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INTRODUCTION

L'utilisation de développements fonctionnels pour représen-
ter des systémes non linéaires a été trés étudiée ces trente
derniéres années, aussi bien en ingéniérie qu'en physique. Les
développements fonctionnels ont été appliqués dans diverses
branches de la théorie des systémes non linéaires : identifica-
tion et modélisation, réalisation, stabilité, commande optimale,
équations différentielles stochastiques, filtrage, etc... Jusqu'a
présent, presque tous les développements fonctionnels utilisés
ont été du type Volterra ou dans le cas stochastique du type
Wiener. Il y a eu un trés grand nombre de publications sur ces
développements. Pour simplifier, mentionnons ici seulement les
deux livres récents de Rugh 2] et Schetzen [4.1].

Dans cette partie, nous rappelons tout d'abord les princi-
paux résultats et notations de [Al] qui seront utilisés dans la
suite. Cette approche algébrique entiérement nouvelle, qui uti-
lise les séries formelles en variables non commutative a conduit
d'une part & connaitre de fagon trés précise les développements
de Taylor des noyaux de Volterra et d'autre part d introduire un
calcul symbolique non commutatif généralisant au domaine non 1li-

néaire le calcul de Heaviside.

Avec l'introduction du Principe du Maximum, le formalisme
Hamiltonien, précédemment important seulement en mécanique et
physique est devenu un outil commun et utile en commande opti-

male qui, comme chacun sait, englobe le calcul des variations.
Or les séries de Volterra sont aussi originaires [v2] du calcul
des variations. Quel peut donc étre le lien entre le formalisme
hamiltonien et les séries de Volterra ? En utilisant des déri-
vées fonctionnelles de 1'hamiltonien associé au systéme on iden-
tifiera, dans une deuxiéme partie, ces liens, donnant ainsi un

contexte nouveau pour la commande optimale singuliére.



Al. - Premiére formule fondamentale

On considére un systéme linéaire en la commande

{ Gt = A () - ultA (q)
g(q{&-))

ol 1l'état q appartient 3 une variété analytique Q de dimension

Jatq
aw
1l

finie N. Les champs de vecteurs A , A, : Q__TQ (fibré tan-
gent) et la fonection de sortie h : Q5 R sont analytiques.
Pour simplifier, on suppose que la commande est une fonction
scalaire continue, c'est-a-dire, u € c°[0,T] , T>o0 . Dans une
carte locale g = (q‘,..., qN), les champs de vecteurs du
premier ordre Aj(q), j = 0,1 s'écrivent
N
Ala) = L 9} (9, - ‘i“/b%g

et la dynamique de Z: devient
S = 0 (g e + ule) B (9 q0)

ol les 9.& : RM — R sont des fonctions analytiques.
d

ket N

L'état initial q(0) = g €Q étant fixé, on sait que la
sortie deZL peut s'exprimer comme une fonctionnelle causale de
l'entrée u, par la série en variables non commutatives donnée
par la premiére formule fondamentale

g = ) 2 Z AJO--.A& pa(qo) CTINNS

do
‘27/0 dO) /()\7‘0’1
Ajb"'Ajoh désigne la dérivée itérée de h selon les opéra-

teurs différentiels A.. Pour un temps t "court" et une entrée

3
"petite", on obtient la valeur numerlque de y en remplagant le
mot xj "'XJO par l'intégrale itérée 'j 45 n‘a%a définie

par récurrence sur la longueur:

t
%(E) = R(qo) + Z Z A “'Av R(qo) f dv 77 [’? (Al)
V)0 Joﬂ.vjv:q
T £
go&):'c ) ?,(T.'): J;M‘G")dd' , odfd‘: ?d(l:') , J:O,i
et . lf T ‘
oo, < | (Ld%a. AR)E s



La démonstration, de nature essentiellement algébrique, généra-
lise les travaux de Grdbner [g4], sur les équations différentiel-
les libres.

La série g associée & y(t), appelée série génératrice, ca-
ractérise [42] le comportement entrée-sortie du systéme. Cer-
tains termes peuvent étre regroupés ; on peut envisager, par
exemple, de regrouper les termes ne comprenant aucune occurence
de x4, puis ceux qui en comprennent une et une seule, puis
deux etc... Comme nous allons le rappeler dans ce qui suit, on
obtient alors "l'équivalent" de la série de Volterra. L'étude de
cette série permet d'avoir des informations importantes souhai-

tées par les ingénieurs lorsqu'ils rencontrent de tels systémes.



A2. - Série de Volterra - Développement de Taylor des noyaux de

Volterra.

Divers auteurs (voir [Al] pour la bibliographie) ont montré

que la sortie de Z: pouvait étre développée en série de

Volterra,
i:
?lb & T a) + J thg-'t q) l)dg; +
b o | €%
+ f W, (E,G;,O;I,_r,a,)u(a;),u(qg) de doy +--4 f’J & (L';UE; -, f)“)u(qé)---ul‘li)d‘;wﬁ
<. T T
ORR

oi o<T<T«- -< G SELT . Les noyaux sont ici sous forme tri-

angulaire. A l'instant initial T, gq(t) = a € Q. En réarrangeant

les termes de (Al) on montre :

Proposition 1 : La sortie du systéme peut étre développée en

série de Volterra olu les noyaux sont des fonctions analytiques

données par :

w’(bro.)- Z A R(CL}G: )

Y o
%lbmre) s L A“°AA R (a) (h:-.}%' 7)*

e, ma)z L ACAKLAA ) el bt

. %R el vl

Les membres de droite de ces égalités sont le développement

de Taylor des noyaux correspondants. Bien s{ir, on peut encore

écrire formellement E )A
7 [F,7,9) = """ Bla)

SF-t)he g DA o (ktq)

(UA(E'V;/T—)Q’): \G] =

i

i :

1

i , ( -T)Aq ( )AO

LD;W,U;,.-.)'J] ,"L‘,CL) A A LD:{‘T,'C Ci)

)
\q:ﬁb

ol les dérivées de W, sont prises par rapport a g. La barre ‘q = a

indique 1'évaluation au point a de l'expression 3 gauche de la

barre.



A3. - Calcul symbolique : applications

Grice a& la vision renouvelée des développements fonctionnels,
esquissée dans les deux paragraphes précédents, des algorithmes
pour le calcul et l'analyse de la réponse de certains systémes
non linéaires ont pu étre élaborés. Les techniques, basées sur
des manipulations algébriques de variables non commutatives,
généralisent au domaine non linéaire certains aspects des trans-
formations de Fourier et de Laplace. Comme application, citons
le calcul de la réponse a une entrée déterministe [A2], ou encore
le calcul des statistiques de la réponse quand 1l'entrée est alé-
atoire [A3]. On trouvera d'autres applications dans la bibliogra-
phie de [Al]. D'autre part, dans [A4], on montre que ce calcul
symbolique non commutatif donne une explication & des calculs
heuristiques faits par des physiciens en utilisant des trans-

formations de Fourier dans un contexte non linéaire.



Ad4. - Une variante

Si x et y sont deux variables non commutatives, un sous-
produit bien connu de la formule de Baker - Campbell - Hausdorff
donne (Bourbaki [b12] p. 59)%

Y
- ER
5 e"gex-;;— 'ad 3
ol ad_ g est le crochet de Lie itérée v fois [x,... [x,y]...]1.

On obtlent une variante des formules précédentes sous la forme:

Proposition 2 : La sortie du systémezszeut étre développée en

série de Volterra ou les noyaux sont des fonctions analytiques

données par :

W, (b’, T a,) = Q:- A Rla)

w; (b5, ma) = L _-zl ady A 7 (Exq) |

]
H V)0 9=a

S{l'-;ggr---/v:,ar)tz q;-r). - ( —'C) ad A o ClCl A(D—(ET)
k7

il..‘,\)s;o V5l ~~-“>,‘. Iq'
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A5. - Deuxiéme formule fondamentale - Interprétation hamilto-

nienne des noyaux.

Le formalisme hamiltonien, utilisé en mécanique et en physi-
que depuis le siécle dernier pour exprimer des variations, est
bien connu en théorie du contrdle depuis vingt cing ans avec le
Principe du Maximum. Les séries de Volterra sont, elles, connues
depuis la fin du siécle dernier. Une des raisons de leur introduc-
tion a été, comme l'a dit Volterra lui-méme, essentiellement le
calcul des variations. Ce fait a été confirmé par d'autres tra-
vaux importants en analyse fonctionnelle moderne comme ceux de
Fréchet, Gateaux ou Lévy. Comme chacun sait, ces deux outils
mathématiques sont largement utilisés en engéniérie non linéai-
re, et, jusqu'a maintenant, l'intersection de ces deux domaines
était presque vide.

En généralisant une remarque de [{5] sur la géométrie sym-
plectique du premier noyau, nous montrons dans la Note [A5] que
ces deux notions sont presque identiques. Plus précisément, les
coefficients du développement de Taylor des noyaux de la série
de Volterra associée a la réponse d'un systéme non linéaire Z:,
sont exprimés naturellement grice aux dérivées fonctionnelles de
1l'hamiltonien correspondant. L'utilisation de tels développe-
ments fonctionnels pour 1l'étude de la commande optimale singu-
liére semble alors tout a fait appropriée. Ce contexte nouveau
permettra d'éviter d'exprimer les conditions nécessaires d'opti-
malité en termes de dérivées totales par rapport au temps de
l'hamiltonien qui, comme 1l'a noté Knobloch [k3], peuvent étre

ambigiies.
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A6. - Développement fonctionnel pour une grande classe de systémes.

Considérons le systéme a entrée scalaire u

4(8) = R(q(0)
ol F est une fonction analytique par rapport & toutes les

variables t, g et u. Dans une carte locale, définissons les

champs de vecteurs A, et A,

i + 1=1,2,... respectivement

par , N
=R
Ab = Zi F (&fqiho \ Z!R + 21
R=1 u=o Bq ok
. N R
A;.' = Z_ Fu(() (hq}u)\ lﬁ
Re) ' Uzo 09
ou Fu“) désigne la i-éme dérivée partielle de Fk par rapport

a u. On montre le résultat :

/
Proposition 3 : La sortie y de Z: peut étre développée en

série de Volterra de la fagon suivante :

t T DA
3[H - u);(t—'t'a) M J E(W " A‘ © N wg ('baf»a)’q'ﬁ(v"dq;

t <) A, =9 - A,
e@'-) A (%)

, €

@ (4v,9) u' () dr;

q':CL

rz e <) A°A‘ e@z'mm/‘r‘ e(b3 o)A @ (b,q)) ubr)uln)dsdg

T 4=a

T

k

P EA e ) )
T q:a,

° A, NEE L VIR @, (bra)) e Jdn dg

T ' ° lq:a

o[ [Fdg, IR o)t i
T

9=a

o

[ S b, 5y ey
| 10 g
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Remarque : Comme pour les paragraphes précédents, on ne s'éten-
dra pas sur la convergence de tels développements. Citons 3 ce

sujet les deux importants articles de Lesiak et Krener [£2] et
Boyd et coll. [b13].

Preuve : Nous donnerons ici seulement une preuve heuristique. La
démonstration rigoureuse sera donnée ultérieurement.

rd . \ ’ . ,
F etant analytique par rapport a u, on peut écrire Z: sous
la forme

Ci - F(b’q}u)zu:o * gi F-u'(”(hq;u)[u:c’ui{&)
{ yik = Riq(w) ’

En premiére approximation, on peut supposer que les entrées,
vi(t) = ul(t))i = 1,2, ... sont "indépendantes". En appliquant
les résultats précédents a la commande vectorielle (vi, voreed)

on obtient le développement souhaité.
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An Algebraic Approach to Nonlinear
Functional Expansions

MICHEL FLIESS, MOUSTANIR LAMNABHI, anp FRANCOISE LAMNABHI-LAGARRIGUE

Abstract — A new theory of funcrional expansion is presented which
makes use of formal power series in several noncommutative variables and
of iterated integrals. A simpie closed-form expression for the solution of a
nonlinear differential equation with forcing terms is derived, which enables
us to give the corresponding Volterra kernels with utmost precision. The
noncommutative variables give birth to a symbolic calculus which gener-
alizes in a nonlinear setting many features of the Laplace and Fourier
transforms and which is developed in order to simplify some computations,
like the so-called association of variables, related to high-order transfer
functions.

INTRODUCTION

HE USE OF functional expansions in order to repre-
sent nonlinear systems has been energetically studied
in the last thirty vears, in engineering as well as in physics.

Manuscript received November 24, 1982; revised January 26, 1983.

M. Fliess and F. Lamnabhi-Lagarrigue are with Laboratoire des Sig-
gaux et Svstemes, C.N.R.S.-ES.E., Plateau du Moulon, 91190 Gif-sur-
Yvette. France.

M. Lamnabni is with Laboratoire d'Electronique et de Physique Ap-
pliquee, 94450 Limeil-Brevannes. France.

Functional expansions have been applied in every branch
of nonlinear system theory: identification and modeliza-
tion, realization, stability, optimal control, -stochastic dif-
ferential equations and filtering, and so on. Until recently,
almost all of the expansions used have been of the Voliterra
type or, in the stochastic case, of the Wiener type. There
has been an enormous number of publications on these
expansions. For simplicity let us mention here only the
early works by Wiener [54], Barrett [2], and George [24],
which are still worth reading, and the two recent books by
Rugh [45] and Schetzen [48].

In this survey, we shall present an entirely new approach
to functional expansions. using formal power series in
several noncommutative variables. These formal powers
series were introduced by Schiitzenberger [49] in computer
science as a generalization of automata and formal lan-
guages. There were first used by [15] in 1973 to give a
theory of realization for bilinear systems, which shows
their relations to finite automata [17), [31], (44]. Since then,

0098-4094 /83 /0800-0554301.00 ©1983 IEEE



FLIESS ef al: NONLINEAR FUNCTIONAL EXPANSIONS

many papers have developed the theory in various direc-
tions. In this review. we shail show how to represent an
input-output behavior by a noncommutative power series
via the iterated integrals and we shall give the fundamental
formula expressing the sofution of a differential equation
with forcing térms [19]. This simple formula completely
explains the relationship between ordinary differential
equations and functional expansions. something which has
been sought for a long time. Using this formula, it is
possible to determine the Taylor expansions of the corre-
sponding Volterra kernels with utmost precision [19], [20].

Several methods for computing the Voiterra functional
representation corresponding to a state equation have been
derived in the literature. Among them, the method of
exponential inputs is particularly weil known and allows
the nonlinear transfer functions to be determined recur-
sively. However, the computations involved are often un-
wieldy and seem difficuit to implement on a computer. The
use of nomcommutative series allows us to derive the
Volterra functional series of the solution of a large class of
nonlinear forced differential equations {34}, [35] by simple
algebraic manipulations. In the last part, we present a new
operational calculus for computing the response of nonlin-
ear systems to various deterministic excitations. The calcu-
lus introduced compares advantageously with the method
of association of variables {24]. [t leads to a natural gener-
alization of the well-known Heaviside symbolic calculus for
time-invariant linear systems. This remarkable feature
shows that we have introduced a kind of nonlinear Four-
ier-Laplace transform (19}, [33]. We shall illustrate the
computability of our methods by working out the case of a
simple nonlinear electrical circuit. In this connection. we
stress the fact that the algebraic and combinatorial nature
of our approach fits very weil with the symbolic computa-
tion methods which are now being developed in program-
ming (see {35]). Some other applications related to physics
have been studied elsewhere [22].

[t is worth pointing out that our concepts are intimately
related to the differental geometric methods which have
become mainstays of aonlinear control theory, following
the pioneering work by Hermann {29] and Lobry [38] (for
the connections with Volterra series, see Brockett (6], Lesiak
and Krener [36], and Crouch [11]). For a detailed explana-
tion the reader is advised to consult the presentation of
realization theory in [21].

L ANALYTIC CAUSAL FUNCTIONALS

A. Heuristic Introduction of the Noncommutative Variables

The following systems, called bifinear systems,' have
been studied for some fifteen years:

(0= o+ & 4 000

im}

y(t)=2q(e).

(L1)

'They are also called internally bilinear systems, regular systems. or
affine systems.

555

The state g belongs to a finite-dimensional R-vector space
Q; the imitial state q(0) is given. The mappings
My, M,---.M,: Q—Q.and \: Q — R are R-linear. The
inputs u,," - -,u,, are reaj-valued and, for the sake of sim-
plicity, are assumed to be piece-wise continuous.

Thanks to the well-known Peano-Baker formula (cf.
Gantmakher (23], p. 127), the output y of system (L.1) may
be expressed in the following way:

v(r)=Al1+ ¥ i M-

'>°jo-""j'-0

;\I{/.o‘/otdf r‘ a dé.'o q(o)

(12)

The iterated integral [y d§; - - - d§; is defined recursively on
its length:

£(r)=r, s.-(f)-fo'u,.(o)do, i=leem
[#5=5(), =01, m
[0 g, de, = [Q 'dg, (1) fo "4t - ds,
[([ttte) e im0

[(,l:dg’.-u"'dgj.,)“i(f) dr, ifj,=1i.

t
0

Now introduce the finite set X'={xy,x,, -, x,}. Re-
placing each iterated integral [yd§; - - - 4§, in (12) by the
corresponding sequence x; - - - x; we obtain the following
expression:

g=M(0)+ L XL AM--

230 jgur-fp=0

Miaq(O)xj,' X

1.3)

This is a series in the noncommutative variables x; € X.
The noncommutativity of the variables reflects the fact that
the permutation of indices in an iterated integral changes
in general its numerical value.

Example: Taking u,(r)=¢* we find

¢ o t¢+2 " ,u-z
[)dsodsl = m and };dfldfo =53
They differ iff e =0.

The series (1.3) characterizes the input-output behavior
of system (L.1) in exactly the same way as do rational
transfer functions for time-invariant linear systems.

B. Some Elementary Algebraic Structures

The algebraic structures that have appeared in the fore-
going paragraph will now be defined more precisely.

The finite set X = (x4, x," - -, Xx,,} is called the alphaber.
[t generates the free monoid X*, the elements of which are
finite sequences x, - - - x; called words. The product is the
concatenation:

(% e ) =X, e
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The neutral element is called the empty word and is de-
noted by 1.

The length (wj of a word w € X is its number of letters:
|xgXixo| = 5. The length of the empty word 1 is zero.

Let R(X) and R«X» be the R-algebras of formal
polynomials and formal power series with real coefficients
and in the noncommutative variables x; € X. A series
5 € R« X» is noted

s=Y {(s,w)wjwe X*},

A polynomial is a series with at most a finite number of
nonzero coefficients (s, w). Sum and (Cauchy) product are
defined by

si+s3=L{[(s1,w)

sz-z{[wgw(shuxsz,u)

C. Definition of the Functionals and of the Generating Series

where (s,w) € R.

+ (55, w)] wlw € X*)

wwe )

Under some condition of convergence, we associate with
each noncommutative series § € R « X» a causal functional
(Le an input-output behavior) by replacing each word
x, --+x; by the corresponding iterated integral [jd¥, -
dg;, (ct‘ Secuon [-A):

(l' Uy, 7um)

=(g.)+ L i (g,x

v30 jo, rjp=0

[

(14)

We assume that the series (1.4) is absolutely convergent for
r and maxg ., . Ju;(7) (i=1,---,m) sufficiently “small”.
This is verified if the coefficients satisfy the following
growth condition: there exist X, L > 0 such that

(g, w)l < K|witL™. (L.5)

It can be shown that to distinct series of R« X» there
correspond distinct functionals. Therefore, the following
definition is valid. A causal functional is said to be analytic
if, and only if, it is defined as in formula (1.4) by a
noncommutative formal power series which is called the
generating series of the functional.

Remarks. (i) Causality means only that the value y(¢) of
the functional depends of the inputs u;(r) for r < ¢.

(ii) The notion of an analytic functional has already
been given various meanings in the literature (cf. Volterra
[52}, Hille and Philips {30}, etc).

(ui) If the output is vector-valued in R*. one should take
an s-uple of generating series.

