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En ce siècle où l'homme s'acharne à détruire d'innombrables formes vivantes, après tant de siècles dont la richesse et la diversité constituaient de temps immémorial, le plus clair de son patrimoine, jamais sans doute, il n'a été plus nécessaire de dire, comme le font les mythes, qu'un humanisme bien ordonné, ne commence pas par soi-même, mais place le monde avant la vie, la vie avant l'homme, le respect des autres avant l'amour-propre : et que même un séjour d'un ou deux millions d'années sur cette terre, puisque de toute façon il connaîtra un terme, ne saurait servir d'excuse à une espèce quelconque, fût-ce la nôtre, pour se l'approprier comme une chose et s'y conduire sans pudeur ni discrétion.

Claude Lévi-Strauss, Mythologiques 3. L'Origine des manières de table (1968) éd. Plon, 1968, p. 422 1

Résumé

Ce mémoire comprend trois essais portant sur les réponses apportées par le progrès technique face aux enjeux liés à la dégradation de l'environnement. Il apparaît en eet que le progrès technique, en tant que l'un des principaux moteurs de la croissance économique, a un rôle déterminant à jouer dans la transition de nos économies vers des modèles de développemnt moins intensifs en ressources naturelles et moins polluants. Ces trois essais sont précédés d'un chapitre introductif faisant état de la littérature économique sur ces questions, de ses limites et des perspectives de recherche futures. Le deuxième essai analyse la prise de décision des investisseurs qui doivent choisir entre nancer la recherche dans des secteurs polluants ou non polluants. Cette décision s'eectue dans un contexte de complémentarités technologiques, c'est à dire qu'un secteur devient d'autant plus protable que le nombre de rmes lui appartenant est relativement important.

Ces complémentarités peuvent venir de retombées technologiques, d'eets de réseaux, ou de l'aquisition de compétences spéciques par les travailleurs. Par ailleurs, ces eets peuvent être ressentis au niveau du prot individuel des investisseur, et/ou au niveau aggrégé de l'économie. Il est montré que lorsque les choix des agents sont complémentaires, l'équilibre de long terme peut être indéterminé, à cause de l'existence d'anticipations auto-réalisatrices.

Ainsi, pour un ensemble de niveaux initiaux d'investissment aggrégé relatif dans le secteur non polluant, l'économie peut se spécialiser indiéremment dans l'un ou l'autre des secteurs à long terme. Cet équilibre dépend des croyances des investisseurs, et des anticipations qu'ils forment sur la future direction de l'investissement aggrégé. Par ailleurs, lorsque les complémentarités existent également au niveau de la société entière, une taxe pigouvienne sur la pollution peut se révéler inecace à diriger l'économie vers un l'équilibre socialement optimal. En eet, cette politique ne sut pas à rendre irrationelle la croyance que l'économie puisse converger à long terme vers le secteur polluant. D'autres formes de politiques environnementales sont alors proposées pour palier cette inecacité.

Le troisième essai aborde la question du progrès technique dirigé vers les technologies vertes, étant données les contraintes particulières imposées par l'ouverture des frontières.

Dans ce modèle dynamique à deux pays, des échanges internationaux intra-industrie sont induits par le goût des consommateurs pour la variété. La production des biens intermédiaires échangés sur les marchés internationaux requiert du facteur travail et émet de la pollution qui nuit à l'environnement et par là, au bien-être aggrégé. L'intensité polluante, c'est à dire la quantité d'émissions par unité de bien produite, peut être réduite grâce au progrès technique dirigé. Le progrès technique dans ce modèle nécessite l'emploi de main d'oeuvre pour la R&D et peut être de deux sortes : horizontal (augmentation du nombre de variétés produites et échangées dans le secteur manufacturé) ou vertical (amélioration de la productivité des travailleurs ou de l'intensité polluante). Dans chaque pays, le gouvernement impose une taxe sur la pollution qui va, selon son niveau comparé au coût du travail et étant données les technologies disponibles, inuencer la répartition de l'innovation dans les diérents secteurs.

L'ensemble des paramètres exogènes dénissant les deux pays sont supposés symmetriques, excepté leur niveau de taxe sur la pollution. Les résultats montrent que si le taux de taxe est gardé constant lors de l'ouverture au commerce, ouvrir les frontières fait converger les change used to be a way for humans to escape vulnerability faced with environmental constraints: Find ways to protect ourselves against bad weather conditions, grow and raise our own food, ght against diseases... More recently, a new source of vulnerability appeared:

nature's vulnerability faced with the power of human techniques.

Humans have become so much able to control and manipulate their environment that they became also able to damage it. Then new environmental constraints started to burden them through their dependence on the quality of their environment. These new constraints operate in two ways: rst the stocks and regeneration rates of resources provided by their environment are nite. Second, some events are irreversible, at least in the timescale of human civilization. The most signicant example being the occurrence of large scale environmental disasters such as a major nuclear accident or a big rise of sea levels.

In front of this new source of vulnerability for humankind, technological change eventually became seen as way to lessen our dependence on environmental resources, alleviate the damages created by economic development or even to x them.

Therefore, technological change does not only drive the rate of development of our economies, it also inuences its features: to put it briey, whether development is sustainable or not.

By sustainable, we dene an economy in which the long term ability of agents to produce and consume is not threatened by environmental limits. In such an economy, the stock of renewable and non renewable resources will never be depleted and the probability of occurrence of a serious environmental disaster will be kept low enough.

Obviously the environmental constraints stated above translate into constraints for economic modeling. To answer the issues they raise, a long term macroeconomic approach is needed. Time will be a very important variable in environmental macroeconomic models. In a standard growth model with only physical capital accumulation, the time line is arbitrary:

it relates directly to the amount of capital accumulated, and can go back and forth. Economic activity however, takes place in and interacts with an environment for which chronology matters, particularly due to irreversibilities. The timescale may also be quite dierent, since most environmental dynamics are much slower than any economic variable ones.

Sustainability is a very widely studied topic in economics. A dominant concern of the literature so far has been to gure out whether the growth pace of our economies is necessarily limited if we want to keep away from environmental depletion. As expected the answer relies a lot on the frameworks specications. Nevertheless, in most of the cases, results depend mostly and crucially on the assumptions that are made about technological change. Therefore, the split between growth optimists and growth pessimists can be summarize by a dierence in their faith in technology.

Rather than limiting ourselves with faith and beliefs, it seems necessary to understand the mechanisms driving innovation, adoption, and diusion of new technologies, and what they imply for the environment and economic development. This is the only way that can lead us to design ecient policies and hopefully handle the environmental issue in the long run. This is the approach that we are taking in this chapter, trying to give an overview of the recent literature on this topic and of the main challenges for economic theory.

Innovation and macro dynamics

It is widely recognized that growth in the stock of knowledge and the quality of technology is a necessary condition for per capita output to be able to grow at a constant rate. This property comes from an intrinsic feature of knowledge: its non rivalry. If a rm discovers how to build an electric car, and if the rm's employees teach to other rms' employees how to do so, the knowledge of how to build an electric car will remain unaltered and usable in the production of new cars. Whatever the number of people it is shared with, the quantity and the quality of knowledge remains constant. The same idea can be used as many times as we want to produce nal output, as long as we don't run out of the physical, tangible ingredients needed to store and use this knowledge: human brains, integrated circuits, etc.

This brings us to an important distinction between pure knowledge and embodied knowledge: while pure knowledge (an idea, for example a protocol to produce a medicine) is non rival, the physical part in which knowledge is embodied (a computer, a worker...) is rival:

the same worker or the same machine cannot produce innitely many outputs per unit of time. They can only lie at one place and produce a given amount of goods at the same time.

Yet, the fact that embodied knowledge is created out of non rival knowledge makes long run output growth theoretically possible. Let indeed articially split the rival (tangible frame)

and the non rival (knowledge) parts of embodied knowledge between two separate inputs. It is a standard and pretty obvious hypothesis to assume that the production function should be homogeneous of degree one in the rival inputs: since the non rival ones can be reused without bound, by doubling the amount of rival inputs available, and using the same non rival inputs twice, the amount of goods produced should be doubled. Constant returns in the rival inputs implies decreasing returns in per capita output production, and therefore convergence of the level of output per capita to a steady state value. Non rivalry of knowledge introduces increasing returns to scale in the production function, thus allowing for permanent growth, as long as the production function of knowledge allows this input to grow innitely. Now that we have shown that using knowledge in production allows output to grow at a non decreasing rate, a natural question arising is: how is new knowledge created? There are actually two issues inside this question that are relevant for growth theory and that we will try to address in the next section: First, how are new ideas discovered? Fully answering this question is beyond the scope of economic science, as it deals with the origins of ideas and concepts, but we may assume that all ideas preexist: for example, the squared length of the hypotenuse in a right angled triangle yet equaled the sum of the squared length of the two other sides, even before Pythagoras's theorem was stated. Then, new knowledge creation corresponds to the rst time an idea is translated into embodied knowledge. We may wonder what is the process of new knowledge creation, what are the incentives at work and the resources needed.

We showed that thanks to the non rival feature of pure knowledge, the same piece of knowledge (once it has been discovered) can be used innitely many times to create more embodied knowledge, that is, more inputs. The second issue is then how is embodied knowledge replicated, that is, how are knowledge intensive inputs replicated? Does embodied knowledge just replicate itself through the production of its physical part? This issue is particularly signicant for the specic case of highly skilled labor: human knowldege does not automatically pass on the next generation of workers. We will then study the incentives and resources needed for the replication of embodied knowledge.

Opening the black-box of knowledge creation

Before going further we need to dene excludability, another potential attribute of goods, closely related to rivalry. The level of excludability of a good depends on how easily one can prevent other agents from using it, and it plays a major role in creating incentives for the good's production and provision. As explained by [START_REF] Romer | Endogenous technological change[END_REF], while rivalry is a pure technological concept, depending on intrinsic properties of the good, excludability depends on both technology and institutions. It is very easy to photocopy the pages of a book, or to copy and send a program le from a computer to another one (this is the technological part), but if intellectual property laws are very coercive and well enforced, it may become harder, or at least more costly (this is the institutional part).

Is knowledge excludable? First, let's think about pure knowledge, ideas that have not been discovered yet, or ideas taken independently from their physical frame. The only measure of excludability we could use for this very specic kind of goods is the diculty to discover them, the amount of resources required to understand a concept for the rst time. In that sense we can say that discovering how to make a steam machine work was easier than understanding how to make a nuclear reactor work. More interestingly here, is embodied knowledge excludable? This depends rst on the intrinsic excludability of the pure knowledge embodied (some ideas are easier to understand than others even when they are explained to you), but also on the technological properties of the object it is embodied in: a book is a not much excludable kind of embodied knowledge, some machines may be more or less easy to reverse-engineer, and a human brain is quite dicult to access if the human does not want to share her knowledge with any one else. Finally, excludability of embodied knowledge depends on institutions, more specically on how intellectual property is enforced in the economic environment, or conversely, on how institutions favor knowledge transfers and diusion.

Lets now once more disentangle pure knowledge from its human capital physical support and assume it is a productive input in itself. We know from basic macroeconomics that agents provide inputs by responding to private incentives (e.g. they make arbitrage between labor and leisure or consumption and saving). Similarly, agents will provide knowledge if they have incentives to do so, that is if they get benets from increasing the stock of knowledge.

We will show that the incentive to provide new knowledge depends on the excludability of embodied knowledge.

Embodied ideas and the incentives to invest in research and development

To make our argument clear, we will formalize the production function of goods by individual producers in the following way [START_REF] Romer | Mathiness in the theory of economic growth[END_REF]):

Let's assume the production function of individual rms in an industry takes the form:

y = g(X)f (x)
where g and f are two continuous and increasing functions. X is the set of inputs that are non excludable: they benet the whole industry, and x are the set of inputs belonging to the rm, that the rm can prevent other rms from using. Now assume that:

x = (a, z)

where a is a set of non rival (but excludable) inputs, and z are rival excludable inputs, such as the standard ones: physical capital, labor, land.

If embodied knowledge is taken to be part of the set X, that is, if once it has been discovered, it is very easy to replicate a therefore available to every producer in the economy at a very low cost, then the production function of individual rms takes the form:

y = Af (z)
where A is a pure public good and as such, will suer the under-provision issue specic to any public goods. The only way to supply it in an optimal amount is to have a benevolent Social Planner supplying it in a centralized way. This was the approach chosen by [START_REF] Shell | Toward a theory of inventive activity and capital accumulation[END_REF]. While it is consistent with the observation that nowadays' governments devote high spending to public research, this is not fully satisfactory in the sense that it does not explain why private and self interested individuals and rms carry out research and development even without governmental subsidies.

Another explanation for public good knowledge creation is that it happens as an unintended byproduct of capital accumulation. This latter assumption gave rise to the learning by doing literature, initiated by [START_REF] Arrow | Economic welfare and the allocation of resources for invention[END_REF]. In his approach, it is assumed that eciency in output production depends on experience and the proxy used for experience is the amount of accumulated physical capital. All units of capital are assumed to have identical output capacity, but the amount of labor required per unit of capital is decreasing with the stock of accumulated capital: capital becomes more and more ecient. This model has been followed by a large literature using AK models of growth, such as [START_REF] Frankel | The production function in allocation and growth: a synthesis[END_REF] and [START_REF] Romer | Increasing returns and long-run growth[END_REF]. In this framework, rms do not intentionally invest in R&D, and there is no excludable compensation for the private contribution of rms to increasing the stock of knowledge. Even though this kind of learning eects through production experience makes sense and seems coherent with our intuitions on knowledge acquisition, the precise way this mechanism works remains largely unexplained and in particular the rate at which capital accumulation generates new knowledge is exogenous and independent of any research eort by the agents. So let's from now on focus on embodied knowledge as being part of x, and split it between its non rival pure knowledge part a and its rival physical part z.

As we said above, there are constant returns to scale in z alone and thus increasing returns to scale in a and z. Euler's theorem tells us that in such case, the rule of marginal cost pricing is no longer optimal, since it would imply that the compensation payed to inputs by the rm is higher than the rm's total revenue. [START_REF] Dasgupta | Learning-by-doing, market structure and industrial and trade policies[END_REF] show in a model with learning that a decentralized equilibrium with many competing rms cannot be sustained in the long run if knowledge is non rival and at least partially excludable. The endogenous growth literature has developed several tools to deal with increasing returns while treating knowledge as excludable.

The monopolistic competition framework: In line with [START_REF] Dasgupta | Learning-by-doing, market structure and industrial and trade policies[END_REF], it has become a standard argument that private investment in research and development is motivated by monopoly rents. [START_REF] Romer | Endogenous technological change[END_REF] draws one of the rst models of endogenous growth with monopolistic competition. In this product variety approach, there are three sectors: a research sector, an intermediate good sector, and a nal good sector. For Romer, new ideas are discovered using existing ideas and a specic input (homogeneous to labor) called human capital. These new ideas allow their owner to build intermediate goods (i.e. embodied knowledge) out of nal good, that are inputs for nal good production. The processes of pure knowledge creation and embodied knowledge accumulation are entangled: each new idea discovered allows to build an additional variety of intermediate goods (that do not depreciate). Finally, the nal good sector produces the nal output Y using human capital H Y , intermediate inputs (embodied capital) x i , and labor L, according to the following production function:

Y = H α Y L β +∞ i=0
x 1-α-β i where productivity in producing the nal good is indexed by a number A such that for any i > A, x i = 0 (A contains only ideas that have already been discovered). The key point is that each new piece of knowledge created gives an innitely lived patent to its creator and thus allows her to produce a new variety of intermediate input. Thus, machine producers are monopolists on their variety and earn a monopoly rent. This is what makes knowledge excludable.

The schumpeterian approach [START_REF] Aghion | A model of growth through creative destruction[END_REF] follows the same logic of monopolistically produced intermediate goods, but it focuses on the creative destruction happening during the process of new knowledge creation. Instead of assuming that each and every new piece of embodied knowledge is useful as an input to produce the nal good, they assume that only a xed set of intermediates are used, which are the most productive ones of a given set of varieties. The process of new knowledge creation is about improving how productive the intermediates are as inputs for producing the nal good, whose production function takes the form:

Y = L 1-α 1 0 A 1-α i x α i di
with Y being total output, L the labor force, A i the pure knowledge or productivity parameter, depending on the variety i of machine used, and x i is the quantity of each machine used in production. α is the standard labor-capital share parameter.

In this approach, intermediates correspond to the tangible part of our embodied knowledge while the pure knowledge part appears in the nal good production function. The pure knowledge input is of course non rival but also non excludable, it comes automatically with the intermediate input it is embodied in. Intermediate inputs on the contrary are excludable and rms who produce it have a monopoly power on their variety which allows them to earn a rent and gives them incentive to invest in research and development.

Proponents of the schumpeterian approach point out the fact that creative destruction provides an explaination for the observed turnover of rms during the growth process and the fact that obsolote technologies exit the market at some point. Yet, variety expansion as an engine for growth should not be neglected. Horizontal and vertical innovation based models have been brought back together in recent work that investigates the joint dynamics of product variety and productivity [START_REF] Peretto | The manhattan metaphor[END_REF].

Human capital and growth through imitation: The variable H called human capital in [START_REF] Lucas | On the mechanics of economic development[END_REF] corresponds to the tangible part of what we call embodied knowledge 1 . Except that it is the place where knowledge is embodied, it is a standard production factor, rival and excludable. Therefore the production function of idiosyncratic rms are homogeneous of degree one in human capital and other rival inputs, and rms have an incentive to invest in human capital as well as in physical capital. Growth comes from learning eects through accumulation of human capital: new knowledge creation is a byproduct of human capital accumulation.

A recent strand of literature uses the same idea of knowledge embodied in human capital.

In [START_REF] Lucas | Knowledge growth and the allocation of time[END_REF] and [START_REF] Perla | Equilibrium imitation and growth[END_REF], the economy is populated by a continuum of (competitive) idiosyncratic rms, each of them being endowed with a piece of technology input, embodied with ideas that allow the rm to produce more or less output. Production functions exhibit constant returns to scale with respect to this technology embodied with knowledge (which is the sole input). In each period, rms can decide to sacrice part of their output to acquire more human capital by imitating other rms in the economy. Formally, rms who choose to imitate draw a new embodied technology from the distribution of existing ones in the economy. [START_REF] Lucas | Knowledge growth and the allocation of time[END_REF] see knowledge in their model as being rival in the short term (because it is embodied) but not in the long run (because everyone can copy it and use it without reducing the ability of other rms to benet from it):

1 Therefore it is also dierent from the human capital input used in [START_REF] Romer | Endogenous technological change[END_REF], with is a rival and excludable input homogeneous to labor.

In our setup, in contrast, knowledge is partially rival: it is rival in the shortrun because people who want to access better knowledge must exert eort and have the good luck to run into the right people; but knowledge is non-rival in the long-run in the sense that it is in no way diminished when it spreads from one person to another [START_REF] Lucas | Knowledge growth and the allocation of time[END_REF] To be consistent with our approach, these models of growth through imitation can be interpreted the following way: the input held by rms is embodied knowledge. Its pure knowledge part is non rival, allowing for constant returns to scale in embodied knowledge alone, and its physical part is and stays rival.

If we write the production function from [START_REF] Perla | Equilibrium imitation and growth[END_REF] the following way:

y it = x it = A 1-α it h α it
where x it is embodied knowledge, that can be split in the production process between its knowledge (A it ) and physical (h it ) parts, then it becomes clear that the imitation process (that leads a rm to obtain a higher x it ) involves at the same time pure knowledge acquisition from someone already using is, and human capital accumulation in Lucas sense. Yet, instead of new knowledge creation, it is more a process of rms learning the knowledge embodied in existing technologies, and using it to produce some more rival and more or less excludable technologies (human capital). Each rm, when imitating more productive rms, accumulates at the same time (non rival) ideas and human capital in which they are embodied. Therefore the process has non decreasing returns.

It appears now clearly that these are not models of pure knowledge production. In these models, either all ideas preexist, in the sense that from the beginning of times, all ideas that will ever be used are already used by at least one rm in the economy (i.e. the distribution of rm's productivity has innite right tails), or new ideas are created at an exogenous rate per unit of time (i.e. the right tail of the distribution moves forward at an exogenous rate).

The main dierence between the monopolistic competition approach and the human capital approach is that the former is a description of how knowledge is created while the latter is a description of how embodied knowledge spreads among rms. In the monopolistic competition framework, embodied knowledge belongs to one single monopolist as long as the patent lasts. A rm cannot start producing new embodied knowledge without having discovered new ideas. Moreover, there is no diusion process since as soon as a new idea is discovered, it is used in the economy, and when the patent ends, the technology is immediately available to everyone.

Finally, in the schumpeterian model, rms invest in new knowledge creation and get benets from it as long as their idea, by being protected from imitation, confers them monopoly power. In contrast, in the human capital approach, new ideas production is exogenous and rms have an incentive to invest in imitating other rm's technology thanks to the spillover of ideas embodied in this technology. (CRS in capital, that is machines embodied with ideas because of the non rivalry of ideas). with higher productivity, it will be able to imitate and use this higher productivity), and β the rate at which rms access the set undiscovered ideas. Then the evolution of F is described by:

∂F (z, t) ∂t = -α[1 -F (z, t)]F (z, t) -β[1 -G(z)]F (z, t).
In the monopolistic competition literature, rms create new ideas because each new idea is rewarded with a patent and thus monopoly power over the production of the capital embodied with this new idea. This is what motivates rms for creating new knowledge.

Both approaches assume more or less explicitly that new ideas can be created without bound. In the growth through imitation approach, this process is exogenous. In the monopolistic competition approach, new ideas are created according to some given production function. The arrival rate of new ideas depends on the amount of input devoted to research and development (eort), plus some spillover eects (depending on the existing stock of ideas). [START_REF] Romer | Endogenous technological change[END_REF] for example:

Ȧj = δH j A
where Ȧj is the contribution of rm j to increasing the total stock of knowledge, A. δ is a productivity parameter of the research sector, and H j is the amount of human capital (as dened by [START_REF] Romer | Endogenous technological change[END_REF] available to rm j. Notice that each rm has access to the entire stock of existing knowledge to produce new ideas. [START_REF] Jones | R & d-based models of economic growth[END_REF], generalizes the knowledge production function from [START_REF] Romer | Endogenous technological change[END_REF], by:

Ȧj = ξA ψ L λ A
where ξ, ψ captures inter-temporal knowledge spillovers, L A is the amount of labor used in R&D activities and λ captures decreasing marginal returns of labor in knowledge production.

Models using strong spillovers (ψ = 1) are sometimes called endogenous growth models in comparison to the semi-endogenous growth models in which ψ < 1 [START_REF] Eicher | Non-scale models of economic growth[END_REF]. This distinction comes from the fact that with ψ < 1, the optimal growth rate does not depend on the size of the research eort L A .3 

Another specication for the knowledge production function is called the lab-equipment model [START_REF] Rivera-Batiz | Economic integration and endogenous growth[END_REF] and assumes that knowledge is produced using the same inputs as the nal good:

Ȧj = ξA ψ L λ A I ν A where I A is investment of the nal good.
Finally, in [START_REF] Aghion | A model of growth through creative destruction[END_REF], a research rm employing n units of nal good will experience innovation with a Poisson arrival rate λφ(n), where λ is a constant parameter, and φ is a constant return, concave production function. Innovation increases the productivity parameter by a factor γ > 1.

Therefore all these models make quite ad-hoc production functions for new knowledge.

They assume that new knowledge is created using the same inputs and the same kind of reduced form production function as any standard good. Yet this is not a minor assumption since we saw in the introduction of this section that having the stock of ideas able (from a technical stand) to grow without bound is one necessary condition for knowledge to generate increasing returns.

Thinking more in depth about the way new knowledge is created, modeling it and including it in standard growth theory is not an easy task. However, some authors have started looking at this issue and proposed a few insights. [START_REF] Weitzman | Hybridizing growth theory[END_REF] proposes an hybridizing growth theory on the way new knowledge is created, that justies an unbounded set of potential knowledge. According to the author, each new idea discovered is a successful combination of two or more existing ones: Take, for example, the idea of "night baseball." In 1935 the Cincinnati Reds invented, so to speak, "night baseball" by crossing the idea of "baseball" with the idea of "massed oodlights." In turn, the idea of "massed oodlights" arose by mating the idea of an "electric light" with the idea of an "electricity production and distribution network." Both of these parent ideas were, more or less, invented by Thomas Edison. The idea of an "electric light" is itself a hybrid, the rst practical example of which was made in 1879, between the idea of "articial illumination" and the idea of "electricity." The idea of an "electricity production and distribution network" was conceived by Edison in the 1880's as an explicit combination of the idea of "electricity" with the idea of a "gas distribution system," where electricity is essentially substituted for gas.

Thus, the number of new ideas that can be created in each period is a fraction of the number of untried combinations of existing ideas. Starting from a small amount of basic ideas, this can generate an overwhelmingly growing stock of idea that combined with a Solow model of growth, would generate constant returns. [START_REF] Olsson | Knowledge as a set in idea space: An epistemological view on growth[END_REF] builds a model based on a similar approach. She denes the space of potential (i.e. non necessarily discovered) ideas as an Euclidean metric space I ∈ R k + , and the set of knowledge, A t , that is, all the scientic knowledge (in a broad sense) already discovered, ideas embodied in at least one piece of human or physical capital, as a subset of I. Since I ∈ R k + , each potential idea, that is, each point i of I, is a k-dimensional vector. This is a way of dening and classifying ideas along the many characteristics that they may have.

Let's take a simple example and assume for example that an idea can be more or less abstract, more or less artistic, and more or less productive: these are three of the k dimensions along which an element of I is dened. The idea of electric power generation would then take a greater value on the productivity axis than the idea of drawing with perspective. Similarly, the idea of perspective drawing takes a greater value on the artistic axis than a remarkable identity in algebra, which is a more abstract idea. The dynamics in A t take two forms: periods of normal science and paradigm shifts. In periods of normal science, new ideas are discovered through recombination of existing ones, that is, each element of A t+1 that wasn't part of A t , is a convex combination of two points of A t . Therefore, during periods of normal science, the knowledge set is expanding toward less and less convexity. Periods of normal sciences are periods in which incremental but non revolutionary discoveries are made, at a constant rate that depends on the research eort of the country. In periods of paradigm shifts instead, non-convexities in the knowledge set increase, opening the way for new combinatory scientic improvements. What causes paradigm shifts such as the invention of agriculture or of electricity, remains a very intricate and cross-sectional issue, therefore the author assumes that such shifts in the shape knowledge set are function of a random shock variable.

Unintended side eects of innovation dynamics

What happens to prots, wealth, unemployment, saving or interest rates depends not so much on individual choices and intentions as on how those choices and intentions are coordinated. Focusing on the incentives faced by individuals trying to inuence the variable would produce the wrong answer. A broader perspective is needed. [START_REF] Howitt | Coordination issues in long-run growth[END_REF] The incentives driven approach of knowledge creation that we described in the previous sections has become increasingly popular because, contrarily to the exogenous or semiendogenous growth literature, it brings light on some of the micro-level mechanisms at work in new knowledge creation, and therefore allows for precise policy recommendation in order to stimulate or direct innovation. However, it would be a mistake to believe that this approach has wiped away external and non excludable eects from the innovation process. For example in the knowledge production functions à la [START_REF] Romer | Endogenous technological change[END_REF] or the schumpeterian models, there are still technological spillovers, introducing catch-up to the frontier eect, or building on the shoulder of giants eects. But spillovers are not the only external eect of long run growth. In the following, we describe the role of agent's interaction, global externalities and other aggregation mechanisms, to explain why aggregate variables often behave in a way that may appear contradictory with individual (rational) decisions. We show that models relying on external eects are still worth using as they can bring light on some very relevant eects in the innovation process. environment is very important for successful innovation. The easier and the better the access to existing knowledge, the more interactions between researchers the more ecient R&D sectors will be. It is a well known result that governments should compensate for the lost incentives of non excludable prots, and subsidize research and development for it to be provided in the optimal amount. A similar issue arises concerning the eects of intellectual property protection on an economy's overall level of R&D. [START_REF] Aghion | Competition, imitation and growth with step-by-step innovation[END_REF] show that up to some level, weaker patent law may raise a countries growth rate, even though it decreases the private incentives of investing in R&D.

The destruction side of creative destruction in the shumpeterian framework is another example of a side eect of innovation that can induce long run negative eects for aggregate growth: rent destruction is an integral part of the growth process and it needs to be handled by social planners. For example, technological change may raise unemployment or income inequalities, even in the long run [START_REF] Aghion | Growth and unemployment[END_REF].

Finally, income inequalities may be detrimental to growth and redistribution policies may foster growth for a variety of reasons, among them credit market imperfections [START_REF] Benabou | Inequality and growth[END_REF][START_REF] Banerjee | Occupational choice and the process of development[END_REF] or when consumers have hierarchic preferences [START_REF] Zweimüller | Schumpeterian entrepreneurs meet engel's law: the impact of inequality on innovation-driven growth[END_REF].

Innovation paths and their volatility

There is a lot of uncertainty about future innovations and technologies. Not only about the success of innovation but also about its nature, with high volatility in technological paths.

However, most endogenous growth models assume only one possible outcome for research, namely, new knowledge creation or, in an even more restrictive view, productivity improve-ment. This single outcome may be uncertain and happen with some known probability.

However, this restrictive assumption does not allow to model precisely technological path selection. The multiplicity of technological paths available comes from fundamental uncertainty in the innovation process, but also from the existence of various kinds of external eects in knowledge production as mentioned above.

In the history of sciences and techniques, there are plenty of examples of sudden and unexpected discoveries, or technologies that were invented while the researcher behind it was looking for something completely unrelated. Some examples lie among major inventions, such as the laser or the personal computer. [START_REF] Weitzman | Hybridizing growth theory[END_REF] hybridizing growth theory can help us explaining this high level of fundamental uncertainty: if every new invention is just a combination of older existing concepts or ideas, then, as the stock of existing ideas increases, the number of yet untried combinations increases more than exponentially and at the same time, the number of them that may give rise to a new invention. This increases the variability of the innovation path, and also its path dependence: as time goes, ideas available for new combinations depend more and more on which combinations have been made (and been successful) in the past and more importantly on the ones that have not been made, leaving undiscovered an overwhelmingly growing set of ideas. Given all available combinations, it doesn't seem too unrealistic to assume that the ones that will be tried, and the ones that will end up in a new, productive idea, relies at least to some extent, on pure chance.

However, let's now focus on non fundamental uncertainty. To start with a standard macroeconomic example, technological change can fail to generate increasing returns if agents do not coordinate properly. For instance, technology improvement induces an increase in potential supply. In order for it not to simply create higher unemployment, demand needs to adjust. If demand is expected to increase, then investment is optimal, the stock of capital adjusts and actual production increases. For technological change to generate output growth, investors expectations about future demand should be coordinated. Otherwise they underinvest, and technological change only generates unemployment. The classic mechanism is that in case of unexpected technological push or sticky demand, transitory unemployment will generate lower wages and thus higher prots, which in turn generates investments and higher demand. But this is not a frictionless mechanism and it may have other destabilizing eects. In general, an economy's ability to experience increasing returns out of technological change depends on its ability to deal with the multiple externalities generated by the process, the destructive creation phenomenon of schumpeterian theory being one of them, and to allocate resources in an eciently coordinated way.

Dealing with pecuniary externalities generated by imperfect competition with large xed costs, [START_REF] Murphy | Industrialization and the big push[END_REF] explore the Big Push [START_REF] Rosenstein-Rodan | Problems of industrialisation of eastern and south-eastern europe[END_REF] concept of demand externalities between industrializing rms. In their model, There is a unit continuum of goods consumed by a representative consumer. Each good can be produced either by a competitive fringe of rms at a unit marginal cost or by a monopolist that needs to pay a xed cost to enter the market but can then produce at a lower marginal cost. Whether or not it is worth it for potential monopolists to enter the market (i.e. industrialize) depends on the demand size, which in turn depends on total prots and on the number of sectors that have already industrialized (The representative consumers owns all the prot in the economy). A big push is a self-fullling switch from a low industrialization to a high industrialization equilibrium. It may happen if for example working for the high productivity rm implies a dis-utility cost for the representative consumer. Therefore in order to hire workers, the monopolists need to pay a wage premium. As long as monopolist can still make prot once they have incurred the xed cost and the wage premium a big push is possible, as rst entrant will make entry more protable for future entrants. As authors explain:

Because a rm that sets up a factory pays a wage premium, it increases the size of the market for producers of other manufactures, even if its investment loses money. Consequently, the rm's prot in this model is not an adequate measure of its contribution to the aggregate demand for manufactures since a second component of this contribution -the extra wages it pays -is not captured by the prots. [START_REF] Murphy | Industrialization and the big push[END_REF] We now turn to technological externalities. [START_REF] Bryant | A simple rational expectations keynes-type model[END_REF] gives a very simple formulation of a model where there are complementarities between inputs that can generate multiple investment paths in equilibrium: there are N agents in the economy, each of them is endowed with an amount L of leisure, and they can consume either leisure or a commodity. The commodity is produced in two stages: in the rst stage, each agent produces an intermediate good out of leisure, one for one. The N agents choose independently and without communicating, the amount of leisure that they want to devote to intermediate goods production. At the end of the rst stage, the economy is left with a bundle {I 1 , ...I N } of intermediates, I i being the amount of intermediate produced by agent i. In the second stage, the commodity is produced out of the intermediates. The amount of commodity produced is N × min{I 1 , ...I N }. This is where complementarities appear: at least 1/N units of each intermediate is needed to produce one unit of the nal commodity. Thus each agent wants to produce not more than the minimum amount of intermediate produced by other agents, which leads to multiplicity of possible equilibria.

Another typical example of multiple equilibria induced by technological externalities is the two sector AK model described by [START_REF] Matsuyama | Increasing returns, industrialization, and indeterminacy of equilibrium[END_REF]. He considers a small open economy with two sectors: agriculture and manufacturing. Each sector produces an amount of homogeneous output using labor as input. The agricultural sector operates with a constant returns to scale technology and the manufacturing sector benets from scale economies linked to the size of the labor force working in this sector. Labor demand in manufacturing is then upward sloping and the equilibrium labor force and wage in manufacturing is the intersection of the supply and demand curves of labor, which can be several, and that we can interpret as dierent possible equilibrium levels of industrialization.

All these examples generate non fundamental uncertainty in the sense that the equilibrium toward which the economy will converge is sometimes indeterminate, even without any random variable in the model. And every time, the path that is selected depends on how agents coordinate their actions. This is the issue that we address in the next section.

Coordination issues

In the examples given above where multiple technological paths can arise, some are fully indeterminate while others show path dependence: the direction of the economy depends on a set of initial conditions. [START_REF] David | Clio and the economics of qwerty[END_REF], takes the example of the QWERTY keyboard to show how small and temporally remote event can have a large inuence on outcomes. The wide supremacy of the QWERTY keyboard in nowadays computers is a good example of standardization into the wrong system. This keyboard layout has been invented in order to mitigate some of the defects in the working of the rst typewriters. Nevertheless, it wasn't the rst one to be invented, neither the most ecient, and in the 1880's, when the typewriter market started to expand, there already existed many alternatives to it. David points three main reasons why this specic technology became quickly inescapable. First, technical interrelatedness, that is the necessary compatibility between the machine (the typewriter) and the worker (typewriter user). To be ecient, a typewriter user must have learned how to type on a keyboard of the kind that she is using. Second, economies of scale: each new worker choosing to learn how to type on a QWERTY system rather than another, increases incentives for other workers to choose this system. So if a set of workers with uniformly distributed preferences for all kinds of keyboards chooses in a random order for which one they want to be trained, then the rst few (random) events (training choices) are decisive for the rest of the story. Third and nal point: quasi-irreversibility. As time went, it became increasingly costly for workers to switch technology because of the experience they had gained, and at the same time increasingly easy for typewriters producers to adapt their machine to any kind of keyboard. Thus what naturally happened is that all typewriters switched to QWERTY and all workers kept learning how to use this technology.

This example shows the strength of past history in determining the technological path of an economy. Nonetheless, this result relies on a standard marshallian hypothesis that is made in solving this kind of coordination: the fact that variables adjust gradually following a tâtonnement process, so that what matters for the determinacy of the dynamic equilibrium path are initial conditions.

In a model such as [START_REF] Matsuyama | Increasing returns, industrialization, and indeterminacy of equilibrium[END_REF], history means initial wage in manufacturing.

In the short run, wages are determined by demand conditions. If initially, employment in manufacturing is below the low industrialization equilibrium, then the relative wage will be too low and agents gradually switch sector, making the economy converge toward the zero industrialization equilibrium. If manufacturing employment is initially between the low and the high industrialization equilibria, then the relative wage is higher than needed to sustain the equilibrium and agents gradually enter the manufacturing sector, making the economy converge to the high industrialization equilibrium. Following similar dynamics, if the economy starts above the high equilibrium it will come back to it. This is a useful way to think about multiple equilibria. However, as [START_REF] Krugman | History versus expectations[END_REF] argues:

Marshall assumed that resources move gradually in response to dierences in current earnings. However, if resources move only gradually, it must be because it is costly for them to move. And if it is costly to move, then owners of resources will be interested not only in the current return on those resources but on expected returns in the future. In the presence of some kind of externality, however, future returns depend on the factor allocation decisions of other peoplewhich also depend on their expectations of future earnings. Thus, there is at least potentially a possibility of self-fullling prophecy.

In [START_REF] Murphy | Industrialization and the big push[END_REF] or in [START_REF] Bryant | A simple rational expectations keynes-type model[END_REF], for example, the equilibrium determination is only a matter of agent's expectations about each others actions. Similarly, in the QWERTY story, agents could have all together chosen to standardize in the QWERTY system because they had expectations on what the future would be like. There is a long debate in the literature about multiple equilibria and what drives their occurrence. [START_REF] Cooper | Coordinating coordination failures in keynesian models[END_REF] study in a game theoretical approach the role of strategic complementarities in creating coordination failures. [START_REF] Krugman | History versus expectations[END_REF] builds a model that shows the link between fundamental parameters (among them, technological complementarities) and the relative importance of history versus expectations in equilibrium selection.

