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ding of western culture, especially, the France culture. The experience of studying abroad will guide me in various aspects.

La classification est l'une des t âches les plus importantes dans la reconnaissance de formes, le traitement d'images ainsi que l'aspect fondamental du travail de l'intelligence artificielle. Avant l'apparition de l'apprentissage profond, les personnes passaient beaucoup de temps à l'ing énierie des fonctionnalit és (feature engineering) du fait qu'une s élection appropri ée des fonctionnalit és pouvait évidemment am éliorer la performance de la classification. Cependant, l'augmentation de l' échelle des donn ées, entraînant une augmentation exponentielle de la composition des fonctionnalit és, pose de grands d éfis au choix des fonctionnalit és pertinentes, et les algorithmes traditionnels (comme l'ACP) ne sont peut -être pas appropri és. Ainsi, il est urgent de d évelopper des algorithmes plus efficaces avant d'appliquer le classificateur aux donn ées. Tout d'abord, nous nous concentrons sur le diagnostic des maladies cardiaques par l'introduction d'une m éthode d'information mutuelle (mRMR) et nous soulignons les avantages des ensembles de donn ées originaux (74 fonctionnalit és) par rapport aux ensembles de donn ées de traitement (13 fonctionnalit és), qui sont toutefois populaires dans les études actuelles. De plus, nous avons v érifi é la rationalit é de la combinaison incr émentale de fonctionnalit és pour obtenir la meilleure combinaison. En comparant les fonctionnalit és de soutien choisies par le mRMR à partir de l'ensemble de donn ées original avec les fonctionnalit és m édicales, nous avons constat é que certaines fonctionnalit és non m édicales peuvent également contenir des renseignements positifs. Ensuite, une m éthode adaptative de maximisation de l'information mutuelle conditionnelle (ANPFCMIM) est propos ée pour r éduire l'incertitude de la cible et la segmentation des fonctionnalit és. ANPFCMIM se compose de deux parties : la partition adaptative du voisinage et la recherche d'un facteur de partition appropri é de l'information mutuelle; La m éthode de maximisation de l'information mutuelle conditionnelle compl ète vise à obtenir plus d'information mutuelle conditionnelle. Les r ésultats montrent que l'ANP est utile pour trouver une partition appropri ée et que la FCMIM peut encore am éliorer l'effet du classificateur. Enfin, bien que la combinaison incr émentale de fonctionnalit és se soit bien comport ée dans la recherche de la combinaison optimale, il existe encore une redondance dans les fonctionnalit és s électionn ées par le mRMR. Cependant, la recherche d'une combinaison optimale est un probl ème NP-difficile, si le nombre de fonctionnalit és est N, il est n écessaire de tester la combinaison 2 N -1. Les algorithmes heuristiques, tels que les algorithmes g én étiques, sont les m éthodes les plus couramment utilis ées pour r ésoudre les probl èmes d'optimisation. La plupart de ces algorithmes peuvent obtenir de bons r ésultats dans un d élai acceptable. Nous utilisons un m écanisme dynamique pour am éliorer l'algorithme g én étique traditionnel et le combiner avec la m éthode mRMR. Les exp ériences montrent que notre m éthode est meilleure que l'algorithme g én étique ainsi qu' à d'autres algorithmes heuristiques, tels que l'algorithme de pollinisation des fleurs (APF), l'algorithme d'optimisation des baleines (WOA) et l'algorithme d'optimisation par essaims particulaires (OEP).

Classification is not only one of the main tasks widely appearing in pattern recognition, and image processing, but also the fundamental work of artificial intelligence. Before the advent of deep learning, people spent lots of time on feature engineering due to proper selected features that can obviously enhance classification performance. However, the increment of data scale, incurring exponential growth of feature combinations, brings big challenges to selecting the related features, and traditional algorithms such as PCA may not be suitable, so it is urgent to develop more efficient algorithms before applying classifiers to data. Firstly, we focus on heart disease diagnosis by introducing the mutual information method (mRMR) and emphasizing the advantage of original dataset ( 74 features) compared to the processed dataset (13 features), however, that is popular in current research. Besides, we also verify the rationality of the incremental feature combination to obtain the best combination. Comparing the supportive features selected by mRMR from the original dataset with the medical features, we find that some features not from a medical view could also contain some positive information. Then, we address target uncertainty reduction and feature partition problems and propose an adaptive neighborhood partition full conditional mutual information maximization method (ANPFCMIM). ANPFCMIM consists of two parts: the adaptive neighborhood partition, searching for the proper mutual information partition factor; Full conditional mutual information maximization method, aiming to obtain more conditional supportive mutual information. The results display that ANP is beneficial to discover proper partition, and FCMIM can further promote the classifiers' effect. Finally, redundancy still exists within the mRMR selected features, even though the incremental feature combination could perform well in searching for the best combination. However, pursuing the optimal combination is an NP-hard problem, that needs to test 2 N -1 combinations if the number of features is N. Heuristic algorithms, such as genetic algorithm are the most used method in dealing with an optimization problem, and most of them can obtain pretty good results in an acceptable time. We improve the traditional genetic algorithm with a dynamic mechanism and combine it with mRMR method. Experiments demonstrate our method is better than the genetic algorithm and other heuristic algorithms, such as Flower Pollination Algorithm (FPA), Whale Optimization Algorithm (WOA), and Particle Swarm Optimization (PSO). Discovers patterns from unlabeled data. Semi-supervised Learning For both labeled and unlabeled data can be used.

Linear Technique

Represents each reduced dimension as a linear combination of the original dimension.

Nonlinear Technique Each reduced dimension results from a nonlinear transformation of the original dimensions.

Local

Based on neighborhood relationship.

Global

All the pairwise distances are considered.

Parametric

Parametric methods are based on an explicit number of parameters involved.

Nonparametric

Non-parametric methods do not assume a specific functional form, rather they can be directly assigned to different data points.

Curse of Dimensionality

The curse of dimensionality is the expression of all phenomena that appears with HDD. This can rise in difficulty when training models with high-dimensional data.

GENERAL INTRODUCTION FIGURE 1 -Data center

With the development and popularization of electronics and the internet, more and more devices are appearing in our lives, concomitantly, the data recording society activities are increasing exponentially. We are now in the big data era, and the great amount of highdimensional data has become ubiquitous in various domains, for instance, healthcare, social media, industrial production, financial sector, bioinformatics [START_REF] Li | Feature selection : A data perspective[END_REF], etc.

According to the related report, before 2003, humanity generated around 5 exabytes of data. By 2008, the number is 14.7 exabytes. In 2014, that year produced 2.5 exabytes of data, in addition, the volume, velocity, variety, and complexity of datasets are continuously increasing [START_REF] Bol Ón-Canedo | Recent advances and emerging challenges of feature selection in the context of big data[END_REF]. Cisco Systems' report indicates that, only in the mobile traffic department, the amount of data increased from 7 exabytes per month in 2016 to 49 exabytes per month in 2020 [START_REF] Shinkuma | Flow control in sdn-edge-cloud cooperation system with machine learning[END_REF].

When dealing with big data, the first problem is storage, which is the basis for further using these data. It is necessary to consider the characteristics, such as scalability, reliability, and availability, as the design goals for big data storage technology. In physical aspect, modern internet giants usually need to build many data centers with high energy consumption. Someone estimated that the global data centers account for around 1% of worldwide electricity use, and these trends have clear implications for global energy demand [START_REF] Masanet | Recalibrating global data center energy-use estimates[END_REF]. To save energy, these giants have set up data centers in places with good heat dissipation conditions and low electricity prices. In software aspect, the scale influence of big data also brings challenges to the search system. Each second,

Google will process about 70 thousand search queries. As a countermeasure, they put up the MapReduce technique, a programming model, and an associated implementation for processing and generating large datasets that are amenable to a broad variety of realworld tasks [START_REF] Dean | Mapreduce : simplified data processing on large clusters[END_REF]. Another technique is Spark, designed to function in a

Hadoop environment, and to meet the limitations of MapReduce, it is the alternative to batch map/reduce [START_REF] Zaharia | Apache spark : a unified engine for big data processing[END_REF].

Besides, the variety of applications leads to the difference in data type. The emergence of novel data types usually requires designing corresponding machine learning algorithms and databases. Since 2000, non-relational database has frequently appeared in our life.

The term NoSQL emerged in 2009 and was a term that contrasted relational databases with a new type of database that supported Big Data [Lourenc ¸o et al., 2015]. Based on technical differences, NoSQL databases are categorized as, key-value DB, graph DB, document DB, and column DB.

When focusing on data, we can roughly categorize the data into two types, static data and streaming data. Static data indicates the data is stored in the database before processing.

Contrarily, streaming data is processed as an event before it's stored. When the event is processed, the subsequent results are stored in a database, and then the event is discarded. In the last past decades, nearly all the methods assume that all data samples and their features are known in advance. However, in a practical situation, we must handle the data streams and feature streams. Sometimes, the size of data or features is unknown or even infinite. Before entering into the prosperous data era, the core task of AI is developing better performance algorithms. [START_REF] Deng | Imagenet : A large-scale hierarchical image database[END_REF]'s data in large-scale images hugely improved the image classification and recognition accuracy and shifted researchers' attention from the algorithm to the data. People realized data's importance in commercial analysis and data mining, etc. Numerous companies and research institutes spend lots of money and manpower in this field. Some of these studies have achieved impressive results.

However, there remain some obstacles hindering big data exploration.

1. The growth of computing ability is far behind the data-increasing scale.

2. Most of cases, there exists redundancy within features.

3.

Features within the data are not independent and their relationships are complex.

4.

The optimal feature combination is an NP-hard problem.

Dimensionality reduction is the most used method to reduce redundant or irrelevant features to solve the above problems. (unsupervised), LDA (supervised), and their derivative algorithms. As for feature selection, researchers loosely divided it into three categories, filter methods, wrapper methods, and embedded methods [START_REF] Jović | A review of feature selection methods with applications[END_REF].

Filter methods select features based on a certain metric regardless of the employed classifier. These methods evaluate features individually and then rank them, combining some top-ranked features to form a subset as classifiers' input. Referencing the metrics, we can roughly classify these metrics into several categories : information [START_REF] Hoque | Mifs-nd : A mutual information-based feature selection method[END_REF],

similarity [START_REF] Alelyani | Feature selection for clustering : A review[END_REF], distance [START_REF] Robnik-Šikonja | Theoretical and empirical analysis of relieff and rrelieff[END_REF], consistency [START_REF] Liu | A probabilistic approach to feature selection-a filter solution[END_REF] and statistic [START_REF] Li | Localized feature selection for clustering[END_REF].

Wrapper methods attempt to test the possible feature combinations with a classifier.

Each subset generation depends on the search strategy, and then the classifier evaluates it. Therefore, it is acknowledged that wrapper methods are not as efficient as filter methods. However, due to the diversity of wrapper methods' search space, it has been empirically proven that wrapper methods can obtain better results than filter methods. According to the search strategy, there are three categories of wrapper methods :

Exponential Complexity Methods, exhaustive search [START_REF] Narendra | A branch and bound algorithm for feature subset selection[END_REF] ; Population Based Approaches, genetic algorithm (GA) [Holland, 1973], particle swarm optimization (PSO) [START_REF] Eberhart | Particle swarm optimization[END_REF] ; Sequential Selection Strategies, sequential forward selection (SFS) [START_REF] Gonzalez-Lopez | Distributed multi-label feature selection using individual mutual information measures[END_REF], sequential backward selection (SBS) [START_REF] Liu | Electroencephalogram emotion recognition based on empirical mode decomposition and optimal feature selection[END_REF].

Embedded methods perform feature selection during the modeling algorithm's execution. The common embedded methods include various types of decision tree algorithms :

CART, C4.5, and random forest [Breiman, 2001].

In this thesis, after analyzing present literature's advantages and drawbacks, we realize information theory methods perform well, simultaneously, with merits, such as simple implementation and good interpretation, they could be a potentially powerful tool to handle current problems. Consequently, we choose the information methods as the base of our research.

Firstly, we address the feature selection problem in heart disease area by introducing the classical mRMR method. Traditional algorithms in this domain are prone to use the processed data (13 features), however, we reckon the processed heart disease data will hinder prediction accuracy. Furthermore, we also verified the effectiveness of the incremental feature combination to search for the optimal combination. We perform comprehensive experiments and display different algorithms' effects.

Then, we study the mutual information for selecting better features. The objective is to propose a novel mutual information method that can accurately calculate the mutual information between two variables. The work mainly focuses on two aspects : designing the novel mutual information algorithm which can largely reduce class label's uncertainty and correctly splitting feature that makes sure mutual information is effective. Extensive experiments are applied to test the proposed model.

Finally, we take the consideration further alleviating feature redundancy by genetic algorithm. Although mutual information provides the ranked features by its criterion, all information methods can't make sure they are the optimal combination. As for the complex interaction within selected features, the heuristic algorithm, such as the genetic algorithm, is an acceptable choice. However, the traditional GA owns the fussy gene process and it is prone to fall into the local optimum. We propose the GA-like dynamic probability method, which simplifies the gene process and enhances the gene variety. Extensive experiments are used to test the proposed model.

PLAN OF THE THESIS

In this thesis, we study dimensionality reduction with the mutual information method for the classification task. The rest of the chapters in this thesis is arranged as follows :

• Chapter 1 conducts a literature review on the dimensionality reduction problem. we carry out the current data growth characteristics, the necessity of dimensionality reduction, and the popular feature extraction and feature selection methods, then, summarize the main objectives of this thesis.

• Chapter 2 addresses feature selection problem in the heart disease prediction.

For a long time, researchers are used to adopting doctor-selected features and ignored the importance of the original features. Besides, we introduced the mutual information in this area and verified the effectiveness of the incremental feature combination methods.

• Chapter 3 engages further in reducing class label uncertainty problems and searching for the most proper attribute division for obtaining a better mutual information value. The proposed mutual information only considers maximizing the conditional mutual information and eliminating part of feature redundancy by the incremental feature combination method. For attribute partition, we adopt the dynamic parameter searching strategy by KNN and MIM. Extensive experiments are conducted to validate the effectiveness of proposed models.

• Chapter 4 addresses the hybrid method for promoting the feature selection effect.

In this chapter, the proposed model consists of two layers : the first layer aims at the global selection conducted by mRMR, and the second layer performs the local selection by the proposed GA method. In the proposed GA method, we replace the traditional gene process with a dynamic probability which enhances the variety in a new generation. In the end, experiments validate the proposed method's effectiveness.

• Chapter 5 concludes the whole thesis and discusses some potential future research directions.

STATE OF THE ART OF

DIMENSIONALITY REDUCTION 1.1/ INTRODUCTION

This chapter provides a literature review of dimensionality reduction. Firstly, we present the background, definition, and application of the dimensionality reduction technique.

Then, we present the categorizations of current high-dimensional data. After, we introduce the characteristics of different dimensionality reduction techniques and their developments. Finally, based on the current research situation, summarizing various methods' advantages and disadvantages, we put up our ideas to solve the dimensionality reduction problems.

