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Résumé

Dans cette thése on étudie la stabilité de la boule pour certains problémes d’optimisation de forme. On
se concentre en particulier sur des problémes isopérimétriques et de type Faber-Krahn, et I'objectif est
donc de montrer que la boule est toujours un minimum d’une certaine perturbation du probléme de
minimisation du périmétre d’une part, et de la 1°*® valeur propre du Laplacien Dirichlet d’autre part, a
volume fixé. Pour démontrer la stabilité de la boule, on met en place la procédure classique suivante : on
montre d’abord la stabilité de la boule pour des perturbations réguliéres pour montrer ensuite la stabilité
en général. Dans cette perspective, on est amené a s’intéresser en particulier aux questions de (i) régularité
des formes optimales et (ii) minimisation sous contrainte de convexité.

Le Chapitre 1 est consacré & une presentation des problémes spécifiques de la thése. Nous détaillons
les résultats obtenus et les méthodes utilisées.

Le Chapitre 2 constitue nos résultats de régularité sous contrainte de convexité. Aprés avoir défini une
notion appropriée de quasi-minimiseur du périmétre sous contrainte de convexité, nous montrons qu’un
tel quasi-minimiseur a son bord qui est C'!. Nous prouvons également qu’une large classe de problémes
de minimisation de la somme du périmeétre et d’un terme perturbatif sous contraintes de convexité et de
volume rentrent dans ce cadre. Enfin, nous montrons que de nombreux exemples pour lesquels le terme
perturbatif est issu de la théorie des EDP ont leurs minimiseurs qui sont des quasi-minimiseurs en le sens
introduit, obtenant ainsi la régularité C'! dans ces cas.

Le Chapitre 3 est dédié a nos résultats de stabilité pour des problémes isopérimétriques. Nous étudions
la minimisation de fonctionnelles de la forme P(f2) + ¢R(2) pour un € > 0 fixé, ot Q — P(Q) est le
périmétre et Q — R()) est un terme perturbatif, dans 'objectif de montrer que la boule est un minimiseur
(éventuellement local) parmi les ensembles convexes et sous contrainte de volume, lorsque € est assez petit.
On s’intéresse plus particuliérement a deux problémes indépendants ot R est une énergie de type EDP, le
cas de la capacité et de la 1°™ valeur propre Dirichlet, en prouvant une forme faible ou forte de stabilité
dans chacun des cas.

Le Chapitre 4 contient les résultats que nous avons obtenus sur la stabilité du spectre de Dirichlet de
la boule. Nous étudions la possibilité de controler le spectre de Dirichlet d’un ouvert 2 par la distance
de sa fréquence fondamentale A\ (€2) a celle d’une boule de volume correspondant A;(B). On prouve des
inégalités quantitatives de la forme |[A\;(Q) — Ax(B)| < (A1(Q2) — A1 (B))® avec un exposant « différent selon
que Ag(B) est simple ou non, et montrons qu’il est optimal dans les deux cas.

Mots clés : optimisation de forme, probléme isopérimétrique, optimisation spectrale, probléme & fron-
tiére libre, convexité, dérivée de forme, régularité des formes optimales, stabilité de la boule.



Abstract

This thesis studies the stability of the ball for certain shape optimization problems. We focus in partic-
ular on isoperimetric and Faber-Krahn type problems, and thus aim at showing that the ball remains a
minimizer of a given perturbation of the minimization of the perimeter on the one hand, and of the 15¢
eigenvalue of the Dirichlet Laplacian on the other hand, at fixed volume. In order to show the stability of
the ball we use the following classical strategy: we prove first the stability of the ball for smooth pertur-
bations, and we then build on this first result to prove stability for all shapes. In this perspective, we are
led to study in particular the questions of (i) regularity of optimal shapes and (ii) minimization under a
convexity constraint.

Chapter 1 is dedicated to a general introduction of the specific problems we tackle in this thesis. We
also detail extensively the results we obtained and the methods we used.

Chapter 2 is constitued by our regularity results under convexity constraint. After defining a suitable
notion of quasi-minimizer of the perimeter under convexity constraint, we show that any such quasi-
minimizer is C1'. We also show that an important class of minimization problems of the sum of the
perimeter and a perturbative term under convexity and volume constraints enters in this framework. We
finally prove that numerous examples where the perturbative term stems from PDE-theory fall into this
category, thus getting C'"!-regularity in these cases.

Chapter 3 consists of our stability results for isoperimetric problems. We thus study minimization
problems of the form P(Q) + eR(f2) for some € > 0 where  — P(2) is the perimeter and  — R(2)
is a perturbative term, and aim at showing that the ball is a (local or global) minimizer among convex
sets of fixed volume, for small enough €. We investigate independently two cases where R is an energy of
PDE-type, namely the capacity and the 15* Dirichlet eigenvalue, and prove either a weak or a strong form
of stability in both cases.

Chapter 4 contains the results we obtained about the stability of the Dirichlet spectrum of the ball.
We study the possibility of controlling the whole Dirichlet spectrum of an open set €2 by the distance
of its fundamental frequency A\;(€2) to the one of a ball of corresponding volume A\;(B). We thus prove
quantitative inequalities of the form |[Ag(2) — M\e(B)] < (A1(2) — A1(B))® with a different exponent «
depending on whether \;(B) is simple, and show that it is sharp in both cases.

Keywords: shape optimization, isoperimetric problem, spectral optimization, free boundary problem,
convexity, shape derivative, regularity of optimal shapes, stability of the ball.
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Structure of the thesis

This thesis relies on the three following works, which all deal with the issues of regularity and stability in
shape optimization. They correspond to three distinct papers.

Published paper

1. Regularity in shape optimization under convexity constraint, written in collaboration with J. Lam-
boley, published in "Calc. Var. Partial Differential Equations", 62(3):Paper No. 101, 44, 2023.

Submitted papers

2. Fuglede-type arguments for isoperimetric problems and applications to stability among convex shapes,
written as a single author.

3. Sharp quantitative stability of the Dirichlet spectrum near the ball, written in collaboration with D.
Bucur, J. Lamboley, and M. Nahon.

The manuscript is organized around these three papers in the following way:

e Chapter 1 is dedicated to a general introduction. After having set the context, we present the specific
problems of the thesis and detail our main contributions. We finally give a possible extension of
some of our results in the form of an open problem.

e Chapter 2 constitutes our regularity results under convexity contraint. It corresponds to the paper
Regularity in shape optimization under convexity constraint.

e Chapter 3 consists of our stability results for isoperimetric problems. It corresponds to the paper
Fuglede-type arguments for isoperimetric problems and applications to stability among convex shapes.

e Chapter 4 contains the results we obtained concerning the stability of the Dirichlet spectrum of the
ball. It corresponds to the paper Sharp quantitative stability of the Dirichlet spectrum near the ball.

Let us give a few comments about the relations between the different chapters. The four chapters are
independent from one another. In particular the Introduction from Chapter 1 can be read independently
of the other chapters, and we have tried to write it with a sufficient amount of details so that it provides
some insights of the questions, motivations, results and methods from the three other chapters. On the
other hand, as Chapters 2, 3 and 4 correspond to separate papers, they are self-contained. This also means
that they carry their own internal notations, which can sometimes be different from the ones adopted in
the Introduction. The bibliography is however common for the four chapters.
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Chapter 1

Introduction

1.1 Context and preliminaries

In this first short section we give a presentation of the general context of shape optimization, describing the
usual questions associated and introducing the model problems to have in mind (such as the isoperimetric,
Faber-Krahn, Saint-Venant problems).

1.1.1 General context of shape optimization. Isoperimetric problem.

This thesis takes place in the general framework of shape optimization, which consists in the study of
minimization problems of the form

inf {J(Q), Q€ Saql

where S,q is a given class of measurable subsets of RY (for some integer N > 2) and J : Saq — RU {400}
is a functional. The class S,q can consist of all measurable subsets of RV, but in many relevant shape
optimization problems, it can also be defined through a volume constraint, or some more specific geometric
constraint such as convexity (as will be most important in this thesis), simple connectedness and so on.
The functional J often involves geometric quantities (volume, perimeter, diameter...) or PDE-type energies
(see below Section 1.1.2). The questions which are related to this minimization problem are the usual
questions in calculus of variations, among which the most important ones are:

e Existence of an optimal shape,
e Uniqueness of the optimal shape,
e Properties of an optimal shape: symmetries, regularity of its boundary, explicit identification...

For classical introductions to shape optimization we refer the reader to | I, | | and the references
therein. The most famous example of shape optimization problem is probably the isoperimetric problem,
which consists in the minimization of the perimeter among measurable sets of fixed volume, that is

inf {P(Q), Q C RY measurable, |Q] = vo } (1.1)
where 0 < vg < 00, [ = [px 1 is the volume of  and
P(Q) := sup {/ div(6), 0 € C(RN,RY), [|6]] oo (rvy < 1} (1.2)
RN
is the classical De Giorgi perimeter. In this model shape optimization problem one can identify the class

of minimizers: Euclidean balls of volume vy are the only minimizers (up to modification on a zero-measure
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set). The homogeneity of the volume and of the perimeter leads to the scale-invariant isoperimetric
mequality:

P(Q P(B
2 > 2B (13
|Q|T |B|T

for any measurable Q C RV with 0 < || < 0o and where B C RY is any ball, with equality occuring
only for sets Q =" B up to a translation. For references around the isoperimetric inequality we refer for
instance to the works quoted in | |, among which we can cite the survey | ].

1.1.2 Spectrum of an open set. Faber-Krahn and Saint-Venant problems.

It happens very frequently in shape optimization that one has to deal with functionals involving the
spectrum of a shape 2. One classically defines the spectrum of the Dirichlet Laplacian of an open set
Q C RY with finite measure as follows. We let Rg : H=1(Q) — HJ () be the resolvent operator over 2,
which associates to any f € H~1(£2) the unique distributional solution u € Hg () to the Laplace equation
—Au = f in , by which we mean that

Vo € C2(Q), /Q Vu V6 = (£,0) -1 0.1y @)

We refer for instance to | , Proposition 4.5.1] for existence and uniqueness of such a solution for any
f € H 1), but let us mention that this classically relies on a Poincaré-type inequality over 2: there
exists a dimensional constant Cy > 0 such that

Vu € HY(Q), [[ullz2) < CNIUYN VUl 20

(see | , Lemma 4.5.3]), ensuring that the semi-norm u € H}(2) — [Vullr2(q) is in fact a norm. In
the general case where (2 is unbounded with finite measure, this inequality is itself usually derived from
rearrangement arguments relying on the Polya-Szegd inequality (see | , Theorem 6.1.4]).

Since || < oo, we further have that Rgq is compact when seen as an operator L?(Q) — L?(Q2). As a
consequence, it is a classical fact stemming from the theory of positive self-adjoint compact operators that
the spectrum of the Dirichlet Laplacian over €2 is discrete and only accummulates at 400, so that one can
sort in nondecreasing order its eigenvalues to get

0< M) € Aa(Q) o € M(Q) <o+ oo

Of particular importance is the first eigenvalue A;(€2), which is simple, associated to an eigenfunction
u > 0 in € verifying the variational principle

fQ |Vu|2 . fQ |Vv|2 1
M(Q)==———=inf{=—- ve Hyj(Q)\ {0} ;. (1.4)
Jo lul? Jo P ’
Higher eigenvalues also enjoy a variational characterization: in general, for k& € N* one has the min-max
principle or Courant-Fischer formulae (see for instance | 1)
v 2
Ae(Q) = min max{w, vEVk\{O}}.
Vi CHg(2) Jo IVl

V), has dimension k

Instead of being open, there is a milder standard condition under which one can define the spectrum of
the Laplacian over a subset  C RY of finite measure, namely the hypothesis that € is quasi-open, which
means that = {@ > 0} for some u € H'(R"), where 4 is the quasi-continuous representative of u defined
by

t(z) = lim u, a.e.
r—0 Br(a:)
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The same arguments allow to define the spectrum in this more general setting (see again | , Section
4.5]). The class of quasi-open sets is more suited for obtaining general existence theorems related to shape
optimization problems involving the eigenvalues A, among which we can quote the result by Buttazzo
and Dal Maso from | | regarding functionals nonincreasing for the inclusion.

One of the most famous inequalities in spectral geometry is the so-called Faber-Krahn inequality, which
asserts that the only minimizers (up to modification on sets of zero capacity) of A1 in the class of open
(or quasi-open) sets with finite fixed measure are balls. In its scale-invariant formulation it states that

M(Q)QF > \(B)|BF (1.5)

where Q C RY is an open set with 0 < |Q| < co and B C R¥ is any ball, with equality occuring only if
(up to translation) 2 = B up to a set of zero capacity. It can be seen as an immediate consequence of
the Polya-Szegd inequality. There is a second related inequality which is of central importance in shape
optimization for spectral functionals: the so-called Saint-Venant inequality. It concerns the Dirichlet
energy E(Q) with right-hand side f = 1, which is defined for open (or quasi-open) sets Q C R¥ of finite
measure using the same tools as for the spectrum. It is defined through the variational principle

E(Q) = inf{/Q |V2”|2 - /Qu ue H&(Q)}. (1.6)

It can therefore be written E(Q) = —1 [, [Vwq|? = —3 [, wo where wo € H} () is the torsion function

associated to €2, meaning that it is the unique solution to

—Awg =11in
wq € H& (Q)
in the distributional sense. The Saint-Venant inequality states that the ball is the unique minimizer (up

to translation and modification on zero-capacity sets) of the Dirichlet energy above among open sets €2 of
fixed positive measure, i.e.

E@Q)Q % > B(B)|B|~ ¥

in its scale-invariant formulation. An equivalent point of view on this inequality comes from considering
instead the torsion energy defined by

7(2) == —25(9) = [ [Vunl = [ wn.

Hence, the Saint-Venant inequality ensures that the ball is the unique maximizer (up to translation and
modification on zero-capacity sets) of the torsion energy among open sets € of fixed positive measure:

T~ <T(B)|BI "~

For references on the Faber-Krahn and Saint- Venant inequalities and more general shape optimization
problems related to the spectrum of sets we refer to | | and the references therein.

1.2 Problems of the thesis

This section is dedicated to a presentation of the problems concerned by this thesis. It is split in three
parts. We present the main goals of this thesis and give a presentation of the associated problems in Section
1.2.1. We then give an overview of the issues of regularity among shapes and the convexity constraint (in
respectively Sections 1.2.2 and 1.2.3), which are the two main tools of this thesis.
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1.2.1 Main goal of the thesis: stability of the ball in certain classes of shapes

Main goals of the thesis. One of the main goals of this thesis is to identify relevant classes Saq C P(RY)
of subsets of RN such that the usual first and second optimality conditions at the ball for a functional
F : 8,4 — R ensure local minimality of the ball in S,q. Roughly speaking, we want to study whether
assuming that

2

for all £ : RY — RY sufficiently smooth, % F((Id+t&)(B)) =0, pre) F((Id+t)(B)) >0if£#0
=0 t=0
(1.7)

ensures that

VQ € Saa, [QAB| < 1, F(Q) > F(B). (1.8)

A closely related question is whether minimality for smooth perturbations (Id+&)(B) of the ball is enough
for obtaining local (in a L! sense) minimality of F inside S,q. It was observed in | , Proposition 6.1]
that this is not true in general if S,q consists of all shapes, so that the question of finding reasonable
classes S,q and relevant examples of F' for which the implication

local minimality of the ball for smooth shapes = local minimality of the ball in Saq (1.9)

holds, is interesting. Apart from the choice of class S,q, the degree of "smoothness" of the shapes for
which one is able to prove minimality of the ball in the first place is of major importance in this matter,
as will become clearer further in this section. As a consequence, we can summarize the main questions
and goals of this thesis as follows:

1. Deriving local minimality of the ball for a functional F' among classes of "smooth" perturbations
Ssmooth - Sad-

2. Does (1.7) imply (1.8) for a functional F and a class Sqq?
3. Does the implication (1.9) hold for a functional F' and a class Sqq?

They are closely related to the question of stability of the ball, which we introduce below.

Let us sketch the plan of Section 1.2.1. We start by defining and discussing a general notion of stability
and its link with quantitative inequalities. We then describe in details a central strategy for proving
stability inequalities, which relies on the principle (1.9). We finally motivate the issues of regularity and
convexity, which can be considered as the two mains tools of this thesis for proving stability among certain
classes of shapes.

Stability in shape optimization. Given a class S,q of measurable subsets of RY of volume |A| = 1,
and functionals J, R : S,q — R, we consider the minimization problem

inf {J(Q) 4+ eR(Q), Q € Saq}

where € > 0 is a small parameter. Let us further assume that J and R are translation invariant (but the
following discussion easily adapts without this assumption). We make the hypothesis that balls of volume
1 are the unique minimizers of J in S,q, meaning that we have a rigid inequality J(Q2) > J(B) for any
) € Saq where B is any ball of volume 1 (which is verified for instance for J = P or J = A1). We say that
the ball is (globally or locally) weakly stable for the problem J + R provided for sufficiently small e

B is a (global or local) minimizer of J 4+ eR in Syq. (1.10)

By locality we mean here that minimality holds for sets {2 which are close to B in a rough sense. This is
often given by the fact that the L' distance with the ball |[2AB| is small, which is always what we will
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mean in the sequel. Let us refer to (1.16) below where we introduce a different (and somehow stronger)
notion of stability of the ball. In the sense (1.10), stability of the ball means that the ball is still (locally
or globally) minimal for perturbations of the minimization of J by R. There is an equivalent point of view
on stability which is also interesting. It consists in writing

VO € Sa, J(Q) — J(B) > e(R(B) — R()) (1.11)

(holding locally if stability is asummed to be local). When the ball is maximal for R inside S,q (which is
often verified for relevant examples) the right-hand-side is non-negative, thus implying that the deficit of
J quantifies the deficit of R. This is the point of view of quantitative inequalities. There is an extensive
literature on such inequalities, which concerns in particular functionals R(€2) = A(€2) where A(€2) is some
asymmetry translating the fact that €2 is more or less far from being a ball. A famous example goes back
to Bonnesen in | ] which proves that if Q@ C R? is convex and such that B,, C Q C B,, where B,
are concentric and have radius r;

P(Q) — P(B) 2
> — 1.12
(see | | for more details on this inequality). Note that the asymmetry ro — 71 gives information

about the Hausdorff distance between 2 and B, and is made possible by the convexity assumption. In
order to obtain quantitative inequalities for all sets, one has to weaken the asymmetry. The most famous
example in this direction is given by the sharp quantitative isoperimetric inequality, which was first proven
in | |. Setting

Ap(Q) == inf {|QA(B + )|, z € RV} (1.13)

the Fraenkel asymmetry of €, it states that the ball is globally stable for P — A%, or in other words that
for all @ C RY with |Q2] =1 it holds

P(Q) — P(B) > ey Ap(Q)? (1.14)

for some dimensional ¢y > 0. Sharpness refers to the exponent 2 on the asymmetry, as it can be shown
that both sides of the inequality are of the same order for particular sequences of ellipsoids converging to

the ball. Prior to this sharp inequality, non-sharp results were available (see for instance to | | in which
the author proves an inequality with exponent 4). Inequality (1.14) was obtained in | | by symmetry
arguments, and it was later applied by the same authors in | | to obtain quantitative versions of

other shape inequalities, such as the Faber-Krahn inequality (1.5) and the isocapacitary inequality (see
below (1.41)). The idea behind their approach was to follow the classical proofs of the same inequalities
but to use the quantitative inequality (1.14) in place of (1.3), so that by refining the analysis one could
obtain quantitative versions of the inequalities. However their method was expected not to be optimal, as
it provided in both cases the exponent 4 (the expected sharp exponent being again 2).

In | | the authors provided a new proof of (1.14) by introducing a general method - the so-called
selection principle - which turns out to be sufficiently flexible to be applied to other functionals. In fact,
it has been successfully applied since for proving local or global stability (1.10) for many other shape
inequalities, among which we can quote | I, [ | for J =P, | |, 1 , | for
J = A, | | for J = Cap (see (1.39) below for a definition). Let us highlight in particular the
sharp quantitative Faber-Krahn inequality, which is the analogue of (1.14) with A\ in place of P, i.e.

vQ c RY open with [Q = 1, A\ (Q) — M\ (B) > enAr(Q)2. (1.15)

Stability for smooth shapes = stability for all shapes. The selection principle. Relying on
the idea expressed by (1.9), there are numerous examples of works where the authors prove stability in two
steps: (i) prove first local minimality of the ball among smooth perturbations and (ii) then prove stability
for general shapes Q) € S,q. Before going into the details of this method, let us just say that step (i) relies
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on differential calculus on the functionals involved, while step (ii) uses a regularity theory associated to
the functional.

In order to prove minimality of the ball for J. := J + R one proves the following two independent
steps.

e (i) Stability for smooth shapes: proving minimality of the ball for J. inside a subclass Sx C Saq
of smooth perturbations of the ball, by which we mean that any 2 € Sx can be written Q2 =
Be = (Id + £)(B) where £ : RY — RY is a vector field lying in a space of smoothness X, with in
addition [|£||x < 1. This is achieved by performing differential calculus over J.(B¢), meaning that
by differentiating j. () := J-(B¢) in §{ € X at £ = 0 one proves that j.(0) = 0 and j7(0) is coercive
(in some sense taking into account the volume constraint and invariance by translation). In the
literature this is refered to as Fuglede-type computations, in reference to the seminal work | |
where the author made such computations for the perimeter. This can be achieved for geometric
functionals F' where F'(B¢) can be explicitly written in terms of £ (such as F' = P or F' = |-|) as well
as for less explicit energies involving PDE theory (see for instance | I, | |, | ],
[ |). Note that this first step of the strategy is not so specific to the functional under study, and
it is by now very well understood. We refer to | | for a detailed study; in particular the authors
prove a general stability result inside Sx under first and second order optimality conditions.

e (ii) Stability for all shapes: recovering minimality of the ball for general perturbations 2 € S,q by
relying on the first step and on a regularity theory for the functional under study. In the classical
setting where S,q consists of all shapes of given volume, this step relies on fine arguments related
to regularity theories associated to the functionals. In the case J = P, it is the theory of quasi-
minimizers of the perimeter (see (1.23)), while for J = A or J = Cap it is the free boundary
regularity theory (see (1.27)). The idea is then to prove that minimizers 2. € Saq of J 4+ R in Suq
are smooth in the sense of X, meaning that they can be written Q. = B¢, for some { € X with
& |lx < 1. Note that stability is then obtained by letting ¢ — 0, as ¢ — 0 usually enforces that
minimizers Q. — B in the L' sense, so that regularity of . then enables to write Q. = B¢, with a
strengthening of convergence [|&:||x — 0, thus allowing to apply the first step of the method to get
stability in S,q. This second step of the strategy highlights the importance of the space X found in
step (i), and the aim of proving stability for the "lowest degree of smoothness possible".

Let us mention several works relying on this regularity strategy: | , | for J =P and R =1V,
the Riesz energy, | | for J = P and R = T the logarithmic capacity, and | | for J = A1 and
R = V,. The authors prove that minimizers of the associated problems have in fact the appropriate
degree of smoothness required in order to apply step (i). However, as in | |, there are cases where
minimizers are not expected to have too much regularity, so that one needs to regularize them in some
sense in order to improve regularity and apply step (i). This is the selection principle procedure introduced
in | |, which is a tool for proving step (ii). Although it can be employed to prove weak stability (1.10),
it also adapts well to a different notion of stability which we introduce now, closer to the question (1.7)
= (1.8). We say that the ball is strongly stable for the problem J + R if there exists ¢* > 0 such that:

B is a local minimizer of J + cR in Saq for c € (0,c*) while (1.16)

B is not a local minimizer of J 4+ cR in Saq for ¢ > c*

where locality is again meant in a L' sense. The value ¢* is an optimal threshold fully describing the

situation of local minimality of the ball. For this strong notion of stability we always have in mind that

c* is given by (1.7), meaning that F' = J + cR ceases to verify the second-order optimality condition from

(1.7) exactly at ¢*. In this strong stability setup the selection principle goes as follows: proceeding by

contradiction for some 0 < ¢ < ¢*, one assumes the existence of a sequence €); such that
{JC(QZ-) < J.B), VieN

(1.17)
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One then introduces for each ¢ € N a minimizer ﬁz of
inf {J.(Q) + C ||QAB| — a;|, Q € Saa} (1.18)

for some penalizing constant C' > 0. If €; exists it satisfies for free J,(Q;) < Jo(B), while the condition
]ﬁiAB| — 0 is expected to hold thanks to the penalization by a;, so that overall the sequence Q, still
verifies the contradiction hypothesis (1.17). In order to obtain a contradiction the goal is then to show that
; = B, for asequence & € X with ||§||x — 0. The idea is to interpret minimizers of (1.18) as minimizers
of a perturbation (by a volume term) of the problem of minimizing J., which enters in the frameworks we
describe in details in Section 1.2.2 when either J = P or J = A1 (see the first two paragraphs in Section
1.2.2).

Regularity and convexity. We have understood in the two steps strategy described above that regu-
larity of minimizers for the problem

inf{J(Q) + cR(Q), N € Saq}

can be of main importance for proving (local or global) minimality of the ball. Note that an underlying
regularity theory is a regularity theory inside S,q, which is therefore very specific to the chosen set of
admissible shapes.

As mentionned above, the study of classes S,q where the principle (first and second-order optimality
conditions => L' local minimality) (i.e. (1.7) == (1.8)) can hold is of interest, and we thus study in this
thesis the particular case of convex shapes:

Sad = Sconv = {Q C RN COIlVeX}

As a consequence, we see convex shapes as an interesting class to examine in itself, but also as a useful tool
for illustrating the robustness of the strategy. We are thus led to investigate the possibility of regularity
theories inside Scony-

This motivates the studies of (i) regularity and (ii) the convexity contraint, in shape optimization. The
remaining of Section 1.2 is thus organized as follows: we introduce and discuss in details regularity among
all shapes in Section 1.2.2, and we decribe the convexity constraint in Section 1.2.3.

1.2.2 Regularity in shape optimization

In this section we give a general presentation of the problem of proving regularity for solutions of shape
optimization problems. By regularity of an open set @ € RY we will always mean that it can be locally
parametrized as the hypergraph of a function bearing some regularity. Precisely, we say that € is C* for
some k € N* and « € (0,1] if for any zp € 99 there exists a (N — 1)-dimensional open ball B,,, a > 0
and a function g := g,, € C**(B,,) such that up to a rotation

QN (By, x (—a,a)) = {z = (a/,2n) € RN, zn > g(z')},
O0N (Byy % (—a,a)) = {z = (a/,2n) € RN, zy = g(z')}. (1.19)
We say that €2 is Lipschitz when the functions g are Lipschitz continuous.
Regularity for perturbed isoperimetric problems. Quasi-minimizers of the perimeter. In
reference to the standard isoperimetric problem (1.1), we call perturbed isoperimetric problem a shape

optimization problem of the form
inf {P(Q) + R(Q), Q€ Saq} (1.20)

where S,q is a given class of measurable subsets of RV, P is the De Giorgi perimeter (as defined in (1.2))
and R : S,q — R is a perturbative functional. We see this problem as a perturbation of the isoperimetric
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problem when the functional R is of lower order than the perimeter, in the sense that it does not change
its regularizing effect. Before giving a more precise idea of what we mean by perturbed, let us give some
informal considerations about the fact that the perimeter tends to regularize optimal shapes.

There are several ways of giving sense to the differentation of P and R at an optimal shape 2" € S,q for
(1.20). Provided 2* has some regularity (say it is at least Lipschitz) a simple idea is to perturb locally 2*
around a point xo € 9Q*, meaning that we differentiate in ¢ the quantity (P + R)(€2;) where 097 is given
around z by the graph of some function g + t¢ where g parametrizes 90" as in (1.19) and ¢ € C2°(By,)-
Since the portion of P(£2}) changing around x¢ is given by the (N — 1)-dimensional area of the Lipschitz
graph of g 4 t¢ (see for instance | , Remark 2.72|), one classically obtains

N =- Wl Y9
t:OP(Qt)— /Bzod (W>¢ (1.21)

where the divergence is taken in the sense of distributions. As a consequence, provided one can differentiate
R(€) and if (say) the class Saq consists of open sets with fixed volume, one obtains an optimality condition
which is a (non-linear) elliptic equation in g. If the derivative of R in this sense has some low regularity,
classical theory of elliptic PDE’s allows to improve the regularity of g. For a rigorous presentation of this
type of argument for the isoperimetric problem we refer to | , Section 1.2].

A typical example of R which we think of as being of lower order than the perimeter is given by
R(Q) = [, f where f € L2 (R”Y) (the resulting problem is the so-called prescribed mean curvature
problem, see for instance | ). More generally we have in mind any R which is of volume type,
meaning that R verifies a (local) Lipschitz-type property with respect to the volume distance: for any
bounded D ¢ R¥ there exists Cp > 0 such that

dt

VQ,Q c D, |R(Q) — R(Q)| < Cp|QAQ. (1.22)

These examples fall into the general category of quasi-minimizers of the perimeter, which is the rigorous
notion formalizing the fact that minimizers of perturbed isoperimetric problems (1.20) share some regular-
ity. Given a bounded open set D C RY and A > 0, 79 > 0, a measurable set with finite perimeter Q c RY
is called a (A, rg)-minimizer of the perimeter in D if for any 0 < 7 < ro, € RY and QAQ € B,.(z)N D
it holds

P(Q, B.(x)) < P(Q, B.(x)) + ArY (1.23)

where P(E, By(z)) is the perimeter of E inside B,(z), that is
P(E, B,(x)) := sup {/Ediv(G), 0 € C°(B,(z),RY), 10l Lo (B, () < 1}.
Note that AN is to be thought of as an error term (which in this case is a volume term), since |QAQ)] is

smaller (up to a constant) than 7V in the minimality property (1.23). A deep result of geometric measure
theory states that quasi-minimizers in D are cls regular inside D up to some residual set of dimension

less than N — 8 (see | , Theorem 21.8| or | , Theorem 1.9]). There are numerous references
studying this type of perturbed isoperimetric problem by relying on this quasi-minimality property to infer
regularity, and we can quote among many others | I, | , I, | | or | | for some

non-local perimeter.

Regularity for perturbed Faber-Krahn problems. Free boundary problems. In reference to
the standard Faber-Krahn inequality (1.5) we call perturbed Faber-Krahn problem a shape optimization
problem of the form

inf {A(Q) + R(Q), Q€ Saa} (1.24)

where S,q € P(RY) is a given class of open subsets of R” and R : S,q — R is a perturbative term.
Analogously to the case of the perimeter in the previous paragraph, before getting more precise about
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the functionals R and the associated problems we have in mind, we start by examining the first order
optimality condition associated to the usual Faber-Krahn problem.

If Q* is a bounded open minimizer of A\; among all open sets of unit volume, then for any £ €
C (RN, RY), setting Q0 := (Id + ££)(2*) one has the optimality condition

d
— MHAD)(Q2)=0
G| Al @)
for some Lagrange multiplier A € R* associated to the volume constraint. Assuming enough regularity
on Q* (C? is enough, see for instance | |) this reads
Opeye U = VA over 90 (1.25)

where vo« : 90 — R¥ is the outward unit normal of Q* and u is the first eigenfunction of Q* (chosen pos-
itive and normalized as |ul[z2(qy = 1). Together with the equations verified by u as being an eigenfunction
with constant sign we obtain a typical example of an overdetermined problem:

—Au = A (Q*)u in QF,

> (0 in Q*
U AR (1.26)
u = 0 over 0Q*,
Oyt = VA over O,
Serrin studied this type of problems in his seminal work | | and proved, by relying on the so-called

moving plane method, that under smoothness assumptions over Q* the system (1.26) implies that Q* is
a ball. This enters the class of free boundaries problems, in reference to the condition (1.25) which holds
on the unknown boundary 9Q2*. For references on overdetermined problem we refer to | | and the
references therein.

Going back to (1.24), an important class of functionals R which can be considered as perturbations
of A are functionals of volume-type, meaning that the variation |[R(Q) — R(Q)| is comparable to the
volume difference [QQAQ] (as in (1.23)). In this case, there is an extensive literature stemming from the
pioneering work | | which ensures that one might expect regularity. In | | the authors study the
free boundary problem

inf {/ |Vu|> + Al{u > 0}N D|, u€ HY(D), u =g on 8D} (1.27)
D

where D is a Lipschitz bounded open set, and g € H'(D) is nonnegative. They proved C® regularity
of minimizers u > 0 around flat points of the free boundary d{u > 0} N D. More precisely, setting
Q := {u > 0}, they decompose 92 into a relatively open C** part (characterized by some flatness property
of the associated points z € 99), and a singular part having less than (N — 1) Hausdorff dimension (the
existence of a critical exponent N* € N with a classification of the possible behaviours of the singular
set depending on whether N > N* was proven by | |, and it was later obtained by several authors
that N* € [5,7], see | | for references). Relying on hodograph transform techniques from | ],
they proved higher regularity of the regular part of the free boundary. For an introduction to the problem
(1.27) and to the so-called one-phase Bernoulli problem we refer to the very nice lecture notes | .
Relying on the definition of A\; as a minimum (see (1.4)), one can intepret the minimization of A;(€2) +
A|©2| as a problem of type (1.27). This observation enabled many authors to apply the techniques from
[ | in order to prove C1** (or even higher) regularity of minimizers for problems of type (1.24) where
R is of volume type. In | |, regularity was successfully obtained as a crucial step for proving the
sharp quantitative Faber-Krahn inequality (see (1.15)) for minimizers of £+ R, with E the Dirichlet energy
and R = A|Q| 4+ ap some regularized Fraenkel asymmetry ap (see further (1.13) for the definition of the
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usual Fraenkel asymmetry Ap). In this work the Kohler-Jobin inequality (1.52) enabled to reduce the
study of minimizers of A\ + R to the study of minimizers of F 4+ R, thus bringing a simpler free boundary

problem. Along the same lines, we can quote | | where the authors followed the same strategy for
the functional Ay + A| - | + Vi with Vo (Q) == [, |z — y|* Vdzdy the Riesz energy, and | | for
Cap+ A|- |+ ap. We also refer to | | where non-degeneracy properties of some one-sided minimizers

of E+ Al -| were used as a means to prove existence of minimizers of \; among quasi-open sets of fixed
measure.
Let us mention a second approach for proving regularity of the free boundary around flat points for

problem (1.27), which was introduced in | |. The author studies continuous nonnegative solutions of
Au = f in Q,
|Vu| = g over 092,

where the equations are verified in the viscosity sense (roughly meaning that one can write conditions like
A¢p(xg) < f and |Veo(xg)| < g for smooth ¢, provided ¢ < u around xy € 2 and ¢(zg) = u(xg), see for
instance | , Definition 7.6] for a rigorous definition). It was proven in | | that if

1f Lo (Bag)s 19llcos(m,,) <1

for a fixed ball centered at xzog € O{u > 0}, then provided {u > 0} N By, is close enough to a hyperplane
near xg it is in fact C1® in a smaller ball centered at 2. The idea is based on a partial Harnack inequality,
used to prove an improvement of flatness for flat solutions u of the above problem. It turned out to be
quite flexible, especially regarding adaptations to multi-phase free boundary problems (see for instance
PITV21], [KLIS).

In this thesis (see Chapter 4) we have specifically considered problems (1.24) where the functional R
is of same order as A1, by which we mean that it is also given by some energy term of the same type as Aq.
In this direction we can mention the works | , I, | | and | |, which prove regularity
results for functionals of the form F(A1(Q),..., A\ () + A|€2|, where F' is nondegenerate in some sense,
by which we mean that it leads to a vectorial free boundary problem associated to the boundary condition

al(&,ﬂul)Q + -+ an(&,ﬂun)2 = cst over ON*

for some a; > 0, for a minimizer Q*. In a different direction, in | | and | | the authors study
numerically and theoretically convex combinations of respectively two and three successive Dirichlet
eigenvalues. Their results apply in particular to the minimizations A\; + t(A2 — A1) for ¢ € [0,1] and
A+ tl()\g — )\1) + tQ()\S — )\1) for t1,t9 > 0 with ¢; +1t5 < 1.

1.2.3 The convexity constraint

Interest of the convexity constraint. We speak of shape optimization problems (or more generally
calculus of variations problems) under convexity constraint when the admissible sets (or functions) are
assumed to be convex. One of the motivations for studying such problems is that it can be physically
relevant in some situations, the most famous example being perhaps Newton’s problem of the body of
minimal resistance, which consists in the minimization

1
inf {/D T Va2’ u:D — [-M,0], uis convex} (1.28)

for D C R? a smooth open convex set and M > 0. The energy one wants to minimize represents the
resistance of a convex body (given by the graph of u, imposed to have M as a maximal height) as it moves
in a fluid with constant velocity. We refer for instance to | I, 1 I, | | for an introduction
to this problem and details about the physical relevance of its modelling.
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On the other hand, the set of convex shapes (or of convex functions) can also appear as a natural
class to investigate when (i) either there is no existence for the considered problem without constraint,
or (ii) when one knows that the optima are not convex (thus giving rise to interesting new problems).
Concerning the first issue, on the contrary enforcing a convexity constraint is expected to give good
compactness properties so as to ensure existence in many situations where existence fails in general (see
Chapter 2 in | |). Apart from Newton’s problem (1.28) above for which this is the case (see | D,
let us quote the famous Gamow’s liquid drop model, which consists in the minimization

inf{P(E) +// dedy s g :vo} (1.29)
BxE 1T =Yl

While it is known that existence holds for small volumes vyp > 0 (and in fact that balls are the unique
minimizers, see | |), there is no existence for large volumes and it is expected that the behaviour of
minimizing sequences is to spread mass into small pieces (see | ). On the other hand the convexity
constrained version of (1.29) has a solution for all volumes (see further Proposition 2.3.1), thus motivating
the convexity constraint.

As an example of the second issue (ii), let us note that there is numerical evidence that for k = 2,5,6,7
the minimization of P+cAy (for ¢ > 0) brings non-convex shapes as optima in three dimensions (see | ,
Figure 2|), so that the study of the minimization of this functional inside the class of convex shapes is
meaningful to examine.

Regularity under convexity constraint. Let us now describe in more details the methods and specific
issues related to proving regularity for shape optimization problems with a convexity constraint. The
situation is very different from the situation without convexity, as any convex optimizer {2* has its boundary
which can be locally parametrized by convex (hence Lipschitz) functions. Therefore minimizers have a
bit of regularity, and the hard part is to move from this first regularity property to higher regularity,
as we shall explain now. When the shape functional J(£2) can be (locally) represented by the integral
over a convex set D C RY~1 of some Lagrangian L(z,u(z), Vu(z)) (which often happens for geometric
functionals, such as P or | -|), we are naturally led to study the minimization problem

inf {/ L(z,u(z), Vu(x))dz, u: D — R is convex, u = ug over aD} (1.30)
D

for some fixed ug : D — R enforcing boundary conditions on u. Such problems have been studied by
several authors for Lagrangians L(x,u,p) verifying some strict convexity assumptions in p (see | |
and | | for C! regularity results, and | ] for C1® regularity results). There are at least two
specific difficulties linked to the convexity constraint for proving regularity of optimal shapes.

e The first difficulty is shared with problems in calculus of variations such as (1.30), and concerns
the derivation of optimality conditions. In fact, although the initial Lipschitz regularity of convex
minimizers is often enough to give meaning to differentiations of the type (1.21), due to the convexity
constraint one cannot write that expressions like (1.21) vanish for all ¢. It is still possible to write

optimality conditions (see | | for first order conditions in any dimensions, and | | for first and
second order conditions in two dimensions) but it is in general very difficult to exploit, especially
for N = 3 or higher dimensions. Let us mention however the works | | and | | where

the authors respectively obtain C' and C%! regularity for N = 2 by relying on such optimality
conditions, the first for problems of type (1.30), the second for more general functionals which can
also include terms R(£2) not (locally) written as integrals of Lagrangians (including for instance
perturbed isoperimetric problems of type (1.20)).

e The second difficulty is specific to convexity constrained shape optimization problems, as it concerns
the possibility of interpreting such problems inside the calculus of variations framework. In fact,
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the convexity constraint being fairly rigid and somehow global, this prevents to localize so easily the
arguments by perturbing the boundary of an open convex set §2 near each xg € 9{2. One of the main
contributions of this thesis consists in proposing a setup enabling to do so (see further the methods
employed for proving Theorem 1.3.3).

These two difficulties are closely linked to the fact that we do not know whether minimizers are strictly
convex, and in fact in general there is no reason why this should happen. Newton’s problem of body of
minimal resistance (1.28) is a striking example in this direction, as it is proven in | | that there
does not exist any open set over which a minimizer is strictly convex. This is due to the intrinsic non-
convex nature of the problem, which forces the minimizers to saturate the convexity constraint in some
sense. Let us also refer to | | and | | where the authors prove respectively that minimizers of
functionals of the type R(Q2) — P(2) and R(£2) — A1(€2) in the class of convex sets are polygons. There
are less "extreme" examples of minimization among convex shapes for which one can expect minimizers
to have flat parts in their boundary, even for functionals including some strictly convex energy such as the
perimeter. It is proven for instance in | | (see also | , Theorem 1.2]) that the best constant
among convex shapes in the quantitative isoperimetric inequality (1.14) is achieved by a stadium shape
(the convex hull of two disjoint disks of same radius). Also, it is proven in | | that a minimizer of Ay
with volume and convexity constraint must have at least two segments in its boundary.

In view of these two difficulties, a general strategy for proving regularity of minimal convex shapes is
the so-called cutting procedure. Given a minimizer {2, it consists in building competitors in the form QN H
where H is some well-chosen hyperplane (which are thus straightforwardly convex). More specifically, if
xo € 02, one builds a family of appropriate hyperplanes (H,),~¢ such that QN H, is obtained by cutting
a piece of Q around xo (which may not be localized around xg) with furthermore |2 N H,| — |Q2|. The
goal is then to translate conditions J(Q2) < J(QN H,) into regularity of 2 around z¢. For instance, due to
convexity, proving that € is C' amounts to proving that it has no corner. Let us quote two works relying
on this cutting procedure to obtain regularity for minimization among convex shapes of fixed volume:
in | | the author proves C! regularity of minimizers of \;, and in | | the authors prove C!!
regularity of minimizers of P(Q2) +Z(2) in two dimensions with Z the logarithmic capacity.

Stability under convexity constraint. One of the main goals of this thesis was to apply the two steps
strategy relying on the idea that stability for smooth shapes implies stability in the class of convex shapes
(see the corresponding paragraph in Section 1.2.1), and in particular to perform the selection principle in
a convexity constrained situation. It turns out that this regularization procedure adapts well to convexity
constrained problems, and we refer further to Section 1.3.1 for the regularity results and to Section 1.3.2 for
stability results. Let us give hereafter a couple of more specific comments about stability under convexity
constraint.

e By enforcing a strong geometric constraint such as convexity of the admissible sets, a lot more is
possible concerning quantitative inequalities. In fact, while the exponents in general quantitative
inequalities like (1.14) are still sharp (since they are usually achieved by sequences of ellipsoids),
there is room for proving inequalities with stronger notions of asymmetry. In the spirit of the
Bonnesen inequality in two dimensions (1.12), in | | the author proved quantitative isoperimetric
inequalities (with sharp exponents) with a Hausdorff-type asymmetry Ag(Q2) := inf{dy(Q, (B +
z)), z € RV} (where dy is the Hausdorff distance).

e Since a convex set already has some regularity (in particular it is Lipschitz), it can also happen that
one can prove stability directly without having to prove higher regularity (or increase it through
the selection principle). For instance, as Lipschitz continuity is enough to perform the Fuglede-type
computations over P(Bg) from | |, the quantitative isoperimetric inequality (1.14) restricted to
the class of convex sets can be obtained in this way (see | ). We have used the same idea for
proving a stability result for the isoperimetric problem with capacity (see further Theorem 1.3.6).
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1.3 Main contributions of the thesis

This section is dedicated to introducing the main contributions and results of the thesis, while describing
the originality of the methods we used. It is split into three parts: we first present the regularity results
under convexity constraint (corresponding to Chapter 2), then we present the stability results for isoperi-
metric problems (corresponding to Chapter 3), and we finally present the stability results for the Dirichlet
spectrum (corresponding to Chapter 4).

1.3.1 Contributions of Chapter 2: regularity under convexity constraint

Main questions and main results. The regularity results we obtained in Chapter 2 deal with perturbed
isoperimetric problems set with a convexity constraint, that is problems of the form (1.20) where S,q only
contains convex shapes and R is seen as a perturbative term. More precisely, if D  RY is measurable
(not necessarily having finite measure) and KV denotes the class of convex bodies of RY (compact convex
sets with non-empty interior), we are interested in the problem

inf {P(K)+ R(K), K € KN,K C D} (1.31)
and its volume-constrained version
inf {P(K) + R(K), K € KN, K C D, |K| =} (1.32)

for some 0 < vy < |D|. Here the perimeter of a convex body P(K) is still the classical De Giorgi perimeter
from (1.2), or equivalently P(K) = HY~1(0K) (since K is Lipschitz). As in the case of unconstrained
perturbations of the isoperimetric problem (see the corresponding paragraph in Section 1.2.2), we have
in mind functionals R satisfying a Lipschitz-type property for the volume distance (as in (1.22)). Put
in a slightly different way, we want to define an appropriate notion of quasi-minimizer (analogous to
the unconstrained notion (1.23)) ensuring regularity. The first two questions in this direction which we
addressed can thus be formulated as follows.

(i) Can one identify reasonable hypotheses on R ensuring reqularity of problems (1.31) and (1.32) ?

(ii) Equivalently, can one define a suitable notion of quasi-minimizer of the perimeter under converity
constraint ensuring reqularity of quasi-minimizers ¢

One of the main contributions of Chapter 2 consists in bringing answers to these questions. As described
in Section 1.2.1, an important motivation for both questions comes from applying the (local minimality
for smooth perturbations = local minimality for all shapes) strategy from (1.9), and in particular the
selection principle procedure (see Theorem 1.3.9 below, corresponding to Theorem 3.1.2 from Chapter 3).
Let us then define the sufficient hypotheses we have found. For D’ ¢ D € KV we let

Ky p={Kek", D'c KcD}.

Definition 1.3.1 (Perturbed isoperimetric problem). Let R : KN — R. We define the two following
notions of Lipschitz continuity for R with respect to the volume distance: a ‘weak” notion:

VK € KN, 3(Cx,ex) € (0,00)%, VK e KN st. K C K and |[K\K|<eg, R(K)—R(K) < Cg|K\K|
(1.33)
and a "strong" notion:

VD' c D ek, 3Cpp >0, V(K1, Ky € K}y p, K1 C K3), |R(K3)—R(K1)| < Cp p|lKa\ Ki|. (1.34)

A short argument about distances for convex sets (see further Proposition 2.2.9) enables to see that the
strong Lipschitz property implies in fact the weak one. We now define quasi-minimizers of the perimeter
under convexity constraint.
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Definition 1.3.2 ((A, ¢)-quasi-minimizer). Let A,e > 0. We say that K € K~ is a (A, €)-quasi-minimizer
of the perimeter under convezity constraint (g.m.p.c.c. for short) if

VK € KN such that K C K and |[K\ K| <e, P(K)<P(K)+A|K\K]|. (1.35)

Let us comment on this notion of quasi-minimizer in comparison with the usual notion of quasi-
minimizers (1.23).

e First, the local minimality of a q.m.p.c.c. is meant in the sense that the volume difference |K AK |
is small, which is milder than requiring that K AK is located in a ball of small radius B, (z). This
is due to the fact that this latter condition is much too restrictive for convex sets, as one sees by
noticing that if K is a square there are no convex sets K other than K which perturb K around a
point of its boundary located inside a segment. The possibility of perturbating a convex set around
a point zg € 0K is in fact directly related to some kind of strict convexity of K around xzq.

e Here we merely require the minimality condition for perturbations K from the inside, as the cutting
procedure we will use only relies on competitors K C K. Note that enforcing minimality also for
outward perturbations would not increase in general the regularity of K, as shows the counterexample
in Proposition 2.3.18.

The first main regularity result is then the following (it corresponds to Theorem 2.2.3 and Corollary
2.2.4 from Chapter 2).

Theorem 1.3.3. Let N > 2. Any q.m.p.c.c. K isCh'. As a consequence, if R: KN — R satisfies (1.33),
any minimizer of (1.31) is CL:L.

In this general form problem (1.31) does not always have minimizers (taking for instance R = 0), and
we refer further to Theorem 2.3.4 for an existence result under various hypotheses over D and R. We also
prove (in Proposition 2.3.18) that Theorem 1.3.3 is optimal in general. Precisely, we show that we can
find a q.m.p.c.c. in two dimensions which is C'"! and not C?.

Let us also mention a similar regularity result obtained in two dimensions in | | under different
conditions upon R. If K* is a given minimizer of (1.31), the authors rather assume that R admits a shape
derivative at K* which is in L>(0K*) (see Remark 2.2.6). They obtain C1! regularity of K* in this case.
Their proof is based on a radically different approach from the one we use (which we detail further in
the methods), as it is based on the analysis of an Euler-Lagrange equation under convexity constraint
associated to the minimization. Our result is more general and more flexible than this result (compare
to Theorem 2.1.1), as it provides regularity in any dimension N > 2 and moreover does not assume the
existence of a shape derivative of R at K™* (which is not verified in general for Dirichlet and Neumann
eigenvalues for instance).

The second main result of Chapter 2 (corresponding to Theorem 2.2.10) deals with the second family
of problems, that is volume-constrained problems (1.32).

Theorem 1.3.4. Let N > 2. Let D € KV, 0 < vy < |D| and suppose R satisfies (1.34). Then any
solution K* to (1.32) is a q.m.p.c.c. and is therefore C*'.

These two general regularity theorems at hand, an important question is to find explicit and interesting
examples which enter in this framework. This is the third question we addressed.

(11i) Finding relevant examples of convexity constrained perturbed isoperimetric problems, i.e. proving
(1.33) and (1.34) for standard shape functionals R.

In the third result of Chapter 2 (Theorem 2.3.2) we prove that Dirichlet and Neumann eigenvalues
(rigorously defined for Lipschitz sets further in Section 2.3.2) as well as the Dirichlet energy verify these
two hypotheses.
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Theorem 1.3.5. Let k € N*, N > 2. Then any R € { A, ui, E} satisfies (1.33) and (1.34).

Note that this strongly uses the fact that we are working with convex sets, and it no longer holds
among general shapes as one sees by making a crack in a shape, which does not change the volume while it
increases A\ and E. This third result enables to build many examples of functionals R verifying (1.33) and
(1.34). As a Corollary we thus obtain regularity for minimizers of a large class of perturbed isoperimetric
problems (see further Theorem 2.1.1). Let us pick up on some specific examples.

First, we obtain C"! regularity for minimizers of the problems

inf { P(K) + c\p(K), K € KV}

for some ¢ > 0, k € N* (see further Proposition 2.3.5). This is the convexity-constrained version of a
problem for which one expects non-convex minimizers (for k = 2,5,6,7 and N = 3, see | , Figure 2]
for numerical evidence). We also obtain C1'! regularity of minimizers of the problems

inf { P(K) £ i (K), K € KV, |K| =}

inf { P(K) + A (K), K € K, |K| =0}
for any k € N* (see Proposition 2.3.6).

Methods. We now decribe separately the methods we employed for proving the results.

Methods for Theorem 1.3.3. This result is inspired from regularity results of | |, where the

N
authors prove el regularity for solutions of the convex minimization
Vul|?
inf {/ ‘2’ + fu, u € HY(D),u is convex} (1.36)
D

where D C RY is a bounded convex open set and f; € LP(D) for some p > N. Our idea is to see locally
OK as the graph of a function g which can be interpreted as the solution of a calculus of variations problem
of the type (1.36). However, due to difficulties linked to the localization of the convexity constraint, there
are additional issues arising in the shape optimization context. Let us be a bit more specific: writing for
any convex g : By, — R with g > go and (g — go)|an0 = 0 (where gy parametrizes K near zg, see (1.19))

Ky = (KN (By xR))U (K nNEpi(g))

where Epi(g) := {(x,t) € By, x R, t > g(x)} stands for the epigraph of g, it is not difficult to see that
any such K, is convex with Ky C K. On the other hand, there are not necessarily many such K if one is
not careful enough regarding the choice of the neighborhood B, and one can easily construct convex sets
K such that g = go and K, = K for any such g, so that one cannot build any competitors to minimality
in this way. This happens for instance in three dimensions for a prism with triangular base, by looking
at a point on any edge linking the two triangular faces. This issue concerns "flat" parts of 0K, by which
we mean points around which K is not strictly convex. In order to illustrate this latter fact, see that if
the function gg parametrizing K near xg is strongly convex then for any ¢ € C2°(By,), provided ¢t € R is
taken sufficiently small the function g +t¢ is still convex; K, is therefore also convex in this case, thus
providing many relevant competitors.

We therefore have to build an appropriate framework in order to be able to use ideas similar to | |.
Letting K be a q.m.p.c.c., the method we employ is a cutting-type procedure, which consists in building
competitors in the form K, := K N H, = K N Epi(o,) (for a parameter » > 0) where o, is an affine
function defined on some hyperplane. Apart from showing how to adapt the regularity results obtained
by | | for a general Lagrangian L(x,u(x), Vu(x)) strongly convex in Vu (in our case, the underlying
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Lagrangian is L(z,u,p) = y/1 + |p|?), we believe that our method enables to get a clearer perspective on
how one might expect to insert shape optimization problems under convexity constraint in a calculus of
variations framework. More precisely, we have understood that localizing the arguments by parametrizing
0K around some zo € 0K by {(z,g(x)), = € D} (for some (N — 1)-dimensional open set D) is only
possible when taking D maximal in some sense, and that this forces to perform global estimates on the
functionals which are difficult in general. In our case we do it for the perimeter functional, and it is one
of the most involved step in the proof of Theorem 1.3.3. Precisely, if K is a q.m.p.c.c. an important part
of the proof consists in estimating from below

P(K) = P = [ (VIFIVGP = VT Vo) an ",
Dy

where HV~! is the (N — 1)-dimensional Hausdorff measure and D, C D is an open set depending on
r > 0 (see (2.29)). While the right-hand-side is a difference of convex energies closer to calculus of
variations, we have to deal with the additional difficulty that the domain of integration D, depends on
r, which is tightly linked to the fact that we have taken D maximal in some sense. Apart from this
estimate from below, we estimate from above |K \ K,| (in (2.20) and (2.43)) and have to handle the
fact that the condition g < o, does not exactly encode K \ K,, meaning that in general the inclusion
K\ K, C{(x,t) e D xR, g(x) <t <op(z)}is strict.

Methods for Theorem 1.3.4. The strategy consists in applying Theorem 1.3.3 by showing that any
minimizer of (1.32) is a q.m.p.c.c. The main idea is to penalize the volume constraint (this is done in
Lemma 2.2.11), meaning that we show that if K* minimizes (1.32) then there exists € = ex+ > 0 and
A = Ak« > 0 such that it also minimizes

inf { P(K) + R(K) + A||K| — vo|, K € KN, K ¢ K*, [K*\ K| <¢e}.

The penalization idea is classical (see for instance | , Lemma 4.5]) and consists in building, for
each K C K* with |[K*\ K| < 1, some K C K C D satisfying the volume constraint |K| = vy and such
that the increase in energy is comparable to the increase in volume, i.e. G(K) < G(K)+A[|K|—wvo| where
G := P + R. The novelty of our method lies in the fact that K has to be convex, which prevents from
localizing the argument by building K as a perturbation of K around a point (as is done in |

Lemma 4.5]). Instead we construct K as a Minkowski sum (1 —t)K + tD between K and D for some
apropriate t € [0,1], and use then Minkowski’s theory of mixed-volumes to estimate the perimeter and
volume of K.

