracted form (Harville, 1998, Section 21.14) and (Van Loan & Golub,

1983, Section 8.7).

Given a symmetric matrix A ∈ Rn×n and a symmetric positive definite B ∈ Rn×n, the generalized eigen-

value problem is finding the not-null vectors x and scalar λ that satisfy

Ax = λBx (6.12)
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Theorem 6.1.4. ((Van Loan & Golub, 1983, Corollary 8.7.2)) If we assume that A and B satisfy the

conditions of definition 6.1.3 then we can write the matrices A and B in the form: A=VΛVT

B= VVT
, (6.13)

where V = (x1, · · · , xn) and Λ = diag λ1, · · · , λn.

This corollary gives that the matrices A and B can be expressed in the same basis as diagonal

matrices. In addition, the diagonal ratio gives the generalized eigenvalues. By a basis change we can

therefore reduce ourselves to the case of theorem 6.1.4.

Remark 6.1.5. However, the matrices whose system we want to solve are ill-conditioned. It is therefore

necessary to carry out a regularization. (Ghojogh, Karray, & Crowley, 2019) presents two methods. The

solution we used is the one called the rigorous solution.

The algorithm is used in (Ghojogh et al., 2019, Algorithm 1).

Property 6.1.6. Using the tensorization definition 6.1.1 we get eq. (6.14).

B =

ρ2RL,t ⊗R(DH)
L,x +Rδ,t ⊗R

(DH)
δ,x ρRL,t ⊗ C(DH ,DL)

L,x

ρRL,t ⊗ C(DL,DH)
L,x RL,t ⊗R(DL)

L,x

 (6.14)

Since the temporal grid is common to all samples the matrix RL,t is estimated with all samples from

the low-fidelity code and eq. (6.3) and the matrix RH,t from high-fidelity samples using eq. (6.3) with

Yobs = {zH(x, tu)− ρzL(x, tu), u = 1, · · · , Nt and x ∈ DH}. We assume that Nt > NH in order to ensure

that RH,t is invertible.

If we use remark 6.1.5 RL,t and RH,x can be expressed as: RL,t=VΛVT

RH,t= VVT
. (6.15)

Remark 6.1.7. Note that the diagonal terms of Λ are non-negative because RL,t is symmetric positive

semi-definite. The expression eq. (6.15) leads to a simplification in B:

B = (V ⊗ INL+NH
)C
(
VT ⊗ INL+NH

)
, (6.16)

with

C =

ρ2Λ⊗R(DH)
L,x + INt ⊗R

(DH)
H,x ρΛ⊗ C(DH ,DL)

L,x

ρΛ⊗ C(DL,DH)
L,x Λ⊗R(DL)

L,x

 . (6.17)
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We want to invert the B matrix. To do this, we calculate the inverse of the C matrix using Schur’s

formula ((Gallier, 2010), (Harville, 1998, Theorem 8.5.11)). This gives us eq. (6.18).

C−1 =

 Q−1 −Q−1UT

−UQ−1 Λ−1 ⊗R(DL)
L,x

−1
+ UQ−1UT

 (6.18)

with,

Q = INt ⊗R
(DH)
H,x + ρ2Λ⊗

(
R

(DH)
L,x + C

(DH ,DL)
L,x R

(DL)
L,x

−1
C

(DL,DH)
L,x

)
(6.19)

and

U = ρINt ⊗
(
R

(DL)
L,x

−1
C

(DL,DH)
L,x

)
(6.20)

For the computation of Λ−1 ⊗R(DL)
L,x

−1
eq. (6.18) we use the Moore-Penrose inverse for Λ.

Remark 6.1.8. Instead of computing 6.19 and to invert this formula, a better solution is to consider D =

R
(DH)
H,x and E = ρ2

(
R

(DH)
L,x + C

(DH ,DL)
L,x R

(DL)
L,x

−1
C

(DL,DH)
L,x

)
and to compute:

Qi
−1 = (D + λiE)−1 (6.21)

with Qi the ith diagonal block of the matrix Q. This reduces the computation cost of the inversion from

(NtNH)2 to NtN
2
H .

6.1.2 Fault line

The general problem we are trying to solve to be able to invert the B matrix is to find a V matrix such that

we can write the Rt,L and Rt,H matrices in the form: Rt,L=VΛVT

Rt,H= VVT
. (6.22)

In other words: we are trying to express two matrices without links and whose only known property is to

be semi-positive definite. However, the two matrices are very ill-conditioned. With a strong regularization

we thought we could solve the problem. Thanks to a strong regularization we can write the two matrices

in the same reduced basis.

The problem we encountered is that V then contains large coefficients which in the end explode the

outputs of our metamodel. Indeed, very small eigenvalues are multiplied by very large coefficients, which

come from V. Thus, it can be said that it is generally not possible to use this method for regression.

Therefore, we introduce in section 6.2 other methods that solve a similar problem to this one.
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6.2 AR(1) multi-fidelity model with projection

For dimension reduction, as in (Nanty et al., 2017), a basis is chosen. The functional output is expanded

onto this basis, the expansion is truncated, and a surrogate model is built for each scalar-valued coefficient

of the truncated expansion. In our case, we deal with both multi-fidelity and time-series outputs.

One solution could be to use covariance tensorization in the multi-fidelity framework. This method

requires the inversion of large covariance matrices. However, the inversion methods that are possible in

a single-fidelity framework become impossible in a multi-fidelity framework because the matrices are then

too ill-conditioned to be inverted.

This leads us to introduce new methods. The most naive method consists in starting again from the

dimension reduction technique and to carry out the projection of the outputs of the two codes onto the

same appropriate basis. It is therefore possible to use the model eq. (3.1). The problem is that it is not

possible to define a basis that is optimal for both the high- and low-fidelity codes. A basis estimated from

the low-fidelity data is preferred as it is more robust thanks to the larger number of data.

6.2.1 Model

We recall that (ZL, ZH) is a stochastic process. The temporal grid is {tu}u∈{1,...,Nt}. We assume a hi-

erarchical model. First, we define a model for the basis, determined by an orthogonal matrix Γ, in the

space RNt of the time-series outputs. Second, given the basis we propose a model for the x-dependent

coefficients of the decomposition of (ZL, ZH) onto this basis.

Without prior knowledge the matrix Γ is assumed to have a non-informative distribution in the orthog-

onal group ONt , the group of Nt × Nt orthogonal matrices. This distribution is the Haar measure on the

orthogonal group ONt also called the Uniform Orthogonal Matrix Law. To generate a random matrix from

the Haar measure over ONt , one can first generate a Nt × Nt matrix with independent and identically

distributed coefficients with the reduced normal distribution, then, apply the Gram-Schmidt process onto

the matrix. As shown in (Diaconis, 2005), this generator produces a random orthogonal matrix with the

uniform orthogonal matrix law. This method completely ignores the available data and is not appropriate

in our framework.

Let Γ be an orthogonal Nt ×Nt matrix. The columns of Γ, Γi, form an orthonormal basis of RNt . We

assume that, given Γ, (ZL, ZH) is a Gaussian process with a covariance function which is such that, for

any x,x′, the matrix (C(x,x′, tu, tu′))Nt
u,u′=1 can be diagonalized on the basis formed by the columns of Γ.

page 118 Multi-fidelity surrogate modeling adapted to functional outputs



Dimension reduction for multi-fidelity functional output 6.2 AR(1) multi-fidelity model with projection

The processes ZF can then be expanded as:

ZL(x, tu) =

Nt∑
i=1

Ai,L(x)Γi(tu), (6.23)

ZH(x, tu) =

Nt∑
i=1

Ai,H(x)Γi(tu), (6.24)

where
(
Ai,L(x), Ai,H(x)

)
are Gaussian processes which are independent with respect to i, given Γ.

NF observations are available for different values of x at the fidelity F. Let
(
αi,F(x)

)Nt

i=1
be the RNt-

valued function:

αi,F(x) =

Nt∑
u=1

zF(x, tu)Γi(tu). (6.25)

We denote by αF
i the 1 ×NF row vector

(
αi,F(x

(j))
)NF

j=1
that contains the available data. The full data set

is α =
(
αL, αH).

Consequently, we can use the model presented in section 3.1.1 given Γ. This leads us to the model

presented in Equation (6.26). Given Γ, ∀i ∈ {1, . . . , Nt},


Ai,H(x) = ρi,L(x)Ãi,L(x) + δi(x)

Ãi,L(x) ⊥ δi(x)

ρi,L(x) = gTi (x)βρL,i

, (6.26)

where:

[δi(x)|Γ, σi,H , βi,H ] ∼ GP
(
fTi,H(x)βi,H, σ

2
i,Hri,H(x,x

′)
)
,

and Ãi,L(x) a Gaussian process conditioned by the values αL. The distribution of Ãi,L(x) is the one of[
Ai,L(x)|Γ,AL = αL, βi,L, σi,L

]
where:

[
Ai,L(x)|Γ, σi,L, βi,L

]
∼ GP

(
fTi,L(x)βi,L, σ

2
i,Lri,L(x,x

′)
)
. (6.27)

gi(x) are vectors of q regression functions, fi,F(x) are vectors of pF regression functions, ri,F(x,x′) are

correlation functions, βi,F are pF-dimensional vectors, βρL,i are q-dimensional vectors and σ2i,F are positive

real numbers. For simplicity the regression functions gi and fi,F do not depend on i.

