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ABSTRACT 

We are interested in particles systems located on a lattice, 

with different type of interaction . For short range interaction 

on Z , we study the large deviation properties for the empirical 

field of a Gibbs measure ; we also cover the case of random interac- 

tion , and derive some applications 

Next we study Glauber dynamics of a local mean field model 

on the torus , in the asymptotics of a large number of particles 

The fluctuation process has to be rescaled in space and time at 

the critical temperature . We analyse the dynamics of a change of 

attractor using large deviations techniques : at low temperature , 

we recover a description for nucleation 

We then need to study the stationary points in such a local 

mean field model ; this is tackled in the frame of bifurcation 

theory 
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- INTRODUCTION - 

Ce travail regroupe les cing articles [12-16] référencés ci-dessous. 

Nous y considérons une famille de variables aléatoires dépendantes 

X = (Xi dies indexées par un réseau S, pour laquelle la difficulté d’ 

une réalisation x est mesurée par une fonction d’énergie H(x). 

Ce modéle s’est d’abord développé en mécanique statistique a 

partir de 1920 autour du célèbre modèle d’Ising, qui décrit un cristal 

magnétique. Dans ce cas, X; représente l’orientation du moment magné- 

tique de la particule au site i du réseau, et sa distribution dépend 

des orientations des autres sites. L’énergie correspondante s’écrit, 

du moins formellement, 

ou Ji; mesure l’intensité de l’interaction entre les particules 

situées aux points i et j. D’après les première et seconde lois 

de la thermodynamique, le système évolue vers une distribution d’équi- 

libre, appelée mesure de Gibbs, définie par sa dérivée 5 e~ BH par 

rapport a une distribution de référence (la loi du systéme sans in- 

teraction), B>O désignant l’inverse de la température, et la constante 

de normalisation Z donnant a cette mesure (positive) une masse égale 

à un. Dans le cas d’un réseau S infini, les deux formules précéden- 

tes permettent de comparer les configurations x qui coincident a



l'extérieur d’une partie finie de S, sous réserve d’hypothèses (accep- 

tables) sur les J; 5° Nous considérons des formes d’interaction plus 

générales, comme l’interaction a k corps (k>2), mais aussi celles 

qui sont elles-mêmes aléatoires (modèles de verres de spin). 

Les mesures de Gibbs interviennent dans d’autres domaines, par 

exemple en neurophysiologie -pour décrire l’activité de certains neu- 

rones dans le cerveau-, en biologie -pour la contamination de cellules 

dans l’étude des tumeurs-, ou encore en épidémiologie. 

On peut également considérer une dynamique de ces modéles, sui- 

vant un processus de Markov stationnaire qui laisse invariantes les 

mesures de Gibbs. 

L’étude mathématique des mesures de Gibbs, et celle de ces pro- 

cessus, a nourri une vaste littérature (voir la bibliographie de [1] 

[2]), en particulier autour des phénomènes de transition de phase 

(coexistence de plusieurs mesures de Gibbs), brisure de symétrie, 

renormalisation critique, nucléation. Elle s’est avérée difficile, 

et elle a été menée à l’aide de nombreuses techniques dont certaines 

propres à ce domaine. 

L’ingrédient essentiel de notre approche est la théorie des 

grandes déviations, dans la mesure où la fonction d’énergie H  pos- 

séde une propriété d’additivité, et pour des réseaux de grande taille 

comme dans les exemples précédents (ce qui écarte pratiquement l’ap- 

proche combinatoire). Nous avons adopté le point de vue introduit 

récemment par Donsker et Varadhan dans [3] pour étudier les propriétés



de grandes déviations du champ empirique (niveau 3) de différentes me- 

sures de Gibbs sur S=@Z au chapitre I. Dans le modéle plus simple 

du chapitre II, le processus apparait comme une petite perturbation 

aléatoire d’un système dynamique : 1’étude de la nucléation (II.B) est 

menée dans l’esprit des travaux de Wentsell et Freidlin [4] ; quant a 

l’étude fluctuations (II.A), elle ne revet toute sa signification 

qu’avec celle du comportement de la mesure de Gibbs au sens des gran- 

des déviations traitée dans [5] au niveau 1 du théorème de Chernov. 

Pour en revenir aux différents modéles de particules, ceux qui 

présentent des interactions locales (A courte portée) sont les plus 

réalistes ; mais leur étude, et l’interprétation des résultats, sont 

alors difficiles. A l’inverse, le modéle de Curie-Weiss (champ moyen), 

dans lequel l’intensité de l’interaction ne dépend pas de l’éloignement 

des sites, est simpliste dans l’asymptotique d’un nombre infini de 

particules. Le modèle simplifié (champ moyen local) du chapitre II est 

intermédiaire : S=Ss est un réseau régulier sur le tore a d di- 

mensions, de cardinal n ; l’interaction entre les particules situées 

aux points i et j vaut 

___-d 4 
di; =n J(i-j) , 

où J est une fonction régulière, et dépend de la distance séparant 

les particules. En particulier, il confère au système une géométrie 

suffisante lorsque n ——> © pour qu’il exhibe des phénomènes coopé- 

ratifs locaux tels que des phases antiferromagnétiques, des fluctua- 

tions critiques riches, et la nucléation. 

Nous détaillons à présent nos résultats.



Le chapitre I est consacré à l’étude des états d’équilibre. 

Dans la partie A, on établit les estimations de grandes déviations 

du champ empirique pour une mesure de Gibbs sur zd associée a une 

interaction sommable et invariante par translation. La fonctionnelle 

I mesurant le taux de décroissance exponentielle, est définie sur 
1 

l’ensemble des champs stationnaires >. (RZ ) par 

1,(Q) = - BEŸU + 9(Q) - p 

ou -U(x) désigne l’interaction normalisée du site O avec les autres 

sites, J l’entropie relative par rapport à la mesure de référence, 

et p= inf {8EQU + 9(Q) ; Q} la pression. 

Cette fonctionnelle ne dépend que de l’interaction, et de la mesure 

de référence ; elle est la méme pour toutes les mesures de Gibbs lors- 

qu’il y a transition de phase, et on ne peut pas discriminer celles-ci 

a l’ordre de grandeur exponentiel du volume. De plus, ces estimations 

de grandes déviations sont également valables pour celles qui ne sont 

pas ergodiques (dans le cas de transition de phase), et celles qui ne 

sont pas stationnaires (dans celui de brisure de la symétrie). Pour 

établir ce résultat, on traite d’abord le cas sans interaction H=0, 

en généralisant des techniques introduites dans (3] pour d=I1 ;, puis 

le cas avec interaction a l’aide d’un changement exponentiel de 

probabilité. 

A la conclusion de cette partie, l’auteur a eu connaissance des 

résultats identiques de (6], et de [7] par une méthode différente.
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Dans la partie I-B, on considère des modèles sur ze avec 

interaction aléatoire. Reprenant la stratégie précédente, il s’agit 

d’abord de montrer un principe de grandes déviations conditionnel au 

niveau 3 pour un champ bivarié (xX Y;) indépendant identiquement i? 

distribué ; ceci nous donne acces a des interactions dépendant de 

Y= (Yi); et par là même, aux exemples usuels de verres de spin à 

interaction sommable. Pour presque tout Y, on obtient alors une 

formule variationnelle relativisée pour la pression (résultat déja 

obtenu dans [8]), mais aussi les propriétés de grandes déviations 

pour les mesures de Gibbs, avec une fonctionnelle I, déterministe, 

a | (m2 )2°] | 
définie cette fois sur Ps (R* ) . Une conséquence de ceci est que, 

sous certaines hypothèses de convergence et de stationnarité, une 

limite de mesure de Gibbs à volume fini peut s’écrire Q(./Y) avec 

T,(Q) = 0, c’est-à-dire comme une distribution d’entropie minimale 

conditionnelle a l’interaction. 

Enfin, nous montrons que le résultat précédent est vrai sans 

hypothéses dans les modéles de champ moyen. Sur un exemple particulier 

de verre de spin, nous montrons que la distribution d’une particule 

est alors la méme que celle d’une particule choisie au hasard dans la 

phase antiferromagnétique d’un modéle avec interaction (non aléatoire) 

de champ moyen local. 

Nous décrivons maintenant les états d’équilibres asymptotiques d’un 

modéle de champ moyen local [5], avant de détailler le chapitre II. On
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peut réduire l’étude du système X à celle d’une mesure de magnétisa- 

tion 

Dans l’asymptotique n >, le système sera représenté par une 

densité de magnétisation sur le tore, l’analogue d’un profil en hydro- 

dynamique. 

B 
Remarquant que l’énergie s’écrit alors - — | Jex™(s) x"(ds) 

2 

ou * représente la convolution, on obtient des inégalités de grandes 

déviations traduisant que 

u,v Log P {X" voisin de u} est approximativement égal à I,(u)", 

avec 

I,(u) = - = | Jxu(s) u(s) ds + f #00(s)3 ds 

ou i est la transformée de Cramér de la distribution de référence d’une 

particule. Les minima de I, sont les densités d’équilibre ; ils pré- 

sentent un éventail varié de comportements, suivant les valeurs de 

J et 8 , comme la phase ferromagnétique (les densités sont constantes 

non nulles), ou la phase antiferromagnétique (elles constituent une 

famille d’ondes). 

Dans le chapitre II, nous menons l’étude de la dynamique de Glau- 

ber de ces modèles, et tout particulièrement celle des phénomènes liés 

a la transition de phase. La fonctionnelle T3 qui décrit le compor-
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tement asymptotique de la mesure invariante du processus “mesure de 

magnétisation" Xt , mesure le temps moyen que passe Xt au voisinage 

d’un état ; en particulier, xt apparait comme une perturbation aléa- 

toire(d’autant plus petite que n est grand) d’un système dynamique 

qui l’entraine vers les équilibres (minima de la); au voisinage des- 

quels il passe la majeure partie du temps. 

Dans la partie A, l’auteur établit en collaboration avec T. Eisele 

des résultats de fluctuations (théorèmes de limite centrale) hors de 

l'équilibre et à l’équilibre, après avoir prouvé la loi des grands 

nombres ci-dessus, et un résultat de propagation du chaos (qui justifie 

l'exhaustivité de la seule étude du processus mesure). Au voisinage 

d’un minimum non dégénéré u de la; le processus de fluctuation 

nd/2 (x2 - u) 

converge, en norme de Sobolev, vers un processus de Ornstein-Uhlenbeck 

généralisé. Lorsque le minimum est dégénéré, la convergence précédente 

a lieu, mais le processus limite ne possède plus de distribution inva- 

riante. Il convient alors de renormaliser en espace, mais aussi en 

temps en raison de cette convergence. Nous traitons le cas du point 

critique d’une transition de phase ferromagnétique, correspondant 

à une dégénérescence d’ordre m arbitraire dans une seule direction 

alors u = 0 et le processus de fluctuation critique 

d/2 1 n /2(m+1) xe m/(m+1) 

converge vers un processus stationnaire non gaussien occupant la direc-



tion de dégénérescence ; cet espace étant ici celui des constantes, le 

processus de fluctuation critique est donc homogène dans l’espace. Au 

point critique d’une transition de phase antiferromagnétique de fré- 

quence q avec dégénérescence d’ordre m=1, le processus de fluctuation 

critique converge vers un processus stationnaire non gaussien, de fré- 

quence q sur le tore - cet espace de fréquence (de dimension 2) cons- 

tituant alors le noyau de dégénérescence -. Enfin, nous traitons le cas 

ou les deux transitions précédentes se combinent. Dans tous les cas, 

la mesure invariante du processus limite est la limite des fluctuations 

de la mesure de Gibbs conditionnée au voisinage de l’équilibre. Cer- 

tains résultats analogues de [9] sont obtenus dans un modéle de champ 

moyen ; notre cadre, qui introduit une plus grande richesse de paramé- 

tres et de géométrie, met en évidence l’universalité des processus 

limites. 

La partie II.B concerne le comportement du processus sur des 

échelles de temps beaucoup plus longues. L’auteur de cette thèse 

y étudie les changements d’attracteurs selon l’approche par les 

grandes déviations de [4], [10], proposée dans ce cadre par G. Ruget 

[11]. L’idée originelle est d’expliquer le phénomène de nucléation, 

à savoir l’apparition d’un nombre déterminé de noyaux dont la compo- 

sition approche celle du nouvel attracteur, ces noyaux se propageant 

par la suite jusqu’à remplir tout l’espace. Il s’agit dans un premier 

lieu d’obtenir des estimations en temps fixe T , que l’on peut cari- 

caturer par 

1 n 
- — Log Pridist (X 

n 

<7; t $T} est à peu près 1[,(T;u)
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pour toute trajectoire (déterministe) u sur [0,T] dans l’espace des 

densités ; I s’annule sur les trajectoires du système dynamique 
4 

sous-jacent. En généralisant certaines estimations à des durées 

plus grandes, nous déterminons alors les points de sortie d’un 

bassin d’attraction, qui se trouvent étre les points du bord les 

plus bas dans le paysage d’énergie défini par I,. Ces points col 

vérifient l’équation VI, = 0, étudiée ci-dessous ; en particulier, 

ils sont non homogénes a température assez basse : il y a alors 

nucléation. 

Enfin, le chapitre III qui ponctue ce travail, consiste en 

l’étude des solutions u de VIa = 0, ou plutôt de l’équation 

équivalente 

(B Jxu) (es ll ça 

avec g = (i’) À, Il résulte d’une collaboration entre T. Eisele, 

motivé par l’étude des minima de I,, M. Schatzman, intéressée plus 

particuliérement par la modélisation du développement du cortex visuel, 

et l’auteur, pour les différents motifs déjà évoqués. Il révéle la 

géométrie du paysage d’énergie la; dictée par les coefficients de 

Fourier de l’interaction J . Nous décrivons de manière plutôt 

complète les branches de bifurcation primaire et secondaire, pour des 

noyaux de bifurcation de dimension au plus deux, ainsi que leur 

stabilité. Au passage, nous obtenons un exemple de transition de 

phase du premier ordre dans le cadre du champ moyen local, où 

l'équilibre saute brutalement d’une branche de solutions à une autre 

pour une certaine valeur du paramètre 8B
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CHAPITRE I : DISTRIBUTIONS A L' EQUILIBRE 

Partie À : GRANDES DEVIATIONS POUR LES MESURES DE GIBBS: 

AVEC INTERACTION A COURTE PORTÉE 
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PROBABILITES. — Grandes déviations pour des champs de Gibbs sur Z*. Note de 

Francis Comets, présentée par Robert Fortet. 

Un principe de grandes déviations est d’abord établi pour le processus empirique d’un champ de variables 
indépendantes équidistribuées indexées par Z‘, pour d21. Ce résultat est ensuite généralisé aux champs de 
Gibbs stationnaires associés a une interaction sommable, et méne a la formule variationnelle de Gibbs. 

PROBABILITY THEORY. — Large deviations results for Gibbsian random fields on Z“. 

A large deviations principle is first proved for the empirical process of i.i.d. random variables indexed by the 
integer lattice Z*,d21. This result is then extended to stationary Gibbsian fields corresponding to a summable 
interaction, and we obtain the Gibbs variational formula. 

a . - . . d 
I. ENONCE DU RÉSULTAT PRINCIPAL. — Soit X un espace polonais, et Q=X7, On 

d 

considère une suite A, de parallélépipèdes de N4, A,=[] [0, af] où chaque suite af 
i=1 

(i=1, ..., d) tend vers linfini. Pour @EQ, on note w!” l'élément de Q obtenu en 

prolongeant par périodicité en dehors de A, la restriction de w a A,. On définit alors le 

processus empirique 

: » Sohal”) 
R= 

A, | LEA, 

n, © 

où |A| désigne le cardinal de AZ“ et 6}, LeZ“, les opérateurs de shift sur Q: pour 
tout o, R, , appartient à l’ensemble Z,((2) des mesures de probabilités stationnaires 

(sous l’action de Z*) sur Q. 

Soient « une probabilité sur X et P la probabilité produit sur Q. Considérons une 

interaction J={J,; A partie finie de Z*}, où les J, sont des fonctions continues sur Q, 

mesurables par rapport à la tribu o(A) engendrée par les applications coordonnées wo a, 

pour Le A; on suppose J invariante par translation, et ÿ sup|J,(@)|<oo. 
A30 wen 

Pour toute partie finie A de Z“ et toute condition extérieure &eX", on définit le 

potentiel hamiltonien U® pour @eX*% par 

a@=—- YY Igo) 
A: ANA#QD 

avec @=(@, @), Z$ = EPA fexp— US(@)} où P, désigne la restriction de P à o(A), et 
enfin 

Ta (@) =(Z4)~* exp { — UR (&) } 
la spécification. Soit G l’ensemble des états de Gibbs invariants par translation, i.e. des 

Qe PY,(Q) tels que, pour toute partie A finie, n° dP, soit une version régulière de Q 

étant donne a(A‘) (probleme de Dobrushin-Lanford-R uelle). 

THÉORÈME. — (1) lim 1/| A, |log Zen existe, est indépendante de la suite des conditions 6, 
an 30 

extérieures a A,, uniforme par rapport à @,, et est égale a 

p=— inf {ES(U)+1(Q, P)} 
Qe Ps (Q) 

0249-6291 /86/030305SI1 $ 2.00 © Academie des Sciences
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avec 

l 
U(@)=— 2), ——J,(o) 

A30 | A | à 

et 

1 
I(Q, P) = sup — h(Q,, P,), 

A partie finie de z | A | 

où hu, v) est l'information de Kullback de pp par rapport à v lorsque wp et v sont deux 

probabilités définies sur la même tribu. 

(11) Si Q EG, on a pour tout borélien B de P,(Q) 

| I 
— inf {EFU+I(R, P)+p}< lim logQ{iR, ,€B} 

ReB ~ of n 

—— | 
< lim logQ{R,,,€B} Ss — inf {E®U+1(R, P) +p}. 

n— 2 n ReB 

COMMENTAIRES. — La formule variationnelle de Gibbs (1) est bien connue; cependant 

la preuve donnée ici. à l’aide de techniques de grandes deviations, est nouvelle. 

Du principe de grandes deviations (11), on déduit 

| | 
lim 
sx (A, log Q{R, ,eB}=0 

dès que B contient l’un quelconque des états de Gibbs [il est en effet connu que 

p=EU+I(R, P) équivaut à ReGl]: l'apparition d’un autre état de Gibbs, s’il en existe, 

n'est pas de probabilité exponentiellement petite sous Q. 

On montre aisément que I(., P} est s.c.i. sur P,(Q) et que ses lignes de niveau sont . 

compactes, on retrouve ainsi que G #@ sous nos hypothèses. 

II. INDICATION DE PREUVE ET LE CAS INDEPENDANT. — Pour A, A’cZ“et Q une probabilité 

sur Q, notons Q%. une version régulière de Q conditionnelle à o(A), restreinte à o(A’) 

(on écrira 0 pour{0}). 

PROPOSITION. — (a) Soient < un ordre total sur Z*, compatible avec les translations, 

(+, 0] [resp. (+—,0)] l'ensemble des minorants {resp. des minorants stricts] de 0 (le « passé »). 

Si Qe?,(Q), le sup définissant 1 peut être calculé sur les parallélépipèdes de N° et est 

égal à T=E2h(QS-®” a). 
(b) Pour tout borélien B de P,(Q), la loi du processus empirique R,, ,, sous P satisfait 

un principe de grandes déviations avec constantes | A, | et fonction de taux I(., P). 

Remarques. — Ce résultat est la clé du théorème; il généralise celui de Donsker- 

Varadhan en dimension 1 ([1], [2]); (a) est di à Follmer [3] dans le cas X fini et < un 

ordre lexicographique. 

Pour montrer (a) on ordonne les éléments d'une partie finie A arbitraire de Z“, et on 

obtient comme dans [2]: E°F-logf"F£|A IT pour toute F, o(A)-mesurable bornée. 

Puis, pour établir sup {(1/|A])4(Q,, Pa); A parallélépipède } ZT, on décompose 

h(Qx, Pa) = Y Eh(QG “AO, x) 
LE À 

où T* est la translation de vecteur À dans Z“
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L’argument en dimension 1 de [2] mène à lim E2h(Qé*, «)ZÏ pour toute suite A, 
n= 

croissant vers (+, QO) : on le complete cn remarquant que A+ Eh(Q$, a) est croissante 

en AC(+, 0) (inegalite de Jensen), et on peut alors adapter l'argument de Cezaro. 

En s'inspirant de [2], on montre que I(Q, P) est une fonction affine de Q et que 

QeZ?,(Q) a une représentation intégrale 

| S Ho (dS) avec [(Q, P= |, P) to (dS). 
S ergodique 

La majoration dans (b) est semblable au cas d=1{2]. Pour la minoration, on établit 

d’abord 

(1) lim ——logP{R,,,€V}2—I(Q P), 

pour tout voisinage V dans #,(Q) d’une probabilité ergodique Q vérifiant I(Q, P) < co : 

le point crucial est que la famille filtrante { log dQG/da; A partie finie de (+—,0) } est une 

Q—-o(AU{0}) sous-martingale, convergeant dans #*(Q) vers Y, 

Y SlogdQy-" /da Qp.s. 

On ecrit alors 

où 

1 l dQ,” À Q! = FA | >. log Ja (8* w) SI(Q, P)+e 
n À € An 

et 

d (—, O)AT AA, 

aa} i ÿ | ¥ —tog Co , Jetuz-<} 
n|ÂieAn el 

5 

la Q-probabilite de 7 tend donc vers 1, mais aussi celles des deux autres ensembles 

d’apres le theoreme ergodique multiparamétrique. 

D'après la représentation intégrale précédente, il suffit alors de vérifier que l’ensemble 

des Qe?,(Q) vérifiant (1) est convexe, en utilisant un argument classique. 

La preuve du thcorème consiste alors à combiner les résultats de [4], $3, et les inégalités 

(b) qui sont bien sûr indépendantes de @”. 

Reçue le 23 juin 1986, acceptée le 22 juillet 1986. 
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PREUVES DE LA NOTE: 

"GRANDES DEVIATIONS POUR DES CHAMPS DE GIBBS". 

Nous reprenons ici les notations définies dans la note. Une biblio- 

graphie complémentaire, référencée par le nom des auteurs, figure a la 

fin des preuves. 

Si AC ze | on note 

P F 
D, = { F:9 — R ; F o(A)-mesurable, bornée, E e < 1 }. 
A 

Q 
Alors, n(Q,,P,) = sup {EF ; FED, } 

O Preuve de la proposition: 

.Montrons d’abord que I §& T . Soient À une partie finie de ZA, 

dont on note A ,...A ses éléments classés par ordre croissant, et 

[A] 

F € DA: Soient F = F et 

[A 

FL ( )= 108 fe aldo, )...a(au, Wy ,..., © = lo a( dw we w 
KAY AK Akc+1 AIAI 

Peed Fk pour k = 0,.../[A[, . Comme Fy & O et | e a(do, ) = 1, ona 
+1 

Q-p.s 

{A } (<,A ) À E OK*Yl {rio - Fr ) < à Q K+1’ | = n(Qf*9) ,a)oe K*1 
{Ane} 

d’après la stationarité de Q; on intègre ces inégalités par rapport à 

Q, on somme sur k, et il vient 

“~e Q 
EF < JAI fT 

L’inégalité inverse nécessite une étape de plus qu’en dimension 

d=1. Maintenant, A est un parallélépipéde; la formule de décomposition 

de l’entropie (lemme 2.3 de [1]) s’écrit 

h(Q,,P,) = h(Q , P ) + E h(Q ,a) 
A-{2 } A- {A } {A } 

[A [A] [AI 

AJA] 
Q (<,O)NT [2 

A 
où le dernier terme est égal a Eh a) par stationnarité.
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D’où l’on obtient 

Q (<,0)NT~*A 
h(QaePa) SEE h(Q ,&) (1). 

L’argument suivant, suffisant pour d=1, devra ici étre complété 

si 4, est une suite croissante de parties de (<,0) avec WU A, = (<,0), 
n 

le théorème usuel de convergence des martingales montre que 

& (<,0) 
SI => Qe , Q-p.s. ( = désigne la convergence étroite des probabi- 

lités). Puisque p > h(u,v) est s.c.i. , le lemme de Fatou montre que 

Q 45 Q  (<,0) 
lim inf EE h(Q ,«) > E h(Q »&) (2). 

n —> 09 O0 O 

A’ & A’ 
D’autre part, on a Q-p.s. Q Q = Q pour A’C AC (<,0), et 

4-4’ O O 

donc 

A’ aN A’ 
Q 4 Q Q_y,- Q Q Q Q , 

E h(Q ,a) =E ES* supE°F>E sup E © F = E h(Q$,a) 
O FED, FED, 

En combinant cette propriété de croissance avec (1),(2) et un argu- 

ment de Cezaro, on obtient aisément 

1 d ~ 
I > sup{ Tal h(Q,,P,) : A parallélépipède de Z } > I , 

A 

ce qui prouve a). 

. Nous établissons maintenant la majoration de la probabilité de 

grande déviation, en suivant l’esprit de la preuve de [2]. Soient A 

un parallélépipéde de nd contenant l’origine, et FED, ; on peut 

recouvrir A, par des translatés T'A de A deux à deux disjoints et 

on majore 

1 1 
exp — > F(8/w) =exp—— Pp > F(@TtAw) 

[A] AEA, [AI AEA TITH+AEA, 

1 
< —— Z exp Z F(8T*/w) 

[A AEA T 

par convexité de l’exponentielle. Puisque FED) et P est une mesure 

produit, on obtient en intégrant par P 

P 1 x 
E exp— Z F(@%w) < 1 

[A] AEA,



1 
vu 7 F(@%w) - J F AR, ww | est un 

n 

Comme € (n) = sup | 
F w n 

GatlFIIAI/mintal}), on en déduit pour tout borélien B de 9, (0) 
j 

A P [A 
exp | nl £e (n) } = E exp nl [ F dR, w } 

|A | F [A ! 

A 
> PR, 6B} exp Mal inf f F dQ } 

d’après l’inégalité de Chebichev; soit 

1 Q 
lim sup log P{R, w= Bd < - sup{ sup inf E F ;A parallélépipéde}. 
n—>o |A, | , [A] FED, QeB 

La fin de la preuve est alors identique a la référence ci-dessus. 

.Montrons maintenant que 1(Q,P) est une fonction affine de Q; notre 

preuve reprend et explicite celle de [1],[2]. Comme est polonais, 

on peut trouver une famille dénombrable U d’éléments de l’espace ‘€, (2) 

-des fonctions continues bornées sur 2 a valeurs réelles- ne dépendant 

que d’un nombre fini de coordonnées, qui soit déterminante pour la 

convergence étroite des probabilités sur Q. Soit AW une suite de cubes 

croissante vers (z*)4, pour Een et feu, on définit 

Nyt lim > fo8 (w) lorsque cette limite existe 
n>co AEAL 

= 00 sinon 

Alors, Qe= (wEN: nf € R} et Q.=M A, sont des boréliens de O, 
(a) O feu f 

éléments de o{(Z*) }. D’après le théorème ergodique, on constate que 

VQEP, (A), Q(Q,) = 1 et No = Q Q-p.s., 

où on a noté P., (2) l’ensemble des probabilités stationnaires ergodiques 

sur 2. 

On choisit à présent < tel que «z*)$ & (<,0) - un ordre lexicogra- 

phique par exemple -, on note R(Q,w) une version régulière de la proba- 

bilité QEP, (2) conditionnelle a (<,0) qui soit conjointement mesurable 

en Q et w ; soit R°= R(N,,,w) . Pour QET, (AN), on a 

Q(dw’) = J R°(dw’) Q(dw) (3).
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Maintenant, supposons simplement Q stationnaire. Toujours en vertu 

J 
du théorème ergodique, Q(Q,) = 1 et Q-p.s. n= Q , Où J est la tribu 

J 
des invariants. Mais Q est presque sûrement ergodique et 

a 
a=faq a =f s pz (as) (4) 

Q Ÿ P. (2) Q 

ou Ho est l’image de Q par l’application J-mesurable wo +> Q : donc 
J 

(<,0) | 
(3) reste vrai pour QE, (2) et Q = R Q-p.s. 

Donc I1(Q,P) est une fonction affine de Q et vérifie: 

1(Q,P) = J h(R®,a) Q(do) 

[a cas) f h(R°,a) s(do) 
Q O 

J (45) 1(S,P) (5) 

d’après le théorème de Fubini. 

.Nous montrons maintenant la minoration b). Il suffit de prouver 

que pour tout voisinage V de Q dans PF, (2) avec I1(Q,P) < oc, 

lim inf log P{R,, we } = - I1(Q,P) (6). 
n-—>co , 

n 

Supposons d’abord Q ergodique. La preuve, plus délicate que pour d = 1, 

nécessite le 

A 

Lemme : Si I(Q,P) <o , la famille filtrante { log da A € (<,0), 
fo 

A finie } converge dans LT1(Q) vers une variable Y vérifiant 

(<,0) 
O 

Y < log Q-p.s 
da 

A 

_ (<,0]  dQ 
O Preuve du lemme: soit Q = Q © «x E P(X ) ; — est une 

(<,0) O da 

_— dQ dQ 
Q-a0(AU{O}) martingale. Puisque — AU{O} —- —9 , pour A’C A la probabi- 

A’U{O} _ _A’°U{O} 
lité Q est Q-p.s. absolument continue par rapport a Q 

A-A’ A-N’ 
NA’ 

dQ, a 
avec dérivée — —— . En posant O(x) = x logx pour x20 , 

da da 

on a Q-p.s.



A’UX0} A“U{O} A A’ 

dQ; dQo dQ, 
ŒE log — = E © — —— 

da da da 

dQ, a (9) do. 

da 

aon a UtOs do ao. 

GE} (PS) - aS da da 

en utilisant l’inégalité de Jensen pour la fonction convexe © et la 

propriété de martingale: comme I1(Q,P) <o , 

A (<,0) 
Q qQo + Q qQ5 + 

E log — & E log — < © , log est une 
da da da 

Q sous-martingale filtrante qui converge dans LT(Q) vers une limite 

Y lorsque A croît vers (<,0) [NEVEU]. Pour A = (<,0), on a 

É A“U{O} (<,0) 
| dQo Qo . 8 
log —~ < E log — Q-p.s.; en passant a la limite sur 

da da 

A’7 (€,0), on obtient la majoration de Y.0 

Choisissons à présent < tel que (<,0) ñ no < © Puisque Q est 

stationnaire, 

À, 
(<,A)MA <,O)NT “A; 

à Oy a A À O0 
2() = I] — (o) = exp X= log (0%w) 

dP AGA, da AGA, da 
A n 

On a donc 

| Q 
Q An -1 

P{ Ry w= V } 3 CE 1 
dP {Ry wEV} 

n 

(<,0) (<,0) 
dQ dQ 

Q O \ O 
= Æ exp - FY log (0°%w) + F_ log - ¥ (6° w) 

AEA AEA da 
n n 

(<,0)AT™*a, 
Q 

O 

D’après le lemme, le premier crochet est positif, et la moyenne de
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Cezaro 

— À QT A 

0 À 
») | Y - log | (8°) 

AGA, da 

converge vers O dans Li(Q): si é>0, n° {wEN; Z__ > - € } est de Q-pro- 
n 

(<,0) 
we Q qdQ5 

babilité tendant vers un. D’autre part, comme E log da = J1(Q,P) , 
œ 

(<,0) 

1 0 À celle de N;= {wen; >. log (6°o) < 1(Q,P) + e } tend 
[ALI AeA, da 

aussi vers un d’après le théorème ergodique multiparamétrique [KRENGEL]; 

il en est de même pour {R EV}. En écrivant (7) comme n,w 

P{ Ra DEV } > exp( - JAN] [I(Q,P) + 2e] ) Q( nl NAF TM R, LEV}) ) 

on obtint (6) pour Q ergodique. 

Montrons à présent (6) pour QE P, (2) . Soit S,,...S,,... un 

échantillon de la loi um sur PAR): d’après (4),(5) et I1(Q,P)<c, la 
Q 

loi des grands nombres entraîne que 

m m 
lim (1/m) > S; = Q et lim (1/m) ÿ I(S;,P) = 1(Q,P) , mm -p.s. 
m->oo i=1 M->oo i=1 

I(.,P) étant affine, il suffit donc d’établir (6) lorsque Q est une 

combinaison linéaire finie d’éléments de PR), ou, plus simplement, 

que l’ensemble des QEP , (2) vérifiant (6) est convexe. 

Soit donc Q=t OQ + (1-t) Q , O<t<1, 6 et Q vérifiant (6), et V 

un voisinage de Q. Notons ici Ra om Ra . Soient ba un entier tel 

À 
n d , 

1 — ~ 

que b=t as + o(1) , A= (b,,0,...0) , OF 8 w , À = [o,b,1x IT [0,251 

_ d | 
et A= Co,an-b,1x I CO, 23] : alors Ra, © est voisin de 

t R + (1-t) R , la différence résultant des effets de périodi- x AoA 
n,W n,@ 

sation au bord des bandes. Puisque la convergence des processus est 

essentiellement celle de leur marginales de dimension finie, cet effet 

devient négligeable pour toute portée donnée lorsque n —> oo : on peut
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trouver des voisinages V de 6 et V de Q tels que 

R ev et R_ EV => R Ee V pour n assez grand. 
~~ 

An ,w n,@ 

Comme P est une mesure produit, on a pour n assez grand 

€ V} PR, DEV} > P{R. E V} P{R_ _, n,w 
An w Ane 

> exp( - tlA| C1(0,P)+e] ) exp( - (1-t)JA,I1 CI(Q,P)+e] ) 

= exp( - [A,[[1(Q,P)+e]) . 

La preuve du théoréme est mot pour mot la méme que celle des théo- 

rèmes IV.1 et IV.2 de l’article "large deviation estimates for a 

st conditional probability distribution figurant dans cette thèse, 

en prenant pour v une masse de Dirac ( on conditionne par une fonction 

constante ); elle ne sera donc pas répétée ici. 

Sur les commentaires 

1) La preuve de la formule variationnelle de Gibbs a l’aide de 

techniques de grande déviation est nouvelle pour d>2 [ELLIS,p.161]. 

Elle est, du reste, analogue a celle donnée dans cette référence 

pour d=1. Pour une autre preuve, voir [PRESTON], qui contient 

également beaucoup de résultats sur les états de Gibbs. 

Notre résultat montre que la fonctionnelle de grandes déviations 

est la même pour tous les états de Gibbs correspondant à une 

interaction donnée; elle ne dépend que des caractéristiques locales. 

Elle induit une fonctionnelle de grandes déviations pour la mesure 

1 n 

empirique — >» by qui n’est pas strictement convexe s’il y a 
n i=l i 

transition de phase. Une autre conséquence est que l’on ne peut



discriminer les mesures de Gibbs à l’ordre de grandeur exponentiel 

du volume. 

2) I(Q,P) est s.c.i. : en effet, 1(Q,P) = sup TAL h(Q), Pp) , ou 
A A 

h(.,v) est s.c.i. (car X est polonais), et Q+— Qa est continue. 

3) Les lignes de niveaux de I sont compactes dans PS (A): 

si leR” , la ligne de niveau { QEP (2); I(Q,P)<1 } est fermé en vertu 

du point 2). Pour montrer qu’elle est relativement compacte, il 

suffit de montrer qu’elle est tendue, ou encore que chacune de ses 

projections finies-dimensionnelles le sont; mais ceci résulte du 

fait que sa projection unidimensionnelle est incluse dans le compact 

{ qeEP(X) ; h(q,a) < 1 }. 

Q 
4) G #@: comme U est continue sur 2, Q+> EU + 1(Q,P) est s.c.i. 

et atteint son minimum -p sur le compact non vide 

Q 
{Q;E U + 1(Q,P) < -p+1}. Donc G #@ 

REFERENCES  COMPLEMENTAIRES . 

[NEVEU] : "Martingales à temps dicret" ; Masson , 1972. 

[KRENGEL] : "Ergodic theorems" ; de Gruyter , 1985. 

[ELLIS] : “Entropy, large deviations and statistical mechanics" ; 

Springer-Verlag , 1985. 

[PRESTON] : "Random fields" ; Lect. N. Math. 534 , Springer , 1976. 





29 

CHAPITRE I 

Partie B : MESURES DE GIBBS AVEC INTERACTION ALEATOIRE 
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RUNNING TITLE : CONDITIONAL PROBABILITY FOR LARGE DEVIATION 

ABSTRACT 

Let (x,,v1),ieZf, be independent identically distributed random 

variables with arbitrary distribution. We show that,for almost every 

(Yi )y> the conditional law of the empirical field given (Yi); satisfies 

to large deviations inequalities. This applies to the study of Gibbs 

measures with random interaction, in the case of some mean-field models 

as well as of short range summable interaction. We show that the 

pressure is non random, and is given by a variational formula.These 

random Gibbs measures have the same large deviation rate, which does 

not depend on the particular realization of the interaction; their local 

behaviour is described in terms of conditional probabilities given the 

interaction of solutions to the variational formula. 

KEY WORDS 

Large deviation , Gibbs measure , random field , spin glass, 

neural networks , maximum entropy , conditional probability. 
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1. INTRODUCTION: 

In [7], DONSKER and VARADHAN have recently initiated the large 

deviation theory for stationary random processes on the "level 3" of the 

empirical process; their methodology was shown to be fruitful, and has 

been since applied to various domains. Among these, Gibbs random fields 

were proved to have large deviation properties depending only on the 

local characteristic ([3],({14],({21]): a Gibbs field is a random field 

d such that the conditional distribution of a finite set of coordo- on Z@ 

nates given the other ones has exponential density with respect to some 

independent identically distributed (i.i.d.) field; this density 

involves a translation invariant interaction, which describes the 

dependence between the variables. One strategy is to establish first 

a level 3 large deviation principle for the i.i.d. field, and then to 

transfer it to the Gibbs field via Laplace’s method. 

In recent years, Gibbs random fields with random interaction have been 

extensively used to describe disordered systems; this time, it is assumed 

that the law of the interaction is translation invariant. In this paper, 

we study such a field for allmost every realization of the interaction, 

using large deviation techniques. 

We will adopt the same strategy as above, so we will first establish 

that a conditional large deviation principle for i.i.d. random fields 

holds with probability one (w.p.1). Let (W,); be an i.i.d. field, with 

index iez? for some integer d#2#1, and values in a Polish space W; let 

rx be continuous on W to another Polish space, and Y= mW ; : we estimate 

large deviation probabilities for a regular version of the conditional 

law of the empirical field R, yw given the Y-field, with Y=(Y;),, under
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typical conditioning (i.e. on a set of Y’s with full probability). 

The rate function in the conditional case coincides with that of the 

unconditional case on the set of stationary fields with the typical 

margin, and is infinite elsewhere. 

The proof does not reduce to a mere consequence of Bayes formula, 

as when conditioning consists in an event { KR, ,€ B } with non-zero 

probability as in [18]; by the way, our result implies the latter for 

typical B’s. Our techniques are not either related to the expansions 

of probability densities of ZABELL [29] for exact conditioning.We will 

essentially use the non conditional estimates and Borel-Cantelli lemma. 

The lower bound will be proved by means of an exponential change of 

probability, which is a central idea in large deviation theory: here, 

the new probability will be the law of an i.i.d. field indexed by a 

bigger lattice with some rectangle A as unit cell, each variable 

having cardinal(A) components. 

In section IV and V, we derive applications to Gibbs measures with 

random interaction, which randomness will be given by the Y variable. 

We will consider separately short range summable interaction (§IV) and 

some mean-field interaction (§V); one can refer to detailed references 

of such models in spin-glasses and neural networks. 

We show that the pressure exists in the thermodynamic limit w.p.1, 

is independent on the experiment and is given by a Gibbs variational 

formula; in particular, we recover results of LEDRAPPIER for Ising 

spins [19].We obtain large deviation probability estimates, for almost 

every realization of the interaction: the rate function, which give the
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rate of exponential decay, does not depend on the particular realiza- 

tion. The problems are tackled with a particular emphasis on uniformity 

with respect to boundary conditions; our results also apply for Gibbs 

measures which are obtained in the thermodynamic limit with boundary 

conditions depending on the interaction itself. 

But the thermodynamical limits of finite volume Gibbs measures 

depend on the interaction, and they are random measures. Therefore we 

localize the previous results on space averages, and show that these 

limits are related to the maximum entropy distribution - which are by 

definition the solutions to the variational problem -, more precisely 

they are conditional versions of these distributions given the 

interaction. 

In section II, we recall generalities on large deviations and 

empirical fields, and state some known results used in this paper. 

Section III is devoted to the conditional large deviation principle 

in the i.i.d. case. We give now a simple explicit computation showing 

why it holds at level 1 (of course, the level 3 proof is not trivial 

like this one): let xX; and Y; ,i=1,2,... be two sequences of two 

sequences of bounded real i.i.d. random variables; we prove that the 

conditional distribution of 

n 
Z, = (1/n) 2 Xi: (1.1) 

given Y=(Y obeys a large deviation principle for almost every ii 

realization of Y . Indeed, using the independence assumption, one can 

compute the logarithm of the Laplace transform of nZ, given Y
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n n 
nz (t) = log Ey exp(tnz,) = tog Ex exp(tY,X) = 2 bx (Ya) 

with Ly(s) = log Ey exp(sX) and Ey the expectation in the X variable; 

the law of large numbers implies that 

(1/n) Laz, (t) Wirt, L(t) = Ey Ly(t) (1.2). 

Denote by ¥ the Borel set where the limit (1.2) holds; it is shown 

in [6] that (1.2) implies that we have on ¥ 

- inf{L*(z);z€B} < lim inf (1/n) log Pr{ 2,6B / Y} 
n -co 

_ 1.3) 
& lim sup (1/n) log Pr{ Z,€B / Y} & — inf{L*(z);2€B} 

Nn 00 

with L* the Legendre transform of L given by 

L*(z) = sup{tz-L(t);teER} (1.4). 

Notice the set ¥ of conditioning under consideration is typical in 

the sense it has probability one. 
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11. DEFINITIONS and GENERALITIES : 

Let E be a Polish space, i.e. a metrizable complete separable 

topological space, and denote by P(E) the set of probability measures 

on E. Consider a sequence of positive numbers an going to infinity 

and a function I : Et [0,+e] . A sequence PLEP(E) obeys a large 

deviation principle on E with rate function I and sequence an if 

i) I is lower semi-continuous on E, and the level 

set { x€E ; I(x) < a } is compact for all ac” ; 

ii) for all Borel subset B of E, 

- 1(B) < lim inf az 
——>00 

1 . . -1 — 
log P_(B) < lim inf a _ log P_(B) < - I(B) (2.1) 

n n n n—— n n 

with I(Bj)=inf{l(x):xeB} 

When concerned with a partial summary of the information weighted by 

P, » we will use the contraction principle (theorem 2.4 in [27]): let 

® be continuous on E to another Polish space, and assume the above 

1 principle holds, then Poo obeys a large deviation principle too, 

with same sequence a_ and rate function T given by 
n 

T(y) = inf { I(x) : O(x) = y } 

NOTATIONS : Let W be a Polish space, d21 be integer and 2 = w4 

el .d d . nd _ 
If i=(i,...,i )EN and jeN~, we denote by A(i,j) the rectangle 

d 
TI c-ik, 5k] in ZA. Through all this paper, w consider sequences in 
1= 

k kK, 3K _, © for each k<d, +i. ——> © in the sense Jn n and Jn with Jn n , 

and we set AA Ci hd): For wEen, let w(n) be the element of obtained 

in making periodic the restriction of w to An: w (© = w(n) if 

i-j= m.(i.+j,+1) for some mEZŸ and 1=(1,...1). Let @7,iez%, be the
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shift operators on f given by aru =O; , and define the empirical 

field 

Raw — JA IT? 2 ô + (n) (2.2) 
n’ LEA, 08 "w 

with |A[ the cardinal of a finite set A in ZŸ. Then Ry, 4 € 9. (fn) 
n°? 

the set of all stationary (shifts invariant) measures on fN. Except in 

the proof of theorem III.1, we will write Ra © 
} 

instead of RA "00 

Notice that space averages may be evaluated asymptotically in 

terms of the empirical field, since 

f f dR, ,, 7 [A, 1772 f(O+w) — 0 as n—>co 
, iGcA, 

for any bounded continuous function f on A. 

Let a,8 in (UV): Kullback information h(B;:a) of B with respect 

to a on the Borel field of Wis 

dp dB dp 1 
— log — da if B«x and — log — EL’ (a) 

h(B:a) = da da da da 

00 otherwise. 

d 
We will denote by P, the product measure a®Z , The law of the 

empirical field Rn w 
’ 

under Py is known to obey a large deviation prin- 

ciple on P,(N) ( refer to (3],(14] or (21]) with sequence JA, | and 

rate function H(.:P,) 

, _ -1 | | do... 
H(Q:P,) = sup{ [AI h(Q,;P, a) - AC Z finite } 

-1 = lim [A h(Q, :P ) (2.3) 
n— n | An a,A, 

with Q, the restriction of Q to the o-algebra ao(A) generated by 

{ w,,iEA }. In fact H is a linear functional of Q.
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This result implies Sanov theorem on large deviations of the empi- 

rical measure AIT? Z 5,, as well as Cramèr-Chernov theorem, via the 
iEA i n 

contraction principle; but it also applies to empirical correlations 

which are space averages too, and, by the way, to Markov random fields 

which involve spatial dependence between variables.
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III. CONDITIONAL PROBABILITY FOR LARGE DEVIATION OF _I1.I1.D. 

RANDOM FIELDS : 

Let @ be another Polish space, and x : W—> # be continuous. x 

d 74 
induces a continuous map fl on Q = YH to & , Nw = y with Y; = mo; , 

d 
and M itself induces a continuous MN”: PP, (2) —> p.47 ) , n*Q = gon, 

Notice that n™p. is the product measure based on aon 1, and 

n°, w = R,, No the empirical field based and Mw. Since Q and # are 

Polish spaces, we can define a regular version Pot . J y } of Po 

d 
condionally on Mw = y [22],i.e. a map y > Po . J y } on y= such that 

i) Vy, Pat. /y} Ey(Q) , ii) for all Borel subset B in A, y>P,{B/y} 

is a version of the conditional expectation of 1, given Nw = y 

THEOREM IIJ.1 : With P,-probability one, the sequence of conditional 

distribution of the empirical process under Py given Nw = y 

obevs a large deviation principle on PP, (2) with sequence [AL | 

and rate function I given by 

H(Q;P,) if Ol 
1(Q) = f : 

co otherwise 

REMARKS: .1) In the applications we give in this paper, we restrict to 

a product space W=X x # with projection x on @ and to a product 

measure @=pp@®v , as we did for the computation in the introduction. 

We then have P a.s. 

f GA, 

Pa { Ro E B/Y } HJ 1g(R, 4) du (3.1) 

for all Borel subsets B of PA) . The estimates (1.3) follow from the
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contraction principle and the above theorem. 

.2) The usual non-conditional case is a consequence of the 

theorem with x a constant function. 

