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Spécialité
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RÉSUMÉ

Cette thèse se situe à l’interface de la Statistique, paramétrique et non-paramétrique, des pro-
cessus stochastiques, et de l’analyse des équations aux dérivées partielles paraboliques. Le fil
conducteur des travaux présentés ici a été d’obtenir des informations sur le flot de mesures de
probabilités, solution d’une équation de Fokker-Planck-Kolmogorov non-linéaire, dite équation de
McKean-Vlasov, et sur le coefficient de drift de cette équation, à l’aide de l’observation continue de
la solution du système linéaire de diffusions en interaction l’approchant en limite de champ moyen,
i.e. quand le nombre de particules de ce système crôıt vers l’infini.

Dans une première partie, nous présentons les résultats obtenus quand le coefficient de drift
dépend d’un paramètre inconnu. Nous suivons le programme d’estimation de Ibragimov et Has-
minskii : nous montrons que la propriété de normalité locale asymptotique est vérifiée par ce
modèle et nous en déduisons des propriétés fines de convergence et de normalité asymptotique de
l’estimateur du maximum de vraisemblance de ce paramètre. Nous proposons un nouveau critère
de vérification de la non-dégénérescence et de l’identifiabilité de ce problème statistique.

Dans une deuxième partie, nous présentons les résultats obtenus quand le coefficient de drift
est inconnu, mais appartient à une certaine classe de fonctions caractérisées par leur régularité : les
fonctions localement hölderiennes. Cette partie repose sur une nouvelle inégalité de concentration
de type Bernstein, et sur des techniques de statistique non-paramétrique : nous construisons des
estimateurs à noyaux adaptatifs de la densité solution de l’équation de McKean-Vlasov et de son
drift à l’aide de la méthode de Goldenshluger-Lepski, et nous montrons que ces estimateurs sont
optimaux au sens minimax pour un risque ponctuel. Enfin, nous construisons un estimateur de la
force d’interaction dans le cas d’un drift de type Vlasov à l’aide d’une méthode de déconvolution.

Mots-Clés
Statistique paramétrique/non-paramétrique, Statistique des processus aléatoires, modèle de

McKean-Vlasov, Systèmes de particules en interaction, Limite de Champ moyen, Propagation du
chaos, Inégalités de concentration, Equation aux dérivées partielles paraboliques non-linéaires,
Equation de Fokker-Planck-Kolmogorov non-linéaire, Espaces de Hölder, Estimation minimax
adaptative, Normalité locale asymptotique, Programme d’Ibragimov-Hasminski, Estimateur du
maximum de vraisemblance, Inégalités oracles, Estimateurs à noyaux, Sélection de fenêtres, Méthode
de Goldenshluger-Lepski, Déconvolution.
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ABSTRACT

This thesis lies at the crossroads of non-parametric and parametric Statistics of processes, and
parabolic partial differential equations analysis. The aim of the present work was to obtain infor-
mations about the flow of probability measures solution of a nonlinear Fokker-Planck-Kolmogorov
equation, known as McKean-Vlasov equation, and about the drift coefficient of this equation,
thanks to the continuous observation of the solution of a linear system of interacting diffusions
as an approximation in a mean-field limit, i.e. as the number of particles in this system grows to
infinity.

In a first part, we present our results when the drift coefficient depends on an unknown para-
meter. We follow the estimation program of Ibragimov and Hasminskii : we show that our model
verifies the local asymptotic normality property, and we deduce from it precise properties of conver-
gence and asymptotic normality of the maximum likelihood estimator of the parameter. We give
a new criterium for verifying that this statistical problem is non-degenerate and identifiable.

In a second part, we present our results when the drift coefficient is unknown, but lies in a
certain class of functions characterized by their regularity : the local Hölder functions. This part
relies on a new Bernstein type concentration inequality, and on nonparametric statistics tools :
we build adaptive kernel estimators of the density solution of the McKean-Vlasov equation and of
its drift, and we show that these estimators are optimal in a minimax sense for a pointwise risk.
Finally, we construct an estimator of the interaction force in the case of a Vlasov type drift by
means of a deconvolution method.

Keywords
Nonparametric statistics, Parametric statistics, Statistics of stochastic processes, McKean-

Vlasov model, Interacting particle systems, Mean-field limit, Propagation of chaos, Concentration
inequalities, Nonlinear Parabolic Partial differential equation, Nonlinear Fokker-Planck-Kolmogorov
equation, Adaptive minimax estimation, Local Asymptotic Normality, Ibragimov-Hasminski’s pro-
gram, Maximum likelihood estimator, Oracle inequality, Kernel estimation, Bandwidth selection,
Goldenshluger-Lepski’s method, Deconvolution.
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accepté de faire partie de mon jury.

Le laboratoire du CEREMADE fut un environnement scientifique propice à cette thèse, je remer-
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pour avoir encadré mon mémoire de Master 2 sur les MAMA. Merci également à Alexandre Afgoustidis,
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mon prédécesseur Paulien pour son aide précieuse dans la dernière ligne droite. Et, last but not least, merci
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Jimmy Lamboley pour avoir pris le temps de me conseiller sur mes études il y a déja quelques années.
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Ainsi qu’à Catherine & Laurent, Danielle & Pierre, qui ont la grande gentillesse de prendre soin de
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NOTATIONS

Throughout our present work, we will make a constant use of the following notations :

✑ T > 0 is the time horizon (fixed once for all) ;

✑ d ≥ 1 is the dimension of the space where our particles will live and evolve ;

✑ ⊤ will stand for the transpose of a vector or a matrix ;

✑ Md(R)
(
resp. Sd(R), S+

d (R), S++
d (R)

)
is the set of the d-dimensional square matrices (resp.

the set of the d-dimensional symmetric square matrices, the set of the d-dimensional sym-
metric non-negative square matrices, the set of the d-dimensional definite positive symmetric
square matrices) ; for M ∈ Md(R), Tr(M)

(
resp. det(M)

)
stands for the trace (resp. the

determinant) of M ; Id stands for the d-dimensional identity matrix ;

✑ For some real numbers x, x′,

{x}+ := max(x, 0) , {x}− := − min(x, 0) , |x| := {x}++ {x}− , ⌊x⌋ := max{n ∈ Z ; n < x} ;

x ∧ x′ := min(x, x′) , x ∨ x′ := max(x, x′) ;

✑ For some sets A,B ⊂ Rq, q ≥ 1, A − B := {x − y ; (x, y) ∈ A × B}, and in particular, for
x0 ∈ Rq, x0 −B := {x0} −B ;

✑ For some positive integer ℓ, Sℓ is the set of the permutations of {1, . . . , ℓ} ;

✑ For some finite set S ⊂ Rq, q ≥ 1, Card(S) is the cardinality of S, that is to say the number
of elements in S ;

✑ We say that s = (s1, . . . , sd) ∈ Nd is a multi-index ; we define the order of s by

|s| := s1 + . . .+ sd ,

the s-derivative by

Ds := ∂|s|

∂s1
1 . . . ∂sdd

, where ∂i = ∂xi , 1 ≤ i ≤ d ,
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and the power-s by
ys := ys1

1 . . . ysdd , y = (y1, . . . , yd) ∈ Rd ;

✑ let U = [0, T ]
(
or U = (0, T ), U = Rd, U = [0, T ] × Rd, U = (0, T ) × Rd

)
, for some integer

q ≥ 1, and some function f : U → Rq, we will denote by f1, . . . , fq : U → R its coordinate
functions, that is to say f = (f1, . . . , fq), and we define C

(
U ; Rq) as the space of continuous

functions from U to Rq, Cb(U ; Rq) as the space of continuous and bounded functions from D
to Rq, Cc

(
U ; Rq

)
as the space of continuous functions from U to Rq with compact support

in U ;
for 1 ≤ k ≤ ∞, we define Ck

(
Rd ; Rq

)
as the space of k-times continuously differentiable

functions from Rd to Rq
(
that is to say, for every s ∈ Nd, |s| ≤ k, Dsf1, . . . Dsfq exist and

are continuous on Rd
)
, we also define Ckb

(
Rd ; Rq

) (
resp. Ckc

(
Rd ; Rq

))
as the functions of

Ck
(
Rd ; Rq

)⋂
Cb
(
Rd ; Rq

)
such that every s-derivative, for s ∈ Nd, |s| ≤ k, is bounded

(
resp.

the functions of Ck
(
Rd ; Rq

)
with compact support in Rd

)
;

for q = 1, and f ∈ C1(Rd ; R
) (

resp. f ∈ C2(Rd ; R
))

we will denote by ∇f : x ∈ Rd 7→(
∂x1f(x), . . . , ∂xdf(x)

)⊤ the gradient of f
(
resp. by D2f : x ∈ Rd 7→

[
∂2
xixjf(x)

]
1≤i,j≤d the

Hessian of f
)

and we will sometimes write ∇x

(
resp. D2

x

)
to precise that the differentiation

is made with respect to the variable x, in the case where f is a function of more than just
one variable ;
for some integers n1, n2, we define Cn1,n2

(
(0, T ) × Rd ; Rq

)
, for some positive integer q, as

the space of continuous functions f ∈ C
(
(0, T ) ×Rd ; Rq

)
, such that for every s ∈ N, 0 ≤ s ≤

n1, s
′ ∈ Nd, 0 ≤ |s′| ≤ n2, ∂st f,Ds′

x f exist and are in C
(
(0, T ) × Rd ; Rq

)
; for J an interval

such that J̄ ⊂ (0, T ) and U some ball of Rd, we define Cn1,n2
(
J×U ; Rq

)
in the same manner ;

✑ Let (Ω,F,P) a probability space, and let X a random variable on (Ω,F,P) with values in
some Polish space (E,E). We will denote by LP(X) (or just L(X) if there is no possible
misunderstanding) the law of X under P, and for some probability law P on E, we will
denote by X ∼ P the fact that X is of law P (under P) ;

✑ For some integer r ≥ 1, Pr(Rd) is the set of probability measures ν on Rd with a finite moment
of order r, that is to say such that

mr(ν) :=
∫
Rd

|y|rν(dy) < ∞ ;

for d = 1, we will also use the moments

m̃r(ν) :=
∫
R
yrν(dy) ;

✑ The space P1(Rd) is endowed with the 1-Wasserstein distance W1 (also called the Kantorovich-
Rubinstein distance, see the Chapter 6 of the Villani’s monograph [185]) defined by : for
ν, ν′ ∈ P1(Rd),

W1(ν, ν′) := inf
Z∼ν,Z′∼ν′

EP

[∣∣Z − Z ′∣∣] ,
where the infimum is taken over all random variables Z,Z ′ defined on the same probability
space (Ω,F,P) with values in Rd respectively of laws ν and ν′ ;
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✑ We will aslo consider the total variation distance ||.||TV defined on P1(Rd) by : for ν, ν′ ∈
P1(Rd),

||ν′ − ν||TV := sup
B∈B(Rd)

|ν′(B) − ν(B)| = inf
Z∼ν,Z′∼ν′

P
(
Z ̸= Z ′) ,

where B(Rd) is the Borel σ-algebra of Rd, and the infimum is taken over all random variables
Z,Z ′ defined on the same probability space (Ω,F,P) with values in Rd respectively of laws
ν and ν′ ;

✑ We will also make use of the 2-Wasserstein distance W2 on P2(Rd) (see again [185]) defined
by : for ν, ν′ ∈ P2(Rd),

W2(ν, ν′) := inf
Z∼ν,Z′∼ν′

EP

[∣∣Z − Z ′∣∣2]1/2
,

where the infimum is taken over all random variables Z,Z ′ defined on the same probability
space (Ω,F,P) with values in Rd respectively of laws ν and ν′ ;

✑ We say that f : [0, T ] → R belongs to the Hölder class Hα(t0) for some t0 ∈ (0, T ) and
α > 0, if there exists some relatively compact neighbourhood Ut0 of t0 in (0, T ) such that
f ∈ C⌊α⌋(Ut0 ; R

)
and ∂

⌊α⌋
t f is (α− ⌊α⌋)-Hölder on Ut0 , that is to say

[
∂

⌊α⌋
t f

]
α−⌊α⌋;Ut0

:= sup
t,t′∈Ut0 ,t̸=t′

|∂⌊α⌋
t f(t′) − ∂

⌊α⌋
t f(t)|

|t′ − t|α−⌊α⌋ < ∞ ;

without loss of generality we will consider Ut0 as an interval such that Ut0 ⊂ (0, T ), and we
obtain a norm on Hα(t0) by setting

|f |Hα(t0) = |f |Hα(Ut0 ) :=
⌊α⌋∑
s=0

sup
t∈Ut0

|∂st f(t)| +
[
∂

⌊α⌋
t f

]
α−⌊α⌋;Ut0

,

or by considering the equivalent norm

|f |Hα(t0) = sup
t∈Ut0

|f(t)| + max
(

max
1≤s≤⌊α⌋

sup
t∈Ut0

|∂st f(t)| ;
[
∂st f

]
α−⌊α⌋;Ut0

)
;

the extension of these definitions to Rq-valued functions, for some positive integer q, is
straightforward by considering coordinate functions : a mapping f = (fk)1≤k≤q : [0, T ] → Rq
belongs to Hα(t0) if fk ∈ Hα(t0) for every k = 1, . . . , q ;
we say that f belongs to the Hölder class Hα

loc
(
(0, T )

)
if for every t0 ∈ (0, T ), f ∈ Hα(t0), that

is to say for every interval J with J̄ ⊂ (0, T ), f ∈ Hα(J) in the sense that f ∈ C⌊α⌋(J ; R
)

and ∂
⌊α⌋
t f is (α− ⌊α⌋)-Hölder on J , and we obtain a norm |f |Hα(J) on Hα(J) by replacing

Ut0 by J in the definition of |f |Hα(Ut0 ) ;

✑ We say that f : Rd → R belongs to the Hölder class Hβ(x0) for some x0 ∈ Rd and β >
0, if there exists some relatively compact neighbourhood Ux0 of x0 in Rd such that f ∈
C⌊β⌋(Ux0 ; R

)
and for every s ∈ Nd, |s| = ⌊β⌋, Ds

xf is (β − ⌊β⌋)-Hölder on Ux0 , that is to say

[
Ds
xf
]
β−⌊β⌋;Ux0

:= sup
x,x′∈Ux0 ,x̸=x′

|Ds
xf(x′) −Ds

xf(x)|
|x′ − x|β−⌊β⌋ < ∞ ;
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without loss of generality we will consider Ux0 as a ball, and we obtain a norm on Hβ(x0)
by setting

|f |Hβ(x0) = |f |Hβ(Ux0 ) :=
∑

s∈Nd,0≤|s|≤⌊β⌋

sup
x∈Ux0

|Ds
xf(x)| +

∑
s∈Nd,|s|=⌊β⌋

[
Ds
xf
]
β−⌊β⌋;Ux0

,

or by considering the equivalent norm

|f |Hβ(x0) = sup
x∈Ux0

|f(x)|+max
(

max
s∈Nd,1≤|s|≤⌊β⌋

sup
x∈Ux0

|Ds
xf(x)| ; max

s∈Nd,|s|=⌊β⌋

[
Ds
xf
]
β−⌊β⌋;Ux0

)
;

the extension of these definitions to Rq-valued functions, for some positive integer q, is
straightforward by considering coordinate functions : a mapping f = (fk)1≤k≤q : Rd → Rq
belongs to Hβ(x0) if fk ∈ Hβ(x0) for every k = 1, . . . , q ;
we say that f belongs to the Hölder class H

β
loc
(
Rd
)

if for every x0 ∈ Rd, f ∈ Hβ(x0), that
is to say for every ball U of Rd, f ∈ Hβ(U) in the sense that f ∈ C⌊β⌋(U ; R

)
and, for every

s ∈ Nd, |s| = ⌊β⌋, Ds
xf is (β − ⌊β⌋)-Hölder on U , and we obtain a norm |f |Hβ(U) on Hβ(U)

by replacing Ux0 by U in the definition of |f |Hβ(Ux0 ) ;

✑ We say that f : [0, T ]×Rd → R belongs to the anisotropic Hölder class Hα,β(t0, x0) for some
(t0, x0) ∈ (0, T )×Rd and α, β > 0, if there exists some relatively compact neighbourhood U′

x0
of x0 in Rd such that f(·, x) ∈ Hα(t0) uniformly in x ∈ U′

x0
, and there exists some relatively

compact neighbourhood U′
t0 of t0 in (0, T ) such that f(t, ·) ∈ Hβ(x0) uniformly in t ∈ U′

t0 ,
and we obtain a norm on Hα,β(t0, x0) by setting

|f |Hα,β(t0,x0) := sup
x∈U′

x0

|f(·, x)|Hα(t0) + sup
t∈U′

t0

|f(t, ·)|Hβ(x0) ;

the extension to Rq-valued functions, for some positive integer q, is straightforward : a map-
ping f = (fk)1≤k≤q : [0, T ] × Rd → Rq belongs to Hα,β(t0, x0) if fk ∈ Hα,β(t0, x0) for every
k = 1, . . . , q ;
we say that f belongs to the Hölder class H

α,β
loc
(
(0, T )×Rd

)
if for every (t0, x0) ∈ (0, T )×Rd,

f ∈ Hα,β(t0, x0), that is to say for every interval J such that J̄ ⊂ (0, T ), and every ball U of
Rd, f ∈ Hα,β(J ×U) in the sense that f ∈ C⌊α⌋,⌊β⌋(J ×U ; R

)
, ∂⌊α⌋

t f is (α− ⌊α⌋)-Hölder in
t on J , uniformly with respect to x ∈ U , that is to say[
∂

⌊α⌋
t f

]∞;U
α−⌊α⌋;J := sup

x∈U

[
∂

⌊α⌋
t f(·, x)

]
α−⌊α⌋;J = sup

x∈U,t,t′∈J,t ̸=t′

|∂⌊α⌋
t f(t′, x) − ∂

⌊α⌋
t f(t, x)|

|t′ − t|α−⌊α⌋ < ∞ ,

for every s ∈ Nd, |s| = ⌊β⌋, Ds
xf is (β − ⌊β⌋)-Hölder in x on U , uniformly with respect to

t ∈ J , that is to say[
Ds
xf
]∞;J
β−⌊β⌋;U := sup

t∈J

[
Ds
xf(t, ·)

]
β−⌊β⌋;J = sup

t∈J,x,x′∈U,x ̸=x′

|Ds
xf(t, x′) −Ds

xf(t, x)|
|x′ − x|β−⌊β⌋ < ∞ ,

and so, we obtain a norm | · |Hα,β(J×U) on Hα,β(J × U) by setting

|f |Hα,β(J×U) :=
⌊α⌋∑
s=0

sup
(t,x)∈J×U

|∂st f(t, x)| +
∑

s∈Nd,0≤|s|≤⌊β⌋

sup
(t,x)∈J×U

|Ds
xf(t, x)|

+
[
∂

⌊α⌋
t f

]∞;U
α−⌊α⌋;J +

∑
s∈Nd,|s|=⌊β⌋

[
Ds
xf
]∞;J
β−⌊β⌋;U ;
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✑ We say that f : [0, T ] ×Rd → R belongs to the parabolic Hölder space C
1+ δ

2 ,2+δ
loc

(
(0, T ) ×Rd

)
(see e.g. [113] and [118]) if f ∈ C1,2((0, T ) × Rd

)
and ∂tf, ∂

2
xixjf ∈ C

δ
2 ,δ

loc
(
(0, T ) × Rd

)
.

✑ We finally introduce the following parabolic Sobolev spaces (see sections 1.1. and 6.2. of [17]) :
for an interval J of (0, T ) and an open ball U of Rd, for δ ∈ [1,∞), we say that f : J×U → R
is in H1,δ(J ×U) if for almost every t ∈ J , f(t, ·) is in the usual Sobolev space W 1,δ(U)

(
that

is to say f(t, ·) ∈ Lδ(U) and f(t, ·) has generalized derivatives ∂x1f(t, ·), . . . , ∂xdf(t, ·) which
are themselves in Lδ(U)

)
, and

||f ||H1,δ(J×U) :=
(∫

J

(
||f(t, ·)||Lδ(U) +

d∑
i=1

||∂xif(t, ·)||Lδ(U)
)δ
dt
)1/δ

< ∞ ; (1)

we denote by H−1,δ(J×U) the dual space of H1, δ
δ−1

0 (J×U) where for δ′ ∈ [1,∞), H1,δ′

0 (J×U)
is the set of functions in H1,δ′(J × U) with W 1,δ′

0 (U)
(
the closure of C∞

c (U ;R) in W 1,δ′(U)
)

instead of W 1,δ′(U) in the definition ;
we say that f is in H1,δ(J × U) if f ∈ H1,δ(J × U), ∂tf exists (in the generalized sense) and
is in H−1,δ(J × U) (see also e.g. [70]) ;

✑ For f : Rd → Rd and ν ∈ P1(Rd), the convolution between f and ν is defined by

(f ⋆ ν)(x) :=
(∫

Rd
fk(x− y)ν(y)dy

)
1≤k≤d

;

✑ For f : Rd → Rd with fk ∈ L1(Rd), 1 ≤ k ≤ d, the Fourier transform of f is defined by

F(f)(ξ) :=
(∫

Rd
e−2iπξ⊤xfk(x)dx

)
1≤k≤d

, ξ ∈ Rd ;
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INTRODUCTION

1 Présentation du modèle de McKean-Vlasov
Nous présentons dans cette section notre cadre de travail dans cette thèse : le modèle de McKean-

Vlasov. Nous pourrions même parler d’écosystème, puisqu’il peut s’entendre au sens d’une équation
différentielle stochastique, ou bien d’une équation aux dérivées partielles qui lui est d’une certaine
manière équivalente, et que l’on peut également lui adjoindre un système d’équations différentielles
stochastiques composé de N processus de diffusions en interaction qui en constitue une approxima-
tion en limite de champ moyen, c’est-à-dire quand le nombre de diffusions N devient très grand.
Dans la Section 2, nous donnerons les hypothèses précises sous lesquelles nous nous placerons tout
au long de ce manuscrit, puis nous montrerons que sous ces dernières les objets mathématiques ma-
nipulés ci-dessous existent bel et bien, et nous énoncerons les propriétés probabilistes et analytiques
préalables à notre étude statistique du modèle de McKean-Vlasov.

1.1 Équation aux dérivées partielles de McKean-Vlasov
Cette thèse a pour objet l’étude statistique du problème de Cauchy suivant constitué d’une

équation aux dérivées partielles (EDP) parabolique, dite de Fokker-Planck-Kolmogorov, et d’une
condition initiale : ∂tµt = 1

2

d∑
i,j=1

∂2
xixj

(
(σσ⊤)(t, ·)ijµt

)
−

d∑
i=1
∂xi
(
bi(t, ·, µt)µt

)
, (t, x) ∈ (0, T ) × Rd,

µ|t=0 = µ0,
(2)

où l’horizon de temps T > 0 est fixé, ainsi que la dimension d ≥ 1 de l’espace, la fonction de
diffusion est σ : [0, T ] × Rd → Md(R), la fonction de drift est b : [0, T ] × Rd × P1(Rd) → Rd, et
la condition initiale est µ0 ∈ P1(Rd). L’EDP du problème (2) est dite non-linéaire car le drift b
dépend de µt.

Nous nous placerons dans notre étude sous des hypothèses classiques pour le résolution de ces
problèmes : intégrabilité forte de µ0, stricte uniforme ellipticité de c := σσ⊤, lipschitziannité de b
et σ (les conditions précises seront détaillées dans la Section 2.1).
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Nous nous inspirerons fortement de la monographie de Bogachev, Krylov, Röckner et Shapo-
shnikov [17], en particulier de ses Chapitres 6 à 9, pour notre étude analytique de cette EDP.

Nous considérerons dans un premier temps ce problème dans un sens faible, sur les mesures
(voir Section 2.3) : nous montrerons que ce problème admet une unique solution µ, dite solution de
probabilité selon la terminologie de [17], qui est une mesure borélienne sur [0, T ] × Rd de la forme
µ = (µt)t∈[0,T ] i.e. que µ(dt, dx) = µt(dx)dt, et telle que pour tout t ∈ [0, T ], µt est une mesure
de probabilité sur Rd. Nous noterons S l’application qui au triplet (b, c, µ0) associe la solution µ.
Nous verrons ensuite que, sous nos hypothèses, pour tout t ∈ (0, T ), µt admet une densité par
rapport à la mesure de Lebesgue sur Rd, que nous noterons par simplicité également µt, et que
celle-ci vérifie bien sûr l’EDP (2), au sens faible, sur les fonctions. Nous démontrerons plusieurs
propriétés d’intégrabilité et de régularité vérifiées par cette solution (certaines de ces propriétés sont
élémentaires et bien connues, et nous ne les démontrerons que par souci d’exhaustivité, d’autres
sont, à notre connaissance, originales dans le cadre choisi), et nous énoncerons également des condi-
tions suffisantes pour que µ soit solution au sens classique, sur les fonctions du problème (2).

Le premier exemple d’étude d’une telle équation est donné par l’article fondateur de McKean de
1966 [146], dans lequel l’auteur se place dans le cadre d = 1, σ(t, x) ≡ 1, b(t, x, ν) =

∫
R(y−x) ν(dy),

autrement dit dans lequel le problème (2) se réécrit{
∂tµt = 1

2 ∆µt − ∂x

(( ∫
Rd(y − ·)µt(dy)

)
µt

)
, (t, x) ∈ (0, T ) × Rd,

µ|t=0 = µ0,
(3)

Nous utiliserons tout au long de cette introduction comme exemple simple le modèle suivant,
généralisation du modèle de McKean :

d ≥ 1, σ(t, x) ≡ σId, σ > 0, b(t, x, ν) = (ϑ1x+ ϑ2) + ϑ3

∫
Rd

(y − x) ν(dy) . (4)

La fonction de drift b dépend donc ici d’un paramètre ϑ = (ϑ1, ϑ2, ϑ3) ∈ R×Rd×R, et l’expression
de µ peut alors être obtenue explicitement (voir (9)).

En effet, cette thèse traite à la fois du cadre paramétrique, dans lequel nous supposons que
b = b0(ϑ ; · ), avec ϑ ∈ Θ où Θ est un sous-ensemble connu compact de Rp, p ≥ 1 quelconque,
et b0 est une fonction supposée connue à ϑ près, et du cadre non-paramétrique, dans lequel b est
supposée complètement inconnue. Nous noterons µ = µb quand nous voudrons mettre en évidence
la dépendance de µ en la fonction de drift b. En particulier, dans le cadre paramétrique, nous
noterons µ = µϑ pour mettre en évidence la dépendance en le paramètre ϑ.

Dans la sous-section suivante, nous allons donner, suivant en cela les idées séminales de l’article
[146], une interprétation probabiliste du problème (2) sous forme d’équation différentielle stochas-
tique (EDS) dite de McKean-Vlasov : par métonymie, nous nommerons donc également EDP de
McKean-Vlasov l’équation du problème (2).

1.2 Équation différentielle stochastique de McKean-Vlasov
Le problème (2) a une contrepartie stochastique, que nous allons définir dans un cadre canonique

qui sera utile tout au long de ce manuscrit. Soit C = C
(
[0, T ] ; Rd

)
l’espace des fonctions continues

8
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sur [0, T ] à valeurs dans Rd, muni de la filtration (Ft)0≤t≤T induite par les applications canoniques
Xt : ω ∈ C 7→ ω(t) ∈ Rd. Nous appellerons processus canonique sur (C,FT )

X = (Xt)t∈[0,T ] : ω ∈ C 7→ ω = (ω(t))t∈[0,T ] ∈ C .

Pour toute condition initiale µ0 et fonction de diffusion σ fixées, pour une fonction de drift b,
nous noterons Pb l’unique mesure de probabilité sur (C,FT ) sous laquelle X0 ∼ µ0 et le processus

(Bbt)t∈[0,T ] :=
(∫ t

0
c−1/2(s,Xs)

(
dXs − b(s,Xs,LPb(Xs))ds

))
t∈[0,T ]

est un mouvement brownien standard sur Rd (c−1/2 désignant une des racines carrées de c−1, son
choix ne modifiant pas le problème, voir e.g. la partie 5.3 de [171]). Il s’agit donc d’un problème
de type point fixe : nous admettons pour le moment que la famille (Pb)b est bien définie sous
nos hypothèses (voir le Théorème 25 (i)), et nous le prouverons rigoureusement dans l’Annexe
1.1. En particulier, le processus canonique X sur (C,FT ) est solution, sous Pb, de l’équation de
McKean-Vlasov {

dXt = b(t,Xt,LPb(Xt))dt+ σ(t,Xt)dB
b

t , t ∈ [0, T ],
L(X0) = µ0 .

(5)

Par définition, LPb(X) = Pb, et nous noterons, pour tout t ∈ [0, T ], µbt = LPb(Xt).
Dans le cadre paramétrique pour lequel b = b0(ϑ ; · ), nous noterons également Pϑ à la place de

Pb, et µϑt à la place de µbt .

La particularité de l’équation (5) par rapport à une EDS usuelle est que le drift ne dépend plus
seulement de Xt mais également de la loi de Xt : c’est ce que l’on appelle, en hommage à [146],
une non-linéarité au sens de McKean. La forme de cette fonction de drift

b : (t, x, ν) ∈ [0, T ] × Rd × P1(Rd) 7→ b(t, x, ν) ∈ Rd

permet donc de modéliser une interaction entre une particule, via sa position x ∈ Rd, et une loi
de probabilité, ν ∈ P1(Rd) : dans l’equation (5), la particule Xt interagit ainsi avec sa propre loi,
LPb(Xt).

En définissant βb : (t, x) ∈ [0, T ] × Rd 7→ b(t, x, µbt), nous pouvons également dire que, sous Pb,
X est solution de l’EDS usuelle (autrement dit linéaire au sens de McKean){

dXt = βb(t,Xt)dt+ σ(t,Xt)dB
b

t , t ∈ [0, T ],
L(X0) = µ0 .

(6)

Le lien avec l’équation (2) s’établit de la manière habituelle suivante pour les équations de
Fokker-Planck-Kolmogorov. Prenons une fonction test régulière Φ ∈ C∞

c (Rd ; R). D’après la formule
d’Itô (voir e.g. [171]), nous avons, pour tout t ∈ [0, T ],

Φ(Xt) = Φ(X0) +
∫ t

0

(
1
2

d∑
i,j=1

∫ t

0
∂2
ijΦ(Xs)cij(s,Xs) +

d∑
i=1

∂iΦ(Xs)bi(s,Xs, µ
b
s)
)
ds

9
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+
d∑
i=1

∫ t

0
∂iΦ(Xs)σi.(s,Xs)dB

b

s ,

d’où, en passant à l’espérance EPb ,∫
Rd

Φdµbt =
∫
Rd

Φdµ0 +
∫ t

0

∫
Rd

(
1
2

d∑
i,j=1

∫ t

0
∂2
ijΦ(x)cij(s, x) +

d∑
i=1

∂iΦ(x)bi(s, x, µbs)
)
µbs(dx)ds ,

ce qui signifie exactement (voir la Définition 24) que µb est solution de probabilité du problème (2).

Cette interprétation probabiliste du problème (2) était déjà présente dans l’article de McKean
[146] : il en déduisait que la solution µ de (3) est la densité de l’unique solution forte, sur un
espace de probabilité filtré quelconque (Ω̃, F̃, (F̃t)t∈[0,T ], P̃) donné, muni d’un mouvement brownien
d-dimensionnel B̃ et d’une variable aléatoire X̃0 de loi µ0, F̃0-mesurable, et indépendante de B̃, de{

dX̃t =
(
EP̃

[
X̃t

]
− X̃t

)
dt+ dB̃t, t ∈ [0, T ],

X̃|t=0 = X̃0 .
(7)

Cette EDS, qui est un cas particulier d’EDS d’Ornstein-Uhlenbeck (voir e.g. l’Exemple 5.6.8 de
[110]), a pour solution explicite

X̃t = e−tX̃0 + (1 − e−t)m̃1(µ0) +
∫ t

0
e−(t−s)dB̃s , t ∈ [0, T ] ,

qui est donc un processus gaussien conditionnellement à X̃0 sous P̃, ce dont McKean déduisit que,
pour tout (t0, x0) ∈ (0, T ) × R,

µt0(x0) =
∫
R

1√
π(1 − e−2t0)

exp
(

−
(
x0 − e−t0y − (1 − e−t0)m̃1(µ0)

)2

1 − e−2t0

)
µ0(dy) .

Nous pouvons étendre son raisonnement à notre exemple (4),

d ≥ 1, σ(t, x) ≡ σId, σ > 0, b(t, x, ν) = b0(ϑ; t, x, ν) := (ϑ1x+ ϑ2) + ϑ3

∫
Rd

(y − x) ν(dy) .

µb = µϑ est alors la densité de l’unique solution forte de{
dX̃t =

(
ϑ1X̃t + ϑ2

)
dt+ ϑ3

(
EP̃

[
X̃t

]
− X̃t

)
dt+ σdB̃t, t ∈ [0, T ],

X̃|t=0 = X̃0 .
(8)

Sous certaines conditions sur ϑ et m̃1(µ0) (voir la Section 4.1 du Chapitre 1), en notant pour
t ∈ (0, T )

m̃(t) := ϑ2

ϑ1

(
eϑ1t − 1

)
+ m̃1(µ0)eϑ1t

(
1 − e−ϑ3t

)
, σ̃(t) := σ2

2(ϑ1 − ϑ3)
(
e2(ϑ1−ϑ3)t − 1

)
,

10
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nous avons, sous P̃, pour tout t0 ∈ (0, T ), sachant X̃0,

X̃t0 ∼ Nd
(
e(ϑ1−ϑ3)t0 X̃0 + m̃(t0) , σ̃(t0)Id

)
,

ce qui implique que, pour tout (t0, x0) ∈ (0, T ) × Rd,

µϑt0(x0) =
∫
Rd

1(
2πσ̃(t0)

)d/2 exp
(

−
∣∣x0 − e(ϑ1−ϑ3)t0 y − m̃(t0)

∣∣2
2 σ̃(t0)

)
µ0(dy) . (9)

Nous disposons en fait ici d’un des seuls cas pour lequels l’application S est explicite (voir [9] pour
quelques autres cas particuliers en champ moyen). Elle est de plus injective en ϑ, à σ, µ0 fixés (voir
également le Théorème 25 (ix) pour ces questions dans le cadre général).

Il convient cependant de préciser que, dans le cas sans interaction, i.e. lorsque b(t, x, ν) = b(t, x)
ne dépend pas de la mesure, si c est de plus assez régulière, nous disposons de formules explicites
pour µb et donc pour S (voir e.g. Genon-Catalot et Jacod [80]), formules qui deviennent même
assez simples lorsque d = 1, b(t, x) = b(x), c(t, x) = c(x) et µ0 est la distribution invariante du
problème (sous réserve qu’elle existe). Cependant, nous nous concentrerons dans cette thèse sur le
cadre de champ moyen, et donc avec interaction, ce qui entrâıne qu’en toute généralité l’application
S ne peut pas s’exprimer explicitement.

Dans la sous-section suivante, nous allons introduire les observations que nous avons utilisées
pour procéder à l’estimation statistique des fonctions µb et b(·, ·, µb· ). Pour cela, nous allons in-
verser notre point de vue sur l’équation de McKean-Vlasov : nous n’allons plus temporairement
la considérer per se, mais au contraire comme l’équation limite en un certain sens d’un système
constitué d’un grand nombre d’équations.

1.3 Interactions & Limites de champ moyen, Propagation du chaos
Genèse de ces concepts

Le processus stochastique solution de (5) peut être approché en limite de champ moyen (ou
mean-field limit) par un système de particules en interaction quand le nombre N de particules
tend vers l’infini. C’est d’ailleurs cet aspect simplificateur de (5), qui revient à étudier l’évolution
d’une unique particule plutôt que celle d’un très grand nombre de particules interagissant, qui est
à l’origine de son élaboration. Précisons avant toute chose que le terme particule sera compris dans
cette thèse au sens générique d’agent, d’individu, d’unité.

Les grands systèmes de particules en interaction sont en effet présents dans de nombreux do-
maines : en Physique de l’infiniment petit (particules élémentaires, ions, atomes, molécules, . . .), en
Physique de l’infiniment grand (corps célestes, galaxies, . . .), en Biologie (dynamiques collectives
d’animaux) et, à l’échelle humaine, en Sciences Economiques et Sociales (mouvements de foules, in-
teractions d’agents financiers, propagation d’idées ou de comportements au sein d’une population,
. . .). Des modèles microscopiques, c’est-à-dire à l’échelle des particules considérées, permettent
de représenter les interactions au sein de ces systèmes : nous pouvons par exemple penser aux
équations de Newton ou de Liouville. Malheureusement, ceux-ci sont d’autant plus compliqués à
traiter analytiquement et computationnellement que le nombre de particules N augmente. . . et
celui-ci peut être gigantesque ! Par exemple, la constante d’Avogadro représentant le nombre de

11
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particules dans une mole de matière est de l’ordre de 1023. Nous faisons alors face à ce que l’on
peut appeler le fléau de la dimensionnalité.

Le problème crucial est donc de trouver un moyen de réduire la complexité du modèle, en
réduisant sa dimensionnalité, tout en gardant une représentation aussi proche que possible du
modèle initial et de la réalité. La stratégie classique pour atteindre un tel objectif est de déduire du
modèle microscopique un modèle macroscopique, c’est-à-dire une description continue des dyna-
miques où l’information est contenue dans des densités, typiquement solutions d’EDP non-linéaires,
comme l’EDP de McKean-Vlasov.

L’idée d’une telle description de ces systèmes remonte aux premiers travaux de Physique Sta-
tistique et de Cinétique des gaz dilués au XIXème siècle, à l’hypothèse dite du chaos moléculaire
(ou du Stosszahlansatz selon la terminologie de P. et T. Ehrenfest [69]) introduite par Boltzmann
en 1872 dans [22], selon laquelle les vitesses de deux particules de gaz qui entrent en collision sont
a priori non corrélées, hypothèse développée dans la continuité des travaux de Carnot, Thomson,
Clausius et Maxwell. Cependant, cette hypothèse est restée pendant longtemps (et reste encore
dans de nombreux cas ...) difficile à formuler rigoureusement et à démontrer.

En 1907, Weiss introduisit quant à lui la notion de champ moléculaire et les limites de champ
moyen pour le modèle dit de Curie-Weiss des matériaux ferromagnétiques (voir [188]), dans des
régimes sans collisions (i.e. dans lequel les collisions surviennent rarement et les particules inter-
agissent les unes avec les autres à longue distance). De 1915 à 1919, Jeans réinterprèta cette notion
de champ moyen dans le cadre de l’étude des dynamiques galactiques ([103, 104]). De manière
indépendante, Vlasov parvint en 1938 dans son article [187] à la même équation que Jeans, mais
dans le cadre de l’étude des plasmas, équation qui porte depuis le nom d’équation de Vlasov (voir
aussi [186]).

En 1956, dans son article Foundations of Kinetic Theory [109], Kac se pencha sur le problème
de la justification des équations de la Physique Statistique, en particulier de l’équation de Boltz-
mann, à partir des équations microscopiques. Il développa dans ce but un programme global de la
Physique Statistique : il proposa d’étudier des modèles microscopiques plus simples (en particu-
lier les équations mâıtresses), où l’hypothèse de chaos moléculaire est non seulement plus facile à
formuler rigoureusement, mais susceptible d’être démontréee mathématiquement, et montra que,
pour certains de ces modèles simples, la propriété de Boltzmann se propage dans le temps : c’est
ce que l’on appellera la propagation du chaos.

Enfin, McKean dans son article [146] développa un analogue stochastique à l’équation de Vlasov,
créant ainsi ce qu’il sera ensuite convenu d’appeler le modèle de McKean-Vlasov, et démontra la
propriété de propagation du chaos pour son modèle dans [147].

Présentation de notre système de particules en interaction

Introduisons maintenant rigoureusement notre système de diffusions en interaction. Soit CN :=
C([0, T ] ; (Rd)N ) l’espace des fonctions continues sur [0, T ] à valeurs dans (Rd)N , muni de la filtra-
tion (FNt )0≤t≤T induite par les applications canoniques Xi

t : ω ∈ CN 7→ ωi(t). Nous appellerons
processus canonique sur CN , l’application

XN := (X1, . . . , XN ) : ω ∈ CN 7→ (ωi(t))1≤i≤N,t∈[0,T ] ∈ CN .

12
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Pour toute condition initiale µ⊗N
0 et toute fonction de diffusion σ fixées, pour une fonction de drift

b, nous noterons PNb l’unique probabilité sur (CN ,FNT ) sous laquelle XN0 ∼ µ⊗N
0 et le processus

BN,b = (Bi,bt )1≤i≤N,t∈[0,T ] :=
(∫ t

0
c−1/2(s,Xi

s)(dXi
s − b(s,Xi

s, µ
N
s )ds)

)
1≤i≤N,t∈[0,T ]

est un mouvement brownien standard sur (Rd)N ; (µNt )t∈[0,T ] désigne ici la mesure empirique du
système de particules (XNt )t∈[0,T ], i.e. que (µNt )t∈[0,T ] est la famille de mesures aléatoires définies
sur (CN ,FNT ) et à valeurs dans P1(Rd), telle que pour tout t ∈ [0, T ]

µNt := µN (XNt ) = 1
N

N∑
i=1

δXit , t ∈ [0, T ] ,

où µN (YN ) := 1
N

N∑
i=1
δY i pour tout vecteur YN = (Y 1, . . . , Y N ) ∈ (Rd)N : autrement dit, nous

avons, pour tout ω ∈ CN , µNt (ω) = 1
N

N∑
i=1
δXit(ω) = 1

N

N∑
i=1
δωit .

Nous noterons PNϑ à la place de PNb dans le cadre paramétrique, pour mettre en évidence la
dépendance en le paramètre ϑ ∈ Θ. Nous admettons pour le moment que la famille (PNb )b est
bien définie sous nos hypothèses (voir le Théorème 31), et nous le prouverons rigoureusement dans
l’Annexe 1. En particulier, le processus canonique XN est solution, sous PNb , du système d’équations
de diffusions en interaction{

dXi
t = b(t,Xi

t , µ
N
t )dt+ σ(t,Xi

t)dB
i,b
t , t ∈ [0, T ], 1 ≤ i ≤ N ,

L(XN0 ) = µ⊗N
0 .

(10)

Nous avons donc, par définition, que LPN
b

(XN ) = PNb .

Notre objectif statistique général sera d’estimer les fonctions µb et b(·, ·, µb· ) à l’aide des ob-
servations XN . Par exemple, pour notre modèle de référence (4), le problème (10) se réécrit de la
manière suivante : sur un espace de probabilité filtré quelconque (Ω̃N , F̃N , (F̃Nt )t∈[0,T ], P̃N ) donné,
muni de N mouvements browniens d-dimensionnels B̃1, . . . , B̃N indépendants, et d’un vecteur
aléatoire (X̃1

0 , . . . , X̃
N
0 ) de loi µ⊗N

0 , F̃N0 -mesurable, et indépendant de B̃1, . . . , B̃N , nous avons dX̃i
t = (ϑ1X̃

i
t + ϑ2)dt+ ϑ3

( 1
N

N∑
j=1

X̃j
t − X̃i

t

)
dt+ σdB̃it, t ∈ [0, T ], 1 ≤ i ≤ N ,

(X̃1
. , . . . , X̃

N
. )|t=0 = (X̃1

0 , . . . , X̃
N
0 ) ,

(11)

et nous chercherons alors, à l’aide des observations (X̃1, . . . , X̃N ), à estimer ϑ = (ϑ1, ϑ2, ϑ3),
µb = µϑ, et b(·, ·, µϑ. ) = b0(ϑ; ·, ·, µϑ. ) .

Revenons au cas général. La présentation qui suit est fortement inspirée de [115] et [184]. Le
système d’équation (10) peut se réécrire{

dXNt = b(N)(t,XNt )dt+ σ(N)(t,XNt )dBN,bt , t ∈ [0, T ],
L(XN0 ) = µ⊗N

0 ,
(12)
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où nous avons posé

b(N) :
(
t, (x1, . . . , xN )

)
∈ [0, T ]×(Rd)N 7→

(
b
(
t, x1, µN (x1, . . . , xN )

)
, . . . , b

(
t, xN , µN (x1, . . . , xN )

))⊤
,

σ(N) :
(
t, (x1, . . . , xN )

)
∈ [0, T ] × (Rd)N 7→

 σ(t, x1) (0)
. . .

(0) σ(t, xN )

 .

Notons, pour tout t ∈ [0, T ], µN,Nt la loi de XNt sous PNb : µN,Nt est donc une loi de probabilité
sur (Rd)N que nous voudrions essayer de décrire plus précisément. Pour cela, nous pouvons tout
d’abord utiliser la méthode usuelle consistant à déterminer quelle équation elle vérifie. Pour toute
fonction test Φ ∈ C∞

c

(
(Rd)N ; R

)
, nous avons d’après la formule d’Itô (voir e.g. [171]), pour tout

t ∈ [0, T ],

Φ(XNt ) = Φ(XN0 ) +
∫ t

0

(1
2Tr

(
c(N)(s,XNs )D2Φ(XNs )

)
+ ∇Φ(XNs )⊤b(N)(s,XNs )

)
ds

+
∫ t

0
∇Φ(XNs )⊤σ(N)(s,XNs )dBN,bs .

En prenant l’espérance EPN
b

, nous trouvons donc, pour tout t ∈ [0, T ],∫
(Rd)N

ΦdµN,Nt =
∫

(Rd)N
Φdµ⊗N

0 +
∫ t

0

∫
(Rd)N

(1
2Tr

(
c(N)(s, ·)D2Φ

)
+ ∇Φ⊤b(N)(s, ·)

)
dµN,Ns ds ,

ce qui signifie que µN,N est solution de probabilité du problème de Cauchy
∂tµ

N,N
t = 1

2

dN∑
i,j=1

∂2
ij

(
c

(N)
ij (t, ·)µN,Nt

)
− div

(
b(N)(t, ·)µN,Nt

)
,

pour (t, (x1, . . . , xN )) ∈ (0, T ) × (Rd)N ,

µN,N|t=0 = µ⊗N
0 .

(13)

µN,N est donc solution d’une équation linéaire, mais en grande dimension. Une telle équation (dite
équation mâıtresse ou équation de Liouville) est d’autant plus difficile à traiter que le nombre N
devient grand. Or nous avons vu que ce dernier est amené à être gigantesque ! Aussi, il convient
d’envisager une autre manière d’étudier la loi de XN .

Heureusement, notre système de particules XN est ici symétrique sous PNb , ce qui signifie que la
loi de (X1, . . . , XN ) sous PNb (c’est-à-dire PNb elle-même) n’est pas modifiée par une permutation
des particules. En effet, étant donné que LPN

b
(X1

0 , . . . , X
N
0 ) = µ⊗N

0 , que cette loi est symétrique,
et que la dynamique gouvernant l’évolution du système est elle-même symétrique, nous aurons
également que LPN

b
(X1

t , . . . , X
N
t ) est une loi symétrique pour tout t ∈ [0, T ]. En particulier toutes

les particules sont de même loi sous PNb , loi que nous noterons P1,N
b . De manière générale, pour

1 ≤ K ≤ N , nous noterons PK,Nb la loi sous PNb d’une sous-famille XK,N de K particules de XN

(quelconques parmi les N par symétrie), et pour tout t ∈ [0, T ], nous noterons µK,Nt la loi de XK,Nt .
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Nous pouvons alors nous poser la question suivante : connaissant la loi des N particules au
temps initial, pouvons-nous obtenir des informations sur la loi des positions de ces particules à un
temps t ultérieur, lorsque N → ∞ ? En particulier, quel est le comportement de la densité limite
d’une particule du système, i.e. de µ1,N

t lorsque N → ∞ ? Etablir une limite de champ moyen dans
notre cadre de travail consiste précisément à obtenir un modèle sur la densité statistique limite des
particules, en partant de la famille XN , et en passant à la limite lorsque N tend vers l’infini.

De la même manière que ci-dessus pour µN,N , pour tous Φ ∈ C∞
c (Rd ; R) et t ∈ [0, T ],∫

Rd
Φ(x1)dµ1,N

t (x1) =
∫
Rd

Φ(x1)dµ0(x1) +
∫ t

0

∫
Rd

1
2Tr

(
c(s, x1)D2Φ(x1)

)
dµ1,N

s (x1)ds

+
∫ t

0

∫
(Rd)N

〈
∇Φ(x1), b

(
s, x1, µN (x1, . . . , xN )

) 〉
dµN,Ns (x1, . . . , xN )ds ,

et il est facile de voir qu’hormis dans le cas trivial où les trajectoires des particules sont indépendantes,
ce qui ne peut arriver que lorsqu’il n’y a pas d’interaction, l’équation vérifiée par µ1,N n’est pas
fermée, puisqu’elle dépend elle-même de µN,N .

Pour contourner ce fléau de la dimension, la technique usuelle est de travailler avec la mesure
empirique µN du système de particules plutôt qu’avec sa configuration microscopique. En effet,
d’une part, nous pouvons considérer que, tous les µNt , N ≥ 1, t ∈ [0, T ], vivent dans le même espace,
l’espace des mesures aléatoires définies sur (

∞∏
i=1

C ,
∞
⊗
i=1

FT ) et à valeurs dans P1(Rd) :

µNt : ω = (ωi)i∈N⋆ 7→ 1
N

N∑
i=1

δωit ∈ P1(Rd) ,

et il devient donc possible de se demander si µN converge vers quelque chose lorsque N → ∞.
D’autre part, grâce au caractère symétrique de notre système de particules, µN contient toutes les
informations nécessaires (cf. [173]) pour établir le comportement asymptotique du système quand
le nombre de particules N tend vers l’infini.

La limite de champ moyen de notre système de particules solution de (10) est en fait la solution
µb de l’équation de McKean-Vlasov (5) : pour tous t ∈ [0, T ], Φ ∈ Cc(Rd;R) et ϵ > 0,

PNb
( ∣∣∣ ∫

Rd
Φ d(µNt − µbt)

∣∣∣ > ϵ
)

→
N→∞

0 .

Nous avons établi dans cette thèse un résultat de concentration qui quantifie précisément cette
limite de champ moyen (voir le Théorème 109).

L’autre question usuelle lors de l’étude d’un tel système de particules est la question de la
propagation du chaos. Nous avons supposé que les états des particules au temps initial t = 0
sont i.i.d. sous PNb : µN,N0 = µ⊗N

0 . Est-ce que la propriété d’indépendance reste vraie aux temps
ultérieurs, ou au moins approximativement vraie, lorsque N → ∞ ? Autrement dit, le chaos est-
il préservé par la dynamique ? Il se trouve que dans notre cadre la propagation du chaos est
bien vérifiée : pour tout t ∈ [0, T ], (µN,Nt )N est µbt-chaotique, i.e. µN,Nt est proche de

(
µbt
)⊗N

quand N → ∞, au sens où, pour tout entier K ≥ 1, pour toute fonction test Φ(x1, . . . , xN ) =
Φ1(x1) × . . .× ΦK(xK), avec Φi ∈ Cb

(
Rd ; R

)
, 1 ≤ i ≤ K,∫

(Rd)N
Φ dµN,Nt →

N→∞

K∏
i=1

∫
Rd

Φi(xi) dµbt(xi) .
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Les particules sont donc proches d’être indépendantes et identiquement distribuées, en tout temps
t ∈ [0, T ], dans la limite N → ∞.
En réalité, la propriété du chaos est même vraie à l’échelle du processus entier : la loi PNb sur
C
(
[0, T ] ; (Rd)N

)
, assimilé à C

(
[0, T ] ; Rd

)N , est Pb-chaotique au sens où, pour tout entier K ≥ 1,
pour toute fonction test Φ(x1, . . . , xN ) = Φ1(x1) × . . .× ΦK(xK), avec Φi ∈ Cb

(
C
(
[0, T ] ; Rd

)
; R
)

pour tout 1 ≤ i ≤ K, nous avons

∫
C([0,T ] ; Rd)N

Φ dPNb →
N→∞

K∏
i=1

∫
C([0,T ] ; Rd)

Φi(xi) dPb(xi) .

Et cette propriété implique la propagation du chaos, voir en particulier à ce sujet notre Proposition
32.

Nous allons à présent donner un aperçu (non-exhaustif) des articles de ces dernières décennies
consacrés à l’étude des propriétés de l’équation de McKean-Vlasov, et présenter quelques articles
traitant des applications possibles.

1.4 Historique & Applications

Chronologie des résultats probabilistes & analytiques sur les modèles (5) et (10)

Ces travaux pionniers de Kac et McKean ont ouvert la voie à un domaine des Probabilités très
prolifique. Citons tout d’abord les travaux fondateurs des années 1980-1990 qui apportèrent sur
le modèle de McKean-Vlasov des résultats de propagation du chaos, d’étude des fluctuations dans
différents espaces fonctionnels, et de grandes déviations. Citons les travaux de l’école japonaise à
la suite de Tanaka (Hitsuda, Funaki, Mitoma, Nagasawa, Shiga, Tamura, voir [179, 178, 76, 114,
170, 93, 158, 177, 153]) ; de Dawson et Gärtner [55, 56, 57, 78], Sznitman [172], Oelschläger [161],
Léonard [124, 125, 126], Scheutzow [168], Finnoff [72], Méléard, Jourdain, Fernandez et Roelly-
Coppoletta [149, 150, 71, 107], Ben Arous, Brunaud et Zeitouni [10, 11].

Puis, les années 2000-2010 virent un raffinement de ces résultats de propagation du chaos et
de limite de champ moyen avec l’établissement d’inégalités géométriques et de concentration, en
particulier par Bolley, Cattiaux, Gentil, Guillin, Malrieu et Villani (voir e.g. [142, 20, 38, 21]),
ou plus récemment des résultats de Gobet et Pagliarani [86], Jourdain et Tse [108], Chassagneux,
Szpruch et Tse [41], Jabir [100].

En parallèle, ces résultats de type champ moyen ont justifié l’élaboration de méthodes par-
ticulaires pour l’approximation numérique des solutions des EDP et EDS non-linéaires de type
McKean-Vlasov, en particulier par Talay, Bossy et leurs co-auteurs [25, 26, 24, 176], Kohatsu-Higa
et Ogawa [112] (voir également le livre de Gobet [85]). Et plus récemment dans les travaux de
Jourdain, Bencheikh, Delarue, Chassagneux, Szpruch, Tse [13, 174, 175], Belomestny, Schoenma-
kers, Pilipauskaité et Podolskij [9, 8], Liu et Pagès [133] (avec également un papier en préparation
de Hoffmann et Liu), des méthodes de type Multi-level Monte-Carlo ou de Cubature [52] Souvent
motivées par les travaux précédents, des propriétés de régularité de l’équation de McKean-Vlasov
ont également été mises en évidence : voir les travaux de Jourdain [107], Morien [156], Ganz-Bustos
[77], Crisan et McMurray [51], Chaudru de Raynal et Frikha [62, 59, 61, 58], Tse [180] et Han [91].
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Applications des modèles de champ moyen

Cependant, jusqu’au début des années 2000, la formulation d’un programme d’estimation sta-
tistique dans ce contexte était globalement hors de portée (avec cependant de notables exceptions
comme les travaux de Löcherbach [134] en temps grand, et Kasonga [111]), au moins pour deux
raisons : d’abord, les outils probabilistes requis pour l’estimation adaptative non-paramétrique
étaient en cours de développement ; deuxièmement, les systèmes de particules microscopiques issus
de la Physique Statistique ne sont pas naturellement observables et la motivation pour une étude
statistique de ces systèmes n’était donc pas évidente dans ce contexte.

Mais la situation évolua progressivement au cours des deux décennies suivantes, qui virent une
sorte de renouveau des modèles de type dynamiques collectives en interaction de champ moyen
et McKean-Vlasov dans différents domaines d’applications pour modéliser des mouvements col-
lectifs cette fois-ci observables : allant des biomathématiques (neurosciences, Baladron et al. [6],
des modèles structurés en dynamique des populations, Mogilner et al. [154], Burger et al. [32],
Brillinger et al. [28, 29, 30]) aux Sciences Sociales (dynamiques d’opinions, Chazelle et al. [43],
comportements coopératifs, Canuto et al. [33]) et à la Finance (risque systémique, Fouque et Sun
[73]). En particulier, les jeux à champ moyen, développés aux alentours de l’année 2006 par Lasry
et Lions (voir [121, 122], Cardaliaguet et al. [35], les notes de cours de Cardaliaguet [34] et le livre
de Carmona et Delarue [37]), et indépendamment par Caines, Huang et Malhamé [96], apparaissent
ainsi comme un nouvel objectif pour les développements statistiques (la récente contribution de
Giesecke et al. [84] ouvre d’ailleurs la voie dans cette direction).

Ce domaine probabiliste a donc atteint ces dernières années la maturité suffisante pour faire
l’objet d’études statistiques, et celles-ci se sont en effet développées à partir de 2015 environ (voir
les références ci-dessous). Cette thèse s’inscrit dans ce mouvemement de fond ainsi que, de manière
plus large, dans plusieurs axes de recherche des Statistiques actuelles que nous développons ci-
dessous.

Cadre statistique de cette thèse

Cette thèse s’inscrit tout d’abord dans le cadre des études statistiques de processus aléatoires,
et plus particulièrement de processus de diffusions. Nous pouvons faire remonter ce domaine des
Statistiques aux années 1960-1970 avec les travaux de l’école russe (Kolmogorov, Sinai, Arató,
Novikov, Shiryaev, Lipster, Ibragimov, Hasminskii, Kutoyants, Spokoiny . . . ) et de l’école indo-
américaine (Prakasa Rao, Rubin, Basawa, Striebel . . .), complétés à partir des années 1980-1990,
par les travaux de l’école française (Jacod, Bosq, Dacunha-Castelle, Florens-Zmirou, Ait-Sahalia,
Banon, Genon-Catalot, Picard, Laredo, Comte, Gassiat, Hoffmann . . . ), de Höpfner, Löcherbach,
Reiss, Belomestny . . . , puis depuis les années 2000 par beaucoup d’autres (souvent élèves des
précédents !).

Mais cette thèse s’inscrit également dans le cadre des modèles statistiques relatifs à des EDP,
dont l’intérêt a progressivement émergé au sein de la communauté statisticienne au cours de la
dernière décennie : nous pouvons citer les travaux Doumic et al. [67, 68], Hoffmann et Olivier
[95], Boumezoued et al. [27], Ngoc et al. [94], Mäıda et al. [141]. L’analyse d’EDP elliptiques,
paraboliques, ou de transport-fragmentation apporte une lumière nouvelle sur la structure des
expériences statistiques associées, et enrichit la théorie classique de Statistique des Processus.

Nous faisons donc dans cette thèse un pas en direction d’une certaine classe d’EDP non-linéaires
paraboliques, les EDP de McKean-Vlasov, en utilisant des méthodes relativement récentes dans le
cadre non-paramétrique (méthode de Goldenshluger-Lepski [87, 88, 89] dans sa version développée
dans [27, 105]), et relativement classiques dans le cadre paramétrique (théorie de Ibragimov et
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Hasminski [98], et théorie LAN de Le Cam [123]).

Etat de l’art des méthodes d’estimation statistique du drift dans le cadre
des systèmes de diffusion en interaction de champ moyen & et de l’équation de

McKean-Vlasov

Nous allons enfin passer en revue, en essayant cette fois-ci d’être le plus exhaustif possible,
les articles traitant de l’estimation statistique du drift dans le cadre de systèmes de diffusions
indépendantes, de systèmes de diffusions en intéraction, et enfin dans le cadre de l’équation de
McKean-Vlasov elle-même.

Tout d’abord, concernant l’étude statistique de N diffusions i.i.d. sur [0, T ], à T > 0 fixé, et
dans l’asymptotique N → ∞, nous pouvons citer les articles d’estimation non-paramétrique sui-
vants : pour des observations continues, l’article de Comte et Genon-Catalot [48] (par une méthode
de projection, le coefficient de diffusion pouvant être non borné) et l’article de Marie et Rosier [144]
(par un estimateur de type Nadaraja-Watson, voir [157]) ; pour des observations discrètes, l’article
de Denis, Dion-Blanc et Martinez [66] (par un estimateur ridge obtenu par minimisation d’un
contraste des moindres carrés contraint).

Concernant ensuite les systèmes de diffusions en interaction, nous pouvons faire remonter leur
programme d’estimation statistique à Kasonga [111], dans lequel l’auteur estime paramétriquement
le drift pour des modèles linéaires en la mesure et en le paramètre. Un des objectifs de cette thèse
(voir [64] et le Chapitre 1) a été d’étendre les résultats de Kasonga à des modèles plus généraux.

En parallèle de notre travail, dans des articles récents, Giesecke, Schwenkler et Sirignano [84],
Sharrock, Kantas, Parpas et Grigorios [169], et Amorino, Heidari, Pilipauskaité et Podolskij [3],
ont également poursuivi dans la voie ouverte par Kasonga, et considéré un cadre paramétrique
très général pour lequel des estimateurs de minimum de contraste, convergents et asymptotique-
ment normaux, sont construits. Chen a quant à lui utilisé les propriétés des processus d’Ornstein-
Uhlenbeck pour en déduire des inégalités fines de grandes déviation pour le maximum de vraisem-
blance [44] tandis que, dans un cadre non-paramétrique, Comte et Marie [49] ont étudié statisti-
quement des diffusions avec des mouvements browniens corrélés.

Récemment, une série de travaux se sont intéressés à l’estimation non-paramétrique de l’in-
teraction dans un système de particules : tout d’abord dans un cadre déterministe (système du
premier ordre homogène [23], [138], système du premier ordre hétérogène [136], système sur une
variété riemanienne [140], système hétérogène du second ordre [151], [190]), puis dans un cadre
stochastique (à partir de multiples trajectoires dans [137], puis [130] et [129] se sont concentrés sur
la condition de coercivité qui permet l’identifiabilité de la fonction d’interaction).

Enfin, concernant de manière spécifique l’estimation du drift dans l’équation de McKean-Vlasov,
nous pouvons citer les articles suivants. Tout d’abord dans le cadre paramétrique : [189], [132], [169]
(pour des observations continues en temps long), [82] (pour des observations continues en variance
petite), [164] (pour des observations discrètes par minimisation d’un contraste basé sur le schéma
d’Euler-Maruyama tamed, voir [97]) et enfin [81]. Ensuite, dans le cadre non-paramétrique, [119]
(pour des observations discrètes), [120] (pour des observations continues), [65] (c.f. Chapitre 2
de cette thèse), et [119, 120] qui se concentrent quant à eux sur la condition de coercivité pour
obtenir l’identifiabilité de la fonction d’interaction, et sont la contrepartie stochastique de [137,
130, 129]. Enfin, récemment, Belomestny et al. [8] ont travaillé sur l’estimation semi-paramétrique
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de l’équation de McKean-Vlasov.

Bibliographie généraliste en lien avec notre modèle & Prolongements possibles

Plusieurs articles, livres ou notes de cours donnent une vue d’ensemble des équations de
McKean-Vlasov, des systèmes de particules en interaction, des limites de champ moyen et de
la propagation du chaos. Citons, sans objectif d’exhaustivité, Sznitman [173], Méléard [148], Vil-
lani [184], Mischler [152], Jabin et Wang [99], Chevallier [45], Carmona et Delarue [37], Lacker
[115], Chaintron et Diez [39, 40]. Ils traitent également pour certains de cas que nous n’étudierons
pas dans cette thèse : diffusion dépendant de la mesure, drift irrégulier, drift polynomiaux dérivant
de potentiels avec des contraintes de convexité pour des questions de temps grand et d’ergodicité,
évolution sur un ensemble borné avec des conditions de réflexion aux bords, modèles en interac-
tions modérées, modèles cinétiques, mouvement brownien remplacé par un processus de type Lévy,
ajout d’un bruit commun, etc. Certains de ces modèles ont déjà fait l’objet d’études statistiques
approfondies (voir les auteurs et références donnés ci-dessus), d’autres pourraient constituer un
prolongement naturel des travaux entrepris au cours de cette thèse.

2 Hypothèses & Premières propriétés
2.1 Hypothèses générales sur (b, σ, µ0)

Hypothèse sur la condition initiale µ0

Nous ferons une hypothèse d’intégrabilité forte sur µ0. Plus précisément, dans le cadre pa-
ramétrique, nous supposerons que
Hypothèse 1. µ0 admet des moments finis de tout ordre, i.e. µ0 ∈

(⋂
r≥1 Pr(Rd)

)
.

Et, dans le cadre non-paramétrique, nous ferons l’hypothèse suivante.
Hypothèse 2. Il existe γ0 > 0, γ1 ≥ 1, tel que

∫
Rd exp(γ0|x|2)µ0(dx) ≤ γ1 .

Nous noterons γ0(µ0), γ1(µ0) des réels vérifiant cette hypothèse.
Remarque 3.

(i) Des exemples de lois de probabilité vérifiant l’Hypothèse 2 sont donnés par les lois à support
borné, les lois gaussiennes, ou encore les lois sous-gaussiennes au sens de [31].

(ii) L’Hypothèse 2 implique l’Hypothèse 1, avec, pour tout r ≥ 1, mr(µ0) ≤
(
r!γ1(µ0)
γ0(µ0)r

)1/2
.

(iii) Notons, pour tout entier r ≥ 1, qr(µ0) :=
(

m2r(µ0)
r!

)1/r
. L’Hypothèse 1 implique l’Hypothèse

2 si l’on suppose de plus que la suite (qr(µ0))r≥1 est bornée. Nous prendrons alors

0 < γ0(µ0) <
(

lim sup
r→∞

qr(µ0)
)−1

, γ1(µ0) ≥
∞∑
r=0

γ0(µ0)rm2r(µ0)
r! .

(iv) Des exemples de lois de probabilité vérifiant l’Hypothèse 1 mais pas l’Hypothèse 2 sont donnés
par les lois µ0 pour lesquelles il existe une fonction f : R+ → R+ tendant vers +∞ en +∞,
tel qu’à une constante près, pour tout entier r ≥ 1, m2r(µ0) ≥ (rf(r))r ; ceci est par exemple
vérifié pour les lois exponentielles.
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Hypothèses sur la fonction de diffusion σ

Dans le cadre paramétrique, comme dans le cadre non-paramétrique, nous supposerons tout
d’abord que c est strictement uniformément elliptique, autrement dit :

Hypothèse 4. Il existe σ± > 0 tel que, pour tout (t, x) ∈ [0, T ] × Rd,

σ2
−|y|2 ≤ (c(t, x)y)⊤y ≤ σ2

+|y|2 .

Remarque 5.

(i) Des exemples de telles fonctions σ sont donnés par σ(t, x) := f(x)Id, où f : Rd → R bornée
et telle que infRd |f | > 0 : nous avons alors l’Hypothèse 4 avec σ+ = |f |∞, σ− = infRd |f | ;

(ii) Si c vérifie l’Hypothèse 4 alors σ et c sont bornées : en effet en notant |.| la norme euclidienne
usuelle sur Md(R), qui est donc la norme de Frobenius-Hilbert-Schmidt sur cet espace de
matrices, il existe une constante Cd > 0 tel que pour tout (t, x) ∈ [0, T ] × Rd

|c(t, x)| ≤ Cd|σ(t, x)|2 = Cd Tr(c(t, x)) ≤ Cddσ
2
+ .

σ sera également supposée lipschitzienne en x ∈ Rd uniformément par rapport à t ∈ [0, T ] :

Hypothèse 6. Il existe C > 0 tel que, pour tout (t, x, x′) ∈ [0, T ] × Rd × Rd,

|σ(t, x) − σ(t, x′)| ≤ C|x− x′| ,

et nous noterons |σ|Lip la plus petite constante C ≥ 0 pour laquelle ceci est vrai.

Remarque 7.

(i) Des exemples de telles fonctions σ sont donnés par σ(t, x) := f(x)Id, où f : Rd → R est
lipschitzienne ;

(ii) Un exemple de fonction σ vérifiant l’Hypothèse 6 mais pas l’Hypothèse 4 est donné par
σ(t, x) = f(x)Id où f est lipschitizienne mais non bornée, par exemple f(x) = |x| ;

(iii) Un exemple de fonction σ vérifiant l’Hypothèse 4 mais pas l’Hypothèse 6 est donné par
σ(t, x) = f(x)Id avec f bornée et infRd |f | > 0, mais f non Lipschitzienne, par exemple
f(x) = 1 + |x|1/21|x|≤1.

Hypothèses sur la fonction de drift b

Nous ferons tout d’abord l’hypothèse suivante de bornitude ponctuelle de b : dans le cadre
paramétrique, nous supposerons

Hypothèse 8. sup(ϑ,t)∈Θ×[0,T ] |b0(ϑ; t, 0, δ0)| < ∞ ,

et dans le cadre non-paramétrique, nous supposerons

Hypothèse 9. supt∈[0,T ] |b(t, 0, δ0)| < ∞ .
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Remarque 10. b vérifie de manière évidente l’Hypothèse 8 (resp. l’Hypothèse 9) lorsqu’il est
continu en ϑ et ne dépend pas de t, ou bien lorsqu’il est continu en (ϑ, t) (resp. lorsqu’il ne dépend
pas de t ou bien est continu en t).

L’hypothèse suivante traite de la régularité de b en (x, ν). Dans le cadre paramétrique, nous
supposerons b0 lipschitzienne en (x, ν) ∈ Rd×P1(Rd) uniformément par rapport à (ϑ, t) ∈ Θ×[0, T ] :

Hypothèse 11. Il existe C > 0 tel que pour tout (ϑ, t) ∈ Θ × [0, T ]

|b0(ϑ; t, x′, ν′) − b0(ϑ; t, x, ν)| ≤ C
(
|x′ − x| +W1(ν′, ν)

)
,

et nous noterons |b0|Lip la plus petite constante C ≥ 0 pour laquelle ceci est vrai.

Exemples 12. (i) Un exemple de telle fonction b0 est donné par notre modèle de référence (4) :

b0(ϑ; t, x, ν) = (ϑ1x+ ϑ2) + ϑ3

∫
Rd

(y − x)ν(dy) , ϑ = (ϑ1, ϑ2, ϑ3) ∈ R × Rd × R .

(ii) Un autre exemple de telle fonction b0 est donné par la généralisation de l’exemple précédent :

b0(ϑ; t, x, ν) = ϑ1f(x) + ϑ2 + ϑ3

∫
Rd
g(y − x)ν(dy) , ϑ = (ϑ1, ϑ2, ϑ3) ∈ R × Rd × R , (14)

où f, g : Rd → Rd lipschitziennes.

(iii) Le modèle suivant, que nous appelerons modèle d’attraction-répulsion ou de flocking (voir
des modèles d’essaims, de nuées e.g. [154], ou dans une version cinétique [19]) et qui permet
de modéliser une attraction à longue portée et une répulsion à courte portée, en constitue un
autre exemple :

b0(ϑ; t, x, ν) =
∫
Rd

∇Uϑ(y − x)ν(dy) , ϑ = (ϑ1, ϑ2, ϑ3, ϑ4) ∈ (R⋆+)4 , (15)

où Uϑ : Rd → R est une famille de potentiels de la forme

Uϑ(z) = −ϑ1 exp(−ϑ2|z|2) + ϑ3 exp(−ϑ4|z|2) , z ∈ Rd ,

ϑ1, ϑ3 et ϑ2, ϑ4 étant respectivement la force et la longueur de l’attraction et de la répulsion.

(iv) Enfin, un exemple de telle fonction b0, cette fois-ci non-linéaire, à la fois en le paramètre ϑ,
et au sens de McKean en la mesure, est donné par

b0(ϑ; t, x, ν) = F
(
ϑ

∫
Rd
g(y − x)ν(dy)

)
, ϑ ∈ R , (16)

où, pour un certain entier q ≥ 1, g : Rd → Rq et F : Rq → Rd sont lipschitziennes.

Pour affiner nos résultats (de régularité dans le cadre paramétrique, et de champ moyen de
manière générale), nous aurons besoin d’une notion de régularité en la mesure provenant de la
Théorie des Jeux à Champ Moyen : la différentiabilité linéaire fonctionnelle en la mesure (voir
[37], [60], [108]).
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Définition 13. Soit un entier q ≥ 1. Une application f : P1(Rd) → Rq a une différentielle linéaire
fonctionnelle s’il existe δνf : Rd × P1(Rd) → Rq tel que

f(ν′) − f(ν) =
∫ 1

0

∫
Rd
δνf(y, (1 − λ)ν + λν′) (ν′ − ν)(dy) dλ .

vérifiant les propriétés de régularité suivantes∣∣δνf(y′, ν′) − δνf(y, ν)
∣∣ ≤ C

(
|y′ − y| + W1(ν′, ν)

)
,∣∣∂y(δνf(y, ν′) − δνf(y, ν)

)∣∣ ≤ CW1(ν′, ν),

pour un certain C > 0. Nous noterons |δνf |Lip,∞ la plus petite constante C ≥ 0 pour laquelle ceci
est vrai.

Nous pouvons itérer le processus décrit dans la Définition 13 : nous obtenons alors, pour tout entier
k ≥ 1, une notion de différentielle linéaire fonctionnelle k-ième via l’existence d’applications

δℓνf : (Rd)ℓ × P1(Rd) → Rq pour ℓ = 1, . . . , k ,

définies récursivement par δℓνf = δν ◦ δℓ−1
ν f et vérifiant les propriétés de régularité associées (et

dont nous noterons les constantes minimales |δℓνf |Lip,∞).

Remarque 14. Il convient de remarquer que les différentielles linéaires fonctionnelles définies de
cette manière le sont en fait à une constante additive près étant donné que

∫
Rd(ν′ − ν)(dy) = 0.

Une normalisation possible est d’imposer itérativement, pour 1 ≤ ℓ ≤ k, la condition

δℓνf(y1, . . . , yℓ, ν) = 0 si un des yi, 1 ≤ i ≤ ℓ est nul.

Les différentielles linéaires fonctionnelles successives sont alors définies de manière unique. Cepen-
dant, par abus de notation, nous noterons δℓνf(y1, . . . , yℓ, ν) pour une des différentielles linéaires
fonctionnelles possibles.

Exemples 15. Un exemple d’une classe de fonctions f : [0, T ]×Rd×P1(Rd) → Rq admettant une
k-ième différentielle linéaire fonctionnelle, uniformément par rapport à (t, x) ∈ [0, T ]×Rd, mais pas
de (k+1)-ième différentielle linéaire fonctionnelle est donné, pour q′ ≥ 1, f̃ : [0, T ]×Rd×Rd → Rq′

régulière, et F ∈ Ck+1
b (Rq′ ; Rq) \ Ck+2

b (Rq′ ; Rq), par :

f(t, x, ν) = F
(∫

Rd
f̃(t, x, y) ν(dy)

)
.

Nous ferons finalement l’hypothèse suivante sur b dans le cadre non-paramétrique.

Hypothèse 16. Une des trois conditions suivantes est satisfaite pour un certain C > 0 :

(i) (Lipschitz) d = 1 et ∣∣b(t, x′, ν′) − b(t, x, ν)
∣∣ ≤ C

(
|x′ − x| + W1(ν′, ν)

)
;

nous noterons |b|Lip la plus petite constante C ≥ 0 pour laquelle ceci est vrai.

(ii) (Existence d’une k-ième différentielle linéaire fonctionnelle en la mesure.) Soit k ≥ 1. Pour
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(d = 1 et k ≥ 1) ou (d = 2 et k ≥ 2) ou (d ≥ 3 et k ≥ d/2),

nous avons ∣∣b(t, x′, ν′) − b(t, x, ν)
∣∣ ≤ C

(
|x′ − x| + W1(ν′, ν)

)
.

et l’application
ν 7→ b(t, x, ν)

admet une k-ième différentielle linéaire fonctionnelle au sens de la Définition 13, uniformément
par rapport à (t, x), avec de plus la représentation suivante :

δkν b
(
t, x, (y1, . . . , yk), ν

)
=

∑
I⊂{1,...,k},m≥1

⊗
j∈I

(δkν b)I,j,m(t, x, yj , ν),

où la somme en m est finie avec au maximum mb termes et les applications (δkν b)I,j,m :
[0, T ] × Rd × Rd × P1(Rd) → Rd sont telles que∣∣(δkν b)I,j,m(t, x′, y′, ν) − (δkν b)I,j,m(t, x, y, ν)

∣∣ ≤ C(|x′ − x| + |y′ − y|) ;

nous noterons |δk
⋆
b
ν b|Lip la plus petite constante C ≥ 0 pour laquelle cette hypothèse est vraie,

pour l’ordre de différentiabilité k⋆b le plus élevé de b (au sens où b n’est pas k⋆b +1 linéairement
différentiable en la mesure).

(iii) (Vlasov.) d ≥ 1 et pour un certain ℓ ≥ 1

b(t, x, ν) =
∫

(Rd)ℓ
b̃
(
t, x, yℓ

)
ν⊗ℓ(dyℓ)

avec yℓ = (y1, . . . , yℓ), pour une certaine application mesurable

b̃ : [0, T ] × Rd × (Rd)ℓ → Rd

telle que : ∣∣̃b(t, x′, (yℓ)′) − b̃(t, x, yℓ)
∣∣ ≤ C

(
|x′ − x| +

∣∣(yℓ)′ − yℓ
∣∣).

en supposant de plus que b̃ est (ℓ− 1)-fois dérivable en yℓ uniformément par rapport à (t, x)
et de dérivées lipschitziennes en (x, yℓ) uniformément par rapport à t.

Remarque 17. La condition (ii) est vérifiée par des drifts de la forme

b(t, x, ν) =
J∑
j=1

Fj

(
t, x,

∫
Rq2

Gj
(
t, x,

∫
Rd
Hj(t, x, z)ν(dz), z′)λj(dz′)

)
,

pour des entiers J, q1, q2, q3 ≥ 1, des fonctions régulières Fj(t, x, ·) : Rq3 → Rd, Gj(t, x, ·) : Rq1 ×
Rq2 → Rq3 , Hj(t, x, ·) : Rd → Rq1 et des mesures positives λj sur Rq2 , sous certaines conditions
techniques, et par des combinaisons de tels drifts. Des exemples explicites de modèles de champ
moyen où le drift est de la forme (ii) plutôt que (i) ou (iii) sont donnés par exemple dans [46, 162,
148, ?]. La condition (ii) est une condition intermédiaire entre (i) et (iii).
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Remarque 18. La condition (iii) est plus forte que la condition (ii) : en effet, sous la condition
(iii), b a alors une k-ième différentielle linéaire fonctionnelle pour tout k ≥ 1, et pour k > ℓ,
δkν b(t, x, ·, ν) = 0 : par convention, en reprenant les notations du cas précédent, nous dirons que
k⋆b = ℓ+ 1. Pour 1 ≤ k ≤ ℓ (cf. Exemple 2.7 de l’article de Jourdain et Tse [108]), nous avons

δkν b(t, x, yk, ν) =
∑
s∈Sℓ

∫
(Rd)(ℓ−k)

b̃(t, x, yℓs(1), . . . , y
ℓ
s(ℓ))ν⊗(ℓ−k)(dyk+1, . . . , dyℓ) ,

ce qui donne par exemple, pour ℓ = 1 (resp. ℓ = 2) , δkν b(t, x, ·, ν) =
{
b̃(t, x, ·) si k = 1
0 si k ≥ 2

(
resp. δkν b(t, x, ·, ν) =


y 7→

∫
Rd
(
b̃(t, x, y, z) + b̃(t, x, z, y)

)
ν(dz) si k = 1

(y, y′) 7→ b̃(t, x, y, y′) + b̃(t, x, y′, y) si k = 2
0 si k ≥ 3

)
.

