
HAL Id: tel-04186288
https://theses.hal.science/tel-04186288

Submitted on 23 Aug 2023

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Analyse éléments finis et modèles réduits combinés à des
approches flexibles de dynamique multi-corps pour la

simulation de transmission par engrenages
Youness Benaicha

To cite this version:
Youness Benaicha. Analyse éléments finis et modèles réduits combinés à des approches flexibles de
dynamique multi-corps pour la simulation de transmission par engrenages. Autre. Ecole Centrale de
Lyon, 2023. Français. �NNT : 2023ECDL0018�. �tel-04186288�

https://theses.hal.science/tel-04186288
https://hal.archives-ouvertes.fr


N° d’ordre NNT : 2023ECDL0018

THESE DE DOCTORAT DE L’UNIVERSITÉ DE LYON OPÉRÉE AU SEIN DE L’ÉCOLE
CENTRALE DE LYON

Spécialité Mécanique

Ecole doctorale MEGA
Mécanique - énergétique - génie civil - acoustique

Par

Youness BENAÏCHA

Finite element method based analysis and
reduced order models combined with flexible

multibody dynamics approaches for gear train
simulations

Devant le jury composé de:
E. Mironescu Professeure ECL/MI-ICJ Présidente
A. Kahraman Professeur The Ohio State University Rapporteur
J.-L. Dion Professeur ISAE-Supméca Rapporteur
B. Guilbert MCF INSA de Lyon Examinatrice
F. Thouverez Professeur ECL/LTDS Directeur
J. Perret-Liaudet MCF HDR ECL/LTDS Co-encadrant
J.-D. Beley Senior director Ansys Inc Co-encadrant



Chapter

ii



Abstract

The research work presented in this dissertation was conducted in the the Laboratory of Tribology and

System Dynamics (LTDS) at Centrale Lyon, in collaboration with the company ANSYS. The work

is concerned with the efficient solution of gear dynamic contact problem by means of finite element

method. Finite element method are often combined with flexible multibody dynamics approaches

when geometries are complex and flexible. This is a complicated problem to solve. Indeed, the main

reasons are:

• The different scales involved due to micro-geometric modifications, the local behaviour (hertzian-

like deformation) at the teeth, and the global behaviour of gear transmission.

• The large range of mulfi-frequency excitations induced by the meshing process.

• The nonsmooth mechanics caused by occurrences of unilateral contacts.

• And the high number of degrees of freedom arising from a fine mesh which is fundamental to

describe accurately the previous cited reasons.

In this dissertation an insight is proposed to overcome the computational limitation experienced in

the gear contact dynamics field by combining finite element based analysis with flexible multibody

dynamics and model order reduction. The proposed work is applied on spur and helical gear but

no assumptions are made, proposed methodologies can be applied to any type of gears. The present

work focuses firstly on the definition of accurate 3D gear geometries, capable of integrating micro-

geometric modifications. Then, methodologies based on finite element analysis in quasi-static condition

are proposed to compute the internal excitations which are the static transmission error and the

mesh stiffness. They are able to treat: gear pair with micro-geometric modifications (tip relief,

crowning), gear transmission with flexible shafts and thin rimmed, gear pair with thin rimmed and

holes and also a complete flexible gearbox (gear pair, shafts, bearings and the housing). An extended

strategy in 2D is derived to deal fast with gear with holes. Next, reduced order models are generated

using the methodology cited above. Results of gear finite element analysis in quasi-static operating

condition provides snapshots of the displacement field and snapshots of the contact forces. The
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collection of snapshots of the displacement field enables the generation of a reduced basis using the

Proper Orthogonal Decompositon Method (POD), this basis is enhanced with free eigenmodes. The

collection of snapshots of the contact force allows the creation of Krylov subspaces. These reduced

order models are combined with a flexible multibody framework and the Moreau-jean time-stepping

scheme (numerical integration scheme) to compute the dynamic response.
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1 Industrial and research context

Gears are used in many systems to transmit the torque and rotational motion generated by the

engine. A gear transmission consists of toothed wheels mounted on shafts. These shafts are supported

by bearings. All of these mechanical components are usually assembled in a housing that supports

the bearings and contains the lubricant. Gears are currently the most suitable technological solution

for transmitting high power. They allow to minimize the transmission defects and they have a high

efficiency. Geared systems are thus widely spread in the field of transportation.

Research efforts over the last thirty years have led to progress in the understanding of geared mechanisms.

Indeed, the vibratory response of gear transmissions is mainly generated by internal excitations which

are related to the meshing process. These internal excitations are the transmission (TE) error and

the mesh stiffness. The transmission error is defined as the difference between the actual position
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of the output gear and the position it would occupy if the gear pair were perfectly conjugate. The

mesh stiffness is the result of the periodic variation of the number of pair of teeth in contact. As

a consequence, these excitations produce dynamic mesh forces which are transmitted to the housing

through wheel bodies, shafts and bearings. The vibratory state of the housing is related to the radiated

noise. The gear dynamics remains complex to model as the global behaviour of the whole transmission

and the local behaviour at the gear mesh are coupled. It’s thus of paramount importance to propose

models that enable the inclusion of the gear body, the flexible shafts, the bearing and the housing

during the computation of the transmission error and the mesh stiffness.

Additionally, the issues related to energy consumption and air pollution have increased the need

for on-board mass reduction. This requirement concerns in particular drivelines equipped with gear

transmissions. The proposed solutions to decrease the gear mass consists in using composites or

removing material from the gear blanks by employing thin rim or holes. However, mass reduction

may compromise the integrity of the structure and the vibroacoustic performances. Thus, it is of

paramount importance to verify that adding holes does not increase the gear mesh excitation and the

resulting radiated noise.

The work of the PhD is part of a collaboration between the Laboratory of Tribology and System

Dynamics (LTDS, http://ltds.ec-lyon.fr/spip/) and the publisher of numerical simulation software

ANSYS (http://www.ansys.fr/). It is to take advantage of the experience of the LTDS team in the

field of simulation of mechanical geared systems in a commercial simulation environment developed

by ANSYS.
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2 Objectives and contributions

The main goal of the collaboration is to simulate the temporal dynamic behavior of complete gear

transmissions for stationary operating speeds as well as for transient regimes. To do this, we develop

modelling strategies based on a coupling between a global multibody transient model at the scale

of the complete transmission and local models of the close contact between teeth. These modeling

approaches will be based on the numerical tools developed by ANSYS (finite element solver, multi-

body dynamics solver). In this context, it will then be necessary to develop temporal integration

methods coupled with model reduction methods capable of managing this coupling at different spatial

scales. The targeted methodologies must yield reliable results and low computational time.

The first contribution of this work is the development of a complete finite element methodology

to characterized the internal excitations which are the static transmission error and the mesh stiffness

without any assumption of the contact point locations. Indeed, the instantaneous contact conditions

between the gear teeth are determined and solved at each time step. The micro-geometry (of the order

of a few micrometers) is directly introduced during the gear geometry generation. This methodology

is achieved using the ANSYS Mechanical ® solver and relies on an augmented lagrangian formulation

considering a surface-to-surface contact detection for describing the contact. The methodology has

been firstly compared with classical methods on a gear pair and then it was applied to gear pair with

thin rimmed and holes and even to complete gearboxes.

The next contribution is the development of a numerical strategy to compute the static transmission

error and the mesh stiffness of 2D gears with holed gear blanks. The instantaneous deformation of the

holed gear blank and the gear teeth is estimated by decomposing the gear pair with holed gear blanks
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into two substructures. a substructure including the gear without holes, with solid wheel bodies, noted

’wh’ and a substructure including only the wheel body with holes, without the teeth, noted ’gb’. In

particular, the substructure ’wh’ represents the gear where the wheel body with holes is replaced by

a rigid disk, in order to calculate only the static deformation of the teeth. A non-linear quasi-static

analysis is performed over one meshing period, thus a small angular displacement, to evaluate the

static deformation of the teeth along the line of action. The contributions of the gears and the wheel

body are then summed to obtain the total transmission error

Another contribution is the development of a methodology in the ANSYS environment to compute

the dynamic behaviour of large scale geared systems. The proposed methodology relies on the use of

a condensed model for the flexible shafts, the bearings and the housing while considering parametric

excitations (static transmission error and mesh stiffness) to model the contact between the gear teeth.

The numerical strategy consists in solving the equation of motion in the frequency domain using the

Harmonic Balance Method (HBM).

Then, last but not least contribution is the development of strategies based on reduced order models

coupled to a flexible multibody framework to compute the gear dynamic response. Reduced order

models based on POD firstly and then Krylov subspaces are devised. The reduced model is then

introduced in a multibody framework for solving the equation of motion. The nonsmooth dynamics is

integrated with a Morean-Jean time stepping scheme and a FE-based contact formulation is considered

at each time step using Signorini conditions at velocity level.

The work provided during this Phd has allowed several articles in international journals:
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1. Y. Benaïcha, J. Perret-Liaudet, J-D. Beley, F. Thouverez. On a flexible multibody modelling

approach using FE-based contact formulation for describing gear transmission error. Mechanism

and Machine Theory, 167(1142):104505, 2022. https://doi.org/10.1016/j.mechmachtheory.

2021.104505

2. Y. Benaïcha, A. Mélot, J. Perret-Liaudet, J-D. Beley, E. Rigaud, F. Thouverez. A decomposition

method for the fast computation of the transmission error of gears with holes. Journal of Sound
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1. Y. Benaïcha, J. Perret-Liaudet, J-D. Beley, F. Thouverez, E. Rigaud. Some results about

multibody modelling for describing gear dynamics including meshing teeth contact. International

Nonlinear Dynamics Conference, Roma, Italy, 2019

3 Thesis outline

The present manuscript is divided into five chapters. The content of each chapter is described as

follows:

• The first chapter is this introduction.

• Chapter II is a literature review on the vibroacoustic behaviour of gears with a focus on the

whining noise. We introduce the main concepts and the different phenomena in gear dynamical

system. Then, dynamical models used to simulated gear dynamics in the literature are described.

• Chapter III provides a review of existing strategies for the computation of the static transmission

error and the mesh stiffness. After that, a proposed methodology based on a complete finite

element approach is described. The approach uses FE-based contact and augmented lagrange

formulation to treat the instantaneous gear teeth contact conditions.

• Chapter IV is an application of the methodology proposed in Chapter III. The application treats

the case of lightweight gears (holed gear blanks) and complete gearboxes. Then, a 2D quasi-

static decomposition method is derived to accelerate the computation of the static transmission

error and the mesh stiffness of gears with holed gear blanks.

• Chapter V starts with the state of the art of model order reduction techniques in a structural

dynamic context. Firstly, a model of a complete gearbox is proposed. The gearbox is submitted

to the internal excitations (STE and mesh stiffness fluctuations) and the flexible shafts, the

6
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bearings and the housing are condensed using the CMS. The stationary dynamic response is

obtained by solving the equation of motion in the frequency domain with the Harmonic Balance

Method (HBM). Then, reduced order models based on Proper Orthogonal Decomposition (POD)

and Krylov subspaces are devised. A flexible multibody framework is then used to compute the

transient gear dynamic reponse of a gear pair.
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II Gear transmission: state of the art

Introduction

The objective of this chapter is to present the state of the art of the vibroacoustic behaviour of gears

with a focus on the whining noise. The gear dynamic behaviour is responsible for different radiated

noise. Firstly, these noises are classified according to the gear dynamic regime. Then, we define and

introduce the excitation sources of geared systems and the several gear parameters that influence the

excitation sources. The dynamical phenomena occurring in geared systems are detailed. Finally, a

clear description of the dynamical models used to simulate the vibratory behaviour of gear transmission

is proposed.

Contents
1 Vibroacoustic behaviour . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
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3 Dynamical models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
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1 Vibroacoustic behaviour

Gears are components used in most types of machinery. They have been used by almost all machine

designers since the last three thousand years. They still continue to be an important component in

current machines. Besides, gear design aims at constantly improving the efficiency and the power of

gear machinery. To this end, designers have to propose ever more lighter and quieter gears. Gears are

toothed wheels that transmit rotation and torque from one part of the machinery to another. Gears

are used in pairs or more, for e.g. planetary gear train, and each gear is attached to a shaft. The gear

meshing process enables the power transmission from the input shaft to the output shaft. Their design

can regulate the rotational velocity and the torque of a mechanism. We can thus find different type of

gears. The most common gears are spur gears, helical gears, worm gears, bevel gears and hypoid gears.

Spur gears are the simplest to design and manufacture (cylindrical shape). The teeth are parallel to

the shaft axis and they run straight across the width of the gear face. Worm gears consist of a worm

screw and a worm wheel (spur gear). The rotational axis is changed by 90◦ between the input and

the output axis. Helical gears have tooth oriented with an angle to the shaft called the helix angle.

As opposed to spur gears, helical gears have contact which starts at one end of a tooth and extends

gradually in a diagonal line across the width of the tooth. Bevel gears have straight teeth and they

are manufactured on a conical shape rather than a cylindrical shape as used for spur gears. They

transmit rotation and torque from one shaft to a nonparallel shaft (mostly perpendicular). Hypoid

gears are bevel gears with helical teeth. The straight teeth of spur gears and straight bevel gears tend

to make them noisy in operation, since the mating teeth mesh along their whole width all at once. In

this manuscript we will focus on spur and helical gears but the proposed method are not restrictive

because no assumption is made about the gear type. Thus, an application on bevel gears and hypoid

10
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gears is possible. The gears characteristics of spur and helical gear transmitted power through parallel

shafts are described in Fig. II.1 and Fig. II.2.

Figure II.1: Spur gear terminology from [39]

Figure II.2: Helical gear terminology from [39]
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In practice, gears are used not only in pairs, but also in more complex mechanisms called gear trains.

Gear trains have vibroacoustic behaviours. The vibroacoustic behaviour is related to the operating

conditions and the type of the excitation sources. The dominant resulting noise related to the meshing

process is the whining noise. Generally, the whining noise constitutes the dominant source of noise

[22, 105, 115, 142]. For example, in the transportation industry, the whining noise corresponds to

a large part of the noise perceived by passengers as well as the noise perceived outside the vehicle.

Gear whining noise is perceived as a tonal noise that is emitted from gears in mesh and the sound is

characterized by vibrations at gear mesh frequency and its multiples (harmonics). This is an annoying

noise since the human ear is more sensitive to tonal noise.

In this context, one common goal to improve NVH is to obtain quiet gear systems by reducing the

whining noise level. This structure-borne noise results from the dynamic mesh force, corresponding

to the time varying normal contact force. Vibrations propagate through the gear wheel bodies, the

shafts and the bearings to the housing. The objective of the works in this manuscript is to propose

modelling approaches for a better computation of the whining noise. In this part we thus focus on the

origins and dynamic behaviour of the whining noise.

2 Origins of the whining noise

In this section, we describe the origins of the whining noise. During the gear mesh, the gear is

submitted to different internal excitation sources. These excitation sources are the static transmission

error and the mesh stiffness. It is well known that the STE and the mesh stiffness are responsible

for the whining noise. Thus modifications on the STE and the mesh stiffness have an influence on

the whining noise. So, the effects of micro-geometry modifications, mounting errors and loaded tooth

deformation on the STE and the mesh stiffness are highlighted in the second part of this section. The

work of Harris [61], later assisted by Munro [46], deserves to be cited in the references because of its
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fundamental contribution to the understanding of the sources of gear meshing vibrations. In his work

Harris showed that what he called static error is affected by profile modifications that he introduced

deliberately. He investigated the influence of the profile modifications on the static behaviour of the

meshing gears.

2.1 Definition of the static transmission error and the mesh stiffness

The transmission error is defined as the difference between the actual position of the output gear and

the position it would occupy if the gear pair were perfectly conjugate [64, 142]. This physical quantity

is usually expressed as an angular error between the input and the output gear or as a displacement

along the line of action. The line of action is the line tangent to the base circles along which theoretical

contact points are located. The line of action for spur and helical gears and the associated plane of

action are described in Fig. II.3.

(a) (b)

Figure II.3: Description of the line of action (a) and the plane of action (b).

The transmission error can be expressed along the line of action as:

δ(θ1) = Rb2θ2 +Rb1θ1 (II.1)

θ1 and θ2 are respectively the angular position of the input wheel and the output gear. Rb1 and

Rb2 are the base radii of the input wheel and the output gear. α and β are the operating pressure

13



Chapter II Gear transmission: state of the art

angle and the operating helix angle, respectively. The definition in eq II.1 is well suited for two gears

meshing together but when a complete gearbox is considered the effects of flexible shafts, bearings

and the housing are to be taken into account. For this reason, the transmission error is expressed

using a geometrical column vector G in the reference frame (O1,
−→x 0,

−→y 0,
−→z 0) associated with the

gear design parameters. This vector G as defined below has 12 non-zero values that couple the 6

degrees-of-freedom of the input gear with the 6 degrees-of-freedom of the output gear:

G = [sin(α) cos(α) tan(β) 0 −Rb1tan(β)
cos(α) Rb1 − sin(α) − cos(α) − tan(β) 0 −Rb2tan(β)

cos(α) Rb2]

(II.2)

the transmission error which takes into account the contribution of all the component of the transmission

is expressed as follows:

δs(θ1) = GT x (II.3)

with

x = [x1 y1 z1 ψ1 ϕ1 θ1 x2 y2 z2 ψ2 ϕ2 θ2] (II.4)

where [x1 y1 z1 ψ1 ϕ1 θ1] and [x2 y2 z2 ψ2 ϕ2 θ2] are the 6 degree-of-freedom of the input and

output gear, respectively. Sometime it can be useful to define the transmission error in terms of

velocity and acceleration. For that, x is replaced by ẋ and ẍ for the velocity and the acceleration,

respectively. Actually, the type of analysis will drive the choice of transmission error definition. Indeed,

the physical quantity which characterizes correctly the transmission error when the gear pairs operates

in static or quasi-static is the position x. However, the velocity and the acceleration ẋ and ẍ seems

to be more adapted in dynamic operating conditions. It’s also difficult to retrieve experimentally the

displacement and the velocity, generally we have access to acceleration thanks to accelerometers. So,

one can see that the transmission error is characterized by the operating condition regime. A clear

description has been proposed over the years. A brief reminder is presented below:
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The kinematic or unloaded static transmission error : This kinematic static transmission error

considers rigid gears or unloaded gears which operates in static or quasi-static behaviour. So, only

the effect of the geometry is accounted for.

The loaded static transmission error : In addition to the kinematic static transmission error,

the loaded static transmission error takes into account the teeth flexibility and the teeth are loaded.

So, the geometry, the tooth deformation and the global deformation are included.

The dynamic transmission error : Considering the elasto-dynamic properties, the dynamic transmission

error is the transmission error in dynamic operating condition.

The static transmission error depends on the instantaneous tooth position and has for origins :

• manufacturing errors (eccentricity, pitch error, profile error) [57, 151].

• intentional micro-geometry deviation (longitudinal crowning, profile correction) [64, 88, 78, 154].

• tooth deformation (hertzian contact, tooth bending and shear), and global deformations of the

entire gearbox (housing) which induce shafts misalignment [125].

The STE can be seen as a displacement excitation. These main parameters influencing the STE are

detailed in the next section.

Another important element for the whining noise is the internal parametric excitation source generated

by the meshing stiffness fluctuation. Indeed, the peak-to-peak amplitude of its periodic variation at

the meshing frequency is large. The origin of this periodic variation is due to the variation of the
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number of teeth in contact during the meshing process. The periodic variation can reach 65% of its

mean value for spur gears, and 40% for helical gears. This internal excitation is deduced from the

STE computation as it consists on the slope of the function of the transmitted force versus the STE.

This characteristic results from a linear approximation of the transmitted mesh force function. For

each driving angular position θ1, the mesh stiffness is defined as the derivative of the transmitted load

F relative to the STE δ(θ1):

k(θ1) = ∂F

∂δ(θ1) (II.5)

The mesh stiffness is a parametric excitation which exhibits the same frequency components as the

STE fluctuation. The STE and the mesh stiffness are leading the system to be parametric.

2.2 Micro-geometry deviations, mounting errors, deformations

As introduced previously, the transmission error and the mesh stiffness are generated by the tooth

deformation. These physical quantities are also impacted by manufacturing errors, micro-geometry

deviations and global deformations. The main factors impacting the transmission error and the mesh

stiffness are presented below:

Eccentricity: the eccentricity is defined as the deviation between the actual axis of rotation and

the theoretical. This is a well known defect impacting the transmission error. Many authors showed

the effects on the transmission error over the last 30 years considering the eccentricity on one wheel

firstly [98], then with an eccentricity on the two wheels [94, 85]. They showed the addition of harmonics

at the rotating frequency of the considered wheel f1,2. Welbourn [142] characterize the eccentricity

by the presence in the frequency spectrum of the rotating frequency of the considered wheel f1,2 and

sidebands around mesh harmonics nfm ± f1,2 with fm the mesh frequency and n ∈ N∗.
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Shaft misalignment: shaft misalignment with respect to the plane of the shafts includes inclination

and deviation [125], they are mostly characterized by the angular errors θi and θd, for which i and

d state for inclination and deviation error, respectively. It is due to mounting errors of the wheel,

the shafts and the bearings. This defect generates a modification of the contact pattern and the

pressure distribution. These modification have a significant influence on the mesh stiffness. Conry et

Figure II.4: Inclination and deviation mounting errors [125]

al. showed the effect of the misalignment on the pressure distribution [34].

Pitch error : pitch error is described as the difference between the angular position of one tooth

and its theoretical angular position. Generally, pitch error corresponds to the distance between the

actual profile and the theoretical. This error comes from the manufacturing process. Welbourn [142]

and Munro [99] represent pitch error by a Gaussian distribution and it appears in the frequency

spectrum of the transmission error, an order at the rotating frequency and its harmonics.

Profile error : profile error is the deviation of the involute tooth profile from the theoretical involute
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(a) (b)

Figure II.5: Effect of the misalignment on the load distribution [34]. (a) no misalignment and (b)
misalignment

tooth profile. Munro (1967), Welbourn (1979), Mark (1978) and Randall (1982) identified the presence

of profile errors on the gear teeth. Profile errors induce frequency content at the mesh frequency and

its harmonics on the transmission error. Fig. II.6 shows an example of profile error measurements for

several mesh periods.