.3) Since H(.:P,) and fl'are linear » SO is I. 

We prove the theorem. Since H is a rate function and since n* is 

continuous, the level sets {Q:1(Q)<a} = (n*)~*¢n*p,} MO {Qi H(Q;P,}<a} 

are compact sets in PP, (2) for all a€R . Then we only need to prove 

that (2.1) holds for P" = P,{ Ry LE./v} , Py a.s.. We begin with 

the upper bound 

d . Zz, . 
PROPOSITION III.2: There exists a Borel subset #. f % with P, proba- 

bility one such that, for all y € #. , we have 

. — 1 lim sup |A log P { R D — [An | a n, pEC/v}<-I(c) (3.2) 

for all closed set C in Ps (2) 

O 1) We first prove that (3.2) holds on a Borel set Q,(C) of full proba- 

bility, for any closed set C. Let Co , mEN, be a sequence of closed 

. * . 74 * 
neighbourhoods of f P, in PS ), decreasing to {Nn Py? , and 

Cm = ch" (n*)~*¢c,) . Since H is lower semi-continuous in its first 

argument, H(C is non-decreasing to H(C f (n*)~*¢n*P};P,) = I(C) a? 

by definition of I. For positive €, fix m such that 

x) 2 Wc)-e | (3.3). 

The ergodic theorem implies that 

d 
— Z , É ¥(C,e) = { ye” / nv) : WV neng(y), Ray € Cm } 

has P,-probability one; on this set, Pala we om J/y)}e PalRa  wE C / y } 

for nzn (y) . From the upper bound (2.3) for Pa » we have for large n 

PLU R Ec, } S exp -JA,I{ H(C ;P 
n,w m - € } (3.4). a)



a 
Let ¥(C,e,n) = { yex™ : P,{ R, LE Cn / V } > exp -[A IC I(C) - 8e ] }. 

n,w 

Since Pot R, we .} = f Pyf R, we -/Y} dP, »Chebichev inequality yields 

exp(-[ARICI(C)-8e]) Py{ ¥(C,e,n)} < P,C{R, QEC,} N ¥(C,e,n)} 

< exp -JA,I[ I(C) - 2e ] 

combining (3.3,4). Then Po M(C,Ee,n)} < exp [Ale for large n : Borel- 

Cantelli lemma implies that ¥,(C,e) = W(C,e) M {lim sup ¥(C,e,n)}° has 
n->0o 

P,-probability one too; let we#,(C,e), we have 

Pel Ra gE € / Y } S exp -JASILC I(C) - 8e ] 

for large n. So ¥,(C) = f\ #,(C,e) with arbitrary sequence e—>0 is such 
E 

that (4.1) holds 

2) PP, (2) being separable, we can find a countable basis of open 

MN QC ) where ¥ ranges over the 
mer 

(countable) set of finite subsets of IN; then Pi (¥,) = ll, If cc P, (2) 

sets On , MEN . Define M, = a #. ( 

is closed, then C= f che for some ¥’C N ; but we can find a finite 

mer” 

FCF’ with I( A OF ) > I(C) - e . Hence, 
mer 

. -1 ‘ — 1 C lim sup |A,| “log Py{ Rn wo C /y} < lim sup JAI “log P,{ Rn a= Dm /y} 

mee 

for VE* , which is less than -I(C)+e ; since € is arbitrary, #. is as 

in proposition III.2. 0 

a Ae ... 
PROPOSITION II1.3 : There exists a Borel set ¥, in à with P, probability 

one such that we have for all y &€ ¥5 

lim inf JA,[7* log PA Ry wt 9S v } > - 1(@) (3.5) 
N——2>00 

for all open set © in PSN):
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O Again we begin to prove that (3.5) holds on some ¥5(Q). We assume that 

the right hand side of (3.5) is finite, since there is nothing to prove 

otherwise. Let e>0, and REG such that 

I(R) < 1(0) + € (3.6). 

Since W is Polish, we can pick a finite number Po of bounded conti- 

nuous functions f_ on 2, depending on finitely many Os : such that 
Pp 

. Qe _©mR { QE P, (2) ; JE f E f,! <2, Vp<p, } COQ 

Let ©, = { QEP_(R);: Eee ER <1 < 

The following construction is that of FOLLMER and OREY in [141] , 

d and A= A(i,j) as given in §I11. If ye { WA) , lemma 3.2: let i,jéEN 

we will denote by Y € P(N) the probability measure which coincides 

with yo gm. (i+j+a) (where 1 = (1,...1)) on the o-fields 

g{ A + m.(i+j+1)}}, meze , and making these fields independent; we next 

randomize the origin in defining o (7) € PA) by 

eo (7) = JAITT ZE Teak 
kEA 

From (2.3) and the definition of O;; we can fix i and j such that 

| LAIT RCRA GPA a) = H(RiPQ) | < € (3.7) 
and 

A 
~p  ( Ra ) € CP (3.8) 

for A = A(i,j). Clearly op" is continuous on pur), and A= (o*)~*(@,) 

is a neighbourhood of RA . We now need a lemma 

LEMMA III.4 : Let E,F be Polish spaces, & : E—>F continuous, §8,7YEP(E) 

with Bot t= yoe 1 and h(7;8)<co . For any weak neighbourhood A of 

y and any positive €& , there exists p€A_ such that 

pot t= Boe i. [h(o;:8) - h(y;B)1<E and 108 $8 is B-almost surelv 

equal to a bounded continuous function en E 



42 

The lemma will be proved later; it applies to B=, Fay | T=R, ; B=a®,, 

and E((w;)jen) = (Rvjjjen - Since p € A, pM(p) € @, 

Let An be the part of the lattice with unit cell A, which is con- 

tained in Ani 4, = VU (A + l1l.(j-i+1)) where 
1EL,, 

A 
L, = { len¢; À + 1.(j-i+1) CA, } . We identify W to (WA) 7 as well 

d d 
as wZ to (w)4 , with identification 

for iEA,, , MEA, EL, » and i = 1.(j-i+1) +m (3.9) 

Recalling the definition (2.2), we see that the empirical field 

Ra wo is the image of Rp (a ) - that we shall denote by RP oO 7 
n n «1/1 n 

built on the lattice with bigger cell A, through the map yr, 

d 
wo: po((ws)% ) —> es(a) , QA +> (Qt) = Q such that 

feaq = f jar? x £064 aod (3.10) 
iGA 

for all bounded continuous f on ©. In particular, we have y(P_) = o (7) 

for EP (WA) . wh is continuous, hence 

à of do 2 ap (3.11) 

te) = (#M)71(@,) n € fer ((WM)Z ); | E log sp 7 EP toe i <e} 

is open; in the last formula, the expectations are defined acording to 

@A the identification (4.8), and we recall that B =a But the law of 

w under Po obeys a large deviation principle with sequence 
n » 

IL, | = LO, 1714 I and rate function H(.3P,) : since Q(€&) is open and con- 

tains Po , this implies that there exists n>0O such that 

(3.12) A 
Pot RL ,w € @(€) } > 1 - exp - n [A 

for large n . Furthermore we have
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D a @L. 
A __- B A p P R @ = E 1 R 

dp 

@L 
P P dp ” 

~ eo { “la, t,o] = / vi} & ’ (e) n agen? 

@L,, 
P P A dp 

& exp(-[A |e) + E 4 1 (w) E “| 1 C RL ]eOr / y | } 
n ¥5(n,é) @(e) n'® @L. 

dp 
(3.13), 

with 

d P d Pen | Z œ A P Y , = ¥“ ,; E 1 R ——— > [A o(n,e) {ye | ete). Le ] — / y | exp(-|[A;le) } 

_ - _ PY, dp 
Since poé 1. Box do (aor 1)@A —E%* —/Sy}e-1 P, a.s. and the 

d 

conditional expectation in (3.13) in not more than one : together with 

(3.12), this implies Pf ¥o(n,é&) } >» 1 —- 2 exp(-[A,linf{in,e}) . From 

Borel-Cantelli lemma, ¥5(€) = lim inf #,(n,e) has P,-probability one. 
N——500 

From the definition of ¥5(n,é) and (3.11), we see that for ye¥, (€) 

P | dp 
A A 

exp(-|4, Je) < EE “| more)! RL ,w ] exP{ IL. | | log aa ARL_ ,w \/ y | 

< exp [L J EP log mi + € P À RM € Q(e) Sy } 

< expIL,|{ h(p:8) +e } Pot Ra 4 EO / y} (3.14) 
n ? 

since w( RP ) = R and (3.11) again . But it follows from the 
n’'® 4,1 

lemma and (3.6) that h(p;8) < [AICI(R)+e] + €e . Moreover, f with 

P<p, depends ona finite number of coordonates Or » hence 

sup | f. dR _ f__ dR converges uniformly with respect 

to w and { RA w € @1} Cc { Ra wo © © } for large n. So (3.14) yields 
n’ n’ 

Pol Ra wy € ® / Y } > exp - [4,1] { I(R) + 4e }



At last, (3.6) and lim [4,/1/7/4,[ = 1 imply that 
Nc 

e Q — 1] 

lim inf A log P R E ©Q > - I(@) - Se 

holds for y € ¥,(&).We set ¥,(@0) = ¥5(e&) with any sequence € going 
& 

to O , and this ¥5(@) is a desired set. 

2) We keep the notations in point 2) of the proof of proposition 

111.2 .' Let ¥, =” ¥5(Q,) : Any open set @ in P, (2) is of the form 
m 

Q9=U @Q with F’C N ; but there exists me¥’ with I(@.) < I1(@) + € 
mer” m m 

since On € Q, the left hand side of (3.5) is bounded from point 1) 

with -[I(@) + e] on ¥5 i since € is arbitrary, (3.5) holds on ¥, .O 

O We now prove lemma III.4 : since h(r;:8B) <o , y is absolutely 

continuous with respect to 8; denoting by g the derivative, EP (e/é) = 1 

B a.s. since y and 8B have the same image by & (EF (g/é) denoting here 

the conditional expectation of g:E—>R given €e =.). 

First we show that we may assume that log g is bounded. Let m>1 , 

D, = EP{ g - inf(g,m) / € } and g, = (1-m™*)[ inf(g,m) + D, ] + m7 

Then, Tm = En B € P(E) satisfies to Tee = Boel, According to 

Lebesgue theorem, En converges almost everywhere to g, and, since 

En < g+1l , Ym goes to xr in the topology of probability measures on E. 

Using the convexity inequality log(g+1) < (log g)~ + log 2 , the 

sequence g, log En is bounded from above with (g+1)[(log ge)” + log 2] 

which is integrable since Kullback information h(7;8) is finite 

using again Lebesgue theorem, we see that lim h(T,:B) = h(7;8) 
M—>00
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AS m t< En <m , B a.s., it is enough to prove the lemma under this 

extra assumption. 

Applying Lusin theorem [13], we find a sequence TLEC(E) such that 

lim IT .-Zlp = O for 1<p<o and mi< Th < m . Now, we define 

Then, log rhe is bounded and continuous and Py has same image as 8 by &. 

Moreover, 

Irk-elh < 1 (Foe) / ERLE, /E} Uy + 1 (A-EP{EL7€}) & / EFCFL/E) LL 

< om Pi -el+ m Ni - EPFL se) LL 

Since ke converges to g in LP, ES (Tr, /é} converges to EP {g/é} = 1 in 

LP and the above computation shows that r,. goes to g in LP ; in parti- 

cular, TK converges weakly to y , and the continuity of f > h(f8;8) 

in the Ie ll, norm implies pin h(TLiB) = h(y:B) , which ends the proof. 

0



IV. GIBBS MEASURES WITH SHORT RANGE RANDOM INTERACTION : 

From now now on, we assume W = Xxt with Polish spaces YX,% as 

in remark 1 in the last section, with x the second projection. We 

write oOo. = (x;,V;) , where x is the spin at site iez? and where y, 

ÿ = (Yi); contains the randomness of the interaction; let ax = n@v 

with LEëP(X) the a priori single spin distribution and vep(%). Notice 

that we can define the conditional law of w under Py given y for all y 

by P.(B/y}=J 1g (o) dP, , which we will denote by P{B/y} for simplicity. 

d 
For any finite set A in Z , let Ja be a continuous function on Q, 

o({(A)-measurable ; for arbitrary fixed y, J, (w) represents the interac- 

tion between the spins located in A in the experiment y = (Yi); . We 

set J= {J,:A finite subset of zo} , and we assume that 

| i 
J is translation invariant : J,0°8 = Jina 

J is summable : [J] = > sup |[J,(w)| < © (4.1). 
A350) weEN 

d Fix y for a moment. Let ACT Z@ is finite ; a boundary condition 

AC . 
(b.c.) is a configuration xXEX of the particle system outside A ; 

we define the Hamiltonian ur? Y (x) » which represents the energy of a 

configuration xex\ inside A, given the configuration x outside, by 

ux V(x) = — > J, (@) (4.2) 
A; ANA¥D 

with w=(x,y) and x=(x,x) the configuration equal to x on A and to 

X outside. We can view the b.c. as governed by a boundary condition 

C 
distribution (b.c.d.) =E€ p(x )
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The finite volume Gibbs measure on A with b.c.d. = is the the probabi- 

lity measure GE" on X given by 

GErV(ax) = (25'%)"2 J expt-UX'V(x)} E(ax) FT H(dK;) (4.3) 
Ac LEA 

x 

with normalizing Zor, We will write ZXr¥ and Gry when ==6 and 

",y Ts V — Zn , Gy when A=A,, 

An infinite volume Gibbs measure in the experiment y is, by defini- 

tion, a solution to Dobrushin-Lanford-Ruelle (D.L.R.) problem , that is 

d 
any probability measure GY on xZ such that, for all finite AC zd , 

Y'ax XiVeax y AS G*(dx/x) = Gx’ (dx) for G’-a.e. XEX (4.4). 

Our first result is the thermodynamic limit of the pressure: 

_ =, 
THEOREM IV.1 : With P probability one, lim JA] log Zn 

exists, does not depend on the sequence of boundarv condition 

distribution =n and is equal to the deterministic number 

p = - inf{E°u+1(Q) ;Qer,(2)} 
with 

— 1 U(w) = - £ JAI 94 () 
A30 

AC 

Moreover, this limit is uniform with respect to =n E P X n ) 

. -j =ary 

P, À lim sup [A, | log Za - pl =0 } = 1 
n>co = 

n 

REMARK 1 : .1) It is well known in the litterature in physics that the 

limit exists w.p.1 and is constant [28]. The Gibbs variational formula 

for the pressure p was established by LEDRAPPIER [19], with ergodic 

theory techniques, in the particular case of nearest neighbour Ising 

model with free b.c., but for more general conditioning including 

non typical y’s.



.2) Because of the uniformity in the limit with respect to b.c.d. 

one is allowed to consider b.c.d. depending on the interaction . We put 

emphasis on this, since some infinite volume Gibbs measures may not be 

limit of finite volume ones with b.c.d. independent on the interaction. 

Before proving the theorem, we give 

EXAMPLES OF PAIR INTERACTION : 

d 
Let t= @Z with @ and X bounded subsets of R; a generic element 

Let J be an even real function on y; of @ will be written (ye) d 
kEZ 

zd such that Z [J(K)| < 

kez? 

-1) Define J by 

- VS X; if A={i} 

JAto) = - J(i-j) yj"? x, x, if A={i,j} with i<j (4.5) 

O otherwise 

with lexicographic order < on zd, The Hamiltonian (4.2) is of the form 

i<j i 

with Zs jay? for i<j and external field {=VT . Choosing v as 

the appropriate product measure, we cover following situations 

i) the Zs 3 8 are i.i.d. with arbitrary distribution and t; is 
’ 

equal to some constant t : this a usual framework in spin glass models 

( see (0],(1]),(11],(12] ) 

ii) the Zs js are equal to 1 and the t,’s are i.i.d. : this is 

the random external field model [15]. 

.2) We may also consider Hamiltonian of the form (4.6) with 

dependent Zs j"S: Let’s illustrate this in modifying J in (4.5) by
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Jg(@) = - J(i-j) p(Vi: Vi) Xi x; if A={i,j} with i<j 

for a symmetric continuous function on Re. When vi has values in the 

finite set {1,...,1 9}, this describes a crystal of a mixture of 1, 

different kind of particles or isotopes which are randomly distributed 

in the crystal; o(1,1%) represents the energy interaction between 

particles of type 1 and 1’, and is modulated by the intensity J(i-j) 

which takes into account the distance between the particles (refer 

to [20],examples in ch.XIV). For 1,=2 and p(l,1”)=(1-1)(17-1), this 

is the site disorder model [2] for a non magnetic crystal (particles 

of type 1) with randomly located magnetic impureties (type 2). 

.3) With slight modifications in (4.5), we also cover XY spin glass 

model [11], which correspond to the formal Hamiltonian 

i, J(i-j) Zig cos(x,;-x,) 

with i.i.d. zis , x; EX=[0, 2x] and (dx, ) = dx, .- 

REMARK 2 : Our method shows its limit in example 1-i); indeed there 

still exists a limit p when J(k) = jk j 749 with a>1/2 and Ez; j7? [17], 

which is non summable, but only square summable. 

REMARK 3 : With little extra work, we can also consider in the above 

examples unbounded spins x with some control on the tail of distribu- 

tion »; for instance, the results in this section remain valid for 

Gaussian spins under boundedness assumption on the function J 

d _ A 
O Proof : Let Xn an arbitrary b.c. outside An and yer , xeX À, 

x=(X,5X), w=(x,y). Then, 

> JA(w) + Uy } (4.7) U (x) = - { 
Â 

n ACA, 

with u,=2J,(w) where the summation is over the sets A which intersect 

An but are not contained in it. In other respects, translation inva- 

riance of J implies
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-1 -1 n Jour yg =~ yl E IA oy, g(o™)) 
LGA, A30O 

n 

=- JA { Sl  Jilo) + uy } (4.8) 
A CA, 

with US > > Jisatotn)) , the last summation ranging over A contai- 

1EA, 

ning O such that i+A is not contained in A, - From (4.1), there exists 

for any positive € an integer m(e) such that >} sup|J,(o) | & € with 

summation over all A containing O, with diameter more than m(e). Hence 

we have uniformly in Xn 

JAI lui & e + m(e) [If @(1/min{ii+5l;1<d}) (4.9) 

for k=1,2. Then, for n larger than some n, independent on Xn o 

Xn'Y i Xn'Ÿ 
exp(-4[A le) Z < E{exp(-[A |} U dR )/y} S exp(4JA_Je) Z (4.10) 

n n n'a n,o n n 

where conditional expectation means integration with respect to P{./y}. 

d 
According to theorem III.1, there exists a Borel set ¥ in a of 

P -~probability one such that a large deviation principle holds on ¥ 

for the law of Rn under P{./y}. Notice that U is bounded and conti- 
w 

nuous on 2, and so is Q ‘> EQU ; then, for all ye¥, theorem 11.2 in 

(27] applies and show that the quantity 

arly) = |A, 17 710g E{ exp (-1A, 1) U dR, wy) /y} - P 

(independent on Xn) converges to O on ¥. From (4.10), we derive that 

| -4 Xn'Y | 
sup FA, | log Zn - pl < 4€ + la,(y) | | (4.11) 

Xn 

holds for nan, » which implies 

. — 1 =nry 

lim sup sup [An | log Zn - pl < 4é 
N—200 =n 

for ye¥ ; this ends the proof.0
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We now give large deviation estimates for the different empirical 

fields of Gibbs distributions. Define 

P= { QEP(N) ; T(Q) =O } (4.12) 
where 

T(Q) = EU + 1(Q) + p (4.13). 

d za za xe —> X be the first projection M’w = (x,),;= x Let mm’: 9 = xX i 
d 

and (m’)*; PP, (2) —> P(X” ) the first margin map . Then, 

(17) "Ro o = Ra x the empirical field for the spin variables only. 

24 
THEOREM IV.2 : There exists a Borel ¥ set in * with P probability 

one , such that 

i) the sequence of the laws of the empirical field R, , [resp. R,, x4 

= ,Yy d 
under Gc.” obeys a large deviation principle on P (2) {resp P(X” )] 

with rate function T [resp. T(.) = min{T(Q):(n/)*Q =,}] and sequence 

[A | , for any sequence of boundary condition distribution 

AC 

= EE P(X ?). 
~™n 

ii) this sequence is tight, and any limit point is concentrated 

on ¥ [resp (N’)*¥}. 

iii) the previous points hold for anv infinite volume Gibbs 

measure GY. 

Clearly, T given in (4.13) is lower semi-continuous and linear 

with compact level sets, ¥ and (n’)*¥9 are non-empty convex compact 

sets, independent on y; but the limit points in ii) may depend on y 

as well as on =): 

We emphasize on point iii) : all the solution to D.L.R. equations 

have the same large deviation properties, and these do not depend on
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the particular experiment. As in the non random case, the rate function 

depends only on the structure of the local characteristics, and 

the Gibbs measures are not discriminated in the order of exponential 

magnitude of the volume. On the other hand, the rate is non random 

because the empirical field is only sensitive to the ergodic behaviour 

of the interaction. 

O Proof: Fix a b.c. Xn: By definition 

{4.3), we have - 

Xn'Y ( X Y)- XnrY — 
GA {R, eB} = (2,7 1 E{exp[-uU," (#)] 2h CRn w] /y} (4.14) 

for any Borel set B in PR). Combining the estimates (4.7,8,9,11), 

we obtain for any Xn and nan, 

exp(-[An](ptlag(y) [+82)} Exexp(-[Agl{ U AR, ) Ag(Ry ul /¥) 

xX, Y 
< GER A EB} (4.15) n,w 

< exp{-lAl(p-lan(v)1-86)} Etexp(-JA If U dr, 6) BplRq, wl) /¥}- 

Since the bounds do not dependent on Xn as well as n, » we can 

integrate (4.15) with respect to any b.c.d. =. ;hence (4.15) holds for 
n . 

= ,V 
Gc.” . On the other hand, the techniques of [26], §3, show that 

for all ve 

- inf (EQU+1(Q)} < lim inf IA_l| llog Elexp(-|A U dR. .) 1,[R. .] /y} . n— | al | ald n,w B- n,w 

QEB 
. — 1 

< lim sup [A,| log E{exp(- [Al U AR; w) 18 CRa J /y} 

< - inf (E2u+1(Q)} (4.16). 

QEB 

Together with (4.15), this yields the inequalities (2.1) for the 

= ,y 
n But, if GY satisfies to (4.4), we have law of Raw under G
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_ . = — ny : . y Cy). A n , with == Ge the restriction of G* to a(Ar); 

hence the results for the infinite volume Gibbs measures are contained 

in those for finite volume Gibbs measures with arbitrary b.c.d. = n * 

Since R, ,= (n’)*R, w With continuous (n’)*,the corresponding results 
9 > 

for Ro x are a staightforward consequence of the contraction principle. 

We have proved i). 

Since $Ÿ is compact and T lower semi-continuous, T(W)>0 for all 

neighbourhood NW of ¥ in PS (A). According to the point i),we have 

= _ y 
lim G_°' {R_ Een} =O | (4.17) 
ns n n,w 

for all ye¥ and all M. But (4.17) and compactness of # implies that 

=n ¥ , , 
the sequence G, ’ {R, ,¢€-} is tight (€22],p.49) for such y’s, and 

that the limit points are concentrated on ¥. Then ii) follows easily. 

As above, the same hold for GY. O 

The previous results concern space averages; in the next one, 

we localize our results to study the Gibbs distribution itself, and we 

express it in terms of solutions to the variational problem. We consider 

b.c.d. = , depending on y as a measurable function, that is 

d AS 
YZ —> PIX ) is a transition probability kernel 

» Ÿ d 
given in (4.3) to any probability measure on xZ , say 

> 

We extend G 

_ zy 
= Ga @ P
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Zn°Y 
converges THEOREM IV.3 : Assume that , with P, probability one , G, 

y d 
weakly to some G € p(xZ ) | If G= GYP, is stationary , then 

GE 

In other words, there exists a GEY such that 

GY (dx) = G(dx/y) w.p.1 

COMMENTS : .1) The stationarity assumption on G is needed, since the 

result does not hold for arbitrary b.c.d. in the (usual) case of 

deterministic interaction : a finite volume Gibbs measure may converge 

to a non-stationary solution to D.L.R. equation; this is symmetry 

breaking (({24],p.77). On the other hand, a stationary G is characterized 

by the sequence of its empirical fields, which asymptotics are known 

from theorem IV.2 

.2) We give two examples where the assumptions are fulfilled: 

a) random ferromagnetic Ising model with free boundary 

C N 
n = Q 64 

1 
condition: nu = — (6,+5_,), J given in (4.5) with BC R”, 

2 

(free b.c. meaning that the particles in A, are isolated from the 

. . . . . =n'Ÿ 
outside). Then G.K.S.-2 inequality ([10],p.142) implies that Gn 

converges, monotonically in some sense, for all y; denoting by GY 

the limit, GYP is stationary because the b.c. are free. 

b) let u as above (Ising spins), d=1 (one-dimensional) , 

J be given by (4.5) with Evy, = O0 , and =H be independent on y 

it is shown in [0] that the limit GY exists w.p.1, is independent on 

such a sequence = Furthermore, GYP is stationary, since free b.c. n° 

are among those =n



55 

O Proof: let f(x) and g(y) be bounded real continuous functions on NA, 

o(A)-measurable for some finite AC ZA. The convergence assumption 

implies 
any 

P Gc," P GY G 
limE“"( gE f) =E’"( gE ££) ==E ( fg ) 
n>oo 

G 
= E ( [ fg dy, w ) + em) 

with lim em) =O , because G is stationary and f,g depend on finitely 
m>00 

many coordonates. But this last expectation itself is equal to the 

limit as n—>>œ of 

p =n°Y = m'Y 

v n _ v m 
E E J fg AR, w = LE E fg GR wy 

when nem with = 

E°( fg)= EY E™ [ fg dR + e(m) + € ,(n) 

We choose n= n(m) such that [e,(n) | < 1/m . Combining (4.17) and 

Lebesgue theorem, we derive 

= 
= 4y 

lim EY GG" 
m—>0oo ‘Rayo EV P= 0 

3 

for any neighbourhood W of # in PA): then, the laws of Rn gm under 
§ 

n 

p gn’” v En are a tight sequence with limit points concentrated on # 

Since f and g are arbitrary, GE $Ÿ . Q
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V. MEAN FIELD MODELS WITH RANDOM INTERACTION 

In the case of non random interaction, each pair of particles 

in a mean field model interacts with constant intensity, so that the 

Hamiltonian depends only on the empirical measure of the spins. Here, 

we consider Hamiltonian depending on the empirical measure 

= 6 E P(Xx) (5.1) 
1=1 (x; ,Y;) 

th 
with x, the spin of the i particle and y the randomness of the i 

interaction as in the above section; we take d= 1 since no geometry 

is involved in such models. We could also treat a (more general) local 

mean field as in [8] - where the intensity of the interaction depends 

also on the distance between particles in a suitable way -, via the 

adequate (known) techniques. 

We do not cover the SHERRINGTON-KIRCKPATRICK model [25], which 

has a weaker normalization in n and independent couplings. Nevertheless 

there are some similarities in the two models, such as frustration, 

strongly oscillating couplings at long distance, and the dependence 

between couplings decreases in the asymptotics: refer to the discussion 

of Van HEMMEN, Van ENTER and CANISIUS [16], §2. Examples will be given 

- later on; we first define the Gibbsian set-up. 

2 
Denote by 1 the Hilbert space of square summable real sequences, 

with scalar product t.t’ for t, t’ in 12. 

Let M : Xx¢ —> 1° bounded continuous (5.2) 

and Vv 1° ——> R twice continuously differentiable 

with bounded derivatives on bounded sets in 1°. (5.3).
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Define the Hamiltonian v¥ (x) =n V(r with n,w) 

Vir) = v( fu dr } VreEP (Xx) (5.4). 

* 

We are interested in the asymptotics of the Gibbs measure QŸ E P(XN ) 

N* 

Q¥(dx) = ZF exp{ - V¥(x) } @u (dx) (5.5) 

with normalizing zy . The order parameter ky dr , and its empirical 

version m_(w) = fu dr, are a priori infinite dimensional; it is 
, © 

a quantity of interest for it characterizes the equilibria of the 

system. 

y 
For tel“, we define L(t) = f L Let) v(dy, ) with 

71 , * 
L “(t) = log exp { t.M(x,,Y,) } H(dx,) , and its Legendre transform L 

L*(m) = sup{ t.m - L(t) ; tel*} for mel? (5.6). 

We assume that p is not a Dirac mass, which is unrestrictive. 

THEOREM V : For P, almost every v , we have 

i) lim ni log zy = - inf { v(m) + L*(m) ; mel} 
N 200 

which we will denote by p . 

ii) The law of the empirical order parameter m_(w) under QŸ 

obevs a large deviation principle with rate function v + L*+ Pp 

and sequence n 

iii) The sequence QŸ is tight on px } , and any limit point 

oo V ° 

is a mixture f © ra t(dm) for some TEP (4) depending ony , 
D 
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o = { mel@; v(m) + L*(m) + p =O } , and 

Yi Yi 
ry (dx;) = exp{ t.M(x,,y,) - L “(t) } B(dx;) 

where t = t(m) satisfies to L’(t) = m 

REMARKS : 1) The local asymptotics in iii) is analogous to theorem IV.3: 

here, ¥ consists in the mixtures f P t(dm) with TEP(s) not 
r '@v m 

depending on y; a version of the conditional probability given y is 

f © ri T(dm) SE 
i 

2) If [s] = 1 , the Gibbs measure converges w.p.1, the spins 

are independent in the limit, and the margin of x, is the "maximum 
1 

(conditional) entropy" distribution r Ov given Yi 

EXAMPLES 

Assume X be bounded in R, x symmetric , and L2(v) separable 

with complete orthonormal system (Hider (K at most countable) such 

that 4, = 1 and yy is continuous and sup Ibis <9 + Let (ax Rex 

be an element of 1°=— 12(X) with ag * O for all kK. We consider 

M(@) = (x14, 4. (¥y) Inex (5.7). 

Then we can compute explicitely L*(m) 

. 2 Late 5 (m/a,) di] dv if (m,/a,), € 1%, L*(m) = { FN ds Wie k/ AK) k 

+ © otherwise (5.8), 

where A™ is the Cramér transform of H given by rA*(u) = sup{su-A(s) } 
seiR 

SX, 
and A(s) = log Î e H(dx,) . We will prove this later. 

We consider a quadratic v , with diagonal form 

v(m) = 2 Vie Mk with sup Ivy. | < oo (5.9).



59 

1 
Hence the Hamiltonian is of the form v¥ (x) = — À Js ; XX; with 

ni,j 

2 
Jing = KEK Vk k Wily; ) USER | (5.10). 

are Then the couplings J; are non correlated, but J; j and J, 
J ; 1 1,Jo 

dependent; we cannot obtain independent coupling from (5.7). Using a 

non diagonal quadratic form v, we can obtain correlated J; and J, 
9 

From the definition of +, any més» satisfies to the mean field 

equation 

mM) = a) Î ACTE 2 Ve dk Mk wi) by, dv V1lEXK (5.11) 

* 
which is obtained in differentiating v+L in the form (5.8,9), using 

(A*)’= (2’)7+ and the oddness of A’. But (5.11) implies that 

t= (—2VLME ) Je satisfies to L’(t) =m (5.12). 

Notice that -m lies in + too, with conjugate variable t = (2v,m ) je 

We are now in position to study some simple equilibrium situations 

a) The ferromagnetic phase 

Assume 9 = { m°, -m'} with (m”) = O for k # O and positive (n°) 

- which will still denoted by m° -. 

y F2v a m'x. - A(2v_a m”) 
Then, from (5.12), r 1, (dx, ) =e 9 9 1 2 0 H(dx,) 

+ 

do not depend on y (we then drop superscript V4 in this notation) , and 

has mean +m . Furthermore, the symmetry of X4 under QŸ shows that 

OY 

E "x, = 0 ; hence, any limit point in iii), theorem V , is such that 

+ +) 
m*t(m~) - M t(-m = O , and then 

1 
w.p.1, QŸ ===> — | dr, + @r 4, | (5.13). 

n> 2 i m i -m
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The thermodynamic limit completely forgets the randomness of the 

interaction, and is the same as that of the usual mean field model 

where we merely suppress the random part in J; j 
» 

N* 

Notice that the paramagnetic phase «a = 40} leads to QŸ => @ LU 

and the same conclusions. 

b) A spin glass phase 

Assume 4 = { mp , mg } with positive (m,), and (mp) O if kA: 

y FeVoaoma boys) XX, — AL2@vga,m, da(y-)] 
We have r (dx,) =e RAR TA 71 1 A4 AR TA 1 H(dx,) , 

xm 
p QŸ 

which has mean +r’ [2vgagmy #a(v1)] >; again, be (y,) E x. = O , and then 

1 
t(m,) = t(-m,) = 3 if Sa (v1)#0 for t as in theorem V-iii). But 

y y 
rie yl if balys)=0 ; so the theorem states here 

y 1 Yi Yi w.p.1, QO=>- ( @r + @r ) (5.14). 
n>coo 2 i Ma i ~My 

This means that, in allmost every experiment, the Gibbs measure 

converges to the average of two inhomogeneous product which are sym- 

metric from each other; in each one of the two components, the law of 

x depends on the randomness Yi of the interaction at site i, and the 

1 1 
mean magnetization per site — } Ex, = + — 2} A” [2vgagm, be(y,)] is 

n isn n isn 

non zero in general, but goes to zero in the limit with celerity \n 

if E’A[€b, (y,)1=0 CCR. 

Example 1: Let v be Lebesgue measure on the D-dimensional torus 

[o,1]?, K = z?, w= \J2 cos ank.yy if k>O in the lexicographic order , 

Y= \2 sin exk.y, if k<O and J =1 . Assume vLaË = var for all k. 

Then, 

v(m) + L*(m) = - f Jxu u du + f A*(u) du (5.15),
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with u= 2 (mL/ax) ÿL € L?(v), J= -( voa? + Zev cos 2rK.y] ) 

and * the convolution. This is the rate function of a local mean field, 

where a large number of particles located in co,1[? interact with couplin 

function J [8]; our model consists in picking n of these particles 

(those located at Vyree Vn) independently with uniform distribution on 

[o,1]0. 

The ferromagnetic phase a) occurs for instance if J>0 and -2v,a2>1/2" (0), 

and b) if Vie O , k#+3 , and -2v,a9>1/2"(0) . The set + may be studied 

in general with bifurcation techniques [4]. 

Example 2 : a classical spin glass model [16]. 

Let X = {+1,-1} [resp. % = {+1,-1}*], and pnp [resp. v] 

the uniform distribution; we put Y;=(%45%5) (¥;) . Then, W o=1,4,,%0> 

bai is an orthonormal basis of L?(v) = R*. In [16], the J; 3s are 

given by J; j= Vo + Vy (vi) Holy) instead of (5.10). This 

correspond to v(m) = vome + VyMyMo . One can rotate the axis in the 

plane 1 Vo in order to obtain a diagonal form for v; since (YL.) is 

transformed into an orthonormal basis, we cover this situation. In the 

reference, point i) is proved, and the existence of different phases 

is studied with Vo Vz, aS parameters; notice that we generalize in (5.8) 

the trick used in [16] to compute L*. 

Example 3 : HOPFIELD model for neural networks [23] 

This describes the equilibrium distribution of a large number n 

(in the order of magnitude 1010) of neurons of a certain type. The 

firing activity x, =t1 characterizes the neuron located at i; they are 

connected in a complex way, with intensity depending on learned patterns
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op E{+1,-1}", k=1,2,...K. In this classical model, the neural networks kx 

is governed by an Hamiltonian V(X) = - n > J; j Xi*; with 
i,j ~’ 

Ji; = eK (PK) i (px); 

according to HEBB’s rule. Let Yi = (pr) gJeex E (+1,-1}*. When the y;’s 

are independent, the model is of the form (5.7,9 and 10). 

C) We prove (5.8). Denote by C>0O0 the supremum of the support of 

distribution pw. Let m with L* (m)<oo ; we first show (my, /ay)_, E 1°, 

Since lim A(s)/s = C < © and since A is convex symmetric with A(0)=0, 
S> +00 

2 there exists C’<e such that A(s) < C’s then, for all t in 12, 

L*(m) > t.m - f A ( > atop ) dv > t.m - of ( 2. ay. ty),) “dv 

Then, for any finite sequence Sr KSK , >, Si (m,./a,, ) < L*(m) + C’ 2 sé ; 
k 

a classical argument shows this implies (mL/az )e E 12. We now prove that 

2 (m,./a,, ) Wr | & C , v-p.s. 

Let bER and tel? such that ¥ trav 2 O v-p.s. . Since A is convex 
k 

symmetric with ÀA(0)=0 and lim A(s)/s =C , we have A(s) < C]s] ; then 
S—> +00 

L*(m) = b L timp. 7 f A( b 2 Create Vie ) dv 

> [b|[sign(b) E time — OSE teat » Yo 71 | 

where <.,.> denote the scalar product in L-(v). Letting b-—>co , we obtain 

for n=1,-1 < 2 tape , 7 2. (m,/aL)u, - C Wo > < 0 (5.16).
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Now let t’in 12 with > tLbL>0; approximating t’ in 1? by a finite 
< 

4 

sum > trap, # O , we see that (5.16) holds for 3} tie and then 
k kK 

n 2 (my, /ap) oy, - C bo & O v-p.s., which is the desired result. 

If | > (mL/aL)y, [> € ,the integrant in (5.8) is infinite on 
k 

a set of positive v-measure, and the integral is infinite. So it is 

enough to prove (5.8) when the converse inequality is satisfied.We have 

L™(m) = sup J { (E tye) *(E (m/e) ye) ~ AE the) } av 

The quantity between {.} is maximized with 

L CLaËr = (ATE EE (my, /a,) oy J = f(y) , therefore L*(m) is not more 

than the integral in (5.8). We begin to prove the equality when 

L (mL/aL)u leo < € : then, FE L”(v) € L?(v) . We may approximate 

f with a finite sum f = 2 tp apd in L-(v), and because A is lipschitz 

continuous with constant C, f { EX(D (m,/aL)y,) - AC) } dv is close 

to f { Ex (2 (m./a,) Yr) - A(f) } dv , which is the second term in 

(5.8). If the strict inequality is not satisfied, we truncate f in 

fy = (-b),f,b for b>O . Since fo lies between O and f, 

fix {d (m) /ay ) Wi} _ rA( fy) is non negative; from Fatou lemma, we derive 

li inf FX - A(f dv > fx / - A(f d im int J(fpx(E (m/e) oy) = ACER) dv > PEEKS (mayb) = A(£)) dv 

Since the previous point apply to LE , this ends the proof of (5.8).0 

We now prove the theorem, making use - for convenience - of theorem 

ITI.1; nevertheless, there exist shorcuts using large deviation esti- 

mates on a lower level.
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O Proof of theorem V 

Let © be the bounded continuous map, © : 9,(2) —~> 12, 

o(Q) = f M(x1,¥,) dQ . We use the contraction principle in § II for 

® and the large deviation principle in theorem III.1) with A= [1,n]; 

we obtain another principle for the conditional law of m,(w) under 

P given y with sequence n and rate function I, on 12, H@v 

I,(m) = inf { 1(Qi Pig.) ; QEP. (2) , O(Q) =m } , for allmost every y. 

The previous condition on Q concerns only with the one dimensional 

margin : by definition of I in theorem III.1, we have: 

I,(m) = inf { h(qin@v) ; qeP(XxY) , n*q=euv _f M dq = m } with x*q 

the margin of q on #. 

Because of theorem 3.1 in [5], I,(m) is achieved with 

_ ¥4 ; . vus , 
q(dx, ,dy, ) = rh (dx, ) v(dy,) , with r, as in iii) , whenever I, (m) is 

finite. 

P 

Since ZY = E  exp-nv{m (w)} , the conditional large deviation 

principle for m(@) shows that lim n°1 log zy =p holds with PU 7 pro- 

bability one: this is point i). To prove ii) , one can easily adapt 

the proof of theorem IV.2 

We now prove iii). We first establish for suitable y’s, that any 

l-dimensional margin QŸ n of Q> is tight, with limit points 

1 Y; 
V f @r, tT, (dm) for some T1EP(4). Fix some 121 ; from (5.4,5), Q3 n 

i=1 , 

is given by 

dQ’ yye1 
lin (X,,---X)) = (Z:) | exp[-nv{m, (@) }] m(dx,,,)...H(dx, ) (5.17). 

We intend to omit w in our notations from now on. Define
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wT
 n 1 

m el M Xe, Q and m = — M x. Ys (5.18). 

l,n n re: i Yi) li 1 1 ( i! i? 

Then, m= (1/n) m, + (n-l/n) Myon: From Taylor formula and (5.3), 

vim) = v(m5 4) + (1/m) v7 (my 4). (my-my 4) + o(1/n) (5.19). 

Combining this with (5.17), we obtain 

dQ’ yy-1 oy y 1,n = ( 2¥) ZŸ n AY nlm) (5.20) 
dp®l 

with AY (m) = (ZY 4)7* Î exp{-nv(m) n)-1v/(mj n).(m-mj n)+e(1)} 

n(dx,,,)...H(dx,) 

and ZY on such that 

n exp{-nv(m) A)+1V/(my n)em n)} H(dxq44)-+--B(dx,) is a 

probability measure. In the same way as in ii), we can show that the 

laws of Min: n>l, under this measure satisfy a large deviation 

principle with rate v+L*+p for YE*] for some #. in yZ° with full P,,- 

probability. We fix y in #] , and 9, :IN"—>IN“an increasing function; 

because of tightness, we can find an increasing Py such that the 

subsequence of the laws of my, with index .= Po°P(n) converges 

to some p,E€ P(s) . Of course, Py) and », do not depend on eS ie 

Then, for any m in 12, we have 

lim AY (m) = | exp{-lv’(m).m} p, (dm) (5.21). 
N—>co 1,9,°, (n) 2 

Integrating both sides of (5.20) with respect to Xjr::.:X], we 

derive from this and Lebesgue theorem that 

-1 
zy o = lim ZŸ | zy | exists , and is equal to 

N-—>0o PL°Py(n) 1,9,°?, (n) 

1 y: 
f Tl exp{ L *+{-v’(m)]} p, (dm) because of (5.18) and Fubini theorem. 
i=1
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Combining this with (5.21) and Lebesgue theorem, we see that 

ÿ converges in the sense of probability measures to 

-1 
| ad ° | Î exp{-lv’(m).m,} p,(dm) p(dx,)...(dx,) 

—1 1 = | 2V | fl exp{-v’ (m) .M(xj.y;)} H(4x;) © (dm) 
1, » i=1 

because of definition (5.18) of my 

We now prove that L’({-v’(m)] = m for all me » . By defini- 

tion of », v+L* achieves its minimum at m Es y so — v’(m) belongs 

to the subdifferential aL*(m) of the convex function L* . Since L is 

convex (as an integral of convex functions LY) and differentiable, this 

implies that ([9], cor. 5.2) me dL(-v’(m)) = { L’(-v’(m)) }. Then, 

- v’(m) = t(m), with t(m) as in iii), theorem V.1. 

Let (dm) = zy exp{ J L ‘(t(m)) } pj(dm) ; 
1, 1=1 

from the expression of ay » we know that TEP (a), which yields 
» P 

y D Vi vex, , Q —> @ rv + x, (dm) 
1,95°,(N) n—>xœ i= 

The Borel set %*# =" ¥y has P,,-probability one. Using a diagonal 

procedure, we can find a subsequence of OY converging in —(xt) 
pPL(n) 

1 y. 
to @ ra tT, (dm) for all 131 and all y in *, 

i=1 | 

Since » is compact, f(s) is compact too: let t be a limit point 

of (T didi for such a y. Then the previous measure on (x?) is the 

co y . 

restriction of Î © r t(dm) . This ends the proof. QO 
i=1
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Abstract. 

We study the dynamics of a geometric spin system on the torus with 

long-range interaction. As the number of particles goes to infinity, 

the process converges to a deterministic, dynamical magnetization 

field that satisfies an Euler equation (law of large numbers). Its 

stable steady states are related to the limits of the equilibrium 

measures (Gibbs states) of the finite particle system. A related equa- 

tion holds for the magnetization densities, for which the property of 

propagation of chaos also is established. We prove a dynamical central 

limit theorem with an infinite-dimensional Ornstein-Uhlenbeck process 

as limiting fluctuation process. At the critical temperature of a 

ferromagnetic phase transition, both a tighter quantity scaling and 

a time scaling is required to obtain convergence to a one-dimensional 

critical fluctuation process with constant magnetization fields, 

which has a non-Gaussian invariant distribution. Similarly, at the 

phase transition to an antiferromagnetic state with frequency p , 

the fluctuation process with critical scaling converges to a two- 

dimensional critical fluctuation process, which consists of fields 

with frequency p and has a non-Gaussian invariant distribution 

on these fields. Finally, we compute the critical fluctuation pro- 

cess in the infinite particle limit at a triple point, where a fer- 

romagnetic and an antiferromagnetic phase transition coincide. 

1. INTRODUCTION. 

In this paper, we study the nonequilibrium behaviour of a 

geometric spin model with weak interaction in the infinite particle 

limit. For finite neN, the n-particle model consists of particles 

located at the sites 0, 1/n, 2/n,...,n-1/n of the unit circle 

T = R mod Z. A one-dimensional spin value o(i/n) is associated to 

each particle, and the spins interact via a mean-field potential de- 

pending on the distance between the particles. 

In the equilibrium theory, the thermodynamic limit of these 

geometric models has been studied recently [8,2], and has shown 

a variety of interesting phase transitions. Depending on the para- 

meters, there exist phase transitions to ferromagnetic states with 

constant magnetization or transitions to antiferromagnetic states
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with wave-like magnetization functions of any frequency p. Moreover, 

secondary phase transitions of first-order occur too (see e.g. the 

phase diagram in [7]). We find metastable states near these secondary 

phase transitions. The nucleation behaviour of the system can be des- 

cribed, as it switches from one (meta-) stable state to another stable 

one ({1]). 

Here, however, we are interested in the dynamical laws of these 

models. We start with a Glauber-type dynamics (({13]) for the n-particle 

system, where the spins flip from time to time to another value with a 

jump intensity depending on the gradient of the Hamiltonian felt by the 

particle. Next, we establish the asymptotic dynamics of the magnetiza- 

tion field in the infinite particle limit (Euler equation). We obtain 

a Similar equation for the density field of the magnetization and show 

that a propagation of chaos result holds. Our main results are the 

infinite particle limits of the non-critical fluctuation process and 

at the critical fluctuations, which -besides an appropriate scaling 

of the spin values- require a rescaling of the time in order to keep 

track with the stiffness and long time fluctuations of the critical 

structure (“critical slowing down’). As a result, only the critical 

structure survives the critical scaling, and in the limit, the criti- 

cal fluctuation process is a low dimensional process (of the dimension 

of the eigenspace of zero of the infinitesimal operator at the critical 

point), in contrast to the infinite dimensional non-critical fluctua- 

tion process. In fact, the critical fluctuations are of dimension 1 

at the critical point of a ferromagnetic phase transition, while they 

are of dimension 2 at an antiferromagnetic phase transition, and of 

dimension 3 at a ferro~-antiferromagnetic triple point. 