The setting is similar to [START_REF] Matsuyama | Increasing returns, industrialization, and indeterminacy of equilibrium[END_REF]. The economy produces two goods, one (the numeraire, C) with constant returns to scale, and one, X, with external increasing returns that take the form of productivity being an increasing function of the size of the labor force employed in the sector. The wage in sector X equals labor productivity, while the wage in sector C is constant and normalized to one. As in [START_REF] Matsuyama | Increasing returns, industrialization, and indeterminacy of equilibrium[END_REF], there is a threshold level of employment in sector X above which the wage in sector X will be higher than in sector C, and below which the wage in sector X will be lower. If we follow the Marshallian hypothesis, starting from an initial employment share, workers should move slowly to the sector where it is more protable for them to work, and thus make the economy converge toward one of the two possible equilibria: all C or all X. However, as pointed out by the author, there is no reason why workers should slowly move from one sector to the other, if it is more protable for them to move to sector X because the wage is higher, then they can move all together in a short period of time. But if this is possible, then they could also decide to move all together to sector C, and then sector C would become relatively more protable. Then, agents choice depends on their expectation on other agents choice. The only reason why workers should not move all together at once from one sector to another is if there are switching costs. Yet a switching cost assimilates the sector choice to an investment choice. And investment decisions do not only depend on current prots, but also on future expected prots. Thus expectations matter, still. [START_REF] Krugman | History versus expectations[END_REF] identies the conditions under which initial conditions matter more than expectations in determining the long run path of the economy: history dominates expectations if agents heavily discount the future, if external economies are small or if the economy adjusts slowly (high switching cost).

As we have shown in this subsection that economic expectations may strongly inuence technological paths, it seems now relevant to aim attention at how expectations are shaped as it could help solving the apparent indeterminacy of equilibria. This is what the next subsection is about.

The origins of beliefs

In a few seminal papers, [START_REF] Lucas | Expectations and the neutrality of money[END_REF][START_REF] Lucas | Some international evidence on output-ination tradeos[END_REF][START_REF] Lucas | An equilibrium model of the business cycle[END_REF] introduced the concept of rational expectations: when there is fundamental uncertainty in the model, agents form their beliefs using all the information available and their knowledge of the model's dynamics. But rst, there is not much justication for agents to behave this way, and second, as the many examples above showed, there are cases where rational expectations are not enough to select equilibria, in particular when the dynamic optimization problem of agents exhibits convexities.

Equilibrium selection then relies on beliefs held by agents. Some of them may seem very unrealistic but no strong theoretical argument allows to rule them out. Moreover, models of self-fullling expectations are also used in other elds of economic theory, such as the study of nancial bubbles and crisis, where senseless self-fullling expectations are the norm more than the exception. [START_REF] Azariadis | Self-fullling prophecies[END_REF] and [START_REF] Azariadis | Prophéties créatrices et persistance des théories[END_REF] initiate the literature on sunspot equilibria. They suggest that even without intrinsic uncertainty, if agents believe that the future path of economic variables is correlated with a stochastic extrinsic phenomenon (sunspots), random paths could be generated, which are ex-post coherent with ex-ante beliefs. The theory is illustrated by a simple overlapping generation model, with two groups of agents per period: the young choose how much to work (and earn) while the old consume everything available to them according to current prices. There are many price paths that are coherent with the optimization program of agents and equilibrium selection depends on what young people expect for future prices. To coordinate beliefs, the authors introduce a purely exogenous state of nature (sunspot) that can take two values in each period, and assume all agents believe that prices are correlated with this state of nature. This assumption generates a stochastic stationary sunspot equilibrium in which the price distribution expected by the agents comes true. Later, [START_REF] Woodford | Learning to believe in sunspots[END_REF] and [START_REF] Howitt | Animal spirits[END_REF] show how such equilibria may arise in contexts with individual learning, that is when agents do not initially start with the belief that the variable of interest is correlated with sunspots. The economy rather starts with agents having diuse beliefs about sunspots, and learn over time by Bayesian updating after having observed past events. The papers cited above show that in such a context the economy may as well converge toward the sunspot equilibrium.

Sunspot equlibria are a convenient tool that has been used to solve for technological paths indeterminacy [START_REF] Ennis | Government policy and the probability of coordination failures[END_REF], but they leave several questions unanswered.

First they leave aside any correlation between the underlying fundamentals and the resultant economic outcomes. Outcomes are fully determined by agent's coordination on the extrinsic stochastic process. Moreover the initial choice of the stochastic process remains external to the model and unjustied, which provides little intuition, in our case, on the possible ways to inuence technological choices. Although we can see sunspots as pieces of public information, their very extrinsic nature limits their role to coordinating beliefs, while public information in general also conveys information about the fundamental. Sunspot stationary equilibria do not allow either to explain shifts in equilibria. This is a major issue in nancial economics, where self-fullling expectations play a big role in generating bubbles and crashes, but it may also be relevant for endogenous growth theory, for example in a two sector economy, for determining possible switches between sectors, or in development economics, to solve the broadly studied issue of lock-in in non industrialized economic path and other poverty traps.

An alternative to sunspot equilibria to solve the issue of beliefs indeterminacy is the use of global games, originally dened by [START_REF] Carlsson | Global games and equilibrium selection[END_REF]. Two common assumptions of the rational expectations and of the sunspots literature are released: First, agents are not assumed to have common knowledge of the economic fundamentals. Therefore, intrinsic uncertainty, even if it may be small, is reconsidered. And second, agents may have heterogeneous beliefs and in no case they are certain about each others behavior in equilibrium. Global games are then games of incomplete information where players only have noisy observation of the payo structure. The actual payo structure is drawn from a (publicly known) class of games. These simple features allow in many cases to remove equilibrium indeterminacy.

Global games have been used in a wide range of the literature. [START_REF] Morris | Unique equilibrium in a model of self-fullling currency attacks[END_REF] build a rst application to currency attacks with a continuum of players. Thereafter, they enhance their study by adding public information to the framework [START_REF] Morris | Social value of public information[END_REF].

This framework, in which a continuum of agents choose which action to play in an incomplete information game with coordination eects, has been used many times to study the eect of private and public information on the multiplicity of equilibria and the volatility of outcomes.

Public information is similar to a sunspot stochastic process in the sense that it helps agents to coordinate, but it is also correlated with the fundamental and therefore carries another kind of information. Although it may nd applications in a wide range of topics, from nancial crisis to social revolutions, it is of particular interest for the study of technological investment choices when there are external eects. We will rst give an overview of the standard model and then summarize the main ndings of the literature.

Following [START_REF] Angeletos | Transparency of information and coordination in economies with investment complementarities[END_REF], our economy is populated by a continuum of agents (say: rms), with individual utility:

u i = Ak i - 1 2 k 2 i
where k i is investment by rm i, and A is return on investment. As already mentioned, there are complementarities in investment so that:

A = (1 -α)θ + αK
where θ is an economic fundamental inuencing investment protability, and K = k i di is aggregate investment across all rms. Thus α is a parameter that measures the relative weight of economic fundamental versus external eects in the marginal return on investment.

Agents have incomplete information about the state of the economy θ. They have a common prior about θ that it is uniform over R. Before making their investment decision, agents receive a private signal x i and a public signal (the same for all agents) z about the state of the fundamental. Signals are such that:

x i = θ + σ x ξ w = θ + σ z ε
where ξ and ε are standard normal. σ x and σ z are the standard deviation of private and public signals. Using the signals they get, rms update their beliefs about θ. Bayesian updating yields the following posterior for rm i:

E i [θ] = (1 -δ)x i + δz V i [θ] = σ 2 where δ = σ -2 z σ -2 z +σ -2 x and σ = (σ -2 z + σ -2 x ) -1
2 . From this we can deduce idiosyncratic optimal investment, which is linear in the signals and unique [START_REF] Morris | Social value of public information[END_REF]:

k i = E i [A] = βx i + γz with β = 1 -δ -ρ, γ = δ + ρ and ρ = αδ(1-δ) 1-α(1-δ) .
This result rst allows to measure the impact of information precision on welfare. [START_REF] Morris | Social value of public information[END_REF] nd that when agents receive both public and private information, more precise public information can be detrimental to welfare whereas more precise private information is always benecial. In this paper however, there are complementarities only at the individual level, and they vanish on aggregate. [START_REF] Angeletos | Transparency of information and coordination in economies with investment complementarities[END_REF] nd quite the opposite result by using a welfare function displaying aggregate complementarities in investment: heterogeneity of private investment k i as well as volatility of aggregate investment K both have a negative impact on welfare. However, when complementarities are so strong that multiple equilibria are back in the model, more precise public information may be detrimental because by helping agents to coordinate, it makes the probability of occurrence of a low equilibrium higher. Angeletos & Pavan (2007) investigate the social value of information, when there can be either substitutability of complementarity between agent's action. Further developments have replaced exogenous public information by endogenous one: the public signal comes from observing a noisy aggregate variable whose value is determined by a rst stage optimization problem of agents holding private signals about the fundamental. [START_REF] Angeletos | Crises and prices, information aggregation, multiplicity, and volatility[END_REF] study two kinds of non fundamental volatility: multiplicity of equilibria versus unique equilibrium with noise in the (endogenous) public signal and show that the private signal precision has a positive eect on the endogenous public signal one. This eect can be strong enough to generate multiple equilibria as in [START_REF] Angeletos | Transparency of information and coordination in economies with investment complementarities[END_REF]. This is in contrast with the exogenous information framework where the precision of private information always had a negative impact on outcome volatility. Using a similar setting, [START_REF] Manzano | Public and private learning from prices, strategic substitutability and complementarity, and equilibrium multiplicity[END_REF], study the eect of complementarity versus substitutabilty in agent's actions on optimal information acquisition.

All the above examples focus on static frameworks. Existence of multiple equilibria does not indeed rely on the choice of a dynamic framework, and it is relevant to study how to solve indeterminacy in static settings. For the issue of technological change that we are considering however, and even more when we will add environmental concern, long term dynamics are very important, and it becomes inescapable to know how the results obtained in static models translate into dynamic ones.

Several studies have extended the framework of [START_REF] Carlsson | Global games and equilibrium selection[END_REF] into dynamic ones [START_REF] Morris | Global Games: Theory and Applications[END_REF]Angeletos et al., 2007). Other papers have broaden the analysis and departed from pure global games to show that there exists several forces that promote a determinate equilibrium in dynamic contexts. Among them, [START_REF] Herrendorf | Ruling out multiplicity and indeterminacy: the role of heterogeneity[END_REF] studies heterogeneity in agents ability and [START_REF] Frankel | Resolving indeterminacy in dynamic settings: the role of shocks[END_REF] add imperfect public information to a model closed to [START_REF] Krugman | History versus expectations[END_REF] (See [START_REF] Karp | Fundamentals versus beliefs under almost common knowledge[END_REF] for a discussion).

Along similar lines, [START_REF] Chamley | Coordinating regime switches[END_REF], proposes a model of a repeated game played by a dierent group of heterogeneous agents (rms) in each period, who learn from observing the history of past events and their own private information. Each period, rms choose an action from a binary set {acting, not acting}. Firms have heterogeneous costs and their benet from acting linearly depends on the number of other rms acting. The distribution of costs among rms is not perfectly observed by rms, and it evolves over time according to a (known) stochastic process. Before choosing an action, rms observe their own current cost (private information) and the history of past aggregate actions that conveys some (public) information about the cost distribution. Then they update their beliefs and choose an action.

It is shown in the paper that starting from a low (respectively, high) equilibrium, i.e. with few (respectively, many) rms acting, observing the history of past actions will induce rms to give more and more weights to the probability of a low (respectively, high) equilibrium occurring in the future, even though the actual distribution of costs is actually moving to a shape where a high (respectively, low) equilibrium would also be ecient. Firms will simultaneously and unexpectedly switch equilibrium only when the shape of the costs distribution has changed enough to make the high (respectively, low) level of aggregate action the only sustainable equilibrium.

The specicity and major contribution of this model is that it provides at the same time an equilibrium selection mechanism while still allowing for large and unexpected switches in economic outcomes. This results relates to an underlying tension in the discussion about multiple equilibria in macroeconomics. On the one hand, multiple equilibria are very useful to explain abrupt and unexpected switches in agents behaviors and economic outcomes, unrelated to fundamental economic variables: those switches are equilibrium switches and come from changes in beliefs or expectations of agents. On the other hand, multiple equilibria may be seen as bugs rather than features of these models. It is well known that economists dislike residual or manna from heaven justications. Moreover, the extrinsic characteristic of beliefs in models with multiple equilibria makes them rather limited tools to provide policy recommendations. This is why a wide range of literature has focused on solving the indeterminacy. But this new approach must be able to solve the indeterminacy without departing too much from the hypothesis of the original models, otherwise they cannot be seen as small perturbations challenging the robustness of indeterminacy. Finally, in order to provide a useful new approach on this issue, they should be able to reproduce the large volatility in outcomes that we observe our situations of interest.

To conclude, environmental issues may bring new light on these topics of multiple equilibria and beliefs indeterminacy by providing a new and important example in which regime switches play a major role. As will be extensively developed in the following sections, large technological switches involving high and irreversible xed switching costs are required to cope with environmental issues. Moreover, environmental dynamics are often highly non linear with drastic shifts occuring when the level of environmental damage is too high. These specicities require to make use of the tools previously described and to deepen the reection on the origins of beliefs and the ways to deal with coordination issues.

Technological change and the environment

In the previous sections we studied extensively the links between innovation and economic paths and in particular, issues arising when the micro-level process of R&D aggregates into macroeconomic development variables.

It became clear that technological change is not only responsible for determining the growth rate of aggregate output, but also the direction that the economy is taking, the technology that is used and many other features of its development paths. We explained why exploring the link between innovation and macroeconomic paths shouldn't be done from the only perspective of individual incentives driving prot seeking agents to make R&D eorts.

We now come back to our initial question about how to reach sustainable development paths. To answer this question, we need to study in the two way relationships between technology and the environment: how does human economic development impact our environment on the one hand, and what are the constraints put by the environment on economic development if we want to avoid a doomsday on the other hand?

Our rst focus will be to characterize sustainable development paths, before nding the means to reach them. The forces driving technological change that we've studied in the rst section are not only tools to inuence growth rates and directions, they also contribute to dening what paths are feasible: the production technologies and the inputs and technologies used for knowledge creation inuence the conditions under which production and consumption growth can be sustained in the long run.

In Subsection 1.2.1 we focus on the characterization of sustainable economic paths, given dierent modeling assumptions on the kind of environmental constraint that the agents are facing and the production and innovation technologies available. In subsection 1.2.2 we move from describing the broad picture of sustainable paths to more detailed features of green innovation and environmental dynamics that, without altering the conclusions of the previous section, complicates further the design of optimal policies for sustainable transitions. are dynamic models combining a macroeconomic optimal growth model and a simplied environmental model. Such approaches have been initiated by [START_REF] Nordhaus | Rolling the 'dice': an optimal transition path for controlling greenhouse gases[END_REF] with the rst version of the DICE model, focusing on the issue of climate change, and has been followed by a very large literature (For a review, see [START_REF] Weyant | Some contributions of integrated assessment models of global climate change[END_REF] The main issue addressed by IAMs is to assess the Social Cost of Carbon (SCC), that is the marginal inter-temporal welfare impact of releasing an additional ton of CO2 in the atmosphere. Given the SCC, the eciency of several policies internalizing it such as taxes or emission permits, can be compared. The main results in this class of models takes the form of numerical simulations of the long run economic and climate systems, according to dierent policy scenarios and sets of parameters. In DICE and all subsequent models, the world is described in a Ramsey style, with a standard Cobb Douglas production function and labor augmented technology that grows at an exogenous rate, while the climate system is comprised of several atmospheric and ocean layers, with CO2 and heat exchanges between them. The economic-climate interface is twofold: On the one hand, economic production emits greenhouse gas in the atmosphere, thus contributing to increase the atmospheric concentration and then the temperature, and on the other hand, atmospheric and oceanic temperature increase damages the economic activity by reducing potential output.

A wide debate has taken place between the proponents of two alternative calibration methods developed respectively by [START_REF] Nordhaus | Rolling the 'dice': an optimal transition path for controlling greenhouse gases[END_REF] and [START_REF] Stern | The economics of climate change: the Stern review[END_REF] Since there is no endogenous R&D, the only way to alleviate the environmental damages caused by human activity is through lowering capital accumulation and production growth.

Some models encompass endogenously decreasing pollution rates, some others, as in [START_REF] Traeger | Analytic integrated assessment and uncertainty[END_REF], allow the economy to substitute between more or less polluting inputs. Such mechanisms make the necessity to reduce output less stringent, yet the only dynamic eect of internalizing the SCC by implementing optimal climate policies remains a potential decrease in the rate of return of capital, thus lowering the rate of capital accumulation.

Non renewable resources: the cake eating problem: The previous subsection's models were relevant to describe environmental issues such as pollution or depletion of renewable environmental resources. In the case of non renewable resources such as fossil energy inputs, environmental constraint directly enters the production function under the form of a nonrenewable input use R. To give an illustration, we briey describe the main assumptions and results of [START_REF] Stiglitz | Growth with exhaustible natural resources: ecient and optimal growth paths[END_REF]. Assume that the production function takes the form:

Y t = A t K α t L β t R γ t
where the stock of resource S is assumed to follow the simple dynamics:

Ṡt = -R t
and TFP A r is assumed to grow at a constant exogenous rate A t = exp(λt).

In this model, long run output growth will not be possible without a suciently high rate of (exogenous) TFP growth4 , that is, physical capital accumulation cannot be substituted for resource extraction in the long run.

However, in reality investment is not only about physical capital accumulation. Research and development is another option. We show in the next sections how endogenizing growth by increasing the range of investment possibilities of agents may oer more diverse development paths, including sustainable ones. Studying the driving forces of the return of investment in each model specication will often be a good way to assess on the one hand the impact of the environment on economic dynamics, and on the other hand the channels available to trigger a transition toward a sustainable path.

Innovation through capital accumulation and learning by doing

Again let's focus on a world in which the environmental constraint takes the form of a renewable resource, labeled environmental quality, which enters the utility function of the representative consumer, and is harmed by pollution which is a byproduct of production.

When productivity improvement is a byproduct of capital accumulation, the degree of substitutability between private consumption and environmental quality in welfare is the key parameter to look at to determine whether a sustainable path can be attained. [START_REF] Stokey | Are there limitations to growth[END_REF], shows that if production generates pollution and if pollution is too harmful for welfare, then a sustainable path with sustained production growth cannot exist. This comes from the simple intuition that output growth requires constant capital accumulation and thus generates increasing levels of pollution.

In a framework with constant returns on capital accumulation (AK) and where welfare is impacted by the consumption of an environmental good provided in limited amount, [START_REF] Guéant | Ecological intuition versus economic âreasonâ[END_REF] clearly identify the relevant parameters for the determination of the optimal investment rate, and the impact of the environmental constraint on the return of capital.

If agents had an investment opportunity that would allow them to increase the stock of environmental quality they will be able to consume in the future, then the same mechanisms would prevail as for investment in the stock of capital producing the private good. , study the drivers of R&D investment in a multi-sectoral framework. We briey describe two of these models, in order to highlight the incentives scheme driving innovation, and the resulting policy recommendations.

In AABH, preferences are CRRA and depend on environmental quality and consumption of a private good. There is an absorbing critical state for environmental quality under which an environmental disaster occurs, causing permanent innitely negative welfare. Production of the nal good requires two intermediates: a clean (c) and a dirty, polluting one (d), and the production function takes the form:

Y t = Y 1-ε ε dt + Y 1-ε ε ct ε 1-ε .
The environmental quality is a stock variable which is harmed by the amount of dirty inputs used in production, and partly recovers itself each period:

S t = (1 + δ) S t-1 -ξY dt-1 .
The clean and the dirty intermediates are produced in a symmetric way using labor and a mass one continuum of sector-specic machines:

Y jt = L 1-α jt 1 0 A 1-α jit x α it di
where L jt is labor employed in the production of intermediate j ∈ {c, d}, x ijt is the amount of the machine of type i and sector j used as input, and A ijt is the productivity of such machines. Innovation takes place in a Schumpeterian fashion: each variety of machine is produced monopolistically and the monopoly rent allows each producer to invest in R&D and try to improve her technology. The research sector is supposed be clean, hiring only labor for production. A researcher trying to improve the productivity of machine i in sector j will be successful with probability η jt . Moreover if she succeeds, the productivity of the sector will increase by a factor 1 + γ and otherwise it remains identical to the last period. If the initial average productivity in sector j is A jt-1 , and a total of s jt researchers are working in the sector (one researcher per machine), then average productivity in the sector evolves according to:

A t = (1 + γη jt s jt ) A t-1 .
A successful scientist obtains a one period patent on the technology that she discovered, ensuring a one period monopoly rent on the production of the machine. Thus, researchers decide in which sector (clean or dirty) to direct their eort according to the expected prot they would get from investing in the sector.

In equilibrium, the relative benet from undertaking research in sector c relative to sector d is:

5 Hereafter AABH Π ct Π dt = η c η d p ct p dt 1 1-α × L ct L dt × A ct-1 A dt-1 .
This formula highlights the dierent eects at work in directing innovation toward one or the other sector. The rst factor represents the relative price eect, that is, researchers have incentives to invest in the sector with the higher price. The second factor is the market size eect: researchers have incentives to direct their eort toward the sector that hires the largest amount of labor, and the third factor is a direct productivity eect: researchers have incentives to invest in the sector with the highest productivity. Of course all three eects do not necessarily work in the same direction. The authors show that when the clean and dirty inputs are substitutable enough in nal good production (ε > 1), then the market size eect and the aggregate productivity eect dominate and researchers will have the incentive to invest in the most productive sector.

Once these dynamic forces driving innovation are known, one can derive the optimal policies given the environmental constraint. The authors show that the rst best can be implemented through a tax on the dirty input Y dt and a subsidy to research in the clean sector. The policy induces a temporary slow down in output growth but after few years, the economy starts growing over and no intervention is needed anymore: clean technologies have become more productive and thus more protable for potential investors.

This model provides very interesting results and tools to study sustainability issues. Monopolistic competition and patent races as in the Schumpeterian framework accurately describe frontier innovation and some of its aggregate eects. The Schumpeterian creative destruction process is also well suited to describe path switches and the replacement of old, polluting technologies by cleaner ones. Moreover, it seems to t quite well some of the empirical evidence on induced technological change, such as technological responses in the case of energy prices uctuations [START_REF] Aghion | Carbon taxes, path dependency, and directed technical change: Evidence from the auto industry[END_REF].

Alternative market structures and innovation mechanisms have been used to model green versus brown directed technical change. For example [START_REF] Peretto | Euent taxes, market structure, and the rate and direction of endogenous technological change[END_REF] As in AABH, production is CES with two sectors:

Y = Y σ-1 σ R + Y σ-1 σ L σ σ-1
where Y R is a non renewable resource intensive input and Y L a labor intensive input. σ < 1 so that there is poor substitution between the two inputs. Production of input Y i , i = R, L, obeys:

Y i = S β i 1 0 q ik x 1-β ik dk
where i = R, L and S i is the raw input use in equilibrium, that is:

S L = L and S R = R,
x ik is the use of intermediate of variant k in sector i and q ik is the associated quality level.

Intermediates are monopolistically competitive à la [START_REF] Dixit | Monopolistic competition and optimum product diversity[END_REF] and monopolist undertake in-house R&D in order to improve the quality q ik of their product. The investment technology is:

qik = ξ i Q i D 1-ω i i D ω i ik where Q i = 1 0 q ik dk is the aggregate quality level in sector i = R, L, D ik is rm k research eort (in
terms of labor hired in R&D) and D i is the aggregate R&D eort in the sector. ξ i is a sectoral scaling parameter. Therefore, there are two kinds of spillover forces in this technology: Q i measures the impact of the current stock of knowledge on new knowledge creation, while D i measures the impact of aggregate eort on idiosyncratic innovation. ω i is a parameter of appropriability of R&D, that is, it measures to what extend private research eort benets its own investor and to what extent it benets the whole sector.

Solving the model, the authors nd an equilibrium path is which the energy share in production declines over time, energy eciency improves, energy price relative to wage declines, per capita income grows and the relative number of researchers in the labor force increases.

These results, they claim, t well the stylized facts of the oil sector in the twentieth century.

Another result is that induced technical change does not allow to fully oset the per capita income cost of energy mitigation policy. Moreover, long run growth rates are reduced when energy mitigation policy impose a decrease in the long run growth rate of energy use. Finally, the authors highlight the importance of the appropriability parameter ω in their model: the more investors will be able to gain from their own R&D eort, the stronger the induced innovation eect will be and vice versa.

Challenges for well designed environmental policies

In this section, specic features of green macroeconomic dynamics are described, as well as the way in which they may challenge the design of ecient environment and resource management policies. These features are uncertainty occurring everywhere along transition paths toward green economies, a major role for external eects, and the international scope of environmental issues.

The role of uncertainty

First, the development and deployment of new or improved technologies does not happen in a vacuum: the advance of technology derives from the dynamics of human systems, and can therefore be inuenced by the actions of rms and governments. Second, there is a distinct lack of information regarding many of the most important factors inuencing the most appropriate approaches for constraining greenhouse gas emissions and the costs of doing so. We do not know today which technologies will advance the most quickly or what their characteristics will be a decade out, let alone a half-century out; how R&D or other measures to spur advance will inuence these rates of change; how important characteristics will play out -for example, how waste, proliferation, and safety concerns or perceptions of concerns -might be addressed for particular technologies; how economies might grow and what the implications might be for emissions and emissions reductions. And we do not fully understand either the impact of increased greenhouse gas concentrations on the Earth's climate or the impact of a changed climate on human populations. [START_REF] Baker | Uncertainty and endogenous technical change in climate policy models[END_REF] Uncertainty is one of the most obvious constraint for governments steered by clean development objectives. As pointed out in the above citation, it is also very diverse. There is a lot of uncertainty both on the economic and the environmental sides. In the short run, economic uncertainty can take the form of unexpected uctuations in output dynamics (business cycles). In the long run, it relates for the most part to uncertainty on the rate and direction of technological progress, which may come from convexities in the aggregate innovation functions as pointed out in subsection 1.1.2.2. But the role of uncertainty is even more signicant when we are dealing with environmental dynamics, because they are also intrinsically highly random.

Environmental uncertainty is the most common type of uncertainty assessed in sustainable growth models. It may be about the sensitivity of the environment to human activity (e.g. the sensitivity of temperatures to CO2 emissions) or about the damage function (e.g. the impact of higher temperatures on agent's welfare).

Environmental uncertainty may come from two sources: On the one hand, some events cannot be predicted with certainty, for example, the occurrence of an earthquake or a hurricane is highly unpredictable, at least in a long term perspective. On the other hand, some aspects of environmental dynamics are not well known because of scientic uncertainty, that may be raised after scientic progress in the relevant disciplines has been made. These two distinct sources of environmental uncertainty can be related to as parametric uncertainty versus stochasticity [START_REF] Kelly | Bayesian learning, growth, and pollution[END_REF]. For climate dynamics for example, we do not know with high precision all the parameters of the laws of motion governing CO2 absorption in the atmosphere, exchanges between the dierent atmospheric and oceanic layers, and the impact of CO2 concentration on temperatures. This relates to parametric uncertainty. Stochasticity on the other hand relates to the occurrence of events such as volcanic eruptions, change in solar activity, or meteorite impact, that cannot be predicted. Both sources of uncertainty inuence agent's actions, welfare, and thus optimal environmental policies. Parametric un-certainty raises an additional and now largely studied issue linked to the learning process.

Since this kind of uncertainty is mainly due to scientic uncertainty, it is likely that there will be some kind of learning and that uncertainty will eventually be partly raised at some point in the future. Whether action should be taken now to reduce environmental damages due to human activity while the eects are not too strong yet, or we should wait for more precision in our knowledge, has been a wide debate among economists, climate scientists and policymakers. Moreover, learning about the environmental dynamics is also a matter of R&D. Thus, investing in technological change can also be about raising environmental uncertainty and not only alleviating environmental damages.

The links between uncertainty and environmental dynamics have rst been studied in IAMs: [START_REF] Kelly | Bayesian learning, growth, and pollution[END_REF] is the rst attempt to add uncertainty to the DICE Model.

Using a Monte Carlo analysis, they study the average learning time of agents making Bayesian updating of their beliefs on imperfectly observed climate sensitivity. Such averaging over deterministic runs have been largely used to assess the impact of parameters uncertainty in IAMs. using a similar Monte Carlo approach, Nordhaus (2016) addresses the impact of various parameters uncertainty on the results of a baseline DICE run, and nds an average SCC over 100 random runs that is about 15% larger than the certainty equivalent one6 . This comes from asymmetry in the impacts of uncertainty on the damages from climate change.

The results also show that some outcome variables have a quite low coecient of variation (i.e. standard deviation over mean), such as temperature increases in 2100 (19%) while others have a very high one, such as the SCC in 2015 (74%).

The issue is that Monte Carlo runs tell nothing about the endogenous variations in behaviors that uncertainty can give rise to, and therefore neither does it help to assess the impact of uncertainty on optimal environmental policies7 . Understanding how and why uncertainty aects behavior and not only outcomes is an important theoretical question that helps to highlight the main issues raised by uncertainty in the context of green innovation.

It is important to note rst that uncertainty aects risk averse agent's utility. In a standard discounted expected utility model, risk in the rate of return of an investment inuences its Net Present Value [START_REF] Gollier | Comment intégrer le risque dans le calcul économique?[END_REF]. It introduces a precautionary eect due to the convexity of marginal utility, thus reducing the NPV, the more so as expected return is high or volatile. As mentioned in subsection 1.2.1.1, there is no consensus on the way the fundamental parameters of the utility function should be calibrated, in particular the pure rate of time preference parameter. In order to assess more precisely this additional source of uncertainty, alternative modeling and calibrating assumptions on the discount rate have been recently developed. [START_REF] Weitzman | Gamma discounting[END_REF], justies the use of a dierent discounting function than the standard constant exponential discounting rate, to account for the various uncertainties and disagreements between economists in assessing the many mechanisms and parameters shaping the true discounting rate.

In order to better assess the impact of uncertainty on utility, some authors have departed from the discounted expected utility framework and used alternative ways of modeling intertemporal preference in contexts of uncertainty. A general framework was developed by [START_REF] Kreps | Temporal resolution of uncertainty and dynamic choice theory[END_REF] which suggest inter-temporal preferences of the form:

U (c 0 , c1 ) = u 0 (c 0 ) + u 1 (m(c 1 ))
where c 0 is current consumption, c1 is future (random) consumption, and m(c 1 ) is a certainty equivalent of future utility. [START_REF] Kreps | Temporal resolution of uncertainty and dynamic choice theory[END_REF]have the interesting feature of disentangling inter-temporal risk aversion from the taste for consumption smoothing. Interesting particular cases of this framework are [START_REF] Epstein | Substitution, risk aversion, and the temporal behavior of consumption and asset returns: A theoretical framework[END_REF] and [START_REF] Weil | Nonexpected utility in macroeconomics[END_REF] preferences (used in an IAM approach for example by [START_REF] Traeger | Analytic integrated assessment and uncertainty[END_REF], and risk-sensitive preferences introduced by [START_REF] Hansen | Discounted linear exponential quadratic gaussian control[END_REF].

Second, uncertainty matters because it occurs in a context with irreversibilities along the economic and environmental paths. When an investment decision is irreversible, the evaluation of the rate of return of the investment changes, in particular if there is parametric uncertainty and agents can possibly gain information on the worthiness of an investment by waiting (independent learning), or by observing the consequences of acting in a rst stage (dependent learning) [START_REF] Fisher | Quasi-option value: Some misconceptions dispelled[END_REF]. In such case, potential investors hold an option value that should be taken into account when comparing investment costs to the NPV of the investment [START_REF] Mensink | The dixitpindyck and the arrowsherhanemannhenry option values are not equivalent: a note on sher (2000)[END_REF][START_REF] Traeger | On option values in environmental and resource economics[END_REF].

The option value seems to favor waiting over investing. But there is another source of irreversibility which calls for less waiting and sooner action, which is, pollution irreversibilities: inaction may lead the environment to deteriorate so much that tipping points may be reached, inducing large and irreversible consequences for human welfare. Most of all, such switches would lead to frameworks with very large uncertainty, in which we know little about the dynamics of the environment. Finding the optimal policy measures when such regime switches involve uncertainty is particularly dicult. Several modeling assumption have been used so far in the literature about environmental regime shifts: the outcome of the regime shift may be a shift in the damage function parameters as in De Zeeuw & Zemel (2012a), a large physical capital depreciation as in [START_REF] Keller | Uncertain climate thresholds and optimal economic growth[END_REF], [START_REF] Lemoine | Watch your step: Optimal policy in a tipping climate[END_REF][START_REF] Tsur | Preparing for catastrophic climate change[END_REF], a decrease in the regeneration abilities of the environment as in Ayong

Le Kama et al. ( 2014), or nally a simple doomsday as in [START_REF] Clarke | Consumption/pollution tradeos in an environment vulnerable to pollution-related catastrophic collapse[END_REF] or [START_REF] Tsur | Pollution control in an uncertain environment[END_REF]. The three former options allowing for investment in post-catastrophic event welfare, while the latter option does not (the world ends after the shift). Uncertainty may also be addressed in dierent ways: the threshold in damages above which the catastrophic event occurs may be unknown, or the hazard rate of occurrence of the event. Such hazard rate being more or less dependent on the stock of emitted pollution.

When it is possible to invest in post-event welfare, and pollution emissions increase the risk of occurrence of a catastrophic event, optimal policy implies additional precautionary measures compared to a framework without catastrophic risk (De Zeeuw & Zemel, 2012a).

This comes from the fact that emission reductions does not only allow to reduce welfare losses due to environmental damages, it also reduces the probability of occurrence of a damage.

When instead the catastrophic event is a doomsday, results are not so clear: even though more pollution may increase the risk of occurrence of the event, irreversibility of the event also increases impatience of agents and their willingness to emit before the event occurs [START_REF] Tsur | Pollution control in an uncertain environment[END_REF]. modeling assumption for social preferences in order to better assess this value.

The inuence of external eects

In section 1.1.2 we described extensively the major role played by externalities in innovation functions, in particular at the aggregate level. All models of technological change display a non excludable dimension in the return on R&D investment, coming from the public good quality of knowledge. It may be for example the building on the shoulder of giants eect emphasized in AABH, or direct leakages from the research eort itself as in [START_REF] Smulders | The impact of energy conservation on technology and economic growth[END_REF]. Such external eects must of course be accounted for by a Social Planner seeking to spur green innovation, as it should be for all policies supporting research and innovation in general.

In the specic framework of transition toward sustainable development paths however, it is even more likely that the value function of the Social Planner exhibits convexities, requiring strong coordination between investors, and potentially inducing multiple equilibria as described in subsections 1.1.2.2 and 1.1.2.3. The reasons are the following:

First, the models that are the most well suited to study ecological transitions, are two sectors models. Green innovation is not only a matter of making production technologies less resource intensive or emitting less pollution. What is required for reaching sustainable development paths is a broad shift, in many sectors of the economy, towards very dierent production processes. Therefore green innovation should be modeled as intrinsically dierent from dirty innovation, with specic technological spillovers and strong sectoral complementarities. van der Meijden & Smulders (2017) study the existence of multiple equilibria and the role of expectations in the transition between a fossil fuel energy based economy and a renewable energy based economy.

Second, the required technological switches are very large and so are the necessary investment to reach them, which is a source of thresholds eects and a concern for policy making8 . Hoel (1998) studies optimal environmental regulation when the possible invention of a breakthrough technology introduces non-convexities in pollution abatement costs. He

shows that while taxes are more ecient when the marginal abatement cost is continuously increasing, with the breakthrough technology tradable emissions permits are more ecient than taxes to get closer to the rst best. Breakthrough technologies are also a reason why particularly strong coordination may be required: [START_REF] Barrett | Climate treaties and" breakthrough" technologies[END_REF] shows that when the invention of a breakthrough technology allowing to signicantly improve the environmental eciency of the economy, requires that many countries cooperate and jointly invest in R&D, a cooperative equilibrium that would never occur in laissez faire, can be obtained through implementing a well designed international treaty.

Third, most of environmental issues are global in nature, so that isolated actions will always be inecient solutions. Again coordination, this time between countries, is needed.

Interactions between countries are actually quite similar to interactions between innovating agents inside a national economy, in the sense that countries also undergo positive (technological spillovers) and negative (pollution) externalities from each others, and that they need to coordinate in their pollution reducing measures. The main dierence however is that they lack a coercive entity able to impose binding environmental regulation.

This brings us to our last topic, which is to briey review the specic issues of green transitions in open economies.

A global issue

This analysis could not be closed without a cautious look at the supranational issues raised by sustainable development goals. As mentioned already, many kinds of pollutants spillover borders, through the atmosphere or the oceans, and the consequences for human beings of the depletion of environmental capitals such as biodiversity or soils go largely beyond the time and place in which it is happening. This adds to the already global and internationally interrelated nature of economic activity and in particular of technical change. In the following we look at the consequences of such interconnection for policies that are, for the most part, nationally enforced. Finally, we briey review the distinctive features of between-countries relationships and their consequences for environmental regulation.

Pollution leakages and technological spillovers One of the main concerns of the literature on trade and the environment is pollution leakages. Pollution leakages may occur when there is unilateral environmental regulation in a world with free trade in goods. As described in Di Maria & [START_REF] Di Maria | Carbon leakage revisited: unilateral climate policy with directed technical change[END_REF]Gerlagh &[START_REF] Gerlagh | Spill or leak? carbon leakage with international technology spillovers: A cge analysis[END_REF], carbon leakages may come from the term of trade eect and/or the energy market eect. The rst one is due to dirty good production being reallocated from the environmentally constrained country to the unconstrained country, which then starts exporting the dirty good. The second eect comes from the drop of the international price of energy (i.e. polluting input) after the decrease in demand coming from the constrained country. This will induce the unconstrained country to substitute other inputs with less expensive fossil fuels, therefore increasing its emissions. Intra-sector and inter-countries spillovers have also been studied in the literature on the resource curse. This literature arose from the observation of the negative long term impacts that the discovery of a new stock of a non renewable resource (e.g. gold, oil, or natural gas) could have on a country's economy. At rst it dealt only with static eects, in small open economies, of a boom in a resource sector on labor reallocation between two sectors: the industrial sector producing an internationally traded good, and a non traded good sector.