The notion of analytic causal functional generalizes in
some sense the nouon of an analytic function. In order to
illustrate this assertion. consider a generating series g €

« X'» which is exchangeable: if ©, denotes the symmetric
group acting on the set (0,1,---,»), g is exchangeablc iff
forany s € &, (g.x, M") (8.x;,--x,). e, iff
the coefficients do not depend on the ordcr of the van-

ables. A simple computation then shows that

fds,.,,, s d, =8 (1) 8, (0).
UG g,
The value of the functional is given by
L (goxdaboxbe)go(0) (0" £, ()"
gk, - k0
= I (exbabeoxb)ieg (00"
Koy kyo -* k30
(1.6)

This is the classical Taylor expansion of an analytic func-
tion in the “ordinary” variables §,(¢) =1, §,(),- - -,§,,(¢).

D. Rationality

A formal power series s € R« X» is invertible if there
exists s~' € R« X» such that ss~'=s"'s=1. This is the
case iff the constant term (s,1) is not zero. We can then
write

s=(s5,1)[1-5]
where s’ € R« X» and (s’,1) = 0. We thus obtain

( l) [1 ] 1) k >OS .
A subalgebra R of R« X» is said to be rationally closed iff
the inverse s™' of any invertible s € R again belongs to R.

The R-algebra R « X» of noncommutative rarional power
series is the least rationally closed subalgebra of R« X»
which contains the polynomials R{X).> This means that
any r € R{(X)) is obtained from a finite set of polynomi-
als of R(X) by making a finite number of additions,
(Cauchy) multiplications, and inversions in a given order.

The fundamental property of the rational power series is
the so-called Kleene-Schiitzenberger theorem. If End(Q)
denotes the set of endomorphisms (i.e., of R-linear map-
pings Q = Q) of a R-vector space Q, a (linear) representa-
tion u: X* — End(Q) is a homomorphism of the free monoid
X* in the muitiplicative monoid of End(Q), i.e., if w,w' €
X, p(ww') = p(w)p(w").

Theorem I.1. (Kleene-Schiitzenberger, cf. [49], [(16],
[44]). A formal power series r € R« X» is rational if, and
only if, there exist a finite-dimensional R-vector space Q,
an element y € 0, and a R-linear mapping 4: Q — R such
that

r=L{(An(w)y)wiwe X*).

It is then obvious that the series (I.3) is rational and we
can state:

Corollary 1.2. A generating power series corresponds to
a finite-dimensional bilinear system if, and onmly if, it is
rational.

Thus correspondence is analogous to that between finite-
dimensional time-invariant linear systems and rational

*The notion of noncommutative rational power series is due to
Schuwzenberger (49].
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transfer functions. This gives a realization theory for bilin-
ear systems {17}, {31}, (44] which makes use of an extended
Hankel matrix [16].

E. Shuffle Product

Take two systems with the same inputs and consider the
product of the outputs, i.e., the multiplicative parallel
connection (Fig. 1). If the two systems may be defined by
generating power series, is the same true of the composite
system?

First we have to introduce a new and very important
operation called the shuffle product, written w. We define
the shuffle product of two words of X recursively on the
length:

lul=l, VYwe X*,
Vx X, € X,

wul=luw=w
Yw,w' e X*

(xw)u(xw’) = xj[wm(x]’.w’)]+ X; [(xjw)lu w’] .
(L7)

The shuffle product of two words gives a homogeneous

polynomial of degree equal to the sum of the lengths of the
words.

Examples: (1)

cfwxk =" (nxk

; Pk nxk).
(i) xqX W Xy = XqX Xy + XXXy + X3 Xg X,

The shuffle product of two series s,,s, € R« X» is de-
fined by

51w sy = T {(51, %) (520w ) Wi wawy wy € X},

With the addition and this new product, the sets R{ X)
and R« X» become commutative, integral R-algebras with
unit 1.

Remark: For the reader who is more mathematicaily
oriented, let us add that the shuffle product may be viewed
as a very natural operation in the framework of Hopf
algebras (cf. Sweedler [50)).

The well-known formula for integration by parts allows
us to write the product of two iterated integrals in the
following way:

([fa8,- 8, )( [1a6,- dss
-};’dgj'(f)[(/o'dgl_’_'. .. dslo)(j:d&.' .. dgko)l
+ [0 ’dg,‘_(f)[( };'dgj’. . dgjo)( jc;rdfk'_' . d&,‘o)].
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This corresponds to (I.7) and we may state the following
result., essentially due to Ree [43]:

Theorem [.3. The product of two analytic causal func-
tionals is‘again an analytic causal functional the generating
series of which is the shuffle product of the two generating
series.

Remarks: (i) One can show that the shuffle product of
two rational power series is again rational (19]. Therefore,
the product in the foregoing sense of two bilinear systems
is again bilinear.

(ii) The additive parallel connection of two systems de-
scribed by generating series is obviously given by the sum
of the series. The cascade connection may aiso be com-
puted in terms of noncommutative variables (cf. Ferfera

(13D.

II. FuNCTIONAL EXPANSIONS OF THE SOLUTIONS OF
DIFFERENTIAL EQUATIONS WITH FORCING TERMS

A. The Fundamental Formula

The search for a functional expansion of solutions of
differential equations with forcing terms is a classical prob-
lem in engineering as well as in physics. Since previous
attempts have almost exclusively used Volterra series, a
brief analysis of the existing literature is postponed until
the next chapter.

Consider the control-linear system

2(1) = @)+ £ (1) 4,(9)

=y
y()=h(q).

The state ¢ belongs to a finite-dimensional R-analytic
manifold Q. The vector fields dg, 4, *, 4, @—TQ
(TQ: tangent bundle), the output function h: @ — R are
analytic and defined in a neighborhood of the initial state
¢(0). Readers who have not worked with vector fields will
understand what this means in the language of a local
coordinates chart ¢ =(q',---,q"). The vector field 4,(q)
is then a first-order linear differential operator

(IL1)

—a—k‘ jgo’l,...‘m
dq
where the % RY — R are analytic in a neighborhood of
q'(0), - -,q(0). The first line of (II.1) may be rewritten in
the more classical form

h'
4,(q)= X 85(q",---.q"
k=i

g*(1)=0§(q"--,q¥)+ L u(0)6(q", - -.q"),
=i

k=1,---,N. (I12)

The next theorem generalizes Grobner's work (26}, (27]
on free differential equations.

3If the reader is oot familiar with differential geometry, he will not lose
very much of the meaning by assuming that the state belongs to some R”.
But, since we do nced the modern notion of vector fields, we refer to the
aumerous textbooks oa differentiable geometry, for exampie, Arnold [1].
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Theorem [I.1: The output y of system (IL.1) is an ana-
Iytic causal functional of the inputs u,,---,u, given by the
generating series

m
g= h.q(0)+ Z Z A/g”

730 jouruyy=0

: A/.h!q(o)xl.' X

Jo’

(11.3)

The bar |, indicates evaluation at ¢(0). Taking into
account the fact that vector fields are differential opera-
tors, the notation 4, -+ 4 /'h mea.ns the iterated derivative
of & with rcspect WA, A, * The inverse order, of the
sequences x, - - - X, a.nd A -+ A; should be noted.

Because of its 1mportancc, we wﬂ] call (I1.3) the funda-
menial formula. Before giving its proof, we will illustrate it
by some exampies. )

Remark: In this survey paper we consider only continu-
ous-time systemns. Normand-Cyrot [41] has recently intro-
duced a discrete-time analog of the fundamental formula
which gives birth to as rich a theory as in the continuous-
time case.

B. Examples

(i) Free Differential Systems
With Grobner [26], {27}, consider a system without in-
puts

{4’1(!)=Ao(q)
y(1)=h(q).

Using formuia (I1.3), we find

)= ¥ Aﬁhlq«n{:{ = ¢"“hl -
a0 )
This is a familiar formula in the case of a linear differential
system.
(ii) Commutative Vector Fields
Suppose that in system (I1.1) the vector fields commute,
i.e., that the corresponding differential operators commute:
A;A;. = A.A . This is usually expressed by writing that the
Lie brackers [A;, A;]=A;A.— A, A, are zero. Formula
(I1.3) says that the generating series g is exchangeable (cf.
Section 1.C) and (1.6) becomes
)= L AfpAl - Alrhle
Kookye oK

(D (0
kolk)! -k,
(cf. Grobner [26], [27]). No use of iterated integrals is then
required.
(iii} Time-Varying Systems
Consider the system

m

Z “i(f)Bi(’vq)

=]

()= By(1.0)-
Lo =sir.0)

*The derivative with respect to a vector field is called a Lie derivative in
differential geometry.
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which is identical to (I.1) except that the vector fields
By, B,,"--.8,. and the output function b may depend
analytically on time. As usual we reduce it to an autono-
mous system by adding one dimension 4°

g°()=1, 4¢°0)=0
g(t) = By(4°,9)+ Z‘ u(¢)B(4°.q)
y(1)=b(q".q).

By applying (I1.3), we are led to-introduce the new vector
fields

3
Golt.q) =3 + By(1,9)

C(6,q)=B(t.q), i=l.- m.

The corresponding generating series is

m
§=bliot L L G Chlgox, %,
»30 jo. =0
where 7(0) = (0, g(0)).
(iv) Bilinear Systems
Consider again the bilinear system (I.1). We choose a
basis for the finite-dimensional vector space Q where g =

(¢',+-+,q"). The corresponding vector fields are
3
aq'
Az(4)=(‘ll»' qu)'M/ ,  J=0,1,---.m
2
ad
where ‘M; is the transpose matrix. Wrmngk (A A )
the oulput function h is h(g)=A,g' + - +)\Nq"’ Be-

cause of the transposition, (I1.3) gives once again the series
1.3).

C. Proof

The proof of the fundamental formula is essentiaily
algebraic and generalizes that of Grobner [26), [27] on free
differential systems. We will only sketch it and omit the
part concerning the convergence which uses the same
majoring series as Grobner. For more details, see [19].

First consider m +1 formal vector fields (i.e., formal
first-order linear differential operators)

N

d .
A/a Z ajk(ql'....qN)__k. j=0.1.---,m
k=1 aq
where the 6 & R[[q q™1] are formal power series with

real coefﬁcxems, in the commutauvc variables ¢',---,¢".
The 4,’s act in an obvious way on any element of
R([¢',---,¢¥]} We must now introduce the R-algebra
R{q',---,g¥]]« X», ie., the set of formal power series in
the noncommutative variables x; € X, but with coefficients
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in R{[q',---.q"]]. Addition and shuffle product (and also
the Cauchy product) are defined in a completely analogous
way.

f)cf‘me the application \: Rlg'.---.q¥]1 -~ R{q'.---.
g¥ N« X» by

h=A(h)=h+ L L A -dhxx

1o I o
v320 joy - jp=0

where the right-hand side is a kind of noncommutative Lie
series.

Lemma I1.2. If hy,h, € R([¢",---,q" ]}, @, ER one
can write
Alayh, + agh,) = A A+ aa A ()

A(Rhy) = A(R)wA(hy). (1L.4)

Proof: Only the equality (II.4) requires a proof. It
follows from

Ao A (hhy)=A, - A, (kA hy+hydhy)

which reduces to (1.7) defining the shuffle product. )
As an application, consider an efement of R([4',- - -,q"]]
h= Z hc..-~~,a,(ql)¢" .. (q‘V)"M.
G'."',ﬂ”>o
We get
A= T Ry [A(g)] - w[A(g¥)] 4

g, ay >0
(1L5)

where W a, means the power a, with respect to the shuffle
product.

Take local coordinates as in (II1.2) and set (k=1,---,N)
FO)=¢* 0+ L T 4, 4,9%@
»30 jo. - jo=0

[o ‘dg, -+ g, (IL6)

HO)=hlgg+ L L Ajo"‘Aj.h'«O)/:df;.“‘dfjo'

»30 Javdp =0
(IL7)

We have to show that the quantities g% and y defined by
(IL.6) and (I1.7) do satisfy the equations (II.1). Because of
formula (IL5), it is clear that y(¢) = A(q'(¢),- - -,q*(1)).

Consider now the derivative with respect to time of an
iterated integral. We get

d [
&[4

“i(‘)j;'dfl.-("‘dgm» ifj,=ie(l, --.m).
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We are now able to derive the two members of (I1.6)

~

qk([)=[6;1q10\+ Z Z

a320 9, e =9

x
A, 4,06 0

.j;'dg.. - dE,,

+ Z ”1(‘)[0}’«0)"' Z Z ‘4/':.'”’41.01"(‘4(0)

= a30 jg. /g =0

Once again, because of formula (IL.5), we obtain

g4 =65(¢'.a")+ L u(085q" - .q¥).
=
This is the required expressions. °

D. A Noncommutative Symbolic Calculus

The practical computation of functional expansions and,
in particular of the generating series, is not a simple matter.
We propose here a recursive determination of the coeffi-
cients by a fixed-point method.

Equations (I1.2) are equivalent to

g (1) =q"(0)+f'94‘(q‘(f).- -+,q¥(r)) dr
0

+ L [u(nak(g(n)-q(r) ar.

=
By hypothesis, the Oj" and the output function h are ex-
pandable in Taylor series around the initial state g(0)
which we may take as the origin of the coordinates. To a

function such as

a(q‘,-'-,q"’)= Z a,,,..,,”(ql)a""(QN)”
cl;."’.ﬂv)o

associate

ua‘(s!'“'v-rv)z Z aa.."-.a,,(sl)ma‘m”'u'l(siv)mcv
alv"'-a.’l>0

where s!,---,s¥ € R« X» are power series with constant
3 .

terms such that Ztr,h'..._,"(s', 1)® - - - (s¥,1)®~ is convergent.

The very meaning of the variables x4, x,---.x,, Wwith

respect to the iterated integrals shows that system (IL1) is
equivalent to

o m o
gk =g (0)+ x 8 (8", -+ )+ L %05 (a', - 0Y)

im]

(11.8)

There exists one and only one (¥ +1)-uple g',---,g%, g
solution of (IL.8), which is obtained by iterations.’

5In the R-algebra R « X », consider the two-sided ideal ( .X) of the power
series with zero constant terms. The sequence ( X), (X)%,---, defines a
fundamental set of neighborhoods of zero and thus a topology where
R« X» is a complete metrizable space. System ([1.3) defines a contraction
and it is then possible to apply the fixed-poiat theorem (for more details,
see {19]).
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The following examples will, we hope. illuminate these
rather terse explanations. They will also be employed in
Section V. ’

Examples:

(1) Consider a linear stationary system

m

g(t) = Fq(1)+ Z u, ()G,

i=]

y(t) = Hq(t).

The state ¢ belongs to a finite-dimensional R-vector space
Q and g(0) = 0. The G; are elements of Q; the mappings F:
Q@ —Q, H: Q— R are R-linear. With the foregoing nota-
tions, we get

q(r)=F/:q(f) dr+ i Gif()'ui(r)dr

=

and, if ¢ = (¢',---.¢")

,(gl!' : _'gN)‘I,'xol(gl'. ”!gN)+ Z Gixi

i

g‘: H’(gl’. . .,gN).
It follows

m
(] -Fxo)‘(gil"”»g”) = Z Gixr

im

and

g=H(1- Fxo)_l( i Gix,.).

i=l
Since we know that the matrix transfer function is
H(p=F)""(G,--,G,)

we see that the generating series is equivalent to it up to an
elementary change of variables.
(1) Take again the bilinear system (I.1). We get

q(z)-q(0)+f0’(Modr+ 3 u.-(r)zvffdr)q(r)

whence

‘(Ql-‘"»G”)"I(O)‘P(M,,xo-i- > M,.xi)'(g"...'gﬂ)
1=
gaxr(gl’...'gh’)
and
o=4(1- £ 345 a0
j=0
=N(0)+ Y L AM, - M q(0)x, ---x,

30 jorcfp=0
which is again the series (1.3).

(iii) Consider the Duffing equation, which is well known
in nonlinear mechanics

o)+ ap(e)+ @y(e)+ by’ (1) = 4 (1).
The corresponding integral equation is

y(1)+a‘/:y(r)d7+w2L'd1L'y(c)do
+bj:dfj:y’(o)do
=j:drj:u,(a)do+ﬂt +a

where a and 8 are two constants depending on the initial
conditions: a= y(0), 8 = y(0)+ ay(0). Hence the generat-
ing series of y satisfies

g +axeg + w'x3g + bxj(guw g g) = xox, + Bxy + .

Remarks: (i) Practical computations will be given in
Section IV.

(i) In (22}, one will find an application of the noncom-
mutative symbolic calculus to give an explanation of heur-
istic computations made by physicists by means of the
Fourier transform in a nonlinear setting. This confirms the
fact that the noncommutative variables do generalize some
properties of the Fourier-Laplace transforms.

III. VOLTERRA SERIES

A. Definition and Relationship with Generating Series

Volterra series are today the most popular tool when one
deals with functional expansions. Recall that Volterra in-
troduced at the end of the last century the following
regular functional expansions (cf. Volterra [52], Léevy [37)):

kot [la(m)u(n) dr
+ [ [l m)ulm)ul(m) drydm

R +/:.../a"k’(,”...,,|)

‘u(m)e-u(n)dr-dm+ - (IIL.1)

where the limits of integration are fixed once and for all.

In order to take into account the time evolution, a
time-varying integration limit is introduced and one gets
the so-called Volterra series

y(t;uy) ='Wo(‘)*’j;t“’\(’a"'l)“("\)df\

t £ v
-P:()j;Wz(t,‘rz,n‘,)u('rz)u(_yl)d.r:drl

t T 53
+...+fj’ ...f WJ(I'TI’...’Tl)
00 0

cu(r)--u(n)dr--dr+ -0 (112)

There are several ways to define the kernels w,:
—In (II1.2), we used the triangular version where ¢ > 7,
2 >TZ;TI>07
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—2A very current way is to use symmetric kernels

Aesm) =wi(0)+ ['wile,m)u(n) d
..;.f' [wi(t.mom)uln)uln) drdr,
2-0

r e 14 ,
‘:..“+ff”.fwf(t’ff’.”"rl)
070 9

cu(r)eu(r) drs - dry+ -

where w; is 2 symmetric function of the variables r,-- -, ..
The passage from one form to the other is classic.

Remark: As usual the input is assumed, for simplicity,
to be one dimensional.

Roughly speaking the study of Volterra series may be
divided into three main classes: multidimensional
Laplace-Fourier transforms (see Sections III-D and IV for
details and references), differential geometric methods (see
[ntroduction), and approaches related to functional analy-
sis (see, e.g., Halme {28}, Gilbert {25}, De Figneirodo and
Dwyer (12], Sandberg [46], (47]). Among the numerous
attempts to apply Voiterra series let us quote the recent
and original ones to nonlinear oscillations and Hopf bifur-
cations (Chua and Tang (10], Tang, Mees, and Chua [51]).

In fact there is a closed and perhaps unexpected reia-
tionship between Volterra series and generating series.

Theorem [I1.1. The triangular Volterra series (1I1.1) de-
fines an analytic causal functional if, and only if, for any
5 >0, the kernel w,(t,1,---,7,) is an analytic function of
the variables r,---,7,,¢ in a neighborhood of the origin,
such that the radius of convergence of wy,wy,- -, w,," " -,
are bounded from below by a strictly positive quantity.

Proof: Expand w,(¢,,,---,7) not with respect to the
variables ¢, 1, - -

STbut -t T =T, T T
LACE SR
— a'ucn — al a
- )3 (t=7) (r=m)"re
$. 30y ", oo a laa!
Qg @y » 0 * a’. a|.a°.

(11L.3)
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A simple computation shows that to the word xgrx, - -
x3x,x3" corresponds the multiple integral
[ A ) ) )
./0.0 o al- - alay!
<dr,- - dry.

s

Hence we can associate with (1I1.3) ‘the generating series of

Ruxy, x»
L e

ag .2, 30

Remark: As Volterra had already ooticed. series (IIL.1)
may be considered as a functional generalization of Taylor
expansions (cf. [52], {37]). On the other hand. a Volterra
series (III.2) where ¢ is not fixed once and for all is
certainly by no means a Taylor expansion, although this
has often been asserted in the literature. It is in fact a
perturbative expansion with respect to the product of the
inputs. In a future publication, it will be shown that for
causal functionals, generating series have a natural inter-
pretation as Taylor expansions.

