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Abstract

The global trend towards quieter environments has been one of the key
topics of acoustics research for years. The recent tightening of the regulations
on noise exposure as well as the many reports on the impact of noise on human
health confirm this situation and stress ever more the need for innovative
mitigation strategies. Numerous efforts from many teams allowed to refine
existing solutions and explore new approaches towards a lower noise level
ultimately leading to a number of promising concepts. Central to this field,
the use of poroelastic media and the development of realistic meta-materials
are paving the way to tackle the problem. In the meantime, a great part of
the most widely adopted systems to mitigate noise, such as acoustics panels
for instance, resort to thin resistive screens placed on the surface to protect
the bulk and control the properties. Despite often being one of the thinnest
components of the systems, they have a non-negligible impact on the overall
response and are subject to a number of uncertainties.

The approach chosen in this thesis differs from the global trend of de-
signing new solutions and conversely relies on investigating the effect of un-
certainties inherent to all these sound proofing systems. More precisely, the
work performed focuses on modelling the impact of uncertain interfaces and
uncertain parameters in the thin layers used as protective, tuning or aesthetic
elements. These acoustic films, and to a certain extent the thin interface zones
resulting from the assembly process, are notably challenging to characterise
with precision. The main goal of this thesis is then to propose strategies to
account for uncertainties on the parameters of the films and interfaces and
predict their impact on the overall response of the systems.

Three different scientific contributions are presented in this thesis. To-
gether they discuss modelling aspects related to the films, propose possible
simplifications and demonstrate the effect of parameter uncertainties. Finally
they introduce numerical strategies to efficiently account for uncertainties in
computations within the context of poroelastic and meta-poroelastic media.

Keywords: uncertainties, thin layers, numerical methods, simplified mod-
els, poroelastic materials
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Sammanfattning

Den globala trenden mot allt tystare miljöer, har i flera år varit i fokus för
forskningen inom teknisk akustik. Den senaste tidens skärpning av de regle-
menten som berör gränser för tillåten ljud- och bullerexponering, tillsammans
med studier av bullers påverkan på hälsa, välbefinnande, inlärningsförmåga
etc., understryker behovet av nya innovativa strategier. Dessa inbegriper som
exempel förfining av redan existerande lösningar, utforskande av nya vägar
till effektiva åtgärder för att uppnå en lägre ljudnivå, med flera. Stommen i
de flesta åtgärder för att reducera ljudnivåer har sedan mitten av 1900-talet
varit olika former av poroelastiska material och under de senaste decennierna
även en utveckling av så kallade metamaterial, d.v.s. material vars egenska-
per ej går att finna i naturen förekommande form, vilket även bereder väg för
att finna nya lösningar på problemet. I dagsläget används, i de mest allmänt
använda systemen för att reducera buller, till största delen tunna resistenta
skikt som placeras på ytan för att skydda mot mekanisk påverkan och men
även för att kunna kontrollera de akustiska egenskaperna. Trots att dessa yt-
skikt oftast är en av de tunnaste komponenterna i olika system, så är deras
påverkan på det totala resultatet avsevärd och kan inte förbises. På grund av
deras design, är tillverkningen ofta behäftad med bristande precision och de
bidrar därför ofta till att de totala akustiska egenskaperna hos sammansatta
system där de ingår, ofta uppvisar en spridning på grund av denna variation.

I denna avhandling behandlas metoder för kunna undersöka effekten av
dessa oundvikliga osäkerheter som finns i alla dessa ljudreducerande system.
Mer precist, så har arbetet fokuserat på att modellera den påverkan som osä-
kerheten i gränsytorna och parametrarna i de tunna ytlagren innebär. Bland
annat har arbetet varit inriktat på att hantera de utmaningar som ligger i att
med precision karaktärisera de akustiska ytskikten och i viss utsträckning de
tunna gränsytornas avskärmning som kommer av monteringsprocessen. Av-
handlingens mål är att föreslå strategier för att ta i beaktande de osäkerheter
hos filmens och gränsytornas parametrar för att förutse deras påverkan på
det totala resultatet av systemet.

Tre olika vetenskapliga bidrag presenteras i denna avhandling. Tillsam-
mans behandlar de modelleringsaspekter relaterade till de tunna ytskikten,
föreslår möjliga förenklingar och demonstrerar effekterna av osäkerheter i in-
gående modellparametrar. Slutligen introduceras numeriska strategier för att
genom beräkningar, effektivt kunna beakta osäkerheterna gällande poroelas-
tiska och meta-poroelastiska medier.

Keywords: osäkerheter, tunna lager, numeriska metoder, förenklade mo-
deller, poroelastiska medier
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Résumé

La tendance globale poussant à développer des environnements plus calmes
est, depuis des années, un des aspects clés de la recherche en acoustique. Le
récent durcissement des régulations sur l’exposition au bruit ainsi que les
nombreux rapports concernant son impact sur la santé humaine rappellent le
besoin criant de stratégies innovante pour palier le problème. Le travail de
nombreuses équipes a permis d’améliorer les solutions existantes et d’explo-
rer de nouvelles approches, aboutissant à de nouveaux concepts prometteurs.
L’utilisation de matériaux poroélastiques et le développement de matériaux
méta-poroélastiques réalistes sont un élément central de ces recherches et pré-
figurent des pistes viables pour résoudre le problème du bruit. En parallèle,
une grande partie des systèmes courants pour le traitement des nuisances so-
nores, comme les panneaux acoustiques, utilisent de fins films résistifs placés
en surface pour protéger les matériaux et contrôler le comportement acous-
tique du système. Malgré que ces films soient souvent les plus petits compo-
sants des panneaux, ils ont un impact non-négligeable sur la réponse globale
et sont sujet à un certain nombre d’incertitudes.

L’approche choisie dans cette thèse diffère de la tendance globale poussant
au développement de nouveaux système. À l’inverse, ce travail s’emploie à
modéliser l’impact des incertitudes concernant les films acoustiques et zones
d’interface sur le comportement des absorbeurs et traitement acoustiques. Ces
films et zones sont notoirement difficiles à caractériser avec précision à cause
de leurs propriétés ou de de leur inaccessibilité. Le principal objectif de cette
thèse est de proposer des stratégies pour prendre en compte les incertitudes
et interfaces afin de prédire leur impact sur la réponse globale.

Trois contributions scientifiques sont présentées. Ensemble, elle discutent
différents aspects de modélisation se rapportant aux films et aux absorbeurs,
proposent de possibles simplifications et mettent en lumière l’effet des incerti-
tudes. Finalement, ces contributions introduisent des stratégies au niveau du
modèle ou du calcul pour prendre en compte les incertitudes dans le contexte
des matériaux poroélastiques et méta-poroélastiques.

Keywords : incertitudes, couches fines, méthodes numériques, modèles
simplifiés, matériaux poroélastiques
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Chapter 1

Introduction

From the cars in the streets to neighbours watching a film, from the loud con-
struction sites to the faint but endless buzz of plugged electric appliances, the mod-
ern world is hooded by noise. Each and every aspect of human life in every country
is accompanied by sounds of which an important part is unwanted, unstoppable
noise. Recent medical and psychological reports suggest that noise exposure have a
non-negligible impact on humans2–4. Potential effects of over-exposure range from
sleep disorders5,6 and anxiety7,8 to hypertension or even cardiovascular diseases9.
Noise is undoubtedly a global issue that has triggered political10 and regulatory
responses11 along the years. From an acoustics research point of view, different ap-
proaches were developed to better understand the effect of noise, reduce emission
and prevent propagation. This thesis relates to the last aspect, reflecting on the
engineering and conception of acoustic barriers and absorbing systems.

Central to the design of modern sounds absorption devices, porous materials
have been extensively studied over the last years. Broad band multi-layered acous-
tic absorbers have been developed for years, taking advantage of the dissipative
properties of foams that arise from the huge contact surface between the intersti-
tial fluid and the elastic skeleton. Aided by the advances in terms of experimental
techniques, the characterisation of foams has become more and more accurate12–18
allowing to determine which layout is the most suitable for a sound package in a
given situation. This improved selection of media and assembly follows the cur-
rent trend in engineering towards lighter, thinner and more concealed acoustic
treatments. On the other hand, it has been established that the performance of
multi-layered systems at low frequency is directly related to their thickness19. Thus,
considering the impact of low frequency noise on human health3–5, it becomes clear
that classical absorbers are not always enough to comply with all the requirements.

Different alternatives have gained interest recently, including other classes of
sub-wavelength absorbers. One of these approaches combine the properties of peri-
odic diffractors and the broadband absorption of a poroelastic matrix into so-called
meta-poroelastic materials to achieve broadband and low-frequency absorption20–24.

3



4 CHAPTER 1. INTRODUCTION

Such systems have been studied in the light of Brillouin and Bloch-Floquet theo-
ries, leading to an extensive literature on the subject. Reports in the literature
demonstrated as well how optimisation techniques could be leveraged to tailor the
properties of these systems at the design stage25. These approaches present a num-
ber of advantages as they allow to better explore and exploit the design space,
unravelling novel possibilities of combining media and inserts. On the other hand,
they suffer a number of drawbacks, the most prominent being the computational
effort required at each step of the optimisation. In this context, the need for more
efficient techniques to evaluate individual responses is undeniable.

Apart from the very core of the absorbing systems such as the ones discussed
above, most commercial acoustic panels also involve surface layers, porous screens
or films that may have different uses. Initially added to protect the exposed sur-
face from dust, spills and wear, it was shown in the literature that such thin films
could be employed to fine-tune the acoustic response of the overall system26. Al-
ternatively, they might be used to change the appearance of the panel and serve
as a support for paint or other surface treatments. These films are very thin ele-
ments, usually less than a millimetre, and the ones used for acoustic applications
are highly resistive with an airflow resistivity several orders of magnitude higher
than a melamine foam13. The most common examples of films are separated in two
groups: woven and non-woven. In the first case, a number of threads are weaved
into a fabric, in the second case, short fibres are agglutinated to form a stable.
Pictures of woven and non-woven film samples appear in Paper B and are repro-
duced in Figure 1.1, additional examples can be observed in Ref. [13]. Despite being
thin and sometimes almost see-through (such as for the woven sample of Paper B),
adding a screen on the surface of a system has a remarkable effect as shown in
Figure 1.2.

(a) Woven (b) Non-Woven

Figure 1.1 – Samples of acoustic films.

Problematic issues arise when precise values of the parameters are required —
to ensure the built panels correspond to the intended design for instance. Indeed,
because of their thinness and softness, the physical properties of films are difficult
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Figure 1.2 – Influence of an acoustic screen added on the surface of an absorber
(0.5mm film on a 5 cm) at 65 deg incidence. The parameters for the two layers are
presented in Table 2.1 under the names “Foam” for the backing and “Non-woven”
for the screen.

to characterise and some might even change12,13,19. For instance, the flow resistiv-
ity alone, one of most the important parameters of acoustic screens26–28, is often
associated with a standard deviation of 10 to 20% of the average value12,13 due to
either the measurement process or inherent variability. Accounting for variations
in the value of parameters in films and screens, and more generally in all layers, is
a key to make the design process more reliable.

Most, if not all, modern sound absorbers involve several materials arranged
in various shapes and supposed to hold together to form the complete product.
Different techniques might be employed to bond all the components of the panel
together into a stable structure and the bonding systematically imply the creation
of a small interface zone along the frontier. Depending on the bonding strategy,
the zone can be one where the materials are compressed thus locally changing
the properties, or where a layer of glue has been added, locally creating a stiff
layer19 or even one where a chemical process bonded both solid skeletons, locally
changing the porosity and geometry of pores, etc. To a certain extent and provided
one can evaluate their properties, interface zone can be represented as thin layers
embedded within the global system. Other cases exist but involve specific dynamic
effects taking place at the boundary which lie beyond the scope of the thesis.
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1.1 Research contributions

In this thesis, some of the challenges exposed in the previous section are ad-
dressed. An important part of the work is focused on thin layers and aimed to-
wards the treatment of interface zones provided that they can be represented as
such. The work includes four scientific contributions, published in international
peer-reviewed journals one of which is an erratum. A fifth publication related to
the coupling of the Finite-Element Method with a Discontinuous Galerkin approach
is omitted here29 as it is a continuation of a MSc project and is not directly related
to interfaces and thin layers.

Amongst the contributions presented here, Papers A and B are specifically tar-
geted towards films. The first of these contributions presents the development of
a simplified model for acoustic films and screens, reflecting on the interactions be-
tween fields in the medium to propose possible simplifications. This work also
presents how such films modify the boundary conditions and stresses the necessity
to account for shear effects when modelling these media. The second contribution
introduces a strategy to generate response envelopes efficiently and account for the
inherent uncertainties in acoustic films. The work is based on a simplification of the
propagation model for surface acoustic films on an arbitrary backing. The effect
of the screen is isolated and the paper shows how to use these developments to
merge precise statistical characterisation of the film properties and a determinis-
tic measurement of the full system response into a meaningful response envelope.
Moreover, it is shown that the proposed approach is computationally inexpensive
and requires only few operations.

A last contribution, listed as Paper C, discusses a numerical approach to deal
with meta-poroelastic systems in the presence of surface layers. By decomposing
the fields at the surface of the unit-cell on Bloch modes and using a transfer matrix
strategy to propagate loads and unknowns through the layered facings, this work
shows that it is possible to include the effect of facings in a Finite Element linear
system without meshing them. This technique is validated against a state-of-the-art
approach for computation of the responses of meta-poroelastic systems.

1.2 Thesis organisation

This thesis is organised in three parts. The first one is the present introductory
matter, which main goal is to introduce the papers, their key results and their
conclusions. The second and third parts present the said papers in two different
formats. In the former, the content is typeset to resemble the rest of the document
in order to ease reading while in the latter, the published versions are reproduced
as is. Note that this last section might be missing from the version of this thesis
available on-line for copyright reasons.

Part I contains six sections and is organised as follows. After the present in-
troduction, Chapter 2 presents essential background information about poroelastic
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models and the Transfer Matrix Method. This chapter is not intended as an ex-
haustive discussion about any of these topics but instead focuses on introducing
the key points on which the rest of the work stands. Then, Chapter 3, 5 and 4
presents each of the appended papers, focusing on the key results and providing,
when needed, clarifications on details in the published versions. This part of the
thesis is designed for the reader to understand the most important points of each
paper, evaluate the quality of the validation and testing process and grasp the un-
derlying goals of the authors. A final chapter concludes, presenting as well thoughts
on possible future works.





Chapter 2

Tools: models for poroelastic media
and essential aspects of the Transfer
Matrix Method

The different parts of this thesis have in common that they all involve porous or
poroelastic materials — the latter, abbreviated PEM, implies a deformable skeleton.
These media are extensively described in the literature, and a number of models and
formulations exist. As an exhaustive review of the pre-existing contributions related
to PEM modelling is beyond the scope of this thesis, the next section introduces
only key concepts, hypotheses and equations used in the papers.

Similarly, amongst the different computational methods used over the last three
years, transfer matrix-based approaches are the most recurring ones. Consequently,
the second part of this chapter focuses on key aspects and notations applied in the
papers instead of discussing extensively the derivation and implementation of such
techniques.

Finally, the two following sections cite relevant items from the literature for the
avid reader to get a deeper understanding of the techniques and models involved
and apply them anew.

2.1 Selected models for porous and poroelastic media

This thesis deals with porous (or poroelastic) materials and more specifically
with open porosity media. Such materials are composed of an all-connected solid
skeleton wetted by an all-connected fluid phase. As shown in Figure 2.1 it is seen
that for any two points in the fluid (resp. the solid) phase one can always find a
path between them that entirely sits in the fluid (resp. solid). In the following and
in the papers, the fluid phase is always air although it could be replaced effortlessly
by another light fluid. Other works in the literature focus on characterising17,30 and
modelling media filled with a heavy fluid (i.e. water, oil, etc.). There exist a number

9
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Solid phase

Fluid phase

Figure 2.1 – Media studied in this thesis are open-porosity media. Here a slice of
medium represent an all-connected fluid phase wetting a solid skeleton connected
out of the plane.

of models for such media, either analytical, empirical or semi-phenomenological
depending whether or not to account for the skeleton deformation.

Early contributions proposed to consider porous media having a motionless
skeleton through the describing of the fluid motion in the pore network. In the
light of Kirchoff’s theory and provided the pore geometry is simple, one could
hypothetically express acoustic indicators based on the topology of the pore net-
works. This approach gives analytical results31 but is limited to specific geometries
in practice.

On the other hand, some models based on fitting parameters with experiments
are widely used in academia and industry19. These generally assume that the
material under study behaves like a fluid with one or several complex, frequency-
dependent parameters to be determined. The equivalent fluid density and compress-
ibility are written as power laws parametrised by coefficients that are determined
from the measurements19,32,33. Such models lead to a reasonable agreement be-
tween predicted and measured responses for some materials and are still widely
used, however they do not allow any physical interpretation.

