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Chapter 1

General introduction

Almost a century ago, Wigner predicted that a system solely consisting of

interacting electrons in a neutralizing uniform background would form a crys-

talline structure at sufficiently low density with the electrons localized at lat-

tice sites [1]. His argument can be understood by considering the dependence

of the kinetic and repulsive energies on the Wigner-Seitz radius rs, which is

the radius of a sphere containing, on average, one electron. Or more generally,

half the average distance between nearest-neighbor electrons. While the ki-

netic energy scales as r−2
s the repulsive energy scales as r−1

s . Consequently, in

the low-density limit (large rs), the Hamiltonian is dominated by the repulsive

energy leading the electrons to localize in space. When many electrons are

present, the electrons will localize at crystallographic sites forming a so-called

Wigner crystal. Both one and two-dimensional Wigner crystals have been ob-

served experimentally [2, 3]. Generally speaking, one speaks of Wigner local-

ization whenever electrons localize due to the electron-electron repulsion. For

few-electron systems one also speaks of Wigner molecules [4, 5, 6, 7, 8, 9, 10]

which have also been observed experimentally [11].

It is important to be able to describe Wigner localization within ab initio

theory to analyze and perhaps even predict their properties. However, in these

low-density regions, the electron correlation is strong, which is a problem for
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many condensed-matter theories. [12, 13] For example, Kohn-Sham density

functional theory (KS-DFT) [14, 15] using currently available functionals fails

to describe strong correlation satisfactorily. As an alternative to KS-DFT,

the strictly correlated electrons (SCE) DFT has been proposed to deal with

the strongly correlated limit. [16, 17] The SCE-DFT can be combined with

KS-DFT, and Wigner localization has been observed with this approach [18,

19, 20].

The goal of this thesis is the description of Wigner localization from first-

principles calculations. In order to achieve this goal, the first thing we have

to do is to confine the electrons within a region in space. There are several

ways of doing this: we could confine the electrons to a finite d-dimensional

system with a positive background, but border effects would influence the

results [9]. One way of avoiding border effects is to confine the electrons to

a d-dimensional closed space such as a d-torus. This is what we will do in

one dimension by confining 2 electrons to a 1-torus which is equivalent to a

ring. However, for d > 1, the numerical implementation of the geometry of

a d-torus is cumbersome. Therefore, we apply periodic boundary conditions

(PBC). More precisely, we define a regular d-dimensional supercell and then

modify its topology into a toroidal topology by joining opposite sides of the cell

without deformation [21]. This procedure yields a supercell with the topology

of a d-Clifford torus. A d-Clifford torus is a flat, closed d-dimensional real

Euclidean space embedded in a complex d-dimensional Euclidean space. For

example, in this framework, a circle and a line are topologically equivalent.

Since strong electron correlation drives the Wigner localization, the ab initio

study of this phenomenon requires accurate quantum-chemistry approaches

such as full configuration interaction (FCI) or multiconfigurational methods
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such as complete active space self-consistent field in order to obtain highly

accurate energies and wave functions in both the low-correlation and the

high-correlation regimes [22, 23, 24, 25]. In chapters 4 and 5 we will use

exact diagonalization of the Hamiltonian to obtain numerically exact results

because we limit ourselves to 2-electron Wigner molecules.

Finally, in chapter 6, we can no longer use exact diagonalization to solve

the numerical problem in the case of many electrons. Therefore high spin

restricted open-shell Hartree–Fock methods to study the N -electron Wigner

fragments.

The manuscript is organized as follows. In chapters 2 and 3 we give the

theoretical details of our approach. In particular, we will describe the periodic

boundary conditions and the basis set. In chapters 4-6, we will present the nu-

merical studies we carried out, give more details of the employed methodology

and discuss the obtained results. Finally, in chapter 7, we draw the conclu-

sions from our work. Throughout this manuscript we use Hartree atomic units

ℏ = e = me = a0 = 1.





Chapter 2

Clifford Periodic Boundary

Conditions

Contents
2.1 Periodic Boundary Conditions . . . . . . . . . . . . . 4

2.2 Clifford Boundary Conditions . . . . . . . . . . . . . . 7

In this chapter, we will introduce periodic boundary conditions to simu-

late Coulombic systems and describe the Clifford boundary conditions, the

boundary conditions we will work with in the present manuscript.

2.1 Periodic Boundary Conditions

Condensed systems, such as solids (ordered or amorphous) or liquids, as well

as lower-dimensional systems, such as surfaces or wires, are macroscopic ob-

jects made up of numerous atoms which can be modeled by infinite systems.

Furthermore, several physical quantities of the bulk are unaffected by the

presence of a boundary. In other words, they are unaffected by truncation of

the sample [26].

Although periodic systems are idealizations of real systems (the periodicity

is broken at the boundaries or by defects), the system’s periodicity is a crucial
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tool for modeling real systems. We can describe an ordered system in which

the location of, say, atoms in a crystalline solid is repeated in space on a

regular basis. This is accomplished by identifying the smallest component of

a system that exhibits a repeating pattern and then, replicate it in all direction

of the space. This particular unit is known as a primitive unit cell. A single

atom, a collection of atoms, ions, or molecules, are only a few examples of

elements that can make up a primitive cell. These elements are known as a

basis. The set of translations that forms the full periodic crystal by repeating

the basis is known as the Bravais lattice, which is a lattice of points in space.

A property inherent to all periodic systems is connected to the translations

of the elements of the primitive cell. Any translation can be expressed as an

integer times a lattice vector, e.g. , in 3D we have

T(n) = T(n1, n2, n3) = n1a1 + n2a2 + n3a3, (2.1)

where n1, n2, n3 are integers, ai, i = 1, 2, 3 are the primitive translation vec-

tors, which span the lattice. In one dimension, the translations T (n) = na

are simply multiples of the a, which is the length of the unit cell where n

can be any integer. For two and three dimensions, there are several choices

of the unit cell, as shown in table 2.1. For convenience, we will only discuss

regular geometries where all interior angles are equal and right (90°) and all

sides have the same lengths. To introduce periodic boundary conditions, let

us imagine a system represented on the right side of Fig. 2.1. We can identify

its primitive cell (left side of Fig. 2.1) as a square unit cell with dimension

Lx = Ly = L made up of 4 different particles (basis), a circle, a rectangle, a

cross, and a star. Knowing the initial positions of the basis we can define the
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Table 2.1: Lattice vectors for some 2- and 3-dimensional cells where a, b and
c are the primitive lattice vectors.

2-dimensional lattices 3-dimensional lattices
Square Rectangular Triangular Cubic hcp fcc bcc

a1 (1,0) (1,0) (1,0) (1,0,0) (1,0,0) (0,1
2 ,1

2) (−1
2 ,1

2 ,1
2)

a2 (0,1) (0,b/a) (1
2 ,

√
3

2 ) (0,1,0) (1
2 ,

√
3

2 ,0) (1
2 ,0,1

2) (1
2 ,−1

2 ,1
2)

a3 - - - (0,0,1) (0,0, c
a
) (1

2 ,1
2 ,0) (1

2 ,1
2 ,−1

2)

position of those elements in the whole system. For instance, in figure 2.1 the

position of Ri′ and Ri′′ will be given by

Ri′ =Ri + n(1, 0) = Ri + 1Lx + 0Ly (2.2)

Ri′′ =Ri + n(−1, −1) = Ri − 1Lx − 1Ly. (2.3)

i'i

i''

n(0,0)

n(0,-1) n(-1,-1)

n(0,1)

n(1,1)n(0,1)n(-1,1)

n(-1,0)

n(-1,-1)

Figure 2.1: Left: Representation of a primitive cell. Right: Representation of
a small supercell where the primitive cell is placed at the center.

If the particles interact, we can create a supercell containing multiple prim-

itive cells. The full interacting system can then be modeled by imposing pe-

riodic boundary conditions on the supercell. The central supercell is thus

surrounded by copies called images or replicas. We note that this introduces

an artificial translational symmetry in the system. In practical calculations,
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the size of the supercell is limited to a few primitive cells, thus introducing

the so-called finite-size errors.

2.2 Clifford Boundary Conditions

When studying systems driven by Coulomb interactions, such as Wigner sys-

tems, correlated methods are required to describe the wave function accu-

rately. Quantum chemistry methods, more precisely post-HF methods, add

electron correlation on top of the uncorrelated Hartree-Fock (HF) solution

[27, 28]. To describe Wigner localization using the available post-HF meth-

ods, we have formulated boundary conditions where the Coulomb potential is

treated explicitly, avoiding the use of replica images.

For many interacting electrons, we need to solve the Schrödinger equation

over the entire supercell. Generally speaking, we can write the many-body

Hamiltonian as

Ĥ = −1
2

N∑
i=1

∇2
i +

N∑
i

N∑
j<i

1
|ri − ri|

(2.4)

where N is the number of electrons in the simulation cell.

In this thesis, we will work with connected (closed) flat Euclidean spaces,

as shown in Fig 2.2. In order to do so, we will create a regular (all angles

are right and lengths of the sides are equal) d-dimensional Euclidean supercell

and then modify its topology into a toroidal topology by identifying opposite

extremes, sides, or faces depending on the dimensionality of the system. Then,

we will "glue" them together without the deformation (bending) of the cell.

Therefore, all the angles and lengths are conserved [21]. As a result of the

connection process, we have what is known as a Clifford torus (CT) or flat

torus. A CT is a flat, finite and borderless d-dimensional space embedded into
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a 2d-dimensional Euclidean as shown in the right side of Fig. 2.2 for a 2−CT.