(See [START_REF] Corden | Booming sector and dutch disease economics: survey and consolidation[END_REF]. The topic was further enriched by considering dynamic learning by doing eects, namely, productivity improvements in the manufacturing sector, depending on the amount of hired workers [START_REF] Matsuyama | Agricultural productivity, comparative advantage, and economic growth[END_REF]. These models show how learning by doing tends to perpetuate and even accelerate the initial pattern of comparative advantages. Thus a boom in the resource sector (equivalent to an exogenous productivity shock) would have a negative impact on the growth rate of productivity in the manufacturing sector and on the growth rate of the economy. [START_REF] Torvik | Learning by doing and the dutch disease[END_REF], extends this framework by considering learning by doing eects in both sectors, and technology spillovers between the two. It shows that contrary to the ndings of the previous literature, a boom in the resource sector shifts steady state relative productivity in favor of the non traded sector, while the dynamic impact on the economy's productivity and production path is more ambiguous and depends on the country's characteristics.

The case for strategic interactions In the previous sections, we emphasized situations in which agent's actions have consequences for each others payos. However, we never considered possible strategic interactions between R&D investors. This is obviously a simplifying assumption and there is no reason why it should be the case that investors do not act strategically, at least not in every markets. International relations is an interesting framework in which strategic behaviors are the rule more than the exception and this section will help us to review the tools that can be used to model strategic interactions and what are their implications for dynamic environment and resource management.

The case for strategic interactions in green technological investments has been made

to a large extent in the literature on international environmental agreements. One of the rst attempts to understand the way two rms or two countries can strategically interact when they share the use of a common resource is the famous Great Fish War by [START_REF] Missfeldt | Game-theoretic modelling of transboundary pollution[END_REF]. The model is very simple: two countries benet from shing in a common sea. When there is no shing, the sh population grows at its natural regeneration rate. Each period, countries decide the quantity of sh they will take according to their discounted sum of future utility ows, the current stock of sh, and the expected action of the other country. The authors show that the dynamic Cournot-Nash equilibrium of the game inevitably leads to the depletion of the sh population compared to the rst best equilibrium where the two countries cooperate and decide the number of sh they take in order to maximize their common sum of discounted utility. This is the well known tragedy of the commons phenomenon. An interesting point they make is the sensitiveness of the results to the shape of the sh natural law of growth: When it is increasing and concave, for example x t+1 = f (x t ) = x α t where

x t is the remaining stock of sh at period t, and α ∈ (0, 1), a steady state stock of sh will be reached in the dynamic Cournot-Nash equilibrium, which is lower than the rst best (cooperative) equilibrium, but still greater than zero. If instead the regeneration function is linear, such as: x t+1 = f (x t ) = rx t where r ≥ 1, then the steady state equilibrium stock of sh converges toward zero in the limit. This small analytical dierence has strong implications in terms of economic interpretation. Indeed at a zero stock there is no possible regeneration anymore (f (0) = 0, whatever the regeneration function is), which means that the species became extinct or, if the common resource is a stock of environmental quality instead of a stock of resource, such as in [START_REF] Acemoglu | The environment and directed technical change[END_REF], a zero stock implies an environmental disaster, with very strong impacts on the utility of agents.

More formally, the type of games describing strategic interactions between countries for the use of a common resource belongs to the class of dierential games (dierence games if time is discrete). These games are characterized by a given number of players maximizing their inter-temporal welfare function subject to the constraints given by the motion laws of one or more state variables which in our case would be a resource stock and the stock of accumulated knowledge. The players regulate the stock(s) by means of control variables which have a double impact on their welfare and on the future value of the state variable(s).

The control variables are consumption and investment rates, that impact agents welfare directly as well as through their eect on the law of motion of state variables.

Several types of strategies and the corresponding equilibria are often studied for such kind of games. First, the Pareto or First Best equilibria: players cooperate so as to maximize the overall welfare function (equal to any weighted sum of each player's welfare function). More interestingly since it is barely the case that players will cooperate in a game dealing with countries interactions, non cooperative equilibria may also be studied. Among them the open loop (OL) equilibria, the feedback (FB) equilibria and the closed loop (CL) equilibria. The open loop equilibria are equilibria where players decide at the beginning of the rst period their entire stream of actions, so that their information set depends only on the initial state, and their strategies cannot be adjusted along the time path. This kind of setting is realistic in contexts where choices may to some extent be irreversible, such as the choice of the energy mix for a country, or in a global negotiations context when countries commit to policies in the rst period [START_REF] Missfeldt | Game-theoretic modelling of transboundary pollution[END_REF]. In the Feedback equilibria, players can observe the current state variable in each period and adjust their strategy. While the open loop equilibrium is only weakly time consistent, the closed loop equilibrium is strongly time consistent and the feedback equilibrium is a sub-game perfect equilibrium. In a closed loop equilibrium players hold the information available in both the open loop and feedback case: they know the initial state, the current state, and also have perfect recall of all intermediate states. This kind of strategic interactions opens the way to very complex behaviors and is barely studied. These dierent equilibria applied to strategic games of resource management have been studied by many authors in dierent settings.

Van Der Ploeg & de Zeeuw (1992) study both the cooperative and non cooperative equilibria of a dierential game of international pollution management and establish the now common result that the non cooperative game leads to lower equilibrium (higher environmental degradation) than the cooperative one. And among non cooperative ones, the open loop equilibrium leads to lower degradation than the feedback equilibrium. The reason for that is that in the FB Nash equilibrium, players anticipate that the other players will adjust their strategy in response to modications of the state variable. Then the impact of their actions will be partly oset by the reaction of other players. For example if a player believes the others will reduce their emissions if the level of pollution increases, she will have an incentive to increase her own emissions at a given period since the negative impact on the environment for the remaining periods will be lowered by the fact that other players will emit less after observing a lower environmental quality. Since all players follow the same reasoning, emissions will rise. [START_REF] Hoel | International environment conventions: the case of uniform reductions of emissions[END_REF] demonstrates the same results for the case of a dierence game (i.e. in discrete time). [START_REF] Xepapadeas | Managing the international commons: Resource use and pollution control[END_REF] studies the same kind of strategic interactions but adds endogenous technological change. In each country a nal good is produced using a primary factor and a polluting resource (fossil fuel). The primary factor may also be used in research to improve the productivity of the polluting input, thus contributing to reduce emissions. The level of technology is for the most part of the paper assumed to be shared by all: by allocating resources to research and development, countries contribute to the increase of a common stock of knowledge. The author studies the cooperative and non cooperative OL and FB equilibria. Unlike the Schumpeterian framework described above, this paper doesn't attempt to explain the mechanisms of clean innovation through a pattern of prot related incentives for monopolistic rms, but rather to describe how the environmental constraint induces countries social planners to allocate resources to clean technical change in a Nash bargaining context. Combining both approaches may however be very enlightening by giving a deeper understanding of what is the ecient national regulation to reach a sustainable level of pollution in each country, and how this optimal regulation may be attained as an equilibrium in a framework with strategic interactions.

Concluding remarks

Green innovation, dened as specic R&D leading to the reduction of the environmental impact of production and consumption processes, is a major concern in environmental economics. This chapter aimed at giving an overview of a selection of signicant issues and debates in the economic literature about green innovation.

We highlighted the large spectrum of modeling options available regarding both the innovation side and the environmental side of the models. Modeling choices may correspond to dierent dimensions of the innovation process one wants to focus on, for example frontier innovation versus technology adoption and diusion, or to specic environmental constraints such as nite resources depletion versus pollution emissions. Yet they may also relate to diverging assumptions on the specic features of technological change. The process of green innovation is indeed far from being perfectly understood and we have shown that there remains unsolved issues regarding four main dimensions of the innovation process.

First, some technological features of the innovation process remain largely unknown, namely the origin of new ideas and knowledge, the inputs required and the returns to scale of their creation process. Second, the role of institutions in driving innovation can be claried:

for example, how excludable should knowledge be, should spillovers of any kind be favored by regulatory measures or institutional design ? Third and related to the two rst points, what is driving research eort, what kind of economic incentives do innovators respond to, given the specic features of the knowledge production technology. Dierent modeling assumptions advocate various uses of economic policy instruments such as taxes, subsidies, or government spending in R&D to promote innovation. Fourth and nally, there are issues specically related to green innovation and directed technical change. Among them, we pointed out the dichotomy between one sector and two sectors models. Green innovation may also be seen as an alternative way to improve labor productivity, or it can be restricted to environmental footprint lessening.

Modeling issues also occur on the environmental side of models, even though we paid less attention to this question in this chapter. Methods to include environmental constraints in economics models are not straightforward. Integrated Assessment Models take a very detailed approach on environmental issues by using intricate environmental models inspired by geological, ecological, biological or, more commonly, climatic models. However, this comes a the cost of using very standard Ramsey-like models on the economic side, which may not be the best-suited tool to assess the mechanisms of green innovation. Alternatively, directed technical change models rather use quite stylized characterizations of environmental dynamics while they focus on more realistic assumptions for the innovation side of the model.

Beyond the debate on how to model green innovation as a whole, we pointed out some specic features of development processes requiring a particular inquiry. Among them, the high level of uncertainty governing both economic and environmental dynamics, the strong coordination problem occurring in the R&D process, and the global nature of most environmental and technological constraints. The large variety of models provides useful tools to address these issues and allows to gain a better understanding of their consequences for public policies. The rest of this thesis is an attempt to provide new and complementary approaches and answers to the questions raised in this introductory chapter.

The second chapter explores the role of economic uncertainty in a framework of green Such errors imply a persistent risk of doomsday. We compute a social cost of carbon that encompasses this risk and derive an optimal policy allowing to minimize it.

The third chapter focuses on coordination issues among R&D investors. Public policies may be designed to help rms to overcome this risk and to invest in green technologies, but the extent of this investment eort also depends on the prevailing economic environment. If the economy is facing a recession, available funds may be scarce, leading rms to postpone investment projects. We may thus expect the path toward environmental sustainability to be stochastically aected by the same economic shocks that generate the business cycle.

In this paper, we analyze this problem using a simple AGT model, focusing on an environmental policy that takes the form of subsidizing investment in green technologies. We determine the relationship between the volatility in the adoption path of technology and the value that should be given to the environmental quality (EQ) in order to avoid an environmental disaster. We consider a setting where industrial production continuously harms the environment, which has an intrinsic ability to partly regenerate and recover from past damages as long as EQ has not dropped below a tipping point. By investing in less-polluting technologies, rms contribute to lowering their impact on the environment. Firms' prot depends on their past and present investment choices that are subsumed in a technology mix index, a parameter that measures the pollution intensity of their production process. A key feature of our framework is that a rm being equipped at a given date with the optimal production process does not mean that its machines are the most recent ones or the most ecient or innovative. Instead, the protability of the various production processes depends also on the skills of the workforce that uses the technology and the availability of the inputs and maintenance services required by the technology. 2 The more a technology is used, the better the diusion of knowledge and the networks of related services, implying that the optimal technology mix depends on the investment choices made by all rms. Each period, rms devote a certain amount of resources to conform their technology to the most ecient one. To decide on their investment, they form expectations based on private and public information that they aggregate in a Bayesian way. Firms may thus undershoot or overshoot the optimal technology index. 3 The imperfect assessment rms have about their future economic environment result in an industrial sector composed of rms with heterogeneous technological processes. This explains why along any equilibrium path dierent technologies coexist at the same time, some more largely adopted than others.

Because markets do not reect the environmental footprint of the economy, the social planner designs a policy that redirects the rms' technology indexes toward greener mixes.

The policy implemented by the social planner internalizes the marginal benet of AGT and thus of a better EQ on social welfare. However, since business cycles and uncertainty aecting AGT make the path of the economy stochastic, the economy may at some point hit or even pass the tipping point while transiting toward a desired long-term value. A sustainable path thus corresponds to an appropriate valuation of EQ, a social cost of carbon" (SCC) that oers a safety cushion to society: it must be such that, at a given condence level, the environmental catastrophe is avoided.

Our model allows us to estimate condence intervals for the realized paths of AGT and EQ indexes. We can therefore assess the risk of failure of the environmental policy (because of the occurrence of an environmental disaster) under various ranges of parameters. It also allows us to estimate the value of the SCC that ensures that an environmental disaster is avoided with at a certain level of condence. We illustrate these results with a simple quantitative example. Our numerical simulations show a positive relationship between the strength of demand spillovers and this minimum SCC value. The more spillover eects are at work, the more incentives should be given to direct rms' choices toward a sustainable (carbon neutral) path, but also the fastest this aim is reached under the optimal policy.

Our model is related to the large literature on growth and sustainability. In the few integrated assessment models encompassing economic risk such as [START_REF] Golosov | Optimal taxes on fossil fuel in general equilibrium[END_REF] or [START_REF] Traeger | Analytic integrated assessment and uncertainty[END_REF], the optimal policy is derived given an exogenous marginal rate of substitution between consumption and environment. Moreover, there is no absorbing lower bound in the dynamics of the environmental quality and even though there is a risk that the environmental 2 Firms using old and backward machines loose prot opportunities because their productivity is low.

But on the other hand, too advanced machines can be detrimental as well. They could require high skilled workforce to operate them, material employed may be dicult and costly to acquire, and they may involve large maintenance costs.

policy is not optimal given the realized shocks, there will be no irreversible consequences. Our model instead gives us a simple tool to derive the carbon price such that given the optimal green technology subsidy, EQ avoids hitting a tipping point with a large enough probability.

Most of the literature on sustainable growth focuses on environmental uncertainty, that is, uncertainty on the frequency of catastrophic environmental events, on the size of the damage, or on the ability of the environment to recover from pollution (see, e.g. [START_REF] Tsur | Pollution control in an uncertain environment[END_REF][START_REF] De Zeeuw | Regime shifts and uncertainty in pollution control[END_REF], for analysis without AGT, and Bretschger &[START_REF] Bretschger | Growth and Mitigation Policies with Uncertain Climate Damage[END_REF][START_REF] Soretz | Ecient dynamic pollution taxation in an uncertain environment[END_REF], for studies on the sharing of investment between productive capital and abatement measures in a AK setting.) Instead, we focus on shocks that aect the economy (like changes in international prices, demands shocks, etc.) and generate the socalled business cycle. The few papers that describe the responsiveness of optimal abatement policy to business cycles [START_REF] Jensen | Optimal climate change mitigation under long-term growth uncertainty: Stochastic integrated assessment and analytic ndings[END_REF], or assess the optimal policy instrument in stochastic environments [START_REF] Heutel | How should environmental policy respond to business cycles? optimal policy under persistent productivity shocks[END_REF][START_REF] Fischer | Environmental macroeconomics: Environmental policy, business cycles, and directed technical change[END_REF] do not consider AGT.

The literature displaying endogenous green growth focuses on productivity improvements and frontier innovation. This is the case in the AK paradigm where capital-knowledge accumulates with learning by doing [START_REF] Stokey | Are there limitations to growth[END_REF], in Lucas-like extensions [START_REF] Bovenberg | Environmental quality and pollution-augmenting technological change in a two-sector endogenous growth model[END_REF], in a product variety framework [START_REF] Gerlagh | Carbon Leakage with International Technology Spillovers[END_REF] or in the Schumpetarian growth paradigm of destructive creation and directed technical change [START_REF] Acemoglu | The environment and directed technical change[END_REF], where new innovations are adopted by markets as soon as they are invented. While frontier innovation is needed to make green technologies competitive compared to `brown' ones, our focus is on adoption of existing technologies that operates through spillover eects causing a gradual replacement of the stock of old and polluting machines by greener ones.

Our approach is close to the literature on endogenous growth viewed as a process of adoption of existing ideas and mutual imitation between rms, as exposed by [START_REF] Eaton | International technology diusion: Theory and measurement[END_REF];

Lucas & Moll (2014); [START_REF] Lucas | Ideas and growth[END_REF]; [START_REF] Perla | Equilibrium imitation and growth[END_REF]. In these papers, it is assumed that each agent in the economy is endowed with a certain amount of knowledge (ideas) and this knowledge evolves through contact with the rest of the population. We adopt a similar approach to describe AGT: while there is no explicit R&D sector in our model, there is a pool of existing technologies with potentials that are more or less exploited depending on the proportion of rms that use them. The distribution of technology used among rms shifts over time according to the rms' incentives to adopt new techniques.

The remaining of the paper is organized as follows: In section 2, we describe the economy and the dynamics of its main variables. In section 3, we derive the optimal policy of investment subsidy that should be implemented by a social planner. In section 4, we derive the economic forecasts allowed by our model. Section 5 is devoted to numerical simulations.

The last section concludes.

Green technology dynamics

The economy is composed of a continuum of rms, of total mass equal to one, that collectively produce at date t an amount q t of output, taken as the numeraire, which corresponds to the GDP of the economy. In the following, we abstract from the problem of production per se (in particular, the demand and supply of labor) to focus on the cleanliness of the production processes, i.e. the extent to which rms harm the environment while producing.

We take an agnostic stance on the relative productivity of `brown' and `green' technologies by supposing that the GDP follows the same dynamic whatever the economy's technological mix of productive capital and more specically that it is given by the following rst-order autoregressive dynamic q t = gq t-1 + ĝ + κ t ,

(2.1) with g ≥ 0, ĝ ≥ 0 and where κ t corresponds to exogenous shocks that aect the economy at date t and is the realization of random variable κt ∼ N (0, σ 2 κ ). 4 We assume that g < 1, which implies that the per period expected increase in GDP, ĝ -(1 -g)q t-1 , diminishes over time and converges to q S = ĝ/(1 -g). 5 The production processes used by rms are diverse, and in the following we suppose that the greeness of technologies used by rm i at date t is captured by a real valued parameter x it dubbed `technology mix' or `green technology' index, which on average leads to an AGT index of the industrial sector given by µ t ≡ x it di. The mix level x it allows rm i to earn the date-t prot

π(x it , I it ; x t ) = Π(x t ) -(x it -x t ) 2 /2 -I it (2.2)
where x t corresponds to the technology mix that is the most ecient at time t, leading to prot level Π(x t ), (x it -x t ) 2 /2 is the rm's relative prot loss due to a less eective mix, and I it the investment level that allows it to modify its technology mix according to

x it+1 = x it + I it .
(2.3) Prot in our model depends on the adequation of a rm's industrial production process to its economic environment. This adequation is captured at time t by the euclidian distance between rm i's green technology index x it and an optimal green technology index x t . It should be made clear that the optimal techology mix x t is not necessarily the cleanest tech- nological mix available but simply the level of green technology adoption that would yield the highest prot to a rm at time t, given the specic conditions of the market: technological development, inputs availability, workers know-how, sectoral demand... A technology mix dierent from the optimal one is costly because of the specic knowledge and skills required to operate and maintain technologies that are not widely used or the relative scarcity of inputs employed. For example, renewable energies based on sun or wind are currently less ecient than their more polluting counterparts such as fuel or nuclear power, due to intermitancy issues and batteries' capacity and life length limitation. But on the other hand, the very polluting steam trains have also become obsolete. These are examples based on the productivity dimension of the technology, but protability may depend on other market characteristics, such as network eects: the use of electric vehicles may be less protable if the network of power stations is not developed enough in a region or a country. Availability and price of inputs may also depend on some exogenous geographical of geological properties of a country: Firms in a gas rich country will be better o using gas as a primary energy source, while adopting technologies that use tidal current energy could become very protable in a near future for rms in a coastal country.

Firms would ideally be equipped with this most ecient technology mix, but this mix evolves with the diusion of knowledge and the know-how of workers (the so-called knowledge spillover: the more rms invest, the better the workers' knowledge of new technologies in general), network externality (the easiness to nd specic inputs and parts to service the technology) and the engineering and research eort exerted by the machine industry rms that compete to satisfy the demand for means of production in the economy. To grasp these various eects in a parsimonious way, it is assumed that the dynamic of the optimal technology mix is given by

x t+1 = µ t + λ I it di, (2.4)
where parameter λ ∈ (0, 1) captures the machine demand spillover. Using (2.3) to obtain I it di = µ t+1 -µ t , we get from (2.4) that

x t+1 = λµ t+1 + (1 -λ)µ t .
(2.5)

(2.5) shows clearly that the most ecient technology depends on market conditions, embodied in µ, with a lag depending on λ as technological spillovers take some time to inuence networks of infrastructures or skills. Observe that even if investment in green technology was positive in period t (µ t+1 > µ t ), the expected next period ideal mix is lower than the corresponding average mix µ t+1 . As shown below, demand spillovers embodied in (2.4) are not sucient to spur investment in green technology under laissez-faire.

Investment I it allows rm i to adapt its technology to the economic environment that will prevail the next period by buying new equipment or, for large investment, by replacing an entire production line. The rm chooses this investment level according to its beliefs on the future values of the optimal technology parameter. As rms make their investment decisions simultaneously each period, they must somehow anticipate the extent of the resulting total investment. This leads to an intertemporal coordination problem that is formalized as a succession of global games taking place each period: rms form their anticipations on the ecient technology mix thanks to public and rms' private (idiosyncratic) signals, ωt = x t+1 + ηt , and wit = x t+1 + εit respectively, where ηt and εit are independently and normally distributed noises with zero mean and precision τ η = σ -2 η and τ ε = σ -2 ε verifying E[ε it εjt ] = 0 for all i, j and εit di = 0. These signals allow rms to (imperfectly) coordinate their investment levels each period although their decisions are taken independently (in particular, investment plans are not best-reply functions). This dynamic global game setup is solved sequentially: our focus is on Markov perfect equilibria where x t is a state variable that rms must anticipate each period to decide on their investment levels. More specically, Bayesian updating implies that rm i's posterior beliefs about x t+1 given its signals are normally distributed with mean

xit+1 ≡ E x t+1 |ω t , w it = τ η ω t + τ ε w it τ η + τ ε = x t+1 + τ η t + (1 -τ )ε it , (2.6) 
where τ = τ η /(τ η + τ ε ) is the relative precision of the public signal, and variance

σ2 it = (τ η + τ ε ) -1 , (2.7)
for all i and t. The rm chooses its investment plan to maximize the discounted sum of per period prot (2.2), which is equivalent to minimizing the sum of expected intertemporal loss of prot compared with the optimal mix. Applying the principle of optimality, the rm's optimal investment plan is derived by using the Bellman equation which at date t is given by V(x it ; x t ) = min 

I it (x it -x t ) 2 /2 + I it + δ t E t [V(x it + I it ; x t+1 )|ω t ,
I it = xit+1 -x it -r t .
(2.9)

The rms' technology levels at t + 1 are normally distributed with mean

µ t+1 = µ t - r t -τ η t 1 -λ (2.10)
corresponding to the date-t + 1 AGT level of the economy, and variance

σ 2 x ≡ (1 -τ ) 2 σ 2 ε .
According to (2.9), rms' investment strategy is to adapt their production process to their estimate of the most ecient technology diminished by the price of capital r t , which leads rms to disinvest. For rms with a low technology level, this strategy corresponds to buying more environmentally friendly equipments. For the others, their investment is directed in the opposite direction: because they have technologies more environmentally ecient than required next period according to their estimate of x t+1 , they can save on new equipment spending by buying less expensive `brown' technologies. On average, this heterogeneity in investment policies should somehow be cancelled out, but while this is true for idiosyncratic noises, the public signal η t distorts rms choices in the same direction to an extent that depends on its reliability τ : the better the reliability, the larger the distortion. These distortions modify stochastically the dynamic of the AGT index as given by (2.10), which otherwise decreases with the cost of capital r t . The coordination problem that aects rms' investment choices translates in the dynamic of the AGT index (2.10) through a `magnifying' factor

(1 -λ) -1 : the larger λ, the larger the eects of the public signal and of the cost of capital r t .

As E[µ t+1 ] = µ t -r t /(1 -λ), the larger λ, the lower the AGT index. Indeed, as indicated by (2.5), the ideal technology mix is close to the next period AGT index when λ is close to 1.

As investment is costly, each rm anticipates that other rms investments will be low, which leads to an equilibrium that tends to the lower bound of the AGT index.

Due to the idiosyncratic shocks, rms have dierent expectations on the optimal mix level.

These discrepancies lead to a Gaussian distribution of rms' green indexes around the AGT level with a dispersion that is larger the better the relative precision of the idiosyncratic shocks 1 -τ . Hence, the industrial sector can be thought of as a `cloud' of rms with a technology level that is drawn each period from a normal distribution centered on the AGT index µ t with standard deviation σ x .

To counteract the negative eect of the interest rate on green investment, we assume in the following that the government implements at date t 0 a subsidy policy plan {z t } t≥t 0 leading to a per period investment cost r t -z t . The dynamic of the AGT index (2.10) then becomes

µ t+1 = µ t + z t -r t + τ η t 1 -λ (2.11)
and this dynamic is increasing in expectation if z t > r t , i.e. if the net cost of capital is negative.

The environment

Production generates pollution which harms the environment, but this detrimental eect can be reduced if rms improve their technology parameter. This mechanism is embodied in the following dynamic of the EQ index e t+1 = θe t + ê -ι t q t

(2.12)

where θ < 1, ê ≥ 0 and where ι t is the emission intensity of the technology mix at date t which measures the damage to the environment coming from the human activities per unit of GDP. ê is the per period maximum regeneration capacity of the environment, the actual regeneration level reached at period t being ê -(1 -θ)e t-1 , which depends (positively) on the environmental inertia rate θ. (2.12) implies that without human interferences (ι t = 0), the EQ index tends to stabilize to a pristine level e N = ê/(1 -θ). Emission intensity is related to the AGT index by

ι t = ϕ -ξµ t /q t (2.13)
where ϕ is the maximum emission intensity and ξ > (1 -θ)ϕ so that green technologies are suciently eective. Substituting for ι t in (2.12), we obtain a dynamic of the EQ index that follows the linear rst-order recursive equation e t+1 = θe t + ξµ t -ϕq t + ê.

(2.14)

We suppose that ϕq S > ê, implying that without AGT, the environment will collapse once production is suciently large and will eventually reach the tipping point" ē that should not be passed permanently: if pollution is too large too often, the resilience of the environment is at stake, i.e. abrupt shifts in ecosystems may happen with dire and irreversible consequences for society. On the other hand, Denition 2.1. [Carbon Neutral Path] The economy has reached at date T a Carbon Neutral Path (CNP) if for all t ≥ T , E[ι t ] = 0.

Therefore, a CNP is a sustainable situation in which the emission intensity of the economy is null in expectation. The AGT subsidy that is required once the economy has reached a CNP should allow for µ t to stay at ϕq t /ξ in expectations. CNPs are of most interest because we consider green technologies aiming at reducing emissions (i.e. they do not allow for direct improvement of EQ) and thus carbon neutrality is the best society can hope for to improve the environment. Along a CNP, thanks to the natural regeneration capacity of the environment, the average EQ increases and tends toward its pristine level e N .

However, reaching a CNP may prove to be too demanding and society may end up stabilizing around an expected EQ level e T < e N . This sustainable situation corresponds to the (weaker) notion of stable environment path: 

t ≥ T , E[ι t qt ] = (1 -θ)(e N -e S ).
Under an SEP, technological improvements must ll the gap between the environmental damages due to economic growth and the regenerative capacity of the environment to maintain EQ at the desired level over time. Compared to its CNP levels, the expected AGT index is lower by a constant proportional to the dierence between the pristine level of EQ e N and the stabilized level e S : (1 -θ)(e N -e S ) correspond to the per-period loss of EQ compared to the pristine level that society does not compensate. Nevertheless, to stay at EQ level e S , the AGT index has to increase at the same pace as the emissions coming from aggregate production.

Consumers

Although EQ has an impact on consumers' welfare, we suppose that they do not try to modify the environment through their consumption and saving plans. This could be the case because they consider that they are too numerous for their individual behavior to have a signicant impact on the environmental path.

6 Accordingly, we model their behavior by considering a representative consumer who maximizes at each date t her intertemporal utility arbitraging between consumption and savings every periods so that her saving and consumption plans solve c t = q t -I it di = q t -µ t+1 + µ t .

max E t +∞ τ =t β τ -t u(c τ , ẽτ ) : cτ = Rτ + rτ-1 Sτ-1 -sτ , sτ = Sτ -Sτ-
(2.17)

Together, these two conditions allow us to determine the global equilibrium that the economy reaches each period. This is done in the following by assuming that the representative consumer forms rational expectations over the future states of the economy and, whenever it is necessary to complete the analysis, that her preferences are CARA and that consumption and environmental quality can be subsumed in a `global wealth index' denoted y t ≡ c t + ρe t . Here, ρ is the implicit price of the environment, assumed to be the same whatever the GDP of the economy.

8 Under these assumptions, we have u(c t , e t ) = -e -γyt where γ corresponds to the coecient of absolute 7 Observe that the rm's relative loss (x it -x t ) 2 /2 does not appear in (2.17). Indeed, this cost corresponds to supplementary expenses like payroll outlays, external services, etc., that are revenues for the other agents in the economy.
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The marginal rate of substitution between economic wealth and the environment is thus constant in that case. It is a reasonable approximation as long as g < 1 (i.e. wealth is bounded by q S ) and the environment has not incurred dramatic changes (e t is above ē). Assuming steady growth (g > 1), as the environmental quality is bounded upward, this price should increase at the same pace as GDP along the balanced growth path: ρ t = g t ρ 0 .

risk aversion. Assuming that the global wealth index y t+1 is normally distributed (which is the case at equilibrium, see lemma 2.3), we get from (2.16) using E[e -γ ỹ] = e -γ(E[ỹ]-γV[ỹ]/2) , β = e -ψ where ψ is the intrinsic discount factor, and 1 + r t ≈ e rt , a supply function of capital satisfying 9

r t = ψ + γ(E t [ỹ t+1 ] -y t ) -γ 2 V t [ỹ t+1 ]/2 (2.18)
which exhibits the familiar eects that determine the rental price of capital: the intrinsic preference for an immediate consumption ψ, the economic trend of the global wealth index that also encourages immediate consumption if it is positive, and as revealed by the last term, a precautionary eect that operates in the opposite direction and corresponds to a risk premium due to the uncertainty aecting the economy. Under these assumptions, it is possible to derive the Rational Expectation Equilibrium (REE) of this economy at each period anticipating the environmental policy that will be implemented by the government {z t+h } h≥0 . More specically, it is shown in the appendix that Lemma 2.2. Under an REE with preferences over global wealth and CARA utility, the dynamic of the technological parameter can be approximated by

µ t+1 = a 1 µ t + a 2 e t + a 3 q t + a 4 + a 5 τ η t + Z t (2.19)
where

Z t = a 5 +∞ i=0 (γa 5 ) i z t+i , (2.20) 
and the distribution of the wealth index ỹt+1 by a normal distribution with variance

σ 2 y ≡ V t [ỹ t+1 ] = (1 -a 3 ) 2 σ 2 κ + a 2 5 τ 2 σ 2 η .
(2.21)

The coecient a 1 is given by

a 1 = 1 - [1 -θ + (1 -λ)/γ] 2 + 4ρξ -[1 -θ + (1 -λ)/γ] 2 , (2.22)
and the other coecients are deduced from

a 2 = (1 -a 1 )(1 -θ) ξ , a 3 = γ[1 -g + ϕ(ρ -a 2 )] 1 -λ + γ(2 -a 1 -g) , a 4 = - γ[ê(ρ -a 2 ) + ĝ(1 -a 3 )] + r S 1 -λ + γ(1 -a 1 ) , 
(2.23)

a 5 = 1/[1 -λ + γ(2 -a 1 )],
with r S ≡ ψ -γ 2 σ 2 y /2. Moreover, we have a 1 < 1 and a 1 > 0 if 2 + (1 -λ)/γ -θ > ρξ, 0 < a 2 < ρ, a 3 > 0, 0 < a 5 < 1/γ and a 4 < 0 whenever r S ≥ 0, da 1 /dλ < 0, da 2 /dλ > 0, da 3 /dλ > 0 and da 5 /dλ > 0.

The equilibrium dynamic of the AGT index follows a linear rst-order recursive equation of the state variables (µ t , e t , q t ) and of a forward looking term Z t given by (2.20) that accounts for the anticipated eects of the environmental policy. This policy index is an exponential smoothing of the policy measures to come. This dynamic is thus consistent only if the policy plan is known. 10 Assuming that ρ is not too large, all coecients are positive except the constant a 4 which is negative (r S ≥ 0 is a sucient condition only for a 4 to be negative). 11 Hence, one may thus expect that under laissez-faire, even if the AGT and EQ indexes have reached very low levels, the increase in the GDP could reverse a negative trend: this is indeed the case when q t > -a 4 /a 3 (assuming that a catastrophe is avoided). As expected, the stronger the spillover eects captured by λ, the less the dynamic of the AGT index is dependent on its previous value and the more it is on the GDP and the economic shocks.

But as a 5 determines the exponential smoothing coecient of Z t , the dynamic is also more reactive to the public policy when λ is large.

Because of the linearity of (2.19), the AGT index μt+2 as estimated at date t is Gaussian (while the date-t realizations of the shocks are known, μt+2 depends on the next period shocks κt+1 and ηt+1 ). From (2.17), ct+1 is thus normally distributed, resulting in global wealth index ỹt+1 which is also Gaussian with variance given by (2.21 

σ 2 r = (1 -λ) 2 a 2 3 σ 2 κ + [1 -(1 -λ)a 5 ] 2 τ 2 σ 2 η (2.24)
and

σ 2 y +1 = σ 2 y + [(1 -a 3 )g + (1 -a 1 )a 3 + (a 2 -ρ)ϕ] 2 σ 2 κ + [(1 -a 1 )a 5 τ σ η ] 2
respectively.

Observe that the variance of the interest rate is dierent from γ 2 σ 2 y . This is due to the fact that the two bracketed terms in (2.18) are correlated random variables when the current 10 As detailed in the following section, the optimal policy supposes a constant revision of the schedule {z t+h } h>0 at each date t to account for the shocks that have aected the economy. That the original policy plan is likely to evolve should be anticipated by the consumers. We suppose however that the consumers consider Z t as a weighted sum of the policy scheme as announced by the regulator at date t rather than the weighted sum of random variables. This is not a too strong assumption since these weights are decreasing exponentially.

11 If ρ is very large, coecient a 1 is negative which generates oscillations is the AGT dynamic (2.19). We suppose that it is not the case and thus that uctuations in the AGT index are only the consequences of the shocks aecting the economy.

shocks are unknown: the expectation of ỹt+1 without knowing the realization of ỹt is a random variable.

12 Similarly, the variance of the next period wealth index diers form σ 2 y by terms accounting for the correlation between ỹt+1 and ỹt .

Environmental policy

We consider a benevolent social planner who decides on a policy that modies the dynamics of the AGT level (2.11) through setting z t for all t ≥ t 0 where t 0 is the rst period the policy is designed and implemented. The aim of the policy is to correct for the fact that the social value of the environment is not reected in the interest rate that prevails at equilibrium on the capital market.

Preliminary to specifying the social planner's problem, the question of the social value of the environment should be discussed. At the citizen level, the marginal rate of substitution between environment and consumption allows individuals to link the EQ with the damages they encounter from climate change (or any other kind of pollution eects). 13 Hence, from a social viewpoint, it seems that these evaluations are the relevant values that should guide the social planner in dening the optimal policy. However, these evaluations are likely to be underestimations of the actual contribution of EQ to global welfare. Indeed, a measure of the social value of EQ should encompass all the services provided by the environment and in particular, the fact that passed the tipping point ē, the welfare consequences of environmental degradation are dire and irreversible. Since there is always a non-zero probability that the actual environmental path hits ē under the optimal policy, the policy must ensure that an environmental disaster is avoided with at least a certain level of condence, i.e. that Pr{ẽ t ≤ ē} ≤ α for all t ≥ t 0 , where α corresponds to the condence level. The social

12 Indeed, denoting E t-1 [ỹ t+1 |ỹ t ] = m(ỹ t ), it comes from (2.18) that rt -E t-1 [r t ] = γ{m(ỹ t ) -E t-1 [m(ỹ t )] -(ỹ t -E t-1 [ỹ t ])}, which gives σ 2 r = γ 2 (σ 2 y + σ 2 y+1 ) -2γcov(m(ỹ t ), ỹt ).
planner's program must thus solve

14 max E t 0 +∞ t=t 0 β t-t 0 u(c t , ẽt ) : E[ι t ] ≥ 0, Pr{ẽ t ≤ ē} ≤ α (2.25)
where the rst constraint corresponds to the CNP constraint (emission intensity cannot be negative) and the second to the environmental safety constraint. If the individual valuation of EQ is very low, it could be the case that the latter constraint is binding at some date T and that the economy follows an SEP afterward at expected level e S > ē, the edge depending on α. Or, for larger individual valuations of EQ, that this constraint is only temporarily binding while the economy is on its way toward a CNP.

The dynamic of the economy is aected by the public policy in the following way. From

(2.11), the path of the AGT index evolves stochastically according to

15 μt+1 = µ t + z t -rt + τ η 1 -λ .
(2.26)

In addition to modifying directly the AGT path, the policy also indirectly aects the equilibrium on the good market since we have, from (2.26) and (2.17), ct = q t -z t -rt + τ η 1 -λ .

(2.27)

Finally, as we suppose that the social planner does not intervene directly on the capital market, the interest rate at equilibrium must satisfy the Euler equation

E ∂u(c t , e t ) ∂c = βE (1 + rt ) ∂u(c t+1 , ẽt+1 ) ∂c (2.28)
which is the ex ante equivalent of (2.16).

We rst derive the policy that allows the economy to follow either a CNP or an SEP.

Lemma 2.4. The economy follows a CNP or an SEP reached at date T if the government implements the policy {z t } t≥T given by

z t = R t + (1 -λ)(1 -g)g t-T (q S -q T )ϕ/ξ (2.29)
14 Alternatively, we may consider a state dependent utility approach (see, e.g., [START_REF] Karni | Risk aversion for state-dependent utility functions: Measurement and applications[END_REF]. Assuming that pass threshold ē the utility is null (because human beings are wiped out), the public objective becomes max E t0 +∞ t=t0 β t-t0 Pr{e t > ē}u(c t , e t ) : µ t ≤ ϕq t .

