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Abstract

With the growing popularity of composite materials in aeronautics, study of the influence of their

anisotropy on the aeroelastic behaviour of various structures is imminent. This type of study is re-

ferred to as aeroelastic tailoring which implies the variation of the composite structure properties in

order to obtain the desired aeroelastic response. While there has been some work done in this field,

the robustness of the methods used in order to deal with the anisotropy of the composite materials

has not yet been at a satisfying level.

The first focus of this work is on reformulation of the aeroelastic optimisation problem, in order to

achieve a faster convergence with more reliable control over the elastic properties of the final structure.

For this purpose a 2-level optimisation method is presented during which a parametric formulation is

employed for optimisation of the aeroelastic behaviour. The formulation is based on polar parameters

which can describe the anisotropic behaviour of a given structure. The first level of the optimisation

is conducted by the Genetic Algorithm. The second level study is then considered which is associated

to the retrieval of a stacking sequence with 16 plies in this work that has identical properties as the

optimal polar parameters.

Next, the tow-steered laminates with variable stiffnesses have been studied. This type of material

can increase the rigidity of the structure and positively impact various static and dynamic responses

of the latter. Using the polar parameters, the variation of the rigidity along the structure has been

modelled and its aeroelastic behaviour has been optimised between 2− 4%.

Finally, the stochastic response of the optimal case obtained during the deterministic optimisation

process has been considered. The parametric uncertainties during the manufacturing of composite

laminates can impact the aeroelastic response of the system. The parametric uncertainties have

been included in the optimisation process resulting in a reliability-based design optimisation. The

discontinuities present on the aeroelastic response surface render the approximation made by the

surrogate model less accurate. The use of a continuous function called the stability margin is the

solution to this discontinuity problem which helps with the computational time as well.
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1
Introduction

Aeroelasticity can be defined as the discipline which studies phenomena caused by interaction of

aerodynamic and elastic forces [1]. An illustration of interactions between these fields is given in the

Collar’s triangle presented in figure 1.1 in which the inertia is added to the two other forces in order

to take into account the dynamics in each domain of study.
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Figure 1.1: Collar’s triangle of aeroelasticity [2].
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Flight mechanics and structural vibrations are the classical dynamic studies conducted in fluids

or structural domains. They respectively affect a fixed lifting surface and represent the free-structure

dynamic response. Static aeroelasticity takes place when the aerodynamic forces and the structural

deformations are mutually modifying one another. Phenomena such a divergence and control rever-

sal can be fit into this category [3]. Dynamic aeroelasticity can occur when inertial effects play a

crucial role on the aeroelastic response of the structure [4]. Flutter is the most common aeroelastic

dynamic instability, that can be detected by running a linear analysis of the structure undergoing the

aerodynamic loads. Buffeting, Limit Cycle Oscillation (LCO) which are non-linear phenomena and in

general dynamic response of a structure to an aerodynamic loading such as gust or turbulence, also

belong to this category.

Aeroelastic instabilities can be present in various domains, such as civil engineering (e.g., the

destruction of the Tacoma bridge [5]), turbomachinery [6], wind turbines [7] or even design of Formula

1 racing cars [4]. Figure 1.2 shows the failure of the Tacoma bridge caused by torsional dominated

flutter instabilities at low wind speeds of 16− 19 m/s.

Figure 1.2: Collapse of Tacoma bridge due to flutter instabilities [8].

In this work, the main focus will remain in aeronautics and particularly on the flutter and diver-

gence phenomena of simple lifting surfaces. Divergence soon became a subject of interest in aeronau-

tical design after various incidents of the first airplanes took place in 1903 [9]. Langley had launched

two powered flights in the course of that year including one, just a few days before the successful flight

of the Wright brothers. Langley’s last flight had failed due to torsional aeroelastic divergence and the

airplane crashed in the Potomac river. Figure 1.3 shows the airplane before its crash and the torsional

divergence of the rear wing. The success of Wright brothers is mainly related to the use of a warped

wing which allowed them to have a better lateral control [1]. This type of wing was soon replaced by

rigid ailerons as the period of biplane aircrafts ended.
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Figure 1.3: Incident of Langley airplane due to torsional divergence [10].

Given the presence of aeroelastic phenomena since early days of aviation, the first recorded inci-

dent took place in 1916 when the Handley-Page O/400 bomber was susceptible to a tail wing flutter

[4]. A British scientist called Lanchester, with the help of Bairstow, conducted significant studies of

the incident and recognised the out-of-phase oscillations of the wings as self-excited. As a measure to

prevent this phenomenon, the elevators were designed with a stiffer connection [11, 12]. The latter

design was also a solution to the tail flutter incidents of DH-9 airplanes in 1917 [13, 9]. It was only in

the early 1930s, after an aileron reversal incident of a Bristol Bagshot, that Roxbee Cox and Pugsley

at the Royal Aircraft Establishment proposed the name of Aeroelasticity to this discipline [1]. Another

important step in this field was made by theoretical understanding of flutter mainly due to works of

Glauert [14] and Theodorsen, who produced a report on flutter analysis of oscillating airfoils in 1934

[15].

The appearance of higher speed and larger aircrafts, resulted in new aeroelastic phenomena. Su-

personic panel flutter was first observed on V-2 rocket during the war with over 70 failures [9, 16].

Similar phenomenon was repeated on the X-15 tail and side shells due to coupling between two bend-

ing modes of the plates [17]. Whirl flutter, an instability that takes place usually on a propeller of a

nacelle engine was the cause of two major crashes of the Lockheed Electra [18, 19]. The instability

was mainly due to a mount structure damage which required more stiffening of the mount system
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[9]. Limit Cycle Oscillation (LCO) instabilities, which are famously present at the F-16 and F/A-18

fighters [20], can be interpreted as a bounded flutter [4] and they are observed on the wings, the stores

and the lateral motion of the fuselage [21]. Another phenomena observed on the modern airplanes

was the fin flutter. The latter caused the crash of the F-117 stealth aircraft due to flutter in control

rudder shown in figure 1.4.

Figure 1.4: Failure of F-117 aircraft due to flutter [22].

Recent advances in aircraft design have given rise to new aeroelastic concerns. High aspect-ratio

wings of drones and unmanned aerial vehicles have reports of crash due to aeroelastic instabilities. The

Lockheed Martin X-56 unmanned vehicle presented some of these challenges due to its large flexible

wings [23]. The High-Altitude Long Endurance flight technologies requires more innovative solutions

to the possible occurrence of instabilities [24]. Figure 1.5 shows different states of the crash of the

Nasa Helios drone. The data concerning the flight history, particularly near the pitch oscillations, on

the wing dihedral, pitch rate and airspeed can be found in [25].

Figure 1.5: Crash of NASA Helios drone due to an unstable pitching mode [25].

One method amongst many others that has become more and more popular is the active flut-

ter suppression [26]. This technology allows to overcome various instabilities that could take place

throughout the flight regime.
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1.1 Aeroelastic modelling

Various models have been developed to predict aeroelastic phenomena. The calculation of the re-

sponse of the aeroelastic system can be carried out using analytical solutions or low-, medium- and

high-fidelity numerical models. This classification is relevant to both aerodynamical and structural

models. As the aeroelastic phenomena are the results of a coupled system, it is important to choose

appropriate models for both structural and aerodynamic loads.

The aeroelastic studies generally begin with the free-vibration analysis of the structure [27, 28].

The latter can be done analytically for simple systems of limited number of degrees of freedom (also

called canonical models) or using discretisation methods that are able to treat more complicated struc-

tural systems. One of the first canonical models was developed by Theodorsen [15] that studied a rigid

wing section mounted on two springs (a linear and a torsional spring) and a flap, with pitch and plunge

and rotating motions respectively. Nowadays, such configurations could be used as phenomenological

models to deploy some methodological framework [29, 30, 31]. More advanced models were then em-

ployed for the modelling of the structural response such as beam models [32], panels [33] and plates

[34, 35]. With improvements in the computer calculations, the structural models evolved towards the

discretisation of continuous systems. Both Rayleigh-Ritz and the Finite-Element method have been

employed in pure structural and aeroelastic analysis [36, 37]. The Finite-Element Method (FEM) has

been more popular due to its systematic procedure and adaptability to complex geometries. Various

models can be employed in the FEM, according to which would best adapt the configuration under

study. Pastilha et al. [38] conducts flutter optimisation of three different structures (a circular beam, a

thick plate and a flat panel) using the FEM. The beam and one of the plate configurations are subject

to a non-conservative force only as an end load, and supersonic loads are applied to another plate

structure. Modaress et al. [39] compare beam and plate models and their influence on the aeroelastic

response of a cantilevered plate wings. Jutte et al. [40] conducted the aeroelastic optimisation of the

Common Research Model (CRM) using a wing-box structure, of which they minimised the weight

while maximising the flutter velocity.

The choice of an appropriate aerodynamic model is necessary for the aeroelastic analysis. These

models can be chosen depending on the flow conditions in which the structure is under study. The

first aeroelastic analysis were conducted with the help of analytical models. Wagner [41] introduced

a model which describes the lift loads in an incompressible flow. A few years later, Theodorsen [15]

presented the frequency response of these unsteady loads using a Laplace transformation, following

the work of Jones [42]. The history of the evolution of analytical methods for the aerodynamics is ex-

plained in details in the work of Shams et al. [43], where the Wagner function application is compared
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to the Theodorsen and Peters’ [44] models. Similarly to the structural methods, the aerodynamic

modelling has been influenced by increasing developments in computers. The numerical methods

with different levels of accuracy have been applied to predict aeroelastic phenomena. The Doublet

Lattice Method (DLM) is one of the most common aerodynamic models in aeroelastic analysis. It

is considered as a medium-fidelity model, which has a higher computational cost compared to the

unsteady analytical methods stated before, but it has a higher accuracy which makes it a desirable

candidate for preliminary design calculations or optimisation studies needing multiple calls to the

main solver. It was first introduced by Albano and Rodden [45] and later used in flutter analysis

of various structures, mainly beams and plates [46, 47]. The latter is based on linearised potential

theory and has the capacity to predict aerodynamic forces from incompressible to subsonic regimes.

This method only considers the out-of-plane forces and motions which renders this model a less suit-

able candidate for more complex geometries [48]. For this type of problem, the Unsteady Vortex

Lattice Method (UVLM) was introduced, which while assuming in-plane dynamics, has a sufficiently

low computational cost to replace DLM for geometries such as flexible wings [49], tail wings [50] and

wind turbines [51]. Eventually, with the increase in computational capacities, high-fidelity CFD mod-

els were employed to carry out the aerodynamic forces. These models are more often used in more

complicated systems such as transonic regimes [52], high aspect ratio wings [53] or turbulent flows [54].

While these methods have higher accuracy, their computational cost is very high, particularly in

an iterative framework such as optimisation. For this reason various methods have been developed in

order to reduce the computational time. Beran et al. [55] used Reduced Order Modelling (ROM) to

predict LCO instabilities. They reduced the order of both fluid and structural models using proper

orthogonal decomposition and Galerkin approximation respectively. Another method applied to re-

duce the computational cost of high fidelity models consists on multi-fidelity design. The latter can

be interpreted in different manner but it is mainly based on employing at least two models of different

fidelities. This methods is mostly used to correct aerodynamic forces described by DLM using a high

fidelity model such as Navier-Stokes or Euler. Thelen et al. [56] employed a cokriging-based surrogate

model to approximate the Aerodynamic Influence Coefficient matrix using samples generated by the

Euler and DLM modes.

Finally, the aeroelastic analysis can be conducted by coupling both structural and aerodynamic

models in a time or frequency domain. The latter significantly simplifies the procedure to detect

aeroelastic instabilities, it is therefore the more common method employed in a linear framework.

Amongst different methods in the frequency domain, the k and p-k method are the most common

solvers for prediction of flutter and divergence instabilities. The k method was first introduced by

Scanlan and Rosenbaum [57] and later employed frequently in the prediction of flutter instabilities
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[1, 13]. The p-k method was initially introduced by Hassig [58] in order to challenge the accuracy of

the k method. He gave a better approximation of the aeroelastic damping while considering harmonic

aerodynamic forces. Later Rodden [59] modified the formulation of p-k method to better represent

the non-harmonic aerodynamic forces. This method is one of the most popular solvers in aeroelastic

analysis [60, 61]. There have been variations over this method, for example in the work of Borglund

[62] who employed the µ-k method in order to take into account aerodynamic uncertainties, or the

non-iterative p-k method proposed by Pitt [63] to reduce the computational time of the aeroelastic

computation.

1.2 Composite materials in aeroelasticity

One predominant part of new aircraft designs is represented by the composite materials, due to their

light weight and high strength. They have been employed in various parts of the modern airplanes,

since the 1960s until today, where up to 50% of the Boeing 787 (Dreamliner) consists of composite

materials. They are present in many structural parts of an airplane, from wings, to the fuselage as

well as engine parts. Apart from airplanes, the Unmanned Aerial Vehicle (UAV), rotorcraft or wind

turbines are also hugely impacted by composite materials [64].

There are various types of composite structure mainly made of a matrix and fibres, which are used

to reinforce the rigidity of the material. Each component could be made of different materials depend-

ing on the purpose of the application. In this study, composites made of multiple layers, presented

in figure 1.6, are taken into account, i.e. composite laminated structures. Each layer is composed of

fibres whose path can significantly impact the behaviour of the structure [65].

Figure 1.6: Illustration of composite plate made of Uni-Directional fibre paths [65].



8 Introduction

One of the most simple methods to model composite structures is the Classical Laminated Plate

Theory (CLPT), which is based on the Kirchhoff theory [66] and it is essentially a homogenised repre-

sentation of the elastic properties of a composite laminated plate. Despite its simplicity, CLPT reveals

to be effective in representing the global response of composite structures and, as such, it is widely

used in works dealing with their design and optimisation. The study of the aeroelastic response of

composite structures makes no exception. Lin et al. [67] have employed CLPT to model composite

structures and studied the influence of composite ply angles, elastic and geometrical properties on

structural and aeroelastic response of a composite plate in subsonic flow. Mahran et al. [68] studied

the impact of different finite element shell models on the elastic and aeroelastic response of a plate

wing and modelled the composite laminates using CLPT. Besides the necessary conditions to apply

the CLPT method [66], the thickness of the plate plays an important part to neglect the effects of

shear deformation. The latter is thus applied in many structural and aeroelastic studies dealing with

thin laminate plates [60, 69].

In order to carry out studies using structures with non-negligible thicknesses, structural models

which take into account shear deformations are employed. Koo et al. [70] studied the impact of struc-

tural damping and ply orientations on the aeroelastic response of three different geometries. They

have used the First-order Shear Deformation Theory (FSDT) to model the structure of the composite

laminate. Karpouzian et al. [71] studied the flutter and divergence response of a swept wing and

analysed the influence of various structural effects such as anisotropy and transverse shear with the

help of FSDT. While the FSDT is able to take into account the effects of the shear deformation, it

does not show satisfying results in case of laminates with moderately higher thicknesses. Kapania et

al.[72] discussed various methods for modelling laminate plates or beams and explained the analysis of

buckling and post-buckling behaviour using Higher-order Shear Deformation Theory (HSDT). Chat-

topadhyay et al. [73] employed HSDT to study the aeroelastic and structural response of a composite

wing box. Patil et al. [74] conducted an aeroelastic analysis of high aspect ratio wing which was

modelled using the box beam with the help of HSDT.

In the late 1970s, the complexity of the anisotropic behaviour of composite materials resulted in

the introduction of some parametric formulations. Tsai and Hahn [75] proposed a representation of

composite materials called the lamination parameters. Another set of parameters were introduced

by Verchery [76] which are called the polar parameters. Lamination parameters are issued from the

application to the CLPT of the representation of plane anisotropic elasticity based on Tsai-Pagano

parameters [77]: the latter are invariant quantities 1, obtained by trigonometric manipulations of the

1To be precise, not all Tsai-Pagano parameters are invariants, since one of them depends on the orientation of the
reference frame [77]
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Cartesian tensor components, even if they do not correspond to a proper tensorial decomposition. On

the contrary, the polar parameters are proper tensor invariants and they can be expressed for plane

tensors of any order and symmetry, and particularly for the tensors of plane elasticity representing

the behaviours of a composite lamina or a laminate. On one hand, the invariant quality of these

parametrisation is very helpful when dealing with the representation of plane anisotropy, compared

to the cumbersome transformation rules of the Cartesian components of anisotropic tensors. Addi-

tionally, when applied to the CLPT, both parametrisation allow to reduce the number of independent

variables for the description of the anisotropic response of a composite laminated plate. This is the

reason why these invariants are good candidates to be used in the optimisation studies of the compos-

ite materials. Meanwhile, the lamination parameters have remained more popular in aeroelasticity as

used by Kameyama et al. [60] to minimise the weight design of a composite laminate while considering

aeroelastic critical velocities as constraints of the optimisation problem. Scarth et al. [69] investigated

the influence of uncertainties over the ply angles on the critical velocity of a cantilevered plate wing

and have employed lamination parameters to reduce the number of uncertain parameters. Nitschke et

al. [29] explored this study further by considering uncertainties over ply angles and thicknesses. They

used polar parameters as a tool to deal with the dimensionality of the problem and hence could con-

sider non-symmetric and uncoupled laminates which provide a more global coverage of the anisotropic

domain.

The works mentioned above are mainly focused on Uniform-Stiffness (US) composite laminates

with Uni-Directional (UD) fibre paths. With the advances in the manufacturing processes, the pro-

duction of composite structures is no longer restricted to the conventional laminates. Methods such

as automatic fibre placement (AFP) allow placement of the fibre in curvilinear paths and therefore

production of composites with Variable-Stiffness (VS) such as laminates with Tow-Steered (TS) fibres

[78, 79, 80]. Figure 1.7 presents a simple illustration of the two above mentioned laminates.

Figure 1.7: Illustration of laminates with Uni-Directional and Tow-Steered fibre paths [81].
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There are many studies conducted in the structural domain using Tow-Steered laminates. Viglietti

et al. [82] studied the influence of the variable angle-tow composites on the dynamic response of two

structural model (beam model and a complex wing box). Pereira et al. [83] used Tow-Steered (TS)

composites to conduct a multi-objective optimisation on the modal frequency and the corresponding

damping. Montemurro et al. [84, 79] optimised the first buckling factor of a Tow-Steered (TS) compos-

ite laminate using polar parameters as the optimisation variables to model these types of structures.

These materials have been also investigated in the aeroelasticity domain. Stodieck et al. [85] studied

the influence of the tow steered laminates on the elastic axis, divergence and flutter speed and gust

loads. Haddadpour et al. [86] conducted the optimisation of the aeroelastic behaviour (maximisation

of the critical velocity) of a TS composite wing modelled as thin-walled beams. Guimarães et al.[87]

studied TS laminates and optimised the aeroelastic and the buckling behaviours of these structures.

Brooks et al. [88] compare TS and the conventional US composites by modifying the aero-structural

configuration to minimise the fuel consumption.

While most studies work directly with the orientation of the fibres as design or optimisation

variables, some works have been conducted using multi-scale multi-level optimisation strategies. These

studies mainly focus on a first level study optimising the stiffness properties (macroscopic scale) of

the structure using a parametric formulation and a second level optimisation in order to retrieve

the fibre path (mesoscopic scale) on each layer. These methods are employed in both Uniform-

Stiffness and Variable-Stiffness composite laminates. Setoodeh et al. [89] used lamination parameters

to model Uniform- and Variable-Stiffness laminates using a 2-level strategy. Montemurro et al. [90, 91]

optimised the weight design of a wing box with a 2-level procedure using polar parameters. Similar

studies are carried out for the Tow-Steered fibre paths where the parametric formulation are used to

describe the variation of the rigidity [79, 92, 93].

1.3 Uncertainty quantification

Uncertainties can be divided in two categories: aleatory uncertainties, which are inherent to the system

and cannot be improved, and epistemic uncertainties that are due to the lack of knowledge and can

thus be reduced. The latter can rise from uncertainties in the mathematical or numerical models used

to describe the physics of a phenomenon [30]. This work deals with aleatory uncertainties which are

due to errors on the system parameters and have to be taken into account by conducting a probabilistic

study. The simplest and the most common method of uncertainty propagation is Monte Carlo, which

requires a given number of samples in the space of random variables. The main algorithm is then

run for each sample to obtain the distribution of the objective function. This type of approach to

obtain the probabilistic response of a function is called the direct method as there is no intermediate
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step between the sampling and the final stochastic result. The uncertainty propagation of a random

variable in a CFD model is shown in figure 1.8. Other sampling methods such as Latin Hypercube

Sampling (LHS) or Quasi-Monte Carlo (QMC) produce more uniforme samples over a given space and

can insure a faster convergence rate. Kucherenko et al. [94] compared the efficiency of the mentioned

sampling methods in different test cases.

Figure 1.8: Illustration of uncertainty quantification over a CFD model with random variables [95].

The direct method can be computationally expensive particularly while using a costly algorithm

for the simulation of the objective function. For this reason, surrogate models are often used to reduce

the computational time, as they require smaller number of direct runs of the algorithm. Polynomial

chaos is a surrogate model which appeared first in [96]. Xiu et al. [97] employed the polynomial

chaos using the Askey scheme, as a generalisation of the method proposed in [96], to predict the

solution of the Poisson equation. These works have remained methodological but numerous studies

have employed surrogate modelling to approximate the aeroelastic response of a composite structure

undergoing uncertainties over its material or geometric properties, fibre orientations, ply thicknesses

and other impactful variables. Manan et al. [98] used polynomial chaos to study the stochastic

aeroealstic response of a structure while considering uncertainties over the material properties, ply

angles and thicknesses. Murugan et al. [99] used a high-dimensional model representation to study

the effect of stiffness property uncertainties on the aeroealstic behaviour of helicopter rotors. Scarth et

al. [31] approximate the aeroelastic eigenvalues with the help of Gaussian Process Regression during

an optimisation process. They had also employed the same method to approximate the critical flutter

or divergence instabilities speed in comparison of two different types of optimisation formulations [100].
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While surrogate modelling can be helpful to reduce the computational time, working with a large

number of uncertain parameters can give place to problems such as the curse of dimensionality. As

mentioned previously, one of the important parametric uncertainties, present during the manufactur-

ing of the composite structure, concerns the orientation of the ply angles. Consequently, the number

of uncertain parameters grows with the layers of the laminate and cause a convergence issue due to the

dimensionality of the problem. It can thus be hard to study a more realistic configuration with several

layers while using a surrogate model. The parametric formulations based on lamination parameters

or on the polar formalism reveal to be useful in this aspect, since they allow to limit the study of the

uncertain aeroelastic response with respect to a small number of parameters independently from the

number layers in the stack.

The critical velocity of the aeroelastic system, which is the indicator of the stability of the structure,

is a discontinuous function of the polar or lamination parameters and hence cannot be approximated

accurately by surrogate models. Multiple studies have been conducted to overcome this drawback to

accurately emulate discontinuous functions using surrogate modelling. Nitschke et al. [29] used Multi

Layer Perceptron Classifier to cluster the regions separated by the discontinuity and approximate

each region separately using polynomial chaos. Chassaing et al. [101] used a piecewise polynomial

chaos to approximate the limite cycle oscillations of a two-dimensional airfoil under uncertainties in

structural properties. Becker et al. [102] carried out a sensitivity analysis of bifurcating systems using

an extension of Gaussian process using a decision tree to partition the input space.

1.4 Optimisation of composite structures

The growing use of composite materials in aeronautical structures introduces some complexity, such

as anisotropy and couplings, but also the freedome to explore their wide design domain, resulting from

the combination of multiple material and geometric parameters (orientation angles, thicknesses, elastic

properties of the base material of layers in a laminated structure). These properties can be optimised

and adjusted to the required purpose in different applications which leads to the a domain of study

called tailoring. The primary works on these materials were carried out in the structural domain, such

as free vibration and buckling analysis [103, 104, 105, 106]. The tailoring of composite materials were

then developed to optimise different aspects using its anisotropic properties [107, 108, 109]. Similar

studies were then conducted in the aeroelasticity domain which are referred to as aeroelastic tailoring

[110, 111, 112, 113]. The main objective is to optimise the aeroelastic response of the structure while

taking into account its geometrical and physical aspects. Guo et al. [114] studied the influence of

the geometry and the mass distribution on the aeroelastic response and used different optimisation
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algorithms for this purpose. In another study, they have conducted a multi objective optimisation to

minimise the weight as well as the gust response of the wing [115]. Attaran et al. [116] maximised the

flutter velocity of a plate wing by variation of the fibre orientations, the swept angle and the aspect

ratio of the structure. Albeit these studies lead to interesting results, they were generally limited to a

few number of plies as the optimisation variables were considered to be the fibre orientations within

composite laminates.

In order to conduct the optimisation problem, multiple formulations and algorithms can be em-

ployed. Some studies use lamination parameters to create a convex surface to be able to use gradient

methods directly [117, 92] while other works use meta-heuristic optimisation methods to investigate

the non-convex domain. There are multiple works devoted to the comparison of different optimisation

algorithms. Muc et al. [118] did a review paper on several optimisation formulation and methods

for aeroelastic problems. Manan et al. [119] compared four meta-heuristic optimisation algorithms

based on biologically inspired methods with aeroelastic critical speed as the objective function. Ghiasi

et al. [120, 121] studied various optimisation algorithms that are gradient-based or direct methods

and different optimisation formulations in both uniform-stiffness and variable stiffness frameworks.

Each work has argued the advantages and the disadvantages of the tested methods and provided a

summary on various criteria such as convergence, simplicity and performance of the algorithm. In the

present work, the Genetic Algorithm (GA) is employed which is a meta-heuristic optimisation method

[112, 122, 123, 124]. It is a popular algorithm in the field of composite tailoring as the domain of

investigation is extremely non-convex, however, this method can become very costly due to the wide

domain of variables specially when working with high number of layers. Multiple studies have tried

different strategies of formulation of the optimisation problem in order to decrease the computational

cost by reducing the design space and simplifying the investigation. The original approach is the

optimisation of the layer angles which are directly used as the optimisation variables. This leads to

highly non-convex optimisation problems, which can be more efficiently solved when the number of

optimisation variables is limited: many works in this domain are limited to consider a small number

of plies and/or a small number of admissible orientation angles [125, 126, 127, 128]. In some works,

only a subset of plies having the greatest impact on the laminate behaviour are considered in the

optimisation process [129, 130]. Alternatively, multi-scale approaches have been developed since the

early 2000s, either based on the polar formalism or on lamination parameters [131, 92, 132].

Most aeroelastic tailoring studies conduct deterministic optimisation of the composite laminate

i.e. no uncertainty is considered on the constitutive parameters of the laminate (material or geometric

properties, such as orientation angles and thicknesses). However, the construction of these structures



14 Introduction

can be the source of multiple aleatory uncertainties such as errors over the ply angles and ply thick-

nesses. These variations in the laminate configuration can have large impacts on various behaviours of

a structure, namely, its aeroelastic response. It is thus necessary to take into account the associated

risks and the failure probability of a structure under study by conducting a stochastic optimisation

in which the probabilistic response of the system is considered as the objective function. Surrogate

models can be very helpful in this type of studies with large iterations, in order to reduce the com-

putational cost. The stochastic optimisation can be conducted in different manners such as using the

mean and variance of a parameter which leads to robust optimisation. Nikbay et al. [133] conducted

a study to obtain an optimised configuration of a composite wing with a robustness criterion on the

flutter velocity. Reliability-Based Design Optimisation (RBDO) is another method which controls that

probability of failure remains under a given threshold. A common method of reliability optimisation is

the First Order Reliability Method which approximates the most probable points on the failure surface

[134, 135, 136]. Other methods using surrogate models have been employed for reliability optimisation

such as Manan and Cooper [98] who used polynomial chaos to approximate the flutter velocity of a

composite plate wing in an optimisation process. Scarth et al. [31] conducted a RBDO to reduce

the probability of failure of a composite structure at a given velocity. Othman et al.[137] studied a

2-level optimisation problem of a wing box to minimise the weight subject to multiple probabilistic

constraints both with robust and reliability nature. A comparison between these two formulations

was conducted by Scarth et al. [100] using the critical aeroelastic speed as the objective function.

1.5 Thesis Layout

This work aims to address the aeroelastic optimisation of composite structures both in deterministic

and stochastic framework. For this purpose, the aeroelastic model had to be first put in place. This

implies a choice of different models to represent the structural response as well as the aerodynamic

loads, in order to build the coupled aeroelastic system, that are explained in details in chapter 2.

The structural stiffness matrix was obtained as a result of modelling the composite material using the

CLPT and the Finite Element Method (FEM) was then employed for modal analysis of the structure

under study. The aerodynamic forces were then computed using the Doublet Lattice Method (DLM).

Finally, the aeroelastic approach used in order to solve the eigenvalue problem of the aeroelastic system

is the p-k method [59]. The aforementioned model is then validated using data from the literature

with both numerical and experimental results. The polar formalism is also explained at the end of

chapter 2, which will then be used in the optimisation studies presented in the next chapters.
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Chapter 3 presents the results of deterministic optimisations for Uniform-Stiffness (US) laminates

with Uni-Directional (UD) plies. Different formulations are first compared in a fully anisotropic do-

main in order to conclude over the type of parameters to consider during the optimisation problem.

The domain of investigation is then restrained to orthotropic laminates. Three different geometries

are examined and their aeroelastic response are compared to one another.

The deterministic optimisation of these three geometries in the orthotropic domain is then extended

in chapter 4 to Variable-Stiffness (VS) laminates constructed using the Tow-Steered fibre paths. Two

different strategies are examined using different variations of the polar parameters [84]. The latter

allowed a more targeted investigation of the orthotropic domain and the influence on the aeroelastic

response of the composite structure.

Chapter 5 conducts a stochastic analysis of the entire optimal cases obtained during the determin-

istic optimisation. The parametric uncertainty considered in this study is the randomness over the

ply angles. As the optimisation variables for both uniform and variable stiffness laminates were the

polar parameters, an intermediate step is necessary to retrieve the corresponding stacking sequence.

This steps allows an uncertainty propagation over the orientation of each ply.

Chapter 6 studies the aeroelastic stochastic optimisation of composite laminate with Uniform-

Stiffness (US). More particularly, the objective function of this optimisation problem is the proba-

bilistic response of the geometry under study. This process has a very high computational cost which

calls for the use of surrogate modelling. As the results of approximations done by these models in a

discontinuous surface are inaccurate, a new variable has been employed which is a continuous function

of the material properties.

Finally, chapter 7 draws some conclusion on the entirety of the work and the results presented in

the previous chapters. Subsequently, a few perspectives to the continuity of this work are introduced.
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2
Numerical Modelling

The main subject of study in this work is the aeroelastic behaviour of a composite plate wing. All

the results obtained are carried out using the same structural and aerodynamic models. The Finite

Element Method (FEM) is used to describe the structural behaviour, the Doublet Lattice Method

(DLM) models the unsteady aerodynamic forces in an incompressible flow and finally the p-k method

is employed to carry out the aeroelastic response of the system. Each of these models is described in

details throughout this chapter and comparisons with other studies in the literature are carried out

as a validation step.

One of the peculiar aspects of this work is the use of an efficient parametric formulation for the

representation of the elastic properties of composite laminates: polar parameters are presented at the

end of the chapter. This formulation is necessary throughout the entire study as it is employed during

the optimisation process and the uncertainty propagation. Various methods to obtain the stacking

sequences corresponding to a set of polar parameters are described. These methods can be both ana-

lytical or numerical and are detailed in last section of the chapter.

17
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2.1 Aeroelastic Problem

In this work, a 16-layer composite laminated plate is studied. It is a very common research case in

the literature [85, 69]. Figure 2.1 represents the scheme of a similar configuration and its different

geometrical parameters

V airflow

c = 0.0762m

�z

y

x

S = 0.3048m

b

αswept

⊗za

ya

xa

Figure 2.1: Representation of the reference swept-backward wing.

where S represents the half span, c the chord, and b the half chord of the wing. The reference

axis placed in the mid-chord is the x axis which is also the reference axis of the fibre direction for

the composite configurations, the y axis corresponds to the structural coordinate and the z axis

has an upward direction. The air-flow with velocity V is aligned with the ya axis and the za axis

has a downward direction. The x and the xa axis are aligned in both structural and aerodynamic

coordinates. It needs to be pointed out that the entire representations in this study are placed

in structural coordinates. The values considered for geometrical parameters during this study are

indicated in figure 2.1. The air density is associated to the sea level for all the cases which is equal to

ρa = 1.225
[
kg/m3

]
.

2.1.1 Aeroelastic model

Classical Laminated Plate Theory (CLPT) has been employed to model the composite structure [138][
n

m

]
=

[
A B

B D

][
ε

κ

]
(2.1)

where n and m represent the membrane forces and bending moments, A is the membrane stiffness,

D the bending stiffness, B describes the coupling between the membrane and the bending effects, κ
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and ε0 are the curvature and the in-plane strain, respectively, related to the mid-plane of the plate.

These two deformation tensors are defined by means of the mid-plane displacement field (components

ux(x, y), uy(x, y), uz(x, y) in the (x, y, z) Cartesian reference frame) and read

κ =

 −
∂2uz
∂x2

−∂2uz
∂y2

−2 ∂
2uz
∂x∂y

 ε0 =


∂ux
∂x
∂uy
∂y

∂ux
∂y + ∂uz

∂x

 (2.2)

The deformation of a given point on the plate, at coordinates (x,y,z), can thus be defined as

ε = ε0 + z.κ (2.3)

which helps to define the plate stress as

σ = Q′(z)ε =

 Q′11 Q′12 0

Q′12 Q′22 0

0 0 Q′66


 ε1

ε2

ε3

 (2.4)

where Q′(z) = Q(δz) is the reduced tensor that contains the local elastic properties of the composite

material under plane stress hypothesis. Supposing the plate made of a given orthotropic composite

material, tensor Q in the local orthotropy axes reads

Q =



E1
1−ν12ν21

E2ν12
1−ν12ν21

0

E2ν12
1−ν12ν21

E2
1−ν12ν21

0

0 0 G12

 (2.5)

where E1 and E2 are the Young’s moduli in the orthotropy axes, G12 the shear modulus and ν12 the

Poisson’s coefficient.

The membrane forces n and bending moments m can be obtained by integrating the stresses and

their moments over the total thickness of the composite plate

n =

∫ h/2

−h/2
σ dz m =

∫ h/2

−h/2
σz dz (2.6)

In the case under study in this work, pure bending condition is considered which implies neglecting

the membrane forces (n = 0). This condition simplifies the equation (2.1) so that the plate behaviour
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is resumed by the following equation

m =
(
D−BA−1B

)
κ (2.7)

where the elastic response of the plate depends on the modified bending stiffness matrix (D̃) [139]

D̃ = D−BA−1B (2.8)

Tensor D̃ is a non-linear combination of the elastic tensors of the laminate, A, B and D, thus it

can express the behaviour of coupled and non-symmetric stacking sequences. It needs to be noted

that in the case of uncoupling (B = 0), the second term of the modified bending stiffness is zero and

D̃ is equal to the bending stiffness tensor D.

The dynamic equation of the coupled motion describing the aeroelastic system is obtained by the

Lagrange equation

d

dt

∂T

∂q̇
− ∂T

∂q
+
∂U

∂q
=
∂(δW )

∂(δq)
(2.9)

where T represents the kinetic energy, U the elastic potential energy, δW the virtual work of the

non-conservative forces and q the vector of generalised coordinates. It needs to be noted that the

kinetic and the potential energies are associated to the structure while the virtual work is obtained by

the non-conservative aerodynamic forces. The elastic potential energy induced by the bending load

reads [140]

U =
1

2

∫ ∫
mTκdxdy =

1

2

∫ ∫
κTD̃κdxdy (2.10)

The kinetic energy T , while neglecting the in-plane velocities, is expressed as [85]

T =
1

2
ρd

∫ ∫
u̇z

2dxdy (2.11)

where ρ represents the density of the material, d is the total thickness of the structure and the

dot above the transversal displacement uz is the derivative with respect to time. Using a discretised

approximation method to express the energy and work terms, the above dynamic equilibrium equations

(2.9) can be reformulated as

Mü + Ku = faero (2.12)

where u ∈ RNdof is the vector of structural degrees of freedoms, M ∈ RNdof×Ndof the mass matrix,
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K ∈ RNdof×Ndof the stiffness matrix and faero is the vector of the aerodynamic forces that depend on

the structural movements. In the present work, the structural response is approximated using a finite-

element approach, based on a Reissner-Mindlin model, as shown in [141], whilst the aerodynamic

forces are represented using a DLM approach, which will be detailed in section 2.1.2. The vector

u of structural degrees of freedoms can be expressed using the mode shapes of the structure Φ =[
φ1, ...,φNmodes

]
, Φ ∈ RNdof×Nmodes and the vector of the principal coordinates (or amplitudes) q ∈

RNmodes

u = Φ(x)q(t) (2.13)

thus separating the space (eigenmodes) and time (amplitudes) coordinates, as it is classically done in

the mode projection methods in linear structural dynamics.