A d-CT has zero Gaussian curvature everywhere meaning that the Laplacian

in the kinetic energy operator is the usual one given by ∇2 = ∑d
i=1 ∂2

i . We

refer to Ref. [29] for more details on the mathematics of Clifford tori.

Figure 2.2: Clifford boundary conditions in E2. Left: Square with the pairing
of the facing edges. Right: 2-Torus obtained by gluing opposite edges of the
square. The embedded graph (red and blue circles) corresponds to the paired
edges of the square.

Due to the nature of the Clifford supercell (CSC), we can define the dis-

tance between two points in different ways. From the geometrical point of

view, we can define a distance following the first axiom of Euclidean plane ge-

ometry "For any two different points, there exists a line containing these two

points[30]." This is the geodesic distance defined as the shortest path between

two points on the surface of the torus (See Fig. 2.3). The geodesic distance,

rgeo
12 can be written as

rgeo
12 =

√√√√ d∑
i=1

r2
12(i), (2.5)

where i sums over the number of d dimensions. The definition of r12(i) is
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taken as

r12(i) =


|r1(i) − r2(i)| if |r1(i) − r2(i)| < L

2

L − |r1(i) − r2(i)| if |r1(i) − r2(i)| > L
2

, (2.6)

or, equivalently, min
(
|r1(i) − r2(i)|, L − |r1(i) − r2(i)|). In Fig. 2.4, we can

0≡L L≡01

rgeo1,2 rgeo1,3

2 3

rgeo1,3

Figure 2.3: Schematic representation of rgeo
12 computed as the shortest path

between two points on the surface of a 1-dimensional Clifford torus.

observe the evolution of the geodesic distance and the corresponding Coulomb

potential between a point fixed at 0 and a second point moving along a pe-

riodic line of length L. We observe that, rgeo
12 presents a discontinuity in

its derivative when r12(i) = L
2 which implies that the Coulomb potential

is also discontinuous at that point. Thus, the forces, which are related to

the gradient of the Coulomb potential, are also discontinuous at that point.

Before, we mentioned the first axiom of Euclidean plane geometry. Hilbert

redefined this statement: "For any two different points, there exists a line

containing these two points, and this line is unique [31]." At the points where

r12(i) = |r1(i) − r2(i)| = L − |r1(i) − r2(i)| = L
2 , rgeo

12 is not uniquely defined.

The second distance is related to the topology of the d-Clifford torus. A

d-CT is topologically equivalent to a d-torus. Thus we can define a second

distance, reuc
12 , as the length of the shortest possible path between two points in

the embedding space of the Clifford torus. As an example, reuc
12 is represented
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x (arb. units)

Figure 2.4: Left: The geodesic distances between two points on a 1-CT of
length L where one of them is fixed at x = 0. Right: Coulomb potential
between two charges on a 1-CT of length L where one charge is fixed at
x = 0computed by the geodesic. Inset: zoom around L

2

as a red line in Fig. 2.5 for a 1-CT of length L. We will call θ to the angle

between two segments of length R = L
2π

where R is the radius. Each segment

connects the circle’s center with its respective position on the circle (1 and

2 in Fig. 2.5). An expression for reuc
12 can be obtained from trigonometric

identities as since

sin
(

θ

2

)
=

reuc
12
2
R

(2.7)

and θ = 2πr12
L

, where r12 has been introduced in Eq. (2.6), we obtain.

reuc
12 = L

π
sin

(
r12

π

L

)
. (2.8)

For higher dimensions, we can proceed similarly. We compute reuc
12 in each

dimension, and then, by Pythagoras’ theorem, we obtain the desired quantity

(see Fig. 2.6 for an example in 2D). The general expression for reuc
12 in a regular

a d−dimensional system where all the angles are right angles is

reuc
12 = L

π

√√√√ d∑
i=1

sin2
(

r12(i)
π

L

)
, (2.9)
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Θ/2Θ/2
R R

reuc12

Θ

1 2

L/2

0≡L

Figure 2.5: Ring obtained by gluing together the edges of the 1-dimensional
Clifford supercell. Graphical derivation of the Euclidean distance in a
1−dimensional Clifford torus

r1

r2

(L,0)

(L,L)(0,L)

(0,0)

L/2

L/2

r1(y)

r2(y)

r1(x)0≡L

0≡L

r2(x)

reuc
12 (y)

reuc
12(x)

Figure 2.6: Euclidean distance in a 2-Clifford torus. A 2-CT can be seen as
the Cartesian product of two circles, one in each dimension.

where r12(i) is defined in Eq. (2.6).
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In Fig. 2.7, we can observe the evolution of the euclidean distance be-

tween a point fixed at 0 and a second point moving along a periodic line

of length L. We observe that reuc
12 is a continuously differentiable, smooth,

and uniquely defined function, making it suitable for describing long-range

Coulomb interactions.
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Figure 2.7: Left: The euclidean distances between two points on 1-CT of
length L where one of them is fixed at x = 0. Right: Coulomb potential
between two charges on 1-CT of length L where one charge is fixed at x = 0
computed by the euclidean distance.
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This chapter is dedicated to describing the basis set we will use, and it

will be divided into the following parts. First, the most commonly used basis

sets for quantum chemical calculations, Slater-type orbitals and Gaussian-type

orbitals will be introduced. We will then focus on the Gaussian basis set, the

most widely used basis in the quantum chemistry community. Second, we will

describe the distributed Gaussian basis set and explain its advantage for our

calculations. The main difference between the usual Gaussian basis set and

the distributed Gaussian is the position of their centers. In the former basis,

the Gaussians are centered at atomic positions, while in the latter basis, the
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centers of the corresponding Gaussian functions are evenly distributed in the

system. Then, we will construct a symmetry-adapted basis as a Bloch sum of

the distributed Gaussian functions. We will finish this chapter by introducing

a newly developed basis function, the toroidal Gaussians orbital.

3.1 Most used basis sets in quantum chem-

istry.

A molecular orbital is usually expressed as a linear combination of atomic

orbitals (AO). These latter functions are, in turn, expanded in a finite set

of basis functions [32]. In theory, one could use whatever basis functions

depending on the nature of the system in question. Moreover, the accuracy of

the numerical eigensolutions can be improved, in principle, by increasing the

size of the basis set.

The development of novel bases has been, and is still, an active field in

quantum chemistry [33, 34, 35]. The most widespread basis functions for

quantum-chemical calculations are the Slater-type and Gaussian-type func-

tions [36, 37]. On the other hand, plane waves and Wannier functions are the

predilections of the solid-state community [38].

3.1.1 Slater-Type Functions

The first kind of orbitals we will present are the Slater-type orbitals (STOs),

named after the physicist John C. Slater, who introduced them in 1930 [36].

The Slater-type functions, χST O
l,m (r, θ, φ; ζ), consist of the product of a ra-

dial part RST O
l (r; ζ), and an angular part, Ylm(θ, φ), that is the real form of
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spherical harmonics. Here n, l and m are the well-known principal, azimuthal,

and magnetic quantum numbers. The radial part is written as

RST O
l (r; ζ) = Nrle−ζr (3.1)

where N is the normalization constant, r is the distance between the electron

and the center of the STO, and ζ is the orbital exponent that tunes the

width of the basis function. The STO possesses an exponential decay at long-

range, which describes the exact behaviour of the wave function for 1-electron

systems; in addition, it reaches a maximum at r = 0, where its derivative

is discontinuous, describing the behavior of the exact wave function at the

center of the STO (nuclear cusp). A pictorial representation of the radial part

described in Eq. (3.1) is given in figure 3.1.

The difficulty of using STOs as a basis arises from the tedious computation

of two-electron (Coulomb) integrals which cannot be integrated analytically.

Efforts in solving this problem can be found in Refs. [39] and [40]. Slater-

type orbitals are used as a basis in the ADF (Amsterdam Density Functional)

package [41].

0 1 2 3 4
r

0.2

0.4

0.6

0.8

1.0

Orbital value

Figure 3.1: The radial 1-s STO with exponent ξ = 1: RST O
0 (r; 1).
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3.1.2 Gaussian-type Orbitals.

Gaussian-type orbitals (GTOs) are the most widely used and developed in

quantum chemistry. Following the same notation as before, a GTO can be

defined as follows

χGT O
l,m (r, θ, φ; ζ) = RGT O

l (r; ζ)Ylm(θ, φ) = Nrle−ζr2
Ylm(θ, φ), (3.2)

or, in their Cartesian definition

χGT O
l,m (x, y, z; ζ) = Nxiyjzke−ζr2 | i + j + k = l, (3.3)

where z, y, and x are the Cartesian components.

Eqs. 3.2 and 3.3 are equivalent representations for s-type and p-type or-

bitals. Differences start to show up when considering higher angular momenta.

In this case, for a particular azimuthal quantum number l, one obtains more

Cartesian functions than spherical ones, as presented in table 3.1.2. In addi-

tion, one can construct the complete set of spherical Gaussian functions using

a linear combination of the Cartesian ones [42]. Although the use of spherical

Orbital l Spherical Gaussian
s 0 1 1
p 1 3 3
d 2 5 6
f 3 7 10
... ... ... ...

Table 3.1: Number of spherical and Cartesian Gaussian functions for the first
four values of l.

