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DE L’UNIVERSITÉ DE MONTPELLIERDE L’UNIVERSITÉ DE MONTPELLIER
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Résumé - Abstract

Résumé. Dans le contexte actuel de réchauffement climatique, il est important de disposer
d’outils mathématiques performants et précis permettant de modéliser et simuler les phénomènes
naturels extrêmes dont la fréquence d’occurrence augmente. En particulier, l’étude des risques
liés à la propagation et aux transformations des vagues en milieu littoral devient fondamentale.
Pour y parvenir, il est nécessaire de mettre au point et d’étudier : i) d’une part des modèles
mathématiques bien posés, traduisant avec fidélité les processus physiques impliqués, ii) d’autre
part des méthodes numériques adaptées aux particularités des modèles proposés et permettant de
réaliser des simulations numériques pertinentes.
Ainsi, nous nous intéressons dans cette thèse au régime d’écoulement particulier "shallow water"
et travaillons avec des modèles asymptotiques formant des systèmes d’équations aux dérivées
partielles dispersives, incluant des effets fortement non-linéaires. Nous procédons à la conception
et à l’analyse de formulations discrètes de type éléments-finis discontinus pour des modèles de
type Green-Naghdi, incluant de nouveaux termes avec vorticité générale, permettant de prendre en
compte les interactions non-linéaires entre vagues et courants.

Abstract. In the current context of global warming, the development of new strategies for
preventing risks of coastal submersion associated with storms becomes crucial. Such strategies
should rely on accurate numerical simulations. To achieve this, it is necessary on one hand to work
with suitable mathematical models, with a good description of all the physical processes at stake,
and on the other hand to design new numerical methods able to capture the particular assets of
the models. Hence, the goal of this work is to contribute to the development of new numerical
tools dedicated to the approximations of several shallow water asymptotics with weakly dispersive
and fully nonlinear effects: namely the Green-naghdi equations and the rotational Green-Naghdi
equations which include new terms able to account for nonlinear wave-current interactions. We
develop two new discrete formulations belonging to the family of discontinuous Galerkin schemes:
one for the elliptic problem associated with the Green-Naghdi dispersive terms, which is proved
to be coercive, leading to an invertible matrix, and one for the rotational Green-Naghdi equations,
ensuring the positivity of the water height and the enstrophy.
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Chapter 1

Introduction

1.1 Modélisation

Les zones littorales proposent une richesse environnementale indéniable. Elles sont toutefois
soumises a de fortes pressions de développement, une croissance démographique considérable et
une augmentation des activités économiques et récréatives. Tout ceci, rapporté à la fragilité des
environnements terrestres et marins , doit entrainer une réflexion dans la perspective de la prédiction
de la vulnérabilité dans un contexte de réchauffement climatique, et d’un développement durable.
La notion de vulnérabilité induite par les changements climatiques est définie par le GIEC (Groupe
d’experts Intergouvernemental sur l’Evolution du Climat) comme étant la combinaison de la sensi-
bilité aux variations climatiques, la probabilité d’un changement climatique adverse et la capacité
d’adaptation du système. Pour chacune de ces composantes, des indices peuvent êtres construits et
combinés. Cependant, des challenges importants restent encore à relever, en particulier l’impact
d’un changement climatique adverse et l’interprétation de la vulnérabilité au travers de situations
variées. Comme mis en évidence par le GIEC dans le cadre d’études à l’échelle globale, les
systèmes côtiers devraient être fortement vulnérables aux changements climatiques. Dans ces
zones, les phénomènes d’érosion et de submersion marine sont parmi les conséquences les plus
importantes de la remontée du niveau marin, et à ce titre, les côtes métropolitaines françaises sont
particulièrement vulnérables.
Il est donc important d’identifier et d’estimer des indicateurs de vulnérabilité à l’érosion et la
submersion marine pour les côtes basses, de l’avant-plage à l’arrière pays, face au changement
climatique. Et c’est un problème extrêmement difficile, multi-disciplinaire, à la hauteur des enjeux
en question, puisque le système côtier doit être défini dans son ensemble par sa morphologie, ses
caractéristiques physiques, l’occupation et l’utilisation de son espace, avec des échelles temporelles
qui vont du court-terme (échelle des tempêtes) au long-terme (décennies), tandis que les échelles
spatiales iront de quelques dizaines de mètres à plusieurs dizaines de kilomètres.
Le mathématicien a un rôle important à jouer dans le processus de définition de tels indicateurs
et la modélisation mathématique en ingénierie côtière et littorale est un domaine de recherche très
actif, faisant l’objet de développements théoriques importants, motivés entre autre par la nécessité
de mieux comprendre les mécanismes des phénomènes océaniques et d’anticiper leurs impacts sur
les côtes, afin d’essayer d’aboutir à une gestion plus efficace des zones littorale. En ce sens, la
construction de modèles hydrodynamiques littoraux est particulièrement importante, puisque de
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Chapter 1. Introduction

tels modèles sont amenés à jouer un rôle clé dans l’évaluation de la vulnérabilité des côtes aux
inondations et à l’érosion.

De façon générale, la description du mouvement des ondes à la surface libre d’un fluide
incompressible sous l’influence de la gravité peut se faire au moyen des équations d’Euler à surface
libre, dont l’étude théorique à fait l’objet de nombreux travaux [4545, 100100, 168168, 169169, 175175]. De
telles équations tridimensionnelles pour lesquelles le domaine de calcul fait implicitement parti
des inconnues du problème, puisque la surface libre évolue au cours du temps, sont toutefois
difficiles a mettre en oeuvre pour modéliser et simuler l’ensemble des processus qui interviennent
aux échelles spatiales et temporelles évoquées au dessus. Il est donc nécessaire d’exhiber certaines
caractéristiques permettant de particulariser les écoulements littoraux, et d’étudier des modèles
mathématiques construits en prenant en compte ces particularités, en espérant ainsi simplifier, en
un sens à préciser ultérieurement, le modèle d’Euler initial.
Ainsi, la notion d’écoulement en zone littorale est intimement liée à la notion d’écoulement en eaux
peu profondes, ou encore shallow water flow selon la terminologie anglo-saxonne. L’hypothèse
shallowwater usuelle enmécanique des fluides fait référence au fait que l’échelle caractéristique des
composantes horizontales de la vitesse de la masse d’eau est grande devant celle de la composante
verticale. En mécanique, la prise en compte de cette hypothèse revient à proposer de s’affranchir
du calcul de la composante verticale de la vitesse par intégration de celle-ci sur la colonne d’eau
dans les équations décrivant l’écoulement considéré. Comme nous le verrons, ceci n’empêche pas
de calculer une composante verticale a priori non nulle via l’équation de continuité, sachant qu’elle
doit rester "petite", en un sens que nous serons à même de préciser également ultérieurement.
Une autre conséquence de l’hypothèse est que les composantes horizontales de la vitesse sont
susceptibles d’être constantes sur la verticale puisqu’elles sont intégrées.
En mathématique, le domaine de lamodélisation et de l’analyse asymptotique permet de prendre en
compte ces variations d’échelles au sein desmodèles d’équations. Ainsi, dans les chapitres suivants,
nous nous concentrons sur le régime d’écoulement shallow water, qui est défini en introduisant
d’une part une échelle de longueur λ caractéristique des variations horizontales d’un fluide dans
un tel domaine, et d’autre part une échelle de profondeur d’eau typique H0, permettant d’obtenir le
paramètre sans dimension suivant :

µ B
H2

0
λ2 ,

aussi appelé paramètre de dispersion dans la littérature. Un écoulement sera dit vérifiant l’hypothèse
shallow water lorsque le paramètre de dispersion vérifie :

µ � 1.

Une autre caractéristique importante des écoulements littoraux est la non-linéarité des transforma-
tions des vagues, depuis la zone de shoaling, associée au redressement et raidissement des vagues,
avant le déferlement, lorsque la profondeur diminue) au jet de rive, en passant bien entendu par
le point de déferlement et la zone de surf. En effet, l’utilisation de modèles simplifiés linéaires
ne permet pas de traduire la dynamique observée durant ces différentes étapes entre l’arrivée de
la houle en zone intermédiaire et le phénomène de run-up sur la plage ou contre une structure de
protection. Ceci justifie en particulier l’introduction d’un deuxième paramètre sans dimension,
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1.1. Modélisation

important pour l’étude qui va suivre, à savoir le paramètre de non-linéarité :

ε B
a0
H0
,

où a0 est une grandeur caractéristique permettant de quantifier l’amplitude des vagues observées
en surface. Prendre en compte l’ensemble des non-linéarités observées dans un tel écoulement
revient ainsi à laisser à ε la possibilité de devenir grand:

ε = O(1), (1.1)

alors qu’un écoulement caractérisé par de faibles valeurs de ε, à savoir

ε � 1,

sera qualifié de faiblement non-linéaire.

Les équations de Saint-Venant, décrites de manière heuristique en 1871 dans [143143], et aussi
appelées Nonlinear Shallow Water equations (NSW) en anglais, représentent aujourd’hui certaine-
ment le modèle non-linéaire de type shallow water le plus utilisé. Ces équations se présentent
sous la forme d’un système de lois de conservations hyperboliques non-linéaires du premier ordre,
couplant l’évolution temporelle de l’élévation de la surface à la composante horizontale moyenné
verticalement de la vitesse. L’étude de ces équations a grandement bénéficié de l’énorme intérêt
suscité par cette grande et importante famille d’ Equations aux Dérivées Partielles (EDP) auprès
d’un grand nombre de chercheurs depuis la seconde moitié du vingtième siècle [102102]. Les équa-
tions NSW sont utilisées pour modéliser un grand nombre de phénomènes : écoulements littoraux,
écoulements fluviaux, ruissellement, inondation ou encore des ruptures de barrages. En ce qui
concerne leur application en océanographie littorale, il a été montré que ces équations permettaient
de décrire de manière très précise le phénomène de déferlement des vagues dans la zone de surf,
où la vague déferlée est assimilée à un ressaut hydraulique (onde de choc), se propageant à une
vitesse calculée par les relations de Rankine-Hugoniot associée au système. Se forme alors un
profil caractéristique de vague déferlée dans la zone de surf, dit en dents de scie, se propageant
jusqu’au rivage avec une diminution d’amplitude due à la dissipation d’énergie au travers l’onde
de choc. De tels transferts d’énergie sont en effet représentés de manière très fine par la structure
hyperbolique du système et la diminution de l’entropie associée. A noter que les équations de
Saint-Venant linéaires sont bien entendues plus simples à étudier et la théorie des systèmes hyper-
boliques linéaires est complète, contrairement aux systèmes non-linéaires, mais elles ne permettent
pas de décrire l’ensemble des processus, hautement non-linéaires, observés dans la zone de surf.
Dans le Chapitre 2, nous procédons à la dérivation complète des équations NSW à partir des
équations d’Euler à surface libre, par un procédé de développement asymptotique et d’intégration
selon la direction verticale, et nous observons que la dérivation de telles équations revient à négliger
les termes d’ordre µ au sein du développement asymptotique, tout en retenant la non-linéarité des
processus (1.11.1).

Toutefois, aussi pertinentes et efficaces en terme de modélisation et simulation que soient les
équations NSW, et même si l’expérience pratique tend à montrer qu’elles peuvent être utilisées
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Chapter 1. Introduction

avec succès dans des configurations d’écoulements parfois à la limite de leur domaine de validité,
les équations NSW ne peuvent pas modéliser convenablement les processus observables en zone
de shoaling, juste en amont de la zone de déferlement. Cette limitation est justement liée à la
nature hyperbolique des équations NSW et à la négligence des termes d’ordre µ dans le processus
de construction de l’asymptotique. En effet, la prise en compte de ces termes d’ordre µ dans les
équations revient à modéliser certains effets de dispersion correspondant, d’une certaine manière,
à une description implicite (et partielle) de la variabilité verticale de l’écoulement. La dispersion
est un phénomène bien connu en mécanique ondulatoire, correspondant à une situation de propa-
gation d’ondes au sein d’un media où des longueurs d’onde différentes se propagent à des vitesses
différentes. Ce phénomène joue bien entendu un rôle primordial dans l’étude de la propagation en
zone littorale, lorsque la profondeur de l’écoulement conditionne fortement sa dynamique globale.
En particulier, dans l’étude des vagues au voisinage du déferlement, la dispersion permet de venir
contrebalancer les effets non-linéaires des transformations des ondes de surface, induisant ainsi
un phénomène de déformation caractéristique des vagues (raidissement des vagues) associé à la
diminution de la profondeur, à l’approche du point de déferlement. Ainsi, en un certain sens, la
prise en compte des effets dispersifs dans les équations permets d’étendre le domaine de validité
des équations NSW, depuis la zone de surf jusqu’à la zone de levée.
Ainsi, de nombreuses équations de type shallow-water, non-linéaires et faiblement dispersives ont
été introduites puis étudiées dans la littérature, telles les équations de KdV [151151] ou encore de
Boussinesq [2424, 131131]. Les équations de type Boussinesq ont la particularité de prendre en compte
les termes d’ordre µ (µ � 1) dans la dérivation, tout en introduisant une hypothèse de faible non-
linéarité : le paramètre ε est supposé du même ordre de grandeur que µ, ce qui permet de simplifier
la dérivation et d’obtenir des équations certes plus complexes que NSW, mais toutefois moins
complexes que celles construites sans simplification. Notons également que ces équations peuvent
être optimisées assez facilement, en introduisant des termes d’un ordre asymptotique négligeable,
mais qui permettent de corriger les propriétés dispersives des équations pour les faire correspondre
avec celles des équations d’Euler sur une plus large gamme de longueur d’onde, voir par exemple
[112112, 126126]. Mais même avec de telles optimisations, il a été observé que les équations de type
Boussinesq n’étaient en général pas suffisamment non-linéaires pour permettre une représentation
fidèle des profils de vagues au voisinage du déferlement [7575]. Ainsi, l’objectif est de construire un
modèle qui prenne en compte les effets dispersifs au premier ordre (µ � 1), sans limiter l’ordre
de grandeur des non-linéarités modélisées (ε = O(1)). De telles équations ont été obtenues dans
[147147] en 1953 dans le cas 1d, puis dans [7474] en 1976 dans le cas 2d. Ces équations, dites de
Serre-Green-Naghdi (SGN), représentent ainsi une étape supplémentaire dans la dérivation d’un
modèle adapté à l’océanographie littorale, en supprimant l’hypothèse de faible non-linéarité utilisée
pour dériver Boussinesq. Citons aussi les dérivations proposées dans [152152], [117117] et [146146]. Notons
également qu’une justification mathématique du modèle SGN a été faite dans [55].

Enfin, il est important de noter que même si les équations SGN améliorent considérablement
la modélisation des processus hydrodynamiques littoraux en comparaison avec NSW, il demeure
certaines situations importantes pour lesquelles les équations SGN ne permettent pas de retranscrire
la totalité des processus physiques qui dominent les caractéristiques observables d’un écoulement.
En effet, comme il sera rappelé dans le Chapitre 2, ces équations ont été dérivées avec une hypothèse
d’écoulement irrotationnel, c’est à dire sans vorticité, ce qui est cohérent avec une perspective
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générale d’étude d’écoulements variant peu dans la direction verticale. Il en est, bien entendu, de
même pour les équations NSW ou de Boussinesq. Cependant, dans certaines circonstances (non
exceptionnelles), les effets rotationnels peuvent être importants par rapport aux effets non-linéaires
et/ou dispersifs déjà modélisés dans SGN, et deviennent donc non négligeables. C’est, par exemple
le cas lorsque la vorticité est générée par une dissipation anisotrope de l’énergie due au déferlement
des vagues sur des topographies présentant des variations longitudinales. C’est également le cas
lorsqu’un champ de vorticité (un courant) vient interagir, de façon non-linéaire, avec les vagues.
La vorticité est en effet une clé importante pour comprendre les échanges d’énergie contrôlant les
processus physiques au sein de telles interactions. Mentionnons par exemple [7272, 121121, 130130, 155155,
156156, 174174] pour des études et descriptions concernant les interactions entre courants et vagues.
Concernant les modèles, la prise en compte d’une vorticité non nulle, ou au moins de courants
de cisaillements, directement au sein des modèles évoqués précédemment, qui sont intégrés selon
la verticale, est un problème difficile. Ainsi, plusieurs stratégies visant à décrire la dynamique
verticale d’une onde de gravité à la surface d’un fluide en écoulement de type shallow water ont été
proposées dans la littérature. Elles sont toutes, en quelque sorte, des stratégies "de contournement"
du caractère trop restrictif de l’hypothèse théorique d’écoulement irrotationnel par rapport aux
observations. Parmi ces différentes stratégies nous trouvons par exemple: (i) la superposition de
plusieurs modèles shallow water sur la verticale en gérant les zones de contacts (modèles ditsmulti-
couches, voir par exemple [1010, 1111, 7070]), (ii) des paramétrisation du cisaillement vertical des vitesses
(approche dite "quasi-3d", voir par exemple [133133]), (iii) des modèles dits non-hydrostatiques, voir
par exemple [22, 110110], (iv) introduction de termes de type tensions de radiation afin de décrire
l’action des courants comme un forçage sur les vagues (voire par exemple [108108]).
Concernant la dérivation de modèles shallow wate prenant en compte la vorticité, mentionnons
[3535], où des modèles de type Boussinesq et GN avec cisaillement uniforme sont obtenus, [8787]
pour un modèle à vorticité constante, [123123, 160160] dans le cas 1d, où la vorticité est responsable de
la présence d’un terme supplémentaire dans l’équation de la quantité de mouvement, couplée à
l’équation de transport de la vorticité, [181181] où un modèle SGN avec termes rotationels est dérivé,
ou encore [140140] pour un modèle dispersif généralisant SGN au cas des écoulements à cisaillement.
Dans [9292] l’effet d’un courant cisaillé vertical sur une onde scélérate bi-dimensionnelle est étudié
en utilisant une approche basée sur des équations généralisées de Whitham avec un tourbillon
constant, et un modèle approximatif de type NSW en présence de tourbillons est ensuite dérivé
dans [9191]. Citons également [1818] où un ensemble d’équations non linéaires en eau peu profonde
avec un tourbillon constant est également proposé.
Récemment, une théorie générale est proposée dans [2727] avec une généralisation rigoureuse de SGN
en présence de vorticité. Ainsi, la dynamique tri-dimensionnelle d’un écoulement shallow water
avec vorticité peut être décrite à l’aide d’équations bi-dimensionelles, en utilisant une approche
inspirée de la théorie de la turbulence standard, mais sans avoir besoin de modèles de fermeture,
grace à la nature asymptotique de SGN. Dans [101101], le système SGN rotationel est en outre étudié
analytiquement pour obtenir des familles de solutions de type ondes solitaires. Ce sont les modèles
SGN avec ou sans vorticité que nous nous proposons d’étudier dans cette thèse.
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1.2 Discrétisation
La résolution numérique d’EDP est un domaine qui a naturellement connu de très grands développe-
ments depuis la deuxième moitié du vingtième siècle, suivant l’évolution de la puissance de calcul
des ordinateurs. Différentes stratégies de discrétisation ont été introduites au fil des années, en tenant
compte des particularités des différentes familles d’EDP étudiées. Les méthodes de Différences-
Finies (DF) permettent de construire des approximations d’opérateurs différentiels sur desmaillages
à topologie cartésienne, à partir du développement de Taylor de la solution aux noeuds de la grille
de calcul, qui doit donc être suffisamment régulière. Même si ils sont simples à mettre en oeuvre,
et s’adaptent facilement à des opérateurs différentiels d’ordre élevé, les schémas DF souffrent d’un
certains nombre de limitations inhérentes à l’utilisation de grilles cartésiennes et à la nécessité pour
la solution cherchée d’être très régulière. Les méthodes DF sont donc en général peu adaptées aux
problèmes impliquant des géométries complexes, ou aux calculs de solutions à faible régularité.
Certaines améliorations ont été proposées, telles que les Différences Finies Généralisées [7676] ou
encore l’utilisation de méthodes de type Frontières Immergées [120120], pour prendre en compte des
géométries de frontières plus complexes.

Les méthodes de type Elements-Finis (EF) classiques ont connu un très fort développement
dans les années 50, tout d’abord pour des EDP de nature elliptique ou parabolique, essentiellement
en mécanique des structures et sous l’impulsion d’ingénieurs, avant d’être étendues à de très nom-
breux autres domaines d’applications et de voir leurs fondements théoriques solidement établis.
Les ingrédients clés des méthodes EF sont d’une part les propriétés d’interpolation des Elements-
Finis, et d’autre part l’introduction d’un cadre mathématique fonctionnel rigoureux pour étudier la
solution du problème. Un exposé détaillé des principales méthodes EF peut être trouvé dans [6868].
Les méthodes EF ont aussi été étendues à certains modèles hyperboliques à l’aide de techniques de
stabilisation appropriées, voir par exemple [8484]. Parmi les inconvénients identifiés des méthodes
EF, notons la nécessité d’assembler et d’inverser la matrice de masse, qui est généralement une
matrice pleine dont l’inversion peut être coûteuse.
Les méthodes Volumes-Finis (VF) ont d’abord été développées pour des EDP de nature hyper-
bolique, avant d’être également étendues à certains problèmes de nature elliptique ou parabolique.
L’idée de base, pour des EDP contenant des termes en ∇ · (), est d’utiliser le théorème de flux-
divergence pour expliciter les intégrales de volume en intégrales de surface, nommées flux. Ces flux
sont ensuite évalués aux interfaces entre les volumes finis à l’aide d’une fonction de flux numérique
approximants. Puisque le flux entrant dans un volume donné est égal au flux sortant du volume
adjacent, de telles méthodes VF sont dites conservatives et donc bien adaptées à la résolution de
lois de conservation. Des exposés détaillés des méthodes VF peuvent être trouvés dans [105105, 158158].
Les méthodes EF et VF permettent, en particulier, d’utiliser des maillages non-structurés et même,
dans certains cas, des maillages généraux (polyèdriques). Elles sont donc bien mieux adaptées
que les schémas DF aux traitement de problèmes avec des géométries complexes. Par ailleurs, ces
méthodes autorisent le calcul de solutions présentant possiblement une régularité plus faible qu’avec
les méthodes DF, s’appuyant sur des formulations faibles (VF) ou variationnelles (EF). Parmi les
inconvénients souvents mentionnés pour les schémas VF, citons le fait que pour obtenir un ordre
d’approximation élevé sur des solutions régulières, il est nécessaire d’utiliser de grands stencils, qui
peuvent augmenter le coût de calcul et diminuer la robustesse, et aussi réduire l’efficacité parallèle
de l’algorithme.
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Les bases des méthodes de type Discontinuous Galerkin ont été introduites dans les années
70 pour la résolution d’un problème de transport de neutrons [134134]. Plus tard, ces méthodes ont
été largement développées pour de nombreux problèmes hyperboliques linéaires et non-linéaires,
voir par exemple [3737, 4040], mais aussi pour de nombreux problèmes elliptiques (essentiellement
linéaires) et même dispersifs, avec par exemple les méthodes dites Local Discontinuous Galerkin
(LDG) [3939, 4141], les méthodes Interior Penalty Discontinuous Galerkin (IPDG) qui reposent sur des
conditions de continuité imposées faiblement à la solution ou à ses dérivées à travers les interfaces
[165165], [5454], [88], [1414], [141141]. Une analyse unifiée des méthodes DG pour les problèmes elliptiques
est également proposée dans [99]. DG a même été appliquée à des problèmes paraboliques, voir par
exemple [8686], [6767], [6565, 6666], et plus récemment [113113]. Pour les équations de Navier-Stokes com-
pressibles, une extension desméthodes DG a été proposée dans [1515] puis d’autres travaux ont suivis.

Cette famille de méthodes possède des caractéristiques communes présentes en partie dans les
méthodes EF et VF. Les méthodes DG peuvent être considérées comme une approche FV d’ordre
élevé où la solution approchée est exprimée par un polynôme au lieu de fonctions constantes,
ou comme des méthodes EF supportant des discontinuités dans les espaces de test en ce qu’elle
construit une solution approchée polynomiale par morceaux sur le maillage et discontinue entre
les éléments. Ils utilisent des fonctions de base qui sont des fonctions polynomiales sur l’élément
mais qui sont discontinues à travers ses frontières. L’échange d’informations entre deux éléments
s’effectue à travers les interfaces uniquement au moyen de flux numériques, comme pour les
méthodes VF. Chaque cellule est associée à un espace d’approximation local, qui peut être choisi
indépendamment des cellules voisines. Un exposé détaillé des principaux aspects mathématiques
des méthodes DG peut être trouvé dans [5050].

Les équations shallow water ont fait l’objet de très nombreuses études numériques, depuis les
équations NSW jusqu’aux équations faiblement dispersives de type Boussinesq et plus récemment
SGN. Au cours des dernières décennies, il y a eu beaucoup d’intérêt pour la construction de formu-
lations discrètes des équations NSW à la fois en dimension un et deux de surface. Les équations
NSW ont été étudiées pour des problèmes d’océanographie ou d’hydraulique, à l’aide d’un grand
nombre de schémas numériques, à savoir, parmi de nombreuses références, des méthodes DF [2828,
109109], des méthodes VF [44, 9494, 142142], des méthodes WENO [125125, 161161], des méthodes EF [8181, 8383,
124124, 159159], des méthodes à Distribution de Résidus (DR) [135135] ou encore des méthodes DG [33, 4747,
145145].
La plupart des travaux se sont concentrés sur l’un des deux aspects suivants : i) construire des
schémas satisfaisant des propriétés de well-balancing pour états stationnaires au repos [1313, 173173]
ou plus généraux [116116, 170170]. De telles propriétés sont en effet importantes pour pouvoir prendre
en compte avec précision et stabilité les variations de la topographie dans les calculs, ii) préserver
la positivité de la hauteur d’eau lors de l’évolution. C’est une propriété de stabilité non-linéaire
très importante, qui a fait l’objet de nombreuses études pour les diverses méthodes citées plus haut,
voir par exemple [1212, 1717, 3232]. A noter que la construction de schémas VF satisfaisant à la fois
lewell-balancing et la positivité de la hauteur d’eau et qui soit d’ordre élevé est un problème difficile.

La construction de méthodes numériques pour les équations de Boussinesq a également fait
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l’objet de nombreux travaux. Ces équations ont la particularité de faire intervenir des dérivées
partielles d’ordre strictement supérieur à deux, ou bien encore des dérivées croisées temps/espaces,
qui compliquent fortement la résolution numérique. La présence dans ces équations [11, 129129]

Les équations SGN apportent encore une nouvelle difficulté en comparaison avec les équations
de Boussinesq: la présence de termes fortement non-linéaires, et une structure analytique globale-
ment plus compliquée, qui s’avère entrainer un coût de calcul globalement plus important que pour
les équations de Boussinesq, à méthodes/maillages équivalents. Les premiers travaux numériques
concernaient des méthodes DF, par exemple [66, 164164].
Les méthodes FV ont été également appliquées aux équations SGN, pour nouvelle difficulté
d’approcher numériquement les termes non-linéaires à l’aide d’inconnues constantes par élément.
Une approche VF a par exemple été proposée sur fond plat dans [104104], ainsi que des méthodes
hybrides VF/DF dans [2121, 3636, 132132], WENO/DF [2929, 9797] ou encore VF/EF [9090]. L’idée de tells
approches hybrides consiste à découpler le modèle SGN en deux sous modèles: une partie hyper-
bolique, traitée par une méthode VF en s’inspirant de travaux déjà développés pour NSW, et une
partie dispersive, contenant les termes d’ordre élevés, qui est traité par une méthode plus adaptée.
Des applications de méthodes EF peuvent également être trouvées, voir par exemple [118118, 119119,
167167].
L’approximation numérique des équations SGN par des méthodes DG a été considérée récemment.
Les méthodes DG apparaissent comme particulièrement adaptées à la discrétisation des équations
SGN. En effet, les méthodes DG offrent un cadre théorique très général permettant de construire
des espaces d’approximation adaptés à de nombreux types d’opérateurs différentiels locaux, dont
des opérateurs d’ordre élevé. Le traitement des opérateurs non-linéaires peut-être également effec-
tué par une méthode de collocation, en essayant au besoin de limiter l’aliasing par les techniques
usuelles utilisée par exemples dans les méthodes spectrales ou éléments-spectraux. De plus, les
méthodes DG sont très robustes au voisinage des discontinuités et des forts gradients, tout en
permettant d’utiliser des approximations très précises dans les zones où la solution est régulière.
Enfin, les méthodes DG peuvent être efficacement parallélisées, ce qui est important pour pouvoir
effectuer des simulations à des échelles réalistes (passage à l’échelle).
C’est dans cette optique qu’une première stratégie de discrétisation DG/LDG a été proposée d’abord
dans le cas 1d[6262] puis en 2d dans [5959]. Le traitement de la partie elliptique a ensuite été amélioré
dans [5151] avec une reformulation des équations permettant d’utiliser une méthode Symmetric Inte-
rior Penalty (SIP), quimène à unematrice globale symétrique pour la partie elliptique des équations.
Toutefois, même si cette dernière approche est plus performante et robuste, elle souffre toutefois
encore d’une importante limitation: il ne parait pas possible de prouver la coercivité de la forme
bilinéaire discrète introduite dans [5151]. Et en effet, il est possible d’exhiber des cas test manufac-
turés où la matrice résultant de cette discrétisation est singulière.
C’est donc dans cette perspective que ce situe la première partie des travaux présentés dans cette
thèse de doctorat. Présentée au Chapitre 4 de ce manuscript, l’objectif de cette première partie
est d’introduire et étudier théoriquement une nouvelle forme bilinéaire symétrique pour équations
SGN, permettant de lever cette dernière limitation. Une présentation synthétique de ces travaux est
fournie au Chapitre 3.

Enfin, il existe très peu de travaux numériques concernant les modèles SGN prenant en compte
la vorticité. Une approche hybride WENO-DF a été utilisée dans [9898] pour simuler la propagation
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d’ondes solitaires. Un modèle SGN "étendu" en rapport avec celui étudié ici est introduit et
utilisé dans [8989] en 1d puis dans [137137] en 2d. Dans ce modèle, une équation additionnelle sur
l’évolution de l’enstrophie e, mais avec des termes sources additionnels qui sont paramétrisés,
est ajoutée aux modèle SGN, afin de modéliser le déferlement et la génération de vorticité. Les
méthodes numériques utilisées sont toutefois une extension directe de [5959], sans analyse théorique
supplémentaires des schémas.
Cette direction de recherche fait donc l’objet de la deuxième partie des travaux présentés dans ce
manuscript, avec la construction d’une formulation discrète DG pour les équations SGN a vorticité
générale de [2525]. Une présentation des principales propriétés de cette nouvelle méthode est fournie
dans le Chapitre 3, alors que l’article correspondant est placé dans le Chapitre 5.
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Chapter 2

Derivations and Notations

This Chapter is organized as follows. In §2.12.1, we detail the derivation of various asymptotic shallow
water equations from the free surface Euler equations. In §2.1.12.1.1 we derive the vertically averaged
free surfce Euler equations. In §2.1.22.1.2, we aim to derive most known shallow water models, namely,
NSW equations, Boussinesq equations, SGN equations in irrotational flows. In §2.1.32.1.3, we take
non-zero vorticity to derive the SGN equations with constant vorticity in §2.1.3.12.1.3.1, and the SGN
equations with general vorticity in §2.1.3.22.1.3.2. We present in §2.1.42.1.4, the solitary wave exact solution
of SGN equations in presence of vorticity. §2.22.2 is devoted to the mathematical and numerical
analysis of basic elliptic and hyperbolic problems, we introduce the main ingredients needed in the
following Chapters.

2.1 Derivation of shallow water models
In this section, we detail the derivation of various shallow water asymptotics from the Euler
equations with free surface and the classical irrotational flow assumption. The derivation process
is mostly reproduced from [2525], with an emphasize put on the 1d case and a more comprehensive
presentation of all the computation details, which are generally skipped in [2525] for the sake of
simplicity. This is also the opportunity to introduce the notations used within all this manuscript.

2.1.1 Vertically averaged free surface Euler equations
Let x, z, and t denote, respectively, the horizontal, vertical, and time coordinates. Denoting by
ζ(t, x) the free surface elevation with respect to its rest state, by −H0+ b(x) a parametrization of the
bottom’s variations, by H(t, x) B H0+ ζ(t, x)−b(x) the water depth, and by η(t, x) B H(t, x)+b(x)
the total free surface elevation. The fluid domain is defined as,

Ωt = {(x, z) ∈ Rd+1,−H0 + b(x) < z < ζ(t, x)}. (2.1)

We denote by U(t, x, z) ∈ Rd+1 the velocity of the fluid, and by v(t, x, z) ∈ Rd and w(t, x, z) its
horizontal and vertical component respectively, with v̄ the vertically averaged horizontal component
of v. We write P(t, x, z) ∈ R for the pressure at the point (x, z) ∈ Ωt , the acceleration of gravity
is denoted by −gez, when g > 0 and ez is the unit upward vector in the vertical direction and
the density of the fluid is written ρ. In an incompressible, homogeneous, irrotational and inviscid
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fluid under the influence of gravity, the propagation of surface waves is governed by the Euler
equations with nonlinear boundary conditions at the surface and at the bottom. The free surface
Euler equations can be written as follows,

∂tU + U · ∇x,zU = −
1
ρ
∇x,zP − gez in Ωt, (2.2a)

∇x,z · U = 0 in Ωt, (2.2b)

∇x,z × U = 0 in Ωt, (2.2c)

∂tζ − U|ζ · N = 0 on {z = ζ(t, x)}, (2.2d)

P|ζ = Patm = cst on {z = ζ(t, x)}, (2.2e)

U|−H0+b · Nb = 0, (2.2f)

with
U|ζ = U(t, x, ζ(t, x)) and N = (−∂xζ,1)T, (2.3a)

U|−H0+b = U(t, x,−H0 + b) and Nb = (−∂xb,1)T . (2.3b)

We emphasize that (2.2c2.2c) is the irrotationality condition, which is fundamental in the proposed
derivation, and which will be removed in §2.1.32.1.3. The difficulty of solving the system (2.2a2.2a)-(2.2f2.2f)
appears in the fact that the fluid domain is time-varying with a kinematic boundary at the surface.
To deal with this issue, several equivalent formulations were proposed in the literature, such as
a Lagrangian formulation in [4242] or Zakharov’s Hamiltonian formulation [176176]. We aim in this
chapter to detail a derivation process that starts directly from (2.2a2.2a)-(2.2f2.2f) with a vertical integration.

From now on, we set d = 1. To reformulate the free surface Euler equations in elevation-velocity
form, one starts with denoting that any function u(t, .) defined in the fluid domain Ωt may be
decomposed as an vertically averaged component ū and a zero mean component u∗, as follows,

u(t, x, z) = u(t, x) + u∗(t, x, z), (2.4)

with,

u(t, x) =
1
H

∫ ζ

−H0+b
u(t, x, z)dz, u∗(t, x, z) = u(t, x, z) − u(t, x) and

∫ ζ

−H0+b
u∗ = 0. (2.5)

We have thus,
v(t, x, z) = v̄(t, x) + v∗(t, x, z), (2.6)

with v̄(t, x) and v∗(t, x, z) are defined as in (2.52.5). We also recall the Leibniz integration formula,∫ ι(x)

ς(x)
∂xu(t, x, z)dz = ∂x

∫ ι(x)

ς(x)
u(t, x, z)dz − u|ι

∂ι

dx
+ u|ς

∂ς

dx
. (2.7)

Integrating vertically (2.2b2.2b), one gets

w|ζ − w|−H0+b = −∂x

∫ ζ

−H0+b
vdz + v|ζ∂xζ − v|−H0+b∂xb,
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and using the boundary conditions (2.2d2.2d)-(2.2f2.2f) and (2.62.6), we obtain themass conservation equation

∂tζ + ∂x(Hv̄) = 0. (2.8)

Vertically averaging the horizontal component of (2.2a2.2a), one obtains∫ ζ

−H0+b
∂tvdz +

∫ ζ

−H0+b
v∂xvdz +

∫ ζ

−H0+b
w∂zvdz = −

1
ρ

∫ ζ

−H0+b
∂xPdz. (2.9)

Then, we look at each term separately∫ ζ

−H0+b
∂tvdz = ∂t

∫ ζ

−H0+b
vdz − v|ζ∂tζ + v|−H0+b∂t b,

= ∂t(Hv̄) − v|ζ∂tζ,

(2.10)

integrating by part and using the incompressible condition (2.2b2.2b), one obtains∫ ζ

−H0+b
w∂zvdz = [wv]ζ

−H0+b −

∫ ζ

−H0+b
v∂zwdz,

= [wv]
ζ
−H0+b +

∫ ζ

−H0+b
v∂xvdz,

= w|ζv|ζ − w|−H0+bv|−H0+b +

∫ ζ

−H0+b
v∂xvdz,

from (2.2d2.2d)-(2.2f2.2f), one obtains∫ ζ

−H0+b
w∂zvdz = v|ζ∂tζ + v

2
|ζ∂xζ − v

2
|−H0+b∂xb +

∫ ζ

−H0+b
v∂xvdz, (2.11)

plugging (2.102.10) and (2.112.11) in (2.92.9), one deduces

∂t(Hv̄) + 2
∫ ζ

−H0+b
v∂xv + v

2
|ζ∂xζ − v

2
|−H0+b∂xb +

1
ρ

∫ ζ

−H0+b
∂xPdz = 0, (2.12)

using (2.72.7), we get

2
∫ ζ

−H0+b
v∂xv =

∫ ζ

−H0+b
∂x(v

2)dz = ∂x
( ∫ ζ

−H0+b
v2dz

)
− v2
|ζ∂xζ + v

2
|−H0+b∂xb. (2.13)

Replacing (2.132.13) in (2.122.12), one obtains{
∂tζ + ∂x(Hv̄) = 0,
∂t(Hv̄) + ∂x

( ∫ ζ

−H0+b v
2 dz) + 1

ρ

∫ ζ

−H0+b ∂xP dz = 0.
(2.14)

Using (2.62.6), and making use of the assumption that the vertical average of v∗ vanishes, we can
therefore write ∫ ζ

−H0+b
v2dz = Hv̄2 + R with R B

∫ ζ

−H0+b
|v∗ |2. (2.15)
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Chapter 2. Derivations and Notations

For the last term of (2.142.14), integrating the vertical component of the free surface Euler equations
(2.2a2.2a), and using (2.2e2.2e), one readily gets

P = Patm + ρg(ζ − z) +
∫ ζ

z
Pnh, (2.16)

where
Pnh = ρ

∫ ζ

z

(
∂tw + v∂xw + w∂zw

)
. (2.17)

Plugging (2.152.15)-(2.162.16) in (2.142.14), we get the vertically averaged Euler equations{
∂tζ + ∂x(Hv̄) = 0,
∂t(Hv̄) + ∂x(Hv̄2) + gH∂xζ + ∂x

( ∫ ζ

−H0+b |v
∗ |2

)
+ 1

ε

∫ ζ

−H0+b ∂xPnh = 0.
(2.18)

From now, our goal is to express the two last terms in the second equations of (2.182.18), respectively
called in the following Reynolds-like tensor and non-hydrostatic pressure component defined in
(2.172.17), in terms of ζ and v̄, through asymptotic expansions under the shallow water assumption.