A last class of fluid-based models is of great interest for this thesis. Developed
in the second half of the XXth century, they reflect on the pores topology and
the properties of the flow to deduce relations between the equivalent fluid parame-
ters (density and compressibility) and measurable quantities: viscous and thermal
characteristic lengths, permeability, tortuosity, etc. Particularly, the model of John-
son et al. for the complex density34 and the one of Champoux and Allard for the
compressibility35 (dynamic bulk modulus) are widely used nowadays to compute
the response of media with a motionless skeleton. These models are based on the
high or low frequency limits of the parameters and, even though they provide sen-
sible results, are not generally exact. They were later amended to represent more
precisely the very low frequency effects, by Pride et al.36 and Lafarge37 for density
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and Lafarge et al.38 for the bulk modulus. Even if they give results agreeing more
closely with the measurements, these last two models also require additional pa-
rameters (static thermal permeability, static viscous tortuosity and static thermal
tortuosity) which limit their adoption. More information on this line of models
can be found in the cited works or in the literature19. In the following, only the
Johnson-Champoux-Allard (JCA) model is considered whenever dealing with me-
dia having a motionless skeleton. It is shown when not trivial that the derived
expressions can be adapted to othe equivalent models by changing the equivalent
density and compressibility. Finally, approaches to model the motion of both the
fluid and solid phases exist. The leading strategy in acoustics is then to resort to
Biot’s theory39–41. This model was initially developed for geophysical applications,
describing the displacements of the solid skeleton and the interstitial fluid both
for isotropic39,40 or anisotropic41 cases. It was shown that equivalent fluid models
providing expressions for the density and compressibility can be used to represent
the fluid phase within Biot’s theory19,42,43. The case of the Biot’s theory used in
conjunction with a JCA model is used extensively in the following and referred to as
a Biot-JCA model. Note that the Biot’s theory was shown to correctly predict the
existence of two compressional and a shear waves and that all these were observed
experimentally44–46. The canonical form of Biot’s equations is never used as is in
the following and thus is not recalled here. An alternative version,42 in use every-
where in the thesis is introduced hereinafter while the original one is to be found
in the literature.19,39,41 The canonical form of Biot’s wave equations is given in the
following for reference but never used as such in the following matter. Instead, an
alternative formulation42 is used in all papers and its formalism is introduced in
the following.

2.1.1 Rigid frame: the Johnson-Champoux-Allard model

The Johnson-Champoux-Allard model34,35 (JCA) is one of the possible mod-
els to represent porous materials having a motionless skeleton as an equivalent
fluid. This model is based on two main contributions. On one hand, the work of
Johnson34 describes extensively the role of the tortuosity and, through the intro-
duction of the dynamic permeability, can be used to determine an effective mass
density for an analogous fluid medium. This work stresses the importance of a
parameter to describe the viscous characteristic length denoted Λ which is related
to the fluid velocity-weighted ratio between the surface and volume of the pores.
On the other hand, a contribution by Champoux and Allard35 extends the discus-
sion to thermal effects by defining a thermal characteristic length Λ′ similar to Λ
without the velocity weighting. This second work then allows to define an effective
compressibility for the equivalent fluid. The two quantities are complex-valued and
frequency dependent, usually represented under their time-harmonic expressions
with a dependency on the angular frequency ω.

For the equivalent density, it is:
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ρ̃eq = ρ̃eq(ω) = ρ0α∞
φ

[
1 + ω0

jω F (ω)
]

(2.1)

with

ω0 = σφ

ρ0α∞
, ω∞ = (σφΛ)2

4µ0ρ0α2
∞
, F (ω) =

√
1 + jω

ω∞
. (2.2)

In these equations, ρ0 and µ0 are the density and dynamic viscosity of air, φ
is the porosity, σ is the flow resistivity and α∞ is the high-frequency limit of the
tortuosity.

The equivalent compressibility reads:

K̃eq = K̃eq(ω) = γ0P0

φ

[
γ0 − (γ0 − 1)

(
1 + ω′∞

2jωF
′(ω)

)−1
]−1

(2.3)

with

F ′(ω) =

√
1 + jω

ω′∞
, ω′∞ = 16ν′0

Λ′

in which γ0, P0 and ν′0 are respectively the polytropic coefficient, the static pressure
and the viscothermal loss factor of air.

Note that this 5-parameter model uses the high-frequency limits of the differ-
ent parameters and suffers discrepancies at low frequency. Later works by Pride
et al.36 and Lafarge et al.37,38 propose corrections to partly alleviate these issues.
Particularly, these corrections allow to account for pore constrictions, introducing
a number of additional parameters: static thermal permeability k′0, static viscous
tortuosity α0 and static thermal tortuosity α′0. This 8-parameter model is more
accurate to represent the low-frequency behaviour but some parameters imply im-
portant characterisation challenges which impair its adoption.

Even though never used in the results presented hereafter, this model was some-
times used during the PhD project and is introduced here for reference. The mod-
ified versions of the equivalent density and compressibility read:

ρ̃eq = ρ0α∞
φ

[
1 + ω0

jω F (ω)
]

(2.4)

with

F (ω) = 1− P + P

√
1 + jω

ω0

M

2P 2 , M = 8k0α∞
φΛ2 , P = M

4

(
α0

α∞
− 1
)−1

(2.5)

where ω0 is the same as for (2.2) and
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K̃eq = γ0P0

φ

[
γ0 − (γ0 − 1)

(
1 + ω′0

jω F
′(ω)

)−1
]−1

(2.6)

with
ω′0 = κ0φ

ρ0Cpk′0
(2.7)

where κ0 is the thermal conductivity of air, Cp the specific heat of air at constant
pressure and

F ′(ω) = 1− P ′ + P ′

√
1 + jω

ω′0

M ′

2P ′2 , M ′ = 8k′0
φΛ′2 , P ′ = M ′

4(α′0 − 1) . (2.8)

This refined model is denoted JCAPL (Johnson-Champoux-Allard-Pride-Lafarge)47.

2.1.2 Elastic frame: the Biot model
Originally created to describe the propagation of waves in geophysical media for

oil exploration, Biot’s theory was introduced in a set of contributions in the middle
of the XXth century. The theory relies on the modelling of the joint evolution of the
fluid and solid phase displacement fields. The approach covers both isotropic39,40
and anisotropic media41 in the linear regime although the anisotropic case uses
the inter-phase relative displacement instead of the fluid displacement field. The
equations are derived by means of an neat Lagrangian formalism which leads to
dynamic and constitutive relations. When combining these, one easily obtains two
vector wave equations involving a number of coefficients later identified through
thought experiments40 in a similar fashion as in fields theory. The complete deriva-
tion of the formalism is to be found in the literature39–41 and a succinct discussion
is available in Ref. [19].

The present thesis does not employ the original formulation of Biot’s theory
but instead resort to an alternative form42 that has the advantage of yielding more
concise expressions. This alternate form uses the solid displacement us and a
compound displacement uw as variables. The latter field writes:

uw = φuf + (1− φ)us︸ ︷︷ ︸
ut

−Kb

Ks
us (2.9)

where Kb is the bulk modulus of the complete foam and Ks the one of the solid
material the skeleton is made of. It is straightforward to identify that when the
ratio of these moduli is small, i.e. when the foam is soft compared to the material
of the skeleton itself, uw reduces to the so-called total displacement ut. The total
displacement is a porosity weighted sum of the displacements in both phases. Using
us and ut as variables, one obtains a formulation sometimes referred to as {us,ut}
based on the following motion equations:
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σ̂ij,j = −ω2ρ̃su
s
i − ω2ρ̃eqγ̃u

t
i, −p,i = −ω2ρ̃eqγ̃u

s
i − ω2ρ̃equ

t
i (2.10)

using Einstein’s convention for summation over repeated indices. The parameters
are the interstitial pressure p, the solid-phase density ρ̃s, the in vacuo stress tensor
σ̂ij and a fluid/solid coupling term γ̃. Additionally, the two associated constitutive
equations read

σ̂ij = Âusk,kδij + 2Nεij , p = −K̃equ
t
k,k (2.11)

where δij is the Kronecker symbol, εij = 1/2(usi,j +usj,i) is the in vacuo strain tensor
and Â and N are the Lamé coefficients of the solid phase40,42.

From the motion and constitutive relations, Biot determined that three kinds
of waves could propagate in the medium and the same result can be obtained
from (2.10) and (2.11). By combining the two sets of equations into a pair of
wave equations and considering two scalar potentials, the expressions of the two
possible compression waves are obtained. Similarly, the existence of a shear wave
is demonstrated by considering a vector potential. This prominent result of Biot’s
theory was verified experimentally44–46 providing evidence that the overall approach
gives sensible results.

As a final remark, note that the limp model, suitable for very soft foams and
used in Paper B, can be derived from (2.10) and (2.11) assuming that the frame
stiffness is negligible and using the following effective density that accounts for the
inertia of the skeleton:

ρlimp = ρeq
ρs − γ2ρeq

ρs
(2.12)

with ρeq the equivalent fluid density and ρs:

ρs = ρ1 + φρf

(
Q

R

)2
+ φρf (α∞ − 1)

(
1− Q

R

)2
(2.13)

where ρ1 is the density of the foam, ρf the one of the interstitial fluid, and Q, R
are two constitutive coefficients of the poroelastic medium19,42.
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2.2 Computing response of laminates: transfer matrices

Used extensively in the present thesis, Transfer Matrix approaches are a class of
efficient methods to compute the acoustic response of layered media. The present
section constitutes an introduction to these techniques, focusing on the key points
of the approach and the aspects that are the most relevant for understanding the
appended papers. A more in-depth presentation can be found in Ref. [19] or Ref. [48]
for an alternative approach used in the thesis. The key idea of these approaches
is to represent the evolution of the fields in each and every layer by a matrix and
finally combine them to represent the whole system.

M ′1 M1

d1

M ′2 M2

d2

M ′NMN

dNdN−1

x

0 z
. . .

θ

Figure 2.2 – Multiple layers of different media are stacked along the z axis. The
objective is to compute the acoustic response of the overall system.

Considering the study model presented in Figure 2.2, one must write, for each
layer i, an equation of the form:

si(M ′i) = Tisi(Mi) (2.14)

where si(M) is the so-called state vector containing the values of the fields at a
given point M , or quantities that allow to reconstruct them. It is important to
understand that for the same media, different sets of quantities might be used,
all forming perfectly valid state vectors, the key point being that the enclosed
quantities are sufficient to reconstruct the dynamic state within the layer. Some
approaches used the amplitudes of waves in the medium,49 others used the fields in
the medium,19 or a combination of them.50,51
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2.2.1 Two approaches

To obtain a final expression representing the whole system, a straightforward
approach19,52 is to construct a global matrix associated to a solution vector x.
This vector contains the fields from the incident and possibly transmitted media
and all the different si. The global matrix is composed of the matrices for each
layer as well as of interface operators representing interface conditions. The type of
backing or transmission layer finally allows to obtain a square global matrix while
the excitation is written in a forcing vector and in the end, the response for all
fields is retrieved by inverting the matrix.

Another possible technique48 is to use a recursive approach that was initially
developed to alleviate stability issues48,53. The method works in a layer-oriented
fashion; starting from the backing, the load is transferred through the layers and
interfaces by applying suitable operators. In the end, a matrix representing the
whole system and its final load is obtained, linking the excitation to a so-called in-
formation vector. After the resolution, the reflection coefficient is directly obtained
and a second solution term can be used along with the different matrices to obtain
the fields at each layer and the transmission coefficient if applicable.

2.2.2 Deriving transfer matrices

If the interfaces are easily described, the key point of these approaches is to
obtain the matrices to propagate through the layers. The literature19,49–51,54 has
examples of how to derive these matrices. For instance, a tedious but common
approach using the amplitudes of waves is described in Ref. [19] and more in depths
in Refs. [49, 54]. In the scope of this thesis and particularly of Paper A, the so-called
Stroh formalism is employed. This approach consists in rewriting the equations
governing the propagation through the layer as a first order ordinary differential
equation of the state vector s(z) along the depth of the laminate:

ds(z)
dz = αs(z), (2.15)

where α is the co-called state matrix that indicates how the fields interact inside
the layer. The complete derivation of this matrix is omitted here as it is out of the
scope of this thesis but can be found in the literature42,51,55. Note that the present
document only uses explicitly the results for isotropic poroelastic media for which
the matrix is of size 6 × 6. The full expression is presented in appendix A.1 of
Ref. [48] and reproduced in equation (3.2). Other media have been described in the
literature and the reader can refer to the remainder of Ref. [48] for isotropic fluid
and solid media or or to Ref. [50] for anisotropic poroelastic materials for instance.

Solving equation (2.15) for a layer of thickness d yields a solution written under
the form of a matrix exponential, where T (d) is called the transfer matrix for the
said layer:
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s(0) = exp(−dα)s(d) = T (d)s(d). (2.16)

2.2.3 Links with the rest of the thesis
In the present thesis, the ideas of the first approach based on a global system

form the strategy of Paper C to account for coatings and facings.
The model presented in Paper A yields a matrix that can be used independently

within the scope of both approaches.
All the results presented at “TMM” in the present thesis are generated using the

second, recursive, approach48,53. More precisely, they are generated using a in house
software package written and published56 as a part of the PhD work. Results from
Paper A have also been implemented into the said package by directly inserting the
simplified transfer matrix and the appended Erratum was written to acknowledge
the detection and correction of an implementation error in the said software.

2.3 Properties of the media used in the examples

The present thesis uses a number of figures presenting acoustic responses of
absorbing systems to illustrate parts of the discussion. Figure 1.2 is an example of
such graphics. This section gathers the physical parameters of the media used to
generate these figures and, when available, indicates the source of the data. Both
the films denoted "Woven" and "Non-woven" are originally described in Ref. [13].
The film "Non-woven 2" is taken from Table 11.4 of Ref. [19] and corresponds to
a layer of glue. The actual characterised values for this last layer are questionable
and thus it is used only in Figure 3.1 to illustrate the difference between models.

Table 2.1 – Parameters of the films and foam used in the examples.13,19,57 Media
specific to a single article are omitted here and directly listed in the said contribution
instead.

Parameters (unit) Foam Woven Non-woven Non-woven 2
Porosity φ 0.994 0.72 0.04 0.8
Flow resistivity σ (N·s·m−4) 9045 87·103 775·103 3.2 · 106

HF Limit of tortuosity α̃∞ 1.02 1.02 1.15 2.56
Thermal CL Λ′ (µm) 197 480 230 24
Viscous CL Λ (µm) 103 480 230 6
Foam density ρ1 (kg·m−3) 8.43 171 809 125
Poisson’s ratio ν 0.42 0 0.3 0.3
Young’s Modulus E (Pa) 194.9·103 50·103 260·106 2.6 · 106

Loss factor η 0.05 0.5 0.5 0.1





Chapter 3

Towards simpler models for films and
interface zones

This section discusses the modelling of thin layers from an acoustic viewpoint.
In Paper A a simplified model for acoustic screens is introduced enabling a better
understanding of the effects at play within these films. Particularly, some examples
related to aspects that could not have been extensively discussed in a letter are
provided here. An additional paragraph presents an erratum submitted to amend
the figures of the original letter after an implementation mistake was detected.

It has been established that acoustic films and screens tend to be challenging on
different levels. Given their specificities in terms of thickness or parameter range,
one might wonder which model is the best suited to represent this kind of media.
Previous contributions have presented how films are used to control the response
of the host system26 for instance or strategies to represent them by means of rigid
frame models27.

Because it might be challenging or costly to correctly retrieve the elastic prop-
erties of films15,58 and use a Biot-JCA model, equivalent fluid models are often
used to obtain an approximate result19. This approach has the benefit of giving
reasonable results but completely overlooks a number of resonant effects as seen in
Figure 3.1 for a two-layer system such as the one in Figure 3.2.b. This is explained
by the fact that an equivalent fluid medium model does not only neglect all elastic
effects within the layer but also leads to a completely different boundary condition
applied on the surrounding layers. Using a complete Biot-JCA model to address
these discrepancies is an overly complicated approach in the case of thin screens
as the complex interactions between fields do not happen in such thin layers. The
approach of Paper A is then to derive a simpler model for the screens able to rep-
resent most dynamic effect and conserving accurate interface conditions with the
surrounding layers. It is important to understand that the key objective during the
development of the proposed approach was to remove as many terms as possible
from the matrix while keeping responses close to the reference ones. Many different

19
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Figure 3.1 – Influence of the choice of model on the resolution of the resonances
for a system such as the one in Figure 3.2.b for different models for the film. The
foam and films parameters are listed in Table 2.1 under the names “Foam” and
”Non-woven 2”.

types of films were used to assess the effect of neglecting each of the terms. The fo-
cus was then to find the best compromise between a simpler model and a sufficient
precision.

3.1 Derivation of the simplified model

The derivation relies on an analysis of the transfer matrix and the identification
of negligible terms when considering a number of assumptions and observations
related to screens. There are different methods to derive transfer matrices to rep-
resent poroelastic layers such as acoustic screens19,48,49 and Paper A employs the
so-called Stroh formalism introduced in Section 2.2.2 as it creates a natural basis for
simplifications. To represent the film, Paper A resorts to the alternative {us,ut}
formulation42 of Biot’s equations as presented in section 2.1.2. The equations of
this formulation can easily be manipulated to obtain the same form as in (2.15)
using the following state vector:

s(z) =
{
σ̂xz, u

s
z, u

t
z, σ̂zz, p, u

s
x

}T (3.1)

and the associated state matrix:
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α =



0 0 0 jkx ÂP̂ jkxγ̃ − Â
2−P̂ 2

P̂
k2
x − ρ̃ω2

0 0 0 1
P̂

0 jkx ÂP̂
0 0 0 0 − 1

K̃eq
+ k2

x

ρ̃eqω2 −jkxγ̃
jkx −ρsω2 −ρ̃eqγ̃ω2 0 0 0
0 ρ̃eqγ̃ω

2 ρ̃eqω
2 0 0 0

1
N jkx 0 0 0 0


. (3.2)

As described alongside equation (2.16), solving Stroh’s differential equation
leads to a transfer matrix under the form of a matrix exponential. Considering
that typical films and screens exhibit a thickness within the millimetre range, one
can assume d� 1 and thus replace the exponential by its Taylor expansion:

T (d) = exp(−dα) kd�1−−−−→ T (d) ≈ I − dα (3.3)

where I is the identity matrix.
Interestingly enough this reformulation correspond to a form proposed by Pierce28

who would model blankets through a pressure jump. With the transfer matrix
rewritten as a sum, it becomes straightforward to compare the order of magnitude
of the terms and identify those that can be neglected. To this end, Paper A intro-
duces a number of considerations that allow sieving the matrix dα and ultimately
reduce the number of terms and equations.