Gaussian functions seems to be more compact, it can be shown that the use

of Cartesian ones facilitates the evaluation of two-electron integrals [27].
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Unlike a Slater-Type function, a single Gaussian-type function cannot de-

scribe the short and long-range behavior of the wave function. A GTO’s

derivative is zero at the atomic center, meaning it cannot describe the nuclear

cusp. In addition, these functions decay faster than the Slater ones, mean-

ing that they do not properly describe the long-range behavior of the wave

function. These two important points are depicted in Fig. 3.2.

STO

GTO

0 1 2 3 4
r

0.2

0.4

0.6

0.8

1.0

Orbital value

Figure 3.2: Illustrating the difference between the radial distribution of 1-s
STO and 1-s GTO functions.

To overcome this problem, which emerges from the different descriptions

of the radial part, we can approximate an STO by a linear combination of

GTOs

RST O
l (r, ζ) ≈

m∑
i

ωiR
GT O
l (r, ζi) =

m∑
i

ωir
le−ζir

2
, (3.4)

where i sums over the m Gaussians needed to describe the STO in question,

ζi are the exponents of Gaussians, and ωi are the associated weights. As

an example, we approximate a 1s Slater-type radial function (with ζ = 1)

by three even-tempered Gaussian-type functions with ζ = {10, 1, 0.1}. The

weights ωi are then found to be

ω = {0.2145, 0.5437, 0.1746} . (3.5)
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In Fig. 3.3, we plot the original STO with its associated approximated func-

tion. Although a large number of GTOs is needed to describe a single STO

e
-r

Σ3
i=1ωie

-ζi r
2

0 1 2 3 4
r

0.2

0.4

0.6

0.8

1.0

Orbital value

Figure 3.3: Approximating a 1s Slater-type orbital as a linear combination of
three Gaussians.

properly, GTOs are the preferred basis functions because of practical numer-

ical reasons. This practicality arises from the Gaussian product rule, which

states that the product of two Gaussians is another Gaussian centered some-

where between the two primitive Gaussians [37].

As an illustration, we will focus on the particular case of the product of

two 1-s Gaussian orbitals. From now on, we will denote a 1-s Gaussian orbital

as g (χGT O
0,0 = g). A normalized 1-s Gaussian centered at Rµ can be written

as

gµ(r; α) =
(

2α

π

) 3
4

e−α|r−Rµ|2 , (3.6)

where the prefactor is the normalization constant and α is the gaussian expo-

nent. Generally speaking, the product of two GTOs, gµ and gν , with exponents

α and β, respectively, will produce a new Gaussian, gω centered at some point,
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Rω, on a line connecting the centers of the two Gaussians

gµ(r; α)gν(r; β) =
(

2α

π

) 3
4

e−α|r−Rµ|2
(

2β

π

) 3
4

e−β|r−Rν |2

≡gω(r; γ) = Ke−γ|r−Rω |2 (3.7)

where

Rω = αRµ + βRν

α + β
(3.8)

γ = α + β (3.9)

K =
(

2
π

)2

(αβ) 3
4 e− αβ

α+β
(Rµ−Rν)2 (3.10)

An excellent review of the development of Gaussian basis sets for molecular

calculations can be found in Ref. [43].

3.2 Distributed Gaussian Orbitals

Usually, in quantum chemistry, Gaussian orbitals are centered on atomic po-

sitions. However, when describing the deformation of the electron density, the

basis set requires augmentation with polarization function, which increases the

computational cost considerably. For instance, the computation of long-range

properties such as polarizabilities and non-covalent interactions can only be

accounted for with polarization functions [44, 45]. However, the use of diffuse

functions can yield linear dependencies [46, 47]. The depiction of long-range

interactions may be accounted for by using a smaller basis on nuclei and adding

additional basis functions at the center of chemical bonds; this technique can

result in a quicker convergence to the basis set limit [48]. Another strategy
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has been proposed to eliminate linear dependencies from diffuse functions in a

molecular system. In this method, diffuse functions are represented by a large

number of non-diffuse functions distributed across the system [49, 50]. Using

such lattices of Gaussian functions is an ancient concept, first presented by

Haines and coworkers as the "Gaussian cell model [51]." Wilson and collabo-

rators further explored the Gaussian cell model, they demonstrated that the

lattice basis set may be significantly improved by adding AO functions to the

nuclei [52, 53, 54].

Due to the nature of the system we want to describe, a homogeneous d-

dimensional system consisting solely of electrons confined to a d-dimensional

Clifford torus, we want a basis set that can accurately describe the wave

function in the whole Clifford supercell. Moreover, since we want to describe

the low-density regime whose electrons localize, we need a localized basis. In

adition, the basis should allow a simple evaluation of Hamiltonian and over-

lap matrices while providing accurate results for a given basis set parameter

(number of basis functions and orbital exponent).

A basis set that fulfills all the previous requirements is the distributed

Gaussians basis set. Therefore, the basis set consists of identical 1s Gaussian

functions with the same orbital exponent, α. The number of basis functions

is equal to M = md where m is the number of functions placed on each edge

of the Clifford supercell, and d is the system’s dimensionality. The M GTOs

will be evenly distributed along the Clifford supercell with a constant distance

δ between two neighboring centers. A graphical representation of the basis

set for a 2-dimensional CSC can be found in Fig. 3.4.

The overlap between two neighboring normalized Gaussians, gµ and gν , on
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Figure 3.4: Graphical representation of the basis consisting of 36 distributed
Gaussian functions in a 2-dimensional regular grid.

the CSC having the same α exponent is given by

Sµν(α, rgeo
µν ) = ⟨gµ|gν⟩ = e

−αr
geo
µν

2

2 , (3.11)

Where rgeo
µν was defined in the Chapter 2 Eq. (2.5). We note that the Gaussian

product rule only holds for rgeo
µν , and not for reuc

µν

Equation 3.11 depends only on the product α(rgeo
µ,ν )2, which can be sim-

plified by taking into account the fact that our basis functions are evenly

distributed. As a consequence, we can define (in one dimension) rgeo
µν =

min(|µ − ν|, m − |µ − ν|)δ = kδ with µ, ν integers and k = µ − ν. Thus, we

can define a new parameter ξ = αδ2 and rewrite the overlap as

Sk(ξ) = e
−ξk2

2 . (3.12)

As it can be seen in Eq. (3.12) the overlap does not depend on α and rgeo
µ,ν

anymore but on k and ξ. The introduction of the parameter ξ presents a big
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advantage since, as far as ξ and M are constant, α will be scaled in such a

way that the overlap matrix for different system sizes remains the same. This

holds for two and three dimensions.

The derivation of the kinetic and Coulombic integrals can be found in

many textbooks [55]. Therefore, we will focus on what is of interest to the

present thesis. As we have seen in the previous chapter, we have two different

definitions of the distance, rgeo
µν and reuc

µν . As discussed before, we have to use

rgeo
µν when dealing with Gaussian products. On the other hand, we have reuc

µν ,

which is suitable to treat Coulombic interactions since it is a smooth and

continuously differentiable function.

Taking into account the last two statements, we can write the one- and

two-electron integrals within the CSC as

Tµ,ν = ⟨gµ| − 1
2∇2|gν⟩ = α

2

(
3 − α |rgeo

µ,ν |2
)

e− α
2 |rgeo

µ,ν |2 (3.13)

⟨µ, ν|ρ, σ⟩ = 2
√

α

π
e

− α
2

(
(|rgeo

µ,ρ |2+(|rgeo
ν,σ |2

)
F0[α|reuc

P,Q|2], (3.14)

where

F0[α|reuc
P,Q|2] =


1 if α|d̄P,Q|2 ≤ 10−8

1
2
√

π
α|d̄P,Q|2 erf

(√
α|reuc

P,Q|2
)

if α|r̄euc
P,Q|2 > 10−8

(3.15)

and P and Q are the barycenter points of Gaussians gµ and gρ, and gν andgσ,

respectively. In a similar way to the overlap, introducing the ξ parameter

presents a big numerical advantage. Once again, if M and ξ remain constant,

we can compute the integrals for L = 1, store them on disk and then scale

them by a factor 1
L2 or 1

L
for the kinetic and Coulomb integrals respectively.
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On other words, the integrals have to be calculated only once and then can

be applied to systems of any size.

3.2.1 Completeness and Linear Dependence.

The Gaussian functions used as a basis are normalized but non-orthogonal to

each other. This gives rise to an overlap matrix, S. Therefore, in general,

we have to solve an eigenvalue problem. We can write the general eigenvalue

problem as

Hx = ESx, (3.16)

where H is the matrix representation of the Hamiltonian, S is the overlap

matrix, E and x are the eigenvalues and eigenvectors, respectively. The

Hamiltonian and overlap matrices are hermitian (usually real and symmetric)

matrices. Solving Eq. 3.16, together with the computation of the electronic

repulsion integrals, usually constitutes the dominant computational bottle-

neck due to the M3 scaling of the diagonalization procedure where M is the

size of the matrix. Instead, if we work with an orthogonal basis, S becomes

the identity matrix, and we can rewrite Eq. 3.16 as

Hx = Ex. (3.17)

This last equation is known as the standard eigenvalue problem. It is known

that the standard eigenvalue solution is significantly faster to compute than

the generalized eigenvalue solution for a large numbers of basis functions [56].

Moreover, depending on the characteristic of the problem to solve (symmetry,

real/complex matrix, ...) there are several well-optimized and parallelized

subroutines to solve eigenvalue problems, e.g. DSYEV for real and symmetric
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matrices or GNEP for generalized nonsymmetric eigenproblems, to mention

some, from The Linear Algebra Package (LAPACK), library [57]. Thus it is

preferred to have an orthogonal basis set.