The next step is to introduce nondimensionalized equations, relying on the two parameters µ and
ε defined in the Introduction section. Let also introduce a typical amplitude abott of the bottom
variations, and the associated dimensionless parameter fo the topography variations

β B
abott
H0

. (2.19)

Dimensionless variables are introduced as follows,

x̃ B
x
λ
, z̃ B

z
H0
, ζ̃ B

ζ

a
, b̃ B

b
abott

,

ṽ B
v

a
√
g/H0

, w̃ B
w

aλ/H0
√
g/H0

, t̃ B
t

λ/
√
gH0

, P̃ B
P

ρgH0
.

We focus in the following on the shallow water regime (µ � 1). Within this regime, various
sub-regimes can be identified depending on the assumptions made on the nonlinearity parameter ε:
small amplitude regime (ε � 1) and large amplitude regime (ε = O(1)), the topography parameter
β: small amplitude bottom variations (β � 1) and large amplitude (β = O(1)). The shallow water
scaling corresponds to the configuration where the wave length λ of the flow is large compared
to the typical depth H0. Dropping the ˜ , the system (2.2a2.2a)-(2.2c2.2c) can be written in dimensionless
form as follows,

∂tUµ +
ε

µ
Uµ · ∇

µ
x,zUµ = −

1
ε
(∇

µ
x,zP + ez) in Ωt,

∇
µ
x,z · Uµ = 0 in Ωt,

∇
µ
x,z × Uµ = 0 in Ωt,

(2.20)

whereUµ is the nondimensionalized velocity andΩt now stands for the dimensionless fluid domain,
defined as

Ωt = {(x, z) ∈ Rd+1, −1 + βb(x) < z < εζ(t, x)}.
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2.1. Derivation of shallow water models

Dimensionless form of the boundary conditions at the surface is given by,

∂tζ + ∂x(Hv̄) = 0 and Patm = 0. (2.21)

At the bottom,
Uµ
|−1+βb · N

µ
βb = 0, (2.22)

with,
Uµ
|−1+βb(t, x) = Uµ(t, x,−1 + βb) and N µ

βb = (−ε
√
µ∂xb,0,1)T . (2.23)

Dimensionless version of H and v̄ are given by,

H(t, x) B 1 + εζ(t, x) − βb(x), v̄(t, x) =
1
H

∫ εζ

−1+βb
v(t, x, z)dz,

dimensionless form of the horizontal velocity is defined by,

v(t, x, z) = v̄(t, x) +
√
µv∗(t, x, z), (2.24)

and dimensionless averaged Euler equations are written as,{
∂tζ + ∂x(Hv̄) = 0,
∂t(Hv̄) + ε∂x(Hv̄2) + H∂xζ + εµ∂x(

∫ εζ

−1+βb |v
∗ |2) + 1

ε

∫ εζ

−1+βb ∂xPnh = 0,
(2.25)

with,

Pnh = ρ

∫ εζ

z
(∂tw + v∂xw +

ε

µ
w∂zw). (2.26)

2.1.2 Irrotational flows
Let begin with irrotational flows: the effect of vorticity are neglected.

Asymptotic expansion of the velocity field

We can describe the asymptotic expansion of the velocity through the incompressibility and irro-
tationality conditions, given in the dimensionless form by,

µ∂xv + ∂zw = 0,
√
µ∂zv −

√
µ∂xw = 0,

w|−1+βb − µβ∂xv|−1+βb = 0.
(2.27)

Replacing (2.242.24) into (2.272.27), with ∂z v̄ = 0, we obtain

µ∂x v̄ + µ
3/2∂xv

∗ + ∂zw = 0, (2.28a)

µ∂zv
∗ −
√
µ∂xw = 0, (2.28b)

w|−1+βb − µβ∂xb
(
v̄|−1+βb +

√
µv∗
|−1+βb

)
= 0. (2.28c)
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Chapter 2. Derivations and Notations

Integrating (2.28a2.28a) over the vertical and using (2.72.7), we get∫ z

−1+βb
∂zw = −µ

∫ z

−1+βb
∂x v̄ − µ

3/2
∫ z

−1+βb
∂xv
∗,

w = −µ∂x

∫ z

−1+βb
v̄ − µ3/2∂x

∫ z

−1+βb
v∗ − µβ∂xb

(
v̄|−1+βb +

√
µv∗
|−1+βb

)
+ w|−1+βb,

from (2.28c2.28c), yields

w = −µ∂x

[
(1 + z − βb)v̄

]
− µ3/2∂x

∫ z

−1+βb
v∗. (2.29)

Replacing (2.292.29) in (2.28b2.28b), and integrating over the vertical, yields

v∗ = −
1
√
µ

∫ εζ

z
∂xw + v

∗
|εζ,

v∗ = −
1
√
µ

( ∫ εζ

z
∂xw

)∗
,

v∗ =
√
µ
( ∫ εζ

z
∂2

x [(1 + z′ − βb)v̄]dz′
)∗
+ µ

( ∫ εζ

z
∂2

x

∫ z

−1+βb
v∗

)∗
.

(2.30)

Introducing the operators T[εζ, βb] and T∗[εζ, βb] as follows,

T[εζ, βb]w =
∫ εζ

z
∂2

x

∫ z′

−1+βb
w and T∗[εζ, βb]w = (T[εζ, βb]w)∗. (2.31)

Hence, (2.302.30) can be given as follows,

(1 − µT∗[εζ, βb])v∗ =
√
µT∗[εζ, βb]v̄. (2.32)

One can compute,

T∗[εζ, βb]v̄ = −
1
2
((1 + z − βb)2 −

H2

3
)∂2

x v̄ + β(z − εζ +
1
2

H)
[
∂xb∂x v̄ + ∂x(∂xbv̄)

]
. (2.33)

Applying (1 + µT∗) to (2.322.32) and using (2.332.33), one obtains

v∗ =
√
µT∗[εζ, βb]v̄ + O(µ3/2),

v∗ =
−
√
µ

2
((1 + z − βb)2 −

H2

3
)∂2

x v̄ +
√
µβ(z − εζ +

1
2

H)[∂xb∂x v̄ + ∂x(∂xbv̄)].
(2.34)

From (2.242.24),(2.292.29) and (2.342.34), one deduces the approximations for the horizontal and vertical
velocity fields up to O(µ2) terms,

v = v̄ − µ
1
2
((1 + z − βb)2 −

H2

3
)∂2

x v̄ + µβ(z − εζ +
1
2

H)[∂xb∂x v̄ + ∂x(∂xbv̄)] + O(µ2), (2.35a)

w = −µ∂x[(1 + z − βb)v̄] + O(µ2). (2.35b)
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2.1. Derivation of shallow water models

Computation of the Reynolds-like tensor contribution

From the definitions (2.152.15) and using (2.342.34), one deduces under the dimensionless variables,

εµ∂xR = εµ∂x

∫ εζ

−1+βb
|v∗ |2 = εµ2∂x

∫ εζ

−1+βb

(
T∗[εζ, βb]v̄

)2
= O(µ2). (2.36)

Thus, one observes that the contribution of Reynolds tensor is above the overall O(µ2) precision of
the models in irrotational case and can therefore be neglected.

2.1.2.1 NSW equations

Owing to (2.35a2.35a) and (2.35b2.35b), we get the approximations for horizontal and vertical velocity up to
O(µ), as follows

v = v̄ + O(µ) and w = O(µ). (2.37)

From the definitions (2.262.26) and (2.372.37), one deduces

1
ε

∫ εζ

−1+βb
∂xPnh = O(µ). (2.38)

Plugging (2.362.36) and (2.382.38) into (2.252.25), with dropping theO(µ) terms one obtains theNSWequations
in nondimensionalized form, {

∂tζ + ∂x(Hv̄) = 0,
∂t(Hv̄) + ε∂x(Hv̄2) + H∂xζ = 0.

(2.39)

2.1.2.2 The Boussinesq equations

Deriving theBoussinesq equations required keeping the terms of order µ, togetherwith an additional
assumptions, namely an assumption of weak nonlinearity, that stands for a smallness condition on
ε, and a smallness assumption on the topography variations,

ε = O(µ) and β = O(µ). (2.40)

Note that based on the above assumptions one can observe that terms of size O(εµ) and O(βµ)
can be regarded as O(µ2), so they are dropped. Using (2.35a2.35a)-(2.35b2.35b) with (2.402.40), one obtains the
approximations for horizontal velocity up to O(µ) and vertical velocity up to O(µ2), as follows

v = v̄ + O(µ) and w = −µ∂x[(1 + z)v̄] + O(µ2). (2.41)
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Chapter 2. Derivations and Notations

Using (2.412.41) with (2.262.26) and (2.402.40), we get

1
ε

∫ εζ

−1+βb
∂xPnh =

∫ εζ

−1+βb
∂x

∫ εζ

z

(
∂tw + εv∂xw +

ε

µ
w∂zw

)
,

= −µ

∫ εζ

−1+βb
∂x

∫ εζ

z
∂t(∂x((1 + z)v̄))

− εµ

∫ εζ

−1+βb
∂x

∫ εζ

z
v̄∂x(∂x((1 + z)v̄))

+ εµ

∫ εζ

−1+βb
∂x

∫ εζ

z
∂x((1 + z)v̄)∂z(∂x((1 + z)v̄)),

= −µ

∫ εζ

−1+βb
∂x

∫ εζ

z
∂t(∂x((1 + z)v̄)) + O(µ2),

(2.42)

one computes,

−µ

∫ εζ

−1+βb
∂x

∫ εζ

z
∂t

(
∂x((1 + z)v̄)

)
= −µ

∫ εζ

−1+βb
∂x

∫ εζ

z
∂t

(
(1 + z)∂x v̄

)
,

= −µ

∫ εζ

−1+βb
∂x

∫ εζ

z

(
(1 + z)∂x(∂t v̄)

)
,

= −µ

∫ εζ

−1+βb
∂x

(
∂x(∂t v̄)

(H2

2
−
(1 + z)2

2

))
,

= µ

∫ εζ

−1+βb

(
∂t(∂x(∂t v̄))

H2

2
− ∂x(∂t v̄)H∂xH + ∂x(∂x(∂t v̄))

(1 + z)2

2

)
,

= −∂x(∂x(∂t v̄))
H3

3
− ∂x(∂t v̄)H2∂xH,

(2.43)

thus,

−µ

∫ εζ

−1+βb
∂x

∫ εζ

z
∂t(∂x((1 + z)v̄)) = −

µ

3
∂2

x (∂t v̄) + O(µ
2). (2.44)

Plugging this relation in (2.252.25) and dropping theO(µ2) terms, one obtains the Boussinesq equations,{
∂tζ + ∂x(Hv̄) = 0,
(1 − µ

3 ∂
2
x )∂t v̄ + εv̄∂x v̄ + H∂xζ = 0.

(2.45)

We observe that, when comparedwith the NSWequations, the Boussinesq equations differs through
the occurrence of a second order linear operator acting on the time derivative of the velocity, in the
momentum conservation equation.

2.1.2.3 The Serre-Green-Naghdi equations

If one wants to focus on fully nonlinear flows, and remove the weak nonlinearity assumption made
to derive the Boussinesq equations, we need to compute again the pressure term contributions.
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2.1. Derivation of shallow water models

From (2.35a2.35a) and (2.35b2.35b), we obtain the approximation for the horizontal velocity up to O(µ) and
for vertical velocity up to O(µ2) as follows,

v(t, x, z) = v̄(t, x) + O(µ), w(t, x, z) = −µ∂x[(1 + z − βb)v̄] + O(µ2). (2.46)

From (2.262.26) and (2.462.46), we have

1
ε

∫ εζ

−1+βb
∂xPnh =

∫ εζ

−1+βb
∂x

∫ εζ

z

(
∂tw + εv∂xw +

ε

µ
w∂zw

)
,

=

∫ εζ

−1+βb
∂x

∫ εζ

z
∂t(−µ∂x[(1 + z − βb)v̄])

−

∫ εζ

−1+βb
∂x

∫ εζ

z
εv̄ ∂x(−µ[(1 + z − βb)v̄])

− ε

∫ εζ

−1+βb
∂x

∫ εζ

z
∂x[(1 + z − βb)v̄]∂z(−µ∂x[(1 + z − βb)v̄]).

(2.47)

Let compute each term explicitly,

First term - We have,∫ εζ

z
∂tw =

∫ εζ

z

(
− µ(1 + z − βb)∂x(∂t v̄) + µβ∂xb∂t v̄

)
dz,

= −µ∂x(∂t v̄)
(H2

2
−
(1 + z − βb)2

2

)
+ µβ∂xb∂t v̄(εζ − z),

moreover,

∂x

∫ εζ

z
∂tw =

(
µβ∂2

x b∂t v̄ + µβ∂xb∂x(∂t v̄)
)
(εζ − z) + µβ∂xb∂t v̄∂xH

+ µβ2(∂xb)2∂t v̄ − µ∂x(∂x(∂t v̄))
H2

2
− µ∂x(∂t v̄)H∂xH

+ µ∂x(∂x(∂t v̄))
(1 + z − βb)2

2
− µβ∂xb∂x(∂t v̄)(1 + z − βb).

Finally, after straightforward computations we get∫ εζ

−1+βb
∂x

∫ εζ

z
∂tw = −

µ

3
∂x(H3∂x(∂t v̄))

+
µβ

2

[
∂x(H2∂xb∂t v̄) − H2∂xb∂x(∂t v̄)

]
+ µHβ2(∂xb)2∂t v̄.

(2.48)

Second term - We have,∫ εζ

z
εv̄∂xw = −εµv̄∂

2
x v̄

(H2

2
−
(1 + z − βb)2

2

)
+

(
2εµβ∂xbv̄∂x v̄ + εµβ∂

2
x bv̄2

)
(εζ − z),
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Chapter 2. Derivations and Notations

moreover,

∂x

∫ εζ

z
εv̄∂xw = (2εµβ∂xbv̄∂x v̄ + εµβ∂

2
x bv̄2)ε∂xζ

+
(
2εµβ∂xb(∂x v̄)

2 + 2εµβ∂xbv̄∂2
x v̄ + 4εµβ∂2

x bv̄∂x v̄ + εµβ∂
3
x bv̄2

)
(εζ − z)

− (εµv̄∂3
x v̄ + εµ∂x v̄∂

2
x v̄)

(H2

2
−
(1 + z − βb)2

2

)
− εµv̄∂2

x v̄
[
H∂xH + β∂xb(1 + z − βb)

]
,

hence, using the fact that ε∂xζ = ∂xH + ∂xb, we get∫ εζ

−1+βb
∂x

∫ εζ

z
εv̄∂xw = −εµv̄∂

3
x v̄

H3

3
− εµv̄∂2

x v̄H2∂xH − µ∂x v̄∂
2
x v̄

H3

3

+ 2H2εµβ∂2
x bv̄∂x v̄ + 2εµβ∂xbv̄∂x v̄H∂xH + 2εµβ2(∂xb)2v̄∂x v̄H + εµβ∂3

x bv̄2 H2

2

+ εµβ∂xbv̄∂2
x v̄

H2

2
+ εµβ∂2

x bv̄2H∂xH + εβ2µ∂2
x b∂xbv̄2H + εβµH2(∂x v̄)

2∂xb.

(2.49)

Third term - We have,∫ εζ

z
w∂zw = εµ(∂x v̄)

2
(H2

2
−
(1 + z − βb)2

2

)
− εµβ∂xbv̄∂x v̄(εζ − z),

moreover,

∂x

∫ εζ

z
w∂zw = εµ∂x((∂x v̄)

2)
H2

2
+ εµ(∂x v̄)

2H∂xH − εµβ2(∂xb)2v̄∂x v̄

+ εµβ∂xb(∂x v̄)
2(1 + z − βb) − εµβ∂xb(∂x v̄)

2(εζ − z) − εµβ∂xbv̄∂x v̄∂xH

− εµβ∂xbv̄∂2
x v̄(εζ − z) − εµβ∂2

x bv̄∂x v̄(εζ − z) − εµ∂x((∂x v̄)
2)
(1 + z − βb)2

2
,

using the fact that ε∂xζ = ∂xH + β∂xb, we infer∫ εζ

−1+βb
∂x

∫ εζ

z
w∂zw = εµ∂x((∂x v̄)

2)
H3

2
+ εµ(∂x v̄)

2H2∂xH

+ εµβ∂xb(∂x v̄)
2 H2

2
− εµβ∂xb(∂x v̄)

2 H2

2
− εµβ∂xbv̄∂2

x v̄
H2

2

− εµβ∂2
x bv̄∂x v̄

H2

2
− εµβ∂xbv̄∂x v̄H∂xH − εµHβ2(∂xb)2v̄∂x v̄ − εµ∂x((∂x v̄)

2)
H3

6
,

(2.50)

regrouping the above calculations (2.482.48)-(2.502.50) and after some computations, we finally get

1
ε

∫ εζ

−1+βb
∂xPnh = µT[H, βb][∂t(Hv̄) + ε∂x(Hv̄2)] + εµHQ1[H, βb](v̄). (2.51)

So that the resulting SGN equations read as follows,{
∂tζ + ∂x(Hv̄) = 0,
(1 + µT[H, βb])[∂t(Hv̄) + ε∂x(Hv̄2)] + H∂xζ + εµHQ1[H, βb](v̄) = 0,

(2.52)
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2.1. Derivation of shallow water models

where the linear operator T[H, βb]· and the quadratic form Q1[H, βb](·) are defined for all smooth
enough scalar-valued functions u by,

T[H, βb]u B HT[H, βb]
u
H
, (2.53)

T[H, βb]u = −
1

3H
∂x(H3∂xu) +

β

2H

[
∂x(H2∂xbu) − H2∂xb∂xu

]
+ β2(∂xb)2u, (2.54)

Q1[H, βb](u) =
2

3H
∂x(H3(∂xu)2) + βH(∂xu)2∂xb +

β

2H
∂x(H2u2∂2

x b) + β2u2∂xb∂2
x b. (2.55)

Note that these operators may be also expressed as follows,

T[H, βb]u B R1[H, βb](∂xu) + R2[H, βb](u∂xb), (2.56)
Q1[H, βb](u) B −2R1[H, βb]((∂xu)2) + βR2[H, βb](u2∂2

x b), (2.57)

with,

R1[H, βb]u B −
1

3H
∂x(H3u) −

H
2
βu∂xb, R2[H, βb]u B

1
2H

∂x(H2u) + βu∂xb.

2.1.3 Rotational flows
We turn on considering the case of non-zero vorticity and derive the corresponding SGN-like
equations. Starting again from the free surface Euler equations, condition (2.2c2.2c) is now replaced
by,

curl U = ω, (2.58)
which gives in nondimensionalized form,

curlµ Uµ = µωµ with ωµ =

[
1√
µ
(∂zv − ∂xw)

−∂xv

]
. (2.59)

Also, system (2.202.20) has now to be supplemented with the vorticity evolution equation,

∂tωµ +
ε

µ
Uµ · ∇

µ
x,zωµ =

ε

µ
ωµ · ∇

µ
x,zUµ, (2.60)

where,
Uµ = (

√
µv,0,w)T and ∇

µ
x,z = (

√
µ∂x,0, ∂z)

T . (2.61)
Note also that the Reynolds-like tensor (which turns out to be a scalar number when d = 1) can no
longer be neglected within the asymptotic expansion’s accuracy.

Asymptotic expansion of the velocity field

Proceeding as in the irrotational case, the relations (2.272.27) can be written as,
µ∂xv + ∂zw = 0,
√
µ∂zv −

√
µ∂xw = µωµ,h,

∂xv = ωµ,v,

w|−1+βb − µβ∂xv|−1+βb = 0.

(2.62)

29



Chapter 2. Derivations and Notations

Plugging (2.242.24) into (2.622.62), one deduces
µ∂x v̄ + µ

3/2∂xv
∗ + ∂zw = 0,

√
µ∂zv

∗ −
√
µ∂xw = µωµ,h,

∂x v̄ +
√
µ∂xv

∗ = ωµ,v,

w|−1+βb − µβ∂xb(v̄|−1+βb +
√
µv∗
|−1+βb) = 0,

(2.63)

where ωµ,h and ωµ,v denotes respectively the horizontal and vertical components of the vorticity
ωµ. The first and the third equations of (2.632.63), give

w = −µ∂x[(1 + z − βb)v̄] − µ3/2∂x

∫ z

−1+βb
v∗. (2.64)

Integrating vertically the second equation of (2.632.63) with (2.642.64), yields

v∗ = −
1
√
µ

( ∫ εζ

z
∂xw

)∗
−

( ∫ εζ

z
ωµ,h

)∗
,

v∗ =
√
µ
( ∫ εζ

z
∂2

x [(1 + z′ − βb)v̄]dz′
)∗
+ µ

( ∫ εζ

z
∂2

x

∫ z

−1+βb
v∗

)∗
+

(
−

∫ εζ

z
ωµ,h

)∗
.

(2.65)

Introducing the operators T[εζ, βb] and T∗[εζ, βb] as in (2.312.31), together with the vertically depen-
dent component of the shear velocity,

v∗sh = −
( ∫ εζ

z
ωµ,h

)∗
, (2.66)

expression (2.652.65) can be given under the form,
(1 − µT∗[εζ, βb])v∗ = v∗sh +

√
µT∗[εζ, βb]v̄. (2.67)

Applying (1 + µT∗[εζ, βb]) to (2.672.67), yields

v∗ = v∗sh +
√
µT∗[εζ, βb]v̄ + µT∗[εζ, βb]v∗sh + O(µ

3
2 ). (2.68)

Finally, using (2.642.64) and (2.682.68), we obtain
v = v̄ +

√
µv∗sh + O(µ), (2.69a)

v = v̄ +
√
µv∗sh + µT∗[εζ, βb]v̄ + µ

3
2 T∗[εζ, βb]v∗sh + O(µ

2), (2.69b)

w = −µ∂x[(1 + z − βb)v̄] − µ
3
2 ∂x

∫ z

−1+βb
v∗sh + O(µ

2). (2.69c)

We also remark that the Reynolds-like tensor in the presence of vorticity may now be decomposed
as follows,

R = E +
1
2

∫ εζ

−1+βb
(v∗ − v∗sh)(v

∗ + v∗sh) with E =
∫ εζ

−1+βb
(v∗sh)

2. (2.70)

Owing to (2.682.68) and dropping O(µ2) terms, one deduces

εµ∂xR = εµ∂x

∫ εζ

−1+βb
|v∗sh |

2 + 2εµ
3
2 ∂x

∫ εζ

−1+βb
v∗shT∗[εζ, βb]v̄. (2.71)

Now, one can proceed to the derivation of SGN-like models in the presence of vorticity. We
distinguish two situations: the case of a constant vorticity, and the case of a general vorticity.
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2.1. Derivation of shallow water models

2.1.3.1 SGN equations with constant vorticity

Assuming that the vorticity is constant, we have ωµ = (0,ω,0)T with ω = ∂zv
∗ − ∂xw = cst. We

obtain the following expressions respectively for the shear velocity and the vertical velocity,

v∗sh = −
( ∫ εζ

z
ω
)∗
= −((εζ − z) −

1
2

H)ω, (2.72a)

w = −µ∂x((1 + z − βb)v̄) +
µ

3
2ω

2
∂x((εζ − z)(z + 1 − βb)). (2.72b)

Computation of the Reynolds-like tensor contribution

Replacing (2.682.68) and (2.72a2.72a) in (2.702.70), and dropping the O(µ2), the Reynolds-like tensor contribu-
tion can be formulated in terms of ζ and v̄ as follows,

εµ∂xR = εµ∂x

∫ εζ

−1+βb
|v∗sh |

2 + 2εµ
3
2 ∂x

∫ εζ

−1+βb
v∗shT[εζ, βb]v̄,

= εµω2∂x

∫ εζ

−1+βb
((εζ − z) −

1
2

H)2

− 2εµ
3
2ω∂x

∫ εζ

−1+βb
((εζ − z) −

1
2

H)
∫ εζ

z
∂2

x ((1 + z′ − βb)v̄),

=
εµ

12
ω2∂x(H3) + ∂2

x v̄
(H2

2
−
(1 + z − βb)2

2

))
− 2εµ

3
2ω∂x

∫ εζ

−1+βb
((εζ − z) −

1
2

H)
(
(−β∂2

x bv̄ − 2β∂xb∂x v̄)(εζ − z),

=
εµ

12
ω2∂x(H3) −

εµ
3
2

12
ω∂x

[
H3(H∂2

x v̄ − 2βv̄∂2
x b − 4β∂x v̄∂xb)

]
.

(2.73)

Computation of the pressure contribution

Using (2.262.26), (2.69b2.69b), (2.72a2.72a) and (2.72b2.72b), the contribution of the pressure to (2.182.18) can be
formulated depending only on the variables ζ and v̄.

1
ε

∫ εζ

−1+βb
∂xPnh =

∫ εζ

−1+βb
∂x

∫ εζ

z

(
∂tw + εv∂xw +

ε

µ
w∂zw

)
=

∫ εζ

−1+βb
∂x

∫ εζ

z
∂t

(
− µ∂x((1 + z − βb)v̄)

)
+

∫ εζ

−1+βb
∂x

∫ εζ

z
εv̄∂x

(
− µ∂x((1 + z − βb)v̄)

)
+
ε

µ

(
− µ∂x((1 + z − βb)v̄)

)
∂z

(
− µ∂x((1 + z − βb)v̄)

)
+ % + O(µ2),

= µT[H, βb]
[
∂t(Hv̄) + ε∂x(Hv̄2)

]
+ µεHQ1[H, βb](v̄) + % + O(µ2),

(2.74)
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where,

% =

∫ εζ

−1+βb
∂x

∫ εζ

z
∂t

( µ 3
2ω

2
∂x

(
(εζ − z)(1 + z − βb)

) )
+

∫ εζ

−1+βb
∂x

∫ εζ

z

(
ε
√
µv∗sh∂x(−µ∂x((1 + z − βb)v̄))

)
+

∫ εζ

−1+βb
∂x

∫ εζ

z
εv̄∂x

( µ 3
2ω

2
∂x((εζ − z)(z + 1 − βb))

)
+

∫ εζ

−1+βb
∂x

∫ εζ

z
(ε
µ

3
2ω

2
∂x((εζ − z)(1 + z − βb)))∂z

(
− µ∂x((1 + z − βb)v̄)

)
+

∫ εζ

−1+βb
∂x

∫ εζ

z
ε
(
− ∂x((1 + z − βb)v̄)

)
∂z

( µ 3
2ω

2
∂x((εζ − z)(1 + z − βb))

)
,

=

∫ εζ

−1+βb
∂x

∫ εζ

z
(%1 + · · · + %5).

Let compute each term explicitly,

First term - We have,∫ εζ

z
%1 =

µ
3
2ω

2

∫ εζ

z

(
(1 + z − βb)∂x(∂t H) − εβ∂xb∂tζ

)
,

=
µ

3
2ω

2

(
∂x(∂t H)

(H2

2
−
(1 + z − βb)2

2

)
− β∂xb∂t H(εζ − z)

)
,

then,

∂x

∫ εζ

z
%1 =

µ
3
2ω

2

(
∂x(∂x(∂t H))

H2

2
+ ∂x(∂t H)H∂xH

− ∂x(∂x(∂t H))
(1 + z − βb)2

2
+ ∂x(∂t H)β∂xb(1 + z − βb)

− (β∂2
x b∂t H + β∂xb∂x( ∂t H))(εζ − z) − β∂xb∂t H∂xH − (β∂xb)2∂t H

)
.

Finally we get the expression of the first term,∫ εζ

−1+βb
∂x

∫ εζ

z
%1 =

µ
3
2ω

6
∂x(∂x(∂t H))H3 −

µ
3
2ω

2
β∂xbH∂t H∂xH −

µ
3
2ω

2
(β∂xb)2H∂t H

+
µ

3
2ω

2
∂x(∂t H)H2∂xH −

µ
3
2ω

4
β∂2

x bH2∂t H −
µ

3
2ω

4
β∂xb∂x(∂t H)H2.

Second term - We have,
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∫ εζ

z
%2 =

∫ εζ

z
εµ

3
2

(
∂2

x ζ(1 + z − βb) − 2ε∂xζ β∂xb − β∂2
x b(εζ − z)

)
,

= µ
3
2

(
εv̄∂2

x ζ
(H2

2
−
(1 + z − βb)2

2

)
− (2εv̄∂xζ β∂xb + β∂2

x bv̄
(εζ − z)

2
)(εζ − z)

)
,

moreover,

∂x

∫ εζ

z
%2 = εµ

3
2 v̄∂2

x ζ[H∂xH + β∂xb(1 + z − βb)]

+ (εµ
3
2 ∂x v̄∂

2
x ζ + εµ

3
2 v̄∂3

x ζ)
(H2

2
−
(1 + z − βb)2

2

)
− 2µ

3
2 v̄ε2(∂xζ)

2β∂xb − µ
3
2 (β∂3

x bv̄ + β∂2
x b∂xv)

(εζ − z)2

2
− 2εµ

3
2 (∂x v̄∂xζ β∂xb + v̄∂2

x ζ β∂xb + v̄∂xζ β∂
2
x b + β∂2

x b∂xζ v̄)(εζ − z).

Integrationg over z, we obtain the expression of the second term∫ εζ

−1+βb
∂x

∫ εζ

z
%2 =

εµ
3
2ω

2

(
ε∂x v̄∂

2
x ζ

H3

2
+ εv̄∂3

x ζ
H3

6

−
1
2
εv̄∂2

x ζ β∂xbH2 −
3
2
ε∂xζ v̄β∂

2
x bH2 − β∂3

x bv̄
H3

6

− 2v̄ε2(∂xζ)
2β∂xbH + εv̄∂2

x ζH2ε∂xH − β∂2
x b∂x v̄

H3

6
− ∂x v̄ε∂xζ β∂xbH2

)
.

Third term - We have,

∫ εζ

z
%3 =

∫ εζ

z

(
(1 + z − βb −

1
2

H)
(
β∂2

x bv̄ + 2β∂xb∂x v̄ − (1 + z − βb)∂2
x v̄

) )
,

= −∂2
x v̄

(H3

12
−
(1 + z − βb)3

3

)
+ ∂2

x v̄
(H

4
(1 + z − βb)2

)
+ (β∂2

x bv̄ + 2β∂xb∂x v̄)
(H2

8
−
(1 + z − βb − 1

2 H)2

2

)
,

then,

∂x

∫ εζ

z
%3 = −∂

3
x v̄

(H3

12
−
(1 + z − βb)3

3
+

H
4
(1 + z − βb)2

)
+ (β∂3

x bv̄ + 3β∂2
x b∂x v̄ + 2β∂xb∂2

x v̄)
(H2

8
−
(1 + z − βb − 1

2 H)
2

)
+ (β∂2

x bv̄ + 2β∂xb∂x v̄)
(H

4
∂xH + (β∂xb +

1
2
∂xH)(1 + z − βb −

H
2
)

)
− ∂2

x v̄
(H2

4
∂xH + β∂xb(1 + z − βb)2 +

1
4
∂xH(1 + z − βb)2 −

H
2
β∂xb(1 + z − βb)

)
,
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thus, ∫ εζ

−1+βb
∂x

∫ εζ

z
%3 = εµ

3
2ω

(
(β∂3

x bv̄ + 3β∂2
x b∂x v̄)

H3

12
+

2
12
β∂xb∂2

x v̄H3

+
H2

4
∂xH(β∂2

x bv̄ + 2β∂xb∂x v̄) − ∂
3
x v̄

H4

12
− ∂2

x v̄(
H3

12
∂xH + β∂xb

H3

12
)

)
.

Fourth term - We have,∫ εζ

z
%4 =

εµ
3
2ω

2

∫ εζ

z

(
− ε∂xζ∂x v̄(z + 1 − βb) + β∂xb∂x v̄(εζ − z)

)
,

=
εµ

3
2ω

2

(
− ε∂xζ∂x v̄

(H2

2
−
(1 + z − βb)2

2

)
+ β∂xb∂x v̄

(εζ − z)2

2

)
,

moreover,

∂x

∫ εζ

z
%4 =

εµ
3
2ω

2

(
− ε∂xζ∂x v̄(H∂xH + β∂xb(z + 1 − βb))

− (ε∂2
x ζ∂x v̄ + ε∂xζ∂

2
x v̄)

(H2

2
−
(1 + z − βb)2

2

)
+ ((β∂2

x b∂x v̄ + β∂xb∂2
x v̄)
(εζ − z)

2
+ β∂xb∂x v̄ε∂xζ)(εζ − z)

)
.

Finally we obtain the expression of fourth term,∫ εζ

−1+βb
∂x

∫ εζ

z
%4 = −

ε2µ
3
2ω

2
∂2

x ζ∂x v̄
H3

3

+
εµ

3
2ω

2

(
− ε∂xζ∂

2
x v̄

H3

3
− ε∂xζ∂x v̄H2∂xH + β∂2

x b∂x v̄
H3

6
+ β∂xb∂2

x v̄
H3

6

)
.

Fifth term - We have,∫ εζ

z
%5 =

εµ
3
2ω

2

(
(β∂xbv̄ε∂xζ + (β∂xb)2v̄)(εζ − z)

− (β∂xb∂x v̄ + ε∂xζ∂x v̄)
(H2

2
−
(z + 1 − βb)2

2

))
,

again,

∂x

∫ εζ

z
%5 =

εµ
3
2ω

2

(
− (β∂xb∂x v̄ + ε∂xζ∂x v̄)(H∂xH + β∂xb(z + 1 − βb))

+ (β∂xb)2∂x v̄)(εζ − z) + β∂xbv̄ε2(∂xζ)
2 + (β∂xb)2v̄ε∂xζ

+ (β∂2
x bv̄ε∂xζ + β∂xb∂x v̄ε∂xζ + β∂xbv̄ε∂2

x ζ + 2β2∂xb∂2
x bv̄

−

(
β∂2

x b∂x v̄ + β∂xb∂2
x v̄ + ε∂

2
x ζ∂x v̄ + ε∂xζ∂

2
x v̄

) (H2

2
−
(z + 1 − βb)2

2

))
,
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then, ∫ εζ

−1+βb
∂x

∫ εζ

z
%5 =

εµ
3
2ω

2
(β∂2

x bv̄ε∂xζ + ε∂
2
x ζ∂x v̄)

+
εµ

3
2ω

2

(
(β∂xb∂x v̄ε∂xζ + β∂xbv̄ε∂2

x ζ + 2β2∂xb∂2
x bv̄ +

H2

2
(β∂xb)2∂x v̄)

+ H[β∂xbv̄ε2(∂xζ)
2 + (β∂xb)2v̄ε∂xζ] − [β∂

2
x b∂x v̄ + β∂xb∂2

x v̄

+ ε∂xζ∂
2
x v̄]

H3

3
− (β∂xb∂x v̄ + ε∂xζ∂x v̄)(H2∂xH + β∂xb

H2

2
)

))
.

Using the fact that ∂tζ + v̄ε∂xζ = βv̄∂xb−H∂x v̄ and collecting the above computations, we get the
contribution of the pressure term as follows,

1
ε

∫ εζ

−1+βb
∂xPnh = µT[H, βb][∂t(Hv̄) + ε∂x(Hv̄2)] + εµHQ1[H, βb](v̄)

− ε
µ

3
2ω

2
HT[H, βb](βv̄∂xb − H∂x v̄) − ε

µ
3
2ω

12
∂x(H4∂2

x v̄ + 6H3∂xζ∂x v̄)

+ β
µ

3
2

12
[ωH2∂x v̄(H∂2

x b − 6∂xζ∂xb) + 3βHv̄∂xb(H∂2
x b + 2∂xb∂xζ)].

(2.75)

Gathering the expression of Reynolds-like tensor (2.732.73) and the contribution of the pressure (2.752.75),
we obtain

εµ∂x

∫ εζ

−1+βb
|v∗ |2 +

1
ε

∫ εζ

−1+βb
∂xPnh = µT[H, βb][∂t(Hv̄) + ε∂x(Hv̄2)] + εµHQ1[H, βb](v̄)

+ εµ∂xE − εµ
3
2 HC[H](v#, v̄) + εβµ

3
2 HCb[H](v#, v̄).