One of these simplifications concerns the solid displacement fields. Noting that
there always exists a wavenumber ks greater or equal than all the others (ks ≥ kx,z)
and substituting this inequality into the constitutive equations for the thin layer
(ksd� 1) it is shown that

us(0) ≈ us(d). (3.4)

This result allow to neglect all alteration of the solid displacement and to remove
three terms from T . From a physical point of view, it is equivalent to saying that
the film’s skeleton moves as a whole and neither shears nor expands. In order to
further simplify the matrix, two other assumptions are used. First, the coupling of
the tangential solid and the total normal displacement is neglected and so is the
influence of the saturating fluid on the in vacuo stresses. These two assumptions
are supported by the thickness of the screens which do not allow for the effect of
these couplings to build up. Four terms can then be neglected in the matrix, T15
and T36 for the first statement and T14 and T41 for the second.
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Applying these simplifications yields:

T (d) ≈ I − d



0 0 0 0 0 − Â
2−P̂ 2

P̂
k2
x − ρ̃ω2

0 0 0 0 0 0
0 0 0 0 − 1

K̃eq
+ k2

x

ρ̃eqω2 0
0 −ρsω2 −ρ̃eqγ̃ω2 0 0 0
0 ρ̃eqγ̃ω

2 ρ̃eqω
2 0 0 0

0 0 0 0 0 0


.

(3.5)

In Paper A, a final assumption is proposed regarding the equivalent fluid density
ρ̃eq and compressibility K̃eq. Neglecting the effects of tortuosity (α∞ = 1) the
compressibility is rewritten in a form similar to the one for isothermal compression:

K̃eq ≈
P0

φ
(3.6)

where P0 is the atmospheric pressure and φ the porosity of the film.
The new expression of the density then corresponds to the one proposed in

Ref [28] with a real-valued corrective term for high frequencies:

ρ̃eq ≈
ρ0

φ
+ σ

jω . (3.7)

Altogether, the proposed simplifications lead to a number of consequences re-
garding the accuracy of the computed responses. First, because of the assumption
that the film is thin with respect to the wavelength (i.e. kfd � 1), the agreement
between the proposed model and a complete Biot-JCA approach is expected to
worsen as the frequency increases. As the wavenumber kf depends on the physi-
cal properties of the medium, the frequency range where this model may be used
might vary slightly between films. On another level, the validity of the Taylor ex-
pansion (3.3) as well as the one of other assumptions might be challenged if the
angle of incidence is too close to grazing incidence. Indeed, at these angles, the
path travelled by the wave in the medium is long and some of the effects deemed
negligible might have enough space to build up. Similar effects can also happen at
resonance frequencies where the high amplitudes of some of the fields might trigger
coupling effects.
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3.2 Validation of the approach

In order to validate the approach, Paper A proposes two tests: first, the method
is tested on generating a frequency response for a film or a film on a foam layer on
a rigid backing for two different angles. The responses are compared to references
with the film modelled using Biot-JCA. A second test asserts the agreement of the
model for a wide range of angles and frequencies. In this section, only the second
test is reproduced.

Note that an erratum was recently published regarding the figures in the original
contribution. In an earlier version, due to a mistake regarding the implementation
of the backing condition, the in vacuo stresses were considered null and the solid
displacement field unknown along the backing. The proposed simplification being
completely independent from the backing, the original conclusions still hold and
only the figures were corrected in the erratum. The figures hereafter are obviously
the new ones.

a.

z

x

θ

b.

z

x

θ

Figure 3.2 – Configurations used for validating the proposed models. a. film set on
a rigid backing; b. film set on a poroelastic layer and a rigid backing

The validation procedure proposed in the paper uses the configurations depicted
in Figure 3.2 and consists in varying the angle of incidence between 0 deg and 89 deg
(normal to grazing incidence) and the frequency from 0 to 4 kHz. Two absorption
coefficients are computed over the (f, θ) plane: αbiot using a Biot-JCA model for the
film (and the backing PEM if applicable) and αscreen using the proposed approach.
In order to compare the two, the following metric is used:

ε = |αbiot − αscreen|. (3.8)

The resulting maps are shown in Figure 3.3 where high values of ε correspond
to darker shades. Looking at the colour bar of each map, it is very clear that
the proposed method gives satisfactory results with respect to the metric. It is
interesting to note that the discrepancies discussed at the end of section 3.1 are
observed in Figure 3.3 without really challenging the applicability of the model.
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3.3 Closing words and the effect of further simplifications

The method presented in the present section and in Paper A allows to obtain
sensible responses for thin screens while using a simpler model than a complete Biot-
JCA approach. Particularly, using the proposed approach, two of the six equations
describing the link between the two sides are replaced by an identity relation.
The simplifications on the equivalent fluid constants and some coupling terms are
supported by the special nature of acoustic screens within which some of the effects
predicted by Biot’s theory do not take place. The proposed approximations leading
to considering α∞ = 1 must be treated with care as it was shown that the dynamic
tortuosity might have an effect on how the layers couple together19,27.

To a certain extent, it is interesting to identify the terms remaining in the
transfer matrix (3.5) and their effect. Reproducing the matrix of jumps across the
layer and the state vector (3.1) one might identify several terms:

s =



σ̂xz
usz
utz
σ̂zz
p
usx


, d



0 0 0 0 0 − Â
2−P̂ 2

P̂
k2
x − ρ̃ω2

0 0 0 0 0 0
0 0 0 0 − 1

K̃eq
+ k2

x

ρ̃eqω2 0
0 −ρsω2 −ρ̃eqγ̃ω2 0 0 0
0 ρ̃eqγ̃ω

2 ρ̃eqω
2 0 0 0

0 0 0 0 0 0


(3.9)

The complex framed in blue is linked to couplings between the compression
stresses and normal displacements, related to longitudinal waves in the medium.
The one in green is purely linked to shear effects, describing the connection between
the tangential displacement in the solid and the modification of shear stresses.
This term is particularly important to correctly describe how the screen modifies
the condition at the surface of the backing. In order to illustrate this last point,
Figure 3.4 compares the responses computed with the proposed model and when
neglecting the shear coupling term. It then becomes clear that shear stresses play
a prominent role in determining the overall response and cannot be neglected.
Though, it is interesting to note that the approach described here does not allow
for shear to compression conversion within the film as all the relevant terms (in
orange) are null in the matrix.





Chapter 4

Response envelopes and the effect of
film uncertainties

Films and coatings used in acoustic panels are challenging in different ways
and particularly in terms of characterisation. Their small thickness and the range
of values their mechanical and acoustical properties might take tend to render
characterisation difficult and even push some of the procedures to their limits.
Methods do exist to determine the value of the different properties through acoustic
measurements13,59 and start to be included in the newest versions of international
standards, see Ref.12 for flow resistivity for instance. Despite these efforts towards
a better determination of the production values of acoustic screens properties, these
quantities tend to be altered during panel assembly or even manipulation. Indeed,
the films are often the most exposed layers in the panels which implies a certain
wear over time and ends up deviating the properties away from their nominal values.

As discussed in the introduction, acoustic films are mostly used for their resistive
behaviour and have a strong influence on the response of the whole panel. Two
parameters are particularly important in this context: the flow resistivity σ and the
thickness d19,26,28. Just as any others, these parameters are subject to uncertainties
linked either to the characterisation process or to variations inherent to the medium
and its handling.

Paper B proposes a simple way to compute response envelopes that better rep-
resent the effect of parameters uncertainty. Apart from the usual theory and val-
idation sections, the paper also comprises an experimental part which required
characterising a large number of film samples and measuring their response when
associated to a poroelastic backing layer. The target of this set of measurement was
to obtain reliable statistical data on the screens both to apply the proposed method
and assess the validity of the assumptions. A result from these characterisation is
presented in Figure 4.1 (and in Figure 11 in the paper) showing the range of varia-
tion of the different JCA parameters for two different films: woven and non-woven
(refer to Section 2.1.1). Pictures of both films are shown in Figure 4.2.

27
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Figure 4.1 – Spread of the JCA parameters and thickness for both facings. The
orange line marks the median, outliers are represented with circles and the box
spans between the first and third quartiles. Thin lines correspond to the non-woven
facing, thick ones to the woven film.

(a) Woven facing (b) Non-woven facing

Figure 4.2 – Pictures of screen samples.

The characterisation of the two media was performed following standards and
techniques from the literature12,13,16. It is very clear in Figure 4.1 that the flow
resistivity is the most varying parameter with about 11% of deviation with respect
to the average value, closely followed by the porosity with 9%. Of course, the
precise values directly depends on the film involved.
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4.1 Theoretical background

In order to derive an expression for the response where the effect of the uncer-
tainties can be isolated, Paper B proposes a strategy based on a very simple system
shown in Figure 4.3.

z

d

ZBZs

θ

Figure 4.3 – System schematic

The contribution relies on two main assumptions: first that the effect of the film
can be coarsely approximated by an equivalent fluid model and second that the film
is thin compared to the wavelength i.e. kfd � 1 where kf is the wavenumber of
the equivalent fluid model. The first of these assumptions is generally verified as
the global trend is usually correctly approximated, even though the resonances are
not quite recovered with an equivalent fluid model. The second assumption holds
up to a few kilohertz as most films have a thickness of under a millimetre13,19,27.

Taking advantage of the equivalent fluid model, a first step towards isolating
the influence of uncertainties is then to use the impedance translation formula19 to
represent the film and determine Zs knowing ZB . This formula involves tan(kfd)
terms which can be approximated by their first order Taylor expansion based on
the second assumption:

Zs = ZB + jZfkfd
1 + jZBZ−1

f kfd
(4.1)

where Zf is the characteristic impedance of the equivalent fluid model. Note that
the usual relations for fluids hold:

Zf =
√
ρfKf , kf = ω cos θ

√
ρf/Kf (4.2)

where ρf and Kf are the equivalent fluid density and compressibility.
Considering that the term in the denominator of (4.1) is often small due to

the thickness and the low impedance contrast between the film and the backing
system a second Taylor expansion is employed. This simplification allows to turn
the ratio into a sum and to after substitution of the expression for kf and ρf and
simplification, it yields:
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Zs = ZB + jω cos θd
(
ρf − Z2

bK
−1
f

)
︸ ︷︷ ︸

ZF

(4.3)

In this equation, the influence of the film is clearly contained in the last term,
incidentally called ZF . To determine how the uncertainties on the parameters of
the film influence the overall response then means understanding what contributes
to the deviation of ZF . In Paper B, four different cases are considered depending
on which variable is uncertain: either ρf or Kf alone, both at once or the thickness
d. These cases correspond to the different possibilities when the film is represented
with a JCA model, see Section 2.1 for more details. Indeed in this case model a
deviation of ρf could correspond for instance to an uncertainty on the flow resistivity
σ, whereas if φ is uncertain it will impact both ρf and Kf . For each quantity ξ one
can consider that it can be separated into an average component ξ̄ and a deviation
∆ξ. Paper B presents the different expressions of ∆ZF for the different cases and
these are recalled in Table 4.1.

Table 4.1 – Different expressions for ZF , corresponding to equations (7) to (10) in
Paper B

Varying parameter(s) Expression for ∆ZF

ρf jω cos θd∆ρf
Kf jω cos θdZ2

b
∆Kf

K̄2
f

ρf and Kf jω cos θd
(

∆ρf − Z2
B

∆Kf

K̄2
f

)
d jω cos θ

(
ρf − Z2

bK
−1
f

)
∆d

Once the deviation ∆ZF is known it is straightforward to determine Zs and the
reflection and absorption coefficients:

R = Z̄s − Z0

Z̄s + Z0︸ ︷︷ ︸
R̄

(
1 + 2Z0∆Zs

Z̄2
s − Z2

0︸ ︷︷ ︸
η

)
, α = 1− |R̄|2|1 + η|2 (4.4)
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4.2 Validation and applications

Paper B discusses a number of cases to demonstrate the possibilities of the
approach using either numerical Monte Carlo results or experimental data as ref-
erence. In this section, only two of the examples are presented. A first numerical
application uses the current approach to generate a response envelope that is com-
pared to Monte Carlo results. A second example based on experimental data1 is
then introduced to demonstrate the potential of the method to generate an envelope
based on a pre-existing response. These two cases are completed with additional
applications in Paper B.

z

x

θ

Figure 4.4 – One of the systems used
for numerical validation. A film (dark
shade) is placed on a layer of PEM
(light shade) bonded onto a rigid
backing.

In the first case, a film is placed over a poroelastic layer and a rigid backing such
as in Figure 4.4. The physical parameters for the media are gathered in the Table 1
of Paper B (see p.82). For two different films and angles, absorption coefficient
envelopes are computed with the proposed approach for different deviations of the
flow resistivity:

σ = σ̄ + nstd(σ), n = 1, 2, 3 (4.5)
The results are compared to Monte Carlo simulations for which all samples

are drawn from a normal distribution N (σ̄, std(σ)). For both bases, the standard
deviation std(σ) is set to 10% of the average value σ̄. The different possible values
of the multiplier n allow to reach different confidence intervals. The results are
shown in Figure 4.5.

In the paper and by extension in the present section, the results are either
presented as an absorption coefficient or as a so-called centred envelope. In the
latter case, the mean value of the quantity to represent is subtracted to the data,
leading to a zero-centred representation indicating the spread of the envelope with
respect to frequency.

In this figure, both the absorption coefficient and the centred envelopes are
plotted, the latter allowing to check the amplitude of the envelope. An interesting
aspect is that the n = 1 curve follow closely the Monte Carlo standard deviation
envelope. Similarly the n = 3 envelope corresponding to the 99.7% confidence
interval stays close to the extremal response envelopes and no complete outlier
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is observed. Despite the rather aggressive approximation strategy, the envelopes
provided by the presented techniques are plausible for the different angles and over
the whole frequency band.

A second test based on experimental measurements of the response of a screen
and melamine system with a rigid backing in an impedance tube. The responses for
twenty samples of film on the same PEM are measured. In order to use the proposed
technique and generate the envelope. One might need to access ZB which, in this
case, is not directly measured. A possible approach is then to use the impedance
translation formula backwards and obtain a value from ZB from a measurement
of Zs. The parameters of the film used for the impedance translation are the
average characterised values. The results for two different screens (woven and non-
woven) are presented in Figure 4.6 and the physical properties of the media can be
found in Table 2 from the paper (p. 87). This time, the results from the proposed
approach are compared to naive solutions consisting in generating one maximal
(resp. minimal) response using the maximum (resp. minimum) value of the varying
parameter.

In Figure 4.6, it is seen that the envelopes generated by the proposed approach
for n = 1 follows closely the empirical results and particularly the standard devia-
tion envelope.

4.3 Concluding remarks

Despite its simplicity, the proposed model allows to efficiently merge statistical
characterisation data for films and deterministic responses from systems into sen-
sible response envelopes. It should be noted that the resulting envelopes come at
the price of some simplifications and assumptions and might not be suitable for
an in-depth analysis of uncertainties. Other techniques such as polynomial chaos
approaches might be used to better quantify the effect of the uncertainties.

Another interesting point of the presented contribution is that it allowed to
generate an extensive dataset of impedance tube traces and associated character-
isations for a rather large number of samples of two different acoustic films. This
dataset has been made available to the community as an independent, citable entry
and can be reused for further investigation1.

A last aspect is worth noting. Observing all the envelope curves, both exper-
imental and simulated, one easily spots a set of constrictions of the envelopes i.e.
points where the uncertainties have no influence. The authors have contemplated
the idea of investigating what could cause such an effect and what determines the
frequency of the constrictions.
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Chapter 5

Coupling TMM and FEM for meta-
poroelastic systems

As said in the introduction, poroelastic media have the ability to absorb over a
large band but their effectiveness at low frequencies is limited by the total thickness.
In an attempt to overcome this limitation, different solutions have been proposed
such as double-porosity60,61 or meta-poroelastic media62. This last option consist
in embedding arrays of diffractors or resonators inside a poroelastic matrix. The
usual way to analyse such media is to consider one of the repeated sections, thus
defining a so-called unit cell62. Examples of unit cells from the literature20,21,23,24,63
are shown in Figure 5.1. Additionally, attempts to use optimisation techniques to
come up with promising architectures have also been investigated25.

To control the response even further or anticipate real-life cases, facings might
then be added to the meta-poroelastic panels. This is used to trigger a different
kind of coupling between the surrounding air and the matrix (for example with an
elastic layer) or simply to alter and tune the response26.