Exemples 19. (i) Un exemple de noyau d’interaction vérifiant la condition (iii) pour ℓ = 1 est
donné par notre modèle de référence (4), ou par notre modèle (15).

(ii) Un exemple de noyau d’interaction vérifiant la condition (iii) pour ℓ ≥ 1 est donné par

b̃(t, x, yℓ) = exp
(

−
∣∣∣x− 1

ℓ

ℓ∑
i=1
yi

∣∣∣2) (ou encore par b̃(t, x, yℓ) =

exp
(

− 1
t

∣∣∣x− 1
ℓ

ℓ∑
i=1
yi

∣∣∣2) si t ≥ Tc

0 sinon
pour un certain temps critique Tc ∈ (0, T ) ).

Remarque 20. En combinant les hypothèses de bornitude ponctuelle et de régularité, nous ob-
tenons que b est au plus linéaire : dans le cadre paramétrique,

|b0(ϑ; t, x, ν)| ≤ sup
(ϑ′,t′)∈Θ×[0,T ]

|b0(ϑ′; t′, 0, δ0)| + |b0|Lip
(
|x| + m1(ν)

)
,

et dans le cadre non-paramétrique,

|b(t, x, ν)| ≤ sup
t′∈[0,T ]

|b(t′, 0, δ0)| + |b|Lip
(
|x| + m1(ν)

)
.

Enfin, dans le cadre paramétrique, nous ferons une hypothèse usuelle de régularité de b0 en ϑ :

Hypothèse 21. Il existe r1, r2 ≥ 1 et C > 0 tel que la fonction ϑ 7→ b0(ϑ; t, x, ν) est deux fois
différentiable dans l’intérieur de Θ uniformément par rapport à (t, x, ν), et pour tous 1 ≤ ℓ, ℓ′ ≤ p,
pour tout point ϑ dans l’intérieur de Θ,

sup
t∈[0,T ]

(
|∂ϑℓb0(ϑ; t, x, ν)| + |∂2

ϑℓϑℓ′ b0(ϑ; t, x, ν)|
)

≤ C
(
1 + |x|r1 + mr2(ν)

)
,

sup
t∈[0,T ]

|∂ϑℓb0(ϑ; t, x′, ν′) − ∂ϑℓb0(ϑ; t, x, ν)| ≤ C(|x′ − x| + W1(ν′, ν)) ,

et nous noterons respectivement r1(b0), r2(b0) et
∣∣D(2)

ϑ b0
∣∣
Lip,∞ les plus petites valeurs de r1, r2 ≥ 1

et C ≥ 0 pour lesquelles ceci est vrai.
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Remarque 22. Cela implique que, pour tout 1 ≤ ℓ ≤ p,

sup
t∈[0,T ]

(∣∣b0(ϑ′; t, x′, ν′) − b0(ϑ; t, x, ν)
∣∣+
∣∣∂ϑℓb0(ϑ′; t, x′, ν′) − ∂ϑℓb0(ϑ; t, x, ν)

∣∣)
≲ |x′ − x| + W1(ν′, ν) + |ϑ′ − ϑ|

(
1 + |x|r1(b0) + mr2(b0)(ν)

)
.

Exemples 23. Reprenons notre Exemple 12,

(i) Pour les cas (4) et (14), D2
ϑb0 = 0, et l’Hypothèse 21 est bien vérifiée pour r1(b0) = r2(b0) = 1.

(ii) Pour le cas (15), b0(ϑ; t, x, ν) = 2
∫
Rd
(
ϑ1ϑ2(y− x)e−ϑ2|y−x|2 − ϑ3ϑ4(y− x)e−ϑ4|y−x|2)

ν(dy) ,
et donc l’Hypothèse 21 est bien vérifiée pour r1(b0) = r2(b0) = 1.

(iii) Enfin, pour le cas (16), si F est de classe C1 (resp. C2), nous avons

∂ϑb
i
0(ϑ; t, x, ν) =

(∫
Rd
g(y − x)ν(dy)

)
.∇F i

(
ϑ

∫
Rd
g(y − x)ν(dy)

)
,

(
resp. ∂2

ϑb
i
0(ϑ; t, x, ν) =

〈
D2F i

(
ϑ

∫
Rd
g(y−x)ν(dy)

)(∫
Rd
g(y−x)ν(dy)

)
,
(∫

Rd
g(y−x)ν(dy)

)
⟩
)
,

d’où le fait que, si DF est lipschitzienne (resp. si D2F est lipschitzienne), nous avons

|∂ϑb0(ϑ; t, x′, ν′) − ∂ϑb0(ϑ; t, x, ν)| ≲
(
|x′ − x| + W1(ν′, ν)

)(
1 + |x| + m1(ν)

)
,(

resp. |∂2
ϑb0(ϑ; t, x′, ν′) − ∂2

ϑb0(ϑ; t, x, ν)| ≲
(
|x′ − x| + W1(ν′, ν)

)(
1 + |x|2 + m2(ν)

))
,

et, si par exemple g est de plus bornée, l’Hypothèse 21 est vérifiée pour r1(b0) = r2(b0) = 1.

Pour résumer, dans le cadre paramétrique, nous nous placerons sous les Hypothèses 1, 4, 6, 8,
11 et 21, tandis que dans le cadre non-paramétrique, nous nous placerons sous les Hypothèses 2,
4, 6, 9 et 16.

2.2 Modèle statistique considéré
Nous pouvons réinterpréter notre modèle de la manière suivante. Définissons tout d’abord les

ensembles utilisés pour décrire les propriétés des mesures initiales :

Md :=
⋂
ℓ≥1

Pℓ(Rd) , Md,m :=
{
µ0 ∈ Md , ∀ℓ ≥ 0, m2ℓ(µ0) ≤ m2ℓ

}
,

M⋆
d,m :=

{
µ0 ∈ Md,m ,

((m2ℓ(µ0)
ℓ!

)1/ℓ
)
ℓ≥1

bornée
}
,

pour d ∈ N⋆, m = (mℓ)ℓ≥0 ∈ (R+)N. Lorsque nous considérerons le cas µ0 ∈ M⋆
d,m, nous suppose-

rons implicitement que la suite ((m2ℓ
ℓ! )1/ℓ)ℓ≥1 est elle-même bornée.

Définissons ensuite les ensembles auxquels appartiennent les fonctions de diffusion :

CT,d :=
{
c : [0, T ] × Rd → S++

d (R) mesurable ; sup
t∈[0,T ],x,x′∈Rd

x ̸=x′

|σ(t,x′)−σ(t,x)|
|x′−x| < ∞ ,
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0 < inf
t∈[0,T ],x,y∈Rd

y ̸=0

y⊤c(t,x)y
|y|2 ≤ sup

t∈[0,T ],x,y∈Rd
y ̸=0

y⊤c(t,x)y
|y|2 < ∞

}
,

ainsi que son sous-ensemble

CT,d,s+,s−,c1 :=
{
c ∈ CT,d ; sup

t∈[0,T ],x,x′∈Rd
|σ(t,x′)−σ(t,x)|

|x′−x| ≤ c1 ,

s− ≤ inf
t∈[0,T ],x,y∈Rd,y ̸=0

y⊤c(t,x)y
|y|2 ≤ sup

t∈[0,T ],x,y∈Rd,y ̸=0

y⊤c(t,x)y
|y|2 ≤ s+

}
,

pour T > 0, d ∈ N⋆, s+, s−, c1 > 0.

Enfin, définissons les ensembles auxquels appartiennent les fonctions de drift :

BT,d :=
{
b : [0, T ] × Rd × P1(Rd) → Rd mesurable ;

sup
t∈[0,T ]

|b(t, 0, δ0)| < ∞ , sup
t∈[0,T ],x,x′∈Rd,ν,ν′∈P1(Rd)

(x,ν) ̸=(x′,ν′)

|b(t,x′,ν′)−b(t,x,ν)|
|x′−x|+W1(ν′,ν) < ∞

}
,

ainsi que ses sous-ensembles

BT,d,h,n,c2,c3 :=
{
b ∈ BT,d ; sup

t∈[0,T ]
|b(t, 0, δ0)| ≤ c2 , k

⋆
b ≤ h, mb ≤ n ,

max(|b|Lip, |δ1
νb|Lip,∞, . . . , |δ

k⋆b
ν b|Lip,∞, |δ

k⋆b
ν b|Lip) ≤ c3

}
,

Br1,r2,c4
T,d,h,n,c2,c3

:=
{
b ∈ BT,d,h,n,c2,c3 ; ∃ϑ ∈ Θ, b(t, x, ν) = b0(ϑ; t, x, ν), ∀(t, x, ν) ∈ [0, T ] × Rd × P1(Rd) ,

r1(b0) ≤ r1, r2(b0) ≤ r2, |D(2)
ϑ b0|Lip,∞ ≤ c4

}
,

pour T > 0, d ∈ N⋆, h, n ∈ N, c2, c3 ≥ 0, r1, r2 ∈ N⋆, c4 ≥ 0.

Nous allons considérer un ellipsöıde de notre modèle paramétré par

b := (T, d,m = (m2ℓ)ℓ≥0, s+, s−, c1, h, n, c2, c3, r1, r2, c4) ∈ E ,

E := R⋆+ × N⋆ × (R+)N × (R⋆+)3 × (N)2 × (R⋆+)2 × (N⋆)2 × R⋆+ ,

et, dans toute la suite, de manière générale, la notation A ≲ B signifiera qu’il existe une constante
C = Cb, dépendant uniquement de b, telle que A ≤ CbB.

Finalement, dans le cadre paramétrique (resp. non-paramétrique), nous considérerons le modèle

(b, c, µ0) ∈ Br1,r2,c4
T,d,h,n,c2,c3

×CT,d,s+,s−,c1×Md,m

(
resp. (b, c, µ0) ∈ BT,d,h,n,c2,c3×CT,d,s+,s−,c1×M⋆

d,m

)
.

2.3 Quelques propriétés classiques & D’autres moins classiques
Sur l’EDP & l’EDS de McKean-Vlasov

En suivant le cadre fourni dans la monographie de Bogachev et al. [17] (section 6.7(iii), corres-
pondant à l’article [143] de Manita et Shaposhnikov), le problème (2) est compris au sens faible
suivant.
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Définition 24. µ est dite solution de probabilité du problème (2) si µ est une mesure borélienne
sur [0, T ] × Rd, de la forme µ = (µt)t∈[0,T ] i.e. µ(dt, dx) = µt(dx)dt, vérifiant

(i) pour tout t ∈ [0, T ], µt est une mesure de probabilité sur Rd ;
(ii) pour tous 1 ≤ i, j ≤ d, les fonctions

(t, x) ∈ [0, T ] × Rd 7→ cij(t, x) , (t, x) ∈ [0, T ] × Rd 7→ bi(t, x, µt)

sont mesurables, et dans L1([0, T ] × U, µ) pour toute boule fermée U ⊂ Rd ;
(iii) pour toute fonction test Φ ∈ C∞

c (Rd;R) et tout t ∈ [0, T ],∫
Rd

Φdµt −
∫
Rd

Φdµ0 =
∫ t

0

∫
Rd
Lµc,b(Φ)dµsds ,

où l’opérateur Lµc,b est défini par :

Lµc,bΦ(t, x) := 1
2

d∑
i,j=1

∂2
xixjΦ(x)cij(t, x) +

d∑
i=1

∂xiΦ(x)bi(t, x, µt) .

Pour établir certaines propriétés sur Pb, nous aurons besoin également de l’outil suivant : pour
(c, µ0) ∈ CT,d,s+,s−,c1 × Md,m , et b, b′ ∈ BT,d,h,n,c2,c3 , nous noterons Xb′,b l’unique solution forte
sur (C,FT ), sous Pb, de{

dX
b′,b

t = b′(t,Xb′,b

t , µb
′

t )dt+ σ(t,Xb′,b

t )dBbt , t ∈ [0, T ] ,
X
b′,b

|t=0 = X0 ,

X
b′,b est donc, par construction, couplé avec X et vérifie LPb(X

b′,b) = Pb′ et LPb(X
b′,b

t ) = µb
′

t pour
tout t ∈ [0, T ]. Lorsque b, b′ ∈ Br1,r2,r

T,d,h,n,c2,c3
sont de la forme b = b0(ϑ; ·), b′ = b0(ϑ′; ·), ϑ, ϑ′ ∈ Θ,

nous noterons également respectivement Xϑ′,ϑ à la place de Xb′,b.

Nous regroupons dans le théorème suivant des propriétés très utiles vérifiées par l’équation de
McKean-Vlasov. La preuve en sera faite en Annexe 1.

Théorème 25. Soit (c, µ0) ∈ CT,d,s+,s−,c1 × Md,m. Alors
(i) Pour tout b ∈ BT,d,h,n,c2,c3 , la loi de probabilité Pb sur (C,FT ) est également bien définie,

l’application b ∈ BT,d,h,n,c2,c3 7→ µb = S(b, c, µ0) est bien définie, µb ∈ C
(
[0, T ] ; P1(Rd)

)
et

(µbt)t∈[0,T ] est l’unique solution de probabilité du problème de Cauchy (2) ;
(ii) Pour tout entier r ≥ 1, pour tout b ∈ BT,d,h,n,c2,c3

(
resp. b ∈ Br1,r2,r

T,d,h,n,c2,c3

)
,

sup
t∈[0,T ]

mr(µbt) ≤ EPb

[
sup
t∈[0,T ]

|Xt|r
]
≲ 1

(
resp. sup

(ϑ,t)∈Θ×[0,T ]
mr(µϑt ) ≤ sup

ϑ∈Θ
EPϑ

[
sup
t∈[0,T ]

|Xt|r
]
≲ 1
)
,

ce qui entrâıne que, pour tout (t, x) ∈ [0, T ] × Rd
(
resp. (ϑ, t, x) ∈ Θ × [0, T ] × Rd

)
|b(t, x, µbt)| ≤ sup

t′∈[0,T ]
|b(t′, 0, δ0)| + |b|Lip

(
|x| + sup

t′∈[0,T ]
m1
(
µbt′
))
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(
resp. |b0(ϑ; t, x, µϑt )| ≤ sup

(ϑ′,t′)∈Θ×[0,T ]
|b0(ϑ′; t′, 0, δ0)| + |b0|Lip

(
|x| + sup

(ϑ′,t′)∈Θ×[0,T ]
m1
(
µϑ

′

t′
)) )

,

et donc pour tous x0 ∈ Rd, R > 0, il existe κ5 = κ5(x0, R, b) > 0, tel que

sup
t∈[0,T ],|x−x0|≤R

|b(t, x, µbt)| ≤ κ5
(
resp. sup

(ϑ,t)∈Θ×[0,T ],|x−x0|≤R
|b0(ϑ; t, x, µϑt )| ≤ κ5

)
;

(iii) Si µ0 ∈ M⋆
d,m, il existe c5 = c5(b) > 0, tel que pour tout b ∈ BT,d,h,n,c2,c3 et tout entier q ≥ 1,

sup
t∈[0,T ]

EPb

[∣∣Xt

∣∣2q] ≤ q! cq5 ;

en particulier, Xt est sous-gaussienne sous Pb (voir la définition 2.30 du Chapitre 2 et l’article
[31]) ;

(iv) Pour tout b ∈ BT,d,h,n,c2,c3 , t ∈ [0, T ] 7→ µbt ∈ P1(Rd) est régulière :

W1(µbt2 , µ
b
t1) ≤ EPb

[
|Xt2 −Xt1 |

]
≲ |t2 − t1|1/2 pour tous t1, t2 ∈ [0, T ] ;

(v) L’application b ∈ BT,d,h,n,c2,c3 7→ µb = S(b, c, µ0) est régulière en distance de Wasserstein W1
et en variation totale : pour tous b1, b2 ∈ BT,d,h,n,c2,c3 ,

sup
s∈[0,t]

W1(µb2
s , µ

b1
s ) ≲

(∫ t

0

∫
Rd

|b2(s, x, µbis ) − b1(s, x, µbis )|2µbis (dx)ds
)1/2

, t ∈ [0, T ], i = 1, 2 ,

et, étant donné que Pb1 et Pb2 sont équivalentes avec, pour tout t ∈ [0, T ],

log dPb1

dPb2

(X)|Ft =
∫ t

0

(
(c−1b1)(s,Xs, µ

b1
s ) − (c−1b2)(s,Xs, µ

b2
s )
)⊤
dXs

− 1
2

∫ t

0

(
|(c−1/2b1)(s,Xs, µ

b1
s )|2 − |(c−1/2b2)(s,Xs, µ

b2
s )|2

)
ds ,

sup
s∈[0,t]

||µb2
s −µb1

s ||TV ≲
(∫ t

0

∫
Rd

∣∣b2(s, x, µb2
s )−b1(s, x, µb1

s )
∣∣2 µbis (dx)ds

)1/2
, t ∈ [0, T ], i = 1, 2 ;

dans le cadre paramétrique, ϑ ∈ Θ 7→ µϑ est même lipschitzienne :

max
(

sup
t∈[0,T ]

W1(µϑ2
t , µ

ϑ1
t ) ; sup

t∈[0,T ]
||µϑ2

t − µϑ1
t ||TV

)
≲ |ϑ2 − ϑ1| , pour tous ϑ1, ϑ2 ∈ Θ;

(vi) Pour tout b ∈ BT,d,h,n,c2,c3 , pour tout t ∈ (0, T ), µbt admet une densité par rapport à la
mesure de Lebesgue sur Rd, que nous noterons également µbt : µb(dt, dx) = µbt(x)dxdt ; de
plus, il existe un représentant de µb continu sur (0, T ) × Rd, et même localement Hölder sur
(0, T ) × Rd, que nous noterons également µb : plus précisément, pour tout α, β ∈ (0, 1

2 ),

µb ∈ H
α,β
loc
(
(0, T ) × Rd

)
;

(vii) Dans le cadre paramétrique, nous pouvons, pour chaque ϑ ∈ Θ, choisir un représentant de la
densité µϑ tel que(

(ϑ, t, x) ∈ Θ × (0, T ) × Rd 7→ µϑt (x)
)

∈ C
(
Θ × (0, T ) × Rd ; R

)
;

l’application ϑ ∈ Θ 7→ µϑ ∈ L1((0, T ) × Rd
)

est alors également continue (ce qui signifie que
l’application ϑ ∈ Θ 7→ µϑ est continue en variation totale) ;
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(viii) Pour tout b ∈ BT,d,h,n,c2,c3 , µb est strictement positive en tout point :

pour tout (t, x) ∈ (0, T ) × Rd, µbt(x) > 0 ;

de plus µb est localement bornée : pour tous x0 ∈ Rd, R > 0 et [R1, R2] ⊂ (0, T ), il existe
κ3 = κ3(x0, R,R1, R2, b), κ4 = κ4(x0, R,R1, R2, b) > 0 tel que

κ4 ≤ inf
t∈[R1,R2],|x−x0|≤R

µbt(x) ≤ sup
t∈[R1,R2],|x−x0|≤R

µbt(x) ≤ κ3 ;

(ix) L’application b ∈ BT,d,h,n,c2,c3 ∩C
(
[0, T ]×Rd×P1(Rd) ; Rd

)
7→ µb = S(b, c, µ0) est ”injective”

au sens où, pour b1, b2 ∈ BT,d,h,n,c2,c3 ∩ C
(
[0, T ] × Rd × P1(Rd) ; Rd

)
tel que µb1 = µb2 ,

b1(t0, x0, µ
b1
t0 ) = b2(t0, x0, µ

b1
t0 ) pour tout (t0, x0) ∈ [0, T ] × Rd ;

en particulier, pour bi = b0(ϑi ; ·), ϑi ∈ Θ, i = 1, 2, si µϑ1 = µϑ2 , alors

b0(ϑ1 ; t0, x0, µ
ϑ1
t0 ) = b0(ϑ2 ; t0, x0, µ

ϑ1
t0 ) pour tout (t0, x0) ∈ [0, T ] × Rd .

Preuve. La preuve est détaillée en Annexe 1 (sauf pour le point (iii) dont la preuve est donnée dans
la Section 8.1 du Chapitre 2).
Les points (i) et (ii) sont prouvés en Section 1.1 et 1.3 (existence, unicité et moments uniforméments
bornés de µb), le point (iv) en Section 1.2 (régularité en temps de µb), le point (v) en Section 1.4
(régularité de b 7→ µb), le point (vi) en Section 1.5 (existence et régularité Hölder de la densité),
le point (vii) en Section 1.9 (régularité dans le cadre paramétrique), le point (viii) en Section 1.6
(positivité de µb), le point (ix) en Section 1.7 (”injectivité” de b 7→ µb). □

Pour µ0 admettant une densité par rapport à la mesure de Lebesgue sur Rd (que nous note-
rons également µ0), nous allons à présent énoncer un ensemble d’hypothèses supplémentaires qui
entrâınent, associées à nos hypothèses de base, que µb est solution au sens classique du problème
de Cauchy (2), c’est-à-dire que µb ∈ C1,2((0, T ) ×Rd ; R

)
vérifie pour pour tout (t, x) ∈ (0, T ) ×Rd

∂tµ
b
t(x) = 1

2

d∑
i,j=1

cij(t, x)∂2
xixjµ

b
t(x) +

d∑
i=1

( d∑
j=1

∂xjcij(t, x) − βi(t, x)
)
∂xiµ

b
t(x)

+
(1

2

d∑
i,j=1

∂2
xixjcij(t, x) −

d∑
i=1

∂xiβ
i(t, x)

)
µbt(x) ,

où nous avons noté β : (t, x) ∈ [0, T ] ×Rd 7→ b(t, x, µbt). Nous verrons de plus que µb peut s’écrire à
l’aide d’une solution fondamentale du problème, construite à l’aide d’une méthode dite parametrix
dont les prémisses sont dûs à Levi au début du XXe siècle (voir [128], et les monographies [75],
[118], [113]).

Le jeu d’hypothèses que nous considérerons est tiré de l’article d’Angiuli et Lorenzi [4], mais
l’on peut faire remonter ce type d’hypothèses aux travaux fondateurs sur les EDP paraboliques à
coefficients non bornés des années 60 (Nash, Aronson, Besala, Krzyzanski, Bodanko, Chen, Kuroda,
Eidel’man, . . . ), et plus particulièrement à l’article d’Aronson et Besala [5]. Nous pouvons aussi
mentionner les travaux des années 2000-2010 de Addona, Lunardi, Metafune, Pallara, Rhandi
. . .(voir la monographie de Lunardi [139] pour une vision d’ensemble sur l’aspect semi-groupes de
ce type de problèmes), et l’article de Deck et Kruse [63].
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Hypothèse 26. Il existe δ ∈ (0, 1) et C > 0 tel que, pour tous 1 ≤ i, j ≤ d,
(i) µ0 ∈ Cb(Rd ; R) ;

(ii) cij , β
i ∈ C

δ
2 ,δ

loc
(
(0, T ) × Rd ; R

)
;

(iii) ∂xicij , ∂
2
xixjcij , ∂xiβ

i existent et sont dans C
δ
2 ,δ

loc
(
(0, T ) × Rd ; R

)
;

(iv) |∂2
xixjcij(t, x)| ≤ C pour tout (t, x) ∈ (0, T ) × Rd .

Remarque 27. Etant donné que (b, c) ∈ BT,d,h,n,c2,c3 × CT,d,s+,s−,c1 , nous savons déjà que
• c est lipschitzienne en x ∈ Rd uniformément par rapport à t ∈ [0, T ], donc a fortiori, pour

tout δ ∈ (0, 1), c est localement δ-Hölder en x ∈ Rd et, de plus, ∂xjc existe au sens généralisé
et est borné par |c|Lip ;

• pour t0 ∈ [0, T ], (t, x) 7→ b(t0, x, µbt) est dans H
1
2 ,1([0, T ] × Rd), car b est lipschitzienne en

(x, ν) et pour tout t, t′ ∈ [0, T ], W1(µbt′ , µbt) ≲ |t′ − t|1/2, donc une condition suffisante pour
qu’il existe δ ∈ (0, 1), tel que β soit dans C

δ
2 ,δ

loc
(
(0, T ) × Rd ; Rd

)
est

|b(t′, x′, ν′) − b(t, x, ν)| ≤ C
(

|t′ − t|1/2 + |x′ − x| + W1(ν′, ν)
)
, (17)

pour un certain C > 0, et dans ce cas, pour tout δ ∈ (0, 1), β ∈ C
δ
2 ,δ

loc
(
(0, T ) × Rd ; Rd

)
.

• les dérivées partielles ∂xiβi, 1 ≤ i ≤ d existent au sens généralisé et sont bornées par |b|Lip.

Nous disposons donc du Théorème suivant :

Théorème 28. Soit (b, c, µ0) ∈ BT,d,h,n,c2,c3 × CT,d,s+,s−,c1 × Md,m. S’il existe δ ∈ (0, 1) tel que
(i) (b, c, µ0) ∈ C0,1,0((0, T ) × Rd × P1(Rd) ; Rd

)
× C0,2((0, T ) × Rd ; Md(R)

)
× Cb(Rd ; R),

(ii) cij , ∂xicij , ∂
2
xixjcij ∈ C

δ
2 ,δ

loc
(
(0, T ) × Rd ; R

)
pour tous 1 ≤ i, j ≤ d, et D2

xc est borné,

(iii) b vérifie (17), ν 7→ ∂xib
i(t, x, ν) est lipschitzienne uniformément par rapport à (t, x), et ∂xiβi ∈

C
δ
2 ,δ

loc
(
(0, T ) × Rd ; R

)
pour tout 1 ≤ i ≤ d,

alors µb est solution au sens classique du problème de Cauchy (2) et

µb ∈ Cb
(
[0, T ] × Rd

)
∩ C

1+ δ
2 ,2+δ

loc
(
(0, T ) × Rd

)
.

Notons D :=
{

(s, ξ; t, x) ∈ [0, T ] × Rd × [0, T ] × Rd ; s ≤ t
}

. Il existe de plus une fonction
(dite solution fondamentale du problème (2)) Z : D 7→ R⋆+ tel que pour tout (s, ξ) ∈ [0, T ) × Rd,
Z(s, ξ; ·, ·) ∈ C

1+ δ
2 ,2+δ

loc
(
(s, T ) × Rd

)
et est solution de l’EDP (2) sur (s, T ) × Rd, et pour tous

0 ≤ s < t ≤ T , et x ∈ Rd,

µbt(x) =
∫
Rd
Z(s, ξ; t, x)µbs(ξ) dξ .

En particulier, pour tout (t, x) ∈ (0, T ] × Rd,

µbt(x) =
∫
Rd
Z(0, ξ; t, x)µ0(ξ)dξ .
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Preuve. Voir l’article d’Angiuli et Lorenzi [4]. □

Enfin, nous traitons du cas particulier dit de Vlasov (voir [173]), avec un drift homogène en
temps et une diffusion constante de la forme suivante

b(t, x, ν) = b(x, ν) =
∫
Rd
b̃(x, y)ν(dy), où b̃(x, y) = F (x− y) +G(x), x, y ∈ Rd,

σ(t, x) = σId, σ > 0 ,
pour lequel le problème (2) se réécrit{

∂tµ
b
t = σ2

2 ∆µbt − div
(
(G+ F ⋆ µbt)µbt

)
, (t, x) ∈ (0, T ) × Rd ,

µb|t=0 = µ0 .
(18)

Théorème 29. Supposons que
(i) µ0 ∈ Cb(Rd ; R),

(ii) G lipschitzienne et G ∈ HδG
loc(Rd ; Rd), δG > 1,

(iii) F est à support compact, F ∈ HδF
loc(Rd ; Rd), δF > 1,

alors µb ∈ C1,2((0, T ) × Rd
)

∩ Cb
(
[0, T ] × Rd

)
est solution classique du problème (18). De plus,

• si δG /∈ N⋆,
µb ∈ H

1+δG
2 ,1+δG

loc
(
(0, T ) × Rd

)
,

• si δG ∈ N⋆, pour tout δ ∈ (0, 1),

µb ∈ H
⌊δG⌋+1+δ

2 ,⌊δG⌋+1+δ
loc

(
(0, T ) × Rd

)
.

Preuve. Voir l’Annexe 1.8. □

Enfin, pour l’étude paramétrique de notre modèle dans le Chapitre 1, nous aurons besoin de
l’outil suivant : pour (c, µ0) ∈ CT,d,s+,s−,c1 × Md,m , et b1, b

′
1 ∈ BT,d,h,n,c2,c3 , nous noterons Pb1,b′

1
l’unique loi sur (C,FT ) sous laquelle X0 ∼ µ0 et(

B
b1,b

′
1

t :=
∫ t

0
c−1/2(s,Xs)

(
dXs − b1(s,Xs, µ

b′
1
s )ds

))
t∈[0,T ]

est un mouvement brownien standard d-dimensionnel. Le processus canonique X sur (C,FT ) est
donc solution, sous Pb1,b′

1
, de l’EDS linéaire au sens de McKean{
dXt = b1(t,Xt, µ

b′
1
t )dt+ σ(t,Xt)dB

b1,b
′
1

t , t ∈ [0, T ] ,
L(X0) = µ0 ,

autrement dit, en notant βb1,b
′
1 : (t, x) ∈ [0, T ] × Rd 7→ b1(t, x, µb

′
1
t ), de{

dXt = βb1,b
′
1(t,Xt)dt+ σ(t,Xt)dB

b1,b
′
1

t , t ∈ [0, T ] ,
L(X0) = µ0 ,
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ce qui nous permet d’une certaine manière de découpler le drift et le paramètre de mesure. Nous
noterons, pour tout t ∈ [0, T ], µb1,b

′
1

t := LPb1,b′
1
(Xt), et nous retrouvons que, pour b ∈ BT,d,h,n,c2,c3 ,

Pb = Pb,b, B
b = B

b,b et µbt = µb,bt .

Pour b, b1, b
′
1 ∈ BT,d,h,n,c2,c3 , une manière de coupler les lois Pb et Pb1,b′

1
sur (C,FT ) est la

suivante : nous noterons X(b1,b
′
1),b l’unique solution forte, sous Pb, de{

dX
(b1,b

′
1),b

t = b1(t,X(b1,b
′
1),b

t , µ
b′

1
t )dt+ σ(t,X(b1,b

′
1),b

t )dBbt , t ∈ [0, T ] ,
X

(b1,b
′
1),b

|t=0 = X0 ,

et nous avons alors, par définition, que X
(b1,b

′
1),b est couplé avec le processus canonique X,

LPb(X
(b1,b

′
1),b) = Pb1,b′

1
, et µb1,b

′
1

t = LPb(X
(b1,b

′
1),b

t ).

Lorsque b, b1, b
′
1 ∈ Br1,r2,r

T,d,h,n,c2,c3
sont de la forme b = b0(ϑ; ·), b1 = b0(ϑ1; ·), b′

1 = b0(ϑ′
1; ·), ϑ, ϑ1, ϑ

′
1 ∈

Θ, nous noterons également respectivement Pϑ1,ϑ′
1
, Bϑ1,ϑ

′
1 et X(ϑ1,ϑ

′
1),ϑ à la place de Pb1,b′

1
, Bb1,b

′
1 ,

et X(b1,b
′
1),b.

Nous disposons alors des propriétés suivantes.

Théorème 30. Soit (c, µ0) ∈ CT,d,s+,s−,c1 × Md,m. Alors
(i) Pour tous b, b′ ∈ BT,d,h,n,c2,c3 , la loi de probabilité Pb,b′ sur (C,FT ) est bien définie, l’applica-

tion (b, b′) ∈ BT,d,h,n,c2,c3 ×BT,d,h,n,c2,c3 7→ µb,b
′ est bien définie, et µb,b′ ∈ C

(
[0, T ] ; P1(Rd)

)
;

(ii) Pour tout b ∈ Br1,r2,r
T,d,h,n,c2,c3

et tout entier q ≥ 1,

sup
ϑ,ϑ1,ϑ′

1∈Θ
sup
t∈[0,T ]

EPϑ

[
|X(ϑ1,ϑ

′
1),ϑ

t |q
]
≲ 1 ;

(iii) La fonction (ϑ, ϑ′) ∈ Θ × Θ 7→ µϑ,ϑ
′ est régulière en distance de Wasserstein W1 et en

variation totale : pour tout b ∈ Br1,r2,r
T,d,h,n,c2,c3

, tous ϑ, ϑ1, ϑ
′
1, ϑ1, ϑ

′
2 ∈ Θ, et tout entier q ≥ 1,

sup
t∈[0,T ]

W1(µϑ2,ϑ
′
2

t , µ
ϑ1,ϑ

′
1

t ) ≤ sup
t∈[0,T ]

EPϑ

[
|X(ϑ2,ϑ

′
2),ϑ

t −X
(ϑ1,ϑ

′
1),ϑ

t |q
]1/q

≲ |ϑ2 − ϑ1| + |ϑ′
2 − ϑ′

1| ,

sup
t∈[0,T ]

∣∣∣∣µϑ2,ϑ
′
2

t − µ
ϑ1,ϑ

′
1

t

∣∣∣∣
TV ≤

∣∣∣∣Pϑ2,ϑ′
2

− Pϑ1,ϑ′
1

∣∣∣∣
TV ≲ |ϑ2 − ϑ1| + |ϑ′

2 − ϑ′
1| ;

en particulier, pour tous ϑ, ϑ′ ∈ Θ,

max
(

sup
t∈[0,T ]

W1(µϑ,ϑ
′

t , µϑt ) ; sup
t∈[0,T ]

∣∣∣∣µϑ,ϑ′

t − µϑt
∣∣∣∣

TV
)
≲ |ϑ′ − ϑ| .

Preuve. Voir Annexe 1 □

Nous passons maintenant aux propriétés sur le système de particules en interaction et sa loi de
probabilité, en particulier nous prouvons un résultat de type limite de champ moyen.
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Sur le système de diffusions en interaction & sur PN.
Pour établir certaines propriétés sur PNb , nous aurons besoin des deux outils suivants : pour

(c, µ0) ∈ CT,d,s+,s−,c1 ×Md,m , et b, b′ ∈ BT,d,h,n,c2,c3 , nous noterons XN,b′,b = (Xi,b′,b
t )t∈[0,T ],1≤i≤N

l’unique solution forte sur (CN ,FNT ), sous PNb , de{
dXi,b′,b

t = b′(t,Xi,b′,b
t , µN (XN,b

′,b
t ))dt+ σ(t,Xi,b′,b

t )dBi,bt , t ∈ [0, T ], 1 ≤ i ≤ N ,

XN,b
′,b

|t=0 = XN0 ,

et XN,b
′,b = (Xi,b′,b

t )t∈[0,T ],1≤i≤N l’unique solution forte sur (CN ,FNT ), sous PNb , de{
dX

i,b′,b

t = b′(t,Xi,b′,b

t , µb
′

t )dt+ σ(t,Xi,b′,b

t )dBi,bt , t ∈ [0, T ], 1 ≤ i ≤ N ,

XN,b
′,b

|t=0 = XN0 .

Les processus XN,b′,b et XN,b
′,b sont donc, par construction, couplés avec XN , et vérifient LPN

b
(XN,b′,b) =

PNb′ et LPN
b

(XN,b
′,b) = P⊗N

b′ .

Lorsque b, b′ ∈ Br1,r2,r
T,d,h,n,c2,c3

sont de la forme b = b0(ϑ; ·), b′ = b0(ϑ′; ·), ϑ, ϑ′ ∈ Θ, nous noterons
également respectivement XN,ϑ′,ϑ et XN,ϑ

′,ϑ à la place de XN,b′,b et XN,b
′,b.

Nous avons les résultats suivants dont la preuve est faite dans l’Annexe 1 :

Théorème 31. Soit (c, µ0) ∈ CT,d,s+,s−,c1 × Md,m. Alors
(i) Pour tout b ∈ BT,d,h,n,c2,c3 , pour tout entier N ≥ 1, PNb est bien définie ;

(ii) Pour tout entier r ≥ 1, pour tout b ∈ BT,d,h,n,c2,c3

(
resp. b ∈ Br1,r2,r

T,d,h,n,c2,c3

)
,

sup
N≥1

sup
1≤i≤N

EPN
b

[
sup
t∈[0,T ]

|Xi
t |r
]
≲ 1

(
resp. sup

N≥1
sup

1≤i≤N
sup
ϑ∈Θ

EPN
ϑ

[
sup
t∈[0,T ]

|Xi
t |r
]
≲ 1

)
;

(iii) Pour tout b ∈ BT,d,h,n,c2,c3 , t ∈ [0, T ] 7→ µNt est régulière : pour tous 0 ≤ t, t′ ≤ T ,

sup
N≥1

EPN
b

[
W1(µNt , µNt′ )

]
≤ sup
N≥1

EPN
b

[∣∣XN
t −XN

t′

∣∣] ≲ |t− t′|1/2 .

(iv) Pour tous b, b1, b2 ∈ BT,d,h,n,c2,c3 , pour tout entier N ≥ 1,

• PNb et P⊗N
b sont équivalentes, et

log dPNb
dP⊗N

b

(XN ) =
N∑
i=1

∫ T

0

(
(c−1b)(t,Xi

t , µ
N
t ) − (c−1b)(t,Xi

t , µ
b
t)
)⊤
dXi

t

− 1
2

N∑
i=1

(∣∣(c−1/2b)(t,Xi
t , µ

N
t )
∣∣2 −

∣∣(c−1/2b)(t,Xi
t , µ

b
t)
∣∣2)dt

• PNb1
et PNb2

sont équivalentes, et

log
dPNb1

dPNb2

(XN ) =
N∑
i=1

∫ T

0

(
(c−1b1)(t,Xi

t , µ
N
t ) − (c−1b2)(t,Xi

t , µ
N
t )
)⊤
dXi

t
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− 1
2

N∑
i=1

(∣∣(c−1/2b1)(t,Xi
t , µ

N
t )
∣∣2 −

∣∣(c−1/2b2)(t,Xi
t , µ

N
t )
∣∣2)dt

(v) Pour tout b ∈ BT,d,h,n,c2,c3

(
resp. ϑ ∈ Θ

)
, la limite de champ moyen µN →

N→∞
µb (resp.

µN →
N→∞

µϑ) est vérifiée au sens où : pour tout entier q ≥ 1,

EPN
b

[
sup
t∈[0,T ]

W1(µNt , µbt)q
]

→
N→∞

0
(
resp. sup

ϑ∈Θ
EPN

ϑ

[
sup
t∈[0,T ]

W1(µNt , µϑt )q
]

→
N→∞

0
)

;

plus précisément, il existe δ > 0 (dépendant de la dimension d de l’espace) tel que pour tous
entiers q ≥ 1 et N ≥ 1,

EPN
b

[
sup
t∈[0,T ]

W1(µNt , µbt)q
]
≲ N−δq (resp. sup

ϑ∈Θ
EPN

ϑ

[
sup
t∈[0,T ]

W1(µNt , µϑt )q
]
≲ N−δq ) ;

de même,

EPN
b

[
sup
t∈[0,T ]

W1
(
µNt , µ

N (XN,b,bt )
)q] ≤ sup

1≤i≤N
EPN

b

[
sup
t∈[0,T ]

|Xi
t −X

i,b,b

t |q] ≲ N−δq

(
resp. sup

ϑ∈Θ
EPN

ϑ

[
sup
t∈[0,T ]

W1
(
µNt , µ

N (XN,ϑ,ϑt )
)q] ≤ sup

1≤i≤N
sup
ϑ∈Θ

EPN
ϑ

[
sup
t∈[0,T ]

|Xi
t−X

i,ϑ,ϑ

t |q] ≲ N−δq ) ;

(vi) Pour tous b, b′ ∈ BT,d,h,n,c2,c3

(
resp. ϑ, ϑ′ ∈ Θ

)
, pour tous entiers q ≥ 1 et N ≥ 1,

EPN
b

[
sup
t∈[0,T ]

W1
(
µNt , µ

N (XN,b
′,b

t )
)q] ≤ sup

1≤i≤N
EPN

b

[
sup
t∈[0,T ]

|Xi
t −Xi,b′,b

t |q]

≲ sup
1≤i≤N

(
EPN

b

[
sup
t∈[0,T ]

|b(t,Xi
t , µ

N
t ) − b′(t,Xi

t , µ
N
t )|2q

])1/2

(
resp. EPN

ϑ

[
sup
t∈[0,T ]

W1
(
µNt , µ

N (XN,ϑ
′,ϑ

t )
)q] ≤ sup

1≤i≤N
EPN

ϑ

[
sup
t∈[0,T ]

|Xi
t −X

i,ϑ′,ϑ

t |q] ≲ |ϑ−ϑ′|q
)

;

(vii) Pour tous b, b′ ∈ BT,d,h,n,c2,c3

(
resp. ϑ, ϑ′ ∈ Θ

)
, pour tous entiers q ≥ 1 et N ≥ 1,

EPN
b

[
sup
t∈[0,T ]

W1
(
µN (XN,b

′,b

t ), µN (XN,b,bt )
)q] ≤ sup

1≤i≤N
EPN

b

[
sup
t∈[0,T ]

|Xi,b′,b

t −X
i,b,b

t |q]

≲ sup
1≤i≤N

(
EPN

b

[
sup
t∈[0,T ]

|b(t,Xi,b,b

t , µN (XN,b,bt )) − b′(t,Xi,b,b

t , µN (XN,b,bt ))|2q
])1/2

(
resp. EPN

ϑ

[
sup
t∈[0,T ]

W1
(
µN (XN,ϑ

′,ϑ

t ), µN (XN,ϑ,ϑt )
)q] ≤ sup

1≤i≤N
EPN

ϑ

[
sup
t∈[0,T ]

|Xi,ϑ′,ϑ

t −X
i,ϑ,ϑ

t |q]

≲ |ϑ− ϑ′|q
)
.

Preuve. Pour le point (iii), nous renvoyons à l’Annexe 1, pour le point (ii) nous renvoyons à l’Annexe
1 et au Chapitre 1, pour les points (v), (vi) et (vii), nous renvoyons au Chapitre 1. La preuve des
autres points est détaillée en Annexe 2 : en Section 2.1 pour le point (i), en Section 2.2 pour le
point (iv). □

Maintenant que nous avons énoncé nos hypothèses de travail, ainsi que les propriétés proba-
bilistes et analytiques qui nous seront utiles tout au long de cette thèse, nous pouvons passer à
l’étude statistique de notre modèle.
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3 Objectifs statistiques & Résultats obtenus
Notre objectif sera d’écrire un programme d’estimation de µ puis b, d’abord dans le cadre

paramétrique, puis dans le cadre non-paramétrique. Pour cela, nous disposerons dans les deux cas
de l’observation continue du système de particules (XNt = (X1

t , . . . , X
N
t ))t∈[0,T ].

Nous considérerons donc, dans le cadre paramétrique, pour (c, µ0) ∈ CT,d,s+,s−,c1 × Md,m donné,
les expériences statistiques suivantes :

EN =
(
CN ,FNT , (PNb )b∈B

r1,r2,r
T,d,h,n,c2,c3

)
=
(
CN ,FNT , (PNϑ )ϑ∈Θ

)
,

l’expérience limite

H =
(
C,FT , (Pb)b∈B

r1,r2,r
T,d,h,n,c2,c3

)
=
(
C,FT , (Pϑ)ϑ∈Θ

)
,

et sa contrepartie N -tensorielle

H⊗N =
(
CN ,FNT , (P

⊗N
b )b∈B

r1,r2,r
T,d,h,n,c2,c3

)
=
(
CN ,FNT , (P

⊗N
ϑ )ϑ∈Θ

)
,

la famille d’expériences limite Gϑ0 (ϑ0 ∈ Θ) pour

Gϑ0 =
(
C,FT , (Pϑ,ϑ0)ϑ∈Θ

)
et sa contrepartie N -tensorielle G⊗N

ϑ0
(ϑ0 ∈ Θ) pour

G⊗N
ϑ0

=
(
CN ,FNT , (P

⊗N
ϑ,ϑ0

)ϑ∈Θ

)
.

Dans le cadre non-paramétrique, pour (c, µ0) ∈ CT,d,s+,s−,c1 ×M⋆
d,m donné, nous considérerons

l’expérience statistique
EN =

(
CN ,FNT , (PNb )b∈BT,d,h,n,c2,c3

)
,

l’expérience limite
H =

(
C,FT , (Pb)b∈BT,d,h,n,c2,c3

)
,

et l’expérience limite N -tensorielle

H⊗N =
(
CN ,FNT , (P

⊗N
b )b∈BT,d,h,n,c2,c3

)
.

La limite de champ moyen (voir le point (v) du Théorème 31) établit que l’expérience limite
H⊗N est une approximation de l’expérience EN . Il est en fait même impossible, sous certaines condi-
tions sur b, de discriminer statistiquement entre PNb et P⊗N

b asymptotiquement. Plus précisément,
nous avons le résultat suivant :

Proposition 32. Pour (c, µ0) ∈ CT,d,s+,s−,c1 × M⋆
d,m, il existe une constante f = fb > 0 telle que

lim sup
N→∞

sup
b∈BT,d,h,n,c2,c3

EP⊗N
b

[
log dP⊗N

b

dPN
b

(XN )
]

≤ f < ∞ ,
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et donc, pour tout b ∈ BT,d,h,n,c2,c3 , il y a propagation du chaos :

pour tout 1 ≤ K ≤ N, sup
t∈[0,T ]

∣∣∣∣µK,Nt − µ⊗K
t

∣∣∣∣
TV ≤

∣∣∣∣PK,Nb − P⊗K
b

∣∣∣∣
TV ≲

√
K

N
.

Si de plus nous supposons que f < 2, alors nous avons

lim sup
N→∞

sup
b∈BT,d,h,n,c2,c3

∣∣∣∣PNb − P⊗N
b

∣∣∣∣
TV < 1 .

Preuve Voir Annexe 3 □

Remarque 33. Cette dernière inégalité montre que, si b vérifie certaines conditions préliminaires,
alors il n’existe pas de test statistique de l’hypothèse nulle

H0 : PNb = P⊗N
b

contre l’hypothèse alternative
H1 : PNb ̸= P⊗N

b

qui ait des erreurs de première et seconde espèces asymptotiquement arbitrairement petites quand
N → ∞. En effet, pour b ∈ BT,d,h,n,c2,c3 fixé, un test qui rejette H0 sur l’évènement RN a pour
erreur de première espèce P⊗N

b (RN ), et pour erreur de deuxième espèce PNb (RcN ), et la somme de
ces deux erreurs vérifie donc

P⊗N
b (RN ) + PNb (RcN ) =

(
PNb (RN ) + PNb (RcN )

)
−
(
PNb (RN ) − P⊗N

b (RN )
)

≥ 1 − ∥PNb − P⊗N
b ∥TV .

La somme des erreurs de première et seconde espèces de ce test est donc asymptotiquement minorée
par une quantité strictement positive :

lim inf
N→∞

(
P⊗N
b (RN ) + PNb (RcN )

)
> 0 .

Nous présentons dans les Sections suivantes les résultats obtenus au cours de cette thèse, d’abord
dans le cadre paramétrique, puis dans le cadre non-paramétrique. Nous comparerons ensuite ces
résultats dans le cadre particulier des applications S qui s’expriment explicitement.

3.1 Estimation paramétrique
Nous présentons dans cette Section les résultats de Statistique paramétrique obtenus dans

l’article [64], et nous nous appuierons pour cela sur les outils et les résultats présentés dans les
livres de Ibragimov et Hasminskii [98] et de Genon-Catalot et Picard [83]. Nous supposerons dans
toute cette partie que

(b, c, µ0) ∈ Br1,r2,c4
T,d,h,n,c2,c3

× CT,d,s+,s−,c1 × Md,m ,

et donc que
b ∈

{
b0(ϑ ; ·) ; ϑ ∈ Θ

}
,

avec b0 connue à ϑ près, et vérifiant les Hypothèses 8, 11 et 21.
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Vraisemblance du modèle EN

Nous définissons la log-vraisemblance du modèle EN par

ℓN (ϑ ;XN ) =
N∑
i=1

∫ T

0
(c−1b0)(ϑ ; t,Xi

t , µ
N
t )⊤dXi

t − 1
2

N∑
i=1

∫ T

0
|(c−1/2b0)(ϑ ; t,Xi

t , µ
N
t )|2dt (19)

pour tout ϑ ∈ Θ. En effet, d’après le Théorème de Girsanov, les lois PNϑ sont toutes absolument
continues par rapport à WN , définie comme étant l’unique probabilité sur (CN ,FNT ) sous laquelle
L(X1

0 , . . . , X
N
0 ) = µ⊗N

0 et les processus

(∫ t

0
c−1/2(s,Xi

s)dXi
s

)
t∈[0,T ]

, 1 ≤ i ≤ N ,

sont des mouvements browniens d-dimensionnels standards indépendants. De plus, pour tout ϑ ∈ Θ,

dPNϑ
dWN

(XN ) = exp
(
ℓN (ϑ ;XN )

)
WN -presque sûrement.

Nous noterons LN (· ;XN ) = exp
(
ℓN (· ;XN )

)
pour la vraisemblance du modèle EN . En suivant la

nomenclature de Ibragimov et Hasminski [98], nous avons

Proposition 34. (EN )N≥1 est régulier, c’est-à-dire que

(i) ϑ 7→ LN (ϑ ;XN ) est différentiable pour tout ϑ dans l’intérieur de Θ, WN -presque sûrement,

(ii) ∇ϑL
N (ϑ ;XN ) est continue dans L2(CN ,WN ), pour tout ϑ dans l’intérieur de Θ,

(iii) l’information de Fisher est finie :

EPN
ϑ

[
|∇ϑℓ

N (ϑ ;XN )|2
]
< ∞ pour tout ϑ dans l’intérieur de Θ .

Pour tout ϑ dans l’intérieur de Θ, nous pouvons donc définir la matrice d’information de Fisher
de EN en ϑ par

IEN (ϑ) := EPN
ϑ

[
∇ϑℓ

N (ϑ ;XN )∇ϑℓ
N (ϑ ;XN )⊤],

qui peut aussi se réécrire

IEN (ϑ) =
N∑
i=1

d∑
j=1

EPN
ϑ

[ ∫ T

0
∇ϑ(c−1/2b0)j(ϑ ; t,Xi

t , µ
N
t )∇ϑ(c−1/2b0)j(ϑ ; t,Xi

t , µ
N
t )⊤dt

]

=
( N∑
i=1

EPN
ϑ

[ ∫ T

0
∂ϑℓ(c−1/2b0)(ϑ ; t,Xi

t , µ
N
t )⊤∂ϑℓ′ (c−1/2b0)(ϑ ; t,Xi

t , µ
N
t )dt

])
1≤ℓ,ℓ′≤p

. (20)

Exemples 35. Pour notre modèle de référence (4), en prenant d = 1 pour simplifier les expressions,
la log-vraisemblance et son gradient s’éxpriment de la manière suivante :

ℓN (ϑ ;XN ) = 1
σ2

N∑
i=1

∫ T

0

(
ϑ1Xi

t+ϑ2+ϑ3

N

N∑
j=1

(Xj
t −Xi

t)
)

dXi
t − 1

2σ

N∑
i=1

∫ T

0

(
ϑ1Xi

t+ϑ2+ϑ3

N

N∑
j=1

(Xj
t −Xi

t)
)2

dt ,
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∇ϑℓN (ϑ ;XN ) =



1
σ2

N∑
i=1

∫ T

0 Xi
tdXi

t − 1
σ

N∑
i=1

∫ T

0 Xi
t

(
ϑ1Xi

t + ϑ2 + ϑ3
N

N∑
j=1

(Xj
t − Xi

t)
)
dt

1
σ2

N∑
i=1

(Xi
T − Xi

0) − 1
σ

N∑
i=1

∫ T

0

(
ϑ1Xi

t + ϑ2 + ϑ3
N

N∑
j=1

(Xj
t − Xi

t)
)
dt

1
σ2N

N∑
i,j=1

∫ T

0 (Xj
t − Xi

t)dXi
t − 1

σN

N∑
i,j=1

∫ T

0

(
Xj

t − Xi
t

)(
ϑ1Xi

t + ϑ2 + ϑ3
N

N∑
k=1

(Xk
t − Xi

t)
)
dt


.

Notons à présent, pour tout ϑ dans l’intérieur de Θ,

I(ϑ) :=
d∑
j=1

∫ T

0

∫
Rd

∇ϑ(c−1/2b0)j(ϑ ; t, x, µϑt )∇ϑ(c−1/2b0)j(ϑ ; t, x, µϑt )⊤µϑt (dx)dt

=
(∫ T

0

∫
Rd
∂ϑℓ(c−1/2b0)(ϑ ; t, x, µϑt )⊤∂ϑℓ′ (c−1/2b0)(ϑ ; t, x, µϑt )µϑt (dx)dt

)
1≤ℓ,ℓ′≤p

.

La fonction I à valeurs dans l’espace des matrices Md(R) apparâıt alors comme l’information de
Fisher asymptotique normalisée de EN :

Proposition 36. Pour tout ϑ dans l’intérieur de Θ,

N−1IEN (ϑ) →
N→∞

I(ϑ) .

Preuve. Voir la Proposition 1.11 du Chapitre 1. □

Vraisemblance du modèle limite H & de sa contrepartie N-tensorielle H⊗N

Nous définissons la log-vraisemblance du modèle H par

ℓ(ϑ ;X) :=
∫ T

0
(c−1b0)

(
ϑ ; t,Xt, µ

ϑ
t

)⊤
dXt − 1

2

∫ T

0

∣∣(c−1/2b0)
(
ϑ ; t,Xt, µ

ϑ
t

)∣∣2dt , ϑ ∈ Θ .

En effet, d’après le Théorème de Girsanov, les lois Pϑ, ϑ ∈ Θ, sont toutes absolument continues par
rapport à W , définie comme étant l’unique loi de probabilité sur (C,FT ) sous laquelle L(X0) = µ0

et sous laquelle le processus
( ∫ t

0 c
−1/2(s,Xs)dXs

)
t∈[0,T ]

est un mouvement brownien standard
d-dimensionnel. De plus, pour tout ϑ ∈ Θ,

dPϑ
dW

(X) = exp
(
ℓ(ϑ ;X)

)
W -presque sûrement.

Nous noterons L(· ;X) := exp
(
ℓ(· ;X)

)
pour la vraisemblance du modèle H.

De même, pour tout entier N ≥ 1, nous définissons la log-vraisemblance du modèle H⊗N par

ℓ
N (ϑ ;XN ) :=

N∑
i=1

ℓ(ϑ ;Xi) =
N∑
i=1

∫ T

0
(c−1b0)

(
ϑ ; t,Xi

t , µ
ϑ
t

)⊤
dXi

t
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− 1
2

N∑
i=1

∫ T

0

∣∣(c−1/2b0)
(
ϑ ; t,Xi

t , µ
ϑ
t

)∣∣2dt , ϑ ∈ Θ ,

puisque, d’après le Théorème de Girsanov, les lois P⊗N
ϑ , ϑ ∈ Θ, sont toutes absolument continues

par rapport à WN , et, pour tout ϑ ∈ Θ,

dP⊗N
ϑ

dWN
(XN ) = exp

(
ℓ
N (ϑ ;XN )

)
WN -presque sûrement.

Nous noterons L
N (· ;XN ) := exp

(
ℓ
N (· ;XN )

)
) pour la vraisemblance du modèle H⊗N .

Introduisons une hypothèse supplémentaire nécessaire à l’étude de la régularité du modèle H.

Hypothèse 37. La fonction ϑ 7→ b(ϑ; t, x, µϑt ) est d́ıfférentiable sur l’intérieur de Θ, uniformément
par rapport à (t, x) ∈ (0, T ) × Rd.

L’expérience limite H vérifie les propriétés suivantes.

Proposition 38. Sous l’Hypothèse supplémentaire 37, nous avons que
(i) H (resp. H⊗N ) est un modèle régulier ;

(ii) l’information de Fisher IH de H est égale à l’information de Fisher normalisée N−1IH⊗N de
H⊗N , et est donnée, pour tout ϑ dans l’intérieur de Θ, par

IH(ϑ) = EPϑ

[
∇ϑℓ(ϑ ;X)∇ϑℓ(ϑ ;X)⊤]

=
d∑
j=1

∫ T

0

∫
Rd

∇ϑ

[
(c−1/2b0)j(ϑ ; t, x, µϑt )

]
∇ϑ

[
(c−1/2b0)j(ϑ ; t, x, µϑt )

]⊤
µϑt (dx)dt

=
(∫ T

0

∫
Rd
∂ϑℓ
[
(c−1/2b0)(ϑ ; t, x, µϑt )

]⊤
∂ϑℓ′

[
(c−1/2b0)(ϑ ; t, x, µϑt )

]
µϑt (dx)dt

)
1≤ℓ,ℓ′≤p

.

Remarque 39. Dans l’expression de IH(ϑ) la dérivée en ϑ est prise sur la fonction ”globale”
ϑ 7→ (c−1/2b0)(ϑ ; ·, ·, µϑ. ), et donc, en toute généralité, IH(ϑ) n’est pas égale à I(ϑ).

Vraisemblance de la famille de modèles limite Gϑ0(ϑ0 ∈ Θ)
& de sa contrepartie N-tensorielle G⊗N

ϑ0
(ϑ0 ∈ Θ)

Pour tout ϑ0 ∈ Θ, nous définissons la log-vraisemblance du modèle Gϑ0 par

ℓϑ0(ϑ ;X) :=
∫ T

0
(c−1b0)

(
ϑ ; t,Xt, µ

ϑ0
t

)⊤
dXt − 1

2

∫ T

0

∣∣(c−1/2b0)
(
ϑ ; t,Xt, µ

ϑ0
t

)∣∣2dt , ϑ ∈ Θ .

En effet, d’après le Théorème de Girsanov, les lois Pϑ,ϑ0 , ϑ ∈ Θ, sont toutes absolument continues
par rapport à W , et de plus, pour tout ϑ ∈ Θ,

dPϑ,ϑ0

dW
(X) = exp

(
ℓϑ0(ϑ ;X)

)
W -presque sûrement.

Nous noterons Lϑ0(· ;X) := exp
(
ℓϑ0(· ;X)

)
pour la vraisemblance du modèle Gϑ0 .
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De même, pour tout ϑ0 ∈ Θ et tout entier N ≥ 1, nous définissons la log-vraisemblance du
modèle G⊗N

ϑ0
par

ℓ
N

ϑ0
(ϑ ;XN ) :=

N∑
i=1

ℓϑ0(ϑ ;Xi) =
N∑
i=1

∫ T

0
(c−1b0)

(
ϑ ; t,Xi

t , µ
ϑ0
t

)⊤
dXi

t

− 1
2

N∑
i=1

∫ T

0

∣∣(c−1/2b0)
(
ϑ ; t,Xi

t , µ
ϑ0
t

)∣∣2dt , ϑ ∈ Θ ,

puisque, d’après le Théorème de Girsanov, les lois P⊗N
ϑ,ϑ0

, ϑ ∈ Θ, sont toutes absolument continues
par rapport à WN , et, pour tout ϑ ∈ Θ,

dP⊗N
ϑ,ϑ0

dWN
(XN ) = exp

(
ℓ
N

ϑ0
(ϑ ;XN )

)
WN -presque sûrement.

Nous noterons L
N

ϑ0
(· ;XN ) := exp

(
ℓ
N

ϑ0
(· ;XN )

)
) pour la vraisemblance du modèle G⊗N

ϑ0
.

La famille d’expériences limite Gϑ0(ϑ0 ∈ Θ) vérifie les propriétés suivantes.

Proposition 40. Pour tout ϑ0 ∈ Θ,
(i) Gϑ0 (resp. G⊗N

ϑ0
) est un modèle régulier ;

(ii) l’information de Fisher IGϑ0
de Gϑ0 est égale à l’information de Fisher normalisée N−1IG⊗N

ϑ0

de G⊗N
ϑ0

, et est donnée, pour tout ϑ dans l’intérieur de Θ, par

IGϑ0
(ϑ) := EPϑ,ϑ0

[
∇ϑℓϑ0(ϑ ;X)∇ϑℓϑ0(ϑ ;X)⊤]

=
d∑
j=1

∫ T

0

∫
Rd

∇ϑ(c−1/2b0)j(ϑ ; t, x, µϑ0
t )∇ϑ(c−1/2b0)j(ϑ ; t, x, µϑ0

t )⊤µϑ,ϑ0
t (dx)dt

=
(∫ T

0

∫
Rd
∂ϑℓ(c−1/2b0)(ϑ ; t, x, µϑ0

t )⊤∂ϑℓ′ (c−1/2b0)(ϑ ; t, x, µϑ0
t )µϑ,ϑ0

t (dx)dt
)

1≤ℓ,ℓ′≤p
;

(iii) ϑ 7→ IGϑ0
(ϑ) est lipschitzienne.

Remarque 41. Dans l’expression de IGϑ0
(ϑ) la dérivée en ϑ est cette fois prise sur la fonction

”découplée” ϑ 7→ (c−1/2b0)(ϑ ; ·, ·, µϑ0
. ), et étant donné que µϑ,ϑ0 →

ϑ0→ϑ
µϑ (voir le Théorème 30),

nous avons, pour tout ϑ dans l’intérieur de Θ,

IGϑ0
(ϑ) →

ϑ0→ϑ
I(ϑ) .

Identifiabilité & Non-dégénérescence de l’Information de Fisher

Identifiabilité

Avoir une paramétrisation bien posée de notre modèle est une condition nécessaire à toute inférence
statistique dans ce modèle pour obtenir des estimateurs au moins consistants. Par paramétrisation
bien posée, nous entendons l’identifiabilité du modèle au sens suivant.
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Définition 42. Le modèle (EN )N≥1
(
resp. H, Gϑ0(ϑ0 ∈ Θ)

)
est dit identifiable

(
globalement sur

Θ
)

si ϑ 7→ (PNϑ )N≥1
(
resp. ϑ 7→ Pϑ, ϑ 7→ Pϑ,ϑ0(ϑ0 ∈ Θ)

)
est injective sur Θ.

Les hypothèses suivantes garantissent l’identifiabilité (globale) de ces différents modèles sur Θ.

Hypothèse 43. (i) Pour tout ϑ ∈ Θ, pour tout entier N ≥ 1, pour PNϑ -presque tout ω, pour tout
ϑ′ ̸= ϑ, les fonctions t 7→

(
b
(
ϑ ; t,Xi

t(ω), µNt (ω)
))

1≤i≤N
et t 7→

(
b
(
ϑ′ ; t,Xi

t(ω), µ(N)
t (ω)

))
1≤i≤N

ne sont pas dt-presque partout égales ;
(ii) Pour tout ϑ ∈ Θ, pour Pϑ-presque tout ω, pour tout ϑ′ ̸= ϑ, les fonctions t 7→ b(ϑ; t,Xt(ω), µϑt )

et t 7→ b(ϑ′; t,Xt(ω), µϑ′

t ) ne sont pas dt-presque partout égales ;
(iii) Soit ϑ0 ∈ Θ. Pour ϑ ∈ Θ, pour Pϑ,ϑ0-presque tout ω, pour tout ϑ′ ̸= ϑ, les fonctions t 7→

b(ϑ; t,Xt(ω), µϑ0
t ) et t 7→ b(ϑ′; t,Xt(ω), µϑ0

t ) ne sont pas dt-presque partout égales.

Nous avons donc que le point (i) (resp. (ii), (iii)) de l’Hypothèse 43 garantit l’identifiabilité globale
sur Θ de (EN )N≥1

(
resp. H, Gϑ0

)
.

Cette Hypothèse 43, difficile à vérifier en pratique, est relativement standard dans la littérature
de la Statistique des processus stochastiques et minimale (voir par exemple [79]). Vérifions le
par exemple dans le cas du modèle H. D’après le Théorème de Girsanov, pour deux paramètres
ϑ, ϑ′ ∈ Θ, les lois Pϑ et Pϑ′ sont absolument continues l’une par rapport à l’autre et

log dPϑ
dPϑ′

(X) =
∫ T

0

(
(c−1b0)(ϑ ; s,Xs, µ

ϑ
s ) − (c−1b0)(ϑ′ ; s,Xs, µ

ϑ′

s )
)⊤
dXs

− 1
2

∫ T

0

(∣∣(c−1/2b0)(ϑ ; s,Xs, µ
ϑ
s )
∣∣2 −

∣∣(c−1/2b0)(ϑ′ ; s,Xs, µ
ϑ′

s )
∣∣2)ds.

Supposons alors que l’Hypothèse 43 (ii) soit en défaut pour un certain ϑ′ ∈ Θ, ϑ′ ̸= ϑ. Cela
impliquerait donc que, Pϑ-presque sûrement, dPϑ

dPϑ′
(X) = 1, c’est-à-dire Pϑ = Pϑ′ , ce qui contredirait

l’identifiabilité (globale) de H dans Θ.

Remarque 44. L’Hypothèse 43 est par exemple satisfaite dès que ϑ 7→
(
(t, x, ν) 7→ b0(ϑ; t, x, ν)

)
est injective.

Exemples 45. Ceci est le cas dans notre modèle de référence (4). En effet, supposons que pour
ϑ, ϑ′ ∈ Θ, nous ayons b0(ϑ ; ·) = b0(ϑ′ ; ·), c’est-à-dire pour tous x, ν,

ϑ1x+ ϑ2 + ϑ3

∫
Rd

(y − x)ν(dy) = ϑ′
1x+ ϑ′

2 + ϑ′
3

∫
Rd

(y − x)ν(dy) ,

alors, en considérant successivement les cas (x, ν) = (0, δ0), x = 0 et
∫
Rd yν(dy) ̸= 0, et enfin x ̸= 0,

nous obtenons ϑ = ϑ′.

Ceci est aussi à rapprocher du résultat d’injectivité de l’application b 7→ S(b, c, µ0) du Théorème
25 (ix).

Nous traitons dans le paragraphe suivant de l’identifiabilité locale de (EN )N≥1 et de ses liens
avec les propriétés locales de l’information de Fisher asymptotique normalisée I de (EN )N≥1.
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Identifiabilité locale & Non-dégénerescence faible asymptotique
de (EN )N≥1

Soit ϑ dans l’intérieur de Θ. Nous dirons que

Définition 46. Le modèle (EN )N≥1 est localement identifiable en ϑ si ϑ′ 7→ (PNϑ′)N≥1 est injective
dans un voisinage de ϑ.

Nous dirons également, suivant en cela une dénomination classique, que

Définition 47. Le modèle (EN )N≥1 est asymptotiquement non-dégénéré faiblement en ϑ si I(ϑ)
est inversible.

Nous disposons alors du résultat classique suivant qui lie ces deux notions.

Proposition 48 (Théorème 1 de [167], voir aussi [50], [181]). Soit ϑ dans l’intérieur de Θ. Si
(EN )N≥1 est asymptotiquement non-dégénéré faiblement en ϑ, alors (EN )N≥1 est localement iden-
tifiable en ϑ.

Cette propriété usuelle de non-dégénérescence faible asymptotique de (EN )N≥1 est cependant
insuffisante, en toute généralité, dans notre cadre de travail : nous avons besoin de la définition
plus forte suivante pour vérifier les hypothèses de la théorie de Ibragimov et Hasminski et obtenir
ainsi des propriétés fines sur l’estimateur du maximum de vraisemblance.

Non-dégénérescence forte asymptotique de (EN )N≥1

Définition 49. Nous dirons que le modèle (EN )N≥1 est asymptotiquement non-dégénéré fortement
sur Θ si

inf
[ϑ,ϑ′]⊂Θ

det
( d∑
j=1

∫ T

0

∫
Rd

∇ϑ(c−1/2b0)j([ϑ, ϑ′] ; t, x, µϑt )∇ϑ(c−1/2b0)j([ϑ, ϑ′] ; t, x, µϑt )⊤µϑt (dx)dt
)
> 0 ,

(21)
où pour une fonction ϕ définie sur Θ, ϕ([ϑ, ϑ′]) :=

∫ 1
0 ϕ(ϑ+ λ(ϑ′ − ϑ)) dλ.

Remarque 50. Si (EN )N≥1 est asymptotiquement non-dégénéré fortement sur Θ, nous avons

inf
ϑ∈Θ

det I(ϑ) > 0 , (22)

ce qui est équivalent au fait que le modèle (EN )N≥1 est asymptotiquement non-dégénéré faiblement
en tout point de Θ, puisque d’après la Proposition 38, ϑ 7→ I(ϑ) est continue, et par hypothèse Θ
est compact.

Nous donnons dans la sous-section suivantes des conditions suffisantes pour la non-dégénérescence
asymptotique forte de (EN )N≥1, d’abord dans un cadre général, puis dans des modèles particuliers.

Conditions suffisantes pour la non-dégénerescence asymptotique forte de (EN )N≥1
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Une difficulté spécifique à l’étude de la non-dégénérescence asymptotique du modèle (EN )N≥1 réside
dans la présence dans l’expression de I(ϑ) de (µϑt )0≤t≤T . Or, cette dernière n’est jamais explicite,
hormis dans quelques cas particuliers précédemment cités, avec par exemple dans le modèle (4)
une structure de dépendance en µ à travers ses moments qui permet aussi d’obtenir une formule
explicite pour I(ϑ). Dans ce cas particulier, nous trouvons directement, grâce à cette expression,
des conditions suffisantes sur Θ et µ0 pour que le modèle (EN )N≥1 soit asymptotiquement non-
dégénéré fortement (voir la Section 4 du Chapitre 1).

Dans le cas général, (21) peut cependant être testée de la manière suivante : la Définition 49
étant équivalente au fait de montrer que

inf
[ϑ,ϑ′]⊂Θ

min
|z|=1

d∑
j=1

∫ T

0

∫
Rd

(
∇ϑ

(
c−1/2b)j([ϑ, ϑ′]; t, x, µϑt )⊤z

)2
µϑt (dx)dt > 0 ,

et étant donné que d’après les points (vi) et (viii) du Théorème 25, il existe une version continue
et strictement positive de la densité de µ,(

(ϑ, t, x) ∈ Θ × (0, T ) × Rd 7→ µϑt (x)
)

∈ C
(
Θ × (0, T ) × Rd;R

)
,

par un simple argument de continuité, il est donc suffisant de montrer qu’il n’existe pas de segment
[ϑ, ϑ′] ⊂ Θ et de vecteur z ∈ Rp, |z| = 1, tels que la fonction

x 7→
∫ T

0

d∑
j=1

(
∇ϑ(c−1/2b0)j([ϑ, ϑ′]; t, x, µϑt )⊤z

)2
dt

tende vers 0 quand |x| → ∞, ou même, dès que l’on a de la continuité en t quand t → 0+, qu’une
des fonctions

x 7→ ∇ϑ(c−1/2b0)j([ϑ, ϑ′]; 0, x, µ0)⊤z, j = 1, . . . , d

ne s’annule pas sur tout Rd. Ce dernier critère, que l’on formalise dans la proposition suivante, a
l’avantage d’éviter le terme µϑt pour t > 0.

Proposition 51. Supposons que les fonctions

t 7→ ∇ϑ(c−1/2b0)j([ϑ, ϑ′]; t, x, µϑt ), j = 1, . . . , d

sont toutes continues en t = 0 pour tout [ϑ, ϑ′] ⊂ Θ et presque pour tout x ∈ Rd.
Si, pour tout [ϑ, ϑ′] ⊂ Θ et tout z ∈ Rp, |z| = 1, une des fonctions

x 7→ ∇ϑ(c−1/2b0)j([ϑ, ϑ′]; 0, x, µ0)⊤z, j = 1, . . . , d (23)

ne s’annule pas sur tout Rd, alors (EN )N≥1 est asymptotiquement non-dégénéré fortement.

Dans la Section 4 du Chapitre 1, nous appliquons ce critère aux Exemples 12.

Maintenant que nous avons traité des questions d’identifiabilité et de non-dégénérescence de
notre modèle, nous pouvons, dans la section suivante, passer à l’étude de sa régularité.

43



INTRODUCTION 3. OBJECTIFS STATISTIQUES & RÉSULTATS OBTENUS

La propriété LAN

La propriéte de normalité asymptotique locale (local asymptotic normality ou LAN) d’un modèle
statistique caractérise sa régularité : elle exprime le fait que l’expérience ressemble localement à
un shift gaussien dans une certaine échelle optimale donnée par l’information de Fisher. Plus
précisément, nous considérons la définition suivante.

Définition 52. La suite d’expériences (EN )N≥1 satisfait la propriété LAN en ϑ ∈ Θ, avec pour
taux d’infomation NI(ϑ), si pour u ∈ Rp

log
dPN

ϑ+(NI(ϑ))−1/2u

dPNϑ
(XN ) = u⊤ξNϑ − 1

2 |u|2 + rN (ϑ, u) (24)

où ξNϑ converge en loi sous PNϑ vers une variable gaussienne standard dans Rp, et rN (ϑ, u) → 0 en
PNϑ -probabilité.

Remarque 53. (24) n’a de sens que si ϑ + (NI(ϑ))−1/2u est bien définie, ce qui est le cas si
(EN )N≥1 est non-dégéné faiblement asymptotiquement en tout point de Θ (voir la Définition 3.1),
et si ϑ + (NI(ϑ))−1/2u est dans Θ, ce qui est le cas pour ϑ dans l’intérieur de Θ et pour N assez
grand.

Nous avons alors le théorème suivant.

Théorème 54. Si l’on suppose que (EN )N≥1 est asymptotiquement identifiable et fortement non-
dégénéré sur Θ alors, pour tout ϑ dans l’intérieur de Θ, la suite d’expériences statistiques (EN )N≥1
est localement asymptotiquement normale en ϑ avec pour taux d’information NI(ϑ).

Le Théorème 54 est le résultat le plus fort que l’on peut obtenir sur la structure locale de
(EN )N≥1 . Nous pouvons le reformuler de la manière suivante. Soit ϑ0 un point dans l’intérieur
de Θ. Alors pour tous N ≥ 1 et ϑ ∈ Θ, en prenant vN := (NI(ϑ0))1/2(ϑ − ϑ0), nous avons
ϑ = ϑ0 + (NI(ϑ0))−1/2vN . Nous pouvons donc reparamétriser (EN )N≥1 localement autour de ϑ0,
sous la forme

ENϑ0
:= {PNϑ0+(NI(ϑ0))−1/2vN

; vN ∈ VN} ,

avec VN := {vN ∈ Rp;ϑ0 + (NI(ϑ0))−1/2vN ∈ Θ}. Alors, d’après la propriété LAN, la log-
vraisemblance est de la forme

log
dPN

ϑ0+(NIG(ϑ0))−1/2vN

dPNϑ0

(XN ) = v⊤ξNϑ0
− 1

2 |v|2 + rN (ϑ0, vN ),

avec ξNϑ0
qui converge en loi sous PNϑ0

vers une variable gaussienne standard dans Rp, et rN (ϑ0, vN ) →
0 en PNϑ0

-probabilité. Donc, PNϑ0
-asymptotiquement, la log-vraisemblance ressemble à la log-vraisemblance

de l’expérience la plus simple possible, à savoir un shift gaussien sur Rp,

TN := {vN + ξ ; vN ∈ VN}

où ξ suit une Np(0, IdRp), puisque pour tout z ∈ Rp,

log
(2π)−p/2 exp

(
− |z−vN |2

2

)
(2π)−p/2 exp

(
− |z|2

2

) = v⊤
Nz − 1

2 |vN |2 .
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Bornes inférieures minimax asymptotiques exactes

Dans toute la suite, nous appellerons fonction de perte polynomiale sur Rp toute fonction
w : Rp → [0,∞) symétrique, admettant un majorant polynomial, et telle que, pour tout c > 0,
l’ensemble {w < c} est convexe.

Pour ϑ dans l’intérieur de Θ et pour une fonction de perte polynomiale w sur Rp, nous définissons
le risque associé à w pour un estimateur ϑ̂N dans EN :

RNw (ϑ̂N ;ϑ) := EPN
ϑ

[
w
(
(NI(ϑ))1/2(ϑ̂N − ϑ)

)]
,

et pour tout sous-ensemble ouvert non vide Θ0 de Θ,

RNw (ϑ̂N ; Θ0) := sup
ϑ∈Θ0

RNw (ϑ̂N ;ϑ) .

La premiere conséquence simple de la propriété LAN est donnée en termes de bornes inférieures
minimax asymptotiques exactes par le résultat suivant.

Corollaire 55. Soit ϑ dans l’intérieur de Θ et w une fonction de perte polynomiale sur Rp. Si
l’on suppose que (EN )N≥1 est asymptotiquement identifiable et asymptotiquement fortement non-
dégénéré sur un voisinage ouvert de θ alors, pour tout estimateur ϑ̂N dans EN , pour tout δ > 0
assez petit, nous avons

lim inf
N→∞

sup
ϑ′∈B(ϑ;δ)

EPN
ϑ′

[
w
(
(NI(ϑ))1/2(ϑ̂N − ϑ′)

)]
≥ (2π)−p/2

∫
Rp
w(x) exp(− 1

2 |x|2)dx .

Le Corollaire 55 est une simple application du Théorème de convolution de Hájek (voir par
exemple [14] et le Théorème II.9.1 de [98]), étant donnée la propriété LAN du Théorème 54 (cf.
Théorème II.12.1 [98]),

Remarque 56. Suivant en cela la Remarque II.12.1 de [98], le Corollaire 55 nous fournit une
borne inférieure asymptotique minimax locale précise :

lim inf
N→∞

inf
ϑ̂N

sup
ϑ′∈B(ϑ;δ)

EPN
ϑ′

[
w
(
(NI(ϑ))1/2(ϑ̂N − ϑ′)

)]
≥ (2π)−p/2

∫
Rp
w(x) exp(− 1

2 |x|2)dx .

La propriété LAN a également de nombreuses conséquences en termes de propriétés fortes de
l’estimateur du maximum de vraisemblance, c’est l’objet de la sous-section suivante. En particulier,
l’estimateur du maximum de vraisemblance atteint la borne minimax du Corollaire précédent.

Estimateur du maximum de vraisemblance

Exemples 57. Dans le cadre du modèle (4), pour d = 1, nous obtenons que l’estimateur du
maximum de vraisemblance est ϑ̂N, mle = (ϑ̂N, mle

1 , ϑ̂N, mle
2 , ϑ̂N, mle

3 ) défini par

ϑ̂N, mle
1 =

T (σ−1)
Nσ

N∑
i=1

∫ T
0 Xi

tdX
i
t − 1

σN

N∑
i=1

∫ T
0 Xi

tdt · 1
N

N∑
i=1

(Xi
T −Xi

0) + T
σN2

N∑
i,j=1

∫ T
0 Xj

t dX
i
t

T (N+1)
N2

N∑
i=1

∫ T
0 (Xi

t)2dt−
(

1
N

N∑
i=1

∫ T
0 Xi

tdt
)2

,
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ϑ̂N, mle
2 = 1

σNT

N∑
i=1

(Xi
T −Xi

0) − ϑ̂N, mle
1 · 1

NT

N∑
i=1

∫ T

0
Xi
tdt ,

ϑ̂N, mle
3 =

1
N2

N∑
i,j=1

∫ T
0 Xj

t dX
i
t − 1

N

N∑
i=1

∫ T
0 Xi

tdX
i
t

σ
(

1
N

N∑
i=1

∫ T
0 (Xi

t)2dt− 1
N2

N∑
i,j=1

∫ T
0 Xi

tX
j
t dt
) − ϑ̂N, mle

1 ,

et nous pouvons directement vérifier sa consistance et sa normalité asymptotique grâce à cette
forme explicite et aux propriétés de limites de champ moyen.