Methods for Theorem 1.3.5. The result is inspired from a strategy laid out in | , |. The
idea is to rely on the variational characterizations of A\, ug, 2 in order to estimate the variation of energy
between two nested convex sets K; C Kj. In the case of the Dirichlet energy E (in 2.3.8), letting wg, be
the torsion function of Ky we write

0< E(K;)— E(Ks) < ;/K (|V(wK2 0 ¢))? — \Vw;@’?) _ /K (Wi, © ¢ — wi,)

where ¢ 1= ¢k, K, : K1 — K3 is a Lipschitz change of variables which is built in order to be the identity
on a "large" part of K, meaning that it is the identity on some K3 C K; where |K; \ K3| < C|Ks \ K1
for some constant C' > 0 independent of K1, Koy € ’Cg/, p- The result then follows from a uniform control
of the Lipschitz norm of ¢, i, for K1, Ky € ]CgﬁD (in Lemma 2.3.9), and a Lipschitz estimate of wg,

uniform in K DD p (in Lemma 2.3.10). Our main input in this matter concerns a natural and simple idea
for building the change of variables ¢k, K,, based on the representation of the boundary of a convex set
K as a graph over the sphere of an interior ball.
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In the case of the Dirichlet eigenvalues A\, we rely on an idea from | , Theorem 3.4] which enables
to compare the variation in A\, of two nested bounded open sets ' C Q with the variation in Dirichlet

energy:
IAL(Q) = M(@)] < GV 2N E(Q) — E()]

for some contant Cj, > 0, thus enabling to apply the Dirichlet energy case.

For Neumann eigenvalues (in Proposition 2.3.13) we again use the variational characterization of py,
this time building rather an extension operator I : W (K) — W1 (RN) with uniformly controlled
norm and proving uniform Lipschitz estimates for Neumann eigenfunctions for K € Kg,ﬁ D

1.3.2 Contributions of Chapter 3: Fuglede-type arguments for isoperimetric prob-
lems and applications to stability among convex shapes

Main questions. In Chapter 3 we are interested in stability issues for perturbed isoperimetric problems.
We study and prove stability for different classes of sets written as "smooth" perturbations of the ball,
which constitutes the so-called Fuglede-type computations, and obtain as applications of these results
stability inside the class of convex sets. Let us then set the problems in their convexity constrained form,
i.e. problems (1.31) and (1.32):

inf {P(K)+ R(K), K € KN,K C D},

inf {P(K) + R(K), Ke KN, K C D, |K| =1} .

We aim at showing stability in the weak form (1.10) as well as in the strong form (1.16) for problems where
R is an energy associated to a PDE linked to K, meaning a PDE set either on K or on RV \ K. We are
mostly concerned with problems for which stability fails among all shapes, so that convex sets becomes a
relevant class to consider. In the remaining of this paragraph and before going into more details, we very
briefly introduce the two independent problems for which we obtain stability results, in order to highlight
the common features of the methods we employ in both cases.

We are interested in the minimizations

inf { P(K) + cCap(K) ', K € KV, |K| =1} (1.37)
for N > 3 and a parameter € > 0 (Cap(K) is defined below (1.39)), and
inf {P(K) — c\i(K), K € KN, |K| =1} (1.38)

for N > 2 and a parameter ¢ > 0.

The results of Chapter 3 about convex shapes are the following: global minimality of the ball for
e < 1 for (1.37) (i.e. weak stability (1.10), see Theorem 1.3.6) and local minimality of the ball for an
optimal range of ¢ for (1.38) (i.e. strong stability (1.16), see Theorem 1.3.9). Although the two results
are independent, the strategy we employ for proving them constitutes a general scheme going beyond
convexity. We rely on the following steps

1. (IT) property for the functional (Lemma 1.3.8 and Theorem 1.3.10).

2. Minimality of the ball for the functional among "smooth" perturbations of the ball (Theorem 1.3.7
and Theorem 1.3.11).

3. Minimality of the ball for convex sets (Theorems 1.3.6 and 1.3.9).

The smoothness for which we prove local minimality in Step 2 is in direct link with the (IT) property of
Step 1. Roughly speaking, what we call (IT) property denotes a Taylor expansion at a certain order of the
functional, so that it allows to prove coercivity of the second derivative of the functional for perturbations
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of the ball with enough regularity, and hence local minimality for such perturbations in Step 2. On the
other hand, Steps 1 and 3 for problems (1.37) and (1.38) are handled very differently.

Let us also emphasize the fact that only Step 3 uses convexity of the considered sets, so that the
results from both Step 1 and 2 for (1.37) and (1.38) are relevant for the minimization of the corresponding
functionals among general shapes. In fact, they constitute Fuglede-type computations for the corresponding
isoperimetric functionals, and could thus be used as a first step for proving stability in different or more
general classes than the class of convex sets. On the other hand, apart from bearing interest in its own,
we believe that obtaining a full stability result for the class of convex sets illustrates the robustness of the
strategy.

We now describe separately and in details the motivations for the two problems, as well as the results
we have obtained and the methods we have used.

Weak stability for inf { P(K)+eCap(K)~!, K € KV, |K|=1}.

Motivations and results. For N > 3 we define the capacity functional Cap : K — R as the usual
electrostatic capacity:

Cap(K) := inf {/ |Vul?, u € CC(RY), u>1 over K} . (1.39)
RN

Provided K is sufficiently smooth (see | , Theorem 2 and 3|) this minimization is uniquely solved by
the so-called capacitary function ug which verifies the following PDE set over RV \ K:

~Aug =0in RV\ K
ug =1 over K, ug € CO(RY) (1.40)
ug(r) = 0 as |z| = 400

The isocapacitary inequality (see for instance | |) which states that
vQ ¢ RY open, |Q =1, Cap(R2) > Cap(B) (1.41)

together with the isoperimetric inequality are in competition in the minimization (1.37), thus making the
problem non trivial. It is shown in | , Theorem 3.2 and Theorem 6.2] that existence among all
shapes of volume 1 fails for all € > 0 and in all dimensions N > 2, while (1.37) always admits minimizers
(see | , Theorem 1.1]), thus motivating the convexity constraint. Note that (1.37) with the definition
of capacity (1.39) is ill-posed for N = 2, since (1.39) is always equal to 0, as one sees by looking at the
energy of the (truncated) fundamental solution of the Laplacian. Therefore one has to proceed differently
to define capacity in two dimensions, and we mention that stability for convex sets for the equivalent
version of (1.37) for N = 2 was obtained in | ].
The first question of Chapter 3 is the following.

(i) Proving stability for P+ Cap™! for convex shapes, i.e. proving that balls are the only minimizers of
(1.37) for small e > 0.

The following result addresses this first question (it corresponds to Theorem 3.1.1 from Chapter 3).

Theorem 1.3.6 (Weak stability of the ball for the capacity). Let N > 3. There exists g = eo(N) > 0
such that for any e € (0,g9) balls of unit volume are the unique minimizers of (1.37). Equivalently, if B
18 a ball of unit volume

VK € KN, P(K) = P(B) 2 s (Cap(fé;p( [S?p(B))
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This Theorem is thus the N > 3 version of the two dimensional result obtained in | |. It is
called weak as the value g is non-optimal (it is not even explicit), meaning that contrarily to Theorem
1.3.9 below our method does not enable to show that the ball is no longer a minimizer for € > ¢y (even in
a local volume sense, i.e. for K € KV such that |[KAB| < 1).

As mentionned above and will be described in details further in the methods, the proof of Theorem
1.3.6 relies on a Fuglede-type argument which seems relevant independently of convexity issues. The result
is as follows (see Theorem 3.2.1 in Chapter 3).

If h € WH°(0B) we will denote By, the Lipschitz perturbation of the ball by h given by

By, == {tz(1+ h(z)), t €[0,1), x € OB}. (1.42)

Theorem 1.3.7 (Fuglede-type computations for P + eCap~': minimality for Lipschitz perturbations).

Let N > 3. There exists n > 0 and g9 > 0 such that for all h € W1>°(0B) verifying |hllw1.ec 08y < 0 with
|By| = |B| and such that By, has barycenter at the origin, and for all € € (0,eq), then

P(By) +eCap(By,) ™' > P(B) + Cap(B)~!
with equality only if By, = B.

This stability result for Lipschitz perturbations is an improvement of previous results from | ,
Corollary 5.6], where the authors show the same result inside a class of C!'! sets with curvature uniformly
bounded from above.

Methods.

1. Methods for Theorem 1.3.7. The idea is to prove some weak (IT)H17W1,OO property for the
capacity, which consists in a second-order estimate of the increase in energy Cap(Bj) — Cap(B) for
some h € W1°(9B) with |By,| = | B|]. The main step for proving Theorem 1.3.7 thus consists in the
following Lemma.

Lemma 1.3.8 (Weak (IT) g1 1. for the capacity). Let N > 3. There exists Cy > 0 such that if
h € Wh(dB) with By, of volume |By| = |B| and ||h||p@op) < 1/2 then

Cap(Bp) — Cap(B) < On ||kl 31 (o)

This second-order estimate is a weak form (adaptated to the capacity) of the (IT) property from
Theorem 1.3.10. In fact, while Theorem 1.3.10 consists in estimating the third-order derivative, in
this Lemma we rather control from above the second derivative. Moreover it is non-optimal in terms
of the norm employed (the H! norm), since as in the case of A\; the second derivative of the capacity

is continuous for the H'/? norm (for this fact see the proof of Theorem 2.8 in | |). However
it allows every Lipschitz perturbation, which is a much bigger class than in other similar results, and
will drastically simplify the other steps of the proof of Theorem 1.3.7 (compare to | | where

the authors have to prove C1! regularity of optimal shapes). This H' norm is indeed sufficient
to conclude in our case thanks to the presence of the perimeter functional in the minimization.
We believe that this result is quite interesting as it holds for low regularity assumptions on the
perturbation h.

Let us quickly describe how this lemma is obtained. Relying on the formulation of the capacity
(1.39) as an infimum, we build a good competitor in the form up o ¢, where up is the solution of
(1.40) for the ball and ¢ (x) = W is a natural Lipschitz change of variables sending B}, onto
B. Getting

Cap(Ba) < [ |¥(un o 0n)P
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we then carefully estimate the energy of up o ¢y, to control it from above by Cap(B) + CNHhH%{l(aB)’
where we importantly use the fact that up is radially symmetric while ¢;, has the special structure
f(x)x with f : RV — R being tangential. The construction of this competitor is a rather simple
idea, and we believe that it can be of use in various contexts for estimating energies defined as infima,
thus getting such (IT) properties for low regularity of the perturbation h. As a matter of fact, it
turns out that one can use the very same competitor in order to obtain a similar weak (IT) g1 1.0
property for A\; (see Proposition 3.2.5 (i)).

Theorem 1.3.7 then follows from combining the lemma with Fuglede’s computations in | |, where
he proved that if By has unit volume and barycenter at the origin, and if ||A[|yy1,00(9p) < 1, then

P(By) — P(B) > en |7 (1.43)
for some explicit constant ¢y > 0.

2. Methods for Theorem 1.3.6. Theorem 1.3.6 is directly obtained from Theorem 1.3.7 by relying on
regularity properties of convex shapes, as the condition [|h||yy1.00(95) < 1 for a convex minimizer K*
of (1.37) is obtained by letting ¢ — 0. In fact, if K. minimizes (1.37), the condition ¢ — 0 enforces
P(K.) — P(B) — 0. This classically ensures that the convex sets K. (which are already Lipschitz)
converge to the ball in a Lipschitz sense, meaning that K. = (Id+h.vp)(B) with [|he|y1.95) — 0.
Contrarily to the method we employ for proving Theorem 1.3.9, as convex shapes are already smooth
enough we do not need here to apply a regularization procedure in order to use the corresponding
Fuglede-type computations. This idea is similar to some results from | | (see also the associated
paragraph in Section 1.2.3).

Strong stability for inf {P(K) —chM(K), Ke KV, |K| = 1},

Motivations. Due to the isoperimetric inequality (1.3) and the Faber-Krahn inequality (1.5), there is
a competition in (1.38). As such the minimization of P — ¢\ at fixed volume is ill-posed, even when
considered in a convexity constrained form as in (1.38) (the infimum is —oo, as one sees by looking at a
sequence of long thin rectangles of unit volume). On the other hand, even in a volume local sense, a ball
of unit volume is never a minimizer among all shapes, since one asymptotically decreases the energy by
perforating the ball by a small hole (see for instance | , Proposition 6.1]). As a consequence, one has
to restrict to smaller classes in order to study stability issues related to P — A\;. This has been investigated
by many authors in various contexts, also as a means to prove quantitative inequalities in the form (1.11)
(which is equivalent to stability). Let us quote the main works in this direction.

e As a consequence of the Payne-Weinberger inequality proven in | |, one has weak stability (1.10)
of the ball for simply connected sets with bounded perimeter:

VQ € R? open and simply connected with |Q] =1, P(Q) — P(B) > (M(Q) — \i(B))  (1.44)

provided P(Q2) < C, for some ¢ = ¢(C) > 0.

e In dimensions N > 3 an analogous form of weak stability has been proven in | | using the
Brunn-Minkowski theory. Indeed, the result | , Theorem 1.1] implies the quantitative inequal-
ity

vQ c RY open and convex with || = 1, P() — P(B) > e (M (Q) — M1 (B))
provided A1 (92), P(Q2) < C, for some ¢ = ¢(C) > 0.

e In | , Theorem 1.2] (see also | , Proposition 5.5 (ii)]) the author performed Fuglede-type
computations and provided the optimal value ¢* such that stability holds for smooth perturbations
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of the ball, i.e. for the sets Be := (Id+&)(B) with £ € C°(RY,RY) and [|¢||c < 1. The underlying
idea is to compute the interval of values ¢ such that the second derivative of the functional P — cAy
at the ball is coercive (we refer to the selection principle paragraph in Section 1.2.1 for more details
regarding the general idea).

Main results. As a consequence, a natural problem arising is then
(i) Proving (local) minimality of the ball for P — cAy for ¢ € (0,c*) for a suitable class of sets.

One of the main results of Chapter 3 is strong stability (1.16) of the ball for P — A; in the class of
convex sets (corresponding to Theorem 3.1.2).

Theorem 1.3.9 (Strong stability of the ball for A\1). Let N > 2. Let wy be the volume of a ball of radius
1, and py := Nwy, Iy = j]2V/2—1 be respectively the perimeter and first eigenvalue of a ball of radius 1
(inja—1 s the first zero of the Bessel function of the first kind of order N/2 —1). Set

= NN+ Upy . (1.45)

N+1

4N (In — N)wp™

Let B be a ball of unit volume.

o Let 0 < e < c*. Then there exists 6. > 0 such that

VK € KN, |K| =1 with [KAB| < 6., (P —c\)(K) > (P —c\)(B).

o Let ¢ > c*. There exists a sequence of smooth convex bodies (Kj.)jen of unit volume for which
|K; AB| — 0 and
(P —ch)(Kje) < (P —c\)(B) for each j € N.

This Theorem is sharp in the sense that it provides the optimal range of values of ¢ for which B is a
L'-local minimizer of P — c)\; among convex shapes of fixed volume. As will be detailed further in the
methods (see also the selection principle paragraph above in Section 1.2.1), we prove this Theorem using
the selection principle technique. As a consequence we prove as a first step Fuglede-type computations,
which we think are of independent interest. More precisely, we start by proving a second-order expansion of
A1 for which we estimate the third-order term as the product of the H'/2 norm squared of the perturbation
by a modulus of continuity of the C** norm (in Theorem 1.3.10 below, corresponding to Theorem 3.3.5
in Chapter 3).

For any h € W1(9B) and t € [0, 1], we set A\1(t) := A\1(By,) (By, is defined by (1.42)).

Theorem 1.3.10 ((IT)y1/2 c1.0 for A1). Let N > 2. There exists o € (0,1) such that the functional A\
satisfies an (IT)H1/27CLQ condition at the ball B, i.e. there exists 6 > 0 and a modulus of continuity wy,
such that for any h € CH*(0B) with |Allcr.a@ap) < 6 we have

M0
¥t € [0.1], M(Ba) = M(B) + X0 + L2 i (hllesomy) 1l o o

Note that this result does not assume convexity of the set By, so that it holds for general perturbations
h € C1*(0B). We will explain its meaning in more details further in the methods, but let us just highlight
the important features: \{(0) (which depends on h) is a quadratic form in A which is naturally continuous
and coercive in HY2 norm. As a consequence, this type of result gives an account of the smoothness
of h needed to control the remainder of this Taylor expansion by the second derivative (here C%®). In
comparison with | , Theorem 1.2|, and in general with results of third-order expansions for similar
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energies, our result is original in the sense that it goes below second derivatives spaces as C*>% or W?2P
spaces, which are the usual spaces for which this kind of property is obtained (see for instance | |
or | ]). Concerning specifically A;, this result is an improvement of | , Theorem 1.4], which
was itself an improvement of | | and | |, in which the authors prove a similar expansion with
respectively [|h|ly2p(9p) (for any p > N) and [|h||¢2.(9p) instead. This refinement is motivated by the fact
that our regularity theory from Chapter 2 does not provide enough convergence for applying the latter
W2P result (see instead our convergence result, Theorem 1.3.12 below).

Relying on Theorem 1.3.10 we are able to reach local minimality in a C1'® neighborhood of the ball, thus
completing the first step of the selection principle strategy (see the corresponding paragraph in Section
1.2.1). The result is as follows (see Theorem 3.3.1).

Theorem 1.3.11 (Fuglede-type computations for P — ¢A;: minimality in a CY'® neighborhood). Let
N > 2. Forc> 0 set J. := P —c\1 and let ¢* be given by (1.45). There exists a € (0,1) such that for
any 0 < ¢ < c* there exists 0. > 0 such that for each h € C1*(0B) with |By,| = |B| then

jc(Bh) 2 jc(B)
with equality only if (up to translating) B, = B.

Note again that this result holds for general C1® perturbations h with no convexity assumption, so
that it is of interest independently of being an important step for proving Theorem 1.3.9.

With C1® local minimality at hand we are now led to perform the second step of the selection principle,
which is the contradiction argument in itself. As described in details in Section 1.2.1, this is done by relying
on a regularity theory, which in our case is the regularity theory under convexity constraint for perturbed
isoperimetric problem laid out in Chapter 2. The following result thus importantly relies on Theorem
1.3.4 (see Theorem 3.4.2 and Corollary 3.4.3 for the corresponding results in Chapter 3).

Theorem 1.3.12 (Uniform regularity and convergence of q.m.p.c.c). Let N > 2 and A > 0, ¢ > 0. Set
vp(r) :=x for v € RV,

(i) (Regularity) Let 0 < m < M. If K is a (A,e)-g.m.p.c.c. verifying By(z) C K C Bp(2) for some
z € RN, then there exists h € CYY(OB) such that (up to translation) K can be written

K = (Id+ hvp)(B), with [|h|lc11sp) < C
with C' = C(N,A,e,m, M) > 0 only depending on the indicated parameters.

(1t) (Convergence) If (Kj) is a sequence of (A,e)-g.m.p.c.c. such that |K;AB| — 0, then there exists a
sequence hj € CYY(OB) such that

Vi e N, Kj = (Id—|- th/B)(B),
and for all o € (0,1) it holds (up to subsequence) hj — 0 in CH2.

The second item is a useful convergence version of the regularity result. It is an analogue of a similar re-
sult for classical quasi-minimizers (1.23) in the usual setting: if a sequence (E};) of (A, rg)-quasi-minimizers
converges to the ball in a L' sense, then Ej is C11/2 for large j and it converges (up to subsequence) to
the ball in Ch for each o € (0,1/2) (see for instance | , Theorem 4.2] for a rigorous statement).

Methods

1. Methods for Theorems 1.3.10 and 1.3.11. These two results constitute the first step of the
selection principle strategy described in details in Section 1.2.1. In the notations and vocabulary
of Section 1.2.1, Theorem 1.3.11 precisely corresponds to the Fuglede-type computations for the
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functional 7. (for the appropriate values of ¢) with the space X = CY®, while Theorem 1.3.10 is the
main ingredient we use for achieving the computations. In fact, once Theorem 1.3.10 is proven, we
apply a general stability result from | , Theorem 1.3] ensuring that local minimality is deduced
from the optimality conditions

Vh € C*(0B), 4

7 (Je = pl - 1) (Ben) =0,

t=0

1, : = N d2 2

Vh € C**(0B) with h =0 and hi=0, —5 (Te — |- |) (Byp) > cNHhHHl/Q(aB) (1.46)
oB oB g P

where p is some appropriate Lagrange multiplier associated to the volume constraint, cy > 0 is

dimensional, and the conditions
/ h=0, / hi =0
0B 0B

take into account the volume constraint of the problem and the invariance by translation of the
functional J.. The second-order optimality condition (1.46) comes from the computations of | |
(the more explicit expression (1.45) of the threshold ¢* was obtained in | D).

To prove Theorem 1.3.10 we rely on an idea from | |: we prove the stronger (IC)g1/2c1.a
property
vt [0,1], IN(0) — MO)] < or, (Ihllere o) I8 (1.47

for some modulus of continuity w : RT — R independent of h € C1*(0B), from which Theorem
1.3.10 follows by usual Taylor expansion with integral remainder. The authors | | prove this
property with a WP norm instead (see | , Theorem 1.4]). We improve their result by refining
the analysis of certain estimates (see Lemma 3.3.7) and introducing new methods for others (see
Lemma 3.3.6).

. Methods for Theorem 1.3.12. To prove the regularity statement (i) of Theorem 1.3.12, we rely
on the regularity results from Chapter 2. More specifically, we use the ideas from Theorem 1.3.4
where C1! regularity of (A, €)-q.m.p.c.c. is obtained, but have to follow the constants in the proof in
order to show that this regularity only depends on A, e and relevant geometric constants such as the
inradius and outradius of the convex set. Precisely, this step consists in estimating the C*! norm of
some g : By, — R parametrizing a (A,¢)-q.m.p.c.c. K near a point xg € 9K (see (1.19)), and to
show
Hchl,l(BxO) < C(Nv A e, m, M)

From this quantified local cartesian C1! regularity we obtain the announced global spherical estimate
by standard arguments. Although this passage often comes as classical in the literature, it does not
seem to be so well referenced and we believe that a careful examination of all the arguments can be
of use. The convergence assertion (ii) in any C** norm then comes from a standard application of
the Arzela-Ascoli Theorem.

. Methods for Theorem 1.3.9. Theorem 1.3.9 comes as a combination of Theorems 1.3.11 and
1.3.12 together with the selection principle technique from | | (see Section 1.2.1). Supposing
that Theorem 1.3.9 does not hold first provides a sequence (K;) such that

{Vj >0, Jo(Kj) < Je(B), (1.48)

|K;AB| — 0.

We find a convex body D € K such that K; C D, and then regularize each K; into K ; defined as
a minimizer of

inf {Jo(K) + n||[KAB| - |K;AB||, |K| = |B|, K C D, K e KV}
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for some p > 1. We show that K j — B in the Hausdorff sense and still verifies the contradiction
hypothesis (1.48), while by relying on a refined version of Theorem 1.3.5 we prove that K j are (A, e)-
quasi-minimizers under convexity constraint for some uniform A e. We therefore apply Theorem
1.3.12 to deduce that K j converges in any Ch@ sense to the ball. Theorem 1.3.11 finally provides
the desired contradiction.

1.3.3 Contributions of Chapter 4: sharp quantitative stability for the Dirichlet spec-
trum near the ball

Main questions. In Chapter 4 we study stability of the ball for the Dirichlet spectrum. If Q c RV is
an open set of finite measure, B is a ball of same measure and k£ € N*, the general question is the following

If \(2) is close to M\ (B), does it imply that () is close to A\ (B)?

More precisely, the issue is to quantify the distance of the whole spectrum of a shape ) to the spectrum
of the ball by the closeness of the fundamental frequency to the one of the ball. This raises the questions
of quantitative inequalities of the type

vQ C RY open with [Q] = wx, [Me(Q) — M(B)| < Ong (M (Q) — A\i(B))? (1.49)

for some exponent v > 0 and constant Cn > 0, for open sets  with A\ (€2) < M for a fixed constant
M > 0, where wy > 0 is the measure of a ball of unit radius. Quantitative inequalities of this form
have been studied by several authors: it was proven respectively in | | and | | that for all open
Q C RY with |Q] = wy

M (Q) — A(B)| < Cvie (A1() — AL(B)YEN [if A1(€Q) is close to A (B)

1

—Cni (M() — )‘1(3))%_1'C < A() = A (B) < One (A1(2) = M (B)) 127", if A\(Q) is bounded

for each N > 2, for some constant Cj > 0, and each x > 0 (for the second series of inequalities, the
authors have better but still non sharp exponents in the case N = 2). Our initial goal was to find the best
possible exponent v > 0 in (1.49).

Examining the first order optimality condition, two distinct behaviours occur depending on the mul-
tiplicity of A\x(B): either (i) A\gx(B) is simple, so that Ay is differentiable in the sense of shape derivatives
at B (meaning that ¢ — Ap((Id + t£)(B)) is differentiable for smooth vector fields £), the associated
eigenfunction is radial and the ball B is a critical point (under volume constraint) of Ag, or (ii) Agx(B)
is multiple and this is no longer the case. Since on the other hand B is a critical point for A; and the
second derivative of A; is coercive at the ball, one can expect that the optimal exponents in (1.49) are
1/2 for multiple eigenvalues and 1 for simple eigenvalues. Refining this analysis, when looking at a whole
cluster of eigenvalues (Ag(B), ..., \(B)) (i.e. such that A\g_1(B) < \g(B) = --- = N(B) < A\i41(B)) the
ball is again a critical point of the sum Zi:k Ai (see for instance | , Proposition 2.30]), and one
can therefore make the hypothesis that we recover v = 1 as optimal exponent for quantitative inequalities
(1.49) with Zi:k A; in place of Ax. This latter general case would also account for the simple eigenvalue
case. Said differently, we expect that the ball is a minimizer of

!
{Q C RY open, | = wn} — M (Q) +5 > Ai(Q) (1.50)
i=k
provided ¢ € R is sufficiently close to 0, both for § > 0 and § < 0.

Partly due to technical reasons explained further in the methods (but this will also imply new interesting
inequalities, see Corollary 1.3.16) we replace A; by T~! in this minimization, where T(Q) = —2E(Q) is
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the torsional energy given by T(Q) = [, wo with wq € HZ(9) the torsion function verifying —Awg = 1
in 2. We thus rather study minimality of the ball for

l
{Q C RN open, Q] =wn} = T(Q) " +6 > \i(Q). (1.51)
i=k
Minimality of the ball for this functional will imply minimality in (1.50), as the classical Kohler-Jobin
inequality states minimality of the ball for T(Q))\l(Q)¥ among all open sets of measure wy, thus
yielding for some Cy > 0

N
2

T(Q) ' =T (B)™ < OnAL(Q2)2 (M (Q) — M (B)) (1.52)

for the same (2.

Let us conclude this paragraph by giving a slightly different perspective upon quantitative inequalities
(1.49). In the equivalent form (1.51), this enters the general framework of perturbed Faber-Krahn problems
of the form

inf {1 (Q) +eF(A\2(Q),..., \(2)), @ CRY open , Q] =wn} (1.53)
where k € N with k& > 2, for some F : R¥N=! — R and € > 0, and the question is whether the ball B is a
minimizer for ¢ < 1 (i.e. whether it is weakly stable, see the corresponding paragraph in Section 1.2.1).
Note that this problem consists in minimizing A; + R for some energy R of same order than A; (on the
contrary to situations where R is a volume term).

Main results. We now present the main results of Chapter 4, together providing a complete picture
of sharp quantitative inequalities (1.49) (see Proposition 4.6.1 for sharpness of the exponents). The first
result holds for all eigenvalues A\, independently of Ax(B) being simple or multiple. It is sharp in general
when A;(B) is multiple. From now on we consider an integer N > 2 and set

A:={QcC RY open, || = wN} -
The result is as follows (see Theorem 4.1.1).

Theorem 1.3.13. For every k € N* there exists Cn > 0 such that for Q € A,

(@) = M(B)] < O ()31} (T(Q) 7L — T(B))* .

The inequality is written in a scaling-free form, thus holding for all open sets 2 with B = Bg any ball
of same measure as 2. The second main result is as follows (it corresponds to Theorem 4.1.2). It applies
to simple eigenvalues of the ball, the first occurences in two dimensions being given by k = 1,6, 15, 30.

Theorem 1.3.14. For every k € N* with \,(B) simple there exists Cny > 0 such that for any open set
QeA,
k() = Me(B)| < Ol (T(Q) ™ = T(B) ™)

The last result treats the general case of the cluster of eigenvalues and generalizes Theorem 1.3.14 (see
Theorem 4.1.3).

Theorem 1.3.15. For every k,l € N* with k <1 satisfying
Ak—1(B) < Ap(B) = -+ = Ni(B) < Aia(B),
there exists Cn . > 0 such that for any open set Q € A,

l

> [ne@) - )]

i=k

< CnplQ (T~ = T(B)™)
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As a consequence of Theorem 1.3.14, we are able to answer a conjecture raised in | |. Indeed,
taking k = 1, our result specializes into a reverse form of the Kohler-Jobin inequality (1.52), giving

T(Q) "~ T(B)" > en(M () - M(B))

for all 2 € A and some cy > 0. It gives as a corollary a full reverse Kohler-Jobin inequality, stated in
next result (see Corollary 4.1.5 in Chapter 4).

Corollary 1.3.16. There exists px > 1 such that for any p > pn, Q € A — T(Q))\l(ﬂ)% is mazimal on
the ball.

This result was obtained for C*® perturbations of the ball by a Fuglede-type argument in | ,
Theorem 6.2|, and we prove it here in the class A.

Finally, we obtain as an application of Theorem 1.3.15 a result about general functionals of eigenvalues
F(Ai,...,\;) where F' is symmetric in its arguments when \;(B) = A;(B). The precise result is as follows
(see Theorem 4.1.4).

Theorem 1.3.17. Let k € N* such that \i(B) < Ap+1(B). Let F € C3((R})*,R) be verifying

|IF(\)] < C(1+|A|) for some C >0

- | OF OF
Vioj € {1 kY with A(B) = X;(B), 5= = 51— at ((B)...., \(B))
? J

Then there exists o > 0 such that the functional
QeA=T(Q) T +FM(Q),. .., \(Q))

is minimal on the ball for any § € R such that |§| < dp.
Methods. Let us now decribe separately the methods we employed to prove the results.

Methods for Theorem 1.3.13. To prove Theorem 1.3.13 we rely on several distinct ideas. First, using
a result of | , Theorem 3.4| one can always control the increase in eigenvalues of two nested open sets
w C Q by the increase in torsional energy, thus giving for some Cy > 0

S S MWk
M(Q) M@ By — N

[T(Q) — T(QN B)].

By using wo A wp as a test function for the energy T'(2N B), we then prove the estimate (which we think
is of interest in itself)

T(Q)—T(QNB) <Cn|Q\ B|
for some other constant Cy > 0, valid for any 2 € A (in Lemma 4.3.2). Combining these two estimates

with the sharp quantitative Saint-Venant inequality we arrive at the inequality from Theorem 1.3.13.

Methods for Theorem 1.3.14. Let us remind that showing the quantitative inequalities from Theorem
1.3.14 amounts to proving that B minimizes

Qe A= THQ) + 6 (Q) (1.54)

for sufficiently small 6 € R. The proof of this result is the first involved and technical part of Chapter 4,
as it goes through regularity theory for vectorial-type free boundary problems. This comes from the fact
that the expected optimality condition for this minimization is

(D,w)? + T(*)?5(d,u)? = Q over IQ* (1.55)
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for some @ = Q(J) > 0 (with Q(d) — % as 0 — 0), where w and wuy, are respectively the torsion function
and the k™" eigenfunction of a minimizer Q*. This is seen as a vectorial version of the free boundary
condition (d,u)? = 1 associated to the usual one-phase Bernoulli problem pioneered in [ |. When
d > 0, this type of free boundary condition was studied by | I, 1 | and | | in the form

Zai(&,ui)2 =1 over 00"

i=1

for some a; > 0. On the other hand, for § < 0 the condition (1.55) does not seem to have been studied in
the literature. Instead, we interpret (1.57) in the framework of | |, where the authors investigate
the boundary condition

(0yv1)(0yv2) = @ over ON* (1.56)

for positive functions v1,vs. Setting the phases v1 := w — T(Q)|8|"/?uy, and vo := w + T(2)|6]*/?uy, in the
regime |6| — 0, we expect the condition (9,v1)(d,v2) = @ on the free boundary 99*.

Let us give a final general comment before going into the steps of the proof: we take advantage of the
fact that the torsion 7! dominates A;, in the minimization (1.54) in the regime § — 0, relying on the fact
that the functions w and wy verify that ug/w is uniformly controlled from above (see Lemma 4.2.2). This
technical aspect explains the replacing of A; by 7!, thus passing from the minimization of A; + 6\ to
the minimization of 771 + §)\y.

The general strategy goes in the four following successive steps, which we first state as such before
describing them in details below. We proceed as follows.

1. We start by proving existence of a minimizer  of (1.54) for |§| < 1 inside the class of quasi-open
sets of measure wy (in Proposition 4.4.5).

2. We then prove first regularity properties of minimizers: any minimizer €2 of (1.54) is open, bounded
with controlled diameter, the associated torsion function wq and k™ eigenfunction uy, o are Lipschitz
continuous with uniform Lipschitz norm. Moreover wq is non-degenerate, meaning that is has at
least linear growth near the free boundary 992 = 9{wq > 0} (see Lemma 4.4.6 for these properties).
Furthermore minimizers 2 verify (up to translation) that & — B in a volume sense when [6| — 0
(in Lemma 4.4.3).

3. We first infer uniform C1'® regularity of minimizers (in Lemma 4.4.14), and uniform C*% regularity
(in Lemma 4.4.15).

4. We perform a Fuglede-type argument, by proving that the ball is a local minimum of (1.54) among
C%“ perturbations (in Proposition 4.4.17).

The conclusion of Theorem 1.3.14 then comes as a combination of Steps 3 and 4.
Let us detail how each step is obtained and highlight the difficulties associated. Once existence for
(1.54) is ensured by Step 1, we will call  a minimizer.

1. The difficulties for deriving existence are mostly linked to the case § < 0, since the case § > 0 enjoys
the useful structural condition that the studied functional (1.54) is nonincreasing for inclusion. In

this latter case, a combination of the classical existence result from | | and concentration-
compactness arguments from | | would enable to proceed more directly. In the case § < 0
on the other hand, we also rely on concentration-compactness methods from | |, but have to

exclude some homogenization behaviour of the minimizing sequences (prevented for |§| < 1) by
using capacitary measures.
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2. Lipschitz regularity is proven for wq, from which Lipschitz regularity of the k™" eigenfunction U0
directly follows from the fact that wqo dominates ug . This is obtained by techniques derived from
| | (see | ]): one proves that € is a minimizer of 7~ up to a volume term for outward
perturbation Q D Q (with |Q\ Q| < 2)

T(Q) < T(Q) ! + Ax|Q)\ Q.

For non-degeneracy, we employ again methods introduced in | |: in the fashion of | ,
Lemma 1], one proves that € is a minimizer of 7~ up to a volume term for inward perturbation
QcQ (with |(~2\ > %|Q|)

T(Q)™ +AnQ\ Q| < T(Q)~L

3. This is the most technical part of the proof of Theorem 1.3.14. The general idea is to prove that
(w, ug) := (wq, ug,n) is a viscosity solution of

—Aw =1, —Aup = A\pug in Q
w = u = 0 over 02 (1.57)
(Ovw)? +T(2)*6(0pur)? = Q

for some @ > 0, where the free boundary condition translates the fact that © minimizes (1.54).
Suppose for a moment that this is achieved. We then obtain C1'® regularity around flat points of
the free boundary 092 = 0{w > 0} using | | in the case 6 > 0, and | | in the case 0 < 0,
where in the latter case we interpret the free boundary condition from (1.57) as (1.56).

The proof of (1.57) is rather technical. The boundary condition in the viscosity sense is obtained
by using a blow-up argument which we can describe as follows: one proves the existence of blow-ups
a(z-v)+ and B(z - v)+ (o > 0 and B € R) of respectively w and uy at any contact point of the free
boundary z € 052, by which we mean that there exists an interior ball B, r, r C 2 or an exterior

ball B,_r,r C RN \ ©Q with
(w(z +rx) ug(z+ rx))

)
r T

converging locally uniformly (up to subsequence) towards a(x - v)4 and f(x - v)4 as 7 — 0. Fur-
thermore, the gradients (c, 3) verify the desired boundary condition, i.e. a2+ T(Q)258% = Q. The
existence of such blow-ups is obtained following techniques from | |, by relying on harmonic
functions arguments and Harnack inequality. In the case § < 0 (and only in this case) we use the
optimality of Q in order to exclude the possibility of a blow-up w = a*(z - v)4 on {z - v > 0} and
W= a (r-v)_ on {x-v < 0}, for some a* > 0. The optimality condition over (a, 3) is then
obtained by performing a blow-up argument inside the shape derivative of T~ 4§\, at Q, for which
we rely on low regularity expressions of shape derivatives of T' and .

The passage from CL® to C>® of Q is obtained by partial hodograph transform techniques, first
introduced in | |.
4. The last step relies on the following coercivity property for the torsion: for each Q2 = By where
By, := {tz(1 + h(z)), t €[0,1), x € OB} (1.58)

for some h € C>*(9B) with |Alle2.aamy < 1, |Br| = |B| and By, having barycenter at the origin, it
holds

T(B) = T(Ba) > enllhlZ o 0p
(proven in | |, see also | ). The main step for proving minimality of B for (1.54)
among C>“ perturbations thus consists in estimating

Ae(Br) = Ae(B)| < CnillBll32 o
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for some Cxny > 0 whenever h € C**(0B) with [Allc2.a@p) < 1 and |By| = |B| (in Proposition
4.4.19). This can be seen as some kind of weak (IT) 12 ¢2.a property (compare with the weak (IT)
property from Lemma 1.3.8), consisting in a second-order estimate of A\;(Bp) — A\i(B). The idea is
to bound from above the second derivative of A, at a set By, (t € [0,1]) by the H'/2 norm of the
perturbation h.

Methods for Theorem 1.3.15. We follow the same four steps strategy as for proving Theorem 1.3.14,
the underlying idea being again that the ball is a critical point of Zi:k Ai. We only detail steps 3 and 4
as the two first are completely analogous. This time we call 2 a minimizer of (1.51).

3. Going from CH® to higher regularity is obtained likewise. As for obtaining C® estimates, instead of
(1.55) this time we are rather led to study the free boundary condition

l
(Oyw)? +T(2)%6 Y (dyu;)* = Q over I

i=k
for § € R, |§] < 1, which w and the successive eigenfunctions ug, . . ., u; are expected to verify. While
in the case § > 0 we can still apply the results from | | about viscosity solutions (u1, ..., uy) to
—Au; = f;, in Q, fori e {1,...,m},
u; = 0 over 012, fori e {1,...,m}, (1.59)

oy ai(Ouui)? = Q

for positive numbers a;, on the other hand, in the case § < 0 we do not have at hand a result of the
type | | for nonnegative flat solution (uy, @1, ..., Um, Um) of

—Au; = fi, —Au; = f;in Q, forie{l,...,m},
u; = u; = 0 over 0F), for i € {1,...,m},
221(61/%)(81/“7) =Q

for @ = {u; > 0} = {w; > 0} when m > 2. We thus build a framework containing both the cases

d > 0 and 0 < 0: we introduce a space linked to the viscosity solutions (v,v;,T1,...,v,,, Um) of
—Av=f, —Av; = f;, —Av; = f; in Q, forie {1,...,m},
v; = v; = 0 over 052, forie {1,...,m}, (1.60)

2 =2
Q4 3m DA 15> 0, a2+ YT ag = 1§ <0,

where the free boundary condition is again supposed to hold at any contact point z € 92, for some
blow-ups (a(x - V)4, a1(x-v)4, a1(x- V)4, ..., am(x - V)4, Gn(x-v)4) (in Definition 4.5.7). We then
prove in the same spirit as in Theorem 1.3.14 that some phases (w,v,,71,...,,,, V) with the T;
involving a combination of w and the w; verify (1.60) in all cases ¢ > 0 and § < 0.

We therefore work on viscosity solution to (1.60), and aim at proving C*® regularity of Q for flat
solutions. We follow the general improvement of flatness argument strategy introduced in | ].
We thus prove first a partial Harnack inequality at fixed scale for flat solutions (v, vy, V1, ..., 0,,, Om)
of (1.60) (in Proposition 4.5.12). Let us give a rough idea of the argument in the case where there is
only one phase u: one proves that if u is e-flat in the direction e € S¥~! around a point z € d{u > 0}
(set to be z = 0 here), meaning that there exists |a|, |b| < e with

0<b—-a<e
(x-e4+a)y <u(z) < (z-e+b)t in By,
|Au| < &2 in By n{v >0}
(Dyu)? =1 in 0{u > 0}
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then u is ke-flat (for some universal x € (0,1)) in the same direction e, in a smaller ball B, with
universal radius ry > 0. This partial Harnack inequality is obtained by harmonic functions argu-
ments, where in our case an additional difficulty stems from the fact that the problem is multiphase.

For § > 0 we derive it by following the arguments of | | while paying attention to the constants,
and for § < 0 we use as in | | the observation that (v, \/vi71, ..., \/UmUm) is a supersolution

of a problem of the type (1.59).

A second step consists in obtaining the so-called improvement of flatness for sufficiently flat solutions
(in Proposition 4.5.15): there exists universal 7 € (0,1),& > 0 such that if u is e-flat in the direction
e € SV ! around z := 0 € 9{u > 0} with ¢ < 7, then u, := u(rz)/7 is £/2-flat in a direction
¢/ € SN! with |¢/ —e| < One. This is obtained by a contradiction argument, thus letting e — 0 and
examining the equations verified at the limit by the functions u. := *=—*¢. Relying on the partial
Harnack inequality, one proves convergence (up to subsequence) of u. in a Holder sense towards a
function U, first proven to be harmonic in the upper ball By N {x - e > 0} and then extended to a
harmonic function inside the whole ball By thanks to a boundary condition .U = 0 on BiN{z-e = 0}.
Standard growth properties of harmonic functions then provide a contradiction. Unlike in | |
and as in | | and | |, we face here the additional difficulty of having to handle several
phases. In comparison with these three works, one of the novelties of our improvement of flatness
result concerns uniform estimates in terms of the multiplicity m. In fact, we also examine the case
m — oo in the contradiction argument, and treat it by finding a way of reordering the functions

(ui)e == @, (U;)- := %= in order to ensure uniform convergence of the graphs {(z, (@)-(x))}.

4. The strategy is similar to the simple eigenvalue case. Here instead we prove the second-order estimate

(in Proposition 4.5.20)
l

Z(/\i(Bh) —Xi(B))| < CN,thH?ql/z(aB)

i=k
for some Cy y > 0, whenever h € C>*(9B) with [hllcz.e@p) < 1 and |By| = [B|. The sum Zi:k i
being smooth as a symmetric function of the eigenvalues (see | , Theorem 2.6]), this is obtained

again by bounding from above the second derivative of S>'_, \; at a set By, (t € [0,1]). However,
we face here a difficulty specific to the fact that the eigenvalues are mutliple, which prevents from
differentiating them individually. This is dealt with by making use of the idea that eigenvalues can
be followed analytically in one variable, meaning that one can reorder (Ag(Bt), ..., \i(B¢)) around
t =0 (with the notation By := By, for ¢t € [0,1]) so that each reordered eigenvalue A(B;) is analytic
in t (see Lemma 4.4.18). We thus differentiate individually the eigenvalues \(B;) twice and estimate
the second-order derivative of the sum (which is left unchanged by the reordering). Here again we
cannot estimate individually the \”(By), due to the fact that some of the terms appearing in A" (By)
are implicitly defined because of the reordering (this is the case for instance for the derivatives of
the eigenfunctions). We prove on the contrary that these implicit terms vanish in the sum.

1.4 Open problem: strong stability of the ball in more general classes

In Theorem 1.3.9 we prove strong stability of the ball for P — cA; among convex shapes in any dimension
N > 2, that is we find a threshold ¢* > 0 such that (i) the ball is a L'-local minimum among convex sets
for ¢ € (0,c*) and (ii) the ball is not a L!-local minimum among convex sets for ¢ € (c¢*,00). One can
wonder about the optimal (or at least more general) classes for which this strong stability result could
hold. This question is supported by the following weak stability results: for N = 2, the ball is L'-locally
minimal among simply connected sets for P — e\ and € < 1 (thanks to the Payne-Weinberger inequality,
see (1.44)); for N > 3, the ball is L!-locally minimal among Lipschitz perturbations of the ball P — e\
and € < 1 (see further Proposition 3.2.4). On the other hand the ball is never locally minimal for simply
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connected sets in dimensions N > 3 (see | , Proposition 6.1]). Hence, to sum up the available results
concerning the local minimality of the ball for P — c¢Ay are the following

1. For N = 2: weak stability among simply connected sets, strong stability among convex sets.

2. For N > 3: weak stability among Lipschitz sets, strong stability among convex sets.

This raises the two following interesting questions:

1. For N = 2: is the ball a L'-local minimizer among simply connected sets of P — c\y for ¢ € (0,c*)?
2. For N > 3: is the ball a L'-local minimizer among Lipschitz sets of P — c\y for ¢ € (0,¢*)?

A possible strategy to tackle these two problems would be to try to apply the same principle as the
one we followed for proving strong stability among convex sets, that is by relying on (i) minimality of the
ball for P — c¢A; among sufficiently smooth perturbations and (ii) a regularity theory for quasi-minimizers
enabling to prove sufficient regularity of minimizers of P — ¢\;. Let us mention that we prove step (i)
for C1'® perturbations of the ball in Theorem 1.3.11. On the other hand, proving step (ii) would require
substantial input, as it would demand to build a regularity theory of quasi-minimizers of the perimeter
among simply connected sets for N = 2, and among Lipschitz sets for NV > 3. The possiblity of such
regularity theories seems to us to have interest in itself.
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Chapter 2

Regularity in shape optimization under
convexity constraint

This Chapter is a reprint of the paper Regularity in shape optimization under convexity constraint | ],
written by the author of this thesis in collaboration with J. Lamboley, published in "Calc. Var. Partial
Differential Equations".

Abstract

This paper is concerned with the regularity of shape optimizers of a class of isoperimetric problems under
convexity constraint. We prove that minimizers of the sum of the perimeter and a perturbative term,
among convex shapes, are C'b!-regular. To that end, we define a notion of quasi-minimizer fitted to the
convexity context and show that any such quasi-minimizer is C'!-regular. The proof relies on a cutting
procedure which was introduced to prove similar regularity results in the calculus of variations context.
Using a penalization method we are able to treat a volume constraint, showing the same regularity in this
case. We go through some examples taken from PDE theory, that is when the perturbative term is of PDE
type, and prove that a large class of such examples fit into our C'''-regularity result. Finally we provide
a counter-example showing that we cannot expect higher regularity in general.

2.1 Introduction

In this paper, we study the regularity properties of minimizers in shape optimization under convexity
constraint for a large class of problems of isoperimetric type.

In the classical framework of shape optimization (classical in the sense that there is no convexity
constraint), the question of regularity has a long-standing history, with strong interactions with the fields
of geometric measure theory and free boundary problems. More specifically, the study of various problems
involving the classical De-Giorgi perimeter P leads to the notion of quasi-minimizer of the perimeter (see
(2.9)) which is very useful to prove regularity for many problems of the form

min { P(Q) + R(Q), Q¢ A} (2.1)

Here R is considered to be a perturbative term, and A is a given class of measurable sets, for example the
class of sets of given volume V), or the class of sets included in a fixed box D, or a mix of both:

AIZ{QCRNv ‘Q’:Vb}7 AQZ{QCRNvch}a A3:{QCRN79CD7 ‘Q’:Vb}

though many other examples are possible (note that |2| denotes the volume of 2). It would be impossible
to refer to every work in this direction, but we refer to | | for a nice introduction to the concept of
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quasi-minimizer of the perimeter and for several examples, and to |
, | for a short sample of applications.
In this paper, we are interested in a similar class of problems, where we add a convexity assumption
to the admissible shapes. More precisely, we replace (2.1) by

) ) ) ) Y

min {P(K) +R(K), KeAn ICN} (2.2)

where KV denotes the class of convex bodies of RY (convex compact sets with nonempty interior). As
before, P(K') denotes the perimeter of K, and as K is a convex body (and therefore is a Lipschitz set) we
have P(K) = HVN~Y(0K) where H"V~! denotes the (N — 1)-dimensional Hausdorff measure in R". Again
R is a shape functional that is considered as a perturbative term, and we will make assumptions on R so
that the term driving the regularity of optimal shapes is the perimeter term.

Before going into more details about our motivations and our strategy, let us start by giving a conse-
quence of the three main results of the paper that are Theorems 2.2.3, 2.2.10 and 2.3.2:

Theorem 2.1.1. Letn € N*, N > 2, F': (0,+00) x (0,400) x (0,400)" x R} — R be locally Lipschitz.
Let R: KN — R be defined by the formula

R(K) == F(\K!,T(K),)\l([(), e MK, (K, ,Mn(K)> (2.3)

where T(K) is the torsional rigidity of K, A\ (K),..., \(K) are the n first Dirichlet eigenvalues of K,
and p1(K), ..., un(K) the n first Neumann eigenvalues of K (see Section 2.3 for precise definitions).

(i) Let D C RN be measurable (non-necessarily with |D| < oo). Then any solution to the minimization
inf {P(K)+ R(K), K € K, K C D}
is of class C11.
(ii) Let D € KN and 0 < Vo < |D|. Then any solution to the minimization
inf {P(K)+ R(K), K e KN, K C D, |K| =V}
is of class CVL.

In other words, we have identified a large class of functions R so that solutions to (2.2) are smooth up
to the Ol l-regularity. We refer to Section 2.3.3 for an example of a shape optimization problem of the
kind (2.2) leading to an optimal shape that is a stadium, and is therefore not C?, thus showing that our
result is sharp in general. Note that existence is not always ensured for the two problems above (taking
for instance R = 0), and we thus prove in Theorem 2.3.4 the existence of solutions under various general
hypotheses on R and D.

Motivations: Let us give a few motivations for such a result: shape optimization under convexity

constraint goes back to the study of Newton’s problem of the body of minimal resistance, that can be
formulated as J

x

min < J(u) = ———, u:D — |—M,0] convex 2.4

o= [ e [~M.0] convex 2.9

where D is a smooth convex set in R?, and M > 0 is given. In this formulation, the graph of u represents

the form of a 3-dimensional convex body, and the energy J models the resistance experienced by the body

as it moves through a homogeneous fluid with constant velocity in the direction orthogonal to D (in the

negative direction in this formulation). The constant M gives a maximal height for the body under study.

We refer to | ) | for more details about this problem, but it is worth noticing that while one
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can prove that this problem admits a solution (despite the energy not having a convexity property in |Vul),
even when D is a disk the solutions are not explicitly known (see | |) and even their regularity is
not known. It is nevertheless understood that the problem contains a non-convexity structure and that
solutions cannot be locally smooth, see for example | |. Other models with various backgrounds
may also involve a convexity constraint, see for example | | with a model in economics.

In the framework of shape optimization, it is interesting to notice that (2.1) might have optimizers that
are convex (for example the euclidean ball), and in this case the study of (2.2) is not relevant. Nevertheless,
in many situations, (2.1) may lead to non-convex solutions or even absence of an optimal shape. Let us
give two examples of these situations:

e in | | (see also | |), the authors study (as in Theorem 2.1.1, Ay denotes the kth-
Dirichlet eigenvalue of the Laplace operator in ):

min {P(Q) (), QCRY }

for kK € N* and ¢ > 0, and show that optimal shapes are smooth up to a residual set of co-
dimension less than 8 (see | , Remark 3.6] where it is shown that this problem is equivalent to
a constrained formulation). When N = 2 we have (P 4 c\)(Conv(Q2)) < (P + c\x)(£2) so optimal
shapes are necessarily convex, but when N > 3 this argument is not valid anymore. In | , Figure
2| some numerical computations of optimal shapes are done when N = 3, and one can observe that
for some values of k the optimal shapes are not convex, so that the same problem with a convexity
constraint is of interest (see Section 2.3.2 for more details about this problem).

e the famous Gamow’s liquid drop model leads to the shape optimization problem

inf{ // dedy o - w3, o :VO} (2.5)
Q fﬂf—y’

where Vy € (0,+00). It is conjectured that there is a threshold V* > 0 such that the ball is a
solution if Vy < V*, and that there is no solution if Vy > V*, see | , , | for partial
results in this direction. Let us note that the non-existence phenomenon (which is proven for Vp
large enough, see | |) is expected to be due to the splitting of the mass into pieces, and the
convexity constraint is thus violated for such minimizing sequences. It is therefore interesting to
wonder about a version of (2.5) within the class of convex bodies. In general, as it is easier to get
existence within the class of convex bodies (see for example Theorem 2.3.4) hence many problems
of the type (2.2) will be of interest if (2.1) has no solution.

Let us also quote two areas of applications to motivate our regularity results:

e in the study of Blaschke-Santalo diagrams for (P, A1,| - |) in the class of convex planar sets (see
[ |), that is to say describing the set

The authors of | | use some regularity theory in shape optimization under convexity constraint
in the proof of their main result | , Theorem 1.2]. Similar results in higher dimension (replacing
K? with IV for N > 3) are still open problems, and we believe that the tools we develop in this
paper can be of help for further investigation in this direction.

e since the work of Cicalese and Leonardi | |, it is known that regularity theory can help to prove
a quantitative version of classical isoperimetric inequalities, see also | | where this strategy
is the only one (we know of) giving the optimal exponent. It will be worth investigating if one could
get new quantitative isoperimetric inequalities in the class of convex sets thanks to our regularity
results.
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State of the art about regularity theory with convexity constraint: In the framework of Calculus
of variations, one can wonder about the regularity properties of solutions to the following generalization
of (2.4):

min { /Q L(z, u(x), Vu(@))dz, ue X, u Convex} (2.6)

where Q is a convex set in RV, L: Q@ x R x RY — R is a Lagrangian and X is a suitable functional space,
possibly including boundary constraints. In | ] the author obtains in particular a C'-regularity result
when L is locally uniformly convex in the third variable, and when N = 1. In | |, the authors
study the same case (L locally uniformly convex), but this time when N > 1, and X includes a Dirichlet
boundary condition: they identify conditions on €, L and X so that solutions are C*.

These results were not sharp in general, therefore Caffarelli, Carlier and Lions studied in | |* the
model case

min{J(u) = ;/ ]Vu\de—k/ fudz, ue HY(Q), u convex}, (2.7)
Q Q

and proved that a minimizer u* is locally C'=N/? in Q if f, € LP(Q) with p > N, and that this regularity
is optimal.

In the framework of shape optimization, D. Bucur proved in | ] a Cl-regularity result for shape
optimization problems with convexity constraint, for functionals involving Ax and the volume; this result
can be applied for example to

min {)\k(K), K| =V, K € lcN}.

A sharp regularity result for this problem is still an open problem, though it is expected that optimal
shapes are C1/2 (and that this result is sharp when &k = 2), see | |.

For problems of the kind (2.2), | | shows that under some assumption on R (see Remark 2.2.6)
and assuming N = 2, solutions must be C'!. Comparing it to Theorem 2.1.1 above, this result applies to
R(K) = F(|K|,\(K),7(K)). Therefore, the results we show in the current paper are a generalization of
[ , Theorem 1] to the higher-dimensional case, and to a wider class of functional as well.

Finally, in | | we can find another C'™!-regularity result for solutions to the following 2-dimensional
version of a model for charged liquid drop at an equilibrium state:

min {P(K) +I(K), K € K%, |K| = Vo}

where Z(K) = inf { /K o <‘x L y’) du(@)dpy), p € P(K)} (2.8)

where P(K) denotes the set of probabily measures supported on K. Here Z(K) can be seen as a capacity
term, and it is not so far from the functionals involved in (2.3), though it is related to a PDE in the
exterior of K. Our result does not apply directly to (2.8) or to its higher-dimensional generalizations, but
it will be the subject of future work to adapt our tools to this context.

