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ABSTRACT

The first part of the thesis consists of a paper published
in IEEE Trans. Aut. Control (vol. AC-28, n° 9, 1983), with
J.C. Fort and G. Malgouyres. It gives two methods of calculating
the exit time of a Markov chain from an attraction domain : this
time is extremely long, so we use an exponential change of proba-
bility (that of large deviations theory), for a fast simulation

and a non-standard approximation by diffusion.

The second part includes two papers published with J.C. Fort
in the Annales de 1’IHP, Probabilités et Statistiques (vol. 23,*
n°® 1, 1987), and in Biological Cybernetics (n° 53, 1986). In the
first one, we prove the convergence of Kohonen’s self-organizing
algorithm, in dimension 1. In the second one, we define another
self-organizing algorithm, which is a simplified variant of

Kohonen’s, and we prove its convergence in dimensions 1 and 2.

In the third part, published in Biological Cybernetics
(n° 58, 1988), we solve the problem of the connection matrix
calculus for a Mac-Culloch or Hopfield neural network, so as
to get the largest attractivity for the deterministic algorithm
and non-orthogonal patterns. Then we calculate the attractivity

of each memorized pattern, for a given connection matrix.

The last part is devoted to the study of the role of inhi-
bition in a nearest-neighbours-connected neural network. The model
closely ressembles the biological reality of the young animal’s
cerebellar cortex. We prove that, when inhibition is smaller than
a certain threshold, the network is ergodic and works in a sta-
tionary way. Conversely, when inhibition increases, striped or
moiré responses appear, whose form and width depend on the consi-

dered neighbourhood size.

KEYWORDS : Large deviations, Approximation by diffusion, Markov chains, self-organization,
Associative memory, Neural networks, Inhibitory coupling, Attractivity.
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INTRODUCTION

Cette thése comporte 5 articles. Les quatre premiers sont publiés.
Le dernier est une prépublication d’ORSAY-PARIS-SUD.

PREMIERE PARTIE.

GRANDES DEVIATIONS ET EVENEMENTS RARES DANS L’ETUDE D’ALGORITHMES STOCHASTIQUES.

(A fait 1’objet d’une publication dans IEEE Trans. on Aut. Control,
en collaboration avec J.C. FORT et G. MALGOUYRES) [6].

Pour estimer des probabilités extrémement petites, une méthode a
été fréquemment utilisée : la méthode de 1’échantillonnage préférentiel
([8sl). Cette méthode est fondée sur la remargue suivante : Si P et

£ sont deux lois de probabilité telles que P soit absolument conti-

d
nue par rapport a ﬁ. de densité — , et si X est une v.a.,

ap

dpP
Ep(X) = f; X(w) dP(w) = f; X(0) — (@) aB (o)
ap
Si X est la v.a. indicatrice d’un événement A rare sous la
loi P , événement presque impossible & observer au cours d‘une simu-
lation de loi P , on simule un n-échantillon sous une loi B rfavo-

risant l’apparition de 1’événement A, et on estime EP(X) = P(A), par

1 n dP
- 121 — (w;) 1, (w;). Cet estimateur est sans biais et convergent mais
n =
ag
1 apP 2 2
sa variance (— [Eﬁ (X —) - (BP (X))“]) n‘est pas contrdlée, et peut
n

ap

étre grande et Oter tout intérét & cet estimateur.

Pour des événements A du type '"franchissement” d’une barrieére
positive a pour un processus de Markov ayant 0O pour attracteur et
équilibre asymptotiquement stable, nous avons montré que le chanﬁement
de probabilité exponentiel utilisé pour démontrer les théorémes dits
de grandes déviations ([2], [4], [11]) fournit un estimateur optimal.
Il est en effet de variance minimum parmi tous les changements de
probabilité exponentiels, c’est-a-dire obtenus en remplagant la loi

partant de x, dp,(y) par di, (v) = C exp (v(x) y) dr, (v) .



Le changement de probabilité optimal est défini par v(x) = xx

avec Qx (Ax) = 0, pour Ex log-Laplace de My

Son interprétation est simple : si, par exemple, le processus de

Markov est défini par
1
dux (x+1) = p(x) =1 - dux (x-1), avec p(x) < ; ,

le changement de probabilité correspond a l’échange de p(x) et de
1 - p(x).

Ce changement de probabilité recentre le processus autour du '"che-

min de sortie” optimum (celui qui minimise l1/intégrale d“action

h, (x)
I(p) = f: X ax, avec hx transformée de Cramer de la loi ux).

A

Nous avons utilisé aussi ce changement de probabilité optimal pour
obtenir une formule approchée du temps d’atteinte de la barriére

a>o0, en utilisant une approximation diffusion non standard.
Soit o<y < X, << np < a

On évalue d’abord la probabilité, partant de XoH d’arriver en
n, avant d’arriver en vy . Cette probabilité est trés faible, elle
est calculée au moyen d’une approximation-diffusion du processus b4
transformé par le changement de probabilité défini ci-dessus. On
écrit ensuite des conditions frontiéres en X, pour évaluer la pro-
babilité, partant de 0O, d’arriver en n, , au moyen d‘une approxima-
tion-diffusion du processus X 1lui-méme, considéré au voisinage de O
comme un processus de Orstein-Ulhenbeck. On répéte enfin cette opéra-

tion entre n, et a.

On associe toujours au processus de Markov étudié X(t), le pro-
cessus & petits gains Xe(t) = eX(E) comme par exemple dans [3], et
les résultats obtenus sont des résultats asymptotiques quand & »> O.

Nous avons appliqué les deux méthodes (simulation et calcul appro-
ché) pour calculer le temps de fonctionnement prévisible d’un canal
de communication ALOHA, ([1], [9], [10]) : il s’agit d‘’un canhl parta-
gé entre un trés grand nombre d’utilisateurs, géré par une procédure

aléatoire.

Lorsque deux utilisateurs cherchent a émettre simultanément, ils
sont bloqués. Si 1’on note N(t) 1le nombre d’utilisateurs bloqués
a4 1’instant t, le temps de fonctionnement du canal est le temps
d’atteinte d’une valeur critique ng aprés laquelle N(t) tend
rapidement vers + oo. ]

Depuis la publication de notre article, plusieurs auteurs ont
appliqué ou généralisé ces techniques qui se sont révélées utiles :
par exemple DUPUIS et KUSHNER [7] ou de CAMBRY [5].



DEUXIEME PARTIE.

ETUDE D'UN PROCESSUS D’AUTO-ORGANISATION.

(A fait 1“’objet d’une publication dans les Annales de 1l’Institut
Poincaré, en collaboration avec J.C. FORT) [1].

et UN MODELE STOCHASTIQUE DE LA RETINOTOPIE.

(A fait 1“objet d’une publication dans Biol. Cybern., en collabo-
ration avec J.C. FORT) [2].

Dans de multiples réseaux de neurones réels, on constate certaines
propriétés d’ordre porteuses de sens : correspondances ordonnées entre
zones réceptrices dans le cortex visuel et orientations spatiales des
stimuli, rétinotopie, c’est-a-dire que des zones voisines de la rétine
sont en correspondance avec des zones voisines du cortex visuel, mémes

constatations en ce qui concerne le cortex sensoriel ou auditif...

Cet ordre n’est pas entiérement programmé génétiquement. Il se
met en place au cours d‘’une période d’apprentissage, pendant laquelle
les synapses se modifient suivant la régle de Hebb : 1’efficacité d’une
synapse se modifie de fagon & augmenter le produit de 1l“activité pré-

et post-synaptique ([4]).

Une disposition spatiale, une auto-organisation, se met en place
sous le contréle de l1’information regue. 11 y a "reproduction" con-—
forme des relations d’ordre, de voisinage, de ressemblance entre les

stimuli.

T. KOHONEN ([6], [7], [8], [9]) a défini un algorithme d”’auto-

organisation simple, basé sur la régle de Hebb et spectaculairement

efficace :

On dispose de N unités i=1,...,N, qui réagissent a un sti-
mulus w a n coordonnées (01,...,wn), en fournissant une réponse
n
z Hijj @5 L’uniteé i est donc caractérisée par son "image'”, le
=1 J
vecteur my; = (“11""’ “in)‘ On place My, My, ..., My dans le
méme espace gue les stimuli et on les normalise. Un systéme de voi-
sinage {UV(i) / i = 1,...,N} est défini. Au temps t=0, les mi(O)
sont aléatoires et indépendants. Si (mi(t)) est 1l7état au temps
t , on présente au temps (t+1) un stimulus wt+1, tiré suivant une
loi P- On détermine alors i numéro de l1‘unité appelée par o

o’
(unité de meilleure réponse) par



t+1

lo**Y = m; ()] = min Jo - my ()]
o i
et on renforce l’ajustement en i, et en ses voisins, en posant
pi3t =iy + e(r) (0 - piy) si i€V (1, U (i)
g§;1 = #§5 , sinon

avec & petit et positif.

(On applique une homothétie de rapport 1-& et de centre ot+l

au point io et A& ses voisins : on les rapproche entre eux et aussi
de wt*l).

Cet algorithme (en version discréte ou continue) définit un
processus de Markov, convergent vers un maillage (m:l (ee)), qui re-
produit la densité p des stimuli o et leurs ressemblances mu-

tuelles.

T. KOHONEN a présenté de nombreuses applications de cet algo-
rithme. Mais il n‘’a pas donné de démonstration explicite de la con-

vergence de l’algorithme, méme s’il en a esquissé quelgues arguments.

Dans le premier article de cette partie (Etude d’un processus
d’auto-organisation), nous avons démontré la convergence en loi du
processus m(t), pour des unités alignées, en dimension 1, avec p
uniforme et & fixe, (contrairement a ce gqu’annoncait T. KOHONEN,

il n‘’est pas nécessaire que &e(t) tende vers 0).