The unloaded static transmission error is generated by the previous errors (eccentricity, misalignment,

pitch error, center distance error and profile error). This quantity is thus directly connected to the
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Figure II.6: Single-flank error graph [39]

assembly of the gear transmission and the quality of gear tooth manufacturing. When the gear pair

is loaded with a medium or high torque, the deformation of the teeth and the gear body and the

global deformation of the transmission including shafts, bearing and the housing are added to the

micro-geometric error to form the loaded transmission error. The tooth deformation is the same order

of the micro-geometric deviation, typically, for a module m = 2mm the micro-geometric deviation

is about 10µm. The micro-geometry deviation modifies the position of the contact points. The

fluctuations of this transmission error and the mesh stiffness are the excitation sources of the whining
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noise. The objective of many studies is therefore to minimize these fluctuations by introducing

intentionally optimal micro-geometric deviation. Harris [64] introduced what he called "design load"

which represents the torque for which the static transmission error is minimized. Harris showed in

Fig. II.7, for a chosen gear pair, the variation of the transmission error by increasing the torque. This

"Harris map" enables fundamental contribution to the understanding of the sources of gear meshing

behaviour. Additionally, the static transmission error and the mesh stiffness are periodic and related

to the instantaneous contact conditions. The frequency content is thus rich and large as shown in

Table II.1.

Table II.1: Frequency content of the static transmission error and the mesh stiffness.
Frequencies Sources

rotating frequency f1,2 eccentricity

harmonics of rotating frequency nf1,2 with n ∈ N∗ eccentricity and pitch error

mesh frequency fm and harmonics teeth deformation, profile error and misalignment

sidebands around mesh harmonics nfm ± f1,2 modulation due to eccentricity

At this stage, we can understand the complexity for predicting the whining noise. Indeed, we deals

with micro-geometric deviations which are the order of the tooth deformation and at the same time

the tooth deformation is coupled with the global deformation of the gear transmission, especially

the shafts and the housing. Moreover, a large frequency content has to be consider. The choice of

the model for determining the internal excitations (STE and mesh stiffness) is thus of paramount

importance.

2.3 Multi-scale and multi-frequency problem

Generally, the whining noise constitutes the dominant source of noise. This structure-borne noise

results from the dynamic mesh force, corresponding to the time varying normal contact forces.

Vibrations propagate through the gear wheel bodies, the shafts and the bearings to the housing.
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Figure II.7: static transmission error and profile correction

The vibratory state of the latter is responsible for the radiated noise. So, the gear pair (teeth and gear

body), shafts, bearing and the housing are involved during vibroacoustic process. Thus, gear dynamic

is a multi-scale problem. Fig. II.8 specifies the different scale involved for a gear dynamic operation.

The dynamic behaviour of gear systems is also a multi-frequency problem. As shown in the previous
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Figure II.8: Multi-scale problem in gear dynamics.

section, the static transmission error and the mesh stiffness are periodic quantities and the study of

their spectrum put forward the large frequency range exciting the system. Besides, the convolution

of the static transmission error and the mesh stiffness generates additional harmonics in the dynamic

response. The vibratory response is thus multi-frequency response for a parametric system submitted

to harmonic excitation including a constant static output torque. Additionally, the mesh stiffness

is responsible for parametric instabilities (free response) and resonances (forced response). These

parametric phenomena consists of an increase of the vibration amplitudes. The parametric instabilities

correspond to the free response of the transmission. These instabilities are possible when the mesh

frequency is:

fm = 1
n

(fi + fj) (II.6)

with n ∈ N∗ and fi and fj the natural frequencies of mode i and j, respectively. The parametric

resonances correspond to the forced vibratory response. For a given excitation frequency f , the

parametric resonance occur when the mesh frequency is:

fi = f ± nfm (II.7)

with n ∈ N∗ and fi the natural frequencies of mode i. Similarly to parametric resonances, an increase

of the vibration amplitudes can occur for critical operating regime and critical modes. The critical

modes which are the modes for which the strain energy contribution at the mesh is maximum are

governed by the mean value of the mesh stiffness and the compliance of the other component of the
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transmission.

So, the different scale involved in the meshing process and the large frequency content of the response

makes the gear dynamic complex to model. Below, a brief presentation of the dynamical models

mostly used in the literature for cylindrical gears are presented.

3 Dynamical models

This section reminds the dynamical models used over the year in the literature to simulate the vibratory

behaviour of cylindrical gear transmission. Modeling gear transmission has been studied for many years

and fundamental studies (Özgüven [156], Rémond [114], Wang [140]) attest to the numerous works

done on the subject. It is necessary to complete them with more recent works, in particular on the

modeling by finite elements. It appears from these literature syntheses that several levels of modeling

have been considered to simulate the dynamic behavior of a transmission according to the needs of

the study and the simulation means. For instance, simulate the root stress, the hertzian shear stress

in the contact, the tooth wear, the vibrations and the acoustic radiation.

One of the first relevant model were introduced by Tuplin [129] in 1950’s. This model considers

only the flexibility of the teeth. Indeed, the input and output gears are modelled by rigid masses and

a constant stiffness is used to represent the teeth flexibility (see Fig. II.9). Tuplin’s model has been

improved until pure torsional models (2 degrees-of-freedom) and its equivalent mass-spring model on

the line of action (1 degree-of-freedom). These models (see Fig. II.10) neglect the "bending - torsion"

couplings. They are limited to studies in the plane of action of the gear. The pure torsion model

corresponds to 2 degrees of freedom where the two wheels are represented by two rotational inertia

linked by a torsional stiffness. These models are still widely used in the literature.
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Figure II.9: Spring-mass model of Tuplin [129]

(a) (b)

Figure II.10: Torsional model with 2 degrees-of-freedom (a) and equivalent mass-spring model with 1
degree-of-freedom on the line of action (b)

In the literature, nobody deals directly with the continuum mechanics for modelling gears. Most

of the time finite element method are used to discretized the equation of motion. From the 60’s with

the increase of the computational resources, some more general models appear. These models tried

to take into account the flexibility of the shafts, the bearings and the housing. These models can be

classified as lumped parameter models and models combining lumped parameter with finite elements.

Lumped parameter models include the flexibility of other components: These are models with a

small number of degrees of freedom which are relatively convenient to implement and fast to compute.

As opposed to pure torsional model, these models increased the number of degree of freedom to
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represent the desired phenomena. In this type of simplified modeling, a large part of the work lies

in the definition of the coupling between the wheels. Several approaches are possible. The first one

consists in modeling the coupling by a constant stiffness. This approach used by Vinayak [136, 137] or

Kahraman and Singh [79] allows to determine the natural frequencies of a transmission by considering

an average mesh stiffness. An application to planetary gear is proposed by Kahraman [77]. planetary

gears have been the subject of other works such as those of Lin and Parker [93]. However, considering

the mesh stiffness as constant is very limiting because it means neglecting an important sources of

internal excitation. Improved models used therefore time varying mesh stiffness for the coupling.

Models combining lumped parameter with finite elements: These models make it possible to overcome

the deficiencies of the pure lumped models presented previously by taking into account all the degrees

of freedom of the transmission and thus the couplings between the bending and torsional vibrations

of the shafts and their supports. In addition, these models allow the introduction of all the elements

of the transmission such as shafts and bearings to reproduce more precisely the deformations as

well as the interactions between them and the gears as shown in Fig. II.11. Examples include the

models used Kahraman and Ozguven [81], Perret-Liaudet [108] and Rigaud [112]. In general, gears are

modeled by rigid solids and their motion is parametrized by 6 degrees of freedom. The mesh stiffness

is introduced to couple the degrees of freedom of the gears and integrates the deformations of the

teeth. flexible Shafts and the housing are modeled by finite elements and bearings can be introduced

as additional stiffness to couple shafts and the housing. To reduce the computational cost, models

based on substructuring emerge. Thouviot et al. [128] propose a condensed description using CMS

(Component Mode Synthesis) for gear pair coupled with an analytical contact. So, The problem can

be divided into two main parts. The first one deals with the deformation of the flexible meshing gears.

Then, the author treats the contact analytically to avoid to consider all the nodes in the tooth flank
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(a) (b)

Figure II.11: Example from [38] of lumped parameter description (a) and FE representation of the
housing (b).

as master nodes. Thus, one master node by teeth is considered at base radius position but the contact

force is acting on the tooth flank. So, an equivalent contact force is transmitted at the master node.

Figure II.12: Schematic representation of transmitted contact force [128]

Other authors use multibody models with model order reduction. For instance, Virlez et al. [138]

propose the use of CMS with a multibody description. However, when the mesh of the teeth is fine

enough to represents micro-goemetric modifications and the stresses under layers, the number of master
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nodes on the tooth flank is high. This large number of master node makes the contact resolution time

consuming. Blockmans et al. [15] use also a multibody representation of the gear pair. To reduce

the model, the author propose a novel parametric model order reduction technique. This method can

be seen as an extension of the CMS. The reduced basis is a constant set of eigenvectors augmented

with a parameter-dependent set of global contact shapes. These global contact shapes represent

deformation patterns of the interacting bodies obtained from a series of static contact analyses. The

global contact shapes are the parametric part of the reduced basis. Indeed, contact patterns are

obtained for successive angle of the rotation of the driving gear. The interpolated contact shape

Ψc(θ1
j ) for a θ1

j angle position of the driving gear is expressed as follows:

Ψc(θ1
j ) = (1 − p(θ1

j ))Ψc(θ1
j−1) + p(θ1

j )Ψc(θ1
j+1) (II.8)

where p(θ1
j ) is a linear parameter depending of the actual position of the driving gear. This proposed

Figure II.13: Static contact equilibrium [15]

reduced basis modify the equation of motion. the parametric aspect of the basis generate additional

terms in the equation of motion. This is made the implementation complex. In addition, the sample

of global contact shapes has to be large to obtain a relevant interpolation as expressed by the equation

II.8. The model proposed by Blockmans et al. is the most advanced model in the literature according

to my knowledge. To this day, this model has been applied only on gear pair, the inclusion of shafts,
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Figure II.14: Example of global contact shapes for the driving gear and the driven gear [15]

bearings and the housing is not yet achieved.

4 Conclusion

This chapter aims at introducing the gear dynamical problem. It shows the complexity and the

challenge to predict the vibroacoustic behaviour of gears. Indeed, the resulting whining noise (induced

by the vibratory state of the housing) is mainly caused by the static transmission error and the mesh

stiffness. These internal excitations are periodic at the mesh period and they are impacted by the

eccentricity, the micro-geometry defects, the misalignment and the deformation (local and global).

Thus, the gear problem is a multi-scale and multi-frequency problem. The dynamic response is rich

since the content is dense. Potentially, parametric resonances and instabilities can occur. Finally, we

proposed a description of main dynamical models present in the literature.
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Introduction

The objective of this chapter is to propose a model that enables the prediction of the whining noise.

For this reason, we focus on the characterization of the static transmission error and the mesh stiffness

fluctuations. The proposed model must be able to account for the deformation and the micro-geometric

defects. For this purpose, a complete modeling of the gear transmission is used and the description

of the contact is based on an augmented Lagrangian formulation considering a surface-to-surface

contact detection. The proposed methodology is performed through the ANSYS Mechanical ® solver

and results are benchmarked against the results obtained from the well-known compliance approach

(classical approach).
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1 Fundamental equation of motion for contact problems

In this section the theoretical background of the continuum mechanics is presented. The governing

equations of flexible multibody dynamics with respect to the contact equations are derived and the

Galerkin projection based method is then used to reduce the finite element model.

1.1 Equation of motion for a continuum contact problem

Let us consider the evolution over the time interval I = [0, T ] of the flexible body noted Ω with T the

final time of the motion. Ω is the collection of bodies. For instance, for two flexible bodies Ω1 and

Ω2, Ω = Ω1 ∪ Ω2. This flexible body is submitted to a field of volume density of forces fv, a field of

surface density of forces fs on Γf . We can introduce u the displacement field inside Ω, σ the stress

tensor, ε the strain tensor and u0 the imposed displacement field on Γu.

ρü = div(σ) + fv on Ω

σij = Rijklεkl on Ω

u = u0 on Γd

σijni = fs on Γf

(III.1)

σij and εkl are linked by the Hooke’s law which is represented by Rijkl. For a given space W, we

represent the application L2(I,W) as:

L2(I,W) =
{
w : I → W∫

I ∥w∥2
W dt < +∞

and ∥.∥W a norm on W. Then, we consider the Sobolev space H1(Ω):
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Figure III.1: Schematic representation of bodies in contact submitted to forces and boundary
conditions

H1(Ω) =
{
w ∈ L2(Ω), δw ∈ L2(Ω)

}
We introduce W0 such as:

W0 =
{
w ∈ H1(Ω), w = 0 on Γd

}
(III.2)

Solving the (III.1) is equivalent to solving the following weak primal formulation:
Find u ∈ W0

∀w∗ ∈ W0, a(u,w∗) = l(w∗)

with w∗ the virtual displacement and where the virtual works of the internal and external forces are:

∀(u,w∗) ∈ W0 × W0, a(u,w∗) =
∫

Ω
σ(u) : ε(w∗)dΩ (III.3)

∀u ∈ W0, l(w∗) =
∫

Γu

σ(u)nu0dΓu +
∫

Ω
fvw∗dΩ +

∫
Γf

fsw∗dΓf +
∫

Γc

Fnd∗dΓc (III.4)
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where Fn stands for the contact forces and d∗ represents the virtual distance between the potential

bodies in contact. The strain tensor ε is also linked to the displacement field by:

ε(u) = 1
2(∇u + (∇u)T + (∇u).(∇u)T ) (III.5)

This quadratic equation enables the inclusion of large deformation bodies. For our gear problem,

the deformation are small compared to the size of the gear body. So in practice, the quadratic term

(∇u).(∇u)T can be omitted. It appears that the problem can be divided into two main parts: the

first deals with the deformation of the flexible bodies 1 and 2 corresponding to the meshing gears.

The second deals with the contact between the bodies. The main objective is to determine the forces

generated by the contact on the gear teeth while considering the flexibility of bodies.

1.2 Discretized equation of motion

The continuum forms of the weak primal formulation have just been defined. However, in the approach

developed hereafter, an approximation of the displacement field is needed. The most popular method

is the finite element method and this is what we used in this manuscript. This discretized method

consists in decomposing the displacement field into a product of functions of space and time:

u(ξ, t) ≈ N(ξ)x(t) (III.6)

N(ξ) represents the finite element shape functions and x contains the generalised displacement of

each degree-of-freedom. In practice, x is associated to the nodes of the mesh. Thus, the discretized

equation of motion reads:

Mẍ + Cẋ + Kx + Fnl(x) = Fext (III.7)

M, K and C are respectively the mass, damping and stiffness matrices. Fext is the vector of external

forcing and Fnl is the nonlinearity vector representing the contact between bodies. The general form
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of the discretized equation of motion are used in the section 3 to derived the proposed methodology

but first the existing strategies for the computation of the static transmission error and the mesh

stiffness are presented. This review of the main strategies used in the literature enables to find out

the benefit of method proposed in the section 3.

2 Existing strategies for the computation of the static transmission error
and the mesh stiffness

In the last decades, a large variety of strategies have been proposed in the literature to compute the

static transmission error and the mesh stiffness. This section provide a description of the main existing

strategies used for the computation of the static transmission error and the mesh stiffness.

For the computation of the static transmission error and the mesh stiffness, methods can be classified as

methods based on the computation of the compliance of the gear (teeth and gear body) beforehand and

methods that computes at the same time the compliance and the instantaneous contact conditions

(in-line methods). Methods based on the computation of the compliance of the gear differ by the

compliance is computed. For instance, it can be analytically, semi-analytic, by finite element ...

2.1 Methods based on the compliance computation

In this section, the main methods in the literature for the computation of the compliance beforehand

are presented.

Methods based on mesh stiffness expression: Welbourn [142] provides a constant indicative

value of the mesh stiffness for spur gears made of steel equal to 14.109N/m. Umezawa [132] firstly

introduced a formula to describe the mesh stiffness fluctuation of helical gears considering a rotational

vibration system. The definition is based on the theoretical deflection on the line of action of the
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loaded teeth. The resulting mesh stiffness is a combination of exponential functions. Cai and Hayashi

[19] in 1994 propose a mesh stiffness analytical expression for the linear approximated equation of

vibration of a pair of spur gear. The formula takes into account the effects of the static load, the time

varying stiffness and the profile modification. The expression is given by:

km(θ1) = k

0.85ϵ

( −1.8
(ϵθz)2 θ

2
1 + 1.8

ϵθz
θ1 + 0.55

)
(III.8)

where k is the mean value of mesh stiffness, θz is the angular mesh period and ϵ is the contact ratio.

Later, Cai [17] introduced a modified mesh stiffness function to support helical gears and results are

in good agreement with those predicted using the theoretical calculation of Umezawa. More recently,

Mark et al. [97] developed formulations to take into account the tooth elastic deformation including

the mesh stiffness contribution. The geometric deviations of the working surfaces from the perfect

involute tooth profile was also added.

Method based on Castigliano principle: in [30, 31, 29, 118, 149, 152], the transmission error

and the mesh stiffness fluctuations are obtained with the Castigliano principle. The tooth is modelled

as a non-uniform cantilever beam for describing bending, shear and axial deformation. The tooth is

described in Fig. III.2.
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Figure III.2: Non-uniform cantilever beam model of the tooth [30]

The bending, shear and axial compressive stiffness in the same direction under the load F are kb, ks

and ka, respectively. These quantities can be expressed as follows:

1
kb

=
∫ d

0

3(xcos(α1) − hsin(α1))2

2Eh3
x b

dx (III.9)

1
ks

=
∫ d

0

(1.2 cos2(α1))
2Ghx b

dx (III.10)

1
ka

=
∫ d

0

(sin2(α1))
2Ehx b

dx (III.11)

with E, G the Young modulus and shear modulus. b represents the tooth face width. The hertzian-like

deformation is accounted for by introducing the hertzian contact stiffness kh as:

1
kh

= 4(1 − ν2)
πE b

(III.12)

with ν the Poisson ratio. Beneath the tooth, the gear body deformation modifies the gear tooth

stiffness. Some authors studied the influence of an elastic gear body on the tooth flexibility and the

STE fluctuation. Weber and Banascheck [141] proposed a model to estimate the gear body-induced

tooth deflection. The tooth is assumed to be rigid and the wheel body is modeled as an elastic half

plane. Sainsot [116] extended the previous model by developing a semi-analytical formula for which
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the elastic half plane is replaced by a solid disk. The gear body induced tooth bending displacement

is given by:

1
kf

= cos2(α1)
bE

[
L∗
(u
S

)2
+M∗ u

S
+ P ∗

(
1 +Q∗tan2(α1)

)]
(III.13)

Figure III.3: Gear body induced tooth deformation as [116]

L∗, M∗, P ∗ and Q∗ are polynomial functions depending on θf and the length ratio Rf/Ra. Their

polynomial coefficients are identified using values proposed by Sainsot et al. in [116]. The deformation

of the adjacent teeth is not taking into account with the work of Sainsot et al. Some improvement

have been made by Xie et al. to add the adjacent loaded teeth [150]. The equivalent mesh stiffness

km is finally obtained:

1
km

= 1
kb1

+ 1
ks1

+ 1
ka1

+ 1
kf1

+ 1
kb2

+ 1
ks2

+ 1
ka2

+ 1
kf2

+ 1
kh

(III.14)

where the subscript 1 and 2 state for the input and output gear, respectively. A summary of the

computation process is described in Fig. III.4. The use of analytical expressions is an efficient way

to quickly predict optimized tooth deviations for reducing transmission error fluctuations. However
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(a)

(b)

Figure III.4: Fixed surfaces ( ) proposed by (a) Vedmar et al. [133] and (b) Chang et al. [28]

the flexibility of the main components of a gearbox are not considered. Indeed, most of the time,

the flexibility of shafts, bearings and the housing are not taken into account. Additionally, analytical

expressions have been developed for spur and helical gears with restrictive assumptions, for instance:

helical gear with narrow faced width and there is no expression to analyze more complex geometric

gears like spiral bevel gears. The limited assumptions leads thus to an overestimation of the transmission

error and the mesh stiffness.

Methods off-line of the finite element analysis: in the compliance method [21, 67, 102, 127], the

contact problem is solved off-line of the finite element analysis including the gear transmission. The

contact lines are assumed to be located in the theoretical action plane and the gear static equilibrium is

then modelled by separating the gear compliance and the local contact equations along the contact lines

[156, 7, 18, 112]. Thus, the gear tooth compliance is preliminary computed by a finite element analysis

or by some alternative analytical tooth bending models using for example Ritz-Galerkin interpolation
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[42]. Generally, the nonlinear hertzian-like deformation is independently introduced either with an

exact or approximate formulation. Furthermore, the potential contact lines located on the theoretical

action plane are discretized in small segments where constant punctual forces are applied. Considering

the driving angle θ1, a symmetric semi-positive compliance matrix H(θ1) is introduced for representing

the relation between force and displacement at each discretized segment. An initial gap vector, here

referred to as e(θ1), describing the initial distance between the teeth on each segment is introduced in

order to take into account the tooth flank modifications and manufacturing errors. The misalignment

between shafts and the deviation between teeth, induced by the global deformation of the entire

transmission, are introduced at this stage. As the static transmission error, noted δ(θ1), fluctuates

with the driving angle θ1 for a given transmitted normal load F , input data (matrix H(θ1), vector

e(θ1)) are iterated for successive position θ1, most of the time along a meshing period, involving a

kinematic analysis of the meshing process. For each position θ1, the matrix equation representing the

mesh contact conditions can be formulated as the following problem:{
H(θ1).p(θ1) = δ(θ1).1 − e(θ1)
1T .p(θ1) = F

(III.15)

under the following constraints:{
−
∑

j Hj(θ1)pj(θ1) + δ(θ1) ≥ ej(θ1)
pj ≥ 0 (III.16)

In this equation under constraints, the unity column vector 1 has all its components equal to 1, the

column vector p is the unknown distributed load to be solved and the scalar function δ(θ1) represents

the unknown STE, also to be solved. Different algorithms can be used to obtain the solution (p(θ1),

and δ(θ1)), the most popular one is based on a modified simplex method [34]. The mesh stiffness

is computed by a numerical derivation of the transmitted load F relative to the STE. This method

requires an analysis to obtain the global displacement field including the local singularity induced by

the applied ponctual load. Then, a partial model of the tooth is used to quantify and remove this
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singularity. These compliance methods are similar to the approach used in the software LDP [67]

and it is well adapted for cylindrical gears with parallel shafts but are more complex to implement in

the case of other geometries as, for example, spiral bevel gears. Some variants were investigated by

other authors depending on the boundary conditions considered during the compliance computation

as shown in Fig. III.4.