Replacing these terms into (2.252.25) and denoting v# = Hω, we obtain the SGN equations with
constant vorticity in one-dimensional framework as follows,

∂tζ + ∂x(Hv̄) = 0,
(1 + µT[H, βb])[∂t(Hv̄) + ε∂x(Hv̄2)] + H∂xζ + εµHQ1[H, βb](v̄) + εµ∂xE
+εµ3/2HC[H](v#, v̄) + εβµ3/2HCb[H](v#, v̄) = 0,

(2.76)

where:

1. the linear operator T[H, βb]· and the quadratic form Q1[H, βb](·) are defined as in (2.542.54)-
(2.552.55),

2. the second order term E = 1
12 H3ω2 can be calculated easily, since ω = cst,

3. the nonlinear interactions between the vertical dependence of the velocity field and the
vertical dependence coming from the dispersive effects lead to the term HC[H](v#, v̄), which
is defined as follows,

HC[H](v#, v̄) = −
1
6
∂x(2H3v#∂2

x v̄ + ∂x(H3v#)∂xv
#), (2.77)
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4. the last term appearing in the momentum equations of (2.762.76) is defined as,

HCb[H](v#, v̄) =
1
3
(
∂x(H2v#∂2

x bv̄) + H2v#∂2
x b∂x v̄). (2.78)

Assuming an additional smallness assumption on the topography, such that εβµ3/2 = O(µ2), one
can neglect this last term and the model (2.762.76) becomes,

∂tζ + ∂x(Hv̄) = 0,
(1 + µT[H, βb])[∂t(Hv̄) + ε∂x(Hv̄2)] + H∂xζ + εµHQ1[H, βb](v̄) + εµ∂xE
+εµ3/2HC[H](v#, v̄) = 0.

(2.79)

This model is numerically studied in Chapter 5, together with the model with general vorticity
derived in the next subsection.

2.1.3.2 SGN equations with a general vorticity

In the presence of a non-constant vorticity, the situation is of course more complicated. According
to [2727], looking for a closure equation for E , leads to a cascade of equations involving interaction
terms of increasing orders. Keeping only those orders below the overall O(µ2) precision of
the model allows to obtain a closed form without introducing additional turbulence models. In
order to simplify the computations, we consider the previous medium amplitude bottom variations
assumption,

β = O(
√
µ). (2.80)

Computation of the Reynolds-like tensor contribution

Proceeding as for (2.732.73) with dropping O(µ2) terms, we have

εµ∂x

∫ εζ

−1+βb
|v∗ |2 = εµ∂x

∫ εζ

−1+βb
|v∗sh |

2 + 2εµ
3
2 ∂x

∫ εζ

−1+βb
v∗shT[εζ, βb]v̄

= εµ∂x

∫ εζ

−1+βb
|v∗sh |

2 + 2εµ
3
2 ∂x

∫ εζ

−1+βb
v∗sh

∫ εζ

z
∂2

x ((1 + z′ − βb)v̄),

and from the identity,

2
∫ ζ

−1+βb
v∗sh

∫ εζ

z
∂2

x ((1 + z′ − βb)v̄) = −
∫ εζ

−1+βb

∫ εζ

z
v∗sh∂

2
x ((1 + z′ − βb)v̄), (2.81)

we get,

εµ∂x

∫ εζ

−1+βb
|v∗ |2 = εµ∂x

∫ εζ

−1+βb
|v∗sh |

2 − εµ
3
2 ∂x

∫ εζ

−1+βb

∫ εζ

z
v∗sh∂

2
x ((1 + z′ − βb)v̄). (2.82)

Introducing,

v# B −
24
H3

∫ εζ

−1+βb

∫ εζ

z

∫ z

−1+βb
v∗sh, (2.83)
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2.1. Derivation of shallow water models

one computes that, ∫ εζ

−1+βb

∫ εζ

z
v∗sh∂

2
x ((1 + z′ − βb)v̄) =

H3

12
v#∂2

x v̄ + O(β), (2.84)

and we deduce, under the medium amplitude bottom variations assumption (2.802.80) that,

εµ∂x

∫ εζ

−1+βb
|v∗ |2 = εµ∂x

∫ εζ

−1+βb
|v∗sh |

2 − ε
µ

3
2

12
∂x(H3v#∂2

x v̄) + O(µ
2). (2.85)

An equation for the shear velocity

Let derive an approximate equation solved by the shear velocity v∗sh defined in (2.662.66), starting from
the equation on the horizontal component of the vorticity,

∂tωµ,h + εv∂xωµ,h +
ε

µ
w∂zωµ,h = εωµ,h∂xv +

ε
√
µ
ωµ,v∂zv. (2.86)

Recalling that we have,

v = v̄ +
√
µv∗sh + O(µ),

w = −µ∂x[(1 + z − βb)v̄] − µ
3
2 ∂x

∫ z

−1+βb
v∗sh + O(µ

2),
(2.87)

one can compute,

εv∂xωµ,h = εv̄∂xωµ,h + ε
√
µv∗sh∂xωµ,h,

ε

µ
w∂zωµ,h = −ε∂x[(1 + z − βb)v̄]∂zωµ,h − ε

√
µ
(
∂x

∫ z

−1+βb
v∗sh

)
∂zωµ,h,

εωµ,h∂xv = εωµ,h∂x v̄ + ε
√
µωµ,h∂xv

∗
sh,

(2.88)

and as we have ωµ,v = −∂xv = −∂x v̄ −
√
µ∂xv

∗
sh and ∂zv =

√
µ∂zv

∗
sh =
√
µωµ,h, we obtain

ε
√
µ
ωµ,v∂zv = −εωµ,h∂x v̄ − ε

√
µωµ,h∂xv

∗
sh. (2.89)

Replacing the above calculations in (2.862.86), we obtain

∂tωµ,h + εv̄∂xωµ,h − ε∂x[(1 + z − βb)v̄]∂zωµ,h

= ε
√
µ
{
− v∗sh∂xωµ,h + ∂x

( ∫ z

−1+βb
v∗sh

)
∂zωµ,h

}
+ O(εµ).

(2.90)

Dropping O(ε√µ) terms, we infer

∂tωµ,h + εv̄∂xωµ,h − ε∂x[(1 + z − βb)v̄]∂zωµ,h = O(ε
√
µ). (2.91)
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Integrating equation (2.902.90) on z and using (2.72.7) and (2.662.66), we get∫ εζ

z
∂tωµ,h = ∂t

∫ εζ

z
ωµ,h − ε∂tζωµ,h |εζ ,

= −∂tvsh − ε∂tζωµ,h |εζ ,∫ εζ

z
v̄∂xωµ,h = v̄

∫ εζ

z
∂xωµ,h,

= v̄[∂x

∫ εζ

z
ωµ,h − ε∂xζωµ,h |εζ ],

= −v̄∂xvsh − εv̄∂xζωµ,h |εζ ,∫ εζ

z
∂x[(1 + z − βb)v̄]∂zωµ,h =

∫ εζ

z
∂z

{
∂x[(1 + z − βb)v̄]ωµ,h

}
−

∫ εζ

z
∂z

{
∂x[(1 + z − βb)v̄]

}
ωµ,h,

=
[
∂x[(1 + z − βb)v̄]ωµ,h

]εζ
z
−

∫ εζ

z
∂z

{
∂x[(1 + z − βb)v̄]

}
ωµ,h.

We also have,

∂z

{
∂x[(1 + z − βb)v̄]

}
= ∂z{−β∂xbv̄ + (1 + z − βb)∂x v̄} = ∂x v̄, (2.92)

and thus,∫ εζ

z
∂x[(1 + z − βb)v̄]∂zωµ,h =

[
∂x[(1 + z − βb)v̄]ωµ,h

]εζ
z
−

∫ εζ

z
ωµ,h∂x v̄,

=
[
∂x[(1 + z − βb)v̄]ωµ,h

]εζ
z
+ vsh∂x v̄,

=
[ (
− β∂xbv̄ + (1 + z − βb)∂x v̄

)
ωµ,h

]εζ
z
+ vsh∂x v̄,

=
{
− β∂xbv̄(ωµ,h |εζ − ωµ,h) + H∂x v̄ωµ,h |εζ − (1 + z − βb)∂x v̄ωµ,h

}
+ vsh∂x v̄.

Integrating the right-hand side terms in (2.902.90), we get∫ εζ

z

(
∂x

∫ z

−1+βb
v∗sh

)
∂zωµ,h =

∫ εζ

z
∂z

{(
∂x

∫ z

−1+βb
v∗sh

)
ωµ,h

}
−

∫ εζ

z
∂z

{(
∂x

∫ z

−1+βb
v∗sh

)}
ωµ,h,

=
[(
∂x

∫ z

−1+βb
v∗sh

)
ωµ,h

]εζ
z
−

∫ εζ

z
∂x

{(
∂z

∫ z

−1+βb
v∗sh︸         ︷︷         ︸

= v∗sh−v
∗
sh |−1+βb

)}
ωµ,h,
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2.1. Derivation of shallow water models

using (2.662.66) and the decomposition (2.42.4), one gets

v∗sh |−1+βb
= −

( ∫ εζ

−1+βb
ωµ,h

)∗
,

= −
( ∫ εζ

−1+βb
ωµ,h

)
+

1
H

∫ εζ

−1+βb

( ∫ εζ

−1+βb
ωµ,h︸        ︷︷        ︸

does not depend on z

)
,

= −
( ∫ εζ

−1+βb
ωµ,h

)
+

( ∫ εζ

−1+βb
ωµ,h

)
= 0,

(2.93)

and, [(
∂x

∫ z

−1+βb
v∗sh

)
ωµ,h

]εζ
z
=

(
∂x

∫ εζ

−1+βb
v∗sh

)
ωµ,h |εζ −

(
∂x

∫ z

−1+βb
v∗sh

)
ωµ,h, (2.94)

still using the decomposition (2.42.4), we infer∫ εζ

−1+βb
v∗sh = 0, (2.95)

thus, ∫ εζ

z

(
∂x

∫ z

−1+βb
v∗sh

)
∂zωµ,h = −

(
∂x

∫ z

−1+βb
v∗sh

)
ωµ,h −

∫ εζ

z
ωµ,h∂xv

∗
sh.

Gathering the above calculations, we obtain

−∂tvsh − ε∂tζωµ,h |εζ − εv̄∂xvsh − εv̄∂xζωµ,h |εζ − εvsh∂x v̄

−

{
− β∂xbv̄ωµ,h |εζ + β∂xbv̄ωµ,h |εζ + H∂x v̄ωµ,h |εζ − (1 + z − βb)∂x v̄ωµ,h

}
= ε
√
µ
{
−

∫ εζ

z
v∗sh∂xωµ,h −

(
∂x

∫ z

−1+βb
v∗sh

)
ωµ,h −

∫ εζ

z
ωµ,h∂xv

∗
sh

}
+ O(εµ),

(2.96)

moreover,

∂tvsh + εv̄∂xvsh + εvsh∂x v̄

+ ε(∂tζ + εv̄∂xζ − β∂xbv̄ + H∂x v̄)ωµ,h |εζ + ε
(
β∂xbv̄ − ∂x v̄(1 + z − βb)

)
ωµ,h

= ε
√
µ
{ ∫ εζ

z
v∗sh∂xωµ,h +

(
∂x

∫ z

−1+βb
v∗sh

)
ωµ,h +

∫ εζ

z
ωµ,h∂xv

∗
sh

}
+ O(εµ),

(2.97)

using the mass conservation equation, we obtain

(∂tζ + εv̄∂xζ − β∂xbv̄ + H∂x v̄)ωµ,h |εζ = (∂tζ + v̄∂x(1 + εζ − βb) + H∂x v̄)ωµ,h |εζ ,

= (∂tζ + ∂x(Hv̄))ωµ,h |εζ = 0,
(2.98)

we have also,(
β∂xbv̄ − ∂x v̄(1 + z − βb)

)
ωµ,h =

(
− ∂x(1 + z − βb)v̄ − (1 + z − βb)∂x v̄

)
ωµ,h,

= −∂x[(1 + z − βb)v̄]ωµ,h.
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Thus,

∂tvsh + εv̄∂xvsh + εvsh∂x v̄ − ε∂x[(1 + z − βb)v̄]ωµ,h

= ε
√
µ
{ ∫ εζ

z
v∗sh∂xωµ,h +

(
∂x

∫ z

−1+βb
v∗sh

)
ωµ,h +

∫ εζ

z
ωµ,h∂xv

∗
sh

}
+ O(εµ),

= ε
√
µC + O(εµ),

(2.99)

with,

C =
∫ εζ

z
v∗sh∂xωµ,h +

(
∂x

∫ z

−1+βb
v∗sh

)
ωµ,h +

∫ εζ

z
ωµ,h∂xv

∗
sh, (2.100)

using the fact that ωµ,h = ∂zv
∗
sh, one can simplifie C-expression (2.1002.100) as follows,

C =
∫ εζ

z
v∗sh∂x(∂zv

∗
sh) +

∫ εζ

z
∂xv
∗
sh∂zv

∗
sh +

(
∂x

∫ z

−1+βb
v∗sh

)
ωµ,h,

=

∫ εζ

z

[
v∗sh∂z(∂xv

∗
sh) + ∂xv

∗
sh∂zv

∗
sh

]
+

(
∂x

∫ z

−1+βb
v∗sh

)
ωµ,h,

=

∫ εζ

z
∂z(v

∗
sh∂xv

∗
sh) +

(
∂x

∫ z

−1+βb
v∗sh

)
ωµ,h,

=
[
v∗sh∂xv

∗
sh

]εζ
z
+

(
∂x

∫ z

−1+βb
v∗sh

)
∂zv
∗
sh,

= (v∗sh∂xv
∗
sh)|εζ − v

∗
sh∂xv

∗
sh +

(
∂x

∫ z

−1+βb
v∗sh

)
∂zv
∗
sh,

(2.101)

owing to v∗sh = vsh − v̄sh and vsh |εζ = 0, we get

(v∗sh∂xv
∗
sh)|εζ = ((vsh − v̄sh)∂x(vsh − v̄sh))|εζ = v̄sh∂x v̄sh, (2.102)

so we get,

C = −v∗sh∂xv
∗
sh + v̄sh∂x v̄sh +

(
∂x

∫ z

−1+βb
v∗sh

)
∂zv
∗
sh, (2.103)

still using v∗sh = vsh − v̄sh, we get

−v∗sh∂xv
∗
sh + v̄sh∂x v̄sh = −v

∗
sh∂xvsh + vsh∂x v̄sh, (2.104)

thus,

C = −v∗sh∂xvsh + vsh∂x v̄sh +
(
∂x

∫ z

−1+βb
v∗sh

)
∂zv
∗
sh. (2.105)

Finally, we obtain the following equation for the shear velocity

∂tvsh + εv̄∂xvsh + εvsh∂x v̄ − ε∂x[(1 + z − βb)v̄]∂zvsh

= ε
√
µ
{
− v∗sh∂xvsh + vsh∂x v̄sh +

(
∂x

∫ z

−1+βb
v∗sh

)
∂zv
∗
sh

}
+ O(εµ).

(2.106)
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Dropping the O(εµ)-terms we get lower order version of (2.1062.106),

∂tvsh + εv̄∂xvsh + εvsh∂x v̄ − ε∂x[(1 + z − βb)v̄]∂zvsh = O(ε
√
µ). (2.107)

Now, we want to obtain an equation of v̄sh. Integrating (2.1062.106) over z and using (2.72.7) we have∫ εζ

−1+βb
∂tvsh = ∂t

∫ εζ

−1+βb
vsh − ε∂tζvsh |εζ ,

= ∂t(Hv̄sh) − ε∂tζ vsh |εζ︸︷︷︸
= 0

.
(2.108)

Recalling that,

vsh = −

∫ εζ

z
ωµ,h, we have thus vsh |εζ = −

∫ εζ

εζ
ωµ,h = 0, (2.109)

and, ∫ εζ

−1+βb
v̄∂xvsh = v̄∂x(Hv̄sh) + v̄β∂xbvsh |−1+βb,∫ εζ

−1+βb
vsh∂x v̄ = Hv̄sh∂x v̄,∫ εζ

−1+βb
∂x[(1 + z − βb)v̄]∂zvsh =

∫ εζ

−1+βb
∂z

{
∂x[(1 + z − βb)v̄]vsh

}
−

∫ εζ

−1+βb
∂z

{
∂x[(1 + z − βb)v̄]

}
vsh,

=

∫ εζ

−1+βb
∂z

{
∂x[(1 + z − βb)v̄]vsh

}
− Hv̄sh∂x v̄,

=
[
(−β∂xbv̄ + (1 + z − βb)∂x v̄)vsh

]εζ
−1+βb

− Hv̄sh∂x v̄,

= β∂xbv̄vsh |−1+βb − Hv̄sh∂x v̄.

(2.110)

Integrating on z the terms of C-expression (2.1052.105) and using vsh = v̄sh + v
∗
sh, we infer∫ εζ

−1+βb
v∗sh∂xvsh =

∫ εζ

−1+βb
v∗sh∂x v̄sh +

∫ εζ

−1+βb
v∗sh∂xv

∗
sh,

= ∂x v̄sh

∫ εζ

−1+βb
v∗sh︸      ︷︷      ︸

= 0

+

∫ εζ

−1+βb
v∗sh∂xv

∗
sh,

=

∫ εζ

−1+βb
v∗sh∂xv

∗
sh.

(2.111)
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Integrating the second term of (2.1052.105), yields∫ εζ

−1+βb
vsh∂x v̄sh = Hv̄sh∂x v̄sh, (2.112)

then using (2.72.7) and vsh |−1+βb = 0, we infer∫ εζ

−1+βb

(
∂x

∫ z

−1+βb
v∗sh

)
∂zv
∗
sh =

∫ εζ

−1+βb
∂z

{(
∂x

∫ z

−1+βb
v∗sh

)
v∗sh

}
−

∫ εζ

−1+βb
∂z

{(
∂x

∫ z

−1+βb
v∗sh

)}
v∗sh,

=
[(
∂x

∫ z

−1+βb
v∗sh

)
v∗sh

]εζ
−1+βb︸                           ︷︷                           ︸

= 0

−

∫ εζ

−1+βb
∂x

(
∂z

∫ z

−1+βb
v∗sh

)
v∗sh,

= −

∫ εζ

−1+βb
v∗sh∂xv

∗
sh,

one can deduce,

−

∫ εζ

−1+βb
v∗sh∂xvsh +

∫ εζ

−1+βb

(
∂x

∫ z

−1+βb
v∗sh

)
∂zv
∗
sh = −∂x

∫ εζ

−1+βb
(v∗sh)

2, (2.113)

reprouping the computations of C-expression terms, we deduce

C = Hv̄sh∂x v̄sh − ∂x

∫ εζ

−1+βb
(v∗sh)

2, (2.114)

gathering the above calculations, one gets

∂t(Hv̄sh) + εv̄∂x(Hv̄sh)

+ εβv̄∂xbvsh |−1+βb + εHv̄sh∂x v̄ − εβ∂xbv̄vsh |−1+βb

+ εHv̄sh∂x v̄ = ε
√
µ
{
Hv̄sh∂x v̄sh − ∂x

∫ εζ

−1+βb
(v∗sh)

2
}
+ O(εµ),

(2.115)

thus,
∂t(Hv̄sh) + εv̄∂x(Hv̄sh) + εHv̄sh∂x v̄

+ εHv̄sh∂x v̄ = ε
√
µ
{
Hv̄sh∂x v̄sh − ∂x

∫ εζ

−1+βb
(v∗sh)

2
}
+ O(εµ),

(2.116)

using the mass conservation equation ∂t H + ∂x(Hv̄) = 0, one can simplifie

∂t(Hv̄sh) + εv̄∂x(Hv̄sh) + εHv̄sh∂x v̄

= ∂t Hv̄sh + H∂t v̄sh + εv̄∂xHv̄sh + εHv̄∂x v̄sh + εHv̄sh∂x v̄,

= v̄sh (∂t H + ∂x(Hv̄))︸             ︷︷             ︸
= 0

+H∂t v̄sh + εv̄H∂x v̄sh,

= H∂t v̄sh + εHv̄∂x v̄sh,
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we obtain,

H∂t v̄sh + εHv̄∂x v̄sh + εHv̄sh∂x v̄ = ε
√
µ
{
Hv̄sh∂x v̄sh − ∂x

∫ εζ

−1+βb
(v∗sh)

2
}
+ O(εµ). (2.117)

Dividing by H we obtain the following equation for the average shear velocity v̄sh,

∂t v̄sh + εv̄∂x v̄sh + εv̄sh∂x v̄ + ε
√
µ
{ 1

H
∂x

∫ εζ

−1+βb
(v∗sh)

2 − v̄sh∂x v̄sh

}
= O(εµ). (2.118)

Dropping O(εµ) terms we get lower order version of (2.1182.118),

∂t v̄sh + εv̄∂x v̄sh + εv̄sh∂x v̄ = O(ε
√
µ). (2.119)

Taking the difference between (2.1182.118) and (2.1062.106) and using (2.1042.104) with the fact that ∂zvsh = ∂zv
∗
sh

and dropping O(εµ) we obtain the following evolution equation on v∗sh,

∂tv
∗
sh + εv̄∂xv

∗
sh + εv

∗
sh∂x v̄

+ ε
√
µ
{
v∗sh∂xv

∗
sh −

1
H
∂x

∫ εζ

−1+βb
(v∗sh)

2
}
= ε∂x

[ ∫ z

−1+βb
(v̄ +
√
µv∗sh)

]
∂zv
∗
sh.

(2.120)

Dropping O(ε√µ) terms we get a lower order evolution equation for v∗sh,

∂tv
∗
sh + εv̄∂xv

∗
sh + εv

∗
sh∂x v̄ − ε∂x[(1 + z − βb)v̄]∂zv

∗
sh = O(ε

√
µ). (2.121)

Computation of the pressure contribution

As for (2.742.74), we write

1
ε

∫ εζ

−1+βb
∂xPnh =

∫ εζ

−1+βb
∂x

∫ εζ

z

(
∂tw + εv∂xw +

ε

µ
w∂zw

)
= µT[H, βb][∂t(Hv̄) + ε∂x(Hv̄2)] + εµHQ1[H, βb](v̄) + µ

3
2 %

3/2
+ O(µ2).

(2.122)

To calculate %
3/2

we introduce the operator T̃ [εζ, βb] as follows,

T̃ [εζ, βb]w = −
1
H

∫ εζ

−1+βb
∂x

∫ εζ

z
∂x

∫ z

−1+βb
w, (2.123)

with T̃ [εζ, βb]w = T[εζ, βb]w when w = w.

%
3/2
= HT̃ [εζ, βb]∂tv

∗
sh

+ ε

∫ εζ

−1+βb
∂x

∫ εζ

z

(
v̄∂x(−∂x

∫ z

−1+βb
v∗sh) + v

∗
sh∂x(−∂x((1 + z′ − βb)v̄))

)
+ ε

∫ εζ

−1+βb
∂x

∫ εζ

z

(
− ∂x((1 + z′ − βb)v̄)(−∂xv

∗
sh) −

∫ z

−1+βb
∂xv
∗
sh(−∂x v̄)

)
.

(2.124)
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According to (2.802.80) the contribution of order O(µ3/2β) may be neglected. We obtain,

%
3/2
= HT̃ [εζ, βb][∂tv

∗
sh + εv̄∂xv

∗
sh + εv̄∂xv

∗
sh] + 2ε

∫ εζ

−1
∂x

∫ εζ

z
(∂x v̄)∂x

∫ z′

−1
v∗sh

− ε

∫ εζ

−1
∂x

∫ εζ

z
v∗sh∂

2
x ((1 + z′)v̄) + ε

∫ εζ

−1
∂x

∫ εζ

z
(∂xv

∗
sh)∂x((1 + z′)v̄).

(2.125)

Applying T̃ [εζ, βb] to (2.1202.120) up to O(√µ) terms, we get

HT̃ [εζ, βb][∂tv
∗
sh + εv̄∂xv

∗
sh + εv

∗
sh∂x v̄] = −ε

∫ ζ

−1
∂x

∫ εζ

z
∂x

∫ z′

−1
∂x[(1 + z)v̄]∂zv

∗
sh

= −ε

∫ ζ

−1
∂x

∫ εζ

z
∂x

∫ z′

−1
∂x v̄v

∗
sh − ε

∫ ζ

−1
∂x

∫ εζ

z
∂x[∂x((1 + z′)v̄)v∗sh].

(2.126)

Thus,

HT̃ [εζ, βb][∂tv
∗
sh + εv̄∂xv

∗
sh] = −2HT̃ [εζ, βb](v∗sh∂x v̄)

− ε

∫ ζ

−1
∂x

∫ εζ

z
v∗sh∂

2
x ((1 + z′)v̄) − ε

∫ ζ

−1
∂x

∫ εζ

z
∂x((1 + z′)v̄)∂xv

∗
sh.

(2.127)

Plugging the above relation into %
3/2
, we get

%
3/2
= −2HT̃ [εζ, βb](v∗sh∂x v̄)

+ 2ε
∫ ζ

−1
∂x

∫ εζ

z
(∂x v̄)∂x

∫ z′

−1
v∗sh − 2ε

∫ ζ

−1
∂x

∫ εζ

z
v∗sh∂

2
x ((1 + z′)v̄).

(2.128)

Using (2.842.84) together with the identities,

−8HT̃ [εζ, βb](v∗sh∂x v̄) = −
1
3
∂x(H3∂x(v

#∂x v̄)) − ∂x(H2∂xHv#∂x v̄) + O(β),

−4∂x

∫ εζ

−1

∫ εζ

z

∫ z′

−1
∂x v̄∂xv

∗
sh = ∂x

( (H2∂xH
2

v# +
H3

6
∂xv

#)∂x v̄
)
+ O(β),

(2.129)

we finally get,
%

3/2
= −

1
4
∂x(H3v#∂2

x v̄) −
1
6
∂x(∂x(H3v#)∂x v̄). (2.130)

Gathering the above computations and dropping O(µ2) terms we obtain the following equation,

(1 + µT[H, βb])[∂t(Hv̄) + ε∂x(Hv̄2)]

+ H∂xζ + εµHQ1[H, βb](v̄) + εµ∂xE + εµ
3
2 HC[H](v#, v̄) = 0,

with,

E =
∫ εζ

−1+βb
(v∗sh)

2 and v# = −
24
H3

∫ εζ

−1+βb

∫ εζ

z

∫ z

−1+βb
v∗sh, (2.131)

and C[H](v#, v̄) is defined as in (2.772.77).
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2.1. Derivation of shallow water models

Closure equation for v#

Since v# appears only in the O(µ 3
2 ) terms in (2.1.3.22.1.3.2), we only need to derive an equation for v# at

order O(√µ) to keep the overall O(µ2) precision of (2.1.3.22.1.3.2).

Applying the triple integration operator
∫ εζ

−1+βb

∫ εζ

z

∫ z
−1+βb to (2.1192.119), we obtain

∫ εζ

−1+βb

∫ εζ

z

∫ z

−1+βb

(
∂tv
∗
sh + εv̄∂xv

∗
sh + εv

∗
sh∂x v̄ − ε∂x[(1 + z − βb)v̄]∂zv

∗
sh

)
= O(ε

√
µ),

let computing each term,∫ εζ

−1+βb

∫ εζ

z

∫ z

−1+βb
∂tv
∗
sh = ∂t

∫ εζ

z

∫ z

−1+βb
v∗sh =

−1
24
∂t(H3v#),

still owing to (2.72.7),

∫ εζ

−1+βb

∫ εζ

z

∫ z

−1+βb
εv̄∂xv

∗
sh = ε

∫ εζ

−1+βb

∫ εζ

z
v̄∂x

∫ z

−1+βb
v∗sh + εβ∂xbv̄v∗sh |−1+βb︸             ︷︷             ︸

= 0

,

= ε

∫ εζ

−1+βb
v̄∂x

∫ εζ

z

∫ z

−1+βb
v∗sh = εv̄∂x

∫ εζ

−1+βb

∫ εζ

z

∫ z

−1+βb
v∗sh,

= −
1

24
v̄∂x(H3v#),

∫ εζ

−1+βb

∫ εζ

z

∫ z

−1+βb
εv∗sh∂x v̄ = −

1
24

H3v#∂x v̄,

−ε

∫ εζ

−1+βb

∫ εζ

z

∫ z

−1+βb
∂x[(1 + z − βb)v̄]∂zv

∗
sh

= −ε

∫ εζ

−1+βb

∫ εζ

z

∫ z

−1+βb

(
− β∂xbv̄ + (1 + z − βb)∂x v̄

)
∂zv
∗
sh,

= −ε

∫ εζ

−1+βb

∫ εζ

z

∫ z

−1+βb
(1 + z − βb)∂x v̄∂zv

∗
sh + O(β),

= −ε∂x v̄

∫ εζ

−1+βb

∫ εζ

z

∫ z

−1+βb
(1 + z − βb)∂zv

∗
sh + O(β),

= −ε∂x v̄

∫ εζ

−1+βb

∫ εζ

z

∫ z

−1+βb
(1 + z − βb)∂zv

∗
sh︸                         ︷︷                         ︸

B %1

+O(β),

45
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one can compute,

%1 =

∫ z

−1+βb
∂z

{
(1 + z − βb)v∗sh

}
−

∫ z

−1+βb
∂z

{
(1 + z − βb)

}
v∗sh,

=
[
(1 + z − βb)v∗sh

]εζ
−1+βb

−

∫ z

−1+βb
v∗sh = (1 + z − βb)v∗sh −

∫ z

−1+βb
v∗sh,

thus, ∫ εζ

z
%1 =

∫ εζ

z
(1 + z − βb)v∗sh −

∫ εζ

z

∫ z

−1+βb
v∗sh,

so, ∫ εζ

−1+βb

∫ εζ

z
%1 =

∫ εζ

−1+βb

∫ εζ

z
(1 + z − βb)v∗sh −

∫ εζ

−1+βb

∫ εζ

z

∫ z

−1+βb
v∗sh,

=
H3

24
v# +

∫ εζ

−1+βb

∫ εζ

z
(1 + z − βb)v∗sh,

integrating by parts, we get∫ εζ

z
(1 + z − βb)v∗sh =

[
(

∫ z

−1+βb
v∗sh)(1 + z − βb)

]εζ
z
−

∫ εζ

z
(

∫ z

−1+βb
v∗sh),

= −(

∫ z

−1+βb
v∗sh)(1 + z − βb) −

∫ εζ

z
(

∫ z

−1+βb
v∗sh).

Moreover, ∫ εζ

−1+βb

∫ εζ

z
(1 + z − βb)v∗sh =

H3

24
v# −

∫ εζ

−1+βb
(

∫ z

−1+βb
v∗sh)(1 + z − βb),

integrating on z again,∫ εζ

−1+βb

∫ εζ

−1+βb

∫ εζ

z
(1 + z − βb)∂zv

∗
sh =

2H3

24
v# −

∫ εζ

−1+βb
(

∫ z

−1+βb
v∗sh)(1 + z − βb),

integrating by parts again,

−

∫ εζ

−1+βb
(

∫ z

−1+βb
v∗sh)(1 + z − βb) = −

∫ εζ

−1+βb

( ∫ εζ

z

∫ z

−1+βb
v∗sh

)
,

=
H3

24
v#.

moreover,

−

∫ εζ

−1+βb

∫ εζ

z

∫ z

−1+βb
(1 + z − βb)∂zv

∗
sh =

3H3

24
v#,

guthering the above integrations, we obtain

∂t(H3v#) + εv̄∂x(H3v#) + εH3v#∂x v̄ = −3εH3v#∂x v̄ + O(ε
√
µ), (2.132)
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2.1. Derivation of shallow water models

thus,

H3∂tv
# + v#∂t(H3)

+ εH3v̄∂xv
# + εv̄∂x(H3)v# + εH3v#∂x v̄ + 3εH3v#∂x v̄ = O(ε

√
µ),

(2.133)

owing to the mass conservation equation ∂t H + ∂x(Hv̄) = 0, we get

1
3
v#∂t(H3) +

1
3
v#∂x(H3)v̄ + (H3v#)∂x v̄ = O(ε

√
µ). (2.134)

Dividing on H3 we obtain the following evolution equation on v#, we infer

∂tv
# + εv̄∂xv

# + εv#∂x v̄ = O(ε
√
µ). (2.135)

Closure equation for E

E appears in term of order O(µ), we need a closure equation for E at order O(µ) to keep the
presicion of the model. Multiplying (2.1202.120) by v∗sh, we get

v∗sh∂tv
∗
sh + εv̄v

∗
sh∂xv

∗
sh + ε(v

∗
sh)

2∂x v̄

+ ε
√
µ
{
(v∗sh)

2∂xv
∗
sh −

1
H
v∗sh

(
∂x

∫ εζ

−1+βb
(v∗sh)

2
)}
= ε∂x

[ ∫ z

−1+βb
(v̄ +
√
µv∗sh)

]
v∗sh∂zv

∗
sh.

(2.136)

Let compute each term explicitly,

First term - We have,∫ εζ

−1+βb
v∗sh∂tv

∗
sh =

1
2

∫ εζ

−1+βb
∂t(v

∗
sh)

2,

=
1
2
∂t

∫ εζ

−1+βb
(v∗sh)

2 −
1
2
ε∂tζ (v

∗
sh)

2
|εζ︸  ︷︷  ︸

= 0

=
1
2
∂t E .

(2.137)

Second term - We have,∫ εζ

−1+βb
εv̄v∗sh∂xv

∗
sh =

εv̄

2

∫ εζ

−1+βb
∂x(v

∗
sh)

2,

=
εv̄

2

[
∂x

∫ εζ

−1+βb
(v∗sh)

2 − ε∂xζ (v
∗
sh)

2
|εζ︸  ︷︷  ︸

= 0

+β∂xb (v∗sh)
2
|−1+βb︸      ︷︷      ︸
= 0

]
,

=
εv̄

2
∂xE .

(2.138)

Third term - We have, ∫ εζ

−1+βb
ε(v∗sh)

2∂x v̄ = εE∂x v̄. (2.139)
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Fourth term - We have,

ε
√
µ

∫ εζ

−1+βb
(v∗sh)

2∂xv
∗
sh =

1
3
ε
√
µ

∫ εζ

−1+βb
∂x(v

∗
sh)

3 =
1
3
ε
√
µ∂xF . (2.140)∫ εζ

−1+βb
v∗sh

( 1
H
∂x

∫ εζ

−1+βb
(v∗sh)

2
)
=

1
H
∂xE

∫ εζ

−1+βb
v∗sh︸      ︷︷      ︸

= 0

= 0.
(2.141)

Fifth term - We have,

∂x

∫ z

−1+βb
(v̄ +
√
µv∗sh) =

∫ z

−1+βb

[
∂x v̄ +

√
µ∂xv

∗
sh − β∂xb(v̄ +

√
µv∗sh)|−1+βb

]
,

=

∫ z

−1+βb

[
∂x v̄ +

√
µ∂xv

∗
sh − β∂xbv̄

]
,

moreover,

ε

∫ εζ

−1+βb
v∗sh∂x

[ ∫ z

−1+βb
(v̄ +
√
µv∗sh)

]
∂zv
∗
sh

= ε

∫ εζ

−1+βb
v∗sh

[ ∫ z

−1+βb

[
∂x v̄ +

√
µ∂xv

∗
sh − β∂xbv̄

] ]
∂zv
∗
sh,

=
ε

2

∫ εζ

−1+βb
v∗sh

[ ∫ z

−1+βb

[
∂x v̄ +

√
µ∂xv

∗
sh
] ]
∂zv
∗
sh − εβ∂xbv̄

∫ εζ

−1+βb
v∗sh∂zv

∗
sh,

= %1 + %2,

(2.142)

integrating by parts and owing to (2.72.7), we get

%1 =
ε

2

[( ∫ εζ

−1+βb
(∂x v̄ +

√
µ∂xv

∗
sh)

)
(v∗sh)

2
]εζ
−1+βb︸                                              ︷︷                                              ︸

= 0

−
ε

2

∫ εζ

−1+βb
(∂x v̄ +

√
µ∂xv

∗
sh)(v

∗
sh)

2,

= −
ε

2

∫ εζ

−1+βb
(v∗sh)

2∂x v̄ −
ε
√
µ

2

∫ εζ

−1+βb
(v∗sh)

2∂xv
∗
sh,

= −
ε

2
E∂x v̄ −

1
6
ε
√
µ∂xF,

we also have,

%2 = −εβ∂xbv̄
∫ εζ

−1+βb
v∗sh∂zv

∗
sh = −

1
2
εβ∂xbv̄

∫ εζ

−1+β
∂x(v

∗
sh)

2,

= −
1
2
εβ∂xbv̄ (v∗sh)

2]
εζ
−1+βb︸        ︷︷        ︸
= 0

= 0.
(2.143)

Regrouping the above calculations, we obtient the following evolution equation for E ,

∂t E + εv̄∂xE + 3εE∂x v̄ + ε
√
µ∂xF = 0. (2.144)
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with,

F =
∫ εζ

−1+βb
(v∗sh)

3. (2.145)

Closure equation for F

From (2.1442.144), one deduces that we need to determine an evolution equation for F up toO(√µ) terms.

Multiplying (2.1212.121) by (v∗sh)
2, we get

(v∗sh)
2∂tv

∗
sh + εv̄(v

∗
sh)

2∂xv
∗
sh + ε(v

∗
sh)

3∂x v̄ − ε∂x[(1 + z − βb)v̄](v∗sh)
2∂zv

∗
sh = O(

√
µ), (2.146)

integrating this equation on z and using (2.72.7), we compute∫ εζ

−1+βb
(v∗sh)

2∂tv
∗
sh =

1
3

∫ εζ

−1+βb
∂t(v

∗
sh)

3 =
1
3
∂t F,∫ εζ

−1+βb
εv̄(v∗sh)

2∂xv
∗
sh =

1
3
εv̄∂xF,∫ εζ

−1+βb
ε∂x v̄(v

∗
sh)

3 = εF∂x v̄,

(2.147)

then,∫ εζ

−1+βb
∂x[(1 + z − βb)v̄](v∗sh)

2∂zv
∗
sh =

1
3

∫ εζ

−1+βb
∂x[(1 + z − βb)v̄]∂z(v

∗
sh)

3,

=
1
3

∫ εζ

−1+βb
∂z

{
∂x[(1 + z − βb)v̄](v∗sh)

3
}
−

1
3

∫ εζ

−1+βb
∂z

{
∂x[(1 + z − βb)v̄]

}
(v∗sh)

3,

=
1
3

[
∂x[(1 + z − βb)v̄](v∗sh)

3
]εζ
−1+βb︸                                  ︷︷                                  ︸

= 0

−
1
3

∫ εζ

−1+βb
∂x

{
∂z[(1 + z − βb)v̄]︸                ︷︷                ︸

= ∂x v̄

}
(v∗sh)

3,

= −
1
3

F∂x v̄.