On montre que la convergence se fait en deux phases : une phase
de mise en ordre correspondant & l‘entrée dans une des deux classes
absorbantes (dispositions monotones) et une phase de convergence pro-
prement dite. Pour cela, nous montrons que la mise en ordre s’effec-
tue en un temps fini et gue la chaine est Doeblin, en prouvant l1l’exis-
tence d’un entier m et d’une constante C > 0, tels gue, pour tout
X ordonné, et tout ensemble E de mesure de Lebesgue A(E) > O,

P®™ (x, E) > C A (E).

Il est facile de mettre en évidence une fonctionnelle décroissante
au sens large du temps : c’est un indice de désordre, mesuré par le
nombre de triplets (mi—l’ m;, mi+1) non ordonnés, c’est-a-dire véri-
fiant (mgj,q - my) (my = my_,) < 0. Mais il faut démontrer que cet
indice décroit strictement en temps fini et avec une probabilité

strictement positive.

Il est donc nécessaire de construire "& la main"” cette minoration,

la chaine étant non classique et a états dans [0,1]N.

Nous avons enfin étudié le cas ol e&(t) » 0 : si T e(t) = + oo

et X ez(t) < + o0, (conditions classiques des algorithmes de Robbins



et Monro ), la chaine converge presque sQGrement vers une situation
constante m* , solution d’un systéme linéaire explicite, qui avait
été écrit par T. KOHONEN & partir de raisonnements en moyenne. Oon
constate gque chague point m; est le centre de gravité de la densité
p sur la région d’influence de i, c’est-a-dire l’ensemble des

dont le tirage "appelle” i

Malheureusement, la démonstration des mémes résultats en dimension
2 s’avére & peu prés inextricable bien que la démarche soit semblable.
Ce qui cause la complexité des démonstrations (mais aussi 1’efficacité
de l1’algorithme), c’est le fait que le stimulus o soit tiré au hasard
et qu’il appelle un indice io (1’unité la plus proche) sans qu’il
soit facile d’expliciter cette v.a. io'

On peut alors penser a tirer des stimuli qui soient eux-mémes
des points du réseau, mais alors l’ensemble des (mi) se concentre
en un seul point, puisqu‘’a chaque présentation, on contracte les

distances mutuelles.

Ceci nous a amené & proposer, dans le 2° article de cette partie,

une variante de l’algorithme de KOHONEN : on tire un stimulus o qﬁi
correspond directement & une unité i : si (m}) est la situation a
l17instant t et o = io , on définit m§+1 - mg si i n’est pas
voisin de i, et
t+1 t t
m; = m (1 - jV]l/e) + e > m;
i i ' i'8u(ig)

si i€V (iy).

Pour i € VU(i,), m?*l est le centre de gravité de m§ et de

{mg,, i’ e U(io)} pondérés respectivement par 1 - |U|] &€ et & .
Cet algorithme obéit 1lui aussi & la régle de Hebb.

.Pour éviter la dégénérescence du réseau vers un seul point, on

fixe les bords, c’est—a-dire que par exemple en dimension 1, m§ et

mﬁ sont constamment égaux & O et a 1.

Alors nous démontrons, en dimension 1 ou 2, avec e fixe et

suffisamment petit, la convergence en loi de m(t) vers un maillage

aléatoire indépendant de m(0), "ordonné". Nous calculons 1‘’espé- -
rance de m(oo) et bien sOGr montrons que lorsque & = e(t) tend
vers O (avec ¥ e(t) = + o, I ez(t) < + o0), m(t) tend vers

E (m(e0)) p.s.



Les démonstrations sont plus simples dans ce cas, car on dispose
d’une écriture de m(t+1) en fonction de m(t), de la forme
m(t+1l) = zt+1 m(t) + wt*l. ol Zt+1, wt*l sont des matrices
aléatoires explicites. On utilise des résultats de KESTEN [5].

L’algorithme de KOHONEN a de nombreuses applications dans tous
les domaines ou s’effectue une auto-organisation : rétinotopie, recon-
naissance et classification de phonémes, construction de maillages
(de dim 1 ou 2 principalement) pour "remplir" des figures de dimen-

sion supérieure, etc...

On trouve dans FORT [3] une intéressante application & la solution
du probléme du voyageur de commerce. Une autre jolie illustration a
été donnée par RITTER et SCHULTEN [11] : si apreés stabilisation d’un
maillage de KOHONEN, on change la loi de présentation d‘’un stimulus
w , il y a déformation et convergence vers un autre maillage adapté
4 la nouvelle loi. Cela modélise de maniére particuliérement simple
la réorganisation du cortex sensoriel aprés un traumatisme affectant

une zone externe, comme le décrit par exemple MERZENICH [10].

On peut poursuivre l1‘étude de cet algorithme dans deux directions
la démonstration de la convergence en dimension > 1, son application
dans des domaines variés (tous ceux ol 1“’on utilise des maillages

adaptatifs).



TROISIEME PARTIE.
STABILITE ET ATTRACTIVITE DANS DES RESEAUX DE MEMOIRE ASSOCIATIVE.

(A fait 1’objet d’une publication dans Biological Cybernetics) [1].

Ce travail porte sur les réseaux de neurones, domaine de recher-

che trés vivant et en pleine expansion en ce moment.

Les automates cellulaires ont été introduits il y a 40 ans (MAC
CULLOCH et PITTS, 1943 [5]). Mais depuis les années 1970, les recher-
ches sur les réseaux se sont considérablement. développées en informa-
tique d’une part, (calculateurs paralléles) et biologie et physique
d’autre part (réseaux de neurones, problémes d’apprentissage, de mé-
moire et de reconnaissance, utilisation des outils de la mécanique

statistique). La bibliographie en est trés importante.

Dans un réseau de neurones, il n’y a pas co;respondance bijec-
tive entre objet & mémoriser et neurone. Les neurones sont connectés
les uns aux autres. Rappelons que dans le cerveau humain, on compte
1012 cellules nerveuses et que chacune est reliée a environ mille a
dix mille autres cellules. Au cours de la présentation d’un objet
a4 mémoriser (un patron), un certain nombre de cellules sont excitées
et chaque cellule du réseau est alors codée par les réponses de toutes
les autres. On suppose, en général, dans ces modeéles que les connexions
sont totales. Elles sont définies pendant la période d’apprentissage
suivant la reégle de HEBB [2] : une connexion est consolidée chaque
fois que les deux cellules qu’elle relie sont dans le méme état.
L’apprentissage consiste en la présentation ségquentielle d’une suite
de patrons et aboutit a la formation d‘une matrice de connexion qui

caractérise alors le réseau.

La mémoire est donc distribuée : c’est tout le réseau qui parti-
cipe a4 la reconnaissance d‘un patron, et on veut qu‘elle soit asso-
ciative, c’est-a-dire qu’en puisse retrouver un patron a partir d’une

présentation d’un objet déformé.

Beaucoup d‘auteurs ont contribué a progresser dans la définition
de tels réseaux : VON NEUMANN [10], ROSENBLATT et son Perceptron [9],
etc... On trouve dans le livre de KOHONEN [4], outre une présentation

de ses propres travaux, un bon panorama de ces recherches.

A partir de 1982, l1‘apport des physiciens (HOPFIELD [3]) a permis

des progreés trés intéressants. On considére N automates & deux états :
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+ 1 (actif), - 1 (inactif), des connexions complétes et symétriques,
calculées a partir des patrons a mémoriser (€ {-1, +1}N) selon la
régle de HEBB [2]. L’utilisation des outils de la mécanique statisti-
que, des notions d’énergie et de température ont permis de grandes
avancées et de multiples travaux ont été publiés. Voir la bibliogra-
phie de l1l’article.

En général, les patrons a mémoriser sont aléatoires, les connexions
également et 1’évolution du réseau est commandée par des régles déter-—
ministes ou aléatoires suivant les auteurs, consistant A favoriser

l’alignement de l‘’état du neurone i sur ce qu’il regoit en prove-

nance de tous les autres soit V. =3} C o (C représente l’effi-
i 5 ij Y3 ij

cacité de la connexion de j vers i , et gy = + 1 est 17état du

neurone j). Les résultats obtenus sont asymptotiques , quand N > oo.

Cependant comme l‘’ont remarqué PERSONNAZ et al. [8], les patrons
ne sont pas nécessairement des points stables de l’algorithme, ce qui
explique, entre autreé,*la capacité assez faible de ces réseaux : on

peut stocker de maniére fiable environ 0.14 X N patrons.

Ils ont proposé dans [8] un calcul des connexions qui correspond
4 la reégle de Hebb dans le cas orthogonal, et assure la stabilité des
patrons quels qu’ils soient (on les suppose seulement linéairement

indépendants).

Leur article a été le point de départ de mon travail. J’étudie
l’algorithme déterministe et pour améliorer la capacité de mémoire
du rééeau, je propose une méthode de calcul de la matrice des connexions
qui rend les patrons non seulement stables, mais attracteurs et d‘’une
attractivité maximale. Je calcule alors cette attractivité. J7utilise
pour cela une interprétation géométrique simple des inégalités qui
définissent l1‘attractivité a distance k .

Bien sOr l‘utilisation d’une température décroissante, de patrons
tirés au hasard de fagon a &tre pratiquement orthogonaux, de connexions
avec effacement progressif des patrons les plus anciens [6], de multi-
connexions [7], et d’autres raffinements, permettent d’améliorer les

performances de ces réseaux.
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QUATRIEME PARTIE.

ANALYSE MATHEMATIQUE D’'UN MODELE DU CORTEX CEREBELLEUX.

La derniére partie est consacrée a l7étude d’un réseau de neurones
proche de la biologie : nous sommes partis de la modélisation du
cortex cérébelleux qui a été particuliérement étudié depuis CAJAL [2],
juéqu’a CHAUVET [3] par exemple, en raison de sa structure plus simple

que celle d’autres réseaux de neurones.

LLe but est d’étudier le réle des collatérales inhibitrices récur-

rentes qui relient les cellules de Purkinjie, cellules de base du
cervelet. La modélisation proposée est fondée sur des travaux de
physiologie (par exemple [4}) et provient du modéle établi par

H. AXELRAD [1], modeéle qui est trop complexe pour &tre analysé mathé-

matiquement.