When it comes to numerical evaluation, different methods have been used.
Among others, one can cite the homogenisation approach20 that allows to derive
the properties of an equivalent medium from the topology of the unit cell, or the
Multiple Scattering Theory22,64 that accounts for the diffraction due to each ele-
ment of the array. Both of these methods have been extensively used and give either
analytical or semi-analytical results. Even though such methods could potentially
be used to evaluate the response of any system, it might be particularly difficult
to actually write the relevant relations and solve the problem. On the other hand,
the versatility of FEM allows to cope with arbitrarily intricate core and inclusion
designs. The key issue of the approach being to accurately account for thin coating
layers that might force the mesh refinement up. Indeed, these tend to require sev-
eral elements through the thickness and to avoid distortion of the mesh, it tends to
impact the size of the elements surrounding the thin part as well. An example of
such an effect is shown in Figure 5.2 where the elements besides the inserted thin

35
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Figure 5.1 – Examples of unit cell from meta-poroelastic systems.

layer gradually get bigger as the distance to the film surface increases.

Figure 5.2 – A thin layer meshed in red with 3 elements in the thickness is inserted
between two large domains. The mesh refinement in the surrounding domains is
driven up to cope with the element size in the thin layer.

To overcome the mesh refinement issues, Paper C proposes a hybrid strategy to
embed a mesh-less representation of the fields into a FEM linear system describing
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an arbitrarily complex core.

5.1 Coupling strategy

The contribution is based on the idea of rewriting the boundary operator from
the Finite Element model of the core in order to correctly account for the load
applied through the coating layers. The chosen system is shown in Figure 5.3
where these two areas, poroelastic core and coatings, can be identified. In the case
studied in Paper C, the coating is composed of only one layer of elastic medium
and the part of the core in contact with the said coating is made of poroelastic
medium. This setting allows to present the most important points of the derivation
in Paper C while keeping reasonably concise expressions. The method can be easily
extended to other types of core and coatings, even though it might require a few
adjustments65. The system represented in Figure 5.3 is a single unit cell of width D
that is repeated to form the whole medium. In the case of Paper C, the repetition
is done through the use of periodic boundary conditions on the FEM domain.

?

x

Γ−

Γ+

Incident wave R0R−1 R1

Coating(s)

Core

D

z

O

Figure 5.3 – System under study, a possibly complex core is lined with a flat coating
on its free surface. The system is of size D and periodic along the x-axis. The two
interfaces Γ− and Γ+ are central to the proposed approach as they separate key
domains of the problem.

In the light of these elements, the proposed procedure goes as follow. First,
taking advantage of the periodicity of the system, the fields in the incident medium
and coating are rewritten as a sum of Bloch waves. The matching conditions
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between the fields in air and in the coating is made in a Bloch mode-oriented
approach and each of these components is propagated through the coating using a
separate transfer matrix. The different Bloch components of the fields in the layer
are included in the FEM domain using the boundary conditions and replacing the
expression in the relevant boundary operator. Finally, to balance the system, the
fields are projected on the different Bloch components. A complete exposition of
these various steps follows.

As said, the periodicity allows to write the fields in the incident medium as a
sum of Bloch waves. For the pressure field, one obtains:

pa(r) =
∑
l∈Z

[
δ0le

−jkl
zz +Rle

+jkl
zz
]
e−jkl

xx (5.1)

where δ0l is the Kronecker symbol, Rl are the complex-valued reflection coefficients
for each wave l and kix, klx and klz are respectively the incident and Bloch reflected
wavenumbers along x and z axis depending on the index. While kix is imposed by
the excitation, klx and klz on the other hand are defined by the Bloch theorem such
that

klx = kix + 2πl
D
, klz =

√(ω
c

)2
−
(
klx
)2 (5.2)

where c is the speed of sound in the incident medium.
As Paper C uses the example of an elastic coating, the first interface relations

link air from the incident medium to the fields in the coating. Mathematically, this
translates into the continuity of normal displacements (ua for the incident medium,
uez for the elastic coating) and compression stresses (pa and σezz). It also requires
enforcing null shear stresses along the surface of the coating σezx. Formally, this
reads:

σezx = 0, σzz = −pa, uez = uaz , uex unknown along Γ−. (5.3)

Note that in the present case, the tangential component of the displacement field
uex remains unconstrained by the interface relations and thus must be considered
an additional unknown of the final system.

In order to cross the first interface Γ−, it is proposed in Paper C to take ad-
vantage of the completeness of the basis of Bloch waves and to decompose all the
fields in the coating. Each field ξ (including uex) is then replaced by the following
expression along Γ− and Γ+:

ξ(x, z±) =
∑
l∈Z

ξl(z±)ejkl
xx. (5.4)

To rewrite the interface relations (5.3) in terms of Bloch waves one must also
determine the expansion of the incident displacement field using the momentum
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conservation equation, see equations (4) and (5) in Paper C. To use a transfer
matrix approach to transfer each of the fields from Γ− to Γ+ within the coating,
they are gathered in a vector which for an elastic coating reads:

s±l = {ue,lx (z±), ue,lz (z±), σe,lzx(z±), σe,lzz (z±)}T (5.5)

and using the expansions for the different fields and the interface relations (5.3), it
comes:

s−l = e−δ0l + I−l ql, ∀l ∈ Z (5.6)

where the expressions of the quantities e− and I−l are detailed in equation (12)
from the original paper. In this expression, e− describes the contribution of the
incident wave and specular reflection (l = 0) on the fields in the coating and I− is
the actual interface matrix that indicates the coupling between the coating and the
other reflected Bloch modes. Finally, ql is the vector of unknown coefficients for
each Bloch wave i.e. the reflection coefficient and any field left unknown within the
coating. Note that for some cases, such as a fluid or and equivalent fluid19 coating,
ql is not a vector but simply a scalar whereas for others facings, such as poroelastic
media, ql will involve several fields65.

Having successfully transferred the incident fields to the coating, one then uses
a transfer matrix approach to obtain the expression of the expanded fields on the
other side of the coatings, along Γ+. It is of prime importance to understand that
the transfer matrices cannot propagate all modes at once. A different matrix Tl has
to be used for each Bloch wavenumber klx. Each of the components s−l of the overall
vector has to be transferred using the corresponding matrix in order to determine
the corresponding s+

l :

s+
l = TlS

−
l . (5.7)

The expressions of these matrices for different coatings and how to construct in
the case of multilayer facings are to be found in Section 2.2 or in the literature19,48.

The vector s+
l can be formally written as sl in (5.6) using the transfer matrices

such that:

s+
l = e+δ0l + I+

l ql, with e+ = T0e
− and I+

l = TlI
−
l . (5.8)

Once this vector is determined, the fields must be injected into the FEM for-
mulation for the core.

As said in the introduction, one of the assumption is that the part of the core in
contact with the coating is only PEM. From a FEM viewpoint, different strategies
exists to represent PEM66–68. In Paper C, a mixed pressure-displacement formu-
lation that naturally couples with elastic media67 is selected, mostly to keep the
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mathematical expressions concise. It can be shown without difficulties that the ap-
proach is valid for other formulations65. The weak form of this formulation67 uses
the interstitial pressure p and the solid displacement us as primary variables, i.e.
fields to be solved for. The corresponding secondary variables, used in the boundary
operator, are the total stress tensor σt and the relative fluid/solid displacement w.
While the complete expression of the weak form is beyond the scope of the present
work and can be found in the literature67, the expression of the boundary operator
I is of importance:

I =
∫

Γ+

δus · [σt · n] dΓ +
∫

Γ+

δp[w · n] dΓ (5.9)

where δus and δp are the solid displacement and pressure test fields and n is the
normal to the interface.

It is trivial to identify that applying an impervious elastic layer on the surface,
such as along Γ+, will force the relative inter-phase displacement to be null and
that both the stresses and solid displacement will be continuous. Paying attention
to the orientation of the boundary, the following relations hold:

w · n = 0, σt · n = −σe, us = ue along Γ+. (5.10)

Using the definition of s+ from equation (5.8) and substituting the correspond-
ing interface conditions into the boundary operator yields

I = −
∫

Γ+

(
e+
∣∣∣
3,4
e−jk0

xx

)
· δus dΓ−

∑
l∈Z

∫
Γ+

(
I+
l

∣∣∣
3,4
qle
−jkl

xx

)
· δus dΓ (5.11)

where a vertical bar followed by indices (here 3, 4) indicates that only the corre-
sponding lines of the subscripted matrix or vector are considered.

This expression of the FEM boundary operator implies once again that addi-
tional unknowns must be considered which in this context are the ones of the ql
vectors. For the problem to be well posed, additional equations should be added
to balance these new variables. To this end, Paper C proposes to use the interface
conditions related to the primary fields of the FEM system and project them on
the Bloch waves. Taking advantage of the orthogonality of the basis of Bloch wave,
one might project the continuity equation for primary field on each mode and gen-
erate additional equations to balance each of the added unknowns. In the case of
Paper C: ∫ D

0
us(x, z+)ejk

l
xx dx = De+

∣∣∣
1,2
δ0l +DI+

l

∣∣∣
1,2
ql. (5.12)

The last important aspect of the theoretical development of the paper is then to
include equations (5.11) and (5.12) into the FEM linear system. The said system
formally reads Ax = f0, with A the global matrix, x the solution vector and f0 the
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forcing vector which encompasses all forcing terms applied on the domain that can-
not be represented as plane waves. Even though the whole discussion until now has
been dealing with infinite series of Bloch waves they must be truncated in practice.
A rule of thumb, involving the frequency, the size of the cell and the incident tangen-
tial wavenumber, was devised based on previous numerical experiments.22,69,70 It is
provided in equation (24) of Paper C and indicates a number N of positive/negative
modes to keep. The truncated series then span over 2N + 1 possible values of l and
it is possible to include it in the FEM domain through equations (5.11) and (5.12).

The final linear system writes:[
A C
C ′ A′

]{
x
q

}
=
{
f
f ′

}
+
{
f0
0

}
(5.13)

where f and C come from discretising the first and second terms of (5.11) and C ′,
f ′ and A′ come from (5.12) (left hand side for the first one and right hand side
for the others). Note that q is a vector gathering all the ql, thus containing all the
added unknowns.

This final system can then be solved so as to retrieve the FEM solution vector
as well as the reflections coefficients Rl for each wave and all the unconstrained
fields.

It must be stressed that even though the technique is presented for a coating
composed of a single elastic layer and on a reflection problem, it can be extended to
more general cases. The first kind of extension would be to consider a transmission
problem. From a FEM point of view, it simply changes the boundary operator
along another boundary and the same approach can be used to couple with the
TMM and the surrounding medium. From a Transfer Matrix point of view, the
same Bloch expansion can be written and a very similar development will follow
without the excitation term. Obviously, new variables will have to be added to the
solution vector and the associated matrices to the global operator.

Another possible extension consists in dealing with more complicated coatings,
possibly involving multiple layers. Once again, adapting the method is rather
straightforward as the propagation through the coating is accounted for through
the Tl matrices only. An important note though is that other fields might poten-
tially be unknown at some of the interfaces such as the tangential displacement in
this case which implies adding them to the corresponding ql.
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5.2 Validation and results

In order to validate the approach and demonstrate its potential Paper C includes
a number of experiments. The validation process involves three different reference
methods: TMM for a sanity check on a case with no inclusion, Multiple Scattering
Theory for examples of periodic media, and FEM for more complex cases. All these
examples are presented in section 3 of the original paper.

In the present section, only two examples are discussed: an illustration of the
advantages of the method compared to a pure FEM approach and a comparison
with a state-of-the-art method used in the meta-materials community.

The first of the examples compares the proposed approach to a pure FEM
solution on a simple three-layers system. The model is presented in Figure 5.4.a.

The test is performed as follows: a FEM solution is set-up and prepared so as
to be fully converged at 1000Hz with both coatings and the core meshed. Without
changing the number of the elements in the core, both coatings are removed from
the FEM domain and instead represented with the proposed method. The two
solutions as well as a TMM reference are computed from 10Hz to 5 kHz and are
plotted in Figure 5.5.

This figure illustrates one of the advantages of the proposed approach. The rea-
son why the precision drops for the FEM solution is that as the frequency increases,
the wavelength reaches the same order of magnitude as the thickness of the film. At
this point, the FEM mesh is not refined enough to deal with the phenomena taking
place in the coatings. On the other hand, the proposed approach is not impaired
by such effects as the coatings are represented with the same precision as for the
pure TMM reference.

Another example compares the results of the hybrid method and results from
the Multiple Scattering theory. This technique is a semi-analytical approach, pos-
sibly leading to an excellent precision. In this example, two different systems are
considered, both featuring an inclusion, presented in Figure 5.4.b and Figure 5.4.c.

The results are shown in Figure 5.6. It appears clearly on the figure that both
methods give very similar results. The proposed approach has the advantage over
existing techniques that it benefits from the versatility of FEM without the need
for an over-refined mesh to cope with the thin facings.
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Figure 5.5 – Comparison of the absorption coefficient computed using TMM (circle
markers), the proposed method (solid line) or including the coatings in a Finite
Element model (dashed line). The number of elements in the core is the same
for the two last methods, chosen such as one of them cat least complies with the
reference.

5.3 Perspectives

The approach presented in this contribution is promising in a number of ways.
First, by separating the facings from the core and resorting to a mesh-less approach
for representing the surface layers, the method has a much lower computational
overload than pure FEM.

Second, the technique can easily be adapted to account for a FEM domain
up- and downstream of the (multi-)layered zone. This change brings the proposed
approach closer to other techniques for coupling FEM domains in the literature71,
the method presented here having the advantage that it does not require conformal
meshes on both sides of the modelled layer.

Finally, note that the coupling between the core-related FEM linear system and
the added unknowns and equations is rather weak. Without reassembling the FEM
system, it is then possible to change the surface layers at a reduced cost. This paves
the way to explore the effects of statistical variability of the surface layers or even
to quickly test different facings over the same core and guide design decisions.
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Figure 5.6 – Absorption coefficient for two meta porous panels bonded on a rigid
backing with a) an air-filled rubber shell or b) a poroelastic circular inclusion.
The panels are coated with rubber and excited by a plane wave for two different
incidence angles θ = 0 rad (dashed) and θ = π/3 rad (solid). Results from the
Multiple Scattering Theory are used as reference and shown with circle markers.





Chapter 6

Conclusion

In the present summary, three works and a correction were presented, discussing
different aspects of the modelling of acoustic screens, films and interfaces. Over the
course of the PhD project, the focus has always been to devise efficient approaches to
account for films, interfaces and their associated uncertainties both from a numerical
and physical viewpoint.

6.1 Key aspects

Paper A presents a simplified model for screens, stressing that some of the
interactions predicted by Biot’s theory do not play a role in these media. The
associated investigation shows, on the other hand, that preserving shear effects is
crucial to correctly account for the load applied by the film on the backing system.

Paper B introduces a strategy to obtain response envelopes with a minimal
effort from the statistical characterisation of the parameters and a deterministic
system response. With this simplifying approach to express the effect of the film
on the response and then by separating the contribution of the uncertainties from
the average value, this contribution offers a cost-efficient solution to generate re-
sponse envelopes. From an engineering point of view it also presents a number of
advantages, particularly as it decouples the determination of the spread of the films
parameters from the generation of the actual envelope.

Paper C finally renders computing the response of meta-poroelastic systems
more efficient by extracting the components that could drive the mesh refinement
up. This approach can be combined with different techniques to evaluate the effect
of film uncertainties on the overall response without having to re-assemble the
whole FEM system. Even though it was not explicitly exploited here, this option is
a straightforward extension of the published work. In addition to the paper itself,
a talk at the French-Chinese Acoustics Congress presented an adaptation of the
formulation for various media, including the screen model from paper A.

47
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One might note that this thesis gathers contributions centred on the techniques,
providing validation cases but no lengthy application sections. During the PhD
project, it was decided to explore different approaches and methods, knowing that
some of these would not be ready for publication before the end. Therefore, the
work was focused on releasing usable techniques related to different aspects of the
modelling and computation fast so they can be used and improved by more teams
over time. Other projects and ideas than the ones presented in this document were
also investigated and are yet to be developed.

Keeping in mind that research should be reproducible, all software components,
scripts and utilities used in the papers are freely available on-line or on demand.
Particularly, the two main software packages, PLANES72 and PyMLS,56 can be
downloaded on Github a under licenses that allow re-utilisation, modification and
even redistribution.

6.2 Outlooks

A number of aspects related to films, screens and interfaces are left to explore.
Amongst other things, the precise description of interface zones appears an im-

portant milestone for future absorbers. A better understanding of their properties
and how to tune them would make it possible to use these inevitable by-products
of the assembly process as actual component of future absorbers. Indeed, in some
cases, such as a very stiff but non-continuous layer of glue, the interface might trig-
ger specific dynamic phenomena19,73, possibly random, both in terms of parameters
and of spatial localisation. In order to further the description of interface zones, it is
necessary to gather more information and data and, in turns, this imply developing
suitable in-situ measurement and characterisation techniques.

The concept of interface extends far beyond a physical element present between
two given domains and encompasses as well the local change of boundary condition
along the frontier between different media. Particularly, its has been established
that the type of bonding between poroelastic media had a lot of influence on the
response19. Depending on the bonding strategy, the whole surface of the interface
is not necessarily governed by the same continuity conditions (due to debonding for
instance) and the description and modelling of such cases is still undone.