B. Application of the Fundamental Formula

Consider again a system analogous to (IL.1) with the
exception that we take a one-dimensional input

f‘?(‘) = do(q)+u(t)4,(q)
Ly()=h(q). (111.4)

The determination of the Volterra series giving the output y
has a long history beginning at the end of the fifties mainly
with Barrett (2] and George {24] and culuminating with
Lesiak and Krener [36] to which one should compare what
follows (in this large time interval, let us mention for
example Waddington and Fallside [53] and Parente [42]
among papers we have not already quoted). Theorems IL.1
and IIL1 yield:

Proposition II1.2. The output of system (II1.4) may be
expanded in a triangular Volterra series (II1.2) where the
kernels are analytic functions given by

a PR | &
2,50y 77 X' X Xg"- ®

t'
v A
wo(t)= 3 Ashlq«»,, =e'"%h|
»30 :

wlhm)= L APA AGhl g

Vg 1 3 0

= e'll‘oA‘e("ﬂ)th'q(o,

z

70: 71, 72 >0

wy (6,7, 7)) =

- - e e o e e o . wn - -

ws(!vfj,"'vfl)s Z

vg 9, 30

(¢

APAATA AT )

AQALAG -+ A AGh| 4 "
s

- f‘)"f"o

iy !
v].yo-

(t=m) " (m-m)"me
7217, 17!

- s > ww we ww wm = e s - o wn e - -

(t=r) o n

= e’l"o,{le('z"lMoAl v Ale("f,)"ohlq(o).
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As for the fundamental formula. we will not dwell on the
question of convergence. More details are to be found in
Lesiak and Krener [36].

C. A Variant

If x and y are two noncommutative variables a well-
known by-product of the so-called Baker-Campbell-
Hausdorff formula gives (cf. Bourbaki [4], p. 59)

e*ye =Y -Vl—!ad;y.
»30
The operator ad is defined recursively on »
adjy=y
adly=(x,y], where[x, y]=xy— yxis the Lie bracket
ad;"'y =[x, ad}y].
With obvious notations, we may write

exye—x = ead,y.

We deduce a variant of the formulas of the foregoing
proposition which was stated in [20] in order to solve a
singular optimal control problem.

Proposition III.3. The output of system (IIL4) may be
expanded in a triangular Volterra series (II1.2) where the
kernels are analytic functions given by

A .
Wo(t)= e‘ °h|q(o,
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Obviously the same change could be made with the for-
mulas of Theorem III.1.

D. Some Remarks on Transfer Functions
Consider first the linear stationary system

y(:)-fo’wl(z-f)u(r)df
where

(=)
wl(l—‘r)a E a, !
»30 :
is an analytic function. From Theorem IIL1, the corre-
sponding generating series is
E a.xc;Xl
v>0
when the transfer function is
a

14

v20 P !
This confirms the relationship between Laplace transforms
and noncommutative variables.
Consider now the homogeneous time-invariant system in
triangular form

T LT 2
y(,)-Lfo '/; w(t=1,7=1_,
‘u(r)--u(n)dr--dry.

WH=T)

L.
w(t,m)= 3 ;;'(ddf,A,AOeM"h'q(m

y30

= (e*viod, e oh|

w(tmm)= L

Iy !
Yorry 30 VO‘PI‘

1 . )
(ad"':‘oA‘)(adf:‘AOAl)eMohlq(O)

= (e%nud, )40, ) e doh| )

z

[IRERN A X R

1 » b
PRl (ady A))- -~ (adlr, A))e™ o]

= (e“d'lﬂoA,)' .. (e‘d',duAl)elA"h'q(m'

Remarks: (i) In those formulas, the Volterra kernels w,
are expressed with respect to 7,7, --,7,,¢ and not, as
before, with 7, , = 7,---,t — 7,. Notice that we do need
Lie brackets to give the precise expression.

(i) We know (Grobuer (26]) that e“h| o, = |, . where
q, is the point reached at time ¢ by g satisfying § = Ay(q)
with the initial condition ¢(0). Hence we arrive at the
following formulas where the derivations are taken with
respect to g(0), i.e., w.r.t. the dependence of g, on the initial
condition

wo(t) = h(qx)|q10)
wy(t, ‘*’1)’"(end""’Aﬂh(‘l:)!q(m

wa (1, Tay )= (eﬂd"“’Al)(end':"’Al )h(qt)|q(0\

W8T ) = (€70 A, ) - - (€55t A ) (G| g

With respect to t—1,,7, = 1,_,,"**,1, — T, 7, time-invari-
ance implies that w, is independant of ,. Corresponding to

the Taylor expansion

= L

(t=m)%-- ("’:“’1)‘“
W o=
@y, -.a,»0

1o a,!
LARERY: N

ay,;ona,

we get the generating series

Z a-t‘.w.a,x(‘;’xl te XS‘:('.
ay,- .a,»0
It is equivalent up to an elementary change of variables to
the regular transfer function introduced by Miwzel and
Rugh [40] (see also Rugh [45]) which is here

1 1

a‘!-""“x a,+1 e a+l
ay,--,a,30 s P
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Those transier functions exhibit some remarkable proper-
ties: they correspond. to a bilinear system iff they are
recognizable (cf. (14]), iLe, of the form P(p,---,
2)/Qu(py)- - Q,(p,) where P.Q,,---,Q, are polynomi-
als. As noted in (18], this property may be seen as a direct
consequence of the theory of noncommutative rational
power series.

Remark: There are at least three types of high-order
wransfer functions one can introduce:

—the symmetric ones corresponding to symmetric Volt-
erra kernels (see Section V),

—the regular ones due to Mitzel and Rugh and which
have a very natural interpretation thanks to noncommuta-
tive variables,

—the multidimensional Laplace transforms of the trian-
gular Volterra kernels with respect to the variables =, - -,
7, (Section [II-C). Until now they do not seem to have
attracted any attention. One should certainly select the
type of transfer function according to the problem one is
interested in.

IV. DETERMINATION OF VOLTERRA SERIES

When the input-output behavior of a system described
by state equations is of interest, a representation, generally
the Volterra functional representation of the solution of the
state equations, is needed. Several methods have been
developed in the literature for determining the kernels or
the associated transfer functions based om classical sym-
bolic methods (cf. Brillant (5], George (24], Bedrosian and
Rice (3], Bussgang, Ehrman and Graham (7], Chua and Ng
{8], [S)). Among them, the method of exponential inputs is
particularly used. After briefly reviewing this method, we
describe a new technique based on generating power series.
This approach has the advantage of allowing more easily
the use of a computer. This becomes necessary as soon as
one tries to obtain high-order terms. The two methods are
illustrated by analyzing a simple nonlinear circuit.

A. Exponential Input Method

A convenient analysis method of evaluating the nonlin-
ear transfer functions is the so-called “exponential input”
method which is considered in this section (Bedrosian and
Rice (3], Chua and Ng (8], [9}). Following those papers, we
will consider, unlike Section III, stationary Volterra series
where the time interval of integration is unbounded

H0) = [T )ule =) ¢
+j(;m};:h1(r._.,r,)u(t-r,)u(l-f-_.) drdm +
.,.); /0 j; Ro(my, 7o)

-[Tu(e=1)drdr---dr,+---.

-

(Iv.n)

The input u is one-dimensional. [t is well known that,
without loss of generality, the kernels can be assumed to be
symmetric. In fact any kernel o,,(7,- -, 7,) in (IV.1) can be

363
replaced by a symmetric one by setting

1
) = L
n all permutanons
of 7oy
The multiple Laplace transform of the nth-order Voiterra
kernel n >0

H,(S.w'ws,.)=f:--'f:hn(fn'“-f.)

-exp( = 8,7 = 5y7 - —5,7,) dry- e - dT,

is called the nth-order transfer function. Since A, (7, - -,7,)
is symmetric, so is H,(s,," - .s,)-

Thus the output of a nonlinear system in the form (IV.1)
entails the determination of Volterra kernels A, (7, - -.7%,)
or similarly the nonlinear transfer functions H,(sy," - -,5,)-

To this end, let the input u(¢) be a sum of exponentials
u(t)=e + et + o et

where s, 5,,° - *,5, are rationaily independent.® Then (IV.1)
becomes

+o k

k k
y(t)= Z 2 2 Z Hn(sk,:skx:"'fsk,)

nel k=l ky=l k=l
-exp((s,"+s,‘:+ ks )] (IV2)

[f each 5; occurs in (s, - ,5,, )m, times, then there are
nl/(m!my!---m,.!) identical terms in the expression be-
tween brackets.

Thus (IV.2) can be written in the form

W)= T E e B (50, 52,

! 1...
aml mmimyt o my

exp(sy + 1o 5 )

where m under the summation sign indicates that the sum
includes all the distinct vectors (m,,- - -,m,) such that

k
Zmian.

Note that if my=m,=---=m, =1, then the amplitude
associated with the exponential component exp(s, + - - - +
se)t is simply k!'H(s,---,5;)- This suggests a recursive
procedure for determining all the nonlinear transfer func-
tions from the equations defining the behavior of a system.
Rather than a general formuiation we apply the method to
the simple nonlinear circuit (Bussgang, Ehrman, and
Graham (7]) of Fig. 2 consisting of a capacitor, a linear
resistor, and a nonlinear resistor in parallel with the cur-
rent source ().

The nonlinear differential equation relating the current
excitation i(¢) and the voltage v(t) across the capacitor is

The number s,, £5.- - -, 5, are said to be rationally independent il there
are no rational numbers ay, @y, - ., such that the sum a3, + axs,
+ oo +a, s, is cational.



- K’.vz
i(#) (i) v j kv "}l
! . = v
L =
Fig. 2.
given by
%‘}+k,u(z)+k2u2(x)=i(z). (Iv.3)
A single exponential excitation is first considered

i(t)=e".
Equating the coefficients of e* on both sides of (IV.3) after
the substitution of (IV.2) for v(z) we get
(s+k)H (s)=1.

Thus for the specified circuit, the first-order Volterra trans-
fer function is

H‘(S)=s+k"

To determine H,(s), s,) let us take
i(t)=e + e
and identify the coefficient of the term 2!e‘1*2*_ after the
substitution of (IV.2) for v(¢), in both sides of (IV.3). We
obtain
(sy+ 537 k) Hy (51, 57) + ko Hy(51) Hy(s2) = 0.
This yields A,(s), 5.) in terms of H,(s)

Hi(sy,5,) ==k, H\(5,) H (5,) H (5, + 5,).
Similarly, the third-order nonlinear transfer function is
obtained by injecting a mixture of three exponential inputs

i(t)=es + e + %

and equating the coefficients of 3le!*' ™2+ on both sides
of (IV.3)

2
Hy(s),55,55) = "‘3‘[1{2(%32)”1(-’3)“"Hz(sz,SJ)HI(Sx)

+ Hy(s,,5) Hy(s2) | Hy (s, + 5, + 55).
Repeating this process indefinitely gives higher order non-

linear transfer functions in terms of lower order nonlinear
transfer functions.

B. Generating Power Series Method

In Section III-A. we have derived the relationship be-
tween functional Volterra series and generating power
series. Here, we describe an algorithm for finding algebrai-
cally the generating power series associated with the
solution of a nonlinear forced differential equation. The
equation we are going to consider is

Ly(r)+ i piy' (1) =u(1)

i=2

L= ):1— =1

(IV.4)
=0 ar'
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or, in its integral form
ooy fy(f,)d'rl+1,,_ fd‘rq/' y(7)dr
+ e "'Ioj;dfnj; d-r,,[) d'r.,---d-rzfﬁ'y('rl)dfI
- fo d, }; “dr,_,

d"lfoz)’i("l) dm

.. d‘x’zf0 :u(‘r,) dn
(IV.5)

if we assume zero initial conditions.
Let g denotes the generating series associated with y(t).
then (IV.5) can be written symbolically as

m
1+ Z lx”")g+x3 Y pigvmrrix
j=0 i=Q

where gu‘ corresponds to the nonlinear functional y(z).
This algebraic equation can be solved iteratively, follow-
ing the recursive scheme

E=g+ gyt by, (Iv.6)
with
= -1
(l+ le"”) x§™ ',
i=Q
and

n-1 -!
g,=(l+ Z Iixo-i) xg
i=0
) ZP:‘

=l

z

(2R 2 RN

g,wg, w

+l""

..tug'l.

This formula shows that the computation of g, requires the
shuffle product of expressions of the form

Rn(xo)xsz(xo)xx T lep(xo)
where R;(x) (j=1,--+,p) is a rational series in the single

variable x,. Decomposing this into partial fractions allows
us to consider only the expressions

--x,(l—aqx,,)"',

pEN, (i=0,---.q).

(1- ‘Joxo).m”‘\(l - alxo)-mxl

Finally, if we note that

(1=axy) P =(1-ax,)?7"

+a(l —axo)-'xo(l-axo)-"-”
we only need to compute the shuffle product of noncom-
mutative power series of the form

(1= agx) ™ 'x, (1= 8yx0) 'x;, -+~ x, (1= 2,%) ™"
i, €(0.1).

This results from the following proposition.
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Proposition [V.1. (cf. [34]). Given two goncommutative (IV.7) gives
power series | afugy

-t -1 -

3f = (1=agxy) " %, (1=ayx)” x, -~ x, (1-a,xy) - [gf’".‘ci,(l-apxo)—lmg‘i'l]-‘,,

=g?! - - -
af -"i,(l a,%,) +[g{’“u.|g§"xl,q(l-bq"x,,) l]x,-,

and - -
B . . 1—[g("xi’(l—a?x°) |uxg'-j“xl-'(l-bq.'c,,) ‘]a;xo
g =(1=byxy) " x, (1=byxg) " ;- x, (1= b,%)

+[g?"x,-'(l—a,xo)-‘mgz"xj'(l—qu,,)"]qu,,.
Thus we obtain
where p and g belongs to N, the subscripts iy, - -,i,, ? -
J1»~ "+ 1Jq10{0, 1) and a;, b; 1o C; the shuffle product is give; (gfw gi)[l (a” * bq)x"]
by induction on the length by =(gfu gi“)x,ﬁ(gf’“w §)x,

sfugd=(sfwsd™)x, [1-(a,+b,)x,] " QE.D.

" - Using this proposition, g, is obtained as a finite sum of
+(gf "Jgi)xf,[l"(ap"'bq)xo] expressions of the form

with (1= “oxo)—hxl(l - av‘o)-mxl cexy (= “zxo)-h-

(1=axg) "' w(l=bxy) "' = [1=(a+b)x,] " (IV.8)
The expansion (IV.6) is “equivalent” to the Volterra
series expansion of y(¢) (cf. Section III-A). The algebraic

=-‘gg":c,'(l-bq.wc,,)_I

For example, if we choose

-1 -1 -1 closed-form expression of triangular Voiterra kernels can
=(]- (1= x (1- .
gi= (1= agxg) "y (1= arxg) ™ x, (1= a3xo) be easily deduced from it since the expression (IV.8) is a
and symbolic representation of the i-dimensional integral
-1 -1 .
gz"(l—bOXo) .l'j,(l"blxo) /0‘_’; ”'fflfa:o(t-fi)'” ’5:«(1-2_1-') a‘:i(rl)
e 0 (1)) (1vs)
- - ~u(n)--ul(r)dr---dry (IV9
1w gy = [1-(ag+b9) %] l4“:'.[1'(“l"’bo)d"o] lxi, l l
- . where
[1=(ay + 85)x] xj.[l“(“z*bl)xo] (p—l)
- - p—1 .
+[l-(ao+b°)X°] lx“[l"(a!‘l“bo)xO] lle fap(t)a 2 {' a’t! eﬂl.
- - =0/
1=(ay+6,)x0] "'z, [1=(ap +by)2%0] !
+[1=(aq "'bo)xo]-l-‘;.[l —(ag+6,)x0] "%, The technique presented above is now used to compute
. ' the generating power series associated with the previous
[t=(ay+6,)x0] "'x;, [1=(ay + 5y)x0] 7" nonlinear circuit. The integral form of (IV.3) is
Proof: Let us consider the formal power series v(t)+k'fr0(f) dr +k2[',,1(,-) d"”fl"(") dr
0 0 0

-1 -1
gf = X (l=a,x L ..
{=qf ‘v( » o) where we assume a zero initial condition.

and Thus for the specified circuit, the generating power series

g =g xj’(l _ quo) - is the solution of the algebraic equation

g +kyxog + kyxogug =x,
Their shuffle product is given by

or
- -1 - - -
af lX,'[l+aP(1-a’xo) xo]mﬁ lxi. g =~ ky(1+kyxo) " xo[qual+ (14 kyxe) "'x,.

-[l +b,(1=b.%,) ' ] This equation is solved iteratively by a computer program
W17 %%0) %ol (cf. [32], [35]). We obtain Table I, where the symbolic
where we use the identity notation

-1 - N i
(1-axy) ™' =1+a(l-axy) 'x,.  (IV.7) a a a,_, a,’

Applying the definition of the shuffle product and equality iy, e, €(0,1)
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(T+agxq)” lJc“(l + a,x,,)'lx,.2 e
(1 + an—lxt))-‘xl,,(1 + anxo)—l

Remarks: (i) The expansion in Table I is “equivalent” to
the Volterra series expansion of the solution up to order 5.

(ii) Viennot has recently informed the authors that he
has found a combinatorial interpretation of the previous
computations which should make the programming much
easier.

V. SymsoLic CALCULUS FOR THE RESPONSE OF
NONLINEAR SYSTEMS

Our next objective will be to show how the Volterra
series can be used to determine the output of a system
subject to various deterministic excitations (steps, slopes,
harmonics. etc.). In the linear case. Laplace and Fourier
transforms are systematic and powerful tools of opera-
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tional calculus. A direct generalization of these techniques.
to the nonlinear domain, leads to muitidimensional Laplace
and Fourier transforms; but the computation based on
these is often tedious, even for low-order Volterra kernels.
and seems difficult to implement on a computer. An alter-
native method presented here, based on commutative vari-
ables and on the properties of iterated integrals, leads to a
simple nonlinear generalization of Heaviside symbolic
calculus and to an easy implementation on a computer. It
is compared with the association of variables introduced by
George [24], that we shall now briefly review.

A. Association of Variables

If the Volterra kernels are known for a system, then the
output y(z) for a given input u(s) could be obtained.
However, as for linear systems, where the use of Laplace
transform allows one to develop a powerful operational
calculus, one can introduce here the multiple Laplace
transform. Indeed, let us consider the “nth-order output”
corresponding to the Volterra series (IV.1)

()= [7 7 [h(rmen)

-u(t—mn)---u(t—1,)dr---dr,.
Introduce a set of artificial variables ¢,, z5,- - -,¢, so that

0 0 -]
y(,)(fnfz,“',t,.)=£ j(') fo ho(T Ty, -+ 01,)

cu(ty—1) - u(t, =7 )dr---dr, (V.1

and
)',,(I) = y(n)(tlv Iy, vtn)lt,-(z,-----l'

Then, taking the nth-order Laplace transform of both sides
of (V.1) gives

Tl 50) = Hulsv -5 1 UGs)

where U(s;) is the usual first-order Laplace transform of
the input. Thus, as in the linear case, the convolution in the
time domain corresponds to the muitiplication in the
frequency domain.

Now, assume that the nth-order Laplace transform of
y(n)(ll' t2" : 'Jn)v Y(n)("l"‘?." ) .':n) is given and }',,(f) is
desired. Obviously, one can perform the nth-order inverse
Laplace transform of Y,,,(sy, $3,°* *,5,)

y(n)(tl’xl'. ) "tn)

1 9, ~ joo ) + joo
- f f‘ Yo (510 -50)

Q) Yo-im o= je

B L g d!‘ e dsn

(v.2)

and sett, =, =--- =7, = However, this computation is
often unwieldy. In order to bypass this difficulty, George
[24] developed a method whereby the ¢; variables could be
set equal or associared without leaving the transform do-
main, leading to a one-dimensional Laplace transform
Y,(s). Indeed, let us consider a two variables transform
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Yp(5).5,). setting f, =¢, =t in (V.2) yields

Yot ty)
0y + j0 a3, - /=
Y (5, 5,) € ds, | e ds,.
”U[ Oy = j¢ [2‘"’/};. -jx= (')( ! -) ‘1 -
Changing the variable of integration s, to s =5, + 5, Zives
Yt t) =
l o + /= _1_ A - (s=39)¢ 3 4o
Zﬂj‘[a:—/cn [Zﬂjj;'-jq, Y(Z)(s SI’SZ)e ds|e 2
or, by interchanging the order of integration
)’(z)(‘lvfl)
1 foy+jeef 1 o+ jon
- — " Yo (s —5,,5,) ds, | ds.
[ [ Tats e

Thus the associated transform Y,(s) is

h(s) = [

377 ). (V.3)

(2)(3 $5,54) dS,.