Asymptotic dynamics, propagation of chaos results and non- 

critical fluctuation processes for weakly interacting systems have 

been extensively studied (see e.g. [19, 23, 24, 25, 27, 28], to men- 

tion just a few). Dawson [4] also obtained a critical fluctuation 

process of dimension 1. All these models have a space-independent 

weak interaction, and therefore lack a rich structure of phase tran- 

sitions. In a recent paper, Fritz obtained the Euler equation for a 

continuous spin model on a lattice with nearest neighbour interaction 

(i2].
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We are now going to describe our model and the results of the 

different sections in more detail. For simplicity, we restrict our- 

selves here to the case of one space dimension (d=1), though all 

the results in the later sections are formulated for arbitrary dimen- 

sion d. 

For the system consisting of n particles, located at the points 

of the lattice T = {i/n, i=0,...,n-1}, a spin configuration 
n 

n 1 
g =n Y o(x)6é has the internal energy 

x€T X 
n 

n on n 
H (o ) =- 1/an- E , t(i-j/n)o(i/n)o(j/n) 

i,j= 

n n 

- ve] , dev) a (dx)o (dy) 
T 

n 
n n 

-n/2¢oa,t*o >» = n H(o ). (1.1) 

Here 6 is the Dirac mass at x and * denotes convolution. The 

single spin distribution, denoted by op, is a probability measure on R 

with compact support. (Only in the last sections of the paper, when we 

deal with the specific situation at the critical point of a phase tran- 

sition, do we impose further conditions on p ). The dynamical pro- 

cess of the n-particle system is a spin-flip process where the inten- 

sity of flipping the spin o(x) at xeT to the new spin value nm 

is equal to " 

-Bm d/da(x) H(o | = Bn.3*o (x), (1.2) 

with §>0 as the inverse temperature. Therefore, the infinitesimal 
n . 

generator L of the system is 

n n n 
Lf(o) = E [f(of m) - f(o)] exp{Bm 3*a (x)} p(dm), (1.3) 

XET X 
n 

where f ‘ts a continuous function on the spin configuration space 

and of m is the flipped configuration which is equal to o except 

at x where its value is m. It is easy to check, that the unique 
n 

invariant distribution for the infinitesimal generator L is the 
n n 

n-particle Gibbs measure Q with the Hamiltonian H , given by
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n n n oa n 
Q (do ) = exp{-BH (o )} [ p(do(x))/Z , (1.4) 

xé€T 
n 

n n 
with normalizing constant Z. Q lives on the n-particle confi- 

guration space, which is a closed subset of the set fl of bounded 

(w.r.t. the total variation norm) Radon measures endowed with the 

weak-* topology. The cumulant generating function of the single spin 

distribution p is defined by 

r(r) = log k exp(rn)p(dn). (1.5) 

Now, we can state the asymptotic dynamics of the spin-flip processes 
n n 

o , generated by L , in the infinite particle limit. 
€ 

THEOREM 1°. 

n 
The orocesses gd converge in law on the Skorokhod space 

€ 

D([0,T],A) to the magnetization process u À, where 2 is the 
tC 

Lebesgue measure on T and the density u €L (T) satisfies the 
Û 

deterministic evolution equation 

d/dt u (x) = exp(7(Bt*u )}[r"(83*u ) - u J. (1.6) 
t t t t 

As is to be expected, there is a close connection between (1.6) 
n 

and the Gibbs states Q . Indeed, it has been shown in [8] that the 
n 

Q satisfy a large deviation principle on &R with a rate function 

V(u) = I(u) + BH(z) (1.7) 

with 
a 

i(du/dà 2(d if << i, i) = ( i (du/d2(x)) &(dx) 7 | (1.8) 
+ 0 otherwise, 

where i(q) = sup{q.r - r(r)} (1.9) 
| TER 

is the Cramer transform of p. The large deviation means heuristically 

that for a small weak-* neighborhood U(u) of yen 

n 
"Q (U(z)) behaves asymptotically like exp{-n{V(u)-inf V(v)J}". (1.10) 

y
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But the Frechet derivative of ut V(ud) in the |.] -norm is by 

(1.8) and (1.2) | 

VV(u2)(x) i°(u(x)) - Be*u(x) (1.11) 

ll 

-1 
(7°) (u(x)) - Ba*u(x) 

but if 7°(0}) = 0, i.e. p has mean zero, 

sign(r” (Be*u(x)) - u(x)) = sign(-VV(ua)(x)), (1.12) 

since i° is the inverse of y° by (1.9), and since 7°{0) = 0 

implies sign y (r) = sign(r). This means that the right-hand side 

of the evolution equation has the same sign as -VV(ud). In particular, 

its paths go downhill with respect to the potential V, and the stable 

steady state solutions of (1.6) are exactly the local] minima of V. 

In Section 4, we study the asymptotic dynamics of the density 

process 

rc = ro) , 1.13 

Fe ° xe (9,0%) x) | | 
n 

which is a probability measure on RxT. Again we give the space 

P(RXT) of all such probability measures the weak-* topology. Notice 

n - 1 
that since for each x€T , x (dm,{x}) =n 6 is a one-point 

n t (o®(x)) | 
t 

n n 
measure on R, 2 and o contain mathematically the same informa- 

tion. This is however no longer true in the infinite particle limit. 

THEOREM 2°. 

n 
x converges in law to the magnetization densitv process 

t 

h {m,x)p(dm)i(dx), where h satisfies the deterministic density 
t t 

evolution equation 

d/dt h (m,x) = exp(mB@*u (x)}-h (m,x)exp{y(Be*u (x))}. (1.14) 
t € t t 

(1.14) is a desintegrated version of (1.6). In fact, multiplying 

both sides of (1.14) with m and integrating with respect to p(dm) 

gives exactly (1.6). In a similar way, we define the higher order
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correlation densities for different sites of T. It is then easy 

to show that in the infinite particle limit, these correlations 

densities satisfy a propagation of chaos property. (See Theorem 3 

of Section 4 for details).This result itself implies the usual result of 

propagation of chaos ( see theorem 3 bis). 

Next, we look for a first order approximation to u ; we define 
t 

the (non-critical) fluctuation process 

n 1/2 n 
ÿ =n (6 - ua), (1.15) 

t € t 

In order to establish a central limit theorem for these fluctuation 

processes, we have not only to work in the space ¥° of distributions 

on T, or at least in a Sobolev space H with sufficiently low 

‘0 

negative index (see section 5 for technical details), but we also need 

first a law of large number result for the second moment magnetization 

fields 
n 2 -] 2 

(¢ ) =n Yo (x) 6. (1.16) 
t XET © X 

n 
n n à 

In fact, like o , also (oa ) converge in law on D((0,T],M) to the 
t t 

second moment magnetization process v2, where v satisfies the de- 
t t 

terministic equation 

| _ 2 
d/dt vo = exp{r(Baku )i(r"(Betu )+(r (Baru Sov J. (1.17) 

\ 

with u from (1.6). Now, we can state the central limit theorem 
C 

for the fluctuation process 

THEOREM 4°. 

n 
If 4 is sufficiently smooth and & converges in a Sobolev-sense 

0 
; n 

to some ¢§ Ef", then the processes ¢ converge in law to a "= 
0 C 

valued diffusion process % , given by 
t 

2 
dé = -r"(Ss*u jexp y(B3*u )d V(u JF dt 

t t t t tt 

2 1/2 
+(exp r(Be*u )(r"(B3*u )+(7 >) (B3*u )-2u y°(Pt*u )ev | dW . (1.18) 

t t t t t t t
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è 
Here, d V is the second Frechet derivative of V from (1.7), i.e. 

2 

d V(u)é = i“(u)e - B3*X, (1.19) 

and W is the ¥°-valued Brownian motion with covariance 

E < mW > < su, > = (sat) € 9.¢ > (1.20) 

for pVEe (T). 

To get a better understanding of (1.18), let us suppose that u 
e 

is a stable steady state solution of (1.6) and that we are not in a 

critical situation of a phase transition. This means that u is a 
e 

2 
local minimum of V and that the second derivative dV is a non- 

degenerate, positive definite operator. Then also v converges to 

2 
its stable solution v = y"(B¢*u ) + (7°) (B@*u ) such that with 

e e e 

u = 7° (Be*u ), (1.18) reduces to 
e 

2 

dé = -r"(Bt*u Jexp r(B3*u Jd Vu )£ dt 
t e e e t 

1/2 | 
+ [2 exp 7(B3*u ) r"(B3*u )] qW (1.21) 

e e 

Thus, & is a generalited Ornstein-Uhlenbeck process and its unique 
t 

stationary distribution is the Gaussian field with mean zero and 

covariance 

2 -1 
E< me » < He >= <p, (d V(u )) # >. (1.22) e | 

On the other hand, it is a consequence of (1.10), that the condi- 

n 
tional fluctuation fields of Q , restricted to a neighborhood U(u ) 

e 

n n 1/2 
of u, Q {do -u /n JIU(u )) converges to the mean zero Gaussian 

e e e 

field with covariance (1.22) (see also [10}).
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In order to investigate the situation at a critical point of a 

phase transition, we must specify our assumptions in order to make 

sure that a phase transition indeed occurs. 

First, we assume p to be an even probability measure on R 

with compact support and that the GHS-inequality hold (cf. [9]), 

a consequence of which is that for some K 22 

(3) (2K 1) (2K ) 
O)=...=7 0 (0), 7 0 (0)<0. (1.23) 

Again, ¢ should be sufficiently smooth and symmetric. For a ferro- 

magnetic phase transition, we want its Fourier coefficients to satisfy 

3(0) - 3(p) > 6 > O0 for all peZ-{0}. (1.24) 
0 

From {8} or [2], we know that a phase transition indeed occurs at the 

critical inverse temperature 

~ -1 
B = (r"(0) 3(0)) . (1.25) 

Here, the potential V=V has a unique minimum at u = 0, but 

0 

d Vu ) has a one-dimensional kernel spanned by the constant func- 
0 

tion 1. (1.24) requires that the remainder of the spectrum is positi- 

ve, bounded away from zero by 8 8 . We define the critical fluctua- 
00 

tion process by 

n 1/2K n 
=n 0 ra 

t 1-1/K 
th 0 

1-1/K 
where the new time scale tn 9 compensates the effect of critical 

(1.26) 

n 
slowing down, mentioned above. We decompose € into its ferromagne- 

t 
A 

n n n n -1 
tic component @ = € (0)2 , where 4 =n y Ô is the discrete 

t t XET x 
n 

- n 
Haar measure on n Z/Z, and its complement n , 

t 

n n n 
£ =0 +7. (1.27) 

t t t 

è n 
Since d V(0) is not degenerate in the direction of n , the stronger 

t
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1/2K 1/2 
scaling n 0, instead of n at the non-critical fluctuation, 

n 
has the effect that the processes 7 collapses to the zero process, 

t 
n 2 

and the dynamics of 96 , in which direction d V(0) is degenerate, 
t 

n 
has to be expanded to higher order terms of @ . For the following 

t 

result on critical fluctuations, we need in addition some more compli- 

n 
cated assumptions on the starting configurations €& , for which we 

0 
n 

refer to Section 6, mainly to insure that yn already collapses 
0 

sufficiently fast. 

THEOREM 5°. 

n n n 
The critical fluctuation process &§ = +7 converges in law 

t t t 

to the one-dimensional process € = 0 (9)4 with 
t 

= (2K ) 2K -1| .2K -1 1/2 
dé (0) = 7 0 QE -1)!(7"(0)) 9 15° 0 (0)dt+(27"(0)) dw. (1.28) 

0 

and with w as the standard Brownian motion. 
€ 

The stationary distribution of the process 9 (0) is given by 
t 

the non-Gaussian distribution 

a4 
(2K ) 2K | 2K 

exp{r © (0) [ 202k yi (r"(0)) q 0} 46/7, (1.29) 
0 

~ 

with normalizing constant Z . Notice that the surviving process @ (0) 

in (1.28) depends only on quantities coming from the cumulant venera- 

ting function y of the single spin distribution p. It is invariant 

from the specific interaction function 4, except for the implicit 

assumption that we are indeed at the critical point of ferromagnetic 

second-order phase transition. This phenomenon is called universality. 

This kind of result on critical fluctuation processes was first 

obtained by Dawson [4] for a non-geometric model with mean-field inter- 

action, with a one-dimensional kernel of the second derivative of the
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large deviation potential V at the critical point, this proof is 

based on a semi-group perturbation theory. Our proofs use martingale 

decompositions and martingale inequalities, which allows us in Section 

to treat also critical fluctuations at an antiferromagnetic phase tran- 

sition, where the kernel of a” v(0) has dimension 2. However, we have 

to strengthen the assumption (1.23) by requiring 

(4) 
7 (0) < 0; i.e. K = 2, (1.30) 

and instead of (1.24-25), we now have for 4 (D ) = 3(-p ) 
0 

t(p ) - #(q) > 6 > 0 for all qé€Z\{tp }, (1.31) 
o) 0 0 

= - 1 
B = (7"(0) ¢(p )) 

p 0 
re) 

These conditions assure that we are at the critical point of a second- 

order phase transition to an antiferromagnetic state with frequency 

p (cf. [2]). This time, we split the critical fluctuation process 
0) 
n 1/4 on 

=n 0 into the two-dimensional p -antiferromagnetic 
t 1/2 0 

tn 
components 

A A 

n n n n 
p =[2 Re(£ (p ))cos(2x p x)+2 Im(€ (p ))sin(2x p x)JA (dx) (1,32) 

t t o 0 t Oo 9) 

n n 
and its complement # :€& =9p + 

t t t 

Here, we again omit the assumptions on the initial configurations. 

THEOREM 6 . 

At the critical point of an antiferromagnetic phase transition 
n 

of frequency p , the critical fluctuation process € converges in 
0) 

law to the two-dimensional antiferromagnetic process of frequency p 
) 

p (dx) = 2[Re(o (Pp ))cos(2x p x) + In(@ (p ))sin(2r px) Ja(dx), (1.33) 
0 0 0 

where 9 (p )€C is given by 
t Oo 

. (4) + 2 1/2 C 
dp (p }=7 (O)fe ro] 16 (p ){ o (p )dt + (27"(0)) dw , (1.34) 

t oO t Oo t oOo t 

€ 
with w the complex Brownian motion. 

t 
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Again, the stationary distribution of o (p )EC is non-Gaussian 
=f 

(4) 4 4 
exp(r  (0)16(r"(0)) JIZI } 42/2, (1.35) 

with normalizing z 

Finally, we calculate in Section 8 the limit of the critical fluc- 

tuation process at a triple point, where a ferromagnetic and an anti- 

ferromagnetic phase transition fall together. This means that for some 

p # 0 

° 3(0) = 3(p) = (-p and 3(0)-3(q) > 5 > 0 (1.36) 

for all q€Z\{0,=p } and 
0 

“~ 

- 1 
Fe = (7"(0) 3(0)) . (1.37) 

Now in the infinite particle limit, the critical fluctuation process 

has the forn 

à x A 
um (dx})={[u (0)+2 Reu (p ))cos(2xp x)+2 Im“ (p ))sin(2xp x)JA(dx), (1.38) 

t t t Oo 6) t Oo 0 

and (2 (0), a, (P )JE R x C is driven by the coupled stochastic 
t 0 

differential equation 4 

x (4) ne a 2 … 1/2 
au (O)=r (0)F3!(r"(0)) fle (0)+6{u (p )[ ) w (O)dt+[27"(0)] = dw 

t t t Oo t t 

À (1.39) 

| (4) 3} 2 . 2. 1/2 C 
du (p )=7 corfetreton (u (0)+fu (p }| } u (p }dt+{2r"(0)] dw 

t o t t o t oOo t 

independent real, resp. complex Brownian motions. 
€ 

with w and w 
t 

In the appendix, we add a useful proposition on collapsing pro- 

cesses, which is of interest in its own right. 
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2. NOTATIONS AND MAIN EXAMPLE. 

d 
Let T be the d-dimensional torus (R/Z) For any natural 

1 
number né€N we consider the lattice torus T = (n 2@Z/Z) with 

n 
-] d 

spacing n , consisting of the N=n sites x = (k (Mees eik /n) 
1 

where k =0,...,n-1 for j =1,...,d. 

To each lattice site x€T , we associate a real-valued spin 
n 

o(x), whose ensemble defines the magnetization field 

n -1 
g 6 =N rE o(x) 6 EM (2.1) 

x€T X 
n 

with 4 the Dirac mass at x and AM = M(T) the set of Radon mea- 
x 

sures on T. We endow M with the weak-*-topology, which makes Mf 
n 

a metrizable space. Let M be the set of all measure of the form (2.1) 

n n n 
R = {o ER , lo(x)|<b for all xeT }, and a = {uEñ, [ui<b}, where 

n 
n n 

[uf means the total variation of uw. M and in are closed subsets 

of M, resp. AN , and ff is compact in the weak-*-topology. 
b b 

We assume the single spin distribution p to be a probability 

measure on R with compact support, say contained in B = [-b,+b]. 

(In Section 5, we shall impose further restrictions on op). Let 

r(u) = log | exp{mu} p(dm) (2.2) 

be the logarithm of the moment generating function. y is a convex 

function with y7y(0) = 0. Note that 

| m exp{mu} p(dm) = y°(u) exp y(u), (2.3) 

2 2 
m exp{mu} p(dm) = [r"{u) + (y°(u)) Jexp r(u). (2.4) 

J 

i 
Let 2 be the Lebesgue measure on T and 

A =N y 6 (2.5) 
XET x 

n 

its discrete analogue on T . Finally for o€M, mER, we define 
n
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o| n(.) = g(.\C (x)) + m/N 6 (.), (2.6) 
X n x 

where C (x) = (x -1/2n, x +1/2n] x...x (x -1/2n, x +1/2n] CT is the 
n 1 1 d d 

cube in T with centre x and edge length 1/n. 

n 
Now we define the operators L on %€(R) by 

n n n n 
L f(o) = | [f(ol m) - f(o)] N A (m,x,o) p(dm) À (dx) (2.7) 

BXT X 

with 
n n 

A (n,x,ô) = exp{G (x,o) + m 6 (x,6) + 6 (m,x,a)}, (2.8) 
0 

G , G €€(T x A), (2.9) 
0 1 | 

and 
n 

G ----- > 0 (2.10) 
2 noo 

in a sense to be made precise in the following sections. 

We set 

A(m,x,0) = exp{G (x,o0) + mG (x,a)}. (2.11) 
6) 1 

n 
Clearly, there exists a unique Markov process P on the Skorokhod 

+ 

space @ = D(R ,A), the space of right-continuous, fM-valued func- 
n | 

tions with left-hand limits, with L as its infinitesimal] genera- 

tor, l.e. 

n n n 
f(o )-f(0 )- L f(o )ds = M (f) is a P -martingale (2.12) 

t [) (0,t] Ss t 

for all fe€(il). This martingale can be written in the integral form 

n n .n 
M (f) = (f(o |m) - f(o0 )JA (dm,dx,ds), (2.13) 

t (0,t])BxT S- X S- 

where for o€n 

.n n n n 
A (dm,dx,ds)(o) = A (dm,dx,ds)(a)- N A (m,x,o0 )p(dm) 2 (dx)ds 

. S 
n 

with a pure point process A (dm,dx,ds)(o). The corresponding increa- 

sing process (see [16], II.3.9) is 

n n t n 2 n n 
CM (f).M (f)) -| | [f(o [ m)-f(o )] N A (m,x,o0 }p(dm)A (dx)ds. (2.14) 

t {0 | BxT S X S S
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Exanple. 

The general gq-body long-range interaction between the spins of 

a magnetic field has the internal energy 

q q 8j 
H(o)=-) 1/j! | 4 (x ,...,x )o(dx ),...,0(dx )=-) ¢ 4 ,a », (2.15) 

j j 1 j 1 j j=l j 

j 
where ¢ E£(T ). Its Frechet derivative is 

J 
| @i-] j-i 

VH(o)(x) = - ; 1/j! , € 4 ,9 @® 6 @ 6 » €€(T). (2.16) 
j=l i=] j x 

Now, let G be any continuous function on T x M, with 
0 

n -1 | 
sup {G (x,0) - G (x,ol 0) = O(N ), (2.17) 

n fe) e) xX 
x,oEn 

b 
and 

G (x,0) = -8 VH(a)(x), (2.18) 
1 

where B>0 is the inverse temperature. We set 

n n n 
G (m,x,a) = G (x,a| 0) - G (x,a) + B{NH(o) -NH(o] o) 

à fe) X fe) X 
(2.19) 

n n 
- o0(x) VH(o] 0) + m(VH(o) - VH(ol o))}. 

X Xx 

By (2.15-17), it is easy to check that 

n -1 
sup [G (m,x,o)] = O(N). (2.20) 

mEB,xeT à 
n on 

oEM 
b 

The detailed balanced condition (see [29]) shows that the unique inva- 
n 

riant probability distribution for the process P with infinitesimal 
n 

generator L , given by (2.7-8), is the Gibbs state 

n n n n 

Q (do ) = exp{-BNH(o )} N p(do(x))/Z (2.21) 
XxET 

n 
n n 

with o from (2.1) and Z as normalizing constant. The thermo- 

dynamic limit of (2.21) has been investigated in [8].
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3. ASYMPTOTIC DYNAMICS OF THE MAGNETIZATION. 

Besides (2.9-10), we assume that 

G and G are Lipschitz-continuous in ven in the total (3.1) 
(0) 1 

variation norm, and that 

n 
sup [G (m,x,o)|[ = o(1). (3.2) 

meB, xeT 2 
nn 

CE 
b 

n 2 - 1 2 
Set (o ) (dx) = N y o (y) à (dx). (3.3) 

yeT y 
n 

THEOREM 1. 

n on 
(i) Let o En converge in law to u À, i.e 

0 0 

u €L = {uel , Jul < b}. 
o b 09 

n 
Then the process (oa ) converges in law to (u À) , where 

t t<T t tT 

u EL, is the unique solution of the mean-field evolution equation 
t 

d/dt u = G(u ), (3.4) 
t t 

starting at u , and 
0 

G(u)(x) = exp(G (x,u) + r(G (x,u))} tr (6 (x,u))-ulx) I. (3.5) 
0 

n 2 
(ii) Moreover, let (a ) converge in law to some v À, 

el 0 
00 © 2 

v €L = {ae€L ; 0 < ess inf a < ess sup « < b }. 
o [0,b?] 

n 2 00 
Then, (ao ) converges in law to v À, where v EL is the 

t t t [0,b4] 

unique solution of 

d/dt v = Fu ,v ), (3.6) 
t 

Starting at v , with 

2 
F(u,v)(x)=exp{G (xiuer(G (xu) "(6 Ceud)e(r (6 (xu) ))-v(x) (3.7) 

0 

(1) 

(1). 
in fact, thi 
rate (see [1 

s convergence holds (in probability) with an exponential 
] in the case of Ising spins).
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Proof. The Lipschitz properties of G and G imply that (3.4) 
fe) 1 

and (3.6) have unique solutions. Since y°(y)€(-b,+b) and 

2 è 
T'(y)+(r”") (v)E(0,b ) for all bER the solutions u, vee satisfy 

t 
2 n 

-b<u <b, O<v <b . In order to show the tightness of (o cr notice 
t t t 

n n n n n 
that o ER, implies oa ER, C in for all t20, P a.e., and that 

0 | t 

A is compact in its weak-*-topology. It suffices therefore to show 

uniform continuity in the following form 

For any g€€(T), n, €>0, there exists n EN and 6>0 such that 
0 

n n n 

SUP sup P {IS gg »-< g,a | > n} <e, (3.8) 
nzn O<t <t S(t +6)AT T T 

6) 1 2 1 2 1 

where T , t are stopping times (cf. [18], 1.3.4). From (2.7-13), 

n n - | n wt 

Ugo )-Cg,0 DEN | | g(x)(m-o (x))A (dm,dx,ds) 
Tv 4 (tc ae BxT S- 

to n n n n 
‘| | g(x)(m-o (x))A (m,x,o )p(dm)& (dx)ds (3.9) 

t BxT S Ss 

with the last term being in absolute value less than 2b|[g| LA+1| 6 

for n sufficiently large, using (3.2). Therefore, by (2.14) 

n n n -2 n n n 2 

P {IS g,o »-< g,o >| > n} < n E ((< g,o D>-<g,a >) ) 
Tt T T t 

2 1 2 2 

2 ] 2 2 2 -1 2 2 2 
< 8b gl JAti] .6 /n + N 8b {gl JA+1} 5/7 ' (3.10) 

which is less than € for all neN, if 6 is sufficiently small. 

Furthermore, the jump sizes go to zero uniformly, so any limit law 

is concentrated on continuous paths. 

n 2 
The tightness of the processes (a ) ct {s shown similarly. 

t ¢ 

As in (3.10), we get by Doob’s inequality 

n -lrt n .n -1/3 -1/3 
P {sup|N g(x)(m-o (x)) A (dm,dx,ds)[>nN }= Q(N ). (3.11) 

t<T 0} BxT S- 
n 

Hence, outside of a set of very small P -probability, we have



it 

n n t n n n n 

(go D=Cgs »+ | | g(x) (m-o (x))A (m.x.0 Jolm)à (dx)dsto(1) 
tC. 6) 0/BxT S S 

N n t n 
{gg > + | | g(x)exp{G (x,a )+7(G (x,a ))} 

0) OT 1 0 S S 

C
e
e
,
 

© 
D
 

"
©
 f

i 

nn n 
[r°(G (x,a ))& (dx)-o0 (dx)Jds + o(1). 

1 S$ S 

But the maps yu G (.,u)ER(T), i=1,2, are continuous on the 

(compact) set Mm ; then. fron Ascoli’s theorem, their range is a 

uniformly equicontinuous family of €(T), and the Riemann sum x 

{n the last term converges uniformly to the A&-integral. Combining 

this with (3.5), we derive that with large probability 

n n t n 

8,9 )=€ ga » + | < g,G(o ) pds + o(1), (3.12) 
t 9) 0 S 

n 
and so any limit process of (a ) er must be concentrated on the 

t ¢ 
n à 

solution of (3.4), which is unique however. In the case of (a } , 

we obtain 

n à n à t 2 n è n n n 

fg,(0 ) dade. (a | >| | gix}(m -(o (x)) )A (mix,o )o(dm)a (dx)ds+0(1) 
t 0 0; BxT S S 

n 2 tr n n 

= <g,(0 ) >| REexPEE (ee Ver(6, (eo 99) 
(2.4) 0 O/T 0 S 1 S 

n à n n 2 

C(T"(G (x,a ))+t(r7) (G (x,a )))a(dx) - (o ) (dx)]ds + o(1) 
1 S 1 S S 

à non 
,(o ) }» ds + o(1). (3.13) 

s 

n 2 t 

= <g,(o ) > + | <g,F(o 
0 0 S 

This completes the proof of the Theoren.





89 

4. ASYMPTOTIC DYNAMICS OF THE DENSITIES AND PROPAGATION OF CHAOS. 

n oon 
To a magnetization field oa ER we associate the empirical 

magnetization density 

n 1 
= N 6 PB T 4.1 

° KET (oM(x).x) an 
n 

where (BxT) denotes the set of all probability measures on BxT. 

P(BXT) is compact in the weak-* topology. 

n 
We first show that the density process nr converges to a deter- 

ministic density, governed by the asymptotic magnetization process 

THEOREM 2. 

n 
Assume (3.1-2) and that 2 converge in law to 

O 

h (m,x) p(dm) A(dx) € P(BX T), h € L (B x T). Then the empirical 
0 0 

n 
density process fn converges in law to h (m,x) p(dm) (dx), where 

€ t 

the density heéUL (Bx T) is the solution 
€ 

d/dt h (m,x) = exp{G (x,u )+m G (x,u )} 
t [e) t 1 t 

-h (m,x)exp{G (x,u )+7(G (x,u ))} (4.2) 
t t 1 t 0 

starting at h : and where u (x) = Is h (m,x)p(dm) is the solution 
) t t 

of (3.4) with u (x) = | mh (m,x) p(dm). 
6) B 0 

Since by (2.9-10) 

sup exp{m G (x,a) - y(G (x,a))}} =C < &, (4.3) 
mEB,xET 1 1 
ser, 

0 < h (mx) < C, if this property holds for h Therefore h €L (BxT ) 
O 

for all t. Moreover 

| h (mx) p(dm) = 1. (4.4)



90 

Proof : Since (4.2) is linear in h, it has a unique solution in 

C9 

L (B x T) satisfying (4.4). Let gé€(B x T). Then 

n n 
CER > = CER D 

t 0 

t n n n n 
+ | | feta xi-eto DEC (m,x,o )p(dm)&A (dx)ds 

0 |BxT S S 

t - 1 n .n 
+ | | N leva x)-e¢< ox) fi (dm,dx,ds). (4.5) 

0; BxT S 

The uniform continuity can now be shown in the same way as is (3.8-10). 

n 
By the compactness of %(B x T), the sequence of processes "= is 

t 

therefore tight. 

Doob’s inequality implies again 

-1/ n t -1 n .n -1/3 3 
P (euet] | N [g(m,x)-g(o (x),x)JA (dm,dx,ds) |>nN jeu ),(4.6) 

t<T |O0/BxT S 

which gives outside a set of uniformly small probability 

n n t n n n 

CE, DEKE K >| | exp{G (x,o )+mG (x,o )}g(m,x)p(dm)2& (dx) 
t 0 O{| | BxT 0 S 1 S 

n 

- exp{G (x.0 )#7r(6 (x00) Vem, x)" (dm, dx) las vo (1) 
JBXT 0 S 1 S S 

tie 

eur >| | exp{G (x,u )+mG (x,u )}g(m,x)p(dm)2(dx) 
0 O, | BxT 0 S 1 s 

BxT 
-{ exp{G (x,u )+7(G (x,u Dem x)" (am, dx) Jés+o(1) 

0 Ss 1 S s 

n n 

+O(sup sup([G (x,u }-G (x,o )[+[G (x,u )-G (x,o )[)). (4.7) 
S$ST xE€T ) Ss 0 S 1 S 1 S 

Since, by Theorem 1, the last term converges to zero uniformly in pro- 

n 
bability, we find that any limit 2 of the processes Rr satisfies 

S s 

the following equation, which is deterministic except for rz 
oO
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t 

(gn =Cgn >] | exp{G (x,u j+nG (x,u )}g(m.x)o(dn)A(dx) 
t O QI |BXT S 1 S 0 

| exp{G (x,u )+7(G (x,u ))}g(m,x)x (dm,dx)]ds. (4.8) 
BxT 0 S 1 S S 

But the solution of (4.8) is unique, and if x = h dpdA then also 
0 0 

fr has a density h (m,x) with respect to dpd2, and h is the 
t t t 

solution of (4.2). This completes the proof. 

Notice, that if h € €(B x T), then he €(B x T) for all t>0. 

Since the right-hand side of (4.2) depends only on the single site x, 

it is obvious that results of the type of “propagation of chaos” should 

hold. In fact, we shall derive two versions of propagations of chaos. 

The first one will be at the level of empirical measures. In analogy 

to the weak-* topology on #(B x T), used in Theorem 2, we shall 

obtain only a weak version at this level. 

The second result is the usual “propagation of chaos” for the 

random spin variables a (x). It says that, if the spins at distinct 

Sites are independently distributed at t=0, then in the limit n +, 

they continue to behave independently at any time t>0 according to 

a distribution which satisfies (4.2), i.e. they constitute a sample 

of the empirical density. Of course, this is not true for finite an, 

where the spins are dependent. We shall see, that this is a conse- 

quence of the first version, yielding here a new proof of the stan- 

dard result. 

Let x ,...,X be distinct sites in T. 
1 K 

Let € be a sequence of positive numbers with 
n 

-1 -2d 
£ \ 0 and N € —> 0 as n ——> « , (4.9) 

n n 

We define 

_n K on K d -1 
xr =f[ x(x ) = HI(NE ) y 6 (4.10) 

t i=l t i i=1 n y EC (x )NT oy ) 
i € j n ¢t i 

K n 

as a positive measure on B , where C (x } are the cubes with 
E i 

n 

center x and edge length € 
i n
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THEOREM 3. 

n 
Assume (3.1-2), that o converges in law to u À, and that 

e) 0 
_n K _ 
xm converges in law to [| h (m ,x ) op(dm ). Then, for t>0, z 

fe) i=1 o i i j t 
K 

converges in law to [[ h (m ,x ) p(dm ) with h satisfying (4.2). 
i=l t i i i t 

Proof. First, notice that it is enough to prove the Theorem for K=1, 

since x =f] x(x ) and h(.,x )} dp is deterministic. 
i i 

Now, for geée(B), 

_n _n 

g,r (x)>=<g,r (x)> 
t 0 

t n n n n 

| | 1 (yle (g(n)-g(o (y)))A (m,y.o )p(dn)à (dy)ds 
OJBXT C (x) n S S 

€ 
n n 

M. (4.11) 

n t d -1 n .n 

Mo - | 1 (y)(N € ) (g(m)-g(o (y))A (dm,dy,ds), (4.12) 
OJBXT C (x) n s~ 

E 
n 

n n 2 -1 -2d 
implies E ((M } ) = O(N € ) ————> 0 by (4.9). 

t n Noo 

By the same argument as in the proof of the last theorem, we see 

that x (x) converges in law to a positive measure 2 on B, which 
t t 

satisfies 

_ _ t 
Cg,r (X)> = <g,x (x)> | (| g(m)exp(G +mG )(x,u )p(dm) 

t fe) 0 {B O 1 S 

<g,x (x)>exp{G +7(G )}(x,u ))ds. (4.13) 
Ss 0 1 S 

(4.13) is linear in x, and therefore, has a unique solution, which 

is x (x) =h (.,x)dp by (4.2) and the initial condition 
t 

n (x) =h (.,x)do. This proves the Theorem.
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As a consequence of the last result, we get the propagation of 

n 
chaos for the random variables oa (x) 

t 
n 

corresponding to the distinct x ,...,x ET, let x be sequences with 
1 K 

n n 
x ET and Jim x =x for i=1,...,K. (4.14) 

i n i. i 

THEOREM 3 bis. 

n 
Besides (3.1-2), (4.14), assume that o converges in law to 

fe) 
noon noon 

u À and that the distribution of (a (x ),...,0 (x )) converges to 
o il 0 K 0 

K 
[|] h (.,x )dp as n +, Then, for t>0, the distribution of 

i=l o i a 
n on n on K 

(o (x ),...,0 (x )) converges to Th (.,x )dp with h (.,x ) 
t 1 t K i=1 t i t i 

from (4.2) 

Proof. Without loss of generality, we may add the assumption that 

n K 
[Il x (x ) converges in law to Il 
1 = 

h (.,x )dp : indeed, this assumption 
o i i=l o | i 

may be achieved via the change in the initial distribution of particles 

d 
in proportion @(é€ ), then being without any influence on the asymp- 

n 
. n on n on 

totic distribution of (o (x ),...,0 (x )). 
t 1 t kK 

First, we regard the case K=1. Let g € €(B). 

n n 
Using (4.11) and a similar expression for g(o (x )), it is easy 

t 1 

to get the following inequality 

n n oon n _n n n oon n _n 
[E g(o (x ))-E <g,x (x )>] < JE glo (x ))-E <g,r (x )>| 

t 1 t 1 o 1 0 1 

t n n n 

+ [Cadel up TA Cooke DA Corso 
0 co yEC (x ) co 

€ 1 
n 

n n n On n _n 

+ [A | [E go (x ))-E <g,x (x )>|)ds. (4.15) 
oo s ] S 1] 

Hence, Gronwall”s lemma together with the assumptions on the initial
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distributions and Theorem 3 implies 

n noon n _n 
‘lim E go (x ))=lim E ¢g,x (x )>=] g(m)h (m,x )p(dm). (4.16) 

n t il n t 1 t 1 

For the general case, we take g BE €(B) and n so large that 
1 

C (x ),...,C (x ) are all disjoint. Similar to (4.15), we get 
3 1 E K 

n n 

n K n oon n K _n 
IE [le (o (x ))-E [ <g ,x (x }»l 

j=l j t j j=1 j t j 

n K n oon n K _n 
JE NN ge (o (x ))-E Il <g ,x (x )»l 

j=l J 0 J j=l j 0 ) 

K t K n n n 
+ | 2 I fel sup [A (.,x ,..)-A (..y,..){ 

=1 JOL i=l i © yec (x ) j co 
G n 2 

n n n oon n _n 
tle | JA | TE Jeb (x ))-E A, cg x (x dD 

j © oo ifj ios i ifj is i 

n n n oon n _n 
t{A DIE [Te (o (x ))-E [ <g ,x (x )>]} Ids. (4.17) 

eo ii os i j ios ji 

By an induction hypothesis, the second integrand goes to zero uni- 

formly in s, and we conclude by the same argument with Gronwall’s 

lemma as above, that 

n K n n n K _n 

lim E [J g (o (x )) = lim E [ <g ,x (x )) 
n jel j t j n j=l  j t j 

K 

= I | g (m jh (m ,x )o(dm ), (4.18) 
j=l j j t j j j 

which proves the Theoren.
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5. NON-CRITICAL FLUCTUATIONS. 

For r?0, we introduce the Sobolev space 

2 

H = {gel (2) ; [gl < +}, (5. 
r r 

4 er .4 2 

where lel = L i+lpl ) fete) (5. 
r pez 

with the Fourier coefficients 

a | d 
g(p) = < exp(2zip.), g.2 > , pez. (5 

Let | 

H = H* (5 

be the dual space of H under the duality product ¢.>, with 
r 

2 . 2 
fel = (1+i pl ) [u(p}| . (5. 

-r 

For each r€R, we have the scalar product on H , given by 
r 

qr. a 

Qu,v > = YL (i1+|p| ) ul(p) vip) ER, (5. 
r  pEZ 

which makes (H , <,> ) a Hilbert space. 
r r 

Obviously, for r 2r 20, 
2 1 

1) 

2) 

.3) 

.4) 

the norm 

5) 

6) 

€ (TIH =NH CH CH CH=L CH CH CH =€ (T)%, (5.7) 
r oo r r r 0 -r -r ~ 00 

2 1 1 2 

and the embedding H CH for any res is Hilbert-Schmidt, whenever 
r s 

r-s > d/2, due to the fact that 

è -r 
C = | (1+[p] ) <o if and only if r>d/2. (5.8) 

In particular, 
è 2 

[6 {| = (1+]p]| ) =C , 
X -r p -r 

n 1/2 
so that m C(uEH , [zl < C b} for r>d/2, (5.9) 

b Tr -r -T | 
and 

n 2 2 -r -1 2 
PA-A fo = YL 4O+ipl ) IN  L exp(2nipx)-d (p}l 

-r pEZ x€T f°) 
n 

L (+}p| ) = 1+ D 

pe(nZ)d\{0} 

/ -2r 

< C n , (5,10) 
-r 

for some constant C 
-r
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Let Q = D((0,%), H ). For r>d/2, the H -valued Brownian motion 
-T -r -r 

W with covariance 
t 

E(¢ g ,N D. g W >) = (t At ).€ e.g >, (5.11) 
1 t è t 1 2 1 2 

1 2 

g , g EH , is well-defined on Q (cf. [14] ch. 3, th. 3.1). 
1 er -r 

We shall use the following tightness criterion on Q , r>d/2 
-r 

n n 
a sequence of processes & with laws P on D(({0,T],H ) is 

t -r 

tight, if 

(i) for each é€>0 we find K>0 such that 

n n 2 
sup P {sup [¢ ] > K} € &, (5.12) 

n S&T S -r 
and 

(ii) for all geH , €>0, n>0 there exists 6>0 such that 
r 

n n 
sup sup Pedic e.€ p-<g.Ëf DL > np ee. (5.13) 

n O€t <tc S(t +d )AT t t 
1 2 1 è 1 

These conditions are an immediate consequence of Mitoma’s result 

(see [22] Theorem 4.1 and Remark 1, and notice that (5.13) implies the 
n 

uniform r-continuity of P ). 

Finally, we strengthen the assumptions made in (2.9-10) 

(i) There exists r >d/2 anda map dG from L Nl into the 
fe) b r 

0 
space of continuous linear operators on H such that for géH , 

-r r 
oo 0 fe] 

uEL NH , EH 
b r -r 

0 0 

I< g,G(u) »-< g,G(u2) »-< g,dG(u)(u-ud) >] = [ef .o(fu-u.2[ )} (5.14) 
r -r 

0 0 
and 

sup sup |[dG(u)z| /{u] < +o , (5.15) 
00 pr -T 

uEL NH LEH 0 ) 
bor -r | 

0 0 

Here, G(u) is the natural extension of G from (3.5) to a H - 

valued function by 

G(x)(dx)=exp{6 CReaTET(G CRHIITETT(G (Re4)TATAX) 4 (4x) J. (5.16) 
[e)
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(ii) G and G are bounded continuous functions from 
e) 1 

moO {eH ; fel < bC } into Ho, 
b -Tr -r -r r 

fe) fe) ) (eh 
n 

and 6, satisfies 

n -1/2 
sup [G (m,.,u)[ = o(N ). (5.17) 

NB HER 2 r 
0 

Notice that by the interpolation theorem and Sobolev’s Theorem 

for r >d/2 
le) 

rd 1 

Ig.hf <C° (fet Th] +fel [hf ) < C fel fh] (5.18) 
r r oo r r co r r r 

0 e) 0 0 0 0 0) 

so that H is an algebra (cf. [26] II, 2.1). 
r 

0 
In (5.18), we used that for r >d/2 

- 1/2 
lel <2 Ig(p)l < C Igl , (5.19) 

oo D r r 
0 0 

which also shows that H C €(T). 
r 

0 
oo 

Moreover, for any € -function on @® on R, p(g)EH for geH 
r r 

0 0 
with 

lp(g)l < v(lel ) (5.20) 
r r 

0 0 

for some continuous function Ww. In particular, 

lo(e )}-p(g J] <CIg -g | (5.21) 
1 2 r M 1 er 

O 0 

for all gg, g with fe | , fe | < M. 
1 2 lor er 

fe) 0 

As a consequence of (5.17-21), we get for our functions G and F 

from (3.4) and (3.6) that for uëL MH , veL NH 
bor [0,b*] r 

0 0 

[G(u)[ © C(1 + Jul ), (5.22) 
r r 

0 0 

[F(u,v)}, © C(1 + [vl ). (5.23) 
r r 

(e) (0)
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Therefore, if u EL NH , v EL NH then the solutions u of 
0 b or o (0,b*] r t 

0 0 
(3.3) and v of (3.5) satisfy 

t 

u EL NH , v EL NH (5.24) 
t br t (0,b*} rc 

fe) e) 
+ 

for all téER 

Now, we are ready to study the asymptotics of the non-critical 

fluctuation processes 

n 1/2 n 
& = N (ao -u )EH (5.25) 

t t ft -r 
0 

THEOREM 4. 

n n co foo] 

We assume (5.14-17), o EM , u EL NH , v EL OH and that 
0 b 0 br o (0,b2] rc 

fe] fe) 
n 1/2 no 

ÿ = N (co -u ) converge in law to % EH with 
0) 0 oO o -r 

fe) 
n one 

sup E [¢ | < æ , (5.26) 
n 0 -r 

0 

n 
Then on D([0,T}, H ), the fluctuation processes & (5.25) converge -r t 

te) 
in law to the process & satisfving 

t 
1/2 

dé = dG(u )£ dt + (B(u ,v )) .dW (5.27) 
€ t ft t © t 

with the H -valued Brownian motion W from. (5.11) and 
-r — t 

O 

B(u,v)(x)=exp{G (x,u)tr(G (x,u))} 
Oo 

2 
ECS, Geu))+(r 0) (G (x,u))-2ulx). 7° (6 (x,u) dev (xd) (5.28) 

Proof : We first notice that (5.27) implies 

* 1/2 
dé g,8 >) = <(dG(u )) g,8 Ddt + < g.B(u ,v ) ,dW >. (5.29) 

t . t t t ¢t t , 

Therefore, if T is the semigroup on H with generator dG(u ) , 
s,t r t 

0) 

the adjoint of dG(u ), we have for O<s<t<T 
t 

* * 

Bu ,v ).T dt,y-<T m4 dy, (5.30 a ee LE? y-< ; 2 ”) y, { ) 
9 T 9 i] 

t * 

P(<g, dedy|é (| (T 
t s st
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-1/2 2 
where p(t,y) = (2xrt) exp(-y /2t) is the heat kernel. 

This shows that the process ¢ is uniquely determined by the 
S 

2 Kk 
following martingale problem : for ree (R ) and g €H for 

ior 
0 

i= 1,...,k, KEN, we have with f(f) = f(< g .¢),..., ¢ es 5) that 
| 

~ t ~ 

f(t ) - | L(u ,v )Jf(S )ds is a P-martingale, (5.31) 
t 0 S § S 

where 

~ k PV k ony 
LQu,v)f(g) = £ à (8) Ce .dG(u)gp+1/2 F a 8 £(8)<e .Blu.v)g > (5.32) 

i=] ji i uy vg i j 

(cf. [15] Theorem 1.4). 