In addition to be much simpler to solve, program (2.25) does not need an explicit scenario about the catastrophe that is triggered once the tipping point is passed.

where

R t = r S + γ(1 -g)g t-T (q S -q T )[1 + (1 -g)ϕ/ξ] + γ ρ(1 -θ)θ t-T (e S -e T )
(2.30) converges toward r S as t goes to innity, with e T = e S < e N under an SEP and e T < e S = e N under a CNP. Under an REE with preferences over global wealth and CARA utility, the corresponding policy index {Z t } t≥T is given by

Z t = a 5 r S 1 -a 5 γ + (1 -g)g t-T (q S -q T )[γ + (1 -λ + γ(1 -g))ϕ/ξ] 1 -a 5 γg (2.31) + γ ρ(1 -θ)θ t-T (e S -e T )
1 -a 5 γgθ .

In case of an SEP, denoting by Φ the CDF of the standardized Gaussian variable, e S = ē + σ e Φ -1 (1 -α) where σ e is independent of the initial state of the economy.

Sequence {R t } t≥T given by (2.30) corresponds to the path of the expected interest rate E[r t ] along a CNP or an SEP. From (2.29), it follows that in both cases the gap between the governmental subsidy and the expected interest rate shrinks exponentially. The expected interest rate also diminishes steadily toward its stationary state value r S . The last term of (2.30) which involves the dierence between the state of the environment at date T and its long term level, is positive in the case of a CNP since the environment keeps improving, while it is equal to zero for an SEP since, by denition, the environment is stabilized at level e S < e N .

Reaching a CNP or an SEP is a potential long term objective for society. From the initial state of the economy, the optimal policy also entails a transitory path before taking such routes that is derived as follows. Consider the problem of the social planner at date t when the state of the economy is far from both the CNP and the environmental safety constraints.

The corresponding Bellman equation is given by where

W (µ t , e t , q t ) = max zt E t [u(c t , e t )]+βE t [W (μ t+1 , ẽt+1 , qt+1 )] : (2.
r e t ≡ E [r t ∂u(c t+1 , ẽt+1 )/∂c] E [∂u(c t+1 , ẽt+1 )/∂c] = E[r t ] + cov (r t , ∂u(c t+1 , ẽt+1 )/∂c) E [∂u(c t+1 , ẽt+1 )/∂c]
.

(2.33)

The unconstrained dynamic of the economy is thus determined through the sequence of the corrected expected optimal interest rate r e t that solves (2.32). Compared to E[r t ], it takes into account the (positive) correlation between the marginal utility of consumption and the interest rate as shown in (2.33).

To completely specify this dynamic, we assume in the following a constant implicit price of the environmental quality, a CARA utility function and rational expectations. Using ∂u(c, e)/∂e = ρ∂u(c, e)/∂c, the right hand term of (2.32) becomes ρξ. As the individual marginal rate of substitution between environmental quality and consumption may be dierent from the optimal one as discussed above, denote by ρ the value that the social planner considers in dening the policy. Substituting ρ for ρ in (2.32) yields r e t+1 + r e t r e t+1 -r e t θ = ρξ

(2.34)
which prescribes the evolution of the interest rate from one period to the next along an optimal path when neither the CNP constraint nor the environmental safety constraint are binding. Observe that this dynamic does not depend on the state of the economy (none of the state variables q t , e t and µ t is involved). From its initial value r e t 0 , it may converge to a long run level that solves

(r e + 1 -θ)r e = ρξ.

(2.35)

The left-hand side of (2.35) is a quadratic equation which is positive for either r e ≤ -(1 -θ) or r e ≥ 0, while the right-hand side is strictly positive. Hence r e may take two values, one being positive and the other negative and lower than -(1-θ). Fig. 2.1 depicts the situation: the parabola correspond to the left-hand side of (2.35) which crosses the x-axis at 0 and -(1-θ). The horizontal line corresponds to the right-hand side of (2.35). The negative root of (2.35) is lower than -(1 -θ), and increasingly so the larger ρξ. As r e t is greater than the optimal expected interest rate that must prevail in the long term on the capital market, only the positive root of (2.35) is relevant. The following proposition describes the transition of the economy toward this longterm interest rate.

Proposition 2.2. Under an REE with preferences over global wealth and CARA utility, the solution of (2.34) is given by

r e t = r e + A(r e t 0 -r e )k t-t 0 A + (1 -k t-t 0 )(r e t 0 -r e ) (2.36)
for all t ≥ t 0 , where A = (1 -θ) 2 + 4ρξ is the square root of the discriminant of (2.35),

r e = (A -1 + θ)/2 (2.37)
the positive root of (2.35), and

k = 1 + θ -A 1 + θ + A .
(2.38) r e t converges to r e if ρξ = θ and r e t 0 > -(A + 1 -θ)/2. Convergence is monotonic if ρξ < θ and oscillatory if ρξ > θ. The corresponding optimal expected interest rate is given by The sequence of rates given by (2.36) allows the social planner to estimate at time t 0 the expected path of the interest rate that should prevail on the capital market using (2.39) and thus to decide on the policy measure z t to be implemented. It depends on an initial value r e t 0 deduced from the current state of the economy that should not be too negative. This sequence converges to (2.37) which depends on the social value of the environment ρ and on the parameters that govern the dynamic of the environment: the environmental inertia θ and the parameter that captures the impact of the technology index on the environment ξ. It should be noted that Prop. 2.2 describes the dynamic of the economy when neither the CNP constraint nor the environmental safety constraint is binding and that the long-run level r (toward which the expected interest rate converges during this phase) is dierent from r S .

E t [r t ] = r e t -(1 -λ)a 3 γ σ 2 y +1 -σ 2 y + γ[1 -(1 -λ)(a 5 -a 3 )](1 -a 1 ) 2 a 2 5 τ 2 σ 2 η (2.39) 6 - -1 + θ 0 -1+θ 2 r e -1-θ 2 2 ρξ t t t t
To detail the convergence of the interest rate given by (2.36), it is convenient to use the normalized gap between the expected interest rate at horizon h and its long run level which is dened as

d t 0 +h ≡ (r e t 0 +h -r e )/A = (E[r t 0 +h ] -r )/A.
(2.40)

It is shown in the appendix that Proposition 2.3. Under an REE with preferences over global wealth and CARA utility, the normalized gap at horizon h from t 0 can be derived recursively using d t 0 +h = f (d t 0 +h-1 ) where

f (x) ≡ kx/[1 + (1 -k)x]
(2.41)

with k dened by (2.38) in Prop. 2.2. This gap converges to 0 provided d t 0 > -1.

A phase diagram of this recursion is given g. 2.2 which depicts the relationship d t+1 = f (d t ) in the (d t , d t+1 ) plane and where the bisector is used as a mirror to project the value d t+1 back on the d t axis. Function f (•) is concave, with a vertical asymptote at d t = -1/(1-k) and an horizontal one for large values of d t . We have f (0) = 0 and f (0) = k < 1, hence the bisector is located above the graph of function f (•) in the positive quadrant and since f (-1) = -1, below it in the negative quadrant for all d t ≤ -1. From an initial gap d t 0 the arrows describe the recursion toward 0 which occurs for all d t 0 > -1.

Applying recursively d t 0 +h = f (d t 0 +h-1 ) gives the expected value of the optimal interest rate from one period to the next and thus allows the government to dene the entire policy at time t 0 . To initiate the recursion, we suppose that the government is able to determine the expected value of the interest rate at date t 0 -1, the period before the policy is implemented, which allows it to derive the initial normalized gap: d t 0 -1 = (r t 0 -1 -r )/A. The normalized gap of the rst period is deduced from this value using d t 0 = f (d t 0 -1 ). The rst period expected optimal interest rate is deduced from E t 0 [r t 0 ] = r + Ad t 0 , and the sequence of all future ones from applying E t 0 [r t ] = r +Ad t with d t = f (d t-1 ) for all t > t 0 . This allows us to analyze the commitment (also dubbed open-loop) strategy that supposes that the government sticks to this plan whatever the state of the economy in the subsequent periods. 16

Policy implementation and Environmental forecast

Assuming that the social planner implements a policy that results in a sequence of expected interest rates E t 0 [r t ] given by (2.39), eventually followed by a sequence satisfying (2.30) once the economy has reached either an SEP or a CNP, the expected paths of the AGT and EQ indexes can be anticipated using the system of equations ( 2 

B t =     a 1 a 2 a 3 a 4 + Z t ξ θ -ϕ ê 0 0 g ĝ 0 0 0 1     , H =     a 5 τ σ η 0 0 0 0 σ κ 0 0     ,
and νt = (ν 1t , ν2t ) is a column vector of independent standardized Gaussian variables. The transition matrix B t is time-dependent because of the policy index Z t dened by (2.20) which is an exponential smoothing of the policy measures that will be implemented in the following periods. This index is given by (2.31) after the economy has reached either an SEP or a CNP. For the transitory period where the state of the economy is not constrained, using

(2.11) taken in expectation at date t 0 , we obtain that the optimal subsidy scheme satises

z t+i = E[r t+i ] + (1 -λ)(E[μ t+i+1 ] -E[μ t+i ]).
(2.43)

Multiplying each side of (2.43) by a 5 (γa 5 ) i and summing over all i ≥ 0 gives

Z t = a 5 T -t-1 i=0 (γa 5 ) i E[r t+i ] + a 5 +∞ i=T -t (γa 5 ) i R t+i (2.44) + a 5 (1 -λ)(1 -γa 5 ) +∞ i=0 (γa 5 ) i (E[μ t+i+1 ] -E[μ t+i ])
for all t < T . Because the last term of (2.44) involves values of the AGT index that depend on the public policy, it is not possible to obtain the optimal public policy schedule explicitly and a numerical (recursive) procedure is necessary. The recursion proceeds as follows: given

a rst set of values {E[μ t ] (1) } t≥t 0 , it is possible to estimate {Z (1) 
t } t≥t 0 from (2.44) to obtain an initial set of transition matrices {B

(1) t } t≥t 0 . 17 Then, using (2.42), a second set of estimated values {E[μ t ] (2) } t≥t 0 is derived which, once plugged in (2.44), gives a second estimated set {Z

(2) t } t≥t 0 and thus {B

(2) t } t≥t 0 . One may iterate this procedure until iteration i such that {Z

(i) t } t≥t 0 is suciently close to {Z (i-1) t } t≥t 0 .
As the recursive dynamic (2.42) is linear, the paths it generates follow Gaussian random walks with expected values and variances at time t given by E

[ Ỹt ] = (Π t-t 0 i=0 B i )X t 0 and V[ Ỹt 0 ] = t-t 0 i=0 (Π i j=0 B j )HH (Π i j=0 B j ) .

Numerical simulations

The expected trends of the main economic variables and the condence intervals in which they are lying can be derived under various assumptions using numerical simulations. 18 Of particular interest is the derivation of the so-called social cost of carbon (SCC) which in our context corresponds to the social value of the environment ρ. A general feature of the model is the convexity of the path of EQ under an optimal policy that leads to a CNP: once the policy is implemented, the EQ index decreases for a few years, then reaches a minimum before turning up toward the CNP (see Fig. 2.5). It is during this phase that the EQ is 17 Of course, date T at which one of the constraints is binding should be derived in the process. We give in the appendix an approximation of dynamic (2.42) that allows us to determine a rst set of values

{E[μ t ] (1) } t≥t0 .
the most likely to hit the tipping point. In the following simulations, we determine for each set of parameters the minimum value of ρ such that the environmental safety constraint is never binding (SEPs are not considered). More precisely, the SCC that we derive is dened as the minimum value of ρ that allows society to nd its way to a CNP without passing the environmental tipping point with condence level α that is set to 0.01%. 19 Calibration of the model

In the simulations, the EQ index e t is dened as the dierence between a tipping point level of CO2 in the atmosphere M (i.e. a threshold above which the dynamic of the climate is irreversibly changed and no return to the pre-industrial state of the atmosphere is possible even if green technologies allow us to completely abate GHG emissions) and the level of GHG at date t, t , expressed in CO2 equivalent: e t = Mt . 20 Hence, e t can be thought of as a global carbon budget at date t that the economy should not deplete entirely to avoid to be environmentally bankrupt. Parameter θ is determined from the IPCC Fifth Assessment Report which estimates that 100 years after a 100 Gt CO2 pulse in the preindustrial atmosphere, there would remain 40% of the 100 Gt CO2 emitted, while after 1000 years 25% would remain. Accordingly, denoting by ˆ the preindustrial level of CO2, after an initial period 0 = ˆ + 100, we have 100 = ˆ + 40 and 1000 = ˆ + 25. Using (2.14) without industrial interferences and solving the recursion gives

t = θ t ( ˆ + 100) + (1 -θ t ) M - 1 -θ t 1 -θ ê.
Using the IPCC's estimates for 100 and 1000 we obtain

M -ˆ - ê 1 -θ = 40 -100θ 100 1 -θ 100 = 25 -100θ 1000 1 -θ 1000 .
The last equality can be expressed as 1 -5x + 4x 10 = 0 where x = θ 100 which gives θ ≈ (1/5) 1/100 ≈ 0.984 independently of the choice of ˆ and M . 21 We deduce parameter ê by assuming that the EQ index has reached its long term equilibrium e N = M -ˆ in the preindustrial period which gives ê = (1 -θ)e N . Considering that ˆ = 2176 Gt CO2 (280 ppm) and M = 5439 Gt CO2 (700 ppm), we obtain ê ≈ 52.1. 22 Our reference year is 2005 19 While very dierent from the usual interpretation of the SCC, this denition is in the spirit of approaches that account for catastrophic damages (see, e.g., [START_REF] Weitzman | Tail-hedge discounting and the social cost of carbon[END_REF]. 20 The unit used in the following is the gigaton or Gt shorthand, i.e. 10 9 metric tons. These levels are also commonly expressed in atmospheric concentration, the unit being the part per million or ppm shorthand, i.e. 0.01%. Each ppm represents approximately 2.13 Gt of carbon in the atmosphere as a whole, equivalent to 7.77 Gt of CO2. Conversion values can be found on the dedicated US department of energy website http://cdiac.ornl.gov/pns/convert.html#3.

21 An obvious root of this equation is x = 1. The other roots are complex numbers.

22 According to the IPCC Fifth Assessment Report, 700 ppm lead to a temperature increase of approxi- mately 4°C, a situation where many global risks are high to very high. However, several tipping points are considered by climatologists. Candidates include levels corresponding to an irreversible melt of the Greenland which corresponds to a GHG level equal to 2945 Gt CO2 (379 ppm) hence an initial EQ index e 0 = 2494.17 Gt CO2.

The AGT index in the reference year is deduced from the World Bank's estimates of the world CO2 intensity which in our framework is given by function (2.13). 23 The data show that the world CO2 intensity has sharply decreased over the second half of the 20th century and has been plateauing since 2000 (the period covered by the data are 1960 -2013) with a value in the reference year ι 2005 =0.51kg/US$. We assume in our baseline setup (Table 2.1) that the maximum emission intensity ϕ is equal to 6.5kg/US$ (for static comparative exercises, we also consider the cases ϕ = 7.5kg/US$ and ϕ = 5kg/US$, see Tables 2.6 and 2.7), so that the level of the AGT index in the reference year is given by

µ 2005 = q 2005 (ϕ -ι 2005 )/ξ
where q 2005 = 47 trillions US$. The eectiveness of the green technologies is captured by the ratio ϕ/ξ. It is set to 1/2 is the baseline setup, and we also consider the strong eectiveness (ϕ/ξ = 1) and the weak eectiveness (ϕ/ξ = 1/3) cases (cf. Tables 2.4 and 2.5). Parameters of the GDP dynamics (2.1) are set to g = 0.99 and ĝ = 0.2. These values correspond to a growth rate of 3.1% for the rst year ( 2005) and a growth rate of 0.9% in year 2055 (t = 50) and then 0.4% in year 2105 (t = 100). 24 Risk aversion coecient γ is set to 3 and ψ at 10% which corresponds to a stationary state value of the interest rate r S of approximately 6% in the baseline scenario. The standard deviation of the shocks aecting the GDP is set to σ κ = 1.5 (trillions US$), which corresponds to 3.19% of the 2005 GDP value. We also consider small and large GDP shocks, these cases corresponding to σ κ = 2 (Table 2.2) and σ κ = 1 (Table 2.3) respectively. The shocks aecting rms' beliefs are set to σ ε = σ η = 0.01 (trillions US$), hence 0.21% of the 2005 GDP value in the baseline. Table 2.8 reports values assuming σ η = 1 which is awfully large, but small variations around the baseline proved insignicant (we examined the cases where they are tenfold that of the baseline values and found no signicant eects). For each set of parameters, the consumer's marginal rate of substitution between the environment and consumption ρ is derived from (2.18) so that the interest rate matches its 2005 value, equal to 6%. 25 As discussed above, the SCC value ρ corresponds to the minimal value that allows EQ to stay above 0 along the optimal path with a condence level equal to 99.9%. All tables show the resulting estimates when λ is ranging from 0 to 0.9 by decimal steps.

ice sheet, the dieback of the Amazon rainforest and the shift of the West African monsoon. Acemoglu et al.

(2012) use the atmospheric CO2 concentration that would lead to an approximate 6°C increase in temperatures. [START_REF] Stern | The economics of climate change: the Stern review[END_REF] reports that increases in temperature of more than 5°C will lead among other things to the melting of the Greenland Ice Sheet.

23 The data can be found on the world bank website: http://data.worldbank.org/indicator/EN.ATM.CO2E.KD.GD;

Finally, under the baseline scenario, carbon neutrality is a very long term objective: only when λ is larger than 0.7 is carbon neutrality reached within two centuries (but less than a century if λ is very large).

Tables 2.2 and 2.3 allow to assess the eects of the magnitude of shocks aecting the GDP. Not surprisingly, the standard deviations of ỹt and μt are increasing with σ κ , whereas the implied consumers' valuation ρ and the long term interest rate r S are decreasing. The policy parameters are also negatively aected by a change in σ κ , but to a lower extent: Large shocks slightly lower the optimal interest rate r and the SCC, while the CNP is reached faster (and conversely for small shocks). Large GDP shocks lower the market interest rates, by increasing the precautionary motive for savings. This compensates increased variances and explains a lower SCC. Variations in the eectiveness of the green technologies, reported in Tables 2.4 and 2.5, have a intuitive impact on the policy parameters: they are larger the less the green technologies are eective. Similarly, the variations in the environmental damages due to industrial emissions reported in Tables 2.6 and 2.7 show that the more they impact the environment, the larger the policy parameters are.

Finally, Table 2.8 shows the impact of a variation in the public signal. It should be noted that the change in σ η is 100 times larger than the baseline value. Smaller values (a tenfold increase of either the public or the private signal standard deviation) did not show any signicant eect. Nevertheless, the standard deviations of ỹt and μt are not much aected. Interestingly, the range of ρ is larger than in the baseline (its smaller value is reduced while its larger value is increased) while r is reduced (by approximately 3US$/t).

Using our baseline calibration and assuming λ = .8, Fig. 2.4 and Fig. 2.5 illustrate the dynamics of the AGT and the EQ indexes respectively, starting from the rst period of the implementation of the environmental policy (2006). In these gures, the expected paths and the upper and lower limits of a 95% condence interval around these paths are depicted.

Stochastically generated shocks allow us to illustrate the dierence between a laissez-faire situation and the corresponding realized paths of the indexes under the environmental policy.

Also depicted Fig. 2.4 is the carbon neutral path (the dashed blue curve indicated µ CN t )

that the expected value of the AGT index under the policy joins at date T = 147. The laissez-faire curve shows a positive trend, but signicantly below the one under the policy (actually, the curve stays below the lower-bound of the 95% interval). As a result, Fig. 2.5

shows that the EQ is rapidly deteriorating under laissez-faire (the carbon budget is entirely depleted in 25 years). As mentioned above, the EQ is also deteriorating under the optimal policy at rst, reaching its minimum after approximately 80 years, but still suciently high to safely reduce the odds of reaching 0. It then increases, but the level reached at the time the economy is carbon neutral (e T = 1541Gt CO2) is considerably lower than the one in 2005 (e 0 = 2494Gt CO2).

The policy scheme z t and the resulting policy index Z t are illustrated Fig. 2.6. The subsidy z t increases rapidly the rst 5 years (from 15% to 33%) then slowly decreases toward 28% during the following century. As the targeted interest rate level is 27.58%, the net expected subsidy rate is thus around 5%. The actual level is stochastic as shown in Fig. 2.7 where the dynamics of the interest rate under the policy and laissez-faire are depicted together with Parameters: σ η = 0.01, σ κ = 0.15, σ = 0.01, ξ = 65/2, ϕ = 65, γ = 3, ψ = 0.1, r 0 = 6%, CL = 0.1%, µ 0 = 8.658, σ κ /q 0 = 3.19% Parameters: σ η = 0.01, σ κ = 0.2, σ = 0.01, ξ = 65/2, ϕ = 65, γ = 3, ψ = 0.1, r 0 = 6%, CL = 0.1%, µ 0 = 8.658, σ κ /q 0 = 4.26%. Parameters: σ η = 0.01, σ κ = 0.1, σ = 0.01, ξ = 65/2, ϕ = 65, γ = 3, ψ = 0.1, r 0 = 6%, CL = 0.1%, µ 0 = 8.658, σ κ /q 0 = 2.13%. Parameters: σ η = 0.01, σ κ = 0.15, σ = 0.01, ξ = 65, ϕ = 65, γ = 3, ψ = 0.1, r 0 = 6.%, CL = 0.1%, µ 0 = 4.3, σ κ /q 0 = 3.19% Parameters: σ η = 0.01, σ κ = 0.15, σ = 0.01, ξ = 65/3, ϕ = 65, γ = 3, ψ = 0.1, r 0 = 6.%, CL = 0.1%, µ 0 = "12.99, σ κ /q 0 = 3.19% Parameters: σ η = 0.01, σ κ = 0.15, σ = 0.01, ξ = 75/2, ϕ = 75, γ = 3, ψ = 0.1, r 0 = 6.%, CL = 0.1%, µ 0 = 8.76, σ κ /q 0 = 3.19% Parameters: σ η = 0.01, σ κ = 0.15, σ = 0.01, ξ = 25, ϕ = 50, γ = 3, ψ = 0.1, r 0 = 6.%, CL = 0.1%, µ 0 = "8.44, σ κ /q 0 = 3.19% Parameters: σ η = 1, σ κ = 0.15, σ = 0.01, ξ = 65/2, ϕ = 65, γ = 3, ψ = 0.1, r 0 = 6%, CL = 0.1%, µ 0 = 8.66, σ κ /q 0 = 3.19% the corresponding expected rates. Interest rates are similarly aected by the GDP shocks, the amplitude of the variations being larger under the policy than under laissez-faire.

Fig. 2.8 illustrates the per period investment rates (relative to the AGT index level) under laissez-faire and under the environmental policy. The investment is negative under laissezfaire in the rst 5 periods, that is, rms tend to invest increasingly in polluting technologies, while investment in green technology is always positive under the policy. Investment rates are comparable after 15 years (but not the level as noted above), and converge to the growth rate of the economy.

Fig. 2.9 shows the consumption path under the optimal policy and under laissez-faire. A higher consumption dierential between laissez-faire and the regulated economy means that the policy implies a higher investment level and thus a higher cost in terms of postponed welfare.

Fig. 2.10 shows total wealth dynamics. Because of the decrease in the environmental quality, the laissez-faire curve decreases rapidly.

There are two aspects in the welfare impact of an environmental policy that can be analyzed here. First, implementing a subsidy for AGT has the immediate and most direct eect of increasing the rate of investment in green technologies, thus introducing a trade-o between current consumption and future environmental quality. Since our model disentangles green technology investment from productivity growth, increasing investment has no stock eect on the GDP level. On the other hand, the environmental quality is a stock and reducing the size of the negative impact of production on the environment has long term eects on welfare through environmental quality accumulation.

Conclusion

In this paper, we analyze the AGT process when demand spillovers are a key determinant of technical eciency and when the economy is subject to uncertainty. We consider the problem of a social planner in charge of determining an investment subsidy policy to incentivize rms to increase their AGT. Because investment choices are ultimately made by private agents who react to the economic context according to their beliefs and because the eciency of technologies is the result of their many choices, the public policy can only imperfectly direct the economy to a sustainable path. Besides, the value that should be ascribed to the environment to guide the public policy is dicult to assess because of the lack of scientic knowledge and the uncertainty that aects the economy. While extremely stylized, our model allows us to ascertain the eects of these uncertainties on the optimal policy. It provides a tool to estimate the value of the environment considering that society should decide on a safety level in order to avoid an environmental catastrophe. Of course, the SCC values that we obtain depend on the safety level chosen, but more importantly, they are very dependent on the spillover eects at work in the AGT process. Our numerical simulations show that the sharper the demand spillovers are, the higher is the SCC and the larger the subsidies given to rms should be to direct their choices toward a carbon neutral path.

We have considered in this analysis that the productivity growth is unaected by the technologies employed: technologies only dier in their impact on the environment. Including in the analysis the process that leads to productivity growth would permit to assess the intertemporal trade-o between growth, consumption and environmental safety when society faces both economic and environmental risks. This undertaking could also consider other policy instruments than investment subsidies, like the environmental tax, and would certainly give better estimates of the SCC. It is therefore important to understand the dynamics of knowledge accumulation, which induces technological change. Knowledge is a specic kind of capital. From an ex-ante perspective, it seems very hard to predict the future direction that technological change is going to follow. For example, will the world energy mix in a few decades be dominated by nuclear fusion, wind, solar and water renewables, biofuels, or something else that we have not imagined yet? Technological paths are characterized by a multiplicity of possible outcomes and sometimes apparent indeterminacy. This comes from intrinsic randomness in the innovation process but also from a variety of external eects such as spillovers, network eects, or demand eects, entailing complementarities in technological investment decisions.
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Complementarities incite agents to coordinate and cause the economy to specialize with strong technological inertia and even irreversibilities. While making their investment choice, investors try to asses other agent's behavior based on the current state of the economy but also on their beliefs about the future. The role of expectations in investment decisions may induce large and abrupt switches in technological paths. The design of ecient policies thus requires a good understanding of technological dynamics.

In this paper, I study the impact of technological complementarities on the eciency of environmental regulation. I show that standard Pigouvian taxes may not be well suited to decentralize the rst best equilibrium when incentives to coordinate are strong. Wrong expectations may lead the economy to specialize in the polluting sectors even in the presence of pigouvian taxes.

I build a stylized model of green technological change that allows to assess the role of investor's expectations. The innovation framework is based on previous work by Krugman (1991), and [START_REF] Wirl | History versus expectations: Increasing returns or social inuence?[END_REF], which I adapt to the context of pollution-augmenting innovation. Agents can choose between a polluting and a non polluting sector to invest. An economic path with full specialization in the polluting sector is never socially optimal due to the negative impact of pollution on welfare. However, without policy intervention there are two possible long term equilibria with all investors gradually moving their assets toward either the clean or dirty sector, thus making the economy specialize in the long run. Following [START_REF] Krugman | History versus expectations[END_REF], I derive the conditions under which equilibrium selection depends on initial conditions or on self-fullling expectations. In the rst case, the initial share of investment between the two sectors is sucient to coordinate future investments: If the initial average technological share is suciently clean, all investors will be better o investing in clean R&D and they all invest in the clean sector, and conversely if the economy is initially more polluting. In the second case, when technological spillovers and complementarities are strong enough, the technological path can go in either direction according to agent's expectations.

If investors choice depends on their expectation of what others will do and what will the state of the economy be in the future then several beliefs can reveal ex-post rational. Then, I show that a Pigouvian tax aiming at directing innovation toward the non polluting sector may fail if there is room for self-fullling expectations in the decentralized equilibrium. I propose alternative policy measures dealing with these specic market conditions.

My work uses a framework close to [START_REF] Matsuyama | Increasing returns, industrialization, and indeterminacy of equilibrium[END_REF], and [START_REF] Krugman | History versus expectations[END_REF] who study the drivers of industrialization when technological externalities induce multiple equilibria in the economic paths. I focus instead on green versus brown technological paths and derive consequences of the outlined dynamics for the design of optimal environmental regulation. This is a novel issue addressed in the literature on endogenous sustainable growth. In integrated assessment models, [START_REF] Golosov | Optimal taxes on fossil fuel in general equilibrium[END_REF][START_REF] Traeger | Analytic integrated assessment and uncertainty[END_REF], optimal policies are Pigouvian taxes on pollution emission, that make agents perfectly internalize the externality of their investment in dirty R&D. In directed technical change models, [START_REF] Acemoglu | The environment and directed technical change[END_REF], due to technological complementarities within sectors, an additional subsidy to clean R&D is required to make short sighted agents internalize the future impact of their investment choice.

But in all these approaches, technological paths are path dependent and can therefore be perfectly anticipated from the initial state of the economy. Here instead, I develop an alternative policy tool which aims at directing the economy toward a non polluting technological path, even when there is indeterminacy on technological paths selection.

The rest of the paper is organized as follows: In section 3.1, I detail some related literature, in section 3.2, I introduce the model and solve for the laissez faire and rst best equilibria, and in section 3.3, I derive the optimal policy. Section 3.4 concludes.

Related literature

Multiplicity of equilibria is a widely debated topic in macroeconomics. Economic development paths are particularly prone to it for a variety of reasons including pure technological complementarities [START_REF] Bryant | A simple rational expectations keynes-type model[END_REF], or a demand push [START_REF] Murphy | Industrialization and the big push[END_REF]. [START_REF] David | Clio and the economics of qwerty[END_REF] describes the well known example of the invention of the qwerty typewriting keyboard, and shows how remote and apparently random historical events may induce a technological path to be selected among many others that were initially feasible.

When technological change is inuenced by stock complementarities, two situations may arise. Either initial conditions are sucient to determine the future path of the economy, or not. In the latter case, more than one set of expectations are consistent with the state of the economy and could reveal self-fullling. Coordination issues and the role of government intervention have been studied in static (or two periods) models: [START_REF] Cooper | Coordinating coordination failures in keynesian models[END_REF]; [START_REF] Ennis | Government policy and the probability of coordination failures[END_REF][START_REF] Holmstrom | Moral hazard in teams[END_REF]. In a dynamic setting, [START_REF] Matsuyama | Increasing returns, industrialization, and indeterminacy of equilibrium[END_REF] shows that in an economy where workers have to choose between an agricultural and an industrial sector with learning-by-doing eects in the latter, there may exist several long run equilibria, including a preindustralization trap and an industrial take-o. He studies the global stability of the system and its sensitivity to various changes of parameters in situations in which initial conditions do not allow to select a unique equilibrium. [START_REF] Krugman | History versus expectations[END_REF] relies on a linear version of Matsuyama's setting and shows which parameters determine the relative importance of history (initial conditions) versus agents expectations in equilibrium selection. [START_REF] Wirl | History versus expectations: Increasing returns or social inuence?[END_REF] compare the conditions for the existence of multiple equilibria and self-fullling expectations at the decentralized and the social level.

The study of technological paths in environmental economics falls within the wide debate on the choice of appropriate policy instruments to direct our economies toward more sustainable development paths. Recent developments in the Integrated Assessment Models (IAM)

and Dynamic Stochastic General Equilibrium (DSGE) literature such as [START_REF] Golosov | Optimal taxes on fossil fuel in general equilibrium[END_REF] or [START_REF] Traeger | Analytic integrated assessment and uncertainty[END_REF] encompass endogenous technical change and the possible switch toward greener technological mixes. However, it did not change much the common view that Pigouvian taxes are the most ecient tool to make agents internalize the social cost of pollution.

An innovation subsidy may be required in order for the market to provide the socially optimal amount of R&D investment, but a distortion between clean and dirty sectors is not desirable.

The carbon tax should be sucient in directing innovation.

On the contrary, the literature on directed technical change following the paper by [START_REF] Acemoglu | The environment and directed technical change[END_REF] argues that asymmetric subsidies between sectors are required on top of pollution taxation, to deal with a specic kind of externality: Due to sectoral complementarities, investment choices of individual agents have an impact on future relative protability between sectors. But since investors are short sighted, they do not account for these sectoral externalities that are weighted toward future benets, even though they are given incentives through pollution taxation. Therefore an additional and asymmetric subsidy is required.

In the previously cited work, technological paths are history dependent so that the long run equilibrium is always uniquely determined by initial conditions, given that agents have rational expectations on each others actions. However, in [START_REF] Acemoglu | The environment and directed technical change[END_REF] for example, there could be multiple equilibria for dierent parameters value. Agent's expectations also matter if the assumption of short sighted investors is relaxed. We use an alternative specication to show that even with optimal pollution pricing, a bad equilibrium, that is, specializing in the dirty sector, may be selected if expectations are wrong. Similar drawbacks linked to the use of pigouvian taxes had been pointed out in [START_REF] Hoel | Emission taxes versus other environmental policies[END_REF] that shows in a static framework that if abatement costs are non-convex (if, for example for a sucient amount of resources put in abatement measures, a new and more ecient technology can be discovered), then pigouvian taxes might not be the right instrument. Finally, [START_REF] Barrett | Climate treaties and" breakthrough" technologies[END_REF] develops a two period example in which the invention of a breakthrough technology requires funding by a minimum amount of countries, and returns depend on whether innovation is successful, so that countries will only invest if they believe others will do.

Framework

There are two sectors in the economy, each producing an homogeneous good that is part of nal consumption. Thus, from the consumer's point of view, there is no dierence between the two goods, and the only dierence between the two sectors lies in the technology they are using. One sector (d) is dirty, meaning that the technology used in the production process of the good emits pollution as a byproduct. Pollution creates a negative externality on the welfare of the whole population. The other sector (c) is clean, it does not pollute. Production in each sector depends on a stock of sector specic capital. We assume that capital investment is funded by a continuum of agents called investors. Investors are all endowed with the same amount of wealth (normalized to one) and they choose how to allocate their wealth between assets of the two sectors, according to their expected return from investment. Assume that the instantaneous return on investment takes the form:

Π j (t) = f (x j (t), x ij (t))
where Π j (t) is the return on investment in sector j ∈ {c, d}, and period t, x ij (t) is the share of her own wealth that agent i invests in sector j at time t, and x j (t) represents some aggregate of the economy-wide investment shares. Several aggregate measures could be chosen for our analysis. Here for simplicity we choose the average: x j (t) = x ij (t) di is the share of total wealth invested in sector j and period t.

Our return function highlights external eects from investment: the average size of the sector x j impacts private returns on investments in that sector. Such external eects may be positive or negative. Following the denition by [START_REF] Cooper | Coordinating coordination failures in keynesian models[END_REF], there are positive (negative) spillovers if f x j > 0 (f x j < 0). Furthermore, there are technological complementarities if f x ij x j > 0, that is if a marginal improvement in the average capital stock in one sector increases the marginal benet of all individuals that have invested in the same sector. In the following we assume that there are positive spillovers and technological complementarities (f is increasing in x j (t) and f x ij x j > 0). Complementarities are an important feature that induce a coordination motive between agents, and thus play a role in generating multiple equilibria. Investment spillovers and technological complementarities are a common assumption in the growth and development literature: in one-sector AK models, aggregate productivity increases as a result of aggregate investment due to learning-by-doing eects beneting all investors in the economy. In a two-sectors economy, more eects may come into play, such as network eects or input complementarities [START_REF] Bryant | A simple rational expectations keynes-type model[END_REF], that increase the incentives to specialize in one sector. Similar mechanisms can explain the external eects in the choice between clean and dirty technologies, assumed in our framework. As an example, energy generation technologies are obviously more ecient if widespread in the economy. Investing in shale oil exploitation or solar power is only protable if the economy as a whole uses fuel, or at the contrary, renewables, as a main source of primary energy, not only because such technological choices require very large scale innovation, but also because they imply very dierent structures for the energy network, and have consequences for the design of secondary inputs that must be adapted to the energy source.

Next, we introduce an additively separable cost incurred by investors who want to reallocate their assets portfolio and therefore switch sector of investment. Such cost is a transaction cost charged to investors by nancial intermediaries such as banks or brokers, for their services in the process of buying or selling assets. It may come from for example the cost of information acquisition necessary before making an investment. The switching cost is denoted c(u i ) where u i is the instantaneous wealth reallocation of rm i. As an approximation, we make the cost function quadratic: c(u) = cu 2

2

, where c > 0.

Since x jt and x ijt are investment shares and there are only two sectors in the economy, we can write x ic (t) = x i (t) and x id (t) = 1 -x i (t), as well as x c (t) = x(t) and x d (t) = 1 -x(t), with x(t) = x i (t)di. We thus have x i (t) = 1 (x i (t) = 0) when agent i invests all her wealth in sector c (d). By denition of u i (t), we also have: u i (t) = ẋi (t). Further assume that Π j (t) = µx j (t)x ij (t) where µ > 0 measures the strength of externalities so that the individual total payo function can be written:

π(x(t), x i (t), u i (t)) = µ[x(t)x i (t) + (1 -x(t))(1 -x i (t))] - cu i (t) 2 2 
Therefore, the inter-temporal optimization problem of agents writes:

max u i (t) E +∞ 0 e -rt π(x(t), x i (t), u i (t)) dt subject to: ẋi (t) = u i (t) (3.1)
Where r is the interest rate. We assume that r is exogenously determined. In each period, agents choose in which sector to invest, given their current portfolio and the switching cost that it may imply, the current state of the economy x(t), and their expectations about future states.

Social welfare: Total welfare depends on aggregate payos and on some purely external eects coming from technological specialization.