Gathering the above computations with dropping O(√µ) terms, we obtient evolution equation on F

∂t F + εv̄∂xF + 4εF∂x v̄ = 0. (2.148)

Finally, we obtain the SGN equations with a general vorticity, under the assumption β = O(√µ),
in one-dimensional horizontal case. These equations are given as follows,

∂tζ + ∂x(Hv̄) = 0,
(1 + µT[H, βb])[∂t(Hv̄) + ε∂x(Hv̄2)] + H∂xζ + εµHQ1[H, βb](v̄) + εµ∂xE
+εµ3/2HC[H](v#, v̄) = 0,
∂tv

# + ε∂x(v̄v
#) = 0,

∂t E + εv̄∂xE + 3εE∂x v̄ + ε
√
µ∂xF = 0,

∂t F + εv̄∂xF + 4εF∂x v̄ = 0.

(2.149)
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We observe that if F is initially equal to zero, then one can remove F from (2.1492.149) to obtain a
simplified model,

∂tζ + ∂x(Hv̄) = 0,
(1 + µT[H, βb])[∂t(Hv̄) + ε∂x(Hv̄2)] + H∂xζ + εµHQ1[H, βb](v̄) + εµ∂xE
+εµ3/2HC[H](v#, v̄) = 0,
∂tv

# + ε∂x(v̄v
#) = 0,

∂t E + εv̄∂xE + 3εE∂x v̄ = 0.

(2.150)

Anticipating on the design of a suitable discrete formulation, let introduce the new variables
e = H−3E and v] = H−1v], in order to obtain the following model, which will be numerically
studied in Chapter 5,

∂tζ + ∂x(Hv̄) = 0,
(1 + µT[H, βb])[∂t(Hv̄) + ε∂x(Hv̄2)] + H∂xζ + εµHQ1[H, βb](v̄) + εµ∂x(H3e)

+εµ3/2C[H](Hv], v̄) = 0,
∂t(Hv]) + ε∂x(Hv̄v]) = 0,
∂t(He) + ε∂x(Hv̄e) = 0.

(2.151)

2.1.4 Solitary wave solutions for rotational SGN equations
In this section, we adapt the results of [101101] to the model (2.1512.151). It is well known in the irrotational
flow and in the flat bottom case, that irrotational SGN equations admit solitary wave solutions of
amplitude εH0, which have known formula in a closed form,

η(t, x) = H0 + εH0 sech2(k(x − ct)), q(t, x) = c(η(t, x) − H0), (2.152)

with k B
√

3ε
4H2

0 (1+ε)
and c B

√
gH0(1 + ε).

For rotational flows, the situation is quite different and the existence of smooth solitary waves
for the model (2.1512.151) may depend on some conditions. Considering b = 0, (2.1512.151) can be written
as an (ODE) system as follows,

ζt + (Hv̄)x = 0,
v̄t + g∂xζ + v̄∂x v̄ +

1
H Ex −

1
6H [2H3v#v̄xx + (H3v#)x v̄x]x =

1
3

1
H [H

3(v̄xt + v̄v̄xx − v̄
2
x)]x

v#
t + (v̄v

#)x = 0,(
E

H3

)
t
+ v̄

(
E

H3

)
x
= 0.

(2.153)

Definition 2.1. A solitary wave of speed c for (2.1532.153) is a mapping

(t, x) ∈ R 7→ (ζ, v̄, v#,E)(t, x) = (ζ, v, v#,E)(x − ct),
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such that there exists H ∈ C2(R) and E∞ > 0, v#
∞ ∈ R such that,

ζ = H − H0, v = c
H − H0

H
, v# =

H
H0

v#
∞, E =

H3

H3
0

E∞, (2.154)

with c ∈ R, ζ and v vanishing at infinity, over a current that might not vanish at infinity,

lim
∓∞
(ζ, v) = 0 and lim

∓∞
(v#,E) = (v#

∞,E∞),

and H solves the ODE,

1
3

c(cH2
0 − v

#
∞H2)Hxx =

H − H0
2H

(2c2H0 − gH(H + H0)) − (
H3

H3
0
− 1)E∞ +

c2

3
H2

0
H2

x

H
, (2.155)

on R and satisfies lim∓∞ H = H0.

The following Proposition gives the criteria of the existence of smooth solitary waves in the sense
of Definition 2.12.1.

Proposition 2.2. (Existence of smooth solitary waves). Let E∞ > 0, v#
∞ ∈ R. Let also Hmax > H0.

1. Up to translations, there can be at most two solitary waves of maximal height Hmax for
(2.1532.153); if they exist, they have opposite speed ∓c, with

c =
(
gHmax +

Hmax(Hmax + 2H0)

H3
0

E∞
) 1

2
. (2.156)

2. The solitary wave of speed c (respectively, −c) exists if and only if the following conditions
holds,

c(cH2
0 − v

#
∞H2

max) > 0, (respectively, −c(−cH2
0 − v

#
∞H2

max) > 0). (2.157)

The profile of the solitary wave H then attains its maximal value at a unique point xmax and
it is symmetric with respect to the axis x = xmax and decaying on the half-line x > xmax.

Proof. The proof is detailed in [101101].
�

Remark 2.3. Taking E∞ = v#
∞ = 0 in the statement of Proposition 2.22.2, we get the same solitary

wave as in the irrotational case.

2.2 Introduction to DG methods
The goal of this section is to recall the basic concepts needed for the construction and analyze of a
DG formulation for a diffusion-reaction problem and the construction of a DG formulation for the
NSW equations. The sections concerning elliptic problems are borrowed from [5050]. These discrete
formulations may be regarded as the starting points for the construction of the more elaborated
formulations that will be detailed in Chapter 4 and Chapter 5.
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2.2.1 Preliminary notations, definitions and results
Abstract linear stationary problem

Let V be an Hilbert space, a is a bounded bilinear form on V × V and f a bounded linear form on
V . We consider the following problem,

find u ∈ V, ∀v ∈ V, a(u, v) = ( f , v), (2.158)

where (·, ·) refers to the L2-scalar product.

The existence and uniqueness of the solution of (2.1582.158) is given by the Lax-Milgram lemma,

Lemma 2.4. (Lax-Milgram). Assume that a is coercive on V ,

∃Csta > 0,∀v ∈ V, a(v, v) ≥ Csta‖v‖
2
V .

Then the problem (2.1582.158) is well-posed.

Proof. see, e.g., [5050, Lemma 1.4]. �

Discrete setting

Let Ω be an open and convex set of Rd of boundary ∂Ω. Let Th be a partition of the computational
domain Ω such that Ω = ∪T∈ThT . When d = 1, Ω and T are respectively open and close intervals
of R. Let x refer to the spatial coordinates in Ω. The meshsize is defined as the real number
h B max

T∈T
hT , where hT denotes the diameter of T . We denote the set of interfaces of Th by F i

h , such

that for all F ∈ F i
h and for two distinct mesh elements T1 and T2, then F = ∂T1 ∩ ∂T2 and the set of

boundary faces is denoted by F b
h , for T ∈ Th, F ∈ F b

h then, F = ∂T ∩ ∂Ω. Moreover, we denote
Fh B F

i
h ∪F

b
h the set of mesh faces. We define nT a.e. on ∂T as the unit outward normal to T . For

any mesh element T ∈ Th, the set FT B {F ∈ Fh | F ⊂ ∂T} collects the mesh faces composing the
boundary of T . The maximum number of mesh faces composing the boundary of mesh elements
is denoted by N∂ B max

T∈Th
card(FT ). Let ϕ be a sufficiently regular function defined on Ω, that is

smooth enough suh that for all T ∈ Th, the restriction ϕ|T of ϕ to the open set T can be defined up
to the boundary ∂T . Then, for all F ∈ Fh, the average and the jump of ϕ are given by, respectively,

{{ϕ}}F B
1
2
(ϕ|T1 + ϕ|T2), JϕKF B ϕ|T1 − ϕ|T2 . (2.159)

For the boundary face F ∈ F b
h , we set {{ϕ}}F = JϕKF B v|T . In what follows, the subscript F is

dropped from both {{ϕ}}F and JϕKF when no confusion is possible. For a positive integer k ≥ 1, we
define the broken polynomial space as follows,

Pk(Th) B {v ∈ L2(Ω)| ∀T ∈ Th, v|T ∈ Pk(T)}, (2.160)

where Pk(T) denotes the space of polynomials in T of total degree at most k. For a positive integer
m, the broken Sobolev space is defined as follows,

Wm,p(Th) B {v ∈ Lp(Ω) | ∀T ∈ Th, v|T ∈ Wm,p(T)}. (2.161)
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2.2. Introduction to DG methods

We introduce the following inner products for regular enough scalar-valued functions v,w:(
v,w

)
Ω
B

∫
Ω

v(x)w(x)dx,
(
v,w

)
T B

∫
T
v(x)w(x)dx ∀T ∈ Th,

(
v,w

)
F B (vw)(xF) ∀F ∈ Fh,

andwe denote respectively by ‖v‖Ω =
(
v, v

) 1
2
Ω
, ‖v‖T =

(
v, v

) 1
2
T and ‖v‖F =

(
v, v

) 1
2
F the corresponding

L2 norms.

We recall the definition of the so called broken gradient that acts on broken Sobolev spaces,

Definition 2.5. The broken gradient ∂h
x : W1,p(Th) → Lp(Ω) is defined such that,

∀v ∈ W1,p(Th), ∀T ∈ Th, (∂
h
x v)|T B ∂x(v|T ). (2.162)

In the following, we drop the index h in the broken gradient when this operator appears inside an
integral over a fixed mesh element T ∈ Th. Let also recall the following discrete trace inequality,

Lemma 2.6. (Discrete trace inequality). For all vh ∈ Pk(Th), all T ∈ Th, and all F ∈ FT ,

h
1
2
T ‖vh‖F ≤ Ctr ‖vh‖T, (2.163)

whereCtr depends only on k, the horizontal surface dimension and the mesh regularity parameters.
Summing over F ∈ FT , one deduces from (2.1632.163) and the Cauchy-Schwarz inequality that,

h
1
2
T ‖vh‖∂T ≤ Ctr N

1
2
∂
‖vh‖T . (2.164)

Proof. see, e.g., [5050, Lemma 1.46]. �

Now, let consider the following general discrete problem,

find vh ∈ Pk(Th), ∀wh ∈ Pk(Th), ah(vh,wh) = ( f ,wh)Ω, (2.165)

where ah is a discrete bilinear form defined on Pk(Th) × Pk(Th) and f ∈ L2(Ω).

Thewell-posedness of (2.1652.165)may be achieved relying on a discrete counterpart of theLax-Milgram
lemma, provided that the discrete bilinear form enjoys some discrete coercivity, consistency and
boundedness properties, which are defined in the following. Following the strategy introduced in
[5050], to get the consistency, we need to extend the bilinear form toV∗×Pk(Th)whereV∗ is a subspace
of V , in order to be able to plug the exact solution in the first argument of the bilinear form. In
practice, one can define the bilinear form on Pk(Th) and provide some additional assumptions on the
exact solution. For the boundedness property, we need to extend the bilinear form to V∗h × Pk(Th),
with V∗h B V∗ + Pk(Th).

Definition 2.7. 1. We say that the discrete bilinear form ah enjoys discrete coercivity on Pk(Th)

with respect to the norm |||·||| if the following property holds,

∃Csta > 0, ∀vh ∈ Pk(Th), ah(vh, vh) ≥ Csta |||vh |||
2. (2.166)
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2. We say that the discrete problem (2.1652.165) is consistent with (2.1582.158) if for the exact solution
p ∈ V∗, we have

ah(p,wh) =
(
f ,wh

)
Ω
, ∀wh ∈ Pk(Th). (2.167)

3. We say that the discrete bilinear form ah is bounded in V∗h × Pk(Th) if there exists Cbnd > 0
such that the following inequality holds,

∀(vh,wh) ∈ V∗h × Pk(Th), |ah(vh,wh)| ≤ Cbnd |||vh |||∗ |||wh |||. (2.168)

We can now state the main result concerning the convergence of the discrete formulation,

Theorem 2.8. (Abstract error estimate). Let consider p and ph, respectively solutions of (2.1582.158)
and (2.1652.165). We assume that the discrete bilinear form ah is coercive, consistent with the continuous
bilinear form and bounded. Then, the following error estimate holds,

|||p − ph ||| ≤ C inf
yh∈Pk (Th)

|||p − yh |||∗, (2.169)

with C = 1 + C−1
staCbnd .

Proof. see [5050, theorem 1.35]. �

The following lemmas will also be useful in the following,

Lemma 2.9. (Optimality of L2-orthogonal projection). Let πh be the L2-orthogonal projection
onto Pk(Th). Then, for all s ∈ {0, ..., k + 1} and all v ∈ Hs(T), there holds

|v − πhv |Hm(T) ≤ C
′

apphs−m
T |v |Hs(T) ∀m ∈ {0, ..., s}, (2.170)

where C
′

app is independent of both T and h.

Proof. see, e.g., [5050, Lemma 1.58]. �

Lemma 2.10. In addition to the hypotheses of Lemma 2.92.9, assume that s ≥ 1. Then, for all h ∈ H ,
all T ∈ Th, and all F ∈ FT , there holds

‖v − πhv‖F ≤ C
′′

apph
s− 1

2
T |v |Hs(T), (2.171)

and if s ≥ 2,
‖∂x(v − πhv)|T · nT ‖F ≤ C

′′′

apph
s− 1

2
T |v |Hs(T), (2.172)

where C
′′′

app and C
′′′

app are independent of both T and h.

From the error estimate (2.1692.169), one deduces that the following inequality holds,

|||u − uh ||| ≤ inf
yh∈Vh

|||u − yh |||∗ ≤ |||u − πhu|||∗. (2.173)
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2.2. Introduction to DG methods

2.2.2 Diffusion-reaction problem
We now recall the analysis of the simplest DG formulation in the simple case of a diffusion-reaction
problem with homogeneous Dirichlet boundary conditions.

The continuous problem

Let consider the diffusion-reaction problem with Dirichlet boundary conditions,

−∆p + δp = f in Ω,

p = 0 on ∂Ω,
(2.174)

with the source term f ∈ L2(Ω) and the reaction coefficient δ ∈ L∞(Ω). This problem may be
classically written in the equivalent form,

Find p ∈ H1
0 (Ω) ∀v ∈ H1

0 (Ω) a(p, v) =
(
f , v

)
Ω
, (2.175)

where a is a bounded bilinear form defined on H1
0 (Ω) × H1

0 (Ω), defined as follows

∀v,w ∈ H1
0 (Ω) a(v,w) B

(
∂xv, ∂xw

)
Ω
+

(
δv,w

)
Ω
. (2.176)

It is classical that problem (2.1752.175) is well-posed, which is a straightforward consequence of Lax-
Milgram lemma.

The discrete problem

We consider the following discrete problem: find ph ∈ Pk(Th), such that for all wh ∈ Pk(Th), we
have

ah(ph,wh) =
(
f ,wh

)
Ω
, (2.177)

with,

ah(vh,wh) =
∑
T∈Th

(
∂xvh, ∂xwh

)
T −

∑
F∈Fh

(
(
{{∂h

x vh}}, JwhK
)

F +
(
JvhK, {{∂h

x wh}}
)

F)

+
∑

F∈Fh

ξ

hF

(
JvhK, JwhK

)
F +

∑
T∈Th

(
δvh,wh

)
T,

(2.178)

where ξ is a user-defined parameter to be specified later. This discrete bilinear form is called
Symmetric Interior Penalty (SIP) form in the literature. In the following, we recall that (2.1782.178) is
consistent and enjoys some discrete coercivity property, provided that the penalty coefficient ξ is
large enough, so that the corresponding discrete problem (2.1772.177) is well-posed. Let begin with the
consistency property,

Proposition 2.11. (Consistency)

∀φh ∈ Pk(Th), ah(p, φh) =
(
f , φh

)
Ω
. (2.179)
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Proof. To check the consistency of the discret problem, we set vh B p in (2.1782.178), to obtain

ah(p,wh) =
∑
T∈Th

(
∂xp, ∂xwh

)
T −

∑
F∈Fh

(
∂xp, JwhK

)
F +

∑
T∈Th

(
δp,wh

)
T, (2.180)

and after an integration by parts,

ah(p,wh) = −
∑
T∈Th

(
∆p,wh

)
T +

∑
T∈Th

(
δp,wh

)
T, (2.181)

so that ah(·, ·) is consistent in the following sense,

ah(p,wh) =
(
f ,wh

)
Ω
, ∀wh ∈ Pk(Th). (2.182)

�

In order to formulate the discrete stability result, let introduce the following norm, for all
vh ∈ Pk(Th),

|||vh ||| B
(
‖∂h

x vh‖
2
Ω
+ ‖δ

1
2 vh‖

2
Ω
+ |vh |

2
j,κ

) 1
2
, (2.183)

with the jumps seminorm,

|vh | j,κ =
( ∑

F∈Fh

1
hF
‖JvhK‖2F

) 1
2
. (2.184)

Before addressing the discrete coercivity, we need some bounds on the boundary terms, which are
addressed in the following Lemma.

Lemma 2.12. For all (vh,wh) ∈ (Pk(Th))
2,��� ∑

F∈Fh

(
{{∂h

x vh}}, JwhK
)

F

��� ≤ ( ∑
T∈Th

∑
F∈FT

hF ‖∂
h
x vh|T · nF ‖

2
F

) 1
2
|wh | j,κ . (2.185)

Proof. For all F ∈ F i
h with F = ∂T1 ∩ ∂T2, let introduce the following convenient shortcuts

ai = ∂
h
x vh|Ti · nF, i ∈ {1,2}. The Cauchy-Schwarz inequality, yields(

{{∂h
x vh}}, JwhK

)
F =

(1
2
(a1 + a2), JwhK

)
F

≤

(1
2

hF(‖a1‖
2
F + ‖a2‖

2
F)

) 1
2
×

1
hF
‖JwhK‖F .

Moreover, for all F ∈ F b
h with F = ∂T1 ∩ ∂Ω,(
{{∂h

x vh}}, JwhK
)

F ≤ h
1
2
F ‖∂

h
x v|T · nF ‖F ×

( 1
hF

) 1
2
‖JwhK‖F .

Summing over mesh faces, using the Cauchy-Schwarz inequality, and regrouping the face contri-
butions for each mesh element yields the assertion. �
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Proposition 2.13. (Discrete coercivity). For all ξ > ξ B C2
tr N∂ , where Ctr results from the discrete

trace inequality (2.1632.163), the bilinear form defined by (2.1782.178) is coercive on Pk(Th) with respect to
the |||·|||-norm, i.e.,

∃Cξ > 0, ∀vh ∈ Pk(Th), ah(vh, vh) ≥ Cξ |||vh |||
2,

where Cξ depends on ξ and Ctr .

Proof. Let vh ∈ Pk(Th), owing to the discrete trace inequality (2.1632.163), we have∑
T∈Th

∑
F∈FT

hF


∂h

x vh|T · nF


2

F ≤
∑
T∈Th

hT


∂h

x vh|T · nF


2
∂T ,

≤ C2
tr N∂



∂h
x vh



2
Ω
,

and we infer from (2.1852.185) that,

|
∑

F∈Fh

(
{{∂h

x vh}}, JvhK
)

F | ≤ Ctr N
1
2
∂



∂h
x vh




Ω
|vh | j,κ .

As a result,
ah(vh, vh) ≥



∂h
x vh



2
Ω
− 2Ctr N

1
2
∂



∂h
x vh




Ω
|vh | j,κ + ξ |vh |

2
j,κ .

We now use the following inequality: let σ be a positive real numbers, let ξ ≥ σ2, then

∀(x, y) ∈ R2, x2 − 2σxy + ξy2 ≥
ξ − σ2

1 + ξ
(x2 + y2). (2.186)

Applying this inequality with σ B Ctr N
1
2
∂
, x B



∂h
x vh




Ω
, y B |vh | j,κ, we infer,

ah(vh, vh) ≥ min(1,Cξ)|||vh |||
2,

with Cξ =
ξ−Ctr N

1
2
∂

1+ξ . �

A straightforward consequence of the Lax-Milgram lemma is that the discrete problem (2.1772.177) is
well-posed. In order to study the convergence, we assume that the exact solution p is such that,

p ∈ V∗h B H1
0 (Ω) ∩ H2(Ω) + Pk(Th), (2.187)

and we define on V∗h the norm,

|||vh |||∗ B
(
|||vh |||

2 +
∑
T∈Th

hT ‖∂xvh|T · nT ‖
2
∂T

) 1
2
. (2.188)

Proposition 2.14. (Boundedness) There is Cbnd , independent of h, such that

∀(vh,wh) ∈ V∗h × Pk(Th), ah(vh,wh) ≤ Cbnd |||vh |||∗ |||wh |||. (2.189)
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Proof. Let (vh,wh) ∈ V∗h × Pk(Th). We observe that,

ah(vh,wh) =
∑
T∈Th

(
∂xvh, ∂xwh

)
T −

∑
F∈Fh

(
{{∂xvh}}, JwhK

)
F −

∑
F∈Fh

(
JvhK, {{∂xwh}}

)
F

+
∑

F∈Fh

ξ
( 1
hF

JvhK, JwhK
)

F +
∑
T∈Th

(
δvh,wh

)
T,

B %1 + · · · + %5 .

(2.190)

Using the Cauchy-Schwarz inequality, yields

|%1 | ≤ ‖∂xvh‖Ω‖∂xwh‖Ω ≤ |||vh ||| |||wh |||,

|%4 | ≤ ξ |vh | j,κ |wh | j,κ ≤ ξ |||vh ||| |||wh |||,
(2.191)

owing to the bound (2.1852.185) and since hF ' hT , one obtains

|%2 | ≤

( ∑
T∈Th

hT ‖∂xvh|T · nT ‖
2
∂T

) 1
2
|wh | j,κ ≤ |||vh |||∗ |wh | j,κ ≤ |||vh |||∗ |||wh |||, (2.192)

by definition of the |||·|||∗-norm, still using (2.1852.185) and proceeding as in the proof of proposition
2.132.13, yields

|%3 | ≤ Ctr N1/2
∂
|||vh ||| |||wh |||, (2.193)

using again the Cauchy-Schwarz inequality, we infer

|%5 | ≤ ‖δ
1
2 vh‖Ω‖δ

1
2wh‖Ω ≤ |||vh ||| |||wh |||, (2.194)

gathering the above bounds yields (2.1922.192) with Cbnd = 3 + ξ + Ctr N1/2
∂

.
�

A straightforward consequence of the above results together with Theorem 2.82.8 is the following
error estimate,

Proposition 2.15. Let p ∈ V∗h and ph be the solutions of (2.1752.175) and (2.1772.177), respectively, with ah
defined by (2.1782.178). Then, there is C, independent of h, such that

|||p − ph ||| ≤ C inf
vh∈Pk (Th)

|||p − ph |||∗. (2.195)

To infer a convergence result from (2.1952.195), we assume that the exact solution is smooth enough and
use lemmata 2.92.9 and 2.102.10.

Lemma 2.16. Assuming p ∈ Hk+1(Ω), in addition to the assumptions of proposition 2.152.15. Then,
there holds

|||p − ph ||| ≤ Cphk, (2.196)

with Cp = C‖p‖Hk+1(Ω) and C independent of h.
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Proof. Taking vh = πp, the L2-orthogonal projection of p onto Pk(Th), we get

|||p − πhp|||∗ =
∑
T∈Th

‖∂x(p − πhp)‖
2
T +

∑
F∈Fh

1
hF



Jp − πhpK


2

F

+
∑
T∈Th

hT


∂h

x (p − πhp)|T · nT


2
∂T +

∑
T∈Th




δ 1
2 (p − πhp)




2

T
,

B %1 + %2 + %3 + %4 .

Using Cauchy-Schwarz inequality and lemma 2.92.9 with m = 1 and s = k + 1, we infer

%1 ≤
∑
T∈Th

C
′2
apph2k

T ‖p‖
2
Hk+1(T) ,

triangular inequality, discrete trace inequality (2.1632.163) and lemma 2.102.10, give

%2 ≤
∑
T∈Th

1
hT

∑
F∈FT

‖p − πhp‖
2
F ≤

∑
T∈Th

N∂C
′′2
apph2k

T ‖p‖
2
Hk+1(T) ,

owing to the trace inequality and lemma 2.92.9 with m = 1 and s = k + 1, yields

%3 ≤
∑
T∈Th



∂x(p − πhp)|T


2

T ≤
∑
T∈Th

C2
trC

′2
appN∂h2k

T ‖p‖
2
Hk+1(T) ,

Cauchy-Schwarz inequality and lemma 2.92.9 with m = 0 and s = k + 1, give

%4 ≤
∑
T∈Th

C
′2
apph2(k+1)

T ‖p‖2Hk+1(T) ,

gathering the above bounds yields the assertion with,

Cp =
(
C′app + N

1
2
∂

C′′app + N
1
2
∂

C′appCtr + C′apph
)
. (2.197)

�

2.2.3 Shallow Water equations
In this section, we recall the construction of DG approximations for the weak solutions of the NSW
equations, as introduced in [6161]. Setting b = 0 for the sake of simplicity, the NSW equations
(2.1982.198) obtained at the beginning of this Chapter may be alternatively written as follows,{

∂t H + ∂xq = 0,
∂tq + ∂x(Hv̄2) + gH∂xH = 0,

(2.198)

where we have set q = Hv̄. This system can be written in a compact general conservative form as
follows,

∂tw + ∂xF(w) = 0, (2.199)
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where F(w) : Ω→ R2 × R is the flux function, which reads

F(w) B
(

q
F (w)

)
, (2.200)

and the nonlinear flux is,
F (w) B Hv̄2 +

1
2
gH2.

Multiplying (2.1992.199) by test functions φ ∈ Pk(Th) and integrating over a given element Ti, with the
flux term being integrated by parts, one obtains∫

Ti
∂twφ −

∫
Ti

F(w)∂xφ +

∫
∂Ti

F(w) · n∂Tiφ = 0, (2.201)

where ∂Ti is the boundary of Ti and n∂Ti its unit outward normal. The local approximated vector
solution wh ∈ Pk(Th) is expressed as a polynomial of order k on each element Ti,

wh(t, x) =
Nd∑
l=1

wl
i (t)φ

l
i (x), ∀x ∈ Ti,∀t ∈ [0, tmax], (2.202)

where {φl
i }

Nd

l=1 is a polynomial basis for Pk(T), and {wl
i (t)}

Nd

l=1 are the local expansion coefficient
vectors with wl

i (t) = (η
l
i ,q

l
i ). Many choices are possible for the expansion basis, and we choose

to use a nodal approach: {φl
i }

Nd

l=1 will refer to the interpolant Lagrangian expansion basis, with
Nd = k + 1. Thus, a discrete formulation of (2.2012.201) is obtained by replacing the exact solution
w(t, x) by the approximation wh(t, x) and the test function φ by the expansion basis functions,∫

Ti

( Nd∑
l=1

∂twl
iφ

l
i

)
φm

i −

∫
Ti

F(wh)∂xφ
m
i +

∫
∂Ti

F(wh) · n∂Tiφ
m
i = 0, 1 ≤ m ≤ Nd . (2.203)

Noting that we have, ∫
∂Ti

F(wh) · n∂Tiφ
m
i =

∑
F∈FT

(
F̂TF, φ

m
i
)

F, (2.204)

we obtain the following discrete formulation,

Nd∑
l=1

∂twl
i

∫
Ti
φl

iφ
m
i −

∫
Ti

F(wh)∂xφ
m
i +

∑
F∈FT

(
F̂TF, φ

m
i
)

F = 0, 1 ≤ m ≤ Nd . (2.205)

Hence, the DG approximation of (2.1992.199) reads,

find (ηh,qh) ∈ (Pk(Th))
2 such that, for all ϕh ∈ Pk(Th),(

∂twh, ϕh
)
Ω
+

(
Ah(wh), ϕh

)
Ω
= 0, (2.206)

where
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1. the discrete nonlinear operator Ah in (2.2062.206) is defined by,(
Ah(wh), ϕh

)
Ω
= −

∑
T∈Th

(
F(wh), ∂xϕh

)
T +

∑
T∈Th

∑
F∈FT

(
F̂TF, ϕh

)
F, (2.207)

2. F̂TF is a numerical approximation of the normal face fluxes F(wh) · nTF which is chosen to
be the Lax-Friedrichs flux. Denoting by w− and w+, respectively, the interior and exterior
traces of wh on F, with respect to the element T . The global Lax-Friedrichs flux is given by,

F̂TF =
1
2
(
F(w−) · −→n TF + F(w+) · −→n TF − a(w+ − w−)

)
, (2.208)

with a B maxT∈Th σT and

σT B max
∂T

(��� qh|T

Hh|T
· nT

��� + √
gHh|T

)
. (2.209)

2.2.3.1 Time discretization

Supplementing (2.1992.199) with an initial datum w(0, .) = w0, the time stepping is carried out using
the explicit SSP-RK schemes of. For k < 3, we consider SSP-RK schemes of order (k + 1). For
instance, writing the discrete formulations (2.2052.205) in the operator form,

∂twh +Ah(wh) = 0, (2.210)

we advance from time level n to (n + 1) as follows with the third-order scheme as follows,

wn,1
h = wn

h − ∆tnAh(wn
h),

wn,2
h =

1
4
(3wn

h + wn,1
h ) −

1
4
∆tnAh(wn,1

h ) ,

wn+1
h =

1
3
(wn

h + 2wn,2
h ) −

2
3
∆tnAh(wn,2

h ) ,

where wn,i
h , 1 ≤ i ≤ 2, are the intermediate stages, ∆tn is obtained from the CFL condition (5.405.40),

and the discrete initial data w0
h is defined either as the L2-projection or interpolation on (Pk(Th))

2

of w0. For k ≥ 3, the five stages fourth order SSP-RK scheme of [150150] is used (the details are
omitted for the sake of simplicity). The corresponding time step ∆tn is computed adaptively using
the following CFL condition (see [3838]),

∆tn <
1

2k + 1
min
T∈Th

( hT

σT

)
, (2.211)

with,

σT B max
∂T

(���� qh|T

Hh|T
· nT

���� + √
gHh|T

)
.
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Chapter 3

Main results

In the previous Chapter, we recall the complete derivation of various shallow water models, in
the particular case d = 1, including the NSW equations, the Boussinesq equations and the SGN
equations without and with vorticity. These various models may be regarded as a hierarchy of
increasing complexity set of equations towards a more complete description of the whole range of
hydrodynamical processes in nearshore oceanography. Having such a hierarchy available, one has
to investigate now the construction of discrete formulations allowing to compute the time evolution
of approximate solutions to these models.
To this end, we have highlighted in the introductory Chapter 22 §2.12.1 that DG methods may be
particularly well suited, as they allow enough flexibility, efficiency, and accuracy to successfully
address the numerous difficulties associated with such highly nonlinear and dispersive equations.
To highlight such flexibility, and to introduce the main ideas of the design and analysis of DG
methods, we also recall in Chapter 22, §2.22.2 the construction and analysis of basic arbitrary order
accuracy DG approximations for some model problems: the diffusion-reaction problem, which is
an elliptic problem, and the NSW equations, which is a nonlinear hyperbolic problem.
And indeed, several recently published studies have shown successful applications of various DG
formulations to NSW, Boussinesq and SGN equations. However, there are still several limitations,
which are addressed in this thesis. This Chapter is dedicated to a summarized presentation of these
works, with a particular emphasize put on the specific improvements and novelties.

3.1 A new SWIP-DG formulation for SGN equations
Let focus first on the classical SGN equations without vorticity. As already mentioned in Chapter
22, the construction of fully discontinuous Finite-Element formulations for the SGN equations is
investigated first in [5959, 6060]. In these preliminaryworks, DGmethods based onLDGapproximations
for higher-order derivatives is built for the optimized SGNequations of [9797]. However, the particular
SGN equations of [9797] relies on a simpler second order elliptic operator. This simpler structure is
of course exploited in [5959, 6060].
However, the corresponding discretization matrices obtained in [5959, 6060] are not symmetric due to
the nature of the LDG formulations. Additionally, the LDG strategy requires the introduction of
many auxiliary variables to formulate the higher-order differential operators as systems of first-
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order operators and generate some computational overhead and complexity.
These drawbacks are partially addressed in [5151], where the elliptic operator associated with the
classical SGN equations is reformulated as a symmetric diffusion-reaction like problem, as follows:

H(1 + T[H, b])w = −
1
3
∂x

(
H3︸︷︷︸
κ(H)

∂xw
)
+

(
H +

1
2
∂x(H2∂xb) + H(∂xb)2︸                               ︷︷                               ︸

δ(H,b)

)
w. (3.1)

Such an operator may be discretized with a SIP-DG method inspired from the one recalled in
Chapter 22 §2.22.2. There is however several major differences:

1. the second order term and the reaction term in (3.13.1) have variable (non-homogeneous)
coefficients κ and δ, defined with respect to the water height H and the topography b,

2. writing the associated discrete formulation, the water height is approximated by a broken
polynomial and as a consequence, the discrete version of these coefficients are discontinuous
by construction,

3. the water height may exhibit strong variations, leading to strong gradients values in the
vicinity of the waves breaking area.

These particular and constraining features justify the introduction of a specific stability enforcement
at the mesh interfaces, and the method proposed in [5151] falls into the particular family of Symmetric
Weighted Interior Penalty-DG method (SWIP-DG), see [5252] for details. The discrete bilinear form
associated with (3.13.1), with the notations introduced in Chapter22, reads as follows:

a(1)h (κ, δ; vh,wh) B
∑
T∈Th

(
κ∂xvh, ∂xwh

)
T +

∑
F∈Fh

ξ
(γκ,F

hF
JvhK, JwhK

)
F +

∑
T∈Th

(
δvh,wh

)
T

−
∑

F∈Fh

( (
{{κ∂h

x vh}}ω, JwhK
)

F +
(
JvhK, {{κ∂h

x wh}}ω
)

F

)
.

(3.2)

We observe the symmetry of the interface terms∑
F∈Fh

( (
{{κ∂h

x vh}}ω, JwhK
)

F +
(
JvhK, {{κ∂h

x wh}}ω
)

F

)
.

We also emphasize that the terms ∑
F∈Fh

ξ
(γκ,F

hF
JvhK, JwhK

)
F,

are called the interior penalty terms, which are added to obtain the discrete stability. Using this
discrete formulation, one is able to use iterative methods for sparse linear systems in order to solve
the linear system associated with this new discretization and this is a real improvement.
However, this formulation still suffers from a major drawback: the reaction term H + 1

2∂x(H2∂xb)+
H(∂xb)2 in (3.13.1) may not be always positive, as it depends on ∂xb. A straightforward consequence
is that the discrete coercivity property of the associated discrete bilinear form can not been proved
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as in 22 §2.22.2.

The goal of Chapter 4 is to alleviate such a limitation and introduce a new DG formulation
for the SGN equations for which it is possible to ensure the stability of the discrete bilinear
form.

To achieve this, a reformulation of the SGN equations is proposed as follows:

∂xw + ∂xF(w, b) + D(w,p) = B(w, ∂xb),
∂x (−κ(H)∂xp) − β(H, ∂xb)∂xp + ∂x (β(H, ∂xb)p) + δ(H, ∂xb)p = Q[H, b](η, v̄),

(3.3)

wherewe have, in particular, δ(H, ∂xb) B H(∂xb)2+H and the other coefficients κ(H) and β(H, ∂xb)
are defined in Chapter 4. We emphasize that the coupling between the first (hyperbolic) and the
second (elliptic) equations is achieved through the introduction of an auxiliary variable p.

Looking specifically at the elliptic problem and comparing the formulation

H(1 + T[H, b])w = ∂x (−κ[H]∂xw) − β[H, ∂xb]∂xw + ∂x (β[H, ∂xb]w) + H
(
(∂xb)2 + 1

)
w, (3.4)

with (3.13.1), we observe two major differences: (i) assuming that H ≥ 0, the reaction-like coefficient
of the new formulation, namely H((∂xb)2 + 1), is always positive, (ii) there are two additional first-
order convection-like terms, namely β[H, ∂xb]∂xw and ∂x(β[H, ∂xb]w) with coefficients β[H, ∂xb]
which sign doesn’t matter for the stability analysis of the upcoming DG formulation.

Relying on this reformulation, we introduce a new discrete bilinear form, still belonging to the
family of Symmetric Weighted Interior Penalty-DG methods, and which reads as follows:

ah(κ, β, δ; vh,wh) B
∑
T∈Th

(
κ∂xvh, ∂xwh

)
T +

∑
F∈Fh

ξ
(γκ,F

hF
JvhK, JwhK

)
F +

∑
T∈Th

(
δvh,wh

)
T

−
∑

F∈Fh

( (
{{κ∂h

x vh}}ω, JwhK
)

F +
(
JvhK, {{κ∂h

x wh}}ω
)

F

)
−

∑
T∈Th

(
βvh, ∂xwh

)
T −

∑
T∈Th

(
∂xvh, βwh

)
T

+
∑

F∈Fh

( (
{{βvh}}ω, JwhK

)
F +

(
JvhK, {{βwh}}ω

)
F

)
.