1.2/ BACKGROUND, DEFINITION AND ITS APPLICATION

In recent years, with the development of the information industry, we have a stronger capability to monitor and record the information produced in our lives. Numerous applications and domains generate a massive volume of High Dimensional Data (HDD) every day. For example, hundreds of millions of people communicate via social networks, sharing, voting, or publishing their opinions on various events. Each activity participation could add some labels on the user, which usually are treated as the feature [START_REF] Gu | Modeling of user portrait through social media[END_REF]. In the bioinformatics area, countless DNA sequences are waiting to be deciphered. The total amount of these sequences in Whole Genome Shotgun databases grows exponentially, in 2017, it is around 600 hundred mmillion [START_REF] Gauthier | A brief history of bioinformatics[END_REF]. On a wind turbine, various real-time sensors monitor its work state, producing a large volume of data [START_REF] Stetco | Machine learning methods for wind turbine condition monitoring : A review[END_REF]. It is estimated that our society can generate EB-level data every day. Besides the number of samples, the feature also increases so fast. We present the attribute (feature) and sample's growth with time of UCI machine learning respository The direct issue of HHD is the storage problem, internet giants and cloud computing companies must build data centers to store this data. Most of them are willing to locate these data centers in places that provide cheaper electricity and have a good environment, such as proper temperature. The number of servers is more than one hundred million in these giant companies. It is estimated that these data centers account for around 1% of worldwide electricity use, and this trend has clear implications for global energy demand [START_REF] Masanet | Recalibrating global data center energy-use estimates[END_REF]. Except for storage problem, HDD also brings many challenges in searching and processing these data. Internet giants like Google, Facebook, and Amazon, must handle lots of requests and data storage instructions each second. Therefore, big data software came into being, like MapReduce [START_REF] Dean | Mapreduce : simplified data processing on large clusters[END_REF] and Spark [START_REF] Zaharia | Resilient distributed datasets : A {Fault-Tolerant} abstraction for {In-Memory} cluster computing[END_REF]. MapReduce is one of the most known commodity cluster frameworks, that follows a programming model and an associated implementation for processing and generating large datasets. Apache Hadoop is a widely used open-source implementation of MapReduce. Although MapReduce's simplicity attracts many users, there still exist some drawbacks. In MapReduce, every job reads its input data, processes it, and then writes it back to HDFS [Borthakur et al., 2008]. For the next job to consume the output of a previously run job, it has to repeat the read, process, and write cycle. Spark can be used in iterative and batch tasks, even though they are initially designed for batch tasks and iterative tasks [START_REF] Shi | Clash of the titans : Mapreduce vs. spark for large scale data analytics[END_REF], respectively.

The variety of applications generates new data types and stimulates the development of novel NoSQL databases. The NoSQL databases, used as a term that contrasted relational databases, emerged in 2009, although non-relational databases have appeared since 2000. Broadly, researchers divide the NoSQL databases into four categories according to their techniques, such as key-value DB [START_REF] Decandia | Dynamo : Amazon's highly available key-value store[END_REF], graph DB [Angles, 2018], document DB [START_REF] Clifton | The design of a document database[END_REF], and column DB [START_REF] Abadi | The design and implementation of modern column-oriented database systems[END_REF] The differences in data also exhibit in their structures. Some well-known data structures are group, tree, and graph structures. When performing feature selection without consideration of feature structure, it could not capture the vital features, thus, these features may not be suitable for the task. Employing prior knowledge of data structures will help select more relevant features and improve algorithms' performance greatly.

From IBM's Deep Blue to Google's Alpha Go-a period of barely 20 years-AI has developed from neural networks to deep learning algorithms. In 2009, [START_REF] Deng | Imagenet : A large-scale hierarchical image database[END_REF] released a large-scale image database named ImageNet, which contains about 3.2 mil-lion images and makes researchers realize the importance of data in the machine learning task. Since that, data has become particularly important in artificial intelligence, and some people even reckon that data to artificial intelligence is what oil to industry. Data has penetrated all aspects of human life, and we have already entered into the big data era. By analyzing and discovering latent information within data, people can obtain much useful information. Some companies have already taken action. For example, Cambridge

Analytica dug out the Facebook users' data to support the political campaigns [Lapaire, 2018], social networks, and e-commerce platforms to recommend a new friend, activity, or product based on the same features [START_REF] Ning | Personet : Friend recommendation system based on big-five personality traits and hybrid filtering[END_REF], Dhelim et al., 2020]. What's more, quantitative trading makes use of index statistics to earn money, etc.

FIGURE 1.3 -Applications of AI However, as mentioned above, these data always contain hundreds or thousands of features, and it is hard to find the key features. What makes situation worse is that it is beneficial for classification only when several features exit simultaneously, such as gene data, mutiple genes interact with each other. HDD has raised many issues for accurate classification, pattern recognition, and visualization [START_REF] Naik | Challenges and opportunities in high-dimensional choice data analyses[END_REF]. It is apparent that searching for the optimal feature combination is an NP-hard problem, there are 2 N -1 feature combinations with N features, and time complexity with features increases exponentially. Thus, some time-sensitive algorithms, for instance, support vector machine ( SVM ), and artificial neural network (ANN), lose their functions in such situations. Therefore, to make use of HHD, reducing some redundant features is necessary.

Totally, the growth of attributes and samples incurs some problems when handling current data :

1. The growth of computing ability is far behind the data increasing speed : In recent years, computing ability is still insufficient for processing high-dimensional problems even if it follows Moore's law which indicates the computer chip performance doubles every eighteen months [START_REF] Theis | The end of moore's law : A new beginning for information technology[END_REF]. For example, if the feature number is more than 60, it will form more than trillions of combinations.

Most of cases, there exits redundancy and irrelevancy within features :

With the increment of feature scale, it is unavoidable that some features play no or the same role in predicting the label. Some redundant and irrelevant features not only cost computing resources but also could harm classifiers' performance.

3. Features within data are dependent, and their relationships are complex :

Usually, there are complex interactions among features which leads to only multiple features instead of the individual feature are beneficial to the classification. Therefore, accurately recognizing these interactions will enhance the final results, but, it is difficult to discover these interactions. 1. The demand for data storage space is reduced.

2.

It can promote algorithm's performance and accuracy.

3.

It simplifies the classification process.

4.

Redundant, irrelevant, and noisy data are removed.

5.

It is helpful to design and examine the patterns.

6. It enhances the data quality. vs. global, etc. Some notions are presented in Table 1. The widely used techniques are orthogonal projections within various dimensionality reduction methods. The reason for orthogonal projections' popularity is in part thanks to their simple geometric interpretation as a low-dimensional view of high-dimensional data [START_REF] Cunningham | Linear dimensionality reduction : Survey, insights, and generalizations[END_REF]. Representative linear methods include Principal Component Analysis (PCA) and Linear Discriminant Analysis (LDA) [START_REF] Martinez | Pca versus lda[END_REF].

1.3.1.1/ LINEAR DIMENSION REDUCTION
A) PCA The PCA was developed in the early 20th century by Pearson [START_REF] Pearson | Liii. on lines and planes of closest fit to systems of points in space[END_REF] and Hotelling [Hotelling, 1933], and it is an unsupervised linear algorithm, suitable for the data with Gaussian distribution. PCA has been used in many research areas, like image recognition, and text mining. The goal of PCA is to explore a set of independent features known as Principal Components (PCs). The first PC contains the most information, the second PC owns the second most, and so on. It uses matrix transformation to achieve the goal of dimensionality reduction, makes information loss as small as possible, and lets the values of variances become as large as possible. Let W represent the transformation matrix that transfers the original t-dimensional feature matrix X into the f -dimensional feature matrix Y where f < t. The new feature vector y i = W T x i , i = 1, ..., N. The columns of W are the eigenvalues e i obtained by solving the eigenstructure decomposition λ i e i = Qe i , where Q = XX T is the covariance matrix and λ i is the eigenvalue associated with the eigenvector e i .

Researchers have developed many variants of PCA for satisfying different situations. For the nonlinear dimensionality reduction problem, [START_REF] Kambhatla | Dimension reduction by local principal component analysis[END_REF]] employed a local linear approach inventing the novel extension to the original PCA called Local PCA (LPCA). Their results displayed the outperformance of LPCA compared with the no-linear PCA NN and PCA on speech and image data. For reducing the influence of outliers, [START_REF] Locantore | Robust principal component analysis for functional data[END_REF] developed Robust PCA (RPCA) to strengthen the robustness of the traditional algorithms for functional data. [START_REF] Hubert | Robpca : a new approach to robust principal component analysis[END_REF] proposed Robust PCA (ROBPCA) combining the advantages of projection pursuit(PP) and robust covariance estimator. ROBPCA yields more accurate estimates of noncontaminated datasets and more robust estimates of contaminated data. What's more, some works [Scheffer, 2002, Serneels et al., 2008] [START_REF] Vidal | Generalized principal component analysis (gpca)[END_REF] GPCA segmenting subspaces computer vision [START_REF] Wang | Object tracking using incremental 2d-pca learning and ml estimation[END_REF] 2D-PCA characterizing objects video surveillance [START_REF] Qiu | Performance comparison of target classification in sar images based on pca and 2d-pca features[END_REF] 2D-PCA image classification [START_REF] Lu | Mpca : Multilinear principal component analysis of tensor objects[END_REF] Multi-linear PCA tensor object recognition gait recognition [START_REF] Happ | Multivariate functional principal component analysis for data observed on different (dimensional) domains[END_REF]] MFPCA extending domains image analysis [START_REF] Zou | Sparse principal component analysis[END_REF] SPCA sparse loading gene expression [START_REF] Journ Ée | Generalized power method for sparse principal component analysis[END_REF] GP-SPCA optimization formulation gene expression [START_REF] Yi | Joint sparse principal component analysis[END_REF]] JSPCA selecting and noise reduction mutil-task [START_REF] Abid | Exploring patterns enriched in a dataset with contrastive principal component analysis[END_REF] cPCA discovering subgroup protein expression [START_REF] Kumar | Random permutation principal component analysis for cancelable biometric recognition[END_REF] RP-PCA dimensionality reduction biometric recognition

S w = c j=1 N j i=1 (X j i -µ j )(X j i -µ j ) T
where X j i is the ith sample of class j, µ j is the mean value of class j, c is the number of the classes, and N j is the sample amount in class j.

S b = c j=1 (µ j -µ)(µ j -µ) T
where µ is the mean of all classes. To achieve the aim of the largest inter-class differences and the smallest intra-class differences, we can maximize the ratio det|S b | det|S w | . If S w is a nonsingular matrix, this ratio is maximized when the column vector of the projection matrix, W, are the eigenvectors of S -1 w S b .

We display the calculation similarity and difference of PCA and LDA in Fig. 1.7.

In terms of extensions, there are a few vital constraints of classical LDA : each sample must be labeled with only one class (no mixed membership, no missing observations), and the class boundaries are modeled as linear. In the first extension, one might have incomplete class labels ; [Yu et al., 2006a] extended LDA (with a probabilistic PCA framework) to the semi-supervised setting where not all points are labeled. Second, data points may represent a mixture of multiple features, such that one wants to extract a projection where one feature is most discriminable. [START_REF] Brendel | Demixed principal component analysis[END_REF]] offer a possible solution by marginalizing covariances over each feature of interest. Third, [START_REF] Mika | Fisher discriminant analysis with kernels[END_REF] chers applied SVD in various area, such as image processing [Sadek, 2012], pattern recognition [START_REF] Mcgivney | Svd compression for magnetic resonance fingerprinting in the time domain[END_REF], gene expression data [START_REF] Min | Group-sparse svd models via l 1 l 1-and l 0 l 0-norm penalties and their applications in biological data[END_REF], bioinformatics [START_REF] Bismar | Interrogation of erg gene rearrangements in prostate cancer identifies a prognostic 10-gene signature with relevant implication to patients' clinical outcome[END_REF]. Let X denote an m×n matrix of the real-world data, and its rank is The number of the singular values is k. One vital function of SVD is to reconstruct X matrix by the matrices U, V, and S . The process of matrix decomposition is time-consuming but can be improved with random sampling, sensitive to outliers, and nonlinearities in data.

Besides, results obtained by SVD are not always the best for visualization, and it is hard to interpret the meaning.

[ [START_REF] Husson | Imputation of mixed data with multilevel singular value decomposition[END_REF] proposed the multi-level SVD with the imputation method, which aims to solve the problem with data collected from diverse sources. This approach is profound in different fields, such as education and medical areas.

D) Latent semantic analysis Latent Semantic Analysis (LSA), based on PCA or SVD, is mainly used in text documents data mining and was first introduced by [START_REF] Dumais | Using latent semantic analysis to improve access to textual information[END_REF] as a technique for information retrieval. Most methods of retrieving information rely on the lexical match between words in the query and those in documents. However, there is a tremendous amount of irrelevant information when matching, a term may incur conflict in identification because the same spelling has different usages. The LSA analysis consists of four main steps [Dumais et al., 2004]. 1) Term-Document Matrix. The Various applications used LSA for classifying terms and documents, summarizing collections of documents [Evangelopoulos, 2013], to analyze the professional's competency pattern for successful business management [M üller et al., 2016].

E) Locality preserving projections

Locality Preserving Projections (LPP) relies on the linear approximation of the nonlinear Laplacian Eigen map [START_REF] He | Learning a locality preserving subspace for visual recognition[END_REF]. LPP reckons that PCA and LDA attempt to preserve the global structure, while the local structure is more important in many real-world situations. LPP tries to find the w 1 , w 2 , ..., w m vectors to map the high-dimensional data X into the low-dimensional Y data. w T XDX T w should be equal to one. The objective function of LPP is as follows :

min y ij (w T x i -w T x j ) 2 S ij (1.1)
S i j is the affine similarity matrix and computed as follows :

S i j = e - ∥x i -x j ∥ t
If the neighboring points x i and x j are mapped far away, the value of symmetric weights S i j will incur a heavy penalty. Thus, the objective function is to ensure that the relation between x i and x j also happens on the y i and y j . The objective function can be reduced as follows :

1 2 i j (y i -y j ) 2 S i j = i j (w T x i -w T x j ) 2 S i j = i w T D ii x i - i j w T x i S i j w T x j = w T X(D -S )X T w = w T XLX T w (1.2)
where X = [x 1 , x 2 , ..., x n ], and D is a diagnonal matrix, D ii = j S i j . L = D S is called the Laplacian matrix.

LPP has been used in various areas such as image classification, face recognition, etc.

We list some of them in Table 1.2. , 1997]. KPCA computes the principal eigenvectors of the kernel matrix instead of the covariance of a matrix. About its theory, KPCA transforms the original data from the low space to the high space using the kernel function. The inner product concerning complex transformation forms a kernel matrix K. Then, applying PCA on the centralized K to calculate the covariance matrix.

There are several popular kernel functions, including Gaussian, Radial, Polynomial, etc.

The radial kernel with the bandwidth b is calculated as follows :

K(x i , x j ) = exp(- ∥y i -y j ∥ 2 2b 2 )

B) Convolutional neural network The emergence of Convolutional neural networks

CNNs is original from artificial neural networks (ANNs). Since CNN has achieved impressive achievements in many areas, it attracted much attention from both industry and academia in the past few years. CNN employs the convolutional kernel to reduce the number of parameters, it is more effective and fast to extract vital information. It successfully overcomes the defects in PCA and releases the traditional feature extraction from statistic tools. [START_REF] Mcculloch | A logical calculus of the ideas immanent in nervous activity[END_REF] firstly put up the mathematical model of neurons. [START_REF] Rumelhart | Learning representations by back-propagating errors[END_REF] proposed the error backpropagation concept on a multilayer feedforward network, which solved some problems in the single-layer perception. The appearance of 1-D [START_REF] Waibel | Phoneme recognition using time-delay neural networks[END_REF]] CNN and 2-D CNN [START_REF] Zhang | Shift-invariant pattern recognition neural network and its optical architecture[END_REF] denotes the maturation of CNN in structure. The advent of effective solutions in local optimum, overfitting [START_REF] Krizhevsky | Imagenet classification with deep convolutional neural networks[END_REF], gradient vanishing, and gradient exploding [Ruder, 2016] means maturation of CNN in the application. After that, many novels worked on ideas such as residual error [START_REF] He | Deep residual learning for image recognition[END_REF], attention mechanism [START_REF] Bahdanau | Neural machine translation by jointly learning to align and translate[END_REF] proposed.