From (2.12-13) and (3.4), we obtain the martingale decomposition 

t 1/2r 
Ke. d=<e, D+] N g(x) 

C 0 0 T 

n n n n 

(| A (n,x,o )(m-o (x})p(dm)A (dx)-G(u )(dx)]ds 
B S Ss Ss 

-1/2rt n .n 
+ N g(x)(m-o (x))A (dm,dx,ds). (5.33) 

0}BxT Ss” 

n n 2 è 
Set tc = inf(t ; |v | > M }. (5.34) 

M t -r 
fe] 

n 
Then, for t¢t <t,sr , Ito’s formula yields 

M 

1/2r 2 n n n n n 
+ 2N | Ct 1 [A (m,.,o )(ma (.)-a (.))p(dn)-Glu )}> ds 

t s |B S S s -r 
0 

t 
2 n 2 n n n 

+ | (oe (x))6 [ A (m,x,o )p(dm)a-(dx)ds 
t S x -r S 

1 xT 0 

C 
2”, n -1/2 n 2 n 2 Nn 

+ | (E +N (m-o (x))6 | = | JA (dm,dx,ds). (5.35) 
t s- S- X -r S- -r 

0 0
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The second term of the right-hand side of (5.35) gives 

t 
1/2r 2 n n 

[second term| = jen € & ,6G(a )-G(u )> ds 
t Ss S S -r 

| 1 | 0 
t 

1/2r 2 n n n n n n n 
+ 2x { « [ke (m,.,0 Ra (.)-0 (.))-A(m,.,0 )(ma(.)-a (Jp) ds 

t s {B S S -r 
1 0 

t 
2 n n n 2 

« 2 [SE ,dG(u )5 > | + o(fF J = +1)ds 
(§.14-17-21) t S S s-r s -r 

1 e) 0 
t 

1/2 nA 2 oon n n 
+ N [A -2{ 2 [LS | [| A (m,.,0 )m p(dm){ ds 

-r t S -r B s r 
O0 1 O O 

t 

2 n 2 
< C /2 (IE L + 1)ds. (5.36) 

(5.10-15-17-21) 1 t s -r 
0 

Also the integrand of the third term of (5.35) is bounded, by C /2 
1 

say. Therefore n 
CAT 

n è M n à 

Ks | = C (IT | + 1)ds 
tate -r 1/0 s -r 

M 6) re) 

is a submartingale, respectively a supermartingale. Taking expecta- 

tions of this supermartingale and using Gronwall”s lemma together 

with (5.26), we get 
Ct 

n n 2 n n 2 1 

E (IS | ) = lim E ({6 | )€Ce (5.37) 
t -r M>00 tarc® -r 2 

Oo M O0 

for all t?T and nen , where n depends only on the values in (5.9) 
0 fe] 

and (5.13-20). By Doob’s submartingale inequality, we get 

n n 2 n n 2 t n à 
P {sup[g | > K} < P {sup([t [| +C | (It | +1)ds) > K } 

t<T t -r t<T t -r 1/0 s -r 
8) [e) 0 

-{ on n 2 T n 2 
SK [EC]. )+c ot [ )#1)ds] 

T -r 1 /0 s -r 
0 0 

CT 
-4 1 

<K [2C e + CT) <€é (5.38) 
1 

for K large enough. This shows (5.19). 

r 

0 

Next, let ct St s(t +6) A T be stopping times and g€H 
1 1
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Applying similar inequalities like in (5.36) to (5.33), we find 
4 

n n à n n 

EX >= | (Ce. dGlu )¢ > + fel o(fE | #1) +0(1)})ds 
t t t Ss s r S -r 

2 | 1 e) 0 
T 

-1/2 2 n -n 
+ N | g(x)(m-o (x))A (dm,dx,ds). (5.39) 

t s- 
1 

t 
n n n 2 n à è n 2 è n 2 

E (Cet “6 D )<6E [(t -< | (C lel If |  +lel o(lt | +1)+o(1))ds] 
t t 2 1 it 3 r = r s -r 

è 1 1 fe) 0 0 0 
t 

n 2 2 n an n n 

+2E | g (x)(n-0 (x)) A (mix,a Jol(dnjà (dx)ds] 
t S S 

CT 
è 1 2 2 2 

<C fel (e +1) 6 + C [gf b 6, (5.40) 
4 r 5 L® 

0 

which implies for 6 sufficiently small 

-2 n 2 n n n n n 

PIC g,8 -4 > > n) Sn E NS -— >) <E. (5.41) 
T T T 

2 1 2 1 

This shows the tightness of the fluctuation processes € 

n + 

In order to characterize the limit process of §& by the martin- 
t 

gale problem (5.30), we apply Ito’s formula to 

~ OD n n 2k | 
F(S )=flce ,6 »,...,<g 6 >), FEC (R ), g EH for i = 1,...,Kk. 

t 1 ¢ k t b ior | 
0 

n n | 1/2 
We write M for M (f(...,N 9 -u >,...)) form (2.13) and use 

t 

estimates similar to (5.36).
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On . a 
C(O j=l (So ) 

U 6) 

t K(AY on 1/2 n n n n 
| if f(¢ | g (x)N | A (m,x,o )(m-o (x))o(dm)d (dx)-G(u dx) ] 

giz j s JT i B Ss S s 

n -1/2 PJ 

+ | (f(..¢e .8 +N g (x) (m-o0 

BxT is { 

. ns: n -1/2 n 
(HIS) 08 )- à £(¢ )N g(x) (neo (x) ) 

n 

$s } S S 

n n n n 
NA (m,x,a )p(dm)2 (dx ase 

Ss t 

. an t k M a n 
f(¢ ) + | F aft) Cg .dG(u) & dds 

fe) 0 i=) di S Î S S 

t {~~ n 
+ 1/2 | 5 8a tle 

n 2n n n n 

| g (x)g (x)(m-o (x)) A (m.x,o Jp(dm)& (dx)ds+H 
0 jij i j s ]JBXT { j S S t 

-¢ 

t n 1/2 n 
| Lo(l& | +1) + O(N [2 -af)]ds 

0 S -r 7 
0 

~ n t kre a n 
= FL) + | Pate Je ,dG(u JE dds 

fe) 0 i=l i S { s s 

t k mY 4 
+ 1/2 | F338 £(¢ | 

n n 2 n n 

- g (x)g (x)Bl(o .(o ) JA (dx)ds + M 
0 ij=l ij ss i t j S S 

T 
t -1/2 n -r/d+1/2 

+ | (o(N + [0 { + 1) + O(N )Jds 
0 s -r 

0 
~ on t . On n 

= Fie) + | L(u ,v )E({ )ds + M 
fe) 0 S s S t 

-r/d+1 t 1/2 on /2 n 
+ | Co(N +[6 [ +1) + O(N )+C( LY [G6 (o )-G (u jf 

0 s -r f-0,1 i s i sr 
) 0 

k mn 2 n 
+ D [Ke g exp{G (u }+7(G (u ))},v 2-(o ) >+[a -u 2[ )]ds. (5.42) 
i,j=i 1 j 0 s 1 ss S s S s -r 

0 

The last integral vanishes in the lim{t n>», and so any limit process 

n | 
‘, of 2 satisfies the martingale problem (5.31), which has the 

unique solution (5.27). This completes the proof of Theorem 4. § 

We review the example of Section 2 in the light of thé last 

theorem. Let 

G (x,o) = € (g * a(x),....¢ *o(x)) (5.43) 
0) 0 ! kK



k 
with f € (R 

ded functions from 

n 
Then G , given in 

è 

sup 
rEB HERS 
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), g EH . We also assume that in (2.16) 
1 [à 

0 

.,q. Then both G and G are continuous boun- 

mMAt{weH ful €< bC } into 
b -c -c -r 

0 0 0 

(2.19), satisfies 

n - ] 
IG (n,.,#)[ = @(N ). 

à r 
0 

Thus Theorem 4 applies to our example. 

H 

(5.44)
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6. CRITICAL PLUCTUATIONS AT THE FERROMAGNETIC PHASE TRANSITION. 

Here, we consider the special case of a translation invariant, 

two-body interaction without external field. In the context of our 

example of Section 2, this means 

q = 2, ¢ = 0, ¢ (x,y) = 4 (x-y), (6.1) 
1 2 

V(o)(x) = - 7*o(x) = - [zoey o( dy) 

with the symmetrization @(x) = (t° (x) + ¢°(-x))/2. 

We know that if p is symmetric and satisfies the GHS-inequality 

(see below), if (5.1) holds, and 

a = d 
3(0) - 3(p) > 6 >0 for all pez \{0}, (6.2) 

O 

then the Gibbs states to the Hamiltonian (2.15) have a second order 

phase transition at the critical inverse temperature 

a -1 
se = (7"(0) 3(0)) . (6.3) 

This is the first phase transition as the temperature decreases from 

the high-temperature region. The new phase, which appears immediately 

below the critical temperature aa is ferromagnetic, i.e. it has 

constant non-zero magnetization. In order to study critical fluctua- 

tions of the dynamical model, we make the following assumptions 

(Ai) Let p be a symmetric measure on R with support contained 

in [-b,b], b>0, and let p satisfy the GHS-condition 

(3) | 
7 (x) < 0 for x€[0,%). (6.4) 

Since y is convex and symmetric with 7"(0) > 0, (6.4) implies that 

there exists K > 2, such that 
0 

| (3) (2K -1) | (2K ) 
r(0)=r"(0)=0, 7"(0)>0, 7 (0)=...=7 9 (0)=0, 7 9 (0)<0. (6.5) 

(A2) Assume 

G =0, G(x,a) = -B VKH(a)(x) = B t*a(x) (6.6) 
0 1 0 0 ) 

with P from (6.3) and % satisfying (6.2). 
0 |
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Moreover, we require 

ven, for some r > d({1-1/K } > d/2, (6.7) 
r 6 0 0 

which yields by (5.19) 
er -r 

2 O … 2 2 0 … 2 1/2 
[t*of <C ‘af <C [YE (1+] pl ) [3(p)l «(1+ pl ) lo(p)| J 

o oT r r D 
0) 6) O 

& C ft [o| , (6.8) 
r er -r 

f°) 0) 0 

such that G is a continuous bounded function from 

mon (uEH , [uf <bC  } into He, 
b -r -r -r r 

0 0) 0 e) 
and 

n -(1-1/K ) 
Sup [G (m,.,u)f = o(N 9), (6.9) 

mEeB,wER® 2 r 
b fo) 

n 
which is satisfied if we define SG by (2.19) (see 5.41)). 

è 

The critical fluctuation process is defined by 

n 1/2K n n 
= N Og € H Am. (6.10) 

t 1-1/K -r 
tN 0 0 

| n 
We split € into its ferromagnetic and non-ferromagnetic components 

oN JS 
n n n n n n n 

8 = £ (0) , n = € - € (0) 2. (6.11) 
t t t t t 

n n n oon 
nr and 9 are orthogonal in (H » € + > ). Notice that o En 

t -r -r 
0 fe) 

implies A A 
n n | d 

a (p) =o (p+nq) for all p, qEZ, (6.12) 

TR TD À d 
and *o 2 (p) = 74 (p) o (p), pEZ . (6.13) 

THEOREM 5. 

Besides assumptions (Al) and (A2), we suppose for the starting 

n 
configurations € that 

0) 
n n n 

({) En, 0 converges in law to some @2 ; (6.14) 
[e) b e) 0 

n on 2é — & 
(11) E In | © C a for all large on, (6.15) 

oO -r è on 
0 

where “£>k°>K -1 and a an increasing (to Infinity) sequence with 
mms 

0 n 
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(1-2/K )+(1-1/K )/e” ~(1-1/K ) 
0 

N a -—> 0, and a N ——+ 0 ; (6.16) 

n n n 2K _ 

(iii) D (Elo C9) - 7"(0))4 | - ) €C a (6.17) 

0 

where & > 1 and ea a sequence with 
n 

(1-1/K })/« 1-1/K 
0 _vl 0 

N « ——> 0, a N -—> 0. (6.18) 
n n 

Then the critical fluctuation process € converges in law on 
t 

D({0,T], H ) to the ferromagnetic process € = 9 (O)A, where 
t t “20 

0 (0) € R is given by 
t 

(2K ) 2K -1 2K -1 
. 0 0 ~ oO 1/2 

40 (O)=7 (0)/((2K -1)!7"(0) ] an (O)dt+(27"(0)) dw (6.19) 
8) 

starting at @ , and where w is the standard Brownian motion. 
0 t 

n 
Proof : We start with the semimartingale decomposition of <g,é > 

t 

with gel 
r 

0 

n n n 

«g,€ > = <g,0 >+<e,n > 
t t t 

1-1/2K 
n t ) n n n n 

= (g,f >+| N g(x)A (m,x,o )(m-¢ (x))o(dm)2 (dx)ds 
0 0 BxT 1-1/K 1-1/K 

sN 0 sN 0 

-(1-1/2K ) 1-1/K 

o ptN 0 n wn 
+N | | g(x)(m-o (x))A (dm,dx,ds) (6.20) 

0 BxT S- 

n n 
By Ito’s formula, we get for t <t <c =inf{t, [é | 2M} 

1 2 M&K t -r 
4)
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n 2 n 2 

in [| =n | 
t -r CU -r 

è 6) j 9) 

t 1-1/2K 
è n 0 n | n n oon 

+2] [<n .N expr(8 4*a (.)}(r°(B 4*o (.))2 -¢ 
t S 0 1-1/K 0 1-1/K 1-1/K -r 

1 sN 0 SN 0 sN 

n n 
+ o(1)[n | LE | Jds 

s -r $ -6 
0 

t 
2 n n 2 n n n 

+ [| (m-¢ (x))(6 -2 )f A (n,x,0 )o(dm)&A (dx)ds 
t |BxT -1/K X -r 1-1/K 

1 sN 0 0 SN 0 

n 
+ M (6.21) 

t ,¢ 
1 2 

where 

n 
M 

t ,f 
1 2 

1-1/K 
t N 0 -(1-1/2K ) 

In N (no (x))(8 <A VE = n + m-0 X - 
| 1-1/K -(1-1/K ) S- X -r 

t N 0 SN 0 0 ; _ 

n à .û 
-[n | A (dm,dx,ds). (6.22) 

-(1-1/K_) -r 
SN 0 ) 

We estimate the first integral of the right-hand side of (6.21), using 

(6.8) and 2K -1 
re) 

r°(z) = r"(0)z + Q(z ), 

first integral of (6.21) 

t 1-1/K 
o on nn on n 2: ; 

(<n ,7"(0)B 3*n À -n > +O0(In | TE] N 
S 0 S s -r S -r s-r 

à 
= 2 N 

(5.18-20)(6.8) ft 
1 e) e) 

2K -1 
n n n n 

*O(in D IE I )to(l)In | [é | Jas 
s -r s-r os -r 

t 1-1/K ° ° ° ° 
2 0 | 2-r oon 2 ~ 

-2| Ê ( £ (1+tp] } In (p)| (r"(0)8 34 (p)-1) 
t d S 0 

1 pé(nZ) 

-1/K 
0 n 2 n à 

+Q(N In | lé | )) 
s -r s -r 

0 0 

2K -1 
n n 0 n n 

+O([n | [€ | )+o(1){n | [é | Jos (6.23) 
-r Ss - s -r $ -r 

0 0 0 0
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“ d n 
Since n (p) = 0 for al] pé€(nZ) 

S 

- 
By @2 (p) = £ 3(p+nq), we get by (5.19) and (6.2) 

qezd 
PS 

n u d 
42 (p) < 3(0) - 6 /2, for all pé€nZ and nen , 

fe) fe) 

which implies by (6.3) 

TT 

n d 
T'(0)B 44 (p) - 1 © - 2/3 r"(0)B8 Ô , pénZ , nen. 

0 0 0 0 

-1/K 
0 à 

Therefore, assuming Q(N M) < 1/3 7y"(0)B 6 for n large, 
0 0 

first integral of (6.21) 

t 1-1/K 
è 9) n 2 n 

< | (=n r"(0)8 8 In | + C (M) In | ds (6.24) 
t 00 s -r ] s -r 

1 9) ) 

for n > n (M). The second integral of (6.21) is bounded by 
0 

n 
C (t -t ). With C (M) = C (M).M+C , we have for t <t <r , nen (M), 

è 3 1 2 1 2 M 0 

t 1-1/K 
n 2 n à à 0 n 2 n 

In | <In | | (1 6 [ml -C (M))ds + M. (6.25) 
r t o s-r 3 t ,f 

2 f°) 1 6) 1 0 1 2 

The drift term in the last member is strongly attractive to zero. 

To (6.25), we apply the proposition on collapsing processes, given 

1-1/K 
fe] 

in the appendix, with me=wN . (6.16) and (6.15) imply (A.2) 

and (A.3) and since here Y = Bx T and 

-(1-1/2K ) 

f'(m,x) = 2N ns, (neo (x))(8 -2")) m,xX) = , (n- - 
t t (1-1/K_) x -r 

tN 0 0 
-(2-1/K ) 

O n n 2 

+ N | (m-o (x))(6 -4 )| ; (6.26) 
(1-1/K ) X -r 

tN 0 0 

2-1/K ) 
n o on n n 

g (dm. dx) = N A (m,x,0 )p(dm)2 (dx), (6.27) 
(1-1/K ) 

tN 0



109 

it is easy to check that 

-(1-1/2K ) -(2-1/K ) 
n 0 4% on 2 f°) 

sup{f (m,x){ < 4bN C [n | + bC N 
t -r to-r -C 

6) 0 0 

-(1-1/2K ) 
& CM) N 0, (6.28) 

-(2-1/K ) 
n 2 n 2 0 

LÉ (m,x){ g (dnm,dx) < C (fn | +N ), (6.29) 
BXT ¢t t 5 t -r 

fe) 

which are both sharper than required by (A.5) and (A.8). Therefore 

(1-1/K )/k 
n n 2 0 - 

P { sup AL | > C (M)N a < € (6.30) 

(t<Tat t -r 6 n f 
M [e) 

(1-1/K )(1/4°-1/¢6) 
0 

for all large n. Since CM) < N for large n, 

we find that the sets 
(1-1/K )/«° 

n 2 (6) ol 
A = Sup In | CN a <1 (6.31) 

n t<Tach t -r n 
M 0 

n 
have P -probabilities greater than 1-€ for nen (M,€). 

e] 

Similarly to (6.21-23), we investigate the ferromagnetic component 

n 
6 in t St <Tat , using (5.20), (6.8) and the expansion 

t 1 2 M 

(2K ) 2K -1 2K 
1° (Z)=r"(0)Z+7 0 (0)Z 9 /(2K -1)1 + Q(Z ©). 

[e) 

n 2 n 2 2 1-1/K n nn n 
lo |  =-10 | +2 O(N fa |  r"(0)8 #02 -8 | ) 

t -r t -r t s -r 0 Ss s -r 
2 0) 1 e) 1 O 0 

n (2K ) n 2K -1n n n 

+O ,7 © (O)/(2K -1)! (B 3*£ ) © 2 } +o(1)18 [| Fé | 
S 0 0 s - S -r s-r 

0 oO fe) 
1-1/K n n nn 

+N °¢@ ,{exp r(B 4*a (.))-1}(7"(0)8 4%n 2 À > 
S 0 1-1/K 0 Ss s 2/7 

SN 0 © 

-1/K n n 2K +1 -1/2K n n 2K 

+G CN Ojo | LE | 9 )+O(N Cfo | lé | °Îds 
s -r $ $ -r s -r 

ts) 0 0 
t 

è n n 2 on n n .n 
+ [(m-o (x))2 [ A (n,x,a )p(dm)A (dx)ds+M »(6.32) 

t {BxT 1-1/K -r 1-1/K t ,t 

1 SN 0 0 sN 0 1 2
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where 
1-1/K 

t N 0 
nl 2 n -(1-1/2K_) n n 2 
M = (F0 +N 9 (m-0o (x))2 | 

t ,¢ 1-1/K | BxT -(1-1/K ) S - -r 
1 2 tN 0 SN 0 f°) 

| 
n 2 * wn 

- [0 | JA (dm,dx,ds). (6.33) 
-(1-1/K_) -r 

SN 0 0 

By (6.3) and (5.10), we have the estimates 

1-1/K non n n n 
N 0fr"(0)8 F*0 À (O)JA -8 (O)2 | 

0) S S$ -r 

1/K “~ a ‘x ° n 
= N LA (32 (0)-3(0))118 (012 | 

/K n n n 
< N 07"(0)8 131 FA -41 fof =Q(N © 018 | ), (6.34) 

0 r -r Ss -r S -r 

0 OQ 0 0 

n nn on 
N °¢@ ,(exp r(B 3*o (.))-1)(7r"(0)8 3*n 2 -n )D 

1-1/K fe) S S -r 
SN 0 0 

1-2/K n n 

= O(N "10 Iie EL In D  ). (6.35) 

n (2K ) n 2K -1 n 
co 7 9 (0)/(2K -1)! (B 3*£ } 9 2 ) 

0 fe) s -r 
0 

(2K ) 2K -1 n n n 2K -1n 
= 7 ° (0)/(2K -1)! B © <8 ,(4*8 +¢*n ) © 2) 

0 S S 0 S Tr 

| AN (2K,) 2K,-17/ À  2Ko-1/n  2K, n°2 
= T (0)/(2K -1)! B a2 (0) 8 (0) [A | 

8 0 0 Ss 

n 2K -2 on 2 n n 2K -1 

+@(10 | © In | +181 Ind ° ) 
s -r s -r Ss 

oO 0 0 0 

TT nn a a n nn | 
since ¢*n À (0) = 32 (0) n (0) = 0 implies <0 ,3*n À > = 0, 

S S s s -r 

(6.36) 

0 

The second integral in (6.32) is again bounded by Cort c, with 

Ce independent of M. Hence



111 

TN 7N 
n 2 n 2 2 (2K ) 2K -1° on 2K -1n 2K n 2 

[10 [ <fo f 2 Y 0 (0)/(2K -1)!8 9 42 (0) 9 @ (0) 072 | ds 
t _ -r t  -r t 0 O Ss a à 

è 0 | 0) | ) 
t 

2 ~r +J)-1/K 1-2/K n 2 n 2K -1 -1/K -1/2K 2 
| ou O+{N O+1){m | ttn [ © +N  04N  Oj+o(1)M | 

t s-r S -r 
0 0 

.n 
+ C (t -t ) + M , (6.37) 

7 2 #1 ct ,¢t 
1 2 

where the constants in the term Q depend on M. The first condition 
M 

of (6.16) shows that we can find n (€,M) 2 n (€,M) such that on the 
1 0 

sets A from (6.31), the second integrand in (6.37) is less than 1 
n 

for all nen (€,M), and the first integrand is non-positive, thanks 
1 

(2K ) n n 2 
to 7 9 (0) < 0. (6.14) implies P (10 | ? c <eé for large 

oO -r 
0 

enough and for all on, by which, together with (6.37), we obtain for 

n?n (€,M) 
1 

(10"| <c yna ng |o"| >t(c +1)+c +0 DK HC). (6.38) & A sup C +1)+C +C }C{ sup M >C }. (6.38 
0 -r 8 n t<Tac® tt -r 7 8 9 t<Tat® t 9 

0 M 0) M 
But 

n .n -2 .n à -2 
P { sup M > C } < C EM ) < C C (€, (6.39) 

t<TATN t 9 9 TAta 9 10 
M M 

| 1/2 
where cs is. independent of n and M and ce > (C /6) . By 

(6.31) and (6.38-39), we finally get for M>1 + T(C +1) + ce + ce 
7 

n n 2 n 2 n 2 

{tr <T} = ( sup [€ |  ?>M}C{ sup In | >1)UM\A U(I8 [| 2c } 
M t&Tare t -r t<TAc® t -r n o -r 8 

0 M fe) 0 

n 2 n 2 
U{(19 | <C } AA M sup 18 |{ > C +T(C +1)}, 

0 -r 8 n t<Tar f t -r 8 7 
0 0 

n on 
which show P (re, < T} < 4€. (6.40) 

The condition (5.12) is satisfied. In order to establish (5.13) for 

n n 
£ , it is enough to show it for 0 , since (6.30) and (6.40) show 

t t 
n 

that the sequence of processes jy {s tight and converges in law to 
t
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np ™ 0. Thus, let O0 <rt < t €&(t +6)AT. We have 
t ] 2 l 

n n 

(g.0 -0 ) 
c t 

2 j 
t 

“~ 2 1-1/2K n n n n 
=gà (0) N 9 (n-0 (x))A (m,x,o )o(dm)2 (dx)ds 

t 1-1/K 1-1/K 
1 sN 0 SN 

un 
+ M (6.41) 

t,t 
eh 2 TK 

wi t 
an ™ 2 ~(1-1/2K_) on cn 
A =gl QI N 0'{m-0 (x))A (dm,dx, ds). (6.42) 

t ,t 1-1/K - 
1 2 t 0 

1 

After the same expansion of the first integral as in (6.32-37), we 

have for large n 

n n 2 2 an 2 

1 (< g,0 -0 >) <C (M)(t -t ) + 2(M ) , (6.43) 
n Te T 9 2 1 ct ,t 

{ct >T} 2 1 1 2 
M 

such that by (6.40) 

n n n n n n 
P {[<g,8 -8 >| > n} < 4e + P {11 €g,8 -8 > |>n} 

t t n 4 T 
2 1 {t >T} 2 1 

M 
2 2 2 

< 4€ + C (ne /n +C (7 < 5€ (6.44) 
1 

for nen (6.M) and 6 sufficiently small. This completes the proof 

n 
of the tightness of the critical fluctuation processes a 

n 
Before we can characterize the limit process of 6 we need the 

following result 

n n 2 n 
Let X = ((¢ (.)) -7"(0))2 EH . (6.45) 

t 1-1/K -r 
tN 0 0 

We claim that for some n(€é) 

n n 2 (1-1/K_)/2e _-1/2 
sup P ( sup [X | > N 0 a } < €. (6.46) 

n>n(e) t<Tac® t -r n
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n 
Ito’s formula shows for t<t € t 

t -Cc t -c 
2 f°) | 0 

n 2 n 2 n n n 
€x | ô (m -(a (x)) )A (m,x,¢ )e(dm)& (dx))} ds 

S X - -1/K -r 
BxT SN 0 SN 0 o 

2 -1/K 2 n 2 2 n n n 
+ ON 9 [(m -(¢ (x)) )6 | A (m,x,o Je(dm)&A (dx)ds 

t BxT -1/K X -r 1-1/K 
sN 0 0 SN 

n 
+M° (6.47) 

t ,¢t 
1 2 

where 

n M” 

tt 
1 2 

1-1/K 
t N 0 

r à n -1 2 A 2 è n 2 

= [Xx +N (m -o (x) )ô |  -[X | 
1-1/K -(1-1/K ) s- X -r -(1-1/Ko) -r 

t N 0 SN 0 0 sN 0 
1 - - 

.n 
A (dm,dx, ds). (6.48) 

Using Sobolev-norm estimates as above, we get 

t 

n 2 n 2 2 1-1/K n 2 -(1-1/K_) ~1/K n 2 

IX [  =IX | |. 2N OLX | |i+o(n 0 )4Q(N OLE |) Ids 
$s -f 

v t ,¢t 

2 1-1/K n 2 n 
- | (N OVX | +1)ds + M° (6.49) 

t S = 
1 9 1 2 

for tt and n > n(M). Applying the proposition on collapsing pro- 

n 2 _ 
cesses to [X | with a from (6.18), we see that (6.17) cor- 

tan -r n 
M 0 

responds to (A.3) and (6.49) to (A.4). Here 

n -I on 2 n è 
f (m,x)=2N CX ,(m -(¢ (x)) )6 > 

t t -1/K X -r 
tN 0 0 

-2 2 n 2 2 -] 

+N [im -(0 (x)) )6 | = O(N), 
1-1/K x -r 

tN 0 0
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and n 2-1/K n n n 
g (dm,dx) = N CA (m,x,o )p(dm}2 (dx), 

t 1-1/K 
CN 

such that (A.5) and (A.8) are also satisfied. Therefore, the propo- 

Sition on collapsing processes implies (6.46). 

Finally, we compute the limit of 

“oN es 
~ A. no on n n 
f(g )=f(0 +n J=f(g à (0)0 (0) 

€ t © 1 t 

n n “n TN n 
+<g -g À (0),n »....,g À (0)8 (0)+<g -g 2 (0}),n }) (6.50) 

1 1 ¢ g t Q@ fg t 

2 ©! a 
with fee (R ), g EH for je=l,...,%2, and for tTat, where 

b j - 

x n n 2 (1-1/K )/e° -1 
t = t a inf{t;fn | > N 9 a} 

M € -r n 
0° 

n 2 (1-1/K )/2k_-1/2 
A inf{t;lX | > N 9 a } (6.51) 

t -r n 
0 

n . 
with P {ct < T} < 6€ by (6.30-31, 40, 46). 

Setting 
1-1/K 

t N 0 
f,n r 2 n -(1-1/2K ) n 

M = [f(..<¢ 1g >+N 0'(m-o (x))g (x),.) 
t ,¢ 1-1/K -(1-1/K_) j S … J 

1 2 tN 9 SN _ 0 
1 

. nn of 
-£(6¢ )JA (dm,dx,ds) (6.52) 

-(1-1/K ) 
sN 0 

we get for t <t <t, using the same estimates as above, 
1 2
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C 
. on . oon 2/7 av n 
Ê(E ) = ELE +] La re | g (x)(m-0 (x)) 

t t t j j s |TxXB j 1-1/K 
2 l ] SN 0 

1-1/2K n n n 
N OA (m,x,¢ )p(dm)& (dx)ds 

-1/K 
SN 

4 n -(1-1/2K ) n 
> | fox 1g DN 0 (m-0 (x))g (x),...) 

t — |TxB s j 1-1/K j 
t 4 SN ©? 
4 ~ On oY on n -(1-1/2K_) 

F(£ )- Yo FE je (x)(n-o (x) )N ° 
s j j s j -1/K 

SN 0 

2-1/K n n n f,n 
N OA (m,X,¢ )o(dm)2 (dx)ds + M 

1-1/K t ,¢ 
SN 0 1 2 

t TK 

~ On 2 7\/ nf 1-1/K n n n n 
À (6 +] ba fle if | (g (x)-g à (0))(r"(0)8 2*n (x)A (dx)-n (dx 

e tj] S T fj j 0 § S 

“~™ ”~ 
-1/K n 2 (2K ) n n n 2K -] 

(1+@(N °(8 (0)) ))tr 9 (O)/(2K -1)! gS (O)(B a2 (0)8 (0)) ° 
S S 

-2/K n 2 -r +1-1/K n 2K - -1/2K 2K 
+Q(N On | M)+Q(N © O0 M)+Q(In IM 9 )+O0(N Om 9) 

s s 

-1/K 2K +1 
+Q(N OM O0 ) + o(a) Ad 

t 
2 JON cs TY n 

1/2] ya f(é N(as0(a)}2r°(0) A (0)g À (a) +f (g (x)-g À (0)) 
t ij ij S { j T i i 

TT n 
(Ge 4 (0))4 (ax) as 

-(1-1/K ) -1/K 2 n f,n 
+O(N Oo )+Q{N OM }+Q( sup IX |) +M , (6.53) 

t <s<t s -r t ,t 
1 2 0 1 2 

n 
Here, we can even replace 2 by A everywhere making additional 

n -r 
errors of the order [2 -4| =Q(N 0), which however become arbitra- 

-r 
0 

rily small for large n, since rc >1-1/K . By (6.16), (6.18), (6.51) 
0 

and the fact that
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MN 
1-1/K n non n -1/K 2 

N | (g (x)-g 2 (0))(r"(0)8 2*n à (dx)-n (dx))(140(N OM )) 
T j j EE 0 S S 

LR a ) io )(r"(0)8 Fo )-1) (140 UN ou) (6.54) = _ + , 

DE (27 n2) 4\ (0) | prom hPa 0 P 

-1/K 2 
has coefficients (y"(0)B 34 (p)-1)(1+Q(N On )) < -7"(0)B 6 /2 

0 00 
d d 

for large n, uniformly in p€Z \(nZ) , we see that any limit process 

n 

£ = 0 +7 of & satisfies 
t t Le t 

n = 0, (6.55) 
t 

IN 

and 0 = @ (0) solves the martingale problem : 
t € 

rt NS - ~ ~ 2K ~ | x a è 
f(8 )-F(8 )- y à f(8 7 0) oy scar -1)! g (0)(8 3(0)8 (0)) 9 ds 

t 0 J0 j) Jj S 0 j 0 S 

rt oS a a 
- ya f(0 j2ry"(0)g (O)g (0)ds is a martingale, (6.56) 
JO i,j ij os i j 

with f from (6.50). But (6.56) is equivalent to (6.19). 

This completes the proof of Theorem 5. § 

The unique invariant probability measure of the process @ (O)ER 
t 

from (6.19) is 

(2K ) 2K 2K 
v (ax)=exp(r 9 (0)/(2(2K )!(7"(0)) 9] x “Jax/z (6.57) 

where Z is the normalization constant. 
1
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7. CRITICAL FLUCTUATIONS: AT AN ANTIFERROHAGNETIC PHASE TRANSITION. 

Instead of the critical fluctuations at the ferromagnetic phase 

transition, we now study critical fluctuations at the point of an 

antiferromagnetic transition with frequency p # 0. This means that 
re) 

instead of (6.2) and (6.3), we now have 

= x x a d ' 
2(p )=t(-p )>0 and @(p )-#(q)26 >0 for all qe€Z \{tp }, (7.1) 

0) 0 0 0 0 

and 
a -1 

B = (7y"(O0)4(p )) ; (7.2) 
p fe) 

0 

In addition, we strengthen assumption (Al) of the last section by 

requiring 
(4) 

T (0) < 0 (7.3) 

i.e. K = 2 in (6.5). For example, this is true for Ising spins with 
0 

(4) 
if p = (6 +6 1/2, where y"(0) = 1 and (0) = -2, 

We keep the assumption (A2) of the last section with K = 2. 
0 

We now split the critical fluctuation process 

n 1/4 on 
€ =N 0 | (7.4) 

t 1/2 
tN 

into the p -antiferromagnetic component and its complement 

n À a | 2 
p (dx) = 2(Re(€ (p ))cos(2xp x)+Im(€ (p ))sin(2xp x)J& (dx) (7.5) 

t t oO e) 0 0 
n n n 

w (dx) = € (dx) - p (dx). (7.6) 
t t € 

THEOREM 6. 

Let (7.1-2), (Al) with (7.3) and (A.2) hold. For the starting 
te 

configurations, we assune 

/~ M 
no on n 1/4 n 

({) o EM , and o (p )e#N o (p ) converges in law to some 
o b o oO 0 o 

p (p ) : | (7.7)
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(ii) for some «*>1 and an increasing sequence a with 
n 

1/2e -1 -1/2 
N a —— 0, and N a --> 0, (7.8) 

n n 
we have 

n n 2é -< 
E [ÿ | & Ca : (7.9) 

0 -r In 
e) 

and 
n n 2 n 22 -K 

E (f((o (.)) - r"(0))4 | ) &C a (7.10) 
0) -r 2 n 

0 

for all large n. Then the critical fluctuation process converges 

in law to the p -antiferromagnetic process 
0 

@ (dx) = 2(Re(o (p ))cos(2xp x)+Im(o (p )sin(2xp x)JA(dx), (7.11) 
t t Oo 0 t _o 0 

where 9 (p )EC satisfies the complex diffusion equation 
t o 

a (4) 3 x 2, 1/2 c 
do (p )=7 (0)/{2r"(0) ] Ip (p )[ @ (p )dt + (27"(0)) dw, (7.12) 

t Oo t Oo t Oo t 

~ C 
starting at o (p ). Here, w denotes a complex-valued Brownian 

0 oO t 
motion. 

Proof. Since the proof follows the same lines as that of the last 

section, we will give only the main estimates. Like in (6.21-25), 

we obtain for 

n n 

t <t <tc = inf{t ; [€ | 2 M} 
1 2 KM t -r 

0 

2 n 2 2f 1/2 no nn n. n 3 
wot =W | | Ne ,r"(0)B PVA -U Y + O(N | M) 

-r t -r € S Lo) S s -r s -r 
2 (e) 1 6) 1 ) 6) 6) 

n n 
+ o(1){[# | Hé I ds 

s -r s -r 
re) 0 

n 
+ O(1)(t -t ) + Q , (7.13) 

è tl t © 
1 2 

with the martingale 

1/2 
t N 

n 2 n -3/4 n n 2 
Q = [¥ +N (m-o (x))(6 -2cos(2xp (x-.))2 | 

t ,¢t 1/2 |BxT -1/2 Su X 0 -r 
lL 2 t N sN_ 0 

1 
n 2 ~n 

-{¢ | A (dm,dx,ds). (7.14) 
1/2 -r



119 

Using (7.1-2), we have 

MS 
n d 

r“(O)8 @2 (q)-1 < - 1/2 y"(0)B 6 for all qé(Z/nZ) \{lp }, (7.15) 
D 0 (6) 

0 Fe 

and 
t 

n 2 n 2 è 1/2 n 2 n 
lé | <i ‘| (<n y"(0)8 8 Id | +0 (M))ds+Q  . (7.16) 

¢t -¢ t -C t p o s-r 3 t ,t 
2 0 1 9) | e) 0 1 2 

By (7.8-9) and estimates, similar to (6.28-29), we see that the assump- 

1/2 
tions of the proposition of the Appendix with me=N are satisfied, 

so that 

n n 2 1/4r -1/2 n n 2 1/2e -1 
P { sup [¢ | >N a }<P { sup [% | >C (MIN a }<e (7.17) 

t<Tac® t -r n t<Tat® t -r 4 n 
M 0 M 0 

for all nen (M,é€). For the p -antiferromagnetic component and 
0 0 

n 
t <t <c , we get the estimate 

1 2 M 

n 2 n 2 

lo | =19 | 
-r -r 

è [e) 1 e) 

t 
2 -r +1/2 n 2 n (4) n 3n 

+2 GUN © fo | +, 7 (O)/31(B 9% ) A) 
€. S -r S p Ss -r 

1 e) fs) 0 

n n n 2 -1/2 n n 5 n n 
*O(lo | Ie L Té FE  )+@CN lo! Fé 1  )to(i)le | Té I ds 

- Ss - -r s -r Ss - s -r s -r 
0 fe] 0 0 0 re) 0 

0 
+ O(1)(t -t ) + Q ' (7.18) 

2 1 t ,¢ 
1 2 

1/2 
t N 

.n 2 n -3/4 n n 2 
Q = lo +N (m-o (x))2cos(2xp (x-.))2 | 

t ,¢t 1/2} BxT -1/2 S 0 -r 
1 2 tN sN 0 

1 
n 2 a1 

-|o | A (dm,dx,ds). (7.19) 
1/2 -r 

sN 0 

We calculate 

(4) 3 n n3n 
r (0)/3! B <p ,(4*p ) À à 

p s S 

(4) D ss À 4 2 - 
= y (0)/3! 8 34 (p } Ip (p ){ } a (tip tal ) 0 

p 0 S 0 qe (nZ) 0 
0 

< 0 (7.20)



120 

Since 7 (0}<0. Therefore, using (7.17), we find that for nen {Ee 
0 

n à n à oat] 
lo | <€ le | + (C +1)t + Q (7.21) 

t -c 0 -r 4 0,t 
0 0 

n 
with C independent of M and t < tr . Reasoning in the same way 

4 M 

as in (6.38-40), we conclude from (7.17) and (7.21) that 

n n 
P tr, © T} < 4e (7.22) 

for M large enough and nen (€,M). The modulus of continuity of 
1 

n 
p is shown to be uniform in probability in the same way as in 

t 
n 

(6.41-44). Thus, by (5.12-13), the sequence of processes is 
t 

tight. Of course, (6.46) also holds here. Thus, it only remains to 

| n 
identify the limit process of the critical fluctuations € . Thus, 

(a 

p ,n oN TR 
g 9 (x) = 2(Re gi (p )cos(2xp x)+Iim ga (p )sin(2xp x)] (7.23) 

| 0 fe] 0 0 

2 ¢ 
with geH , and for ree UR ), g €H for j=1,...,2 set 

r j r 
0 0 

. n p ,n oon p.,n n 
F(€ )=f£(<g 9 po >+<g -g 9 wb »,.,<e 

t 1 t 1 1 t t 

Again, we may restrict ourselves to t <t <t with 
1 2 

1/4k -1/2 ~ On n 2 n 2 n 2 
ter ainf{t,|[¢ | vile (.) -7"(O0))2 | >N a }, (7.25) 

M t -r 1/2 -r n 
tN 0 

and 
n . 

P {tc < T} < 6e for nen (€,M). (7.26) 
1 

fn 
Now, with M from (6.52), we get 

t 

.M) 

let 

mon Dp ,n n 
oO ,p >+<g -g 9 ,ÿ >). (7.24) 

t , ©! t
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n nn an 

7g? ,r"(0)8 3*ÿ à - > 
J Jj p S S 

2 1 l 0 

(4) 3 non n 2 
ty (0)/3! B Cg ,(#*¥o ) 1 > + Q([Y | M) 

j S t -r 
Po 0 

-r +1/2 -1/2 5 | 
+Q(N 9 M)+O(N M )+o0(1)M] ds 

t 
2 DJ a fF p.,n p.,n p ,n p ,n 

2] Ua f(£ )(t+0(1))ar"(O) ce 9 ,g 2 Dre -g 9 ,g -g 9 ) 
ti) 1j S | À j i i j j 

-1/2 -1/2 2 1/4e-1/2 fin 
+0(N ) +@(N M )+Q(N a as (7.27) 

n t ,t 
1 2 

Now 

njn TÈ 13% 

Kg, (t*o ) À >= JE tZ? ; z)¢ gt (qa)(4*o ") (a) 

A HF 7 
= DL  , er (4 +q LA ) tL 32 (4, ) 9 (q ) 
q.q .q E{=p } 1 2 i 

1 2 3 0 _ nn 

TF3 a 2 “hk À “ 73 
= 92 CA CA pe ) | 2Re(gà (P, }® (PD, ))+2Re (et (3p Jo (p,)) 

M Pa A 
n 3 n 2 p,n n p .n n 3 

=¢ À CAE lo (p ol ge 9 ,p >+<g-g 9 ,2[Re(y (p,))cos(2x3p .) 

À n 
+Em(p  (p,)) sin(2x3p .)]2 >}, (7.28) 

and therefore 

~ n n ~ n n 

f(p +ÿ )=f(o +ÿ ) 
t ¢t t ¢ 

Q 2 R 1 1 

p2f = n n 1/2 Porn nn n -1/2 3 on 

‘| F df(o +ÿ )N  <e -E T"(0)B Ge à -ÿ +O(N M )2. 
| te Jj) j s s j j P, s S 

UN pn, p ,n 
+1/2 [ 3 (eo co Jer" (O)KE -g ° ,g -g ° [as 

i,j ij LOL J 3 

2 TA nova (4) n 37 2 p,n on 
| if 9 flo +H jr = (0)/2(B FA (p )) Le (p )1 <e o ,p > 

t tj j os ss ‘ S j S 

TH ‘ p ,n 
+1/2 © a Fo oe "(0) < e Po ,g 9 |e 

i,j ij j 

fin 
+M 

t ,¢ 
1 2 

n 2 1 +1/2 -1/2 5 1/4x -1/2 -1/2 
+O(suply | M +N © M+N M +N a )+o(M+N ), (7.29) 

t t -r n
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where we know that for large n 

1/2 p ,n nn on -1/2 3 on 

N <g -g 9 ,r"(0)8 th À -ÿ +O(N M )2 ) 
j j PL, S S 

1/2 p ,n on p ,n 
<- N  y"(0)8 6& /2 CE -g ° ,p >+C LE -g Of. 

P, © joj S joj re 

Hence, by (7.17), any limit process € =o + of é has & = 0, 
t ¢ © t t 

and 9 satisfies the martingale problem 
€ 

. . 2, ~~ (4) -3 - p 
f(p )-f(9 | p 8 f(p ) r (0)/2 (r"(0)) Joe (p )I<e °.6 > 

t, t t ij j S s 0 j S 

PQ pe Po ] 

+1/2 Y 8 flo ) 2r"(0) <g ve. | as. (7.30) 
i,j ij s i j 

p n 
where g 9 is defined as in (7.23) with 2 replaced by 2. (7.30) 

is equivalent to (7.12). This completes the proof. 

The unique invariant probability measure of the process AA 

is 
(4) 4 4 

v (dz) = exp{y  (0)/(167"(0) } [2] }d2/Z (7.31) 

with normalization constant 2Z 
2
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8. CRITICAL FLUCTUATIONS AT A TRIPLE POINT. 

Let us suppose that we are at a triple point where a ferromagnetic 

second-order phase transition and an antiferromagnetic one of frequency 

p occur simultaneously. This means that 
0 

(0) = 3(p ) = #(-p )>0 and 3(0)-(q) > 6 >0 (8.1) 
; 0 0 0 

for all qé€Z \{0,7p }, and 
0 

a =] a {| 

B = (7"(0)2(0)) = (r"(0)3(p }) . (8.2) 
0 0 

We continue to let assumption (Al) and (A2) from Section 6 hold, 

0 
with (7.3), i.e. K = 2, like in the last section. The surviving 

n 
component of the critical fluctuation process from (7.4) is now 

€ SJ A 
n n n n 

u (dKk}=£ (0)J2 (dx)+2{[Re(£ (p ))cos(2xp x) 
t t t. 0 0 

À n 
+Im(€ (p ))sin(2xp x)]a (dx) (8.3) 

t o 0 
n n n 

y (dx) = € (dx) - uw (dx). (8.4) 
t t t 

THEOREM 7. 

Let (8.1-2), (Al) with (7.3), and (A2) from section 6 hold. 

Assune 

n a n 
(i) o EM , and gz converges in law to yz ; (8.5) 

o D 0 0 

(ii) (7.8) and (7.9) hold, together with 

R om 2e -« 
E |v | «Ca , (8.6) 

t -r in 
0 

n 
Then & converges in law to the mixed-phase process 

C 

u (dx)=u (0)A(dx)+2(Re(x (p ))cos(2xp x) 
t t t o 0 

+In(u (p ))sin(2xp x) JA(dx), (8.7) 
| 4 0 Q 

where Cu (0), AL )) satisfies the coupled stochastic equation 
t 0
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= (4) 3 x 2 u è . 
au (0)=7  (0)/[3!(r"(0)) J (2 (0) +6[u (p }[ Ju (O)dt 

t C t Oo t 
1/2 

+(27"(0)] dw (8.8) 

. (4) : 3  _… 2 2 . 
du (p )=7 (O)/(2(r"(0)) J] (u (0) +lu (p }[ ju (p jdt 

€ Oo t t t _o 0 

1/2 C€ 
+{(27"(0)] dw (8.9) 

x a C 
starting at (uw (0), u (p )), where w and w are independent 

0 0 o t t 

real, resp. complex-valued Brownian motions. 