Sliced tooth method: The teeth are divided into multiple slices along its width. Each slice is

considered as rigid, and therefore a lumped parameter model is used to described the tooth. The

contact occurs on the theoretical contact lines and the flexibility of the gear teeth is described through

several independent stiffness elements distributed along the line of action. Most of the time, each slice

are considered independent to their nearby slice. However, an additional stiffness can be employed

between each slice to couple the different slices. An hybrid modular model was proposed by Guilbert

et al. [55, 53, 54] where the sliced tooth method is combined with a condensed substructure of the gear

body. More precisely a component mode synthesis considering free interface modes was retained. The

one dimensional model associated to the sliced tooth method is then linked to the condensed element

using a mortar based contact as depicted in Fig. III.5.
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(a) (b)

Figure III.5: (a) Sliced tooth and condensed substructure connection and (b) the associated discretized
plane of action [54]

The hybrid FE-analytical approaches presented here are the most popular in the literature due to their

usage convenience. They provide better results than analytical expressions. The contact occurs on the

theoretical contact lines for the compliance method and the sliced tooth method. these approaches

are well suited for spur and helical gears with parallel shafts but much more complex to implement

when dealing with off-lines contact or spiral bevel gears for which theoretical contact lines are difficult

to determine a priori. Additionally, the surface integral approach does not consider micro-geometry

modifications and the compliance and sliced tooth method treat the micro-geometry as a gap function.

This has no influence on the global gear flexibility but it changes the contact characteristics.

2.2 In-line computation methods

In this section, methods that compute directly the gear compliance and the instantaneous contact

conditions are presented.

Surface integral method: Vijayakar [135] combined FE and surface integral methods for solving the

analytical contact and the FE solution at surfaces. The finite element model predicts the deformation
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far away from the contact area but in the contact zone a surface integral form of Boussinesq solution

is used to estimate the relative displacement of body points. Then, a "matching interface" is employed

to combine the finite element solution and the surface integral solution. The displacement field is then

estimated by the following least square problem:

min
q∈Γ

∫
Γ
[u(rij , r) − (usi(rij , r) − usi(rij , q) + ufe(rij , q))]2 (III.17)

where u(rij , r) is the displacement of a field point r due to a load in rij , q is a location within the

body. The si and fe superscripts state respectively for the surface integral solution and the finite

element solution. Although the approach requires a less detailed FE model compared with fully FE-

based contact simulations, the procedure of matching the Boussinesq solution and FE solutions is

computationally demanding. Additionally, the approach introduced by Vijayakar predicts the size of

the contact area assuming an elliptic area as claimed by Hertz theory and this is usually not the case

due to the variation of the curvatures at the contact surfaces

Fully FE-based methods: The use of fully FE-based models provide a better accuracy but the

computational time increase. Some authors considered a FE-based contact for describing the transmission

error and the mesh stiffness. Arafa et al. [9] investigated the computation of single tooth mesh

compliance using a FE method without considering the adjacent teeth. Cooley et al. [35] used a finite

element model of a spur gear as shown in Fig. III.6 to determine the mesh stiffness based on a series

of nonlinear static simulations performed over a mesh period. Similarly, Korta et al. [86] proposed a

refined model introducing tip relief modification for optimizing the tooth geometry.
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Figure III.6: FE model of the spur gear used in [35]

The existing fully FE-based models for describing the static transmission error and mesh stiffness rely

on a series of nonlinear (contact) static analyses where the gear pair is manually positioned for each

angular step. Therefore, the global deformation of other gear components (for instance: flexible shafts)

generated by the motion of the operating gears is not properly taken into account. The methods used

have been established exclusively on a gear pair without micro-geometric modifications. Additionally,

the mesh in the contact area is not refined enough to retrieve the normal contact characteristic claimed

by Hertz’s theory.

In the next part of this chapter, we are looking for a general solution (much more general that all of

the above mentioned solutions). We propose thus a methodology based on a fully FE-based method to

compute the static transmission error and the mesh stiffness. The methodology is described in detailed

(FE models used and algorithms). The objective of the next section is to evaluate the feasibility of

a fully FE-method. For this purpose, validations are performed for different loading conditions, for

different micro-geometry modifications and considering the time cost. Normal contact characteristics

are also assessed with respect to Hertz’s theory.
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3 Proposed methodology: formulation and resolution

Solving non-linear problems by finite element analysis remains a challenge due to the contact and the

nonsmooth mechanics induced by possible contact losses [148, 146, 147, 145]. The contact formulation

needs an accurate contact detection algorithm and an appropriate time integration scheme to deal

with large stiffness variations during the contact treatment. Thus, two particular conflicts have to

be addressed for describing properly a FE-based contact. It corresponds to the increased difficulty in

the implementation compared with a classical FE analysis. Then it’s the large number of degrees of

freedom involved induced by the refinement of the contact zone.

The proposed methodology relies on a flexible finite element (FE) contact analysis considering the

quasi static behaviour of the gear transmission. The flexibility of the gear body, shafts, bearings and

the housing can be taken into account during the contact treatment. The numerical methods used for

the gear contact finite element analysis are presented hereafter.

3.1 Contact element definition

In a general contact analysis, the size and shape of the contact area is not known in advance and

detecting accurately bodies’ interaction is essential for an efficient contact analysis. In the case of

gears, tooth profile deviations and hertzian-like deformations are of the order of a few micrometers

which requires a very fine mesh element size of the tooth surface. A coarse mesh can support small

deformations, but cannot represent tooth profile deviations properly. Thus, the contact detection

has to be extremely precise. As shown in Fig. III.7, a 8-noded quadrilateral linear contact element

intended for 3D geometries and flexible-flexible contact analysis is used. This contact element is

retained to speed up the contact treatment compared with quadratic element for which quadratic

shape functions are assessed during the contact. Usually, quadrilateral linear element are well suited
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Figure III.7: 8 nodes surface-to-surface contact element.

to represent displacement fields but stresses evolve with an order lower than the element order. So,

hexa linear elements lead to constant stresses per element. We need thus to model the gear teeth with

a mesh sufficiently fine to obtain smooth stresses from one element to another.

Most of the time when dealing with contact analysis the surface of one body is conventionally taken

as a contact surface and the other one as a target surface considering that both surfaces are associated

with flexible bodies. There are several approaches to model the contact detection, namely: node-

to-node, node-to-segment, segment-to-segment, node-to-surface and surface-to-surface approaches.

In this proposed methodology, a surface-to-surface contact element is privileged in order to take

account of the tooth micro-geometry as opposed to the other contact elements for which only target

nodes are constrained to prevent penetration into the contact surface. Indeed, for the other contact

element formulation, the contact conditions are introduced so that each target node interacts with a

projected point on the contact surface. Consequently, contact conditions involve a single node and
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it concentrates the force at this node. So, node-to-surface, node-to-segment and segment-to-segment

facilitate penetration during the contact detection and it leads to less precise stress and pressure. In

contrast, the target surface can penetrate into the contact surface for the surface-to-surface element and

this interpenetration tolerance has to be adjusted in regards to the tooth profile modifications. This

surface is projected on the contact surface and the contact detection points are the integration points

which are either nodal points or gauss points [27]. Contact inequalities are expressed at integration

points and gauss points represent sampled discrete points on the surface element. 4 gauss points on the

surface contact element are considered. Gauss points are integrated on the surface using corresponding

weight factors. The node values are then obtained with shape functions using the value of the nearest

corresponding gauss points. The interpenetration is handled on the target surface and its integration

points along the normal direction [26]. The surface-to-surface element involves more nodes during the

contact treatment which has a smooth effect on the stress and the pressure. Indeed, contact forces

do not jump when a contact node slide off the edge of a target surface because contact forces are

computed even when it is only partially in contact. The surface-to-surface element provides thus a

more accurate computation of contact stresses for the contacting elements considered.

3.2 Frictionless contact formulation

In this thesis, we focus on frictionless contact because vibroacoustic phenomena in gear transmission

are mainly caused by the fluctuation of the normal contact force at the gear pair [22, 116]. If one

is interested in power losses, friction and therefore tangential contact forces, should be considered

[84, 134].

Considering a flexible gear pair discretized by FE method, to every contact node or gauss point i

associated to mesh elements corresponds a gap function di measuring the signed distance between the
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contact and the target surfaces along the normal direction. Fi is the contact force acting on the target

surface. The unilateral constraints used to represent the nonsmooth mechanics of the contact between

the gear teeth are modeled with the Signorini conditions [145, 146, 147]:
di ≥ 0
Fi ≥ 0 ∀i,
diFi = 0

(III.18)

The constraints di ≥ 0 and diFi = 0 represent the impenetrability and complementarity conditions.

The contact forces Fi ≥ 0 are generated only when the gear tooth contact occurs (di = 0), while the

contact forces are zero (Fi = 0) when the gear tooth contact is lost (di > 0).

Several contact algorithms are associated with the contact element depicted in Fig. III.7. These

contact algorithms are based on different strategies to model and evaluate the contact force Fi. Since

the surface-to-surface contact element enables the detection of the possible contact locations thanks

to the evaluation of the gap function di, the enforcement of the contact conditions into the equation of

motion has to be performed. To this end, the pure penalty method, augmented lagrangian method and

pure lagrange multiplier method are commonly used in FE softwares and particularly in the ANSYS

Mechanical ® solver. The different formulations can be classified into two categories corresponding to

penalty methods and lagrangian methods. A brief description of the different formulations is presented

below:

Pure penalty method: the pure penalty method consists in adding a penalty term represented

by a nonphysical (or mathematical) contact stiffness called the penalty stiffness as shown in Fig. III.8.

The contact force Fi acting on the target surface is thus defined by:

Fi = κdi (III.19)
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where κ is the penalty stiffness coefficient. A finite amount of penetration is required to reach the

equilibrium. The penalty stiffness drives the contact, a small value correspond to soft contact and a

large value is associated to stiff contact. The pure penalty method does not overconstrains the problem

since no additional DOF are added. However, the global stiffness matrix of the system depends on

the penalty stiffness coefficient retained.

Figure III.8: Description of the pure penalty method.

Pure lagrangian method: the pure lagrangian method uses a Lagrange multiplier as an added

degree of freedom. The FE model becomes larger and the contact force Fi acting on the target surface

is thus defined by:

Fi = λi (III.20)

where λi is the Lagrange multiplier associated to the contact node i.

The pure penalty method received a larger approval in the literature due to its implementation

convenience. The main drawback is that the amount of penetration between the two surfaces depends

on this stiffness [45, 126, 117]. For this reason, the penalty formulation can lead to ill-conditioned

problems and inaccurate solutions.

The pure lagrangian method enforces zero penetration. It does not require additional stiffness but

47



Chapter III Prediction of the quasi-static gear meshing behaviour

it needs more iterations to reach contact conditions convergence and therefore it is computationally

demanding [109]. Also this method is not working well with iterative solvers and some direct solvers

due to the zero diagonal block that it generates. This method can also lead to inaccurate solutions

because the method overconstrains the model. Another method named the Augmented lagrange

multiplier method [124, 91] has been developed to keep the advantages of the two previous contact

formulations. The approach is an iterative combination of the penalty method and lagrange multiplier

formulation. Compared to the penalty method, the augmented lagrangian method usually leads to

better conditioning and is less sensitive to the magnitude of the contact stiffness coefficient. The

impenetrability is thus achieved while improving the convergence. The contact force Fi acting on the

target surface is defined by:

F j
i = κdj

i + λj
i (III.21)

κ is the penalty stiffness coefficient, λj
i is the iterative lagrange multiplier associated to the contact

node i at the iteration j which is updated until dj
i is sufficiently small (i.e dj

i ≤ ϵ, typically ϵ = 10−2)

[91, 124]. The augmented lagrangian formulation is thus retained for the proposed methodology to

solve the gear contact problem using a 8 noded quadrilateral linear surface-to-surface contact element.

3.3 Gear simulation with the augmented lagrange formulation

The Signorini conditions must have been included in the discretized equation of motion representing

the gear system. The problem to solve the gear dynamics is expressed as follow:
III.18 + III.21

Mẍ + Cẋ + Kx + Fnl(x) = Fext

(III.22)

where x contains the generalised degree-of-freedom and M, C, K are respectively the mass, damping

and stiffness matrix. Fnl is the contact force obtained by applying the Signorini conditions and solving

the augmented lagrangian formalism iteratively. Fext is the vector of external forces which correspond

to the output torque applied to the driven wheel. The approach presented here focuses on the quasi-
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static behaviour of the gear pair. Indeed, the dynamic equation (III.22) is solved for a slow rotation

of the driving gear (1 rpm) and the dynamical effects are needed only to make the matrix definite

positive. it improves the convergence during the gap covering phase.

We deal directly with flexible multibody analysis in quasi-static operating conditions for evaluating

the transmission error, especially to show complex effects of the gear mesh process. Indeed, the

contact treatment phase (contact detection and contact force computation) is solved in real operating

conditions. So, specific gear mesh behaviour is brought to light compared to hybrid FE-analytical

methods. The multibody modelling approach aims at providing a generic model that can be used as

a reference for meshing settings, contact settings and loading conditions. The proposed methodology

intends to accurately identify the gear internal excitation. For this purpose, the procedure, the

implementation and the results precision are evaluated. As mentioned in the previous section, a

fine mesh is of paramount importance to highlight the influence of the load level but also to take into

account the hertzian-like deformation and the micro-geometry. Knowing that the tooth deformation

takes account of tooth deflection (potentially gear body, shafts ...) and local hertzian-like deformation

induced by the contact, the mesh has to be refined accordingly in the contact area. Moreover, a

nonlinear analysis must be carried out for various levels of output torque to show the effect of load on

the tooth deformation. To achieve the simulation, three steps have to be set up:

• firstly, the gear backlash is covered by a rotation of the driving wheel in order to establish the

contact at an initial state as shown in Fig III.9. This step enables therefore the detection of the

initial contact locations induced by possible mountings errors, shafts misalignment and global

deformation of the whole gear transmission.

• Then, while the rotation of the driving wheel is fixed, the output torque is applied on the driven
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Figure III.9: Description of the first step.

wheel as shown in Fig III.10. The requested output torque is thus reached for a quasi-static

equilibrium of the gear pair.

Figure III.10: Description of the second step.

• Finally, a rotation of the driving wheel is performed over a period corresponding to the fundamental

period of the static transmission error (at least one mesh period). This allows for an effective

computation of the static transmission error while recovering the root stress, the shear stress

and the contact characteristics. The third step is described in Fig III.11.

A control node is defined at each gear centre to apply boundary conditions and to measure the time

varying input and output gear angles. There is a spider-web type of mesh to connect this control

node with the web. Contrainst relation are used between them. The static transmission error δ(θ1) is

then computed along the line of action and the mesh stiffness k(θ1) is approximated by a numerical

differentiation of the transmitted load F versus δ(θ1). The discretization of the angular position of
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Figure III.11: Description of the third step.

the driving wheel has to be finely defined for describing properly the sudden variation of the STE.

At least 40 points over one mesh period are considered in the proposed methodology. In addition,

to avoid numerical errors, the differentiation of the mesh stiffness is achieved by taking a centred

differentiation step equal to 15% of the load and the STE. The contact procedure used in the flexible

multibody approach is summarized in Fig. III.12.

The proposed methodology can be applied to any types of gears, even for spiral bevel gears for

which theoretical contact lines are geometrically complex to determined. The flexibility of the whole

components of a gear transmission (shafts, bearings and housing) can also be included during the

application of the procedure.

4 Pratical procedure

This section describes how to apply efficiently the proposed methodology using the ANSYS Mechanical

® solver. Elements of validations are presented in terms of static transmission error, mesh stiffness

and hertzian shear stresses. Additionally, the proposed methodology is assessed with respect to its

time cost-effectiveness.
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Figure III.12: Flow chart of the contact procedure

4.1 Tooth generation and profile modifications

In this thesis, we focus on spur and helical gears transmitting power between parallel shafts even if

the proposed methodology is not limited to these situations. The tooth geometry definition received

a particular attention. As mentioned in the first chapter, tooth profile deviation from the theoretical

involute tooth profile is of the order of a few micrometers. Therefore an accurate geometry generation

is needed. Indeed, the generation is performed using high order Non-Uniform Rational Basis Splines

(NURBS) with a high control point number. Compared to splines for which the curve is generated
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using polynomial shape functions, NURBS use fractional polynomial shape functions. It is shown

in [119, 130] that NURBS lead to better accuracy for contact problems without considering profile

deviation.

Here, we introduced two types of tooth deviations from the theoretical involute tooth profile: a

longitudinal crowning (see Fig. III.13b) and a linear tip relief (see Fig. III.13a). They are intentional

removal of material from gear tooth flanks. They help reducing dynamic loadings and compensate

for shafts misalignment and deflections. Longitudinal crowning is generally introduced to maintain

the contact at the tooth flank centre and linear tip relief smoothens the meshing transition process.

The equations of the longitudinal crowning and the linear type relief are directly introduced in the

equation of the involute tooth profile.

(a) (b) (c)

Figure III.13: Description of linear tip relief deviation (a) where S is the starting point, D is an
amount of profile modification at the tooth tip measured as the distance between point A and point
F . Longitudinal crowning modification (b) and parameters description from the top (c). H is the
maximum depth of crowning.

4.2 Mesh convergence

As explained above, micro-geometry deviations (namely tip relief and longitudinal crowning) are

included directly in the 3D geometry, and the hertzian-like deformation induced by the contact

between the gear teeth has to be quantified during the application of the proposed methodology.
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For this purpose, we pay a particular attention to the mesh used and a convergence study on the FE

mesh along the tooth was carried out. The procedure is applied for validation on a spur gear pair

considering the following gear characteristics (Table III.1). We consider three meshes corresponding

to 50, 70 and 100 low order hexahedron elements along the involute profile. It corresponds to a mesh

element size of 70 µm, 50 µm and 38 µm, respectively. For these three cases, an equal inflation of 30

layers for the bulk and up to 30 elements along the tooth width (with 0.6 mm length) are introduced.

The inflation measures 900 µm with a depth of each layer equal to 30 µm. At the pitch contact point,

an estimated shear stress [75] beneath the surface at 900 µm is less than 15% of the maximum value.

Additionally, for the different mesh considered, the estimated contact width predicts 3 to 6 elements

along this width. This dense mesh size makes us confident to capture edge effects and hertzian-like

deformation. Validations will be established by comparing with analytical formula of Hertz theory.

At this stage, our objective is to evaluate and capture the effect of the micro-geometry. So, firstly, we

compute the unloaded transmission error for the three meshes.

The mesh generation with about 700000 nodes and about 2 million degrees-of-freedom is presented in

Fig. III.14 with a close-up (see Fig. III.14b) in the teeth region. The proposed methodology is carried

out for a low output torque T = 0.5 N m in order to identify the micro-goemetry. The associated

unloaded STE is presented in Fig. III.15 for different levels of detail of the tooth mesh. The shape of

the curves follows the long tip relief of 5 µm only for an element size lower than 50 µm. The comparison

of the unloaded transmission error exhibits the importance of dealing with a specific mesh. With a

precision lower than 1 µm, 70 divisions in the involute profile is a necessary condition. We will verify

that this condition is sufficient to take into account transmission error under load including global

deformation and hertzian-like deformation.
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Table III.1: Characteristics of the spur gear
Name Designation Gear 1 Gear 2 Unit

Module mn 2 mm
Number of teeth Z 50 50 -
Pressure angle α 20 deg
Contact ratio ϵα 1.512 -
Base radius rb 46.985 46.985 mm

Profile shift coefficient x 0 0 -
Addendum ha 2 2 mm
Dedendum hf 2.5 2.5 mm
Face width bf 20 20 mm

Center distance a′ 100.5 mm

Tip relief modification

Starting radius rS 50.26 50.26 mm
Depth D 5 5 µm

Longitudinal crowning modification

Maximum depth H 0 0 µm

(a)

(b)

Figure III.14: (a) the spur gear mesh with low order hexahedron linear element at the tooth and tetra
element elsewhere (b) close-up of the tooth mesh with 100 hexa-linear element and an inflation.
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Figure III.15: Unloaded transmission error for coarse mesh (50 divisions, ), intermediate mesh (70
divisions, ) and fine mesh (100 divisions, ).

4.3 Time cost reduction

The Guyan condensation also called static condensation [56] is largely used in solid mechanics for

solving the static analysis of contacting structures. The approach provides an exact solution of

nonlinear problems while improving the time cost compared with a direct solving. The idea is to

consider two sets of degrees of freedom (DOF), one for active uA (contact nodes here) and another

complementary uC . The DOF separation using the bloc Schur complement of the K matrix allows

the identification of a linear relationship between the two sets of DOF:

uC = −K−1
CCKCA uA (III.23)

where the finite element stiffness K is split into four blocks:

[
KAA KAC

KCA KCC

]
(III.24)

Considering our gear model, about 6000 contact nodes are possibly involved during the contact

treatment. A refinement of the mesh at the contact interface leads to full matrices after the condensation

on the nonlinear degrees of freedom which are the contact nodes. As a consequence, the matrix
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operation shown in the equation (III.23) becomes computationally demanding. To overcome this

difficulty, we investigate a direct resolution of the full system using domain decomposition.

Domain decomposition is a parallel computation technique widely used in computational mechanics

[83, 103, 153]. It consists in the division of the whole domain in several partitions. The mechanical

problem is solved partially on each partition and an update of the interfaces enables communication

between the partitions. Herein, we apply a domain decomposition on a cluster using CPU resources

(1 computer node = 16 cores, 2.6 GHz and 64 GB RAM) in order to achieve the three steps presented

in Fig. III.9, III.10, III.11 . A parametric study on the case presented in Table III.2 is conducted

by increasing the CPU resources from 16 cores (1 computer node) to 96 (6 computer nodes). The

simulations are benchmarked against the results obtained with the Guyan condensation.