Le modéle étudié consiste a attribuer a chague neurone & l‘instant
t un état X} , de sorte que (X}) est un processus de Markov. Au
cours du temps Xg décroit linéairement, et la décharge du neurone i
a lieu gquand X} = 0 ; cela alors provoque la surcharge de ses voisins
d’une certaine quantité e qui représente un effet inhibiteur, et la
réinitialisation en i suivant une v.a. de loi donnée . On peut
interpréter l‘état du neurone comme le complément au seuil de décharge

de son potentiel.

On étudie les propriétés mathématiques du processus de Markov
(Xt) . Il est récurrent tant que € est plus petit gqu’un certain
seuil eo (inversement proportionnel a la taille des voisinages consi-

dérés), il est transient quand 6 > eo.

Les difficultés viennent du fait que l1l’ensemble des états possibles
est dense dans ([R"')N et gue toutes les composantes de (xt) sont in-
terdépendantes. La démonstration de la récurrence utilise des arguments
techniqueé adaptés A& la définition méme de la chaine. On démontre
d’abord 1’irréductibilité et l’apériodicité du processus. Puis on
établit une majoration de 1“état en i par 1’état qui serait observé
si le neurone i était inhibé par des voisins eux-mémes non inhibés.

On associe alors en chaque point voisin de i une marche aléatoire

de loi % correspondant & l’activité "propre'" en ce site. On peut
utiliser la loi des grands nombres, des inégalités type grandes
déviations et des arguments de renouvellement pour ces marches aléa-
toires. On calcule ensuite quand la chaine est ergodique, la
fréquence moyenne de décharge de chaque neurone. Dans ce cas, l‘’inhi-

bition provoque simplement un ralentissement général de l‘activité.



Dans le cas transient, on observe toujours une récurrence sur un
sous-réseau, tandis que sur le complémentaire les états tendent vers
+ oo, Il apparait alors une réponse périodique du réseau, une sorte
d’échantillonnage spatial dont la période est liée & la taille du
voisinage et & la force de 1“inhibition.

C’est donc en augmentant l“inhibition, qu’‘’on provoque des réponses
en bandes ou en moirures, réponses gui sont caractéristiques des réseaux

neuronaux biologiques [7].

Si de plus on superpose au réseau des stimuli (en excitant certains
neurones, c’‘’est-—-a-dire en les réinitialisant aprés chaque décharge par
une v.a. de loi ¥’ avec E(¥’) < E(¥)), on observe les mémes phénoménes.
Bien sfir, l1“’échantillonnage spatial s‘adapte alors a la forme des zones

excitées.

Ces démonstrations sont illustrées par les nombreuses simulations
faites et sont en accord avec les résultats expérimentaux obtenus par
simulation par J. HERAULT [6] en traitement du signal et avec les ré-
sultats de neuro-physiologie : cartes d’orientation préférentielle,

de dominance occulaire du cortex visuel par exemple... [7].

Cette étude "de l17intérieur du réseau" apporte une meilleure compré-
hension du réle de 1’inhibition, et en particulier du fait que 1/ inhi-
bition latérale (zone inhibée au voisinage immédiat d’un neurone excité)

éclate quand 1’inhibition augmente.

Les techniques de chaines de Markov de grandes dimensions utilisées
permettent de décrire le comportement du réseau dans sa globalité.
Jusqu’a ces derniéres années, on ne mesurait l’activité électrique que
d’un ou deux neurones. Mais la possibilité d’enregistrer simultanément
l’activité de populations nombreuses de neurones donne toute sa place
a4 une modélisation globale [5]. Ces modeéles n“’en sont probablement

gqu‘’a leurs débuts.

De plus il me semble que ce modéle est riche d’interprétations et
d’applications dans d’autres contextes que celui du cervelet, en
cristallographie par exemple. La forme des réponses divergentes
obtenues dans le cas transient peut sans doute &tre mise en rapport

avec la théorie des graphes.
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Large Deviations and Rare Events in the
Study of Stochastic Algorithms

MARIE COTTRELL, JEAN-CLAUDE FORT, AND GERARD MALGOUYRES

Abstract —New asymptotics formulas for the mean exit time from an
almost stable domain of & discrete-time Markov process are obtsined.

An original fast simulation method is also proposed. The mathematical
background involves the large deviation theorems and approximations by a
diffusion process. We are chiefly concerned with the classical Robbins—
Monroe algorithm. The validity of the results are tested on examples from
the ALOHA system (a satellite type communication algorithm).

INTRODUCTION

N this paper we study the exit time from an almost stable

domain of a discrete-time Markov process. This belongs to
the reliability theory and we will develop such applications. But
one can encounter the same problems in population dynamics
and in the physical theory of metastability (in the work of
Penrose and Lebowitz in a much more complex context [19]; for
population dynamics, see [18]).

We have chosen to restrict our domain of investigation but to
explore it with some accuracy. We will only consider Markov
chains with discrete time, making “small” jumps over R™. Typi-
cally, this is the case of the well-known Robbins—Monroe algo-
rithm with constant gain e: X,,,= X, + €V(X,, w), where ¢ is
small and ¥(x, -) is a random increment at x. Our purpose is to
describe the behavior of such an algorithm which is claimed
convergent after looking at the mean-differential equation (ODE);
for example, let b(x) be the mean value of ¥(x,-) and assume
that b(x) has the opposite sign of x. Then 0 is a stable equi-
librium point of the ODE dx /dt = b(x). However, in almost all
cases (V(x,-) is Gaussian or Poisson distributed, etc.), fixing a
barrier a > 0, there is a probability 1 that X, passes through after
a sufficiently large time. So it is of interest to know how long it
takes to reach a well-chosen barrier, and to know how it happens.
This is what we solve in simple cases and give the tools to solve in
more general cases. (Note that the same methods could be used
when there is dependence between the successive V(X,,-) (see
[20]) or when X is a continuous time process.)

Working on some problems about transmission algorithms we
give applications in an ALOHA system. We will describe ALOHA
later on. But let us show another possible application: the phase-
locked loop [3].

Messages aré emitted from a source; each message is a se-
quence (@,), c z Witha, = e'*", ¢, € (2n/N)+(2kn/N), k € Z).
This means that the phasc ¢, contains all the information. The
received messages are sequences (,), ez With y, =L ¢ 2542, &
+ v, where the channel characteristics S = (s, ), < z and the noise
sequence (v,), ¢ z take complex values; that is to say that y, is a

Manuscript received June 15, 1981; revised March 29, 1982 and June 7,
1982. Paper recommended by S. I. Marcus, Past Chairman of the Stochas-
tic Control Committee. .

M. Cottrell and G. Malgouyres are with the Universite Paris-Sud,
Orsay, France.

J.-C. Fort is with the Universite de Nancy, Nancy Cedex, France.

mmngofthcsngnda,,,a,, 1»@n—12,° . The problem is to
estimate (4,), <z, the phases of (a,),,u A classical estimator
(Boucle de Costas [3]) is (Im z is the imaginary part of z)

¢n+l '¢n - ‘Vn(¢n)

Vo(9) =9, (nre ")

the corresponding ODE is (assuming sumonan
— b(¢) where b(¢) is the mean value of T, (y"e ~'**),

The right-hand side of the ODE is derived from a periodic
potential with a minimum value in each interval [(2k — 1)w/N,
(2k +1)n/N). So when the phase ¢, is in one of the darkened
domains of Fig. 1 there is a large probability of erroneous
interpretation and we observe a packet of errors.

We are interested in the mean exit time from ¢} to the next
attraction domain. An immediate application of this work gives
an explicit formula (when s, = 0 except s,) closer to reality than
those given by a standard diffusion approximation.

A possible extension would give such a formula in more
general cases, assuming good properties of ergodicity. :

The content of each section is as follows. Section I contains
some asymptotic well-known statements describing at different
degree of precision the behavior of the Robbins-Monroe algo-
rithm as € — 0. The two main results are exposed in Sections II
and III. In Section II we give the principle of a probability
change used for quick simulation (importance sampling) and
prove its best optimality among a large class. This solves an
important problem which is encountered in simulation practice.
Section III provides an analytic formula for the mean exit time
from a quasi-stable domain using an approximation by a diffu-
sion process, following the previously mentioned probability
change. Finally, in Section IV we apply the two preceding results
to sharing time algorithms issued from the study of the ALOHA
system. We submit that the numerical results are quite conclusive.
Two appendexes complete this paper. In Appendix I we present
the definitions and the basic mathematical theory useful to
understand the text. In Appendix II we give indications about the
proofs of the theorem of Section II.

de/dt=

I. LARGE DEVIATIONS

We examine algorithms with discrete-time small constant gain
defined by

Xe=x, €R™
Xoi1= X+ eV, (X, 0).

X; €R™, that is to say X, is a time homogeneous Markov chain,
with small increments (see [4]).

0018-9286,/83 /0900-0907$01.00 ©1983 IEEE
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The mathematical results will be asymptotic when ¢ — 0.

Let g, be the distribution of ¥, if Xi=x, and b(x)=
EV,(x,w)=E(p,)= [ydp,(y) be the expectation of p, (Note
that b(x) does not depend upon n because of the homogeneity of
the process.)

A. General Hypotheses

In all this work, we need some general hypotheses about the
process (X;); the distribution p, must vary slowly between
the instant n and the instant n + 1. More precisely, we need the
following.

1) E(exp(t,y)dp,(y)<+oo for each x, ie., p, has a finite
Laplace transform (see Appendix I-A-1).

2) d(p,, ) < Clly - x]|| where d is the Prohorov distance [5],
i.e., p, is a Lipschitz function of x.

Thue hypotheses are currently true in many usual recursive
algorithms (see [3]).

The space Q is the space of the right-continuous functions with
left-hand limits (cad-lag) R* = R™, endowed with the Borel
c-algebra for the Skorohod topology [5] and the probability P.
We denote by P¢ the probability associated with the process
(X;). See [4] for a more precise definition.