(3.5)

We observe that this new discrete bilinear form is indeed symmetric and we emphasize that this is
a highly non-trivial feature for any DG formulations with advection-like operators. In the proposed
formulation, this symmetry is obtained thanks to the reformulation (3.33.3). Indeed, we observe that
the two new advection-like terms in (3.43.4) lead to two new surface integral terms in (3.53.5):∑

T∈Th

(
βvh, ∂xwh

)
T +

∑
T∈Th

(
∂xvh, βwh

)
T,
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together with the corresponding interface terms,∑
F∈Fh

( (
{{βvh}}ω, JwhK

)
F +

(
JvhK, {{βwh}}ω

)
F

)
. (3.6)

Concerning the consistency, we have the following result, which is proved in Chapter 4:

Proposition 3.1. (Consistency)

∀φh ∈ Pk(Th), ah(κ(H), β(H, ∂xb), δ(H, ∂xb);p, φh) =
(
Q[H, b](η, v̄), φh

)
Ω
.

Looking at the penalty terms in (3.53.5), we emphasize that they now have the liability to counter-
balance, in the discrete coercivity study, the signs of both the "usual" interface terms and the new
interface terms (3.63.6). In order to formulate the discrete stability result, let introduce the following
norm, for all vh ∈ Pk(Th),

|||vh ||| :=
( 


κ(Hh)

1
2 ∂h

x vh




2

Ω
+





(H 1
2
h ∂xbh)vh





2

Ω

+





H
1
2
h vh





2

Ω

+ |vh |
2
j,κ

)1/2
, (3.7)

with the jumps seminorm

|vh | j,κ =
( ∑

F∈Fh

γk,F

hF



JvhK


2

F

)1/2
. (3.8)

We establish the following stability results:

Proposition 3.2. (Discrete coercivity) For all ξ > ξ (with ξ defined in Chapter 4), the bilinear form
defined by (3.53.5) is coercive on Pk(Th) with respect to the |||·|||-norm, i.e.,

∃Cξ > 0, ∀vh ∈ Pk(Th), ah(κ[Hh], β[Hh,∇bh], δ[Hh,∇bh]; vh, vh) ≥ Cξ |||vh |||
2.

In order to formulate the error estimate result, we assume that the bilinear form (3.53.5) is extended
to V∗h × Pk(Th), with V∗h B H2(Ω) + Pk(Th).

let introduce the following norm, for all vh ∈ Pk(Th),

|||vh |||∗ :=
(
|||vh |||

2 +
∑
T∈Th

hT





κ(Hh)
1
2
|T∂

h
x vh|T · nT





2

∂T
+

∑
T∈Th

hT





(H 1
2
h ∂xbh)|Tvh|T · n|T





2

∂T

)1/2
, (3.9)

As a complement to the submitted paper [177177], we also establish the following error estimate:
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3.2. A robust SWIP-DG formulation for rotational SGN equations

Theorem 3.3. ( Error estimate) Let p ∈ V∗h solve (4.15b4.15b). Let ph ∈ Pk(Th) solve the discrete
problem with ah defined by (3.53.5) and penality parameter as in proposition (4.84.8). Then, there is C,
independant of h, κ and χ, such that

|||p − ph ||| ≤ C inf
vh∈Pk (Th)

|||p − ph |||∗ (3.10)

Moreover, if p ∈ Hk+1(Ω),
|||p − ph ||| ≤ Cκ,χCphk, (3.11)

with
Cp = C ‖p‖Hk+1(Ω) ,

Cκ,χ = Cmax(κ̄
1
2 + χ̄h + H̄h

1
2 h + κ

1
2 + χh),

(3.12)

and
κ B ‖κ[Hh]‖L∞(Ω) , χ B ‖ χ[Hh,∇bh]‖L∞(Ω) , H B ‖Hh‖L∞(Ω) ,

Cmax = max(C
′

app,N
1/2
∂

min(κ1, κ2)
1/2C

′′

app,N
1/2
∂

C
′′′

app,Ctr N1/2
∂

C
′

app).
(3.13)

We finally emphasize that this new formulation for the SGN equations may be extended to the d = 2
situation, by switching to 2d differential operators in the proposed formulation.

3.2 A robust SWIP-DG formulation for rotational SGN equa-
tions

In Chapter 5, we investigate the design of DG formulations for the SGN equations with vorticity
(2.1512.151). To our knowledge, the only numerical discretization for these equations was proposed in
[101101], with a hybrid WENO-DF discretization. Let also mention the recent works [8989, 137137] in
which related models with a modified time-evolution equation on the enstrophy e, with calibrated
source terms to model wave breaking, are considered. However, these works focus on the issue
of wave-breaking and not on the stability of the numerical methods, which are straightforwardly
adapted from [5959]. The system under study reads as follows:

∂tζ + ∂x(Hv̄) = 0,
(1 + µT[H, βb])[∂t(Hv̄) + ε∂x(Hv̄2)] + H∂xζ + εµHQ1[H, βb](v̄) + εµ∂x(H3e)

+εµ3/2C[H](Hv], v̄) = 0,
∂t(Hv]) + ε∂x(Hv̄v]) = 0,
∂t(He) + ε∂x(Hv̄e) = 0.

(3.14)

Starting from the formulation of Chapter 4 for the (irrotational) SGN equations, there are some
major novelties in equations (3.143.14) that introduce additional challenges: (i) there are two new
variables, namely e and v], which are occurring in the momentum conservation equation. This
entails some modifications in the coupling strategy, between the hyperbolic part of the model, and
the elliptic part. In particular, the new enstrophy variable e occurs in the definition of the associated
nonlinear flux, (ii) the enstrophy variable e is defined as a non-negative quantity. The proposed
new DG formulation should ensure that this non-negativity is preserved at the discrete level.
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The goal of Chapter 5 is to design a new fully discontinuous discrete formulation for (3.143.14)
that accounts for these features.

Let introduce an augmented vector of state variables, and the corresponding nonlinear flux vector,
as follows

w =
©­­­«
ζ

Hv̄

Hv]

He

ª®®®¬ , F(w) =
©­­­«

Hv̄

F (w)
Hv̄v]

Hv̄e

ª®®®¬ , (3.15)

with
F (w) B Hv̄2 +

1
2
gH2 + H3

e, (3.16)

so that as in the previous section, the rotational SGN equations (2.1512.151) may be formulated in a
compact form as follows:

∂tw + ∂xF(w) + D(w,p) = B(w, b),

∂x

(
−κ(H)∂xp

)
− β(H, ∂xb)∂xp + ∂x

(
β(H, ∂xb)p

)
+ δ(H, ∂xb)p = Q(w, b).

(3.17a)

(3.17b)

The state vector w is assumed to take values in a convex and open setU defined as

U = {(H,Hv̄,Hv],He) ∈ R4, H ≥ 0,e ≥ 0}, (3.18)

and focusing on the first-order and homogeneous part of (5.195.19), which reads as

∂tw + ∂xF(w) = 0, (3.19)

the computation of F′(w) shows that the corresponding system is strictly hyperbolic as soon as
H > 0, with the following eigenvalues:

λ1 = v̄ − (gH + 3H2
e)

1
2 , λ2 = λ3 = v̄, λ4 = v̄ + (gH + 3H2

e)
1
2 . (3.20)

The inclusion of the term H3e in the definition of the nonlinear flux (3.163.16) is mainly motivated
by the fact that the resulting wave-speeds (3.203.20) are very similar to the propagation speed of the
rotational solitary waves (2.1562.156) and as a consequence, such a choice may ensure that realistic
wave speeds are effectively accurately approximated in the transport part of the proposed new DG
formulation.

The first step to achieve the design of an arbitrary-order DG scheme for equations (2.1512.151) is the
construction of a robust lowest-order FV scheme. Such a FV scheme should rely on a new HLLC-
type Riemann solver for the homogeneous hyperbolic system (3.193.19).
More precisely, we consider an approximate Riemann solver at interface F consisting of 2 finite
external wave-speeds λ−F , λ

+
F and an additional intermediate wave λ?F (note that in the following,

the subscript F may be avoided when no confusion is possible). We denote by w?
L and w?

R the
intermediate states to the left and to the right of the wave λ? respectively. The 3 wave speeds are
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therefore separating 4 constant states wL , w?
L , w?

R and wR, leading to the following approximate
solver:

ŵ(ξ,wL,wR) =


wL if ξ ≤ λ−,

w?
L if λ− ≤ ξ ≤ λ?,

w?
R if λ? ≤ ξ ≤ λ+,

wR if λ+ ≤ ξ,

(3.21)

with ξ = x−xF
t−tn . Assuming that λ− and λ+ are given by some estimates under the form

λ− = v̄L −
sL

HL
, λ+ = v̄R +

sR

HR
, (3.22)

the definition of the 8 components of the 2 unknown intermediate states w?
L and w?

R, together
with the intermediate wave speed λ?, are needed. To achieve this, we build a system made of the
consistency condition for the discharge Hv̄, together with the jump conditions across each wave
for the variables H,Hv] and He and we exhibit the corresponding solution in (5.365.36)-(5.385.38). This
solution satisfies the following preliminary robustness result:

Proposition 3.4. Consider the approximate Riemann solver (5.365.36)-(5.385.38), together with the wave-
speed estimates (3.223.22). Then, with suitable values of sL and sR defined in (5.445.44)-(5.455.45), the
approximate Riemann solver (5.365.36)-(5.385.38) preserves the invariant domainU:

wL,wR ∈ U ⇒ ŵ(ξ,wL,wR) ∈ U for any value of ξ.

This robustness result is then used to build a robust lowest-order FV scheme accordingly. Indeed,
once the intermediate states are known, the corresponding fluxes can be computed as follows:

Fh(wL,wR) =


F(wL) if 0 ≤ λ−,
F(wL) + λ

−(w?
L − wL) if λ− ≤ 0 ≤ λ?,

F(wR) + λ
+(w?

R − wR) if λ? ≤ 0 ≤ λ+,
F(wR) if λ+ ≤ 0.

(3.23)

Hence, a FV scheme built upon this HLLC interface preserves the positivity of H and e:

Proposition 3.5. The lowest-order FV numerical scheme obtained by setting k = 0 and ϕh = 1 in
(2.2062.206), with interface numerical fluxes (3.233.23) and a first-order Euler time discretization, preserves
the invariant domainU under the following CFL-like condition:

∆tn = min
T∈Th

( hT

λT

)
, λT B max

F∈FT

(
|λ−F |, |λ

+
F |

)
. (3.24)

The last step is to consider an arbitrary order of approximation k ≥ 1. Setting ϕh = 1 in (2.2062.206),
using a first-order Euler time discretization and denoting by w̄n

T the mean values of wh at discrete
time tn on mesh element T , the fully discrete formulation satisfied by the state vector averages reads
as follows:

hT

∆tn (w̄
n+1
T − w̄n

T ) +
∑

F∈FT

Fh(w−F,w
+
F)nTF = 0, (3.25)
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where w−F,w
+
F respectively stand for the interior and exterior traces of wh on F, with respect to

mesh element T . Let consider the τ-points Gauss-Lobatto quadrature rule {xT
i , 1 ≤ i ≤ τ} on

mesh element T (with τ ≥ 2), and the corresponding quadrature weights {ŵi, 1 ≤ i ≤ τ} such that∑q
i=1 ŵi = 1. This quadrature rule allows to exactly compute integrals of polynomials up to degree

2τ − 3. In particular, choosing τ = d(k + 3)/2e, we have:

∀T ∈ Th, w̄n
T =

1
hT

∫
T

wn
T =

τ∑
i=1

ŵiwn
T (x

T
i ).

We have the following result:

Proposition 3.6. Assume that for all T ∈ Th, w̄n
T ∈ U and for all i ∈ {1, . . . , τ},wn

T (x
T
i ) ∈ U. Then

the scheme (3.253.25), satisfied by the averaged values of the state vector, with interface numerical
fluxes built from the approximate Riemann solver (3.233.23), preserves the invariant domainU under
the following CFL-like condition:

∆tn ≤ ŵ1 min
T∈Th

( hT

λT

)
, λT B max

F∈FT

(
|λF

L |, |λ
F
R |

)
. (3.26)

Gathering all these ingredients, the new DG formulation adapted to SGN equations (2.1512.151) reads
as follows:

find wh = (ζh, v̄h, v
]
h,eh,ph) ∈ (Pk(Th))

5 such that, for all (ϕh,ψh) ∈ (Pk(Th))
2,(

∂twh, ϕh
)
Th
+

(
Ah(wh,ph), ϕh

)
Th
= 0, (3.27a)

ah(κ(Hh), β(Hh,∇bh), δ(Hh,∇bh);ph,ψh) =
(
Qh[Hh, bh](ζh, v̄h),ψh

)
Th
, (3.27b)

where:
(i) the discrete bilinear form ah(κ, β, δ; ·, ·) is the same as in the previous Chapter,

(ii) the discrete nonlinear operator Ah in (5.32a5.32a) is defined by(
Ah(wh,ph), ϕh

)
Th
B −

(
F(wh), ∂

h
x ϕh

)
Th
+

(
Fhn, ϕh

)
∂Th
+
(
Dh(wh,ph), ϕh

)
Th
−

(
B(wh, bh), ϕh

)
Th
,

(3.28)
where the interface stabilizing fluxes contribution is defined as follows(

Fhn, ϕh
)
∂Th
=

∑
T∈Th

∑
F∈FT

(
Fh(w−F,w

+
F)nTF, ϕh

)
F,

and Fh(w−F,w
+
F) is defined in (3.233.23).

We highlight that the coupling between the transport (hyperbolic) part and the dispersive (elliptic)
part of the model is achieved through the algebraic operator:(

Dh(wh,ph), ϕh
)
Th
=

(
Hhph − gHh∇

k
h (ζh) − 3H2

h∇
k

h (Hh)eh − H3
h∇

k
h (eh), ϕh

)
Th
.
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From the robustness and nonlinear stability results above, related to the homogeneous system, it is
clear that this global DG formulation for the rotational SGN equations preserves the positivity of
H and e at the discrete level. This new scheme may be straightforwardly used in the models with
enstrophy of [8989, 137137] for instance.
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Chapter 4

A New SWIP-Discontinuous Galerkin
formulation for the SGN equations

This Chapter gathers the works published in the following paper:

M. Zefzouf, F. Marche, A New Symmetric Interior Penalty Discontinuous Galerkin formula-
tion for the Serre-Green-Naghdi equations, Numer. Methods Partial Differ. Eq.. (2022), 1-26.
https://doi.org/10.1002/num.22942https://doi.org/10.1002/num.22942,

together with a new error estimate result.
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Chapter 4. A New SWIP-Discontinuous Galerkin formulation for the SGN equations

4.1 Introduction
In an incompressible, homogeneous and inviscid fluid, the propagation of surface waves is governed
by the Euler equations with nonlinear boundary conditions at the surface and at the bottom. As this
problem is still complicated to solve in its full generality, both mathematically and numerically,
several simpler models have been derived to describe the behavior of the solution in some physical
specific regimes (see, e.g., [9696] for a review). In what follows, we focus on the shallow water
regime:

(shallow water regime) µ B
H2

0
λ2 � 1, (4.1)

where H0 refers to the typical water depth, λ the typical wave length. In this regime, the classical
Nonlinear ShallowWater (NSW) equations [143143] can be derived from the full water waves equations
by neglecting all the terms of order O(µ), see for instance [9999]. This model provides an accurate
description of important unsteady processes in the surf and swash zones, such as nonlinear wave
transformations, run-up and flooding due to storm waves, see for instance [1919], but it neglects the
dispersive effects which are fundamental for the study of wave transformations in the shoaling area
and, possibly, slightly deeper water areas. Keeping these dispersive effects in the equations, and
neglecting only the O(µ2) terms, one obtains a more accurate - but mathematically and numerically
more complicated - set of equations known as the Serre [147147] in the horizontal surface dimension,
or Green-Naghdi [7474, 151151], or fully nonlinear Boussinesq [163163] equations for the two-dimensional
case. We refer to these models here as the Serre-Green-Naghdi (SGN) equations. Note that
contrary to the weakly nonlinear Boussinesq models that go back to Boussinesq himself, no
smallness assumption is made on the size of the surface perturbations, the corresponding regime is
said to be fully nonlinear:

(fully nonlinear / large amplitude regime) ε B
a

H0
= O(1), (4.2)

where a is the typical wave’s amplitude. Such equations have been mathematically justified in [55]
and [8585] in the one-dimensional case.

Let x, z, and t denote, respectively, the horizontal, vertical, and time coordinates. We denote
by ζ(t, x) the free surface elevation with respect to its rest state, by −H0 + b(x) a parametrization of
the bottom’s variations and by H B H0 + ζ − b the water depth, as shown in Figure 4.14.1. Denoting
by uhor the horizontal component of the velocity field in the fluid domain, we define the vertically
averaged horizontal velocity v ∈ R as

v(t, x) B
1
H

∫ ζ

−H0+b
uhor(t, x, z)dz,

and we denote by q B Hv the corresponding horizontal momentum. The classical SGN equations
read as follows:

∂tζ + ∂x(Hv) = 0, (4.3a)
(1 + T[H, b]) ∂tv + v∂xv + g∂xζ + Q[H, b](v) = 0, (4.3b)

74



4.1. Introduction

where the linear operator T[H, b]· and the quadratic form Q[H, b](·) are defined for all smooth
enough scalar-valued functions w by

T[H, b]w B R1[H, b](∂xw) + R2[H, b](w∂xb), (4.4a)
Q[H, b](w) B R1[H, b](∂x(w∂xw) − 2(∂xw)

2) + R2[H, b]((w∂x)
2b), (4.4b)

where

R1[H, b]w B −
1

3H
∂x(H3w) −

H
2
w∂xb, R2[H, b]w B

1
2H

∂x(H2w) + w∂xb.

Considering the discrete formulations, the SGN equations have recently received attention and
various numerical methods have been introduced, mostly in the surface horizontal d = 1 case,
like Finite-Difference (FD) approaches [77], Finite-Volume (FV) [2020, 3636], WENO [2929, 4848], pseudo-
spectral (PS) [6363], (continuous) Finite-Element (FEM) [7171, 118118, 119119], FV and FEM methods on
hyperbolic relaxed approximating models [6969, 7777] and discontinuous Galerkin approaches (possi-
bly mixed with FEM) in [5151, 5353, 6060, 114114, 127127, 148148]. In d = 2 case, several methods have been
developed mostly on cartesian meshes: FD [66, 163163, 182182], FV [103103], hybrid FV-FD [132132, 149149]
and WENO-FD [9797], PS (in the rotating case) [128128] and more recently a Hybridizable-DG method
[144144] and a Central DG-FE method in [106106]. Numerical approximations of SGN equations on
general unstructured (simplicial) meshes are considered in [5959, 115115].
We have introduced in [5151] some high-order fully discontinous Galerkin discrete formulations for
the (classical) SGN equations, as well as for the asymptotically enhanced SGN models of [9797] in
order to optimize the dispersive properties of the classical SGN equations. In these formulations,
relying on the Symmetric Weighted interior Penalty DG approach (SWIP-DG), the fully nonlinear
and weakly dispersive equations are written as coupled nonlinear (pseudo) hyperbolic-elliptic prob-
lems, relying on the (non-dispersive) NSW equations supplemented by additional algebraic source
terms, which fully accounts for the O(µ2) nonlinear dispersive correction. These source terms are
themselves computed as the solutions of auxiliary linear second order elliptic problems associated
with the elliptic operator 1 + T[H, b] defined in (4.4a4.4a). We observe from this work, as well as in
[5959, 115115], that high-order DG methods are well-suited for the approximation of the solutions of
SGN equations. It is generally acknowledged that DG methods exhibit several appealing features
(i.e. local conservation, stability, a straightforward ability to handle arbitrary high-order polyno-
mial approximations, a great geometrical discretization flexibility, compact stencils and minimal
inter-element communications). Beyond these general features, using DGmethod provide a general
and unified discrete framework allowing to accurately approximate both the hyperbolic and elliptic
parts of the SGN equations. Keeping nearshore oceanography applications in mind, the robustness
of DG methods in the vicinity of sharp gradients also appears to be well suited for the description
of wave steepening and breaking, see for instance [137137]. Such features may also allow to easily
introduce adaptive algorithms (refining or coarsening a grid can be achieved without enforcing the
continuity property commonly associated with the conforming FEM), together with the use of high
order polynomial approximations away from breaking and run-up areas.

However, considering the SWIP-DG method of [5151] for the classical SGN equations (the
Model 1 of [5151]), we are not able to ensure the discrete coercivity for the discrete counterpart
of the elliptic operator 1 + T[H, b] defined in (4.4a4.4a) (see Remark 3 of [5151] for details). As
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Chapter 4. A New SWIP-Discontinuous Galerkin formulation for the SGN equations

an answer to this drawback, we focus in this work on the construction and validation of a new
Symmetric interior Penalty discontinuous Galerkin formulation that is well-posed for the elliptic
operator H (1 + T[H, b]). This new formulation shares with the formulation introduced in [5151] the
appealing symmetry property and it is especially designed so that a discrete coercivity property is
ensured, with a negligible computational overhead. As in [5151], the stability threshold on the penalty
parameter is still independent of the interface values of both H and b and it naturally allows to deal
with the discontinuous nature of the discrete elliptic problem’s coefficients in a stable and consistent
way. Our numerical investigations show that this approach leads to an excellent agreement with
data taken from several experiments.

4.2 The Serre-Green-Naghdi equations
Still focusing on the horizontal one-dimensional (1d) case, we denote by η = H + b the total free
surface elevation, as shown on Figure 4.14.1.

H0

⇣(t,x)

⌘(t,x)

b(x)

z

x

H(t,x) = ⇣(t,x) + H0 � b(x)

0

<latexit sha1_base64="wdOOnjcXkvjWSse15LfR+aNrPDc="></latexit>

Figure 4.1: Free surface flow description and notations.

The Serre-Green-Naghdi equations, as reformulated in [2020], read as follows:

∂tη + ∂xq = 0, (4.5a)
∂tq + ∂x(vq) = − (1 + T[H, b])−1Q[H, b](η, v), (4.5b)

where the linear operator T[H, b]· and the nonlinear operatorQ[H, b] are defined for all smooth
enough scalar-valued functions w by

T[H, b]w B HT[H, b]
w

H
, (4.6)

Q[H, b](η, v) = gH∂xη + HQ1[H, b](v), (4.7)
Q1[H, b](w) B −2R1[H, b]((∂xw)

2) + R2[H, b]((w∂x)
2b). (4.8)

This formulation has several advantages. In particular, it does not require the computation of third
order derivatives and, as shown in the theoretical analysis of [55] and in our previous works [2020,
2929, 6060], the presence of the operator (1 + T[H, b])−1 makes the model robust with respect to high
frequency perturbations.
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4.2. The Serre-Green-Naghdi equations

In [5151], in order to build a discrete formulation associated with 1 + T[H, b] and relying on a
symmetric discrete bilinear form, it is observed that, assuming that the water depth H is bounded
away from zero, it holds that, for any sufficiently smooth scalar-valued function v:

(1+T[H, b])v = H(1+T[H, b])
v

H
,

where, for any sufficiently smooth scalar-valued function w:

H(1 + T[H, b])w = −
1
3
∂x(H3∂xw) +

(
H +

1
2
∂x(H2∂xb) + H(∂xb)2

)
w. (4.9a)

The approximation of the right-hand side of (4.5b4.5b) may consequently be computed as the solution
of a non-homogeneous diffusion-reaction-like elliptic problem, with a time-dependent reaction-like
coefficient defined as H + 1

2∂x(H2∂xb)+H(∂xb)2. A Symmetric Weighted interior Penalty discon-
tinuous Galerkin (SWIP-DG) discrete bilinear form is proposed in [5151], with non-homogeneous
and time-dependent diffusion-like and reaction-like coefficients respectively defined from discrete
approximations of ν[H] and β[H, b]. However, as already pointed out in [5151], onemain drawback of
this formulation is that the sign of the reaction-like coefficient H + 1

2∂x(H2∂xb)+H(∂xb)2 depends
on the sign of ∂x(H2∂xb). As a result, we are not able to ensure, for all topography configurations,
a discrete coercivity property for the proposed discrete counterpart of the operator H(1+T[H, b]).

In order to design a new symmetric DG formulation with better properties, let recall first that
SGN equations are rigorously justified in [55], in which a well-posedness result is proved for the
general two-dimensional case with varying bottom using a Nash-Moser scheme. This result has
also been obtained using a Picard iterative scheme in the one-dimensional case in [8585].

More precisely, in the d = 1 case, assuming that the initial data (η0,u0) ∈ Hs(R)×Hs+1(R)with
s > 3

2 (where Hs(R) is the Sobolev space of functions v ∈ L2(R) such that their weak derivatives
up to order s have a finite L2-norm) and that b ∈ C∞b (R) (where C

∞
b (R) is the space of infinitely

differentiable functions that are bounded together with all their derivatives), then there exists a
maximal time tmax > 0, uniformly bounded with respect to µ, such that SGN admits a unique
solution (η,u) ∈ C([0, tmax],Hs(R) × Hs+1(R)). This result can be extended to finite domains and
periodic boundary conditions. In particular, we recall the following result:
Proposition 4.1. Assuming b ∈ C∞b (R) and η ∈ W1,∞(R) such that

∃Hε, inf
x∈R

H = η − b > Hε .

then the operator
H(1 + T[H, b]) : H2(R) → L2(R),

is well-defined, one-to-one and onto.

Proof. The detailed proof is given in [8585] for the nondimensionalized equations. Let just recall
here that the following identity holds:

HT[H, b] = (S1[H, b])?H S1[H, b] + (S2[b])?H S2[b], (4.10)
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Chapter 4. A New SWIP-Discontinuous Galerkin formulation for the SGN equations

where the first and zero order differential operators S1[H, b] and S2[b] are defined as follows:

S1[H, b] =
H
√

3
∂x −

√
3

2
∂xb, S2[b] =

1
2
∂xb,

with adjoint operators

(S1[H, b])? = −
1
√

3
∂x(H·) −

√
3

2
∂xb, (S2[b])? = S2[b].

Considering the bilinear form defined and continuous on H1(R) × H1(R) by:

a(v,w) =
(
HS1[H, b]v,S1[H, b]w

)
+

(
HS2[H, b]v,S2[H, b]w

)
+

(
Hv,w

)
, (4.11)

where (·, ·) refers to the L2-scalar product, we have:

a(w,w) = (H(1 + T[H, b])w,w) ≥ Hε

(
‖w‖2 + ‖S1[H, b]w‖2 + ‖S2[b]w‖2

)
,

so that H(1 + T[H, b]) is one to one. We additionally have

Hε

(
‖w‖2 + ‖S1[H, b]w‖2 + ‖S2[b]w‖2

)
≥ C ‖w‖2H1(R) ,

proving that a(·, ·) is coercive on H1(R) and from Lax-Milgram theorem, for all f ∈ L2(R), there
exists unique u ∈ H1(R) such that, for all w ∈ H1(R), a(u,w) = ( f ,w) . �

In the following, we aim at designing a new discontinuous Galerkin formulation for SGN
equations that mimics these properties. Denoting by w B (η,q) the vector collecting the primal
variables, using the following pre-balanced splitting (we refer the reader to [107107] for details on the
pre-balanced formulation) of the hydrostatic pressure term:

gH∂xζ =
1
2
g∂x(η

2 − 2ηb) + gη∂xb, (4.12)

recalling that for any w ∈ H2(R), we have:

(1+T[H, b])w =
(
H + (S1[H, b])?H S1[H, b] + (S2[b])?H S2[b]

) w
H
,

and introducing an auxiliary variable p, system (4.54.5) can be equivalently reformulated as follows:

∂tw + ∂xF(w, b) + D(w, b) = B(w, ∂xb), (4.13a)(
H + (S1[H, b])?H S1[H, b] + (S2[b])?H S2[b]

)
p = Q[H, b](η, v), (4.13b)

where

F(w, b) B
(

q
F (w, b)

)
, B(w, ∂xb) B

(
0

−gη∂xb

)
, D(w, b) B

(
0

Hp − gH∂xη

)
, (4.13c)
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and the nonlinear pre-balanced flux is defined as

F (w, b) B vq +
1
2
g(η2 − 2ηb).

This last formulation highlights the fact that the SGN equations can be regarded as a dispersive
correction of order O(µ) of the nonlinear hyperbolic shallow water equations. This dispersive
correction is related to the source term D(w, b) in (4.13a4.13a), and is obtained from the solution of an
auxiliary scalar and linear second-order elliptic sub-problem (4.13b4.13b). Additionally observing that(

H + S1[H, b]?H S1[H, b] + S2[b]?H S2[b]
)
w

= ∂x(−κ[H]∂xw) − β[H, ∂xb]∂xw + ∂x(β[H, ∂xb]w) + δ[H, ∂xb]w,

where

κ[H] B
1
3

H3, β[H, ∂xb] B

√
3

2
κ[H]

1
2 χ[H, ∂xb], δ[H, ∂xb] B χ[H, ∂xb]2 + H, (4.14a)

and
χ[H, ∂xb] = H

1
2 ∂xb, (4.14b)

system (4.134.13) may be written as

∂tw + ∂xF(w, b) + D(w, b) = B(w, ∂xb), (4.15a)
∂x

(
−κ[H]∂xp

)
− β[H, ∂xb]∂xp + ∂x(β[H, ∂xb]p) + δ[H, ∂xb]p = Q[H, b](η, v), (4.15b)

which is the formulation upon which our new discrete bilinear form is designed in the next section.
Remark 4.2. In practice, the numerical solution of (4.54.5) is sought in a bounded spatial domain
Ω ⊂ R (which reduce to line segments in the d = 1 horizontal surface dimension). To close (4.54.5),
we have to prescribe suitable boundary conditions. Formulation (4.154.15) highlights that boundary
conditions should be provided for the primal variablesw B (η,q) but also for the auxiliary variable
p, for the corresponding discrete problem to be well-defined on Ω. In the following, we consider
only reflexive boundary conditions, which aim at mimicking the presence of a solid-wall, and which
may be obtained by enforcing :

∂xη|∂Ω = 0, q|∂Ω = 0, ∂xp|∂Ω = 0. (4.16)

All the following analysis may be reproduced in the case of periodic boundary conditions, adapting
the discrete formulation accordingly.

Remark 4.3. In the flat bottom case, SGN equations admit solitary wave solutions of amplitude
εH0, which have known formulae in a closed form:

η(t, x) = H0 + εH0 sech2 (κ(x − ct)) , q(t, x) = c (η(t, x) − H0) , ∀t ≥ 0,∀x ∈ Ω, (4.17)

with κ B
√

3ε
4H2

0 (1+ε)
and c B

√
gH0(1 + ε).
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Remark 4.4. It is classical that the frequency dispersion of (4.54.5) can be improved by adding some
terms of order O(µ2) to the momentum equation, see for instance [111111, 166166]. Since this equation
is already precise up to terms of order O(µ2), this manipulation does not affect the precision of the
model. As shown in [2020], an improved version of the SGN equations reads as follows:

∂tη + ∂xq = 0, (4.18a)

∂tq + ∂x(vq) +
α − 1
α

gH∂xη = − (1 + αT[H, b])−1Qα[H, b](η, v), (4.18b)

with
Qα[H, b](η, v) =

1
α
gH∂xη + HQ1[H, b](v), (4.19)

where α may be set to 1.159 in order to provide a better description of the wave in intermediate
or even deep water, in addition to the shallow water zone. With such optimization, system (4.154.15)
becomes:

∂tw + ∂xF(w, b) + Dα(w, b) = B(w, ∂xb), (4.20a)
∂x

(
−κ[H]∂xp

)
− β[H, ∂xb]∂xp + ∂x(β[H, ∂xb]p) + δ[H, ∂xb]p = Qα[H, b](η, v), (4.20b)

where
Dα(w, b) B

(
0

Hp − 1
αgH∂xη

)
, (4.21)

and

κ[H] B
α

3
H3, β[H, ∂xb] B

√
3

2
κ[H]

1
2 χ[H, ∂xb], δ[H, ∂xb] B χ[H, ∂xb]2 + H, (4.22)

χ[H, ∂xb] = α
1
2 H

1
2 ∂xb, (4.23)

which is the formulation upon which our new discrete bilinear form is designed in the next section
(note that choosing α = 1 allows to recover (4.154.15)). The subscript index α is removed in the
follwing.

4.3 Discrete formulations
In this section, we design a new discontinuous Galerkin (DG) discrete formulation for the SGN
equations, as written in (4.204.20), supplemented with suitable boundary conditions (see Remark 4.24.2).
For the sake of simplicity, we only consider the case of reflexive boundary conditions (4.164.16) in
the following. Although we work here in one space dimension, we keep the notations as close
as possible to the classical one for DG methods in higher space dimensions, both to facilitate the
reader familiar with DG methods, and to make easier the extension to two space dimensions.

4.3.1 Setting and notations
Let Ω ⊂ R denote an open segment with boundary ∂Ω. We consider a partition Th of Ω in |Th |

open disjoint segments T of boundary ∂T such that Ω =
⋃

T∈Th T . The partition is characterized by
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the meshsize h B maxT∈Th hT , where hT is the length of the element T . For all T ∈ Th, we denote
by nT the unit outward normal taking values in {−1,1} on ∂T , and by xT its barycenter.

Mesh faces, reduced here to vertices, are collected in the set Fh partitioned as Fh = F
i

h ∪ F
b

h ,
where F i

h collects the interior vertices and F
b

h the (two) boundary vertices. The abscissa of a vertex
F ∈ Fh is denoted by xF , and we let hF denote the minimum length of the mesh elements to which
F belongs. For all T ∈ Th, FT := {F ∈ Fh | F ⊂ ∂T} denotes the set of vertices in ∂T and, for all
F ∈ FT , nTF is the unit normal to F pointing out of T . For any interior vertex F ∈ F i

h , we choose
an arbitrarily oriented but fixed unit normal nF , and we set nF B nTF for all boundary vertices
F ⊂ ∂T ∩ ∂Ω. The maximum number of mesh faces composing the boundary of mesh elements is
denoted by

N∂ = max
T∈Th

card(FT ),

(and we obviously have N∂ = 2 in the present setting). Given an integer polynomial degree k ≥ 1,
we consider the broken polynomial space

Pk(Th) B
{
v ∈ L2(Ω) | v|T ∈ Pk(T) ∀T ∈ Th

}
, (4.24)

where Pk(T) denotes the space of polynomials in T of total degree at most k.
For a given final computational time tmax > 0, we consider a partition (tn)0≤n≤N of the time

interval [0, tmax] with t0 = 0, tN = tmax and tn+1 − tn C ∆tn. More details on the computation of the
time step ∆tn and on the time marching algorithms are given in Section 5.3.45.3.4. For any sufficiently
regular scalar-valued function of time w, we let wn B w(tn).

We introduce the following inner products for regular enough scalar-valued functions v,w:(
v,w

)
Ω
B

∫
Ω

v(x)w(x)dx,
(
v,w

)
T B

∫
T
v(x)w(x)dx ∀T ∈ Th,

(
v,w

)
F B (vw)(xF) ∀F ∈ Fh,

andwe denote respectively by ‖v‖Ω =
(
v, v

) 1
2
Ω
, ‖v‖T =

(
v, v

) 1
2
T and ‖v‖F =

(
v, v

) 1
2
F the corresponding

L2 norms. For all T ∈ Th, we denote pk
T the L2-orthogonal projector onto Pk(T) and pk

Th
the L2-

orthogonal projector onto Pk(Th). Similarly, we denote I k
T the element nodal interpolation into

Pk(T). The corresponding nodal distributions in elements and edges are approximated optimal
nodes introduced in [3131], which have better approximation properties than equidistant distributions.
The global I k

Th
interpolation into Pk(Th) is obtained by gathering the local interpolating polynomials

defined on each elements.
For further use, we recall the following classical discrete trace inequality (see, e.g., [5050,

Lemma 1.46] for proof and details related to the mesh regularity parameters):

∀vh ∈ Pk(Th), ∀T ∈ Th, ∀F ∈ FT, h
1
2
T ‖vh‖F ≤ Ctr ‖vh‖T , (4.25)

where the constant Ctr only depends on k, the horizontal surface dimension d, and the mesh
regularity parameters.

4.3.2 Symmetric and Weighted interior Penalty discrete bilinear form
Let κ, β, δ ∈ L∞(Ω) denote uniformly bounded coefficients and set, for the sake of simplicity,
κT B κ|T , βT B β|T and δT B δ|T for all T ∈ Th. Following [5252, 5555], we define the jump and
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weighted average operators such that, for a sufficiently regular function ϕ and an interior vertex
F ∈ F i

h such that F ⊂ ∂T1 ∩ ∂T2 for distinct mesh elements T1 and T2,

JϕKF B ϕ|T1 − ϕ|T2, {{ϕ}}ω,F B ω2ϕ|T1 + ω1ϕ|T2, ωi B
κTi

κT1 + κT2

∀i ∈ {1,2}. (4.26)

In what follows, and when no confusion can arise, we omit the subscript F from both JvKω,F and
{{v}}ω,F . When κ ≡ C in Ω for some real number C > 0, we have ω1 = ω2 =

1
2 , and also the

subscript ω is omitted. The definition of the average and jump operators at boundary vertices
depends on the selected variable, according to the prescribed boundary conditions. We refer the
reader to [5050, Section 4.5] for a discussion on the role of weighted averages and harmonic means
in the context of heterogeneous diffusion problems.

For further use, let consider the following bilinear form ah(κ, β, δ; ·, ·) defined onPk(Th)×Pk(Th):

ah(κ, β, δ; vh,wh) B
∑
T∈Th

(
κ∂xvh, ∂xwh

)
T +

∑
F∈Fh

ξ
(γκ,F

hF
JvhK, JwhK

)
F

−
∑

F∈Fh

( (
{{κ∂h

x vh}}ω, JwhK
)

F +
(
JvhK, {{κ∂h

x wh}}ω
)

F

)
−

∑
T∈Th

(
βvh, ∂xwh

)
T −

∑
T∈Th

(
∂xvh, βwh

)
T

+
∑

F∈Fh

( (
{{βvh}}ω, JwhK

)
F +

(
JvhK, {{βwh}}ω

)
F

)
+

∑
T∈Th

(
δvh,wh

)
T,

(4.27)

with a κ-dependent penalty parameter γκ,F defined as follows: In (4.274.27), ξ denotes a user-defined
parameter sufficiently large to ensure coercivity (see Proposition 4.84.8) and ∂h

x has to be intended
as the partial derivative along x localized to mesh elements of Th, that is, for a given function
vh ∈ Pk(Th), (∂h

x vh)|T = ∂x(vh|T ).