Table III.2: Parametric study on spur gear to reduce the time cost
Simulations Time cost (s) Time reduction (%) Number of cores

REF (Guyan) 144000 - -
1 53224 63% 16
2 18303 87% 32
3 15286 89% 64
4 19226 86% 96

Table III.2 displays the time cost for simulations over two mesh periods. Figures in Table III.2

show that 64 cores is the best choice for solving the gear contact analysis. Constantly increasing the

domain discretization is not leading to a proportional constant time reduction. Indeed, for 96 cores

the time reduction percentage (86%) is less than for 64 cores. This is induced by the large number of

information transfers needed to communicate between domains. The proposed methodology is thus

performed in the following sections by solving the full nonlinear system using 64 cores instead of using

Guyan condensation.
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4.4 Numerical comparison

The objective of this section is to evaluate the main differences between the proposed multibody

methodology and the compliance method described in the first section and based on the eq. (III.15) and

(III.16). This compliance approach is implemented in a software named TERRA [102, 112] developed

by the joint laboratory "gear dynamics laboratory LADAGE". For this code, the compliance matrix

H(θ) is computed either with an analytical thick plate model to evaluate the tooth strain energy and

a Ritz-Galerkin approximation to evaluate the tooth deflection [42] or a FE model where the line of

action is discretized and a constant punctual load is applied. The assessment is made in terms of static

transmission error and meshing stiffness fluctuations. The gear transmission presented in Table III.1

is retained for the comparison. The study is performed for various output torques in order to obtain

relevant comparative results. Then, the potential effects on the dynamic behaviour are discussed.

Static transmission error :

A series of nonlinear analyses are carried out for different output torques and a map of the static

transmission error is built. Fig. III.16a and Fig. III.16b are respectively the maps of the STE using

the proposed methodology and the compliance method. The gear mesh procedure is properly handled

by the proposed methodology and the periodicity of the STE is well represented. Fig. III.16a and

Fig. III.16b show a good match between the transmission curves for an output torque from 0.5 N m to

50 N m. Indeed, the tip relief of 5µm is clearly identified by both approaches. However, for a torque

level up to 50 N m, the compliance method underestimates the mean values of the STE while the STE

shapes have a smoother variation using the proposed methodology. In fact, the transition from one

tooth pair to another is progressively handled as shown in Fig. III.17. Indeed, in Fig. III.16b, a
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sudden variation of the STE is visible for a torque equal to 50 N m which can be explained by a brutal

transition of the number of teeth pair involved during the contact treatment. This phenomenon

is amplified as the torque is increased. In the compliance method, the contact lines positions and

orientations and therefore the contact ratio of the gear pair (expressed as ϵα = gα/pb while gα is the

length of path of contact and pb is the base pitch) are determined a priori. This explains the brutal

variation of the STE.
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Figure III.16: The static transmission error for different torque levels T =
[0.5, 15, 30, 50, 80, 100, 150, 250] N m and over two mesh periods. Numerical results through ANSYS
Mechanical ® solver (a) and the compliance method (b).
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Moreover, the map brings to light the nonlinear variation of the STE with respect to the load. The

peak to peak transmission error (PPTE) is measured from the STE map for the proposed methodology

(Fig. III.16a) and the compliance method (Fig. III.16b) in order to highlight the relation between

load and deformation. The variations of the PPTE presented in Fig. III.18 allow an estimation of an

optimal torque. Indeed, the PPTE amplitude of the compliance method decreases until a minimum

value for an output torque close to T = 70 N m, whereas for the proposed methodology the minimum

value is reached for an output torque T = 100 N m. The optimal torque ranges for the compliance

method and the proposed methodology are respectively [80, 150] N m and [60, 110] N m. Differences in

the estimation of the optimal torque and the mean value of the STE can be explained on the one hand

by the method retained in the classical strategy for the computation of the compliance matrix H(θ)

and on the other hand by the number of teeth detected during the contact treatment as mentioned

above. These differences can lead to an imprecise micro-geometry optimization when using hybrid

FE-analytical methods.

Mesh stiffness:

The different mesh stiffness are evaluated for the output torques T = [0.5, 15, 30, 50, 80, 100, 150, 250] N m

over two mesh periods. The mean value and the fluctuations of the mesh stiffness of the proposed

methodology and the compliance method are both governed by the output torque as shown in Fig.

III.19. It appears three ranges of variation corresponding to: low torque [15, 50] N m, medium torque

[50, 100] N m and high torque [100, 250] N m.

The mean values of the different mesh stiffness computed through the proposed methodology are half

of the ones obtained with the compliance method. The critical modes which are the modes for which

the strain energy contribution at the mesh is maximum are governed by the mean value of the mesh
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(a)

(b) (c)

Figure III.17: STE for 150 N m with two contact positions named POS1 and POS2 (a). A close-up at
the contact POS1 (b) and POS2 (c).

stiffness. The critical frequencies of the system are thus re-ordered. This change affects the critical

operating speeds of the system. In addition to this, as shown in Fig. III.19, the fluctuations of the

different mesh stiffness are also half of the ones obtained for the proposed methodology compared

with the compliance method. Obviously, the mean values of the different mesh stiffness are different

since the flexibility of the gear body is not taken into account in the compliance method. However,

differences are also related to the fact that the compliance method does not allow a good description

of the contact treatment between the gear teeth and also the hertzian-like deformation. In contrast,

the proposed approach based on a multibody description and a surface-to-surface contact element
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Figure III.18: Comparison of the different peak to peak transmission error (a): compliance method,
and ANSYS Mechanical ® solver.

allows an accurate contact treatment since no assumption are made on the contact point locations

and the global and local deformation are taken into account. The large variation observed modifies

the parametric phenomena and the amplitude of resonance of the dynamic response [131].

Normal contact characteristics of mating gear teeth:

It is of paramount importance to evaluate the normal characteristics of mating gear teeth. The

local contact behaviour is often modelled with Hertz theory [75]. It is an efficient way to approximate

local deformations and to predict contact areas. Herein, the proposed methodology through ANSYS

Mechanical ® solver provides stress, contact pressure and contact area with no assumption of the

contact curvature. The objective of this section is thus to compare the physical quantities determined

and quantified with the proposed methodology and those obtained with analytical formula of Hertz

theory for two infinite cylinders under load [75].

The cylindrical hertzian contact stress theory for two infinite cylinders under load is based on the
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Figure III.19: Mesh stiffness for different torque levels T = [15, 30, 50, 80, 100, 150, 250] N m: (a)
ANSYS Mechanical ® solver and (b) compliance method.

following assumptions:

• the surfaces are continuous and non-conforming.

• Each interacting body is considered as an elastic half-space with small strains.

• It is a frictionless contact.

• The contact areas are small compared to the size of the radii of curvature of surfaces.

The curvature radii at the contact point of two cylinders are represented in gears by the tangential
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segments of the base radii connected to the contact point. For a contact point close to the pitch

radius, the contact width h, the contact depth z0, the maximum pressure P0 and the maximum shear

stress τ as described in Fig. III.20 are compared with the proposed methodology (see Table III.3).

The contact width is accurately approximated with the proposed methodology. Indeed, as shown in

Table III.3, the approach generates 229µm of contact width and 204µm is accounted for Hertz theory.

Additionally, the contact analysis converged in terms of maximum pressure and maximum shear stress

as depicted in Table III.3 where only 20 MPa of differences with Hertz are measured. The results

obtained with the proposed approach are thus in good agreement with the those acquired by Hertz

theory. In contrast, these physical quantities cannot be retrieved directly with a compliance method.

It requires additional analyses.

Figure III.20: (a) Description of the cylindrical contact stress claimed by Hertz theory, (b) shear stress
for a torque of T = 100 N m and (c) a close-up of the shear stress in Pa at the middle of the tooth
width is depicted.

5 Conclusion

This chapter introduces a fully FE-based method to compute the static transmission error and the

mesh stiffness. The proposed methodology deals with gear mesh contact and is based on a fully flexible
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Table III.3: Comparative study on spur gear with Hertz theory
Physical quantities Analytical results of Hertz theory Proposed approach Difference (%) Unit

h 204 229 12 µm
P0 663 643 3 MPa
τ 199 221 11 MPa
z0 79.5 98.3 23 µm

multibody description considering a surface-to-surface contact algorithm. The contact is solved by

combining Signorini conditions and an augmented lagrangian formulation.

Elements of validation have been established in terms of mesh settings, contact settings and loading

conditions. Additionally, a domain decomposition is used to enable the computation of the static

transmission error and the mesh stiffness in reasonable time as opposed to Guyan condensation.

The main contributions of the proposed methodology are to consider a FE-based contact without

assumptions about the contact lines positions and orientations, to detect with precision the micro-

geometry using NURBS and a fine mesh, to capture the local hertzian-like deformation of the loaded

tooth during the meshing process, to recover instantaneously static transmission error, mesh stiffness,

root stress and normal contact characteristics of the tooth, and to take into account the flexibility of

many mechanical components of a gear transmission.

It was demonstrated that the investigated method can simulate large sort of gears. Besides, quasi-

static numerical results of spur and helical gears showed differences in terms of static transmission

and mesh stiffness compared with the compliance method. Indeed, a smoother transition from one

tooth to another is identified. The mean values and the fluctuations of the different mesh stiffness are

half of those obtained with the compliance method. These results have significant influences on the
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vibroacoustic behaviour of gears. The differences are mainly due to the multibody description and

the contact element used in the proposed methodology.

The objective of the next chapter is to show the potential of the proposed methodology to compute

the static transmission and the mesh stiffness of gears including shafts, bearings and the housing. The

methodology will be also applied to lightweight gear in order to put forward specific phenomena that

cannot be identifier with hybrid FE-analytical approaches.
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Introduction

The objective of this chapter is to show the capability of the proposed methodology detailed in the

previous chapter. For this purpose, several gear transmissions are evaluated. Cases of spur and helical

gears transmitting power between parallel shafts are studied. Gear transmissions with flexible shafts,

bearings and the housing are also considered. A particular attention is devoted to gear with holed gear

blanks for which an original 2D method is derived and assessed to reduce the computational time.
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1 State of the art: particularity of lightweight gears

The issues related to energy consumption and air pollution have increased the need for on-board mass

reduction. This requirement concerns in particular drivelines equipped with gear transmissions. The

proposed solutions to decrease the gear mass consists in using composites [24, 25] or removing material

from the gear blanks by employing thin rim or holes.

If we assume identical teeth, axisymmetric gear bodies, no eccentricity and no pitch errors, the STE

exhibits periodic fluctuation at the mesh frequency fm. If only one wheel presents eccentricity defect or

a holed gear blank, the fundamental frequency corresponds to the rotating frequency of the considered

wheel f1 or f2. If both driving and driven wheels have eccentricity defects or holes, the fundamental

frequency of the STE f0 is associated to the period T0 needed to re-establish contact between a

particular tooth of the driving wheel and a particular tooth of the driven wheel.

f0 = 1
T0

= fm

Z1Z2
= f1
Z2

= f2
Z1

(IV.1)

The classical approaches presented in the previous chapter are not adapted for dealing with a variation

of material in the gear blank. However, some improvements have been made in the last few years

in order to include lightweight gear bodies in the static transmission error analysis. Guilbert et al.

[53, 54, 55] proposed a condensed finite element sub-structure connected to a lumped parameter model.

They paid attention to the mesh interface model to connect a lumped parameter with a FE model.

The contact occurs on the theoretical contact lines and the flexibility of the gear teeth is described

through several independent stiffness elements distributed along the line of action. The effects of a

thin rim wheel or holes in the gear blanks were assessed [52]. The presence of holes modulates the

STE. Additionally, Shweiki [122] used several nonlinear FE simulations with high detailed model of

the meshing gears to estimate the STE fluctuations. Cappellini [20] and Shweiki [123] also combined a
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FE approach and an analytical representation of the gear mesh stiffness to investigate the behaviour of

lightweight gears. The total deformation of the gear induced by the gear mesh contact is modelled as a

global contribution coming from the tooth deflection, mainly bending and shear, and a local nonlinear

hertzian-like deformation. Active tooth pair are divided into multiple slices along the width and the

contact points are considered to lie on the rigid involute profile. They also decreased the computation

time of the global deformation by performing a model order reduction obtained from a series of linear

static analyses where a normal load is applied on selected nodes belonging to theoretical contact lines

[20]. Hou et al [66] investigated the effect of thin rimmed gears on the NVH performance. Similarly

to Rigaud, Hou et al showed that thin rim in the gear blanks modifies the mean and the peak-to-peak

value of the STE. This modification is used to optimize the thin-rimmed gears and to reduce the gear

mass about 25% and the dynamic mesh forces about 68%. Harris et al [62, 63] proposed a gear blank

tuning by performing two analyses. The first analysis considers the gear mesh between two holes

whereas the second analysis considers the gear mesh over hole. This process is carried out on each

design iteration in order to select an optimized design for the both analyses. The optimized gear blank

geometry leads to a decrease in sound power of 10 dB compared to a standard gear. In the first part

of this chapter, we evaluate the transmission error for well-known examples but also for a complete

gearbox in order to couple the global deformation of the gearbox and the contact at the gear teeth.

The second part is dedicated to holed gear blanks and the original approach proposed to accelerate

the simulation.

2 Effect of micro-geometry and the flexibility of the transmission

The study carried out in this section, applies the proposed multibody approach to several gear

transmissions in order to show the large possibility of the method and to bring to light some phenomena.

The gear pairs are classified in several test cases. The first case compares a gear pair with a longitudinal
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crowning to a gear pair without. Then, the effect of thin rim and flexible shafts on spur gear is

evaluated.In addition, complete gear transmissions are considered including flexible shafts, additional

stiffness for bearings and the housing.

Effect of crowning: The reverse helical gear pair with longitudinal crowning, also defined for a

100 N m nominal torque, is described in Table IV.1 and its geometry is reported in Fig. IV.1. This

gear pair is compared with the same helical gear pair without crowning modification. A control node is

defined at each gear centre to apply boundary conditions. Translations of the gear pair are prevented

for each control node. Control nodes of the driving and the driven gears are used to apply the driving

rotation θ1 and the output torque T . Fig. IV.2 displays the STE fluctuations of the helical gear pairs.

The longitudinal crowning modifies the shape of the STE and it appears a larger curvature as shown

in Fig. IV.2b. The peak to peak amplitude increases significantly until it reaches 2µm compared with

the standard helical gear pair (see Fig. IV.2a). These effects on the STE are explained by the fact

that the contact force is localized at the tooth flank center.

Figure IV.1: Helical gear pair.

Effect of thin rim and flexible shafts: This section analyzes the influence of a thin rim wheel and

flexible shafts on the STE fluctuations. The thin rim is located in the midplane of the gears but the

gears are not at the center of the shafts in order to accentuate possible rotation of the tooth flank in
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Table IV.1: Gear characteristics of the helical gear pairs.
Name Designation Gear 1 Gear 2 Unit

Module mn 2 mm
Number of teeth Z 50 50 -
Pressure angle α 20 deg

Helix angle β 15 deg
Total contact ratio ϵt 2.275 -

Base radius rb 48.439 48.439 mm
Profile shift coefficient x 0 0 -

Addendum ha 2 2 mm
Dedendum hf 2.5 2.5 mm
Face width b 20 20 mm

Center distance a′ 104 mm

Tip relief modification

Starting radius rS 52.024 52.024 mm
Depth D 5 5 µm

Longitudinal crowning modification

Maximum depth H 10 10 µm
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Figure IV.2: Fluctuation of the static transmission error over 4 mesh periods for an output torque T =
115 N m: (a) helical gear without longitudinal crowning, (b) helical gear with longitudinal crowning
of 10µm.

the plane of action. The Table IV.2 described in detail the micro and macro geometry and the gear

pair is depicted in Fig IV.3. A control node is defined at each face centre of the driving and driven

shafts to apply boundary conditions and prevent the translation of the shafts. The control nodes of

the driving and the driven shafts are used to apply the driving rotation θ1 and the output torque T .
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The STE fluctuations are compared with those presented in Fig. III.18, for which a spur gear without

thin rim and shafts is considered. The shape of the curve is modified and the peak to peak amplitude

is increased from 1 µm (see Fig. III.18) to 4 µm (see Fig. IV.4).

Table IV.2: Gear characteristics of the spur gear with thin and flexible shafts.
Name Designation Gear 1 Gear 2 Unit

Module mn 2 mm
Number of teeth Z 50 50 -
Pressure angle α 20 deg
Contact ratio ϵα 1.512 -
Base radius rb 46.985 46.985 mm

Profile shift coefficient x 0 0 -
Addendum ha 2 2 mm
Dedendum hf 2.5 2.5 mm
Face width b 20 20 mm

Center distance a′ 100.5 mm

Tip relief modification

Starting radius rS 50.26 50.26 mm
Depth D 5 5 µm

Rim wheel dimension

Rim width bw 8 8 mm

Shaft dimension

Shaft length L 300 300 mm

Figure IV.3: Spur gears with thin rim and flexible shafts

Moreover, the deformation of the shafts induces a misalignment as shown in Fig. IV.5a. Indeed, the

contact pressure is partially distributed on the tooth flank when the gear teeth are in contact. This

particularity is accounted in-line with the multibody approach which is not the case for a classical
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approach for which the contact is based on the theoretical contact lines. All couplings of the gear

transmission are taken into account during the STE computation and this affects significantly the

contact pressure distribution and the STE fluctuations. The proposed approach based on FE contact

allows an accurate description of the contact condition without additional geometrical consideration

and taking into account micro-geometry deviations.
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Figure IV.4: Fluctuation of the static transmission error over 4 mesh periods for an output torque of
115 N m.

(a) (b)

Figure IV.5: Contact pressure distribution on the mating teeth in Pa: (a) spur gear with thin rim and
flexible shafts, (b) standard spur gear.

Effect of flexible shafts, bearing and the housing: The objective of this section is to show the
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influence of the flexible shafts, bearings and the housing on the static transmission error. To this end,

two gearboxes of spur gears have been build (see Fig. IV.6). The first one with long shafts and the

second one with short shafts. The global deformation of shafts induces misalignment. For the model

with short shafts, the gear pair are at the center of the shafts which is not the case for the model

with long shafts. The gearbox with long shafts will induce more misalignment. Gears, shafts and the

housing are modelled as 3D finite elements. For the sake of simplicity, the bearing are linearized at

the output torque of T = 115 N m and considered as additional stiffness in the gearbox model. The

values of the bearing stiffness are obtained from a commercial software named Romax.

(a)

(b)

Figure IV.6: Characteristics of the gearboxes with long shafts (a) and short shafts (b).

For the gearboxes, shafts, bearings and the housing are modelled as a condensed substructure using

a static condensation of Guyan as detailed in section 4.3. At this stage, the Guyan condensation is
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(a) (b)

Figure IV.7: FE models of the Gearbox with long shafts (a) and with short shafts (b).

useful since the contribution of shafts, bearings and the housing are accounted for a small number

of active nodes as opposed to the use in section 4.3. Indeed, here, the active nodes are represented

by control nodes located at the center of the input/output gear and nodes at the location of the

boundary condition. Moreover, the Guyan condensation gives an exact solution of the model since no

approximation of the solution is made. The input rotation and the output torque of T = 115 N m are

applied on the input/output shafts, respectively. The two housing are fixed at their ground to prevent

the motion of these faces. The finite element model of the long and short gearbox (see Fig. IV.7)

are about 2.8 millions of DOF and 2.2 millions of DOF, respectively. Results are presented in Fig.

IV.8. The peak-to-peak amplitudes for the gear pair only, the gearbox with short and long shafts are

respectively 1µm, 2µm and 4µm. We can see that the STE of the gearboxes is modified for both, short

and long shafts. Indeed, the shape of the STE is lightly affected but the peak-to-peak amplitude is

clearly increased compared to the STE of the gear pair. The misalignment induced by the long shafts

are have a significant influence on the STE fluctuations.

75



Chapter IV Application of the proposed methodology

0 1 2

mesh period

-4

-2

0

2

4

6

8

S
T

E
 (

m
)

short Gearbox

long Gearbox

gear pair

Figure IV.8: Fluctuation of the static transmission error for the two gearboxes and the gear pair only
for an output torque of 115 N m.

3 Effect of gear body with holes

This part investigates the influences of holed gear blanks on the STE fluctuations. For this purpose,

we consider two gear pairs, a spur gear with 8 holes on each gear bodies and a large rim (see Fig.

IV.9a) and a helical gear with 8 holes and a center thin rim (see Fig. IV.9b). The gear characteristics

for the spur and helical gear are depicted in the the Tables IV.3 and IV.4, respectively.

A control node is defined at each gear centre to apply boundary conditions. The translations of the

gear pair are prevented for each control node. The control nodes of the driving and the driven gears

are used to apply the driving rotation θ1 and the output torque T .

Fig. IV.10 and IV.11 displays STE fluctuations and the frequency spectrum of the spur and helical

gear. Holes in gear blanks are responsible for additional harmonic components, especially at low

frequency. Indeed, a harmonic corresponding to the number of holes is created and this amplitude

exceeds the mesh harmonic (see Fig. IV.10b and Fig. IV.11b).

The harmonic content show also the existence of sidebands. Considering HZ and HNH
which are
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respectively the mesh harmonic and the harmonic of holes, we can identify sidebands as Hsb = HZ ±

HNH
. For example on the Fig. IV.10b and IV.11b we see the harmonics H42,H50 and H58.

So, changes in gear blank topology increase the harmonic content of the STE. This phenomena is not

properly handled within the classical strategies.

Table IV.3: Gear characteristics of the spur gear with holed gear blanks.
Name Designation Gear 1 Gear 2 Unit

Module mn 2 mm
Number of teeth Z 50 50 -
Pressure angle α 20 deg
Contact ratio ϵα 1.512 -
Base radius rb 46.985 46.985 mm

Profile shift coefficient x 0 0 -
Addendum ha 2 2 mm
Dedendum hf 2.5 2.5 mm
Face width bf 20 20 mm

Center distance a′ 100.5 mm

Tip relief modification

Starting radius rS 50.26 50.26 mm
Depth D 5 5 µm

Lightweighting

Number of holes NH 8 8 -
Radius of holes rH 20 20 mm

(a) (b)

Figure IV.9: Spur gear pair with holed gear blanks and large rim (a) and helical gear with holed gear
blanks and thin rim (b).