Films and interfaces have been shown to be subject to uncertainties linked both
to the production or creation process and to imprecisions in the characterisation.
Even though techniques exist to quantify the effect of uncertainties, the complexity
of poroelastic models and the number of components used in modern absorbers
makes them challenging to use. While first thoughts are presented in the thesis
or were introduced in conferences74, an effort to develop uncertainty quantification
approaches tailored to poroelastic and meta-poroelastic media is in order. To a
certain extent, canonical techniques from the uncertainty quantification framework
such as polynomial chaos75,76 or Karhunen-Loève77 expansions might be used but

a. github.com/OlivierDAZEL/PLANES and github.com/cpplanes/pymls

https://github.com/OlivierDAZEL/PLANES
https://github.com/cpplanes/pymls
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the intricate mathematical models at play with poroelastic media poses a formidable
challenge.
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Abstract

A generalization of the commonly used pressure jump modelling of thin
porous layers, is proposed. The starting point is a transfer matrix model
of the layer derived using matrix exponentials. First order expansions of the
propagating terms lead to a linear approximation of the associated phenomena
and the resulting matrix is further simplified based on physical assumptions.
As a consequence the equivalent fluid parameters used in the model may be
reduced to simpler expressions and the transfer matrix rendered sparser. The
proposed model is validated for different backing conditions, from normal to
grazing incidence and for a wide range of thin films. In the paper the physical
hypotheses are discussed, together with the origin of the fields jumps.

Thin porous layers, sometimes referred to as screens, films, veils, etc., are com-
monly applied as protection, both for aesthetic reasons as well as for prevention
of wear and tear. Properly designed they may also contribute to the performance
of sound packages in various applications. For example, when used in combina-
tion with e.g. metamaterials1–3 or stacked layers of poroelastic materials (foam,
fibre panels, . . . )4,5, their properties can be tailored to optimise the overall system
performance, at low weight and without increasing the overall thickness of the in-
stallation. They may also be used to improve the absorption at low frequencies
and despite their small thickness, usually ranging from 0.1 to 1 mm, these coatings
commonly have a noticeable impact and cannot be ignored when simulating the
behaviour of the absorbers6,7.

The present work focuses on the numerical modelling of thin permeable films
applied as coatings on multilayer poroelastic panels. Depending on which effects
need to be accounted for in the simulations, different approaches may be adopted.
A minimal one would be the pressure jump model proposed by Pierce8 or a slightly
more refined rigid-frame model7. This would however lead to a rather crude predic-
tion of the response, missing system but would also have the advantage of requiring
only a few parameters to be characterised in order to simulate the acoustic be-
haviour. A more accurate approach, particularly for woven screens could be based
on models for perforated panels accounting for the vena contracta effect and changes
of dynamic tortuosity5. Finally, an even more accurate description would consider
bi-phase models such as Biot’s with the refinements proposed by Johnson, Cham-
poux and Allard (JCA) for viscous dissipative effects9–11 or one of the rewritten
sets of equations for poroelastic materials12,13. Note that in Ref. [13] a flexible
poroelastic model is presented that may be adapted to any existing equivalent fluid
model for the dynamic density and compressibility ρ̃eq and K̃eq, hence allowing for
changes in the dissipation model. Even if the thickness is rather small compared to
the dimension of the homogenisation volume, the Biot theory has been successfully
applied to model screens7,14.

The present work aims at proposing a simplified model for acoustic screens
accounting for the resonant effects while reducing the number of physical parameters
needed in the modelling. It is intended as an alternative to the more elaborate
modelling approaches used in current Transfer Matrix models. The principles used
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to derive a transfer matrix for a poroelastic layer (section 1) are first presented,
followed by an introduction of a number of simplifications in section 2. In these, the
propagative terms are linearised and a dimensional analysis is applied to neglect the
terms of least importance. The approach is validated using numerical simulations
where the results using the proposed model are compared to those obtained from a
full Biot-JCA simulation, for several films (section 3). An extensive testing of the
proposed model was performed however most of these tests are omitted from the
paper for conciseness and only two representative films are presented in the results
of section 3: one woven and one non-woven. Note that throughout this paper, a
positive time convention (ejωt) is used.

1 Transfer matrix as an exponential

To describe the acoustic propagation in a poroelastic layer, a Biot model9,15 is
used but without taking into account membrane effects that could be significant in
films under tension. In the present case, the model uses the two motion equations
corresponding to the strain-decoupled formulation12:

σ̂ij,j = −ω2ρ̃su
s
i − ω2ρ̃eqγ̃u

t
i, −p,i = −ω2ρ̃eqγ̃u

s
i − ω2ρ̃equ

t
i, (1)

and the associated two constitutive laws:

σ̂ij = Âusi,iδij + 2Nεij , p = −K̃equ
t
i,i, (2)

where us and ut are respectively the homogenised solid and total displacements,
p the interstitial pressure, σ̂ and ε the in-vacuo stress and strain tensors and δij is
the Kronecker symbol. The other symbols are physical parameters of the medium
that represent densities (ρ̃eq,s), compressibility (K̃eq), Lamé coefficients (Â and N)
and solid/fluid coupling (γ̃).

The model is developed assuming a layer of infinite extent in the (x, y) plane
and of thickness d excited by a plane wave travelling towards the positive values
along the z axis. All the fields have the same dependence e−jkxx and the wave
vector, due to the assumed isotropy, is oriented such that ky = 0. The strategy
to derive the transfer matrix is then based on the so-called Stroh formalism4,16,17.
This approach leads to a set of first order differential equations in the state vector
s(z):

∂s(z)
∂z

= αs(z), with s(z) =
{
σ̂xz(z), usz(z), utz(z), σ̂zz(z), p(z), usx(z)

}T
.

(3)
Note that the physical fields absent from the state vector (such as utx and σ̂xx) can
be deduced from linear combinations of the ones present.

As the medium is homogeneous, solving (3) for a layer of thickness d leads to
the expression of the transfer matrix T (d) for the state vector s written as a matrix
exponential:
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s(0) = T (d)s(d), T (d) = exp (−dα) . (4)

The derivation of the state matrix α is central to the present work. However,
it has been addressed multiple times in the literature (see Ref. [16] for this specific
case or Refs. [17, 18] for a more general discussion) and thus will be omitted for
conciseness. The matrix used in the present work is identical to the one proposed
in the appendix A.1 of Ref. [16] (with P̂ = Â+ 2N):

α =



0 0 0 jkx ÂP̂ jkxγ̃ − Â
2−P̂ 2

P̂
k2
x − ρ̃ω2

0 0 0 1
P̂

0 jkx ÂP̂
0 0 0 0 − 1

K̃eq
+ k2

x

ρ̃eqω2 −jkxγ̃
jkx −ρ̃sω2 −ρ̃eqγ̃ω2 0 0 0
0 ρ̃eqγ̃ω

2 ρ̃eqω
2 0 0 0

1
N jkx 0 0 0 0


. (5)

2 Simplification of the transfer matrix

The key idea of this paper is to use some hypotheses based on the character-
istic properties of acoustic screens, which may be used to simplify the transfer
matrix T (d) and to reduce the number of required parameters. The most impor-
tant assumption is that the average thickness of these coatings is rather small,
especially compared to the wavelengths of the waves in the media (kd� 1, with k
the wavenumber in air or in the poroelastic layer). This hypothesis allows for an
approximation of the matrix exponential of Eq. (4) in terms of its first order Taylor
expansion:

T (d) ≈ I− dα+O(d2) (6)

with I the identity matrix. This approximation replaces the terms representing the
transfer of the corresponding fields through the film, with jumps in the values of
the field amplitude values between both faces of the layer. Indeed, Eq. (6) suggests
that all the fields are transferred and altered by a combination of the other fields
described by the state matrix α and proportional to the thickness d.

The next step is to identify the most important contributions in α and neglect
all others. For this purpose, the second proposed approximation is introduced.
Let ks be the largest wavenumber in the layer (i.e. ks ≥ kx,z, noting that ks
often corresponds to the solid-borne compressional wave) and using the constitutive
equations (2), it is easily shown that:

|σ̂zz| 6 ks

(
P̂ usz + Âusx

)
, |σ̂xz| 6 2Nks (usx + usz) (7)
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From the second and last rows of the transfer matrix (solid displacements), we
get

usz(0) = usz(d)+ d

P̂
σ̂zz(d)+jkxd

Â

P̂
usx(d), usx(0) = usx(d)+ d

N
σ̂xz(d)+jkxdusz(d).

(8)
which can be combined with the two inequalities previously introduced to rewrite
the jumps for the two components of the solid displacement:

|usz(0)−usz(d)| 6 ksd

(
usz(d) + 2 Â

P̂
usx(d)

)
, |usx(0)−usx(d)| 6 ksd

(
2usz(d)+usx(d)

)
(9)

Provided that the frequency or the thickness are sufficiently small such that
ksd � 1, it is reasonable to assume that , and thus to neglect all terms on lines 2
and 6 in (6) except the unit diagonal.

Moreover, it is proposed to neglect two other effects:
— the influence of the saturating fluid on the evolution of in vacuo shear solid

stresses σ̂xz;
— the coupling of the tangential solid and normal total displacement.

These assumptions respectively cancel T14 and T41, T15 and T36.
The transfer matrix may then be rewritten as:

T (d) ≈ I− d



0 0 0 0 0 − Â
2−P̂ 2

P̂
k2
x − ρ̃ω2

0 0 0 0 0 0
0 0 0 0 − 1

K̃eq
+ k2

x

ρ̃eqω2 0
0 −ρ̃sω2 −ρ̃eqγ̃ω2 0 0 0
0 ρ̃eqγ̃ω

2 ρ̃eqω
2 0 0 0

0 0 0 0 0 0


.

(10)
So far, the proposed modifications mostly impact the structure of the transfer

matrix without significantly reducing the number of physical parameters required
to describe the system behaviour. Considering the small thickness of the coatings,
it is proposed to neglect the effects of tortuosity and set α̃∞ ≈ 1 and . This last
assumption leads to simplified forms for the equivalent fluid quantities K̃eq and ρ̃eq:

K̃eq ≈
P0

φ
, ρ̃eq ≈

ρ0

φ
+ σ

jω (11)

The first of these relations suggests that the compression is isothermal. The
imaginary part of the simplified equivalent density represents a phase shift of the
fluid-borne wave often referred to as a pressure jump or pressure drop8. The real
part of the simplified expression of ρ̃eq is actually a second order term (whereas
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Figure 1 – Configurations used during the development of the method and used in
the tests.

the imaginary part is of the first order) that corrects the loss of accuracy at high
frequencies due to the simplifications.

This last set of simplifications brings down the number of parameters in the
model to six : three mechanical parameters (Â, N and the structural loss parame-
ters η), the flow resistivity σ, the porosity φ and the bulk density ρ1. Investigations
involving neglected frame mechanical parameters were performed, however the re-
sulting levels of error were higher than the target. Hence, it was decided to keep
the elastic contributions in the proposed model.

3 Validating the simplified model

In this section, the simplified model is tested for different configurations against
a reference solution corresponding to a full Biot-JCA Transfer Matrix model. In or-
der to validate the proposed approach, attention must be paid to special cases such
as the change of backing condition, grazing incidence and different materials. A
large range of configurations have then been tested in order to assess the robustness
of the proposed model. The three configurations shown on Figure 1 were used in
the development process. They present three different types of boundary conditions
backing the simplified layer and helps understanding how the errors build up. It
has been observed during the refinement of the proposed method, that the backing
condition featuring an air-gap (1.c) leads to results very similar to those obtained
with a PoroElastic Material (PEM) backing (1.b) whereas the rigidly backed con-
figuration (1.a) behaves differently. Consequently, only the configurations of Figure
1.a and 1.b are used in the results shown hereafter.

The numerical values for the parameters used to model the films are taken
from a work discussing the characterization procedure for films19. These values
are gathered in Table 1 along with the parameters of the backing foam. In the
simulations, the thicknesses of the films and foam are respectively 0.5mm and 50mm
and the following properties are used for air ρ0 = 1.213 kg · m−3, Pr = 0.71,
η0 = 1.839 · 10−5 Pa · s, P0 = 1.01325 · 105 Pa, γ0 = 1.4. Note that in this table and
for the reference solution, the values for for films but they are set to unity for the
simulations when evaluating the simplified model.
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Table 1 – Physical parameters of the foam and films (woven and non-woven) used
in the validation cases of section 3.

Parameters (unit) Foam Woven Non-woven
φ 0.994 0.72 0.04
σ (N·s·m−4) 9045 87·103 775·103

α̃∞ 1.02 1.02 1.15
Λ′ (µm) 197 480 230
Λ (µm) 103 480 230
ρ1 (kg·m−3) 8.43 171 809
ν 0.42 0 0.3
E (Pa) 194.9·103 50·103 260·106

η 0.05 0.5 0.5
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Figure 2 – Absorption coefficient for two different materials (one per sub-figure),
two angles of incidence (different colours) and two configurations (different line
styles). Left: Non-woven film. Right: Wowen film. The graphs showing low
absorption (dashed lines) are computed for the configuration of Figure 1.a with the
film directly laid on the backing, the others correspond to configuration 1.b with
an inserted PEM layer. The reference results are shown using marker symbols.
(Color online)

As seen from Figure 2, the agreement between the proposed simplified model and
a complete Biot-JCA model for the film is tested for two materials, two angles (0°
and 65°) and two boundary conditions (rigid backing and PEM backing). Clearly,
the results obtained by the proposed method stay close to the reference. The
agreement is even perfect at low frequencies and some very small discrepancies
discussed below are observed at higher frequencies.

In order to systematize the analysis, the evolution of the absolute error

ε = |αbiot − αscreen| (12)

is computed over the (f, θ) plane with αbiot and αscreen being respectively the
absorption coefficients calculated using the complete Biot-JCA model for the film
and the simplified model. The results are shown on Figure 3 for different films and
backing conditions.
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Figure 3 – Evolution of the relative error in the (f, θ) plane. Left: (a. and c.)
non-woven film; Right (b. and d.): woven film. Top: (a. and b.) configuration as
in Figure 1.a; Bottom: (c. and d.) configuration as in Figure 1.b. (Color online)

Near grazing incidence, an expected drop of precision is observed, particularly
when the film is directly laid on a rigid backing. This difference between the two
setups suggests that a compensatory effect is introduced when the backing is a
PEM. Indeed, whereas the absorption occurs only in the film when directly laid
on a rigid surface, it occurs mainly in the PEM in the other case, smoothing the
effect of the film. At grazing incidence, the proposed model (where most of the
shear effects have been neglected) obviously breaks down. The path travelled by
the waves in the film is also much longer, invalidating the hypothesis of a thin
film and leading to excessive absorption. Despite these points, the corresponding
relative error is lower than 3% in the observed cases.

4 Conclusion

In the present work, a simplified model for the transfer matrix of acoustic films
is proposed. Approximations based on physical reasoning lead to both a simpler
propagation model (with expanded matrix exponential) and a reduction of the
number of parameters. It is demonstrated that these simplifications hold for thin
poroelastic layers and that the resulting model behaves best when used in a transfer
matrix model on top of another PEM or air layer. For rigid backing conditions,
some discrepancies may be observed, mainly due to some of the parameters being
neglected. Despite these aspects, the model still exhibits a reasonable accuracy.
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Abstract

The properties of the materials used for building sound proofing systems
are known to exhibit large variations. These may lead to significant differences
in the acoustic responses within a given material batch, particularly when
resistive screens are used as a surface component for a multi-layered absorbing
panel. In such thin films, it is mostly the thickness and the flow resistivity, but
in some cases also the porosity, that are difficult to control in the production
process. All these potential variations influence the acoustic response of the
complete panel. In the present contribution, a method to isolate and evaluate
the effect of uncertainties in a film is proposed. Using a transmission line
approach, it is shown to be possible to predict the modification of the response
induced by the uncertainties. The proposed technique is then adapted to
determine envelopes, for experimentally acquired responses, that are closer
to measured envelopes as compared to those generated using Monte Carlo
simulations or naive approaches. The method is tested both on numerical
and experimental cases and shows, in both cases, a very good agreement with
the reference solutions. Unlike Monte Carlo approaches, the proposed method
does not require a massive computational effort which makes it suitable for
real life applications.

1 Introduction

Reducing noise through dedicated acoustic treatments is essential in modern
society to counteract the negative impact on health that is linked to exposure.
Many approaches have been proposed over the years, either with a broadband
noise reduction objective1 or targeting a given frequency band2–4. Recent reports
and directives5–7 set evermore ambitious targets in term of noise mitigation for
the future. This overall endeavour to reduce noise and its impact requires the
development of efficient, versatile strategies to be combined with punctual, more
specific solutions to mitigate particular features of the noise content (emerging tones
for instance).

A widely used and rather inexpensive approach to noise reduction over a fairly
large frequency band uses poro-elastic materials (foam, fibre panels, etc.) arranged
as a multi-layered laminate. These composite structures usually involve a small
number of foam/fibrous layers with carefully chosen properties and thicknesses in
order to meet specific absorption objectives1. To protect the panel and sometimes
fine tune its properties, thin films can be added on the free surface8,9. Often highly
resistive, such films are known to play a prominent role in the behaviour of the
overall systems10–12. As their precise characterisation might be challenging13, it is
of primary importance to understand how the uncertainties on the film parameters
induce variations of the overall system response. Apart from this objective, another
goal of the study is to propose an efficient method to compute the associated re-
sponse envelope curves both on simulated response and on experimental results. It
is shown that the proposed approach allows to merge statistical data from the char-
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acterisation of the screen with a single measurement of the overall system response.
The resulting envelopes are shown to convey the same statistical information as
Monte Carlo results obtained by measuring a large number of samples.