Strategy of proof and plan of the paper: When dealing with regularity theory for (2.2) or (2.6), we
already have a mild regularity property, namely that solutions are necessarily locally Lipschitz. This is a
big difference with (2.1) where the most difficult part is to prove that solutions are a bit regular, further
regularity being obtained usually through an Fuler-Lagrange optimality condition.

In | | as well as in | |, the proofs of the regularity results also rely on the writing and the use
of an Euler-Lagrange equation, taking into account the convexity constraint, which involves a Lagrange

LAt the time we are writing this paper, the work [ | is not published. Let us say here that we will use several ideas
from this paper, though we will reproduce them for the convenience of the reader. We try to make it as clear as possible
when these ideas are used in our proofs. We warmly thank G. Carlier for providing us a version of | |
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multiplier (infinitely dimensional). It does not seem easy to adapt this method to higher dimensional
cases.

In | , , , |, the method is rather different, and consists in building test
functions or shapes using a cutting procedure.

In this paper, we obtain three main results, which together lead to the proof of Theorem 2.1.1:

1. in the spirit of what is done without convexity constraint, we introduce a new notion of quasi-
minimizer of the perimeter under convexity constraint (see Definition 2.2.1). We show in Theorem
2.2.3 that these sets are C1'! adapting the ideas of | |. A first important observation is that
when writing the perimeter term as a function on the graph, we obtain a Lagrangian of the form
Jp L(Vu)dz with a uniform convexity property, which explains that the ideas for (2.7) can be adapted
to this case. However, the main difficulty here is to be careful on how a convex body can be seen
as the graph of a convex function: it is not possible to have a local point of view, because this
would lead to constraints that are too restrictive (see Remark 2.2.2). As an application, we show
in Corollary 2.2.4 that if R satisfies a suitable Lipschitz property with respect to the volume metric
(see (2.13)), then solutions to (2.2) (a priori with no other constraints) are quasi-minimizer of the
perimeter under convexity constraint, and are therefore C''. These results are described in Section
2.2.1.

2. then in Section 2.2.2, and in the same spirit with what is done in the classical case (without convexity
constraint, see | | and | | for example), we show how one can handle volume constraint
(see Theorem 2.2.10). To that end we show that the volume constraint can be penalized using
Minkowski sums (see Lemma 2.2.11).

3. finally in Section 2.3 we focus on examples, and in particular we show that the functional (2.3)
satisfies a Lipschitz property with respect to the volume metric, so that Theorem 2.2.3 can be
applied (see Theorem 2.3.2).

2.2 Regularity in shape optimization

In the classical context of sets minimizing perimeter (without convexity constraint), the concept of quasi-
minimizer of the perimeter has proved to be very convenient: denoting P the classical De-Giorgi perimeter,
we say that Q C R is a local quasi-minimizer of the perimeter if there exists a € (0,1], C > 0 and r¢ > 0
such that for every r € (0,70) and x € RY we have:

P(Q) < P(Q) + OrV-1e for every measurable © C RN such that QAQ € B, (x). (2.9)

The regularity theory then shows that quasi-minimizers of the perimeter are C1%/2, up to a possi-
bly singular set of dimension less than N — 8 (see for instance | |). This regularity can even be
strengthened to C1® for every o € (0,1) if there exists A > 0 such that

P(Q) < P(Q) + A|QAQ|, for every measurable Q ¢ RV (2.10)

(see | , Theorem 4.7.4]). In order to take advantage of these results, when studying a shape opti-
mization problem involving the perimeter in the energy functional, one tries to show that a minimizer of
our problem must be a quasi-minimizer of the perimeter. To that end, one needs to handle the different
terms in the energy, as well as the various constraints.

In this section we therefore introduce a new notion of quasi-minimizer of the perimeter, under a
convexity constraint. We study the regularity property it leads to, and then show how one can deal with
various constraints and energy terms.

Throughout this section we denote by K% the class of convex bodies of RY (convex compact sets with
nonempty interior). Note that (as convex bodies are Lipschitz set), we have P(K) = HN"1(0K) for any
K € KV, i.e. the perimeter of a convex body is the N — 1-dimensional Hausdorff measure of its boundary.
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2.2.1 Regularity for quasi-minimizers of the perimeter under convexity constraint

Definition 2.2.1. We say that K € KN is a quasi-minimizer of the perimeter under convexity constraint
if there exist e > 0, A > 0 such that

VK € KN such that K € K and |K\ K| <eg, P(K)<P(K)+Ag|K\ K| (2.11)

Remark 2.2.2. This notion of quasi-minimizer is not the mere restriction to convex perturbations of the
standard notion of quasi-minimizer recalled in (2.9) and (2.10):

e first, here we ask that K be minimal in a volume-neighborhood instead of asking it only for sets K
verifying KAK C B,(z) for some z € RV and for small enough r > 0. This is due to the fact that
the latter condition is much too restrictive for convex sets, as it is not always possible to perturbate
a convex set K into K € K only over some ball B,(z). For instance, if K € K? is a square with
r € OK located inside a segment of K, then we can see that if r is small enough any K € K2
such that KAK C B,(z) must be K itself. In fact, the possibility of perturbating a convex set K
locally around z € 9K is somehow directly connected to some kind of strict convexity of K around
x. As a consequence, the error term is replaced by the volume of KAK, similarly to what is done
in | |.

e on the other hand we merely require optimality for the sets K which perturbate K from the inside,
as this will be sufficient to obtain regularity properties (see the proof of Theorem 2.2.3, where the
competitors K, C K are obtained by cutting K by a well-chosen hyperplane). Note that improving
the quasi-minimality property by allowing also outward perturbations of K does not lead to better
regularity properties in general (as shows the counter-example in Section 2.3.3).

The regularity result for quasi-minimizers proved in this section is the following.

Theorem 2.2.3. Let K be a quasi-minimizer of the perimeter under convezity constraint. Then K is
cht,

As mentioned in the introduction, this leads to a regularity result for minimizer of certain energy
having a perimeter term: letting D C R, we consider the following shape optimization problem

inf {P(K)+ R(K), K e K, K C D} (2.12)
where R is a shape functional satisfying

VK € KN,3Ck >0, e >0, VK e KV st. K C K and |[K\K|<eg, R(K)—R(K) < Ck|K\K]|
(2.13)
Then we have the following easy consequence of Theorem 2.2.3:

Corollary 2.2.4. Assume that R : KN — R satisfies (2.13). Then any solution K* of (2.12) is Cb1.

Remark 2.2.5. Note that it may happen that (2.12) has no solution even if D is bounded: it is the case
for example if R = 0. See Theorem 2.3.4 (i) for an existence result when D is a convex body and there is
an additional volume constraint on K.

Remark 2.2.6. In | | is proved a result similar to Corollary 2.2.4 in the case N = 2: more precisely,
it is proved (see | , Corollary 1|) that if K* is a solution of (2.12) and if R admits a shape derivative
at K* (see | , Section 5.9.1]) which can be represented in LP(0K™) with p € [1, 00|, which means that
for every ¢ € WH>(R?,R?),

RI(K™)(§) = lim (R(Ud+#)(KD) = RIKT) _ /M* 9 & vox+do (2.14)

t—0 t
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for some function g € LP(OK*), then K* N D is W?P. In particular when p = oo, this leads to the
CYlregularity as in Corollary 2.2.4.

The authors also prove (see | , Section 3.2|) that the function R : K — F(|K|, A\ (K),7(K))
(where F : R® — R is smooth, and the PDE functionals \; and 7 are defined at the beginning of Section
2.3.2) satisfies (2.14) for some g € L*°(0K*), leading to a C''-optimal shape in that case. Let us conclude
with two comments:

1. The proof of | , Theorem 1,Corollary 1] is completly different from the one of Theorem 2.2.3
and Corollary 2.2.4, as it relies on an Euler-Lagrange equation for (2.12) (see | , Proposition
1]), and we believe that these ideas are restricted to the 2-dimensional case.

2. As we will see in Section 2.3, assumption (2.13) is much more flexible than (2.14) and applies to
much more examples, in particular it does not require the existence of a shape derivative.

Ideas of the proof of Theorem 2.2.3: As mentioned in the Introduction, the proof consists in building a
framework enabling to use the ideas of | ], where the authors prove C':l-regularity of the minimizers
to the calculus of variation problem (2.7). For any K € KV we locally write K near some point 7o € 0K
as the graph of a convex function u : £ — R, so that the perimeter of K "near this point" is seen as a
Lagrangian fQ L(Vu) where L is locally strongly convex, meaning that L : RY — R is smooth and verifies

o
W4>Q3a>QVUMSALWW§M%IMﬁ*L@PHVMMW“ﬂﬁ+§W7pF

This gives hope that we can use the procedure from | |, as it is natural to expect that such an energy
behaves like (2.7). A main difficulty however is to show that the geometrical context actually allows to
build competitors in a similar fashion to | |. If K is a quasi-minimizer in the sense of Definition
2.2.1, such competitors will be obtained by setting

K, := K N Epi(v)

for well-chosen convex functions v : € — R with v > u, using the notation Epi(v) for the epigraph of v.
It is important to notice that it is not possible to work locally (i.e. picking Q as a small neighborhood)
but we rather have to choose £ maximal, and this leads to new difficulties in comparison with | |
(mostly linked to the case N > 3, see also Remark 2.2.7). An important part of Step (ii) of the proof is
concerned with addressing this issue.

Proof of Theorem 2.2.3: Let K be a quasi-minimizer of the perimeter under convexity constraint in
the sense of Definition 2.2.1.

Representation of K as a graph: Let zg € 0K ; applying Proposition 2.4.3, we get that there exists
a hyperplane H C RY and a unit vector £ € R normal to H such that, denoting by (z,t) a point in
H x R¢ coordinates (and hence denoting zg := (z9,0)):

e The set Q:={z € H, (x +R&) NInt(K) # 0} is open, bounded and convex, and the function

u: Q2 —=R
x— min{t € R, (z,t) € K}

is well-defined and convex.
e It holds
{(z,u(z)), x € Q} C OK
KN (QxRE C{(x,t) € 2 xRE, ul(x) <t}
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e There exists a § > 0 and ¢ := ¢(f) > 0 such that Bg := Bg(xo) € 2 verifies
{(z,t) € Bg xR, u(zr) <t <u(x)+c}C K. (2.15)

Throughout the proof the coordinates (z,t) are thought in the orthogonal decomposition H x R¢. Moreover
the notation B,(z) for some x € H and r > 0 will denote a ball lying in H.

Since Bg € Q we have that u is globally Lipschitz in Bg. Setting some y € Bg/s(wo) and p € du(y)
(where Ou(y) denotes the subdifferential of the convex function u at y) we let I(x) := u(y) + (p,x — y) for
x € H and M, :=supp, (,y(u—1). We aim to prove that there exists C' > 0 and r¢ > 0 (both independent
on y) such that M, < Cr? for any y € Bg/a(wo) and 0 < 7 < 7p. This classically ensures that u is chl
over Bgjs(wo) (see for instance Lemma 3.2 in | |). As the case M, = 0 is trivial, from now on we fix
Yy € Bg/g(xo), 0 <r < (/2 and assume M, > 0. Note that p, [, M, (and other objects we will introduce
along the proof) depend on y, although for simplicity it does not appear in the notations. We will also
set y = 0 for simplicity, while paying attention to the fact that the estimates we make in the proof do not
depend on y.

Construction of a competitor: Let ¢, be some unit vector such that M, = (u —[)(rg,). We set
M ~
Vo€ H, 0,(x) = U(x) + 2 ((gr,2) +7), Gole) = (2, 0,(2)),

Hr = ar(H)a H+ = {(.1‘,t) S RN_l X R’ t= O‘T(ZL')},

T
and finally we define:
K, =KnH'
Notice that K, C K is convex and compact. As we will show in section (i) of the proof, the construction
of K, ensures that Int(K,) # 0 and |K \ K;| < ex for 7 < r(diam(2), ek, [[Vull o (p,)) (see (2.20) and
the end of section (i)). Therefore from (2.11) we will get

P<K) - P(Kr) < AK|K \ Kr| (2'16)

for such r. With (2.16) we are left to estimate (i) the volume variation from above and (ii) the perimeter
variation from below. We first provide some central estimates on the size of the set {u < o,} which
were proven in | |]. Note that these estimates only use convexity of u and do not depend on the
particular kind of energy introduced in the problem (2.7). We reproduce the proof of | | below for
the convenience of the reader.

Estimate of {u < o,}: Let us prove
Bl,(0) c {u< o} € {l{gr, )] <7} (2.17)
where we set Bj/Q(O) = B,/2(0) N {{gr,-) > 0}.
o {u<o.} C{{g,)>—r} if (¢,x) < —r, then

T

u(z) > U(z) > U(z) + oy

(gr; z) + 1) = or(2)
whence we deduce z ¢ {u < o, }.

e {u <o} C{{(g, ) <r}: over the interval I := Q N {tq,,t > r} we know that u > [ + M, thanks
to the convexity of u. Therefore one can separate the convex sets I and {u < [ + M,} by some
hyperplane II. Since by definition B,(0) C {u < [+ M,}, II must also seperate B,(0) and I,
implying that IT = {x € RY, (g, ) = r}. This yields in particular (v — 1) > M, over IIN Q. Given
now x € € such that (¢, z) > r set z € IIN[0,z]: from the two informations (u — ¢,)(0) = —M, /2
and (v —o,)(2) = (u—1)(z) — M, > 0 we deduce (u — o,)(z) > 0 using convexity of u — o, so that

x ¢ {u <o}
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e BT

7‘/2(0) C{u < 0,}: given & € B, 5(0), we have 2z € B,.(0) hence

(= 1)(20) + 5 (u=(0) < o
=0

(u—1)(z) <

IN

1
2

using convexity. If in addition (g,,z) > 0 then

(= 0)(x) = (u—D)(a) — 5" (g, ) +7)

IN

so that z € {u < o, }.
(i) Estimate from above
We have

|K\ K| = |KnRY\ H
= H{(z,t) € K, t < op(x)}]
< H(z,t) € Q xR, u(z) <t <o.(z)}

_/{ ) }(a,n—u)omN*1 (2.18)

using Fubini’s Theorem.
If z € {u < 0,} we have thanks to the right-hand-side inclusion of (2.17)

r

0< (0 —w)(@) = (L — uw)(x) + o ((gr, ) +7) < M,

2r
<0
i.e.
0 <o, —u< M, over {u<o,} (2.19)
Injecting (2.19) into (2.18) yields
K\ K| < M,HY 1 ({u < 0,}) (2.20)

We will refine further (2.20) (into (2.43)), but this estimate is sufficient for now. It gives in particular that
there exists ro(diam($2), ek, [|[Vu| z(B,)) > 0such that |[K\K,| < e for any r < ro(diam(), ek, |Vulz(B,))
hence also that Int(K;) # 0 for such r. Indeed, as [p| < [|[Vul|zo(p,) it holds for 0 <7 < 3/2:

M, < sup |u(z) —u(0)] + sup [(p,x)] < 2r(|Vullpo(s,) (2.21)
z€B,(0) z€B;(0)

so that from (2.20) we get
K\ K| < 20|Vl oo () HY T ({u < 00}) < 20| V]| oo () HYTHO)
which yields |K \ K,| < e for r < ex/(2HN Q)| Vul| oo (,))-

(ii) Estimate from below
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We now deal with estimating from below the perimeter variation. In the view of (2.20), provided that
r < ro(diam(Q), ek, [[Vul|L=(B,)) then K, has non-empty interior, which we will suppose from now on.
Let us start by showing that

P(K) — P(K,) > HN Y @(Q)) — Y 1(6,(Q) N OK,) (2.22)

where we set

Ve € Q, u(z) := (z,u(z)), v(x) = max{u, o, }z), 0p(x) = (z,v,()).
We have

P(K) - P(K,) = HN"'0K)-HN"'(0K,)
= HY K na(@) + Y OK na(@)) - YT (9K, 1 6:(Q)
~HNTLHOK, N 5,(Q)%)
= HYY(@(Q) - HY Y OK, N 6,() + HY YK Na(Q)°)
~HNTHOK, N 6 ()%)

using in the third line that u(Q2) C 9K. If we show
0K, N0,(2)° C 0K Nu(Q)° (2.23)

then we obtain (2.22). Therefore, let T € 0K, N 0,(Q)¢. As 0K, C K, we first want to show that
T ¢ Int(K). Assume by contradiction that z € Int(K), then as

0K, =0(KNH)=(KNOH )U(OKNH)=(KNH,)U (0K NH\ H,) (2.24)

(the second equality comes from the fact that K, and H," are closed) we must have Z € H,. But then
T € H, NInt(K) and we deduce that there exists x € {2 such that ¥ = (z, O'T(IE)) with o, () > u(z), thus
getting v, () = o,(x) and T = ©,(x), which is a contradiction. Now, as T € dK, C H,", assuming by
contradiction that there exists z € Q such that z = (z,u(x)) leads to u(z) > o,(x), implying again the
contradiction ¥ = 0, (x). This concludes the proof of (2.23) and (2.22).

Let us rewrite

Q) NOK, = 6:(Q) N K = 5(Q) (2.25)

by setting €, := 6, 1 (K) C Q (see Figure 2.1). The first equality of (2.25) is justified in the following way:
first, as 0K, C K, then 0,.(Q) N 0K, C 0,(Q) N K. Second, if T € 0,(Q2) N K, let us write T = (x, v, (x))
for some x € Q. Then either o.(z) > u(z), giving ¥ = v,(z) = 7,(z) € H, ; as ¥ € K, we get that
T € KN H, C K, thanks to (2.24). Else, u(z) > o,(z) so that = u(z) € 0K N H;f \ H C 9K, using
again (2.24).

We then get from (2.22)

P(K) = P(K;) =2 HYH(@(Q)) = HYH0(Q)) = HYH @) — HY7H(0:() (2.26)

We will rewrite the right hand side of (2.26) using the classical formula for the perimeter of a Lipschitz
graph, but we start by showing two importants features of €2,.. Let us note here that the introduction of
Q, is not necessary if N = 2, while it is meaningful for N > 3 (see Remark 2.2.7).

Q, is convex: Let us show that Q, = 7y (K,), where mp(K,) is the orthogonal projection over H of
the convex set K,, which will give right away that €2, is convex. First, if z € . then z €  with
(z,v.(z)) € K, and t = v.(z) > o,(z) satisfies that (x,t) € K with t > o,.(z), providing (z,t) € K,

hence = € my (K, ). Conversely, let x € H be such that there exists ¢ € R with (z,t) € K,, implying that
(x,t) € K with t > o,(z). Note that x € Q by definition of  and using that K, C K. If u(x) > o,(x)
then 0,(x) = u(x) € K which means that z € Q,. Else, t is such that ¢t > o,(z) > u(x), which gives that
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Figure 2.1: Cutting procedure

Ur(xz) = 6,(z) € K by convexity of K, since (z,t) € K and (x,u(x)) € K. Thus Q, = my(K,) and €, is
convex.

(2. has non-empty interior: We now prove that {2, has non-empty interior with a ball which has size
uniform in y (which we set to be y = 0), i.e. that there exists 5 € (0, g) such that

Vr € (O,,B’/)7 B

5(0) C Qr (2.27)

Given 3 € (0, 8/2) that will be chosen later, using (2.21) and |p| < IVl oo (p,) we get for any = € B;(0)
and r € (0,5),

71(2) = u(0) + (p. ) + S (lar, ) +7)

< u(0) + |Vull gy (25 +7) < (@) + 4B Vul (5,
If we choose 3 such that 4EHVUHLOO(BB) < ¢() where ¢(3) satifies (2.15), we deduce
Vr € (0,8), o, <u+cin B;(0) (2.28)

We are now in a position to prove (2.27). Let = € BB(O) if u(z) > op(x), then v,(x) = u(x) € K hence
(

x € Q,. Otherwise u(z) < o,(z), and then u(x) < o,(x) < u(x) + ¢ thanks to (2.28); using (2.15) we get
in fact v;(z) = (z,0,(z)) € K, meaning that x € Q,.

Rewriting (2.26) with Lipschitz graphs: We claim now that (2.26) rewrites

P(K) - P(K,) > / [VIT VP~ T Vo] ™! (2.29)
- / [\/1 + [Vul2 —/1+ IV’UTP} dHN !
Int(Q2)
If (2.29) holds true, the second line comes from the fact that |Q,| = |Int(€2,)|, since Q, is convex. Now,
from | , Remark 2.72| one has

HVL( /\/1+’Vu|2dHN !

if w C Q. with uy, Lipschitz. As u is not necessarily Lipschitz over the whole of ., let us take an
increasing sequence (£2,,) of open subsets of Q with Q, € € for each n and U,, = Q. Then setting
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Qp = Qn, N Qy, the sequence () is still increasing with UpQ2 = Q. As u|qn is now Lipschitz we can

HYL@@n) = /Q VT VP!

The monotonous convergence theorem applies on each side of the equation, yielding at the limit

HY L @(Q,)) = /Q V1 + [ Vu2dHN 1 (2.30)

The same goes for HY~1(0,(Q,)), thus getting (2.29).

write

Estimate from below of (2.29): Let
wy = {z € Int(,), u(z) <o.(z)} C {u<o}

and w, be the projection of w, onto I'; := {(g,,-) = 0}.
Thanks to (2.17) we have
wr C {Kgr, ) <7} (2.31)

On the other hand, if 0 < 7 < § we have B,.(0) C €, using (2.27), so that (2.17) again gives
B;F/Q(O) C wy (2.32)

for such 7.
The local strong convexity of the function ¢ € RY — /1 + €2 combined with the fact that for any

r€(0,5/2)

|Vo,| = |p+

M,
5 4| < 2Vl re(sy)

(where we used (2.21)) enable to find o = a(||Vu||z(B,)) > 0 such that for any r € (0, 3/2),

Vo, - (Vu — Vu,)

V14 [Vu,|?

V1+ (Va2 —/1+ Vo2 > +%|VU—VUT|2 over Bg

Note also the weaker (but global) estimate

Vo, - (Vu — V)

V1+ (Vo |?

Since HYN~Hu(Q,)) < HVN"Y(OK) < +o0, (2.30) implies in particular that /14 |Vu|2 € LY(Q,), hence
also that |Vu| € L*(Q,). This ensures u € W11(Q,) as we also have u € L*>(,). Let us integrate the
two previous estimates and use (2.29) to get

V1+|Vul2 —/1+ Vo2 > over £,

P(K) _ P(KT> > Vo, - (Vu — VUT) HN_l + a/ ’vu - VUTIQdHN_l (233)
wrﬁB/g

“Ju, W1+ ]|Vo,|? 2

Recalling (2.19) we have,
0 <o, —u< M, over w,. (2.34)

As Vo, is a fixed vector we get by integrating by parts

Vo, (Vu—Vo,) . n1 Vo, -n N—2 / N-2
_ dH = _ —(u— o, )dH < or —u)dH
PV oo ViT oo ) T Y
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Figure 2.2: Localization of w,

{<q7"7 > = T}

where n denotes the outer unit normal to dw,. Observing that (2.34) must also hold on dw,, and since
u = o, on dw, N Int(£2,) we deduce

[ Vo V) s a2, 00,

w A/ 1+|Vo,|?

Moreover, let us show that,

(N = DHYHwr)

HY 7 [Ow, N 0Q,] < iy 90 (2.35)
so that for r € (O,B) we get
. _ _ N-1 _
_ VUT (V’LL VUT)dHN—l S MT (N ]‘)H (wT) S MT (N~ 1)HN_1(WT) é CMTT,HN—Q(EJ‘;)
w1+ Vo, |? d(y, 0%Y) B
(2.36)

with C' = % > 0, where we used (2.27) and (2.31).
Estimate (2.35) was proven in [CCL13]; we reproduce the argument for the convenience of the reader:

from Stokes formula,

) 1 . . | )
Y M) = g [ v ) = /a (@) )

; x,n(x N=2(y
- N—l/awma(h< )

and notice that for any = € dw, N 09, such that n(x) is well-defined we have (z,n(x)) = d(0, H,) where
H, is the tangent hyperplane at x to Ow,, which is also the tangent hyperplane at x to 9€),.. This gives
(x,n(x)) > d(0,09,) using the convexity of €, implying (2.35).

L? Estimate from below of V(u — 0,): We now estimate from below the term

/ |Vu — Vo, 2dHV 1 > / |Vu — Vo, 2dHN !
wrﬂBg WrmBE(O)
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We shall prove

~ M? N
vr € (0,5/2), / \Vu — Vo, |* > 6—HV2(w;) (2.37)
wrﬂBE(O) r
for some & = (B, diam(f2)). This estimate was proved in | | but we reproduce the proof for the

convenience of the reader.

Let v = ﬁ;(m > 0 be such that if 7 € (0, 3/2) we have thanks to (2.27)
[—7r,7]gr X YW, € B3(0) C Int(€2,). (2.38)

where [—7, 7]g, X yw, := {tq, +v2', t € [-r,r], 2’ € W, }. Setting

Y —
A,y/2 = §w7~,

then for any 2’ € A/, we can write

for some functions a,b and «, 8 defined over A, 5, with (a(z’),2’) and (b(z'),2") € Ow, N B3(0) thanks
to (2.38) and the right inclusion of (2.17) (see Figure 2.2). In particular it holds (u — o,)(a(:), ) =
(u—07)(b(-),-) = 0.

Since u < o, over w, and since u — o, is convex we get for every h € w,

(u B 0-7")(%) < %(u - UT)(O) + %(u - UT)(h) < %(u - UT)(O) - _]\Zr’
that is )
u— o, < —M,/4 over Jwr (2.39)

Set 0 < r < 5/2 and 7’ € A, /2. We apply the inequality

For to < 1 and f € H'(to,a)), [ f20de > (tlt) B {;(to))Q,
to 1 =10

to (u— o,)(-,2") over the segments [a(z), a(z’)] and [B(z),b(2’)], each of which has length smaller than
2r (see (2.17)), obtaining

b(z") a(z') b(z")
/ (B, (u— 0,))2dt > / (B, (1 — 0,))2dt + / (B, (u— 0,))2dt
a B

(') a(z’)
[u(a(z'),2") — op(a(z’), 2")]? N [u(B(2), 2") — o (B(2'), 2")]? - M?

- a(z') —a(x’) b(x") — B(x) — 16r

since (u — o) (a(z’),2’) = (u — o, )(b(z'), ") = 0, and where we also used (2.39) in the last inequality.
We write |V (u — 0,)| > [0,, (u — 0y)| and integrate the above estimate over o' € A, o; this yields

b(z")
/ V(1 — o) 2dHY L > / ( / (D, (1 — ar))th> dHN ()
wrNB=(0) AW/Q a(z’)

B
N ME/HN_2(A7/2)
- 167
MEHN (@)
r

> 5
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for some constant § = §(3, diam(9)) > 0, getting (2.37).

Conclusion of the estimate from below: Plugging (2.37) and (2.36) into (2.33) gives

S o M2 . —
vr € (0,58/2), TTHN”(MT) < C(P(K) — P(K,) + M,rHN72(@,)) (2.40)
where C' = C(N, d(z,0Q), c(8), [|Vul| L= (B,), diam(£2)), which completes the proof of the estimate from
below.

Conclusion
We claim that for all 7 € (0, 3) it holds

HY  ({u< o)) = HY N wp) + HY T ({u < 00} \ wr)
<14+ C0)VHY N w,) (2.41)

with C = v'=V, where v = ﬁ;(ﬂ) was introduced to obtain (2.38). Indeed, denoting by k, := {u <

or} \ wy, it suffices to show

Vr € (O,E), Vi C Wy (2.42)
Let « € k;; we have (u—o,)(yz) < 0 using the convexity of u— o, and furthermore yx € B§<O) C Int(£2,)
(see (2.27)). This provides yx € w,, allowing to conclude that (2.42) holds.

Injecting (2.41) into (2.20) and using (2.31) we get that there is a constant C' = C(3,diam(f)) such
that B
vr e (0,8), |K\ K,| < CM»HN2(&,) (2.43)

Gathering (2.40) and (2.43) and recalling (2.16), this finally provides the existence of some positive rg =
ro(B, diam(Q), ek, [|Vul| L= (p,)) such that

M? — N
vr € (0,70), TTHN*(M) < CM,7HN2(&;) (2.44)

where C' = C(N, Ak, d(z9,0Q), ¢(B), [[Vul L (B,), diam(£2)). Thanks to (2.32) we can simplify by HN2(wy)
in (2.44), to get that M, < Cr2. This completes the proof. O

Remark 2.2.7. o If N = 2, the proof can be simplified, as one can show that there exists some rg
such that Q, = Q for r < rg. Indeed, since H is one-dimensional, the right inclusion of (2.17) reads
{z € Qu(x) <op(x)} Cly—r,y+r|, which shows that Q, = Q for small r using (2.15).

On the other hand, for N > 3 it is not hard to find convex bodies K such that €, C € for each
(small) r. For instance, let us consider K := C' N B the intersection of the unit ball B C RY with
the cylinder C := [—1,1] x Brn-1((0,...,0,1),1). Although it is possible to compute explicitly
let us just notice that Q@ O (—1,1) x {0}¥=2 =: S. We consider the situation where 29 = y = 0
with p = 0 € du(zg), so that [ = 0 in this case. Then we see that ¢. = (0,1,0,...,0) satisfies
M, = supp yu = u(rg-). Note that u = 0 along S, while on the other hand o, = M,/2 > 0
over S. As a consequence, since K N P = BN P where P denotes the (z1,zy) plan, we find
x = (x1,0,...,0) € S close enough from (—1,0,...,0) such that v,(z) = d,(z) ¢ K, thus getting
that 2, C € in this case.

e Using the same ideas as in | | where they study the regularity of w solution of (2.7) when
f € LP(Q) (for some p > N), one can prove the C1< regularity of a convex body K satisfying

VK € KN such that K C K and |[K \ K| <e, P(K)<P(K)+AK\ K| (2.45)
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for some € > 0,A > 0 and v € (1 —1/N, 1]. In this case, instead of (2.44), we derive with the same
arguments

2
My giN 2@y < CUKAKD + MaHN (@) < CMrHN (@)

r

Using (2.32) we get
M*>7 < N2 D4yl (2.46)

Direct computation gives that (N —2)(y—1)4+~y+1 > 2 —~ whenever v € (1—1/N, 1], so that the
classical result | , Lemma 3.1] gives that K is C* with a = (N(y—1) +1)/(2 — 7).
2.2.2 Regularity with volume constraint

We now focus on problems having a volume constraint, as they often appear in applications. We thus
consider the problem

inf {P(K)+ R(K), K € KN,K C D,|K| =V} (2.47)
for some convex body D € K and 0 < Vi < |D|. Existence for this problem can be shown under the
assumption (2.51) below made upon R (see Theorem 2.3.4 (i)). In this section we prove that under suitable
assumptions on R, minimizers of this problem are C''. We use a penalization method to prove that these
solutions are quasi-minimizer of the perimeter under convexity constraint.

Preliminaries

Before introducing the hypothesis which we will make upon R, let us recall the notion of Hausdorff distance
between sets. If A and B are non-empty compact subsets of RV, the Hausdorff distance dg (A, B) between
A and B is defined as the quantity

dr (A, B) := max {sup d(z, B),sup d(A4, a:)}
z€A z€B

where d(-,-) denotes the euclidean distance. The Hausdorff distance dp is a distance over the class of
non-empty compact sets of RV,
Let us recall two classical facts about dyr, whose proof is given in the Appendix:

Proposition 2.2.8. Let D € KV, (K,) be a sequence of convex bodies verifying K,, C D for any n > 0,
and let K C D be a non-empty compact convex set. Then

1. We have the equivalence:
d(K,, K) = 0 <~ |K,AK| — 0 (2.48)

2. Ifdy(Kn, K) — 0, and C € K is such that C C Int(K) then

C C K, forlarge n. (2.49)

We now introduce a new assumption on R which is slightly stronger than (2.13), as seen in Proposition
2.2.9 below: for any D’ € KV with D’ C D we set

Ky p={Kek", D'c KcD} (2.50)
and we assume

vD' c D e kN, 3Cp p >0, V(K1, K2 € K} p, K1 C K3), |R(K2)— R(K1)| < Cpr p|K2\ K1| (2.51)
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Proposition 2.2.9. If R satifies (2.51) then R satisfies (2.13).

Proof. Letting K € K™ be fixed, there exists D' € KV such that D’ C Int(K). Thanks to (2.49) we know
that there exists § > 0 such that if K € KN verifies dy (K, K) < § then K D D'. Thanks to (2.48) we can
find ex > 0 such that if |[K \ K| < g, dg(K,K) < 6. Putting these together and applying hypothesis
(2.51) with the class ng,’K gives that R satisfies (2.13). O

Note that on the other hand condition (2.51) is genuinely stronger than (2.13). In fact, (2.51) is
double-sided while it is not the case for (2.13), but there is a deeper difference which boils down to the
fact that in (2.13) the constants (ex,Ck) depend on K, while in (2.51) the constant Cps p is locally
uniform. In this sense, (2.13) somehow says that R is "differentiable" everywhere while (2.51) means that
R is locally Lipschitz; one can build an example of R verifying a double-sided (2.13) and not (2.51) by
setting R(K) := f(|K]|) for some f:R* — R differentiable everywhere but not locally Lipschitz.

Main result

The main result of this section is the following.

Theorem 2.2.10. Let K* be a solution of problem (2.47), with R satisfying (2.51) and 0 < Vp < |D].
Then K* is a quasi-minimizer of the perimeter in the sense of Definition 2.2.1, and is therefore CH1.

The proof of Theorem 2.2.10 relies on the following important lemma, which allows the use of the
results of section 2.2.1 over an auxiliary problem for which K* is still optimal. For any K € K~ and e > 0
we set the class O-(K) of convex bodies which are e—close perturbations of K from the inside:

O.(K):={Kek", KCcK, |[K\K|<¢e}.

Lemma 2.2.11. Let K* be a solution of problem (2.47), with R satisfying (2.51) and 0 < Vo < |D|. Then
there exists A > 0 and € > 0 such that K* is a solution of

min { P(K) + R(K) + A||K| — V|,

K € O.(K")} (2.52)

We will use in the proof of this lemma the following classical result concerning Minkowski sums and
mixed volume (see for instance | , Theorem 5.1.7]).

Theorem 2.2.12 (Mixed volume). For anym € N* and K1, ..., K, € KN, the map (t1, ...,tm) € (RT)™ —
[t1 K1 + ... + t K| is a homogeneous polynomial of degree N, i.e. there exists a symmetric function
V: (KNN = R (called mized volume) such that for any ty,ta, ..., tm >0

m
|7f1K1 ++thm| = Z til---tiNV(Kip«--Ki )

11, iN=1

Furthermore V' is nondecreasing in each coordinate for the inclusion of sets, and continuous for the Haus-
dorff distance.

Proof of Lemma 2.2.11: Set G(K) := P(K) + R(K) for any K € K. We use a classical strategy (see
for example | , Lemma 4.5], though our construction will be adapted to the convexity constraint):
for any K C K* with |[K* \ K| < ¢ (for sufficiently small €) we build a convex body K C D such that
K| = Vp and G(K) < G(K) + A||K| = Vp| (for sufficiently large A). Writing then

G(K*) < G(K) < G(K) + A||K| - V|

yields the conclusion.
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For K C D a convex body and t € [0,1] we set the Minkowski sum
K;:=(1—-t)K+tD

and note that K; is a convex body and K; C D. We first claim that there exist eg > 0,¢ > 0,ty > 0 such
that
VK € Oy (K™), Vt € [0,t0], | K| — |K| > ct (2.53)

Let fi(t) := |K¢|. By Theorem 2.2.12, fx is polynomial with degree N and more precisely

N

i) =3 () = M H st DI )

k=0

where K[p| stands for (K, K,--- , K) with p repetitions.

Now, as the class {L C RN compact convex, L C D} is compact for dy and since V' is continuous
for dg7, we deduce that the coefficients of fx are uniformly bounded for K € KV, K ¢ D. To conclude
that the claim holds it therefore suffices to show that f-(0) is bounded from below by a positive constant

uniform in K € O.(K*) for some small €.
One has

fi(0) = N(V(K[N — 1], D) — V(K[N]))
= N(V(K,..,K,D) - |K|)

which is nonnegative by monotonicity of the mixed volume. Moreover, as soon as we have K C D,
we can apply | , Theorem 7.6.17] to get V(K[N —1],D) — |K| > 0; equality would in fact imply
that D is a O-tangential body of K, hence that K = D. This gives in particular fg.(0) > 0 (since
Vo < |DJ). Since K — fj-(0) is continuous for dp, we therefore have f}-(0) > f.(0)/2 for any convex
body K C D with dy(K, K*) small enough. Thanks to (2.48), we deduce the existence of 9 > 0 such
that f.(0) > f}+(0)/2 > 0 for any K € O.,(K*). This yields (2.53) for ¢ := f}.(0)/4 and for some small
to = to(D, K*).

We now show that a reverse inequality holds for the perimeter: there exists C' = C(D) > 0 such that

vt € [0,1], VK € K such that K ¢ D, P(K;) — P(K) < Ct (2.54)

Since for any L € KV,
P(L)= NV(L[N —1],B) (2.55)

where B is the ball of unit radius (see for instance | , 294, (5.43) to (5.45)]) the mapping t +—
P(K;) = NV(KN — 1],B) is a polynomial function whose coefficients are continuous quantities of
(V(K[i], D[N — 1 —1i], B))o<i<n—1. Hence the continuity of V' for dy and the compactness of the class
{L c RY compact convex, L C D} for dy give (2.54).

Putting together (2.54) with (2.53) and setting C” := C'/c provides

VK € O.,(K*), ¥t € [0,t0], P(K;) — P(K) < C'||K| - |K]| (2.56)

On the other hand, there exists D’ € KV such that D’ C Int(K). Then arguing as in the proof of
Proposition 2.2.9 ensures that for £; small enough, any K € O., (K*) verifies K D D’. Therefore by (2.51)
there exists Cp/ p > 0 such that

vt € [0,1], VK € O.,(K*), R(K;) — R(K) < Cpr p|K; \ K| = Cpr p||Ki| — | K]|. (2.57)

Let ¢ = min{eg, €1, cto} and K € O (K*).
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We deduce from (2.53) that
[ Kto| = [K7[= [ K| = |K[ + [K| = | K™ > ctg —e = 0

By continuity of ¢ — | K|, this ensures that N

there exists ¢ € [0,tg] such that |K;| = |K*|. With (2.56) and (2.57) we get that the set K := K}
satisfies all the requirements laid out at the beginning of the proof with A := C" + Cp p. O
Proof of Theorem 2.2.10: Thanks to Lemma 2.2.11, an optimal shape K* for (2.47) is solution of
(2.52) for some € > 0 and A > 0. Therefore we have

VK € O.(K*), P(K*) < P(K)+ R(K) — R(K*) + A|K* \ K],
By Proposition 2.2.9, R verifies hypothesis (2.13), and as a consequence there exists C'g+ > 0 such that
VK € O.(K%), P(K*) < P(K)+ (Ci- + MK\ K|

Hence K* is a quasi-minimizer of the perimeter under convexity constraint in the sense of Definition 2.2.1.
We can therefore apply Theorem 2.2.3 to get that K* is C'1:1. O

Remark 2.2.13. As in Remark 2.2.7, there is an analogous result to Theorem 2.2.10 if R is merely
~-Holder for some v € (1 — 1/N, 1], meaning that (2.51) is replaced with

VD' c D e KN, 3Cpp >0, V(K1, K2 € K}y p, K1 C K»), |R(K2)—R(K1)| < Cpr p| Kz \ K17 (2.58)

In this case, keeping the same notations as in the proof of Lemma 2.2.11, the same arguments show
G(K) < G(K) + A||K| - V|,
and with the additionnal remark that
P(K;) - P(K) < A||Ky| = |K|| < || K| - | K]

with A’ := A x |D|'~7, we conclude in this case that the optimal shape is C1*® for the same « as in Remark
2.2.7.
2.3 Examples and applications

This section is dedicated to applications of the results of Section 2.2.2. We therefore provide examples
of functionals R satisfying hypothesis (2.51) (and therefore (2.13) as well), Theorem 2.2.10 then implying
that the minimizers of the corresponding problem are C'!-regular.

2.3.1 First examples

Let us start by giving two examples taken from the literature of minimization of P + R for which proving
that the functional R satisfies hypotheses (2.13) and (2.51) is quite easy.

A first example of relevant R is given through the following model of a liquid drop subject to the action
of a potential: it consists in minimizing the energy

P(E)+/Eg

among bounded subsets E of RV with given volume, where g : RV — R is a fixed function in Llloc(]RN ),
see for example | |. An optimal shape may not be convex, and in this case it is interesting to study
the counterpart of this problem with an additional convex constraint: under reasonable hypotheses on g
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we can prove existence and regularity for a minimizer of this problem in the class of convex shapes (see
Proposition 2.3.1 below).
We can also consider the following generalization of the Gamow model (2.5), which consists in the

minimization dnd
inf{ // 13]?{[ 7ECRNa ’E‘:Vb}
g lr—yN—«

for a given mass Vy € (0,400) and parameter o € (0, N). The interaction term Vo (E) := [ [p]z —
y|*~Ndzdy, called Riesz potential, is maximized by any ball of volume m by virtue of the Rlesz inequality,
so that there is a competition in the above minimization. As in the case of (2.5) it is known that for small
masses m the ball of corresponding volume is the unique (up to translation) solution to the minimization
problem (see the Introduction of | | for a review of these results), while it is proven in | ,
Theorem 2.5| and | , Theorem 3.3] for a € (N — 2, N) that beyond a certain threshold of mass m
there is no existence for this problem (and for « = N — 2 in | , Theorem 3]). On the contrary, the
convexity constraint will enforce existence for all masses ; furthermore, applying Theorem 2.2.10 we are
able to show regularity for the problem when considered under a convexity constraint, see Proposition
2.3.1 below.
We thus have the following proposition.

Proposition 2.3.1. Let N > 2 and V; € (0,+00).

Let g € L;’OOC(RN) be coercive, that is to say lim, o g(x) = +o00. Then there exists a solution to the

problem
inf{P(K)Jr/ g, K e KV, |K| :vo}
K

and any such solution K*is Cb.
Let o € (0,N). Then there exists a solution to the problem

inf { P(K) + Va(K), K € KV, K| = Vo}
and any such solution K* is OV
Proof. Existence:

1. Let (K,,) be a minimizing sequence for the first problem. As g is coercive, there exists a bounded
set A such that g > 0 outside A. Therefore, as there exists C' > 0 such that P(K,) + fKn g < C by
definition of (K,), we can write

P(K,)<C—- | ¢g<C- g <C+gllpra
Kn KnnA

so the perimeters P(K,,) are uniformly bounded. We thus use the inequality

. P(K)Nfl
valid for any convex body K (see | , Lemma 4.1]) to get that the diam(K,,) are also uniformly
bounded, recalling also that |K,| = As a consequence, using the coercivity of g we now show

that there is no loss of generality in assurmng that the K, are uniformly bounded: let » > 0 be
such that B, the ball centered at 0 of radius r verifies diam(K,) < diam(B,) for every n, and set
m := esssupp,_g. Thanks to the fact that g is coercive we can find r’ > r such that g > m outside
B,,. For any fixed n € N, either K,, C By, and we set I/(\;L := K, or else there exists x € K,,N(Bg,)°
so that K,, C (B,s)¢ thanks to the bound on the diameters. In this latter case, we thus have g > m
over K, while K,, — x C B, gives that g < m over K,, — x , so that

P(K, —x) +/

gspmm+mmaspmm+/ g
Kn—zx n
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using also the translation invariance of the perimeter. We then rather set If(\; = K, —x. This
argument ensures that the sequence (K,,) is still minimizing with the additionnal property that
K,, C By, for each n. We will keep denoting it K.

Now, K + [} g satisfies (2.51): if D € KV and K’ C K C D are convex bodies, then

] [o-] g\ < Ngll g [\ K. (2.60)
K K’

Using the Blaschke selection theorem and (2.48) we can extract a subsequence (still denoted (K,))
and a compact convex K* such that K,, — K* for the Hausdorff distance and in volume. In particular
|[K*| = Vp. Thanks to (2.60) we have that [, g — [i.g and P(K,) — P(K*) by continuity of
the perimeter for convex domains (see for instance | , Proposition 2.4.3, (ii)]). We thus get
existence.

2. Let (K,) be a minimizing sequence for the second problem. Since V,, is nonnegative we immediately
get that (P(K,)) is bounded, getting thus from (2.59) that the sequence diam(K,) is bounded as
well. By translation invariance of the perimeter and of V,, there is not loss of generality in assuming
that there exists a compact set D such that K,, C D for each n.

Let us now show that V,, verifies (2.51). This was done in | , Equation (2.11)], but we reproduce
hereafter the short argument for the convenience of the reader. Let D € KV and K’ ¢ K C D be
convex bodies. We set vg(z) = [,|z — y|* Vdy for any compact set E and write f(z,y) =
|z — y|* V. We have

OgVa(K)Va(K/):/K/I<f/]</,f+/I<\K' K’f
:/K\K’UK+UKI

< 9|K \ K'| (/BD |y|dNya> (2.61)

with Bp a ball of volume |D|, where we used that

dy / dy / dy
vgr(x) < vgl(x) = - 7 = <
e <w = [ == [ e s 5y [y

thanks to the Hardy-Littlewood inequality and since |K| < |D|.

Since V,, verifies (2.51) and K,, C D for all n € N we conclude to existence as before using the
Blaschke selection theorem.

Regularity: We proved respectively in (2.60) and (2.61) that K ~ [, g and V,, satisfy (2.51). We can
therefore apply Theorem 2.2.10 to get that any minimizer is C!. 0

2.3.2 PDE and Spectral examples

We now focus on more difficult examples, which will lead to the proof of Theorem 2.1.1 given in the
introduction. Let us first set some notations and definitions.
If @ ¢ RY is a bounded Lipschitz open set we denote respectively by

0 < A1(2) < A2()
0= p1(Q) < p2(Q)

s 400
< S 4oo

IAIA
I
=
3.
=2
A IA
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the nondecreasing sequence of the Dirichlet and Neumann Laplacian eigenvalues associated to €2 (see for
example | | for more details). We also define 7(€2) the torsional rigidity of €2 as

_ _ : |[Vul?
T(Q)—/ﬂugdx——2mm{ . 9 —/qu, ueH&(Q)}

where ug is the unique solution of

(2.62)

—Au=1inQ
u € HLHQ)

For any convex body K € KV we will frequently use the notation Qg := Int(K), and then define
M (K) == M(Qx), pn(K) := pn (k) for n € N* and 7(K) := 7(Qk).

We are now ready to state the main result of this section, which will be proved later on in Sections
2.3.2 and 2.3.2.

Theorem 2.3.2. Let n € N*, N > 2. Then any R € {\n, pn, 7} satisfy (2.13) and (2.51), namely for
every D' € D C RN conver bodies there exists C = C(D', D, R) such that for any K' C K lying in IC%/ D
(defined in (2.50))

|R(K) — R(K")| < C|K \ K'|.
Remark 2.3.3. The fact that K’ C K is not essential to ensure that Lipschitz estimates hold. In fact,

one has that
3C > 0,Y(K,K') € K}y p, |R(K) — R(K")| < C|KAK'|

by applying Theorem 2.3.2 with K and K U K’ on the one hand, K’ and K U K’ on the other hand.

As a consequence, combined with Corollary 2.2.4 and Theorem 2.2.10, we are able to prove Theorem
2.1.1.
Proof of Theorem 2.1.1: Recall that R(K) := F(|K|,7(K), \(K),..., \(K), p1(K), ..., un(K)) for
some I : (0,400) x (0,400) x (0,+00)" x R — R locally Lipschitz. Let us show that R satifies (2.51),
so that it also satisifes (2.13) (thanks to Proposition 2.2.9) and Corollary 2.2.4 and Theorem 2.2.10 give
the results.
Let D; C Dy € RY be convex bodies and let K, K’ € nghDQ with K’ C K. Set L=K or L = K'.
Then from monotonicity of Dirichlet eigenvalues and torsion, for any k € N* it holds
Ak(D2) < Ag(L) < Ae(Dr)
7(Dy) < 7(L) < 7(D3)

Moreover, since p(L) < A\p(L) < Mg (D7) we have for any k € N*

(L) < Ap(Dr)

Also,
|D1| < L] < | Dy

Putting these four estimates together and using that F' is locally Lipschitz we find C(F, Dy, D2) such that

|R(K) - R(K')] < C(F,D',D Zw K')|

+Z|Mk: K')| + |r(K) = 7(K")| + || K| - |[K"[])

Applying Theorem 2.3.2 for g, ux and 7 and noticing that ||K| — |K’'|| = |K \ K'| ensures that R satisfies
(2.51). The result follows. O
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A general existence result

In this short section we show a general existence result for the minimization among convex sets of a
functional of the type P + R, where R is mostly thought of as a PDE-type functional. Using mild
continuity of R, we show existence of a minimizer under additional box and volume constraints, and we
also show existence in the unconstrained case with coercivity assumptions of R. The statement is as
follows.

Theorem 2.3.4. (i) Let R : KN — R be lower-semi-continuous for the Hausdorff convergence of convex
bodies. Let D € KN and 0 < Vo < |D|. Then there exists a minimizer to the problem

inf {P(K)+ R(K), K e KN, K C D, |K| =V}

(it) Let Vo > 0. Let n € N* and F : (RT)*"*2 — R be coercive (meaning limy,_oo F(x) = 400) and
lower-semi-continuous, and set

R(K) = F(IK],7(K), M (K, o (K, (K)o 1 (K)
Then there exists minimizers to the problems
inf {P(K) + R(K), K € K"}
inf {P(K) + R(K), K € KV, |[K|=V,}

Proof. In both cases existence is proved using the direct method: let (K;) be a minimizing sequence.

(i) Since K; C D for each n, then thanks to the Blaschke selection theorem and (2.48) we can extract
a subsequence (still denoted (K;)) and a compact convex K* such that K; — K* for the Hausdorff
distance and in volume. We can pass to the limit in |K;| = Vj to get |K*| = Vb > 0, so that K* has
non-empty interior. We deduce that lim R(K;) > R(K*) thanks to the hypothesis made on R and that
P(K;) — P(K™) by continuity of the perimeter for convex domains (see for instance | , Proposition
2.4.3, (ii)]), thus getting existence.

(ii) We start with existence for the first of the two problems. Thanks to John’s ellipsoid Lemma, there
exists ¢; € RY and ellipsoids F; such that

EiCKZ'CCi-i-N(Ei—CZ‘)

We have by monotonicity of the perimeter for convex bodies P(K;) > P(E;), while we also have diam(K;) <
Ndiam(F;). As a consequence, if we assume by contradiction that (up to subsequence) diam(K;) — 400,
then we first deduce diam(E;) — 400 so that P(E;) — 400, whence P(K;) — +o0o. The function F'
being coercice and lower-semi-continuous it is therefore bounded from below, and we get the contradiction
P(K;)+ R(K;) — +o0. Therefore diam(k;) is bounded and we can assume by translation invariance of P
and R that there exists a compact set D C RY such that K; C D for each i. Thanks to the Blaschke selec-
tion theorem and (2.48) we can extract a subsequence (still denoted (Kj;)) and a compact convex K* such
that K; — K* for the Hausdorff distance and in volume. The case |K*| = 0 is excluded, since it would lead
to |E;] — 0 and then 400 + A\ (E;) < N?)\;(K;) by monotonicity of \;, which yields R(K;) — +oco by
coercivity of F' hence the contradiction P(K;) + R(K;) — +oo. As a consequence |K*| > 0, which means
that K* has non-empty interior, and in particular there exists D’ € KV such that D’ C Int(K*). Since
dp(K;, K*) — 0 we know thanks to (2.49) that K; € K%, ,, for large enough i. As a consequence, the K;
are uniformly Lipschitz in the sense that they verify the e-cone condition for some & independent of i (see
Definition 2.4.1 and Remark 2.4.2). We thus have continuity A\;(K;) — A\p(K*) and 7(K;) — 7(K*) (see
[ , Theorem 2.3.18]) and g (K;) — ur(K*) (see | , Theorem 2.3.25]). Recalling the lower-semi-
continuity of F' we deduce lim R(K;) > R(K™), and by continuity of the perimeter for convex domains we
also have P(K;) — P(K™*). This finishes the proof of existence for the first problem.
Existence for the second problem is shown with the same argument, by noticing that the volume
constraint passes to the limit.
O
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Selected examples

Before moving on to the proof of Theorem 2.3.2 (which is the object of sections 2.3.2 and 2.3.2), we discuss
here some specific examples where R involves spectral functionals and for which we can prove existence
without a box constraint (in the spirit of Theorem 2.3.4 (ii)). We will make use of Theorem 2.3.2 in this
section.

We start by considering spectral problems with a perimeter constraint, which have been studied in
the literature without the additionnal convexity constraint (see for instance | |, | |, | ],
[ |). Namely, given pg > 0, we are interested in the minimization problems

inf{\,(K), K € KV, P(K)=po} (2.63)

In | |, the authors use convexity for proving existence as well as C* regularity and some qualitative
properties of minimizers of Ay under perimeter constraint in two dimensions. In fact, although their
problem is set without a convexity constraint, they are able to show that solutions are in fact convex, thus
yielding a bit of regularity to start with. On the other hand, in dimension N = 3 there are eigenvalues
for which the expected solutions are not convex (see | , Figure 2|), so that the convexity constraint
would thus be meaningful in the minimization.

In our case we can prove existence together with C! regularity of minimizers. This is the object of
next result.

Proposition 2.3.5. Let n € N*, N > 2 and pg > 0. Then there exists a solution to problem (2.63) and
any such solution is C11.

Proof. The proof is divided into proof of existence and proof of regularity.
Existence: We use the direct method. Let (K;) be a minimizing sequence for (2.63). By definition there
exists C' > 0 such that A, (K;) < C for each i. Since A\ (K;) < A\, (K;) < C, we deduce using Faber-Krahn
inequality

CIK PN > M (K KN > M\(B)| BN =: Cy

K| > | —= 2.64
K= () (2:64)

On the other hand the perimeters P(K;) are bounded from above (in fact P(K;) = po), yielding that the
K; are uniformly bounded (up to translation), using (2.59). We therefore get existence by proceeding as
in the proof of Theorem 2.3.4 (i): thanks to the Blaschke selection theorem and (2.48) we thus find a
subsequence (still denoted (K;)) converging to some compact convex set K* in the Hausdorff sense and
in volume. The lower bound on volumes (2.64) thus ensures that |K*| > 0, so that the convex K* has
nonempty interior. Hence there exists D' € KV such that D’ C Int(K*). Since dy(K;, K*) — 0 we know
thanks to (2.49) that K; € K&, , for large enough i. We deduce that \,(K;) — A, (K*) using that A,
satisfies (2.51) thanks to Theorem 2.3.2, and that P(K;) — P(K*) by continuity of the perimeter for
convex domains. This finishes the proof of the existence part.

Regularity: Let K* be any minimizer for (2.63). Following | , Remark 3.6] we can show that there
exists p > 0 such that K* minimizes

with B the unit ball, giving

inf{\,(K) + pP(K), K € KV} (2.65)

As a consequence we can apply Corollary 2.2.4 to get that K* is C'11. O

We now move on to problems of the kind (2.47) with a volume constraint and with R of spectral

type. These type of problems are related to the study of Blaschke-Santalo diagrams, see | | and the
numerical results in | |. Again, we can drop the box constraint and still get existence:
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Proposition 2.3.6. Let N > 2, Vj > 0 and n € N*. There exist minimizers to the problems
inf{P(K) 4+ M (K), K € KN, |K| =V} (2.66)
inf{P(K) + u,(K), K € KV, |K| =V} (2.67)
and any minimizer is CbL.

