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Title: Unramified cohomology in degree three or four and ratio-
nality problems.

Abstract: The aim of this work is to construct unirational func-
tion fields K over an algebraically closed field k of characteristic 0
such that the unramified cohomology group H; (K, u®*) is not triv-
ial for 2z = 2,3 or 4. This implies that the field K is not stably
rational over k. For this purpose, let us consider a function field K
over k and a finite subgroup U of K*/K*?. We get a morphism &

from the exterior algebra of this subgroup to @ H’(K,u®’). We
JjeN

give then a sufficient condition for an element in this exterior algebra
to have a non-ramified image. This condition is based on the kernel
of ®. Thus the problem reduces essentially to determining this ker-
nel. This is made possible in particular cases by theorems proved by
Amitsur in degree two, by Arason and Suslin in degree three and by
Jacob and Rost in degree four.

Key words: rationality problems, Galois cohomology, unrami-
fied cohomology.
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Résumé de la these

1 Cohomologie non ramifiée

Un des premiers exemples de variété X unirationnelle non rationnelle
sur C a été construit par Artin et Mumford en utilisant le sous-
groupe de torsion de H3(X,Z). Pour une variété X projective, lisse
et unirationnelle, ce groupe est isomorphe au groupe de Brauer non
ramifié du corps de fonctions de X. Cet invariant fut ensuite utilisé
sous cette derniere forme par Saltman puis par Bogomolov pour don-
ner des exemples dans le cas du probleme de Noether. Le théoreme 2
ci-dessous s’inspire des méthodes utilisées dans leur construction.
Colliot-Thélene et Ojanguren ont été les premiers a donner un ex-
emple basé sur les groupes de cohomologie non ramifiée en degré 3.
On rappelle les définitions suivantes:

Définition

(1) Un corps L est un corps de fonctions sur K s’il est engendré
par un nombre fini d’éléments en tant que corps au-dessus de

K.

(11) Un corps de fonctions L sur K est dit rationnel s’il existe des
indéterminées Tj,...,T, et un isomorphisme

L= K(Ty,...,T,)

au-dessus de K.

(i1ii) Deux corps de fonctions L et M sur K sont dits stablement iso-
morphes s’il existe des indéterminées (T4,...,T;) et (Uy,...,Uy)
et un 1somorphisme

L(Ty,...,T}) = M(Uy,...Up)

au-dessus de K. On dit que L est stablement rationnel sur K
s’il est stablement isomorphe a K.

(iv) Un corps de fonctions L sur K est unirationnel sur K s’il existe
des indéterminées T1,...,7,, et une injection

L— K(Ty,...,Tw)

au-dessus de K.



Si le corps L est rationnel sur K, alors il est stablement rationnel
et L stablement rationnel sur K implique L unirationnel sur K.

Si L est un corps de caractéristique premiere a n, on note L°
une cloture séparable de L, u, le groupe des racines n-iemes de
I’unité et pour tout Gal(L?®/L)-module discret M, on note H*(L, M)
le groupe H*(Gal(L®*/L), M). On fixe k un corps algébriquement
clos et de caractéristique 0. Si K est un corps de fonctions sur k, on
note P(K) ’ensemble des anneaux de valuation discrete A tels que
kC ACK et Fr(A) = K. Pour tout A € P(K), , désigne le corps
résiduel de A et

Oa : H¥ (I, ) — H*™(x,, u®")
le morphisme résidu.

Définition Les groupes de cohomologie non ramifiée sont les
groupes

H‘:'LT(I{7 ﬂ?j) = m Ker(Hi(I(, y?j) — Hi-l(’c,n #g.’i—l)).
A€P(K)

Ces groupes généralisent le groupe de Brauer non ramifié. En
effet celui-ci est isomorphe a lim HZ (K, u,)-

Proposition 1 (Colliot-Théléne, Ojanguren) Si K est stable-
ment rationnel alors H: (K,u®) = {0} pour i > 1.

L’objectif de la these est de construire des corps unirationnels qui

ne sont pas stablement rationnels en appliquant cette proposition
avec 1 = 2, 3 ou 4.

2 Caractérisation d’éléments non ramifiés

On part des données suivantes: un corps de fonctions K sur k, un
nombre premier p, un entier strictement positif ¢, un F,-espace vec-
toriel de dimension finie U dont le dual est noté UV et un morphisme

o' :UY - K*/K*? 5 HY (K, ).
Le morphisme ®! induit un morphisme d’algebres graduées
Q:ATUY — H™(K, pu2).

et donc une application A*(UY) — H'(K,u®'). Or on a un isomor-
phisme canonique (A'U)Y = A*(UV). Par conséquent on obtient une
application '

@' : (A'U)Y — H(K,pl).
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On note S* = (Ker ®)* et on note ®* ’unique application qui rende
commutatif le diagramme:
A(UY) — HY(K, y?i)
[ T @
(AiU)V Res (Si)v
Par définition de S*, cette application ®* est injective. Soit Shee C S°

le sous-groupe de S* engendré par les éléments de S* de la forme uAv
avecu € U et v € A'"1U.

Théoréme 2 Awec les notations introduites ci-dessus, si f € (SHV
vérifie fisi,. = 0 alors ¢ e H! (K, 1) et on obtient ainsi une
injection

(5°/Siec)” — Hi (K, puS).
En particulier, par la proposition 1, si S* # Sie., le corps K n’est
pas stablement rationnel.

3 Construction d’exemples de corps unirationnels
non rationnels

Soient n et ¢ deux entiers strictement positifs et p un nombre pre-
mier. On choisit une racine primitive p-ieme de ’unité. On pose
F' = kT,...,T,), X; = T?, F = k(X1,...,X,). Soit U un
F,-espace vectoriel de dimension n avec une base uy,...,u,. On
note @ lapplication UY — H'(F, y,) qui envoie u; sur (X;) pour
1 <7 <n. Si K est un corps de fonctions sur k£ contenant F, on
note ®} la composée

UY — H'Y(F,p,) —» H (K, p,).
Elle induit comme ci-dessus des morphismes
% : (A'U)Y — HI(K, pu8).

On est donc ramené a trouver S C AU et un corps de fonctions K
sur F’ tels que

(i) XK est unirationnel sur &
(ii) St = Ker &%,
(ii1) S # Sdec-

Le probleme se réduit donc essentiellement a déterminer le noyau de
‘I’iF.(Y) pour des variétés Y particulieres.



3.1 Exemples avec H2 (K, ;$?) non nul

Lorsque z = 2, on peut appliquer le théoréme suivant d’Amitsur:

Théoréme 3 (Amitsur) S: A est une algébre simple centrale sur
un corps L etY la variété de Severi- Brauer associée, alors

Ker(Br(L) — Br(L(Y))) =< [A4] >
ou [A] désigne la classe de A dans Br(L).