6.2.2 The posterior distribution of the basis

In the model presented in section 6.2.1 we assume that basis follows a uniform distribution. We are

looking for the posterior distribution of the basis. For this purpose, two approaches are proposed in

this subsection.If a lot of information based on the output of the code is available, then we can use a

Dirac distribution concentrated on one orthogonal matrix γ (it is a form of plug-in method). As shown in
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section 6.2.2.1, the matrix γ can be estimated from the SVD of the low-fidelity data. If the uncertainty

on the basis is to be taken into account because the amount of information is not large enough, then an

empirical distribution based on cross-validation procedure can be used as shown in section 6.2.2.2. In

order to make the best use of the available information, i.e. the known results of the code, an empirical

law can be used (it is a form of full Bayesian method).

6.2.2.1 Dirac distribution

We can choose the distribution of the random matrix Γ as a Dirac distribution concentrated on a well

chosen orthogonal matrix γ. This matrix is chosen when the basis is known a priori or if the basis can be

efficiently estimated from the observed code outputs. Motivated by the remark below Equation (6.24), the

matrix γ can be computed using the singular value decomposition (SVD) of the code outputs.

The general idea is to choose subsets D̃F ⊂ DF of size ÑF and to apply a SVD on the Nt×
(
ÑH + ÑL

)
matrix Z̃obs that contains the observed values (zH(x, tu))u=1,...,Nt

x∈D̃H

and (zL(x, tu))u=1,...,Nt

x∈D̃L

. The SVD gives:

Z̃obs = ŨΛ̃ṼT . (6.28)

The choice of γ is Ũ.

The first idea is to mix all available data, high- and low-fidelity: D̃H = DH and D̃L = DL. However,

we typically have that NL ≫ NH, so the basis is mainly built from the low-fidelity data. In addition, the

small differences in the data between high- and low-fidelity code outputs that would be useful to build the

basis have negligible impact because they are overwhelmed by the low-fidelity data. This method is not

appropriate in our framework.

We have to choose between high- and low-fidelity. High-fidelity has the advantage of being closer to

the desired result. However, it is also almost impossible to validate the chosen γ because the high-fidelity

data size NH is small. The low-fidelity data set is larger, hence the estimation of γ is more robust. In order

to choose γ, we therefore suggest to use the low-fidelity data and to calculate the SVD with D̃H = ∅ and

D̃L = DL.

6.2.2.2 Cross-Validation Based (CVB) distribution

The downside of the Dirac distribution is that the uncertainties on the basis estimation are not taken

into account. A cross-validation based (CVB) method to assess the uncertainty estimation is therefore

considered.

The proposed method uses only the low-fidelity data because it is assumed that there are too few high-

fidelity data to implement this method, so D̃H = ∅. For the construction of the basis we try to have different

sets to evaluate the basis in order to have empirical estimates of the moments of the basis vectors. Let k
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be a fixed integer in {1, . . . , NL}. Let I = {J1, . . . , Jk} be a random set of k elements in {1, . . . , NL}, with

uniform distribution over the subsets of k elements in {1, . . . , NL}. The empirical distribution for the matrix

Γ is defined as follows: for any bounded function f : ONt → R,

E [f(Γ)] =
1(
NL
k

) ∑
{J1,...,Jk}⊂{1,...,NL}

f(Ũ[J1,...,Jk]), (6.29)

where Ũ[J1,...,Jk] is the matrix of the left singular vectors of the SVD of(
zL(x

(i), tu)
)

u∈{1,...,Nt}
i∈{1,...,NL}\{J1,...,Jk}

. This distribution depends on the choice of k.

6.2.3 Predictive mean and variance of ZH

The goal of this section is to calculate the posterior distribution of ZH(x, tu). The problem can be split into

two parts: the multi-fidelity regression of the basis coefficients knowing Γ and the integration with respect

to the distribution of Γ. The Dirac and CVB distributions described in section 6.2.2 can be used to define

the law of Γ.

Multi-fidelity surrogate modeling of the coefficients By applying the model proposed in section 3.1.1

we can therefore deduce the prediction mean and variance. Their expressions are given in appendix B.2.

6.2.3.1 Dirac law of Γ

Here we assume that the law of Γ is Dirac at γ. Consequently, the posterior distribution of ZH(x, t) is

Gaussian. In order to characterize the law of ZH(x, tu) it is necessary and sufficient to compute its mean

and variance.

Mean: The posterior mean is:

E [ZH(x, tu)|A = α] =

Nt∑
i=1

γi(tu)E
[
Ai,H(x)|A = α

]
, (6.30)

where the expectation E
[
Ai,H(x)|A = α

]
is given by eq. (B.3).

Variance: The posterior variance:

V [ZH(x, tu)|A = α] =

Nt∑
i=1

γ2i (tu)V
[
Ai,H(x)|A = α

]
, (6.31)

where the variance V
[
Ai,H(x)|A = α

]
is given by eq. (B.4).
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6.2.3.2 CVB law of Γ

Because the law is different from Dirac the posterior distribution of ZH(x, t) is not Gaussian anymore.

However, we can characterize the posterior mean and the variance of ZH(x, tu).

We denote Eα [·] = E [·|A = α], Vα [·] = V [·|A = α], EZobs [·] = E [·|Z = Zobs] and VZobs [·] = V [·|Z = Zobs],

with Zobs the observed data. Zobs =
(
zH(x(i), tu), zL(x

(j), tu)
)
u=1,...,Nt
i=1,...,NH
j=1,...,NL

Mean The linearity of the expectation and the law of total expectation give:

Eα [ZH(x, tu)] =

Nt∑
i=1

Eα

[
Γi(tu)Eα

[
Ai,H(x)|Γ

]]
, (6.32)

where the expectation Eα

[
Ai,H(x)|Γ

]
is given by Equation (B.3).

Variance The law of total variance gives :

Vα [ZH(x, tu)] = Vα [Eα [ZH(x, tu)|Γ]] + Eα [Vα [ZH(x, tu)|Γ]] (6.33)

By appendix B.3 we get:

Vα [ZH(x, tu)] =
∑Nt

i=1Vα

[
Γi(tu)Eα

[
Ai,H(x)|Γ

]]
+
∑Nt

i,j=1,i ̸=j Covα(Γi(tu)Eα

[
Ai,H(x)|Γ

]
,Γj(tu)Eα

[
Aj,H(x)|Γ

]
)

+
∑Nt

i=1 Eα

[
Γ2
i (tu)Vα

[
Ai,H(x)|Γ

]] . (6.34)

Equations (6.32) and (6.34) are combinations of expectations of explicit functions of Γ. We can com-

pute the result using our knowledge on the law of Γ. The expectation of a function of Γ is given by

Equation (6.29).

6.2.4 Truncation

There is a problem with the surrogate modeling of the coefficients of the decomposition with indices larger

than NL. Indeed, we typically have NL < Nt so the vectors Γi with indices larger than NL of the basis

are randomly constructed, which is not suitable for building surrogate models. To solve this problem, it

is possible to truncate the sum. Only the first N coefficients, with N ≤ NL are calculated. This would

be reasonable if the contributions of the terms Ai,H(x)Γi(tu) for i > N were negligible. However, it turns

out that these terms are often not collectively negligible and the truncation method does not achieve a

good bias-variance trade-off even when optimizing with respect to N (by a cross validation procedure for

instance). The high- and low-fidelity outputs do not necessarily have the same forms. Thus, it is possible
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Figure 6.1: Error and prediction interval evaluation in the prediction of the double pendulum, see sec-
tion 6.4, for different values of N .

that an important part of the high-fidelity code is neglected because it is not taken into account by the

sub-space spanned by {Γi}i≤N . We will therefore propose in the next section an original method to tackle

this problem.

In order to choose the best value of truncation N we study the Q2, CP80% and MPIW80% averaged

over all as functions of N . Figure 6.1 shows that the estimation error Q2 saturates to a value of the order

of 0.8 for N = 10. It can be seen that the quality of the prediction interval, represented by CP80% and

MPIW80%, evolves as the Q2. This shows that it is not possible to build good predictive models for the

components Ai,H(x)Γi(tu) for i ≥ 10. We will see in section 6.3 that it is possible to build a surrogate

model for ZH(x, tu) with better predictive properties than the truncated model presented here. This can

be achieved by modeling and estimating the orthogonal part consisting of the sum of the last components

in a collective way.
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6.3 AR(1) Multi-fidelity model with projection and orthogonal part

The naive method presented in section 6.2 has many flaws. It leaves part of the output untreated by

regression and the variance is underestimated. The major problem with the solution we propose in sec-

tion 6.2, is that we typically have NL < Nt. Consequently, for i > NL the vectors Γi of the basis do

not represent the typical variations of ZH. We should find an appropriate way to predict the law of the

projection of ZH on span {Γi, i > NL}.