Proof : Again, we give only the main estimates and formulas, the ar- 

n 
guments being the same as in the proof of Section 6. For t <t <t , 

1 2 M 

we have 
t 

n 2 n 2 2f 1/2 n nn on n 3, 
ae ce 2 NU Gr" (0)8 2*v 2 -v > «Oly | M) 

t -r t n-r t S 0 S S -r $s -r 
2 le 1 0 1 0 0 

n n 
+0(1}]u | Mids+Q(1)(t -t )+R (8.10) 

S -r 2 i t ,t 
0) 1 2 

with 1/2 
t N | 

n r à p n -3/4 n n n 2 
R = Lu +N (m-o (x))(6 -2 -2cos(2xp (x-.))A | 

t ,t 1/2 -1/2 S X 0 -r 
1 à tS BxT SN [e] 

n è .n 
- |v | A (dm,dx,ds). (8.11) 

-1/2 -r 
SN ) 

or 
Since T"(0)B 34 (q) - 1 < - 1/2 7"(0)B 6 (8.12) 

) 0 0 

d 
for all qé(Z/nZ) \{0,tp }, we get 

0 
t 

n 2 n 2 2 1/2 n n 
LOL ce | (NO r"(0)8 6 fv | +C (M))dsiR  , (8.13) 

t O0 O0 .s -r 3 t ,t 
2 ) 1 O 1 0 1 2 

for which the proposition of the appendix yields 

n n 2 1/4k -1/2 
P ( sup |v | > N a } < € (8.14) 

t<Tar® tt -r n 
M 9) 

for all nen (M,e€). Similarly, 
6)
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t -r +1/2 
n 2 n 2 2 f°) n 2 n (4) n3oon 

lu 1 =le I 2 Q(N Lu | +n Tr (0)/3! (B 9%) a 
t -r t -r t gs -r S 0 S -r 

2 0 1 0 1 0 0 

1/2 oon n 5 n n 2 n n 
#OCN Ou D OUEST D+@CTa FO Eu | M }+o(t)lx [| él ds 

S -r s -r Ss -r Ss -r $ -r $s -r 
0 0 0 O 0 0 

.n 
+Q(1)(t -t )+R , (8.15) 

2 | t ,f¢ 
1 2 

with 1/2 
t N 

on 2 n 3/4 n n n 2 
R = Lu +N (m-0 (x))(2 +2cos(2xp (x-.))2 | 

t ,t 1/2] BxT -1/2 S 0 -r 
1 N _ 0 

1 
n 2 ~n 

-|xz | la (dm,dx,ds), (8.16) 
-1/2 -r | 

SN _ 9 
and 

(4) 3 n n 3n 
T (0)/3! B ch ,(3*u ) À dD 

0 s§ S re 
“N 

(4) 3 O 3 oh on 
=y  (0)/3! 8 L u (q +q +q ) [ 34 (q }u (a } 

0 4 ,4a ,.q E{0,ip ) s 1 2 3 i=1 is i 
1 2 3 9 

(1+|q +q +q +q ) 9 
qefnz)d Sear ear ies 

(4) 3f “n3 A4 TR “he Re À © 
=y (0)/3! B (tk (O)e (0)+6 34 (0)34 (pode (0) fe (po) ) 

0 @ S S S$ 

(1+| Fe (6 R 092 “ of 1° . 1+|q + P_)u Hp 
setnz)4 o's s 9 

TS 3 oO 4 2 - 
+6 32 =(po) le (pol )- E g (1+Ipo+al ) © 

| S qeé(nZ) 

< 0. (8.17) 

~ 1 
+ (C +1)t +R » Which implies, like in 

4 0 r © 
0 

n à n à 
Hence fu | < [xu | 

t “Po o- 

n n ni. 
(6.38-40), P (t ST} < 4€ for large M and nen (e€,M). 4 is 

1 t 

shown to have a modulus of continuity uniform in probability, such 

n 
that by (5.12-13) € is tight. Since (6.46) still holds, we only 

t 
n 

need to calculate the limit of £ . For gel , define 
r t 
0



126 

, p_.n 
g (x) = ga (0) + g 9 (x) with g ® from (7.23). (8.18) 

2 (Uf 
Thus, ree (R ), g €H for j=1,..., {, have the decomposition 

j or 
0) 

. n un n un on un on _h on 
f£(é )=f€(Ce ,u Drég -g ,u D,...,<g .u DCE -g wy >). (8.19) 

t 1 ¢t 1 1 t D t à 2 t 

~ n n 
We define ct as in (7.25) with g replaced by vw , such that (7.26) 

t € 

still holds, because of (8.14), and we get for t <t <t 
1 2 

~ n ~ n t “—~ on 1/2 _n nn n 
FC ) = £(E + L à f(é It Cg -g ,7"(0)B 4*v à -v 4 

t j j 0 s S t t j j S 
2 1 

(4) 3 n3on -r, 11/2 n 2 

+ Cg ,r  (O0)/3! B (4*u ) À D+O(N M)+O({v [ M) 
j ) s s -r 

0 

-1/2 § 

+ O(N M TOPIC 

t 
2 Zn —n on _n _n 

2] Ud f(€ J(l1+o(1))27"(0)[<g ,g D>+<g -g ,g -£ ) 
ties ij S ij i io oj 3 

1/2 -1/2 2 1/4e -1/2 f ,n 
+o(N )+Q(N M )+Q(N a ) ds+M | (8.20) 

n ' 
1 2 

f,n n 3n 
with M from (6.52) with K =2. We compute <g,(4*u ) À », 

1 2 
Similar to (8.17), and obtain 

TS SS /~ M JS ~~ / 
n 3n n n 3 n 3 n n 2 n 2n 

<g,(a*u ) À D=gd (0) (42 (0) uw (0) +6 G2 (0)34 (P } le (p dt u (0)) 

SJ Pas SJ PA A TS PA 
n n 2 n n 2 n n n 2 

rere! e (p (aA (0) 94 NL (0) gp Cp )+32 (Pp dle El u CRI] 

D 
à 

/» DOS A 
n n à n n n 2 

QUE (2p )44 (0)34 (p ) uw (0)u (p ) 
O 0 0 

PA 
TY 3 n 3 A: n 

rare| ea (3p )34 (p ) u (p ) (8.21) 
0 0 O
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This shows 

~ nan 
f(u +y ) 

C C 
è è 

€ 
. Nn n 2 f~Y non 1/2 _n nn on -1/2 3 on 

=f(p  +v + b à f(u +u )N Cg -g ,r7"(0)B dv À -v +Q(N M )à > 
t t tj j os s j fj o s§ S 

1 1 1 

cr” on on _n _n 

+1/2 L 0, fin +v J2r"(0)<e -e , g -g pds 
{,j1) ss i ji j j 

2f F7 nin (4) an -r_ 3 3 
| Là flu ty )r (0)/3! (8 2(0)(1+0(N OM ))) 

t. j j S § 0 

Cr 2 4 27 1 À A 2 2 pan n 
(u (0)+6]u (p )E )g À (0O)u (0)+3(u (0) +[u (p Df 1<g © ve | 

S S 0 j s S Ss oO j S 

T0 non _n _n f,n 
+1/2 Ya fu ty )27"(0)<g ,e as + M 

i,j ij s S i j t ,¢t . 
1 2 

n 2 -r +1/2 -1/2 5 1/4Kk -1/2 -1/2 
rO(supfy | M +N 0 Mi+N M +N a )+0(M+N ). (8.22) 

Û -r n 
0 

Taking the limit n —> +, we get a limit process & = y +v with 
t t ¢ 

ym O0 by (8.14) and gz given by (8.7-9), since this is the only 
€ t 

solution to the martingale problem 

r2f Wo (4) 3 ° 2 2 . a 
=| ? 8 f(x }r (0)/[31(r"(0)) ] £(u (0) +6[u (pdt de (0)u (0) 

t j S s s 0 j $ 

a 2. 2 D 
+3(u (0) +1x Cp )l 1e oun >} 

S s j S 

+ . . . a 

+1/2 Ya f(z a7" (0) 8 (O)g (0)+2Relg (p )e (bp DC (8.23) 
i,j ij os i j | { o j o 

The proof of Theorem 7 is complete.
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APPENDIX 

A PROPOSITION ON COLLAPSING PROCESSES 

PROPOSITION. 

m 
(i) Let xX 2 0 be a sequence of positive semimartingales with 

t 

m m m m m 
dX = S dt + f (y) (A (dt,dy)-g (dy)dt]. (A.1) 

t t t- t 

m m m 
Here § and f are adapted processes, A is a point process on 

t t 
à m 

some measurable space Y with compensator g (dy)dt. Let «>1 and 
t 

let a be an increasing sequence with 

E(X ) <Ca for all nm. (A.3) 

m 
Furthermore, t are stopping times such that for tE[0,t J, mel, 

nm m 
S < -môX + C, 56 > 0 (A.4) 

t t 2 

m -1 
sup lf | <C aes, (A.5) 

wEN, VEY, t<c t 4 m 

m 2 

| (f (v)) ¢ (dy) <C. (A.6) 
Y t t 5 

(Here, and in the sequel, ce, are constants independent of m and X 

Then for any ¢é>0, there exist C >0 and n such that 
6 9) 

m m 1/e -1 -1 
sup P { sup X > C (m a vam )} € €. (A.7) 
mem O<t<Tar™ ¢ 6 m m 

0 

(ii) If instead of (A.6), we have even 

m 2 m - ] 

AE (y))  g (dy) <C (X +m), (A.8) 
Y t t 5 t
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then we get instead of (A.7) 

m m 1/& -1 
sup P { sup X > C nn a }<E. (A.9) 
mem O<t<Tar™ ¢ 6 m 

0 

Proof : (We drop the superscript m everywhere). Let h be a smooth, 

positive, increasing, convex function on R with 

+ & + Xx 

(y ) €h(y) <a + ly), (A.10) 

and 

SUD sup h“(y ty }/h°(y ) =O < oe, (A.11) 
y eR ly 18¢ 1 2 1 7 

4 
2 

(A.11) implies h(y ty )-h(y )-h°(y Jy < 1/2 ho(y JC y for al] 
1 2 1 1 2 1 72 

ly | <C and all y ER. | (A.12) 
à 4 1 

Now for 2 = 1,...,{[Tm}] + 1 and t < (&/m)aTarc, let 

D 
Z =h(X ) 

t t 
6(mt-2) rt 2 26(ms-1) 2 

:=sh(a e (X -C /6m)-C ae | lf (y)| g (dy)ds). (A.13) 
m t 2 7/0 n Y s S 

Ito”s formula gives 

£ f/ 6(mt-2) 
dZ =h°(X Ja e (môX -C +S ) 

t t om t 2 ft 

f - ond ô(mt-1) 2 26(ms-£) 2 
| h(X +f )-h(X )-h°(X )(a@ e f +C ae (f (y)) ie (dy) 

Y t ¢t t t m t 7 nm t t 

| [h(X +f )-h(X )](A(dy,dt)-g (dy)dt). (A.14) 
Y € ¢t t t 

Using (A.5), mt-2<0 and (A.12), the first two terms in (A.14) are 

{ 
non-positive, such that 2 are positive supermartingales on 

t 

t & (L/m)ATAT. Doob’s inequality and (A.3) yield 

(mT]+1 Q -{ -1 ([Ta]+1 
P ( Sup Z >nn )<m nn £ E(Z )<n(Tt1)(a+C )<e (A.15) 

f=] t&(L/m)ATAT ¢t =] fe) 1 

g -1 
for n sufficiently small. But sup 2 < mn {s equivalent to 

t<(2/m)aTar t 

“6 (mt-2) -1-1 t 2 26(ns-1) 2 
a e (X -C /dm)<h (mn )+C | ae | [f (y)! g (dy)ds (A.16) 

t 2 7 Y s S
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for all &(L/m}aTar. If we restrict t to the interval 

((2-1)/m,(2/m)aTat}, we see that by (A.10) and (A.6), resp. (A.8), 

(A.16) implies 

-] -1 6 -] =] -] 

X < C6 m +e h (mn ja 
t 2 m 

ô 2 2d5(mt-2) -261 
+ e C &« sup if (y)! g (dy)(e -e }/46m 

7 m set JY os S 

1 
-1 -j l/e -1 -} -1 

€C 6 m +Cm a + Can sup X +m ' (A.17) 
2 8 m 9 m st os 

where the first component in the last bracket refers to the condition 

(A.6) and the second to (A.8). Thus by (A.2) 

(mT) +1 -1 
() SUD Z <my 

t=] t<(L/m)aTatr t 

1 
-1 -1 1/€ -1 -1 -1 

Ccsup X <C 6 m +C o a +C a m [supX +m 
set s 2 8 nm Jun s<t s 

t<Tar s 10 l/e -1 (A.18) 

for m sufficiently large. (A.15) and (A.18) prove (A.7), resp. (A.9).
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CHAPITRE II 

Partie B : GRANDS ECARTS A LA LOI DES GRANDS NOMBRES 

NUCLEATION 
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Nucleation for a long range magnetic model 

by 

Francis COMETS 

UA 743, CNRS, Laboratoire de Statistique Appliquée, 
Batiment 425, Univ. Paris-Sud, 91405 Orsay Cedex 

ABSTRACT. — We are interested in a local mean-field Ising model on 

the torus which exhibits two stable equilibria at low temperature and in 

the limit of infinite number of particles. Using large deviations techniques, 

we analyse the behaviour of the system during dynamical transitions from 

one equilibrium to the other: it is shown to be crucially dependent on 

the temperature and the interaction structure; symmetry breaking may 

occur, as in the asymptotic behaviour of the Gibbs measure. 

Key-words: Mean-field, ising model. large deviations, nucleation. 

RESUME. — On considère un modéle d'ising de champ moyen local 

sur le tore, qui présente deux états d’équilibre stable, dans l'asymptotique 
d’un nombre infini d’aimants et à température suffisamment basse. A 

l'aide de techniques de grandes déviations, on décrit le comportement du 

systeme lors des transitions dynamiques d’un de ces équilibres à l’autre : 

1l dépend crucialement de la température ainsi que de la structure fine des 

interactions, et peut présenter une brisure de symétrie analogue à celle 

de la mesure de Gibbs. 

I. INTRODUCTION 

We are interested in long-time behaviour for a magnetic system, conststing 

in a large number N of Ising spins with fixed sites, and weak pair interaction | 

(depending on distance between particles). 

In the case of a ferromagnetic mean-field model without external influence, 
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the Gibbs measure is concentrated on the neighbourhood of two stable 

steady states u~, — u*, at low temperature [//]. We consider a dynamic 

process, whose invariant probability is the Gibbs measure; on finite time 

intervals, it behaves—in first approximation—like the solution of an 

ordinary differential equation (the bigger N the better approximation) 

with u*, —u* as stable equilibria. Because of ergodicity, the process 

starting near u* leaves the domain of attraction of u* in a finite time. 

Through this paper we study this type of dynamical phase transition and 

establish results conjectured by G. Ruget [24]. Such transitions can be 

studied using the theory of large deviations: one can refer to [2] [/5] for 

finite dimensional processes. A quite recent reference to large deviations 

for distribution-valued processes is [8], with an application to the empirical 

distribution of a system of N weakly coupled diffusions; however, their 

model is quite different from the one studied in this paper. 

Using large deviations estimates, we show under some conditions that 

the transition occurs at the neighbourhood of one of the « lowest saddle 

points » separating the two domains of attraction. We then give an example, 

where these saddle points can be found explicitely, and show how these 

results yield an explanation to nucleation [23]: at low temperature, the 

decisive step during a transition is the constitution of nuclei (of macroscopic 

size) in which local magnetization approaches that of the new equilibnum; 

these nuclei will later agregate as the whole system tends to the new equi- 

librium. The structure of the nuclei depends on the interaction function. 

To make this more precise, we first define the static model. 

For every integer n, we consider on T = (R,z)*, the d-dimensional torus, 
, ; . 1 

N = n‘ magnets located at each point x of a square lattice with mesh -: 
n 

the magnetization at each point is represented by a spin 7'{x)e{ — 1, + 1}. 

Let f= {xeT: x= (5...) lin. la 0, 1,...,n — 1 } be 
Np n 

the set of N sites, and & = { — 1, + 1} the set of configurations n’, 

n” = (n"(X))cey. 
These magnets undergo an external field, represented by an element A 

of C(T), the space of real continuous functions on T, and interact according 

to a symmetric translation-invariant coupling represented by a symmetric 

function Je C(T). In statistical mechanics (cf. [25] [26]), one defines the 

internal energy of a configuration n” as: 

1 
H{7") = — > expen 5 > I(x — y} {x} (y) (1.1) 

xeS™* E xye SS" 
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and the Gibbs measure on &" as: 

Gn") = exp — BH"(n") (1.2) 
2°Zi 

where f 1s proportional to the inverse of the temperature, and where the 

constant Z; makes G" a probability. The multiplicative coefficient N in 

the interaction termin(1.1)ensures the existence of asymptotics when n goes 

to infinity. Notice that the interaction is long range, wherefore this model 

is qualitatively different from nearest neighbour ones (for example see [26 J); 

but interaction intensity depends on the distance between particles, thus 

being more general than the Curie- Weiss model, in which hand J are constant 

(/2] {/3]. This 1s a local mean field model (or long range model). 

Let us describe now the dynamics. 

For each N-particles system, the configuration will evolve with time, 

according to a stationary and reversible Markov process, whose invanant 

measure is the Gibbs measure G"; spins are allowed to flip, at most one 

at a time (Glauber's dynamics, see [77]). 

Forxe "lett, : 6% = {—1,4+ 1} " — S* the operator of flip at site x: 

ny) fo y#x 

rey) = —n"{x) if y=x 

and A, operating on functions f:é" — R, 

A,.f=feot.—f. 

The configuration being n” at time t, we imagine for each site x a clock 

delivering a random time t, with exponential law with intensity parameter 

cx, 7"). 
All these variables are supposed to be independent of one another, and 

of the past. Let x, be the site with shortest time ¢,,; at time t + ¢,,, one 

fiips the spin in x9, and the previous mechanism is restarted. The resulting 

random process of configurations is dendted by nf; its infinitesimal gene- 

rator 1s 

L*f(n") = > cx, n°)A.f(n") (1.3) 

xe 

In order to obtain the previous properties together with asymptotics 

as n goes to infinity, we will restrict to jump parameters c”" of a suitable 

form given below in(1.9 to 1.11). Our purpose ts to establish large deviation 
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results for the configuration process: these being closely related to the 

large deviations results for Gibbs measure, we recall now the latter ones. 

As the set 6” of configurations depends on n, we will represent the state 

of the system by a measure o” 

an? n'{x)ô, = "2 (1.4) 

xeS™ 

:* 1 
where 6, is the Dirac mass at point x, and FN À 6,. As in [//], we 

ef" 

could as well consider the density of magnetization 

é" = > Ts fo Af (1 .S) 

xey” 

1 d 

which is constant on the cubes x + fo | XXE F”". 
n 

It’s easy to transfer properties obtained for one of the representations 

to the other. We will use (1.4) for calculations, which can be written for- 

; . , , ] 
mally in a simpler way: for instance, Hn") is equal to —N ( h + 5 Jo”, oc” ) 

where « denotes the convolution and €, » duality brackets. Nevertheless, 

in § 8,9, we will consider &* which is more suggestive. 

Then o” belongs to the set M,(T) of all bounded measures p on the Borel 

held of T with total vanation norm || |] S 1. M,(T) will be furnished with 

the weak-* topology t* (weakened by C(T)); since 2 À the Haar pro- 

bability measure on F, the states of the system will be represented in the 

limit nm — oo by measures ui, with density ue B the closed unit ball of 

LT) = LT; A). | 

The following results are due to Eisele and Ellis [77 }, for general spin 

distribution; see [5] for the lower bound; the techniques of [/6] also extend 

to this situation. 

THEOREM 1.1. , | 

1) lim Ne log Zi, = F, 
A © 

where the specific free energy F, is given by the variational problem 

F, = inf { V,(u); we B } (1.6) 
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The potential V, is the t*-lower-semi-continuous ({.s.c.) functional 

V,( = (uns lieu) + | d(u(x))dx if u=ui, for some ueB (1.7) 
f 2 B Je 

V,(u)=00 otherwise 
l 

and d denotes the Cramer transform of the single spin distribution 5 (6,+6_,): 

. W 
HW)= <> log (1 + W) + 5 log (1 — W), We ([(—1,1]}. 

2) For all Ac M,(T), 

Fi inf Vi(D < lim <= log GA) < Tim 555 log GA) — inf (+ FI 

(here, and in the following, we identify G* and its image by the application 

n" — g*). | 

Therefore the support of any accumulation point of the sequence of 

probabilities G” (on M,(T)) ts contained in the set of all the solutions of 

the variational problem (1.6). We will call stable equilibrium (or phase) 

any global minimum of V,, metastable equilibrium any 1r*-local minimum 

of V,, and more generally equilibrium any zero for the gradient (!) 

1 
-dV,(u) = ~h-Jeu+ tank (1.8) 

Notice that an equilibrium is jA-equivalent to some element of @(T ; 

If h =O and J > 0, the model shows a phase transition (see previous 

references); for B greater the critical value B. =(<1,J>)7', there are 

two stable equilibria, with constant densities u*, and — u*, where u* 

is the unique positive solution of the real equation associated to (1.7): 

tan &§ —u* = u*. 
B. 

Now we define the jump parameters 

(x, 1") = dx, 0”) exp { — n"(x)Blh + J « oX(x) } (1.9) 

(‘) V, is differentiable on {uw;llull. <1} with respect to uniform norm with diffe- 

rentialu — €dV,(u), cv >. In (1.8) tan k7! denotes the inverse function of tanh 
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with ¢ a continuous function on VT x M(T) (set of all bounded measures 

on J, furnished with topology t*)}to JO, + = [. We furthermore assume that 

VxEeT, VueM,(T), dx, uw —u{x}ô,) = dx, p) (1.10) 

and that there exists some Co (capital C will denote constants) such that 

I] (ui) — e{u2) lh S Co lhus —uz Ih Vu,, u,Eb(T) (1.11) 

Relations (1.9, 1.10) imply that « detailed balanced conditions » are 

fulfilled with respect to G" (see [25 ]); the form of the multiplicative factor c 

of the exponential in (1.9) ensures us with the existence of asymptotics 

and (1.11) with the uniqueness of the limit process. 

The simplest case is x, u) = 1, which is the situation considered in [5]. 

Other examples are given by dx,u) = f(0, = f(x), ...,0%x e {x)) with 

8, e€(T) and 6,(0) = 0 for k=1,...,K, and f a Lipschitz continuous 

function on R*. 
For any sign ne{ — 1, + 1 } let 

CAX, 1) = dx, pi) exp { —nB(h4+J + HXx) } (1.11 5) 

Then C(x, n")= > i+ me C,(x, 9”) (1.12) 

rt 1.+1) 

Let g be a bounded measurable function on T, FE :u — <g,u); 
. .…. 

applying (1.3) to f{n") = D sen" we derive the infinitesimal 

xeS" 

generator (?) of the measure-value process a*, restricted to such linear 

functional F,: 

L'E,(u) = — > Qu + 2", gCH) D (1.13) 

qe{—-1,+ 1} 

Because the particles are weakly interacting, it turns out that this process 
converges uniformly on finite time intervals to the solution u,e B of the 

ordinary differential equation 

d 
dt = — D (u, + 1)c,(u,) (1.14) 

set—1.+1] 

= — 2c{u,)/1 — u? sinkfd V,(u,) (M. E.) 

(7) Still denoted by L*. 
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the mean evolution equation (*): the right hand side of (1.14) is obtained 

in taking the limit n — oo in (1.13). In the simpler case of Curie-Weiss 

model, this law of large numbers may be found in physical literature (see 

(/8]), and in [22] for a global mean field on 2%. 
Notice that the equilibrium are the stationary points for equation (1. 14). 

Furthermore, one can show that V, is a Lyapunov function (*) for the dyna- 

mical system (1.14), in the sense that V, is decreasing along its trajectones. 

Hence, the transitions from the neighbourhood of a stable equilibrium 

to another are large deviations from the law of large numbers: we need 

estimates for the probability of such an event. We will obtain the following 

result: 

let T>0, uw ET; J]—1,1D, oG a sequence of initial magnetization 

measures such that t* — lim 05 = up, and Ac @{ [0,T];M,(T)} the 

space of all nght-continuous left-limited functions on {0,T], with values 
in (M,(T); t*). 

Let (A) be the set of interior points of A with respect to the uniform 

convergence topology, [A] its closure. 

THEOREM 1.2. — There exists a functional loz such that the inequalities 

— inf { Loop); p E(A), Po = Uy} < lim inf — Log Pi {o"eAÏ< 

i 
< lim sup = Log Pig {oe A} < — inf{lo(o): pe [A], 0 = Ug } 

hold whenever { "€ A } is measurable for all n(Pjo denotes the law of the 

magnetisation process starting at a). 

The action functional I9;7, or « energy », will be defined in section 3. 

It is such that Ig7(g) > 0, with equality if and only if @ satisfies (1.14); 

furthermore, the least energy trajectories which leave a potential wells 
are time-reversed solutions of M.E., this least energy being related to the 

potential V,. 

In section 3, we also give some properties of Ig7, which are proved in 

appendix. We establish the Vent’sel-Freidlin estimates for large deviations 

in §4.5. Technical difficulties essentially anse from the lack of regulanty 

(*} From (1.11), (1.14) has a unique solution in L'(T); a precise study on the of B shows 
that IJ u, {lo < 1 for all r > 0. 

(*) Use inequality 2 sinh = > =?, = real (notice that the vector field is not a gradient field). 
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of various functionals at the boundary (local magnetization equal to +1 
or — 1). this boundary not being rare enough (in the sense of large deviations 
probability) to be negligible. The lower bound for the large deviations 
probability is obtained in a manner slightly different from [27] in the 

finite dimensional case (another problem being the structure of neighbour- 

hood of 0 in the weak topology); as for the upper bound, we first show a 

local estimate, then extend it similarly to the proof of Sanov’s theorem [3]. 

The law of large numbers is a by-product of theorem V.1: it justifies intui- 

tively some further choices, but will not be used in the proofs: therefore 

we do not give a more precise statement of it Theorem [.2 is a straight 

consequence of theorems IV.1 and V.1 (see 7.6 in [2] for the proof). 

In §7, we solve the problem of exit points from a basin of attraction; the 

result extends the well known one in [/5]. The quasi-potential W(u,, u), 

which represents the minimal energy to go from an equilibrium u, to u, 

is a lower semi-continuous function of u; but this doesn’t change anything 

compared to the classical situation, as we can guess from the result of [74]. 

As an application, we study nucleation in a simple model. 

If. BASIC PROPERTIES AND PRELIMINARIES 

Since "1s finite, there exist a probability space (Q", F, P“) and a process 7" 

on £2” with generator L* given by (1.3). For 7466", Pi, will denote the 

law of the configuration process (77). Starting at 79, or, equivalently, 
of the measure value process (o7),a¢-. Let F, be the o-field generated by the 
variables 7%, 5 < t. 

Let g(t, x) be a bounded measurable function on R* x T, such that the 
set {re R*;3xeET,s — g(s, x) is discontinuous at point t } is discrete. 
The process nf is of bounded variation on every finite interval of R* with 
probability 1, so we can define as Stieltjes integrals the quantities 

t 1 f Lena) = Sf seannts 
i?) Oo 

xeS™ 

In the following, we shall use the following probabilistic results (see [79] 

or {20]), and use (1.12): 

i) Mi(g) = | € gs, da; > — [ L*F,,(o%)ds 
Q Oo 
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is a (P", f,)-martingale with increasing process 

> ft 

<M%g)>. = =| D € 2" + no}, g3c,(a3) > ds. (2.1) 
Oo 

ii) For we M,(T) and h’ bounded measurable function on F (so-called 

because it is formally an external field) let’s define 

2" , 
(uh) = > ( as (ene = Nes) ) (2.2) 

qe(—1,+1] 

Then Rg) = exp iN [ Fc £a do? > — [ Loi, g,)ds | (2.3) 
0 (3) 

is a (P", F,)-martingale. L 
Let's define the probability P", by its restriction to it 

dP* dP? 
CES T T 

Denoting by c?, Le for ¢ < T the analogues to (1.3, 1.12) with 

Cus =c,.exp — nBg, (2.4) 

instead of c,, L? is the infinitesimal generator of the process P". In parti- 

cular, the analogue of property 7) is valid for this last process. 

Because of (1.12, 2.4), P* is the law of the magnetization process evolving 

under external field A + g,. This fact is the counterpart of the duality 
relationship (1.6), in which F, is written like the Legendre transform of Vo 

(i.e. V, for h = 0): magnetization u and external field h are conjugate 

variables. We will prove that the law of large numbers remains valid 

—with the coefficients c— for a large class of such (non stationary) pro- 

cesses P" (see (4.7)). 

We need some topological properties of the space M,(7), that we state 

here for convenience: 

PROPOSITION II.1. — (M,(T), t*)} is a metrizable compact space. 

M,(T )1s the closed unit ball of M(T), so it is compact for weak-« topology. 

@(T) is a separable space according to Stone-Welerstrass theorem, and 

M ,(T) 1s strongly bounded; so [2/] t* 1s metnzable on M,(J), and defined 

by the metric p 

plu, = sup {(1 + Lm)“ wmv, 7 1). 
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À 
HT <i. and therefore B 1s Notice that weB is equivalent to 0 < 

tT*-compact too. 

Let Por(u, v) = sup{ p(u,, v,):t1E€ (0, T] } be the uniform metric on the 

finite time interval [0,T }. By computations similar to those of the end of § 4, 

we can show thatug — u the solution of (1.4) starting at uo, is continuous 

on (B, t*) to €( (0, TJ: B). 

Through this paper, # = {A,;k = 1,2... K } will denote a parti- 
tion of T in rectangles (1. e.: product of connected sets of R/Z) with non- 

empty intenor. 
Let x” the projection operator associating to a measure yp the Radon- 

Nikodym derivative of its restriction p/s/ to the algebra generated by æ 

with respect to À/: 
K 

dy} sf _ H{Ar) 

dia HA) 
k=} 

b= (2.5) 

1 d 

For æ, the algebra generated by the cubes x + Lo. -| ,xEe Sf", one sees 
n 

that €" = "co". In S IV, V, we will use operator x“ to define sets that are 
approximately neighbourhoods of 0: 

PROPOSITION II.2. — 1} Given such a partition s% 9, and a t*-neigh- 

bourhood ¥ of 0 in M(T), there exist a finer partition of and & > 0 such that 

VeveM(h), xe -vil<<¢ >= u-ver. 

11) Given sf and € > O, there exist and integer ng and a weak neighbourhood 
¥ of Oin M(T) such that for all ue B,n > no and ao" € &". 

o—uEer = ||r"(o" — u)ll, <e. 

To prove i} use uniform approximation of continuous functions by step 

functions on sf, then recall the inequality {| u || < 1; for ii) notice that a 

, ; ; I , , 
strip of width & on the torus contains at most (« + ~)N points of S" lattice. 

n 

Il. THE ACTION FUNCTIONAL Ior 

In this section we state some standard properties of the action functional 

Ior- The proofs of the results III.3, 4 and 6, somewhat technical, are carried 

out in the appendix. 
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First of all, we anticipate the demonstration of theorem IV.1 in order 

to introduce the action functional in a heuristic manner. Let's fix some 

time T, and consider a smooth enough trajectory @ defined on (0, TJ] with 

values in B; let's try and estimate the probability for the process o” to be 

uniformly close to g on [0, T], following the idea of [271]. 

We look for some exponential change of probability making @ the central 

path; since magnetization and external field are conjugate variables (see § 2), 

it will consist in an adequate choice of some extra external field h., under 

which @ satisfies the mean evolution equation M.E.: let P* be the proba- 

bility law on (Q", Fr) of the magnetization process with external field h + h, 

dl". n B L _ * L = Rt= exp NL | CR dot) L'retr, faye} (3.1) 

We then require the analogue of (1.14) for p" 

(Pr + Ca (Gr) (3.2) 

a{— 1.1) 

6:
 I | 

with @, the time derivative of y, and €,, given by relation (2.4). Using 

(1.11 8), we derive the following expression for h,: 

?, 

2{@p:)./ 1 — pi 
where tan h7!, sin! denote the inverse functions of tanh, sink. 

Formally, the computation will consist in writing P*(o* ~ @) as 

E" { 1.5.~6(R%t)~'}, with E" the expectation for P*. For trajectories 0”, 

close to @, we replace approximately IS(o?, h,) with [¥(g,, h,) and 

(3.3) h, = —h—Jeg, + BP 'tanhk 'g, + B7' sink! 

[ 4 h,, do > with ix h,, ~, > dt using the law of large numbers for Pp". 

We now recall that ois the central path for the process P", and obtain the 

estimate exp — N [ {< h,, D > —Ts(¢,, h,) } dt for the previous pro- 

bability. This justifies the 

Hi.1. Definition of the action functional Ioy-. 

Because of (1.11 5, 2.2), we define for ue B, aE R and h’ ELT) 

1 + Mu, a, x) _ do) » 5 yu eo at Jou) 9 — 18a _ 1Xx) 

nel—1,+1) 
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and 

Du, h’) = | Fu, h’(x), x)dx. (3.4) 
T 

For an evolution speed ve L'(T) of the magnetization, its Legendre trans- 

form is 

(uv) = sup x vu, h°» — Tu, M} (3.5) 
a’ el @(T) 2 

I*(u,.) is a convex differentiable function on L%(T). If Hull, < 1, the 

supremum (3.5) 1s achieved for h’ given by the right-hand side of for- 

mula (3.3) with u instead of g,, and 1s equal to 

+ ft? + C2) 
E Log 2c{u) 

2 1 —u 
I*(u, v) = | 

T 

_ Ba(h+Jeu)+ cu) | — SI — u? + (v/2du))° 

+ coshf(h + Jeu) — usinhf(h + Je 2} foodx (3.6) 

Troughout this paper, we furnish @([0,T ]; B) with metric por defined 

in $ 2; for an element w of this space, we denote by (D) the following diffe- 

rentiability condition: 

3g €L'({0, T] x T) such that for allt ST, 

¢ 

GX) — Polx) = | Q(s, x)ds z-a.s. 
0 

We will then denote (s, x) = ~,(x). 

DEFINITION III.1. — The action functional Ior is 

| HE, Pt if o satisfies to property (D) 
Lor(®) = 4 Jon 

oO otherwise 

We shall say that an element of ¢( (0, T ]; B) is absolutely continuous 

if for all € > O, there exists some A > 0 such that for all integer ig and all 

rectangles A,,...,A;, of T, and all real numbers 5,,€,, ..-, Sigs ti, satisfying 
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to O<s;<1; ST, the inequality lt, — 5,1 A(A;) < A implies 

) isto 

[€ g,, — Pin ta >| <. | 

iSio 

PROPOSITION III.2. — pe@([0,T];B) satisfies (D) if and only if @ is 

absolutely continuous. 

The proof of the proposition is standard (see [/0}), and is not carried out 

here. 

I11.2. Some properties of the action functional. 

We first notice that if @ satisfies to (D), we can find a modification of @ 
such that gy < 0 at all points (+, x) such that |@| = 1. We will then sup- 

pose this condition fulfilled by functions u, vin the following of this section. 

We need some technical results for obtaining usual properties of Ir: 

PROPERTIES III.3. 

a) Lor(p) = sup NE S(t, -), pr > — Te, su.) a} 
fet=«{o.nx Tr) | Jo | 2 

= | HP p(x), x}dtdx 
{O.T)*x T 

with 

H(u, yx), x) = sup É Ux)a — Tu, a, x) | (3.7) 

b) [or(P} < © if and only if po Log|@|, 9 Log (e>o, and 
— 

. 1 
gy Log Tee 5 <0, are elements of L'([0,T] x T). 

c) There exists some constant K such that 

U 1 
J(u, v, x) S [Los [ol+1,>0 Log 

1 
+ o Log ue for 

(here, and up to property e) we write v for W(x), no confusion being possible). 

d) There exists some constant K > O such that 

1 
Fu, xyz lv {(Log|v| —-K]-—K 
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e) For ; > 0 we have 

| of (u,v, x) — Hu, rc, y)| 

= (1+lol){e,(lu(x) — a(t) + e{lx — yl + pu u)]} 

for all u, u, such that |[w|[., ilu; [l. < 1 —y, all x, ve T and ve R. 

‘The property a) shows that one can reverse the order of the supremum 

and the integrals; b) is a characterisation of finite energy trajyectones. With 

upper bound c) one can limit to consider magnetization densities avoiding 

the boundary points —1, +1. The continuity property e) 1s somewhat 

similar to condition (C) in [27]; « outer » speeds being forbidden at these 

boundary points, it only holds for non-zero y. The regulanty in the x 
variable is a (new) property that enables us to replace magnetization u 

with a smooth function on T in proposition III.6 d) shows how Jf increases 

at infinity; it is an usual property for Cramer transforms. 

Furthermore one can notice that the condition required in [2] 1s not 

satisfied here, because the set of possible speeds is discontinuous at the 

boundary points —1, +1. 

THEOREM III.4. — 1) D, = { @:L (PIs Io } is compact in €( (0, T]; B) 
for all non negative . I. 

2) The functional Io, is lower semi-continuous on €([0, TJ; B). 

This result ensures us with existence of solution to variational problem 

min { Ior(~); pe A} for closed subset A of ([0, T]; B). 

Remark. — Whenever @ satisfies to (D), g@ ts continuous on (0, T] with 

values in B furnished with |] . ||, norm; but this topology is too fine to 

make D,, compact. 

In the proof of theorem IV. 1, we will need a large enough class of smooth 

functions: piecewise @!-° functions. 

DEFINITIONS III.5. — We define @Pt* as the class of all @ of ¢({0, T] x T; 

}— 1,1) such that there exists a subdivision S = (t,)g<x, of (0, T] with: 

Ô 
Vk < K — 1, == exists on [t,, te+,] X T and is continuous. 

. Oo 
Then @ satisfies to (D), and g = — 

PROPOSITION III.6. — Ler @ with lIor(y) < ©, vo ECT: J—1,1D, 9, 
56 > 0.T hen, there exists pECP'”” such that 

Po = Po» Porl9, 9) < Ô and | Tor(e) — lor(®)| < y (3.8) 
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IV. LARGE DEVIATIONS: LOWER BOUND 
FOR THE PROBABILITY OF PASSAGE IN A TUBELET 

For 6e &{([0,T]; B) and 6 > 0, we define the (0, TJ-tubelet with axis @ 

and radius 6 as the set of all wz: (0, T}] — M,(F) such that por(u, @) < 6. 

We shall denote it shortly by { @ }°. 

THEOREM IV.1. — Let d>Oand gp €¢({0, T]; B) with gp € S(T; J—1, 1). 

For all y > O, there exist an integer ng and 6, > 0 such that n > no implies 

Pog { Por(o”, ) < 5} 2 exp — N { Ior(y) +7} 
on the set { p{o>, Po) < 6, }. 

oO Proof. — Suppose first pe@Pr° (see def. III. 5). 

We can define the extra external field h, by (3.3) and the probability P* 

by (3.1); as written in the beginning of § IIL 

Pr {  }*) = Et, {(RI)7 tue }. (4.1) 

@ being a smooth function, there exists a finite subset S of [0, T ] such that 

the family { h,; 1 ¢S } be equicontinuous on T; so is { ¢(u);7€{ —1, +1}, 

ue M,(T) }. Then, the Riemann sums in [¥(z, h,) converges to the 4-inte- 

gral, uniformly for :¢S and peM,(), and this last quantity converges 

uniformly to 
_ À _ 

P*(u, h,) = N ( TE en — Dex) ) (4.2) 
émet 

n€ei—1.+1) 

which ts an extension of (3.4). Recall that the generator L* of the process Pp 

is given by (1.13) with c,, = c,.exp — nBh, instead of c,: in particular, 

M"(À) = L< h,, dor) — ET (notation F, being defined just 
0 0 

before (1.13) is a random variable with mean OQ for P* and variance less 

than C,N7!, relation (2.1) showing that the constant C, depends only 

on @. Using Chebicheffs inequality, we choose some integer n, such that 

m, Voseë, Pa {{MUA)i< y/6} 23/4 (4.3) 
As above, we notice that LF Xu) converges informly to L(F:,Xu), with 

Vn > 

L,(F,Xu) = >» < H+ nA, £ Cn (HM) > (4.4) 

net—1.+1) 
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we then choose n, such that, for n > n,, we can replace on { MY(h)< 7/6 §. 
T 

up 10 an error of magnitude y/6 for each operation, [ {h,,dor > with 
0 

L'Erixonée this last term with |, Leixenae and TS with F*; 
0 0 

we obtain: 

. Be nr, tn T Y 
lcci 2} RT < exp N SRE L,(F:.Xo®) -r (oF, hy) ke + a3 (4.5) 

We need the following result, where L* denotes the operator given by (4.4) 

with h’ instead of h, (i.¢.: c, exp — 4 Bh’ instead of €, .): 

LEMMA IV.2. — Let Q be a compact subset of G(T). The family 

{u — (nh), u — L*(F,-Xu); hh’ € Q } is equicontinuous on (M,(T), p). 

We go on the proof of the theorem: since @ 1s smooth, Ascoli’s theorem 

shows that { h,: t¢éS } is relatively compact; the lemma yields some 6’ < 6 

such that: 

{ Hy, H2 € Mi(T) _ { ILFa.Xi)—LFR XM GED Lo THs 
Ab, H2) < 6’ | L'(us, h,) — T'*(u2, h,) | < (67) ‘y | 

(4.6) 

Now, we claim it’s enough to find n, e NN, 8, > O with: 

~ 3 
ATG, Po) < 44, non => Pr.({e }) > -. (4.7) 4 

Indeed, for n>n, V nV n3, relations (4.4, 8, 9) imply: 
_— 

Pos { @ }°) = Est CRT Tete eue s 2} } 

, hé Y 
> Pa (o} 4 Imai] <2} ) | 

(TE - oJ Y 
exp — NC E L (Fi Xp) — Tor, ka + 5 2) 

Combining (4.3 and 7), we see that the last probability is not less than Q. S. 

@ being the central path for P*, LAF z.X¢:) = ¢ h,, @, > holds for allrésS 

(one can compute it from (3.2) and (4.4)): recalling then that h, is the solu- 

tion to variational problem (3.5), we see that the term between brackets 

in the last exponential is equal to #°“(@,, @,), this yields the desired result. 

We now prove (4.7). From proposition I.4.7) we first fix some parti- 
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tion « of T in rectangles with non empty interior and positive € such that 

Va, veM(T) Wau vil se = ov) <6877, (4.8) 
Let's consider a finer partition «#65={A,;:k<Ko!:fornef{ —1, +1 }*9, 

Ko 

we set h’ = 184. We recall property i) in section IT: 

Min) = (of — 03, > — { L3(F,;Xo7)ds 

are (P* — F,) martingales, which increasing process is uniformly bounded 

over (0, T] with C,/N for some constant C, depending on @. Since equality 

LAF, X¢@;) = € g, ~,> holds for all bounded measurable function g on T 

and all séS, and since Kprn"°f > = < ru, nf > for all fe S(T), we 
derive: 

Min) = rot — 9), hy > — < x03 — po), hi, 

- [ X,ds — [ (LF: Xeo%) — LAF,Xoï)]ds (4.9) 
0 0 - T 

with X, = L{F,.Xo5) — LAFa:X¢.)- 
We state it’s enough to show: 

VsésS [X,1 <s Cr {oi — p,)|l1 + so(diam so) (4.10) 

where diam «7, denotes the diameter sup {|x—yl|;x,yeA,,k=1,...,Ko} 
of partition #0, €0 a function with limit zero, and C; some positive constant. 

Indeed, we then fix partition sp finer than » such that last term in (4.10) 

be less than (e/4T) exp — CT. As above, we can suppose the last integral 

in (4.9) to be bounded with (e/4) exp — C;T for all n superior to some ny: 

this time, the functions to be integrated with 2" are equicontinuous on the 

rectangles A,. At last, using property (2.1, ii) we can choose 6, > Oand an, 

such thatn > ns, po, Po) < 5; imply || 7“%o4 — po)ll1 < (e/4) exp — CAT. 
Then, (4.9) yields 

Cr cr — p,), h, >| < | Min) | + (3e/4) exp — C3T 

+ c; | | x%%o3 — @,)llids (4.11) 
0 

Using Doob’s inequality for each martingale M'{n), ne { —1, +1}, 
we can control the probability of 

LT" = { max max | Mt(1) | < (e/4) exp — CAT } 
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P3(9") > 1 — 2%(25C,/e2N) exp 2C;T, 
> 3/4 whenever nis more than some ng. 

Notice that {|| x%%o? — g,)|], = max < r%%o? — @,)h5, >: for 
n>na=n4 V ns V ng, relation (4.11) shows that 

x {or — ¢,) {1 < c [1 {or — p,)|lids + e exp — CAT 

holds on the set "A { p{0%, Po) < 6, }. Using Gromwall’s lemma, we 
derive sup || x“%o? — ¢,)[], < €; since s% is finer than æ, Jensen's ine- 

tST 

quality and (4.8) imply (4.7). 

Now, let's prove (4.10): denoting the random function 

202) cosh B(h + hy + J*at) by Y., 
we have: | 

XI S16 G6 — Mn, D1 + ICE — oF RUB 2H) | 
A Clos + fen PETITE, ep) [eT EP — 11 

neit— 1.+1) 

+ [ap — drat) | + | dr“°0t) — do) | >. 
The first bound is not more than || ¥, {| || 7%%o7 — ¢,) ||, ; the second one 
can be controled with the continuity modulus of the (equicontinuous) 

family { Au); wEM,)} UL hk ¢€S}U{J,h}. For the last one, we 
use mean-value theorem for the derivative and inequality 

Jul) SUT Me ll “eu |], + all LJ. — ox Ile 
(denoting by J,:y — J(x — y)): [e747 "%) — 1] is bounded with 
Cy {| x“ (ot — ~,) ||, + €: (diam «0) for some function €, with limit zero. 

Next we use relation (1.11) to get 

ce.) — f2x~°at) |], < Co{llo. — ap, + [x {or — ©.) | }. 

At last, || (uu) — cv) [|], goes to zero with p(y, v); but for all continuous 

function f on TV and all measure ue M,(T), 

Ku ny f>l=l a f- nf} 
<<Clulis— rx f1) 

<I f—-— 7st. 
then sup { Au, ru}; we M,(T)} goes to zero with diam .#,. All the 

considered functions being bounded, these estimates prove the statement 

(4.10). 
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In the general case, we suppose Ig97{y) < ©, the opposite case being 

trivial. Then proposition III.6 for y, y. 6/2 yields a smooth trajectory @, 

for which the previous computation apply. O 

O To end, we prove lemma IV.2: the functionals F* and L* are 
composed of two kinds of terms. 

&,(u) = < À, 0 exp nB]J°u} and Eau) = Cw clu) expnBY¥ [+7 

with 
8 exp — nBh = 1, exp nBh’, or h’ exp 4 Bh’. 

Since pEM,.(T) — du)e@(T) is equicontinuous and bounded, equi- 

continuity for the first kind term will result from that ofp — J*y. According 

to Stone-Weierstrass theorem one can uniformly approximate J with some 

tngonometnic polynomial f(x) = a, exp 2ing.x. Furthermore 

qez4 

lelam 

WJ" — vil, S2UI—-S ilo + » lag |< u — v, exp 2ing.x > | 

lel sm 

for u, ve M,(T), where the last duality brackets are linear continuous forms: 

one easily derive that |6,(u) — @,(v)| = a p(y v)) for some function € 

independent of yw, v, with limit zero. 

Using this to control [&,(u) — &2(v)|, one sees that the only extra work 

necessary is 10 bound {<u — v, 8d{u) exp nBJ*u >|. Because of Ascoli’s 

theorem, the family @c(y) exp nBJ*u is equicontinuous and bounded on T, 

then totally bounded: taking a finite covering of this set with || — ||,,-balls 

centered at points g, €@(7), k < K, and radius 6 > 0, one can see that the 

previous quantity is some o( 6 + > [uv g>l } which ends the 

proof. CO ksK 

V. UPPER BOUND 

FOR LARGE DEVIATIONS PROBABILITIES 

Recall that D,, = { pe ¢({0, TJ; B); lor(@) < Io }. 

THEOREM V.1. — Let y >0,e > 0, Ig > 0. There exists an integer no 

such that for all n > nog and all o%, 

Po, { Porto”. D,,) = e} < exp { — No — y) }. 
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In order to prove theorem, we need the two following results: the first 

one ts a local upper bound. and will be obtained from Markov exponential 

inequality; the second one ts a (very) rough global estimate. 