The analysis of such systems is computationally demanding mainly due to the large size of the finite
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Table IV.4: Gear characteristics of the helical gear pair with holed gear blanks and thin rim.
Name Designation Gear 1 Gear 2 Unit

Module mn 2 mm
Number of teeth Z 50 50 -
Pressure angle α 20 deg

Helix angle β 15 deg
Total contact ratio ϵt 2.275 -

Base radius rb 48.439 48.439 mm
Profile shift coefficient x 0 0 -

Addendum ha 2 2 mm
Dedendum hf 2.5 2.5 mm
Face width b 20 20 mm

Center distance a′ 104 mm

Tip relief modification

Starting radius rS 52.024 52.024 mm
Depth D 5 5 µm

Lightweighting

Number of holes NH 8 8 -
Radius of holes rH 20 20 mm

Rim wheel dimension

Rim width bw 8 8 mm

element model used to describe the system and the nonlinear behaviour arising from the contact

between the gear teeth. To reduce computation time, we propose an original 2D decomposition

method. This method is derived in the following section.
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Figure IV.10: Fluctuation of the static transmission error of the gear pair with holes (a) and frequency
spectrum (b) for an output torque T = 115 N m.
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Figure IV.11: Fluctuation of the static transmission error of the helical gear pair with thin rim and
holes (a) and frequency spectrum (b) for an output torque T = 115 N m.

4 2D quasi-static decomposition method
4.1 Problem formulation

This section describes the strategy used to decompose the deformation of the gear body with holes and

the deformation induced by the contact between gear teeth. The proposed method is mostly based on

the assumption that the tooth deflection is not coupled to the deformation of the gear body, so that

its behaviour can be accounted for with an additional flexibility. The following developments present

the substructuring of gears with identical and equidistant holes in the gear blanks. The objective is

to estimate the instantaneous deformation of the holed gear blank and the gear teeth. The system

is decomposed into two substructures as shown in Fig. IV.12. The first one referred to as "gb",

represents only the elastic holed gear body with a radius Rw. The second one, labelled "wh", is the

complementary part of the gear pair where the holed gear blank is replaced by a rigid wheel.

The decomposition method presented in this section takes only into account rotation around shaft

axis which means that a possible twist of the tooth flank in the plane of action is neglected. This

constitutes the main limitation of the proposed method, although it can be extended to 3D rotations

with additional research. It still provides a significant computational time reduction when studying

gears without thin-rimmed bodies.
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Figure IV.12: Decomposition of gear pair with holes

The decomposition method is thus structured as follows:

• Firstly, the fully finite element approach described in section 3 is applied to the second substructure

"wh". For this substructure, the simulation is performed over one mesh period since the holed

gear blank is not considered. The substructure is discretized by the FE method. The equation

of motion of substructure "wh" is expressed as follows:

Mwhüwh + Cwhu̇wh + Kwhuwh + Fnl
wh(uwh, θ1) = fex

wh (IV.2)

The resulting static transmission error named δwh(θ1) is:

δwh(θ1) = Rb2θ
wh
2 −Rb1θ

wh
1 (IV.3)

θwh
1 ,θwh

2 are respectively the angular displacement measured at the centre of the driving and

driven gears.

• Next, the quasi-static motion of the full multibody system shown in Fig IV.12 corresponding to

an amplitude 2π/Nh is discretized in 16 angular positions. For each angular position, the fully

multibody method is applied and the tangential displacement field at the interface between "wh"

and "gb" is extracted. This displacement is then introduced as an imposed displacement on the

substructure "gb" while applying the output torque at the centre. Considering uin
gb and ued

gb, the
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displacements of the DoF located inside and at the interface of "gb", the deformation of "gb" is

obtained by using the static relationship:

[
Kin,in Kin,ed

Ked,in Ked,ed

](
uin

gb

ued
gb

)
=
(

fin
gb

0

)
(IV.4)

So,

uin
gb(θ1,2) = K−1

in,in(fin
gb − Kin,edued

gb(θ1,2)) (IV.5)

For each angular position, the angular deformation at the centre of "gb" referred to as θgb(θ1,2)

is retrieved. We assume that this displacement is periodic at 2π/Nh. θgb(θ1,2) is thus formulated

as a periodic function:

θgb(θ1,2) = A+
∞∑

p=1
Bp cos

(
p2πθ1,2
Nh

+ ϕ

)
(IV.6)

For our studied cases, as we can see later, the frequency content is dominated by the fundamental

frequency leading to:

θgb(θ1,2) ≈ A+B cos
(2πθ1,2

Nh
+ ϕ

)
(IV.7)

The curve is displayed in Fig. IV.13.

0

θ
gb(θ1,2)

θ1,2

Figure IV.13: Angular deformation retrieved at the centre of "gb"

The resulting contribution along the line of action of the gear body with holes δgb(θ1,2) is defined
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as:

δgb(θ1,2) = Rbθ
gb(θ1,2) (IV.8)

• Finally, substructures "wh" and "gb" allow the computation of the deflection δwh(θ1) and δgb(θ1),

respectively. The static transmission error of the gear pair with holes δh(θ1) is computed as:

δh(θ1) = δwh(θ1) + δgb(θ1,2) (IV.9)

The mesh stiffness of the gear pair with holes kh(θ1) is obtained with a numerical differentiation

of the transmitted load F versus δh(θ1).

The decomposition procedure allows the computation of the STE for a large variety of holed gear

blanks. The computational time reduction comes from the fact that it is not necessary to solve the

gear mesh contact over a fundamental period of the STE. The estimation of the deformation of the

holed gear blank apart of the full multibody system is the key. It permits to keep the resolution of

the nonlinear analysis over a mesh period. Figure IV.14 outlines the decomposition procedure, which

can be extended to deal with a gear pair design with holes in both gear blanks by adding another

substructure.

4.2 Numerical validations

The decomposition procedure is applied on three different test cases in order to show the large variety

of gears that can be analyzed. The STE and mesh stiffness fluctuations are validated by comparing

results with those obtained using the fully finite element simulation described in section 3. The gear

characteristics of the different test cases are presented in Table IV.5. The first corresponds to a reverse

gear pair with the same number of holes in the driving and driven wheels. The second corresponds

to a gear pair with holes only in the driven wheel. The third corresponds to a reducer gear pair with

holes only in the driven wheel. Designs of the different test cases are shown in Fig. IV.15. Gear
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Figure IV.14: Flow chart of the decomposition procedure

pairs have also intentional removal of material along the tooth profile corresponding to a linear tip

relief with length L = 1.75 mm and amount Am = 5µm. This micro-geometric tooth modification is

introduced to minimize the STE for an output torque T = 115 N m for the reverse gear pairs and

T = 160 N m for the reducer gear pair.
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Table IV.5: Gear characteristics of the different test cases
Name Designation Case 1 Case 2 Case 3 Unit

- - Gear 1 Gear 2 Gear 1 Gear 2 Gear 1 Gear 2 -

Module m 2 2 2 mm
Number of teeth Z 50 50 50 50 29 85 -
Pressure angle α 20 20 20 deg

Base radius Rb 46.984 46.984 46.984 46.984 27.251 79.874 mm
Profile shift coefficient x 0 0 0 0 0 0 -

Addendum ha 2 2 2 2 2 2 mm
Dedendum hd 2.5 2.5 2.5 2.5 2.5 2.5 mm
Face width bf 20 20 20 20 20 20 mm

Center distance a 100.5 100.5 118.5 mm

Tip relief modification

Length L 1.75 1.75 1.75 1.75 1.75 1.75 mm
Amount Am 5 5 5 5 5 5 µm

Lightweighting

Number of holes Nh 8 8 - 10 - 6 -
Radius of holes rh 10 10 - 7.5 17.5 mm

(a) (b) (c)

Figure IV.15: Test case 1: (a) reverse gear pair with 8 holes on driving and driven gears. Test case 2:
(b) reverse gear pair with 10 holes closer to the teeth on the driven gear only. Test case 3: (c) reducer
gear pair with 6 holes.

Figures IV.16, IV.17 and IV.18 displays the time evolutions and the amplitude spectra of STE and

mesh stiffness for the three test cases. The harmonic orders Hn are identified with respect to the output

frequency. Amplitude spectra of STE and mesh stiffness show components at the mesh frequency HZ2

and its harmonics HkZ2 . They also show component at harmonic HNh
induced by holes designed in

the driven wheel. For the reverse gear corresponding to the test case with holes in the driving gear, no
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Figure IV.16: Test case 1: time evolution of the STE (a) and the mesh stiffness (b) for an output
torque T = 115 N m. Amplitude spectrum of STE fluctuation (c) and mesh stiffness fluctuation (d).
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Figure IV.17: Test case 2: time evolution of the STE (a) and the mesh stiffness (b) for an output
torque T = 115 N m. Amplitude spectrum of STE fluctuation (c) and mesh stiffness fluctuation (d).
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Figure IV.18: Test case 3: time evolution of the STE (a) and the mesh stiffness (b) for an output
torque T = 115 N m. Amplitude spectrum of STE fluctuation (c) and mesh stiffness fluctuation (d).
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additional component is observed because the number of holes is the same as those of the driven wheel.

Amplitudes of components are identical for the fully elastic multibody method and the decomposition

method.

Spectra also show sidebands around harmonics of the mesh frequency, HkZ2±lNh
, for the fully elastic

multibody simulation because the number of holes Nh is not a submultiple of the number of teeth

Z2, but their amplitudes are negligible compared to those of HNh
and HkZ2 . These sidebands are

not observed for the STE spectra computed with the decomposition method. Nevertheless, they arise

from the mesh stiffness spectra because this one is computed from a numerical differentiation of the

transmitted load F relative to STE.

Finally, Fig. IV.16, IV.17 and IV.18 confirm that the results obtained with the decomposition method

are similar to those obtained with the fully flexible multibody approach. Shapes of time evolutions,

mean and root mean square values and peak to peak amplitude are very close as reported in Table IV.6.
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Table IV.6: STE and mesh stiffness comparisons between the fully flexible multibody method and the
decomposition method

Test case 1 Fully FE-based method Decomposition method Error (%) Unit
STE mean value 24.587 24.534 0.2 µm
STE rms value 0.572 0.523 8.5 µm

STE peak-to-peak amplitude 2.408 2.216 8 µm
mesh stiffness mean value 1.088e8 1.103e8 1.4 N/m
mesh stiffness rms value 6.358e6 6.356e6 0.03 N/m

mesh stiffness peak-to-peak amplitude 2.101e7 1.984e7 5.5 N/m
Test case 2 Fully FE-based method Decomposition method Error (%) Unit

STE mean value 13.651 13.587 0.5 µm
STE rms value 0.418 0.365 12 µm

STE peak-to-peak amplitude 1.843 1.688 8.4 µm
mesh stiffness mean value 2.130e8 2.239e8 5 N/m
mesh stiffness rms value 2.210e7 2.263e7 2.4 N/m

mesh stiffness peak-to-peak amplitude 6.367e7 6.394e7 0.4 N/m
Test case 3 Fully FE-based method Decomposition method Error (%) Unit

STE mean value 15.103 15.093 0.1 µm
STE rms value 10.468 0.466 0.4 µm

STE peak-to-peak amplitude 2.222 2.129 4.4 µm
mesh stiffness mean value 4.347e8 4.325e8 0.5 N/m
mesh stiffness rms value 3.456e7 4.345e7 1.5 N/m

mesh stiffness peak-to-peak amplitude 1.017e8 1.018e8 0.1 N/m

Time cost reduction: Comparisons of STE and mesh stiffness fluctuations for the different test

cases prove the accuracy of the decomposition method. Besides, high computational resources are

required to compute the STE and mesh stiffness fluctuations with a fully flexible multibody method.

Indeed, the method requires a fine mesh for all the gear teeth and 40 computation points over a mesh

period, which means that 40×Z2 final computation points are used to describe precisely the STE. On

the other hand, for the decomposition method, only teeth covering the angle 2π/Nh need a fine mesh

and 16 computation points are retained to reconstruct the trigonometric angular deformation of the

substructure "gb". Moreover, 40 computation points are added to the latter for the computation of

the STE of the substructure "wh". As a consequence, with the fully multibody method, the elapsed
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computing time is 15 hours for the reverse gear pair and 40 hours for the reducer. Whereas, for

the decomposition method, 30 minutes (30 times faster) are needed for the reverse gear pair and 40

minutes (60 times faster) for the reducer.

5 A parametric study of the effect of number and radial position of holes
in gear blanks

The time cost reduction associated with the decomposition procedure allows parametric analysis. In

the following section, the objective is to analyze the influence of number and radial position of holes

on the static transmission error and mesh stiffness fluctuations.

5.1 Problem description

A standard gear without holes is considered as a reference test case. It consists of a spur gear with

characteristics Z1 = Z2 = 50, m = 2 mm, α = 20◦, bf = 20 mm and a = 100.5 mm. A tip relief

modification with amount Am = 5µm and length L = 1.75 mm is introduced in the tooth profile

to smooth the gear meshing. It leads to a minimization of the STE fluctuation for an operating

output torque Topt = 115 N m. Fig. IV.21 shows that the corresponding peak-to-peak amplitude is

STEpp = 1µm. Fig. IV.20 shows that the peak-to-peak amplitude is larger for a lower output torque

(STEpp = 2µm for Tlow = 20 N m). Then, the holed configurations are created from the standard

gear by designing holes in the driven gear body to reduce the gear mass by 25% as presented in the

Fig IV.19. For instance, a configuration with Nh eight holes at a radial position R = 34 mm from the

centre of the gear is labelled 8R34. A holed gear blank is introduced only for the driven gear to reduce

the number of suitable configurations. The size of holes is defined to maintain a constant mass for all

designed gear pairs. The radial position and the number of holes are chosen to preserve the structural

integrity of the gear pair. The selected gears are then labelled by (✓) and notified in Table IV.7.
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R

Figure IV.19: Schematic representation of the holed configuration

Table IV.7: Gear pairs with holes retained according to the number of holes Nh and their radial
position R

R (mm)
Nh 6 8 10

27 ✓
30 ✓ ✓
34 ✓ ✓

5.2 Effect of number and radial position of holes

The decomposition procedure is applied on the previous configurations for a low output torque Tlow =

20 N m and an optimal output torque Topt = 115 N m established for the standard gear pair.

As expected and compared with the standard gear pair, Fig. IV.20 and Fig. IV.21 show that STE

and mesh stiffness fluctuations present an additional low frequency component HNh
for all the other

configurations. The amplitude of this component HNh
is related to the number of holes Nh, their

radial position R and the output torque value considered.

The effect of the radial position of holes is illustrated by the cases "8R34", "8R30" and "8R27". Indeed,

Fig. IV.20 and Fig. IV.21 show that the amplitude of the component HNh
is larger when the radius

R is increased, which means when the holes are close to the tooth root radius.

The effect of the number of holes is illustrated by the pair cases ("10R34", "8R34") and ("8R30",

"6R30"). Figures IV.20 and IV.21 show for a given radial position of holes that increasing the number

of holes reduces the STE fluctuations.
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The effect of the output torque is also identified. STE fluctuations of the standard gear pair are

governed by the micro-geometry modification for a low output torque Tlow = 20 N m. Whereas STE

fluctuations are governed by the gear deformation for the optimal output torque Topt = 115 N m. The

amplitude of the low frequency fluctuations associated with the HNh
component is thus increased.

The critical modes for which the strain energy at the gear mesh is the highest are governed by the

mean value of the mesh stiffness. Designing holes in the gear blanks decreases the mean value and the

fluctuations of the mesh stiffness (Fig. IV.20 and Fig. IV.21). As a consequence, the critical frequencies

are reordered. The fluctuations of the mesh stiffness are modified compared to the standard gear pair.

These changes have thus important influence on the parametric resonances observed for the dynamic

response [131].

6 Conclusion

This chapter applies the proposed methodology detailed the previous chapter on several gear design.

First of all, gear pairs with micro-geometry modification is used. Examples of tip relief and crowning

are well supported. Then, the addition of flexible shafts and thin rim is treated. The proposed

methodology is able to handle the effect of the misalignment induced by flexible shafts on the STE

and the contact pressure distribution. Indeed, the shape and the peak-to-peak amplitude of the STE

is modified.

We showed that the proposed methodology can also compute the STE of a complete gearbox including

flexible shafts, bearings and the housing. The simulation is speed up with the use of Guyan condensation

for shafts, bearing and the housing. A comparison has been done for long and short shafts and a

standard gear pair. Both gearboxes modify the shape of the STE and increase the peak-to-peak

amplitude. This increase is more significant for the gearbox with long shafts.

In the second part of the chapter, a particular attention has been paid to holed gear blanks. The
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effect of holed gear blanks on the STE and the mesh stiffness is illustrated. Indeed, the frequency

content is enriched with a low frequency component corresponding to the number of holes and with

sidebands around mesh frequencies. The computation of such systems is demanding since the presence

of holes extend the periodicity of the system. To reduce the computation time, we derived an original

2D decomposition method based on the substructuring of the holed gear bodies and the remainder of

the gear pair. The approach bypasses the computation of the full nonlinear multibody system while

considering the contribution of holes. The efficiency of our approach was assessed by considering the

fully finite element approach as a reference for the computation of static transmission error and the

mesh stiffness fluctuations. The decomposition procedure reduces considerably the elapsed computing

time, which enables fast parametric studies of gears with holes. Thanks to a parametric study, this

work features the effects of holed gear blanks on the static transmission error and the mesh stiffness

fluctuations. It shows that different effects appear according to the radial position and number of

holes and the output torque considered. An additional low frequency component corresponding to

the existence of holes is observed. Then, the amplitude of the component HNh
is increased with the

operating output torque and with the radial position R. On the other hand, increasing the number

of holes for a given radial position R, reduce the STE fluctuations. The mean values of the different

mesh stiffness are reduced compared with the standard gear pair and the fluctuations are significantly

modified. Holes in gear blanks can be thus a design strategy to reduce the mesh stiffness mean value

and fluctuations. The observed effects cannot be set apart because they have important consequences

on the parametric and dynamic responses.

This chapter demonstrates the potential of the proposed methodology to compute the static transmission

error and the mesh stiffness of any type of gear system. These physical quantities are essential to

simulate the dynamic response. So, the objective of the next chapter is to use the fully flexible

multibody simulations for the simulation of gear dynamics. Two different strategies are carried out.

The first strategy relies on the STE and mesh stiffness excitation. The second strategy employs model

order reduction techniques for solving the fully multibody systems in operating dynamic conditions.
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Figure IV.20: Time evolution of the STE and the mesh stiffness for an output torque T = 20 N m:
(a,b) standard gear, (c,d) case 8R34, (e,f) case 10R34, (g,h) case 6R30, (i,j) case 8R30, (k,l) case 8R27.
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Figure IV.21: Time evolution of the STE and the mesh stiffness for an output torque T = 115 N m:
(a,b) standard gear, (c,d) case 8R34, (e,f) case 10R34, (g,h) case 6R30, (i,j) case 8R30, (k,l) case 8R27.
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V Prediction of the dynamic gear behaviour

Introduction

This chapter proposes firstly an introduction to the concept of model order reduction. The main

approaches used in structural dynamics are presented. The reduced order models obtained enable

the solve of large finite element models. Hereafter, we propose to use a condensed model for the

flexible shafts, the bearings and the housing, and parametric excitations are considered to couple the

input/output gears. This reduced model is retained to solve the stationary response of a complete

gearbox. Besides, the Harmonic Balance Method (HBM) is employed. Additionally, for a fully FE-

based contact approach, the number of degrees of freedom does not allow to use condensed model of

the gear pair. Thus, a flexible multibody framework coupled with model order reduction is proposed.

The model of a gear pair is treated and the method is applied to the case of transient dynamic

response. The reduced order model is based on the Proper Orthogonal Decomposition (POD) or
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Krylov subspace.
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1 Model order reduction
1.1 Introduction

The growth in complexity of industrial systems, the advancement of engineering tools and the move

to zero physical prototyping promoted the increase in the size of models and the demands for higher

processing power to solve these derived models. In order to solve these models in a reasonable, in

particular during design iterations, reduced order modelling can be an option while maintaining the

physical significance that the engineer is trying to predict.

In structural dynamics, the accuracy of the results often comes with the convergence of the mesh,

thus with an increasing model size. The challenge consists in building a reduced order model that

96



Chapter V Prediction of the dynamic gear behaviour

allows real-time evaluation while retaining the accuracy of the prediction. Here, we focus on model

order reduction of contact problems with emphasis on flexible multibody gear dynamics.

In this manuscript, reducing a model will first consist in finding the solution of the dynamical system

in a finite dimensional space by decomposing the reconstructed solution as a linear time and space

combination of elements of the reduced basis. Mathematically, the displacement field is expressed as

follows:

x(t) ≈ Ψq(t)

where Ψ is a matrix representing the reduced basis and q(t) are the new unknowns of the problem.

Ψ are also the so-called spatial modes and q(t) are the modal amplitudes corresponding to the

contributions of each mode of Ψ over time. The equations of motion are then projected in a subspace

in order to reduce the size of the system.

The literature [8, 14, 48, 106] provides several formal techniques to carry out model order reduction for

linear systems with many different goals in mind. By fully exploring the capabilities of the different

methodologies and evaluating their fundamental concepts one can apply these methods effectively.

However, several of the models and systems dealt with in industrial application carry a number of

nonlinear behavior. For instance in this manuscript, we deal with a nonsmooth gear dynamics. So,

nonlinearity of contact must be considered. The gear pair is connected by the contact between the gear
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teeth with potential losses. The application of model order reduction for these nonsmooth systems is

truly complex. Besides, small investigations are proposed in the literature [15, 20].

Determining a reduced basis Ψ with the least possible loss of information is at the core of the methods.

The reduced basis can be build from different manner. Indeed, the reduced basis can be constructed

from existing system data [60, 143] (for instance some previous simulations). The generation of the

reduced basis can also be at the same time as the solution itself. In all possibilities, one must keep a

critical regard on the error committed by the choice of such a subspace with respect to the solution

of a complete system.

Hereafter, we will start by explaining the general framework of the Galerkin projection based method.

Then, a review is proposed to describe in detail the different model order reduction techniques. Finally,

two strategies will be proposed to reduced the system while taking into account the contact behaviour.