The first result is a law of large numbers.

1) Law of Large Numbers: Let x°(t) be the deterministic trajec-
tory solution of the ordinary (or mean) differential equation
(ODE)

ORI

x"(0) =X,

if X; = x,, then
V>0, VT<+oo, P( max |X;-—x°(¢n)[>'q)—»0
O<ne<T

when ¢ — 0 (see [7] for technical assumptions).

Since the space scale is small (the increments are multiplied by
¢), we get a result where two scales of time appear: n for X}, and
ne forx’(t) So let us contract the time, consxdcnngthatthe
process jumps at instants ¢ = ne, and denote X*(f) = X; /.. Then
this first result means that the process X*(¢) converges uniformly
in each interval [0,7] to the deterministic process x°(f). The
equivalence ¢ «» ne defines the change of time, “n corresponds to
¢” means that X; is the point near x°().

‘This result allows the application of the ODE method [4].

A first evaluation of the deviation between the (contracted in
time) process X*(#) and its deterministic limit is given by the next
theorem.

2) Central Limit Theorem: Let us define Y*(¢)=(X*(f)—
x°(1))/Ve . Then, with some technical assumptions (see [7]), the
process Y*(¢) converges weakly when ¢ =0, on [0, 7] to Y*(¢),
the solution of the stochastic differential equation

4Y*(1) = 22 (x*(1)) ¥°(0) de + T (x°(1)) W (1)

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. AC-28, NO. 9, SEPTEMBER 1983

where W(r) is the Brownian motion and I'(x°(¢)) is the
variance-covariance matrix at instant ¢ of the distribution g .,
(see [15)).

Even if these theorems indicate the convergence of X*(¢) to
x°(t), it is possible to observe rare trajectories where X(¢) is far
from x°(t). These are very small probability events, explained by
the distribution tails, which are systematically replaced by normal
tails in the central limit theorem.

3) Large Deviation Results: We recall in Appendix I the main
definitions and results we need. _

We denote by ji, the Laplace transform of the law p,, /, its
logarithm, and k, its Cramer transform, &, (u)=sup,((s,u)—
1.(s)).

Let € (resp. G) be the set of the continuously piecewise
differentiable applications ¢: [0,7'] (resp. R*) = R™, such that

9(0) = x, fixed. The elements of C, (and ©) are called paths.

Ifpe @,-, the action integral along @ is

19)= [ hyr (8(1))

where ¢(?) is the derivative of ¢ at the point 7.

First we give an equivalent (when € — 0) of the probability to
stay inside a tube along a path g.

Theorem 1 [21], [22]: Let 8 > 0, ¢ be a path of C;. Let T3(¢p)
be a tube around ¢, with diameter §; that is, the set of the
trajectories of X(¢), issued from x,, such that

vie[0,T], X (1)-p(1)<8.
Then, there exists §, such that for 0 < § <3, we have
lim (- clog P*(T3(9))) = 1(#)+a(3)
with
al.l_r;noa(lS) =0.

This result does not permit us to calcnlate P*(T5(9)), even for
asmallc,butxtpermnsusm tubes: as soon as
I(9) is different for two tubes, their probabilities are very differ-
ent for small ¢. The value exp(— I(p)/¢€) is a measure of the
resistance of the process to follow the path @; if ¢ is the solution of
the mean differential equation (ODE), then ¢(¢) = E(n,)= b(x)
and h,(,)(¢(t))- 0 for each ¢, so I(p)=0.

For 1, some assumptions are necessary.
One can fmd them in [7), but tbe following are of interest.

The Cramer transform must slowly vary between two close
points x, and x, (it is nearly the same as the second one of the
general hypotheses).

The Cramer transform h,(u) increases at infinity faster than
llull. This expresses that the tail of the distribution p, is not too
big.

A complete proof can be found in [21], [2].

Corollary 1 {21], [2]: With the same assumptions, let B be a
measurable set of tra;ectones such that inf(I(p)/p € BN C )=
inf(I(9)/p € BNEy), then

lim (- elog P(B))= inf I(9).
€e—=0 9EBNCy

Let us comment on this corollary. Generally, we apply it to
events B such as exists from an attraction pool, reaching an
exterior region &. (See Fig. 2.)

The exit probability is the sum of the probability of different
exit tubes, approximately

§C’W(“I(¢k)/¢)

but only the smallest coefficient I(g,) is important (because of
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the exponential). So the exit will follow approximately some
optimal path ¢, whose action integral is minimum.

Optimal Path and Probability Change: To determine the opti-
mal exit path ¢, (starting from x,) is therefore to minimize the
action integral [Thy,,(¢())dt among the paths ¢ such that
9(0)=x,, p(T) € 6,(5' is free). It is a dynamical programming
problem to solve.

The main tool of these demonstrations is a probability change:
if we want to reach & with the greatest probability, we need to
follow @, and for that, transform the probability measure g,
into fi, in such a way that the transformed mean field will be
tangent t0 g,

More precisely, i, is defined by dji,(y)= (e’ dp,(y))
L(B<(A,)), A, being chosen in such a way that if x = @, (?),
b(x)= E(fi) = $op:(?); that is to say

/yeh‘ydﬂx(}’) _ i)
(X)) i(A,)

The path g is a solution of the new ODE dx /dt = b(x).

Further, we will denote by ji,, X*(¢), P*, and P the transformed
form of p,, X*(2), P¢, and P, respectively.

4) The One-Dimensional Case: In the one-dimensional case it is
very easy to find the optimal path g,,. i

Let be m=1, X‘(0)=0, and E(p,)=b(x) with the sign of
(— x) for each x. Thus, in Fig. 3 the point 0 is an attractor. Let
a> 0, and B be the set of trajectories w starting from 0, reaching
a before coming back to 0.

In this case, the exit point is necessarily a. And by Corollary 1,
we have

=U(A) = fope (1)

(li_{lg)(-flosP‘(B))

= ;nﬁ(l(w)/v(o)=0.w(T)=a,v €B).

To find this minimum, we can restrict ourselves to injective ¢
(h > 0). Then the variable change x = p(?) leads to

1(w)=forh.,(,,(¢(r)) dr=£ah‘—§:‘ldx

where x = (¢~ '(x)).
The minimum of /(¢) is obtained by a point-by-point minimi-
zation of h(x)/x. Hence, the optimal path g, is defined by

hw(:)(“)
u>0 u

Rt (Fope (1)) o
boll)  w

which is the slope of the tangent A issued from 0 to the graph of

u = hy,y(u). (See Appendix I-A-3-a) )
If x(p(1)) is the point where hg,(x(9(2)))/x(9(1) is

minimum, and equal to A, the optimal path is. hence the

solution of
¢(0)=0.

Then I(9,,) = [¢A . dx and A, satisfies the equation A’ (x(x)) =
thus
X1

Q-
2~ X(#),

LA )=k (x(x))-x (%)~ h(x(x))

(because of the reciprocity of the Cramer transformation (Appen-
dix I-A-3-a), [ is h, transformed), hence /,(A,) =0, by defini-
tion of x(x) because the tangent passes through 0.

So we get

a
lim —elog P¢(B) = [ A dx
lim ~ clog ()/0

where A is a solution of /,(A,)=0and A, > 0.
We actually have I;(A,) =L (h(x(x))=x(x) (property of
the convex duality: Appendix I-A-3-d), and I;(A,) = G (1)

The probability change p, — ,, defined by the coefficient
A, is therefore that one which centers the measure “around”
the optimal path.

II. - QUICK SIMULATION METHOD

If A is a rare event in relation with some Markov chain, it is
quite impossible to estimate P(A) by a direct simulation, for the
length of the trajectories would require a frightfully large time of
computation. Moreover, the time of simulation would be larger
than the geriod of the pseudorandom numbers generator (gener-
ally =2%-510%). For example, if P(A) is estimated from an
n-sample (X, - -, X,) of Bernouilli distributed variables ( X; are
computed from Markov chain trajectories) by

F=13 x,

its standard deviation is \/P(4)(1— P(A4))/n. To have a 20
percent error on P(A) with 95 percent of confidence, we must
take /1— P(A4) /y/nP(4) <0,1 and then for P(4)=10"*, we
need a 106 sample.

So our idea is to use the probability change exhibited in the
proof of Theorem 1 to realize a fast simulation. First,
we recall the principle of the importance sampling meth-
od of simulation [I13]: if P is absolutely continuous with
respect to a probability P*, we observe that P(A) =
[4dP/dP*(w) dP*(w). Thus, we can carry out an n-sample
@y, *,w, of distribution P* such that P*(4) > P(A) and take
the estimator (unbiased and convergent)

— 1{& dP

P -5 £ etonnatan)

whose standard deviation is (f,(dP/dP*)*(w) dP*(w)—
P(A)*)'/? which is smaller than the preceding if dP/dP*(w) is
<1 on A. In fact, the problem is how to choose the new
probability P*. If it is badly chosen it can give a very bad

estimator, that means with a great variance.
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We solved this problem in a particular situation (we keep the
notations of the previous section): X*(t) is a Markov chain over
R and ep, is the jump distribution at x, b(x) is the mean value of
.. We suppose that b(x) has the sign of (— x), so that x=01isa
stable equilibrium point of the ODE. We define 4 by (a is a real
positive barrier)

A={0ew(0)=0, (V1 eR% ) u(r) >0,
(AreR%) w(1)>a).

A is the event (X passes through a before coming back to 0).

Our result (Theorem 2) is that the probability change used in the
large deviation theory is asymptotically (¢ — 0) the best. To prove it
we apply the results of Section I. So let us summarize the natural
conditions required for a good approximation of € — 0 by e fixed
as follows.

“p, is a Lipschitz function of x”: the jump distribution has
slow variations in the time. For example the variation is small
from x to x + eb(x)+ Ve a(x). (0(x) is the standard deviation of
By

¢ is “small”: the ODE is a good first approximation of X‘(t)
the ratio veo(x)/a is sufficiently small (o(x) has slow varia-
tions).