At present, CNN has dominated nearly all kinds of computer vision tasks.

1.3.2/ FEATURE SELECTION

Researchers broadly divided the feature selection methods into three categories : filter methods, wrapper methods, and embedded methods. Filter methods rely on criteria to rank each feature's importance, and select key features to form a subset. Then, the subset as the input of the classifier ; Wrapper methods often consist of two parts : searching subset and testing the subset by a classifier, these methods will search and evaluate feature combination iteratively until the threshold is reached ; The embedded methods put the searching subset process and evaluating process together.

1.3.2.1/ FILTER METHODS

A) Correlation Criteria

Correlation Criteria (CC) is based on the relevancy between the independent feature x j and the target y. The feature with the higher value will be reckoned more useful. One of the widely used criteria is Pearson Correlation Coefficient, computed as follows :

ρ(x j , y) = cov(x j ,y) √ var(x j )var(y)
where cov(.,.) and var(.,.) denote the covariance and variance, respectively.

B) χ 2 Statistics χ 2 applies to the situation where the feature and target are both discrete values. Assume n p,q denotes the number of samples that own the p different values of the j-th feature and the q different values of the target y, p = {1, ..., p}, q = {1, ..., q} The χ 2 measure for the j-th feature is calculated as follows :

χ(x j , y) 2 = p p=1 q q=1 (n p,q -E p,q ) 2 E p,q
where E p,q is the expected value of n p,q and is computed as :

E p,q = n × Pr(p) × Pr(q) = n × q q=1 n p,q n × p p=1 n p,q n
χ 2 Statistics could be not suitable when some of the values of features own the low frequency, because E p,q becomes inaccurate at low frequencies.

C) Mutual Information Maximization

Mutual Information Maximization (MIM), also named Information Gain (IG), is to measure the dependence between two variables. The concept of MI is derived from Shannon's information entropy :

H(X) = - X p(x)log(p(x))
H(X) represents the uncertainty of the variable X. Based on the theory of information entropy, the joint information entropy between two variables is put up :

I(X; Y) = - X Y p(X, Y)log( p(X,Y) p(X)p(Y) )
where p(X, Y) is the joint probability density function, mutual information is used to evaluate the uncertainty when the new variable vector appears. The value of I(X, Y) is nonnegative, If X and Y are independent, MI equals zero, otherwise, I(X, Y) is greater than zero. For maximizing the total I(X, Y), a greedy selection algorithm is applied. MIM doesn't consider redundancy when accumulating features. Some researchers [START_REF] Vergara | A review of feature selection methods based on mutual information[END_REF] believe that if a variable is redundant, this doesn't indicate that it's useless when combined with other variables. The theory of MIM is comparatively simple, based on MIM, researchers have put up many similar methods, and mutual information theory plays an essential role in feature selection.

D)Minimal-Redundancy-Maximal-Relevance

Minimal-Redundancy-Maximal-Relevance (mRMR) aims to overcome the drawback in MIM by considering both the relevancy and reduntancy [START_REF] Ding | Minimum redundancy feature selection from microarray gene expression data[END_REF]. In mRMR, one feature is ranked as follows :

J(x j ) = I(x j ; y) -1 |S | x k ∈S I(x j ; x k )
where S and |S | are the subset and number of the selected features, respectively. The structure of mRMR is simple and effective. Its performance is better than the traditional MIM method and it has been widely used in feature selection.

E) Fast Correlation-based Filter

Fast Correlation-Based Filter (FCBF) [START_REF] Yu | Feature selection for high-dimensional data : A fast correlation-based filter solution[END_REF] is one of the methods based on information entropy, also called Symmetrical Uncertainty (SU), to calculate correlation considering relevance and redundancy. It is computed as follows :

S U(X; Y) = 2( IG(X;Y) H(X)+H(Y) )
where IG(X; Y) = H(X) -H(X|Y), Y is the target label. A threshold value for S U(x i , Y) is the first filter to determine whether a feature is relevant or not. A subset of features S is selected by this threshold. Sorting all the S U(x i ; Y), then, calculating all the S U(x j ; x i )

where S U(x j ; Y) is below S U(x i ; Y). If S U(x i ; x j ) > S U(x j ; Y), then deleting x j . 1.3.2.2/ WRAPPER METHODS
Wrapper methods aim to continuously generate the subset of features and evaluate its effectiveness with a classifier until the feature number is on the threshold. The search for the best subset of the feature set is an NP-hard problem. These search methods have two groups : Sequential and Metaheuristic algorithms.

A) Sequential Selection Methods Sequential Selection Methods have two branches :

Sequential Forward Selection (SFS) and Sequential Backward Selection (SBS). In SFS, the set S of selected features is initially empty. Then, the new feature is added to S one by one if the addition could improve the model performance. This process is repeated until the required feature number is satisfied. In SBS, on the contrary, the set S includes all features at the beginning and removes part of features sequentially. Both two methods ignore the dependence on features. Otherwise, they are too time-consuming. start their process with a randomly generated population of solutions. In these types of algorithms, the best solutions are put together to create new individuals. Genetic Algorithms (GA) [Holland, 1992] is one of the representative algorithms. 2)Swarm intelligencebased algorithms : These algorithms, such as Particle Swarn Optimization (PSO) [START_REF] Kennedy | Particle swarm optimization[END_REF], are inspired by the social behaviors of insects, animals, fishes or birds, etc. 3) Physics-based algorithms : These are inspired by the rules of physics in the universe, like harmony search [START_REF] Geem | A new heuristic optimization algorithm : harmony search[END_REF]. 4)Human behavior-related algorithms :

B) Metaheuristic Methods

These techniques are purely inspired by human behavior. The popular algorithms are

Teaching learning-based optimization algorithm (TLBO) [START_REF] Rao | Teaching-learningbased optimization : an optimization method for continuous non-linear large scale problems[END_REF].

Most of cases, metaheuristic methods are applied to solve the optimization problem and can give a pretty result within an acceptable time. For the feature selection task, two metaheuristic methods, Genetic Algorithms (GA) [Holland, 1992] and Particle Swarn Optimization (PSO) [START_REF] Kennedy | Particle swarm optimization[END_REF] are presented here.

PSO : PSO is inspired by the flocking behavior of birds and has been widely applied in various domains with the benefits of fast convergence speed and low-computational cost. In the PSO, one particle denotes one solution, and it can remember its best result since starting the search. Assume a population with m particles, these particles move in the D dimension space, and each dimension could be treated as a feature. We define the position and velocity of particle i as

X i = (x i1 , x i2 , ..., x iD ), V i = (v i1 , v i2 , ..., v iD ), 1 ≤ i ≤ m,respectively.
The best result of i th particle and the population is

P i = (p i1 , p i2 , ..., p iD )
and P g = (p g1 , p g2 , ..., p gD ). The velocity v k+1 id and position x k+1 id of i th particle at k + 1 th iteration is updated as follows :

v k+1 id = ω k+1 id + c 1 r 1 (p k id -x k id ) + c 2 r 2 (p k gd -x k id ) x k+1 id = x k id + v k+1 id
where c 1 , c 2 are the learning factors to adjust the maximum step length, r 1 , r 2 are the random functions, their value is in [0,1], ω is the inertia to adjust the search ability. The process will stop until the performance doesn't increase or the iteration is finished.

GA :

GA is originally motivated by the genetic inheritance that can successfully adapt to the complex live environment. There are five phases in a typical genetic algorithm, including initial population, fitness function, selection, crossover, and Mutation. 1) : Initial population. A population is a group of chromosomes that present a feasible solution. In a chromosome, there exist many genes equal to the features. During applying the genetic algorithm, the chromosome will continuously encode and decode. 2) : Fitness function.

This part is used to evaluate each chromosome's performance, for example, ranking the results by accuracy, and extremum. 3) : Selection. Selecting part of the chromosomes to optimize the solution space. 4) : Crossover. Crossover is the most significant phase in a genetic algorithm. For each pair of mating parents, a crossover point is chosen randomly within the genes. After crossover, new offspring is generated. 5) : Mutation. In certain new offspring formed, some of their genes can be subjected to a mutation with a low random probability. It implies that some bit string points could be flipped. Many mutation strategies are tested in genetic algorithms.

1.3.2.3/ EMBEDDED AND HYBRID METHODS

In some references, the concept of embedded and hybrid methods is mixed. In this thesis, we introduce these two methods in the same part.

Embedded methods perform feature selection during the modeling algorithm's execution and can be grouped loosely into three categories, they are pruning methods, building-in mechanism methods, and regularization methods. The pruning methods employ all the features to train the model initially and then try to eliminate some features by setting their coefficients to 0. The second methods select the features with the building-in mechanism, such as ID3 and C4.5 [START_REF] Hssina | A comparative study of decision tree id3 and c4. 5[END_REF]. The third methods perform feature weighting based on regularization models with objective functions that minimize fitting errors and simultaneously force the feature coefficients to be small or zero. These methods based on Lasso [START_REF] Ma | Penalized feature selection and classification in bioinformatics[END_REF] or Elastic Net [START_REF] Zou | Regularization and variable selection via the elastic net[END_REF] usually work with linear classifiers (SVM or others) and induce penalties to features that do not contribute to the model.

What's more, ANN also can be treated as an embedded method even though there is no information concerning which features are selected or play a vital role.

According to current references, it's not enough for a single feature selection method to pursue better results. The hybrid methods have become dominant in various areas, including dimensionality reduction. Hybrid methods combine multiple models, and it is founded on the old proverb "two heads are better than one". Generally, we reckon that the hybrid methods have two categories : series and parallel methods. Series methods [START_REF] Wang | Hybrid feature selection using component co-occurrence based feature relevance measurement[END_REF] indicate the original features will be processed by multiple feature selectors one by one. In series methods, each part is responsible for a specific work, these single functional parts owning different characteristics will combine a powerful synthetic method. For example, some filter methods are efficient and fast, but without an evaluation mechanism. However, the wrapper methods are time-consuming. Therefore, many hybrid methods employ filter methods as the global feature selector and wrapper methods as the local feature selector. In parallel methods [START_REF] Abualigah | A parallel hybrid krill herd algorithm for feature selection[END_REF], several feature selectors play the same function and their results are gathered, then selecting the final subset features. The representative application of parallel methods is the random forest which simultaneously produces many decision trees. Finally, summarizing these trees' results obeying a certain algorithm.

1.4/ SUMMARY OF CURRENT METHODS

The above section introduces the existing dimensionality reduction methods, feature extraction methods are mainly applied in image processing areas, furthermore, these methods must face a time-consuming problem. When the number of dimensionality reaches several thousand, it is impractical to apply feature extraction techniques. Otherwise, CNN has replaced many traditional image processing methods, such as PCA, due to its fast.

As for the feature selection methods, they are comparatively simple and easy to interpret.

The results of MIM and mRMR, demonstrate that there exist interactions within features, and considering the relevancy will enhance the algorithm's performance. Therefore, the methods only focusing on the correlation between the single feature and target are not suitable, such as Correlation and Chi-square. Heuristic algorithms, such as GA and PSO, usually gain good results and are not sensitive to the feature scale. At the same time,

There is no complex metric to assess a feature's relevancy and redundancy, so it is easy to apply these methods. However, the results of heuristic methods sometimes are unstable, it is hard to judge whether the current result is good enough.

The wrapper methods are not as efficient as filter methods, their feature search strategies are exhaustive, sometimes even impractical. But wrapper methods' structure and evaluation mechanism are beneficial to feature selection.

What's more, we notice that random forest and its extension algorithms based on the information gained can obtain stable and excellent results on various tasks. Thus, information entropy should be a profound metric. Finally, the hybrid methods have become the mainstream in various including feature selection. Forming a powerful method by multiple methods is advisable.

1.5/ OBJECTIVE OF THE THESIS

Numerous researchers have studied the dimensionality reduction problem in the last decades. This chapter presents a comprehensive overview of the related works and techniques to help us understand this work clearly.

From the literature review, researchers have made their efforts in dimensionality reduction. However, there are still some methods that should be emphasized and improved.

Firstly, in many cases, the feature selection method is more suitable for dimensionality reduction than feature extraction methods. When processing the feature selection task, we should consider the relevancy and redundancy within features as well as the influence of data. Mutual information methods and their extensions have been widely used, however, in our view, the value of mutual information calculation is unreliable because the improper division of attributes has an adverse influence on feature selection. Current works only give a fixed partition method without explanation. Besides, the improved mutual information methods pay much attention to the reduction of the redundancy between the candidate feature and the selected features. Although considering both relevancy and redundancy, there still exists some redundancy in mutual information methods. Thus, we reckon that applying a heuristic algorithm for further eliminating redundancy is necessary.

Considering the above-discussed issues that are not well addressed in the literature, we set the main objectives of this thesis as follows :

• We employ the mRMR to address the heart disease diagnosis, which displays the advantages of mutual information methods in feature selection. What's more, we verify the effectiveness of the incremental feature combination methods to search for the optimal subset of features. We adopt the original data with more features instead of the data recommended by doctors.

• We try to improve the mutual information method for accurately selecting features.

The traditional approaches make a strict request of relevancy and redundancy, which may ignore the key works. For this problem, we propose a full conditional mutual information maximization method that emphasizes the importance of target's uncertainty reduction. To pursue a better partition effect, we propose a dynamic attribute partition method before applying the mutual information methods.

• We make efforts to reduce residual redundancy. In this work, the objective is to select features more accurately. Therefore, we propose a two-layer hybrid method consisting of mMRM and an improved genetic algorithm. The first layer (mRMR) is to search globally, and the second layer ( the improved genetic algorithm) is to search locally, respectively. The improved genetic algorithm simplifies the genetic algorithm process and replaces the crossover and mutation with a dynamic probability process which can enhance the search space while making sure algorithm convergence.

FEATURE SELECTION BY MRMR

METHOD FOR HEART DISEASE DIAGNOSIS

2.1/ INTRODUCTION

Cardiovascular diseases (CVDs) causes millions of death every year due to their suddenness. Once without the treatment timely, the patient is prone to suffer disability or even death. Therefore, early and accurately diagnosing heart disease is an effective way to save lives [START_REF] Bonow | Braunwald's heart disease e-book : A textbook of cardiovascular medicine[END_REF].

With the development of medical science, doctors have discovered many symptoms associated with heart disease, such as high blood pressure, stress, diabetes, etc [START_REF] Nahar | Association rule mining to detect factors which contribute to heart disease in males and females[END_REF],Micha et al., 2017,Benjamin et al., 2019]. But, these factors only indicate that the patient has a high possibility of suffering from heart disease. The diagnosis accuracy relying on the doctor's experience will lead to misdiagnosis and missed diagnoses. To overcome the deficiency in current situation and the prosperity of AI [Wu, 2019, Benkler, 2019], researchers have tried to make use of AI's power to assist doctors in medical diagnosis [START_REF] Dilsizian | Artificial intelligence in medicine and cardiac imaging : harnessing big data and advanced computing to provide personalized medical diagnosis and treatment[END_REF], Jiang et al., 2017]. In some areas, there is a reality that AI's diagnosis ability has suppressed human beings [START_REF] Esteva | Dermatologist-level classification of skin cancer with deep neural networks[END_REF].