Soit S un sous-espace quelconque de A2U, soient sq,...,s,, une
famille génératrice de S+ et Si,...,S,, des algebres simples cen-
trales représentant les images de si,...,s,, dans H?(F,u,). On
note Y; les variétés de Severi-Brauer correspondantes et on pose
K = F(Y1 X ---xY,). On déduit alors du théoreme d’Amitsur et
du théoreme 2 la proposition suivante:

Proposition 4 Le corps K est unirationnel sur k. Mais 31 S # S,
alors H2 (K, u2?) # 0 et K n’est pas stablement rationnel.

Ezemple On considere le cas n = 4. Les sous-espaces S tels que
S # Sg.. ont alors été décrits par Bogomolov et on peut prendre,
par exemple,

S =< ug Aug,uy Aug,uy Aus+ ugy Aug > .

3.2 Exemples avec H (K, ;2%) non nul

On utilise ici le théoréme suivant de Suslin:

Théoréme 5 (Suslin) Soit L un corps de caractéristique premiére
i n contenant u,. Soient A une algébre simple centrale cyclique
d’indice n sur L et c un élément de L*. On note Y la variété de
norme associée définie par Nrda(z) = ¢ et alors

Ker(H>(L, u3*) — H>(L(Y), u3%)) =< [A] U (¢) > .

Soit .S un sous-espace de APU. On suppose que S+ possede une
base (s1,...,5m) telle que on puisse écrire

s;=viAw;Ayjpour 1 <j3<m
avec vj,w;,y; € UV tels que pour tout k € {1,...,m} et tout j €

{1,...,n} au plus un des éléments v, wi, yx a une valeur non nulle
sur u;. On considere alors V;, W;,Y; des représentants des images
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de v;,w;,y; dans H'(K, up,). On note A¢(V;, W;) l'algébre simple

centrale engendrée par des éléments I et J avec les relations:
P=V;, Jr=W,;, IJ=¢JI.

On note Z; la variété de norme associée a A¢(V;,W;) et Y, et on
pose K = F(Zy X -++ Z,). On montre alors en utilisant notamment
le théoréme de Suslin et le théoreme 2:

Proposition 6 Le corps de fonctions K est unirationnel,
Br,..(K) = {0}
mais 31 S # Sgec alors

H3, (K, u2%) # {0}

et K n’est pas stablement rationnel.

Ezemple On peut prendre n = 6 et

S =< u; Aug Ausz+ ug A us A ug >

3.3 Exemples avec H} (K,Z/2Z) non nul

On pose ici p = 2. On peut alors appliquer le théoreme de Jacob et
Rost:

Théoréme 7 (Jacob et Rost) Soient L un corps de caractéris-
tique différente de 2 et ai,az,asz,as des éléments de L*. La forme
de Pfister associée est notée

<< ay,a2,a3,84 >>=<1,—a1 > Q< 1,—a:>Q®<1,—-az >R < 1,—ay >
et Q désigne la quadrique correspondante. Alors
Ker(H*(L,Z/2Z) — H*(L(Q),Z/22Z)) =< (a1,a3,a3,a4) > .

Soit S C AYU. On suppose que S+ possede une base (s1,...,Sm)
telle que
S; = Uy A Uz, 5 A U3z, ; A\ Uy, ;

avec ux; € UY pour 1 <k <4et1l<j<m. On considere Uy; des
représentants des images de uy ; et ¢; =<< Uy ;,U;;,Us;,Us; >> la
forme de Pfister associée. On note @; la quadrique correspondante
et K = F(Q1 X -+ %X Qm). On déduit du théoreme de Jacob et Rost

la proposition suivante:



Proposition 8 K est unirationnel sur k mais 31 S # Sg.. alors
H: (K,Z/2Z) # {0} et K n’est pas stablement rationnel.

Ezemple L’entier n = 8 et
S =< ul/\uzAu3/\u4+u5/\u6/\u7/\u8 >

conviennent.
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Unramified cohomology
and rationality problems

Among the first examples of smooth projective varieties X over C
which are unirational but not rational was the example constructed
by Artin and Mumford using the torsion part of H3(X,Z). When
X is unirational, this group may also be described as the unramified
Brauer group of the function field of X. From this point of view,
Saltman [Sa] and Bogomolov [Bo] gave examples related to Noether’s
problem. Colliot-Théléne and Ojanguren [C-T,0] were the first to
use the unramified cohomology groups in degree 3 to prove the non-
rationality of a unirational field.

The plan of this paper is the following: first we recall some ba-
sic facts about unramified cohomology. In the second section, we
state the main result, Theorem 2, which enables one to characterize
unramified elements by calculations in the exterior algebra. This
generalizes some of the methods used in [Sa] and [Bo]. In the next
section, we prove Theorem 2. In this proof, we show how one can lift
the residue map in the exterior algebra of a subgroup of H'(K, u,)
of finite dimension. The fourth section applies the main result to the
construction of several unirational non-rational fields. In this part,
to prove the non-triviality of elements in H3 (K, u2%), we use a re-
cent result by Suslin [Su] and to have a similar result for H2 (K, u$*),
we apply a theorem of Jacob and Rost [J,R]. For the examples with
non-trivial H2 (K, u®?), we prove also that the unramified Brauer
group is trivial.

I would like to thank Colliot-Théléne who supervised this work.
I seize also the opportunity to thank the Ecole Normale Supérieure

and Harvard University for their support during the elaboration of
this paper.

1 Unramified cohomology: definition and
basic properties

Let us first give a few definitions about fields. These definitions are
used throughout this paper.
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Definition

(i) A field L is a function field over a field K if it is generated by

a finite number of elements as a field over K.

(i1) A function field L over K is rational over K if there exist inde-
terminates 73, ...,7},, and an isomorphism L = K(T,...,T,,)
over K.

(iili) Two function fields L and M over K are stably isomorphic if
there exist indeterminates Uy,...,U;, T1,...,T,, and an iso-
morphism L(U,,...,U;) > M(Ty,...,T,,) over K. A function
field L is stably rational over K if L is stably isomorphic to K.

(iv) A function field L over K is unirational over K if there exist
indeterminates T3, ...,T;, and an injection L «— K(Ty,...,T,)
over K.

We have the following relations between the various kind of ra-
tionalities: L rational over K implies L stably rational over K and
L stably rational over K implies L unirational over K.

From now on we shall omit “over K” when K is clear from the
context.

Notation Let k be an algebraically closed field of characteristic
0. If L is a field, let us denote by L* a separable closure of L, and
for any Gal(L*/L)-module M, H'(L,M) = H(Gal(L*/L), M). In
particular, the Brauer group is defined by Br(L) = H?(L,L**). If
L is of characteristic prime to n, we use u, to denote the group of
n-th roots of unity in L® and, when the characteristic of L is 0, po
to denote the union of the groups u,. Let K be a function field over
k. We denote by P(K) the set of discrete valuation rings A of rank
one such that £ C A C K and the fraction field Fr(A) of A is K. If
A € P(K) then k, denotes the residue field. For any : € N — {0}
and j € Z

8A : H'(I(, #?j) - Hi_l("“:qa lu;?j—l)
denotes the residue map. We also denote by 34 the residue map
da : Br(K) — H'(x,,Q/Z).