Proof. The regularity assertion is a consequence of Theorem 2.1.1. Let us prove existence of a solution for
the two family of problems:

1. Existence is obtained by applying Theorem 2.3.4 (ii).

2. For the minimization of P + pu, we can directly apply Theorem 2.3.4 (ii) to get existence. For the
minimization of P — u,, first note the inequalities

. P(E)N! Cn(N)
d K)<(C(N)——5 n(K) < ———= 2.
() < CN) T ) < o2 (269
for any convex body K, for some constants C(N) and C,(NN) only depending on the indicated
parameters (for the first, recall (2.59) and see for instance | , Proposition 2.1 (b)] for the

second). Let (K;) be some minimizing sequence for problem (2.67). The sequence (P(K;) — pn(K;))
being bounded from above by definition, we find C' > 0 such that

P(K;) < C+ pn(K;) < C'(N)(1 + diam(K;)~2)

for some dimensional constant C’(N), using the second inequality of (2.68). Now, for fixed i we
either have diam(K;) > 1, in which case we deduce P(K;) < 2C’(N), or diam(K;) < 1. Thanks to
the first inequality of (2.68) this yields

diam(K;) < max {1, CV) 20 (V) }

N-2
Yo

Therefore, using the translation invariance of P and pu, we can find a compact set D such that
K; C D for each i. Recalling that R(K) := pu,(K) verifies (2.51) thanks to Theorem 2.3.2, the rest
of the proof of existence is as in Theorem 2.3.4 (i).

O
Remark 2.3.7. e One can also wonder about the minimization
inf{P(K) — \(K), K € KV, |K| = Vo)

In this case the problem is ill-posed, as the box constraint is needed to ensure existence. In fact,

one can see that the infimum is —oo, choosing the sequence of long thin rectangle R. := [0, Ve ] x
[0,€] x [0,1]¥=2 for which P(R.) < Cye~! for some dimensional constant Cy > 0 while \,(R.) ~
V0*27r25_2.

e Thanks to the isoperimetric inequality and the Faber-Krahn inequality (respectively the Szego-
Weinberger inequality), it is known that the unique solution up to translation to the minimization of
P+ X1 (respectively of P — pg) is any ball B of volume Vj. On the other hand, if n > 2 (respectively
n > 3) the problem (2.66) (respectively (2.67)) has C1:! solutions which are not analytically known.

e Inspired by | |, one could wonder about the regularity properties of solutions to
min{P(K), K € KV, |K| =V, \n(K) = £y}, max{\,(K), K € KV, |K|=Vy, P(K) = po},

where pg > 0,49 > 0. In | , Corollary 3.13] it is proven when N = 2 and n = 1 that these
problems are equivalent (for suitable choices of pg and £) and that solutions are C'''. Nevertheless,
we were not able to apply our regularity result to these cases, so the regularity of solutions of these
problems remains open in other cases (N > 3 or n > 2), up to our knowledge.
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Torsional rigidity and Dirichlet eigenvalues

If D' ¢ D C RV are convex bodies, we still denote by ng/ p the set
Ky p={Kek", D' c KcD}

Let us state now the main result of this section, which basically restates Theorem 2.3.2 for 7. Indeed as
we will see below, the proof of Theorem 2.3.2 for \,, will be a consequence of the same result for 7.

Proposition 2.3.8. Let N > 2 and D' C D C R¥ be convex bodies. Then there exists C = C(D’, D)
such that for any K' C K lying in K%, ,,
0<7(K)—-7(K')<C|K\ K| (2.69)
The proof of Proposition 2.3.8 is based on two preliminary lemmas: for convex bodies K’ C K,

1. we construct a “change of variable” operator Tk xr : WH(Qg) — WH(Qks) whose norm is
uniformly bounded in ICg/ p» and which is the identity on a large part of K’, see Lemma 2.3.9 (recall
that Qg denotes the interior of K).

2. we show uniform W1 >-estimates of the torsion function of Qg see Lemma 2.3.10.

Lemma 2.3.9 (Change of variables). There exists C = C(D', D) > 0 such that for any K,K' € KY, ,,

with K' C K, there exists a bi-Lipschitz homeomorphism ¢ == ¢g  : RY — RN such that the operator
T =Tk i defined by

TK,K’ : LI(QK) — LI(QK/)
fr=foo
satisfies the requirements:

o There exists K" C K' such that |K'\ K"| < C|K \ K'| and

Tf(x) = f(z) a.e. in K", for any f € L'(Qx)

e For all fi and fa respectively in H}(Qx) and WH°(Qg), Tfi and Tf2 belongs to H}(Qk:) and
Who(Qper) respectively, with furthermore

1Tl a0y < CllllEL @4
HTfZHleOO(QK,) < CHfQHWLOO(QK)

Note that this result is similar to | , Theorem 4.23] but for a different class of sets, namely ng, D
it is unclear whether | , Theorem 4.23] implies Lemma 2.3.9, so we prefered to make our own pr(;of
of this result.

Let us recall that any K € K has its boundary 0K naturally parametrized as a graph over the sphere.
More precisely, we can assume up to translating that 0 is contained in g, and then set p(z) := sup{\ >
0, \z € K} for any « € 9B, called the radial function of K. Then the set K is globally parametrized by p:

K ={)\zp(z),z € 0B, XA € [0,1]} (2.70)
It is classical that p € W1°°(9B) and moreover one can estimate V,p in terms of p

(sup p)*
2.71
inf p ( )

IVrpllLe @) <

70



(see for instance the computations leading to (3.13) in | D).

Proof of Lemma 2.3.9: We will assume up to translating that 0 € Int(D). Let K, K’ € IC%, p with
K’ C K. The proof consists in building a bi-Lipschitz change of variables ¢ : K’ — K which is the {dentity
on a large part of K’, and such that

6llwroo (@) 167wty < C (2.72)

for some constant C' = C(D’, D) > 0 independent of K and K.
Let p and p’ denote respectively the radial functions of K and K’. Let a be defined over 9B by the
relation

p—a=clp-rp) (2.73)

for some ¢ > 0 that will be chosen later. Then a < p’ and we get the estimate

a=((c+1)p —cp) > (c+1)inr(D") — ¢ diam(D)

where inr(D’) is the inradius of D’. For ¢ = ¢(D’, D) = Q[diami(ng()lzliilr(n)] we get
(D
o> D) (2.74)
2
which is a lower bound independent of K, K’ € Kg’, D
If u € RV \ {0} we denote by z, = u/|u|. Let ¢ be defined over RY by the formulae
w) =2y (u —M), if |u| > alxzy,
Vu BV {0}, o o 4 10 = 0 (Sl = 252 ) i ful > a(eu)
do(u) :=u, if |ul] < afxy)
and ¢(0) := 0. Observe that the function ¢ is continuous and increasing along any normal direction

x € 0B, and it verifies by construction that

$(0) =0, ¢(u) = p(zu)zy if [u] = p(24)

This ensures that ¢ is a bijection from K’ to K.
Define K" as the (non necessarily convex) set on which ¢ is the identity, i.e.

K" :={\za(z), z € 0B, 0 < X <1}
The mapping u € RN \ K” + z,, having Lipschitz constant 2(ming g |u|)~! = 2(mina)~!, then
uweRV\ K" = zy0(zy,)

has Lipschitz constant only depending on min o and [|V;a[z@9p). From the definition (2.73) of o and
recalling (2.71), we deduce that ¢, has Lipschitz constant L only depending on ¢, inr(D’) and diam(D),
hence only on inr(D’) and diam(D). Now, ¢3 is Lipschitz over RY (with Lipschitz constant 1), so that we
deduce that ¢ is globally Lipschitz over RY. Indeed: let ug € K", u; € RN \ K” and pick ¢ € [0,1] such
that the point u; := (1—t)ug+tu; verifies uy € OK” with [ug, u1] € RNV \K”. Since ¢(us) = ¢1(ur) = pa(uz)
we can write

[P(uo) — d(ur)| = |p2(uo) — p2(ur) + d1(ue) — ¢1(ur)]
<1 X |ug — uy| + Llug — uq|
< max(l,L)\uo —U1’
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Hence ¢ is globally Lipschitz and its Lipschitz constant only depends on D’ and D. The same arguments
can be applied to ¢!, thus getting (2.72). Let us now show that the operator defined by

Vf € L (Qk), Tf:=foo (2.75)

satisfies the expected requirements. For p € {2, 00}, any f € WHP(Qy) satifies fop € WP (Qg/) and the
weak derivatives of f o ¢ can be expressed with the classical formula for the derivative of a composition
(see for instance | , Theorem 1.1.7]); furthermore, if f € H}(Qk) then f o ¢ verifies f o ¢ = 0 a.e.
outside Q-+, giving that T'f € Hg(Qx) since Qg is Lipschitz (see | , 3.2.16]). Together with (2.72)
we deduce that T satisfies the second requirement.

By construction ¢(u) = u if u € K”, so that it only remains to show

K\ K| < K\ K| (2.76)
with C uniform in the class K, .
It is classical that |K| = % [V dHN ™! (see for instance | , (1.53)]) and similarly for K’ and
K" with p' and « in place of p, respectively. Therefore
1 1
’K’\K”’ _ / (p/N _ aN) deN—17 ‘K\K" _ / (pN _ p/N) deN—l (2.77)
N Jop N Jon
Using the identity
N-1
l’N—yN:(l'—y) I'kyN_l_k
k=0
we obtain:
|K'\ K"| < N(diam(D))N 1 / (p' — a) dHN ! = eN(diam(D))V ! / (p—p)dHN !
oB oB

recalling (2.73). Likewise we get

inr(D)N-1 _
ww (VRS [ (o )

recalling (2.74). This proves (2.76) for some C' = C(N, D, D’) and completes the proof. O
Next lemma is a control of the torsion function ||uqy [|y1.0(q,) uniformly in the class K o

Lemma 2.3.10. Let D € K. There exists C = C(D) > 0 such that for all K € KN with K C D, then

luk llwree i) < C

where ug = uq, 1is the torsion function defined in (2.62).

Proof. e [ estimate of ux: We apply a standard maximum principle argument. We note first that
ug € C%(Q) (see | , Theorem 6.13]). We choose x¢ € Qf and let
1
w(z) = 5N (diam(Qx)? — |z — zo/?)
The construction of w ensures
—Aw = —AuK in QK
w > UK over O
The maximum principle then writes
diam(Qx )2
0<ug <w< IaHZI(NK) in 0
so that ()?
diam QK
- < — 0 2.78
lurllzer) < = (2.78)
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o [ estimate of Vug: This is obtained in | , Lemma 1| ; we reproduce the proof for sake of
completeness.

Since Q is convex the corresponding torsion function ug is 1/2-concave (see | , Theorem
4.1]), yielding also that the level sets {ux > ¢} are convex for any ¢ € R. Let 29 € Qg and take
a supporting hyperplane H to the convex set A := {ug > ug(xo)}, which we can assume to be
H = {xn = 0} without loss of generality. The convexity of A ensures that A is located on one side
of H, say that A C {zny > 0}. As xg € H we must also have A C {xn < d} where d := diam ().
Hence

Ac{0<zy <d}. (2.79)

This construction provides a natural barrier to ux at zg. In fact, denoting by F := {0 < ay < d},
we let w : F' — R be defined for x € I by,

1
w(zx) = §xN(d —xzN) + ug(zo). (2.80)
Then see that w verifies
—Aw =1 in F,
w = ug(xg) over OF.
Furthermore it holds
d
Ve € F, [Vw(z)| = |[Onvw(z)| < > (2.81)
We can now estimate the gradient of ux at xg. Noting that ux € C°(Q) (see | , Theorem

6.13]), we have thanks to (2.79) and (2.80) that w > ¢ > ug over 0A C {ux > ur(xo)}. We can
therefore apply the maximum principle in the open set A to get

sup ug () — ug (o) < sup ug () — ug (o)

2€Q |z — 20 zeA |z — 20
< sup w(z) — w(wo)
€A |55 - 330|
w(z) — w(wo)

< sup
el |$ - 33‘0‘

Using (2.81) we finally obtain

sup ug (r) — uk (o) < @7
TEQN ’x - 330’ 2
that is )
[Vuk||Lee (@) = sup Juk(z) = ur(y) < —diam(92)
zyeQ lz -yl 2

O

Remark 2.3.11. We did not use the convexity of Qf for estimating ||uk ||z (o, ) in terms of diam (),
so that estimate (2.78) holds for any bounded open set 2. Moreover, one can also obtain a finer estimate
relying on a symmetrization argument due to G. Talenti: if v is the solution to

—Av=11in QﬁK
v € Hi(Q)

where QﬁK is the ball centered at the origin having the same volume than Q, then | , Theorem 1

(iv)] implies

uﬁnginQﬁK
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with uﬂK denoting the symmetric decreasing rearrangement of uyx. This provides a Volume-type control
of [[uglLoe (o)
2/N
sl e ore) = Nl oty < 0l ety < OOV Qe

with C(N) a dimensional constant?. This estimate implies (2.78) up to a dimensional multiplicative
constant, as Qi can always be included in some cube of size diam({2x ). It can reveal to be very convenient
for controlling [|ug ||z (q,) When we can bound [Qx| while having diam(Qs) — +oo.

We are now in a position to prove Proposition 2.3.8:
Proof of Proposition 2.3.8: Let K’ C K be convex bodies. Recall that Qi and Qg denote the
interiors of K and K’ respectively. Let T : Qg — Qg the change of variables given by Lemma 2.3.9.
Let ug := ugq, the torsion function, solution of (2.62). Using Tux € H{ (k) as a test function in the
variational formulation of 7(K') we can write

0 < 7(K) — 7(K') < /K (IV@ur)? ~ [Vurc?) - Q/K(TUK k)

Using the properties of T' given by Lemma 2.3.9 we get

0<7(K)—-T7(K" §/

(IV(Tu)? — [Vu?) -2 / (Ture — ux)
K\K"

K\KU
< KN K (19T s [Fe a0 + 20Tl (2,0 + 2l e ) )

< Cmax ([l | 0,0: IV 3oy ) 1K\ K

for some C' = C(D’, D). Lemma 2.3.10 then yields the result. O
We will now show Theorem 2.3.2 for A,,. To that end we will use the following result that was proved
in | , Theorem 3.4]:

Theorem 2.3.12. Let Q' C Q be bounded open sets. For any n € N* it holds
‘)‘n(Q) - )‘n(Q/)‘ < C(n))‘n(Q)N/2+1)‘n(Q/)’7'(9) - T(Q,)|
where C(n) = 2n2el/*r,

Proof of Theorem 2.3.2 for \,: Theorem 2.3.12 gives that for any K € KN, D
() = An(K")| < Cn)An(K)NPHIN (K| (K) = 7(K)]

From monotonicity of the Dirichlet eigenvalues we have A, (K)N/2t1\, (K') < A (D')**N/2 and therefore
the estimate from Proposition 2.3.8 gives the result. O
Neumann eigenvalues

The purpose of this section is to prove Theorem 2.3.2 in the case of Neumann eigenvalues. We actually
get a slightly better result (with no assumption of inclusion between K and K’, see also Remark 2.3.3),
more precisely:

Proposition 2.3.13. Let N > 2. Let D' ¢ D C RY be conver bodies. For any n € N* there exists
Cy, = Cn(D', D) > 0 such that for each K,K' € K¥,

| (K) = pin(K")| < Cp| KAK'| (2.82)

2This was pointed out to us by D. Bucur.
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Remark 2.3.14. This result is stronger than | , Theorem 4.2|, proven in the same class but for a
different distance between sets (namely, the L distance between the radial functions). More precisely,
it is proven in | ] that there exists C,, = C,(D’, D) such that for all K’, K € K%, ;, with respective
radial functions px and pg 7

[ (K) — pn(K')| < Cullpr — pirct]loo-

This latter result is not enough to provide (2.82), as one sees for example by taking K = [0,1]® and
K;=Kn{r €R3x3>1/i — 21} (K; is built by cutting the neighborhood of an edge). It is not hard to
see that |K \ K;| < C|lpk — pr, ||% (we fixed an origin inside K, for example (3, 1, 1)), thus contradicting
the possibility of controlling ||px — px’|lco by [KXAK'|. On the other hand this result is implied by (2.82),
recalling the expression of volume in terms of radial functions (see for instance | , (1.53)])

1
KAK| = [ 1ok = ol < Cllpsc = prol

with C a constant only depending on D’ and D.

As in the Dirichlet case we follow the general strategy of | , |, as we were not able to apply
their result, namely | , Theorem 6.11]. The proof of Proposition 2.3.13 relies on the two independent
steps:

1. we construct an extension operator Ix : WL (Qp) — W1°(RY) whose norm uniformly bounded
in Kg/’ D
2. we provide W1 ™>_estimates of Neumann eigenfunctions.

Note that unlike in the Dirichlet case, we cannot rely on a statement like Theorem 2.3.12 and we have to
directly work with the variational formulation of eigenvalues (we could actually apply the same strategy
for proving Theorem 2.3.2 for \,, though we thought it was more elegant to use Theorem 2.3.12).

The following lemma deals with the first item of this strategy:

Lemma 2.3.15 (Extension operator). Let N > 2 and D' C D C RY™ be convex bodies. There erists
C =C(D',D) > 0 such that for any K € Kg,’D there exists a bounded operator

Mg : LN(Q) — LYRY)
satisfying the requirements:
e forany f € L'(Qg), Uk f(x) = f(x) for a.e. x in Qx,
o if f e WH™(Qg) then g f € WH®(RN) with
Lk fllwreo @y < Cllf oo )

Remark 2.3.16. This result could be seen as a consequence of | , Theorem II.1| which asserts the
same result in the wider class of sets satisfying the e—cone condition (see Definition 2.4.1). Nevertheless,
using that the domains we consider are convex, we are able to give a shorter proof of this result.

Proof. The ideas are similar from the ones in the proof of Lemma 2.3.9. We again assume up to translating
that 0 € Int(D’), and let p be the radial function associated to K.
If u € RV \ {0} we set z, := u/|u|l. We let

K = {\z(p(z) +1), z € B, e [0,1]}

U fue K

Vu e RV, u) =
© 91(u) {p(wu)azu ifug K
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and

1 ifue K
Vi€ RY, ¢a(u) = plza) — [l +1 i Ju] € [p(z), plwa) + 1]
0 if |u| > p(xy) + 1

Functions ¢, and ¢2 are built by gluing continuously Lipschitz functions; as in the proof of Lemma 2.3.9
we thus deduce that ¢1 and ¢2 are Lipschitz with Lipschitz constant only depending on ||V, pl|z(p) and
min p, hence only on D" and D. Therefore there exists C'(D’, D) such that

{n@uww) <1, V2|l gy < C(D', D) (2.83)

D1l ooy < C (D', D)
We finally let, for any f € L'(Qg) and u € RY

for1(u)pa(u) ifue K

Hief(u) = {o ifug K

By construction Ilx f(u) = f(u) for u € Qk, and [ f[|Le@n) < [[fllLe(y)- Since ¢1 and ¢a are
Lipschitz we have that i f € Wh(RY) if f € W1°(Qy) and further VI f = (fog1)Va+V(fod1)pa
a.e.. Using (2.83) we deduce

IVIE fllpoe®yy = IVIK fll oo (i) < 192V © @1)ll oo () + I1(F 0 1)Vl o 7
< ||¢2HW17°°(RN)(HV(f o ¢1)”Loo([~() + ||f © ¢1||Loo(f())
< (14 C(D", D) fllwre ()

This completes the proof of the lemma. O
We now state a Wh>-estimate for Neumann eigenfunctions:

Lemma 2.3.17. Let N > 2, D' ¢ D C RY be convexr bodies, and n € N*. There exists C,, =
Cyn(N,D',D) > 0 such that for all K € K, 1,

vk nllwie@g) < Cn
where v, is any Neumann eigenfunction associated to pn(K) and such that ||vi nllr2(0,) = 1-
Proof. We fix n € N and denote more simply v, := Vi p.

o L estimate of v,: By | , Proposition 3.1| (and the remark following), it holds

H'UHHLOO(QK) <(C; ((1 + \/M)CQ)T

where
Cy = Ci(N)
Cy = Cy(D', D)
r=r(N)

Since pin (K) < A (K) < A (D), we get the estimate

[vnll Lo (@) < Cn(N, D', D) (2.84)
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o L™ estimate of Vuv,: It is proved in | | in any dimension N > 2 that
IVl oo () € CONIEN (K)o l[onl s )

where Cgq, is the isoperimetric constant relative to Qg i.e. if Q C R¥ is a bounded open set

' 1-1/N : N1
o<tbithy2 1P o2 min{| BJ, |2\ B[} %

with P(-, ) denoting the relative perimeter in 2. Together with (2.84) this provides
IVunll L i) < Cu(N, D', D)Cq L (2.85)

Now it is shown in | , Corollary 2| that Cq > é(e,b, N) > 0 for any Lipschitz domain Q with
diameter < b and satisfying the e-cone condition (2.94). As there exists ¢ = (D’, D) such that
(2.94) is satisfied for any K € KB, , (see Remark 2.4.2) we can conclude from (2.85) that

vanHL"o(QK) S Cn(N7 Dl? D)

O]

We are now in a position to prove Proposition 2.3.13. The following is a combination of the proofs of
Theorems 3.2 and 4.20 of | | adapted to the particular case of the Neumann Laplace operator, which
we reproduce for the convenience of the reader.

Proof of Proposition 2.3.13: We denote by v1,...,v, n first eigenfunctions of the Neumann Laplace
operator on Qg normalized for the L? norm (i.e. ||og]l12(0,) = 1). Recall that functions vy, are orthogonal
for the L? scalar product. Let f:= "7 | aguvy with || fl|l 2q,) = 1, which means Y7, af = 1. Set

T := Ry oy : L' (Qx) — LY (k)

where Il is the extension operator given by Lemma 2.3.15 and Rg is the restriction onto Qgs. Note
first that it suffices to prove estimate (2.82) under the additionnal condition |[KAK’| < &, for some small
en(D’, D) > 0 depending on n, D', D; indeed, using u,(K) < Ay (K) < A\(D') for any K € KV, 1, we

have
2\, (D’ )

|pn(K) — i (K')| < 20, (D") < |[KAK'|
n
if |[KAK'| > ep.
Estimate from below of [T f|12q,,): We will first prove
ITfl1Z200,0) = 1 = Cal€k \ Qx| (2.86)
for some C,, = C,(N, D', D) > 0, which immediately provides
ITFl73 0, < 1+ 2C0lQ% \ Q| (2.87)

whenever [Qx \ Q| < 1/2C,, using the inequality (1 —z)7! <1+ 2z if 0 <z < 1/2.
We have, as Ry o g (f) = f on Qx N Qg

HTfH%?(QK/) 2 ”TfH%2(QKmQK,) = ||f||%2(QKmQK,) = ||f||%2(QK) - ”f”%?(QK\QK/) (2.88)
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But thanks to Lemma 2.3.17 and recalling that Y, _, a% =1

n 2 n
1122000 < (2 arlonlzanag) < DIkl
k=1 k=1

< (0 Mokl ) ) 1926 \ Q] < Cul(N, DY, D)I 2\ ]

Pluging this into (2.88) yields (2.86).

Estimate from above of [|[VT'f||2(q,,): We now prove
IVT £l 720,y < ka(E) + Cul Q0 \ Qx| (2.89)
for some C,, = C,,(N, D', D).
Note that
HVTfH%?(QK,) = HVTfH%?(QK,OQK) + HVTfH%P(QK,\QK)
= IVFl2@,unam) IV f 20,000
< IV FllZ20p) + IVNT 720,00 000) (2.90)

The Neumann eigenfunctions being orthogonal for the L? scalar product, we also have fQK Vo - Vo =
K) fQK v = 0 for k # k’. Furthemore HVka%Q(QK) = puk(K) < pn(K) and we thus get

IV 112000 = DO 0rl Vorll 2 < pn(K) (2.91)

On the other hand, denoting by C; = C1(D’, D) and Cy = Co(N, D’, D) the constants respectively given
by Lemmas 2.3.15 and 2.3.17, we obtain

HVTfH%Q(QK/\QK) < ”VTfH%oo(QK,)’QK’ \ Q|
< Cill fIfyr.oo i) 1957 \ Qx|

< 01(2 ||Uk:||%v1,oo(QK)) [0k \ Q|

k=1
< C1nC2 |0k \ Qx| (2.92)

With estimates (2.91) and (2.92), (2.90) gives (2.89) for Cy,(N, D', D) = CynC3.

Min-max principle and conclusion: Let us remind the following min-max principle:

IVal;
pn(K') = min max¢ (2:93)
dim(V)=n gi‘/ Hg”L2(QK/)

where the minimum is taken over all n-dimensional subspaces V C H(Q).
In the view of (2.86), if [k \ Qx| < &, for some &, = &,(N, D', D), we deduce ||Tf||12q,.,) > 0
for any f = > ) ; cgvp with || fl[z2(q,) = 1, thus getting that Ty, ..., Tv, are linearly independent as

(vi,...,vy,) also are. Setting Ly, := Vect(v1, ..., vy ), formula (2.93) therefore implies
Vgl 2 IVNTf1I20,
) < g T S me T,
€TL. ||g €Ly
9740 (Qgr) Hf||L2(Q L3( (Qpgr)
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Putting estimates (2.87) and (2.89) provides

in(K") < (i (K) + Cl 2 \ Qicl) (14 200 | \ Rscr])
< 1 (K) + Gl AQc |

for some constant Cy, (N, D', D), if |Qx \ Qx| < 5, where we used p,,(K) < Ap(K) < A (D'). Switching
the roles played by K and K’ we get (2.82). O
2.3.3 Optimality of the C*! regularity

We show in this short section that the Holder regularity obtained in Theorem 2.2.3 is optimal. Precisely
we prove:

Proposition 2.3.18. In R?, there exists a quasi-minimizer of the perimeter under convexity constraint
which is CY' but not C?.

Let us first introduce some notations. If €2 is a measurable set we define its (scaling invariant) Fraenkel
asymmetry a(€2), which is scaling invariant:

a(Q) = inf ’QAB’,BCR2abaH, Bl =1Q|}.
€|

We also denote D(Q2) := (P(Q2) — P(B))/P(B) the normalized isoperimetric deficit, where B is any ball
with same volume than . We call stadium a set  C R? which is obtained as the convex envelope of two
disjoint disks of same radius.

The following result is proved in | | (see also | , Theorem 1.2|, and the introduction of

[CLL3]).

Theorem 2.3.19. It holds

in D(K) ~ 0.405585 > 0
Kek? a(K)?

and equality is achieved at a particular stadium K*.

Proof of Proposition 2.3.18: Let us note that any stadium is C*! but not C?, as the curvature jumps
from value 0 on a flat part to a positive value on a semi-circle. Call ¢* the value of the infimum above,
and set Vp := |K*| and By, a ball of volume Vj. Then Theorem 2.3.19 implies

P(K) = P(By,) — ¢ P(By,)a(K)* 2 0

for any planar convex body K of volume Vj, with equality at K*. In other words, K* minimizes the
functional P — P(By,) — ca? among planar convex sets of volume Vp, with ¢ := P(B)c*. If one proves
that o satisfies hypothesis (2.51), then we deduce that K* is a quasi-minimizer of the perimeter under
convexity constraint, which concludes the proof. Let (K, K’) € K2, and with no loss of generality (as « is
invariant with scaling) let us assume that |K| = |K'| = 1. We denote B an optimal ball in the definition

of a(K): we have
(K" — *(K) < 2(a(K") — a(K)) <2 (|K'AB| — |[KAB|) < 2| KAK'|

where the last inequality is obtained by easily checking that K'AB C (KAK') U (KAB). Inverting the
roles played by K and K’ we deduce that a verifies (2.51), thus completing the proof. ]
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2.4 Appendix

Parametrization of convex bodies in cartesian graphs Let us start by covering a few preliminaries
about Lipschitz sets. The following definition, first given by D. Chenais in | |, is a very convenient
way of considering "uniformly" Lipschitz sets.

Definition 2.4.1. Let ¢ > 0. We say that an open set Q@ C RN satisfies the e-cone condition if for any
x € 0N) there exists a unit vector &, such that

Vy € Be(x) N, C(y,&p,e) CQ (2.94)

where we set
C(y, &) i={z e RN (2 — y,&) > cos(e)|z — y[,0 < |z — y| <&}

Remark 2.4.2. For any fixed M > m > 0, it can be shown that any open convex set {2 such that there
exists z € RV with
By, (xz) C Q C By(x)

verifies the e-cone condition for some € = ¢(m, M) (see for instance | , Proposition 2.4.4]).

The following proposition shows that one can see a convex set as the graph of a Lipschitz function
with specific additional properties that will be used in the proof of Theorem 2.2.3 (see Figure 2.3 for an
illustration).

Proposition 2.4.3. Let K € KN. For any xg € 0K, there exists
o A hyperplane H C RN containing 7y,
o A unit vector ¢ € RN normal to H,
such that, denoting by (z,t) a point in H x RE coordinates (and hence denoting Tg := (x0,0)), it holds

1. The set Q:={x € H, (z+RE) N Int(K) # 0} is open, bounded and convex, and the function

u: Q=R
z+— min{t € R, (z,t) € K}

is well-defined and convex. Furthermore, if € is such that Int(K) satifies the 2e-cone condition (see
Definition 2.4.1), then B® := B_an(c)(z0) C 2 and u|ge is tan(e)~!-Lipschitz.

2. It holds

{(z,u(x)), x € Q} C OK
KN xRE C {(z,t) € 2 xRE, u(x) <t}

3. For any open set w € B¢, there exists ¢ > 0 such that
{(@,1) €w x RE, u(z) <t <ula)+c} C K

Furthermore we can choose ¢ only depending on d(w,0B®) and €.

80



Figure 2.3: Convex body in cartesian graph

Proof. The proof is inspired from | , Theorem 2.4.7|, with a few adaptations due to convexity. Since
K € KV, then Int(K) satisfies the cone condition (see Definition 2.4.1 and Remark 2.4.2). We can assume
without loss of generality that it satisfies the 2e-cone condition for some € > 0 with tan(e) < 1. Let then
€ := &z be a unit vector associated to g and the 2e-cone condition, that is

Vi € K N Bae(73), C(3,€,2) C Int(K)

We set H := {7 € RN (Z — 7¢,¢) = 0}.

The function u is well-defined by construction of 2. The convexity of K gives immediately that w is
convex: if A € [0,1] and z,y € Q, the point (1 — \)(z,u(z)) + A(y,u(y)) € K since K is convex, giving
that u((1 — Az + Ay) < (1 — MNu(z) + Au(y) by definition of wu.

For the rest of the proof we will write (y,ye) for the H x R¢ coordinates of a point 3 € RY. Any cone
C(7,€&,2¢) can be written

~ ~ . 1
C(7,€,2) = {y € Boe(), ye — we > mw - $} (2.95)

Indeed, if € RY and Z € RY are such that y¢ — z¢ > 0, then
ye — x> cos(e) [y — E| = (ye — w¢)” > cos®(e) (ly — z[* + (ye — z¢)?)

1
=y —Te > ——|y —
Ye T > Tl ly — x|

Recalling that B¢ = {x € H, |z — z¢| < etan(e)} we claim that

. | (z,¢) € Int(K)
Vz € B, {(x’ ) ¢ () (2.96)

Indeed, let x € B®. Let us first show that (z,e) € Int(K). Since C(Zg,&,2¢) C Int(K) by the 2e-cone
condition, then it suffices to prove that (x,¢) € C(Zg,§,2¢). But as |z — 29| < € it holds (z,¢) € Ba-(70),
and furthermore tan(e) =tz — x| < €, so that we deduce (z,¢) € C(7p, &, 2¢) thanks to (2.95) and hence
(z,¢) € Int(K). For the second assertion it is sufficient to prove that C(zg, —¢,2¢) € RY \ Int(K), since
in any case (z,—¢) € C(Tg, —&, 2¢) using again (2.95), as (z, —¢) € Ba(Tg) with tan(e)~tx — 29| < & =
(—e)x(—1). Suppose then by contradiction that there exists 7 € C(zg, —&, 2¢)NInt(K); since T € Ba.(Zg),
it holds that C(Z, &, 2¢) C Int(K) by the 2e-cone property. But then g € C(Z, &, 2¢), yielding 7 € Int(K),
which is a contradiction. This finishes the proof of (2.96).

Thanks to (2.96), it holds B¢ € Q. Let us show that u)g= is Lipschitz continuous with Lipschitz constant
tan(e) L. If ¥ € BF then (7,¢) € Int(K) thanks to (2.96) and (z,u(x)) € K so that [(z,u(x)), (z,€)] C K.
This ensures —e < u(x) < € using again (2.96), so that in particular (z, u(z)) € Ba-(Zg). Let now z,y € B®.
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As (z,u(x)) € Ba:(Tp) we must have C((z,u(x)),&,2¢) C Int(K) by the 2e-cone property; but then, as
(y,u(y)) € OK we get (y,u(y)) ¢ C((z,u(x)),§,2¢), giving

1
uly) ~ule) < o

ly — x|

Reversing the roles played by x and y, we deduce in fact that u|g- is tan(e)~!-Lipschitz. This finishes the
proof of the first requirement.

The construction of u ensures that the second requirement is verified. As for the third let § be such
that d(w,0B%) > 6 > 0. Set ¢ := dtan(e)~! and let x € B® and u(z) <t < u(x) +c. As x € B®, we have
(x,e) € Int(K) and (z,u(z)) € 0K so that [(z,u(x)),(x,e)] C K, hence it suffices to show that ¢ < € to
get the claim. As it holds that | — x| < etan(e) — d, then recalling that ug is tan(e)~'-Lipschitz we
get

t <u(x)+c<tan(e)™ x (etan(e) —§) +c=¢

This finishes the proof of the third point and hence the proof of the Proposition. O

Proof of Proposition 2.2.8
Proof. Let (K,) be a sequence of convex bodies verifying K,, C D where D € K.

e Let us first focus on
dy(K,, K) —» 0 <~ |K,AK| — 0

The direct sense is proved in | , Proposition 2.4.3, (ii)|. As for the converse, suppose |K,AK| —
0, and assume by contradiction that (K,) does not converge to K for dy. Up to extracting we can
therefore suppose that there exists ¢ > 0 such that

VneN, dy(Ky,K)>¢ (2.97)

Thanks to the Blaschke selection theorem which states that {L compact convex of RN, L ¢ D} is
compact for the Hausdorff distance, up to further extraction there exists Ko, compact convex such
that K,, — K for dg. Using again | , Proposition 2.4.3, (ii)|] and since |K,,AK| — 0 we must
have K, = K, contradicting (2.97).

e We now assume that dy (K,, K) — 0, and let C € KV be such that C C Int(K). We want to prove
C C K,, forlarge n.

There exists € > 0 such that d(C,0K) > e. Since K,, — K for dy, we also have 0K, — 0K for
dpr (see | , Lemma 1.8.1]). This gives d(C,0K,) > ¢/2 for large n. Let us assume to get a
contradiction that we do not have C C K, for n large enough. Up to extraction we can therefore
suppose that C' N (RY \ K,,) # 0 for each n. But then C ¢ RV \ K,, thanks to the convexity of
C, since otherwise there would exist x € C' N 0K,, which is in contradiction with d(C,0K,,) > ¢/2.
This rewrites K,, C RY \ C for each n, yielding K C (RN \ C) at the limit. This contradicts the
hypothesis Int(C) C K.

O]
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Chapter 3

Fuglede-type arguments for isoperimetric
problems and applications to stability
among convex shapes

This Chapter is a reprint of the submitted paper Fuglede-type arguments for isoperimetric problems and
applications to stability among convex shapes written by the author of this thesis.

Abstract

This paper is concerned with stability of the ball for a class of isoperimetric problems under convexity
constraint. Considering the problem of minimizing P + eR among convex subsets of RY of fixed volume,
where P is the perimeter functional, R is a perturbative term and £ > 0 is a small parameter, stability of
the ball for this perturbed isoperimetric problem means that the ball is the unique (local, up to translation)
minimizer for any e sufficiently small. We investigate independently two specific cases where Q2 — R(2)
is an energy arising from PDE theory, namely the capacity and the first Dirichlet eigenvalue of a domain
Q c RY. While in both cases stability fails among all shapes, in the first case we prove (non-sharp)
stability of the ball among convex shapes, by building an appropriate competitor for the capacity of a
perturbation of the ball. In the second case we prove sharp stability of the ball among convex shapes by
providing the optimal range of ¢ such that stability holds, relying on the selection principle technique and
a regularity theory under convexity constraint.

3.1 Introduction

3.1.1 Stability in shape optimization

In this article we are interested in the question of stability of the ball for isoperimetric-type problems
under a convexity constraint. It takes place in the framework of shape optimization problems involving
the perimeter functional P, which consists in the minimization problems

inf {P(A) + R(A), Aec A}

where A is a class of measurable subsets A C RY of volume |A| = 1, P(A) is the perimeter of A in the
usual De Giorgi sense, and R : A — R is a functional thought of as a perturbative term. Due to the
well-known isoperimetric inequality, any ball B C RY of unit volume is minimal for the minimization of
P+ R among all sets in A when R = 0: for all measurable sets A C R with volume |A| = 1, P(A) > P(B)
with equality if and only if A is a ball of unit volume. By stability of the ball for the problem P + R we
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mean that, considering R. := R for a small parameter € > 0, then provided ¢ is close enough to 0:
The ball B is a local minimizer of P+ eR in A

where by locality we mean that the L! distance of Q € A with B is small (i.e. |QAB| < 1). In other
words, this notion of stability states that the ball is still a minimizer of the perimeter functional when it
is perturbed by another functional R. Another way of putting it comes from rewriting the minimality of
B as

P(A) — P(B) = € (R(B) — R(A))

so that, assuming moreover that R(B) > R(A) for each A € A (which is always verified for the cases
we have in mind), then the deficit of perimeter quantifies the deficit of the functional R. Let us mention
that this point of view on stability encompasses what is usually refered to in the literature as quantitative
inequalities, the most famous one being the sharp quantitative isoperimetric inequality, proven in | ].

It claims that by setting
6p(A) := inf{|AA(B + z)|, z € RN}

the Fraenkel asymmetry of a set A C RY of unit volume, then there exists ¢y > 0 such that
P(A) = P(B) > cn0r(A)?

In our stability setting this can be rephrased into stability of P — 5% among all sets of unit volume. The
literature on quantitative inequalities in shape optimization is very prolific, and we refer for instance among
many others to | I, [ I, [ I, [ I, | I, | I, | | and to | | for
a nice review of stability results linked to the isoperimetric inequality.

3.1.2 Stability of the ball under convexity constraint

We are more specifically interested in shape optimization problems where A only contains convex shapes,
that is
inf {P(K) +eR(K), K € KV, |K| =1}

where KV denotes the class of convex bodies of RV (that is, compact convex sets with non-empty inte-
rior). The addition of the convexity constraint is interesting since stability among all shapes fails for the
functionals we will consider. This happens for some problems where R is of PDE-type, by which we mean
that R(K) is an energy associated to a PDE which is set on K or RY \ K. In this paper we investigate
independently two specific problems falling into this category. Let us now introduce them and state the
stability results associated.

Weak stability for P + Cap~!

We are interested in a first problem which involves a PDE set on the exterior of the domain. For N > 3
we introduce the capacity functional Cap : KV — R which we define as the usual electrostatic capacity:

Cap(K) := inf {/ IVul?, u € C°(RY), u > 1 over K} (3.1)
RN

When N = 2, one can see by looking at the energy of the fundamental solution of the Laplacian that
the infimum in (3.1) is always 0. Therefore one must proceed differently to define the capacity for N = 2
(see Section 3.2).

We now set the problem: letting € > 0 be a small parameter, we are interested in the minimization

inf { P(K) + cCap(K) ', K € KV, |K| =1} (3.2)

for N > 3. Before giving motivations and context for this problem let us state the stability result which
we obtained.
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Theorem 3.1.1 (Weak stability of the ball for the capacity). Let N > 3. There exists £ = o(IN) > 0
such that for any e € (0,e0) the centered ball of unit volume B is the unique (up to translation) minimizer

of (3.2).

We call this result weak stability in the sense that the ¢ found is not optimal (contrarily to Theorem
3.1.2 below), and is in fact not even explicit. Note that it is the N > 3 version of the two dimensional
result | , Corollary 1.3], where the authors prove weak stability of the ball with the logarithmic
capacity instead. Our approach is however very different, see Section 3.1.3.

Due to the isocapacitary inequality (see for instance | |) which states that

vQ ¢ RY open, |Q] =1, Cap(Q2) > Cap(B)

and the isoperimetric inequality, there is a competition in the minimization (3.2) which makes the problem
non trivial. The introduction of the convexity constraint in the problem comes from the fact that existence
does not hold without any additional geometric assumption (for non-existence for any € > 0 and in
all dimensions N > 2 see | , Theorem 3.2 and Theorem 6.2]). On the other hand (3.2) admits
minimizers for any € > 0 (see | , Theorem 1.1]).

Strong stability for P — )\;

If @ ¢ RV is an open set with finite volume we let A;(f2) be its first Dirichlet eigenvalue, defined as the
smallest number A € R such that there exists a non trivial function w verifying

—Au = Au, in
u € H}(Q)

where the first equation holds in the distributional sense in 2. It has a variational characterization:

Jq |Vul?

A (Q) := inf {W u € H&(Q)} :

For K € KV we set \;(K) := A\(Int(K)). Consider then the minimization problems

inf {P(Q) — cA1(2), @ C RY open, [Q| =1}, inf {P(K)—c\i(K), K € KV, |K| =1}

for any fixed parameter ¢ > 0. There is a competition between the perimeter and A1, as it is known from
the isoperimetric and Faber-Krahn inequalities that a ball B of volume 1 minimizes them both among
shapes of unit volume. Intuitively, we expect that the perimeter is the dominant term for small values
of ¢ while we expect that this is no longer the case in the regime ¢ — +oo, so that B might be a local
minimizer for small values of ¢ and not for large values of ¢. As such there is no global minimizer to any of
the two problems, taking for instance a sequence of long thin rectangles of unit volume. However, even in
a loose local sense there is no stability of the ball for the first problem, meaning that for any ¢ > 0 there
exists a sequence (£;.);jen of open sets with

Q| =1, [QAB| = 0 and (P — cA1)(Qc) < (P —cA)(B) for each j € N

as one sees by comparing the energy of the ball to the energy of the ball perforated by a small hole at
its center (see for instance | , Proposition 6.1]). A strong geometric constraint such as convexity of
the admissible sets forbids this kind of behaviour, so that one might expect stability in this case. This is
the object of the second main result of this article, which can be seen as sharp stability of the ball under
convexity constraint for the functional P — A;. The result is as follows.
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Theorem 3.1.2 (Sharp stability of the ball for A\1). Let N > 2. Let wy be the volume of a ball of radius
1, and py := Nwp, Iy = 3'12\,/2_1 be respectively the perimeter and first eigenvalue of a ball of radius 1
(inja—1 is the first zero of the Bessel function of the first kind of order N/2 —1). Set

o= N Uy (3.3)
4lN(lN—N)wNN

Let B be a ball of unit volume.

o Let 0 < c<c*. Then there exists 6. > 0 such that

VK € KN |K| =1 with [KAB| < 6., (P —cA\1)(K) > (P —cA)(B). (3.4)

o Let ¢ > c*. There exists a sequence of smooth convex bodies (Kj.)jen of unit volume for which
|K; AB| — 0 and
(P —ch)(Kje) < (P —c\)(B) for each j € N. (3.5)

Note that the novelty of this result comes from the first item (inequality (3.4)), as (3.5) was already
obtained by | | (see the second point below). We thus give an answer to the question of local minimality
of the ball for the problem P — ¢\ under convexity constraint for any value ¢ > 0 (except ¢ = ¢*). Let us
place it among existing results in the literature.

e First, in a weak form the stability of the ball for P — A\; (in the sense of (3.4)) was already known.
It was first obtained in two dimensions by Payne and Weinberger in | | for the larger class
of simply connected domains. More precisely, the Payne-Weinberger inequality states that for any
Q) C R? open, simply connected with unit volume it holds

2 P(Q)?
A(Q) = M(B) < M(B) (J1(jor) * — 1) -1 (3.6)

47|Q|
where J; is the Bessel function of the first kind of order one, and jy; is the first zero of the Bessel
function of the first kind and of order zero. While this inequality is much more general since it
gives a control of the Faber-Krahn deficit by the isoperimetric deficit for any simple connected set, it
implies in particular stability of the ball among simply connected sets € for which P() is bounded

from above. One can in fact derive the inequality

VQ € R? open and simply connected with | = 1, (P(Q) — P(B)) > ——2

2 PB) +C (A1(2) — A1 (B))

where €9 := 47\ (B) "1 (J1(jo1) "2 — 1)7L, provided P(2) < C. Note that the constant eo/(P(B) +
C) becomes e2(2P(B))~! = (Vi (J1(jor) 2 — 1))71 ~ 0.036 as C — P(B), while the optimal
constant given by (3.3) equals ¢* = W ~ 0.077.

On the other hand, a Payne-Weinberger type inequality for convex sets was proven in any dimensions
N > 2 by Brandolini, Nitsch and Trombetti | , Theorem 1.1] using the Brunn-Minkowski
theory. They prove that for any open convex set of unit volume Q C R it holds

M (Q) — M\ (B*) P(Q)¥ T — P(B)¥1
MO ( ()~ )

for some explicit constant C > 0, where B* is a ball with same perimeter as 2. This again implies
a non-optimal local stability of the ball for convex sets in the sense given by (3.4).
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e Second, in | , Theorem 1.2] (see also | , Proposition 5.5 (ii)|) Nitsch conjectured the optimal
value ¢* > 0 by proving that (i) if ¢ < ¢*, the ball B is a minimizer of P — ¢\; among unit volume
perturbations of the ball by a smooth vector field & i.e. for Be := (Id + £)(B) with ||{[[c~ < 1 and
(ii) if ¢ > ¢, there exists [|§;|lcee — 0 with (P — cA1)(Bg;) < (P —cA1)(B).

e Finally, one can interpret this result in the context of Blaschke-Santalo diagrams. In fact, it provides
the exact value of the tangent at (zo,yo) := (P(B), A\1(B)) of the upper boundary of the diagram

for (P, A1,| ) in the class of planar convex sets, that is of the set

D:={(z,y) €eR* IK € K? P(K)=z, M(K)=y, |[K|=1} (3.7)
It was proven in | | that this diagram lies between two continuous increasing functions, meaning
that

D = {(2,y) € [wo, +oo[xR", f(z) <y < g(x)}

for some continuous increasing f,g : [zg,+00) — R*. Relying on non minimality of the ball for
¢ > c*, the authors proved that limsup, ., %ﬁjﬁxo) > L (see | , Corollary 3.17]). On the
other hand, minimality for any ¢ < ¢* from Theorem 3.1.2 ensures that the reverse inequality holds,
so that the function g admits a tangent at (zo,yo) with coefficient (¢*)~!1. The precise result is thus

the following.

Corollary 3.1.3. Let B C R? be a ball of unit volume and set (xo,y0) := (P(B), \1(B)). Let c*
be given by (3.3). Then the upper boundary of the diagram (3.7) admits a tangent at (x,yo) with
coefficient (¢*)71, d.e. ¢'(x) = (¢*)7 L.

Although the convexity constraint is a natural class for proving this strong form of stability of the ball,
our result opens up the question as to finding the more general class for which this could hold. Since a
weak form of stability holds in two dimensions for perturbations of the ball which are simply connected
(by the Payne-Weinberger inequality), we believe that it would be interesting to investigate whether the
sharp stability we obtained could be extended to this class. As shown in | , Remark 6.2], one cannot
hope for such a general class when N > 3, but one can however make the same conjecture for the class of
Lipschitz perturbations of the ball (see also further (ii) from Proposition 3.2.5).

3.1.3 Strategy of proof

Although the two results are independent, the strategy we employ for proving them follows a general
scheme, which is recurrent in the literature and not specific to convexity (see | | for a detailed de-
scription). We rely on the following steps:

1. Fuglede-type computations: minimality of the ball for the functional among “smooth" perturbations
of the ball (Theorems 3.2.1 and 3.3.1).

2. Local minimality of the ball for convex sets (Theorems 3.1.1 and 3.1.2).

The first step of this strategy refers to the seminal work | | of B. Fuglede, where the author
obtained it for the perimeter functional. By “smooth" perturbations of the ball B in the first step we mean
that minimality holds for domains 2 = (Id 4 £)(B) with & lying in some normed space of smoothness X
and ||¢||x is small enough. Since they are independent of convexity, the respective results Theorems 3.2.1
and 3.3.1 constituting the first step bear interest in themselves. On the other hand, in the second step
one studies the regularity of minimizers of the associated problem, aiming to prove that each minimizer 2
can be written 2 = (Id + £)(B) with £ € X and X is the space obtained in the first step. The two parts
of the strategy are thus closely linked to each other through the choice of the space X.

Let us now explain separately how we proceed for proving Theorems 3.1.2 and 3.1.1.
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Weak stability with Lipschitz regularity

For proving Theorem 3.1.1 we first perform Fuglede-type computations for Lipschitz perturbations of the
ball. This is done in Theorem 3.2.1. It is an improvement of previous results from | , Corollary 5.6|,
where the authors perform Fuglede-type computations for a class of Cb! sets with curvature uniformly
bounded from above. The proof of Theorem 3.2.1 relies on a second-order estimate of the variation of the
capacity for Lipschitz perturbations of the ball, shown in Lemma 3.2.2. To obtain this latter bound we
take advantage of the fact that the capacity is defined as a minimum, thus enabling us to estimate it from
above by providing a natural competitor, for which only low regularity is needed.

Theorem 3.1.1 is then obtained from Theorem 3.2.1 by using Lipschitz regularity of convex sets as in
[ |. In reference to the two steps strategy described above, note that in this case the passage from
the Fuglede-type computations to local minimality of the ball in the class of convex sets is quite direct,
due to the fact that we are able to perform these computations for a space X with low regularity.

Strong stability with a C1® regularity theory

Since it was proven in | , Theorem 1.2] that minimality in (3.4) holds among smooth perturbations
of the ball for any ¢ € (0,c*), the idea of Theorem 3.1.2 is to pass from smooth to non-smooth convex
perturbations of the ball in the minimality. The strategy we will use is the so-called selection principle,
which was first introduced by Cicalese and Leonardi in | | as a means to give a new proof to the
sharp quantitative isoperimetric inequality. The robustness of their method allowed it to be employed
in many other contexts for proving various inequalities for shapes, among which we can quote the sharp
quantitative Faber-Krahn inequality proven in | |. The strategy consists in a refinement of the two
steps method described above. Roughly speaking, if one wants to prove local minimality of the ball of unit
volume B for a functional J among a class A of shapes, the idea is to reduce the proof of the inequality
in A to the inequality in a class of smooth shapes through a regularizing procedure. This is usually based
on a regularity theory related to the functional J under study.

In order to apply this selection principle method we first need to prove Fuglede-type computations for
the functional P — c\; for C1® perturbations of the ball (in Theorem 3.3.1), which are finer than all the
available results in the literature (in | ) , , |; see Section 3.3 for a justification of
these refinements). On the other hand, to perform the second step of the strategy we prove a convergence
result for quasi-minimizers of the perimeter under convexity constraint (Corollary 3.4.3), which uses the
regularity theory from | .

Note that the proof of Theorem 3.1.2 is much more involved than the proof of Theorem 3.1.1. This is
related to the fact that it relies on a regularity theory among convex shapes, but is also because in order
to prove the Fuglede-type computations we are led to perform very technical computations (see the proof
of Theorem 3.3.5).

3.1.4 Plan of the paper

Section 3.2 is dedicated to the proof of Theorem 3.1.1. Sections 3.3 and 3.4 are independent of this first
section, and deal with proving Theorem 3.1.2: in Section 3.3 we show the first step of the selection prin-
ciple method by proving minimality of the ball for P — ¢); in a C'“ neighborhood; then, in Section 3.4
we perform the regularizing procedure in itself. We provide a small appendix in Section 3.5.
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3.2 Stability of the ball for an isoperimetric problem with convexity
constraint involving capacity. Proof of Theorem 3.1.1

In this section we prove Theorem 3.1.1, which is the stability result associated to (3.2). We defined in
(3.1) the capacity functional in dimensions N > 3. One also has

Cap(K) = min {/ \Vul?, u € CgO(RN)HHl, u > 1 over K} (3.8)
RN

where C’g"(RN))HH1 denotes the closure of C®°(RY) inside H'(RY) for the H' semi-norm |u|y: :=
[Vul?, g~y It is proven in [ , Theorem 2 and 3| that provided K is sufficiently smooth, this mini-
mization is uniquely solved by the so-called capacitary function ux which verifies

—Aug =0in RV \ K
ug =1 over K, ug € CO(RY) (3.9)
ug(x) = 0 as |z| = +o0

The number Cap(K) also appears in the asymptotic expansion of ug:

ug(z) ~ |z>N (Cap(K)aN(N - 2)_(N_1)/(N_2)> as || = +oo

with o denoting the (N — 1)-dimensional measure of the unit sphere in RY. Finally, let us also note that
Cap(K) = (In_2(K))~! where Iy_5 is the Riesz potential energy which is given by

ia() =it { [ e yPVdu(oaut). ne P |

with P(K) denoting the set of probabilities supported on K (see | , Remark 2.5]).

When N = 2, one can see by looking at the energy of the fundamental solution of the Laplacian that
the infimum in (3.1) is always 0. Therefore one must proceed differently to define the capacity for N = 2.
We first set the Robin constant Vi of some K € K2, which can be defined in three equivalent ways (see
| , Theorem 4] and section 3 in | |): first, letting

Capp(K) = inf{ |Vul|?, u € HY(Bgr(0)), u > 1 over K} (3.10)
R2

then we set Vi := lim (2rCapr(K)~! —log(R)) as R — oo. Equivalently if K € K? there is a unique
function ug such that

~Aug =0in R?\ K
ug = 0 over 0K
z +— (ug(z) — log|z|) admits a finite limit v as |z| — +o0

and a = V. Finally, one also has

Vi := inf {— //KxKlog(!w —yldu(x)du(y), p e P(K)} :

Then the logarithmic capacity is given by

Cap(K) := e V¥
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In two dimensions, instead of (3.2) we set the minimization problem
inf { P(K) — elog (Cap(K)), K € KV, |[K| =1} (3.11)

where € > 0 is a small parameter. Stability of the ball among convex sets in two dimensions was obtained
in | , Corollary 1.3] using the two steps strategy we described in the Introduction, by proving (i)
Fugldede-type computations in a certain class of "smooth" perturbations and (ii) regularity of minimizers
of (3.11). Theorem 3.1.1 is the N > 3 version of this result. Instead, here we prove (i) for Lipschitz
perturbations (in Theorem 3.2.1 below), which will be enough in order to obtain local minimality of the
ball for convex sets without having to prove regularity of the minimizers. The result is as follows.
Theorem 3.2.1 (Fuglede-type computations for P + eCap~!: minimality for Lipschitz perturbations).
Let N >3, and let B denote the centered unit ball. For h € WH*°(9B) we denote By, := {tx(1+h(z)), t €
0,1), 2 € dB}. There exists n > 0 and eo > 0 such that for all h € W*°(0B) verifying ||h|ly1.0o5) < 1
with |By| = |B| and such that By has barycenter at the origin, and for all € € (0,e9), then

P(By) + eCap(By,)~! > P(B) + Cap(B) !
with equality only if B, = B.
The proof of Theorem 3.2.1 importantly relies on Lemma 3.2.2 below, which consists in a weak (IT)
property (see the statement of Theorem 3.3.4 for a strong (IT) property).
3.2.1 Weak (IT) property
For h € W°°(B) with ||h|| 95y < 1/2 the notation By, denotes the Lipschitz open set

By, = {tz(1 + h(x)), t € [0,1), z € OB}

In the following Lemma we estimate from above the variation of Cap for a Lipschitz perturbation By,
of B in terms of the H' norm of h. Since the Lemma does not use the convexity of the sets By, it is stated
for general h € W1 (9B).