Note that the choice of the probability change of the large
deviations P - P is quite natural, for we know that P‘(A) is
exponentnlly (as € — 0) concentrated near_g,, which gives the
minimum of I(p), p €4, and that P— P tumns @ope into the
solution of the new (for P) ODE (starting from any x > 0).

Thus, we are sure that P(A4) > P(A).

'l‘lnsremarknssullvahdmanycase,andthechangel’-»}’xs
always asymptotically optimal (even if we do not write it down in
a more general situation) (see another use in [7]). We give a
definition and Theorem 2.

Definition: An exponential change of probability of a Markov
chain over R (we can easily extend to R™) X(?) is defined by a
bounded continuous function x — v, from R to R. The trans-
formed chain X*(¢) is given by its jump distribution at x, p}

e"x'}'
dpt(y)=———dp,(y).
pr(y) i oy »)

P* is the corresponding probability on Q.

- In that sense the transformation P — P is obtained foro, = A,
where I, (A, )-0 and A, =0 for x €0, al.

Theorem 2. Amongalltheexponcnualchangcsofprobablhty
thctransformanonP—»Plsasympwucallyopumalmthcsense
of the variance:

is minimum. (A is the event we defined above.)

This result solves the difficult problem of the right choice for
the change of probability in the fast simulation practice.

Concerning the optimality of this transformation, we want to
emphasize the following points.

1) One only needs to compute the A ’s, the solutions of
1,(A,) = 0. In general, this is not a big problem, even if ji, is not
known. In the example of a process which jumps of +1 or —1
with probability p(x), 1- p(x), A, =log1~ p(x)/p(x), thus
we just have to evaluate the parameter of a Bernouilli distribution
which is a very simple task and not too expensive.

2) Even if the computation of A, is not very precise, we hope
the simulation will be greatly accelerated (but be careful: a large
A, gives an illusory feeling of acceleration).

3) Finally, one last remark: in the actual simulation we must
not forget that the tails of the jump distributions are very
important.

We put the proof of Theorem 2 in Appendix II
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III. APPROXIMATION BY DIFFUSION

A. Introduction
The simulation methods are of much interest because of their

accuracy.

However, if an approximate value is sufficient (for example,
with an error < 20 percent), we are tempted to use simple and
quickly computable formulas.

First we expose the general concept of our approximation by
diffusion in a general context too. Then we derive analytical
formulas in the one-dimensional case (as in Section IT).

Thus, suppose that the ODE dx/dt=b(x) derives from a
potential ¥, with V(0) minimum (sce Fig. 4). .Let D be the
attraction domain of 0. Its boundary 3D is supposed sufficiently
regular. The large deviation theorems tell us that to exit from D
starting from 0 is almost the same as to follow the path minimiz-
ing I(¢) with ¢(0) = 0 and o(T") € dD, T is free. At this step, we
only get an evaluation of the log,anthm of the probability to exit
from D without returning near 0 (see Section I). We want to
overcome this difficulty using a good diffusion approximation, in
contrast to what we will call a standard one. Recall that our goal
is to give an analytical formula for the mean exit time from D.
We propose to proceed as in the simulation, except that we must
take into account that we use continuous approximations. So let
U and U’ be small neighborhoods of 0, and dU and aU’ their
boundaries, respectively, with U’ C U. (See Fig. 5.)

First we estimate the probability p(x), starting from x € U to
pass through dD before dU’ (as we do by simulation for the
probability of passing through a without returning to 0). Here in
fact we obtain equivalence when U’ — aU.

Second, in U we approximate our process by a simple diffusion
process, such as (OU) the Ornstein-Ulhenbeck process (see [11]),
which is very close to the real process.

Then, noting that the time spent in U is very large compared to
the time spent in D\U, we neglect the sojourn time in D\U.

We can now give a condition on the behavior of the OU
process at the dU; at x € dU the process is reflected
with a probability 1— p(x) and absorbed with a probability
p(x). The mean exit time from D is thus approximated by the
mean time before extinction (or absorption).

Let us now give actual calculations in the one-dimensional case.



COTTRELL ef al.: LARGE DEVIATIONS AND RARE EVENTS 911
bix) —_- , & 4
— o — —

~
bix)

Fig. 6.

The notations are still the same except for small modifications.
We write ji(x,s) for ji,(s) and the subscripts indicate partial
derivatives. We recall that

b(x) = E(k,) = £,(%.0) = (x,0)

az(x)' var(p,,) -ﬁ::(x’o)—[ﬁs(xvo)]z‘

Let us put n, for 0 (stable equilibrium point of the ODE) and
let us suppose that n, is an unstable equilibrium point, and that
b(x) has the same sign as (x — n,)(x — n_). (These notations will
be used in Section IV.)

The problem we examine is very close to the one of Section II,
so we introduce the probability change of large deviations and
the corresponding process X* with jump distributions i,

I;(x)= E(‘ix) -ﬁs(xio)sﬁ':(x’}‘(x))
3(x) = var(f,) = f,, (%, A(x)) - [, (x, A (x))]*

where A(x), for x € [n,, n_] is the nonnull solution of ji(x,A(x))
=] and is O for x & [n,, n_]. (See Fig. 6.) We use the Landau
notations ¢ and 0. First we introduce the principle of a diffusion
approximation of the process X*(¢) in a direct way.

B. Approximation of a Process by a Diffusion

If the process X*(¢) verifies the assumptions of the law of large
numbers, it converges, when € = 0, to the deterministic process
x whnch is the solution of the ODE. Also if x — b(x) is C* and
x> o2 is Lipchitz

X()-x° (l) vey
Ve

on each interval [0, T'], where Y,(¢) is the solution of the stochas-
tic differential equation

Y, (1) =b'(x°(1)) Y,(¢) dt + o (x°(r)) dW(t).

Y (1)

(W is the Brownian motion on R.) (For a proof see [15], which
proves a more general result.)

Thus, for e sufficiently small, we can consider the process X*(¢)
as an approximate solution of the differential equation

dx<(1) = B'(x°(0))(X(1) - x°(1)) dt
+b(x°(1)) dt +Veo(x°(0)) dw(r). (1)

Note that many people approximate the process X* by diffu-
sion with the same drift and variance (2)
dX (1) =b(X*(r)) dt +Vea( X(1)) dW(1). )
This is not exactly (1), but the law of large numbers allows us
to replace b'(x°())(X(¢)—x°(t)) by b(X*(?)), and the dif-
ference between the solutions of (1) and (2) converges weakly to 0
as € — 0. Further, the calculations are much easier with (2) and
we use (as many people do) that kind of approximation when we
want computable formulas: for the accuracy we need, this is quite
sufficient.

To approximate X*(¢) by the solution of (1) or (2) is what we
call a standard diffusion approximation, in this context: if we
compute the mean exit time from n,, to n,, T,(n,, n,), with these
approximations we find a wrong value (as we show with the
numerical results).

Soourideaistoreplwcourprocessb‘yadiffusionproms
only when we evaluate “sufficiently” large probabilities, that is to
say, when the event we consider occurs in a timé interval of order
[0,1/Ve]. Actually, the diffusion approximation is valid only for
these times [22].

C. Calculations

First we put n,=0 for simplicity and assert an elementary
lemma, useful in all the following computations.
Lemma: In the neighborhood of 0, if '(0) = 0, we have

A(x) == 2 00

b(x)=-b(x)+0(x?)

6%(x)=a2(0)+0(x).
(For a proof, see [7].)

We will follow the way mentioned in the introduction of this
section. In this one-dimensional case we distinguish four steps to
calculate T,(0, n,), the mean exit time from 0 to n_..

1) An evaluation of the direct exit probability, starting from x,,
close to 0: x, plays the role of JU.

2) Boundary conditions at x, for the OU approximation near
0. For this purpose we introduce y which plays the role of JU’.

3) Classical calculation of the mean exit time with the OU
approximation, including the boundary condition. But, at first,
we do not find T (0, n.), but T,(0, n,) for some n, < n_ because
the speed b(n_) is null.

4) Repeating, these operations near n_ we find T, (0, n).

a) The First Step: We choose x, and y close to n,=0,
depending upon ¢, such that

x,=a(e)Ve and a(€)— +oo when ¢—0
2

xﬂ
—= —0 when ¢~ 0
Ve

x,—y=0(¢).

(It is sufficient to take a(€)=¢ /%% with 0<8 <
thus x, = ¢!//9+3)

In Fig. 7 let n, be fixed such that n, < n, <n_ Although x,
and y depend upon €, we do not indicate it. These conditions.
mean that x, is far from 0, with respect to the jump law at 0, but
not too much.

Let A be the set of the trajectones which, starting from n,,
reach n, before y; R and R* are, respectively, the probabilities
that X*(r) and X*(¢) belong to A.

To estimate the probability R, we begin by calculating Re,
using the diffusion approximation for X*. Then we evaluate
dP/dP(X); here we show that dP/dP( X<) is almost constant on
the event 4. More precisely, it is constituted of one term which
does not depend upon the form of the trajectories of X*: this is

i, and
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Fig. 7.

the large deviation term. The other term only depends upon the
form of the trajectories of A, but is convergent when ¢ — 0 by the
law of large numbers.

We have approximately the following (this is the same as [2]):

dX*(¢) =b(X*(1)) dt + Vea(X<(1)) dw(z). 3)
Identifying X*(¢) as the solution of (3) we have, putting
¢2b(u)
V=[G ™
the evaluation
x, 1
ﬁ(- s —'(- (z)dz
"o 1
f, exp- ¥(2) de

(see, for example, [14]).
We find

pe 25(10)(X0"'y)
Ko™ @z

Froxg the lemma, we deduce, putting b = — b'(0) = b'(0), and
=0a°(0),

e—0

2b -
k: - axo(xzo }’). (4)
«=0 €0,

From this equivalent of R (probability that the diffusion
which approximates X*(t) reaches n, before y, starting from x,)
we try to calculate an equivalent of R°.