We recall that the residue maps may be defined as follows: let
K be the completion of K for A, K alg @ algebralc closure of K and
K,, the maximal unramified extension of K in I(azg Since there



exists an isomorphism K = k,((T)), we have an isomorphism from

K., to the algebraic closure £;((T'))aig of ,((T)) in £2((T")) and
I(alg - li_r.n "Z:((Tl/n))aly-
Therefore we get an isomorphism

Gal(Kay/ Knr) = lim p..

But the cohomological dimension of Z is one (see [Se], example 1 on
page I-19). Therefore HI(K,,, p27) = 0 if ¢ > 2 and the Hochschild-
Serre spectral sequence

H?(Gal(Kn,/K), HU (K p,, p87)) = HP*(K, p®7)
gives rise to morphisms
HY (K, ) — H"Y(Gal(Kn,/ K), H (K., n27)).
But
H Y (Gal(Koy /K), H (K opy p®7)) = H™ (s, u®1)
and 94 is the composed map
HY(K,p3) —» H' (K, p®) > H " (x,, u®1).

For the Brauer group, the residue map is defined as follows: By
Hilbert’s theorem 90, we have an exact sequence:

0 — H?(Gal(K,,/K),K* ) — Br(K) — Br(K,,).

But the cohomological dimension of Gal(K,,/K,,) is one and K> lg
is divisible. Thus Br(K,,) = 0 and we get a canonical isomorphism

Br(K) = H*(Gal(K,,/K), K=,).

Let v, be the valuation on K,, extending the one defined by A on
K. The morphism 34 is then the composed map

Br(K) — Br(K) = H?*(Gal(K,,/K), K:,)
4 H*(Gal(K,./K),Z) = H*(x,,Z) = H'(x,,Q/Z).
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Definition The unramified cohomology groups are the groups

Hi (K, p$) = () Ker(H'(K,ud) 23 H(x,, p®71)).
A€P(K)

Similarly the unramified Brauer group is

Br..(K)= () Ker(Br(K)24 H'(x,,Q/Z)).
A€P(K)

The unramified cohomology groups were denoted by Fii(K/k)
in [C-T,0], but, here, the ground field & is fixed. Therefore we do

not include it in the notation.

Proposition 1 (Colliot-Théléne and Ojanguren [C-T,0]) If
the function fields I and L are stably isomorphic over k then

In particular, if K is stably rational then H! (K, %) = {0}.

Remark One can also show that the unramified Brauer group de-
pends only on the stable rationality class of the field. This is the
invariant which was used by Artin and Mumford in [A,M]. The un-
ramified cohomology groups may be considered as generalizations of
the unramified Brauer group. Indeed, if 7 = 2, the unramified coho-

mology groups are isomorphic to the n-torsion part of the unramified
Brauer group:

Brn,(I{)(n) = H;‘:,.(I{, [l,.n).

2 Characterization of unramified elements
using the exterior algebra

Let p be a prime number and k£ an algebraically closed field of
characteristic 0. Throughout this paper, we shall start from data
of the following type: a function field K, an F, vector space U
of finite dimension, whose dual is denoted by UV and a morphism
ol UY - H' (K, pnp).

Since u, C k, we can choose a primitive p-th root of unity. Thus,
if ¢! is an injection, the group U may also be considered as a quotient
of the absolute Galois group of K. In the examples we have in mind,
the field K will be of the form LY, where L is a rational extension
of k endowed with an action of U.
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Then we take n to be a strictly positive integer For a ring B, we
denote by H:,(B, u®*) the group Hi,(Spec(B), un®). Kummer theory
then yields a canonical morphism B* — H},(B,p,). The image of
x € B* under this map will be denoted by (z). We shall consider

- the group H(B), = Y_ H. (B, p%'), (mainly when B is a field or a
ieN
local ring). Cup-product makes H(B), into a ring. We know that

this ring is anticommutative ([Mi], Chapter V, §1) but we shall use
the following result:

Lemma 1 Let B be an integral ring of characteristic prime to 2n
such that n is invertible in B and which contains the 2n-th roots of
unity. Then, for any x € B*, (z) U (z) = 0.

In other words, the subalgebra of H(B), generated by the symbols
(z) for x € B* is strictly anticommutative.

Proof Let B' = B[T|/(T™ — z). Since n and z belong to B*, the
map 7 : Spec B’ — Spec B is étale. Moreover it is finite and of con-
stant degree n. Therefore, for any sheaf F' of n-torsion on Spec B, one
can define the transfer map tr : m.x™F — F ([SGA4], exposé XVIII,
théoreme 2.9) which yields morphisms tr : H:,(B’, u®) — H:,(B, u®")
and if £ is a primitive n-th root of unity,

tr((~1)) = (Neys(~T)) = (£*F (-1)"z) = (—=)
and we have the formula ([Mi], Chapter V, §1)

(z)U(-=z) = (a)utr((-T))
tr(r*((z)) U (=T))
tr((z) U (-T))
tr((T™) U (=T))
= 0.

But (—1) = 0 since p2,, C B* and we get (z) U (z) = (z) U (—z) = 0.
|

Thanks to this lemma, we get a morphism of graded F,-algebras
¢ : A*UY — H(K),. Thus for a fixed strictly pOaitive integer 7, we
have a natural morphism A*(UV) — H'(K, u®'). We may 1dent1fy
A{(UV) and (A'U)Y by the map:

AUY) — (AU

AU — F,
AN Afi — (vl/\.../\v; — %;.e(a)fl(va(l))-°-fi(va(i)))
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With this identification, for any basis (u1,...,u,) of U, the dual
basis of (uj A ... A uj;)i<..<j is the basis (u}, A... Aul); <..<ii»
where (uy,...,u)) denotes the dual basis of (uj,...,uy).

Notation In this way we get a morphism
# 1 (AU o H(K, 1),
Let S* = (Ker ¢')t C A*U. We obtain an injection
¢' : Hom(S*, F,) — H'(K, u®).

Let Si.. C S* be the subgroup of S* generated by the elements of
the form u A v € S* with u € U and v € A*~1U.

I am thankful to Bruno Kahn who pointed out to me that this
construction also applies to the case p = 2.

Theorem 2 With notation as above, if f is an element of Hom(S*, F,)
such that fisi,_ 18 zero, then

¢'(f) € Hi (K, ud?).

Since ¢ is injective, by proposition 1, this theorem implies the
following result:

Corollary 3 If S;.. # S* then H, (K,u®) # {0} and K is not
stably rational.