One interesting approach is to apply the covariance tensorization method to the orthogonal part. This

idea is to address the last terms of the expression collectively through a GP model with tensorized co-

variance structure. This allows us to split the problem into two parts. The first part is to compute (as

presented in the previous section) the first N terms of the expansion of ZH onto the basis by using a

co-Kriging approach. The second part is to compute the projection of ZH onto the orthogonal space by

using a Kriging approach with tensorized covariance. The choice of the optimal N will be carried out by a

K-fold cross-validation method.

6.3.1 Decomposition

We recall that (ZL, ZH) is a stochastic process. The temporal grid is {tu}u∈{1,...,Nt}. We assume a hi-

erarchical model. First, we define a model for the basis, determined by an orthogonal matrix Γ, in the

space RNt of the time-series outputs. Second, given the basis we propose a model for the x-dependent

coefficients of the decomposition of (ZL, ZH) onto this basis.

Without prior knowledge the matrix Γ is assumed to have a non-informative distribution in the or-

thogonal group ONt , the group of Nt × Nt orthogonal matrices. The proposed method is based on the

decomposition of the outputs, as presented in eq. (6.23).

Projection Let Γ be an orthogonal matrix. Let N be an integer, smaller than the time dimension

Nt. As discussed in section 6.2.4 the full computation of all Nt surrogate models may not give good

results. This leads to the idea of the introduction of the orthogonal subspaces S
∥
N and S⊥

N , where

S
∥
N = span {Γ1, . . . ,ΓN} and S⊥

N = span {ΓN+1, . . . ,ΓNt}.

Given a basis Γ it is possible to decompose the code outputs. The decomposition over the basis Γ

gives us coefficients. We decompose ZH and ZL over the subspace S∥
N . The rests are denoted Z⊥

H and

Z⊥
L . Consequently, we get:

ZL(x, tu) = Z
∥
L(x, tu) + Z⊥

L (x, tu) =

N∑
i=1

Ai,L(x)Γi(tu) + Z⊥
L (x, tu) (6.35)
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and

ZH(x, tu) = Z
∥
H(x, tu) + Z⊥

H (x, tu) =
N∑
i=1

Ai,H(x)Γi(tu) + Z⊥
H (x, tu). (6.36)

We are able to describe the code outputs with the basis ΓN = {Γi}i=1,...,N of SN , the coefficients Ai,H

and Ai,L, and the orthogonal parts Z⊥
L and Z⊥

H . We denote by αi,H and αi,L the available data sets, the full

set is called α. The expression of αi,F is given by eq. (6.25).

We will use the method presented in section 3.1.1 for all i ≤ N . Given Γ,


Ai,H(x) = ρi,L(x)Ãi,L(x) + δi(x)

Ãi,L(x) ⊥ δi(x)

ρi,L(x) = gTi (x)βi,ρL

, (6.37)

where:

[δi(x)|Γ, βi,H , σi,H ] ∼ GP
(
fTi,H(x)βi,H, σ

2
i,Hri,H(x,x

′)
)
,

and Ãi,L(x) is a Gaussian process conditioned by αL. Its distribution is the one of
[
Ai,L(x)|Γ,AL = αL, βL, σL

]
where the law of

[
Ai,L(x)|Γ, βi,L, σi,L

]
is of the form eq. (6.27):

[
Ai,L(x)|Γ, βi,L, σi,L

]
∼ GP

(
fTi,L(x)βi,L, σ

2
i,Lri,L(x,x

′)
)
,

where, gi are vectors of q regression functions, fi,F(x) are vectors of pF regression functions, ri,F(x,x′)

are correlation functions, βi,F are pF-dimensional vectors, βi,ρL are q-dimensional vectors and σ2i,F are

positive real numbers.

For the orthogonal part projected onto S⊥
N the method is different. The hypothesis is that the projection

Z⊥
L (x, tu) of ZL(x, tu) has a negligible influence on the projection Z⊥

H (x, tu) of ZH(x, tu). Our assumption

is that Z⊥
H (x, tu) is a Gaussian process with a tensorized covariance. The method we will use on Z⊥

H (x, tu)

is described in section 1.1.3.

Note that the value N = 0 corresponds to full single-fidelity, in this case we use only GP regression

with covariance tensorization method as in section 1.1.3. For N = NL the dimension reduction is minimal

and co-Kriging is applied to all pairs
(
Ai,L, Ai,H

)
for i ≤ NL. We will see that the optimal N is in fact positive

but smaller than NL.

6.3.2 Predictive mean and covariance

In this section we first make a quick reminder of the methods presented in the state of the art part.

Moreover, with different assumptions about the law of Γ we present the regression using the model and

the data.
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Multi-fidelity of coefficients As in section 6.2.3 we compute the N multi-fidelity models of the first N

coefficients of the expansion of the code output given Γ. If we apply the method proposed in section 3.1.1

we can therefore deduce the prediction mean and variance, as in section 6.2.3.

Tensorized covariance regression The orthogonal part of the regression is computed using the method

presented in section 1.1.3. The adaptation is that the regression must be carried out in subspace S⊥
N given

Γ, and the data set has the form:

Z⊥
obs = Zobs −

(
N∑
i=1

αi,H(x)Γi(tu)

)
u=1,··· ,Nt

x∈DH

, (6.38)

where αi,H is given by Equation (6.25) and Zobs =
{
zH(x(i), tu)

}u=1,··· ,Nt

i=1,··· ,NH
, with x(i) ∈ DH .

This does not have any consequence on the x part but only on the t part. Contrarily to Z∥
H(x, tu) only

one surrogate model is needed for Z⊥
H (x, tu). The detail of how we can deal with Z⊥

H (x, tu) and Z∥
H(x, tu)

is explained in appendix B.1.

(
Z⊥
H(x, tu)

)
u=1,...,Nt

|Rt, Cx,Z
⊥
obs ∼ GP(µ⋆(x), R⋆(x,x

′)Rt). (6.39)

with the Nt-dimensional posterior mean:

µ⋆(x) = Z⊥
obsR

−1
x rx(x) +B⋆u(x) (6.40)

where rx(x) is the Nx-dimensional vector
(
Cx(x,x

(j))
)
j=1,...,Nx

. Rt is estimated by maximum likelihood in

appendix B.1. The posterior covariance function R⋆(x,x
′) is :

R⋆(x,x
′) = c⋆(x,x

′)
(
1 + v⋆(x,x

′)
)
. (6.41)

The functions that are used in the regression are:


u(x) = f(x)− F TR−1

x rx(x)

c⋆(x,x
′) = Cx(x,x

′)− rx(x)TR−1
x rx(x

′)

v⋆(x,x
′) = u(x)T (F TR−1

x F )−1u(x′)c−1
⋆ (x,x′)

, (6.42)

and

B⋆ = Z⊥
obsR

−1
x F (F TR−1

x F )−1. (6.43)

The a priori RNt-valued mean function is assumed to be of the form: µ(x) = Bf(x), where f(x) is a given

RM -valued function and B ∈ MNt×M (R) is estimated at eq. (6.43). We define by F the Nx ×M matrix
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[fT (x(i))]i=1,...,Nx . Hereafter we note: EZ⊥
obs

[
Z⊥

H (x, tu)|N, ℓx,Γ
]
= µ⋆(x, tu) and VZ⊥

obs

[
Z⊥

H (x, tu)|N, ℓx,Γ
]
=

R⋆(x,x)Rt(tu, tu).

6.3.2.1 Dirac law of Γ

Here we assume that Γ is known and its distribution is Dirac at γ. Consequently, as in section 3.1.1,

ZH(x, t) is a Gaussian process by linear combination of independent Gaussian processes. Its posterior

distribution is completely determined if we can evaluate its mean and covariance.

Mean The Γi(tu)’ s are constant and equal to γi(tu). Consequently:

Eα

[
Z

∥
H(x, tu)|N

]
=

N∑
i=1

Eα

[
Ai,H(x)

]
γi(tu), (6.44)

and

EZobs [ZH(x, tu)|N, ℓx] =
∑N

i=1 Eα

[
Ai,H(x)

]
Γi(tu) + EZ⊥

obs

[
Z⊥

H (x, tu)|N, ℓx
]
, (6.45)

where Eα

[
Ai,H(x)

]
is given by (B.3) and EZ⊥

obs

[
Z⊥

H (x, tu)|N, ℓx
]

by (1.38).