There are several ways of orthogonalizing the basis set, such as Gram-

Schmidt orthogonalization, symmetric (or Löwdin) orthogonalization, or canon-

ical orthogonalization [58, 59, 60]. The symmetric orthogonalization possesses

one remarkable feature, the Löwdin vectors bear the same symmetry as the

original ones. That is the main reason why we have chosen the symmetric

orthogonalization scheme.

However, if there are linear or quasilinear dependencies in the basis set,

some of the eigenvalues of S will be close to zero. This which can lead to

numerical instabilities of orthogonalization procedure. In the following, we

will discuss how we can avoid these quasilinear dependencies.

If we look at Eqs. (3.11) and (3.12), we can identify two limiting cases

we need to avoid. First, the overlap will go to zero for large values of ξ, and

we cannot properly describe the wave function. Second, the overlap between

two nearest neighbor Gaussians will become close to one for small values of

ξ, yielding quasilinear dependencies. Then, it is important to select a value

for ξ, which allows having enough overlap to describe a smooth wave function

while, at the same time, avoiding linear or quasilinear dependencies when the

overlap is too large. We can address this problem by a numerical tests where

we explore the accuracy of the basis set by reproducing the exact energy of a

system for various values of ξ [61].

We note that the comparison with exact results cannot be made if we

do not remove the transverse kinetic energy. The transverse kinetic energy

comes from the fact that we are using 3D 1s-GTOs. The 1- and 2- dimensional
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systems we will discuss in the following chapters are, in reality, quasi-one- and

quasi-two-dimensional. This means that the energy of a quasi-one-dimensional

system has a contribution coming from the two transverse components. On

the other hand, a quasi-two-dimensional system has a contribution coming

from one transverse component. In the framework of distributed Gaussians,

the use of a common exponent allows for the factorization of the transverse

components and its subsequent removal from the quasi-one- and quasi-two-

dimensional total energies to obtain their 1- and 2- dimensional energies. A

1-s Gaussian function in its Cartesian representation can be decomposed as

g(x, y, z) = g(x)g(y)g(z), (3.18)

where gx, gy, and gz components are given by

g(x) =
(

2α

π

) 1
4

e−αx2 (3.19)

g(y) =
(

2α

π

) 1
4

e−αy2 (3.20)

g(z) =
(

2α

π

) 1
4

e−αz2
. (3.21)

If we compute the kinetic energy in each dimension, we will have that the

transverse energy per electron in each dimension is

⟨g(x)|T̂x|g(x)⟩ = ⟨g(y)|T̂y|g(y)⟩ = ⟨g(z)|T̂z|g(z)⟩ = α

2 (3.22)

Thus, the transverse kinetic energy that needs to be subtracted in order to

be able to compare the calculated energies to the exact to one- and two-

dimensional energies is
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Etransverse = N
(3 − d)α

2 (3.23)

where N is the number of electrons, and d is the dimension of the system. As

it can be seen from (3.23), the transverse energy for a 3-dimensional system

will be 0, as it should.

3.3 Symmetry-adapted orbitals.

Due to the periodicity of the Clifford supercell, the system is translation-

ally invariant. Therefore, the translation operator, T̂R, commutes with the

Hamiltonian, Ĥ, and the eigenstates of Ĥ can be chosen to be equal to the

eigenstates of T̂R. It is hence convenient to construct symmetry-adapted or-

bitals (SAOs) from a linear combination of GTOs that satisfy the translational

invariance [62]. The (unnormalized) SAO are defined as

ϕk(r) = 1
md/2

∑
µ

ei 2π
m

k·µgµ(r − Rµ), (3.24)

where k = (k1, · · · , kd)T with ki = 0, · · · , m − 1. We refer the reader to

Appendix A for a proof of the fact that T̂Rϕk(r) = ϕk(r).

The one- and two-electron integrals in the symmetry-adapted basis are

given by, respectively,

Tk,k′ = δk,k′S−1
k
∑

ν

cos
[2π

m
(k · ν)

]
T0,ν , (3.25)

⟨k, k′|k′′, k′′′⟩ = 1
md

δk+k′−k′′−k′′′ [SkSk′Sk′′Sk′′′ ]−1/2

×
∑
νρσ

cos
[2π

m
(k′ · ν − k′′ · ρ − k′′′ · σ)

]
⟨0, ν|ρ, σ⟩, (3.26)
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in which Sk = ⟨ϕk|ϕk⟩. The one- and two-electron integrals, Tµ,ν and ⟨µ, ν|ρ, σ⟩,

are expressed in the distributed Gaussian basis are given by [55]

Tµ,ν = −1
2

∫
gµ(r1 − Rµ)∇2

1gν(r1 − Rν)dr1, (3.27)

⟨µ, ν|ρ, σ⟩ =
∫∫

gµ(r1 − Rµ)gν(r2 − Rν)×
1

reuc
12

gρ(r1 − Rρ)gσ(r2 − Rσ)dr1dr2. (3.28)

The derivation of the one- and two-electron integrals in the symmetry

adapted basis can be found in the Appendix A.

3.3.1 Integral transformation

It is known that the evaluation of the molecular integrals, together with the

diagonalization procedure, is one of the main bottlenecks in electronic struc-

ture calculations. The computation of the AO integrals and their transfor-

mation onto the symmetry-adapted basis set must be done efficiently. The

one-electron integrals are in a limited number, and they do not present a par-

ticular problem. Moreover, its evaluation in the SAO, Eq. (3.25), depends

only on one orbital index because of the system symmetry, so the implemen-

tation is straightforward. On the other hand, the situation is different for the

two-electron integrals.

We can use two complementary strategies to compute Eq. (3.26) efficiently.

First we transform the expression cos(k′ · ν − k′′ · ρ − k′′′ · σ) by taking ad-

vantage of the identity

cos(α + β + γ) = cos(α) cos(β) cos(γ) − sin(α) sin(β) cos(γ) − sin(α) cos(β) sin(γ)−

cos(α) sin(β) sin(γ). (3.29)
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The expression for the two-electron integrals can be rewritten as

⟨k, k′′|k′′′, k′′′′⟩ = δ(k + k′′ − k′′′ − k′′′′) 1
M

M−1∑
νρσ=0

[
cos(k′′ · ν) cos(k′′′ · ρ) cos(k′′′′ · σ)+

+ sin(k′′ · ν) sin(k′′′ · ρ) cos(k′′′′ · σ) + sin(k′′ · ν) cos(k′′′ · ρ) sin(k′′′′ · σ)−

− cos(k′′ · ν) sin(k′′′ · ρ) sin(k′′′′ · σ)
]
⟨0, ν|ρ, σ⟩.

(3.30)

We now have four terms, each of which scales as 3M4, yielding a huge com-

putational advantage. For instance, if we consider the first term on the right-

hand side of Eq.(3.30) involving three cosine functions,

⟨k, k′′|k′′′, k′′′′⟩ccc = δ(k + k′′ − k′′′ − k′′′′) 1
M

M−1∑
νρσ=0

cos(k′′ · ν) cos(k′′′ · ρ)×

cos(k′′′′ · σ)⟨0, ν|ρ, σ⟩ (3.31)

we can compute it through the following three steps:

⟨ν|ρ, k′′′′⟩ccc =
∑
σ

cos(σ · k′′′′)⟨0, ν|ρ, σ⟩ (3.32)

Then

⟨ν|k′′′, k′′′′⟩ccc =
∑

ρ

cos(ρ · k′′′)⟨ν|ρ, k′′′′⟩ccc (3.33)

and, as the last step,

⟨k′′′ + k′′′′ − k′′|k′′′, k′′′′⟩ccc = 1
M

∑
ν

cos(ν · k′′)⟨ν|k′′′, k′′′′⟩ccc (3.34)

where the index k′′′ +k′′′′ −k′′ fulfils the Kronecker-δ constraint. Similarly,

we can compute the other three terms of Eq. (3.30).
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As a final result, Eq. (3.30) scales as 12M4, while the memory require-

ments are of the order of 2M3 real numbers.

Second, we can take advantage of the fact that ⟨0, ν|ρ, σ⟩ is sparse. This

means that the centers of Gaussians gρ and gσ must be close to the center of

Gaussians g0 and gν , respectively. Otherwise, its contribution to ⟨k, k”|k′′′, k′′′′⟩

will be vanishingly small. Let us make the term "close" more precise: we as-

sume that the distance between the two centers must be smaller than an

integer threshold λ times δ, the nearest-neighbour distance. Then Eq. (3.26)

becomes then.

⟨k, k′|k′′, k′′′⟩ = 1
md

δk+k′−k′′−k′′′
∑

ν

∑
|ρ|≤λ

∑
|σ−ν|≤λ

cos
[2π

m
(k′ · ν − k′′ · ρ − k′′ · σ)

]
⟨0, ν|ρ, σ⟩. (3.35)

We note that the first strategy is exact while the second one is an approxima-

tion. Moreover, they can be applied simultaneously.

3.4 A step forward: Toroidal Gaussians

We note that, strictly speaking, a Gaussian function is defined everywhere in

space, while, in principle, the functions we use to describe the electrons in the

CSC must be periodic smooth functions confined to the torus. A Gaussian

function is not a function with a compact support, is not a continuous and

differentiable function defined everywhere on the torus (see the top left side of

Fig. 3.5). However, if the width of the Gaussian is much smaller than the size

of the torus, then, for any practical purpose, this function can be considered

as a function having a compact support on the torus (see the bottom side of
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Fig. 3.5). Therefore, by combining various Gaussians centered on a regular

grid on the torus, we can build periodic smooth wave functions on this mani-

fold.