Remark If the ground field k is not algebraically closed but is of
characteristic prime to 2n and contains ps,, it is possible to prove
a generalization of this result. Namely, let S* = (&'~ (H'(k, 7))
and Sj,. be the subgroup of S* generated by the elements of the form
u Av with u € U and v € A*"U. Then we get an injection

(St/S:iec)v = H:vr/k(‘[(ﬂ H?‘)/Hz(k’ /‘l?t)

3 Proof of Theorem 2

Let A be an element of P(K') and v, be the corresponding valuation.
v, defines an element of (K*/K*?)V = H'(K, u,)Y and therefore an
element of UVV. But there is a natural isomorphism p : U — UVY and
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we obtain a vector 7, € U. In other words, we have a commutative
diagram:
HY (K,p,) = K*/K*?P
' 1 val
vy ) 707

Let us denote by 7, the transpose of: A*~1U — AU
u — T,Au

Main lemma 2 For any A € (A'U)Y, if 7,(A) = 0 then
da(4'(N)) = 0.
This lemma implies the theorem:

Proof of Theorem 2 Let f be an element of Hom(S?, F,) such that
fls‘-‘kc = 0. As fleiec = 0, fl(rAAA‘—lU)nS‘ =0. Let Ty C 7, A AU
be such that (7, AA*"UNS)D Ty =7, AAU. Let T, C AU be
such that (S* + 7, AAWU) @ T, = A'U and let T = T, @ T,. Then
we have S* @ T = A'U. Let A € (A‘U)Y be defined by Alsi = f and
Air = 0. Then the following relation holds:

(A)l,,.AAAi—IU == 0.

So by the lemma 8A(¢’(z\)) = 0. But, by definition of ¢, since

Ais; = f, we have ¢'(\) = ¢(f). Flnally we get da(¢(f)) = 0, as
wanted. W

The main lemma will be deduced from a series of lemmata:

Lemma 3 (Colliot-Théléne and Ojanguren) Let L be a field

over k, B € P(L) and vy the corresponding valuation. Let a € L*,
be H:t Y(B, u®?), o' the image of a in H'(L,u,), b’ the image ofb
in H=Y(L,u®’) and B the image of b in H " V(k,, u®). Then the
image of a’ UY € H'(L, u®+) by 94 verifies:

Oa(a' Ub) = vy(a)pB.
Proof The proof we give here for self-completeness is similar to
the one given by J.-P. Serre in his course at the College de France

in 1991-92. With a notation similar to the one used in the definition
of 04, we consider the spectral sequence described in [H,S]

H?(Gal(Ln, /L), H (L n,, p®7)) = HP*(L, u®7),
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Let G = Gal(Lay/L), N = Gal(Laty/Ln,). The spectral sequence
may be defined in the following way. Let A™(j), also denoted by

C™(G, u®?), be the group of normalized m-cochains for G with

coefficients in u®7. Let A(j) = D A™(j). The filtration is de-

meN
fined as follows: if £ < 0, Ax(j) = A(j) and if & > 0, Ax(j) is

given by Ax(j) = 2 Ak(j)ﬂAm(j), where A™(7)NAx(J) =

meN
if £ > m and is otherwise the subgroup of A™(j) of the cochains

v : G™ — p®I such that v(g1,...,9m) depends only on gy,...,gm—x
and gn,_k41V,...,9nN. We denote by EP?(j) the groups of the
spectral sequence corresponding to A(j) with the graduation A™(j)
and the filtration Ak(7). It is proved in [H,S] that the natural map

AT Ar(F) — C*(G/N,C™(N, u¥))
yields an isomorphism

ER(j) = H?(Gal(Ln, /L), HY(Ln,, u?)).
Let &’ be defined by

al/n
Vge G, a'(g)= g_(_) € in

for any n-th root a'/® of a. The cocycle & € A'(1) represents the
image o of a in H*(G, p»). Let 8’ be the image of bin H*"1(G, u®?).
We have a commutative diagram
H (B, p?) — H*=Y(L, p37)
ot l
H Y (55, p29) = H™Y(Gal(Ln, /L), p87) — H7Y(L, n®7)

therefore 4’ may be represented by a cocycle
"e AT(H) N Ai-1(5)-
By definition of the cup-product, the cocycle & U B’ represents
o’ U f', the image of @’ U¥ in H' (G, u®+1). However
(& UB)g1,92,---,9:) = &(91) @ B'(g2,-- -, 9:)
Thus &' U B’ belongs in fact to A*(j + 1) N A;_;(j + 1) and its image
in C*~ 1(G'/N C'(N, p®i*1)) is the cocycle
¥:91,---,Gi-1— (M a(m)®,5(g1, ey Gi-1))-

And, through the maps C'(N, u®*') — H'(N,u®i+!) — 489 the

image of m +—» a’(m)®,3 (915---,9i—1) is VA(CL),B (g1,--.,9i-1). There-
fore the image of &' U B’ in H*"!(k,, u®) = E5 V(5 + 1), which is,
by definition, d4(a’ U V'), is the product of v, (a) by 5. W
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Lemma 4 With notation as above, there exists a morphism ¢
which fits into the commutative diagram:

Ti. — UY il’ H'(K, pp)
Noy S
Hel't(A’ Hp)

Proof Let z € 7. Then ¢'(z) € HY(K,u,) = K*/K*?. Let y
be an element of K* which represents ¢'(z). By the very definition
of 7,, we have v,(y) = 0(p). Let 74 be a uniformizing element of
K for v,. We may write y in the form y = 7Pz for a k € Z and a
z € A*.Thus ¢'(z) is the image of z € A*/A*P by

A*/A*? — K*|K*®

which is an embedding. We define ¢4(z) as the image of Z in
HY,(A, pp). Then the commutativity of the diagram

A*JA*® < K*/K*P
1 l
H},(A, Kp) — HI(I(, Hp)

yields the lemma. W

If 7, = 0, the main lemma follows from lemma 1 and lemma 4,
since 94 is zero on the image of H},(A,u®'). Let us assume that

7, # 0.

Lemma 5 With notation as above, there is a map 7, making the
following diagram commutative,

(AiU)V 3 (Ai—lU)v
l7a
At
Here the map A=Y (71) — (A'71U)V is the natural injection.
Proof Let us choose a basis vy,...,v, of U with v; = 7,. Then 7,
is given by the formula: if j, < ... < j; then
Foi A ARY)=0if 53 #1

Fu(0 A A ) =0l AL A i G =1
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Thanks to lemma 1 and lemma 4 we get a morphism of graded
F,-algebras
A*(rE) = H(A),

-1 .
and in particular a morphism A*~! (T;‘L)d,—A—* Hi (A, p1)
Lemma 6 With notation as above, the diagram

(AU DA A

Iy ol
H (K, pu2%) Hi7 ' (A, p8)
N\ 94 7

H= (5, 19)
13 commutative.
Proof The computation of the preceding proof implies that for any
A € (AU)Y S AY(UVY)
A —vy AF, (X)) € A(T)).