Let I(z)= f;\(u) du, applying the Taylor formula to I(z), we
get

1(X ()= 1(x,) = [M(X(w)) dk*()
+3 [ME @) (F () du+ ()
©)
where m’(x) = [y* di(x, y).

chefincT as the time of n, by the deterministic
motion %°, the Solution of the ODE:

Ao
dt-b(i ).

By definition of the probability change, given at each point by

A(x), we have along a trajectory w which reaches n,, before y
dog 25 P (0)= [k (w)) df(w) ©)
where 7, is the time of n, by w

When'e— 0, 1, , A(X‘(u)), and rﬁ’(X"(u)) converge, respéc-
tively, to T, N(¥(u)), and m*(%°(u)) in virtue of the law of
large numbers.
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Hence, using (5) and (6) we have
exp(’("v)"’(""))
‘expy f "N(E () w220 (u)) du. (7)

Using the variable change x = x°(u), replacing m*(x) and
b(x) by their expressions as functions of j,, and observing that

N(x) =~/ )(x,A(x))
we get that
[ )i (2o (u)) du= [~ [n, f:;’](x A(x)) dx
- ®
but
b,x, _ ﬂns'(x)
Fom) o™ f B(x) ©)
and
B(x) _ 1X(hge (2 A(2)) i (2 A ()N ()
b(x) i, (x,A(x))
-(—'j‘.-'f—ﬁ';’;—"i)(x.x(x)). (10
Finally,
R*=P(4)= f (o).

The restriction to A of dP*/dP* does not depend (asymptotically)
upon X*(¢), but only on £°, thus using (4), we obtain

Re ~ boxe(xo=y) o I(x)=1(n,)
<=0 €o? €
expzf"’ [ux ”"]
and by (9) and (10),
R~ (x.=¥)4 (1)
where
26(nyexp 222
q:,:omexpx(m,)
with

K(n,) = jo"‘[—%%ﬂ, ""](x M)d (1)

The derivatives are calculated at the point (x, A(x)).
) The Second Step: Let T,(a, b) be the expectation of the
time necessary to reach b, starting from a.
Putting F,(x,,n,)= mean time to reach n,, starting from x,,,
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given that it does not pass throughy, H/(x,, y)= mean time to
reach y, starting from x,, given that it does not pass through n,,
we have

Te(x0smp) = (1= R)(H (x5, )+ Ty, 75))
+RE(x,,). (13)

Observing that, when ¢ — 0, H,(x,, y) is negligible relative to
T(y,x,) and that F(x,,n,) is negligible relative to T,(y,n,),
we get

T:(xu’"b)‘:o_qcn(xa’nb)' (14)
(T(x,, ) is the derivative of T,(x, n,) with respect to x.)

This is the reﬂecnon-exuncuon condition on the “boundary”
of U.

c) The Third Step: The approximation of X*(¢) by a diffu-
sion is simpler in a neighborhood of n, = 0 (we take [— x,,, x,]);
if we start from 0, x°(¢) =0 for each ¢, and the equation (1)
allows us to write

dX(t) = - b,X*(1) dt +Vea,dW(t). 315)
Then the time T,(x,n,) (x €[— x,, x,]) verifies the differen-
tial equation

€
io,fu:'-bax u,=—1

with the boundary condition

“:(xo) - qc“((xo)

and u,(— x,) =0 (reflection in — x,). (The choice of (- x,) is
not very important because — x, /ye = — o0 as € — 0.)
Integrating one time we have

-2 bx* px —bo?
2 X ——dv
P a2 I WP g2
u;(x,)
u((xo) q(' (16)

We easily see that, when ¢ — 0, u,(x,) and u,(0) are equivalents.
So we have

u(x,)
T.(0,n,)=u (0) ~ ———=~
(0=, 0) - - 52
o Wb
€e—=0 ngﬁ— xp (002
€a’exp ( ) exp— K(n,)
(17)
xo
Zb( p)exp ——== I )
by (12) and (15).
Noting that

I(x,) bx2 1.,
T‘Q’L?O("v)

and choosing x,, such that x3 /¢ — 0 when € — 0, (x, =¢!!/9+8
and 5 < 8 <1), it holds that

913
2
bxo _I(x,)
2 €
when e~ 0.
Finally, we get an eqmvalent of T,(0,n,) (the expression does
not depend upon x,)'

‘/_‘/_ I("b)
€o,

-K
T(O"b) o r 5( b) ————exp-K(n,) (18)
where K(n,) is defined by (12).

d) Crassing n .: Asmthemghborhoodofn,,wemrepeat

the same calculation, without probability change in the neaghbor-
bood of n_. Using (18), and supposing b, = b'(n_)> 0 and o2 =
o*(n), we get

i) =, o e e T exp K(n,)
where

_x(nc),/om[%f_% %](x AMx))dx  (19)
and

1(n¢)=jo"‘x(x)¢x.

The time T,(n,, »_) is the sum of T,(n,, n,) and of T,(n,,n_),
since the process X“(¢) is Markovian, but

Ve I(n,)
T;("ovnb) o(bc("b-”c) € .
So, the final result is
m_o, 1( o)
T;("m"c)¢ bb o, exp exp— K("c) (20)

where I(n_) and K(n_) are as in (12).
This formula gives an accuracy of 10 percent when we apply it
with e =1 to some examples.

D. Some Numerical Results

Here we test the validity of formulas (18) for 7(0, n,) and (20)
for 7(0, n.) on some examples.

This is a very simple example where we can compare the result
to the analytical one. It is a Markov chain N(r), with transition
probabilities.

Piio1=r(i), piin=1-r(i) if-10<i<n,

P-10.-9= Pnn =1

We took r(i)=0.5+ pi(n.—i) for different values of p and
n,. Table I shows the results for n, = 50. The first number is the
exact result, the second is provided by the standard diffusion
approximation, and the third is derived from formula (20), by our
diffusion approximation.

'D. Ludwig in [18] has obtained, for diffusions only, a similar expres-
sion for this time, using quite a different method.
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TABLE I
. » 104 2107 3107 10t 507
b
2.8 10° 2. 10 2.3 10° 3.8 10° | 09 10°
) 2.8 10° | 2.3. 10 3.7, 10° 1ok 1vof
2.8 10° 2. 1t 2.4 10° 43 105 | 11 108
9.1 100 | 2.3 10° 110 8 10 | 11 1007
% 9.4 10° | 2.9 10° 2.4 10 8.5 100 | 337 101!
9.3 108 | 2.4 10° 11 10 9.1 10% | 1.4 101
31 100 | 2.9 10° 5 108 1.8 107 1.6 1017
30 3.2 10* | 40 106 1.8 1° 60 10| 7 10V
3.3 10' | 3.0 10 57 108 20 10| 2 0
1.4 105 | 3.7 1° 1.9 109 2.2 107 ] 8.9 107
ne =50 1.5 10° | 60 10f 12 1t 2 107 u 1%
1.3 1% | 35 10f 1.8 108 21 107 8.3 102
IV. ExAMPLES

A. Aloha System

The ALOHA system is a radio channel shared by many users
who want to transmit messages called packets. The channel time
is divided into slots equal to the packet duranon (the packets are
supposed to be of a constant size about 10~ * 5). The beginning
of the packet transmission and of the slots are coincident.
Whenever two packets are simultaneously emitted, there is a
conflict, they are lost, and the corresponding users are blocked.
They must emit again at random to avoid another conflict.

Let us present the mathematical model.

1) Not Controlled System: When a conflict occurs, each in-
volved user flips a coin (with a fixed common bias p) to see if it
is going to retransmit or not.

We define the process N(7) as the number of blocked users, at
time ¢. Asmmgtheglobalsonrcelsal’mssonptooessthh
parameter a, N(¢) is a transient homogeneous Markov chain over
N for every value of a and p (see [1] and [17]).

The transition probabilities are (for i > 0, j > 0),

pij=P(N(t+1)=j/N(t)=i)

0 forjgi—2
ip(1-p) e forj=i-1
(1-p)'ae™ |
- +[1-—ip(l—p)'_']e"' forj=i
ae‘“[l—(l—p)i] forj=i+1
o o
G—:i—)-!-e forj>»i+2.

Let p, be the jump distribution at i, b(i) = E(u,) and o%(i) =
var(p,;). If @ <1/e, we can observe that N(¢) remains for a very
long time period near a value n,, and as soon as it reaches (or
overtakes) a value n_ (critical point corresponding to the channel
saturation), it increases quickly to infinity.

The points n, and n, are mean equilibrium points, one stable
(n,), the other unstable (r,), defined by the fact that the sign of
E(N(t+1)— N(f)/N(t) = i) changes between i and i +1.

So in Fig. 8 we have b(i)>0 for 0<i<n, or n.<i, and
b(i)y<O0forn,<i<n,.

A good measure of the system’s “stability” is in the mean time
of reaching n, starting from n,.

For a good choice of the parameters « and p, this time can be
very long, and it is during this time that the channel works. We
call it exit time, denoted by 7.
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2) Controlled System: For stabilizing the system, we choose a
retransmission probability p(i), common to every user, but de-
pending upon the number i of blocked users, for example p(i) =
(1- a)/(i — a). Then N(1) is a positive recurrent chain nff0<a
<1/e (see [10]).

The probability that a given user remains blocked during a time
greater than a fixed bound is a good evaluation test of different
retransmission politics (for the same source rate).

As the event “a given user is still in the system” has measure 0,
to. keep up with a given user it is necessary to consider a
conditional distribution, and to define a new process M(¢), which
is the number of blocked users, observed by a marked one, that is
conditionally on the fact that he is still waiting. It is also a
Markov chain, with a death probability different from 0: the
death is the event “ the marked user can emit successfully.”

When the number of blocked users is i, the death probability is

e=p(i)(1-p(i)' "' =1~ [av,

if v, is the jump distribution at i for the new process M(¢).

We are interested in studying the distribution of the survival
time of the marked user, i.e., the time before the death of the
process M(¢).