W (x(t), u(t)) = 1 0 π(x(t), x i (t), u i (t)) di + ν[x(t) 2 + (1 -x(t)) 2 ] -D(x(t)) (3.2) = (µ + ν)[x(t) 2 + (1 -x(t)) 2 ] -D(x(t)) - cu(t) 2 2
Where u(t) = u i (t) di measures aggregate switching costs, D(x(t)) is a cost linked to environmental degradation and ν is a parameter that measures the impact of other sources of purely external eects on welfare. It may be the case that µ and ν have opposite signs, so that some negative spillovers countervail the private incentives to coordinate embodied in µ. For example, specialization may generate a larger output in the economy as a whole, with positive spillovers for all agents in the economy, no matter their individual investment choice. This would lead to having ν > 0. On the contrary, investors may overestimate the benets of specialization by ignoring external negative eects, for example dependance on imports from foreign markets induced by specialization if demand in the polluting sector is too inelastic. Conversely, this would lead to having ν < 0. When after all µ + ν > 0, the payo function exhibits increasing returns to technological specialization at the aggregate level. In such case, full specialization in one sector (either x = 0 or x = 1) will be socially valuable. In the following sections we investigate the consequences of dierent assumptions on the relative size of parameters µ and ν.

Finally, D(x(t)) is a cost linked to environmental degradation. We abstract from modeling the environmental stock dynamics, but we assume that the use of dirty technology harms the environment and that the environment aects welfare, so that a low x reduces welfare. We also make the common assumption that the environment is a public good so that environmental degradation generates pure external eects: agents do not internalize the impact of their own investment choice on environmental quality. Moreover, too much environmental degradation can become irreversible and have disastrous consequences for the economy. To model this, we make the marginal cost of environmental degradation increasing in the amount of pollution emitted: D is decreasing in x and convex: when technology gets dirtier (smaller x), both damages and marginal damages increase. For simplicity we restrict ourselves to a quadratic damage function satisfying such conditions and we assume:

1 D(x(t)) = d 1 (1 -x(t)) 2 + d 2 (1 -x(t)) d 1 , d 2 ≥ 0

Laissez-Faire equilibrium

There are two obvious equilibria in this economy, corresponding to full specialization in either the dirty (x = 0) or in the clean (x = 1) technologies. Complete characterization of the laissez-faire dynamics nevertheless requires to study the economic paths leading to such equilibria and their stability. Therefore we now solve the laissez-faire inter-temporal optimization problem (3.1). For readability in the following we avoid the time subscript.

The current value Hamiltonian for the competitive equilibrium is:

H = π(x, x i , u i ) + λu i
And the optimality conditions follow:

H u i = -cu i + λ i = 0 λi = rλ i -H x i = rλ i -π x i (3.3)
These two equations dene a dynamic system in the plane (x, λ) where λ is the shadow price of clean investment, that is, the individual marginal benet of investing in sector c rather than sector d. Since investors are long-lived and long-sighted, and because of investment spillovers, this shadow price does not only depend on the current state of the economy but also on the future path that technology will follow, that is, current and future investment decisions taken by all other investors. Rearranging (3.3), the rst order conditions write:

ẋi = λ i c λi = rλ i -µ(2x -1)
Therefore it becomes clear that the shadow price λ i is also proportional to the amount of assets that investor i is willing to move between sectors. When λ i > 0, investor i dis-invests from the dirty sector and invests in the dirty one, while the reverse is true when λ i < 0.

We assume that agents have rational expectations, and since payos are symmetric and λi only depends on the aggregate variable x, in equilibrium all investors should hold the same information and should invest symmetrically. Then we should have: ẋ = ẋi di = λ c so that the optimality conditions become:

ẋ = λ c λ = rλ -µ(2x -1) (3.4)
The phase diagram of this dynamical system is represented in g. 3.1. When the two isoclines ẋ = 0 and λ = 0 intersect, the system is in a steady state. The only interior steady state of the above system is the following:

λ = 0 x = xi = 1 2
That is, when both sectors are perfectly neck to neck, when the capital stock is the same in the clean and the dirty sector, the system is in a steady state: agents will not be willing to invest more on one side since it will not be protable. There are two other steady states corresponding to the slightly modied dynamics of the system when x reaches either of its two bounds. When x = 0, ẋ = 0 for any λ ≥ 0, so that there is a steady state located at the intersection of the x = 0 vertical line and the λ = 0 isocline, that is at (x, λ) = 0, -µ r . Symmetrically there is a steady state at (x, λ) = 1, µ r .

These two corner steady states are saddle path stable: once the state variable x is in the neighborhood of 0 or 1, since agents have rational expectations, λ will jump to the saddle path so that the economy starts converging toward either steady state.

In order to determine the long run path of the economy, we still have to study the stability of the system in the neighborhood of the interior steady state ( 1 2 , 0), in order to characterize the dynamics of the economy if for example, the initial technological ratio is far enough from specialization or, when both sectors are initially symmetrical and a small deviation occurs, due to an exogenous shock. It is shown in the Appendix that:

Proposition 3.1. In Laissez-faire, the steady state ( λLF , xLF ) = (0 , 1

2 ) is unstable if and only if µ > 0. Moreover, it is an unstable focus if and only if r 2 < 8µ c and an unstable node if and only if 0 < 8µ c ≤ r 2 .

Therefore, under our modeling assumption that µ > 0, the interior steady state is unstable, that is, the clean and dirty sectors will never remain neck-to-neck and the economy will always fully specialize in the long run, toward one of the two sectors. That is, x will reach one of its bounds 0 or 1 in nite time.

Which of the two equilibria is selected may depend on initial conditions: if the economy starts with a technological share more favorable to polluting technologies, investors are better o investing more in the polluting sector and thus the economy may specialize in this sector.

It may also depend on agent's expectations: since future prots depend on the future path of the economy and thus on current and future actions of all investors, an investor may decide to invest in the non polluting sector, even though the economy is initially more advanced in the polluting sector, because she expects that this is what others will do. If suciently many investors behave this way, the economy may incur a large and sudden switch in its technological path, making the clean sector become more protable quickly, and the economy will actually specialize in clean technologies. In such case, the few investors that would have kept investing in dirty technologies will loose prot.

The second part of the proposition denes the formal condition under which initial conditions are sucient to determine which one of the two possible long run equilibria is selected, or conversely conditions under which expectations matter to determine the path of the economy. A node (g. 3.2) is a critical point toward (or from) which trajectories converge (or diverge) steadily. A focus instead (g. 3.3) is a critical point around which trajectories are oscillatory. When the critical point of the dynamic system dened by (3.3) is a node, there is only one path which is consistent with the rst order conditions, given a set of initial conditions. When the critical point is a focus however, there is a range of initial values of

x in the neighborhood of 1 2 for which there exists several paths that are consistent with the rst order conditions. Following [START_REF] Krugman | History versus expectations[END_REF] we will call this region the overlap:

Denition 3.1. The overlap is the range of values of x from which either equilibrium can be reached. On g. 3.3 it corresponds to the (x 1 x 2 ) segment.

Inside the overlap, the rst order conditions given by (3.3) are necessary but not sucient conditions to determine the actual path of the economy. An additional condition is required.

This additional condition relates to the determination of λ 0 . As shown on g. 3.3, for a given initial state x 0 located inside the overlap, there are several values of λ 0 that are consistent with the rst order conditions. Each λ 0 corresponding to a dierent path converging to x = 0 or 1. The choice of λ 0 is actually equivalent to choosing a long run equilibrium and the time horizon at which it will be reached: a λ 0 located on the upper outer arm of the spiral allows to converge monotonically and thus quickly toward 1, while choosing a λ 0 on one of the inner arms will lead to oscillate more slowly toward the equilibrium. In that sense we can interpret λ as a measure of agent's expectations or beliefs about the future state of the economy. Therefore, when the economy starts somewhere in the overlap, the investment choice of agents will depend on their expectation about what the future will be, that is about what other agents will do. For a given initial state x 0 belonging to the overlap, the expectation that the economy will reach either x T = 0 or x T = 1 at time T or T are both self-fullling and could reveal ex-post rational. On g. 3.3, the overlap corresponds to the range of values of x that are between the rst and last times the spiral crosses the horizontal axis.

As pointed in [START_REF] Krugman | History versus expectations[END_REF], the paths drawn on g. 3.3 are only two of the many ones that are consistent with the rst order conditions: they correspond to the situation in which agents believe that the economy will converge toward x = 0 or 1 with probability 1 (that is, the economy reaches 0, -µ r or 1, µ r at some point in time). In fact there exists many other consistent paths, in particular stochastic ones, in which agents believe that the economy will reach one of the two equilibria with some probability p ∈ (0, 1), and the other one with probability 1 -p. Such beliefs, together with a terminal date T at which the steady equilibrium is reached, would lead to a slightly modied dynamics due to dierent terminal conditions.

Here we do not model the way agents build beliefs. Several techniques have been used in the literature to remove the indeterminacy by providing additional information that agents can use to build expectations and possibly coordinate: among them the addition of imperfect information [START_REF] Karp | Fundamentals versus beliefs under almost common knowledge[END_REF][START_REF] Frankel | Resolving indeterminacy in dynamic settings: the role of shocks[END_REF] , heterogeneity between agents [START_REF] Herrendorf | Ruling out multiplicity and indeterminacy: the role of heterogeneity[END_REF], or the use of sunspots on which realization agents can coordinate.

The parameters that matter for expectations to be crucial in determining the long run path of the economy are the interest rate r, the investment cost c and the strength of complementarities in payos µ. The intuition is the following: expectations matter when complementarities are strong, (high µ), since then the payo of agents is highly inuenced by what the agent expects others will do. On the reverse, a high investment cost c makes the economy more history dependent: since it is more expensive for agents to change their relative investment share, they will not do so unless their expected prot is very high. Thus, the technological features of the economy are less dependent on expectations switches and more linked to initial conditions. Finally, expectations play an important role if the interest rate is low, because the interest rate is a measure of how much agents discount the future. If the future is heavily discounted, then agents will not care much about what other agents will do and what will be the future state of the economy, so history will determine their actions. On In this situation, the parameters are such that for a given initial technological share (for example x 0 or x 0 ), there is only one rational path toward the equilibrium. For example, if the economy starts in x 0 , then it will converge in the long run toward

x = 0 (full specialization in the dirty sector) while if the economy starts in x 0 , it will converge in the long run toward x = 1

(full specialization in the clean sector).

the contrary, if agents are patient, then what they expect the future will be matters more in determining their actions 2 .

Social optimum

We now derive the inter-temporal rst-best level of investment and the resulting optimal average technological ratio. That is, we nd the amount of investment that would be made if innovation were carried out by a single representative agent caring for the environment.

Inter-temporal welfare is given by:

W 0 = +∞ 0 e -rt W (x(t)) dt (3.5)
So that the inter-temporal welfare maximization problem is:

2 These comparative statics should be taken with caution: [START_REF] Matsuyama | Increasing returns, industrialization, and indeterminacy of equilibrium[END_REF] shows that the relation between the strength of complementarities and the role of expectations very much relies on the linear structure of the model. [START_REF] Karp | Friction and the Multiplicity of Equilibria[END_REF] shows that the monotonicity of the relation between the size of the switching cost and the size of the overlap is not robust to the introduction of a second state variable in the model creating a lag in the occurrence of external eects.
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In this situation, the parameters are such that for an initial technological share such as x 0 there are multiple paths toward the equilibrium. The economy could jump to either level of the spiral and therefore start converging to either equilibrium. We do not assess here the mechanisms behind expectations formation, even though some paths obviously seem more realistic than others, in particular the external ones going straight to one of the two equilibria, instead of having investment switching direction several times.

max u(t) W 0 subject to: ẋ(t) = u(t)
The Hamiltonian for this optimization problem is:

H = W t (x) - c 2 u 2 + λu
and the optimality conditions follow:

H u = -cu + λ = 0 λ = rλ -H x = rλ -W (x) ⇔ ẋ = λ c λ = rλ -2(µ + ν)(2x -1) -2d 1 (1 -x) -d 2 (3.6)
These two equations again dene a dynamic system in the plan (x, λ) where λ is the shadow price of investment in innovation, that shows by how much the inter-temporal social welfare changes when the technological ratio increases or decreases slightly. When the two isoclines ẋ = 0 and λ = 0 intersect, the system is in a steady state. The only interior steady state of the system is the following:

λFB = 0 xFB = 1 2 - d 1 + d 2 4(µ + ν) -2d 1
The position of the steady state and its stability depend on the parameters of the model. Lemma 3.1. 1. If d 1 > 2(µ + ν) then the social steady state is ( λFB , xFB ) = (0 , 1) and is saddle path stable.

2. If d 1 < 2(µ + ν) and: (a) If 2d 1 + d 2 > 2(µ + ν), then the social steady state is ( λFB , xFB ) = (0 , 0) and is unstable. (b) If 2d 1 + d 2 < 2(µ + ν), then the social steady state is ( λFB , xFB ) = (0 , 1 2 - d 1 +d 2 4(µ+ν)-2d 1
) and is unstable.

Given that aggregate convexities (i.e. incentives to specialize) are symmetrical around 1 2

and that the environmental externality favors a technological ratio x that is closer to 1, it seems intuitive to think that the optimal path will lead to a long run equilibrium that is at least above 1 2

if not equal to 1. This is what stands out from lemma 3.1: two cases arise, depending on the shape of the environmental externality and in particular on its convexity parameter d 1 . When d 1 is large enough, it compensates incentives to coordinate in the dirty sector and the social steady state xFB is stable, contrary to the steady state in laissez-faire. When xFB is stable, that is when optimal trajectories starting from any initial level of the technological ratio converge to it, it is equal to 1 and in the long run, x = xFB = 1: the economy specializes in the green sector as expected.

On the other hand, when d 1 is small, the steady state xFB is unstable, and it belongs to the interval [0, 1 2 ). This means that in the long run the economy moves away from xFB toward 0 or 1. Moreover, the range of initial values from which the optimal path converges to 0 is smaller than the one from which the optimal path converges to 1. The stronger the externality, the closer to zero xFB is (as long as the payo function remains convex).

We make the following assumption:

Assumption 1. 2d 1 + d 2 < 2(µ + ν).
When assumption 1 holds, we are in the most interesting case in which the social interior steady state is unstable, and belongs to (0, 1 2 ). It corresponds to a framework in which aggregate technological complementarities (embodied in µ + ν) are strong enough, and the environmental externality is not too convex (d 1 relatively low).

3

We now specify the optimal paths for x:

Proposition 3.2. When assumption 1 holds and the economy starts from an initial state x 0 , then the optimal path of x satises (3.6) and converges monotonically toward 0 or 1.

1. if 16(µ+ν)-8d 1 c < r 2 , then there exists only one such path. It converges monotonically toward x T = 1 if the economy starts on the right of xFB (i.e. x 0 > xFB ) and toward x T = 0 if the economy starts on the left of xFB (i.e. x 0 < xFB ).

if

16(µ+ν)-8d 1 c > r 2 , then according to x 0 , there exists either one or two such paths, one converging toward x T 1 = 1 and/or one converging toward x T 0 = 0. These paths are given by:

x i (t) = xFB + exp r(t -T i ) 2 (x T i -xFB ) cos ((t -T i )κ) (3.7) - (x T i -xFB ) cr -2λ T i 2cκ sin ((t -T i )κ) for 0 ≤ t < T i , and x i (t) = x T i for t ≥ T i , where i = 0 or 1, x T i = i, λ T i = 2(µ+ν)(2x T i -1)+2d 1 (1-x T i )+d 2 r and κ = 1 2 8(2(µ+ν)-d 1 ) c -r 2 .
T i is such that x i (0) = x 0 and corresponds to the (rst) period at which x i reaches its long term value x T i .

In the range of parameters values for which the steady state is unstable, the case in which 16(µ+ν)-8d 1 c < r 2 as considered in the rst part of proposition 3.2 is the easiest to solve: in this case xFB as dened by proposition3.1 is a node and optimal dynamics for x are fully characterized by the rst order conditions (3.6) and the initial state x 0 .

If instead, the steady state is unstable and 16(µ+ν)-8d 1 c > r 2 , that is if the gains from specialization are large enough compared to the environmental externality, then the optimal path is less obvious. In this case the system dened in (3.6) has complex conjugate roots, so that there exists several paths satisfying the rst-order conditions, among which only one is optimal. Proposition 3.2 states that the optimal path is necessarily monotonic, even though some paths satisfying (3.6) are oscillatory. Yet, when 16(µ+ν)-8d 1 c > r 2 , monotonicity and the initial condition x 0 are still not always sucient to select a unique path. For some values of x 0 close to xFB , two monotonic paths exist, one converging toward 0 and one converging toward 1. A terminal condition is then required to select between the two. The reason why some of these paths may not be optimal even though they satisfy the rst order conditions is that when the value function is convex as ours, the Pontryagin optimality conditions are necessary but not sucient for optimality

4 .

An illustration is given in g. 3.4a and 3.4b. Fig. 3.4a shows the general shape of (3.7):

it is made of expanding oscillations, hitting the 0 or 1 bound at some point in time. The choice of terminal conditions T i and x T i allow to determine which bound is hit rst and the path of x (monotonic or oscillatory) before hitting the bound. Fig. 3.4b shows the dynamics of x(t) for several choices of terminal conditions: the green curve shows a monotonic path hitting 1 after approximately ten periods, while the blue curve is a monotonic path hitting 0 after approximately twelve periods, and the yellow curve is an oscillatory path hitting 0 after approximately fty periods. Except in the very unlikely case in which both paths {x i (t)} ∞ t=0 , i = 0, 1 as dened in proposition 3.2 would yield the same level of intertemporal welfare (3.5), the optimal path of the economy is always unique. This is in contrast with the laissez-faire in which there may be multiple equilibrium paths when the eigenvalues of the system characterizing the dynamics of the economy are complex. The intuition behind this result is that in laissezfaire, agents cannot ensure coordination and can only build expectations about the future.

On the contrary, a social planner centrally decides the amount of investment and therefore can credibly commit herself to a future path of investment, once the optimal path has been dened.

Whether the economy is better-o converging to the dirty or the clean equilibrium depends on the initial state x 0 and on the fundamental parameters of the model. In particular:

Lemma 3.2. when 16(µ+ν)-8d 1 c > r 2 , if agents are patient enough (r low enough), then the optimal path for x will always be the one converging to the clean equilibrium.

For the clean path to be the optimal one, the long term welfare gains from avoiding environmental damages must overcome the short term losses due to the step back in technological specialization if the economy initially started with x 0 < 1

2

, that is, closer to the dirty 4 On that topic, see for example [START_REF] Dechert | A complete characterization of optimal growth paths in an aggregated model with a non-concave production function[END_REF].

equilibrium. This is likely to be the case if environmental damages are strong enough or if specialization incentives are not too strong, but also if agents suciently value future welfare gains. In particular, when the discount factor is 0, the clean path will always be optimal and for any set of fundamental parameters, there is a maximum discount factor that ensures that the social planner will always want the economy to specialize in the clean sector.

Environmental Policy

In the previous section we characterized the dynamics of the economy without policy intervention and compared it to the rst best in which technological and environmental externalities are accounted for by a Social Planner. We studied the relative role of initial conditions versus agent's expectations in selecting the long run equilibrium of the laissez-faire economy. We showed that due to technological complementarities, the laissez-faire economy is likely to converge toward full specialization, which may have catastrophic consequences if it happens in the polluting sector. In the following we study the role of policy intervention in helping the economy to reach a non polluting technological steady state and thus avoid strong environmental damages.

It is generally accepted in environmental economics that one of the most ecient tools to address externalities is the use of pigouvian taxes. The idea behind such regulatory mechanism is that agents should be charged for their actions by the amount of the marginal damage they inict to the overall population. Technological change introduces another kind of externality. Models encompassing both environmental constraints and endogenous technological change often combine two distinct pigouvian taxes: one to deal with the environmental externality, and the other one (actually, a subsidy), to deal with the knowledge externality, since knowledge is widely recognized to be at least partially non rival and thus to suer under-provision.

In directed technical change models with clean and dirty sectors, an additional subsidy can be required. It is shown in [START_REF] Acemoglu | The environment and directed technical change[END_REF] that when there are sectoral investment complementarities and rms (i.e. R&D investors) are shortsighted, the pollution tax is not sucient to direct innovation toward the right sector and an additional subsidy to clean sector R&D is required. This comes from the fact that two sectors models exhibit another kind of positive externality linked to the relative size of the sectors, creating incentives to specialize.

However, this is not taken into account by rms since they discount too heavily future benets. However, in [START_REF] Acemoglu | The environment and directed technical change[END_REF] innovation remains path dependent: future states of the economy can always be predicted from the initial conditions. In particular,

given the relative productivity of the green and polluting sectors, the direction of future specialization can be derived. In our framework this in not the case. Firms are longsighted but we show in the following that pigouvian policies may still not direct the economy toward the socially optimal steady state because the economy is not always path dependent. A policy may fail to direct the economy toward full specialization in the non polluting sector if agents formulate the wrong expectations.

In the following, we derive the decentralized equilibrium when a social planner implements a tax on dirty assets holding and show why the tax may fail directing the economy toward specialization in the green sector.

Decentralized equilibrium Assume that the policy tool available to the social planner is a tax/subsidy τ on the individual assets share x i (t). 5 The subsidy is nanced (or redistributed if it is a tax) lump sum. The optimization problem of an agent under this policy scheme is the following:

max u i E +∞ 0 e -rt [π(x, x i , u i ) + τ x i (t) + Θ(t)] dt subject to: ẋi (t) = u i (t) (3.8)
where Θ(t) is the amount of the lump sum transfer:

Θ(t) = 1 0 τ x i (t) di = τ x(t)
Solving (3.8) gives the rst order conditions describing the agent's decision under a policy τ :

ẋi = ẋ = λ τ c λτ = rλ τ -µ(2x -1) -τ
From there, we can write the optimization problem of the social planner aiming at decentralizing the rst-best:

max τ E +∞ 0 e -rt 1 0 µ[x(t)x i (t) + (1 -x(t))(1 -x i (t))] - λ 2 τ 2c + τ x i -Θ t di dt = max τ (x) E +∞ 0 e -rt W (x(t)) dt
subject to the following constraints:

ẋi = ẋ = λ τ c (3.9) λτ = rλ τ -µ(2x -1) -τ (3.10)
Therefore, for the decentralized equilibrium to match the rst-best, τ must be such that λ τ = λ F B , that is, the shadow price of investment for agents under the policy τ equals the socially optimal shadow price of investment that can be derived from proposition 3.2.

A standard pigouvian policy would equalize the rst order conditions in (3.6) and (3.10) by setting:

τ (x)x i = [(µ + 2ν -d 1 )(2x -1) + d 1 + d 2 ] x i (3.11)
The policy rate given by (3.11) corresponds to the welfare impact of a marginal change of x that is not internalized by private agents, since they only account for the impact of a marginal change in their own capital share on their individual prots. Convexity of environmental damages impacts the pigouvian policy: when damages are convex, the marginal benet for society from improving the cleanliness of assets shares becomes very large when technology is very dirty. Therefore, the more convex environmental damages are, the lower the term µ + 2ν -d 1 in (3.11) and the lower the incentives to coordinate provided by the tax 6 . Conversely in some circumstances, social incentives to coordinate can be so strong that they overcome the environmental issue and make the optimal policy become a tax on green assets holding when x is too low. In order to avoid this scenario we impose:

Assumption 2. d 1 + d 2 > µ + 2ν -d 1 .
Therefore, τ (x) will always remain positive (i.e. a subsidy).

As noted above, the pigouvian tax dened by (3.11) makes the rst order conditions of the decentralized equilibrium coincide with the rst order conditions of the social optimum ( λτ = λFB ). However, in some cases it may not be sucient to ensure that λ τ = λ F B so that the decentralized economy actually follows the socially optimal path. In particular:

Lemma 3.3. When the social value function is convex and aggregate complementarities are strong enough so that 8(2(µ+ν)-d 1 ) c > r 2 , the interior steady state of the decentralized equilibrium under an optimal pigouvian policy as given by (3.11) is an unstable focus, and the regulated economy may not follow the socially optimal path if agent's expectations are wrong.

When the conditions of lemma 3.3 are met, rst order conditions are not sucient to dene uniquely the path of x τ (t) under a pigouvian tax (3.11). In order to decentralize the rst best, the social planner would have to ensure that among the several possible paths dened by (3.9) and (3.10), the optimal one is selected. Yet, which path is selected depends on investors expectactions and is unknown to the social planner. Therefore, the economy may specialize in the dirty sector even in presence of a pigouvian tax correcting for externalities and providing incentives for clean investment, if agents anticipate others to choose the dirty sector. According to lemma 3.3, this occurs when parameters µ and ν are large enough, but also when d 1 is small: if environmental damages are too strong and convex, then the pigouvian tax will be sucient to overcome symmetrical investment complementarities and reach the rst best.

Assumption 3. 8(2(µ+ν)-d 1 ) c > r 2 .

In the following, we assume that the economy is in the situation in which lemma 3.3 holds, and derive second best policies that can overcome the failure of the pigouvian policy.

6 By assumption 1 however, we know that the policy will always provide an overall incentive to coordinate µ and ν imply strong externalities in technological investment, hence an investment path that is expectation dependent over a wider range of values of x. Therefore it requires a larger tax rate τ c in order to exit the overlap. On the contrary, when environmental damages are suciently large and convex, the pigouvian tax is more ecient (see lemma 3.3) and τ c

decreases.

An alternative to the above solution is to implement a policy that would remove multiple equilibria from the entire path of the economy, by making the eigenvalues of (3.4) real.

This would make the path of the economy non oscillatory and thus fully history dependent.

We dene τ as the tax/subsidy rate needed to reach this second best. In order to have second order eects on the system, this policy should be a function of x and take the form: τ (x) = ax+b with a and b being constant. With such policy, the dynamics of the decentralized economy becomes:

ẋi = x = λ c λ = rλ -µ(2x -1) -ax -b
It can be shown easily that the eigenvalues of the system are real if and only if 4(2µ+a) c

< r 2 , therefore, we must have:

a < cr 2 4 -2µ
Then we dene a = cr 2 4 -2µ -κ with κ > 0. If absent the policy τ (x), eigenvalues of the system would be complex conjugate, that is if 8µ c > r 2 , then we have a < 0. In order to fully characterize the policy τ (x) we also need to specify b. For the policy to direct eciently the economy toward green investment, avoiding multiplicity is not a sucient condition. We also need the economy to be in a state in which investment will actually go toward greener assets shares, that is, we need the initial state to be on the right of the steady state 10 . Given the policy τ (x), the steady state (a node) of the economy is:

x SB = 4 µ -b cr 2 -4κ
And therefore b must be such that x SB < x 0 , or x SB = x 0 -γ, with γ > 0, that is:

b = µ - (x 0 -γ)(cr 2 -4κ) 4
Then, we obtain the following subsidy:

τ (x) = cr 2 -4κ 4 (x -x 0 ) + µ(1 -2x) + γ(cr 2 -4κ) 4
10 This is the same necessary condition as for the previous setting τ , except that here there is no overlap.
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The rst term µ(1 -2x) is positive and decreasing in x, while the second term cr 2 -4κ 4 (x -x 0 ), is positive (since x > x 0 ) but increasing with x. Therefore, τ (x) > 0 for any x ≥ x 0 and τ is a subsidy to green assets holding. The second term aims at incentivizing green investment above x 0 , while the rst term aims at weakening complementarities. Assuming we are in a framework in which the roots of the laissez-faire dynamical system are complex conjugate (that is, cr 2 < 8µ), the overall marginal eect τ (x) is negative: when x increases, the subsidy rate decreases. Therefore the policy τ limits the role of expectations while making the subsidy rate larger when it is needed, that is when x is low.

The intuition behind both kinds of policies τ and τ is dierent: τ is independent from x, which means that it works as a pure subsidy on clean assets holding, that does not depend on the state of the economy. It aims at disentangling private payos from each others by providing a certain payment to green investors. On the other hand, the policy τ (x) varies with x. In particular the subsidy rate increases when average assets share is dirtier, thus counteracting the coordination incentives coming from complementarities in investment. It inuences the relationships between private prots and the aggregate state of the economy, which has an eect on global dynamics and expectations. Both policies can be seen as a kind of insurance for green investors against the risk that others might not invest in the right way in which case the green investors would not benet from positive externalities.

Discussion

In the above susbsection, we gave two examples of policies that would overcome the ineciencies of a standard pigouvian tax. Both examples lead the dirty equilibrium to disappear from the decentralized optimization problem, while the clean one is the only one left and therefore will necessarily be selected by agents. These are obviously second best policies, since they require quite strong interventions in order to make everyone believe that in any circumstance everyone else is always going to increase, if possible, her capital share in the clean sector. Such policies may also face commitment problems: the government must be credible enough, especially about the long run upholding of the policy, for the policy to have the targeted eect on beliefs.

In a study about industrialization paths, [START_REF] Matsuyama | Increasing returns, industrialization, and indeterminacy of equilibrium[END_REF] takes a dierent approach on regulation: direct subsidies to the good sector should be restricted to situations in which given the initial state of the economy, there is no path leading toward the good equilibrium: the economy is trapped in the bad one. In our framework, it corresponds to the case in which the economy is initially very specialized in the dirty sector (the initial x 0 lies on the left of the overlap). When instead both equilibria already exist, and the issue is about selecting the right one, government's intervention should mainly consist in promoting condence or optimism within the private sector. Moreover, the author argues that if the state intervention required to make an industrialization path possible is too strong, it may also have detrimental eects on equilibrium selection once both equilibria are possible, by choking entrepreneurship and private coordination initiatives to escape the bad equilibrium.

One may argue on the contrary that a suciently committed and credible policy in favor of the clean sector would instead induce private investors to have more condence in the fact that the economy will indeed specialize in clean technologies and thus favor coordination toward this goal. But the main limitation of Matsuyama's view is that his model as ours does not give any insight about how expectations are formed. However, these models interestingly point out the important role played by private beliefs in determining development paths, in the case of green directed technical change as for industrialization issues. It calls for deeper investigation about the determinants of beliefs in such frameworks and the public policies that can be implemented consequently.

Conclusion

In this paper, we model the technological path of an economy as the result of a coordination problem between many atomistic investors that cannot communicate and thus have to choose in isolation which technology to invest in, based on the current state of the economy they observe and the expectations they make about others behavior (i.e. future states). We use a framework that was previously developed for the study of industrial take-o versus poverty trap lock-in in development dynamics, but that is also well suited to describe the conditions of the drastic technological shift required in order to reach sustainable development paths.

We nd that according to the parameters of the model, the technological path may be history dependent or expectations dependent. In the rst case, a standard environmental policy aiming at making agents internalize the technological and environmental externalities of their investment choice is sucient in order to direct the economy toward the right equilibrium, that is, specialization in a non polluting sector. History dependent economic paths and the resulting optimal policy for directing technological change is the kind of policy tool that is commonly used in most of the sustainable growth and directed technical change literature.

In our model, we insist on the other case, in which expectations matter. Contrary to the rst case, it requires policies aiming at inuencing investors beliefs, and more generally, creating a favorable environment for green investment so that investors can be condent enough that this is going to be the best investment choice. Such policies are far less obvious than standard pigouvian taxes as the mechanisms behind expectations formations are not well understood and can be manifold. In our basic framework we derive two examples of additional subsidies that would prevent wrong expectations by making agents always better o investing in the green sector, even if they expect all other agents to invest in the polluting 

Introduction

Globalization and in particular free ows of goods and production factors between asymmetric countries is often thought of as enhancing allocative eciency, and raising economic output and growth rates worldwide. Yet, the net impact of globalization on welfare within national economies is not so clear, and far from producing a consensus. Amongst the many side eects involved, the concern that freeer international ows might increase damages caused by economic activity on the environment has been widely addressed. The worsening of environmental damages may come from direct eects such as increased global output and growth rates, or a stronger energy intensity of production due to long distance shipping of goods.

These eects already call for a cautious analysis and some specic environmental policy measures, but the main point is that globalization may also harm the eciency of environmental policies and restrict their scope. The so called pollution leakages occur when pollution reduction aimed at by a national tax is compromised by exports of polluting goods from countries where the environmental regulation is less stringent. Besides being less eective in achieving their environmental targets, pollution regulation policies may also become more costly in a globalized world, by raising competitiveness issues between unevenly regulated countries.

Therefore most of existing national environmental policies include border tax adjustment or specic exemptions for sectors that are prone to strong foreign competition 1 . In the present paper we focus on innovation dynamics induced by pollution taxes when trading partners do not have the same level of tax, and the resulting dynamics of pollution emissions.

We build a theoretical model of trade in goods between two countries with uneven environmental policies. The manufacturing sector in each country is made of a continuum of monopolists who produce a dierentiated good each. Manufacturing production harms the environment by emitting pollution and emissions are taxed by governments at a countryspecic rate. The motive for trade is households taste for variety. Therefore countries engage in intra-industry trade between their various manufactured varieties. The model is dynamic and encompasses both variety expansion in the manufacturing sector and productivity improvements by incumbent rms. In the long run, an endogenous equilibrium number of varieties in each country is reached, and growth is only driven by productivity improvements. Furthermore the model allows for directed technical change: rms can improve their technology and thus reduce their costs in two ways. Either they make their labor force more productive (labor augmenting technological change), or they reduce the amount of pollution they emit and thus pay less pollution taxes (emission augmenting technological change).

The allocation of R&D investment between labor productivity improvements and emission intensity reduction depends on the relative benets rms can withdraw from each investment type and thus relies heavily on the relative cost of labor (wages) and emissions (pollution tax).

1 Under the EU-ETS, sectors facing a signicant risk of carbon leakage receive special treatment to sup- port their competitiveness (see https://ec.europa.eu/clima/policies/ets/allowances/leakage_en). In the same spirit, the WTO Agreement on Technical Barriers to Trade (TBT) allows countries to impose import taxes or bans on products that do not meet the same environmental standards as the ones imposed for domestic products.

We consider two dierent ways of setting the emission tax rate: either the tax rate per unit of emission is exogenously set to a constant level, so that the actual cost share between emissions and labor in production variates as technology evolves, or instead the cost share of emissions is set to an exogenous constant level, so that the tax rate adjusts. Our results depend on the type of environmental policy we consider. When tax rates are constant albeit dierent in the two countries, growth rates as well as the size of the manufacturing sector stabilize at a constant common level in both countries. Emissions increase (or decrease) at a rate that lies between the autarkic emission growth rates of the two countries. Thus trade tends to decrease emissions in the initially more polluting country while it increases emissions in the initially cleaner country. With a constant cost share instead, trading with a country that does not have the same level of environmental tax does not impact growth or the direction of technological change for trading partners. However, it impacts relative market shares captured by each country: the country with the highest cost share of emissions captures a lower, and decreasing share of the manufacturing market. This kind of environmental policy is more ecient in the sense that it allows emissions to keep decreasing over time, but this is at the cost of a continuously decreasing market share and manufacturing production value for the country with the highest cost share of emissions.

So far dynamic approaches on the interaction between international trade and the environ- A recent branch of literature tackles the issue of trade and the environment through the angle of the new trade literature. Using empirical data and theoretical frameworks close to [START_REF] Melitz | The impact of trade on intra-industry reallocations and aggregate industry productivity[END_REF], they try to assess the impact of trade on the emission intensity of rms and thus on green innovation [START_REF] Batrakova | Is there an environmental benet to being an exporter? evidence from rm-level data[END_REF][START_REF] Kreickemeier | Trade and the environment: The role of rm heterogeneity[END_REF][START_REF] Girma | How green are exporters?[END_REF][START_REF] Cui | Induced clean technology adoption and international trade with heterogeneous rms[END_REF]. The general conclusion is that exporting rms tend to be cleaner and that overall emission intensity of productive sectors tends to decrease when trade costs are lowered. From there, one could easily conclude that freer trade favors green innovation among exporters. However, the link might not be so clear. First, the modeling of in-house R&D and directed technical change remains quite limited in this literature: models are essentially static, with green R&D taking the form of a one-shot binary choice between two types of technologies like in [START_REF] Bustos | Trade liberalization, exports, and technology upgrading: Evidence on the impact of mercosur on argentinian rms[END_REF] or [START_REF] Lileeva | Improved access to foreign markets raises plant-level productivityâ for some plants[END_REF], one being more polluting than the other. Moreover, as [START_REF] Barrows | Does trade make rms cleaner? theory and evidence from indian manufacturing[END_REF] The rest of the paper is organized as follows: section 4.2 describes the model, section 4.3 solves the world equilibrium, section 4.4 studies two dierent kinds of environmental policies and their implications, section 4.5 derives implications for pollution emissions, and section 4.6 concludes.

The model

Our model is based on the endogenous growth model of [START_REF] Peretto | The manhattan metaphor[END_REF], in which we introduce directed technical change and trade between asymmetric countries. There are two countries: Home (h), and Foreign (f ). Countries are symmetric in their market structures: on the consumption side, a representative household maximizes her inter-temporal utility by allocating income between consumption and savings. On the production side, there is a manufacturing sector and an R&D sector. The manufacturing sector is made of a continuum of monopolistically competing rms, whose production process emits pollution.

The size of the manufacturing sector is endogenous. Monopolistic rms earn prots and can invest in new knowledge creation (the R&D sector). Knowledge accumulation can be directed toward labor productivity improvements or emissions intensity reduction. Emissions damage the environment and thus harm the representative consumer's welfare, and governments in each country exogenously set an emission tax rate.

Consumption

Utility of the representative household in country j = h, f takes the form:

U j (t) = +∞ t exp(-ρt) log u j (t) dt (4.1)
Where ρ > 0 is the rate of time preference and (we avoid the time argument when it cannot lead to confusion for the reader):

u j = Ω j x -1 ij di -1 [D(E 1 , ...E N +N )] ψ (4.2)
Therefore the representative household's preferences are represented by a CES aggregate of all available varieties, with elasticity of substitution between varieties > 1. Ω j is the set of varieties available to consumer in country j, and x ij is the quantity of variety i ∈ Ω j consumed in country j. In this model, we assume that all varieties produced in a country are symmetric and that there is no entry cost for foreign markets. Therefore all rms serve both markets (Home and Foreign). Moreover, we assume that there is no redundant variety between the two countries so that

Ω j = Ω = [0, N h + N f ]. 2 2
The assumption that all rms export rule out the possibility that trade may have asymmetric eects for domestic or exporting rms: in particular, in the class of models of heterogeneous rms with xed exporting D(E 1 , ...E N +N ) is a damage function representing the impact of instantaneous pollution emissions E i from each rm i, i ∈ Ω on the representative household's welfare.