Similarly, ‘a transform of any order can be reduced to a
first-order transform by successive pairwise associations.
For example, let us consider the third-order term
1
(s +sy+sy3+a)(s,+a)(sy+a)(s;+a)’

Using (V.3) to associate the variables 5, and s, yields
1
(s, +s,+a)(s,+a)(s,+2a)°

Then associating s, and s, results in the first-order trans-
form

1
(s+a)(s+3a)’

The procedure for computing Y,(s5) from Y,,(5;,52," ",
s,) is called association of variables. Although an explicit
formula for performing the associating operation in a wide
class of Laplace transforms has been obtained in the
literature (see Rugh [45] and the references herein), this
technique has seldom been used. The main reason for this
situation seems to be the tedious manipulations involved
and the difficulty in decomposing them on a computer.

B. Noncommutative Symbolic Calculus

Using the noncommutative generating power series, we
develop in this section a symbolic calculus for computing
the response of nonlinear systems described by (IV.4) to
various deterministic inputs (steps, slopes, harmonics, etc.).
Such computations may be of interest in order to get
nonlinear distortions. To this end we show that integrals of
the form (IV.9) can be expressed in terms of “elementary
functions” for a specified set of functions u(¢).

Let the input u(¢) be an analytic function

t"
u(t)y= 3 Um oy -
n30 .
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Define the transform (known as the Laplace-Borel trans-
form) of u(¢)

= L 4w

n>0)

QHU)

(This series may be regarded as the generating power series
associated with u(r) since
. f rd‘r1 )
o

ln 4 Ta Taee i
== [dr,["ar,_, [
n. Jy 0 0

Then we can state the following result (33]:

Proposition V.1. The integration (IV.9) defines an ana-
lytic function, the Laplace-Borel transform of which is
given by

(1= “o-‘o)—h-"o{gumm(l - alxo)" Xo

‘[gu(:)m e xo[gumm(l -a,.:co)°"]- - ]} (V4)

Thus it is simply obtained, by replacing each indeterminate
x, in (IV.8) by the operator xo[g ¢, ]

This results in a single variable transform (i.e., the
Laplace-Bore! transform) and thus the shuffle product
appears as an operation which implicitly takes into account
the technique of association of variables.

Proof: Let f(¢) and f,(¢) be two analytic functions,
8sn and gy, their corresponding Lapiace-Borel trans-
forms. Based on the results in Section III-D, one can first
state that

8fnmar = Yodf (v.5)
and
8 roxsun = Sl 8po. (v.6)
Now, let us consider the expression
(1=agxe) "%\ (1= ayxy) " (V.7

which is the symbolic representation of the integral series

Z (p°+"—l)aofd-rf f df,f u( 1) f2 (1) dny
(v.8)

where
0= £ (P 7o flan [lan o [P

is the inverse Laplace-Borel transform of (1-—-ax,)~".
Following (V.5) and (V.6), the Laplace-Borel transform of
(V) is

Y {(Po "‘:-l)a,’,'xg}xo[gu(,)m(l—alxo)-"]

n>»0
=(1- aoxo)-“xo[gu(,,m(l - “lxo)-p']~

Thus it is simply obtained by replacing the indeterminate
x, in (V.7) by the operator x[g,,u ]

The proposition (V.1) results from repeated application
of this rule to the expression

(1=80%0) " x,(1=ayx0) "'xy - x (1= ai%0) ™. @
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TABLEIl
LAPLACE-BOREL TRANSFORM OF SOME FUNCTIONS
u(c) (Baqe)
umit step |
a! °
a={ i PR
( f K:‘—,da‘:"}“ a - uo)-u
i=Q 77
cos (we) ( « uzx:)“

Now, assume that g, is the rational fraction
(l-—axo)-’
that is, u(r) is an exponential polynomial of the form
p-1 o
p—l)a/t/ at
u(t)= .ol le
(®) (jgo( J J!
then, the simple identity
p—1
- -1\ -
(1—axy) =} (p ) )a’(l—axo) :
j=o\ J

xo(1=axg) " 'xg- - xo(1=axy) ™"
Jo 0) o fo 0

J ti::m

and Proposition (IV.1) allow to derive a closed-form ex-
pression for (V.4) as a rational fraction. The corresponding
time function, that is, the value of the integral (IV.9), then
results from the decomposition into partial fractions of this
rational fraction. The same technique applies when g, is
a general rational function, regular at the origin. Let us
note here, that to compute the response, one only needs to
know the Laplace-Borel transform of some common func-
tions (Table II).

In order to illustrate the use of this rule, consider again
the nonlinear system shown in Fig. 1. Its response to an
input i(t) derives from Table I by

(l+k1xo)"xo[g,(,,ml]
=2k, (1+kyxg) "' xo (14 2k,x0) "' xo
- [g,(,,m(l + k,xn)—‘xo[gi(,,m l]]
+ak2(1+k,xo) ' xo(1+ 2k, x0) ' %o

{ gy (14 k,xg) ™ %o (14+2k,%0) ' x,g

: [Qn(nm(l +k|xo)‘lxo[9unm 1”} +-0 (VS9)
where g, ,, is the Laplace-Borel transform of i(¢).
Application.
1) Let us, for example. compute the response of the
system to the unit step
i{t)=1. 1>0.

As the Laplace-Borel transform of the unit step is 1. the
neutral element for the shuffle product. the Laplace-Borel
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TABLE I1I
! o
k0
R Wi Tk o
2
ok 2, Ta ko
2
o o a0t o
1
o W e M e o
-24 “; X3 X X LN
ky Zkl 3k 'Zk: ky Zk‘. kl 0
R k.x‘:Zk:x"Jka(’ngD}kaQZKl‘:l& 2,
3
AN kl’unx"ekl "SZH’*.:"”OZH":H *
R P P P P
TABLEIV
1
2 5 * ju
1k T Tiee 0 25
1
ik T e %,
T T ke ”’zgoju "g¢z_ju LRI
’% g 3 * K ¥K‘+ju ‘CZKOju’bk.tzju g
7k T R T L
4 5 W %o Tk Pagen kT g
2 L S BV A RV
e X ’“zg x’:g ﬁzg_q«."’v{;zp" ju
14 T T F e T
7 Tk Do Pagese® ok 0 -ge

+ complex conjugates

transform of v(r) is given simply by replacing each.varia-
ble x, in the generating power series g by the variable x,
(Table III). Then. by decomposing into partial fractions,
we get the original funcuon

k, .
v(¢) =kil(1 - e”‘“)—ﬁ-(l-Zk,te“""-e‘z"")
i

+ -ll-z-;- [2+(1- 2k, —2ki1?) e~k
1

—2(1+2kt) e = g ] 4 ...
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2) Let us now consider a harmonic input (3] E Bedrosian and S. Rice. “The output properties of Volterra
svstems driven bv harmonic and Gaussian inputs.” Proc. [EEE. vol.
) PR 59. pp. 1638~1707. 197L.
i(t) =coswe=5[eM +e™],  (>0. (4] N. Bourbaki. Groupes et Algebres de Lie. Paris. France: Hermann.
= 1972, ch. 2 and 3. T
Iis Laplace-Borel transform is (51 _!\:l.edirxlp{:a;xt.3 4511'1[2905? and analysis of nonlinear systems.” MIT RLE
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1 .
o(t)= PEIpE: [-k‘e""i-k‘cosm +wsinwt]
__k’ Vo 2 k
¥+ =sinwre™ " = —
e )[k. @ Y
k, 4 k- w?
+ ==

~ -k,:+ e-Zk,l
2 | k(K +d0?) k‘(k,z‘i-.wz)z

2[2kweos wt = (k? = w?)sinwt]
m(k‘2 + wz)z
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"lk7 -"3 ezj“"
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1. INTRODUCTION

In this paper, we are concerned with solving algebraically the forced non linear
differential equation

Ly + 1 aiyi = u(t)
where L is a linear differential operator with constant coefficients. Several pa-
pers have been written about the use of multidimensional Fourier or Laplace trans-
forms for the solution of such a differential equation (see for example, Lubbock

et Bansal [1]); but the computations based on these are often tedious and seem
difficult to implement on a computer.

The use of a new tool : non commutative generating power series [2] allows us to
derive, by simple algebraic manipulations, a functional expansion (i.e. the Vol-
terra series) of the solution. The symbolic calculus introduced appears as a natu-
ral generalization, to the nonlinear domain, of the well known Heaviside's opera-
tional calculus. Moreover, by using symbolic computation systems, like REDUCE or
MACSYMA, it leads to an easy implementation on computer; this becomes necessary
as soon as high order approximations are desired.

2. A SIMPLE INTRODUCTIVE EXAMPLE.

Let us consider the nonlinear differential equation

() = Ay (t) + Ay(t) u(t) Q)
where y(t) is an n-dimensional vector and Aj, A, are square matrices (equations of
this form are called, in control theory, bilinear). Both sides of the differential
equation (1) can be integrated to obtain

t t
y(t) = y(0) + A, [ y(opdoy + Ay [ utep) v(op) doy @
o o

This expression can be solved by repeated substitutions. For example,

g

1
y(oy) = ¥(O) + Ay(©) |

[o}

a1
dcz + A1y(0) Jo u(cz)da2
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can be substitute into (2) to obtain

t t

2 g t g1
y(t) = y(@Q) + Aoy[O] Jo dc] + Aoy(O) IO dc:1 Jo doz + AOA1)'(O) jo dc:1 Io u(cxz)dcy2

t t

t a1 2 a1
+ A1y(0) Io u(c11)do1 + A1Aoy(0) jo u(c1)do1 Jo doz + A1y(0) Io u(cr1)d.<:r1 JO u(cz)doz

Repeating this process indefinitely yields the well known Peano-Baker formula :

1 t
YO =y@ ¢ T L A A A YO | dg s (3)
V20 JgsdqseeendyT0 7V 1 0 o v o
t
where the iterated integral J dgj ...dgj is defined by induction on the length by
0 \Y (o]
t
£, (D) = t g0 = | u(ae
)
It t T
dg. ...dE. =J de. (1) I dg. ...dg.
o v Jo o v o Jv-1 Jo

If we denote by the letter Xy the integration with respect to time and by the let-
ter x, the integration with respect to time after multiplying by the function u(t),
(3) can be written symbolically in the form :

:
9=y + ) L Ay Ay AL Y(O)X; ...
V30 josiqseee3 =0 v 1 Jo i, e

g is called the non-commutative generating power series associated with y(t). Of
course, this is a non-commutative series because

Jt T t T2
dt f u(t,)dr, # I u(t,) dt J dt
o 1 o 2272 o 1 1 o 2

that is, X X, # XX,

3. NON COMMUTATIVE GENERATING POWER SERIES

let X = {xo,x1} be a finite alphabet and x¥ the monoid generated by X. An element
of XX is a word, i.e. a sequence x. ...xj of letters of the alphabet. The product
of two words X ...x; and X, ...x, is tl?ne concatenation x. ...X.: X oeeXp - The
neutral element' is cagled the empty word and denoted by 1. Avfomgfi po&er slé?'ies

with real or complex coefficients is written as a formal sum

g= 1 (g,ww, (g,W) e RorcC
weXX
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Let 9, and g9, be two formal power series, the following operations are defined :

Addition g1 +9;,= L [@yw) + (@wW)w
weXX
Cauchy product 91 -9, = Y Y (gq:%9) (95,W;) 1w

x =
weX WWo =W

A series g is invertible if and only if, its constant term, (g,1) is not zero.

Shuffle product gqwg, = y wzexx (@1:w) (gg,W)w uw,
1°72

The shuffle product of two words is defined by induction on the length by

lwl = 1
¥ xe X, Twx = xwl = x
¥x, x'eX, Vw, w'eXx, xw) w (x' W) =x[wu(x' w)] + xX'"[(wWaw']

This operation consists of mixing the letters of the two words keeping the order
of each one. For example

~— ——1 ~ T 1 | cummmannn ] ~—
X Xy XqX. = X XqXeX + X X X X_ + X XX Xy + XqX XX + XX X X, + X X X X, =
o1 T1%0 0 T1"1%0 011" o170 1 17051% 190701 170 0 1

2 2
Zxox Xg + X X1 X5Xq + X4X XX + 2x1xox1

Let us consider a non-commutative power series g; given a function u(t), g will
define a functional y{t,u(t)} if we replace, following the previous section, the

t
word X: ...X. in g by the corresponding iterated integral J dg. ...dg. . Thus,
J\) JQ o J\) Jo
the numerical value is
1 t
yit,u(t)} = (g, + § v (@sX: vauXx, ) J dE. ...dgj (4)
v>0 jo""’jv=° Iy Jo" Jo v o

g is known as the non-commutative generating power series associated with the func-
tional y. Now, one can state the important result [2] :

Theorem : The product of two nonanticipative functionals of the form (4) is a func-
tional of the same kind, the generating power series of which is the shuffle pro-
duct of the two generating power series.

4. DERIVATION OF GENERATING POWER SERIES

In this section, we describe an algorithm for finding algebraically the generating
power series associated with the solution of a nonlinear forced differential equa-
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tion. The equation we are going to consider is

m -
Ly(e) + 1 a;y (t) = u(t)
i=2
di
i I

N CORERD (5)

n
L=} s

i=o
or, in its integral form

t T
drn J n dr

t t T
y(t) + 2__ J y(ty)dt, + 2 __ j dr I y(r,)dry+...+ 2 J
n-1 o 1 1 n-2 o 2 o 1 1 o] o

(e}

T2 ? t "n T2 i( d
.o dt [ y(t,)dr, + a. J dt J dt__,...dr J y (tq)dt, =
2 o 1 1 j=2 T g Mg n-1 2 o 1 1
Jt Th TZ
= dt J dr__,...dr J u(t,)dr (6)
o nj, n-1 2 o 1 1

Here we assume, for simplicity's sake, zero initial conditions.

Let g denotes the generating power series associated with y(t), then (6) can be
written symbolically

n-1 .

n-i

m
g + jzo 1%, 9t xg 121 ajQuw...wg = X X,

i times
where gw...wg corresponds, according to the previous theorem, to the nonlinear
functional yl(t).

i times

This algebraic equation can be solved iteratively, following the recursive scheme

with
g, = X
1 iZo i%o o 1
and
a7 eahThe § )
g, = - + 2.X X . a. g wd w...wg
n i=o 1° 0 j=2 1 vtV e tvi=n V1 7V2 Vi

To have the closed form expression of’gi, one only need to compute the shuffle
product of non-commutative power series of the form

-1 - -1 .. i
(1-ax) xi1 (1-a;x) 1xi2...xip(1—apx0) s igaigseessip ef0,11.

This results from the following proposition [3].
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Proposition 1 : Given two formal power series

-1 -1 -1 -1 -1
gg = (1-a0xo) xi](l-a1xo) xiz...xip(1-apxo) = g? xip(l-apxo)

q . 1o -1 _ -1 _ -1 _ g-1 _ -1
95 ¢ boxo) xj1(1 b1xo) sz...qu(1 quo) 95 qu(l quo]

where p and q belongs to N, the subscripts i1,...,ip,j1,...,jq to {0,1} and ai’bj
to C; the shuffle product is given by induction on the length by

-1 -1
gfua3 = (@fugy ) Ko 17 Gp * Do)

-1 -1
* 97 mgg X3 [ - (ap + bq)xol
p
with (0 -ax) T w( -bx )V =11 - (@ab)x 17" .
[o] (o] o]

Using this proposition, g. is obtained as a finite sum of expressions of the form
propo i

Pq -
x1(1 - ajxo)

o i
x1...x1(1 - aixo)

] -P
(1 -ax) (7N
Now, it can be shown [3] that this expression is a symbolic representation of the
n-dimensional integral

Jt JTi jrz fpo(t ) fpi'1( )fpi( Ju(rq)u(ry)...u(r;)dr,d dr; (8)
vee =T:)oee TH=T T4 JUlT4jUlT ee U\ T:)JAT4dATH...AT.
oo o 3 i a;_¢ 2 Vra i 1 2 17712 i

where p-1 ( j1)
Pre) = - Jpdyett
fa(t) ( JZQ —RJ-'T'— a’t’)e

Thus, what has been shown to this point is that for the nonlinear forced differen-
tial equation (5), it is possible to derive algebraically a functional expansion

of the solution y(t). (Functionals of this form are known, in control theory, as
Volterra series). In the next section, we show that integrals of the form (8) can

be expressed in terms of ''‘elementary functions'' for a specified set of function u(t).

5. A SYMBOLIC INTEGRATION METHOD.

Let us consider an analytic function u(t)

n

t
ut) = § u ——
mo M M
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and define the transform (known as the Laplace-Borel transform)

- 1oy
807 mo "n%o
(This series may be regarded as the generating power series associated with u(t)
since

n t T T T
-—]—t =I dr Jndr In-1 [2 dr.)
n! o M g n-1 o o 1

Then, we can state the following result [4]

Proposition 2 : The integral (8) definesan analytic function, the Laplace-Borel
transform of which is given by

1 PoL (g wllrax ) Tt (g w(l-a.x ) 11...13 (9)
(-aoxo) x g w a1x0) X l9,w...x g %o

Thus, it is simply obtained, by replacing each indeterminate X4 in (7) by the
operator xo[gum.].

Now, assume that 9, is the rational fraction
- -P
(1 - ax))

That is, u(t) is an exponential polynomial of the form

: J¢d
j at at
1) e

Pil
t) = ————
U( ) (j=o (p_ J!

then, the simple identity

(1-ax )P = ?21 (p21) aJ(1—ax°)"xo(1-a.xo)“xo...x°(1-axo)‘1
j=o f 1 1
j times
and the proposition 1 allow to derive a closed for (9) as a rational fraction. The
corresponding time function, that is the value of the integral (8), results then
from its decomposition into partial fractions. The same technique applies when
9y is a general rational fraction, regular at the origin.

6. EXAMPLE.

Consider the nonlinear differential equation

—gtL +ay + By® = u(t)

or its integral form



y(t) +a jt y(ode + 8 |

o

where we assume a zero initial condition.

Thus, the generating power series

g *ax g + BX gug = X4

or

t 2
y (t)dt=
Q
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u(t)dx

g =-8(1 + axo)“xogwg + (1 +ax) ',

This equation is solved iteratively by a computer

-2

+4

+12

-144

+48

+144

+432

+288

+864

+1728

.

I S S

.y

Xo

X0

X0

X0

X0

X0

X0

X0

2 X1

2 X1

2 X
2 X1
2 %o

2 %o

2 Xo

2 Xo

where, for example, the symbolic notation

T2 1 X5 2% Xy

stands for

x1

x)

X1

Xy

%o

x}

x1

X1

Xo

X0

X0

is simply the solution of

program. We obtain

2 X1
2 X1
2 X

2 X

4 X1

2 X1

2 o

s *1

4 X1

X1

x

X

x)

x1

X1

x1

X1

X1

X0

x1

x1

xy

X1

x1

X1

X1

x1

Xo

x1

x

X1

x)

x1

X1

X1

X1

x)

X1

x1

3

X1

x]

X1

X1

x1

X1

X1

x]

X
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22801+ ax ) T (1 + 20x ) Tk, (1 * ax ) 'x
o] o] o] 1 “o 1

Now let us, for example, compute the solution y(t) when u(t) is the unit step
u(t) =1 t>0

As the Laplace-Borel transform of the unit step is 1, the neutral element for the
shuffle product, the Laplace-Borel transform of y(t) is given simply by replacing
each variable X4 in the generating power series g by the variable Xy

Then decomposing into partial fractions, we get the original function :

ym = 1o -emh

- 83 (1 _ Zaté-ut - e'z(lt)
a
2
+ B 12+ (1-zt-22%tH)e™ - 2(1r2at)e O - 0T 4,

a
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ALGEBRAIC COMPUTATION OF THE STATISTICS OF THE SOLUTION

OF SOME NONLINEAR STOCHASTIC DIFFERENTIAL EQUATIONS
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This paper presents an algebraic method for computing the statistics of
the solution of some stochastic non-linear differential equations by
mean of the Volterra functional expansion. The symbolic calculus intro-
duced, based on noncommutative variables and iterated integrals has the
advantage of allowing easily the use of symbolic computation systems,
like REDUCE or MACSYMA, to perform the manipulations. This becomes ne-

cessary as soon as one tries to get high order terms.