In this work, a Finite Element Method, based on the Python library FeniCs [142, 143] has been

employed to compute the structural mode shapes Φ of the composite laminate. The Reissner-Mindlin

model has been used whose results in this case are equivalent to the Kirchhoff-Love plate theory due

to the small thickness of the plate wing. Shell elements are considered due to their adaptability to

thin structures. In order to discretise and approximate the system, unstructured quadratic triangular

elements are chosen. Each node has 3 degrees of freedom: the transversal displacement uz and two

rotations θx, θy. It needs to be noted that according to a convergence study for the present case,

the number of modes considered is Nmodes = 8 and the total number of finite element nodes count

Nnode = 617 which with three degree of freedom per node results in Ndof = 1851.

Inserting equation (2.13) in the aeroelastic dynamic equilibrium equation (2.12) and multiplying

by the transpose of the mode shapes matrix ΦT , the modal form of the equation of motion (2.12) is

obtained

ΦTMΦq̈ + ΦTKΦq = ΦT faero (2.14)

It needs to be noted that it is a common practice to neglect the structural damping in this type of

study due to its small contribution to the system [3]. Introducing the modal mass matrix and the modal

stiffness matrix presented by M̂ = ΦTMΦ ∈ RNmodes×Nmodes and K̂ = ΦTKΦ ∈ RNmodes×Nmodes , the

generalised aeroelastic dynamic equilibrium equation reads

M̂q̈ + K̂q = ΦT faero (2.15)

Next, it is possible to compute the natural frequencies and the vibration modes of the structure by

imposing a harmonic motion u = Φ eiωst as the solution of the homogeneous equation (free vibration
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of the structure) associated to the dynamic equation of motion in (2.12)

(
−ω2

sM + K
)
Φ eiωst = 0 (2.16)

where ωs represent the structural frequencies. From equation (2.16), the structural modes (Φ) are ob-

tained. The interpolation of the modal shapes, gives place to the definition of the vertical displacement

uz ∈ RNnode using matrix H ∈ RNnode×Nmodes which reads for each mode

ukz(x, y, t) = Hk(x, y)qk(t) (2.17)

where qk(t) = q̂keiω
k
s t with q̂k the amplitude of the modes and k the index of the modes going from

1 to Nmodes. This relation will be useful in the following, when coupling the approximation of the

aerodynamic forces by the DLM method with the structural model.

2.1.2 Aerodynamic model: the Doublet Lattice Method (DLM)

Various aerodynamic models can be used in the aeroelastic studies to simulate different flows and flight

regimes. The incompressible flows can be simulated by analytical low fidelity models such as quasi-

steady approach [4] or the fully unsteady Theodorsen model [15] but they do not provide adequately

accurate results. These analytical methods with an assumption of the strip theory were employed

in works of Nitschke et al. [30, 29]. Both studies were conducted on a straight cantilevered plate

wing in an incompressible flow. For complex flows, higher fidelity models such as Euler [144] and

RANS [145] can be employed to have a more precise description of the regime under study but these

approaches can easily become very costly particularly in the optimisation framework. In this work,

more complicated geometries are studied thus needing the application of the Doublet Lattice Method

(DLM) that is widely used for the investigation of subsonic domain, in which the former geometries

can enter [45, 146]. The DLM models the effect of pressure difference across the wing on the induced

downwash using a kernel function. In this work, a parabolic approximation for the kernel numerator

is considered. The dimensionless downwash wdw(x, y) can thus be expressed as an integral of the

pressure difference ∆p̄

wdw(x, y) =
1

8π

∫∫
S
K(x− ξ, y − η) ∆p̄(ξ, η) dξ dη (2.18)

where K is the complex acceleration potential kernel for oscillatory subsonic flow.

The area integral of equation (2.18) can be reduced to a line integral along the quarter chord of

each panel, assuming that the pressure is spatially constant (for each panel) and can thus be taken

out of the integral. DLM replaces the continuous ∆p̄ by a set of pressure doublet lines with finite
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length. The doublet line lies at the quarter chord of each box whereas the downwash point is placed

at 3/4 of the chord at the midspan location as presented in figure 2.2.

1

2

Npanel

doublet line
1
4 panel

downwash point
3
4 panel (ūz) (uz)

Figure 2.2: Superposition of the Finite Element and an analogues DLM mesh with lower number of panels
in both directions and indication of the doublet and downwash points over a given DLM panel (this scheme is
purely illustrative and it does not represent the actual refinement of the DLM mesh).

The total downwash factor is the sum between the steady downwash factor coming from the Vortex

Lattice Method (VLM) and the incremental oscillatory downwash factor, thus DLM converges to the

VLM at zero reduced frequency [147]. The discrete downwash wdw ∈ CNpanel × 1, where Npanel is

the total number of the panels in the DLM grid and corresponds to 300 panels in this case, can be

obtained using

wdw = Ddwcp (2.19)

where Ddw ∈ CNpanel×Npanel is called downwash factor matrix, and cp ∈ CNpanel×1 is the vector of

pressure coefficients which represents the pressure coefficient at each panel. By inverting this equation,

one can find the so-called Aerodynamic Influence Coefficient matrix [AIC] = D−1
dw ∈ CNpanel×Npanel

which allows to define the vector of pressure coefficients cp as

cp = [AIC] wdw (2.20)

The downwash vector wdw can be computed, starting from its definition and by using the finite-

element approximation of displacements, as the composition of the partial derivatives with respect to

time and the free stream direction of the transversal displacement uz, interpolated onto the aerody-

namic points, that is ūz = H̄(x, y)q(t) (with ūz ∈ RNpanel and q ∈ RNmodes). Finally, the downwash
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vector wdw reads

wdw =
w?

V
=

1

V

(
∂ūz
∂t

+ V
∂ūz
∂x

)
=

1

V

(
H̄q̇(t) + V H̄xq(t)

)
(2.21)

where w? is the dimensional downwash, V the free-stream velocity, H̄ ∈ RNpanel×Nmodes the transver-

sal modal displacement matrix over each downwash point and H̄x ∈ RNpanel×Nmodes the matrix of

the derivatives of transversal modal displacements with respect to x. The main issue faced to obtain

the displacements over the DLM grid is the interpolation between the FEM and the DLM meshes.

In practice, this is obtained by the modal projection over the entire domain, interpolated over the

finite elements. This projection allows to extract the structural displacement over any given point, for

instance the aerodynamic points (doublet and downwash points) on the DLM grid.

By imposing an harmonic motion, Eq. (2.21) becomes

wdw = i
ωs
V

H̄q + H̄xq =
(
ikrH̄ + H̄x

)
q (2.22)

where kr = ω
V represents the modified reduced frequency. The vector of aerodynamic forces acting on

the plate wing can be defined as a function of the pressure coefficients defined in equation (2.20)

faero =
1

2
ρaV

2 S cp (2.23)

where ρa is the air density, V is the free stream speed, S ∈ RNpanel×Npanel is a diagonal matrix

containing the surface values for each panel of the grid. Hence, faero ∈ CNpanel×1 represents the

aerodynamic forces at each panel of the DLM grid as a function of the downwash displacements, by

substituting cp in equation (2.23) given the expression in equation (2.20) as well as taking into account

the expression of the downwash given in equation (2.22)

faero =
1

2
ρaV

2 S [AIC] wdw =
1

2
ρaV

2 S [AIC]
(
ikrH̄ + H̄x

)︸ ︷︷ ︸
Wdw

q (2.24)

where Wdw ∈ CNpanel×Nmodes corresponds to the downwash complex matrix and matrices H̄ and H̄x

are computed at the downwash points.

The virtual work δW here is defined only with the help of the aerodynamic forces faero of equation

(2.24) and the transversal displacement at the doublet line in each panel uzdl. The latter is extracted

from the modal analysis, following the same procedure previously described for the displacements over
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the downwash points

δW = δuz
T
dl faero = δuz

T
dl

1

2
ρaV

2 S [AIC] wdw = qT
1

2
ρaV

2HT
dl S [AIC] Wdwq (2.25)

being Hdl ∈ CNpanel×Nmodes the matrix containing the transversal displacement at midpoint of the

doublet line. Once that the aerodynamic virtual work δW is defined by equation (2.25), it is possible

to rewrite the complete equation of motion as defined in equation (2.15)

M̂q̈ + K̂q =
1

2
ρaV

2HT
dl S [AIC] Wdwq (2.26)

Reminding that the modified reduced frequency is defined as kr = ωs
V , equation (2.26) may help

to define the global aerodynamic matrix Aaero ∈ CNmodes×Nmodes resulting from the application of the

DLM. Finally, the aeroelastic governing equation of motion reads

M̂q̈ + K̂q = ω2
sAaeroq (2.27)

2.1.3 Aeroelastic solver: the p-k method

The equation of the coupled motion is solved in a frequency domain considering harmonic motions of

the system. One of the methods widely used in aeroelasticity in the frequency domain is called the p-k

method which is an iterative frequency matching approach [148]. In order to use the p-k method, the

frequency domain is expanded to the Laplace domain by replacing iω by s, where ω is the aeroelastic

frequency

s =
pV

b
where p = γkr + ikr (2.28)

Separating the real and the imaginary part of the aerodynamic matrix in equation (2.27), it can

therefore be written as

M̂q̈ + K̂q = ω2(AR
aero + iAI

aero)q (2.29)

Rewriting the quadratic term with time derivates iω2q = ωiωq = ωq̇ one can define the real part

of the aerodynamic matrix as the stiffness and the imaginary part as the aerodynamic damping

M̂q̈− ωAI
aeroq̇ + (K̂− ω2AR

aero)q = 0 (2.30)
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In order to be able to conduct the modal analysis of the equation (2.30), it is augmented in order

to establish a first-order system

[
I 0

0 M̂

]{
q̇

q̈

}
−

[
0 I

−(K̂− ω2AR
aero) ωAI

aero

]{
q

q̇

}
=

{
0

0

}
(2.31)

Finally, by imposing harmonic motion q(t) = q̂eiωt, the system can be defined as

[
I 0

0 I

]
s

{
q̂

sq̂

}
−

[
0 I

−M̂−1(K̂− ω2AR
aero) ωM̂−1AI

aero

]{
q̂

sq̂

}
=

{
0

0

}
(2.32)

For each complex conjugate eigenvalue s of system (2.32), the real part defines the aeroelastic

damping g and the imaginary part the aeroelastic frequency ω

s = g ± iω (2.33)

These eigenvalues are used to detect the condition at which the aeroelastic system becomes un-

stable. When the damping becomes positive at non-zero frequency, the structure manifests a pseudo-

harmonic motion with an increasing amplitude which represents an instability called flutter. The

velocity at which this instability occurs is called the flutter velocity (Vf ). The structure has harmonic

oscillations at the critical speed which corresponds to a system with zero damping (g = 0). If at the

critical speed where g = 0, the corresponding frequency is equal to zero (ω = 0), the instability is a

static one, called divergence, and the system no longer sustains a harmonic oscillation but an abrupt

increase to the point of failure. Algorithm 1 explains the aeroelastic p-k solver.
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Algorithm 1: p-k method
1: Obtain the mass and the stiffness matrices and the eigenmodes of the structures (equation (2.16))

(
−ω2

sM + K
)
Φ eiωst = 0

2: Compute the reduced frequency for each eigenmode kr = ωs
V

3: Obtain the aerodynamic matrix using this reduced frequency (equation (2.18)-(2.25))

4: Compute the eigenvalues of the aeroelastic system and find the aeroelastic frequencies (equation (2.28)-(2.33))[
I 0

0 I

]
s

{
q̂

sq̂

}
−

[
0 I

−M̂−1(K̂− ω2AR) ωM̂−1AI

]{
q̂

sq̂

}
=

{
0

0

}

s = g ± iω

5: Choose a number of steps to divide the velocity interval Nsteps

6: for i = 1 : Nsteps do

7: V = Vinterval(i)

8: Initial guess of the reduced frequency kcurrent = ωsb/V

9: for j = 1 : Nmodes do

10: M = mass matrix

11: K = stiffness matrix

12: A(kcurrent) = aerodynamic DLM matrix

13: Solve the eigenvalue problem → s

14: ω = imag(s)

15: knew = ωb/V

16: while |kcurrent − knew| > tol do

17: M = mass matrix

18: K = stiffness matrix

19: A(knew) = aerodynamic DLM matrix

20: Solve the eigenvalue problem → s

21: ω = imag(s)

22: kcurrent = knew

23: knew = ωb/V

24: end while

25: ω = imag(s)

26: g = real(s)

27: end for

28: end for
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2.1.4 Validation of the aeroelastic solver

In order to validate the aeroelastic solver described above, the aeroelastic instabilities are compared

to a set of experimental data or other validated numerical values. It needs to be noted that before

conducting the comparison, a convergence test on both FEM and DLM meshes has been carried out

resulting in parameters described in section 2.1. To validate the numerical solver developed through-

out this chapter, some results have been compared to the ones from the cases of Hollowell et al. [149].

The straight plate-wing configuration considered is described in table 2.1, together with the elastic

properties of the base material of the laminate (elementary composite layer).

E11[GPa] E22[GPa] G12[GPa] ν ρ[kg/m3] ply thickness [mm] S[m] c[m] ρa
[
kg/m3

]
98 7.9 5.6 0.28 1520 0.134 0.305 0.0762 1.225

Table 2.1: Aeroelastic configuration of the anisotropic plate: Hollowell et al. [149] case studies.

The structural mode shapes resulting from the modal analysis of the dynamic system are shown in

figure 2.3 (laminate of stacking sequence [−452, 0]s). Each case represents the response of the structure,

in terms of its transversal displacements, for each mode. For this configuration 5 bending-dominated

and 3 torsion-dominated modes are detected.
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Figure 2.3: Structural modes obtained from the modal analysis corresponding to the stacking sequence

[−452, 0]s in the work of Hollowell et al. [149].

The structural frequency corresponding to each mode is presented in table 2.2. These modes will be

employed in the computation of the aeroelastic system, according to the FEM-DLM coupling strategy

described in the previous section. It needs to be noted that the modes are arranged with increasing

frequencies.
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Number of mode mode 1 mode 2 mode 3 mode 4 mode 5 mode 6 mode 7 mode 8

Frequency (ωs[rad/s]) 30.6 188.8 308.5 528.4 941.4 1034.2 1628.1 1702.7

Table 2.2: Structural frequencies of the first 8 modes corresponding to the stacking sequence [−452, 0]s in
the work of Hollowell et al. [149].

As stated in section 2.1.3, the aeroelastic instability occurs when the damping becomes positive.

In order to find the corresponding flutter velocity, the eigenvalues of the aeroelastic system are calcu-

lated for multiple velocities within a given interval. The real part of these eigenvalues represents the

aeroelastic damping and the imaginary part, the aeroelastic frequency.
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Figure 2.4: Evolution of a) damping g and b) frequency ω of the first four aeroelastic modes as a function
of the airspeed V for the stacking sequence [−452, 0]s, Hollowell’s configuration [149], presented in table 2.3.

An easy way to visually detect these instabilities, is the plot of the evolution of aeroelastic damp-

ing as a function of velocity (air speed), generally known as V − g diagram. Figure 2.4 presents the

evolution of the real and the imaginary part of four aeroelastic modes which represent the aeroelastic

damping and frequency of the given laminate respectively. As marked on the figure 2.4.a, two types

of instability are present. The first instability corresponds to a divergence at Vd = 13.7 m/s and

the second a flutter, observed at Vf = 25.4 m/s. The difference between these two phenomena can

be detected on the graph of the aeroelastic frequency in figure 2.4.b. The frequency of the static

instability (divergence) is ω = 0. rad/s and of the dynamic instability (flutter) is ω = 223.4 rad/s.

The zero frequency of the divergence is identical to the first structural mode and indicates a similar

mode shape. On the other hand, the frequency of the flutter instability does not correspond to any

of the structural frequencies in table 2.2 and has a value between the second and the the third mode

frequencies and thus suggests a combination of these two structural modes.
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Both divergence and flutter mode shapes are presented at their respective critical velocity in figure

2.5. As mentioned previously and due to similarities in the frequency values, the divergence mode

shape is identical to the first structural mode. On the other hand, the flutter mode shape, does not

resemble any of the structural modes. The comparison of the frequency values amongst the aeroelastic

instabilities and the structural modes, suggests that the flutter frequency can be caused by the coupling

of the second and the third structural modes. This coupling is exhibited in figure 2.5 (the mode shape

on the right side) and can thus justify the value of the flutter frequency obtained for this configuration.
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Figure 2.5: Aeroelastic modes for a) divergence and b) flutter instabilities corresponding to the stacking

sequence [−452, 0]s in the work of Hollowell et al. [149].

The comparison between all the results presented in table 2.3 shows a good agreement between

the present code, the experimental and the computational results in the work of Hollowell et al. [149].

Layup Vf [m/s] Vd [m/s]

present code Ref[149] Exp. Ref[149] Comp. present code Ref[149] Exp. Ref[149] Comp.

[−452, 0]s 25.4 - 27.8 13.7 12.5 11.1

[02, 90]s 22.7 25 21.0 28.9 - 25.0

[+45,−45, 0]s 39.6 >32 39.0 - >32.0 -

[+452, 0]s 26 28 27.8 - - -

[+302, 0]s 25.6 27 27.8 - - -

[−302, 0]s 31.7 - 30.0 13.8 11.7 11.5

Table 2.3: Comparison between the results of the in house code and those of Hollowell et al.[149].

The small variations between the results can be due to different structural solvers used in each

study. This dissimilarities are more pronounced in the divergence velocities which is a static instability

with a higher influence from the structural model. In general, it can be said that this study validates

all the solvers developed in this section and permits their use in further optimisation and uncertainty

quantification analyses.
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2.2 Polar parameters for the representation of elastic anisotropy

The polar formulation is an algebraic technique which is able to represent any given plane tensor. It

was first introduced by Verchery in 1979 [76] and it replaced the Cartesian formulation that depends

on the direction of the frame in which the problem is studied. The Cartesian method can cause com-

plexity of the problem while modelling anisotropic materials and structures, such as stacking sequences

with properties that vary strongly by the direction of each layer. The polar formalism is a very ad-

vantageous replacement as it can define plane elastic tensors as a function of tensor polar invariants

and polar angles, which can directly represent any given anisotropic property. More specifically, the

polar angles express the directions of anisotropy of the laminate that is an essential factor in these

types of materials.

For a given symmetric positive-definite fourth-order plane tensor L, such as a plane elastic tensor,

relations between the polar parameters and the tensorial Cartesian components read [150]

8T0 = Lxx − 2Lxy + 4Lss + Lyy

8T1 = Lxx + 2Lxy + Lyy

8R0e
ı4Φ0 = Lxx + 4ıLxs − 2Lxy − 4Lss − 4ıLys + Lyy

8R1e
ı2Φ1 = Lxx + 2ıLxs + 2ıLys − Lyy

(2.34)

Here the Voigt notation of the Cartesian components Lij(i, j = x, y, s) is employed, where the

indices x and y represent the axis coordinates and index s the shear components. The six polar

parameters are defined as: the two positive-definite scalars T0 and T1, which represent the isotropic

part of tensor L; then, the polar modules R0 and R1, together with the polar angles Φ0 and Φ1,

which are combined in complex quantities, corresponding to the anisotropic components of tensor L.

Polar angles Φ0 and Φ1 thus represent the principal directions of the two anisotropic components.

The isotropic and the anisotropic parameters T0, T1, R0 and R1 are invariant to the rotation α of the

reference frame, whilst the two polar angles Φ0 and Φ1 depend on the variations of the latter [150].

Φ′0 = Φ0 − α

Φ′1 = Φ1 − α
(2.35)

On the other hand, the difference between the angles Φ0 −Φ1 is also an invariant to the reference

frame.
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The reverse relationships allow to define the Cartesian components as functions of the polar pa-

rameters [150]

Lxx = T0 + 2T1 +R0 cos(4Φ0) + 4R1 cos(2Φ1)

Lxy = −T0 + 2T1 −R0 cos(4Φ0)

Lxs = R0 sin(4Φ0) + 2R1 sin(2Φ1)

Lyy = T0 + 2T1 +R0 cos(4Φ0)− 4R1 cos(2Φ1)

Lys = −R0 sin(4Φ0) + 2R1 sin(2Φ1)

Lss = T0 −R0 cos(4Φ0)

(2.36)

It is worth noting that equations (2.36) can be employed to express the Cartesian components in

a new reference frame, rotated of an angle θ, by simply replacing the polar angles Φ0 and Φ1 by their

expressions Φ′0 and Φ′1 in the new reference frame, as stated in equations (2.35).

In the current study, the polar parameters can be employed to express the stiffness properties of

composite laminates issued from the CLPT defined in equation (2.1). The ABD-matrix introduced in

section 2.1.1 are defined by the help of the stiffness tensor Q of the base layer and of the orientation

angle θk of each layer in the stacking sequence

A =
∑
k

Qk(θk) (zk − zk−1) (2.37)

B =
1

2

∑
k

Qk(θk) (z2
k − z2

k−1) (2.38)

D =
1

3

∑
k

Qk(θk) (z3
k − z3

k−1) (2.39)

where the sums are over the number of plies Nplies composing the laminate and zk and zk−1 are the

ply coordinates starting from the mid-plane that lies on z = 0. Moreover, angle θk implies that the

tensor Qk has to be calculated considering the orientation and the material of k-th ply. The three

laminate stiffness tensors have different dimensions, A [N/m], B [N] and D [Nm] but it is usual to

introduce the normalised tensors A∗, B∗ and D∗ as

A∗ =
1

h
A B∗ =

2

h2
B D∗ =

12

h3
D (2.40)

where h is the total thickness of the laminate.
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Once the tensor Q is defined, its polar parameters can be calculate using equation (2.36) and thus

the polar parameters corresponding to each A, D and B tensor can be obtained by the equations

(2.37) - (2.39) and read [150]

TA0 , T
B
0 , T

D
0 =

1

m

Nplies∑
k=1

T0k

(
zmk − zmk−1

)
TA1 , T

B
1 , T

D
1 =

1

m

Nplies∑
k=1

T1k

(
zmk − zmk−1

)
RA0 e4iΦA

0 , RB0 e4iΦB
0 , RD0 e4iΦD

0 =
1

m

Nplies∑
k=1

R0ke
4i(Φ0 k + θk)

(
zmk − zmk−1

)
RA1 e2iΦA

1 , RB1 e2iΦB
1 , RD1 e2iΦD

1 =
1

m

Nplies∑
k=1

R1ke
2i(Φ1 k + θk)

(
zmk − zmk−1

)
(2.41)

where m takes values of (1, 2, 3) for parameters of tensors (A,B,D), respectively.

An alternative approach to the representation of anisotropic elastic properties of composite lami-

nates is represented by the so-called lamination parameters [75], issued from the Tsai-Pagano formula-

tion of the stiffness tensor Q. Lamination parameters, without being proper tensorial invariants, show

some interesting features in the representation of the anisotropic stiffness and coupling behaviour of

laminates in terms of tensors A, D and B: they essentially correspond to weighted sums of trigono-

metric functions of orientation angles θk, which also appear in the polar formalism (equation 2.41).

For this reason, as well as the simplicity of their concept, they are very popular and widely employed

in research works on the design and optimisation of composites structures [151], as well as in aeroe-

lastic tailoring problems [69]. However, two critical drawbacks of lamination parameters are the facts

that they are expressed only in the case of laminates made of identical layers and, more limiting than

that, they only apply to the three stiffness and coupling tensors A, D and B. Particularly, when

dealing with the plate-wing, the relevant elastic tensor is the reduced bending stiffness D̃, which is a

non-linear combination of the laminate’s tensors A, D and B. As such, the representation based on

lamination parameters would not be easy and the 12 laminations parameters representing the three

separate tensors A, D and B should be considered. This is the reason why aeroelastic studies based

on the use of lamination parameters limit their scope to uncoupled and symmetric stacking sequences,

even when this restrictive hypothesis is non-realistic (as in the case of Uncertainty Quantification or

stochastic optimisation). On the contrary, the polar formalism can be applied to plane tensors of any

order and symmetry, and the reduced bending tensor D̃ can be represented by its 6 polar parameters

T̃0, T̃1, R̃0, R̃1, Φ̃0, Φ̃1.The latter property allows to limit the domain of study to the desired elastic

property of the material.
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In terms of polar invariants, five independent polar quantities can be defined to describe the

behaviour of a fully-anisotropic plane elastic tensor, T0, T1, RKX , RKY , R1, Φ1 with

RKX = R0 cos 4(Φ0 − Φ1), RKY = R0 sin 4(Φ0 − Φ1) (2.42)

In relation to laminates and the CLPT equations, anisotropic polar parameters can be used to

represent any laminate’s tensor, A, B, D or D̃. Multiple symmetries can be defined using the polar

parameters, such as isotropy, square symmetry, R0-orthotropy and orthotropy. These properties are

summarised in table 2.4.

Elastic symmetry Polar condition
Direction of main
orthotropy axis

Parameters for description
of the symmetry

Isotropy R0 = R1 = 0 none T0, T1

Square Symmetry R1 = 0 Φ0 T0, T1, R0, Φ0

R0-Orthotropy R0 = 0 Φ1 T0, T1, R0, Φ1

Orthotropy Φ0 − Φ1 = K π
4
,K ∈ {0, 1} Φ1 T0, T1, RK = R0 cos 4(Φ0 − Φ1), R1, Φ1

Table 2.4: Elastic symmetries defined as a function of polar parameters [150]

The isotropy is simply defined when both R0 and R1 are zero which consequently implies that

Φ0 and Φ1 are not defined. Square symmetry is present when only R1 is zero meaning that Φ1 can

not be defined. The last two cases both represent an orthotropy which is specified by a condition on

the difference of Φ0 and Φ1. Orthotropy is present when Φ0 − Φ1 = K π
4 where K (orthotropy shape

parameter) can take the values K = {0, 1} depending on the sign of RK = (−1)KR0. The special

case of R0-orthotropy respects the same condition while it is only true when R0 is zero and thus Φ0

undefined [152].

When representing a stiffness tensor, such as Q, A or A∗, D or D∗, or D̃, polar parameters are

bound by thermodynamic limits of existence [150]

0 < T0 0 < T1 (2.43)

0 ≤ R0 0 ≤ R1 (2.44)

0 < T0 −R0 (2.45)

2R2
1 [T0 −R0 cos 4 (Φ0 − Φ1)]− T1

(
T 2

0 −R2
0

)
< 0 (2.46)
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However, more restrictive limits have to be imposed to the anisotropic polar parameters when they

represent laminate’s stiffness tensors issued from the CLPT: the combination of trigonometric functions

of the layers’ orientation angles impose feasibility conditions over the anisotropic polar parameters,

called geometrical bounds [150]. In the fully anisotropic case, these geometric bounds read

0 ≤ ρ1 (2.47)

−1 ≤ ρ0X ≤ 1 (2.48)

−1 ≤ ρ0Y ≤ 1 (2.49)

2(ρ2
1)− 1 ≤ 2(ρ2

1)(ρ0X )− (ρ2
0X

)− (ρ2
0Y

) (2.50)

where

ρ0X =
RKX
RBL0

ρ0Y =
RKY
RBL0

ρ1 =
R1

RBL1

(2.51)

with RKX , RKY and R1 represent the anisotropic moduli and Φ1 the orientation of the anisotropic

axis and RBL1 and RBLK represent the Base Layer (BL) parameters. RBLK is generally identical to RBL0

as it is a positive value in the most common cases of composite laminae.

For a laminate with an orthotropic base layer and a total thickness h, the geometric boundaries

are defined in terms of the normalised polar parameters (polar parameters of the normalised tensors

defined by equations (2.40)) as

0 ≤ ρ1 (2.52)

−1 ≤ ρ0 ≤ 1 (2.53)

2(ρ1)2 − 1 ≤ (ρ0) (2.54)

where ρ0 = RK
RBL0

. In the case of laminates made of identical plies (i.e. same base material and same

thickness for each layer), the isotropic moduli of polar parameters (T0 and T1) are constant. This

assumption reduces the parameters required to define an orthotropic laminate using RK , R1 and the

difference between the polar angles as described in table 2.4. The geometrical constraint defined in

equation (2.54) allows to respect the orthotropic boundaries and thus the domain of study.

Figure 2.6 represents the orthotropic domain defined by the two anisotropic polar parameters:

every point in this domain represents the polar parameters, i.e. the elastic properties, of feasible

orthotropic laminates. In other words, any point of the domain can be realised by building one
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Figure 2.6: Orthotropic domain defined by two polar parameters RK and R1 for a fixed value of Φ1 [29].

corresponding stacking sequence: this step, which can be called stacking sequence retrieval, is a non-

trivial inverse problem that has been addressed by many authors [79, 80]. This domain includes the

general orthotropy which encompasses other elastic symmetries defined previously. Each border of this

domain corresponds to a specific family of orthotropic materials such as cross-ply laminates (angle of

plies have 0◦ or 90◦ values) that are defined on the right edge of the domain. Another important family

is on the upper parabolic limit of the domain which comprehends angle-ply laminates. This particular

family have plies at angles ±θ, and they are defined as balanced when the two opposite orientations

±θ share the number of plies in the stack. Starting from the CLPT relations in the polar formalism,

the normalised in-plane stiffness polar parameters R0 and R1 for a balanced angle-ply laminates can

be written as a function of the ply orientations θk

R0e
4iφ0 =

RBL0

Nplies

∑
k

e4iθk = RBL0 cos(4θ) R1e
2iφ1 =

RBL1

Nplies

∑
k

e2iθk = RBL1 cos(2θ) (2.55)

the solution of the orientation associated to the angle-ply laminates reads

θ =
1

4
arcos

(
RK

RBL0

)
or θ =

1

2
arcos

(
R1

RBL1

)
(2.56)

Particularly, the lower left corner of the domain corresponds to a balanced angle-ply laminate with

θ = 45◦. However, these sets of remarkable stacking sequences are not the only analytical solutions

that can be useful for the stacking sequence retrieval. Quasi-Trivial (QT) solutions [153, 154, 155]

are another type of stacking sequence families that exist in the orthotropic domain and have been
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established by solving the problem of quasi-homogeneity of laminates

B = O C = A∗ −D∗ = O (2.57)

where C represents the homogeneity tensor. For a laminate with identical plies in material and thick-

ness and with the help of tensors defined in equations (2.37)-(2.39), the two coupling and homogeneity

matrices read

B =
∑
k

bkQk(θk) C =
∑
k

ckQk(θk) (2.58)

with coefficients bk and ck defined in terms of the number of layers Nplies and of the index k of the

layer in the stack

bk =
1

N2
plies

(2k −Nplies − 1) (2.59)

ck =
1

N3
plies

[
−2
(
6k2 +N2

plies

)
+ 6Nplies(2k − 1) + 4(3k − 1)

]
(2.60)

One can notice that coefficients bk and ck have an antisymmetric distribution along the plate

thickness, with respect to the plate mid-plane, thus the sum of coefficients bk and ck over the layers is

zero. Quasi-homogenetiy (QH) conditions (2.57) are achieved by assigning the same orientation angle

within each saturated group of layers, i.e. groups of layers satisfying the partial sum of coefficients

bk and ck equal to zero [150]. The number of saturated groups for a QTQH solution corresponds to

the number of different admissible orientation angles in the stack. QTQH stacking sequences, being

exact solutions of uncoupling and homogeneity, can be designed to be orthotropic by being assigned to

couple of balanced saturated groups opposite orientations (±θi). The in-plane elastic properties of the

resulting laminate can be expressed analytically as functions of the lamination angles θi (the bending

properties being equal to the in-plane ones by effect of the homogeneity of the stack): as such, the

values of the lamination angles can be determined in order to match a given set of polar parameters,

i.e. a given point, in the orthotropic domain of figure 2.7. However, because of the limited number of

layers in the stack and to the limited number of saturated groups in the QTQH solutions, not every

point of the domain will be feasible, and the coverage of the domain based on QTQH solutions depend

on the maximum number of layers in the stack.

Figure 2.7 represents the distribution of the quasi-trivial sequences for a QTQH 20-layer laminate

in the orthotropic domain. The choice for this number of plies is related to two factors. First, the

aeroelastic study was formulated and validated in the incompressible regime and thus the number of
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Figure 2.7: The coverage of the orthotropic domain using quasi-trivial stacking sequences with Nplies = 20
layers.

plies (which have a direct impact on the rigidity of the plate) have been limited so that the aeroelastic

instabilities remain in this flow regime. Second, the QTQH solutions with the initial 16-ply laminate

do not adequately cover the orthotropic domain. On the other hand, the 20-layer sequences have a

large coverage of the domain while remaining in the incompressible regime. These staking sequences

contain 4 saturated groups ±θ1 and ±θ2 which allow to build balanced quasi-trivial sequences for each

couple of angles. They can be defined using a stacking sequence of form

[θ1, θ2,−θ2,−θ2,−θ1, θ2,−θ1, θ2,−θ2,−θ1, θ1, θ2,−θ2, θ1,−θ2, θ1, θ2, θ2,−θ2,−θ1] (2.61)

where θ1 and θ2 are the orientations of the corresponding ply.

Using equation (2.55), the anisotropic moduli for the given balanced quasi-trivial sequences where

the number of plies with the same orientation (+/−) are equal, read

RK = 2RBL0

N1 cos 4θ1 +N2 cos 4θ2

Nplies
R1 = 2RBL1

N1 cos 2θ1 +N2 cos 2θ2

Nplies
(2.62)

with Nplies the total number of plies, N1 the number of plies with orientation θ1 and N2 the number

of plies with orientation θ2 . We note that the normalised bending anisotropic polar components will

be identical to the in-plane ones, thanks to the quasi-homogeneity property. For the case presented

here, the total number of plies is Nplies = 20 which divides N1 and N2 to two sets of 4 and 6 saturated

groups respectively.
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The coverage in figure 2.7 is obtained by varying the angles in an interval of [−90◦, 90◦]. It needs

to be noted that over the left half of the domain, as indicated in figure 2.7, two stacking sequences

correspond to the same set of polar parameters. This superposition gives the liberty to evaluate

different stacking sequences corresponding to the same elastic properties with respect to other criteria,

as it will be seen in the following of this work.
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3
Deterministic Optimisation: Uniform-Stiffness Laminates

This chapter focuses on the deterministic aeroelastic tailoring of composite laminated plate-wings.

Multiple works have deployed various methods to conduct similar optimisation problems with the ob-

jective to improve the aeroelastic response of the system [118], but they generally deal with laminates

made of a small number of layers. There have been studies that use parametric formulations such as

lamination parameters to render the domain more convex and easier for this investigation [60] but they

usually impose a symmetry over the laminates to respect an uncoupled membrane-bending condition.

The latter can affect the quality of the optimisation results and overlook some favourable proper-

ties. An original formulation based on the polar formalism of the aeroelastic optimisation problem

is presented which surpasses the limitations imposed by the methods mentioned above and achieves

a faster convergence with more reliable control over the elastic properties of the final structure. To

this end, first an optimisation study using the ply angles is conducted. Then, the optimisation study

is reformulated using the polar parameters in order to reduce the dimensionality of the problem. An

investigation of the Uniform-Stiffness laminates is carried out, first, in an anisotropic domain and next

in a more restrained orthotropic domain.

A 2-level optimisation problem is put in place [79, 80]. The first level focuses on the aeroelastic

optimisation using the polar parameters and the second level is based on obtaining the stacking

sequence corresponding to the optimal polar parameters. Multiple methods can be employed for the

stacking sequence retrieval that are presented and explained in details.

41
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3.1 Optimisation problem

The aeroelastic optimisation of the composite laminate, is commonly defined as the maximisation of

the flutter velocity using the ply angles of the composite laminate. In this work, the Genetic Al-

gorithm (GA) is employed to conduct the optimisation process. The use of this algorithm requires

the definition of parameters such as number of generations Ngen, number of individuals Nind, the

cross-over and the mutation coefficients. These parameters vary with respect to the size of the in-

vestigation domain and the number of optimisation variables. The cross-over coefficient is usually

chosen as 1
Nind

. There is no specific rule to choose the mutation coefficient but small values of or-

der 10−2 are custom to use to keep the diversity of the population but avoid a pre-mature convergence.