Nevertheless, a Gaussian basis function confined to the CSC would have nu-

merical advantages. Therefore, we have recently formulated a new basis func-

tion using toroidal Gaussians. The motivation for the present development

comes from the work done by Loos and Gill, where they introduced spher-

ical Gaussian orbitals to describe the behavior of electrons on a 2D or 3D

sphere [63] . Following the same philosophy as in the reference mentioned

above, on a Clifford torus, continuous and differentiable Gaussian orbitals can

be defined by using the definition of the Euclidean distance given in Chapter

2. In one dimension, one can write a toroidal Gaussian on a 1-Torus of length

L with orbital exponent α, centered at xµ as

gT
µ (x; α, L) = Nα,Le

− αL2
π2 sin2

(
π(x−xµ)

L

)
, (3.36)

where Nα,L is the normalization constant. Using trigonometric identities we

can rewrite Eq. (3.36) into its equivalent cosine form as

gT
µ (x; α, L) = Nα,Le

− αL2
2π2

[
1−cos

(
2π(x−xµ)

L

)]
, (3.37)

In order to keep the characteristic fast and simple integral evaluation of the

GTOs, we want that our toroidal Gaussians satisfy the Gaussian product rule.

This means that the product of two gT has to be another toroidal Gaussian.
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It can be proved that.

gT
µ (x; α, L)gT

ν (x; β, L) =e
− L2

2π2

(
α+β−

√
α2+β2+2αβ cos

(
2π(xµ−xν )

L

))
×

e
− L2

2π2

√
α2+β2+2αβ cos( 2π(xν −xν )

L )
(

1−cos
(

2π(x−xγ )
L

))
(3.38)

= gT
µ (x; γ, L) (3.39)

where the exponent and center of the new gT
γ are

γ =

√√√√α2 + β2 + 2αβ cos
(

2π(xµ − xν)
L

)
(3.40)

xγ = arctan
α sin 2πxµ

L
+ β sin 2πxν

L

α cos 2πxµ

L
+ β cos 2πxν

L

(3.41)

From Eq. (3.39) we can compute the overlap Sµν integrals and its norm, ∥gT
µ ∥

as

Sµν(α, β, L) =
I0

(
L2
√

α2 + β2 + 2αβ cos 2π(xµ−xν)
L

)
√

I0(2αL2)I0(2βL2)
(3.42)

∥gT
µ (x; α, L)∥ =

√
I0(2αL2) (3.43)

where In(z) is the modified Bessel function of the first kind.

Let us now analyze the shape of a gT and compare it with a standard

1-s Gaussian. For that purpose, we have collected in Fig. 3.5 a comparison

between the shapes of several gT s (in red) and 1-s Gaussian functions (in blue)

for different values of α. The space coordinate (x) is defined in the interval

[−π, π], and the two Gaussians are centered at x = 0. Generally speaking,

for small values of Lx and r, the behavior of the six curves follows a similar

trend. It is because in the interval [−0.5, 0.5], L2
x

π2 sin2
(

π(x−x0)
Lx

)
≈ (x − x0)2.
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The biggest difference shows up at long-range. For small values of α, the tail

of gT decays smoothly, while the Gaussian function with the same exponent

has a faster decay. An important feature of gT is that it is periodic and

differentiable at the borders of the CSC while the usual Gaussians are not

(see Fig. 3.5). For large values of α, the two curves completely overlap. We

also note that the two functions have 0 first derivative at the origin. It can

also be proved that limL→∞
L2

2π

[
1 − cos

(
2π(x−xµ)

L

)]
= x − xµ and gT ≡ g.
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Figure 3.5: Difference between the radial distribution of toroidal Gaussians
and usual Gaussians. Top left: gT

0 (x; 0.1, 2π) vs gT
0 (x; 0.1). Top right:

gT
0 (x; 1, 2π) vs gT

0 (x; 1). Bottom: gT
0 (x; 10, 2π) vs gT

0 (x; 10).

We notice that for α = β, the exponent γ vanishes if the two orbitals are

centered in two opposite positions of the torus. In fact, if xµ − xν = L
2 , the

cosine in Eq. (3.40) is equal to −1 and γ =
√

2α2 − 2α2) = 0.

We expect that we would need less toroidal Gaussians than standard Gaus-

sians to arrive at a wave function of similar accuracy. However, the application
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of the toroidal Gaussians to practical calculations on Wigner systems is still

work in progress. Therefore, in the remainder of the manuscript we will use

standard Gaussians.





Chapter 4

Wigner localization: 2 electrons

on a ring
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4.1 Motivation

In a previous work, Evangelisti, Berger and coworkers, studied Wigner local-

ization in a quasi-one-dimensional system in which the electrons were confined

to a line segment with a positive background by placing three-dimensional

Gaussians along the line [9, 61]. They observed Wigner localization at low

densities. Although the localization they observed was clearly due to the elec-

tronic repulsion, quantitatively the results were influenced by border effects.

Moreover, they used a multi-purpose software for the numerical calculations

due to which they were limited to system sizes smaller than 100 Bohr. Due to

these restrictions they were not able to fully appreciate the delta-peak nature

of the Wigner localization in the many-body wave function.

Before using Clifford boundary conditions we first study a simpler system,

namely 2 electrons on a ring. Thus, removing any border effects. We expand

the wave function in terms of three-dimensional Gaussians evenly distributed

along the perimeter of the ring [64, 65, 66, 67]. For this purpose, we wrote

a computer code that is specifically dedicated to treat low densities which

allows us to reach ring perimeters as large as 106 Bohr (≈ 0.05 mm). We note

that confining the electrons to a ring also removes the need to add a positive

background [65]. As described in the following, with this approach we are

able to see the delta-peak nature of the localization in the many-body wave

function.

Here we limit our study to two electrons since it is sufficient to observe the

Wigner localization while at the same time it allows us to obtain numerically

exact results by exact diagonalization of the Hamiltonian. We will analyze

several possible indicators of localization. In particular, we will study the
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2-body reduced density matrix, the localization tensor and the particle-hole

entropy.

This work has been published in: Miguel Escobar Azor, Léa Brooke,

Stefano Evangelisti, Thierry Leininger, Pierre-François Loos, Nicolas Suaud,

Arjan Berger. "A Wigner molecule at extremely low densities: a numerically

exact study." SciPost Physics Core 1, no. 1 (2019): 001

4.2 Theory

4.2.1 The Hamiltonian

As mentioned before, we study two electrons that are confined to a ring. More-

over, in the transverse directions, the two electrons are confined by a potential

that is implicitly defined by the basis set which consists of M identical 3D

s-type Gaussians that are evenly distributed along the ring as explained in

Chapter 3. These normalized Gaussian functions were given in Eq. (3.6),

which we repeat here for convenience,

gµ(r; α) =
(

2α

π

) 3
4

e−α|r−Rµ|2 , (4.1)

in which Rµ denotes the center of the Gaussian and α its exponent which is

directly linked to the width of the Gaussian function (∼ 1/
√

α). Since the

Gaussians are 3D also the ring is 3D, or rather, quasi-1D, since the width of

the ring is much smaller than its perimeter. We, therefore, have the following

Hamiltonian,

Ĥ = −1
2∇2

1 − 1
2∇2

2 + 1
r12

, (4.2)
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in which the first two terms on the right-hand side are the 3D kinetic energy

operators for electron 1 and 2, respectively. The last term is the repulsive 3D

Coulomb potential in which r12 = |r1 − r2| is the distance between the two

electrons, i.e., the electrons interact through the ring. This is equivalent to

the euclidean distance defined in Eq. (2.9).

We represent the Hamiltonian in Eq. (4.2) in the basis of the evenly dis-

tributed gaussians which we then diagonalize to find the exact wave functions

and eigenenergies. From the exact wave functions we can then obtain several

exact observables of interest. We will mainly focus on the ground state of two

electrons on the ring which is a spin singlet.

We have verified our approach and its implementation by comparing to

analytical results which are available for one electron confined to a strictly 1D

ring. They are given by

Eexact
n (R) = n2

2R2 , (4.3)

where n is an integer and R is the radius of the ring. When the width of

the gaussians (∼ 1/
√

α) is much smaller than R, the energy spectrum of

the system tends to the energies in Eq. (4.3). We note, however, that some

caution must be used when evaluating distances in the system, even in the

limit 1/
√

α → 0. In particular, when computing overlaps and kinetic energies,

it is only when each distance is measured along an arc of the ring that in the

limit 1/
√

α → 0 the energies tend to those given in Eq. (4.3). We note that

this is equivalent to the geodesic distance introduced in the chapter 2.

Since the density, by definition, has the same symmetry as the Hamiltonian

it will have rotational symmetry. Therefore, the one-body density will be a

constant as a function of the position on the ring, and unable to characterize

the Wigner localization. However, for 2 electrons, the Wigner localization can
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be studied using the two-body density matrix, which shows the correlation

between the positions of two electrons.

We note that the present scenario defines a floating Wigner crystal. An-

other scenario corresponds to a pinned Wigner crystal where the spatial sym-

metry of the wave function is broken by a small external perturbation or

impurity [68]. In this case, the Wigner crystallization can be observed via the

1-body density. We will not consider such situations in this chapter.