The representative consumer in country j maximizes her utility given the following wealth constraint:

ȧj = r j a j + w j L j + G j -C j (4.3)
where a j is total wealth in country j, r j is the interest rate, w j the wage, L j is the total size of the labor force, assumed to be constant, G j are government transfers and C j is the consumption expenditure devoted to domestic and imported intermediate varieties. We rule out trade in assets, so that the wealth constraints given by (4.3) are country-specic.

Consumption expenditures in country j write:

C j = Ω j P i x ij di (4.4)
where P i is the price of variety i. In this model we assume no variable trade cost, therefore the price of a variety will be the same whether it is sold domestically or abroad. This assumption allows us to write P i as the unique price of variety i. Y j , the total value of manufacturing production in country j then writes:

Y j = N j 0 P i X i di (4.5)
Where X i is the total demand for variety i, so that:

X i = x ih + x if

Intermediate production

The manufacturing sector in country j = f, h is composed of a continuum of N j rms, competing monopolistically à la Dixit Stiglitz. Each intermediate rm produces a dierentiated variety i, using labor and pollution as inputs. We follow [START_REF] Copeland | Trade, growth, and the environment[END_REF][START_REF] Karp | Friction and the Multiplicity of Equilibria[END_REF] and treat pollution as an input. Production processes generate pollution which is released in the atmosphere, with a negative impact on consumer's welfare as shown in (4.2).

The production technology of intermediates is such that the following input quantities are used in production:

costs, trade liberalization leads domestic rms to loose revenues due to increased foreign competition but more rms are able to enter the foreign market and thus make extra prot. Given that domestic and exporting rms do not have the same R&D behavior, this may have an impact on productivity improvements. These mechanisms have been extensively studied in static new trade frameworks [START_REF] Lileeva | Improved access to foreign markets raises plant-level productivityâ for some plants[END_REF][START_REF] Bustos | Trade liberalization, exports, and technology upgrading: Evidence on the impact of mercosur on argentinian rms[END_REF]. In the present paper however, we want to emphasize the role of directed R&D investment by incumbent rms in open economies. As it is widely recognized that most part of in-house innovation is made by exporting rms, we choose to focus exclusively on the exporting sector.

L X ij = φ + Z -θ ij X i (4.6) E ij = A -θ ij X i (4.7)
where L X ij is the quantity of labor hired by a rm in country j in order to produce the amount X i and accordingly E ij is the quantity of pollution emissions. φ is a xed labor requirement allowing the number of varieties to remain stable in the long run. A ij and Z ij are factor specic productivity indices: Z ij measures the productivity of labor in intermediate goods production, and A ij is an indicator of the cleanliness of the production process. 0 < θ < 1 is an elasticity parameter.

As mentioned already, rms in a given country are assumed to be symmetric: they all produce using the same technology. Therefore we can write A ij = A j and Z ij = Z j as the productivity indices of country j, and:

L X ij = L Xj N j E ij = E j N j
where L Xj is the total labor force allocated to manufacturing production in country j and E j are total emissions in country j.

Given the production technology, rms incur a country specic production cost c j (X i ) = φw j + C Xj X i with:

C Xj = w j Z -θ j + τ j A -θ j (4.8)
where w j is the wage rate in country j and τ j is the tax rate on emissions. Again, since variable trade costs are zero, the cost of producing varieties for domestic use or for export is the same. τ j is set exogenously by the government of country j. We assume that Home and Foreign have dierent emission tax rates so that τ h = τ f . Tax revenues are rebated lump-sum to the representative consumer as government transfers so that:

G j = τ j E j .

(4.9)

Technological change

Technological change in this model may come from two forces: in-house innovation by incumbent rms (i.e. vertical innovation), or new product creation through entry and exit of rms (horizontal innovation).

In-house (vertical) R&D

Incumbent rms are long sighted. They can invest in cost reducing research and development, either through improvements of their labor productivity or through improvements of their emissions intensity. Productivity dynamics (assuming symmetry) in country j follow:

Żj = ξK Zj L Z ij (4.10) Ȧj = αK Aj L A ij (4.11) Where L Z ij = L Zj N j and L A ij = L Aj N j
are the quantities of labor hired in rm i and country j for productivity improvements and emissions intensity reduction respectively. ξ and α are sector specic productivity parameters of the knowledge accumulation process. K Zj and K Aj are existing knowledge stocks used as inputs for innovation. These knowledge stocks are public goods and freely available to researchers in a given country.

For now, we make the following assumption:

K Aj = A j K Zj = Z j
so that the knowledge stocks on which R&D workers in country j can base their research only depends on the available technology in their country, in particular there is no international spillovers.

Variety expansion

Innovation also takes place through new product creation. Entrepreneurs can enter the market by paying a sunk entry cost (in labor units). Once in the maket they can start producing a new variety and earn a monopoly rent. Following [START_REF] Peretto | The manhattan metaphor[END_REF] the entry cost per variety is assumed to be equal to βY ij where β > 0 and Y ij = Y j N j is the share of the total value of manufacturing production received by a single rm. Such specication for the entry cost captures the intuition that entry cost increases with the size of the potential market to be served. The interpretation of β is twofold. First it is a productivity parameter: the larger β, the more labor is needed to start running a new rm. And second, it captures the marginal impact of the economy size on the entry cost.

Since this entry cost is settled by hiring labor, one must have:

w j L N ij = βY ij (4.12)
with L N ij the amount of labor required to create one additional variety.

It is also assumed that rms randomly exit the market at an exogenous rate 0 < δ < 1. Hence the growth rate of the number of varieties in country j obeys:

Ṅj N j = w j L N j βY j -δ
where L N j is the total amount of labor used for horizontal innovation.

4.3

World equilibrium

Equilibrium demand

The representative consumer of each country maximizes inter-temporal utility (4.1) subject to the wealth constraint (4.3) and denition (4.4). It yields the well known Euler equation for inter-temporal consumption smoothing, which is also the equilibrium supply of capital by the households:

Ċj C j = r j -ρ (4.13)
Moreover, demand for variety i from consumers of country j is given by:

x ij = C j P - i Ω P 1- i di
Aggregating between the two countries yields the total demand for variety i:

X i = (C h + C f ) P - i Ω P 1- i di (4.14)

Industry equilibrium

Instantaneous prot of incumbent i in country j writes:

Π ij = (P ij -C Xj )X i -w j (φ + L Z ij + L A ij ) (4.15)
Monopolistic rms choose their pricing strategy as well as the resources they want to put into the dierent R&D sectors in order to maximize their inter-temporal prot taking as given total demand (4. 

H ij = (P i -w j Z -θ j -τ j A -θ j )X i -w j (φ + L Z ij + L A ij ) + µ Zj ξL Z ij K Zj + µ Aj αL A ij K Aj
The rst order conditions follow:

P i = -1 C Xj (4.17) µ Zij = w j ξK Zj (4.18) µ Aij = w j αK Aj (4.19) (r j + δ)µ Zj -μZj = θZ -θ-1 j w j X i (4.20) (r j + δ)µ Aj -μAj = θA -θ-1 j τ j X i (4.21)
Log-derivating (4.18) and (4.19), plugging into (4.20) and (4.21) and rearranging, we obtain:

r j = ẇj w j - ξL Zj N j + ξθZ -θ j X i -δ (4.22) r j = ẇj w j - αL Aj N j + αθA -θ j τ j w j X i -δ (4.23)
Equation (4.17) is the equilibrium price of intermediates, which is a constant mark-up over marginal costs as in the standard Dixit Stiglitz model. Since (4.17) holds for all i in country j so that all varieties produced in the same country are sold at the same price and in the same quantity, from now on we denote P j = -1 C j the price and X j the total quantity of a variety produced in country j. (4.22) and (4.23) are equilibrium investment conditions for investment in productivity enhancing and pollution reducing R&D. In equilibrium, investment must be such that its rate of return (on the right side) equals the interest rate (rate of return on assets holding).

Entry and exit

New rms are settled according to the expected benets from running a rm compared to the cost of entry. The value of a rm for a potential entrant equals the discounted sum of its stream of future prots:

V ij (0) = ∞ 0 e -t 0 r j (s)+δ ds Π ij (t) dt (4.24)
Free entry drives this value to be equal to the cost of entry given by (4.12), so that in equilibrium:

V ij = βY j N j = w j L N ij N j (4.25)
We assume that entering rms benet from technological spillovers from operating rms so that they start producing with the average productivity of their economy. By our symmetry assumption, their expected instantaneous prot is therefore the same as the one of incumbents Π ij .

Derivating (4.24) with respect to time yields:

r j + δ = Π ij V ij + Vij V ij (4.26)
The equilibrium condition (4.17) allows to rewrite equilibrium prots as:

Π ij = Y j N j -w j φ + L Zj N j + L Aj N j (4.27)
Where Y j = N j P j X j . Log-derivating (4.25) and plugging it in (4.26) with (4.27) yields:

r j = Ẏj Y j - Ṅj N j + 1 β 1 - N j w j Y j φ + L Zj N j + L Aj N j -δ (4.28)
Which is the equilibrium condition for investment in new varieties.

Balanced trade and market clearing

Finally, factor markets clear, so that:

L j = L Zj + L Aj + L N j + N j L X ij (4.29)
Since we rule out trade in assets and assume that trade in goods is balanced, the value of exports must be equalized between countries. Formally:

N h 0 P h x f i di = N f 0 P f x hi di
This condition given the denitions (4.4) and (4.5) implies that consumption expenditures in each country must equal the total value of manufacturing production:

C j = Y j (4.30)

Instantaneous equilibrium

In the following, we take labor in the Home country as the numeraire and normalize its wage w h to one. Moreover, following [START_REF] Peretto | Euent taxes, market structure, and the rate and direction of endogenous technological change[END_REF], we dene the following variable

T j = τ j w j Z j A j θ (4.31)
which represents the cost share of emissions versus labor in total production costs. In the following we will show that the government's environmental policy has substantially dierent consequences whether it involves a constant tax rate τ j or instead a constant cost share T j and thus a varying τ j according to the dynamics of the price of labor w j and of relative productivity of both inputs in production

Z j A j θ .
Before studying the dynamics of our economy, we derive the instantaneous equilibrium value of some important variables. It is shown in Appendix that:

Lemma 4.1. Under free trade, the instantaneous equilibrium in country j = h, f has the following properties:

1. The value of manufacturing production is given by:

Y j = w j L j 1 -ρβ - T j 1+T j -1 , (4.32)
with 1 -ρβ --1 ≥ 0.

2. The relative wage is given by:

w f = N f N h L h L f 1 Z f Z h θ -1 1 + T h 1 + T f 1 -ρβ + T f 1 -ρβ --1 1 -ρβ + T h 1 -ρβ --1 1 (4.33)
3. Manufacturing production shares are given by:

S f = 1 1 + L h L f Z f Z h -θ (1+Tf)(1-ρβ)--1 T f (1+T h )(1-ρβ)--1 T h (4.34) S h = 1 -S f .
From (4.32), we see that Y j , the equilibrium value of manufacturing production in country j, increases with the wage w j and the cost share of emissions T j . Moreover, Y j is larger the larger the size of the labor force. It also increases with β which is a parameter of the entry cost function (4.12): the larger β, the more resources are needed to create new varieties, and the larger the required return on investment for rms to enter the market. Therefore a large β induces less entry, and a larger value per rm. From (4.32), the eect on idiosyncratic value dominates the eect on the equilibrium number of rms and total manufacturing production value is higher.

The shares of each country in total manufacturing production as well as the equilibrium relative wage given by (4.33) and (4.34) will help us to get better insights of the impact of trade and asymmetric environmental policies on the world economy. From (4.34) we see that as intuition would suggest, the larger the cost share T f , the smaller the share of Foreign varieties in total production. On the contrary, the larger the labor force or the productivity of labor in the Foreign country, the larger the share of Foreign varieties.

Shares in total production are related to the relative wage: a larger production share requires relatively more labor, and thus increases the relative wage. More precisely, from (4.33), we see that the relative wage increases with the relative number of rms in the country and the relative productivity of labor, and decreases with the relative size of the labor force and the relative cost shares of emissions. These eects come from the fact that the relative wage adjusts to match the relative production value as determined on the supply side by relative market shares (given by the number of rms and their production costs), to the relative production value as determined on the demand side by relative total income (wages times size of the labor force). Therefore if the relative number of rms in a country increases, or if intermediates production costs decrease (through, for example, an increase in the relative productivity of labor, or a decrease of the environmental tax), the market share of this country will increase: it will sell relatively more intermediates. But an increased market share also means a larger demand for labor and thus the wage in the country has to increase. Conversely, a larger labor force increases the supply of labor while the demand from the productive sector remains constant, and thus lowers labor cost.

Equilibrium dynamics

In this section, we derive the equilibrium innovation rates in both sectors, as well as the rate of new varieties creation in each country. These expressions will be key to understand the impact of trade on productivity dynamics as well as on the environment. It is shown in Appendix that: Proposition 4.1. Under free trade, labor productivity and emission intensity in country j = f, h grow at the following rates:

Żj Z j = ξθ -1 1 1+T j Y j w j N j -(δ + ρ) if Y j w j N j < δ+ρ ξθ -1 (1 + T j ) 0 otherwise. (4.35) Ȧj A j = αθ -1 T j 1+T j Y j w j N j -(δ + ρ) if Y j w j N j < δ+ρ αθ -1 1+T j T j 0 otherwise. (4.36)
and the rate of entry of new varieties obeys:

Ṅj N j = 1 β 1 - N j w j Y j φ + 1 ξ Żj Z j + 1 α Ȧj A j -(ρ + δ) (4.37)
Corollary 4.1. In the limit when both vertical innovation rates are positive, the path of each economy converges to:

N j = Ψ ξα Y j w j (4.38) w f = Z f Z h θ -1 1 + T h 1 + T f -1 (4.39) g Z j = 1 1 + T j θ( -1) αΨ -(δ + ρ) (4.40) g A j = T j 1 + T j θ( -1) ξΨ -(δ + ρ) (4.41)
where Ψ ≡ 1-θ( -1)-β (ρ+δ) φξα-(δ+ρ)(α+ξ) , as long as φ -(δ + ρ) α+ξ αξ > 0 and 1-θ( -1) -β(ρ + δ) > 0.

Thus, according to (4.35) and (4.36) if the number of rms is not too large and the cost share neither too low or two large, A j and Z j grow at a positive rate. Their growth rate is increasing in the marginal productivity of knowledge, in intermediates production θ and in the eciency of innovation technologies ξ and α, and decreasing in the discount rate δ + ρ, as less patient households will save less, harming investment in R&D. Quite intuitively also, the growth rate of emissions saving knowledge is larger, the larger the share of emissions costs in total production costs, embodied in T j . Conversely, the growth rate of labor productivity is lower the larger T j . Monopolists share their investment between the two R&D sectors according to their relative return, which depends on the relative cost of labor and emissions.

The innovation rates in each sector are increasing in the ratio Y j w j N j , which is the wageadjusted share of total manufacturing production value captured by each intermediate producer. The larger this share, the more monopolists invest in R&D and conversely. If it is too low ( Y j

w j N j < δ+ρ ξθ -1 (1 + T j ) or Y j w j N j < δ+ρ αθ -1 1+T j T j
), there will be no in-house innovation.

Note that there could also be some values of T j for which there is innovation in one sector but not in the other, if only one of the two inequalities is satised.

A larger cost share T j does not only impact the allocation of R&D labor between labor productivity improvement and emission intensity reduction, it also aects the relative allocation of labor between production and innovation. Using (4.6) and (4.31), we get:

L Xj = N j φ + 1 1 + T j Y j w j -1
which shows that the larger the cost share of emissions, the lower the amount of labor allocated to the production of manufacturing varieties. Hence the tax on emission diverts labor resources from both production and productivity improving R&D.

Finally, when there is innovation in both sectors, the number of rms in each country converges to a level which depends positively on the size of the economy (L j ) and on the cost share of emissions.

3 The term ξα Ψ in (4.38) is decreasing in all its arguments. Hence, N j decreases when increases, since prots captured by monopolistic rms are lower when varieties are more subsitutable for consumers. It decreases with the discount rate δ + ρ since a larger discount rate reduces capital supply and therefore investment in building new rms.

It also quite intuitively decreases with the entry cost β. And nally, N j decreases with θ, α and ξ, which are parameters that make in-house innovation more protable and thus promote R&D investments (as seen in (4.40) and (4.41)) while reducing the expected value of a rm.

Moreover, productivity growth rates will converge to a constant value if and only if the cost shares T j converge.

Environmental policy

The consequences of national environmental regulations for emissions, wealth and growth depend on the kind of policy that is implemented. As mentioned above in the current model we do not aim at characterizing the optimal policy. Instead, we assume policies to be exogenously set by governments in each country and study how their respective strength impact the world economy and the environment. Nevertheless, we chose to look at two dierent approaches of environmental regulation that seemed relevant for a social planner to consider.

In the rst approach, the social planner sets τ j to an exogenous level, so that the cost share of emissions T j is determined endogenously according to the wage and the productivity ratio Z j A j . In the second approach, the social planner sets the cost share T j to an exogenous level and this time, the tax rate τ j has to adjust to varying market conditions in order to keep T j to the required level.

From (4.38), the equilibrium size of the manufacturing sector is aected by T j and therefore will not be the same under both kinds of policy. (4.40) and (4.41) show that the cost share of emissions also impacts the shares of total vertical R&D labor allocated to each innovation sector and thus the relative rates of labor productivity versus emission intensity improvements. In the following, we show that under a policy that sets τ j constant, rms become indierent between investing in either R&D sector in equilibrium so that Z j and A j grow at the same rate and emissions are constant. In order to make emissions decrease, τ would have to change as the market reacts to the policy. A policy that sets T j constant can thus be a way to keep the level of green R&D investment permanently higher, so that emissions decrease.

Constant tax rate

First we consider the most standard policy, namely governments in each country imposing a constant tax rate τ j . Results from lemma 4.1 and proposition 4.1 highlight the major role of two endogenous variables of the model: wages w j and cost shares T j . 4 In order to fully characterize the equilibrium dynamics of the economy and the outcome of environmental policies in each country, we need to determine the dynamics of w f and of each T j and N j .

To do so, we rst make the following assumption: 4 T j is made endogenous by our choice of a policy that sets τ j constant.

Assumption 4. The variables (N j , T j ) in each country always remain in an area in which there is positive investment in both vertical R&D sectors.

Then, combining (4.31), (4.39) and results from corollary 4.1, we can derive the long run joined dynamics of each T j , N j and of w f . Due to our normalization assumption, the Home number of rms and cost share behave independently from Foreign variables and their equilibrium values can be solved separately. We show in appendix that:

Lemma 4.2. In the Home country when τ h is set to be constant, T h converges towards ξ α in the long run so that labor productivity grows at the same rate as emission intensity improves, and

Z h A h converges towards ξ ατ h 1 θ .
Thus according to lemma 4.2, Home converges towards a balanced growth path with a constant number of rms, a constant cost share and constant innovation rates in the long run. Quite intuitively, the larger the tax rate τ h , the smaller the long term ratio Z h A h : in a more heavily taxed economy, emission intensity and labor productivity will be lower.

We now turn to the Foreign country. This time, the cost share depends on both the technology ratio

Z f A f
and the relative wage w f as given by (4.39). Since the relative wage increases with the relative labor productivity of the Foreign country, cost shares dynamics result from a trade-o between the eect of within country (between sectors) relative innovation rates and of between countries (within sector) innovation rates. The cost share of emissions tends to decrease if a country invests a lot in emission intensity reduction, since A j would then improve relatively faster than Z j , but if Z j grows too slowly compared to labor productivity in the other country, the relative wage depreciates, thus osetting the previous eect and working toward an increase of the cost share. Both eects can also go in the same direction if either the country that taxes at the largest rate still does not tax enough for emission intensity to increase faster than labor productivity decreases (in such case, the wage decreases and the productivity ratio increases, so that the cost share increases), or if both countries tax a lot, so that emission intensity decreases faster than labor productivity improves, even in the country with the lowest tax rate (in such case, the wage increases and the productivity ratio decreases, so that the cost share decreases). Finally, from (4.39), variations in the cost share inuence the wage in turn, as well as variations in the number of rms. Given that in the Home country, T h and N h converge toward steady states, the long run dynamics of the Foreign economy thus depend on the solution of a dynamic system representing the co-variations of N f , T f and w f , obtained by log-dierentiating (4.31) and (4.39), and using (4.37), (4.35) and (4.36).

Proposition 4.2. When countries set a constant tax rate on emissions, costs shares converge in the long run towards the same value T f = T h = ξ α , so that:

1. Both economies innovate and grow at the same long run rates:

g Z j = g A j = θ( -1) α + ξ Ψ -(δ + ρ)
2. The number of rms converges towards:

N j = Ψξα(α + ξ) (1 -ρβ)(α + ξ) -ξ( -1) L j
3. The relative wage converges towards:

w f = Z f Z h θ( -1)
4. The manufacturing production share in the Foreign country converges towards:

S f = 1 1 + L h L f Z h Z f θ
Therefore, cost shares converge to the same value in both countries. The equilibrium cost share is such that monopolistic rms are indierent between investing in either kind of R&D. Therefore in the long run both countries improve their labor productivity and emission intensity at the same constant rate, although the (constant) Z j A j ratios are dierent.

The relative wage stabilizes to a level which is larger the larger the relative productivity of labor, and the production share will be larger in the country with the larger labor force or the larger relative productivity of labor. In order to fully assess the eect of the constant tax rate policy on the long run equilibrium path of the Foreign country, we need to characterize the long run value of the ratios

Z f A f and Z f Z h
, as these matter to determine the long run relative wage as well as the amount of instantaneous emissions.

Plugging (4.39) in (4.31) yields: 

T f (1 + T f ) -1 = τ f Z f Z h θ( -1) (1 + T h ) -1 Z f A f θ (4.42)

Constant cost shares of emissions

An alternative policy consists in imposing a constant cost share for emissions and let the tax rate τ j adjust to wage and productivity dynamics. In particular, the tax rate would adjust to the wage eect implied by borders opening as described in the previous section, and thus prevent trade from impacting innovation rates. Then, one can easily see from (4.40) and (4.41) that if T = ξ α , labor productivity and emission intensity grow in the long run at two dierent constant growth paths. Constant cost shares thus ensure constant relative investment between the two types of R&D, and a ratio Z j A j that increases or decreases (according to the size of relative investment) at a constant rate.

Given our choice of the numeraire, the wage, consumption expenditures, and value of manufacturing production are constant in the Home country. In this country, in order to keep the cost share constant, the tax rate will thus have to evolve at the constant inverse rate of

Z h A h θ .
That is, if the government sets T h > ξ α so that emission intensity decreases faster than labor productivity increases, τ h has to increase over time in order to compensate for the reduction of emission intensity and to keep the cost share constant.

In the Foreign country however, the wage and the value of manufacturing production do not need to be constant, as made clear by (4.33) and (4.32). We show in appendix that:

Proposition 4.3. When governments set constant cost shares of emissions T f and T h , labor productivity and emission intensity improve at constant but dierent rates in each country, according to (4.40) and (4.41). The ratios Z j A j then steadily increase or decrease according to the chosen cost shares. Moreover, the relative wage obeys:

w f,t = Z f,0 Z h,0 θ( -1) 1 + T h 1 + T f -1 exp 1 1 + T f - 1 1 + T h θ( -1) αΨ t (4.43)
so that w f,t decreases (resp. increases) over time if the cost share of the Foreign country is relatively higher (resp. lower). Production shares follow the same long run dynamics as the relative wage.

Thus, with constant and asymmetric cost shares (T f = T h ), the relative wage does not converge to a steady state: it will be decreasing over time in the country in which the cost share is larger. This dynamic eect goes through the impact of the cost share of emissions on the growth rate of labor productivity: a larger T j means that labor productivity in the country will grow relatively slower than in the other country, making the relative wage decrease. Contrary to what happens with the constant tax rate policy, adjustments of the tax rates to maintain cost shares constant here prevent the world economy to stabilize at a constant relative wage and constant market shares. Therefore trade between two unevenly regulated economies will make the relative share of world resources captured by the relatively more strongly regulated country decrease over time. Production in the relatively more taxed country keeps increasing at the rate of labor productivity improvement, but income coming from manufacturing production sale decreases over time due to relative wage depreciation.

Trade and environment

Beyond the economic consequences of asymmetrical regulation described in the previous section, another interesting issue to handle are the consequences for the environment. In the current section we investigate how trade aects the eciency of national environmental regulations by looking at the impact of trade liberalization on the quantity of instantaneous emissions. As one may have expected, the answer will depend on the kind of environmental policy examined.

Using (4.7), (4.31) and (4.5) and rearranging we get that the instantaneous emissions in country j = h, f are given by:

E j = -1 1 1 + T j Y j w j Z j A j θ (4.44)
When τ j is xed we have shown in proposition 4.2 that cost shares stabilize in a steady state so that T f = T h = ξ α , so that Y j w j as well as Z j A j are constant in the long run. We focus on Foreign emissions as our normalization assumption implies that trade has no eect on emissions from Home. Therefore according to (4.44), Foreign emissions stabilize in the long run, as could have been expected from the fact that labor productivity and emission intensity follow the same trend. Their level depends on the long run ratio Z f A f . As shown in corollary 4.2, this ratio depends on the tax rate of the country, on the initial Z j A j ratio when borders open, and on the initial relative productivity of labor. If for example the Foreign country is relatively more productive than its trading partner, has a low tax or a low emission intensity when borders open, its goods will be relatively less expensive and more demanded so that its relative wage will be high, thus generating relatively more investment in labor productivity improvements than in emission intensity improvements, and a high level of instantaneous emissions in the long run.

Whether this level of instantaneous emissions is higher or lower than it would have been if

countries had not liberalized trade depends on the level of the Foreign cost share in autarky, which in turn depends on how the autarkic wage is pinned down.

Assuming that the τ j are constant under our normalization assumption is equivalent to assuming that the tax rates grow at the same rate as the Home wage. Therefore it cancels the impact of Home wage variations on cost shares and limits our results to the eect of 1. If T f,a > ξ α , then long run instantaneous emissions in the Foreign country will be larger under free trade than in autarky.

2. If T f,a < ξ α , then long run instantaneous emissions in the Foreign country will be lower under free trade than in autarky.

3. If T f,a = ξ α , then long run instantaneous emissions in the Foreign country will be lower (resp. higher) under free trade than in autarky if τ f is suciently large (resp. low), the relative labor productivity when borders open is suciently low (resp. high) or the Foreign emission intensity when borders open is suciently low (resp. high). is decreasing with T f , it will also be larger with trade than in autarky: overall, emissions increase with trade. The same reasoning is used to show the second point of proposition 4.4. Finally, if the cost share in autarky is the same as with free trade, then long run emissions grow at the same rate under free trade than in autarky, albeit with dierent levels. The dierence between emission levels under autarky and free trade here only depends on the dierence between the Z f A f ratios, which arises from corollary 4.2.

If T f,a > ξ α , the Z f A f θ ratio
What stands out from proposition 4.4 is that by equalizing growth rates between countries, trade tends to lower emissions of a very polluting (fast growing) country while it increases emissions of a clean (slow growing) country. These eects are stronger if the fast growing country has a low relative productivity of labor when borders open, or if instead the slow growing country has a high relative productivity of labor. In the rst case, trade would imply a lower relative demand for the goods produced in the polluting country and thus a low relative wage, promoting even further emission intensity reduction, while in the second case, trade implies a high relative demand for the goods produced in the clean country and thus a higher relative wage, promoting labor productivity improvements rather than emission intensity reduction.

When instead the policy sets T j constant, from (4.44) the level of instantaneous emissions in country j = h, f depends on the level of the policy T j , the size of the economy L j , and the technology available Z j A j . This technological ratio may increase or decrease over time according to whether T j ≷ ξ α , while other parameters are constant. Trade will not impact the quantity of emissions as long as cost shares are adjusted to new market conditions when borders open. In this case, there will be no such wage eect as when only the tax rate is xed, and market shares reallocation only comes from dierent growth rates of productivity improvements between countries. Therefore, emissions can decrease over time if the cost share is suciently high and induces suciently large R&D investment in emission intensity reduction.

The above result that adjusting the tax rate to productivity and wage variations makes the environmental policy more eective and eventually allows the emission rate of a country to decrease over time instead of just having the emission intensity improve at the same rate as labor productivity so that emissions stay constant, tends to support the use of the constant cost share policy. With trade in particular, it would allow to deal with the wage eect as described in subsection 4.4.1. When for example a country has a higher initial labor productivity than its trading partner, trade makes its relative wage appreciate, and if the tax rate did not adjust, it would lower the eective cost share of emissions. A low cost share implies a low return to R&D investments in emission intensity improvements and therefore would reduce the eciency of the environmental policy.

Conclusion

In the present paper we built a two country intra-industry trade model in which both horizontal and vertical innovation are endogenized as well as the direction of technical change: 122 technology may become dirtier or cleaner over time according to the relative investment of rms in emission intensity reduction versus labor productivity improvements. This paper contributes to the current debate on trade and the environment by providing a dynamic approach to the issue of assessing the technological and environmental implications of intraindustry trade. Analysis shows that if the pollution tax rate is set constant, opening borders makes the growth rate of instantaneous emissions converge to the same value in both country.

Moreover, the level of emissions adjusts when borders open according to the impact of free trade on wages: they will go up if the country is initially relatively more productive than its trading partner, has a high emission intensity or a low tax rate and go down otherwise.

However, if the tax rates adjust to wage variations induced by trade in order to keep the cost share of emissions in total production costs constant, then trade has no impact on neither emissions level or their growth rate.

Interesting extensions of this model include a full characterization of the optimal environmental policy or a deepening of the analysis of vertical innovation to encompass for example This brings us to a second major argument of this thesis which is that economic expectations deserve a cautious study, in particular as they matter a lot for the success of coordination. We showed in chapter 3 that rational expectations may generate multiple equilibria that make the design of ecient environmental policies harder. Beyond indeterminacy issues, there may be more realistic ways of modeling expectations, such as the one we use for producers in chapter 2. Taking into account imperfect information and errors in anticipations generates new sources of volatility in development paths that are dierent from environmental uncertainty, more commonly addressed. To go deeper in the analysis, it would be useful to study the links between expectations about future technological paths and environmental policies, as the latter are likely to be a major determinant of agent's beliefs.

In nancial economics global games have been used to model expectations and to study the role of information. In particular, how much public information should be released by central regulatory authorities in order to limit the occurrence of nancial bubbles. Similarly, there may be scope for strategic action from a government seeking to induce large scale coordination on green investments. For instance, should government disclose the entire long run path of future environmental tax rates and commit to it, and how to commit when environmental policies are subject to political turnover? Or are closed-loop equilibria a better alternative to generate coordination?

Third, there exists thresholds in many kinds of environmental damages above which technical change is not useful anymore for pollution abatement. The prospect of such environmental disaster or doomsday calls for a reassessment of the standard indicators built to evaluate the social value of the environment. [START_REF] Bommier | Models-as-usual for unusual risks? on the value of catastrophic climate change[END_REF] and [START_REF] Weitzman | On modeling and interpreting the economics of catastrophic climate change[END_REF] respectively propose a value of catastrophic risk reduction and value of statistical civilization which is the inverse of the marginal rate of substitution between consumption and hazard risk of a regime switch. In line with those indicators, in chapter 1 we derive a social cost of carbon which is the marginal rate of substitution between environmental quality and consumption such that an environmental disaster is avoided with sucient probability.

Fourth and nally, directed technical change takes place in a global context and international issues should not be neglected. In particular, we show in chapter 4 that trade between unevenly regulated economies aects the direction of innovation by inducing trading partners to follow similar development paths, regardless of the stringency of their environmental regulation. To avoid this issue, pollution tax rates must be adjusted to changes of the relative wage induced by trade. In relation with our former discussion on the external eects of innovation, an interesting extension of this analysis would be to model technological transfers between countries. They may be either external (spillovers) or internal to the R&D sectors (transfers of technologies, trade in inputs, imitation, reverse engineering...) or even entail some kind of joint R&D. There is a lot of ongoing research on how to design ecient and binding international agreements for global environmental management [START_REF] Barrett | Coordination vs. voluntarism and enforcement in sustaining international environmental cooperation[END_REF].

Part of such agreements would have to focus on technological issues and regulate technology transfers as well as contributions to joint R&D projects. Another interesting debate is about the role of assets inequality in common pool resources management. [START_REF] Bardhan | Wealth inequality, wealth constraints and economic performance[END_REF] show that in some circumstances redistribution of productive assets between the members of a group will lead to less depletion of a renewable resource stock. This result could be transposed to global environmental management issues and suggest that more equal knowledge stocks or more equal access to existing technologies would induce better coordination between countries with regard to environmental protection. More generally, trade liberalization may lead to dierent equilibrium development paths if it takes place between highly unequally developed countries rather than between countries sharing similar development features. Allocation issues whether between or within countries have been barely addressed in relation with technical change. However, they fall within the scope of innovation drivers that are not based directly on private incentives: [START_REF] Vona | Income inequality and the development of environmental technologies[END_REF] show that when innovation is driven by demand externalities, early consumers play an important role in initiating a green innovation path. As the consumers with the strongest preference for environmentally friendly goods are likely to be the wealthiest, income inequalities may hinder the development of clean technologies. This is a rst attempt to understand the theoretical links between wealth inequalities and green innovation and we believe it is one of the many topics that deserve further attention.

which simplies to 2 + (1 -λ)/γ -θ > ρξ. Using a 0 1 -θ -a 1 + 1 = ρξ/(1 -a 1 ) in (A.10) gives a 2 = ρ(1 -θ)(1 -a 1 )/ξ.

(A.12)

As a 0 1 > 1 > a 1 we have a 2 > 0 and from (A.11), a 2 < ρ. We obtain from (A.10) that a 3 > 0, and we have a 3 < 1 if a 0 1 -a 1 > ϕ(ρ -a 2 ) = ϕρ(a 0 1 -a 1 ) a 0 1 -a 1 + 1 -θ hence if a 0 1 -a 1 + 1 -θ > ϕρ. From P (a 1 -1) = 0, we have a 0 1 -θ -(a 1 -1) = ρξ/(1 -a 1 ).

Replacing, the condition can be expressed as

ξ/ϕ > 1 -a 1 = 1 2 [1 -θ + (1 -λ)/γ] 2 + 4ρξ -1 + θ -(1 -λ)/γ .
As the RHS of this inequality is increasing in ρ and null when ρ = 0, this is the case when ρ is not too large. Since we assume 2 + (1 -λ)/γ -θ > ρξ (to have a 1 > 0), a sucient condition for a 3 < 1 is given by Consequently, a sucient condition for a 3 < 1 is ξ ≥ ϕ. We also have a 5 > 0 and γa 5 < 1 if γ < 1 -λ + γ(2 -a 1 ) hence if 0 < 1 -λ + γ(1 -a 1 ) which is always the case since a 1 < 1. Z t is thus an exponential smoothing of the public policy scheme {z t+h } h≥0 . Dierentiating P (a 1 -1) = 0 wrt λ yields

da 1 dλ = -(1 -a 1 ) γ[a 0 1 -θ + 2(1 -a 1 )]
< 0 which also gives, using (A.12),

da 2 dλ = - ρ(1 -θ) ξ da 1 dλ > 0.
Dierentiating a 5 wrt λ gives da 5 dλ = a 2 5 1 + γ da 1 dλ where, using P (a 1 -1) = 0,

1 + γ da 1 dλ = a 0 1 -θ -(1 -a 1 ) a 0 1 -θ + 2(1 -a 1 ) = ρξ (1 -a 1 )[a 0 1 -θ + 2(1 -a 1 )] = - da 1 dλ γ ρξ (1 -a 1 ) 2 > 0.
while it is given by E[ỹ t ] = E[q t ][1 + (1 -g)ϕ/ξ] -ĝϕ/ξ + ρe T along an SEP. From (2.18), the expected interest rate along a CNP satises

E[r t ] = r S + γ(E[y t+1 ] -E[y t ]) = r S + γ(E[q t+1 ] -E[q t ])[1 + (1 -g)ϕ/ξ] + γ ρ(E[ẽ t+1 ] -E[ẽ t ]) = r S + γ(1 -g)(q S -E[q t ])[1 + (1 -g)ϕ/ξ] + γ ρ(1 -θ)(e S -E[ẽ t ])
where, solving the recursion from T to t > T , E[q t ] = q S -g t-T (q S -q T ) and E[ẽ t ] = e S -θ t-T (e S -e T ) with e T < e S = e N along a CNP and e S = e T < e N in the case of an SEP. Substituting gives (2.30). Now, from (2.11) and E[μ t ] = E[q t ]ϕ/ξ + (1 -θ)(e N -e S )/ξ, we get

z t = E[r t ] + (1 -λ)(E[q t+1
] -E[q t ])ϕ/ξ = E[r t ] + (1 -λ)(1 -g)g t-T (q S -q T )ϕ/ξ hence (2.29). Replacing in (2.20) and (2.30) yield Z t = a 5 +∞ i=0 (a 5 γ) i (1 -g)g t+i-T (q S -q T )[γ + (1 -λ + γ(1 -g))ϕ/ξ] + γ ρ(1 -θ)θ t+i-T (e S -e T ) .

which gives (2.31). The SEP stationary state e S is derived as follows. Suppose the economy has reached an SEP at date T with corresponding GDP level q T and EQ level e T = e S . Using (2.31) to substitute for Z t in (2.19), we obtain µ t+1 = a 1 µ t + a 2 e t + a 3 q t + Γ t + a 4 + a 5 r S 1 -a 5 γ + a 5 τ η t for all t > T , where Γ t = gΓ t-1 with Γ T ≡ (1 -g)(q S -q T )[γ + (1 -λ + γ(1 -g))ϕ/ξ] 1 -a 5 γg .

We can write the dynamic of the economy along the SEP as Ỹt = B Ỹt-1 + H νt where Ỹt = (μ t , ẽt , qt , Γ t , 1) is a column vector,

B =      
a 1 a 2 a 3 1 a 4 + a 5 r S 1-a 5 γ ξ θ -ϕ 0 ê 0 0 g 0 ĝ 0 0 0 0 1 0 0 0 g 0 We have k > 0 if -1 < r e < θ (as we cannot have r e > θ and r e < -1). The condition k < 1 implies θ -r e < 1 + r e , hence (θ -1)/2 < r e . We thus have 1 > k > 0 if (θ -1)/2 < r e < θ, which rules out the negative root of (2.35), since we cannot have (θ -1)/2 < -(A + 1 -θ)/2.