Variance The formula of the variance is:

Vα

[
Ai,H(x)Γi(t)

]
= Vα

[
Ai,H(x)

]
γi(t)

2. (6.46)

The uncorrelation of the coefficients Ai,F(x) gives Covα
[
Ai,H(x), Aj,H(x)

]
= 0, for i ̸= j and

Covα
[
Ai,H(x)γi(tu), Z

⊥
H (x, tu)

]
= 0. The expression of the variance becomes simple:

VZobs [ZH(x, tu)|N, ℓx] =
∑N

i=1Vα

[
Ai,H(x)

]
γi(tu)

2 + VZ⊥
obs

[
Z⊥

H (x, tu)|N, ℓx
]
, (6.47)

where Vα

[
Ai,H(x)

]
is given by (B.4) and VZ⊥

obs

[
Z⊥

H (x, tu)|N, ℓx
]

is given by (1.37) on the orthogonal part.

6.3.2.2 CVB law of Γ

The posterior distribution of ZH(x, t) is not Gaussian anymore. However to predict the output of the high-

fidelity code and to quantify the prediction uncertainty we are able to compute the posterior mean and

variance of ZH(x, t).

Mean We can decompose the process into two parts:

ZH(x, tu) = Z
∥
H(x, tu) + Z⊥

H (x, tu). (6.48)
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The linearity of the expectation gives us:

EZobs [ZH(x, tu)|N, ℓx] =
N∑
i=1

EZobs

[
Ai,H(x)Γi(tu)

]
+ EZ⊥

obs

[
Z⊥

H (x, t)|N, ℓx
]
. (6.49)

The theorem of total expectation gives us:

EZobs

[
Z

∥
H(x, tu)|N

]
=

N∑
i=1

EZobs

[
Γi(tu)Eα

[
Ai,H(x)|Γ

]]
, (6.50)

and therefore,

EZobs [ZH(x, tu)|N, ℓx] =
N∑
i=1

EZobs

[
Γi(tu)Eα

[
Ai,H(x)|Γ

]]
+ EZobs

[
EZ⊥

obs

[
Z⊥

H (x, tu)|N, ℓx,Γ
]
|N, ℓx

]
. (6.51)

where Eα

[
Ai,H(x)|Γ

]
is given by Equation (B.3) and Vα

[
Z⊥

H (x)|Γ
]

is given by Equation (1.38). Equa-

tion (6.51) is a combination of expectations of explicit functions of Γ, which can be computed by Equa-

tion (6.29).

Variance The theorem of the total variance gives us:

VZobs [ZH (x, tu) |N, ℓx] = VZobs [EZobs [ZH (x, tu) |Γ, N, ℓx] |N, ℓx]

+EZobs [VZobs [ZH (x, tu) |Γ, N, ℓx] |N, ℓx]
. (6.52)

By appendix B.4 we get:

VZobs [ZH (x, tu) |N, ℓx] = VZobs

[
EZ⊥

obs

[
Z⊥

H (x, tu)|Γ, N, ℓx
]
|N, ℓx

]
+EZobs

[
Vα

[
Z⊥

H (x, tu) |Γ, N, ℓx
]
|N, ℓx

]
+
∑N

i=1VZobs

[
Γi(tu)Eα

[
Ai,H(x)|Γ

]]
+
∑N

i=1 EZobs

[
Γi(tu)

2Vα

[
Ai,H (x) |Γ

]]
+
∑N

i,j=1;i ̸=j CovZobs

[
Γi(tu)Eα

[
Ai,H(x)|Γ

]
,Γj(tu)Eα

[
Aj,H(x)|Γ

]]
+2
∑N

i=1 CovZobs

[
Γi(tu)Eα

[
Ai,H(x)|Γ

]
,EZ⊥

obs

[
Z⊥

H (x, tu)|Γ, N, ℓx
]
|N, ℓx

]
. (6.53)

where Vα

[
Ai,H(x)|Γ

]
is given by eq. (B.4) and Vα

[
Z⊥

H (x)|Γ
]

is given by eq. (1.39). Equation (6.53) is a

combination of expectations and variances of explicit functions of Γ, which can be computed by eq. (6.29).
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6.3.3 Effective dimension

For the formulas in section 6.3.2 to be valid, N must be fixed. We may choose N by knowledge on the

physical system or on the code, but it is impossible in most cases due to the high/low-fidelity differences.

The best solution is generally to determine N by a K-fold cross validation procedure.

The criterium that we choose to maximize is:

Q2
N (tu) = 1−

∑NH
k=1

(
zH(x

(k), tu)− E
[
ZH(x

(k), tu)|Γ, N, ℓx,Z(−k)
obs

])2
NHV [zH(DH, tu)]

, (6.54)

where V [zH(DH, tu)] is the empirical variance of the observed values:

V [zH(DH, tu)] =
1

NH

NH∑
k=1

zH(x
(k), tu)

2 −
( 1

NH

NH∑
k=1

zH(x
(k), tu)

)2
.

x(k) denotes the points of DH and Z
(−k)
obs denotes the observations at the points of DL and the points

{(x(j), tu), j = 1, · · · , NH;u = 1, · · · , Nt}.

The procedure we propose starts with the dimension 0. For the case N = 0 the surrogate model

depends only on high-fidelity regression.

- We compute the surrogate model for all N = 0, . . . , NL

- We calculate the mean in tu of Q2
N (tu):

Q̂2
N =

1

Nt

Nt∑
u=1

Q2
N (tu)

We compare the Q̂2
N values and the value N with the largest Q̂2

N is chosen. In order to evaluate the

surrogate model in the next section, we compute Q̂2 = maxN Q̂2
N .

Algorithm We present the algorithm of the full regression in Algorithm 1. This algorithm presents the

method we use to choose the dimension N and how we compute the error indicator. Note that the

optimization of the hyperparameters is done for each N . It is however not very expensive because we

only add the model AN and Z⊥
H . The other coefficients are taken from previous optimizations thanks to
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the decorrelation of the Ai coefficients.
Result: optimal value of N , parameters surrogate model

Compute the basis Γ ;

for N in 1 · · ·NH do

Projection of codes on S⊥
N

;

The coefficients αi,H and αi,H are evaluated ;

Multi-fidelity Kriging on α coefficients ;

Regression of Z⊥
H with tensorized covariance as in section 1.1.3;

Combine the two regressions;

Computation of the leave-one-out Q̂2
N

with optimisation of the hyperparameters for N = N ;

end

The best value of Q̂2
N

gives N ;

Parameters of surrogate model are optimized using the chosen value of N ;
Algorithm 1: Realisation of the regression

6.4 Illustration: double pendulum simulator

6.4.1 Presentation of the double pendulum

The system can be seen as a dual-oscillator cluster. The first oscillator is a spring-mass system whose

axis is perpendicular to the gravitational axis. The parameters of this system are the mass of the system

MS and the spring stiffness k. The initial position of the mass is denoted y0, its initial velocity is 0. The

second oscillator is a pendulum. A schematic representation of the system is presented in Figure 6.2.

The parameters are the mass m and the length of the pendulum ℓ, which are fixed. The initial value of the

angle is θ0 and its derivative is θ̇0. By Newton’s law of motion, the dynamics is governed by a system of

two coupled ordinary differential equations (ODEs). However, we do not have a closed form expression

that gives the solution of the system. This forces us to use computer codes. The output signal is the

position of the mass m at time t ∈ {t1, . . . , tNt} with Nt = 101. The input vector is x =
{
MS , k, y0, θ0, θ̇0

}
.

The input variables are assumed to be independent and identically distributed with uniform distributions

as described in Table 6.1.

The two different code levels We propose two codes. The high-fidelity code numerically solves the

coupled system of ODEs by an Euler’s derivation of the position y and the angle θ for each tu. This gives

functions θ(tu) and y(tu). The low-fidelity code assumes that the angle of the θ pendulum is small so that

the linearization of sin(θ) makes it possible to get a simpler form of the expression of the two coupled

ODEs and a faster resolution.
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Figure 6.2: The double pendulum system with its parameters.

Table 6.1: Distributions of the input variables.

MS k θ0 θ̇0 y0
U(10, 12) U(1; 1.4) U(π

4
; π
3
) U(0; 1

10
) U(0; 0.2)

Code Analysis A sensitivity analysis is carried out for information purposes, but it is not used in the

forthcoming surrogate modeling. The sensitivity analysis makes it possible to determine the effective

dimension of our problem. We compare outputs of the high- and low-fidelity codes and the associated

Sobol indices on Figure 6.3. We estimate Sobol indices by the method described in (Saltelli et al., 2010)

and implemented in the R library (Iooss et al., 2020) by using a Monte Carlo sample of size 105 for each

code. No surrogate model was used to estimate the indices in Figure 6.3. The main result is that the two

codes depend on the same input variables. The four most important input variables are y0, k, M and θ0.

The experimental designs used to compare the methods are presented in (Le Gratiet, 2013b). They

are constructed from two independent maximim LHS designs with NH = 10 and NL = 100 points. The low-

fidelity design is then modified so that the designs are nested. Only the points of the low-fidelity design

closest to the points of the high-fidelity design are moved. To generate these designs the R packages

(Dupuy, Helbert, & Franco, 2015; Le Gratiet, 2012) are used. A random uniform nested design can also

be used, but we choose a more effective design for GP regression. The test design is composed of

4000 points randomly chosen in the hypercube determined by the supports of the uniform distributions

described in table 6.1.