4.2.2 The 2-body reduced density matrix

The N -body reduced density matrix (N -RDM) gives the conditional proba-

bility of the presence of N electrons in space. The 2-body reduced density

matrix Γ(2) is defined as

Γ(2)(x1, x2; y1, y2) = (N − 1)N
2

∫
dx3 · · · dxN

× Ψ∗(y1, y2, x3, · · · , xN)Ψ(x1, x2, · · · , xN), (4.4)

in which Ψ is an N -body normalised wave function. In particular, its diagonal

elements Γ(x1, x2) = Γ(2)(x1, x2; x1, x2) give the probability of having an elec-

tron at x1 and a second electron located at x2. For two electrons it is given

by

Γ(x1, x2) = |Ψ(x1, x2)|2. (4.5)

In the present 1D context, the 2-RDM plays a crucial role in measuring

the locality of the electrons. Indeed, because of the rotational invariance of

the wave function the 1-RDM is a constant, regardless of the nature of the

wave function, since all points in space are equivalent. It is the 2-RDM, on

the other hand, that is able to indicate if the electrons are strongly correlated
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(Wigner localization), or weakly correlated (Fermi gas).

The situation is rather different, on the other hand, for 2D and 3D gen-

eralizations of electrons on a ring (1-torus), i.e., electrons on a 2-torus and

a 3-torus.1 Just as the diagonal of the 1-RDM is a constant for a ring due

to symmetry, the diagonal of the 2-RDM is a constant for the 2-torus. This

implies that the 2-RDM is unable to give a complete characterization of a

regular crystalline structure on the 2-torus. Similarly, the 3-RDM is a con-

stant for the 3-torus, and is unable to characterize the crystallisation of the

electrons. Higher-order density matrices would be in principle needed for this

purpose, e.g. the 3-RDM for 2-tori, and the 4-RDM for 3-tori, etc. However,

the evaluation of higher-order density matrices are computationally extremely

demanding, and their calculation would become unfeasible even for very small

systems. In such a situation, other indicators, like the electron entropy, and

in particular the localization tensor, would be much more practical.

4.2.3 The localization tensor

The localization tensor distinguishes between metallic and insulating behavior.

It was developed by Resta and co-workers [69, 70, 71, 72] (see also Ref. [73])

and is based on an idea of Kohn [74] to describe the insulating state from

the knowledge of the ground-state wave function (see also Ref. [75]). The

localization tensor has been applied to study the metallic behavior of clusters,

[76, 77, 78, 79, 80, 81, 82, 83, 84], chemical bonding [85] and electron trans-

port [86]. It has recently also been used to investigate Wigner localization. [9]

The localization tensor λ is defined as the total position spread tensor Λ
1Here we mean a regular torus, not a Clifford torus.



4.2. Theory 40

normalized with respect to the number of electrons N , i.e.,

λ = Λ
N

. (4.6)

The total position spread tensor is defined as the second moment cumulant

of the total position operator,

Λ = ⟨Ψ|R̂2|Ψ⟩ − ⟨Ψ|R̂|Ψ⟩2, (4.7)

in which the total position operator R̂ is defined by

R̂ =
N∑

i=1
r̂i. (4.8)

where r̂i = ri the standard position operator for electron i.

The three diagonal elements of Λ are the variances of the wave function

in the x, y, and z directions. Therefore, these elements are large when the

electrons are delocalized and small when they are localized. This shows that

the localization tensor is able to distinguish between a conducting and an

insulating behavior. Moreover, in the thermodynamic limit the localization

tensor diverges for conductors while it remains finite in the case of insulators.

We note that the second term on the right-hand side of Eq. (4.7) ensures gauge

invariance with respect to the choice of the origin of the coordinate system.

Due to the symmetry of the ring we have λxx = λyy and λzz ≪ λxx. In the

following we will focus on the trace of λ, i.e.,

λ = Tr{λ}. (4.9)
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4.2.4 The particle-hole entropy

The fractionality of the natural occupation numbers, i.e., the eigenvalues as-

sociated with the 1-RDM, can be related to the amount of electron correlation

in a system [87, 88]. Therefore, the particle-hole entropy has been proposed

as a measure of the presence of correlation in a system [89, 88]. In the case

of a pure state described by a wavefunction Ψ, the particle-hole entropy is

defined as:

S =
M∑

j=1

[
−nj ln nj︸ ︷︷ ︸

Spart

−(1 − nj) ln(1 − nj)︸ ︷︷ ︸
Shole

]
, (4.10)

where the sum runs over the M natural spinorbitals of Ψ, and nj is the

occupation number of spinorbital ϕj. The natural spinorbitals are the eigen-

functions of the one-body reduced spin-density matrix and the occupations

numbers are its eigenvalues. The first and second terms in the summation are

the particle and hole contributions, Spart and Shole, respectively, to the total

entropy. While the entropy of a single determinant is zero, since all the occu-

pation numbers are either 0 or 1, the entropy has its maximum value when all

the spinorbitals have equal occupation numbers. Therefore, the particle-hole

entropy of a Fermi gas will be small while it will be large in the regime of

Wigner localization. In particular, this will be the case for an Sz = 0 wave

function because of the large number of Slater determinants that contribute to

the wave function with similar weight. Indeed, we have an Sz = 0 ground-state

wave function.

The dependence of the particle-hole entropy on the natural spinorbitals

implies a dependence on the basis set. For large densities this dependence is

negligible but in the limit of Wigner localization there is a strong dependence

on the basis set. This dependence can be made explicit as we will now show.
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All the occupation numbers become identical when the length of the perimeter

of the ring tends to infinity and the electrons localize. This leads to an upper

bound for the entropy in the limit L → ∞. Let us consider N electrons in M

spinorbitals. In the limit L → ∞ each spinorbital ϕj has occupation number

nj = N/M . Therefore, we obtain the following upper bounds for the particle

and hole entropies in the limit L → ∞,

lim
L→∞

Spart = −N ln(N/M), (4.11)

lim
L→∞

Shole = −(M − N) ln(1 − N/M). (4.12)

If we subsequently let the number of gaussians, and thereby the number of

spinorbitals M , tend to infinity, we see that particle entropy diverges loga-

rithmically as

lim
L→∞

Spart ∼ −N ln(N/M). (4.13)

Instead, in this limit, the hole entropy tends to a constant, namely the number

of electrons,

lim
M→∞

lim
L→∞

Shole = N. (4.14)

The total entropy therefore behaves as

S = −N ln(N/M) + N + O
(
M−1

)
. (4.15)

for large L and M .
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4.3 Computational details

As mentioned before, we study a quasi-1D periodic system of electrons by

placing a series of identical 3D Gaussian functions [see. Eq. (4.1)] to form

a ring. The centers of the Gaussians are equally spaced. As discussed in

chapter 3, the overlap between two neighboring Gaussians is proportional to

the parameter ξ = αδ2, where α is the exponent of the Gaussian and δ is the

distance along the arc between two neighboring Gaussians [61]. The overlap

should be sufficiently large to be able to accurately describe the electronic

wave function but not too large to avoid numerical problems due to a quasi-

linearly dependent basis functions. We have demonstrated that a value of

ξ ≈ 1 is optimal for quasi-1D systems [61]. In this work we used ξ = 1. We

have used 128 equidistant gaussians which was sufficient to obtain converged

results for rings with lengths up to 106 Bohr.

For two electrons the spin wave function can correspond either to a sin-

glet or a triplet. Therefore, it is convenient to generate spin-adapted wave

functions. This is particularly important at low density, where the singlet

and triplet wave functions tend to become degenerate. In absence of spin

adaptation, due to numerical errors, the diagonalization procedure could mix

the two quasi-degenerate states, and therefore the computed properties would

correspond to wave functions that are not eigenfunctions of Ŝ2.
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4.4 Results

4.4.1 The 2-body reduced density matrix

As mentioned earlier, for a system without translational and/or rotational

symmetry, such as a linear system within open-boundary conditions, a symmetry-

broken system or a system with an impurity (i.e. pinned electrons), the elec-

tron density is sufficient to characterize the Wigner localization. [9] However,

as explained in the previous section, in the case of a ring, due to the rotational

symmetry of the Hamiltonian, the density is no longer a good observable to

identify the Wigner localization. Instead, we can use the 2-body reduced den-

sity matrix to characterize this localization since it describes the correlation

between the positions of two electrons.

In Fig. 4.1, we report the two-body reduced density matrix Γ(2)(0, x) as a

function of x for different values of the length of the perimeter L of the ring.

It gives the probability amplitude of finding an electron at x while another

electron is present at x = 0.2

At large electron density (small L), Γ(2)(0, x) is almost constant, since

the kinetic energy dominates the electronic repulsion. This is the Fermi-gas

regime. Instead, at low electron density (large L), the second electron has the

largest amplitude at x = L/2, i.e., exactly at the position that is opposite to

the position of the first electron. The electronic repulsion is dominant and

pushes the two electrons to opposite positions on the ring. By increasing L the

two-body reduced density matrix becomes ever more localized. For very large

values of L the density matrix becomes close to a delta function. There is the
2To be precise, the results in Fig. 1 are the 2-RDM expressed in the basis of the

orthonormal gaussians, i.e., Γiαjβiαjβ = ⟨Ψ|a†
iαa†

jβaiαajβ |Ψ⟩ in which the first electron is
fixed at i = 1.
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formation of a 1D electron “lattice”, we observe the Wigner localization. It

is difficult to pinpoint exactly for which length the transition from the Fermi

to the Wigner regime occurs. Nevertheless, the Wigner localization becomes

apparent for lengths of the order of L = 10 Bohr.
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Figure 4.1: The two-body reduced density matrix Γ(0, x) for two electrons on
a ring for various values of the length L of the perimeter. The position of the
first electron is fixed at x = 0 (indicated by the blue dot). Inset: Full-width
at half maximum (FWHM) of Γ(2)(0, x) normalized with respect to L as a
function of L. For small L the FWHM is not well-defined and the normalized
FWHM is set to 1.