Remark 4.5. Taking β B 0 and δ B 0 in (4.274.27), one obtains the Symmetric Weighted interior
Penalty-DG bilinear form of [5252, 5555] associated with heterogeneous diffusion problems, while
taking κ B 1

3 H3, β B 0, δ B H + 1
2∂x(H2∂xb) + H(∂xb)2, one recovers the SWIP-DG method

associated with H(1 + T[H, b]) introduced in [5151].

4.3.3 Discrete gradient and Laplace operators
As in [5151], in order to discretize the linear and nonlinear operators that appear in our models,
we need discrete counterparts of the gradient and of the Laplacian applied to broken polynomial
functions. For any vh ∈ Pk(Th), we define the following global lifting of the jumps of vh (see,
e.g. [5050, Section 4.3]):

Rk
h(JvhK) B

∑
F∈Fh

r k
F(JvhK),
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where, for all F ∈ Fh, the local lifting operator r k
F(JvhK) ∈ Pk(Th) is defined as the unique solution

of the following problem:(
r k

F(JvhK),ψh
)
Ω
=

(
JvhK, {{ψh}}nF

)
F ∀ψh ∈ Pk(Th),

with {{ψh}} standard average operators given by (4.264.26) with ω1 = ω2 =
1
2 at interior nodes and

extended as described in the previous section to boundary nodes. Following [5050, Section 2.3], we
define the discrete gradient operator ∇k

h : Pk(Th) → Pk(Th) such that, for all vh ∈ Pk(Th),

∇k
h vh B ∂h

x vh − R
k
h(JvhK).

This gradient has better consistency properties than the broken (element-by-element) gradient ∂h
x ,

as it accounts for the jumps of its argument through the second contribution; see [4949, Theorem 2.2]
for further insight into this point. Taking inspiration from [8888, Eq. (2.10)], we also introduce the
discrete Laplace operator ∆k

h : Pk(Th) → Pk(Th) such that, for all vh ∈ Pk(Th), ∆k
h(vh) solves

−
(
∆

k
hvh,ψh

)
Ω
= aSIP

h (vh,ψh) ∀ψh ∈ Pk(Th),

where the bilinear form aSIP
h (vh,ψh) is given by (4.274.27) with the particular choices κ B 1, β B 0

and δ B 0. It can be proved that, for any v ∈ H1
0 (Ω) ∩ Hk+1(Ω), it holds

inf
vh∈Pk (Th)

‖∇v − ∇k
h vh‖ . hk, inf

vh∈Pk (Th)
‖4v − ∆k

hvh‖ . hk−1,

where a . b means a ≤ Cb with real number C > 0 independent of the meshsize h, and the second
estimate further requires mesh quasi-uniformity.

4.3.4 The discrete problem
Let now bh ∈ Pk(Th) denote a piecewise polynomial approximation of the topography parame-
terization b which can be obtained either by L2-orthogonal projection (i.e. bh = πk

h(b)) or by
interpolation (i.e. bh = I

k
h (b)). Note that any order of approximation may be used for the def-

inition of bh, and in what follows, we choose the same order k as for the primal variables, for
the sake of simplicity, and the following shortcuts are introduced: ∇bh = ∇

k
h bh, ∆bh = ∆

k
hbh and

∇3bh = ∇
k

h (∆
k
hbh). The semi-discrete in space discontinuous Galerkin approximation of (4.204.20)

reads:

Find wh = (ηh,qh) ∈ (Pk(Th))
2 and ph ∈ Pk(Th) such that, for all (ϕh,ψh) ∈ (Pk(Th))

2,(
∂twh, ϕh

)
Ω
+

(
Ah(wh), ϕh

)
Ω
= 0, (4.28a)

ah(κ[Hh], β[Hh,∇bh], δ[Hh,∇bh];ph,ψh) =
(
Qh[Hh, bh](ηh,uh),ψh

)
Ω
, (4.28b)

where

1. the discrete nonlinear operator Ah in (4.28a4.28a) is defined by(
Ah(wh), ϕh

)
Ω
B −

∑
T∈Th

(
F(wh, bh), ∂xϕh

)
T

+
∑
T∈Th

∑
F∈FT

(
F̂TF, ϕh

)
F +

(
Dh, ϕh

)
Ω
−

(
B(wh,∇bh), ϕh

)
Ω
,

(4.29)
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and the discrete dispersive correction is defined as follows

(
Dh, ϕh

)
Ω
=

(
0(

Hhph −
1
αgHh∇

k
h ηh, ϕh

)
Ω

)
, (4.30)

F̂TF being a suitable approximation of the normal face fluxes F(wh, bh)·nTF , see Section 4.3.54.3.5
below.

2. The discrete operators κ[Hh], β[Hh,∇bh] and δ[Hh,∇bh] are obtained according to (4.224.22)-
(4.234.23), and recalled here:

κ[Hh] B
α

3
H3

h, (4.31a)

β[Hh,∇bh] B

√
3

2
κ[Hh]

1
2 χ[Hh,∇bh], (4.31b)

δ[Hh,∇bh] B χ[Hh,∇bh]
2 + Hh, (4.31c)

with

χ[Hh,∇bh] B α
1
2 H

1
2
h ∇bh. (4.31d)

3. The discrete nonlinear operator Qh[Hh, bh] in (4.28b4.28b) is defined by

Qh[Hh, bh](ηh,uh) B
1
α
gHh∇

k
h ηh + HhQ1,h[Hh, bh](uh).

where, for any wh ∈ Pk(Th),

Q1,h[Hh, bh](wh) B 2Hh∇
k

h (Hh +
bh

2
)(∇k

h wh)
2 +

4
3

H2
h∇

k
h wh∆

k
hwh

+ Hh∆bh(∇
k

h wh)wh +
(
∇k

h ηh∆bh +
Hh

2
∇3bh

)
w2

h.

4.3.5 Interface fluxes and well-balancing
The high-order reconstructed numerical flux detailed in [6161] is a good default choice to approximate
the interface fluxes F(w, b)·nT , allowing to obtain a well-balanced scheme that preserves motionless
steady states for SGN equations. Considering T ∈ Th and F ∈ FT ∩ F

i
h and denoting by w−, w+,

respectively, the interior and exterior traces of wh on F, with respect to the element T and b− and
b+ the interior and exterior traces of bh on F, this numerical flux relies on reconstructed interface
states w̌−, w̌+, b̌ such that

F̂TF = Fh(w̌−, w̌+, b̌, b̌,nTF) + F̃TF, (4.32)

where Fh is the Lax-Friedrichs flux and F̃TF is a high-order correction term. The reader is referred
to [5151] for the detailed formulations.
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4.3. Discrete formulations

4.3.6 Time discretization
Supplementing (4.154.15) with an initial datum w(0, ·) = w0, the time stepping is carried out using the
explicit SSP-RK schemes of [7373]. For k < 3, we consider SSP-RK schemes of order (k + 1). For
instance, writing the semi-discrete equation (4.28a4.28a) in the operator form

∂twh +Ah(wh) = 0,

we advance from time level n to (n + 1) as follows with the third-order scheme as follows:

wn,1
h = wn

h − ∆tnAh(wn
h),

wn,2
h =

1
4
(3wn

h + wn,1
h ) −

1
4
∆tnAh(wn,1

h ) ,

wn+1
h =

1
3
(wn

h + 2wn,2
h ) −

2
3
∆tnAh(wn,2

h ) ,

where wn,i
h , 1 ≤ i ≤ 2, are the intermediate stages, ∆tn is obtained from the CFL condition (4.334.33),

and the discrete initial data w0
h is defined either as the L2-projection or interpolation on (Pk(Th))

2

of w0. For k ≥ 3, the five stages fourth order SSP-RK scheme of [150150] is used (the details are
omitted for the sake of simplicity). The corresponding time step ∆tn is computed adaptively using
the following CFL condition (see [3838]):

∆tn <
1

2k + 1
min
T∈Th

( hT

σT

)
, (4.33)

with
σT B max

∂T

(���� qh|T

Hh|T
· nT

���� + √
gHh|T

)
.

4.3.7 Positivity of the water height
While we choose not to focus on the issue of preserving the positivity of the water height in this
paper, we emphasize that the proposed discrete formulation is compatible with the strategy of [5959,
6060] that ensures that the mean value of the water height remains positive, itself based on the ideas
of [172172, 178178]. This approach is briefly recalled in the following. Let consider Hn

h|T (x) obtained at
the discrete time tn from the fully discrete previous dG formulation and H̄n

T its average. Assuming
that ∀T ∈ Th, H̄n

T ≥ 0, we want to ensure that ∀T ∈ Th, H̄n+1
T ≥ 0 without destroying the order of

accuracy. For each element T :

1. let ST = {rT
j } j=1,..,d be the set of d Legendre-Gauss-Lobatto (LGL) points on the element

T , and {ω̂ j} j=1,..,d the corresponding quadrature weights. d is chosen such that the associ-
ated quadrature rule is exact for polynomials of degree k (i.e. 2d − 3 ≥ k). We compute
mn

T = min
rTi ∈ST

Hn
h|T (r

T
j ).

2. we modify Hn
h|T (x) in order to ensure that it is positive at the previous set of d LGL nodes.

This is done using the following conservative accuracy-preserving linear scaling around the
cell average:

Ȟn
h|T (x) = θ

n
T (H

n
h|T (x) − H̄n

T ) + H̄n
T . (4.34)
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where

θn
T = min

(
H̄n

T

H̄n
T − mn

T

,1

)
.

We deduce from (4.344.34) a modified polynomial η̌n
h|T (x) of order k, which is used to compute the

numerical fluxes (4.324.32). Thus, following [172172, 178178], the positivity of the mean water height H̄n+1
T ,

as well as the positivity of Hn
h at chosen quadrature nodes, is ensured under the condition :

σT
∆n

t

|T |
≤ ŵ1. (4.35)

In practice, we have ŵ1 =
1
6 for N = 2,3 and ŵ1 =

1
12 for N = 4,5. Note that new a posteri-

ori strategies based on Finite-Volume subcells and local flux reconstructions are currently under
investigations.

4.3.8 Well-posedness of the discrete elliptic sub-problem
We show, in this section, that the proposed discrete bilinear form in (4.28b4.28b) is symmetric, consistent
with the elliptic operator H(1 + T[H, b]) and enjoys some discrete coercivity property, provided
that the penalty coefficient ξ is large enough, so that the corresponding discrete problem (4.28b4.28b) is
well-posed.
From definitions (4.274.27) and (4.314.31), we have:

ah(κ[Hh],β[Hh,∇bh], δ[Hh,∇bh]; vh,wh) B
∑
T∈Th

(
κ[Hh]∂xvh, ∂xwh

)
T +

∑
F∈Fh

ξ
(γκ,F

hF
JvhK, JwhK

)
F

−
∑

F∈Fh

( (
{{κ[Hh]∂

h
x vh}}ω, JwhK

)
F +

(
JvhK, {{κ[Hh]∂

h
x wh}}ω

)
F

)
−

√
3

2

∑
T∈Th

( (
κ[Hh]

1
2 χ[Hh,∇bh]vh, ∂xwh

)
T +

(
κ[Hh]

1
2 χ[Hh,∇bh]∂xvh,wh

)
T

)
+

√
3

2

∑
F∈Fh

( (
{{κ[Hh]

1
2 χ[Hh,∇bh]vh}}ω, JwhK

)
F +

(
JvhK, {{κ[Hh]

1
2 χ[Hh,∇bh]wh}}ω

)
F

)
+

∑
T∈Th

(
(χ[Hh,∇bh]

2 + Hh)vh,wh
)
T .

(4.36)
This discrete bilinear form is obviously symmetric. In the following, we consider some smooth

and uniformly bounded initial data w0 = (η0,q0) ∈ C
∞
b (Ω) × C

∞
b (Ω), together with b ∈ C∞b (R),

so that the associated exact solution w = (η,q) of (4.20a4.20a), and the exact solution p of the elliptic
problem (4.20b4.20b) satisfy the following jump conditions:

∀F ∈ Fh, JpKF = 0, JHKF = 0, J∂xbKF = 0. (4.37)

Proposition 4.6. (Consistency)

∀wh ∈ Pk(Th), ah(κ[H], β[H, ∂xb], δ[H, ∂xb];p,wh) =
(
Q[H, b](η,u),wh

)
Ω
.
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Proof. We set α = 1 in the following, for the sake of simplicity. To check the consistency of the
discrete elliptic sub-problem (4.28b4.28b), we set vh B p, Hh B H, bh B b, ∇bh B ∂xb, κ B κ[H],
β B β[H, ∂xb], δ B δ[H, ∂xb] in (4.364.36), to obtain:

ah(κ[H], β[H, ∂xb], δ[H, ∂xb];p,wh) =
∑
T∈Th

(1
3

H3∂xp, ∂xwh
)
T −

∑
F∈Fh

(1
3

H3∂xp, JwhK
)

F

−
1
2

∑
T∈Th

(
H2∂xbp, ∂xwh

)
T +

1
2

∑
F∈Fh

(
H2∂xbp, JwhK

)
F

−
1
2

∑
T∈Th

(
H2∂xb ∂xp,wh

)
T +

∑
T∈Th

(
H((∂xb)2 + 1)p,wh

)
T,

(4.38)
and after integration by parts:

ah(κ[H], β[H, ∂xb], δ[H, ∂xb];p,wh) = −
∑
T∈Th

(
∂x(

1
3

H3
h∂xp),wh

)
T +

1
2

∑
T∈Th

(
∂x(H2∂xbp),wh

)
T

−
1
2

∑
T∈Th

(
H2∂xb ∂xp,wh

)
T +

∑
T∈Th

(
H((∂xb)2 + 1)p,wh

)
T,

(4.39)
so that ah(κ, β, δ; ·, ·) is consistent in the following sense:

ah(κ[H], β[H, ∂xb], δ[H, ∂xb];p,wh) =
(
gH∂xη + Q1[H, b](u),wh

)
Ω
, ∀wh ∈ Pk(Th).

�

In order to formulate the discrete stability result, let introduce the following norm, for all
vh ∈ Pk(Th),

|||vh ||| :=
( 


κ[Hh]

1
2 ∂h

x vh




2

Ω
+ ‖ χ[Hh,∇bh]vh‖

2
Ω +





H
1
2
h vh





2

Ω

+ |vh |
2
j,κ

)1/2
, (4.40)

with the jumps seminorm

|vh | j,κ =
( ∑

F∈Fh

γk,F

hF



JvhK


2

F

)1/2
. (4.41)

Before addressing the discrete coercivity, we need some bounds on the boundary terms, which
are addressed in the following Lemma.
Lemma 4.7. For all (vh,wh) ∈ (Pk(Th))

2,������ ∑F∈Fh ({{κ[Hh]∂
h
x vh}}ω, JwhK

)
F

������ ≤ ( ∑
T∈Th

∑
F∈FT

hF





κ[Hh]
1
2
|T∂

h
x vh|T · nF





2

F

)1/2
|wh | j,κ, (4.42a)

������ ∑F∈Fh ({{κ[Hh]
1
2 χ[Hh,∇bh]vh}}ω, JwhK

)
F

������ ≤ ( ∑
T∈Th

∑
F∈FT

hF


χ[Hh,∇bh]|Tvh|T · nF



2
F

)1/2
|wh | j,κ .

(4.42b)
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Proof. Inequality (4.42a4.42a) is shown in e.g., [5050, proof of Lemma 4.50]). For all F ∈ F i
h with

F = ∂T1 ∩ ∂T2, let introduce the following convenient shortcuts ωi = ωTi,F, κi = κ[Hh]|Ti, χi =

χ[Hh,∇bh]|Ti and ai = χivh|Ti · nF, i ∈ {1,2}. The Cauchy-Schwartz inequality yields(
{{κ[Hh]

1
2 χ[Hh,∇bh]vh}}ω, JwhK

)
F =

(
ω2κ

1
2
1 a1 + ω1κ

1
2
2 a2, JwhK

)
F

≤

(1
2

hF(‖a1‖
2
F + ‖a2‖

2
F)

) 1
2

×

(
2(ω2

2κ1 + ω
2
1κ2)

1
hF



JwhK


2

F

) 1
2
,

and since 2(ω2
2κ1 + ω

2
1κ2) = γκ,F , we infer(

{{κ[Hh]
1
2 χ[Hh,∇bh]vh}}ω, JwhK

)
F ≤

(1
2

hF(‖a1‖
2
F + ‖a2‖

2
F)

) 1
2
×

(γκ,F
hF

) 1
2 

JwhK




F ,

Moreover, for all F ∈ F b
h with F = ∂T1 ∩ ∂Ω,(

{{κ[Hh]
1
2 χ[Hh,∇bh]vh}}ω, JwhK

)
F ≤ h

1
2
F



χTv|T .nF




F ×

(γκ,F
hF

) 1
2 

JwhK




F .

Summing over mesh faces, using the Cauchy-Schwartz inequality, and regrouping the face contri-
butions for each mesh element yields the assertion. �

Proposition 4.8. (Discrete coercivity) For all ξ > ξ B 2
√

3(1 + 2√
3
C2

tr N∂)(2 −
√

3)−1, where Ctr

results from the discrete trace inequality (4.254.25), the bilinear form defined by (4.364.36) is coercive on
Pk(Th) with respect to the |||·|||-norm, i.e.,

∃Cξ > 0, ∀vh ∈ Pk(Th), ah(κ[Hh], β[Hh,∇bh], δ[Hh,∇bh]; vh, vh) ≥ Cξ |||vh |||
2,

where Cξ depends on ξ and Ctr .

Proof. Again, we set α = 1 in the following. Let vh ∈ Vh, owing to the discrete trace inequality
(4.254.25), we have ∑

T∈Th

∑
F∈FT

hF





κ[Hh]
1
2
|T∂

h
x vh|T · nF





2

F
≤ C2

tr N∂




κ[Hh]
1
2 ∂h

x vh




2

Ω
,∑

T∈Th

∑
F∈FT

hF


χ[Hh,∇bh]|Tv|T · nF



2
F ≤ C2

tr N∂ ‖ χ[Hh,∇bh]vh‖
2
Ω ,

and we infer from (4.42a4.42a)-(4.42b4.42b) that������ ∑F∈Fh ({{κ[Hh]
1
2 χ[Hh,∇bh]vh}}ω, JvhK

)
F

������ ≤ Ctr N
1
2
∂
‖ χ[Hh,∇bh]vh‖Ω |vh | j,κ,

|
∑

F∈Fh

(
{{κ[Hh]∂

h
x vh}}ω, JvhK

)
F | ≤ Ctr N

1
2
∂




κ[Hh]
1
2 ∂h

x vh





Ω
|vh | j,κ .
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Using Cauchy-Schwartz and Young inequalities, we also have�����∑
T∈Th

(
κ[Hh]

1
2 χ[Hh,∇bh]∂xvh, vh

)
T

����� ≤ 1
2




κ[Hh]
1
2 ∂h

x vh




2

Ω
+

1
2
‖ χ[Hh,∇bh]vh‖

2
Ω .

As a result,

ah(κ[Hh], β[Hh,∇bh],δ[Hh,∇bh]; vh, vh) ≥




κ[Hh]
1
2 ∂h

x vh




2

Ω
− 2Ctr N

1
2
∂




κ[Hh]
1
2 ∂h

x vh





Ω
|vh | j,κ

+ ξ |vh |
2
j,κ + ‖ χ[Hh,∇bh]vh‖

2
Ω −
√

3Ctr N
1
2
∂
‖ χ[Hh,∇bh]vh‖Ω |vh | j,κ

−

√
3

2




κ[Hh]
1
2 ∂h

x vh




2

Ω
−

√
3

2
‖ χ[Hh,∇bh]vh‖

2
Ω +




H
1
2 vh




2

Ω
.

We now use the following inequality: let σ be a positive real numbers, let ξ ≥ 2σ2, then

∀(x, y) ∈ R2, x2 − 2σxy +
ξ

2
y2 ≥

ξ − 2σ2

2 + ξ
(x2 + y2). (4.43)

Applying this inequality twice, one for σ1 B Ctr N
1
2
∂
, x B




κ[Hh]
1
2 ∂h

x vh





Ω
, y B |vh | j,κ, and the

other for σ2 B
√

3
2 Ctr N

1
2
∂
, x B ‖ χ[Hh,∇bh]vh‖Ω, y B |vh | j,κ, introducing C1 B (ξ − 2σ2

1 )(2+ ξ)
−1,

C2 B (ξ − 2σ2
2 )(2 + ξ)

−1, and choosing ξ such that Ci −
√

3
2 > 0, i = 1,2, we infer,

ah(κ[Hh],β[Hh,∇bh], δ[Hh,∇bh]; vh, vh) ≥ (C1 −

√
3

2
)




κ[Hh]
1
2 ∂h

x vh




2

Ω

+ (C2 −

√
3

2
) ‖ χ[Hh,∇bh]vh‖

2
Ω + (C1 + C2)|vh |

2
j,κ +




H
1
2 vh




2

Ω
,

and finally
ah(κ[Hh], β[Hh,∇bh], δ[Hh,∇bh]; vh, vh) ≥ C |||vh |||

2,

with C = min(C1 −
√

3
2 ,C2 −

√
3

2 ,C1 +C2,1) > 0. We remark that choosing the penalty coefficient ξ

large enough to enforce Ci −
√

3
2 > 0 leads to ξ > 2

√
3+4σ2

1
2−
√

3
. �

A straightforward consequence of the Lax-Milgram lemma is that the discrete problem (4.28b4.28b)
is well-posed.

To establish the error estimate, we assume in spirit of [5050], that the exact solution of (4.15b4.15b)
satisfies the following regularity assumption:

p ∈ V∗h B H2(Ω) + Pk(Th). (4.44)
We define on V

∗h the norm,

|||vh |||∗ B
(
|||vh |||

2 +
∑
T∈Th

hT





κ[Hh]
1
2
|T∂

h
x vh|T · nT





2

∂T
+

∑
T∈Th

hT


χ[Hh,∇bh]|Tvh|T · nT



2
∂T

) 1
2
.

(4.45)
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Lemma 4.9. (Boundedness) There is Cbnd , independant of h, κ and χ, such that

∀(vh,wh) ∈ V
∗h × Pk(Th), ah(κ[Hh],β[Hh,∇bh], δ[Hh,∇bh]; vh,wh) ≤ Cbnd |||vh |||∗ |||wh |||.

(4.46)

Proof. Let (vh,wh) ∈ V
∗h × Pk(Th). We observe that

ah(κ[Hh],β[Hh,∇bh], δ[Hh,∇bh]; vh,wh) B
∑
T∈Th

(
κ[Hh]∂xvh, ∂xwh

)
T +

∑
F∈Fh

ξ
(γκ,F

hF
JvhK, JwhK

)
F

−
∑

F∈Fh

( (
{{κ[Hh]∂

h
x vh}}ω, JwhK

)
F +

(
JvhK, {{κ[Hh]∂

h
x wh}}ω

)
F

)
−

√
3

2

∑
T∈Th

( (
κ[Hh]

1
2 χ[Hh,∇bh]vh, ∂xwh

)
T +

(
κ[Hh]

1
2 χ[Hh,∇bh]∂xvh,wh

)
T

)
+

√
3

2

∑
F∈Fh

( (
{{κ[Hh]

1
2 χ[Hh,∇bh]vh}}ω, JwhK

)
F +

(
JvhK, {{κ[Hh]

1
2 χ[Hh,∇bh]wh}}ω

)
F

)
+

∑
T∈Th

(
(χ[Hh,∇bh]

2 + Hh)vh,wh
)
T,

= %1 + · · · + %10 .
(4.47)

Using the Cauchy-Schwartz inequality, we get

|%1 + %2 | ≤ (1 + ξ)|||vh ||| |||wh |||,

moreover, using (4.42a4.42a) and (4.42b4.42b) ,

|%3 | ≤ |||vh |||∗ |wh | j,κ ≤ |||vh |||∗ |||wh |||,

|%7 | ≤

√
3

2
|||vh |||∗ |wh | j,κ ≤

√
3

2
|||vh |||∗ |||wh |||,

by the definition of the |||·|||∗-norm. Still owing to the bound (4.42a4.42a), (4.42b4.42b) and proceeding as in
the proof of lemma 4.84.8 leads to

|%4 | ≤ Ctr N1/2
∂
|vh | j,κ




κ[Hh]
1
2 ∂h

x wh





Ω
≤ Ctr N1/2

∂
|||vh ||| |||wh |||,

|%8 | ≤

√
3

2
Ctr N1/2

∂
|vh | j,κ ‖ χ[Hh,∇bh]wh‖Ω ≤

√
3

2
Ctr N1/2

∂
|||vh ||| |||wh |||,

proceeding as in the lemma 4.84.8 we infer,

|%5 | ≤

√
3

2
‖ χ[Hh,∇bh]vh‖Ω




κ[Hh]
1
2 ∂h

x wh





Ω
≤

√
3

2
|||vh ||| |||wh |||,

|%6 | ≤

√
3

2




κ[Hh]
1
2 ∂h

x vh





Ω
‖ χ[Hh,∇bh]wh‖Ω ≤

√
3

2
|||vh ||| |||wh |||,
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|%9 | ≤ ‖ χ[Hh,∇bh]vh‖Ω ‖ χ[Hh,∇bh]wh‖Ω ≤ |||vh ||| |||wh |||,

|%10 | ≤





H
1
2
h vh






Ω





H
1
2
h wh






Ω

≤ |||vh ||| |||wh |||,

collecting the above bounds yields the assertion with Cbnd =
(
4 + 3

√
3

2 + ξ + (1 +
√

3
2 )Ctr N1/2

∂

)
. �

A straightforward consequence of theoreme 2.82.8 together with Lemmas 2.92.9 and Lemmas 2.102.10,
is the following convergence result.

Theorem 4.10. ( Error estimate and convergence rate). Let p ∈ V∗ solve (4.15b4.15b). Let ph ∈ Pk(Th)

solve the discrete problem with ah defined by (4.364.36) and penality parameter as in lemma 4.84.8. Then,
there is C, independant of h, κ and χ, such that

|||p − ph ||| ≤ C inf
vh∈Pk (Th)

|||p − ph |||∗ (4.48)

Moreover, if p ∈ Hk+1(Ω),
|||p − ph ||| ≤ Cκ,χCphk, (4.49)

with,
Cp = C ‖p‖Hk+1(Ω) ,

Cκ,χ = Cmax(κ̄
1
2 + χ̄h + H̄

1
2 h + κ̄

1
2 + χ̄h),

(4.50)

and
κ̄ B ‖κ[Hh]‖L∞(Ω) , χ̄ B ‖ χ[Hh,∇bh]‖L∞(Ω) , H̄ B ‖Hh‖L∞(Ω) ,

Cmax = max(C
′

app,N
1/2
∂

min(κ1, κ2)
1/2C

′′

app,N
1/2
∂

C
′′′

app,Ctr N1/2
∂

C
′

app).
(4.51)

Proof. The proof of (4.484.48) is similar to that of theoreme 2.82.8.

To proof (4.494.49) we only need to proof this inequality |||p − ph |||∗ ≤ Cκ,χCphk taking vh = πp,
the L2-orthogonal projection of p onto Pk(Th).

|||p − πhp|||∗ =




κ[Hh]
1
2 ∂h

x (p − πhp)




2

Ω
+

∑
F∈Fh
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hF
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2
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+ ‖ χ[Hh,∇bh](p − πhp)‖
2
Ω +





H
1
2
h vh





2

Ω

+
∑
T∈Th

hT




κ[Hh]
1
2 ∂h

x (p − πhp)|T · nT




2

∂T
+

∑
T∈Th

hT


χ[Hh,∇bh]|T (p − πhp)|T · nT



2
∂T

= %1 + · · · + %6 .

Using Cauchy-Schwartz inequality and Lemmas 2.92.9 with m = 1 and s = k + 1, we infer

%1 =
∑
T∈Th




κ[Hh]
1
2 ∂x(p − πhp)




2

T
≤ ‖κ[Hh]‖L∞(Ω)

∑
T∈Th



∂x(p − πhp)|T


2

T ,

≤ κ̄
∑
T∈Th

C2
apph2k

T ‖p‖
2
Hk+1(T) ,
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owing to triangular inequality and Lemmas 2.102.10, we infer

%2 ≤
∑
T∈Th

∑
F∈FT

γκ,F


(p − πhp)|T



2
F

≤
∑
T∈Th

N∂ min(κ1, κ2)C
′2
apph2k ‖p‖2Hk+1(T) ,

still using Cauchy-Schwarz inequality and Lemmas 2.92.9 with m = 0 and s = k + 1, we infer

%3 =
∑
T∈Th



χ[Hh,∇bh]|T (p − πhp)|T


2

T ≤ χ̄2
∑
T∈Th

C
′′2
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2
h (p − πhp)|T





2

T
≤ H̄

∑
T∈Th

C
′2
apph2(k+1) ‖p‖2Hk+1(T) ,

applying Cauchy-Schwarz inequality and Lemmas 2.102.10, yields

%5 =
∑
T∈Th





κ[Hh]
1
2
T ∂x(p − πhp)|T · nT





2

T
≤ ‖κ[Hh]‖L∞(Ω)

∑
T∈Th



∂x(p − πhp)|T


2

T ,

≤ κ̄
∑
T∈Th

C
′′′2
appN∂h2k

T ‖p‖
2
Hk+1(T) ,

using (2.1632.163) Lemmas 2.92.9 with m = 0 and s = k + 1, we infer

%6 ≤ χ̄2
∑
T∈Th

C2
tr N∂C

′2
apph2(k+1)

T ‖p‖2Hk+1(T) , (4.52)

collecting the above bounds yields the assertion. �

4.3.9 Arbitrary order well-balancing property

We have the following well-balancing result, obtained as a straightforward consequence of the
well-balancing property for the (hyperbolic) shallow water equations (see for instance [6161]) and the
previous well-posedness result for the elliptic sub-problem:
Proposition 4.11. The discrete formulation (4.284.28) together with the numerical fluxes (4.324.32) and
a first order Euler time-marching algorithm preserves the motionless steady states, providing that
the integrals of (4.28a4.28a) are exactly computed for the motionless steady states: For all n ∈ N and
all ηe ∈ R, (

ηn
h ≡ η

e and qn
h ≡ 0

)
=⇒

(
ηn+1

h ≡ ηe and qn+1
h ≡ 0

)
.

This analysis can also be extended to the high order SSP schemes of Section 4.3.64.3.6 exploiting
the fact that the intermediate stages wn,i

h are obtained as convex combinations of forward Euler
substeps; see, e.g., [171171].
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4.4 Numerical validations
In this section, we validate the previous discrete formulation through several benchmark problems.
In all the test cases, the time step restriction is computed according to the most restrictive condition
between (4.334.33) and (4.354.35). Exploiting the symmetry of the discrete bilinear form, the sparse linear
systems associated with the discretization of H(1+αT[H, b]) are solved using a Cholesky methods.
We set α = 1 in the first three test cases, so that solitary waves of the form (4.174.17) are exact solutions.
In the other test cases, we use the optimized value α = 1.159. We consider solid-wall boundary
conditions on the two domain’s boundaries. Some numerical accuracy and convergence analysis are
performed in test 1, using the L2 norm defined, for any arbitrary scalar valued piecewise polynomial
function wh ∈ Pk(Th), as follows:

‖wh‖
2
Th
=

(
wh,wh

)
Th
,

with (
v,w

)
Th
B

∑
T∈Th

(
v,w

)
T .

4.4.1 Solitary wave propagation

In this first test, we investigate the propagation of a solitary wave as defined by (4.174.17), over a flat
topography. Such solitary waves are exact solutions for SGN equations (4.154.15). The computational
domain is 200 m long, the reference water depth is set to H0 = 1m and the relative amplitude to
ε = 0.1. The solitary wave is initially centered at x0 = 80 m and we compute the L2-error between
numerical results and analytic solution for η and q at t = 0.1 s on a sequence of progressively
refined uniform meshes. We start from mesh containing |Th | = 800 elements, and the computation
is performed in double precision arithmetic. The corresponding L2-errors are gathered in Figure 4.24.2
and we observe a scaling that lies between O(hk+ 1

2 ) and O(hk+1).
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Figure 4.2: Test 1 - Solitary wave propagation: L2-error for the total free surface elevation η at
tmax = 0.1 s vs. h, for polynomial orders k = 2,3,4,5.
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4.4.2 Head-on collision of solitary waves
Let consider now the head-on collision of two identical solitary waves propagating in opposite
directions (see [4444] for an extensive study). The collision of the two waves is associated with
a change of the nonlinear dispersion characteristics and the discrete formulation has to ensure
the equilibrium between amplitude and frequency dispersion in order to allow the propagation at
constant shape and speed. The computational domain is defined as Ω = (−200 m,200 m). The
initial condition is defined with two solitary waves (4.174.17) of relative amplitude ε = 0.2 initially
located at x = −50 m and x = 50 m and with opposite velocities. The number of mesh elements
is set to |Th | = 800, corresponding to a uniform meshsize of h = 0.5 m, and the polynomial order
to k = 2. We show on Figure 4.34.3 some snapshots of the free surface at several times during the
propagation, including a zoom on the dispersive tail generated after the collision. We observe that
the maximum wave amplitude during the collision is slightly larger than twice the initial amplitude,
in agreement with the results of [4444, 118118, 136136]. The dispersive tail is very well reproduced, even
with this low number of mesh elements.
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Figure 4.3: Test 2 - Head-on collision of solitary waves: snapshots of the free surface.

4.4.3 One dimensional dispersive dam-break problem
We now study the time evolution of a dispersive dam break problem over a flat bottom. We consider
the computational domain Ω = (−300 m, 300 m) and the initial data is defined as :

H(0, x) =
HL − HR

2
(1 − tanh(

x
χ
)), q(0, x) = 0,

with HL = 1.8, HR = 1 and χ = 0.4, and the velocity is initially uniformly set to zero, reproducing
the set-up of [103103] and emulating a piecewise constant initial data with a sharp variation initially
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located at x = 0. The number of mesh elements is set to |Th | = 1500, corresponding to a uniform
meshsize of h = 0.4 m, and the polynomial order to k = 2. As expected, the initial discontinuity
divides into a dispersive shock wave propagating to the right and a rarefaction wave propagating
to the left. We show on Figures 4.44.4 and 4.54.5 the structure of the water height and the velocity at
time t = 47.5 s. As pointed out in [6464], the analysis of Riemann invariants of the shallow-water
system, coupled with the analysis of the Witham system for SGN equations, allows to approximate
the values (H∗,u∗) of the mean flow dividing the rarefaction wave and the dispersive shock zones:

H∗ =
(
√

HL +
√

HR)
2

4
, u∗ = 2(

√
gH∗ −

√
gHR).

An asymptotic approximation of the amplitude of the lead soliton, denoted a+ in the following,
may also be obtained :

a+ = σ0 −
1

12
σ2

0 + O(σ
3
0 ),

where σ0 = HL − HR denotes the initial jump value (note that the values provided in [6464] are
obtained with nondimensionalized equations). Numerical results are compared with these values
and show very good agreement, as highlighted on Figures 4.44.4 and 4.54.5. We emphasize that, for
instance, the results shown in [103103] or [157157] are obtained respectively with 24000 and 8000 mesh
elements and second order Finite-Volume schemes, while the use of a higher-order scheme allows
us to obtain very satisfying results with only 1500 mesh elements.
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Figure 4.4: Test 3 - Dispersive dam-break: water depth profile at t = 47.5 s.
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Figure 4.5: Test 3 - Dispersive dam-break: velocity profile at t = 47.5 s.

4.4.4 Reflection of solitary waves at vertical walls

In this section, we focus on the propagation and reflexion of solitary waves against a vertical wall.
We compare numerical results with two different sets of experimental data, coming for two different
experiments and involving varying bottoms.
In the first experiment, the spatial domain is 60 m long, the depth profile is piecewise linear, with a
slope s defined as follows:

s(x) =
{

0 if x ≤ 40,
1/50 if 40 ≤ x ≤ 60, (4.53)

and terminated by a vertical solid wall located at x = 60 m. The reader is referred to [162162] for a
complete description. The initial solitary wave, define from (4.174.17), is centered at x = 10 m m and
is propagating from left to right. The still water depth is H0 = 0.7 m. Two runs are performed
with two different initial solitary wave amplitudes, provided with relative amplitudes ε = 0.1 and
ε = 0.171. The computational domain is uniformly discretized using |Th | = 100 mesh elements
and the polynomial order is set to k = 1. Experimental data are compared with numerical results
in Figure 4.64.6, in which time series of the surface elevation measured at a location near the solid
wall (x = 57.75) are shown. We can observe the two expected peaks corresponding respectively
to the incident and reflected waves and the discrete formulation provides a very accurate matching
between simulation and experimental data, especially concerning the amplitude of the waves.

96



4.4. Numerical validations

10.0 12.5 15.0 17.5 20.0 22.5 25.0 27.5 30.0
t (s)

0.00

0.02

0.04

0.06

0.08

0.10

 (m
)

#A
data
numeric

10.0 12.5 15.0 17.5 20.0 22.5 25.0 27.5
t (s)

0.025

0.000

0.025

0.050

0.075

0.100

0.125

0.150

0.175

#B
data
numeric

Figure 4.6: Test 4 - Reflexion of a solitary wave against a vertical wall (first test): time series of the
free surface at x = 57.75 m for ε = 0.1 (left) and ε = 0.171 (right) - Comparison between numerical
results (-) and experimental data (o).