In this section, we want to demonstrate the interest of the method presented in section 6.3. For this

we will compare several methods:

• the multi-fidelity method presented in section 6.2 with a Dirac distribution of Γ, called the SVD

method.

• the multi-fidelity method that uses GP regression of the orthogonal part with covariance-tensorization

and the distribution of Γ is Dirac at γ the matrix of the SVD of the observed low-fidelity code outputs.

Its prediction is computed as is section 6.3 and called Dirac method.
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Figure 6.3: Comparison between low-fidelity (top left) and high-fidelity (top right) code outputs. Sobol
indices for high- and low-fidelity codes (center left: low-fidelity, center right: high-fidelity). For each time t
in the time grid, we report the first-order Sobol indices and "interactions" stands for the sum of the Sobol
indices of order larger than 2. Finally, the bottom plots represent the interactions between codes (plots of
(zL(x, tu), zH(x, tu))

Nt
u=1 for different x). The bottom left graph is for 10 and the bottom right graph is for 3

values of x.
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• the multi-fidelity method presented in section 6.3 with the CVB distribution, called CVB method.

• the neural network (NN) method presented in (Meng & Karniadakis, 2020). We extend this method

for time-series outputs by considering Nt-dimensional outputs for the low- and high-fidelity neural

networks and by removing the physical inspired NN part. We used the parameters proposed in the

article, i.e. 2 hidden layers for each network with 20 neurons per layer. We also tested the NN method

up to 100 neurons per layer, but the best results were obtained with 20 neurons approximately. This

method is presented in section 3.2.2.

The method we would like to highlight is the CVB method.

CVB basis The law of Γ needs to be determined in order to compute or estimate the moments (6.32),(6.34),

(6.51), and (6.53). The distribution of Γ is the CVB distribution described in section 6.2.2.2. As shown

by eq. (6.29) it depends on the size k of the random subset I. Here we choose k = 4. Because it is

too expensive to compute the sum over all
(
NL
k

)
different subsets {j1, . . . , jk}, we estimate the expectation

(6.29) by an empirical average over n = 64 realizations Ij of the random subset I:

E [f(Γ)] ≃ 1

n

n∑
j=1

f(ŨIj ), (6.55)

where ŨIj is the matrix of the left singular vectors of the SVD of
(
zL(x

(i), tu)
)

u∈{1,...,Nt}
i∈{1,...,NL}\Ij

. We have

checked that the stability with respect to k is conserved if 1 < k < NL−NH and the stability with regard to

n is valid if n > max (k, 50). We have tested the construction of the CVB basis for all k values in this range

and found that changes in k do not influence the basis significantly.

The computational cost of calculating the basis is very important in particular because it is impossible

for us to calculate it for all subsets. A method to compute the basis with only a cost of O(N2
t ) is given

in (Mertens, Fearn, & Thompson, 1995) whereas we compute it with O(N2
LNt) by our method. The gain

is however very small especially if NL < Nt which is our case. We have therefore not implemented this

method in the results presented in this manuscript.

Prediction of the orthogonal part A simple model for the a priori mean function is chosen M = 1 and

f(x) = 1. Consequently, F TR−1
x F =

∑
i,j

{
R−1

x

}
i,j

.

Multi-fidelity regression of the coefficients Our implementation of the multi-fidelity regression is based

on (Le Gratiet, 2012). We use an informative prior for the regression of the coefficients. For more informa-

tion we refer to (Le Gratiet, 2013b, sec. 3.4.4). In this example the size of the priors are q = pL = pH = 1.

Considering the relation between the two codes we choose bρ = 1. The trend is supposed to be null
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Figure 6.4: Comparison between the methods in terms of time-dependent Q̂2. Averages over 40 random
experimental designs are computed. The colored fields represent the confidence intervals determined by
±1.96 empirical standard deviation. Here NH = 10, NL = 100 and Nt = 101.

consequently, bβH = bL = 0. The variances are σL = 0.5 and σH = 0.5 with V β
H = 2 and VL = 2. The

parameters for the inverse Gamma distribution mL = mH = 0.2 and ςL = ςH = 1.5. We have checked the

robustness of the results with respect to the hyper-parameters of the prior distributions. Alternatively, the

article (Ma, 2020) presents non-informative priors for the autoregressive co-Kriging.

Prediction In order to estimate the errors of the surrogate models, we calculate their Q̂2’s and report

them in fig. 6.4. To compute Q̂2 for a model, we calculate the difference between the validation set of

size 4000 and the predictions of the model. We have averaged the estimates of the Q̂2 over 40 different

experimental designs.

The SVD method gives a very interesting result because the Q̂2 is almost always higher than 0.8.

However, in fig. 6.5 we can see that it does not capture the form of the times series. The Q̂2 of the Dirac

and CVB methods are larger than the ones of the other methods. The error is also less variable as a

function of t. And the variance is much lower for both methods. However, even if there is a difference

between the Dirac and CVB methods, it is not possible to say that the CVB method is better in this

application. The difference between the Dirac and CVB methods is small, in our example.

The variance of the prediction is very important for the quantification of prediction uncertainty. All

formulas are given in the previous sections and we illustrate the results in fig. 6.5. We can see that

the variance of the SVD method is not accurate and overestimates the quality of the prediction. This

method is not acceptable for prediction. The Dirac method and the CVB method have almost the same

variance. If we compare to the variance of the SVD method, it means that most of the uncertainty relates

to the orthogonal part. This leads to the conclusion that this part is important in the regression. In

section 6.4.1 we compare the variance explained by the dimension reduction and by the orthogonal part.

It can therefore be seen that the variance is of the same order of magnitude for both parts. This justifies
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Figure 6.5: Comparison between the predictions of the CVB method (left) and the SVD method (right).
The black solid line is the exact high-fidelity time-series, the colored solid line is the prediction mean and
the dashed lines are the prediction intervals. In this example the value of N obtained by cross validation
is 8.

keeping a quantification of uncertainty for both parts together.

6.5 Conclusion

In this chapter we propose to adapt the covariance tensorization method for GP regression to multi-fidelity.

The first approach we have devised is not usable because of the numerical conditioning problem of the

empirical covariance matrices. Then we proposed a method using dimension reduction and independent

GP regression. This method defines a subspace from SVD on the low-fidelity data and projects the data

set onto it. The data low- and high-fidelity are processed in this space using the AR(1) model. For each

coefficient the model is independent of the others. Then for the high-fidelity orthogonal space we perform

a GP regression with tensorization of the single-fidelity covariance. The balance between the number of

items considered in the dimension reduction and the single-fidelity regression is achieved by means of

cross-validation. In order to know the output uncertainty perfectly, a method was constructed to give the

uncertainty of the SVD decomposition.

The regression results of this method are very good. In particular, they exceed the state of the art

and allow uncertainty to be taken into account. We thus have an efficient method for solving multi-fidelity

regression problems with time-series output in the context of uncertainty quantification. This method

could be improved by using objective priors both for the orthogonal part and in the AR(1) models. It is

also possible to consider extending this method to a larger input dimension by using dimension reduction

methods.
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Figure 6.6: Estimation of the different time-dependent prediction variance terms for the empirical method.
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The general framework of the thesis is the construction of a surrogate model of the response of a complex

and expensive computer code. The objective is to approximate the input/output relationship of the com-

putational code by a function, fast to evaluate from a limited number of executions of the code. Such an

approximation is called a surrogate model. From this surrogate model, uncertainty quantification can be

performed. For practical applications, the use of a surrogate model is often necessary because complex

computer codes are usually very time-consuming, and the analysis (optimisation, sensitivity analysis, . . .)

requires many calls to the code. Strategies for building a surrogate model depend on the original ob-

jective. For optimisation problems, the observations of the computational code should be concentrated,

where the expectation of improvement is high. For prediction problems, the observations will generally be

space filling over the whole input parameter space. An important point is that a surrogate model is not

used in extrapolation, i.e. it will only be valid in the domain determined by the set of experimental designs.

In this manuscript, we are interested in simulators that also have less precise versions but which are

also less costly in terms of computing time. These less accurate versions allow the same phenomenon

to be simulated but may, for example, use less complex modeling or less accurate resolution methods.

The aim is to improve the approximation of the output of a computer code by also using these low-fidelity

versions. In this manuscript we propose three methods.

The first method combines a Gaussian process with a Bayesian neural network, see chapter 4. We

mainly focus on the modeling of the relationship between the different code levels and on the transfer

of information from the low-fidelity emulator output to the high-fidelity emulator input. To achieve an effi-

cient transfer, we have proposed different methods, the most efficient being the Gauss-Hermite quadra-

ture. This model is called GP-BNN and has many advantages over the standard models in the literature.

GP-BNNs are very efficient in predicting scalar outputs, even when the interactions between codes are

complex. The quantification of prediction uncertainty is particularly effective, even for small data sets. The

main drawback of GP-BNN is that we have not been able to make them work in large output dimensions.