I. INTRODUCTION

Volterra or Wiener functional series has been widely used in the study
of the statistical properties of the output of nonlinear systems with

a random input. They have been introduced by Wiener in 1942 [10] for
nonlinear circuits analysis. Since Wiener's early work, many authors
have dealt with the subject. Among them, the papers by Barrett [2] and
Bedrosian and Rice [3] are of a particulary importance. But the diffi-
culties involved in obtaining the terms of the series and in performing

the required integrations reduce the interest of the method.

Recently, a new approach of causal functionals was proposed, using non-
commutative variables and iterated integrals [4]. In this approach, the
input/output behaviour of a nonlinear system is represented in termes of a
formal power series, called the generating power series. There is, in
fact, a strong relationship between Volterra series and noncommutative

generating power series. The present paper shows how to use this series



to determine the statistics of the output of some nonlinear systems
driven by a white Gaussian noise. It is a sequel to amn earlier paper
(71 where'we described an algebraic algorithm for computing the respon-
se of a nonlinear system to deterministic inputs. The symbolic calculus
introduced has the advantage of allowing easily the use of symbolic
computation systems, like REDUCE or MACSYMA, to perform the manipula-
tions. This becomes necessary as soon as one tries to get high order

terms.

II. VOLTERRA SERIES

Let us consider a system described by the Volterra series [8],[9]

n T2
y(t) = ho(t)+f hl(t,rl)u(rl)dtl+...+f f ...f hn(t,rn,...,rl)u(rl)
o o o <)

...u(rn)drl...drn+... (@)

where y(t) is the system output and u(t) is the system input. The ker-
nels h.1 are assumed to be analytic. Their Taylor expansion may be

written

(io,il,...,in)

hn(t,rn,...,Tl) = z hn

i ,1,,000,1 >
1,1, ,1u_0

in i i, i
) (t-rn) (rn—rn_l) ...(rz-rl) T

i te.aigte.li !
n 1 o

with respect to the new variables T Ty T seee,t=Tp .

Each n-dimensional integral
i i i, i
t T T n n-1 1
I f n f 2 (t rn) (rn Tn-l) ...(rz-r]) T

111 (I ]
n “n-1

o]

u(rl)...u(rn)drl...dtn

o
o 0 o

can be shown to be equal to the iterated integral

X ceeX X3 X veeX KyeooeosoossX e
0 o °1 %o o 71 1 %o %
I e et s N i
. . i
o

i
n n-1

where the lettre x, denotes the integration with respect to time and
the letter x| the integration with respect to time after multiplying

by the ‘input u. This is a generalization of the well known formula
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t t T Tz 'l.‘1
(t-1)" n
——ET—— u(t)dr = drn e drl u(ro)dr°
o ) ) ) o
This allow to write (l) symbolically in the form
) 2 2 h(Lo,ll,...,ln)xxnx xllx xlo
g n o "1'"""%0 "170

D20 i ,ip,...,1 20

g is called the noncommutative generating power series associated with
the system. This power series can, as we shall see in a next section,
be derived directly from the nonlinear differential equations governing

the dynamic of a system.

0f course this is a noncommutative series because

t
T 'l'2

|
[ drl f u(rz)drz,# [ u(rl)drl I drz

o o o] (o]

that is X, X, # XX,

III. NONCOMMUTATIVE GENERATING POWER SERIES

Let X = {xy,x;} be a finite alphabet and x* the monoid generated by X.

An element of X* is a word, i.e. a sequence X ...xjo_of letters of the
v

alphabet. The product of two words Xj, %o and xp ...xg 1s the conca-

tenation xjv"'xjoxku"'xko° The neutral element is called the empty

word and denoted by 1. A formal power series with real or complex coef-

ficients is written as a formal sum
g = z *(g,w)w , (g,%) € R or C.
we€X

Let 9, and g, be two formal power series, the following operations are
defined

Addition g, *9,= L. [(g,,W) + (gz,w)]w
weX ~
Cauchy product gy - 9, = ) . [ 1 (gl.wl)(gz,wz)]w
weX" ‘w w,=w
172
Shuffle product gy wgy = Z * (gl,wl)(gz,wz)wlwwz
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The shuffle product of two words consists of mixing the letters of the

two words keeping the order of each one. For example

= ~— r—
KXW X, = XX X Xy XK R X, TR %% Tlxoalfo
[ PR et

+ x]x b xl + xlx X xl
R 0,0 \ 00

2 2
2x°xlxo + xoxlxox| + XXX X, + xlxoxl

Let us now consider two generating power series g, and g, associated
respectively with the output systems yl{t,u(t)} and yz{t,u(t)}.lt can
be shown [4] that the generating power series associated with the pro-
duct

yile,u(e)} xy,{e,u(e)}

is the shuffle product of the generating power series g, and g,.

IV. DERIVATION OF GENERATING POWER SERIES

In this section, we describe an algorithm for finding algebraically the
generating power series associated with the solution of a nonlinear

forced differential equation. The equation we are going to consider is

m .
Ly(e) + [ a,y™(e) = u(e)
i=2

or, in its integral form
t t 12
y(t) + L1 ylrp)dr + Lo I dt, I y(rl)drl
) o

t T T
n 2
LSRRI I A
o f drn f dtn_l...d'r2 [ y(rl)drl
o o o

m t Tn T2 ;i

+ izz a; I drn f dr _l...dtz I y (rl)dr] =
o o 0

t Tn T2

= [ drn I drn_l...drz [ u(rl)drl (2)
) o o

Here we assume, for simplicity's sake, zero initial conditions.
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Let g denotes the generating power series associated with y(t), then

(2) can be written symbolically

ncl n-i n v n-1
g + jZo l.xo g+ x, iZl a;guw...ug = x_ X,
i times

where gw...wg corresponds, according to the previous theorem, to the

i times
nonlinear functional yl(c).
This algebraic equation can be solved iteratively, following the

recursive scheme

g =g *tg,*t .. Fg ...

with
ncl n-i -1 n-1
g) = (‘ * izo 3% ) X Xy
and
n-1 n-i -1 n m
9n = —(l + iZQ lixo ) xo .2 ai z gv mgv SERLY A

To have the closed form expression of g;» one only need to compute the

shuffle product of noncommutative power series of the form

-1 -1
(l-a x ) X. (l-a x ) X,
oo i 1%0 i

This results from the following proposition [6]

-1
2...xip(l~apx°) ; il,iz,...,ip € {0,1}.

Proposition 1 : Given two formal power series

-1 -1 -1 -1
P p-1
gr = (l-a x ) X, (l-a x ) X, ...X. (l—a x ) =g X, (l-a X )
1 o”o i, 170 i, lp p'o 1 1P po

-1 -1
-1
.X, (l-b X ) = gq X, (l-b x )
2 iq g0, LI q70

and
q -1 -1
g, = (l-boxo) le(l-blxo) xj

where p and q belongs to N, the subscripts il""’ip’jl""’jq to {0,1}
and ai’bj to € ; the shuffle produtt is given by induction on the length

by

-1
-1
ghugy = (g?wgg )xj [l - (a, + bq)xo]
7 1q
p=1 g -l
+ (gl wg2>xib[l - (aP + bq)xo]

-1 -1 -1
with (1 - axo) w(l - bx°> = [I - (a+b)x°]



Using this proposition, g;

of the form :
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is obtained as a finite sum of expressions

-1 -1 -1
(l-aoxo) x; (l-a]xo) Xi eeaexg (l-anxo) H i‘,..”inE{OJ} 3
’ 1 2 n

Example 1 :

The technique presented above is now used to compute the generating

power series associated with the nonlinear differential

Its integral form is
t

y(t) + k,

o

where we assume a ze

y(t)dt + k2 J
o

y(6) + kyy(e) + kyyi(e) =

t

ro initial condition.

(]

u(t)

t

yz(r)dr = { u(t)dre

equation

Thus, the generating power series g is simply the solution of

g + klxog + kzxogwg = X

This equation is solved iteratively by a computer program (table 1).

g = 1 X
ky 0
Tk K2kt o
.
ok K Ok Mk o Mk Mo
2
+12 ky kl Xy 2kl Xy “l X, 2k1 X, l‘ xlo
3
Tk AP T oa g Mo
3
-24 kz Zk‘ X, l ‘kl x°2k,‘x‘k,‘ x
3
T M e R
-2 "z.,]"’zk, kl 3&1 zx,”\ 1y
3
R T F e P P P
where the symbolfc notation
xi] xiz N B xin
3 a, qh-1 4

sl
’*n

table 1

€ {0,1}

(4)
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-1 -1 -1 -1
stands for (l+aox°> xil(l+alxo) xiz...(l+an_lx°) xin(1+anx°)

Remark : The expansion, in table 1, is equivalent to the Volterra series
expansion of the solution up to order 5. The algebraic closed form ex-
pression of triangular Volterra kernels can be easily deduced from it
(6], since the expression (3) is the symbolic representation of the n-

dimensional integral

t T T

n 2 ao(t-rn) al(rn-tn_l) an_‘(rz-tl) a T,

ce e e cee€ e uy (Tl)

n
00 [
“eeug (Tn_l)ui (Tn)dtl...drn
2 1

where

(il,...,in} € (0,1}, uo(r) = ] and ul(T) = u(1),

which we shall denote later by

-1 -1 =14t
[(l - aoxo) x; (l - alxo) Xy eeexy (l - anxo) ]
k 1 ) n o

V. A SYMBOLIC CALCULUS FOR THE OUTPUT STATISTICS

In the previous section, we used noncommutative generating power series
to derive, by simple algebraic manipulations, a functional expansion
(i.e. the Volterra series) of the solution of some nonlinear differen-
tial equations. In the following the derived series is used to obtain
closed form expressions for the moments and correlations of the output

of a Volterra system driven by Gaussian white noise.

OQutput moments

Let us consider a zero-mean Gaussian process u(t) with correlation

function

Elu(t)u(r)] = Uzé(t-t)

where § is the Dirac delta function (a process of this kind is usually
called a white Gaussian noise) [l]. The first-order moment of the out-
put Ely(t)] is then obtained by a simple rule on each term (3) of the
functional expansion of y(t). This rule results [5] from the classical
rules of stochastic differential calculus and is given by induction on

the length by



t
a_ (t-7_) n a, (1t -1 ) . aT
o n 1" ' n n-lI nl
- I e dt EU e uy (T ) ey (tpe T odTy drn_l]
2 n
o o
if 1, = (0]
t T
2 a (t-t) n a,(t_~-t ) aT
g o n 2’ n n-2 n 1
(—7-)I e dt [J e ui3(rn_2)...uin(tl)e dr, drn_z]
o o

0 otherwise

In fact, the moment of the output function y(t) can be obtained directly
from its associated generating power series by the following algebraic

rule whichis asymbolic representation of the previous one :

-1 -1 -1
<(l - aoxo) X, (l - alxo) Xy oeeXg (1 - anxo) > (5) -
1 ’ 2 n
-1 -1 -1
= (l—aoxo) xo<(l-alxo) xi2°"xin(l_anxo) > if i, = 0

02 -1 -1 -1
(1r)(l-aoxo) x°<(l-a2xo) xi3...xin(l—anxo) > if i, =i, = 1

0O otherwise

This results in a rational fraction in the only variable x . Its decom-

position into partial fractions and the following lemma give its cor-

responding expression in time.

Lemma : The rational fraction

(1 - ax,) "

corresponds to the exponential polynomial

{Pil (pi,) %E‘j‘}eat :

j=o P71

In order to illustrate the use of this rule, consider again the non-

linear differential equation (4). For the first-order moment of y(t)
we have then



= 2
\g> ‘2(%—)k2 « Xg X9

221
'24(%-) k2 k Xo X0 Xq Xo Xg

02,2 1

-184(32) Kk, xg xo  xq  Xo  x
T ky 2y 3k, 4k, 2k; "o

By decomposing into partial fractions, we get the corresponding time

function :

2 -k.t -2kt
g 1 1 3 1 1
E[Y(t)] = 2('2—)—2*(6 -7 Zklt e )
2.2 -k.t -2k, t -3k, t
g\ 1 [f1.1 1- _ (3 _ 1 ! 1 L]
* 2“( 7 ) k?[(a*zklt)e (Z‘ Ek1t>e * 17 17
1
2\ 2 -k,t - -2k, t -3k.t -4k . t

o 11 1 1 I i 1 1

* “’"(‘2“) ;?[B‘e 7k te - B * 380 m]
1

+ ..

High order moments E[yn(t)]result in the same way from the series

guwg ... wg.
— I
n times

Qutput autocorrelation

In this section, we are interested in computing the output autocorrela-

tion function defined by

Ryy(tl,tz) = E[y(t,)y(tz)]

where y(t) is the functional expansion derived previously. As y(t) is a
sum of expressions of the form (3), we only need to compute the partial

autocorrelation functions

tl T2 ao(tl-rp) aprl
E{(I ...I e . ui‘(rp)"‘ui (rl)e drl...drp)
o o

t T

2 2 b (t,~t.) b T
(J ...[ e © 2 q u., (t . )...u. (rl)e 1 ]drl...dr )] (6)

i a iq q/|

o o
Let us assume t, > tl ; then the second integral may be decomposed as

follows



t, T T
2¢ q 2 b (t,=-7T.) b L
f { . .I e © 2 u, (t )...u. (Tl)e 1 drl. .dt_ =
iy iq
o o o
%,7q T2 b (t,-1.) b T 2 b 1
(f J ..I e © Z q u, (t.) u. (t,)e q ldr .dt )([ e ° ldr )
i 14 1 1 q 1
o o o £y
t T T
1p q-1 2 b, (t, -1 ) b T
1'72 "q-1 q 1 )
+ (f [ ...I i (tq_l) uy (t))e dr, dt 4
2 q
o . o o
2,72 b _(t.,-1,) b, T
N e O 2 20 e lyc de )
P 1972,
L
+
1 b T, Ly Tq T2 b _(t,-T ) b T,
+ e 4 ‘dr ) o] e ® u, (t.)...u, (t)e ¥ 'avr ...d7 )
1 iy q Jq 1 1
o tl t tl
and this leads for the expression (6) to
t T
1 2 a (t,-t) a T
o' 1 'p p !
E[(I ...[ e ui](rp)...ui (t))e d l...drp
o o P
t T t
2 2 b (t,-t ) b Tt 2 b T
([ ...[ e © Z2 g u, (1t ) u. (T])e 1 ldTl ..dT )]E[I e ° ldTl}
1 i e j
1 q t
+ .. l
t T t
+ E l zeao(tl-T )u (t,) u, (1 )eaptldt dt IebqTl
e ite S T | 1° dt,
) o P o
t T
2 2 b (t,-1.) b 1
x E[J . .I e ° Z 4 u, (t )...u. (t,)e 1 1d'rl...dr ]
ip e i 1 q
t t !

where we used statistical independance between integrals over [O,tI]
and [tl,tzl-

Now recalling that the product of two iterated integrals over the same
interval corresponds to the shuffle product of their generating power

series, we derive the following symbolic rule :



+
——
A
—A—
Pamm
1
)
o
L]
o
1
—
»
[

o
PN
]

Y]
L
N’
]
LS
€
—t—
7
—
|
(-
—
L
o
N——
]
—
b
(9
N
b
TN
]
o
=}
E]
o
N—r
]
—
[N——
v
[—
(a4
<™

Example 2 : Let us consider the linear stochastic differential equation
v = - av + u(t) , v(0) = ¢

where u(t) is a white Gaussian process and c¢ is assumed independent of

u(t). The generating power series associated with v(t) is given by

-1 -1
<g> = (1 + uxo) X+ c(l + axo) .

In accordance with (5) and (7), v(t) has mean value
-1
<g> = E(c)(l + axo)
that is E(v(t)) O

and covariance



e

. {<c[(l+ux > l:‘[

() ) -
S E (R R O (S

[T T R Sy A (e I I [ (TS I

0
( -Zatl) -a(tz-tl) —a(t‘+t2)
l-e e

Q

+ E(cz)e

NfQ
Ri N

that is E(v(tl)v(tz)) =

2
If we begin with an N(o,%;

Gaussian process (sometimes called a colored noise) such that

)-distributed ¢ then v(t) is a statiomary

2 -a|t,-t,|
E(v(t)) = 0 and E(v(tl)v(tz)) = %;e 2 1

Remark : The techniques presented in this paper still apply for a ra-
tionally correlated noise input ; for example considering example | in

conjonction with example 2 allows to deal with the nonlinear system
y(6) + kv (e) + kyy2(e) = w(t)

where v(t) is a Gaussian colored noise. The following equivalent non-
linear system with a white Gaussian noise input u(t) is then conside-

red :
v = - v + u(t)

5 = - kyy - k2y2 + v(t).
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Application of a new functional expansion to the cubic anharmonic oscillator
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A new representation of causal functionals is introduced which makes use of noncommutative
generating power series and iterated integrals. This technique allows the solutions of nonlinear
differential equations with forcing terms to be obtained in a simple and natural way. It
generalizes some properties of Fourier and Laplace transforms to nonlinear systems and leads to
effective computations of various perturbative expansions. Illustrations by means of the cubic
anharmonic oscillator are given in both the deterministic and the stochastic cases.

PACS numbers: 02.30. — k

INTRODUCTION

Recently a new approach to causal functionals was pro-
posed using noncommutative variables and iterated inte-
grals.! This algebraic viewpoint enables us to obtain in
closed form solutions of nonlinear differential equations
with forcing terms. This can be done in a very simple and
natural way using the vector fields connected with the equa-
tion. The rules for manipulating noncommutative variables,
where the product is replaced by the shuffle, generalize
Heaviside symbolic calculus to the nonlinear domain, i.e.,
noncommutative variables allow us to extend some proper-
ties of Laplace and Fourier transforms to nonlinear systems.

The aim of this paper is to illustrate this theory, which
has appeared in engineering, by some physical examples.
After some necessary recapitulation, we compare the funda-
mental formula giving the solution of a nonlinear differential
equation with some recent attempts due to Uzes,? Jouvet and
Phythian,’ and Langouche et al.* Morton and Corrsin® used
Fourier transforms for giving the solution of the cubic an-
harmonic oscillator, commonly known as the Duffing equa-
tion. Their computations, which had only an heuristic value,
are completely justified with our noncommutative variables.

The last section is devoted to the study of statistical
properties of the output of the cubic anharmonic oscillator
driven by a Gaussian white noise. Noncommutative varia-
bles give a systematic understanding of the derivation of the
first perturbative terms of the moments and lead to an easy
implementation on computers.®

I. NONCOMMUTATIVE GENERATING POWER SERIES

A. Free monoid and noncommutative formal power
series

Let X * be the free monoid 7 generated by a finite set
X = {xq, ..., x, } called the alphabet. Every element of X *isa
word and consists of a finite sequence x; ---x;, of letters of the
alphabet. The product of two words x; -x;, and x, -x,, is
the concatenation x; ---x; x, --x,, . This operation is non-
commutative. The neutral element is called the empty word
and written with 1.

Let R(X') and R((X )) be the R-algebras of formal
polynomials and power series (ps) with real coefficients and
noncommutative variables x;€X. An element seR((X)) is
written as a formal sum

495 J. Math. Phys. 23(4), April 1982
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5= [(s, ww|weX *}, where (s, weR.

Addition and (Cauchy) multiplication are defined by®
S +s5,= Z{ [(sl) w) + (54, w)]wllOEX"],

we3] 2

wyw, = w

50 il ) Jwluer ).

B. iterated integrals and analytic causal functionals

Let &, &), ..., £,: [0, T]1—R be n + 1 continuous func-
tions with bounded variations. We define the iterated inte-
gral® 54 d§; -d&, (0<t<T)by induction on the length

L'dfj =£(t)-§(0) (=0,1,..,a),

J; ' g, ~dE, = J; d§,~,,(r)J: dg, -dE,,

where the last integral is a Stieltjes integral.

To the inputs u, ..., 4,: [0, T}>R, which are assumed
to be piecewise continuous, one associates the iterated
integral

[[ a8, where 41 =1, &)= [ utoido
0 0

(i =1,un).