In the second test case, we study the propagation of solitary waves over a composite beach which
mimics the geometrical dimensions of the Revere Beach. The original experiment was performed
in a tank by the U.S. Army corps of Engineers at the Coastal Engineering Research Center in
Vicksburg, Mississippi and is depicted in details in [154154]. The spatial domain is 33,23 m long and
the constructed beach consists of three piece-wise linear segments, terminated with a vertical wall
on the left and the solitary wave is initially centered at x = 0, see Figure 4.74.7 for a sketch of the
corresponding initial set-up.
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Figure 4.7: Test 5 - Reflection of a solitary wave on a composite beach: topography and initial free
surface.

The slope s of the topography is defined as follows:

s(x) =


0 if x ≤ 15.04,
1/53 if 15.04 ≤ x ≤ 19.4,
1/150 if 19.4 ≤ x ≤ 22.33,
1/13 if 22.33 ≤ x ≤ 23.23.

(4.54)
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We focus here on the case (B) of the experiment ε = 0.28 and we provide the solitary wave of
targeted height, centered at x = 0, as the initial condition. The computational domain is uniformly
discretized using |Th | = 100mesh elements and the polynomial order is set to k = 1. We observe the
propagation, reflection on the wall at the right boundary before traveling back to the left boundary.
Experimental data are provided as time series of the wave elevation at several gauges located along
the wave flume. We show on Figure 4.84.8 the comparison between data and computed results at wave
gauges 5, 7 and 9, respectively located at x5 = 15.04 m, x7 = 19.4 m and x9 = 22.33 m (exactly at
the locations corresponding to the slope variations). We observe a very accurate agreement, the
wave amplitude and celerity during the propagation and reflection are very well reproduced, even
with a very low number of mesh elements.
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Figure 4.8: Test 5 - Reflection of a solitary wave on a composite beach: comparaison between
experimental (o) data and numerical solution (-) at gauges 5,7 and 9 for case B (ε = 0.28).

4.4.5 Shoaling of solitary waves
In this section, we investigate the dispersive properties of our model through the study of the
nonlinear shoaling of solitary waves over constant bed slopes. In what follows, we numerically
reproduce three different experimental configurations.
The first one relies on the data issued from the laboratory study performed at LEGI (Grenoble,
France) and detailed in [7878]. We consider in this test at 36 m channel with constant bed slope 1 : 30
and a solitary waves propagating from the left boundary, with a water level at rest H0 = 0.25 m.
Measurements of the free surface are available in the vicinity of the breaking point during the
simulation, at several wave gauges. We consider 4 series of experiments, involving increasing
waves relative amplitudes, from ε = 0.096 to ε = 0.534. For each experiment, we compare the
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Incident wave amplitude: ε = 0.096
Gauge location (m) 2.430 2.215 1.960

Incident wave amplitude: ε = 0.298
Gauge location (m) 3.980 3.765 3.510

Incident wave amplitude: ε = 0.456
Gauge location (m) 4.910 4.695 4.440

Incident wave amplitude: ε = 0.534
Gauge location (m) 5.180 4.965 4.710

Table 4.1: Test 6 - Shoaling of solitary waves: LEGI experiment - Location of wave gauges for
solitary waves shoaling on a 1:30 sloped beach (relative to the shoreline).

numerical results with time series of the free surface elevation at several wave gauges (the exact
locations of the wave gauges are reported in Table 4.14.1).
Numerical results, obtained with |Th | = 400 and k = 2, are shown on Figure 4.94.9, together with
the corresponding experimental data. We observe that for the 4 experiments, the corresponding
shoaling and wave tranformations near the breaking points are very well reproduced.
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Figure 4.9: Test 6 - Shoaling of solitary waves: LEGI experiment: comparison between numerical
(-) and experimental (o) time series of total free surface at three different locations before the
breaking point.

The second test is based on an experimental set-up detailed in [7575], for an incident solitary
wave of relative amplitude ε = 0.2, which propagates and breaks over a planar beach with a slope
of 1 : 35 in a computational domain of 85 m long and a water level at rest H0 = 1 m.
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Experimental data are provided as time series of the wave elevation at several gauges located along
the wave flume. We show on Figure 4.104.10 the comparison between numerical results (obtained with
|Th | = 400 and k = 2) and experimental data measured from five different wave gauges located at
x1 = 20.96 m, x2 = 22.55 m, x3 = 23.68 m, x4 = 24.68 m, and x5 = 25.91 m, the last one being very
close to the breaking point. We observe an excellent agreement between numerical and measured
free surface elevation up to the breaking point.

37 38 39 40 41 42 43 44 45
t (s)

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

/H
0

= 0.2

Figure 4.10: Test 7 - Shoaling of solitary waves: Grilli et al. experiment - Time series of the
free surface elevation for the solitary wave propagating over the 1:35 sloping beach. (-) numerical
results, (o) experimental data.

The third test allows to study the ability of the proposed discrete formulation to deal with the
occurence of dry areas. We focus on the shoaling and run-up of a solitary wave over a beach
with constant slope 1 : 19.85, following the experiments of [153153]. The incident wave is supplied
using (4.174.17), with a water level at rest H0 = 1m and ε = 0.28m. The mesh is set to |Th | = 250
elements and the polynomial order to k = 2. The resulting numerical results are compared with
the experimental data at several times during the propagation (with a nondimensionalized time
t∗ = t

√
g/H0) and we observe a very close agreement, as shown on Figure 4.114.11. In particular, the

run-up is reproduced very well, and we do not have to artificially cancel the dispersive correction
in the vicinity of dry areas.
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Figure 4.11: Test 8 - Shoaling of solitary waves: Synolakis et al. experiment - Free surface profiles
(numerical results in solid lines, experimental data in cross) at several times during the propagation.

4.5 Conclusion
We introduce in this paper a new discontinuous Galerkin discrete formulation to approximate the
solutions of Serre-Green-Naghdi (SGN) equations. A new non conforming discrete formulation
belonging to the family of Symmetric Weighted interior Penalty discontinuous Galerkin methods
(SWIP-DG) is introduced to accurately approximate the solutions of the second order elliptic
operator occurring in the SGN equations in the surface horizontal d = 1 case. We show that the
corresponding discrete bilinear form enjoys some consistency and coercivity properties. The global
discrete formulation is extensively validated through an extended set of benchmarks, including
some convergence studies for various polynomial orders of approximation and comparisons with
experimental data for the reflexion of solitary waves over uneven topographies and nonlinear
shoaling. Further studies will be devoted to the extension to SGN equations with vorticity based on
the models of [101101], to the surface horizontal d = 2 case, and to a posteriori limitations methods
allowing to accurately handle the occurrence of dry areas within the framework of very high-order
DG methods.
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Chapter 5

Discontinuous Galerkin approximations of
rotational SGN equations

This Chapter gathers the works initially submitted in the following paper:

Zefzouf, M. and Marche, F. Discontinuous Galerkin approximations of rotational SGN equations,
submitted to J. Comput. Phys., 2022.
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5.1 Introduction
The modeling of the propagation and transformations of free surface waves in an incompressible,
homogeneous and inviscid fluid can be achieved using the Euler equations supplemented with
nonlinear boundary conditions at the surface and at the bottom. Such equations are very complex
but, in the particular case of shallow water flows, simpler asymptotic expansions can be derived by
vertically integrating the free surface Euler equations; see, e.g., [9696] for a review. Introducing the
typical water depth H0, the typical wave length λ, the typical wave’s amplitude a and the typical
topography variations amplitude abott, we focus, in the following, on the shallow water

µ B
H2

0
λ2 � 1, (dispersive parameter) ,

and fully nonlinear
ε B

a
H0
= O(1), (nonlinear parameter) , (5.1)

flow regime with no assumption on the topography variations:

β B
abott
H0
= O(1), (bottom variation parameter) . (5.2)

When considering irrotational flows, the classical Nonlinear Shallow Water (NSW) equations can
be derived by neglecting all the terms of order O(µ) in the asymptotic expansions, see for instance
[9595]. The NSW equations provide an accurate description of some important unsteady processes in
the surf and swash zones. These equations, which form an hyperbolic system of conservation laws,
have been widely studied both theoretically and numerically. However, these equations neglect the
non-hydrostatic effects, which are needed for the study of wave transformations in the shoaling area.
Keeping O(µ) terms and neglecting terms of size O(µ2) and smaller, the relevant equations are the
Serre-Green-Naghdi (SGN) equations, which were derived first by Serre [147147], then by Green and
Naghdi [7474] for the two-dimensional case, and have been rigorously justified in [55].
In recent years, various numerical strategies have been proposed for the approximation of the SGN
equations, mainly in the one dimensional case. We can mention Finite-Difference (FD) methods
[2020, 3636], Finite methods [77], Finite-Volume (FV)-Volume WENO methods [2929, 4848], a pseudo-
spectral (PS) method [6363], continuous Finite-Element (FEM) methods [7171, 118118, 119119], FV and FEM
methods for hyperbolic relaxed approximation models [6969, 7777] or discontinuous Finite-Element
(DG) approaches, possibly mixed with FEM in [5151, 5353, 6060, 114114, 127127, 148148]. For the two-dimensional
case, fewer methods have been developed and, for the case of structured meshes, we can mention
several FD methods [66, 163163, 180180], FV and hybrid FV-FD or WENO-FD methods [9797, 103103, 132132,
149149], a PS method for SGN equations in the the rotating case in [128128], a central DG-FE method
in [106106] and a Hybridizable-DG (HDG) method in [144144]. DG methods on unstructured simplicial
meshes are considered in [5959, 115115]. It is also worth mentioning some works concerning non-
hydrostatic models [22, 3333], or the so called high-level SGN equations [183183].

However, the SGN equations can only describe flow configurations where rotational effects are
non existent or neglected. If one wants to take vorticity effects into account, then it is mandatory
to describe the inner structure and vertical dependency of the velocity and pressure fields into the
fluid domain. The addition of vorticity in weakly dispersive depth-integrated models has been
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5.1. Introduction

the topic of recent works and several attempts have been proposed in the literature to propose
irrotational/rotational decompositions with various scalings. In [3030], a model that includes vertical
vorticity is proposed, in which the vertically dependent terms are suppressed by double integrating
the equations. In [122122], horizontal vorticity is directly included into the model, in the d = 1 case,
relying on an approximate explicit solution of a separate vorticity transport equation. In [9393], a
SGN-like model that includes horizontal and vertical vorticity terms induced by the bottom-induced
turbulent mixing is derived, while rotational effects are included in [179179] through the use of polyno-
mial basis functions to create velocity profiles which are substituted into the mass and momentum
equations, keeping terms up to the desired asymptotic order. Let also mention some closely related
recent works concerning surface wave and vorticity interactions in some specific configurations,
like shear flows [8080, 138138], vortex patches [4646] or wave breaking [8989].
In [2525], a rigorous derivation is proposed, starting from the free surface Euler equations, supple-
mented with an evolution equation for the vorticity field. As in the irrotational case, vertically
averaged Euler equations can be derived and asymptotic descriptions of the pressure field and
the "turbulent" terms in the fluid domain can be obtained under an assumption on the vorticity
strengh, see [2525] for details. As an incidence, the SGN equations in the presence of vorticity have
to be supplemented with additional evolution equations on the second order turbulent tensor and
the second order momentum of the variations of the shear velocity. Additional nonlinear terms
involving these two quantities also appear in the momentum equation of this new SGN model.
One interesting conclusion arising from [2525] is that the occurence of vorticity can be accounted for
directly into the SGN equations, by extending the classical model with additional coupled evolution
equations without any vertical dependency. And there is no need to solve the vorticity equation.
The resulting SGN model with vorticity (SGNV equations in the following) is rigorously justified
in [2626], the existence and stability of solitary waves and peaked waves solutions are theoretically
and numerically studied in [9898] and a large time existence result has been proposed very recently
in [7979].
In the present work, we further investigate the construction of discrete formulations to approximate
the solutions of the SGNV equations. Extending some of the authors previous works concerning
the classical SGN equations, the SGNV model is reformulated as coupled nonlinear (pseudo) hy-
perbolic and elliptic problems, in which the non-hydrostatic terms and the vorticity terms, together
with their interactions, appear as a purely algebraic source term in the NSW equations. This source
term is computed as the solution of an auxiliary linear second order elliptic. With this reformulation
of the model in hands, we observe that high-order DG methods appear as particularly well-suited
for the approximation of the solutions of the rotational SGN equations. Indeed, DG methods
exhibit several appealing features, such as i.e. local conservation, stability, arbitrary high-order
approximations, geometrical flexibility, compact stencils and minimal inter-element communica-
tions. Beyond these general features, as already highlighted in [5151], DG methods provide a unified
discrete framework for the discretization of both the hyperbolic and elliptic operators, as well as
for the highly nonlinear dispersive and vorticity terms occurring in the SGNV equations.
In what follows, we introduce a global DG discretization for the SGNV equations, which exhibits
appealing properties. A suitable Symmetric Weighted interior Penalty DG (SWIP-DG) method,
which enjoys a discrete coercivity property, is designed for the particular primal form of the auxil-
iary elliptic problem, allowing to deal with the discontinuous nature of the problem’s coefficients in
a consistent way and ensuring that the stability threshold on the penalty parameter is independent
of the interface state values. Additionally, a robust Runge-Kutta DG (RK-DG) method is developed
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Chapter 5. Discontinuous Galerkin approximations of rotational SGN equations

for the hyperbolic part of the model. This method relies on an adapted HLLC Riemann solver
especially designed to ensure the preservation of the convex set of admissible states at the discrete
level, adapting the limitation strategy of [172172].
The rest of this work is organized as follows: the next section is devoted to a description of the
rotational SGN equations. The proposed new discrete formulation is introduced in third section
and the numerical validations are provided in the last section.

5.2 Serre-Green-Naghdi equations with vorticity

5.2.1 The Serre-Green-Naghdi equations for irrotationnal flows

Denoting by d the horizontal dimension, we focus in this work on the one dimensional d = 1 case.
Let x, z, and t denote, respectively, the horizontal, vertical, and time coordinates. We denote by
ζ(t, x) the free surface elevation with respect to its rest state, by −H0 + b(x) a parametrization of
the bottom’s variations, by H B H0 + ζ − b the water depth, and by η = H + b the total free surface
elevation, as shown in Figure 5.15.1.

H0

⇣(t,x)

⌘(t,x)

b(x)

z

x

H(t,x) = ⇣(t,x) + H0 � b(x)

0

<latexit sha1_base64="wdOOnjcXkvjWSse15LfR+aNrPDc="></latexit>

Figure 5.1: Free surface flow description and notations.

Denoting by uhor the horizontal component of the velocity field in the fluid domain, we define
the vertically averaged horizontal velocity v̄ ∈ R as

v̄ B
1
H

∫ ζ

−H0+b
uhor(t, x, z)dz,

and we denote by q B Hv̄ the corresponding horizontal momentum. The classical Serre–Green–
Naghdi (SGN) equations, as reformulated in [2020], read as follows:{

∂tζ + ∂x(Hv̄) = 0 ,

∂t(Hv̄) + ∂x(Hv̄2) +
[
1 + T[H, b]

]−1 (
gH∂xζ + HQ1[H, b](v̄)

)
= 0 ,

(5.3)

where the linear operator T[H, b]· and the quadratic form Q1[H, b](·) are defined for all smooth
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5.2. Serre-Green-Naghdi equations with vorticity

enough scalar-valued functions w by

T[H, b]w B HT[H, b]
w

H
, (5.4)

T[H, b]w B R1[H, b](∂xw) + R2[H, b](w∂xb), (5.5)
Q1[H, b](w) B −2R1[H, b]((∂xw)

2) + R2[H, b]((w∂x)
2b). (5.6)

where

R1[H, b]w B −
1

3H
∂x(H3w) −

H
2
w∂xb, R2[H, b]w B

1
2H

∂x(H2w) + w∂xb.

This formulation does not require the computation of third order derivatives and, as shown in
the theoretical analysis of [55] and in our previous works [2020, 2929, 6060], the presence of the operator
(1 + T[H, b])−1 makes the model robust with respect to high frequency perturbations. In the flat
bottom case, equations (5.35.3) admit solitary wave solutions of amplitude εH0, which have known
formulae in a closed form:

η(t, x) = H0 + εH0 sech2 (κ(x − ct)) , q(t, x) = c (η(t, x) − H0) , (5.7)

with κ B
√

3ε
4H2

0 (1+ε)
and c B

√
gH0(1 + ε).

One of the main features of the SGNmodel is that it allows the description of d+1 dimensional
waves by a set of d-dimensional equations: these equations are independent on the vertical variable
z, leading to more mathematical simplicity and less computational time. The d-dimensional nature
of the flow is inherited from the irrotational assumption, as the velocity field in the fluid domain
derives from a scalar velocity potential Φ and, as remarked by Zakharov [176176] and Craig-Sulem
[4343], the free surface (d + 1)-dimensional Euler equations may then be reduced to an Hamiltonian
system coupling the surface elevation ζ to the trace of Φ at the surface, denoted by ψ. Both ζ and
ψ depend only on time and on the (d-dimensional) horizontal variable x. As the SGN equations
are obtained by an asymptotic expansion of the Euler equations in terms of µ, it is no surprise that
they are also d dimensional.

5.2.2 Serre-Green-Naghdi equations for rotational flows
The situation is very different in the presence of vorticity, since the dynamic of the vorticity
ω = curl U is fully (d + 1)-dimensional. It indeed satisfies the following vorticity equation:

∂tω + U · ∇x,zω = ω · ∇x,zU. (5.8)

The Zakharov-Craig-Sulem formulation has recently been generalized in [2626] to the rotational case;
this generalization couples the evolution of ζ and ψ as in the irrotational case but of course, the
velocity field U does not derive from a scalar potential and ψ is defined such surface. This evolution
is coupled to the evolution of the vorticity field which depends in general on all the space variables.
One should therefore expect that ∇ψ is the projection onto (horizontal) gradient vector field of the
horizontal component of the tangential velocity at the that generalizations of the SGN equations
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Chapter 5. Discontinuous Galerkin approximations of rotational SGN equations

in presence of vorticity have a full (d + 1)-dimensional dependence in the space variables. It has
however been shown recently in [2525] that this is not the case (at least for small vorticity strength,
for which the corresponding asymptotic models are fully justified). More precisely, the presence
of the vorticity can be taken into account by supplementing the SGN equations with additional and
coupled evolution equations, without having to explicitly solve the vorticity equation (5.85.8).
Considering a general vorticity field

curl U = (0,ω,0)T with ω(t, x, z) = ∂zv − ∂xw

(and U = (v,0,w)T ), the vorticity ω satisfies the scalar transport equation

∂tω + (v∂x + w∂z)ω = 0, (5.9)

in which the z dependence cannot be removed. Under a weak smallness assumption on the
topography (that is assuming that εβµ3/2 = O(µ2)), the proposed one-dimensional SGN system in
the presence of vorticity may be formulated as follows:



∂t H + ∂x(Hv̄) = 0,
(1 + T[H, b])[∂t(Hv̄) + ∂x(Hv̄2)] + gH∂xζ + HQ1[H, b](v̄)

+ ∂x(H3
e) + HC[H](Hv], v̄) = 0,

∂t(Hv]) + ∂x(Hv̄v]) = 0,
∂t(He) + ∂x(Hv̄e) = 0,

(5.10a)

(5.10b)
(5.10c)
(5.10d)

where:

1. the nonlinear interactions between the vertical dependence of the velocity field and the vertical
dependence coming from the dispersive effects lead to the term HC[H](Hv], v̄), which is
defined as follows:

HC[H](Hv], v̄) = −
1
6
∂x

(
2H4

v
]∂2

x v̄ + ∂x(H4
v
])∂x v̄

)
. (5.11)

with

v
] =

v]

H
, v] =

12
H3

∫ ζ

−H0+b
(z + H0 − b)2v∗sh and v∗sh = −

∫ ζ

z
ω +

1
H

∫ ζ

−H0+b
ω. (5.12)

Here, v] is a second order momentum of the vorticity induced shear velocity, hence depending
on ω. This term can be straightforwardly computed from its initial value by solving equation
(5.10c5.10c).

2. the quantity e, appearing in the term ∂x(H3e), describes the self quadratic interaction of the
vorticity induced shear inside the fluid domain and is defined as follows

e =
E
H3 with E =

∫ ζ

−H0+b
(v∗sh)

2. (5.13)

This term can also be straightforwardly computed from its initial value by solving equation
(5.10d5.10d). Note that this quantity can be straightforwardly related to the enstrophy used in
[137137].
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5.2. Serre-Green-Naghdi equations with vorticity

Remark 5.1. A particular (and simpler) case of interest is the case of a constant vorticity, that is,
when

curl U = (0,ω,0)T with ω(t, x, z) = ω0 = cst.
Indeed, there is no vertical dependency coming from the equation on the vorticity but the vorticity
field induces a shear which, together with the dispersive effects, make the horizontal velocity depart
from its vertical average. In this particular case, we observe that H3e = 1

12 H3ω2
0 and Hv] = Hω0

and the equation on v] and e reduces to the mass conservation equation. As a consequence, the
previous system reduces to a system a two equations, as follows:
∂t H + ∂x(Hv̄) = 0,

(1 + T[H, b])[∂t(Hv̄) + ∂x(Hv̄2)] + gH∂xζ + HQ1[H, b](v̄) + ∂x(
H3

12
ω2

0) + HC[H](Hω0, v̄) = 0.
(5.14)

Note that (5.145.14) can be related, up to a change of variable and algebraic manipulations, to the
system introduced in [3434].
Remark 5.2. In [2525], looking for an equation on E , a cascade of equations involving tensors
(represented by scalar functions in dimension 1) of increasing order is obtained and one observes
that the contribution of the fourth order and higher tensors are below the overall O(µ2) precision
of the model and can therefore be neglected. Hence, the (rigorously justified) O(µ2) model with
general vorticity derived in [2525] reads as follows:

∂t H + ∂x(Hv̄) = 0,
(1 + T[H, b])[∂t(Hv̄) + ∂x(Hv̄2)] + gH∂xζ + HQ1[H, b](v̄) + ∂xE + HC[H](v], v̄) = 0,
∂tv

] + v̄∂xv
] + v]∂x v̄ = 0,

∂t E + v̄∂xE + 3E∂x v̄ + ∂xF = 0,
∂t F + v̄∂xF + 4F∂x v̄ = 0,

(5.15)
where the third order term F is defined as

F =
∫ ζ

−H0+b
(v∗sh)

3. (5.16)

If F is initially almost equal to zero, then the third order contributions remain negligeable and one
can remove F from (5.155.15) to obtain the slightly simplified chosen model (5.10a5.10a)-(5.10d5.10d) which is
numerically studied in this work.

Further simplified models may be obtained under some particular flow regimes. In particular,
lowering the asymptotic accuracy to O(µ3/2), one obtains

∂t H + ∂x(Hv̄) = 0,
(1 + T[H, b])[∂t(Hv̄) + ∂x(Hv̄2)] + gH∂xζ + HQ1[H, b](v̄) + ∂x(H3e) = 0,
∂t(He) + ∂x(Hv̄e) = 0,

(5.17)

which reads as the classical SGN equations with an additional term ∂x(H3e) in the momentum
equation and an additional evolution equation on e. This model may be related, up to the addition
of dissipation-creation terms in the equation on e, to the models obtained in [8989, 139139], for which
the time and space evolution of the enstrophy e is used to model wave-breaking.
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Chapter 5. Discontinuous Galerkin approximations of rotational SGN equations

5.2.3 Reformulation of the SGNV equations
Assuming that H is bounded away from zero, it holds for any sufficiently smooth scalar-valued
function v that:

(1+T[H, b])v = (H+HT[H, b])
v

H
,

where

(H+HT[H, b])w = ∂x(−κ[H]∂xw) − β[H, ∂xb]∂xw + ∂x(β[H, ∂xb]w) + δ[H, ∂xb]w,

and

κ[H] B
1
3

H3, β[H, ∂xb] B

√
3

2
κ[H]

1
2 χ[H, ∂xb], δ[H, ∂xb] B χ[H, ∂xb]2 + H, (5.18a)

χ[H, ∂xb] = H
1
2 ∂xb. (5.18b)

Provided that the exact solution is sufficiently regular, the SGN equations with vorticity (5.105.10)
can be rewritten as follows{

∂tw + ∂xF(w) + D(w, b) = B(w, b),
∂x(−κ[H]∂xp) − β[H, ∂xb]∂xp + ∂x(β[H, ∂xb]p) + δ[H, ∂xb]p = Q(w, b),

(5.19a)
(5.19b)

with

w =
©­­­«
ζ

Hv̄

Hv]

He

ª®®®¬ , F(w) =
©­­­«

Hv̄

F (w)
Hv̄v]

Hv̄e

ª®®®¬ , B(w, b) =
©­­­«

0
−gH∂xb

0
0

ª®®®¬ , D(w, b) =
©­­­«

0
Hp − gH∂xζ − ∂x(H3e)

0
0

ª®®®¬ ,
(5.20)

with
F (w) = Hv̄2 + p(H,e), (5.21)

p(H,e) =
1
2
gH2 + H3

e, (5.22)

and
Q(w, b) = gH∂xζ + ∂x(H3

e) + HQ1[H, b](v̄) + HC[H](Hv], v̄). (5.23)

Remark 5.3. In practice, the numerical solution of (5.19a5.19a)-(5.19b5.19b) is sought in a bounded spatial
domains (which reduce to line segments since we work in 1d). This issue of suitable boundary
conditions for (5.19a5.19a)-(5.19b5.19b) is a completely open problem. In this work, in order to close (5.19a5.19a)-
(5.19b5.19b), we prescribe a set of boundary conditions that leads to stable computations:

∂xζ|∂Ω = 0, (5.24)
v̄|∂Ω = 0, (5.25)

∂x(Hv])|∂Ω = 0, (5.26)
∂x(He)|∂Ω = 0, (5.27)

∂xp|∂Ω = 0. (5.28)
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5.3. Discrete formulations

Remark 5.4. The state vector w is assumed to take values in a convex and open setU defined as

U = {(H,Hv̄,Hv],He) ∈ R4, H ≥ 0,e ≥ 0}. (5.29)

We emphasize that e is a non-negative quantity.
Remark 5.5. Focusing on the first-order and homogeneous part of (5.195.19), which reads as

∂tw + ∂xF(w) = 0,

the computation of F′(w) shows that the corresponding system is strictly hyperbolic as soon as
H > 0, with the following eigenvalues:

λ1 = v̄ − (gH + 3H2
e)

1
2 , λ2 = λ3 = v̄, λ4 = v̄ + (gH + 3H2

e)
1
2 .

5.3 Discrete formulations
In this section, we introduce a discontinuous Galerkin (DG) discrete formulation for the SGN
equations with vorticity (5.19a5.19a)-(5.19b5.19b). Although we work here with d = 1, we keep the notation
as close as possible to the classical one for DG methods in higher space dimensions; see, e.g., [5050].
This is both to facilitate the reader familiar with DG methods, and to pave the way for the case
d = 2, which we postpone to a future work.

5.3.1 Setting and notations
We consider an open segment Ω ⊂ R, with boundary ∂Ω (reduced to two vertices), and a mesh
which reduced here in a partition Th ofΩ in open disjoint segments. We set |Th | the number of mesh
elements. A general element of Th is denoted T , with a boundary ∂T , a length hT , a barycenter
xT and unit outward normal nT taking values in {−1,1} on ∂T . The partition is characterized by a
meshsize h B maxT∈Th hT .

Mesh faces, reduced here to vertices, are collected in the set Fh = F
i

h ∪ F
b

h , where F
i

h collects
the internal vertices and F b

h the (two) boundary vertices. A general vertex of Fh is denoted by F,
with an abscissa denoted by xF , and hF denote the minimum length of the mesh elements to which
F belongs. For all T ∈ Th, FT := {F ∈ Fh | F ⊂ ∂T} denotes the set of vertices in ∂T and, for all
F ∈ FT , nTF is the unit normal to F pointing out of T . For any internal vertex F ∈ F i

h , we choose
an arbitrarily oriented but fixed unit normal nF , and we set nF B nTF for all boundary vertices
F ⊂ ∂T ∩ ∂Ω. The maximum number of mesh faces composing the boundary of mesh elements is
denoted by

N∂ = max
T∈Th

card(FT ),

and we obviously have N∂ = 2 in the present setting.

For any k ≥ 1, we consider the space

Pk(Th) B
{
v ∈ L2(Ω) | v|T ∈ Pk(T) ∀T ∈ Th

}
, (5.30)
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Chapter 5. Discontinuous Galerkin approximations of rotational SGN equations

where Pk(T) denotes the space of polynomials in T of total degree at most k.
Considering a computational time tmax > 0, we introduce a partition (tn)0≤n≤N of [0, tmax] with

t0 = 0, tN = tmax and tn+1 − tn C ∆tn. For any sufficiently regular scalar-valued function of time
w, we let wn B w(tn). Further details on the time marching algorithm are given in the following.

We introduce the following shortcut notations for smooth enough scalar-valued functions v,w:(
v,w

)
Ω
B

∫
Ω

v(x)w(x)dx,
(
v,w

)
T B

∫
T
v(x)w(x)dx ∀T ∈ Th,

(
v,w

)
F B (vw)(xF) ∀F ∈ Fh.

andwe denote respectively by ‖v‖Ω =
(
v, v

) 1
2
Ω
, ‖v‖T =

(
v, v

) 1
2
T and ‖v‖F =

(
v, v

) 1
2
F the corresponding

L2 norms.
For all T ∈ Th, we denote pk

T the L2-orthogonal projector onto Pk(T) and pk
Th

the L2-orthogonal
projector onto Pk(Th). Similarly, we denote I k

T the element nodal interpolation into Pk(T). The cor-
responding nodal distributions in elements and edges are approximated optimal nodes introduced
in [3131], which have better approximation properties than equidistant distributions. The global I k

Th

interpolation into Pk(Th) is obtained by gathering the local interpolating polynomials defined on
each elements.

We also define the mesh elements and faces inner products as(
v,w

)
Th
B

∑
T∈Th

(
v,w

)
T,

(
µ, ν

)
∂Th
B

∑
T∈Th

(
µ, ν

)
∂T,

for v,w ∈ L2(Th) and µ, ν ∈ L2(∂Th). Extensions to vector-valued functions are straightforward.

For any function wh ∈ Pk(Th), T ∈ Th and F ∈ FT , we conveniently set wT = wh|T and wTF (or
wF , in a more concise way, when no confusion is possible) refers to the trace of wT on F. When
fully discrete approximations are considered, wn

T and wn
F respectively refers to the values of wT and

wF obtained at discrete time tn. Similar shortcuts for vector-valued functions are straightforwardly
obtained.

Let κ, β, δ ∈ L∞(Ω) denote a uniformly bounded coefficients and set, for the sake of brevity,
κT B κ|T, βT B β|T and δT B δ|T for all T ∈ Th. Following [5252, 5555], we define the jump and
weighted average operators such that, for a sufficiently smooth function ϕ and an interior vertex
F ∈ F i

h such that F ⊂ ∂T1 ∩ ∂T2 for distinct mesh elements T1 and T2,

JϕK B ϕ|T1 − ϕ|T2, {{ϕ}}ω,F B ω2ϕ|T1 + ω1ϕ|T2, ωi B
κTi

κT1 + κT2

∀i ∈ {1,2}. (5.31)

In what follows, and when no confusion can arise, we omit the subscript F from both JvKω,F and
{{v}}ω,F . When κ ≡ C in Ω for some real number C > 0, we have ω1 = ω2 =

1
2 , and also the

subscript ω is omitted. We refer the reader to [5050, Section 4.5] for a discussion on the role of
weighted averages and harmonic means in the context of heterogeneous diffusion-like problems.

In what follows, we need discrete counterparts of the gradient and of the Laplacian applied
to broken polynomial functions. For any vh ∈ Pk(Th), we denote by ∇k

h : Pk(Th) → Pk(Th) the
discrete gradient operator and by ∆k

h : Pk(Th) → Pk(Th) the discrete Laplace operator. We use the
discrete operators already introduce in [5151], whose definitions are recalled in Appendix A.
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5.3.2 The semi-discrete problems
We focus in this section to the construction of a discrete formulation for the SGN equations with
vorticity (5.19a5.19a)-(5.19b5.19b). Let bh ∈ Pk(Th) denote a piecewise polynomial approximation of the
topography parameterization b which can be obtained either by L2-orthogonal projection (i.e.
bh = π

k
h(b)) or by interpolation (i.e. bh = I

k
h (b)). Note that any order of approximation may be

used for the definition of bh, and in what follows, we choose the same order k as for the primal
variables, for the sake of simplicity, and the following shortcuts are introduced: ∇bh = ∇

k
h bh,

∆bh = ∆
k
hbh and ∇3bh = ∇

k
h (∆

k
hbh). The semi-discrete in space DG approximation of (5.19a5.19a)-

(5.19b5.19b), supplemented by boundary conditions (5.245.24) reads:

Find wh = (ζh, v̄h, v
]
h,eh,ph) ∈ (Pk(Th))

5 such that, for all (ϕh,ψh) ∈ (Pk(Th))
2,(

∂twh, ϕh
)
Th
+

(
Ah(wh), ϕh

)
Th
= 0, (5.32a)

ah(κ[Hh], β[Hh,∇bh], δ[Hh,∇bh];ph,ψh) =
(
Qh[Hh, bh](ζh, v̄h),ψh

)
Th
, (5.32b)

where:
(i) The discrete bilinear form ah(κ, β, δ; ·, ·) is defined on Pk(Th) × Pk(Th):

ah(κ, β, δ; vh,wh) B
∑
T∈Th

(
κ∂xvh, ∂xwh

)
T +

∑
F∈Fh

ξ
(γκ,F

hF
JvhK, JwhK

)
F

−
∑

F∈Fh

( (
{{κ∂h

x vh}}ω, JwhK
)

F +
(
JvhK, {{κ∂h

x wh}}ω
)

F

)
−

∑
T∈Th

(
βvh, ∂xwh

)
T −

∑
T∈Th

(
∂xvh, βwh

)
T

+
∑

F∈Fh

( (
{{βvh}}ω, JwhK

)
F +

(
JvhK, {{βwh}}ω

)
F

)
+

∑
T∈Th

(
δvh,wh

)
T,

(5.33)

with a κ-dependent penalty parameter γκ,F defined as follows:

γκ,F B

{ 2κT1 κT2
κT1+κT2

if F ∈ F i
h is such that F = ∂T1 ∩ ∂T2,

κT if F ∈ F b
h is such that F = ∂T ∩ ∂Ω.

In (5.335.33), ξ denotes a user-defined parameter sufficiently large to ensure coercivity (see [177177] for
details) and for a given function vh ∈ Pk(Th) we have (∂h

x vh)|T = ∂x(vh|T ).

(ii) The discrete nonlinear operator Ah in (5.32a5.32a) is defined by(
Ah(wh), ϕh

)
Th
B −

(
F(wh), ∂

h
x ϕh

)
Th
+

(
F̂n, ϕh

)
∂Th
+
(
Dh, ϕh

)
Th
−

(
B(wh, bh), ϕh

)
Th
, (5.34)

where the interface stabilizing fluxes contribution is defined as follows(
F̂n, ϕh

)
∂Th
=

∑
T∈Th

∑
F∈FT

(
F̂TFnTF, ϕh

)
F,
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Chapter 5. Discontinuous Galerkin approximations of rotational SGN equations

and F̂TF is a numerical approximation of the normal face fluxes F(wh, bh) · nTF whose precise
definition in postponed to Section 5.3.35.3.3 below. The discrete contribution of the dispersive correction(

Dh, ϕh
)
Th
=

(
Hhph − gHh∇

k
h (ζh) − 3H2

h∇
k

h (Hh)eh − H3
h∇

k
h (eh), ϕh

)
Th
.

(iii) The discrete nonlinear operator Qh[Hh, bh] in (5.32b5.32b) is defined by

Qh[Hh, bh](ζh, v̄h) B gHh∇
k

h (ηh)+3H2
h∇

k
h (Hh)eh+H3

h∇
k

h (eh)+HhQ1h[Hh, bh](v̄h)+HhCh[Hh](Hhv
]
h, v̄h),

where, for any wh ∈ Pk(Th),

Q1,h[Hh, bh](wh) B 2Hh∇
k

h (Hh +
bh

2
)∇k

h (wh)
2 +

4
3

H2
h∇

k
h (wh)∆

k
h(wh)

+ Hh∆
k
h(bh)wh∇

k
h (wh) +

(
∇k

h (ηh)∆
k
h(bh) +

Hh

2
∇k

h (∆
k
h(bh))

)
w2

h,

and

HhCh[Hh](uh,wh) B −6H2
h∇

k
h (Hh)uh∆

k
h(wh) − 2H3

h

(
∇k

h (uh)∆
k
h(wh) + uh∇

k
h (∆

k
h(wh))

)
−

(
6Hh∇

k
h (Hh)

2uh + 3H2
h∆

k
h(Hh)uh + 6H2

h∇
k

h (Hh)∇
k

h (uh) + H3
h∆

k
h(uh)

)
∇k

h (wh)

−

(
3H2

h∇
k

h (Hh)uh + H3
h∇

k
h (uh)

)
∆

k
h(wh).

5.3.3 Interface fluxes
We detail in this section the construction of an approximate interface fluxes F̂n such that its
restriction F̂TFnTF to the face F of mesh element T is a numerical approximation of the normal
face fluxes F(wh) · nTF that allows to preserve the invariant domainU.
Let T ∈ Th and F ∈ FT ∩ F

i
h (we only detail the case of interface here). Denote by w−F and w+F ,

respectively, the interior and exterior traces of wh on F with respect to the element T (that is if
F ⊂ ∂T ∩ ∂Te for a given neighboring element Te, then w−F,w

+
F are respectively the polynomial

traces of wT and wTe on F). We define the numerical flux function through the interface F as
follows:

F̂TF = Fh(w−F,w
+
F), (5.35)

where (wL,wR) 7→ Fh(wL,wR) is a numerical flux function consistent with the physical flux
w 7→ F(w) and built upon an approximate Riemann solver of the HLLC type, see [1616, 8282]. More
precisely, we consider an approximate Riemann solver at interface F consisting of 2 finite external
wave-speeds λ−F , λ

+
F and an additional intermediate wave λ?F (note that in the following, the subscript

F may be avoided when no confusion is possible). We denote by w?
L and w?