The second approach is adapted to the problem of large output dimensions. The method proposed in

chapter 5 is based on the classical first-order autoregressive model of multi-fidelity Gaussian process re-

gression. We start by assuming that the emulator is the realization of a Gaussian process with tensorized
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covariance. We then assume that the integration between the codes is modeled with AR(1). However, the

size of the data becomes too large and makes it impossible to solve the problem numerically. We therefore

proposed to "compress" the data. To do this, we placed the data in a wavelet domain. We called this a

Gaussian wavelet process. The advantage of this method is that one can afford not to take into account

all the available data while keeping a satisfactory regression performance. The choice of point selection

is a crucial point and may depend on the application. The major advantage of this method is that it has

the same properties as the usual Gaussian processes. We have proposed illustrations of this method in

different contexts in order to motivate further research in this area.

The third approach method is based on dimension reduction. This method was motivated by the im-

possibility of extending the time-series regression method by covariance tensorization to the multi-fidelity

setting. We therefore carried out a study on a method, in chapter 6, combining dimension reduction by

SVD and multi-fidelity AR(1) regression. Several methods of constructing the projection basis have been

tested in order to take into account the uncertainties. In particular, to construct the dimension reduction

we focused on low-fidelity data. This induces a risk of neglecting a quantity on the high-fidelity which

is not negligible. Moreover, the uncertainty of the prediction is not fully taken into account. Therefore, a

method has been introduced where the neglected part is taken into account using a time-series regression

method with covariance tensorization. For our example, this method of dimension reduction and AR(1)

model combined with time-series regression showed the best results amongst the tested methods, both

in terms of prediction performance and uncertainty quantification.

Eventually, in this manuscript, we have proposed a convincing method for multi-fidelity regression of

functional output of a computational code. We have proposed openings in BNN or wavelet decomposition.

As an extension of the work presented in chapter 4 we imagine using GPBNN for time-series output. This

would allow us to have a model that can address the problem of multi-fidelity regression with large output

dimensions. We considered using the GP regression method with tensorized covariance for low-fidelity

GP, as an (Perrin, 2020). The performance in low-fidelity regression is good, but the transition to high-

fidelity has not been possible. We plan to use autoencoders in the GPBNN method in order to adapt it to

time-series outputs. This model seems more suitable for GPBNN than a classical SVD method. Indeed,

an SVD would not make sense in this context because it leads to a linear integration of the code, and in

this case it would be more interesting to use the AR(1) model.

The extension of the WGP to the multi-fidelity framework is not yet fully completed, there is still room

for improvement to have an efficient multi-fidelity regression method. Especially for the AR(1) model, it

is expected that the implementation will not present any problems for prediction. However, the selection

of training points is a problem, especially with multi-fidelity nested designs. Another challenge of WGP is

the selection of points taking into account the prediction uncertainty. Indeed, if we are able to predict the

prediction error by removing a point from the training set, this will give an efficient point selection criterion.
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It may also be possible to construct priors for the WGP parameters.

The work proposed in chapter 6 is more advanced in terms of methodology than the other methods

presented in this manuscript. The example presented to show the performance of the method is also more

advanced than in the other chapters, however it could be interesting to present an even more complex

application. It would be interesting to adapt this method to what is proposed in (Babaee et al., 2020). We

could use this example with spatial and temporal variations. The dataset is particularly large, which poses

a major challenge for AR(1) models but also for the determination of the projection basis. One can also

consider extending this method to the high-dimension inputs. In this case, care must be taken to ensure

that sufficient information is available to perform the regression. In addition, the experimental design will

be essential in this case. The improvement of the current methodology can also be considered. For

the learning of the orthogonal part, which is treated by Gaussian process regression with the covariance

tensorization, we consider constructing objective priors for the temporal part. This would allow us to have

a non-parametric Bayesian framework on the non-stationary part and would improve the flexibility of this

model.

Furthermore, the use of the AR(1) model is not adapted to all types of problems. With the emergence of

DeepGP for multi-fidelity regression, it is possible to consider combining DeepGP with some approaches

proposed in this manuscript. We can take inspiration from methods such as those proposed in (Ming,

Williamson, & Guillas, 2021).

Finally, one point has not been addressed at all in this manuscript, it is sequential learning for multi-

fidelity. There is a lot of work on this problem that we have not considered, see (Ehara & Guillas, 2022;

Li, Kirby, & Zhe, 2020). It might be possible to extend these types of methods to the models we propose

in this manuscript.
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Appendix A

LOO formula and discussion

In this appendix the computation of the LOO for GP regression with tensorized covariance with time-series
output is studied. This refers to section 1.1.3. This computation is also used in chapter 6, in particular for
the prediction of the orthogonal part in section 6.3.

LOO without loop In order to quickly minimize the LOO error with respect to the vector of correlation
lengths ℓx there exist formulas to evaluate ε2(ℓx), section 1.1.3 and eq. (1.44), with matrix products (Ba-
choc, 2013, sec. 3; Dubrule, 1983). The LOO optimization problem is equivalent to minimize a function
fCV(ℓx) given by:

fCV(ℓx) = zTR−1
ℓx

diag
(
R−1

ℓx

)−2
R−1

ℓx
z, (A.1)

where z is a vector that collect all the data.
Considering Equation (1.36) and the mixed-product property, the inverse of a Kronecker product and

the formula diag(A⊗B) = diagA⊗ diagB the cost function can be expressed as:

fCV(ℓx) = zT
(
R−1

t diag
(
R−1

t

)−2
R−1

t

)
⊗
(
R−1

x diag
(
R−1

x

)−2
R−1

x

)
z. (A.2)

However, the term in Rt is impossible to calculate because Rt is not invertible. R−1
t diag

(
R−1

t

)−2
R−1

t

can be approximated by INt in order to have a tractable problem. This assertion is equivalent to the
hypothesis:

R2
t = diag(R−1

t )−2. (A.3)

This assumption can be seen as the fact that the error is estimated by taking into account only the spatial
distribution of the covariance. Indeed, to calculate the error only the matrix Rx is used, even if the value
of Rt is calculated by maximum likelihood later in the GP regression method.

Thus, the minimization described in Equation (1.44) makes it possible to calculate the correlation
lengths by minimizing:

fCV(ℓx) ≃ zT INt ⊗
(
R−1

x diag
(
R−1

x

)−2
R−1

x

)
z, (A.4)

where INt is the Nt ×Nt identity matrix. The main interest of this method is to give an approximate value
of the error and to make the optimization much faster.

Optimization with hypothesis (A.3) Efficient minimization algorithms require to have the derivative of
the function so that it does not have to be calculated by finite differences. Thanks to the simplification
(A.4) it is possible to calculate the derivative of the LOO error (Bachoc, 2013):
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∂

∂ℓxk

fCV(ℓx) = 2zT INt ⊗R−1
x diag

(
R−1

x

)−2
(
R−1

x

∂Rx

∂ℓxk

R−1
x

)
diag

(
R−1

x

)−1
R−1

x z

−2zT INt ⊗R−1
x diag

(
R−1

x

)−2
R−1

x

∂Rx

∂ℓxk

R−1
x z

, (A.5)

with (
∂Rx

∂ℓxk

)
i,j

=
ℓxk

(xk,j − xk,i)2

|xk,j − xk,i|
h′5

2

(
|xk,j − xk,i|

ℓxk

)
(A.6)

and
h′5

2

(x) = −5

3
x
(
1 +
√
5x
)
exp

(
−
√
5x
)
. (A.7)

The method used to calculate the value of ℓx is the Nelder-Mead method with only one starting point, be-
cause starting from more points will be more costly and the function fCV is close to quadratic consequently
does not need multiple starting points.

Optimization without hypothesis (A.3): When hypothesis (A.3) does not hold, a way must be found to
calculate ℓx without this assumption. By a regularization of the matrix Rt it is possible to calculate fCV(ℓx)
and its derivative by Equations (1.44), (A.2) and (A.8). However, the solution will be a regularized solution
and not an exact solution.

There are different types of regularization that allow matrices to be inverted. Two methods have been
investigated here. The first one is standard (Tilkonov regularization):

R̂−1
t =

(
RT

t Rt + ε2INt

)−1
RT

t . (A.8)

The second one is:
R̂−1

t = (Rt + εINt)
−1 . (A.9)

It has the disadvantage of being more sensitive to ε than the first one, which is why it will not be used.
However, in the calculation of the determinant, this adjustment may have advantages. Denoting by

R̂−1
t = V Σ−1UT the SVD of Rt, with Σ−1 = diag 1

σi+ε whereas the same decomposition gives for Equa-
tion (A.8) Σ−1 = diag σi

σ2
i +ε2

. This is the reason why the two adjustments presented are not used in the

same case. Indeed 1
σi+ε is less efficient for the calculation of a determinant but more efficient for the

calculation of the inverse of R̂t.