Now consider a noncommutative ps geR((X )). It de-
fines a causal, or nonanticipative, functional'® of the inputs
u; if we replace the word x; ---x; by the corresponding iterat-
ed integral f4d€, --d£, . Thus, the numerical value'' is

gy s ) =0 1) + 3 E (8, x;,+x;,)

¥30 joo ees =0

xJ; dE, ~dE,. ()

Such a causal functional is said to be analytic with the gener-
ating ps g.
C. Fundamental formula

Consider the following differential system, which is as-
sumed to be of first order without loss of generality,

4(t)( = dg/dt) = Aolg) + z wlila), 2
t)=hig)

© 1982 American Institute of Physics 495



The state g belongs to a real analytic manifold Q {the initial
state ¢{0) is given]; the vector fields 4y, 4, ..., 4, and the
function A: Q—R are analytic. The inputs (or controls) »,, ...,
u,: [0, T]—R are often forces.

Take some local coordinates chart, where ¢ = (¢, ...,

q ) and
A4 = E 9 k (ql qN) —
/ k=1 ! T aqk

(the 8 ¥ are analytic functions of ¢', ..., ¢"). Recall then that
the first line of (2) is equivalent to

P*e) =05+ 3 w9} (k=1,..,N).
i=1
One can prove that the output y of (2) is an analytic
causal functional of u,, ..., u, defined by the generating ps'2

g=hlg+ 3 2 Adhl%, %, (3)
V30 jop <rr jy = O
[the notation |, means the value at g(0)].

The formula (3) and its proof generalize Grobner’s
work'? on Lie series and free differential equations of the
form g(¢) = 4 (q).

Uzes? tried also to extend Grébner’s theory to get the
solution of forced nonlinear differential equations, using Ga-
teaux—Fréchet’s functional derivatives.'* The latest expan-
sions are really useful if the time ¢ is fixed once and for all. In
the dynamic case, where time varies, they lead to a more
complex formulation than (3). On the other hand, Jouvet and
Phythian® and Langouche, Roekaerts, and Tirapegui* used a
formalized operator which does not give the generating
functional in a simple form. These comparisons, and others
we can make with engineering attempts,'>'” lead us to think
that for causal functionals the natural expansion is done with
noncommutative generating power series.

D. Voiterra series

Volterra series are until now the functional expansions
most commonly used.>*'>'” With only one input, one
obtains

Wt u) = wlt) + J; wy(t, 7y )uylri)dT,

+ J: J: Wt T, Ty (To)uy(7y)dTdT,

oo J: J:' J: Wyt Tgy wuns T (T Jooetty(7)

Xdrdr) + 4)

Kernels here are in a triangular form; hence 137, >+ >7,30.
One can also use the symmetric form
t

Pt ) = i) + f w6, 7y (), +

0
t t
+ L L AU P AT AT !

Xd‘f_, "'df, + ooy

where the w; are symmetric functions of the variables 7, ...,
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7, In each case the kernels are uniquely defined up to a set of
measure zero.

In these expansions, the linear, quadratic, cubic, etc.,...
contributions are separated.

There s, in fact, a strong relationship between Volterra
series and noncommutative generating ps. One can show
that a Volterra series defines an analytic causal functional if,
and only if, for all s 50, the kernel w (¢, 7., ..., 7,) is an analyt-
ic function of ¢, 7, ..., 7.

Consider the differential system

[‘i(‘) = Aolg) + uy(t)4,(g)
yt)=hlq)
of the form (2), with only a single input. From (3), we can get

the output y as a Volterra series (4), where the kernels are
given by'8

tV
wolt) = z Ag hlgo = = e | o),
v>0 v.

=T )7}

wit,r)= Y APAAYh |0 ——
Vv, >0

= M |

wz(t’ T2 Tl)

v vyl

., ) . (t = 7o)y — 7, )7
= Z AgAATAAGh |4 L i

VoV v220

= "4 . el™ — MMy Ie(l = Moy Iq(O)’

valv vl

y o (BT )t
Wt Ty on ) = Y AgdidiAh |y ———

Vonrens V20 Vs !""VO!

—=pT14o (t — 7)dy
=e A,-"A,e h lq'o).

Il. ANONCOMMUTATIVE SYMBOLIC CALCULUS
A. Presentation

The generating ps representing the solution of a forced
differential system can be obtained by a noncommutative
symbolic calculus which generalizes Heaviside symbolic, or
operational, calculus. Rather than a general formulation,’
we apply the method to the cubic anharmonic oscillator, i.e.,
the Duffing equation

) +aflt) +50) +By(e) = uye). ()
To account for the cubic term, we introduce a new oper-

ation on generating ps: we define the shuffle product by in-
duction on the length of words

lml =1,

VxeX, xwml=luox=1x,

Vx, x'eX, Yw, weX*,

(w)m(x'w’) = x[wm(x'w')] + x'[(xw)mw’]. (6)

So the shuffle product of two words is a homogeneous
polynomial, the degree of which is the sum of the length of
the words. For example

XX LLIX 1 Xg = 20X} Xg + XoX (Xo¥ | + X1 XoX Xo + 2X,X5X).
The shuffle product of two generating ps g,, g,€R{{(X }) is
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given by

gig, = Y {(gy, w,)(g wolw,w,|w,, wEX *}.

Consider now the product of two iterated integrals

([ [ ..)

An integration by parts gives

at, o] [ e, e, )( [ i -a)|
QN TR o

This last formula is similar to the definition (6) of the shuffle
product.'® We then have the following important result.
Theorem?®: The product of two analytic causal func-
tionals is a functional of the same kind, the generating power
series of which is the shuffle product of the two generating
power series.
Consider again (5) in the following integral form:

)+ aJ: yirdr + J: de: voyda + 8 J: dr 5 Yio)do

= J: er:u lo)do + at + b, M

where a = y(0) + ay(0) and b = y(0).

The previous theorem and the relationship between it-
erated integrals and noncommutative indeterminates allow
us to write (7) in the following form:

g+ axog + xg + Brogugiig = xox, +ax, +b.  (8)
The algebraic equation can be solved iteratively with the
fixed point theorem, according to the scheme
8i 1 +aXo8; + X38; + Bx38,1g; g, = XoX, + ax, +b.

Noncommutative variables extend some properties of
Laplace-Fourier transforms to the nonlinear domain. In-
deed, with the linear differential equation

J+y=ut)

we associate for y(0) = y(0) =
above, the generating ps

8 + X3 = XoX),
g =(1+x3)"'xpx,,

which is analogous to the classical transfer function
(p* +1).

0, by the method described

B. An example of functional expansion

Consider again Eq. (5), seeking for small 8 a perturba-
tive expansion of the form

Yt =yolt) + Byilt) + B polt) + -
Inaquoted paper, Morton and Corrsin,’ to this end, used the
Fourier transform. This is heuristic because there is no sim-
ple relationship between the transform of a product and a
product of transforms. After briefly reviewing their work,
we show that our noncommutative symbolic calculus justi-
fies it rigorously.
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Making use of harmonic analysis, the authors write y
and u, in the form

. ) 1 (+7T .
)= ;Y(m)e with Y ()= i J’_ . yt)e = dt,

+T
ut) =y Ujwle™ with Ujw)= Z_IT.J. u e~ “ds,
@ -7

where [ — T, + T'] can be very large. Equation (5) becomes
(1 = 0? + icw)Y (@) + BYYS Y(w—-0)Y (0 -0"Y ("
=U\(0)

o

r
(1-o’+iaa)Y @) +8 3

@) + 0+ 0y =0

Y)Y (0,)Y (@,)

= U,(w).
Terms of the perturbative expansion

Y(o) = Yylo) + BY (@) + B zyz(w) +

are then
Yoo) = (1 — &* + iaw)~'U\(0) = — S(0)U,(@),
Y\(w) =S (o) Z - Yolw,) Yolwo) Yolws),
Nio)=3S) 3  Yo)Yy@)Y o).

Ottty =w
These expressions become more and more complicated. The
use of Feynman type diagrams in which

a straight line (—) represents S (),

a dot (.) represents /3,
a dashed line (---) represents Y(w),

allows us to simplify the manipulations. We deduce the fol-
lowing representations:

Y, &

; — 3 ——-

The one-to-one correspondance between Y, and these dxa-
grams obeys the following rules:

Four elements are joined at each vertex, at least one of
which is a straight line.

There is a factor of 3 associated with every vertex hav-
ing one or two dashed lines entering it.

.............................

So to draw Y, one must take k straight lines and &
vertices, combining them in all possible ways consistent with
the above rules and adding the necessary (2k + 1)Yy’s
(dashed lines).

’ e s e 2 /\
Yoo 2 —a— s 49—
~ ~ ~ ~
a---
\
f’ v
/“\ s J
4 —t— +18 (&<
’I‘\ N
' - "-Q-
\,
N, \,

Let us write the solution g of (8) in the perturbative form
4=0o+ B0 +B% +
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Hence,

8o = (1 + axg + x3) ™ '(xox, + axo + b)
= — 8 (xo)xox, +axo +b),
= § (xo)gotHIGoMIG0,
82 = 35 (xo)gotLIgotuIg,,
which represent them as Y,, Y, ¥, by

go > —=-
"
o —&o-

~

’ ’
’ ’

p e & o = =
8 \\ <\

The connection between three branches corresponds to the
shuffle of three series.?!

IIl. SYSTEMS DRIVEN BY WHITE GAUSSIAN NOISES
A. Generalities

A classical problem of convergence of functional ex-
pansions arises when the inputs are white Gaussian noises.
This happens with generating ps as well as with the other
techniques.

As we will see in the following, it is, however, instruc-
tive to use noncommutative variables. To this end, we must
first give a meaning to stochastic iterated integrals
Sod§, ~df, ,wherethe £, (t) = b,(t) are Wiener processes, or
Brownian motions which, for simplicity’s sake, are supposed
to be mutually independent and standard, i.e., {4,(¢)) =0,
(b¥(t)) = |t|. Tokeep the rules of ordinary calculus and tak-
ing account of approximation properties,** we use Stratono-
vich integrals. 22 If £,(t) = ¢, £;(t) = b,(t ), we set

J: dg, ~dE, = —[: dg‘,.v(r)J: dg,,_ -dE,,

where for j, #0, this last integral is a Strotonovich integral.
It is also necessary to compute the average
(Sodé; ~dé, ) of iterated integrals. The following proposi-
tion can be compared with Wick’s theorem.
Proposition: The moment (f5d¢; --d&; ) of the iterated
integral fod¢; --d£, is given by induction on the length by

(.25,
f d’Udév_."4§n> ifj, =0,
f z U S 'dfj,> if j, =j,_, #0,

otherwise.
Proof The iterated integral

B, = J:dé},"'dﬂo

satisfies the Stratonovich stochastic differential equation
dB;, . =B, _..0,°%

(Forj, =0,i.e.,d§;, = dt, the result is trivial). This Straton-

ovich stochastic differential is related to that of It6 by
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dB,

Jroeeedo

=B | 45, +1dB; -,

where the symbol . denotes the differential in the It6’s sense.
Hence,

B, ;, =B, .4,
+4[B, _,. 5.4  +1dB; _ .d&  ]dE,.

From the definition of the Itd stochastic differentials, we
have

(B;,_...d5,)=0.
Finally, the classical rules of stochastic calculus,
db.db~dt,
db.dt~0,
dt.dt~0,
lead to

(dB

i)
dt
? .(B'v pT )

0 otherwise.

if j, =j, -1 #0,

B. Statistics of the solutions of stochastic differential
equations

Consider again the system (2); here in Stratonovich sto-
chastic form

dg=Adat + 3 4,(q)b,,

i=]
t)=hig).
by,b,,....b, are standard Wiener processes, which are mutu-
ally independent [the initial state g(0) is given]. Applying the
previous rules to the fundamental formula, we get®

0’(‘))-“«;*‘2 (Ao+ ZA )thto»

[exp t(Ao +— z A )]h |00+
Example: The followmg system is described by
dg= (Bo +3 Bidb..)q(t )
i=1

t)=Aq(t).

The state g belongs to R"; B, (j =0, ..., n) and 4 are, respec-
tively, square matrices and row vectors of order N (systems
of this form are known, in control theory, as regular or bilin-
ear systems). We have

sw=a(1+3 3

V30 fose- J‘,= 0

B, B, J dg; - -dg'h)q(O),

hence

0te) =4 [expe(B0+ 3 3 52) g0 o)

i=1

In this particular case, we see that we have convergence and
the formula (9) is then rigorous.?

Figure 1 gives the time expansion up to orders 8 and 12
of the moment (g(t)) where

G+d+q+0,28=b),
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----- Selution by Monte-Carlo method

-——s Time eXpansion up to order 8

Time expansion up to order 12

FIG. 1. First moment of the solution of the equation § + ¢ + ¢ +0.2¢" = b(t) with o* = 5, g(0) = 3, 4(0) = 0.

with g(0) = 3, §(0) = 0.2’ The symbol b is the formal deriva- ~ and
tive of a Wiener process b, i.e., b is a Gaussian white noise. (1 +axy +x2)~"(ax +b)
Here (b(t)) =0, (62(¢)) = 5|¢|.

In the following we study perturbative expansions from = A1 —ax) ™" + 4l — a7,

which we can expect better results. we obtain?®
1 1
C. Perturbative expansions with respect to nonlinearity o= 1 0
Consider the nonlinear differential equation 0 0
Ly+BPp)=b(t) (4(0),J(0), . are given), Y
where L is a differential operator with constant coefficients, 1 0
P a polynomial, and B a small parameter. Here we seek a : T ¥
perturbative expansion for the solution y(t), ) 0 0
i) =yolt) +Byit) + Byt) + . (10) Q1 o0
Techniques using noncommutative variables, shown in the
Appendix, give the ps g; corresponding to the y;: 7 ¥ 7
8=00+B88 +B%q + o= 1 0o 3
g is the generating ps associated to y. From a result analo- 0 1 0
gous to the previous proposition, it is possible to derive the k] >4 T
first terms of the perturbative expansion of (y(¢)) and more 1 0 )
generally of (y(¢)). 0 1 1
Application: We refer again to the anharmonic 3 T T
oscillator 1 0 1
Jrap+y+By=>b(), .
for which we compare our results with those of Morton and rx x
Corrsin® (Fig. 2). The generating ps associated with the solu- 1 Y 0
tion y verifies the algebraic equation 0 1 3
. _ 3 X X X Y
g= —B(1 +axX, + x5)~ 'gugurg Lo s T,
+ (L + axo + x5) ™ '(xox, +axo +b). 01 0 1 o
Setting 6 X X X Y
(14 ax, +x3) = (1 — axp)(1 — ax) L 0 2 ! L
0 1 1 2 1
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3 X X X Y
1 0 1 0
[t} 1 2 3 2
X X X Y X Y
1 0 3 2 2 1 1
0 ! 1 0 1 0
12 X X X X Y Y
1 0 3 2 1 1 1
0 1 1 2 1 0
6 X X X Y X Y
1 0 2 1 1 0 0
0 1 1 2 1 2 1
X X X X Y Y
1 0 2 1 0 0 0
0 1 1 2 2 2 1

For the first moment, we have then

1
=] 1 o0
00
1
o o,
10
% X
= 1 o 3
o1
T %
)
01 )
T 1 X
10
01 2
— X% X
10 o
01 3
12(2'2-2) X X X x x
10 3 2 1 1
o 10 __1_2 o
R x x X x x
i o0 2 1 o o
01 ) |

Figure 2 gives the perturbative expansion up to order 2
of steady-state moment (3?).

IV. CONCLUSION

The functional methods proposed here are mathemat-
ically rigorously correct in the deterministic case, where
they clarify various former attempts. In the stochastic case,
their algebraic nature simplifies the computations of pertur-
bative expansions.
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APPENDIX
Consider the differential equation
Ly +BPp) +5()
with
o . d
L= L, — (,=1
igo dt, ( )
and
P(x)= Z X

j=1

As previously (Sec. ITA), the generating ps associated with y
is given by

(i Iixo-i)g + Xy Bi e

i=0 j=1
. n—=1 .
=x"%+ Y 6ix
i=0

or

g= -(i Iixo—i)— ‘XSB i P8

i=0 j=1

n \N-1 n—1 .
+(z IixO—‘) (xg—lxl + z 81x6)7

i=0 i=0

where §,(i = 0,...,n — 1) are constants depending on the ini-
tial conditions. ]

The expansion (10) is “equivalent” to that of g in powers
of B:

=00 +B88 +B%g +
with

S(ﬂf). —— Solution by Fokker-Planck eguation

""" Perturbative expansion up to order 2
(by formal p.s.) *

.14 —.—. Perturbative expansion up to order 1
(by formal p.s.)

—a+-— Parturbative expansion up to order 2
(Morton and Corrsin)

.08 ) /
;
.
.08 ,'/

.04 W

.02

FIG. 2. Second steady-state moment of the solution of the equation
G+a+q+Bg =0bit), (bt)) =]
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G = ( i Iixo_i) ) I("S “lxy 4 "2' 514‘8)

i=0 i=0
and

w=—(3 ) %5

i=0 i=1

z PrPr,
Kyunnk;
ki 4+ k= k
X Pr, Gk, WG, LI+ 111G, .

To have the rational expression of g;, we need to com-
pute the shuffle product of powers series of the form

(1 —aoxo)—.xi,“ - alxo)-lxi:'"(l - apr)_ L {Al)
Proposition®: Given two formal ps

§ =1 =apxy)'x; (1 —axg)~'x,, =X, (1 —a,%0) ™"
=80""%, (1 —a,x,)""
and

(1 —agxg)™ lxl. (1- alxo)—lxi,'"xi,(l - apxo)-')

(1 —agxo) ™ 'xo((1 = a|xo)_|x1, "'xi,“ - apxo)—l)

§ = (1 =boxo)™'x; (1 = byxo)~ U,y (1= b,x0) ™"
=5¢""%, (1 —b,x)™",
where p and g belong to N, the subscripts / Vreverips Jiyeedq 1O

{0,1},and a;, b; to C; the shuffle product is given by induc-
tion on the length by

S{mS{ =(SfmS ]~ ", [1 —(a, +b,1xo] "
+(S47'mSg)x, [1 —(a, + ;%]
with
(1 —axg)'m(l = bxg) ™' = [1 = (@ + b)xy] .

This shows that g,(i>0) is a finite sum of expressions of
the form (11). To derive perturbative expansion of the first
moment,

(8) = (80) +B(a)) +B%gs) + -,
we should compute
(1 —ao"o)—lxi. 1 -alxo)—lxiz"'xi,(l - apxo)—l>-

This is given (see the proposition of Sec. IITA) by induction
on the length by

if i, =0,

= - aoxo) ™ 'xo((1 —azxo)_lxi,"'xi,“ "'apxo)_') ifiy=i=1,

0

g; is then a rational fraction in the only variable x,. Its de-
composition into partial fractions and the following lemma
give its corresponding expression in time.

Lemma: The rational fraction (1 — ax,) ~* corresponds
to the exponential polynomial

CEE{(pj )gﬁi)dm
Sow-1 f
This results easily from

(1 —axg) =% = (1 + axof ~'m(1 — axy)~".
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AUTOMATIQUE THEORIQUE. — Séries de Volterra et formalisme hamiltonien.
Note de Michel Fliess et Francoise Lamnabhi-Lagarrigue, présentée par Jacques-Louis
Lions.

Regue le 18 juin 1984, acceptée le 24 juillet 1984,

On montre que le développement en série de Voiterra de la solution d’un systéme différentiel forcé s’exprime
de fagon naturelle a I'aide de 'hamiltonien de ce systéme.

AUTOMATION (THEORETICAL). — Volterra Series and Hamiltonian Formalism.

It is shown that the Volterra series expansion of the solution of a differential equation with forcing terms can
be most naturally expressed by using the Hamiltonian of the system.