In this chapter, Uniform-Stiffness laminates are optimised in order to maximise the flutter velocity

of the structure under study. First an anisotropic domain is considered in order to compare various

formulations of the optimisation problem. These formulations are mainly based on the angles of each

layer or the polar parameters presented in section 2.2. The results and the convergence speed of

these formulations are compared to one another for a straight geometry in order to find the most

adequate formulation. Next, using the optimisation formulation based on the polar parameters, the

domain of study is limited to the orthotropic domain and the aeroelastic performance of three different

geometries are optimised. This formulation is a multi-scale 2-level optimisation strategy which is based

on a first-level of optimisation using the polar parameters with the purpose of maximising the flutter

velocity and a second-level which is dedicated to obtain the stacking sequence that corresponds to

the optimal polar parameters. To this end, the first-level is carried out and once the results of this

optimisation study are obtained, the polar parameters are set as the target values of the second-level

problem which can either analytically or numerically match a stacking sequence with similar elastic

properties to the target polar parameters.

3.1.1 Optimisation in the anisotropic domain

The most simple and common optimisation variables used in aeroelastic tailoring, are the orienta-

tion of ply angles. The laminate can be constructed while varying the orientation of all the layers

[114] or a subset of the most impactful plies [156, 157], in order to obtain an optimal performance.

In this study, different formulations of the optimisation problem are proposed and tested: first of

all, the direct approach is applied, where the orientations θk, (k = 1, ..., Nplies) of all the layers are

considered as optimisation variables, thus letting the optimisation process explore the whole feasible

domain of anisotropic laminates. The optimisation variables are then Nplies angles, being the laminate

composed of Nplies layers. However, the direct formulation in terms of orientation angles admits no

control over any specific laminate tensor and, particularly, it can give rise to laminate solutions which
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are elastically coupled (i.e. B 6= O). Anisotropy and couplings are often avoided in the composite

materials as they overcomplicate the structural response of the laminate, but it seemed interesting to

explore the optimal aeroelastic response of composite laminated structures over the whole anisotropic

domain. Further on, aeroelastic optimisation can be limited to fully anisotropic uncoupled solutions

by adding a constraint on the membrane-bending coupling matrix (B), which can be expressed thanks

to the polar formalism depending on orientation angles as optimisation variables, without the need

to apply the classical and restrictive hypothesis of symmetric stacking sequences. Alternatively, one

can impose uncoupling by optimising over symmetric stacking sequences, thus reducing the number of

optimisation variables to
Nplies

2 orientation angles and solving an unconstrained optimisation problem.

Finally, it is possible to compare the resulting optimal solutions in case of different direct formulations

of the aeroelastic optimisation problem.

It is well known that the direct approach has two drawbacks: on one hand, the objective and con-

straint functions are highly non-linear and non-convex in terms of the orientation angles, and, on the

other hand, the dimension of the optimisation problems increases with the number Nplies of layers in

the laminated structure [158]. Alternatively, it is possible to propose a formulation of the aeroelastic

optimisation study in an anisotropic domain with the help of the polar parameters. This formulation

of the optimisation problem allows to fix the number of the optimisation variables independently from

the number of layers in the stacking sequence, as well as to render the optimisation and constraint

functions less non-linear and non-convex (the main non-convexity being associated to the global orien-

tation of the material anisotropy with respect to the global structural reference frame). This greatly

simplifies the problem at structural level, which is generally the most complex and computationally

expensive. A second step of the optimisation will be the search of stacking sequences corresponding

to the optimal elastic parameters issued from the first-level structural optimisation step: this problem

has been widely addressed in the literature [91] and it will be dealt with later on in this work (see

section 3.2).

At the moment, it is important to recall that, as already explained in section 2.2, isotropic pa-

rameters are not to be considered as variables in the case of a composite laminate made of identical

plies (layers made of the same base material and of same thickness). The optimisation variables corre-

spond to the relevant polar parameters RKX , RKY , R1, Φ1 needed to express the homogenised elastic

properties of a fully anisotropic laminate and RKX and RKY can be defined as

RKX = R0 cos 4(Φ0 − Φ1), RKY = R0 sin 4(Φ0 − Φ1) (3.1)

whereRKX , RKY , R1 are the invariant elastic polar parameters representing the homogenised anisotropic
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elastic properties of the laminate and Φ1 is the orientation angle of the laminate with respect to the

global reference frame associated to the structure.

Furthermore, feasibility constraints must be added to the first-level structural optimisation prob-

lem, which expresses the limits of the anisotropic domain of laminates in terms of their homogenised

polar parameters, as written in equations (2.52) - (2.54)

0 ≤ R1 (3.2)

−RBLK ≤ RKX ≤ R
BL
K (3.3)

−RBLK ≤ RKY ≤ R
BL
K (3.4)

2(ρ2
1)− 1 ≤ 2(ρ2

1)(ρ0X )− (ρ2
0X

)− (ρ2
0X

) (3.5)

where RKX , RKY and R1 represent the anisotropic moduli and Φ1 the orientation of the anisotropic

axis. The optimisation is subject to a constraint that defines the limits of the anisotropic domain in

equation (3.5) in which the domain of investigation is restrained. The variables used to define the

constraint read

ρ0X =
RKX
RBL0

ρ0Y =
RKY
RBL0

ρ1 =
R1

RBL1

(3.6)

and the anisotropic moduli R0 can be decomposed to RKX , RKY as

R2
0 = R2

KX
+R2

KY
(3.7)

Formulations of the aeroelastic problem

Following the polar formalism, as expressed by parameters RKX , RKY , R1 and Φ1, any optimisa-

tion problem for the composite laminated structure depends on 4 variables only in the fully anisotropic

domain and it is independent from the number Nplies of laminate’s layers. Furthermore, the polar

formalism can be applied to any laminate tensor, which is relevant to represent the structural response:

in the problem at stake in this work, the structure is subject to bending loads only, thus the relevant

tensors are D or D̃ for an uncoupled or a coupled laminate, respectively. Therefore, when running

the optimisation problem, the resulting optimal solution terms of polar parameters can be interpreted

as a coupled or uncoupled laminate, according to the hypothesis that the designer chooses to apply.

This way, the hypotheses on elastic (un)coupling and other symmetries can be easily imposed at the
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first level of structural optimisation and they result in a coherent parametrisation in terms of polar

components, whilst the search of the optimal stacking sequences that satisfy these properties is post-

poned to the second-level optimisation step, i.e. the stacking sequence retrieval. Before addressing

this aspect in the last section of this chapter, different formulations of the aeroelastic optimisation

problem are tested and their influence on the optimisation results are compared.

Four preliminary study of the aeroelastic optimisation in the fully anisotropic domain has been

conducted on a classical case issued from the literature [85, 69] in order to conduct comparison of

results with the existing ones based on different strategies from different authors: the study case is a

straight laminated-plate wing, as depicted in figure 3.1, composed of Nplies=16 layers.

c = 0.0762m⊗
z

y

x

S = 0.3048m

b

V

Figure 3.1: Representation of the straight cantilevered plate wing

These optimisation strategies are summarised in the following and for each case the optimisation

formulations including the variables and the constraints employed are stated.

• Case 1 (direct approach, fully anisotropic and coupled domain): Optimisation of the flutter

velocity using Nplies=16 ply angles, resulting in a fully anisotropic non-symmetric coupled lam-

inate, which can show elastic coupling. For this purpose the optimisation can be formulated as

an unconstrained non-convex optimisation problem as

maximize
Θ

Vf (3.8)

where Vf represents the flutter velocity and Θ the Nplies-dimension vector of variables, i.e.

stacking sequence with ply angles that vary from −90◦ to 90◦ with an increment of 5◦.

• Case 2 (direct approach, fully anisotropic domain with uncoupling constraint): Optimisation

of the flutter velocity using Nplies=16 ply angles while imposing a constraint on the degree of

coupling using the polar components of the rigidity matrix (B), resulting in a fully anisotropic
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non-symmetric uncoupled laminate

maximize
Θ

Vf

subject to
||RB

0 + 2RB
1 ||

||RBL0 + 2RBL1 ||
− ε < 0, (3.9)

where RB
0 and RB

1 represent the anisotropic moduli of the normalised coupling rigidity matrix

B∗, RBL0 and RBL1 indicate the anisotropic moduli of the Base Layer (BL) and ε = 10−3.

Formulation (3.9) corresponds to a constrained non-convex optimisation problem.

• Case 3 (direct approach, anisotropic domain limited to uncoupled symmetric stacking sequences):

Optimisation of the flutter velocity using
Nplies

2 = 8 ply angles, resulting in a symmetric uncou-

pled laminate

maximize
Θsym

Vf (3.10)

Formulation (3.10) corresponds to an unconstrained non-convex optimisation problem in terms

of the reduced vector of variables Θsym representing only half of the stacking sequence. The

optimal solutions are limited to the symmetric set of stacking sequences.

• Case 4 (multi-scale approach, fully anisotropic domain of D̃): Optimisation of the flutter velocity

using 4 polar parameters (RKX , RKY , R1, Φ1) that are able to define the entire anisotropic

domain of the bending stiffness tensors D or D̃ and for which a laminate with desired properties

can be retrieved at the second level of the optimisation process

maximize
RKX ,RKY ,R1,Φ1

Vf

subject to 2(ρ2
1)(1− ρ0X ) + (ρ2

0X
) + (ρ2

0Y
)− 1 ≤ 0, (3.11)

The anisotropic moduli RKX , RKY , R1 and the polar angle Φ1 represent the optimisation vari-

ables and the constraint defines the limits of the admissible anisotropic domain. These variables

and relationships have been introduced in section 2.2 and reminded at the beginning of this

section.
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Results

The optimisation problems expressed by equations (3.8)-(3.11) are all solved by the use of a Ge-

netic Algorithm (GA) [122] with the numerical parameters fixed to Nind = 100 individuals (i.e. search

points in the design space) and Ngen = 50 generations (i.e. optimisation iterations). The material

properties of the base US composite layer composing the laminate are described in table 3.1 and stay

the same throughout the entire study.

E1[GPa] E2[GPa] G12[GPa] ν12[−] ρ[kg/m3] Ply thickness t[mm]

138.0 8.96 7.1 0.3 1600 0.1

Table 3.1: Engineering elastic properties of AS4/3502 base Uniform-Stiffness (US) lamina.

The stiffness tensor Q of the base layer can be calculated using the engineering elastic properties.

Table 3.2 represents the polar parameters of this tensor.

T0[GPa] T1[GPa] R0[GPa] R1[GPa] Φ0[◦] Φ1[◦]

21.35 19.15 14.25 16.23 0 0

Table 3.2: Polar parameters of AS4/3502 base Uniform-Stiffness (US) lamina.

Table 3.3 represents the domain of definition for each optimisation variable defined for the bend-

ing behaviour of a 16-layer laminate (polar parameters representing tensor D or D̃). It needs to be

noted that variables RKX , RKY and R1 are treated as continuous variables by the optimisation al-

gorithm while Φ1 is a discretised variable with a 1◦ step and the ply angles discretised with a step of 5◦.

RKX [GPa] RKY [GPa] R1[GPa] Φ1[◦] angles [◦]

Variable bounds [-14.25,14.25] [-14.25,14.25] [0,16.23] [-90,90] [-90,90]

Variable nature continuous continuous continuous discrete, step = 1◦ discrete, step = 5◦

Table 3.3: Ranges of definition and nature of the optimisation variables in the anisotropic domain.

Table 3.4 presents the results obtained by the four optimisation studies described previously. For

all cases, the optimisation was carried out in an anisotropic domain. The first result corresponds to the

formulation of Case 1, with Nplies=16 orientation angles as optimisation variables and no constraint
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on the elastic coupling. The polar parameters of the final optimal sequence indicate that it is fully

anisotropic with no elastic symmetries (R0 and R1 are not zero, and the angular invariant Φ0 −Φ1 is

not a multiple of π
4 ).

The second result is obtained using the Nplies=16 ply orientations as optimisation variables but

this time a constraint is imposed to trigger the uncoupled laminates (formulation of Case 2). The

corresponding sequence is again fully anisotropic with no preferred direction of symmetry (R0 and R1

are not zero, and the angular invariant Φ0−Φ1 is not a multiple of π
4 ). In comparison to the previous

case, the flutter velocity can not reach values as high as the coupled case but the flutter frequencies are

in close intervals which suggests that the same aeroelastic modes have caused the instability. It needs

to be noted that the value of constraint on the degree of coupling is 4×10−3, which can be considered

sufficiently small to satisfy the uncoupled condition. The lower value of the optimal flutter velocity

in the case of an uncoupled solution obtained by imposing a constraint on the degree of coupling

in the direct approach (optimisation formulation in terms of the laminate’s orientation angles) can

also be justified by the fact that the optimisation problem is highly non-convex and the optimisation

algorithm might get stuck in a local minimum.

Case R0[GPa] R1[GPa] Φ1[◦] |Φ0 − Φ1|[◦] Vf [m/s] ωf [rad/s] sequence [◦]

1 10.80 4.01 4.7 39.0 144.7 482.6
[40, -35, -40, 35, -50, 75, 45, 15,
-80, 25, 45, 50, 30, -35, -40, 30]

2 8.25 2.83 33.7 10.1 137.0 469.2
[40, -25, 40, -65, -35, -80, 50, -90,
-50, 0, -30, -35, 30, 75, -50, 40]

3 12.24 4.12 -1.4 44.8 146.7 469.5 [35,−40,−40, 40,−35, 35, 30, 0]s

4 12.60 3.47 8.0. 34.8 146.8 459.3 -

Table 3.4: Results of the deterministic optimisation in the anisotropic domain. In the first three cases,
the optimisation variables are the orientation angles (the corresponding polar parameters are calculated a
posteriori), whilst in the last case polar parameters are the optimisation variables.

The third case in table 3.4 corresponds to an exact uncoupled laminate, since symmetry is imposed

on the stacking sequence. In this case, the difference between the polar angles is very close to π
4 : this

value indicates that the laminate has very close properties to an orthotropic symmetry. The flutter

velocity is increased by about 1% compared to the fully anisotropic coupled laminate. This rise can

be due to the faster convergence of this strategy because of the number of the optimisation variables

which is half of the previous cases as a results of the symmetric laminate.

Finally, the optimal case obtained using the polar parameters is presented. The flutter velocity is

very close to the Case 3 (symmetry imposed on the stacking sequence) with less than 1% difference.
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The flutter frequencies are almost 2% apart but can be considered to belong to the same aeroelastic

mode. While the anisotropic moduli (RK and R1) between the configuration obtained by the polar

parameters (Case 4) and the symmetric configuration (Case 3) are close, the polar angles show large

differences. More specifically the difference of polar angles |Φ0−Φ1| corresponding to the last strategy

is not close to 0◦ or π
4 which indicates a fully anisotropic behaviour of the laminate. Almost equal

critical flutter velocities for the optimal points in cases 3 and 4 allows to understand that the optimi-

sation problem has several, almost equivalent, optimal solutions.

An important factor in choosing an optimisation strategy can be the speed of convergence. Given

the three highest flutter velocities in table 3.4, their convergence of mean and maximum values of

the objective function are compared in figure 3.2. The maximum flutter velocity obtained at the

first generation, belongs to the strategy conducted with polar parameters (Case 4). This maximum

value evolves in different manners for each strategy, either by stagnating over multiple generations

or sudden jump of the objective function from one generation to the other as shown for the non-

symmetric configuration. The mean values indicate that the case with polar parameters have the

lowest mean velocity at the beginning of the optimisation compared to the cases obtained with ply

angles. On the other hand, at the last generation, the mean value of the former is significantly

higher than the other strategies. This observation indicates that the optimisation conducted using the

polar parameters investigates a larger domain and has a lower chance of obtaining a local maximum.

Comparing both cases 1 and 3 (formulated in terms of ply angles), the non-symmetric configuration

has a slower convergence speed which is expected due to its large number of optimisation variables. It

can be concluded that given its optimal flutter velocity and the convergence speed, the non-symmetric

configuration of Case 1 is the least efficient strategy.
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Figure 3.2: Convergence of the optimisation algorithm for three formulations. a) max Vf and b) mean Vf
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The elastic and aeroelastic behaviour of the last two cases (Case 3: symmetric ply angles and Case

4: polar parameters) will next be compared in order to obtain the ideal optimisation formulation.

Figure 3.3 represents the second and the third aeroelastic modes of these two optimal configurations.

Both cases demonstrate similar behaviours, with the second mode that becomes unstable and the

third mode that is close to the flutter boundary (zero horizontal axis). The damping plots for mode 2

(green curves in figure 3.3.a) in the two cases, angles and polar parameters, completely overlap, and

the corresponding curves for the frequency plots (green curves in figure 3.3.b keep in a very close inter-

val, as well. Concerning the third mode (red curves in figure 3.3), frequency plots are almost confused

between the angle and polar parameter cases, whilst interestingly a difference can be observed in the

damping plot (figure 3.3.a): the damping curve of mode 3 for the angle case solution stays farther from

the zero horizontal axis, i.e. it keeps a greater margin of stability compared to the optimal solution

of Case 4, based on the polar parameter formulation.
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Figure 3.3: The evolution of a) aeroelastic damping and b) aeroelastic frequency for the optimal Uni
Directional composite laminated straight wings obtained in Case 3, symmetric ply angles and , and in Case 4,
Polar Parameters (PP).

Figure 3.4 visualises both unstable modes for the optimal solutions of cases 3 and 4 (last two lines

in table 3.4): as mentioned before via the interpretation of the similar values of flutter frequencies, the

unstable modes are almost identical, resulting from the coupling between the two structural modes,

first torsion and second bending.

Figure 3.5 represents the anisotropic elastic properties of the optimal laminates, namely their bend-

ing and torsional moduli. The Young modulus shape (green curve in figure 3.5.a), representing the

bending stiffness for the symmetric configuration obtained by ply angles (Case 3) is very similar to an
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Figure 3.4: Shape of the unstable aeroelastic mode for the optimal US solutions of composite laminated
straight wings: a) Case 3, of ply angles and b) Case 4, polar parameters.

orthotropic symmetry with two preferred directions (this is coherent with the value of the polar angu-

lar difference in table 3.4: for Case 3 Φ0−Φ1 = 44.8◦). On the other hand, the optimal case obtained

using polar parameters (Case 4, red discontinuous line in figure 3.5.a) is more definitely anisotropic in

agreement with the value of the polar angular difference in table 3.4: Φ0−Φ1 = 34.8◦). The torsional

moduli of both cases (figure 3.5.b) are very similar both in shapes and values, but one can note the

small deviation from the principal global axes (0◦-90◦ directions) of the optimal solution obtained in

Case 4, formulation based on the polar parameters: table 3.4 gives for this case the stiffness polar

angles Φ1 = 8◦ and Φ0 − Φ1 = 34.8◦, meaning Φ0 = 42.8◦, which approximatively corresponds to the

weak direction for the torsional modulus (red discontinuous curve in figure 3.5.b).
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Figure 3.5: Elastic properties of the two optimal cases obtained with symmetric ply angles and polar
parameters as optimisation variables.



52 Deterministic Optimisation: Uniform-Stiffness Laminates

Given the comparison conducted in aeroelastic, elastic and convergence behaviour of the previous

optimisation strategies, two configurations stand out: The case obtained by the symmetric ply angles

(Case 3) and the one obtained by the polar parameters (Case 4). They both converge toward similar

flutter velocities with analogous speed of convergence. These comparable results were obtained while

the strategy using the polar parameters investigates a larger domain since the anisotropic moduli

(RKX , RKY and R1) are treated as continuous functions. It also needs to be pointed out that the

latter strategy has examined a larger sample of configurations (as it was observed on the convergence

plot of the mean flutter velocities per generation) which avoids convergence to a local maximum. It

can be concluded that the study conducted by polar parameters is more accurate, more diverse and

more efficient to investigate a domain of elastic symmetry, even if it does not result in an explicit

result in terms of a laminate stacking sequence. The strategies to retrieve optimal stacking sequences

are detailed in section 3.2.

3.1.2 Optimisation in the orthotropic domain

The domain of investigation is restrained to orthotropy as this symmetry was observed for one of

the previous optimal configurations with the highest flutter velocity, but also because it is generally

admitted that the design of composite laminated structures requires some basic elastic symmetries,

namely orthotropy. It is quite rare to investigate the fully anisotropic space of laminates and the

objective of the previous section was to explore the aeroelastic response of simple structures, such

as straight wings, in order to compare the results with the more standard case of orthotropic lam-

inates. The advantage of using the polar formulation is to be able to trigger orthotropy by simply

adapting the parametrisation of the problem, as explained in section 3.1.1: whilst the fully anisotropic

case is represented by the polar parameters RKX , RKY , R1 and Φ1 (see equations (3.2)- (3.5)), in

the orthotropic case RKY vanishes and the orthotropic behaviour only depends only on two elastic

moduli RK (which is the equivalent of RKX in the anisotropic space) and R1, and one polar angle

Φ1. Thanks to this further simplification of the polar parametrisation of orthotropic laminates, an

introductory parametric study can be conducted over the orthotropic domain in the case of a straight

laminated plate wing of identical configuration as in section 3.1.1. For this purpose, the principal

orthotropy axis Φ1 of the laminate is considered fixed and aligned with the wing axis, i.e. Φ1 = 0◦,

whilst the parameters at study are the polar moduli RK and R1, varying within the same definition

intervals given in table 3.3 for a 16-layer laminate made of the base layer AS4/3502 of table 3.1 (for

the parametric study, the intervals are divided into 200 and 100 steps, respectively for RK and R1).

In addition, RK and R1 must satisfy the geometric constraints for the orthotropic behaviour of the

laminate, as expressed by equations (2.52)- (2.54).
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Figure 3.6: Variation of the flutter velocity in an orthotropic domain as a function of the anisotropic moduli
RK and R1 where Φ1 = 0 for a straight wing.

Figure 3.6 represents the response surface of the variation of the flutter velocity Vf for the straight

plate wing defined in section 3.1.1, as a function of the anisotropic moduli RK and R1 in the or-

thotropic domain of 16-layer laminates made of AS4/3502 for Φ1 = 0◦. One can note that the upper

bound of the domain corresponds to the geometric constraint on orthotropic laminates, defined in

equation (2.54). The response surface indicates the separation of the two modal regions by a mode

switch causing a discontinuous surface. The maximum flutter velocity obtained following the discreti-

sation of the parametric study (Vf = 147.1 m/s, RK = -11.83 GPa, R1 = 5.44 GPa), presented on

the response surface, is located next to this discontinuity (black dot in figure 3.6).

To further investigate the orthotropic domain, an optimisation study is carried out considering

variations of the polar angle Φ1. The formulation of the problem is presented in (3.12) with the

polar parameters employed as the optimisation variables. These parameters allow a direct control

over the elastic properties of the laminates and permit a restriction of the anisotropic domain. These

restrictions reduce the domain of study while ensuring the elastic symmetries of the optimal laminate.

In this optimisation study, the geometrical bound of the orthotropic domain expressed as a function

of the polar parameters defines the constraint of the research interval

maximize
RK ,R1,Φ1

Vf

subject to − (ρ0) + 2(ρ2
1)− 1 ≤ 0, (3.12)

where

ρ0 =
RK

RBL0

ρ1 =
R1

RBL1

(3.13)
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Once the optimal case is obtained by means of the polar parameters, a second-level study can be

carried out to retrieve the corresponding stacking sequence. There are multiple ways to conduct the

second-level optimisation and they will be explained in details in section 3.2, however different fami-

lies in the orthotropic domain (angle-ply, cross-ply, quasi-trivial) can help to find analytical solutions

identical to the optimal polar parameters.

The optimisation formulation developed using the polar parameters in (3.12) is generalised to a

larger number of configurations, including a great variety of geometries with forward and backward

swept wings. In the first place, a fixed value of the deviation angle is considered, αswept = 15◦, which

is positive in the case of swept-forward wing and negative in the case of swept-backward. Table 3.5

summarises the optimisation results for all Uniform-Stiffness (US) configurations studied in this work

with orthotropic laminates, i.e. elastic properties belonging to the orthotropic domain of figure 2.6.

The bold coloured values, indicate that those variables are fixed and not optimised during the opti-

misation process.

Case ID Wing configuration RK [GPa] R1[GPa] Φ1[◦] αswept[
◦] Vf [m/s] ωf [rad/s]

st1 straight -10.68 5.33 0. 0. 146.5 499.0

st2 straight (variable αswept) -12.63 3.58 -2. 0 146.7 459.8

swb1 swept-backward -13.46 2.68 -15. -15 130.5 411.7

swb2 swept-backward 14.25 1.31 -56. -15 140.8 711.5

swf1 swept-forward 4.13 12.70 15. 15 92.0 0.

swf2 swept-forward 13.63 4.09 47. 15 137.0 394.5

Table 3.5: Results of deterministic optimisation for different US configurations using polar parameters and
swept-angle as optimisation variables where the bold red coloured values indicated constant parameters during
the optimisation process.

The first case (st1 in table 3.5) concerns the optimisation of a straight plate wing in the orthotropic

domain. The optimisation variables are the anisotropic moduli RK and R1 and the orientation of the

orthotropic axis Φ1. The optimal case obtained corresponds to a laminate with its orthotropic axis

aligned with the principle axis of the wing. With an additional variable that defines the angle of

swept wings αswept, an optimisation problem with 4 variables is then carried out. The second optimal

configuration (case st2 in table 3.5) corresponds to a straight wing with an orthotropic axis that is

slightly deviated. While this deviation increases the flutter velocity, this augmentation remains limited

to less than 1%. The anisotropic moduli of both optimal straight cases are in close intervals which

indicates similarities in elastic properties. While both the flutter velocities and the polar parameters

of these two configurations are analogous, the flutter frequencies exhibit a difference of about 8%.
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After performing the most general optimisation study, some special cases have been considered.

A swept-backward wing with a swept angle of 15◦ is the first configuration to investigate. Initially,

the optimisation problem is formulated for a swept-backward wing with the orthotropic axis aligned

with the main axis of the structure (case case swb1 in table 3.5). In this case the flutter velocity

(Vf = 130.5 m/s) decreases compared to the straight case (Vf = 146.5 m/s). On the other hand,

including the orientation of the orthotropic axis in the optimisation problem (case swb2 in table 3.5),

increases the flutter velocity (Vf = 140.8 m/s) by more than 7%. Comparing the flutter frequencies of

both swept-backward cases, it is observed that they are not in the same range of values (ωf = 411.7

rad/s, ωf = 711.5 rad/s). This difference might indicate that the unstable aeroelastic mode is not the

same for both cases. These observations show that for a swept-backward wing, the direction of the

orthotropic axis is more influential than for a straight wing. The same type of study is then carried

out for a swept-forward wing with a swept angle of 15◦. Similar behaviour is observed while varying

the alignment of the orthotropic axis. In this case Vf increases by about 48%( between case swf1 and

case swf2 in table 3.5). This improvement is more significant than the swept-backward case and proves

the importance of the orientation of the orthotropic axis (Φ1). Concerning the flutter frequencies, the

unstable mode switches from divergence (ωf = 0. rad/s) to an unsteady flutter mode (ωf = 394.5

rad/s). The latter behaviour renders the swept-forward case with an unaligned orthotropic axis to the

reference axis more favourable because the case swf2 configuration avoids the divergence instability

which is a recurring event in the swept-forward wings.
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Figure 3.7: The evolution of aeroelastic damping. a) case st1 and b) case st2.

Figure 3.7, shows the evolution of damping and frequency of the first four aeroelastic modes of the

optimal case st1 and case st2 cases. The instability appears on the second mode for both cases but the

third mode is very close to the zero axis thus the instability. Contrary to the second configuration,
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when the orthotropic axis is completely aligned with the reference axis (case st1), the third mode is

closer to instability at the lower velocities while for the second configuration with a slight change of

Φ1 value (case st2), the third mode approaches the axis at higher speeds near the flutter velocity Vf .
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Figure 3.8: The aeroelastic mode shapes: a) case st1 and case st2.

As shown in figure 3.8, both configurations exhibit the same unstable mode shape which corre-

sponds to the second aeroelastic mode, that for this case is obtained with a combination of second

bending and first torsion structural modes.
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Figure 3.9: The evolution of (a,c) aeroelastic damping and (b,d) aeroelastic frequency. (a,b) case swb1 and
(c,d) case swb2.
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The aeroelastic evolutions of both optimal swept-backward configurations in figure 3.9 manifest

differences in the unstable mode. For swept-backward case with aligned orthotropic axis and main

reference axis (case swb1), the second aeroelastic mode becomes unstable but for the case with a Φ1

unaligned with the reference axis (case swb2), the third mode becomes positive. On the other hand, in

the latter case (case swb2), the second mode becomes immediately unstable after the third mode while

in the case of case swb1, other modes are quite far from the axis zero meaning far from instability.

The unstable modes for both optimal cases are presented in figure 3.10.
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Figure 3.10: The aeroelastic mode shapes: a) case swb1 and case swb2.

The second aeroelastic mode which is a combination of the second bending and the first torsion

mode, is demonstrated in figure 3.10.a). The third aeroelastic mode is presented in figure 3.10.b),

corresponding to a first torsion and the third bending mode.

The same comparison has been made for the swept-forward cases in figure 3.11. While the or-

thotropic axis is aligned with the main axis of the wing (case swf1), the instability occurs on the first

mode which results in an aeroelastic divergence. On the contrary, when the angle Φ1 is included in the

optimisation process (case swf2), the divergence mode is far from instability and the same behaviour

as the previous cases is observed. This time again, the second aeroelastic mode is unstable and while

the third mode is close to instability, unlike the swept-backward case, it does not become unstable.

Figure 3.12 represents the corresponding unstable modes. A divergence mode corresponding to a

pure bending shape is observed for the swept-forward configuration with aligned orthotropic axis to

the principle axis (case swf1) and the second aeroelastic mode for the unaligned case (case swf2).
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Figure 3.11: The evolution of (a,c) aeroelastic damping and (b,d) aeroelastic frequency. (a,b) case swf1
and (c,d) case swf2.
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Figure 3.12: The aeroelastic mode shapes: a) case swf1 and b) case swf2.

3.2 Stacking sequence retrieval

The optimisation using polar parameters has been conducted previously for multiple configurations

and the optimal aeroelastic behaviours have been obtained. The second level of this study is natu-

rally to retrieve stacking sequences that correspond to the optimal polar parameters. As explained

in section 2.2, there are multiple families in the orthotropic domain which allow the construction of
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the stacking sequence for a given set of polar parameters analytically. These stacking sequences are

called the quasi-trivial sequences due to their elastic properties. These solutions cover the majority of

the orthotropic domain and have the advantage of giving an exact solution matching the given polar

parameters. However, there are parts of the domain that do not correspond to a quasi-trivial sequence

and thus another solution needs to be established to construct a matching stacking sequence for the

given set of polar parameters.

A solution that is widely used in the study of composite structures, is a numerical optimisation

study in which a cost function is minimised that measures the similarity between the target set of

polar parameters and the corresponding stacking sequence. This cost function can be defined with

different formulations [79]. In this study the Kullback-Leibler function defined by Moakher [159] is

used to minimise the difference between the rigidity properties of a set of polar parameters and a given

stacking sequence

FABD(Θ,LT) = tr(L(Θ)L−1
T ) + tr(L(Θ)−1LT)− 12 with L =

[
A B

B D

]
(3.14)

where subscript T represents the Target matrices associated to the optimal polar parameters, all L

matrices are defined as a function of the rigidity tensors of the composite structure.

In order to choose the best method for the stacking sequence retrieval (analytical or numerical),

all the optimal cases are positioned in the orthotropic domain as presented in figure 3.13.

0.

5.

10.

15.

−15. −10. −5. 0. 5. 10. 15.

R
1
[G
P
a
]

RK [GPa]

st1 st2 swb1 swb2 swf1 swf2

Figure 3.13: Placement of the anisotropic moduli of Uniform-Stiffness optimal cases in the orthotropic
domain given the anisotropic moduli in table 3.5.
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Most of the optimal configurations (solutions st1, st2, swb1, as depicted in figure 3.13) are close to

the angle-ply curve and the stacking sequence can thus be analytically calculated. For two cases on

the far right side of the domain, an optimisation problem is conducted. Figure 3.14 details the 2-level

optimisation process.

Generate population (PP) Enter solver
Compute

flutter velocity (Vf )

Convergence
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Compute
Kullback-Liebler

function
(FABD(Θ,LT))

y
e
s

no

Figure 3.14: 2-level optimisation algorithm using polar parameters.

For the cases over the angle-ply curve (st1, st2, swb1 in table 3.5 and in figure 3.13), the relationships

defined in equation (2.56) can be employed to find the angle θ used to construct the stacking sequence,

which must be itself selected amongst the available quasi-trivial solution in order to satisfy both

properties of uncoupling and homogeneity (being the bending and in-plane behaviours are identical,

the choice of the lamination angle defined by equation (2.56) assures the optimal orthotropy for the

bending behaviour as well). The results for these four cases are thus summarised in table 3.6.

Case ID stacking sequence [◦] RK [GPa] R1[GPa] Vf [m/s] ωf [rad/s]

st1 [352,−354, 352,−352, 354,−352] -10.91 + ∼ 2% 5.54 + ∼ 1% 147.0 + ∼< 1% 497.4 − ∼< 1%

st2 [362,−404, 362,−402, 364,−402] -12.58 − ∼< 1% 3.92 + ∼ 2% 146.2 + ∼< 1% 462.7 + ∼< 1%

swb1 [252,−554, 252,−552, 254,−552] -13.39 − ∼< 1% 2.81 + ∼< 1% 130.5 + ∼< 1% 413.8 + ∼< 1%

swf1 [332,−34, 332,−32, 334,−32] 4.40 + ∼ 2% 13.12 + ∼ 3% 92.0 + ∼< 1% 0.

Table 3.6: Stacking sequence retrieval results for optimal configurations over the angle-ply curve. The polar
parameters are calculated from the stacking sequence which is a result of rounded analytical angles. Small
percentages in front of each parameter, indicate the difference between the approximated stacking sequence and
the optimal configurations presented in table 3.5.
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The flutter velocities in this table correspond to the approximation applied to θ in order to obtain

an integer for the orientation of the plies. It must be noted that the stacking sequences presented

in this study are all rotated to the frame of orthotropy, meaning according to the value of Φ1 and

lamination angles are rounded to the closest integer. The aeroelastic responses between the optimal

cases and the retrieved stacking sequences are quite close. The elastic properties between the results

of these two levels are compared in figure 3.15 to visualise the error this second step can produce.

The comparison of the bending and shear moduli manifests a good agreement between the elastic

properties of both levels, because the quasi-trivial quasi-homogeneous angle-ply optimal laminates are

exact solutions for uncoupling and orthotropy but the values of lamination angles are rounded to the

closest integer.
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For the two cases on the right side of the orthotropic domain (case swb2 and case swf2 in table 3.5

and in figure 3.13), the Genetic Algorithm is employed to minimise the Kullback-Leibler function and

find an optimal stacking sequence.

minimize
Θ

FABD(Θ,LT) (3.15)

The optimisation parameters used for this process are identical for all cases and equal to 300 indi-

viduals in 200 generations. The stacking sequences equivalent to these two optimal cases are retrieved

with the help of the numerical optimisation method and the results are summarised in table 3.7. A

good agreement between the aeroelastic response of the stacking sequences and their target polar

parameters is obtained.

Case ID stacking sequence [◦] RK [GPa] R1[GPa] Vf [m/s] ωf [rad/s] FABD

swb2
[-55, 38, 29, -59, -56, 34, 38, -59,
-53, 33, 29, 30, -55, -59, -55, 38]

13.91 − ∼ 2% 1.24 − ∼< 1% 139.1 − ∼ 1% 708.9 − ∼< 1% 0.002

swf2
[-43, 48, 45, 51, -42, 37, -43, 55,
53, 37, -45, -43, 37, -43, 52, 47]

13.79 + ∼ 1% 4.69 + ∼ 4% 136.4 − ∼< 1% 392.6 − ∼< 1% 0.0009

Table 3.7: Stacking sequence retrieval results for two swept wing configurations with variable Φ1 (swb2
and swf2, from table 3.5 and in figure 3.13). The polar parameters are calculated from the stacking sequence
which is a result of numerical optimisation. Small percentages in front of each parameter, indicate the difference
between the approximated stacking sequence and the optimal configuration presented in table 3.5.