      , H =       a 5 τ σ η 0 0 0 0 σ κ 0 0 0 0     
The lower-bound condition on r e gives (θ -1)/2 < (A -1 + θ)/2, which is always true. The upper-bound condition on r e can be written as θ > (A -1 + θ)/2 which gives A < θ + 1.

Squaring both terms, we arrive at 4ρξ < (1 + θ) 2 -(1 -θ) 2 = 4θ hence ρξ < θ.

We have k < 0 if either r e < -1 or if r e > θ . Moreover we have |k| < 1 if r e -θ < 1 + r e which is always true. Hence, we have -1 < k < 0 if r e > θ or if r e < -1. Taking the positive root, this condition gives A -1 + θ > 2θ i.e. A > 1 + θ hence ρξ > θ.

Substituting (A -1 + θ)/2 for r e in (A.25) yields (2.38). From (A.24), the condition c = θ is equivalently stated as r e = -1 which is always the case with the positive root. Using (A.23) and as initial value r e t 0 = 1/v t 0 -c, the solution of (2.34) at period t ≥ t 0 satises r e t =

(1 -k)(r e t 0 + c) (1 -k)k t-t 0 + k 0 (1 -k t-t 0 )(r e t 0 + c) -c.

Using (1 -k)/k 0 = r e + c, we get r e t =

(r e + c)(r e t 0 + c) (r e + c)k t-t 0 + (1 -k t-t 0 )(r e t 0 + c) -c

= r e + (r e + c)(r e t 0 -r e )k t-t 0 r e + c + (1 -k t-t 0 )(r e t 0 -r e ) .

Using (A.24) and (2.37), we obtain r e + c = 2r e + 1 -θ = A. Substituting allows us to obtain (2.36) which converges to r e when r e > r e t 0 if A > r e -r e t 0 hence r e t 0 > -(A + 1 -θ)/2. The covariance term in (2.33) is derived using u(y t ) = -e -γyt and E[e -γ ỹ] = e -γ(E[ỹ]-γV[ỹ]/2) which gives u (ỹ t+1 ) E t-1 [u (ỹ t+1 )] = e -γ(ỹ t+1 -E t-1 [ỹ t+1 ]+γσ 2 y +1 /2) .

Consequently,

Cov t-1 (r t , u (ỹ t+1 ))

E t-1 [u (ỹ t+1 )] = E (r t -E t-1 [r t ]) u (ỹ t+1 ) E t-1 [u (ỹ t+1 )] -1 = E {[1 -(1 -λ)a 5 ]a 5 τ ηt -(1 -λ)a 3 κt } e -γ(ỹ t+1 -E t-1 [ỹ t+1 ]+γσ 2 y +1 /2) -1 = e -γ 2 σ 2 y +1 /2 {[1 -(1 -λ)a 5 ]E τ ηt e -γ(ỹ t+1 -E[ỹ t+1 ])
-(1 -λ)a 3 E κt e -γ(ỹ t+1 -E t-1 [ỹ t+1 ]) }

where the last term can be written as

E κt e -γ(ỹ t+1 -E t-1 [ỹ t+1 ]) = E[κ t e -γ[(1-a 3 )g+(1-a 1 )a 3 +(a 2 -ρ)ϕ]κt ] × E[e -γ[(1-a 3 )κ t+1 +(1-a 1 )a 5 τ ηt-a5τ ηt+1 ]

A.8

Approximation of the optimal dynamic Using E t 0 [r t ] = r + Ad t = r + Af t-t 0 (d t 0 )

for t < T and, from (2.30), E t 0 [ Rt ] = r S + γ(1 -g)g t-T (q S -E t 0 [q T ])[1 + (1 -g)ϕ/ξ] + γρ(1 -θ)θ t-T (e N -E t 0 [ẽ T ]) = r + (r S -r ) + γ(1 -g)g t (q S -q t 0 )[1 + (1 -g)ϕ/ξ] + γρ(1 -θ)θ t-T (e S -E t 0 [ẽ T ])

for t ≥ T , we arrive at

Z t = a 5 r 1 -γa 5 + a 5 A T -1 i=t (γa 5 ) i-t f i (d t 0 ) + Γ t + a 5 (1 -λ)(1 -γa 5 ) +∞ i=0 (γa 5 ) i (E t 0 [μ t+i+1 ] -E t 0 [μ t+i ])
where

Γ t ≡ a 5 +∞ i=T -t (γa 5 ) i (E t 0 [ Rt+i ] -r ) = a 5 (γa 5 ) T -t +∞ i=0 (γa 5 ) i (E t 0 [ RT+i ] -r )
= a 5 (γa 5 ) T -t r S -r 1 -γa 5 + γ(1 -g)g T (q S -q t 0 )[1 + (1 -g)ϕ/ξ] 1 -γa 5 g + γρ(1 -θ)(e S -E t 0 [ẽ T ]) 1 -γa 5 θ = Γ t 0 /(γa 5 ) t with Γ t 0 ≡ a 5 (γa 5 ) T r S -r 1 -γa 5 + γ(1 -g)g T (q S -q t 0 )[1 + (1 -g)ϕ/ξ] Then: improper node: unstable if ε > 0 and asymptotically stable if ε < 0. (Here unstable)

E t 0 [μ t+1 ] ≈ a 1 -a 5 (1 -λ) 1 -a 5 (1 -λ) E t 0 [μ t ] + a 2 E t 0 [ẽ t ] 1 -a 5 (1 -λ) + a 3 E t 0 [q t ] 1 -a 5 (1 -λ) + Γ t 1 -a 5 (1 -λ) 1 - Aa 5 d t 0 1 -γa 5 k (γa 5 k) T Γ t 0 + U t 1 -a 5 (1 -λ) + a 4 + a 5 r /(1 -γa 5 ) 1 -a 5 (1 -λ) ≡ â1 E t 0 [μ t ] + â2 E t 0 [ẽ t ] + â3 E t 0 [q t ] + â4 Γ t + â5 U t + â6 .
Eigenvalues are complex conjugate:

Occurs i: tr (J) 2 < 4 det(J)

r 2 < 8µ c
Then 1. Pure imaginary numbers: center, stable (but here does not happen since r > 0)

2. If the real part is greater than zero: focus, unstable: expectations matter 3. If the real part is smaller than zero: focus, stable. (but here does not happen since r > 0)

Proof of Proposition 3.1:

The Jacobian of the system (3.6) is:

J = 0 1 c 2(d 1 -2(µ + ν)) r
The determinant of the system is thus:

det(J ) = - 2(d 1 -2(µ + ν)) c
And the two eigenvalues are:

ε i = tr (J ) ± tr (J ) 2 -4 det(J ) 2

Since r > 0, either 4 det(J ) = -8(d 1 -2(µ+ν)) c < 0 and the social interior steady state is stable, or -8(d 1 -2(µ+ν)) c > 0 and the social interior steady state is unstable.

155

Proof of proposition 3.2:

The rst part of the proposition is straightforward from the study of the FOCs (3.6). We thus focus on the second part, when 16(µ+ν)-8d 1 c > r 2 .

Monotonicity:

For any given initial state x 0 , nal state x T , and investment path U = {u t } T t=0 leading to an oscillatory path X = {x t } T t=0 , one can always construct a monotonic path that reaches a higher level of welfare by dening: U = {|u t |} T t=0 if x T = 1 or U = {-|u t |} T t=0 if x T = 0, and ẋ(t) = u(t) for any t.

Optimal path:

The general solution for the system (3.6) with initial conditions (x 0 , λ 0 ) is given by: x(t, x 0 , λ 0 ) λ(t, x 0 , λ 0 ) = exp rt 2 (x 0 -xFB ) cos tκ -(x 0 -x F B )cr-2λ 0 2cκ sin tκ λ 0 cos tκ -4(2(µ+ν)-d1 )(x 0 -x F B )-rλ 0 The graphical representation of the above expression of x in the (x, t) plan is a sine curve with expanding oscillations along the horizontal line. Fixing x 0 and λ 0 allows to locate the origin of the t-axis, and thus characterize the path of x between x 0 and either bound 0 or 1. x 0 comes from the state of the economy at time 0, and λ 0 remains to be determined. Since we have shown in the rst part of the proof that the optimal path is monotonic, then it is also unique. Indeed, for any given λ 0 and x 0 , there is at most one monotonic path going from x 0 to one of the 0 or 1 bound along the sine curve dened by (B.1). Therefore, for any given x 0 , nding the value of λ 0 so that x is optimal amounts to nding the nal condition x T reached by the optimal x in nite time. Since x T can only take two values (0 or 1), we can compute the path of x from x 0 to each possible x T and compare the level of welfare reached in each case.

To do so, pick a nal state (x T , λ T ) where x T equals 0 or 1 and λ T is the (stable) value of λ that solves λ = 0 in (3.6) when x = x T . Assume the economy starts in (x 0 , λ 0 ) = (x T , λ T ) and compute the path of the economy by evaluating (B.1) backwards until x reaches x 0 . Call -T the period at which x 0 is reached. Then evaluate (B.1) for t = -T : it yields λ 0 . Knowing λ 0 for each x T 1 , and plugging (B.1) in (3.5), one can compute and compare intertemporal welfare for x T = 0 and for x T = 1, and nd the optimal path for x and λ.

Finally, (3.7) is obtained using a change of variable and evaluating (B.1) at t = t -T .

3.1 and our assumption that the social steady state is unstable, we have xFB < 1/2 so that x 0 < 1 2 + . Therefore, τ (x 0 ) + τ c = µ(1 -2x 0 ) + 2 [2(µ + ν) -d 1 ] > 2 [µ + 2ν -d 1 ] > 0. Finally, τ (x) + τ c is increasing, starting from a positive value in x 0 , therefore it is always positive.

Tax/subsidy on investment:

A policy of the form τ 1 u i would lead the rst order conditions of the decentralized economy to become:

ẋi = ẋ = λ + τ 1 c λ = rλ -µ(2x -1)
Given these dynamics of the decentralized economy, the social planner's optimality conditions become: γ = λ + τ 1 γ = rγ -2(µ + ν)(2x -1) + 2d 1 (x -1) -d 2 Therefore τ 1 aims at making the (social and private) shadow prices γ and λ coincide, and not only their time derivatives. Note that since the social shadow price of clean investment is necessarily greater or equal to the private one, γ ≥ λ, we will have τ 1 ≥ 0 so that, as expected, the policy is a tax on dirty investment and a subsidy on clean investment.

However, the problem of knowing λ remains: except if the social planner were omniscient and thus aware of private agent's expectations at any time, the value of τ 1 that veries γ = λ + τ 1 is unknown. A solution would be to set τ 1 as the largest gap that could exist between λ and γ, that is, if among all the values of λ that are consistent with the rst order conditions, the most pessimistic one were chosen by agents. Given any initial state of the economy x, this value can be computed from the analytical expression of λ (obtained through the same method as in part 3.2.2). We would assume that the economy starts in x = 0, and compute the value of λ at which x hits x for the rst time. Then we set τ 1 (x) = γ(x) -λ(x). It is not even necessary to impose the tax for every value of investment u. Imposing the tax for values of u < 0 only is sucient to coordinate investment towards the green equilibrium, as rms should expect that no one else will ever invest in the polluting sector. Therefore neither a monotonic path toward full specialization in the dirty sector, nor any oscillating one will ever be achieved. Moreover, such a tax will never be enforced in equilibrium since the threat of possible taxation prevents agents from ever investing in the dirty sector and allows instead to eciently coordinate on the green equilibrium. Thus this additional tax should not burden the economy with any welfare cost. C.0.1 Proof of lemma 4.1:

Instantaneous manufacturing production value: Equilibrium on nancial markets implies that total wealth in country j, a j must equal total value of producing rms in the country, that is, a j = N j V ij . Using (4.3) and (4.25) and (4.9) we can thus write: Ẏj Y j = r j + w j L j βY j + τ j E j βY j -C j βY j

From the equilibrium price of intermediates (4.17), we can rewrite:

w j Z -θ j = P j 1 + τ j w j Z j A j θ -1
and using the denition of T j , (4.31), we get:

w j Z -θ j = P j 1 + T j -1 (C.1)
Using (4.7), the fact that by symmetry Y j = N j P j X j and expression (C.1) to substitute for τ j E j we get: Ẏj Y j = r j + w j L j βY j + T j 1 + T j -1 1 β -C j βY j

Finally, from the balanced trade condition (4.30), consumption expenditures must equal manufacturing production value, and using the Euler condition (4.13), rearranging the above equation gives (4.32). Since Y j must be positive and as lim T j →+∞ T j

1+T j = 1, we impose the condition 1 -ρβ --1 2 ≥ 0.

Instantaneous relative wage: Since our normalization implies w h = 1, the foreign wage w f is also the relative wage. Using total demand per variety (4.14) and the fact that P j i X j i = Y j N j , we get:

Y h N h = (Y f + Y h ) P 1- h N f P 1- f + N h P 1- h
So that the relative production value is:

Y f Y h = N f P 1- f N h P 1- h
And using (4.32) we get:

w f w h = N f P 1- f N h P 1- h L h L f 1 -ρβ - T f 1+T f -1 1 -ρβ -T h 1+T h -1
Rearranging, we get (4.33).

Instantaneous market shares: The market share of manufacturing production in the Foreign country writes:

S f = N f X f N h X h + N f X f
Using (4.14), (4.17), (4.33) and rearranging, we obtain (4.34).

C.0.2 Proof of proposition 4.1:

The dynamics of the economy are summarized by the three equilibrium conditions (4.22), (4.23) and (4.28). Using (4.13) and (4.30) to remove r j , and since from (4.32), Ẏj Y j = ẇj w j +

-1 1 1+T j

Ṫj

(1-ρβ)(1+T j )-T j -1 , the three equations can be rewritten:

ρ = - ξL Zj N j + ξθ (Z j ) -θ X i -δ - -1 1 1 + T j Ṫj (1 -ρβ)(1 + T j ) -T j -1 ρ = - αL Aj N j + αθA -θ j τ j w j X i -δ - -1 1 1 + T j Ṫ (1 -ρβ)(1 + T j ) -T j -1 ρ = - Ṅj N j + 1 β 1 - N j w j Y j φ + L Zj N j + L Aj N j -δ
Using (C.1) and the productivity dynamics (4.10) and (4.11), the rate of entry can be written (4.37), and the productivity growth rates become (4.35)(4.36), where growth cannot be negative and thus is zero if T j and N j are such that the growth rate should be negative. Y j w j

. Whether N j converges toward N j in the long run depends on the behavior of w j Y j which by (4.32)depends on T j . as we ruled out oscillatory behaviors for T j , then

w j Y j
converges in the long run, and then it can be shown that N j converges toward N j as long as φ -(δ + ρ) 

Ṅh = N h 1 -( -1)θ β -(ρ + δ)     1 - N h L h 1 -ρβ - T f 1 + T f -1 φ -1 ξ + 1 α δ + ρ + θ -1 2 T j 1+T j L j N j 1-θ( -1) -β(ρ + δ Ṫh T h = θ 2 -1 L h N h ξ -αT h (1 -ρβ)(1 + T h ) -T h -1
The only (non zero) critical point of this system in the set R + × R + is (N h , T h ) = Ψ ξα Y h , ξ α .

Computing the jacobian matrix of the system and linearizing it, we get the following eigen- 

                     Ṫj = T f [1+Tf][1-ρβ+Tf(1-ρβ--1 )] 1-ρβ+T f 1-ρβ--1 -θ( -1 ) 2 +T f [1+Tf] 1-ρβ--1 θ 2 -1 ξ-αT f 1+T f Y f w f N f -1 Ṅf N f -ξθ 2 -1 2 1 1-ρβ+T f (1-ρβ--1 ) L f N f - 1 1-ρβ+T h( 1-ρβ--1 ) L h N h Ṅj N j = 1-( -1)θ β -(ρ + δ) 1 - N f w f Y f φ-( 1 ξ + 1 α ) δ+ρ+ -1 Y f w f L f Ṫf (1+T f ) 2
1-θ( -1) -β(ρ+δ)

(C.3)
By setting Ṫf = Ṅf = 0 we nd that the system's only positive and non-zero critical point is Tf , Nf = ξ α , Ψ ξα Y j w j

. Let J dene the Jacobian of (C.3), evaluated at the steady state, then (C.3) can be approximated around ( Tf , Nf ) by the following linear system:

Ṫf Ṅf = J( Tf , Nf ) × T f -Tf N f -Nf (C.4)
We can then study the stability of (C.4) around its steady state by checking the sign of the eigenvalues of (C.4). The analytical expressions for these eigenvalues are very intricate but when we apply a set of realistic parameters values 1 satisfying the conditions in corollary 4.1

we nd that they are real and negative, which shows that the system is likely to converge toward the equilibrium given in proposition 4.2.

Long run relative wage and market shares: Since we have just shown that T f converges toward ξ α , from (4.39) and (4.34) we get that in the long run, the relative wage and the market share of the Foreign country in manufacturing respectively obey: In order to assess the value of the relative wage, we need to compute the value of the relative labor productivity between the two countries Z h Z f . Given (4.40) and our choice of the policy, we know that labor productivities grow at constant rates in the long run, so that we can write:

w f,t = Z f,t Z h,t θ( -1) (C.5) S f,t = 1 1 + L h L f Z h,t Z f,
Z j,t = Z j,0 exp g Z j t

where g Z j is given by (4.40). Therefore:

Z f Z h = Z f,0 Z f,0 exp 1 1 + T f - 1 1 + T h θ( -1) αΨ t (C.8)
And given our choice of the policy and (C.8), (4.39) simplies to (4.43).

Production shares are not constant either: plugging (C.8) in (4.34) and computing the limits when Z h Z f goes to either 0 or +∞, we get that the production share decreases in the country with the highest cost share of emissions.

  Le premier essai étudie le processus d'adoption des technologies vertes dans une économie dynamique où le volume de production globale est aecté par des chocs aléatoires. L'économie est composée d'un continuum d'entreprises qui disposent chacune d'une technologie plus ou moins polluante et peuvent investir pour changer de technologie, et d'un ménage représentatif qui répartit sa richesse entre consommation du bien nal et épargne. Un stock de qualité environnementale disponible, qui diminue lorsque les rmes utilisent des technologies trop polluantes, entre en jeu dans le calcul du bien-être du consommateur représentatif. Si ce stock baisse trop pour atteindre un certain niveau critique, une catastrophe environnementale se produit, introduisant une rupture à la fois dans les dommages sur le bien-être du consommateur et dans les dynamiques de régénération environnementale post-catastrophe. Dans ce modèle, les retombées économiques de la demande sont le principal moteur de l'adoption technologique : une technologie est d'autant plus protable pour l'entreprise qui l'utilise que son utilisation est largement répandue dans l'économie. Ainsi, les producteurs sont incités à adopter des technologies plus ou moins polluantes en fonction de celle qu'ils anticipent être la plus adoptée dans le futur. Les anticipations des producteurs sur les choix technologiques futurs sont fondées sur des signaux imparfaits qu'ils reçoivent et qui, combinés aux chocs aléatoires sur le niveau de production, peuvent donc les inciter à prendre de mauvaises décisions d'adoption technologique. Par ailleurs, le prot des rmes n'étant pas aecté par la qualité de l'environnement et le consommateur n'internalisant pas dans son programme d'optimisation l'impact de ses choix d'épargne sur la qualité future de l'environnement, l'équilibre de laissez faire tend nécessairement à relativement court terme vers la déplétion de l'ensemble du stock de qualité environnementale disponible. Un plannicateur central est donc introduit dans le modèle an de mettre en place une politique de subvention à l'adoption de technologies vertes qui permette d'internaliser les externalités environnementales et d'éviter une catastrophe. Le calcul de la politique optimale permet d'estimer la valeur qui devrait être attribuée à l'environnement an d'éviter une catastrophe environnementale, en fonction de l'intensité des retombées technologiques.

  taux de croissance des deux pays vers la même valeur. Par ailleurs, cela fait augmenter les émissions du pays à la technologie initialement moins polluante, avec une relativement plus faible taxe carbone, ou un facteur travail relativement plus productif, et inversement. Si néanmoins le taux de taxe est ajusté pour compenser les variations de salaire induites par l'ouverture des frontières, alors le commerce n'a pas d'impact sur le niveau d'émissions ni sur les dynamiques technologiques. change ? The engine for growth an economist would say. It is actually much more than this. Technological change shapes human being's relationships to their environment. For a long time in the rst stages of human civilization, technological

  study the roles of the size of the manufacturing sector and the technology used by idiosyncratic rms in inuencing the sustainability of development paths, in a model in which both the number of rms and the direction of their innovation once they are on the market, are endogenized.[START_REF] Smulders | The impact of energy conservation on technology and economic growth[END_REF] have built an alternative DTC model well suited to non renewable resources management issues. Their model ts especially well stylized facts of the fossil energy market. Contrary to AABH, they assume poor substitution between the resource and other inputs. Moreover, monopolistic machines producers run in-house R&D to improve the quality of the intermediate they produce, instead of being subject to creative destruction forces as in the schumpeterian framework. Finally, their model allows two have simultaneous improvements in both sector's productivity, which is more realistic that the one innovating sector in AABH. We briey describe their modeling assumptions and main results.

Finally, based on

  the concept of Value of Statistical Life (Weitzman, 2009), Bommier et al. (2015) dene the Value of Statistical Civilization, a measure of the social value of catastrophic risk reduction. In a doomsday framework, they propose an alternative

  However, introducing endogenous and directed technical change in these models may reveal other forces. Regulation, even unilateral, in presence of goods and capital trade between countries creates new incentives and inuences the innovation decision in both countries, partly due to knowledge spillovers across boundaries. Both papers show that endogenous technological change in the presence of international knowledge spillovers can reduce the extent of carbon leakages.[START_REF] Acemoglu | The environment and directed technical change in a north-south model[END_REF] also show that if the Northern economy is leading innovation, and the southern economy imitates technologies from the North, unilateral environmental regulation does not necessarily lead to full ricardian specialization and the South can in the long run also switch to clean technologies.[START_REF] Bretschger | Eective climate policies in a dynamic north south model[END_REF] compare unilateral climate mitigation policy to standard development aid in a North South model and nd that due to the negative impact of CO2 on growth and technological spillovers between North and South, climate policy may even be more ecient in supporting southern development. All these results rely on the assumption of very strong technological spillovers between countries or on an international innovation pattern in which by assumption, the North is leading and inventing new technologies, while the South is catching up the existing technological frontier through imitation. Empirically, it is not clear however, whether trade has a positive impact on green innovation, especially in developing countries[START_REF] Barrows | Does trade make rms cleaner? theory and evidence from indian manufacturing[END_REF], and it calls for a deeper investigation of the way the innovation systems interact internationally, what kind of technological spillovers may actually happen, what are the forces spurring or halting them.

  technology adoption. Our approach on technology is innovative and focuses on the role of external eects in shaping investors prots: producer's payos from adopting a greener technology among existing ones depends on current market conditions. Due to external eects produced by individual investment choices, the market gradually adapts to technological change, so that market conditions at a given period in time are the result of past and current adoption choices of agents in the productive side of the economy. Pollution emissions naturally depend on the size of total economic output and on the emission intensity of production technologies induced by the level of green technology adoption. The way we treat uncertainty is also novel: we study the risk of environmental collapse under uncertainty on the course of future economic output. Unexpected shocks in the realization of global economic output induce ineciencies both in the decentralized optimization and in the social planner's optimization: private investors may invest too much or too little in green technology adoption, and the social planner may subsidize green technology adoption at the wrong level.
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  one. But several issues remain to be studied, among others, what are the mechanisms behind expectation formation and what does it bring to the discussion about directing innovation toward non polluting sectors. And nally, beyond the issue of internalizing the exact social benets of green innovation, what is the role of public policies in driving coordination, and how important are for example commitment and credibility of environmental policy measures.

  ment have focused mostly on production specialization and its consequences for technological change. In a ricardian world in which relative comparative advantages are the only motive for trade, a reduction of impediments to international ows of goods and production factors induces specialization of each country in the sector in which it is relatively more productive. Sectorial specialization in turn favors technological change directed to the exporting sector in each country. In such frameworks, environmental regulation may inuence the pattern of comparative advantage and favor specialization in more or less polluting sectors, hence inducing clean technical change in countries where pollution taxes are high and conversely.Pollution leakages are likely to occur then, and be reinforced by directed technical change, since highly regulated countries can specialize in non polluting sectors while importing polluting goods from less regulated countries (pollution heavens). This eect is shown for example in[START_REF] Hémous | The dynamic impact of unilateral environmental policies[END_REF], in which sustainable growth can only be implemented at the cost of transitory trade restrictions. More recently, directed technical change became seen as a way to escape the negative side eects of specialization and comparative advantages in a globalized world. This is the approach taken by Di Maria & Van der Werf (2008) and[START_REF] Gerlagh | Spill or leak? carbon leakage with international technology spillovers: A cge analysis[END_REF]: thanks to technological spillovers from the regulated to the less regulated countries, clean technological change may occur even in the countries with less stringent environmental policies, so that these countries can escape full specialization and pollution leakages are minimized.[START_REF] Acemoglu | The environment and directed technical change in a north-south model[END_REF], go even further by distinguishing between northern innovating countries and southern imitating countries. The assumption of two dierent innovation regimes between North and South is a common one and it has been used to study the design of optimal environmental policies in a globalized world, for example in[START_REF] Daubanes | Taxation of a polluting non-renewable resource in the heterogeneous world[END_REF] or[START_REF] Bretschger | Eective climate policies in a dynamic north south model[END_REF].These models are very much centered on a North-South dichotomy and its related assumptions about trade patterns, innovation systems, and environmental regulation choices. Their main limitation is that they rely heavily on the assumption of technological spillovers between regulated and non regulated countries. Without technological spillovers, ineciencies linked to asymmetric regulation would remain. Moreover, the large diversity among what we call Northern and Southern countries makes the assumption of ricardian trade between a technologically leading, environmentally friendly North versus a backward, polluting South, irrelevant for accurately describing contemporaneous issues. To cite a few examples, some large developing countries such as China are currently becoming technological leaders in some sectors and especially in clean technologies. Some of the less advanced and developing economies are also part of those that are the most sensitive to environmental issues and therefore the safety of the environment is a growing concern among their populations and governments.The present paper is based on dierent assumptions: we model intra-industry trade between two innovating countries. Countries do not necessarily innovate at the same rate or in the same direction but this is fully determined by the equilibrium of the model: there is no initial dierence in their innovation systems. Asymmetry between countries lies in the stringency of their environmental regulations, but there is no assumed correlation between development levels or innovation abilities and the size of the pollution tax. By avoiding pure ricardian trade eects, we are able to isolate new implications of trade openness for the environment and their consequences for the design of ecient environment policies. Moreover, our modeling of directed technical change is quite dierent from the one used in the existing trade and environment literature. Based on Peretto (2008) we assume that technological change can either improve labor productivity, or reduce emission intensity. Contrary to the standard Acemoglu et al. (2012) DTC model in which investment in either sector (clean or dirty) enables to sustain growth in output, our specication introduces a necessary trade-o between growth and abatement investments.

  point out, existing studies do not allow to disentangle the eect of trade on emissions from a price eect (emissions intensity go down in value) or a product composition eect (exporting rms tend to reallocate their product share toward less polluting ones). By explicitly describing the mechanisms of directed technical change in a close framework, our model is a tool to understand the several drivers of emission intensity reduction in open economies, why trade may enhance innovation and growth in some countries but not necessarily green innovation, and the role of pollution taxes in directing innovation toward emission intensity reduction.

  some of the constraints put by environmental limits on economic development, and the contributions of technical change to building sustainable development paths. It stands out that technical change, by shaping the production and consumption processes, has a major role to play in the transition toward new development paths. However, it should not be seen as a mean to escape all environmental constraints but rather as a tool that contributes to the necessary transformation in the nature of economic development paths.We worked on several aspects of green technical change and emphasized a few important issues. First, green technical change is not only about inventing new, more productive technologies. Adoption and diusion of existing less polluting technologies is often left aside in green technical change models while it would allow to alleviate environmental damages. The reason why it is important to focus also on this alternative channel is that the mechanisms leading to technology adoption are dierent from the ones leading to frontier innovation, and thus encouraging adoption requires specic public policies to generate the right incentives.In particular, external eects such as network eects or demand spillovers may be decisive in the adoption process, by inuencing the returns of adoption. These questions have been studied in chapters 2 and 3. Further investigation along these lines includes a joint modeling of frontier innovation and adoption processes, as both are interrelated. There is no adoption without ex-ante frontier innovation and the scope of adoption of a technology inuences returns of innovation. For the specic case of green technical change it is obvious that action is required on both sides. Public policies aiming at directing frontier innovation and technology adoption should therefore be designed jointly. Incorporating adoption issues to the study of directed technical change may also lead to reconsider the role of external eect throughout the whole innovation process. The use of monopolistic competition frameworks in aggregate growth models has lead to think of frontier innovation or technology diusion to new markets as the result of comparing a net present value to an entry cost. This approach results in innovation policies that are exclusively aiming at giving the right incentives to private investors.Bringing spillovers and external eects back in the process as complementary mechanisms to private incentives may help reconsider the way we can foster green innovation. When external eects play an important role, innovation policies should help coordination to emerge instead of focusing only on private incentives.

  θ + (1 -λ)/γ] 2 + 4[2 + (1 -λ)/γ -θ] -1 + θ -(1 -λ)/γ ≤ ξ/ϕwhich can be written as1 2 y 2 + 4y + 4 -y ≤ Kwhere y = 1 -θ + (1 -λ)/γ and K = ξ/ϕ, which gives 0 ≥ y 2 + 4y + 4 -(2K + y) 2 = 4y(1 -K) + 4(1 -K 2 ) = 4(1 -K)(y + 1 + K).

  Hence, the dynamic of the economy can be approximated by the rst-order recursive linear equation Xt = M Xt-1 + C νt , (A.27) for all t < T , where Xt = (μ t , ẽt , qt , Γ t , U t , 1) ,

  occurs in both sectors, and assuming Ṫj = 0, the equilibrium innovation rates from (4.35) and (4.36) can be put in (4.37) in order to derive the equilibrium growth rate of the number of varieties:

  -1)αξ α+ξ αξ (δ + ρ) -φ α(β (δ + ρ) + θ( -1) -1)    which are both negative under the conditions given in corollary 4.1 that φ -(δ + ρ) α+ξ αξ > 0 and 1-θ( -1) -β(ρ + δ) > 0. Therefore the critical point is stable, which proves lemma 4.2. C.0.5 Proof of proposition 4.2: Convergence of cost shares: Given the results of corollary 4.1 and lemma 4.2 we can replace T h and N f by their long run equilibrium values in the growth rates of the Foreign country as given by proposition 4.1. Then log-dierentiating (4.31) and (4.39), and using 162 (4.41) and (4.40) we get the following dierential system that describes the co-dynamics of T f and N f :

  1.1.1.2 The knowledge production functionStanding from the fact that sustained global output growth is possible only if idiosyncratic prot maximizing rms constantly improve their technology or create new knowledge, in the previous section we described models focusing on the rm's incentives to invest in research and development.In the growth through imitation literature, rms do not strictly speaking create new knowledge, but they make it spread across the economy, and this is what generates constant growth 2 . Because ideas embodied in capital can spill over from one rm to another, rms, by imitating each other, can increase at the same time their physical capital and the knowledge embodied in it. A variant to Lucas & Moll (2014), introduces an exogenous arrival rate of new knowledge to the right of the productivity distribution. It means that, if F (z, t) is the cdf of productivities at time t, and G(z) is the cdf of undiscovered ideas, with α the meeting rate between two existing rms in the economy (in each period, if a rm meets another rm

  1.1.2.1 Aggregation issues and growthAggregation issues come up when what seems optimal from the standpoint of idiosyncratic R&D investors is not optimal for innovation and growth at the aggregate level. In our case, such mechanisms may hinder growth. For example, the widespread use of monopolistic competition frameworks to model R&D investment raises questions about the role of prots excludability in promoting innovation. Investing rms may be able to capture only part of

the return on innovation, due to market structures (more or less competition), institutions (property rights enforcement, scal policy...) or for technological reasons (reverse engineering possibilities,...). At the individual level technological spillovers only represent a return on investment that the investor cannot benet from. However no one would seriously consider the option of preventing or monetizing all kinds of technological spillovers, even if it did not raise any technical issue. It is indeed widely recognized that the quality of the research

  increasing number of environmental issues that the world is facing has triggered a wide debate on how to switch toward sustainable development paths. Adoption of green technologies (AGT) is one amongst the main channels through which countries will be able to avoid environmental disasters without harming too much their well-being. However, in addition

Because of external eects induced by private R&D investment and sectorial technological complementarities, investors are better o coordinating their investments. This feature induces volatility of the technological investment path and the possibility of sudden jumps from a clean to a dirty technological path, that may hinder the eciency of environmental policies. We study the conditions under which a pigouvian tax may not be ecient in directing investment toward pollution intensity reduction, in case investors have wrong expectations about the future technological path. Additional policy measures are then required to ensure that the economy follows the right technological path.

Finally, the fourth chapter examines the issue of green directed technical change under the additional constraints brought by trade liberalization between countries. In this dynamic two-country model, consumers taste for variety generates intra-industry trade. There is scope for both horizontal and vertical innovation, and vertical innovators face a trade-o between reducing pollution emission rates in order to pay lower taxes or improving labor productivity in order to pay less wages. Analysis shows that if pollution tax rates are constant, opening borders makes innovation rates equalize in both countries so that emissions grow faster in an originally slow growing country and slower in an originally fast growing country. However, if the tax rate adjusts to wage variations induced by trade in order to keep the cost share of emissions in total production costs constant, then trade has no impact on emissions. Introduction

The to the high level of uncertainty attending most environmental issues, adopting new, cleaner technologies is risky for rms. At rst, they incur a switching cost: green technologies are often more expensive, less productive, the workforce may not have the skills to operate the new technology, etc. Moreover, in the long run, investment choices may reveal to be inecient, harming the rms' protability. Hence, even if a technology is available (at the turn of the 20th century, 38% of american automobiles were powered by electricity) and is endorsed by a preeminent inventor and businessman like Thomas Edison, that does not guarantee that it is the best choice to be made. Both network externalities and technological spillovers play an important role in determining what is the optimal technology that rms must adopt. 1

  w it ] δ t is the discount factor corresponding to interest rate r t , i.e. δ t = (1 + r t ) -1 . It is shown in the appendix that Lemma 2.1. Firm i's equilibrium investment at time t is given by

	(2.8)

where

  Denition 2.2. [Stable Environment Path] The economy has reached at date T a Stable Environment Path (SEP) at level e S if for all

  1where c t and R t are her date-t consumption and revenue, S t-1 her savings from the previous period, r t-1 S t-1 the corresponding date-t capital earnings, s t the savings adjustment of period t, and β the psychological discount factor. At each date t, the Bellman equation corresponding S t-1 + R t -s t , e t ) + βE t v(S t-1 + s t ; ẽt+1 )where S t and s t are the state and the control variables respectively. The rst-order equation

	to the consumer's problem can be written as v(S t-1 ; e t ) = max st ∂u(c t , e t ) ∂c = βE t and the envelope theorem gives ∂v(S t-1 ; e t ) ∂S = r t-1 ∂u(c t , e t ) ∂v(S t ; ẽt+1 ) ∂S ∂c + βE t ∂v(S t ; ẽt+1 ) ∂S Replacing the last term using (2.15), we get ∂v(S t-1 ; e t ) ∂S = (1 + r t-1 ) ∂u(c t , e t ) ∂c . Taking the expectation and replacing in (2.15) yields u(r t-1 is given by ∂u(c t , e t ) ∂c = (1 + r t )βE t ∂u(c t+1 , ẽt+1 ) ∂c	.	(2.15) (2.16)

where 1 + r t on the RHS is factorized out of the expected value since the date-t interest rate is a known parameter. Expectation is taken over all possible date-t + 1 consumption/netproduction levels that depend on the consumer's expectation about the rms' investment decisions at that date. Equation (2.16) corresponds to the supply function of capital, while (2.11) is the demand side coming from rms. At the date-t equilibrium on the capital market, the interest rates embodied in (2.16) and (2.11) are equal. Moreover, at the good market equilibrium, aggregate production net of investment must be equal to total consumption, i.e.