Dans le cadre général, nous avons prouvé certaines propriétés de l’estimateur du maximum de
vraisemblance, qui reposent sur une version uniforme de la propriété LAN du Théorème 54 (voir
le Chapitre 1) : les résultats obtenus sont plus fins que les usuels développements asymptotiques
faibles.

Théorème 58. Supposons que le modèle (EN )N≥1 est asymptotiquement identifiable. Alors, pour
N assez grand, l’estimateur du maximum de vraisemblance dans EN , i.e. la solution ϑ̂ mle

N de

LN (ϑ̂ mle
N ;XN ) = sup

ϑ∈Θ
LN (ϑ;XN ) (25)

est bien définie. De plus, si (EN )N≥1 est asymptotiquement non-dégénéré fortement, nous obtenons
les bornes supérieures asymptotiques suivantes.

(i) Pour tout ϑ ∈ Θ, ϑ̂ mle
N est consistant et asymptotiquement normal :

√
N
(
ϑ̂ mle
N − ϑ

)
→ Np

(
0, I(ϑ)−1)

en PNϑ -loi quand N → ∞ ;

(ii) Pour toute fonction de perte polynomiale w et tout ϑ dans l’intérieur de Θ, nous avons
l’optimalité minimax locale asymptotique exacte :

lim sup
N→∞

sup
ϑ′∈B(ϑ;δ)

EPN
ϑ′

[
w
(
(NI(ϑ))1/2(ϑ̂ mle

N − ϑ′))] →
δ→0

(2π)−p/2
∫
Rp
w(x) exp(− 1

2 |x|2)dx ;

(iii) Pour toute fonction de perte polynomiale w et tout sous-ensemble ouvert non vide Θ0 de Θ,
nous avons l’optimalité minimax asymptotique globale : quand N → ∞

RNw (ϑ̂ mle
N ; Θ0) = inf

ϑ̂N

RNw (ϑ̂N ; Θ0)(1 + o(1)) .

Nous retrouvons ainsi les propriétés asymptotiques classiques d’un estimateur du maximum de
vraisemblance.
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Observations discrètes

Enfin, nous avons complété l’article [64] par une étude théorique, dans le cadre paramétrique,
lorsque nous disposons de M observations discrètes de chacune des N particules à la place des
observations continues, et nous avons obtenu les résultats qui suivent dans la double asymptotique
N,M → ∞ (les preuves de ces résultats sont données dans l’Annexe 4). Cette étude s’appuie sur
la nomenclature et les résultats du Chapitre 3 de [54], ainsi que sur des techniques classiques de
discrétisation et d’estimation en haute fréquence (voir e.g. les livres de Jacod et de ses co-auteurs
[2, 101, 102]).

Soit ϑ0 dans l’intérieur de Θ. Pour M ∈ N⋆, nous supposons donc que nous disposons mainte-
nant des observations discrètes XN,M :=

(
Xi
tM
j

)
1≤i≤N,0≤j≤M ∈ (Rd)N×(M+1) de PNϑ0

, aux instants
tMj = j∆M , j = 0, . . . ,M , séparés par un pas constant ∆M := T

M .

Nous définissons tout d’abord la fonction de log-vraisemblance approchée (ou approximate log-
likelihood) suivante, basée sur le schéma d’approximation d’Euler-Maruyama

ℓ̃N,M
(
ϑ ; XN,M

)
=

N∑
i=1

M∑
j=1

(c−1b0)
(
ϑ; tMj−1, X

i
tM
j−1

, µNtM
j−1

)⊤(
Xi
tM
j

−Xi
tM
j−1

)
− 1

2

N∑
i=1

M∑
j=1

∣∣(c−1/2b0)
(
ϑ; tMj−1, X

i
tM
j−1

, µNtM
j−1

)∣∣2∆M ,

et ensuite l’estimateur du maximum de vraisemblance approché (ou approximate maximum likeli-
hood estimator, AMLE) associé ϑ̂ amle

N,M par

ℓ̃N,M
(
ϑ̂ amle
N,M ; XN,M

)
= sup
ϑ∈Θ

ℓ̃N,M
(
ϑ ; XN,M

)
.

Notons ŨN,M (ϑ ; y) := −2ℓ̃N,M (ϑ ; y) , y = (yij)1≤i≤N,0≤j≤M . Nous utiliserons le processus de
contraste

UN,M
(
ϑ ; XN,M ) := 1

N

(
ŨN,M (ϑ ; XN,M ) − ŨN,M (ϑ0;XN,M )

)
,

ce qui signifie que UN,M
(
ϑ ; XN,M ) est égal à

− 1
N

N∑
i=1

M∑
j=1

(
(c−1b0)

(
ϑ; tMj−1, X

i
tM
j−1

, µNtM
j−1

)
− (c−1b0)

(
ϑ0; tMj−1, X

i
tM
j−1

, µNtM
j−1

))⊤(
Xi
tM
j

−Xi
tM
j−1

)

+ 1
2

1
N

N∑
i=1

M∑
j=1

(∣∣(c−1/2b0)
(
ϑ; tMj−1, X

i
tM
j−1

, µNtM
j−1

)∣∣2 −
∣∣(c−1/2b0)

(
ϑ0; tMj−1, X

i
tM
j−1

, µNtM
j−1

)∣∣2)∆M ,

et ce qui entrâıne bien sûr que ϑ̂ amle
N,M ∈ argmin

ϑ∈Θ
UN,M (ϑ ; XN,M ).

Nous obtenons alors la consistance de l’estimateur du maximum de vraisemblance approché
sous une hypothèse de régularité plus forte en t de b0 et c :

Théorème 59. Supposons que
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(i) l’expérience statistique (EN )N≥1 est asymptotiquement non-dégénérée faiblement,
(ii) pour un certain γ ∈ (0, 1], b0 et c sont γ-Hölder en t uniformément par rapport à (ϑ, x, ν),
alors ϑ̂ amle

N,M est consistant :
ϑ̂ amle
N,M → ϑ0

en PNϑ0
− probabilité, quand N,M → ∞.

Preuve. Voir Annexe 4, Section 4.1. □

Enfin, sous des hypothèses de régularité un peu plus restrictives sur b0 et c, ainsi qu’une
condition du type N ≪ M (caractéristique de l’estimation statistique en haute fréquence), nous
obtenons la normalité asymptotique de l’estimateur du maximum de vraisemblance approché.
Théorème 60. Sous les hypothèses du Théorème 59, si nous supposons de plus que

(i) pour un certain γ′ ∈ (0, 1], pour tout 1 ≤ k ≤ p,

∂ϑk(c−1b0) est γ′-Hölder en t uniformément par rapport à (ϑ, x, ν) ,

(ii) b0 est deux fois continûment différentiable en ϑ uniformément par rapport à (t, x, ν),
(iii) NM−2γ →

N,M→∞
0,

alors ϑ̂ amle
N,M est asymptotiquement normal :

√
N
(
ϑ̂ amle
N,M − ϑ0

)
→ Np

(
0, I(ϑ0)−1)

en loi sous PNϑ0
, quand N,M → ∞.

Preuve. Voir Annexe 4, Section 4.2. □

Nous présentons maintenant dans les sections suivantes les résultats de Statistique non-paramétrique
obtenus dans l’article [65]. Dans ces sections, nous nous appuierons sur les outils et les résultats
présentés dans les livres de Tsybakov [182] et Comte [47], et nous nous placerons sous les hypothèses

(b, c, µ0) ∈ T(b) := BT,d,h,n,c2,c3 × CT,d,s+,s−,c1 × M⋆
d,m , b ∈ E .

Commençons par l’estimation de la solution µb = S(b, c, µ0) de (2).

3.2 Estimation non-paramétrique de µb

Rappel des hypothèses

(i) µ0 ∈
⋂
ℓ≥0

Pℓ(Rd), avec m2ℓ(µ0) ≤ m2ℓ et la suite
(
(m2ℓ
ℓ! )1/ℓ)

ℓ≥1 bornée ;

(ii) σ2
−|y|2 ≤ y⊤c(t, x)y ≤ σ2

+|y|2, 0 < s− ≤ σ− ≤ σ+ ≤ s+ ;
(iii) |σ(t, x′) − σ(t, x)| ≤ |σ|Lip|x′ − x|, |σ|Lip ≤ c1 ;
(iv) sup

t∈[0,T ]
|b(t, 0, δ0)| ≤ c2 ;

(v) |b(t, x′, ν′) − b(t, x, ν)| ≤ |b|Lip
(
|x′ − x| + W1(ν′, ν)

)
;

(vi) b est au plus k⋆b fois linéairement différentiable en ν et de décomposition à au plus mb termes,
avec k⋆b ≤ h, mb ≤ n ;

(vii) max
(
|b|Lip,

∣∣δ1
νb
∣∣
Lip,∞, . . . ,

∣∣δk⋆bν b
∣∣
Lip,∞,

∣∣δk⋆bν b
∣∣
Lip

)
≤ c3 .
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Objectif principal & Quantification de la qualité des estimateurs

Rappelons que, sous ces hypothèses, d’après le Théorème 25, µb = S(b, c, µ0) admet une densité
continue et strictement positive

µb : (t, x) ∈ (0, T ) × Rd 7→ µbt(x) ∈ R⋆+ .

Nous voulons, pour tout (t0, x0) ∈ (0, T ) × Rd, estimer µbt0(x0) à partir des observations continues
XN = (XNt )t∈[0,T ]. Pour un estimateur quelconque µ̃N de µb, construit à partir de XN , i.e. fonction
mesurable de XN , nous définissons le risque quadratique de µ̃N en (t0, x0) par

R(t0,x0)(µ̃N , µb) := EPN
b

[(
µ̃Nt0 (x0) − µbt0(x0)

)2]
.

Estimateurs à noyaux

Parmi la classe des estimateurs µ̃Nt0 (x0) de µbt0(x0) construits à partir de XNt0 , nous nous
intéressons plus particulièrement à la famille des estimateurs à noyaux{

µ̂Nh (t0, x0) ; h ∈ H1
}
, H1 ⊂ (0, 1) ,

définis de la manière suivante :

µ̂Nh (t0, x0) := 1
N

N∑
i=1

Kh(x0 −Xi
t0) =

∫
Rd
Kh(x0 − x)µNt0 (dx) ,

où Kh(x) := h−dK(x0−x
h ), K étant un noyau, c’est-à-dire une fonction intégrable de Rd dans

R vérifiant la condition
∫
Rd K(y)dy = 1, et H1 est l’ensemble (pour le moment quelconque) des

fenêtres possibles.

Remarque 61. Par définition, pour toute fenêtre h > 0, Kh est lui aussi un noyau.

Exemples 62. Des exemples de telles fonctions K est donné par les densités de probabilités
sur Rd, par exemple par le noyau gaussien K(y) = (2π)−d/2e−|y|2/2, ou le noyau de Silverman
K(y) = 1

2e
−|y|/2 sin

( |u|√
2 + π

4
)

(voir e.g. [182]).

Cette méthode de l’estimation par noyau d’une densité µbt0 à partir d’un système de particules
(Xi

t0)1≤i≤N , dite méthode de Parzen-Rosenblatt, généralise la méthode d’estimation par histo-
gramme : l’estimation est maintenant continue grâce au paramètre de lissage ou fenêtre h > 0.
Rosenblatt introduisit cette méthode en dimension d = 1 dans l’article [166], pour estimer au
point x0 la densité µbt0 d’un échantillon indépendant et identiquement distribué (Xi

t0)1≤i≤N par
1
N

N∑
i=1

1
2h1x0−h<Xit0 ≤x0+h, i.e. en prenant pour noyau le noyau uniforme, K(y) = 1

21[−1,1](y), puis

Parzen généralisa cette méthode au cas d’un noyau K quelconque dans l’article [163].

Ici cependant, nos particules, bien que de même loi µ1,N
t0 , ne sont en toute généralité pas

indépendantes, puisque leurs dynamiques intéragissent via la mesure empirique du sytème entier
µN dans la fonction de drift b. Pour que les N trajectoires Xi, 1 ≤ i ≤ N , soient indépendantes, il
faudrait que b ne dépende pas de la mesure, autrement dit que b(t, x, ν) = b(t, x). Dans ce cas par-
ticulier, µ1,N = µb, et nous retombons sur un problème classique en Statistique non-paramétrique
(voir e.g. [182]). Mais lorsque b dépend effectivement de la mesure (ce que nous supposons par
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défaut dans cette thèse), les particules dépendent les unes des autres, et µ1,N
t0 n’est plus qu’une

approximation de µbt0 .

Comme pour le choix du nombre de classes dans un histogramme, le choix de la fenêtre h
est essentiel pour la qualité de l’approximation. Un h petit (correspondant à un grand nombre
de classes dans un histogramme) amène à un sous-lissage : l’estimation va osciller trop fortement
autour de la valeur réelle. Au contraire, un h grand (correspondant à un petit nombre de classes
dans un histogramme) amène à un sur-lissage : l’estimation n’est alors pas assez précise et ne
permet pas de bien capter les détails. Il faut donc trouver un équilibre entre ces deux écueils et
chercher le compromis optimal, i.e. ici une fenêtre h ∈ H1 optimale en un sens à déterminer. C’est
l’objet de la section suivante.

Décomposition du risque quadratique ponctuel

Nous allons décomposer notre risque quadratique ponctuel en un terme de biais et un terme de
variance. Par définition, nous avons pour (t0, x0) ∈ (0, T ) × Rd, h ∈ H1,

R(t0,x0)(µ̂Nh , µb) = EPN
b

[(
µ̂Nh (t0, x0) − µbt0(x0)

)2]
.

Nous avons alors (au moins) deux possibilités pour décomposer R(t0,x0)(µ̂Nh , µb) : utiliser

R(t0,x0)(µ̂Nh , µb) = EPN
b

[(
µ̂Nh (t0, x0) − EPN

b

[
µ̂Nh (t0, x0)

])2]+
(
EPN

b

[
µ̂Nh (t0, x0)

]
− µbt0(x0)

)2

= VarPN
b

[
µ̂Nh (t0, x0)

]
+
(∫

Rd
Kh(x0 − x)µ1,N

t0 (dx) − µbt0(x0)
)2

,

ce qui, étant donné la présence de µ1,N et l’interdépendance des particules dans le cas général, ne
nous simplifie pas la tâche, hormis dans le cas b(t, x, ν) = b(t, x), où les particules sont alors i.i.d.
de loi µ1,N = µb et où nous retrouvons la décomposition biais-variance usuelle

R(t0,x0)(µ̂Nh , µb) = 1
N

VarPN
b

[
Kh(x0 −X1

t0)
]

+
(∫

Rd
Kh(x0 − x)µbt0(dx) − µbt0(x0)

)2
;

ou bien plutôt utiliser (c’est ce que nous ferons) la décomposition approximative suivante

R(t0,x0)(µ̂Nh , µb) ≤ 2EPN
b

[( ∫
Rd
Kh(x0 − x)(µNt0 − µbt0)(dx)

)2]
+ 2
(∫

Rd
Kh(x0 − x)µbt0(dx) − µbt0(x0)

)2
.

Nous appellerons terme de biais (au carré) et terme de variance) respectivement(∫
Rd
Kh(x0 − x)µbt0(dx) − µbt0(x0)

)2
et EPN

b

[( ∫
Rd
Kh(x0 − x)(µNt0 − µbt0)(dx)

)2]
.

Nous allons traiter ces deux termes séparément, en commençant par le terme de variance.

Remarque 63. Nous nous conformons à la nomenclature statistique habituelle en conservant ces
termes de biais et variance mais, dans notre cadre de travail, ces termes ne recouvrent pas la
réalité qu’ils sont censés définir. En effet, d’une part,

∫
Rd Kh(x0 − x)µbt0(dx) − µbt0(x0) n’est (en

toute généralité) pas le biais de notre estimateur µ̂Nh (t0, x0) au sens de EPN
b

[
µ̂Nh (t0, x0)

]
− µbt0(x0)

puisqu’étant donné que µ1,N n’est qu’une approximation de µb,

EPN
b

[
µ̂Nh (t0, x0)

]
=
∫
Rd
Kh(x0 − x)µ1,N

t0 (dx)
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n’a pas de raison d’être égal à
∫
Rd Kh(x0 − x)µbt0(dx). Et d’autre part, pour la même raison,

EPN
b

[( ∫
Rd Kh(x0 −x)(µNt0 −µbt0)(dx)

)2] n’est (en toute généralité) pas la variance de notre estima-
teur µ̂Nh (t0, x0) au sens de EPN

b

[(
µ̂Nh (t0, x0) − EPN

b

[
µ̂Nh (t0, x0)

])2]
.

Dans toute la suite, nous ferons l’hypothèse suivante sur le noyau K que nous utilisons :

Hypothèse 64. K est borné et à support compact.

Exemples 65. Un exemple de tel noyau K est donné par le noyau uniforme K(y) = 1
21[−1,1](y).

Terme de variance

Pour traiter ce terme, nous avons utilisé tout d’abord le fait que

EPN
b

[( ∫
Rd
Kh(x0 − x)(µNt0 − µbt0)(dx)

)2]
=
∫ ∞

0
PNb
(∣∣∣ ∫

Rd
Kh(x0 − x)(µNt0 − µbt0)(dx)

∣∣∣ ≥ z1/2
)
dz ,

ce qui nous a amené à chercher comment majorer de manière fine les probabilités de déviations

PNb
(∫

Rd
ϕ(x)(µNt0 − µbt0)(dx) ≥ z1/2

)
,

pour ϕ(x) = ±Kh(x0 − x). Nous avons dans ce but établi le résultat d’inégalité de concentration
de type Bernstein suivant (nous y reviendrons en détails dans la Section 3.6) :

Théorème 66. Il existe κ1 = κ1(b), κ2 = κ2(b) > 0 tels que pour toute fonction bornée ϕ : Rd →
R,

PNb
(∫

Rd
ϕ(y)

(
µNt0 − µbt0)(dy) ≥ z

)
≤ κ1 exp

(
− κ2

Nz2

|ϕ|2
L2(µbt0 ) + |ϕ|∞z

)
, pour tout z ≥ 0 .

Comme, par hypothèse, K est bornée, nous avons |ϕ|∞ = h−d|K|∞, et comme K est également
à support compact supp(K) et h ∈ H1 ⊂ (0, 1),

|ϕ|2L2(µbt0 ) = h−2d
∫

(x0−h supp(K))

∣∣∣K(x0 − x

h

)∣∣∣2µbt0(x)dx ≤ h−2d
∫

(x0−supp(K))

∣∣∣K(x0 − x

h

)∣∣∣2µbt0(x)dx ,

et comme nous savons, d’après le Théorème 25, que µb est localement bornée autour de (t0, x0)
par κ3 = κ3(µb, t0, x0) > 0,

|ϕ|2L2(µbt0 ) ≤ h−2d
∫

(x0−supp(K))

∣∣∣K(x0 − x

h

)∣∣∣2κ3dx ≤ κ3h
−d|K|22 .

Nous obtenons donc que

EPN
b

[( ∫
Rd
Kh(x0 − x)(µNt0 − µbt0)(dx)

)2]
≤
∫ ∞

0
2κ1 exp

(
− κ2

Nhdz

κ3|K|22 + |K|∞z1/2

)
dz

51



INTRODUCTION 3. OBJECTIFS STATISTIQUES & RÉSULTATS OBTENUS

≲ κ1 max
((κ2Nh

d

κ3|K|22

)−1
,
(κ2Nh

d

|K|∞

)−2)
≲ (Nhd)−1 + (Nhd)−2 .

Nous nous laissons à présent la possibilité de choisir un ensemble de fenêtres dépendant de N
et nous le notons HN

1 . Nous ferons l’hypothèse supplémentaire suivante :

Hypothèse 67. HN
1 ⊂ [(N−1(logN)2)1/d ; 1] et Card(HN

1 ) ≲ N .

Remarque 68. Cela implique donc que, pour h ∈ HN
1 , (Nhd)−1 ≲ 1.

Proposition 69. Sous les Hypothèses 64 et 67,

EPN
b

[( ∫
Rd
Kh(x0 − x)(µNt0 − µbt0)(dx)

)2]
≲ (Nhd)−1 . (26)

Passons maintenant au terme de biais (au carré)
( ∫

Rd Kh(x0 − x)µbt0(dx) − µbt0(x0)
)2

.

Terme de biais

Ce terme se traite via la régularité de µbt0 localement en x0. Dans cette section, comme dans
l’article [65], nous ne considérons comme espaces quantifiant cette régularité que des espaces de
type Hölder définis de la manière suivante.

Définition 70. Soit un réel β > 0, nous noterons ⌊β⌋ le plus petit entier strictement inférieur à
β. Nous dirons que µbt0 est localement β-Hölder en x0, et nous noterons µbt0 ∈ Hβ(x0), s’il existe
un voisinage (relativement compact) U = Ux0 de x0 dans Rd tel que

(i) µbt0 est ⌊β⌋ fois dérivable sur U,

(ii) il existe C > 0, tel que pour tout s = (s1, . . . , sd) ∈ Nd vérifiant |s| :=
∑d
i=1 si ≤ ⌊β⌋, pour

tout x, x′ ∈ U, ∣∣Ds
xµ

b
t0(x′) −Ds

xµ
b
t0(x)

∣∣ ≤ C|x′ − x|β−⌊β⌋

où
Ds
xµ

b
t0(x) = ∂s1

x1
. . . ∂sdxdµ

b
t0(x) .

Nous noterons
[
µbt0
]
Hβ(x0) le plus petit réel C ≥ 0 telle que la condition ci-dessus est vérifiée, et

nous munirons Hβ(x0) de la norme∣∣µbt0 ∣∣Hβ(x0) := sup
x∈U

∣∣µbt0(x)
∣∣+
[
µbt0
]
Hβ(x0) .

Remarque 71. Il serait plus juste de noter cet espace Hβ(Ux0), mais nous garderons la notation
ci-dessus par souci de simplicité.

Nous allons maintenant définir l’ordre du noyau K, autrement dit un entier caractérisant la
capacité de K à prendre en compte des informations de plus en plus précises sur la fonction à
estimer.
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Définition 72. Nous dirons que K est un noyau d’ordre o+ 1 pour un certain o ∈ N⋆, si∫
Rd
K(y)ysdy = 0 , pour tout s ∈ Nd tel que |s| ≤ o ,

où, pour y = (y1, . . . yd) ∈ Rd, ys := ys1
1 . . . ysdd .

Remarque 73. Un tel noyau existe toujours, nous pouvons par exemple définir K par :

K(y) :=
d∏
i=1

K̃(yi), y = (y1, . . . , yd) ∈ Rd , avec K̃(z) :=
o∑

k=0
ϕk(0)ϕk(z)1|z|≤1 , z ∈ R ,

où (ϕk)k∈N est la base orthonormale de L2([−1, 1]) constituée des polynômes de Legendre (cf. [182]).

Supposons à présent que µbt0 ∈ Hβ(x0) pour un certain réel β > 0, et que K est un noyau
d’ordre o+ 1 pour un certain entier o. Nous avons alors, en utilisant que

∫
Rd K(y)dy = 1,∫

Rd
Kh(x0 − x)µbt0(dx) − µbt0(x0) =

∫
Rd
K(y)

(
µbt0(x0 − hy) − µbt0(x0)

)
dy ,

et par application du théorème de Taylor, en notant pour s ∈ Nd, s! = s1! . . . sd!, ceci vaut∫
Rd
K(y)

∑
0≤|s|≤(⌊β⌋−1)∧(o−1)

1
s!D

s
xµ

b
t0(x0)(−h)|s| ys1

1 . . . ysdd dy1 . . . dyd

+
∫
Rd
K(y)

∑
|s|=⌊β⌋∧o

|s|
s!

∫ 1

0
(1 − λ)|s|−1Ds

xµ
b
t0(x0 − λhy)(−h)|s| ys1

1 . . . ysdd dλ dy1 . . . dyd .

Or, par définition de l’ordre de K, pour tout |s| ≤ o,
∫
Rd K(y)ys1

1 . . . ysdd dy1 . . . dyd = 0. Donc le
premier terme est nul, et le second se réécrit

∑
|s|=⌊β⌋∧o

|s|
s! (−h)|s|

∫ 1

0
(1−λ)|s|−1

∫
Rd
K(y)

(
Ds
xµ

b
t0(x0−λhy)−Ds

xµ
b
t0(x0)

)
ys1

1 . . . ysdd dy1 . . . dyd dλ .

En utilisant le fait que µbt0 ∈ Hβ(x0), nous obtenons finalement∣∣∣ ∫
Rd
Kh(x0 − x)µbt0(dx) − µbt0(x0)

∣∣∣
≤

∑
|s|=⌊β⌋∧o

|s|
s! h

|s|
∫
Rd

|K(y)|
[
µbt0
]
Hβ(x0)h

β−⌊β⌋|y|β−⌊β⌋|y1|s1 . . . |yd|sd dy1 . . . dyd ,

≤ hβ−⌊β⌋+⌊β⌋∧o [µbt0]Hβ(x0) (⌊β⌋ ∧ o)2
∫
Rd

|K(y)| |y|β−⌊β⌋+⌊β⌋∧ody .

Proposition 74. Si K est d’ordre o+ 1 où o ∈ N⋆, et µbt0 ∈ Hβ(x0) où β > 0,∣∣∣ ∫
Rd
Kh(x0 − x)µbt0(dx) − µbt0(x0)

∣∣∣2 ≲ h2(β−⌊β⌋+⌊β⌋∧o) ≲ h2(β∧o) pour tout h ∈ (0, 1) .
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Risque quadratique

En regroupant les résultats des Propositions 69 et 74, nous obtenons la borne supérieure suivante
sur le risque quadratique de µ̂Nh en (t0, x0).

Proposition 75. Sous les Hypothèses 64 et 67, si K est d’ordre o+ 1 où o ∈ N⋆, et µbt0 ∈ Hβ(x0)
où β > 0, alors pour tout h ∈ HN

1 ,

R(t0,x0)(µ̂Nh , µb) ≲ h2(β∧o) + (Nhd)−1 ,

et l’infimum du terme de droite étant atteint en ĥNβ,o := N
− 1

2(β∧o)+d , qui est dans HN
1 pour N

assez grand, nous avons

inf
h∈HN

1

R(t0,x0)(µ̂Nh , µb) ≤ R(t0,x0)(µ̂NĥN
β,o

, µb) ≲ N
−

2(β∧o)
2(β∧o)+d . (27)

Risque minimax sur les classes de Hölder

Nous allons maintenant estimer µb en (t0, x0), donc en tant que fonction du temps et de l’es-
pace, et nous définissons, pour quantifier sa régularité en ces deux variables, la classe de fonctions
suivante.

Classe de Hölder anisotrope

Définition 76. Soient deux réels α, β > 0. Nous dirons que µb est localement (α, β)-Hölder en
(t0, x0), et nous noterons µb ∈ Hα,β(t0, x0), s’il existe des voisinages relativement compacts Ut0
de t0 dans (0, T ) et Ux0 de x0 dans Rd tel que µb. (x) ∈ Hα(t0) uniformément en x ∈ Ux0 et
µbt(·) ∈ Hβ(x0) uniformément en t ∈ Ut0 , i.e.

• il existe C1 > 0, tel que pour tout entier 0 ≤ s ≤ ⌊α⌋, pour tous t, t′ ∈ Ut0 , et x ∈ Ux0 ,∣∣∂st µbt′(x) − ∂st µ
b
t(x)

∣∣ ≤ C1|t′ − t|α−⌊α⌋ ,

• il existe C2 > 0, tel que pour tout s ∈ Nd, 0 ≤ |s| ≤ ⌊β⌋, pour tous x, x′ ∈ Ux0 , et t ∈ Ut0 ,∣∣Ds
xµ

b
t0(x′) −Ds

xµ
b
t0(x)

∣∣ ≤ C2|x′ − x|β−⌊β⌋ .

Nous munirons Hα,β(t0, x0) de la norme

|µb|Hα,β(t0,x0) := sup
x∈Ux0

∣∣µb(·, x)
∣∣
Hα(t0) + sup

t∈Ut0

∣∣µb(t, ·)∣∣
Hβ(x0) .

Soient deux réels α, β > 0, nous définissons la classe Sα,β(t0, x0) de solutions de l’équation de
McKean-Vlasov par

S
α,β
b (t0, x0) :=

{
(b, c, µ0) ∈ T(b) ; µb = S(b, c, µ0) ∈ Hα,β(t0, x0)

}
,

et nous définissons, pour L > 0, l’ellipsöıde

S
α,β
b,L(t0, x0) :=

{
(b, c, µ0) ∈ S

α,β
b (t0, x0) ;

∣∣µb∣∣
Hα,β(t0,x0) ≤ L

}
.

Ce dernier ensemble va nous servir de modèle de régularité pour la fonction inconnue µb.
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Risque minimax, Vitesse de convergence optimale & Estimateur oracle

Nous définissons le risque quadratique sur la classe de régularité S
α,β
b,L(t0, x0), pour un estimateur

µ̃N de µb construit à partir de XN par

R
(
µ̃N ; Sα,βb,L(t0, x0)

)
:= sup

(b,c,µ0)∈S
α,β
b,L

(t0,x0)
R(t0,x0)(µ̃N , µb) .

D’après (27),

R
(
µ̂N
ĥN
β,o

; Sα,βb,L(t0, x0)
)
≲ N

−
2(β∧o)

2(β∧o)+d ,

ce qui signifie que la vitesse de convergence de l’estimateur µ̂N
ĥN
β,o

est vNβ,o := N
−

(β∧o)
2(β∧o)+d , et, si nous

choisissons un noyau K d’ordre o+ 1 = ⌊β⌋ + 2, nous obtenons alors, en notant ĥNβ := ĥNβ,⌊β⌋+1,

R
(
µ̂N
ĥN
β

; Sα,βb,L(t0, x0)
)
≲ N

− 2β
2β+d ,

et donc que la vitesse de convergence de l’estimateur µ̂N
ĥN
β

est vNβ := vNβ,⌊β⌋+1 = N
− β

2β+d .

Ce résultat soulève plusieurs questions. Peut-on améliorer cette vitesse de convergence en pre-
nant un autre estimateur que µ̂N

ĥN
β

? Quel est la meilleure vitesse de convergence possible ? Comment

choisir un estimateur si nous ne connaissons pas (α, β) ?

Pour répondre à ces questions, nous introduisons la notion de risque minimax sur la classe de
régularité S

α,β
b,L(t0, x0) :

R⋆
(
S
α,β
b,L(t0, x0)

)
:= inf

µ̃N
R
(
µ̃N ; Sα,βb,L(t0, x0)

)
,

où l’infimum est pris sur les estimateurs µ̃N construits à partir de XNt0 . L’estimateur oracle, µ̃N,oracle,
sur S

α,β
b,L(t0, x0), est défini par :

R
(
µ̃N,oracle; Sα,βb,L(t0, x0)

)
= R⋆

(
S
α,β
b,L(t0, x0)

)
.

Dans la Section 7.3 du Chapitre 2, nous avons établi la borne inférieure suivante sur le risque
minimax.

Théorème 77. Pour tous β, L > 0, b ∈ E, il existe une constante Cβ,L,b > 0 telle que, pour N
assez grand,

R⋆
(
S
α,β
b,L (t0, x0)

)
≥ Cβ,L,bN

− 2β
2β+d .

Cela implique que l’estimateur µ̂N
ĥN
β

atteint bien la vitesse de convergence optimale minimax

vN,⋆β := N
− β

2β+d associée à la classe S
α,β
b,L(t0, x0). Nous pouvons donc dire (qu’à une constante

près) µ̂N
ĥN
β

se comporte comme l’estimateur oracle.
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Cependant, en toute généralité, la régularité β de la solution µbt0 est inconnue, et donc l’estima-
teur oracle est lui-même inconnu. Nous pouvons cependant espérer construire un estimateur µ̂N
qui se comporte asymptotiquement presque de la même manière que lui, au sens où

R
(
µ̂N ; Sα,βb,L(t0, x0)

)
= R⋆

(
S
α,β
b,L(t0, x0)

)(
1 + o(1)

)
,

et ceci est l’objet de la section suivante.

Estimateur minimax adaptatif & Méthode de Goldenshluger-Lepski

Définition 78. Un estimateur µ̃N , construit à partir de XN , est dit adaptatif au sens minimax
sur

{
S
α,β
b,L(t0, x0) ; α, β, L > 0, b ∈ E

}
si pour tous α, β, L > 0, b ∈ E, il existe une constante

Cα,β,b,L,(t0,x0) > 0 tel que, pour N assez grand,

R
(
µ̃N ; Sα,βb,L(t0, x0)

)
≤ Cα,β,b,L,(t0,x0)N

− 2β
2β+d .

Pour construire un (presque) tel estimateur nous allons utiliser une variante de la méthode de
Goldenshluger-Lepski pour l’estimation ponctuelle (voir les articles fondateurs de cette méthode
[87, 88, 89], ainsi que [47] ; la variante utilisée ici est celle introduite dans [27]) : cette méthode
adaptative va nous permettre de choisir une fenêtre optimale, et ce uniquement à partir des données
XN , sans connaissance préalable sur la régularité de µbt0 .

Dans toute la suite, nous supposons que le noyau K utilisé dans la définition de µ̂Nh vérifie
l’Hypothèse 64 et que HN

1 vérifie l’Hypothèse 67.

Définissons tout d’abord le biais à l’échelle h ∈ HN
1 de µ au point (t0, x0) par :

BNh (µ)(t0, x0) := sup
h′≤h,h′∈HN

1

∣∣∣ ∫
Rd
Kh′(x0 − x)µbt0(x)dx− µbt0(x0)

∣∣∣. (28)

Nous avons alors (∫
Rd
Kh(x0 − x)µt0(dx) − µt0(x0)

)2
≤ BNh (µ)(t0, x0)2 .

Définissons à présent le proxy suivant pour la variance de notre estimateur

VNh = ϖ1|K|22(logN)(Nhd)−1, (29)

où ϖ1 > 0 est un hyperparamètre à fixer de manière préliminaire. Nous avons alors, d’après la
Proposition 69,

EPN
b

[( ∫
Rd
Kh(x0 − x)(µNt0 − µbt0)(dx)

)2]
≲ VNh ,

et finalement, pour tout h ∈ HN
1 ,

R(t0,x0)(µ̂Nh , µb) ≲ BNh (µ)(t0, x0)2 + VNh .

Il nous reste maintenant à choisir une fenêtre optimale ĥN , au sens où elle vérifie une inégalité
oracle, c’est-à-dire que notre fenêtre fait toujours aussi bien que l’oracle au sens :

R(t0,x0)(µ̂NĥN , µ
b) ≲ inf

h∈HN
1

R(t0,x0)(µ̂Nh , µb) .
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En réalité, notre estimateur va vérifier l’inégalité oracle approximative suivante

R(t0,x0)(µ̂NĥN , µ
b) ≲ inf

h∈HN
1

(
BNh (µ)

(
t0, x0)2 + VNh

)
.

Nous choisissons notre fenêtre optimale ĥN uniquement à partir des données XNt0 (et donc sans
rien savoir de la régularité de µbt0) de la manière suivante :

ĥN ∈ argmin
h∈HN

1

(
ANh + VNh

)
, (30)

où ANh est une approximation du biais au carré de l’estimateur, et est définie par

ANh := max
h′≤h,h′∈HN

1

{(
µ̂Nh (t0, x0) − µ̂Nh′(t0, x0)

)2 − (VNh + VNh′)
}

+
,

ce qui revient donc à comparer deux-à-deux les estimateurs possibles {µ̂Nh (t0, x0) ; h ∈ HN
1 }.

Notre estimateur de Goldenshluger-Lepski de µbt0(x0) est alors

µ̂NGL(t0, x0) := µ̂N
ĥN

(t0, x0) .

Remarque 79. Cet estimateur dépend du noyau K et de l’hyperparamètre ϖ1. En pratique,
l’hyperparamètre ϖ1 doit être réglé de manière préliminaire par d’autres méthodes. De telles ap-
proches dans le contexte des méthodes de type Lepski ont été récemment introduites par Lacour
et al. [117, 183]. Ce défaut est néanmoins commun à toutes les méthodes non-paramétriques qui
dépendent du choix d’une fenêtre à partir des données.

Nous obtenons, comme annoncé ci-dessus, l’inégalité oracle approximative suivante, qui permet
donc d’évaluer la performance de notre estimateur de µbt0(x0).

Théorème 80. Sous les Hypothèses 64 et 67, supposons que µ̂NGL(t0, x0) est calibré avec ϖ1 ≥
16κ−1

2 κ3, alors il existe une constante Cb,K,(t0,x0) > 0 telle que, pour N assez grand, nous avons

R(t0,x0)(µ̂NGL, µ
b) ≤ Cb,K,(t0,x0) min

h∈HN
1

(
BNh (µ)

(
t0, x0)2 + VNh

)
.

Enfin, pour terminer notre étude de l’estimation non-paramétrique de µb, nous nous intéressons
à son estimation minimax adaptative dans les espaces de Hölder. Nous obtenons la borne supérieure
adaptative suivante.

Théorème 81. Prenons comme espace des fenêtres

HN
1 :=

{
e−k ; 1 ≤ k ≤ logN − 2 log(logN)

d

}
.

Pour tout b ∈ E, si µ̂NGL(t0, x0) est construit à partir d’un noyau K vérifiant l’Hypothèse 64 et
d’ordre o + 1 ≥ 1, alors, pour tous β, L > 0, il existe une constante Cb,K,β,L,(t0,x0) > 0 telle que,
pour N assez grand, nous avons

R
(
µ̂NGL(t0, x0) ; Sα,βb,L(t0, x0)

)
≤ Cb,K,β,L,(t0,x0)

( logN
N

)2(β∧o)/(2(β∧o)+d)
.
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Nous obtenons (à un terme logarithmique supplémentaire près, conséquence du phénomène de
Lepski-Low, classique pour l’estimation ponctuelle, voir [127, 135]) le taux de convergence opti-
mal usuel N−(β∧o)/(2(β∧o)+d) d’estimation de µbt0(x0) comme une fonction de la variable d’état
d-dimensionnelle x0, pour un t0 fixé, à partir d’un système de N particules i.i.d. (Xi

t0)1≤i≤N de loi
µbt0 (ce qui, rappelons-le, serait le cas de nos observations XNt0 si b ne dépendait pas de la mesure)
et d’un noyau d’ordre o + 1. Ce taux de convergence ne dépend bien sûr pas de la régularité de
t 7→ µbt(x0).

Nous passons maintenant à l’estimation non-paramétrique de la fonction de drift b. Nous nous
appuierons pour cela sur les méthodes utilisées et les résultats obtenus dans la section précédente.
En particulier, toutes les remarques d’ordre général sur les estimateurs à noyaux que nous avons
faites précédemment s’appliqueront également mutatis mutandis dans la section qui suit.

3.3 Estimation non-paramétrique de b(·, ·, µb
. )

Objectif principal & Quantification de la qualité des estimateurs

Nous voulons, pour tout (t0, x0) ∈ (0, T ) × Rd, estimer b(t0, x0, µ
b
t0) ∈ Rd à partir des observa-

tions continues XN = (XNt )t∈[0,T ].

Remarque 82. C’est donc bien la fonction (t, x) ∈ (0, T ) ×Rd 7→ b(t, x, µbt) que nous estimons, et
non pas la fonction globale (t, x, ν) ∈ (0, T )×Rd×P1(Rd) 7→ b(t, x, ν), qui reste en toute généralité
inaccessible dans le cadre d’estimation considéré ici. Cependant, dans le cas particulier du modèle
de Vlasov, pour lequel b(t, x, ν) = b(x, ν) = G(x) + F ⋆ ν(x), nous pouvons obtenir une estimation
globale de la fonction (t, x, ν) 7→ b(t, x, ν) : ceci sera l’objet de la Section 3.5 (voir également le
Chapitre 2).

Soit (t0, x0) ∈ (0, T ) × Rd. Pour un estimateur quelconque b̃N de la fonction (t, x) ∈ (0, T ) ×
Rd 7→ b(t, x, µbt), construit à partir de XN , i.e. fonction mesurable de XN à valeurs dans Rd, nous
définissons le risque quadratique ponctuel de b̃N en (t0, x0), par

R(t0,x0)(̃bN , b(·, ·, µb. )) := EPN
b

[∣∣̃bN (t0, x0) − b(t0, x0, µ
b
t0)
∣∣2] .

Posons πb : (t, x) ∈ (0, T ) × Rd 7→ b(t, x, µbt)µbt(x) ∈ Rd. Nous allons en fait commencer par
estimer πb(t0, x0), et nous évaluerons la qualité de notre estimateur de la manière suivante. Pour
un estimateur quelconque π̃N de la fonction πb, construit à partir de XN , nous définissons le risque
quadratique ponctuel de π̃N en (t0, x0), par

R(t0,x0)(π̃N , πb) := EPN
b

[∣∣π̃N (t0, x0) − πb(t0, x0)
∣∣2] .

Estimateurs à noyaux

Estimateurs à noyaux de πb(t0, x0)

Parmi la classe des estimateurs π̃N (t0, x0) de πb(t0, x0) construits à partir de XN , nous nous
intéressons plus particulièrement à la famille des estimateurs à noyaux{

π̂Nh (t0, x0) ; h = (h1, h2) ∈ H2
}
, H2 ⊂ (0, 1) × (0, 1) ,
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où

π̂Nh (t0, x0) :=
∫

[0,T ]×Rd
(H ⊗K)h(t0 − t, x0 − x)πN (dt, dx) (31)

est défini à l’aide de πN (dt, dx) := 1
N

N∑
i=1
dXi

tδXit (dx), qui est caractérisé par son action sur les

fonctions tests Φ : [0, T ] × Rd → R :

∫
[0,T ]×Rd

Φ(t, x)πN (dt, dx) = 1
N

N∑
i=1

∫ T

0
Φ(t,Xi

t)dXi
t ,

et à l’aide d’un noyau tensoriel

(H ⊗K)h : (t, x) ∈ (0, T ) × Rd 7→ Hh1(t)Kh2(x) ,

qui est constitué d’un noyau temporel H : (0, T ) → R i.e. tel que
∫ T

0 H(t)dt = 1, et d’un noyau
d’espace K : Rd → R i.e. tel que

∫
Rd K(x)dx = 1, et pour lequels

Hh1(t) := h−1
1 H

( t
h1

)
, Kh2(x) := h−d

2 K
( x
h2

)
.

Estimateurs à noyaux de b(t0, x0, µ
b
t0)

Parmi la classe des estimateurs b̃N (t0, x0) de b(t0, x0, µ
b
t0) construits à partir de XN , nous nous

intéressons plus particulièrement à la famille des estimateurs à noyaux{
b̂Nh,h(t0, x0)ϖ ; h ∈ H1, h = (h1, h2) ∈ H2

}
, H1 ⊂ (0, 1) ,H2 ⊂ (0, 1) × (0, 1) , ϖ > 0,

définis de la manière suivante :

b̂Nh,h(t0, x0)ϖ := π̂Nh (t0, x0)
µ̂Nh (t0, x0) ∨ϖ

,

où ϖ > 0 est un hyperparamètre de seuil qui empêche l’estimateur d’exploser pour de petites va-
leurs de µ̂Nh (t0, x0).
Notre estimateur de b(t0, x0, µ

b
t0) est donc un estimateur quotient, de πb(t0, x0) = b(t0, x0, µ

b
t0)µbt0(x0)

par µbt0(x0), tout à fait dans l’esprit des estimateurs de type Nadaraya-Watson pour la régression
[157]. Et nous allons voir dans la section suivante pourquoi la performance de notre estimateur de
b(t0, x0, µ

b
t0) va donc être de l’ordre de la pire performance entre l’estimateur de µbt0(x0) et celui

de πb(t0, x0).

Décomposition du risque quadratique ponctuel pour l’estimation de b(·, ·, µb. )

Soit (t0, x0) ∈ (0, T ) ×Rd, (h,h) ∈ H1 ×H2, et R,R1, R2 > 0 tel que [R1, R2] ⊂ (0, T ). D’après
le Théorème 25, nous savons que µb est localement bornée autour de (t0, x0) :

κ4 ≤ inf
t∈[R1,R2],|x−x0|≤R

µbt(x) ≤ sup
t∈[R1,R2],|x−x0|≤R

µbt(x) ≤ κ3 .
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En utilisant la décomposition suivante,

b̂Nh,h(t0, x0)ϖ−b(t0, x0, µ
b
t0) =

πb(t0, x0)
(
µbt0(x0) − µ̂Nh (t0, x0) ∨ϖ

)
µbt0(x0)µ̂Nh (t0, x0) ∨ϖ

+
(
π̂Nh (t0, x0) − πb(t0, x0)

)
µbt0(x0)

µbt0(x0)µ̂Nh (t0, x0) ∨ϖ
,

nous obtenons, dès que ϖ ≤ κ4,∣∣̂bNh,h(t0, x0)ϖ − b(t0, x0, µ
b
t0)
∣∣ ≲ ∣∣µ̂Nh (t0, x0) − µbt0(x0)

∣∣+
∣∣π̂Nh (t0, x0) − πb(t0, x0)

∣∣ ,
et donc, comme nous pouvions le supposer,

R(t0,x0)
(
b̂Nh,h , b(·, ·, µb. )

)
≲ R(t0,x0)(µ̂Nh , µb) + R(t0,x0)(π̂Nh , πb) .

Etant donné que nous connaissons déjà l’ordre de R(t0,x0)(µ̂Nh , µb), il nous reste à étudier le terme
R(t0,x0)(π̂Nh , πb).

Décomposition du risque quadratique ponctuel pour l’estimation de πb

Pour tout (t0, x0) ∈ (0, T ) × Rd, h ∈ H2, comme par définition,

R(t0,x0)(π̂Nh , πb) = EPN
b

[∣∣π̂Nh (t0, x0) − πb(t0, x0)
∣∣2] ,

nous utilisons la décomposition biais-variance approximative suivante

R(t0,x0)(π̂Nh , πb) ≲ EPN
b

[∣∣∣ ∫ T

0

∫
Rd

(H ⊗K)h(t0 − t, x0 − x)
(
πN (dt, dx) − πb(t, x)dxdt

)∣∣∣2]
+
∣∣∣ ∫ T

0

∫
Rd

(H ⊗K)h(t0 − t, x0 − x)πb(t, x)dxdt− πb(t0, x0)
∣∣∣2 .

Nous appelons terme de biais (au carré) le terme

∣∣∣ ∫ T

0

∫
Rd

(H ⊗K)h(t0 − t, x0 − x)πb(t, x)dxdt− πb(t0, x0)
∣∣∣2 ,

et terme de variance le terme

EPN
b

[∣∣∣ ∫ T

0

∫
Rd

(H ⊗K)h(t0 − t, x0 − x)(πN (dt, dx) − πb(t, x)dxdt)
∣∣∣2] .

Comme précédemment pour l’estimation de µbt0(x0), cette nomenclature est inexacte formellement
mais nous la gardons par habitude statistique, et nous traitons ces deux termes séparément.

Dans toute la suite, nous ferons les hypothèses suivantes sur les noyaux H et K :

Hypothèse 83. H (resp. K) est borné et à support compact dans (0, T ) (resp. Rd).

Terme de variance
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Pour traiter ce terme, nous le redécomposons d’abord de la manière suivante :

EPN
b

[∣∣∣ ∫ T

0

∫
Rd

(H ⊗K)h(t0 − t, x0 − x)(πN (dt, dx) − πb(t, x)dxdt)
∣∣∣2]

≲ EPN
b

[∣∣∣ ∫ T

0

∫
Rd

(H ⊗K)h(t0 − t, x0 − x)b(t, x, µbt)(µNt − µbt)(dx)dt
∣∣∣2]

+ EPN
b

[∣∣∣ ∫ T

0

∫
Rd

(H ⊗K)h(t0 − t, x0 − x)
(
b(t, x, µNt ) − b(t, x, µbt)

)
µNt (dx)dt

∣∣∣2]
+ EPN

b

[∣∣∣ 1
N

N∑
i=1

∫ T

0
(H ⊗K)h(t0 − t, x0 −Xi

t)σ(t,Xi
t)dB

i,b
t

∣∣∣2] .
Premier terme : EPN

b

[∣∣∣ ∫ T0 ∫Rd(H ⊗K)h(t0 − t, x0 − x)b(t, x, µbt)(µNt − µbt)(dx)dt
∣∣∣2]

Ce premier terme se traite de la même manière que le terme de variance dans la décomposition du
risque quadratique de µ̂Nh (t0, x0), en utilisant l’inégalité de concentration de type Bernstein plus
générale suivante que nous avons établie dans [65] (nous y reviendrons dans la Section 3.6) :

Théorème 84. Il existe κ1 = κ1(b), κ2 = κ2(b) > 0, tel que pour toute mesure de probabilité ρ(dt)
sur [0, T ] et toute fonction bornée Φ : [0, T ] × Rd → R,

PNb
(∫

[0,T ]×Rd
Φ(t, x)

(
µNt −µbt)(dx)⊗ρ(dt) ≥ z

)
≤ κ1 exp

(
−κ2

Nz2

|Φ|2
L2(µbt(dx)⊗ρ(dt)) + |Φ|∞z

)
, z ≥ 0 .

Remarque 85. Nous en déduisons bien le Théorème 109 pour t0 ∈ (0, T ) quelconque en prenant
ρ(dt) := δt0(dt), et Φ : (t, x) ∈ [0, T ] × Rd 7→ ϕ(x) ∈ R bornée.

Nous appliquons le Théorème 84 à la mesure de probabilité ρ(dt) = T−11[0,T ](t)dt et, pour
1 ≤ k ≤ d, à la fonction

Φ(t, x) := ±(H ⊗K)h(t0 − t, x0 − x) bk(t, x, µbt) .

En utilisant le fait que µb et b sont bornées localement d’après le Théorème 25, et comme H et K
sont supposées bornées et à supports compacts (respectivement supp(H) et supp(K)), nous avons

|Φ|∞ ≤ (h1h
d
2)−1|H ⊗K|∞κ5 ,

|Φ|2L2(µbt(dx)⊗ρ(dt)) ≤ (h1h
d
2)−1T−1|H ⊗K|22κ2

5κ3 ,

avec κ5 = κ5(x0, supp(K), b), κ3 = κ3(t0, x0, supp(H), supp(K), b). Cela donne donc

EPN
b

[∣∣∣ ∫ T

0

∫
Rd

(H ⊗K)h(t0 − t, x0 − x)b(t, x, µbt)(µNt − µbt)(dx)dt
∣∣∣2]

≤
∫ ∞

0
2dκ1 exp

(
− κ2T

−1Nh1h
d
2z

κ3κ2
5|H ⊗K|22 + κ5|H ⊗K|∞z1/2

)
dz

≲ κ1max
(( κ2T

−1Nh1h
d
2

κ3κ2
5|H ⊗K|22

)−1
,
(κ2T

−1Nh1h
d
2

κ5|H ⊗K|∞

)−2)
≲ (Nh1h

d
2)−1 + (Nh1h

d
2)−2 .

61



INTRODUCTION 3. OBJECTIFS STATISTIQUES & RÉSULTATS OBTENUS

Deuxième terme : EPN
b

[∣∣∣ ∫ T0 ∫Rd(H ⊗K)h(t0 − t, x0 − x)
(
b(t, x, µNt ) − b(t, x, µbt)

)
µNt (dx)dt

∣∣∣2]
Pour traiter ce terme, nous séparons, grâce à l’inégalité de Cauchy-Schwarz, la partie en (H ⊗
K)h(t0 − t, x0 − x) et la partie en b(t, x, µNt ) − b(t, x, µbt). Le deuxième terme est donc inférieur à

EPN
b

[( ∫ T

0

∫
Rd

|(H ⊗K)h(t0 − t, x0 − x)|2µNt (dx)dt
)2]1/2

× EPN
b

[( ∫ T

0

∫
Rd

∣∣b(t, x, µNt ) − b(t, x, µbt)
∣∣2µNt (dx)dt

)2]1/2
.

D’une part, en décomposant µNt en µbt + (µNt − µbt) et en utilisant les mêmes techniques que
précédemment, nous montrons que

EPN
b

[( ∫ T

0

∫
Rd

|(H⊗K)h(t0−t, x0−x)|2µNt (dx)dt
)2]1/2

≲ (h1h
d
2)−1+N−1/2(h1h

d
2)−3/2+N−1(h1h

d
2)−2 .

D’autre part, par symétrie du système de particules,

EPN
b

[( ∫ T

0

∫
Rd

∣∣b(t, x, µNt ) − b(t, x, µbt)
∣∣2µNt (dx)dt

)2]1/2
≲ sup
t∈[0,T ]

EPN
b

[∣∣b(t,XN
t , µ

N
t ) − b(t,XN

t , µ
b
t)
∣∣4]1/2

≲
(
κ4

8N
−2 +

∫ ∞

κ4
8N

−2
sup
t∈[0,T ]

PNb
( ∣∣b(t,XN

t , µ
N
t ) − b(t,XN

t , µ
b
t)
∣∣ ≥ u1/4)du)1/2

≲ N−1 ,

où nous avons utilisé l’inégalité de déviation suivante sur
∣∣b(t,XN

t , µ
N
t ) − b(t,XN

t , µ
b
t)
∣∣, prouvée

dans [65] (voir également le Chapitre 2) :

Lemme 86. Il existe κ6 = κ6(b), κ7 = κ7(b), κ8 = κ8(b) > 0 tel que, pour N assez grand

sup
t∈[0,T ]

PNb
( ∣∣b(t,XN

t , µ
N
t ) − b(t,XN

t , µ
b
t)
∣∣ ≥ u

)
≤ κ6 exp

(
− κ7Nu

2

1 +N1/2u

)
, u ≥ κ8N

−1/2 .

Nous obtenons finalement l’inégalité suivante sur le deuxième terme :

EPN
b

[∣∣∣ ∫ T

0

∫
Rd

(H ⊗K)h(t0 − t, x0 − x)
(
b(t, x, µNt ) − b(t, x, µbt)

)
µNt (dx)dt

∣∣∣2]
≲ (Nh1h

d
2)−1 + (Nh1h

d
2)−3/2 + (Nh1h

d
2)−2 .

Troisième terme : EPN
b

[∣∣∣ 1
N

∑N
i=1
∫ T

0 (H ⊗K)h(t0 − t, x0 −Xi
t)σ(t,Xi

t)dB
i,b
t

∣∣∣2]
Enfin, ce troisième et dernier terme étant plus petit, à une constante multiplicative près, que

N−1EPN
b

[ ∫ T

0

∫
Rd

|(H ⊗K)h(t0 − t, x0 − x)|2µNt (dx)dt
]
,

en décomposant comme ci-dessus µNt en µbt + (µNt − µbt), nous trouvons que

EPN
b

[∣∣∣ 1
N

N∑
i=1

∫ T

0
(H⊗K)h(t0−t, x0−Xi

t)σ(t,Xi
t)dB

i,b
t

∣∣∣2] ≲ (Nh1h
d
2)−1+(Nh1h

d
2)−3/2+(Nh1h

d
2)−2 .
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Conclusion pour le terme de variance

En additionnant les majorations des trois termes composant la variance, nous obtenons

EPN
b

[∣∣∣ ∫ T

0

∫
Rd

(H ⊗K)h(t0 − t, x0 − x)(πN (dt, dx) − πb(t, x)dxdt)
∣∣∣2]

≲ (Nh1h
d
2)−1 + (Nh1h

d
2)−3/2 + (Nh1h

d
2)−2 .

Nous nous laissons à présent la possibilité de choisir un ensemble de fenêtres dépendant de N
et nous le notons HN

2 . Nous ferons l’hypothèse supplémentaire suivante :

Hypothèse 87.

HN
2 ⊂ [(N−1(logN)2)1/(d+1), (logN)−2] × [(N−1(logN)2)1/(d+1), 1] et Card(HN

2 ) ≲ N .

Remarque 88. Cela implique donc que, pour h = (h1, h2) ∈ HN
2 , (Nh1h

d
2)−1 ≲ 1.

Proposition 89. Sous les Hypothèses 83 et 87,

EPN
b

[∣∣∣ ∫ T

0

∫
Rd

(H ⊗K)h(t0 − t, x0 − x)(πN (dt, dx) − πb(t, x)dxdt)
∣∣∣2] ≲ (Nh1h

d
2)−1 . (32)

Passons maintenant au terme de biais (au carré)∣∣∣ ∫ T

0

∫
Rd

(H ⊗K)h(t0 − t, x0 − x)πb(t, x)dxdt− πb(t0, x0)
∣∣∣2 .

Terme de biais

Ce terme se traite de la même manière que le terme de biais de µb, via la régularité hölderienne
locale de πb dans un voisinage de (t0, x0). Etant donné que, pour tout h = (h1, h2) ∈ H2, nous
disposons de la décomposition∣∣∣ ∫ T

0

∫
Rd

(H ⊗K)h(t0 − t, x0 − x)πb(t, x)dxdt− πb(t0, x0)
∣∣∣

≤
∫
Rd

|K(y)|
∣∣∣ ∫ T

0
H(s)

(
πb(t0 − h1s, x0 − h2y) − πb(t0, x0 − h2y)

)
ds
∣∣∣dy

+
∫ T

0
|H(s)|

∣∣∣ ∫
Rd
K(y)

(
πb(t0, x0 − h2y) − πb(t0, x0)

)
dy
∣∣∣ds ,

nous avons le résultat suivant.

Proposition 90. Supposons que πb ∈ Hα,β(t0, x0), pour certains α, β > 0, et que H (resp. K) est
un noyau d’ordre oH + 1 ∈ N⋆ (resp. oK + 1 ∈ N⋆). Soit h = (h1, h2) ∈ H2. Alors∣∣∣ ∫ T

0

∫
Rd

(H ⊗K)h(t0 − t, x0 − x)πb(t, x)dxdt− πb(t0, x0)
∣∣∣ ≲ hβ∧oK

2 + hα∧oH
1 .

Risque quadratique

63



INTRODUCTION 3. OBJECTIFS STATISTIQUES & RÉSULTATS OBTENUS

En regroupant les résultats des Propositions 89 et 90, nous obtenons la borne supérieure suivante
sur le risque quadratique de π̂Nh en (t0, x0).

Proposition 91. Sous les Hypothèses 83 et 87, si H (resp. K) est un noyau d’ordre oH + 1 ∈ N⋆
(resp. oK + 1 ∈ N⋆), et πb ∈ Hα,β(t0, x0), pour certains α, β > 0, alors pour tout h ∈ HN

2 ,

R(t0,x0)(π̂Nh , πb) ≲ hβ∧oH
1 + hβ∧oK

2 + (Nh1h
d
2)−1 ,

et l’infimum du terme de droite étant atteint en

ĥ
N

α,β,oH ,oK :=
(
ĥN1,α,β,oH ,oK , ĥ

N
2,α,β,oH ,oK

)
=
(
N

−1
/(

2(β∧oK)+d+ β∧oK
α∧oH

)
, N

−1
/(

2(α∧oH)+1+dα∧oH
β∧oK

))
,

qui est dans HN
2 pour N assez grand, nous avons

inf
h∈HN

2

R(t0,x0)(π̂Nh , πb) ≤ R(t0,x0)(π̂N
ĥ
N

α,β,oH,oK

, πb) ≲ N
−

2sd(α,β,oH ,oK)
2sd(α,β,oH ,oK)+1 , (33)

où sd(α, β, oH , oK) :=
( 1
α∧oH + d

β∧oK

)−1.

Risque quadratique ponctuel pour l’estimation de b(·, ·, µb. )

Maintenant que nous avons majoré le risque quadratique pour l’estimation de πb, il nous reste
à majorer le risque quadratique pour l’estimation de b(·, ·, µb. ).

Proposition 92. Sous les Hypothèses 64, 67 83, et 87, si nous supposons que l’estimateur de
µbt0(x0) est construit à l’aide d’un noyau d’ordre o + 1 ≥ 1, et que l’estimateur de πb(t0, x0) est
construit à l’aide de noyaux d’ordre oH + 1, oK + 1 ≥ 1, et que de plus µb, πb ∈ Hα,β(t0, x0), alors
nous avons, pour tout (h,h) ∈ HN

1 × HN
2 ,

R(t0,x0)
(
b̂Nh,h , b(·, ·, µb. )

)
≲ R(t0,x0)(µ̂Nh , µb) + R(t0,x0)(π̂Nh , πb)
≲ h2(β∧o) + (Nhd)−1 + hβ∧oH

1 + hβ∧oK
2 + (Nh1h

d
2)−1 .

Finalement,

inf
(h,h)∈HN

1 ×HN
2

R(t0,x0)
(
b̂Nh,h , b(·, ·, µb. )

)
≲ inf
h∈HN

1

R(t0,x0)(µ̂Nh , µb) + inf
h∈HN

2

R(t0,x0)(π̂Nh , πb) ,

et, pour N assez grand,

R(t0,x0)
(
b̂N
ĥN
β,o
,ĥ
N

α,β,oH,oK

, b(·, ·, µb. )
)
≲ R(t0,x0)(µ̂NĥN

β,o

, µb) + R(t0,x0)(π̂N
ĥ
N

α,β,oH,oK

, πb)

≲ N
−

2(β∧o)
2(β∧o)+d +N

−
2sd(α,β,oH ,oK)

2sd(α,β,oH ,oK)+1 .

Risque minimax sur les classes de Hölder

Soient deux réels α, β > 0. Nous utiliserons comme modèles de régularité pour πb et b(·, ·, µb. ),
la classe

Πα,β
b (t0, x0) := S

α,β
b (t0, x0)

⋂
D
α,β
b (t0, x0) ,
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et, pour L,L′ > 0, l’ellipsöıde

Πα,β
b,L,L′(t0, x0) := S

α,β
b,L(t0, x0)

⋂
D
α,β
b,L′(t0, x0) ,

où nous avons adopté les notations suivantes :

D
α,β
b (t0, x0) :=

{
(b, c, µ0) ∈ T(b) ; b(·, ·, µb. ) ∈ Hα,β(t0, x0)

}
,

D
α,β
b,L′(t0, x0) :=

{
(b, c, µ0) ∈ T(b) ;

∣∣b(·, ·, µb. )∣∣Hα,β(t0,x0) ≤ L′ } .
Remarque 93. Etant donné que la condition (b, c, µ0) ∈ Πα,β

b (t0, x0) entrâıne que µb et b(·, ·, µb. )
sont dans Hα,β(t0, x0), et étant donné que par définition πb(t, x) = b(t, x, µbt)µbt(x), cela implique
également que πb ∈ Hα,β(t0, x0).

Risque minimax, Vitesse de convergence optimale & Estimateur oracle

Nous définissons le risque quadratique sur la classe de régularité Πα,β
b,L,L′(t0, x0) pour un esti-

mateur b̃N de b(·, ·, µb. ) construit à partir de XN par

R
(
b̃N ; Πα,β

b,L,L′(t0, x0)
)

:= sup
(b,c,µ0)∈Πα,β

b,L,L′ (t0,x0)
R(t0,x0)

(
b̃N , b(·, ·, µb. )

)
.

D’après la Proposition 92,

R
(
b̂N
ĥN
β,o
,ĥ
N

α,β,oH,oK

; Πα,β
b,L,L′(t0, x0)

)
≲ N

−
2(β∧o)

2(β∧o)+d +N
−

2sd(α,β,oH ,oK)
2sd(α,β,oH ,oK)+1 ,

ce qui signifie que la vitesse de convergence de l’estimateur b̂N
ĥN
β,o
,ĥ
N

α,β,oH,oK

est

vNα,β,o,oH ,oK := N
−

2(β∧o)
2(β∧o)+d +N

−
2sd(α,β,oH ,oK)

2sd(α,β,oH ,oK)+1 ,

et, si nous choisissons un noyau d’ordre o + 1 = ⌊β⌋ + 2 pour l’estimation de µb, et des noyaux
d’ordres respectifs oH + 1 = ⌊α⌋ + 2 et oK + 1 = ⌊β⌋ + 2 pour l’estimation de πb, nous obtenons
alors, en notant

ĥNβ := ĥNβ,⌊β⌋+1 , ĥ
N

α,β := ĥ
N

α,β,⌊α⌋+1,⌊β⌋+1 ,

que
R
(
b̂N
ĥN
β
,ĥ
N

α,β

; Πα,β
b,L,L′(t0, x0)

)
≲ N− 2β

2β+d +N
− 2sd(α,β)

2sd(α,β)+1 ,

où sd(α, β) := sd(α, β, ⌊α⌋ + 1, ⌊β⌋ + 1) =
( 1
α + d

β

)−1 est la régularité effective anisotrope. Or
2β

2β+d = 2( dβ )−1

2( dβ )−1+1 ≥ 2sd(α,β)
2sd(α,β)+1 , donc

R
(
b̂N
ĥN
β
,ĥ
N

α,β

; Πα,β
b,L,L′(t0, x0)

)
≲ N

− 2sd(α,β)
2sd(α,β)+1 ,

et la vitesse de convergence de l’estimateur b̂N
ĥN
β
,ĥ
N

α,β

est donc

vNα,β := vNα,β,⌊β⌋+1,⌊α⌋+1,⌊β⌋+1 = N
− 2sd(α,β)

2sd(α,β)+1 .
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Comme lors de l’estimation de µb, ce résultat soulève plusieurs questions. Peut-on améliorer ce
taux de convergence en prenant un autre estimateur que b̂N

ĥN
β
,ĥ
N

α,β

? Quel est la meilleure vitesse

de convergence possible ? Comment choisir un estimateur si nous ne connaissons pas (α, β) ?

Pour répondre à ces questions, nous introduisons, comme lors de l’estimation de µb, la notion
de risque minimax sur la classe de régularité Πα,β

b,L,L′(t0, x0) :

R⋆
(
Πα,β

b,L,L′(t0, x0)
)

:= inf
b̃N

R
(
b̃N ; Πα,β

b,L,L′(t0, x0)
)
,

où l’infimum est pris sur les estimateurs de b(·, ·, µb. ) construits à partir de XN = (XNt )t∈[0,T ].
L’estimateur oracle, b̃N,oracle, sur Πα,β

b,L,L′(t0, x0), est défini par :

R
(
b̃N,oracle ; Πα,β

b,L,L′(t0, x0)
)

= R⋆
(
Πα,β

b,L,L′(t0, x0)
)
.

Dans la Section 7.4 du Chapitre 2, nous avons établi la borne inférieure suivante sur le risque
minimax.

Théorème 94. Pour tous α, β, L, L′ > 0, b ∈ E, il existe une constante Cα,β,L,L′,b > 0 telle que,
pour N assez grand,

R⋆
(
Πα,β

b,L,L′(t0, x0)
)

≥ Cα,β,L,L′,b N
−

2sd(α,β)
2sd(α,β)+1 .

Cela implique que l’estimateur b̂N
ĥN
β
,ĥ
N

α,β

atteint bien la vitesse de convergence optimale mini-

max vN,⋆α,β := N
−

sd(α,β)
2sd(α,β)+1 associée à la classe Πα,β

b,L,L′(t0, x0). Nous pouvons donc dire (qu’à une
constante près) b̂N

ĥN
β
,ĥ
N

α,β

se comporte comme l’estimateur oracle. Cependant, en toute généralité,

la régularité (α, β) de la fonction b(·, ·, µb. ) est inconnue, et donc l’estimateur oracle est lui-même
inconnu. Nous pouvons cependant espérer construire un estimateur b̂N qui se comporte asympto-
tiquement presque de la même manière que lui, au sens où :

R
(
b̂N ; Πα,β

b,L,L′(t0, x0)
)

= R⋆
(
Πα,β

b,L,L′(t0, x0)
)(

1 + o(1)
)
,

et ceci est l’objet de la section suivante.

Estimateur minimax adaptatif & Méthode de Goldenshluger-Lepski

Définition 95. Un estimateur b̃N , construit à partir de XN , est dit adaptatif au sens minimax sur
{Πα,β

b,L,L′(t0, x0) ; α, β, L, L′ > 0, b ∈ E} si pour tous α, β, L, L′ > 0, b ∈ E, il existe une constante
Cα,β,b,L,L′ > 0 telle que, pour N assez grand,

R
(
b̃N ; Πα,β

b,L,L′(t0, x0)
)

≤ Cα,β,b,L,L′ N
−

2sd(α,β)
2sd(α,β)+1 .

Pour construire un (presque) tel estimateur nous allons utiliser, pour le choix d’une fenêtre opti-
male dans le cadre de l’estimation de πb(t0, x0), la même variante de la méthode de Goldenshluger-
Lepski pour l’estimation ponctuelle que celle utilisée précédemment pour estimer µbt0(x0) : cette
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méthode adaptative va nous permettre de choisir une fenêtre optimale, et ce uniquement à par-
tir des données XN , sans connaissance préalable sur la régularité de πb. Nous allons également
réutiliser l’estimateur µ̂NGL(t0, x0) de µbt0(x0).
Dans toute la suite, nous supposons que les noyaux H et K utilisés dans la définition de π̂Nh
vérifient l’Hypothèse 83 et que HN

2 vérifie l’Hypothèse 87. De plus, nous supposons que

Hypothèse 96. HN
2 est muni d’une relation d’ordre ⪯ tel que pour tous h,h′ ∈ HN

2 , ou bien
h ⪯ h′, ou bien h′ ⪯ h.

Définissons tout d’abord le biais à l’échelle h ∈ HN
2 de πb au point (t0, x0) par :

BNh (πb)(t0, x0) := sup
h′⪯h,h′∈HN

2

∣∣∣ ∫ T

0

∫
Rd

(H ⊗K)h(t0 − t, x0 − x)πb(t, x)dxdt− πb(t0, x0)
∣∣∣. (34)

Nous avons alors∣∣∣ ∫ T

0

∫
Rd

(H ⊗K)h(t0 − t, x0 − x)πb(t, x)dxdt− πb(t0, x0)
∣∣∣2 ≤ BNh (πb)(t0, x0) .

Définissons à présent le proxy suivant pour la variance de notre estimateur

VNh = ϖ2|H ⊗K|22(logN)(Nh1h
d
2)−1, (35)

où ϖ2 > 0 est un hyperparamètre à fixer de manière préliminaire. Nous avons alors, d’après la
Proposition 89,

EPN
b

[∣∣∣ ∫ T

0

∫
Rd

(H ⊗K)h(t0 − t, x0 − x)
(
πN (dt, dx) − πb(t, x)dxdt

)∣∣∣2] ≲ VNh ,

et finalement, pour tout h ∈ HN
2 ,

R(t0,x0)(π̂Nh , πb) ≲ BNh (πb)(t0, x0)2 + VNh ,

ce qui entrâıne également globalement que, pour tout (h,h) ∈ HN
1 × HN

2 ,

R(t0,x0)
(
b̂Nh,h , b(·, ·, µb. )

)
≲
(
BNh (µb)(t0, x0)2 + VNh

)
+
(
BNh (πb)(t0, x0)2 + VNh

)
.

Il nous reste maintenant à choisir une fenêtre optimale ĥ
N

∈ HN
2 , au sens où elle vérifie une

inégalité oracle, c’est-à-dire que notre fenêtre fait toujours aussi bien que l’oracle au sens :

R(t0,x0)(π̂N
ĥ
N , π

b) ≲ inf
h∈HN

2

R(t0,x0)(π̂Nh , πb) .

En réalité, notre estimateur va vérifier l’inégalité oracle approximative suivante

R(t0,x0)(π̂N
ĥ
N , π

b) ≲ inf
h∈HN

2

(
BNh (π)(t0, x0)2 + VNh

)
.

Nous choisissons notre fenêtre optimale uniquement à partir des données XN (et donc sans rien
savoir de la régularité de πb) de la manière suivante :

ĥ
N

∈ argmin
h∈HN

2

(
ANh + VNh

)
, (36)
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où ANh est une approximation du biais au carré de l’estimateur, et est définie par

ANh := max
h′⪯h,h′∈HN

2

{∣∣π̂Nh (t0, x0) − π̂Nh′(t0, x0)
∣∣2 − (VNh + VNh′)

}
+
,

ce qui revient donc à comparer deux-à-deux les estimateurs possibles
{
π̂Nh (t0, x0) ; h ∈ HN

2
}

de
πb(t0, x0).

Notre estimateur de Goldenshluger-Lepski de πb(t0, x0) est alors

π̂NGL(t0, x0) := π̂N
ĥ
N (t0, x0) .

Remarque 97. Cet estimateur dépend des noyaux H et K et de l’hyperparamètre ϖ2. En pra-
tique, comme l’hyperparamètre ϖ1 pour l’estimation de µb, l’hyperparamètre ϖ2 doit être réglé
de manière préliminaire par d’autres méthodes.

Nous obtenons, comme annoncé ci-dessus, l’inégalité oracle approximative suivante, qui nous
permet donc d’évaluer la performance de notre estimateur de πb(t0, x0).

Théorème 98. Sous les Hypothèses 83, 87 et 96, si π̂NGL(t0, x0) est calibré avec

ϖ2 ≥ 12dκ3 max(12Tκ−1
2 κ2

5, 25|Tr(c)|∞) ,

il existe une constante Cb,H,K,(t0,x0) > 0 telle que, pour N assez grand, nous avons

R(t0,x0)(π̂NGL, π) ≤ Cb,H,K,(t0,x0) min
h∈HN

2

(
BNh (π)(t0, x0)2 + VNh

)
.

Enfin, l’estimateur de Goldenshluger-Lepski de b(t0, x0, µt0) construit à partir des données XN
est alors

b̂NGL(t0, x0) := b̂N
ĥN ,ĥ

N (t0, x0)ϖ =
π̂N

ĥ
N (t0, x0)

µ̂
ĥN

(t0, x0) ∨ϖ
, (37)

où le seuil ϖ > 0 est un hyperparamètre à calibrer. Et nous obtenons l’inégalité oracle approxima-
tive suivante, qui nous permet d’évaluer la qualité de notre estimateur de b(t0, x0, µ

b
t0).

Théorème 99. Sous les Hypothèses 64, 67, 83, 87 et 96, si µ̂NGL(t0, x0) et π̂NGL(t0, x0) sont calibrés
respectivement avec

ϖ1 ≥ 16κ−1
2 κ3 , ϖ2 ≥ 12dκ3 max(12Tκ−1

2 κ2
5, 25|Tr(c)|∞) ,

et si de plus ϖ ≤ κ4, alors il existe une constante Cb,K0,H,K,(t0,x0) > 0, où K0 est le noyau utilisé
pour construire µ̂NGL(t0, x0), telle que, pour N assez grand, nous avons

R(t0,x0)
(
b̂NGL, b(·, ·, µb. )

)
≲ R(t0,x0)(µ̂NGL, µ

b) + R(t0,x0)(π̂NGL, π
b)

≤ Cb,K0,H,K,(t0,x0)

×
(

min
h∈HN

1

(
BNh (µ)(t0, x0)2 + VNh

)
+ min

h∈HN
2

(
BNh (π)(t0, x0)2 + VNh

))
.
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Enfin, pour terminer notre étude de l’estimation non-paramétrique de πb et b(·, ·, µb. ), nous nous
intéressons à leur estimation minimax adaptative dans les espaces de Hölder.

Dans cette dernière partie, nous ferons l’hypothèse suivante sur (α, β).

Hypothèse 100. α est une fonction croissante de β, telle que la fonction β 7→ α(β)
β est décroissante

sur R⋆+.

Remarque 101. Ceci est bien le cas lorsque α dépend affinement de β, par exemple lorsque α = β
2 .

Posons δN : k ∈ N⋆ 7→ g−1(k/ logN)
α(g−1(k/ logN))k, et βk := g−1(k/ logN), où g : β 7→ 1

β
sd(α(β),β)

2sd(α(β),β)+1 , et
prenons comme espace des fenêtres

HN
2 :=

{
(e−k1 , e−k2) ; k1 = δN (k2), 1 ≤ k2 ≤

log
(
N/(logN)2)
d+ 1 ,

2 log logN ≤ δN (k2) ≤
log
(
N/(logN)2)
d+ 1

}
.

Nous définissons un ordre ⪯ sur HN
2 par :

h = (h1, h2) ⪯ h′ = (h′
1, h

′
2) si h1(k2)α(βk2 ) + h2(k2)βk2 ≤ h′

1(k′
2)α(βk′

2
) + h′

2(k′
2)βk′

2 , (38)

où h = (h1, h2) = (h1(k2), h2(k2)) = (e−δN (k2), e−k2) et de même pour h′. Le fait que h ⪯ h′ se
ramène alors à la seule condition k2 ≥ k′

2.

Nous obtenons la borne supérieure adaptative minimax suivante pour l’estimation de πb(t0, x0).

Théorème 102. Pour tout b ∈ E, si π̂NGL(t0, x0) est construit à partir de noyaux H et K d’ordres
respectifs oH + 1, oK + 1 ≥ 1 et vérifiant l’Hypothèse 83, et est calibré avec

ϖ2 ≥ 12dκ3 max(12Tκ−1
2 κ2

5, 25|Tr(c)|∞) ,

alors pour tous α, β, L, L′ > 0, il existe une constante Cb,H,K,α,β,L,L′,(t0,x0) > 0 telle que, pour N
assez grand, nous avons

R
(
π̂NGL(t0, x0) ; Πα,β

b,L,L′(t0, x0)
)

≤ Cb,H,K,α,β,L,L′,(t0,x0)

( logN
N

) 2sd(α,β,oH,oK )
2sd(α,β,oH,oK )+1

,

où sd(α, β, oH , oK) =
( 1
α∧oH + d

β∧oK

)−1.

Enfin, nous obtenons la borne supérieure adaptative minimax suivante pour l’estimation de
b(t0, x0, µ

b
t0).

Théorème 103. Prenons HN
1 et HN

2 des espaces de fenêtres définis comme lors de la construction
de µ̂NGL(t0, x0) et π̂NGL(t0, x0). Pour tout b ∈ E, si µ̂NGL(t0, x0) (resp. π̂NGL(t0, x0)) est construit à
partir d’un noyau K0 d’ordre o+ 1 ≥ 1 vérifiant l’Hypothèse 64 (resp. de noyaux H et K d’ordres
oH + 1, oK + 1 ≥ 1 vérifiant l’Hypothèse 83) et est calibré avec

ϖ1 ≥ 16κ−1
2 κ3

(
resp. ϖ2 ≥ 12dκ3 max(12Tκ−1

2 κ2
5, 25|Tr(c)|∞)

)
,
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et si de plus ϖ ≤ κ4, alors, pour tous α, β, L, L′ > 0, il existe une constante

Cb,K0,H,K,α,β,L,L′,(t0,x0) > 0

telle que, pour N assez grand, nous avons

R
(
b̂NGL(t0, x0) ; Πα,β

b,L,L′(t0, x0)
)

≤Cb,K0,H,K,α,β,L,L′,(t0,x0)

×
(( logN

N

)2(β∧o)/(2(β∧o)+d)
+
( logN

N

) 2sd(α,β,oH,oK )
2sd(α,β,oH,oK )+1

)
,

ce qui entrâıne, si tous les noyaux sont du même ordre o+ 1 ≥ 1, que

R
(
b̂NGL(t0, x0) ; Πα,β

b,L,L′(t0, x0)
)

≤ Cb,K0,H,K,α,β,L,L′,(t0,x0)

( logN
N

) 2( 1
α∧o+ d

β∧o )−1

2( 1
α∧o+ d

β∧o )−1+1 ,

et donc, pour od := o
d+1 ,

R
(
b̂NGL(t0, x0) ; Πα,β

b,L,L′(t0, x0)
)
≲
( logN

N

) 2(sd(α,β)∧od)
2(sd(α,β)∧od)+1

.