. LEMMA V.2. — For all pe G((0,T]; B), and all I < Isr(p) there exist 

0 > 0 and ny» EN such that 

Van =n, Pig { Porto”, p) < 5’} < exp(— NI). 

LEMMA V.3.— For all a > 0, there exist a compact subset A of € ({0, T]; B) 

with following property: VO > 0, dn, such that Vn > ny, 

Pt, { por(o", A) = 5} < exp(— Na). 

= We first prove theorem V.1: 

Choose a compact set A from lemma V.3 with a = Ip. Then An { 9; 
Por(y, Di) > e/2 } is compact; for each element @ of this set, apply 

Lemma V 2 with 1 =k, and obtain some integer n,(¢~) and some 6'(¢), that can 

be supposed less than € without loss of generality. Then make a covering 
of the previous compact with a finite number K of open neighbourhoods 

I 
0: Por(P, Pr) < 5 Se) | where the g, belong to this compact. 

1 
Let d= min { 8(pi); KSK }; por(o”, A)<6 and porno”, D,,)2e imply 

Porto", Pr) < Ô’(p.) for some k < K; hence 

Pes { Porto", Di) =e} < Pos { Porto”, A) > 6} 

+ > Pez { Por(o”, Px) < (pi) }, 
k<SK 

which is less than (K + 1je-Mo, when n > nj V max n;(g,); finally, for 

large n the last bound is less than e Ntle—?), oO 

CO We now prove lemma V.2: 

a) If pis absolutely continuous, let I < Lr(g)andy>0withIi+3y<L-r(@); 

according to property III.3 a, there exists some f € L™({0, T] x T)such that 

T B . 

[ | € Pres JD — TE, sa la 21+ 3y. 
o L2 

The functions h, J and f being bounded, Lusin’s theorem shows that we 
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can suppose f to be continuous with respect to (1. x). and even fe@'®, 

using a density argument. 

Let P* be the probability on (Q", Fr) defined by its Radon-Nikodym 

derivative with respect to the restriction of P" to F.-: 

ce = Rpm exp NÉ EC der» — [rites sae | (5.1) 
0 O 

Then, we have 

Pia { Porto”, p) < 6°} = EX([RT] 7! Aporter.0 < 81) - (5.2) 

As 7"{x) is P*-almost surely of bounded variation on {0, T] foreveryxe 7, 

we integrate by parts: 

T e 

| Chad) =|" Sutra [Cot on fd dt + (Coton kT 
0 Q 0 

(5.3) 

Like in the proof of theorem IV.1, we have for large n: 

r 

[ [T#{(or, fi) — (or, f)]dt| < y for all path 0”. 
0 

According to lemma IV.2, the family { u — I*(y, f);¢ < T} is equi- 
continuous on the compact M,(T); furthermore, { f,,r < T} is totaly 
bounded in G(T). Therefore we can choose 5’ > O such that por(o") < 5’ 

implies the inequalities 

r 

[ {U*(o7, ti) TT I*(9,, sya < y 
8] 

and 

<>. 

T 

[, <ct — em foe + (Cor - on KH 

Then, the last three inequalities, together with relations {5.1 to 3) yield 

for large n: 

Pos { Por(o”, g)< 5’ } < exp | =N[ 5 fis Pr > — TE. so ba +3yN ; 
0 FA 

<exp(— NI). 

b) In the case of a non absolutely continuous function ©, let's fix y > 0 

such that for all A > O there exist s;,¢;¢ (0, TJ, i = 1,...,i0, 5; <t;. and i 
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rectangles A; of ¥ with positive ;-measure, satisfying both inequalities 

x — $;)i(A;) < À and >. CD, — Ps Va, > | > : 

im} i= 

By parting some A;,s, then modifying them at the boundary, and 

increasing ig, we Can suppose without loss of generality that { A;;i < io } is 
included in some partition «#7 of Y in rectangles with non-empty interior. 

Let b a positive real number, 7; the sign of 
io 

€ Pu — Pser VA; > and f=b > NV eee Ac - 

i=1 

Let’s define probability p* by (S.1) and this function /; we have: 

io 

= i Log Ri=—5b irae Pi, — Ps, D 

_ Bb 
> Smet #)- (o3,—s,)> + | ret Side (5.36) 

In the right-hand side member of this equality, the first term is not more 

b b 
than — aa the second one not more than aa sup || x~(o7 — ¢,) ||. 

ST 
For the measure 2" + no? is positive j 

?" 

r*(o%, b1,) < Cc) (= + ns , Feta — 1) = C,2AXe — 1) 

nel—1.+1) 

with constant C, = max { c (x, w;ne{-1,+1},xeT,ueM.(T)};so 

last term of (5.3 b) is less than Ce’? — 1XA + igT | 2772" — 1 ]],). 
We now choose b = 81(fy)~! and A = I[C,(e/t — 1)]7! .Proposition 

1.4.1) for partition sf and € = 21(i9Bb) * yields 5’ > O such that, for 

large n, Por(o”, p) < 5’ implies || “(of — ¢,) ||, < e for all ¢ < T. 
[| 772" — 111, < AligT)~' for large enough n, so that (5.2) leads to 

Pos { Porc”, yp) < 6°} < sup { [Rt] +3 Por(o”, ey) < à’ } 

< exp — NI CO 
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CO We next prove lemma V.3: suppose a > O(the case a = Ois trivial). 

First of all, fix a sequence À, j = 1.2,... such that T/A, EN, 

A; <(a+1)/C, (exp [2Bla+1}ÿ]—1),  AjfA;s1eN —{0.1}, 
for j = 1,2,...; these conditions imply in particular that T/A;eN and 

jA; is decreasing. I 

For go: {0,T] — B, let A*)= sup} Az 0: sup {l¢,—9- |], < =) be its 
[jp —r| sA 
1.1 e(0.T] 

modulus of uniform continuity for || . ||, norm. Let's define A’= { pe&{([0,T); 

B); A°Y) = A;, Vi 21}; because ||. ||, norm dominates metric p Ascolr's 

theorem proves that A’ is relatively compact in space (@({0, T]; B), por): 

so its closure A is compact. 

Given 6 > 0, from proposition 1.4.i) we can choose a partition  ={ A,; 
k < K } of T in rectangles with non-empty interior and € > O such that 
for every ue MT), the 6-neighbourhood of yp in metric p contains all 

veM,(T) satisfying to || <“(u — v) |], <e Let's fix now jo= [2/e]+1, 
tm = mA je pr = 1,2...m=T/A,. For b > 0 and ne { —1,1}* we define 

h' 
" = > Mal au - Then, 

k=! 

Mr4(m, ) = exp N { < bhi, of — o> — [ r#(0%, bras À (5.4) 

is a P*-martingale for t > t,,. Recall inequality [3(of, bh) < Cie”? — 1) 

from the proof of lemma V.2 (part b); since (hy, of —of_ = Ch, x"(oT—o7_)> 

is equal 10 || x~(of—az_)||, for at least one choice of n, | 
1 

sup |[x“(o7 — of) |], > — 
fm SES los i Jo 

| eu LJ { sup M?(m, n) > exp N { (b/jo) — A Cie”? — 1) } }. 
7 tou SL S Lou + 1 

For each 7, we bound from above the conditional probability of this 

event using Kolmogorov’s maximal inequality [7] by 

exp — N { (b/jo) — Aj,Cile*? — 1) }. 
Take b = 2(a + 1)j,; this term is not more than exp — N(a + 1), because 

of the properties of the sequence A. 

As a conclusion, 

Ps, { RUÜo) } S 2*mo exp — N(a + 1) (5.5) 

where R(jo) denotes the event { sup sup [| x*(o7 — of) ||; < 1/j}. 
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Let /" be the random polygon on [0.T]. .y-measurable valued, with 

vertices at the points (t,,. 7% a%_). Of course, on RU). Porto”. !") < 6. so 

P3, { Porlo”. A) = 5} < Ply(RUo})+ P2g(RUo) 9 {lé A’) (5.6) 

In the following, we bound the last term of (5.6). 

On R(jo), the slope of I" satisfies 

ar — & |a/be — el < Go4,)7! <= GA;)7' if j > jo 

(see remark at the beginning of the proof). 

We derive from this A’"(j) = A, forj = jo. For j < jo, we show first that: 

max ||F—f%[[, = max |[[m@— fll. (5.7) 
jemt'[ sa, m,r 

lim tel SA, 

t (resp. t’] belongs to some interval [t,., t(n¢+1] {resp. (t,, ¢-+1]]. 

Forse (tc, V(t +t, — (htma: A (0+ Cp41 —09)],5 — & — Byy-, isan 

affine function; u — {||ull, being a convex function, so 1s the product 

function: this one achieves its maximum value on the boundary of the 

interval. Thus, it’s enough to show that || — m_ ||, is not more than the 
right-hand side of (5.7) when re jz,,t,4,{and|r —¢,.| < A;. In this situa- 

tion, A;/A;, being integer implies that |[t, — tal V [le41 — tml < À; 

Combining this with the convexity of s — || [5 — %_||, yields the desired 
result. 

From (5.7), we derive the inclusion 

{A"Q < Apel J{e (ot — ot) > 14}. 
(mr) 

where the union extends to all couples (m,r) such that 

0<m<r<m A (m + A;,/A;). 

For such a couple and b; > 0, [[ x“(o7_, — of ||, = 1/7 implies for at least 

one 7: 

Mim, n) > exp N { (bj/j) — O/C, (e — 1)}. 

We now choose b; = 2a + 1}/, we apply Bienaymé inequality to the 

positive variables M7°4m, 9) with expected value 1: 

Ps. { || x~(o7, — of) [], = Ii} < 2% exp — N(a + 1). 
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Next, using the rough upper bound m1,4,/A4,, of the number of couples 

(71, r), we get 
jo— Ii 

pz, U {4°U) < 4; ) < mo( > Alb, )2" exp — N(a + J). 
j<jo - 

j=l 

Combining this with (5.5 and 6), we find 

jo 

Pes { Pot\o, A) = Ô } Ss me) dès) EXP — N(a + 1), 

j=1 

so we can choose n, (depending on 6) such that the last bound is less than 

exp — Na for alin > ny. CO 

VI. PROPERTIES 
OF THE QUASIPOTENTIAL W(uxu,, u) 

The quasipotential W(u,,u) 1s the least energy necessary to join an 

equilibmum u, to some point ue B: 

W(u,, u)=inf { lor(p); pES([0, TJ: B), po=u., pr=u, TER*} (6.1) 

Before studying the exit points of an attracting domain, we show some 

properties of the quasipotential. We say that u is attracted by u, (or u is 

in the basin of attraction of u,) if the solution u, of (M. E.) starting at u 

goes to u, as t tends to o (rt*-convergence implying here convergence in 

norm ||.{[., see [5 }). 
Hamilton-Jacobi equation corresponding to the free-time variational 

2 
problem (6.1) is r+(u, Saw) = Q where dW denotes the gradient of 

W(u,, uw) with respect to u. Combining (1.6), (3.4) one computes that 

"*(u, 2d V,(u)) = 0; this shows the relation between large deviations results 

for the magnetization process, and the ones for the Gibbs measure we 

recalled in § 1. 

PROPOSITION VI.1. — a) VueB, W(u,,u) = B{Vi(u) — V,(u.) }. 
b) If u is attracted by u,, the equality holds in a). 

c) If @ is the line segment [u,u’] covered in the time T = || u — uw’ ||, 

with constant speed, lot) = O(|[u — u’ ||¥27*) for alle > O and u, ue B. 
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We just give the sketch of the proof: refer to [5] for more details. Using 

the above remark, we have 

H*(D,, Pi) = + p,.2dV,(y,) > — T“ew,.2dV{p,)> = B<e,.dVite.)). 

Integrating over [0.T]. we obtain the first inequality. 
t 

The path @ described in c) is @, = u + = (ur — u). Let's ix xe J, and 

suppose that u’(x) > u(x), the other case being treated similarly; we shortly 

denote u(x) by u, u(x) by wu’. From property III.3.c), we derive 

u’ — u 
| HP: Py, SX < flog (u’ — u) — log T] + (@(log@ — 1)}i =e 

O 

K . 

+ 7 — u) + KT (6.2) 

J(8) = 0 log @ being a convex function on {0,2],0 < 8° < @ < 2 implies 

S(@’) — (8) <= f(0) — f(8 — 0°) = — f(8 — 0’); the second term of (6.2) Is 

then bounded from above by — (u’ — u) log (u’ — u) + (u’ — u). Using 

Hôlder's inequality together with the boundedness of 6‘ log @ on (0, 2], 

we can easily prove c). 

In order to show 6) let's notice that there exists a unique function on }— co, 

Qj in B such that @, = u and the field h’ maximizing (3.5) along the tra- 

jectory be equal to 2dV,(g,): because of (3.2), it is the solution starting 

at op = u of the mean evolution equation time being reversed 

d 
a = 2d{p,)/1 — Pr sh Bd V,(@.). (6.3) 

Such a trajectory will be called and extremal. Since y, converges to u, 

in L?(F) as r goes to — co, b) is a consequence of c). 
The previous results are valid in general finite dimensional situations [75]. 

But, in our case, the potential V, (and dV, too) is not continuous in the 

weak topology. We then need some extra results: 

PROPOSITION VI.2. — There exist positive constants K, K’ such that 

for all trajectories @ on (0, oo[ with values in B, and all T > 0 

lort(g) => — K + K | [1 A FadV,(e,) | |[Sde. 
O 

In particular, whenever L, (#I< OD, there exists a sequence t,, — © 

such that @,. converges to an equilibrium in L?(T). 
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By an easy calculation. one sees that 

Du, dV,(ua), x) = cul - » itu ct + Je) LD V1 — |. 
2 

méet+i.-— i 

the last quantity being evaluated at point x. 

On one hand we see that 

Lu, d Vitu), x) < du)[— K” + /1 — u?] (6.4) 

with constant K” = exp — A( LA], + lJ ll.) < 1. On the other hand, 

T(u,dV,(u),x) = — 2c{u)./1 — u* sh? E d V,(u) 

- 2 

< — 2c(u)/1 _ | Fava | (6.5) 

because of the inequality [sh =| > |2]| for z2eR. 

Combining (6.4 and 5), we deduce that I"*(u,dV,(u)) << —K’' |} 1 a |dV,(w)| Il 

for some positive constant K’ depending on K” and min c{x, u). We have 

r 

lor(y) > [ E < dV,(9,). 9: > — %(@,.d vacoa ft 
0 

B 
> — 

2 
Men) — Valo) + C [ LL A IdVito,)| [lEdr: 

O 

since V, 1s bounded on B, this yields the desired inequality. 

Suppose now that L (f)<4. We can find some sequence t,, — co 
such that [1 A |dV,(9,_)t|[2 = AS) + || dVa(9,..)- 1412 goes to 0, 
A, denoting the subset {| dV,(¢,_)| < 1} of T. 

Then, write @,. as tanh { B(h + J*e,_)+dV,(g,_). 14}. +... Bac 3 

ll... Ilo < 1 implies that the second term tends to 0 in L7(T); considering 
a subsequence of (t,),, WE May suppose that @, converges in the weak 

topology to some ue B; then, J « @,_ goes to J = u uniformly, and we easily 

deduce that the first term converge in L?(T)to tanh B(h + Jeu). Tosee that u 

is an equilibrium, write 

tanh B(h + Jeu) = ff. fl, — Um YQ, = T° — lim og, = u. 
ma Oo. 
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VII. THE EXIT POINTS 

FROM THE ATTRACTING DOMAIN 

OF A METASTABLE STATE 

In the next two sections, we will consider the magnetization density &" 

given by (1.5). Obviously there exists some function € with lim an) = 0 
. a a 

and: for all configuration 

p(é", 5°) = an). (7.1) 

Hence theorems [V.1 and V.1 are still valid for the process €”. For a 

subset Z of B, we will denote by 6Z, Z,... {resp. 67Z, Z?,. .. ] the boundary, 
the closure,... of Zin r* topology [resp. in the |[ . |], norm topology on BJ; 

for positive à, 77,(Z) will denote the (closed) 6-neighbourhood of Z in metric 

p: ¥,(Z) = {ue B; pu, Z) < 6}. 
In this section, we make somewhat general assumptions, which are 

satisfied in the example of § VIII: we consider an equilibrium u,, t*-asymp- 

totically stable in the Lyapunov sense for the mean evolution equation 

(M. E.). Because of the continuity of uy — u (see § 2), its basin of attraction 

@,1s a weakly open subset of B. We are interested in the situation where 

there exist at least two locally stable equilibria, so we suppose & + B. 

Let Ex be the set of the « lowest saddle points » on the boundary: 

Ex = {ued,; V.(u) = min { V,(w); we 0&, } } (7.2) 

V, being Ls.c., Ex is weakly compact; since ug — u is continuous, and 

since V, 1s a Lyapunov function for M. E., its elements are equilibria. 
Throughout this section, V,(Ex) will denote the value of V, on Ex, and 

A = B{ V,(Ex) — V,(u.)} the height of the potential barrier. 

We require the following hypothesis (H): 

i) Ex n 07&, # G; let ug, be one of its elements. 

ii) Ex < 07 [((@Y¥). 

There exists positive dg such that 

iti) 44 (Ex) a {ue d@, — Ex; dV,(u) = 0} = © 

iv) “,(02.) 0 {ue B;dV,(u) = 0} < d&,. 

THEOREM VII.1. — Let t be the exit time for &€? from the basin of 
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attraction &,. Under assumprions (H). we have for all weakly closed subset F 

of B. and all 6 >0 | 

lim inf Pg, { cre 7 s(Ex) t= | 
am x: ger 

where P32. denotes the law of process 6; starting at 9. 

The theorem states that, for large enough n, the process leaves the basin 

of attraction of such an equilibrium at the neighbourhood of one of the 

« lowest saddle points » on the boundary. It extends Vent'sel-Freidlin 

result ({15] [/]) about the exit point of a compact set strictly contained 

in an attracting domain, under the assumption that the vector field at the 

boundary be transverse and pointed inwards. 

The technical assumptions (H) i) ii) cannot reduce to only local condi- 

tions holding at exit points; they are satisfied whenever the frontier 0æ 

is smooth, for example a one dimensional Banach €! manifold. The hypo- 
thesis (H) iii) iv) concern the accumulation points of equilibria at the 

neighbourhood of 0æ.. 

As in the previous references, we will study long time behaviour using 

finite time estimates of theorems IV.1 and V.1 together with the fact 

that the magnetization process restarts afresh from Markov stopping times. 

The structure of the stopping times we use is quite different from the one 

of [75] [/], because the quasipotential W is not continuous in the weak 

topology, but only in a strong one; we must furthermore take into account 

the equilibria located in 0Z.. 

We will outline the proof after relation (7.5); we first reduce the analysis 

of the random path to its final part. 

Q It’s enough to prove the theorem for 6 < 69 a p(u,, Ex). Recall 

definition (7.2); since V, is lower semicontinuous, and d#, — Y7,(Ex) is 

t*-compact, one can find positive numbers « and 6, < 6/2 such that (°) 

Vu € 95, (NEx), BYV,(u) = BV,(Ex) + « (7.3) 

where NEx stands for 0@ — 3(Ex). 

We consider (small) neighbourhoods 7, (u.), 77, (Ex), and (large) time T. 

We first carry out the proof with initial condition €6 in ¥7,,(u,) instead of F. 

(°) Subscripts 1 will be used for NEx, subscripts 3 for Ex. e for u, and 2 for points outside 
of @,. (NEx is defined after next relation (7 .3)). | 
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Let's define the stopping times: 

t$ = the entrance time of 2? in 7 ,,(Ex). and for k =0.1,... 
re) = minf{r> rh an (th + T): ey y(u.)} 

ts) =min{r12> w*!; e715, (Ex) } R 

t, = the entrance time in 7 4, (NEv). k 

Let v, be the last integer k such that ré < t,and = {v,=k}. 

It is enough to show that, for 4 € Ÿ7,,(u.) and sufficiently large n: 

vk, Pis{érevuEx); Ri} > g'Pi{ Re} (7.4) 

with gq = 1 — 2exp — Na/6: indeed, summing this relation over all k 

provides us with the theorem. 

Using strong Markov property on the set { ré < t}, we obtain: 

Pt, { ff e 7 Ex); Ri } = El, { Gace Pa {ete Ta(Ex);t < d°'/Fux}} 
= Et, { le ec. Pen, ( gre Ta(Ex); tr < te }}. 

Ve 
The same computation for the nght hand side probability in (7.4) shows 

we only need to prove this inequality for k = 0. We now decompose Ro 

according to 

MWM=[trant ATI>2T}Ul[t, Sta ya 2T} 

U{rT<tTSA2T,rT<t,;}U{S<rAT AT} (7.5) 

The main contnbution in decomposition (7.5) to the probability of Ro 

is given by the two last terms. The contribution of first term will be negli- 

gible, because the process cannot spend too much time far away from the 

equilibna (lemma 4). The trajectories close to the second set hit 

23, (OB, — (Ex), 

so they have a large action functional value (lemma 3); this set will be negli- 

gible too. On the third set, we have fe Y7,(Ex) for large enough n. To 

bound from below the contribution to P@,(Ro) of the last set in (7.5), we 

shall look for some tubelet in it; but we also need to study the random 

paths starting close to Ex which leave @, before returning near u,: 

LEMMA VII.2. — There exists y3 such that for all y.< y= mu, 1 s(Ex)), 

the inequality Pi, {dre % (Ex), t- >t} > qPi,{t. > t} holds on the set 

{80€ %,,(Ex)} for all sufficiently large n, where +. denotes the entrance 

time in ¥, (u.), and q is the same as in (7.4). 
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From now on. the radius >, 1s fixed us above. As for :.. we use it for 

controling the energy value of some trajectories. 

Lemma VII.3. — There exists 72 > 0 such that for all T > 0. 

gy éG(({0, TJ; B), the conditions 

Poe Waye(Ue), Pre 125, (NEX), Pp (9, TY ome ¥so( Fe) — T7 5 EX) 

imply lor(g) = 3a/4. 
These two lemmas will be proved further. In order to fix ;,, we now look for 

a tubelet included in the last set of (7.5). According to the assumption (H) 2), 

and to the [.[L-continuity ©) of V,, we can pick some we NY, nl ue) 
with V,(u3) < V,(Ex)+a/5; using proposition VI.1.b) we can find some 

trajectory @ on [0,13] joining u, to us with energy Ior,(@) < A + a/4; 

in particular we derive from (7.3) that @ does not enter %25,(NEx). Further- 

more, we can assume that @ does not return to u, on JO, T; ]. We can therefore 

choose y < 6; A (y3/2) such that the random paths €" with po.7,(€", &) < y 

don’t return in Y”,(u.} after reaching ¥,,(Ex), and enter %,,(Ex) before 

time T; and before hitting 7°, (NEx). Applying theorem IV.1, we obtain (’), 

for some ;, < 3, 

Pt, { Po.r,(6". @) < y} > exp — N(A + a/3) (7.6) 
for sufficiently large n and €§ € 7”,.(u,). Of course, we can impose the condi- 

tion y, < YEA Fe- 

At last, we need the following 

LEMMA VII.4. — Let ¥,, F; be weakly closed subsets of B such that 

F1 = F'. and no equilibrium lies in #;. Then for all positive | there exists To 

with Pi, { d7€F,:Vt < To} < exp — NI for all sufficiently large n, and 

all &. 

Because of (H) iif) and iv), we can apply this result to 
© 

Fi = VAR) — Ÿ,.ptue) — Ÿ (Ex) — 1s, 2(NEX), Ye/ 

Fi = Be — Vue) — 7), (Ex) — T3, (NE), 

and I = A + a/2. We now fix T = Ty V T;, and come back to decompo- 

sition (7.5). 

(*) See [5] 1.2 lemme 1. Or. for this particular point, use proposition V1.1 together 
with t°-lower semicontinuity of V,. 

(") Recall that every equilibrium belongs to ©(T; ]—1. 1). 
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Since !t A t, A 18 > 2T SO Ro is contained in | Fe .%,: Vere (1. 2T]}. 
we bound its probability using the Markov property and the previous 

lemma. 

Because of lemma VII.3. trajectories @ such that 

Po.2r(p. €") S (00/2) A 61 A Fe A (3/2) 
for some 

Efef{tr, Sta te a 2T nl Ker, (u.) } 

satisfy lo 2r@) > A + 37/4; theorem V.I provides: 

Pig {ti S tA t3 A 2T;Ro} S exp — N(A+/2) on 65e T7, (ue). 

At last, {t$ < ta t, A 2T, Ro } contains the tubelet { 99.7,(€", @) < y }.. 

Combining (7.6) and the two last inequalities, we obtain for large enough n 

847 <t At A 2T;Ro} > 27° exp (Na/6) 
tL {tc At: ATS > 2ATHU{t Sta ty A 2T} J] ARo). 

Recalling that {rt < t5,t < t,} << {éte (Ex) }, we then derive from 

(7.5) 

gq Pin { t$ << t at, A 2T;Ro} 

+ Pis { 6e € Y'a(Ex), t < 15: Ro} > P2a(Ro). (7.7) 
Furthermore, 

Pp’ L 

0 {v3 <TAT A 2T; Ro} = Ex { gccaria2T- Peg(Tte = t/F.¢) (7.8) 

Applying the strong Markov property on the set { tf < 1}, we see that 

tg(te > t/F.9) = Peag(te = t) with t, as in lemma VII.2; from this lemma 

we deduce that (7.8) 1s not more than 

qo Et. { Vigeca ten 2T- Proo(te = T, qu Ee ¥3(Ex)) } 

<q™'Pi,{t$ <1, te (Ex); Ro}. 
Thep(7 . 7) yields 

q~?P2.{ Ge 4°(Ex); Ro } > Pes {Ro} 

which 1s the desired result. 

We end with the case €4€ & : denoting by t? the entrance time in #”, (u.), 
we must show lim inf P(t? < t) = 1. This can be carried out in the 

a=~ oO ee 

same way asin [/5]. (Lyapunov stability implies that p( x, F) > 0, where 

4 denotes the set of all points visited by the solutions of (M. E.) starting 

from FF) C} 
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O Proof of lemma VII.2. — Let y3.T’ > O and 3, < 32. We define 
stopping times t, as above, and 

tS = 0, ts) = minir> t+ TT’: oe 74, (Ex) }. 

Let v3 = max{k>0;1r5 <1}, and Ri = {t < t,, v3 =k}. 
Using the same argument as above, we see it is enough to show that 

Pe; {re 1s(Ex), Ro } > GP%,(Ro} (7.9) 
holds for €9 € Ÿ”,,(Ex) and sufficient large n. 

This time, we will decompose Rg according to 

MW={tat, >2W}ut{riy <2’ artrhputr1s 27,1 < 1, } (7.10) 

To show that the most important contribution to P%,(Ro) comes from 

the last set in (7.10), we look for a family of tubelets included in it. Using 

hypothesis (H) ii) and proposition VI.1.c, we find for each ue Ex some 

u, (uj e(@,)° with (ur (uj, u) < 6/4 and some line segment 9 {u} with end- 

points u, u,{u] on the time interval (0, T, [uJ] such that Io rutg {u]) < «/6. 

Let’ 6,[u] < 6,/2 with 75...,(u-(uJ) € (&.); then, 

sal [u ] (0, Ti{u]])) € %o2(Ex). (7.11) 

Since u is an equilibrium, we apply theorem IV.1 and find some 

ôa{u] < 6, {u] such that for large enough n 

Pes { Po.raey(", GP [u}) < 62 [u]} = exp — Na/3 

on { AES, u) < 55 [u]}. (7.12) 

Ex being compact, there exist 6: > Oand a finite number K of elements u, 

of Ex with %7%,(Ex) cl Jr stumitux) We now claim the analogue to 
lemma VII.3: ksk 

LEMMA VII.5. — There exists y; > O such that for all T > 0 and 

pEC([0,T };, B) the conditions po € %2,,(Ex), 

Pr € ¥ 25, (NEx) and OT] (2) 

imply Ior(@) > 3/4. 

We fix y, ; of course we may suppose y, < 6,. Recall time Ty we obtained 

from lemma VII.4: from now, we set T’ = Ty V max T, {u, }. 

We now come back to the decomposition (7.10). The'set {tat > 2T }ARG 
being contained in {& eF;,,Vte [T,2T]}, we derive an uniform upper 

bound for its probability from lemma VII.4. 
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The trajectones y on {0.2T’] uniformly close to the set { tr, < t a 2T”, 

Joe 7, fEx)} up to a distance (69/2) À 5, A +, have action functional 

value not less than 32/4. according to Jemma VII.S: thus. theorem V.1 

for D,»3 yields for large enough n 

iti 227’ a t,Ro} sexp—Na/2 on {65e 77, (Ex) }. 
At last, whenever 266 77,,(Ex). 53 lies in some 7”; ji): but (7.11), 

and the conditions on 6,, 62 {u,], T’ show that the tubelet with axis o[u,] 

and radius 6; (u,] is included in { t < 21’, t < ty } N Ro: thus, the P£,-pro- 

bability of this set is not less than exp — Nea/3 because of (7.12), and combi- 

ning the three last estimates: 

P2,{t < 2T’,t < t,;Ro} > 27! exp — Na/6 

.[Pé{t A t, > 27’; Ro} + Pat: < 2T’ A 1; RG} |. 

Because of (7.10), the term between brackets is equal to 

Pi.(Ro) — Pa, (t < 21’, t < t1;Ro}; 

then, relation (7.9) easily follows from {+t < t, } < { 26 (Ex) }. 0 

2 Proof of lemma VII1.3. — Suppose the results is false: then, there 

exist time T“, trajectories g* with t*—lim 96 = u, +, € 723,(NEx), 
k— oo 

p* {0, T']e YBR.) — 1 (EX),  Lorx(p*) < A + 30/4 (7.11) 

We may suppose—shortening T* if necessary—that T* is the entrance 

time of ¢* in %25 (NEx). If (I*), was bounded, say with T° e R*, we would 
extend ¢y* on [I*, T® ] as being the solution of (M. E.) starting at @ (without 
changing action value); according to the theorem III.4, there should exist 

some accumulation point @~ with go = u,, lore(®@®°) < A + 3a/4 and 

PF €%23,(NEx) for some accumulation point ¢ of (T*), which would 
contradict (7. 3). 

So we may suppose that the times T* increase to infinity. Let’s shift ¢* 
in Yi: Uf = ofa, te [— T*, 0). Using the same argument as before for all 
KeN*, one can find a subsequence—still denoted by y*—uniformly 

converging on {— K,0] to some y such that 

1 x.o(W*) <A + 3a/4, Woe ¥95,(NEx), 

W*[-— K,0] < %%4(B.) — %),(Ex) — 1%, (NEx) (7.12) 

By a classical argument, we then find a subsequence—still denoted 
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by w‘—uniformly converging on [— K.0] to w* for all K: of course. 

the W* are the restrictions of some ÿ defined on J— ax. QO} with 

1_, o(Ÿ) < À + 32/4: thus, using proposition VII.2, there exist times 

t' < 0 such that Wt converges in ||. {J. norm to an equilibrium which must 

be u, because of (7.12). For large enough I, De 8: hence we derive from 

proposition VI.1 that W(u,, wt) = Bf V (Wt) — V,(u.)} goes to zero; 

for large I, we can find a function @ on [0,s] with @o = u,, g, = Wet, 

L0.(@) < a/4: making a trajectory @ from pieces @ on {0,s] and ÿ on 
[s,s — tr], we would obtain @,_-1€ 7% 23, (NEx) and 

A+t+a> los-11(@) > Bf V(Ps5~e2) TT V,(u.) } , 

which contradicts (7.3). CO 

0 The proof of lemma VII.S is carried out in the same way as the 

previous one: if the result was false, we could find an accumulation point ÿ 

of some sequence satisfying to 1_ o(Ÿ) < 3a/4, Wo € Ÿ'25,(N Ex); this time, 

there would exist a sequence of times tr! such that TA converges in the {|.{|; 

norm to u, or some element of Ex. In both cases, we are lead to a contra- 

diction. CO 

The proof of lemma VII.4 is much simpler here than in general 

frameworks; w-limit sets (*) consist in equilibria. First, notice that 

min {[[1 a | dV,(u){|[3; ue H; } > 0: otherwise, an argument we used in 
the end of the proof of proposition IV.2 would conclude to the existence 

of some equilibrium in ¥}. 

This proposition therefore shows there exist constants C, C’ such that 

lor(@) => CT — C’ forall T > Oand trajectory gon [0, T] with values in #;. 

So the lemma is an easy consequence of the theorem V.I. CO 

VIII. AN EXAMPLE. 

NUCLEATION PHENOMENON 

Studying the equilibrium equation dV,(u) = 0 is difficult in the general 

situation; it requires techniques of bifurcation (parameter B varying in R°). 

In the case h # O one can hardly derive a few quantitative results [5]. 

If h = O the energy landscape defined by Vp only depends on B and the 

Fourier structure of interaction J: somewhat general results about bifur- 

cation branches in the set of equilibria are shown in [61]. 

(") For the mean equation (M. E.). 
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We consider here the simplest example exhibiting nucleation phenome- 

non, which ts the (ferromagnetic) case 

J(x) = 1 + 2b cos 2xp.x, h=0 (8.1) 

with peZ“—{0},0<b< 1/2. 

where u,,, 1s given by 

Uy.x(X} = tanh { 2Bba cos 2xp.(x — Xo) } (8.2) 

and a is the unique positive root of a = € tanh { 2fha cos 2xp.x }, 
cos 2xp.x); a depends on B, and is equal to u,o(p). 

At critical value £., the branch of constant solutions + u* bifurcates 

from the branch of null solution, with some stability transfer: + u* are 

stable equilibna for B > ff, while 0, being stable up to ff, becomes a saddle 

point and Ex = {0 }for Be ]B., B,]; this is symmetry breaking. At value £,, 
the branch {u,,,; Xo€ T } bifurcates from zero solution branch with 
stability transfer: as in [5] we can compute that the relation 

Vo(u) = (28)7" < Ku), 1 >, 

@ being the concave function u tanh~‘u + log (I — u?). holds for all 
equilibrium u, and therefore Ex = { u,,,; Xo€ FT} as soon as B > f,. 
It’s easy to see that the assumptions of section VII are satisfied with the 

stable equilibria + u*. 
For the sake of simplicity let’s assume d = 1. If B > £,, theorem VIII.1 

shows that the magnetization process when leaving the attracting domain 

of u* must pass the potential barrier close to one of lowest saddle points 

Up.coythese states exhibit p areas on the torus—« nuclei »—where local 
magnetization approaches the new phase — u*. 

In this simple example, 1t seems to be difficult to study the extremal 

trajectories from u~ to u,,, (recall these are the solutions to (6.2) with 

lim g, =u", lim 9, =u,,,), which are the exit paths from the attracting 
(i—— oc 1— + © 

domain of u~ for the process (see {J} {/5]). Nevertheless one may conjec- 

ture, with a slight act of faith, that, during such a dynamic phase transition 

and for 8 > £,, small clusters initially appear, among which some, very 

small, are due to stochastic fluctuations; they next order in p main nuclei, 

and grow unull they attain approximately the structure of some u, ,,. 

At last, the process 1s attracted by — u”, the nuclei go on spreading till 

they occupy the entire space. 
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For fe ]B.. f,] the only one exit point is 0. so nucleation phenomenon 

does not occur. In the Curie-Weiss model (J = 1). every equilibrium is a 

constant function. and so nucleation never occurs. For more general ferro- 
magnetic interaction function J, a bifurcation temperature is given by 

B, = (Mp))7! with (p) = max ! J(q): q # 0, + p }, and, under additional 
q 

assumptions, (8.2) still defines saddle points when ff > B, (see [5)). 

IX. APPENDIX: PROOFS OF HII.3, 4 AND 6 

CO We begin with properties IIT.3: 

a) We show the different formulas for Ip7. Let's denote by I,, I, the 

second and last expression in the desired equality. We have clearly 

I, < Ior(e) < Iq. Let's define for all t, x, aolt, x) e R maximizing (3.7): 
ao is the (measurable) function given by (3.3) if | g,(x)| < 1, and, if 

Go f-1,41}, by — Ax) — Je gtx) — nfr'log = x)=nEe{ — 1, | ~ h(x) — Je oix) — u 

. | ” ve 1 6 29,, X) 
with the convention log y = — o for y < 0. Then, for fixed (1, x), 

An = Sign (ao) x [laol A m] converges to dg in R as m — oo, and 

bit, x) = E lx). ante x) — I(¢,, a,,(t, x), x) converges to f(¢,, @,.(x), x) 

in R*. Asa — I(q,, a, x) is convex and a,,(t, x) is between 0 and ao(r, x), 

b,, is non negative. Fatou’s lemma then shows that I, < fim An; 

this last term being less than I,, we obtain property a). aan 

Proof of the lower bound d) of # : using the inequality e/° — 1 < eflel_ 1, we 
obtain for Fu, a, x) an uniform upper bound A(eflsl— 1) with constant A, 
whose Legendre transform in the sense of (3.7) Is 

[ul LA 
max { IP io Lo 1|+ oh. 

To show the upper bound c) for 3”, we notice that 

v 
+ Si = w? + (v/2c)? 7e Jl "| (v/2c) 

U 
O.(w, v) = 5 log i-w 

(with parameter ce R*) is an even function on R?; we restrain to v > 0, 
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—_ \4° 

and see that [0 | < 4 1S log 2 +e 7' + Cc ‘) + log \ Then, 
c 

the result can be easily derived. 

The conditions mentioned in b) are sufficient because of c): the first one 

is necessary because of d). Inequalities 

L Dv v 

vu) — —log— > -—] — — log 2 BC 0) 5 108 52> BTL =~ 58 
hold for positive v, so the last two ones are necessary too. 

In the proof of the regularity property e) of of, the most difficult bound 

to get is for 

| 0.,(w:, v) — 8,.(w, v) | 

< lv! { 

we use inequality log 1 + = < = to bound the first two terms, and control 

the derivative of a — log v + \/a + v? for the last one. 

0D Proof of the theorem III .4. — We show first that Dy is relatively 

compact. Let g™ be a sequence in D,,; because of property III.3.d) (@™)men 

is uniformly integrable on [0,T] x F. According to Dunford-Pettis’ 

theorem [9], there exists a subsequence that we still denote by @”, such 

that @™ converges to some @*e L'([0,T] x T) in the weak topology 

GL'((0, T] x 1); L°([0, T] x T)). 

— 3 v+ /4e,(1 — wi) + v? 
+ 

v+ /4c{1 — w) + v? 
log 

c 
log = + log — 

Ci 

Since || ot — pr ||, < i | p5(x) | dsdx, uniform integrability shows 
TRS ER T 

that (@") is equicontinuous on [0,T]in the ||. [|]; norm, and then so it 

is in the metric p; B being t*-compact, Ascoli’s theorem in the space 

(¢( (0, T]: B), por) yields the relative compactness of D,,. 

Let @ be an accumulation point of (@”): we now show 6 € Di. Without 

loss of generality, we may suppose that @” goes to @ in metric Por, and 

that @” goes to some ~®@ in weak topology o(L!; L®). 
Forr < T and ge@(T), we have 

€ 2:9: — Po > = lim < g, oF — p5 > 
mm" xe 

= lim [ ET(x)g{x)dsd x 
(O.)= T 

man oe 

= | ps"(x)g(x)dsdx , 
[O.t}) x T 
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since lion x ge L°({0.T] x T). So @ satisfies to the differentiability 

condition (D) with @ = p°. 
Let's suppose lortg) = I < oc. For e > 0, property III.3.a) yields some 

fet~({0, T] x T) such that 

[. ETS tdx >I — €. (9.1) 
O.TIXxT Ed 

Because of the convergence of go" to » = p”, we have 

lim ETS = ef. 
mene J(O.T)x ¥ [O.T)« 7 

We then study the convergence of [ Lo", f, x)dtdx. The difficult 

point concerns terms of the type (OTIxT 

ap") — ap) with aly) = cp) exp Blh+f+J+W); 

using Lebesgue’s theorem, it’s enough to show that [ b™ —=> 0 
(0.T}= ¥ 

where b” = (9 — p™)c(y)eF"*F**"). OT being uniformly bounded, we 
may suppose f(t,.) to be a continuous function according to Lusin’s 

theorem; then we derive i b™ — O,and, together with Lebesgue’s theorem, 
T 

| PT — 0. 
(O.T}=« ¥ 

We have showed T 

| . \; 
lim E p"f —(o", f, x) fc >I—e, 
m=O JromxtrL2 

SO 

lim Igr(e™) =I — €. 

The case Igr(~) = © is impossible, because (9.1) would otherwise be true 

for all I, and the previous demonstration would conclude to I, > I. So we 

showed the first part of the result. Since I97/( (0, Ig }) is closed, Igy is a 1. s. c. 

function. C2 

CO) At last, we prove the result III.6 of approximation by smooth tra- 

jectories: we first show that (3.8) ts satisfied by some trajectory @ staying 

far away from the boundary points — 1, +1;then by a polygon inr variable, 
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with vertices on the previous trujectory: to end, bya last one which ts further- 

more continuous on fT. 
I 

Let OF = Po + (1 — “ko, — Mo). For d= 1— || Pollz, we have 
mi 

Ô 1\. . 
| or lle < 1 — — ; furthermore po" — mand og” = (: — Le — œpforall 

m 
(t,x), one can notice that, for all (¢, x) such that y,(x) = ne{ —1,+1}, 

1 om tog LP /2XPN + VI (ETF + ETAPE __ LO” 
2 Ip" + 2 " 29") 
with the previous notation log a = — oo for ae K,, so that 

HET, T(x), x} — FCP, px), x). 
In order to apply Lebesgue’s theorem, we look for an upper bound of 

HE, ET(x), x) using property III.3.c): remark that, on {@" > 1 — 5}, 
® — Po = Nand 1 — ew” > 1 — @ whichis (t — x) a. s. non zero on the set 

{pop >0} = {o"™ > 0}. We then obtain the following bound, independent 
of m: 

HET, OF, x) 
. . . 1 

KG 11 (log ot+1 }+1+ » bne>0 \-sere<uil@llo8 —— | 

net-1.+1) ond 

Property 111.3.b) and hypothesis Igr(g@) < © imply that the bound ts 

integrable; then lim [or(p”) = Ior(p). As p™ clearly goes to @ in metric por, 

we can fix some m such that @” satisfies to (3.8). 

We will prove further on the following 

LEMMA A.1. — Let wW satisfying to (D) and y > O with Ip) < ©, 

sup [|v [le < 1 — y. For all subdivision S= {t9=0 < ty < ... < 4, =T }, 
IST 

we define the polygon F with vertices at points (t,, W..). AS S becomes finer, 
lor(l5) goes to Lor() and IS goes to W uniformly on [{0,T] in |]. ||, norm. 

Applying this to w = @”, we find a polygon ! satisfying to (3.8). 

To end, we make / smoother in the x variable, using a kernel «"E@(T; R°), 

1 1 
with support contained in | - —, | and integral equal to 1: 

mm 

LEMMA A.2. — Let w satisfying to (D) and y > 0 with Igy) < ©, 

sup lily, {lo < 1 — y and Wy, EG(T). Denote by WT the function 
tST 

W(x) = ox) + a™ (hb, — LoXx). 
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Then.asm — a." — wWuniformly on [OT }inil.fl, norm. lord) — Tol) 

and lim (sup || ¥7 ||.) < 1 — +. 
ATX ST 

We apply this lemma to # = [, and find some m such that (3.8)1s satisfied, 

and sup || [™ |]. < 1 — ;/2:weshowin the proofofthelemmathatf=a"«1,, 
IST 

which is a stepwise function on [0, T]. with values in G(T); so l"EGPE, 
which ends the proof. CO) 

= We now prove lemma A.1; we will forget the index S in notation [°. 
| satisfies to (D), with 

l= Wines — Yn for cel, = Jty, e+ 1(, and sup Lx < 1 — y. 
Cee, 7%, IST 

Applying Jensen's inequality to the convex function a — #{(1,,a, x) 

and +. Y.(x), we derive 

(leer — tx) Hs ls (x), x) S | Hs Wx), xt — À as. 
Li 

Next, we integrate this relation on T, and use property III.3.e) with 

y = x: we obtain: 

FE(I,, L(x), x)dx < (Wy Wx), xidtdx + Ay (9.2) 
le x ¥ i xX ¥ 

where 

Ak - | (1 + Lhe XO, Le — be 1D] + elon L)D 
“ne + (1+ Phe OOIXO, LI — LG] + €, Lon ha) ] } ded. 

Let's denote r = sup{|l¥, — ¥,,. |]; cele, kK’ = 0,...,ko — 1}; then: 

li — 1,1 <7 uf cel. Metric p being dominated by ]|.|[; norm and 

[l= (x) being bounded from above by una | | Y.(x) | dsdx, we 

see that te 

A, < ef(r) (1 + |W, |)dtdx + K,Aj (9.3) 
= 

for some constant K, depending on } and 

A; = | Wb Malta (tyes td"? | lL—U. Mw, | dtdsdx . 
i= T lu MEX T 
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Recall that |, — 4,1, — 1.1 < 2 For any C > 0 we have 

Ai = Lents, — tk) + | LA bu cdidx | 
1, = FT 

Combining this with (9.2 and 3) we finally derive 

HW ldedx |+4K, |. |Yldtdx (9.4) 
{ Ivi> Cy 

lor(!) < lor(ÿ) terete 1 + | 
[ 0O.T)x ¥ 

where €} - depends on +, C and goes to O with r. According to the remark 

after theorem III.4,r — wy, is continuous in {| . ||, norm; so | goes to ÿ 

in &( (0, T], L'(T}}as the subdivision S becomes finer, and then theorem III .4 

implies lim Ipr(!}) > Ior(W). On the other hand, the integrability of ÿ and 

(9.4) shows that lim I97{/) < lor(Ÿ); so the lemma is proved. D 

0 At last we prove Iemma A.2: 

1) Note that [gr IL <[la™ = Motll Yo—2™ * Wo lla. Wo being conti- 
nuous, the last term converges to 0; the first one being less than 1 —}y, we 

derive the last part of the result. 

In the following, we will suppose m large enough so that 

m ? 
sup || Yr" |lo <£ — 5° 
EST 

Notice that #® = y + [ a" « ds. As «= ÿ, goes toy, in || . Il norm 
0 

for a.e. se [0, T}, the inequality || y7—y, |], <| [a = ww, \dsdx 
(O.T)* ¥ 

shows that lim Y~=wy in ¢((0, T]; U(T)); in particular, lim Ip{(W™) = Ior{W). 