  ). Knowing {z t+h } h≥0 , it is possible to infer statistically the state of the economy at horizon h from an initial state at date t by applying recursively (2.19) together with (2.1), (2.14), thanks to the normal distribution of the random shocks. Using (2.11) or (2.18) and (2.19), it is possible at the beginning of each period to specify the distributions of the equilibrium interest rate that will prevail at that date and of the next period wealth index. More precisely, we have Lemma 2.3. Under an REE with preferences over global wealth and CARA utility, before the current period shock and signals are known, the current interest rate and the next period wealth index are normally distributed. Their variances are given by

  1), (2.14), (2.26), (2.27), (2.28)] where µ t , e t and q t are state variables and z t the control variable. It is shown in the appendix

	that:			
	Proposition 2.1. The production/environment state that solves the relaxed program satises
	r e t+1 + r e t r e t+1 -r e t θ = ξ	E [∂u(c t+2 , ẽt+2 )/∂e] E [∂u(c t+2 , ẽt+2 )/∂c]	,	(2.32)
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 2 

			.1: Carbon price evaluation -Baseline	
	λ ρ	σ y	σ µ	r S	ρ	r	T	e T
	0 31.88 9.08 • 10 -2 5.92 • 10 -2 6.29 11.51 17.96 199 775.08
	.1 30.64 8.97 • 10 -2 6.03 • 10 -2 6.38 12.08 18.48 199 799.46
	.2 29.26 8.87 • 10 -2 6.13 • 10 -2 6.46 12.75 19.08 199 835.86
	.3 27.7 8.79 • 10 -2 6.21 • 10 -2 6.52 13.57 19.79 199 894.33
	.4 25.91 8.73 • 10 -2 6.27 • 10 -2 6.57 14.6 20.58 199 971.57
	.5 23.79 8.72 • 10 -2 6.28 • 10 -2 6.58 15.93 21.59 199 1,110.62
	.6 21.2 8.79 • 10 -2 6.21 • 10 -2 6.52 17.76 22.91 199 1,356.75
	.7 17.88 8.99 • 10 -2 6.01 • 10 -2 6.36 20.47 24.73 199 1,855.88
	.8 13.35 9.47 • 10 -2 5.53 • 10 -2 5.96 25.08 27.58 147 1,541.66
	.9 6.76 0.11	4.44 • 10 -2 4.98 34.85 32.76 82 1,046.54

Table 2

 2 

		.2: Carbon price evaluation -Large GDP shocks
	λ ρ	σ y	σ µ	r S	ρ	r	T	e T
	0 29.31 0.13 7.44 • 10 -2 2.9 11.18 17.15 199 1,189.55
	.1 28.2 0.12 7.60 • 10 -2 3.08 11.68 17.65 199 1,216.78
	.2 26.95 0.12 7.74 • 10 -2 3.23 12.27 18.24 199 1,262.76
	.3 25.52 0.12 7.86 • 10 -2 3.36 13	18.92 199 1,336.38
	.4 23.85 0.12 7.94 • 10 -2 3.45 13.9 19.68 199 1,439.4
	.5 21.86 0.12 7.96 • 10 -2 3.47 15.06 20.65 199 1,621.95
	.6 19.39 0.12 7.87 • 10 -2 3.38 16.63 21.87 199 1,946.53
	.7 16.21 0.12 7.60 • 10 -2 3.07 18.91 23.52 166 1,768.81
	.8 11.86 0.13 6.95 • 10 -2 2.34 22.64 26.01 123 1,492.76
	.9 5.72 0.14 5.54 • 10 -2 0.59 29.94 30.24 68 1,057.43
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			.3: Carbon price evaluation -Small GDP shocks	
	λ ρ	σ y	σ µ	r S	ρ	r	T	e T
	0 33.51 5.92 • 10 -2 4.09 • 10 -2 8.43 11.37 18.18 199 491.92
	.1 32.19 5.85 • 10 -2 4.16 • 10 -2 8.46 11.97 18.68 199 504.08
	.2 30.73 5.78 • 10 -2 4.22 • 10 -2 8.5 12.69 19.32 199 539.44
	.3 29.09 5.73 • 10 -2 4.27 • 10 -2 8.52 13.56 20.01 199 578.9
	.4 27.22 5.69 • 10 -2 4.31 • 10 -2 8.54 14.66 20.86 199 645.85
	.5 25.02 5.69 • 10 -2 4.32 • 10 -2 8.54 16.08 21.91 199 756.72
	.6 22.36 5.73 • 10 -2 4.27 • 10 -2 8.52 18.06 23.29 199 954.69
	.7 18.95 5.87 • 10 -2 4.14 • 10 -2 8.45 21.04 25.23 199 1,360.06
	.8 14.31 6.18 • 10 -2 3.82 • 10 -2 8.28 26.22 28.3 169 1,596.58
	.9 7.47 6.92 • 10 -2 3.08 • 10 -2 7.84 37.74 34.19 94 1,036.41
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		.4: Carbon price evaluation -Highly eective GT
	λ ρ	σ y	σ µ	r S	ρ	r	T	e T
	0 28.29 0.11 4.50 • 10 -2 5.03 5.35 17.12 199 685.81
	.1 27.01 0.1 4.53 • 10 -2 5.06 5.68 17.75 199 742.45
	.2 25.59 0.1 4.54 • 10 -2 5.08 6.06 18.46 199 821.93
	.3 23.97 0.1 4.54 • 10 -2 5.08 6.54 19.27 199 927.89
	.4 22.1 0.1 4.51 • 10 -2 5.05 7.14 20.26 199 1,091.92
	.5 19.91 0.11 4.44 • 10 -2 4.98 7.93 21.48 199 1,355.49
	.6 17.25 0.11 4.29 • 10 -2 4.84 9.03 23.07 199 1,821.79
	.7 13.94 0.11 4.04 • 10 -2 4.6 10.68 25.29 158 1,569.13
	.8 9.68 0.11 3.60 • 10 -2 4.15 13.48 28.63 111 1,218.52
	.9 4.3	0.12 2.85 • 10 -2 3.35 19.16 34.41 59 790.66
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			.5: Carbon price evaluation -Less eective GT	
	λ ρ	σ y	σ µ	r S	ρ	r	T	e T
	0 32.88 8.33 • 10 -2 6.67 • 10 -2 6.88 20.8 19.96 1,063.11
	.1 31.63 8.17 • 10 -2 6.83 • 10 -2 7	21.6 20.39 1,075.53
	.2 30.25 8.01 • 10 -2 6.99 • 10 -2 7.11 22.57 20.92 1,103.45
	.3 28.71 7.86 • 10 -2 7.14 • 10 -2 7.22 23.75 21.55 1,150.22
	.4 26.96 7.73 • 10 -2 7.27 • 10 -2 7.31 25.24 22.25 1,213.49
	.5 24.91 7.64 • 10 -2 7.36 • 10 -2 7.37 27.15 23.16 1,329.64
	.6 22.44 7.62 • 10 -2 7.38 • 10 -2 7.39 29.72 24.32 1,533.17
	.7 19.3 7.74 • 10 -2 7.26 • 10 -2 7.3 33.48 25.91 1,932.57
	.8 14.95 8.16 • 10 -2 6.84 • 10 -2 7	39.72 28.39 1,689.05
	.9 8.25 9.35 • 10 -2 5.66 • 10 -2 6.07 52.79 32.94 1,258.7
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		.6: Carbon price evaluation -Large emissions potential
	λ ρ	σ y	σ µ	r S	ρ	r	T	e T
	0 28.69 8.92 • 10 -2 6.08 • 10 -2 6.42 12.2 20.02 1,007.51
	.1 27.54 8.82 • 10 -2 6.18 • 10 -2 6.5 12.73 20.52 1,046.48
	.2 26.27 8.73 • 10 -2 6.27 • 10 -2 6.57 13.35 21.11 1,104.98
	.3 24.83 8.65 • 10 -2 6.35 • 10 -2 6.63 14.11 21.8 1,191.06
	.4 23.19 8.61 • 10 -2 6.39 • 10 -2 6.67 15.07 22.57 1,303.89
	.5 21.25 8.61 • 10 -2 6.39 • 10 -2 6.67 16.29 23.56 1,497.03
	.6 18.89 8.69 • 10 -2 6.31 • 10 -2 6.6 17.96 24.83 1,828.48
	.7 15.88 8.91 • 10 -2 6.09 • 10 -2 6.43 20.41 26.59 1,736.22
	.8 11.79 9.42 • 10 -2 5.58 • 10 -2 6.01 24.5 29.34 1,456.48
	.9 5.93 0.11	4.46 • 10 -2 4.99 32.94 34.26 1,001.47

Table 2

 2 

		.7: Carbon price evaluation -Low emissions potential
	λ ρ	σ y	σ µ	r S	ρ	r	T	e T
	0 38.28 9.40 • 10 -2 5.60 • 10 -2 6.02 10.17 14.53 546.22
	.1 36.87 9.28 • 10 -2 5.72 • 10 -2 6.12 10.79 15.06 548.52
	.2 35.3 9.17 • 10 -2 5.83 • 10 -2 6.22 11.53 15.67 558.9
	.3 33.52 9.07 • 10 -2 5.93 • 10 -2 6.3 12.43 16.39 580.72
	.4 31.45 9.00 • 10 -2 6.01 • 10 -2 6.36 13.57 17.2 610.94
	.5 28.99 8.96 • 10 -2 6.04 • 10 -2 6.39 15.06 18.23 677.41
	.6 25.97 9.00 • 10 -2 6.00 • 10 -2 6.36 17.13 19.58 808.42
	.7 22.06 9.16 • 10 -2 5.84 • 10 -2 6.22 20.29 21.46 1,098.21
	.8 16.63 9.59 • 10 -2 5.42 • 10 -2 5.86 25.85 24.44 1,807.6
	.9 8.59 0.11	4.39 • 10 -2 4.94 38.4 30.1 1,162.06

Table 2

 2 

		.8: Carbon price evaluation -Very Large public signal shocks
	λ ρ	σ y	σ µ	r S	ρ	r	T	e T
	0 38.28 9.40 • 10 -2 5.60 • 10 -2 6.02 10.17 14.53 546.3
	.1 36.87 9.28 • 10 -2 5.72 • 10 -2 6.12 10.79 15.06 548.61
	.2 35.3 9.17 • 10 -2 5.84 • 10 -2 6.21 11.53 15.67 559
	.3 33.52 9.07 • 10 -2 5.93 • 10 -2 6.3 12.43 16.39 580.83
	.4 31.45 9.00 • 10 -2 6.01 • 10 -2 6.36 13.57 17.2 611.07
	.5 28.99 8.96 • 10 -2 6.04 • 10 -2 6.38 15.06 18.23 677.55
	.6 25.97 9.00 • 10 -2 6.01 • 10 -2 6.35 17.13 19.58 808.61
	.7 22.05 9.16 • 10 -2 5.84 • 10 -2 6.22 20.29 21.46 1,098.46
	.8 16.63 9.59 • 10 -2 5.42 • 10 -2 5.86 25.85 24.44 1,808.01
	.9 8.58 0.11	4.40 • 10 -2 4.93 38.39 30.09 1,162.39

  This expression is true at any time in the open economy but especially in the initial period when trade is liberalized. At that time, before the state variables N f , A f and Z f have got time to adjust, the relative wage jumps to its new level (4.33) and it makes the cost share move in response, so that (4.42) is veried. The left hand side of (4.42) is increasing in T f . Therefore, calling t = 0 the period at which borders open, the initial value T f,0 stabilizes at a level which is increasing in τ f and Corollary 4.2. If countries start trading goods at t = 0, then Z f

									Z h	and	Z f A f	will increase over
	time toward their new steady state if T f,0 < ξ α , and conversely if T f,0 > ξ α .
		Therefore, if the Foreign country has a relatively large tax rate, a large productivity ratio
	Z f,0 A f,0		or a low relative productivity	Z f,0 Z h,0	, it will see its	Z f Z h	and	Z f A f	ratios decrease over time
	while if it has a low tax rate, low productivity ratio or low relative productivity it will see
	its	Z f Z h	and	Z f A f	ratios increase over time. The intuition behind this result is the following:
	emissions are more expensive in the Foreign country if the tax rate is large or if technology
	makes production very polluting (	Z f,0 A f,0	is large). When emissions are more expensive or when
	the Foreign country is relatively less productive (	Z f Z h	is low), production costs and therefore
	the price of each Foreign variety increases, thus reducing international demand for Foreign
	varieties. This lowers the relative wage in the Foreign country and therefore impacts the share
	of labor between emission augmenting and labor augmenting R&D in favor of the latter, so
	that	Z f A f	increases over time. As we assume the wage to be constant in the Home country, it
	also implies that	Z f Z h	increases over time.
									Z f,0 A f,0	, and decreasing in	Z f,0 Z h,0	. Innovation and growth rates
	will then adjust to the initial T f,0 when borders open.
		The only dierence between autarky and free trade in the present model is relative wage
	dynamics. Therefore given that w h = 1 the Home cost share will not be aected by trade
	liberalization, and equations (4.38), (4.40) and (4.41) are also true in autarky, even though

wages are dierent. Assuming that N j , g Z j , g A j and T f are close to their steady state values when trade is liberalized, and given the results of proposition 4.2 on equilibrium dynamics in the Foreign country, we prove in appendix the following corollary:

  In autarky, T f may be dierent from T h = ξ α , meaning that Foreign emissions andForeign wage grow at a rate that is domestically determined and depends on how domestic wages are pinned down. From these observations we can deduce that trade has two eects on emissions: a level eect through the change in relative wage when borders open, and a growth eect through the equalization of wages growth rates. In the following proposition we show that the growth eect always dominates the level eect in determining long run emissions levels, except if both countries wages used to grow at the same rate in autarky.

	relative wage variations. Removing this assumption leads to reinterpreting our results: In
	this context, the result that T h = ξ α	means that	Z h A h	θ	may actually vary but at the exact
	same rate as w h , and the fact that T f = ξ α Foreign wage grows at the same rate as the Home wage and that in the open Foreign economy means that the θ Z f A f also varies at this
	same rate.				

Proposition 4.4. Let T f,a be the Foreign cost share in autarky. Under the constant tax rate policy:

  was decreasing (i.e. growing slower than the Home wage) in

	Moreover, since the term	1 1+T j	Y j w j
	autarky. Whether from corollary 4.2 trade liberalization leads to a long run	Z f A f	ratio that is
	higher or lower than it were at the time borders opened (i.e. whether it makes	Z f A f	θ	grow
	slower or faster than the Home wage during the transition period), as T f = ξ α	in the long run
	under free trade,	Z f A f		

θ will grow at a faster long run rate under free trade than in autarky and it will eventually end up being higher than it would have been if the country had not liberalized trade.

  

	and												
									∂W t ∂e	= E	∂u t ∂e	+ θβE	∂W t+1 ∂e	.	(A.17)
	Using (A.15), (A.16) can be written as
									∂W t ∂µ	= ξβE	∂W t+1 ∂e	+ E	∂u t ∂c	.	(A.18)
	Evaluating (A.18) in expectation one period ahead gives
				E	∂W t+1 ∂µ	= E	∂u t+1 ∂c	+ ξβE	∂W t+2 ∂e	=	1 β	E	∂u t ∂c
	using (A.15), hence									
							E	∂W t+2 ∂e		=	1 ξβ 2 E	∂u t ∂c	-	1 ξβ	E	∂u t+1 ∂c	.
	Plugging this expression in (A.17) evaluated one period ahead yields
				E	∂W t+1 ∂e	= E	∂u t+1 ∂e	+	θ ξβ	E	∂u t ∂c	-	θ ξ	E	∂u t+1 ∂c	.
	We can thus express (A.18) as				
				∂W t ∂µ	= (1 + θ)E	∂u t ∂c	+ ξβE	∂u t+1 ∂e	-θβE	∂u t+1 ∂c
	which, evaluated one period ahead yield gives,
	E	∂W t+1 ∂µ		= (1 + θ)E	∂u t+1 ∂c	+ ξβE	∂u t+2 ∂e	-θβE	∂u t+2 ∂c	=	1 β	E	∂u t ∂c
	using (A.15). Reorganizing terms, we obtain
		E	∂u t ∂c	= (1 + θ)βE	∂u t+1 ∂c	-θβ 2 E	∂u t+2 ∂c	+ β 2 ξE	∂u t+2 ∂e	.	(A.19)
	From (2.28) and (2.33), we have				
									E	∂u t ∂c	= (1 + r e t )βE	∂u t+1 ∂c	.
	Substituting in (A.19) for initial dates t and t + 1 yields
		β 2 δ e t δ e t+1	E	∂u t+2 ∂c	=	(1 + θ)β 2 δ e t+1	E	∂u t+2 ∂c	-θβ 2 E	∂u t+2 ∂c	+ β 2 ξE	∂u t+2 ∂e
	where δ e t ≡ (1 + r e t ) -1 , which upon simplifying and rearranging terms yields
				ξ	E [∂u t+2 /∂e] E [∂u t+2 /∂c]	= (1 + r e t )(1 + r e t+1 ) -(1 + r e t )(1 + θ) + θ , = (1 + r e t )(r e t+1 -θ) + θ
										= r e t+1 + r e t r e t+1 -r e t θ.

  1 -γa 5 g + γρ(1 -θ)(e S -E t 0 [ẽ T ]) 1 -γa 5 θ , (A.26) where e S = E t 0 [ẽ T ] < e N under an SEP and e S = e N > E t 0 [ẽ T ] under a CNP. Using a rst-order Taylor expansion of f i (d t 0 ) around 0 which givesf i (d t 0 ) ≈ k i d t 0 , yields ) i-t f i (d t 0 ) ≈ a 5 Ad t 0 (γa 5 ) t Ad t 0 k t [1 -(γa 5 k) T -t ] 1 -γa 5 k Ad t 0 1 -γa 5 k (γa 5 k) T Γ t Γ t 0 150 with U t = kU t-1 and U t 0 = a 5 Ad t 0 1 -γa 5 k . ) i (E t 0 [μ t+i+1 ] -E t 0 [μ t+i ]) . equation contains a forward looking term which is an exponential smoothing of the expected values of the AGT index. For all t,approximating E t 0 [μ t+i+1 ]-E t 0 [μ t+i ] by E[μ t+1 ]-E[μ t ] for all i ≥ 1, we get (1 -γa 5 ) ) i (E t 0 [μ t+i+1 ] -E t 0 [μ t+i ]) ≈ E t 0 [μ t+1 ] -E t 0 [μ t ] Ad t 0 1 -γa 5 k (γa 5 k) T Γ t 0 Γ t + U t + a 5 (1 -λ) (E t 0 [μ t+1 ] -E t 0 [μ t ]) .

	Substituting in (2.44) we get
			Z t ≈	a 5 r 1 -γa 5	+ 1 -	a 5 Ad t 0 1 -γa 5 k	(γa 5 k) T Γ t 0	Γ t + U t
							+∞
	+ a 5 (1 -λ)(1 -γa 5 ) (γa 5 This +∞ i=0
	i=0 (γa 5 which gives
	Z t ≈	a 5 r 1 -γa 5	+ 1 -	a 5
		a 5 A	T -1	(γa 5 T -1	(γa 5 k) i = a 5 Ad t 0 k t	T -t-1	(γa 5 k) i
			i=t			i=t	i=0
	= a 5 which can be expressed recursively as
					a 5 A

T -1 i=t (γa 5 ) i-t f i (d t 0 ) ≈ U t -a 5

Substituting for Z t in (2.19), we obtain

  -1) -β(ρ + δ) > 0. Therefore N j converges toward N j and it proves (4.38). Plugging (4.38) in (4.35) and (4.36), we get the long run positive growth rates of Z j and A j , (4.40) and (4.41). C.0.4 Proof of lemma 4.2: Log-derivating (4.31), and substituting for the equilibrium growth rates (4.35) and (4.36) we get the joint dynamics of T h and N h :

	α+ξ ξα	and	1-θ(

  Since the eigenvalues of (C.4) are real and negative, T f converges monotonically towards its steady state. Thus, if T f,0 > ξ α , then T f,t ≥ T h,t for all t > 0, and Again since T f converges monotonically towards its steady state, if T f,0 > ξ α , then ξ-αT f,t ≤ 0 for all t > 0, and

													Z f,t Z h,t	will decrease towards
	a steady state value which is lower than		Z f,0 Z h,0	, and conversely if T f,0 < ξ α	.
	Similarly, from (4.40) and (4.41),	Z f,t A f,t	can be written:
	Z f,t A f,t	=	Z f,0 A f,0	exp		0	t	1 1 + T f,u	ξ -αT f,u αξ	θ( -1) ξΨ	du
	Z f,t A f,t	will decrease towards a steady state value which is lower than	Z f,0 A f,0	, and
	conversely if T f,0 < ξ α	.. This concludes the proof of corollary 4.2.
	C.0.7 Proof of proposition 4.3:		
													θ	(C.6)
													t
	C.0.6 Proof of corollary 4.2:				
	By assumption we can use (4.40) to write:		
	Z f,t Z h,t	=	Z f,0 Z h,0	exp	0	t	1 1 + T f,u	-	1 1 + T h,u	θ( -1) αΨ	du	(C.7)
	1 Available on request											
											163	

Directeur de recherche INRAE, Ecole Polytechnique Professeur Ecole Polytechnique , CREST 1

Combined with the assumption of innite/endogenously growin wright tail of the productivity distribu- tion

The semi-endogenous growth model was developed as a way to avoid the unrealistic scale eect arising in endogenous growth models, i.e. the fact that growth rates depends on the size of the total labor force of the economy.

This is the same result as in the simple Cake eating problem

In 2015, the certainty equivalent SCC in 31 $/ton of C while the mean over 100 random runs is 35 $/ton of C.

[START_REF] Pindyck | The use and misuse of models for climate policy[END_REF] points out the limits of using IAMs results for climate policy recommendations, in par- ticular due to the fallacious way they address uncertainty issues.

Technological switches also imply irreversibilities and the use of optimal timing decision problems, which we develop in section 1.2.2.1 in relation with uncertainty issues

Consider for example that a rm decides to replace its eet of fuel vehicles by electric ones (EV). If many rms expect EV to be used nationwide in the near future and decide to do the same, it is likely that the network of EV charging stations spreads broadly and using EV may become very convenient and cheap. If instead the rest of the economy turns to hydrogen vehicles, then the few rms that have chosen EV may end-up being penalized.

The literature on global games and information aggregation (see, e.g.[START_REF] Morris | Social value of public information[END_REF],[START_REF] Angeletos | Crises and prices, information aggregation, multiplicity, and volatility[END_REF]) also considers agents whose payos from their investments are interdependent (i.e., they have a coordination motive) and have imperfect information on economic fundamentals.

Throughout the paper, a random variable is topped with tilde symbol (˜) to distinguish it from its possible values.

The case g > 1 corresponds to a steady growth in economic wealth. Sustainable states in that case are not stationary: the economy should instead follow a sustainable balanced path.

The environmental quality being a public good, this reasoning is grounded by the standard free rider argument that results in the underprovision of public goods.

While (2.18) is derived using the approximation 1 + r t ≈ e rt , it should be noted that the discrepancy between the exact formulae for the interest rate and (2.18) is only an artifact of the discrete time setup: the shorter the time period, the better the approximation.

This gives a monetary measure of disutility that may come from a direct impact on welfare, due for example to frequent extreme weather events, or a more indirect one, due to private awareness and concern for environmental issues.

The optimal policy is thus a scheme that should be revised each period to account for the current state of the economy.

As indicated in note 15, the optimal policy should be revised each period (feed-back or close-loop strat- egy). This can be easily done using (2.41) which can be used as a tool to update the environmental policy each period taking as initial value the observed current gap.

These simulations were realized using Mathematica. The corresponding programs are available from the authors upon request.

[START_REF] Acemoglu | The environment and directed technical change[END_REF], the innovation function is calibrated so as to obtain a 2% long run growth. In DICE 2010, the economy grows at a rate equal to 1.9% from 2010 to 2100 and 0.9% from 2100 to 2200.

See King & Low (2014), for a measure of world interest rates. According to this study, the 2005 quarterly values of the interest rate are 1.479%, 1.456%, 1.449% and 1.542%.

The more important condition here is that D(x) is increasing when technology gets dirtier, that is, when x decreases. Convexity may depend on the type of pollutant. A broader specication of D(x) would allow d 1 to be negative as long as d

> 0 and |2d 1 | < d 2 .

Our damage function D encompasses both the impact of the technological share on pollution emission (polluting intensity) and the impact of emitted pollution on prots (pure damages). While it is commonly recognized that the marginal damage from most pollutants should be increasing, the marginal contribution of human activity to increasing the amount of pollution emitted is decreasing. Both eects countervail each others and explain why it makes sense that D is not too convex.

Similar results can be found by using a tax/subsidy on investment of the form τ u i . See Appendix for details.

Although we do not emphasize these cases, the same is true when vertical innovation takes place in only one of the sectors

For some x 0 outside the overlap, there might be no solution for one of the x T , in which case the optimal path comes out directly.

Remerciements

Chapter 2

Green technology adoption, business cycles and environmental thresholds

Results

Table 2.1 presents the results of our baseline scenario. For each value of λ indicated in the rst column, the second column indicates the implied consumer's valuation of the environment ρ that leads to an interest rate equal to 6% in 2005 given the other parameter values. The following columns σ y , σ µ and r S give the corresponding values of the (one period) standard deviation of the total wealth, y t = c t + ρe t , and of the AGT index µ t respectively, and the longterm stationary level of the interest rate. The rest of the table reports the environmental policy parameters. Column ρ gives the social cost of CO2 necessary to avoid an environmental catastrophe with a condence level of 99.9%, column r the corresponding long term expected interest rate that the public policy aims at bringing about on the capital market during the transitory phase toward a CNP, column T indicates the date at which the expected EQ level under this policy merges with the expected CNP. A value equal to 199 indicates that the expected EQ does not reach the CNP in that time horizon (the maximum considered in the simulations). Finally, column e T indicates the expected EQ level reached at date T if this policy is implemented.

We observe that standard deviations do not evolve monotonically with λ : σ y rst decreases and then increases, while the reverse is true for σ µ . This is due to the changes in coecients {a k } that are triggered by the variations of λ and ρ. The stationary level of the interest rate r S is also non-monotonic: it rst increases and then decreases. Still, it stays relatively close to r 0 = 6%. The expected optimal interest rate r , that is, the market inter- est rate that the social planner targets while implementing the optimal policy, is particularly high compared to r S : while r S stays around 6%, r ranges from 18% to almost 33%.

The consumer's valuation ρ is very large for low values of λ and decreases as λ increases, while the trend for the SCC ρ is the opposite: it increases with λ. One can observe that in this baseline case, ρ is lower than ρ as long as λ is lower than 0.7. Graphic 2.3 depicts the evolutions of theses values and shows that they cross approximately around λ = 0.65. Hence, while the capital market does not value correctly the environment, the government can safely implement a policy that associates a low SCC when λ is low (for example, if λ = 0.5, the SCC is 15.93$/t, while the implicit consumers' valuation is 23.79$/t).

26

We observe that r increases with λ. This can be easily understood: when λ is large, the economy is less dependent on past values of the AGT index and rms' investment choices have a stronger impact on their future prots. Thus, the economy is likely to react stronger to economic incentives. Therefore, the growth rate of y t is expected to be larger, and the interest rate is as well. The change in ρ also drives the way r reacts to an increase in λ: market interest rates tend to decrease when ρ is low, and because ρ decreases with λ, the targeted optimal interest rate r should increase in order to reach the same investment level. Contrary to ρ, the SCC ρ increases with λ. When λ increases, the actual cost of AGT, measured by r t -z t , increases, which means that given the impact of the policy on the market interest rate, the net subsidy is lower.

26 We can compare these values to the social costs of carbon found in the literature. [START_REF] Nordhaus | A review of the stern review on the economics of climate change[END_REF], nds a SCC of 11.5 $/t CO2 for 2015. More recently, with similar calibration for the rate of pure time preference, [START_REF] Traeger | Analytic integrated assessment and uncertainty[END_REF] and [START_REF] Golosov | Optimal taxes on fossil fuel in general equilibrium[END_REF], nd SCC of respectively 15.5 and 16.4 $/t CO2.

Chapter 3

Technological complementarities and selection of green tehnological paths Second best policies In order to reach the optimal path, a rst solution is to add a constant term τ c to the policy (3.11) in order to move the current state of the economy x 0 out of the overlap, as dened in denition 3.1. Such a change would have no second order eect on the dynamics of the system made of equations (3.9) and (3.10) (since τ c is constant), therefore it would have no eect on the equilibrium paths nor on the width of the overlap.

However, it would impact the location of the steady state of the system, and therefore also the location of the overlap. Formally, with a tax rate (µ+2ν)[x-(1-x)]+2d 1 (1-x)+d 2 +τ c , the steady state becomes:

By inuencing τ c it is then possible to make the steady state far enough on the left of the x axis, so that the initial state of the economy is out of the overlap. Then the equilibrium is unique: there is only one shadow price consistent with rational expectations, and it implies green investment. Assuming that the distance between the steady state and the right boundary of the overlap is 7 , and given the initial state of the economy x 0 , the minimum size of the initial subsidy rate τ necessary to avoid bad beliefs to make the economy converge toward the dirty equilibrium is so that:

x 0 -xSB ≥ , which gives:

Therefore, the smallest subsidy rate τ c that must be implemented to avoid specialization in the dirty sector is:

. This additional subsidy needs to be sustained until the economy has gone far enough towards green specialization so that it will be out of the overlap even when the subsidy is removed. That is, until the economy reaches a state x so that x -xFB ≥ where xFB is the steady state of the economy when only the pigouvian policy is implemented 8 .

The combined policy rate τ (x) + τ c is positive 9 : as expected, the second best policy is a subsidy to green investment. Moreover, τ c increases when µ and ν are stronger, and decreases when d 1 and d 2 (size and convexity of marginal environmental damages) increase. Higher 7 In our linear quadratic framework, the size of the overlap can be computed using a method close to the proof of proposition 3.2, see [START_REF] Fukao | History versus expectations: a comment[END_REF].

8 The pigouvian part of the subsidy doesn't have to remain forever in order for the economy to specialize in the clean sector. Once investment in the clean sector has been large enough so that even in laissez-faire, the economy is out of the overlap, all subsidies can be removed. However, maintaining the pigouvian subsidy will make the economy invest at the rst best rate. Maximization of (2.8) with respect to I it leads to the rst-order condition

while the envelop condition yields

Plugging this expression in (A.1) evaluated in expectation for period t + 1 yields

Reorganizing terms gives (2.9). Replacing into (2.3) and using (2.6), we obtain that rm i next period AGT index follows

As ε it di = 0, we obtain

and thus

As idiosyncratic investments depend on the rms' current technologies and on signals that are normally distributed, their next period technologies are also normally distributed around

which gives (2.11).

A.2

Proof of lemma 2.2

Using (2.1), (2.17) and (2.14), we have

where Z t+1 is a function of the z t+h , h = 2, 3... As the resulting expression of ỹt+1 is a linear combination of iid random shocks normally distributed, it is also normally distributed with variance σ y given by (2.21) which is independent of t.

The coecients {a j } j=1,...,6 and Z t in (2.19) are derived as follows. Using

which gives, using (A.5) and collecting terms,

Replacing into (2.18) gives

Equalizing with (2.11), which can be rewritten as

and collecting terms yields

.

Identifying with (2.19) gives

The rst two equations of (A.8) form a system involving only coecients a 1 and a 2 that can be solved separately from the others. Observe also that a 2 = ρ and a 1 = a 0 1 ≡ 1+(1-λ)/γ is a degenerate solution of this system. More precisely, using 1-λ+γ(2-a 1 ) = γ(a 0 1 -a 1 +1),

we can express (A.8) as

and we get, assuming that the solution is a 2 = ρ and a 1 = a 0 1 , that a 3 = 1, a 5 = 1/γ but a 4 diverges unless ψ = γ 2 σ 2 y /2 = τ 2 σ 2 η /2 in which case a 4 is indenite. Alternative solutions can be derived as follows. From the expression of a 2 , we get

which, plugged into the expression for a 1 , gives

that can also be expressed as (a 0 1 -a 1 )P (a 1 -1) = 0 where P (x) ≡ x(a 0 1 -θ -x) + ρξ is a second degree polynomial. Non-degenerate solutions must solve P (a 1 -1) = 0. As P (0) = P (a 0 1 -θ) = ρξ and P (x) is concave, a 1 is either lower than 1 (a 1 -1 is equal to the negative root of P (x) = 0) or greater than a 0 1 -θ + 1 = 2 -θ + (1 -λ)/γ (a 1 -1 is then equal to the positive root of P (x) = 0). As z t impacts positively µ t+1 for all t, it comes from (A.9) that a 5 > 0 which implies a 1 -1 < 1 + (1 -λ)/γ and thus rules out the positive root of P (a 1 -1) = 0. Consequently, a 1 -1 corresponds to the negative solution of P (x) = 0 which is given by

After substituting 1 + (1 -λ)/γ for a 0 1 , we get

which gives (2.22). The condition a 1 > 0 can be expressed as

We thus have da 5 /dλ > 0. Dierentiating a 3 wrt λ yields

where, using a 0 1 = 1 + (1 -λ)/γ,

and, using (A.11) and (A.12),

Replacing, we obtain that da 3 /dλ > 0 if

As the LHS of this inequality is increasing in ρ and null when ρ = 0, we thus have da 3 /dλ > 0 when ρ is not too large. Since we assume 2 + (1 -λ)/γ -θ > ρξ (to have a 1 > 0), a sucient condition for da 3 /dλ > 0 is given by

which can be written as

Consequently, a sucient condition for a 3 to increase with λ is ξ > (1 -θ)ϕ.

A.3

Proof of lemma 2.3

Using (A.6), we get

Using the expressions of a 3 and a 5 in (A.8), it can be expressed as

that can also be derived from (A.7), which becomes

). The two-period-ahead wealth index is deduced from ỹt+1 = ct+1 + ρẽ t+1 = qt+1 + μt+1 -μt+2 + ρẽ t+1 where μt+2 = a 1 μt+1 + a 2 ẽt+1 + a 3 qt+1 + a 4 + a 5 (τ ηt+1 ) + Z t+1 .

Replacing leads to

A.4 Proof of Lemma 2.4

The expected AGT index satises E[μ t ] = E[q t ]ϕ/ξ for all t > T along a CNP, so that expected wealth satises

and νt = (ν 1t , ν2t ) is a column vector of independent standardized Gaussian variables.

We have E

The covariance matrix thus satises

By denition of an SEP, we have

for all t. As q t converges to its stationary value q S , the stationary value of the AGT index is given by µ S ≡ q S ϕ/ξ + (1 -θ)(e N -e S )/ξ. Hence, the stationary value of Ỹt is given by Y S = (µ S , e S , q S , 0, 1) and satises Y S = BY S . The stationary covariance matrix satises

and thus solves the Lyapunov equation

As neither B nor H depend on e S and q T , V S is independent of the date at which the SEP is reached (it only depends on the parameters of the model). As the dynamic (A.14) is linear, the distribution of Ỹt follows a Gaussian distribution with mean Y S and covariance matrix V S at the stationary equilibrium. Denoting by σ e the standard deviation corresponding to EQ, its stationary distribution must satisfy α = Pr{ẽ t ≤ ē} = Pr{(ẽ t -e S )/σ e ≤ (ē -e S )/σ e }

Denoting by Φ(x) the CDF of the standardized Gaussian variable at level x and using Φ(-x) = 1 -Φ(x), we get α = Pr{ẽ t ≤ ē} = 1 -Φ((e S -ē)/σ e ), hence e S = ē + σ e Φ -1 (1 -α). .20) which can be solved as follows. Dening v t = (r e t + c) -1 or equivalently r e t = 1/v t -c where c is a constant to determine, (A.20) becomes 

which must be equal to the solution of (2.35), i.e. we must have

where r e is either equal to (A-1+θ)/2 > 0 or -(A+1-θ)/2 < 0. Using (A.24) to substitute r e + 1 -θ for c in (A.22) yields (2.35). (A.22) is thus satised if (A.24) is true. Using (A.24) and (A.21) yields k = θ -r e r e + 1 .

(A.25) from independence. Using E[e -γ X ] = e -γ(E X-γσ 2 X /2) for a normal random variable X, it comes that the last term is equal to e γ 2 {σ 2 y +(1-a 1 ) 2 a 2 5 τ 2 σ 2 η }/2 . Moreover, using

we get

which gives

Similarly, we have

Collecting terms, we get cov (r t , u (ỹ t+1 ))

A.7 Proof of Proposition 2.3

This result can be obtained recursively by observing that (2.36) can be rewritten in term of normalized gaps as

Observe that (A.27) entails terms that are exponentially decreasing with T and that for a CNP, (A.26) also involves E[ẽ T ]. In case of an ESP, the last term of (A.26) is nil. For a CNP, denoting by τ i the 6-dimensional column vector of zeroes except in position i where there is a 1, date T corresponding to the junction with a CNP is deduced from max T {ϕτ 1 .M T -t 0 .X t 0 ≤ ξτ 3 .M T -t 0 .X t 0 }. Applying such a procedure generates a rst set of values {E[μ t ] (1) } t≥t 0 that can be used to estimate {Z

(1) t } t≥t 0 from (2.44) to obtain an initial set of transition matrices {B

(1)

The jacobian of the system (3.3) is:

Or, evaluated at x = x i :

The determinant of the system is thus:

And the two eigenvalues are:

Where:

So that we can study the stability of the system according to the properties of the eigenvalues:

Eigenvalues are real and distinct Occurs i:

1. If both eigenvalues have the same sign, then the steady state is a node and:

(a) If 0 < 4 det(J) < tr (J) 2 , that is:ε i , ε j > 0 then it is unstable and history matters.

(b) If ε i , ε j < 0 then it is asymptotically stable: never happens since tr (J) = r > 0 2. If both eigenvalues have opposite signs, that is if: tr (J) < 0 (here never happens since tr (J) = r > 0) or if 4 det(J) < 0, then it is a saddle point. (saddle path stable)

Eigenvalues are real and repeated, ε i = ε j = :

Proof of lemma 3.2:

The path converging toward x = 1 is optimal if

with x i (t), i = 0, 1 as dened in proposition 3.2 and W (x) given by (3.2). Assume without loss of generality that T 1 > T 0 , then condition (B.2) can be rewritten:

Since both paths are constant for t > T 1 , the last term of (B.3) simplies to:

Which goes to +∞ monotonically when r gets close to 0. Since all other terms in (B.3) are nite, then for any parameters value there exists a r such that:

Proof of lemma 3.3:

The decentralized equilibrium under the pigouvian policy τ (x, x i ) is characterized by the same dynamical system as in the rst best (3.6). From the proof of lemma 3.1, we know that when 8(2(µ+ν)-d 1 ) c

> 0 then the interior steady state of the system is unstable. Moreover, when 8(2(µ+ν)-d 1 ) c > r 2 then the eigenvalues of the Jacobian matrix of the system are complex with real part greater than zero and therefore the interior steady state is an unstable focus and the system is characterized by oscillatory dynamics going away from it. In the centrally planned economy, the terminal condition (i.e. a long run steady state) necessary to fully characterize the economic path only depends on the central planner's own decision and therefore can be set up in a way that is consistent with the welfare maximization objective. On the contrary, in the decentralized economy as in laissez-faire, the terminal condition depends on the actions of a continuum of agents, so that each agent's decision is inuenced by her beliefs about what others will do, which can be manifold.

Proof that τ (x) + τ c > 0:

(τ (x) + τ c ) > 0 since by assumption d 1 -2(µ + ν) < 0. Also by assumption, the economy starts on the left of the right boundary of the overlap, so x 0 < xFB + , and from Prop.