Ce dernier théorème montre bien qu’estimer b(t0, x0, µ
b
t0) a la même complexité qu’estimer d

fonctions de 1 + d variables en temps et espace : chaque composante t 7→ bk(t, x, µt) étant de
régularité α, et chaque composante xℓ 7→ bk(t, (x1, . . . , xℓ, . . . , xd), µt) étant de régularité β pour
ℓ = 1, . . . , d, cela revient à estimer la fonction (t, x) 7→ bk(t, x, µbt) de 1 + d variables de régularité
anisotrope (α, β, . . . , β). Nous retrouvons donc bien la vitesse de convergence minimax anisotrope
usuelle, pour la régularité effective sd(α, β), qui est reliée à la moyenne harmonique de (α, β, . . . , β).

3.4 Comparaison : paramétrique ou non-paramétrique ?
Tout au long de cette thèse, nous avons suivi le fil conducteur suivant : comment, à partir de

l’observation du système de particules en interaction XN , estimer µb = S(b, c, µ0) et b(·, ·, µb. ) ?

Or, si nous considérons que µ ∈
{
S
(
b0(ϑ ; ·), c, µ0

)
; ϑ ∈ Θ

}
où Θ est un sous-ensemble compact

de Rp, b0 est connu à ϑ près, c et µ0 sont connus, alors µ = µϑ0 = S
(
b0(ϑ0; ·), c, µ0

)
pour un certain

ϑ0 ∈ Θ, et donc théoriquement, grâce aux résultats vus dans le cadre paramétrique, nous pourrions
prendre comme estimateur de µb, au point (t0, x0),

µ̂N,mle(t0, x0) := S
(
b0(ϑ̂N,mle; ·), c, µ0

)
(t0, x0) ,

où ϑ̂N,mle est l’estimateur du maximum de vraisemblance de ϑ0, et donc µ̂N,mle(t0, x0) = µ ϑ̂
N,mle

t0 (x0).
Remarque 104. Dans les faits, l’application S agit le plus souvent comme une application in-
connue, une sorte de bôıte noire, et nous ne pouvons alors pas construire de manière effective un
estimateur ainsi. Cependant, il existe quelques cas particuliers où l’application S est explicite, et
ce sont ces cas particuliers que nous considérons ici.

Nous pouvons nous demander s’il serait ainsi possible d’améliorer la précision de notre esti-
mation de µbt0(x0) par rapport au taux de convergence obtenu à l’aide de notre estimateur non-
paramétrique µ̂N

ĥN
(t0, x0). Etudions pour cela le risque quadratique de µ̂N,mle(t0, x0).

Dans toute cette section, nous nous plaçons sous l’hypothèse suivante.
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Hypothèse 105. ϑ 7→ µϑt (x) est C1 sur l’intérieur de Θ, uniformément par rapport à (t, x).

Nous avons

EPN
ϑ0

[ ∣∣ µ̂N,mle(t0, x0) − µϑ0
t0 (x0)

∣∣2] = EPN
ϑ0

[ ∣∣ ∫ 1

0
∇ϑµ

ϑ0+λ(ϑ̂N,mle−ϑ0)
t0 (x0).(ϑ̂N,mle − ϑ0) dλ

∣∣2 ]
≤ EPN

ϑ0

[ ∣∣ϑ̂N,mle − ϑ0
∣∣4 ]1/2

× EPN
ϑ0

[
sup
λ∈[0,1]

∣∣∇ϑµ
ϑ0+λ(ϑ̂N,mle−ϑ0)
t0 (x0)

∣∣4 ]1/2

≲ N−1|IG(ϑ0)|−1 sup
ϑ∈Θ

|∇ϑµ
ϑ
t0(x0)| ,

d’où
R(t0,x0)

(
µ̂N,mle, µϑ0

)
= EPN

ϑ0

[ ∣∣µ̂N,mle(t0, x0) − µϑ0
t0 (x0)

∣∣2 ] ≲ N−1 ,

et nous obtenons ainsi un taux de convergence de N−1, ce qui améliore le taux N− 2β
2β+d obtenu

dans le cadre non-paramétrique (rappelons que β désigne ici la régularité hölderienne de µϑ0
t0 en x

dans un voisinage de x0).

Passons maintenant à l’estimation de b(t0, x0, µ
b
t0) = b0(ϑ0; t0, x0, µ

ϑ0
t0 ). Nous pouvons utiliser

comme estimateur théorique

b̂N,mle(t0, x0) := b0
(
ϑ̂N,mle ; t0, x0, µ̂

N,mle(t0, ·)) ,

qui comporte le risque quadratique suivant :

R(t0,x0)
(
b̂N,mle(t0, x0), b(·, ·, µb. )

)
= EPN

ϑ0

[ ∣∣b0
(
ϑ̂N,mle; t0, x0, µ̂

N,mle(t0, ·)
)

− b0
(
ϑ0; t0, x0, µ

ϑ0
t0

)∣∣2]
≲ EPN

ϑ0

[ ∣∣b0(ϑ̂N,mle; t0, x0, µ̂
N,mle(t0, ·)) − b0

(
ϑ̂N,mle; t0, x0, µ

ϑ0
t0

)∣∣2 ]
+ EPN

ϑ0

[ ∣∣b0(ϑ̂N,mle; t0, x0, µ
ϑ0
t0 ) − b0(ϑ0; t0, x0, µ

ϑ0
t0 )
∣∣2]

≲ EPN
ϑ0

[
W1(µ̂N,mle(t0, ·), µϑ0

t0 )2]
+ EPN

ϑ0

[ ∣∣ϑ̂N,mle − ϑ0
∣∣2 ](1 + |x0|2r1 + m2r2(µϑ0

t0 )
)
.

Enfin, comme µ̂N,mle(t0, ·) = µϑ̂
N,mle

t0 (·), nous avons, d’après le Théorème 25,

W1
(
µ̂N,mle(t0, ·), µϑ0

t0

)
≲ |ϑ̂N,mle − ϑ0| ,

d’où
R(t0,x0)

(
b̂N,mle(t0, x0), b(·, ·, µb. )

)
≲ EPN

ϑ0

[ ∣∣ϑ̂N,mle − ϑ0
∣∣2 ] ≲ N−1 ,

et nous obtenons ainsi un taux de convergence de N−1, ce qui améliore le taux N− 2sd(α,β)
2sd(α,β)+1 obtenu

dans le cadre non-paramétrique (rappelons que (α, β) désigne ici la régularité hölderienne de µϑ0

en (t, x) dans un voisinage de (t0, x0) et que 1
sd(α,β) = 1

α + d
β ).

Dans une dernière section, nous présentons une méthode proposée dans l’article [65] pour esti-
mer le noyau d’interaction dans le cadre non-paramétrique, lorsque la fonction de drift vérifie une
relation de type Vlasov.
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3.5 Estimation du noyau d’interaction dans le cadre non-paramétrique
Nous nous plaçons ici dans le cadre dit de Vlasov (voir [173]) avec un drift homogène en temps

et une diffusion constante :

b(t, x, ν) = b(x, ν) =
∫
Rd
b̃(x, y)ν(dy), où b̃(x, y) = F (x− y) +G(x), x, y ∈ Rd,

σ(t, x) = σId, σ > 0 .
Nous noterons ici PNb = PN(F,G), µ à la place de µb, et nous ferons dans toute la suite de cette
section l’hypothèse d’intégrabilité suivante :

Hypothèse 106. F ∈ L1(Rd), G ∈ L1(Rd) ∩ L2(Rd) .

Comme la fonction de drift se réécrit dans ce cadre

β(t, x) = b(x, µt) = G(x) + F ⋆ µt(x), (39)

l’EDP (2) se réécrit{
∂tµt = σ2

2 ∆µt − div
(
(G+ F ⋆ µt)µt

)
, (t, x) ∈ (0, T ) × Rd ,

µ|t=0 = µ0 .

et l’EDS (5) se réécrit dXi
t = G(Xi

t)dt+N−1∑N
j=1 F (Xi

t −Xj
t )dt+ σdBit, 1 ≤ i ≤ N, t ∈ [0, T ],

L(X1
0 , . . . , X

N
0 ) = µ⊗N

0 .

Nous nous intéressons au problème de l’identification de la fonction d’interaction x 7→ F (x) à partir
des données XN , puis de l’identification de x 7→ G(x), que nous considérons cependant dans un
premier temps plutôt comme un paramètre de nuisance : notre problème s’apparente donc à un
problème de déconvolution avec un bruit additif, et la solution proposée s’inspire de Johannes [106].

Nous introduisons pour traiter ce problème une forme linéaire L qui agit sur les fonctions tests
φ : [0, T ] → C de la manière suivante

Lφ :=
∫

[0,T ]
φ(t)w(t)ρ(dt), (40)

où ρ est une certaine mesure de probabilité sur [0, T ] et w : [0, T ] → R est une fonction de poids
vérifiant l’hypothèse

Hypothèse 107. w fonction bornée, à support compact, et telle que
∫

[0,T ] w(t)ρ(dt) = 0.

Nous noterons, pour Φ : [0, T ] × Rd → C,

pour tout x ∈ Rd, LΦ(·, x) :=
∫

[0,T ]
Φ(t, x)w(t)ρ(dt) , et LΦ : x ∈ Rd 7→ LΦ(·, x) .

En appliquant L de chaque côté de l’équation (39), nous obtenons

Lβ(·, x) = (F ⋆ Lµ.)(x) , x ∈ Rd, (41)
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ce qui implique en utilisant les propriétés de la transformée de Fourier F, et en notant

F
(
Lβ
)
(ξ) :=

∫
Rd

e−2iπξ⊤xLβ(·, x) dx ,

que
F
(
Lβ
)

= F(F ) · F(Lµ.) ,
i.e. que

F
(
Lb(·, µ.)

)
= F(F ) · F(Lµ.) ,

et ce qui nous donne finalement la décomposition formelle

F(F ) =
F
(
Lb(·, µ.)

)
F(Lµ.)

=
F
(
Lb(·, µ.)

)
· F(Lµ.)

|F(Lµ.)|2
(42)

dès que ce quotient est bien défini.
Nous prenons comme estimateur de F(Lµ.)(ξ) = LF(µ.)(ξ) le périodogramme

L
( ∫

Rd
e−2iπξ⊤xµN. (dx)

)
=
∫
Rd

e−2iπξ⊤xLµN. (dx) = F(LµN. )(ξ)

pour lequel nous n’avons pas besoin d’ajuster de fenêtre, et nous obtenons donc un estimateur
F̂N(ϖ,ϖ′,h,h,r) de F par la formule

F(F̂N(ϖ,ϖ′,h,h,r)) :=
F
(
L
(
(̂bNh,h)(·, ·)rϖ′

))
· F(LµN. )

|F(LµN. )|2 1{|F(LµN. )|2≥ϖ} ∈ Rd , (43)

avec
b̂Nh,h(t0, x0)rϖ′ :=

{
b̂Nh,h(t0, x0)ϖ′ si |x0| ≤ r

0 sinon,

comme estimateur tronqué de b(t0, x0, µ
b
t0), construit à partir de l’estimateur b̂Nh,h(t0, x0)ϖ′ de la

Section 3.3.
Notre estimateur de F dépend donc de cinq paramètres : d’une part deux seuils ϖ, r > 0 qui lui
sont propres, d’autre part ϖ′ > 0 et (h,h) qui sont respectivement le seuil et les fenêtres dans la
définition de l’estimateur de b(t0, x0, µ

b
t0).

Nous obtenons finalement le théorème de consistance suivant.

Théorème 108. Si |F(Lµ.)(ξ)| > 0 dξ-presque partout, il existe un choix de (ϖ,ϖ′, h,h) =
(ϖN , ϖ

′
N , hN ,hN ) → 0 et r = rN → ∞ tel que

EPN(F,G)

[ ∣∣F̂N(ϖ,ϖ′,h,h,r) − F
∣∣2
2

]
→ 0 quand N → ∞.

Nous pouvons donc bien reconstruire la force d’interaction F à partir des données XN . Nous en
déduisons également l’estimateur de G suivant :

ĜN(ϖ,ϖ′,h,h,r) := −b̂Nh,h(t0, ·)rϖ′ − F̂N(ϖ,ϖ′,h,h,r) ⋆ µ̂
N
h (t0, ·),

pour t0 ∈ (0, T ) quelconque, et nous pouvons obtenir un résultat de consistance sur cet estimateur
de la même manière que pour l’estimateur de F .
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Enfin, nous consacrons la section suivante à la présentation d’une nouvelle inégalité de concen-
tration de type Bernstein que nous avons établie au cours de notre étude statistique du modèle de
McKean-Vlasov et de son système de particules en interaction, ainsi qu’aux résultats intermédiaires
de type probabiliste qui nous ont permis d’y parvenir.

3.6 Inégalité de concentration de type Bernstein pour PN
b

Nous avons vu que les estimations non-paramétriques de µb et b(·, ·, µb. ) reposent en grande
partie sur l’inégalité de déviation de type Bernstein suivante que nous avons prouvée dans [65].

Théorème 109. Il existe κ1 = κ1(b), κ2 = κ2(b) > 0, tels que, pour toute mesure de probabilité
ρ(dt) sur [0, T ], pour toute fonction bornée Φ : [0, T ] × Rd → R,

PNb
(∫

[0,T ]×Rd
Φ(t, x)

(
µNt −µbt

)
(dy)⊗ρ(dt) ≥ z

)
≤ κ1 exp

(
−κ2

Nz2

|Φ|2
L2(µbt(dy)⊗ρ(dt)) + |Φ|∞z

)
, z ≥ 0 .

Cela entrâıne que, pour tout t0 ∈ (0, T ), pour toute fonction bornée ϕ : Rd → R,

PNb
(∫

Rd
ϕ(x)

(
µNt0 − µbt0

)
(dy) ≥ z

)
≤ κ1 exp

(
− κ2

Nz2

|ϕ|2
L2(µbt0 ) + |ϕ|∞z

)
, z ≥ 0 .

Nous donnons dans la suite la trame de la démonstration de ce résultat, ainsi que des résultats
intermédiaires que nous avons établis (ou utilisés concernant le Théorème 2 de [74]).

Système limite de particules indépendantes

Rappelons que la probabilité N -tensorielle P⊗N
b est l’unique mesure de probabilité sur (CN ,FNT )

sous laquelle L(XN0 ) = µ⊗N
0 et le processus suivant est un mouvement brownien standard sur

(Rd)N :

BN,b = (Bi,bt )1≤i≤N,t∈[0,T ] :=
(∫ t

0
c−1/2(s,Xi

s)(dXi
s − b(s,Xi

s, µ
b
s)ds)

)
1≤i≤N,t∈[0,T ]

.

Sous P⊗N
b , le processus canonique XN = (X1, . . . , XN ) est donc solution de dXi

t = b(t,Xi
t , µ

b
t)dt+ σ(t,Xi

t)dB
i,b

t , 1 ≤ i ≤ N, t ∈ [0, T ],

L(X1
0 , . . . , X

N
0 ) = µ⊗N

0 .

(44)

Le processus réel

M
N,b

t :=
N∑
i=1

∫ t

0

(
(c−1/2b)(s,Xi

s, µ
N
s ) − (c−1/2b)(s,Xi

s, µ
b
s)
)⊤
dB

i,b

s , (45)

est quant à lui une P⊗N
b -martingale.
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Soit Et(M
N,b

· ) = exp
(
M

N,b

t − 1
2 ⟨MN,b

. ⟩t
)

l’exponentielle de Doléans-Dade de MN,b

t et ⟨MN,b

. ⟩t
son compensateur prédictible. D’après le Théorème de Girsanov, la P⊗N

b -martingale locale Et(M
N,b

· )
est en fait une vraie P⊗N

b -martingale, et PNb et P⊗N
b sont absolument continues l’une par rapport

à l’autre, avec
dPNb
dP⊗N

b

= ET (MN,b

· ).

La proposition suivante (qui constitue en fait un analogue du critère de Novikov du Théorème
de Girsanov, dans sa version discrétisée développée dans le livre [?], Lemme 5.14, p.198) permet
de contrôler uniformément en N le changement de probabilité entre P⊗N

b et PNb .

Proposition 110. Pour tout τ > 0, il existe δ0 = δ0(τ, b) > 0 tel que

sup
N≥1

sup
t∈[0,T−δ]

EP⊗N
b

[
exp

(
τ
(
⟨MN,b

· ⟩t+δ − ⟨MN,b

· ⟩t
))]

≤ C1,

pour tout 0 ≤ δ ≤ δ0 et un certain C1 = C1(τ, b) > 0.

Soit AN,b ∈ FNT . Comme PNb et P⊗N
b coincident sur FN0 , nous avons

PNb (AN,b) = EPN
b

[
PNb (AN,b |F0)

]
= EP⊗N

b

[
PNb (AN,b |F0)

]
.

Pour toute subdivision 0 = t0 < t1 < . . . < tK ≤ T et tout évènement FNT -mesurable AN,b,
nous obtenons par des techniques de type grandes déviations (voir par exemple Gärtner [78] ou le
Théorème 2.6 de Lacker [116]) que

EPNb

[
PNb (AN,b |F0)

]
≤ EP⊗N

b

[
PNb
(
AN,b

∣∣FT )]1/4K
K∏
j=1

EP⊗N
b

[
exp

(
2
(
⟨MN,b

· ⟩tj − ⟨MN,b

· ⟩tj−1

))]j/4
,

ce qui entrâıne, pour τ = 2, tj = jT/K et K assez grand pour que tj − tj−1 ≤ δ0, que

PNb (AN,b) ≤ P⊗N
b

(
AN,b

)1/4K sup
N≥1

sup
t∈[0,T−δ0]

(
EP⊗N

b

[
exp

(
2
(
⟨MN,b

· ⟩t+δ0 − ⟨MN,b

· ⟩t
))])K(K+1)/8

≤ C
K(K+1)/8
1 P⊗N

b

(
AN,b

)1/4K
.

Enfin, en prenant

AN,b :=
{∫

[0,T ]×Rd
Φ(t, x)

(
µNt − µbt

)
(dx) ⊗ ρ(dt) ≥ z

}
,

nous obtenons le résultat voulu grâce à l’inégalité de Bernstein usuelle suivante (voir [145]) : pour
Z1, . . . , ZN des v.a. réelles centrées, indépendantes et bornées par Q > 0,

P
( N∑
i=1

Zi ≥ y
)

≤ exp
(

− y2

2(
∑N
i=1 E[Z2

i ] + Qy
3 )

)
pour tout y ≥ 0.

Dans la suite de cette section, nous présentons les résultats intermédiaires essentiels à la preuve
de la Proposition 110, et donc de cette inégalité de concentration.
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Contrôle de la distance entre b(s,Xi
s, µ

N
s ) et b(s,Xi

s, µ
b
s)

C’est en effet l’élément essentiel de la preuve de la Proposition 110, puisque par définition

⟨MN,b

· ⟩t+δ − ⟨MN,b

· ⟩t ≤ σ−2
−

N∑
i=1

∫ t+δ

t

|b(s,Xi
s, µ

N
s ) − b(s,Xi

s, µ
b
s)| ds .

Lemme 111. Notons ξNs (x) = b(s, x, µNs ) − b(s, x, µbs). Nous avons alors, sous l’Hypothèse 16,

∣∣ξNs (Xi
s)
∣∣2 ≤ C



W1(µNs , µbs)2 dans le cas (i),

∑k⋆b−1
ℓ=1

1
ℓ!
∣∣ ∫

(Rd)ℓ δ
ℓ
µb(s,Xi

s, y
ℓ, µbs)(µNs − µbs)⊗ℓ(dyℓ)

∣∣2
+W1(µNs , µbs)2 ∧ W1(µNs , µbs)2k⋆b dans le cas (ii),

∑k⋆b−1
ℓ=1

1
ℓ!
∣∣ ∫

(Rd)ℓ δ
ℓ
µb(s,Xi

s, y
ℓ, µbs)(µNs − µbs)⊗ℓ(dyℓ)

∣∣2 dans le cas (iii),

pour un certain C ≥ 1 explicite ne dépendant que de b.

Le second élément essentiel à la preuve de la Proposition 110 est l’inégalité de déviation suivante
provenant du Théorème 2 de Fournier et Guillin [74] :

sup
0≤s≤T

P⊗N
b (W1

(
µNs , µ

b
s

)
≥ x) ≲ εN (x),

avec εN (x) =


exp(−CNx2) si d = 1,
exp(−CN x2

(log(2+1/x))2

)
1{x≤1} + exp(−CNx2)1{x>1} si d = 2,

exp(−CNxd)1{x≤1} + exp(−CNx2)1{x>1} si d ≥ 3,

où C = C(d, c5) > 0, ce qui garantit que la Condition (1) du Théorème 2 de [74] est satisfaite, d’où
l’uniformité en s ∈ [0, T ].

Enfin, le troisième et dernier élément essentiel à la preuve de la Proposition 110 est le résultat
suivant, établi dans [65] (cf Chapitre 2), que l’on peut relier à certaines bornes sur les moments
des U -statistiques :

Lemme 112. Soit p ≥ 1. Pour 1 ≤ ℓ ≤ k < N , pour toute fonction f : [0, T ] × Rd × (Rd)ℓ → Rd
lipschitzienne en les variables d’espace, nous avons

EP⊗N
b

[∣∣ ∫
(Rd)ℓ

f(s,XN
s , y

ℓ)(µNs − µbs)⊗ℓ(dyℓ)
∣∣2p] ≤

p!Kp
ℓ

(N − k)p |f(s, ·)|2pLip, (46)

pour une constante Kℓ = Kℓ(b) > 0 explicite.

Ces résultats extraits de l’article [65] (cf. Chapitre 2), nous ont également été essentiels pour
prouver la Proposition 32 (i.e. contrôler la distance en variation totale entre P⊗N

b et PNb ).
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4 Composition de la thèse
La suite de cette thèse est divisée en trois parties :

• le [Chapitre I] est consacré à l’article d’estimation paramétrique

The LAN property for McKean-Vlasov models in a mean-field regime ,

co-écrit avec le Pr. Marc Hoffmann, accepté pour publication, voir [64] ;
• le [Chapitre II] est consacré à l’article d’estimation non-paramétrique

Nonparametric estimation for interacting particle systems : McKean-Vlasov models ,

co-écrit avec le Pr. Marc Hoffmann, publié, voir [65] ;
• le [Chapitre III] est consacré aux Annexes : nous y démontrons les résultats, énoncés dans

l’Introduction, supplémentaires par rapport aux deux articles pré-cités.
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CHAPITRE 1
THE LAN PROPERTY FOR MCKEAN-VLASOV MODELS IN A

MEAN-FIELD REGIME

1 Introduction

1.1 Motivation

Collective dynamics models are becoming increasingly popular in modelling complex stochastic
systems, with a versatiliy of applications, ranging from mathematical biology (neurosciences, Bala-
dron et al. [6], structured models in population dynamics, Mogilner et al. [154], Burger et al. [32])
to social sciences (opinion dynamics, Chazelle et al. [43], cooperative behaviours, Canuto et al. [33])
and finance (systemic risk, Fouque and Sun [73]), or more recently, mean-field games (Cardaliaguet
et al. [35], Cardaliaguet and Lehalle [36]). Whereas stochastic systems of interacting particles and
associated nonlinear Markov processes in the sense of McKean [146] date back to the 1960’s and
have been studied extensively over more than half a century, see e.g. [21, 173, 172, 148, 179] among
a myriad of references, the development of statistical inference in this setting is only emerging,
(with some notable exceptions like Löcherbach [134] in large time or e.g. Kasonga [111] or Bishwal
[16]) in a mean-field limit. Recently, Giesecke et al. [84] and Sharrock, Kantas, Parpas and Grigo-
rios [169] revisit the work of Kasonga and consider a parametric framework where convergent and
asymptotically normal contrast estimators are constructed. Several other parametric frameworks
(that consider various observation schemes and asymptotic frameworks) have also been recently
considered, like [44, 132, 189] or Genon-Catalot and Laredo [81, 82]. There also exist recent results
in nonparametric inference : we mention our work [65] and Belometsny et al. [8], together with
studies in identification like [120, 129, 130] or learning [119, 137, 136].

The present paper, close in spirit to [16, 84, 111] and [169] (in their so-called offline case)
considers a parametric framework in a mean-field regime over a fixed time horizon. We take a
deeper look at the asymptotic structure of the associated statistical experiment, in the sense of
local asymptotic normality or LAN, in order to derive strong results for the maximum likelihood,
both in asymptotic distribution and in an asymptotic minimax sense (up to constants) for various
loss functions. For simplicity, we keep-up with continuous observations, but we briefly explain how
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to move to a discrete data setting. Also, we look for simple and explicit criteria that enable us to
verify identifiability and non-degeneracy of the model. This is a non-trivial issue in the context of
nonlinear McKean-Vlasov models that is usually a bit overlooked in the literature.

1.2 Setting
We have a parameter of interest ϑ lying in a compact set Θ ⊂ Rp (with non empty interior), for

some fixed p ≥ 1. For some fixed time horizon T > 0, we continuously observe a stochastic system
of N interacting particles

X(N) = (X1
t , . . . , X

N
t )t∈[0,T ], (1.1)

evolving in an Euclidean ambient space Rd, that solves{
dXi

t = b(ϑ; t,Xi
t , µ

(N)
t )dt+ σ(t,Xi

t)dBit, 1 ≤ i ≤ N, t ∈ [0, T ],
L(X1

0 , . . . , X
N
0 ) = µ⊗N

0 ,
(1.2)

where µ
(N)
t = N−1∑N

i=1 δXit is the empirical measure of the system. The (Bit)t∈[0,T ] are inde-
pendent Rd-valued Brownian motions. The initial condition µ0, the drift b and the diffusion coef-
ficient σ are at least sufficiently regular so that

µ(N) = (µ(N)
t )t∈[0,T ] → µ = (µt)t∈[0,T ]

in distribution as N → ∞, where µ is a family of probability measures that solves (in a weak sense)
the parabolic nonlinear equation{

∂tµ+ div
(
b(ϑ; ·, µ)µ

)
= 1

2
∑d
k,k′=1 ∂

2
kk′

(
ckk′µ

)
, t ∈ [0, T ],

µt=0 = µ0,
(1.3)

with c = σσ⊤. We will write µϑ = (µϑt )t∈[0,T ] to emphasise the dependence in ϑ. In this context,
we are interested in estimating from data (1.1) the parameter ϑ ∈ Θ of the function (ϑ; t, x, ν) 7→
b(ϑ; t, x, ν) ∈ Rd. Asymptotics are taken as N → ∞.

A particular case of interest that covers many examples is when the dependence in the measure
variable for b is linear : we then have

b(ϑ; t,Xi
t , µ

(N)
t ) =

∫
Rd
b̃(ϑ;Xi

t , y)µ(N)
t (dy) = N−1

N∑
j=1

b̃(ϑ;Xi
t , X

j
t ), (1.4)

for some function b̃ : Θ × Rd × Rd → Rd. A typical form is b̃(ϑ; t, x, y) = Gϑ(x) + Fϑ(x− y) where
Gϑ, Fϑ : Rd → Rd play the role of a common external force to the system and an interaction force
respectively.

1.3 Results and organisation of the paper
In Section 2, we rigorously construct the (sequence of) statistical experiment(s) generated by

the observation (1.1) under the dynamics (1.2) that we denote (EN )N≥1. It is well defined and
regular in the classical sense of Ibragimov and Hasminski [98] under strong integrability of the
initial condition µ0 and standard smoothness assumptions on the drift ϑ 7→ b(ϑ; ·) and the diffusion
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matrix c = σσ⊤, see Assumptions 1.1, 1.2, 1.3 and 1.4 and Proposition 1.6. The deep study of
the asymptotic identifiability of EN and the asymptotic non-degeneracy of its information matrix
IEN (ϑ) is simplified via the two following accompanying experiments. The first one is H⊗N , where
H is generated by the continuous observation of a solution to the McKean-Vlasov equation{

dXt = b(ϑ; t,Xt, µ
ϑ
t )dt+ σ(t,Xt)dBt, t ∈ [0, T ],

L(X0) = µ0,

for a standard Brownian motion (Bt)t∈[0,T ] on Rd and where µϑt is the marginal distribution of
the solution at time t. The second one is the family of experiments G⊗N

ϑ0
, ϑ0 ∈ Θ, where for every

ϑ0 ∈ Θ we denote by Gϑ0 the experiment generated by the continuous observation of a solution to
the linear (in the McKean sense) equation{

dXt = b(ϑ; t,Xt, µ
ϑ0
t )dt+ σ(t,Xt)dBt, t ∈ [0, T ],

L(X0) = µ0,

for a standard Brownian motion (Bt)t∈[0,T ] on Rd. In particular, in the case of representation 1.4
we have that EN and H⊗N do not separate asymptotically by a simple entropy argument, see
Proposition 1.10. We also have the convergence of the normalized Fisher information matrices :

N−1IEN (ϑ) → I(ϑ)

to some kind of a proxy Fisher information matrix I(ϑ) in a mean-field limit N → ∞, as established
in Proposition 1.11. Actually, if, for every ϑ0 ∈ Θ, IGϑ0

(ϑ) denotes the Fisher information matrix
of the experiment Gϑ0 (if it exists), I(ϑ) can be seen as the limit of IGϑ0

(ϑ) as ϑ0 → ϑ. Nonetheless,
if we denote by IH(ϑ) the Fisher information of the experiment H (if it exists), we de not have that
I(ϑ) and IH(ϑ) coincide in general (yet, this would be of course the case in the ”degenerate” case
where b does not depend on the measure parameter). Despite this fact, this approximation is still
the gateway to obtain explicit identifiability and non-degeneracy criteria, as detailed in Section
2.4. In particular, under additional regularity assumptions, we obtain a quite simple criterion for
I(ϑ) to be non-degenerate in Proposition 1.15, namely the property that one of the functions

x 7→ ∇ϑ(c−1/2b)j(ϑ; 0, x, µ0)⊤z, j = 1, . . . , d (1.5)

is not identically vanishing, for every z ∈ Rp with |z| = 1, with c−1/2 a square root of c = σσ⊤. We
use the notation f = (f j)1≤j≤d componentwise, the f j being real-valued functions. In particular,
(1.5) has the advantage to only relate to the initial condition µ0 in the measure argument and
not the whole (µϑt )t∈[0,T ] which is (almost) never explicit. Having a simple criterion to achieve
the non-degeneracy of the Fisher information seems to have been a bit overlooked in the literature
(where it is usually simply assumed to hold true) and our result is thus of interest for other studies.

In Section 3, we state the main results of the paper, Theorem 1.17, where we establish the
LAN property : if we reparametrise the experiments via ϑ = ϑ0 + N−1/2u locally around a fixed
point ϑ0, with u ∈ Rp being now the unknown parameter, then EN looks like a Gaussian shift : we
observe

Y N = u+ I(ϑ0)−1/2ξ

where ξ is a standard Gaussian random vector in Rp. This has important consequences in terms of
existence and properties of optimal procedures : we have Hájek’s convolution theorem (Corollary
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1.18), namely for any estimator ϑ̂N ,

lim inf
N→∞

sup
|ϑ′−ϑ|≤δ

EPN
ϑ′

[
w
(
N1/2I(ϑ)1/2(ϑ̂N − ϑ′)

)]
≥ E[w(ξ)], (1.6)

for small enough δ > 0, where PNϑ′ is the distribution of the data when the parameter is ϑ′ and w
is an arbitrary loss function satisfying some regularity properties. The bound (1.6) is achieved by
the maximum likelihood estimator ϑ̂ mle

N obtained by maximising the contrast

ϑ 7→ ℓN (ϑ;X(N)) =
N∑
i=1

∫ T

0

(
(c−1b)(ϑ; t,Xi

t , µ
(N)
t )⊤dXi

t − 1
2 |(c−1/2b)(ϑ; t,Xi

t , µ
(N)
t )|2dt

)
. (1.7)

This implies in particular the convergence
√
N
(
ϑ̂ mle
N − ϑ

)
→ N

(
0, I(ϑ)−1) (1.8)

in distribution. Moreover, we have in Theorem 1.19 the minimax asymptotic optimality of ϑ̂ mle
N , in

the sense that
RNw (ϑ̂ mle

N ; Θ) = inf
ϑ̂N

RNw (ϑ̂N ; Θ)(1 + o(1))

where RNw (ϑ̂N ; Θ) = supϑ∈Θ EPN
ϑ

[w(N1/2I(ϑ)1/2(ϑ̂N − ϑ))] is the classical minimax risk. Thus the
LAN property enables us to obtain considerably stronger results than simply (1.8). In Section
4, we investigate several non-trivial examples that generalise the results of [111], and where our
identifiability and non-degeneracy criteria easily apply. We treat in particular the case of a kinetic
mean-field double layer potential that may serve as a representative model for swarming models,
see in particular [19] and the references therein. The proofs are delayed until Sections 5 and 6, with
an appendix (Section 7) that contains useful technical results.

In practice, maximising the function (1.7) is not feasible, since only discrete data are available.
It is then reasonable to replace the ideal observation (1.1) by the more realistic

X(N,m) =
(
X1
t , . . . , X

N
t

)
t∈{tm0 ,...,tmm},

where (0 = tm0 < tm1 < . . . < tmm = T ) is a subdivision of [0, T ] with mesh

max
1≤j≤m

(tmj − tmj−1) ≤ Cm−1.

We thus have (m+ 1) ×N data with values in Rd. We may then replace (1.7) by

ϑ 7→ N−1
N∑
i=1

m∑
j=0

(
(c−1b)(ϑ; tmj , Xi

tm
j−1

, µ
(N)
tm
j−1

)⊤(Xi
tm
j

−Xi
tm
j−1

)

− 1
2 |(c−1/2b)(ϑ; tmj−1, X

i
tm
j−1

, µ
(N)
tm
j−1

)|2(tmj − tmj−1)
)
.

Assuming the function (t, x) 7→ (c−1/2b)(ϑ; t, x, µ(N)
t ) to be smooth, we may safely expect the dis-

crete approximation to be close to its continuous counterpart up to an additional error of order
m−1/2, by standard high-frequency discretisation techniques, see the textbooks of Jacod and co-
authors [2, 101, 102]. In particular, if m ≫ N , the same results as for continuous observations
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are likely to hold true. While this paper was under review, new results about contrast estimation
from discrete data in the same setting (actually a bit more general with respect to the form of the
diffusion coefficient) were proposed by Amorino, Heidari, Pilipauskaité and Podolskij, see [3]. It is
shown in particular that contrast estimators based on discrete data achieve optimality in the sense
of (1.8), up to an m−1/2 error term.

2 Construction and properties of the statistical model
2.1 Notation

The dimension d ≥ 1 of the state space Rd and the dimension p ≥ 1 of the parameter space Θ
as well as the time horizon T > 0 are fixed once for all. We write | · | for the Euclidean distance
on Rq (q = p, d or any other integer, depending on the context) or for a matrix norm on Rp ⊗ Rp
fixed throughout.

We consider functions that are mappings defined on products of metric spaces (typically Θ ×
[0, T ] ×Rd ×P1 or subsets of these) with values in R or Rd. Here, P1 denotes the set of probability
measures on Rd with a first moment, endowed with the Wasserstein 1-metric

W1(µ, ν) = inf
m∈Γ(µ,ν)

∫
Rd×Rd

∣∣x− y
∣∣m(dx, dy) = sup

|ϕ|Lip≤1

∫
Rd
ϕd
(
µ− ν

)
,

where Γ(µ, ν) denotes the set of probability measures on the product space Rd×Rd with marginals
µ and ν. For a probability measure µ on Rd, we also set

mr(µ) =
∫
Rd

|y|rµ(dy)

for its moment of order r ≥ 1 and we say that µ ∈ Pr if mr(µ) is finite. All the functions in
the paper are implicitly measurable with respect to the Borel-sigma field induced by the product
topology. A Rd-valued function f is written componentwise as f = (fk)1≤k≤d where the fk are
real-valued. We denote by ∂ϑk , ∇ϑ, ∂2

ϑkϑl
respectively the partial derivative of a function with

respect to the k-th component ϑk, the gradient of a real-valued function with respect to ϑ, the
second order partial derivative of a function with respect to the k-th and l-th components ϑk, ϑl.

Finally, we repeatedly use the notation C for a positive number that does not depend on N ,
nor ϑ, that may vary from line to line and that we call a constant, although it usually depends on
some other (fixed) quantities of the model. In most cases, it is explicitly computable.

2.2 Model assumptions
Well-posedness of the model and its associated statistical experiment

We work under the following strong integrability property for the initial condition µ0.

Assumption 1.1. For every r ≥ 1, we have µ0 ∈ Pr.

As for the diffusion matrix σ : [0, T ] × Rd → Rd ⊗ Rd, we make the following strong ellipticity
and Lipschitz smoothness assumption.
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Assumption 1.2. The diffusion matrix σ is measurable and for some C ≥ 0, we have

|σ(t, x′) − σ(t, x)| ≤ C|x′ − x|.

Moreover, c = σσ⊤ is such that σ2
−|y|2 ≤ (c(t, x)y)⊤y ≤ σ2

+|y|2 for some σ± > 0.

As for the drift part b : Θ × [0, T ] × Rd × P1 → Rd, we work under usual Lipschitz smoothness
assumptions.

Assumption 1.3. The drift b is measurable and for some C ≥ 0, we have

sup
t∈[0,T ],ϑ∈Θ

∣∣b(ϑ; t, x′, ν′) − b(ϑ; t, x, ν)
∣∣ ≤ C

(
|x′ − x| + W1(ν′, ν)

)
,

and
b0 = sup

t∈[0,T ],ϑ∈Θ
|b(ϑ; t, 0, δ0)| < ∞ .

We let |b|Lip denote the smallest C ≥ 0 for which Assumption 1.3 holds.

Assumptions 1.1, 1.2, 1.3 together are sufficient to guarantee the well-posedness of the statistical
model : there exists a unique weak solution to (1.2) for every ϑ ∈ Θ hence the data X(N) of (1.1) is
well-defined. More precisely, we let CN = C([0, T ], (Rd)N ) denote the space of continuous functions
on (Rd)N , equipped with the natural filtration (FNt )t∈[0,T ] induced by the canonical mappings

X
(N)
t (ω) =

(
X1
t (ω), . . . , XN

t (ω)
)

= ωt.

For µ0 ∈ P1 and ϑ ∈ Θ, the probability PNϑ on (CN ,FN ) under which the canonical process
X(N) = (X(N)

t )t∈[0,T ] is a solution of (1.2) for the initial condition µ⊗N
0 is uniquely defined under

Assumptions 1.1, 1.2 and 1.3. Recommended reference (that covers our set of assumptions) is the
textbook by Carmona and Delarue [37] or the lectures notes of Lacker [115]. Moreover, for every
ϑ ∈ Θ, the parabolic nonlinear equation (1.3) has a unique probability solution µ = (µϑt )t∈[0,T ] and
we have the convergence µ(N)

t → µϑt under PNϑ in distribution, for every ϑ ∈ Θ.

We thus study under Assumptions 1.1, 1.2, 1.3 the (sequence of) statistical experiment(s)
generated by the observation (1.1) under the dynamics (1.2) and that we realise as

(EN )N≥1 =
(
CN ,FN ,

(
PNϑ , ϑ ∈ Θ

))
N≥1

.

Note that at that stage, we do not impose any identifiability assumption i.e. we do not assume
that the mapping ϑ 7→ PNϑ is one-to-one. We will discuss that matter together with the non-
degeneracy of the model later in Section 2.4.

Regularity of the experiment EN

In order to study the regularity of the model, we need specific smoothness properties for the
function ϑ 7→ b(ϑ, ·).
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Assumption 1.4. There exist r1, r2 ≥ 1 and C > 0 such that for every point ϑ in the interior of
Θ and every (t, x, ν) ∈ (0, T ) ×Rd×Pmax(r1,r2), the function ϑ 7→ b(ϑ; t, x, ν) is twice differentiable
and for every 1 ≤ ℓ, ℓ′ ≤ p,

sup
t∈[0,T ]

(|∂ϑℓb(ϑ; t, x, ν)| + |∂2
ϑℓϑℓ′ b(ϑ; t, x, ν)|) ≤ C(1 + |x|r1 + mr2(ν)),

sup
t∈[0,T ]

|∂ϑℓb(ϑ; t, x′, ν′) − ∂ϑℓb(ϑ; t, x, ν)| ≤ C(|x′ − x| + W1(ν′, ν)).

The smoothness properties of the map ϑ 7→ b(ϑ; ·) granted by Assumption 1.4 enables us to
explore further the regularity of the experiment EN . First, note that we have a log-likelihood by
setting

ℓN (ϑ;X(N)) =
N∑
i=1

∫ T

0
(c−1b)(ϑ; t,Xi

t , µ
(N)
t )⊤dXi

t − 1
2

N∑
i=1

∫ T

0
|(c−1/2b)(ϑ; t,Xi

t , µ
(N)
t )|2dt, (1.9)

where c−1/2 is fixed once for all. Indeed, by Girsanov’s theorem again, the laws PNϑ are all absolutely
continuous w.r.t. WN , defined as the unique probability on (CN ,FN ) under which the processes(∫ t

0
c−1/2(s,Xi

s)dXi
s

)
t∈[0,T ]

, 1 ≤ i ≤ N

are independent standard Brownian motions on Rd, together with L(X1
0 , . . . , X

N
0 ) = µ⊗N

0 . In turn,
for every ϑ ∈ Θ,

dPNϑ
dWN

(X(N)) = exp
(
ℓN (ϑ;X(N))

)
holds WN -almost-surely. We further write LN (ϑ;X(N)) = exp

(
ℓN (ϑ;X(N))

)
for the likelihood

process, indexed by the parameter ϑ ∈ Θ. We recall one possible classical definition of a regular
statistical experiment, following [98].

Definition 1.5. The dominated (sequence of) experiment(s) (EN )N≥1 is regular if
(i) ϑ 7→ LN (ϑ;X(N)) is differentiable for every ϑ in (the interior of) Θ, WN -almost surely,

(ii) ϑ 7→ ∇ϑL
N (ϑ;X(N)) is continuous in quadratic WN -mean, for every ϑ in (the interior of)

Θ,
(iii) we have finite Fisher information

EPN
ϑ

[
|∇ϑℓ

N (ϑ;X(N))|2
]
< ∞

for every ϑ in (the interior of) Θ.

Proposition 1.6. Under Assumptions 1.1, 1.2, 1.3 and 1.4 the (sequence of) experiment(s)
(EN )N≥1 is regular.

(Sketch of) Proof. By exchanging the order of the differentiation with respect to ϑ and the sto-
chastic integral we have

∂ϑkℓ
N (ϑ;X(N)) =

N∑
i=1

∫ T

0
∂ϑk(c−1b)(ϑ; t,Xi

t , µ
(N)
t )⊤dXi

t
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−
N∑
i=1

∫ T

0
∂ϑk(c−1/2b)(ϑ; t,Xi

t , µ
(N)
t )⊤(c−1/2b)(ϑ; t,Xi

t , µ
(N)
t )dt.

We obtain the representation

∂ϑkℓ
N (ϑ;X(N)) =

N∑
i=1

∫ T

0
∂ϑk(c−1/2b)(ϑ; t,Xi

t , µ
(N)
t )⊤dBi,N,ϑt , (1.10)

where the

(Bi,N,ϑt )t∈[0,T ] =
(∫ t

0
c−1/2(s,Xi

s)(dXi
s − b(ϑ; s,Xi

s, µ
(N)
s )ds)

)
t∈[0,T ]

, 1 ≤ i ≤ N

are independent Brownian motions on Rd under PNϑ . The properties (i), (ii) and (iii) are then a
simple consequence of Assumption 1.4 together with the following moment bound,
Lemma 1.7. Under Assumptions 1.1, 1.2, 1.3, for every r ≥ 1, we have

sup
ϑ∈Θ,t∈[0,T ],N≥1

EPN
ϑ

[|Xi
t |r] < ∞.

Note that EPN
ϑ

[|Xi
t |r] does not depend on 1 ≤ i ≤ N . The proof of Lemma 1.7 is given in

Appendix 7.1.

Finally, we have a notion of Fisher information matrix by setting

IEN (ϑ) = EPN
ϑ

[
∇ϑℓ

N (ϑ;X(N))∇ϑℓ
N (ϑ;X(N))⊤].

Thanks to (1.10), we also have

IEN (ϑ) =
( N∑
i=1

EPN
ϑ

[ ∫ T

0
∂ϑℓ(c−1/2b)(ϑ; t,Xi

t , µ
(N)
t )∂ϑℓ′ (c−1/2b)(ϑ; t,Xi

t , µ
(N)
t )⊤dt

])
1≤ℓ,ℓ′≤p

.

(1.11)

2.3 The companion McKean-Vlasov product experiment and its linear
counterpart

We let C = C([0, T ],Rd) denote the space of continuous functions on Rd, equipped with the
natural filtration (Ft)0≤t≤T induced by the canonical mapping Xt(ω) = ωt. For every ϑ ∈ Θ, we
let Pϑ denote the unique law under which the process

(Bϑt )t∈[0,T ] =
(∫ t

0
c−1/2(s,Xs)(dXs − b(ϑ; s,Xs, µ

ϑ
s )ds)

)
t∈[0,T ]

is a standard Brownian motion on Rd, appended with the condition L(X0) = µ0, and µϑ =
(µϑt )t∈[0,T ] is a probability solution of (1.3). The family (Pϑ)ϑ∈Θ is well-defined under Assumptions
1.1, 1.2, 1.3. In particular, the canonical process X on (C,FT ) is a solution to the McKean-Vlasov
equation {

dXt = b(ϑ; t,Xt, µ
ϑ
t )dt+ σ(t,Xt)dBϑt , t ∈ [0, T ],

L(X0) = µ0.
(1.12)

The following result is the counterpart of Lemma 1.7. Note in particular that the marginals of Pϑ
coincide with the solution µϑ = (µϑt )t∈[0,T ] of the Fokker-Planck equation (1.3).
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Lemma 1.8. Under Assumptions 1.1, 1.2, 1.3, for every r ≥ 1, we have

sup
ϑ∈Θ,t∈[0,T ]

EPϑ [|Xt|r] = sup
ϑ∈Θ,t∈[0,T ]

∫
Rd

|x|rµϑt (dx) < ∞.

The proof is given in Section 7.2. We also have the following smoothness property in the
parameter ϑ, proof of which is delayed until Section 6.1.

Proposition 1.9. Under Assumption 1.1, 1.2, 1.3 and 1.4, the mapping ϑ 7→ µϑt is Lipschitz
continuous in the Wasserstein-1 metric W1, uniformly in t ∈ [0, T ].

We next consider the first one of our two limit experiments

H =
(
C,FT , (Pϑ)ϑ∈Θ

)
and its N -fold counterpart

H⊗N =
(
CN ,FNT , (P

⊗N
ϑ )ϑ∈Θ

)
that serves as an approximation in the mean-field limit for the experiment EN . Inspired by classical
propagation of chaos techniques (see in particular [116]), we can easily show that the measures PNϑ
and P⊗N

ϑ are indistinguishable when the drift is of the form

b(ϑ; t, x, ν) =
∫
Rd
b̃(ϑ; t, x, y)ν(dy), (1.13)

for some kernel b̃(ϑ; ·) : [0, T ] × Rd × Rd → Rd such that

sup
t∈[0,T ],ϑ∈Θ

∣∣̃b(ϑ; t;x; y)
∣∣ ≤ C(1 + |x|r1 + |y|r2) (1.14)

for some r1, r2 ≥ 1, a situation that covers most of our examples, see Section 4 below. More
precisely, we have the following

Proposition 1.10. Under Assumptions 1.1, 1.2, 1.3, if b has moreover the form (1.13)-(1.14), we
have

lim sup
N→∞

sup
ϑ∈Θ

EP⊗N
ϑ

[
log dP

⊗N
ϑ

dPNϑ

]
< ∞. (1.15)

In particular, if

sup
ϑ∈Θ

∫ T

0

∫
Rd×Rd

|̃b(ϑ; t, x, y)|2(µϑt ⊗ µϑt )(dx, dy)dt < 4σ2
−,

then
lim sup
N→∞

sup
ϑ∈Θ

∥PNϑ − P⊗N
ϑ ∥TV < 1, (1.16)

where ∥ · ∥TV denotes total variation distance and σ− is defined in Assumption 1.2).

The proof is given in Section 6.2. Some remarks are in order : 1) The estimate (1.15) tells
us that it is impossible to statistically discriminate between PNϑ and P⊗N

ϑ asymptotically. More
precisely, inequality (1.16) shows in particular that provided b̃ is not too big or T not too large,
then there exists no test of the null H0 : PNϑ = P⊗N

ϑ against the alternative H1 : PNϑ ̸= P⊗N
ϑ with
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asymptotically arbitrarily small first and second kind error in the limit N → ∞ in the following
sense : for fixed ϑ, any test which rejects the null on the event RN has sum of the first and second
kind errors equal to P⊗N

ϑ (RN ) + PNϑ (RcN ) ≥ 1 − ∥PNϑ − P⊗N
ϑ ∥TV , which is asymptotically bounded

away from zero by (1.16). 2) Finally, (1.15) may hold in wider generality when the dependence
in the measure variable in the drift is nonlinear, as soon as we have some differentiability in the
following sense : there exists ∂νb(ϑ; t, x, ·) : Rd × P1 → Rd such that

b(ϑ; t, x, ν) − b(ϑ; t, x, ν′) =
∫ 1

0
∂νb(ϑ; t, x, y, λν + (1 − λ)ν′)(ν − ν′)(dy)

for every ν, ν′ ∈ P1 and ∂νb(ϑ; t, x, ·) satisfies additional smoothness properties. Iterating the ope-
rator ∂ν , if ∂kν b(ϑ; t, x, ·) : (Rd)k × P1 → Rd exists and satisfies some smoothness and integrability
properties, we may expect (1.15) to hold as soon as k ≥ d/2. We refer to Assumption 4 and Pro-
position 19 of [65] where this approach is developed.

We also have a log-likelihood in the experiment H⊗N by setting

ℓ
N (ϑ;X(N)) =

N∑
i=1

∫ T

0
(c−1b)(ϑ; t,Xi

t , µ
ϑ
t )⊤dXi

t − 1
2

N∑
i=1

∫ T

0
|(c−1/2b)(ϑ; t,Xi

t , µ
ϑ
t )|2dt. (1.17)

This is the same argument as before : the laws P⊗N
ϑ are all absolutely continuous w.r.t. WN , and

for every ϑ ∈ Θ,
dP⊗N

ϑ

dWN
(X(N)) = exp

(
ℓ
N (ϑ;X(N))

)
(1.18)

holds WN -almost-surely.
Finally under Assumptions 1.1, 1.2, 1.3 and 1.4, the (sequence of) experiment(s) H⊗N is also a
regular model and its (normalised) Fisher information IH(ϑ) = N−1IH⊗N (ϑ) is given by

IH(ϑ) =N−1EP⊗N
ϑ

[
∇ϑℓ

N (ϑ;X(N))∇ϑℓ
N (ϑ;X(N))⊤]

=
d∑
j=1

∫ T

0

∫
Rd

∇ϑ

[
(c−1/2b)j(ϑ; t, x, µϑt )

]
∇ϑ

[
(c−1/2b)j(ϑ; t, x, µϑt )

]⊤
µϑt (dx)dt

as soon as ϑ 7→ b(ϑ; t, x, µϑt ) is smooth enough, with appropriate integrability properties of its
derivative w.r.t. ϑ.

We now consider our second limit experiment, or actually our family of limit experiments. For
every ϑ0, ϑ ∈ Θ, we let Pϑ,ϑ0 denote the unique law under which the process

(Bϑ,ϑ0
t )t∈[0,T ] =

(∫ t

0
c−1/2(s,Xs)(dXs − b(ϑ; s,Xs, µ

ϑ0
s )ds)

)
t∈[0,T ]

is a standard Brownian motion on Rd, appended with the condition L(X0) = µ0. For every ϑ0 ∈ Θ,
the family (Pϑ,ϑ0)ϑ∈Θ is well-defined under Assumptions 1.1, 1.2, 1.3. In particular, the canonical
process X on (C,FT ) is solution to the linear (in the McKean sense) equation{

dXt = b(ϑ; t,Xt, µ
ϑ0
t )dt+ σ(t,Xt)dBϑ,ϑ0

t , t ∈ [0, T ],
L(X0) = µ0.

(1.19)
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Our second limit experiment is then the family of experiments Gϑ0 , ϑ0 ∈ Θ, where for every fixed
ϑ0 ∈ Θ,

Gϑ0 =
(
C,FT , (Pϑ,ϑ0)ϑ∈Θ

)
and N -fold counterpart family of experiments

G⊗N
ϑ0

=
(
CN ,FNT ,

(
P⊗N
ϑ,ϑ0

)
ϑ∈Θ

)
, ϑ0 ∈ Θ .

We also have, for every ϑ0 ∈ Θ, a log-likelihood in the experiment G⊗N
ϑ0

by setting

ℓ
N

ϑ0
(ϑ;X(N)) =

N∑
i=1

∫ T

0
(c−1b)(ϑ; t,Xi

t , µ
ϑ0
t )⊤dXi

t − 1
2

N∑
i=1

∫ T

0
|(c−1/2b)(ϑ; t,Xi

t , µ
ϑ0
t )|2dt. (1.20)

This is the same argument as before : the laws P⊗N
ϑ,ϑ0

are all absolutely continuous w.r.t. WN , and
for every ϑ ∈ Θ,

dP⊗N
ϑ,ϑ0

dWN
(X(N)) = exp

(
ℓ
N

ϑ0
(ϑ;X(N))

)
(1.21)

holds WN -almost-surely.
Finally under Assumptions 1.1, 1.2, 1.3 and 1.4, the (sequence of) experiment(s) G⊗N

ϑ0
is also a

regular model and its (normalised) Fisher information IGϑ0
(ϑ) = N−1IG⊗N

ϑ0
(ϑ) is given by

IGϑ0
(ϑ) = N−1EP⊗N

ϑ,ϑ0

[
∇ϑℓ

N

ϑ0
(ϑ;X(N))∇ϑℓ

N

ϑ0
(ϑ;X(N))⊤]

=
d∑
j=1

∫ T

0

∫
Rd

∇ϑ(c−1/2b)j(ϑ; t, x, µϑ0
t )∇ϑ(c−1/2b)j(ϑ; t, x, µϑ0

t )⊤µϑ,ϑ0
t (dx)dt ,

where µϑ,ϑ0
t denotes the law of X1

t under Pϑ,ϑ0 . The mapping (ϑ0, ϑ) 7→ IGϑ0
(ϑ) is smooth, and we

can then define, for every ϑ ∈ Θ,
I(ϑ) := lim

ϑ0→ϑ
IGϑ0

(ϑ)

which means that

I(ϑ) =
d∑
j=1

∫ T

0

∫
Rd

∇ϑ(c−1/2b)j(ϑ; t, x, µϑt )∇ϑ(c−1/2b)j(ϑ; t, x, µϑt )⊤µϑt (dx)dt .

The mapping ϑ 7→ I(ϑ) is of course itself smooth and appears as the (normalised) asymptotic
information of EN :

Proposition 1.11. Under Assumptions 1.1, 1.2, 1.3 and 1.4, the mapping ϑ 7→ I(ϑ) is Lipschitz
continuous. Moreover, for every ϑ in (the interior of) Θ, we have

N−1IEN (ϑ) → I(ϑ)

as N → ∞, where IEN (ϑ) is the Fisher information matrix of the experiment EN defined in (1.11)
above.

The proof is given in Section 6.3. We remark that, in the case of the limit experiment H,
because of the fact that we must take a derivative w.r.t. ϑ in b(ϑ; t, x, µϑt ), the Fisher information
IH(ϑ) differs from the limiting information I(ϑ) of the experiment EN .
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2.4 Identifiability and non-degeneracy of the Fisher information
Motivation

In the preceding section, we have built EN , H⊗N (equivalently H), and the family G⊗N
ϑ0

(ϑ0 ∈ Θ)
(equivalently Gϑ0(ϑ0 ∈ Θ)) as possibly redundant, in the sense that the mappings ϑ 7→ PNϑ , ϑ 7→ Pϑ,
ϑ 7→ Pϑ,ϑ0(ϑ0 ∈ Θ) are not necessarily one-to-one on Θ. Having a well-posed parametrisation is
required since we wish to have at least consistent estimators.

Asymptotic identifiability of EN is somehow linked to the non-degeneracy of the (normalised)
asymptotic information matrix I. The experiment EN is called locally asymptotically identifiable
at ϑ if the mapping ϑ′ 7→ (PNϑ′)N≥1 is injective in a neighbourhood of ϑ. We have the following
classical result (that goes back at least to Cramer [50]) :

Proposition 1.12 (Theorem 1 in [167]). Let ϑ in the interior of Θ. If I(ϑ) has full rank, then EN

is locally asymptotically identifiable at ϑ.

Unfortunately, there is no hope to obtain a global result that links the two notions unless in
very specific cases, see Proposition 1.16 below. We next give ad-hoc assumptions that give sufficient
(and independent) condition for both identifiability and non-degeneracy of the Fisher information.

An identifiability assumption

We first have a relatively weak assumption that guarantees global identifiability in EN , H and
Gϑ0(ϑ0 ∈ Θ) :

Assumption 1.13.
(
Criterion for EN

)
: For all ϑ ∈ Θ, for PNϑ -almost all ω, for all ϑ′ ̸= ϑ, the two

sequences of functions t 7→ (b(ϑ; t,Xi
t(ω), µ(N)

t (ω)))1≤i≤N and t 7→ (b(ϑ′; t,Xi
t(ω), µ(N)

t (ω)))1≤i≤N
are not dt-a.e. equal.(
Criterion for H

)
: For all ϑ ∈ Θ, for Pϑ-almost all ω, for all ϑ′ ̸= ϑ, the functions t 7→

b(ϑ; t,Xt(ω), µϑt ) and t 7→ b(ϑ′; t,Xt(ω), µϑ′

t ) are not dt-a.e. equal.(
Criterion for Gϑ0(ϑ0 ∈ Θ)

)
: For all ϑ ∈ Θ, for Pϑ0

ϑ -almost all ω, for all ϑ′ ̸= ϑ, the functions
t 7→ b(ϑ; t,Xt(ω), µϑ0

t ) and t 7→ b(ϑ′; t,Xt(ω), µϑ0
t ) are not dt-a.e. equal.

Assumption 1.13 is relatively standard in the literature of statistics of random processes and
minimal (see e.g. [79] in a somewhat analogous context). Indeed, let us check this for instance for
H : by (1.18), for two different parameters ϑ, ϑ′ ∈ Θ, the laws Pϑ and Pϑ′ are absolutely continuous
and

log dPϑ
′

dPϑ
(X) =

∫ T

0
((c−1b)(ϑ′; s,Xs, µ

ϑ′

s ) − (c−1b)(ϑ; s,Xs, µ
ϑ
s ))⊤dXs

− 1
2

∫ T

0
(|(c−1/2b)(ϑ′; s,Xs, µ

ϑ′

s )|2 − |(c−1/2b)(ϑ; s,Xs, µ
ϑ
s )|2)ds.

Having Assumption 1.13 fail for some ϑ implies Pϑ′
(dPϑ′

dPϑ
(X) = 1

)
= 1, i.e. Pϑ = Pϑ′ . Assumption

1.13 may be difficult to check in practice. Yet, it is satisfied as soon as the mapping ϑ 7→
(
(t, x, ν) 7→

b(ϑ; t, x, ν)
)

is one-to-one. Also, for certain form of the likelihood, we have other criteria, see
Proposition 1.16 below.
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Non-degeneracy of the information

We need some notation. For any ϑ, ϑ′ ∈ Θ such that the segment [ϑ, ϑ′] = {ϑ+ λ(ϑ′ − ϑ), λ ∈
[0, 1]} ⊂ Θ and a function ϕ defined on Θ, we set

ϕ([ϑ, ϑ′]) =
∫ 1

0
ϕ(ϑ+ λ(ϑ′ − ϑ))dλ.

Definition 1.14. The family of statistical experiments (EN )N≥1 is asymptotically non-degenerate
if

inf
[ϑ,ϑ′]⊂Θ

det I([ϑ, ϑ′]) > 0, (1.22)

where det denotes the determinant.

Equivalently, we can rewrite (1.22) as

inf det
( d∑
j=1

∫ T

0

∫
Rd

∇ϑ(c−1/2b)j([ϑ, ϑ′]; t, x, µϑt )∇ϑ(c−1/2b)j([ϑ, ϑ′]; t, x, µϑt )⊤µϑt (dx)dt
)
> 0,

where the infimum is taken over all segments [ϑ, ϑ′] ⊂ Θ. Obviously, if (EN )N≥1 is asymptotically
non-degenerate, taking ϑ = ϑ′, Definition 1.14 boils down to

inf
ϑ∈Θ

det I(ϑ) > 0 (1.23)

i.e. ϑ 7→ I(ϑ) has full rank uniformly in ϑ and we find back the usual non-degeneracy of the
Fisher information. The somewhat stronger non-degeneracy criterion that we pick in Definition
1.14 enables us to check the assumptions of the theory of Ibragimov and Hasminski for obtaining
sharp properties for the maximum likelihood estimator (see in particular Step 2 of the proof of
Theorem 1.19 in Section 5.3 below). In explicit examples, proving (1.22) is no more difficult than
proving (1.23), see Section 4 below.

Checking (1.22) or (1.23) in practice

The special difficulty for the statistical analysis of EN (resp. H, Gϑ0(ϑ0 ∈ Θ)) lies of course
in the presence of (µ(N)

t )0≤t≤T (resp. (µϑt )0≤t≤T , (µϑ0
t )0≤t≤T ) in the drift. Moreover, even if the

study of IEN (ϑ) reduces asymptotically to the study of its asymptotic information matrix I(ϑ),
(µϑt )0≤t≤T still appears in the form of I(ϑ), and is never explicit, except in very special cases with
a specific moment structure in the measure dependence, see Section 4 below and Belomestny et
a.l. [9, 8].

Nevertheless, it is noteworthy that (1.22) can usually be tested in a simple way given an explicit
parametrisation. Indeed, Definition 1.14 is equivalent to show that for every segment [ϑ, ϑ′] ⊂ Θ,

inf
[ϑ,ϑ′]⊂Θ

min
|z|=1

d∑
j=1

∫ T

0

∫
Rd

(∇ϑ

(
c−1/2b)j([ϑ, ϑ′]; t, x, µϑt )⊤z

)2
µϑt (dx)dt > 0.

Under Assumptions 1.1, 1.2, 1.3, we have that µϑt (dx) = µϑt (x)dx is absolutely continuous on Rd
for t > 0, and we may pick a version µϑt of the density that is continuous and positive on Rd. This
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follows from classical Gaussian tail estimates for the solution of parabolic equations. We refer for
example to Corollary 8.2.2 of [17]. By a simple continuity argument, it is then sufficient to show
that there cannot exist a segment [ϑ, ϑ′] ⊂ Θ and some |z| = 1, such that the function

x 7→
∫ T

0

d∑
j=1

(
∇ϑ(c−1/2b)j([ϑ, ϑ′]; t, x, µϑt )⊤z

)2
dt

vanishes asymptotically, or, as soon as we have continuity in t as t → 0, if one of the functions

x 7→ ∇ϑ(c−1/2b)j([ϑ, ϑ′]; 0, x, µ0)⊤z, j = 1, . . . , d

does not identically vanishes. This last criterion has the advantage to avoid the term µϑt for t > 0.
We gather these observations in the following :

Proposition 1.15. Work under Assumptions 1.1, 1.2, 1.3 and 1.4. Assume moreover that the
functions

t 7→ ∇ϑ(c−1/2b)j([ϑ, ϑ′]; t, x, µϑt ), j = 1, . . . , d
are all continuous at t = 0 for every [ϑ, ϑ′] ⊂ Θ and a.e.-almost x ∈ Rd.

If, for every [ϑ, ϑ′] ⊂ Θ and any z ∈ Rp with |z| = 1, one of the functions

x 7→ ∇ϑ(c−1/2b)j([ϑ, ϑ′]; 0, x, µ0)⊤z, j = 1, . . . , d (1.24)

does not identically vanish, then (EN )N≥1 is asymptotically non-degenerate in the sense of Defini-
tion 1.14.

We specifically apply this criterion in the examples Section 4 and check that the criterion (1.24)
is particularly simple to establish when the dependence in the measure argument of the function
b is of the form (1.13).

A case of equivalence between global identifiability and non-degeneracy of the infor-
mation

We revisit Theorem 3 in [167] to obtain the following criterion :

Proposition 1.16. Work under Assumptions 1.1, 1.2, 1.3 and 1.4. Assume that the log-likelihood
ℓN (ϑ;X(N)) in EN defined by (1.9) has the form

ℓN (ϑ;XN ) = ϑ⊤GN (X(N)) + ϑ⊤HN (X(N))ϑ, (1.25)

where GN and HN are functions of the trajectory X(N) with values in Rp and Rp⊗Rp respectively,
and (HN )⊤ = HN is symmetric. If Θ0 ⊂ Θ is a convex set such that I(ϑ) is non-singular for every
ϑ ∈ Θ0, then, (EN )N≥1 is identifiable on Θ0.

By identifiability of the sequence of experiment (EN )N≥1, we mean injectivity of the mapping
ϑ 7→ (PNϑ )N≥1 (i.e. simultaneously for every N ≥ 1). The proof is given in Section 6.4. In the
specific case of McKean type models that date back to [146, 173, 178] and widely used in practice
(see e.g. [37, 73] or [111] in statistics), we have in some instances a representation like (1.25) and
explicit formulas for I(ϑ), which gives global identifiability for free as soon as I(ϑ) is non-degenerate.
See the examples in Section 4.
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3 Main results

3.1 The LAN property
The local asymptotic normality property of a statistical model characterises its regularity :

it expresses the fact that the experiment locally resembles a Gaussian shift in an optimal scale
driven by the Fisher information. It has powerful consequences in terms of properties of optimal
procedures via the celebrated Hájek convolution theorem [90]. More precisely the sequence of
experiments (EN )N≥1 satisfies the LAN property at ϑ ∈ Θ with information rate NI(ϑ) if

log
dPN

ϑ+(NI(ϑ))−1/2u

dPNϑ
= u⊤ξNϑ − 1

2 |u|2 + rN (ϑ, u), (1.26)

where ξNϑ converges in distribution under PNϑ to standard Gaussian variable in Rp and rN (ϑ, u) → 0
in PNϑ -probability. Of course, the convergence (1.26) is meaningful only if ϑ + (NI(ϑ))−1/2u ∈ Θ
and is well-defined, i.e. if det I(ϑ) > 0. This is granted for instance for ϑ in the interior of Θ for
large enough N and under (1.23).

Theorem 1.17. Work under Assumptions 1.1, 1.2, 1.3, 1.4 and 1.13. Assume moreover that EN
is asymptotically non-degenerate according to Definition 1.14. For every ϑ in (the interior of) Θ,
the sequence of experiments (EN )N≥1 is then locally asymptotically normal at ϑ with information
rate NI(ϑ).

Several remarks are in order : 1) Theorem 1.17 is the most powerful result one can obtain about
the structure of (EN )N≥1 : it tells us that around a given point ϑ0, if we parametrise locally the
experiment via ϑ = ϑ0 +N−1/2u with u ∈ Rp being the unknown parameter, then the experiments
look like the simplest possible experiment, namely a Gaussian shift

Y N = u+ I(ϑ0)−1/2ξ + o(1)

where ξ is a standard normal N(0, IdRp) and o(1) is a small term that vanishes in PNϑ probability,
locally uniformly in u. 2) The LAN property has several consequences in terms of strong properties
of the maximum likelihood estimator, see Theorem 1.19 below. In particular, the first simple
consequence is given in terms of exact asymptotic minimax lower bounds : call a centrally symmetric
function w : Rp → [0,∞) such that the sets {w < c}, c > 0 are all convex a polynomial loss function
if it admits a polynomial majorant.

Corollary 1.18. In the setting of Theorem 1.17, let w be a polynomial loss function. Then, for
any estimator ϑ̂N in EN and any sufficiently small δ > 0, for every ϑ in (the interior of) Θ for
which det I(ϑ) > 0, we have

lim inf
N→∞

sup
|ϑ′−ϑ|≤δ

EPN
ϑ′

[
w
(
N1/2I(ϑ)1/2(ϑ̂N − ϑ′)

)]
≥ (2π)−p/2

∫
Rp
w(x) exp(− 1

2 |x|2)dx.

Corollary 1.18 is a simple application of Hájek convolution theorem, given the LAN property of
Theorem 1.17, see e.g. Theorem II.12.1 (and in particular Remark III.12.1) in [98]. It gives a sharp
local asymptotically minimax bound. We shall see below that the maximum likelihood estimator
achieves this bound.
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3.2 Maximum likelihood estimation and properties
We elaborate on the properties of the maximum likelihood estimator by relying on (a uniform

version of) the LAN property of Theorem 1.17. It implies several fine results that go beyond the
usual asymptotic weak expansions given by an ad-hoc study of the form of the estimator, as is
usually the case in the literature.

Theorem 1.19. Work under Assumptions 1.1, 1.2, 1.3, 1.4 and 1.13. Then, for large enough N ,
the solution ϑ̂ mle

N to
LN (ϑ̂ mle

N ;X(N)) = sup
ϑ∈Θ

LN (ϑ;X(N)) (1.27)

is well-defined. Moreover, the following asymptotic upper bounds are valid :

(i) if EN is asymptotically non-degenerate in the sense of Definition 1.14,
√
N
(
ϑ̂ mle
N − ϑ

)
→ N

(
0, I(ϑ)−1)

in PNϑ -distribution as N → ∞.
(ii) For every polynomial loss function w and any ϑ in the interior of Θ, we have exact local

asymptotic minimax optimality :

lim sup
N→∞

sup
|ϑ′−ϑ|≤δ

EPN
ϑ′

[
w
(
N1/2I(ϑ)1/2(ϑ̂ mle

N − ϑ′))] → (2π)−p/2
∫
Rp
w(x) exp(− 1

2 |x|2)dx

as δ → 0.
(iii) For every polynomial loss function w and any (non empty) open set Θ0 ⊂ Θ, we have global

asymptotic minimax optimality :

RNw (ϑ̂ mle
N ; Θ0) = inf

ϑ̂N

RNw (ϑ̂N ; Θ0)(1 + o(1))

as N → ∞, where

RNw (ϑ̂N ; Θ0) = sup
ϑ∈Θ0

EPN
ϑ

[
w
(
N1/2I(ϑ)1/2(ϑ̂N − ϑ)

)]
.

Some further remarks : 1) We find back the classical asymptotic properties (i) of the maximum
likelihood estimator that are given in the literature, but the result is appended by a much stronger
convergence in (ii), that matches in particular the lower bound of Corollary 1.18. 2) We finally
obtain global asymptotic minimax optimality by (iii), which is the parametric analog (in a much
more precise way) of our minimax results of Section 4 in [65] in the nonparametric case. 3) Theorem
1.19 is likely to remain valid if we replace the experiment EN by H⊗N or G⊗N

ϑ0
(ϑ0 ∈ Θ), with

appropriate modifications of the definition of the maximum likelihood and the information matrix :
ϑ̂ mle
N would be now defined respectively via the log-likelihood ℓN (ϑ;X(N)) as defined in (1.18) and

via the log-likelihood ℓNϑ0
(ϑ;X(N)) as defined in (1.21), and I(ϑ) by respectively IH(ϑ) and IGϑ0

(ϑ).
However, let us stress that this is not a feasible choice since these likelihoods explicitly depend
respectively on µϑt and µϑ0

t which are intractable in practice (and that we need additional regularity
property on the model in order to ensure that IH(ϑ) is well defined).
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4 Examples
In this section, we elaborate on specific examples that appear in the literature and in appli-

cations. We first revisit the linear McKean model studied at length in [111]. We slightly extend
in Section 4.1 his example (1.3) from p = 2 to p = 3. In Section 4.2, we develop an example of a
generalised linear form and show in particular how our identifiability and non-degeneracy criteria
of Section 2.4 are easily implementable and avoid to use the machinery of [111]. In Section 4.3, we
develop a non-trivial example of kinetik mean-field model with a double layer potential that may
serve in many applications, like swarming models or more general individual based-models, see
[19] and the references therein. We finally develop a genuinely non-linear example, i.e. when the
measure argument is not linear like in (1.4), as for instance in the examples of [162]. Assumption
1.1 is in force throughout.

4.1 McKean-like models
In many applications, (1.2) takes the explicit form

dXi
t = (ϑ1X

i
t + ϑ2)dt− ϑ3N

−1
N∑
j=1

(Xi
t −Xj

t )dt+ dBit, i = 1, . . . , N (1.28)

with Xi
t ∈ R. The parameter is ϑ = (ϑ1 ϑ2 ϑ3)⊤. In [111] the case ϑ2 = 0 is studied at length

in particular. In our setting, we can encompass a more general situation with Xi
t ∈ Rd for some

arbitrary d ≥ 1 and replace ϑ3 by a parameter in Rd ⊗ Rd as well as ϑ2 by a parameter in Rd.
In this case, Assumptions 1.2, 1.3 and 1.4 are readily checked. Likewise, the identifiability and
non-degeneracy assumptions can be obtained with some extra care on the initial condition. We
elaborate on a specific case below.

Likelihood equations

To keep-up with notational simplicity, we detail the case p = 3 with ϑ = (ϑ1 ϑ2 ϑ3)⊤ ∈ Θ as a
compact subset of R3 for an ambient dimension d = 1, with ϑ1 ̸= ϑ3 and ϑ1 ̸= 0. Introduce

ANt (x) =

 x2 x −⟨· − x, µ
(N)
t ⟩2

x 1 0
−⟨· − x, µ

(N)
t ⟩2 0 ⟨· − x, µ

(N)
t ⟩2

 , BNt (x) =

 x
1

⟨· − x, µ
(N)
t ⟩

 ,

where we use the bracket notation ⟨·, ν⟩ to denote integration w.r.t. the measure ν. Define

ANT =
∫ T

0
⟨ANt (x), µ(N)

t ⟩dt (1.29)

and

BNT = N−1
N∑
i=1

∫ T

0
BNt (Xi

t)dXi
t . (1.30)

Thanks to the linearity in ϑ of the drift b(ϑ; t, x, ν) = ϑ1x+ ϑ2 − ϑ3
∫
R(x− y)ν(dy), the likelihood

equations are explicit and the maximum likelihood estimator ϑ̂ mle
N solves

ANT ϑ̂ mle
N = BNT . (1.31)
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Moreover, the asymptotic information matrix is given by

I(ϑ) =
∫ T

0
⟨At(ϑ;x), µϑt ⟩dt,

with

At(ϑ;x) =

 x2 x −⟨· − x, µϑt ⟩2

x 1 0
−⟨· − x, µϑt ⟩2 0 ⟨· − x, µϑt ⟩2

 .

Non-degeneracy and identifiability

The property det I(ϑ) > 0 can be verified on the explicit form of its matrix :

det I(ϑ) =
∫ T

0
Var(µϑt )dt

(
T

∫ T

0
m1(µϑt )2dt−

( ∫ T

0
m1(µϑt )dt

)2
)

with Var(ν) =
∫
R(x−m1(ν))2ν(dx) and m1(ν) =

∫
Rd xν(dx). Therefore det I(ϑ) > 0 unless µϑt is de-

generate for all t or stationary. In the case of a linear equation of the type (1.28), the accompanying
limiting measure µϑt associated to the McKean-Vlasov equation

dXt = (ϑ1Xt + ϑ2)dt− ϑ3(Xt − EPϑ [Xt])dt+ dBt

is a Gaussian process that can be thought of as an inhomogeneous Ornstein-Uhlenbeck model for
which we have closed-form moment formulas :

m1(µϑt ) = −ϑ−1
1 ϑ2 + (m1(µ0) + ϑ−1

1 ϑ2) exp(ϑ1t) (1.32)

and

m2(µϑt ) = exp
(

− 2(ϑ1 − ϑ3)t
)
Var(µ0) + 1 − exp(−2(ϑ1 − ϑ3)t)

2(ϑ1 − ϑ3) + m1(µϑt )2. (1.33)

In particular, having
m1(µ0) + ϑ−1

1 ϑ2 ̸= 0, ϑ1 ̸= 0, ϑ1 ̸= ϑ3 (1.34)
yields the non-degeneracy of I(ϑ) as well as the asymptotic non-degeneracy of EN in the sense of
Definition 1.14, since ∇ϑb(ϑ; t, x, ν) does not depend on ϑ. Also, the convergence ANT → I(ϑ) in
PNϑ -probability as N → ∞ tells us that (1.37) has a well defined and unique solution with PNϑ
probability tending to one as N → ∞. This last statement can be quantified via the convergence
Lemma 1.21 below. Writing ϕ(x, ν) = (x 1 −

∫
R(x− y)ν(dy)), the log-likelihood

ℓN (ϑ;X(N)) =
N∑
i=1

∫ T

0
ϑ⊤ϕ(Xi

t , µ
(N)
t )dXi

t − 1
2

N∑
i=1

∫ T

0

(
ϑ⊤ϕ(Xi

t , µ
(N)
t )

)2
dt (1.35)

has representation (1.25) with

GN (X(N)) =
N∑
i=1

∫ T

0
ϕ(Xi

t , µ
(N)
t )dXi

t and HN (X(N)) = −1
2

N∑
i=1

∫ T

0
ϕ(Xi

t , µ
(N)
t )ϕ(Xi

t , µ
(N)
t )⊤dt

and we obtain the asymptotic identifiability of (EN )N≥1 over compact parameter sets Θ ⊂ R3

that are moreover convex and satisfy the constraint (1.34) by Proposition 1.16. Finally, explicit
formulas for I(ϑ) and its inverse can be derived thanks to (1.32) and (1.33).
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4.2 Generalised linear like models
We push further the preceding linear structure by considering the following model

dXi
t = ϑ1f(Xi

t)dt+ ϑ2N
−1

N∑
j=1

g(Xi
t −Xj

t )dt+ dBit, 1 ≤ i ≤ N

where f and g are known and Lipschitz continuous real-valued functions and Xi
t ∈ R for simplicity.

The parameter is ϑ = (ϑ1, ϑ2) ∈ R2. Thus p = 2 which again yields simple and explicit formu-
las. Assumptions 1.2, 1.3 and 1.4 are readily checked. Writing ϕ(x, ν) = (f(x) g ⋆ ν(x))⊤, with
g ⋆ ν(x) =

∫
R g(x− y)ν(dy) the log-likelihood function ℓN (ϑ;X(N)) has again representation (1.35)

hence (1.25) holds as well and we obtain the asymptotic identifiability of (EN )N≥1 over compact
parameter sets Θ ⊂ R2 that are moreover convex as soon as det I(ϑ) > 0 by Proposition 1.16.