∂

∂ℓxk

fCV(ℓx) = 2zT
(
R̂−1

t diag
(
R̂−1

t

)−2

R̂−1
t

)
⊗R−1

x diag
(
R−1

x

)−2
(
R−1

x

∂Rx

∂ℓxk

R−1
x

)
diag

(
R−1

x

)−1
R−1

x z

−2zT
(
R̂−1

t diag
(
R̂−1

t

)−2

R̂−1
t

)
⊗R−1

x diag
(
R−1

x

)−2
R−1

x

∂Rx

∂ℓxk

R−1
x z

. (A.10)

Equation (A.6) and Equation (A.7) are still valid.
This complete approach was compared to the LOO calculation using a loop. However, the calcula-

tion time of Kronecker products is too long compared to the calculation of the simple error with a loop.
Moreover, the differences in the errors of the different methods are negligible. Thus this solution is only
recommended when the calculation of Equations (A.2) and (A.10) is optimized.

Table A.1 shows that the gain in calculation time by the simplified method is significant even though
the error difference is very small. The extremely long time for the complete LOO is mainly due to an
implementation of the Kronecker product that is not very effective in our implementation.
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Loop LOO Full LOO Simplified LOO
Q2 7.06 10−4 8.72 10−4 8.14 10−4

time 18.41 s 3.47 min 0.17 s

Table A.1: Benchmark of the different LOO optimization techniques for GP regression with tensorized
covariance of the function f(x, t) = cos (4π(x2 + 1)t) sin (3πx1t). Loop LOO processes the error by com-
puting the approximation, Full LOO processes the regularized analytic expression and Simplified LOO
processes the simplified one given by Equation (A.4).
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Appendix B

Expressions of some expectations and
variances

In this section we show different computations useful for chapter 6.

B.1 Tensorized covariance of the orthogonal part

In this section we adapt the model proposed in section 1.1.3 for the model of the orthogonal part of
section 6.3. Here we replace Z with Z⊥ and Zobs with Z⊥

obs.
For Rx we assume that Cx is chosen in the Matérn-5/2 class of functions. The function only depends

on the correlation length vector ℓx. The matrix Rt is estimated as described in Section 1.1.3 by the matrix
R̂t given by:

R̂t =
1

Nx

(
Z⊥

obs − Ẑ⊥
)
R−1

x

(
Z⊥

obs − Ẑ⊥
)T

,

where Ẑ⊥ is the Nt × NH matrix of empirical means Ẑ⊥
u,i = 1

NH

∑Nx
j=1

(
Z⊥

obs
)
u,j

, ∀i = 1, . . . , NH and
u = 1, . . . , Nt. Its range is indeed in S⊥

N .
The prediction mean is the sum of two terms, Z⊥

obsR
−1
x rx(x) which is S⊥

N -valued and B⋆u(x) also
S⊥
N -valued because:

B⋆ = Zobs
⊥R−1

x F
(
F TR−1

x F
)−1

, (B.1)

with F the NF ×M matrix
[
fT (x(i))

]
i=1,...,NF

. Consequently, we have:

Z⊥
H (x, tu)|ℓx,Γ, N,Z⊥

obs ∼ GP(µ⋆(x), R⋆(x,x
′)) (B.2)

where the mean is given by (1.38) and the covariance by (1.39) with Z⊥
obs as the observed inputs. LOO

estimation of the vector of correlation lengths ℓx given Γ and N is carried out by the method presented in
Appendix A.

B.2 Predictive mean and variance for multi-fidelity coefficients

In this section we compute the posterior prediction of the multi-fidelity coefficient Ai,H proposed in sec-
tion 6.2 and section 6.3 knowing the basis Γ. The model is proposed at eq. (6.26) and eq. (6.37).

Given Γ,
(
Ai,H(x, tu), Ai,L(x, tu)

)
x∈Q

u=1,...,Nt

are independent with respect to i. This independence makes

it possible to consider Nt independent surrogate models, with mean and variance given by section 3.1.1.2:
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E
[
Ai,H(x)|Γ,A = α

]
=hTi,H(x)Σi,Hνi,H + rTi,H(x)C

−1
i,H

(
αH
i −Hi,HΣi,Hνi,H

)
, (B.3)

V
[
Ai,H(x)|Γ,A = α

]
=
(
ρ̂2i,L(x) + εi,ρ(x)

)
σ2
ÃL,i

(x)

+
Qi,H

2(di,H − 1)
(1− rTi,H(x)C

−1
i,Hri,H(x))

+
(
hTi,H(x)− rTi,H(x)C

−1
i,HHi,H

)
Σi,H

(
hTi,H(x)− rTi,H(x)C

−1
i,HHi,H

)T
. (B.4)

B.3 Predictive variance for AR(1) multi-fidelity model with projection

In this section we compute the variance of the model proposed in section 6.2 for a CVB estimation of Γ.
This computation is used in section 6.2.3.2.

The law of total variance gives :

Vα [ZH(x, tu)] = Vα [Eα [ZH(x, tu)|Γ]] + Eα [Vα [ZH(x, tu)|Γ]] (B.5)

The variance term can be expressed as follows :

Vα [Eα [ZH(x, tu)|Γ]] = Vα

[∑Nt
i=1 Γi(tu)Eα

[
Ai,H(x)|Γ

]]
=
∑Nt

i=1Vα

[
Γi(tu)Eα

[
Ai,H(x)|Γ

]]
+
∑Nt

i,j=1,i ̸=j Covα(Γi(tu)Eα

[
Ai,H(x)|Γ

]
,Γj(tu)Eα

[
Aj,H(x)|Γ

]
)

, (B.6)

where Eα

[
Ai,H(x)|Γ

]
is given by eq. (B.3). The expectation term can be expressed as :

Eα [Vα [ZH(x, tu)|Γ]] =
Eα

[∑Nt
i=1Vα

[
Ai,H(x)Γi(tu)|Γ

]
+
∑Nt

i,j=1,i ̸=j Covα
(
Ai,H(x)Γi(tu), Aj,H(x)Γj(tu)|Γ

)]
=
∑Nt

i=1 Eα

[
Γ2
i (tu)Vα

[
Ai,H(x)|Γ

]]
+
∑Nt

i,j=1,i ̸=j Eα

[
Γi(tu)Γj(tu)Covα

(
Ai,H(x), Aj,H(x)|Γ

)] , (B.7)

where Vα

[
Ai,H(x)Γi(tu)|Γ

]
is given in eq. (B.4) and

Covα(Ai,H(x), Aj,H(x)|Γ) = 0 if i ̸= j. Consequently:

Vα [ZH(x, tu)] =
∑Nt

i=1Vα

[
Γi(tu)Eα

[
Ai,H(x)|Γ

]]
+
∑Nt

i,j=1,i ̸=j Covα(Γi(tu)Eα

[
Ai,H(x)|Γ

]
,Γj(tu)Eα

[
Aj,H(x)|Γ

]
)

+
∑Nt

i=1 Eα

[
Γ2
i (tu)Vα

[
Ai,H(x)|Γ

]] . (B.8)

B.4 Predictive variance for AR(1) multi-fidelity model with projection and
orthogonal part

In this section we compute the variance of the model proposed in section 6.3 for a CVB estimation of Γ.
This computation is used in section 6.3.2.2.

The theorem of the total variance gives us:

VZobs [ZH (x, tu) |N, ℓx] = VZobs [EZobs [ZH (x, tu) |Γ, N, ℓx] |N, ℓx]
+EZobs [VZobs [ZH (x, tu) |Γ, N, ℓx] |N, ℓx]

. (B.9)

page 146



The two terms of eq. (6.52) are:

VZobs [EZobs [ZH (x, tu) |Γ, N, ℓx] |N, ℓx] =
VZobs

[
EZobs

[
Z⊥

H (x, tu) |Γ, N, ℓx
]
+ EZobs

[
Z

∥
H (x, tu) |Γ, N

]
|N
] , (B.10)

and
EZobs [VZobs [ZH (x, tu) |Γ, N, ℓx] |N, ℓx] =
EZobs

[
VZobs

[
Z⊥

H (x, tu) |Γ, N, ℓx
]
|N, ℓx

]
+EZobs

[
2CovZobs

[
Z

∥
H (x, tu) , Z

⊥
H (x, tu) |Γ, N, ℓx

]
|N, ℓx

]
+EZobs

[
Vα

[
Z

∥
H (x, tu) |Γ, N

]
|N
]
.