However, as mentioned before, the two-body reduced density is not suffi-

cient to characterize Wigner localization for systems of higher dimensions.

Therefore, we will study two other indicators of the Wigner localization,

namely the localization tensor and the electron-hole entropy. The advan-

tage of these quantities is that they can also be easily calculated for systems

of higher dimensions and with many electrons.
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4.4.2 The localization tensor

In order to compare localization tensors for systems of different sizes, we report

in Fig. 4.2 the dimensionless quantity λ/L2 as a function of the length L of

the perimeter of the ring. We see that for large density (L < 0.1) λ/L2 is

almost constant while its value starts to decrease for L > 1 Bohr. This marks

the beginning of the transition to a localized state. For very low density,

L ≫ 1, the localization tensor almost vanishes, clearly indicating the Wigner

localization. The behavior of the localization tensor is in agreement with

the 2-body reduced density matrices reported in Fig. 4.1, i.e, the transition

from the Fermi-gas regime to the Wigner regime occurs in the region around

L = 10 Bohr. Finally, we note that the qualitative behavior of the localization

tensor we observe here for the ring is very similar to the behavior that was

observed for a linear system within open boundary conditions [9]. Hence,

the localization tensor seems to be a robust indicator of the transition to the

Wigner regime.
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Figure 4.2: The trace of the localization tensor λ/L2 as a function of the
length L of the perimeter of the ring.



4.4. Results 47

4.4.3 The particle-hole entropy

In Fig. 4.3, we report the particle-hole entropy as a function of the length L

of the perimeter of the ring. For large average densities (L ≪ 1) the entropy

S is very small since the Fermi gas can be accurately described by a single

Slater determinant. The entropy starts to rapidly increase for L > 1 Bohr,

indicating the transition towards the Wigner regime.

Up to about L = 10 Bohr the entropy is qualitatively similar to the behav-

ior of the entropy for a linear system. [9] However, while for the linear system

the entropy stabilizes for L > 10 Bohr, for the ring it continues to increase

linearly. This is due to the particle part of the entropy which grows linearly

in the region 102 < L < 106 while the hole part saturates in this region.

Although it might appear that the entropy diverges linearly with L, this is

not the case. Using Eqs. (4.11) and (4.12) we can determine the asymptotic

limits of the entropy and its two contributions (for a given M). They are finite

and we reported them in Fig. 4.3. In order to reach the asymptotic limit of

the total entropy we have to go beyond L = 106 Bohr which would require

a larger number of gaussians to guarantee stable results. However, a larger

number of gaussians yields a larger number of spinorbitals which will raise

the asymptotic limit, requiring an even larger number of gaussians to reach

it, etc. Due to this vicious circle, the particle-hole entropy is not capable of

capturing the localized state. Therefore, the particle-hole entropy seems less

convenient than the localization tensor as an indicator of Wigner localization,

at least for electrons on a ring..
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Figure 4.3: The entropy S as a function of the length L of the perimeter of the
ring. The dashed lines indicate the asymptotic limits of the entropies when
L → ∞ .

4.5 Conclusion

We have investigated Wigner localization at extremely low densities using

an exact diagonalization of the many-body Hamiltonian for a system of two

electrons confined to a ring. Due to the rotational symmetry of the system,

Wigner localization cannot be observed in the local density. Therefore, we

have studied alternative quantities, namely, the two-body reduced density

matrix, the localization tensor and the particle-hole entropy. We have clearly

observed the Wigner localization both in the two-body reduced density matrix

and in the localization tensor. Instead, in the particle-hole entropy the Wigner

localization cannot easily be detected. With respect to the two-body reduced

density matrix, the advantage of the localization tensor is that it can also

be applied without increased difficulty to systems with more dimensions and

more electrons.
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This study paves the way for further investigations of Wigner localization

such as those presented in the next two chapters in which we will use the

Clifford periodic boundary conditions to go beyond 1-dimension and include

more than 2 electrons in the system.
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5.1 Motivation

The main goal of this Chapter is to go beyond one dimension and to study

Wigner localization from an ab initio perspective in two and three dimensions.
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This will allow us to better understand this phenomenon and may lead to

predictions of the properties of Wigner crystals and Wigner molecules in the

future. As in the previous chapter we will use exact diagonalization of the

many-body Hamiltonian to ensure that all correlation effects are included. We

will focus here on two-electron systems since this is sufficient to demonstrate

the concept of Wigner localization.

In this Chapter we generalize our approach to study Wigner localization

at low densities in systems of two and three dimensions. As mentioned before,

to study the Wigner localization in a d-dimensional system (d = 1, 2, 3), we

can represent our system in different ways. We could confine the electrons

to a finite d-dimensional system with a positive background, but border ef-

fects would influence the results [9]. One way of avoiding border effects is to

confine the electrons to a d-dimensional closed space such as a d-torus but

the numerical implementation of the geometry of a d-torus is cumbersome for

d > 1. Therefore, instead, we apply Cliffod boundary conditions as explained

in chapter 2.

This work has been published in: Miguel Escobar Azor, Estefania

Alves, Stefano Evangelisti, and J. Arjan Berger. "Wigner localization in

two and three dimensions: An ab initio approach." The Journal of Chemi-

cal Physics 155, no. 12 (2021): 124114.

5.2 Theory

We will study a system consisting of 2 interacting electrons confined to a

d-dimensional Clifford torus.
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The Hamiltonian of the system is

Ĥ = −1
2∇2

1 − 1
2∇2

2 + 1
reuc

12
, (5.1)

where the first two terms on the right-hand side correspond to the 3D kinetic

energy of electron 1 and electron 2, respectively, and the last term is the

Coulomb potential in which reuc
12 is the Euclidean distance between the two

electrons. As mentioned before, from a numerical point of view, it is conve-

nient to apply PBC by defining a supercell with the topology of a Clifford

torus because its surface is locally flat everywhere. Therefore, the Laplacian,

which is a local operator, is given by the usual expression ∇2 = ∑d
i=1 ∂2

i with

i a Cartesian coordinate.

5.2.1 Exact diagonalization

We solve the time-independent Schrödinger equation involving the Hamilto-

nian in Eq. (8.18) by employing an exact-diagonalization approach. Therefore,

we project the Hamiltonian onto the basis of 2-electron Slater determinants

and diagonalize the resulting Hamiltonian matrix to obtain the wave functions

and eigenenergies. In the remainder of this subsection we discuss how we build

the 2-electron Slater determinants from a symmetry-adapted basis set. This

allows us to perform the calculations in a numerically efficient manner such

that we can accurately describe the Wigner localization by employing a large

number of basis functions.
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5.2.1.1 The basis set

Since we want to describe a localization effect of the electrons it is convenient

to use a localized basis set instead of a delocalized one, e.g., plane waves. As

mention before, the localized Gaussian-type orbitals are convenient in practice

because of the Gaussian product theorem [37]. These are the main reasons

why we choose Gaussian functions as a primitive basis set to study Wigner

localization.

As already introduced in Chapter 3, we use md three-dimensional s-type

GTO’s that are evenly distributed on a regular d-dimensional grid with m the

number of Gaussians placed along each side of the Clifford supercell. More-

over, we choose all Gaussians to have a common exponent. The normalized

three-dimensional s-type Gaussians functions are defined as

gµ(r − Rµ) =
(

2α

π

) 3
4

e−α|r−Rµ|2 , (5.2)

where α is the exponent of the Gaussian and Rµ is the center of the Gaussian

µ. For convenience the Gaussians are labeled with a vector µ containing d

integers, one for each dimension of the system. We note that we use the three-

dimensional Gaussians also in the case of one- and two-dimensional systems.

Therefore, the one- and two-dimensional systems studied in this work are in

fact quasi-1- and quasi-2-dimensional systems.

Since the electrons are confined to the Clifford torus also the basis functions

that form the electronic wave function have to be confined to the Clifford

torus. As a consequence, as already discussed in Chapter 3, the Gaussian

product rule given in Eq. (3.7) has to be applied using the geodesic distance.Al

already mention before, It is clear that the accuracy of the numerical results
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will depend on the overlap between two nearest-neighbor Gaussians. If the

overlap is too small the basis set will not be able to correctly describe the

electronic wave function while if it is too large, i.e., close to 1, a quasi-linear

dependence of the basis functions might lead to numerical problems. Since all

Gaussians have the same exponent α the nearest-neighbor overlap is simply

given by e−ξ/2 in which ξ = αδ2 with δ the distance between two nearest-

neighbor Gaussians. We have analyzed this issue in much detail in chapter 3.

For this study, the parameter ξ has been set to 0.8.

As a consequence of the periodicity of the Clifford supercell, the system is

translationally invariant. Therefore, the translation operator, T̂R, commutes

with the Hamiltonian, Ĥ, and the eigenstates of Ĥ can be chosen to be equal

to the eigenstates of T̂R. It is hence convenient to construct symmetry-adapted

orbitals (SAO) from a linear combination of GTO’s that satisfy the transla-

tional invariance. [62]. The (unnormalized) SAO are given in Eq. (3.24). We

repeat them here for convenience

ϕk(r) = 1
md/2

∑
µ

ei 2π
m

k·µgµ(r − Rµ), (5.3)

where k = (k1, · · · , kd)T with ki = 0, · · · , m − 1. and all the µ are inside

the Clifford super-cell (CSC).