Lemma 3.2.2 (Weak (IT)y1 yy1.). Let N > 3. There exists Cy > 0 such that if h € WH*°(0B) with
By, of volume |By| = |B| and ||h|| @By < 1/2 then

Cap(By) — Cap(B) < Cn ||kl 3195

Proof of Lemma 3.2.2. Fix h € W'*°(0B) with ||h||=@9p) < 1/2 and |By| = |B|. We extend h over
RN\ {0} by setting h(x) := h(z/|z|), thus getting a 0-homogenous function A : RV — RN Let then ¢y,

be the Lipschitz homeomorphism

on: RV — RN
x

— 3.12
A ETIE) 12
Let us denote more simply h := (14h)™L, so that ¢y (z) = h(z)z. We have Dy () iﬁ(x)ld—kaz@ Vh(z),
so that using the formula det(Id +a ® b) = 1 + a - b for vectors a,b and since Vh(z) -2 = 0 it holds
det(D¢y) = hV. As a consequence, thanks to the change of variable y = ¢, (x) and using polar coordinates,

the hypothesis | By,| = | B| reads
/ (1+m)N :/ | (3.13)
oB 0B
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Expanding (1 4+ h)N — 1= Nh+ Zf\iQ (]y) h' we thus get that there exists Cy > 0 such that

it [blom <1/2 [ < Cxlblaon, (3.14)

We set ug(r) := min{1, |2[>~¥} the capacitary function for B, which is the unique solution to (3.9)
for K = B.
Step 1': Cap(By) < [pn [V(up o ¢p)|*. For R > 1let 0z : RY — R be some cut-off function such
that
{eR =1 on Bg(0), g =0 on RN \ Byr(0)

10l Lo @yy < 1, VORI Lo @y) < &

Then vg(x) := Or(z)(upody)(x) € W (RY) and has compact support, so that by standard mollification

we have vg € C(RN) ' As a consequence by (3.8) we get
Cap(By) < / Vg2 (3.15)
RN

We now verify that Vor — V(up o ¢p,) in L2(RV) as R — +o0.
We have

[Vor — V(up o ¢p)llp2@yy = [Vor — V(up o o)l L2y By)
<|[V(up ° ¢n)ll 2@\ By + 108 - V(up 0 ¢n)ll 12N\ By)
+ IVOR - (up © én)ll 2N\ Br) (3.16)
<2||V(upo ¢h)HL2(RN\BR) +[|[VOg - (up o ¢h)HL2(RN\BR) (3.17)

Since V(ug o ¢p,) = (D¢p)T Vup o ¢y, with ¢, € WH(RY) and Vug € L2(RY), it holds
[ V(s 0 60) < D00 o [det(Don) L oy [ 1V < o0
RN RN
Hence ||V(up o ¢n)|lp2mn\By) — 0- On the other hand, as [|1 4 A Lo gy < 3/2 we have for |z] > 3/2,
3\ V-2
upoon@) =lon@) < (3) Il
Since |VOr| < R™!, using polar coordinates this gives for R > 3/2

[ e moop < pe) (3) m [ e
Bar\Br 2 R

B S\V? [(4=N)'R2((2R)* N — RV N)if N £4
= P(B) <2> {32 log(2) if N =4

In any case we thus get
/ |VOg - (up o ¢p)|* = 0 as R — +oc.
Bar\Br

Pluging this into (3.17) we deduce in fact

[Vor — V(up o ¢p)l|p2mny — 0, as R — +o00

I This argument for admissibility of ug o ¢, was suggested to us by M. Goldman, M. Novaga and B. Ruffini.
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so that

Cap(By) < /RN IV (up o ¢p)|*

thanks to (3.15).
Step 2: Estimate of the energy of up o ¢;,. Recall that

vz € RN, D¢y (z) = h(2)Id + 2 ® Vh(z) (3.18)
so that
[V (up o ¢)” = |['(Dén) - Vug o én|”
= |7 (Vuss 0 60) + Vi (Vuss 0 60) - )|

Since up is radial, the vector Vup(¢p(x)) is thus proportionnal to ¢, (z) and hence to z, which yields
Vup(én(z)) - Vh(z) = 0 (because h is constant in the direction x). We deduce

IV (up o ¢n)|* = 2| Vup o ¢n|? + (Vup o ¢p) - 2)2|Vh|?

We can therefore write the energy of up o ¢, as follows
/ IV (up o ¢n)|? = / B2 Vup o ¢n|? +/ ((Vug o ¢p) - )| Vh|? (3.19)
RN RN RN

Let us first deal with the term [y 12| Vug(én)|?. Recalling that det(De¢y,) = hYY we get by the change
of variable y = ¢ ()

/ E2|VUBO¢h‘2—/ (1+h>_2‘VuBo¢h’2
RN RN

- /RNu )N Tupf?

N—2
N -2 »
= v 2 h'L v 2
[t 5777 f i
N—2
N —2 -
= B h’L 2
copm) + 3 (Y7 [ Wi
Now using polar coordinates we have for ¢ > 1
/ B Vg2 :/ dr/ B (0) (r)2d0
RN 0 |0|=r
= (/ v’(r)QrN_ldr> </ h’(@)dﬁ)
0 OB
:aN/ B
OB

where we set ay = [ v'(r)*rN"tdr = P(B)™! [pn [Vug|?®. For i > 2, since [|h|| 100 p) < 1/2 we thus
get,

/ W |Vupl® < Cn|h]72op);
RN

while if ¢ = 1 thanks to (3.14) we have [,5h < CNHh”%?(aB) so that
W Vupl* < Oy |1hll72op)-
B|" < UNIINIT208)
RN
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These two give

| FEITun(@n)l? < Cap(B) + Ox il o, (3.20)

for some dimensional constant Cp > 0. B
We now turn to the estimate of [px((Vug o ¢p) - 2)?|Vh|?. Denoting by a(z) := z/|z|, then for z # 0

Vh(z) = —h?Da(z)"V,h(a(z))

where V is the tangential gradient. As each coefficient of Da(x) is controlled by 2|z| ™, since H?LHLoo(aB) <
2 this yields

(Vug o ¢p) - 2)°|Vh()|* < 8|Vup o ¢/*|V-h(a(x))|”

Changing variables and using polar coordinates in the same fashion as before, this ensures that
[ (Funo61) - (VR < OVl o (3.21)
R
for some Cny > 0. Injecting this estimate together with (3.20) into (3.19) finally yields

/R IV (g 0 6n)* < Cap(B) + O |1l o)

for some Cn > 0.
Conclusion: Thanks to Step 1 it holds

Cap(By,) < /RN IV (up o ¢p)|*

from which we get using Step 2
Cap(By) < Cap(B) + Cx A2 o)
This finishes the proof of the Lemma. O

Remark 3.2.3. We tried to apply the same strategy in the case N = 2 in order to retrieve the result
from | |. However, due to the specificity of the definition of capacity in the two dimensional case,
this brings additional difficulties and we do not know whether the argument could work.

3.2.2 Proof of Theorems 3.2.1 and 3.1.1

Relying on Lemma 3.2.2, we first prove the Fuglede-type computations for Lipschitz perturbations from
Theorem 3.2.1.

Proof of Theorem 3.2.1. Let h € W*°(0B) with ||h||@9p) < 1/2, such that |By| = |B| and By, has
barycenter at the origin. It is proven in | , Theorem 3.1] that there exists 77 > 0 such that

. 1
if HhHWl’oo(aB) <n, P(Bh) - P(B) > 1||v7h‘|%2(83)

Thanks to (3.13) one has the Poincaré type inequality (see also | , Proof of Theorem 3.1])

36 > 0, if ||hllze(om) < 6 I1BlZ20m) < 20V-hll720m)
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Setting 7 := min{n, §}, we thus deduce thanks to Lemma 3.2.2 that if ||h[|yy1,00(9p) < 7 then

_ Cap(Bh) — Cap(B) < C Hh‘H
Cap(B)Cap(B,) ~ Cap(B)2' H'(9B)

Cap(B)~! — Cap(By) "

3CN
< Ca ( )QHV h||L2(8B)
12CN
—— (P(Bp) — P(B
where we also used the isocapacitary inequality in the first line. Taking ¢¢ := Clagé ? we get the conclusion
of the Theorem (note also that by following the chain of inequalities one must have a strict inequality
whenever h # 0). O

We are now ready to prove Theorem 3.1.1.

Proof of Theorem 3.1.1. Let us first note that (3.2) admits a solution for any ¢ > 0 (it was proven in
[ , Theorem 1.1]).
Due to convexity, any K € KV with barycenter at the origin can always be written

K = {tz(1 + hx(z)), t € [0,1], z € dB}

where hg : 0B — R is the distance function to the origin.
Let K € KV be minimizing (3.2), and suppose that K has barycenter at the origin. Let n > 0 and
€o > 0 be given by Theorem 3.2.1. Now, by minimality

Cap(K) — Cap(B)

Cap(K)Cap(B)

= Cap(B)

Thanks to | , Lemma 3.3| there exists d, > 0 such that provided P(K)—P(B) < 6, then |[h[lyy1.@p) <
n. We therefore deduce that if ¢ € (0,Cap(B)dy,), we have in fact ||h|y1.@p) < 71, so that taking
e € (0, min{eg, 6,,Cap(B)}) we can apply Theorem 3.2.1 to get that K is a ball. This finishes the proof. [

P(K)—P(B)<e

3.2.3 Further stability results

The strategy we employed for proving Theorem 3.1.1 can be adapted to the case of A1. In fact, one can
proceed likewise to get a result analogous to the Lemma 3.2.2 below in the case of A1 (see (i) in Proposition
3.2.5), leading to a result of the same type as Theorem 3.1.1. Let us state the stability result for the sake
of clarity.

Proposition 3.2.4 (Weak stability of the ball for A\1). Let N > 2. There exists ¢g > 0 and § > 0 such
that for any € € (0,¢e9),

VK € KN, |K| =1 with |[KAB| <6, (P —e\)(K) > (P —eA1)(B).

Although this gives a simple proof of the stability of the ball in the case of Aj, this Proposition is
strictly weaker than the stronger result we prove in Theorem 3.1.2, since the range of € > 0 for which
the ball is locally minimal is not optimal (and was already known, see Section 3.1.2). On the other hand,
since the analogues of Lemma 3.2.2 and Theorem 3.2.1 in the case of A1 do not explicitly appear in the
literature (up to our knowledge), we think it might be of interest to state them rigorously. This is the
object of the next result.

Proposition 3.2.5. Let N > 2.
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(i) (Weak (IT)g1 w0 ). There exists Cy > 0 such that if h € Wh(dB) with By, of volume |By| = |B|
and ||h|| @By < 1/2 then
A(Br) = M(B) < Cx Al 3 om)-

(i) (Stability of the ball for Lipschitz perturbations). There exists n > 0 and g9 > 0 such that for all
h € WH°(0B) wverifying [hllwiec o8y < n with |By| = |B| and such that By, has barycenter at the
origin, and for all € € (0,&q), then

P(Bh) - EAI(Bh) Z P(B) - 8)\1(3)
with equality only if By, = B.

Let us comment on the second item of this Proposition. While this non-optimal stability of the ball
for Lipschitz perturbations is implied by the Payne-Weinberger inequality (3.6) in two dimensions, it does
not seem to be known in the case N > 3. It opens up the question regarding a natural class of sets for
which the optimal stability from Theorem 3.1.2 might hold: can one prove optimal stability of the ball for
Lipschitz perturbations?

3.3 Minimality of the ball in a C'* neighborhood

The goal of this section consists in proving the first step of the selection principle strategy as we described
it in the Introduction, namely that the ball is a strict (up to translation) minimum in a C* neighborhood
of the functional P — ¢\ for ¢ € (0, ¢*). This is stated in next result.

Let us set a few preliminary notations. The notation B refers to the open ball of unit volume centered
at 0. In this section, any function h : B — R defined on the sphere is extended to the whole of RV by
setting h(z) := H(m)h(é—l) (for some smooth 6 with § = 1 near dB) into a compactly supported function
as smooth as h and which is constant near 0B along directions normal to dB. Note that this extension is
different from the one we make in Section 3.2 (in Lemma 3.2.2). For any a € (0,1] and h € C**(0B) we
denote &, () := h(z)z, so that [|En]|cre@yyy < Cllhllc1.ap), for some C > 0. We set

By, = {tz(1 + h(x)), t € [0,1), = € 9B} = (Id + &)(B),

which is a bounded Lipschitz open set provided [[&pl[yy1.00mvyy < 1, with boundary 0B, = {z(1 +
h(zx)), = € 0B}.

Theorem 3.3.1 (Fuglede-type computations for P —cA;: minimality for C%* perturbations). Let N > 2.
For ¢ > 0 set J. :== P — cAy and let ¢* be given by (3.3). Then there exists a € (0,1) such that for any
0 < ¢ < c* there exists 5. > 0 such that for each h € C“*(0B) with |By,| = |B| and Ihllcr.a@p) < dc then

Je(Br) > Je(B)
with equality only if (up to translating) B, = B.

Note that this result is of interest in itself, in particular no convexity constraint of the sets By is
assumed. Let us emphasize on the importance of the space C® in which we obtain minimality of the
ball, regarding the general goal of proving minimality of J. for all convex shapes (see Theorem 3.1.2).

In fact, Theorem 3.3.1 is an improvement of | , Proposition 5.5|, where the authors get minimality
of the ball for the same interval of ¢’s but in a W?2P neighborhood (for any p > N), which was itself an
improvement of previous works for C*% perturbations from | ) |. These latter results are not

enough to apply the selection principle strategy, as this procedure does not give more than convergence
in any C1® sense of quasi-minimizers (see Corollary 3.4.3 and Remark 3.4.4).
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One of the main ingredients of the proof of Theorem 3.3.1 consists in proving a so-called (IT) property
for the functional
Je:= P —c)\q.

This is achieved in Theorem 3.3.4. This property was introduced in | , p- 3012|, and describes
a suitable second-order Taylor expansion at the ball B for the functional J., where one identifies the
remainder as the product of some “weak" Sobolev norm of the perturbation by something which goes to
0 as the perturbation goes to 0 in a much stronger sense (see Theorem 3.3.4 for a precise statement).

Let us first define the notion of shape differentiability for a shape functional. If Q@ € RY is a bounded
open set and £ € WL (RN, RY) we denote by € := (Id + £)(9) the open Lipschitz deformation of Q by
£.

Definition 3.3.2. Let N > 2. Let J : {Q C RY, Q open bounded} — R be a functional. Let Q C RN
be open bounded and let X C WH*(R™,R") be a normed space. For k € {1,2} we say that J is k-times
shape differentiable around Q (for the space X ) in the direction & € X if the function

jQifEXl—)j(Qg)

is k-times differentiable in a neighborhood of 0. We denote by JH(&) € LY(X,R) (respectively T5(€) €
L2(X x X,R)) the first (respectively second) derivative at £ € X.

Remark 3.3.3. Note that although J,(§) and J¢(€) are a priori linear and bilinear continuous forms
over X, provided the set 2 enjoys some regularity properties it happens very often that they can be
naturally extended to spaces of much lower regularity; for instance, the perimeter functional P has its first
derivative continuous for the L? norm, while its second derivative can be continuously extended in H'. In
the case of A; it is respectively the L2 and H/2 spaces over which the first and second derivatives can be
defined (see for instance | , Lemma 2.8]).

We can now state the second main result of this section.

Theorem 3.3.4 ((IT) property for 7). Let N > 2. For ¢ >0 set J. := P —c\1. There exists o € (0, 1)
such that for any ¢ > 0 there exists 6, > 0 and a modulus of continuity w. such that for all h € C**(0B)
with ||hl|cr.aop) < de it holds

Je(Bn) = Jo(B) + (Je)5(0) - (&) + %(jc)ﬁé(o) (€ns &n) + welllhllore@m) 15 o)

This condition was defined in | | as the (IT) g1 c1.0 condition, meaning that the functional J.
verifies a second-order Taylor expansion with the remainder term behaving as the product of [|h||%, with
a modulus of continuity of ||h|/c1,«. It was shown by Fuglede in | | that the perimeter satisfies a
stronger (IT) 1 yy1.00 condition (see for instance | , Proposition 4.5|: there exists wp a modulus of
continuity and dp > 0 such that for all h € W (0B) with [|k[ly1.09p) < dp it holds

P(BL) = P(B) + P4(0) - (@) + 3 PHO) - (61,6) +wp (Ihllwr (o)) [l (322)

As a consequence, proving Theorem 3.3.4 reduces to proving an (IT) g1 c1.0 condition result for A (see
the proof of Theorem 3.3.4 for this reduction), and in fact we will prove a stronger (IT) j1/2 c1.o condition
for A;. In order to do so we follow the strategy laid out by | |: it will be convenient to show that A1
verifies the so-called condition (IC) ;1 /2,010, as stated in next result, which constitutes the core result of
this section.

Theorem 3.3.5 ((IC) property for \1). Let N > 2. For any t € [0,1] and h € CY*(dB) let M\i(t) :=
A (Bin). There exists a € (0,1) such that the functional Ay satisfies an (IC)p1/2 c1.a condition at the
ball B, i.e. there exists § > 0 and a modulus of continuity wy, such that for any h € CH*(0B) with
[hllcra@p) < 6 we have

vt e (0,1, N(1) = A (0)] < wx (Ikllere@s) 11120 (3.23)
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The proof of this result is inspired by the strategy of | , Theorem 1.4] for proving that \; satisfies
an (IC) 1 /2 y2p condition. Nevertheless, as the space O is strictly weaker than the space W?2P, some
estimates require a refined analysis (see Lemma 3.3.7) and new methods (see Lemma 3.3.6). We believe
that this result is of independent interest, since it goes strictly below spaces with second derivatives as
C?% or W?P spaces, which are the usual spaces for which this kind of property is obtained (see for instance
[Dar02] or [AFM13]).

Let us mention that in order to prove Theorem 3.3.5 we will first prove it for functions h € C*1(9B)
instead of h € C1*(dB), as it will allow us to consider the second-order geometric quantities of By, (such
as the mean curvature and second fundamental form) in the classical sense as functions of L*°(0By,), thus
easing the computations (in particular in Lemmas 3.3.7, 3.3.9 and 3.3.10). We then remove this additional
regularity assumption by a density argument.

The expression of \{(t) (see Lemma 3.3.10) involves both PDE-type terms and geometric terms. We
start this section by proving three preparatory Lemmas in Section 3.3.1, which provide continuity-type
estimates in the domain © of the quantities involved in the expression of \/(t).

3.3.1 Continuity in the domain (2.

In this section we prove three preparatory Lemmas. Lemmas 3.3.6 and 3.3.8 will be useful for us to
estimate the PDE terms in the variation |[A](¢) — A{(0)|, while Lemma 3.3.7 will enable us to estimate
the geometric terms. Note that we will also use them as a means to justify the expression of A} (¢) from
Lemma 3.3.10. Let us set some notations for this section.

Geometric notation. Let 2 be a C1'! bounded open set. For any ¢ € CH(RYN,RY) we set Q¢ the
CH open set Q¢ == (Id + £)(2). The operator V. denotes the tangential gradient over 92, div,, and
Dy, respectively the tangential divergence and jacobian. Setting ng € C’O’l(an) the outer unit normal of
Q¢ (in particular ng denotes the outer unit normal of ), we set He := divy, (ng) € L(98) (respectively
be := Dy.ng € L>(0Q¢ x 0€))) the mean curvature (respectively, second fundamental form) on 9.

Letting ¢¢ be the Lipschitz homeomorphism Id + £, when a function f¢ is defined on ¢ (respectively
0€)¢) we denote ]2 the function f¢ o ¢¢ defined over €2 (repectively 0€2). We also introduce jg the surface
Jacobian from 09 to d€¢ given by the expression J~§ = det(qug)|D¢£_Tno\7 meaning that for a C1(92)
function f¢ we have

o fe = /m Je fe (3.24)

PDE notation. For ¢ € WL°(RY RY), we denote by ve the first L? normalized and nonnegative
Dirichlet eigenfunction over ¢, and set A¢ := A (€g).
We start by proving a continuity-type estimate of ve and A¢ in the spirit of | , Lemma 4.8|.

Lemma 3.3.6. Let Q be a C*! bounded open set. Let 0 < o < o < 1. There exists a modulus of
continuity w : Rt — R only depending on «, o/ and Q such that for all £ € CH(RN ,RY) it holds

15 = vollrr gy < wllEllnan vy)- (3.25)
Moreover, it holds

Ae = Ao as (HgHWW(RN’RN) is bounded and ||€]| oz gy — o) . (3.26)

To prove (3.25) we adapt the method used by | , Proposition 4.1], which is based on a compactness

argument itself relying on a bound for an appropriate norm of v¢.

Proof. Proof of (3.26). The condition on £ ensures that the )¢ are uniformly Lipschitz, and the result
therefore follows for instance from | , Theorem 2.3.18].
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Proof of estimate (3.25). The proof is divided in two steps.
Step 1: C® bound of 7. Let us first prove that provided £ € CL*(RY, R¥) verifies [€llcre @y mvy <
(' for some C7 > 0 then it holds
Gell .o < Co (3.27)

for some constant Cs independent of €.
This bound relies on standard elliptic estimates. In fact, the equation verified by v

—Ave = A in
Uf ; 51)& mn & (3.28)
ve € Hy(S%).

translates into the following elliptic equation for vg

—div(AVig) = AeJetg Q Je :=det(Id+ D
- 1V( 15Vv5) gjg’l)g over where I3 € ( + 6)_1 T <3.29)
Uz € H}(Q) A¢ = Je(Id+ D&~ (Id + DE) ™)
We now apply first order Schauder estimates (see | , Theorems 3.3.11, 3.3.12|) to get
1Elor.a@) < C (1%l @) + e eTell o) (3.30)

where C' = Cn (7, HAEHCO,Q@)) with ¢ the ellipticity constant of A¢. Now, there exists C' > 0 such that
for all £ it holds

el el o.n@ < € (1+ Illcram) (3.31)

Note that () satisfies a uniform exterior sphere condition since it is CH1. Equation (3.28) ensures
that ve € C°°(€) N CO(SY) (since O is Lipschitz). Suppose for a moment that £ € C?(RY,RY). Then
O = ve o (Id + &) € C?(2) N C°(2) and we can therefore apply | , Theorem 15.9] to deduce that

[Ve|[ ooy < € (3.32)

for some C' = C(N, ve, | Aell (), 1 ell oo (), [Ael, 1e] Lo (). By assuming that [|€][y1.00 v mvy < 0 for
some 0 small enough we can suppose that v¢ > 1/2, and also that ¢ contains a fixed ball for any &, thus
ensuring that A¢ is bounded thanks to the monotonicity of A\;. Moreover, we have the L* bound (see
| , Example 2.1.8])

. N/4
18l = llvell ey < e/*7x (3.33)
Inserting (3.31), (3.32), and (3.33) into (3.30) provides the desired estimate (3.27). This concludes the
proof of the Lemma in the case £ € C?(RV,RY). For a general ¢ € CV*(RY,RY) we can argue by density:

thanks to a standard mollification we find &; € C?(RM ,RY) a sequence converging to ¢ in C''(€2) norm
with [[§j]lcre@yyy < [[§]lcr.o@nyy. Then as ||17§\chl,a(§) < Cy thanks to estimate (3.27) proved in the C?

case, we deduce thanks to the Arzela-Ascoli theorem that up to subsequence v¢; — v in C*(€2) for some
v € CH*(Q). On the other hand, Je; and Ag; go respectively to Jg and Ag in C%(€Q)), and furthermore
Ag; — A¢ (thanks to (3.26)). We can therefore pass to the limit in the sense of distribution in (3.29) to get
—diV(AgVU) = )\§J§’U, in
v e HHQ)

Now, since we also have v > 0 and HUng/zHLZ’(Q) = 1 we deduce that v = ¥z. Thanks to the C!
convergence @ — ¢ we finally have

”UAEH(,H,&(Q) < him”ﬁf\jnclva(ﬁ) < G
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thus concluding the proof of (3.27) in the general case.
Step 2. We proceed by contradiction, therefore assuming that there exists eg > 0 and a sequence
||£j||cl,a(RN,RN) — 0 such that
Vj =20, [, — vollgre @) = €0 (3.34)

Thanks to the bound (3.27) we can use the Arzela-Ascoli theorem to infer the existence of v € C1*((Q)
such that up to subsequence B
Vg, — v in cho(Q)

Now, since [|§;[|c1.amy gy — 0 we have that A¢; and J¢; go respectively to Id and 1 in C%(Q). Proceeding
as in the previous step we identify v with vy, which enters in contradiction with (3.34). This concludes
the proof of estimate (3.25) and hence the proof of the Lemma.

O]

In the following Lemma we prove continuity type-estimates of several geometric quantities associated
to a set 2. We denote ag := ng - ng and B¢ := agng — no.

Lemma 3.3.7. Let Q be a CY! bounded open set. For any o € (0,1) there exists C = C(a) > 0 and
§ = 6(a) > 0 independent of € € CH(RYN RYN) such that if [€llcramn mvy < 0 then

o I7e = Licoaqon) < CllElcremm-

o |g—n0llcoa(any < Cléllcra@yyv, a1l coa@n) < Cllélloa@nn, I1Bellcoa@ay < ClIENcLe @y -

Let s € (0,1) and p € (1,00) and denote by p’ its conjugate exponent. For each o € (max{s,1 — s}, 1)
there exists 6 > 0 such that if ¢ € CHH RN, RN) with [€llcra@ayny < 6, we have the following expansions

I/J\g — Hy = ws (&), 6\& —bo = ws p(§),

—

Vreag = ws,p(§)
where the notation ws (&) means that there exists ai ¢, ase, big, bag (independent of s and p) such that
Ws,p(f) = al,gbl,g + a27§b2,5 with

lavellw—so o0) < Cliéllcra@yyy,  [brellwsroa) < C,

laz.ellyy—ss 90y < C, [b2.¢llwsra0) < CllEllcremnyn.

Proof. All of these estimates rely on an appropriate expression for n¢. Following | , Lemma 4.3] we
write Q = {w < 0} for some w € CYH(RY) with Vw not vanishing in a neighborhood of 912, so that
Qe = {wo¢§_1 < 0} and
_ Vwogh) Do TVw(eg!)

V(wog: )l Do V(g

Notice that ng only involves Vw € CO1(00) and D¢ € CO*(RN RY). As a consequence, expanding

the maps A +— (A™1)T and A ~— det(A) around Id and y — |y| around ng we get in fact ng — Ul coa(an) <

Clléllcr.amnyy. As for ng, ag and ,6?5, we expand z — (f around % and get likewise the announced

estimates.
The case of H, bg and V. a¢ is more involved as the second derivatives of £ and w come into play.

3

As the argument is analogous in the three cases we only prove the estimate for f/I\f Write a(z) := ﬁ and
e := Dopg V(¢ '). Then

He = div(a o) o ¢ = Da(ve o ¢¢) : DU (¢e)
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where : is the matrix dot product. In particular, one has
Hy = div(a o Vw) = Da(Vw) : D*w.

Writing z¢ = (D¢£—T(¢€) —Id)Vw, we let ¢; := Dwg(qﬁ{) — D?w and ¢ := Da(Vw + z¢) — Da(Vw). We
therefore rewrite I/J\E = (Da(Vw) + c2) : (D?*w + ¢1) and we thus want to estimate

He — Hy = (Da(Vw) + ¢3) : (D*w + ¢1) — Da(Vw) : D*w
= Da(Vw) :c1 4+ ¢ : D*w+co ey (3.35)

By expanding c; at & = 0, we see that it is a sum of terms of the form d;;3,0;;&; where d;;;, only involves
first derivatives of w and &, and of terms of the form d;jﬁijw where dgj only involves first derivatives of w

and § with [|dj; || coa@a) < Cll€llcra@nyn. Using (iii) and the embedding CO(9Q) c W= (9Q) from
(ii) of Proposition 3.5.2, for each o € (1 — s, 1) there exists C' > 0 such that

10i58kllw s (002) < CIVEkllw1-s (960
< Cliélloriamnyn-

Using again the embedding C%*(9Q) € W*P(9Q) provides ||djkw=r(o0) < Clldijkllcoa @) < C for each
€ (s,1). Proceeding likewise for the terms d;j&jw we deduce that ¢; has the form ¢; = w;,(§).
We now expand co at £ = 0: one has

1
c2 = Da(Vw + z¢) — Da(Vw) = / D2a(Vw + tz) - zedt
0

As [[z¢[lco.e@myn < Cl€][cramnyn, using the same ideas we get

| z¢ |l co.e(mvyw

1
/ D*a(Vw + tzg) - zgltH <C
0 C02(50)

1
/ D*a(Vw + tz¢)dt
W2 (Q)

< C (lwlloraan + lzelconmmyy ) Izellcne gy
< Cllllerammyy

for some C' > 0, for each « € (s,1). As a consequence [|lcz|lwsp(a) < Cll§llcta@mnyy.
Since ¢1 = ws p(§) and [le2|[wsra0) < Cll€llcramnyy, we deduce from (3.35) the announced expansion

for P/I\g, thus finishing the proof of the Lemma. O

We now prove a final preparatory Lemma, which consists in proving a continuity estimate in terms of
¢ and 6 for the H' norm of the derivative of ¢ — V(1d+16)(92)

Lemma 3.3.8. Let Q be a C*! bounded open set. For any & € CH (RN,]RN) and 6 € CH* (RN,RN) we
let vg o be the derivative at 0 of t — V(1d+0)(2e) - Then there ezists o € (0,1) and w a modulus of continuity
such that for all & and 0 with (€| c1.a@myyn and [|0]|cr.e@yyn sufficiently small it holds

100,00l z10) < ClIOI 7172 (00)n (3.36)

and -
v g = vogllrr (@) = W 2 (6, ) (3.37)
where
wore mi/z (§:0) = w(llElore @m0l a2 ooy + @l8lore@m)liElmzooy-
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Proof. We denote \; 5 := ()\1)55(0) - (#). It is classical (see for instance | , Theorem 5.3.1]) that the
functions véﬂ satisfies the following equations

_Avé,g = )\503’9 + /\/5’9’1}57 in
Vg g = —(Oneve)0 - mg, over O
f95 Ve g =0

Let He g be the harmonic extension on Q¢ of (9, v¢)f - ng. Then recalling the expression of A; 5 (see for
instance | , Section 5.9.3|) we can write

T —/ (Oneve)?0 - e = —/ (Oneve)He g = As/ veHe g
09 89 Q

where we used Green’s formula and f% VueVH¢ g = 0. We decompose vé o = —meHe g + we g where 7 is

the orthogonal projection onto {vg}J- for the L? scalar product on L2(Q§). Thanks to the above expression
for )\fé g we know that we g solves

(A = Awep = —AemeHe g, in Qe
we,p =0, over 0€ ) (3.38)
Jo, veweo = 0.

We estimate separately H¢ g and we g.

e Estimate of H¢ . Since H¢ g is harmonic inside €, ﬁZg satisfies —diV(A§VI-T§79) = 0in §2, where
A¢ was defined in (3.29). As a consequence, we have that

A(Hgg — Hyp) = AHg g = —div((A¢ — 1d)VH )

so that by using standard elliptic estimates (see for instance | |) we get
He,o — Hopl o) < Cn (H(Ag —Id)VHe g 12(0) + [[Hep — Ho,eHﬂl/2(aQ)) (3.39)

for some Cp > 0. There exists C' > 0 such that

(A — 1) VHgoll 2oy < 14 — |y (IVHley — Vol 2oy + I VHos r2())

< Cllgllwr ooy (IFgo = Hopllm ) + 10 moll 17200,
where we used that

IVHoollz20) < [Hooll g1/2(a0) = [10n0v0(8 - no)ll g1/200) < ClIO - noll 172 (a0

using vg € C1*(Q) for each o € (0,1) and the product law C%*(dQ) - H/2(8Q) ¢ H'Y/?(9Q) for
some « € (0,1) close to 1 (see (iv) of Proposition 3.5.2). Assuming that [|£/[yy1.00mvyn < ﬁ we
thus get from (3.39) that there exists C' > 0 such that

Heo — Hopll g < C <”§HW1»°°(]RN)NHQHHI/Q(E)Q)N + [[Heo — H0,9HH1/2(8§2)> : (3.40)
Now, to estimate [He,p — Ho gl 1/2(90) = [|0neve(6 - ig) — Ongvo(6 - 10) | 17290, we write

O V(8- 112) — D00 (8- 119) = Do v ((9/.?%) — (- n0)> + (0 no) (@ - Onovo) (3.41)
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Let us decompose

—

Bne Ve — Ongvo = (Vg — Vvg) - g + Vg - (71 — ng)
— (Do V5 — Vuo) - no + Do TV - (g — o)

Using Lemmas 3.3.6 and 3.3.7 we thus get ||<9/n§\z;§ = Ongvollco.er g0y < w (H£||Cl,a(RN)N) for any

o < . Using again the product law C% (9Q) - HY/2(09) ¢ HY/?(9Q) for o/ < « close enough to
1 we deduce

I (Fneve = Bngto) (8- n0)lls2/2(00) < Cllngte = Ongvoll o oy 16 - 7o 1172000
< w(ll€llcre@myn )01 vz a0)~ (3.42)
for any « sufficiently close to 1. On the other hand, we have
0-ne—0-ng=(0—0)-7g + 6 - (g — no)

With the same tools as before we get [|6 - (ng — 10)[| g1/2(90) < CllO|| grr2 (90w I€llc1.a@myn for the
same « € (0,1). For the other term we write

. 1
B(x) — O(x) = / VO(x + t(x)) - £(x)dt
0
so that the product law C%*(9Q) - H'/2(9Q) ¢ HY/?(0Q) again gives

161l 172 (o)~

1
16— 200 < CH [ o+ e
0 CO.(RN)N

< Cllolloragny (14 Illcoaqmn ) 1€l /2o
< Ol crequm v Il 12 oy

yielding ||(6 — 6) - el m/200) < ClEN /2@ [0 cr.a@yyy. Combining the two estimates we thus
get
16+ ng — 0 - noll 17290y < Were /2 (§,6)

This estimate together with (3.42) enable to estimate HI‘TZ@ — Ho || 1/2(90) thanks to the decom-
position (3.41), so that (3.40) becomes

HH&@ - HO,GHHI(Q) < Weta f1/2 (57 9) : (343)
This finishes the proof of the estimate of He g.

Estimate of wg g. To estimate |[we g — wo 9]l g1 () let us write the equation verified by we g — wo 6.

If one writes L¢ := div(A¢V-), then for a function f¢ : Q¢ — R one has Z\fg = ngg. Recalling (3.38)
we therefore have

(—A — X)(@ep — wo0) = [(—A — M) — (—Le — Ae)]Wgs — AemeHe g + AomoHo,p in Q
We,p — wo9 = 0 over 0N

Using that (—=A — o)™ : H71(Q) — {vo}*+ N HY(Q) is an isomorphism, there exists Cy > 0 such
that

100 = wo.0 = veovoll i) < On (I(Ae = 1) Vitgsll2(@) + e = Aol [@esll 2o
+|AemeHe g — )\07T0H0,9HL2(Q))
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where 7e9 € R is chosen so that Wy — wog — Yegvo € {vo}t. Now, since [|Ae — Id||pec() <
Cllllwr.0o@nyn and [Ae — Ao| < w([[€][ oo (myyn) (thanks to Lemma 3.3.6) we get

|wep — wo.p — Veovoll 1) < CllElIwroe@yyy (ng ol ) + [ AemeHe g — AOWOHO,(,HLQ(Q)) (3.44)
If we denote (-, -)¢ the scalar product in L?(€)¢), we write
meHep — moHop = (Hep — Hoyp) — ((Hep, ve)eve — (Ho,g, vo)ovo)

Using estimate (3.25) from Lemma 3.3.6 and the Harmonic estimate (3.43) we have

[(He g, ve)e — (Hop,v0)o| = ‘/ﬂﬁa\,ev}% - /QHOWO < wera gz (€,0)

Je was defined in (3.29)) so that using again (3.25), (3.43) and (3.26) we deduce
3
H)\gﬂ'gHg o — domoHyg 9||L2 ) S Weta pri/2 (&,0) (3.45)

Estimate (3.44) thus becomes

(€, 9)) (3.46)

|we.o — wo,0 — Yepvoll ) < C (

Now, since ng we pve = [, wo,ev0 = 0 we have

S w(llEllcre@yy)llweoll 2o

ol = ’/(@ — wo,g)vo| = ‘/ we.0(0¢Jg — vo)
Q Q
using again Lemma 3.3.6, which gives

|we.o — wopllar o) < wlléllcra@vyn) |Wepll a1 () + Wora gz (€,0)
< w([lélleramnyy) (lwep — o) + lwopllp)) +wora gz (€,0) (3.47)

Using [[woollm1 () < ClHogllz2() < Cll0| g1/2(90)~ based on (3.38), and taking weia g2 (§,60) < i
finally yields
[we.o — wopllat (o) = wWera gz (€,0) . (3.48)

Putting together (3.43) and (3.48) provides the desired estimate (3.37). As for (3.36), we have seen
that H’UJO 9HH1 < C||9HH1/2 (ON based on (3 38) On the other hand, ||7T0H0 9||L2 () < ||H0 QHLQ by
definition and

IV70Ho 611720y = [[VHo6l72(q) — (Hog,v0)”

since [, VHy Vv = 0, thus yielding also

IVmoHo,oll12(0) <

@ < ClHogllg1/200) < CllOlg1/200)~

Hence [|moHo | g1 () < C||9HH1/2(8Q)N, so that we finally have ||’0679||H1(Q) < |lmoHo 0l 1 () Fllwo ol a1 0) <

Cll0ll gr1/2(960)w » thus giving (3.36). D
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3.3.2 Second derivative of \;.

A final preparatory step to estimate A/ (¢)—\{(0) is to justify that the expression (3.49) below of the second
derivative (A\1)4(0) is valid when @ = (Id + £)(B) for some vector field ¢ which is only C'. Formula
(3.49) is indeed well-known for C® domains (see for instance | , Theorem 5.9.2 and Section 5.9.6]),
but for C1'! domains it does not seem to have been justified in the literature. As a matter of fact, the
expression (3.49) has been implicitly used in | | without further justification for domains (Id + &)(B)
with ¢ € W2P(RY RYN). From (3.49) we will immediately deduce a corresponding expression for \{(t),
see Lemma 3.3.10.

In this paragraph, if { is a Lipschitz vector field and f¢ is defined on )¢ or 0€)¢ we still write fg the
function f¢ o ¢¢ defined on €2 or 0€2.

Lemma 3.3.9. [Second derivative of A\1] Let Q C RY be a bounded open set given by Q = (Id+ ¢)(B) for
some ¢ € CI’I(RN,]RN). Let n, H and b denote respectively its outer unit normal, curvature and second
fundamental form. We set \q := A\1(Q). Then there exists a € (0,1) such that for € CH*RN RY) it
holds

AG(0) - (6,0) =2 (/Q Vo' — AQ/Q Iv’l2) +/m(anv)2 [H(0-n)* —b(0-,0-) +2V,(0-n)-0,] (3.49)

where O, denotes the tangential component of 0, v is the first L?> normalized and nonnegative eigenfunction
of Q and V' is uniquely determined by the equations

—AV = Aot + (A(0) - O)v, in Q
v = —0,v(0 - n), over OS2
Jov'v=0.

Note that when Q is C? the term [, [v/[* = Aq [, [v/|? is more commonly written as the boundary term
Joq V'O (Which we cannot justify if € is merely chh.

In our case one does not have enough regularity over §2 to perform the classical integration by parts
leading to expression (3.49). As a consequence, in order to prove (3.49) in the C*! case we rely on (3.49)
in the smooth case combined with a low-regularity formula of (A1)$(0)- (6, 6) which holds true for bounded
Lipschitz open sets, proven in | , Theorem 2.1] (see also | | for an expression for the Dirichlet
energy in the same spirit).

Proof of Lemma 3.3.9. One can apply the second derivative formula from | , Theorem 2.1] which
holds true for any Lipschitz domain and § € W1 (RN RY):

2G(0) - (0,0) = /Q (=2|Vig|* + 2Xa|t9|* + 2(Sq : DO)div(0) + (Aa|v|* — |Vv[*)(div()® + DOT : DY)

+ / (2(2D6? + DODOT)|Vv|* — 2X6(0) - ()div(0)|v]?)
Q
(3.50)

where : is the matrix dot product, Sq = (|Vv|? — Ag|v|?)Id — 2Vv ® Vv, and vy denotes the material
derivative of v in the direction @, meaning the derivative at 0 in the direction 6 of the function # € W1 > —
vg o (Id + 0) € H}(Q) where v is the first L? normalized eigenfunction of €2y. Note that 1y verifies the
elliptic equation

—Avy — Aoty = Aqudiv(d) + (A (0) - (0)) v + div(A;Vv), in Q

g = 0 over Of)

Jo vov = —3% [, [v]*div(6)
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with Aj, := div(9)Ild — D6 — DT

Recall that Q = B; = (Id + ¢)(B). Since ¢ € CH(RY,RY), there exists ; € C*(RY,R"Y) converging
locally to ¢ in C# for each 8 € (0,1). Letting € := B, = (Id + (;)(B), we have Q; = (Id + ¢;) o (Id +
¢)~H(B¢) so that Q; = (Id +&;)(Q) with & := (Id + ;) o (Id +¢)~! — Id converging locally to 0 in C1# for
each 8 € (0,1). As Q; is smooth, Xslzjm) -(0,60) both equals (3.49) (see | , Theorem 5.9.2 and Section
5.9.6]) and (3.50) and we will pass to the limit in both expressions.

Through the proof we give an additionnal index j to the notations linked to €2;: v; is the first eigen-
function of Q;, X, = )\’Qj(O) - (0), ; is the material derivative of v; in direction 6 and v’ := véjﬂ(the
notation was introduced in Lemma 3.3.8). As for the geometric quantites related to €2;, n; denotes the
outer unit normal to €2;, and so on. The proof of the Lemma is divided into two steps.

Step 1: continuity of A(0) - (#,0) in Q. In this step one can assume that § € WL°(RY RY). Let
us prove that )\g’lj(O) -(60,0) — X(0) - (0,0).

Since in particular 2; — € in the Hausdorff sense, there exists D C RY open bounded such that
Q;,Q C D for every j. Setting v; := [, 0jv; we have

195 = 25v5ll 3 oy < WAV iVl -10;) + INjvsl -10) + 1div(AG Vo)) | -1(0))

Now, since )\;. = fQ S; : DO thanks to | , Theorem 2.1], and using that A; is bounded and v; is
J

bounded in H! (thanks to Lemma 3.3.6) we deduce that ©; — v;v; is bounded in H{ (D), yielding in

turn that ; is bounded in H}(D) as v; = —3 fQj |v;|2div(f). As a consequence, ¥ converges (up to

subsequence) towards some ¥ € HJ(D) weakly in H! and strongly in L?. Using again Lemma 3.3.6 we
have that A\; — Aq, A} = Aq(0) - (0) and v; — v in H ! so that relying also on the Hausdorff convergence
2; —  one can pass to the limit in the sense of distributions in

—Ai)j - )\ji'}j == )\jvjdiv(ﬂ) + )\;Uj + diV(AlevUj)a in Qj
0; = 0 over 0€);
Jo, ©5vi = =35 Jq, lvil*div(6)
to deduce that v verifies
—AT — A0 = Aqudiv(§) + (A(0) - (§)) v + div(A4,Vv), in Q
Jq v =—1% [, [v]*div(0)
Since Q is Lipschitz it suffices to prove that & = 0 a.e. outside  to deduce that © € H}(£2) (see for instance
| , Proposition 3.2.16]) and therefore that © = v. But this is seen directly by passing to the limit a.e.
in the identity 1p\o,0; = 0. Now, the convergence of v; towards v is strong in H 1 since by multiplying
the equation by v; and integrating by parts we get ||Vi;lp2(py = ||V z2(p). We can therefore pass to
the limit as j — +oo in (3.50) to deduce that we have in fact Xglzj (0) - (0,0) — A(0) - (6, 0).

Step 2: continuity of (3.49) in . In this step we rather assume 6 € CH* (RN RY) for some «
given by Lemma 3.3.8. We want to pass to the limit in the expression

2(/51

Thanks to a change of variable, the integral on €); can be written

.72 12 _ T o T2
2/Q (1902 = Aot ) 7, _2/Q (1490, Ve = A5 142)

where J; := J¢, and A; := Ag, are defined in (3.29). We have that A; and J; go respectively to Id and 1

in L*>°Q) as j — 400, and also A\; — \q, while on the other hand 1/;3 converges to v} , in H(Q) thanks to
Lemma 3.3.8. As a consequence the integral on Q; converges to 2 ([, [VV'[> = Aq [q [v']?).

J J J

_W;IQ—AJ-/Q_ |v§~|2> +/m (On,07)% [Hi(0 - )% = bj(0r,,07,) + 2V, (0-n;)-0,]  (3.51)
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For the convergence of the integral on 0925, we show that [, (9n,v;)2Hj(0-1;)* = [0 (0pv)?H (0 -n)?
J
and the other terms can be treated similarly. We can write

—

J
= / Hjg;
09,

for g; := jj(m%H-/E)Q, where J; = jgj is the surface jacobian defined in (3.24). We claim that
G — (0,v)%(0 - n)? =: g in C%. This comes from Lemmas 3.3.6 and 3.3.7, and moreover one estimates

((H/E) —0- n) as follows

10 n5) = 0 nllcoagan) < 10 (75 — n)llcoagan) + 10 — O)Rjllcoany

< 0]l co.a a0 1 llcra@a) + CllOllcra@a) 1€ lco.e@a)

where the estimate of § — 6 comes from writting 6 — § = fol VO((1 —t) - +tee,) - §jdt. As a consequence
g; — g in any WP for s € [0, ) and p € [1,00), thanks to the embedding C%*(9Q) C W*P(9Q) (see (ii)
from Proposition 3.5.2). On the other hand f{\J — H in WP for any s € (0,1) and p € (1, 00) thanks to
Lemma 3.3.7. We therefore use a W= . WP duality estimate (see (i) from Proposition 3.5.2) to deduce

that
o0 o0N

This proves the convergence of (3.51) towards the corresponding expression for 2, and thus concludes Step
2.

Conclusion. Since each € is smooth we have that )\'g’zj (0) - (6,0) both equals (3.51) and (3.50) for
each j. The two previous steps ensure that we can pass to the limit on both sides to deduce that (3.49)
holds for €. O

3.3.3 Estimate of \/(¢) and proof of the main results.

Relying on the expression of the second derivative given by Lemma 3.3.9 we can now tackle estimating the
variation of the second derivative of A1 (t) = Ay ((Id 4 t&,)(B)). We first obtain an expression for A/(t),
which we state in the next Lemma.

Let us first recall and set some notations for the remainder of this section. We use the notations
from Theorems 3.3.1, 3.3.4 and 3.3.5: any h : 0B — R is extended to the whole of RY into some h
locally constant in normal directions around 0B, and we then set £, (z) := h(x)z so that [|§n |l c1.e@yyy <
Cllhllcrap) for any o € (0,1] and h € CH*(0B). We let By, := (Id 4 &,)(B) and By := By, for t € [0,1].
The notations ny, H; and b; refer respectively to the outer unit normal, curvature and second fundamental
form of B;.

Lemma 3.3.10. Let h € C1Y(OB). For all t € [0,1] it holds

VUl — (1) /

B

)‘lll(t) =2 < |U£|2> +/8B (antvt)Q [Ht(gh ) nt)2 - bt((gh)fw (gh)Tt) + 2V, (gh ) nt) ’ (‘fh)‘rt]
t t (3.52)
where (&), is the tangential (over OBy) component of V&, vy is the first L? normalized eigenfunction of

By and v} is determined by the equations

By

—Av; = M (t)vp + Ny (t)ve, in By
V) = —On,ve(En - M), over OBy

[, vive = 0.

106



Proof of Lemma 3.5.10. By Definition 3.3.2 it holds

N (t) = Np(t&n) - (&n, n)
but since By = (Id + (s + 1)) (B) = (Id + s8,)(Bt) when ||k (9p) is small we immediately get
NB(ten) - (€n,En) = N, (0) - (€, &n)
The result then follows from applying Lemma 3.3.9 with Q = B;. O
Relying on the expression of A/ (¢) given by this Lemma we are now ready to prove Theorem 3.3.5.
Proof of Theorem 3.3.5. Let us first suppose that h € CY1(9B). We can therefore use the expression of

A{(t) from Lemma 3.3.10 which we rewrite in the following way

N(t) = 2 /B (rw;r?—ut) /B w)+ /@B (O 00)? [Hra® — b (B0, 1) — 200 - 5] 12

9 / (Ot (B - Vo B (3.53)
OBy
= Ti(t) + Ta(t) + T3(t)
where we put oy := ns -n and B¢ := ayny — n. We thus prove for each 1 <i <3

vt € [0,1], |Ti(t) = Ti(0)| < wllkllcra@a) 1l op (3.54)

)
EstiAmat(i of Ti(t). See that v; = vj,,  in the notations of Lemma 3.3.8. Writing [ [Vvj|* =
[5(AVv;, Vu;) where A; := Ay, is defined in (3.29), we get

V)2 - / Vol ?
By B

= ’/ (A — IA)VoL, Vi) + (Yol — Voh) - (Yol + Vo)
B

< w(llhllcre@s)lIl 2 gom)

thanks to Lemma 3.3.8. On the other hand,

M) P = 2(0) /B b ?

By

- '(Al(t) W

< w(llhllcra@)lI Al 2 om)

ol + A (0) / (i — DI + (0 — v0)(@ + vo)
B

By

using Lemmas 3.3.8 and 3.3.6. Putting these two together finally yields

[71(t) = Ti(0)] < w(llhllora@e) Bl 2op,

thus finishing the proof of the estimate of 71(t).
Estimate of 75(t). Thanks to a surface change of variables we have Ty(t) = [, d¢h where

Gi 1= (Onon)? [ Hrdi® = 0o, Bo) — 2V B o
with jt the surface Jacobian. We have

T3(t) — Ta(0)] =

| @i 00)h2' (3.55)
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Notice that d; is a sum of terms of the form 7; x z; for some 7; € {fl\t, (bAt)ij, (V/TE)Z} with z; which
is a product of terms in {a, O/M\vt, @, jt} By Lemma 3.3.7 we have that §; — yo = ws (&) (uniformly in
t), which we denote more simply ws ,(h). On the other hand, thanks to Lemmas 3.3.6 and 3.3.7, for all
s € (0,1), p € (1,00) and « € (s, 1) there exists w such that ||z — 20llwsrop) < Cll2t — 20llcoa@p) <
w(||k]|creapy) (using also the embedding C**(8Q) € W*P(89), see (i) from Proposition 3.5.2). As a
consequence we also have that 6; — 09 = ws,(h), which we write 6; — 09 = a1 4014 + az bz in the
notations of Lemma 3.3.7.

Let now s € (0,1) and p € (1,00) be such that the couple (s,p) satisfies (v) from Proposition 3.5.2.
This allows the product law H'/2(dB) - H/?(dB) ¢ W*?(dB), and we thus have

16: 1 h* wewamy < Cllbinbllgirz@m Pl mi/20m):
Using the product law C**(9Q) - HY/2(9Q) ¢ H'/?(99) from (iv) of Proposition 3.5.2 we get
o100l 17208y < ClIM 17208y

b2, 02| 1205y = @ (1Bl cre o)) 10l 2 om)-

Using a duality estimate W= . WW*? (see (i) from Proposition 3.5.2) we can therefore estimate (3.55)
T3(6) = ToO)] < w1001 (08 + 82— 12 w05
L L A
Estimate of 73(t). Using a surface change of variables we have T3(t) = [;5 h(p; - V7 h) where
pi = (Onv0)* @B, Vgh = Vh— (Vh- @)y
We write

| T5(t) — T3(0)] =

/ h@.(vfh—vﬁhwr/ h(pt — po) - V-h|.
dB oB

Now, V. h—Vzh = (Vh-ny)ny = V. h-(ny—n)ny since Vh-n = 0. On the other hand H[)\t_pOHCO’O‘/(aB) <
W(||2][cre(op)) for any 0 < o' < a < 1 thanks to Lemmas 3.3.6 and 3.3.7. Using a duality estimate
H=2. H'Y2 a product law C%* . H'/2 ¢ H'/? and the fact that IVehllg-1208) < ClIRl 1298 (see
(i), (iii) and (iv) from Proposition 3.5.2) we thus get

[T3(8) = T3(0)] < [[hpe(ne — n)7ul| gz (o) Vbl a-1r20m) + 1002 = po)ll 2@y VPl 1720
< w(lllereom)bz o

using Lemma 3.3.7. This finishes the proof of the 73(¢) estimate.

We have thus proved (3.54) and hence Theorem 3.3.5 in the case where h € C11(0B). We then
reduce the regularity hypothesis made over h to h € C1%(0B) with a density argument. Recall that
M (t) = Xp,, (0) - (&n,&n) since By = (Id + (s + £)&)(B) = (Id + s&,)(Bt) when |[h]| L~ (ap) is small. Let
then h; be smooth and converging to h in C1#(9B) for each 0 < 8 < a with 1hjllcre@ny < Ihllcte@n)-

With an argument similar to Step 1 of the proof of Lemma 3.3.9 we can pass to the limit in the expression
)\%thj (0) - (&n;,En,) to get that )\%th]- (0) - (&n;»En;) — N{(t). We can thus let j — +oc in

%thj (0) + (€ny>&n,) — AB(0) - €y 6n,)| < wllhjlloream)hillz 2 om)

and get the desired estimate. This finishes the proof in the general case.
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Theorem 3.3.4 is now a consequence of Theorem 3.3.5. The way to pass from an (IC) to an (IT)
condition was shown in | | (see | , p-3014]), but we reproduce the short proof for the convenience
of the reader.

Proof of Theorem 3.5./ . Fix ¢ > 0. Thanks to Theorem 3.3.5 we find § > 0, a € (0,1) and a modulus of
continuity wy, such that for all h € CY*(9B) with ||h|cre@p) < 6 it holds

vt € [0,1), M () = M (0)] < wx (IBllcra@e) 171208 (3.56)

We can write
1 1
M(B) = M(B)+ (A)p(0) - (6) + 50 - €.)+ [ (0 = X0)(1 =ty
using a second-order Taylor expansion with integral remainder. Using (3.56) we thus get

A(Br) = Mi(B) + (A1)(0) - (&r) + %(Al)ﬂé(o) (&ns€n) + wox (Il cra@n) 11120

hence that A; satisfies an (IT) 1 /2, o1 condition. Combining this together with the expansion for P (see
(3.22)) we get the expansion for J. = P — cA1:

1
Je(Br) = Je(B) + (J)B(0) - (6n) + 5 (Te)B(0) - (€nsn) + welllhllcra@m) 1BlIT om)
with w. := wp — cwy,. This concludes the proof. O
We are now able to prove Theorem 3.3.1, relying on the stability results proved in | |.