The paper is organised as follows. In the first section a study model is intro-
duced and used to derive the influence of the film and its the uncertain parameters
on the response. A technique for combining an existing deterministic response of
a panel and statistical information on the film to infer the associated envelope is
discussed. In a second section, the proposed developments are tested against Monte
Carlo simulations and validated. A third section presents an experimental set-up
to measure the absorption coefficient of different laminates. Using a large num-
ber of samples from two different films, a statistical characterisation is performed
following a procedure described in the literature13, Using the same rig, different
systems composed of an absorbing backing lined by of of these films are measured
for an important number of film samples in order to obtain experimental envelopes.
The experimental results are compared to those given by the proposed envelope
annotation technique. A final section discusses the results.

2 Theoretical background

2.1 Position of the problem
The key idea of this section is to write the system response such that it is possible

to isolate the contribution of uncertain film parameters. The chosen configuration
is presented in Figure 1 and involves a backing represented by its surface impedance
ZB , a resistive but permeable layer (film, screen, etc.) of thickness d and the so-
called incident medium in which the excitation propagates.

z

d

ZBZs

θ

Figure 1 – Configuration under study. The backing is known through its surface
impedance ZB , the system is impinged by a plane wave propagating at an angle θ
from the normal to the surface.

In the following, a positive time convention ejωt is assumed where ω is the
pulsation, t the time variable and j2 = −1.
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2.2 Transmission through the film
Throughout this work, the film layer is assumed to be thin, of the order of half

a millimetre. It is furthermore assumed that the elastic deformation of the film
may be neglected. This allows for a class of simplified models where the film may
be regarded as an equivalent fluid1,14.

Based on the above assumptions, the thin film layer is modelled through an
equivalent characteristic impedance:

Zf =
√
ρfKf , (1)

where ρf and Kf are respectively the equivalent density and dynamic bulk mod-
ulus. Different expressions of these quantities exist in the literature1,15,16 but are
out of the scope of this paper and will not be discussed in the present contribution.

2.2.1 Evaluating the surface impedance

In order to determine the response of the multi-layered system to a plane wave
excitation, one needs its surface impedance Zs. Using an equivalent fluid model for
the film, this quantity can be deduced from the backing surface impedance ZB and
the film properties using the impedance translation formula1:

Zs = Zf
ZB + jZf tan(kfd)
Zf + jZB tan(kfd) , (2)

where
kf = ω cos θ

√
ρf/Kf (3)

is the wavenumber in the film.
As the thickness of the film is small compared to the wavelength (ε = kfd� 1),

a first order Taylor expansion of the tangent gives tan(kfd) = kfd+ O(kfd). After
substitution in (2) and simplification, this may be rewritten as

Zs ≈
ZB + jZfkfd

1 + jZBZ−1
f kfd

, (4)

which may be simplified further, through a Taylor expansion of the denominator:

Zs = ZB − jZ2
BZ
−1
f kfd+ jZfkfd+ O

(
(kfd)2

)
. (5)

Finally, substituting Eqs. (3) and (1), and neglecting the (kfd)2 term gives

Zs = ZB + jωd cos θ
(
ρf − Z2

BK
−1
f

)
︸ ︷︷ ︸

ZF

. (6)

The influence of the film is then entirely captured in ZF which, apart from
the angle of incidence and the thickness of the screen, shows a dependency on the
backing impedance ZB .
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2.2.2 Introducing uncertainties

As indicated in the introduction, the parameters of acoustic screens are seldom
known with perfect accuracy. The sources of uncertainty can be either linked to
sample-wise variations or to the characterisation itself. These films, woven or non-
woven, are rather delicate and it is difficult to ensure that cutting and manipulating
the samples does not alter their properties. Thus, different factors tend to render
these media challenging to characterise even though standardised procedures are
available13,17. Their influence on the acoustic performance is mainly controlled by
two properties, the airflow resistivity σ and the thickness d1,12. In this section, the
corresponding uncertainties induced on the model parameters of the medium are
considered in terms of the higher level descriptors: ρf and Kf . Through these two
descriptors, and the thickness d, the resulting deviation may be directly introduced
into (6). It should be noted that the hypotheses leading to (6) henceforth are
assumed to apply.

Each quantity ξ that is considered uncertain, is written as the sum of a nom-
inal part ξ̄ and a deviation ∆ξ. Through this the overall deviation of the surface
impedance ZF in (1), i.e. ∆ZF , may be evaluated as discussed in the following.

Equivalent density ρf Considering a deviation of the equivalent density ρf =
ρ̄f + ∆ρf only, ZF it is possible to write,

ZF = jωd cos θ
(
ρ̄f − Z2

BK
−1
f

)
+ jωd cos θ∆ρf︸ ︷︷ ︸

∆ZF

. (7)

Equivalent compressibility Kf A deviation of the equivalent compressibility
alone can be treated in a similar fashion assuming that it is small compared to
the nominal value (i.e. ∆Kf K̄

−1
f � 1). Substituting K̄f + ∆Kf into (6) and

simplifying yields

ZF = jωd cos θ
(
ρf − Z2

BK̄
−1
f

)
+ jωd cos θZ2

B

∆Kf

K̄2
f︸ ︷︷ ︸

∆ZF

. (8)
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Equivalent density and compressibility In specific cases, such as for an un-
certainty on the porosity φ in the JCA model, both Kf and ρf are modified. In
this situation, both are replaced as before which allows to easily separate the terms
and identify ∆Zs, in terms of ∆Kf and ∆ρf , as:

Zs = jωd cos θ
(
ρ̄f − Z2

BK̄
−1
f

)
+ jωd cos θ

(
∆ρf − Z2

B

∆Kf

K̄2
f

)
︸ ︷︷ ︸

∆ZF

. (9)

Thickness d Finally, the effect of a deviation of the thickness d leads to

ZF = jω cos θ
(
ρf − Z2

BK
−1
f

)
d̄

+ jω cos θ
(
ρf − Z2

BK
−1
f

)
∆d︸ ︷︷ ︸

∆ZF

. (10)

Note that in the above cases, there is no need for any but the films parameters
(or even just the deviations of the descriptors themselves) and sometimes the surface
impedance of the backing system at the frequency of interest. The cases for which
this last quantities is not readily available are discussed in section 2.3.

2.2.3 Deriving reflection and absorption coefficients

Considering the deviation of the surface impedance Zs = Z̄s+∆Zs, it is straight-
forward to compute the reflection coefficient:

R = Z̄s + ∆Zs − Z0

Z̄s + ∆Zs + Z0
. (11)

and factorising Z̄s+Z0, the denominator contains a small parameter ∆Zs(Z̄s+Z0)−1

and thus may be expanded in a Taylor series, which allows to separate the nominal
and deviated part of R as,

R = Z̄s − Z0

Z̄s + Z0︸ ︷︷ ︸
R̄

(
1 + 2Z0∆Zs

Z̄2
s − Z2

0︸ ︷︷ ︸
η

)
+ O

(
∆Z2

s

Z̄2
s − Z2

0

)
. (12)
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From (12), one can derive the absorption coefficient as (with R(η) denoting the
real part of η)

α = 1− |R̄|2|1 + η|2

= 1− |R|2︸ ︷︷ ︸
ᾱ

− |R|2
(
2R(η) + |η|2

)︸ ︷︷ ︸
∆α

(13)

2.3 Envelope determination

z

d

Zs ZB

θ

Figure 2 – System considered for the addition of the envelopes on a precomputed
response.

Having established equations (7) - (10), it is now possible to generate an enve-
lope curve using as input a single response of the overall system and information
on the uncertainties in the film. This process will be outlined in the following,
based on the notation introduced in Figure 2. Here two possibly independent
sets of measurements are used. On one hand, a characterisation of the film is re-
quired including a rather accurate estimation of how properties are statistically
distributed, for which different techniques exist, either based on quasi-static or dy-
namic measurements13,17. On the other hand, a deterministic response of the overall
system is needed which may be readily measured using e.g. standard impedance
tube techniques18.

Depending on which of the JCA parameters that are affected, and thus on the
type of uncertainty considered, the envelope generation process follows slightly dif-
ferent routes, essentially following Section 2.2.2. In cases when the uncertainty in ρf
is evaluated, the overall surface impedance and its computed deviation are indepen-
dent. On the other hand, if either d or Kf are afflicted by uncertainties, generating
the envelope requires the computation of ZB and thus the overall surface impedance
Zs needs to be known. To obtain ZB , the impedance translation theorem is used
anew, and the value of the overall surface impedance ZS has to be obtained imply-
ing a translation through the film thus its parameters has to be known. These may
be obtained by averaging the corresponding experimentally characterised values, in
order to obtain the average value of the impedance Z̄B . Once Z̄B is entirely deter-
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mined, there only remains the computation of the deviation to the mean response
from the equations (7) to (10).

3 Numerical validation

As a validation of the proposed approach, numerical simulations are employed.
In the current work, envelopes generated using the previously presented steps are
compared to results obtained from a Monte Carlo based analysis.

a) b) c)

Figure 3 – Test systems considered. a) the film is placed on a single layer backing.
Two configurations are tested: foam backing (L = 50 mm). b) the film is set on
a two-layers backing (thickness of the backing layers is respectively 10 mm and
30 mm). c) an air plenum (L = 200 mm) if formed behind the film. The properties
of the media used for these tests are reported in Table 1.

For the numerical validation, three different configurations are used, see Fig-
ure 3. In order to assess the limitations of the proposed method in relation to
thin films of different design and manufacturing processes, a woven and a non-
woven film are investigated. The physical parameters of the media are taken from
the literature1,11,13 and gathered in Table 1 for reference. The following proper-
ties are used for air: ρ0 = 1.213 kg · m−3, Pr = 0.71, η0 = 1.839 · 10−5 Pa · s,
P0 = 1.01325 · 105 Pa and γ0 = 1.4.

The two different films attached to a slab of foam and impinged by a plane
wave at an angle θ = 0 deg or θ = 60 deg, give the results shown in Figure 4. In
this figure, the results from the proposed approach are compared with the Monte
Carlo (MC) generated reference solutions. The MC references are statistical indi-
cators (standard deviation and extrema) generated from a population of responses
corresponding to 300 samples of the varying parameter ξ drawn from a normal dis-
tribution N

(
ξ̄,∆ξ

)
with ∆ξ = 0.1ξ̄. The solutions from the proposed approach are

generated for different deviations n∆ξ with n = 1, 2, 3 in order to reach different
confidence levels.

Two different representations are proposed: the response envelope, plotted as
a regular absorption coefficient and the centred envelope where the mean curve is
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Table 1 – Properties of media used in simulated tests, taken from the literature and
especially1,11,13. CL stands for characteristic length.

Property [unit] Foam 1 Foam 2 Non-
woven
Film

Woven
film

Open-Porosity φ 0.994 0.99 0.72 0.04
Airflow resistivity σ [N ·
s ·m−4]

9045 65000 87·103 775·103

Tortuosity α∞ 1.02 1.98 1.02 1.15
Thermal CL Λ′ [µm] 197 120 480 230
Viscous CL Λ [µm] 103 37 480 230
Density ρ1 [kg ·m−3] 8.43 16 171 809
Poisson ratio ν 0.42 0.3 0 0.3
Young’s modulus E [Pa] 194.9·103 46.8·106 50·103 260·106

Loss factor η 0.05 0.1 0.5 0.5

subtracted from the envelope curves. This second representation (shown on the
four bottom plots of Figure 4) is especially useful when the comparison involves the
generated envelope amplitudes over the entire frequency range under consideration.

Several points are worth noting about the results presented in Figure 4. The
good agreement between the n = 1 envelopes predicted by the proposed approach
and the MC standard deviation envelopes could perhaps have been anticipated
given that this envelope correspond to a 68% confidence interval. Similarly, almost
all the realisations are inside the n = 2 envelope (corresponding to a 95% confidence
level). Over the considered frequency range, no realisation is completely outside the
predicted envelopes) but some are partially outside of the envelope corresponding
to a 99.7% confidence level (n = 3).

One must keep in mind that the differences between the predicted and empirical
envelopes are of very low amplitudes and that a slight change in the model could
cause such effects. It is also important to remember that the proposed approach is
based on several approximations supported by the fact that the film is thin which
might impair the overall accuracy. Furthermore, it is important to note that no
major difference in accuracy is observed when increasing the angle of incidence θ.

In order to demonstrate that the proposed approach works for different backings,
two more cases are studied. Figure 5 shows the results obtained for a facing placed
upstream a 200mm air plenum which correspond to configuration in Figure 3.c) .
This case triggers a large number of resonances but the predicted envelopes are very
similar to the empirical ones. It is interesting to note, from a modelling point of
view, that the envelopes constrict near resonances and expand in a very repeatable
pattern. This feature was also visible in Figure 4 to a certain extent even though
the resonances are not as sharp. An interesting phenomenon is observed on the
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θ = 0 deg responses of Figure 4: constrictions of the envelope occur even though
no resonance is visible for the absorption coefficient.

As a last validation test, Figure 6 shows the response and envelopes when the
film facings are placed onto two layers of PEM. This configuration is expected to
be more damped meaning that the envelopes should be smoother. This effect is
indeed observed and the standard deviation envelope of the experimental results
is rather smooth and very well captured by the proposed method for n = 1. Note
that the empirical envelopes might be asymmetrical (for θ = 60 deg for instance)
and that this effect is not quite captured by the proposed approach. Nevertheless,
the above results support the validity of the proposed approach.

4 Experimental validation

Besides the numerical validation of the approach presented in Section 3, a num-
ber of experiments presented in the present section allow to assess the capabilities
of the proposed method. These experiments use once again two different kinds
of facing, one woven and the other non-woven mimicking their numerical coun-
terpart presented previously, and two different backing media. When needed for
the proposed method, the properties of air were chosen the same as in Section 3.
Photographs of samples used in the experiments are available in Figure 7

As a first part of the experimental investigation, the screens and the different
backing materials were characterised. The result of this first part is presented
in Table 2 in terms of mean value over the measured samples. Note that only
the parameters of the JCA model are used in the following. The characterisation
procedure is based on three samples of melamine foam, two samples of glass wool
and forty samples of each of the facings. The large number of samples in the last
case was chosen in order to have statistically significant data.

A second part of the experiments consists in using an impedance tube to measure
the response of twenty samples of each film set on one of the samples of melamine
and one of the samples of glass wool. This process once again allows to obtain
meaningful statistical indicators regarding the response of each system.

The remainder of this section comprises a note on the measurement rig and the
post-processing followed by a section of results where the proposed approached is
leveraged to predict envelope curves.

The measurements used in the present paper are released online and free to
download for further examination or use19.
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(a) Woven facing (b) Non-woven facing

(c) Glass wool backing (d) Melamine backing

Figure 7 – Photographs of samples of backing and facing media under study.

Table 2 – Material properties from the characterisation process as a first step to
the experimental validation (see Section 4). CL stands for characteristic length.

Property [unit] Melamine Glass wool Non-woven Film Woven film

Open-Porosity φ 0.99 0.97 0.096 ± 0.01 0.022 ± 0.003
Airflow resistivity σ
[N · s ·m−4]

11400 ±300 76100 ± 4400 (7189± 1043) · 102 (55799±8305)·102

Tortuosity α∞ 1.03 ±0.02 1.5 ± 0.55 1.07 ± 0.01 1.13 ± 0.01
Thermal CL Λ′ [µm] 155 ±66 64 ± 30 46 ± 3 35 ± 3
Viscous CL Λ [µm] 91 ±18 30 ± 17 46 ± 3 35 ± 3
Density ρ1 [kg ·m−3] 9.2 ±0.4 94.1 ± 2.7 427 ± 14 1243.5 ± 27.3
Thickness d (mm) 24.2±0.3 48.9±0.1 0.59±0.01 0.369

4.1 Measurement rig & post-processing

Both for the characterisation of all samples and for the actual measurement
of the response of the studied film-backing configurations, an impedance tube of
diameter 44.44mm was used together with a dedicated commercial software20. All
measurements use a three-microphones procedure21,22 and span over the frequency
band 10-4250 Hz. A schematic of the measurement rig is presented on Figure 8.
The tube is split in two parts to allow for sample insertion and when needed, the
film samples are clamped in the seam. Note that these are thin enough not to
create leakage.

Note that the tube is split in two parts which overlap when assembled. If the
tube’s inner diameter is not impacted by this design, it provides a slight seam
located at the beginning of the sample section which can be used for clamping the
film samples.

Characterising the samples is entirely based on impedance tube measurements,
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200mm

Clamped film

PEMGrid

a.

b.

c.

Figure 8 – Schematics of the different measurement set-ups. The incident wave is a
plane wave, travelling normal to the sample’s surface. A three-microphones method
is used, one being mounted through the rigid backing, the two others on the side
wall between the source and the sample.

Figure 9 – Plastic grid positioned
inside the tube to prevent the
facings from bending. It adds a
0.89 mm shift due to its shoulder.
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Figure 10 – Measured absorption coefficients for the glass wool (top) and melamine
(bottom) stacked with each facing (average with woven in solid black line and with
the non-woven one in dashed lines) and with only the grid (triangle N markers).
Thin blue lines are the traces associated to the different film samples. (Color online)

following procedures described in the literature for facings13 and backings23,24. In
the first case, a 200mm plenum is formed behind the screen sample by moving a
piston located at the end of the tube. For characterising the backing samples, the
piston is adjusted to their length such that the surface of each sample sits flush
with the tube split line (i.e. exactly at the position of the seam).