2) First apply Jensen’s inequality to the probability a(x — y)dy: 

HU, a" = W(x), x) S i AY, (x y) xdy for ae (t,x). 
T 

Combining the relation 

i a" y) W(x — y}, x — yMydx = | FEW, W(x), XX , 
TXT T 
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and the property III.3.f) we obtain for a.c.1: 

AT. dr) — 34, Wd 

< | CeCe —oF |] tex Ive v7 Uh) EU HL de Lax 
o 

re 

+ ay) { OC, (ID) dix vil ]+e,(1v1l)}( + (x —y) | dxdy 
JTxT 2 2 (9.5) 

the first bound in (9.5) can be studied as we did in the proof of Lemma A.1: 

(W"),, being convergent in L‘({0,T] x T), is uniformly integrable on 
(0,T] x V; as for|y, — Wr |, it is less than 2 and goes to 0 in space L'(F). 

In order to use the same arguments for the last term of (9.5), we only 

need to show that z — { a(x —2)| Y,(x) — ,(z)| dx goes to 0 in L'(T) 
T 

(we set z = x — y} Denoting by &-,W,:x — W(x — y}, we have 

a(x — 2z)}|YAx) — ¥,(z)|dxdz = I. xe"(yilwv. — Oy, Ilidy; 
TXT 

but translation operator is continuous in space L'(T), so this last term goes 

to 0. We then showed lim Io7(w™) < l$r(w), which ends the proof. O 
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ON SECONDARY BIFURCATIONS FOR SOME NONLINEAR 
CONVOLUTION EQUATIONS! 

F. COMETS, TH. EISELE AND M. SCHATZMAN 

ABSTRACT. On the d-dimensional torus T4 = (R/Z)?, we study the nonlin- 
ear convolution equation 

u(t) = g{A-w « u(t)}, te Ti, A>0. 

where « is the convolution on T4, w is an integrable function which is not 
assumed to be even, and g is bounded, odd, increasing, and concave on R+. 

A typical example is g =th. 

For a general function w, we show by the standard theory of local bifur- 

cation that, if the eigenspace of the linearized problem is of dimension 2, a 
branch of solutions bifurcates at À = (g’(0)w(p))~1 from the zero solution, 
and we show that it can be extended to infinity. 

For special simple forms of w, we show that the first bifurcating branch has 
no secondary bifurcation, but the other branches can. 

These results are related to the theory of spin models on T4 in statistical 

mechanics, where they allow one to show the existence of a secondary phase 

transition of first order, and to some models of periodic structures in the brain 

in neurophysiology. 

1. Introduction. The aim of this paper is to analyse the branches of solutions 

of a nonlinear convolution equation on the d-dimensional torus T? = (R/Z)?. The 
equations are of the general form 

(1.1) u(t) = g{Aw + u(t)}, 

where t € T?, A € Ri, * is the convolution operator, w a given integrable function 
on T, which is not assumed to be even, and g is a bounded, odd, increasing 

function, which is concave on Rt. The positivity of À does not reduce the generality. 

There is a large number of models where equations of the above kind appear, in 
particular within the theory of statistical mechanics and some mathematical models 

of biology. In statistical mechanics, (1.1) corresponds to the mean field equation 

of an interacting spin system (see [20, 2]). In the thermodynamical limit, the free 
energy (3) of the system is given by a variational principle 

en 

| 
(1.2) —By(B) = sup 8 [ut - s)u(s)u(t) dsat— f tp(u(t)) dt] , 

uel2(T*) (T4)2 
ws 
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where w(t — s) represents the interaction potential between a spin at site t and a 

spin at site s, w is assumed to be even, but not necessarily positive, and 1, is the 

entropy function of the single spin distribution p: 

(1.3) t)(z) = sup {au — in [ exp(uz)o(de) | 
y 

(see also §2). If uo is a (local) maximum of the variational problem (1.2), then the 
first Fréchet derivative of BF — I must vanish; 1.e., 

(1.4) BF'(uo) — l'(uo) = 0, 

or equivalently, 

(1.5) Bw « uo(t) — #4(uo(t)) = 0 
almost everywhere. This mean field equation is equivalent to (1.1) if we set 74, = g7' 
and replace the inverse temperature @ by the parameter À. The global maxima of 

(1.2) correspond to equilibrium states, while local maxima represent metastable 
states. Both are stable solutions of (1.5) or (1.1) (see §6). Moreover, in the theory 
of nucleation (see [15, 23]), one is interested in solutions of (1.5) which are saddle 
points of the potential GF — J. They are unstable, or more precisely hyperbolic, 

solutions of (1.5) in the sense of dynamical systems. 
Phase transitions of the spin system are nonanalytic changes of the global max- 

imum uo of the variational principle. They are in general linked with a bifurcation 

of the solutions of the mean field equation (1.5) and simultaneously with a change 
of the stability of the solutions of (1.5). In [2] it has been shown that there are 
primary stable bifurcations of the solutions of (1.1) not only for the nonzero con- 
stant solutions (Curie-Weiss model), but also for periodic solutions of (1.1), which 
appear in the antiferromagnetic case. 

Beside these models, in which equation (1.1) appears literally, there are a number 
of models where one gets equations of a similar type. We like to refer especially 
to the spin-glass model of van Hemmen et al. [10], since in particular one studies 
there secondary phase transitions—corresponding to secondary bifurcations of (1.1) 
here—which establish the existence of so-called mixed phases. The similarity of 
the equations mentioned in this reference and (1.1) will become even more obvious 
after we have transformed (1.1) into the corresponding equations for the Fourier 
transforms in §2. The methods developed in this paper, and in particular those of 

the associated dynamical system (§8) allow one to understand better the results of 
[10]. 

Nonlinear evolution equations involving a convolution term appear also in some 

mathematical models of biological systems. We shall mention (0, 1, 5, 6, and 16], 

where further references are quoted, but let us give more details about the problems 

_ addressed in [16] because they are the closest to the ones we consider here. 
The adult brain of higher organisms such as mammals displays a remarkable 

mixture of highly specific connectivity patterns with large amounts of randomness. 
The cortex is the external part of the brain; it is an envelope about 2 mm thick, 

with many folds. The visual cortex, which has been extensively studied, is located 

in the occipital region, and it receives indirect projections from the two retinae. The 

existence of ocular dominance stripes is among the striking organization patterns 

uncovered in the sixties: in the brain of adult animals, the cells are segregated into
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stripes which are sensitive either to left eye or to right eye stimuli; but this is not 
true in newborn animals. 

It is a major problem to understand the rules which guide the formation of this 
circuitry during pre- and postnatal development. A theoretical explanation should 
show how microscopic mechanisms governing the growth and decay of synapses— 
the individual contacts between neurones—yield the observed macroscopic behav- 
ior. Models of development of ocular dominance stripes stipulate that growth of 
contacts at points x depends on the density of fibres or contacts not only at x, but 
in a neighborhood of z. 

Two alternative types of mechanisms may be invoked. In the first, afferent fibres 

carry chemical markers which diffuse laterally within the cortical tissue; at point zx 

in cortex, the rate of growth of synapses of a certain type—i.e., coming from either 
the left eye of the right eye—is governed by the similarity between the marker 

carried by the fibre, and the concentration of this marker at z [13]. In the second 
type of model, synaptic growth depends solely on short-term temporal correlations 

between pre- and postsynaptic activities: this is an application of the Hebb principle 

of synaptic modification [8]. According to this principle, the strength of connections 
between two cells grows proportionally to the correlation between the activities 
of the two cells. Activities in fibres of different origins—right and left eye—are 
assumed to be uncorrelated, and correlations or anticorrelations are carried through 
the cortex via a pre-existing circuitry [22]. 

It has been pointed out [18] that, in spite of different mechanisms, the two models 
are theoretically equivalent; both are conveniently summarized by an evolution 

equation with a spatial convolution term of a particular type: the central part 

of the convolution kernel is positive, the outer part negative. If the variable u 

designates the difference between the density of left-eye and right-eye contacts, 

the evolution of u is described by the following equation [18], where w is a given 
convolution kernel depending only on space and * is the spatial convolution: 

(1.6) Ou/Ot = (w *u)- f(u). 

The nonlinearity f serves to express a saturation or constraint; a modification of this 
equation, which has the advantage of exhibiting better the effect of the constraints, 

if for instance there is a physically maximal density of contacts, is 

(1.7) Ou/Ot = wsu—h(u), 

where A is an increasing function of u, which can be taken multivalued if sharp 

constraints are desired. We would like to study the behavior of (1.6) and (1.7), as 
time increases infinitely. 

It is shown in [16] that the nontrivial stable solutions of (1.6) when f(u) = 1—u? 
satisfy, under a suitable functional hypothesis on w, 

(1.8) u = sgn(w*u), 

and that the nontrivial stable stationary solutions of (1.7) satisfy 

(1.9) h(u) = w* u. 

Clearly, if g is the reciprocal of the signum function, which means that, in (1.7), u 
is constrained to stay between —1 and +1, problems (1.8) and (1.9) are identical.
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If we write (1.9) as 

(1.10) u=h-'(weu), 

it is natural to imbed (1.10) in a family of similar problems depending on a pa- 

rameter u = h~!(Aw + u), which is precisely problem (1.1) considered above in a 
statistical physics setting. If, in particular, we take g = h~! = th as in (2.10), we 
obtain 

(1.11) u = th(rAw * u). 

Observe that as À goes to infinity, problem (1.11) resembles more and more problem 
(1.8). We expect to gain some understanding of problems (1.6) and (1.7) through 
a careful study of the set of their stable stationary solutions, which are the main 

candidates to be asymptotic states of (1.6) and (1.7) as time grows infinitely. Thus 
we are interested in a rather complete description of all solutions of (1.1), at least 
for some natural choices of the function w. 

This paper contains _ 

(a) The proof that if À € (0, (g’(0)|w{(0))—!), the only solution of (1.1) is zero. 
Here and below, f(p) = [ra f(t) exp{—2ipt} dt denotes the Fourier coefficient of 

the function f on T£, pe Zé. 
(b) A description of the primary bifurcation picture. Assuming w(p) real and 

w(q) # w(p) for all g # +p, we obtain in some cases a branch starting at À, = 
(g'(0)2(p))—* and extending to infinity. We do not presently cover the cases when 
w has symmetries in T?,d > 1, i.e., w(p) = w(q) for some q # +p, because this 
would lead to bifurcation kernels of dimension larger than 2. 

(c) A description of secondary bifurcations for some special choices of w. More 
precisely, if we assume that 

(1.12) w(t) = acos(27pt) + Bcos(2mqt) + wo(t) 

with a, 8 > 0 

wo(r) =0 forr € [((2Z + 1)p+ 2Zq] U [2Zp + (2Z + 1)q}, 

and p,q satisfying either the noncollinearity condition 

(1.13) p=0#g or (pp)(qq) — (pq)? > 0, 
or in the collinear case, the arithmetic condition 

(1.14) qé(2Z+1)p and pé&é(2Z +1)a, 

then we are able to give a rather complete picture of the secondary bifurcations in 

Theorems 5 and 7. In particular, no second bifurcation from the first-appearing 

branch occurs, but some may occur from the second branch. This secondary bifur- 

cation is connected with an exchange in the stability of the primary branch. In the 

noncollinear case, this branch is unstable, or more precisely hyperbolic (see §8 for 

the definition), until the appearance of the secondary bifurcation, but it is stable 
after the occurrence of the secondary bifurcation. The solutions on the secondary 

branch are, in general, hyperbolic. 

In an example we show that the mentioned exchange in stability on the second 

of the primary branches, which goes together with the secondary bifurcation, is
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of physical relevance in some models of statistical mechanics. It gives rise to a 

secondary phase transition of first order, where the equilibrium state jumps from 

the first primary branch to another stable solution. 

The stability analysis of the different branches is done by reducing the prob- 
lem to a finite-dimensional one on the Fourier coefficients ü(+p) and ü(+q) and 
by studying the geometric properties of an associated mapping. When the non- 

collinearity condition (1.13) holds, the set of solutions can be completely described. 

Moreover, in this case we characterize the fixed points as stable, hyperbolic, or 

totally unstable. 

Of course, these results depend heavily on the oddness of g. Small perturbations 
from this condition would lead to nonconnected manifolds of solutions, which show 

turning points and so-called two-sided bifurcations. They appear, for example, in 
the spin model of the beginning of this section if there exists an additional external 
magnetic field h = h(s). 

Also higher-dimensional spin variables may be treated similarly: for example, 

X-Y spins or Heisenberg spins with values in S?. Their mean field equations have 

the form of systems of nonlinear convolution equations. However, these generaliza- 

tions will not be discussed in this paper. 

2. General assumptions and preliminary results. Let T? = (R/Z)@ be 
the d-dimensional torus. By dt we denote the Lebesgue measure on T¢. We are 

concerned with the nonlinear convolution equation 

(2.1) u(t) = g{A-w* u(t)}, te Ti, 

where A € R} = {0,+c). Here, for a given Lebesgue-integrable function w on T4, 
we define the convolution operator 

(2.2) w +u(t) = | w(t — s)u(s) ds, 
Td 

and we assume g: R — R to be an odd, increasing, bounded function which is 

(2.3) concave on (0, co). 

Here and in the rest of the paper, we understand increasing, decreasing, etc., in 

the weak sense of nondecreasing, nonincreasing, etc., respectively, and similarly for 

concave. Otherwise, we say strictly increasing, strictly decreasing, strictly concave, 

etc. Of course, we exclude the trivial cases g = 0 or w = 0. 

REMARK. In principle, there is no restriction in having À > 0 instead of AE R, 

since the pair (—A, w) gives the same equation (2.1) as the pair (A, -w). However, 
the formulation of the theorems is much simplified by considering only À€ R,. 

In the examples from statistical mechanics, the interaction potential is given by 

the function w, and a thermodynamical state u on T has internal energy 

(2.4) E = luusu) = 5 [ut -weu(e)dt 

On the other hand, the nonlinear function g reflects in some sense the entropy of 

the system. To be more precise, let us recall (see [12, 2], e.g.) the definition of the 

@-function for a measure p: 

(2.5) 9(2) = In f exp(zy)o(dy).
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The entropy function z, of p can then be calculated as the Legendre transformation 

Of ¢,: | 

(2.6) tp(y) = sup{zy — d,(z)}. 

Now, g is the derivative of the function ¢, or, equivalently, by (2.6), the inverse 
function of the derivative of the entropy 1,: 

(2.7) (2) = d,(x) = (,)7 (x). 
In examples with Ising spins, we have 

(2.8) po = (641 + 6-1)/2 

such that 

(2.9) Po (TI) = Incosh(z), 

and 

(2.10) go(z) = #%,,(z) = th(2). 
Obviously, go satisfies the desired properties (2.3). It is even real analytic on R and 

strictly concave on (0,00). In general, the concavity condition for g is tantamount 
to the GHS-inequality for the measure p (see [4, 2]). 

For a one-dimensional problem and in connection with a quadratic internal en- 

ergy, this inequality guarantees that there is exactly one higher-order phase tran- 
sition for the equilibrium state (see also [3], in particular the remark at the end of 
§5). 

We note some simple consequences from our assumptions on g: g being odd, we 

have 

(2.11) g(0) = 0. 

Because g does not vanish identically and is concave on Rt, we find for z # 0 that 

(2.12) g({x)/z is strictly positive and decreasing with respect to |x|. 

Therefore, 

9. / = : g(z) 
(2.13) g'(0) | lim — 79 

exists and is positive. Until §4 inclusively, we allow g’(0) = +oo. Set 

(2.14) y= lim. g(z) € (0, co). 

By the concavity condition, g is necessarily continuous on R\{0}, possibly with two 
symmetric jumps at zero. Finally, we set 

(2.15) g'(z) = limsup g(z + €) — 9(2) > 0, 
fej —0 € 

and 

(2.16) g(x) = limint +990) 5 9, 
— je —0 E
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g and g’ are symmetric, decreasing in |z|, and 

(2.17) g'(0) = 9’(0) = g'(0). 
We mention in particular, that if g is strictly concave on (0,00) then 

(2.18) g'(z)-g'(x)<0 and g’(z)—-g'(z’) <0 

for all z,z’ € R with |z’| < z. 
We study naturally our equation (2.1) by considering the Fourier coefficients of 

u: For p € ZA let 

(2.19) i(p) = [uw exp(—2z7tp - t) dt. 

The inverse transformation is given by Parseval’s formula 

(2.20) u(t)= > &(p) exp(2mip- t). 
pez? | 

Here and in the sequel the equality is understood in the sense of L2(T“). Since u 

and w are real functions on T4, we have 

(2.21) u(—p)=a(p) and w(—p) = w(p); 
in particular, 

(2.22) u(0)ER and w(0)ER. 

By the convolution rule w*u(p) = w(p)i(p), (2.1) can now be rewritten as 

(2.23) u(t) = g 4 À ÿ_ w(q)ü(q)exp(2riqt) > , te T?, 

qeZs 

or 
a 7 A 

(2.24) a(p) = 194A >> w(q)a(q) exp(2migt) ? | (p) 
L eZ _ 

for all pe Z°. 
DEFINITION. We say that a solution u of (2.1) ts p-stable, p € Z4, if 

(2.25) XI (p)| / 5 (Aw « u(t)} dt <1. 

It is called p-unstable or critical if 

(2.26) Xü(p)! / g' {Aw « u(t)} dt > 1. 

We conclude this section with some simple results about solutions of (2.1): 
(i) Set 

(2.27) G(A,u) = u — g{Aw * u}. 

Then 

(2.28) G(À,0)=0 for all 4,
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since (2.1) has always the trivial solution u = 0. If g’(0) < +00, the linearized 
operator at u = 0 is given by 

(2.29) DuG(X,0) : vu = vu — g'(0)Aw uv 

with v € L2(T<). The operator v — w + v is compact in L2(T?), so that the 
spectrum of D,G(A,0) is 

(2.30) spDyG(A,0) = {1}U UL) {1 — 9/(0)Aw(p)}. 
peZz4 

Therefore by the implicit function theorem, there is no bifurcation for À not in 

(2.31) RN {(9'(0)w(p))~*, p € Z with w(p) # 0}. 
(ii) There are two kinds of invariance for the set of solutions of (2.1): First, (2.1) 

is translation invariant; i.e., if u is a solution of (2.1), then so is 

(2.32) us(t) = u(t +s) 

for all s € T, since 

(2.33) G(A, us)(t) = G(u, A)(t + 3). 

Recall that 

(2.34) u;(p) = ü(p}exp{2rips}. 

Second, if u is a solution of (2.1), so is —u, since 

(2.35) G(A, —u) = —G(A, u). 

THEOREM 1. (i) Let g’(0) < © and 4 € (0, (g’(0) - ||w||z:)~!). Then (2.1) has 
only the trivial solution u = 0. 

(ii) Let w(0) > O and 

_ fo uf g'(0) = +00, (2.36) do = EE oso)- otherwise ~ 

At Ao a branch of constant nontrivial solutions u, = +t (0) bifurcates from the 
trivial solution, where üu1(0) = ü(0) > O zs the unique positive solution of 

(2.37) ü(0) = g{Aü(0}à(0)}, À € (Ag, +00). 

If, moreover, w > 0, then this branch does not have secondary bifurcations. 

PROOF. (i) g being odd, we have for any solution u, 

sup |u(é)| = supo{Alw + u(0)1} <9 { Allulles suplu(e) 
which for À < (g’(0)||wi[z:)7~! implies sup, |u(t)| = 0. 

(ii) The first assertion of (ii) is well known (see, e.g., [2, Appendix B],). If 
w > 0, w # 0, then w(p) < w(0) for all p € Z4 — {0}. If g is differentiable on 
(0, +00), the spectrum of the linearization at u, = a(0), 

D,G(A, a(0))v = v — Ag’ {AW(0)a(0) }w + v,
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Ur $ 

u) 
a + 

ro 7 À 

FIGURE 1 

consists of the values 1 and 1 — Aÿ(p)g'{Aw(0)ü(0)}, p € Z4. But 

(2.38) Ad(p)g' {XD(0)(0)} < M(0)g {x(0)2(0)} = F g{ArD(0)Jiz=ato) < 1 
and the branch u = +ü(0) cannot have a secondary bifurcation. For a general 
function g, a simple approximation by a smooth function g shows that there are no 

secondary bifurcations on +u(0) for g either. O 
REMARK. Let again w(0) > 0. We are interested in the behavior of ü\(0) for 

À N Ao. Assume first that g is linear in some interval [—a, +a], 0 < a < +00; ie. 

(2.39) g(x) =9'(0)z, O0<g'(0) < +00, 

for z € [(—a, +a]. Of course, we suppose a to be maximal with this property. Then 

at À = Ao = (g’(0)w(0))—! we have in addition to (2.37) the constant solutions (see 
Figure 1) 

(2.40) Uy, =z with z &€ (—a, +a]. 

Conversely, if g is not linear in a neighborhood of 0, then the concavity of g implies 
that either 

Ag = 0 and then g{Agw(0)z} = 0 for all z, 

or 
Ag > 0, and then 0 < g’(0) < +a 

and 

(2.41) g{Aowù(0)r} < g’(O)Apw(0)z = x for all z € (0,00). 

In both cases there are no nontrivial constant solutions at A9. This shows that 
we have, in addition to Theorem 1(ii), nontrivial constant solutions of (2.1) if and 
only if g is linear in a neighborhood of 0. (2.37) and (2.40) are the only nontrivial 
constant solutions of (2.1). 

We set the maximal a from (2.39) equal to 0 if g is not linear in a neighborhood 

of zero. It is then easy to see that 

2.42 lim üà)1(0) = li (2.42) Jim äx(0) = lim g(x) 

In particular, if g is continuous at 0, but not linear in a neighborhood of 0, then 

(2.43) Jim üx(0) = 0,
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and graphically the nontrivial constant solutions branch indeed from the trivial 
solution. 

Finally, we note some simple properties of the function À — # (0) if w(0) > 0. 
For À € (Ag, +00) we set 

(2.44) do(A, x) = g{Aw(0)z} 
and 

(2.45) OpolÀ, xz) = Awb(0)9’ {A8(0)z}. 

On (Ao, +00) the function A — %)(0) = ¢o(A, @,(0)) is continuous and increasing 
with 

(2.46) im | % (0) = +, 

where stems from (2.14). The solution u, = +üà1(0) is O-stable since 

(2.47) 0 < d¢o(A, @,(0)) < 1. 

Moreover, 

(2.48) Jim Ado(A, (0)) = 0. 

To see the last-equality, we fix 0 < z < 7 and À > Ao with uo(A) > Z by (2.46). 
The concavity of g on R* shows for À > À that 

(2.49) 0 < Ogo(A, ä1(0)) < (g{A&(0)G1(0)} — g{AW(0)Z})/(%, (0) — Zz). 
By (2.14) the right side of (2.47) goes to zero as À — +00. 

3. Some invariance results for the Fourier coefficients. In this section, 

we show that the conditions on g imply the existence of classes of functions u, 

characterized by their Fourier coefficients, which are invariant under the operation 

u—g{Aw * u}. Therefore, solutions of (2.1) can be studied independently in each 
of these classes. 

Let us define, for p € Z% and AC Z, 

(3.1) Ap = {kp, k € A}. 

PROPOSITION 1. Let p,q € Z% and m be an integrable function on T¢. Then 

(i) 
(3.2) m(r) =0 forallr¢é Zp 

tf and only if 

(3.3) m(+s)=m() for alls € T* with p-s =0 mod 1. 

(ii) 
(3.4) m(r)=0 forallr € (2Z+1)p 

if and only if 
(3.5) m(-+s)=-—m/(-) for allseT? with p-s= 4 mod1. 

(iii) Assume that p #0 and q #0 are not collinear; 1.e., 

(3.6) (pp)(qq) — (pq)? > 0.
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Then 

(3.7) m(r)=0 for allr € {(2Z + 1)p + 2Zq] U (2Zp + (2Z + 1)q] 

tf and only 1f 

(3.8) m(-+s)=m(-) for alls € T* with ps mod1 = gs mod1 = à. 

(iv) Assume that p,q € Z%\{0} are collinear; 1.e., 

(3.9) nip =n2q £ 0 

for some ni,n2 € Z\{0} with gcd(n:,n2) = 1. Here, gcd denotes the greatest 
common divisor. Set ro = p/n2 = g/ri1. Then ro € Z4, and 

Z fn: | 
(3.10) [(2Z+ 1)p + 2Zq] U [2Zp + (2Z + 1)q] = { Zre Li Tm | na even 

Now, tf ny +n 13 odd, then 

(3.7) is equivalent to (3.8). 

But 1f n1 - n2 13 even, then (3.7) is equivalent to 

(3.11) m(-+s)=m/(-) for alls € T with ps mod 1 = qs mod 1 = 0. 

PROOF. (i) (3.2) and (2.20) imply (3.3) immediately. Conversely, by (3.3) and 
(2.34), we get for all s € T with ps = 0 mod1 and r € Z? that 

(3.12) m(r){[exp{2rirs} — 1] = 0. 

Let r = (r1,...,ra) with mr) #0. Then 

(3.13) r-s=0mod1i for all s€ T? with ps = 0 mod. 

Considering, in particular, s = (0,...,s4,0,...), we have rssx € Z for all s, with 
p£ksk € Z, which can only hold if r£ = np, for some ny € Z. Moreover, if nr £ ny 

for k # land px, pi # 0, we take s = (0,...,54,...,81,0,...) with 54 = 2(ne—nu)px 

and s; = — 3 (nk — ri)p1, which satisfies ps = 0 but rs = 3. We have a contradiction 
to (3.13). Therefore, n, =n, and r € Zp. 

(ii) Obviously, if (3.4) is satisfied, then so is (3.5). 
Let (3.5) hold. Then (3.3) holds also, and we get m(r) = 0 for all r € Zp. But if 

r = 2np #0 with ne Z, we take s = (0,...,1/2p,,0,...) for some k with px £ 0, 

such that ps = 3. By (3.5) 

0 = m(r)[exp{2mirs} + 1] = m(r)2, 

which shows mr) = 0. Thus (3.4) holds. 
(iii) Evidently, (3.8) follows from (3.7). Conversely, assume (3.8). First, one 

checks that the set of all s satisfying ps = qs = 3 mod 1 is given by 

(3.14) s = 3((pp)(qq) — (pq)*)~? 
x {p[(2k + 1)(qq) — (21 + 1)(pq)] + a[(2! + 1)(pp) — (2k + 1)(pq)]} + 3 

with k,l € Z and (Sp) = (Sq) = 0. (3.8) says that if m(r) # 0 then r-s = 5 mod1 
for all s from (3.14). Setting r = ap + @q+7 with rp = rq = 0, we find for all such 
s that 

rs = 4[a(2k + 1) + B(21+ 1)] +73 = 5 modi
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for all kj! € Z and all s. Hence, r = 0 and 

(3.15) (a, B) € [(2Z + 1) x 2Z] U(2Z x (2Z + 1)], 

_which is r € {(2Z + 1)p -+ 2Zq] U (2Zp + (2Z + 1)q]. 
(iv) Since gcd(n,,n2) = 1, there exists k1,k2 € Z with 

(3.16) kyny + kong = 1. 

Therefore 

(3.17) kig+kep = ro € Z?. 

Now if n1 and ng are odd, then 

(3.18) lini +lono € (22 +1) iff (l1,l2) € [(2Z +1) x 2Z] U[2Z x (22+ 1)], 

which by l1q + lop = (lin: + lon2})ro shows (3.10) for n1 - n2 odd. On the other 

hand, if ny - n2 is even—i.e., (n1,n2) € ((2Z + 1) x 2Z] U[2Z x (2Z + 1)]—then 

lg + lop = (l1 + n2)q + (le — rip = (lin: + len2)ro 

shows 

(3.19) ((2Z + 1)p + 2Zq] U [2Zp + (2Z + 1)ql = Zp + Zq = Zro. 

Now, let n1:n2 be odd. Then, since (k1,k2) € [(2Z + 1) x 2Z] U[2Z x (2Z + 1)] by 
(3.18), 

ps =qs=%4modl iff ros= > mod, 

and (ii) shows the equivalence of (3.7) and (3.8). It is clear that 

ps = gs = 0 mod1 iff ros = 0 modli. 

If n1 - no is even, then (3.19) and (i) show that (3.7) and (3.11) are equivalent. O 
DEFINITION. We denote by 7,, 7 and 4, the sets of integrable functions on T* 

which satisfy (3.2), (3.4), and (3.7) respectively. 
We note some immediate consequences of the proposition: 

COROLLARY. Ifw€ %,w € #, or w € 7, for noncollinear p and q, then all 
solutions of (2.1) are in 7,,7,, and Fpq, respectively. 

REMARK. For p € Z4\{0} set 

(3.20) w,(t) = > d(r)exp{2rirt}. 
r¢(2Z+1)p\{+p} 

If w = wp, 1.e., if 

(3.21) w(r)=0 for all re (22+ 1)p\{+p, —p}, 

then any function u € ¥, is a solution of (2.1) if and only if 

(3.22) u(t) = g £ S_ w(r)ü(r) exo(2nir)} . 
r=+tp 

Of course, the last statement also holds trivially for p = 0. % = # consists only of 
constant functions, and u = ü(0) is a solution of (2.1) if and only if (0) satisfies 

(3.23) | üù(0) = g{Aw(0)%(0)}.
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Similarly, for p,a€e Z?, p#q 40, we set 

(3.24) Wpq = > w(r)exp{2mirt} 
r=tp,tq 

+ > w(r) exp{2z7irt}. 

r¢((2Z+1)p+2ZgjU(2Zp+(2Z+1)q] 

If w = w,,, i.e., if 

(3.25) w(r)=0 for all re ([(2Z + 1)p + 2Zq] U [2Zp + (2Z + 1)q]})\{+4p, +4}, 

then any function u € ¥, is a solution of (2.1) if and only if 

(3.26) u(t) =g9 £ >» w(r)ü(r) exp(rir)| 
r=tp,tq 

The simple forms of (3.22), (3.23), and (3.26) lead to the following definitions. 
DEFINITION. A function u € F, is called a p-primary solution, p € Zé, if 

(3-27) u(p) # 0 
and 

(3.28) u(t) = g{Aw, + u(t)} 

with w, from (3.20). u € F5q is called a (p, q)-secondary solution if 

(3.29) ä(p) #0, u(q) #0, 

and 

u(t) = g{Awpa * u(t)} 

with w,, from (3.24). 
Note in particular that p-primary solutions and (p,q)-secondary solutions are, 

in general, not solutions of (2.1) unless w = w,,w = Wpg, respectively. p-primary 

solutions and (p, q)-secondary solutions are nontrivial by definition. Only for p = 0, 

the 0-primary solutions are always the nontrivial constant solutions of (2.1), which 
are treated in Theorem 1. 

For p # 0 we investigate p-primary solutions in the next section. (p,q)-secondary 

solutions are studied in 885 and 7. 

4. Primary solutions. For p € Z4\{0} we shall study the existence of (non- 
trivial) p-primary solutions in ¥), i.e., solutions of (3.28). This means implicitly 

that we assume w = wp with wp from (3.20) or that (3.21) holds. Let us define 
(assuming for a moment that g is a function on C) 

(4.1) ®,(,, Zp, Z-p) = [ots > w(q)Zq exp(2riat)fexp—2nipt dt 

q=xtp 

(4.2) dp(A, z) = Re®,(A, z, Z) 

= / g{A2 Re(w(p)z exp(2mipt))} cos(2mpt) dt,
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and its ‘formal’ symmetric derivative 

(4.3) 86,(A, z) = 4(8.,6, + O._,B_p)(A, z, Z) 

= \Re ti(p) / g’ {A2 Re(1i(p)z exp(2mipt))} dt. 

Note that even if w(p) = w(-p) € Rand Z=zeER, 

a Ô 
(4.4) d6(À; z) À 33 PPA; z) 

= Àw(p) / g’ {Aw (p)z2 cos(2rpt)}2 cos? (2rpt) dt. 

The following result is generalized in §5. 

THEOREM 2. I[fImw(p) #0, then there do not exist p-primary solutions in 7. 

REMARK. We know already from (2.31) that the condition of Theorem 2 is 

necessary for local bifurcations from zero. The theorem and its generalization in 

85 is more interesting as a gobal result. It has nothing to do with our restriction to 
A € R,: If Imw(p) £ 0, then there are no p-primary solutions even for all À€ KR. 

However, the restriction to À € R, makes it necessary to have w(p) > 0, since we 

must have Aw(p) > O for the existence of p-primary solutions, as can be seen from 

(3.22). 

In this context we want to mention that in [2] the assumptions of Theorems 
1.2 and 2.3 have been formulated somewhat sloppily. Instead of simply supposing 
v #0, we must demand v > 0, as in the proof there (see also [2, p. 336]). Thus, we 

get the following assumptions for the existence of p-primary solutions in #, with 
A = R.. 

THEOREM 3. For p € Z%\{0} let 

(4.5) 0 <w(p)eR andwü(r) =0 for allr € (22 + 1)p\{+p,-p}. 

Define 

_ J 0 1f g'(0) = +00, 

(4.6) Ap = (9'(0)w(p))-! if 0 < g/(0) < +00. 
With exceptions for À = Ap, the functions 

(4.7) up(A,t) = g{Aw(p)|ta(p)|2 cos(2xp(t + s))}, 

A E (Ap, +00), s € T4, are the only p-primary solutions of (2.1), where |a(p)| = 
[äx(p}} > 0 is the unique positive solution of 

(4.8) at)! = f o{rxo(p)|a(p)I2 c0s(2rpt)} cos(2pt) dt 
À — [ü(p)| is continuous and increasing on (Ap, +00) with 

27 \ } 7 — — 
(4.9) Jim lü(p)] x 

The p-primary solutions (4.7) are p-stable; we even have 

(4.10) O¢,(A,|a(p)]) € (3,1), À € (Ap, +00),
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and 

(4.11) lim 84, (À, &(p)1) = 4. 
REMARK. At À = À, there are (nontrivial) p-primary solutions if and only if g 

is linear on some interval [—-a,+a|l, with a maximal (see (2.39)). If the latter is the 
case, all p-primary solutions at À = À, are of the form 

(4.12) ue (Ap;t) = y2cos(2rp(t + s)) 

with y € (0,a/2], se Té. 
PROOF. For z > 0 the function ¢,(\,:) is positive and concave. Excluding 

the case À = À,, treated in the remark, there exists a unique positive fixed point 

[ä(p)| of dp(A, -) if and only if Ag’(0)w(p) > 1, or, equivalently, if À > Ap. |a(p)]| is 
increasing in A. 

(4.9) is evident. Obviously, (4.7) is a p-primary solution. Conversely, if v is 
any p-primary solution at À with ü(p) # 0, then [ü(p)| is a positive fixed point of 
@p(A,-). Excluding À = Aj, we must have À > À, and |d(p)| = [ü(p)| such that v 
has the form (4.7). To prove (4.10), we first show 

(4.13) Aw(p) Î g'{Aw(p)lä(p)l2 cos(2rpt)}} sin?(2xpt) dt = : 

For this purpose we approximate g uniformly by a differentiable function g with 

the same properties as g. Assuming without loss of generality that p1 # 0, we get 

by partial integration that | 

(4.14) Aw(p) I. g'{Aw(p)lä(p)i2 cos(2rpt)} sin?(2rpt) dt 

= - |. (ÿ€---}sin(2rpt)/2|&(p)l2rpileZ5 d(t2,..., ta) 

1 = + ap) f. g{---} cos(2rpt) dt. 

The argument of the {---} is always the same as in the first line. Since the second 
term in (4.14) vanishes and the last term tends to À as g tends to g, (4.13) is proved. 
Now the concavity of ¢,(A,z) for z > 0 yields, with (4.4), 

5 . 1 5) . 1 (4.15) dé ID = 3 (1+ Fh o(A.1a00)))) € (3,1). 
which is (4.10). For (4.11) we have to show by the last equality that 

_ oO - (4.16) Jim 2 6 (À, ld(p)I) = 0. 
Fix zo € (0, 2/7) such that, by (4.9), |à(p)| > zo for all sufficiently large À. The 
concavity of ¢,(A, z) for z > 0 implies 

(4.17) 0< £4,(a, li(p)) 
< / [g{Aw(p)|a(p)|2 cos(2mpt)} — g{Aw(p)z0? cos(2rpt)}] 

x cos(2rpt) dt/({a(p)| — 20) — 0 for À — co. 

This shows (4.16), and the proof is complete. O
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5. Secondary bifurcations for p,q noncollinear. For the rest of the paper 

we assume that 

(5.1) 0 < g'(0) < +a, 

and 

(5.2) g is strictly concave on (0, +00). 

This does not allow g to be linear or constant on some interval. In particular, g is 

strictly increasing. For convenience we suppose, moreover, that g is differentiable 

on R, though this condition is not really necessary and can be overcome by approx- 
imating g suitably (see the proof of Theorem 4 for such an approximation). We 
study the following problem: In which cases do there exist secondary bifurcating 

branches of solutions from branches of primary solutions? We restrict this prob- 
lem to the investigation of (p, qg)-secondary solutions. Moreover, we assume in this 

section that p,q € Z are noncollinear in the sense that 

(5.3) either p=0%#g or (pp)(qq) — (pq)? > 0. 
Secondary bifurcations for collinear p,q # 0 are studied in 87. 

In the following theorems the formulas for (0, q)-secondary solutions, g # 0, and 

for (p, g)-secondary solutions, p,q € Z%\{0} noncollinear, are different. The proofs, 
however, follow the same lines. If necessary, we use square brackets containing two 

lines, the first of which corresponds to p = 0 and the second to p # 0; for example, 

. ay _ | (0) (5.4) ÿ_ w(r)exp{2rirt} = Bune parie) . 
r=tp 

We prove the following generalization of Theorem 2. 

THEOREM 4. Letp,q € Z? satisfy (5.3), let (3.25) hold and w(p) 4 0, w(q) # 0. 
There exist (p,q)-secondary solutions only if 

(5.5) Imw(p)=0, Imw(q)=0, and w(p)>0, w&(q) > 0. 

PROOF. Let v be a (p,q)-secondary solution. By assumption (5.3) we can find 
s € T< with 

(6) 2rsp = —arg(t(p)9(p)) 
After a rotation of u by s, we have 

sf — w(0)0(0) ap ya 
(5.7) v(t) = 9 £ D) a cos(2rpe | + Alw(q)o(q)|2 cost at} , 

such that v* is even and therefore v°(p) € R\{0} and v*(q) € R\{0}. Since v° is a 
(p,q)-secondary solution, too, and g is invertible as a strictly increasing function, 

we find for allt € Té that 

heat exp(2ript)) | + 0°(q)2 Re(w(q) exp(2riqt)) 

; arbitrary | ; 27sq = —arg(w(q)d(q)). 

_ | w(0)o(0) 
|w(p)d(p)|2 cos(2xpt) 

and therefore w(p) € R, w(q) € KR. 

| + |w(q)0(q)}2 cos(2xat),
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We know by Proposition 1{ii) that 

[ {acer E stp) | } (q) = 0 

ane laf At (q)6*(q)2 cos(2rat)}]" (p) = 0. 
Therefore 

0 4 0°(p) 

=f (fone 
(5.8) + \b(q)6°(q)2 cos( at} 

~ g {Aw(q)8*(q)2.cos(2rgt)} | cos(2rpt) dt, 

0 4 v°(q) 

= / £ Late" costae 

(5.9) +dtb(q)*(q)2 couter) | 

— g Aw(p)b* (p) à cos(2rp | }) cos(27qt) dt. 

But both equations can only hold if Aw(p) > O and Aw(q) > 0. By our restriction 
to À > O we find the second part of assertion (5.5). O 

If we now assume (5.5) in addition to (3.18), we know by Theorems 1 and 3 
that on (max(Aj, À), +oo) we have both p-primary and q-primary solutions. On 
secondary bifurcations we get the following result, which will be proved at the end 

of 88. By |a(p)| = |[ü1(p)| we denote the unique positive solution of (4.8), and 
(2.37), respectively, on (Ap, +00). 

THEOREM 5. Let p,q € 2% satisfy (5.3), and let (3.25) hold with w(p) > 
0, w(q) > 0. 

(i) If à > w(q)/w(p) > 0, then in Faq there is no secondary bifurcation on the 
branch of p-primary solutions or on the branch of q-primary solutions. 

(ii) Jf 1 > w(q)/w(p) > 3, then in F there is no secondary bifurcation on the 
p-primary branch, but on the qg-primary branch there occurs a secondary bifurcation 

of a branch of (p,q)-secondary solutions at 

(5.10) Agp = inf{A > Ag; 0palX'iüx(q)l) < w(g)/w(p) for all À > À}, 

with 

(5.11) O < Ap < Ag < Agp < +00.
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Ima (q) 

FIGURE 2. Bifurcations for 2w(q) > w(0) > w(q) > 0. The nu- 
merically exact picture is given in Example 3.3 of {24] 

(0) 

Reu (q) 

Imû (q} 

FIGURE 3. Bifurcations for w(q) > w(0) > 0 

This branch exists for all À € (Agp, +00) and consists of (p,q)-secondary solutions 
of the form 

u(t) =g late) Er + »| 
(5.12) 

+ w(q)|0(g)|2 cos(2mq(t + » 

with s © T¢ (recall |d(p)| 4 0 and |i(q)| # 0, by definition). 
(iii) [fp = 0 and 1 > w(0)/w(q) > 0, then in Fog there erists no secondary bifur- 

cation on the branch of q-primary solutions, but on the branch of nontrivial constant 
solutions there occurs a secondary bifurcation of a branch of (0,q)-secondary solu- 

trons at 

(5.13) og = inf{A, Ado (A’, a (0)) < w(0)/w&(g) for all X > À}
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with 

(5.14) 0 < Ag < Ao < Avg < +00. 

This branch exists for all À € (Aog, +00) and consists of (0,q)-secondary solutions 
of the form (5.12) with p = 0. 

We want to clarify the bifurcating situation by the following two figures in the 

case 0 = p # q. In order to take care of the rotational invariance of ü(q) € C, we 
superpose the real axis of ü(q) on the ü(0)-axis. At the bifurcation points it will 
be clear from the context in which direction the branch bifurcates. (See Figures 2 
and 3.) 

REMARKS. (1) Note that in the theorem the case w(q) > w(p) for p # 0, i.e., 
(pp)(qq) — (pq)? > 0, is covered by (i) and (ii) with p and gq exchanged. 

(2) By continuity we get from (5.10) and (5.13) the bifurcation conditions 

(5.15) Ob,(A, lü(g)l) = w(q)/w(p) at À = A, 

(5.16) Bbolà, l&(0)1) = (0)/t0(q) at À = Aog. 
We know from (2.47) that 

(5.17) 0 < Adof(A, |a(0)|) < 1 for À € (Ao, +00), 

where the upper and lower bounds are approached for À NX Ag and À — +00, 

respectively. Similarly, by (4.10), 

(5.18) 3 < O¢,(A, lü(g)l) < 1 

for À E (Ag, +00), and again the bounds are approached for À \, À, and À — +00. 
But unfortunately, the functions 0¢,(A, |ü(q)|) and Odo(A, |ü(0)|) are, in general, 
not decreasing. Therefore, the sets 

(5.19) Agp = {A > Aq, 96, (A, lü(g)|) < &(q)/&(P)} 2 (Agp, +00), 

(5.20) Mog = {A > Ao, 8do(A, [&(0)|) < (0)/(q)} D (Avg, +00) 

may be composed by several nonconnected intervals. It is now easy to generalize 

the results of Theorem 5, such that for each À € À,,, À € Aa, respectively, there 
are (p,q)-secondary solutions, (0,q)-secondary solutions, respectively. Thus, if we 
have strict inclusions in (5.19) and (5.20), we get secondary bifurcating branches, 
which again vanish. Schematically, we get the bifurcation picture in Figure 4. 

As a common phenomenon (see e.g. (7, Chapter II.11]), the appearance of the 
secondary bifurcations is followed by an exchange of stability. Here, we note this 
stability behavior only in terms of definitions (2.25)-(2.26). The results are conse- 
quences of more detailed stability investigations in §8. 

THEOREM 6. Let the general assumptions of Theorem 5 hold. 

(i) If à > w(q)/w(p) > 0, then the p-primary branch is p-stable and q-stable, 
while the q-primary branch is q-stable but not p-stable. 

(ii) If 1 > w(q)/w(p) > à, then the p-primary branch is again p-stable and 
q-stable, the q-primary branch ts q-stable on (Ag, +00), but at the bifurcations it
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lecailf 

a (pl 

FIGURE 4 

changes from a p-unstable or critical solution on (Ag, +00)\Agp to a p-stable solu- 
tion on Aap. 

(iii) If p = 0 and 1 > w(0)/wù(q) > 0, then the q-primary branch ts q-stable 

and O-stable, the O-primary branch 1s O-stable, but tt 1s q-unstable or critical on 

(Ao, +o)\Ao and q-stable on Aa. 

6. An example: A secondary phase transition of first order. In this 

section we give an extension of some results from [2]. There, for different interaction 
potentials J, the equilibrium state in the thermodynamic limit for some mean-field 

models from statistical mechanics on the circle T are studied. 

It is shown that in the ferromagnetic, but also in the antiferromagnetic case, 

there exist phase transitions of the equilibrium states. In particular, the phase 

transition for the antiferromagnetic circle is linked with a breaking of the continuous 

symmetry group T. In the context of the present paper, the phase transitions 

of the ferromagnetic and antiferromagnetic circles correspond to the bifurcations 
of O-primary, respectively, p-primary, solutions of (2.1) from the trivial solution 
u = 0, which represents the paramagnetic state. The secondary solutions, which 

we have found in the last section, cannot, however, represent equilibrium states 

of the corresponding models of statistical mechanics, since the secondary solutions 

found are not stable. Nevertheless, in an indirect way, the secondary solutions 

are of physical relevance. Though they do not appear directly, they give rise to a 
secondary phase transition of first order. 

The secondary bifurcation of the secondary solutions is linked with a change of 

the stability behavior of the primary solutions; in the words of Theorem 6(iii): if 

u(q) > w(0) > 0, the O0-primary solutions ut/7 are unstable on (Ag, +00)\Agg, but 
are stable for À € Aggy 2 (Ang, +00), while the p-primary solutions are stable for 

all A > À,. Therefore, for À € Agog, both primary branches are stable. Now the 
equilibrium state has to make its choice between these two possible candidates by a 

variational principle. For A between A, and Ag the equilibrium state will certainly 

be one of the g-primary solutions, since these are the only stable solutions there. By 
continuity, the equilibrium state will remain a q-primary solution even for values 

A, which are little greater than Ap. But for very large À it is possible that the 

newly stable 0-primary solutions win the variational principle. If this ts the case, 

there must be an intermediate value A* where the equilibrium state jumps from a
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q-primary solution to a 0-primary solution. We have a secondary phase transition 

of first order. 

The following example shows that this phenomenon may really happen. In order 

to make things as easy as possible and to have a close connection to the represen- 
tation in [2], we restrict ourselves to the case d = 1, though the results hold for 

general dimension d. 

At the sites a/n ET, a = 1,...,n, there are fixed magnetic spins X?. Without 
interaction, the X27 take independently the values +1 and —1 with probability 3: 

i.e., 

(6.1) po = (641 + 6-1)/2. 