Proof of Theorem 3.5.1. We proved in Theorem 3.3.4 that the functional 7. satisfies an (IT) g1 c1.0 con-
dition in the sense of | , Theorem 1.3]. It also satisfies a (Cp1) hypothesis (see | , Lemma 2.8]).
On the other hand it was proven in | , Theorem 1.2] (see also | , Proposition 5.5 (ii)]) that 7. is
a critical and strictly stable shape under volume constraint and up to translations whenever ¢ € (0, c¢*).
For any such ¢ we therefore apply | , Theorem 1.3] and get that there exists §. > 0 such that for any
h € C“*(0B) with |Allcre@p) < dc and [By| = | B it holds

jc(Bh) Z jc(B)

with equality only if Bj is a ball. This gives strict minimality (up to translations) of B in a C1®
neighborhood, thus concluding the proof of the Theorem. O

3.4 Selection principle: minimality of the ball among convex sets. Proof
of Theorem 3.1.2.

This section is dedicated to the second part of the selection principle strategy which we described in the
Introduction, namely the regularizing procedure which enables to reduce the proof of the inequality from
Theorem 3.1.2

VK € KN with |[KAB| < 6., (P —c\)(K) > (P —c\)(B)

for general convex perturbations K of B to the same inequality for C® perturbations of B. As is usual
in this procedure (as was originally done by | |, see also among many others | I, | ],
[ |) the argument goes by contradiction: we assume that (3.4) does not hold, meaning that there
exists a sequence (K;) converging to the ball in the L! sense but for which J.(K;) < J.(B). The strategy
is then to replace the sequence K; by a sequence f(\; also converging to B, for which (3.4) is still not verified

109



and in which each k\; is meant to be much smoother than K;. The sets I/(v] are built as minimizers of an
auxiliary minimization problem which is constructed in a way that any minimizer satisfies the first two
properties. The regularity of K; then comes from the fact that it is a minimizer of an isoperimetric problem
under convexity constraint: it was shown in | ] that such minimizers are C1'!, and we will provide a
uniform version of this result (see Theorem 3.4.2). This will enable us to apply the result of minimality
in a smooth neighborhood proven in Section 3.3 (see Theorem 3.3.1) to finally get a contradiction.

In this section B C RY still denotes the open centered unit ball.

3.4.1 Regularity theory for the quasi-minimizer of the perimeter under convexity
constraint

This subsection is dedicated to the regularity theorem which is central to the selection principle we perform
in Section 3.4. When working in the framework of quasi-minimizer of the perimeter without convexity
constraint, a very useful type of results concerns the strengthening of convergence for a sequence of quasi-
minimizers converging to the ball: if a sequence (F;) of (uniform) quasi-minimizers converges to the ball
in a L' sense, then Fj is C1/2 for large j and it converges (up to subsequence) to the ball in C1“ for each
a € (0,1/2) (see for instance | , Theorem 4.2] for a rigorous statement). This is a compactness-type
result, which is a direct consequence of the C1:1/2 regularity of quasi-minimizers and an estimate of their
norm. We want here to prove an analogous result in our convexity constrained case. The regularity result
we state below (Theorem 3.4.2) importantly relies on the C''! regularity results from | | (see | ,
Theorem 2.3]). Nevertheless, in comparison with [ , Theorem 2.3] we have to follow the constants
in the proof in order to show that a quasi-minimizer is locally parametrized in cartesian graphs by C1!
functions with norm only depending on the relevant constants. We then pass from this quantified local
cartesian O regularity to a global spherical estimate. Although this passage often comes as classical in
the literature, it does not seem to be so well referenced and we believe that a careful examination of all
the arguments can be of use (see also | , Appendix B for similar arguments).

Let us first define the notion of quasi-minimizer of the perimeter under convexity constraint which was
introduced in | , Definition 2.1].

Definition 3.4.1 ((A,e)-qm.p.c.c.). Let N > 2. Let A >0, ¢ > 0. We say that K € KV is a (A, ¢)-
quasi-minimaizer of the perimeter under convexity constraint (or (A,e)-g.m.p.c.c. for short) if

VK € KN such that K ¢ K and |K \ K| <e, P(K)<P(K)+A|K\K]|. (3.57)

For x € RV let vp(z) := x. Any function h : 9B — R is extended to RY as in Section 3.3 (see the
beginning of Section 3.3). For 7 > 0 and z € R, the notation B,(z) denotes the ball of radius r centered
at z. The q.m.p.c.c. regularity result is the following.

Theorem 3.4.2 (Regularity of q.m.p.c.c). Let N > 2, A > 0, >0 and 0 < m < M. Let K be a
(A, e)-g.m.p.c.c. verifying By(z) C K C By(z) for some z € RN, Then there exists h € C»1(OB) such
that (up to translation) K can be written

K = (Id+ hvp)(B) = {tz(1 + h(z)), t € [0,1], x € OB}, with ||h||c119p) < C
with C' = C(N,A,e,m, M) > 0 only depending on the indicated parameters.

Let us postpone the proof of this Theorem and show first how we deduce from this result a convergence
type result of quasi-minimizers (as in the classical setting).

Corollary 3.4.3 (Convergence of q.m.p.c.c). Let N > 2, A >0, e > 0. If (Kj) is a sequence of (A, €)-
g.-m.p.c.c. such that |K;AB| — 0, then there exists a sequence hj € C1Y(9B) such that

Vi €N, Kj = ([d—l— hjl/B)(B),
and for all a € (0,1) it holds hj — 0 in C1<.
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Remark 3.4.4. Let us note here that this C1*“ convergence for all a € (0,1) is optimal in the sense
that one cannot hope for more than C!! regularity for a q.m.p.c.c. (see | , Proposition 3.18] for a
counter-example to higher Hélder regularity in two dimensions).

Proof of Corollary 3.4.3. Since |K;AB| — 0, one also has that K; — B in the Hausdorff sense thanks to
Proposition 3.5.4. As a consequence, there exists z € RY and 0 < m < M such that

Vi eN, By(z) C Kj C By(2).

The existence of the upper ball follows directly from the definition of the Hausdorff convergence; we refer
for instance to | , Proposition 2.8, 2.] for the existence of a lower ball. Therefore, thanks to Theorem
3.4.2 we deduce that there exists h; : B — R such that

VjeN, K; = (Id + h;jvp)(B) and ||hj|lcr1p) < C

for some C' > 0 independent of j. From this bound on the C*! norms we deduce for each o € (0,1)
the convergence (up to subsequence) of h; in CH® norm to some h € CH1(9B), using the Arzela-Ascoli
Theorem. Since K; — B in the Hausdorff sense we must have h = 0, which ensures also that the whole
sequence (h;) converges to 0. This finishes the proof of Corollary 3.4.3. O

We can now pass to the proof of Theorem 3.4.2.

Proof of Theorem 3.4.2. Step 1: cartesian estimates of K. Let g € 0K be fixed. We claim that
there exists

e a hyperplane H C RY containing Zy and a unit vector ¢ € RY normal to H,

e a (N — 1) dimensional ball Bg centered at zg and of radius 8 = §(m, M) > 0 with Bg C H

such that, denoting by (x,t) a point in H x R¢ coordinates and defining u : Bg — R by the formula
u(z) == min{t € R, (z,t) € K} we have

{(z,u(x)), x € Bg} C 0K (3.58)
KN (Bg xRE) C {(x,t) € Bg x R, u(x) <t} (3.59)

and u € CH1(Bg) with
”uucl’l(siﬁ) < C, where C = C(N,A,e,m, M) (3.60)

In this Step, for any z € H and r > 0, we denote by B,(z) C H the (N — 1)-dimensional ball of radius r
centered at z.
The existence of H, ¢, 3, u such that

B’ = B'(m, M)
u € CO’I(B@/(EE)), with HVUHL‘X’(B[;/(&E)) < C(m, M)
and such that (3.58) and (3.59) are satisfied for Bg/(Zo) comes from the convexity of K (it is proven for

instance in | , Proposition 4.3]). We now prove (3.60) for g := 3'/2. Let y € Bg(y), p € du(y) and
set for each r € (0, 3)

M, (y) = ;u(p)(u — (u(y) + (p,- —y))

Using quasi-minimality of K and the estimates of " and [[Vul|pe( By (7)) above, we can use [ ,
Theorem 2.3| (see last equation of the proof of Theorem 2.3) to deduce that there exists

C =C(N,A,e,m, M)

ro =19 (g, m, M)
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such that
Yy € Bg(7o), Vr € (0,70), M, (y) < Cr?

We now apply Lemma 3.2 in | ] which ensures that u € C11(Bg(zp)). More precisely, it is proven in
[ , Lemma 3.2| that there exists pp > 0 and 1 > 0 only depending on ry and the Lipschitz character
of Bg(zg) (hence only on /) such that

Vo € By(wo), Yy € Ba(@) N Byol(a), [Vu(z) — Va(y)] < C'le — y|
where C' = 6n~!. As we also have
Va € Bg(xo), Yy € Bg(zo) with |y — x| > po,
IVu(z) — Vu(y)| < 2(|Vull oo (8000 |2 — I
then gathering the two we get that

Vz.y € Bg(@o), |Vu(z) — Vu(y)| < Cla - y|

by setting C' := max {C”, 2||VUHL°°(Bﬁ(xo))P61}- This together with the bound on [|Vul| e (p,, &) above,
and

[ull oo (B(z5)) < diam(K)
yield the desired estimate on Hu||01,1(373).

Step 2: local spherical estimates of 0K. This step and the next one are similar to | ,
Appendix B]. Fix 7y € 0K. We apply Step 1 at Zg, and up to translating and rotating we assume without
loss of generality that z = 0 (so that B,,(0) C K C By(0)) and & = ey is the N*' canonical direction.
In this step we consider z as the origin, so that the coordinates (z,t) € H x R will now take this into
account. As a consequence, zg is now written zg = (0,%p) for some to < 0, and if Q := Bg denotes the
(N — 1)-dimensional ball found in Step 1, we have

Ve € Q, u(z) := (z,u(z) +t9) € 0K
Since H is orthogonal to £ = ey and contains xg we have
H =72+ {zy =0}
We write more simply B, := Bp,(0). Let 6 be the map

0:Q — 0B,
u(z)
()|

T —m

which associates to z € Q the spherical coordinates corresponding to @(x). Let now pg : B, — (0,00)
be the distance function of the convex set K, meaning that for any ¢ € 0B, px(¢) is the unique ¢ > 0
such that t¢ € OK. Then for each x € Q, it holds 0(z)px (0(x)) = u(x), so that

()]

m

i (60(z)) (3.61)

As a consequence, px o6 € C11(Q) with norm only depending on the C'' norm of u. The rest of Step
2 consists in showing that pg itself is C1'! next to 0(zg) and to estimate its norm, by using a suitable
version of the inverse function Theorem.
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We let € be the map
0 : QxR —RY
(x,t) = 0(z)(1+1)

Note that ' € C11(Q x R) and ¢/ = 6. Then it holds

|2x{0} —

DO (5) = m| 0 : (3.62)

Using a quantitative version of the inverse function Theorem (see Theorem 3.5.1) we deduce the
existence of a radius ro = ro (|0/[|c11(vy), [ DO (20) !, 8), Vo and Wy respectively open neighborhoods of
7o and 0'(zg) such that 6’ is a C'!-diffeomorphism from V4 onto Wy, with

By, (T0) C Vo, Bry (0 (20)) € W (3.63)

and
18" ey < C (101l cravy), DO (0) (3.64)

Now, by definition of § and #, and since ]u( )| = m, it holds |6/ [|c11 ) < C (llullcraay, m™"). On the
other hand, by (3.62) we have |(D#)(z0)!| < C(|to],m™"). As K C Bjys(0) we have |tg] < M so that
(3.63) and (3.64) become respectively

By (T0) C Vo, By, (0/ (20)) € W, with ro = ro (8, m, M, [Jul|c11(q)) (3.65)

and

1) ety < C (m, M, ||ullcraq))
Recalling that 9|’QX{0} = 0 there exists a constant C' > 0 such that 07| criwynom,,) < I10") " Hlorswy)-
Hence, by (3.61) and the latter estimate of § we get

o, lleriwonon,,) < Ik, © Ollcrawonm 0 lcra (womom.m)
< C, with C = C (m, M, ||lul|c11(q)) (3.66)

Using the estimates of # and ||u[|¢1,1(q) found in Step 1 we finally get that the radius ro and constant
C respectively from (3.65) and (3.66) only depend on N, A, e, m, M.

Step 3: global estimate of pg: relying on the local estimate (3.66) of px proven in Step 2 we now
estimate ||pKHClvl(8Bm)'

According to Step 2, for any ¢ € 9B,,, there exists W, C R an open neighborhood of ¢ such that

By, (¢> - W¢>

loxllcrawynos,) < €
where rog = ro(N,A,e,m, M) and C = C(N,A,e,m,M). Using a standard compactness argument over
0By, we find n > 0 only depending on 7 such that for any ¢, € 9B, with |¢ —¢| <n

IpK () — pr (¥)] [Vor(¢) — Vo (¥)]
b—vl O -9 -C

Combining these with a global bound ||pk |lw1.(9p,,) < C we deduce that the same estimates hold for
|¢ — | > n so that we finally have

lprllcri@p,,) < C (3.67)
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for some C' = C(N, A, e, m, M).
Conclusion. Let h(¢) := px(m¢) — 1 for each ¢ € 9B. Then we have that K = (Id 4+ hnp)(B) and
(3.67) ensures that
[[hllciiop) < C

for some C = C(N,A,e,m, M) > 0. This concludes the proof.

3.4.2 Proof of Theorem 3.1.2

In this subsection we perform the selection principle, relying both on the convergence result for quasi-
minimizers (Corollary 3.4.3) and the strict minimality of the ball in a C**® neighborhood shown in Theorem
3.3.1.

We will use the fact that \; satisfies some kind of Lipschitz hypothesis for the Volume distance. This
is stated in next Proposition.

Proposition 3.4.5. Let N > 2. Let D € K and 0 < Vi < |D|. There exists C = C(Vy, D) such that for
all convez bodies K1, Ko C D with |K1|,|K2| > Vy it holds

IAL(K1) — M (K2)| < C|K1AKS|. (3.68)

Note that this Lipschitz type property is an improvement of the result obtained for A; in | ,
Theorem 3.2 and Remark 3.3].

Proof of Proposition 3.4.5. It was proven in | , Theorem 3.2 and Remark 3.3] that for any D' C D €
KN there exists C = C(D’, D) such that for all D' ¢ K; € D, D' C Ky C D it holds

IA(K71) — M (K2)| < C|K1AKS| (3.69)

Let then K, Ky C D with |Ki|,|Ks| > Vo. Assume first that |K1AKy| > Vp/2. Thanks to (ii)
in Proposition 3.5.3 we can find ¢ = £(V, D) > 0 independent of Kj, Ky such that the inradii satisfy
TK,,TK, > €. As a consequence, for i = 1,2 there exists x; € RY such that B.(x;) C K;. By monotonicity

of A1 we deduce
ALK ) = A1 (K2)| < 2X1(B:(0)) < 4V ' A (B:(0))| K1 A K, | (3.70)

Assume otherwise that |[K1AKs| < Vp/2. Then we have
[K1 N EKy| = [Ky| — |Ky\ Ka| > Vo/2

Using again (ii) from Proposition 3.5.3 we can therefore find &/ = ¢'(Vp, D) > 0 such that the inradius
of the convex body K; N Ko C D satisfies rg,nx, > €. Hence, there exists x € D such that B.(x) C
KiNKsy C K;,i=1,2. Letting R > 0 be such that Br(z) D D, we have B./(0) C K; — x C Bg(0) for
i = 1,2 and we therefore use property (3.69) to deduce

(A (E) = M(Eo)| = A (K = 2) = A (K2 — o)
< C|(K1 — x)A(Ke — )|
= O|K ALK,
This estimate together with (3.70) gives the conclusion. O

We can now pass to the proof of Theorem 3.1.2.

For convex bodies K; and K the notation dg (K, K2) refers to the usual Hausdorff distance between
K, and Ky (see Section 3.5.3 in the Appendix for some facts about the Hausdorff distance for convex
sets).
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Proof of Theorem 3.1.2. Step 1: penalization. As a preparation of the selection procedure from Step
2 below, we prove in this step that if we let D € KV, 0 < 1§ < |ID|, @ € R;p > 0 and set R =
—A1 + p||[KAB| — al, then a minimizer K* of

inf {P(K) + R(K),K € KN, K C D, |K| =1V} (3.71)

isa (A, e)-q.m.p.c.c. (see Definition 3.4.1) for some A = A (Vp, d(K*,0D), u, D) and e = ¢ (Vp, d(K*,0D), u, D).
This result is an adaptation of | , Lemma 2.11].
Let 0 < vg < Vp and § > 0. We introduce the class

Aws ={K € KN, K C D, |K| > v, d(K,0D) > 6}

which is compact for dp, by Proposition 3.5.3 and continuity of the volume for the Hausdorff distance.
Note that the set K* belongs to the class for vg = Vj. Set

Ve >0, O(K*) :={K e KN, KC K*,|[K*\ K| <¢}
and let for any convex body K C D and t € [0, 1]
K;:=(1—t)K +tD

We first claim that there exists constants (o, c,tg) € (0,00)3 depending only on Vg, 6 and D (hence
independent of the minimizer K*) such that

VK € 0. (K*), Yt € [0,t0), |Ki| — | K| > ct (3.72)

Setting fx(t) := |K3|, it is shown in | , Lemma 2.11] that fx is a polynomial in ¢ with coefficients

continuous in K for dy, and that f}(0) is positive whenever K C D. Set ¢ := Vj/2. By compactness of

A, inside {K € KV, K C D} and continuity of K ~ f4-(0) for dg, then one can find ¢ = ¢(Vp, §, D) > 0

such that for any K € A, s it holds f5(0) > c¢. Any K € O, (K*) verifies | K| > V}/2, so that we deduce

[ (0) > ¢ for such K. Since the coefficients of the polynomial fx(t) are continuous in K for dg, they are

uniformly bounded for K € A, 5. This together with the lower bound on f-(0) yields the above estimate.
The existence of C'= C(D) such that

vt € [0,1],VK € KN with K ¢ D, P(K;) — P(K) < Ct
is proven in | , equation (54)]. As a consequence, this together with (3.72) gives
VK € O (K*), Vt € [0,t0], P(K:)— P(K) < C'||Ki| — |K]] (3.73)

with C":= C/c.
Since any K € O (K™*) verifies |[K| > V{/2 we can apply Proposition 3.4.5 to get the existence of
C = C(Vp, D) such that for all t € [0,1] and K € O, (K*)

R(K:) — R(K) = M (K) = M (Ky) + p ([[KeAB| — af — |[[KAB| — al)
< ClK \ K| + p|| K AB| — [KAB||
< (C+ p)| K\ K| (3.74)

Let us now show that for e := min{eg, ctg} there exists A = A(Vp, d, D, u) such that a minimizer K*
of (3.71) is a minimizer of

inf{P + R+ A||K| — Vo, K € O-(K*)} (3.75)

Since |Ky,| — |[K*| = | K| — | K| + | K| — |K*| > cto — e > 0 then by continuity of ¢ — |K}| there exists
t € [0,tp] such that |K;| = |K*| = V. Hence by minimality and using (3.73) and (3.74) we get

P(K*)+ R(K*) < P(K;) + R(K;) < P(K) + R(K) + A||K| — V|
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for some A = A(Vy, 8, D, ), which ensures the minimality of K* for (3.75).
Therefore, if K € KV with K ¢ K* and |[K* \ K| < € then the computation leading to (3.74) with
(K*, K) in place of (Ky, K) gives

P(K") = P(K) < (C+ p+A) [K*\ K|

so that K* is a (A, e)-q.m.p.c.c where A’ := A+ C + p and ¢ only depend on Vp, d, u and D. This finishes
the proof of the first step.

Step 2: selection procedure. Although the selection principle was first introduced in | |, the
way we display the argument in this step is more inspired of | |. Let 0 < ¢ < ¢*. Recall the notation
Je := P — c)\1. Let us assume in order to obtain a contradiction that the conclusion of Theorem 3.1.2 is
false. Then there exists a sequence of convex bodies (Kj), en such that

VieN, J.(K;) < Je(B)

Thanks to Proposition 3.5.4, K; — B in the Hausdorff sense, so that there exists D € KN such that

K; C D for every j. We can assume without loss of generality that B € Int(D). Thanks to Proposition

3.4.5 the functional A; is lower-semi-continuous for the volume distance, and we can apply the existence

result | , Theorem 3.4 (i)|] to get that for any fixed p > 0 there exists for each j a solution to the
problem

inf {J.(K) + n||[KAB| - |K;AB||, |K| =|B|, K ¢ D, K € KN} (3.76)

Assuming that the value of p has been fixed (we choose u later on), we let /va be a solution.

Thanks to (i) from Proposition 3.5.3 there exists a convex body K C D with |K| = |B| such that
(up to subsequence) K; — K in the Hausdorff sense and in measure. We have A;(K;) — Ai(K) using
Proposition 3.4.5, and P(K;) — P(K) by | , Proposition 2.4.3 (ii)]. Now, from optimality and
recalling J.(K;) < J.(B) we can write

Jo(K;5) + ullKGAB| = |KGAB|| < Jo(K;) < Je(B) (3.77)

so that we get at the limit N N

JAR) + nlKAB| < J.(B) (3.78)
Thanks to Proposition 3.4.5 and using the isoperimetric inequality we get

Te(K) = Je(B) = (P(K) = P(B)) + ¢ (\(B) = M(K))

> c(\(B) = M(K))

> —C|KAB]|
where the constant C' only depends on ¢ and D. Injecting this into (3.78) provides

—C|KAB| + u|KAB| <0

so that we get K = B if p is chosen bigger than C' in (3.76).
Therefore K; — B in measure and Hausdorff distance. Since we have chosen B € Int(D) we find a
convex body D C D with d(D,0D) > 0 and such that for j sufficiently large

D' CcK;cD

By construction of the I?j, we deduce from Step 1 that each f(vj is a (A,e)-q.m.p.c.c. with parameters
independent of j. We can therefore apply Corollary 3.4.3 to get the existence of h; € CY1(0B) such that
up to subsequence .

K; = (Id + hjvp)(B) and ||hjl|cra@py — 0
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for a chosen to satisfy Theorem 3.3.1. We can therefore apply Theorem 3.3.1 to deduce that for sufficiently
large 7,

jc(Kj) > jc(B)
But this enters in contradiction with (3.77), thus concluding the proof of the Theorem. ]

3.5 Appendix

3.5.1 Quantified Inverse Function Theorem

Theorem 3.5.1 (Quantified IFT). Let N € N*. Let V := B.(zg) C RY for some 75 € V and
r > 0. Let f € CYYV,RY) with Df(zo) invertible. Then there exists Vo C V,Wy C RN and p =
p (IIfllcra, D f(xo)~t,7) only depending on the indicated parameters such that f is a C* diffeomorphism
from Vi onto Wy and

B,(7) C Vo B,(}(75)) < Wo

1 ooy < € (Iflloraan), 1DF (o) ,7)

Proof. Step 1: By following the usual proof of the Inverse function Theorem we first show that f is a C*
diffeomorphism from Vj C V to W{ := Bs(f(x¢)) with

0 =3 (IDfllcor vy 1Df (@) ) -
Since the proof is classical we only emphasize on the details needed to quantify the size of the neighborhood
W{.
We will keep the notation V for the set V := B,(Zg). Let for any y € RY the function ¢, : V — R¥
be defined by

Vo eV, ¢y(w) =z — (Df(@)) " (f(2) = v)-
Then ¢, is OV, for z € V its differential D¢, (z) = Id — (Df (7)) " Df(x) is independent of y, and we
have for z € V,

Doy ()| < |Df (o) "H|Df(x) — Df(@o)]
< |Df (@) HIDfllcoa vz — Tl

As a consequence there exists
' =" (IDf(@o) "M 1D fllgoaqvy, ) >0
such that for all x € B,/(7) it holds |Dg,(x)| < 1/2. We thus get that for all y € RY, ¢, is 1/2-Lipschitz
over B,/(g). Now, we have
|Df (@) (f (@) —y)| < |Df(@0) M| f(@o) —yl <+'/2
when y € Bs(f(%o)) with 6 := % |Df(z5)~"|. Hence,
Yy € Bs(f(20)), Y € By (@), |¢y(x) — To| < |y (@) — ¢y (@0)| + |y (T0) — To]

<o —Tol/2+1"/2
<7

As a consequence, for all y € Bs(f(%0)), ¢y sends B,(7o) into itself and is 1/2-Lipschitz. Therefore, for
such y the mapping ¢, has a unique fixed point in B,+(Zg), meaning that f(z) = y for a unique z € B, (7).
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This gives the existence of f=1: W{ — V with W{ := Bs(f(z0)) and Vg := f~1(W}), and one classically
shows that f is C! diffeomorphism from V{ to W{ with furthermore Df~! = (Df(f~1))~L.
Step 2: Using an explicit expansion of the inverse mapping about D f(Zg) we have that

|Df(x)~" < 2|Df(w0) " (3.79)

whenever |Df(xz) — Df(zo)| < 1/(2|Df(75)"Y|). But this latter condition is fulfilled if = € Vp := By(7p)
for some 7 depending on +’, |D f(Zg)~!| and || f||c1.1(v) only. Moreover, f is a C' diffeomorphism from

Vo to Wo := f(Vp), and one can find § = g(?, Hf_1|]00,1(W0)) such that Wo O B(f(70)). Now, thanks to
(3.79) and Df~t = (Df(f~1))~! we have

1~ oo woy <7 (1IDF ™ oo qwiyy < 21D f (T0) | (3.80)
Letting v,y € Wo, since f~1(y), f~1(y') € Vo we can use (3.79) and (3.80) to get
1D y) = DF WO < 1A oo/ DY) = DY)
<Cly—y|

for some C = C (|Df(zo) |, | fllcr1(v),7’). Combined with (3.80), and recalling the estimate of r/ from
Step 1 we thus get

1 ety < C(IDf@0) " 1 fllcragn, )

Setting p := min{g, 7} we have proved the Theorem. O

3.5.2 Fractional Sobolev spaces

In this paragraph we state some standard facts about Sobolev spaces on the boundary of a C! open set
QCRY.

Proposition 3.5.2. Let N > 2 and Q C RY be a CY! bounded open set.

(i) Let s € (0,1) and p € (1,00). There exists C > 0 such that for any a,b € CH1(0Q)

‘/ ab
o0

(ii) Let s € (0,1). Then for all a € (s,1) and p € [1,00) it holds

< Cllally—s aey 1bllw=» (a0

CO’Q(GQ) C W*P(09Q), C’l""(GQ) C W“’S’p(@Q),
with continuous injections.

(i4i) Let s € (0,1) and p € (1,00). Then there exists C > 0 such that for any a € C11(98) it holds
|Vrallw—sr@0) < Cllallwi-sr@a)-

(iv) There exists o € (0,1) such that the product law C%*(dQ) - HY/2(9Q) ¢ HY?(9Q) holds, meaning
that for any a,b € CH1(9Q)

l[abll 17200y < Cllallco.a@a)llbll 17200,

for some constant C > 0 independent of a and b.

118



(v) There exists s € (0,1) and p € (1,00) for which the product law H'/2(0Q) - HY/2(9Q) C W*P(9Q)
holds, meaning that for any a,b € C*(09Q)
labllwspa0) < Cllall g2 @o) 10l 17200
for some constant C > 0 independent of a and b.

Proof. All of the statements are deduced from the same statements over W*P(RY~1) spaces by working
in local charts. We give hereafter brief indications or references for the RV~ case.

(i) For the same statement over RV ~! see for instance | , Proposition p.20].
(i) If f € CP(RN-1), then if A € RV~ is bounded
(@) = fWP _

Y,y € A, Hm < ‘f|COOL(A |z — y|—(N—1—p(a—8))

where | - [co.a(4) is the C%* semi-norm on A. The local integrability of

(xay) € RN_I X RN_I — |£L' — y|_(N_1—p(a—s))

then ensures that C’P{)’?(RN_I) C WiP(RN).
(iii) For the same fact over RV =1, see for instance | , Remark 8.10.14].

(iv) For (N —1)/p < s < 1 one has the product law WP(RN=1) . HY/2(RN-1) ¢ HY2RN-1) (see
[ , Lemma 7.2|). Using (ii) we obtain the announced product law.
(v) Applying | , Theorem 1 p. 176] we first have the product law H'/2(RN-1) . H'/2(RN-1) ¢
171,/22(]RN 1) forany p > 1 Verlfylng > 1—5%, where F; ~1 / 2(RN 1) denotes the usual Triebel-Lizorkin
space of corresponding indices. Applylng then | , Theorem p. 31| we have F; 1/ 2(RN h ¢
WP(RN=1) where p > j is close to p and s = 1/2 + N(l/p —1/p) € (0,1/2), so that we obtain in
fact H'2(RN-1). HY/2(RN-1) c Wep(RN-1),

O

3.5.3 Compactness in classes of convex sets

In this paragraph we gather some classical facts about Hausdorff distance and compactness in some classes
of convex bodies.

If C; and Cy are non-empty compact subsets of RY, the Hausdorff distance dg(Cy,Co) between Cy
and C5 is defined as the quantity

du(C1,C2) == max{ sup d(z, C2), sup d(z, 01)}

zeCq z€Cq

where d(-,-) denotes the euclidean distance. The Hausdorff distance dj is a distance over the class of
non-empty compact sets of RY. We say that a sequence Aj C RY of non-empty compact sets converges
in the Hausdorff sense when it converges for dp.

Proposition 3.5.3. Let D € KV and 0 < Vy < |D| and set
C = {K compact convez of RV, K C D}

C={KeKk", |[K|=V, KCD}
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(i) The classes C1 and Co are compact for the Hausdorff distance.
(ii) There exists € = e(Vp, D) > 0 such that for each K € Cq the inradius rx of K satisfies rg > €.

Proof. (i) The Blaschke selection Theorem states that the class C; is compact for the Hausdorff distance
(see for instance | , Theorem 1.8.7]). Compactness of Ca then follows from the fact that Cs is a
closed subset of Cq, thanks to the continuity of the volume for dg.

(ii) Let us show that the inradius mapping K € KV s rg is Ls.c. for dy. Let K € KV and K; € KV

with K; — K in Haudorff distance, and let r > 0 and x € R" be such that B,(z) € Int(K). Thanks

to | , Proposition 2.8, 2.], we have that K; D B,(x) for large enough j, so that liminfryx, > r.

This is valid for any r < rg, so that liminf TK; 2 TK, thus showing that K € KN — rg is ls.c.

Since furthermore Cy is compact for dg, we deduce that K € C — rx has a minimum ¢ > 0, thus
finishing the proof.

]

Proposition 3.5.4. Let B C RY be the centered unit ball. Let K; e KN be a sequence of convex bodies
such that |K;AB| — 0. Then K; — B in the Hausdorff sense.

Proof. Tt suffices to show that there exists a bounded set D C R such that K; C D for each j, since the
Blaschke selection Theorem then applies to provide compactness of the sequence K; for dg and therefore
the convergence of the whole sequence K; to B. Fix j € N; since |K;AB| — 0 we can suppose j large
enough so that K; N B # (.

Suppose now that K; ¢ By(0). Since K; N B # (), by convexity of K; we can find 2/ € K; with
|z7| = 2, which we will suppose (up to changing coordinates) to be written 2/ := x = (0,...,0,2). Let
xo :=(=1,0...,0) and set 1 := (1,0...,0), z2 = (0,1,0...,0) until xx_1 := (0,...,0,1,0). Let finally
C := conv{z,zg,x1...,2n-1} and some ball B’ € Int(C'\ B).

Let f:RN*L 5 KN be defined by

N+1 N+1
fyr, - ynsr) = conv{yr, . yv i} = {Z N, D Ai=1, A\ > 0}
=1

=1

Then f is continuous for the Hausdorff distance, so that there exists ¢ > 0 such that if forall 0 < < N—1,
|zi — 2| < e then conv{x,z,...,2y} D B’ (see for instance | , Proposition 2.8, 2.]). Now, let
d := min;{|B N B:(z;)|} > 0. Taking j sufficiently large so that |K;AB| < §, this implies that for such j
there exists for each ¢ = 0,..., N — 1 some yf € K; N B:(z;). By convexity, K; D conv{x,yg e ,ygv_l},
which itself contains B, thus giving |K; \ B| > |B’|. This does not happen for sufficiently large j, and as
a consequence there exists jo > 0 such that K; C B(0) for j > jo. This proves the claim. O
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Chapter 4

Sharp quantitative stability of the Dirichlet
spectrum near the ball

This Chapter is a reprint of the submitted paper Sharp quantitative stability of the Dirichlet spectrum near
the ball, written by the author of this thesis in collaboration with D. Bucur, J. Lamboley, and M. Nahon.

Abstract

Let © C R™ be an open set with same volume as the unit ball B and let A\;x(€2) be the k-th eigenvalue
of the Laplace operator of Q0 with Dirichlet boundary conditions on 9€2. In this paper, we answer the
following question:

If M () — A1 (B) is small, how large can |A\p(2) — A\p(B)| be ¢

We establish quantitative bounds of the form |A\;(Q2) — A (B)| < C(A1(2) — A1(B))* with sharp exponents
a depending on the multiplicity of Ax(B). We first show that such an inequality is valid with o = 1/2
for any k, improving previous known results; through the study of a vectorial free boundary problem, we
then show that one can achieve the better exponent o = 1 if A\ix(B) is simple. We prove sharpness of
the exponents in both cases. As a consequence of these results, we also obtain the persistence of the ball
as a minimizer for a large class of spectral functionals which are small perturbations of the fundamental
frequency on the one hand, and a full reverse Kohler-Jobin inequality on the other hand, solving an open
problem formulated by M. Van Den Berg, G. Buttazzo and A. Pratelli.

4.1 Introduction

4.1.1 Presentation of the problem

Let R™ be the Euclidean space for some n > 2, and let w,, denote the measure of the unit ball in R™. We
set
A = {Q C R" open set of measure wy,},

and B(= Bi) the unit ball of R"™ centered at the origin. For {2 an open set of finite volume, we write

\V/ 2
Ak () := inf {sup M

, V. C H} () of dimension k:}
veV fQ 'UQ

the k-th eigenvalue of the Laplacian on Q with Dirichlet boundary conditions on 992 (counting multi-
plicities). The associated eigenfunctions, normalized in L?(f2), are denoted (uy)r>1 and verify for each
k € N*

ug € H&(Q), —Auy = M\ (Q)uy in .
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For every Q € A, the Faber-Krahn inequality states that A1 (Q2) > A\ (B), with equality if and only if
coincides with a ball (up to a set of zero capacity). Several recent works point out that {2 must be close to
B in some sense when A;(€2) is close to A;(B). We refer to | , | and the references therein
for the most recent results and a history of the quantitative Faber-Krahn inequality. Roughly speaking,
the variation of the first eigenvalue A1(2) — A1(B) controls (the square of) the Fraenkel asymmetry of
and of the L? norm of the variation of the eigenfunction.

The main purpose of this paper is to get a sharp control of the variation of the whole spectrum in
terms of A1 (2) — A1 (B). Precisely, we seek inequalities of the form®

< Crp M ()70 (M1(Q) = Ma(B))*, (4.1)

l
S (A(9) — Ai(B))
i=k

for which the power « > 0 is sharp.

Heuristics about sharp power «. In some particular cases, inequality (4.1) has already been studied
in the literature. In a first paper | |, Bertrand and Colbois established the inequality

() = M(B)] < Coie (M) = M (B)) 57 |

for sets Q with A\1(£2) bounded from above. Later, relying on the quantitative Faber-Krahn inequality
from | |, Mazzoleni and Pratelli improved the exponents into (see | )

—enk (M) = M(B))F ™ < M(Q) = Me(B) < Cruge (Mi(Q) — M (B)) 27, (4.2)

for any € > 0 (with better exponents in dimension n = 2) when A;(€2) is bounded from above, but the
authors naturally expected these exponents not to be optimal.

Indeed, the following observation is in order. When looking at domains which are volume-preserving
smooth perturbations of the ball, one may see B as a non-degenerate stable critical point of A\; under
volume constraint. On the other hand, for £ > 2 the condition for B to be a critical point of A; is that
the associated eigenfunction wu; has constant gradient on the boundary. This is the case for eigenvalues
associated to radial eigenfunctions, which precisely correspond to the simple eigenvalues. In conclusion,
when A\ (B) is simple one may expect a sharp bound of the type

[AR(€) = AR(B)] < Cr (A (Q) = Mi(B)). (4.3)

On the contrary, when A\;(B) is degenerate (multiple), then Ay has only directional derivatives at B which,
in general, are non-zero. Consequently, we cannot expect a better bound than

AR() = M(B)] < Cou(Ma(Q) = A (B))2. (4.4)
Nevertheless, as observed in | |, although A2(B) is multiple one still has
A2(2) = A2(B) < C(A(R) — Ai(B)) (4.5)

as a consequence of Ashbaugh-Benguria’s inequality which asserts that the ball maximizes the ratio Aa/A1.
More generally, for a whole cluster associated to a multiple eigenvalue

Ak—1(B) < Ap(B) = -+ = N(B) < Ai11(B),

!Note that this formulation with A1 (€)'~ is just a way to avoid assuming that A;(Q) is bounded from above as in the
previous references.
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while each individual \; is not differentiable at B (for ¥ < ¢ < [), any smooth symmetric function of
(Ak, ..., is differentiable and has a critical point at B. Therefore, one can still hope for a result better
than (4.4), namely a linear bound on the sum

< Cpp(M(Q) — M(B)) (4.6)

!
Z [Ai(22) — Xi(B)]
i—k

generalizing the estimate for simple eigenvalues.
The goal of this paper is to show that (4.3), (4.4) and (4.6) indeed hold, and that the above observations
turn out to provide the sharp exponents in (4.1).

Strategy. As a first result (see Theorem 4.1.1 below), we will show that one can obtain (4.1) for a =
1

5 (valid for simple and for multiple eigenvalues), by making use of suitable test functions and of the
quantitative Faber-Krahn inequality. This improves the previous results from | , ].

To obtain a sharper result with exponent o = 1 (the case of a simple eigenvalue or of a whole cluster
of multiple eigenvalues) our proof appeals to a deep analysis of a new type of vectorial free boundary
problem which falls out from the situations already studied in the literature.

Indeed, let us consider A\p_1(B) < Ag(B) = -+ = N(B) < AN41(B): inequality (4.1) with o = 1

becomes
l

S (Q) — Mi(B)]

i=k

< Crp(M(92) — A(B)).

Its proof is equivalent to the fact that, for some € > 0 small enough, the ball is the unique solution of both
shape optimization problems below (i.e. for both signs + and —)

l l
min{)\l(Q)—ez:)\i(Q) :QEA}, min{)\l(Q)—FeZ)\i(Q) :QEA}. (4.7)

i=k i=k

The strategy to prove this assertion is based on regularity theory, and proceeds by a series of steps,
some of them being rather technical. We prove first the existence of an optimal domain and the Lipschitz
regularity of the associated eigenfunctions. In a second step, we prove the regularity of the boundary and
that, in some strong C>7 sense, the optimal domain is close to the ball. Finally, we use a second order
shape derivative argument to conclude that the optimal domain is the ball, provided ¢ is small enough.
These steps have been followed for example in | , | for the study of Gamow’s model, which can
be seen as a perturbation of the classical isoperimetric problem. Similar ideas can be found in | ],
where the authors prove the quantitative isoperimetric inequality. On the other hand, we are dealing here
with a perturbation of A; instead of the perimeter functional, so that as in | | and in the proof of
the quantitative Faber-Krahn inequality from | | (see also | |) one needs to use the regularity
tools developed in the field of free boundary problems.

Although the strategy to solve the shape optimization problems (4.7) follows the same main lines as
| |, the nature of our problem raises a series of new technical difficulties, mostly in the case of
the negative sign. First, in this case the shape functional is not decreasing for inclusion, so that the
existence of a solution is not guaranteed by the general result of Buttazzo-Dal Maso | |. Second,
the optimality condition formally reads

% 2— i Oui 2— nstant on 0f)
9o f-:i_k 90 = constant o ,

where vq is the outward normal vector at the boundary 0€2. The presence of the negative sign falls out
from all the situations studied in the literature | , , , |, including the degenerate
case from | |]. The regularity analysis of this situation requires most of the technicalities. We will
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use some key ideas from | | for the analysis of our problem: more precisely, when k = [ (i.e. for
simple eigenvalues), we will be able to apply the results from | | (see Section 4.4.3), but when k < [
(case of multiple eigenvalues), we will have to show the same type of results in more general situations
(see Sections 4.5.1 and 4.5.2).

As a global picture, our analysis will require to study a generalization of the vectorial Alt-Caffarelli
problems in the wider setting

—Av; = f; inQ, Vi=1,...,m,
v; =0 inodQ, Vi=1,...,m,
a(Gr,. Gm) =1 oo,

where € is the common domain of (v;)i=1,...m, fi € Lis.(2) and ¢ is a quadratic form on R™. The outward

normal derivatives glf" at the boundary are understood in some weak sense - variational or viscosity (this
will become clear later) - and the states (v;) are assumed to be “flat” (in a sense precised in Sections 4.4
and 4.5 and Corollary 4.5.17):

e The case m = 1, g(z) = 22 corresponds to the classical Alt-Caffarelli problem of | ].

e The case m > 2, q(x1,...,%m) = Y vy @7 is the one treated in | , | with uniform
estimates in (¢;) as long as ¢; > 0, > ¢; = 1. Similar results (obtained through different methods)
may also be found in | , | in the case ¢; = 1.

e The case m = 2, q(x1,22) = x1x2 under the additional hypothesis that ui, us are positive is treated
in | |.

Our problem may be seen as
o m > 2 with q(x1,...,2) =22 +b(z2, ..., Tm),

where b is a quadratic form on R™~! with no positivity assumption. However we shall make use of the
vs

hypothesis that the function v; “dominates” all the others, meaning that ‘Z‘ is not too large for every
U1

i > 2 (for precise statements we refer to Definition 4.5.7). This hypothesis holds for free in some situations,

for instance when v is the torsion function and v; is a small multiple of the eigenfunction w; of €2, where

we recall that the torsion function wq is the unique solution to

Awg = —1 in Q,
wo =0 on 0f).

Applications in spectral geometry and a reverse Kohler-Jobin inequality. It has been observed
numerically in | , Fig 5.4| that the set minimizing A\;(€2) in A is also minimizing A\ (Q) + eAp—1(Q),
provided £ > 0 is small (the computations were performed for 3 < k < 6).

This phenomenon of persistence of minimizers for perturbed functionals has also been conjectured in
[ | for a functional involving the first Dirichlet eigenvalue and the torsional rigidity which are
interacting in a competing way. Recall that the torsional ridigidy is defined by

T(Q) ::/wQ:/QwQ—VwQ|2:maX{/ 2v—]Vv|2,v€H&(Q)},
Q Q Q

where wq is the torsion function. While the Saint-Venant inequality states that the set with mazimal
torsional rigidity in A is the ball, the conjecture from | | reads

Ipp >0V €A, TN Q) < T(B)M(B). (4.8)
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As this inequality becomes Saint-Venant inequality when p,, — oo, the challenge is to prove that the ball
B remains a maximizer of T(Q)A;(92)/? for finite values of p.

If p, = %ﬁ, the inequality above occurs in the opposite sense and is due to Kohler-Jobin | |. This
is why, for p,, large, inequality (4.8) can be seen as a reverse Kohler-Jobin inequality. In | | it
has been proved to hold locally for some p,, large, in the class of C?> nearly spherical domains.

The main consequence of our analysis is the occurence of the persistance phenomenon of the ball as
minimizer for spectral functionals which are either small perturbations of the first Dirichlet eigenvalue (for
instance as in (4.7)) or of the (reciprocal of the) torsional rigidity. In particular we will prove the validity
of the full reverse Kohler-Jobin inequality (4.8), see Corollary 4.1.5.

4.1.2 Main results

Inequality (4.1) for sharp exponents « will actually be proved in a stronger version, with the torsional
deviation T'(Q2)~! — T(B)~! on the right-hand side in place of \1(Q2) — \1(B).

Indeed, as noted just above, Kohler-Jobin’s inequality from | | states that A > Q — T(Q))\l(Q)nT+2
is minimal on the ball, which directly implies the bound

7)) - T(B)" < O, (Al(g)%“ _ Al(B)”T“)
<20 (@) ((©) — i(B) (4.9)

n+2\

for any Q € A, with C,, := (T(B))\l(B)T) 1. Relying on this inequality and growth estimates of the
type Ax(2) < Cp xA1(Q) (see below Proposition 4.2.1), in order to obtain inequalities of the type (4.1) it
is enough to prove them for the torsional deviation in the right hand side instead.

One of the reasons why we replace the first eigenvalue with the torsion energy is of technical nature. In
our problem, which involves simultaneously several eigenfunctions, we have a clear advantage to do this,
since some uniform regularity estimates on these eigenfunctions may be directly deduced from the same
estimates on the torsion function (see for instance Lemma 4.2.2). On the other hand, a second advantage
is that inequality (4.1) gets a nontrivial meaning even for k = 1.

For the sake of clarity, we split the proof of inequality (4.1) with sharp exponents « in the three results.
The first one applies to every eigenvalue, and is sharp when A\ (B) is degenerate.

Theorem 4.1.1. There exists Cy,, > 0 such that for any Q € A,

INe(Q) = Ak(B)] < Cul2T A (2)2|9]2 (T(R)™! — T(B)_l)% .

Thanks to (4.9), this result improves the inequalities (4.2) from | |. Note that we wrote this
inequality in a scale invariant version, so that it holds for any open set €2 with a corresponding ball of
same measure.

Note also that in this inequality we estimate the dependence in k of the constants. In order to do the
same for the next results, we introduce for any k£ > 1 the spectral gap

gn(k) = min {1, Me(B) — sup{Xi(B), i : \i(B) < \e(B)},
inf{\(B), i: \i(B) > A\o(B)} — )\k(B)}. (4.10)

It is a positive bounded function of k. We state first the case of a simple eigenvalue of the ball which
gives a sharper estimate than the one from Theorem 4.1.1.
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Theorem 4.1.2. There exists Cy, > 0 such that for every k € N* with \i,(B) simple and for any open set
Qe A it holds
kAt

Ae(Q) = Ak(B)| < Co—rc|QU (T(Q) ! = T(B) ).
gn(k)

The constant C), is not known explicitly since there are two implicit arguments in the proof (the
flatness improvement of proposition 4.5.15 which is obtained by contradiction, and the application of the
quantitative Faber-Krahn inequality from | D).

In dimension 2 the valid choices of &k are

k=1,6,15,30,51, 74,105, 140, 175, 222, 269, 326, 383, 446, 517, 588, ...

Let us mention again here that the crucial argument making the previous result works is that the ball is
a critical point of Ay when \;(B) is simple.
Consider now k <[ such that

Ak,1<B) < )\k(B) == /\I(B) < /\l+1(B).

The function  — Zﬁ:k Ai(£2) has a critical point at the ball (see for instance | , Proposition 2.30])
and a result analogous to Theorem 4.1.2 holds.

Theorem 4.1.3. There exists Cy, > 0 such that for every k,l € N* with k <1 satisfying

Me1(B) < Ae(B) = - = N(B) < M (B),
and for any open set Q € A,
! 610
> @) - x| | < €t () - 7))

As a consequence of Theorems 4.1.1 and 4.1.3, we also obtain a general result on the stability of the
Saint-Venant (and Faber-Krahn) inequality under perturbation by a spectral functional having enough
symmetries.

Theorem 4.1.4. Let k € N* be such that \i(B) < A\g11(B). Let F € C2((R%)* R) be verifying
|F(A\)| < C(1+|A|) for some C > 0,
OF  OF

Vi,j € {1,...,k} with \i(B) = X\;(B), VW at (M (B),...,\x(B))
i J

Then there exists 0 > 0 such that for any § € R with |6| < ép, the functional
QEATOQ) +FM(Q),. .., \(Q)) (4.11)
18 manimal only on balls.
In particular, the full reverse Kohler-Jobin inequality holds.

Corollary 4.1.5. There exists p, > 1 such that A> Q — T(Q))\l(Q)ﬁ is maximal on the ball.
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4.1.3 Outline of the paper

In Section 4.2, we give some classical estimates of Dirichlet eigenvalues and eigenfunctions. In Section 4.3,
we prove Theorem 4.1.1 as well as several useful lemmas on eigenfunctions and the torsion function. This
is established by combining estimates from | | on eigenvalues of nested domains, some estimates with
explicit test functions and the quantitative Faber-Krahn inequality of | |.

The next two sections are devoted to the proof of Theorems 4.1.2 and 4.1.3; while the second result is
strictly stronger than the first, for expository reasons we shall first give a full proof of Theorem 4.1.2 in
Section 4.4 and then adapt this proof to the vectorial case in Section 4.5, while pointing out the differences.

Precisely, in Section 4.4, we start by restating Theorem 4.1.2 as a shape optimization problem in the
spirit of (4.7). In a first step, we prove the existence of a relaxed minimizer among capacitary measures
and, in a second step that this measure corresponds to an open set which is a smooth perturbation of
the ball in an increasingly stronger sense. The key passage from an open set to a C!'7 set is obtained
by relating our problem to a vectorial Alt-Caffarelli problem as in | | or as in the more recent result
| |, depending on the sign of the perturbation. We finally conclude through second order shape
derivative arguments for small perturbations of the ball.

Section 4.5 follows the steps of Section 4.4 in the case of the vectorial problem, with in addition a
careful examination of the dependency of the constants in terms of the multiplicity of the eigenspace,
obtained by following the proof of | | on the one hand and through a full proof of a vectorial version
of | | on the other hand.

The last section is devoted to the discussion of the consequences, namely the proof of Theorem 4.1.4
and of the reverse Kohler-Jobin inequality, Corollary 4.1.5.

4.2 Some preliminary estimates

We summarize here some results on eigenvalues and eigenfunctions which we will use throughout the
paper. Although these results are not original, for the readability of the paper we give short proofs when
possible, or at least give some comments about the proofs.

Eigenvalues of the ball. For any d € N we define H,, 4 the space of harmonic homogeneous polynomials

of degree d in n variables z1,...,z,. For any o > 0 we denote by J, the a-th Bessel function
<_1)p T\ 2pt+a
R
() ;;ﬂF@+a+1)2

where I' is the standard Gamma function and we call j, ;, the p-th positive zero of J,, which is well-defined
for every p € N*. Then for every eigenvalue A\ (B), there exists a unique (d,p) € N x N*, such that

Ak(B) = jir"T*Q,p

and, conversely, for every (d,p) € N x N* is an eigenvalue of B associated to the eigenspace

;2
areg2p

Jayn=2 (der"T*Q,pm)
T -

P(xz), PeH,gq4

ol
which has dimension
1 ifd=0,
dim(H,, q) = ¢ 2 ifd>0,n=2,
(2d+n —2) =3 if g > 0,0 > 3.

d(n—2)!
In particular an eigenvalue \x(B) is either simple with a radial eigenfunction, or multiple with only non-
radial eigenfunctions. This particular fact (and more generally the fact that any eigenvalue corresponds
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to a unique couple (d,p)) is a result due to Siegel | |. In the literature, it is also called “Bourget’s
hypothesis” since it has been mentionned in | |, with an incomplete proof.

Eigenvalues and eigenfunctions estimates on general domains. We start by recalling the following
inequalities.

Proposition 4.2.1. Let Q € A, k € N*. Then

n 472 4 2
— ) ———kn < M ()< (14— ) M (Q)kn 4.12
<n+2> win = w(8) < < + n> 1@k, (4.12)

ALQ)T(Q) < w,.

The lower bound in the first inequality is due to Li and Yau in | , Corollary 1], while the upper
bound was obtained by Chen and Yang in | , Theorem 3.1]. On the other hand, the inequality
AM(Q)T(Q) < wy, follows directly from using the torsion function as a competitor in the Rayleigh quotient
defining A;.

Lemma 4.2.2. Let Q € A, k € N*, and let w be the torsion function of Q and uy, some L%-normalized
etgenfunction. Then

1 n n
W< o furl < MDY, fur] < eSA(R)FHw in O
n

n

1
sup | Vg |* < ( + sup ]Vw\Q) eﬁ)\k(Q)H?.
Q nooQ

Proof. The first estimate w < - is a consequence of Talenti’s inequality (see | , Theorem 1 (iv)]):

the supremum of the torsion function is maximal on the unit ball, on which the torsion function has the

2
explicit expression w(zx) = 1;':5‘ . Then classical heat kernel estimates (see for instance | , Ex. 2.1.8])

give |ug| < esirAk(Q)% S0

n

A (iuk - eéxk(m%w) = ()M (Q)ug + 57 A(Q)IFE > 0,

therefore |ug| < eﬁ)\k(ﬂ)u%w by maximum principle. For the gradient bound, we suppose that Vw is
bounded. By direct computation we have that A(|Va|?) > 2Va-V(Aa) for a smooth function a : R” — R.
In the case where wuy, is smooth inside 2 the computation yields (using as well the bounds on w and wy)

A(Vug|? + M) > =22 (2)%uf > —2e7 A ()23 in ©,

thus giving
A (|vu,€|2 FAR(Q)ud — Qemk(m“%w) >0 in Q.

Suppose first that 9 is a C*° domain, then Vui and Vw extend continuously to the boundary and the
inequality |uy| < €57 A ()T 5w ensures

Yz € 09, |Vug(z)| < e57 Ap(Q) 1 [Vuw(z)],
and so by maximum principle:

sup | Vaug|? < 237 A, ()2 3w + sup [V
Q [5)9]

L
€4r

< EAR(Q)PTE + 17 Ao ()27 sup |Vl
Q
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In the general case, by Sard’s Theorem and since w is smooth inside €2 we may find arbitrarily small
regular values ¢ > 0 such that {w = ¢} = 0{w > ¢} is a smooth hypersurface. Denote Q¢ = {w > ¢}
and w*®, (ug)ren+ the associated torsion function and eigenfunctions. Note that w® = (w — €)4, so that
QF y-converges to €, since |[wg — wa, [|L2@n) < wpe — 0 (see for example | | for the definition and
properties of y-convergence). In particular, for all k& > 1, A\;(Q°) — A\x(©2) thanks to | , Corollaries 3
and 4, pp. 1089-1090]. Now, because u§ is bounded in H}(2) we can assume (up to extraction) that ug
converges strongly in L?*(Q) and weakly in H{ () to some limit uj. Passing to the limit in the sense of
distributions in —Aujg, = \;(£2°)uj, we obtain that (uy)ren is an orthonormal basis for 2.
Now, since w® = (w — €)4 we have

1

in n n
sup |Vug |* < e—)\k(Q‘g)%? + eﬁ)\k(QE)Hf sup |Vaw|?
Qe n Q

Using the L* bound |uj,| < eﬁ/\k(QE)% < 2esr AL(Q)7 for small e, we get that u5, is bounded in W as
€ — 0, so that it converges locally uniformly to some Lipschitz function u. The uniform gradient bound
on Vug transfers to Vuy, thus concluding the proof. ]

As the next result shows, one can control the difference of eigenvalues by the difference of torsions for
two nested domains w C 2.

Lemma 4.2.3. Let w C 2 C R™ be two open sets of finite measure. Then

1 1

(@ Ny = DI L)

Proof. This result is proved in | , Theorem 3.4], where one has to follow the proof to keep track of

the constants (using for instance the L> bound |ug| < es%r)\k(Q)Z). O

The quantitative Faber-Krahn inequality. The Fraenkel asymmetry F, defined for Q2 € A as

F(Q) = inf |(B+2)AQ,
TER™

plays a crucial role in the following quantitative Faber-Krahn inequality obtained in | |.
Theorem 4.2.4. There exists ¢, > 0 such that for any ) € A,
T(Q)™ >T(B)™ + ¢, F(Q)? (4.13)

A(Q) > A\ (B) + e, F(Q)? (4.14)

4.3 Proof of Theorem 4.1.1: the square root bound

Note that from Proposition 4.2.1 we have A\ () < w,T(Q)~!. If T(Q)~! is close to T(B)~! one can
control \(2) and, as a consequence, Theorem 4.1.1 provides that A\, (£2) is close to A\i(B) when T(Q)~! is
close to T(B)~!. Its proof is obtained as a consequence of the quantitative Faber-Krahn inequality (4.14),
growth estimates over A;(Q2) from (4.12) and next proposition, which we believe is of independent interest.