Non-degeneracy

For proving asymptotic non-degeneracy (that implies in particular det I(ϑ) > 0), we plan to
apply Proposition 1.15. We first notice that ∇ϑb(ϑ; t, x, ν) = ϕ(x, ν) does not depend on ϑ, hence
∇ϑb([ϑ, ϑ′]; t, x, ν) = (f(x) g ⋆ν(x))⊤ does not depend on the segment [ϑ, ϑ′] either. The continuity
of t 7→ (f(x) g ⋆ µϑt (x))⊤ follows from the representation

(f(x) g ⋆ µϑt (x))⊤ =
(
f(x) EPϑ [g(Xt)]

)⊤
,

the fact that t 7→ Xt is continuous in probability at t = 0 under Pϑ and Lebesgue dominated
convergence. Now, let z = (z1, z2) with z2

1 + z2
2 = 1. In order to obtain non-degeneracy, it is

sufficient by Proposition 1.15 to show that the function

x 7→ f(x)z1 + g ⋆ µ0(x)z2

is non identically zero. If f does not identically vanishes, we may assume that z2 ̸= 0. Then it is
sufficient to have that

x 7→ λf(x) + g ⋆ µ0(x) does not vanish identically for every λ ̸= 0. (1.36)

It is then very easy to build families of functions and initial condition (f, g, µ0) such that (1.36) is
satisfied. For instance, if µ0 = δx0 for some arbitrary x0, then having f non-identically equal to a
constant is sufficient.

Likelihood equations

Finally, we explicitly solve the likelihood equations. Again, they are of a simple form, and the
maximum likelihood estimator ϑ̂ mle

N solves

ANT ϑ̂ mle
N = BNT , (1.37)

where ANT and BNT are defined via (1.29) and (1.30), with

ANt (x) =
(

f(x)2 f(x)⟨g(x− ·), µ(N)
t ⟩

f(x)⟨g(x− ·), µ(N)
t ⟩ ⟨g(x− ·), µ(N)

t ⟩2

)
, BNt (x) =

(
f(x)

⟨g(x− ·), µ(N)
t ⟩

)
.
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Again, we have

I(ϑ) =
( ∫ T

0 ⟨f2, µϑt ⟩dt
∫ T

0 ⟨f(g ⋆ µϑt ), µϑt ⟩dt∫ T
0 ⟨f(g ⋆ µϑt ), µϑt ⟩dt

∫ T
0 ⟨(g ⋆ µϑt )2, µϑt ⟩dt

)
,

by taking the limit in PNϑ -probability of ANT =
∫ T

0 ⟨ANt (x), µ(N)
t ⟩dt. We also know that det I(ϑ) >

0 by the non-degeneracy property established above thanks to Proposition 1.15. Hence ANT is
invertible with PNϑ -probability that goes to one as N → ∞ and ϑ̂ mle

N is asymptotically well defined.

4.3 A double layer potential model
We depart from the structure (1.25) of the likelihood as in the two preceding linear-like models

and study the model

dXi
t = N−1

N∑
j=1

∇Uϑ(Xi
t −Xj

t )dt+ dBit, 1 ≤ i ≤ N,

with ambient state space Rd for d ≥ 1 and where Uϑ : Rd → R is a family of pairwise potentials of
the form

Uϑ(x) = −ϑ1 exp(−ϑ2|x|2) + ϑ3 exp(−ϑ4|x|2)
modelling short range repulsion and long range attraction, where ϑ1, ϑ3 and ϑ2, ϑ4 are respectively
the strengths and the lengths of attraction and repulsion. The parameter is ϑ = (ϑ1, . . . , ϑ4) ∈
(0,∞)4. As minimal identifiability condition, we impose ϑ2 ̸= ϑ4. Such models are commonly used
(in their kinetic version) in swarming modelling, see e.g. [19].

We have b(ϑ; t, x, ν) = ∇Uϑ ⋆ ν(x) and it is readily verified that Assumptions 1.2, 1.3 and 1.4
are met. Here, there is no hope to explicitly solve the likelihood equations, and a numerical scheme
has to be implemented. We further investigate the identifiability and non-degeneracy of the model.
Note that the assumptions on the drift and the initial condition ensure that for every ϑ ∈ Θ, µϑt is
absolutely continuous with a nowhere vanishing density for t > 0 (we refer to [17] and in particular
Corollary 8.2.2).

Identifiability

We study the injectivity of the mapping ϑ 7→ Pϑ via the injectivity of ϑ 7→
(
(t, x) 7→ ∇Uϑ⋆µϑt )

)
,

see Assumption 1.13. If ϑ, ϑ′ are such that Pϑ = Pϑ′ , this also implies µϑt = µϑ
′

t for every t ∈ [0, T ].
Hence the condition-

∇Uϑ ⋆ µϑt = ∇Uϑ′ ⋆ µϑ
′

t

for almost every t ∈ [0, T ] becomes

∇Uϑ ⋆ µϑt = ∇Uϑ′ ⋆ µϑt (1.38)

for almost every t ∈ [0, T ]. Let F(ν)(ξ) =
∫
Rd e

ix⊤ξ ν(dx) denote a Fourier transform of ν (well
defined if ν is a probability measure or an integrable function). Since ξ 7→ F(µt)(ξ) is continuous
and F(µt)(ξ) = 1 (the µt are all probability measures on Rd), there are infinitely many points
ξ ∈ Rd such that F(µt)(ξ) ̸= 0 . Applying F on both side of (1.38), we obtain

F(∇Uϑ)(ξ) = F(∇Uϑ′)(ξ)

98



INTRODUCTION 4. EXAMPLES

for such points ξ. Moreover

∇Uϑ(x) = 2ϑ1ϑ2x exp(−ϑ2|x|2) − 2ϑ3ϑ4x exp(−ϑ4|x|2), (1.39)

and
F(∇Uϑ)(ξ) = iξπd/2(ϑ1ϑ

−d/2
2 exp(− 1

4ϑ2
|ξ|2) − ϑ3ϑ

−d/2
4 exp(− 1

4ϑ4
|ξ|2)

)
.

It follows that the condition ϑ2 ̸= ϑ4 is sufficient to achieve identifiability, i.e. ϑ = ϑ′. Henceforth,
we may parametrise our model via any compact Θ ⊂ (0,∞)4 such that ϑ2 ̸= ϑ4.

Non-degeneracy

We plan to apply Proposition 1.15. From (1.39), we have

∇ϑb(ϑ; t, x, ν)j = ∇ϑ(∇Uϑ ⋆ ν(x))j = G(ϑ;x)j ⋆ ν(x),

with

G(ϑ;x)j =


2ϑ2xj exp(−ϑ2|x|2)

2ϑ1xj(1 − ϑ2|x|2) exp(−ϑ2|x|2)
−2ϑ4xj exp(−ϑ4|x|2)

−2ϑ3xj(1 − ϑ4|x|2) exp(−ϑ4|x|2)

 , j = 1, . . . , d

The mapping
t 7→ ∇ϑb([ϑ, ϑ′]; t, x, µϑt )j = EPϑ

[
G([ϑ, ϑ′];x−Xt)j

]
is continuous at t = 0, as a simple consequence of the fact that t 7→ Xt is continuous in Pϑ-
probability at t = 0. It is then sufficient to prove that for any z ∈ R4 with z2

1 + z2
2 + z2

3 + z2
4 = 1,

one of the functions
x 7→ (G([ϑ, ϑ′]; ·)j ⋆ µ0(x))⊤z, j = 1, . . . , d.

does not vanish identically. Assume on the contrary that (G([ϑ, ϑ′]; ·)j ⋆ µ0)⊤z is identically 0
for every 1 ≤ j ≤ d. Then this is also the case for F

(
(G([ϑ, ϑ′]; ·)j ⋆ µ0)⊤z

)
. Assume now that

F(µ0)(ξ) ̸= 0 dξ-a.e. Then from

F
(
(G([ϑ, ϑ′]; ·)j ⋆ µ0)⊤z

)
(ξ) = F

(
G([ϑ, ϑ′]; ·)j(ξ)

)⊤
z · F(µ0)(ξ)

we must have
ξ 7→ F(G([ϑ, ϑ′]; ·)j)(ξ)⊤z = 0 dξ − a.e.

for every 1 ≤ j ≤ d, or equivalently

x 7→
(
G([ϑ, ϑ′];x)j

)⊤
z = 0 dx− a.e.

This is not possible, as proved by an inspection of the equation∫ 1

0

(
[ϑ2, ϑ

′
2]λxj exp(−[ϑ2, ϑ

′
2]λ|x|2)z1 + [ϑ1, ϑ

′
1]λxj(1 − [ϑ2, ϑ

′
2]λ|x|2) exp(−[ϑ2, ϑ

′
2]λ|x|2)z2

)
dλ

=
∫ 1

0

(
[ϑ4, ϑ

′
4]λxj exp(−[ϑ4, ϑ

′
4]λ|x|2)z3 + [ϑ3, ϑ

′
3]λxj(1 − [ϑ4, ϑ

′
4]λ|x|2) exp(−[ϑ4, ϑ

′
4]λ|x|2)z4

)
dλ,

for almost every x ∈ Rd, which further reduces to(
[ϑ2, ϑ

′
2]λxxjz1 + [ϑ1, ϑ

′
1]λxxj(1 − [ϑ2, ϑ

′
2]λx |x|2)z2

)
exp(−[ϑ2, ϑ

′
2]λx |x|2)
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=
(
[ϑ4, ϑ

′
4]λ′

x
xjz3 + [ϑ3, ϑ

′
3]λ′

x
xj(1 − [ϑ4, ϑ

′
4]λ′

x
|x|2)z4

)
exp(−[ϑ4, ϑ

′
4]λ′

x
|x|2) (1.40)

for almost every x ∈ Rd, by the mean-value theorem for some λx, λ′
x ∈ [0, 1], that also respectively

depend on (ϑ1, ϑ2, ϑ
′
1, ϑ

′
2, z1, z2) and (ϑ3, ϑ4, ϑ

′
3, ϑ

′
4, z3, z4). A simple sufficient condition is ϑ2 ̸= ϑ4 :

indeed, if ϑ2 and ϑ4 take values in disjoint intervals for instance, then for every ϑ, ϑ′ ∈ Θ, with
[ϑ, ϑ′] ⊂ Θ, we have [ϑ2, ϑ

′
2] ∩ [ϑ4, ϑ

′
4] = ∅. Then one easily checks that (1.40) cannot hold for

sufficiently large |x|.

If we only need to verify that I(ϑ) is non-degenerate, it is sufficient to take ϑ = ϑ′ in (1.40)
that simply becomes(

ϑ2xjz1 + ϑ1xj(1 − ϑ2|x|2)z2
)

exp(−ϑ2|x|2) =
(
ϑ4xjz3 + ϑ3xj(1 − ϑ4|x|2)z4

)
exp(−ϑ4|x|2)

for almost every x ∈ Rd, in which case having ϑ2 ̸= ϑ4 is sufficient (and somewhat easier to obtain
than the asymptotic non-degeneracy of EN in the sense of Definition 1.14).

In conclusion, as soon as F(µ0) is non-vanishing almost everywhere and Θ ⊂ (0,∞)4 is a
compact such that ϑ2 and ϑ4 take values in disjoint intervals, we obtain the asymptotic non-
degeneracy of (EN )N≥1.

4.4 A genuinely non-linear example
We end-up this section by inspecting an example where the parametrisation ν 7→ b(ϑ; t, x, ν) is

genuinely non-linear in the measure argument. Consider the model

dXi
t = F

(
ϑN−1

N∑
j=1

g(Xi
t −Xj

t )
)
dt+ dBit, 1 ≤ i ≤ N,

with Xi
t ∈ R and ϑ > 0 for simplicity. The functions F, g : R → R are known and smooth, g

is nonnegative, integrable, with positive mass and F is one-to-one on the positive axis. We have
b(ϑ; t, x, ν) = F (ϑg ⋆ ν(x)).

The smoothness of F and g yields Assumptions 1.2, 1.3 and 1.4. As for the identifiability of the
model, assume that Pϑ = Pϑ′ , and so µϑt = µϑ

′

t as well. If, for almost every x ∈ R, we have

F (ϑg ⋆ µϑt (x)) = F (ϑ′g ⋆ µϑt (x)),

then, since g(x) ≥ 0 and µϑt (x) > 0 for every x ∈ R and t > 0, the function g ⋆ µϑt is positive on
the whole real line R. Since F is one-to-one on the positive axis, it follows that

ϑg ⋆ µϑt (x) = ϑ′g ⋆ µϑt (x)

and that can only be true if ϑ = ϑ′ since g ⋆µϑt (x) is nowhere vanishing. As for the non-degeneracy,
we have

∂ϑb(ϑ; t, x, µt) = g ⋆ µϑt (x)F ′(ϑg ⋆ µϑt (x)
)

= EPϑ [g(x−Xt)]F ′(ϑEPϑ [g(x−Xt)]
)

which is continuous at t = 0 by the continuity in Pϑ- probability of t 7→ Xt at t = 0. Finally, assume
that µ0 has a positive density. Then x 7→ g ⋆ µ0(x)F ′(ϑg ⋆ µ0(x)

)
is non-identically vanishing since

g ⋆ µ0 is positive and F ′ is non-vanishing on (0,∞). We conclude by Proposition 1.15.
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5 Proof of the main results
5.1 Preliminaries : couplings

For technical reasons, we will need certain couplings on the canonical space (CN ,FN ). We now
fix ϑ ∈ Θ, and introduce, for every ϑ′ ∈ Θ, the following two processes

X(N),ϑ′
= (X1,ϑ′

t , . . . , XN,ϑ′

t )t∈[0,T ]

and
X

(N),ϑ′

= (X1,ϑ′

t , . . . , X
N,ϑ′

t )t∈[0,T ]

defined on (CN ,FN ) by

Xi,ϑ′

t = Xi
0 +

∫ t

0
b(ϑ′; s,Xi,ϑ′

s , µ
(N),ϑ′

t )ds+
∫ t

0
σ(s,Xi,ϑ′

s )dBi,N,ϑs , (1.41)

with µ
(N),ϑ′

t = N−1∑N
i=1 δXi,ϑ′

t

and

X
i,ϑ′

t = Xi
0 +

∫ t

0
b(ϑ′; s,Xi,ϑ′

s , µϑ
′

t )ds+
∫ t

0
σ(s,Xi,ϑ′

s )dBi,N,ϑs , (1.42)

and
Bi,N,ϑt =

∫ t

0
c−1/2(s,Xi

s)(dXi
s − b(ϑ, s,Xi

s, µ
(N)
s )ds).

Note that X(N),ϑ′ and X(N),ϑ′

actually depend on ϑ pathwise via (Bi,N,ϑt )t∈[0,1] under PNϑ but not
their laws ! Indeed, the (Bi,N,ϑt )t∈[0,1] are standard Brownian motions under PNϑ . For notational
simplicity, we omit the dependence upon ϑ here. Otherwise, we write Xi,ϑ′,ϑ

t or Xi,ϑ′,ϑ

t . Thus
X(N),ϑ′ and X

(N),ϑ′

are defined as functions of X(N) (as strong solutions of (1.41) and (1.42))
and have law PNϑ′ and P⊗N

ϑ′ under PNϑ . This is a convenient way to couple PNϑ′ and P⊗N
ϑ′ while still

working with the canonical process under PNϑ . We write µ(N)
t = N−1∑N

i=1 δXit , for the empirical
measure of the canonical process. We also introduce

µ
(N),ϑ′

t = N−1
N∑
i=1

δ
X
i,ϑ′
t

and write µ(N),ϑ′,ϑ
t and µ

(N),ϑ′,ϑ
t whenever we want to emphasise that the coupling is constructed

with the processes (Bi,N,ϑt )t∈[0,T ] for 1 ≤ i ≤ N . We have the following approximation results :

Lemma 1.20. For every ϑ, ϑ′ ∈ Θ and every r ≥ 1, we have

sup
t∈[0,T ]

EPN
ϑ

[
W1
(
µ

(N),ϑ′,ϑ
t , µ

(N)
t

)r] ≤ sup
t∈[0,T ]

EPN
ϑ

[
N−1

N∑
i=1

|Xi,ϑ′,ϑ
t −Xi

t |r
]

≤ C|ϑ′ − ϑ|r, (1.43)

sup
t∈[0,T ]

EPN
ϑ

[
W1
(
µ̄

(N),ϑ′,ϑ
t , µ

(N),ϑ,ϑ
t

)r] ≤ sup
t∈[0,T ]

EPN
ϑ

[
N−1

N∑
i=1

|Xi,ϑ′,ϑ

t −Xi,ϑ,ϑ

t |r
]

≤ C|ϑ′−ϑ|r. (1.44)
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There exists δ > 0 such that for every r ≥ 1 :

sup
t∈[0,T ],ϑ∈Θ

EPN
ϑ

[
W1
(
µ

(N)
t , µϑt

)r] ≤ CN−δr, (1.45)

sup
t∈[0,T ],ϑ∈Θ

N−1
N∑
i=1

EPN
ϑ

[|Xi
t −X

i,ϑ,ϑ

t |r] ≤ CN−δr (1.46)

as N → ∞.

The proof is given in Appendix 7.3.

5.2 Proof of Theorem 1.17
We prove a slightly stronger result, namely a uniform type LAN condition, following Chapter

III of [98]. Let (uN )N≥1 be a sequence of Rp such that uN → u and (ϑN )N≥1 a sequence of Θ such
that ϑN + (NI(ϑN ))−1/2uN ∈ Θ for large enough N and such that ϑN → ϑ, for some ϑ such that
I(ϑ) > 0. We claim that

ζN (ϑN ;uN ) = log
dPN

ϑN+(NI(ϑN ))−1/2uN

dPNϑN
= u⊤ΓN − 1

2 |u|2 + rN (ϑN , uN ), (1.47)

where ΓN → N(0, IdRp) in distribution under PNϑ and rN (ϑN , uN ) → 0 in PNϑ -probability. Clearly,
(1.47) implies (1.26) and thus Theorem 1.17. Note that since I(ϑ) > 0 we have that I(ϑN ) is in-
vertible for large enough N , thanks to the continuity of the mapping ϑ 7→ I(ϑ), recall Proposition
1.11. The asymptotic expansion (1.47) is therefore meaningful for large enough N .

Step 1. (Preliminary expansion.) We have

ζN (ϑN ;uN )

=
N∑
i=1

∫ T

0

(
(c−1/2b)(ϑN + (NI(ϑN ))−1/2uN ; t,Xi

t , µ
N
t ) − (c−1/2b)(ϑN ; t,Xi

t , µ
N
t )
)⊤
dBi,N,ϑNt

− 1
2

N∑
i=1

∫ T

0

∣∣(c−1/2b)(ϑN + (NI(ϑN ))−1/2uN ; t,Xi
t , µ

N
t ) − (c−1/2b)(ϑN ; t,Xi

t , µ
N
t )
∣∣2dt,

where the Bi,N,ϑNt =
∫ t

0 c
−1/2(s,Xi

s)(dXi
s − b(ϑN ; s,Xi

s, µ
(N)
s )ds), 1 ≤ i ≤ N are independent

Brownian motions on Rd under PNϑN . A first-order Taylor’s expansion therefore yields the repre-
sentation,

ζN (ϑN ;uN ) = u⊤
N (I(ϑN )−1/2)⊤∆N,ϑN (uN ) − 1

2u
⊤
N (I(ϑN )−1/2)⊤ ĨN,ϑN (uN )I(ϑN )−1/2uN

where

∆N,ϑN (u) = N−1/2
N∑
i=1

d∑
j=1

∫ T

0
∇ϑ(c−1/2b)j([ϑN , ϑN + (NI(ϑN ))−1/2u]; t,Xi

t , µ
N
t )d(Bi,N,ϑNt )j
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and

ĨN,ϑN (u) = N−1
N∑
i=1

d∑
j=1

∫ T

0
∇ϑ(c−1/2b)j([ϑN , ϑN + (NI(ϑN ))−1/2u]; t,Xi

t , µ
N
t )

×
(
∇ϑ(c−1/2b)j([ϑN , ϑN + (NI(ϑN ))−1/2u]; t,Xi

t , µ
N
t )
)⊤
dt,

with the notation ϕ([ϑ, ϑ′]) =
∫ 1

0 ϕ(ϑ + λ(ϑ′ − ϑ))dλ that we introduced before. We rewrite the
above expansion as

ζN (ϑN ;uN ) = u⊤
N (I(ϑN )−1/2)⊤∆N,ϑN (0) − 1

2 |u|2

+ u⊤
N (I(ϑN )−1/2)⊤∆N,ϑN (uN ) − u⊤(I(ϑN )−1/2)⊤∆N,ϑN (0)

− 1
2
(
u⊤
N (I(ϑN )−1/2)⊤ ĨN,ϑN (uN )I(ϑN )−1/2uN − |u|2

)
and thus (1.47) follows from

(I(ϑN )−1/2)⊤∆N,ϑN (0) → N(0, IdRp) (1.48)

under PNϑN in distribution together with the convergence to 0 of the last two components.

Step 2. (Convergence of the Gaussian part.) We prove (1.48) or equivalently, the convergence

ξ⊤(I(ϑN )−1/2)⊤∆N,ϑN (0) =
d∑

q,q′=1
ξq(I(ϑN )−1/2)q′q∆N,ϑN (0)q′ → N(0, |ξ|2)

in distribution under PNϑN for every ξ ∈ Rp. We apply a classical semimartingale convergence result,
following for instance Jacod and Shiryaev [102] (Corollary 3.24). For t ∈ [0, T ], the process

∆N,ϑN (0)t = N−1/2
N∑
i=1

d∑
j=1

∫ t

0
∇ϑ(c−1/2b)j(ϑN ; s,Xi

s, µ
N
s )
)
d(Bi,N,ϑNs )j

is a continuous local martingale under PNϑN and so is
(
ξ⊤(I(ϑN )−1/2)⊤∆N,ϑN (0)t

)
t∈[0,T ]. It coincides

with ξ⊤(I(ϑN )−1/2)⊤∆N,ϑN (0) at t = T and has predictable compensator

〈
ξ⊤(I(ϑN )−1/2)⊤∆N,ϑN (0)·

〉
t

=
p∑

qk,q′
k

=1

ξq1ξq2(I(ϑN )−1/2)q′
2q2(I(ϑN )−1/2)q′

1q1×

N−1
N∑
i=1

d∑
j=1

∫ t

0
∂ϑq′

1
(c−1/2b)j(ϑN ; s,Xi

s, µ
(N)
s )∂ϑq′

2
(c−1/2b)j(ϑN ; s,Xi

s, µ
(N)
s )ds,

that converges to
p∑

qk,q′
k

=1

ξq1ξq2(I(ϑ)−1/2)q′
2q2(I(ϑ)−1/2)q′

1q1×

d∑
j=1

∫ t

0
EPϑ

[
∂ϑq′

1
(c−1/2b)j(ϑ; s,Xi

s, µ
ϑ
s )∂ϑq′

2
(c−1/2b)j(ϑ; s,Xi

s, µ
ϑ
s )
]
ds,
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in PNϑN -probability, but that last quantity is exactly |ξ|2 at t = T , which proves (1.48). As for
the last convergence in probability, it is a simple consequence of the continuity of ϑ 7→ I(ϑ), see
Proposition 1.11 and the following lemma
Lemma 1.21. Let β > 0 and ϕ : Θ × [0, T ] × Rd × Pβ → R be such that for some C,α > 0, we
have

sup
t∈[0,T ]

|ϕ(ϑ′; t, x′, ν′)−ϕ(ϑ; t, x, ν)| ≤ C(|ϑ′−ϑ|+|x′−x|+W1(ν′, ν))(1+|x|α+|x′|α+mβ(ν)+mβ(ν′)).

Then, there exists 0 < δ ≤ 1/2 such that for every t ∈ [0, T ] and every m > 0, we have

EPN
ϑN

[∣∣∣N−1
N∑
i=1

∫ t

0
ϕ(ϑN ; s,Xi

s, µ
(N)
s )ds−

∫ t

0

∫
Rd
ϕ(ϑ; s, x, µϑs )µϑs (dx)ds

∣∣∣m] ≤ C(|ϑN−ϑ|m+N−δm).

We apply Lemma 1.21 to ϕ(ϑ; s, x, ν) = ∂ϑq′
1
(c−1/2b)j(ϑ; s, x, ν)∂ϑq′

2
(c−1/2b)j(ϑ; s, x, ν), thanks

to Assumption 1.4. The proof is given in Appendix 7.4.

Step 3. (Convergence of the remainder terms.) We first prove

u⊤
N (I(ϑN )−1/2)⊤∆N,ϑN (uN ) − u⊤(I(ϑN )−1/2)⊤∆N,ϑN (0) → 0 (1.49)

in PNϑN -probability. Since I(ϑN )−1/2 is well defined for large enough N and converges to I(ϑ)−1/2

and uN → u, it is sufficient to prove ∆N,ϑN (uN ) − ∆N,ϑN (0) → 0 in PNϑN -probability. Introduce
the process

Gi,rN (ϑ, u)t =
∫ 1

0

(
∂ϑr (c−1/2b)(ϑ+ λ(NI(ϑ))−1/2u; t,Xi

t , µ
(N)
t ) − ∂ϑr (c−1/2b)(ϑ; t,Xi

t , µ
(N)
t )

)
dλ

for 1 ≤ r ≤ p and t ∈ [0, T ]. By Itô’s isometry

EPN
ϑN

[
|∆N,ϑN (uN ) − ∆N,ϑN (0)|2

]
=

p∑
r=1

EPN
ϑN

[
|N−1/2

N∑
i=1

∫ T

0
Gi,rN (ϑN , uN )⊤

t dB
i,N,ϑN
t

∣∣2]
=

p∑
r=1

N−1
N∑
i=1

∫ T

0
EPN

ϑN

[
|Gi,rN (ϑN , uN )t|2

]
dt.

Moreover

|Gi,rN (ϑN , uN )t|2 ≤
d∑
j=1

sup
ϑ∈Θ

∣∣(∇ϑ∂ϑrc
−1/2b)j(ϑ; t,Xi

t , µ
(N)
t )λ(NI(ϑN ))−1/2uN

∣∣2
≤ CN−1(1 + |Xi

t |2r1 + mr2(µ(N)
t )2),

for large enough N , thanks to Assumption 1.4. We conclude

sup
t∈[0,T ]

EPN
ϑN

[
|Gi,rN (ϑN , uN )t|2

]
≤ CN−1

for large enough N by Lemma 1.7 and (1.49) follows.

The convergence of the second remainder term is a simple consequence of ĨN,ϑN (uN ) → I(ϑ)
thanks to Lemma 1.21 together with the continuity of ϑ 7→ I(ϑ) and Proposition 1.11. The Proof
of Theorem 1.17 is complete for the experiment EN .
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5.3 Proof of Theorem 1.19
We plan to apply the classical theory of Ibragimov-Hasminski, and more specifically Theorem

III.1.1 of [98]. We introduce the notation

ZN (ϑ;u) =
dPN

ϑ+(NI(ϑ))−1/2u

dPNϑ
.

We first establish two key regularity properties of the likelihood process.

Step 1. (A regularity property for the likelihood process.) Here, we prove that for any r ≥ 2

EPN
ϑ

[∣∣ZN (ϑ;u)1/r − ZN (ϑ; v)1/r∣∣r] ≤ C(1 + κγ)|u− v|γ
′
, (1.50)

for some positive γ, γ′, uniformly in u, v such that ZN (ϑ;u) and ZN (ϑ; v) are well-defined and
|u|, |v| are bounded by κ > 0. Pick any r ≥ 2. By a first-order expansion

EPN
ϑ

[∣∣ZN (ϑ;u)1/r − ZN (ϑ; v)1/r∣∣r] ≤ |u− v|rEPN
ϑ

[∣∣ ∫ 1

0
∇u(ZN )1/r(ϑ;u+ λ(v − u))dλ

∣∣r]
≤ C|u− v|r

∫ 1

0

p∑
q=1

EPN
ϑ

[∣∣∂uq ((ZN )1/r)(ϑ;u+ λ(v − u))
∣∣r]dλ.
(1.51)

Define, for t ∈ [0, T ], the random process

ϕt(ϑ;Xi, µ(N)) = exp
(∫ t

0
(c−1b)(ϑ; s,Xi

s, µ
(N)
s )dXi

s − 1
2

∫ t

0
|(c−1/2b)(ϑ; s,Xi

s, µ
(N)
s )|2ds

)
.

Since

ZN (ϑ;u) =
N∏
i=1

ϕT (ϑ+ (NI(ϑ))−1/2u,Xi, µ(N))
ϕ

1/r
T (ϑ,Xi, µ(N))

,

we have

∂uq ((ZN )1/r)(ϑ;u) =
N∑
i=1

∂uq (ϕ
1/r
T (ϑ+ (NI(ϑ))−1/2u;Xi, µ(N)))

ϕ
1/r
T (ϑ;Xi, µ(N))

×
∏
i′ ̸=i

ϕ
1/r
T (ϑ+ (NI(ϑ))−1/2u;Xi′ , µ(N))

ϕ
1/r
T (ϑ;Xi′ , µ(N))

=
N∑
i=1

∇ϑ(ϕ1/r
T )(ϑ+ (NI(ϑ))−1/2u;Xi, µ(N))⊤((NI(ϑ))−1/2)

·q

ϕ
1/r
T (ϑ+ (NI(ϑ))−1/2u;Xi, µ(N))

×
N∏
i′=1

ϕ
1/r
T (ϑ+ (NI(ϑ))−1/2u;Xi′ , µ(N))

ϕ
1/r
T (ϑ;Xi′ , µ(N))

= (ZN )1/r(ϑ;u)
(
(NI(ϑ))−1/2)

·q×
N∑
i=1

∇ϑ

(
log(ϕ1/r

T )
)
(ϑ+ (NI(ϑ))−1/2u,Xi, µ(N)).
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Interpreting ZN (ϑ;u) as a Radon-Nikodym derivative entails

EPN
ϑ

[∣∣∂uq ((ZN )1/r)(ϑ;u)
∣∣r]

= |
(
I(ϑ))−1/2)

·q|
rEPN

ϑ+(NI(ϑ))−1/2u

[∣∣N−1/2
N∑
i=1

∇ϑ

(
log(ϕ1/r

T )
)
(ϑ+ (NI(ϑ))−1/2u)

∣∣r] (1.52)

by a change of probability between PNϑ and PN
ϑ+(NI(ϑ))−1/2u

. Next, by definition of ϕt, we have, for
every ϑ′ ∈ Θ

∂ϑq′ (log(ϕ1/r
T ))(ϑ′;Xi, µ(N)) = 1

r

∫ T

0
∂ϑq′ (c−1b)(ϑ′; t;Xi

t , µ
(N)
t )dXi

t

− 1
2r

∫ T

0
2∂ϑq′ (c−1/2b)(ϑ′; t,Xi

t , µ
(N)
t )⊤(c−1/2b)(ϑ′; t,Xi

t , µ
(N)
t )dt

= 1
r

∫ T

0
∂ϑq′ (c−1/2b)(ϑ′; t;Xi

t , µ
(N)
t )dBi,N,ϑ

′

t ,

where the (Bi,N,ϑ
′

t )t∈[0,T ] = (
∫ t

0 c
−1/2(s,Xi

s)(dXi
s − b(ϑ′; s,Xi

s, µ
(N)
s )ds)t∈[0,T ], 1 ≤ i ≤ N are

independent Brownian motions on Rd under PNϑ′ . Plugging-in this representation in (1.52) at ϑ′ =
ϑ+ (NI(ϑ))−1/2u, we infer

EPN
ϑ

[∣∣∂uq ((ZN )1/r)(ϑ;u)
∣∣r]

≤ CEPN
ϑ′

[∣∣N−1/2
N∑
i=1

∫ T

0
∂ϑq′ (c−1/2b)(ϑ′; t;Xi

t , µ
(N)
t )dBi,N,ϑ

′

t

∣∣r]
≤ CEPN

ϑ′

[∣∣N−1
N∑
i=1

∫ T

0
|∂ϑq′ (c−1/2b)(ϑ′; t;Xi

t , µ
(N)
t )|2dt

∣∣r/2]
≤ CN−1

N∑
i=1

∫ T

0
(1 + EPN

ϑ′

[
|Xi

t |r1r
]

+ mr2(µ(N)
t )r)dt

≤ C(1 +
∫ T

0
EPN

ϑ′

[
|Xi

t |rmax(r1,r2)]dt).
where we succesively used the Burckholder-Davis-Gundy, Assumption 1.4 and the fact that r ≥ 2.
Now, we claim that with ϑ′ = ϑ+ (NI(ϑ))−1/2(u+ λ(v − u)), we have∫ T

0
EPN

ϑ+(NI(ϑ))−1/2(u+λ(v−u))

[
|Xi

t |rmax(r1,r2)]dt ≤ C(1 + κγ) (1.53)

for some γ > 0, uniformly in |u|, |v| bounded by κ and where C depends on Θ only. Indeed, keeping
up with the abbreviation ϑ′, we have

EPϑ′

[
|Xi

t |rmax(r1,r2)] ≤ C
(
EPϑ′

[
|Xi

t −Xi,ϑ
t |rmax(r1,r2)]+ EPϑ′

[
|Xi,ϑ

t |rmax(r1,r2)].
By (1.43) of Lemma 1.20

EPϑ′

[
|Xi

t −Xi,ϑ
t |rmax(r1,r2)] ≤ C|ϑ− ϑ′|rmax(r1,r2)
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= C|(NI(ϑ))−1/2(u+ λ(v − u))|rmax(r1,r2)

≤ CN−rmax(r1,r2)/2κrmax(r1,r2)

and the second term that only depends on ϑ by coupling is uniformly bounded by Lemma 1.7. The
estimate (1.53) follows. Going back to (1.51), we conclude

EPN
ϑ

[∣∣ZN (ϑ;u)1/r − ZN (ϑ;u)1/r∣∣r] ≤ C|u− v|r(1 + κrmax(r1,r2))

and (1.50) is established with γ = rmax(r1, r2) and γ′ = r.

Step 2. Here we prove a moment bound for the likelihood ratio process, namely, for every r > 0

EPN
ϑ

[
ZN (ϑ;u)1/2] ≤ C|u|−r, (1.54)

uniformly in ϑ ∈ Θ and u = (NI(ϑ))1/2(ϑ′ − ϑ) with ϑ′ ∈ Θ. Introducing for t ∈ [0, T ] the
PNϑ -martingale

MN
t (ϑ;u) =

N∑
i=1

∫ t

0

(
(c−1/2b)(ϑ+ (NI(ϑ))−1/2u; s,Xi

s;µ(N)
s ) − (c−1/2b)(ϑ; s,Xi

s, µ
(N)
s )

)⊤
dBi,N,ϑs ,

we have
ZN (ϑ;u) = exp

(
MN
T (ϑ;u) − 1

2 ⟨MN
· (ϑ;u)⟩T

)
.

It follows that

EPN
ϑ

[
ZN (ϑ;u)1/2] = EPN

ϑ

[
exp(− 1

2M
N
T (ϑ;u) − 3

16 ⟨MN
· (ϑ;u)⟩T ) exp

(
− 1

16 ⟨MN
· (ϑ;u)⟩T

)]
≤ EPN

ϑ

[
exp(− 3

4 ¬†MN
T (ϑ;u) − 1

2 ⟨ 3
4M

N
· (ϑ;u)⟩T )

] 2
3 EPN

ϑ

[
exp

(
− 3

16 ⟨MN
· (ϑ;u)⟩T

)] 1
3

≤ EPN
ϑ

[
exp

(
− 3

16 ⟨MN
· (ϑ;u)⟩T

)]1/3
,

thanks to Hölder’s inequality and the martingale property of ( 3
4M

N
t (ϑ;u))t∈[0,T ]. With the help of

the parametrisation u = (NI(ϑ))1/2(ϑ′ − ϑ), we rewrite ⟨MN
· (ϑ;u)⟩T as

N∑
i=1

∫ T

0

∣∣(c−1/2b)(ϑ′; t,Xi
t , µ

(N)
t ) − (c−1/2b)(ϑ; t;Xi

t , µ
(N)
t )

∣∣2dt
=

N∑
i=1

d∑
j=1

∫ T

0

(
((NI(ϑ))−1/2u)⊤

∫ 1

0
∇ϑ(c−1/2b)j(ϑ+ λ(ϑ′ − ϑ); t,Xi

t , µ
(N)
t )dλ

)2
dt

= u⊤I(ϑ)−1/2ΣN ([ϑ, ϑ′];u)I(ϑ)−1/2u,

with

ΣN ([ϑ, ϑ′];u) = N−1
N∑
i=1

d∑
j=1

∫ T

0
∇ϑ(c−1/2b)j([ϑ, ϑ′]; t,Xi

t , µ
(N)
t )(∇ϑ(c−1/2b)j([ϑ, ϑ′]; t,Xi

t , µ
(N)
t ))⊤dt

which converges by Lemma 1.21 to

Σ([ϑ, ϑ′];u) =
d∑
j=1

∫ T

0

∫
Rd

∇ϑ(c−1/2b)j([ϑ, ϑ′]; t, x, µϑt )(∇ϑ(c−1/2b)j([ϑ, ϑ′]; t, x, µϑt ))⊤µt(dx)dt
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in PNϑ -probability. Abbreviating further Σ̃N (ϑ;u) = I(ϑ)−1/2ΣN ([ϑ, ϑ′];u)I(ϑ)−1/2 and Σ̃(ϑ;u) =
I(ϑ)−1/2Σ([ϑ, ϑ′];u)I(ϑ)−1/2, we have

EPN
ϑ

[
ZN (ϑ;u)1/2] ≤ EPN

ϑ

[
exp

(
− 3

16u
⊤Σ̃N (ϑ;u)u

)]1/3

≤ PNϑ
(
u⊤Σ̃N (ϑ;u)u ≤ 1

2u
⊤Σ̃(ϑ;u)u

)1/3 + exp
(

− 1
32u

⊤Σ̃(ϑ;u)u
)
. (1.55)

The non-degeneracy assumption (recall Definition 1.14) ensures u⊤Σ̃(ϑ;u)u ≥ c|u|2 for some c > 0
that does not depend on ϑ nor u (but that depends on Θ), hence the remainder term decays faster
than any power of |u|. The first term in the right-hand side of (1.55) is bounded above by

PNϑ
(∣∣u⊤(Σ̃N (ϑ;u) − Σ̃(ϑ;u)

)
u
∣∣ ≥ 1

2u
⊤Σ̃(ϑ;u)u

) 1
3

≤ PNϑ
(∣∣u⊤(Σ̃N (ϑ;u) − Σ̃(ϑ;u)

)
u
∣∣ ≥ 1

2 c|u|2
) 1

3

≤ C|u|−
2m
3 EPN

ϑ

[∣∣u⊤(Σ̃N (ϑ;u) − Σ̃(ϑ;u)
)
u
∣∣m] 1

3

for every m > 0 by Markov’s inequality and where we used the non-degeneracy assumption again.
For 1 ≤ ℓ, ℓ′ ≤ p, introduce

ϕℓ,ℓ′([ϑ, ϑ′]; t, x, ν) = (∂ϑℓ(c−1/2b)([ϑ, ϑ′]; t, x, ν))⊤∂ϑℓ(c−1/2b)([ϑ, ϑ′]; t, x, ν),

so that
(
ΣN (ϑ;u) − Σ(ϑ;u)

)
ℓ,ℓ′ is simply

N−1
N∑
i=1

∫ T

0
ϕℓ,ℓ′([ϑ, ϑ′]; t,Xi

t , µ
(N)
t )dt−

∫ T

0

∫
Rd
ϕℓ,ℓ′([ϑ, ϑ′]; t, x, µϑt )µt(dx)dt.

By Lemma 1.21, we derive

EPN
ϑ

[∣∣(ΣN (ϑ;u) − Σ(ϑ;u)
)
ℓ,ℓ′

∣∣m] ≤ CN−δm,

therefore

EPN
ϑ

[∣∣u⊤(Σ̃N (ϑ;u) − Σ̃(ϑ;u)
)
u
∣∣m]1/3 ≤ C|u|2m/3N−δm/3,

and finally
PNϑ
(∣∣u⊤(Σ̃N (ϑ;u) − Σ̃(ϑ;u)

)
u
∣∣ ≥ 1

2u
⊤Σ̃(ϑ;u)u

) 1
3 ≤ CN−δm/3 (1.56)

Pick r ≥ 1. Combining (1.55) and (1.56), we infer

|u|rEPN
ϑ

[
ZN (ϑ;u)1/2] ≤ C|u|rN−δm/3 + |u|r exp(− c

32 |u|2).

For u = (NI(ϑ))1/2(ϑ′ − ϑ) with ϑ′ ∈ Θ, we have |u| ≤ CN1/2. The first term in the right-hand
side of the previous estimate is thus bounded as soon a m ≥ 3r/(2δ). The second term is bounded
uniformly in |u|. We thus have established (1.54).

Step 3. We are now ready to apply Theorem III.1.1 of [98] and gather several properties of the maxi-
mum likelihood estimator. Note that the continuity of the likelihood function ϑ 7→ LN (ϑ;X(N))
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and the compactness of Θ ensures that a solution ϑ̂ mle
N to (1.27) exists.

The uniform LAN condition given in the proof of Theorem 1.17 is the Condition N1 of Chapter
III [98]. The non-degeneracy assumption (according to Definition (1.14)) is related to the uniform
use of Condition N2 of [98]. Step 1 and Step 2 are respectively Condition N3 and N4 of [98]. We
may thus apply Theorem III.1.1 of [98] and we readily obtain Statement (i) of Theorem 1.19.
Statement (ii) is a consequence of Corollary III.1.1 of [98] while Statement (iii) is a consequence
of Theorem III.1.3 of [98].

The proof of Theorem 1.19 is complete.

6 Remaining proofs
6.1 Proof of Proposition 1.9

Anticipating the proof of Lemma 1.20, we prove a slightly stronger result, namely(
EPN

ϑ

[
|Xi,ϑ

t −X
i,ϑ′

t |r
])1/r ≤ C|ϑ− ϑ′| (1.57)

for r ≥ 1. Indeed, Proposition 1.9 is then a consequence of

W1(µϑt , µϑ
′

t ) ≤ EPN
ϑ

[
|Xi,ϑ

t −X
i,ϑ′

t |
]

≤
(
EPN

ϑ

[
|Xi,ϑ

t −X
i,ϑ′

t |2r
])1/2r

,

for any r ≥ 1. From X
i,ϑ

0 = X
i,ϑ′

0 , we have

X
i,ϑ

t −X
i,ϑ′

t =
∫ t

0

(
b(ϑ; s,Xi,ϑ

s , µϑs ) − b(ϑ′; s,Xi,ϑ′

s , µϑ
′

s )
)
ds+

∫ t

0

(
σ(s,Xi,ϑ

s ) − σ(s,Xi,ϑ′

s )
)
dBi,N,ϑs .

Using Assumption 1.2 and the Burckholder-Davis-Gundy inequality, we infer

EPN
ϑ

[∣∣∣ ∫ t

0

(
σ(s,Xi,ϑ

s ) − σ(s,Xi,ϑ′

s )
)
dBi,N,ϑs

∣∣∣2r] ≤ CEPN
ϑ

[( ∫ t

0
|Xi,ϑ

s −X
i,ϑ′

s

∣∣2ds)r]
≤ CEPN

ϑ

[ ∫ t

0
|Xi,ϑ

s −X
i,ϑ′

s

∣∣2rds]
since r ≥ 1. Thanks to the smoothness properties of b granted by Assumptions 1.3 and 1.4 and
incorporating the previous estimate, we obtain

EPN
ϑ

[
|Xi,ϑ

t −X
i,ϑ′

t |2r
]

≤ C

∫ t

0
EPN

ϑ

[
|ϑ− ϑ′|2r(1 + |Xi,ϑ

s |2r1r + mr2(µϑs )2r) + |Xi,ϑ

s −X
i,ϑ′

s |2r + W1(µϑs , µϑ
′

s )2r]ds
≤ C

(
|ϑ− ϑ′|2r +

∫ t

0

(
EPN

ϑ

[
|Xi,ϑ

s −X
i,ϑ′

s |2r + W1(µϑs , µϑ
′

s )2r]ds)
where we used that EPN

ϑ
[|Xi,ϑ

t |r′ ] = mr′(µϑt ) is bounded uniformly in t ∈ [0, T ] and ϑ ∈ Θ for all
values of r′ ≥ 1 by Lemma 1.8. We obtain (1.57) for 2r by Grönwall’s lemma, hence for every r ≥ 1
by Cauchy-Schwarz’s inequality. The proposition follows.
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6.2 Proof of Proposition 1.10
By Girsanov’s theorem,

EP⊗N
ϑ

[
log dP

⊗N
ϑ

dPNϑ

]
= 1

2EP⊗N
ϑ

[ N∑
i=1

∫ T

0
|c−1/2b(ϑ; t,Xi

t , µ
(N)
t ) − c−1/2b(ϑ; t,Xi

t , µ
ϑ
t )|2dt

≤ 1
2σ

−2
−

N∑
i=1

∫ T

0
EP⊗N

ϑ

[∣∣N−1
N∑
j=1

(
b̃(ϑ; t,Xi

t , X
j
t ) − EPϑ [̃b(ϑ; t, ζ,Xj

t )]ζ=Xit

)∣∣2]dt.
We plan to use the following decomposition

N−1
N∑
j=1

b̃(ϑ; t,Xi
t , X

j
t ) − EPϑ

[̃
b(ϑ; t, ζ,Xj

t )
]
ζ=Xit

= N−1(b̃(ϑ; t,Xi
t , X

i
t) − EPϑ [̃b(ϑ; t, ζ,Xi

t)]ζ=Xit

)
+ N−1

N (N − 1)−1
N∑

j=1,j ̸=i

(
b̃(ϑ; t,Xi

t , X
j
t ) − EP⊗2

ϑ
[̃b(ϑ; t,Xi

t , X
j
t ) |Xi

t ]
)
.

Using the elementary inequality (a+ b)2 ≤ (1 + ρ)a2 + (1 + ρ−1)b2 valid for every ρ > 0, we obtain

EP⊗N
ϑ

[∣∣N−1
N∑
j=1

b̃(ϑ; t,Xi
t , X

j
t ) − EPϑ [̃b(ϑ; t, ζ,Xj

t )]ζ=Xit

∣∣2]
≤ (1 + ρ−1)N−2EPϑ

[
|̃b(ϑ; t,X1

t , X
1
t )|2

]
+ (1 + ρ)N − 1

N2 EP⊗2
ϑ

[
|̃b(ϑ; t,X1

t , X
2
t )|2

]
,

and therefore

lim sup
N→∞

sup
ϑ∈Θ

EP⊗N
ϑ

[
log dP

⊗N
ϑ

dPNϑ

]
≤ 1 + ρ

2 σ−2
− sup

ϑ∈Θ

∫ T

0

∫
Rd×Rd

|̃b(ϑ; t, x, y)|2(µϑt ⊗ µϑt )(dx, dy)dt.

By assumption,∫
Rd×Rd

|̃b(ϑ; t, x, y)|2(µϑt ⊗ µϑt )(dx, dy) ≤ C
(
1 + sup

t∈[0,T ],ϑ∈Θ
(mr1(µϑt ) + mr2(µϑt ))

)
which is finite by Lemma 1.8. We thus obtain (1.15). In order to obtain (1.16), we simply apply
Pinsker’s inequality :

lim sup
N→∞

sup
ϑ∈Θ

∥PNϑ − P⊗N
ϑ ∥2

TV ≤ 1
2 lim sup

N→∞
sup
ϑ∈Θ

EP⊗N
ϑ

[
log dP

⊗N
ϑ

dPNϑ

]
≤ σ−2

−
1 + ρ

4 sup
ϑ∈Θ

∫ T

0

∫
Rd×Rd

|̃b(ϑ; t, x, y)|2(µϑt ⊗ µϑt )(dx, dy).

The conclusion follows by taking ρ sufficiently small.
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6.3 Proof of Proposition 1.11
Let (

ϕℓ,ℓ′(ϑ; t, x, ν)
)

1≤ℓ,ℓ′≤p =
(
∂ϑℓ(c−1/2b)(ϑ; t, x, µϑt )⊤∂ϑℓ′ (c−1/2b)(ϑ; t, x, µϑt )

)
1≤ℓ,ℓ′≤p.

We have

I(ϑ)ℓ,ℓ′ − I(ϑ′)ℓ,ℓ′ =
∫ T

0

(
EPϑ

[
ϕℓ,ℓ′(ϑ; t,Xt, µ

ϑ
t )
]

− EPϑ′

[
ϕℓ,ℓ′(ϑ′; t,Xt, µ

ϑ′

t )
])
dt

=
∫ T

0

(
EPN

ϑ

[
ϕℓ,ℓ′(ϑ; t,X1,ϑ

t , µϑt ) − ϕℓ,ℓ′(ϑ′; t,X1,ϑ′

t , µϑ
′

t )
])
dt.

Thanks to the smoothness properties of b and σ granted by Assumptions 1.2, 1.3 and 1.4, we have∣∣ϕℓ,ℓ′(ϑ; t,X1,ϑ
t , µϑt ) − ϕℓ,ℓ′(ϑ′; t,X1,ϑ′

t , µϑ
′

t )
∣∣

≤ C
(
|ϑ− ϑ′| + |X1,ϑ

t −X
1,ϑ′

t | + W1(µϑ
′

t , µ
ϑ
t )
)(

1 + |X1,ϑ
t |α + |X1,ϑ′

t |α + mβ(µϑt ) + mβ(µϑ
′

t )
)
.

We have EPN
ϑ

[|X1,ϑ
t |r] = mr(µϑt ), which is uniformly bounded in t ∈ [0, T ], ϑ ∈ Θ for every r ≥ 1

by Lemma 1.8. Likewise EPN
ϑ

[|X1,ϑ′

t |r] ≤ C(mr(µϑt ) + EPN
ϑ

[|X1,ϑ
t −X

1,ϑ′

t |r]), therefore, by Cauchy-
Schwarz’s inequality∣∣EPN

ϑ

[
ϕℓ,ℓ′(ϑ, t,X1,ϑ

t , µϑt ) − ϕℓ,ℓ′(ϑ′, t,X
1,ϑ′

t , µϑ
′

t )
]∣∣

≤ C
(
|ϑ− ϑ′| + (EPN

ϑ
[|X1,ϑ

t −X
1,ϑ′

t |2])1/2 + W1(µϑt , µϑ
′

t )
)
(1 + (EPN

ϑ
[|X1,ϑ

t −X
1,ϑ′

t |2])1/2)

and the Lipschitz smoothness follows by applying (1.44) of Lemma 1.20 and Proposition 1.9. The
convergence N−1IEN (ϑ) → I(ϑ) is a simple consequence of Lemma 1.21.

6.4 Proof of Proposition 1.16
Note that for every 1 ≤ ℓ ≤ p :

∂ϑℓℓ
N (ϑ;XN ) = GN (X(N))ℓ + 2

p∑
ℓ′=1

ϑℓ′HN (X(N))ℓ,ℓ′ .

Let ϑ, ϑ′ in Θ0 be such that PNϑ = PNϑ′ for every N ≥ 1. (This also implies Pϑ = Pϑ′ by Lemma
1.21 for instance.) Using the symmetry of HN (X(N)), we note that

ϑ⊤HN (X(N))ϑ− (ϑ′)⊤HN (X(N))ϑ′ =
p∑
ℓ=1

(ϑℓ − ϑ′
ℓ)

p∑
ℓ′=1

HN (X(N))ℓ,ℓ′(ϑℓ′ + ϑ′
ℓ′).

It follows that

0 = ℓN (ϑ;X(N)) − ℓN (ϑ′;X(N)) =
p∑
ℓ=1

(ϑℓ − ϑ′
ℓ)
(
GN (X(N))ℓ + 2

p∑
ℓ′=1

HN (X(N))ℓ,ℓ′
ϑℓ′ +ϑ′

ℓ′
2

)
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=
p∑
ℓ=1

(
GN (X(N))ℓ + 2

p∑
ℓ′=1

ϑℓ′ +ϑ′
ℓ′

2 HN (X(N))ℓ,ℓ′
)
(ϑℓ − ϑ′

ℓ)

=
p∑
ℓ=1

∂ϑℓℓ
N (ϑ⋆;X(N))ξℓ = ∇ϑℓ

N (ϑ⋆;X(N))⊤ξ,

with ξ = ϑ − ϑ′ and ϑ⋆ = 1
2 (ϑ + ϑ′) ∈ Θ0 by the convexity of Θ0 and that does not depend on

X(N). Assume now that ϑ ̸= ϑ′. This implies that for some ξ ̸= 0, we have

0 = (∇ϑℓ
N (ϑ⋆;X(N))⊤ξ)⊤∇ϑℓ

N (ϑ⋆;X(N))⊤ξ = ξ⊤IEN (ϑ⋆)ξ.

Thus IEN (ϑ⋆) is degenerate for every N ≥ 1. Letting N → ∞ and applying Proposition 1.11, we
infer that I(ϑ⋆) is degenerate as well, a contradiction.

7 Appendix
7.1 Proof of Lemma 1.7

By Assumption 1.3 we have

|b(ϑ; s,Xi
s, µ

(N)
s )| ≤ C(1 + |Xi

s| +N−1
N∑
i=1

|Xi
s|)

uniformly in s ∈ [0, T ] and ϑ ∈ Θ. For M > 0, define τM = inf{s ≥ 0,max1≤i≤N |Xi
s| ≥ M} ∧ T

and note that τM is a (FNt )-stopping time. We have

|Xi
t∧τM | ≤ |Xi

0| +
∫ t∧τM

0
|b(ϑ, s,Xi

s, µ
(N)
s )|ds+

∣∣ ∫ t∧τM

0
σ(s,Xi

s)dBi,N,ϑs

∣∣
≤ |Xi

0| + C

∫ t∧τM

0
(1 + |Xi

s| +N−1
N∑
i=1

|Xi
s|)ds+

∣∣ ∫ t∧τM

0
σ(s,Xi

s)dBi,N,ϑs

∣∣
≤ |Xi

0| + C

∫ t

0
(1 + |Xi

s∧τM | +N−1
N∑
i=1

|Xi
s∧τM |)ds+ sup

0≤t≤T

∣∣ ∫ t

0
σ(s,Xi

s)dBi,N,ϑs

∣∣
Taking PNϑ -expectation of order r ≥ 1, we obtain

EPN
ϑ

[
|Xi

t∧τM |r
]

≤ C
(
1 + EPN

ϑ

[
|Xi

0|r
]

+
∫ t

0
(1 + EPN

ϑ

[
|Xi

s∧τM |r
]
ds
)
,

using Jensen’s inequality, the exchangeability of PNϑ and the Burckholder-Davis-Gundy inequality
together with Assumption 1.2 to obtain

E
[

sup
0≤t≤T

∣∣ ∫ t

0
σ(s,Xi

s)dBi,N,ϑs

∣∣r] ≤ CE
[( ∫ t

0
|σ(s,Xi

s)|2s
)r/2] ≤ C ′.

By Grönwall’s lemma, we infer

EPN
ϑ

[
|Xi

t∧τM |r
]

≤ (EPN
ϑ

[
|Xi

0|r
]

+ C ′) exp(Ct).

Letting M → ∞, we conclude by Fatou’s lemma.
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7.2 Proof of Lemma 1.8
It is a slight variation of the proof of Lemma 1.7. By Theorem 4.21 in [37], we have EPϑ [sup0≤t≤T |Xi

t |r] <
∞ for every r ≥ 1. (Their argument is developed for r = 2 but the extension to any r ≥ 1 is
straightforward.) Therefore, only the uniformity in ϑ requires a proof. From

EPN
ϑ

[
|Xi,ϑ

t |r
]

≤ C
(
EPN

ϑ

[
|Xi

t −X
i,ϑ

t |r
]

+ EPN
ϑ

[
|Xi

t |r
])
,

and the fact that EPN
ϑ

[
|Xi,ϑ

t |r
]

= EPϑ

[
|Xi,ϑ

t |r
]
, Lemma 1.8 is now a simple consequence of (1.46)

in Lemma 1.20 together with Lemma 1.7.

7.3 Proof of Lemma 1.20
Proof of (1.43)

The first inequality is obvious. Then, since Xi
0 = Xi,ϑ′

0 , we have

Xi
t −Xi,ϑ′

t =
∫ t

0

(
b(ϑ; s,Xi

s, µ
(N)
s ) − b(ϑ′; s,Xi,ϑ′

s , µ(N),ϑ′

s )
)
ds+

∫ t

0

(
σ(s,Xi

s) −σ(s,Xi,ϑ′

s )
)
dBi,N,ϑs .

Thanks to the smoothness properties of b and σ granted by Assumptions 1.2, 1.3 and 1.4, taking
expectation to the power r on both side and applying the Burckholder-Davis-Gundy inequality, we
infer

EPN
ϑ

[
|Xi

t −Xi,ϑ′

t |r
]

≤ C

∫ t

0
EPN

ϑ

[
|ϑ− ϑ′|r(1 + |Xi

s|r1 + mr2(µ(N)
s ))r + |Xi

s −Xi,ϑ′

s |r + W1(µ(N),ϑ′

s , µ(N)
s )r

]
ds

≤ C
(
|ϑ− ϑ′|r +

∫ t

0

(
EPN

ϑ

[
|Xi

s −Xi,ϑ′

s |r + W1(µ(N),ϑ′

s , µ(N)
s )r

])
ds
)

where we used that EPN
ϑ

[
mr2(µ(N)

t )r
]

≤ EPN
ϑ

[|Xi
t |r2r] which is bounded uniformly in t ∈ [0, T ] and

ϑ ∈ Θ by Lemma 1.7. Also, using the first part of (1.43), namely

EPN
ϑ

[
W1(µ(N),ϑ′

s , µ(N)
s )r

]
≤ CN−1

N∑
i=1

EPN
ϑ

[
|Xi

s −Xi,ϑ′

s |r
]

and taking averages over i = 1, . . . , N on both sides, we infer

N−1
N∑
i=1

EPN
ϑ

[
|Xi

t −Xi,ϑ′

t |r
]

≤ C
(
|ϑ− ϑ′|r +

∫ t

0
N−1

N∑
i=1

EPN
ϑ

[
|Xi

s −Xi,ϑ′

s |r
]
ds
)
.

We obtain the second part of (1.43) by Grönwall’s lemma.

Proof of (1.44)

The first inequality is obvious. The second part is simply (1.57) from the proof of Proposition
1.9.
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Proof of (1.45) and (1.46)

By triangle inequality,

W1(µ(N)
t , µϑt ) ≤ W1(µ(N)

t , µ
(N),ϑ
t )+W1(µ(N),ϑ

t , µϑt ) ≤ N−1
N∑
i=1

|Xi
t−X

i,ϑ

t |+W1(µ(N),ϑ
t , µϑt ). (1.58)

By Theorem 2 of [74], we have supt∈[0,T ],ϑ∈Θ EPN
ϑ

[
W1(µ(N),ϑ

t , µϑt )r
]

≤ CN−δr for every r ≥ 1 and
some δ > 0. The value of δ depends on the dimension d of the state space. The uniformity in
(t, ϑ) follows in particular from the uniform moment bounds of Lemma 1.8 (see the conditions of
Theorem 2 of [74]). Therefore (1.45) is a consequence of (1.46).

In order to establish (1.46), since Xi
0 = X

i,ϑ

0 , we write

Xi
t −X

i,ϑ

t =
∫ t

0

(
b(ϑ;Xi

s, µ
(N)
s ) − b(ϑ; s,Xi,ϑ

s , µϑs )
)
ds+

∫ t

0

(
σ(s,Xi

s) − σ(s,Xi,ϑ

s )
)
dBi,N,ϑs .

Taking expectation to the power r on both side and applying the Burckholder-Davis-Gundy in-
equality, we infer

EPN
ϑ

[
|Xi

t −X
i,ϑ

t |r
]

≤ C

∫ t

0
EPN

ϑ

[
|Xi

t −X
i,ϑ

s |r + W1(µ(N)
s , µϑs )r

]
ds

≤ C

∫ t

0
EPN

ϑ

[
|Xi

t −X
i,ϑ

s |r + W1(µ(N),ϑ
s , µϑs )r

]
ds

≤ εN + C

∫ t

0
EPN

ϑ

[
|Xi

t −X
i,ϑ

s |r
]
ds,

arguing as in (1.58), and where εN = CT supt∈[0,T ],ϑ∈Θ EPN
ϑ

[
W1(µ(N),ϑ

s , µϑs )r
]

≤ CN−δr. Note that
the constants in each line are uniformly bounded in ϑ ∈ Θ. We obtain (1.46) by Grönwall’s lemma.

7.4 Proof of Lemma 1.21
We plan to use the following decomposition

N−1
N∑
i=1

∫ t

0
ϕ(ϑN ; s,Xi

s, µ
(N)
s )ds−

∫ t

0

∫
Rd
ϕ(ϑ; s, x, µϑs )µϑs (dx)ds = I + II + III,

with

I = N−1
N∑
i=1

∫ t

0

(
ϕ(ϑN ; s,Xi

s, µ
(N)
s ) − ϕ(ϑN ; s,Xi,ϑN

s , µϑNs )
)
ds

II = N−1
N∑
i=1

∫ t

0

(
ϕ(ϑN ; s,Xi,ϑN

s , µϑNs ) − ϕ(ϑ; s,Xi,ϑ

s , µϑs )
)
ds

III = N−1
N∑
i=1

∫ t

0
ϕ(ϑ; s,Xi,ϑ

s , µϑs )ds− EPϑ

[ ∫ t

0
ϕ(ϑ; s,Xi,ϑ

s , µϑs )ds
]
.
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Thanks to the properties of ϕ the term I is bounded by a constant times

N−1
N∑
i=1

∫ t

0

(
|Xi

s −X
i,ϑN
s | + W1(µ(N)

s , µϑNs )
)(

1 + |Xi,ϑN
s |α + |Xi

s|α + mβ(µϑNs ) + mβ(µ(N)
s )

)
ds

≤
(
N−1

N∑
i=1

∫ t

0

(
|Xi

s −X
i,ϑN
s | + W1(µ(N)

s , µϑNs )
)2
ds
)1/2

× C
(
N−1

N∑
i=1

∫ t

0

(
1 + |Xi,ϑN

s |2α + |Xi
s|2α + m2β(µϑNs ) + m2β(µ(N)

s )
)
ds
)1/2

.

by Cauchy-Schwarz’s inequality. Applying Cauchy-Schwarz’s inequality again together with Jen-
sen’s inequality, the PNϑN -expectation to the power m of the first term is then bounded by a constant
times

EPN
ϑN

[∣∣∣N−1
N∑
i=1

∫ t

0

(
|Xi

s −X
i,ϑN
s |2 + W1(µ(N)

s , µϑNs )2)ds∣∣∣m]1/2

×
(∫ t

0

(
1 + EPN

ϑN

[
|Xi,ϑN

s |2mα + |Xi
s|2mα

]
+ m2mβ(µϑNs ) + m2mβ(µ(N)

s )
)
ds
)1/2

.

The first term is bounded by a constant times N−mδ by (1.45) and (1.46) of Lemma 1.20. Also
the PNϑN -expectation of |Xi,ϑN

s |2mα, |Xi
s|2mα and m2mβ(µ(N)

s ) is uniformly bounded in s ∈ [0, T ]
by Lemma 1.7 and so is m2mβ(µϑNs ) by Lemma 1.8. We conclude

EPN
ϑN

[∣∣I∣∣m] ≤ CN−δm.

The second term II is bounded by a constant times

N−1
N∑
i=1

∫ t

0

(
|ϑN − ϑ| + |Xi,ϑN

s −X
i,ϑ

s | + W1(µϑNs , µϑs )
)
ds.

Taking PNϑN -expectation to the power m and applying successively the first and second part of
(1.44) in Lemma 1.20, we obtain

EPN
ϑN

[∣∣II∣∣m] ≤ C|ϑ− ϑN |m.

Finally, the third and last term converges to 0 by the law of large numbers, applying for instance
Rosenthal’s inequality for a precise bound in N . We obtain

EPN
ϑN

[∣∣III∣∣m] ≤ CN−m/2.

The proof of Lemma 1.21 is complete.
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CHAPITRE 2
NONPARAMETRIC ESTIMATION FOR INTERACTING

PARTICLE SYSTEMS : MCKEAN-VLASOV MODELS

1 Introduction
1.1 Setting

We continuously observe a stochastic system of N interacting particles

Xt = (X1
t , . . . , X

N
t ), t ∈ [0, T ] (2.1)

evolving in an Euclidean ambient space Rd, that solves
dXi

t = b(t,Xi
t , µ

N
t )dt+ σ(t,Xi

t)dBit, 1 ≤ i ≤ N, t ∈ [0, T ],

L(X1
0 , . . . , X

N
0 ) = µ⊗N

0 ,
(2.2)

where µNt = N−1∑N
i=1 δXit is the empirical measure of the system. The Bi are independent Rd-

valued Brownian motions, and the transport and diffusion coefficients b and σ are sufficiently
regular so that µNt → µt weakly as N → ∞, where µt is a weak solution of the parabolic nonlinear
equation {

∂tµt + div(b(t, ·, µt)µt) = 1
2
∑d
k,k′=1 ∂

2
kk′((σσ⊤)(t, ·)kk′µt),

µt=0 = µ0,
(2.3)

see Section 2 below. In this context, we are interested in estimating nonparametrically from data
(2.1) the solution (t, x) 7→ µt(x) of (2.3) and the drift function (t, x, µ) 7→ b(t, x, µ) ∈ Rd at the
value (t, x, µ) = (t, x, µt). The time horizon T is fixed and asymptotics are taken as N → ∞.

A particular case of interest is a homogeneous drift with a linear dependence in the measure
argument. The drift term in (2.2) then takes the form

b(t,Xi
t , µ

N
t ) =

∫
Rd
b̃(Xi

t , y)µNt (dy) = N−1
N∑
j=1

b̃(Xi
t , X

j
t ), (2.4)
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for some function b̃ : Rd × Rd → Rd. In the paper, when we specialise on this case, we consider b̃
of the form

b̃(x, y) = F (x− y) +G(x)

for some regular F,G : Rd → Rd. In this case, we have

b(t,Xi
t , µ

N
t ) = F ⋆ µNt (Xi

t) +G(Xi
t),

where ⋆ denotes convolution. The function F plays the role of an interaction force applied to the
particle system while G accounts for an external force in the motion of each particle. If the forces
F and G derive from smooth potentials V,W : Rd → R, the interaction then takes the form
F (x) = −∇W (x) and we have a confinement G(x) = −∇V (x) , see e.g. [12, 92, 38]. However, we
work on a fixed time horizon [0, T ] in the paper, and will not need this point of view 1.

In the semi-linear representation (2.4), we are interested in estimating nonparametrically from
data (2.1) the interaction force x 7→ F (x) ; the parameter x 7→ G(x) is considered as a nuisance.

1.2 Motivation
Stochastic systems of interacting particles and associated nonlinear Markov processes in the

sense of McKean [146] date back to the 1960’s and originated from statistical physics in plasma
physics. Their importance in probability theory progressively grew in the following decades, and a
versatility of fundamental tools were developed in this context like e.g. coupling methods, geometric
inequalities, propagation of chaos, concentration and fluctuations in abstract functional spaces, see
Sznitman [172, 173], Tanaka and Hitsuda [179], Fernandez et al. [71], Méléard [148], Malrieu [142],
Cattiaux et al. [38], Bolley et al. [21], among a myriad of references. However, until the early 2000’s,
a modern formulation of a statistical inference program in this context was out of reach (with some
notable exceptions like e.g. Kasonga [111]), at least for two reasons : first, the fine probabilistic tools
required for nonparametric adaptive estimation were still in full development ; second and perhaps
more importantly, microscopic particles systems issued from statistical physics are not naturally
observable and the motivation for statistical inference is not obvious in this context. The situation
progressively evolved around the 2010’s, with the start of a kind of renaissance of McKean-Vlasov
type models in several application fields that model collective and observable dynamics, ranging
from mathematical biology (neurosciences, Baladron et al. [6], structured models in population
dynamics, Mogilner et al. [154], Burger et al. [32]) to social sciences (opinion dynamics, Chazelle
et al. [43], cooperative behaviours, Canuto et al. [33]) and finance (systemic risk, Fouque and
Sun [73]). More recently, mean-field games (Cardaliguet et al. [35], Cardaliaguet and Lehalle [36])
appear as a new frontier for statistical developments, see in particular the recent contribution of
Giesecke [84]. The field has reached enough maturity for the necessity and interest of a systematic
statistical inference program, starting with nonparametric estimation. This is the topic of the paper.

Parallel to understanding collective dynamics from a statistical point of view, some interest in
the study of statistical models related to PDE’s has progressively emerged over the last decade.
Typical examples include nonparametric Bayes and uncertainty quantification for inverse problems,
see Abraham and Nickl [1], Monard et al. [155], Nickl [159, 160], and the references therein, or
inference in structured models from microscopic data (Doumic et al. [67, 68], Hoffmann and Olivier
[95], Boumezoued et al. [27], Ngoc et al. [94], Mäıda et al. [141]). The analysis of elliptic, parabolic

1. usually required to control the model for convergence to equilibrium when T is large.
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or transport-fragmentation equations sheds new light on the underlying nonparametric structure
of companion statistical experiments and enrich the classical theory. To that extent, we provide in
this paper a first step in that direction for a certain kind of nonlinear parabolic equations, in the
sense of McKean [146]. Finally, our work can also be embedded in the framework of functional data
analysis, where we observe N diffusion processes with common dynamics, see e.g. the recent work
of Comte and Genon-Catalot [48] formally contained in our framework, for d = 1 and in absence
of interactions in the drift b.

1.3 Results and organisation of the paper
In Section 2, we detail the notations and assumptions of the model and build kernel esti-

mators for µt(x) and b(t, x, µt). Whereas the estimation for µt is standard, the estimation of
the drift requires a smoothing in both time and space of the empirical measure πN (dt, dx) =
N−1∑N

i=1 δXit (dx)Xi(dt), that estimates the intermediate function π(t, x) = b(t, x, µt)µt(x). We
then use a quotient estimator to recover b.

In Section 3, we adopt the Goldenshluger-Lepski method [87, 88, 89] to tune the bandwidths
of both estimators in a data driven way and obtain oracle inequalities in Theorems 2.7 and 2.9 for
both µ and b. We further develop a minimax theory in Section 4 when µ and b belong to anisotropic
Hölder spaces in time and space variable, that are built upon the solution of the parabolic nonlinear
limiting equation (2.3) and prove the optimality and smoothness adaptivity or our estimators in
Theorems 2.14 and 2.15. We finally explore in Section 5 the identification of the interaction force F
in the Vlasov model where the drift takes the form b(x, µ) = F ⋆ (x)µ+G(x), for some sufficiently
well localised functions F and G. We prove in Theorem 2.17 that one can consistently estimate F
(hence G) by means of a Fourier type estimator, inspired by blind deconvolution methods, see e.g.
Johannes [106].

We develop the probabilistic tools we need to undertake our statistical estimates in Section
6. We study the fluctuations of µNt around its mean µt in Theorem 2.18, with time dependent
extension to the fluctuations of µNt (dx)ρ(dt) around ν(dt, dx) = µt(dx)ρ(dt) for arbitrary weight
measures ρ(dt). We prove a Bernstein concentration inequality that reads

Prob
(
N−1

N∑
i=1

∫ T

0
ϕ(t,Xi

t)ρ(dt) −
∫

[0,T ]×Rd
ϕ(t, y)µt(dy)ρ(dt) ≥ x

)
≤ κ1 exp

(
− κ2Nx

2

|ϕ|2L2(ν) + |ϕ|∞x

)
, ∀x ≥ 0,

over test functions ϕ and for some κi = κi(T, σ, b, µ0) > 0. It improves on variance estimates based
on coupling or geometric inequalities that usually need ϕ to be 1-Lipschitz, whereas nonparametric
statistical estimation requires ϕ = ϕN to mimic a Dirac mass as N → ∞ that can be controlled
in L2-norm but behaves badly in Lipschitz norm. Bernstein’s inequality for a range of deviation
valid for all x ≥ 0 is also the gateway to nonparametric adaptive estimation ; it is not provided by
concentration in Wasserstein distance like in Bolley et al. [21] that moreover has the drawback of
adding an additional unavoidable dimensional penalty in the rates of convergence.

Our method of proof avoids coupling by relying on a Girsanov argument, following classical
ideas, recently revisited for instance by Lacker [116], a key reference for our work. We classically
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require strong ellipticity for the diffusion coefficient and Lipschitz continuity in the space variable.
As for the drift, we assume at least Lipschitz continuity

|b(t, x, µ) − b(t, x′, µ′)| ≤ C
(
|x− x′| + W1(µ, µ′)

)
in Wasserstein-1 metric W1. In our approximation argument, the logarithm of the Girsanov den-
sity between the law of the data and a companion coupled system of independent particles is of
order N

∫ T
0
∫
Rd
∣∣b(s, x, µNs ) − b(s, x, µs)

∣∣2µNs (dx)ds ≲ N sup0≤t≤T W1(µNt , µt)2 for which we need
sharp integrability properties uniformly in N . In order to circumvent the unavoidable dimensional
effect of the approximation W1(µNt , µt) ≈ N−1/max(2,d), see Fournier and Guillin [74], we assume
moreover k-linear differentiability for b in the measure variable, see Assumption 2.4 in Section 2.
This enables us to control by a sub-Gaussianity argument for U -statistics each term of a Taylor-like
expansion of b(t, x, µNt ) − b(t, x, µt) in the measure variable ; we obtain the desired result, provided
k ≥ d/2 (with a special modification in dimension d = 2). In particular, in the Vlasov model, we
formally have k = ∞ and the result is valid in all dimension d ≥ 1.

Section 6 and 7 are devoted to the proofs and an Appendix (Section 8) contains auxiliary
technical results.

2 Model assumptions and construction of estimators
2.1 The system of interacting particles and its limit

We fix an integer d ≥ 1 and a time horizon T > 0. The random processes take their values
in Rd. We write | · | for the Euclidean distance (on R or Rd) or sometimes for the modulus of a
complex number, and x⊤x = |x|2.

Functions

We consider functions that are mappings defined on products of metric spaces (typically [0, T ]×
Rd×P1 or subsets of these) with values in R or Rd. Here, P1 denotes the set of probability measures
on Rd with a first moment, endowed with the Wasserstein 1-metric

W1(µ, ν) = inf
m∈Γ(µ,ν)

∫
Rd×Rd

∣∣x− y
∣∣m(dx, dy) = sup

|ϕ|Lip≤1

∫
Rd
ϕd
(
µ− ν

)
,

where Γ(µ, ν) denotes the set of probability measures on Rd × Rd with marginals µ and ν. All the
functions in the paper are implicitly measurable with respect to the Borel-sigma field induced by
the product topology. A Rd-valued function f is written componentwise as f = (fk)1≤k≤d where
the fk are real-valued. The product f ⊗ g of two Rd-valued functions is the Rd-valued function
with R2d variables with components (f ⊗ g)k(x, y) = fk(x)gk(y). If f : [0, T ] × Rd → R, we set
|f |∞ = supt,x |f(t, x)| and |f |p = (

∫
[0,T ]×Rd |f(t, x)|pdx dt

)1/p for 1 ≤ p < ∞. Depending on the
context, if f : [0, T ] → R or f : Rd → R is a function of time or space only, we sometimes write
|f |p for (

∫ T
0 |f(t)|pdt)1/p or (

∫
Rd |f(x)|pdx)1/p when no confusion is possible.

Constants

We repeatedly use positive quantities κi, ϖi, Ci, i = 1, 2, . . . that do not depend on N , that
we call constants, but that actually may (continuously) depend on model parameters. In most
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cases, they are explicitly computable. We also use special letters like κ, δ, τ, c±, . . ., but they will
only appear once. The generic notation C is sometimes used before it is set depending on a model
parameter. The notation ϖi stands for quantities that need to be tuned in an algorithm (like an
estimator).

Assumptions

We work under strong ellipticity and Lipschitz smoothness assumptions on the diffusion matrix
σ : [0, T ] × Rd → Rd ⊗ Rd and the drift b : [0, T ] × Rd × P1 → Rd, as well as strong integrability
properties for the initial condition µ0.

Assumption 2.1. For some γ0 > 0, γ1 ≥ 1, the initial condition µ0 satisfies∫
Rd

exp(γ0|x|2)µ0(dx) ≤ γ1. (2.5)

Assumption 2.2. The diffusion matrix σ is measurable and for some C ≥ 0, we have

|σ(t, x′) − σ(t, x)| ≤ C|x′ − x|.

Moreover, c = σσ⊤ is such that σ2
−|y|2 ≤ (c(t, x)y)⊤y ≤ σ2

+|y|2 for some σ± > 0.

As for the regularity of the drift

b : [0, T ] × Rd × P1 → Rd,

the notion of linear differentiability, commonly used in the literature of mean-field games and
McKean-Vlasov equations in order to quantify the smoothness of µ 7→ b(t, x, µ) as a mapping
P1 → Rd will be the most useful in our setting. We refer in particular to the illuminating section
2.2. in Jourdain and Tse [108] and the references therein.

Definition 2.3. A mapping f : P1 → Rd is said to have a linear functional derivative, if there
exists δµf : Rd × P1 → Rd (sometimes denoted by δf

δµ) such that

f(µ′) − f(µ) =
∫ 1

0

∫
Rd
δµf(y, (1 − ϑ)µ+ ϑµ′)(µ′ − µ)(dy)dϑ (2.6)

with the following smoothness properties∣∣δµf(y′, µ′) − δµf(y, µ)
∣∣ ≤ C

(
W1(µ′, µ) + |y′ − y|

)
,∣∣∂y(δµf(y, µ′) − δµf(y, µ)

)∣∣ ≤ CW1(µ′, µ)

for some C ≥ 0.

We can iterate the process described in (2.6) and obtain a notion of k-linear functional derivative
via the existence of mappings

δℓµf : (Rd)ℓ × P1 → Rd for ℓ = 1, . . . , k

defined recursively by δℓµf = δµ ◦ δℓ−1
µ f and enjoying associated smoothness properties.
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Assumption 2.4. The drift b : [0, T ] × Rd × P1 → Rd is measurable and

b0 = sup
t∈[0,T ]

|b(t, 0, δ0)| < ∞.

Moreover, one of the following three conditions is satisfied for some C > 0 :
(i) (Lipschitz continuity.) We have d = 1 and∣∣b(t, x′, µ′) − b(t, x, µ)

∣∣ ≤ C
(
|x′ − x| + W1(µ′, µ)

)
.

(ii) (Existence of a functional derivative of order k.) Let k ≥ 1. For (d = 1 and k ≥ 1) or (d = 2
and k ≥ 2) or (d ≥ 3 and k ≥ d/2), we have (i) and the map

µ 7→ b(t, x, µ)

admits a functional derivative of order k in the sense of Definition 2.3. Moreover, the following
representation holds

δkµb(t, x, (y1, . . . , yk), µ) =
∑

I⊂{1,...,k},m≥1

⊗
j∈I

(δkµb)I,j,m(t, x, yj , µ), (2.7)

where the sum in m is finite with at most mb terms and the mappings (δkµb)I,j,m : [0, T ] ×
Rd × Rd × P1 → Rd are such that

|(δkµb)I,j,m(t, x′, y′, µ) − (δkµb)I,j,m(t, x, y, µ)| ≤ C(|x′ − x| + |y′ − y|).

(iii) (Vlasov case.) We have d ≥ 1 and

b(t, x, µ) =
∫
Rd
b̃(t, x, y)µ(dy)

for some measurable b̃ : [0, T ] × Rd × Rd → Rd such that :∣∣̃b(t, x′, y′) − b̃(t, x, y)
∣∣ ≤ C(|x′ − x| + |y′ − y|).