When measuring the response of the multi-layered systems, in the second part
of the experiments, a plastic grid shown in Figure 9 was inserted inside the tube
to prevent the facing from bending. This grid has a known thickness of 0.89mm
which could be compensated for to achieve better accuracy although this was not
considered to be necessary here. In an attempt to reduce most of the sources of
variation except for these linked to the tested films, the same sample of backing
material is used to measure the response with the twenty samples of film. To make
this possible, the tested facings are not glued to the backings but simply clamped
and mounted tight between the grid and the backing sample. This technique gives
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satisfying results while being very flexible.
Figure 10 show the absorption coefficient for the two considered backing (melamine

foam and glass wool) with the upstream grid as well as the absorption coefficients
for each of the twenty samples of film and each backing. On this figure, the in-
fluence of the film is clearly visible. Analysing these results, it appears that the
variability of the parameters of the film leads to a slight spreading of the responses
with occasional features distributed over the spectrum. A glitch is seen around
600Hz and is present on all measurements, it is linked to the measurement rig and
will not be discussed any further.

To better understand the origin of the observed variations, Figure 11 show the
range of variation of the physical parameters for both films in terms of percentage
of deviation with respect to the average value. In this figure, it is seen that σ is
the most varying parameter for both screens, closely followed by the porosity φ and
the two characteristic lengths Λ and Λ′. It is known that the airflow resistivity,
together with the thickness d, is of prime importance as it plays a prominent role
in the airflow resistance. Even though the thickness does not vary much amongst
the samples considered here, it has been observed to have high deviations for other
facings and might sometimes have an important impact.

′ 1 d
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Figure 11 – Spread of the JCA parameters and thickness for both facings. The
orange line marks the median, outliers are represented with circles and the box
spans between the first and third quartiles. Thin lines correspond to the non-woven
facing, thick ones to the woven film. (Color online)
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4.2 Generating envelopes for experimental data

In this subsection the envelope response is observed and two techniques to re-
construct these are compared. First a naive approach, consisting in reusing the
mean values and standard deviations of the parameters of the thin facings as well
as the backing parameters to compute a upper- and lower bound response. These
responses are computed by using the average value of all parameters except the
supposedly varying one (for instance σ) for which n times the standard deviation
is added/subtracted to mean value.

The other approach is the one described in Section 2 where statistical informa-
tion on the facing parameter is embedded in an annotated envelope. When needed,
the backing impedance ZB is computed using the average value of the parameters.
All envelopes in this section are computed with the proposed method for n = 1 or
n = 2. On Figure 12, the cases with a melamine backing is presented, on Figure 13
the one with a glass wool backing is shown. Note that in these figures, both films
are considered for both approaches.

From these figures, it is clear that the naive approach is rarely a good approxi-
mation of the actual envelope, particularly at low frequencies. On the top rows of
both Figure 12 and 13, one easily notices the discrepancies introduced by consid-
ering a JCA model both for the backing and for the film. Indeed, even though this
hypothesis is reasonable for the film thanks to its very specific effect and thinness,
it is a strong approximation for the poro-elastic backing in which solid-borne waves
also propagate.

On the other hand the proposed approach closely follows the empirical envelope
particularly the predicted envelope for n = 1 which almost exactly follows the
standard deviation envelope. Some discrepancies are observed around 1750 Hz on
Figure 13 with a woven fabric, which might be linked to the fact that the surface
of the glasswool sample is not perfectly flat and that the woven film is rather soft.
Around this frequency, the proposed approach traces a plausible envelope but does
not account for the existing resonance.

5 Conclusion

In the present contribution, a method to generate envelopes responses for multi-
layered systems including a film with uncertain parameters is introduced. The
proposed method uses a set of Taylor expansions to introduce a way to separate
the contributions of uncertainties from the average trend. The said method is both
suitable for standalone computations of envelope responses or as a tool to compute
envelopes from a single response from the system and the parameters of the facing.

The method is tested both on simulated cases with materials and configurations
sourced from the literature and on actual experiments. In both cases, the method
is shown to give good results with predicted envelopes having similar trends and
amplitudes as the ones based on measurements. The proposed solution is fitting the
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measured reference better than a naive approach based on the bounds of a given
variation interval of the parameters.
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Abstract

The propagation of airborne plane waves in the presence of a meta poroe-
lastic laminate, that is a poroelastic matrix coated with thin elastic layers at
its facings and periodically-embedded with inclusions, is studied. Using the
Finite Element Method (FEM) only would result in a drastic increase of the
degrees of freedom due to the fine mesh required to account for the very thin
coatings. Here, the approach relies on: the Bloch wave expansion of the fields
in air; the modal Transfer Matrix Method to account for the coatings; and
the coupling with the FEM model of the poroelastic matrix and the resonant
inclusions. The model is developed for reflection and transmission problems
and it can account for coatings with multiple layers. The procedure induces
the addition of the Bloch coefficients in the FEM’s linear system at a neg-
ligible additional computational cost. It is applied to the meta poroelastic
laminates with poroelastic inclusions and rubber shell inclusions. The results
are compared with those from the Multiple Scattering Theory and an excellent
agreement between the methods is found. The approach offers a numerically-
efficient way to account for coatings applied to meta poroelastic layers, and
finds applications in industrial prototypes where coatings are widely used.

1 Introduction

Sound insulation is a prominent research topic in acoustics and the development
of tailored absorbers using structured media has gained even more interest with the
emergence of the so-called metamaterials1–5. Recently, the use of meta-poroelastic
media, consisting of micro-structures periodically embedded in a poroelastic matrix,
has been put forward4,6,7. Such materials rely on the acoustic/elastodynamic energy
reduction, while energy dissipation is achieved through visco-thermal phenomena
in the matrix pores.

Besides, audacious designs are becoming more and more accessible, and new
manufacturing solutions such as 3-D printing8–10 now allow materializing algorith-
mically generated structures with a high fidelity. In particular, manufacturing
numerous quasi-identical unit cells is made possible and allows for full scale mea-
surements. Such prototyping techniques motivate the use of advanced optimization
techniques such as genetic algorithms or nonlinear programming to simulate sys-
tems under realistic conditions.11,12

To this end, efficient and accurate numerical models of systems are required and
several options have been considered. On one hand, semi-analytical approaches such
as Multiple Scattering Theory13, allow for very fast evaluation of system responses
at the cost of an initial analytical resolution. Nevertheless, Multiple Scattering
Theory (MST) is limited to simple inclusion geometries. On the other hand, more
versatile purely numerical techniques may be used to model one elementary cell
with periodicity conditions but tend to exhibit a much higher computational cost
at each evaluation. The Finite-Element Method (FEM) is part of this second group
and the cost of evaluation is directly linked to the mesh refinement which, in turn,
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is related to both the frequency of interest and the size of the smallest geometrical
features. The latter is of particular interest in the scope of meta-poroelastic systems
for which the free surface may be protected by thin layers (e.g. films or fabric) that
have an impact on the acoustic response and tend to drive the mesh refinement,
increasing considerably the computational cost. Considering these points, it proves
interesting to develop a method combining the versatility and ease of modelling
associated to the FEM while alleviating the cost of added layers by accounting for
them separately.

The present work is concerned with the plane wave reflection/ transmission of
airborne sound from a laminate panel made of a metaporoelastic layer sandwiched
between very thin elastic coatings. A method is presented which couples the FE
model of a meta-poroelastic layer and the Bloch expansions of the fields in the
surrounding media. The proposed approach efficiently accounts for elastic coat-
ings that may be added to the poroelastic matrix and modelled with only a few
additional degrees of freedom. The model can give access to the reflection and
transmission coefficients not only for the specular modes but also for the Bloch
modes of higher order. The problem is tackled in 2-D and no particular assump-
tion is made about the inner design of the metaporoelastic layer. The method is
presented in Section 2, and the results are compared with those from the Multiple
Scattering Theory (MST) for poroelastic media6 in Section 3.

2 Numerical model

2.1 Statement of the problem
The meta-poroelastic laminate consists of the infinite D-periodic arrangement

along the x axis of the elementary cell made of (1) a poroelastic matrix; (2) one
or several periodically embedded inclusions of arbitrary shape in the poroelastic
matrix; and (3) a thin elastic coating at the plane boundary Γ− of the poroelastic
matrix, see figure 1. The coating is supposed to be made of homogeneous elastic
material. Furthermore, the exact nature of the inclusions is not specified at this
stage, but they are supposed to be sufficiently long to tackle the problem in the 2-D
cross section (x, z). In this Cartesian coordinate system, the interface Γ+ is given
by z = z+ while the coating boundary Γ− on the other side is given by z = z−.
For simplicity in the derivation, the meta-poroelastic laminate is arranged against
a rigid backing at the boundary Γb and a single-layer coating is considered. The
model will be extended to transmission problems and multi-coating configurations
in Section 2.4.

The meta-poroelastic laminate is supposed to be in contact with air at the
boundary Γ−, see sigure 1. The reflection of an airborne unitary plane wave from the
meta-poroelastic laminate is studied in the linear harmonic regime at the circular
frequency ω (using ejωt time convention). Taking advantage of the adaptivity of
the FEM and its ability to model various types of inclusions, the meta-poroelastic
layer comprising the poroelastic matrix with the inclusion will be modelled using
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Figure 1 – A generic elementary cell of an infinitely periodic system. The dotted
lines on each side denotes periodicity conditions (applied in the FE scheme). A
detailed description of the cell is given in section 2. The inclusion is not detailed
and is of very little importance: only counts the homogeneity of the interface Γ+.

the FEM. As a first step to the Finite Element Method14, the equations governing
the equilibrium in the poroelastic matrix and the inclusions are formulated in their
weak form. The two classical approaches to model poroelastic with the FEM use
the solid displacement us and interstitial pressure p as main variables. They differ
in their way of accounting for boundaries: Ref. [15] proposes a boundary operator
coupling naturally with fluid media, whereas the formulation in Ref. [16] couples
best with elastic and poroelastic media. This last formulation uses the total stress
tensor σt and relative displacement w between solid and fluid phase as secondary
variables used in the boundary operators. While the full weak form associated to
the FEM domain is beyond the scope of the present work, the expression of the
boundary operator along Γ+, here expressed with the normal n pointing outwards
the FE domain, is given by:

I =
∫

Γ+

δus · [σt · n] dΓ +
∫

Γ+

δp [w · n] dΓ. (1)

A crucial point is that all the other boundaries of the FE domain are treated
classically by the FEM. They will not be discussed in the present paper.

Evaluating this integral is hence one key of the FEM model. To avoid modeling
the coating with the FEM (which would inevitably lead to a drastic increase in
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the number of degrees of freedom due to the very fine mesh required by very small
thickness), an alternative procedure is presented here, that takes advantage of the
quasi-periodicity in the system. The present approach relies on the transfer of the
unknown Bloch coefficients from the fluid medium to the poroelastic matrix. A
technique similar to the transfer matrix method is used for transferring the Bloch
expansions and allows to account for the coating by rewriting the FEM boundary
operator I and the associated set of continuity conditions.

2.2 Bloch wave expansions and modal Transfer Matrix Method
Due to the D-periodicity of the meta-poroelastic laminate, the pressure field pa

in air can be expanded as follows in terms of Bloch waves:

pa(r) =
∑
l∈Z

[
δ0le

−jkl
zz +Rle

+jkl
zz
]
e−jkl

xx, (2)

where δ0l is the Kronecker symbol and represents the amplitude of the incident wave,
Rl are complex reflection coefficients and klx and klz are the Bloch wavenumbers
defined as:

klx = kix + 2πl
D

; klz =
√(ω

c

)2
− (klx)2, (3)

where kix is the wavenumber of the incident field in the direction x, c is the sound
speed in the fluid medium of density ρ. Besides, the particle displacement ua ={
uax, u

a
z

}T in air is given by the momentum conservation ρω2ua = grad(pa) and,
using equation (2), its component along z reads:

uaz =
∑
l∈Z

[
ua,iz δ0le

−jkl
zz + ua,lz Rle

+jkl
zz
]
e−jkl

xx, (4)

where the harmonic displacement coefficients ua,iz for the incident field and ua,lz for
the Bloch reflections read:

ua,iz = −jkiz
ρω2 ; ua,lz = jklz

ρω2 . (5)

Similarly, the solid particle displacement ue(x, z±) at the boundary Γ± of the
elastic coating (fixed value of z = z±) can be expanded as:

ue(x, z±) =
∑
l∈Z

[
ue,l(z±)

]
e−jkl

xx, (6)

where the vectors ue,l(z±) =
{
ue,lx (z±), ue,lz (z±)

}T are the complex amplitudes
of the displacement ue(x, z±) in its Spatial Fourier Transform along x, that is its
projection on Bloch waves. Likewise, the surface stress vector σe =

{
σezx, σ

e
zz

}T
at the boundary Γ± is expanded as:
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σe(x, z±) =
∑
l∈Z

[
σe,l(z±)

]
e−jkl

xx. (7)

At the interface Γ− between the fluid medium and the coating, that is at z = z−,
the following boundary conditions hold, stating the continuity of the normal flux
and of the surface stress vector:

uez = uaz ; σezx = 0 ; σezz = −pa at Γ−. (8)

Note that the x-component of the displacement ue does not appear in those
conditions, and its modal components ue,ix (z−) and ue,lx (z−) are hence unknowns of
the problem. Using equations (2), (4), (6), (7) and the orthogonality of the Bloch
waves, the interface conditions (8) leads to the following relations, where the Bloch
modes are decoupled from one another:

ue,lx (z−) = unknown,
ue,lz (z−) = ua,iz δ0l + ua,lz Rl,

σe,lzx(z−) = 0,
σe,lzz (z−) = −δ0l −Rl.

(9)

The components on the left-hand side of equations (9) can be advantageously
arranged in the state vector S−l for Bloch mode l at the boundary Γ−(z = z−) as
follows:

S−l =
{
ue,lx (z−), ue,lz (z−), σe,lzx(z−), σe,lzz (z−)

}T
. (10)

Then, using expression (5) for the displacements ua,iz and ua,lz , equation (9) can
be written in the following matrix formulation:

S−l = E−δ0l + [I−l ]Ql, (11)

with the vector E− being related to the incident field, Ql =
{
ue,lx (z−), Rl

}T being
the vector of unknowns and [I−l ] a matrix implementing the continuity conditions
for the reflections. These quantities are defined by:

E− =


0
−jki

z

ρω2

0
−1

 ; [I−l ] =


1 0
0 jkl

z

ρω2

0 0
0 −1

 . (12)

Likewise, the state vector S+
l for the Bloch mode l at the boundary Γ+(z = z+)

reads:
S+
l =

{
ue,lx (z+), ue,lz (z+), σe,lzx(z+), σe,lzz (z+)

}T
. (13)
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Figure 2 – The three elementary cells used in the examples, a) rubber-poroelastic-
rubber sandwich panel with no inclusion, b) rubber coated poroelastic slab with an
air-filled rubber shell inclusion, c) rubber coated poroelastic slab with a poroelastic
inclusion.

Considering the orthogonality of the Bloch waves (exponential functions), each
Bloch mode l at the boundary Γ+ depends linearly on the Bloch mode of the same
order l at the boundary Γ−. Introducing a modal transfer matrix [Tl] for each
Bloch mode l, this linear relation is given by the relation:

S+
l = [Tl]S−l . (14)

The expression for the modal transfer matrices [Tl] related to the elastic coating
can be found in Ref. [17].
Now, substituting (11) into (14), the state vector S+

l is found to take the form:

S+
l = E+δ0l + [I+

l ]Ql, (15)

where the vector E+ and the matrix [I+
l ] are given by:

E+ = [T0]E−; [I+
l ] = [Tl][I−l ]. (16)

Note in equation (15) that the state vector S+
l for the Bloch mode l at the boundary

Γ+ actually depends on the vector Ql of unknowns, that are the modal displacement
ue,lx (z−) in the x-direction at the boundary Γ−, and the reflection coefficients Rl
in air. In other words, these unknowns have been transferred to the interface Γ+
between the coating and the meta-poroelastic layer. In the next section, the method
to incorporate these unknowns into the FEM model of the meta-poroelastic layer
is presented.

2.3 FEM implementation
At the interface Γ+ between the elastic coating and the poroelastic matrix, the

following conditions hold, which state the imperviousness of the coating, and the
continuity of the normal surface stress and solid displacements:
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w · n = 0 ; σt.n = −σe ; us = ue at Γ+. (17)

The minus sign in the balance of surface stresses has been introduced to comply
with the orientation of the normal vector at Γ+. Using equations (7) and (13), the
surface stress σt.n = −σe(z+) at Γ+ reads:

σt.n(x, z+) = −
∑
l∈Z

S+
l

∣∣∣
3,4
e−jkl

xx, (18)

where the subscripts 3, 4 denote the extraction of the 3rd and 4th row of the tensor.
Combining equation (18) with (15) results in:

σt.n(x, z+) = −
∑
l∈Z

(
E+
∣∣∣
3,4
δ0l + [I+

l ]
∣∣∣
3,4

Ql

)
e−jkl

xx. (19)

Substituting this expression back into the expression of I in equation (1) and using
the impervious surface condition w ·n = 0 at Γ+ from equation (18), the boundary
operator reads:

I = −
∫

Γ+

(
E+
∣∣∣
3,4
e−jkl

xx
)
· δus dΓ

−
∑
l∈Z

∫
Γ+

(
[I+
l ]
∣∣∣
3,4

Qle
−jkl

xx
)
· δus dΓ.

(20)

Similarly, using the last condition of (17) as well as equations (13) and (6),
the displacement at the surface of the poroelastic matrix is retrieved. Directly
substituting S+

l from (15), us reads:

us = −
∑
l∈Z

(
E+
∣∣∣
1,2
δ0l + [I+

l ]
∣∣∣
1,2

Ql

)
e−jkl

xx, (21)

where the subscripts 1,2 denote the extraction of the first and second rows of the
vector or matrix.