1. INTRODUCTION. — Les séries de Volterra sont 'un des outils les plus employés par
les ingénieurs pour traiter du non-linéaire (¢f. Rugh [8], Boyd, Chua et Desoer [1]).
Quoique Volterra [11] les ait introduites en liaison avec le calcul des variations, on s’est
assez peu soucié, dans les travaux actuels, de leurs liens éventuels avec la commande
optimale. Pour celle-ci, le formalisme hamiltonien, si important en meécanique et en
physique, s’est imposé avec le Principe du Maximum. Le but de cette Note est de
généraliser une remarque de [4] sur la géométrie symplectique du premier noyau, en
montrant que les noyaux d’ordre supérieur du développement en séric de Volterra de
la sortie d’un systéme différentiel forcé s’expriment naturellement griace aux dérivées
fonctionnelles d’un hamiltonien. Ce résultat, qui semble nouveau en automatique, avait
sans doute été plus ou moins pressenti en physique statistique et quantique (Garrido [6],
Uzes [10]).

2. RAPPELS SUR LES SERIES DE VOLTERRA. — On considére un systéme ou, pour simplifier,
commande et sortie sont scalaires :

{ qg(®)=Ao(g)+u(®)A, (9

y(®=h(q).
L’état g appartient 4 une variété R-analytique Q de dimension finie N. Les champs de
vecteurs Ay, A, : Q— TQ (fibré tangent) et la fonction de sortie h: Q—R sont

R-analytiques. On suppose la commande u continue, c’est-a-dire ue C°([0, T], R), T>0.
Divers auteurs ont montré que la sortie y pouvait étre développée en série de Volterra :

T
y@=wy(s, 1, a)+j w;(t, o, T, A)u(o)do, +. ..

T

t 23
+f .. J w(t, o, ..., 0y, T, Qu(o,). . .u(c)do,. . .do,+.. .,
T T

ou 0=t<0,=...0,5t<T. Les noyaux sont ici sous forme triangulaire. A l'instant
initial 7, g(t)=aeQ.

En réarrangeant les termes de la série génératrice et en utilisant un sous-produit de la
formule de Baker-Campbell-Hausdorff, on montre [5] que les noyaux sont des fonctions
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analytiques dont le développement de Taylor est donné par :

(o, —D)"
wi(t, oy, T, Q)= 2, — adL A, wo(t, T, @) g=w
v1Z0 Vit
(o,—1).. . (c,—T)"!
w,(, o, ..., 0 T, a)= > :
Vi, . . ., vs20 Vs!...VII
xadg Ay...ad{L Ay wo(t, T, @) =0
Comme a I'accoutumée, ady, A, est le crochet de Lie itéré v fois [Ao, . .., [Ag, A(l...]

Les dérivées de w, sont prises par rapport a q.

3. GEOMETRIE SYMPLECTIQUE DU PREMIER NOYAU [4]. — La différentielle dw, de wy par
rapport & g définit un champ de covecteurs sur Q. Le fibré cotangent T* Q étant muni
de sa structure symplectique canonique (c¢f. [9]), introduisons les hamiltoniens
H;=<(A; dw,>, j=0,1. Rappelons que le crochet de Poisson de deux fonctions
f, g : T*Q — R est, en coordonnées locales (q', ..., g%, p,, ..., pn), donné par :

N
of og of og
(f, 9= _— == .
kgl aqk opx  Opx a‘lk

A partir des équations de Hamilton, il vient :

ProposITION 1. — Le premier noyau de Volterra s écrit :

(o, —7)"
w; (L, 64, T, @)= Z _'—,_ad;;loAl wo (L, T, q)lq-—-a
v1z0 Vy -

(o —1)"t d1 ¢,

=X

viz0 Vi ! dr"t ::2
(o, —o"
=3y —_-'__(,;f,,, (o H) ) | g
viZ0 Vi
Remarque. — La formule fondamentale, qui exprime le développement en série généra-
trice g de la sortie y de Z, a savoir ([3], [S)) :
(1) g=hlq=a+ Z Z AJO' * 'Ajvh[q=axjv"' 'xio’
v20 jo., - . ., Jjy=0, 1

se traduit immédiatement en crochets de Poisson :

g=h|geet+ X 3 (Fjor - (i W D gmaXsy- - X

Jjo*
vZO0 jo. - . -, iy=0.1

On généralise ainsi une formule bien connue pour les systémes différentiels libres (cf.
9D- '

4. EXPRESSION HAMILTONIENNE DES NOYAUX D’ORDRE SUPERIEUR. — Commengons par
quelques rappels d’analyse fonctionnelle. Soit une fonctionnelle U : C°([0,1], R) =R,
dérivable au sens de Fréchet (cf. [7], [12]). Supposons de plus que cette dérivée s’exprime

1
par 'intégrale J. ¢ () 3 f(x)da, ou @, qui est la dérivée fonctionnelle, peut dépendre de
4]
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f. Pour une.définition mathématique précise, renvoyons & [2], ou cette dérivée est dite
de Fréchet-Volterra. Posons, selon des notations usuelles en physique :
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S f*
t et T étant fixés, il est immédiat que la dérivée fonctionnelle de la sortie y de = est
donnée par le premier noyau :

=@ (a).

3% (o, —o"
(2) = ——adit A, w,(s, T, —a
Suct v?_.;o v, ! Ao M1 o ¢1)|q
PropPosITION 2. — Le noyau de Volterra d’ordre s s’écrit :
Ws(t’ Gp L ] Cla t’ a)
(oc,—)s. . . (o, —D)"
= Z : (1 adi A, .. caditA, w (L, T, q)|q=,
Vi, - . .. Vg2 O V,!---Vl!
Z (o,—D)'. .. (o, —1)" ds § d2z § dn
= e _— u=0
vie T vezo vl .. v,! doys u® ~ doy dufr drr 8= . .e2=s.
q=a
Démonstration. — Nous '’esquissons pour s=2 en montrant que :
a2z § dn
adi Avadiy Ay wolaa= o0 55 e 302
q=a
Considérons adit A w, =d"1/dt" A, comme une fonctionnelle de u. Comme
en (2), il vient :
§ [ d! e—1 ., d"

Par analogie avec (1), qui a permis bien des applications, nous appellerons les formules
des propositions 1 et 2 secondes formules fondamentales.
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Avant d'introduire le probléme de la commande optimale sin-
guliére proprement dit, il est peut-é&tre bon de situer 1'étude
qui va étre faite dans le vaste domaine de la commande optimale.
Pour cela, on citera un paragraphe d'une critique faite par

Berkovitz, au sujet de livres récents sur la commande optimale.

"The principal questions associated with a control problem
are the following. First, do there exist controls u in the set
of allowable controls such that the target set will be attained?
This isthe controllability problem. If the answer to the first
question is affirmative, does there exist a u* that minimizes
the functional? This is the existence problem. Finally, if the
problem has a solution, find necessary conditions that will be
useful in actually finding the solution or in characterizing the
solution qualitatively in a useful way".

C'est précisément ce dernier théme qui sera étudié ici, dans

le cas particulier des problémes singuliers.






B. COMMANDE OPTIMALE SINGULIERE
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INTRODUCTION

Considérons le systéme
i’ {qu = F(L‘)C‘J"U’) ) C’(o)=q°
g(t) = b, (q(8)

L'état g appartient a une variété analytique Q de dimension
finie, par exemple ]R". Le champ de vecteurs F est analytique
par rapport aux variables qi,...qN et au vecteur commande
u = (ui,...um). La fonction de sortie h : Q_5 R est analy-
tique. On s'intéresse dans ce qui suit au probléme de Mayer sui-

vant, avec un temps terminal fixé T et des contraintes termi-

nales (1) : Trouver une commande u=(u1,...um) qui minimise
la sortie y(T) = h, (q(T)) et telle que h;(q(T)) = O,
i=1,..., n; les fonctions hy , i = 1,...n : QiR sont,elles

aussi, supposées analytiques. Enfin les composantes ui(t),...,
um(t) a valeurs dans un ensemble donné U sont supposées analy-
tiques par morceaux sur [0,T] avec un nombre fini de points de
commutation.

Nous nous intéressons ici 34 la classe des problémes singu-
liers. D'une fagon générale, un probléme de commande optimale
est dit singulier dés que le Principe du Maximum est triviale-
ment satisfait sur une portion de trajectoire. Les cas les plus
communs comportant des arcs singuliers sont les problémes de
Mayer pour lesquels la fonction F est linéaire en la commande
scalaire u(t), F(t, g; u) = A (q) + u(t)A;(q). L'hamiltonien
associé et la fonction de commutation ® s'écrivent
respectivement

H=<p, Ag)+ uh(a)> et &=<p Alg)> . p étant le
vecteur adjoint. Le probléme est dit singulier dés que la fonc-
tion § s'annule sur des sous-intervalles (t,, ty) < [0, T] ;
les arcs extrémaux sont dits singuliers sur(%a, tb) et non-
singuliers ailleurs. Si u est telle que |u(t){ <K, la condition

nécessaire du premier ordre est satisfaite sur l'arc singulier :
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BHEO et de plus, sur cet intervalle, ?T_BE (o] . On ne
AL

sait donc plus, dans ce cas, distinguer un maximum 4'un minimum.

Deux types de questions apparaissent : 1l'une concernant
l'optimalité de l'arc (ou des arcs) singulier(s) sur 1l'inter-
valle considéré, 1l'autre concernant l'optimalité en un point de
jonction entre un arc singulier et un arc non singulier. Cette
étude a commencé dans les années soixante avec les travaux de
Tait [t1], Kelley [R1], Johnson [j 2], Goh [9 3], Robbins [t1],
Kelley - Knopp et Mayer [k 2], Contensou [c1l]. De nouveaux tests
d'optimalité ont été obtenus, notamment une condition nécessaire
d'ordre deux, utilisée par la suite avec succés par les ingénieurs
appelée condition de Legendre - Clebsch généralisée ou encore P
test de Kelley - Contensou. On rencontre souvent aussi celle
appelée de Jacobson-Gabasov. En méme temps, des conditions a la
jonction entre arc singulier et non-singulier sont proposées
m2, b4]. Les articles de Gabasov et Kirillova [g'1l] et de
Marchall et Contensou [ml1l] ainsi que le livre de Bell et
Jacobson [0 2] résument cette période d'intensive recherche sur
le sujet et donnent une bibliographie plus étendue. Plus récem-
ment, sont soulevés deux importants problémes : l'un 1ié &
l'utilisation de définitions confuses de la notion d'ordre [£3]
et l'autre 3 des hypothéses trop fortes faites lorsque des con-
traintes terminales sont imposées au probléme de commande [kR4].
Si Lewis propose une nouvelle définition de 1l'ordre (ordre in-
trinséque et ordre local) et si Krener obtient de nouvelles con-
ditions nécessaires sans 1'hypothése trop forte de normalité, on
reléve une non-unicité dans cet ensemble de travaux. Comme le
précise Lewis, une troisiéme définition de 1l'ordre serait néces-
saire pour les problémes ol l'hypothése de normalité n'est pas
imposée.

On propose ici un contexte nouveau pour la commande optimale
singuliére. De nouvelles définitions d'ordre seront données.
Elles seront exprimées en fonction des champs de vecteurs asso-
ciés au probléme de commande sans faire directement intervenir
le vecteur adjoint (1l'hypothése de normalité est en fait liée &

l'unicité du vecteur adjoint extrémal). De méme, on proposera
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une nouvelle interprétation des conditions nécessaires d'optima-
1ité d'ordre supérieur (deuxiéme et troisiéme) ainsi que de nou-
velles conditions aux jonctions en relation avec les travaux
récents de Bortins [b11]. I1 y a eu en théorie du contrdle de-
puis une quinzaine d'années un intérét considérable dans 1l'uti-
lisation de crochets de Lie de champs de vecteurs (voir par
exemple Sussman [44] pour caractériser des propriétés fondamen-
tales comme la contrdlabilité ou l'accessabilité ; citons & ce
sujet par exemple les travaux importants de Lobry [£4], de
Hermann et Krener [A2] ou plus récemment encore ceux de Bonnard
[ 8]. En commande optimale singuliére, cette approche a été uti-
lisée par Krener [R4] pour les systémes linéaires en la commande
(voir aussi Brockett [014]). Knobloch [k3] a ensuite généralisé
ces résultats en obtenant une théorie compléte des conditions
nécessaires d'ordre deux. L'auteur donne de nouvelles conditions
nécessaires, peut étre plus adaptées aux applications, en mettant
en évidence des redondances dans les formulations classiques.
Des résultats importants sont aussi obtenus dans le cas d'une
entrée vectorielle. Néanmoins, son approche fait intervenir un
formalisme mathématique complexe. On retrouvera ici les princi-
paux résultats.

Le principe de notre méthode est simple : on utilise le nou-
veau développement fonctionnel du chapitre précédent pour expri-
mer celui de la variation d& l'instant T de la sortie y de 2:'
lorsque une variation J8u(t) est imposée au systéme étudié. Du
choix de&u(t) découlera l'ensemble des conditions nécessaires
obtenues. Notons enfin que l'utilisation des séries de Volterra
est naturelle pour ce type de probléme. C'est en effet dans ce
cas (T fixé) l1l'analogue des séries de Taylor (voir Brockett
[b14] et Fliess [ 45].

Les résultats obtenus seront appliqués a des problémes de

commande en mécanique du vol issus du livre de Vinh [vl].






I . GENERALITES

I.1 Formalisme hamiltonien .
I.2 Quelques notations et rappels:
a) Commande,trajectoire et vecteurs adjoints extremaux.
b) Conditions necessaires d'optimalité du premier ordre.
1.3 Propriétés de 1'opérateur adA; .
I.4 Quelques identités remarquables.
I.5 Sur la notion d'ordre d'un arc .
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I.1. - Formalisme hamiltonien

L'hamiltonien associé au probléme de commande Z: s'écrit
H = <P“7) ) F{b,q’U-)>

. *
ou P‘E)G-E}(I-)Q (1'espace cotangent au point q(t)) est le vecteur
adjoint.Dans une carte locale ol p = (pys+--py)s on obtient

H = Zlﬁu e g u).

Rappelons le principe du Max1mum (voir par exemple, Pontriaguine

et coll. [Pll)pour le probléme de Mayer énoncé plus haut :

Principe du Maximum : Si (u(t), q(t)) est une solution du problé-

me, il existe un vecteur adjoint P(H € WEEQ(Q absoluement

continu et non identiquement nul tel que, dans une carte locale,

= - p'(B %f (£, ql8), ub)
9

n

, 5 R

avec la condition de transversalite, P(T): 4;_ on,
et vérifiant de plus L2o bq
U

pT(E) F(b,q18),u) » pT(E) F(tql),ul) , Yuel.

En utilisant le formalisme hamiltonien, si (u(t), gq(t)), est une

(qm) , vy o

~

solution du probléme, les équations suivantes, appelées équa-
tions de Hamilton, sont vérifiées dans une carte locale

(ql,...qN, pl""'PN) :

0= 2
p(t)
et de plus  H (k,p(H), ql¥),u(t)= mn H(Ep(b),q)w) (3

we
Si u(t) € Int U (1'intérieur de ), pour tout te&[0,T],

P(&))qib),u(k)) ) Cf'(o) =q,

CV‘QJ'U

b/
mw&wwum,prﬁ.gg@w &)
b



20

alors

i) Ho (&, p(8),alb), uld)=o , VEE 0,71 -
et ii) Huu, (L—, P(‘r),: R(E),M(H) est semi-définie positive /V&éLo, 7).

s 5! e , . .
Le probleme de Mayer / est dit singuldier si la matrice
Huu(t'p(t)’ g(t),u(t)) n'est pas de rang maximal sur un sous-

intervalle (ta,tb)CZ[O,T].

I.2 - Quelques notations et quelgues rappels.

a - Commande, trajectoire et vecteur(s) adjoint(s) extrémaux.

Dans la suite, u(t) et q(t), t€[0,T] désignant ype solution

{ ? = F(q u, k)
g = R (9(8) , qlo)=

et seront appelés respectivement commande de néférence et trajec-
toine de néférence . Si de plus, il existe P{&) q‘HCp telo, 1]

vérifiant la deuxiéme équation de Hamilton (2) et 1'égalité (3),

de

la commande u(t) et la trajectoire correspondante q(t) seront
notées u(t) et g(t) et appelées respectivement commande
extrhimale et trhajectoinre extrimale. De méme p(t) sera noté p(t)
et appelé vecteur adjoinit extrimal,

Toute quantité évaluée le long d'une solution extrémale
((t),gq(t),p(t)) sera surlignée ; par exemple, l'expression

Hu(t,ﬁ(t),Q(t),ﬁ(t)) sera simplement notée ﬁu'

b- Conditions nécessaires d'optimalité du premier ordre

Considérons deux champs de vecteurs G et G/: QLEO,‘TJ _,TQ
On peut définir (voir par exemple Helgason [hl] et la biblio-
graphie citée) un nouveau champ de vecteurs noté [G,G'] défini
dans une carte locale par
6,6]= G (?ﬁﬂ, éé) - G'(ai’* 5_6.)
oq ot
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I1 est facile de vérifier que cette définition est indépendante
du choix des coordonnées (q,t). C'est une opération naturelle

dans les groupes de Lie.
Choisissons en particulier le champ de vecteurs définissant 2;

N 'y
_ F d L2

Le résultat suivant est bien connu :

Lemme 1 : Pour une solution p(t), t€[0,T], arbitraire de (2),

fﬁv <P, 6> = Lplh), ad) 6> vyo

V-1 s
On rappelle que aC\IZoA\ = [Ao GAAOAu-] avec  ad A‘ :A‘ .

As
Désignons par A;, i=1,...,m les champs de vecteurs
ZE R
F. (l7 q,u) 2
b R= ¢ C]
ol Fui dénote la dérivée partielle par rapport a u; de FK.

L'expression
{
b, A
est alors la dérivée partielle par rapport & u;

H = <P(E)) P(JT,C],A-L)>

D'aprés le lemme précédent on obtient :

de l'hamiltonien

Lemme 2 : Pour une solution arbitraire p(t), t €[0,T] de (2)
v
_H, V), ady A

et

c\ ?H = <p(H 2 ad A‘. .
bu av om; ' Ga, a2
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Nous aurons besoin aussi de 1'identité suivante :

Lemme 3 : Pour une solution arbitraire p(t), t €[0,T], de (2),

FES ISt 2l St )

- <l [ad AL ad AT S vst

Preuve : D'aprés le lemme précédent, gi f%

cy-o/
la:

= adAoA‘

247 M 2ot 2 adl! A
et Sq aF S, <plt) bqu° LD

Si bien que

ld—u)aﬂ 3 cl 3H % {E'), QC{PAi adw-iAi,
<3q at’! but)(bp b a,u,_) P At AL >

Dans la suite, ainsi que dans les autres chapitres, sauf le
dernier, on suppose que u(t) € IntU . Avec les notations pré-

cédentes, le Principe du Maximum s'écrit :

Lemme 4 : Si p(t), t €[0,T] est un vecteur adjoint extrémal alors
0 <, AN =0 Ji=d,m teloT]l o
) <P, ad AL> =0 isim, b EDTI.

) !

Remarque : Nous verrons dans le chapitre suivant pourquoi ces
conditions nécessaires sont appelées conditions nécessaires du
premier ordre. Elles découlent en effet naturellement du premier
noyau de Volterra d'un certain développement fonctionnel alors
que les conditions nécessaires d'ordre supérieur proviendront

des noyaux d'ordre supérieur de ce méme développement.

On remarque, dés & présent, que l'opération sur les champs
de vecteurs qui consiste 3 effectuer le crochet de Lie avec

A,, notée adp_, est une opération fondamentale dans cette
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étude. Ainsi, avant de poursuivre, allons-nous en donner quel-
ques propriétés ( C’est 1'équivalent de 1'opérateur T‘de [R31).

I.3 - Propriétés de 1'opérateur adA .

Soit G un champ de vecteurs G-ZG ( A U) Y analytique. Le
champ de vecteurs adA G dépend de u mais aussi de u[l] la
dérivée totale de u par rapport a t. De méme, aprés k applica-
tions de cet opérateur le champ de vecteurs résultant adA G
contiendra ul3d, 3 =1,...,k ol ul3d génote 1a i-iéme
dérivée totale par rapport a t de u. On montre facilement les

propriétés suivantes

Lemme 5 : i)SD_adAG-;-.ad.G,,.adAoéf/’_

i A: o
B d 6 = ?_@'_ ad. B—é--
pour i J_-li BIL-E::‘] Al dut. CR-1D A, Spck1 ! R) °,

La propriété suivante est aussi trés importante pour la
suite :

Lemme 6 : Soit u(t) une commande de référence telle qu'elle a
été définie plus haut, si G = 0 pour t €[0,T] alors adAo G =0,
pour t € [0, T].