We let |b|Lip denote the smallest C ≥ 0 for which Assumption 2.4 (i) holds and |δkµb|Lip the
smallest constant C ≥ 0 for which Assumption 2.4 (ii) holds for the highest order of differentiability.

Remark 2.5. 1) The representation (2.7) in Assumption 2.4 (ii) is merely technical and enables
one to obtain a control in W1-distance of the remainder term in Taylor-like expansions of b(t, x, µ)
in an easy way, see in particular the proof of Proposition 2.19, Step 2 below. It can presumably
be relaxed, but will be sufficient for the level of generality intended in the paper. It accomodates in
particular drifts of the form

b(t, x, µ) =
∑
j

Fj

(
t, x,

∫
Rq2

Gj
(
t, x,

∫
Rd
Hj(t, x, z)µ(dz), z′)λj(dz′)

)
for smooth mappings Fj(t, x, ·) : Rq3 → Rd, Gj(t, x, ·) : Rq1 ×Rq2 → Rq3 , Hj(t, x, ·) : Rd → Rq1 and
positive measures λj on Rq2 in some cases and combinations of these, see Jourdain and Tse [108].
Explicit examples of mean-field models where the structure of the drift is of the form 2.4 (ii) rather
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than 2.4 (i) or (iii) are given for instance in [46, 162, 148, 107]. 2) Condition (iii) is stronger
than (ii) : under Assumption 2.4 (iii),∫

Rd
b̃(t, x, ·)d(µ′ − µ) ≤ C sup

|ϕ|Lip≤1

∫
Rd
ϕd(µ′ − µ) = CW1(µ′, µ),

thus
∣∣b(t, x′, µ′) − b(t, x, µ)

∣∣ =
∣∣ ∫

Rd (̃b(t, x′, ·) − b̃(t, x, ·))dµ′ −
∫
Rd b̃(t, x, ·) d(µ− µ′)

∣∣ ≤ C
(
|x′ − x| +

W1(µ′, µ)
)

and Assumption 2.4 (i) holds true. Moreover δµb(t, x, y, µ) = b̃(t, x, y) and Assumption
2.4 (ii) holds true as well.

We let C = C([0, T ], (Rd)N ) denote the space of continuous functions on (Rd)N , equipped with
the filtration (Ft)0≤t≤T induced by our observation, namely the canonical mappings

Xt(ω) =
(
X1
t (ω), . . . , XN

t (ω)
)

= ωt

and modified to be right-continuous for safety. For µ0 ∈ P1, the probability PN on (C,FT ) under
which the canonical process X = (X1

t , . . . , X
N
t )0≤t≤1 is a weak solution of (2.2) for the initial

condition µ⊗N
0 is uniquely defined under Assumptions 2.1, 2.2 and 2.4. Recommended reference

(that covers our set of assumptions) is the textbook by Carmona and Delarue [37] or the lectures
notes of Lacker [115]).

2.2 Kernel estimators
We pick two bounded and compactly supported kernel functions H : (0, T ) → R and K : Rd →

R such that ∫ T

0
H(s)ds =

∫
Rd
K(y)dy = 1.

Let ℓ ≥ 1 be an integer. We say that the kernels H or K have order ℓ if, for k = 0, . . . , ℓ − 1, we
have ∫ T

0
skH(s)ds =

∫
Rd

(y1)kK(y)dy1 = . . . =
∫
Rd

(yd)kK(y)dyd = 1{k=0}, (2.8)

with y = (y1, . . . , yd).

Construction of an estimator of µt(x) ∈ R

Let (t0, x0) ∈ (0, T ] × Rd. For h > 0 we obtain a family of estimators of µt0(x0) by setting

µ̂Nh (t0, x0) =
∫
Rd
Kh(x0 − x)µNt0 (dx), (2.9)

with Kh(x) = h−dK(h−1x).

Construction of an estimator of b(t, x, µt) ∈ Rd

Let (t0, x0) ∈ (0, T ) × Rd. Abusing notation slightly, define the Rd-valued random measure

πN (dt, dx) = N−1
N∑
i=1

Xi(dt)δXit (dx),
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defined by ∫
[0,T ]×Rd

ϕ(t, x)πN (dt, dx) = N−1
N∑
i=1

∫ T

0
ϕ(t,Xi

t)dXi
t

for a test function ϕ : [0, T ] × Rd → R. Letting

(H ⊗K)h(t, x) = Hh1(t)Kh2(x) for h = (h1, h2), hi > 0,

with Hh(t) = h−1H(h−1t), we obtain a family of estimators of π(t0, x0) = b(t0, x0, µt0)µt0(x0) by
setting

π̂Nh (t0, x0) =
∫

[0,T ]×Rd
(H ⊗K)h(t0 − t, x0 − x)πN (dt, dx)

=
(∫

[0,T ]×Rd
(H ⊗K)h(t0 − t, x0 − x)(πN )k(dt, dx)

)
1≤k≤d

, (2.10)

i.e. by smoothing componentwise πN (dt, dx). We finally estimate b(t0, x0, µt0) by

b̂Nh,h(t0, x0)ϖ = π̂Nh (t0, x0)
µ̂Nh (t0, x0) ∨ϖ

∈ Rd, h = (h1, h2),

with h, hi > 0 and some threshold ϖ > 0 that prevents the estimator to blow-up for small values
of µ̂Nh (t0, x0).

3 Nonparametric oracle estimation
Our results involve positive quantities that continuously depend on real-valued parameters of

the problem, namely
b =

(
γ0, γ1, b0, |b|Lip, |δkµb|Lip,mb, σ±, T, d

)
,

defined in Assumptions 2.1, 2.2 and 2.4, together with the dimension d ≥ 1 of the ambient space
and the value of the terminal time T > 0. In the following, the notation AN ≲ BN means the
existence of C > 0 (possibly depending on b but not N) such that AN ≤ CBN for every N ≥ 1.

3.1 Oracle estimation of µt(x)
We fix (t0, x0) ∈ (0, T ] × Rd and implement a variant of the Goldenshluger-Lepski’s algorithm

[87, 88, 89] for pointwise estimation. Pick a discrete set

HN
1 ⊂

[
N−1/d(logN)2/d, 1

]
,

of admissible bandwidths such that Card(HN
1 ) ≲ N . The algorithm, based on Lepski’s principle,

requires the family of estimators (
µ̂Nh (t0, x0), h ∈ HN

1

)
defined in (2.9) and selects an appropriate bandwidth ĥN from data µNt0 (dx). Writing {x}+ =
max(x, 0), define

ANh = max
h′≤h,h′∈HN

1

{(
µ̂Nh (t0, x0) − µ̂Nh′(t0, x0)

)2 − (VNh + VNh′)
}

+
, (2.11)
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where
VNh = ϖ1|K|22(logN)N−1h−d, ϖ1 > 0. (2.12)

Let
ĥN ∈ argminh∈HN

1

(
ANh + VNh

)
. (2.13)

The data driven Goldenshluger-Lepski estimator of µt0(x0) defined by

µ̂NGL(t0, x0) = µ̂N
ĥN

(t0, x0)

is specified by K and ϖ1.

Remark 2.6. The choice of the penalty ANh and the threshold VNh in (2.11) and (2.12) are standard
in the GL methodology : ANh is a kind of proxy for the estimation of the mean of µ̂Nh (t0, x0) while
VNh is the exact penalty needed in order to balance the size of the variance of the estimator in h, of
order |K|22N−1h−d, inflated by a logarithmic term logN and tuned with ϖ1 > 0. This enables one
to control all the stochastic deviation terms. See in particular the proof of Theorem 2.7. We also
refer to the original sources in Goldenshluger and Lepski [87, 88, 89].

Oracle estimate

We need some notation. Given a kernel K, the bias at scale h > 0 of µ at point (t0, x0) is
defined as

BNh (µ)(t0, x0) = sup
h′≤h,h′∈HN

1

∣∣∣ ∫
Rd
Kh′(x0 − x)µt0(x)dx− µt0(x0)

∣∣∣. (2.14)

We are ready to give the performance of our estimator of µt(x), by means of an oracle inequality.

Theorem 2.7. Work under Assumptions 2.1, 2.2 and 2.4. Let (t0, x0) ∈ (0, T ]×Rd. The following
oracle inequality holds true :

EPN
[(
µ̂NGL(t0, x0) − µt0(x0)

)2]
≲ min
h∈HN

1

(
BNh (µ)

(
t0, x0)2 + VNh

)
,

for large enough N , up to a constant depending on (t0, x0), |K|∞ and b, provided µ̂NGL(t0, x0) is
calibrated with ϖ1 ≥ 16κ−1

2 κ3, where κ2 is specified in Theorem 2.18 and κ3 is a (local) upper
bound of µt0 , see Lemma 2.23 below.

Some remarks are in order : 1) Up to an inessential logarithmic factor, our estimator achieves
the optimal bias-variance tradeoff among every possible bandwidth h ∈ HN

1 . 2) The requirement
Nhd ≥ (logN)2 for h ∈ HN

1 could be tightened to Nhd ≥ (logN)1+ϵ for an arbitrary ϵ > 0 ; this
is slightly more stringent than the usual bound Nhd ≥ logN in the literature [87, 88, 89], but this
has no consequence for the subsequent minimax results. 3) The choice of a pointwise loss function
at (t0, x0) is inessential here : other integrated norms like | · |p would work as well, following the
general strategies of Lepski’s principle. 4) The construction of the estimator of µt0(x0) requires
a lower bound on ϖ1 that has to be set prior to the data analysis. The bound we obtain are
presumably too large. In practice, ϖ1 has to be tuned by other methods, possibly using data. Such
approaches in the context of Lepski’s methods have been recently introduced by Lacour et al. [117].
This weakness is common to all nonparametric methods that depend on a data-driven bandwidth.
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3.2 Oracle estimation of b(t, x, µt)
Similarly to the estimation of µt(x), we pick a discrete set

HN
2 ⊂

[
N−1/(d+1)(logN)2/(d+1), (logN)−2]×

[
N−1/(d+1)(logN)2/(d+1), 1

]
, (2.15)

with cardinality CardHN
2 ≲ N . We assume that HN

2 is equipped with some ordering ⪯ such that
for every h,h′ ∈ HN

2 , we have either h ⪯ h′ or h′ ⪯ h. The construction uses µ̂NGL(t0, x0), given
in addition the family of estimators (

π̂Nh (t0, x0),h ∈ HN
2
)

defined in (2.10) and constructed with the kernel H ⊗K. Define

ANh = max
h′⪯h,h′∈HN

2

{∣∣π̂Nh (t0, x0) − π̂Nh′(t0, x0)
∣∣2 − (VNh + VNh′)

}
+
, (2.16)

where
VNh = ϖ2|H ⊗K|22(logN)N−1h−1

1 h−d
2 , ϖ2 > 0. (2.17)

Let
ĥ
N

∈ argminh∈HN
2

(
ANh + VNh

)
.

The data-driven Goldenshluger-Lepski estimator of b(t0, x0, µt0) is defined as

b̂NGL(t0, x0) = b̂N
ĥN ,ĥ

N (t0, x0)ϖ3 =
π̂N

ĥ
N (t0, x0)

µ̂
ĥN

(t0, x0) ∨ϖ3
(2.18)

and is specified by H,K,ϖ1, ϖ2 and the threshold ϖ3 > 0 that prevents the estimator to blow-up
for small values of µ̂

ĥN
(t0, x0).

Remark 2.8. The same comments as in Remark 2.6 apply here for the specification of ANh in
(2.16) and VNh in (2.17), noting that in the anisotropic case, the variance of π̂Nh (t0, x0) is now of
order |H ⊗K|22N−1h−1

1 h−d
2 .

Oracle estimates

Given a kernel H ⊗K, the bias at scale h of π = bµ at point (t0, x0) is defined as

BNh (π)(t0, x0) = sup
h′⪯h,h′∈HN

2

∣∣∣ ∫
[0,T ]×Rd

(H ⊗K)h′(t0 − t, x0 − x)π(t, x)dxdt− π(t0, x0)
∣∣∣. (2.19)

We are ready to give an oracle bound for the estimation of b(t, x, µt).
Theorem 2.9. Work under Assumptions 2.1, 2.2 and 2.4. Let (t0, x0) ∈ (0, T )×Rd. The following
oracle inequality holds

EPN
[∣∣̂bNGL(t0, x0) − b(t0, x0, µt0)

∣∣2] ≲ min
h∈HN

1

(
BNh (µ)(t0, x0)2 + VNh

)
+ min

h∈HN
2

(
BNh (π)(t0, x0)2 + VNh

)
,

for large enough N , up to a constant depending on (t0, x0), |H ⊗K|∞, and b, provided

ϖ2 ≥ 12dκ3 max(12Tκ−1
2 κ2

5, 25|Tr(c)|∞) and ϖ3 ≤ κ4,

where κ2 is defined in Theorem 2.18, and κ3, κ4, κ5 are (local) upper or lower bounds on µ and b
defined in Lemma 2.23 below.
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Some remarks : 1) The same remarks as 1), 2), 3 and 4) after Theorem 2.7 are in order. This
includes the calibration of ϖ2, ϖ3 and the requirement Nh1h

d
2 ≥ (logN)2 for h ∈ HN

2 that could be
tightened to Nh1h

d
2 ≥ (logN)1+ϵ for an arbitrary ϵ > 0. However, the requirement h1 ≤ (logN)−2

is a bit unusual and necessary for technical reason : it enables us to manage the delicate term
II in the proof. Fortunately, this has no consequence for the subsequent minimax results, since
we always look for oracle bandwidths of the form N−ϵ that are much smaller than (logN)−2. 2)
The estimator b̂NGL is a quotient estimator that estimates the ratio of π(t, x) = b(t, x, µt)µt(x) and
µt(x), very much in the sense of a Nadaraya-Watson (NW) type estimator in regression [157]. Its
performance is similar to the worst performance of the estimation of the product π and µ. However,
the smoothness of µ is usually no worse than the smoothness of b and we do not lose in terms of
approximation results, see Section 4 and Proposition 2.13 below for the formulation of a minimax
theory in this setting.

4 Adaptive minimax estimation

4.1 Anisotropic Hölder smoothness classes for McKean-Vlasov models
Definition 2.10. Let x0 ∈ Rd and U a neighbourhood of x0. We say that f : Rd → R belongs to
Hα(x0) with α > 0 if for every x, y ∈ U

|Dsf(y) −Dsf(x)| ≤ C|y − x|α−⌊α⌋ (2.20)

for any s such that |s| ≤ ⌊α⌋, the largest integer strictly smaller than α ; s ∈ Nd is a multi-index
with |s| = s1 + . . .+ sd and Ds = ∂|s|

∂
s1
1 ...∂

sd
d

.

The definition depends on x0 via U but this is further omitted in the notation for simplicity.
We obtain a semi-norm by setting

|f |Hα(x0) = sup
x∈U

|f(x)| + C(f),

where C(f) is the smallest constant C for which (2.20) holds. The extension of Definition 2.10
for Rd-valued functions is straightforward by considering coordinate functions. For time-varying
functions defined on (0, T ) we have the

Definition 2.11. Let (t0, x0) ∈ (0, T ) × Rd and α, β > 0. The function f : (0, T ) × Rd → R
belongs to the anisotropic Hölder class Hα,β(t0, x0) if there exist relatively compact neighbourhoods
Ut0 of t0 in (0, T ) and Ux0 of x0 in Rd such that f(·, x) ∈ Hα(t0) uniformly in x ∈ Ux0 and
f(t, ·) ∈ Hβ(x0) uniformly in t ∈ Ut0 , so that

|f |Hα,β(t0,x0) = sup
x∈Ux0

∣∣µb(·, x)
∣∣
Hα(t0) + sup

t∈Ut0

∣∣µb(t, ·)∣∣
Hβ(x0) < ∞. (2.21)

Again, the extension to Rd-valued functions is straightforward : a mapping f = (fk)1≤k≤d :
(0, T ) × Rd → Rd belongs to Hα,β(t0, x0) if fk ∈ Hα,β(t0, x0) for every k = 1, . . . , d.

We model Hölder smoothness classes for the density function µt(x) and the drift b(t, x, µt).
The McKean-Vlasov model (2.2) is parametrised by (b, σ, µ0), or rather (b, c, µ0), with c = σσ⊤.
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We denote by P = P(b) the class of (b, c, µ0) satisfying Assumptions 2.1, 2.2 and 2.4 with model
parameter b. We let

(b, c, µ0) 7→ µ = S(b, c, µ0)
denote the solution (or forward) map of (2.3).

Definition 2.12. Let α, β > 0. The anisotropic Hölder class Sα,β(t0, x0) to the solution of (2.3)
is defined by

Sα,β(t0, x0) =
{

(b, c, µ0) ∈ P, µ = S(b, c, µ0) ∈ Hα,β(t0, x0)
}
.

Before establishing minimax rates of convergence, we briefly investigate how rich is the class
Sα,β(t0, x0). 1) If b(t, x, µ) = b(t, x) does not involve an interaction, then we have explicit formulas
for µ in some cases when c is regular, see e.g. Genon-Catalot and Jacod [80] and the formulas
become relatively tractable in dimension d = 1, especially when b(t, x) = b(x), c(t, x) = c(x) and
µ0 is the invariant distribution of the diffusion process Xi

t provided it exists. In that case, one can
construct µ ∈ Hα,β(t0, x0) with arbitrary α, β > 0 for specific choices of c and b thanks to Feller’s
classification of scalar diffusions (see e.g. Revuz and Yor [165]). 2) For a non-trivial representation
of b(t, x, µ) as in the Vlasov model, we have the following result, that shows how versatile the
classes Hα,β(t0, x0) can be.

Proposition 2.13. Let c(t, x) = 1
2σ

2Id with σ > 0 and b(t, x, µ) = b(x, µ) = F ⋆µ(x) +G(x), with
F having compact support, µ0 ∈ P1 with a continuous bounded density satisfying Assumption 2.1
and

|G|Hβ + |F |Hβ′ + |µ0|Hβ′′ < ∞,

for some β, β′ > 1 and β′′ > 0 (and β non-integer for technical reason). Here, Hβ denotes the
global Hölder space (obtained when taking U = Rd in Definition 2.10). Then, for every (t0, x0) ∈
(0, T ) × Rd, we have µ ∈ Hα,β+1(t0, x0) and b(·, ·, µ·) ∈ Hα,β(t0, x0) with α = (β + 1)/2.

The proof relies on classical estimates for parabolic equations, see e.g. the textbook by Bo-
gatchev et al. [17]. See also Méléard and Jourdain [107] for analogous results. It is sketched in
Appendix. 8.3.

4.2 Minimax adaptive estimation of µt(x)
For α, β, L > 0, we set

S
α,β
L (t0, x0) =

{
(b, c, µ0) ∈ P, |S(b, c, µ0)|Hα,β(t0,x0) ≤ L

}
, (2.22)

that shall serve as a smoothness model for the unknown µ, where the semi-norm | · |Hα,β(t0,x0) is
defined in (2.21).

Since the estimator µ̂NGL(t0, x0) is built on µNt0 solely and not the whole process (µNt )0≤t≤T , we
study minimax rates of convergence in restriction to the experiment generated by µNt0 . We have
the following adaptive upper bound and accompanying lower bound for estimating µ :

Theorem 2.14. Work under Assumptions 2.1, 2.2 and 2.4. Let µ̂NGL(t0, x0) be specified with a
kernel K of order ℓ ≥ 1 as defined in (2.8). For every (t0, x0) ∈ (0, T ) × Rd, we have,

sup
(b,c,µ0)

(
EPN

[(
µ̂NGL(t0, x0) − µt0(x0)

)2])1/2
≲
( logN

N

)β∧ℓ/(2β∧ℓ+d)
(2.23)
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for large enough N , up to a constant that depends on b, K, β and L only. Moreover

inf
µ̂

sup
(b,c,µ0)

EPN
[
|µ̂− µt0(x0)|

]
≳ N−β/(2β+d) (2.24)

for large enough N . The infimum in (2.24) is taken over all estimators constructed with µNt0 . The
supremum in (2.23) and (2.24) is taken over S

α,β
L (t0, x0) for arbitrary α, β, L > 0.

Some remarks : 1) We obtain the (nearly) optimal rate of convergenceN−β/(2β+d) for estimating
µt0(x0) as a function of the d-dimensional state variable x0 for fixed t0. The result obviously does
not depend on the smoothness of t 7→ µt(x0) and is constructed from data (X1

t0 , . . . , X
N
t0 ) for

fixed t0. 2) The extra logarithmic payement is unavoidable for pointwise estimation, as a result
of the classical Lepski-Low phenomenon [127, 135]. 3) Although the result is stated for arbitrary
α, β > 0, the mapping (t, x) 7→ µt(x) is locally smooth ; there is no contradiction and result must
be understood as bounds that are valid over smooth functions µ having prescribed Sα,β(t0, x0)
semi-norms. 4) Our concentration result Theorem 2.18 for the fluctuation of µNt around µt enables
us to improve on the estimation result in Proposition 2.1 of Bolley et al. [21] that achieves the
(non-adaptive) suboptimal rate N−β/(2β+2d+2). This is due to the fact that Bolley et al. [21] rely
on controlling the fluctuations of µNt around µt in Wasserstein distance, and therefore have to
accomodate a dimension effect that we do not have here.

4.3 Minimax adaptive estimation of b(t, x, µt)
For α, β > 0 and L > 0, in analogy to the class S

α,β
L (t0, x0) defined in (2.22) above, we model

the smoothness of the function (t, x) 7→ b(t, x, µt) via the class

D
α,β
L (t0, x0) =

{
(b, c, µ0) ∈ P, |b(·, ·, S(b, c, µ0).)|Hα,β(t0,x0) ≤ L

}
.

Define the effective anisotropic smoothness sd(α, β) by

1
sd(α, β) = 1

α
+ d

β
.

We have the following adaptive upper bound and accompanying lower bound for estimating the
drift b :

Theorem 2.15. Work under Assumptions 2.1, 2.2 and 2.4. Let b̂NGL(t0, x0) be constructed with
kernels H and K of order ℓ ≥ 1. For every (t0, x0) ∈ (0, T ) × Rd, we have

sup
(b,c,µ0)

(
EPN

[
|̂bNGL(t0, x0) − b(t0, x0, µt0)|2

])1/2
≲
( logN

N

)sd(α,β)∧ℓd/(2sd(α,β)∧ℓd+1)
, (2.25)

for large enough N , with ℓd = ℓ/(d+ 1), up to constants that depend on b, H⊗K and α, β, L only.
Moreover,

inf
b̂

sup
(b,c,µ0)

EPN
[
|̂b− b(t0, x0, µt0)|

]
≳ N−sd(α,β)/(2sd(α,β)+1), (2.26)

for large enough N . The infimum in (2.26) is taken over all estimators constructed with (µNt )0≤t≤T .
The supremum in (2.25) and (2.26) is taken over S

α,β
L (t0, x0) ∩ D

α,β
L (t0, x0) for some known non-

decreasing parametrisation α = α(β) > 0 such that α(β)/β is non-increasing, with β > 0 and
L > 0.
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Some remarks : 1) Theorem 2.15 establishes that estimating b(t, x, µt) has the same complexity
as estimating d functions of 1 + d variables in the time and space domain. Each component t 7→
bk(t, x, µt) has smoothness α, while xℓ 7→ bk(t, (x1, . . . , xℓ, . . . , xd), µt) has smoothness β for ℓ =
1, . . . , d, resulting in an anisotropic function (t, x) 7→ bk(t, x, µt) of 1 +d variables with smoothness
index (α, β, . . . , β). We therefore recover the usual anisotropic minimax rate of convergence, with
effective smoothness sd(α, β) obtained as the arithmetico-geometric mean of the smoothness index
(α, β, . . . , β). 2) For technical simplicity, we consider α and β to be linked, as for instance in
Proposition 2.13 where we have α = α(β) = (β + 1)/2. This somehow weakens our anisotropic
adaptation result, but enables us to easily construct a well-behaved ordering ⪯ for HN

2 that behaves
well with respect to the bias at scale h as defined in (2.19). Dropping this restriction is possible in
principle, as in the original paper of Goldenshluger and Lepski [88], yet at a significant additional
technical cost. 3) The remarks 2) and 3) of Theorem 2.14 are valid here as well.

5 Estimation of the interaction in the Vlasov model
In this section, we work under Assumptions 2.1 and 2.2 with a constant c(t, x) = σ2Id for some

σ > 0 and Assumption 2.4 (iii), i.e. in the Vlasov case

b(t, x, µ) = b(x, µ) =
∫
Rd
b̃(x, y)µ(dy),

for d ≥ 1 and with a time homogeneous drift kernel

b̃(x, y) = F (x− y) +G(x), x, y ∈ Rd.

Model (2.2) then reads dXi
t = G(Xi

t)dt+N−1∑N
j=1 F (Xi

t −Xj
t )dt+ σdBit, 1 ≤ i ≤ N, t ∈ [0, T ],

L(X1
0 , . . . , X

N
0 ) = µ⊗N

0 .

We assume that each component F k ∈ L1(Rd) for every k = 1, . . . , d. We are interested in identi-
fying the interaction function x 7→ F (x) from data (2.1) and possibly x 7→ G(x), rather considered
here as a nuisance parameter 2. We have

b(x, µt) = G(x) +
∫
Rd
F (x− y)µt(y)dy

= G(x) + F ⋆ µt(x), (2.27)

where f ⋆ µt(x) =
( ∫

Rd f
k(x− y)µt(y)dy

)
1≤k≤d denotes the convolution between f : Rd → Rd and

µt.

5.1 Identification of the interaction F

Introduce the linear form L acting on test functions φ : [0, T ] → C defined by

Lφ =
∫

[0,T ]
φ(t)w(t)ρ(dt), (2.28)

2. In particular, it is a first step toward the interesting problem of testing the hypothesis F = 0 against a set of
local alternatives that quantify how far F is from being constant.
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where ρ is a probability distribution on [0, T ] and w : [0, T ] → R a bounded weight function such
that

∫
[0,T ] w(t)ρ(dt) = 0. Note that L1 = 0 where 1 denotes the constant function. Applying L on

both sides of (2.27), we obtain
Lb(x, µ) = F ⋆ Lµ(x) (2.29)

by Fubini’s theorem. For f = (fk)1≤k≤d : Rd → Rd with fk ∈ L1(Rd), define a Fourier transform

F(f)(ξ) =
( ∫

Rd
e−2iπξ⊤xfk(x)dx

)
1≤k≤d, ξ ∈ Rd,

so that whenever g ∈ L1(Rd), we have F(f ⋆ g) = F(f) · F(g). We infer from (2.29)

F
(
Lb(·, µ)

)
= F(F ) · F(Lµ).

This yields the formal decomposition

F(F ) =
F
(
Lb(·, µ)

)
F(Lµ) , (2.30)

provided the quotient is well defined.

5.2 Consistent estimation of F

A first estimation strategy consists in plugging-in our estimators of b(t, x, µt) and µt in (2.30)
above. A somewhat simpler estimator of F(Lµ)(ξ) = LF(µ)(ξ) is given by the periodogram

L
( ∫

Rd
e−2iπξ⊤xµN (dx)

)
=
∫
Rd

e−2iπξ⊤xLµN (dx) = F(LµN )(ξ)

for which we need not tune a bandwidth. Following Johannes [106], we obtain an estimator of F
by the formula

F(F̂Nϖ,ϖ′) =
F
(
L
(
(̂bNh,h)rϖ′

))
· F(LµN )

|F(LµN )|2 1{|F(LµN )|2≥ϖ} ∈ Rd (2.31)

for some threshold ϖ > 0 vanishing as N → ∞, with the estimator

b̂Nh,h(t0, x0)rϖ′ = b̂Nh,h(t0, x0)ϖ′1{|x|≤r}

of b(t0, x0, µt0), constructed in Section 2.2 for some threshold ϖ′ > 0 and bandwidths h > 0 and
h > 0. We also set the estimator to be equal to 0 outside |x| ≤ r for some r > 0. We obtain a
consistency result under the following additional assumption :

Assumption 2.16. We have |F(Lµ)(ξ)| > 0 dξ-almost everywhere.

Theorem 2.17. Work under the assumptions of Proposition 2.13 and Assumption 2.16. Assume
moreover that G is in L1(Rd) ∩ L2(Rd) componentwise. If w has compact support in (0, T ), there
exists a choice of (ϖ,ϖ′, h,h) = (ϖN , ϖ

′
N , hN ,hN ) → 0 and r = rN → ∞ such that

EPN
[
|F̂Nϖ,ϖ′ − F |22

]
→ 0 as N → ∞.
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Some remarks : 1) Theorem 2.17 proves that we can reconstruct the interaction force F from
data (2.1), while the function G remains a nuisance parameter. This is a first step for the construc-
tion of a statistical test based on data (2.1) for the presence against the absence of interaction
between particles in the Vlasov model. 2) Although we obtain consistency, we do not have a rate
of convergence and our result is not uniform in the model parameter. A glance at the proof of
Theorem 2.17 shows that it is possible to cook-up a result with a rate of convergence and some
uniformity in the parameter, provided we have a sharp control from below on the decay |F(Lµ)(ξ)|
or rather |F(µ)(ξ)| as |ξ| → ∞ as well as the decay of inft∈[r1,r2],|x|≤r µt(x) for given [r1, r2] ⊂ (0, T )
as r → ∞. This requires the exact knowledge of the smoothness of the solution map µ = S(b, c, µ0),
and it is a delicate issue, see Proposition 2.13 ; we can anticipate ill-posedness. 3) From our esti-
mator of F , we may construct a plug-in estimator for the function G by setting

ĜN (x)ϖ,ϖ′ = −b̂Nh,h(t, x)rϖ′ − F̂Nϖ,ϖ′ ⋆x µ̂
N
h (t, x).

A consistency result can be obtained in the same way as for Theorem 2.17. 4), the deconvolution
method we employ here requires quite a stringent localisation assumption on the external force G
and the interaction force F . As pointed out by a referee, it does not apply for gradient forces of
the form G = −∇V and F = −∇W where V and W diverge polynomially at infinity like e.g. in
[12, 92, 38] for which alternative methods yet need to be constructed.

6 Probabilistic tools : a concentration inequality
6.1 A Bernstein inequality

Let ρ(dt) be a probability measure on [0, T ]. We establish a deviation inequality for the sequence
of signed measures νN (dt, dx) − ν(dt, dx), where

νN (dt, dx) = µNt (dx) ⊗ ρ(dt) and ν(dt, dx) = µt(x)dx⊗ ρ(dt).

We have a Bernstein concentration inequality :

Theorem 2.18. Work under Assumptions 2.1, 2.2 and 2.4. Let (µt)0≤t≤T denote the unique
solution of (2.3) with µt=0 = µ0 satisfying Assumption 2.1. Then there exist κ1, κ2 > 0 depending
on b such that

PN
(∫

[0,T ]×Rd
ϕ(t, y)

(
νN (dt, dy) − ν(dt, dy)

)
≥ x

)
≤ κ1 exp

(
− κ2

Nx2

|ϕ|2L2(ν) + |ϕ|∞x

)
for every x ≥ 0, for every bounded ϕ : [0, T ] × Rd → R, and for any probability measure ρ(dt) on
[0, T ].

As a corollary, for a bounded ϕ : Rd → R and any 0 ≤ t0 ≤ T , picking ρ(dt) = δt0(dt), we
obtain

PN
(∫

Rd
ϕ(y)

(
µNt0 (dy) − µt0(y)dy

)
≥ x

)
≤ κ1 exp

(
− κ2

Nx2

|ϕ|2L2(µt0 ) + |ϕ|∞x

)
.

Several remarks : 1) Up to the constants κi, the result is quite satisfactory and comparable to the
Bernstein deviation inequality for independent data, see e.g. Massart [145]. Theorem 2.18 is the
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gateway to derive sharp nonparametric estimators, although it has an independent interest as a
deviation inequality. 2) The constants κi are explicitly computable, but certainly far from being
optimal with the method of proof employed here. 3) Our method of proof uses a change of measure
argument based on Girsanov’s theorem, in the spirit of the recent work of Lacker [116]. It can pre-
sumably be extended to path dependent coefficients in (2.2), but it is essential that the diffusion
coefficient does not depend on µNt . 4) We have an interplay between the smoothness k of the drift
b in its measure argument and the dimension d of the ambient state space. This is explained by the
fact that we need to control an exponential moment of

∑N
i=1
∫ t+δ
t

|b(s,Xi
s, µ

N
s ) − b(s,Xi

s, µs)|2ds
over small intervals [t, t+ δ] in order to approximate the law of the data by the law of independent
particles. This approximation is roughly controlled by NW1(µNt , µt)2 for which a dimensional ef-
fect drastically deteriorates the rate of convergence, see e.g. Fournier and Guillin [74]. The k-linear
differentiability of µ 7→ b(t, x, µ) enables us to mitigate this effect. In particular, in the Vlasov case
covered by Assumption 2.4 (iii), we formally have k = ∞, and the result is valid in any dimension
d ≥ 1.

The remainder of Section 6 is devoted to the proof of Theorem 2.18.

6.2 Preparation for the proof of Theorem 2.18

We let PN denote the unique probability measure on (C,FT ) under which the canonical process
X = (X1, . . . , XN ) solves dXi

t = b(t,Xi
t , µt)dt+ σ(t,Xi

t)dB
i

t, 1 ≤ i ≤ N, t ∈ [0, T ],

L(X1
0 , . . . , X

N
0 ) = µ⊗N

0 ,

(2.32)

where
B
i

t =
∫ t

0
c(s,Xi

s)−1/2(dXi
s − b(s,Xi

s, µs)ds
)
, 1 ≤ i ≤ N,

are independent d-dimensional PN -Brownian motions. The existence of PN follows from Carmona
and Delarue [37] or the lectures notes of Lacker [115]. In turn, the real-valued process

M
N

t =
N∑
i=1

∫ t

0

(
(c−1/2b)(s,Xi

s, µ
N
s ) − (c−1/2b)(s,Xi

s, µs)
)⊤
dB

i

s, (2.33)

is a PN -local martingale. Here, c−1/2 denotes any square-root of c−1 = (σσ⊤)−1.

The following estimate is the central result of the section. It is the key ingredient that enables
us to implement a change of probability argument in order to obtain our concentration estimates.
Its proof is delayed until Section 6.4.

Proposition 2.19. Work under Assumptions 2.1, 2.2 and 2.4. For every τ > 0, there exists δ0 > 0
depending on τ and b such that

sup
N≥1

sup
t∈[0,T−δ]

EPN
[

exp
(
τ
(
⟨MN

· ⟩t+δ − ⟨MN

· ⟩t
))]

≤ C1,

for every 0 ≤ δ ≤ δ0 and some C1 that depends on b and τ .
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Let Et(M
N

· ) = exp
(
M

N

t − 1
2 ⟨MN

. ⟩t
)

denote the (martingale) exponential of MN

t and ⟨MN

. ⟩t its
predictable compensator. By Novikov’s criterion – in its version developed in the classical textbook
[110], Lemma 5.14, p.198 – Proposition 2.19 shows that the local martingale Et(M

N

· ) is indeed a
true martingale. This enables us to define a new probability measure on (C,FT ) by setting

P̃N = ET (MN

· ) · PN .

By Girsanov’s theorem, under P̃N , the canonical process solves (2.2). By uniqueness of the weak
solution of (2.2), this proves P̃N = PN and shows in particular that PN ≪ PN and

dPN

dPN
= ET (MN

· ).

6.3 Proof of Theorem 2.18
Step 1 : Let AN ∈ FT . Since PN and PN coincide on F0, we have

PN (AN ) = EPN
[
PN (AN |F0)

]
= EPN

[
PN (AN |F0)

]
.

Next, for any subdivision 0 = t0 < t1 < . . . < tK ≤ T and any FT -measurable event AN , we claim

EPN
[
PN (AN |F0)

]
≤ EPN

[
PN
(
AN

∣∣FtK)]1/4K
K∏
j=1

EPN
[

exp
(
2
(
⟨MN

· ⟩tj − ⟨MN

· ⟩tj−1

))]j/4
. (2.34)

It follows that

PN (AN ) ≤ EPN
[
PN
(
AN

∣∣FT )]1/4K
K∏
j=1

EPN
[

exp
(
2
(
⟨MN

· ⟩tj − ⟨MN

· ⟩tj−1

))]j/4

≤ PN
(
AN
)1/4K sup

N≥1
sup

t∈[0,T−δ0]

(
EPN

[
exp

(
2
(
⟨MN

· ⟩t+δ0 − ⟨MN

· ⟩t
))])K(K+1)/8

≤ C
K(K+1)/8
1 PN

(
AN
)1/4K (2.35)

by (2.34) and Proposition 2.19 with τ = 2, tj = jT/K and K large enough so that tj − tj−1 ≤ δ0.

Step 2 : Let

AN =
{∫

[0,T ]×Rd
ϕ(t, y)

(
νN (dt, dy) − ν(dt, dy)

)
≥ x

}
=
{ N∑
i=1

(∫ T

0
ϕ(t,Xi

t)ρ(dt) −
∫

[0,T ]×Rd
ϕ(t, y)µt(dy)ρ(dt)

)
≥ Nx

}
,

so that AN ∈ FT . Recall Bernstein’s inequality : if Z1, . . . , ZN are real-valued independent random
variables bounded by some constant Q and such that E[Zi] = 0, we have

P
( N∑
i=1

Zi ≥ y
)

≤ exp
(

− y2

2(
∑N
i=1 E[Z2

i ] + Qy
3 )

)
for every y ≥ 0.
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Under PN , the random processes (Xi
t)0≤t≤T are independent and identically distributed processes.

Noticing that
∫

[0,T ]×Rd ϕ(t, x)µt(dx)ρ(dt) = EPN [
∫ T

0 ϕ(t,Xi
t)ρ(dt)], we apply Bernstein inequality

with Zi =
∫ T

0 ϕ(t,Xi
t)ρ(dt) − EPN [

∫ T
0 ϕ(t,Xi

t)ρ(dt)], y = Nx and Q = 2|ϕ|∞ to infer

PN
(
AN
)

≤ exp
(

− Nx2

2(|ϕ|2L2(ν) + 2
3 |ϕ|∞x)

)
,

using E[Z2
i ] ≤ EPN

[( ∫ T
0 ϕ(t,Xi

t)ρ(dt)
)2] ≤ |ϕ|2L2(ν) by Jensen’s inequality. By (2.35), we also have

PN
(
AN
)

≤ C
K(K+1)/8
1 PN

(
AN
)1/4K ≤ C

K(K+1)/8
1 exp

(
− Nx2

2 · 4K
(
|ϕ|2L2(ν) + 2

3 |ϕ|∞x
))

and we obtain Theorem 2.18 with κ1 = C
K(K+1)/8
1 and κ2 = 2−14−K .

Step 3 : It remains to prove the key estimate (2.34), adapted from large deviation techniques, see
e.g. Gärtner [78] and the estimate (4.2) in Theorem 2.6 in Lacker [116]. We proceed by induction.
First,

EPN
[
PN
(
AN

∣∣Ftj−1

)]
= EPN

[
EPN

[
PN
(
AN

∣∣Ftj) ∣∣Ftj−1

]]
= EPN

[
EPN

[ Etj (M
N

· )
Etj−1(MN

· )
PN
(
AN

∣∣Ftj) ∣∣Ftj−1

]]

= EPN
[ Etj (M

N

· )
Etj−1(MN

· )
PN
(
AN

∣∣Ftj)],
see e.g. Lemma 3.5.3 p. 193 in [?]. Next,

Etj (M
N

· )
Etj−1(MN

· )
= Etj

(
2(MN

· −M
N

tj−1
)
)1/2( exp

(
⟨MN

· ⟩tj − ⟨MN

· ⟩tj−1

))1/2
. (2.36)

As shown before, under PN , the process Et
(
2(MN

· −M
N

tj−1
)
)
t≥tj−1

is a martingale and

EPN
[
Etj
(
2(MN

· −M
N

tj−1
)
)]

= 1. (2.37)

Using (2.36) and Cauchy-Schwarz’s inequality twice together with (2.37), we obtain

EPN
[ Etj (M

N

· )
Etj−1(MN

· )
PN
(
AN

∣∣Ftj)] ≤ EPN
[
PN
(
AN

∣∣Ftj)2 exp
(
⟨MN

· ⟩tj − ⟨MN

· ⟩tj−1

)]1/2

≤ EPN
[
PN
(
AN

∣∣Ftj)4]1/4EPN
[

exp
(
2(⟨MN

· ⟩tj − ⟨MN

· ⟩tj−1)
)]1/4

.

By Jensen’s inequality, we infer

EPN
[
PN
(
AN

∣∣Ftj−1

)]
≤ EPN

[
PN
(
AN

∣∣Ftj)]1/4 EPN
[

exp
(
2(⟨MN

· ⟩tj − ⟨MN

· ⟩tj−1)
)]1/4

.

Repeating the argument over the subdivision 0 = t0 < t1 < . . . < tK proves (2.34). The proof of
Theorem 2.18 is complete.
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6.4 Proof of Proposition 2.19
Preparation

Recall that the notation AN ≲ BN : it means the existence of C > 0 possibly depending on
b and also τ in this part of the paper, but not N , such that AN ≤ CBN for every N ≥ 1. The
following classical moment estimate will be needed.

Lemma 2.20. In the setting of Theorem 2.18, for every p ≥ 1, we have

sup
t∈[0,T ]

EPN
[∣∣Xi

t

∣∣2p] ≤ p!Cp2 .

for some C2 > 0 that depends on b only.

In particular, the Xi
t are sub-Gaussian under PN and satisfy

EPN
[
e

1
2C2

|Xit |2]
= 1 +

∑
p≥1

2−p

p!Cp2
EPN

[∣∣Xi
t

∣∣2p] ≤ 2. (2.38)

The proof is classical (see e.g. estimates of this type in Méléard [148] or Sznitman [173]) and
postponed to Appendix 8.1.

Completion of Proof of Proposition 2.19

Let τ > 0. All we need to show is that for small enough δ, we have

sup
t∈[0,T−δ]

EPN
[

exp
(
τ
(
⟨MN

· ⟩t+δ − ⟨MN

· ⟩t
))]

≲ 1. (2.39)

We start with a useful estimate.

Lemma 2.21. Let ξNs (x) = b(s, x, µNs ) − b(s, x, µs). We have

∣∣ξNs (Xi
s)
∣∣2 ≤ C



W1(µNs , µs)2 under Assumption 2.4(i),∑k−1
ℓ=1

∣∣ ∫
(Rd)ℓ δ

ℓ
µb(s,Xi

s, y
ℓ, µs)(µNs − µs)⊗ℓ(dyℓ)

∣∣2
+W1(µNs , µs)2 ∧ W1(µNs , µs)2k under Assumption 2.4(ii),∣∣ ∫

Rd b̃(s,X
N
s , y)(µNs − µs)(dy)

∣∣2 under Assumption 2.4(iii),

for some explicit C ≥ 1 depending on b.

Démonstration. The estimate follows from the Lipschitz continuity of b under Assumption 2.4 (i)
with C = |b|2Lip and from the definition of the Vlasov case with C = 1 under Assumption 2.4 (iii).
We turn to the estimate under (ii). The k-linear differentiability of b enables us to write

ξNs (Xi
s) =

k−1∑
ℓ=1

1
ℓ!

∫
(Rd)ℓ

δℓµb(s,Xi
s, y

ℓ, µs)(µNs − µs)⊗ℓ(dyℓ) + Rk, (2.40)

136



INTRODUCTION 6. PROBABILISTIC TOOLS : A CONCENTRATION INEQUALITY

where yℓ = (y1, . . . , yℓ) ∈ (Rd)ℓ and

Rk = 1
(k − 1)!

∫ 1

0
(1 − ϑ)k−1

∫
(Rd)k

δkµb(s,Xi
s, y

k, [µNs , µs]ϑ)(µNs − µs)⊗k(dyk)dϑ,

with [µNs , µs]ϑ = (1 − ϑ)µs + ϑµNs , as stems from the definition of linear differentiability and the
iteration δℓµb = δµ◦δℓ−1

µ b, see also Lemma 2.2. of Chassagneux et al. [42] where (2.40) is established
by induction.

Thanks to representation (2.7), the remainder term Rk equals

1
(k − 1)!

∫ 1

0
(1 − ϑ)k−1

∑
I⊂{1,...,k},m≥1

∫
(Rd)k

⊗
j∈I

(δkµb)I,j,m(s,Xi
s, yj , [µNs , µs]ϑ)(µNs − µs)⊗k(dyk)dϑ.

Note that the product integral vanishes for all terms in the sum in I except I = {1, . . . , k} since
(µNs − µs)(Rd) = 0. By definition,

|(δkµb){1,...,k},j,m(s,Xi
s, ·, [µNs , µs]ϑ)|Lip ≤ |δkµb|Lip for every (j,m)

and the sum in m has at most mb terms by assumption. It follows that

∣∣Rk∣∣ = 1
(k − 1)!

∣∣ ∫ 1

0
(1 − ϑ)k−1

mb∑
m=1

k∏
j=1

∫
Rd

(δkµb){1,...,k},j,m(s,Xi
s, yj , [µNs , µs]ϑ)(µNs − µs)(dyj)dϑ

∣∣
≤ mb

(k − 1)!
∣∣ ∫ 1

0
(1 − ϑ)k−1|δkµb|kLip

(
sup

|φ|Lip≤1

∫
Rd
φd(µNs − µs)

)k
dϑ
∣∣

≤
mb|δkµb|kLip

k! W1(µNs , µs)k.

Writing yℓ = (yℓ−1, y) ∈ (Rd)ℓ−1 × Rd, we also have the rough bound∣∣ ∫
(Rd)ℓ

δℓµb(s,Xi
s, y

ℓ, µs)(µNs − µs)⊗ℓ(dyℓ)
∣∣

≤
∫

(Rd)ℓ−1

∣∣ ∫
Rd
δℓµb(s,Xi

s, (yℓ−1, y), µs)(µNs − µs)(dy)
∣∣(µNs + µs)⊗(ℓ−1)(dyℓ−1)

≤ sup
yℓ−1∈(Rd)ℓ−1

∣∣δℓµb(s,Xi
s, (yℓ−1, ·), µs)

∣∣
Lip

×
∣∣ sup

|φ|Lip≤1

∫
Rd
φ(y)(µNs − µs)(dy)

∣∣ ∫
(Rd)ℓ−1

(µNs + µs)⊗(ℓ−1)(dyℓ−1)

= 2ℓ−1 sup
yℓ−1∈(Rd)ℓ−1

∣∣δℓµb(s,Xi
s, (yℓ−1, ·), µs)

∣∣
LipW1(µNs , µs)

≤ 2ℓ−1|δℓµb|LipW1(µNs , µs).

Plugging this estimate in (2.40) and using the Lipschitz property for b, we obtain

∣∣Rk∣∣ ≤
(
|b|Lip +

k−1∑
ℓ=1

2ℓ−1

ℓ! |δℓµb|Lip
)
W1(µNs , µs)
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and we conclude ∣∣Rk∣∣ =
∣∣Rk(s,Xi

s, µ
N
s , µs)

∣∣ ≤ C ′W1(µNs , µs) ∧ W1(µNs , µs)k, (2.41)

with

C ′ = max
(mb

k! |δkµb|kLip, |b|Lip +
k−1∑
ℓ=1

2ℓ−1

ℓ! |δℓµb|Lip

)
.

From (2.40) and (2.41) we conclude

|ξNs (Xi
s)|2 ≤ k

( k−1∑
ℓ=1

1
(ℓ!)2

∣∣ ∫
(Rd)ℓ

δℓµb(s,Xi
s, y

ℓ, µs)(µNs − µs)⊗ℓ(dyℓ)
∣∣2 +

∣∣Rk(s,Xi
s, µ

N
s , µs)

∣∣2)
≤ C

( k−1∑
ℓ=1

∣∣ ∫
(Rd)ℓ

δℓµb(s,Xi
s, y

ℓ, µs)(µNs − µs)⊗ℓ(dyℓ)
∣∣2 + W1(µNs , µs)2 ∧ W1(µNs , µs)2k),

where C = kmax(1, (C ′)2) incorporates the constant in (2.41).

We now establish (2.39). By (2.33) and Lemma 2.21, we have

τ
(
⟨MN

· ⟩t+δ − ⟨MN

· ⟩t
)

= τ

N∑
i=1

∫ t+δ

t

(
b(s,Xi

s, µ
N
s ) − b(s,Xi

s, µs)
)⊤
c−1(b(s,Xi

s, µ
N
s ) − b(s,Xi

s, µs)
)
ds

≤ τ |Tr(c−1)|∞
N∑
i=1

∫ t+δ

t

|ξNs (Xi
s)|2ds,

≤ κ



N
∫ t+δ
t

W1(µNs , µs)2ds under 2.4(i),∫ t+δ
t

∑N
i=1
∑k−1
ℓ=1

∣∣ ∫
(Rd)ℓ δ

ℓ
µb(s,Xi

s, y
ℓ, µs)(µNs − µs)⊗ℓ(dyℓ)

∣∣2ds
+N

∫ t+δ
t

W1(µNs , µs)2 ∧ W1(µNs , µs)2kds under 2.4(ii),∫ t+δ
t

∑N
i=1
∣∣ ∫

Rd b̃(s,X
N
s , y)(µNs − µs)(dy)

∣∣2ds, under 2.4(iii).

(2.42)

with κ = τ |Tr(c−1)|∞C, where C is the constant of Lemma 2.21. We now heavily rely on the sharp
deviation estimate

sup
0≤s≤T

PN (W1
(
µNs , µs

)
≥ x) ≲ εN (x), (2.43)

with

εN (x) =


exp(−CNx2) if d = 1,
exp(−CN x2

(log(2+1/x))2

)
1{x≤1} + exp(−CNx2)1{x>1} if d = 2,

exp(−CNxd)1{x≤1} + exp(−CNx2)1{x>1} if d ≥ 3,
(2.44)

extracted from Theorem 2 of Fournier and Guillin [74]. Here C depends on C2 and d only, thanks
to (2.38) that guarantees that Condition (1) of Theorem 2 in [74] is satisfied, hence the uniformity
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in s ∈ [0, T ].

We complete the proof of (2.39) under Assumption 2.4 (i) that implies in particular d = 1.
From (2.42), we infer

EPN
[

exp
(
τ
(
⟨MN

· ⟩t+δ − ⟨MN

· ⟩t
))]

≤ δ−1
∫ t+δ

t

EPN
[

exp
(
κδNW1(µNs , µs)2)]ds

≤ sup
s∈[0,T ]

EPN
[

exp
(
κδNW1(µNs , µs)2)]

≤ 1 + κδ sup
s∈[0,T ]

∫ ∞

0
exp(κδz)PN

(
W1(µNs , µs) ≥ N−1/2z1/2)dz

≲
∫ ∞

0
exp

(
(κδ − C)z

)
dz, (2.45)

where C is the constant in (2.44). The integral in (2.45) is finite as soon as δ ≤ τ−1|Tr(c−1)|−1
∞ |b|−2

LipC
and (2.39) follows.

We next complete the proof of (2.39) under Assumption 2.4 (ii). When d = 1, we can rely on
the previous case. Assume now that (d = 2 and k ≥ 2) or (d ≥ 3 and k ≥ d/2). By Jensen’s
inequality

EPN
[

exp
(
τ
(
⟨MN

· ⟩t+δ − ⟨MN

· ⟩t
))]

≤ I + II,

with

I = 1
δkN

∫ t+δ

t

N∑
i=1

k−1∑
ℓ=1

EPN
[

exp
(
κδkN

∣∣ ∫
(Rd)ℓ

δℓµb(s,Xi
s, y

ℓ, µs)(µNs − µs)⊗ℓ(dyℓ)
∣∣2)]ds,

II = 1
δk

∫ t+δ

t

EPN
[

exp
(
κδkNW1(µNs , µs)2 ∧ W1(µNs , µs)2k)]ds.

We first estimate the remainder term II : by inequality (2.43), we have

II ≤ 1
k

(
1+ sup

t∈[0,T ]
κδk

∫ ∞

0
eκδkzPN

(
NW1(µNt , µt)2 ∧ W1(µNt , µt)2k ≥ z

)
dz
)

≲ 1 + sup
t∈[0,T ]

∫ N

0
eκδkzPN

(
W1(µNt , µt) ≥ N−1/(2k)z1/(2k))dz

+ sup
t∈[0,T ]

∫ ∞

N

eκδkzPN
(
W1(µNt , µt) ≥ N−1/2z1/2)dz.

We first estimate the integral over [0, N ] :∫ N

0
eκδkzPN

(
W1(µNt , µt) ≥ N−1/(2k)z1/(2k))dz ≲ ∫ N

0
exp

(
κδkz − CN1−d/(2k)zd/(2k))dz

= N

∫ 1

0
exp

(
N(κδkz − Czd/(2k))

)
dz ≲ 1
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for 2 < d ≤ 2k as soon as δ ≤ k−1κ−1C. The case (d = 2 and k ≥ 2) is slightly more technical but
elementary and we omit it. For the integral over [N,∞), we proceed as under Assumption 2.4 (i)
to obtain ∫ ∞

N

eκδkzPN
(
W1(µNt , µt) ≥ N−1/2z1/2)dz ≲ ∫ ∞

0
exp

(
(κδk − C)z

)
dz ≲ 1

for δ ≤ k−1κ−1C and we conclude II ≲ 1 in that case.

We next turn to the term I. Observe first that by exchangeability

I ≤ sup
1≤ℓ≤k−1,t∈[0,T ]

EPN
[

exp
(
κδkN

∣∣ ∫
(Rd)ℓ

δℓµb(t,XN
t , y

ℓ, µt)(µNt − µt)⊗ℓ(dyℓ)
∣∣2)]

= 1 +
∑
p≥1

(κδkN)p
p! sup

1≤ℓ≤k−1,t∈[0,T ]
EPN

[∣∣ ∫
(Rd)ℓ

δℓµb(t,XN
t , y

ℓ, µt)(µNt − µt)⊗ℓ(dyℓ)
∣∣2p].

We then use the following estimate, reminiscent of moment bounds for U -statistics, however in a
weaker and simpler form in our context. For an integer ℓ ≥ 1, we call Gℓ the class of functions
f : [0, T ] × Rd × (Rd)ℓ → Rd that are Lipschitz continuous in the space variables.
Lemma 2.22. Let p ≥ 1. For 1 ≤ ℓ ≤ k, f ∈ Gℓ and N ≥ k + 1, we have

VN2p,ℓ
(
f(t, ·)

)
= EPN

[∣∣ ∫
(Rd)ℓ

f(t,XN
t , y

ℓ)(µNt − µt)⊗ℓ(dyℓ)
∣∣2p] ≤

p!Kp
ℓ

(N − k)p |f(t, ·)|2pLip, (2.46)

for some explicitly computable Kℓ = Kℓ(b) > 0.
The proof of Lemma 2.22 is quite elementary, yet technical, and is delayed until Appendix 8.2.

The remainder of the proof of (2.39) is then straightforward : by Lemma 2.22 with f(t, x, yℓ) =
δℓµb(t, x, yℓ, µt), it follows that

I ≤ 1 +
∑
p≥1

(κδkN)p Kp
ℓ

(N − k)p sup
t∈[0,T ]

|δℓµb(t, ·, µt)|
2p
Lip ≲ 1

as soon as δ < κ−1k−1(k + 1)−1K−1
ℓ supt∈[0,T ] |δℓµb(t, ·, µt)|−2

Lip. Since II ≲ 1 is established as well,
we obtain Proposition 2.19 under Assumption 2.4 (ii) provided Lemma 2.22 is proved.

We finally prove (2.39) under Assumption 2.4 (iii) when d ≥ 1 is arbitrary. By (2.42) and
Jensen’s inequality together with the exchangeability of (Xi

t)1≤i≤N , we have

EPN
[

exp
(
τ
(
⟨MN

· ⟩t+δ − ⟨MN

· ⟩t
))]

≤ 1
δ

∫ t+δ

t

EPN
[

exp
(
κδ

N∑
i=1

∣∣ ∫
(Rd)ℓ

b̃(s,Xi
s, y)(µNs − µs)(dy)

∣∣2)]ds
≤ sup
s∈[0,T ]

EPN
[

exp
(
κδN

∣∣ ∫
Rd
b̃(s,XN

s , y)(µNs − µs)(dy)
∣∣2)]

≤ 1 +
∑
p≥1

(κδN)p
p! sup

s∈[0,T ]
EPN

[∣∣ ∫
Rd
b̃(s,XN

s , y)(µNs − µs)(dy)
∣∣2p] ≲ 1

as soon as δ < 1
2κ

−1K−1
1 sups∈[0,T ] |̃b(s, ·)|−2

Lip by Lemma 2.22. Therefore (2.39) is established under
Assumption 2.4 (iii) and this completes the proof of Proposition 2.19.
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7 Proof of the nonparametric estimation results
We will repeatedly use estimates of the form∫ ∞

ν

exp(−zr)dz ≤ 2r−1ν1−r exp(−νr), ν, r > 0, ν ≥ (2/r)1/r. (2.47)

and ∫ ∞

0
exp

(
− azp

b+ czp/2

)
dz ≤ Cp max

((a
b

)−1/p
,
(a
c

)−2/p)
, a, b, c, p > 0, (2.48)

with Cp = 2
∫∞

0 exp(− 1
2 (min(

√
z, z))p)dz, stemming from the rough bound

exp
(

− azp

b+ czp/2

)
≤ exp

(
− azp

2b

)
+ exp

(
− azp/2

2c

)
, z > 0.

The estimate (2.48) is far from being optimal, but will be sufficient for our purpose.

7.1 Proof of Theorem 2.7
Preliminaries

We first state local upper and lower estimates on (t, x) 7→ µt(x).

Lemma 2.23. Work under Assumptions 2.1, 2.2 and 2.4. Let (t0, x0) ∈ (0, T ] ×Rd. Let r > 0 and
[r1, r2] ⊂ (0, T ).

(i) There exists κ5 depending on (t0, x0), r and b such that

sup
t∈[0,T ],|x−x0|≤r

|b(t, x, µt)| ≤ κ5. (2.49)

(ii) There exist κ3, κ4 depending on x0, r1, r2, r and b such that

0 < κ4 ≤ inf
t∈[r1,r2],|x−x0|≤r

µt(x) ≤ sup
t∈[r1,r2],|x−x0|≤r

µt(x) ≤ κ3. (2.50)

In turn, for a compactly supported kernel K, this implies the existence of r = r(K) such that
the estimate

|Kh(x0 − ·)|2L2(µt0 ) =
∫
Rd
h−2dK

(
h−1x

)2
µt0(x0 − x)dx ≤ κ3(r)h−d|K|22 (2.51)

holds true.

Démonstration. For x such that |x− x0| ≤ r, we have

|b(t, x, µt)| ≤ |b(t, 0, δ0)| + |b|Lip
(
|x| + W1(µt, δ0)

)
≤ sup
t∈[0,T ]

|b(t, 0, δ0)| + |b|Lip
(
|x0| + r + sup

t∈[0,T ]

∫
Rd

|y|µt(dy)
)

(2.52)

that defines κ5 thanks to Assumption 2.4 and Lemma 2.20. This establishes (2.49). The estimate
(2.50) follows from classical Gaussian tail estimates for the solution of parabolic equations. We refer
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for example in our context to Corollary 8.2.2 of [17] : for every compact interval [r1, r2] ⊂ (0, T ),
there exist constants c± > 0 depending on r1, r2 and b only such that

exp
(

− c−(1 + |x|2)
)

≤ µt(x) ≤ exp
(
c+
(
1 + |x|2)

)
for every (t, x) ∈ [r1, r2] × Rd. This establishes (2.50). Actually, if we moreover have 1/2-Hölder
smoothness in time for the diffusion coefficient, investigating further Theorem 7.3.3 and Example
8.3.10 of [17], it is possible to prove supx∈Rd µt(x) < ∞ uniformly in t ∈ [r1, r2], hence κ3 can be
taken independently of r.

We next prove a standard bias-variance estimate for the quadratic risk of µ̂Nh (t0, x0).

Lemma 2.24. In the setting of Theorem 2.7, if K is a bounded and compactly supported kernel
and h ∈ HN

1 , we have

EPN
[(
µ̂Nh (t0, x0) − µt0(x0)

)2]
≲ BNh (µ)

(
t0, x0)2 + VNh ,

up to a constant that depends (continuously) on (t0, x0), |K|∞ and b, and where BNh (µ)
(
t0, x0) is

defined in (2.14) and VNh in (2.12).

Démonstration. Write µ̂Nh (t0, x0) − µt0(x0) = I + II, with

I =
∫
Rd
Kh(x0 − x)µt0(x)dx− µt0(x0)

and
II =

∫
Rd
Kh(x0 − x)

(
µNt0 (dx) − µt0(x)dx

)
.

We have I2 ≤ BNh (µ)(t0, x0)2 for the squared bias term. For the variance term, using successively
Theorem 2.18 and the estimate (2.51) we have

EPN
[
II2] =

∫ ∞

0
PN (

∣∣II∣∣ ≥ z1/2)dz

≤ 2κ1

∫ ∞

0
exp

(
− κ2Nz

|Kh(x0 − ·)|2L2(µt0 ) + |Kh(x0 − ·)|∞z1/2

)
dz

≤ 2κ1

∫ ∞

0
exp

(
− κ2Nh

dz

κ3|K|22 + |K|∞z1/2

)
dz

≲ (Nhd)−1(1 + (Nhd)−1)
≲ VNh

where we used (2.48) and the fact that maxh∈HN
1

(Nhd)−1 ≲ 1.

Completion of proof of Theorem 2.7

We essentially repeat the main argument of the Goldenshluger-Lepski method (see e.g. [87, 88,
89] for the pointwise risk). We nevertheless give a proof for sake of completeness. Recall that ĥN
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denotes the data-driven bandwidth defined in (2.13).

Step 1 : For h ∈ HN
1 , we successively have

EPN
[(
µ̂NGL(t0, x0) − µt0(x0)

)2]
≲ EPN

[(
µ̂NGL(t0, x0) − µ̂Nh (t0, x0)

)2]+ EPN
[(
µ̂Nh (t0, x0) − µt0(x0)

)2]
≲ EPN

[{(
µ̂N
ĥN

(t0, x0) − µ̂Nh (t0, x0)
)2 − VNh − VN

ĥN

}
+ + VNh + VN

ĥN

]
+ EPN

[(
µ̂Nh (t0, x0) − µt0(x0)

)2]
≲ EPN

[
AN

max(̂hN ,h)
+ VNh + VN

ĥN

]
+ EPN

[(
µ̂Nh (t0, x0) − µt0(x0)

)2]
≲ EPN

[
ANh
]

+ VNh + EPN
[
AN
ĥN

+ VN
ĥN

]
+ EPN

[(
µ̂Nh (t0, x0) − µt0(x0)

)2]
≲ EPN

[
ANh
]

+ VNh + BNh (µ)(t0, x0)2,

where we applied Lemma 2.24 in order to obtain the last line.

Step 2 : We first estimate ANh . Write µh(t0, x0) for
∫
Rd Kh(x0 − x)µt0(x)dx. For h, h′ ∈ HN

1 with
h′ ≤ h, since(

µ̂Nh (t0, x0) − µ̂Nh′(t0, x0)
)2

≤ 4
(
µ̂Nh (t0, x0) − µh(t0, x0)

)2 + 4
(
µh(t0, x0) − µt0(x0)

)2 + 4
(
µh′(t0, x0) − µt0(x0)

)2

+ 4
(
µ̂Nh′(t0, x0) − µh′(t0, x0)

)2
,

we have(
µ̂Nh (t0, x0) − µ̂Nh′(t0, x0)

)2 − VNh − VNh′ ≤ 8BNh (µ)(t0, x0)2 +
(
4(µ̂Nh (t0, x0) − µh(t0, x0))2 − VNh

)
+
(
4(µ̂Nh′(t0, x0) − µh′(t0, x0))2 − VNh′

)
using h′ ≤ h in order to bound (µ̂Nh′(t, a) − µh′(t0, x0))2 by the bias at scale h. Taking maximum
over h′ ≤ h, we obtain

max
h′≤h

{(
µ̂Nh (t0, x0) − µ̂Nh′(t0, x0)

)2 − VNh − VNh′

}
+ (2.53)

≤ 8BNh (µ)(t0, x0)2 +
{

4
(
µ̂Nh (t0, x0) − µh(t0, x0)

)2 − VNh
}

+

+ max
h′≤h

{
4
(
µ̂Nh′(t0, x0) − µh′(t0, x0)

)2 − VNh′

}
+.

Step 3 : We estimate the expectation of the first stochastic term in the right-hand side of (2.53).
We refine the computation of the term II in the proof of Lemma 2.24. By Theorem 2.18 and using
estimates of the form (2.47) and (2.48), we have

EPN
[{

4
(
µ̂Nh (t0, x0) − µh(t0, x0)

)2 − VNh
}

+

]
=
∫ ∞

0
PN
(
4
(
µ̂Nh (t0, x0) − µh(t0, x0)

)2 − VNh ≥ z
)
dz

=
∫ ∞

0
PN
(
|µ̂Nh (t0, x0) − µh(t0, x0)| ≥ 1

2 (VNh + z)1/2)dz
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≤ 2κ1

∫ ∞

VN
h

exp
(

−
κ2Nh

d 1
4z

κ3|K|22 + |K|∞ 1
2z

1/2

)
dz

≲
∫ ∞

VN
h

exp
(

− κ2Nh
dz

8κ3|K|22

)
dz +

∫ ∞

VN
h

exp
(

− κ2Nh
dz1/2

4|K|∞

)
dz

≲ (Nhd)−1 exp
(

− κ2Nh
dVNh

8κ3|K|22

)
+ (Nhd)−2Nhd(VNh )1/2 exp

(
− κ2Nh

d(VNh )1/2

4|K|∞

)
≲ (Nhd)−1N−ϖ1κ2/(8κ3) + (Nhd)−3/2(logN)1/2 exp

(
− κ2|K|2ϖ

1/2
1

4|K|∞
(logN)5/2),

≲ N−2

as soon asϖ1 ≥ 16κ−1
2 κ3, thanks to maxh∈HN

1
(Nhd)−1 ≲ 1, and using minh∈HN

1
h ≥ (N−1(logN)2)1/d

to show that the second term is negligible in front of N−2.

Step 4 : For the second stochastic term, we have the rough estimate

EPN
[

max
h′≤h

{
4
(
µ̂Nh′(t0, x0) − µh′(t0, x0)

)2 − VNh′

}
+

]
≤
∑
h′≤h

EPN
[{

4
(
µ̂Nh′(t0, x0) − µh′(t0, x0)

)2 − VNh′

}
+

]
≲ Card(HN

1 )N−2 ≲ N−1

where we used Step 3 to bound each term EPN
[{

4
(
µ̂Nh′(t0, x0)−µh′(t0, x0)

)2−VNh′

}
+

]
independently

of h together with Card(HN
1 ) ≲ N . In conclusion, we have through Steps 2-4 that EPN

[
ANh
]
≲

N−1 + BNh (µ)(t0, x0)2. Therefore, from Step 1, we conclude

EPN
[(
µ̂NGL(t0, x0) − µt0(x0)

)2]
≲ BNh (µ)(t0, x0)2 + VNh +N−1

for any h ∈ HN
1 . Since N−1 ≲ VNh always, the proof of Theorem 2.7 is complete.

7.2 Proof of Theorem 2.9
Preliminaries

The assumptions of Theorem 2.9 are in force in this section. We first study the fluctuations of
the random measure πN (dt, dx) − π(t, x)dtdx, where πN (dt, dx) = N−1∑N

i=1 δXit (dx)Xi(dt).

Lemma 2.25. Let ϕ : (0, T ] ×Rd → R be bounded and compactly supported. The following decom-
position holds∫

[0,T ]×Rd
ϕ(t, x)(πN (dt, dx) − π(t, x)dtdx

)
=
∫ T

0

∫
Rd
ϕ(t, x)

(
b(t, x, µt)(µNt (dx) − µt(x)dx) + ξNt (x)µNt (x)dx

)
dt+ MN

T (ϕ),

where ξNt (x) = b(t, x, µNt ) − b(t, x, µt) and MN
t (ϕ) =

(
MN
t (ϕ)1, . . . ,MN

t (ϕ)d
)

is a d-dimensional
PN -continuous martingale with predictable compensator such that

⟨MN
. (ϕ)k⟩t ≤ N−1|Tr(c)|∞

∫ t

0

∫
Rd
ϕ(s, x)2µNs (dx)ds. (2.54)
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Démonstration. we have∫
[0,T ]×Rd

ϕ(t, x)
(
πN (dt, dx) − π(t, x)dtdx

)
= N−1

N∑
i=1

∫ T

0
ϕ(t,Xi

t)
(
σ(t,Xi

t)dBit + b(t,Xi
t , µ

N
t )dt

)
−
∫

[0,T ]×Rd
ϕ(t, x)b(t, x, µt)µt(x)dtdx

=
∫ T

0

∫
Rd
ϕ(t, x)

(
b(t, x, µNt )µNt (dx) − b(t, x, µt)µt(x)dx

)
dt+ MN

T (ϕ),

where

MN
t (ϕ) = N−1

N∑
i=1

∫ t

0
ϕ(s,Xi

s)σ(s,Xi
s)dBis

is a martingale with bracket satisfying (2.54). The result follows.

We next have a bias-variance estimate for the quadratic risk of π̂h(t0, x0), in the same spirit as
in Lemma 2.24.

Lemma 2.26. Assume that H ⊗ K is a bounded and compactly supported kernel on (0, T ) × Rd.
Let h ∈ HN

2 . Then

EPN
[∣∣π̂Nh (t0, x0) − π(t0, x0)

∣∣2] ≲ BNh (π)(t0, x0)2 + VNh ,

up to a constant that (continuously) depends on (t0, x0), |H⊗K|∞ and b, and where BNh (π)
(
t0, x0)

is defined in (2.19) and VNh in (2.17).

Démonstration. Write π̂Nh (t0, x0) − π(t0, x0) = I + II, with

I =
∫ T

0

∫
Rd

(H ⊗K)h(t0 − t, x0 − x)π(t, x)dxdt− π(t0, x0)

and
II =

∫ T

0

∫
Rd

(H ⊗K)h(t0 − t, x0 − x)(πN (dt, dx) − π(t, x)dtdx
)
.

We have
∣∣I∣∣2 ≤ BNh (π)(t0, x0)2 for the squared bias term. For the variance term, applying the

decomposition of Lemma 2.25 with test function ϕ(t, x) = (H ⊗K)h(t0 − t, x0 − x), we obtain∣∣II∣∣2 ≲ III + IV + V,

with

III =
∣∣∣ ∫ T

0

∫
Rd
ϕ(t, x)b(t, x, µt)(µNt (dx) − µt(x)dx

)
dt
∣∣∣2,

IV =
∣∣∣ ∫ T

0

∫
Rd
ϕ(t, x)ξNt (x)µNt (dx)dt

∣∣∣2,
V =

∣∣MN
T (ϕ)

∣∣2,
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where ξNt (x) = b(t, x, µNt ) − b(t, x, µt). Writing b = (b1, . . . , bd) in components, note first that for
ν(dt, dx) = µt(dx)T−1dt, we have∣∣ϕ bk(·, µ·)

∣∣2
L2(ν) ≤ κ3κ

2
5T

−1|H ⊗K|22(h1h
d
2)−1,

∣∣ϕ bk(·, µ·)
∣∣
∞ ≤ κ5|H ⊗K|∞(h1h

d
2)−1, (2.55)

by Lemma 2.23 and the compactness of the support of ϕ. By Theorem 2.18 applied to νN (dt, dx)−
ν(dt, dx) = (µNt (dx) − µt(dx))T−1dt, it follows that

EPN [III] ≲
d∑
k=1

∫ ∞

0
PN
(∣∣ ∫

[0,T ]×Rd
ϕ(t, x)bk(t, x, µt)(µNt (dx) − µt(x)dx)T−1dt

∣∣ ≥ z1/2)dz
≤ 2dκ1

∫ ∞

0
exp

(
− κ2Nh1h

d
2z

κ3κ2
5T

−1|H ⊗K|22 + κ5|H ⊗K|∞z1/2

)
dz

≲ (Nh1h
d
2)−1(1 + (Nh1h

d
2)−1)

≲ VNh ,

using maxh∈HN
2

(Nh1h
d
2) ≲ 1. We conclude

EPN
[
III
]
≲ VNh . (2.56)

We next turn to the term IV . We need a deviation result for the fluctuation ξNt (x) = b(t, x, µNt ) −
b(t, x, µt) that will also be helpful later.

Lemma 2.27. There exist positive numbers κ6, κ7 and κ8, depending on b, such that for large
enough N

sup
0≤t≤T

PN
(
|ξNt (XN

t )| ≥ u
)

≤ κ6 exp
(

− κ7Nu
2

1 +N1/2u

)
for u ≥ κ8N

−1/2.

Démonstration. Writing ξNt (XN
t ) =

(
ξNt (XN

t )1, . . . , ξNt (XN
t )d

)
in components, we have

PN
(
|ξNt (XN

t )| ≥ u
)

≤
d∑
ℓ=1

PN
(
|ξNt (XN

t )ℓ| ≥ ud−1)
It suffices thus to prove the result for each component ξNt (XN

t )ℓ, substituting κ6 and κ8 by dκ6
and dκ8 to obtain the general case. For notational simplicity, we drop the superscript ℓ and prove
the result for ξNt (XN

t ) instead of |ξNt (XN
t )|, up to a inflation of κ6 by a factor 2.

By (2.40) in the proof of Proposition 2.19, we may write

ξNt (XN
t ) = ζNt (XN

t ) + Rk,

with

ζNt (XN
t ) =

k−1∑
ℓ=1

1
ℓ!

∫
(Rd)ℓ

δℓµb(t,XN
t , y

ℓ, µt)(µNt − µt)⊗ℓ(dyℓ),

having k = 1 under Assumption 2.4 (i), with
∣∣Rk∣∣ ≲ W1(µNt , µt) ∧W1(µNt , µt)k under Assumption

2.4 (ii) by (2.41), and having k = 1 with δ1
µb = b̃ and Rk = 0 under Assumption 2.4 (iii). It is
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enough to prove the deviation bound for each term separately.

Let u ≥ 0. We first bound the remainder term Rk. Applying (2.35) in the proof of Theorem
2.18 for the event AN = {W1(µNt , µt) ∧ W1(µNt , µt)k ≥ u} we obtain

PN (W1(µNt , µt) ∧ W1(µNt , µt)k ≥ u) ≤ C
K(K+1)/8
1 PN

(
W1(µNt , µt) ∧ W1(µNt , µt)k ≥ u

)4−K

≤ C
K(K+1)/8
1

(
εN (u1/k) ∧ εN (u)

)4−K

where the last estimate stems from the deviation inequality (2.43) of Fournier and Guillin [74].
Under Assumption 2.4 (i), with (d = 1 and k = 1) or under Assumption 2.4 (ii) with (d = 2 and
k ≥ 2) or (d ≥ 3 and k ≥ d/2),

εN (u1/k) ∧ εN (u) ≲ exp(−CNu2) for every u ≥ 0

as follows from the definition of εN (x) in (2.43). Therefore Rk has the right order. As for the main
term, we first note that for every p ≥ 2, we have

EPN
[∣∣ζNt (XN

t )
∣∣p] ≤ ep−1

k−1∑
ℓ=1

1
ℓ! EPN

[∣∣∣ ∫
(Rd)ℓ

δℓµb(t,XN
t , y

ℓ, µt)(µNt − µt)⊗ℓ(dyℓ)
∣∣∣p]

≤ N−p/2p!Cp5 ,

by Lemma 2.22 and Cauchy-Schwarz’s inequality, for large enough N and some C5 depending on
b. With no loss of generality, we take C5 ≥ 1. In particular, by Cauchy-Schwarz’s inequality,∣∣EPN [ζNt (XN

t )]
∣∣ ≤

√
2C5N

−1/2 = κ8N
−1/2

that defines the constant κ8. We next use the following version of Bernstein inequality that can
be found in Lemma 8 in Birgé and Massart [15] : if Z is a real-valued random variable such that
E[|Z|p] ≤ p!

2 v
2cp−2 for c, v > 0 and every p ≥ 2, then

P(Z − E[Z] ≥ u) ≤ exp
(

− u2/2
v2 + cu

)
for every u ≥ 0. (2.57)

We then apply (2.57) to Z = ζNt (XN
t ) with c = C5N

−1/2 and v =
√

2N−1/2C5 and obtain

PN
(
ζNt (XN

t ) − EPN [ζNt (XN
t )] ≥ u

)
≤ exp

(
− C6Nu

2

1 +N1/2u

)
for every u ≥ 0,

with C6 = (4C2
5 )−1 using C5 ≥ 1. Finally, for u ≥ κ8N

−1/2, setting u′ = u−κ8N
−1/2 and applying

(2.35) in the proof of Theorem 2.18 for the event {ζNt (XN
t ) ≥ u}, we derive

PN
(
ζNt (XN

t ) ≥ u
)
≲ PN

(
ζNt (XN

t ) ≥ u
)4−K

≤ PN
(
ζNt (XN

t ) − EPN [ζNt (XN
t )] ≥ u′)4−K

≤ exp
(

− C64−KN(u′)2

1 +N1/2u′

)
≲ exp

(
− C64−KNu2

1 +N1/2u

)
and the lemma follows with κ7 = 4−KC6.
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We are ready to bound the term IV . Applying Cauchy-Schwarz’s inequality twice, we have

EPN
[
IV
]

≤ EPN
[( ∫ T

0

∫
Rd

|ϕ(t, x)|2µNt (dx)dt
)2] 1

2 EPN
[( ∫ T

0

∫
Rd

|ξNt (x)|2µNt (dx)dt
)2] 1

2
.