Proposition 4.3.1. Let Q € A. Then it holds

o~ s < (142) e#en ot vy (3« Joaa]

We first prove the following lemma.
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Lemma 4.3.2. For any Q € A we have

—_

T(Q) ~T(QNB) < <+;2> )\ B

3

Proof. We write w := wg and v = wp. Then letting @ = w A v, we have @ € H}(Q2N B) so

T(QﬂB)>/

(20 — [VaP) = / (2(w A v) — [V(w A)P)
QNB

QNB
SO

T(Q) — T(QN B) +/

IVw|* < / 2w+/ (2(w — @) + |V(w Av) ] — [Vw]?)
O\B O\B BNQ

§/Q\BQw—l—/BmQ@(w—v)++2V(w/\v)-V(w/\v—w))

- / 2w+/ (2(w —v)y —2V(wAv) - V(w —v)4)
Q\B BNQ

Notice that V(wAv)-V(w—v); =Vv-V(w—v); = V- ((w—v)4+Vv)+ (w—v)4 in 2N B so by Stokes’
formula,

T(Q)—-T(QNB) +/ |Vw|* < / 2w — 21/(1)/ w
O\B O\B OB
1

Since —v'(1) = - we have

2 1
2(-v) [ w2 [ vel<Gi0\Bl+ [ [ul
OB nJo\B n O\B

1 1 1
2 —|Q\B| < | -4+ —= | |Q\ B|.

SO

We may now prove Proposition 4.3.1.

Proof of Proposition 4.5.1. Applying the bound from Lemma 4.2.3 to (2N B, B) and (2N B, ) we have
the two inequalities

1 1 1
M(Q) M(QNB)

|3

g@+>eé#mmﬁuun—ﬂQHML

0[3

< (1 + i) " eE 20 (Q)F [T(B) — T(QN B)].
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Combining them, we get

1
Ak (

- : eir k? ()2 _
Q) /\k(B)‘§<1+n> F\(Q)2 [T(Q) + T(B) - 2T(2N B)]

_ (1 + i) " B R2M(Q)F [(T(B) — T(Q)) + 2(T(Q) — T(2N B))].

Using Lemma 4.3.2 we thus obtain

LIRS S 1+é %ezﬂ:%\ Q)2 |(T(B) = T(Q)) + 2 l+i 1\ B|
() MNe(B)| T n ! n ' n2
which is the result, since [\ B| = $|QAB]. O

We can now prove Theorem 4.1.1.

Proof of Theorem 4.1.1. Using Proposition 4.3.1 and applying, up to a translation of , (4.14) as well as
(4.12) we get

Ak (22) — Ae(B)]

< (1+2) SRR @) ABIAO) (@B) 1@ + ( + ) 10\ B

< CRFA(Q)E [(T(B) = T(9)) + Coy/T(Q) T = T(B) 1.

This concludes the proof when T'(€2) > 3T (B) (notice that in this case, thanks to A () < w,T(22)~! from
Proposition 4.2.1, we bound A1 (€2) < C/, for some CJ, > 0). When T'(Q2) < 1T(B) we write more direcly

Q) — M(B)] < (1 i i) B2 (@) + M (B)) <2 <1 + fL) F2(Q)

4 1
< 22w, (1 + ) kv A ()7 (T(Q) ! = T(B)™1)?
n
where we used the estimates from Proposition 4.2.1, thus getting the result also in this case. O

4.4 Proof of Theorem 4.1.2: the linear bound

Let us fix £ > 1 as in Theorem 4.1.2, such that Ag(B) is simple (we also include k = 1, as it will give
non-trivial results). In order to prove Theorem 4.1.2, the goal is to prove that when § € R is close to 0
(depending on n and k) the ball is the only minimizer of the functional

Qe A= TOQ) L +0(Q). (4.15)
Proposition 4.4.1. There exists ¢, > 0 such that for any § € R with |§] < cnk_(4+%)gn(l€) the ball is the
unique minimizer of (4.15).

Remark 4.4.2. Let us remind that g,(k) has been defined in (4.10). As far as we know, there is
no explicit lower bound of g, (k); it was proved by Siegel (see | | or | , 15.28], referred to as
“Bourget’s hypothesis”) that zeroes of different Bessel functions are distincts, but with no quantified
separation between successive zeroes. We conjecture that there exists an exponent xk > 1 such that for
any m,p,q € N*, p € N/2, it holds that

s = Jp+maal 2 J;,;

The validity of this conjecture would improve the quality of our bounds.
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In Proposition 4.4.1 we prove minimality of the ball for both positive and negative ¢, thus obtaining
a bound of (Ax(2) — A\x(B)) on both sides and proving Theorem 4.1.2. Thanks to (4.9) this will directly
imply the inequality (4.1) with a = 1 as a consequence, by distinguishing the regimes A1 (2) ~ A\;(B) and
A1(€©2) > Ai(B) (using also the growth estimate Ay (Q) < Cp, xA1(£2) from Proposition 4.2.1 in this latter
case).

The plan of proof of Proposition 4.4.1 is the following.

e For § close enough to 0 we prove the existence of a minimizer in (4.15) such that its torsion function
w moreover verifies some uniform bounds |Vw| < C), and a non-degeneracy condition: for all x € Q,

r € (0,7y,]
][ W > CpT.
0Bz,

The case § < 0 raises extra difficulties. We obtain existence through careful concentration-compactness
methods, first as a capacity measure and second as a quasi-open set; the uniform estimates are ob-
tained by perturbing € and controlling the variation of A; by the variations of the torsion 7". This
is done in Section 4.4.1.

e In Section 4.4.2, we prove that if ) solves (4.15), then its torsion function w and L?-normalized k-th
eigenfunction uy verify, in some sense that will be made precise, the equations

—Aw =1, —Aug = A\(Qug in O
|Vw|? + T(Q)%6|Vui|> =Q  on 0Q

where @) > 0 is a constant which is arbitrarily close to 7712 when § — 0. This part of the proof uses

blow-up methods similar to | | and | |-

e We show in Section 4.4.3 that, as § — 0, 9§ is an arbitrarily small C*>? graph on 9B (up to
translation). The case § > 0 relies on the results from | | while the case 6 < 0 is obtained by
applying the results from | |.

e Finally, in Section 4.4.4 we prove a Fuglede-type result, namely that the ball is optimal for (4.15)
among smooth nearly spherical sets, that is to say arbitrarily small C?>? perturbations of the ball,
through a second shape derivative estimate which follows the method of | |.

Throughout the proof we extensively use the two following notations:
e a < b when a < Cpb for some (possibly) large C,, > 0 which only depends on the dimension n.

e a < b when a < ¢,b for some ¢, > 0 that can be made as small as we want, and which only depends
on the dimension n.

In both cases the notation does not involve a dependence on the order of the eigenvalue k.

4.4.1 Existence of a minimizer

To prove existence we first prove some a priori estimates for sets whose energy T~! + 6\, is bounded
from above by the one of the ball, which we may suppose to be verified without loss of generality for any
element of a minimizing sequence. This is the object of next Lemma.

Lemma 4.4.3. Let Q) € A be such that

T(Q) ™+ 0Me(Q) < T(B)™" + 6Au(B),
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and suppose ) is translated such that F () = |QAB|. Then if |§| < k~n the following inequalities hold
[QAB| £ kn[]2, T(Q) 7 1, M(@) S kr,
T(Q)~ —T(B)™ S kn 6] and for alli € N*,|A\(Q) — \i(B)| S i wkn 3|2,
lwe = wallaen) S k132
Proof. Thanks to the upper bound from (4.12), we have
T(Q) 7 = T(B)™" <8 (M(B) = M(Q)) S kn M (Q)]8] < knT(Q)70]

so when [§] < ko we get that T(Q)~! < 1, and using the same series of inequalities together with
T(Q2) < T(B) we deduce
T(B) = T(Q) £ k»[d].

Applying the quantitative Saint-Venant inequality (4.13), we get
IQAB| < kn|5|2 when || < k=,
from which we also deduce, using Theorem 4.1.1, that for any ¢ € N* it holds
IAi(Q) = Xi(B)] S *Fakn a2,
For the third item, we write

[wa —wa|lL1@n) < lwe — wonsllLirn + [we — wonB| L1 &R
_ T(B) = T(Q) + 2(T(Q) = T(QN B))

1 1
<T(B)-T(Q —+ — | |QAB
<T(B) - T(@)+ (1 + 3 ) 1945
where we used Lemma 4.3.2 and |QAB| = 2|2\ B| in the last line. We obtain the last result by recalling
that |QAB| < kn|d|z. O

We may use the bound from Theorem 4.1.1 in order to improve the decay of the quantities from the
previous lemma, in terms of §.

Lemma 4.4.4. Under the same hypotheses as in Lemma 4.4.3 it holds
T(Q)™ - T(B) S KRP,
QAB| < k¥ 4],
Vi € N, IN(Q) = M(B)| STk,
As a consequence, if |§| < k‘_(4+%)gn(k), A () is simple.
Proof. Thanks to Theorem 4.1.1 and using minimality we can write
4 1
T =T(B)™ <6 (M(B) = Ak()) S K o (T(Q) ™ = T(B) ™)

from which the three announced estimates follow. We deduce that \;(€2) is simple by applying separately
IN(Q) — N(B)| < i2tnktn|s| fori =k — 1,k k+ L. O

Proposition 4.4.5. If|§| < k_(2+%), then the functional (4.15) has a minimizer in the class of quasi-open
sets of measure wy,.
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Let us mention that most of our efforts will be concerned with dealing with the case § < 0, as in the
case § > 0 one can argue more directly. We chose here to treat both cases at the same time in order to
simplify the presentation.

To prove this proposition, we will use the setting of capacitary measures (see for instance | D).
A capacitary measure is a nonnegative Borel measure pu, possibly infinite valued, such that u(E) = 0 as
soon as F has zero capacity. We typically assign to any quasi-open set A the capacitary measure

oma(E) = {+oo if Cap(E\ A) > 0

0 else.
Given a capacitary measure u, we define the regular set of i, denoted A, as the union of all finely open
sets of finite p-measure (the fine topology being the coarsest topology making all super-harmonic functions
continuous, see | , p.77] and the references therein). If A, has finite Lebesgue measure, we define the
torsion T'(p) and the eigenvalues \g (1) of a capacitary measure as follows ((£" denotes the n-dimensional
Lebesgue measure):

T(u) = sup / (2u — |Vul?) d.L™ - / u’dp
ue€HI(R?)NL2 () JR™ n

= sup =
Hl(R")ﬁLQ(,u,) fR” \Vu|2d,,§f" + fR” u2d,u

_ (Jo Udgn)Q / w,,

) Jan |V0[2dL" + [5. v?dp
A ;= inf < su
k(ﬂ) {ve\g fRn v2d L

:/ |Vuk7u2d.$"+/ uiudu.
Rn R™

Above, w,, is the torsion function associated to u and is a variational solution of

, V. HY(R™) N L%(i) of dimension k}

{_Awu + pwy, =1 in [HH(R™) N L2(R™, p)], (4.16)

w, € HY(R") N L2(R", p),
and (ug,,)ken+ is a choice of a L?-orthonormal basis of eigenfunctions associated to u, that verify

_Auk,u + MUk = )\k(u)uk,u in [Hl(Rn) N L2(Rn> M)]/a
ug,, € HY(R™) N L2(R™, p).

Note that p + T'(11) and g — Ap(p) are continuous for the L'(R™) distance between the associated torsion
functions w,, (which is called vy-distance, see | ]). Moreover A, = {w, > 0}, up to a set of zero
capacity.

Proof. (of Proposition 4.4.5) A first remark is that when |d] is small enough the measure constraint
2] = w,, may be relaxed into |Q| < w,,, since any set € which does not saturate the constraint |Q| < w,

may be dilated into a set with lower energy. Indeed let || =: (1 — t)w,, for some t > 0, then (1 — t)fiﬂ
is still admissible and using \;(€Q2) < k%T(Q)_1 (from Lemma 4.2.1) we get
_1 -1 _1 n+2 1 2
T(1—=t) =) +M((1 =) nQ)=(1—t) » T(Q) 4+ (1 —1t)nd ()
< (1 =8T(Q) ™" 4+ 6Ae() + [0]tA(Q)
1 1 2 1 (4.17)
< T(Q) !+ 50 (Q) — ¢t (T(Q) — Cpk R [8|T(R) )
< T(Q) ! + 6M,(Q) when |5] < & x.
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Let (£2,)pen be a minimizing sequence of T~146\; in A. By replacing Q, by B if needed we can assume
without loss of generality that 771(Q,) + 6Ax(€y) < T-YB) + dA\(B) for each p, so that €2, satisfies
the hypothesis of Lemma 4.4.3. Then by Lemma 4.4.3 we have a bound on the Fraenkel asymmetry
F(2p) S kw ](5\% so, up to translation, we suppose

Q,AB| < ko2,

Let us first prove that this sequence «y-converges to a capacitary measure p, meaning that the associated
torsion functions wg, converges weakly in H'(R™) to the function wj, given by (4.16) and A, = {w, > 0}
verifies |A,| = wp.

By concentration-compactness for sequences of open sets of bounded measure (see | , Th 2.2.]),
in order to prove that convergence occurs we must exclude the dichotomy behaviour. We thus assume
by contradiction that we are in the latter situation, meaning that one can find Q, = Qll) U QZ Cc Q
Wit}} dist(Q}J,QIQ)) — 00, lim inf{,ﬁOO Q%] > 0, and Verifyi~ng lwa, — 'UJQPHLQ(RYL) — 0. As a consequence
T(2) — T(Q2p)] — 0 and |Ax(2p) — Ae(2,)] — 0, and €, is therefore still a minimizing sequence. By
Lemma 4.4.3 we have T(Q,)"! — T(B)™! < k‘%|6|, hence we also have T(€,)~" — T(B)~' < k%|5| and
one can check that this ensures [, \ Q,| < k‘%|5 | using the Saint-Venant inequality. We therefore have
1Q,AB| < [Q,AB|+92,\ Q] < k%|5|% for |0] <« k. Furthermore, since (€, Q22) — 400 we have (say)
that [QLAB| < k|62 and [Q2] < k= |82,

We claim that A\ (Q,) = Ak(Q}) when |6 < k2% . Indeed on the one hand by Faber-Krahn inequality
we have , ) )

M) 2197 2 k28]
and on the other hand thanks to Proposition 4.2.1
M) S ERT(2)7! < ke

n42 n
To justify the last inequality we note that by Saint-Venant it holds T(Qz) S k| |2in2 and thanks to the
a priori estimates from Lemma 4.4.3 we have

T(QL) = T(Qy) — T(Q2) > T(B) - C, <k 16 + k

(n+2) n 1
6] *) > JT(B) for |8 < k.
Hence A1 (Q2) > A (Q}) for ] < k=27 % and therefore A(Qy) = Ak(Q)) for the same §; as a consequence
T() 7"+ 6Mu(2) = (T(QL) + T(22) ™ + oa(2).

Set t, € (0,1) such that [Q2| = tpwn, so tp, k%\éﬁ and liminf, .o ¢, > 0. We now argue that

nt2 n n
(1 - tp)_%Qllj is a strictly better minimizing sequence. Indeed, since T(QZQ)) St Sk nr |& \%nz and
n+2
1 1 1 a .
T(Q,) 2 1, one has () < T(Q)+7(2) + Cptp™  for some Cp, > 0 so that
1 1 n+2 1 2
+ A (L =tp) 7)) = (1 —t,) 7 v + (L —tp)n 6N, ()
_1 P P 1 P P
T ((1-1,) »0}) ( ) T (%)
1 1

< e () =ty | e — 16| A6 (0]

< ! oM (QY) — by (e Ot — 51D

T T(Q)+T(22) O VA (V P

1 1
< T (Qzl;) +T(QIQJ) + 0\ (Q;,) — tp (T(B)

_ CpkE |57 — cnkiw) .
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Since liminf,,_, t, > 0 this provides a strictly better minimizing sequence when |0 < k*%, providing a
contradiction and thus proving that dichotomy does not occur.

Thanks to | , Th 2.2.] we deduce that there exists some capacitary measure p such that after ex-
traction (and translation of the €2,,) the sequence (£2,,), y-converges to . In particular one has convergence
of the torsional rigidity and eigenvalues. We let w,, be the associated torsion function and A, = {w, > 0}
the (quasi-open) associated domain. Notice that we can assume without loss of generality that the limiting
measure verifies p(E) = oo whenever Cap(E \ A,) > 0, since this leaves w,, unchanged.

We have |A4,| < w, by a.e. pointwise convergence of the torsion functions. We now prove that pu
corresponds to some quasi-open domain, precisely that p = oogn\4,. The idea is to use optimality of p
to prove that the torsions of u and A, are equal. We denote by w4, the torsion function of A,. We have

(see | )
“A <1in D'(R" Awy =1in A
wﬂ—ll—,uz;]“_ 2111 (R™) . while wa, 1 in A,
wy, € H'(R™) N L*(w) wa, € Hy(Ay).

By maximum principle, it holds that wa, > w,, implying in particular T'(A,) > T'(u). Thanks to
[ , Lemma 3.1|, the sequence €2, N A, still y-converges to p. As a consequence, by applying
Lemma 4.2.3 to A, and €2, N A, and passing to the limit one gets

0SS ™ Mgy = O R (A [T(AW) = T,

which we rewrite, using that Ay (A,) < Ap(p) S fon (using monotonicity and Lemma 4.4.3), as
0 () = Me(A) K50 [T() ™! = T(A) ]
Then by minimality of u,
T() ™+ (1) < T(A) ™+ 00 (Ay)
< T(u) ™" 4 Sk () + (1 - an:?*%\é!) (T(A) =T(w)™).

When |0] < k= (213) this gives T(A,) < T(u), hence T(A,) = T(u). Now, since w, € H}(A,) we deduce

/n (2w, — |Vw,|?) dL™ < T(A,) = T(p) < /

R

(2w, — |un|2) dz" — / widu

thus implying fRn widu = 0. As a consequence y = 0 in A,, meaning yu = oorn\4,. Hence 4, is a
minimizer of the functionnal (4.15) in the class of quasi-open sets of measure wy, thus concluding the
proof. ]

We now prove some first regularity properties of minimizers of (4.15).

Lemma 4.4.6. Let Q be a minimizer of (4.15) in the class of quasi-open sets of measure wy,, and suppose
that |0| < k=(%2). Then Q is bounded and there exists Cny Cnyrn > 0 such that ||Vwgl|peomny < Ch,
Vg || oo mny < Cplnts, diam(Q) < C,, and for all x € R"™, r € (0,7y,),

][ wq < cpr implies wolp, b2 =0 (4.18)
8Bz,'r '

In particular, the open set {wq > 0}(= Q) is an open minimizer of (4.15).
q.e.

In the sequel, property (4.18) will be referred to as non-degeneracy, as it accounts in a weak sense for
the fact that |Vwgq| stays away from 0 near 0€2.
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Proof. Lipschitz regularity. Let us first prove the Lipschitz regularity of wgq, which will imply the
Lipschitz regularity of the eigenfunctions uj by the estimates of Lemma 4.2.2. To prove the Lipschitz
regularity it is enough to prove the following property on the torsional rigidity: for any open set  that
contains 2 such that |Q\ €] is small enough, we have

TP <TQ) ™ 4+ A0\ Q (4.19)

Indeed, consider then some ball B, , for any small enough r such that this inequality applies to Q=
QUB, ,; for any w € H}(QUB,,) coinciding with w outside of By, writing T(QU B, ) > fR" 2 — | V|
we get by rearranging (4.19):

/ <|Vw\2 - 1w> < / <]Vu~)|2 - 111}) + AL r"
B 2 Bar 2

for some A/, > 0. This corresponds to the notion of quasi-minimizer of | , Definition 3.1] for f =1,
so we may apply | , Th 3.3| to get a uniform Lipschitz bound. Let us therefore prove claim (4.19).
Let 2 be an open set that contains Q with || < 2|Q2|. We separate the case 6 > 0 and ¢ < 0 for clarity:

e Case 0 > 0. By monotonicity of Az we have A\;(€2) > A\,(€), so using minimality of £ against the

1
competitor (%) " Q) we have

n+2

Lo\ e o\
T < (\52!) TQ) 46 (M) — 1| M(Q)

which implies
T ST+ Gy (141017 ) 10\ 2
thanks to 7(Q)~! < T(Q2)~' <1 and A\ (Q) < kn from Lemma 4.4.3. We thus get (4.19) as soon as
5k < 1.
e Case § < 0. We deal with this case similarly as is the positive case, using also the estimate from

1

Lemma 4.2.3. Comparing the energy of €2 to the energy of <M> " Q gives

8]
TOQ) =Tt <6 (Ak(fz) — )\k(Q)) + (B;) T T(Q)™!

< [8leT kA (Q)A(D)FE [T(Q) = T(@)] + Cal\ 9

< Gl [T = T(@) 1] + G2\ 2

for some C,,, C;, > 0. When |0] < E(270) we get (4.19).

Non-degeneracy property. The non-degeneracy is obtained by similar arguments, by choosing sets Q
such that Q0 C Q. Let us prove that for any Q@ C Q with [Q2] > £|Q] it holds

TEOQ) '+ A\ Q <T(Q) (4.20)
This is enough to obtain the non-degeneracy property, thanks to | , Lemma 1]. This time, it is the

case & > 0 which requires a more careful analysis.
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e Case § < 0. Consider any open set  contained in Q with |Q] > $1Q[. By monotonicity Ag(€2) <

Ak (Q) hence testing minimality of € against (} D Q we have

n+2

. ) o\ o
T(Q)" -5 (rm) —1| o) < (mw) 7)1 < T(O)!

which provides (4.20) for |§] < ko, using A\ (02) < k= from Lemma 4.4.3.

e Case § > 0. We proceed as before, using 1n addition the estimate of Proposition 4.2.3. Using

minimality of ) against the competitor (U) Q we get

1€2]

T =T <6 (W) — () + (:g} —1| (@)

< Set kAR(Q) 5 AL() [T(Q) - T(Q)] — 00\ Q)

< O 5k> [T(Q)—l - T(Q)—l} — G0\ Q)
for some C,,C’, > 0, using T(Q)~' > T(B)~! and also \¢(Q) < kn from Lemma 4.4.3. We get
(4.20) for |5] < k= (2+3).

Bound on diam(2). We have shown above that ||[Vwq||pe®r) < 1. Hence by Gagliardo-Nirenberg
inequality,

_n_ 1 1 1\ o1
e~ whlleogan) S IV (we — wp)|F2 gy — wl| iy S e — wl| iy < (KH1813) ™ (4:20)

where we also used that ||wo — wp||pi(we) S k%|5|% from Lemma 4.4.3. Let now ¢, and r, denote the
non-degeneracy constants found above. Then for any € R" \ By 14,, we have

£, wa=f, s (ke w

and this is strictly less than ¢,r, for || < k== . Hence wg (x) = 0 for such z, so that we find Q@ C B
This gives the desired upper bound on diam(€2), thus concluding the proof.

1+%rn .
]

4.4.2 Blow-ups and viscosity solutions

Let us first observe that if {2 is a minimizer of (4.15), then it is also a minimizer (among open sets of any
measure) of the associated scale-invariant functional. This is stated in next Lemma.

Lemma 4.4.7. Let Q2 be a quasi-open minimizer of (4.15) in the class of quasi-open sets of measure wy,.
Then it is a minimizer of

. 2 | Al
A € {quasi open sets} — |Aln (wnT(A) + 5)%(/1)) .
Proof. This follows directly from the scale-invariance of A |A\% ( lA(| oy + 5)\k(A)> O
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Consider now a smooth vector field £ € C°(R™, R™). Assuming enough regularity on 2, the shape
derivative

4
dt

of this functional at € in the direction £ is given by

(a4 16)(9)

2
2 4 (n+2 2 wry 9 2 9 1
K —— + =0 (Q) ) — 5 | Vw|® —wi 0|V -v)d ,
/89 . <n1 Q) n A( )> 7(9)2| wl —wid[Vel®) (€ va)d A

where vq is the outward unit normal vector of € (see for instance | | for the expressions of the shape
derivatives of |- |, T" and Ag). So letting

Q=

T(Q)? ( n+2

o iaxmm) (4.22)

Wn,
(which depends not only on the parameter but also on the minimizer ), we expect an overdetermined
boundary condition |Vw|? + T(2)26|Vu|? = Q. Note that when § — 0, using that T(Q)™* — T(B)~! <
]5|k% and A\ (Q) < kn (see Lemma 4.4.3) we find
1
_> R
Q= .

which is expected because it corresponds to the value of [Vwp ’|28 - We may estimate its rate of convergence

1

|3 ke |6). (4.23)

&

Let us now prove that these informal considerations hold true for blow-ups around points with contact
spheres. This is the object of Lemma 4.4.10 below. We first need the notion of contact point.

Definition 4.4.8. Let  C R" be an open set and x € 0). We say that x is a contact point of Q0 if there
exists R > 0 and v € S"~! wverifying

BCC+RV,R CQor Bz—R%R CcR" \ Q.
The vector v is called inward “normal” vector of Q1 at x.

For a function w : R” — R and z € R", r > 0 we will denote (w),, the rescaled function (w),, : R" —
R defined by
w(z +re
(). a) = LEETD)
Let us remind a classical lemma of the one-phase free boundary problem. We say that a function w
verifies property (4.24) if

|Vw| < C and ¥r € (0,1),2 € R" ][ w < cr implies w|g (g, /2) = 0 (4.24)
OBz, r
for some constants ¢, C' > 0.

Lemma 4.4.9. Let w € C°(R",R) be verifying w(0) = 0, property (4.24) for some constants ¢ and C and
|Aw|1gy,s0y € LS (R™). Then there exists a subsequence r; — 0 and a function w € C°(R™,Ry) verifying

loc

w(0) = 0, property (4.24) for the same constants, Aw = 0 on {w > 0} such that

Wop ——— W, Wop — W
e 0 n ’ eS| — ’
ClOC(R ) Cloc({w>0})

fwor, >0} o 10> Oh {wor, = 0 2 {0 =0}
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Proof. Functions (wo,) all verify the same Lipschitz bound so there exists a subsequence (wy,,) that
converges locally uniformly to some w € C°(R™, Ry ). Property (4.24) directly transfers to w for the same
constants. Letting now U be some open set compactly included in {w > 0}, we have that U C {wp,, > 0}
for any large enough i with |Awg,| < [[Aw||peenyri on U, giving both that Aw = 0 in {w > 0} and the
local C! convergence in the support using Ch* elliptic estimates. Finally, the local Hausdorff convergence
of the supports and their complements is obtained by non-degeneracy and (near-)harmonicity of w and
(wo,r,) (see for instance | , Section 6]). O

Lemma 4.4.10. Let Q C R™ be a minimizer of (4.15). Let z € 9 be a contact point of Q with inward

vector v. Then provided |§| < k7(4+%)gn(k), there exists o > 0, 8 € R and a positive sequence s; — 0
such that

()25, — alx-v)y,

Che(R™)
(w)ess — Bla-v) (4:29)
Uk )z,s; : )
RS !
as i — 0o, and
o® +T(Q)*p8*=Q (4.26)

where Q 1is defined in (4.22).

Remark 4.4.11. One could prove that the blow-up is unique, meaning that this holds for every sequence
s; — 0; however this will not be useful to us.

Proof. Up to a displacement we assume z = 0, v = e,,. We also write H” = {x € R" : z,, > 0} and

wy(x) = w(:x)’ up(x) = uk(:x)

We start by proving that (w,uy) admits (az;', Bz;}) as a blow-up (for the same subsequence) at 0 for
some a >0, B € R.

Blow-up for an exterior contact sphere. Supposing that there is an exterior contact sphere B :=
B_Re,, Rk, we prove that w(z) = ax;l +o(|z|) and uy(z) = Bz, + o(|z|) for some o > 0, B € R, thus getting
(4.25). We follow the method of | , Lemma 11.17], using the non-degeneracy and Lipschitz bounds on
w and uy from Lemma 4.4.6.

Let us first prove the expansion for w: set

Rlog % ifn=2
+

R27n_|x+Ren‘27n . 9
( eI A ). ifn>3

G(x) = VmeN, ay, :=inf{a>0:w<aG in By-m}.

Above, ayy, is well-defined and finite since w(x) < d(x, B) whereas G(x) 2 d(x,B) on B;. It is also bounded
from below by a positive constant due to the non-degeneracy property. The sequence (o) decreases and
therefore we can set a = limy, 00 Q. We claim that w(z) = aG(z)+o(|z|), which is sufficient for proving
the expansion, considering that G(z) = z;} + o(|z]).

Suppose it is not the case, meaning there is some sequence of points (z”),cy in R™ \ B converging to
0 and some ¢ € (0, 1] such that
Vp e N, w(z?) < aG(2P) — elzP|.

We let L be a Lipschitz constant of w — aGG, and we will suppose without loss of generality that ¢ < L.
Letting y? = 2P + = |2P|ep, then §|2P| < |yP| < 2|2P| and by the Lipschitz bounds we have

g
Vp, w(y?) — aG(yF) < —ilyp\,
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as well as )
3 5 €
P = P > P — | 2P|2 > S|P
where the last inequality holds for any large enough p and we have used that zf, > 2_—}%|xp |2 (since 2P ¢ B).
We now let 77 = [yP| and BP the ball of center y?/r? and of radius 57 on which we have, still by the
Lipschitz bound,

€
— p < ——
(w—aG)mw < 5

and for which dist(BP,0(B2 \ B)) > 1. Let now ¢ be the continuous function defined by

WP =n in B?
P =0 on J(B2 \ B)
ApP =2rP in (By\B)\ B?

where 7 > 0 is fixed small ; if < g is small enough we have P < aG,» in By by maximum principle for
all p. Then for a large enough p we have ¢ > 0 and ¢” > ¢G,, in By for some ¢ > 0 by Hopf’s lemma.
We claim that for a large enough p in this case

(o (1)), =

by maximum principle in the domain w? := {w,» > 0} N (B2 \ (BUBP)). Indeed suppose p is large enough
such that w,» < (a + %) G,p in By, then

A (w - <a+ g) G> =—rP > 29" = —A¢” on W
rP

and the inequality is verified on Jw?:

(w—(a—i—g)G) + P < P —aGp <0 on {wp =0},
P

(w—(oz—i-g)G)Tp—l—cpp:wrp—(a—l—g)GrpSOonaBQ,

(w—<a+g>G>rp+g0p§—§+<pp§Ooan.

This implies w(z) < (o — §) G(z) in some neighbourhood of the origin, which contradicts the definition
of @ = inf,, a;,. This gives the announced expansion for w and hence (4.25) for w.

The exact same reasoning can then be done for w + cuy for any ¢ chosen such that w + cuy is positive in
its support (which holds for ¢ <« = (z+3) by Lemma 4.2.2), thus getting the existence of 8 € R such that
(4.25) holds true for uy. This finishes the proof of (4.25) in the case of an exterior contact sphere.

Blow-up for an interior contact sphere. Assume now that there is an interior contact sphere
Bre,, r C Q; in particular for any blow-up (w,%y) of (w,uy) at 0 we have H” C {w > 0}. We apply
| , Lemma 11.17 and Remark 11.18] to w (and w + cuy, for a small enough ¢ < k_(%J“%)); this gives
w(z) = az} + o(|z]) and ug(z) = Bz + o(|z|) in H" for some o > 0, 5 € R.

We remind that a blow-up (at 0) of a blow-up (at 0) of w is still a blow-up of w: indeed if wy,, — @
and Wy s, — W then there is some extraction ¢(¢) such that W, 5y — W-

As a a consequence, there is a blow-up of w, ug at 0 (that we still denote w, ug) such that w(z) = ax;}
and ug(z) = B}t in H™.

We now prove that w(z) = o(|x|) on R™ \ H", which is enough to conclude since (az;', ;") is then
a blow-up of (w,u;) at 0. Arguing by contradiction we assume that w(z) = o(|z|) is not verified on
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R™ \ H", so that in particular {w > 0} N (R™\ H") is a non-empty open set which accumulates at 0 and
since Wiggn = 0, then Wlgn\gn is continuous and admits B, 1 as an exterior contact sphere at 0. We
can therefore proceed as in the exterior sphere condition case to deduce that there exists v > 0 such that
w(zx) = vz, + o(|z|) on {w > 0} N (R™\ H").

Thanks to the contradiction hypothesis we must have v > 0. In particular the density of {w = 0} at
the origin is zero. We remind that w is a blow-up of w at 0 for some sequence r; — 0, so

B, \ O B\ (@
lim lim [Brri \ O = lim |B- \ {w > 0} —

7—0i—00 (TT’l‘)n 70 ‘BT’

0. (4.27)

Let then s; = 7r; for some 7 > 0 to be fixed later. We arrive to a contradiction by proving that
1

the energy of ; := (IQSijésl) QU By, is strictly lower. We use the following lemma to build a good
competitor for T'(Q2 U Bg,).

Lemma 4.4.12. There ezists 0, > 0 and £, > 0 such that the following property holds: for any u €
H'(B1,Ry), such that ||u — x;} || Lo (p,nmny < €n, let Hu be the harmonic extension of ujpp, in B, then

/ |Vul? > 9n+/ \VHu.
Bl Bl

Proof. Suppose that [|u — ;7| oo (g, nmn) < € for some € > 0 and let us adjust € so that the conclusion
holds. We have

2* U2: u — U2 u — ’LL2
/B<|Vu| VHuP) /B|v< 'H>|2A1<B>/B| Hul

S LT

where we used Faber-Krahn and Cauchy-Schwarz inequalities. Since

/ (Hu —u)4+ > / (Hz! —x}) — wpe
BNH" BNH"

then by taking € = &, := § fg e (M, — 23}) and 0, := 3 [ . (Hah — 2;7) the conclusion follows. [
As a consequence, using the harmonic extension of w in Bs,; as a test function for 7'(2 U By,), and

using the fact that fw,, — 2, we find that from any large enough i,
a7 co(BnEn) "

T(QUBs,) —T(2) > sf/ (2(’Husi — Ug;) — ]VHUSZ.\Z + \Vusi\Z) > O,as)
B

so T(QU Bs,)™t = T(Q2)7! > s At the same time we have by Lemma 4.2.3

M(©) = M(QU By,) £ FFR(T(QU By) — T(Q)) S K0 (T(Q) ™ = T(QU By) ™)
where we also used Lemma 4.4.3 to write Ap(2 U Bs,) < A\x(02) < k. We now compare the energy of
and €, := (“”)i QU By;:

[QUB,,|

0< (17 +ox) () = (77 + M) (@)

Wn, Wn

< (1= Culol* ) (T(QU By)) ™ = T(Q)7) + (G + k= Cl) [ By, \ O
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for some constants C,, Cy,, C), > 0: as a consequence, when [0 < k2% we get
B\ QI 2 T = T(QUB,,) ™" 2 57

Finally, we get |Bs, \ Q] > ¢ps] for all ¢ € N, for some constant ¢, > 0, which is in contradiction with
(4.27) for large i € N when 7 is chosen small enough. As a consequence we have w(z) = o(|z|) on H",
thus finishing the proof of the interior sphere case.

Relation between o and (3. Let ¢ € C>*(R",R") and (' = I + t¢, which is a diffeomorphism for any
small enough ¢t € R. Since for |§] < k7(4+%)gn(/~c) we have that \;(Q) is simple by Lemma 4.4.4, we
may compute the shape derivatives of T', A and | - | at the bounded open set € (see respectively | ,
Proposition 6] and | , Theorem 2.6 (iii)| for the derivatives of 7" and A\;). We have

q
dt

L) = V-,
GG /Q ¢

d T(gt(m):/Q[(2w_ywﬁ)v.uzw.yg.w},

dt
d

dt

t=0

() =/Q[(!Vuk\Q—Ak(Q)uz)v-g—zvuk-Dg-vuk].

t=0

Thanks to Lemma 4.4.7, the optimality condition writes

d tion |2 ()] t _
_ [|g (Q)] (wnT(Ct(ﬂ)) + 0N (€ (Q)))] = 0.

dt

It gives, after simplification,

/ [(IVw? + T()2|Vug > + Q) V- ¢ — 2 (Vw - D¢ - Vw + T(2)26Vuy, - D¢ - Viug )|
Q

:/Q(QerT(Q)?cSAk(Q)uﬁ)v.c.

We now replace ¢ with (;(z) := ((x/s;), where s; is a positive sequence for which (4.25) holds, and we
rescale the previous equality to obtain

[ (0P + 7@V P+ @) V¢
5, Q
—2 (Vaws, - DC - Vs, + T()26Vuy,, - DC - Vg, ) )
=5 / (2w, + siT(92)25M () (up,s,)?) V - €.
5. Q
Now, we have shown in the first part that ws, — az;” and uy s, — Bz;} in the C) (R™) N CL (H") sense.
Using also the L and Lipschitz bounds on ws,; and wy 4, and recalling that si_lQ = {ws, > 0} converges

locally in R™ in the Hausdorff sense to H"™ thanks to Lemma 4.4.9, every term above passes to the limit
and we get

/n [(a2 + T(Q)268% + Q) V - ¢ — 2 (a? + T(2)258%)9nCn)] = 0.

Applying Stoke’s theorem, this gives [y, (o +T(2)%68% — Q) (¢ - en) = 0. Since ¢ € C°(R",R™) was
chosen arbitrarily, we conclude that a? + T(Q)2§38% = Q. O
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4.4.3 Minimizers are nearly spherical

In this section we prove that under sufficient smallness of §, minimizers are nearly spherical sets. In this
context, “nearly spherical” means that

Q= By, :={s(1+ h(z))x, s€[0,1), z € OB},

where h € C27 (0B, [—1, 1]) for some v > 0 with a bound ||A[|c2» < 1. This is achieved in Lemma 4.4.15.
It will be useful for us to consider centered sets, where we say €2 € A is centered when bar(f2) : fﬂ xdzr is
well-defined and equals zero. Note that since the functional under study 7! 43\, is translation invariant,
there is no loss of generality in assuming that a given minimizer is centered.

Lemma 4.4.13. Let Q be a centered minimizer of (4.15) for |§] < k=(25%) . Then we have

lwe — wpleoeny S (k7 10]E) "
IQAB| < F(Q).
Proof. Suppose first that Q is translated into Q so that F(Q) = |[QAB| (we will keep denotlng it Q for

7L+1

simplicity). If |§] < k~(2t3) then we have shown in (4.21) that |lwg — willcomn) S ( ]5| . Now,

since €2 is bounded by a dimensional constant thanks to Lemma 4.4.6, we have |bar(Q)| = |bar(Q2) —
bar(B)| < [QAB| < k%](ﬂ% using also Lemma 4.4.3. As a consequence, we deduce

1

lwa—par@@) — wWBllcomny < lwa — willcomny + [WB—bar@) — wBllcowmny S (k 6] )nﬂ

as well as
|(2 — bar(2))AB| < |QAB| + |(B + bar(Q2))AB| < F(Q).

Lemma 4.4.14. Let Q be a centered minimizer of (4.15). If |§| < k_(4+%)gn(k) then we have
0 ={(1+ h(z))z, z € 0B},
where h € CYY (0B, [—3%,3]) for some v =, € (0,1) depending only on n, and lhllctr@m) S 1.

Proof. We separate the cases § < 0 and § > 0.
Case § < 0. Set

w = Q_% (w + T(Q)\/jéuk) and w = Q_% (w - T(Q)\/jéuk) .

For || <« k~1=% the functions @ and w are positive on their support (due to the estimates from Lemma
4.2.2). Since |0] < k747%gn(k), Lemma 4.4.10 applies to ensure that the couple (w,w) is a viscosity

solution in the sense of | , Definition 2.4] of the system
(8w = Q7 (1+ TOOV=0M(Qui) (),
~Aw = Q77 (1-T(QV=M(Qui) (D),
w,w >0 (Q),
w=w=0 (092),
0w - w =1 (09).

144



Note that w and w both converge uniformly to (ﬁ) as k1tw |0] — 0. In fact, by respectively Lemma
+
4.4.13, inequality (4.23) and Lemma 4.2.2 we have

11\ wiT 1
|wa —wBllcomny S (k"|5\2> e - 3

() o ol ()
w— | —— +Hilw—{—5—
2 +llcomrn) 2 +

Our goal is now to apply the C!7 regularity theorem | , Theorem 3.1| for balls B, , with z € 0B
and sufficiently small > 0. To simplify notations we assume that © = —e,, and let » > 0 be a radius
which will be fixed later. Since ||(wp) — Znllcocp,) S v we deduce from the convergence of w and w

< Elo|z, V=dlur| S k20]2,

so that )
< (k71o18) ™.
CO(R™)

—€n,T

_ 1oL\ g1
1@ = @alleo(sy) + 1T—c,r = walleogsyy S v+ (k71812) ™

AT _e, »| + |Aw rin r Q)

‘ <
——€En,Tl ~

| <1+ |(5|%k%+% < 1 in 7~ thanks to \;(Q) < kn (see

~

where we also used that [AW_,, ,|,|Aw_,, .
Lemma 4.4.3) and the choice of §.

We let € := /r and choose r small enough so that the e-regularity Theorem [ , Theorem 3.1]
applies to € (note that our inequalities are up to a dimensional constant, so the choice of ¢ may also

1
differ up to a constant). Then when (k% ](5|%) " < 72 the couple (W_e, ., w_,, ,) is e-flat so by | ,
Theorem 3.1], d{w_¢, » > 0}N B is a C17 graph with controlled C1"¥ norm (for some dimensional constant
2

v =7 € (0,1)), meaning that there exists g : [—%, %] — [—1,1] such that
1
{Efenﬂ“ > 0} N B% = {($/,$n) € Rn_l X R, |1‘/| < 57 Tp = g(x)}a ”gHCl,w([_l l]) 5 L.
272

This translates into the fact that 9QNB_, ,pisaC L7 graph with graph function § := 7(—14g¢). Covering
0N with a finite number of such balls of radius r/2 we find h : 9B — R such that 0Q = {(1 + h(z))z,z €
8B} Wlth HhHClW(aB) 5 1.

Case § > 0. We analogously set
w= Q_% (w + T(Q)\/guk) and w = Q_% (w — T(Q)\/Suk) ,

This time the couple (w, w) is a viscosity solution with boundary condition w =1 in the sense
given by | , Definition 4.1]. By the exact same argument as in the previous case we may apply | ,
Theorem 7.2] to the couple (Wy,,w, ,) for # € 0B and some dimensional 7, thus providing again the
existence of h : 9B — R such that 92 = {(1 + h(z))x,z € OB} with [|hllc1v9p) S 1 (with a possibly
different dimensional constant ).

O
Lemma 4.4.15. Let Q be a centered minimizer of (4.15). If |§] < k7(4+%)gn(k‘) then
00 ={(1+ h(x))z, z € OB}
where h € C*Y (0B, [—3, 3]) for some dimensional v = v, € (0,1) and [hllcz~@oB) S 1.

In this proof we denote by C, the cylinder C, := {z = (2/,2,) : |2/| < r, |z, < r} = B x [—r,7].
For a function a(z’) of N — 1 variables we denote by V' its gradient.
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Proof. We follow the general method of partial hodograph transform, as is detailed for instance in
[ , |. Since [§] < k_4_%gn(k) we can apply Lemma 4.4.14 to Q, thus giving that € is the graph
on the sphere of a C1*7 function h with lAllcrv@am) < 1. By classical L7 elliptic regularity (see for instance
[ , Theorem 3.13]) and the W'*° bounds from Lemmas 4.2.2 and 4.4.6 we have |wg||c1~ o) < 1 and

lukllcrr) S k2. Let us also remind that d,wg lies between two dimensional positive constants thanks
to the non-degeneracy and Lipschitz bound of wq from Lemma 4.4.6.

Consider now any x € 0f2. Up to translation and rotation of 2 we simply suppose that z = 0 with
inward normal vector v(0) = ey, and call & = 9,,wq(0). Letting » > 0 which we will fix later on (depending
only on n), then for any small enough r we have, according to Lemma 4.4.14,

() Ny = { = (¢ 20) € Ca sy > g(a')},

where Hchm(Bg_l) < 77 (using that V/g(0) = 0 and the C**? bound) and [(wa)r —anllcrap-—10nc) S 77

Consider the function
¢: 2nC, — H'NCs

x= (2 x,) — (x’,m).

ar

Since ||[D¢ — In|lcorr-10ncy) S 77 and [|Allc1~9p) S 1, then for a small enough r (only depending on the
dimension) thanks to the inverse function theorem applied at x = 0 we have that ¢ is a C*7-diffeomorphism
on its image, and its image compactly contains C7y NH". We call its inverse 1, which may also be written
as

P(x) = (', v())

for some function v such that

v — anCM(CmH") S

Noting that the graph of v|c,ngu» parametrizes 92 N C;, our goal is now to obtain a C%7 bound on this
function. Let vy = (ug), o9, and

Infl -
Alp) == [_(p/)* L2 | -

Pn P2
Then, using the relations

0;v 0 ¢ + O;w,Opv 0 ¢ = 0, for all i < n,
OnwyrOnv o ¢ =1,

obtained by differentiating v o ¢(z) = x,,, we get that (v, vy) verifies the following elliptic systems:

Tr [A(Vv) V] = v

L (000)2 = (14 68|Vue[?) Vo2 =1
Tr [A(VU)V21)k] = Invy, )\kvk

«

Cy NH"),
Cy NoH"),
CyNH"),
Cin 8]1—]1")

(
(
(4.28)
(
v =0 (
Note that [|A(Vv) — Ln[lco~(cynmny S 77 The Dirichlet condition over Ch M OH™ enables us to extend

by odd reflection v over C7 N (R™\ H"), so that by interior elliptic estimates in C we get

2
10kllc2v(Cy ronmm) S Nvkllera(cimmny + k7 llvillconcrnmn)
2
S I uk)rller (conayry + ko (k) rllcon (conayr)

2 1.4
S lukllervy + k7 llukllcony S k2t
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We can then consider the first equation alone, as an elliptic equation with a nonlinear oblique Neumann

a2 (146|Vv,[2)
Q

boundary condition. Defining ¢ := and using the C>7 estimate on vj, we have

1+ 86
IVl conomnncy ) S K FH181 S 17,
where the second inequality is true when |§]| < k1%, We define x : H* — R" the smooth vector field

given by
_ 1+ p/2
¥p = (', pn) € "™ % (0,00), X(',pn) = (P'y—pH '
n

Let z be the unique solution to

Az=0,v—1 (CiNH"),
z=0 o(Cy NH"),

and set ( = z,e, + Vz. We have

HVZHCM(CI/QOHH) N H@nv - IHCOW(CMH") NS
Then since V - (x(Vv)) = Tr(A(Vv)V2v) and V - ¢ = d,v we may rewrite the equations of v from (4.28)
as

{v (Vo) = L€ (CLH"), (4.29)

(0nv)? — qIV'0[> = & (Cy NOH").

Let 7 € (0,1/4) be small enough so that ¢ (z +7e;) is well-defined for x € C; yNH" and 7 € {1,...,n—1}.
Let i € {1,...,n — 1} and set
v(z +71e;) — v(x)

U’ﬂ’i(x) = - )

1
Cy i) :/0 Dy (1= )Vo(z) + (Yol + rer) dt,
C(x +7e;) — ()

Grile) = EHTD LD,
~ V'u(z +71e;) + V'v(x)
ari(@) = Onv(x + 7€) + Opv(x) 9(z),
brs(z) = |V'o(z + 7e;)|? q(z + 7e;) — q(x) .

Onv(x + T€;) + Opv(x) T
Then the equations (4.29) translate into the following equations for v ;

[0

V- (CriVory) = Yo (O NHY), w0
anUT,i =0ar;g - V,UT,i + bT,i (01/4 N 8]1—]1”) '

We have

H’U‘ryi| CO”Y(Cl 4QHTL) + ”CT/L - In”CO,’Y(Cl 4OH”)
/ /

+”<7'7i”COW(Cl/4ﬂH") + ||aT,i||COW(Cl/4maH") + Hb'r,iHCOW(Cl/maH") 5 T,
where the upper bound is independent of 7. By Schauder estimates on elliptic equations with oblique
conditions (see for instance | , Theorem 6.26]) we get that ||’U7-’1;||C1,'y(01/8mHn> < 77 independently of
7, so that letting 7 — 0 we obtain H&UHCM(CUBQHn) <77 for any 1 < ¢ < n. On the other hand thanks
to equations (4.28), dp,v may be written as

 (Op)? V'v-V'o,v ,  Ohv
O = 1+ |V|? 2 Onv AU—FT ’
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so that we also get ||annUHCO7"/(Cl/8mHn) S 17, yielding in turn ||U||CQW(01/8OH”) S
Therefore by covering 092 with a finite number of such cylinders of radius r/64 we find h : 0B — R
such that 9 = {(1 + h(x))z,z € OB} with [|h[|¢2~9p) < 1. This concludes the proof. O

4.4.4 Minimality of the ball among nearly spherical sets.

This section is dedicated to the proof of Proposition 4.4.1 in the case where €2 is nearly spherical. Letting
v = 7 € (0,1) be the exponent given by Lemma 4.4.15, throughout this section we fix for once some
a € (0,7).

Definition 4.4.16. An open set Q C R™ is said to be nearly spherical if || = |B| and there is a function
h € C>(0B, [-1,1]) with [hllc2.e@m) < 1 such that Q = By, where
By, :={s(1 + h(z))z,s € [0,1),z € OB}.
By convention, hvp is extended as a vector field from R™ to R™ by the expression
x\ x
o) = ellei () (4.31)
=/ ||

where ¢ € C°(R%,[0,1]) is such that ¢ =1 on [1/2,3/2], ¢ = 0 on [0,1/4] and ¢ is nondecreasing on
[0,1/2]. Thus ¢t(x) = z + t{(z) is a C**-diffeomorphism from B to By, for all |t| < 1.
Finally, we remind that 2 is said to be centered when its barycenter is at the origin.

To be consistent with the notation B, of the centered ball of radius r it would probably be more
natural to denote instead Bjyp the nearly spherical set, but we will however carry on with the notation
By, through the whole section for sake of simplicity.

The local minimality result is the following.
Proposition 4.4.17. Let By, be a nearly spherical centered set such that ||h||p1(pp) < kil*%gn(k). Then
when 0| < /f(H%)gn(k) we have
T(Bp)™' + 6Ae(Bp) > T(B)™' + 6Au(B)
with equality if and only if h = 0.

This will be obtained by performing a second-order Taylor expansion of the functional T~ +é\;. The
rough idea is the following: on the one hand, the first shape derivative (taken among measure-preserving
variation) of T~! and \; vanish, while on the other hand the second shape derivative of 77! is coercive
in H'/2(dB) (in some sense that takes into account the invariance by translation) and the second shape
derivative of Ay, is bounded in H'/?(dB). This will be enough to get the local minimality of T~ 4+ 6\, at
the ball.

We begin by a Lemma which states that the eigenvalues and eigenfunctions may be followed smoothly.
It includes the case of degenerate eigenvalues, which will also be useful in next section.

Lemma 4.4.18. Let h € C*>® (8B, [—%,%D and ¢ the corresponding vector field (in accordance with

(4.31)). Then there exists real analytic functions
te[-1,1] = u(t) €R, t € [~1,1] — ;(t) € Hy(B)

verifying pi(0) = X\;(B) for every i € N* and such that, denoting u;(t) = u;(t) o (¢*)™1, the functions
(ui(t))ien= form an orthonormal basis of (non-ordered) eigenfunctions of By, associated to (p;(t))ien+ and

te[-1,1] = ui(t) € L*(R™)
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is differentiable with ul(t) € H'(By,). Moreover, we have the expressions
i) == [ [wuoP(c-w.
OByn
1 (t) = /8B (Vi (8)]* (He(C - v4)? = be(Crys Cr) + 26r, - Viom,, (€ 1)
th
w2 [ (V0P - moldo).
th

where by is the second fundamental form of OBy, Hy its (outward) mean curvature, vy its (outward) normal
vector and Cr, := ¢ — (- v¢)vy. Finally, ul(t) verifies

—Au(t) — pi()ui(t) = pi(t)ui(t) (Btn),
ui(t) = =(C - )0 ui(t) (0B), (4.32)
Vi e N, [p (wij(t)u;(t) + wi(t)u}(t)) = 0.

Proof. For each i € N* and |t| < 1, u; is an eigenfunction on By, associated to A;(By,) if and only if

W; := u; o (! verifies

V- [J(DSH (D) N V| = Ni(Buw) Jiiis,

where J; := det(D(?). Letting i; := \%7’ the family ((0;, \i(Bin)));en- is consisting of the eigenelements

of the self-adjoint operator

1 v
Ty = ——=V - | (D H((DCH)™ ' V—=| .
Vi Vi
We apply the result | , VIL.3.5. Theorem 3.9] to the family of self-adjoint operators T} as defined

above, over L?(B) with fixed domain D(T}) = Dy := H?(B) N H}(B). This provides the existence of real
analytic rearrangements ¢t € [—1,1] = p;(t) and t € [—1,1] — @;(t) € L?(B) of respectively eigenvalues
and orthonormal eigenfunctions for the operator 7; such that p;(0) = A\;(B) for all i. Writing

i(t) = Ry (pi(t)wi(t)) ,

where Ry is the resolvent of Ty, and using that ¢ € [~1,1] — R; € L(HY(B), H}(B)) is real analytic (by
implicit function theorem), we improve the analyticity of the eigenfunctions into t € [—1,1] — u;(t) €
Hg(B).

Now, by construction we have that

&'\i o t\—1
(ws(8), a(8)) = (M (t))

Jt o (é‘t)—l y Mg

are eigenvalues and (orthonormal) eigenfunctions of the Dirichlet Laplacian over By,. Since t — u;(t) €
H{(B) is differentiable, one proves as in | , Theorem 5.3.1] that the map t € [—1,1] + u;(t) € L*(R")
is differentiable. The expressions of the first and second derivative are then classical formulas which we
derive as in | , Section 5.9.3|. Let us remind how these expressions are found.

First derivative. The map t € [—1,1] = u;(t) € L*(R") is differentiable with derivative u}(t) verifying
ul(t) + Vu;(t) - ¢ € H}(Byy,). One can therefore differentiate

{—Aui(t) = pi(t)ui(t), (Bm)
thh ui(t)uj (t) = 5ij
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to deduce that wu}(t) verifies the equation and the boundary conditions of (4.32). Integrating by parts (see
[ , (5.87), (5.88)]) we get the expression

i) == [ @) w)
OBy,
Second derivative. We write the first derivative as an integral on the interior
i) == [ V- (TuoPo)
Bin

and apply the differentiation formula | , Corollary 5.2.8]. The same computations as in | , Section
5.9.6] lead to an analogous expression to the case of a simple eigenvalue (note that in this reference, the
authors assume the sets to be C3; nevertheless, it is classical by using approximations by smooth functions
that the result remains for C*% sets, see for example | , Section 5)):

W(t) = 2 /a o) + /8 Q0P [H(C 0 = (s (€ + 2V (€ 1) (0]
—2 /B (V)2 — ua(t) () )
+/ (avtui(t))Q [Ht(g : Vt)Q - bt((C)Ttﬁ (C)Tt) + 2V7’t (( ’ Vt) ' (C)Tt]
0By,

where (r, := (jpp,, and V, is the gradient over dBy.

Proposition 4.4.19. Let By, be a nearly spherical set such that ||h|| 1 (9p) < kfl*%gn(k:), then

1+2

k
’)\k(Bh) - )\k(B)’ < Cnm‘|h|ﬁ{1/2(33)~

Here the H'/?(9B) norm is defined as

1A, o) = oy + [ 19F
where Hh is the harmonic extension of h in B. This is equivalent to the usual Gagliardo-Nirenberg norm
||h||2 +ff |h($)—h(y)\2
L2(8B) 0B2  |z—y|*

Proof of Proposition /.4.19. Recall that by definition of a nearly spherical set it holds ||A[|c2.a@9p) < 1.
Let (u;i(t), ni(t))ien+ be the eigenelements of By, as defined in Lemma 4.4.18. We claim that for any

t| < 1 and i # k we have [p;(t) — px(t)] > 39n(k) when |AllL1om) < kil*%gn(k). Indeed we have

lui(t)| < pi(t)4 by | , Example 2.1.8] and Proposition 4.2.1, hence using classical elliptic regularity
we deduce

s (®)lleve By S sty (Ol < mt) F5.