Thus ¢*(A — vy A7,())) comes from H,(A, p®) and its image by 94
is 0. Therefore, using lemma 3 with a’ = ¢'(vY) and b = ¢y 1 (F,(N)),

Oad'(A) = 0a(8'(vY) U ¢~ (7.(N)))
= va(8'(v)))¢ " (F.(A))
B Fa(A)

I

where ¢f;1 is the composite map
=1
i—1_1 ¢ i—1 i—1 i—1 i—1
A Ta = H:‘t (A’ ﬂ'?‘ ) — H* (KA’ ﬂ?t )

Proof of the main lemma The case 7, = 0 has already been settled.
If 7, # 0 and A € (A*U)V verifies 7,{\) = 0 then by lemma 5
7,(A) = 0. Lemma 6 then implies that 94(¢'(1\)) =0. N

Remark In fact, the lemmata of this section also apply to any field
over k and any discrete valuation ring A C K such that Fr(A) = K.
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4 Construction of non-rational fields

Notation Let k£ be an algebraically closed field of characteristic
0, p a prime number, : a strictly positive integer, n an integer. Let
us fix a primitive p-th root of unity &, and let F’ = k(Ty,...,T,),
X; =T for j = 1,...,n and F = k(Xy,...,X,) C F'. Let
U denote an F,-vector space of dimension n with a chosen basis
(u1,...,un). This yields an isomorphism U = Gal(F’/F) and an

1
injection UV & H'(F, pp) (which sends uY to the class of X).

This notation will be used throughout section 4.

Lemma 7 The morphism A'(UV) — H'(F, 1) is an injection.

Proof Let F,, be the field k((X;))...((Xm)) for m < n. Let us
prove by induction on m that

N(UY) = H(Fr, p®)

where U,, is the subgroup of U generated by u, ... u,,. The result is
true for m = 0. We assume that this is true for m—1. Let us consider
the valuation associated to (X,,). The residue field is isomorphic
to Fl,_,. Since F,, is complete, the inertia group is isomorphic to
lif_n prn. We get an exact sequence

0— lilnpn - Ga.l(ﬁ'm) — Gal(ﬁ'm_l) — 0

which is split. The Hochschild-Serre spectral sequence yields short
exact sequences

0 — HI(Froy,4®7) — HI(Fp, p®7) — HI 7V (Fp_y, u®1) - 0.

Let A = F,_1[[Xn]] be the valuation ring corresponding to (X,,).
Using the notation of section 3, we have that r, = u,,. Therefore
lemma 6 implies the commutativity of the following diagram:

0 — Hi(Fpoy,u®) — HI(Fpypy®) — HI7V(Fp_q, y®571) > 0
T T ) 0
0> ANUYL) — NUY) B O ATWULL,) o0

where the lines are exact and, by induction hypothesis, the left
and right vertical maps are isomorphisms, the morphism i,, being
defined in the same way as 74. The exactness of the bottom line
comes from the decomposition U,, = U,,_1 ® F,u,,. Thus the central
vertical map is also an isomorphism and the result for m is proved.
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If K is a function field over k¥ which contains F', we define ¢} as
the composed map

UY — H'(F,pp) — H'(K, p)

and by lemma 1 we get a morphism ¢% : (A'U)Y — H(K, u®*)

Now the problem of finding a unirational field which is not ra-
tional reduces to producing a subspace S C A'U and an extension
K/ F of function fields satisfying the following three conditions:

(i) K is unirational over k
(ii) the kernel of the map ¢ : (A'U)Y — H'(K, u®') is S*.
(iii) S # Saec
We can then apply Corollary 3 to the map
¢k 2 UY — H'(K, pp)

Indeed the orthogonal in A'U of the kernel of the induced map
(A'U)Y — H'(K,u2') is S by (ii). Therefore using corollary 3, we
see that assumption (iii) implies that K is not stably rational.

For each of the following examples, the road map is as follows.
First we give conditions on a subspace V of (A'U)Y which imply the
following two properties: there exists an extension K/F such that
K is unirational and Ker(H'(F, p2') — H'(K, p®')) is exactly the
image of V' by the injection ¢%. Then we produce S C A!U such
that S+ C AUV verifies these conditions and such that S # Sdec-

4.1 Examples with non-trivial H2 (I, /1,;?2)

Notation If A is a central simple algebra over an arbitrary field
L, we shall denote by [A] its class in the Brauer group Br(L) and Y,
the corresponding Severi-Brauer variety.

Theorem 4 (Amitsur [Am]) The kernel of the morphism
Br(L) — Br(L(Y4))
ts the finite subgroup of Br(L) generated by [A].

Let us now consider a field L of characteristic prime to p and

[A1],...,[Am] in (Br L)) = H?*(L,u,), then we deduce from the
theorem the following lemma:
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Lemma 8

Ker(H*(L, pp) — H*(L(Ya, x---xYa,.) 1p)) =< [A1],...,[An] > .

Proof We shall prove the lemma by induction on . When m = 0
the lemma is trivial. Assume that the result is true for m — 1.
Let us denote by L,, the field L(Y4, X --- x Ya,)) and by L,,_,
the field L(Y4, X -+ x Y4, _,). Let p; : H*(L, p,) — H?*(L;, p,) for
Jj=m,m—1and p : H*(L,_1,p,) — H?*(L,,u,) be the canoni-
cal maps. Let A be an element of H?(L, u,) such that p,,(\) = 0.
Then p(pm-1(A)) = 0 and by theorem 4, p,,_1(\) = k[A,,] for some
k € Z/pZ. therefore p,,_1(A — k[A,,]) = 0 and by the induction
hypothesis
A —k[An] €< [A1), ..., [Am-] > .

Thus X €< [4,4],...,[Ax]>. 1

We shall now apply this lemma to the construction described at
the beginning of section 4.

Let S be a subspace of A2U. Let s,,...,s,, be a family generating
S+ c A?UVY, and Sy,...,S, be central simple algebras representing
the images of s1,...,8n in H?(F, pu,) which our choice of ¢ € p,

enables us to identify with H?(F, u®?). Let K = F(Ys, X --- X Ys,,).

Proposition 5 With notation as above, the function field K 1is
unirational. However if S # Sge. then

H. (K, pg?) # {0}

and K 13 not stably rational.

Proof By their very definition, the images of sq, ..., s,, in the group
H?(F, p2?) come from H?*(Gal(F’'/F), u®?). Therefore they become
zero when lifted to F”. So the Severi-Brauer varieties corresponding
to the S; are split by F’ and the composite F'K is rational over F’
and thus over k. So K is unirational. We deduce from lemma 8 that
the extension K /F satisfies condition (ii) above and by the principle
above, S # Sy.. implies H? (K, u®?) # {0}. W

Ezample For n < 3 any element of A2U may be written as u A v
with v and v in U. We shall therefore consider the case n = 4. The
subspaces S of AU such that Sg.. # S are described by Bogomolov
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in [Bo] when p # 2. This description is the following: the elements
of the form u A v with u,v € U are, in this case, the isotropic vectors
for the quadratic form

qg: N3U — AU

u — uAu

and S # Sge. if and only if S = Ker(qs) ® T where T # {0} and qr

is anisotropic. The following cases are possible:

case | dim S | dim Syg..
(a) 1 0
(b) 2 0
(¢) 2 1
(d) 3 1
(e) 3 2

Case (a) was studied by Saltman in [Sa]. For an example of (e) we
may choose

S =< Uy /\UQ,U1/\U4,UIAU3+UQ/\U4 > .
0 0 O
Indeed q|s is represented by the matrix: 0 0 O . Then
0 0 -2
St =< uy AuY,u) Auy,uy AuY —uy Auy >,
and

K = F(Ya.(xs5,X2) X Ya,(X2,X3) X Ya,(X1,X3)®A¢(X4,X2))>

where A¢(a,b) is the algebra over F' generated by two elements I
and J with the relations

IP=a,JP =b,1J = £JI.