B. Estimating Exit Time for the Not Controlled Aloha
System

The jump distribution u; does not vary too much as a function
of i, and the jumps are small, so it is interesting to consider the
process N(t) as an element of a family of processes X*().

We write N(t+1)=N()+V(N(t)) where V(N(t)) has the
distribution p,,,. We define the family X*(¢) by

X(1+1)=X(t)+ eV (X(1))

and we have N(f)= X*(t) for e=1.

So we can apply the results of Sections II and III.

1) Application of Theorem 2 of Section II: Let B be the proba-
bility P(A), where A is the event “starting from n,, the process
comes directly to n,, without returning to n,.”

Every trajectory of N(¢), starting from n,, can be cut into
sections. A great number of sections come back to n,, we call
them sections of the first kind. The last section reaches n. and
goes out. It is a section of second kind.

So the number of sections in a trajectory before the exit is a
geometric random variable, with parameter 8 and mean value
1/B.

As the durations of the sections of the first kind are random
variables iid (by strong Markov property), calling 7, their com-
mon expectation, and neglecting the duration of the last part of
the trajectory, we have an evaluation of the mean exit time 7-as

T=7/B.

For estimating 7,, we merely simulate the chain N(f), with
transition probabilities p; ;, and take the average as the estimator
7.

Applying Theorem 2, of Section II we use the quick simulation
method to estimate the very small probability 8, considering in
the sections space the event 4 =“the section w belongs to the
second kind.”

So we simulate n sections w,, w,,* - *,w, using the transformed
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transition probabilities
ﬁij = gAj =)

with i;(A;)=1and ;>0 forn,<i<n and j;;=p; fori<n,
orizn,.

And we take the following unbiased and convergent estimator
of B:

B""]; i 'A("’i)%(”i)'

The Radon-Nikodym derivative is calculated along a section
by

& () =e(~ Thuco (a4 D-0,(0)

On the other hand, we can use the diffusion approximation
formula presented in Section III to calculate the mean exit time
starting from n,.

So we present below numerical results obtained by the two
methods.

Here we take as examples a = 0.27 and 0.30 for different values
of p.

The simulation results are calculated with an accuracy of 10
percent and are compared to both results given by the formula
(20) of Section III, and those obtained by a standard diffusion
approximation. -The expected exit time is the solution of the
boundary value problem

Lot b(x)w==1,  u(n)=0, u(0)=0.

In Table II it clearly appears that the standard diffusion
approximation greatly overestimates the exit time, and that the
formula (20) is much closer to the real values. '

Note About the Acceleration of the Simulation: In Table HI are
some examples of the acceleration of the simulation, achieved by
our method.

C. Controlled Aloha System

Here we present a second example of best asymptotically change
of probability for fast simulation.

In many cases, one can apply the large deviation results to
obtain the functional whose minimization gives the best change
of probability, and the problem is then to determine the solution
minimizing this functional.

1) The Large Deviations Result: Let X*(t) be a Markov chain
with jump distribution at x, €-»,, where {dy,(y)<1. That is to
say that our chain has positive probability to die at each point x.

Let T be the death time of this process. For T and x,, we
denote by Ay, the event “starting from x, the process is still
alive at time T”

Ar ., ={wel/w(0)=x,,T(w)2T) )

We have the large deviation results (with always the same
hypotheses on the measure »,). Set p%, , = P*(47,,,)

lim — elog pf. ,, = inf{1(x,. T, 9), 9(0) =x,, 9 €Cr} (2)
€= [
where I(x,, T, @) is the action integral along ¢ defined by
T .
I(%,,T,9) = [ hoe (9(1)) de
o

(h is the Cramer transformed of »,) and changing of notations in
the continuation
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TABLE II
» o, m, 1 3 ¢ Diffusion  Standard giff.
a=0.30 ] 0.080] & 30| s.s| 1810 e.810° [4.610° [ 5.3 10°
;
o039 s 37| 9.0 601078 1.510% | 1.610° | 1.9 10°
o.02) & as| 05| 1,910 55008 ] 58105 | 75 10°
o.028] 7 s2) 1.0 | 60107 1.8 10% | 1.8 0% | 2.6 10
0.02] 8 60| 11.3 | 1,910 5.910°% | 6.2 10% | 9.2 10
002 s 67] s | 67107 18107 |2 107 [3. 10
c.oief 10 75| 13 | 2.2107] 59107 | 6.6 30" 10, 10
a0.27] 0.066] 2 26 s.6 | 331073 1.710% | 1.6 10° | 2.2 10
o.0s9] 3 35| 70 | 43107 16108 [ 1.7 10% | 2.6 10°
0.039| & & 8.2 | s.5107) 16107 | 1.6 107 | 2.8 107
0.002] & s2| 8.6 | 68 107®] 12108 ] 01 00® |25 10®
0.0 s 61| 9.4 | o510 10107 1.010° | 2.5 10°
o.0%] 6 0] 107 | 1.3107° 8.210° | '8.910° |23 10°
TABLE III
; Trajectory duration in Acceleration
simulation
a=0.30
p = 0.049 48 104 682 18 times
p = 0.039 1.5 10° 787 "
p=0.028 1.8 108 115 403
e-02
p = 0.064 1.7 10° 2 14
p = 0.049 1.6 10 539 ™
T .
= ["h(p(1),9(2)) at.
o

First we determine the path ¢ minimizing I(x,, T, ¢) and then
we apply to a fast simulation method.
Let us introduce

v(x.o)=int{ [Th(@(0).0() dt /peCr,0(s)=x)

®

and let g, be the path which gives the minimum. Assuming that
¥ is C?, | verifies the dynamical programing equation (see [9]),
ie., forp€C, x=g(s), dx/ds=¢(s) =0,

%(m) -— igf(h(x,o)+%(x,5)v)

=sup(—h(x,o)—%(x,s)v)- 4)

We recognize the transform of h(x, -) by the convex duality at

the point — 3y /dx(x, s) (see Appendix I-A-3).
We put

Mx,s)=- 5L (x9)

v(x, s) is the point providing the sup in (4), i.e., the speed at time
s, point x, along the optimal path ¢,

Then ¢ /3s(x, s) = I(x, \(x, 5)) by reciprocity of the convex
duality, and v(x,s)=3//ds(x,A(x,s)) (reciprocity of the h’s
and /’s derivatives). .
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Thus, we want to determine @, and A, along ¢,,,. We have
dA d al aA
a—s(x,s) =— b—;l(x,)\(x,s))— (5;("’}‘("’3))7;(’“‘))
and
LY al ;
d\ = v(x,s)-é;(— E;(x,k(x,s))
-0(x,3)g-:-(x,:)) ds
al
=— E;(x,}\(x,s)) ds.
Along @, it holds that (x = g, (s))
al
d\=- E(x,)\(x,s)) ds

dx-%(x,k(x,s)) ds. %)
Furthermore, g, is determined by the boundary conditions
Pop(0) = x5, Y /Ix(x,5) =0 if s> T, in such a way that

¥(x,0)= I(‘xo’T’ Vopt)

is minimum. A
Hence the pair (x = @, (), A =A(x,5)) is the solution of the
system

1(x,\)=C=Cste (level curves of /)
x(0)=x,

A(x(T),T)=0. (6)

Along the trajectory @, it holds that

al dx
Ta-;(x,)\(x,s))-gs—.

So the coefficient A(x, s) is the rate of probability change which
centers the process around the path g,,. We use this remark in
the next section.

2) Simulation of the Controlled ALOHA System: For the
Markov chain M(r) defined in Section IV-A-2, we denote T the
survival time, and we want to estimate for each value of 7,

o0
pr=P(3>T)= ¥ P12 Px,

x,=0

where P, is the probability to find x, blocked users, at equi-
librium.

As in the uncontrolled ALOHA case we apply the previous
results of large deviations when ¢ = 1. We hope the conditions for
application are still good. However, since we only simulate, the
approximation € =1 ~ ¢ = 0 is not dangerous: if this approxima-
tion is not valid, the simulation is not greatly accelerated, and
there is no other trouble.

For each x,, we simulate n trajectories w,,- - -,w, of a trans-
formed process with distribution P to determine and we take

. 1 « dP
Pr.x,™ n kgl 'A,,,'(“’k)'d-i(“’k)'

Choice of the Transformed Process: )
a) Asymptotically Optimal Probability Change: For each time
1 and initial point x, an optimal trajectory @y, denoted by @, ,,

COTTRELL et al.: LARGE DEVIATIONS AND RARE EVENTS

is associated. Putting A(x,?)=A(gp, (0),0), when a time ¢ is
spent, we choose the exponential probability change defined by
A(x,T—-1).

b) A Simpler Choice: Instead of taking care of the real
evolution of the trajectory to choose the probability change, we
can take, as an approximation, the optimal path starting from x,,
for the time 7. This trajectory is determined by an equation

I(x,A)=C. (1)

For each x, the new probability distribution #(x, -) is defined
by the exponential change with parameter A(x) solution of (1).
So the total weight of #(x, -) is #(x,A) = e€; therefore we simu-
late trajectories with constant death probability.

For T =40, 60, 80, 100, we estimate p, and compare the
relative standard error o, obtained after 5000 simulations by
both a) and b) methods. (See Table IV.) The two last columns
represent the Bernouilli parameter for which we obtain the same
accuracy after 5000 simulations and the acceleration due to the
probability change.

The results a) and b) are actually almost the same: here the
simplified method is as efficient as the optimal method. Below we
present some results.

" ¢) Approximation by Diffusion: As in Section III we have a
corresponding asymptotical formula using approximations by
diffusions. We proceed as follows. We note that

P("T,x,) - ecT/t

and we evaluate dP*/dP* on Ay, by Ito’s formula. We obtain
two terms. The first is the large deviation term

cxp—-:-LTA(%p,(t),t)dt.

The second depends upon the most likely trajectory, but not on €
1T, N
exPEfo Ax(%pt(‘)v‘)mz(‘l’o‘u('),')dl

where A is the derivative of A with respect to the first variable
and m? («pq,,({_)) is the 2¢ moment of the probability measure
F(Popu(1), )/ €.