. (B.11)

The uncorrelation of the Ai,H(x, tu) coefficients given Γ gives Covα
[
Ai,H(x), Aj,H(x)|Γ

]
= 0 for i ̸= j

and CovZobs

[
Ai,H(x)Γi(tu), Z

⊥
H (x, tu)|Γ

]
= 0. This leads us to simplify eqs. (B.10) and (B.11) into:

VZobs [EZobs [ZH(x, tu)|Γ, N, ℓx]] = VZobs

[
Eα

[
Z⊥

H (x, tu)|Γ, N, ℓx
]
|N, ℓx

]
+
∑N

i=1VZobs

[
Γi(tu)Eα

[
Ai,H(x)|Γ

]]
+
∑N

i,j=1;i ̸=j CovZobs

[
Γi(tu)Eα

[
Ai,H(x)|Γ

]
,Γj(tu)Eα

[
Aj,H(x)|Γ

]]
+2
∑N

i=1 CovZobs

[
Γi(tu)Eα

[
Ai,H(x)|Γ

]
,EZobs

[
Z⊥

H (x, tu)|Γ, N, ℓx
]
|N, lx

] , (B.12)

and
EZobs [VZobs [ZH (x, tu) |Γ, N, ℓx]] = EZobs

[
VZobs

[
Z⊥

H (x, tu) |Γ, N, ℓx
]
|N, ℓx

]
+
∑N

i=1 EZobs

[
Γi(tu)

2Vα

[
Ai,H (x) |Γ

]
|N, ℓx

] . (B.13)

The full formula of the variance can be expressed as :

VZobs [ZH (x, tu) |N, ℓx] = VZobs

[
EZobs

[
Z⊥

H (x, tu)|Γ, N, ℓx
]
|N, ℓx

]
+EZobs

[
Vα

[
Z⊥

H (x, tu) |Γ, N, ℓx
]
|N, ℓx

]
+
∑N

i=1VZobs

[
Γi(tu)Eα

[
Ai,H(x)|Γ

]]
+
∑N

i=1 EZobs

[
Γi(tu)

2Vα

[
Ai,H (x) |Γ

]]
+
∑N

i,j=1;i ̸=j CovZobs

[
Γi(tu)Eα

[
Ai,H(x)|Γ

]
,Γj(tu)Eα

[
Aj,H(x)|Γ

]]
+2
∑N

i=1 CovZobs

[
Γi(tu)Eα

[
Ai,H(x)|Γ

]
,EZobs

[
Z⊥

H (x, tu)|Γ, N, ℓx
]
|N, ℓx

]
. (B.14)

where Vα

[
Ai,H(x)|Γ

]
is given by eq. (B.4) and Vα

[
Z⊥

H (x)|Γ
]

is given by eq. (1.39).
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Appendix C

Computation for Wavelet Gaussian
process

In this appendix we focus on computations of the covariance for wavelet Gaussian process. This is related
to chapter 5. In this appendix we focus of the case j ̸= 0 and j′ ̸= 0.

C.1 Derivative of the covariance

In this section we compute the derivative of the covariance of the Haar Matérn 5/2 WGP. The derivative is
computed in σ2 and l.

∂kMH

∂σ2
(j, k, j′, k′) =

6400
√
5

3π
√
2j2j′

−∑
i

αiπe
−

√
5|γi|
l

1000

[
3
√
5l2 + 7|γi|l +

√
5γ2i

]
−
∑
i

παi|γi|l
125

 (C.1)

and

∂kMH

∂l
(j, k, j′, k′) =− 3200σ2

√
5

3π
√
2j2j′

∑
i

αiπe
−

√
5|γi|
l

1000

(
6
√
5l + 7|γi|

)
− 3200σ2

√
5

3π
√
2j2j′

∑
i

αi

√
5π|γi|

1000l2
e−

√
5|γi|
l

(
3
√
5l2 + 7|γi|l +

√
5γ2i

)
− 3200σ2

√
5

3π
√
2j2j′

∑
i

παi|γi|
125

(C.2)

C.2 Computation of Tables 5.1 to 5.4

We express the values of αi and γi such as in eq. (5.20):

∑
i

αi cos(ξγi) = sin2
(
2jξ

4

)
sin2

(
2j

′
ξ

4

)
cos
(
ξνj,k,j′,k′

)
, (C.3)

with νj,k,j′,k′ = 2j(k + 1
2)− 2j

′
(k′ + 1

2). The trigonometry formula sin2 a = 1−cos 2a
2 gives us:

∑
i

αi cos(ξγi) =
1

4

(
1− cos

(
2jξ

2

))(
1− cos

(
2j

′
ξ

2

))
cos
(
ξνj,k,j′,k′

)
. (C.4)
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We expand the equation:

∑
i

αi cos(ξγi) =
1

4

(
1− cos

(
2jξ

2

)
− cos

(
2j

′
ξ

2

)
+ cos

(
2jξ

2

)
cos

(
2j

′
ξ

2

))
cos
(
ξνj,k,j′,k′

)
. (C.5)

By the formula cos a cos b = 1
2(cos(a− b) + cos(a+ b)) we have:

∑
i

αi cos(ξγi) =
1

4
cos
(
ξνj,k,j′,k′

)
− 1

4
cos

(
2jξ

2

)
cos
(
ξνj,k,j′,k′

)
− 1

4
cos

(
2j

′
ξ

2

)
cos
(
ξνj,k,j′,k′

)
+

1

8
cos

(
2jξ

2
− 2j

′
ξ

2

)
cos
(
ξνj,k,j′,k′

)
+

1

8
cos

(
2j

′
ξ

2
+

2j
′
ξ

2

)
cos
(
ξνj,k,j′,k′

)
.

(C.6)

And then,∑
i

αi cos(ξγi) =
1

4
cos
(
ξνj,k,j′,k′

)
− 1

8
cos

(
ξνj,k,j′,k′ +

2jξ

2

)
− 1

8
cos

(
ξνj,k,j′,k′ −

2jξ

2

)

− 1

8
cos

(
ξνj,k,j′,k′ +

2j
′
ξ

2

)
− 1

8
cos

(
ξνj,k,j′,k′ +

2j
′
ξ

2

)

+
1

16
cos

(
ξνj,k,j′,k′ +

2jξ

2
− 2j

′
ξ

2

)
+

1

16
cos

(
ξνj,k,j′,k′ −

2jξ

2
+

2j
′
ξ

2

)

+
1

16
cos

(
ξνj,k,j′,k′ +

2j
′
ξ

2
+

2j
′
ξ

2

)
+

1

16
cos

(
ξνj,k,j′,k′ −

2j
′
ξ

2
− 2j

′
ξ

2

)
.

(C.7)

This equation gives table 5.4.
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Titre: Métamodèle multifidélité adaptés aux sorties fonctionnelles pour la quantification de
l’incertitude de modèles complexes

Mots clés: Quantification d’incertitude, métamodel, multi-fidélité

Résumé: Cette thèse porte sur l’approximation
de la sortie d’un code de calcul complexe dans un
cadre multi-fidélité, c’est-à-dire que le code peut
être exécuté à différents niveaux de précision
avec différents coûts de calcul. Ainsi, les qual-
ités de prédictions du métamodèle de la sortie
d’un code complexe peuvent être améliorées en
utilisant en plus des simulations moins précises
mais plus nombreuses (car moins coûteuses) .
Ce travail a pour objectif d’étendre les méth-
odes de métamodélisation multi-fidélité lorsque
les sorties du code sont fonctionnelles. Tout
d’abord, une première approche permettant de
combiner les réseaux de neurones bayésiens et
les processus gaussiens est proposée. Ce mod-
èle est adapté lorsque les relations entre les
codes basse et haute fidélité est non linéaire,
mais n’est pas encore adapté aux sorties fonc-

tionnelles.
Dans un second temps, une approche utilisant
la décomposition en ondelettes et les proces-
sus gaussien est proposée. Cette approche
permet de développer un processus gaussien
dans l’espace des ondelettes qui est équivalent à
un processus gaussien dans l’espace temporel.
Cette méthode est naturellement adaptée aux
sorties fonctionnelles.
Enfin, la troisième méthode proposée associe
une méthode de réduction de dimension de la
sortie avec une méthode de régression par pro-
cessus gaussien à covariance tensorisée. Cette
approche est développée dans le cadre de sortie
de type série-temporelle. Les expressions analy-
tiques de la moyenne et de la variance de prédic-
tion sont également introduites.

Title: Multi-fidelity surrogate modeling adapted to functional outputs for uncertainty quantification of
complex models

Keywords: Uncertainty Quantification, surrogate modeling, Multi-fidelity

Abstract: This thesis focuses on approximating
the output of a complex computational code in a
multi-fidelity framework, i.e. the code can be run
at different levels of accuracy with different com-
putational costs. Thus, the predictive qualities of
the surrogate model of the output of a complex
code can be improved by using in addition less
accurate but more numerous (because less ex-
pensive) simulations.
This work aims to extend multi-fidelity surrogate
modeling methods when the code outputs are
functional. First, an approach allowing to com-
bine Bayesian neural networks and Gaussian
processes is proposed. This model is suitable
when the relationship between the low- and high-
fidelity codes is non-linear, but is not yet suitable

for functional outputs.
In a second step, an approach using wavelet
decomposition and Gaussian processes is pro-
posed. This approach allows to develop a Gaus-
sian process in the wavelet space which is equiv-
alent to a Gaussian process in the time space.
This method is naturally adapted to functional
outputs.
Finally, the third proposed method combines an
output dimension reduction method with a co-
variance tensorised Gaussian process regres-
sion method. This approach is developed in the
context of time-series output. The analytical ex-
pressions for the predictive mean and variance
are also introduced.
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