Initially, some researchers only used classifiers to deal with the original dataset. [START_REF] Atallah | Heart disease detection using machine learning majority voting ensemble method[END_REF]] directly adopted the majority voting method to produce a more powerful classifier. This ensemble method consists of four machine learning methods, including Stochastic Gradient Descent (SGD), K-Nearest Neighbor, Random Forest, and Logistic Regression. The highest prediction accuracy is 88% among the four algorithms. By using the voting technique, the ensemble method achieves 90% accuracy. These methods ignore the feature's difference and make no full use of the dataset. PCA and LDA are the typical feature extraction methods [START_REF] Singh | Type-2 fuzzy pca approach in extracting salient features for molecular cancer diagnostics and prognostics[END_REF]. [START_REF] Karayılan | Prediction of heart disease using neural network[END_REF] put up a neural network method with PCA to recognize heart disease. [START_REF] Kolukisa | Evaluation of classification algorithms, linear discriminant analysis and a new hybrid feature selection methodology for the diagnosis of coronary artery disease[END_REF] also proposed an ensemble algorithm based on the LDA feature selection. [Shafizadeh-Moghadam, 2021] put up a method for selecting effective components in PCA and as the input of Random Forest on spectroscopic data. They found that the most relevant principal components to the target variable were not the first few. However, these methods will lose the interpretation from the original dataset.

Since the emergence of Shannon information entropy [Shannon, 1948], filter methods based on this theory play an important role in AI, such as the famous decision tree algorithm.

Mutual information maximization (MIM) method is for reducing class labels' uncertainty.

However, this method merely considers a feature's relevancy and ignores its redundancy, which makes the redundancy exist in the selected features. To promote mutual information's performance, [START_REF] Peng | Feature selection based on mutual information criteria of max-dependency, max-relevance, and minredundancy[END_REF] introduce the concept of feature redundancy into mutual information, which greatly improves its applicability. In heart disease datasets, value missing is a common phenomenon and has a profound negative influence on feature selection methods. The mRMR method will ignore specific feature values and resist this negative influence brought by missing values. [START_REF] Yan | Intelligent fault diagnosis of rotating machinery using improved multiscale dispersion entropy and mrmr feature selection[END_REF] employed the mRMR method for selecting the candidate feature for the fault diagnosis of rotating machinery. [ Özyurt, 2020] diagnosed the white blood cell test by the fused CNN model with mRMR feature selection. [START_REF] Eroglu | mrmr-based hybrid convolutional neural network model for classification of alzheimer's disease on brain magnetic resonance images[END_REF] proposed the mRMR-based hybrid CNN model for the classification of Alzheimer's disease. [Kumar et al., ] used the mRMR as the feature filter in heart disease diagnosis on ECG dataset. Various applications of mutual information methods indicate that mRMR has a strong generalization and its ability has been extensively verified.

Current works still have these drawbacks : they mainly apply some algorithms and feature selection methods to the 13 features dataset. We think that there is not necessary to employ the feature selection method on such a few number features. The dataset should have a negative influence on the algorithm's performance, and the dataset with 74 features should contain more supportive information. The interaction within features should be considered, and the mutual information method is a good choice. Besides, the incremental feature combination method's effectiveness should be verified. In this research, we emphasized the importance of 74 features dataset and removed the performance limitation from the dataset. The mRMR method is selected as the feature selection method, it's one of the filter methods and has high efficiency, well considering the interaction within features. What's more, we verified the effectiveness of the incremental feature combination method and conducted comprehensive experiments. 

2.2/ METHODS AND DATASETS

Dimensionality reduction [Domingos, 2012] is a technique to reduce feature scale. It not only reduces their dimensionality, accelerates the training process, but also discovers latent information. Sometimes, this kind of method can promote some features' importance [START_REF] Martinez | Pca versus lda[END_REF], Choubey et al., 2020]. This part will represent the details of Kendall τ correlation, Random Forest, and mRMR methods.

2.2.1/ KENDALL CORRELATION

Kendall's τ correlation is an index to make sure whether there is a correlation between two variables. It is defined as the difference between the number of pairs of concordant and dis-concordant values, normalized by the total number of pairs. Let x = (x 1 , ..., x n ) and y = (y 1 , ..., y n ) be two sequences to calculate. Define A as the set of all pairs of indices :

A = {(i, j) ∈ {1, ..., n} × {1, ..., n}|i < j} and let n A = 1 2 n(n -1). C ⊆ A, with cardinal n C ; D ⊆ A, with cardinal n D .
C = {(i, j) ∈ A|(x i < x j and j i < y j ) or (x i > x j and y i > y j )} D = {(i, j) ∈ A|(x i < x j and j i > y j ) or (x i > x j and y i < y j )} Kendall's τ rank correlation is defined as :

τ(X, Y) = n C -n D n A
The value of τ ranges from 1 when n C = n A , to -1, n D = n A . Sometimes, for eliminating the influence of the pairs when x i = x j or y i = y j , Kendall's correlation will be change to define as : 

D t ⇐ D t ∪ f ; for each feature f ∈ D t do calculate τ f ⇐ kendall( f, L); add (h f , τ f ) into dict d;
sort d by τ f in descending order;

for each i ∈ [0, n) do D p ⇐ D p ∪ D t [d[h f ]]; D p ⇐ D p ∪ L; return D p ;
2.2.2/ RANDOM FOREST [START_REF] Breiman | Cart. Classification and Regression Trees[END_REF] invented the Classification and Regression Tree (CART) in the 1980s. The first algorithm for random decision forests was created in 1995 by [Ho, 1995].

An extension of the algorithm was developed by [Breiman, 2001].

The Random Forest algorithm is as follows :

1) Randomly choosing many subsets from the training set S , get a series of subsets S 1 , ...S n .

2) Using the subsets to train the decision trees. In the training process, the split rule for each node is randomly selecting k features from all features, then selecting the optimal split node from these k features to divide the sub-trees. Repeatedly generating the decision tree.

3) Summarizing the results from each decision tree's prediction, selecting the final results in the summarized results.

Our feature selection via Random Forest is displayed in algorithm 2. 

for i = l -2 to 0 do if ( f Rule) then if set( f ) >= 20 then 6 for i ∈ [0, f ) do 7 f.i ⇐ ⌊( f.i ÷ 0.1)⌋ D t ⇐ D t ∪ f for i ∈ [0, n) do D p ⇐ D p ∪D t [d[h f ]] D p ⇐ D p ∪L return P

2.2.3/ MAX-RELEVANCE AND MIN-REDUNDANCY

Let X = {x 1 , x 2 , ..., x n } be a feature vector and p(x i ) is the probability of x i , let Y = {y 1 , y 2 , ..., y n } as the class vector. The mutual information between X and Y is calculated in Eq. 2.1 :

I(X, Y) = H(X) -H(X|Y) (2.1)
Six popular classifiers are used to predict heart disease because there is a performance gap due to classifiers' characteristics. They are Random Forest (RF), Logistic Regression (LR), Neural Network (ANN), Gaussian Bayes (GB), K-Nearest Neighbors (KNN), and Support Vector Machine (SVM).

1. Each dimensionality reduction method will be combined with six classifiers on three heart disease datasets.

2.

The number of the selected feature is from 5 to 30.

3.

Training the model with 10-fold cross-validation.

The flowchart of this research is shown in Fig. 2.1. There are two versions of the datasets.

After pre-processing, the features will be selected by PCA, Kendall, Random Forest, and mRMR methods, then, the subset of features is sent as the input of classifiers. During the prediction, we adopt the incremental feature combination for pursuing optimal results. 

foreach f i in F do MI i = I( f i ; y); f ← max( MI); S T ∪ f ; F = F -f ; for i ← 2 to T do for each f i in F do J( f i ) = MI i -1 |S T | f j ∈S T I( f j ; f i ); select f s from J( f i ) with the largest value; S T = S T ∪ f s ; F = F -f s ; return S T FIGURE 2.1 -Flowchart of heart disease prediction
The mRMR implements a paired two-tailed t-test with other methods, P-Value is set as 5%. '+', '-', and '=' indicate that mRMR performs 'better than', 'worse than', and 'equal to' the corresponding method.

2.2.4/ DATASETS

The UCI Machine Learning Repository is a collection of databases, domain theories, and data generators that are used by many machine learning communities for empirical analysis [START_REF] Asuncion | Uci machine learning repository[END_REF]. It provides more than 500 datasets concerning various domains. The heart disease dataset in this research is from the UCI Repository. It's from The absence denotes (health), and the presence denotes (illness). Two of these three datasets are imbalanced and the weighted loss function is used to reduce its influence. The results with the original dataset are the benchmark in this research. In Table 2.3, we compare the results of processed dataset (13 featuers) and original dataset (74 features) without dimensionality reduction. The characteristics of both classifiers and datasets have a certain influence on the prediction results.

Generally, the original dataset's results have a better performance, confirming our assumption that the dataset with more original features should outperform the processed dataset. We reckon that the features based on the medicine that concerns the relationship between a single feature and target lead to some latent information being ignored.

Within these classifiers, ANN and KNN perform worst, nearly losing the prediction function in their respective AUC. It indirectly indicates some classifiers have a strong ability to eliminate irrelevant features, and pre-processing is necessary when applying ANN and KNN. Another notable point is that dataset type has a certain influence on the prediction effect, and it seems that Cleveland and Hungarian are better than Long-Beach-Va. We reckon that there exist plenty of missing values in the Long-Beach-Va, these missing values may play a vital role in diagnosing heart disease.

2.3.2/ THE INFLUENCE OF IMPORTANT FEATURES

In Fig. 2.2, we test the incremental feature combination method's performance based on the Kendell τ and Random Forest methods on three datasets. In this experiment, 30 selected features are accumulated in order, the least number of the initial features is five, the more important features are added later, so the first feature we add is 25 th important, then 24 th important, and so on. By observing the results, with the increment of feature number, the accuracy of Cleveland and Hungarian grows fast. There is no obvious growth of accuracy on the Long-Beach-Va dataset until the feature number is above 25. Especially, when the feature number is below 15, the accuracy growth is small and stable. It indicates that unimportant features have little influence on the prediction, most of the accuracy promotion is brought by the important features. When the feature RF and Kendall's results have a ladder growth, which denotes the addition of some features is useless and there exists some redundancy in features ; While mRMR's accuracy grows rapidly, which indicates it can accurately catch the key features. Thus, we can have a conclusion that mRMR method has the best performance because it not only owns the highest result but also the smallest feature number (8). PCA performs worst in the four feature selectors. As for the specific classifiers, KNN has the same tendency in four figures which grows in the beginning and then decreases with the increment of features.

Except for KNN, nearly all methods maintain high accuracy. Besides, we can discover that nearly all the accuracies are low than the results on Cleve- 

2.3.5/ RESULTS ON LONG-BEACH-VA

In Fig. 2.5, PCA performs worst among the four feature selection methods, and there is no apparent increment in accuracy. Different from the results of Hungarian, the GB classifier owns the best results in RF, Kendall, and mRMR. ANN, KNN, and RF have an apparent decline in accuracies. Besides, within these three selectors, the accuracies have much larger fluctuation, which means there exists strong interaction in the selected features.

Generally, all three selectors perform well on Long-Beach-Va, and mRMR performs better than other methods, its GB has the best accuracy, 99%. when comparing the results in the above tables, nearly the first ten features can achieve more than 90% of the best performance value. With the same amount of features, the accuracy of mRMR is higher than other methods with the same classifier, which demonstrates that it can select features more accurately.

In Table 2.6, we compare our work with other researchers' on the Cleveland datasets.

Most of the researchers are prone to apply the dataset with 13 features. After the comparison, the mRMR not only has the best accuracy in these methods but also owns the least feature amount. Furthermore, the mRMR makes nearly all the classifiers achieve the highest accuracy. 

(kn 2 ), Random Forest is O(mn log(n)), SVM is O(n 2 ), mRMR is O(kmn), Kendall is O(mn 2 ), KNN is O(n),
GB is O(mn), and LR is O(n 3 ). Relatively speaking, the number of total features m and the selected features k is small compared with instances, therefore, we pay main attention to the instance's influence. For a clear view, we present several time complexity curves with the increment of instance in Fig. 2 Although the effect of mRMR is widely accepted, it should be improved in mutual information calculation and feature splitting and we will address these in the next chapter.

AN ADAPTIVE NEIGHBORHOOD PARTITION FULL CONDITIONAL MUTUAL INFORMATION MAXIMIZATION METHOD FOR FEATURE SELECTION

3.1/ INTRODUCTION

Based on the change of Shannon entropy [Shannon, 1948], researchers make use of this metric to assess the correlation between feature and class label and name it as mutual information. The mutual information is calculated by Eq. 3.1 :

I(x; y) = H(x) -H(x|y) (3.1)
where H(x) is the information entropy of x, H(x|y) is the conditional entropy of x with y, and it represents how much the uncertainty is left when y is given. The calculation method of conditional entropy is similar to information entropy. Considering the complex interaction in features, conditional mutual information is introduced to the mutual information. Apparently, conditional mutual information can be explained as the mutual information between

x and y under the existence of z. It is given in Eq. 3.2 :

I(x; y|z) = H(x|z) + H(y|z) -H(x, y|z) (3.2)
In addition, joint mutual information is also an important concept. It represents the mutual information between (x, y) and z.

I(x, y; z) = I(x; z) + I(y; z|x)

(3.3)
Feature selection by mutual information tries to search a subset feature from original features which can own the maximal mutual information I(S ; y), where S is the set of the selected features. To solve the NP-hard problem, researchers apply the sum of each selected feature's mutual information with the label to represent I(S ; y). The traditional mutual-information-based method considers three aspects : maximizing the feature relevancy with the class label, minimizing the feature redundancy within selected features, and maximizing the conditional feature redundancy between the candidate feature and the selected features. The calculation formation is shown in Eq. 3.4 :

J(x k ) = I(x k ; y) -β x j ∈S I(x j ; x k ) + λ x j ∈S I(x j ; x k |y) (3.4)
where x k is a candidate feature, x j is one of the selected features, and y is the label. β and λ are the non-negative parameters of different items. Based on the popular mutual information framework, in Fig. 3.1, we can observe some drawbacks in this framework.

We categorize the dataset into two types, features are independent with each other, or not independent. When the dataset is the last type, the interaction between two features is so weak, their relationships with labels are like the right side in Fig. 3.1. This situation makes using mutual information to select the feature turn into a simple task. Once the features are correlated with each other, it's like the left side. Eq. 3.4 demonstrates that an ideal candidate feature should not be correlated with the selected features, but when the class label exists. However, outside the class label's information entropy, the mutual information between a candidate feature and the selected features has no contribution to the results. Furthermore, even though the candidate feature correlated with the selected features, it still contains lots of class label information. In our opinion, as long as the feature can provide enough information to eliminate the uncertainty of class labels, it should be considered selected. Therefore, we reckon that the framework in Eq. 3.4 is improper for selecting the targeted candidate feature. 3.1 respectively demonstrates this phenomenon in different views. Part of researchers tries to use the neighborhood mutual information to solve the problem [START_REF] Hu | Measuring relevance between discrete and continuous features based on neighborhood mutual information[END_REF], Mariello et al., 2018]. Essentially, neighborhood mutual information is the same as mutual information with neighborhood attribute partition. However, it's not easy for choosing a proper partition distance. I( f 1 , y) = 1.0, I( f 2 , y) = 0.67, I( f 3 , y) = 0.67. f 1 , f 2 , and f 3 display the influence of attribute fluctuation on mutual information. If 4 and 5 in f 1 belong to the same label, mutual information will decrease ( f 1 → f 2 ). However, if the attributes are still in the same label after the neighborhood partition ( f 2 → f 3 ), there is no influence on the feature's mutual information. To make up for current research shortcomings, we propose an adaptive neighborhood partition full conditional mutual information maximization method. The main contributions in this paper are as follows :

1) We propose a novel mutual information method that mainly takes into account the direct relevancy and conditional relevancy between the candidate feature and class label.