1.2 Galerkin projection based method

In the following, we start the develeopment from already a discretized finite element model. We remind

the finite element equation of motion:

Mẍ + Cẋ + Kx + Fnl(x) = Fext (V.1)

The choice of the damping matrix C will be explained later in this chapter. The Galerkin or Petrov-

Galerkin projection based method consists in searching an approximation of the solution of the problem
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belonging to the space W0 III.2 of dimension n in a subspace Wr of dimension r such that r <<

n. This method assumes a weak formulation of the mechanical problem as derived in 1.1. The

main advantage of a Galerkin or Petrov-Galerkin method is to make the residual orthogonal to the

approximation subspace Wr. The approximation of the solution in the reduced subspace reads :

x(t) ≈ Ψq(t) (V.2)

this expression is used in the residual form of the equation of motion:

R(Ψq̈(t),Ψq̇(t),Ψq(t)) = MΨq̈(t) + CΨq̇(t) + KΨq(t) + Fnl(Ψq(t)) − Fext(t) (V.3)

Then, the left-multiplication by the transpose matrix of Λ which has the same dimension of Ψ yields:

ΛT MΨq̈(t) + ΛT CΨq̇(t) + ΛT KΨq(t) + ΛT Fnl(Ψq(t)) − ΛT Fext(t) = 0 (V.4)

if Λ = Ψ the projection is called Galerkin projection. if Λ ̸= Ψ the projection is called Petrov-Galerkin

projection. For some cases, Petrov Galerkin projection is a better choice. For instance if you deal

with fluid dynamics [23] and/or unsymmetric matrices [47]. In the following, we consider the Galerkin

projection with Λ = Ψ.

ΨT MΨq̈(t) + ΨT CΨq̇(t) + ΨT KΨq(t) + ΨT Fnl(Ψq(t)) − ΨT Fext(t) = 0 (V.5)

The reduced matrices and the reduced load vector are therefore:

Mr = ΨT MΨ Cr = ΨT CΨ Kr = ΨT KΨ fnl(q(t)) = ΨT Fnl(Ψq(t)) fr = ΨT Fext

(V.6)
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These matrices are dimensionally much smaller than the finite element matrices expressed in the

physical space. The reduced equation of motion are thus:

Mrq̈(t) + Crq̇(t) + Krq(t) + fnl(q(t)) = fr (V.7)

Howver, for the contact problem a particular attention must be given to the term:

fnl(q(t)) = ΨT Fnl(Ψq(t)) (V.8)

Indeed, the contact detection (see Fig. V.1) and resolution has to be performed in the physical space

using Signorini conditions (III.18). Then, the contact forces are projected in the reduced space for

solving the dynamics. This process has to be performed at each time step. Further details will be

done in the section 3.

Figure V.1: Description of the tooth contact point.

The Galerkin based projection method is used in the following developments to apply model order

reduction techniques on the equation of motion. Thus, the next section review the main model order

reduction techniques especially with emphasis on contact problems.
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1.3 Review of model order reduction techniques

This section proposes a detailed description of model order reduction techniques generally used in

structural dynamics with a particular attention on the application for contact problems. The objectives

are thus to present the theory of the reduction methods and the advantages of such methods in order

to propose a reduction method strategy for the gear contact dynamic. The model order reduction

techniques considered in this manuscript belong to the class of Galerkin projection based methods.

1.3.1 Modal superposition method

In all the following methods and in linear vibration field, structural modes are fundamental to analyze

the general behavior of structures because they provide a basis for the dynamical system and the

most general motion of the system is a superposition of its normal modes. In that case, the reduction

is performed according to this essential dynamical property as developed in the literature [14, 90].

The subspace considered is spanned by the dominant normal modes of the flexible body. The normal

modes (mode shapes and associated frequencies) are obtained by solving an eigenvalue problem. The

precision of the basis is directly related to the number of mode shapes retained. Hereafter, we derive

the equation while neglecting the gyroscopic and the centrifugal effects. This is the mode shapes of

uncoupled structure. For instance, in gear the input/output gears are not coupled. Also, the mode

shapes are assumed to be isolated in frequency with respect to the resonances and the damping of the

system is low.
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In the frequency domain, the equation of motion III.22 as the linear form reads:

(K + iωjC − ω2
j M)ϕj = 0 (V.9)

where ωj the eigenvalue and ϕj the associated eigenvectors called mode shape. Generally, the damping

term is ignored and the eigenvalue problem becomes:

(K − ω2
j M)ϕj = 0 (V.10)

The equation V.10 stands for modal analysis of the structure. Solving the equation V.10 provides

orthogonality of the mode shapes ϕj . Usually, mode shapes are normalized with respect to the mass in

order to facilitate the computation of the transfer function. Generally, the model of viscous damping is

retained. So, the reduced basis Ψ is chosen as the r first truncated mode shapes. Considering a viscous

damping and the mass normalized and orthogonal mode shapes provide the following properties:

Mr = ΨT MΨ = Ir×r

Cr = ΨT CΨ = diag(2ξjωj) for j ∈ [1...r]

Kr = ΨT KavΨ = diag(ω2
j ) for j ∈ [1...r]

fr = ΨT Fext

with ξj the modal damping. The transfer function as a serie of modal contributions is:

Hj(ωi) =
ϕjϕT

j

ω2
i + 2ξjωjωi + ω2

j

(V.11)
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This transfer function can be reduced by considering only the r mode shapes in the interested range

of frequency for the analysis. However, the high frequency mode shapes have also a contribution at

low frequency. The transfer function becomes:

H(ω) ≈
r∑

j=1

ϕjϕT
j

ω2 + 2ξjωjω + ω2
j

+
n∑

j=r+1

ϕjϕT
j

ω2
j

(V.12)

n is the number of degrees-of-freedom of the considered problem. The second term of the transfer

function doesn’t depend on frequency, this is the static correction or also called the residual flexibility

and this term is the contribution at low frequency of high frequency modes. A good approximation is

to enhance the truncated mode shapes by this term. The static correction can be determined in space

as follows:

H(0) = K−1Fext ≈
r∑

j=1

ϕjϕT
j

ω2
j

+
n∑

j=r+1

ϕjϕT
j

ω2
j

then,

n∑
j=r+1

ϕjϕT
j

ω2
j

≈ K−1Fext −
r∑

j=1

ϕjϕT
j

ω2
j

Consequently, a better choice of the reduced basis is to enhance the r first truncated mode shapes

with the static correction. The reduced basis becomes:

Ψ = [ ϕ1 ... ϕr K−1Fext −
r∑

j=1

ϕjϕT
j

ω2
j

] (V.13)

This approach is well adapted for linear system but it becomes more complex to represent properly

nonlinearities. Muravyov et al [100] proposed the Stiffness Evaluation Procedure (STEP) for dealing

with geometric nonlinearities. The nonlinear term is approximated by Fnl(q)j =
∑

j k̃
1
i,jqj+

∑
i,j,k k̃

2
i,j,kqjqk+
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∑
i,j,k,l k̃

3
i,j,k,lqjqkql using the modal superposition method. A serie of static analyses is then used to

identify the coefficients k̃1
i,j , k̃2

i,j,k and k̃3
i,j,k,l. However, for contact problems, the deformation at the

contact area induce local deformation which represent high frequency modes. Thus, the high number

of mode shapes required to represent this local deformation prevent the application of the modal

superposition method as investigated in [155].

1.3.2 Component mode synthesis method (CMS)

Component mode synthesis (CMS) methods are substructuring techniques which involve partitioning

of the entire structure into several substructures. A central piece of CMS is to derive the behavior

of the entire structure from its components. There are several variations of cms, we can quote the

methods of Rubin, Craig-Chang, Craig-Martinez [36, 37, 113]. In this section, the CMS method refers

to the Craig Bampton [36] formulation which is the most employed approach in the literature due

to its implementation convenience and robustness. This approach can be seen as an extension of the

Guyan condensation [56].

Following the Craig and Bampton CMS strategy requires:

• the static boundary modes represented by the Guyan modes. They can be obtained by imposing

successively a unit displacement to each boundary degree of freedom.

• a reduced set of fixed interface modes (clamped modes).

So, the idea of the CMS reduction is to consider two sets of degrees-of-freedom (DOF), one for
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master DOF and another for complementary DOF. Master DOF represents DOF for which loads and

constraints are applied and complementary DOF are all the other DOF of the considered system. The

dynamic response of the system is then approximated within a subspace spanned by a combination of

Guyan modes and fixed interface modes. The partition of the stiffness matrix is obtained by splitting

the matrix into four blocs as: [
KAA KAC

KCA KCC

]
(V.14)

Where the indexes A and C states for the active (master) and complementary (slave) degree of freedom,

respectively. Guyan modes Φs represent the static contribution of the system and they can be derived

using the equation III.23:

Φs =
[

I
−K−1

CCKCM

]
(V.15)

The fixed interface modes Φd represent the dynamic behaviour of the structure. They are computed

by ensuring a fixed displacement field at the master DOF locations and then performing a modal

analysis of the complete system. The dynamical part of the basis can be collected in the following

matrix:

Φd =
[

0
ΦF IM

]
(V.16)

ΦF IM are the contribution of the fixed interface modes at the slave DOF location. The combination

of the Guyan modes Φs and the fixed interface modes Φd leads finally to the CMS reduction matrix
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Ψ of the form:

Ψ =
[

I 0
K−1

CCKCM ΦF IM

]
=
[
Φs Φd

]
(V.17)

The substructure is obtained by projecting the finite element matrices on Ψ. In a finite element

environment, they constitute a "superelement" which can be assembled with the remainder of the

structure. The CMS approach is widely deployed in solid mechanics, it’s a general and modular method

and the CMS is simple to execute thanks to the choice of "physical coordinates". This model order

reduction technique has been used in the literature for solving the gear contact dynamics [138, 120].

However, the applications were on coarse meshes in the contact area. The studies were not accounting

for micro-geometry modifications and hertzian-like deformation. When dealing with a fine mesh in

the contact zone, the method become inefficient as discussed in the section III.4.3 for Guyan modes.

1.3.3 Krylov subspace

The objective of Krylov subspace also called "Moment Matching Method" [8, 14, 48, 106] is to provide

a subspace allowing the approximation of the system’s transfer function which describes the input-

output relationship. Generally, Krylov subspaces are built with a state space representation of the

equation of motion. However, recently [11, 12, 96], a Krylov subspace derived from the second order

form of the equation of motion have been introduced. This technique is usually applied for a large scale

dynamical system since the dimension of the manipulated matrices are two times smaller than the one

using the state space representation. Many approaches can be followed to solve second order dynamical

systems. Indeed, Interpolatory model order reduction methods like Multi-point Pade Appoximation,
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Krylov-based Galerkin projection and the Derivative-based Galerkin projection. A quick overview of

the theoretical part are explained and applied in [10, 13, 14, 40, 65, 106].

The transfer function H(s) of a linear discretized finite element model using the second order form of

the equation of motion is:

H(s) = (s2M + sC + K)−1Fext (V.18)

with s the Laplace variable. We can thus show easily that the transfer function can be expressed as

a Mac-Laurin development by:

H(s) =
∞∑

p=0
(−1)pMp(s0)(s− s0)p (V.19)

where Mp(s0) is called Markov moment around s0. To approximate the transfer’s function, the

equation V.19 can be truncated at the order r as:

H(s) =
r∑

p=0
(−1)pM̃p(s0)(s− s0)p + o((s− s0)r) (V.20)

This expression respects the moment matching property :

for p = 1...r, M̃p(s0) = Mp(s0) (V.21)

The Krylov method is based on the procedure to calculate the Markov moment matching coefficient

M̃p(s0). In addition, the precision of the method depends on the expansion point s0 whereby the

transfer function is approximated. Krylov subspace Kr are presented as defined by Bai et al. [11, 12, 96]

which is one of the latest form in the literature according to our knowledge. For an expansion point
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s0 = 0, it yields:

Kr(A1,A2,R0) =
{

R0,R1, ...,Rr−1
}

(V.22)

for p ≥ 2, Rp = A1Rp−1 + A2Rp−2

A1 = −K−1C,

A2 = −K−1M,

R0 = −K−1Fext

R1 = A1R0

Krylov subspace for contact problems haven’t been considered in the literature. The main reason is

that this model order reduction technique is derived for a good approximation of input-output system

behaviour. And for contact problems, the input-output relation is modified by the fluctuation of the

contact forces.

In this manuscript, in section 3, a strategy is devised and proposes to use Krylov subspaces in the

context of gear contact dynamics.

1.3.4 Proper Orthogonal Decomposition (POD)

The proper orthogonal decomposition (POD) [107] is a method that allows to obtain an optimal

reduced basis from a sample of solutions. The name of the method depends on the field of application.

In its general framework, the method can be found under the name of Karhunen-Loève decomposition

[82, 95]. In the field of statistics, it is called principal component analysis [76] and in mathematics, it
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also called singular value decomposition (SVD) [16].

The POD method requires a collection of data from which dominant component are extracted. To

illustrate the method, we consider a set of N finite element solution in space and time known for each

degree of freedom considering the equation of motion used for the gear simulation (see III.22) as:

u(ti) ∀i ∈ [1...N ]

For instance, it can be the displacement field at various points in time in a transient structural analysis.

Similarly, in fluid dynamics data can refer to the field of pressure for different velocities [111, 139].

These data are called snapshots. The objective of the POD is to find a subspace Wr of dimension r

included in the full finite element solution subspace such that r << n. For a given solution ui, we

define the orthogonal projection on Wr noted Πr by:

Πrui =
r∑

j=1
< ui,Ψj > Ψj (V.23)

with <,> the scalar product. So, the problem to solve can be written as:

Find Ψ ∈ Wr, Min
1
2

( N∑
i=1

∥ui − Πrui∥2
)

(V.24)
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Including V.23 in V.24, the problem yields:

N∑
i=1

∥∥∥∥∥∥ui −
r∑

j=1
< ui,Ψj > Ψj

∥∥∥∥∥∥
2

=
N∑

i=1

< ui −
r∑

j=1
< ui,Ψj > Ψj ,ui −

r∑
j=1

< ui,Ψj > Ψj >


(V.25)

=
N∑

i=1
∥ui∥2 − 2

N∑
i=1

r∑
j=1

< ui, < ui,Ψj > Ψj > +
N∑

i=1

r∑
j=1

< ui,Ψj >
2

(V.26)

=
N∑

i=1
∥ui∥2 − 2

N∑
i=1

r∑
j=1

< ui,Ψj >
2 +

N∑
i=1

r∑
j=1

< ui,Ψj >
2 (V.27)

=
N∑

i=1
∥ui∥2 −

N∑
i=1

r∑
j=1

< ui,Ψj >
2 . (V.28)

The equation V.24 is thus equivalent to:

Max
N∑

i=1

r∑
j=1

< ui,Ψj >
2 ⇔ Max

N∑
i=1

r∑
j=1

ΨT
j

 n∑
j=1

uiuT
i

Ψj (V.29)

Finally, the problem reads:

Find Ψ ∈ Wr that, Max

( r∑
j=1

ΨT
j

(
SST

)
Ψj

)
(V.30)

where S is the matrix of the collection of snapshots ui. The term SST is thus the auto-correlation

(or covariance) matrix of S. Quotient of Rayleigh V.30 is maximum for the eigenvector associated

to the maximum eigenvalue of SST . In practice, the use of factorization techniques such as the

singular value decomposition method enable the extraction of the reduced basis Ψ from S (n×N) or

SST (n×n) or even ST S (N×N). A good selection of this matrices will be discussed in the section V.3.

The proper orthogonal decomposition is a method with proven efficiency in the field of parametric and

nonlinear systems reduction [43, 49, 87, 92]. Actually, the method is applied as linear form with the
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Galerkin procedure but the parametric and nonlinear properties of the field of interest are taken into

account in the snapshots. So, for parametric or nonlinear analyses, it requires substantial numerical

effort, via the complete simulation of the system, to obtain the snapshots. For best results, fine time

sampling is required, which can lead to very large matrices.

In the section 3, a strategy for using the POD for gear contact dynamics is proposed.

1.3.5 Proper Generalized Decomposition (PGD)

The proper orthogonal decomposition (PGD) is a reduction technique developed firstly by Ladevèze

under the name of LArge Time INcrement (LATIN) method in the 1980s [89]. The method was a part

of non-incremental and non-linear solver. The name of proper generalized decomposition appeared

later with the work of Chinesta [33, 32], Ammar [6] and Nouy [104] for solving mechanical problems,

fluid dynamics and stochastic problems, respectively.

The idea of the PGD consists in expressing the solution with separate variable as follows:

ur(µ1, ..., µd) ≈
r∑

j=1

d∏
i=1

λj (µi) (V.31)

The separation variable can be in space and in time but also as parameter of the system. The core

of this method relies on an algorithm that allows to enrich the solution. The enrichment process that

allows to find ur(µ1, ..., µd) ≈ ur−1(µ1, ..., µd)+
∏d

i=1 λr (µi) is based on the fixed point algorithm [33].

The PGD method is efficient for systems with nonlinearities. However, This reduction method is
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truly complex to implement for industrial software because it requires alogithmic iteration at the

solver level. That’s the reason that thus approach was not retained for our developments.

1.4 Choice for the gear reduced order models

The previous section presents some model order reduction techniques. These techniques differ by the

way to generate the reduced basis Ψ in a subspace Wr dimensionally much smaller than W0 of the

complete space of the solution. Modal superposition methods, Component mode synthesis method

and Krylov subspace are strategies exploiting the structural matrices obtained by finite element. In

practice, the methods need the access to a finite element solver at a deep level to extract these matrices.

On the contrary, proper orthogonal decomposition is independent from the M, C and K matrices.

Indeed, the method requires a set of data obtained by simulations. However, these simulation data can

be complex to generate. Concerning the PGD, the use of the method is still complex to be implement

in a commercial software.

Model order reduction techniques must be selected considering the type of finite element modelling

being used. In this chapter, section V.2, a model is proposed to compute the stationary dynamic

response of gearboxes. The model consists of parametric excitations (STE and mesh stiffness fluctuations)

to couple the lumped masses of the input/output gears. Additionally, the flexible shafts, the bearings

and in the housing are condensed to master nodes using component mode synthesis method. The

CMS is well suited for this model since the coupling with STE and the mesh stiffness replace the
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gear contact interactions. In the section V.3, a flexible multibody model of a gear pair is proposed to

compute the transient gear contact dynamics. In this context, the CMS reduction method requires

very large interfaces, thus it becomes inefficient. We introduce thus two strategies to reduce the flexible

multibody model. Firstly, we consider a reduced basis with POD and mode shapes of the system, and

then, we propose a strategy based on Krylov subspace.

2 Stationary dynamic response

This section presents the strategy retained to compute the stationary dynamic response of a complete

gearbox. Hereafter, the gear coupling is performed using the STE and the mesh stiffness and the

flexible shafts and the housing are condensed using the CMS approach. The gearbox model is described

and the resulting parametric equations of motion in the physical and reduced space are derived. Firstly,

preliminary validations for the CMS in this context is validated and then the stationary dynamic

response for two cases of study is presented.

2.1 Computation procedure

A detailed description of the gearbox modelling approach and the numerical strategy in the frequency

domain for the dynamic response is put forward. The gearbox is composed of lumped masses and

inertia for the gear pair, stiffness elements for bearings and 3D finite element for shafts and the

housing. The gearbox is driven with a rotational speed through the input shaft and the output torque

is applied to the output shaft. The same gearboxes presented in Fig. IV.6 and Fig. IV.7 are used.
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2.1.1 Description of the gearbox’s model

The gear mesh is modelled by a parametric excitation along the line of action. The line of action

is the line tangent to the base circles along which theoretical contact points are located. The gear

mesh element is modelled as represented in Fig. II.3. The input and output gear consist of lumped

masses with 6 degrees-of-freedom (3 translations and 3 rotations) for each and a control node defined

at each gear centre. The housing and the flexible shafts are discretized with FE method using tetra

and hexa-linear elements and they are connected with bearings considered as additional radial stiffness

elements. The corresponding values of the radial stiffness elements are outlined in the Table V.1. A

tip relief modification is introduced to smooth the meshing process and to minimize STE fluctuations

for an output torque T = 115 N m.

Table V.1: Characteristics of the radial stiffness elements
Bearings kxx kyy kzz Unit

Input shaft 9e7 1.5e8 1.8e7 N/m
Output shaft 9e7 1.5e8 1.8e7 N/m

2.1.2 Equation of motion

The equation of motion for describing the dynamic response of the discretized FE model of the gearbox

is derived. STE and mesh stiffness fluctuations are introduced as an internal excitation for a given

output torque T . Gear mesh forces are linearized by the first-order Taylor-Young expansion around a

static state as follows:

Fnl(x) ≈ Fnl(xs) + ∂Fnl

∂xs
(x − xs) (V.32)
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where x contains the generalised displacement of each degree-of-freedom and Fnl are the gear mesh

forces. xs represents the solution of the static equilibrium:

Kx + Fnl(x) = Fs (V.33)

and Fs = T/Rb1 corresponds to the transmitted load. The dynamic equation of motion is thus

linearized:

Mẍ + Cẋ + Kx + Fnl(xs) + ∂Fnl

∂xs
(x − xs) = Fs (V.34)

M, C, K are respectively the mass, damping and stiffness matrix of the complete gearbox. Using the

eq. V.33 we obtain:

Mẍ + Cẋ + K(x − xs) + ∂Fnl

∂xs
(x − xs) = 0 (V.35)

The STE is determined using the geometrical column vector G in the reference frame (O1,
−→x 0,

−→y 0,
−→z 0)

associated with the gear design parameters (see FIg. V.2). This vector G as defined in II.2 has 12

non-zero values that couple the 6 degrees-of-freedom of the input gear with the 6 degrees-of-freedom

of the output gear. The corresponding STE δs(t) which is a time-dependant static solution is defined

by:

δs(t) = GT xs(t) (V.36)

similarly the dynamic transmission error (DTE) δd(t) can be expressed as:

δd(t) = GT x(t) (V.37)
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(a) (b)

Figure V.2: Description of the line of action (a) and the plane of action (b).