Using the expression of £/(t) from Lemma 4.4.18 we get

i) S Al omypa(t)* 2.

Integrating this expression we get that for any [t/ <1 and i € N,
i) 2 = pg(0) 2 S Al o)
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and for any i # k we have
—1-n —1-n —1-4
pi(0) 772 — p(0) 72| 2 KT g k),

so when [|h]|z19p) < kfl*%gn(k) we get the claim. In particular this means that pg(t) = A\g(By) for
such h, for any [t| < 1.
By elliptic regularity we again have

3

1,2 1
g () lera () S k2, ue(t)llczap,,) S k2. (4.33)

The eigenvalue A\;(B) being simple, the associated eigenfunction wuy(0) is radial, so that by setting
4
]Vuk(O)\‘QaB = k(S kY w) we have d%‘s:o (Me(Bsh) + cnk|Bsn|) = 0. As a consequence, by Taylor
expansion and recalling that |By| = | B|, there exists some ¢ € [0, 1] such that

1/ d? d?
Me(Bp) — Ae(B) = 2 \a2| M (Bsh) + cn |, |Banl )
which we rewrite P
1
() = (B = 5 (h0) + ns 53| 1Bl
s=t

To reduce notation we fix ¢ and do not write the dependency in ¢ in the rest of the proof, and set
instead € := By, u; := u;(t), v := uj,(t) and write p;, pf, g1 in place of p;(t), pi(t), p (t). The expression
of pf thus reads

[y = / 2 (|Vol* — pugv?) +/ IVug* [H(¢ - v)* = b(Coqs (o) +2¢ - Viaa(C - )],
0 20

where v verifies
—Av — v = pug (),
v=—(Cv)o,u (092), (4.34)
fQ vug = 0.
On the other hand we have the following expression for the second derivative of the volume (see [ )
Theorem 2.1 and Lemma 2.8|)
d2
ds?

_ |Ban| = /aa H( - v)? +/ b(Caa; Cjon) — 2¢jaa - Viaa(C - v),

o

where we recall that (|pp = hvp is extended thanks to (4.31). Let us now bound each term independently.

Estimate of v. We write v = 2+ w, where z is harmonic and w € H}(Q). In particular z is the harmonic
extension of —(¢ - v)d,u, hence

4
n

1
2l @) S N1(C-)Buurllgirzany S k27 [hllmrzom),

12
121l 2 S 12llz200) S k27 (1Pl 120y

where we used ||hl|g2.« < 1. We also used the general property

I fallmre@om) S 1 flle<@m)llgllmrz@m) + IV fllze@n)llgllrzom),

which is a consequence of the inequality
[ IvroR < [ IVOupH@)E <2 [ (VRGP + PV HgE

< 2|V fll70m 1917208) + Hf”%oo(aB)/BWHQF'
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Now w verifies —Aw — ppw = gz + pjug, with fQ wup = ~£. Let now ¢ # k, this equation implies

(Mz’—ﬂk)/ (% Zuk/ 2Ug,
Q Q

/ wuy = — / 2.
Q Q
Using the spectral decomposition, we have

| O9oR =) = [ (V2P + 9wl = aa?)

() )

whereas for ¢ = k we simply have

/ V2% + Z

:/Q\wﬁwk (/Qzuk) +Z<M_Mf“‘“> (/Q”“)Z

SO

1,4
S IVl 20y + 21121320 + 90 ()~ (121132

’/Q (IVo]* = p?)

S gn(k)™ 1k1+" ||h||H1/2 (0B)

Curvature terms. Using again ||h||c2.« < 1 we directly have

'/zm [Vug* [H(¢ - v)? — b(C|897C|8Q)]‘ S IVurll7 ooy IC1Z200) S ’fH”HhHHm(aB)a

[0 + (G Gond] | 10y
Last term. We have ||V aoC|| g-1/2(00) < €Il g1/2(90) and
1V ur*Cll 200y S 11V 100l Vur | Lo o0) €] 11/2(00)
6
S IV oo () V20l oo @) 1€ 12 00) S B 7 121 /2 o)
SO

< kl+

‘/ [Vug*¢ - Viga (¢ - V)| £
20

LAy

We also have

‘/ Goa - Viga(C-v)
20

< IRl 2 oy
Adding all the estimates we get
8

| ’ N K | || k1+7 | ||
A h h
gn( ) HY/2( BB) gn(k ) H/2(0B)
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and

d* < 32
Cn,k 152 . [Bsp|| Sk HhHHl/‘z(aB)
SO
< B 2
|1k (Br) — pe(B)| < QT(k)HhHHl/Q(aB)'
This concludes the proof of the proposition. O

We can now prove minimality of the ball for nearly spherical sets.

Proof of Proposition 4.4.17. It was proven in | , Theorem 3.3| that if 5 € (0,1), then for any By
with |Bp| = 1 and bar(By) = 0 and [|hl|¢c2.895) < 1 it holds
1
T(Bn) <T(B) - WHhH?pﬂ(aB) (4.35)

By interpolation, using for instance the general inequalities

a=p 248
[hllc260my < C ,ﬂHhHéo*“aB 1hlle25 o) for any B € (0, )

1Plleoam) < Hh\lzflaB IIhHSJ%(aB

then for any 3 € (0, ) there exists kK = k,, 3 € (0,1) such that

[Allc280m) S HhHLl(aB)Hthza (0B)

so that ||Al¢2.5(9p) < 1. We can therefore apply (4.35), which together with Proposition 4.4.19 yield

-1 1+3
— k' Tn
T(Bp) ' + 6 e (Bp) > (T(B) 3o QH HHI/Q(aB)) + 0A,(B) — \5]9

WHhHip/Q(aB)
> T(B)™ +6M(B)

n

where the last line holds provided § is sufficiently small (|d] < k_(H%)gn(k)), with equality if and only if
h = 0. This finishes the proof. O

4.4.5 Conclusion.

Proof of Proposition 4.4.1. Recall that we have assumed |0| < k_4_%gn(k). Proposition 4.4.5 applies and
there exists a minimizer (2 to the functional (4.15). By Lemma 4.4.15, up to translation {2 is a centered
minimizer of the form By, with ||A[|¢c249p) S 1. By Lemma 4.4.13 and Lemma 4.4.4 we have

4
IRl om) S 1QAB| S F(Q) < K 7dl.

Hence (2 is nearly spherical in the sense of Definition 4.4.16, since k2 |0| < 1 and by interpolation there
is some k = K, € (0, 1) such that

hllezaom) S 105 om0 o) S (K2 181) "

Now, since § verifies k‘2+%\5| < k‘_l_%gn(k) (because |0] < k‘_3_%gn(k)) we can apply Proposition 4.4.17
to €2, so that we obtain that € is a ball. This finishes the proof. O
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4.5 Proof of Theorem 4.1.3: linear bound on clusters of multiple eigen-
values

Consider 1 < k <[ such that
Ak—l(B) < )\k(B) == )\l(B) < )\H_l(B).

We denote the multiplicity of the eigenspace by m =1 —k + 1 > 1. Note that [ and k are comparable
since (see Lemma 4.2.1)

I < N(B) = A(B) < k.

In dimension n = 2 it is known that the multiplicity of an eigenspace is at most 2. On the other hand,
in dimensions n > 3 the multiplicity of the eigenspace may get arbitrarily large, since the dimension of
degree d homogeneous harmonic polynomials in three variables is 2d + 1.

In order to prove Theorem 4.1.3, we prove that the ball is the unique minimizer of the functional

!
QeAnTQ) " +6) N(Q), (4.36)
i=k
for any ¢ € R sufficiently close to 0.
We prove the following.

Proposition 4.5.1. There exists ¢, > 0 such that for any 6 € R with |§] < cnkrf(ﬁJr%)gn(k‘), the ball is
the unique minimizer of (4.36).

Remark 4.5.2. This result admits the following natural generalization, following the same proof: let
k <1 such that \y,_1(B) < A\g(B) and A\(B) < A\j+1(B) (note that we do not ask \j(B) = Ag(B)). Then
for any Q2 € A:

I
Do X(Q) = Xi(B)
ik

o . _ _ _
< Gl % min {41 (B) — M(B), \e(B) = M1 (B)} L (T(Q) " = T(B)™Y),
where C,, > 0 is some dimensional constant.

The proof follows the same plan as in the non-degenerate case. The main difference with the case
when A\, (B) is simple concerns the C17 estimates of a minimizer . When § > 0 we again apply the
results from | | - with the extra effort of obtaining estimates uniform in the multiplicity m. On the
other hand, when 6 < 0 we cannot directly apply | |; instead we see (4.36) as a vectorial version of
the problem studied in | |, and follow the strategy of | | (as in | | for the one-phase free
boundary problem) by proving first some partial Harnack inequality (see Propositions 4.5.14) and then
get by contradiction an improvement of flatness (see Proposition 4.5.15) in order to get C'7 regularity
of a minimizer 2. In this second case we also follow carefully the dependency of the estimates in the
multiplicity.

The existence of a solution for (4.36), the first regularity estimates and the existence of blow-ups are
proved in the same way than in Section 4.4 (see Proposition 4.4.5, Proposition 4.4.6 and Proposition
4.4.10, respectively). The passage from C*Y to C?7 is also similar. We gather the results and emphasize
on the slight differences in the proofs.

Lemma 4.5.3. Let Q be a domain such that
l

l
T +0) NQ) <T(B) ' +6) N(B).
i=k i=k

Then if |0] < k:flf%, we have the following properties (up to a translation of Q):
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e |QAB| < k2tu|s|z.
e [t holds

T(©)7 1, and for k <i <1, M(Q) Sk
TQ) ' -T(B)' < k1+%|5\, and for all i € N*,|\(Q) — Mi(B)| < i2+%k%+%|5\%

N

141
o |wo — wpllpwe) S k2002,

Remark 4.5.4. This may be refined (using the bounds from Theorem 4.1.1) into

T(Q) ! — T(B)™ < kST 52,
Vi e N*, [Mi(Q) — M(B)| S 2takdti ).

Proof. We write
l
T =~ T(B)™ <3 Y (W(B) = Au(®) S T(Q) kg
i=k
where we used Proposition 4.2.1 and the fact that the multiplicity verifies m < k. We then proceed exactly
as in Lemma 4.4.3. O

Proposition 4.5.5. If |§| < k7(3+%), then the functional (4.36) has a minimizer Q € A, and there exists
Cny Cnyrn > 0 such that |[Vwgl|peo@ny < Cp, for all k < i < 1, |Vl peo@ny < an:%Jr% and for all
zeR™ re(0,r,),

][ wq < cpr implies wolp, e =0
Bg,r h
Moreover, ) is open and bounded with diam(Y) < 1, and up to translating Q@ we have
1 1 1 L
lwo — wlleony S (R371018) ™,
IQAB| < K37 |d).
Proof. This proof is completely similar to the proof of Propositions 4.4.5, 4.4.6 and 4.4.13. The condition

9] < k= (32) in place of 0| < (215 in Proposition 4.4.5 again comes from the multiplicity estimate
m < k, as well as some of the estimates above.

O
Analogously to the case of a simple eigenvalue, we set
l
T [(n+2 2
= =0y A(Q 4.37
Q=" (nT(Q)+n; <>> (4.37)
and we have )
— | < KM 4.38
Q- 5| <k (4.38)
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Lemma 4.5.6. Let Q € A be a minimizer of (4.36) and suppose |§| < k_(6+%)gn(k). Suppose z € OS2
has a contact sphere on either side with inward vector v. Then there exists § > 0, 5; € R, and a sequence
sj — 0 such that

(w)zs; — Blz-v)4,

C?OC(RTL)

. (4.39)
()2, 0—(> ),Bi(x V)4 forany k <i <l
. loc Rn
as j — oo, and
l
BPH+T(Q)?) 6 =Q, (4.40)
i=k

where @ is defined in (4.37).

Proof. Since |§| < k‘_(6+%)gn(k‘) we have A\p—1(Q2) < Ax(2) < N(Q) < Ai41(92) thanks to Remark 4.5.4.
The proof is then completely analogous to the proof of Proposition 4.4.10, the only difference lying in the
computation of the shape derivative: while each \; is not necessarily differentiable, the sum Zi:k A; it s,
thanks to | , Theorem 2.6, and we have

l l
d
7 A | (@) = Z/ [(IVuil® = M(Q)uf) V - ¢ = 2V - D¢ - V]
dtli=o \i= i=k 7
where (u;)k<i<; is an orthonormal basis of the eigenspaces associated to (A\;(€2))g<i<i- O

4.5.1 Harnack inequality

Let us start by introducing the space of viscosity solutions relevant to us, which we will be denoted by
Sm.s(L), m being the multiplicity of the eigenspace associated to A (B).

Definition 4.5.7. Let L > 1,5 € R, m € N*. We define S,, 5(L) to be the set of functions (v,71,vy,...,Tm,0,,) €
HY(By,R;)*™ ! such that

Vol < L,
Vo, [Vo,| < L|5]3,

0<% < st in {v> 0},
v v
1 .
Z<%§L in {v > 0}

1)

and for every z € 0{v > 0} with a contact sphere on either side with inward normal vector v, there exists
numbers o > 0,a; > 0, a; > 0 such that x — (az - v)y,@1(x - V)4, ..., (x - v)1) is a blow-up of
(v,71,...,v,,) at z in the sense of (4.39) and

m
mo 9 2
2 az_'_gz .
=1 6>0
(6 +Z 9 Zf > )
=1

m
o+ @, =1 if § < 0.

=1

Note that this last condition may be written as (9,v)% + Y1, w = 1 (resp (0,v)? +
M (0v;)(0,v;) = 1 when § < 0) on d{v > 0} in the viscosity sense, although the traces of the gra-
=1 7

dients are not actually well-defined here.
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Remark 4.5.8. According to this definition, @; and «a; are bounded by L|6|i, so that a? > 1 — L2m|6]%.
In particular o > % when L?m|§ |% < %, which is the hypothesis we will make in order to obtain Harnack
inequalities.

In next Lemma we link this definition of viscosity solutions to our free boundary problem. Let €2 be
a minimizer of (4.36) and let w,ug,...,u; be its torsion function and eigenfunctions associated to the
eigenvalues (\;i(Q))k<i<i. Set m =1 —k + 1, and B, , a ball of R". We let

1 1
o) = ~Q 7 (1= mT(Q)3]}) * w(a +ry).
1
Bily) = QTN (w+ 18l Furpinr ) (0 + )i = 1,0,

1 .
v;(y) = ;Q’%T(Q)Wi (w - \5|iuk+i,1> (x+ry),i=1,...,m.

Lemma 4.5.9. There exists Cy,, Ly, > 0 such that if |0| < C’nk_z_% then for any r <1,
(U7@1791> cee 7@maﬂm) € Sm,é (Ln) .

Proof. Since |u;| < kntzw for k < i <1 (recall Lemma 4.2.2) then for |0] < k27 we have 0 <
< 1. By Proposition 4.5.5 and (4.38) we have |Vw| < 1 and ]5\%|Vul] S
]5|%k%+% < 1 since |§] < k_z_%, hence there exists L = L,, verifying the properties of Definition 4.5.7.
Finally, for any z € 0{v > 0} which has a contact sphere with inward vector v, thanks to Lemma 4.5.6
there exists blow-ups (8(z - v)4, Bg(z - V)4, ..., Bi(x - v)4) of (w,ug,...,u) at z such that

Tiv; S ’5‘%1} and also 1 < 73 /v;

l
BP+T(Q%Y 5 =Q
i=k

which may be rearranged as

l

(1= mT(@?0]}) 82 + T(@)215]3 > (82 + sign(8)|9]#67) = Q.

i=k

Letting

a=Q} (1-mT(@P6t) 5,

@ = QET(NOF (B+ 101 Brina ) i =1....,m,

a; = QET(QNOLF (B =101 Byrina ) i =10,
these correspond to the gradients of the blow-ups of (v,71,...,v,,) at z, thus concluding the proof. ]

Asin | |, the key observation consists in noting that if (v, 71, vy,...,Tm,2,,) € Sms(L), then
(v, /121, -, VT

is a supersolution of a vectorial problem of the type of | | because (see | , Lemma 2.9 and
Remark 4.1])

Ay/vv; < ! \/vTAvi + @Ayi < ﬁ(AEi)Jr + (Ay;)+
2\Vw Y 2 (4.41)

du\/iv; = \/(8,9;)(9,v;) at blow-ups of contact points
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[1/(2L),2L] we have that

Similarly for any positive (¢;)i=1,..m with ¢; €
1 _
7(Cmﬁm + levm)>

1
(v, 5(0161 + cl_lyl), cel

is a subsolution in the sense that

- -1 -1
Acz'vi +2Ci v; > G +20i &2,
Ui + ¢ (4.42)
Oy <”2H> > /(0,v;)(0yv;) at blow-ups of contact points.
We prove an e-regularity result, meaning we prove that if (v, v, vy, Um, U,y,) 1s sufficiently flat in a
ball By, then it is smooth in a smaller ball By,
Definition 4.5.10. We say (v,v1,vy, Um, Upy) € Sms(L) is e-flat with parameters
a, ba (avalygh s 7amagm)
when |al, |b] < e and
g b—a<ce
WAoo
aQ—i—Z —1zf5>0a +Zala—1zf5<0
=1 =1
T; . (4.43)
(@n +a)y < ”(””), vile) ul®) 4y, i By,
Q5 (&7
A AT;| A,
[A] | U", Ayl _ 2 in By N{v > 0}.

b
&;

@ Qa;
We remark that the second and third equations of (4.43) (evaluated at x — e,,) directly imply, for a
(4.44)

small enough ¢,
% ,2L| and @, a; < 2L|0]4.
a; 2L
[0,1]) such that n = 1 on [-3/5,3/5] and n = 0 outside of

In all the following we let n € C°(R
[—4/5,4/5]. Then for any small enough ¢t € R we set
Hy = {(2',x,) € R" : z,, > —tn(|2'])}.

We define three functions depending on ¢
Ap; =0 (BN Hy) Ay =0 (BNH)\ B (en, 1) AG=2 (BnH)
or=x, (OBNHy), =1 (enal) ’{C:—X 8(B N Hy)

(BnoH,) =0 9(BNH) ! !
Note that (; < 0 and ¢, > 0

¢t =0
where x € C*°(B4y, [0,1]) is such that x >0 on B;\ Bs and x =0 on By
10

for each t.
(0,1), cn,dy, > 0 such that for any t € (—ty,tn)

Lemma 4.5.11. There exists t,
, 9
nwt > Cn, ‘v@t - en’ <d t7 |Ct‘ S dm |VCt\ S dna on 8Ht N ‘x ‘ S TO
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and

+ svn

1
Ift > 0, g0t2<xn+32t> on B 1 N Hy,
> onB1 N H;.

1
Ift <0, p; < <$n+32t N

Proof. For the three first estimates, we only explain how the estimate of d,1; is obtained, as the two

others are derived analogously. We have first that 0,19 > ¢ > 0 for some ¢ > 0 by Hopf Lemma, while

on the other hand by elliptic estimates ||0, (¢t o Tt — o)/ Lo (HonB o ) S t Where Ty is a diffeomorphism
10

sending B N H; over BN Hy = B NH", thus giving 0,1 > ¢, over 0H; N {\a:’] < 1%} for any |t| < t,, for
some dimensional ¢, > 0 and ¢,, > 0.
For the second point, we consider for 0 <t < ﬁ

Pi(x) = a0 + At (n <xn - 4\%)2 _ |1:/|2> .

We check that P;(z) <z} < ¢ on 0 (B’ll_1 X [—t, #} ), while AP, = 8¢, so by maximum principe we
2

Jr

Tn 4\/5

have P, < ¢, on B? 1 x { , ] Since we have P(z) > x, + %t on B 1 N H; we deduce the claim in
3 4\f v

this case. The case t < 0 is treated similarly.
O

Proposition 4.5.12. Let L > 1, § € R and m € N* be such that L2m|5|% < %. Then there exists ¢, > 0

such that for any e < L™ and any (0,701,041, ..., 0m, Up,) € Sm5(L) that is e-flat in the sense of Definition
4.5.10 with parameters
a, bv (avalagh cee aamagm>7

then there exists a’,b' such that a < a' <V <b, b —a < (1 —¢,)e and

oy, < M@ ) w@)

o Qa; «; 8v/n

Remark 4.5.13. The hypothesis Lzmld\% < % may be replaced by LQmW% <1 -9 for any n > 0, but

how small € needs to be would depend on 7.

1
8

Proof. First note that by the estimates (4.44) and the hypothesis Lzm](5|% < & we get o? > 1.
We suppose without loss of generality that b — a > %E otherwise we are done. As a consequence we
1 1
have either o(3 ;") >1+a+:2 (Case A)or v(3en) e") < 3 +b— 2 (Case B).

1
Case A. Without loss of generality, we can set ¢ = 0, meaning u > 1 s+ 5
Assume first § < 0. Since |Av| < ae? in By N {v > 0}, then for a small enough e we get by the usual
Harnack inequality applied to the positive function v — auzy, the existence of some o, € (0,1/4) such that

1 1
v(z) > xp + 20, on B < > . (4.45)

« 2y
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We now consider the set of ¢ > 0 such that the following m + 1 inequalities are all verified on B N Hy:

v
. > ¢y +eonty + 26,
— (4.46)
LS > g4 L3
&
Note first that for each t > 0,
A —1 1
Fv <e® = Apt + eonthy +£2¢) in BN Hy \ B(iffm 1)7

A\/m <Lie? <A (‘Pt + L%EQQ) in B0 Hy,
a; Qy

where we used (4.41) in the second series of inequalities.

By (4.45), it holds v(x)/a > xy, + onetho(z). As a consequence the inequality for v is verified at ¢ = 0
by maximum principle inside BN Hy \ B (%en, %), and for % : % by maximum principle inside B N Hy,
using also v(x)/a, U, /@, v;/a; > xy, in By and noting that ¢g = x,, and {; < 0. We can therefore consider
the largest ¢ > 0 such that the inequalities (4.46) are verified in B N H;. We want to prove that ¢t > J,¢
for some dimensional 9¥,, > 0. Note that we lose no generality in supposing that ¢ is at most comparable

to € (meaning t < ¢), since the claim holds otherwise.

At the maximal ¢ there is a equality in one of the inequalities (4.46) at some point x € B N Hy. Let us
consider the possible cases.

e We cannot have z € 9(H; N B) \ B , since (; < 0, 1y = 0 and ¢; = x,, over this set.
10

e Suppose that z € BN H;. Then let us show that in this case we must have v(z) > 0. Otherwise, we
would have v(z) = 7;(z) = v;(x) = 0 so that necessarily x,, < 0. But ¢; + L%eszg > 0 (and likewise
op + eonhy +€2¢ > 0) over BN Hy N {z, < 0}, which comes from ¢; + L%€2Ct = ¢y — L%€2X =0
over BNOH;N{x, <0} and |V (¢ + L%EQQ) — ep| < 1 thanks to Lemma 4.5.11. As a consequence
v(z) > 0 and we can apply the maximum principle inside BN H; N {v > 0} to get that the equality
cannot happen for 7;. On the other hand, equality cannot happen for v by maximum principle inside
{v>0}NBNH;\ B(3en, 1), and since in B(3ey, 1) one has for t < e:

Yt + eopthy + EQQ, < prt+eop <xp+ Cpt+ 0y < Ty + 20,6,

As a consequence, * € OH; N Bo . Therefore (p; + copthy + £2¢)(x) = (pr + LégQQ)(az) = 0 so that
v(x) =vi(z) = v;(x) = 0 and there is equality in all of the inequalities (4.46). Since on the other hand one
has BN H; C {v > 0} by the argument above, hence at any interior contact sphere for B N H; at x there
exists a blow-up of (v, v, ...,v,,) for the form z — (ﬂ(z—a:)-V,Bl(z—a:)-y,él(z—x)-1/, B, (2—x)v)
as in Definition 4.5.7.As a consequence we have the viscosity condition:
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1= 3+ 3 BB, > a2V(gr + 2oty + 2@ + 3 @may| V(g + L) (@)

i=1 i=1
> a? [(8n<,0t)(x)2 + 20,01 (2)Op e (x) o e — n5 + ZO‘Z [ (Onpe(z))? — CnLész]

for some large enough dimensional constant C,, > 0
> Onipr(2)? + 2020001 (2) On bt (w) o e — CoL3e?

1
>1—2d,t+ gcnans - CnL%&:2

where ¢,,,d,, > 0 come from Lemma 4.5.11. So when ¢ < L2 we get

CnOn

t>
- 8d,

e =:U9,¢
so that using Lemma 4.5.11 we find for any y € B - N H;

. . 1 1
“”ﬁ”%”w>w@+¢m%@>%+mmaw@mm¥>%+ms

o o [o% 64

fore < 1. Forye B — \ H; the above inequalities always hold, since y, + 6—141%5 < 0 and the functions
8v/n

are non-negative. This finishes the proof when § < 0.
The case 6 > 0 follows the same strategy, and was proven in | , Theorem 5.1| (here in addition we
keep track of the constants).

o(Len)

| —

Case B. We suppose without loss of generality that b = 0, meaning < % — - The proof here
follows the same outline for which we give rough details.
First, the Harnack inequality applied to ax, — v gives the existence of some o, > 0 such that El) <
— 20,6 on B ( en, 4) We now consider the largest ¢ > 0 such that all the following inequalities are

verlﬁed in BN H_;:

Q

v
o <t —eoprh_y — €2y,

L{ |a;_ ; 1
5 ( E—Zvi + \/ozvi) <Pt — (2L)252C7t

It is verified at t = 0 by the previous remark and maximum principle. We then identify a contact point
x associated to the largest ¢ that we suppose small compared to e: it is not inside B N H_; by maximum
principle since

A 1 1
—U>A(<p ¢ —Eon_y + €24 )1nBﬂH_t\B(26n,f

7
<\/7Zvz \/7>>A gatf(QL)%C )mBﬂH,

where we use the estimates (4.44) on the last line. The contact point is not in (B1 N H_;) \ B for the
10

same reason as earlier, and so finally it is in 0H_;N By . We then use the boundary condition (understood
10

in the viscosity sense at the contact point)

(Byv) +§:< (v;?, ¢h1>> <1+ ant —bue
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for some ay, b, > 0. This yields t > ¥,e for some ¥, > 0 and we conclude by the last property of lemma
4.5.11. The case § > 0 is similar.
O

Proposition 4.5.14. Let L > 1, § € R and m € N* be such that L2m](5\% < %. Then there exists C,, > 0

and k, € (0,1), such that the following holds: for any ¢ < L_%, and for any (v,01,01,...,Um,V,,) €
Sim,s(L) that is e-flat in the sense of definition 4.5.10 with parameters

a, b7 (aaalaglw .. Jamvgm)v

then defining
_ ile) m @iy 0i(@) — gt
aE o€ Q;&
VUi — oy Ty,
Wile) = " Feae
1=

we have that for any x,y € B1 N {v > 0} such that |z —y| > ¢,
2

V(z) =V, |Vilz) = Vi), |Vi(z) = Vi(y)

[ Wiz) = Wily)| < Culz —y|™. (4.47)

)

Proof. This is obtained by applying successively the previous Lemma, as in | , Corollary 3.2] or | ,
Lemma 7.14]. O
4.5.2 Flatness improvement

We let 7 = 7, € (0,1) be a fixed universal constant (depending only on n) such that for any harmonic

function h : By — [—5,5] and for any = € B, it holds

h(z) — h(0) — - VA(0)| < =7 (4.48)

ool =

Proposition 4.5.15. Let L > 1, 6 € R and m € N* with L2m2|5\% 2. Then there exists e,(L) such
that we have the following flatness reduction property for any € < en(L). Suppose (v,0U1,01,...,Tm,V,,) €
Sms(L) is e-flat in the sense of Definition 4.5.10 with parameters

a, bv (aualagl)' .. 7amvgm)7

Then there exists a' <V, ¢’ € S*™1, and o/, @, &, verifying

2 ma’-2+a/-2 2 “
o +2}12121¢f5>0, o +;a§a;~:1 if§ <0
1= 1=

such that
v(te) vi(tz) v(TT)

v>0
(e’ x—i—a’)g s —, ; S(e'-w+b’) onBlﬂ!.
T TQ, T T
and b/ —a' < %5, with moreover
o o o
le/ —en|, [1——], 1—1‘,‘1—158
« Q5 Q;
This follows the proof of | , Th 6.1], with a difference when the multiplicity of the eigenspace goes

to infinity.
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Proof. We proceed by contradiction and compactness. Suppose there exists a sequence €, — 0 (we drop
the index p and just write € — 0 to lighten the notations) and some sequences

E - g —& g g £ E —€ g —€ g
(’U 7'017@17"'7'Umsaym5) ESmE,(SE(L)? a ab ,(Od 7a17g17"'7amsagm€)

which verify the hypotheses but not the conclusion. This means that one of the functions v®, v7, 23, ...,
Usne, Us,e does not verify the flatness improvement on B;.

€
Ume)
Consider the sequences

8
Vasase
We also write Q¢ = By N{v® > 0} their (common) domain of definition, which converges locally Hausdorff
to By N H" since {z € By,x,, > €} C Q° C {z € By,z, > —¢}. Each function has values in [—1,1],
with laplacian bounded by e in Q°. Moreover thanks to Proposition 4.5.12, they verify the Holder-type
property (4.47) for some &, € (0,1) up to the boundary 0H".
After extraction in € we have a local Hausdorff convergence of the graphs of V=, V3, VS on Q° to the
graphs of functions V,V;,V, : BNH" — [—1, 1], which are in CIOO";" (BNH") and harmonic in BNH" (see

for instance | , Lemma 7.15]). The functions (W7).—0 verify the same ocillation reduction so after
extraction their graph converge in the local Hausdorff sense to a limit WW;, which we identify (by taking a
limit for any x € BN {z, > 0}) as

Vi+V,
W; = —_— .
2

We now distinguish four cases depending on whether m€ is stationary at some finite value m € N* or
not, and whether § > 0 or § < 0. We detail the cases § < 0 and outline the cases § > 0, which may be
found (without control of the constants in m) in | |.

Case m® — m, § < 0. We lose no generality in assuming m® = m for all £. Up to extraction there exists
o, @, a; > 0 such that

of = o, @ —a;, o =,
V —V,;and V —V, verifies a Dirichlet boundary condition on By N{x,, = 0} (since VE V5 =Ve-V: =0
on 0€)¢). This makes 2m Dirichlet boundary conditions for 2m + 1 harmonic functions, and we claim that
we have an additional boundary condition

Oph =0 in By N {xz, = 0}, where h = <a2V + Zaiaivi;VZ) , (4.49)
i=1

holding in the viscosity sense.

Inequality 9,k < 0. To prove this claim set 2 € By N {z,, = 0}, and we suppose by contradiction that
there are constants p > 0, z € R"~! x {0}, ¢ > 0 such that

h(z) > h(2°) + pap +2- (x —2°) + o <x2 !

e |z — 330\2) =: p(x), Vo € B(«®,p) NH"  (4.50)

Note that we can always change p into p/2, replace o by some arbitrarily large o/ > o and p by some
small enough p' < p such that the equality holds only at 2 = 2°. Since the functions V — h, V; — h and

163



V., — h are harmonic and vanish on By N {x,, = 0}, they are smooth over B; N H" so that there exists g,
;s 4, € R such that

(V = h)(@) = qzn + O (|Jz — 2°F),

(Vi = h)(z) = ggen + O (Jo — 2°) ,
W = B)(@) = gzn + O (je - 2").
(W; — h)(z) = g +gixn + 0 (|lz — 2°?) =: gz + O (|lz — 2°)?),

2

which verify in addition a?q + Yot @ia;q; = 0. Up to reducing p and increasing o, we have by uniform
interior C? estimates on the harmonic functions:

V() = gon + ¢(x), Wilz) > gizn + o (2)

in a neighbourhood of xz° in B N H", which we denote by Byo, N BNH". Then by the local uniform
Hausdorff convergence of the graphs there exists ¢ — 0 such that

VE(x) > qry + o(x) — &, W7 > qixn + o(x) — ¢,
for z € Byo , N Q°. This may be rewritten as

V(2) 2 0 (20 + £qzn + £p(@) — 7).
Wi (v) > /@l (20 + wn + eple) — o).

Hence, up to changing ¢¢ into 2¢® 4+ Ce, for some large enough constant C (that does not depend on ¢),
we have for any z € B , N Q°:

v () = (1 +eq)vo(x), /705 () = /a5as (1 + eqi)ho(z),
where for any ¢ > 0 we have defined
() = 2y + ep(x) — e + 1.

We can therefore consider the maximal ¢t > 0 such that the previous set of inequalities still holds for the
functions v¢, | /v5v5. There must be a contact point x° € Byo , M 2 for one of the functions, and we may
assume without loss of generality (up to changing p into p/2, increasing o and reducing p accordingly)
that 2 — 0.

Suppose z€ € QF and that it is a contact point for v® (the same argument holds for the other functions
W?), and we then have by maximum principle

20m 1
1 = (1 A E<7A€€<2
(14 eq)e. =7 = (1+ eq)eBp(a?) < —Mf(af) < &,

which is a contradiction for a small enough €. As a consequence x¢ € 02, so that there is equality in all
of the above inequalities at z°. Hence there exists a blow-up of (v,v1,...,v,,) at 2%, and comparing the
derivatives at this blow-up (4.41) we get

L2 [ (1 +eq)?|Vhee (2°) P + Y @50 (1 + eq;)?| Ve ()
i=1
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which after simplification becomes
|Vehs (2°)|2 < 1+ 0.50(€).

This is a contradiction since |Vt (2)|?> = 1 + 2pe + 0-50(¢). As a consequence we get d,h < 0 on
BN {z, =0} in the viscosity sense.

Inequality 0,h > 0. Suppose indeed that this time h(x) < ¢(z) with p < 0 and ¢ < 0. Following the
previous reasonning, for some sequence ¢¢ — 0 and in some neighbourhood B(z", p) N H" we have this
time

v*(z) < o (1 +eq)dpo(x), V5 (x) < ai(1+eg;)o(x), vi(z) < af(l+eq,)vo(x),

where 1); is defined as previously. Consider the largest ¢ such that the inequalities

v¥(z) < (1 +eq)ir(a <\/7 \/7 ) < V@i (1 + eqi) ()

are verified in B(z", p) N H": at the largest ¢ there is some contact point 2, and either z° ¢ QF by
maximum principle as earlier (we use here the estimates 4.44) or z¢ € 99Q° and we have the viscosity
condition

1< a1+ 2q)?|Vbee (2°)° + Y @55 (1 + eq:)?| Ve (2%)
1=1

which after simplification becomes
|Vape (2°))%(= 1 + 2pe 4 0(€)) > 1 4 0-_50(€).

Since p < 0 this is a contradiction for a small enough €.

Now that the Neumann boundary condition (4.49) is verified in the viscosity sense, h may be extended
a a smooth harmonic function on B by an even reflexion through 0H".

We may now conclude: V, V;, V, may be respectively extended as harmonic function V’, V;, V! on
B (through reflections), with values in [—5,5]. Indeed we first write

U V+V V) +(V -V,
_ 2 . i
V—(@V—i-ig:la, >—|—E ;o 5 .

The first term extends by even reflection thanks to (4.49), and the second by odd reflection (since V —V; =
V -V, =0over By N{z, = 0}), and as a consequence V extends harmonically with a bound |V| < 3.
We then write for each i, V; =V —(V—=V;) and V, =V — (V — V), so that V;, V, extend harmonically
in B into functions bounded by 5. Recalling (4.48) we find ¢ € R, z € R*~! x 0, ¢, 7,9, €R such that
for any =z € By,

V(z) —c—z-a' — qun| < =7,

Vi) = e — 2o’ — quan| <

IN
oo\Hoo\HooM—‘

‘Zl(x) —c—z-1' - 4;%n

Thus by Haudsdorff convergence of the graphs, for any small enough € and any x € B, we have

ve(z) — afxy,

< (4.51)

@\'—‘

/
E —Cc—2z-T —qT,
Eq
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and the same holds accordingly for 75, v5. Set now

m
5S¢ = (1+eq)%( Z ;(1+eq;)(1+eq)).

2 e 6qz+ﬂ —
Since go® + >, @S L

=0, then |S° — 1] = o(¢). Let now
o — (1+eq)a® - (14 eq)as o — (14 ¢e¢)as
vee T vee T Vse

and let
, ep +ez , ¢ 1 c 1

Ve S

Then (4.51) may be rewritten as

/ 1 v¢ () ' 1
[(1+eq)en +e2] -x+ec— A S[(l—i—eq)en—l—ez]-x—i-ac—l—gr,
1 s 1
[(1+¢cq;)en +e2'] @ +ec— 6T < < (f) < [(1+¢eg;)en +e2'] -z +ec+ i
a;
1 € 1
{(1 +eq,)en + EZ/} x4 ec— i Svlag) < [(1 +eq;)en + Ez’] -z +ec+ i

for any = € B; N ¢, which simplifies as € — 0 to

Ve (z) v (%) vi(w)
1€ ) ags ) g;s

d-r+d < e-x+b, Vre QO NB,

o
so that all functions verify the flatness improvement, which is a contradiction for small enough e. This
concludes the proof in this case.

Case m® — m, § > 0. This case follows more closely | |; the only difference here is that the Neumann
boundary condition verified at the limit is

" a2V, 21/
O (a2V+ZO“‘£Om> =0in By N {z, =0}
i=1

Case m® — co. In this case we treat § > 0 and § < 0 at once. Define V¢,V and V¢ as previously and
thanks to Lemma 4.5.16 below, we may change their order (in 7) and assume a convergence to some limits
V,V; and V,; as e — 0 (in the sense of local Hausdorff convergence of the graphs) which is uniform in
i. We still have the Dirichlet boundary condition V —V; = V — V,=0on B;N{x, = 0}. Due to the
estimates (4.44) we have
|1 ()] < 4L%|5°|7m® < 2L%(m®) ™" — 0.
We now prove the Neumann boundary condition (in the viscosity sense)

8,V =0 on BN {z, = 0}. (4.52)

We proceed as previously: letting 2° € By N {z,, = 0}, we pick a polynomial function defined as in (4.50)
with p > 0 touching V from below at a point 2°. Writing V;(z) = V(z) + gz, + O(Jx — 2°|?) (where
the remainder term only depends on 1 — |2°| and n, by uniform regularity of harmonic functions) and
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similarly for V;, using the uniform convergence of the graphs we get that in a neighborhood B0 , N Q° of
Y'it holds for every i:

v () = o (), U7 () = @i(1 + €q;)¢o(x), v (z)

(o) > atifa), [T (e)ui(a) > Ve (14

a;(1+eq,)ibo(x) if 6 > 0,

>
q; +
>¢0( )1f(5<0,

\ =

where for any ¢ > 0 we have defined
Yi(x) = xp +ep(x) —ec® + t

and ¢ — 07. Note that the (@i, q ) are uniformly bounded by a constant M only depending on n and
1— |29

Taking then the largest t* > 0 such that these inequalities are verified over B,o , N QF for every ¢, then
there is a contact point 2° either for the function v* or one of the v7, v5, with 2° — xo Then as previously
by maximum principle the contact point z¢ lies in 0€2° when ¢ is small enough, and there is equality at

x¢ in all of the inequalities. Comparing the derivatives at 2° we get (with the viscosity condition)

1> 0P|V (o° 12+Z (BP0 + 3 + 0520+ eq,)?) [V (0P
(1_2L2 me|6°|3 (M5+M2 2)) Ve ()2
> (1= 2ot oale)) (14 <0upa).

which is a contradiction for small enough ¢ since 9,,p(2°) — p > 0. This ensures 9,V < 0 over By N{x,, =
0} in the viscosity sense.

Likewise we get 9,V > 0 on {x,, = 0} in the viscosity sense. As a consequence V verifies the Neumann
boundary condition (4.52). We may extend V by an even reflexion and the V — V;, V — V. by odd
reflexions, so that V, V;,V, extend as harmonic function on B; with values in [-3,3], and relying on
(4.48) we obtain as previously a contradiction, finishing the proof in the case m® — oo. O

To deal with the case m® — oo we made use of the following Lemma, which is a general statement on
sequences in compact metric spaces.

Lemma 4.5.16. Let (X,d) be a metric compact space. Let my, be a sequence of integers such that my — oo
and (x )keN* 1<j<m, be a sequence in X. Then there exists a sequence of permutations o € &(1,my) and
a sequence (xj)jen+ such that
liminf sup d (x 3:) = 0.
k—00 1<j<€nk FG)
We do not claim that this lemma is original, but since we have not found any reference in the litterature
we provide hereafter a short proof.

Proof. Note first that it is enough to prove the Lemma for the Cantor set X = {0, 1} endowed with the
dyadic metric d(x,y) = o~ inf{izLz()#y()} a5 it surjects continuously onto any compact metric space. We
write Xy = {0,1}" and 7y : X — X the projection onto the first N coordinates. Let o1 : N* — N* be
an extraction such that the number of 0’s and 1’s among

(Trlel(k), L marr () )

1 (k)
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is nondecreasing in k. Starting from ¢; we define recursively ¢y in the following way: if ¢on_1 is given
we build ¢ as an extraction of ¢ _1 verifying that the number of occurrences of each b € Xy in

o (k) k
<7TN3:1 - ,ﬂ'Nxf{ZEV()k)>

is nondecreasing in k. We finally set (k) := ¢ (k). We now define a sequence of permutations o* € S

as follows: let o' be the identity, and provided ¢ is given we define o*t! such that for each

w(k+1) k41
(Trkxl R kafl(w(w)n

there are at least as many occurrences of each element of Xj as in

k
<7rkxf( ), e ,kafn(f()k))
This is ensured by finding o**! € S, 1) Such that for each j € {1,...,myx)}, we have
p(k+1) _ w(k)

Tk ght1(j) = ThL o (g
We now define z; as the unique element of X such that for every k € N*, as soon as m) > j we have

_ w(k)
TRZj =TTk gy

By construction this gives for every k € N*, j € {1,...,mya}:

Hence (xf,gg)) P (xj) thus concluding the proof. O
— 00

Corollary 4.5.17. Let L > 1 and 6 € R. Then there exists €,(L) > 0, v, € (0,1) verifying the following
property. For any m € N*, § € R verifying L2m2|5|% <1 and for any e < e, (L), (v,01,01, ..., Um, V) €

— 87 —m

Sm.s(L) that is e-flat in the sense of Definition 4.5.10, then there exists g € CL (B?/_Ql, [—e, E]) such that

ey Se and
HgHCI,'yn <Bl/21) ~

{v>01n (By/gl x [~1/2, 1/2]) - {(m',xn) € BUstx [-1/2,1/2) 1 @y 2 g(x/)}.

Proof. This step is classical, and comes from iterating the flatness improvement Proposition 4.5.15 as is
done in | , Theorem 8.1]. O

This implies that for small enough 6 any minimizer 2 has its boundary which can be written as a C>7
on the sphere. This is the object of next Lemma.

Lemma 4.5.18. Suppose that |6| < k_(6+%)gn(k:) and let Q be a centered minimizer of (4.36). Then
there exists v = v, € (0,1) and g € C*7 (0B, [-1,1]) with |hllc2~ By S 1 such that

0 ={(1+ h(z))z, v € OB}
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Proof. For the C17 estimate on h we proceed exactly as in the proof of Lemma 4.4.14. We again use
partial hodograph transform as in the proof of Lemma 4.4.15. This time instead of (4.28) we obtain the
system

Tr [A(Vv)V?y] = &t (BNH"),
9 (90)? — (1 +o5L, |Vvi]2> Vu2=1 (BnaoH),
Tr [A(Vo) V2] = &% — N (BNH"),
v =0 (B N OHM).

We then proceed similarly as in 4.4.15 to get the announced C?7 estimate: first the v;s are locally C%7 up
to the boundary OH™ by elliptic regularity up to the boundary with Dirichlet condition. Then v verifies
a nonlinear oblique boundary condition, and by considering the discrete derivative v, ; = w we

get a C>7 estimate on v as well. O

4.5.3 Minimality of the ball among nearly spherical sets.

The purpose of this subsection is to show the minimality of the ball for the functional 7= + § Zi:k A
among nearly spherical sets in the sense of Definition 4.4.16. The strategy is the same as in Subsection
4.4.4, with some differences due to the fact that we are considering multiple eigenvalues. We will make
use of Lemma 4.4.18 which still applies to multiple eigenvalues. The minimality result is the following.

This time in the definition of a nearly spherical (see Definition 4.4.16) we rather fix o € (0,7) where
v = 7n is given by Lemma 4.5.18 instead of Lemma 4.4.15, although for simplicity we do not introduce
additional definition and notations.

Proposition 4.5.19. Let By, be a nearly spherical set such that ||h| 1 op) < k_l_%gn(k) and suppose
that || < k:_(2+%)gn(k), Then we have

T(Br)™ 46 XN(By) >T(B) ™ +6> Ni(B)

with equality if and only if B, = B.

As in the case of Proposition 4.4.17 this is achieved by performing a second order Taylor expansion

of the functional T—1 + Zi:k Ai, the main difference being that the eigenvalues A\ (B) = ... = \(B) are
multiple, so that each individual eigenvalue is not differentiable at ( = 0. The key idea is that on the
other hand, the sum Zizk Ai((Id+¢)(B)) is smooth in ¢ (and even analytic, see | , Theorem 2.6)),

and has a critical point at the ball.

Proposition 4.5.20. Let By, be a nearly spherical set such that ||h|[11ap) < k_l_%gn(k). Then it holds

! L2+
D (Ai(Br) = Mi(B))| < Cn NG )||h”H1/2 (8B)"
ik

k)

Proof. Recall that by definition of a nearly spherical set it holds ||h[|c2.a@gp) < 1.

We proceed as in the proof of Proposition 4.4.19: letting (p;(t), ui(t)) be given by Lemma 4.4.18, since
Al @By < k_l_%gn(k) we have by the same argument that |pu;(t) — pj(t)] > Sg,(k) for any [¢t| < 1
and 4, j such that ¢ € {k,... I}, j ¢ {k,...,l}. As a consequence, ug(t),...,u;(t) is an orthonormal
basis of eigenfunctions of the sum of eigenspaces corresponding to (\j(By))i=k,...1, and (11i(t))i=k,...; is a
permutation of (Aj(Bip))i=k,...1-
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We have
! l

!
D XilBm) =D ui(0) = _/83 (Z \Vui(0)|2> G2

=0 ;= i=k i=k

dt

Because of the structure of the eigenfunctions of the ball, we know that Zi:k |Vu;(0)|? is a constant,
which we denote by ¢, i, and we thus have

!
<Z i(Bu) + Cn,k\Bth\> =0.
t=0

i=k

d

dt

Also by elliptic regularity we have ¢, < Bt Using a Taylor formula and since |B| = | By|, there exists
some ¢ € [0, 1] such that

: 1 2
> (\i(By) = \i(B)) = 5 (Z 117 (t) + cn i |, \Bsh\> :

i=k i=k

To reduce notation we fix t and we do not write the dependency in ¢ in the rest of the proof. We thus
set Q@ = By, wi = ui(t), v := uj(t) and write p;,u},p in place of p;(t),pl(t),u(t). The expression of p
takes the form

W = / 2 (IVol? — pe?) + / Vil [HC )2 = b ) + 26 - VipaC 1) (453)
Q o0

and each v; verifies
—Av; — piv; = piug (),
v = —(C-v)oyuy (09), (4.54)
Jo(wiuj +vju;) =0, Vje N,

where the last line is a consequence of me wi(t)u;(t) = 0;; for all t.

The “geometric” terms in (4.53) are estimated exactly as in the proof of Proposition 4.4.19. We thus
have

[V [0 = biGansGan) + 26+ VionC - 2)]| £ K kI o

For estimating the first term of (4.53), there is a difference with the case of a simple eigenvalue lying
in the fact that we do not have a good control of fQ viu; when i,j € {k,...,l}. Refining the analysis we
will see that these terms in fact cancel in the sum ), ; uy.

Set I ={k,...,l} and for each i € I write v; = z; +w; with z; the harmonic extension of —(9,u;)( - v
and w; € H&(Q) The functions z; verify the same estimates as in the proof of Proposition 4.4.19:

14 12
zill 1) S k27 Rl gz@pys Nzille2@) S k27 1R g op)-

The function w; verifies —(A + p;)w; = p;z; + piu; which ensures

Vi # i, (kg Ni)/Qwiuj = Mz'/QZz'Uj (4.55)

or, written differently,

i i (= ) [ vy =g [ s (4.56)
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We have

Z/ (IVurl? = pualoil?) Z/ (1Val? + [Vaif? — pio?)

el i€l

gt Z (o) (o)

el i€l,jeN*

—Z/ . (ltju_fm_m) (/ﬂzmj)z

iel i€l,j Q_fI

+ > </ Ziuj>2_(ﬂj_ﬂi) </sz'“j>2’

iel,jel

where we used (4.56) in the last line. Thanks to the orthogonality conditions from (4.54), we have
2
> i jer(ti — 1) (Jqviuj)” =0, hence we conclude

> [ 0vul? = o)

el

<ZHVZzHL2 + gn(k) "k Z”Zsz(Q

el iel
< gn(k) 1k1+" |I|HhHH1/2(aB)

S gnlk)” 1k2+” HhHH1/2 (6B)

As a consequence ’ZZ o o (t ’ < k:2+ (k)™ 1||h||[j[1/2((,)B)7 thus finishing the proof.
O
Proof of Proposition 4.5.19. This is done exactly as in the proof of Proposition 4.4.17.
O
4.5.4 Conclusion
Proof of Proposition 4.5.1. We proceed exactly as in the proof of Proposition 4.4.1. Since |0| < (345

)
then by application of Proposition 4.5.5 there exists a minimizer 2 (which we can suppose to be centered)
with [QAB| < k¥ 75|, By Lemma 4.5.18, since [§] < k™6 % g, (k) then Q = By, where |[A]lc2r(om) S 1
and ,

17l L1 om) S IQAB] < k4]

From this we get by interpolation between L' and C*7 norms that when k3+%](5 | < 1, then Q is nearly
spherlcal in the sense of Definition 4.4.16. When k3" 0] < k™27n gn(k:) (which is verified for |0 <

6= gn(k)) we can therefore apply Proposition 4.5.19 to conclude that € is a ball.
O

4.6 Discussion and consequences

4.6.1 About the sharpness of the results

We prove in the proposition below that the exponents 1/2 and 1 on the right-hand side of (4.1) given by
Theorems 4.1.1, 4.1.2 and 4.1.3 are sharp for every k in dimension n = 2. Proving it for any dimension
would require a full second order analysis of the spectrum of smooth deformations of the ball in every
dimension, in the spirit of the two dimensional work of | |.

171



Proposition 4.6.1. Let n =2 and k > 2. There exists a constant ¢, > 0 and QF = ¢°(B) a sequence of
domains (in A) with ||¢° — Id||c1 < & such that

if Ak(B) 1s simple |A(2°) — Ax(B)| = cx(M(Q) — M(B)), (4.57)

N|=

Zf /\k(B) 1s double ‘)\k(ﬂg) — )\k(B)| > Ci (/\1(Q) — /\1(B)) s (4.58)
with each side going to 0 as e — 0.

Proof. Suppose first A (B) is simple. Then, following | , Lemmas 1 and 3| we get an explicit pertur-
bation ¢° of the identity, expressed as a Fourier series, which is preserving the area at the second order
and for which the second order term in the asymptotic developments of both A\ (¢°(B)) and Mg (¢°(B))
are non vanishing, proving (4.57).

If A\r(B) is double, (for instance A\x(B) = A\r41(B)), then for any vector field ¢ € C°(R?,R?) such that
/. op ¢ - = 0 the directional derivative of Ag, Agy1 in the direction ¢ are respectively the first and second
eigenvalues of the symmetric matrix

< — fop |Vur|*C- @ — Jop Vur - VugaC - 95)

— Jop Vur - VupaC-x = o5 [Vug|*C- o

Moreover, since the functions (uy, ug1) are not radial, we may choose a field ¢ such that [}, |Vug|?Cx # 0,
which gives a non-zero matrix with two nonzero (opposite) eigenvalues. Letting Q°F = % we have
A6 (92°) — Ak(B)| > ce for some ¢ > 0 and small enough ¢, whereas A\1(Q°) — \{(B) < Ce2. O
Remark 4.6.2. In the same spirit an application of | , Lemmas 5| proves that for any double

eigenvalue \i(B) = A\p_1(B) for k # 3, there exists a sequence of domains (£2°) as in Proposition 4.6.1
such that
‘)\kfl(QE) + )\k(QE) - 2)\]€(B)’ > Ck (}\1 (Q) - (B))

About the linear control of a multiple eigenvalue. A consequence of Theorem 4.1.3 is the following
one side linear control: for any k& > 2 with A\x(B) multiple and € A such that A;(Q2) < 2X;(B), we have

if )\k(B) < )\k‘-i-l(B)) then )\k(Q) — )\k(B) > —ka()\l(ﬂ) — )\1(B)),
if Ap—1(B) < Ak(B), then Ag(2) — Ap(B) < Cn (M (Q2) — A1(B)).

The second one generalizes (4.5) which was observed for k = 2.

4.6.2 Proof of the reverse Kohler-Jobin inequality: Corollary 4.1.5

The linear bound from Theorem 4.1.2 (or equivalently Proposition 4.4.1) gives us a reverse form of the
Kohler-Jobin inequality. This answers, in full generality, the question raised in | |.

Proof of Corollary 4.1.5. By Proposition 4.4.1 there exists some d§,, > 0 such that A > Q + T71(Q) —
1 1
OnA1(£2) is minimal on the ball. Let p > 1 and 2 € A be such that T(Q)A\ () > T (B)A1(B)?, then

Q) (T(B) T(B)
B) (T(Q)) 21+ (T(Q) - 1) > 1+ 0,pT(B) (M (Q) = M (B))

which implies p < p;, := (6,T(B)A\1(B))~ . =

Note that we do not have explicit information on the value of p, even in low dimension, as the proof
of Proposition 4.4.1 relies on a contradiction and compactness argument at several points.
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4.6.3 Proof of Theorem 4.1.4

Proof of Theorem 4.1.4. It will be useful to us to partition {1,...,k} by intervals (1;);—1, ., consisting of
the clusters of eigenvalues. Let ¢; be the common value of g—f\z()\l(B), ..., \g(B)) for i € I;. Then there

exists some C' > 0 such that for any A € R’i*:

l

F(A, . M) = FOM(B), - Ak(B) = Y s > i = M(B)][ < C D (A = Mi(B)?

s=1 i€l i=k

Applying Theorem 4.1.3 to each Y., [Ai(Q2) — Xi(B)] and Theorem 4.1.1 to each (X;(€2) — A\i(B))?, we
thus get the existence of some D > 0 such that

[FAL(Q), -, M) = FOu(B), ..., \(B)| < D(T(Q) ™ =T(B)™") T(2)~". (4.59)
Consider €2 € A a domain such that
T1Q) + TP (M(Q), .., \e(Q)) < T-H(B) + 6FOu(B), .., \(B))
for some 6 € R. Due to Proposition (4.2.1), this gives

T7HQ) < T7H(B) + 6F(Ni(B))i=1,...k) + CI8](1 + [(Ni(2))i=1,... k)
< T7HB) + 0F((Ni(B))i=1,...k) + CCrpl8|(1 + T7H(9)).

for some C,;x > 0. As a consequence, if |§] is small enough then 7-1(Q) < 27-}(B). Equation (4.59)
then provides

IF(A(Q), ..., () = F(M(B), ..., \(B))| < 2DT(B)"H (T(Q)~' —T(B) ™)
which gives the result when |§| < (2D)~!T(B). O
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