2) Based on the neighborhood mutual information theory, the attribute partition method replaces the complex neighborhood mutual information computing process, and the definition of the neighborhood is redefined.

3) We propose an adaptive neighborhood partition algorithm with the feedback of MIM method, which can automatically discover a proper attribute partition.

4) Lots of experiments verify the outperformance of FCMIM and ANP.

The rest of this chapter is arranged as follows. Section 3.2 is the preliminaries of neighborhood rough set and neighborhood mutual information. Section 3.3contains a detailed description of our method. We discuss the experimental results on the 17 benchmark datasets in Section 3.4. Finally, Section 3.5 concludes the whole work.

3.2/ PRELIMINARIES

3.2.1/ NEIGHBORHOOD ROUGH SET [Pawlak, 1982] first puts up the rough set theory in 1982, which aims at tackling the dataset's vagueness, imprecision, and uncertainty. However, it's not suitable for processing continuous datasets due to the probability of samples with the same value being so small. The samples with similar feature values should be categorized into the same class.

Based on this idea, [START_REF] Hu | Neighborhood rough set based heterogeneous feature subset selection[END_REF] propose the concept of neighborhood rough set.

Define U = {x 1 , x 2 , ..., x n } is a set of samples, ∆ represents a distance function on U, which satisfies ∆(x i , x j ) ≥ 0 Given a distance δ ≥ 0, the neighborhood number of sample x i is calculated by δ(x) = {x i |∆(x, x i ) ≤ δ}. When extended to the two features R and S , δ R (x) and δ S (x) are the neighborhoods with the certain distance calculation method. They define the joint negihborhood set between R and S :

δ (R∪S ) (x) = δ R (x) ∩ δ S (x)
In classification work, each sample will be assigned a class label by the decision system.

These samples are categorised into c 1 ∪ c 2 ... ∪ c k = U, and

c i ∩ c j = ∅ if i j. If δ(x) ⊆ c x ,
where c x is the subset of samples having the same class label as x, the sample x is δneighborhood consistent. And, the δ(x) is the lower approximation of c x . Correspondingly, the upper and lower approximations of class c i are written as :

Nc i = {x|δ(x) ∩ c i ∅} , Nc i = {x|δ(x) ⊆ c i }
where N is a neighborhood relation over U. Consequently, the total upper and lower approximations of classification C are defined as :

NC = k ∪ i=1 Nc i , NC = k ∪ i=1 Nc i
Generally, Nc i ⊆ Nc i , the boundary region of c i is defined as :

BN(c i ) = Nc i -Nc i
If BN(c i ) = ∅, it means that all the c i samples are classified into c i , we say c i is δneighborhood consistent.

3.2.2/ NEIGHBORHOOD MUTUAL INFORMATION

Based on the neighborhood rough set, [START_REF] Hu | Measuring relevance between discrete and continuous features based on neighborhood mutual information[END_REF] introduce the concept of neighborhood into the information theory. It's beneficial for applying Shannon's entropy on the continuous datasets.

Given a set of samples U = {x 1 , x 2 , ..., x n } with the continuous or discrete features F, S ⊆ F is a subset of attributes. Sample x i 's neighborhood in S is defined by δ S (x i ). Afterwards, the neighborhood entropy is defined as :

NH x i δ (S ) = -log ∥δ S (x i )∥ n
and the average neighborhood entropy can be computed as :

NH δ (S ) = - 1 n n i=1 log ∥δ S (x i )∥ n If δ = 0, NH δ (S ) = H(S )
, where H(S ) is the information entropy. As for two attribute sets R, S ⊆ F, the joint neighborhood of sample x i is computed by δ R∪S (x i ), correspondingly, the joint neighborhood entropy is defined as :

NH δ (R, S ) = - 1 n n i=1 log ∥δ S ∪R (x i )∥ n
Correspondingly, the conditional neighborhood entropy of R to S is defined as :

NH δ (R|S ) = - 1 n n i=1 log ∥δ S ∪R (x i )∥ n = NH δ (R, S ) -NH δ (S )
The neighborhood mutual information of R and S is defined as

N MI δ (R; S ) = - 1 n n i=1 log ∥δ R (x i )∥ • ∥δ S (x i )∥ n∥δ S ∪R (x i )∥ = NH δ (R) + NH δ (S ) -NH δ (R, S ) = NH δ (R) -NH δ (R|S ) = NH δ (S ) -NH δ (S |R)
By controlling the value of δ, we can manipulate the size of neighborhood granularity and further affect the neighborhood entropy and mutual information.

3.3/ THE PROPOSED METHOD

In this section, we propose an adaptive neighborhood partition full conditional mutual information maximization method (ANPFCMIM) that consists of two parts, one is the novel mutual information term (FCMIM), and another is the adaptive neighborhood partition (ANP).

3.3.1/ FCMIM

In previous works, many methods based on mutual information emphasize removing redundancy within the selected features and retaining the relevancy between selected features and class labels. However, a candidate feature can own both relevancy and redundancy with the class label and selected features simultaneously. Relevancy has a more profound influence on prediction, which inspires us only to maximize relevancy. Generally,

x k represents the candidate feature, x j ∈ S is one of the already-selected features, and y In most cases, I(x k ; x j ) is regarded as a redundant term and removed during calculating mutual information. It's reasonable for excluding I(x k ; x j |y) because it has no contribution to offer the information of y. However, when I(x k ; x j ) is removed, according to Eq. 3.5 3.6, I(x k ; x j ; y) is also removed, it's obviously adverse for mutual information calculation.

Feature selection means finding a feature subset in a limited number that contains information as more as possible. Thus, we should focus on discovering the feature which has a large mutual information value with the class label. Redundancy between the candidate feature and the selected features doesn't demonstrate that the candidate feature is redundant. Our novel method's term is as follows :

J(x k ) = I(x k ; y) + 1 |S | x j ∈S I(x j ; y|x k ) (3.7)
where I(x k ; y) is the primary relevant term, 1

|S | x j ∈S I(x j ; y|x k ) is the secondary relevant term.

We present FCMIM selected colored regions in Fig. 3.3.

Generally, features are not independent, therefore, some mutual information within the selected features repeatedly accumulates and causes a bad influence. We use the average term 1 |S | to weaken its negative influence. Because our method contains the conditional FIGURE 3.3 -FCMIM's mutual information calculation regions mutual information term and all the selected features are included, we call this method the full conditional mutual information maximization method (FCMIM). When all the features are independent of each other, FCMIM will degenerate to MIM method as the second term in Eq. 3.7 are the same. We specifically describe the FCMIM method in Algorithm 4.

Algorithme 4 : FCMIM input : The traning dataset D with oirignal feature set 

F = { f 1 , f 2 ... f n },
F = F -f ; for i ← 2 to T do for each f i in F do J( f i ) = MI i + 1 |S | f j ∈S I( f j ; y| f k ); select f s from J( f i ) with the largest value; S T = S T ∪ f s ; F = F -f s ; return S T

3.3.2/ ANP

In the neighborhood mutual information theory, δ adjusts the size of the boundary. Using the neighborhood mutual information to evaluate feature's ability to specify the class label.

While the theory doesn't explain how it promotes the feature selection's effect. Calculating the number of neighborhoods in a certain distance only changes its proportion. In this part, we will present the details of the adaptive neighborhood partition algorithm. According to the attribute values of datasets, we find that the value of T OX 171 is large and COIL20 is small. We divide the large attribute and multiply the small attribute with the same coefficient. In Fig. 3.4, each line represents the mutual information between one feature and the class label. With the increment of coefficient, each feature's mutual information will decrease in T OX 171 and increase in COIL20. For the T OX 171 dataset, a bigger coefficient means a smaller interval. For the COIL20 dataset, it's the contrary.

In the beginning, many features' mutual information values are very close to each other, after, differences in their values appear. Based on the feature importance assessment mechanism of current mutual information methods, the coefficient tremendously affects feature selection. Therefore, it's necessary to make an attribute partition before using mutual information theory for selecting the proper features.

Definition 1 :

Given a set of attributes {x 1 , x 2 , ..., x n } of feature X, n is the number of all attributes.

Y = {y 1 , y 2 , ..., y n } in k classes is the class label set, c k is the attribute number of k th class, k i=1 c i = n. The number of attributes which equal to x i in X is N i , i ∈ {1, 2, ..., n}. H(X) = -n i=1 p(x i ) log p(x i ), H(X|Y) = -n i=1 p(x i ) log p(x i |y i ).
Theorem 1 :

x i , x j ∈ m th class, m ∈ {1, 2, ..., k}, x i x j , i, j ∈ {1, 2, ..., n}, if x i ← x j , MI(X; Y) old =

MI(X; Y) new

no function for predicting the class label. Inhomogeneous attribute distribution increases class label's certainty. The fluctuation of the attribute's value makes distortion on the inhomogeneous distribution. In neighborhood mutual information theory, the attribute with lots of neighborhoods will have higher mutual information, which magnifies attributes' importance in the high-density region and makes mutual information can't change correctly.

Besides, as the definition of one attribute's neighborhood, counting these neighborhoods is a high-computing cost.

Different from the neighborhood mutual information theory, we think neighborhood attribute partition is more effective. The distance δ should be replaced by the neighborhood attribute partition parameter θ. All the neighborhood intervals have equal widths. The attributes within the same interval are the neighborhood with each other, which means they should share the same attribute value.

Assume D = {x i j |i ∈ N, j ∈ F} as the dataset, x i j is the attribute of x i in the j th feature. The N and F is the number of total samples and features, respectively. θ splits the attributes into k intervals. We define neighborhood interval set N p as fellows :

N p = {x i j |i ∈ I p }
where I p is the p th interval, p ∈ {1, 2, ...k}. All the x i j ∈ N p are assigned the new same value, then, it can directly use the traditional information entropy method. In this method, it's hard to find a suitable interval width, a too-long interval introduces uncertainty from outside on the class label, and a too-short interval is not enough to eliminate the uncertainty.

It means that there is an optimal interval that can make a classifier get its best result.

Inspired by the wrapper methods and backpropagation idea, we propose the adaptive neighborhood partition method. Nearly all the mutual information methods contain MIM's term, thus, we employ MIM algorithm for selecting the feature subset. KNN classifies the input features and produces its prediction. After, the backpropagation process will adjust the interval partition parameter until training times reach the threshold or the accuracy no longer increases. In the end, we can obtain an optimal θ.

We define the input sample as x i , the predicted label as ŷi = f (x i , θ), the label as y i . The loss and cost function are computed by :

L(y, ŷi (θ)) =          1, y i ŷi (θ) 0, y i = ŷi (θ) H( ŷi (θ)) = 1 n n i=1 L(y i , ŷi (θ)) (3.8)
Our goal is :

θ = arg min θ H( ŷi (θ)) (3.9)
The process is shown in Algorithm 5 : To evaluate our method, we compare our method (FCMIM, ANPFCMIM) with 4 traditional mutual information methods (MIM, CIFE, MIFS, mRMR) and two state-of-art methods (DCSF, MRMD). There are 17 benchmark datasets from UCI [START_REF] Dua | Uci machine learning repository irvine, ca : University of california, school of information and computer science[END_REF]. Similar to the work of [START_REF] Gao | Class-specific mutual information variation for feature selection[END_REF], we employ the first 30 features' average accuracies and the highest accuracies as the evaluation metrics. The 5-fold cross-validation is used for validation. The framework in this research is presented in Fig. 3.5, which demonstrates the process of model training. In the feature selection block, we have two sets of experiments, the set in the blue box is to display FCMIM and ANPFCMIM's performances over other methods. The set in the red box is to verify ANP's generalization on different methods.

In the beginning, we display the average accuracies and their standard deviations in Tables 3.3- In Fig. 3.6-3.7, these radar figures represent the win/tie/loss of FCMIM and ANPFCMIM to other methods. We can see that both FCMIM and ANPFCMIM perform better than other methods. And, ANPFCMIM shows its superiority than FCMIM according to the win in Fig. 3.7 and tie in Fig. 3.6 -3.7.

In Tables 3.3-3.6, there is an obvious phenomenon that one dataset's highest accuracy method with different classifiers is not always the same. For example, In the KNN method, the best performance of Isolet is MIFS, while, DCSF achieves a better result than other algorithms in SVM. Similarly, mRMR gets the two highest accuracies of PCMAC in KNN and SVM, however, its performances in the GB and RF are not as good as previous classifiers. Consequently, we can conclude that the classifier indeed has a certain influence on the results. Adopting multiple methods to evaluate the algorithm's ability is necessary.

To clearly observe the process of various methods' specific influence on the prediction, we select four typical datasets : COIL20, Lung, Isolet, and USPS. In Fig. 3.8a-3.8d, the x-axis represents the number of features from 1 to 30, the y-axis is the accuracy. Intuitively, with the increment of feature number, all the methods' accuracies grow at different speeds. In COIL20, Isolet, and USPS, the growth rate slows down as the feature number is more than fifteen. In Lung, Isolet, and USPS, we can see that the proposed method's plot is higher than other algorithms. In Fig. 3.8a, the performance curves of ANPFCMIM and FCMIM methods are quite close to each other. What's more, all the methods except for MIM have the same tendency. We reckon that these datasets make methods select the same subset of features. In Fig. 3.8b, the feature's growth doesn't bring the rapid increment of accuracy as other datasets because the initial few features have included necessary information.

In Table 3 Otherwise, we present our method's result comparison between the full features and the selected features in Table 3.8. In this Table , we choose the highest accuracy within the 30 selected features as our result. From the perspective of the average accuracy, the ANPFCMIM has a better performance than the result produced by the full feature. Primarily, KNN and GB results obtain more promotion than the other two classifiers. For the specific dataset, the selected features can significantly promote its prediction accuracy, which means the redundant features are removed ; Sometimes, the accuracy will be a little worse than all features. Rarely, did the selected features decrease the accuracy largely compared with the full features' because part of the relevant features could be not included. 

3.4.2/ GENERALIZATION OF ANP

We have verified the effect of ANP in Table 3.3-3.6. In this section, we compare ANP with the fixed partition (FP) on all the methods to display its generalization. About FP, we only use one number, which equals 10, to split the attributes. According to Table 3.2, there are ten continuous datasets in our experiment. In these datasets, their attributes are quite different. We normalize all the continuous datasets before selecting the feature for alleviating the difference in features. Fig. 3.9 is the heatmap that represents the outperformance of ANP's accuracy over FP's, the value in each grid cell equals ANP's average accuracy -FP's average accuracy. Intuitively, in most cases, the accuracy is promoted after applying ANP. Of course, sometimes, ANP's performance is equal to FP's, even a little worse. More than half of the promotion is about 0-3%, more than a third is above 

3.4.3/ COMPLEXITY ANALYSIS

Assume the dataset owns M features and N instances. The targeted number of the selected features is k. In the practical calculation process, we don't know the probability density distribution, so the time consumption of mutual information, conditional mutual information, and joint mutual information are different, while time complexity is the same.

We define the time complexity of mutual information between two variables as O(N), correspondingly, MIM's time complexity can be represented as O(MN). Similarly, the time complexity of MIFS, CIFE, mRMR, JMI, MRMD, and our method is O(kMN). Nearly all methods are on the same time complexity level, however, their time consumptions are different given the dataset scale in this research. The method which contains conditional mutual information and joint mutual information will cost more time. Thus, in these seven methods, MIM's time consumption is the best ; MIFS, JMI, and mRMR are in the second place ; Our method is the third ; CIFE and MRMD are in the last place. We reckon that our method's time complexity and time consumption are acceptable.