Preuve : Si G est identiquement nul sur [0,T], ( p(t), G> et

<P&L6>' sont aussi'identiquement nuls pour une solution
anbitraine p(t) de 1l'équation de Hamilton (2). D'aprés le lemme 1
< plt), adA°(5> est nécessairement nul sur 1l'intervalle
considéré et donc adA°6 l'est aussi.

SortQ?l.espace vectoriel engendré par les crochets de Lie adA AL , V50
i=1,...,m £e Long de la solutlon (u(t),q(t)) de référence,

i.e. les champs de vecteurs ad A dépendant de (t,u, q) sont

évalués au point (t,u(t), g(t)). On suppose que 1'intervalle

[0,T] est suffisamment petit pour que la dimension de J@ soit

constante sur cet intervalle et queéﬁ)soit engendré par des
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v
éléments fixés de la forme adAoA;,9b°;i =1,...,m. A partir
du lemme précédent on montre :

Lemme 7 : Soit G un champ de vecteurs analytique, si G eifalors

adA:§ e .

Preuve : Si Géo@ alors il existe b,, ¥=1,..., s de la forme

précédente, tels que G= Z:C(k v' Pour conclure, il suffit
=i

d'appliquer le lemme precedent 43¢ =6- 2L.C9 by .

Nous commencerons l'étude des conditions nécessaires
d'optimalité dans le cas ol la commande u est scalaire. La
généralisation au cas vectoriel donne des conditions analogues
sur chaque composante singuliére, mais de nouvelles apparaissent
associées aux contributions croisées. Ceci fera l'objet d'un
autre paragraphe. Avant de poursuivre, introduisons une nouvelle
définition des ordres d'un arc singulier ainsi que quelques
identités remarquables, ces deux points étant essentiels aussi
bien pour l'analyse d'un arc singulier que pour l'analyse a la

jonction entre un arc singulier et un arc non-singulier.

I.4 - Quelques identités remarquables.

Le lemme suivant (voir [R4] par exemple) est a la base des

identités remarquables gque nous obtiendrons :

Lemme 8 : x et y étant deux variables non commutatives,

P , VT
b [ealy ealy =00 2T (D) el [, a7y

ii) ad; {adg ad.a \a] Z_ ( ) [adgﬂng ,ad"“— 'é]
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En plus des champs de vecteurs A, et A, définis plus haut,
introduisons A, pour dénoter le champ de vecteurs 42_ k ZL F*
Py “‘*5&’ e

étant la dérivée partielle d'ordre deux par rapport a u de

FK ( u est ici supposée scalaire ) .

teme s . 4 2 adA = af A - L (M)[ad)"h aiPA] o,

6:1, Ao i Ao l{P{\)
T4 =1 - Xt
ii) 0 adVA = ( )ac).v' A + L ( i )[adZ_‘Ai}adVT Al]
bufd] Ao 1TV ° Aa )

Apo , VO o

v
L'expression .b. adAoA:l sera notée Bo(,v ‘

auﬁdl

Preuve : L'égalité i) est vraie pour p= 1 d'aprés le lemme 5 i).
Supposons qu'elle soit vraie pour v,

Od.2+‘A gﬁ [A°/ adzoA,]

Sw Ao
v v
[Ai} Qd’AoAi] + [A'o‘ %LadAoAll

ou encore, d'aprés l'hypothése de récurrence.

4 v Y1 p-i v-p
= [4, ad; 4,7+ [A, ady AT+ 2 (;)[4o, [aal Aady 4],
1psv °
Enfin, en utilisant le lemme 8ii), on obtient :

vti V+i 1%
au ad aA adA,, A + [A,/acleAi]
- V=i
f 23 J[ad} A, ad” Pale T ()T [od} A, ad " 4]
1 pEv oS PEv-I Ao
Aprés avoir groupé le deuxiéme et le troisiéme terme puis fait le

changement de paramétre PL p+! , on obtient :

VA od . pe Vil -
bbu a = ey A +|<2p_‘<v(( |+ (\;‘))[QdAo A ady, A
o Lo A A
ou encore

"

-} -
o d v () Lad? e A]

I {pgv+i

La propriété i) est donc vraie pour v+l
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La propriété ii) est obtenue par double récurrence.
Supposons d'abord « fixe, et la propriété vraie pour v:
v+l N
o adimA =2 (A ad) A <A
out? ° Bu °

La suite de la démonstration est exactement identique 3 la

ey é— 1 Ao ]

précédente. Fixons maintenant v , et supposons la propriété vraie
pour & <p.1 (elle est vraie pour X= 0 : c'est en effet la propriété
i) ci-dessous).
D'aprés le lemme 5ii),
2 %4 - & ad” A, 2 4!
= _ a = - Q A ’_A & Q A
b,u_‘-d“] A, | au[ol] A, + s bu['o(ﬂj A, ‘]

En utilisant 1'hypothése de récurrence, on obtient :

g:cnm: aCLXOAi = (\:') ad;:x-‘A‘ 4.\({_2\) egi:(d l)( }(_a«iT 'A dv_o' a.)
e I (T e a7

. o , v v-b‘+')
Le premier et le troisieme terme regroupés donnent Q@, adA_ Ai ;
Notons (I) le deuxiéme terme et (II) le quatriéme. D'aprés le’

lemme 8)ii,

= TN ¥ 4= 2
(H)—'\«zf:sv.o{-e (M)(m a) [a A, ad A, A, ]
Vil bhd d‘/-ﬂ'_o(-i A
' ‘\{:‘\(\)-d-é (d“" )(‘ﬂdﬂ) L ad A a As r]
En utilisant 1'identité T+d) _ (¢+d-l) (m;u_? on obtient:
(om “lawm )T
(I) + (II) T\<%_agl:j) (::d“) [m A advA:r_a_zAJ
* Z; Kﬁu)LuMJ LadT’A adP-T-r-1 A ]
g Tev-a-2 A, .
Z (q.:d-') (V'+d+l) [Cl 'G-"A‘ ad\)—v‘_o(-lA ]
1€q¢voi Ao 1) A, )

Posons enfin v{;g;l dans la premiére expression et additionnons

deux 3 deux les quantités restantes, il vient :

(0 + (1) = 2 (Z:?)(viu+\) l.—Qde A ad;j’“"zl‘ ]

I$TEvoay
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L .
prg-! ¢ .
Lemme 10 : Bd'fi*é = p;o ( ) QdAQ Bo,i-P ; 1> °

Preuve : D'aprés le lemme 5 ii),

Bd‘)“v*d‘ = O.C{.O Bd l/L+d -+ BJ-UH’J" }:})0 .

Le lemme est obtenu en itérant cette formule.
+1

pH
Lemme 11 : [ad/:,A" QCLZOAJ = (")P L (P:i) ('i)t ad’/l BO/\)-J-}J+'J'C

T=o

Preuve : Utilisons le lemme 8i), on a :
[ad A, ac\.v A ] 1) f_ (:) ) Qadr [A. adlAJWJA, ]
Tr=o Lo}

. v-T .
mais LA,, d"” A] Bo PH-TH - ad Bo pev-T (lemme 5i),
Le lemme s obtlent en regroupant les deux termes

(.,) i ( )(') er o p+v-T +i

T=o
o G LT e 8,

(5 open)
Lemme 12 : [MXOA adt*dﬂ ] nL (L n) "2" [Qd‘MdA dmd“A]

Preuve : La propriété est vraie pour i = 0. Elle est vraie aussi
pour i =1 ; en effet, d'aprés 1'identité de Jacobi,

[od; 4, adi®A]- [add A, [A,, add" 4]
= [Ao, [odg A, adi? 471+ [ad®' A, [A,, adf AJ]

[P Y f X N 2
D'ou [adlioA, ) adi: A’] = ad’A, [ac\" A, ad“” ]

Supposons la propriété vraie pour i et montrons-la pour i+l

(j arbitraire).

[QC{;A acL‘VMZ ] [ [adf;oA,,ac\i:MAil]», [_.acl’/{:”A,, acl‘;;:’i A
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En utilisant 1l'hypothése de récurrence, on obtient :

[add A, ‘acld\/‘;:*a/-\,] -
e () e Led e A

'7'__" {-p-1 P . g N Ay +i LNt
Z_ (ﬁ ) CLd.Aa Lad‘Aad* A‘ , ad.Ar;d AIJ

En changeant n par n' = n+l et en utilisant l'identité
¥ c-i) . | = Int &+
ant (Ef) * >

On obtient :

[add' A ad fﬂ#ZA ] -

ot | ) i-2n4+l n+d' o neA T
2: ik (L °) adAa [ad, 4, adlzod A]
PUQ p N PO + gt

o B () aaito [adyia, aa 74T

>
(
o

L-n t-N L-N+i
La formule ( PUTRN Bl PN P ( n ) permet de conclure.

teme 13+ B, = ady A v T (7 ad 5 [aldlA, adf 4]

I<oemb(Y) T

Preuve : L'identité est vraie pour vV = 0. Supposons -la vraie
pour V -

Bo,\2+| = [A.,MX°A|]+ QdA,B"/"’ . d'aprés le lemme 5i).

En utilisant 1'hypothése de récurrence et le lemmel2 pour j =0
et 1 =v-1,

on obtient :

V+1
Bo,wt = adAo Az
m”‘.{:_' - - i~ . +
S () ad S g A a4
N-o
it (¥) T Vot +I T-i T A
. T (_,)r (\;‘c} adAo + [o.dAo A“ adAoll‘]
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Posons T = n+l dans la deuxiéme expression ; il vient
Bo,\)+‘\ = ac{:? AAQ
ST e ) ad T [ad (A ad 4]
T=i
Y L () a0 [T, o A]

ou encore t=! e

lhf(ﬁﬂ) el T ViIdr T T
Bo’ = aa:i-‘l Ae : Z 2 (_J)r (\J: r) adAc [ad AoAi , adAoA‘]
° T=i

Remarqgue : C'est ce dernier lemme qui permettra en particulier de

mettre en évidence des redondances dans les formulations classi-

ques des conditions nécessaires d'optimalité d'ordre deux.

On peut montrer de la méme fagon le lemme plus général suivant,
a partir du lemme 5 ii) et du lemme 9:

y- R
ariAo A\,/

Ny

\StSlht(%is

B, -

Lemme 14 :

@:)T(+R) ol gl_aolt’A CVA]
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I.5 - Sur la notion d'ordre d'un arc.

Dans deux articles récents, Lewis [ 3] et Powers [p:2] donnent
des définitions précises de l'ordre d'un probléme singulier et de
l'ordre d'un arc singulier, ces deux notions étant jusqu'alors
plus ou moins confondues. Mais dans ces deux cas, soit les con-
traintes terminales sont inexistantes soit une hypothése de nor-
malité, concept vague jusqu'a l'article de Krener [ 4], est faite
"Essentially, normality means that there exists sufficient local
controllability around the trajectory reference to meet any ter-
minal constraints that might be imposed without affecting the
validity of the generalized Legendre—Clebsch'condition“. Et
Gilbert et Berstein [g2] ajoutent : "Normality conditions are
unpleasant because they are usually difficult to verify and may,
on occasion, fail to be satisfied. This is why first-order condi-

tions, which do not require normality, such as those due to

Fritz-John (in mathematical Programming) and Pontriaquin (in opti-

mal control) are popular". Pour se rendre compte de 1l'importance
de cette définition Krener [k4] en donne une définition trés pré-
cise pour les problémes linéaires en la commande. On sait, dans
ce cas, qu'on peut choisir la commande u=o comme commande de
référence, sans restreindre la généralité . Normalité, signifie
alors que l'espace df , défini plus haut, est de dimension exac-
tement N-1 sur tout l'intervalle considéré. Rappelons que, sur
une trajectoire singﬁlié&é‘, la dimension de o doit &tre stric-
tement inférieure & N, sans aucune autre restriction. Imposer &
la dimension de d'étre égale a N-1, signifie qu'il existe un et
@n seul vecteur adjoint p(t) vérifiant la deuxiéme équation de
Hamilton (2). Comme le précise Lewis [£3], la non-unicité du
vecteur adjoint extrémal, dans les problémes plus généraux, rend
confuses les définitions de l'ordre d'un arc singulier existantes.
C'est pourquoi nous proposons ici une définition ne faisant pas
intervenir directement le vecteur adjoint.

Avant de donner de nouvelles définitions, citons une phlase de
[£3] pour illustrer ce qui vient d'étre dit :

"Singularity is strictly a property of extremals (q(.),p(.),a(.))
and not of state-control pairs (§(.),T(.)) since for some such
pair there may be more than one adjoint fonction p(.) making the
triple extremal. This is a consequence of the nonuniqueness of

V; in"(2).

o
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Définition 1 Soit u(t), t [0,T], une commande de référence et

q(t) la trajectoire associée. Le couple (u(t),qg(t)) sera dit d'or-
dre r = 0 si le systéme Z:/n'est pas linéaire en la commande ; il
sera dit d'ordre r(>0), si et seulement si,
[A'; ad./i‘oA,] éoé) , 21:0,1, e, é(r-1)
et

(A, ody"'A 164 . vieleT] .

Remarque : Cette définition est 1'"analogue" de la définition de
1'"ordre intrinséque" de Lewis [£3] (encore appelé ordre du
probléme). Ces définitions sont équivalentes si, le couple de
référence (u(t), g(t)) étant donné, il existe un et wun seul

vecteur adjoint solution de (2).

Définition 2 : Soit u(t), t &[0,T], une commande extrémale et

q(t) la trajectoire associée. Le couple (G(t), q(t)) sera dit

d'ordre s si et seulement si

i) g . €a<,’ C:O,..-,ZS-.‘

0,1 y

et .B-O;?,C ¢p<? , V,L’GEO;T])

ou _px’.‘en _ — : -
i Ked . [ad A e Aled | s
et

3o < =
[adAv A adAoA‘J Z e ) VEeloT].

(Rappelons qu'une quantité est surlignée, lorsqu'elle est évaluée
le long d'une solution (u(t),q(t)), t €[0,T], extrémale ).
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Remarque : D'aprés les lemmes 1 et 3,

, N o . o
<P(E) , bo’.‘;> = %.l g-tt %l_(.j. atL %%’ = Hu :<P{L’)} A'>

et <plb), j_ad‘;; A ad/zroA‘] > =

(B (H2)= (RS (RE),

On voit donc que la définition 2 ii) est 1l'"analogue" de la
définition 2.3 de Bortins [b 11], alors que la définition 2 i) est
1'"analogue” de la définition 2.6 de 1'"ordre local" de Lewis
[LB3]. A priori, leur lien n'est pas clair ; elles sont pourtant
équivalentes. Pour le voir, il suffit, bien sir, de montrer
qu'ici, i) et ii) sont équivalentes.

Lemme 15 : La définition 2i) est équivalente & la définition 2 ii)
Preuve : C'est immédiat & partir du lemme 13 pour la relation

i) =5 ii) et 3 partir du lemme 11 pour la réciproque.

Exemple : Reprenons l'exemple de [£3] avec ces nouvelles nota-

tions, é'= qﬁx
C]Z“-',U.-Cf'
3 :_‘,_-z
9*= (9 e)

Felh b1 qlb)=8z L ) Fhl-£ro o Jul<t
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L'arc extrémal i%k)::é , QQ(H =0 E(k)’

est singulier. D'autre part, -
ho=qul ~ {u-cz‘)g-(ie + (q‘-gfa%g -2

et Al, qza_q’ + c%?'

[, A2 == 982 e 20w YL (q-4) +(9°)'] 2

"

29° %°
Il est facile de voir qu'ici [ [A. A(I]g{ag , ainsi =4
De plus, , N l
A= 2 A Al =_12
0> e, A ¢ 09’

et d'une fagon générale,

Si bien que _ éq° ‘ aQ' 0q*
= fJ -B- ) A/ c ‘R
Or, &f { aq'+.k Eaa p ]
[A’I [A°;A|]] =0° et [adAcA(/ adZOA‘] = P + ;‘E bé'qs /a\/CC Pé’é

Ainsi, d'aprés la définition 2, comme EAI, adAo,Al] = oéa
2 = P e
et [adA;A“ adAoA‘J ﬁ{ué’ , on en déduit que s

I1 faut noter que cette valeur de s ne dépend pas du vecteur
(J:,J;) . Autrement dit, si ce probléme possédait des con-
traintes, l'unité du vecteur adjoint n serait plus garantie mais
la valeur de s serait la méme pour ftoufe solution (u, g, J')

extrémale.
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II.1 - Introduction :

/
De fagon habituelle, imposons au systéme ZZ: une perturba-

tion du type u(t) + Su(t), t €[0,T]. Les résultats du paragraphe
A6 permettent de donner le développement fonctionnel, avec une
grande précision, de la variation §y :
5y (b, 8u) = y (b, u+du) - y(5u)
d l'instant T, pour un instant initial T, v ¢T , arbitraire.
En effet, le systéme zi' devient
. ‘ +o0 _ ;
§l¥) = FlEqu) + Z-T ;-, Mo [(6a,1) (5“(“)
L= .
ylF, us ) = R, (a(v))

et (4)

S4(T) = 8y(T) + §4(T) + &y(1) + o(l8ul?)
avec
(T e(q."t _(UT't)A"w'; (T,r,q) ou (@) d,
T \q:a.
Sz‘d (r _ LOE -2 A‘ e(v;-q-,)Ao A, e(qz't)A"uTo(‘—,T,Q)]q_fu (57 ) du () de; dg
e gy (=) |q_, Su@)ee

Syt = (P[5 g ey 5oy BT o (10
T S ;) ) B () d s

+5\T % e(Uj-t)AcA e(%' -5 )A°A . [ -7)A o, (—Ct’q)l Su'(7 ) bulw ) dg
T < sa

, FTG' e@‘t)A"A, 8(0347)/40 A, e(UT-r)Aow; lT;T»q)q Sulr) £ (r)de dg

W lgee

ey, A ARG

lq:a
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A; sont les nouveaux (ils dépendent maintenant de u) champs de

vecteurs
N N 3 B
.2 FRb g u) 2 R T W i L Ty el
om gt EFlAR A g D e 2"

et -
Wy (T, t/Q) = e(‘r'L)A°Pﬁ° (q) ]q:a.

Definition 3 : L'expression 5:y(T) est appelée i-éme variation gde

la fonctionnelle y.
Rappelons un résultat d'analyse fonctionnelle [v3] :

Lemme 16 : Si u(t) , t €[0,T] est minimisante, alors la premiére
variation § y(T) est nulle, WYre[O,T].

On peut préciser le contenu de ce lemme en utilisant un sous-
produit de la formule de Baker-Campbell-Hausdorff. En effet,
utilisons la formule du paragraphe A4,il vient:

Lemme 17 : Si u(t), t €[0,T] est minimisante, alors

ady A% (Tq), =0, Vwye, Voe BTl
° d=a

Remarque : Avec les notations du paragraphe A5, notons que

by1T) = fT

T

% suln) do
Fu
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II.2. - Variation de la commande concentrée en un point.

Exprimons maintenant Sy(T) lorsque la variation Su(t), t.é(b,T]
est "concentrée" en un point % €[0,T], arbitraire, c'est-a-

dire telle qﬁe :

dulb) =0 pour t¢ [® )9+w(€)] avec limw(€ ) = o
£ =0
Dans la suite, 1L désignera l'ensemble de ces variations
vérifiant de plus u(t) + su(l) €IntU .
De (4), il vient :

5-3 (T/B) = e(evr)A° V() € -8-7)A, &g (Tt q) I (5)
Q=

ou £Iopénazeun V(€ ) est donné par

V= BV 4 BVs Y+ o(15) (s)

oV = JT e(T"ejA° A, e‘(q.'-s)A° bu (7)) de )

T 3
&V = L L"'(e@'a)ﬂ“z\. o (1PMe) 5 oA ) S )
. T e(v;-S)Ao /_% e-(G',’-B)Ao &1(‘:’_')0‘0_

et

- {T ( ’ r‘ (e@:_BJAOA i ev(v' 'B)Aﬁ (e@é-s% 4 e'@ﬁu? (e@-a)AaA' <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>