On the one hand, by exchangeability and Lemma 2.27, we have

EPN
[( ∫ T

0

∫
Rd

|ξNt (x)|2µNt (dx)dt
)2] 1

2 ≤
(
T

∫ T

0
EPN

[
|ξNt (XN

t )|4
]
dt
) 1

2

≲ sup
0≤t≤T

(∫ ∞

0
PN
(∣∣ξNt (XN

t )
∣∣ ≥ z1/4)dz

)1/2

≲
(
κ4

8N
−2 + κ6

∫ ∞

0
exp

(
− κ7Nz

1/2

1 +N1/2z1/4

)
dz
)1/2

≲ N−1. (2.58)

On the other hand

EPN
[( ∫ T

0

∫
Rd
ϕ(t, x)2µNt (dx)dt

)2]1/2

≲
∫ T

0

∫
Rd
ϕ(t, x)2µt(x)dxdt+ EPN

[∣∣∣ ∫
[0,T ]×Rd

ϕ(t, x)2(µNt (dx) − µt(dx))dt
∣∣∣2]1/2

≲ |ϕ|22 +
(∫ ∞

0
PN
(∣∣ ∫

[0,T ]×Rd
ϕ(t, x)2(µNt (dx) − µt(dx))T−1dt

∣∣ ≥ z1/2))1/2

≲ |ϕ|22 +
(

2κ1

∫ ∞

0
exp

(
− κ2Nz

κ3T−1|ϕ|44 + |ϕ|2∞z1/2

)
dz
)1/2

≲ |ϕ|22 +
(
N−1|ϕ|44 +N−2|ϕ|4∞

)1/2
≲ |ϕ|22 +N−1/2|ϕ|24 +N−1|ϕ|2∞, (2.59)

using Lemma 2.23 and the fact that ϕ is compactly supported to obtain the first term and Theo-
rem 2.18 applied to νN (dt, dx) − ν(dt, dx) = (µNt (dx) − µt(dx))T−1dt together with |ϕ2|2L2(ν) ≤
κ3T

−1|ϕ|44 to obtain the second term. Putting together (2.58) and (2.59), we conclude

EPN
[
IV
]
≲ N−1(|ϕ|22 +N−1/2|ϕ|24 +N−1|ϕ|2∞

)
≲ (Nh1h

d
2)−1(1 + (Nh1h

d
2)−1/2 + (Nh1h

d
2)−1) ≲ VNh . (2.60)

Finally, by Lemma 2.25 and Theorem 2.18 again we have

EPN
[
V
]

=
d∑
k=1

EPN
[
⟨MN

· (ϕ)k⟩T
]

≤ dN−1|Tr(c)|∞EPN
[ ∫

[0,T ]×Rd
ϕ(s, x)2µNs (dx)ds

]
≲ N−1|ϕ|22 +N−1EPN

[∣∣∣ ∫
[0,T ]×Rd

ϕ(s, x)2(µNs (dx) − µs(dx)
)
T−1ds

∣∣∣]
≲ N−1|ϕ|22 +N−1

∫ ∞

0
PN
(∣∣ ∫

[0,T ]×Rd
ϕ(s, x)2(µNs (dx) − µs(x)

)
T−1ds

∣∣ ≥ z
)
dz
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≤ N−1|ϕ|22 +N−12κ1

∫ ∞

0
exp

(
− κ2Nz

2

κ3T−1|ϕ|44 + |ϕ|2∞z

)
dz

≲ N−1|ϕ|22 +N−3/2|ϕ|24 +N−2|ϕ|2∞
≲ (Nh1h

d
2)−1(1 + (Nh1h

d
2)−1/2 + (Nh1h

d
2)−1) ≲ VNh . (2.61)

Putting together (2.56), (2.60) and (2.61) establishes EPN
[
II2] ≲ VNh and concludes the proof of

Lemma 2.26.

Completion of proof of Theorem 2.9

Let (h,h) ∈ HN
1 ×HN

2 and (t0, x0) ∈ (0, T )×Rd. Remember that we set π(t, x) = b(t, x, µt)µt(x).

Step 1 : We plan to use the decomposition

b̂Nh,h(t0, x0)ϖ3 − b(t0, x0, µt0) = I + II,

with
I =

π(t0, x0)
(
µt0(x0) − µ̂Nh (t0, x0) ∨ϖ3

)
µt0(x0)µ̂Nh (t0, x0) ∨ϖ3

and
II =

(
π̂Nh (t0, x0) − π(t0, x0)

)
µt0(x0)

µt0(x0)µ̂Nh (t0, x0) ∨ϖ3
.

First, we have

|I| ≤ κ5

ϖ3
|µt0(x0) − µ̂Nh (t0, x0) ∨ϖ3| ≲ |µt0(x0) − µ̂Nh (t0, x0)|

as soon as ϖ3 ≤ κ4 by Lemma 2.23, for some (small) r > 0 fixed throughout. In the same way,

|II| ≤ ϖ−1
3 |π̂Nh (t0, x0) − π(t0, x0)|.

Picking h = ĥN , h = ĥ
N

, taking square and expectation, we have thus established

EPN
[∣∣̂bNGL(t0, x0) − b(t0, x0, µt0)

∣∣2]
≲ EPN

[(
µ̂NGL(t0, x0) − µt0(x0)

)2]+ EPN
[∣∣π̂N

ĥ
N (t0, x0) − π(t0, x0)

∣∣2] (2.62)

as soon as ϖ3 ≤ κ4. By Theorem 2.7, we already have the desired bound for the first term.

Step 2 : We study the second term in the right-hand side of (2.62). For any h ∈ HN
2 , similarly to

the proof of Step 1 in Theorem 2.7, we have

EPN
[∣∣π̂N

ĥ
N (t0, x0) − π(t0, x0)

∣∣2] ≲ EPN
[
ANh
]

+ VNh + BNh (π)(t0, x0)2

thanks to Lemma 2.26. In order to estimate EPN
[
ANh
]
, we repeat Step 2 of the proof of Theorem

2.7 and obtain

max
h′⪯h

{∣∣π̂Nh (t0, x0) − π̂h′(t0, x0)
∣∣2 − VNh − VNh′

}
+ (2.63)
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≲ BNh (π)(t0, x0)2 +
{

4
∣∣π̂Nh (t0, x0) − πh(t0, x0)

∣∣2 − VNh
}

+

+ max
h′⪯h

{
4
∣∣π̂Nh′(t0, x0) − πh′(t0, x0)

∣∣2 − VNh′
}

+

with the notation πh(t0, x0) =
∫ T

0
∫
Rd(H ⊗K)h(t0 − t, x0 − x)π(t, x)dxdt.

Step 3 : We estimate the expectation of the first stochastic term in the right-hand side of (2.63).
By Lemma 2.25, setting ϕ(t, x) = (H ⊗K)h(t0 − t, x0 − x), we have{

4
∣∣π̂Nh (t0, x0) − πh(t0, x0)

∣∣2 − VNh
}

+ ≤ I + II + III,

with

I =
{

12
∣∣ ∫

[0,T ]×Rd
ϕ(t, x)b(t, x, µt)(µNt (dx) − µt(x)dx

)
dt
∣∣2 − 1

3 VNh
}

+
,

II =
{

12
∣∣ ∫

[0,T ]×Rd
ϕ(t, x)ξNt (x)µNt (dx)dt

∣∣2 − 1
3 VNh

}
+
,

III =
{

12
∣∣MN

T

(
ϕ
)∣∣2 − 1

3 VNh
}

+
.

For the term I, writing b = (b1, . . . , bd) in components, we have

I ≤ 12T 2
d∑
k=1

{(∫
[0,T ]×Rd

ϕ(t, x)bk(t, x, µt)(µNt (dx) − µt(x)dx)T−1dt
)2 − 1

36dT 2 VNh
}

+
.

Applying Theorem 2.18 to (µNt (dx)−µt(x)dx)T−1dt and using the estimates (2.55) of Lemma 2.26
above, we infer

EPN
[{( ∫

[0,T ]×Rd
ϕ(t, x)bk(t, x, µt)(µNt (dx) − µt(x)dx)T−1dt

)2 − 1
36dT 2 VNh

}
+

]
≲
∫ ∞

0
PN
(∣∣ ∫

[0,T ]×Rd
ϕ(t, x)bk(t, x, µt)(µNt (dx) − µt(x)dx)T−1dt

∣∣ ≥
(
z + 1

36dT 2 VNh
)1/2

)
dz

≲ 2κ1

∫ ∞

VN
h
/(36dT 2)

exp
(

− κ2Nh1h
d
2z

κ3κ2
5T

−1|H ⊗K|22 + κ5|H ⊗K|∞z1/2

)
dz

≲ (Nh1h
d
2)−1N−(72dT )−1κ2κ

−1
3 κ−2

5 ϖ2

+ (logN)1/2(Nh1h
d
2)−3/2 exp

(
− κ2κ

−1
5 ϖ

1/2
2 |H ⊗K|2

12d1/2T |H ⊗K|∞
(logN)1/2(Nh1h

d
2)1/2)

≲ N−2

as soon as ϖ2 ≥ 144dTκ−1
2 κ3κ

2
5, thanks to max(h1,h2)∈HN

2
(Nh1h

d
2)−1 ≲ 1. We also use the assump-

tion min(h1,h2)∈HN
2
Nh1h

d
2 ≥ (logN)2 given by (2.15) to show that the second term is negligible in

front of N−2. We conclude

EPN
[
I
]
≲ N−2. (2.64)
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We next consider the term II. For τ > 0, introduce the event

BNτ =
{∫

[0,T ]×Rd
|ϕ(t, x)|µNt (dx)dt ≤ τ

}
.

By Cauchy-Schwarz’s inequality, on BNτ , we have∣∣∣ ∫
[0,T ]×Rd

ϕ(t, x)ξNt (x)µNt (dx)dt
∣∣∣2

≤
∫

[0,T ]×Rd
|ϕ(t, x)|µNt (dx)dt

∫
[0,T ]×Rd

∣∣ϕ(t, x)|
∣∣ξNt (x)

∣∣2µNt (dx)dt

≤ τ

∫
[0,T ]×Rd

|ϕ(t, x)|
∣∣ξNt (x)

∣∣2µNt (dx)dt.

By Lemma 2.27 and exchangeability, we also have the rough bound

EPN
[∣∣ ∫

[0,T ]×Rd
ϕ(t, x)ξNt (x)µNt (dx)dt

∣∣4] ≤ |ϕ|4∞T 3 sup
0≤t≤T

EPN
[∣∣ξNt (XN

t )
∣∣4]

≲ (h1h
d
2)−4N−2, (2.65)

where we estimate EPN
[∣∣ξNt (XN

t )
∣∣4] as in (2.58) above. It follows that II ≤ IV + V , with

IV = 12τ
{∫

[0,T ]×Rd
|ϕ(t, x)|

∣∣ξNt (x)
∣∣2µNt (dx)dt− 1

36τ VNh
}

+
1BNτ

≤ 12τ |Kh2 |∞
∫ T

0
|Hh1(t0 − t)|

{∫
Rd

∣∣ξNt (x)
∣∣2µNt (dx) − 1

36τ |H|1|Kh2 |∞
VNh
}

+
dt 1BNτ

,

V = 12
∣∣ ∫

[0,T ]×Rd
ϕ(t, x)ξNt (x)µNt (dx)dt

∣∣21(BNτ )c .

Taking expectation and using exchangeability, we further have

EPN
[
IV
]
≲ |Kh2 |∞

∫ T

0
|Hh1(t0 − t)|EPN

[{∣∣ξNt (XN
t )
∣∣2 − 1

36τ |H|1|Kh2 |∞
VNh
}

+

]
dt

≲ |Kh2 |∞
∫ T

0
|Hh1(t0 − t)|

∫ ∞

1
36τ |H|1|Kh2 |∞

VN
h

PN
(
|ξNt (XN

t )| ≥ z1/2)dzdt
≲ |Kh2 |∞

∫ ∞

1
36τ |H|1|Kh2 |∞

VN
h

exp
(

− κ7Nz

1 +N1/2z1/2

)
dz

≲ N−1(hd2)−1 exp
(

− κ7ϖ2|H ⊗K|22
72τ |H|1|K|∞

h−1
1 logN

)
+N−1(hd2)−1h

−1/2
1 (logN)1/2 exp

(
− κ7ϖ

1/2
2 |H ⊗K|2

12τ1/2|H|1/2
1 |K|1/2

∞
h

−1/2
1 (logN)1/2

)
,

by Lemma 2.27, using in particular the fact that 1
36τ |H|1|Kh2 |∞

VNh ≳ N−1(logN)3 ≥ κ2
8N

−1 for
large enough N . Since max(h1,h2)∈HN

2
h1 ≤ (logN)−2 by assumption (2.15), both terms are negli-

gible in front of N−2 and we conclude EPN
[
IV
]
≲ N−2.
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We turn to the term V . By Cauchy-Schwarz’s inequality and (2.65), we have

EPN [V ] ≤ 12EPN
[∣∣∣ ∫

[0,T ]×Rd
ϕ(t, x)ξNt (x)µNt (dx)dt

∣∣∣4]1/2
PN
(
(BNτ )c

)1/2

≲ N−1(h1h
d
2)−2PN

( ∫
[0,T ]×Rd

|ϕ(t, x)|µNt (dx)dt > τ
)1/2

.

Note that
∫

[0,T ]×Rd |ϕ(t, x)|µt(dx)dt ≤ κ3|ϕ|1 hence, for the choice τ ≥ 2κ3|H ⊗K|1, that we make
from now on and that does not depend on N , we have∫

[0,T ]×Rd
|ϕ(t, x)|µt(dx)dt ≤ 1

2τ.

By triangle inequality and a union bound argument, it follows that

PN
( ∫

[0,T ]×Rd
|ϕ(t, x)|µNt (dx)dt > τ

)1/2

≤ PN
(∣∣ ∫

[0,T ]×Rd
|ϕ(t, x)|(µNt (dx) − µt(dx))T−1dt

∣∣ ≥ 1
2T

−1τ
)1/2

≤ (2κ1)1/2 exp
(

− 1
2

κ2Nh1h
d
2

1
4T

−2τ2

κ3T−1|H ⊗K|22 + |H ⊗K|∞ 1
2T

−1τ

)
,

where we applied Theorem 2.18. Using min(h1,h2)∈HN
2
Nh1h

d
2 ≥ (logN)2 granted by (2.15), we

obtain EPN [V ] ≲ N−2. Putting together our estimates for IV and V , we conclude

EPN [II] ≲ N−2. (2.66)

Finally, we consider the term III. The classical following deviation bound holds for continuous
martingales :

PN
(
MN
T (ϕ)k ≥ u,

〈
MN
. (ϕ)k

〉
T

≤ v
)

≤ exp
(

− u2

2v
)

for every u, v ≥ 0, see e.g. [165]. Let κ > 0 to be tuned below. The choice v = κ
(
VNh
)1/2(logN)−1u

entails

PN
(
MN
T (ϕ)k ≥ u

)
≤ exp

(
− 1

2κ
−1(VNh )−1/2(logN)u

)
+ PN

(〈
MN
. (ϕ)k

〉
T

≥ κ
(
VNh
)1/2(logN)−1u

)
.

It follows that

EPN
[
III
]

≤ 12
d∑
k=1

EPN
[{(

MN
T (ϕ)k

)2 − 1
36dVNh

}
+

]
≲

d∑
k=1

∫ ∞

0
PN
(∣∣MN

T (ϕ)k
∣∣ ≥ (z + 1

36dVNh )1/2)dz ≲ V I + V II,

with

V I =
∫ ∞

1
36dVN

h

exp
(

− 1
2κ

−1(VNh )−1/2(logN)z1/2)dz,
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V II =
d∑
k=1

∫ ∞

1
36dVN

h

PN
(〈
MN
. (ϕ)k

〉
T

≥ κ
(
VNh
)1/2(logN)−1z1/2)dz.

Taking for instance κ = (25
√
d)−1 < (24

√
d)−1, we obtain

V I ≲ VNh (logN)−1N−1/(12κd1/2) ≲ N−2.

In order to bound the term V II, we first notice that by Lemma 2.25, we have

⟨MN
. (ϕ)k

〉
T

≤ N−1|Tr(c)|∞
∫

[0,T ]×Rd
ϕ(t, x)2µNt (dx)dt

≤ N−1|Tr(c)|∞
(
κ3(h1h

d
2)−1|H ⊗K|22 +

∣∣ ∫
[0,T ]×Rd

ϕ(t, x)2(µNt (dx) − µt(dx))dt
∣∣).

Next, the condition

N−1|Tr(c)|∞κ3(h1h
d
2)−1|H ⊗K|22 ≥ 1

2κ
(
VNh
)1/2(logN)−1z1/2

is equivalent to

z ≤ 4κ−2|Tr(c)|2∞κ2
3|H ⊗K|42N−2(h1h

d
2)−2(VNh )−1(logN)2

≤ 4κ−2|Tr(c)|2∞κ2
3ϖ

−2
2 VNh

<
1

36dVNh

as soon as ϖ2 ≥ 300d|Tr(c)|∞κ3. It follows that V II is of order∫ ∞

1
36dVN

h

PN
(∣∣ ∫

[0,T ]×Rd
ϕ(t, x)2(µNt (dx) − µt(dx))dt

∣∣ ≥ 1
2N |Tr(c)|−1

∞ κ
(
VNh
)1/2(logN)−1z1/2

)
dz

≲
∫ ∞

1
36dVN

h

exp
(

−
κ2

1
4N

3|Tr(c)|−2
∞ κ2(VNh )(logN)−2T−2z

κ3T−1|ϕ|44 + |ϕ|2∞ 1
2N |Tr(c)|−1

∞ κ
(
VNh
)1/2(logN)−1T−1z1/2

)
du

≲ (Nh1h
d
2)−2(logN) exp

(
− κ2κ2|Tr(c)|−2

∞ ϖ2
2|H ⊗K|42

288κ3dT |H ⊗K|44
Nh1h

d
2

)
+ (Nh1h

d
2)−2(logN) exp

(
− κ2κ|Tr(c)|−1

∞ ϖ2|H ⊗K|22
24d1/2T |H ⊗K|2∞

Nh1h
d
2

)
≲ N−2

where we applied again Theorem 2.18 and used min(h1,h2)∈HN
2
Nh1h

d
2 ≥ (logN)2 granted by (2.15).

We infer V II ≲ N−2 and conclude
EPN [III] ≲ N−2 (2.67)

and putting together (2.64), (2.66) and (2.67), we have established

EPN
[{

4
∣∣π̂Nh (t0, x0) − πh(t0, x0)

∣∣2 − VNh
}

+

]
≲ N−2.

Step 4 : The control of the second term in the right-hand side of (2.63) is done in the same way
as in Step 4 of the proof of Theorem 2.7 and only inflates the previous bound by a factor or order
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Card(HN
2 ) ≲ N . In turn EPN

[
ANh
]
≲ N−1 +BNh (π)(t0, x0)2 and we have established by Step 2 that

for any h ∈ HN
2 ,

EPN
[∣∣π̂N

ĥ
N (t0, x0) − π(t0, x0)

∣∣2] ≲ BNh (π)(t0, x0)2 + VNh +N−1

holds true. Putting together Step 1 and Theorem 2.7 and using N−1 ≲ VNh completes the proof of
Theorem 2.9.

7.3 Proof of Theorem 2.14
Proof of the lower bound (2.24)

Step 1

Pick an infinitely many times differentiable function V1 : Rd → R such that
(i) ∇V1 is Lipschitz continuous,

(ii) lim sup|x|→∞ −∇V1(x)⊤(x/|x|2
)
< 0,

(iii) V1 = 0 in a neighbourhood of x0.
Let CV1 =

∫
Rd exp(−2V1(x))dx and define

ν1(x) = C−1
V1

exp
(

− 2V1(x)
)
, x ∈ Rd.

From the classical theory of multidimensional diffusion processes (see e.g. the classical textbook of
Stroock and Varadhan [?]), properties (i) and (ii) imply that ν1 is the unique invariant measure
of the diffusion process dξt = −∇V1(ξt)dt + dWt for some Brownian motion W on Rd. In turn
ν1(t, x) = ν1(x) as a function defined on [0, T ] × Rd satisfies

ν1 = S(b1, Id, ν1) with b1(t, x, µ) = −∇V1(x),

assuming morever that V1 is such that ν1 satisfies Assumption 2.1, a choice which is obviously
possible. Since ν1 is constant in a neighbourhood of (t0, x0) we may (and will) assume that
(b1, Id, ν1) ∈ S

α,β
L/2(t0, x0). Next, we set

V N2 (x) = V1(x) +ϖCV1N
−1/2τ

d/2
N ψ

(
τN (x− x0)

)
, 0 < τN → ∞,

for some 0 < ϖ ≤ 1, where ψ : Rd → R is infinitely many times differentiable, compactly supported
and satisfies

ψ(0) = 1, |ψ|∞ ≤ 1,
∫
Rd
ψ(x)dx = 0, |ψ|2 = 1,

hence ∇V N2 satisfies (i) and (ii) and (iii). It defines in turn a solution

νN2 = S(bN2 , Id, νN2 ) with bN2 (t, x, µ) = −∇V N2 (x),

having
νN2 (x) = C−1

V N2
exp

(
− 2V N2 (x)

)
with CV N2 =

∫
Rd

exp(−2V N2 (x))dx

and νN2 (t, x) = νN2 (x) is understood as a function defined on [0, T ] × Rd.
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Step 2 : We claim that for every β > 0, setting τN = N1/(2β+d) and taking ϖ sufficiently small,
we have (bN2 , Id, νN2 ) ∈ S

α,β
L (t0, x0) for large enough N . Indeed, in a neighbourhood of x0, we have

V1 = 0 hence for x in such a neighbourhood, we have

νN2 (x) = C−1
V N2

exp
(

− 2ϖCV1N
−1/2τ

d/2
N ψ

(
τN (x− x0)

))
.

On the one hand, ϖN−1/2τ
d/2
N

∣∣ψ(τN (· − x0)
)
|Hβ(x0) ≲ ϖ|ψ|Hβ(x0) which can be taken arbitrarily

small. On the other hand, we also have CV N2 → CV1 as N → ∞, see in particular (2.68) below,
and the claim follows.

Step 3

For (b, c, µ0) ∈ P, we write PNb,c,µ0
for PN to emphasise the model parameter (b, c, µ0). For data

extracted from µNt0 solely, we restrict the model to

PNb,c,µ0
(t0) = (X1

t0 , . . . , X
N
t0 ) ◦ PNb,c,µ0

,

the law of (X1
t0 , . . . , X

N
t0 ) under PNb,c,µ0

. Note that for a drift b(t, x, µ) = b(t, x) independent of an
interaction measure term µ, we have

PNb,c,µ0
= PNb,c,µ0

hence PNb,c,µ0
(t0) = µ⊗N

t0 .

By Pinsker’s inequality, it follows that

∥PNb1,Id,ν1
(t0) − PNbN2 ,Id,νN2 (t0)∥2

TV = ∥ν⊗N
1 − (νN2 )⊗N∥2

TV

≤ N

2

∫
Rd
ν1(x) log ν1(x)

νN2 (x)
dx

= N

∫
Rd
ν1(x)

(
V N2 (x) − V1(x)

)
dx+ N

2 log
CV N2
CV1

= N

2 log
CV N2
CV1

,

for large enough N , where ∥ · ∥TV denotes the total variation distance, using successively

V N2 (x) − V1(x) = ϖCV1N
−1/2τ

d/2
N ψ

(
τN (x− x0)

)
= ϖν1(x)−1N−1/2τ

d/2
N ψ

(
τN (x− x0)

)
,

since ν1(x)−1 = CV1 in a neighbourhood of x0 and the fact that ψ
(
τN (x − x0)

)
= 0 outside this

neighbourhood, for large enough N , thanks to the fact that Supp(ψ) is compact, together with the
cancellation

∫
Rd ψ(x)dx = 0. Moreover, a Taylor’s expansion yields

CV N2
CV1

− 1 =
∫
Rd
ν1(x) exp(−2ϖν1(x)−1N−1/2τ

d/2
N ψ(τN (x− x0))dx− 1

= 2ϖ2N−1τdN

∫
Rd
ν1(x)−1ψ(τN (x− x0))2ϑN (x)dx,

thanks to the cancellation property of ψ again, with a remainder term satisfying

0 ≤ ϑN (x) ≤ exp
(
2ϖN−1/2τ

d/2
N |ψ|∞ sup

x∈Supp(ψ)
ν1(x)−1) ≤ 2

155



INTRODUCTION 7. PROOF OF THE NONPARAMETRIC ESTIMATION RESULTS

for large enough N . It follows that∣∣∣CV N2
CV1

− 1
∣∣∣ ≤ 4ϖ2N−1 sup

x∈Supp(ψ)
ν1(x)−1 ≲ N−1. (2.68)

The inequality log(1 + x) ≤ x for x ≥ −1 enables us to conclude

∥PNb1,c,ν1
(t0) − PNbN2 ,c,νN2 (t0)∥2

TV ≤ 2ϖ2 sup
x∈Supp(ψ)

ν1(x)−1 ≤ 1
2 (2.69)

for large enough N by taking ϖ > 0 sufficiently small.

Step 4

We conclude by a classical two-point lower bound argument using Le Cam’s lemma : if Pi,
i = 1, 2 are two probability measures defined on the same probability space and Ψ(Pi) ∈ R is a
functional of Pi, we have

inf
Ψ̂

max
i=1,2

EPi
[
|Ψ̂ − Ψ(Pi)|

]
≥ 1

2 |Ψ(P1) − Ψ(P2)|(1 − ∥P1 − P2∥TV ), (2.70)

where the infimum is taken over all estimators of Ψ(Pi), see e.g. [123] among many other references.
We let

Ψ
(
PNb1,Id,ν1

(t0)
)

= ν1(t0, x0), Ψ
(
PNbN2 ,Id,νN2 (t0)

)
= νN2 (t0, x0),

so that∣∣Ψ(PNb1,Id,ν1
(t0)

)
− Ψ

(
PNbN2 ,Id,νN2 (t0)

)∣∣ ≳ ν1(x0)
(CV N2
CV1

− exp
(
2ϖν1(x)−1N−1/2τ

d/2
N ψ(0)

))
≳ N−1/2τ

d/2
N = N−β/(2β+d)

in the same way as before, using the properties of ψ and (2.68). We conclude by applying Le Cam’s
lemma together with (2.69). The proof of the lower bound (2.24) is complete.

Proof of the upper bound (2.23)

The argument is classical (see e.g. [87, 88, 89]). Pick

HN
1 =

{
e−k, 1 ≤ k ≤ d−1 logN − 2d−1 log logN

}
.

We have CardHN
1 ≲ N holds as well (and is actually much smaller). Moreover, for every h ∈ HN

1 :

BNh (µ)(t0, x0)2 ≲ h2β∧ℓ and VNh ≲ N−1h−d(logN).

Applying Theorem 2.7, we obtain

EPN
[(
µ̂NGL(t0, x0) − µt0(x0)

)2]
≲ min
h∈HN

1

(
h2β∧ℓ +N−1h−d(logN)

)
≲
( logN

N

)2β∧ℓ/(2β∧ℓ+d)
,

for large enough N , since for every β ∈ (0, ℓ], we have e−(kN+1) ≤ (N/ logN)−1/(2β+d) ≤ e−kN

with kN = ⌊ 1
2β+d (logN − log logN)⌋. This proves (2.23) and completes the proof of Theorem 2.14.
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7.4 Proof of Theorem 2.15
Proof of the lower bound (2.26)

We apply the same strategy as for Theorem 2.14, establishing a two-point inequality and ap-
plying Le Cam’s lemma for two drift functions that have no interaction. We write PNb,c,µ0

for the law
of (X1

t , . . . , X
N
t )0≤t≤T parametrised by (b, c, µ0). We start with the following simple consequence

of Girsanov’s theorem :

Lemma 2.28. For i = 1, 2, let bi(t, x, µ) = bi(t, x) be two drift functions that satisfy Assumption
2.4 with no interaction. Set ∆(t, x) = b2(t, x) − b1(t, x). We have

∥PNb2,Id,µ0
− PNb1,Id,µ0

∥2
TV ≤ N

4

∫ T

0
|∆(t, ·)|2L2(µt)dt,

where µ = S(b1, Id, µ0) is a solution of (2.3) with parameter (b1, Id, µ0), up to an explicitly com-
putable constant that only depends on µ0 and b1.

Démonstration. With the notation of Section 6.2, by Girsanov’s theorem,

dPNb2,Id,µ0

dPNb1,Id,µ0

= ET
(
MN

· (∆)
)
, where MN

t (∆) =
N∑
i=1

∫ t

0
∆(s,Xi

s)⊤dBis

is a PNb1,Id,µ0
-martingale, with Bit =

∫ t
0
(
dXi

s − b1(s,Xi
s)ds

)
. Moreover, since there is no interaction

term in the drift b1, we have

EPN
b1,Id,µ0

[〈
MN

· (∆)
〉
T

]
= N

∫ T

0
EPN

b1,Id,µ0

[∣∣∆(t,X1
t )
∣∣2]dt = N

∫ T

0

∣∣∆(t, ·)
∣∣2
L2(µt)

dt.

By Pinsker’s inequality ∥PNb1,Id,µ0
−PNb2,Id,µ0

∥2
TV ≤ 1

2EPN
b1,Id,µ0

[
log dPNb1,Id,µ0

dPN
b2,Id,µ0

]
. The conclusion follows

from

EPN
b1,Id,µ0

[
log

dPNb1,Id,µ0

dPNb2,Id,µ0

]
= −EPN

b1,Id,µ0

[
log

dPNb2,Id,µ0

dPNb1,Id,µ0

]
= 1

2EPN
b1,Id,µ0

[〈
MN

· (∆)
〉
T

]

and the previous estimate on
〈
MN

· (∆)
〉
T

under PNb1,Id,µ0
.

Step 1

Pick now a function b1 : [0, T ] × Rd → Rd satisfying Assumption 2.4 and any initial condition
µ0 such that (b1, Id, µ0) ∈ S

α,β
L/2(t0, x0) ∩ D

α,β
L/2(t0, x0).

Let ψ = (ψ1, . . . , ψd) : (0, T ) × Rd → Rd be infinitely many times differentiable, compactly
supported and such that for every 1 ≤ k ≤ d, we have

ψk(0) = 1, |ψk|∞ ≤ 1,
∫

[0,T ]×Rd
ψ(t, x) dtdx = 0, |ψk|2 = 1.
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For N ≥ 1 and some 0 < ϖ ≤ 1, we define

bN2 (t, x) = b1(t, x) +ϖN−1/2τ
1/2
N (τ̃N )1/2ψ

(
τN (t− t0), τ̃N (x− x0)

)
,

where τN and τ̃N are defined via

ταN = (τ̃N )β = Nsd(α,β)/(2sd(α,β)+1).

By accomodating b1 and ϖ > 0, we may (and will) assume that (bN2 , Id, µ0) ∈ S
α,β
L (t0, x0) ∩

D
α,β
L (t0, x0) for every N ≥ 1. Setting ∆N (t, x) = bN2 (t, x) − b1(t, x) and noting that∫ T

0
|∆N (t, ·)|2L2(µt)dt ≲ ϖ2N−1,

thanks to the compactness of the support of ψ and Lemma 2.23, we obtain

∥PNb1,Id,µ0
− PNbN2 ,Id,µ0

∥2
TV ≲ ϖ2 ≤ 1

2

by Lemma 2.28, for a suitable choice of ϖ > 0.

Step 2

We conclude in the same way as in the proof of the lower bound of Theorem 2.14 : by Le Cam’s
lemma (2.70), with

Ψ(PNb1,Id,µ0
) = b1(t0, x0) and Ψ(PNbN2 ,Id,µ0

) = bN2 (t0, x0),

we have ∣∣Ψ(PNb1,Id,µ0
) − Ψ(PNbN2 ,Id,µ0

)
∣∣ ≳ N−1/2τ

1/2
N (τ̃N )1/2 = N−sd(α,β)/(2sd(α,β)+1)

and the conclusion follows. The proof of the lower bound (2.26) is complete.

Proof of the upper bound (2.25)

Let
δN (k) = g−1(k/ logN)

α(g−1(k/ logN))k,

where g−1 is the inverse of the function g(β) = 1
β

sd(α(β),β)
2sd(α(β),β)+1 , which is non-increasing for β > 0

thanks to the assumption that β 7→ α(β) is non-decreasing and β 7→ α(β)/β is non-increasing.
Pick

HN
2 =

{
(e−k1 , e−k2), k1 = δN (k2), 1 ≤ k2 ≤ (d+ 1)−1(logN − 2 log logN),

2 log logN ≤ δN (k2) ≤ (d+ 1)−1(logN − 2 log logN)
}
.

The condition (2.15) for the grid HN
2 is satisfied and CardHN

2 ≲ N holds as well (and is actually
much smaller). Now, set βk2 = g−1(k2/ logN). We define an ordering ⪯ on HN

2 that has the right
behaviour with respect to the bias of π at scale h. We say that h = (h1, h2) ⪯ h′ = (h′

1, h
′
2) if

h1(k2)α(βk2 ) + h2(k2)βk2 ≤ h′
1(k′

2)α(βk′
2

) + h′
2(k′

2)βk′
2 , (2.71)
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where we write h = (h1, h2) = (h1(k2), h2(k2)) = (e−δN (k2), e−k2) and likewise for h′. We have
that h ⪯ h′ is equivalent to k2 ≥ k′

2 since

h1(k2)α(βk2 ) + h2(k2)βk2 = 2N−sd(α(βk2 ),βk2 )/(2sd(α(βk2 ),βk2 )+1)

and the fact that β 7→ sd(α(β), β) is non-decreasing, following from the assumption that β 7→ α(β)
is non-decreasing. Hence h ⪯ h′ or h′ ⪯ h. Moreover,

(b, c, µ0) ∈ S
α,β
L (t0, x0) ∩ D

α,β
L (t0, x0) implies π ∈ Hα,β(t0, x,0 ).

Therefore, for every h = (h1, h2) ∈ HN
2 :

BNh (π)(t0, x0)2 ≲ h2α∧ℓ
1 + h2β∧ℓ

2 and VNh ≲ N−1h−1
1 h−d

2 (logN)

thanks to the definition of the ordering ⪯ in (2.71). It follows that for every sd(α, β) ∈ (0, ℓ/d], we
have

e−(kN1 +1) ≤ N−α−1sd(α,β)/(2sd(α,β)+1) ≤ e−kN1

with kN1 = ⌊α
−1sd(α,β)

2sd(α,β)+1 logN⌋ and

e−(kN2 +1) ≤ N−β−1sd(α,β)/(2sd(α,β)+1) ≤ e−kN2

with kN2 = ⌊β
−1sd(α,β)

2sd(α,β)+1 logN⌋. Applying Theorem 2.9, we obtain

EPN
[∣∣π̂NGL(t0, x0) − πt0(x0)

∣∣2] ≲ min
(h1,h2)∈HN

1

(
h2α∧ℓ

1 + h2β∧ℓ
2 +N−1h−1

1 h−d
2 (logN)

)
+N−1

≲
( logN

N

)2sd(α,β)∧ℓd/(2sd(α,β)∧ℓd+1)
.

This proves (2.23) and completes the proof of Theorem 2.14.

7.5 Proof of Theorem 2.17
Preliminary results

Lemma 2.29. Work under Assumptions 2.1, 2.2, and 2.4. We have

sup
ξ∈Rd

EPN
[
|F
(
L(µN − µ)

)
(ξ)|2

]
≲ N−1.

Démonstration. Writing φ1(x) = cos(2πξ⊤x) and φ2(x) = sin(2πξ⊤x), we have by Jensen’s in-
equality and Theorem 2.18

EPN
[∣∣ ∫

Rd
e−2iπξ⊤xL(µN − µ)(dx)

∣∣2] = EPN
[∣∣ ∫

[0,T ]

∫
Rd

e−2iπξ⊤x(µNt − µt)(dx)w(t)ρ(dt)
∣∣2]

≤
∫

[0,T ]
EPN

[∣∣ ∫
Rd

e−2iπξ⊤x(µNt − µt)(dx)
∣∣2]w(t)2ρ(dt)

≲ sup
t∈[0,T ]

max
k=1,2

∫ ∞

0
PN
(∣∣ ∫

Rd
φk d(µNt − µt)

∣∣ ≥ z1/2)dz
≲ 2κ1

∫ ∞

0
exp

(
− κ2

Nz

1 + z1/2

)
≲ N−1

using |φk|L2(µt) ≤ 1 that stems from |φk|∞ ≤ 1. Since this bound is uniform in ξ ∈ Rd, the result
follows.
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Completion of proof of Theorem 2.17

We have
|F̂Nϖ,ϖ′ − F |22 ≲ |F(F̂Nϖ,ϖ′) − F(F )|22 = I + II,

with

I =
∣∣(F(L((̂bNh,h)rϖ′

))
F(LµN )

|F(LµN )|2 − F(F )
)
1{|F(LµN )|2≥ϖ}

∣∣2
2,

II =
∣∣F(F )1{|F(LµN )|2<ϖ}

∣∣2
2.

On {|F(LµN )|2 ≥ ϖ} and using the fact that |F(Lµ)(ξ)| > 0 almost everywhere, we write

F
(
L(̂bNh,h)rϖ′

)
F(LµN )

|F(LµN )|2 − F(F )

=
(
F(L(̂bNh,h)rϖ′

)
− F(Lb)

)
F(LµN )

|F(LµN )|2 + F(Lb)F(LµN )
|F(LµN )|2 − F(F )

=
(
F(L(̂bNh,h)rϖ′) − F(Lb)

)
F(LµN )

|F(LµN )|2 + F(Lb)
( F(LµN )

|F(LµN )|2 − F(Lµ)
|F(Lµ)|2

)
,

thanks to F(Lb) = F(F ) · F(Lµ). It follows that for r > 0, we have

EPN
[
I
]
≲ III + IV,

with

III = ϖ−2EPN
[∣∣F(L((̂bNh,h)rϖ′ − b)

)∣∣2
2

]
,

IV = ϖ−2EPN
[∣∣F(F )F(LµN )F

(
L(µN − µ)

)∣∣2
2

]
.

By Parseval’s identity, and the boundedness of L, we have

III ≲ ϖ−2 sup
t∈Supp(w),|x|≤r

EPN
[∣∣̂bNh,h(t, x)ϖ′ − b(x, µt)

∣∣2] +ϖ−2 sup
t∈Supp(w)

∫
|x|≥r

|b(x, µt)|2dx.

By Lemma 2.24 and Lemma 2.26, we have

sup
t∈Supp(w),|x|≤r

EPN
[∣∣̂bNh,h(t, x)ϖ′ − b(x, µt)

∣∣2] ≲ ϖ′(r)−2(BNh (µ)(t, x) + BNh (π)(t, x) + VNh + VNh
)
.

Moreover, by Proposition 2.13 the smoothness of F , G and µ0 entails some Hölder smoothness on
µ and b (hence on π) that implies in turn the estimate

sup
t∈Supp(w),|x|≤r

BNh (µ)(t, x) + BNh (π)(t, x) ≲ C(r)(hγ + hγ
′

1 + hγ
′′

2 ),

for some γ, γ′, γ′′ > 0 and C(r) a locally bounded function in r. We infer

ϖ−2 sup
t∈Supp(w),|x|≤r

EPN
[∣∣̂bNh,h(t, x)ϖ′ − b(x, µt)

∣∣2] ≲ ϖ−2ϖ′(r)−2C(r)uN ,
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with uN → 0, for a choice (h,h) = (hN ,hN ) → 0 as N → ∞. Since b(x, µt) = G(x) + F ⋆ µt(x),
the second term in III can be bounded as follows :∫

|x|≥r
|b(x, µt)|2dx ≲

∫
|x|≥r

|G(x)|2dx+
∫
Rd

( ∫
|x|≥r

∣∣F (x− y)
∣∣2dx)µt(dy)

by Fubini’s theorem, and both terms converge to 0 at some rate C̃(r) → 0 as r → ∞ by dominated
convergence since F and G are in L2(Rd). We conclude

III ≲ ϖ−2(ϖ′(r)−2C(r)uN + C̃(r)
)
.

By Parseval’s identity, the boundedness of F(LµN ) and Lemma 2.29, we also have

IV ≲ ϖ−2 sup
ξ∈Rd

EPN
[
|F
(
L(µN − µ)

)
(ξ)|2

]
|F |22 ≲ ϖ−2N−1.

We finally turn to the term II. We have

EPN
[
II
]
≲ EPN

[∣∣F(F )1{|F(L(µN−µ))|2≥ϖ}
∣∣2
2

]
+
∣∣F(F )1{|F(Lµ)|2≤2ϖ}

∣∣2
2

≲ ϖ−2 sup
ξ∈Rd

EPN
[
|F
(
L(µN − µ)

)
(ξ)|2

]
|F |22 +H(ϖ)

≲ ϖ−2N−1 +H(ϖ),

where H(ϖ) → 0 as ϖ → 0 by dominated convergence thanks to the property |F(Lµ)(ξ)| > 0
almost everywhere of Assumption 2.16. We conclude

EPN
[
|F̂Nϖ,ϖ′ − F |22

]
≲ ϖ−2(ϖ′(r)−2C(r)uN + C̃(r)

)
+N−1)+H(ϖ).

Let rN → ∞ slowly enough so that ϖ′(rN )−2C(rN )uN → 0. This yields vN = C(rN )uN + C̃(rN )+
N−1 → 0. Pick now ϖN → 0 slowly enough so that ϖ−2

N vN → 0. The proof of Theorem 2.17
follows.

8 Appendix
Characterisation of sub-Gaussian random variables

We recall a classical definition of a sub-Gaussian random variable. Recommended reference is
[31].

Definition 2.30. A real-valued random variable Z such that E[Z] = 0 is λ2 sub-Gaussian if one
of the following conditions is satisfied, each statement implying the next :

(i) Laplace transform condition

E
[

exp(zZ)
]

≤ exp
( 1

2λ
2z2) for every z ∈ R.

(ii) Moment condition
E
[
Z2p] ≤ p!(4λ2)p for every integer p ≥ 1.

(iii) Orlicz condition
E
[

exp
( 1

8λ2Z
2)] ≤ 2.
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(iv) Laplace transform condition (bis)

E
[

exp(zZ)
]

≤ exp
( 24

2 λ
2z2) for every z ∈ R.

We will also use the following additive property of sub-Gaussian random variables : if the
random variables Zi are independent and λ2

i sub-Gaussian, then ρ(Z1 + Z2) is |ρ|2(λ2
1 + λ2

2) sub-
Gaussian for every ρ ∈ R.

8.1 Proof of Lemma 2.20
By Assumption 2.4, the estimate

|b(t, x, µt)| ≤ b0 + |b|Lip
(
|x| + EPN

[∣∣Xi
t

∣∣])
holds for every (t, x) ∈ [0, T ] × Rd, where b0 = supt∈[0,T ] |b(t, 0, δ0)|. Remember that

B
i

t =
∫ t

0
c(s,Xi

s)−1/2(dXi
s − b(s,Xi

s, µs)ds
)
, 1 ≤ i ≤ N,

are independent d-dimensional PN -Brownian motions. By Minkowski’s and Jensen’s inequality, we
have ∣∣Xi

t

∣∣ ≤
∣∣Xi

0
∣∣+
∫ t

0

∣∣b(t,Xi
s, µs)

∣∣ds+
∣∣ ∫ t

0
σ(s,Xi

s)dB
i

s

∣∣
≤
∣∣Xi

0
∣∣+ b0t+ |b|Lip

∫ t

0

(∣∣Xi
s

∣∣+ EPN
[∣∣Xi

s

∣∣])ds+
∣∣ ∫ t

0
σ(s,Xi

s)dB
i

s

∣∣
≤
∣∣Xi

0
∣∣+ b0T + |b|Lip

∫ t

0

(∣∣Xi
s

∣∣+ EPN
[∣∣Xi

s

∣∣])ds+ ζiT , (2.72)

where ζiT = sup0≤t≤T
∣∣ ∫ t

0 σ(s,Xi
s)dB

i

s

∣∣. Integrating w.r.t. PN , we also have

EPN
[∣∣Xi

t

∣∣] ≤ EPN
[∣∣Xi

0
∣∣]+ b0T + 2|b|Lip

∫ t

0
EPN

[∣∣Xi
s

∣∣]ds+ EPN
[
ζiT
]
.

We infer by Grönwall’s lemma

EPN
[∣∣Xi

t

∣∣] ≤
(
EPN

[∣∣Xi
0
∣∣]+ b0T + EPN

[
ζiT
])

e2|b|Lipt

and plugging this estimate in (2.72) we infer

∣∣Xi
t

∣∣ ≤
∣∣Xi

0
∣∣+ b0T + |b|Lip

∫ t

0

∣∣Xi
s

∣∣ds+
(
EPN

[∣∣Xi
0
∣∣]+ b0T + EPN

[
ζiT
])

e2|b|LipT + ζiT .

Applying Grönwall’s lemma again, we derive∣∣Xi
t

∣∣ ≤
(∣∣Xi

0
∣∣+ b0T +

(
EPN

[∣∣Xi
0
∣∣]+ b0T + EPN

[
ζiT
])

e2|b|LipT + ζiT
)
e|b|Lipt

≤
(∣∣Xi

0
∣∣+ EPN

[∣∣Xi
0
∣∣]+ 2b0T + ζiT + EPN

[
ζiT
])

e3|b|Lipt.
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Taking the exponent 2p and expectation w.r.t. PN , we further obtain

EPN
[∣∣Xi

t

∣∣2p] ≤ 52p−1(2EPN
[∣∣Xi

0
∣∣2p]+ (2b0T )p + 2EPN

[(
ζiT )2p])e3|b|LipTp

≤ Cp6
(
EPN

[∣∣Xi
0
∣∣2p]+ (b0T )p + EPN

[(
ζiT )2p])

with C6 = 50 e3|b|LipT . By Assumption 2.1, the initial condition |Xi
0| satisfies

EPN
[

exp(γ0|Xi
0|2)
]

= 1 +
∑
p≥1

γp0
p! EPN

[∣∣Xi
0
∣∣2p] ≤ γ1

hence for every p ≥ 1, we obtain
EPN

[∣∣Xi
0
∣∣2p] ≤ p!

(
γ1
γ0

)p
since γ1 ≥ 1.By Burkholder-Davis-Gundy’s inequality with constant (C⋆)p/2pp/2 for some numeri-
cal constant C⋆, see e.g. Barlow and Yor [7], we also have

EPN
[(
ζiT )2p] ≤

( 2p
2p− 1

)2p
EPN

[∣∣∣ ∫ T

0
σ(t,Xi

t)dB
i

t

∣∣∣2p]
≤
( 2p

2p− 1

)2p
(2C⋆)pppEPN

[( ∫ T

0
Tr
(
c(t,Xi

t)
)
dt
)p]

≤ pp(8C⋆T
∣∣Tr(c)

∣∣
∞)p ≤ p!

(
8C⋆eT

∣∣Tr(c)
∣∣
∞

)p
.

Putting these estimates together, we conclude

EPN
[∣∣Xi

t

∣∣2p] ≤ p!Cp6
(
γ1
γ0

+ T (b0 + 8C⋆e
∣∣Tr(c)

∣∣
∞)
)p

and Lemma 2.20 is established with C2 = C6
(
γ1
γ0

+ T (b0 + 8C⋆e
∣∣Tr(c)

∣∣
∞)
)
.

8.2 Proof of Lemma 2.22

Fix Ik = {i1, . . . , ik} ⊂ {1, . . . , N}. For g : [0, T ] × (Rd)k × (Rd)ℓ → Rd, we define

gIk(t, yℓ) = g(t,Xi1
t , . . . , X

ik
t , y

ℓ).

For technical convenience, we establish a slightly stronger, replacing VN2p
(
f(t, ·)

)
in (2.46) by

VN2p,ℓ
(
gIk−ℓ+1(t, ·)

)
= EPN

[∣∣ ∫
(Rd)ℓ

g(t,Xi1
t , X

i2
t , . . . , X

ik−ℓ+1
t , yℓ)(µNt − µt)⊗ℓ(dyℓ)

∣∣2p]
for every Ik−ℓ+1 ⊂ {1, . . . , N} with cardinality k− ℓ+ 1 and every function g : [0, T ] × (Rd)k−ℓ+1 ×
(Rd)ℓ → Rd, Lipschitz continuous in the space variables, that defines in turn a class Gk−ℓ+1,ℓ. In
particular VN2p,ℓ

(
f(t, ·)

)
and VN2p,ℓ

(
gIk−ℓ+1(t, ·)

)
agree for ℓ = k in which case the class G1,k coincide

with Gk and we obtain Lemma 2.22. We prove the result by induction.
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Step 1 :

The case ℓ = 1. For g ∈ Gk,1, xk ∈ (Rd)k and I ⊂ {1, . . . , N}, let

ΛI
t (g, xk) =

∫
Rd
g(t, xk, y)(µJ

t − µt)(dy),

where we write µJ
t (dx) = |J|−1∑

i∈J δXit (dx) for the empirical measure in restriction to I. Observe
that ΛI

t (g, xk) is a sum of independent and centred random variables under PN . We write

Λ{1,...,N}
t (g,Xi1

t , . . . , X
ik
t ) = N−1

∑
i∈Ik

(
g(t,Xi1

t , . . . , X
ik
t , X

i
t) −

∫
Rd
g(t,Xi1

t , . . . , X
ik
t , y)µt(dy)

)
+ N − k

N
ΛIck
t (g,Xi1

t , . . . , X
ik
t ),

since |Ik| = k. We obtain the decomposition

VN2p,1
(
gIk(t, ·)

)
= EPN

[∣∣Λ{1,...,N}
t (g,Xi1

t , . . . , X
ik
t )
∣∣2p] ≤ 22p−1(I + II),

with

I = k2p−1

N2p

∑
i∈Ik

(
EPN

[∣∣g(t,Xi1
t , . . . , X

ik
t , X

i
t) −

∫
Rd
g(t,Xi1

t , . . . , X
ik
t , y)µt(dy)

∣∣2p]),
II =

(N − k

N

)2p
EPN

[∣∣ΛIck
t (g,Xi1

t , . . . , X
ik
t )
∣∣2p].

The term I is controlled by the smoothness of g :

I ≤ k2p−1

N2p |g(t, ·)|2pLip

∑
i∈Ik

EPN
[ ∫

Rd
|Xi

t − y|2pµt(dy)
]

≤ N−2pp!
(
k24C2

)p|g(t, ·)|2pLip,

where the last estimate stems from Lemma 2.20. For the term II, writing g = (g1, . . . , gd) where
the functions gj are real-valued, we further have

II ≤
(N − k

N

)2p
d2p−1

d∑
j=1

EPN
[
ΛIck
t (gj , Xi1

t , . . . , X
ik
t )2p]. (2.73)

Moreover, for every x ∈ Rd, the term

ΛIck
t (gj , xk) = 1

N − k

∑
i∈Ic

k

(
gj(t, xk, Xi

t) − EPN
[
gj(t, xk, Xi

t)
])

is the sum of independent centred random variables that are independent of (Xi1
t , . . . , X

ik
t ) and

gj(t, xk, Xi
t) − EPN

[
gj(t, xk, Xi

t)
]

is λ2 sub-Gaussian with λ2 = 24C2|gj(t, ·)|2Lip via the same estimate as for I and the fact that
(ii) implies (iv) in Definition 2.30. Thanks to the additivity property of independent sub-Gaussian
random variables, we further infer that ΛIck

t (gj , xk) is λ̃2 sub-Gaussian with

λ̃2 = 1
N − k

λ2 = 1
N − k

24C2|gj(t, ·)|2Lip.

164



INTRODUCTION 8. APPENDIX

Conditioning on (Xi1
t , . . . , X

ik
t ), we derive

EPN
[
ΛIck
t (gj , Xi1

t , . . . , X
ik
t )2p] ≤ p!(96C2)p

(N − k)p |gj(t, ·)|2pLip

by (ii) of Definition 2.30. Plugging this estimate in (2.73), we obtain

II ≤ p!(96C2d
2)p

(N − k)p |g(t, ·)|2pLip

and putting together our estimates for I and II, we conclude

VN2p,1
(
g(t, ·)

)
≤ p!Kp

1
(N − k)p |g(t, ·)|2pLip

with K1 = 16(k2 + 24d2)C2. This establishes Lemma 2.22 for g in the case ℓ = 1.

Step 2 :

We assume that (2.46) holds for VN2p,ℓ
(
gIk−ℓ+1(t, ·)

)
, for every Ik−ℓ+1 ⊂ {1, . . . , N} with cardi-

nality k − ℓ + 1 and every g ∈ Gk−ℓ+1,ℓ with ℓ < k. Let g ∈ Gk−ℓ,ℓ+1 and Ik−ℓ ⊂ {1, . . . , N}. We
have :

VN2p,ℓ+1
(
gIk−ℓ(t, ·)

)
= EPN

[∣∣ ∫
(Rd)ℓ+1

gIk−ℓ(t, yℓ+1)(µNt − µt)⊗(ℓ+1)(dyℓ+1)
∣∣2p]

≤ 22p−1(III + IV ),

with

III = N−1
N∑
i=1

EPN
[∣∣ ∫

(Rd)ℓ
g
(
t,Xi1

t , . . . , X
ik−ℓ
t , (Xi

t , y
ℓ)
)
(µNt − µt)⊗ℓ(dyℓ)

∣∣2p],
IV =

∫
Rd

EPN
[∣∣ ∫

(Rd)ℓ
g
(
t,Xi1

t , . . . , X
ik−ℓ
t , (y, yℓ)

)
(µNt − µt)⊗ℓ(dyℓ)

∣∣2p]µt(dy).

Let i0 ∈ Ick−ℓ and put Ik−ℓ+1 = Ik−ℓ ∪ {i0}. The term IV can be rewritten as

IV =
∫
Rd

VN2p,ℓ
(
g′
Ik−ℓ+1

(t, ·)(y)
)
µt(dy),

where, for fixed y ∈ Rd, the function g′(t, xi1 , . . . xik−ℓ , xi0 , y
ℓ)(y) = g(t, xi1 , . . . xik−ℓ , (y, yℓ))

with the artificial variable xi0 belongs to Gk−ℓ+1,ℓ. By the induction hypothesis and noting that
supy∈Rd |g′(t, ·, y)|Lip ≤ |g(t, ·)|Lip, we infer

IV ≤
p!Kp

ℓ

(N − k)p |g(t, ·)|2pLip.

We split the sum in III over indices in Ik−ℓ and Ick−ℓ. If i ∈ Ik−ℓ, in the same way as for IV , we
write

g
(
t,Xi1

t , . . . , X
ik−ℓ
t , (Xi

t , y
ℓ)
)

= g′′
Ik−ℓ+1

(t, yℓ)
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with Ik−ℓ+1 = Ik−ℓ ∪ {i0} for some arbitrary i0 ∈ Ick−ℓ and with g′′(t, xi1 , . . . , xik−ℓ , xi0 , y
ℓ) =

g
(
t, xi1 , . . . , xik−ℓ , (xi, yℓ)

)
, where i coincides with one of the ij ∈ Ik−ℓ. Also, g′′ belongs to Gk−ℓ+1,ℓ.

If i ∈ Ick−ℓ, we write
g
(
t,Xi1

t , . . . , X
ik−ℓ
t , (Xi

t , y
ℓ)
)

= g′′′
Ik−ℓ∪{i}(t, yℓ)

with g′′′(t, xi1 , . . . , xik−ℓ , xi, y
ℓ) = g

(
t, xi1 , . . . , xik−ℓ , (xi, yℓ)

)
and g′′′ belongs to Gk−ℓ+1,ℓ as well.

We infer

III ≤ (k − ℓ)N−1VN2p,ℓ
(
g′′
Ik−ℓ+1

(t, ·)
)

+N−1
∑
i∈Ic

k−ℓ

VN2p,ℓ
(
g′′′
Ik−ℓ∪{i}(t, ·)

)
≤

p!Kp
ℓ

(N − k)p |g(t, ·)|2pLip

by the induction hypothesis and noting again that |g′′(t, ·)|Lip and |g′′′(t, ·)|Lip are controlled by
|g(t, ·)|Lip. We conclude

VN2p,ℓ+1
(
gIk−ℓ(t, ·)

)
≤ 22p p!Kp

ℓ

(N − k)p |g(t, ·)|2pLip =
p!Kp

ℓ+1
(N − k)p |g(t, ·)|2pLip

with Kℓ+1 = 4Kℓ. The proof of Lemma 2.22 is complete.

8.3 (Sketch of) proof of Proposition 2.13
Step 1 : Thanks to Chapters 6 and 9 of [17], since F,G are bounded and µ0 satisfies Assump-
tion 2.1, it can be shown that (2.3) admits a unique probability solution µ in the sense of [17],
absolutely continuous w.r.t. the Lebesgue measure, that we still denote µ(t, x) = µt(x). Moreover
µ ∈ H

δ/2,δ
loc = ∩(t0,x,0)∈(0,T )×RdH

δ/2,δ(t0, x0) for every 0 < δ < 1
2 . The main arguments of these

properties rely on the existence of a suitable Lyapunov function associated to (2.3), following the
terminology of [143] and [17] (for instance x 7→ 1 + |x|2) together with Sobolev embeddings.

Step 2 : Define
ãk(t, x) = Gk(x) +

∫
Rd
F k(x− y)µt(y)dy, k = 1, . . . , d,

and
ã(t, x) = div(G(x) +

∫
Rd
F (x− y)µt(y)dy),

which are well defined since β, β′ > 1. Consider next the Cauchy problem associated to (2.3) in its
strong form : {

∂tµ̃t = 1
2σ

2∆µ̃t −
∑d
k=1 ãk(t, ·)∂kµ̃t − ã(t, ·)µ̃t

µ̃t=0 = µ0.
(2.74)

Taking δ = β − ⌊β⌋ we obtain ãi, ã ∈ C
(β−⌊β⌋)/2,β−⌊β⌋
loc by Step 1.

Step 3 : Using inf ã > −∞ and the existence of a Lyapunov function associated to the problem,
by Theorem 2.3 of [4], there exists a unique solution µ̃ of (2.74). Moreover, µ̃ is continuous on
(0, T ) × Rd and

µ̃ ∈ C
1+(β−⌊β⌋)/2,2+β−⌊β⌋
loc .

It is also the unique solution defined in Theorem 12 of Chapter 1 of [75], therefore the unique
integrable solution of the problem (2.3). By uniqueness, µ = µ̃.
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Step 4 : If ⌊β⌋ = 1, we obtain µ ∈ H(1+β)/2,1+β(t0, x0) for every (t0, x0) ∈ (0, T ) × Rd. Otherwise,
we can iterate the process thanks to results of Section 8.12 in [113] : successively :

• Since ∂xk′ ãk and ∂xk ã are in C
(β−⌊β⌋)/2,β−⌊β⌋
loc , we have

∂xkµ ∈ C
1+(β−⌊β⌋)/2,2+β−⌊β⌋
loc .

• Since ∂tãk and ∂tã are now in C
(β−⌊β⌋)/2,β−⌊β⌋
loc , we have

∂tµ ∈ C
1+(β−⌊β⌋)/2,2+β−⌊β⌋
loc .

Therefore, if ⌊β⌋ = 2, we obtain µ ∈ H(1+β)/2,1+β(t0, x0) for every (t0, x0) ∈ (0, T )×Rd. Otherwise,
we can iterate again the process and so on. The result follows.
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1 Proof of Theorem 25 of the Introduction
In order to prove this Theorem, we are going to juggle between the probabilistic point of view

on the McKean-Vlasov equation like in the textbook of Carmona and Delarue [37] or the lecture
notes of Lacker [115], and the analytic point of view like in the textbook of Bogachev, Krylov,
Röckner and Shaposhnikov [17].

1.1 Existence, Unicity & Uniformly bounded moments of µb

We follow here the probabilistic point of view of [37] in order to prove the points (i) and (ii) of
Theorem 25.
Theorem 2.31. Let (b, c, µ0) ∈ BT,d,h,n,c2,c3 ×CT,d,s+,s−,c1 ×Md. Let (Ω̃, F̃, (F̃t)t∈[0,T ], P̃) a (com-
plete) filtered probability space endowed with a Brownian motion B̃. Let X̃0 ∼ µ0, measurable with
respect to F̃0 and independent from B̃. Then, there exists a unique strong solution (Xb

t)t∈[0,T ] of
the McKean-Vlasov SDE{

dX
b

t = b
(
t,X

b

t ,LP̃(Xb

t)
)
dt+ σ(t,Xb

t)dB̃t, t ∈ [0, T ],
X
b

|t=0 = X̃0 .
(2.75)

Moreover, Xb has continuous trajectories and, if we denote µb := (µbt)t∈[0,T ] where for every
t ∈ [0, T ], µbt = LP̃(Xb

t), we have µb ∈ C
(
[0, T ] ; P1(Rd)

)
and, for every r ≥ 1, there exists some

constant κr,b > 0 such that

sup
t∈[0,T ]

mr(µbt) = sup
t∈[0,T ]

EP̃

[
|Xb

t |r
]

≤ EP̃

[
sup
t∈[0,T ]

|Xb

t |r
]

≤ κr,b .

Finally, considering Xb as the random function Xb : ω ∈ (Ω̃, F̃T , P̃) 7→ X
b(ω) = (Xb

t(ω))t∈[0,T ] ∈ C,
we denote by Pb the pushforward measure on (C,FT ) image of P̃ by Xb. We then have that Pb is
the unique probability law on (C,FT ) under which X0 ∼ µ0 and the process

B
b

t :=
∫ t

0
c−1/2(s,Xs)

(
dXs − b(s,Xs, µ

b
s)ds

)
, t ∈ [0, T ],
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is a standard Brownian motion on Rd (where X is the canonical process on C).

Proof. This fact is well-known (it corresponds for instance to the Theorem 4.21 of [37]) and its proof
is based on a traditionnal fixed-point argument. For sake of completeness, we give it thereafter (we
follow here the proof given in [37]).
Step 1. Let ν ∈ C

(
[0, T ] ; P2(Rd)

)
. Thanks to Assumptions 6, 11, 16, and Remark 20, the linear

SDE {
dX̃t = β̃(t, X̃t)dt+ σ(t, X̃t)dB̃t, t ∈ [0, T ],
X̃|t=0 = X̃0 ,

(2.76)

where β̃ : (t, x) ∈ [0, T ] × Rd 7→ b(t, x, νt), has a unique strong solution that we denote X̃ν =
(X̃ν

t )t∈[0,T ] (see e.g. Theorem 5.2.9. of [110]).
Step 2. By assumption µ0 ∈ Md, which means that X̃0 ∈ Lr for every integer r ≥ 1. Therefore, we
also have that X̃ν

t ∈ Lr for every t ∈ [0, T ], and for every integer r ≥ 1. Indeed, as P2(Rd) ⊂ P1(Rd),
we have ν ∈ C([0, T ];P1(Rd)), and so sups∈[0,T ] m1(νs) < ∞, and then there exists some Cr,b > 0
such that

|X̃ν
t |r ≤ |X̃0|r +

∫ t

0
|b(s, X̃ν

s , νs)|rds+
∣∣∣ ∫ t

0
σ(s, X̃ν

s ) dB̃s
∣∣∣r

≤ |X̃0|r + Cr,bT
(
1 + sup

s∈[0,T ]
m1(νs)r

)
+ Cr,b

∫ t

0
|X̃ν

s |rds+
∣∣∣ ∫ t

0
σ(s, X̃ν

s ) dB̃s
∣∣∣r ,

which implies thanks to Burkhölder-Davis-Gundy inequality and Remark 5, that there exists some
constant C ′

r,b > 0 such that, for every t ∈ [0, T ],

EP̃

[
|X̃ν

t |r
]

≤ C ′
r,b

(
1 + EP̃

[
|X̃0|r

]
+ sup
s∈[0,T ]

m1(νs)r +
∫ t

0
EP̃

[
|X̃ν

s |r
]
ds
)
.

So, thanks to Grönwall Lemma, for every t ∈ [0, T ],

EP̃[|X̃ν
t |r] ≤ C ′

r,b

(
1 + mr(µ0) + sup

s∈[0,T ]
m1(νs)r

)
eC

′
r,bt ,

and then
sup
t∈[0,T ]

EP̃[|X̃ν
t |r] < ∞ .

Actually, we even have

EP̃[ sup
t∈[0,T ]

|X̃ν
t |r] ≤ C ′

r,b

(
1 + EP̃[|X̃0|r] + sup

s∈[0,T ]
m1(νs)r +

∫ t

0
EP̃[ sup

u∈[0,s]
|X̃ν

u |r]ds
)
,

and so, thanks again to Grönwall Lemma, for every t ∈ [0, T ],

EP̃[ sup
t∈[0,T ]

|X̃ν
t |r] ≤ C ′

r,b

(
1 + mr(µ0) + sup

s∈[0,T ]
m1(νs)r

)
eC

′
r,bT .

Step 3. Let us now define the application

Φ : ν ∈ C([0, T ];P2(Rd)) 7→ (L(X̃ν
t ))t∈[0,T ] .
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We want to show that Φ has a unique fixed point in C([0, T ];P2(Rd)). As this metric space is
complete, we plan to apply the Fixed-Point Theorem of Banach-Picard. In order to do this, it is
sufficient to show that some iteration of Φ is a contraction, that is to say there exists some integer
k ≥ 1, and some constant 0 < κ < 1, such that for every ν, ν′ ∈ C([0, T ];P2(Rd)),

sup
t∈[0,T ]

W2(Φk(ν′)t,Φk(ν)t) ≤ κ sup
t∈[0,T ]

W2(ν′
t, νt) .

So, let ν, ν′ ∈ C([0, T ];P2(Rd)). We have :

|X̃ν′

t − X̃ν
t |2 ≤ 2T

∫ t

0
|b(s, X̃ν′

s , ν
′
s) − b(s, X̃ν

s , νs)|2ds+ 2|
∫ t

0
(σ(s, X̃ν′

s ) − σ(s, X̃ν
s ))dB̃s|2 .

Thanks to Doob’s inequality and Assumptions 4 and 6, there exists C ′′
r,b > 0 such that

EP̃[ sup
s∈[0,t]

|X̃ν′

s − X̃ν
s |2] ≤ C ′′

r,b

∫ t

0

(
EP̃[ sup

u∈[0,s]
|X̃ν′

u − X̃ν
u |2] + W1(ν′

s, νs)2)ds .
Then, thanks again to Grönwall Lemma, for every t ∈ [0, T ],

EP̃[ sup
s∈[0,t]

|X̃ν′

s − X̃ν
s |2] ≤ C ′′

r,be
C′′
r,bT

∫ t

0
W2(ν′

s, νs)2ds ,

and so
sup
s∈[0,t]

W2(Φ(ν′)s,Φ(ν)s)2 ≤ C ′′
r,be

C′′
r,bT

∫ t

0
W2(ν′

s, νs)2ds .

Iterating this, we find that for every k ≥ 1,

sup
s∈[0,T ]

W2(Φk(ν′)s,Φk(ν)s)2 ≤ (C′′
r,be

C′′
r,b

T )kTk

k! sup
s∈[0,T ]

W2(ν′
s, νs)2ds ,

and so, for k large enough, Φk is a contraction. We denote by µb the unique fixed-point of Φ,
and then X

b := X̃µb is the unique strong solution of the SDE (2.76). Finally, we have that µb ∈
C([0, T ];P2(Rd)), but as W1 ≤ W2, we also have µb ∈ C([0, T ];P1(Rd)).
Defining Pb as the pushforward measure on (C,FT ) image of P̃ by X

b implies that LPb(X0) =
LP̃(Xb

0) by definition and that, for every 0 ≤ t1 ≤ . . . ≤ tn ≤ T ,

LPb(B
b

t1 , . . . , B
b

tn) = LP̃(B̃t1 , . . . , B̃tn) ,

so that Bb is a d-dimensional standard Brownian motion under Pb.

In the next section, we take back the canonical space point of view in order to prove the point
(iv) of Theorem 25.

1.2 Regularity in time of µb

Let (b, c, µ0) ∈ BT,d,h,n,c2,c3 × CT,d,s+,s−,c1 × Md,m. We have, for every 0 ≤ t ≤ t′ ≤ T ,

EPb

[
|Xt′ −Xt|

]
≤
∫ t′

t

EPb

[
|b(s,Xs, µ

b
s)|
]
ds+ EPb

[ ∫ t′

t

|c(s,Xs)|ds
]1/2
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≲
∫ t′

t

EPb

[
1 + |Xs| + m1(µbs)

]
ds+ (t′ − t)1/2

≲ (t′ − t)
(
1 + sup

s∈[0,T ]
m1(µbs)

)
+ (t′ − t)1/2 ,

and so,
W1(µbt′ , µbt) ≤ EPb

[
|Xt′ −Xt|

]
≲ (t′ − t)1/2 .

Remark 2.32. In the same way, we even have that, for every r ≥ 1, for every t, t′ ∈ [0, T ],

EPb

[
|Xt′ −Xt|r

]
≲ |t′ − t|r/2 .

1.3 µb is the unique probability solution of the Cauchy problem (2)
Let (b, c, µ0) ∈ BT,d,h,n,c2,c3 × CT,d,s+,s−,c1 × Md,m. By Itô’s formula, for every Φ ∈ C∞

c (Rd;R),

Φ(Xt) = Φ(X0) +
d∑
i=1

∫ t

0
∂iΦ(Xs)dXi

s + 1
2

d∑
i,j=1

∫ t

0
∂2
ijΦ(Xs)cij(s,Xs)ds , t ∈ [0, T ] ,

So, taking the expectation EPb gives

EPb [Φ(Xt)] = EPb [Φ(X0)] +
∫ t

0
EPb

[ d∑
i=1

∂iΦ(Xs)bi(s,Xs, µ
b
s) + 1

2

d∑
i,j=1

∫ t

0
∂2
ijΦ(Xs)cij(s,Xs)

]
ds ,

which means that ∫
Rd

Φdµbt =
∫
Rd

Φdµ0 +
∫ t

0

∫
Rd
Lµ

b

Φ(s, x)µbs(dx)ds .

In the same way, for every 0 ≤ t′ ≤ t ≤ T , we have∫
Rd

Φdµbt =
∫
Rd

Φdµbt′ +
∫ t

t′

∫
Rd
Lµ

b

Φ(s, x)µbs(dx)ds ,

and so, ∫
Rd

Φdµbt′ →
t′→0

∫
Rd

Φdµ0 ,

as ∣∣ ∫
Rd

Φdµbt′ −
∫
Rd

Φdµ0
∣∣ ≤ EPb

[
|Xt′ −X0|

]
≲

√
t′ .

Finally,∫ t

t′

∫
Rd
Lµ

b

ϕ(s, x)µbs(dx)ds =
∫
Rd
ϕdµbt −

∫
Rd
ϕdµbt′

→
t′→0

∫
Rd
ϕdµbt −

∫
Rd
ϕdµ0 =

∫ t

0

∫
Rd
Lµ

b

ϕ(s, x)µbs(dx)ds .

As, for every t ∈ [0, T ], µbt is the probability law of Xt under Pb, and as, following Remarks 5 and 20,
(t, x) 7→ c(t, x) and (t, x) 7→ b(t, x, µbt) are locally bounded, these functions are in L1([0, T ] ×U, µb)
for every U ball of Rd, and so µb is the unique probability solution of the Cauchy problem.

In the next section, we prove the point (v) of Theorem 25.
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1.4 Regularity of b 7→ µb

Let b1, b2 ∈ BT,d,h,n,c2,c3 , (c, µ0) ∈ CT,d,s+,s−,c1 × Md,m.

Regularity in Wasserstein distance

Let (Ω̃, F̃, (F̃t)t∈[0,T ], P̃) a (complete) filtered probability space endowed with a Brownian motion
B̃. Let X̃0 ∼ µ0, measurable with respect to F̃0 and independent from B̃. We denote by X̃b1 (resp.
X̃b2) the unique strong solution of the McKean-Vlasov SDE 2.75 with b1 (resp. b2) as drift function.
We have, for every t ∈ [0, T ],

W1(µb2
t , µ

b1
t ) ≤ EP̃

[ ∣∣X̃b2
t − X̃b1

t

∣∣ ] ,
where

X̃b2
t − X̃b1

t =
∫ t

0

(
b2(s, X̃b2

s , µ
b2
s ) − b1(s, X̃b1

s , µ
b1
s )
)
ds+

∫ t

0

(
σ(s, X̃b2

s ) − σ(s, X̃b1
s )
)
dB̃s .

So, using |b2(s, x′, ν′) − b1(s, x, ν)| ≤ |b2(s, x′, ν′) − b2(s, x, ν)| + |b2(s, x, ν) − b1(s, x, ν)|, we obtain

EP̃

[
|X̃b2

t −Xb1
t |2

]
≲ EP̃

[ ∫ t

0

∣∣b2(s, X̃b2
s , µ

b2
s ) − b1(s, X̃b1

s , µ
b1
s )
∣∣2ds]

+ EP̃

[
|
∫ t

0

(
σ(s, X̃b2

s ) − σ(s, X̃b1
s )
)
dB̃s|2

]
≲
∫ t

0
EP̃

[
|X̃b2

s − X̃b1
s |2

]
ds+

∫ t

0

∫
Rd

∣∣b2(s, x, µb1
s ) − b1(s, x, µb1

s )
∣∣2 µb1

s (dx)ds ,

which, by Grönwall Lemma, implies that

EP̃

[
|X̃b2

t − X̃b1
t |2

]
≲
∫ t

0

∫
Rd

∣∣b2(s, x, µb1
s ) − b1(s, x, µb1

s )
∣∣2 µb1

s (dx)ds ,

and so finally

W1(µb2
t , µ

b1
t ) ≲

(∫ t

0

∫
Rd

∣∣b2(s, x, µb1
s ) − b1(s, x, µb1

s )
∣∣2 µb1

s (dx)ds
)1/2

.

As we also have |b2(s, x′, ν′) − b1(s, x, ν)| ≤ |b2(s, x′, ν′) − b1(s, x′, ν′)| + |b1(s, x′, ν′) − b1(s, x, ν)|,
we obtain, swapping the roles of µb1 and µb2 ,

W1(µb2
t , µ

b1
t ) ≲

(∫ t

0

∫
Rd

∣∣b2(s, x, µb2
s ) − b1(s, x, µb2

s )
∣∣2 µb2

s (dx)ds
)1/2

.

In the parametric case, if bi = b0(ϑi ; ·), i = 1, 2, we have

W1(µϑ2
t , µ

ϑ1
t ) ≲

(∫ t

0

∫
Rd

∣∣b0(ϑ2; s, x, µϑ1
s ) − b0(ϑ1; s, x, µϑ1

s )
∣∣2 µϑ1

s (dx)ds
)1/2

≲ |ϑ2 − ϑ1| ,

as ∣∣b0(ϑ2; s, x, µϑ1
s ) − b0(ϑ1; s, x, µϑ1

s )
∣∣ ≲ |ϑ2 − ϑ1|

(
1 + |x|r1(b0) + mr2(b0)(µϑ1

s )
)
.
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Regularity in total variation distance

We have, for every t ∈ (0, T ), by Pinsker inequality (see e.g. Lemma 2.5 in [182])

||µb2
t − µb1

t ||2TV ≤ 1
2EPb1

[
log dPb1

dPb2

(X)|t

]
= 1

2EPb1

[ ∫ t

0

(
(c−1b1)(s,Xs, µ

b1
s ) − (c−1b2)(s,Xs, µ

b2
s )
)⊤
dXs

− 1
2

∫ t

0

(
|(c−1/2b1)(s,Xs, µ

b1
s )|2 − |(c−1/2b2)(s,Xs, µ

b2
s )|2

)
ds
]
.

And, as under Pb1 ,
dXs = b1(s,Xs, µ

b1
s )ds+ σ(s,Xs)dBb1

s ,

we have

||µb2
t − µb1

t ||2TV ≤ 1
4EPb1

[ ∫ t

0

∣∣(c−1/2b2)(s,Xs, µ
b2
s ) − (c−1/2b1)(s,Xs, µ

b1
s )
∣∣2ds]

= 1
4

∫ t

0

∫
Rd

∣∣(c−1/2b2)(s, x, µb2
s ) − (c−1/2b1)(s, x, µb1

s )
∣∣2 µb1

s (dx)ds

≲
∫ t

0

∫
Rd

∣∣b2(s, x, µb2
s ) − b1(s, x, µb1

s )
∣∣2 µb1

s (dx)ds .

And so, finally,

||µb2
t − µb1

t ||TV ≲
(∫ t

0

∫
Rd

∣∣b2(s, x, µb2
s ) − b1(s, x, µb1

s )
∣∣2 µb1

s (dx)ds
)1/2

.

We can also swap the roles of µb1 and µb2 in Pinsker’s inequality, which gives :

||µb2
t − µb1

t ||TV ≲
(∫ t

0

∫
Rd

∣∣b2(s, x, µb2
s ) − b1(s, x, µb1

s )
∣∣2 µb2

s (dx)ds
)1/2

.

If bi = b0(ϑi ; ·), i = 1, 2, it implies that

||µϑ2
t − µϑ1

t ||TV ≲ |ϑ2 − ϑ1| ,

as, thanks to W1(µϑ2
s , µ

ϑ1
s ) ≲ |ϑ2 − ϑ1| and Remark 22∣∣b0(ϑ2; s, x, µϑ2
s ) − b0(ϑ1; s, x, µϑ1

s )
∣∣ ≲ |ϑ2 − ϑ1|

(
1 + |x|r1(b0) + mr2(b0)(µϑ1

s )
)
.

In the next section, we prove the point (vi) of Theorem 25.

1.5 Existence of a regular density of µb

Let b1, b2 ∈ BT,d,h,n,c2,c3 , (c, µ0) ∈ CT,d,s+,s−,c1 × Md,m. Thanks to Theorem 6.3.1., Corollaries
6.3.2. and 6.4.3. of [17], we know that µb admits a density, in the sense that there exists some
function, still denoted by µb, such that µb : (t, x) ∈ (0, T ) × Rd 7→ µbt(x) and for every t ∈ (0, T ),
µbt(dx) = µbt(x)dx.

Moreover, for every 0 < R′
1 < R1 < R2 < R′

2 < T , t0 ∈ [R1, R2], and R′ > R > 0, x0 ∈ Rd,
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• for every δ ∈
[
1, d+2

d+1
]
, there exists some constant CR1,R2,x0,R,R′

1,R
′
2,R

′,b > 0 such that

||µb||Lδ([R1,R2]×B(x0,R)) ≤ CR1,R2,x0,R,R′
1,R

′
2,R

′,b ;

• for every δ > d + 2, µb ∈ H1,δ([R1, R2] × B(x0, R)
)

(which definition is in the Notations
section, see (1)), which implies, thanks to the Parabolic Sobolev Embeddings (reminded e.g.
in Theorem 6.2.2. of [17]), that µb is locally Hölder on (0, T ) × Rd : for every α, β ∈ (0, 1

2 ),

µb ∈ Cα,β
(
[R1, R2] ×B(x0, R)

)
⊂ Hα,β(t0, x0) ;

and in particular, for every β ∈ (0, 1
2 ),

µb ∈ C
β
2 ,β
(
[R1, R2] ×B(x0, R)

)
⊂ H

β
2 ,β(t0, x0) .

It also implies that µb has a local supremum bound on (0, T ) × Rd : for every (t0, x0) ∈
(0, T ) × Rd, for every 0 < R1 < t0 < R2 < T , R > 0, for every (t, x) ∈ [R1, R2] × B(x0;R),
for every β ∈ (0, 1),

|µb(t, x) − µb(t0, x0)| ≤ [µb] β
2 ,β;[R1,R2]×B(x0;R)

(
|t− t0|β/2 + |x− x0|β

)
≤ [µb] β

2 ,β;[R1,R2]×B(x0;R)
(
(R2 −R1)β/2 +Rβ

)
,

and so, there exists some constant κ3 = κ3(t0, x0, R,R1, R2, b, β)

|µb(t, x)| ≤ |µb(t0, x0)| + [µb] β
2 ,β;[R1,R2]×B(x0;R)

(
(R2 −R1)β/2 +Rβ

)
≤ κ3 .

In the next section, we prove the point (viii) of Theorem 25.

1.6 Positivity & Local bounds of µb

We plan to apply the Theorem 8.2.1. and the Corollary 8.2.2. of [17], that is to say consequences
of Parabolic Harnack type inequalities. Let us rewrite our equation in divergence form. We have
µb solution of ∂tµb = L⋆µbµ

b, where for every smooth test function Φ ∈ C∞
c ((0, T ) × Rd;R),

LµbΦ(t, x) =
∑
i,j=1

∂xi
(
c̃ij(t, x)∂xjΦ(t, x)

)
+

d∑
i=1

b̃i(t, x)∂xiΦ(t, x) ,

where for every 1 ≤ i, j ≤ d,
c̃ij(t, x) := 1

2cij(t, x) ,

b̃i(t, x) := bi(t, x, µbt) − 1
2

d∑
j=1

∂xjcij(t, x) .