3.5/ CONCLUSIONS

We propose an adaptive neighborhood partition full conditional mutual information maximization method for the feature selection. Instead of maximizing relevancy and minimizing redundancy, full conditional mutual information maximization mainly focuses on the relevancy among candidate features, selected features, and class label. As for processing the continuous data and eliminating the attribute fluctuation's negative influence on mutual information calculation, we apply the adaptive neighborhood partition with the feedback of MIM method to search for a proper partition parameter. Compared with the neighborhood mutual information, ANP owns a more simple mechanism to partition the neighborhoods and effectively decrease attribute fluctuation's negative influence. For evaluating our method, we compare it with four traditional methods (MIM, MIFS, CIFE, and mRMR) and two state-of-art methods (DCSF and MRMD) on 17 datasets. Results show that our method has the highest average accuracies on four classifiers and most times the highest accuracy. In most cases, using ANP can promote mutual information method's performance.

Additionally, we also compare the accuracy of the selected feature set to the accuracy of the full feature set, our method owns higher average accuracy than the full feature set, which indicates that feature selection indeed promotes the prediction accuracy.

Multiple layers or hybrid model combining heuristic algorithm as a part of feature selector has shown advantages in promoting accuracy. Thus, to further enhance the algorithm's ability, introducing the heuristic algorithm is a considerable choice, we will start relative research in the next chapter. The appearance of Shannon entropy theory [Shannon, 1948] provides a series of powerful methodologies. Methods like the decision tree and mutual information are designed based on Shannon's theory. As noted above, the mutual information method should belong to the filter method, which assesses a feature's importance by information gain. If the existence of one feature can tremendously alleviate the uncertainty of the class label, it represents the feature is in favor of the classifier to discriminate the classification. In recent years, it has gained much attention, and many works have demonstrated mutual information's effectiveness [START_REF] Vergara | A review of feature selection methods based on mutual information[END_REF]. Initially, researchers directly rank the candidate features and adopt the features with top-ranked mutual information as the classifier's input. However, this method ignored the redundancy existing in features, which will harm the former mutual information selection. Fig. 4.1 depicts the accuracy growth tendency to the increment of subset features. The accuracy curve's fluctuation means some features are redundant. Hence, mRMR (minimum redundancy maximum relevance) is proposed by [START_REF] Ding | Minimum redundancy feature selection from microarray gene expression data[END_REF] which considers both relevancy and redundancy and achieved great success. It also inspired researchers to develop more similar methods.

Nevertheless, after summarizing mutual information methods, we found that they only locally release some interactions, for example, these methods often employ the sum of mutual information between the candidate feature and individual feature to replace the mutual information between the candidate feature and the whole of the selected subset.

Namely, it's not a perfect replacement and remains some redundancies.

Except for the mutual information methods, researchers also attempt to introduce the heuristic methods such as GA, and PSO to select optimal features [START_REF] Xue | A survey on evolutionary computation approaches to feature selection[END_REF], Kar, 2016]. Heuristic methods are a series of algorithms inspired by creatures and often used in NP-hard problems. Commonly, heuristic methods own a stronger global search ability assuring they can perform well [START_REF] Chak | Accelerated genetic algorithms : combined with local search techniques for fast and accurate global search[END_REF]. GA is one of the high frequently applied heuristic methods, which is from the biological evolution process [START_REF] Michalewicz | Evolutionary algorithms for constrained parameter optimization problems[END_REF]. A classical GA comprises several elements, chromosome, gene, fitness function, crossover, and mutation. The representative flow generally goes through : initializing the chromosome ; selecting the chromosome by a fitness function, generating the new chromosome, crossover, and mutation, repeatedly. The whole process will end until the result converges or reaches the threshold. In most cases, GA method is a feature selector with some classifiers for searching in a global space. However, directly employing GA to choose features still has some defects : it costs too much computation time and hardly makes a balance between local search and global search [START_REF] El-Mihoub | Hybrid genetic algorithms : A review[END_REF].

Besides, there are plenty of parameters existing in the traditional GA methods, which adversely increase the usage difficulty [START_REF] Hansen | Evolution strategies[END_REF].

Considering the characteristics of filter and wrapper methods, the hybrid algorithm has increasingly gained attraction from researchers and various combined methods are constantly emerging. Admiring the merits of the hybrid algorithm, we propose a novel GA-like dynamic probability algorithm with mutual information for feature selection. In our proposed method, the mutual information method ranks all features and then selects top-N features. It can be viewed as a global feature selector. Then, the GA-like method exploits further search locally and offers the selected features to a classifier. In terms of the GA-like method, it abandons the crossover and mutation operators and generates the new chromosome depending on each gene's probability. It's easier for setting parameters and strengthen our proposed method's local search ability.

In this research, our contributions are :

1) We propose a two-layer feature selection model considering both the global search and local search.

2) To accelerate the feature selection, we employ the mRMR method as the global selector.

3) We propose a new GA-like dynamic probability method that is simpler in searching features locally compared with GA.

4) Dynamic probability update mechanism replaces the complex operators in GA.

5)

Lots of experiments are exploited to demonstrate the characteristics and performance of the proposed method.

The rest of this chapter is arranged as follows. Section 4.2 presents the main concept of GA method and other methods. Section 4.3 detailedly introduces our proposed GAlike method and the whole feature selection process. In Section 4.4, the datasets and processing method are described. After, we compare our method to the classical GA method with various conditions. Finally, Section 4.5 concludes this paper and refers to possible further work.

4.2/ PRELIMINARIES

Darwin's theory of evolution by natural selection inspires the appearance of GA, which mimics nearly all the stages of gene heredity. Generally, gene heredity is a complex process 4) Fitness selection : After the previous processes, fitness selection evaluates each individual's performance. In the natural environment, an excellent gene will strengthen the individual's survival ability, then, its heredity probability increases, correspondingly, and the population gradually owns the adaptability. In GA, when dealing with the fitness result, people usually take two kinds of actions : One is discarding the bad performance individuals directly ; Another is reducing their chances of reproduction.

Loop these four steps repeatedly until trigger the terminal conditions.

Kennedy and Eberhart brought up PSO. The elementary elements named particles are placed in the search space, and the fitness function evaluates its current location. Then, each particle decides its velocity and direction in the space relying on its current location and the best location with some members of the swarm. All the particles that have been moved are a complete iteration. Eventually, all the particles like a flock of birds seek food until they find the fitness function's optimum.

Flower Pollination Algorithm (FPA) [Yang, 2012] was inspired by the natural pollination The whale optimization algorithm (WOA) [START_REF] Mirjalili | The whale optimization algorithm[END_REF] mimics the social behavior of humpback whales. The way that whales hunt their prey is named the bubble-net feeding method. In WOA, each solution is regarded as a whale. The whale moves its place in the search space considered as a reference to the best element of the group. The whales use two search mechanisms to hunt. In the first one, the prey is encircled, and in the second is the bubble net.

4.3/ PROPOSED METHOD

Although GA has a puissant ability for global search, it's exhaustive when the scale of the dataset's dimensionality increases to several thousand. It's not easy for GA to obtain a pretty good result. Considering the high effectiveness of filter methods such as mutual information, we combine these two methods and form a two-layer hybrid method. In mutual information methods proposed with different considerations, we found that mRMR often 70CHAPITRE 4. GA-LIKE DYNAMIC PROBABILITY METHOD WITH MUTUAL INFORMATION is one of the baselines and its performance is well. Thus, in the first layer, we adopt the mRMR method for ranking all the candidate features and select top-N features as the second layer's input. Next, the proposed GA-like method with a specific classifier to search for optimal combinations until it triggers some termination conditions.

4.3.1/ GA-LIKE DYNAMIC PROBABILITY METHOD GA has already been applied in many areas because it can obtain pretty results in a short time even though with a complex task. In GA, the typical processes are crossover, mutation, selection, and reproduction. The crossover and mutation make the off-springs inherit merits from their parent chromosomes and surpass them in variety. Meanwhile, there is an inevitable issue that we should have a proper change rate and position during the crossover and mutation processes which easily lead to results unpredictable. Hence, to discover better operators, researchers designed many rules in crossover and mutation processes, such as the single point crossover, uniform crossover, cycle crossover ; Inversion mutation, the bit flipping mutation, etc. What's more, the selection method is also mandatory when the algorithm produces a new generation. As mentioned above, the GA parameters setting is so complex that researchers need to spend much attention on this part.

Furthermore, we think that GA could not balance the trade-off well locally and globally as there is no feature pre-screening, which will hinder its application. For simplifying the traditional GA, we propose a GA-like method based on a dynamic probability mechanism.

In the whole process, the birth of each new generation is according to their probability.

1. Encode and Decode. The feature selection problem is simple to encode, we just employ the binary encode to process the feature subset. Its merit is that each feature is independent which assures chromosome variety. In the binary encode, '1' represents the feature participating to classify the label ; '0' indicates the feature is not selected. Decode is transforming the binary chromosome to the feature subset. We define the i th chromosome in population as θ i , the g th gene or feature in chromosome θ i as θ g i . P t (θ g i ) is the probability of i th chromosome's g th gene at t th generation.

Initialization.

Initialization demonstrates whether a feature should be selected or not in the beginning. In most cases, GA adopts the random initialization method.

If the scale of the population is large enough, chromosome variety enhances its global search ability. In our proposed method, whether a feature appears in the chromosome depends on its probability. All the features have the same probability. The too-large probability will degrade the selection function, and the too-small probability will decrease the variety of chromosomes.

P 0 (θ g i ) = 0.65 0 ≤ i < n, 0 ≤ g < m (4.1)
where n is the number of populations, m is the number of genes or features in one chromosome. P 0 is the probability at 0 th generation.

Fitness selection.

In our method, we introduce the Gaussian Bayesian (GB), Support vector machine (SVM), and K-nearest neighbors (KNN) as the evaluation function. The higher accuracy means the chromosome has a better performance. In each Fitness selection, 1/3 population will be discarded. The rest of the population will take part in the probability update. Among these populations, The best performance subset will be kept. If a chromosome in the next generation is better than the current chromosome, it will be replaced.

4. Probability update. After the discarding process, relying on remained chromosomes, each gene's probability will be updated. If the existence of one feature promotes accuracy, which indicates the feature is positive in classification, its probability will increase in the next generation. The probability P t (θ g i ) is calculated as :

E t-1 (θ g i ) =          1 gene selected 0 gene not selected (4.2) P t (θ g i ) = ( 2n 3 i=1 E t-1 (θ g i ))/ 2n 3 (4.3)
5. Chromosome replication. Different from the popular chromosome replication method where the new chromosome is produced from a pair of parents. In our proposed method, there is no parent chromosome, all the genes or features only rely on each probability.

To have a better understanding of the variety, we apply the information entropy to calculate the information volume of each gene. At generation t, the information entropy of gene g and a chromosome are computed by Eq. 4.4 and Eq. 4.5. In Fig. 4.3, we present one gene's information entropy variation with its probability.

H t (θ g ) = -P t (θ g ) ln(P t (θ g )) -(1 -P t (θ g )) ln(1 -P t (θ g )) (4.4)

H t (θ) = H t (θ g ) (4.5)
In contrast to the classical GA, seemingly, their selection method, such as the elite selection or probabilistic selection is similar to our proposed method. Information entropy also can estimate GA's information volume. However, each gene's probability is not inde- where T P, T N, FP and FN are the true positive, true negative, false positive, and false negative, respectively. The t pr is the true positive rate, f pr is the false positive rate, and P(X1 > X0) are the probability of the confidence scores X1 > X0 for a negative and positive instance. The AUC value describes the probability that a classifier ranks a randomly chosen positive instance higher than a randomly chosen negative one. 4.1. We apply the average value and standard deviation to implement a paired two-tailed t-test with other methods or settings. "+", "=" and "-" mean that the objective algorithm performs "better than ", "equal to", and "worse than" the corresponding method When the P-Value is less than 5%. W/T/L indicates the win/tie/loss statistics of one method relative to another method.

4.4.3/ DATASET AND PRE-PROCESSING

To verify the generalization of our proposed method, we employ 15 datasets to assess its performance. We summarize their characteristics of instance, feature, and classes in To evaluate the effect of mRMR, we compare the prediction results of mRMR and the full features based on GADP. After primary selection, only the top 70 features remain.

In Table 4.3, we can see that the accuracies of mRMR are higher than the full features on three classifiers except for a few cases. It denotes that eliminating redundant features is effective, and mRMR can select more supportive features to promote the algorithm's performance. Besides, generally, we reckon that a smaller feature scale should have less time cost. In most cases, mRMR indeed spends less time because the search space of the full features is wider so that the algorithm converges slower. As for the full feature cases with higher accuracies, we notice that their time cost is higher. It is because searching for better results needs more time. The phenomenon also appears on the mRMR feature subset. For example, COIL20 in GB and KNN.

4.4.5/ THE INFLUENCE OF PROBABILITY SETTING

Gene probability is the core of GADP, which determines the production of each new chromosome. A proper probability setting is vital for GADP to search the feature space and 3 pairs of probability are studied based on GADP and mRMR in this part. We depict the tendency of partial chromosomes' probability in Fig. 4.5. There are three pairs of probability thresholds, 0-1, 0.3-0.8, and 0.4-0.7. We can note that, in the first subfigure, each gene's probability reaches its final value (0-1) after approximately 20 generations. When the selection process is terminated, the results demonstrate that 2 of 7 genes are selected. The earlier convergence of gene probability will decrease the search space, in some way, which could lead to the local optimum.

Compared with the aforementioned figure, the probability fluctuation is obvious in Fig. 4.5b, even lasting to the end. The probability could increase or decrease from opposite values. Finally, we set the gene probability threshold as the 0.4-0.7 pair in Fig. 4.5c, which makes converge slower and has a more broad search space, so it will cost lots of time. In Fig. 4.5c, nearly all the features are in an unstable situation, and it seems that the fitness function loses its effect.

Moreover, we also make a comparison of different probability thresholds in Table 4.4.

The accuracies without the probability limitation are better than those with limitations.

They achieve 15, 14, and 10 of 15 with the highest accuracies on GB, KNN, and SVM.

It seems that the advantages of 0-1 pair on SVM are not as apparent as on GB and In Section 4.4.4, we explored the effect of mRMR. The results directly applying GADP with full features are not good. Thus, we compare our method to other heuristic algorithms, such as PSO, FPA, and WOA based on mRMR in Table 4.8. On GB and KNN, our proposed method nearly obtains the highest accuracies on all the datasets. On SVM, GADP achieves 11 of 15 the highest accuracies. Otherwise, it seems that the PSO is a little better than FPA and WOA. What's more, compared with mRMR's results in Table 4.5 -4.7, PSO, FPA, and WOA also promote their performances as GADP and GA. Finally, for the feature selection task, we believe that GADP is a considerable method.

4.5/ CONCLUSION

Selecting the optimal subset of features is one vital task for promoting the classifier's performance. Combining the advantages of different methods is a reasonable approach. In this work, we propose a novel population-based algorithm inspired by the genetic algorithm. Compared to the classical genetic algorithm, dynamic probability replaces the crossover and mutation operators. The value of probability assures the existence of heredity and mutation. For evaluating the performance of our proposed method, we explore the influence of probability limitation. Results show that no limation makes the convergence faster and accuracy higher. After, we test the effect of mRMR by comparing GADP's results on the selected features and full features. The results of mRMR are better than the full features' because there exist many irrelevant features which let classifiers trap into local optimum and increase their time consumption. What's more, we also compare the GADP with GA and no process. Further feature selection can promote the classifier's results. GADP surpasses GA which indicates our proposed method is accessible. Most of the cases, the time cost of mRMR is lower than full features', at the same time, with higher accuracy. Sometimes, the results of mRMR have a higher time cost and lower accuracy. It may concern the search space. Larger search space and less supportive features make the classifier's performance bad and cost more time. The mRMR filter may lose some key features. Finally, our method compares to other famous heuristic algorithms like PSO, FPA, and WOA, still, our algorithm shows its advantages in feature selection. In these heuristic algorithms, PSO performs better than FPA and WOA. In the future, we plan to extend our method to other domains.