4.2 Examples with non-trivial H3 (I, u$?)

Notation If L is a field of characteristic prime to p which contains
the p-th roots of unity, £ a primitive p-th root of unity and A a cyclic
central simple algebra of the form A¢(a, b) for a,b € L* then, for any
c € L*, I denote by Z,4 . the norm variety defined by Nrd(z) = c.
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Theorem 6 (Suslin [Su]) With this notation, the kernel of the
map

H>(L, pP?) — H*(L(Za), u?)
18 the subgroup generated by [A] U c.

The case p = 2 is due to Arason [Ar].

Let us apply this theorem to our problem.

Let S be a subspace of A2U. We make the following hypotheses:
(H1) we can choose a basis (s1,...,Sm) of S* such that each s;
is of the form v; A w; A y; for v;, w;,y; € UV.

(H2) For each k € {1,...,m} and each j € {1,...,n}, at most
one of the elements vy, wy, yx has a non zero value on uj.

Notation Let Z; = Zag(v; w;)y; where V;, W, Y; are the images
of v;,wj,y; in H'(F, u,). Let K = F(Z, x -+ x Z,).

(H1) enables us to apply theorem 6 whereas (H2) is used to
prove that Br,,(K) is trivial.

Proposition 7 With notation as above, the function field K is
unirational and the group Br,,(K) is trivial. However, if S # Sy,
then '

Hy (K, pu3°) # {0}

and K 1is not stably rational.

Proof

e Let us first prove the last claim: Using theorem 6, since
K = F(Z,)...(Z,), we may prove as in section 4.1, Lemma 8 that

Ker(H*(F, u$®) — H*(K, %)) =< (V;,W;,Y;),1 <j < m >
and therefore
Ker((A*U)Y — H3(K,p2?)) = S*.
As above, if S # S4.. then K is not stably rational.

e The images of v;, w;,y; in H'(F, pu,) come from the group
H'(Gal(F'/F), up) and have therefore trivial images in H'(F, p,,).
Thus )

Ac(V;, W) @ F 5 M, (F")
and Za,(v,,w;),y; — SLpr. This shows that the composite field K F’
is rational over F” hence also over k. So K is unirational over k.

e We shall now prove that Br,,(K) = {0}. For this purpose,
we shall use the following lemmata:
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Lemma 9 Let X be a non-singular geometrically integral variety
over a field M of characteristic 0. Let M be an algebraic closure of
M. Let G = Gal(M/M) and X = X xp M. Let M[X] be the ring
I'(X, Ox) and M(X) the function field of X.
If M[X]* = M, then there is an ezact sequence
0 — Pic(X) — Pic(X)Y — Br(M) —
— Ker (H*(G, M(X)*) — H*(G,Div(X))) — H(G, Pic(X)).

Proof We have the following exact sequence:

0 — H(G, M[X]*) > Pic(X) — (PicX)? — H*(G, M[X]*) —
— Ker (H*(G, M(X)*) — H*(G,Div(X))) — H(G, PicX).

This is the exact sequence (1.5.0) in [C-T,S]. We then use the fact
that M[X]* = M and Hilbert’s theorem 90 to get the lemma. M

The exact sequence of the lemma can also be obtained using the
following exact sequence of G-modules

1> M — M(X)* - Div(X) — Pic(X) — 0
and the similar one for X.

Lemma 10 Let L be as in theorem 6, let A; for j = 1,...,m be

central simple algebras over L and let c; belong to L* forj =1,...,m,

we denote by Za; ., the norm variety for A; and c¢; and Z =
II Za,.;- If A € Bro,(L(2)) then

1<5<m

A € Im(Br(L) — Br(L(2))).

Proof We denote by L the algebraic closure of L, Z = Z >If L and
G = Gal(L/L). Let A € Br,,(L(Z)). By Hilbert’s theorem 90 we

have an exact sequence:

<0 — H*G,L(Z)*) — Br(L(Z)) 5 Br(L(2)).

But Z = [] SL,t is L-rational and therefore Br,,(L(Z)) = {0}.
j=1

As
p(Bra.(L(Z))) C Bra,(L(2))

26



p(A) = 0 and X comes from X € H?*(G,L(Z)*).
Let us prove that A’ € Ker (H2(g L(Z)*) —- H?*(G, Dlv(Z))) For
any ¢ € Z(1), the set of points of codimension 1 in Z, let us choose

2’ € Z" above z. Then z’ defines B € P(L(Z)) whereas z cor-
responds to A = L(Z)ﬂB Let H, be the stabilizer of B. Let

L(Z) (respectively L(Z)) be the he completion of L(Z) (respectively
L(Z)) for A (respectively B), L(Z) (respectively L(Z) ,) the cor-
respondlng maximal unramified extensions. Let L(Z ) (respectlvely
L(Z)m) be the algebraic closure of L(Z) (respectively L(Z) ,) in
L(Z) (respectively L(Z )nr)- Since the ramification index is one, the

fields L(Z )., and L(Z )nr are actually equal. Therefore we have the
following diagram of fields:

——

(Z)ns

N\ ™

I(Z
S
I(2)

\9’
L(Z

<

N
L(2),,
c/
(Z)

V\h/

Let us define v, as the valuation associated to B and i, as the in-
jection H, — G. The definition of 94 for the Brauer group and the
diagram of fields yields the following commutative diagram

H?*(G,L(Z)*) — Br(L(2))

l (ira V:r)* .L BA
H?*(H,,Z) HY(Gal(7;/x,), Q/Z))
! !
H(H.,Q/Z) HY(Gal(L(Z),,/L(Z)),Q/Z)
N /

H'(Gal(L(2),,/L(Z),Q/Z).
Here the isomorphisms
H*(H,,Z) = H(H,, Q/Z)
and
HY(Gal(%/x,), Q/Z)) = H'(Gal(L(Z),,/L(Z)), Q/Z)
are the inverses of the natural maps. Besides the map

H*(H,,Z) — HY(Gal(L(2),,/L(Z), Q/Z)

27



is injective. But Div(Z) = 69(1) Z[G/H,] as a G-module and by
r€Z
Shapiro’s lemma

H*(G,Div(Z)) = @ H*(H.,Z).
e Z(1)

By the diagram, for any =z € Z(") we have (i, v;)*(\) = 0 and
X' € Ker (H*(G,L(2)*) — H*(G,Div(Z))).