Additionally, the transmitted gear mesh forces can be expressed along the line of action (at the gear

mesh) and noted fnl by using the geometrical vector G:

Fnl(x) = Gfnl(GT x) = Gfnl(δd) (V.38)

The equation V.32 can be re-write using V.36, V.37 and V.38 as:

Fnl(x) ≈ Gfnl(δs) + GGT ∂fnl

∂δs
(x − xs) (V.39)

Knowing that the derivative of the transmitted gear mesh force along the line of action fnl with respect

to the STE δs(t) represents the mesh stiffness k(t), the parametric equation of motion of the gearbox

can therefore be formulated as:

Mẍ + Cẋ + K(x − xs) + [GGTk(t)](x − xs) = 0 (V.40)

The periodic mesh stiffness k(t) can be split into an average mesh stiffness kav and a zero-mean

fluctuating mesh stiffness g(t). The equation of motion becomes:

Mẍ + Cẋ + Kav(x − xs) + [GGT g(t)](x − xs) = 0 (V.41)
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with Kav the global time-averaged stiffness matrix:

Kav = K + [GGTkav] (V.42)

For the sake of completeness, the static contribution of the gearbox is represented by the static

deflection of the entire gearbox considering the loaded gear pair. For this purpose, the static transmission

error is calculated considering the entire gearbox as presented for the model Fig. IV.7. Additionally,

in this dissertation, the work focuses on the whining noise which is generated by the fluctuation of the

DTE.

2.1.3 Component mode synthesis reduction

The discretized FE model of the gearbox is a large-scale FE model. The objective of this section is

to approximate the solution of the equation of motion V.41 with the CMS method as described in

section 1.3.2. The generalized displacement x is related to the reduced displacement q thanks to the

approximation x = Ψq, where Ψ stands for the reduced transformation basis. The reduced basis Ψ

must be built to span a subspace for which the solution of the full model is well approximated. The

equation of motion in the reduced space can be written as follows:

Mrq̈ + Crq̇ + Kav
r (q − qs) + [LLT g(t)](q − qs) = 0 (V.43)

where the reduced matrices take the form:

Mr = ΨT MΨ Cr = ΨT CΨ Kav
r = ΨT KavΨ L = ΨT G (V.44)
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2.2 Numerical strategy in the frequency domain

The aim of this section is to obtain the stationary dynamic response of the parametric equation of

motion V.43. The strategy employed is to derive the equation of motion in the frequency domain. The

strategy is equivalent to the Harmonic Balance Method [4, 5, 51, 50, 101]. The time varying quantities

q̈(t), q̇(t), q(t), qs(t) and g(t) are thus expressed as truncated Fourier series. Solving the equation of

motion in the frequency domain using the CMS reduction method allows a fast computation of the

stationary dynamic response compared to time integration methods and/or direct inversion of the full

system. The equation V.43 can be re-written as follows:

Mrq̈ + Crq̇ + Kav
r q + [LLT g(t)]q = S(t) (V.45)

The truncated Fourier series of the time varying quantities are for H harmonics:

q(t) ≈ q0 +
H∑

p=1
qp

a cos(pωt) + qp
b sin(pωt) (V.46)

g(t) ≈
H∑

m=1
gm

a cos(mωt) + gm
b sin(mωt) (V.47)

The term S(t) = [LLT g(t)]qs(t) + Kav
r qs can be pre-computed since the STE and mesh stiffness

fluctuations are known at this stage. The associated Fourier coefficients are stored in S̃(ω). The term

[LLT g(t)]q(t) is developed by means of the Fourier serie product in order to reduce the time cost.

Indeed, the Fourier serie product enables the creation of a matrix A that can be pre-determined and
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used at each frequency. Developments leads to:

[LLT g(t)]q(t) =
(

[LLT
H∑

m=1
gm

a cos(mωt) + gm
b sin(mωt)]

)(
q0 +

H∑
p=1

qp
a cos(pωt) + qp

b sin(pωt)
)

= q0

(
[LLT

H∑
m=1

gm
a cos(mωt) + gm

b sin(mωt)]
)

+

1
2

H∑
m=1

(
[LLT gm

a ]
H∑

p=1

(
qp

a

(
cos((p−m)ωt) + cos((p+m)ωt)

)
+ qp

b

(
sin((p+m)ωt) + cos((p−m)ωt)

))

+ [LLT gm
b ]

H∑
p=1

(
qp

a

(
sin((p+m)ωt) − sin((p−m)ωt)

)
+ qp

b

(
cos((p−m)ωt) − cos((p+m)ωt)

)))

Assembling the equation per terms gives:

[LLT g(t)]q(t) = q0

(
[LLT

H∑
m=1

gm
a cos(mωt) + gm

b sin(mωt)]
)

+ 1
2

H∑
m=1

(
H∑

p=1

((
[LLT gm

a ]qp
a + [LLT gm

b ]qp
b

)
cos((p−m)ωt)

+
(
[LLT gm

a ]qp
b − [LLT gm

b ]qp
a

)
sin((p−m)ωt) +

(
[LLT gm

a ]qp
a − [LLT gm

b ]qp
b

)
cos((p+m)ωt)

+
(
[LLT gm

a ]qp
b + [LLT gm

b ]qp
a

)
sin((p+m)ωt)

))

= [LLT ⊗ Ag]q̃(ω)
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with:
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and ⊗ is the Kronecker product. The substitution of the truncated Fourier series into the equation of

motion V.45 conducts to:

[Z(ω)]q̃(ω) + [LLT ⊗ Ag]q̃(ω) = S̃(ω) (V.48)

where q̃(ω) contains the Fourier coefficients of q(t). The matrix [Z(ω)] is built by assembling

submatrices. This submatrices [Zp(ω)] are expressed to each harmonic as follows:

[Zp(ω)] =
[
Kr

av − (pω)2Mr pωCr

−pωCr Kav
r − (pω)2Mr

]
, 1 ≤ p ≤ H (V.49)

The equation of motion V.45 consists of well-conditioned matrices which allows us to use an iterative

solving procedure. Solutions are obtained at mesh frequency and its harmonics. These solutions are

then used to reconstruct the time history solutions using the inverse Fourier transform.

2.3 Results and discussion

This section is a dynamic analysis of the gearboxes considering the models described in Fig. IV.7.

The objective hereafter is firstly to validate the CMS method and then to discuss the results for

these particular cases. For this purpose, stationary dynamic responses of the gearboxes for the model

120



Chapter V Prediction of the dynamic gear behaviour

in the physical space (full model/without reduction) and the CMS reduced model are computed and

compared. The full model is solved on a cluster using CPU resources (1 computer node = 16 cores, 2.6

GHz and 64 Go RAM) in order to achieve the simulation. 4 computer nodes (64 cores) are retained

for the computation. In contrast, the simulation of the CMS reduced model is performed with a

personal computer (8 cores, processor intel Xeon E5-1607 V3 3,10GHz, 16 Go RAM). Simulations are

conducted for a rotational input speed Ω from Ω = 1 rpm to Ω = 9000 rpm. The static transmission

error and the mesh stiffness fluctuations as displayed in Fig. V.3 are the internal excitations.

The ratio ASD of the standard deviation of the dynamic transmission error DTESD with respect to

the standard deviation of the static transmission error STESD is the quantity used for the comparison:

ASD = DTESD

STESD
(V.50)

where SD states for standard deviation.

The full model represents the large scale FE model of the gearbox without reduction. The CMS

reduced model features the FE model of the gearbox using the CMS method and 408 fixed interface

modes are retained. The location of the master nodes for the CMS method are the center of the gear

pair and the center of the face where the housing is fixed. This choice takes into account the complete

energetic contribution of the gearbox. 100 and 300 discrete computed frequencies are considered for

the full model and the CMS reduced model, respectively.
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(a) (b)

(c) (d)

Figure V.3: (a,b) represents the static transmission error and mesh stiffness fluctuations for the short
gearbox (see IV.7b). (c,d) represents the static transmission error and mesh stiffness fluctuations for
the long gearbox (see IV.7a).

Figure V.4 displays the ratio ASD for an output torque T = 115 N m. The associated time needed

to solve for the full model and the CMS reduced model are 15 hours and 35 minutes, respectively. It

appears parametric resonances at the critical frequencies identified in Fig. V.5. Results of the CMS

reduced model match perfectly with those of the full model (see Fig. V.5). This CMS reduced model

of the gearbox enables therefore the fast computation of the dynamic response with great accuracy.
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Figure V.4: Dynamic response of the gearbox for the full model ( ) and the CMS reduced model ( )
for an output torque T = 115 N m..

The CMS reduced model allows the fast computation of the dynamic response of the short and long

gearbox. Dynamical responses are computed for the optimal output torque of the standard gear pair

T = 115 N m. One can see that long gearbox compared to the short gearbox re-organized the critical

frequencies of the gearbox. Indeed, critical frequencies are shifted to lower frequencies. Additionally,

the long gearbox induced higher amplitude of the parametric resonances. For instance, considering

the primary resonance for the long and short gearbox ASD = 5.5 and ASD = 4.4 respectively.

3 Transient dynamic response

This section investigates the potential of using a mutibody framework coupled with model order

reduction for the computation of the transient gear dynamics. Thus, the equation of multibody

dynamics including flexible bodies are derived. The strategies for reducing the model are presented
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Figure V.5: Dynamic response of the short gearbox ( ) and the long gearbox ( ) for an output
torque T = 115 N m.

and preliminary validations are proposed. Then, an original model for considering gears in a multibody

framework is described and the resolution of motion equations is achieved. Moreover, a particular

attention to the numerical method used for the integration of the equation of motion is enforced.

3.1 Equation of motion of flexible multibody dynamics

Multibody dynamics is the study of the motion of assemblies of bodies, rigid or flexible, that undergo

large motion in the 3D space (see Fig. V.6). The free motion of bodies is restrained by joints. Every

joint links two bodies in two points. These joints are idealizations of the contact between the two

bodies. Joints are characterized by the motion that they allow between the two bodies that they

connect. The primary unknowns of a multibody dynamics solution are the translation and rotation

of each body and the motion in the joints themselves. The output quantities on rigid bodies are the

forces that develop in the joints and flow through the rigid bodies. Flexible bodies can be included
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in a multibody analysis. These flexible bodies will have both joint forces and stress and strain results.

Figure V.6: Schematic representation of a multibody system.

The absolute position of a given body k is determined by the position of a point Mk of the considered

body, and the orientation of the body with respect to a fixed reference frame (O, ex, ey, ez). A material

frame (Ok, exk, eyk, ezk) is attached to the rigid body k, with its origin (reference point) located at

the center of mass. An arbitrary point Mk attached to this material frame has material coordinates

(xk, yk, zk). So, from initial to current configuration, time-dependent rotation of the body k occurs in

the material frame. The absolute position of the body k considered as rigid is thus expressed as:

OMk = OOk + OkMk (V.51)
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In multibody dynamics, the main source of nonlinearities are large relative translations and rotations

between bodies. The flexibility of the body can be taken into account by assuming that inside the

body, its elastic behaviour remains linear within a local frame. In other words, the body undergoes

small elastic deformations. So, the strain tensor in linearized as follows:

εL(u) = 1
2(∇u + (∇u)T ) (V.52)

Fig. V.7 introduces the notion of parent body. This flexible multibody framework is used hereafter.

Additionally, in this dissertation, the flexibility of the body is introduced to the equation V.51 using

model order reduction. Indeed, the generalized position of M ′
k associated to the flexible body becomes:

OM′
k = OOk + OkMk + MkM′

k = OOk + OkMk + Ψq (V.53)

Point Ok is a joint or the center of gravity the body k. The generalized velocity of M ′
k is expressed

by:

VM ′
k/O

= VOk/O + Ωk/O ∧ OkM + Ωk/O ∧ Ψq + Ψq̇ (V.54)

where Ωk/O is the angular velocity of the body k with respect to the ground. Similarly, VOk/O is the

velocity of the body k with respect to the ground (O, ex, ey, ez). The concept of recursive calculation

of the generalized velocities is introduced. The generalized velocities on body k can be computed by

adding the contribution of the parent joint to the generalized velocities of body L(k). The contribution

of each joint in the chain between body k and the ground (O, ex, ey, ez) can be found by expressing
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Figure V.7: Schematic representation of flexible multibody systems

the velocity and the angular velocity as:

VMk/O
=

Nb∑
l

Vlη̇l (V.55)

Ωk/O =
Nb∑
l

Ωlη̇l (V.56)

Where Nb is the number of bodies between body k and the ground (O, ex, ey, ez). Vl and Ωl are

called partial velocity and partial angular velocity associated to the kinematic variable ηl at point

127



Chapter V Prediction of the dynamic gear behaviour

Mk, respectively. They can be seen as rigid shape functions. For the sake of simplicity, the Einstein

convention is used, which gives: VMk/O
= Vlη̇l and Ωk/O = Ωlη̇l. Thus, the equation V.54 yields:

VM ′
k/O

= Vlη̇l + Ωlη̇l ∧ (OkM + Ψq) + Ψq̇ (V.57)

Compared to the rigid case, the generalized position and velocity are modified to be expressed at the

flexible point location M ′
k, through the contributions of Ψq and Ψq̇ that reflects the flexible part.

The reduced basis Ψ is obtained in the following thanks to a reduced order method as described in

the section V.1.

To derive the equation of motion of flexible multibody dynamics, different approaches can be used.

The most popular methods are based on the Hamilton’s principle or the virtual work. Here, we

formulate the equation of motion using the virtual work as proposed in [1, 80, 110, 144, 121] which

is equivalent to the d’Alembert principle. The derivation of the generalized velocity (eq. V.57) gives

the generalized acceleration of the point M ′
k:

ΓM ′
k

/O = Vlη̈l+V̇lη̇l+(Ωlη̈l+Ω̇lη̇l)∧(OkM+Ψq)+Ωlq̇l∧(Ωlη̇l∧OkM′)+2.Ωlη̇l∧(Ψq̇)+Ψq̈ (V.58)

The principle of virtual power can be formulated by:


Find (η,q) ∈ B

∀(η∗,q∗) ∈ B, δWa(η,q, η∗,q∗) = δWext(η,q, η∗,q∗)
(V.59)

δWa and δWext are the virtual work of the acceleration and the virtual work of the external forces,
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respectively. (η∗,q∗) are the virtual fields for the kinematic and flexible variables. B is the collection

of rigid and flexible bodies. The virtual displacement of a point M ′
k of the body k reads:

r∗
M ′

k
/O = Vmη

∗
m + Ωmη

∗
m ∧ (OkM + Ψq∗) + Ψq∗ (V.60)

the virtual work can be formed and integrated over body k, and summed over the bodies. The virtual

works are thus:

δWa(η,q, η∗,q∗) =
∑

k

∫
Bk

ΓM ′
k

/O.r∗
M ′

k
dVk (V.61)

δWext(η,q, η∗,q∗) =
∑

k

∫
Bk

Fext
V,M ′

k
/O.r

∗
M ′

k
/OdVk +

∑
k

∫
∂Bk

Fext
S,M ′

k
/O.r

∗
M ′

k
/OdSk (V.62)

The terms Fext
V,M ′

k
/O and Fext

S,M ′
k

/O are the field of volume density of forces and field of surface density of

forces, respectively. In the presence of flexible bodies, the equations of motion can be partitioned into

2 sets of terms. Terms that involve only the set of rigid degrees of freedom. The reason is that this

leads to the well known rigid body formulation. Then adding the flexible dofs introduces new terms.

In practice, to deal with flexible bodies in a multibody framework, the multibody solver needs to be

coupled with a finite element solver for modelling the flexible part and computing therefore the flexible

matrices. These matrices are the reduced basis Ψ, the reduced matrices Mr, Kr, Cr, the reduced

load vector fr and the lumped mass matrix Ml which is obtained from the full finite element mass

matrix M of the flexible bodies. The lumped matrix is a diagonal matrix that simplify the matrix

vector product. In the approach used in this dissertation, the equilibrium is written on the current

(deformed) configuration, the mass matrix and right hand side terms (RHS) depend on the flexible
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degrees of freedom. To avoid having to go back to the finite element solver to compute these integrals

during the transient simulation, these terms are decomposed over a basis of invariant terms, which

are computed only once before the resolution of the equation of motion using the reduced basis and

the lumped mass matrix. We consider 6 dofs per nodes and the lumped mass matrix Ml is diagonal

with these properties:

mk =


Ml

6k,6k = Ml
6k+1,6k+1 = Ml

6k+2,6k+2

Ml
6k+3,6k+3 = Ml

6k+4,6k+4 = Ml
6k+5,6k+5 = 0

(V.63)

These invariant terms are expressed for each mode. Mode j, component i at node k is expressed as:

Ψj
k,i = Ψj

6k+i

with

Ψj
k =


Ψj

k,0
Ψj

k,1
Ψj

k,2


The invariant terms are thus formulated as:

I1 =
nbNodes−1∑

k=0
mkΨj

k,i, i = 0...2, j = 0...nbModes− 1 (nbModes× 3) (V.64)

I2 =
nbNodes−1∑

k=0
mk

(
Pk ∧ Ψj

k

)
i

, i = 0...2, j = 0...nbModes− 1 (nbModes× 3) (V.65)

with Pk the coordinates of the node k in the global coordinate system.

I3 =
nbNodes−1∑

k=0
mk

(
Pk · Ψj

k

)
, i = 0...2, j = 0...nbModes− 1 (nbModes× 1) (V.66)

I4 =
nbNodes−1∑

k=0
mk

(
Ψj

k,0Pk

)
, j = 0...nbModes− 1 (nbModes× 1) respectively for Ψj

k,1 and Ψj
k,2.

(V.67)
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I5 =
nbNodes−1∑

k=0
mk

(
Pk,0Ψj

k

)
, j = 0...nbModes− 1 (nbModes× 1) respectively for Pk,1 and Pk,2.

(V.68)

I6 =
nbNodes−1∑

k=0
mk

(
Ψi

k ·Ψj
k

)
, i = 0...nbModes−1, j = 0...nbModes−1 (nbModes×nbModes) (V.69)

I7 =
nbNodes−1∑

k=0
mk

(
Ψi

k ∧ Ψj
k

)
, i = 0...nbModes− 1, j = 0...nbModes− 1(nbModes× nbModes× 3)

(V.70)

The equation of motion for multibody system is subjected to constraint stemming from joints and the

contact between bodies. These constraint equations (B,G) are introduced through lagrange multiplier

λ constitute thus an algebraic system as follows:


Mη̈ + λBT = F

Bη̈ = G
(V.71)

M, B, F, and G can be formed from a set of known geometric variables and kinematic variable values.

η̈ is the vector of acceleration. The Lagrange multiplier λ can be interpreted as constraint forces,

equivalent to the amount of force needed to enforce constraint equations.

A this stage, strategies for reducing flexible bodies has to be carry out. This is reflected in finding an

appropriate reduced basis Ψ. Strategies are proposed with preliminary validations in the next section.

3.2 Proposed reduced order models

Herein two strategies are proposed to reduce the gear pair. These strategies are based on a high fidelity

model. A high fidelity model is a fine (large) finite element model solved in the physical space for which

validations have been established. For gears, validations can be in terms of displacements, stresses,
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static transmission error and mesh stiffness. Then, this model is used to generate the reduced space.

In this dissertation, naturally, we retained as high fidelity model the model proposed in the section 3.

This model is well adapted for the static transmission error, the mesh stiffness, the displacement field

and the stress field computation. Beside, some comparison for the contact with Hertz theory promote

the model.

3.2.1 Proper orthogonal decomposition (POD) enhanced with eigenmodes

The objective is to build a reduced basis that contains the static and the dynamic behaviour of the

gear. To this end, the reduced basis is generated in two parts. The first part represents the static

behaviour and the second part focus on the dynamic behaviour.

The separation of the static and the dynamic behaviour is possible because the gear behaviour can

be different between the tooth level and the gear body level. Indeed, the first natural frequency f1 of

two teeth in contact is the order of 105Hz as shown in Fig. V.8. It’s even higher when considering

the tooth itself. Certainly, this frequency value depends on the gear design but it appears that the

tooth mode shapes are very high frequencies. For this reason, we assume in this section that the tooth

itself has only quasi-static behaviour. On the contrary, gear bodies have static and dynamic behaviour

which is accentuated with lightweigh gears. For instance, a thin rim with holes drops down the natural

frequencies of the gear body and it affects the static deflection since the compliance is modified. An

example of the first gear body mode of a thin rimmed gear with holes for the first natural frequency
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Figure V.8: Example of the first contact mode shape (f1 ≈ 105 Hz)

f1 ≈ 3270 Hz is depicted in Fig. V.9. In the transportation domain, especially for automotive, the

natural frequencies of lightweigh gear bodies is even much smaller, in the order of magnitude of 100

Hz. In this case, the dynamic behaviour of the gear body has to be taken into account. Another

Figure V.9: Example of the gear body mode shape of a thin rimmed gear with holes (f1 ≈ 3270 Hz)

complexity is to consider in the reduced basis the contact behaviour of the gear pair. This procedure

for building the static part and the dynamic part of the reduced basis taking into account the contact

between the gear pair is detailed below.

Static behaviour : the main steps to build up the static part of the reduced basis are presented.
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The procedure relies on the proper orthogonal decomposition method (POD):

The high fidelity model based on a finite element analysis of the gear pair in quasi-static operating

conditions is used at this stage This finite element analysis is detailed in III.4 . An output torque

T = 115 N m is applied for the gear pair considered in table III.1 and the simulation employed for the

computation of the static transmission error allows the generation of the snapshots. Indeed, for the

input and the output gear, the displacement fields are extracted for each position of θ1 as displayed

in Fig. V.10.

(a) (b) (c)

Figure V.10: Example of the displacement field at a given driving angle θ1. (a) total displacement,
(b) displacement in x direction, displacement in y direction.

The collected snapshots include rigid body motion, and for the multibody framework, the reduced

basis represents only the flexibility as explained by the equation V.51. So, the rigid body motion is

removed from the snapshots using a minimization between rigid body modes and the strain tensor.

Let us consider the collection of the elastic part of the snapshots as S:

S = [u(θ1, t1) ∈ Rn u(θ1, t2) ∈ Rn ... u(θ1, tN ) ∈ Rn] (V.72)
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where n is the number of degree of freedom and N the number of snapshots retained with N ≪ n. The

number of snapshots and the time/angle step used for the collection are important parameters, they

directly affect the precision. Here, we have chosen a time/angle step for which the static transmission

error has converged. So, the elastic field at each time/angle step is retrieved in S.