Projecting the continuity of the solid displacement in equation (21) on each
Bloch mode along Γ+ and using the orthogonality of the Bloch series’ components
yields a set of continuity conditions depending on the unknown coefficients and the
fields from the FEM:∫ D

0
us(x, z+)ejkl

xx dx = DE+
∣∣∣
1,2
δ0l +D[I+

l ]
∣∣∣
1,2

Ql. (22)

Both equations (20) and (22) can now be implemented in the FEM model of
the poroelastic matrix with the inclusion. After the spacial discretization and the
Galerkin expansion over a set of shape functions, the FEM process results in a
linear system:
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[A]X = B, (23)

where the matrix [A] describes the propagation in the volume; the vector B comes
from the discretization of the boundary operator; and the vector X contains the
NFE nodal values for the fields14.

To perfectly represent the reflected field, the Bloch wave expansion involves
infinite sums on Z, but for practical reasons, only a truncation to 2N + 1 terms
ranging from −N to N is considered. The integer N is chosen according to an
empirical rule based on previous numerical experiments6,18,19 and is large enough
for the Bloch waves’ series to represent the fields’ complexity:

N =
⌊
D

2π

(
3Re

(ω
c

)
− k0

x

)⌋
+ 5, (24)

where Re(x) represents the real part of x and 5 is chosen as a security term.
The vectors Ql of unknowns are gathered in the overall vector Q:

Q =
{
Q−N . . . Q−1, Q0, Q1 . . . QN

}T
.

The discretization of the boundary operator I as expressed in (20) is included
in the right-hand side term B along with the terms from the other boundaries
(gathered in F0 but not detailed in this work):

B = F0 + FI = F0 + F − [C]Q, (25)

where the NFE vector F and NFE × 2(2N + 1) coupling matrix [C] come from the
discretization of the first and second terms in (20), respectively. The evaluation
of these terms must be handled with care since they might require integration of
exponential-polynomial products.

Likewise, the discretization of (22) yields the following relation:

[C ′]X = F ′ − [A′]Q, (26)

where the 2(2N + 1) × NFE matrix [C ′], comes from the discretization of the
left-hand-side term of (22) while the 2(2N + 1) vector F ′ and the 2(2N + 1)
diagonal matrix [A′] come from the discretization of the first and second terms in
the right-hand-side of (22). Note that F ′ is zero for all l except for l = 0 where it
takes the value D. Finally, combining equations (23) to (26), the following overall
FEM/Bloch coupled-system is formed:[

[A] [C]
[C ′] [A′]

]{
X
Q

}
=
{
F
F ′

}
+
{
F0
0

}
. (27)

Hence, the vector of the FEM unknowns X is extended by the 2(2N +1) vector
of unknowns Q from the Bloch expansions.
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2.4 Extension to transmission problems and multi-coating
configurations

The method has been presented for the reflection problem on a meta-poroelastic
laminate with a rigid backing and a single coating above the meta-poroelastic layer.
It is now extended to the transmission problem and multi-layer coating configura-
tions.

Extension to transmission problems The fields transmitted through the sys-
tem are accounted for in a manner similar to the reflected ones. Based on Bloch
wave expansion, expressions similar to (2) can be written for the transmitted fields.
This implies introducing a new set of unknown coefficients QTl to be added to the
linear system. The continuity relations between the FE domain and the coatings
are rewritten in terms similar to (17). This procedure leads to a new extension of
the linear system for the transmission case: [A] [C] [CT]

[C ′] [A′] [0]
[C ′T] [0] [A′T]

X
Q

QT

 =

FF ′0
 , (28)

with [A′], [C ′], [C], Q, F ′ being related to the reflection side and their counterparts
subscripted with T to the transmission one. Note that the second forcing vector is
null since no excitation is considered on the transmission side.

Extension to multi-coating configurations For multi-coating configurations,
the approach relies on the modal Transfer Matrix Method (TMM) to transfer the
fields through the different coating layers. A generalised transfer matrix for the
whole multilayer can be deduced by multiplying the transfer matrices [T(n)] related
to each of the NL layers in the system20. This leads to a new set of [Tl] matrices
that can be substituted into (14) to account for a multilayer coating.

3 Applications

Three different cases are presented in this section, one is a transmission case
without inclusion and the two others are reflection cases with periodic embeddings.
The reference for the transmission case is computed using the TMM. On the other
hand, the reflection cases reference solutions are computed using a semi-analytical
Multiple Scattering21 approach. Schematics of the test cases can be found in figure 2
and physical properties of the materials in table 1.
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Table 1 – Physical parameters used in the test suite, taken from Ref. [21] or manu-
facturer data (inclusion’s poroelastic material is based on a sample from Eurocell).
V/T.c.l: Viscous/Thermal characteristic length.

Air properties
Parameter Symbol Value Unit
Density ρ 1.213 kg·m−3

Prandlt number Pr 0.71 —
Viscosity η 1.839 · 10−5 Pa·s
Atmospheric pressure P0 1.01325 · 105 Pa
Polytropic index γ 1.4 —
Sound speed c

√
γP0/ρ m·s−1

Rubber properties
Parameter Symbol Value Unit
Density ρ 1800 kg·m−3

Young’s modulus E 1.9 · 106 − 796jω Pa
Poisson ratio ν 0.48 —

Poroelastic media properties
Parameter Symbol Slab Inclusion Unit
Porosity φ 0.989 0.95 —
Resistivity σ 8060 42 · 103 N·s·m−4

Tortuosity α∞ 1 1.1 —
V.c.l. Λ 214 15 µm
T.c.l. Λ′ 214 45 µm
Density ρ 6.1 126 kg·m−3

Shear modulus N 2.28 · 104 2.8 · 105 Pa
Poisson ratio ν 0.24 0.24 —
Structural damping ηs 0.02 0.05 —

3.1 Transmission Case

This first test computes the absorption coefficient and transmission loss of a
rubber-poroelastic-rubber sandwich panel. The problem is of infinite extent along
the x direction, which is enforced using periodicity conditions on both sides of
an elementary cell depicted in figure 2(a). Two tests are conducted: one with a
period D = 20 mm and another with D = 150 mm and both use 10 elements per
period. The goal of the second case is to demonstrate that the proposed approach
allows reducing the number of elements while controlling the loss of accuracy. A
plane wave impinges the surface of the multilayer at an angle θ with respect to the
normal to the surface and, given the problem geometry, only specular reflection
and transmission might exist. In order to test the proposed method, the solution
is computed considering 11 Bloch waves both in transmission and reflection and as
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Figure 3 – a) Absorption coefficient & b) Transmission loss for a rubber-poroelastic-
rubber panel at two two angles of incidence θ = 0 rad (dashed) and θ = π/3 rad
(solid). The circle markers correspond to the TMM reference solution.

many terms in each of the two expansions for ux. The higher-order reflection and
transmission coefficients are all expected to be null.

Using the TMM solution as a reference, one can validate the proposed approach
by computing the evolution of the absorption coefficient and transmission loss with
regard to the frequency. The results for this test are presented in figure 3 where
solid lines correspond to the proposed method and the markers to the TMM refer-
ence. This figure shows a perfect agreement between both methods over the whole
frequency range and particularly around the peaks of large absorption and trans-
mission. The FE mesh is sufficiently refined and this first result suggests that the
proposed method does not induce any loss of precision.

In order to check that the solution vector is consistent with the expectations,
one may plot the evolution of the coefficients from the Bloch series with respect
to the frequency, as proposed in figure 4. The null-order coefficients (specular) are
plotted in figure 4(a) and the higher-order ones in 4(b). One clearly sees that,
except for the coefficients R0 and T0, all values are down to the order of 10−7. This
validates that the method gives consistent results and does not generate artifacts.

In order to highlight another ability of the method, the period is increased
(D = 150 mm) while keeping the same number of elements. The comparison is
made between the TMM reference (same as above), a solution using the proposed
approach and a pure FEM solution modeling both the core and the coating using
the FEM. Because of the period increase, the elements are slightly larger than in
the previous case and the agreement with the reference solution is expected to be
worse.

The results are shown in figure 5 with the TMM reference in black dots, the
proposed method in light solid line and the FEM in dark solid line. One sees that at
low frequency, all approaches produce similar results. As the frequency increases,
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Figure 4 – Bloch series coefficients for a rubber-poroelastic-rubber panel with the
incidence angle θ = π/3 rad. a) Real (solid line) and imaginary (dashed line) parts
of the null-order coefficients for transmission (light) and reflection (dark). b) Higher
order coefficients with real and imaginary part superimposed (note the 10−7 scale
factor).

the under-refined mesh leads to discrepancies in the pure FEM, the method being
unable to represent the phenomena above 1 kHz. This is a side effect of distortion
induced by an insufficiently refined mesh. The proposed approach does not expe-
rience the same issue: the coarse mesh tends to produce a slight shift of the peak
towards low frequencies compared to TMM but the agreement is still good even
without adding elements. Up to 5 kHz, no major disagreement between the TMM
reference and the proposed approach can be noted, neither in amplitude nor peaks
positions.
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Figure 5 – Comparison of the absorption coefficient computed using TMM (circle
markers), the proposed method (solid line) or including the coatings in a Finite
Element model (dashed line). The number of elements in the core is the same
for the two last methods, chosen such as one of them cat least complies with the
reference.
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Figure 6 – Absorption coefficient for two meta porous panels bonded on a rigid
backing with a) an air-filled rubber shell or b) a poroelastic circular inclusion.
The panels are coated with rubber and excited by a plane wave for two different
incidence angles θ = 0 rad (dashed) and θ = π/3 rad (solid). Results from the
Multiple Scattering Theory are used as reference and shown with circle markers.

(a) Fluid pressure (b) Norm of the solid displacement vector
‖u‖

Figure 7 – Fields’ maps for the rubber shell case at f = 1945Hz and θ = π/6.
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3.2 Reflection cases with inclusions
To illustrate the effects of the meta-poroelastic laminates on wave reflection, two

configurations are studied. In the first case, the inclusion is made of poroelastic
material, while in the second case the inclusion consists of a rubber shell with a
0.2 mm thickness filled with air, see figures 2(b) and 2(c). In both configurations,
circular inclusions have an external radius of 8 mm, the period is D = 20 mm, the
poroelastic matrix is 20 mm thick and is placed on a rigid backing while its free
surface is coated with a 0.2 mm rubber layer. Results are presented in figure 6, and
are compared with those obtained by the Multiple Scattering Theory for poroelastic
media21. Two angles of incidence are considered: normal incidence (θ = 0) and
oblique incidence with θ = π/3. The overall agreement between both methods is
excellent and both the amplitude and the position of maxima match well.

4 Conclusion

In the present work, a method to account for thin plane structures at the bound-
ary of a Finite-Element model is proposed. This method does not require to mesh
the considered coating, limiting both the increase in complexity of the model and
the potential distortion effects. The method is based on a transfer matrix approach
and allows accounting for single- and multilayer coatings for a negligible increase of
the model’s size, while keeping the versatility of the FEM. The proposed approach
was compared to the semi-analytical Multiple Scattering Technique to assess its
accuracy. Results were in excellent agreement and the method is thus deemed reli-
able for the considered cases. Although the theoretical discussion was focused on a
single layer elastic coating placed on a meta poroelastic layer, the approach could
be extended to other types of media (anisotropic, for instance).

The whole development has been thought for meta materials design. Actually,
the technique presented in this work has the potential to facilitate design of new
meta absorbers. It alleviates the cost of meshing the coatings and allows to resolve
separately all Bloch coefficients while still taking advantage of the FEM’s versatility.
Based on the FEM, the method allows to visually explore the on-going phenomena
by generating maps as could be done with pure FEM typically implemented in
commercial software. Examples of such maps for the system presented in figure 2(b)
are depicted in figure 7. These field representations allow to finely investigate
localization and radiation properties of such systems and can eventually serve as a
guide towards new designs.

Applications of this work may concern a numerical approach to the design of
meta materials and meta poroelastic laminates, especially in industrial applications
where multilayer coatings are heavily used for protection, aesthetics, etc. and where
the efficient simulation of their effect is crucial to the design process.
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1. INTRODUCTION 119

Abstract

The present erratum reports an error impacting the figures of a contri-
bution published in 2018 about a simplified model for thin acoustic screens
in a transfer matrix context (doi: 10.1121/1.5047929). A mistake in the im-
plementation of the rigid termination condition for the systems under study
is identified and a rectified version is proposed along with the corrected fig-
ures. It is shown that this error did not impact the conclusions of the original
contribution and that the model proposed therein keeps its advantages as the
approximation error remains very similar to the previously reported values.

1 Introduction

In 2018, the authors published the letter "A simplified model for thin acoustic
screens" in the present Journal1 which describes a strategy towards a model for very
thin poroelastic layers based on transfer matrices. The original contribution uses a
Taylor expansion justified by the film thinness to linearise the transfer matrix. Once
this first step is completed, an analysis of the coupling between the different fields
inside the film allows to reduce the number of non-zero elements in the transfer
matrix. Finally, the proposed approach is tested on different cases and is shown to
only induce a small error that is explained in the text.

It should be stressed that the following discussion does neither alter the rele-
vance of the original contribution nor the correctness of its conclusions. Indeed,
the published work is focused on modelling the effect of a porous film, whereas
the implementation error only affects the backing conditions, which per se has no
influence on the effectiveness of the proposed approach.

2 Termination conditions

In the original contribution, all the results shown are absorption coefficients of
multi-layered systems set on a rigid backing. The film with the simplifications is
always the first layer to be impinged by the incident wave. The mistake in the
implementation causes the conditions on the fields at the termination to differ from
the usual rigid backing conditions for a poroelastic medium.

In the case of the poroelastic model used in the contribution1,2 a rigid backing
is modelled by setting all displacements to zero and by considering the in vacuo
stresses and the interstitial pressure unknown. In the implementation of the backing
condition used to generate the results shown in the original figures, the conditions
differed: the in-vacuo stresses were set to zero and the solid displacements con-
sidered unknown. This mistake led to much stiffer and less resonant test systems
which implies that the correct implementation is a more challenging task for the
proposed model than the erroneous one.
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Figure 8 – Configurations used for the results presented in the original contribution.
The darkest layer is a resistive screen, the light one a slab of poroelastic medium.

Figure 2 from [1]

0 500 1000 1500 2000 2500 3000 3500 4000

Frequency (Hz)

0.0

0.2

0.4

0.6

0.8

1.0

A
bs

or
pt

io
n

C
o

effi
ci

en
t

θ = 0◦

Reference

θ = 65◦

Reference

0 500 1000 1500 2000 2500 3000 3500 4000

Frequency (Hz)

0.0

0.2

0.4

0.6

0.8

1.0

A
bs

or
pt

io
n

C
o

effi
ci

en
t

θ = 0◦

Reference

θ = 65◦

Reference

Corrected version

0 500 1000 1500 2000 2500 3000 3500 4000

Frequency (Hz)

0.0

0.2

0.4

0.6

0.8

1.0

A
bs

or
pt

io
n

C
o

effi
ci

en
t

θ = 0◦

Reference

θ = 50◦

Reference

0 500 1000 1500 2000 2500 3000 3500 4000

Frequency (Hz)

0.0

0.2

0.4

0.6

0.8

1.0

A
bs

or
pt

io
n

C
o

effi
ci

en
t

θ = 0◦

Reference

θ = 50◦

Reference

Figure 9 – Absorption coefficient for two materials, two angles and configurations
presented on Figures 8.a (dashed lines) and 8.b (solid lines). For each result the
lines correspond to the proposed approach and markers to the reference method.
(Color online)

3 Impact on the results from the original contribution

In the original contribution,1 the two configurations presented in Figure 8 are
considered and tested for two different films. The remainder of the present contri-
bution presents two versions of each figure: one before correcting the error (identical
to these of the original contribution) and one after applying the correction.

Comparing the two versions of each figure, it is clear that the resonances and
global trends are modified by the correction. Nevertheless, it is important to keep
in mind that the original contribution does not discuss the system’s absorbing
properties but only the agreement between the reference solution and the proposed
model’s result. In Figure 9, it is clear that even though the trend is modified, the
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Figure 3 from [1]
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Figure 10 – Evolution of the absolute error |αbiot−αscreen| in the (f, θ) plane. Two
films are used, the first column (a. & c.) uses a non woven film, the second (b. &
d.) a woven one. Similarly two backing conditions are tested, the one of Figure 8.a
for the first line(a. & b.) and of Figure 8.b for the second (c. & d.).

proposed model’s solution (solid lines) closely follows the reference (dots) as it did
for the previous version. The same is observed on Figure 10 where the order of
magnitude of the absolute difference between the two solutions is very similar to
the one before the mistake was corrected. These observations, associated with other
test results generated to assess the effectiveness of the correction and omitted here,
support the claim that the mistake did not induce erroneous conclusions.

As succinctly presented in the introduction, this situation is easily explained by
the fact that the original contribution focuses on the representation of the screens
and is completely independent from the backing system. A modification of how the
termination is modelled does indeed change the resonances and the overall response
but as the proposed model for the screen remains unchanged, so does the associated
approximation error.
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4 Conclusion

In the present note, an issue with the figures from1 is presented and addressed.
It is shown that the mistake comes from the representation of the rigid backing
in the implementation of the simulation method. This error modifies the response
of the observed systems but does not impact the accuracy of the proposed screen
model as observed when comparing the figures before and after correction.
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