Let us show that L[Z]* = L~ and that Pic(Z) = 0. These facts
may be proved in the following elementary way: let U = A — {0}
and P = Z x U™ Then P 5 (GL,z)™ Let # : P — Z be the

natural projection and j : Z — P the immersion corresponding to
(1,...,1). If f € L[Z]* then n*(f) is an inversible element in the
ring of function of (GL, ;)™ which has the following form:

1
Det (Xijk)1<ii<p
Therefore 7*(f) can be written in the form c[]7L,(Detz)™* where

c€L”, ny € Z and Dety = Det(X,J,k)1<”<p for 1 < k < m. But,
by definition of j, we have the relation j (Detq) = 1. Therefore

f=3(="(f)) el

Moreover we have an injection Pic(Z) — Pic(P). And P is an open
set in (M, )™. We hence have a surjection Pic((M, £)™) —» Pic(P).
But the Picard group of (M, £)™ is trivial. Therefore Pic(Z) = {0}.
Since L[X]* = L”, by lemma 9, we have an exact sequence

0 — Pic(Z) — Pic(Z)¢ — Br(L) —
— Ker (H*(G,L(2)*) — H*(G,Div(Z))) — H'(G, Pic(Z)).

We get an isomorphism
Br(L) = Ker (H*(G,L(2)*) — H*(G,Div(Z))) .

Therefore A comes from Br(L). N

—L—[Xt,J,ka]-SkSm7]-Sz,]Sp][ ,1SkSm:|

Lemma 11 With notation as in proposition 7, if A is an element
of P(F') corresponding to a point of codimension one of A} then
there exists B € P(K) such that we have BN\ F = A, the map

H'(k,, Q/Z) — H'(r5,Q/Z)

18 injective and the ramification indezx ep/s = vy(wa) = 1 (for vy
the valuation corresponding to B, and w4 an uniformizing element

of A).
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The proof of lemma 11, which uses (H2) is based on the following
lemma

Lemma 12 Let L be a field over k, we denote by £ a primitive
p-th root of unity. Let VW, X € L*, A= A¢(V,W) and Z = Z, x.
Let B € P(L) such that V,W, X belong to B and at most one of the
V,W, X belongs to Mp, the mazimal ideal of B. Then there ezists
B' € P(L(Z)) above B such that the morphism H'(x,, Q/Z) —
H'(kg,Q/Z) is injective and such that the ramification indez of
B’ over B 1is 1.

Proof The algebra A is generated by two generators I and J with
the relations I = V J? = W and IJ = £JI and has therefore the
basis (Ika)ggép_i .V & (L*)?,let L' = L[T]/(T? — V), otherwise
let L' = L and T be a p-th root of V. The field L’ is a splitting field
for A. We define an isomorphism A ® L’ = M,(L') by sending I to
the diagonal matrix D(T,¢T,...,£77'T) and J to

0 ...t 0o W
1 0 ......... 0
0 1 o0 0
0 0 1 0
Therefore, if y € A ® L(yjk)osisr—1 is given by y = > y;x P J*,
= -
Sksp—

the image of y in the ring Mp(L'(yj,k)géiézzi) is M, = (mj,k)ggiézj
where
Mk = Yok +y1;—kET +--- + yp—l.j—kfj(p—l)Tp'l ifj =k
mik = W(op+i—k +* + Yp-1,p4+;-£E7 @~ DTP1) otherwise

Det(M,) is then a polynomial defined over L, which, by definition,

gives the reduced norm on A. Therefore the equation of Z is given
by Det(M,) — X =0 and

L(Y) = Fr (Lly;algsysoy /(Det(M,) — X))

0<i<p
0<k<p
Let

By = Blyjxlogige— /(Det(M,) — X).
This is well defined: the coefficients of the polynomial Det(M,) — X

are in B, since V,W, X € B. Let mp be a uniformizing element for
B. We have

By/(7B) = £5[y;x] ogize—1 /(Det(M,) — X).
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The polynomial Det(A,) is given by the same computation over the
residue field k,. And by hypothesis the only possible cases are the
following ones:

(a)

(b)

(c)

(d)

None of V, W, X is in Mp, then (Det(AM,) — X) is the equation
of the norm variety corresponding to the central simple algebra
Ae(V,W) and to X where V,W, X are the images of V, W, X
in K, . |
If W € Mpg but neither of V, X is in Mp then Det(M,) be-
comes equal to the determinant of a lower triangular matrix
over an extension of k., which splits the polynomial 7?7 — V
and we get the following equality in x,[y; ]

p—l - - —
Det(M,) — X = H(yo,o+yl,o'fJT+' . ‘+yp—-1,ofj(p_1)Tp—1) - X.

7=0

We obtain the equation of Y x A2(P—1) where Y is geometrically
integral. Y is, in fact, birationaﬁy isomorphic to the Severi-
Brauer variety corresponding to A¢(V, X)

We assume that V € Mpg but neither of W, X is in Mpg. We
may exchange V and W in the definition of Z and this case
reduces to the preceding one.

If X € Mp but neither of V,W is in Mp, we have

Det(M,) — X = Det(M,).

We get a variety which becomes isomorphic over %, the al-
gebraic closure of x,, to the subvariety of M,(%;) defined by
Det(M) = 0. This subvariety is integral.

Therefore in each case Bj/(7ng) is the ring of functions of a geomet-
rically integral variety over x,. Thus B(}/(wg) is integral and (7 pg)
is a prime ideal of B;. Let B’ = By, ,. B’ is a local ring and, since
Mp: = (wB), B’ is a discrete valuation ring of rank one. Moreover
B'NL = B, Fr(B') = L(Z), egryg = 1 and &,, is algebraically closed
in K5, the residue field of B’ therefore

H'(ky,Q/Z) — H'(x,,Q/Z).
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Proof of lemma 11 Since A corresponds to a point of codimension
1 of A%, at most one of X,..., X, is in M 4. Since (H2) is satisfied,
we see that, by removing if necessary terms of the form 7*?, we can
reduce to the case where, for each j, at most one of the Vj, W;,Y;
is in M 4. We shall prove by induction on k£ < m that there exists
By € P(F(Z1)...(Zk)) such that BN F = A, eg,/a = 1 and the
map

H'(x,,Q/Z) — H'(kp,,Q/Z)

is an injection. For k£ = 0, A verifies the conditions. If it is true
for £ < m, we may use the construction of the preceding lemma to
obtain By4i1, because Viy1, Wiq1,Yiy1 € A = BN F and at most
one of them belong to Mg, .

The ring B = B,, satisfies the conditions we wanted. W

Completion of the proof of proposition 7 Let A\ € Br,,(K). By
lemma 10, we know that A\ € Im(Br(F) — Br(K)). Let X be an
element of Br(F) whose image is A. Let A € P(F) corresponding
to an irreducible divisor of A}. By lemma 11, there exists B € Py
above A such that eg/4 =1 and

H'(x,,Q/Z) — H(x5,Q/Z)
is injective. Therefore we have a commutative diagram:

Br(F) — Br(K)

1 9a 1 98
H'(x,, Q/Z) — H'(xp,Q/Z)
where the bottom line is injective. Since 9g()\) = 0, we get that

94(X’) = 0. Thus
Ne () Kerda.
Ae(Ap)D)

But, as in [C-T], using an induction on n one can check that, since
k is algebraically closed of characteristic O,

(| Kerda = {0}.
Ae(AR)V)

Therefore Br,.(K) = {0}. 1
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Ezample 1 To get an example with S # Sy.., we need to take

n>6.Ifn=6,5 =< u; Auz Auz+ uy AusAug > verifies S # Sge.
and we have

1<j<l<m<6
Lo v v M r >
S = <u_7 A uy /\Um for { (J, l,m) ¢{(1’2’3)’(4’5’6)}’
uf Auy Ay —uf Auy Auy >
1<;j<l<m<6
v v v _ 5
<u AU Aug for { (4,1,m) & {(1,2,3),(4,5,6)},
(wyf — ) A (u +uf) A (uf +uf) > .