We let the interaction potential have the form 

(6.2) J(3,t) = w(s — t) = 1 + 2bcos(27q(s — t)) 

with g € N, and 

(6.3) 1 < b < 77/4. 

The Hamiltonian of the interacting system is then given by 

(6.4) H,(X") = - D y(&, 22) xe xg, 

and the common distribution of (XZ) o=1 CÉREE | 

An: 
nr 

(6.5) Probng(X™ Edz,, a=1,..., n) _ exp( pele) To=1 p(dta) 

nB 

where z = (Zj,...,2%n) and Zhg is the normalizing constant 

(6.6) Zna = | exp(-BHn(2)) J] oldza) 
a=l 

In [2, Theorems 1.3 and 2.1] it is shown that in the thermodynamic limit the free 
energy ~w({) is given by the variational principle 

(6.7) —Bp(8):= lim n~* In Zng = sup(BF(f) — (PI: 

Here the functionals F and J are defined on X = L?(T) by 

(6.8) FIN =5 [f Ist)s(s)s (0) dsdt = us, 
2 

and 

(6.9) 1) = fit) dt 
T 

with 

(6.10) 
4. sd J{G+u)in{i+u)+(1-u)ln(i-u)}/2 for [ul < 1, 
Qu) = { (0 xO for [ul > 1. 

(See formulas (1.16)-(1.22) in [2].)
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By [2, Theorem 5.1] the supremum in (6.7) is always achieved, and any maxi- 

mizing function f satisfies the mean field equation 

(6.11) ’(f(t)) = B(F’f)(t) for almost all ¢ € T. 

In our example we have from (6.8) and (6.10) that 

(6.12) th-*(f(t)) = B- w+ f(t), 
or, equivalently, (2.1) with À = G and g = (7’)—! =th (see also (2.10)). 

Next, we make use of Fenchel’s duality (see [2, Appendix C]}). 

(6.13) sup{8F(f) — I(f)] = sup[l°(f) — (BF)*(f)I, 
fEX fEX 

where J* and (GF)* are the Legendre transforms of J and BF, respectively. In our 
case we get, by [2, Lemma 3.6 and the remark thereafter], 

(6.14) I"(f) = (P*)*(f) = T() = Î boo(f(t)) dt, 
where ¢,, is given in (2.9), and #°, = g (2.10). 

On the other hand, we find by easy*calculations that 

(6.15) (BF)*(f) := sup{(f, h) — BF(h)} 

_ {5FUo) if f = Bw * fo for some fo € X, 
~ | +00 otherwise. 

Note that (6.15) is well defined, since f = Gw * f; = Bw * fo implies 

BF(f1) = 3(fi, Bw * f2) — 3(f2, Bw * f2) = BF fe). 

Thus, we can rewrite (6.7) as 

(6.16) ~Bv(8) = lim no" In Z, = sup[P(Gw « f) — BF(S)}. 

Now, if the maximum of (6.16) is achieved at f, then f has to satisfy the mean 
field equation, which is now written in the form 

(6.17) (g{Bw + f},Gw*h) —(f,Bw*h) =0 
for all h € N. Note that by (6.15) we have reduced the variational principle to the 
space w + H. But, moreover, f must satisfy the second-order condition 

(6.18) (g'{Bw«f}-Bw*h,Bw*h) — (h,Bw*h) <0 

for all h € X. By the form (6.2) of w, (6.18) implies, in particular (by calculations 
_ analogous to (4.18)), 

(6.19) Bü(r) Î g'{Bw » f(t}}dt <1 
for r = 0,q. This is the stability condition (2.25) with < instead of <. For 0 < BF < 

1/b = Bg, the trivial solution u = 0 is the only solution of (6.17) and 

(6.20) —Bÿ(B) = 0, B € (0, 1/0]. 
By (5.16) the bifurcation point Bo, for the (0, q)-secondary solutions satisfies 

(6.21) bBoq(1 — th” (Bogtig,,(0)) = 1
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and Boq > Po = 1 > Pa = 1/b. For B € (82,1) the q-primary solutions ug (4.7) are 
the only stable solutions, and 

(6.22) —Bb(8) = Bbläs(a)l?/2 — Î i(th(Bbläs(g)|2 cos(2rat))) dt > 0. 

So we have a first phase transition at G, = 1/b. The phase transition is of second 

order, since üg(q) — 0 as B NX By. But for B > Bog there are at least two different 

types of stable solutions: the g-primary and the 0-primary solutions. For f — +00 
we find by (2.46) with + = 1, 

(6.23) BF (= üg(0)) — I (= t(0)) = Bügs(0)°/2 — i(ü8(0)) & B/2, 

since 7 is bounded by In 2 for {%,(0)| < 1, while © | 

(6.24) BF (us(B,-)) — I(uÿ(8,-)) = Bb(äs(q))*/2 — T(ug(B, -)) & Bb2/n? 

by (4.9). Now (6.3) implies that (6.23) is greater than (6.24) for 8 large enough. 
The maximum of (6.16) is not attained any longer on the g-primary solutions. But 

by Theorem 5 the g-primary solutions do not have bifurcations. Therefore, there 

exists a B* € (1,+00), where the maximum point jumps from a q-primary solution 

to another solution of (2.1). We have found a secondary phase transition of first 
order, as claimed at the beginning of the section. For 6 large enough the new 

maximum is attained by a constant nontrivial solution, which corresponds to a 

ferromagnetic equilibrium state. 

7. Secondary bifurcations for collinear p,g. As one may expect, the be- 

havior of secondary bifurcations is different if p and gq are collinear; i.e., 

(7.1) nip=noqg#O0 for some ny,n2EZ 

with gcd(ni,n2) = 1. As in (3.9) we set 

(7.2) ro = p/n2 = q/ny Ee Zt. 

Of course, we assume that w again satisfies condition (3.25), which by (3.10) can 
be rewritten as 

ay Zro\{+p, +q} if ny - N2 even, 
(7.3) w(r)=0 forallre {Ge + 1)ro\{tp, +} if ny - nz odd, 

and that 

(7.4) w(p) > w(q) > 0. 

In the noncollinear case (3.25) implied condition (3.21) for p and for q (instead of 
p). Therefore, we could consider the p-primary and the g-primary branches in the 

last section. To guarantee this also in the collinear case, we must assume 

(7.5) p£(2Z2+1)q and g¢(2Z+1)p. 

Now, we get the following result about secondary bifurcations which is proved in 

89. The assumptions about g from the beginning of 65 are still valid.
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THEOREM 7. Let p,q € 2% satisfy (7.1) and (7.5), and let (7.3) and (7.4) hold. 
(i) There are never in 7,4 bifurcations from the p-primary solutions. 
(ii) If à > w(q)/w(p) > 0 and p ¢ Zq, i.e., ny # 1, then the branch of q-primary 

solutions does not have a secondary bifurcation in Foq. 
(iii) Jf 1 > w(q)/w(p) > 5 and p¢ Zq, then 

(7.6) (Ag, +00) 2 Agp 2 (Agp, too) À © 

with Agp and Agp from (5.19) and (5.10), respectively. 
For À € A4 there are the following branches of (p,q)-secondary solutions, which 

bifurcate from the q-primary solutions: 

(7.7) vi(t) = g{A(p)lüi(p)|2sin(2r(pt + (71 + 31)/n1 + l1/2)) 
+ Ad(q)lü1(g)|2 cos(2r(qt + (r1 + k1)/n2 + m1/2))} 

and 

(7.8) va(t) = g{AwW(p)|b2(p)|2 cos(2x (pt + {T2 + 72)/n1 + l2/2)) 
+ Aw(q)|te(q)|2 sin(2x(qt + (r2 + k2)/n2 + m2/2))}, 

t € Td, with the parameters 11,72 € T; 1,72 € {0,...,n1 — 1}; ki, ke € {0,..., 

no — 1}; ,l,mi,mo € {0,1}. 
(iv) If p € 2qZ, 1.e., ny = 1 and n2 even, then there exists always a secondary 

bifurcation in F4. It takes place at 

(7.9) AQ, = inf {à > Aq, À'Ù(Q) OO cos(27s)} 

x(1 — cos{(4rn2s)) ds < w(q)/w(p) for all À > a} 

with 

(7.10) Aq < Agp < +00. 

For À € (Aj,, +00), we have branches of (p,q)-secondary solutions of the form vi 
from (7.7) (with n, = 1). 

REMARKS. (1) Mutans mutandum, remark (2) after Theorem 5 also holds here: 
On some intervals there may be bifurcating branches of the forms v! or v? described 
above, which appear, disappear, and reappear according to the conditions appearing 

in (5.19) and (7.9), respectively. We define 

(7.11) Al, = {a > Ag, Atd(q) / g'{ \w(q)|a(q)|2 cos(2mn15)} 

x (1 — cos(47n2s))ds < ü(o)/5() } , 

(7.12) AË, = 1 > Aq, (a) f 9’ {Ax0(q)|H(a)|2sin(27n43)} 

x(1 + cos(4mn2s)) ds < waa}
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If no  n12, then by Proposition 1(i), we can cancel the last cosine term in (7.11) 
and (7.12) and get 

_ 2 (7.13) Ayp=Ai,=A?, 

So we may have Aj, 2 (Aj, +00) # © with strict inclusion. In the case p € 2qZ, 
1.e., 2; = 1 and ng even, A?, is always a bounded, possibly empty region in R*. 

fAE A?, Z ©, we have secondary bifurcating solutions of the form v2 from (7.8) 
with n1 = 1. However, these solutions disappear again as À — +co. 

(2) In (7.7) and (7.8) let us disregard the rotation group r € T for a moment; 
i.e., put r = 0. Then since g is invertible, v! and v? represent 8- n1 - n2 different 

secondary solutions if n; - ng is odd. If n1 - n2 is even, let n1 be even, for example; 

then the parameters 11 = n,/2, k; = 1, and 11 = k, = 0 give the same solution. 

Similarly for 12 and k2. Therefore, we have only 4 - n1 : n2 different secondary 
solutions if n1 - m2 is even. This fact corresponds to result (3.10). 

(3) We refer to the end of §9 for some considerations concerning the stability of 
the solutions in the collinear case. 

8. The associated dynamical system for noncollinear p,q. We continue 

to let g satisfy the additional conditions from the beginning of 85, let p and q be 

noncollinear in the sense of (5.3), and let (3.25) hold with w(p) > 0, w(q) > 0. To 
prove the results from Theorems 5 and 6, we need a good knowledge of the fixed 

point problem for z = (21,22) € R?: 

(8.1) z= $(z) = (¢1(21, 22), $2(21, 22)), 

where 

. 1 éi(z,y) = fs fase 3 cos(2rp | 
(8.2) 

+ Aw(q)}y2 cos(2nat)} cos(2rpt) dt, 

(8.3) ba(z, v) = / g{---}cos(2nqt) dt, 

where we have in {---} the same argument as in (8.2). Of course, all fixed points 
of ¢@ are contained in 

(8.4) N= () $7(R?), 
n >0 

where $” = go---o@ (n times). We shall see that here Q is exactly the set of all 

fixed points: There are no periodic orbits or more complicated variant limit sets. 

It turns out that ¢(R?) is a very nice compact convex set, independent of À, w(p) 
and w(q).
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THEOREM 8. 
f 

2 TT 
{ re, ru) ly| < 7 OS (=), || < 1} forp=0#4q, 

8 fl/4 usin?(2rr) 
{ (ren 789) il = = | Tia eo) 7” 

(8.5) ER?) = « 1/4 
lz3_.] < = V1 — p? cos?(2rr) dr, 

0 

O<spsl, ‘= 1,2} 

for (pp)(aq) — (pq)? > 0. 
PROOF. First assume p = 0 # g. For 0 # [z| < 1 we set m(z) = 1/sin(rz/2) 

and check that 

(8.6) sign{1 + m(z) cos(2nr)} = sign(z) - (2 - tjoerseya(Irl) — 1) 
for |r| < 4 and 4|r| #4 1+2z, x #0. Then 

; ax arm(z) 
(8-7) Jim, 6 (star et) 

= (/ sign{z(1 + m(z) cos(2mqt))} dt, 
Td 

[ sign{z(1 + m(z) cos(2mqt))} cos(2rqt) at) 
Td 

+1/2 
= y-sign(z) (/. sign{1 + m(z) cos(2zr)} dr, 

+1/2 

+ / sign{i + m(z) cos(2mr)} cos(2zr) i) 
~1/2 

=. SE sin = 2)) 

Since ¢(R?) is simply connected, we have 

PCR?) 2 {(yz, vy), lyl < (2/7) cos(rz/2)}. 

If we had strict inclusion in the last line, there would exist (zo, yo) € R? with 

P(zo, yo) = (v1, Yh2) 

and 
$2 = (2/7) cos(rh1/2). 

The curve y = (2/7) cos{wz/2) has in (¢;,¢2) the outer normal direction ñ = 
(sin(7¢,/2),1). For a€ R* set 

h(a) = À - (ro + (a/AW(0)) sin(1d1/2), yo + a/2AW(q)).
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Then, for alla Rt, 
d a ha) = [ 26020 + asin(rg1/2) + (A20(q)yo + a) cos(2rat)} 

x (sin(7@1/2) + cos(2mqt))? dt > 0. 

But, as in (8.7), 

im h(a) =y:7: (/ sign{sin(rp1/2) + cos(2xat)} dt, 

[ sign{sin(x41 /2) + cos(2rqt)} cos(2mqt) at) 

= 7-7- (d1, (2/m) cos(7$1/2)) = h(0) 
gives a contradiction. 

For (pp)(qq) = (pq)? > 0 and O < p < 1, we calculate 

(8.8) Jim b(au/2Aw(p), +a/2Aù(q)) 

Ef sient cos(2rpt) + cos(2zqt)}cos(2rpt) dt 

I [sente cos(2rpt) + cos(2mqt)} cos(2xat) dt 

Set Bop = {(r,s), r= tp, s =tq, t € T%}, and the last expression equals 

i ly, cos{2rr)+cos(2rs3)>0} cos(27r) dr ds 

(8.9) 27/|B>al [- 

ly, cos(2rr)+cos(2rs)>0} cos(273) dr ds 
Pq 

/ +1/2 p+1/2 \ 
/ Î l{is)Sarccos(Fu cos(2rr)}/2r} cos(27r) dr ds 

-~1/2/ ~1/2 
= 27 +1/2 p—1/2 

vl 1 {|| Sarccos(ucos(2nr))/27} cos(2rs)drds | 
1/2) -1/2 

{ +1/2 \ 

/ + arccos(+Fu cos(2rr)) cos(27r) dr 

+1/2 
| Î + sin arccos(Fyu cos(2rr)) dr 

—1/2 ) 

f 1/4 \ 
Î (r — 2 arccos(ucos(27r))cos(2r7r)) dr 

= -y4/r 0 | 1/4 
| Î + 2 sin arccos(u cos(2rr)) dr ) 

0 

f 1/4 usin?(27r) - \ [ d 
_ 1 — u? cos?(2zrr) PART 

| + 5 V1 — p? cos? (2zr) dr 

by partial integration. For a — —oo or p = 1/p’ € [1,+00) we get the other
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boundary points of the right side of (8.5). Thus ¢(R?) contains the right side of 
(8.5). The converse inclusion is shown by a similar argument as in the first part of 

the proof. [] 

REMARK. Thanks to Theorem 8, it is sufficient to regard @ as acting on the 
universal set ¢(R?), which is independent of À, w(p), and w(q). Moreover, the 

geometric form of ¢(R2) can be used to analyse the behavior of the equilibrium 
states and their phase transitions. In particular, the ground states can be nicely 

discussed with the help of the set d(R?). See also {10, §§VII and VIII], where the 
ground states of a spin-glass model are studied in detail. 

The essential step for determining the fixed points of ¢ is to analyse the fixed 

points of the components ¢; and @¢2 separately. We note the following easy facts: 

(i) (z, y) is a fixed point of ¢ if and only if z is a fixed point of ¢;(-, y) and y is 
a fixed point of ¢2(z,-). 

(ii) 0 is a fixed point for ¢;(-, y) and ¢9(z,-) for all ye R, z € R, respectively. 

(iii) If (z, y) is a stable fixed point of ¢, then so is z for ¢1(-, y) and y for ¢2(z,-). 

However, the converse of the last statement is not true, as we shall see later. 

In contrast to g, the functions ¢;(-, y) and ¢2(z, -) need not be concave on (0, 00), 
in general. Instead of concavity, we use the following result. 

LEMMA. Under the conditions from the beginning of this section, $1(z,y) ts 
strictly increasing and odd in x but even in y. For x € R\{0} fized, |¢,(z,-)| ts 

strictly decreasing in |y| with 

(8.10) mee [o1(z, y)| = 0. 

The same assertions hold for 2 with x and y exchanged. 

PROOF. Similarly to the first equations in (8.8)-(8.9), we get 

+1/2 p+i/2 
(8.11) i(z,y) =. “ay 24 ot 2 cstenr) | + (Ga cos(2rs) | 

1 

* | etter) dr ds, 

+1/2 pr+1/2 
(8.12) $2(z, y) = | | g{---}cos(2rs) dr ds, 

—1/2 J-1/2 

again repeating the argument in {---} from (8.11). The first assertions are then 
easily verified by the properties of g. For the second assertion we can assume



207 

SECONDARY BIFURCATIONS FOR CONVOLUTION EQUATIONS 689 

x>0, y>QO0. Then 

(8.13) 

By1(2,y) = 20(9) a | 8262(z,9) 
+1/2 p+1/2 1 | 

= arma) f 1,5: | A000) costae) + nilaydcos(ans)| 

x b | cos(27s) dr ds 
cos(27r) 

. +1/2 p+1/2 1 | 
= }ù a]. i fs se autre) | + (aa cos) | 

—g’ faste cor) — Aw(q)y2 cos(27s) }) 

1 
9 x | sete cos(27s) dr ds 

< 0, 

since the integrand is a.e. negative, as seen by cases. 

Finally, $1(z,y) —y]— 0 and ¢$2(z,y) —1z1— O follow from (8.11) and 

(8.12). O 

By the lemma, we can now describe the fixed points of 1 and @2 separately. 

Recall the definition of Ap, Ag from (2.36) or (4.6) and of |z(p)|, |u(q)| from (2.37) 
or (4.8). 

THEOREM 9. For À € (0,A,], x = O ts the only fized point of ¢1(-,y) for 
all y. For À € (Aj, +00) there exists a unique, positive, symmetric, continuously 

differentiable function 

Yi: (—-lä(p)|, +Iü(p)l) — (0, co) 

with 

(8.14) P1(z; Wi(z)) = piz, —-Wi(z)) =z 

for allz € (—|a(p)|,+|a(p)|). We have 

(8.15) Y1(z) = 0. 
Rp) 

w1(0) > 0 ts uniquely determined by 

(8.16) xù(p) / 9’ {Atb(q) v1 (0)2 cos(2mqt)} dt = 1. 

Similar assertions hold for $2{z,-) by a function 

be: (—lä(g)l, +14(¢)1) — (0, co),
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where p and q,x and y are exchanged everywhere. Here, w2(0) ts uniquely deter- 
mined by 

(8.17) Aù(g) Î g' ECC | x |) dt = 1. 2 cos(2mpt 

REMARK. We want to point out that the strict concavity of g is essential for 

Theorem 9. If g were linear on some intervals, then as in the remarks following 

Theorems 1 and 3, we would not have uniqueness for the values of y% satisfying 

(8.14). The points of a whole interval would then satisfy these equations, and 

equally the set of fixed points of ¢ in (0,00)? could then have a two-dimensional 
subset. 

PROOF. For À € (0, À,] and z > 0, we get by the lemma and the definition of 
Ap that 

(8.18) O< px, y) < d1(z,0) = fs {Aas costed | cos(2rpt) dt < =z 

for all y € R. #1 being odd in z, x = 0 is thus the only fixed point of ¢:(-, y) for 

all y. 

Now let À € (Ap, +00). $1(z,0) = }p(A, z) from (2.44) or (4.2) is strictly concave 
in z > O with |[ü\(p)| as the unique positive fixed point. Thus 

(8.19) \$1(z,0)| > |z] for |x} € (0, a()1), 
|$1(z,0)| < |x| for [2] € ({@(p)|, +00). 

Hence, by the second assertion of the lemma, exactly for |z| € (0,|u(p)|), there 
exists a unique y = (xz) > 0 with 

(8.20) Dir, y) = $1(z, —y) ==. 

Since 1 is odd in z, w, is symmetric in z. By the implicit function theorem wy, is 

continuously differentiable and 

1 — 071 (z, Yi (z)) 

OyPi(z, Yi(z)) | 
(8.21) UT = 

where 0,9; (resp. 9,1) denote the partial derivatives of 91 with respect to z (resp. 

y). Next, we show that 1 is bounded on (0, |z(p)|). Set 

(8.22) g'(v) = sup{g’{v + 2Aw(p)z}; 0 < |z| < [a(p)]}. 

Since f 9’ {Aw(q)y2 cos(2rat)}} dt —,,,_ 0, we find yo > 0 with 

(8.23) Mü(p) [9 {Axi(a)y02 cos(2mqt) }  cost(onp | dt < 1.
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FIGURE 5. The function #1 and the action of ¢;(-,y), y fixed, 

p=0#a. 

Therefore, by the mean value theorem 

(8.24)  1(r, Yo) = J astral 3 ccstznne | 

+ AW(q)yo2 costa) À cos(27pt) dt 

< xü(p)lzl / 3 {A0(a)y02cos(2rat)} cost {2rp) dt 
< {Z| 

for all |z| < |a(p)|, and 

(8.25) wWi(z) < yo for all |x| < |ü(p)|. 

Since by definition of |a(p)|, p1(+lü(p)|,0) = +lü(p)|, the boundedness of Y1 im- 
plies (8.15). Since g’ is strictly decreasing on R*, so is 0.¢;(0,-). If 0. ¢i(z, y) S 1 
for (z,y) = (0,yo), this inequality also holds in a neighborhood U of (0, yo) in 

(0,00)?. Since ¢:(0, y) = 0, we find ¢:(z, y) £ z for all (z, y) E U, and (0, yo) can- 
not be an accumulation point of (z,y,(z)). Hence, 7%, (0) is uniquely determined 

by 

(8.26) d:#1(0, Y1(0)) = 1, 

which is equivalent to (8.16), since p and q are noncollinear. The analogue of (8.21) 

for we is 

1 ~ dyga(ve(y),¥) 
Ozpr(di(y), y) 

For p = 0 £ q we get the picture of ÿ1 shown in Figure 5. The arrows indicate 

the action of ¢1(-, y) for y fixed. 
The proof of Theorem 9 and fact (ii) preceding the lemma give the following 

complete description of the fixed points of @. 

(8.27) valu) =
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THEOREM 10. 

(8.28) F = ({0} x RU {(z,+¥1(z)), Ixl < [ä(p)l}] 
N[R x {0} U {((fve(y),y), lyl < lä(a)l} 

is the set of all fired points of à. 

To formulate the following relations between #1(0) and {ü(q)| and between #2(0) 
and |ü(p)|, we recall the dependence on À of #1 and #2, though not made explicit, 

and the definition of Agp and Agg in (5.19)-(5.20). For À < À, we set, for conve- 
nience, [ü(p)| = 0 and y, = 0, and similarly [ü(q)| = 0 and #2 = 0 for À < Ag. 

THEOREM 11. (i) If § > w(q)/w(p) > 0, then 

(8.29) |i(p)| > #2(0) 
(8.30) tn (0) > f(a) Jor AE my +097 

(ii) If 1 > w(q)/w(p) > à, then 

(8.31) [ä(p)| > w2(0) for A € (Ap, +00), 

(8.32) wi(O) > |a{q)| for AE (Ap, Aq), 

but 

(8.33) D1(0) < [ü(q)| exactly for À € Agp D (Agp, +00). 

Gii) Zf p = 0 and 1 > w(0)/wù(q) > 0, then 

(8.34) (0) < fü(g)| for À € (Ag, +oo), 

(8.35) [ä(0)| < g2(0) for ÀE (Ag, Ao), 

but 

(8.36) [ä(0}| > p2(0) exactly for À € Ag 2 (Ang, +09). 

PROOF. First, remark that (8.32) holds trivially since #1(0) > 0 = [ü(q)!l for 
À € (Ap, Aq). Similarly for (8.35). By (2.47) or (4.10) we find 

(8.37) rw(q) fo late) costo dt € w(q)/w(p) - (0, 1) 

for A > Ap, and 

(8.38) dua(p) [9 {Aw(q)|d(q)]2cos(2ugt)} dt € ü(p)/6(9)- (4,0) 
for À > Ap. Thus, for À > Ap, (8.17) implies [ü\(p)| > W2(0) if w(q)/w(p) < 1, ie. 
(8.29) and (8.31); and for À > Aq, (8.16) implies w,(0) > [ü(q)| if w(p)/2w(q¢) > 1, 
i.e., (8.30), or, for p = 0, #1(0) < [ü(q)| for w(0)/w(q) < 1, ie, (8.34). But if 
Le w(p)/w(q) - (3,1), then by definition (5.19), 

(8.39) \ù(p) Î 9’ { Ati (q)|(q)|2 cos(2rat)} < 1
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(a) 

> X 

Po) 

FIGURE 6. The functions Ÿ1(z} and wo(y) for p = 0 ¥ q, w(q) > w(q) 

> w(0) > 0, and À € (Xo, Ag; Aog) in (a) (resp. À > Aog in (b)). 
The fixed points of ¢ are noted by a small circle. 

(b) 

BTS E R?) 

(Steal, [Stal ) 

if and only if À € Ag, # ©, such that (8.16) implies (8.33). Similarly, for p = 0 
and 1 € w(q)/w(0) - (0,1), we have, by (5.20), 

(8.40) Aw(q)g'{A]u(0)|w(0)} < 1 
if and only if À € Agg, i.e., (8.36). O 

REMARKS. (i) Remark (i) after Theorem 5 also applies here. 
(ii) The proof of (8.29) verifies just the branching condition: there are no bifur- 

cations on the p-primary branch of solutions into the direction of {p,q)-secondary 
solutions. Conversely, (8.32) and (8.33) prove that indeed a secondary bifurcation 
occurs on the branch of q-primary solutions, and similarly in case (ili) with p = 0 
and q exchanged. In case (i) there does not exist a secondary bifurcation on either 

branch of primary solutions. Nevertheless, to know, in this case, if there are no 

(p,q)-secondary solutions at all, one has to compute the functions yw; and y2 and 

to see if their graphs intersect as in Figure 6. 
We like to note that Figure 6 is a little optimistic, since for general g one can- 

not prove without additional assumptions that the graphs of #1 and v2 have no 

intersection in case À < Aog (a), and exactly one intersection point in (0,00)? in
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case À > Àoq (b), though this is what we expect in most examples. The results of 
Theorems 10 and 11 have the following immediate consequence according to fact 
(i) preceding the lemma. 

COROLLARY. If (ii) 1 > w(q)/w(p) > 4 and A € Agp, or f(üi)p=0£#q, 1> 
w(0)/w(q) > O and À € Aog, then there exists at least one fixed point of. p in 
(0, 00)? N(R). By (|è(p)|, 15(4)1) we denote that fired point of @ in (0, 00)", for 
which |d(q)| tn case (ii) (resp. |0(O)| in case (ili)) ts marimal. 

The results of this section enable us to prove Theorem 5 of §5. 

PROOF OF THEOREM 5. (i) If 3 > w©(qg)/w(p) > 0, then the expression in 

(8.37) is less than À for all À > Ap, and the expression in (8.38) is greater than 1 for 
all À > Ag. So in 7,4 there are no secondary bifurcations either on the p-primary, 

or on the q-primary branch. 

(ii) If 1 > w(q)/w(p) > 3, then the expression in (8.37) is still less than 1 for 
all À > Ap, and in 7, there is no secondary bifurcation on the p-primary branch. 

But (4.11) for g shows that Agp, defined in (5.10), is finite and Agp 2 (Agp, +00) # 
@. rq < Agp follows from |ü(q)}| —1X x, 0. By continuity (8.31)-(8.33) and the 
corollary show that there exists a bifurcation of (p,q)-secondary solutions of the 

form (5.12), which branches off the q-primary solution and exists for all À € gp. 
(iii) Let p = 0 # q and 1 > w(0) /»(q) > 0. The expression in (8.38) is less 

than 1 for all À > Ag, and in #, there is no secondary bifurcation on the branch 
of q-primary solutions. Here, (2.48) yields Agog < +00, and (8.35)-(8.36) show the 
existence of a secondary bifurcation in #4, on the branch of nontrivial constant 
solutions. The (0,q)-secondary solutions are of the form (5.12) with p = 0 and 
exist for all À € Agog. By (2.43) we have À0 < Ang. OF 

We finish this section by describing the stability properties of the fixed points of 

@. We use the following terminology: 

DEFINITION. A fixed point z of ¢ is called stable if all eigenvalues pe, of the 

linearization O¢ of ¢ at z have modulus less than 1: |y;| < 1 for all eigenvalues 

Li. 2 is called a hyperbolic fixed point if for some eigenvalues yz;,, ui, of Od at z we 

have |u;,| < 1, |u:,| > 1, and |u,| # 1 for all other eigenvalues. z is called (totally) 
unstable if |u;| > 1 for all eigenvalues u, of Og at z. z is called critical if [ui = 1 
for at least one eigenvalue p,; of O¢ at z. 

THEOREM 12. The fixed points of @ have the following properties: 

(i) If } > &(a)/&(p) > 0, then 
stable for À € (0, À,), 

(8.41) (0,0) ts 4 hyperbolic for À € (Ap, Aq), 

unstable for À € (Ag, +00); 

(8.42) (+lü(p)|,0) ts stable for À € (Ap, +00); 

(8.43) (0, +lü(q)l) ts hyperbolic for all À E (Ag, +00). 

(ii) If 1 > w(q)/w(p) > 4, then (8.41) and (8.42) hold again, but 

. . | hyperbolic or critical for À € (Ag, +00)\Agp, 
(8.44) (0, £/4(q)|) à stable for À € Agp;
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(8.45) (+lü(p)}, +lü(a)|) ts hyperbolic or critical for all À € Agp. 

(Gi) Jp =O q and 1 > wW(0)/w(q) > 0, then 

stable for À € (0, À), 

(8.46) (0,0) ts 4 hyperbolic for À € (A, Ao); 
unstable for À € (Ao, +00); 

(8.47) (0, +lü(q)|) 23 stable for À E (Ag, +00); 

A .  f hyperbolic or critical for À € (Ao, +)\Aos, 
(8-48) (+]%(0)],0) + { stable for À € As; 

(8.49) (+[0(0)|, +id(q)|) ts hyperbolic or critical for À € Aog. 

REMARK. +|ü(p)| is a stable fixed point of ¢;(-,+]0(q)|), and +|ü(q)| is a stable 
fixed point of 2(+|ü(p)|,-), since they lie on the graphs of #1 and #2, respectively, 

which represent stable fixed points for ¢1(-,y) and ¢2(z,-), respectively. This im- 
plies that the corresponding solution (5.12) is p-stable and g-stable. However, with 
regard to ¢, (+]ü(p}|, +iü(q)l) is not stable. See also the remark at fact (iii) pre- 
ceding the lemma. 

PROOF. The linearization of is given by 

_ OzP1 Oyi (8.50) ôp = | 3.6 8, 3) | 

where 

(8.51) dz#1(x,y) = AW(p) / g' {801 2 oe + Aw(q)y2 costo) | 

1 
* cos (pe) dt 

(8.52) Byba(z,y) = W0(q) | 9 (---}2.c08?(2nat) dt, 

Oy91 (z, y) = 2w(q) a) | Oz Da (z, y) 

is given in (8.13). By a calculation similar to the first equations in (8.8)-(8.9), we 
get 

(8.53) O,oi(z,y) = Ordo(z,y)=0 if x = 0 or y = 0. 

(8.41) and (8.46) are obvious from the definition of A,, À, in (2.36) or (4.6). (2.38) 
or the concavity of ¢,(\4, z) show 

O21 (+14(p)1,0) = <bp(A,1a(p)1) € (0,1) for À € (Ap, +00) 
and 

Byb2(0, IG (al) = £d4(A,1A(a)I) € (0,1) for À € (Ag, +00).
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By (8.37), (8.38), and the noncollinearity of p,q, we get 

dy $2(+|t(p)|,0) = Aw(q) / g’ Érotoate) costar | | 2 cos*(2rqt) dt 

€ w(q)/w(p) - (0,1), 

and | 

8:1(0, +là(g)l) € &(»)/à(9) - (3, D: 
Thus, if w(q)/w(p) < 1 in case (i) or (ii), then (+|a(p)|, 0) is stable for À € (Ap, +00). 
If w(p)/w(q) > 2 in case (i), then (0, t]a(q)|) is hyperbolic, and if w(0)/w(q) < 1 
in case (iii), then it is stable for À € (Ag, too). If w(p)/w(q) € (1,2) in case (ii), 
then by (5.19) and (4.3) we obtain 

3261 (0, £10(q)!) = POP (A AU) <1 iff À € Aap 
while in case (iii) with w(0)/w(q) < 1 by (5.20), 

Byba(10(0}1,0) = F72.3¢0(A,|0(0)]) <1 iff À € Bog. 
This shows (8.44) and (8.48). For assertions (8.45) and (8.49), we have to calculate 
the eigenvalues 

(8.54) 41/2 = (Orb1 + Oyd2)/2 + [(Orb1 + Oyb2)7/4 + Oyb192¢2 — 02610 yb2|'/? 

at (+{d(p)l, +|d(q)l). The maximality condition in the corollary says that in case 

(ii) the graph ((wWe(y),y)sy € (16(¢)1, lä(g)|)} lies above the graph {(z,%1(z));z € 
{0, |é(p)|}}, while in case (iii) the graph {(z,w1(z));z € (|d(p)|, |a(p)})} lies above 
{(we(y), y); y € (0, |6(¢)|)} (see Figure 6). Both cases imply that 

(8.55) [oi (o(p)!) < 1/1#2(18(a)l)l. 

By (8.21) and (8.27) this shows that at (|(p)l,|d(q)l), 

(8.56) 0 < (1 ~ 0761)(1 _ Oyo2)| < JyP10xP2- 

Assume first that (1 — 0.¢,)(1 — 0,¢2) > 0. Then in (8.54) we have 

OyP10z02 — Oz pi0yp2 > 1 — CAT + Oy2) 

such that with a = (0,01 + O,¢2)/2 > 0, we get u1 > a + (a? + 1 — 2a)!/? = 

a+{l—al|> 1, and we<a-—|1—al <1. 

If, on the other hand, (1 — 02¢1)(1 — Oy¢2) < 0—i.e., 0 < Oz¢1 < 1 < Oyd2 or 

0 < 9,92 < 1 < 0,¢,—then, since 

w(0) (9,1)? 

| Rig) =” OyD10:P2 = | 

we get 

Hi > CAT + d,92)/2 + CAT ~ Oy o2|/2 = max(0z61, 0, ¢2) > 1, 

2 < (Ord + Ayb2)/2 _ [071 TT Oyp2l/2 = min(O0z¢1, Oy¢2) < 1.
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To finish the proof of (8.45) and (8.49), we need only show that u2 > 0. But at 

(lo(p)I, 18(a)1) 

0 < 0,10:92 < H \? wh (p)w(g) x (/ g {HCC costars 

+Aw(q)|6(¢)|2 cos(2xaqt) | 

2 

xX|cos(2rpt)| - |cos(2rqt)| i] 

< Orb10y¢2 

such that 

2 = (92:91 + Oyb2)/2 — (9:01 — Ay b2)?/4 + Oyb1 922)!” 
>a-— lal = 0. | 

This completes the proof of Theorem 12. O 

The proof of Theorem 6 is now an immediate consequence of Theorem 12. We 

only note that for primary solutions, the linearization 0@ has diagonal form by 

(8.53). The definition of p or g-stability is then by (4.14)-(4.15), and the non- 
collinearity of p,q equivalent to the fact that 0z¢1 (resp. O,¢2) is less than 1. 

9. The dynamical system for collinear p,g. We assume the collinearity 

conditions (7.1) and (7.5) for p,q, and (7.3) and (7.4) for the function w. In order 
to get in 4, a secondary bifurcation from the p-primary solutions, one of the 

following bifurcation conditions must be satisfied: 

(9.1) 1 = Aw(q) [roar Re(ü(p) exp(27ipt))}2 cos?(2mqt) dt 

1/2 

= (a) [ AB (P)I(P)I2 cos(2n2s + arg &x(P))} 
x (1 + cos(4rnis)) ds 

or 

1/2 

(9.2) 1 = Aù(q) Î ” g'{Ad(p)lä(p)|2 cos(2rn2s + argü\(p))} 

x (1 — cos(drnis)) ds. 

But we claim that the right expressions of (9.1) or (9.2) are always less than 
w(q)/w(p) < 1. To verify this, set u = 2Aw(pjlü(p)| > 0 and a = arg t(p) for 
À > Ap. First consider the case n1 ¢ n2Z. By Proposition 1(i) we have 

(9.3) [ote cos(2rn2s + a)}cos(47n,s) ds = 0, 

and (4.3) and (4.10) yield 

(9.4) X(q) / g'{u cos(2rn2s + a)} ds € w(q)/w(p)(4, 1),
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which proves our claim in this case. On the other hand, assume n; = l-n2 € 
n22, | > 1. We note first that for all BE T and ze (0, 3) 

(9.5) i [cos(2rs) + cos(2r(ls — B))]ds 

= (1/rl){lsin(2rz) + sin(2rlz) cos(278)| 

> (1/rl){lsin(2xz) — | sin(2xlz)|] > 0. 

Since g is decreasing on R+, we can define | dg’(y) as a Lebesgue-Stieltjes integral 
on Rt with 

b 
(9.6) / dg'(y) <0 foralO<a<6, 

and 

(9.7) g'{ulcos(rs)|} = 9'(0) + f° yu(lcos(rs)}) do’(u). 
Then by (9.5)-(9.7), 

+1/2 
(9.8) Î g'{u cos(2rn2s + a)}(cos(4rn2s + 2a) + cos(4mn1s)] ds 

1/2 
+1/2 

= Î g'{ul cos(rs)[}{cos(2rs) + cos(2nls — 21a)] ds 
_1/2 
i arccos(y/H)/7 

= i dg'(s) | [cos(2xs) + cos(2als — 2la)] ds < 0, 
0 —arccos(y/ps)/7 

or, by (4.13), 

+1/2 
0 < Aù(q) g'{ucos(27rn2s + a)} 

1/2 

x [2sin?(2rn2s + a) — (1 + cos(4mnis))] ds 

= 49) _ yy my 2 1+ d = 50) ~ o@ | g’ {ucos(27n28 + a)}(1 + cos(4rnis)) ds, 

which proves our claim, following (9.2). Therefore, under the assumptions of The- 

orem 7, there exists in 7, no bifurcation from the p-primary branch of solutions. 

To prove the existence of secondary bifurcations from the qg-primary solutions, 

we use the same technique as in §8. Here we look for nondegenerate fixed points 

(z,y), z#40# y, of the following pair of operators: 

(9.9) ¢'(z,y) = ($i(z,y),63(z,y)) and ¢?(z,y) = (b7(z, y), $3(z, y)), 

where 

éi(z,y) = Joue? sin(2rpt) + Aw(q)y2cos(2rqt)}sin(2rpt) dt 

+1/2° 
= / g{Aw(p)z2 sin(27n23) + Aw(q)y2cos(2rn1s)}sin(2rn2s) ds, 

2
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and similarly 

+1/2 
biz, y) = / g{Aw(p)z2 sin(27n2s) + Aw(q)y2 cos(27n;3)} 

—1/2 

x cos(277,38) ds, 

+1/2 
p?(z, y) = / > g{Aw(p)x2 cos(2rn2s) + Aw(g)y2 sin(27n13s)} 

~1 

x cos(27n25s) ds, 

+1/2 
biz, y) = | g{Aw(p)z2 cos(2rn2s) + Aw(q)y2sin(2rn1s)} 

~1/2 

x sin(27n 13) ds. 

For the pairs (¢!,¢3) and (¢?,¢2) we get the same results as in the lemma and 
Theorem 9 of §8. 

THEOREM 13. The functions D! and ¢? are strictly increasing and odd in x 
but even in y. For zx #0 they are strictly decreasing in |y| with 

(9.10) Jim ler y)l= lim |p? (z, y)| = 0. 

For € (0,X,], z = 0 ts the only fixed point of b!(:,y) and ¢2(-,y) for all y, while 
for À E (Ap, too) there exist unique, positive, symmetric, continuously differentiable 
functions w} and W? on (—-lü(p)l, +lü(p)l) with 

(9.11) plz, +pi(z)) = 63 (z, £¥2(z)) =z 
for all z € (—|t(p)|, +lü(p)l), and 
(9.12) lim  wi(r) =0, t= 1,2. 

(z1— {Ga (p)| 
The same facts hold for $4 and $2 with functions #4 and 2 on (—|ü(q)l, +|ü(a)l) 

if we exchange z and y and p and q everywhere. At zero w} and Ÿ? are uniquely 

determined by the equations 

+1/2 
(9.13) 1 = Aw(p) - g’ {At (q)w} (0)2 cos(27n18)}(1 — cos(4rn2s)) ds, 

+1/2 
(9.14) 1 — rite) | g'{Ad(q)#?(0)2sin(2rn1s8)}(1 + cos(4anzs)) ds. 

Analogous equations determine #?(0) and W2(0) uniquely. 

The proof of this theorem follows the same lines as those of the lemma and 

Theorem 9 in 88. (8.13) is now replaced by 

(9.15) Oy¢i(z,y) = W(q)/w(p)d2¢3(z, y) 
+1/2 

= ro(g) / [g'{Aw(p}z2sin(2rn2s) + Aw(q)y2cos(2rn1s}} 
1/2 

— g'{—Aw(p})r2sin(2rn2s) + Aw(q)y2 cos(2rn1s)}] 

x sin(2rn2s)cos{27rn1s) ds,
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which is less than 0 if z > 0 and y > 0. Similarly to (8.24), the boundedness of Ÿ! 
follows from 

(9.16)  d!(z, y) < Aü(p)izl / ’ (Ath (q)y2.cos(2mn1 8)}(1 — cos(4rn2s)) ds, 

which is less than |z| if y is only large enough. Here, g’ is taken from (8.22). 
For the following result, recall the definitions of Agp, Aj, and A?, from (5.19), 

and (7.11), (7.12), respectively. 

THEOREM 14. (i) Assume p¢ qZ. Then 

Alp = Mop = Agp 2 (Agr, too) AD iff 1 > w(q)/d(p) > 1/2. 
(ii) If p € 2qZ, then for all w(p) > w(q) > 0, 

Aap 2 (Agp too) # ©, 

but A? , is a bounded (possibly empty) region in R*. 
(iti) Fort = 1,2 we have 

\i(p)| > #5(0) for all A E (Ap, +00), 
01 (0) < lü(g)| wfAe Ag. 

PROOF. (i) follows from (7.13) and (4.10)-(4.11). Now, let p € 2qZ; i.e., ny = 1 
and m2 even. We consider the positive measures on T: 

(9.17) pi (ds) = Ad(g)g'{Aw(g)lä(g)l2cos(27s)} ds, 

and 

(9.18) u2(ds) = Arw(q)g’ {Aw(q)|a(q)|2 sin(27s)} ds. 

For A \, Ag we have [ü(q)| — 0 and A,w(q)g’(0) = 1 such that 

(9.19) u:(ds) — ds in the weak sense, 1= 1,2. 

For À — co, (4.11) shows u;(T) — À, but pi(ds) — 0 for all s # +} and 
u2(ds) — 0 for all s # 0,4. By the symmetry of 1 on 0 and the symmetry of u2 
on +, we get 

(9.20) Jim 1 = §(6174 + 63/4), im u2 = 5(60 + 6172). 

Now the positive functions 

(9.21) h;(À) = fo + (—1)' cos(4mnzs)) py; (ds), 

which by the assertion following (9.2) with p,q and n1,n2 exchanged are always 

less than 1, satisfy 

(9.22) im h;(A)=1 for i = 1,2, 

__ il 4rno Arn23 _ 
(9.23) Jim hy(A) = 7 (2 cos (2) — cos ( r )) = 0, 
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and 

(9.24) Jim ho(A) = ; (2 + 1 + cos (=?) ) = 1. 

Therefore 

(9.25) AL, = {Ahi (A) < &(q)/&(p)} 2 (Al), +00) # ©, 
while 

A% = {A, h2(A) < à(g)/ù(p) < 1} 
is a bounded, possibly empty region in Rt. This proves (ii). Now, the equations 

uniquely determining w/ (0) and w?(0) in Theorem 14, the assertion after (9.2), and 
the definition of At, yield (iii) immediately. O 

PROOF OF THEOREM 7. We have already seen at the beginning of this section 

that the branch of p-primary solutions does not have a secondary bifurcation in 7,4. 

Similar calculations as in (9.3)-(9.4), with p,q and n1,n2 exchanged, show that if 
à > w(q)/w(p) > 0 and p ¢ Zq, then there are no secondary bifurcation from the 
g-primary solutions. But if 1 > w(q)/w(p) > à and p ¢ Zq, then Theorem 14 and 
the symmetry properties of ¢1,¢? give us the existence of eight nondegenerated 
(|d:(p)| À 0 À 1ü:(q)|) fixed points 

(9.26) (+{0:(p)|,£l01(q)|) and (+[02(p)|, +152(9)1) 
of pl! and ¢?, respectively, which branch from the fixed points (0, +|%(q)|). The fixed 
points (9.26) establish the secondary solutions vi and v2 of (7.7)-(7.8) with 7, = 
ji = kj = 0,2 = 1,2. Rotating these solutions v,; by ro-(T+7/ne+kin1)/nin2(roro) 

with 

jin2 = x modn: and kin, =k; modng, 1 = 1,2, 

it is easily proved by the invariance of the set of solutions of (2.1) under rotations 

in T¢ that vy and v2 given in (7.7)-(7.8) are indeed secondary solutions by any 
choice of the parameters. 

In the same way, part (iv) of Theorem 7 follows from the results about A}, in 
Theorem 14. © 

Let us conclude with some remarks about the stability of the solutions. The 
fact following (9.2) proves that the p-primary solutions are p-stable and stable with 

respect to all directions u(q) € C. Similarly, the g-primary solutions are q-stable. 

In the case p ¢ qZ they are also p-stable if and only if À € Agp D (Agp, +00), i.e., 
if 1 > w(q)/w(p) > à and Ay(A) = ho(A) < w(q)/w(p). If, however, p € 2Zq, then 
one can show that the qg-primary solutions are stable with respect to all directions 
à(p) € C only if A € A}, N AZ, which is bounded in R*. It is hyperbolic or critical 

otherwise. If, for À € At, we denote by (|d,:(p)|, |d:(q)|) that fixed point of ¢' 
in (0,00)? with |0;(g)| maximal, then we have a hyperbolic or critical fixed point 

of ¢', which also gives hyperbolic or critical secondary solutions v;, 1 = 1,2, by 

(7.7)-(7.8). 
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