For further comparison, the elastic behaviours are superposed in figure 3.16.
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The elastic moduli show similar tendencies for both cases in direction and norm. However, for the

stacking sequence corresponding to the swept-backward wing (case swb2), a small difference in the

flutter velocity between the two levels is observed in table 3.7. This gap is mainly due to the placement

of this optimal laminate in the orthotropic domain. As mentioned in section 2.2, the right border of

this domain corresponds to the cross-ply laminates which contain only 0◦ and 90◦ orientations. This

limitation can be respected by restraining the discretisation of the angles during the optimisation

process.

Case ID stacking sequence [◦] RK [GPa] R1[GPa] Vf [m/s] ωf [rad/s] FABD

swb2
[34, -56, -56, 34, -56, -56, 34, -56,
34, 34, -56, -56, 34, -56, -56, 34]

14.24 + ∼< 1% 1.17 − ∼< 1% 140.9 + ∼ 3% 711.5 + ∼ 3% 0.003

Table 3.8: Stacking sequence retrieval result for the swept-backward wing configurations with variable Φ1

over the cross-ply border. The polar parameters are calculated from the stacking sequence which is a result
of numerical optimisation. Small percentages in front of each parameter, indicate the difference between the
approximated stacking sequence and the optimal configuration presented in table 3.5.

Table 3.8 represents the stacking sequence obtained during the optimisation process while limiting

the angles to 0◦ and 90◦. A more exact solution is obtained while restraining the search over the

cross-ply laminates. It is thus important to identify the type of composite laminate before proceeding

to the stacking sequence retrieval. It needs to be noted that for swb2 the 0◦ and 90◦ angles had to be

rotated by Φ1 in order to match the orthotropic reference.

A good agreement is achieved between the polar parameters and their corresponding stacking se-

quences as shown in table 3.5, 3.7 and 3.8 . One question remains open at the end of this study which

is related to the computational cost of the 2-level optimisation process. The second level conducted

numerically to retrieve the stacking sequences has a very low cost of 4 seconds 1. It can thus be

negligible in comparison to the entire optimisation process for which the aeroelastic solver is resolved

multiple times and each flutter calculation lasts 5 minutes.

It can thus be concluded that it is more beneficial to employ the optimisation formulation using

polar parameters rather than directly using ply angles. The former provide simple mathematical rela-

tionships in order to define the elastic symmetries. Moreover, they reduce the number of generations

required during the optimisation process and thus lowers the total computational cost.

1Intel Xeon Silver 4114 Processor with 40 cores
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3.3 Conclusion

A deterministic optimisation has been conducted in order to maximise the flutter velocity of a given

composite plate. The aeroelastic model has been developed and explained in details which was then

used to compute the objective function of the optimisation problem. The polar parameters were pre-

sented as a type of parametric formulation in order to simplify the study of the composite laminates.

These parameters can express the properties of a plane tensor using only 6 parameters which signif-

icantly lowers the number of variables required to express the anisotropy of a laminate. In case of

anisotropy, the optimisation variables were decreased from 16 for each ply angle to 4 and to 3 for the

investigation of the orthotropic domain. In addition to the reduction of variables, polar parameters

can give mathematical relationships to define different elastic properties of composite structures and

the value of each invariant carries a physical information as well.

The optimisation study has been carried out by means of the Genetic algorithm. First, four

optimisation strategies were compared in the anisotropic domain, three using the ply angles as the

optimisation variables and another one using the polar parameters. It has been shown that three

strategies achieved similar results in terms of the objective function. Comparing the speed of conver-

gence amongst these three cases, two strategies stood out. One using ply orientations with symmetric

laminates and another optimisation formulation using the polar parameters. The symmetric optimal

configuration obtained by the ply angles showed a clear superiority to the case obtained by polar

parameters. This difference can be explained by the size of the domain which was larger for the polar

parameters considering that the anisotropic moduli were treated as continuous variables. Despite the

larger domain of investigations, the polar parameters could converge to high flutter velocities, similar

to those obtained by the symmetric laminate with a difference of 1%.

The optimisation study using the polar parameters was then generalised to multiple geometric

configurations (swept-backward and swept-forward). For each configuration the impact of the orienta-

tion of the orthotropic axis and the angle of swept wing was investigated. It has been shown that the

highest flutter velocity corresponds to a straight wing with an orthotropic axis aligned with the main

axis of the structure. On the other hand, other configurations have exhibited important improvements

in their aeroelastic behaviour while including the orientation of the orthotropic axis as an optimisation

variable. Specifically, the swept-backward wing had an increase of about 7% for the optimised value

of Φ1 and the swept-forward wing an improvement of more than 48%.

Finally, a second-level optimisation study was carried out in order to retrieve the stacking sequences

corresponding to the optimal polar parameters obtained during the optimisation study. Two methods
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were tested for this purpose. First, an analytical method was employed with the help of which the

angles of the matching stacking sequences were calculated. The relationships used were based on

the elastic behaviour of the target composite laminates. Next, a numerical optimisation using the

Kullback-Leibler function was put in place. This method was employed for those laminates that

were not included in the families defined by the analytical relationships. The two-level optimisation

methods based on the polar parameters and the second level study to retrieve the corresponding

stacking sequence has proved to have a faster convergence with a better control over the domain of

study.
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4
Deterministic Optimisation: Variable-Stiffness Laminates

The developments in automated fibre placement technology have facilitated the construction of non-

conventional composite laminates. Variable-Stiffness (VS) composites could easily be added in this

category as they rise multiple difficulties during their manufacturing process. There are multiple

techniques to produce these types of laminates but in this chapter, Tow-Steered (TS) composites are

the subject of interest. Tow-Steered composites are laminates with varying fibre path through each ply.

The curvilinear fibres are the reason why these laminates possess a variable-stiffness property. The

popularity of TS laminates is continuously growing and more studies are focusing on their numerical

simulation and examine their impact on various structural and aerodynamic responses. There exist

various works of aeroelastic tailoring using TS composites [160, 86]. Most of these studies define

the fibre path using a polynomial in which a given number of angles are defined on certain control

points along the structure. As discussed previously, using fibre orientations can easily increase the

computational cost, particularly in optimisation problems as the number of variables are high and

the domain of investigation is very large. To overcome the stated issues, studies such as [79, 80] have

generalised the multi-scale optimisation methods based on the use of polar parameters (presented in

section 2.2) to model the variable angle-tow laminates. The former studies focus on the structural

behaviour of the laminate, particularly the buckling. On the other hand, these methods have not

often been employed in an aeroelastic framework. For this reason, this chapter focuses on aeroelastic

tailoring of Tow-Steered (TS) laminates using polar parameters and the optimisation study of these

materials.

67
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4.1 Numerical modelling of tow-steered laminates

As defined previously, tow-steered laminates, being reinforced by curvilinear fibres with different paths

within each ply, result in a continuously varying stacking sequence throughout the structure and, as a

consequence, a point-wise variation of the elastic properties of the laminated structure. The idea is to

represent this variation in terms of fields of polar parameters. It is therefore implied that during their

numerical simulation, each finite element node holds a different stiffness tensor. Polar parameters can

thus be employed to express these tensors for each finite element node which simplifies the numerical

modelling of the TS laminates. As the plies are identical in this study, the isotropic moduli (T0 and

T1) remain the same for all the laminates. The three parameters used in the last chapter (RK , R1

and Φ1) are considered as the optimisation variables and the domain of study is limited to elastic

symmetries, including orthotropy, square-symmetry and isotropy (which are all represented in the

definition domain expressed by equations (2.52)-(2.54) and depicted in figure 2.6).

A computational limit of associating a set of polar parameters to each finite element node, is the

number of optimisation variables. As the number of the nodes on the finite element grid is very high,

the optimisation algorithm can become easily saturated. A simple solution to this problem is the use

of interpolation methods such as B-spline curves [161].

A B-spline surface can be defined as

SBS(η, γ) =

n∑
i=0

m∑
j=0

Ni,p(η)Nj,q(γ)Pi,j (4.1)

where Pi,j represents the control points, Ni,p(η) and Nj,q(γ) the pth and qth degree B-spline basis

function in η and γ directions and finally n+ 1 and m+ 1 are the number of control points.

The basis functions are defined on non-periodic, non-uniform knot vectors which read

E = {0, . . . , 0︸ ︷︷ ︸
p+1

, ηp+1, . . . , ηr−p−1, 1, . . . , 1︸ ︷︷ ︸
p+1

} (4.2)

Γ = {0, . . . , 0︸ ︷︷ ︸
q+1

, γq+1, . . . , γs−q−1, 1, . . . , 1︸ ︷︷ ︸
q+1

} (4.3)

and have a length of r + 1 and s+ 1. The number of knots, r and s are calculated using the number

of control points, n and m, and the degree of polynomials, p and q such as

r = n+ p+ 1 s = m+ q + 1 (4.4)
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In order to use B-spline surfaces during the optimisation of TS laminates, the set of control points

need to be defined over the structure. In this study, n = 6 control points are considered along the

span and m = 4 along the chord which gives place to n.m = 24 control points in total. These points

are presented on the FEM mesh in figure 4.1. They do not match the FEM nodes because they are

based on the B-spline grid.
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Figure 4.1: Control points located over the FEM mesh.

Genetic Algorithm (GA) generates the demanded number of optimisation variables (for the number

of control points) which in this case are the polar parameters. Each parameter is then associated to

a control point and the distribution of the latter over the structure is interpolated using the B-spline

method. The value of the polar parameter over each finite element node can then be extracted

and consequently compute the related stiffness matrix. This process could rise the question of the

discontinuities of the parameters over the structure and thus the feasibility of the fibre paths. However,

the B-spline property of strong convex hull insures that the optimisation constraints over the curvature

of the fibre paths are satisfied. Given a 2D variation of one anisotropic modulus (R1) over the 24

control points, the B-spline surface presented in figure 4.2 is obtained. The dashed lines connect the

control points to the adjacent one and the colormap represents the final interpolated surface carried

out from these points using second order polynomials in both directions (p and q).

x/span

0.0
0.25

0.5
0.75

1.0 y/c
hor

d

0.0
0.5

1.0

R 1
[G
Pa

]

0.0
5.0
10.0
15.0

Figure 4.2: Interpolation of a B-spline surface from the control points.
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The combination of the polar-based representation of the elastic properties together with the

B-spline formulation, significantly reduces the number of optimisation variables and allows the con-

sideration of laminates with high number of plies, which is impossible if working with angles, as the

latter need to be defined for each layer. In the next section, the optimisation formulation and the

results for each case are presented and analysed. The variations in the optimisation problem regarding

the variables or other optimisation parameters are pointed out for each case.

4.2 Optimisation formulation

Using the polar parameters and the B-spline surface interpolation, an optimisation problem is put

in place. The objective function remains the maximisation of flutter velocity Vf and the domain of

investigation is limited to the orthotropic symmetry. The polar parameters are used as the optimisation

variables and vary over each control point in order to model the variation of the stiffness throughout

the structure. The upper limit of the geometric domain of orthotropy (figure 2.6) is considered as

the constraint of the optimisation problem. As a result, the general optimisation problem in the

orthotropic domain given the two anisotropic moduli RK and R1 that vary throughout the structure

and the polar angle Φ1 that is optimised but kept constant over the plate reads

maximize
RK(x,y),R1(x,y),Φ1

Vf

subject to − (ρ0(x, y)) + 2(ρ1(x, y)2)− 1 ≤ 0, (4.5)

where

−RBLK ≤ RK ≤ RBLK 0 ≤ R1 ≤ RBL1 (4.6)

4.2.1 Evaluation of the objective function: critical flutter speed

The computation of the flutter velocity requires the calculation of the stiffness matrix which is a

function of the modified bending stiffness matrix, D̃. The latter matrix is calculated as a function

of the polar parameters and in the case of laminates with Tow-Steered fibre paths, varies over each

finite element node. The steps required, in order to compute the flutter velocity of a variable-stiffness

laminate is described in algorithm 2.
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Algorithm 2: Aeroelastic study of Tow-Steered laminate
1: Set the Control Points (CP) over the structure
2: Associate the polar parameters to each CP
3: Interpolate the polar parameters using B-spline surface (equation (4.1))

SBS(η, γ) =

n∑
i=0

m∑
j=0

Ni,p(η)Nj,q(γ)Pi,j

4: Extract the polar parameters on each finite-element node
5: Compute the modified bending tensor D̃ on each finite-element node (equation (2.1)-(2.8))

D̃ = D−BA−1B

6: Compute aeroelastic eigenvalues s (equation (2.28)-(2.33))[
I 0
0 I

]
s

{
q̂
sq̂

}
−
[

0 I

−M̂−1(K̂− ω2AR) ωM̂−1AI

]{
q̂
sq̂

}
=

{
0
0

}
s = g ± iω

4.2.2 Definition of constraints: orthotropic symmetry

In order to limit the optimisation investigation to the orthotropic symmetry, the definition of a con-

straint is required. As shown in equation (4.5), in case of Tow-Steered laminates, the constraint has a

spatial dependency. The latter condition is due to the association of a different set of polar parameters

to each control point which requires the calculation of a new constraint. The number of constraints

can eventually be too high and too costly for the optimisation algorithm to take into account. To

remedy this problem, a mapping has been put in place, which determines the orthotropic domain

using two new parameters α0 and α1 defining a unit square [162, 163]

0 ≤ α0 ≤ 1 0 ≤ α1 ≤ 1 (4.7)

These two variables can be computed using the anisotropic moduli

α0 =
ρ0 − 1

2(ρ2
1 − 1)

α1 = ρ1 (4.8)

where

ρ0 =
RK

RBLK
ρ1 =

R1

RBL1

(4.9)

The response surfaces in figure 4.3 represent the variation of RK and R1 as a function of the two

mapping variables α0 and α1.
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Figure 4.3: Mapping of the orthotropic domain using the anisotropic moduli to a unit square [163].

4.2.3 Optimisation strategies

A general optimisation problem with an orthotropic symmetry is introduced in equation (4.5) which

allows a thorough investigation of this domain. On the other hand, the results of the optimisation

study in chapter 3 showed that multiple optimal configurations belong to the angle-ply sequences.

This observation gave place to a limited formulation of the optimisation problem which limits the

investigation to the angle-ply laminates. Thus, two optimisation strategies are considered.

• Optimisation A : Anisotropic moduli (RK and R1) optimised over the angle-ply curve and

variable per finite element node

maximize
R1(x,y),Φ1

Vf (4.10)

where

0 ≤ R1 ≤ RBL1 (4.11)

RK = RBLK

(
2

(
R1

RBL1

)2

− 1

)
(4.12)

• Optimisation B : Anisotropic moduli (R1 and RK) optimised over the whole orthotropic domain

and variable per finite element node

maximize
α0(x,y),α1(x,y),Φ1

Vf (4.13)

where

0 ≤ α0 ≤ 1 0 ≤ α1 ≤ 1 (4.14)
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4.3 Optimisation results

The two optimisation strategies A and B, respectively the one restricted to the angle-ply curve as

expressed by equations (4.10) - (4.12), and the general one over the whole orthotropic domain, as ex-

pressed by equations (4.13)-(4.14) are applied to three different geometries, one straight and two swept

wings. The parameters that are variable throughout the structure, are the ones that are responsible

for the variation of the rigidity. Once the variation of each parameter is obtained using the B-spline

surface, the value on each finite element node is extracted. Using this value, the rigidity matrix (D̃)

is calculated for each FEM node. Finally using a mapping method, each rigidity matrix is associated

to its corresponding node using their coordinates and finally the eigenvalue problem is solved in order

to carrie out the modal analysis of the structural system.

4.3.1 Optimisation over the angle-ply curve

The first strategy considered, concerns the variation of the anisotropic moduli over the angle-ply curve

of the orthotropic domain (equations (4.10) - (4.12)). The reason for choosing this optimisation for-

mulation is due to the numerous optimal cases over this curve obtained during the US optimisation

study and presented in figure 3.13. The optimisation variables are thus 6 values of R1 as the variation

of the parameters are considered in a span-wise direction. The four control points over the same

axis position are therefore identical. The latter further restricts the optimisation study for an initial

simplification but can be easily expanded to a 2D variation along both span and chord.

As the optimisation is restrained to the angle-ply curve, the values of RK can be obtained analyt-

ically from R1 using the relationship expressed in equation (4.12), initially introduced as the upper

limit of the geometrical definition of the orthotropic domain in figure 2.6 1. It needs to be pointed

out that during this optimisation strategy, the principal orthotropy axis, represented by the polar

angle Φ1, is fixed and aligned to the reference axis of the wing for the straight case as it was proven

during the Uniform-Stiffness optimisation study that this orientation was the optimal angle for this

geometry. The polar angle is then included for the two swept configurations, since its influence was

shown in the investigation of Uniform-Stiffness (US) laminates. For these types of geometries, an

aligned orthotropic axis to the reference axis of the wing can drastically decrease the flutter velocity.

The optimisation problem expressed by equations (4.10) - (4.12) was solved by the use of a Genetic

Algorithm, with genetic parameters set at Nind = 100 individuals and Ngen = 50 generations. Table

4.1 presents the results of this optimisation strategy for the plate configuration in the domain of angle-

ply laminates. For each case, the anisotropic moduli are variable along the span, the polar angle Φ1

is optimised for the two swept wings. The red bold coloured values are not optimised and predefined

1demonstration of the relationship in [150]
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for each variable.

Case ID Wing configuration RK [GPa] R1[GPa] Φ1[◦] αswept[
◦] Vf [m/s] ωf [rad/s]

st1 straight variable variable 0. 0. 151.8 + ∼ 4% 499.5

swb1 swept-backward variable variable -9. -15. 145.1 + ∼ 3% 457.5

swf1 swept-forward variable variable 89. 15. 127.6 − ∼ 7% 607.6

Table 4.1: Deterministic optimisation results of the Tow-Steered configurations obtained by variation of
anisotropic moduli (RK and R1) over the angle-ply curve throughout the structure and optimised polar angle
(Φ1) for two cases, with red bold coloured variables indicating constant parameters during the study and the
small grey percentages presenting the difference between the current case and their Uniform-Stiffness analogue.

Straight wing

The first geometry is noted case st1 (cfr table 4.1) and corresponds to the straight case with the

orthotropic axis Φ1 aligned to the principle axis of the wing. The flutter velocity is increased beyond

any values obtained previously for the straight wing and has a 4% gain compared to the US config-

uration (Vf = 146.5m/s). The flutter frequency, on the other hand, remains very close to the US

configuration presented in table 3.5.
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Figure 4.4: a) variation of RK and b) variation of R1 presented by the colour map over the span for the
straight wing with the orthotropic axis aligned with the main axis of the wing (case st1) while optimising the
anisotropic moduli over the angle-ply curve.

Figure 4.4 represents the variation of the anisotropic moduli over the structure. The colour map

shows the value of each variable over every finite element node. The variations of both moduli remain
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in a small interval in the center of the structure. A large shift in the values is seen near the borders

particularly at the outer edge.

The small variations of the anisotropic moduli is directly translated to the variations of the ply

angles. As explained before in section 2.2, the stacking sequence of a set of polar parameters over the

ange-ply curve can be calculated analytically using equation (4.15)

θ =
1

4
arcos

(
RK

RBL0

)
or θ =

1

2
arcos

(
R1

RBL1

)
(4.15)

This stacking sequence is assembled by layers of ±θ where θ is the calculated ply angle. In the

case of Tow-Steered fibres, each FEM node corresponds to a different value of θ and the latter varies

throughout the structure. This variation is presented in figure 4.5 over the entire domain. As shown

in the colormap of the anisotropic moduli in figure 4.4, a small variation is observed in the midsection

of the wing which implies a roughly Uniform-Stiffness behaviour in this region. A larger variation of

the ply orientation can be noticed near the edges of the structure.
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Figure 4.5: Variation of θ over the span presented by arrows for the straight wing with the orthotropic axis
aligned with the main axis of the wing (case st1 in table 4.1).

The evolution of aeroelastic damping presented in figure 4.6, follows the same behaviour as the

straight US case of figure 3.7, with the second mode that becomes unstable and the third mode close

to instability. It needs to be noted that the first aeroelastic mode corresponding to static instabilities,

has an increasing tendency in the damping values and can become unstable as well, in larger velocities.

The isolines of the unstable mode demonstrated in the same figure are a combination of the second

bending and first torsion modes.
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Figure 4.6: Aeroelastic response of the TS straight wing (case st1) with span-wise variations of RK and R1

over the angle-ply curve. a) evolution of aeroelastic damping and b) the unstable mode shape.

Swept wings

The last two cases mentioned in table 4.1 concern optimisation problems over swept configura-

tions, where the polar angle Φ1 is added as an optimisation variable but, differently from variables

RK and R1, is not a variable field in the space coordinates x and y, i.e. it stays constant throughout

the structure. For the swept-backward wing, an increase of 3% in the flutter velocity is observed

compared to the US configuration. The flutter frequency of the TS case is not in the same interval as

the US optimal configuration (ωf = 711.5 rad/s) which indicates that the instability does not occur

on the same aeroelastic mode for both cases. The swept-forward case does not surpass the Vf value

obtained during the US optimisation (Vf = 137.0 m/s) and its flutter frequency is not in the same

interval as the former configuration which again points out the difference in the unstable mode. The

flutter frequency of the swept-forward wing is significantly higher than the swept-backward case which

indicates a difference in unstable modes.

Figure 4.7 represents the variation of the anisotropic moduli over both swept-backward and swept-

forward configurations. Similarly to the straight wing (case st1), the TS configurations possess a

limited variation of the anisotropic moduli. Unlike case st1, the borders of the wings do not have an

impact of the values of the moduli. It is noteworthy that the variations of RK and R1 are not in an

interval close to the values obtained for the optimal US cases. Similar observations can be carried

out concerning the polar angle Φ1 for both geometries. The Φ1 values mentioned in table 4.1 are far

from those obtained in the Uniform-Stiffness optimisation presented in table 3.5. These remarks can

indicate that the domain of investigation is strongly non-convex and another optimal zone exists for



4.3 Optimisation results 77

−0.5

0

0.5

0 0.2 0.4 0.6 0.8 1

−0.5

0

0.5

0 0.2 0.4 0.6 0.8 1

−0.5

0

0.5

0 0.2 0.4 0.6 0.8 1

−0.5

0

0.5

0 0.2 0.4 0.6 0.8 1

a) b)

c) d)

y
/
ch

or
d

x/span

-18 -12 -6 0 6 12 18

RK [GPa]

y
/
ch

o
rd

x/span

0 3 6 9 12 15 18

R1[GPa]

y
/c

h
or

d

x/span

y
/c

h
or

d

x/span

Figure 4.7: (a,c) variation of RK and (b,d) variation of R1 presented by the colour map over the span.
(a,b) the swept-backward wing (case swb1) and (c,d) the swept-forward wing (case swf1) while optimising the
anisotropic moduli over the angle-ply curve.

both swept geometries.

The ply angles are calculated for both geometries using equation (4.15). The value of angle (θ) is

presented in figure 4.8. Limited variations of the angles are observed due to similar behaviours in the

anisotropic moduli.

The aeroelastic responses of these two optimal cases are presented in figure 4.9. For the swept-

backward case the second aeroelastic mode becomes unstable and the third mode is very close to

the aeroelastic instability. On the other hand, for the swept-forward wing, the third mode becomes

unstable first and soon after the second mode becomes positive. The occurrence of instability in two

different aeroelastic modes can explain the large variations of the flutter frequencies from one case to

another. The instability occurs on the third mode for a swept-forward wing unlike the US case. This
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Figure 4.8: Variation of θ over the span presented by arrows while optimising the anisotropic moduli over
the angle-ply curve. a) the swept-backward wing (case swb1) and b) the swept-forward wing (case swf1).

behaviour indicates the variation of the aeroelastic response of this geometry over the angle-ply curve.
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Figure 4.9: Evolution of (a,c) aeroelastic damping and (b,d) aeroelastic frequency of the TS swept wings
with span-wise variations of RK and R1 over the angle-ply curve and optimising Φ1. (a,b) case swb1 and (c,d)
case swf1 in table 4.1.
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The representation of these modes are demonstrated in figure 4.10. The swept-backward wing

is a combination of the second bending and the first torsion modes and the swept-forward wing, a

combination of the second torsion and the first bending mode.
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Figure 4.10: Aeroelastic mode shapes of the TS swept wings for variation of RK and R1 over the angle-ply
curve and optimising Φ1. a) case swb1 and b) case swf1 in table 4.1.

While some improvements have been observed during this optimisation strategy, particularly for

the straight and the swept-backward wings, the question on the impact of the other orthotropic

symmetries on the aeroelastic behaviour of the TS laminates, is still present. For this purpose the

next strategy is formulated to further explore this domain for the three chosen geometries.

4.3.2 Optimisation over the orthotropic domain

In this section, the anisotropic polar moduli are employed in the formulation of the optimisation

problem in order to investigate the entire orthotropic domain to form a Tow-Steered (TS) laminate

according to formulation of equations (4.13)-(4.14). The difference between this strategy and the one

defined in the previous section is the domain of investigation. In the previous optimisation problem,

the anisotropic moduli RK and R1 were dependent on one another as the domain was limited to the

angle-ply curve. In this strategy, both moduli can vary independently inside the orthotropic domain

and do not have any dependencies on each other. The variation of the fibre path remains 1D along

the span direction. The optimisation variables (RK and R1) are doubled which gives place to 12

parameters (2 variables per control point and 6 control points along the span) and 13 when the polar

angle is optimised.

Table 4.2 presents the results obtained with this strategy for three different geometries. The

optimisation problem is solved using the GA with the same settings for the genetic parameters (Nind

= 100 and Ngen = 50), as in the previous case (cfr. section 4.3.1). The orthotropic axis Φ1 is considered

aligned with the main axis of the wing for the straight case. The polar angle is optimised for two

swept wings as the optimal US cases do not have an aligned orthotropic and reference axis, however
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it is not a variable field but a variable constant with respect to which all the TS laminate has to be

oriented. All the results will eventually be compared to the previous strategy based on the angle-ply

domain (section 4.3.1), as well as to the US cases.

Case ID Wing configuration RK [GPa] R1[GPa] Φ1[◦] αswept[
◦] Vf [m/s] ωf [rad/s]

st1 straight (1D) variable variable 0. 0. 146.9 + ∼< 1% 502.7

swb1 swept-backward (1D) variable variable -53. -15. 140.6 + ∼< 1% 680.0

swf1 swept-forward (1D) variable variable 49. 15. 140.4 + ∼ 3% 402.0

Table 4.2: Deterministic optimisation results of the Tow-Steered configurations obtained by variation of
anisotropic moduli (RK and R1) inside the orthotropic domain throughout the structure and optimised polar
angle (Φ1) for two cases, with red bold coloured variables indicating constant parameters during the study
and the small grey percentages presenting the difference between the current case and their Uniform-Stiffness
analogue.

Straight wing

The optimisation study for orthotropic TS laminates, as expressed by equations (4.13)-(4.14), is

first applied to a straight wing. The anisotropic moduli RK and R1 are chosen in the entire orthotropic

domain but the maximum flutter velocity (Vf = 146.9m/s) fails to surpass the previous TS results

(Vf = 151.8m/s, given in table 4.2) and can only rise as high as the US case (Vf = 146.5m/s, given

in table 4.2). The flutter frequency remains adequately close to the previous results, so that it can be

considered corresponding to the same aeroelastic mode.
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Figure 4.11: Variation of a) RK and b) R1 over the span presented by the colour map for the straight wing
with aligned orthotropic and main axis (case st1) while optimising the anisotropic moduli inside the orthotropic
domain.
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Figure 4.11 represents the variations of the anisotropic moduli over the studied structure. The

colormap on this figure indicates small variations for both RK and R1 throughout the structure. On

the other hand, the variation for both moduli is limited to a given zone which has similar values to

the optimal case of the US configuration. In this strategy the arrows corresponding to the orientation

of the layers are not presented. The reason is that the orientations can no longer be analytically

calculated for all the nodes and each layer has therefore a different fibre path which is not possible to

present with only one value (such as θ for the previous strategy).
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Figure 4.12: Evolution of a) aeroelastic damping and b) aeroelastic frequency of the TS straight wing (case
st1) with span-wise variations of RK and R1 inside the orthotropic domain.

The aeroelastic damping and frequency presented in figure 4.12 have comparable behaviours to the

previous optimal cases obtained with different strategies. The aeroelastic damping in figure 4.12.a)

shows instabilities over the second mode and the third mode which is close to the zero axis. Similarly

to the previous case, the damping of the first mode corresponding to divergence instability approaches

the zero axis as the velocity increases. It can be predicted that an instability occurs over this mode

at higher speeds.

−0.5

0

0.5

0 0.2 0.4 0.6 0.8 1

y
/c

h
or

d

x/span

Figure 4.13: Aeroelastic mode shape of the TS straight wing for variation of RK and R1 inside the or-
thotropic domain for case st1 in table 4.2.
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The mode shape presented in figure 4.13 depicts the unstable mode for the straight optimal config-

uration which is a combination of the second bending and first torsion mode similarly to the previous

optimal cases.

Swept wings

Once more, due to the high influence of the orientation of the orthotropic axis on the aeroelastic

behaviour of swept wings, the polar angle Φ1 is included in the optimisation problem. The latter is

optimised but kept constant throughout the structure, thus all the tow-steered laminates have to be

oriented according to the same principal orthotropy axis Φ1. When optimising the polar angle for

the swept-backward wing, a flutter velocity (Vf = 140.6 m/s) close to the one obtained by the US

optimisation is attained (Vf = 140.8 m/s). The latter fails to exceed the values obtained in the last

strategy over the angle-ply curve (Vf = 145.1 m/s). This analysis confirms that the optimal TS lami-

nates for a swept-backward wing are located over this curve. On the other hand, flutter velocity of the

swept-forward wing (Vf = 140.4 m/s) is increased higher than any of the previous studies. It shows

about 3% increase with respect to the US case (Vf = 137.0 m/s) and about 10% compared to the TS

configuration obtained over the angle-ply curve (Vf = 127.6 m/s). Similarly to the observations made

during the US optimisation of the swept-forward wing, the optimal TS laminate for this configuration

is not placed on the angle-ply curve on the contrary to all the other geometries. It needs to be noted

that for both swept cases, the optimal value of the polar angle or the orientation of the orthotropic

axis, is close to the US case, i.e. constant stiffness laminates (cfr. section 3.1.2 and table 3.5). This

observation can help reduce the computational time as the domain of investigation is restricted to

a given value of Φ1. Finally, comparing the flutter frequencies between tables 4.2 and 3.5, all three

geometries have up to 4% increase with respect to their equivalent US configuration. While the values

remain within the same interval and thus correspond to the same mode, it can be concluded that the

TS laminates have higher frequencies over the same flutter mode.

The distribution of the anisotropic moduli RK and R1 over the structure for both swept con-

figurations is presented in figure 4.14. In case of the swept-backward wing (figure 4.14.(a,b)), the

distributions for both moduli remain limited to a given interval but this time larger than the previous

cases. The effect of the outer edge is more visible for this configuration compared to the one obtained

over the ply-angle curve. It needs to be pointed out that this zone is around the elastic values of

optimal US case with optimised value for Φ1 which belonged to the cross-ply laminates. The swept-

forward wing has also limited variation for RK (figure 4.14.c) and the values are limited to the higher

extremity of this parameter, meaning that the optimal laminates correspond to cross-ply laminates

(right border of the orthotropic domain). On the other hand, the values of R1 (figure 4.14.d) are more
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Figure 4.14: Variation of (a,c) RK and (b,d) R1 presented by the colour map over the span. (a,b) the
swept-backward wing (case swb1) and (c,d) the swept-forward wing (case swf1) for variation of RK and R1

inside the orthotropic domain while optimising Φ1.

dispersed and vary through the entire domain of definition. This case corresponds to the variations

of the tow-angles in the cross-ply laminates throughout the structure, implying a discontinuous vari-

ation of the orientation angles through the ply, switching from 0◦ to 90◦, which is not really feasible

considering tow-steered laminates.

Figure 4.15 represents the aeroelastic response of both wings. The swept-backward (case swb1)

configuration shows similar behaviours as previous cases but this time the instability first occurs on

the third mode. The second mode becomes unstable shortly after the third mode. For the swept-

forward wing, the instability takes place on the second mode but again with a third mode that is close

to instability and the divergence mode that follows the same trend.
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Figure 4.15: Evolution of (a,c) aeroelastic damping and (b,d) aeroelastic frequency of the TS swept wings
with variations of RK and R1 in the orthotropic domain while optimising Φ1. (a,b) case swb1 and (c,d) case
swf1.

The unstable modes are presented in figure 4.16. The third aeroelastic mode is demonstrated for

the swept-backward wing which is a combination of the first torsion and the third bending mode. For

the swept-forward case, the second aeroelastic mode is presented as well in figure 4.16.b).
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Figure 4.16: Aeroelastic mode shapes of the TS swept wings for variation of RK and R1 in the orthotropic
domaine while optimising Φ1. a) case swb1 and b) case swf1.



4.3 Optimisation results 85

The optimisation inside the orthotropic domain was conducted for all three geometries, straight,

swept backward and forward. No improvement has been shown regarding the straight and the swept-

backward cases. On the other hand, interesting results were obtained concerning the swept-forward

wing. It has increased the flutter velocity of the structure by more than 2% but also confirmed the

results concerning the optimal elastic properties obtained during the US optimisation.

4.3.3 Optimisation over span and chord

The previous cases were optimised in the span-wise direction which implies a 1D variation of the tow

angles. While some improvements have been observed, a further gain in the aeroelastic performance

could be achieved by applying a 2D variation of the fibre path. Considering the most efficient strategy

with variation of the anisotropic moduli RK and R1 over the angle-ply curves defined in equation

(4.10), a 2D optimisation can be carried out. Table 4.3 presents the results of 2D optimisations for the

straight wing and recalls the span-wise (1D) optimisations of the same configuration. In both cases a

slight improvement in the results of the flutter velocity (Vf ) is observed during the 2D optimisation.

Case ID Wing configuration RK [GPa] R1[GPa] Φ1[◦] αswept[
◦] Vf [m/s] ωf [rad/s]

st1 straight (1D) variable variable 0. 0. 151.8 499.5

st2 straight (2D) variable variable 0. 0. 152.2 468.2

Table 4.3: Deterministic optimisation results of the Tow-Steered configurations obtained by 2D variation of
anisotropic moduli (RK and R1) over the angle-ply curve throughout the structure with red coloured variables
indicating constant parameters during the study.

The straight wing with 2D fibre variation presents an improvement of less than 1% in the flutter

velocity in comparison to the 1D case. On the other hand, this small increase of Vf implies more than

6% decrease of the flutter frequency (ωf ).

The 2D variations of the anisotropic moduli (RK and R1) are presented in figure 4.17. The val-

ues remain within a limited interval particularly in the middle of the structure. An increase can be

observed towards the leading and trailing edge of the wing. The 2D optimisation strategy has added

multiple variation zones on the structure which increases the complexity of the fibre paths.

Similarly to the previous cases in section 4.3.1, the fibre orientations are calculated analytically

using the anisotropic moduli over the angle-ply curve according to equation (4.15) and presented in

figure 4.18.
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Figure 4.17: Variation of a) RK and b) R1 over the span and chord (2D) for the straight wing with the
orthotropic axis aligned with the main wing axis (case st2 in table 4.3) while optimising the anisotropic moduli
over the angle-ply curve.

The lamination angle theta is represented, thus figure 4.18 depicts the fibre path along one ply,

which will be alternated to plies aligned to the opposite angle −θ, where the orientation is defined

with respect to the main orthotropy axis Φ1 (here, Φ1 = 0, the orthotropy axis is aligned with the

main wing axis) The orientations vary both along the chord and the span. On the other hand, they

remain nearly constant (θ ∼ 40◦) over a large part of the structure the structure with slight changes

towards the edges.
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Figure 4.18: Variation of the lamination angle θ for the angle-ply stacking sequence over the span and chord
presented by arrows for the straight wing with the orthotropic axis aligned with the main axis of the wing (case
st2) in table 4.3.
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Figure 4.19.a) represents the evolution of the aeroelastic damping and Figure 4.19.b) the unstable

mode shape.
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Figure 4.19: Aeroelastic response of the TS straight wing (case st1) with 2D variations of RK and R1 over
the angle-ply curve. a) evolution of aeroelastic damping and b) the unstable mode shape.

The damping diagram indicates an instability over the second aeroelastic mode. However, the

third mode remains very close to the flutter boundary (zero horizontal axis) and the first mode

(divergence mode) becomes positive and thus unstable immediately after the instability of the second

mode. This suggests that small perturbations of the optimal deterministic parameters can give raise

to a mode switch and the emergence of unstable modes at lower velocities. It can be said that while

the 2D variation of the fibre paths has increased the flutter velocity of about 1% compared to the 1D

configuration, it has modified the rigidity of the structure in a way that the instability can occur over

multiple mode shapes.