Therefore (H1) and (H2) are satisfied.

Ezample 2 We shall now give other examples with n = 6.

Let g1 = uis Aug Auz + usz A ug Aus + us A ug A uq
gg=u2/\u3/\u4+u4/\u5/\u6+u6/\u1/\u2
hy = uy Aus A us
h2=u2/\u4/\u6.

Let us prove that, if s = {g1}, {91, 92}, {91, h1} or {g1, 1, h2}, the
subspace S generated by s verifies (H1), (H2) and S # Sqec

e We first prove that S verifies (H1) and (H2). If so =
{91, h1, h2} and Sy is the subspace generated by so then

1<jij<l<m<®6
S = < uy A w) Awuy, for @HLm)y¢g{ (1,2,3),(3,4,5),(1,5,6),
(1’3’5),(2,4,6)},

uy Auy Auy —uy Auf Auy,
uy Auy ANul —ud Aud Au) >
1<j<l<m<6
< ui Ay Ay, for { FILm)yg{ (1,2,3)
(1,3,5)

I

,(3,4,5),(1,5,6),
(2,4,6)},

bJ

uy A (uf +ug) A (ug + uy),

ud A(uY +uy) A (u) +uy) >.
Therefore Sp verifies (H1) and (H2). This implies (H1) and (H2)
in the cases s = {¢g1} and s = {g1,h1}. Indeed, for s = {g;}, we
have

St =< Sy, uy Auy AuY,uy Aul Au) >

and for s = {g1, h1}, we get

St =< SF,uf Aul Aud > .
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For s = {¢1, 92}, we have:

St = < uy Ay Awuy, for @BILm)yg{ (1,2,

= <uwyAw Auyfor § (Gilm)g{ (1,2,3),
1)

1<;j<l<m<6
3),(3,4,5
(2,3,4),(4,5,6

? ?

uy Auy AuY —uy Aul Ay,
uy Auy Auy —uy Aud Ay,
uy Auy Auy —u AuY Auy,
uy Aud Auf —ud Auy Auy >

1<;7;<l<m<E6
(3,4,
(2,3,4),(4,5

uy A (uy + uy) A (uy + uy),
ug A (uy +u3) A (uy + uy),
ug A (u3 + ud) A (uy + uy),
ug A (uy +ud) A (uy +uy) >.

5)
,6)

b

?

(1
(1

b 5, 6)7
I 27 6)}7

e We shall now prove that S # Sy... First we remark that
an element g € A*U may be written in the form ¢ = u A v with
u € U and v € A*71U if and only if there exists u € U — {0} such

that g Au = 0. Let o,8,v,6 € Fp,, g = ag1 + Bg2 + vh1 + 6h,,

ay,az,as,as,as,a6 € F, and u = Z a;u; We are interested in the
1<k<6

equation:

(%) uAg=0.

Let us compute uxy Agfor1 < k<6

uis Ag
uxs N g
us N\ g
ug A\ g
us N g

u6/\g

auy Auz Aug Aus + Bug A uz A us A uy

+Puy A ug A us Aug+ duy A uz A ug A ug
aug A uz Aug A us — auy A us A us A ug

+Bugs A ug Aus Aug — yuy Aug A usA us
—au1/\u3/\u5/\u6+,3u3/\u4/\u5/\u6
+Bu1/\ug/\~u3/\u6—6u2/\ue,/\u4/\u6
—auy Auz Ausz A ug — auy Aug A\ us A ug
+ﬁu1/\u2Au4/\u6+’7u1/\u3/\u4/\u5
—aul/\ug/\u3/\u57_ﬂu2/\u3/\u4/\u5
+13U1/\UQ/\U5/\UG+5’U2/\U4/\U5/\U6
—au; Auz Auz A ug — auz A ug A us A ug
—ﬂug/\u;;/\u“/\ue—-—’yul/\u3/\u5/\u6.
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Therefore (%) is equivalent to the following system of equations:

a8 —aaa = 0 aa+tayy = 0
—axy —asa = 0 —azax —agy = 0

azf —aga = 0 —azb—agB = 0

016 + a4,3 = 0 GQ,B + (156 = 0
—aqox + (15,8 = 0.

Let us first consider the case s = {g1,h1,h2} and S =< s >. If
S = Sg4ec then there exist «,v,6 € F, with a # 0 and v € U — {0}
such that

(g1 +vh1 + 6h2) Au=0

We may assume a = 1. Then, solving the system of equations
with 8 = 0 and aa = 1, we find u = 0 and get a contradiction.
Thus S # Sge.. From this we also deduce that dim(S/Sg..) = 1 if
s = {g1,h1} or s = {g1}. For the case s = {g1,92}, we resolve the
system with v = § = 0 and find that (ag; + B8g2) A © = 0 implies
ag, + Bg2 = 0 or u = 0. Therefore Sy = {0}. To sum up, we have
found the following examples:

s dim S | dim Sg..
g1 1 0
g1, hl 2 1
g1, h1, he 3 2
91,92 2 0

Moreover one can show that
S =< Ui ANug A uzg+ uz A ug Aus + us A ug A\ uy >

is not in the same orbit under the action of GLg(F,) as the subgroup
used in example 1. See [Re] for details.

4.3 Examples with non-trivial H: (K, ;$*)

In this case we assume p = 2 and use the following result of Jacob
and Rost on the quadratic forms [J,R]. We recall that the n-fold
Pfister form << a4,...,a, >> is the quadratic form

<l,—a; >®---®<1,—a, >.

Theorem 8 (Jacob and Rost) Let L be a field of characteristic
prime to 2, let ® be a 4-fold Pfister form << a,,az,as, as >> and

let L(®) be the field of functions of the gquadric associated to P.
Then we have

Ker(H*(L,Z/2Z) — H*(L(®),Z/2Z)) = {0, (a1)U(az)U(az)U(aq)}.
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As in section 4.2 we assume the following:
(H1) We may choose a basis sq,...,s,, of St such that each S
may be written as u; j Auzj AusjAuy; withug; € UV for1 < k < 4
and 1 < j <m.

We then let Uy ; represent the image of uz ; in F*/F*2, Set

Q; =<< Uh,;,U3,;,Us,;, Uy ; >>

and let K = F(®,)(®2)...(P,,), the field of functions of a product
of quadrics.

Proposition 9 K is unirational over k, but if S # Sgec then
H} (K, u3*) # {0} and K is not stably rational.

The proof is similar to those of the other cases.
Ezample We may take n = 8 and

S=<ur Aus AuzAug+usAusAurA ug > .
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