R the intermediate states
to the left and to the right of the wave λ? respectively. The 3 wave speeds are therefore separating
4 constant states wL , w?

L , w?
R and wR, leading to the following approximate solver:

ŵ(ξ,wL,wR) =


wL if ξ ≤ λ−,

w?
L if λ− ≤ ξ ≤ λ?,

w?
R if λ? ≤ ξ ≤ λ+,

wR if λ+ ≤ ξ,

(5.36)
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5.3. Discrete formulations

with ξ = x−xF
t−tn . Assuming that λ− and λ+ are given by some estimates, which are defined later,

we need to define the 8 components of the 2 unknown intermediate states w?
L and w?

R, and the
intermediate wave speed λ?. To achieve this, we use the consistency condition for the discharge
Hv̄, together with the jump conditions across each wave for the variables H,Hv],He, leading to the
following system:

λ−(H?
L − HL) = H?

L v̄
?
L − HL v̄L,

λ?(H?
R − H?

L ) = H?
R v̄

?
R − H?

L v̄
?
L,

λ+(HR − H?
R) = HRv̄R − H?

R v̄
?
R,

λ−(H?
L v̄

?
L − HL v̄L) + λ

?(H?
R v̄

?
R − H?

L v̄
?
L) + λ

+(HRv̄R − H?
R v̄

?
R) = HRv̄

2
R − HL v̄

2
L + ∆pLR,

λ−(H?
Lv

],?
L − HLv

]
L) = H?

L v̄
?
Lv

],?
L − HL v̄Lv

]
L,

λ?(H?
Rv

],?
R − H?

Lv
],?
L ) = H?

R v̄
?
Rv

],?
R − H?

L v̄
?
Lv

],?
L ,

λ+(HRv
]
R − H?

Rv
],?
R ) = HRv̄Rv

]
R − H?

R v̄
?
Rv

],?
R ,

λ−(H?
Le
?
L − HLeL) = H?

L v̄
?
Le
?
L − HL v̄LeL,

λ?(H?
Re
?
R − H?

Le
?
L) = H?

R v̄
?
Re
?
R − H?

L v̄
?
Le
?
L,

λ+(HReR − H?
Re
?
R) = HRv̄ReR − H?

R v̄
?
Re
?
R,

(5.37)
where ∆pLR = p(HR,eR) − p(HL,eL), and whose solution is given by

λ? =
HL v̄L(λ

− − v̄L) − HRv̄R(λ
+ − v̄R) + ∆pLR

HL(λ− − v̄L) − HR(λ+ − v̄R)
, (5.38a)

v̄?L = v̄?R = λ
?, (5.38b)

H?
L =

HL(λ
− − v̄L)

λ− − λ?
, H?

R =
HR(λ

+ − v̄R)

λ+ − λ?
, (5.38c)

v
],?
L = v

]
L, v

],?
R = v

]
R, (5.38d)

e
?
L = eL, e

?
R = eR. (5.38e)

Once the intermediate states are known, the corresponding fluxes can be computed as follows:

Fh(wL,wR) =


F(wL) if 0 ≤ λ−,
F(wL) + λ

−(w?
L − wL) if λ− ≤ 0 ≤ λ?,

F(wR) + λ
+(w?

R − wR) if λ? ≤ 0 ≤ λ+,
F(wR) if λ+ ≤ 0.

(5.39)

5.3.4 Time discretization

Supplementing our formulation with an initial datum w(0, ·) = w0, the time stepping is carried out
using the explicit SSP-RK schemes of [7373]. For k < 3, we consider SSP-RK schemes of order
(k + 1). For instance, writing the semi-discrete equation (5.32a5.32a) in the operator form

∂twh +Ah(wh) = 0,
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Chapter 5. Discontinuous Galerkin approximations of rotational SGN equations

we advance from time level n to (n + 1) as follows with the third-order scheme as follows:

wn,1
h = wn

h − ∆tnAh(wn
h),

wn,2
h =

1
4
(3wn

h + wn,1
h ) −

1
4
∆tnAh(wn,1

h ) ,

wn+1
h =

1
3
(wn

h + 2wn,2
h ) −

2
3
∆tnAh(wn,2

h ) ,

where wn,i
h , 1 ≤ i ≤ 2, are the intermediate stages, ∆tn is obtained from the CFL condition (5.405.40),

and the discrete initial data w0
h is defined either as the L2-projection or interpolation on (Pk(Th))

2

of w0. For k ≥ 3, the five stages fourth order SSP-RK scheme of [150150] is used (the details are
omitted for the sake of simplicity). The corresponding time step ∆tn is computed adaptively using
the following CFL condition (see [3838]):

∆tn =
1

2k + 1
min
T∈Th

( hT

σT

)
. (5.40)

with
σT B max

∂T

(
|v̄T | +

√
gHT + 3H2

TeT

)
.

5.3.5 Main properties
5.3.5.1 Positivity of the approximate Riemann solver

Let T ∈ Th, F ∈ FT ∩ F
i

h , (wL,wR) ∈ U
2 and we consider the numerical flux Fh(wL,wR). We

introduce the following wave-speed estimates:

λ− = v̄L −
sL

HL
, λ+ = v̄R +

sR

HR
, (5.41)

where sL and sR are 2 positive values to be defined in the following. Then (5.38a5.38a)-(5.38c5.38c) may be
reformulated as follows:

λ? =
sL v̄L + sRv̄R − ∆pLR

sL + sR
, (5.42)

1
H?

L
=

1
HL
+

sR(v̄R − v̄L) − ∆pLR

sL(sL + sR)
,

1
H?

R
=

1
HR
+

sL(v̄R − v̄L) + ∆pLR

sR(sL + sR)
. (5.43)

In what follows, assuming (wL,wR) ∈ U
2, we show that a suitable choice of sL and sR ensures

that the intermediate water heights H?
L and H?

R in the approximate Riemann solver remain positive,
hence ensuring that (w?

L,w
?
R) ∈ U

2.

Proposition 5.6. Consider the approximate Riemann solver (5.365.36)-(5.385.38), together with the wave-
speed estimates (5.415.41). Let define sL and sR as follows:

if ∆pLR ≥ 0,


sL

HL
=

√
HL(g + 3HLeL) +

3
2

(
∆pLR

HR
√

HR(g + 3HReR)
+ v̄L − v̄R

)
+
,

sR

HR
=

√
HR(g + 3HReR) +

3
2

(
−∆pLR

sL
+ v̄L − v̄R

)
+
.

(5.44)
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if ∆pLR ≤ 0,


sR

HR
=

√
HR(g + 3HReR) +

3
2

(
−∆pLR

HL
√

HL(g + 3HLeL)
+ v̄L − v̄R

)
+
,

sL

HL
=

√
HL(g + 3HLeL) +

3
2

(
∆pLR

sR
+ v̄L − v̄R

)
+
.

(5.45)

Then the approximate Riemann solver (5.365.36)-(5.385.38) preserves the invariant domainU:

wL,wR ∈ U ⇒ ŵ(ξ,wL,wR) ∈ U for any value of ξ.

Proof. We adapt the ideas of [2222], initially introduced for the Suliciu relaxation schemes. We
remark first that (H,e) → p(H,e) satisfies the following properties:

∀H,e > 0, ∂H(H
√
∂H p(H,e)) > 0, (5.46)

H
√
∂H p(H,e) →

H→∞
∞, (5.47)

∂H(H
√
∂H p(H,e)) ≤

3
2
√
∂H p(H,e), (5.48)

and thus, there exists, for each value of e, an inverse function ψ(.,e) : (0,∞) → (0,∞) such that

H
√
∂H p(H,e) = s ⇔ H = ψ(s,e).

Note also that (5.485.48) entails ∂sψ(s,e) ≥
2ψ(s,e)

3s
, and as ∂s(ψ(s,e)s−

2
3 ) ≥ 0, we have:

ψ(λs;e) ≥ λ
2
3ψ(s,e), ∀λ ≥ 1. (5.49)

Step 1. We show that for any given sR > 0, the choice

sL

HL
=

√
∂H p(HL,eL) +

3
2

(
∆pLR

sR
+ v̄L − v̄R

)
+
,

ensures that
1

H?
L
=

1
HL
+

sR(v̄R − v̄L) − ∆pLR

sL(sL + sR)
≥

1
ψ(sL,eL)

> 0.

Indeed, if sR(v̄R − v̄L) − ∆pLR ≥ 0, we have sL = HL
√
∂H p(HL,eL) and HL = ψ(sL,eL), giving the

expected result. If sR(v̄R − v̄L) − ∆pLR < 0, then it is equivalent to show that

1 −
sR

sL + sR

X√
∂H p(HL,eL) +

3
2 X
≥

HL

ψ(sL,eL)
,

with X = ∆pLR

sR
+ v̄L − v̄R. Introducing θ =

√
∂H p(HL,eL)√

∂H p(HL,eL) +
3
2 X

, a sufficient condition is

1 −
2(1 − θ)

3
−

HL

ψ
(
HL(

√
∂H p(HL,eL) +

3
2 X),eL

) ≥ 0. (5.50)
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Using (5.495.49), we see that (5.505.50) holds if we have 1 − 2(1−θ)
3 − θ

2
3 ≥ 0, which is always true for

0 < θ ≤ 1.

Note that the symmetric result holds: for all sL > 0, the choice

sR

HR
=

√
∂H p(HR,eR) +

3
2

(
−∆pLR

sL
+ v̄L − v̄R

)
+
,

ensures that

1
H?

R
=

1
HR
+

sL(v̄R − v̄L) + ∆pLR

sL(sL + sR)
≥

1
ψ(sR,eR)

> 0,

Step 2. Let assume ∆pLR ≥ 0 and define sL, sL following (5.445.44). As sL ≥ 0, the symmetric
result of the previous step directly ensures that 1/H?

R > 0. Additionally, if sR(v̄R − v̄L) −∆pLR ≥ 0,
we obviously have

1
H?

L
=

1
HL
+

sR(v̄R − v̄L) − ∆pLR

sL(sL + sR)
≥

1
HL

> 0.

Now, if sR(v̄R − v̄L) − ∆pLR ≤ 0, as sR ≥ HR
√
∂H p(HR,eR), we have sL ≥ s̃L , with

s̃L

HL
=

√
∂H p(HL,eL) +

3
2

(
∆pLR

sR
+ v̄L − v̄R

)
+
.

Using Step 1, we obtain

1
HL
+

sR(v̄R − v̄L) − ∆pLR

s̃L(s̃L + sR)
≥

1
ψ(s̃L,eL)

.

As −1
s(s+sR)

is an increasing function of s > 0, we have

1
H?

L
=

1
HL
+

sR(v̄R − v̄L) − ∆pLR

sL(sL + sR)
≥

1
HL
+

sR(v̄R − v̄L) − ∆pLR

s̃L(s̃L + sR)
≥

1
ψ(s̃L,eL)

> 0.

We also observe that assuming eL,eR ≥ 0, then according to (5.38e5.38e) we obviously have e?L,e
?
R ≥

0. �

5.3.5.2 Positivity of the lowest-order approximation

Now, we use the previous approximate Riemann solver to design some discrete formulations that
preserve the positivity of H and e. We first consider the lowest-order fully discrete approximation
(Finite-Volume).
Proposition 5.7. The lowest-order numerical scheme, obtained by setting k = 0 and ϕh = 1
in (5.32a5.32a) with interface numerical fluxes built from the approximate Riemann solver (5.365.36),
wave speed estimates (5.415.41)-(5.445.44)-(5.455.45) and a first-order Euler time discretization, preserves the
invariant domainU under the following CFL-like condition:

∆tn = min
T∈Th

( hT

λT

)
, λT B max

F∈FT

(
|λ−F |, |λ

+
F |

)
. (5.51)
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Proof. Let denote by w̄n
T the piecewise constant approximations (mean values) of w at discrete

time tn on mesh element T . Setting k = 0 and ϕh = 1 in (5.32a5.32a) and using a first-order Euler time
discretization, the resulting Finite-Volume scheme reads as follows:

hT

∆tn (w̄
n+1
T − w̄n

T ) +
∑

F∈FT
F⊂∂T∩∂Te

Fh(w̄n
T, w̄

n
Te)nTF +

∫
T

DT −

∫
T

B(wT, bT ) = 0. (5.52)

Assuming that for all T ∈ Th, w̄n
T ∈ U, Proposition 5.65.6 ensures that the associated approximate

Riemann solver (5.365.36) associated with Fh(w̄n
T, w̄

n
Te
) satisfies, at each interface xF such that F ⊂

∂T ∩ ∂Te:
∀(t, x) ∈ (tn, tn+1] × (xT, xTe), ŵ(

x − xF

t − tn , w̄
n
T, w̄

n
Te) ∈ U.

Then, it is a classical result to show that for all T ∈ Th, w̄n+1
T ∈ U under the CFL-like condition

(5.545.54).

∆tn ≤ min
T∈Th

( hT

λT

)
, λT B max

F∈FT

(
|λ−F |, |λ

+
F |

)
,

in which λ−F and λ+F are the speed estimates obtained from (5.415.41)-(5.445.44)-(5.455.45). This final result
relies on the fact that the topography and dispersive source terms do not contribute to the time
evolution of H and e and that the corresponding numerical schemes therefore updates values from
a convex averaging of the states that appear in the approximate Riemann problem, see for instance
[1616, 2222].

�

5.3.5.3 Positivity for higher-order approximations

Now, we consider an arbitrary order of approximation k ≥ 1. Setting ϕh = 1 in (5.32a5.32a), using a
first-order Euler time discretization and denoting by w̄n

T the mean values of wh at discrete time tn

on mesh element T , the fully discrete formulation satisfied by the state vector averages reads as
follows:

hT

∆tn (w̄
n+1
T − w̄n

T ) +
∑

F∈FT

Fh(w−F,w
+
F)nTF +

∫
T

DT −

∫
T

B(wT, bT ) = 0, (5.53)

where w−F,w
+
F respectively stand for the interior and exterior traces of wh on F, with respect

to mesh element T . Following [172172], let consider the τ-points Gauss-Lobatto quadrature rule
{xT

i , 1 ≤ i ≤ τ} on mesh element T (with τ ≥ 2), and the corresponding quadrature weights
{ŵi, 1 ≤ i ≤ τ} such that

∑q
i=1 ŵi = 1. This quadrature rule allows to exactly compute integrals of

polynomials up to degree 2τ − 3. In particular, choosing τ = d(k + 3)/2e, we have:

∀T ∈ Th, w̄n
T =

1
hT

∫
T

wn
T =

τ∑
i=1

ŵiwn
T (x

T
i ).

We have the following result:

Proposition 5.8. Assume that for all T ∈ Th, w̄n
T ∈ U and for all i ∈ {1, . . . , τ},wn

T (x
T
i ) ∈ U. Then

the scheme (5.535.53), satisfied by the averaged values of the state vector, with interface numerical fluxes
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built from the approximate Riemann solver (5.365.36), and wave speed estimates (5.415.41)-(5.445.44)-(5.455.45),
preserves the invariant domainU under the following CFL-like condition:

∆tn ≤ ŵ1 min
T∈Th

( hT

λT

)
, λT B max

F∈FT

(
|λF

L |, |λ
F
R |

)
. (5.54)

Proof. Remarking that the dispersive source term
∫

T DT do not contribute to the first and fourth
equations (respectively on Hh and eh) in (5.535.53), the proof follows the lines of Proposition 3.2 in
[172172], taking benefits from the robustness of the lowest-order scheme established in Proposition
5.75.7. �

To enforce the conditions of this last Proposition, we need to modify Hn
h and en

h so that for all
T ∈ Th and for all i ∈ {1, . . . , τ} we have Hn

T (x
T
i ) ≥ 0 and en

T (x
T
i ) ≥ 0. This can be achieved by using

the high-order accuracy preserving limiter of [172172] on both variables Hn
h and en

h. This consists in
replacing, for each mesh element T ∈ Th, the polynomials Hn

T and en
T by the following modified

polynomials, before computing Ah(wn
h):

Ĥn
T = min

{
1,

H̄n
T − κ

H̄n
T − min

1≤i≤τ
Hn

T (x
i
T )

}
(H̄n

T − Hn
T ) + H̄n

T, (5.55)

ê
n
T = min

{
1,

ēn
T − κ

ēn
T − min

1≤i≤τ
en

T (x
i
T )

}
(ēn

T − e
n
T ) + ē

n
T, (5.56)

where H̄n
T and ēn

T are respectively the mean values of Hn
T and en

T onT and κ is a small threshold value
(we set κ = 1.0−10 in the numerical applications). This limitation process ensures the positivity at
the required quadrature nodes, while preserving the mean values of the limited quantities, as well
as the expected accuracy of the approximation.
Remark5.9. This analysis can be extended to high-order in time SSP-RK schemes, see Section 5.3.45.3.4,
relying on the fact that the intermediate stages wn,i

h are obtained as convex combinations of forward
Euler sub-steps. As a consequence, the fully discrete formulations with a high-order SSP time
discretization will still preserve the invariant domainU. The limiters (5.555.55) and (5.565.56) should be
applied at each stage of the RK method.

5.3.5.4 Well-balancing for motionless steady states

Motionless steady states for equations (5.19a5.19a)-(5.19b5.19b) are defined by

ζ = 0, v̄ = 0, v] = 0, e = 0.

The preservation of motionless steady states may be achieved following one of the already existing
approaches, the reader is referred for instance to [6161, 172172]. Note that such a well-balancing property
for our SGN formulations may be inherited from the corresponding property obtained for the NSW
equations provided that the discrete formulation (5.32b5.32b) associated with elliptic problems is well-
defined. We choose not to recall the details of these reconstruction as it has been extensively applied
and validated in some of our previous works, see for instance [5959, 6060].
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5.4 Numerical validation and applications
In this section, we validate the discrete formulations of Section 5.35.3 through several benchmark
problems. In all the test cases, the time step restriction is computed according to (5.405.40). Exploiting
the symmetry of the discrete bilinear forms, the sparse linear systems are solved using a Cholesky
methods. Of course, when the vorticity vanishes, we recover the classical SGN equations, and we
directly focus on the validation of the model with nonzero vorticity.

5.4.1 Rotational solitary wave with constant vorticity
In the first test, we focus on the simplified case of constant vorticity. One can choose to solve the
general system (5.195.19) or the simplified model (5.145.14) and of course, both provide exactly the same
results. We compute the propagation of a rotational solitary wave over a flat bottom, in a domain
of 200 m long. Following [9898], the initial water height H(0, x) is computed as the solution of

c
3
(
cH2

0 − H0ω0H2)H2
x = (H − H0)

2
(
c2 − gH −

H(H + 2H0)

12
ω2

0

)
, (5.57)

and the corresponding velocity is initialized as

v̄(0, x) = c(1 −
H0

H(0, x)
). (5.58)

Still following the notations of [9898], we have Ẽ∞ = 1
12 H0ω

2
0 > 0, v]∞ = H0ω0 > 0 and the celerity

c of the right solitary wave is given by

c =
(
gH0(1 + ε) +

H2
0 (1 + ε)(3 + ε)

12
ω2

0

) 1
2
. (5.59)

We set ω0 = 0.3 s−1, ε = 0.1 and the solitary wave is initially centred at x0 = 25 m. We compute
the time evolution up to tmax = 40 s, with |Th | = 200 mesh elements, leading to a uniform meshsize
h = 1 m.

5.4.2 Rotational solitary wave with general vorticity
In the second test case, we consider the case of a general vorticity. Equations (5.195.19) admit two
solitary wave solutions of opposite velocities given by

± c = ±
(
gH0(1 + ε) +

(1 + ε)(3 + ε)
H0

E∞
) 1

2
, (5.60)

and with different profiles. We set E∞ = 0.2 m3.s−2 and v
]
∞ = 1.6 m.s−1, together with ε = 0.1,

ensuring the existence of both left and right-going waves, leading to the profiles shown on the left
of Figure 5.35.3 and Figure 5.45.4 respectively for the right-going and the left-going waves. The initial
water height H(0, x) is computed as the solution of

c
3
(
cH2

0 − v
]
∞H2)H2

x = (H − H0)
2
(
c2 − gH −

H(H + 2H0)

H3
0

E∞
)
, (5.61)
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Figure 5.2: Rotational solitary wave with constant vorticity - On the left: initial free surface (in
blue) and profile of the irrotational wave (in grey dot line). On the right: snapshot of the free
surface at t = 25 s and t = 40 s.

the corresponding velocity is initialized as in (5.585.58) and we set

v
](0, x) =

H(0, x)
H0

v
]
∞, e(0, x) =

H(0, x)3

H3
0

E∞. (5.62)

As in the previous case, the computational domain isΩ = [0,200]. The right-going wave is initially
centred at x = 50 m and the left-going wave at x = 150 m and the propagation is computed up to
tmax = 30 s. The time evolution of both right-going and left-going waves is shown on the right of
Figure 5.35.3 and Figure 5.45.4 respectively. For these computations, we set |Th | = 200 and k = 2. We
observe the preservation of the initial profiles, together with a very low numerical dissipation for
the considered time interval.

Figure 5.3: Rotational solitary wave with general vorticity: right-going wave - On the left: initial
free surface (in blue) and profile of the irrotational wave (in grey dot line). On the right: snapshot
of the free surface at t = 14 s and t = 28 s.
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Figure 5.4: Rotational solitary wave with general vorticity: left-going wave - On the left: initial
free surface (in blue) and profile of the irrotational wave (in grey dot line). On the right: snapshot
of the free surface at t = 14 s and t = 28 s.

We also perform a numerical convergence analysis relying on a sequence of refined meshes
and a reference solution computed with k = 5 and |Th | = 2000. The L2-error between the current
numerical solution and this reference solution at t = 0.1 s is computed for k = 2,3,4 and the
sequence of refined meshes. The resulting convergence rates for the water height are reported on
Figure 5.55.5.
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Figure 5.5: Test 1 - Rotational solitary wave propagation: L2-errors for the water height η at
t = 0.1 s vs. h, for polynomial orders k = 2,3,4.

5.4.3 Collision of rotational solitary waves
In the third test case, we simulate two rotational solitary waves (with general vorticity) of initial
(relative) height ε = 0.2, propagating in opposite directions in a channel of 400 m long. The
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collision of solitary waves is known to introduce additional challenges to the model by a sudden
change of the nonlinear and frequency dispersion characteristics. Here, we add rotational effects
and focus on their impact during the collision.
In a first computation, we set v]∞ = 0 so that left-going and right-going solitary waves have similar
profiles. We also set E∞ = 1.0 m3s−2 and the flow variables are initializedwith (5.585.58)-(5.615.61)-(5.625.62).
The right-going solitary wave is initially centred at x = 150 m and the left-going wave is initially
centred at x = 250 m. The computation relies on |Th | = 1200 mesh elements and we set k = 2. The
situation is qualitatively very similar to the irrotational case but: i) the speed c defined in (5.605.60) is
larger than in the irrotational case, ii) the solitary waves becomes narrower as E∞ increases. To
highlight these differences, we show on Figure 5.65.6 several snapshots of the free surface elevation
observed at several time during the propagation. The free surface of the corresponding solitary
wave solution in the irrotational case is also plotted in orange for comparison purpose.

Figure 5.6: Collision of rotational solitary waves - Case ε = 0.2, v]∞ = 0 ms−1 and E∞ = 1 m3s−2 -
Snapshots of the free surface at several times during the propagation. The rotational solitary waves
are plotted in blue, the corresponding irrotational waves are plotted in orange.

In a second computation, we set v]∞ = 1.6 ms−1 and E∞ = 0.2 m3s−2, so that both waves exists
but the right-going solitary wave has a narrower profile than the left-going one. Again, we set
|Th | = 1200 and k = 2. The different profiles for right-going and left-going waves are expected
to induce non-symmetric oscillations in the corresponding dispersive tails that are observed after
the collision. And indeed, we show on Figure 5.75.7 some snapshots of the waves profiles during
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the evolution, with a zoom on the dispersive tails observed after the collision, and we observe a
particular modulation that shapes the dispersive tail of the right-going wave (which is the narrower
wave). This oscillating tail also appears to be shorter than the one of the left-going wave, which is
more comparable to the dispersive tail that is usually observed with irrotational flows. These two
tests demonstrates the capability of the proposed discrete formulation to handle strong nonlinearity
and dispersion in rotational solitary waves.

Figure 5.7: Collision of rotational solitary waves - Case v
]
∞ = 1.6 ms−1 and E∞ = 0.2 m3s−2 -

Snapshots of the free surface at several times during the propagation.

5.4.4 Shoaling of rotational solitary waves
In this subsection, we aim at qualitatively studying the shoaling of rotational solitary waves over a
varying topography. As a first assessment, we reproduce the test initially proposed in [9898] with a
WENO method. We consider a 200 m long channel with H0 = 1 m and the topography is defined
as follows

b(x) =
H0
10

(
1 + tanh

( x − xc

λ

))
,

with xc = 100 m and λ = 20 m. A right-going rotational solitary wave corresponding to the choice
E∞ = 0.2 m3s−2, v]∞ = −1.5 ms−1 is initially centered at x = 20 m and propagates with an initial
celerity c = 3.53 m s−1 (the celerity associated with the irrotational solitary wave of similar relative
amplitude is 3.43 m s−1). We show on Figure 5.85.8 some snapshots of the free surface at several times
during the propagation. For comparison purpose, we also plot in light blue the corresponding free
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Figure 5.8: Shoaling of rotational solitary waves - Case v
]
∞ = −1.5 ms−1 and E∞ = 0.2 m3s−2 -

Snapshots of the free surface at times t = 20 s, 30 s and 35 s.

surface of an irrotational solitary wave of similar relative amplitude.

To further investigate the influence of the rotational terms on wave shoaling, we place a wave
gauge at x = 140 m and the corresponding time series of the free surface elevation for the rotational
and irrotational waves are plotted on Figure 5.95.9. In a second test, we numerically reproduce the
experimental set-up detailed in [7575], for an incident solitary wave of relative amplitude ε = 0.2,
which propagates and breaks over a planar beach with a slope of 1 : 35 in a computational domain
of 85 m long and a water level at rest H0 = 1 m.
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Figure 5.9: Shoaling of rotational solitary waves - Case v
]
∞ = −1.5 ms−1 and E∞ = 0.2 m3s−2 -

Time series of the surface elevation at x = 140 m.
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Figure 5.10: Shoaling of rotational solitary waves - Three different initial solitary waves for the
experimental set-up of [7575].

We perform the computations with three different solitary waves, corresponding to the following
values: i) v]∞ = −1.5 ms−1 and E∞ = 0.2 m3s−2, ii) v]∞ = 0 ms−1 and E∞ = 0 m3s−2, iii)
v
]
∞ = 1.5 ms−1 and E∞ = 0.2 m3s−2. These three sets of values lead to the three initial wave profiles
shown on Figure 5.105.10. Note that the blue wave profile is the solitary wave classically obtained
in the irrotational case. We set |Th | = 200 and k = 2 and compute the waves propagation over
the uneven bottom up to the breaking point. Numerical results are shown on Figure 5.115.11 as time
series of the free surface measured from four different wave gauges located at x1 = 20.96 m, x2 =
22.55 m, x3 = 23.68 m, x4 = 24.68 m. We observe a slightly increase shoaling in the two situations
involving a non-zero vorticity.
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Figure 5.11: Shoaling of rotational solitary waves - Time series of the surface elevations at four
locations along the channel.

5.4.5 Run-up of rotational solitary waves
To conclude this section, we focus on the ability of the proposed discrete formulation to deal with
the occurence of dry areas. Considering the experimental set-up initially proposed in [153153], we
study the run-up of a rotational solitary wave over a beach with constant slope 1:19.85, in a 100 m
long domain. The incident wave is supplied using (5.615.61), with a water level at rest H0 = 1m and a
relative amplitude ε = 0.02 m. We recall that in this work, we do not introduce any mathematical
and numerical treatment that may allow to consider the occurrence of wave-breaking in a stable
way. We also recall that irrotational flows, ε = 0.02 m is the threshold amplitude which prevents
wave-breaking from occurring. As weakly sheared flows are considered within equations (5.195.19)
(as assumed in the derivation proposed in [2525]), we observe that such a threshold value for non-
breaking waves may reasonably also be used for the particular rotational flow under study in this
test. For the solitary waves provided by (5.615.61), and for any given value of E∞, positive values of
v
]
∞ lead to narrower wave profiles. Our numerical investigations show that wave-breaking tends
to occur slightly sooner for solitary waves with narrower profiles. Hence, we choose here to set
E∞ = 0.2 m3 s−2 and v

]
∞ = −0.2 m s−1, as negative values for v]∞ lead to larger wave profiles. The

mesh is set to |Th | = 500 elements and the polynomial order to k = 2. The solitary wave is initially
centered at x = 40 m. The wave propagation is computed up to t = 30 s, after the wave run-up
and reflection. The resulting numerical results are plotted on Figure 5.125.12. The computation is
performed in a stable way and the preservation of the positivity of the water height and the second
order moment is ensured. In particular, the run-up is computed in a stable way for this augmented
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set of equations, without any spurious oscillations and we do not have to artificially cancel the
dispersive correction in the vicinity of dry areas.

Figure 5.12: Run-up of rotational solitary waves - Case ε = 0.02, E∞ = 0.2 m3 s−2 and v
]
∞ =

−0.2 m s−1 - Snapshots of the free surface at four times during the wave propagation.
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Chapter 6

Conclusion et perspectives

Au cours de ces travaux, nous avons étudié et analysé des modèles d’écoulements de type Shallow
water, à savoir, les équations de SGN avec et sans vorticity en 1d. La dérivation de ces équations
est fournie dans le Chapitre 2, en détaillant les étapes de calcul fournies dans [2525]. Nous avons
ensuite proposé des schémas numériques capable d’approcher ces équations, en préservant les états
d’équilibre au repos et produisant des hauteurs d’eau positives.

Nous avons dans un premier temps, étudié la construction d’une nouvelle formulation discrète
de type Galerkin discontinue pour approcher la solution des équations SGN classiques dans un
cadre horizontal unidimensionnel. Une nouvelle formulation discrète non conforme appartenant à
la famille des méthodes Galerkin discontinues à pénalité intérieure symétrique pondérée (SWIP-
DG) est introduite pour approcher avec précision les solutions de l’opérateur elliptique du second
ordre apparaissant dans les équations SGN. La formulation discrète globale qui en résulte est ensuite
validée par un ensemble étendu de cas test, y compris des études de convergence et des compara-
isons avec des données tirées d’expériences. Le schéma présente l’avantage d’une formulation
consistante, stable, coercive, et préserve les états d’équilibre au repos et elle est capable de produire
des hauteurs d’eaux positives.

Nous nous sommes ensuite intéressé à l’étude des équations de SGN avec vorticité dérivées dans
[2525], ces équations SGN avec vorticité admettent une famille de solutions de types ondes solitaires.
En prolongeant les travaux antérieurs développés pour l’étude des écoulements irrotationnels, nous
avons reformulé les modèles comme un système pseudo-hyperbolique complété par des termes
sources algébriques qui rende compte de la correction non hydrostatique et dispersive, ainsi que de
l’interaction entre vorticité et effets dispersifs. Nous avons introduit une discrétisation DG globale
pour les équations de SGN rotational, qui présente des propriétés intéressantes. Une méthode
robuste de Runge-Kutta DG (RK-DG) est développée pour la partie hyperbolique du modèle. Cette
méthode repose sur un solveur de Riemann HLLC adapté, spécialement conçu pour assurer la
préservation de l’ensemble convexe d’états admissibles au niveau discret.

Concernant les perspectives, il est naturel de penser à considerer maintenant les extensions en
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dimension 2 d’espace pour ces schémas. Aussi, il peut être intéressant d’utiliser le schéma proposé
dans notre chapitre 5 pour les modèles de déferlement de [8989, 137137] et ainsi assurer la robustesse
des schémas numériques pour ces modèles.

En outre, la question de la construction d’une méthode d’approximation pour les équations
SGN à vorticité générale en gardant les termes du second ordre (5.155.15) est une question ouverte.
Ces équations peuvent être reformulées ainsi:



∂t H + ∂x(Hv̄) = 0,
(1 + T[H, b])[∂t(Hv̄) + ∂x(Hv̄2)] + gH∂xζ + HQ1[H, b](v̄)

+ ∂x(H3
e) + HC[H](Hv], v̄) = 0,

∂t(Hv]) + ∂x(Hv̄v]) = 0,
∂t(He) + ∂x(Hv̄e + H2

f) + ∂x(H2)f = 0,
∂t(Hf) + ∂x(Hv̄f) = 0,

(6.1a)

(6.1b)
(6.1c)
(6.1d)
(6.1e)

et nous voyons apparaitre deux difficultés supplémentaires: (i) le terme de flux "conservatif" dans
l’équation d’évolution sur e est modifié par rapport à la situation sans f, avec un nouveau terme
en ∂x(H2f), (ii) il y a un terme non-conservatif en ∂x(H2)f dans l’équation d’évolution sur e. La
présence de ce terme non conservatif invalide la stratégie proposée ici pour assurer la positivité de
e. Plus généralement, la question de la construction d’une formulation discrète pour ce système est
intéressante. En oubliant provisoirement les termes dispersifs, et en ne gardant que les termes avec
dérivées du premier ordre, pour lesquels nous pourrions être tenté de développer une méthode DG
décentrée "hyperbolique", nous obtenons:



∂t H + ∂x(Hv̄) = 0,
∂t(Hv̄) + ∂x(Hv̄2) + gH∂xζ + ∂x(H3

e) = 0,
∂t(Hv]) + ∂x(Hv̄v]) = 0,
∂t(He) + ∂x(Hv̄e + H2

f) + ∂x(H2)f = 0,
∂t(Hf) + ∂x(Hv̄f) = 0.

(6.2a)
(6.2b)
(6.2c)
(6.2d)
(6.2e)

Notons qu’en négligeant les termes en f dans l’équation (6.2d6.2d), nous retrouvons le système
étudié dans le chapitre précédent pour lequel le solveur de Riemann HLLC a été construit. Notons
également que deux équations ont des termes non-conservatifs dans ce système: l’équation sur Hv̄

avec le terme classique en gH∂xb, et l’équation sur He avec le terme ∂x(H2)f et qu’il est important
d’essayer de traiter ce nouveau terme non-conservatif ∂x(H2)f de façon appropriée afin d’essayer
d’assurer la positivité de e.
Le système (6.26.2) peut maintenant s’écrire de manière plus compacte ainsi:

∂tw + ∂xF(w) = B(w, b), (6.3)
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avec

w =

©­­­­­«
ζ

Hv̄

Hv]

He
Hf

ª®®®®®¬
, F(w) =

©­­­­­«
Hv̄

F (w)
Hv̄v]

Hv̄e + H2f
Hv̄f

ª®®®®®¬
, B(w, b) =

©­­­­­«
0

−gH∂xb
0

−∂x(H2)f
0

ª®®®®®¬
, (6.4)

with
F (w) = Hv̄2 + p(H,e), (6.5)

p(H,e) =
1
2
gH2 + H3

e. (6.6)

Il est intéressant de constater que la matrice jacobienne F′(w) va maintenant dépendre aussi de f
et que ses valeurs propres aussi. Les premières études de l’algèbre associée à F′(w) montrent qu’il
n’y a pas de formules explicites pour les valeurs propres, obtenues comme racines d’un polynôme
de degré 5. Il est toutefois possible de fournir une description asymptotique de ces valeurs propres
en fonction de µ, à la précision du modèle et de mettre ainsi en évidence la contribution de ce
terme. Une piste de recherche pourrait ainsi être de construire un solveur de Riemann approché
associé à ce système, en essayant de discrétiser convenablement le terme non-conservatif. Deux
possibilités, au moins, peuvent être envisagées pour traiter ce terme non-conservatif: (i) proposer
un modèle de relaxation adapté pour lequel ce terme est relaxé, (ii) traiter ce terme par une approche
path-conservative.

Un autre thème de recherche nous ouvre certaines perspectives: nous travaillons sur des mod-
èles asymptotiques de propagation d’ondes internes unidimensionnelles à l’interface entre deux
couches de fluides non miscibles de densités différentes, sous hypothèse couvercle rigide et à fond
plat [5656, 5858]. Un nouveau modèle de type Green-Naghdi dans le régime de Camassa-Holm (ou
moyenne amplitude) est développé dans [5757]. Ce modèle est pleinement justifié, dans le sens où
il est cohérent, bien posé, et que ses solutions restent proches des solutions exactes du systèmes
d’Euler complet avec des données initiales correspondantes. Le domaine de deux couches est infini
dans l’espace horizontal variable (ici on travaille en d=1) et délimité en haut par un couvercle
plat et rigide, et en bas par un fond plat. De plus, les fluides sont supposés homogènes, idéaux,
incompressibles et irrotationnels. Ce modèle a été reformulé dans [2323] pour améliorer sa dispersion
fréquentielle et pour qu’il soit plus adapté à la résolution numérique, un schéma de splitting de
second ordre a été developpé dans [2323] pour la résolution du modèle de Green-Naghdi amélioré,
où la partie hyperbolique du systéme est traité avec un schéma de volume finis d’ordre élevé et la
partie de dispersion est traité avec une approache de différence finies. L’objectif de notre travail
est de développé un schéma de type Galerkin discontinu d’ordre élevé pour l’approximation des
solutions de modèle de Green-Naghdi amélioré en prolongeant nos travaux antérieurs.
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