4.4 Conclusion

In the continuation of the previous chapter, multiple optimisation problems were formulated in or-

der to maximise the flutter velocity of three different geometries. The optimisation problem was

based on laminates with Variable-Stiffnesses (VS) and in particular the Tow-Steered composite plies.

The latter are usually described using a direct parametrisation on the stacking sequence angles, and

the orientation field over the geometric domain was approximated by polynomials [86, 82]. In this

study, the polar parameters were employed to replace the traditional methods. Two different strategies

were developed to study the impact of each parameter on the aeroelastic performance of the structure.

The first strategy put in place during this study was the variation of the anisotropic moduli over
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the angle-ply curve (upper border of the orthotropic domain: only one anisotropic modulus is consid-

ered as an optimisation variable, since the second one is linked to it by the angle-ply curve relation).

This choice was made due to the large number of optimal cases placed on this curve during the US

optimisation. This strategy was carried out for all three geometries (straight, swept-backward, swept-

forward). A gain of 4% over the flutter velocity was observed compared to the US case for the straight

wing. Both swept cases showed a large gain for an optimised Φ1 during their US optimisation. For this

reason, the polar angle was included as an optimisation variable while staying constant throughout

the structure. The flutter velocity of the swept-backward wing increased by 3% for an optimised value

of the polar angle Φ1 compared to the US case. On the other hand, the swept-forward wing did not

have an increase of the flutter velocity compared to its US case during this optimisation study.

A more general strategy was then conducted over the entire orthotropic domain, thus letting the

anisotropic moduli vary as independent variables over the whole domain. In this case, the straight

wing could only attain similar velocities as the US configuration. The polar angle Φ1 was included

in the optimisation problem for the swept wings but kept constant over the structure. While the

swept-backward wing matched the value of the Vf obtained during the US optimisation, the swept-

forward wing could surpass this value. The latter resulted in a gain of about 3% for this configuration

compared to the US case.

Finally, an optimisation study was conducted considering the variation of the tow angles in both

span-wise and chord-wise directions. This strategy was applied to a straight wing by varying the

anisotropic moduli over the ply-angle curves. The latter helped increase the flutter velocity by less

than 1% which resulted in a decrease of the flutter frequency by 6%. The evolution of the aeroelastic

damping of this configurations shows that three aeroelastic modes surpass or approach the flutter

boundary (instability) around the flutter velocity. It can then be concluded that given the complexity

in the fabrication of 2D fibre paths and the small improvement of flutter velocity, this configuration

was one of the less interesting cases.



5
Uncertainty Quantification

In the present chapter, the stochastic behaviour of the optimal solutions obtained by various determin-

istic optimisation problems is investigated. These analyses are conducted mainly due to the multiple

sources of uncertainties in the manufacturing of composite materials, as well as the observed potential

risks of mode switches in the aeroelastic behaviour of the optimal solutions in the previous chap-

ters. Scarth et al. [69] conducted similar studies on the aeroelastic behaviour of composite structures

using quasi-steady aerodynamic models and approximating the aeroelastic response of the structure

by means of polynomial chaos [96, 164, 165]: this study was restrained to symmetric distributions

of errors on the ply orientation angles. Nitschke et al. [29] completed these studies by generalising

the distribution of angular errors over the entire stacking sequence, thus getting rid of the unrealistic

hypothesis of symmetry, and by including uncertainties on ply thicknesses, thanks to the use of the

polar formalism. They both proved the importance of stochastic analysis on the aeroelastic response

of a structure. On the other hand, both these studies were limited to straight cantilevered plate wings

with Uniform-Stiffness laminates and very low-fidelity aerodynamic models.

Hereafter, broader geometries and composite configurations are explored using a higher fidelity

aerodynamic model. The deterministic aeroelastic behaviour of these cases were studied in the previous

chapters, however, the influence of the parametric uncertainties present during the manufacturing

process was entirely neglected. This chapter is dedicated to the study of the impact of parametric

uncertainties on all the optimal cases and a comparison between the probabilistic aeroelastic responses

is conducted.

89
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5.1 Uniform-Stiffness Laminates

The main parametric uncertainty taken into account is the uncertainty over the ply angles. These

parameters have a considerable influence on the stiffness of the structure and its aeroelastic behaviour.

The ply thicknesses can also be affected by uncertainties thus their impact on the aeroelastic response

of the structure is measured. As explained in chapter 3, the optimisations have been conducted us-

ing polar parameters and the corresponding stacking sequences are obtained using different methods

explained in section 3.2. The same strategy is employed for the Tow-Steered laminates which will be

explained in details in the next section. The parametric uncertainties are then considered over the

retrieved optimal stacking sequences.

At first, uncertainties over ply angles are considered for each stacking sequence. The uncertainties

are propagated using the Latin Hypercube Sampling (LHS) with a standard deviation (std) of 5 de-

grees (σ = 5◦) for each ply. For a given stacking sequence, a convergence study has been carried out

by varying the number of samples in order to find the appropriate number of sampling to use. Table

5.1 summarises the mean of the flutter velocity, µf , and its standard deviation, σf , as well as their

associated computational time for each case. The mean values of the 1000 and 5000 sample cases are

identical to the order 10−3 and with less than 1% difference in comparison to the case with 10000

samples. The standard deviations of the first two cases are further apart but the general variations

between the three cases remains about 2%.

Number of samples µf [m/s] σf [m/s] Computational time 1 [h]

1000 134.409 4.123 83

5000 134.408 4.225 416

10000 134.502 4.196 833

Table 5.1: Stochastic properties of the stacking sequence [−45, 40,−55, 35, 40, 10,−60,−50]s for three dif-
ferent LHS sampling population.

Figure 5.1 compares the probability density function (pdf) of the three sampling cases of table 5.1.

The general shape of the pdfs remain similar to one another, whilst a small difference in the peak of the

three pdfs is observed. The latter reduces as the number of the samples increases and gives place to a

wider pdf which explains the difference in the values of the standard deviations. Given the similarities

in the mean and standard deviation of the three cases presented in table 5.1 and the shape of the

pdfs demonstrated in figure 5.1, it can be said that the 1000 samples can provide adequately accurate

results. Furthermore, the high computational time of these simulations is an added justification to

1Intel Xeon Silver 4114 Processor with 40 cores
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choose the lowest number of sampling to conduct the stochastic analysis.
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Figure 5.1: Probability distribution function of the flutter velocity corresponding to the stacking sequence
[−45, 40,−55, 35, 40, 10,−60,−50]s for three different sampling population.

As a result of the previous study, 1000 samples are propagated using the LHS through the optimal

configurations obtained in the previous chapters and their flutter velocity (Vf ) is computed using the

same method explained in section 2.1.3. In this section, the stochastic behaviour of all the orthotropic

cases presented in chapter 3 are analysed. The first case to consider is the straight configuration ob-

tained while optimising the anisotropic moduli (RK and R1) and the polar angle (Φ1) (configuration

st1 of table 3.5). Table 5.2 presents the optimal and mean flutter velocity, Vf and µf respectively,

as well as the standard deviation σf resulting from the uncertainty propagation. The flutter velocity

corresponding the the 0.01th percentile, (Vf [m/s], 0.01), of each case has been presented in the far

right column of table 5.2, in order to facilitate the comparison of the stochastic response of different

configurations.

Case ID Wing configuration Vf [m/s] µf [m/s] σf [m/s] (Vf [m/s], 0.01) 2

st1 straight 146.5 132.8 10.0 102.2

st2 straight (variable αswept
3) 146.7 138.0 5.8 119.0

swb1 swept-backward 130.5 129.1 4.0 116.5

swb2 swept-backward (variable Φ1) 140.8 135.9 2.8 122.9

swf1 swept-forward 92.0 91.6 3.5 80.9

swf2 swept-forward (variable Φ1) 137.0 130.2 4.3 101.3

Table 5.2: Stochastic properties of the deterministic optimal cases obtained with US ply laminates due to
randomness in the ply angles with a standard deviation of 5◦.
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The pdf obtained from the uncertainty propagation on the ply angles of the first straight configu-

ration treated in section 3.1.2 (st1 already presented in table 3.5 and recalled in table 5.2) is presented

in figure 5.2. The latter pdf exhibits a bi-modal behaviour which can be easily explained using the

response surface in figure 5.3.a).
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Figure 5.2: Probability distribution function of flutter velocity corresponding to the optimal straight US
case st1 where Φ1 = 0. The vertical solid black line represents the deterministic optimal flutter velocity, the
vertical dashed blue line is the mean flutter velocity µf and the vertical dashed red line, the flutter velocity at
0.01th percentile (Vf [m/s], 0.01).

Figure 5.3 shows the complete response surface of the critical flutter velocity Vf for the straight

configuration st1, considered as made of an orthotropic laminate with the main orthotropy axis Phi1

aligned with the main wing axis (Phi1= 0). When varying the values of the anisotropic moduli

RK and R1 over the orthotropic domain, a discontinuity caused by a mode switch is present on

the response surface and the maximum flutter velocity is placed right next to this discontinuity.

Thus, when applying angular errors to the deterministic optimal stacking sequence, given in table 3.5,

the resulting laminates can show much lower aeroelastic performances if their elastic parameters fall

beyond the discontinuity. As a consequence, the higher peak of the pdf in figure 5.2 corresponds to

the values around the optimal deterministic flutter velocity (Vf = 146.5 m/s) which are observed on

the right side of this discontinuity. In figure 5.2 the second peak around the smaller values of Vf is

related to the values on the left side of the discontinuity. These observations can explain the difference

of 10% between the mean and the optimal flutter velocity (µf and Vf , respectively, in table 5.2) as

well as the large value of the standard deviation. The flutter velocity at 0.01th percentile (Vf = 102.2

m/s) is more than 30% lower than the optimal flutter velocity which is another implication of the

bi-modality of this pdf. The high probability of the lower peak indicates a high risk behaviour. The

latter can easily fall in the flying region of the airplane given the current safety standards and cause

severe damages to the wing structure [29].

2flutter velocity value at 0.01th percentile
3αswept is referred to the angle of the swept wing
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Figure 5.3: Variation of the flutter velocity in an orthotropic domain as a function of the anisotropic moduli
RK and R1. a) Φ1 = 0◦ and b) Φ1 = −2◦. The black dot represents the configuration with the highest flutter
velocity for a straight wing.

The stochastic behaviour of other configurations have thus been studied. The st2 case of straight

wing obtained from the optimisation of the anisotropic moduli (RK and R1), as well as the polar

angle (Φ1) and the swept angle (αswept) is now considered (results shown in table 3.5). In this case,

the mean value of the flutter velocity (µf = 138.0 m/s) is 4% higher than the previous configuration

(µf = 132.8 m/s). The standard deviation of st2 is about 40% lower than st1 . As a result of this

difference, this configuration has a flutter velocity at 0.01th percentile (Vf = 119.0 m/s) that is about

15% higher than the previous straight wing (Vf = 102.2 m/s) .
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Figure 5.4: Comparison of probability distribution functions of flutter velocity corresponding to the optimal
straight US cases (st1 and st2 in table 5.2) where Φ1 = 0◦ and Φ1 = −2◦ respectively. The vertical dashed
black line represents the flutter velocity at 0.01th percentile of case st1 and the vertical dashed blue line is the
flutter velocity at 0.01th percentile of case st2.
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Figure 5.4 compares the two pdf of this optimal laminate st2 to the previous case st1 presented

in figure 5.2. The probability density function once again exhibits bi-modal behaviours but in com-

parison to the case with Φ1 = 0◦, the lower peak falls in larger values of Vf and closer to the higher

peak which can explain the 40% decrease of the standard deviation. This behaviour can be explained

using figure 5.3.b) which exhibits a discontinuity in the response surface, but the difference between

values on either side of the discontinuity (V high
f =147 m/s, V low

f =142 m/s) is lower than in the st1

case of figure 5.3.a) (V high
f =147 m/s, V low

f =133 m/s). On the other hand, the values of the flutter

velocity on both sides of this discontinuity remain in a closer interval in comparison to the case with

Φ1 = 0◦. This proximity of values results in a smaller variance in the pdf of the optimal case despite

the existence of a mode switch on the response surface.

The forward uncertainty propagation of a swept-backward wing obtained while optimising only

the anisotropic moduli (case swb1 given in table 3.5) and when including the polar angle as an optimi-

sation variable (case swb2 given in table 3.5), are compared in figure 5.5. First of all, one can remark a

bimodal shape for the pdf of the swb1 case (green curve in figure 5.5), whilst the bi-modality seems to

be absent in the swb2 case. Coherently with the deterministic optimisation results (cfr. table 3.5), the

mean flutter velocity (µf = 135.9 m/s) of case swb2 is higher than case swb1 (µf = 129.1 m/s) but

this difference is only of 5%, while the optimal flutter velocities are 7% apart. Moreover, the standard

deviation is 30% smaller for the case with optimised Φ1 (case swb2). The same observations are made,

by comparing the pdfs: the latter case has a lower variance and a pdf with higher probabilities around

the mean value. The long tail in the pdf of case swb2 lowers the value of flutter velocity at 0.01th

percentile ((Vf [m/s], 0.01) = 122.9 m/s, dashed blue line in figure 5.5) compared to the optimal flutter

velocity (Vf = 140.8 m/s, solid blue line in figure 5.5). On the other hand, the latter has a higher

flutter velocity at 0.01th percentile compared to case swb1 ((Vf [m/s], 0.01) = 116.5 m/s, dashed black

line in figure 5.5) and thus remains the more reliable case.

Figure 5.6 presents the response surfaces of the flutter velocity and the flutter frequency of the

swept-backward wing with an optimised polar angle (case swb2 in table 5.2), which help to explain the

stochastic analysis of this configuration. Similarly to the previously discussed straight geometries, the

optimal case is located next to a discontinuity. The latter is more visible on the frequency response

surface (figure 5.6.b) due to the sharp jump between the values of two modes. This surface is more

complex than the one corresponding to the straight wing as it has two mode-switches including a

region with zero frequency (represented by the blue region in the upper part of the domain, corre-

sponding to divergence instabilities). On the other hand, the discontinuity next to which the optimal

case is located, does not show a variation between the flutter velocities from one side to the other,

which avoids the bi-modality on the pdf of the swept-backward wing.
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Figure 5.5: Comparison of probability distribution functions of flutter velocity corresponding to the prop-
agation of uncertainties over the optimal swept-backward US cases (swb1 and swb2) , with, respectively, Φ1 =
-15 (orthotropy axis aligned with the swept wing axis) and Φ1=-56 (optimised value of Φ1). The solid and the
dashed black lines represent the optimal and the 0.01th percentile flutter velocity of case swb1, and the solid
and the dashed blue lines are the optimal and the 0.01th percentile flutter velocity of case swb2, respectively.
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Figure 5.6: Variation of a) the flutter velocity and b) the flutter frequency in an orthotropic domain as
a function of the anisotropic moduli RK and R1 for the optimal solution of swb2 case, where Φ1 = −56◦.
The black dot represents the configuration with the highest flutter velocity for the considered configuration of
swept-backward wing.

The comparison of swept-forward cases, swf1 and swf2 is given in figure 5.7 and it shows the

significant difference of about 30% in the optimal flutter velocities (cfr. the deterministic optimal

results in table 3.5). Unlike the swept-backward wings, case swf1 has a lower variance (σf = 3.6 m/s)

compared to case swf2 (σf = 4.3 m/s). The difference in the variance is of 22% which is not negligible,

even if both values of variance are small. However, case swf2 has a flutter velocity at 0.01th percentile
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((Vf [m/s], 0.01) = 101.3 m/s, dashed blue line in figure 5.7) that is more than 20% higher than case

swf1 ((Vf [m/s], 0.01) = 80.9 m/s, dashed black line in figure 5.7) which renders the former the more

reliable configuration. These observations are presented in figure 5.7 with the pdf of case swf2 whose

range of observability is obtained for larger values of Vf than case swf1.
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Figure 5.7: Comparison of probability distribution functions of flutter velocity corresponding to the optimal
swept-forward US cases (swf1 and swf2) with, respectively, Φ1 = 15 (orthotropy axis aligned with the swept wing
axis) and Φ1 = 47 (optimal direction of the orthotropy axis). The solid and the dashed black lines represent
the optimal and the 0.01th percentile flutter velocity of case swf1, and the solid and the dashed blue lines are
the optimal and the 0.01th percentile flutter velocity of case swf2, respectively.

It needs to be noted that, for both swept cases (backward, swb1 and swb2, and forward, swf1 and

swf2), when the polar angle is aligned with the main axis of the structure, the mean and the optimal

values of the flutter velocity are very close to one another with less than 1% difference. The reason

for the proximity of these values is the impact of Φ1 on the swept geometries. It was shown during

the optimisation process (in section 3.1.2) that the swept cases have higher flutter velocities once their

orthotropic and reference axis are not aligned. Thus, when an uncertainty is imposed over the aligned

cases, it influences the values of the polar angles and reaches higher flutter velocities than the optimal

case. This increase is not observed for configurations with unaligned orthotropic and main axis. For

these cases, the polar angle is included in the optimisation process and the deterministic case has

already reached the maximum flutter velocity and it can only be reduced by uncertainties over Φ1.

Finally, the comparison of the pdf of Vf is presented in figure 5.8 for cases st1 , swb2 and swf2 .

It can be observed that, despite the highest optimal flutter velocity of the straight wing, the swept-

backward configuration remains the best compromise between the performance and reliability as it

possesses the largest mean value and the smallest variance which directly implies the higher flutter

velocity at 0.01th percentile ((Vf [m/s], 0.01) = 122.9 m/s, dashed blue line in figure 5.8).
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Figure 5.8: Comparison of probability distribution functions of flutter velocity corresponding to all optimal
US cases with variable Φ1 (cases st1, swb2 and swf2). The dashed black line represents the flutter velocity at
0.01th percentile of case st2, the dashed blue line is the flutter velocity at 0.01th percentile of case swb2 and the
dashed red line is the flutter velocity at 0.01th percentile of case swf2.

5.2 Tow-Steered Composites

Before considering the parametric uncertainties for the Tow-Steered (TS) composite materials, spa-

tially variable uncertainties need to be modelled, which was not the case for Uniform-Stiffness com-

posites, where angular and thickness perturbations can be directly taken into account as parametric

uncertainties. However, if the direct sampling methods, applied in section 5.1, were employed in the

case of Variable-Stiffness Tow-Steered composites, they could simply provide uncertainties over each

node of the FE model, and are not able to include the spatial dependency present in the TS plies. In

this context, Scarth et al. [166] have employed the Karhunen-Loève expansion which separates the

spatial and random dependency of the uncertainties, and they have presented an intrusive polynomial

chaos method which conserves these properties of the K-L expansion. Another example of uncertainty

propagation using a random field can be observed in the work of De Larrard et al. [167], where spa-

tial and random variations of the Young modulus are considered over the mechanical behaviour of a

nuclear containment vessel and a study is conducted on the impact of the correlation length over the

covariance function and its different parameters. Guimarães et al. [168] applied this expansion in the

framework of aeroelasticity to impose uncertainties over a Tow-Steered composite laminate in both

subsonic and supersonic flow conditions.

In this work, a similar approach is considered to investigate the stochastic response of Variable-

Stiffness (VS) laminates made of Tow-Steered (TS) plies. As the entire optimisation studies have been

carried out using the polar parameters, the corresponding tow angles need to be calculated for each

case. In this section, the stacking sequence retrieval of the Tow-Steered laminates is first explained.
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Next the numerical modelling of the uncertainty propagation using the Karhunen-Loève expansion is

presented. Finally the results of these studies are analysed and discussed in detail.

5.2.1 Stacking Sequence Retrieval of Tow-Steered plies

In the following, the methods applied in section 3.2 are adapted in the case of Variable Stiffness

(VS) laminates. Two different optimisation strategies are employed during the optimisation of these

materials. Each strategy requires a specific approach to obtain a stacking sequence with similar elastic

properties as the target polar parameters.

• Variation of the anisotropic moduli over the angle-ply curve

The first optimisation strategy, adopted in section 4.2.3 varies RK and R1 over the structure but

limits the parameters to the angle-ply curve where most optimal configurations from US cases

are placed. In this case, each finite-element node (i), with i = 1, ..., N , corresponds to a set of

polar parameters which result in a corresponding (i)-th node stacking sequence, which is defined

over the angle-ply curve. The angle-ply lamination angle θ can be calculated analytically using

equation (5.1).
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Figure 5.9: The corresponding set of anisotropic moduli over each node of the Finite Element mesh.
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where the (i)-th line (or subscript (i)) indicates the stacking sequence corresponding to the (i)-th

node of the FE model illustrated in figure 5.9. The subscript in the stacking sequences denote

the number of repetition of that orientation in consecutive plies.

This case could rise the question of the feasibility limits on the fibre path for each ply. On

the other hand, the B-spline method, applied to model the TS laminates, explained in section

4.1, has a strong convex hull property which insures the admissible limits on the value of the

anisotropic moduli. As these values have a direct relationship with angle (θ) used to build the

corresponding stacking sequence, the convex hull property insures the limits on the fibre paths

of each ply as well.

• Variation of the anisotropic moduli inside the orthotropic domain

The second optimisation strategy in section 4.2.3 was conducted by variation of the anisotropic

moduli all over the orthotropic domain. For this case, each finite element node, as depicted in

the FE model of figure 5.9, corresponds to a different set of polar parameters in the orthotropic

domain. Contrary to the previous strategy, the corresponding stacking sequence retrieval will

require a numerical investigation by minimising the Kullback-Leibler function defined in equation

(5.2).

FABD(δ,LT) = tr(L(δ)L−1
T ) + tr(L(δ)−1LT)− 12 (5.2)

where subscript T represents the Target matrices associated to the optimal polar parameters,

all L matrices are defined as a function of the rigidity tensors of the composite structure

L =

[
A B

B D

]
(5.3)

This study can become very costly due to the large number of finite-element nodes and the limits

on the fibre path curves cannot be easily satisfied. For these reasons, the optimal cases obtained

by this strategy are not analysed in this chapter.

Once the stacking sequences corresponding to each case are obtained, they can be employed in the

uncertainty quantification analysis. For this purpose, the Karhunen-Loève expansion is used in order

to take into account the spatial dependency of the random variables.
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5.2.2 Karhunen-Loève Expansion

The Karhunen-Loève (K-L) expansion which decomposes the random and the spatial dependency of

the uncertainties, can be defined as [169]

K(x,Θ) = Θ̄(x) +

m∑
i=1

√
λiκi(x)ζi(Θ) (5.4)

where K(x,Θ) is a random process (in this case the uncertainties over the tow-angles), Θ̄(x) the mean

of the process (deterministic optimal fibre paths), λi and κi(x) the eigenvalues and the eigenvectors

of the covariance function (C(x1,x2)), ζi(Θ) the uncorrelated random variables obtained with unit

variance and m is the number of K-L terms. It needs to be noted that x represents the coordinate

of a FEM node and the C(x1,x2) translates to the value of covariance function calculated between

two nodes. The covariance function [170] chosen for this study can be defined with the help of the

correlation length (lc) and the variance of the random process (Vc), which is related to the standard

deviation σ on the angular errors

C = Vc exp

(
−‖x1 − x2‖2

l2c

)
(5.5)

In this study, a correlation length of lc = chord
2 is considered with a variance of Vc = σ2 (previously

set to 5◦ for the errors on fibre angles). The covariance function C is thus computed amongst all

FEM nodes using their coordinates, and its eigenvalues λi and eigenvectors κi are computed. For the

truncated K-L expansion given in equation (5.4), the number of terms are limited to m whose value is

determined by a convergence study over the eigenvalues. Defining an error as the fraction of the sum

of truncated terms over the total sum of eigenvalues
∑
λm

λtot
, figure 5.10 represents the evolution of the

latter with respect to the number of K-L terms.
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Figure 5.10: Convergence of the eigenvalue error with respect to the number of K-L terms.
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Considering the convergence test conducted above, m = 40 K-L terms are chosen to present the

random process of equation (5.4). The covariance matrix mode shapes of the first 8 terms are presented

in figure 5.11.
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Figure 5.11: Mode shapes (eigenvectors) of the K-L covariance matrix.

Algorithm 3: Karhunen-Loève Expansion for generation of uncertainty over TS laminates
1: Define the Covariance matrix (equation (5.5))

C = Vc exp

(
−‖x1 − x2‖2

l2c

)
2: Compute the eigenvalues λ and the eigenvectors κ of the Covariance matrix
3: for i = 1 : Nplies do
4: Generate a set of random variables with unit variance ζi(Θ)
5: for i = 1 : Nrandom do
6: Compute the B-spline surface (equation (5.4))

K(x,Θ) = Θ̄(x) +

m∑
i=1

√
λiκi(x)ζi(Θ)

7: end for
8: end for

5.2.3 Effect of uncertainties on the aeroelastic response of angle-ply TS laminates

As shown in section 5.2.1, the optimal angle-ply TS laminates are retrieved by application of an

analytical approach. Using the K-L expansion method, the uncertainties on ply angles with a standard

deviation of σ = 5 are propagated in order to obtain perturbed angle-ply TS laminates. The aeroelastic

performances of such uncertain TS laminates are evaluated and the results are presented in table 5.3.
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Case ID Wing configuration Vf [m/s] µf [m/s] σf [m/s] (Vf [m/s], 0.01)

st1 straight 151.8 138.4 10.4 117.4

swb1 swept-backward 145.1 139.8 3.6 124.1

swf1 swept-forward 127.6 123.9 2.7 116.2

Table 5.3: Stochastic properties of the optimal cases obtained with angle-ply TS laminates: deterministic
maximum flutter velocity Vf , mean µf and standard deviation σf of the flutter velocity after propagation of
errors, and flutter velocity at 0.01th percentile, (Vf [m/s], 0.01).

The straight wing has a mean velocity µf that is more than 8% lower than its optimal deter-

ministic flutter velocity Vf . The standard deviation of this case indicates a large variation of the

flutter velocity around the mean value which implies a more dispersed probability density function

(pdf) resulting into a flutter velocity at 0.01th percentile that is more than 20% lower than the op-

timal Vf . The swept-backward wing, while having a lower optimal flutter velocity compared to the

straight case, has a mean value that is only about 3% lower than the optimal Vf . Given the value

of the standard deviation (std) which is more than 65% lower than the std of the straight case, it

can be concluded that the pdf of case swb1 is much narrower than the st1 with a higher probability

over the mean value. The flutter velocity at 0.01th percentile of case swb1 (Vf = 124.1 m/s) is 5%

higher than the one corresponding to the straight wing (Vf = 117.4 m/s). The previous observation

shows that, while the swept-backward wing has a lower optimal flutter velocity, it is a more reliable

configuration compared to the straight wing. Finally, the swept-forward case with the lowest optimal

flutter velocity in comparison to the other cases, has a mean velocity that is 3% lower than its optimal

Vf . This configuration has the lowest standard deviation compared to the other geometries which

implies that it has the highest probability of having the flutter velocity around the calculated mean

value µf . Moreover, the flutter velocity at 0.01th percentile of case swf1 is only less than 1% lower

than the straight case while its optimal flutter velocity is more than 15% lower than case st1. While

these values provide multiple indications concerning the probabilistic response of each optimal case,

the pdf of each configuration allows a more visual and explicit comparison of the aeroelastic behaviour.

Figure 5.12 compares the three pdfs of the cases presented in table 5.3. The pdf of the straight wing

exhibits a bi-modal behaviour which explains the large value of the standard deviation corresponding

to this configuration. As mentioned previously, the position of the optimal straight case next to a

discontinuity present on the orthotropic surface can results in a first peak on the pdf around the higher

values of the flutter velocity and a second peak related to the lower velocities on the other side of the

discontinuity. This mode switch which gives rise to the bi-modal probabilistic behaviour can become

dangerous with the current safety measures which takes into account a 15% security margin below the

maximum flutter velocity.
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Figure 5.12: Comparison of probability distribution function of flutter velocity corresponding to the optimal
Tow-Steered cases with variations of RK and R1 over the angle-ply curve with optimised Φ1 for swept cases.
The dashed black line represents the flutter velocity at 0.01th percentile of case st1, the dashed blue line is the
flutter velocity at 0.01th percentile of case swb1 and the dashed red line is the flutter velocity at 0.01th percentile
of case swf1.

The swept-backward configuration does not show bi-modal behaviour but the corresponding pdf

has a long tail which explains the value of the standard deviation. The tip of the density function

has a narrower shape and it has a high probability on the mean flutter velocity. On the other hand

the large tail reduces the reliability of the configuration. The swept-forward wing has the ideal shape

with a high probability over the mean flutter velocity and a narrow pdf with short tails on both ends.

However, the optimal flutter velocity of this case is lower than both other configurations and while it

is reliable, the performance is not adequate.
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Figure 5.13: Comparison of probability distribution function of flutter velocity corresponding to the
Uniform-Stiffness (US) case and the Tow-Steered (TS) laminate with span-wise variation of RK and R1 over
the angle-ply curve for a straight wing. The dashed black line represents the flutter velocity at 0.01th percentile
of the US configuration and the dashed blue line is the flutter velocity at 0.01th percentile of the TS case.
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The stochastic response of the Tow-Steered configuration obtained by optimisation of the anisotropic

moduli over the angle-ply curve is compared to the Uniform-Stiffness straight case in figure 5.13. Both

pdfs present a bi-modal response which confirms that the maximum flutter velocity is located near the

mode switch discontinuity. The Tow-Steered fibres allowed an increase of the flutter velocity regarding

both peaks. It was observed that the maximum flutter velocity of the TS configuration is 4% higher

than its US counterpart. However the stochastic response has higher values of velocities for both peaks

and the lower probability over the gap between the two peaks.

Figure 5.14 shows that the swept-backward wings both present a mono-modal pdf of Vf . The

Uniform-Stiffness case has a wider pdf that is more uniformly spread. The Tow-Steered configuration

on the other hand, has a narrower tip with higher probabilities but a longer tail that covers a higher

range of the lower velocities. This behaviour is the reason why the standard deviation of the TS case

is about 25% higher than the US optimal laminate.
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Figure 5.14: Comparison of probability distribution function of flutter velocity corresponding to the
Uniform-Stiffness (US) case and the Tow-Steered (TS) laminate with span-wise variation of RK and R1 over
the angle-ply curve and optimised Φ1 for a swept-backward wing. The dashed black line represents the flutter
velocity at 0.01th percentile of the US configuration and the dashed blue line is the flutter velocity at 0.01th

percentile of the TS case.

Unlike the previous cases, the swept-forward wing could not surpass the maximum flutter velocity

obtained with the optimal Uniform-Stiffness configuration during the Tow-Steered optimisation over

the angly-ply curve. The comparison of the stochastic response of both cases in figure 5.15 confirms

the difference in the mean velocities. On the other hand, the TS configuration has a narrower pdf with

higher probability over the corresponding mean velocity. The latter explains the 35% reduction in the

standard deviation of the TS case. It can be concluded that the latter is a more reliable configuration

than the US laminate with lower performance.
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Figure 5.15: Comparison of probability distribution function of flutter velocity corresponding to the
Uniform-Stiffness (US) case and the Tow-Steered (TS) laminate span-wise variation of RK and R1 over the
angle-ply curve and optimised Φ1 for a swept-forward wing. The dashed black line represents the flutter veloc-
ity at 0.01th percentile of the US configuration and the dashed blue line is the flutter velocity at 0.01th percentile
of the TS case.

5.3 Conclusion

The stochastic analysis of the optimal configurations obtained with various formulations was con-

ducted. The Uniform-Stiffness laminates have been subject to a direct uncertainty propagation using

the Latin Hypercube Sampling (LHS) method. A standard deviation of 5◦ over 1000 samples was

considered to carry out the probability density function of each case. Unlike the results of the de-

terministic optimisation for which the highest flutter velocity was achieved by the straight wing, the

stochastic analysis suggested different conclusions. The mean flutter velocity of the straight wing in-

dicated a difference of 8% compared to the optimal Vf which was significantly larger than other cases.

This reduction can be explained by the large value of the standard deviation and the bi-modal pdf of

this case. This bi-modality reduced the reliability of the optimal deterministic results and proved the

necessity of the stochastic investigation.

Other geometries such as swept wing were then subject to similar analysis. The impact of the

polar angle over both swept configurations was demonstrated in previous chapters, the mean values

of the stochastic study confirmed these conclusions. The swept-backward wing showed higher mean

values for the case with optimised polar angle Φ1 and a reduced standard deviation for the latter

case. On the other hand, the swept-forward wing indicated an increase in the standard deviation of

the configuration with unaligned orthotropic and main axis. While this increase is of about 22%, the

latter configuration remained more robust due to its 30% increase in the mean flutter velocity.
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Conducting similar studies for the Tow-Steered laminates, first, the corresponding stacking se-

quences needed to be obtained. Only the results of one strategy were considered for the stochastic

studies due to numerical and manufacturing limitations. The retrieval method employed was similar

to the Uniform-Stiffness laminates. Due to the spatial dependency of the fibre paths, the uncertainties

imposed on angles had to be decomposed using the Karhunen-Loève (K-L) expansion. An exponential

covariance function was chosen for this purpose and 40 K-L terms were conserved to model the random

processes.

Three geometries were investigated during which the Tow-Steered laminates were optimised by

means of variation of anisotropic moduli over the angle-ply curve. The straight wing again had the

highest flutter velocity in comparison to other cases. On the other hand, the large difference of more

than 8% between the optimal and mean values as well as the high standard deviations for both cases,

indicated a wide pdf. The latter presents bi-modal behaviours and while the deterministic values of

the flutter velocity were higher than other configurations, the stochastic results were not sufficiently

reliable. While the swept cases did not achieve as high values as the straight wing, they had more

reliable stochastic responses with a low variance and high probability over their optimal flutter velocity.

Finally, the stochastic behaviour of both optimisation formulations were compared for each geom-

etry. The straight wing preserved its bi-modal behaviour for both Uniform-Stiffness and Tow-Steered

cases with higher velocities for the latter. The pdf of the swept-backward wing exhibited the higher

values of the optimal and mean flutter velocities of the TS case. On the other hand the long tail of the

latter resulted in higher standard deviations and thus lower reliability of this configuration. The TS

strategy could not increase the flutter velocities of swept-forward case. On the other hand, it rendered

the pdf narrower with higher probabilities on the corresponding mean value. This case, while less

efficient, was more reliable with respect to the obtained optimal deterministic results.



6
Stochastic Optimisation

In this chapter, an optimisation study, based on the probabilistic aeroelastic behaviour of the struc-

ture, is carried out. The optimal deterministic aeroelastic response of various geometries and the

probability density function (pdf) of optimal cases were presented and compared in the previous chap-

ters. Some of these studies demonstrated bi-modal stochastic behaviours near the maximum flutter

velocity. These behaviours are the source of motivation for investigations conducted in this chapter.

The objective is to obtain a laminate configuration which owns an optimal probabilistic response de-

fined by a given number of criteria.

The stochastic optimisation problem can be defined in multiple manners. Muc et al. [118] gave

a thorough review of various optimisation formulations in aeroelasticity using composite materials.

Some formulations are based on the mean and the variance of the objective function which result in

a robust optimisation [171]. Another type of stochastic optimisation is reliability-based which focuses

on the probability of failure that can be measured by a given threshold [172]. Both approaches have

been compared in an aeroelastic framework in the work of Scarth et al. [100] and the reliability-

based method showed results with lower probability of failure while the robust formulation had lower

variance but higher probability of failure. In this chapter, the optimisation studies are based on the

Reliability-Based Design Optimisation (RBDO). The formulation of this problem and the employed

tools will be explained in details hereafter.

107



108 Stochastic Optimisation

6.1 Optimisation formulation

The first step of the Reliability-Based Design Optimisation (RBDO) is to define the threshold after

which the response of the system will not be acceptable. As the main objective function considered in

this work is the flutter velocity, a design velocity (Vdesign) is designated as the threshold. The latter

is chosen as the highest velocity at which the structure is engaged. Given this limit, the RBDO can

be formulated as the minimisation of the probability (P ) that the flutter velocity Vf of a laminate is

lower than a given design velocity (Vdesign). This formulation is expressed as

minimize
Θ

P (Vf < Vdesign) (6.1)

where Θ represents the stacking sequence with ply angles that vary from −90◦ to 90◦ by an increment

of 5◦. The objective function of this stochastic optimisation is called the Probability of Failure (PoF)

and it is minimised to obtain a more reliable configuration [31].