We remark that ∂xjcij is well defined in the generalized sense, and bounded, as cij(t, .) is Lipschitz
by assumption. It then implies that c̃ij , b̃i are locally bounded on (0, T ) × Rd, and so integrable
with respect to µb. Let us check the assumptions of Theorem 8.2.1. and Corollary 8.2.2. of [17]. Let
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J = [R1, R2] ⊂ (0, T ) and U some ball of Rd. For every t ∈ J , µbt ∈ W 1,1(U) as µbt ∈ W 1,δ(U) for
every δ > d+ 2 by the precedent subsection, and so, for every 1 ≤ i ≤ d, ∂xiµbt ∈ Lδ(U) ⊂ L1(U)
and∫

J

∫
U

|∂xiµb(t, x)| dx dt ≤ |U |
δ−1
δ

∫
J

||∂xiµbt ||Lδ(U) dt ≤ |U |
δ−1
δ

(
|J | +

∫
J

||∂xiµbt ||δLδ(U) dt
)
< ∞ .

It then implies that, for every 1 ≤ i, j ≤ d, c̃ij∂xiµb ∈ L1(J × U) as c̃ij is bounded on J × U , and
b̃iµb ∈ L1(J×U) as these functions are locally bounded on (0, T )×Rd. Finally, for every t ∈ (0, T ),
µbt does not vanish identically as µbt(x)dx ∈ P1(Rd). It remains to check the Lyapunov condition
type of Theorem 8.2.1. of [17]. We have

|̃b(t, x)| ≤ |b(t, x, µbt)| + 1
2

d∑
j=1

|∂xjcij(t, x)| ,

and so, thanks to Assumption 6 and Remark 20, there exists some constant C̃b > 0 such that

sup
t∈(0,T )

|̃b(t, x)| ≤ C̃b

(
1 + |x|

2

)
.

We then take, keeping the notations in [17], θ = 2, and V : z ∈ R+ 7→ C̃b(1 + z) which is
well increasing and positive. We conclude by applying Corollary 8.2.2. in [17] : there exists some
constant Kb,R1,R2 > 0 such that for every t ∈ [R1, R2] and x ∈ Rd,

e−Kb,R1,R2

(
1+V (|x|)2+|x|2

)
≤ µbt(x) ≤ eKb,R1,R2

(
1+V (|x|)2+|x|2

)
.

We finally deduce from it that there exists some constant K̃b,R1,R2 > 0 such that for every t ∈
[R1, R2] and x ∈ Rd,

e−K̃b,R1,R2 (1+|x|2) ≤ µbt(x) ≤ eK̃b,R1,R2 (1+|x|2) ,

which gives upper and lower local bounds on µb, and its positivity :

µbt(x) > 0 for every (t, x) ∈ (0, T ) × Rd .

In the next section, we prove the point (ix) of Theorem 25.

1.7 Injectivity of b 7→ µb

Let b1, b2 ∈ BT,d,h,n,c2,c3 ∩ C([0, T ] × Rd × P1(Rd);Rd) such that µb1 = µb2 . Then, for every
smooth test function Φ ∈ C∞

c ((0, T ) × Rd R), for k = 1, 2,∫ T

0

∫
Rd

(
∂tΦ(t, x) + 1

2

d∑
i,j=1

∂2
xixjΦ(t, x)cij(t, x) +

d∑
i=1

∂xiΦ(t, x)bik(t, x, µbkt )
)
µbkt (x)dxdt = 0 ,

and so ∫ T

0

∫
Rd

∇xΦ(t, x)⊤(b2(t, x, µb1
t ) − b1(t, x, µb1

t )
)
µb1
t (x)dxdt = 0 .
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Let (t0, x0) ∈ (0, T ) × Rd. We now consider some sequence (Φn)n of smooth test functions with
compact support in some neighbourhood of (t0, x0), and such that (∇Φn)n converges uniformly
to (t, x) 7→ b2(t, x, µb1

t ) − b1(t, x, µb1
t ) in [r1, r2] × B(x0; r), for some 0 < r1 < t0 < r2 < T , r > 0.

Then, by dominated convergence theorem,∫
[r1,r2]×B(x0;r)

|b2(t, x, µb1
t ) − b1(t, x, µb1

t )|2µb1
t (x) dx dt = 0 ,

and so, by continuity of (t, x) 7→ |b2(t, x, µb1
t ) − b1(t, x, µb1

t )|2µb1
t (x) and positivity of µb1

t (x), for
every (t, x) ∈ [r1, r2] ×B(x0; r),

b1(t, x, µb1
t ) = b2(t, x, µb1

t ) .

Finally, as it is true for every (t0, x0) ∈ (0, T ) × Rd, by continuity of b1 and b2,

b1(t, x, µb1
t ) = b2(t, x, µb1

t ) for every (t, x) ∈ [0, T ] × Rd.

In the next section, we prove the Theorem 29 given in the Introduction.

1.8 More regularity in the Vlasov case
Let us denote, for every integer n ≥ 1,

δG;n := 1δG>n+1 + (δG − ⌊δG⌋)1δG∈(n,n+1] , δF ;n := 1δF>n+1 + (δF − ⌊δF ⌋)1δF∈(n,n+1] ,

and δG,F := min
(
δG;1, δF ;1

)
.

Step 1. Let 1 ≤ i ≤ d, t, t′ ∈ [0, T ] and x, x′ ∈ Rd, we have

|βi(t′, x′) − βi(t, x)| ≤ |Gi(x′) −Gi(x)| +
∣∣∣ ∫

Rd

(
F i(x′ − y) − F i(x− y)

)
µbt′(dy)

∣∣∣
+
∣∣∣ ∫

Rd
F i(x− y)

(
µbt′ − µbt)(dy)

∣∣∣ .
On the one hand, Gi is Lipschitz by assumption. On the other hand, F i is Lipschitz, as it is in C1

and with compact support. So

|βi(t′, x′) − βi(t, x)| ≤ |G|Lip|x′ − x| + |DxF |∞
(
|x′ − x| + W1(µbt′ , µbt)

)
≲ |t′ − t|1/2 + |x′ − x| ,

and βi ∈ H
1
2 ,1
(
[0, T ] × Rd

)
. Moreover, for every (t, x) ∈ [0, T ] × Rd,

∂xiβ
i(t, x) = ∂xiG

i(x) +
∫
Rd
∂xiF

i(x− y)µbt(dy) .

Let t, t′ ∈ (0, T ), x0 ∈ Rd, R > 0, and x, x′ ∈ B(x0;R). As ∂xiF i ∈ H
δF ;1
loc (Rd),∣∣∣ ∫

Rd
∂xiF

i(x− y)
(
µbt′ − µbt)(dy)

∣∣∣ ≤ EPb
[
|∂xiF i(x−Xt′) − ∂xiF

i(x−Xt)|
]

≲ EPb
[
|Xt′ −Xt|δF ;1

]
≲ |t′ − t|δF ;1/2 ,
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and, as ∂xiGi ∈ H
δG;1
loc (Rd), we finally have

|∂xiβi(t′, x′) − ∂xiβ
i(t, x)| ≤ |∂xiGi(x′) − ∂xiG

i(x)| +
∣∣∣ ∫

Rd

(
∂xiF

i(x′ − y) − ∂xiF
i(x− y)

)
µbt′(dy)

∣∣∣
+
∣∣∣ ∫

Rd
∂xiF

i(x− y)
(
µbt′ − µbt)(dy)

∣∣∣
≲ |x′ − x|δG;1 + |t′ − t|δF ;1/2 + |x′ − x|δF ;1 ≲ |t′ − t|δG,F /2 + |x′ − x|δG,F .

Therefore, as βi, ∂xiβi ∈ H
δG,F

2 ,δG,F
loc

(
(0, T ) × Rd

)
, 1 ≤ i ≤ d, by Theorem 28, µb ∈ C1,2((0, T ) ×

Rd
)

∩Cb
(
[0, T ] ×Rd

)
and is a classical solution of the problem (18) (it is of course the unique one,

by uniqueness of the probability solution). Moreover, for every δ ∈ (0, 1) ∩ (0, δG,F ],

µb ∈ C
1+ δ

2 ,2+δ
loc

(
(0, T ) × Rd

)
,

so taking back the part ∂xiβi, we have for every (t, x) ∈ (0, T ) × Rd,

∂xiβ
i(t, x) = ∂xiG

i(x) +
∫
Rd
∂xiF

i(x− y)µbt(dy) = ∂xiG
i(x) +

∫
Rd
F i(z)∂xiµbt(x− z)dz .

and, so for every t, t′ ∈ [R1, R2] ⊂ (0, T ), R > 0, x0 ∈ Rd, x, x′ ∈ B(x0;R),

|∂xiβi(t′, x′) − ∂xiβ
i(t, x)| ≲ |x′ − x|δG;1 +

∣∣ ∫
Rd

(
F i(x′ − y) − F i(x− y)

)
∂xiµ

b
t′(y)dy|

+ |
∫
Rd
∂xiF

i(x− y)
(
µbt′(y) − µbt(y)

)
dy
∣∣

≲ |x′ − x|δG;1 + |DxF |∞|x′ − x| sup
(t′′,y′′)∈[R1,R2]×Bx0,R,F

|∂xiµbt′′(y′′)|

+ |DxF |∞|supp(F )| sup
(t′′,y′′)∈[R1,R2]×Bx0,R,F

|∂tµbt′′(y′′)||t′ − t|

≲ |x′ − x|δG;1 + |x′ − x| + |t′ − t| ,

where Bx0,R,F := B(x0;R) − supp(F). So, ∂xiβi is actually in H
δG;1

2 ,δG;1
loc

(
(0, T ) × Rd

)
, and so, for

every δ1 ∈ (0, 1) ∩ (0, δG;1], µb ∈ C
1+ δ1

2 ,2+δ1
loc

(
(0, T ) × Rd

)
⊂ H

1+ δ1
2 ,2+δ1

loc
(
(0, T ) × Rd

)
.

Step 2. If δG ∈ (1, 2], it ends the proof, otherwise we can iterate the previous method, thanks
to the results of Section 8.12 of [113]. So, let us suppose now that δG > 2, we then have δG;1 = 1,
and so, for every 1 ≤ i ≤ d, ∂xiβi ∈ H

1
2 ,1
loc
(
(0, T ) × Rd

)
. Moreover, for every 1 ≤ i, j ≤ d, and

(t, x) ∈ (0, T ) × Rd,

∂2
xjxiβ

i(t, x) = ∂2
xjxiG

i(x) +
∫
Rd
F i(z)∂2

xjxiµ
b
t(x− z)dz .

As ∂2
xjxiG

i ∈ H
δG;2
loc (Rd), and ∂2

xjxiµ
b ∈ H

δ1
2 ,δ1

loc
(
(0, T )×Rd

)
for every δ1 ∈ (0, 1), we have, for every

δ2 ∈ (0, 1) ∩ (0, δG;2], ∂2
xjxiβ

i ∈ H
δ2
2 ,δ2

loc
(
(0, T ) × Rd

)
, and so, thanks to Theorem 8.12.1 of [113],

∂xjµ
b ∈ C

1+ δ2
2 ,2+δ2

loc
(
(0, T ) × Rd

)
,
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and then
µb ∈ H

1+ δ2
2 ,3+δ2

loc
(
(0, T ) × Rd

)
.

In the same way, for every 1 ≤ i ≤ d, and (t, x) ∈ (0, T ) × Rd,

∂tβ
i(t, x) =

∫
Rd
F i(x− y)∂tµbt(y)dy ,

∂t∂xiβ
i(t, x) =

∫
Rd
∂xiF

i(x− y)∂tµbt(y)dy ,

and so, as ∂tµb ∈ H
δ1
2 ,δ1

loc
(
(0, T ) × Rd

)
for every δ1 ∈ (0, 1), ∂tβi, ∂t∂xiβi ∈ H

δ1
2 ,δ1

loc
(
(0, T ) × Rd

)
for

every δ1 ∈ (0, 1). Thanks to the Remark 8.12.4 of [113], for every δ1 ∈ (0, 1),

∂tµ
b ∈ C

1+ δ1
2 ,2+δ1

loc
(
(0, T ) × Rd

)
,

and so
µb ∈ H

2+ δ1
2 ,2+δ1

loc
(
(0, T ) × Rd

)
.

To conclude this step, we can say that for every δ2 ∈ (0, 1) ∩ (0, δG;2],

µb ∈ H
2+ δ2

2 ,3+δ2
loc

(
(0, T ) × Rd

)
⊂ H

3+δ2
2 ,3+δ2

loc
(
(0, T ) × Rd

)
.

Step 3. If δG ∈ (2, 3], ⌊δG⌋ = 2, and so it ends the proof. Otherwise we can again iterate again the
method, and so on.

In the next section, we prove the point (vii) of Theorem 25.

1.9 Continuity in the parameter ϑ

We mimick here the proofs given in [18]. Let (ϑn)n, ϑ ∈ Θ such that ϑn → ϑ. We denote by
µϑn(dtdx) = ρϑn(t, x)dtdx. Let ϕ : N → N increasing, let us show that there exists some ψ : N → N
increasing such that ρϑϕ(ψ(n)) converges locally uniformly on (0, T ) × Rd. Let us take a countable
covering of (0, T ) × Rd by a sequence of increasing compacts (Kq)q where Kq := [sq,1, sq,2] × Uq
with sq+1,1 < sq,1 < sq,2 < sq+1,2 and Uq a strict subset of Uq+1.
Let us first show that for every q, {ρϑϕ(n)

|Kq }n is relatively compact. In order to do that we will apply
Arzela-Ascoli Theorem.
First step. Let us show that {ρϑϕ(n)

|Kq }n is bounded. In order to do that, we want to apply Theorem
6.5.4 in [17]. We just have to verify that

• µϑϕ(n) is a locally finite Borel measure on (0, T ) × Rd ;
• c is uniformly elliptic ;
• ((t, x) 7→ cij(t, x)) ∈ L1

loc((0, T ) × Rd, µϑϕ(n)) ;

• ((t, x) 7→ bi(θϕ(n); t, x, µ
θϕ(n)
t ) ∈ L1

loc((0, T ) × Rd, µθϕ(n)) ;
• for every test function Φ ∈ C∞

c ((0, T ) × Rd;R),∫
(0,T )×Rd

(∂tΦ + Lµ
θϕ(n)

c,b Φ)dµθϕ(n) = 0 .
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All these items are well verified by definition of µϑϕ(n) , and so the conclusion of Theorem 6.5.4 in
[17] applies : for every γ > d+2

2 , there exists some constant

C = C(d, T, γ, Uq, Uq+1, sq,1, sq,2, sq+1,1, sq+1,2, σ±)

such that

||ρϑϕ(n) ||L∞(Kq) ≤ C

∫ sq+1,2

sq+1,1

∫
Uq+1

(1 + σγ+ + |c−1/2gϕ(n)|2γ)µϑϕ(n)(dt, dx)

where

giϕ(n)(t, x) := bi(ϑϕ(n); t, x, µ
ϑϕ(n)
t ) − 1

2

d∑
j=1

∂jcij(t, x) ,

which is well-defined almost surely as c is Lipschitz in x by Assumption. By the Assumptions on
b and by 2.31, we easily show that∫

Kq+1

|b(ϑϕ(n); t, x, µ
ϑϕ(n)
t )|2γµϑϕ(n)(dtdx) ≲ 1 + sup

ϑ′∈Θ
sup
t∈[0,T ]

m2 max(r1,r2)γ(µϑ
′

t ) ,

and so finally, by the uniform ellipticity of c, there exists some

C ′ = C ′(d, T,Θ, γ,Kq,Kq+1, σ±, r1, r2)

such that, for every n,
||ρϑϕ(n) ||L∞(Kq) ≤ C ′ .

Second step. Now let us show that {ρϑϕ(n)}n is uniformly equicontinuous. In order to do that, we
plan to apply Theorem 6.2.7 in [17]. Let us take q′ > q, r > 0 and τ ∈ (0, T ) such that

Kq ⊂ Q(r) ⊂ Q(3r) ⊂ Kq′ ,

where
Q(r) := (τ − r2, τ) ×B|.|∞(0, r) .

The assumptions of this theorem
• c uniformly elliptic,
• there exist q1 > 2, q2 > 1 such that d

2q1
+ 1

q2
< 1

2 and gϕ(n) ∈ Lq1,q2((0, T ) × Uq′) , where

||giϕ(n)||Lq1,q2 ((0,T )×Uq′ := (
∫ T

0
(
∫
Uq′

|giϕ(n)(t, x)|q1dx)q2/q1dt)1/q2 ,

• ρϑϕ(n) ∈ H1,2((0, T ) × Uq′) ,
are easily verified, and so, there exists some constants

γ′ = γ′(d, σ±, sup
n′

||giϕ(n′)||Lq1,q2 ((0,T )×Uq′ ) ,

C ′′ = C ′′(d, σ±, sup
n′

||giϕ(n′)||Lq1,q2 ((0,T )×Uq′ ) ,
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such that for every (t, x), (s, y) ∈ Kq,

|ρθϕ(n)(t, x) − ρθϕ(n)(s, y)| ≤ C ′′r−γ′
(|x− y| + |t− s|1/2)γ

′
× ||ρθϕ(n) ||L∞(Q(3r)) ,

and by what precedes, we already know that, for every n,

||ρϑϕ(n) ||L∞(Q(3r)) ≤ C ′ ,

which ends the second step.

Third step. By a diagonalisation argument, there exists an increasing function ψ : N → N such
that, for every q, (ρϑϕ(ψ(n))

|Kq )n converges uniformly inKq. We will denote by ρ̃q onKq. AsKq ⊂ Kq+1,
by unicity of the limit on Kq we have ρ̃q = ρ̃q+1|Kq , and so we can define for (t, x) ∈ Kq

ρ(t, x) := ρ̃q(t, x) ,

and we have ρϑϕ(ψ(n)) converges locally uniformly on (0, T ) × Rd to ρ, which is then non-negative
and continuous on (0, T ) × Rd.

Fourth step. Let us denote m(dt, dx) := ρ(t, x)dxdt and mt(dx) := ρ(t, x)dx. As ρ is continuous,
m and mt are Borel measures, and it remains to show that for almost every t ∈ (0, T ), mt ∈ P(Rd)
which is implied by

∫
Rd mt(dx) = 1.

By the Prokhorov theorem, the family {µϑϕ(ψ(n))
t }n is tight if and only if it is relatively compact

for the weak topology. Let us show that the family {µϑ′

t }ϑ′∈Θ is uniformly tight. In order to do so,
we are going to find a Borel function W : Rd 7→ R positive non-decreasing and locally bounded
such that W (x) → ∞ as |x| → ∞ and such that

CW := sup
ϑ′∈Θ

sup
t∈[0,T ]

∫
Rd
Wdµϑ

′

t < ∞ .

We can simply take W (x) = 1 + |x| which verifies these assumptions.
Let us show that it implies that {µϑ′}ϑ′∈Θ is uniformly tight. Let ϵ > 0,

µϑ
′((

(0, T ) × Rd
)
\
(
[kϵ1, kϵ2] × B̄(0, Rϵ)

))
=
∫

(0,T )×Rd
1t/∈[kϵ1,kϵ2]1|x|>Rϵµ

ϑ′
(dtdx)

≤
∫

(0,T )×Rd
1t/∈[kϵ1,kϵ2]

W (|x|)
W (Rϵ)µ

ϑ′
(dtdx) 1

W (Rϵ)

∫ T

0
1t/∈[kϵ1,kϵ2]

∫
Rd
W (x)µϑ

′

t (dx)dt ≤ TCW
W (Rϵ) .

So it is sufficient to take TCW
W (Rϵ) < ϵ, and this is possible as W (x) → ∞ when |x| → ∞.

So the family {µϑϕ(ψ(n))
t }n is tight, and then there exists an increasing function χ : N → N such

that (µϑϕ(ψ(χ(n)))
t )n converges weakly. We denote by m̃t its weak limit. So, we have for every test

function Φ ∈ Cb(Rd;R), ∫
Rd

Φ(x)µϑϕ(ψ(n))
t (dx) →

∫
Rd

Φ(x)m̃t(dx)

as n → ∞, and taking Φ ≡ 1, we obtain that
∫
Rd m̃t(dx) = 1.

Let us now show that m̃t = mt. First, we will show that for every compact A ∈ B(Rd), we have
that m̃t(A) = mt(A). Let us take a sequence of non-negative test functions (Φk)k ⊂ C∞

c (Rd;R)
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such that Φk converges uniformly to 1A. Then, successively by dominated convergence theorem,
weak convergence of (µϑϕ(ψ(χ(n)))

t )n, convergence as k → ∞ uniformly in n, and again dominated
convergence theorem as ρϑϕ(ψ(χ(n))) converges locally uniformly on (0, T ) × Rd to ρ,

m̃t(A) =
∫
Rd

1A(x)m̃t(dx) = lim
k→∞

∫
Rd

Φk(x)m̃t(dx) = lim
k→∞

lim
n→∞

∫
Rd

Φk(x)µϑϕ(ψ(χ(n)))
t (dx) ,

= lim
n→∞

lim
k→∞

∫
Rd

Φk(x)µϑϕ(ψ(χ(n)))
t (dx) = lim

n→∞

∫
A

ρϑϕ(ψ(χ(n)))(t, x)dx =
∫
A

ρ(t, x)dx = mt(A) .

Now, we will show this equality for all A ∈ B(Rd). As m̃t,mt are Borel measures, on Rd a locally
compact space in which every open set is σ-compact, they are regular, and so

m̃t(A) = sup{m̃t(K);Kcompact ⊂ A} = sup{mt(K);Kcompact ⊂ A} = mt(A) .

We conclude that m̃t = mt and so
∫
Rd mt(dx) = 1.

Fifth step. By Scheffé’s lemma

||µϑϕ(ϕ(n)) −m||TV → 0

as n → ∞, because

||µϑϕ(ϕ(n)) −m||TV =
∫ T

0

∫
Rd

|ρϑϕ(ϕ(n))(t, x) − ρ(t, x)|dxdt .

It remains to show that L⋆ϑm = ∂tm, where for some test function Φ,

LϑΦ(t, x) :=
d∑

i,j=1

1
2cij(t, x)∂2

ijΦ(x) +
d∑
i=1

bi(θ; t, x, µϑt )∂iΦ(x) ,

as then by unicity of the solution of this equation on (0, T ) ×Rd, we will have m = µϑ. We remind
that, by definition, it consists in showing that

• for every 1 ≤ i, j ≤ d, ((t, x) 7→ cij(t, x)) ∈ L1
loc((0, T ) × Rd,m) ,

• for every 1 ≤ i ≤ d, ((t, x) 7→ bi(ϑ; t, x, µϑt )) ∈ L1
loc((0, T ) × Rd,m) ,

• for every test function Φ ∈ C∞
c ((0, T ) × Rd;R),∫

(0,T )×Rd
(∂tΦ + LϑΦ)m(dtdx) = 0 .

Let 1 ≤ i, j ≤ d, and J ⊂ (0, T ), U ⊂ Rd such that J × U is compact. We have∫
J×U

|cij(t, x)|m(dtdx) ≤ |c|∞T ,

∫
J×U

|bi(ϑ; t, x, µϑt )|m(dtdx) ≲
∫
J×U

(1 + |x|r1 + mr2(µϑt ))ρ(t, x)dxdt ,

≲ 1 + sup
t∈[0,T ]

mr2(µϑt ) .
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We first have, as ∂tΦ, ∂2
ij ∈ Cc((0, T ) × Rd) by dominated convergence theorem∫

(0,T )×Rd
∂tΦ(t, x)m(dtdx) = lim

n→∞

∫
(0,T )×Rd

∂tΦ(t, x)ρϑϕ(ψ(n))(t, x)dxdt ,

∫
(0,T )×Rd

d∑
i,j=1

1
2cij(t, x)∂2

ijΦ(t, x)m(dt, dx) = lim
n→∞

∫
(0,T )×Rd

d∑
i,j=1

1
2cij(t, x)∂2

ijΦ(t, x)ρϑϕ(ψ(n))(t, x)dxdt .

As for the term ∫
(0,T )×Rd

d∑
i=1

bi(ϑ; t, x, µϑt )∂iΦ(t, x)ρ(t, x)dxdt ,

let us show that it is equal to

lim
n→∞

∫
(0,T )×Rd

d∑
i=1

bi(ϑϕ(ψ(n)); t, x, µ
ϑϕ(ψ(n))
t )∂iΦ(t, x)ρϑϕ(ψ(n))(t, x)dxdt .

As ∂iΦ ∈ Cc((0, T ) × Rd) by dominated convergence theorem, we have∫
(0,T )×Rd

d∑
i=1

bi(ϑ; t,x, µϑt )∂iΦ(t, x)ρ(t, x)dxdt

= lim
n→∞

∫
(0,T )×Rd

d∑
i=1

bi(ϑ; t, x, µϑt )∂iΦ(t, x)ρϑϕ(ψ(n))(t, x)dxdt ,

and so it remains to show that for every 1 ≤ i ≤ d,∫
(0,T )×Rd

|bi(ϑϕ(ψ(n)); t, x, µ
ϑϕ(ψ(n))
t ) − bi(ϑ; t, x, µϑt )||∂iΦ(t, x)|ρϑϕ(ψ(n))(t, x)dxdt → 0

as n → ∞. As ρϑϕ(ψ(n)) converges locally uniformly to ρ, and ∂iΦ ∈ Cc((0, T ) × Rd), we have that
for n large enough, for (t, x) in the support of ∂iΦ, ρϑϕ(ψ(n))(t, x) ≤ 1 + ρ(t, x), and as

|bi(ϑϕ(ψ(n)); t, x, µ
ϑϕ(ψ(n))
t ) − bi(ϑ; t, x, µϑt )| ≲ |ϑϕ(ψ(n)) − ϑ|(1 + |x|r1 + mr2(µϑϕ(ψ(n))

t )) ,
we have for n large enough∫

(0,T )×Rd
|bi(ϑϕ(ψ(n)); t, x, µ

ϑϕ(ψ(n))
t ) − bi(ϑ; t, x, µϑt )||∂iΦ(t, x)|ρϑϕ(ψ(n))(t, x)dxdt

≲ |ϑϕ(ψ(n)) − ϑ|
∫

(0,T )×Rd
(1 + |x|r1 + mr2(µϑϕ(ψ(n))

t ))|∂iΦ(t, x)|(1 + ρ(t, x))dxdt ,

which tends to 0 as n → ∞. It ends the proof of ∂tm = Lϑm, and so m = µϑ, and ρ = ρϑ almost
everywhere.

Final step. Let (ϑ, t, x) ∈ Θ × (0, T ) × Rd and (ϑn, tn, xn) → (ϑ, t, x) as n → ∞. There exists
some compact Kq ⊂ (0, T ) × Rd such that (ϑ, t, x) ∈ Kq and, for every n, (ϑn, tn, xn) ∈ Kq.
Following the proof of the equicontinuity of {ρθϕ(n) |Kq}n, we have

|ρϑn(tn, xn) − ρϑ(t, x)| ≤ |ρϑn(tn, xn) − ρϑn(t, x)| + |ρϑn(t, x) − ρϑ(t, x)|
≲ (|xn − x| + |tn − t|1/2)γ

′
+ ||ρϑn − ρϑ||L∞(Kq)

which tends to 0 as n → ∞.
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2 Proof of Theorem 31
2.1 Proof of Theorem 31(i) : PN

b is well-defined
This result corresponds to the Lemma 3.2. of [115] and we remind here its proof for sake of

completeness. We use the formulation (12) of the equation (2.77), that is to say{
dXNt = b(N)(t,XNt )dt+ σ(N)(t,XNt )dBN,bt , t ∈ [0, T ],
L(XN0 ) = µ⊗N

0 ,

b(N) :
(
t, (x1, . . . , xN )

)
∈ [0, T ]×(Rd)N 7→

(
b
(
t, x1, µN (x1, . . . , xN )

)
, . . . , b

(
t, xN , µN (x1, . . . , xN )

))⊤
,

σ(N) :
(
t, (x1, . . . , xN )

)
∈ [0, T ] × (Rd)N 7→

 σ(t, x1) (0)
. . .

(0) σ(t, xN )

 .

Then, b(N), σ(N) are Lipschitz in (x1, . . . , xN ), uniformly with respect to t. Indeed for every t ∈
[0, T ], x(N) = (x1, . . . , xN ), y(N) = (y1, . . . , yN ) ∈ (Rd)N , on the one hand

|b(N)(t, y(N))− b(N)(t, x(N))|2 =
N∑
i=1

∣∣b(t, yi, µN (y(N))
)

− b
(
t, xi, µN (x(N))

)∣∣2
≤ 2|b|2Lip

N∑
i=1

(
|yi − xi|2 + W2

1
(
µN (y(N)), µN (x(N))

))
≤ 2|b|2Lip

(
|y(N) − x(N)|2 +NW2

1
(
µN (y(N)), µN (x(N))

))
,

and so, as

W2
1
(
µN (y(N)), µN (x(N))

)
=
(

inf
|Φ|Lip≤1

1
N

N∑
i=1

(
Φ(yi)−Φ(xi)

))2
≤ 1
N

N∑
i=1

|yi−xi|2 = 1
N

∣∣y(N)−x(N)∣∣2 ,
we finally have ∣∣b(N)(t, y(N))− b(N)(t, x(N))∣∣ ≤ 2|b|Lip

∣∣y(N) − x(N)∣∣ ,
and then

|b(N)(t, x(N))| ≤ |b(N)(t, (0, . . . , 0)
)
| + 2|b|Lip|x(N)| ≤

√
N sup

t∈[0,T ]
|b(t, 0, δ0)| + 2|b|Lip|x(N)| .

On the other hand, ∣∣σ(N)(t, y(N))− σ(N)(t, x(N))∣∣ ≤ |σ|Lip
∣∣y(N) − x(N)∣∣ ,

and therefore, thanks to Remark 5,

|σ(N)(t, x(N))| ≤ |σ(N)(t, (0, . . . , 0)
)
| + |σ|Lip|x(N)| ≤

√
Ndσ+ + |σ|Lip|x(N)| .

So, thanks to usual SDE’s results (see e.g. Theorem 5.2.9. of [110]), for some fixed integer
N ≥ 1, for a (complete) filtered given probability space (Ω̃N , F̃N , (F̃Nt )t∈[0,T ], P̃N ), endowed with
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N independent Brownian motions B̃1, . . . , B̃N of dimension d, and a vector (X̃1
0 , . . . , X̃

N
0 ) of law

µ⊗N
0 , measurable with respect to F̃0, and independent of B̃1, . . . , B̃N , the system of SDE’s{

dX̃i
t = b

(
t, X̃i

t , µ
N (X̃1

t , . . . , X̃
N
t )
)
dt+ σ(t, X̃i

t)dB̃it, t ∈ [0, T ],
(X̃1

. , . . . , X̃
N
. )|t=0 = (X̃1

0 , . . . , X̃
N
0 ) ,

(2.77)

has a unique strong solution (X̃1, . . . , X̃N ), and so its law under P̃N , which is denoted by PNb , is
well defined.

2.2 Proof of Theorem 31 (iv)

Let (c, µ0) ∈ CT,d,s+,s−,c1 × Md, and let (Ω̃, F̃, (F̃t)t∈[0,T ], P̃) a (complete) filtered probability
space endowed with a Brownian motion B̃. Let X̃0 ∼ µ0, measurable with respect to F̃0 and
independent from B̃. We know that, for each b ∈ BT,d,h,n,c2,c3 , there exists a unique strong solution
(X̃b

t )t∈[0,T ] of the McKean-Vlasov SDE{
dX̃t = b

(
t, X̃t,LP̃(X̃t)

)
dt+ σ(t, X̃t)dB̃t, t ∈ [0, T ],

X̃|t=0 = X̃0 ,

and that the law of X̃ under P̃ is indeed Pb. Moreover, we denote by (X̃0
t )t∈[0,T ] the unique strong

solution of the SDE {
dX̃t = σ(t, X̃t)dB̃t, t ∈ [0, T ],
X̃|t=0 = X̃0 ,

and its law under P̃ by W (which is consistent with the notation given in the Introduction). Then,
for every b ∈ BT,d,h,n,c2,c3 , as

∫ T
0 |(c−1/2b)(t, X̃b

t , µ
b
t)|2dt and

∫ T
0 |(c−1/2b)(t, X̃0

t , µ
b
t)|2dt are finite

P̃-almost surely, thanks to Girsanov Theorem (see e.g. the result 7.6.4. in [131]), we have that Pb
and W are equivalent and,

log dPb
dW

(X)|FT =
∫ T

0
(c−1b)(t,Xt, µ

b
t)⊤dXt − 1

2

∫ T

0
|(c−1/2b)(t,Xt, µ

b
t)|2dt .

In the same way, for every b1, b2 ∈ BT,d,h,n,c2,c3 , Pb1 and Pb2 are equivalent and,

log dPb1

dPb2

(X)|FT =
∫ T

0

(
(c−1b1)(t,Xt, µ

b1
t ) − (c−1b2)(t,Xt, µ

b2
t )
)⊤
dXt

− 1
2

∫ T

0

(
|(c−1/2b1)(t,Xt, µ

b1
t )|2 − |(c−1/2b2)(t,Xt, µ

b2
t )|2

)
dt .

Now, let N ≥ 1 and (c, µ0) ∈ CT,d,s+,s−,c1 ×Md, and let (Ω̃N , F̃N , (F̃Nt )t∈[0,T ], P̃N ) a (complete)
filtered probability space endowed with N independant d-dimensional Brownian motions B̃i, 1 ≤
i ≤ N . Let (X̃N

0 , . . . , X̃
N
0 ) ∼ µ⊗N

0 , measurable with respect to F̃N0 and independent from B̃N . We
know that, for each b ∈ BT,d,h,n,c2,c3 , there exists a unique strong solution (X̃i,b

t )1≤i≤N,t∈[0,T ] of
the system of SDE’s{

dX̃i
t = b

(
t, X̃i

t , µ
N (X̃1

t , . . . , X̃
N
t )
)
dt+ σ(t, X̃i

t)dB̃it, 1 ≤ i ≤ N t ∈ [0, T ],
(X̃1

. , . . . , X̃
N
. )|t=0 = (X̃1

0 , . . . , X̃
N
0 ) ,
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and the law of (X̃1,b, . . . , X̃N,b) under P̃N is indeed PNb . Moreover, we denote by (X̃i,0
t )1≤i≤N,t∈[0,T ]

the unique strong solution of the SDE{
dX̃i

t = σ(t, X̃i
t)dB̃it, t ∈ [0, T ],

(X̃1
. , . . . , X̃

N
. )|t=0 = (X̃1

0 , . . . , X̃
N
0 ) ,

and its law under P̃N by WN (which is consistent with the notation given in the Introduction).
Then, for every b ∈ BT,d,h,n,c2,c3 , as the quantities

N∑
i=1

∫ T

0
|(c−1/2b)(t, X̃i,b

t , µN (X̃1,b
t , . . . , X̃N,b

t ))|2dt ,
N∑
i=1

∫ T

0
|(c−1/2b)(t, X̃i,0

t , µN (X̃1,0
t , . . . , X̃N,0

t ))|2dt ,

are finite P̃N -almost surely, thanks to Girsanov Theorem (see e.g. the result 7.6.4. in [131]), we
have that PNb and WN are equivalent and,

log dPNb
dWN

(XN )|FT =
N∑
i=1

∫ T

0
(c−1b)(t,Xi

t , µ
N
t )⊤dXi

t − 1
2

N∑
i=1

∫ T

0
|(c−1/2b)(t,Xi

t , µ
N
t )|2dt .

In the same way, we know that, for each b ∈ BT,d,h,n,c2,c3 , there exists a unique strong solution
(Xi,b

t )1≤i≤N,t∈[0,T ] of the system of SDE’s{
dX̃i

t = b
(
t, X̃i

t , µ
b
t)dt+ σ(t, X̃i

t)dB̃it, 1 ≤ i ≤ N t ∈ [0, T ],
(X̃1

. , . . . , X̃
N
. )|t=0 = (X̃1

0 , . . . , X̃
N
0 ) ,

and the law of (X1,b
, . . . , X

N,b) under P̃N is indeed P⊗N
b . Then, for every b ∈ BT,d,h,n,c2,c3 , as the

quantities
N∑
i=1

∫ T

0
|(c−1/2b)(t,Xi,b

t , µ
b
t))|2dt ,

N∑
i=1

∫ T

0
|(c−1/2b)(t, X̃i,0

t , µbt)|2dt ,

are finite P̃N -almost surely, thanks to Girsanov Theorem, we have that P⊗N
b and WN are equivalent

and,

log dP
⊗N
b

dWN
(XN )|FT =

N∑
i=1

∫ T

0
(c−1b)(t,Xi

t , µ
b
t)⊤dXi

t − 1
2

N∑
i=1

∫ T

0
|(c−1/2b)(t,Xi

t , µ
b
t)|2dt .

Finally, for every b ∈ BT,d,h,n,c2,c3 , PNb and P⊗N
b are equivalent, and

log dP
⊗N
b

dPNb
(XN )|FT =

N∑
i=1

∫ T

0

(
(c−1b)(t,Xi

t , µ
b
t) − (c−1b)(t,Xi

t , µ
N
t )
)⊤
dXi

t

− 1
2

N∑
i=1

∫ T

0

(
|(c−1/2b)(t,Xi

t , µ
b
t)|2 − |(c−1/2b)(t,Xi

t , µ
N
t )|2

)
dt .
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b AND P⊗N

b

3 Proof of Proposition 32
We generalize the proof in [65]. By Pinsker’s inequality (see Lemma 2.5. in [182]),

||PNb − P⊗N
b ||2TV ≤ 1

2EP⊗N
b

[
log dP⊗N

b

dPN
b

]
,

so it is sufficient to prove that

lim sup
N→∞

sup
b∈BT,d,h,n,c2,c3

EP⊗N
b

[
log dP⊗N

b

dPN
b

]
≲ 1 .

By Girsanov theorem, we have

EP⊗N
b

[
log dP⊗N

b

dPN
b

]
= 1

2

N∑
i=1

∫ T

0
EP⊗N

b

[
|(c−1/2b)(s,Xi

s, µ
N
s ) − (c−1/2b)(s,Xi

s, µ
b
s)|2
]
ds

≲
N∑
i=1

∫ T

0
EP⊗N

b

[
|b(s,Xi

s, µ
N
s ) − b(s,Xi

s, µ
b
s)|2
]
ds .

We use Lemma 111 and Theorem 2 of [74]. In the case (i) of Assumption 16, we have

EP⊗N
b

[
log dP⊗N

b

dPN
b

]
≲ N

∫ T

0
EP⊗N

b

[
W1(µNs , µbs)2]ds

≲ N

∫ T

0

∫ ∞

0
P⊗N
b (W1(µNs , µbs) ≥ z1/2) dzds

≲ N

∫ ∞

0
e−CNz dz

≲ 1 .

In the case (iii) of Assumption 16, we have by Lemma 112, for N large enough

EP⊗N
b

[
log dP⊗N

b

dPN
b

]
≲

N∑
i=1

∫ T

0
EP⊗N

b

[ k⋆b−1∑
ℓ=1

1
ℓ!

∣∣∣ ∫
(Rd)ℓ

δℓµb(s,Xi
s, y

ℓ, µbs)(µNs − µbs)⊗ℓ(dyℓ)
∣∣∣2]ds

≲ N

k⋆b−1∑
ℓ=1

1
ℓ!

∫ T

0

Kℓ

N − (k⋆b − 1) |δℓµb(s, ·)|2Lipds ≲ 1 .

Finally, in the case (ii) of Assumption 16,

EP⊗N
b

[
log dP⊗N

b

dPN
b

]
≲

N∑
i=1

∫ T

0
EP⊗N

b

[ k⋆b−1∑
ℓ=1

1
ℓ!

∣∣∣ ∫
(Rd)ℓ

δℓµb(s,Xi
s, y

ℓ, µbs)(µNs − µbs)⊗ℓ(dyℓ)
∣∣∣2]ds

+N

∫ T

0
EP⊗N

b

[
W1(µNs , µbs)2 ∧ W1(µNs , µbs)2k⋆b

]
ds .

For the first part in the right term we mimick the proof of the case (iii). For the second part, we
only show it for the subcase d ≥ 3 and k⋆b ≥ d/2 (the case d = 2 gives the same result, but is more
technical because of the log term in this case of Theorem 2 in [74]) :

EP⊗N
b

[
W1(µNs , µbs)2 ∧ W1(µNs , µbs)2k⋆b

]
=
∫ ∞

0
P⊗N
b

(
W1(µNs , µbs)2 ∧ W1(µNs , µbs)2k⋆b ≥ z

)
dz

187



APPENDICES 4. DISCRETE OBSERVATIONS

≲
∫ 1

0
P⊗N
b

(
W1(µNs , µbs) ≥ z1/2k⋆b

)
dz +

∫ ∞

1
P⊗N
b

(
W1(µNs , µbs) ≥ z1/2)dz .

On the one hand ∫ 1

0
P⊗N
b

(
W1(µNs , µbs) ≥ z1/2k⋆b

)
dz ≲

∫ 1

0
e−CNz

d/2k⋆
b dz ≲

1
N

,

and on the other hand∫ ∞

1
P⊗N
b

(
W1(µNs , µbs) ≥ z1/2)dz ≲ ∫ ∞

1
e−CNzdz ≲

1
N

.

So finally
EP⊗N

b

[
log dP⊗N

b

dPN
b

]
≲ 1 .

To establish the propagation of chaos result, we proceed like in [142]. Let 1 ≤ K ≤ N , we have,
for every t ∈ [0, T ], and B((Rd)K) the Borel σ-algebra of (Rd)K ,

||µK,Nt − µbt
⊗K ||TV = sup

B∈B((Rd)K)
|µK,Nt (B) − µbt

⊗K(B)|

= sup
B∈B((Rd)K)

∣∣PK,Nb

(
(X1

t , . . . , X
K
t ) ∈ B

)
− P⊗K

b

(
(X1

t , . . . , X
K
t ) ∈ B

)∣∣
≤ ||PK,Nb − P⊗K

b ||TV ,

and, again by Pinsker’s inequality,

||PK,Nb − P⊗K
b ||TV ≤ 1√

2
EP⊗K

b

[
log dP⊗K

b

dPK,N
b

]1/2
.

As EP⊗K
b

[
log dP⊗K

b

dPK,N
b

]
is the Kullback-Leibler divergence between P⊗K

b and PK,Nb , we also have (see
e.g. [53, 11]) that

EP⊗K
b

[
log dP⊗K

b

dPK,N
b

]
≤ K

N
EP⊗N

b

[
log dP⊗N

b

dPN
b

]
,

so finally,

||µK,Nt − µbt
⊗K ||TV ≲

√
K

N

4 Parametric estimation of the drift : discrete observations
4.1 Consistency of the AMLE : Proof of Theorem 59

As Θ is well compact, we will follow Theorem 3.2.8 in [54]. We have first to show that ϑ ∈ Θ 7→
UN,M (ϑ ; y) is continuous in every y = (yij)1≤i≤N,0≤j≤M ∈ (Rd)N×(M+1), and equal to

− 1
N

N∑
i=1

M∑
j=1

(
(c−1b0)

(
ϑ ; tMj−1, y

i
j−1, µ

N (yj−1)
)

− (c−1b0)
(
ϑ0 ; tMj−1, y

i
j−1, µ

N (yj−1)
))⊤

(yij − yij−1)
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+ 1
2

1
N

N∑
i=1

M∑
j=1

(∣∣(c−1/2b0)
(
ϑ ; tMj−1, y

i
j−1, µ

N (yj−1)
)∣∣2 −

∣∣(c−1/2b0)
(
ϑ0 ; tMj−1, y

i
j−1, µ

N (yj−1)
)∣∣2)∆M ,

the continuity of ϑ ∈ Θ 7→ UN,M (ϑ ; y) follows directly from the continuity of ϑ ∈ Θ 7→ b0(ϑ ; ·).
Then, we have to show that our contrast process UN,M (ϑ ;XN,M ) verifies a contrast property (cf
[54], [79]), that is to say there exists some function K : Θ × Θ → R+ such that for every ϑ0 ∈ Θ,
ϑ 7→ K(ϑ, ϑ0) has a strict minimum for ϑ = ϑ0, and UN,M (ϑ ;XN,M ) tends in probability when
N,M → ∞ to K(ϑ, ϑ0).

Firstly, as under PNϑ0
,

Xi
tM
j

−Xi
tM
j−1

=
∫ tMj

tM
j−1

b0(ϑ0 ; s,Xi
s, µ

N
s )ds+

∫ tMj

tM
j−1

σ(s,Xi
s)dBis ,

we have that UN,M (ϑ ;XN,M ) is also equal, under PNϑ0
, to

− 1
N

N∑
i=1

M∑
j=1

(
(c−1b0)

(
ϑ ; tMj−1, X

i
tM
j−1

, µNtM
j−1

)
− (c−1b0)

(
ϑ0 ; tMj−1, X

i
tM
j−1

, µNtM
j−1

))⊤ ∫ tMj

tM
j−1

σ(s,Xi
s)dBis

− 1
N

N∑
i=1

M∑
j=1

(
(c−1b0)

(
ϑ ; tMj−1, X

i
tM
j−1

, µNtM
j−1

)
− (c−1b0)

(
ϑ0 ; tMj−1, X

i
tM
j−1

, µNtM
j−1

))⊤ ∫ tMj

tM
j−1

b0(ϑ0; s,Xi
s, µ

N
s )ds

+ 1
2N

N∑
i=1

M∑
j=1

(∣∣(c−1/2b0)
(
ϑ ; tMj−1, X

i
tM
j−1

, µNtM
j−1

)∣∣2 −
∣∣(c−1/2b0)

(
ϑ0 ; tMj−1, X

i
tM
j−1

, µNtM
j−1

)∣∣2)∆M ,

and simple calculations show that this quantity is also equal to AN,M1 +AN,M2 +AN,M3 where

AN,M1 := − 1
N

N∑
i=1

M∑
j=1

(
(c−1b0)

(
ϑ ; tMj−1, X

i
tM
j−1

, µNtM
j−1

)
− (c−1b0)

(
ϑ0 ; tMj−1, X

i
tM
j−1

, µNtM
j−1

))⊤

×
∫ tMj

tM
j−1

σ(s,Xi
s)dBis ,

AN,M2 := − 1
N

N∑
i=1

M∑
j=1

(
(c−1b0)

(
ϑ ; tMj−1, X

i
tM
j−1

, µNtM
j−1

)
− (c−1b0)

(
ϑ0 ; tMj−1, X

i
tM
j−1

, µNtM
j−1

))⊤

∫ tMj

tM
j−1

(
b0(ϑ0 ; s,Xi

s, µ
N
s ) − b0(ϑ0 ; tMj−1, X

i
tM
j−1

, µNtM
j−1

)
)
ds ,

AN,M3 := 1
2N

N∑
i=1

M∑
j=1

∣∣(c−1/2b0)
(
ϑ ; tMj−1, X

i
tM
j−1

, µNtM
j−1

)
− (c−1/2b0)

(
ϑ0 ; tMj−1, X

i
tM
j−1

, µNtM
j−1

)∣∣2∆M .

Let us first show that AN,M1 and AN,M2 tend in probability to 0 under PNϑ0
as N,M → ∞. Let m

a positive integer. We rewrite AN,M1 as

− 1
N

N∑
i=1

M∑
j=1

fi(tMj−1)
∫ tMj

tM
j−1

gi(s)dBis ,
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where
fi(s) :=

(
(c−1b0)(ϑ ; s,Xi

s, µ
N
s ) − (c−1b0)(ϑ0 ; s,Xi

s, µ
N
s )
)⊤

,

gi(s) := σ(s,Xi
s) .

We have

EPN
ϑ0

[∣∣AN,M1
∣∣m] ≲ EPN

ϑ0

[∣∣∣ 1
N2

N∑
i=1

∫ T

0

∣∣gi(s) M∑
j=1

fi(tMj−1)1s∈[tM
j−1,t

M
j

)
∣∣2 ds∣∣∣m]1/2

≲
1

N (m+1)/2

( N∑
i=1

EPN
ϑ0

[ ∫ T

0
|gi(s)

M∑
j=1

fi(tMj−1)1s∈[tM
j−1,t

M
j

)|2m ds
])1/2

≲
|ϑ− ϑ0|m

Nm/2 σm+
(
1 + sup

t∈[0,T ]
max

r=2r1m,2r2m
EPN

ϑ0
[mr(µNt )]

)1/2

≲
|ϑ− ϑ0|m

Nm/2

which tends to 0 as N,M → ∞. Now we turn to AN,M2 , we rewrite it as

− 1
N

N∑
i=1

M∑
j=1

fi(tMj−1)
∫ tMj

tM
j−1

hi(tMj−1, s) ds ,

where
hi(tMj−1, s) := b0(ϑ0 ; s,Xi

s, µ
N
s ) − b0(ϑ0; tMj−1, X

i
tM
j−1

, µNtM
j−1

) .

We have

EPN
ϑ0

[∣∣AN,M2
∣∣m] ≲ 1

N

N∑
i=1

∫ T

0
EPN

ϑ0

[∣∣∣ M∑
j=1

fi(tMj−1)hi(tMj−1, s)1s∈[tM
j−1,t

M
j

)

∣∣∣m] ds
≲

1
N

N∑
i=1

∫ T

0

M∑
j=1

EPN
ϑ0

[∣∣fi(tMj−1)
∣∣m∣∣hi(tMj−1, s)

∣∣m]1s∈[tM
j−1,t

M
j

) ds

≲
|ϑ− ϑ0|m

Mmγ

which tends to 0 as N,M → ∞. Finally, let us show that the term AN,M3 tends in probability
under PNϑ0

as N,M → ∞ to our contrast function

K(ϑ, ϑ0) := 1
2

∫ T

0

〈 ∣∣(c−1/2b0)(ϑ ; t, ·, µϑ0
t ) − (c−1/2b0)(ϑ0 ; t, ·, µϑ0

t )
∣∣2, µϑ0

t

〉
dt .

We use the notation

f(ϑ, ϑ0 ; s, x, ν) := (c−1/2b0)(ϑ ; s, x, ν) − (c−1/2b0)(ϑ0 ; s, x, ν) .

We then have that EPN
ϑ0

[∣∣AN,M3 −K(ϑ, ϑ0)
∣∣] is equal to

EPN
ϑ0

[∣∣∣12
M∑
j=1

∫ tMj

tM
j−1

〈
|f(ϑ, ϑ0 ; tMj−1, ·, µNtM

j−1
)|2, µNtM

j−1

〉
ds− 1

2

M∑
j=1

∫ tMj

tM
j−1

〈
|f(ϑ, ϑ0 ; s, ·, µϑ0

s )|2, µϑ0
s

〉
ds
∣∣∣]
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≲
1
2

M∑
j=1

∫ tMj

tM
j−1

1
N

N∑
i=1

EPN
ϑ0

[∣∣f(ϑ, ϑ0 ; s,Xi
s, µ

N
s ) − f(ϑ, ϑ0 ; tMj−1, X

i
tM
j−1

, µNtM
j−1

)
∣∣2] ds

+ 1
2

M∑
j=1

∫ tMj

tM
j−1

EPN
ϑ0

[〈
|f(ϑ, ϑ0; s, ·, µNs )|2, µNs

〉
− ⟨ |f(ϑ, ϑ0 ; s, ·, µϑ0

s )|2, µϑ0
s

〉
] ds

≲
1
2

M∑
j=1

∫ tMj

tM
j−1

1
N

N∑
i=1

EPN
ϑ0

[
|s− tMj−1|2γ + |Xi

s −Xi
tM
j−1

|2 + W1(µNs , µNtM
j−1

)2]ds
+ 1

2

M∑
j=1

∫ tMj

tM
j−1

EPN
ϑ0

[〈
|f(ϑ, ϑ0 ; s, ·, µNs )|2, µNs

〉
−
〈

|f(ϑ, ϑ0 ; s, ·, µϑ0
s )|2, µϑ0

s

〉]
ds .

As for the first part, we use the fact that for every t, t′ ∈ [0, T ],

EPNϑ0
[W1(µNt , µNt′ )] ≤ EPNϑ0

[|XN
t −XN

t′ |] ≲ |t− t′|1/2 ,

which gives that

1
2

M∑
j=1

∫ tMj

tM
j−1

1
N

N∑
i=1

EPN
ϑ0

[
|s− tMj−1|2γ + |Xi

s −Xi
tM
j−1

|2 + W1(µNs , µNtM
j−1

)2]ds ≲ 1
M2γ + 1

M
.

As for the second part, we apply Lemma 1.21 with the function ϕ(ϑ ; s, x, ν) := |f(ϑ, ϑ0 ; s, x, ν)|2 ,
which verifies

|ϕ(ϑ ; s, x′, ν′) − ϕ(ϑ ; s, x, ν)| ≲ (|x′ − x| + W1(ν′, ν))(1 + |x|r1 + |x′|r1 + mr2(ν) + mr2(ν′)) .

K is a non-negative function and K(ϑ, ϑ0) equals 0 if and only if

Pϑ0

(
∀t ∈ [0, T ], b0(ϑ ; t,X1

t , µ
ϑ0
t ) = b0(ϑ0 ; t,X1

t , µ
ϑ0
t )
)

= 0 .

We can also rewrite K(ϑ, ϑ0) in the following form :

K(ϑ, ϑ0) = 1
2

d∑
j=1

∫ T

0

∫
Rd

∣∣∣ ∫ 1

0
∇ϑ(c−1/2b0)j(ϑ0 + λ(ϑ− ϑ0) ; t, x, µϑ0

t )⊤(ϑ− ϑ0)dλ
∣∣∣2µϑ0

t (dx)dt ,

= 1
2
〈
I(ϑ0, ϑ)(ϑ− ϑ0), ϑ− ϑ0

〉
where we have used the notation

I(ϑ0, ϑ) :=
( d∑
j=1

∫ T

0

∫
Rd

∇ϑ(c−1/2b0)j([ϑ0, ϑ] ; t, x, µϑt )∇ϑ0(c−1/2b0)j([ϑ0, ϑ] ; t, x, µϑ0
t )⊤µϑ0

t (dx)dt
)
,

and as the statistical experiment is supposed strongly non-degenerate in the sense of Definition
49, we know that I(ϑ0, ϑ) is a definite positive matrix for every ϑ ∈ Θ (such that [ϑ0, ϑ] ⊂ Θ). So
K(ϑ, ϑ0) equals 0 if and only if ϑ = ϑ0.
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Finally we have to show that there exist some decreasing to 0 sequences (ηk)k, (ϵk)k such that
for every k,

PNϑ0

(
sup

|ϑ−ϑ′|≤ηk

∣∣UN,M (ϑ′;XN,M ) − UN,M (ϑ;XN,M )
∣∣ > ϵk

)
→
k→∞

0 .

In order to do so, as

PNϑ0

(
sup

|ϑ−ϑ′|≤ηk

∣∣UN,M (ϑ′;XN,M ) − UN,M (ϑ;XN,M )
∣∣ > ϵk

)
≤ 1
ϵk

EPN
ϑ0

[
sup

|ϑ−ϑ′|≤ηk

∣∣UN,M (ϑ′;XN,M ) − UN,M (ϑ;XN,M )
∣∣] ,

we plan to use Kolmogorov’s continuity theorem (see the Appendix of [98]). Let ϑ, ϑ′ ∈ Θ, and
m a positive integer. We can use the previous results by replacing ϑ0 by ϑ′ in the definitions of
AN,Mk , k = 1, 2, 3. It remains to deal with the term EPN

ϑ0

[∣∣AN,M3
∣∣m], and we easily have

EPN
ϑ0

[∣∣AN,M3
∣∣m] ≲ 1

NM

N∑
i=1

M∑
j=1

EPN
ϑ0

[
|fi(tMj−1)|m

]
≲ |ϑ′ − ϑ|2m .

So, as Θ is compact,

EPN
ϑ0

[∣∣UN,M (ϑ′;XN,M ) − UN,M (ϑ;XN,M )
∣∣m] ≲ |ϑ′ − ϑ|m

Nm/2 + |ϑ′ − ϑ|m

Mmγ
+ |ϑ′ − ϑ|2m ≲ |ϑ′ − ϑ|m ,

and taking m > d, we have by Kolmogorov’s theorem

EPN
ϑ0

[
sup

|ϑ−ϑ′|≤ηk

∣∣UN,M (ϑ′;XN,M ) − UN,M (ϑ;XN,M )
∣∣] ≲ η

(m−d)/m
k .

It remains to take, for instance, m = 2d, ηk = k−1 and ϵk = η
1/4
k to conclude. It ends the proof of

Theorem 4.1.

4.2 Asymptotic normality of the AMLE : proof of Theorem 60
We will follow Part 3.3.4. of [54]. First, for every y, ϑ 7→ UN,M (ϑ, y) is two-times continuously

differentiable on a neighbourhood of ϑ0 by assumption on b. Now, let us show that
√
N∇ϑU

N,M (ϑ0,XN,M ) → Np(0, I(ϑ0))

in law under PNϑ0
as N,M → ∞. Firstly

∂ϑkU
N,M (ϑ, y) = − 1

N

N∑
i=1

M∑
j=1

∂ϑk(c−1b0)
(
ϑ; tMj−1, y

i
j−1, µ

N (yj−1)
)⊤(yij − yij−1)

+ 1
N

N∑
i=1

M∑
j=1

∂ϑk(c−1/2b0)
(
ϑ; tMj−1, y

i
j−1, µ

N (yj−1)
)⊤(c−1/2b0)

(
ϑ; tMj−1, y

i
j−1, µ

N (yj−1)
)
∆M .
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So, under PNϑ0
, we have ∂ϑkUN,M (ϑ0,XN,M ) = AN,M4,k +AN,M5,k +AN,M6,k , where

AN,M4,k := − 1
N

N∑
i=1

M∑
j=1

∂ϑk(c−1b0)
(
ϑ0, t

M
j−1, X

i
tM
j−1

, µNtM
j−1

)⊤

×
∫ tMj

tM
j−1

(
b0(ϑ0; s,Xi

s, µ
N
s ) − b0(ϑ0; tMj−1, X

i
tM
j−1

, µNtM
j−1

)
)
ds ,

AN,M5,k := − 1
N

N∑
i=1

M∑
j=1

∫ tMj

tM
j−1

(
∂ϑk(c−1b0)

(
ϑ0; tMj−1, X

i
tM
j−1

, µNtM
j−1

)
− ∂ϑk(c−1b0)

(
ϑ0; s,Xi

s, µ
N
s

))⊤

× σ(s,Xi
s)dBis ,

AN,M6,k := − 1
N

N∑
i=1

∫ T

0
∂ϑk(c−1/2b0)(ϑ0; s,Xi

s, µ
N
s )⊤dBis .

We treat the term AN,M4,k with the same method as for the term AN,M2 in the preceding part, and
we obtain

EPN
ϑ0

[∣∣AN,M4,k
∣∣] ≲ 1

Mγ
.

So, if N1/2M−γ → 0 as N,M → ∞, we obtain that N1/2AN,M4 → 0 in PNϑ0
-probability as N,M →

∞.
We treat the term AN,M5,k with the same method as for the term AN,M1 , and we obtain

EPN
ϑ0

[∣∣AN,M5,k
∣∣2] ≲ 1

N
( 1
M2γ′ + 1

M
) ,

and so N1/2AN,M5 → 0 in PNϑ0
-probability as N,M → ∞.

Finally, for the term AN,M6 = (AN,M6,k )⊤
1≤k≤p, we have

AN,M6 = − 1
N

N∑
i=1

d∑
j=1

∫ T

0
∇ϑ(c−1/2b)j(ϑ0; s,Xi

s, µ
N
s )d(Bis)j ,

and we already know that √
NAN,M6 → Np(0, I(ϑ0))

in law under PNϑ0
as N,M → ∞.

Now we will show that
D2
ϑU

N,M (ϑ0,XN,M ) → I(ϑ0)

in PNϑ0
-probability as N,M → ∞. Let 1 ≤ k, l ≤ p, we have that ∂2

ϑlϑk
UN,M (ϑ, y) is equal to

− 1
N

N∑
i=1

M∑
j=1

∂2
ϑlϑk

(c−1b0)
(
ϑ; tMj−1, y

i
j−1, µ

N
j−1(y)

)⊤(yij − yij−1)

+ ∆M

N

N∑
i=1

M∑
j=1

(
∂2
ϑlϑk

(c−1b0)
(
ϑ; tMj−1, y

i
j−1, µ

N
j−1(y)

)⊤
b0
(
ϑ; tMj−1, y

i
j−1, µ

N
j−1(y)

)
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+ ∂ϑk(c−1b0)
(
ϑ; tMj−1, y

i
j−1, µ

N
j−1(y)

)⊤
∂ϑlb0

(
ϑ; tMj−1, y

i
j−1, µ

N
j−1(y)

))
.

So, under PNϑ0
, ∂2

ϑlϑk
UN,M (ϑ,XN,M ) = AN,M7 +AN,M8 +AN,M9 +AN,M10 , where

AN,M7 := − 1
N

N∑
i=1

M∑
j=1

∂2
ϑlϑk

(c−1b0)
(
ϑ; tMj−1, X

i
tM
j−1

, µNtM
j−1

)⊤

×
∫ tMj

tM
j−1

(
b0(ϑ0; s,Xi

s, µ
N
s ) − b0(ϑ0; tMj−1, X

i
tM
j−1

, µNtM
j−1

)
)
ds ,

AN,M8 := − 1
N

N∑
i=1

M∑
j=1

∂2
ϑlϑk

(c−1b0)
(
ϑ; tMj−1, X

i
tM
j−1

, µNtM
j−1

)⊤
∫ tMj

tM
j−1

σ(s,Xi
s)dBis ,

AN,M9 := 1
N

N∑
i=1

M∑
j=1

∫ tMj

tM
j−1

(
∂ϑk(c−1/2b0)

(
ϑ0; tMj−1, X

i
tM
j−1

, µNtM
j−1

)⊤
∂ϑl(c−1/2b0)

(
ϑ0; tMj−1, X

i
tM
j−1

, µNtM
j−1

)
− ∂ϑk(c−1/2b0)(ϑ0; s,Xi

s, µ
N
s )⊤∂ϑl(c−1/2b0)

(
ϑ0; s,Xi

s, µ
N
s

))
ds ,

AN,M10 := 1
N

N∑
i=1

∫ T

0
∂ϑk(c−1/2b0)

(
ϑ0; s,Xi

s, µ
N
s

)⊤
∂ϑl(c−1/2b0)

(
ϑ0; s,Xi

s, µ
N
s

)
ds .

In the same way as before, we show that, AN,M7 , AN,M8 , AN,M9 tend to 0 in PNϑ0
-probability as

N,M → ∞, and that

AN,M10 →
∫ T

0

∫
Rd
∂ϑk(c−1/2b0)

(
ϑ0; s, x, µϑ0

s

)⊤
∂ϑl(c−1/2b0)

(
ϑ0; s, x, µϑ0

s

)
µϑ0
s (dx)ds =

[
I(ϑ0)

]
kl

in PNϑ0
-probability as N,M → ∞.

Finally, we have to show that, for every r > 0 such that B̄(ϑ0, r) ⊂ Θ, we have, for some m > d,

EPN
ϑ0

[
sup

|u|≤r

∣∣∂2
ϑlϑk

UN,M (ϑ0 + u,XN,M ) − ∂2
ϑlϑk

UN,M (ϑ0,XN,M )
∣∣] ≲ r1−d/m .

In order to do so, we again make use of the Kolmogorov’s theorem : let ϑ, ϑ′ ∈ Θ, and a positive
integer m, we have, under PNϑ0

,

∂2
ϑlϑk

UN,M (ϑ′,XN,M ) − ∂2
ϑlϑk

UN,M (ϑ,XN,M ) = AN,M11 +AN,M12 +AN,M13 ,

where

AN,M11 := − 1
N

N∑
i=1

M∑
j=1

(
∂2
ϑlϑk

(c−1b0)
(
ϑ′; tMj−1, X

i
tM
j−1

, µNtM
j−1

)
− ∂2

ϑlϑk
(c−1b0)

(
ϑ; tMj−1, X

i
tM
j−1

, µNtM
j−1

))⊤

×
∫ tMj

tM
j−1

(
b0(ϑ0; s,Xi

s, µ
N
s ) − b0(ϑ0; tMj−1, X

i
tM
j−1

, µNtM
j−1

)
)
ds ,
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AN,M11 := − 1
N

N∑
i=1

M∑
j=1

(
∂2
ϑlϑk

(c−1b0)
(
ϑ′; tMj−1, X

i
tM
j−1

, µNtM
j−1

)
− ∂2

ϑlϑk
(c−1b0)

(
ϑ; tMj−1, X

i
tM
j−1

, µNtM
j−1

))⊤

×
∫ tMj

tM
j−1

σ(s,Xi
s)dBis ,

AN,M12 := ∆M

N

N∑
i=1

M∑
j=1

(
∂ϑk(c−1/2b0)

(
ϑ′; tMj−1, X

i
tM
j−1

, µNtM
j−1

)⊤
∂ϑl(c−1/2b0)

(
ϑ′; tMj−1, X

i
tM
j−1

, µNtM
j−1

)
− ∂ϑk(c−1/2b0)

(
ϑ; tMj−1, X

i
tM
j−1

, µNtM
j−1

)⊤
∂ϑl(c−1/2b0)

(
ϑ; tMj−1, X

i
tM
j−1

, µNtM
j−1

))
.

And we obtain

EPN
ϑ0

[∣∣∂2
ϑlϑk

UN,M (ϑ′,XN,M ) − ∂2
ϑlϑk

UN,M (ϑ,XN,M )
∣∣m] ≲ |ϑ′ − ϑ|m ,

and so, by Kolmogorov’s theorem, for m > d,

EPN
ϑ0

[
sup

|u|≤r

∣∣∂2
ϑlϑk

UN,M (ϑ0 + u,XN,M ) − ∂2
ϑlϑk

UN,M (ϑ0,XN,M )
∣∣] ≲ r1−d/m .

Let us show briefly how to conclude the proof. We have

0 =
√
N∇ϑU

N,M (ϑ̃N,M ,XN,M ) =
√
N∇ϑU

N,M (ϑ0,XN,M )

+
∫ 1

0
D2
ϑU

N,M (ϑ0 + λ(ϑ̃N,M − ϑ0),XN,M ) dλ×
√
N(ϑ̃N,M − ϑ0) .

So, as ∇ϑU
N,M (ϑ0,XN,M ) = 0, if, for large enough N,M ,

∫ 1
0 D

2
ϑU

N,M (ϑ0+λ(ϑ̃N,M−ϑ0),XN,M ) dλ
is invertible, we have

√
N(ϑ̃N,M − ϑ0) = −

(∫ 1

0
D2
ϑU

N,M (ϑ0 + λ(ϑ̃N,M − ϑ0),XN,M ) dλ
)−1

×
√
N∇ϑU

N,M (ϑ0,XN,M ) .

We have already shown that
√
N∇ϑU

N,M (ϑ0,XN,M ) → Np(0, I(ϑ0))

in law under PNϑ0
as N,M → ∞, it then remains to show that∫ 1

0
D2
ϑU

N,M (ϑ0 + λ(ϑ̃N,M − ϑ0),XN,M ) dλ → I(ϑ0)

in PNϑ0
-probability as N,M → ∞. As I(ϑ0) is invertible, we will then have for large enough N,M ,∫ 1

0 D
2
ϑU

N,M (ϑ0 + λ(ϑ̃N,M − ϑ0),XN,M ) dλ invertible PNϑ0
-almost surely.

We already know that
D2
ϑU

N,M (ϑ0,XN,M ) → I(ϑ0)
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in PNϑ0
-probability as N,M → ∞, and it just remains to prove that∫ 1

0
V N,M (ϑ0, ϑ̃

N,M , λ) dλ → 0

in PNϑ0
-probability as N,M → ∞, where we have defined

V N,M (ϑ0, ϑ, λ) := D2
ϑU

N,M (ϑ0 + λ(ϑ− ϑ0),XN,M ) −D2
ϑU

N,M (ϑ0,XN,M ) .

We have, for every r > 0,

EPN
ϑ0

[∣∣∣ ∫ 1

0
V N,M (ϑ0, ϑ̃

N,M , λ) dλ
∣∣∣] ≤

∫ 1

0
EPN

ϑ0

[∣∣V N,M (ϑ0, ϑ̃
N,M , λ)

∣∣1|ϑ̃N,M−ϑ0|≤r
]
dλ

+
∫ 1

0
EPN

ϑ0

[∣∣V N,M (ϑ0, ϑ̃
N,M , λ)

∣∣1|ϑ̃N,M−ϑ0|>r
]
dλ

≲ r1−d/m + PNϑ0

(
|ϑ̃N,M − ϑ0| > r

)
.

So for every ϵ > 0, taking r1−d/m = ϵ/2, as |ϑ̃N,M − ϑ0| → 0 in PNϑ0
-probability as N,M → ∞, for

large enough N,M , PNϑ0
(|ϑ̃N,M − ϑ0| > r) ≤ ϵ/2, which ends the proof ot Theorem 60.
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Kinetische Theorie II, pages 115–225. Springer, 1970.

[23] Mattia Bongini, Massimo Fornasier, Markus Hansen, and Mauro Maggioni. Inferring interac-
tion rules from observations of evolutive systems I : The variational approach. Mathematical
Models and Methods in Applied Sciences, 27(05) :909–951, 2017.

[24] Mireille Bossy. Some stochastic particle methods for nonlinear parabolic PDEs. In ESAIM :
proceedings, volume 15, pages 18–57. EDP Sciences, 2005.

[25] Mireille Bossy and Denis Talay. A stochastic particle method for some one–dimensional
nonlinear pde. Mathematics and computers in simulation, 38(1-3) :43–50, 1995.

[26] Mireille Bossy and Denis Talay. A stochastic particle method for the McKean–Vlasov and
the Burgers equation. Mathematics of computation, 66(217) :157–192, 1997.

[27] Alexandre Boumezoued, Marc Hoffmann, and Paulien Jeunesse. Nonparametric adaptive
inference of birth and death models in a large population limit. Mathematical Statistics and
Learning, 3(1) :1–69, 2021.

[28] David R. Brillinger. Learning a potential function from a trajectory. In Selected works of
David Brillinger, pages 361–364. Springer, 2012.

198



APPENDICES BIBLIOGRAPHIE

[29] David R. Brillinger, Haiganoush K. Preisler, Alan A. Ager, and J.G. Kie. The use of potential
functions in modelling animal movement. In Selected Works of David Brillinger, pages 385–
409. Springer, 2012.

[30] David R. Brillinger, H.K. Preisler, and M.J. Wisdom. Modelling particles moving in a po-
tential field with pairwise interactions and an application. Brazilian Journal of Probability
and Statistics, 25(3) :421–436, 2011.
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[57] Donald A. Dawson and Jürgen Gärtner. Large deviations, free energy functional and
quasi–potential for a mean field model of interacting diffusions, volume 78. American Ma-
thematical Soc., 1989.

[58] P-E Chaudru de Raynal, J-F Jabir, and S Menozzi. Multidimensional Stable driven McKean–
Vlasov SDEs with distributional interaction kernel : a regularization by noise perspective.
arXiv preprint arXiv :2205.11866, 2022.

[59] Paul-Eric Chaudru de Raynal and Noufel Frikha. From the backward Kolmogorov PDE
on the Wasserstein space to propagation of chaos for McKean–Vlasov SDEs. Journal de
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tion et à coefficients non bornés. In Annales de l’IHP Probabilités et Statistiques, volume 22,
pages 237–262, 1986.
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[134] Eva Löcherbach. LAN and LAMN for systems of interacting diffusions with branching and
immigration. In Annales de l’IHP Probabilités et Statistiques, volume 38, pages 59–90, 2002.

[135] Mark G. Low. Nonexistence of an adaptive estimator for the value of an unknown probability
density. Ann. Statist., 20(1) :598–602, 1992.

[136] Fei Lu, Mauro Maggioni, and Sui Tang. Learning interaction kernels in heterogeneous systems
of agents from multiple trajectories. J. Mach. Learn. Res., 22 :32–1, 2021.

[137] Fei Lu, Mauro Maggioni, and Sui Tang. Learning interaction kernels in stochastic systems of
interacting particles from multiple trajectories. Foundations of Computational Mathematics,
22(4) :1013–1067, 2022.

204



APPENDICES BIBLIOGRAPHIE

[138] Fei Lu, Ming Zhong, Sui Tang, and Mauro Maggioni. Nonparametric inference of interaction
laws in systems of agents from trajectory data. Proceedings of the National Academy of
Sciences, 116(29) :14424–14433, 2019.

[139] Alessandra Lunardi. Analytic semigroups and optimal regularity in parabolic problems.
Springer Science & Business Media, 2012.

[140] Mauro Maggioni, Jason Miller, Hongda Qiu, and Ming Zhong. Learning Interaction Kernels
for Agent Systems on Riemannian Manifolds. arXiv preprint arXiv :2102.00327, 2021.
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[162] Karl Oelschläger. A law of large numbers for moderately interacting diffusion processes.
Zeitschrift für Wahrscheinlichkeitstheorie und verwandte Gebiete, 69(2) :279–322, 1985.

[163] Emanuel Parzen. On estimation of a probability density function and mode. The Annals of
Mathematical Statistics, 33(3) :1065–1076, 1962.

[164] Panpan Ren and Jiang-Lun Wu. Least squares estimator for path–dependent McKean–Vlasov
SDEs via discrete–time observations. Acta Mathematica Scientia, 39(3) :691–716, 2019.

[165] Daniel Revuz and Marc Yor. Continuous martingales and Brownian motion, volume 293 of
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical
Sciences]. Springer-Verlag, Berlin, third edition, 1999.

[166] Murray Rosenblatt. Remarks on some nonparametric estimates of a density function. The
Annals of Mathematical Statistics, pages 832–837, 1956.

[167] Thomas J. Rothenberg. Identification in parametric models. Econometrica : Journal of the
Econometric Society, pages 577–591, 1971.

[168] Michael Scheutzow. Uniqueness and non–uniqueness of solutions of Vlasov–McKean equa-
tions. Journal of the Australian Mathematical Society, 43(2) :246–256, 1987.

[169] Louis Sharrock, Nikolas Kantas, Panos Parpas, and Grigorios A. Pavliotis. Parame-
ter Estimation for the McKean–Vlasov Stochastic Differential Equation. arXiv preprint
arXiv :2106.13751, 2021.

[170] Tokuzo Shiga and Hiroshi Tanaka. Central limit theorem for a system of Markovian par-
ticles with mean field interactions. Zeitschrift für Wahrscheinlichkeitstheorie und verwandte
Gebiete, 69(3) :439–459, 1985.

[171] Daniel W. Stroock and S.R. Srinivasa Varadhan. Multidimensional diffusion processes, vo-
lume 233. Springer Science & Business Media, 1997.

[172] Alain-Sol Sznitman. Nonlinear reflecting diffusion process, and the propagation of chaos and
fluctuations associated. J. Funct. Anal., 56(3) :311–336, 1984.

206



APPENDICES BIBLIOGRAPHIE

[173] Alain-Sol Sznitman. Topics in propagation of chaos. In Ecole d’été de Probabilités de
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MOTS CLÉS

Statistique paramétrique/non-paramétrique, Statistique des processus aléatoires, modèle de McKean-Vlasov, Systèmes
de particules en interaction, Limite de Champ moyen, Propagation du chaos, Inégalités de concentration, Equation aux
dérivées partielles paraboliques non-linéaires, Equation de Fokker-Planck-Kolmogorov non-linéaire, Espaces de Hölder,
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mum de vraisemblance, Inégalités oracles, Estimateurs à noyaux, Sélection de fenêtres, Méthode de Goldenshluger-Lepski,
Déconvolution.

RÉSUMÉ

Cette thèse se situe à l’interface de la Statistique, paramétrique et non-paramétrique, des processus stochastiques, et de l’analyse des
équations aux dérivées partielles paraboliques. Le fil conducteur des travaux présentés ici a été d’obtenir des informations sur le flot
de mesures de probabilités, solution d’une équation de Fokker-Planck-Kolmogorov non-linéaire, dite équation de McKean-Vlasov, et sur
le coefficient de drift de cette équation, à l’aide de l’observation continue de la solution du système linéaire de diffusions en interaction
l’approchant en limite de champ moyen, i.e. quand le nombre de particules de ce système croı̂t vers l’infini.

Dans une première partie, nous présentons les résultats obtenus quand le coefficient de drift dépend d’un paramètre inconnu. Nous suivons
le programme d’estimation de Ibragimov et Hasminskii : nous montrons que la propriété de normalité locale asymptotique est vérifiée
par ce modèle et nous en déduisons des propriétés fines de convergence et de normalité asymptotique de l’estimateur du maximum de
vraisemblance de ce paramètre. Nous proposons un nouveau critère de vérification de la non-dégénérescence et de l’identifiabilité de ce
problème statistique.

Dans une deuxième partie, nous présentons les résultats obtenus quand le coefficient de drift est inconnu, mais appartient à une certaine
classe de fonctions caractérisées par leur régularité : les fonctions localement hölderiennes. Cette partie repose sur une nouvelle inégalité
de concentration de type Bernstein, et sur des techniques de statistique non-paramétrique : nous construisons des estimateurs à noyaux
adaptatifs de la densité solution de l’équation de McKean-Vlasov et de son drift à l’aide de la méthode de Goldenshluger-Lepski, et nous
montrons que ces estimateurs sont optimaux au sens minimax pour un risque ponctuel. Enfin, nous construisons un estimateur de la force
d’interaction dans le cas d’un drift de type Vlasov à l’aide d’une méthode de déconvolution.

ABSTRACT

This thesis lies at the crossroads of non-parametric and parametric Statistics of processes, and parabolic partial differential equations
analysis. The aim of the present work was to obtain informations about the flow of probability measures solution of a nonlinear Fokker-
Planck-Kolmogorov equation, known as McKean-Vlasov equation, and about the drift coefficient of this equation, thanks to the continuous
observation of the solution of a linear system of interacting diffusions as an approximation in a mean-field limit, i.e. as the number of
particles in this system grows to infinity.

In a first part, we present our results when the drift coefficient depends on an unknown parameter. We follow the estimation program
of Ibragimov and Hasminskii : we show that our model verifies the local asymptotic normality property, and we deduce from it precise
properties of convergence and asymptotic normality of the maximum likelihood estimator of the parameter. We give a new criterium for
verifying that this statistical problem is non-degenerate and identifiable.

In a second part, we present our results when the drift coefficient is unknown, but lies in a certain class of functions characterized by their
regularity : the local Hölder functions. This part relies on a new Bernstein type concentration inequality, and on nonparametric statistics tools
: we build adaptive kernel estimators of the density solution of the McKean-Vlasov equation and of its drift, and we show that these estimators
are optimal in a minimax sense for a pointwise risk. Finally, we construct an estimator of the interaction force in the case of a Vlasov type
drift by means of a deconvolution method.

KEYWORDS

Nonparametric statistics, Parametric statistics, Statistics of stochastic processes, McKean-Vlasov model, Interacting par-
ticle systems, Mean-field limit, Propagation of chaos, Concentration inequalities, Nonlinear Parabolic Partial differen-
tial equation, Nonlinear Fokker-Planck-Kolmogorov equation, Adaptive minimax estimation, Local Asymptotic Normality,
Ibragimov-Hasminski’s program, Maximum likelihood estimator, Oracle inequality, Kernel estimation, Bandwidth selection,
Goldenshluger-Lepski’s method, Deconvolution.
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