As explained in 1.3.4, different approaches can be used to extract the relevant modes from S, SST and

ST S. Generally, the SVD is employed. Working directly on S or SST is computationally demanding

since the size of these matrices are n × N and n × n, respectively. Indeed, applying the SVD on S

gives:

SV D(S) = ZΣVT (V.73)

where Z and V are orthogonal matrices (ZZT = In and VVT = IN ) having respectively the dimension

n× n and N ×N . Σ ∈ Rn×N is diagonal matrix containing the singular values which are arranged in

decreasing order. Then, substituting the equation V.73 in SST it reads:

SST = ZΣ(VT V)ΣT ZT = Z(ΣΣT )ZT = Z
[
diag(σ2

p) 0
0 0

]
ZT , (n× n) (V.74)

where the subscript p is the number of nonzero singular values.

Similarly with ST S, we obtain:

ST S = VΣT (ZT Z)ΣVT = V(ΣT Σ)VT = Vdiag(σ2
p)VT , (N ×N) (V.75)

The nonzero singular values of SST are also considered in ST S. We thus apply the SVD on the matrix
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ST S of size N ×N instead of SST to build the POD modes Υ also called POMs. The SVD gives:

SV D(ST S) = Vdiag(σ2
p)VT (V.76)

then, let’s consider u(θ1, ti) the snapshot number i as ui to simplify the formula of the POMs which

are expressed for m snapshots as follows:

Υp = 1√
λp

n∑
i=0

(Vp)iui (V.77)

where λp = σ2
p. Thus, the equation V.77 defines the POMs generated by the POD method. Firstly, the

auto-correlation matrix ST S is computed for snapshots over two mesh periods to make us confident

that the entire static behaviour of the gear contact is captured. We can identify clearly in the Fig.

V.11a the periodicity of the system. This picture (Fig. V.11a) is for the displacement field of the

output gear but the same behaviour is obtained for the driving gear. Moreover, the number of modes

r of Υp to keep for the analysis is important for the precision and efficiency of the reduced basis. Error

estimator can be used to know how many mode to keep, they can be based on the residual or even

the energy. Here, we decide to consider the modal energy for each POMs (see V.78) to truncate the

reduced basis. This criteria is well adapted for mechanical problems where the behaviour is driven by

the strain energy. The criteria is thus for the mode i:

Ei = λi∑
k λk

(V.78)

With λi = σ2
i the eigenvalue of the mode i. The POMs modal energies are displayed in Fig. V.11b.

We can see that the modal energy decrease rapidly. It means that only some vectors of Υp are
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required to capture the static behaviour of the contacting gears. The number of POMs retained r is

for
∑r

i Ei ≥ 0.99. Generally in the literature, for the POD method, 99% of the energy is sufficient to

capture the entire behaviour of the snapshot data. The first five resulting POMs that represents the

(a) (b)

Figure V.11: (a) Auto-correlation matrix representation of 100 snapshots (b) POMs energy chart for
the output gear.

static behaviour are presented in Fig. V.12. We can see that the POMs 1, 2 and 3 feature mostly

the tooth bending i.e. the global deformation of the tooth. The deformation of the adjacent teeth

is also taken into account. The POMs 4 and 5 reflect local tooth deformation which is hertzian-like

deformation induced by the contact between the gear teeth. The shape of these POMs patterns make

us confident to catch the static behaviour of the mating gear teeth. The strategy for the generation

of the POMs is summarized in Fig. V.13. Dynamic behaviour : The use of the POD method on

the high fidelity model enables us to provide robust static modes. These POMs capture the global

and local deformation at the tooth level. We thus address the static behaviour of the gear pair but to

consider also the dynamic behaviour, the POD reduced basis must be enhanced. We decide to enhance
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(a) (b)

(c) (d)

(e)

Figure V.12: Example of the first five POMs. (a) POMs 1, (b) POMs 2, (c) POMs 3, (d) POMs 4
and (e) POMs 5.

the POMs with the eigenmodes Φ. These eigenmodes are obtained by performing a modal analysis of

each gear (input and output gear). In practice, the equation V.10 is solved for a range from 0 Hz to

20000 Hz. An example of these eigenmodes are displayed in Fig. V.14 The strategy proposed in this

section for building the reduced basis relies on the POD method enhanced with eigenmodes. So, the
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Figure V.13: Summary of the strategy for the POD method.

(a) (b) (c)

Figure V.14: Example of eigenmodes.

reduced basis Ψ can be expressed as the concatenation of POMs and eigenmodes:

Ψ =
[
Υ Φ

]
(V.79)

The next section proposed another strategy based on Krylov subspace to build the reduced basis.
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3.2.2 Krylov subspace based on the Two level Orthogonal ARnoldi algorithm (TOAR)

The objective of this section is to proposed another strategy for building a reduced basis that describes

the gear dynamical problem. Unlike the previous method, the static and the dynamic behaviour is

not separated during the generation of the reduced basis. Hereafter, the strategy relies on the use

of Krylov subspaces to build the static and the dynamic behaviour of the gear pair. To this end, an

original approach is proposed. The original strategy derives the reduced basis using a high fidelity

model. The quasi-static model III.4 which is used for the previous section is also retained for the

Krylov method.

Krylov subspaces are generated according to external forces as shown in the definition of the subspaces

V.22, the term R0 is the induced deflection. These subspaces have never been adapted for contact

problems. The reason is the treatment of contact forces which are not considered during the generation

of Krylov subspaces. In this dissertation, we propose to generate the Krylov subspaces by introducing

the contact forces computed with the quasi-static model. These contact forces are the result of solving

the Signorini conditions (III.18) with the augmented lagrangian formalism. In practice, considering

contact forces in Krylov subspaces it’s equivalent to consider the gear pair as two bodies excited by the

contact forces. The term R0 = −K−1Fext becomes R0 = −K−1Fn where Fn are the space varying

contact forces. This is the main originality of the proposed strategy. The procedure is explained in

detail below.
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The high fidelity model based on a quasi-static modelling III.4 is used at this stage. This is finite

element analysis of the gear pair operating in quasi-static operating conditions. An output torque

T = 115 N m is applied for the gear pair considered in table III.1 and the simulation employed for the

computation of the static transmission error allows the generation of the snapshots. As opposed to

the POD method, the field of contact forces are extracted for each position of θ1 as displayed in Fig.

V.15 instead of the displacement field. The collection of the contact forces are stored as F :

(a) (b)

Figure V.15: Example of the field of contact forces for a given position of the driving gear (a) and
another position (b)

F = [Fn(θ1, t1) ∈ Rn Fn(θ1, t2) ∈ Rn ... Fn(θ1, tN ) ∈ Rn] (V.80)

The Fig. V.16 display the auto-correlation matrix of the contact forces F which is FT F . We can

identify clearly the periodicity in the contact forces. At this stage, the generation of the Krylov

subspaces must take into account the variation of the field of contact forces over a mesh period at
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Figure V.16: Auto-correlation matrix representation for the contact forces.

least. And Krylov subspaces are built by considering one field of the input forces, here it has to be

a serie of fields of the contact forces over a mesh period. For this reason, we must consider as many

subspaces as many field of contact forces we have. The set of Krylov subspace as described in V.22 is

modified as follows:

Kr(A1,A2,Ri
0) =

{
Ri

0,Ri
1, ...,Ri

r−1

}
(V.81)

for p ≥ 1, Ri
p = A1Ri

p−1 + A2Ri
p−2

A1 = −K−1C,

A2 = −K−1M,

Ri
0 = −K−1Fi

n

Ri
1 = A1Ri

0
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where the subscript i states for the contact force considered Fn(θ1, ti) and r is the order of the subspace.

The concatenation of the successive Krylov subspaces becomes:

Tm(A1,A2,R1
0,R2

0, ...,Rm
0 ) =

{
Kr(A1,A2,Ri

0), for i ∈ [1,m]
}

(V.82)

with m the number of snapshot to be considered in F . So, the size of the concatenation of Krylov

subspaces Tm is m×r. The Krylov subspaces considered here are derived for an expansion point s0 = 0

in order to catch the static behaviour and the order r will be responsible for the good approximation

of the dynamic behaviour. Here we perform a convergence study of frequency responses from 0Hz to

20000Hz by exciting the gear with some contact forces in F . This enables us to choose r = 4.

At this stage, we have build Tm which is a concatenation of Krylov subspaces taking into account

the current contact forces. To extract an efficient basis from Tm we will use an SVD procedure. We

obtain thus the final Krylov reduced basis. The strategy for the generation of the Krylov subspaces

is summarized in Fig. V.17.

3.3 Integration of the equations of motions for nonsmooth mechanics

The simulation of the dynamics of multibody systems must be carried out with care. Mainly because

of complexity to take into account the joints, using constraints and subjected to multiple contact

(bilateral and unilateral). Choosing the right integration scheme is key to achieve a solution. This

section discusses the advantages and drawbacks of the time integration methods commonly used for the

computation of the dynamics of multibody systems. For our gear problem, a particular attention to

the treatment of nonsmooth events induced by the contact is fulfilled. There are two major techniques
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Figure V.17: Summary of the strategy for the krylov subspaces.

for the simulation of the dynamics of multibody systems subjected to non-smooth events such as

impacts, event–driven schemes and time–stepping schemes. The description of these schemes

will drive our following choice for the solve of the gear dynamics.

3.3.1 Event-driven schemes

The event-driven schemes treat the nonsmooth dynamics (at discrete time) and the smooth dynamics

separately [2, 3, 110]. For instance, the detection of an impact is considered as an event. This is the

main step to be achieved since the time step of events must be defined very precisely to maintain

the order of the consistency of the method. The smooth dynamics occurs between two successive

events, it’s described by DAE and it can be integrated with classical numerical scheme [58, 59]. The
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energy redistribution associated to the event - a shock for example - is computed and then a new

smooth step starts. The main drawback of the event-driven schemes is the difficulties of handling

finite accumulations of impacts. Indeed, when many events occur in a very short time interval, the

simulation becomes slow because every single event has to be handled within the event-driven strategy.

3.3.2 Time-stepping schemes

The time-stepping schemes use a formulation of the dynamics that enables to simultaneously handle

the nonsmooth dynamics and the smooth dynamics [68, 69, 70, 71, 72, 73, 74]. For this reason, we have

chosen to use the time-stepping schemes and particularly the Moreau-Jean method. The main idea of

this scheme is to formulate the smooth dynamics as a differential inclusion [3, 68, 72] considering

unilateral constraints as: 

η̇ = v

Mdv
dt = F + di

0 ≤ η ⊥ di ≥ 0

(V.83)

where di is the reaction measure.

3.3.3 Moreau-Jean time-stepping method

In the Moreau-Jean method, the unilateral contact is modeled with a Signorini condition at the velocity

level, that is a complementarity between the contact impulse and the relative velocity, which ensures

the impenetrability. In order to handle several contacts, with possibly changing status, an implicit

algorithm is chosen to integrate the dynamics. For the simplicity, let’s consider the equation V.83

with F = −Cη̇ − Kη and M(g) = M. The discrete form of the equation of motion over the interval
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]ti, ti+1] with h = ti+1 − ti > 0 yields:


η(ti+1) = η(ti) +

∫
]ti,ti+1] v+dt

M(v+(ti+1) − v+(ti)) =
∫ ti+1

ti
(−Cv − Kη + Fext)dt+

∫
]ti,ti+1] di

(V.84)

The smooth terms can be discretized using a θ-method [41, 44] as follows:

η(ti+1) = η(ti) + h[θvi+1 + (1 + θ)vi]∫ ti+1
ti

(−Cv − Kη)dt = h[θ(Cvi+1 + Kηi+1) + (1 − θ)(Cvi + Kηi)]∫ ti+1
ti

Fextdt = h[θFext,i+1 + (1 + θ)Fext,i]

(V.85)

The equations become:

η(ti+1) = η(ti) + h[θvi+1 + (1 + θ)vi]

M̂ = M + hθC + h2θ2K

vfree = vi + M̂−1[−hCvi − hKηi − h2θKvi + h[θFext,i+1 + (1 + θ)Fext,i]]

vi+1 = vfree + M̂−1pi+1

(V.86)

with pi+1 ≈
∫

]ti,ti+1] di is the approximation of the impulse over the time step. We can notice that the

acceleration of the system is never explicitly computed because it becomes infinite for impulsive forces.

Moreover, a Newton impact law relating the pre- and post-impact velocities, vi and vi+1 respectively,

through a restitution coefficient e ∈ [0, 1] might be required for the uniqueness of the solution. It can

be expressed by:

vi+1 = −evi (V.87)

For each contact node of the system, this law is implicitly introduced in the previous equations. It’s

represented by: 
di+1 ≤ 0 ⇒ 0 ≤ vi+1 + evi ⊥ pi+1 ≥ 0

di+1 > 0 ⇒ pi+1 = 0
(V.88)
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where di+1 is the gap between two contact nodes at ti+1.

For our gear problem, we will use time-stepping scheme and particularly, the Moreau-Jean method.

This approach is faster than event driven schemes when several events have to be considered. The

main weakness of the Moreau-Jean method is that Signorini conditions are written at velocity level

and it requires a small time step to avoid penetration during the contact phase.

The next section presents the use of the Moreau-Jean method coupled to model order reduction

in order to compute the dynamic transmission error. Additionally, in this section, we pay attention

to the modelling for handling the contact and the periodicity of the gear.

3.4 Proposed strategy for the contact

The generation of the reduced basis is achieved using the high fidelity model. This model uses the

periodicity of the gear (mesh periodicity) to refine the mesh only on 4 teeth for the driving and the

output gear. These teeth are possibly in contact during the simulation over 2 mesh period. We obtain

a reduced basis for which the validity is on this mesh period. However, the full transient simulation

will cover multiple revolutions of the wheel. For this purpose, we introduce the following strategy: for

a gear pair, we will consider a fictitious gear pair which is used for performing the true revolutions,

this means this fictitious gear pair is operating over a rotation of 2kπ. Whereas the real gear pair for

which the reduced basis has been generated is operating only over 2 mesh periods (this is the angular
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position where the mesh is refined). This fictitious gear pair is linked with the "real" gear pair by

constraint relation. So, in practice, two gear pairs (fictitious and real) are used as shown in Fig. V.20.

At the solver level, we use the "real" gear pair and we apply a modulo on the driving and output

angles, θ1 and θ2 respectively. This enables us to use the reduced basis always in the mesh area where

the validity must be achieved. So, we apply on θ1 and θ2:

θ1,2 ≡ 0 (mod 2kπ
Z

) (V.89)

with Z ∈ N.

The fictitious gear pair is considered is the simulation for the contact detection phase and for the

visualization. To accelerate the contact detection phase, we make the assumption that the contact

can be determined on the undeformed mesh. This allow us to obtained the contact point location

rapidly assuming small deformations. Then, the flexible velocities must be computed for all contact

points using the equation V.57 in order to form the generalized forces. At this stage, since we use

surface-to-surface detection instead of node-to-node detection for better precision as explained in

III.3.1, the reduced basis which represents nodal quantities has to be interpolated at the contact point

(see Fig. V.18). The Radial Basis Function (RBF) is retained to perform this interpolation because

it allows also to extrapolate points.

After the computation of the flexible velocities, the contact force is determined by solving the Signorini
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Figure V.18: Schematic representation of the RBF interpolation of the reduced basis at the contact
points.

conditions at the velocity level (see eq. V.88) during the time integration.

3.4.1 Numerical application

In this section preliminary results are presented. The results are obtained by considering the following

process: firstly, the high fidelity model for the gear pair is established. From this model, the

reduced basis based on the POD enhanced with eigenmodes is derived. This reduced basis is used

to approximate the flexible behaviour of the gear. Additionally, the equation of motion using a

multibody framework are used. At this time, the Moreau-Jean time stepping method is considered for

the integration of the equation of motion. Finally, the periodicity of the system is considered using

a fictitious gear pair and when a contact occurs, the RBF interpolation is applied to interpolate the

reduced basis at the contact point location. The Fig. V.19 summarized the complete procedure which

is applied. The dynamical model is displayed in Fig. V.20. The Fig. V.21 compares the STE obtained
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Figure V.19: Summary of the complete procedure.

Figure V.20: Dynamical gear pair model with the fictitious body.

from the high fidelity model and the reduced model. The curves match well, the amplitude of the

fluctuation are well described and the micro-geometry is well characterized. The reduced model is also
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Figure V.21: Comparison of the fluctuation of the static transmission error of the POD reduced model
( ) and the full model ( ).

used to compute the dynamic transmission error for an input velocity of 1500 rpm. The Fig. V.22

shows the transient phase until θ1 = 0.2 rad and then two periods of the dynamic transmission error

are visible.

4 Conclusion

This chapter provides an insight of model order reduction techniques in the field of structural dynamics,

with emphasis on gear contact dynamics. From this observation, two strategies are considered.

The first strategy is based on the modelling of complete gearboxes by introducing the STE and the

mesh stiffness fluctuations as internal excitations. Then, the flexible shafts, bearing and housing are

condensed using the CMS method and the resolution is performed in the frequency domain using the

HBM method. The static transmission error and the mesh stiffness fluctuations were computed while
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Figure V.22: Fluctuation of the dynamic transmission error for the POD reduced model.

considering the flexible contribution of the entire gearbox. Results show the importance of considering

the entire flexibility of the gearboxes. Indeed, the critical frequency of the primary resonance of the

long gearbox is two time lower than the one of the short gearbox. Also, The ratio ASD of the long

gearbox is higher than the one of the short gearbox (about one micrometer).

The second strategy considers a high fidelity model for building reduced bases. Two reduced bases are

generated, One using the Proper Orthogonal Decomposition (POD) method enhanced with eigenmodes,

the other one uses Krylov subspaces. For the sake of time, preliminary results are proposed for the

POD enhanced with eigenmodes. Firstly, the obtained static transmission error is validated with the

high fidelity model and then the dynamic transmission error is computed for an input velocity of

1500 rpm. Results are obtained for a gear pair and a FE-based contact is considered. The elapsed
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computing time is 30 minutes. The method is thus promising.
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1 Conclusion

This dissertation summarized the work during the Phd in collaboration between the Laboratory of

Tribology and System Dynamics (LTDS, http://ltds.ec-lyon.fr/spip/) and the publisher of numerical

simulation software ANSYS (http://www.ansys.fr/). The main objective of this thesis was to develop

methodologies and models for the simulation of gear dynamics. For this purpose, many strategies have

been followed:

As opposed to what we can found in the literature, the gear geometry that we have considered in this

work was generated with high precision using NURBS with high number of control points. Besides,

an accuracy of 1 micrometer in the involute profile were achieved. This high order characterization of

the gear geometry generation allows thus the introduction of micro-geometric modifications directly

in the involute tooth profile.

Then, a fully FE methodology was proposed to compute the internal excitations (static transmission

error and mesh stiffness fluctuations). This methodology relies on a FE-based contact using an

augmented lagrangian method for the solve while considering a quasi-static behavior of the gear pair.

155



Chapter VI General conclusion

Results were compared to results obtained with classical strategies and we have shown differences

in the mean and peak-to-peak values of the STE and mesh stiffness. In addition, we demonstrate

the possibility to deal with thin rimmed gear with holes. Knowing that holed gear blanks are

rarely considered in state of the art techniques during the computation of the STE and the mesh

stiffness, which is due to the complexity in the implementation to integrate the holed gear blank

stiffness variation in classical approaches. Similarly, the proposed methodology was properly applied

to complete gearboxes (gears, shafts, bearings and the housing) which is never the case in the literature.

Moreover, to accelerate the simulation of gears with holed blanks, we derive in 2D a decomposition

method which is based on the separation of the gear blank deformation and the tooth deformation.

The approach has been successfully applied for parametric studies in terms of number and radial

position of holes in the gear blanks.

Furthermore, reduced order models have been proposed to predict gear dynamic responses:

The first approach was to model complete gearboxes. The strategy relies on a condensed model

of the shafts, bearings, and the housing whereas the gear pair is modelled by lumped inertia. The

internal excitations of the STE and the mesh stiffness were considered in the model. The global

approach is widely spread in the literature, the main difference is in the way to compute the STE and

the mesh stiffness. Indeed, here we have computed the STE and mesh stiffness while considering the

contribution of all the component of the gearbox which is not something performed in the literature.

We have had consider in real time the misalignment induced by flexible shafts.

The second approach is based on the use of reduced order models in a multibody dymanic framework.

Reduced order models are obtained from a high (FE) fidelity model. Indeed, the proper orthogonal
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decomposition (POD) is applied to the displacement field over the time. This POD method captures

vectors which represent contact patterns. Then, these vectors are enhanced using free mode shapes in

order to add the global dynamic behaviour of the gear pair. As opposed to the literature approaches,

the obtained reduced basis allows the achievement of a fully FE-based contact in dynamic operating

conditions. Additionally, to accelerate the simulation, the contact detection is performed on the

undeformed mesh and then the flexible contact forces are projecting the reduced space. Results for

low input velocity match well with results obtained from the high fidelity model in terms of static

transmission error. Dynamic transmission error is also provided with the method. In the same vein,

Krylov subpaces have been generated using the field of contact forces over the time from the high

fidelity model but unfortunately for the sake of time, the obtained reduced basis has not been applied.

2 Perspectives

The work provided in this dissertation arises new ideas and insights for further research opportunities.

It would be interested to assess the obtained reduced basis based on Krylov subpaces. Indeed, a

comparison with the POD method will enable the selection of the most convenient approach. it

would also be interesting to improve the understanding and the quality of noise prediction, by leading

complete analyses of gearboxes in transient dynamic operating conditions. For instance, the quasi-

static simulations used to compute static transmission error of gearboxes can be considered to generate

POD and Krylov reduced basis in dynamic operating conditions. Thus, the same workflow used for

the gear pair is applicable.

Furthermore, the 2D quasi-static decomposition method should be enhanced to 3D in order to introduce

thin rim with holes in the gear blank. For this, 3D field of displacement with potential motion out

of the tooth plane has to be considered at the interface between the holed gear blank and the teeth.

The addition of this enhancement will enable fast handling of complex holed gear blank.
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One of the main perspective of this work is also the experimental validation of the proposed models.

Methods proposed in this dissertation can be directly applied to industrial cases and therefore it would

be interested to confront results with experimental data.

Finally, the proposed methods should be integrated for commercialization in the software ANSYS.
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