This general formulation of the RBDO, can easily become very costly, as the calculation of the

probabilistic behaviour of Vf requires the computation of not less than 1000 samples (83 hours per in-

dividual resulting in 4150 hours per generation and thus for multiple generations). The computational

cost of the LHS direct method is manageable for analysis of one case, it cannot be employed in an

optimisation framework with multiple iterations of individuals and generations. It is thus necessary

to reduce this computational cost with methods such as surrogate modelling which can approximate

a large number of samples using fewer calculations of the aeroelastic system.

6.1.1 Surrogate model

The surrogate model used during this study, is the Gaussian Process Regression (GPR) [173]. The

latter, follows the same process as a linear regression method which fits a linear function to the input

datas (also called the training samples)

yt = f(xt) + εt (6.2)

where xt and yt are the input and output of the training samples, f(xt) is a linear function and

εt ∼ N (0, σ2
ε ) is the noise function with a normal distribution (0 mean and standard deviation σε).

First, the linear function f needs to be fitted to the training samples in order to obtain the best

pair of coefficients (also called weights) to emulate the given data

f(xt) = a0 + a1xt ⇒ f = xTt w with xt =
[
1 xt

]
and w =

[
a0 a1

]
(6.3)
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where w can be called the weight vector. The output vector yt ∈ RNobs can thus be written using

Xt ∈ RNobs×2 and w ∈ R2

yt = Xtw + εt with Xt =


1 x

(1)
t

1 x
(2)
t

...
...

1 x
(Nobs)
t

 and yt =


y

(1)
t

y
(2)
t
...

y
(Nobs)
t

 (6.4)

A gaussian prior is considered for the weight vector (P (w) = N (0, σ2
w)) with 0 mean and standard

deviation σw, using which the conditional probability of yt vector (P (yt|Xt,w)) is calculated. With

the help of the Bayesian approach defined by the prior probability of the weight vector and the condi-

tional probability of yt, the posterior probability of the weight vector (P (w|ytXt)) can be calculated

and then used to make predictions of other unknown samples [174].

For unknown samples with non-linear behaviour, the Gaussian Processes Regression (GPR) can

be a suitable replacement for the linear regression. The latter defines a function to fit the input data

similarly as the linear regression method. On the other hand, a Gaussian Process considers the uncer-

tainties directly over the functions and not the weights constructing the coefficients of this function.

It thus defines a distribution in which any given number of point have a joint gaussian distribution.

The output function is determined in a similar manner as the linear regression in equation (6.2). This

time, the function has a prior distribution defined by a Gaussian Process f(xt) ∼ GP(0,K(x1, x2)).

The prior mean is custom to be considered equal to 0 to facilitate the posterior computations. The

covariance function K(x1, x2) defines the dependency between various points. This function is com-

monly called a kernel and its choice is based on prior assumptions. One commonly chosen kernel

which depends on the distance between the points is called the radial basis function and is the kernel

employed in this work

K(x1,x2) = exp

(
−1

2

|x1 − x2|2

l2s

)
(6.5)

where ls represents the length scale parameter.

The hyper-parameters of the kernel (in this case only ls) need to be deduced from the training

samples. These parameters are usually chosen by the maximisation of the log marginal likelihood [174]

logP (yt|Xt, λp) = −1

2
yTt K−1

y yt −
1

2
log |Ky| −

n

2
log 2π (6.6)

where λp is the vector of hyper-parameters and Ky = K(Xt,Xt) + σ2
ε I is the covariance matrix of the
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noisy outputs. The hyper-parameters are then obtained using a gradient-based optimisation (partial

derivatives of the log marginal likelihood with respect to λp).

Finally, based on the Bayesian approach, the mean and the prior covariance function (kernel),

a gaussian posterior distribution over the target function is defined and its mean value is used for

prediction.

6.1.2 Stability margin

Despite their advantage on the reduction of the computational time, surrogate models cannot accu-

rately approximate discontinuous functions such as the flutter velocity which a discontinuous function

of the material properties. There are multiple solutions to overcome this problem such as the use of

machine learning methods which are able to cluster separately the different sections on each side of

the discontinuity. While the machine learning methods such as Multi Layer Perceptron Classifier are

very efficient as the results show in the work of Nitschke et al. [29], they can be computationally

expensive when used during an iterative optimisation process.

Another solution proposed by Scarth et al. [31] is to reformulate the RBDO problem using a

continuous variable called the stability margin which measures the distance of the largest value of

damping to the axis zero (the damping of the mode closest to instability) at a given velocity, Vdesign

Λ(θ, Vdesign) = −maxi=1,...,Nmodes gi(θ, Vdesign) (6.7)

where gi represents the aeroelastic damping of the i-th aeroelastic mode (i = 1, ..., Nmodes) which

corresponds to the real part of the eigenvalues of the aeroelastic system defined in equation (2.33)

evaluated for the stacking sequence θ and at a given velocity Vdesign..

Moreover, the use of stability margin Λ in the optimisation problem has a significant effect on

the computational time as the aeroelastic system is solved only at a given velocity 1 and there is no

iteration needed unlike the process to obtain the critical velocity 2. This variable is computed by

the means of the eigenvalues over the design velocity which are continuous functions of the material

properties. For this reason, the surrogate model is fitted to the eigenvalues of the aeroelastic system

for a few training data points and can predict these values for a larger number of samples.

1Calculation of the stability margin Λ: 20 seconds with single core computation over Intel Xeon Silver 4114 Processor
with 40 cores

2Calculation of the flutter velocity (Vflutter): 5 minutes with single core computation over Intel Xeon Silver 4114
Processor with 40 cores
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6.1.3 Eigenvalue sorting

One of the problems that can be faced during the fitting of the surrogate model to the eigenvalues of

various samples, is that the calculated eigenvalues are not always in the same order which can falsify

the prediction of the surrogate model. Therefore, the modes of all samples need to be rearranged

before being fitted by the Gaussian process. Modal Assurance Criterion (MAC) is one of the tools

that is widely used in order to sort the modes by identifying and comparing their mode-shapes to a

reference sample. There are different formulation of MAC with small variations in the literature [175].

In this work, the formulation of Beaverstock et al. [176] is employed

MACij =
|ZTi Z∗j |2

(ZTi Z
∗
i )(ZTj Z

∗
j )

(6.8)

where Z is the eigenvector of the aeroelastic system projected over the DLM grid, the ∗ indicates

the complex conjugate vector and T represents the transpose vector. The i index distinguishes the

reference sample, which in this study is randomly chosen as the first sample, and other samples that

are going to be compared to the latter, are represented by j.

6.2 Deterministic optimisation using stability margin

Before proceeding to the RBDO of composite laminates, a deterministic optimisation is conducted.

The objective function of the optimisation problem is to maximise the stability margin Λ calculated

at a given design velocity, Vdesign

maximize
θ∈Θ

Λ(θ, Vdesign) (6.9)

where Θ represents the set of stacking sequences θ with ply angles that vary between −90◦ and 90◦

at 5◦ increments. The composite laminates are constructed by 16-ply symmetric stacking sequences

which ensure the uncoupled membrane-bending condition and a faster convergence of the optimisation

problem as the number of variables are half of the number of plies (due to symmetry).

As mentioned before, the stability margin Λ defined in Eq. (6.7) is used as the optimisation ob-

jective which is the opposite value of the highest damping at a given velocity. As flutter occurs when

damping becomes positive, the stability margin is positive when the structure is stable and negative

in the case of instability. By maximising this values at a given velocity, the chance of having an in-

stability is reduced on that velocity. It is therefore, justified to carry out a deterministic optimisation

by directly maximising the stability margin.
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The response surface corresponding to the variation of the stability margin in the orthotropic do-

main as a function of polar parameters is presented in figure 6.1.b). The design velocity considered

for computation of stability margin is Vdesign = 145m/s close to the optimal flutter velocity in the

same domain. Unlike the response surface presented in figure 6.1,a), this surface is continuous over

the entire domain. The optimal case with maximum Λ indicated on the surface, is close to the case

with maximum flutter velocity (Vf = 146.5 m/s) which confirms the efficiency of the new optimisation

formulation if the design velocity is carefully chosen.
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Figure 6.1: Variation of a) the flutter velocity and b) the stability margin for Vdesign = 145m/s in an
orthotropic domain as a function of the anisotropic moduli RK and R1 where Φ1 = 0◦ for a straight wing. The
black dot represents the optimal case obtained during the deterministic optimisation of the flutter velocity.

6.2.1 Deterministic optimisation results

The optimisation process is conducted in a larger anisotropic domain, compared to the orthotropic

cases in the previous chapters, and is limited to the uncoupled laminates by imposing a symmetry over

the plies. This gives place to 8 optimisation variables with 50 individuals per generation. The values

of the design velocity Vdesign, whose range is between [120, 150]m/s, were chosen with respect to the

pdf of the optimal US straight case in an orthotropic domain with maximum flutter velocity. The

values are distributed evenly from the lowest peak to the highest and even surpassing the maximum

flutter velocity obtained with US straight wing as indicated in figure 6.2.

Table 6.1 summarises the results of the deterministic optimisation where optimal configurations

are presented in terms of stacking sequences and their elastic properties defined using the polar param-

eters. The difference between the two polar angles (|Φ0 − Φ1|) is a good indicator of the orthotropic
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Figure 6.2: Values of five design velocities chosen according to the optimal straight wing with Uniform-
Stiffness fibre paths, ranging from Vdesign = 120m/s to Vdesign = 150m/s.

symmetry as explained in the previous chapters. Finally, for each optimal case the corresponding

flutter velocity and frequency are calculated which can help evaluate the efficiency of the stability

margin as the objective function.

Vdesign
[m/s]

Λ sequence
[◦]

R0

[GPa]
R1

[GPa]
Φ1

[◦]
|Φ0 − Φ1|

[◦]
Vf

[m/s]
ωf

[rad/s]

120 21.2 [35, 35,−55,−50,−45,−25, 15, 40]s 13.04 3.66 23.8 12.8 127.8 431.0

125 19.4 [30,−45, 35,−50,−25,−45, 45, 25]s 11.60 4.10 1.15 37.0 131.1 465.7

130 18.3 [35,−35,−30, 20, 25, 50, 0, 90]s 7.80 7.12 6.0 37.0 135.2 522.6

140 9.1 [35,−25, 40,−25,−45,−50,−60, 0]s 8.53 6.12 6.3 49.8 115.2 740.5

150 -1.2 [−40, 40,−30, 30, 45, 15, 55,−55]s 10.82 4.49 -3.0 40.9 124.4 733.2

Table 6.1: Deterministic optimal cases obtained by maximising the stability margin Λ with five different
Vdesign for a straight wing.

The first observation in table 6.1, indicates a decrease in this value as the design velocity increases.

This behaviour is expected as the highest value of damping approaches instability for values near

the maximum flutter velocity. For the design velocity of Vdesign = 150m/s which is the only case

that surpasses the flutter velocity, the stability margin has a negative value as the mode with highest

damping has reached instability. Concerning the flutter velocities, these values increase along with

the design velocities up to the case with Vdesign = 140m/s. At this velocity, a sudden increase of the

flutter frequency takes place which can indicate a switch in the unstable mode.

Figure 6.3 shows the aeroelastic response of the last two optimal cases with Vdesign = 140m/s and

Vdesign = 150m/s. In both cases the instability first occurs over the third mode while the second

mode becomes unstable in larger velocities and the first mode has an increasing tendency. The latter
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reaches instability at the same time as the second mode for Vdesign = 150m/s but remains stable at

higher speeds for Vdesign = 140m/s. Both cases posses a so called hump mode which is associated

to modes that become unstable but regain stability at higher velocities. In the case obtained by

Vdesign = 140m/s the unstable mode goes back to stability before the design velocity while for the

Vdesign = 150m/s case it remains unstable over the design velocity. This type of behaviour can show

the limitations of deterministic optimisation. As the latter variable is computed over one velocity, it

does not regard for phenomena taking place before this speed and for instabilities such as hump mode.

The consequences can be dangerous if the design velocity is chosen in values much higher than the

maximum flutter velocity of the structure.
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Figure 6.3: Comparison of the evolution of damping and frequency as a function of velocity for the last
two optimisation cases. The (a,b) represents the cases of Vdesign = 140m/s and (c,d) represents the cases of
Vdesign = 150m/s.

The shape of the unstable mode for both cases is demonstrated in figure 6.4 representing the third

aeroelastic mode as combination of the third bending and first torsion mode.
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Figure 6.4: Mode shapes corresponding to the unstable mode for each optimal configurations. a) Vdesign =
140m/s and b) Vdesign = 150m/s.

The polar parameters corresponding to each optimal case presented in table 6.1 show a strong

anisotropic behaviour for the first three cases. On the other hand, for the last two optimal configura-

tions the difference between the polar angles approaches π
4 that is one of the indicators of orthotropic

symmetry. Figure 6.5 compares the bending young moduli and the torsional moduli of the last two

cases which manifest asymmetric shapes of E1 and higher values of G12 for the optimal case obtained

with Vdesign = 150m/s. Despite the small variations in the elastic symmetries of these configurations,

both cases present close properties to orthotropic symmetry as indicated by their polar parameters in

table 6.1.
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Figure 6.5: Elastic properties for optimal cases of the deterministic optimisation with Vdesign = 140m/s
and Vdesign = 150m/s.
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6.2.2 Stochastic analysis

Following the reasoning of the previous chapter, the stochastic behaviour of these optimal cases ob-

tained by forward uncertainty propagation, are now analysed and compared. The probabilisitic re-

sponse of the stability margin Λ and the flutter velocity Vf are obtained using 1000 LHS samples. A

standard deviation of σ = 5◦ is considered over the optimal sequence which also represents the mean

value in a normal distribution (Θ̄).

Table 6.2 summarises the stochastic response of the cases studied during the deterministic optimi-

sation. The optimal (Λ, Vf ), mean (µΛ, µf ) and standard deviation (σΛ, σf ) of both stability margin

and flutter velocity are represented for the set of studied Vdesign.

Vdesign[m/s] Λ µΛ σΛ Vf [m/s] µf [m/s] σf [m/s] (Vf [m/s], 0.01) 3

120 21.2 14.9 7.9 127.8 127.3 4.8 111.1

125 19.4 9.6 11.6 131.1 130.4 5.2 115.1

130 18.3 6.8 10.0 135.2 131.4 7.2 92.0

140 9.1 -12.2 15.4 115.2 122.2 12.7 96.6

150 -1.2 -27.5 15.7 124.4 125.0 10.1 96.1

Table 6.2: Stochastic properties of the deterministic optimal US straight cases obtained by maximisation
of the stability margin for different design velocities due to a 5◦ variation of the ply angles.

Comparing the mean values of the stability margin for each case, the same tendency as the optimal

values is observed. The values decrease as the design velocity increases but it is worth mentioning that

as the design velocity grows, the gap between the optimal values and the mean values of the stability

margin increases. This observation can be explained by the standard deviations of the stability margin

which also grow along with the design velocities. Concerning the flutter velocity, the mean values

remain lower than the optimal cases for the three first cases. On the other hand, the mean values of

the last two cases are higher than the optimal values. The standard deviation of the flutter velocities

of these two cases are significantly higher than the first three cases but it can be said that the standard

deviation increases with growing design velocities even if an opposite behaviour is observed between

the last two cases. In order to get an indicator about the reliability of the optimal cases, table 6.2

presents the 0.01th percentile of Vf . The latter increases when the design velocity is set to 125m/s

instead of 120m/s. On the other hand, the flutter velocity at 0.01th percentile is significantly lower

for the last three cases which can be explained by the high values of the standard deviations.

3flutter velocity value at 0.01th percentile
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Figure 6.6 compares the pdfs of all the optimal cases for both the stability margin and the flutter

velocity. The pdfs of the stability margin, become wider with lower peaks as the design velocity in-

creases which explains the values of the mean and standard deviation observed in table 6.2. Regarding

the flutter velocity, the pdfs of the first three cases have quite similar shapes with growing variance.

On the other hand, the last two cases present bi-modal pdfs with the value of the optimal flutter

velocity on the lower peak. This type of behaviour explains the larger values of mean compared to

the deterministic flutter velocity. The higher peak corresponds to cases with greater flutter velocities

but lower margins at the given design velocities. The bi-modality of the pdfs of the last two cases can

explain the large jump of the standard deviation for the flutter velocity.
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Figure 6.6: Comparison of a) the pdf of stability margin and b) the pdf of flutter velocity for optimal
deterministic cases with five different Vdesign.

The results presented on the deterministic optimisation of the stability margin prove the inefficiency

of this variable as the objective function. Stability margin is only calculated at a given design velocity

whose value can be higher than the flutter velocity of a hump mode that has already becomes stable.

On the other hand, the stochastic analysis showed that the probabilistic behaviour of this variable is

a good indicator of the reliability of a structure. It is thus a suitable candidate for the RBDO as it is

computed from continuous functions of the material properties and reduces the computational time

of the optimisation process.

6.3 RBDO using ply angles

The formulation of the RBDO problem can be expressed as the minimisation of probability of having

a negative stability margin at a given design velocity

minimize
θ∈Θ

P (Λ(θ, Vdesign) < 0) (6.10)
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This problem translates the minimisation of probability of failure (PoF) as the negative stability

margin indicates instability of the structure. The orientation of ply angles are chosen as the design

variables and thus only symmetric laminates are taken into account to facilitate the satisfaction of

the uncoupled bending-membrane condition. The ply angles simplify the propagation of uncertainties

with a direct method but the large number of layups can result in the curse of dimensionality while

working with the surrogate model. The polar parameters are therefore employed to reduce the number

of uncertain parameters. The uncertainty is first propagated over the nominal stacking sequence and

the number of required samples are then generated. Once the sample of layups are obtained, the

corresponding polar parameters are computed. Consequently, the dimension of the problem decreases

from 16 uncertain parameters to 6.
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Figure 6.7: Reliability-Based Design Optimisation (RBDO) algorithm using ply angles.

Figure 6.7 and algorithm 4 detail the different steps involved in the RBDO process. For each

individual in a population generated by the Genetic Algorithm, the main solver is executed. First, a

set containing 30 samples, in this study, is used to train the surrogate model. Then the larger set with

1000 samples is generated for which the aeroelastic dampings are predicted. The polar parameters

and the aeroelastic dampings of the smaller set are calculated and the damping values of each mode
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are sorted amongst the samples. The surrogate model is then fitted to the training values (polar

parameters) and their aeroelastic damping. Next, it can be used to predict the damping of the larger

set for which the polar parameters are computed as well. Finally, using the damping of the larger set,

the probability of the stability margin is calculated and the loop goes on until this value in minimised.

Algorithm 4: Reliability-Based Design Optimisation (RBDO)

1: Generate initial population (Θ) (using the Genetic Algorithm)
2: for i = 1 : Nind do
3: Generate training samples (Ntraining)

4: for i = 1 : Ntraining do
5: Calculate polar parameters T0, T1, RK , R1,Φ0,Φ1 (equation (2.34))
6: Compute aeroelastic eigenvalues s (equation (2.28)-(2.33))[

I 0
0 I

]
s

{
q̂
sq̂

}
−
[

0 I

−M̂−1(K̂− ω2AR) ωM̂−1AI

]{
q̂
sq̂

}
=

{
0
0

}
s = g ± iω

7: end for
8: Sort eigenvalues using MAC (equation (6.8))

MACij =
|ZTi Z∗

j |2

(ZTi Z
∗
i )(ZTj Z

∗
j )

9: Fit surrogate model (Gaussian Process) to gtraining
10: Generate larger set of samples (Nprediction)
11: for i = 1 : Nprediction do
12: Calculate the polar parameters T0, T1, RK , R1,Φ1,Φ0

13: Predict damping values gprediction using the surrogate
14: Compute the stability margin using gprediction (equation (6.7))

Λ = −max(gprediction(i))

15: end for
16: Set the probability of failure to zero (PoF = 0)
17: for i = 1 : Nprediction do
18: if Λ < 0 then
19: Pof = Pof + 1
20: end if
21: end for
22: Minimise objective function (PoF ) using the GA

minimize
Θ

P (Λ(Vdesign) < 0)

23: end for

6.3.1 Parametric uncertainties over ply angles

The Genetic Algorithm (BIANCA) [177] with 50 individual per generation is employed for the optimi-

sation process 4. The orientation of the layers which vary between −90◦ to 90◦ with an increment of

5◦ are subject to an uncertainty of σ = 5◦. Table 6.3 shows the results of the RBDO process expressed

in equation (6.10) using the models and parameters explained previously.

4using Λ as objective function: 15 minutes per individual, 12 hours per generation and thus for multiple generations
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Vdesign[m/s] P (Λ < 0) sequence [◦] R0[GPa] R1[GPa] Φ1[◦] Vf [m/s] ωf [rad/s]

120 < 0.01 [30,−35,−55, 45, 65, 50, 60,−15]s 9.67 2.75 19.70 138.5 470.8

125 0.03 [−45, 40,−55, 35, 40, 10,−60,−50]s 12.88 1.54 -24.09 137.1 424.2

130 0.09 [45, 35,−55,−45,−40, 30,−30, 45]s 12.98 3.83 13.91 138.3 418.7

Table 6.3: Optimal results obtained by the RBDO algorithm for three different Vdesign.

All three cases have similar values of flutter velocity and frequency as well as anisotropic moduli.
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Figure 6.8: Damping and frequency diagrams as a function of velocity for all optimisation cases. (a,b) the
case of Vdesign = 120m/s, (c,d) the case of Vdesign = 125m/s and (e,f) the case of Vdesign = 130m/s.
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Their aeroelastic response is demonstrated using the evolution of damping and frequency in figure

6.8. Each row represents a different value of Vdesign. The left column shows the evolution of aeroelastic

damping over the velocity and the right column presents the values of aeroelastic frequency over the

same interval of speed. For all three values of Vdesign, the instability occurs on the second aeroelastic

mode with the third mode that approaches the axis zero. On the other hand, the modes that become

unstable are not the modes closest to instability (zero axis) at the given Vdesign which can indicate

the influence of aeroelastic modes on one another.

Table 6.3 also summarises the polar parameters corresponding to each optimal case. The values

of R0 and R1 are not close for any of the cases meaning that they do not belong to the same optimal

region. However, the value of Φ1 changes drastically between the cases with Vdesign = 120m/s and

Vdesign = 125m/s and the values of R0 and R1 are not very far from one another which indicates that

these two configurations can have similar elastic behaviours.
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Figure 6.9: Elastic properties for RBDO cases obtained for three different Vdesign.

Figure 6.9 shows the variation of the young moduli E1 and the shear moduli G12 between the

three cases. According to the values of the polar parameters presented in table 6.3, all configurations

are anisotropic. On the other hand, the plot of E1 shows behaviours close to orthotropic structures

as there are two dominated directions for all cases. Similar behaviours can be seen in the plot of G12.

While there are small variations in the value of these moduli, there are many analogous properties

that prove proximities in the elastic behaviours of the three configurations.
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Table 6.4 presents the stochastic properties of the all three cases for both the stability margin and

the flutter velocity.

Vdesign[m/s] Λ µΛ σΛ Vf [m/s] µf [m/s] σf [m/s] P (Λ < 0) (Vf [m/s], 0.01)

120 11.1 10.7 3.0 138.5 134.0 4.4 < 0.01 116.9

125 12.8 10.4 4.3 137.1 134.4 4.1 0.03 120.8

130 10.4 6.7 5.9 138.3 134.9 3.4 0.09 123.5

Table 6.4: Stochastic properties of the optimal cases obtained by RBDO for different design velocities.

The nominal stability margins of three cases are in the same range and do not show a particular

tendency with respect to the value of the design velocity. On the other hand, the mean value decreases

and the standard deviation increases as the Vdesign grows. Unlike the stability margin, the mean values

µf of the flutter velocity increase with the design velocity while the standard deviations decrease with

respect to latter. The variation of the stability margin standard deviation σΛ is also observed on

the probability of failure which increases with the value of the design velocity. This observation is

expected as the modes approach the zero axis along with the speeds near the maximum flutter velocity.

While the probability of failure is a good indicator to learn about the reliability of a case at a given

velocity, it is not efficient to compare the three cases amongst themselves. The flutter velocity at

0.01th percentile can be a good indicator of general reliability of a structure. This value presented

in table 6.4 increases with the design velocity proving that the choice of this parameter (Vdesign) can

affect performance of the final result.
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Figure 6.10: Comparison of pdfs of a) the pdf of stability margin and b) the pdf of flutter velocity for
RBDO cases.
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The stochastic behaviour of the optimal RBDO cases obtained by different Vdesign are compared

in figure 6.10. The probability of failure increases with respect to the Vdesign as observed in table

6.4. The pdfs of the stability margin become wider with longer tails as the design velocity grows.

Consequently, the last case has the highest probability of failure. On the other hand, when this prob-

ability is calculated at the same design velocity the all the cases, the last configuration reaches lower

probabilities than others. This behaviour can also be observed on the pdfs of the flutter velocity.

The kernels become narrower with higher peaks on the mean values as the design velocity increases.

This observation is an explanation for the high flutter velocity at the 0.01th percentile of the last

optimisation study. It can be concluded that the case with Vdesign = 130m/s is the most reliable

configuration with the best aeroelastic performance.

While the results presented show interesting behaviours that indicate robust aeroelastic properties,

they have not yet been compared to the deterministic cases studied during the chapter 3 for which

the formulation is reminded in equation (6.11)

maximize
RK ,R1,Φ1

Vf

subject to − (ρ0) + 2(ρ2
1)− 1 ≤ 0, (6.11)

As shown in section 3.1.2, the Uniform-Stiffness case with the highest flutter velocity is the or-

thotropic straight wing. The stochastic behaviour of the latter is compared to the optimal RBDO

case obtained with Vdesign = 125m/s hereafter in figure 6.11.
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Figure 6.11: Comparison of forward uncertainty propagation of the RBDO and the optimal orthotropic
case of: a) pdf of stability margin and b) pdf of flutter velocity.
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The principle advantage of configurations found with the RBDO is the mono-modal shapes which

eliminates the probability of failure at unexpected speeds. Furthermore, the optimal RBDO configu-

ration lowers the PoF from 25% to 3% compared to the optimal orthotropic case at the same Vdesign.

While the nominal flutter velocity of the optimal RBDO laminate is lower than the orthotropic case,

its mean value remains in the same range and its standard deviation is almost 60% lower. It can then

be concluded that RBDO succeeds to obtain a safer sequence with improved stochastic performance

compared to the deterministic case.

6.3.2 Parametric uncertainties over ply angles and thicknesses

The influence of additional parametric uncertainties have been considered for a given composite se-

quence in the optimisation framework, such as random thicknesses. For this purpose, a 5% variation

over the thickness of each ply is considered. In order to have an initial perception of the impact of

this uncertainty over the aeroelastic results, a comparison of the probability density function is car-

ried out over the same configuration with and without including the uncertainty over the thicknesses.

The optimal case obtained for the straight Uniform-Stiffness wing in the orthotropic domain has been

considered (see section 3.1.2).
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Figure 6.12: Comparison of stochastic results for forward uncertainty propagation study: a) pdf of stability
margin and b) pdf of flutter velocity for the initial optimal deterministic case in the orthotropic domain while
considering uncertainties over only angles or both angles and thicknesses.

Figure 6.12 shows a comparison between two pdfs for the stability margin at Vdesign = 125m/s

and the flutter velocity obtained using 1000 LHS samples. The influence of the uncertainty over the

thicknesses is present but rather marginal on the pdf of Λ but the difference is significant on the pdf

of Vf particularly around the peaks. These results raise the question on the impact of these variation

on the RBDO results.
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For the sake of simplicity, only a case of Vdesign = 125m/s is studied. The initial RBDO case

obtained using this design velocity is compared to the optimal configuration carried out while con-

ducting RBDO (see algorithm 4) considering uncertainties over both ply angles and thicknesses.

Two optimisation studies are performed 5

• Case A: Optimisation while considering uncertainties over angles (Θ)

minimize
Θ

P (Λ(Vdesign, δΘ) < 0) (6.12)

• Case B: Optimisation while considering uncertainties over angles and thicknesses (Θ and tp)

minimize
Θ

P (Λ(Vdesign, δΘ, δtp) < 0) (6.13)

Table 6.5 summarises the elastic and aeroelastic properties of both RBDO results. The first remark

made between the two cases, is the proximity of the flutter velocity values but the large difference in

the flutter frequencies. This jump in the values can be due to a switch in the unstable modes.

Type of uncertainty R0[GPa] R1[GPa] Φ1[◦] Vf [m/s] ωf [rad/s] Nominal Sequence

Case A 12.88 1.54 -24.09 137.1 424.2 [−45, 40,−55, 35, 40, 10,−60,−50]s

Case B 13.54 4.61 46.5 137.9 697.8 [40,−50, 50, 40,−45,−60, 45, 65]s

Table 6.5: Optimal results obtained by the RBDO algorithm for two optimal cases with and without
uncertainties over the thicknesses with Vdesign = 125m/s.

Figure 6.13 shows the plots of damping and frequency of the nominal optimal cases for both op-

timisation formulations. Unlike the previous cases, the optimal RBDO case obtained by considering

uncertainty over the thicknesses causes an instability on the third aeroelastic mode. This mode switch

explains the higher value of the flutter frequency for this case. The second aeroelastic mode becomes

quickly unstable right after the third mode.

5where δ represents the uncertainties over each parameter
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Figure 6.13: Comparison of the evolution of: a)damping and b)frequency as a function of velocity for both
RBDO studies.

Figure 6.14 gives an illustration of the mode shapes for both RBDO cases. The second aeroelastic

mode which is a combination of the second bending and the first torsion mode associated to the

optimal case obtained with imposing uncertainties over angles. The third aeroelastic mode obtained

by combination of the first torsion and the third bending mode corresponding to the optimal case

achieved by uncertainties over both angles and thicknesses.
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Figure 6.14: Mode shapes corresponding to the unstable mode for each optimal configuration. a) Case A
(uncertainties over Θ) and b) Case B (uncertainties over Θ and tp)

The elastic properties of these two configurations using the polar parameters and the elastic moduli

are compared in figure 6.15. The polar parameters indicated in table 6.5 are not similar and do not

belong to the region in the anisotropic domain. Figure 6.15 showed that Case B also has a similar elastic

properties to orthotropic symmetry. On the other hand, the young moduli has a strong domination in

one direction while for Case A, symmetries in both directions are more balanced. The shear moduli

of both cases are very similar with a slight rotation for the configuration obtained by considering

uncertainties over angles.
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Figure 6.15: Elastic properties for RBDO cases with Vdesign = 125m/s. a) Case A (uncertainties over Θ)
and b) Case B (uncertainties over Θ and tp)

In order to deeper investigate the stochastic behaviour of the optimal cases, a direct uncertainty

propagation study has been conducted a posteriori. For each optimal case, two uncertainty quantifi-

cation studies have been carried out to further understand the influence of different uncertainties over

the aeroelastic response of a laminate. Thus, each nominal optimal configuration has been subjected

to an uncertainty quantification process, one considering only uncertainties over angles and another

considering both uncertainties over angles and thicknesses. For each case, the pdf of Λ and Vf are

compared. All studies are summarised in the following and the ID associated to each case is cited for

each study

1. Case A.1: RBDO considering uncertainties over angles and a posteriori Uncertainty Quantifica-

tion using angles (RBDO (Θ) + forward UQ (Θ))

minimize
Θ

P (Λ(Vdesign, δΘ) < 0) ⇒ a posteriori UQ(P (Λ(Vdesign, δΘ)) (6.14)

2. Case B.1: RBDO considering uncertainties over angles and thicknesses and a posteriori Uncer-

tainty Quantification using angles (RBDO (Θ + tp) + forward UQ (Θ))

minimize
Θ

P (Λ(Vdesign, δΘ, δtp) < 0) ⇒ a posteriori UQ(P (Λ(Vdesign, δΘ)) (6.15)
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3. Case A.2: RBDO considering uncertainties over angles and a posteriori Uncertainty Quantifica-

tion using angles and thicknesses (RBDO (Θ) + forward UQ (Θ+ tp))

minimize
Θ

P (Λ(Vdesign, δΘ) < 0) ⇒ a posteriori UQ(P (Λ(Vdesign, δΘ, δtp)) (6.16)

4. Case B.2: RBDO considering uncertainties over angles and thicknesses and a posteriori Uncer-

tainty Quantification using angles and thicknesses (RBDO (Θ + tp) +forward UQ (Θ+ tp))

minimize
Θ

P (Λ(Vdesign, δΘ, δtp) < 0) ⇒ a posteriori UQ(P (Λ(Vdesign, δΘ, δtp)) (6.17)

Table 6.6 summarises a posteriori uncertainty propagation over RBDO results for all configura-

tions. The main observation concerns the standard deviations of both variables. Albeit, for the same

optimal case with two different UQ strategy, the mean values (µΛ) remain identical or very close, the

standard deviations systematically increase when considering the uncertainties over thicknesses. The

probability of failure is higher for the Case A compared to Case B for both uncertainty propagation

strategies. The latter also shows higher flutter velocities at 0.01th percentile indicates that it is a more

reliable case with higher performance.

Type of uncertainty Λ µΛ σΛ Vf [m/s] µf [m/s] σf [m/s] P (Λ < 0) (Vf [m/s], 0.01)

Case A.1 12.8 10.4 4.3 137.1 134.4 4.1 0.03 120.8

Case B.1 13.1 11.2 2.9 137.9 133.9 3.0 < 0.01 122.6

Case A.2 12.8 10.4 5.0 137.1 134.4 4.9 0.03 117.3

Case B.2 13.1 11.0 3.9 137.9 133.8 3.9 0.01 120.2

Table 6.6: Stochastic properties of the optimal cases obtained by RBDO for two optimal cases with and
without uncertainties over the thicknesses with Vdesign = 125m/s.

Figure 6.16 shows a comparison of the forward uncertainty propagation of both optimal cases under

uncertainties over ply angles (cases followed by .1) or uncertainties over both ply angles and thicknesses

(cases followed by .2). On the pdf of Λ, the pdfs of the cases obtained by a posteriori propagation over

both angles and thicknesses are wider with lower peaks on the mean values of the stability margin. It

needs to be noted that the Λ pdfs of cases with same uncertain parameters in a posteriori propagation

are very close to one another. On the other hand, the pdfs of Vf exhibit narrower shapes with higher
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peaks over the mean for optimal cases obtained during RBDO with uncertainties imposed over both

angles and thicknesses.
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Figure 6.16: comparison of RBDO configurations with Vdesign = 125m/s. a) pdfs of stability margin and
b) pdfs of flutter velocity.

It can be concluded that the uncertainty over the ply thicknesses results in wider pdfs with higher

standard deviations. The latter increases the probability of failure and renders the configuration less

reliable. As the RBDO is based on the probability of failure, the impact of this parameter cannot be

neglected.

6.3.3 Influence of symmetric uncertainties over ply angles

All the uncertainty studies carried out until this step, were non-symmetric meaning that with a given

symmetric sequence, the uncertainties considered on each angle is not the same as its symmetric

counterpart. This study is done with the help of polar parameters as they permit to express cou-

pled and non-symmetric configurations using the mentioned 6 parameters. On the other hand, most

similar works use the lamination parameters to reduce the number of uncertainties which do not

allow the study of non-symmetric laminates and therefore a symmetry on the uncertainties has to

be imposed. The former assumption is not physically correct as the uncertain parameters cannot

be symmetrically distributed during the manufacturing process. In this section, the influence of the

imposed symmetry on the uncertainties will be studied. Two RBDO analyses have been conducted

considering Vdesign = 125m/s, one with imposed symmetry on the uncertainties during the evaluation

of the aeroelastic stochastic behaviour and releasing his constraint for the second case.
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• Case A: Optimisation while considering non-symmetric uncertainties over angles

minimize
Θ

P (Λ(Vdesign, δΘ) < 0) (6.18)

• Case B: Optimisation while considering imposed symmetry on the uncertainties over angles

minimize
Θ

P (Λ(Vdesign, δΘsym) < 0) (6.19)

As shown in table 6.7, a small difference of 2% is observed between the flutter velocities which

translates into the augmentation of the flutter frequency.

Type of uncertainty R0[GPa] R1[GPa] Φ1[◦] Vf [m/s] ωf [rad/s] Nominal Sequence

Case A 12.88 1.54 -24.09 137.1 424.2 [−45, 40,−55, 35, 40, 10,−60,−50]s

Case B 7.63 3.35 4.9 134.1 496.0 [−40, 25, 55, 20,−50, 80,−40,−15]s

Table 6.7: Optimal results obtained by the RBDO algorithm for two optimal cases with non-symmetric
uncertainties (Case A) and with imposed symmetry over the uncertainties (Case B) with Vdesign = 125m/s.