CONCLUSION AND PERSPECTIVE

5.1/ CONCLUSION

Dimensionality reduction is a key technique to handle the increment of data's feature, which can reduce the storage request and promote the classification performance by selecting vital features. Although, researchers have put up many effective methods, such as the PCA and their extension methods, and heuristic methods. In some domains, people still don't realize the importance of the data and mutual information method. Regarding mutual information methods, current works mainly focus on relevancy and redundancy, and treat them equally, which is harmful to the target's uncertainty reduction. What's more, proper feature attribute partition is necessary for correctly computing mutual information, few existing methods notice its function. However, even with the advanced mutual information methods, redundancy remains within features. To solve these limitations, we address and study three works for dimensionality reduction.

In Chapter 2, we focused on feature selection in heart disease diagnosis and introduced the mRMR method into this area. Most of the current works prefer to employ the data processed by doctors, we reckon that these selected data may lack the consideration of relationships within features. Thus, we emphasized data's importance in this chapter. To search for a better feature combination, we verified the effectiveness of the incremental feature combination method after ranking these features. We designed lots of experiments to verify our assumptions. And, our conclusions are beneficial for researchers to pay attention to the original data and mutual information methods.

In Chapter 3, we studied reducing target uncertainty and calculating mutual information problems accurately to promote classification accuracy. To enhance the mutual information method, we proposed a full conditional mutual information maximization method. The proposed method concentrates on reducing target uncertainty during selecting the selected features. The conditional mutual information contributing to reducing the uncertainty is the key metric. As for mutual information calculation, we employ a dynamic method to adjust the division factor. Experiments demonstrate both the improved mutual infor-CHAPITRE 5. CONCLUSION AND PERSPECTIVE mation method and dynamic division factor search are effective to promote classification performance.

In Chapter 4, we addressed further reducing the redundancy in features. As analyzed above, current mutual information methods only concern the relevancy and redundancy within three features (candidate feature, one selected feature, and target feature) due to the time consumption, redundancy may remain when calculating mutual information with multiple (more than three) feature combinations. Thus, introducing the heuristic algorithms to eliminate feature redundancy is necessary. To achieve a better result, the heuristic algorithms should search for possible solutions in a more broad space. Therefore, we proposed the improved genetic algorithm which simplifies the genetic process and enhanced its searchability. What's more, we reckon that directly using the improved genetic algorithm is prone to be trapped in the local optimum. We add the mRMR as the first layer to search globally, and our genetic algorithm as the second layer to search locally.

5.2/ PERSPECTIVE

Dimensionality reduction plays a vital role in many areas even though it still has some problems. The main task of dimensionality reduction is searching for more informative features within limited features. Thus, designing efficient metrics to assess the relevancy between a feature and target is the core task.

Numerous researchers noticed the effectiveness of mutual information in feature selection, and various methods are proposed. They not only consider the relevancy but also the redundancy, which makes selecting a feature more accurate. However, the drawbacks of these methods are obvious, for example, current methods only calculate the relevancy and redundancy within three features. Besides, the feature attribute division is based on the MIM and the KNN as the classifier. The heuristic algorithm can help further improve a classifier's performance.

We still need to study the dimensionality reduction method in the following points nonetheless current works have achieved pretty results.

• 1) More proper feature partition methods should be explored.

Feature partition tremendously affects mutual information calculation. Dynamic selection still has probability trapped in the local optimum. Generally speaking, the heuristic algorithm owns powerful global searchability, thus, we reckon that employing the heuristic algorithm to find a proper feature partition factor should be explored.

• 2) Transferring our dimensionality reduction methods to other data structure domains.

Non-flat data increases fast and has practical business value, thus, in future work, we should transfer the dimensionality reduction methods on flat data to the non-flat data.

• 3) Exploring more metaheuristic algorithms.

Metaheuristic algorithms have shown their advantages in facing the NP-hard problem. More and more metaheuristic algorithms are put up, and applying and inventing metaheuristic algorithms are valuable work, which will contribute to various areas.

• 4) Applying deep learning even reinforcement learning technique in dimensionality reduction.

Deep learning and reinforcement learning are so prosperous that attract many researchers' attention. However, few works successfully apply deep learning and reinforcement learning in dimensionality reduction.
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  FIGURE 1.1 -UCI ML Repository Attributes Growth and Sample Size Growth with time

  FIGURE 1.2 -NoSQL database

4.

  Selecting the optimal feature combination is an NP-hard problem : It is hard to make sure that the selected feature combination owns the best performance without testing all the combinations. In other words, what present methods pursue is the local optima. Dimensionality reduction decreases data dimensionality from a high-dimensional space into a low-dimensional space and has been used in many application areas because the low-dimensional data helps overcome the issue of the dimensionality curse and can be easily processed. Given the high-dimensional data X = [x 1 , x 2 , ..., y m ] ∈ R m×p having p dimensions and m instances, after dimensionality reduction process, new low-dimensional data appear, Z = [z 1 , z 2 , ..., z m ] ∈ R m×k , and k << p in ideal case. A common diagram of classification based on feature selection is presented in 1.4. The feature selection algorithm selects some key features according to its mechanism, then, the selected features will be as the input of the classifier, and the classifier predicts the final result.
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 14 FIGURE 1.4 -Diagram of classification based on feature selection
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 3 THE CATEGORIES OF DIMENSIONALITY REDUCTION TECH-NIQUES Generally speaking, dimensionality reduction includes two main methods, feature extraction, and feature selection. Feature extraction transforms the original features from the high-dimensional space into low-dimensional space, however, the new data loses the interpretation, and it's hard for users to explain which features are helpful to the final result. In Fig. 1.5, feature selection is divided into three categories, filter methods, wrapper methods, and embedded methods. In Fig. 1.6, feature selection and feature extraction methods can be divided according to different criteria, such as linear vs. non-linear ; local
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 15 FIGURE 1.5 -Hierarchy of dimensionality reduction methods

  r, where without loss of generality m ≥ n, therefore, r ≤ n. SVD factorizes the X into US V T , matrix U and V are the orthogonal matrices with dimensions m × k and k × n, matrix S is a k × k diagonal matrix containing singular values of X. The columns of U are called the left singular vectors, and the rows of V T contain the elements of the right singular vectors.

  text represents a term-document matrix. The rows are individual words, and the columns are documents, such as passages or sentences. Each cell contains the frequency with which a term appears in the document ; 2) Transformed Term-Document Matrix. Instead of the raw term frequencies, the entries in the term-document matrix are often transformed ; 3) Dimensionality Reduction. A reduced-rank singular value decomposition (SVD) is performed on the matrix, in which the first k largest singular values are retained, and the remainder set to 0. 4) Retrieval in Reduced Space. Similarities are computed among entities in the reduced-dimensional space.

  Metaheuristic methods include evolution-based algorithms, swarm intelligence-based algorithms, physics-based algorithms, and human behaviorrelated algorithms. 1) Evolution-based algorithms : It is inspired by natural evolution and
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 2 FEATURE SELECTION BY MRMR METHOD FOR HEART DISEASE DIAGNOSIS τ(X, Y) = n C -n D n C +n D Algorithme 1 : Kendall τ input : The heart disease dataset D, selected feature number n; output : Dataset D p with the target feature; load the original dataset D, extract label L from dataset D, D t = ∅; for each feature f ∈ D do if f Rule then
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 2 FEATURE SELECTION BY MRMR METHOD FOR HEART DISEASE DIAGNOSIS Algorithme 3 : mRMR [Ding et al., 2005] input : The traning dataset D with original feature set F = { f 1 , f 2 ... f n }, class label Y and the required feature number T = 70 output : The selected subset feature S T S T ← ∅;

  FIGURE 2.2 -Accuracy with the incremental heavy importance feature

  FIGURE 2.3 -Results on Cleveland
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 2 FIGURE 2.4 -Results on Hungarian

  FIGURE 2.5 -Results on Long-Beach-Va
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 31 FIGURE 3.1 -Relationships among three features

FIGURE 3

 3 FIGURE 3.2 -Artificial attribute example. There are two probability density curves with different labels within one feature. Ideally, the two curves should not intersect with each other. When some attributes with the same value appear in the intersection distribution range, this feature's mutual information with class label will decrease. If the fluctuation makes these attributes' values different, mutual information doesn't change.

  is the class label. According to the Venn diagram in Fig. 3.1, I(x k ; y) = I(x k ; y|x j ) + I(x k ; x j ; y) (3.5) I(x k ; x j ) = I(x k ; x j |y) + I(x k ; x j ; y) (3.6)

  class label Y and the required feature number T output : The selected subset feature S T S T ← ∅; foreach f i in F do MI i = I( f i ; y); f ← max( MI); S T ∪ f ;

  FIGURE 3.4 -Results on Cleveland

Algorithme 5 :

 5 ANP input :The initial partition θ = 10, the threshold k = 50,learning rate =0.01, training set X = {x 1 , x 2 , ..., x n }, class label set Y = {y 1 , y 2 , ...y n } output : θ opt i ← 0 , acc ← 0 , θ opt ← 0; while i < k or ∆H list > 0.01 do i ← i + 1; Normalization(X); X ← X * θ; f set = MI M(X) ; Acc set ← ∅; d = 0;for j in len( f set) do Model = KNN(X trainning [:, : j], Y trainning ); Ŷ = Model(X val ); Acc set = Acc set ∪ Acc( Ŷ(θ)); Acc set = mean(Acc set ); if Acc set > acc then acc ← Acc set ; θ opt ← θ ; d = ∆Acc set ∆θ ; θ = θ + d * learning rate;

  FIGURE 3.6 -Performance comparision between FCMIM and previous methods. Win/tie/loss indicates FCMIM is better/equal to/worse than another method.
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 37 FIGURE 3.7 -Performance comparision between ANPFCMIM and previous methods. Win/tie/loss indicates ANPFCMIM is better/equal to/worse than another method.

  FIGURE 3.8 -The performance of different methods on four datasets

  FIGURE 4.1 -Variation trend of accuracy with features.

  Fig. 4.2 depicts several relative elements and processes in GA. The color bar means a chromosome where several genes exist.
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 4 FIGURE 4.2 -Chromosome, gene and operators.

FIGURE 4

 4 FIGURE 4.3 -The information entropy of gene g. Point 1 is the initial information entropy. With the growth of generations, each gene's probability tends to be stable, these supportive genes' information entropy will be close to Point 2 and the redundant genes' information entropy will reach Point 3.
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 4 FIGURE 4.4 -The flowchart of proposed method and classical GA
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TABLE 1 -

 1 List of discriminative characteristics of dimensionality reduction

	Characteristics	Explanation
	Supervised Learning	Makes use of labeled data input and target output data are known.
	Unsupervised Learning	

TABLE 1

 1 

		.1 -Summary of extensions to PCA	
	Reference	Model	Function	Application

) Singular value decomposition (SVD) Singular

  value decomposition is one of the unsupervised dimensionality reduction methods closely related to PCA. Many resear-FIGURE 1.7 -PCA vs. LDA. There are two classes only supplying two samples to methods (PCA & LDA) and satisfying "Gaussian-like" distributions. In this figure, D PCA and D LDA represent the decision boundaries obtained by using nearest-neighbor classification.

	have
	extended LDA to the nonlinear domain via kernelization.
	C

TABLE 1

 1 

		.2 -Summary of LPP's applications	
	Reference	Model	Function	Application
	[Cheng et al.,	SKLPP	building feature subspace	face recognition
	2005]			
	[Yu et al., 2006b] DLPP	building feature subspace	face recognition
	[Lu et al., 2018]	MEDLPP	small sample size	pattern recognition
	[Zhong et al.,	L1DLPP	small sample size & outliers	pattern recognition
	2014]			
	[Zhu et al., 2007] ODLPP	orthogonalizing the basis vectors of the face subspace	face recognition
	[Lu et al., 2010]	DLPP/MMC maximizing the difference	face recognition
	[Wang et al., 2017]	GLPP	Improving efficiency	video/image classifi-cation
	1.3.1.2/ NON-LINEAR DIMENSIONALITY REDUCTION TECHNIQUES	

A) Kernel principal component analysis Kernel Principal Component Analysis

(KPCA) is an extension of PCA introduced by [Sch ölkopf et al.

  [START_REF] Tan | A genetic algorithm-based method for feature subset selection[END_REF] that will significantly degrade the performance of machine learning methods or increase computation costs, is a necessary step in current research area. Dimensionality reduction has two main branches, feature extraction, and feature selection.

Reducing dataset's dimensionality, which means eliminating redundant or irrelevant fea-28CHAPITRE 2. FEATURE SELECTION BY MRMR METHOD FOR HEART DISEASE DIAGNOSIS tures [

  Along with the popular works, to receive better prediction results and reduce the classifier characteristic's influence, six most used classifiers such as Artificial Neural Network (ANN), Support Vector Machine (SVM), Random Forest(RF), Linear Regression (LR),

	Gaussian Bayesian (GB), and K-nearest neighbors (KNN) are applied in research.
	The rest of this chapter is organized as follows. Section 2.2 presents theories and algo-
	rithms of PCA, LDA, Kendall τ correlation, Random Forest algorithm, and mRMR. Be-
	sides, this part also introduces heart disease datasets and the flowchart of the whole ex-
	periment. Section 2.3 displays a comprehensive comparison of results, discussion, and
	conclusion. Finally, Section 2.4 summarizes all results in this work.

TABLE 2 .

 2 1 -Features of the processed datasets(Cleveland, Hungarian and Long-Beach- Va) 

	Serical	Original	Feature	Feature Description
	Number	Number	Name	
	1	3	age	age in years
	2	4	sex	sex (1 = male ; 0 = female)
				cp : chest pain type-Value 1 : typical angina-
	3	9	cp	Value 2 : atypical angina-Value 3 : non-anginal
				pain-Value 4 : asymptomatic
	4	10	threstbps resting blood pressure
	5	12	chol	serum cholestoral in mg/dl
	6	16	fbs	(fasting blood sugar >120 mg/dl) (1 = true ; 0 = false)
	7	19	restecg	resting electrocardiographic results
	8	32	thalach	maximum heart rate achieved
	9	38	exang	exercise induced angina (1 = yes ; 0 = no)
	10	40	oldpeak	ST depression induced by exercise relative to rest
	11	41	slope	the slope of the peak exercise ST segment
	12	44	ca	height at rest
	13	51	thal	3 = normal ; 6 = fixed defect ; 7 = reversable de-fect
	14	58	num	diagnosis of heart disease (angiographic di-sease status)
	four medical agencies, the Hungarian Institute of Cardiology, Zurich University Hosptial,
	Basel University Hospital, and V.A Medical Center.
	The heart disease dataset contains 74 features with a detailed description, but the medi-
	cians only recommended 13 features within them. Thus, there are two versions of data-
	sets in heart disease diagnosis, the unprocessed version (74 features) and the processed
	version (13 features).		

Table 2 .

 2 1 displays its detailed description. Particularly, we find that most of the related heart disease factors have a characteristic in their values, smaller factor's value often demonstrates the patient is prone to be healthy. On the contrary, it is not.