Fig, 9 shows the form of the curve /(x,A)=C. The equation
I(x,A)=C has two solutions in general, we put A,(x) [resp.
A, (x)] the largest one (resp. the smallest).

Thus we get

CT
P‘(AT‘X,) "‘CXPT

-exp— %[Li’k,(x)dx+/,:)\z(x)d){]

.exp.;.[j:- [ﬁ,- %](x,’\n(x)) dx
-%](x,xz(x))dx]-

(The two last integrals are divergent, but the sum is convergent.)
For instance, we studied numerically the distribution of the
survival time of the controlled ALOHA system, and we get
pso= P (T > 40) = 40.10 ~ 3 + 5 percent
peo= P (T > 60) =20.10 > + 5 percent
pso=P (T > 80)=10.10 ~> + S percent.
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TABLE IV
! ’1,0 op & op B P e 0
w© a0t san i e ose 107 N
) 15 1074 65 | 7.0 40 107 26
I 80 6 1074 109 794 | 30 107 50 ;
100 310 e mas 16 107 55

Fig. 9.

APPENDIX I

A. Laplace Transform- Cramer Transform

Let p be a finite positive measure on R” (it is not necessarily a
probability) and b = fx dp(x) its mean value.
1) Laplace Transform: ji of the measure p is the application

s i(s) = [e 2 du(x)

from R™ to R.

Let U be the interior of the set {s €R™/ji(s) < +o0). We
assume that U is an open set containing 0.

One easily checks that

i) =p(R")

and that ji is a convex infinitely derivable function.

2) Log-Laplace Transform: | of the measure p is the application
s I(s)=log i(s). It is a convex real-valued infinitely derivable
function, and /’(0) = b/p(R™), i.e., the barycenter of the measure

#0)=b

B
If  is a probability, 4(0) =1 and /(0) = 0.
3) Cramer Transform: The function / being convex real-valued,
we can define a function A, from R™ to [0, + o0] by

h(u)=sup ((s,u)~1(s)).

The function h is called Cramer transform of the measure . Let
V be the interior of the set {u/h(u) < + oo).
Let us give some classical properties of h. .
a) The function h is convex. The transformation /- h is
called convex duality and is involutive

1(s) =sup({s,u)—h(u)).

b) For each u €V, the point of U where sup,({s, ) - I(s))
is reached is denoted s(u) and

Bs(w) _
i(s(u))

Since ! is convex, the point s() is unique and s(u)=1"""(u).

(st = EC

11
91

¢) The closed set ¥ is the closure of the convex envelope of the
support of the measure p: in fact, if s€U

(o.x) (2
1'(-7) ﬂ(-‘) /Xf L

fe< 2 dp(x)
is the barycenter of the probability measure » defined by

" dp(x)
e du(x)

which has the same support as the measure p.
d) The derivative 4’ and ! are reciprocal, i.e.,

w(I'(s))=s

dv(x)=

forselU

V(W'(u))=u forueV.

¢) The function 4 is minimum for b/p(R™)=1'(0). If pis a
probability, this minimum is 0.

f) We have

hpw(“)"h”(“"”)
hyon(nu)=nh,(u)
for u,0 €R.
8) The ratio h(u)/)jul] = + o0 when |ju|| = 00 iff ji(s) <00

for every s € R™; particular case m = 1.
h) Minimizing h(u)/u: Let

b-E(u)-fxdp(x)-O.
Then we have
A-mi%Mhl(A)=0, A>0. (Al)

Actually, h(u)/u is the slope of the straight line joining 0 to
the point of abscissa u, and A = min, , oh(u)/u="h'(n,) is the
slope of the tangent to the graph of A, issued from 0. Hence, (A1)

holds because of the properties a) and i).
Moreover,
£
I'(A\)=U,=
)= DR

B.. Kullbach ‘Tnformation and Probability Change

1) Exponential Change: Let p be a probability measure, on R
and let us define fi, /, h as in Section L.
If s €U, let us define a new probability measure y° by

e*dpu(x)
dp'(x)=——"+.
W (x) i)
We say that p’ is transformed of p by the exponential change of
parameter s.
We see that

u()_,

So for every u € U, it is possible to find s = s(u) (with /'(s(u))
= y) in such a way that the mean of the probability p** becomes

B(w) = [xdw () =505

u.
2) Kullbach Information: Let p,, 1, be two probabilities such
that p, is absolutely continuous with respect to u,, i.e., p, has a
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density dp,/dp, with respect to p,. In this case, we denote

by Xy
The Kullbach information (see [16]) of p, with respect to p, is
dp
KCmo) = flog[ Z225)) a0

Note that K(pu,p,)=0 iff p,=p,. We have the fol-
lowing result which links the Cramer transform and the
Kullbach information (see [6], for instance).

Theorem: 1f u€ U is a probability measure, h its Cramer

transformation, then

inf{ K(v,p)/v < p, f:‘cdv(x)-u} =K(p™,p)
= h(u).

It means that the measure which minimizes the Kullbach
information with respect to g of all the probabilities with fixed
mean u, is the probability u*(*) obtained from p by the exponen-
tial change of parameter s(u) [defined by u = ’(s(u))]

C. Chernoff’s Theorems

We give some propositions in R, but it is not difficult to
generalize them in R™. The more classical Chernoff’s theorem is
as follows.

Let (X;) be a sequence-of real-valued iid random variable with
distribution g, such that its Laplace transform is finite in an open
interval containing 0. Let A be its Cramer transform.

Let a> EX,, and S, = X, + --- + X, the associated random

walk, with S, = 0.
Then
. 1 Sa
.}.‘Tm - logP(-n—-> a) h(a).

The reader can find a complete proof, for instance, in [8].

Empirical Laws, Chernoff’s Theorem: Let ( X;) be a sequence of
real-valued iid random variables with distribution p.

Let L, be the empirical measure associated with X),--
defined by

X,

1 ‘
Lo b8+ +85)
where 8y is the Dirac measure at point X;: if 4 is a Borelien in R,
L (A)xsthenumberofobservedvalmmthcn Sample X, -,
X which belong to 4.

Let@beanopensetofthesetofprobabilitymcasumonﬂ
(endowed with weak topology), then

1

timinf —log A,(L, € €) > ~inf(K(»,p)/7€€) (1)

limsup - log B, (L, €8) < ~inf{K(r,p)/7€B)  (2)

where K(»,p) is the Kullbach information of » with respect to p
(see [6)).

APPENDIX IT .
PROOF OF THEOREM 2

First we prove an extension of Corollary 1 in Section I.

Theorem 1 BIS: The assumptions are those of Theorem 1. In
addition let ¢ be a linear functionnal of the increments of X*:
there exist two bounded and continuous functions » and r such
that

12
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L [(u(x ()X (e+e)-x(0)]
t€[0,Tl,recN
+er(X*(1))]

= [Tu(x(0)) dx*()+ ["H(X(1)) o

o(X)=

Remark: Here ¢ replaces

{

Z ["x‘m[x‘(”") X‘(’)] ‘lx'(:)(ox'u))]

t€fo,

)

o)

ol

or some other functional of this kind.
Let B be a measurable set in @, satisfying

S(B)=inf{I(9)-¢(p)lo€BnC;)
=inf(7(p)-¢(p)ip € BNEC;}).

lim — clog | exp(#(w)/<) dP*(w) = S(B).
[iad B

The proof can be found in [12]. We can now carry out the
proof of Theorem 2.
Proof of Theorem 2: (See Section II for the notations.) Let
P* be the new probability defined by the mapping x—v,,
bounded and continuous. We denote X*(), X*“(¢) the processes
with distributions P* and P**.
As €~ 0, we evaluate

2 v

We apply Theotem 1 bis to the functional

dP*
#(0) = clog( 472 (0)
with
’(“’)- E (",ﬂ(!)[w(""‘)—“’(')]-du(l)(ou(l)))'
1E€eN
1€[0,T)
If ¢ is a differentiable path, we set
(o) "l;r"q(:)é’(‘) d"[f’p(:)("pm)d‘-

Since A is a measurable set of trajectories, satisfying the
conditions of Theorem 1 bis, we have

losf( P..) :

with

(1(9) #(9))

=0 €ro

19)= [ hyn (#()) .

Hence, we get

”‘f(dr')

=0 € r.e,me [jh'(ﬂd‘

—fl,(o,)dt+fv,¢dt].
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2 N % s Io u
.t,(vx)
tX
,(v,)
e, T T T T
v v v s
(b= X

Fig. 10.

We put
L(4)= nf [fh (9)de— [1,(o )dt+fow¢dt]

and we seek the function x — v,, which minimizes J,(¢).

We have

ov) de.
Let x = ¢(¢) be fixed, then
[hx(");&(vx) +vx']

inf "( hw(ﬁ)—lo(ow) +
®

peANCx

J(9)=

U(x) = inf

is achieved for & such that @h’ (#)—{ (v,)+ h (@), i.e, I, (v,) =
uh' (a)— h, ().

Because of the reciprocity of the Cramer transformation, we
have

L(v )=sup(vw h(w))=o#w—h (W)

where w is unique, and satisfies A’ (#) = v,, hence
L (v,) =k (W)w=h(¥). )]
Comparing to the relation (I), we deduce that # is the point

satisfying h’(i1) = v}, where o} is such that /,(v!)=—1(v,).
Generally we obtain two solutxons described in Fxg 10.

In each case, , oormpondstou>0 andaztou<0 Thus the
path 9, €C, whlch gives the minimum I (p), satisfies

hou (9() = v}, v} being a; or a,. In all the cases above, we
have

Jn(%)"/(”:,‘,(r)*'” ,(:))d%(')

and thus

log/(dp") o‘%f(";».,u)*%,m)d%(')-

Butthefuncuonl is convex, and for each x, I, (v})+ 1 (v,) =0
1mphes that (v} +ux)/2<h with /,(A,)=0. So for each x,
ol + v, is mdximum where v} = o, = X,. This achieves the proof.
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