The evolution of the damping and frequency for both optimal cases have been compared in figure

6.17. For both cases, the second aeroelastic mode becomes unstable. The third modes have quite

different trends with respect to the second modes. These differences in the damping of each mode can

be seen on the frequency plot as well. The frequencies of the non-symmetric optimal configuration

(Case A), have the tendency of approaching each other as the velocity grows. On the other hand, the

symmetric optimal configuration (Case B) has diverging frequencies as the speed increases.
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Figure 6.17: Comparison of RBDO configurations described in table 6.7. a) damping diagram and b)
frequency diagram.
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A comparison between mode shapes in carried out in figure 6.18, confirming the similarity between

the unstable modes in different velocities.
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Figure 6.18: Mode shapes corresponding to the unstable mode for each optimal case. a) Case A (non-
symmetric) and b) Case B (imposed symmetry).

Given the values of the polar parameters and the shape of elastic moduli in figure 6.19, both

cases result in anisotropic laminates with close properties to orthotropic symmetries meaning with

two dominated directions of symmetry. On the other hand, the young modulus of both cases do not

have similar shapes and their shear moduli have strong differences in shapes and values.
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Figure 6.19: Elastic properties for RBDO cases with Vdesign = 125m/s. Case A (non-symmetric) and Case
B (imposed symmetry).

The two optimal cases mentioned beforehand, are now subject to a posteriori stochastic analysis

to further investigate the impact of symmetry on each configuration. Four study cases are finally

evaluated and the pdf of Λ and Vf are compared with each other. All studies are summarised in the

following
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1. Case A.1: RBDO considering non-symmetric uncertainties over angles and a posteriori Uncer-

tainty Quantification using non-symmetric uncertainties

minimize
Θ

P (Λ(Vdesign, δΘ) < 0) ⇒ a posteriori UQ(P (Λ(Vdesign, δΘ)) (6.20)

2. Case B.1: RBDO considering symmetric uncertainties over angles and a posteriori Uncertainty

Quantification using non-symmetric uncertainties

minimize
Θ

P (Λ(Vdesign, δΘsym) < 0) ⇒ a posteriori UQ(P (Λ(Vdesign, δΘ)) (6.21)

3. Case A.2: RBDO considering non-symmetric uncertainties over angles and a posteriori Uncer-

tainty Quantification using symmetric uncertainties

minimize
Θ

P (Λ(Vdesign, δΘ) < 0) ⇒ a posteriori UQ(P (Λ(Vdesign, δΘsym)) (6.22)

4. Case B..2: RBDO considering symmetric uncertainties over angles and a posteriori Uncertainty

Quantification using symmetric uncertainties

minimize
Θ

P (Λ(Vdesign, δΘsym) < 0) ⇒ a posteriori UQ(P (Λ(Vdesign, δΘsym)) (6.23)

The stochastic properties for both stability margin and flutter velocity are presented in table 6.8.

The nominal stability margin increases for the case with non-symmetric uncertainties during the opti-

misation process (Case B). On the other hand, the mean and the standard deviation of both optimal

cases remain very close in each Uncertainty Quantification strategy. The mean values decrease by

about 1% for the symmetric UQ cases (a posteriori) and the standard deviation increases by more

than 40% for this strategy. Similar observations are made for the flutter velocity. The nominal value

of the non-symmetric optimal case (Case A) is higher by about 2%. This difference remains the

same amongst the mean values in each UQ strategy. The mean flutter velocities obtained symmetric

uncertainties (Cases marked by .2) are also lowered by about 2% with respect to the ones obtained

with non-symmetric uncertainties (Cases marked by .1). On the other hand, the mean values of both

optimal cases are lower with the symmetric uncertainties (Cases marked by .2) than non-uncertainties

(Cases marked by .1) a posteriori. The standard deviations of the flutter velocity are close for both

optimal cases in the non-symmetric uncertainties. They present a large increase for the symmetric

uncertainties and this time, the optimal cases have standard deviations that are further apart. The
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PoF increases for cases with symmetric uncertainty propagation. The flutter velocity calculated at the

0.01th percentile decreases for Case B in both uncertainty propagation strategies. This observation

as well as the value of the PoF show the overestimation of the probability of failure for symmetric cases.

Type of uncertainty Λ µΛ σΛ Vf [m/s] µf [m/s] σf [m/s] P (Λ < 0) (Vf [m/s], 0.01)

Case A.1 12.8 10.4 4.3 137.1 134.4 4.1 0.03 120.8

Case B.1 10.7 10.4 4.2 134.1 132.3 3.9 0.02 90.6

Case A.2 12.8 8.8 8.4 137.1 132.9 5.4 0.07 111.8

Case B.2 10.7 9.0 7.0 134.1 130.2 7.8 0.09 78.5

Table 6.8: Stochastic properties of the optimal cases obtained by RBDO with and without imposed sym-
metry over the uncertainties with Vdesign = 125m/s.

In order to confirm our previous results, the pdfs of Λ and Vf are compared for both optimal cases

in figure 6.20.

0

0.05

0.1

0.15

−30 −20 −10 0 10 20 30

a)

0

0.05

0.1

0.15

90 110 130 150

b)

p
(Λ

)

Λ

Case A.1 Case B.1 Case A.2 Case B.2

0

0.05

0.1

0.15

−30 −20 −10 0 10 20 30

p
(V
f
)

Vf [m/s]

0

0.05

0.1

0.15

90 110 130 150

Figure 6.20: Comparison of RBDO configurations with Vdesign = 125m/s. a) pdf of stability margin and
b) pdf of velocity.

Figure 6.20.a) shows that the cases with imposed symmetry a posterior (cases with .2) have lower

peaks over the mean values and thus a wider pdf. This impact is more present for Case B as its uncer-

tainties were also symmetric during the RBDO. Figure 6.20.b) also exhibits wider pdfs for symmetric

uncertainty propagation a posteriori (cases with .2) over both optimal cases. It can be concluded that

symmetric uncertainty propagation overestimates the probability of failure (due to wider pdfs.). On

the other hand, the symmetric optimal case with non-symmetric uncertainty propagation a posteriori

(Case B.1) has a very narrow Vf pdf with high probabilities over the peak. It can be said that the

large standard deviation σf of this case presented in table 6.8 is due to its long tail.
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6.4 RBDO using polar parameters

As shown in chapter 3, the use of polar parameters during the optimisation process give the advan-

tage of limiting the investigation domain to the desired elastic symmetry as well as providing a faster

convergence. The latter is justified by the reduced number of optimisation variables which can vary

between 2 to 4 polar parameters given the domain of study instead of 8 to 16 ply angles for the

laminates studied in this work. One disadvantage of using the polar parameters is that the aleatory

uncertainties cannot be considered directly over the parameters. The reason for this limit is that the

six polar parameters depend highly on one another and may exhibit a non-gaussian behaviour. These

two properties were studied in details in the work of Nitschke et al. [29] by conducting an uncertainty

propagation study over the composite laminates. They imposed 1◦ uncertainties over the angles of

various stacking sequences and obtained the stochastic response of the six corresponding polar pa-

rameters. They obtained non-gaussian behaviours in multiple configurations and demonstrated the

high dependance between these parameters. These observations and the similar works in literature

[31] influenced the previous studies conducted using the ply angles.
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Figure 6.21: Reliability-Based Design Optimisation (RBDO) algorithm using polar parameters.
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While the results obtained in this section present improvements compared to the deterministic

studies concerning the reliability aspect, the optimisation process remains computationally expensive

and the convergence rate is very slow. In an attempt to rectify these issues, a new formulation which

employs the polar parameters in the RBDO is proposed in figure 6.21.

The same process as the previous cases is followed with and additional step for each individual

which retrieves a matching stacking sequence to the corresponding polar parameters. The previous

step has a very low computational cost (4 sec) as mentioned in section 3.2

minimize
RK ,R1,Φ1

P (Λ(RK , R1,Φ1, Vdesign) < 0)

subject to − (ρ0) + 2(ρ2
1)− 1 ≤ 0, (6.24)

Limiting the optimisation domain to the orthotropic symmetry, the RBDO problem defined in

(6.24) was carried out using the polar parameters. Table 6.9 compares the results of RBDO limited

to the orthotropy using ply angles or polar parameters as optimisation variables. It needs to be noted

that the stacking sequences were considered symmetric during the optimisation with angles in order

to reduce the number of optimisation variables. The stacking sequence retrieval process of the optimal

polar parameters works directly with 16 plies but can be limited to symmetric laminates if intended.

An initial comparison of the elastic properties of these two cases using their polar parameters indicates

that the two optimal laminates come from different regions of the anisotropic domain. This difference

directly impacts the aeroelastic response of the structures. The flutter velocity of the case obtained

using the polar parameters is about 5% higher than the case obtained by the ply angles. The flutter

frequency of the former case is significantly higher than the latter which can indicate a difference in

the unstable aeroelastic mode.

Type of parameters R0[GPa] R1[GPa] Φ1[◦] Vf [m/s] ωf [rad/s] Nominal Sequence

Angles 12.88 1.54 -24.09 137.1 424.2 [−45, 40,−55, 35, 40, 10,−60,−50]s

Polar parameters 13.03 2.36 42.0 144.1 691.0
[-43, 37, -49, 45, 29, 35, 44, -26,
-43, -44, -53, 36, -48, 37, 39, -39]

Table 6.9: Optimal results obtained by the RBDO algorithm using ply angles and polar parameters with
Vdesign = 125m/s.

Figure 6.22 compares the damping and frequency of two aeroelastic modes corresponding to the

cases presented in table 6.9. The plot of the damping confirms the difference in the unstable modes.

The second mode becomes unstable for the case obtained by ply angles but the third mode is far

from the flutter boundary (zero axis). On the other hand, the case obtained by the polar parameters
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shows instability over the third mode and the second mode becomes unstable immediately after. The

third mode corresponds to a hump mode and while it becomes unstable, it comes back to stability in

higher velocities. The frequency evolution of both modes resembles amongst the two optimal cases

and decreases as the velocity rises.
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Figure 6.22: Comparison of the evolution of a) damping and b) frequency as a function of velocity for
optimisation formulations with angle plies and Polar Parameters (PP).

The corresponding mode shapes of the unstable modes are presented for each case in figure 6.23.

The unstable mode related to the optimal case obtained by the ply angles presents a second aeroelastic

mode as a combination of the first torsion and second bending modes. The third aeroelastic mode

is associated to the unstable mode of the optimal case obtained by the polar parameters and is a

combination of the third bending the first torsion mode.
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Figure 6.23: Mode shapes corresponding to the unstable mode for each optimal case. a) ply angles and b)
polar parameters.

In order to highlight the stochastic behaviour of these two cases, first the optimal, mean and

standard deviation of the stability margins and the flutter velocities are compared in table 6.10. The

optimal stability margin of both cases are similar with about 1% difference. The same observation can
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be done for the mean stability margins which are about 15% lower than the optimal stability margins.

On the other hand, the standard deviation of the case obtained by the ply angles is significantly higher

than the one obtained using the polar parameters. This 30% difference can indicate a wider pdf which

affects the reliability of the configuration. As mentioned previously, the optimal flutter velocity of

the configuration obtained by the polar parameters is 5% higher than the ply angle optimal case. A

smaller difference is observed over the mean velocities which is approximately of 2% and similarly

between the standard deviations which is nearly of 12%. These two observations can indicate a wider

pdf for the flutter velocity of the optimal case obtained by the polar parameters. The probability of

failure of the former is significantly smaller than the case obtained by the ply angles which given its

higher flutter velocity can be considered the more reliable case with higher aeroelastic performance.

On the other hand, the flutter velocities at 0.01th percentile are very close between the two cases (less

than 1% difference). This result can be due to the long tail of the pdf of both cases which is also

indicated by the value of the standard deviation.

Type of parameters Λ µΛ σΛ Vf [m/s] µf [m/s] σf [m/s] P (Λ < 0) (Vf [m/s], 0.01)

Angles 12.8 10.4 4.3 137.1 134.4 4.1 0.03 120.8

Polar parameters 12.6 10.7 3.0 144.1 136.8 4.6 < 0.01 120.4

Table 6.10: Stochastic properties of the optimal cases obtained by RBDO for two optimisation formulations
with Vdesign = 125m/s.

The stochastic behaviour of the two optimal cases are exhibited in figure 6.24 for both stability

margin Λ and flutter velocity Vf .
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Figure 6.24.a) shows that the stability margin pdf of the two formulations are very similar in shape.

However, the pdf obtained by the ply angles formulation has a longer tail which explains the large

difference of the standard deviations. The pdfs of the flutter velocities compared in figure 6.24.b) show

very different shapes. The ply angles optimal case has a narrower pdf with higher probabilities over

the peak, the polar parameters optimal configuration remains the more reliable case with a higher

flutter velocity and thus with better performance.

6.5 Conclusion

In this chapter, the aeroelastic behaviour of a composite structure has been optimised in the stochastic

framework. The ply angles have been used as optimisation variables throughout the study. Symmetric

composite laminates have been considered in order to reduce the number of optimisation variables.

The polar parameters have been used in order to reduce the dimensionality of the problem as they

allow to express the bending behaviour of the structure using only 6 parameters. The stability margin

was used to circumvent the difficulty associated to the use of non-smooth variable of interest such

as the flutter velocity. Stability margin is a function of aeroelastic dampings which are continuous

function of polar parameters and can easily be emulated using the chosen surrogate model.

The stochastic aeroelastic response of the composite structure was approximated using a surrogate

model. The latter was then employed in a Reliability-Based Design Optimisation (RBDO) frame-

work. The results of the deterministic optimisation process have been compared to the optimal cases

of RBDO. A clear advantage of the RBDO is observed particularly in the stochastic analysis regarding

the safety of the final design.

Next, the influence of random thicknesses and imposed symmetric uncertainties during the optimi-

sation process and in the Uncertainty Quantification a posteriori has been investigated. Uncertainty

over ply thicknesses lead to a more dispersed pdf and higher probability of failure. On the other hand,

imposed symmetry on the uncertainties gave place to configurations with lower performance and an

under-estimated probability of failure.

Finally, the proposed RBDO algorithm has been modified in order to include a higher control over

the elastic properties of the structures under study. To this end, the intermediate step of stacking

sequence retrieval has been added to the RBDO process while modifying the optimisation variables to

the polar parameters. The comparison of the stochastic response of the cases obtained by ply angles

and the polar parameters showed a significant improvement in the final results of the RBDO. The

probability of failure was reduced by at least 70% when using the polar parameters while the flutter
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velocity was increased by 5%. The elastic properties of the final result was determined beforehand as

the optimisation domain was limited to orthotropy which resulted in a more reliable structure with

higher performance.
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7
Conclusions and Perspectives

7.1 Conclusion

The main objective of this work was to conduct the aeroelastic optimisation of composite structures

using a 2-level method based on the polar formulation. Both deterministic and stochastic frameworks

were considered and compared for this purpose. The purpose of this optimisation was the maximi-

sation of the critical velocity which is defined as the velocity in which the dynamic (flutter) or static

(divergence) instabilities can take place. The composite structures employed were constructed using

stacking sequences with Uniform-Stiffness or Variational-Stiffness plies with Uni-Directional or Tow-

Steered fibre paths respectively.

Initially, the Uniform-Stiffness composite laminates were directly optimised using the ply angles

as the optimisation variables. Using the Genetic Algorithm as the optimisation method and a 16-ply

composite laminate, the use of ply angles implied an optimisation process with 16 variables. Each

variable could have an independent value in an interval of −90◦ to 90◦ with a 5◦ increment which did

not impose any limitations over the elastic symmetry of the stacking sequences. This study was then

compared to similar cases with a constraint over the coupled membrane-bending condition and another

case with imposed symmetry on the laminate under study (this reduced the number of optimisation

parameters to 8). The optimisation variables were then replaced by the polar parameters which helped
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to reduce the number of variables significantly (in this case 4 instead of 16). The investigation of the

anisotropic domain with the help of polar parameters accelerated the convergence of the optimisation

process while giving satisfactory results.

The results obtained during the anisotropic optimisation study using symmetric ply angles sug-

gested optimal cases with orthotropic symmetries which triggered the idea of restraining the optimi-

sation domain to orthotropy. Polar parameters demonstrated an improvement in the optimisation

process in terms of the convergence to the optimal objective function. Moreover, they allowed the

definition of elastic symmetries in a geometrical domain for which the boundaries are expressed ana-

lytically. Three geometries (straight, swept-backward and swept-forward wings) have been subject to

this optimisation process. Using three polar parameters (RK , R1 and Φ1) to represent all admissible

orthotropic laminates, the maximum flutter velocity for each geometrical configuration was obtained.

These results suggested an alignment between the orthotropic and reference wing axis for the straight

wing, while the importance of optimising the polar angle Φ1, i.e. the direction of the orthotropy axis,

was demonstrated for the swept wings. While the polar parameters improve the optimisation process

(by both accelerating and restraining the domain), they require a second step which consists on re-

trieving the stacking sequence corresponding to the optimal set of polar parameters. This step can

be done either analytically or numerically, which was explained and demonstrated with multiple cases.

Next, the deterministic optimisation was expanded to Tow-Steered laminates. The polar parame-

ters were again employed to express the elastic properties of the composite structures. The variable

rigidity of the Tow-Steered plies were expressed by different strategies which were mainly based on

the anisotropic moduli (RK and R1). The parameters were imposed over the chosen control points

throughout the structure and were then interpolated by the B-spline curves in order to obtain the

rigidity matrix over each finite element node. The anisotropic moduli were either chosen over the angle-

ply curve or the entire orthotropic domain and the optimisation process was conducted for the same

three geometries as previously mentioned. The variation over the angle-ply curve resulted in a 2− 4%

improvement for the straight and the swept-backward wing in comparison to their Uniform-Stiffness

counterpart. On the other hand, the variation of the anisotropic moduli inside the orthotropic domain

achieved an increase of 3% for the swept-forward wing compared to its Uniform-Stiffness counterpart.

Once the deterministic optimisation of all cases was carried out, the stochastic response of these

optimal configurations was studied. First a convergence study using the Latin Hypercube Sampling

(LHS) was conducted in order to obtain the best compromise between the accuracy and the com-

putational time. Using 1000 LHS samples the probability density function of all Uniform-Stiffness

optimal cases were compared. While the optimal flutter velocity corresponded to the straight wing,
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the stochastic analysis proved the swept-backward wing to be more reliable. Next, the Tow-Steered

laminated were subject to the same analysis but this time a stochastic process needed to be put in

place in order to propagate uncertainties with spatial dependencies. The Karhunen-Loève expansion

was employed for this purpose using 40 modes of the covariance function. The pdf of the Tow-Steered

laminates were compared to their Uniform-Stiffness counterparts and proved to be significantly more

reliable for some geometries.

Finally, given the results obtained in the previous chapters, particularly considering the insight

on the reliability degradation of deterministic optima when analysed in a stochastic framework, the

parametric uncertainties were included in the optimisation process. The latter implied a stochastic

optimisation with a probabilistic objective function. While multiple methods exist for this type of

study, the Reliability-Based Design Optimisation (RBDO) was chosen in this work using this time the

ply angles as the optimisation variables. RBDO consists of minimising the probability of failure which

was defined as the probability of having flutter velocities lower than a given design velocity. This

process was found to be computationally expensive particularly due to the calculation of probability

of the objective function. It was thus decided to employ a surrogate model such as Gaussian Process

Regression (GPR) in order to reduce the computational time. The main difficulty risen from the use

of GPR was the discontinuity on the response surface of the domain of study which was overcome by

changing the objective function. Stability margin which is a function calculated from the aeroelastic

damping values at a given design velocity, solves the problem of discontinuity as the damping values

are a continuous function of the composite material properties. The RBDO was conducted using GPR

and the stability margin which helped define the probability of failure for cases with negative values

of the latter. Multiple design velocities and different types of uncertainties were tested for the straight

wing and their results were compared to one another. A new formulation was tested using the polar

parameters which included a supplementary step of stacking sequence retrieval into the optimisation

process. The latter was then compared to the original algorithm using the ply angles and showed to

be more efficient both in convergence speed and the control over the elastic properties of the final

result.

7.2 Perspectives

The optimisation process conducted in this work was tested for three different geometries. While the

swept wings allowed a better understanding of the parametric study, the proposed methodology can

easily be applied to more complex geometries. Configurations such as the T-tail wing [178] or even a

simple whole airplane body [179] could be modelled using the tools presented in this work at a subsonic

flow and adequate results for a pre-design step can be obtained. As far as the aerodynamic model is
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concerned, while some studies mention the low accuracy of the original Doublet Lattice Method for

these types of simulation, small variations in the latter could significantly enhance the results [180].

Another common aeroelastic instability, often taking place in supersonic regimes, is the panel flutter

[35]. Simple models such as piston theory could be developed and coupled to the existing structural

model in order to study this phenomenon in supersonic flows [181, 182].

In order to further improve the results obtained by the Doublet Lattice Method (DLM) presented

in this work for compressible subsonic flows, higher fidelity models such as Euler or RANS can be em-

ployed. While these methods have proven to achieve higher precision results, they are computationally

expensive. One way to reduce this computational cost is to solve the coupled equation in a frequency

domain using linearised aerodynamic models [183, 184]. In order to obtain further time reduction, in

the case of small-amplitude motions, an alternative solution is the flutter derivative, which is based on

defining the aerodynamic forces as a function of the structural motions. The coefficients of the struc-

tural terms are the flutter derivatives which can be obtained by experimental or numerical methods

[185, 186]. While these methods significantly reduce the computational time of high-fidelity models,

they remain costly for an iterative optimisation framework. Multi-fidelity methods are more and more

popular as a solution to reduce the computational cost. These types of procedures usually consist in

conducting a few high fidelity simulations in order to obtain either a correction factor [187, 188] or

a surrogate model [189, 190] to improve the results of the lower fidelity model. In an optimisation

framework similar to the study presented in this work, another type of multi-fidelity analysis can be

employed: it is based on a first analysis of the domain of study using a low-fidelity model in order

to obtain the regions of interest which can then be exploited using a higher fidelity model which will

investigate a significantly smaller domain [191].

Naturally, with more realistic models, different aspects of the structure or the aerodynamic forces

need to be taken into account during the optimisation. A Multi-Disciplinary Optimisation (MDO)

could help with the formulation of these types of studies in order to find the best compromise amongst

multiple objective functions [192]. Furthermore, in the framework of the single objective optimisation

problem conducted in this work using the polar parameters, some variations on the elastic properties

of the final stacking sequence can be made. The latter is mainly during the numerical retrieval due

to the choice of the function which is the Kullback-Liebler function in this work and is based on the

rigidity matrices. Other functions can be defined by the matching of the polar parameters of one

specific matrix such as bending or membrane or even the membrane-bending coupling matrix in order

to put more emphasis on the desired property.
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Another step that adds numerical error to the final result is the stacking sequence retrieval, par-

ticularly during the Reliability-Based Design Optimisation (RBDO) process. One solution to skip

this step is to impose directly the uncertainties over the polar parameters. However, the latter has

been an obstacle during this work as the parametric uncertainties over the stacking sequences do

not have a direct relationship with the polar parameters. Moreover, the six polar parameters are

co-dependant which further complicates the consideration of uncertainties over these variables. Few

analysis have been conducted over the uncertainties of the quasi-trivial sequences and their impact

on the distribution of the polar parameters. The latter has demonstrated a strong dependance of the

polar parameters distribution on the family of the quasi-trivial sequences. This could be a starting

point into imposing uncertainties directly over the polar parameters.

Another manner into the improvement of RBDO has been the replacement of the optimisation

variables by polar parameters. As a result, a stacking sequence retrieval step has been included during

the optimisation process. The latter has been based on the numerical optimisation of the Kullback-

Liebler function for every polar parameter chosen by the optimisation algorithm. On the other hand,

it was demonstrated that the right choice of retrieval method significantly reduces the differences be-

tween the target polar parameters and the resulting stacking sequence. The addition of an automatic

analysis of the polar parameters inside the domain can help choose an appropriate method during the

RBDO process.

The main objective of this work was to maximise the flutter velocity as well as ensuring a reliable

stochastic response (low probability of failure) of the optimal structure. The latter has been made

possible but resulted into a decrease of the flutter velocity. During the parametric analysis of the

response surfaces for different geometries, it was observed that the mode switch of the optimal case is

generally between the second and the third aeroelastic mode. The damping values of the second mode

increase with the airspeed and remain unstable for all speeds beyond the flutter velocity. On the other

hand, the third mode has damping values that become positive at the flutter velocity but soon after

become stable at large velocities associating the latter to a hump mode. This type of behaviour can

be eliminated with the help of flutter control and thus increase the flutter velocity. Active or passive

flutter control [193, 194] have been the subject of interest in aeroelastic design in the recent years.

Methods such as mass damper [195] or piezoelectric actuators [196] are some popular approaches to

active flutter control. To further insure the safety of the structure, particularly due to the absence

of high-fidelity models, active robust control has been developed as a solution which includes various

uncertainties present in the aeroelastic system [197, 198].
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A
Uniform-Stiffness Laminates: Tapered Wing

As a continuation to the results presented in chapter 3, the purpose of this appendix is optimisation

of the orthotropic and geometrical properties of a tapered plate under study

maximize
RK ,R1,Φ1,αswept,λt

Vf

subject to − (ρ0) + 2(ρ2
1)− 1 ≤ 0, (A.1)

where the tapered ratio can be defined as λt = ctip/croot with ctip representing the chord of the wing

at the tip and croot the chord of the wing at the root for which the value is constant throughout the

optimisation process croot = 0.0762m.

Table A.1 summarises the results of this optimisation study.

Case ID Wing configuration RK [GPa] R1[GPa] Φ1[◦] αswept[
◦] λt Vf [m/s] ωf [rad/s]

tp1 tapered 13.27 1.06 36. -20. 0.13 261.3 1425.9

Table A.1: Results of deterministic optimisation for tapered US configuration using polar parameters,
swept-angle and the tapered ratio as optimisation variables.
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The anisotropic moduli RK and R1 indicate that this optimal configuration is in the right side

of the orthotropic domain near the cross-ply border. This property is similar to both optimal cases

obtained for swept wings when the polar angles was included in the optimisation process. The value of

the optimised swept angle αswept corresponds to a swept-backward wing and unlike the swb2 Uniform-

Stiffness case (αswept = −15◦ and Φ1 = −56◦), the polar angle of tp1 is in the opposite direction of

the swept angle (αswept = −20◦ and Φ1 = 36◦). The optimised tapered ratio allows the calculation of

the wing chord at the tip ctip = 0.0101m. This value indicates that the optimal aeroelastic behaviour

of a plate wing corresponds to a delta configuration. Finally, the flutter velocity of the optimal case

is calculated which is significantly higher than the cases studied in section 3.1.2. The highest flutter

velocity previously obtained corresponds to the straight wing (Vf = 146.5 m/s) which is 48% lower

than the optimal flutter velocity of the tapered case. The flutter frequency of the tapered case is

considerable higher than any value obtained previously for different modes. It can indicate the ap-

pearance of the instability on a different mode than the ones observed for other optimal cases.

Figure A.1 demonstrates the evolution of aeroelastic damping and frequency of the optimal tapered

wing. The third mode becomes unstable and the fourth mode approaches the flutter boundary which

has not been the case for the previous geometries studied previously. The first and the second modes

are far from the instability which proves that at large values of velocity, higher modes are more

favourable to become unstable. The aeroelastic frequencies of the modes increase for higher orders

but at large velocities the frequencies of the fifth mode converge towards the fourth.
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Figure A.1: The evolution of a) aeroelastic damping and b) aeroelastic frequency of case tp1.

The unstable mode shape is presented in figure A.2. It is the third aeroelastic mode which for this

case is obtained by coupling between the third bending and second torsion mode.

Finally, the elastic moduli are presented in figure A.3. The symmetry in the young moduli plot
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Figure A.2: The aeroelastic mode shape for case tp1 resulting from the optimisation presented in table A.1.

confirms the orthotropic nature of the optimal configuration and the deviation from π
2 demonstrates

the polar angle orientation.
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Figure A.3: Young moduli of the optimisation results for the optimal tapered wing presented in table A.1.
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B
Variable-Stiffness Laminates: Complementary Results

This appendix includes complementary results of the Tow-Steered study. An optimisation strategy

using the polar angle Φ1 and some 2D results of the two strategies from chapter 4 are presented.

Similar formulation of the Tow-Steered composite laminates has been employed as explained in chapter

4. Three different strategies are put in place for modelling these variable stiffness laminates where two

of them were previously presented. In this section all three strategies are explained and the results of

multiple cases are demonstrated. The three strategies are as followed:

• Anisotropic moduli (RK and R1) optimised but constant throughout the structure only the polar

angle (Φ1) optimised and variable per finite element node

• Anisotropic moduli (RK and R1) optimised over the angle-ply curve and variable per finite

element node

• Anisotropic moduli (R1 and RK) optimised over the whole orthotropic domain and variable per

finite element node

Each strategy is applied to three different geometries, one straight and two swept wings. For each

geometry, two types of stiffness variations are considered, one along the span (1D) and one along both

span and chord (2D).
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B.1 Optimisation by varying the polar angle

The first strategy consists on optimisation of three polar parameters, the anisotropic moduli (RK and

R1) in the orthotropic domain and the polar angle (Φ1). While anisotropic moduli are optimised for

each laminate, their values stay constant throughout the structure. On the other hand, the variation

of the stiffness is presented by different values of the polar angle (Φ1) per finite-element node. As

explained before, these values are not set directly for each node but interpolated using the B-spline in-

terpolation method. The optimisation algorithm, generates two values for each anisotropic moduli and

6 or 24 values of the polar angle on the control points depending on 1D or 2D variations of the stiffness.

Table B.1, summarises the results obtained for different configurations. It needs to be noted that

for each geometry, two optimisation problems have been conducted. Cases with the variation of Φ1

only along the span are indicated by (1D) and along both span and chord by (2D). Similarly to the

optimisation problems conducted in the previous chapter, 100 individuals are optimised over 50 gen-

erations. For 2D cases the number of individuals is increased to 150 as the number of variables is

significantly higher.

Case ID Wing configuration RK [GPa] R1[GPa] Φ1[◦] αswept[
◦] Vf [m/s] ωf [rad/s]

st1 straight (1D) 13.97 0.53 variable 0. 145.2 417.3

st2 straight (2D) -13.97 1.28 variable 0. 138.1 478.4

swb1 swept-backward (1D) 12.18 5.15 variable -15. 139.1 656.5

swb2 swept-backward (2D) -13.33 1.04 variable -15. 134.6 440.8

swf1 swept-forward (1D) 13.13 8.88 variable 15. 138.0 402.3

swf2 swept-forward (2D) 14.19 7.09 variable 15. 138.0 416.8

Table B.1: Deterministic optimisation results of the Tow-Steered configurations obtained by optimised
anisotropic moduli (RK and R1) and variations of polar angle (Φ1) throughout the structure with red coloured
variables indicating constant parameters during the study.

For the straight case, optimised in the span-wise direction, the maximum flutter velocity (Vf )

reaches similar values as the one obtained using Uniform-Stiffness (US) laminates. On the other hand,

the anisotropic moduli are on the opposite part of the domain compared to the US configuration. The

2D (chord-wise and span-wise) variation of Φ1 did not improve the results and could not reach the

maximum value obtained with the 1D case. The reason is mainly due to the number of optimisation

variables which were higher and thus more complicated for the algorithm to converge to the maximum

value. Comparing the values of the flutter frequencies, the 2D variations have higher frequencies for

smaller values of velocity.
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For both straight wing cases (1D and 2D), figure B.1 represents the variation of Φ1 throughout

the structure. The arrows show the direction of the latter, while the colour map indicates the value

of Φ1 over each finite-element node. For the 1D case, the polar angle is not aligned with the reference

axis but it does not show important variations except near the wing tip when the orthotropic axis

has a notable change of direction and gets values closer to zero. On the other hand, the 2D case

has remarkable patterns along both the chord-wise and the span-wise directions. These observations,

confirm that in case of a straight wing, large variations of the orthotropic axis do not increase the

flutter velocity and as demonstrated in the US case, the optimal configuration corresponds to Φ1 = 0◦.
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Figure B.1: Variation of value and orientation of the ply angle (Φ1) indicated by the colour map and the
arrows. a) over the span (case st1) and b) over both span and chord (case st2) for a straight wing.

The evolution of the aeroelastic damping and frequency of both straight cases in figure B.2, demon-

strates the same behaviour as the US configurations. The instability occurs on the second mode while

the third mode stays close to the zero axis as well. The mode shapes of the unstable cases are pre-

sented in figure B.3. The second aeroelastic mode with second bending and first torsion coupled modes

occurs for both cases while the amplitude of the mode for each case is slightly different.

The same type of study was carried out for both swept-backward and swept-forward cases presented

in table B.1. For 1D variation of Φ1, the swept-backward case, reaches similar values than the US

laminates but again with anisotropic moduli that belong to a different zone on the orthotropic domain.

The 2D variation of the polar angle over the span and the chord, reduces the flutter velocity which as

stated before is related to the large number of variables and the number of possibilities. On the other

hand, the flutter frequency of the 2D case is significantly lower than the 1D case. This difference can
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Figure B.2: Evolution of (a,c) aeroelastic damping and (b,d) aeroelastic frequency of the TS straight wings
with variations of Φ1. (a,b) for case st1 and (c,d) for case st2.

indicate the instability on two different modes.
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Figure B.3: Aeroelastic mode shapes of the TS straight wings for variation of Φ1. a) for case st1 and b) for
case st2.

The variation of Φ1 is now demonstrated for the swept-back configurations in figure B.4. Similarly

to the straight case, for the 1D case, orientation of the polar angle over the structure remains roughly

unchanged and has a significant variations towards the tip of the wing. Unlike the straight case, the
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values of Φ1 at the tip are not close to zero. For the case with a 2D variation of Φ1, the deviation of

the angle throughout the structure is more present but the interval in which the variations take value

is limited.
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Figure B.4: Variation of value and orientation of the ply angle (Φ1) indicated by the colour map and the
arrows. a) over the span (case swb1) and b) over both span and chord (case swb2) for a swept-backward wing.

The aeroelastic damping and frequency evolution for the swept-backward wing are presented in

figure B.5 . The instability takes place on the third mode for the 1D case while the second mode be-

comes unstable soon after. On the other hand, for the 2D case the latter becomes close to instability

but stays stable even after the flutter velocity. Another points to remark on this figure, is the first

mode which corresponds to divergence. The latter is closer to instability for the 1D case compared to

the 2D configuration.

Concerning the mode shapes, figure B.6, demonstrates the third aeroelastic mode for the 1D case

which is a combination of the second torsion and the first bending mode. for the 2D case, the second

aeroelastic mode is presented which is a combination of the second bending and the first torsion mode.

The next geometry to consider is the swept-forward wing. The variation of the polar angle Φ1

over a swept-forward wing demonstrates slightly different results in table B.1. The optimal flutter

velocity is moderately higher than the US configurations. Furthermore, the 2D variation of Φ1 reaches

approximately identical values of velocity and frequency as the 1D case. The reason for this difference

can be due to the large influence of the orientation of orthotropic axis over the aeroelastic response

of swept-forward configurations. As observed in the previous chapter, swept-forward wings have the

highest increase of the flutter velocity for the variation of Φ1.
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Figure B.5: Evolution of (a,c) aeroelastic damping and (b,d) aeroelastic frequency of the TS swept-backward
wings with variations of Φ1. (a,b) for case swb1 and (c,d) for case swb2.
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Figure B.6: Aeroelastic mode shapes of the TS swept-backward wings for variation of Φ1. a) for case swb1
and b) for case swb2.

Figure B.7 presents the distribution of the polar angle throughout the structure. The variation of

Φ1 over this case is highly uni-directional for the 1D case. Unlike the previous cases, the angles near

the wing tip keep the same tendency as the rest of the structure. In the 2D case, the variation of the

polar angle stays the same in the mid section of the wing and some variabilities towards the tip and

the lower root.
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Figure B.7: Variation of value and orientation of the ply angle (Φ1) indicated by the colour map and the
arrows. a) over the span (case swf1) and b) over both span and chord (case swf2) for a swept-forward wing.
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Figure B.8: Evolution of (a,c) aeroelastic damping and (b,d) aeroelastic frequency of the TS swept-forward
wings with variations of Φ1. (a,b) for case swf1 and (c,d) for case swf2.
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As for the aeroelastic damping and frequencies of the corresponding swept-forward cases B.8, the

instability is again present on the second mode and the third mode is close to instability for both

1D and 2D cases. However, the first mode which corresponds to the divergence and was the unstable

mode in the US case, is close to the axis zero and therefore the instability for the 2D configuration.