Table 2.2 shows Cleveland, Hungarian, and Long-Beach-Va's distributions. After eliminating useless or missing values, they have 283, 294, and 123 samples, respectively.

TABLE 2 .

 2 2 -The processed and original datasets distribution

	Dataset	Total instances Presence	Absence
	Cleveland	283	157 (55%)	126 (45%)
	Hungarian	294	188 (64.9%)	106 (35.1%)
	Long-Beach-Va	123	93 (75.6%)	30 (24.4%)
	2.3/ RESULTS AND ANALYSIS		
	2.3.1/ RESULTS ON THE ORIGINAL DATASET	

TABLE 2 .

 2 3 -The influence of dataset process. .3.3/ RESULTS ON CLEVELAND Fig. 2.3 represents four feature selection methods' results on Cleveland dataset. We can see that results of RF, Kendall, and mRMR are similar. By reaching the highest accuracy,

	Dataset	Method Accuracy(%) Precision(%)	Recall(%)	F1(%)	AUC(%)
		RF	81.5 (94.6) 81.2 (97.2) 75.7 (90.2) 78.0 (93.5) 81.0 (94.1)
		LR	83.2 (92.6) 86.6 (97.4) 77.2 (85.5) 81.4 (90.9) 83.0 (91.9)
	Cleveland	ANN GB	61.4 (57.1) 58.2 (46.8) 68.1 (62.0) 59.4 (49.6) 62.4 (58.2) 83.7 (98.8) 84.8 (97.8) 79.1 (99.4) 81.6 (98.6) 83.4 (98.8)
		KNN	63.8 (63.1) 59.4 (60.9) 57.9 (49.9) 58.4 (54.5) 63.2 (61.9)
		SVM	85.0 (89.5) 85.5 (91.0) 82.0 (84.0) 83.6 (87.2) 84.8 (88.9)
		RF	80.9 (92.6) 75.9 (91.5) 69.6 (88.2) 72.2 (89.7) 78.5 (91.7)
		LR	83.0 (91.0) 78.4 (88.6) 69.6 (86.2) 73.4 (87.1) 79.8 (90.0)
	Hungarian	ANN GB	63.4 (63.3) 11.3 (3.5) 82.6 (84.8) 76.4 (76.5) 79.5 (84.8) 77.7 (79.8) 82.1 (84.7) 15.6 (0.8) 13.1 (1.3) 52.8 (49.9)
		KNN	64.0 (68.4) 52.5 (58.4) 38.8 (39.6) 44.1 (45.6) 58.8 (61.0)
		SVM	80.9 (89.6) 73.7 (85.3) 72.7 (86.1) 72.7 (85.5) 79.0 (88.8)
		RF	76.2 (87.3) 79.7 (87.7) 91.8 (97.1) 85.2 (92.1) 60.8 (77.0)
		LR	74.0 (82.5) 75.7 (88.3) 95.8 (88.7) 84.4 (88.4) 54.0 (76.2)
	Long-Beach-Va	ANN GB	71.4 (68.5) 73.4 (77.1) 95.5 (82.8) 82.8 (79.6) 51.6 (54.8) 68.8 (92.6) 82.1 (92.6) 75.4 (97.6) 78.1 (95.0) 63.4 (88.5)
		KNN	73.2 (73.0) 76.7 (76.1) 92.7 (93.4) 83.7 (83.7) 55.4 (53.0)
		SVM	64.5 (74.9) 84.6 (87.0) 63.6 (77.8) 72.0 (82.0) 65.7 (72.4)
	Results of original datasets are in parentheses.		

number approaches 30 on Cleveland and Long-Beach-Va datasets, each feature addition will bring the obvious accuracy promotion. While this phenomenon nearly disappears from the Hungarian dataset. By analyzing the results, we can conclude that the incremental combination of important features is reasonable and effective for getting a comparatively optimal feature combination. By the way, in the incremental combination methods, the more important features are added first, and there are five initial features at the beginning.

2

TABLE 2 .

 2 

	Method	Serial Num	1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
		Cleveland	61 67

4 -Selected Features by mRMR from original datasets

51 65 63 60 44 38 9 68 40 41 4 72 59 30 3 71 19 73 25 12 39 24 17 36 10 18 14 15 Kendall Hungaria 63 38 60 41 6 40 67 9 30 7 72 65 68 61 59 73 4 62 25 71 26 66 12 64 16 36 10 43 3 24 Long-beach-va 67 63 60 6 9 61 72 38 40 41 7 68 39 26 62 36 10 20 56 28 33 3 59 27 66 22 29 37 21 64 Cleveland 51 61 63 9 60 67 38 40 65 32 44 30 68 36 29 31 4 12 3 33 43 34 10 21 56 15 35 41 14 37 Random Forest Hungaria 63 38 41 9 6 60 7 61 67 40 65 32 30 33 29 72 4 12 21 20 42 43 3 68 36 55 35 56 22 34 Long-beach-va 67 60 63 3 12 40 56

  61 32 65 6 74 29 72 43 55 33 15 10 42 35 57 9 20 21 41 62 31 38 36 Cleveland 5 42 41 45 43 44 40 46 35 29 34 2 39 1 32 48 15 31 30 9 47 17 11 19 10 8 49 18 16 21 mRMR Hungaria 9 58 45 48 38 52 3 46 35 53 50 55 44 4 37 49 6 56 1 47 54 51 22 27 15 11 12 5 20 36 Long-beach-va 9 5 58 56 52 49 50 54 57 3 48 53 1 55 44 51 35 61 4 41 59 14 2 63 10 8 15 38 60 13

	Medical view	3 4 9 10 12 16 19 32 38 40 41 44 51
	2.3.7/ COMPARISION
	In Table 2.5, we assemble all results for having a direct comparison in datasets and fea-
	ture selectors. Contrasting the results between LDA and 74 features without a selector,

we found that LDA is no capacity in advancing prediction accuracy. It appears to be that LDA is not appropriate for the binary classification problem. PCA, Kendall, Random Forest, and mRMR can hugely reduce the number of selected features, and mRMR method should be the best one. Plus, the best methods of these feature selectors are the same

TABLE 2 .

 2 5 -Results comparision on Cleveland, Hungarian, Long-Beach-Va

	Dataset	Selector	Method	Accuracy Feature
			SVM	85% (+)	13
			GB	98.8% (+)	74
		LDA	GB	93.7% (+)	74
	Cleveland	PCA	ANN	98.6% (+)	19
		Kendall	ANN	100% (=)	11
		Random Forest	ANN	100% (=)	14
		mRMR	RF, ANN, GB, SVM	100%	8
			GB	82.6% (+)	13
			SVM	89.6% (+)	74
		LDA	KNN	88.3% (+)	74
	Hungarian	PCA	LR	93.4% (+)	13
		Kendall	RF	96.1% (+)	16
		Random Forest	RF	95.4% (+)	12
		mRMR	RF	98.3%	14
			RF	76.2% (+)	13
			GB	92.6% (+)	74
		LDA	GB	80.5% (+)	74
	Long-Beach-Va	PCA	LR	87.3% (+)	28
		Kendall	GB	98.3% (+)	8
		Random Forest	GB	98.4% (+)	13
		mRMR	GB	99%	9

on the three datasets. Concerning the best accuracies, different methods show their best performances on datasets. Compared with PCA's results, the best classifier on Cleveland is ANN, accuracy increases 1.4%, feature number decreases 11 ; Hungarian is the Random Forest, the accuracy increases 4.9%, feature number increases 1 ; Long-Beach-Va is GB, the accuracy increases 11.7%, feature number decreases 17. We can also observe that the optimal feature number usually is below 17 after feature selection. What's more,

TABLE 2

 2 

	.6 -Comparision on Cleveland dataset	
	Author	Method	Accuracy Feature
	[Khanna et al., 2015]	Logistic Regression	84.8%	13
	[Khan et al., 2016]	Decision Tree	89.1%	13
	[Sarangam Kodati, 2018]	Naive Bayes	83.70%	13
	[Alotaibi, 2019]	SVM	92.30%	13
	[Uyar et al., 2017]	GA based on RFNN	96.63%	13
	[Gupta et al., 2019]	MIFH	93.44%	28
	Our work	mRMR + RF, ANN, GB, SVM	100%	8

Assume the number of the instances and features are n and m, respectively, and the selected feature number is k. The time complexity of PCA and LDA is O

TABLE 3 .

 3 

1 -Artificial feature example.

  Lung, Lung discrete, Lymphoma, Leukemia, Prostate GE and TOX 171), handwriting data (USPS), text data (BASEHOCK, PCMAC, and RELATHE), and other datasets. In these datasets, 7 of them are discrete, the rest is continuous. Besides, the range of attribute values is quite different from each other. To eliminate the influence of attribute value's difference, in most cases, we normalize the dataset and then utilize the attribute partition parameter θ to search for the proper neighborhood interval. When the discrete dataset contains a few different values, it's unnecessary to normalize it. The parameter θ relies on the characteristic of the dataset. Searching good θ value is a high-computing cost process, for accelerating it, we employ MIM to select the candidate feature, because MIM is not only fast but also the foundation of the most mutual information methods. To avoid the gradient descending method sometimes can't convergence due to too much uncertainty in results, we set a threshold k (50) as the criterion to stop the search process.

These datasets are in various types, such as biological data (ALLAML, Colon, GLIOMA, For the classifiers, we adopt four popular machine learning methods, k-nearest neighborhood(k=3), SVM(kernel='linear'), Random Forest(RF), and Gaussian Bayes(GB). All the training and test works are on a server platform with a 64-core CPU and 32 GB memory.

TABLE 3 .

 3 

	Dataset		KNN			SVM			RF			GB	
		full feature FCMIM	ANPFCMIM full feature FCMIM	ANPFCMIM full feature FCMIM	ANPFCMIM full feature FCMIM	ANPFCMIM
	ALLAML	81.79	100.00	100.00	97.14	100.00	100.00	96.07	100.00	100.00	100.00	100.00	100.00
	BASEHOCK	67.64	85.74	87.25	94.88	94.64	96.32	96.89	93.47	95.34	96.48	93.64	94.35
	COIL20	92.57	98.14	98.40	98.26	98.37	98.50	98.68	99.07	100.00	93.75	93.28	93.50
	colon	78.81	100.00	100.00	80.71	89.47	91.21	80.48	94.73	96.34	66.67	89.47	88.94
	GLIOMA	78.00	100.00	100.00	76.00	100.00	100.00	78.00	93.33	90.42	20.00	93.33	94.87
	Isolet	90.19	64.10	65.20	94.81	64.27	68.96	92.69	71.79	80.20	82.69	65.17	70.52
	leukemia	88.57	95.15	96.30	97.14	95.45	96.37	98.57	94.69	95.67	100.00	100.00	100.00
	lung	96.52	98.36	98.65	96.02	98.36	99.06	93.05	93.00	93.10	80.00	98.36	98.25
	lung discrete	86.07	80.60	83.67	88.93	95.45	97.41	86.25	80.15	83.64	57.14	65.45	67.67
	lymphoma	91.33	87.81	89.46	93.44	96.55	97.93	83.00	86.09	85.49	44.44	89.65	90.35
	madelon	56.62	89.23	90.11	55.81	65.25	68.94	71.58	89.87	90.80	55.00	60.99	59.61
	PCMAC	67.89	84.56	86.92	82.97	88.85	89.45	92.54	87.13	88.35	84.54	83.01	84.00
	Prostate GE	81.55	93.22	95.34	89.18	93.54	92.10	89.18	100.00	100.00	60.00	96.77	97.42
	RELATHE	75.68	77.62	80.40	86.47	79.25	81.68	88.43	81.58	84.91	81.69	74.35	78.64
	TOX 171	61.01	82.69	84.22	84.80	86.53	85.73	69.61	88.46	87.65	76.47	86.53	90.36
	USPS	97.01	82.26	83.75	95.74	88.49	90.15	96.18	89.46	90.98	77.50	92.32	93.15
	warpPIE10P	95.71	96.82	97.63	99.05	100.00	100.00	94.76	96.82	97.25	100.00	93.65	95.47
	average	81.59	89.19 (+) 90.43	88.90	90.26 (+) 91.40	88.59	90.57 (+) 91.77	75.08	86.82 (+) 88.06

7 -The highest average accuracies (%) of four classifiers

TABLE 3 .

 3 8 -The result comparision between all feature input and the selected feature input 3%, and sometimes, it's more than 10%. In addition, ANP's promotion is more apparent on MIM, MIFS, and CIFE. It is because the terrible performance of FP provides ANP with huge promotion space.

Table 4 .

 4 2. Three datasets are the binary classification task, and the rest of them are the multi-classification task. Some datasets are continuous types, which will hinder the ac-

curacy of mutual information selection because continuous types could paralyze mutual information calculation. Therefore, we need to redivide all feature attributes into 10 intervals. The first step is normalizing the attribute as Eq. 4.10. Afterward, multiply x * by 10, so all the attributes will fall into the 10 regions. It's a necessary process when using mu-

TABLE 4

 4 

		.1 -The parameter setting of heuristic algorithm
	Name	Parameter Setting
	GADP max feature = 50, initial probability = 0.65, population = 50, max iteration = 50
	GA	max feature = 50, population = 50, max iteration = 50
	PSO	particles = 50, max iteration= 50
	FPA	search agents = 50, max iteration = 50
	WOA	search agents = 50, max iteration = 50
	tual information in a continuous dataset. K-fold cross-validation is used in this research,
	K = 5.	

TABLE 4

 4 84CHAPITRE 4. GA-LIKE DYNAMIC PROBABILITY METHOD WITH MUTUAL INFORMATIONTABLE 4.7 -Comparsion of GADP with mRMR-GA and mRMR on SVM 87.65±1.31 86.36±0.85 (+) 81.42±2.62 (+) 80.96±1.44 (+) 89.19±0.95 88.42±0.67 (+) 85.95±0.21 (=) 87.08±0.30 (=) Isolet 70.96±1.17 69.04±2.11 (+) 64.87±2.00 (+) 65.58±0.97 (+) 72.18±2.65 70.90±2.74 (+) 68.65±3.24 (+) 68.40±2.99 (+) 76.47±0.43 73.28±1.71 (+) 72.90±0.55 (+) 71.38±1.05 (=) GLIOMA 91.99±6.81 90.06±7.72 (=) 90.06±7.72 (=) 86.06±3.79 (+) 87.98±4.66 86.06±7.33 (=) 83.81±2.09 (+) 85.90±1.32 (+) 83.97±3.32 87.98±4.66 (-) 80.13±3.70 (+) 81.89±2.63 (+) Prostate GE 94.19±4.65 94.19±4.65 (=) 93.23±3.55 (+) 93.23±3.55 (+) 96.15±2.44 95.15±5.44 (=) 94.12±2.27 (+) 94.15±2.01 (+) 93.23±6.55 93.23±6.55 (=) 94.19±6.65 (=) 94.23±7.36 (=) COMPARISON OF GADP, PSO, FPA AND WOA

	.3 -The influence of mRMR selection
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Proof 1 :

As the change happens in terms of x i , x j ∈ MI(X; Y), we only focus on the change terms.

MI(X; Y)

Theorem 2 :

x i ∈ m1 th class, x j ∈ m2 th class, m1 m2, m1, m2 ∈ {1, 2, ..., k}, x i x j , if

Theorem 1 shows that the attribute partition in the same class label does not influence the mutual information between feature and class label ; Theorem 2 demonstrates that partitioning attributes in different class labels into the same interval will decrease the mutual information value. If an attribute appears homogeneously in all classes, there is