The mode shapes corresponding to instability are also presented in figure B.9. Both unstable modes

are the second aeroelastic mode with a coupling between the second bending and the first torsion mode.

−0.5
0

0.5

0 0.2 0.4 0.6 0.8 1

a)

−0.5
0

0.5

0 0.2 0.4 0.6 0.8 1

b)

y
/
ch

or
d

x/span

y
/c

h
o
rd

x/span

Figure B.9: Aeroelastic mode shapes of the TS swept-forward wings for variation of Φ1. a) for case swf1
and b) for case swf2.

The optimisation of the TS laminates by variation of the polar angle Φ1 did not improve the

aeroelastic behaviour of the considered structures. In an attempt to further maximise this velocity

and study the influence of other parameters over the aeroelastic response of these laminates, other

optimisation strategies are considered which will be explained in details in the next sections.

B.2 Optimisation over the angle-ply curve

As explained in chapter 4 the high number of optimal US laminates on the angle-ply curve influence

the choice of this strategy. The optimisation variables are thus 6 or 24 values of R1 over the control

points. As the optimisation is restrained to the angle-ply curve, the values of RK can be obtained

analytically from R1 using the relationship expressed in euqation (4.12). It needs to be pointed out

that for cases presented here during this optimisation strategy, the polar angle is fixed and aligned to

the reference axis of the wing.

Similarly to the previous strategy three geometries have been studied with both 1D and 2D vari-

ation of the laminate properties. Table B.2 presents these cases with the orthotropic axis aligned

to the principle axis. For the straight 1D case, the flutter velocity is increased beyond any values
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Case ID Wing configuration RK [GPa] R1[GPa] Φ1[◦] αswept[
◦] Vf [m/s] ωf [rad/s]

st1 straight (1D) variable variable 0. 0. 151.8 499.5

st2 straight (2D) variable variable 0. 0. 152.2 468.2

swb1 swept-backward (1D) variable variable -15. -15. 132.6 440.1

swb2 swept-backward (2D) variable variable -15. -15. 135.5 448.6

swf1 swept-forward (1D) variable variable 15. 15. 95.0 0.

swf2 swept-forward (2D) variable variable 15. 15. 108.7 0.

Table B.2: Deterministic optimisation results of the Tow-Steered configurations obtained by variation of
anisotropic moduli (RK and R1) over the angle-ply curve throughout the structure, with red bold coloured
variables indicating constant parameters during the study.

obtained previously for the straight wing and has a 4% gain compared to the US configuration. The

2D optimisation does not have a remarkable influence on the value of the flutter velocity as seen in

the last strategy. The flutter frequencies for both 1D and 2D cases remain in close intervals but as

the speed increases for the 2D configuration, its flutter frequency decreases.

Figure B.10 represents the variation of these moduli over the structure. The colour map demon-

strates the value of each variable. As explained before in section 2.2, the stacking sequence of a set

of polar parameters over the angle-ply curve can be calculated analytically using equation (2.56). As

this sequence is only the variation of the sign of one angle (±α) thus the orientation of this value can

be presented on the figures. The arrows over each node represent this value that can be then used

to build the corresponding stacking sequence. In the 1D case, the variations of both moduli and the

sequence angle, stay limited to a small interval, except for both tip and the root of the wing. The

drastic difference in the values of the borders to the mid section of the structure, creates a curved

pattern of the tow-angle throughout the ply that differs from the US configurations. The effect of the

wing tip and root disappears for the 2D case and the values of the anisotropic moduli remain limited

and the path that the fibres follow, is less exaggerated than the 1D case.

In case of a 1D variation, the evolution of aeroelastic damping and frequency demonstrated in figure

B.11, follows the same behaviour as the previous cases with the second mode that becomes unstable

and the third mode close to instability. In case of a 2D variation, the instabilities take place over the

second mode and the third mode remains close to the zero axis but the first mode which corresponds to

static instabilities, approaches the zero axis and becomes unstable immediately after the second mode.

The isolines of the unstable modes are presented in figure B.12 which again displays a combination
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Figure B.10: Variation of RK , R1 and the orientation of ply angle presented by the colour map and the
arrows. (a,b) over the span (case st1) and (c,d) over both span and chord (case st2) for a straight wing.

of the second bending and first torsion modes. This time the difference in amplitude of each mode is

more significant.

For the swept-backward wing with an aligned orthotropic axis to the reference axis of the wing,

the flutter velocity does not increase compared to the previous strategy for neither the 1D nor the

2D case as presented in table 4.1. On the other hand, for the 1D variation, the velocity is increased

by 1% with respect to the US case with an aligned orthotropic and the reference axis. It needs to be

noted that the 2D variation demonstrates a slight increase of the flutter velocity compared to the 1D

case and even a further augmentation of 3% compared to the US case. It is therefore advantageous

to consider the 2D variation of anisotropic moduli in this strategy unlike the previous optimisation

problem. Unlike the straight configurations, the increase in the velocity of the 2D case results in a
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Figure B.11: Evolution of (a,c) aeroelastic damping and (b,d) aeroelastic frequency of the TS straight wings
with variations of RK R1 over the angle-ply curve. (a,b) for case st1 and (c,d) for case st2.
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Figure B.12: Aeroelastic mode shapes of the TS straight wings for variation of RK R1 over the angle-ply
curve. a) for case st1 and b) for st2.

higher flutter frequency.

Figure B.14 represents variation in anisotropic moduli and the ply angles on the swept-backward

wing with the orthotropic and the principle axis aligned. For the 1D case, the values of RK and R1
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Figure B.13: Variation of RK , R1 and the orientation of ply angle presented by the colour map and the
arrows. (a,b) over the span (case swb1) and (c,d) over both span and chord (case swb2) for a swept-backward
wing.

are limited limited to a small zone over the ply-angle curve. This behaviour gives place to small varia-

tions of the tow-angles throughout the structure. For the case with a 2D variation, a more noticeable

deviation is observed, this time mostly over the higher boundaries of the wing which gives place to a

noticeable curve in the path of the fibres.

The aeroelastic damping and frequency of the both these configurations are presented in figure B.14.

Comparable behaviours are observed concerning the unstable modes to the previous configurations.

The instability occurs on the second mode for both 1D and 2D variations but the third mode is not

as close to instability as the previous cases. The evolution of modes in damping and frequency are

very close to the US case which can be explained by the small variations of the anisotropic moduli.
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The representation of the second aeroelastic mode in figure B.15 confirms the coupling of the second

bending and the first torsion modes.
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Figure B.14: Evolution of (a,c) aeroelastic damping and (b,d) aeroelastic frequency of the TS swept-
backward wings with variations of RK R1 over the angle-ply curve. (a,b) for case swb1 and (c,d) for case
swb2.
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Figure B.15: Aeroelastic mode shapes of the TS swept-backward wings for variation of RK R1 over the
angle-ply curve. a) for case swb1 and b) for swb2.

In the same manner, for the swept-forward wing with the aligned orthotropic and principle axis,
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no increase is indicated comparing to the previous strategy in table 4.1. A slight augmentation of 3%

is observed in the flutter velocity of the 1D case with respect to the US configuration but even a more

important increase of 16% in the 2D configuration. Both flutter frequencies are zero which indicates

a divergence instability.
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Figure B.16: Variation of RK , R1 and the orientation of ply angle presented by the colour map and the
arrows. (a,b) over the span (case swf1) and (c,d) over both span and chord (case swf2) for a swept-forward
wing.

Contrary to the previous cases, the swept-forward configurations, have a significant variation

throughout the structure, for both 1D and 2D cases presented in figure B.16. These variation translate

into more complicated patterns of the fibres. Unlike other configurations, the swept-forward wing does

not have significant changes only over the boundaries and has a more dispersed variation throughout

the structure.
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Figure B.17: Evolution of (a,c) aeroelastic damping and (b,d) aeroelastic frequency of the TS swept-forward
wings with variations of RK R1 over the angle-ply curve. (a,b) for case swf1 and (c,d) for case swf2.

The optimal configurations obtained for the swept-forward wings with Φ1 = 0, demonstrate a rather

different aeroelastic behaviour in comparison to other geometries. The 1D variation of anisotropic

moduli over the angle-ply curve results in a divergence, while the second mode becomes unstable in

higher velocities. The 2D configuration, keeps the divergence instability but this time the second

mode shows instabilities right after the first mode. Both divergence modes are presented in figure

B.18 which correspond to the first natural bending mode.

While some improvements have been observed during this optimisation strategy, the question on

the impact of the other orthotropic symmetries on the aeroelastic behaviour of the TS laminates, is

still present. For this purpose the next strategy is formulated to further explore this domain for the

three chosen geometries.
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Figure B.18: Aeroelastic mode shapes of the TS swept-forward wings for variation of RK R1 over the
angle-ply curve. a) for case swf1 and b) for swf2.

B.3 Optimisation inside the orthotropic domain

In this section, the optimisation of the TS laminates is defined in the entire orthotropic domain, using

the anisotropic moduli. The difference between this strategy and the one defined in the previous

section is the domain of investigation. In the previous optimisation problem the anisotropic moduli

were dependent on one another as the domain was limited to the angle-ply curve. In this strategy,

both moduli can vary independently inside the orthotropic domain and do not have any dependencies

on each other. The optimisation variables are therefore RK and R1 which gives place to 12 or 48

parameters (2 variables per control point).

Case ID Wing configuration RK [GPa] R1[GPa] Φ1[◦] αswept[
◦] Vf [m/s] ωf [rad/s]

st1 straight (1D) variable variable 0. 0. 146.9 502.7

st2 straight (2D) variable variable 0. 0. 139.0 496.5

swb1 swept-backward (1D) variable variable -15. -15. 132.1 444.0

swb2 swept-backward (2D) variable variable -15. -15. 129.4 467.5

swf1 swept-forward (1D) variable variable 15. 15. 94.5 0.

swf2 swept-forward (2D) variable variable 15. 15. 106.0 0.

Table B.3: Deterministic optimisation results of the Tow-Steered configurations obtained by variation of
anisotropic moduli (RK and R1) inside the orthotropic domain throughout the structure, with red bold coloured
variables indicating constant parameters during the study..

Table B.3 presents all the results obtained with this strategy. The orthotropic axis in considered

aligned with the main axis of the wing unless it is mentioned as an optimisation variable. Each ge-

ometry is subject to 1D or 2D variations of the tow-angles and all the results will be compared to the

previous cases obtained in other TS strategies or the US laminates.
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Figure B.19: Variation of RK and R1 presented by the colour map. (a,b) over the span (case st1) and (c,d)
over both span and chord (st2) for a straight wing.

The optimisation study is first applied to a straight wing. The anisotropic moduli are chosen in

the entire orthotropic domain but the maximum flutter velocity, corresponding to the 1D case, fails

to surpass the previous TS results and can only rise as high as the US case. The 2D optimisation

indicates a lower value of the flutter velocity. As mentioned for the first TS strategy using the polar

parameters, the 2D variation has more difficulty to converge to a maximum Vf due to the large num-

ber of variables and possibilities. The flutter frequencies of both cases remain close to each other and

previous cases.

Figure B.19 represents the variations of the anisotropic moduli over the studied structure. In this

strategy the arrows corresponding to the orientation of the layers are not present. The reason is that
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the orientations can no longer be analytically calculated for all the nodes and each layer has therefore

a different direction which is not possible to present with only one value. The colormap on this figure

indicates nearly uniform values for RK and R1. The variation for both moduli is limited to a given

zone which has similar values to the optimal case of the US configuration. The 1D case has therefore

converged toward a US optimal configuration. Concerning the 2D case, both moduli vary in large

zones and take the values in the extremities of their domain of definition. This behaviour can explain

the lower value of the flutter velocity for this configuration.
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Figure B.20: Evolution of (a,c) aeroelastic damping and (b,d) aeroelastic frequency of the TS straight wings
with variations of RK R1 in the orthotropic domain. (a,b) for case st1 and (c,d) for case st2.

The aeroelastic damping and frequency presented in figure B.20 have similarities to the previous

optimal cases obtained with different strategies. The 1D case has instabilities over the second mode

and the third mode which is close to the axis zero. In this case, the divergence mode, approaches in-

stabilities more than previous 1D cases. In the 2D configuration, this behaviour is further exaggerated

with the first mode closer to instability in velocities near Vf . The mode shapes presented in figure

B.21 demonstrate the unstable modes for both 1D and 2D straight optimal configurations. They both

have similar shapes with a combination of the second bending and first torsion modes but a difference
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in amplitude is observed.
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Figure B.21: Aeroelastic mode shapes of the TS straight wings for variation of RK R1 in the orthotropic
domain. a) for case st1 and b) for st2.

The swept-backward wing has been subject to the same optimisation studies with both 1D and 2D

variations. The results of this study are presented in table B.3 .The values have again not exceeded

any of the results in the previous strategies. Compared to the US case a small augmentation of 1%

is observed. This time the 2D variation has closer values to the flutter velocity of the 1D case similar

to what had been obtained in the US optimisation. The flutter frequencies indicate similar unstable

modes between the two cases.

Figure B.22 represents the variation of the anisotropic moduli over each finite element node using

a colour map. As observed in the previous case, the variations of both moduli are limited to a small

interval for the 1D case. These values vary around the optimal US moduli of the swept-backward wing

with an aligned orthotropic and reference axis. The 2D case presents wider range of variations but

they have not contributed to the optimisation of the aeroelastic response of the structure but have

only complicated the process of construction.

The aeroelastic response of the structure is presented in figure B.23. The instability occurs once

again over the second mode. Other aeroelastic modes are not close to instability in the same manner

as the previous cases. The 2D case shows similar behaviours as the 1D configuration over smaller

velocities and can thus be concluded that it was not able to converge to the optimal configuration

in the domain of investigation. the mode shapes of both configurations are presented in figure B.24.

They both represent the second aeroelastic mode similarly to other cases demonstrated for previous

strategies.

The swept-forward wing is the next geometry for which the TS laminates are optimised in the
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Figure B.22: Variation of RK and R1 presented by the colour map. (a,b) over the span (case swb1) and
(c,d) over both span and chord (swb2) for a swept-backward wing.

orthotropic domain. The results of both 1D and 2D optimisations are similar to the cases obtained in

the previous strategy. They do not increase compared to the TS laminate obtained with variation of

the polar angle Φ1. On the other hand some augmentation is observed compared to the US laminates

with aligned orthotropic and reference axis. It can be concluded that for this configuration the optimal

values are position over the angle-ply curve. It is noteworthy that the swept-forward wing is the only

case where the value of Vf is higher for the 2D case compared to the 1D case. For both configurations

a steady mode becomes unstable which is suggests a divergence.

The variation of the anisotropic moduli are demonstrated in figure B.25. Unlike the previous ge-

ometries, for the 1D case, both moduli vary in the entire domain of study and take values from the

smallest to the largest margin. The effect of the borders is again present here and drastically changes
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Figure B.23: Evolution of (a,c) aeroelastic damping and (b,d) aeroelastic frequency of the TS swept-
backward wings with variations of RK R1 in the orthotropic domain. (a,b) for case swb1 and (c,d) for case
swb2.
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Figure B.24: Aeroelastic mode shapes of the TS swept-backward wings for variation of RK R1 in the
orthotropic domain. a) for case swb1 and b) for swb2.

the values towards the tip of the wing. The 2D case has also large variations of the anisotropic moduli

but with more complicated patterns throughout the structure.

The aeroelastic response of the system is presented in figure B.26. For the 1D case the first mode
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Figure B.25: Variation of RK and R1 presented by the colour map. (a,b) over the span (case swf1) and
(c,d) over both span and chord (swf2) for a swept-forward wing.

which corresponds to divergence becomes unstable but the damping of the second mode increases with

the speed and becomes unstable further on. For the 2D case, the divergence mode becomes unstable

in higher velocities compared to the 1D case and the second mode becomes positive and thus unstable

immediately after. The unstable modes for both cases are presented in figure B.27. They correspond

to divergence which is due to instability of the first bending mode.

The optimisation inside the orthotropic domain was conducted for all three geometries. No im-

provement has been shown regarding the cases with aligned orthotropic and reference axis.
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Figure B.26: Evolution of (a,c) aeroelastic damping and (b,d) aeroelastic frequency of the TS swept-forward
wings with variations of RK R1 in the orthotropic domain. (a,b) for case swf1 and (c,d) for case swf2.
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Figure B.27: Aeroelastic mode shapes of the TS swept-forward wings for variation of RK R1 in the or-
thotropic domain. a) for case swf1 and b) for swf2.
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C
Uncertainty Quantification: Complementary Results

For the optimal Tow-Steered cases presented in appendix B, the same stochastic analysis deployed in

chapter 5 was conducted. As explained previously, three optimisation strategies based on variation of

different polar parameters were considered for the optimisation of Tow-Steered laminates. Each strat-

egy requires a different method of stacking sequence retrieval. The numerical and analytical methods

explained in section 3.2 are employed over each finite-element node in the case of Variable Stiffness

(VS) laminates

• Variation of the polar angle :

The first optimisation strategy to construct a TS laminate uses Φ1 to impose the variation of

the stiffness throughout the structure. The anisotropic moduli are optimised in this case but

kept constant over the entire structure. This is the most simple case of stacking sequence re-

trieval for a TS laminate, as RK and R1 are constant. Similarly to US configurations, these

methods consist on first, positioning the optimal RK and R1 over the orthotropic domain and

next, depending on the placement of the optimal case, an analytical or numerical approach

can be employed to extract the corresponding stacking sequence. It needs to be noted that

for this step, the value of the polar angle is fixed to Φ1 = 0◦ and once the stacking sequence is

obtained, the ply angles are rotated with respect to the value of Φ1 over each finite-element node.

175
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Figure C.1 presents the anisotropic moduli of all the optimal cases obtained by this strategy

in the orthotropic domain. The first observation regarding the placement of the optimal cases

indicates the proximity of the configurations to the border of the domain. The corresponding

stacking sequences can thus be retrieved by analytical formulations if near the angle-ply curve

or by limiting the numerical model to 0◦ and 90◦ values in the numerical model for cross-ply

laminates.
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Figure C.1: Placement of the anisotropic moduli of Tow-Steered optimal cases obtained by variation of Φ1

in the orthotropic domain.

Following this logic, the stacking sequences presented in table C.1 are retrieved, which will be

rotated on each finite-element node with respect to the corresponding value of Φ1. It needs to

be noted that the sequences obtained analytically over the angle-ply curve are rounded to an

integer due to manufacturing constraints.

Case ID stacking sequence [◦] RK [GPa] R1[GPa] Vf [m/s] ωf [rad/s]

st1 [0, 902, 0, 90, 02, 90, 0, 902, 02, 902, 0] 14.25 + ∼ 2% 0.38 − ∼< 1% 145.5 + ∼< 1% 414.1 − ∼< 1%

st2 [422,−424, 422,−422, 424,−422] -13.94 − ∼< 1% 1.69 + ∼ 2% 137.6 − ∼< 1% 483.0 + ∼< 1%

swb1 [0, 90, 0, 90, 04, 90, 03, 902, 02] 14.24 + ∼ 14% 5.41 + ∼ 2% 138.3 − ∼< 1% 671.3 + ∼ 2%

swb2 [402,−404, 402,−402, 404,−402] -13.39 + ∼< 1% 2.81 + ∼ 11% 132.9 − ∼ 1% 458.3 + ∼ 4%

swf1 [02, 90, 03, 90, 0, 90, 05, 90, 0] 14.25 + ∼ 8% 9.06 + ∼ 1% 138.9 + ∼< 1% 387.5 + ∼ 4%

swf2 [90, 05, 90, 0, 90, 0, 90, 02, 90, 02] 14.25 + ∼< 1% 7.13 + ∼< 1% 137.9 + ∼< 1% 416.2 + ∼< 1%

Table C.1: Stacking sequence retrieval results for optimal TS configurations obtained with variable Φ1.
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• Variation of the anisotropic moduli over the angle-ply curve :

The second strategy is based on variation of RK and R1 over the structure and within the limits

of the angle-ply curve. The stacking sequences over each finite element node are thus calculated

using analytical formulations presented in section 5.2.1.

• Variation of the anisotropic moduli inside the orthotropic domain :

Finally, the third strategy which employs both anisotropic moduli but this time, the variations

are inside the entire orthotropic domain. The stacking sequence retrieval for this case is com-

putationally expensive and the final result might cause challenges during the manufacturing

process.

Using the retrieved stacking sequence and the Karhunen-Loève expansion explained in section

5.2.2, the stochastic analysis of the optimal Tow-Steered laminates is carried out.

C.1 Variation of the ply angle Φ1

In this section the laminates obtained by variation of the polar angle throughout the structure are

studied. Table C.2 summarises the optimal flutter velocity, mean and standard deviation correspond-

ing to each case.

Case ID Wing configuration Vf [m/s] µf [m/s] σf [m/s]

st1 straight (1D) 145.2 139.6 3.7

st2 straight (2D) 138.1 136.0 2.1

swb1 swept-backward (1D) 139.1 136.0 3.0

swb2 swept-backward (2D) 134.6 130.5 1.9

swf1 swept-forward (1D) 138.0 133.2 3.4

swf1 swept-forward (2D) 138.0 131.5 5.0

Table C.2: Stochastic properties of the optimal cases obtained with TS ply laminates while varying the
polar angle.

The straight wing was subject to both 1D and 2D optimisation of Φ1 and it was demonstrated

that the flutter velocity for the 2D case cannot reach the optimal value obtained by the span-wise

optimisation. As indicated in table C.2, the mean velocity of the 2D case remains lower than the 1D

configuration but the difference between these two values is of 2% and smaller than the difference of

the optimal Vf which is 5%. Moreover, the standard deviation corresponding to the 2D pdf is about

4% lower than the 1D case, making the former a more reliable configuration.



178 Uncertainty Quantification: Complementary Results

0

0.05

0.1

0.15

0.2

0.25

120 130 140 150 160

p
(V
f
)

Vf [m/s]

st1 st2

Figure C.2: Comparison of probability distribution function of flutter velocity corresponding to the optimal
straight TS cases with 1D and 2D variations of Φ1.

Figure C.2 compares the probability density function of both straight cases and confirms the ob-

servations made previously on the mean and the standard deviation values. The pdf of the 1D case

has a large variance and while its mean value is higher than the 2D case, the probability that flutter

velocities takes place at lower speeds remains significant. On the other hand, the pdf of the 2D case

is much narrower with a high probability near the optimal Vf which becomes negligible at lower speeds.

Conducting the same analysis for the swept-backward wings, similar observations are made. The

optimal and the mean flutter velocities of the 1D case are higher than the 2D configuration but this

difference if of 3% for the optimal values and of 4% for the mean values. Furthermore, the standard

deviation of the latter is about 40% smaller than the 1D case.
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Figure C.3: Comparison of probability distribution function of flutter velocity corresponding to the optimal
backward TS cases with 1D and 2D variations of Φ1.

The pdfs of both these cases are compared in figure C.3. As a result of the higher variance of the
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1D case, a wider pdf with lower probabilities on the optimal Vf is observed. This type of behaviour

renders this configuration less reliable with a higher probability of flutter failure during the flight

regime. On the other hand, the narrow pdf of the 2D case insures a high probability over the optimal

velocity with a reliable safety margin to avoid instabilities during the flying conditions.

Unlike the previous cases, the swept-forward wing shows a different behaviour compared to the

previous configurations. The optimal flutter velocities of both 1D and 2D cases are identical but the

mean Vf of the latter is 1% lower than the former. Both cases have rather high standard deviations

compared to other geometries which can indicate a wide probability density function. The standard

deviation of the 1D case is 30% lower than the 2D case.
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Figure C.4: Comparison of probability distribution function of flutter velocity corresponding to the optimal
swept-forward TS cases with 1D and 2D variations of Φ1.

Figure C.4 confirms the results presented in table C.2. These pdfs both demonstrate a bi-modal

behaviour which has not been observed for other geometries in this optimisation strategy. On the

other hand, the lower peak is closer to the optimal flutter velocity for the 1D case which explains the

smaller variance of the latter. The second peak is more visible on the pdf of the 2D case with higher

probabilities over the lower velocities.

Finally, the pdfs of the all optimal cases obtained with span-wise variation of Φ1 are compared

for different geometries. As observed in the optimisation results, the straight wing has the highest

mean velocity but the swept-backward wing shows a narrower pdf with the smallest variance. This

configuration can be identified as the best compromise between the aeroelastic performance and relia-

bility amongst the 1D cases. On the other hand, referring to table C.2, the lowest standard deviation

corresponds to the 2D swept-backward wing. The latter is only 1% lower than the standard deviation

of the 2D straight wing while the mean flutter velocity of the straight case is about 4% higher. These
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Figure C.5: Comparison of probability distribution function of flutter velocity corresponding to all optimal
TS cases with 1D variation of Φ1.

observations lead to the conclusion that the 2D straight wing is the most robust case but it needs to

be noted that the variation of tow angles along both span and chord can make the construction of

this case more difficult. It is thus necessary to take into account other parameters and uncertainties

before finding the optimal laminate.

C.2 Variation of the anisotropic moduli over the angle-ply curve

Using similar methods and parameters as the previous case, the stochastic analysis for Tow-Steered

laminates obtained by the variation of the anisotropic moduli over the angle-ply curve is conducted.

Case ID Wing configuration Vf [m/s] µf [m/s] σf [m/s]

st1 straight (1D) 151.8 138.4 10.4

st2 straight (2D) 152.2 139.0 8.5

swb1 swept-backward (1D) 132.6 131.2 2.0

swb2 swept-backward (2D) 135.5 133.8 2.0

swf1 swept-forward (1D) 95.0 94.2 2.8

swf2 swept-forward (2D) 108.7 106.1 2.9

Table C.3: Stochastic properties of the optimal cases obtained with TS ply laminates while varying the
anisotropic moduli over the angle-ply curve.

Both optimal straight wings with 1D and 2D tow angle variations, reach similar flutter velocities

as well as the mean values of Vf but there is a difference of more than 8% between the optimal and

mean values. On the other hand, while the standard deviation (std) of both cases are relatively large,
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the std of the 2D case is about 2% smaller than the 1D configuration.
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Figure C.6: Comparison of probability distribution function of flutter velocity corresponding to the optimal
straight TS cases with 1D and 2D variations of RK and R1 over the angle-ply curve.

This difference translates directly on the pdfs of these laminates in figure C.6. Both cases possess

a bi-modal pdf but for the 2D case, the smaller peak approaches the main peak around the optimal

flutter velocity. In this case the probability over other velocities between the two peaks is higher than

the 1D case. It cannot be said that the 2D configuration is a reliable case but the probability of having

a flutter failure during the flying regime is reduced.
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Figure C.7: Comparison of probability distribution function of flutter velocity corresponding to the optimal
backward TS cases with 1D and 2D variations of RK and R1 over the angle-ply curve.

Concerning the swept-backward wing, an increase of 2% is observed in the optimal Vf as well as

the mean flutter velocity for 2D variation of fibre paths. On the other hand, the standard deviation

of both cases are identical. The latter observation on the mean and variance of the flutter velocity

of swept-backward wings is also demonstrated in figure C.7 as the pdfs have approximately identical
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shapes. Both cases have narrow shapes with high probability around the mean value, near the optimal

velocity and thus can be considered as reliable structures.
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Figure C.8: Comparison of probability distribution function of flutter velocity corresponding to the optimal
swept-forward TS cases with 1D and 2D variations of RK and R1 over the angle-ply curve.

Similarly to the previous strategy, the swept-forward wing has an increase of about 13% in Vf

for the 2D configuration both in the optimal and mean flutter velocity. The standard deviation of

both cases remain approximately identical and similar pdf shapes are expected as for the previous

geometry. Figure C.8 compares the pdf of both 1D and 2D optimal cases. Narrow pdfs with high

probabilities around the mean values are observed. Both cases are considered as reliable with respect

to the deterministic results but the 2D case indicates a superior aeroelastic performance.
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Figure C.9: Comparison of probability distribution function of flutter velocity corresponding to all optimal
Tow-Steered cases with variation of RK and R1 over the angle-ply curve. a) for 1D cases and b) for 2D cases.

Figure C.9 compares the pdf of optimal configurations for all three geometries in case of 1D and

2D variations. The same conclusion can be extracted from both cases. The mean flutter velocity of
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the straight case is higher than the swept wings but the latter has the highest standard deviation as

it has a bi-modal pdf. The best compromise between all cases, can be the swept-backward wing as it

has the lowest variance and a relatively high mean value of flutter velocity.

Taking into account all the cases studied in table C.3, the highest value of flutter velocity corre-

sponds to the straight wings. Swept-backward configurations with aligned orthotropic and main axis

have the lowest standard deviation. When optimising the polar angle, the mean flutter velocity of the

swept-backward wing surpasses the mean Vf of the straight wings. The standard deviation of this

case is higher than the two other swept-backward cases but remains lower than both straight wings.

The robustness of this case in performance and reliability needs to be evaluated with respect to other

parameters and fields of investigation.

C.3 Comparison between US and TS

The analysis conducted up to this point, concerned each case separately and within the strategy in

which it was carried out. In order to evaluate the best strategy to optimise a given structure, the

optimal deterministic value, the mean and the standard deviation of the flutter velocities amongst all

optimisation methods are compared.
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Figure C.10: Comparison of probability distribution function of flutter velocity corresponding to the US
case, the TS case with 1D variation of Φ1 and 1D variation of RK and R1 over the angle-ply curve for a straight
wing.

Figure C.10 compares the pdfs of the US and the TS optimal cases obtained with two different

strategies (variation of Φ1 and variation of RK and R1 over the angle-ply curve) in span-wise direc-

tion. The highest deterministic optimal flutter velocity is achieved by variation of anisotropic moduli

over the angle-ply curve. On the other hand, the highest mean flutter velocity corresponds to the TS

laminate obtained by variation of the polar angle. The latter also owns the lowest variance compared



184 Uncertainty Quantification: Complementary Results

to the two other cases. While the differences in the optimal and the mean flutter velocity of the

three cases does not exceed 10%, the optimal TS configuration obtained by variation of Φ1 has a std

that is more than 60% lower in comparison to the other TS case and about 30% lower than the US

configuration. The low variance and a comparable mean value of flutter velocity makes this case the

most reliable of the three configurations.

The same comparison is conducted amongst the 2D TS cases with the US configuration in figure

C.11. This time, the optimal TS laminate obtained with the variation of the polar angle, has an

optimal flutter velocity that is 9% lower than the case obtained with the variation of anisotropic

moduli. The mean flutter velocity of the former is this time the lowest amongst the three but its

standard variation is smaller than the other two cases and 60% lower than the 1D case. On the other

hand, the 2D variations of the fibre path can make the realisation of this configuration harder and

thus the compromise between reliability and manufacturing difficulties needs to be further assessed

with other parameters for this case.
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Figure C.11: Comparison of probability distribution function of flutter velocity corresponding to the US
case, the TS case with 2D variation of Φ1 and 2D variation of RK and R1 over the angle-ply curve for a straight
wing.

Figure C.12 includes the pdfs of the US configuration and the two TS cases for a swept-backward

wing. In this case, the pdfs of the US configuration and the TS laminate obtained by span-wise

variation of Φ1 are remarkably similar. The TS case obtained by variation of anisotropic moduli has

a lower optimal and mean flutter velocity compared to these two cases but a slightly lower variance.

It can be said that given the difficulties in the manufacturing of TS laminates, the US configuration

can be the optimal case amongst the three.

Conducting the same analysis with the 2D variation of the TS cases. The US configuration has

higher optimal and mean flutter velocity amongst all cases but its std remains the largest in comparison
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Figure C.12: Comparison of probability distribution function of flutter velocity corresponding to the US
case, the TS case with 1D variation of Φ1 and 1D variation of RK and R1 over the angle-ply curve for a
swept-backward wing.

to the other two pdfs. As the 2D cases have lower optimal and mean values of flutter velocity compared

to their analogous 1D configurations, it can be concluded that the US laminate remains the optimal

case in comparison to the TS configurations.
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Figure C.13: Comparison of probability distribution function of flutter velocity corresponding to the US
case, the TS case with 2D variation of Φ1 and 2D variation of RK and R1 over the angle-ply curve for a
swept-backward wing.

Concerning the swept-forward wing, the same analysis as other geometries is made. The compar-

ison of the US case to the TS configuration obtained by span-wise variation of Φ1 and 1D variation

of RK and R1 respectively is made in figure C.14. The pdf of the TS case with variable anisotropic

moduli is remarkably separated as its optimal and mean flutter velocity are about 30% lower than the

two other cases. Between the US and the TS configuration obtained by variation of Φ1, the optimal

flutter velocities are less than 1% apart but the mean Vf of the TS case is 2% higher than the US case

while its std is about 20% smaller. These properties render the TS configuration with variable polar

angle a more robust case.
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Figure C.14: Comparison of probability distribution function of flutter velocity corresponding to the US
case, the TS case with 1D variation of Φ1 and 1D variation of RK and R1 over the angle-ply curve for a
swept-forward wing.

Similarly the pdfs for the TS laminates obtained by 2D variation of the polar parameters are

presented in figure C.15. The case obtained by varying the anisotropic moduli over the angle-ply

curve has a significantly lower flutter velocity once again. Comparing the two other cases, while

the TS laminate with variable polar angle has a slightly higher optimal and mean flutter velocity in

comparison to the US case, the std of the former is about 15% higher than the latter. It can thus be

said that the US laminate is more robust amongst the three.
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Figure C.15: Comparison of probability distribution function of flutter velocity corresponding to the US
case, the TS case with 2D variation of Φ1 and 2D variation of RK and R1 over the angle-ply curve for a
swept-forward wing.
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[8] O. H. Amman, T. Von Kármán, and G. B. Woodruff, “The failure of the tacoma narrows bridge,”
1941. vii, 2

[9] I. Garrick and W. H. Reed III, “Historical development of aircraft flutter,” Journal of Aircraft,
vol. 18, no. 11, pp. 897–912, 1981. 2, 3, 4

[10] T. A. Weisshaar, “Aeroelasticity, an introduction to fundamental problems-with an historical
perspective, examples and homework problems,” 2012. vii, 3

[11] F. Lanchester, “Torsional vibrations of the tail of an aeroplane,” Aeronaut. Research Com. R &
M, vol. 276, 1916. 3

[12] L. Bairstow and A. Fage, “Oscillations of the tail plane and body of an aeroplane in flight,”
Aeronaut. Research Com. R & M, vol. 276, 1916. 3

187



188 References

[13] R. L. Bisplinghoff, H. Ashley, and R. L. Halfman, Aeroelasticity. Courier Corporation, 2013. 3,
7

[14] H. Glauert, “The force and moment on an oscillating aerofoil. r. & m. no. 1242,” British ARC,
1929. 3

[15] T. Theodorsen, “General theory of aerodynamic instability and the mechanism of,” Annual
Report of the National Advisory Committee for Aeronautics, vol. 268, p. 413, 1935. 3, 5, 22

[16] L. Mathijssen, “An experimental study on supersonic panel flutter using simultaneous digital
image correlation and schlieren,” 2022. 3

[17] G. H. Jordan, N. J. McLeod, and L. D. Guy, Structural Dynamic Experiences of the X-15
Airplane. National Aeronautics and Space Administration, 1962. 3

[18] A. Boyd, R. Murphy, C. Gurney, G. Minetty, and W. Gillilland, “Aircraft accident report braniff
airways, t, le., lockheed slectra, n 9705c, buffalo, texas,” tech. rep., SEPTEMBER 29, 1959.
Technical report, Civil Aeronautics Board, 1961. 3

[19] A. Boyd, R. Murphy, C. Gurney, G. Minetty, and W. Gillilland, “Aircraft accident report
northwest airlines lockheed electra, n 121us, near cannelton, indiana,” tech. rep., MARCH 17,
1960. Technical report, Civil Aeronautics Board, 1961. 3

[20] E. Dowell, J. Edwards, and T. Strganac, “Nonlinear aeroelasticity,” Journal of aircraft, vol. 40,
no. 5, pp. 857–874, 2003. 4

[21] R. W. Bunton and C. M. Denegri Jr, “Limit cycle oscillation characteristics of fighter aircraft,”
Journal of aircraft, vol. 37, no. 5, pp. 916–918, 2000. 4
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conventional laminated composites using lamination parameters: A state of the art,” Composite
Structures, vol. 209, pp. 362–374, 2019. 10, 13
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