The one- and two-electron integrals in the symmetry-adapted basis are

given by, Eqs. (3.25) and (3.26) respectively and repeated here for convenience.

Tk,k′ = δk,k′S−1
k
∑

ν

cos
[2π

m
(k · ν)

]
T0,ν , (5.4)

⟨k, k′|k′′, k′′′⟩ = 1
md

δk+k′−k′′−k′′′ [SkSk′Sk′′Sk′′′ ]−1/2

×
∑
νρσ

cos
[2π

m
(k′ · ν − k′′ · ρ − k′′′ · σ)

]
⟨0, ν|ρ, σ⟩, (5.5)
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With the above integrals we can now express the Hamiltonian in the basis of

the Slater determinants Φk,k′ = |ϕkϕ̄k′⟩. Owing to the Slater-Condon rules

these matrix elements can be split in three different cases [55].

Case 1 : The two Slater determinants in the matrix element of the Hamiltonian

are identical

⟨Φk,k′|Ĥ|Φk,k′⟩ = Tk,k + TK−k,K−k + ⟨k, K − k|k, K − k⟩ (5.6)

where we defined K = k + k′.

Case 2 : The two Slater determinants differ by one spinorbital, i.e., k ̸= k′′,

⟨Φk,k′ |Ĥ|Φk′′,k′⟩ = Tk,k′′ + ⟨k, k′|k′′, k′⟩ = 0 (5.7)

where in the last step we used Eqs. (3.25) and (3.26). Similarly we have that

⟨Φk,k′ |Ĥ|Φk,k′′⟩ = 0 for k′ ̸= k′′.

Case 3 : The two Slater determinants differ by two spinorbitals, i.e., k ̸= k′ ̸=

k′′ ̸= k′′′,

⟨Φk,k′|Ĥ|Φk′′,k′′′⟩ = ⟨k, k′|k′′, k′′′⟩ = ⟨k, K − k|k′′, K − k′′⟩ (5.8)

since K = k + k′ = k′′ + k′′′ due to the Kronecker delta that appears on the

right-hand side of Eq. (3.26).

From the above considerations we observe that two Slater determinants

with different K do not contribute to the same wave function. As a conse-

quence the resulting Hamiltonian matrix is block diagonal with a block for

each K. We can therefore distinguish the solutions of the Schrödinger equa-

tion by the different values of K and we can write the wave functions according
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to

ΨK(r1, r2) = 1√
2
∑

k

Ck,K−k

[
ϕk(r1)ϕ̄K−k(r2) − ϕk(r2)ϕ̄K−k(r1)

]
(5.9)

where ϕk(r and ϕ̄(r are the α and β spin-orbitals respectively. Ck,K−k are

coefficients that are obtained from the diagonalization of the Hamiltonian

matrix. We note that the factor 2πk/m can be interpreted as a quasimo-

mentum that is conserved. Therefore, 2πK/m can be interpreted as the total

quasimomentum, which is also conserved. The eigenenergies corresponding

to the various K blocks of the Hamiltonian hence only differ in the kinetic

energy of the center of mass of the system. In the following we can, therefore,

focus exclusively on the block K = 0 without loss of generality and we define

Ψ(r1, r2) = ΨK=0(r1, r2).

5.2.1.2 Spin adaptation

For a two-electron system, the electronic wavefunction can correspond either

to a spin singlet or to a spin triplet. In the limit of vanishing density the

singlet and triplet states become degenerate. Therefore, at very low density

both states can become quasi-degenerate. This could yield wave functions

that are mixtures of the two states due to round-off errors in the numerical

calculation. As a consequence the computed wave functions would not be

eigenfunctions of Ŝ2. To avoid such problems, we performed a spin adaptation

of the wave function.

In the case of two electrons an antisymmetrized wave function can either

have a symmetric spin component (singlets) or an antisymmetric spin com-
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ponent (triplets). Therefore, the symmetric and anti-symmetric combinations

(K = 0) are given by, respectively,

ΦS
k,−k = 1√

2
[
|ϕk(r1)ϕ̄−k(r2)⟩ + |ϕ̄−k(r1)ϕk(r2)⟩

]
(5.10)

ΦT
k,−k = 1√

2
[
|ϕk(r1)ϕ̄−k(r2)⟩ − |ϕ̄−k(r1)ϕk(r2)⟩

]
(5.11)

The singlet and triplet wave functions are orthogonal and can, therefore,

be calculated separately, thus completely avoiding any possibility of finding

mixed-state solutions.

5.2.2 2-RDM

Since we are considering a floating Wigner system the one-body density is

constant in the Clifford supercell and, therefore, not appropriate to charac-

terize the Wigner localization. We note that there also exists pinned Wigner

systems in which the wave function has a broken symmetry. [68] For such

systems the one-body density is sufficient to show the Wigner localization.

Instead, to demonstrate the Wigner localization at low electron density, as al-

ready done in Chapter 4, we calculate the diagonal elements of the two-body

reduced-density matrix (2-RDM) since for a given position of one electron

it expresses the probability of finding the other electron as a function of its

position. In general, the 2-RDM is defined as

Γ(2)(r1, r2; r′
1, r′

2) = (N − 1)N
2 ×∫

Ψ∗
N(r′

1, r′
2, r3, · · · , rN)ΨN(r1, · · · , rN)dr3 · · · drN

(5.12)

in which ΨN is an N -body wave function.
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For two electrons in the Clifford supercell the diagonal elements of the

2-RDM, i.e., Γ(r1, r2) = Γ(2)(r1, r2; r1, r2), are given by

Γ(r1, r2) = |Ψ(r1, r2)|2 (5.13)

where Ψ is the two-electron wave function defined in Eq. (5.9) (for K = 0).

It is useful to express Γ in the Gaussian basis set according to

Γµ,ν =
∫∫

gµ(r1)gν(r2)Γ(r1, r2)dr1dr2, (5.14)

since it describes the probability of the presence of an electron inside the

Gaussian gν when the other electron is inside the Gaussian gµ.

5.2.3 Semi-classical model

To validate our approach we will compare our results to those obtained with a

semi-classical model that tends to the exact solution in the limit of vanishing

density, i.e., in the strong-interaction limit. In this limit we can Taylor expand

the Coulomb potential in the Hamiltonian of Eq. (8.18) around the equilibrium

positions R1 and R2 of the two localized electrons in a classical Wigner system

according to

Ĥ = −1
2
∑

i=1,2
∇2

ri
+ Û0 + Û2︸ ︷︷ ︸

Ĥ0

+Û3 + Û4 + · · · (5.15)
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in which

Û0 = 1
R12

(5.16)

Û2 = 1
2
∑
ij

∑
αβ

∂iα∂jβ
1
rij

∣∣∣∣∣
rx=Rx∀x

× (ri,α − Ri,α)(rj,β − Rj,β), (5.17)

where the greek letters α and β denote Cartesian components. Therefore,

the Hamiltonian Ĥ0 contains both the classical Coulomb interaction and a

harmonic correction due to the zero-point motion while Ûn (n > 3) are anhar-

monic corrections that contain n-th order derivatives of the Coulomb poten-

tial. We note that the first-order term in the Taylor expansion, Û1, vanishes

because with the electrons at their equilibrium positions the energy is at a

minimum.

The energy Û0 is the classical energy of two electrons located at their equi-

librium positions. In the strong interaction limit the two electrons will be as

far apart as possible in the d-dimensional Clifford supercell. Therefore R12

attains its maximum value of L
√

d/π and U0 becomes

Û0 = π

L
√

d
. (5.18)

The remainder of Ĥ0 represents the zero-point correction to the classical en-

ergy U0 in the harmonic approximation. Using a normal-mode transformation

one can show that it is equivalent to the Hamiltonian of a quantum harmonic

oscillator with the following harmonic frequency [90]

ω =
√√√√ 2π3

(dL2) 3
2
. (5.19)
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Therefore the eigenenergies En of Ĥ0 correspond to

En = π

L
√

d
+

√√√√ 2π3

(dL2)3/2

d∑
i=1

(
ni + 1

2

)
, (5.20)

in which n is a vector containing d non-negative integers ni. The smallest

eigenenergy E0 of Ĥ0 can thus be written as

E0 = π

L
√

d
+ d

2

√√√√ 2π3

(dL2)3/2 . (5.21)

The anharmonic corrections to the energy can be calculated using perturba-

tion theory. It can be shown that the zero-order correction to the energy due

to Ĥ3, vanishes. Therefore, the lowest-order correction to the energy consists

of U1
3 , i.e., the first-order correction to the energy due to Û3 and U0

4 , i.e., the

zero-order correction to the energy due to Û4. They are both proportional to

L−2. Furthermore, in the case of 2 electrons, one can show that U1
3 vanishes.

Therefore, the lowest-order anharmonic correction for two electrons is entirely

due to U0
4 . For the ground state this correction is given by

U0
4 = ⟨Ψ0|Û4|Ψ0⟩ = (6 − d)π2

16L2 , (5.22)

where the ground-state wave function Ψ0 is a product of d ground-state wave

functions of the quantum harmonic oscillator with the frequency given in

Eq. (5.19). The total ground-state energy Egs can thus be written as

Egs = 1√
d

(
π

L

)
+ d1/4

√
2

(
π

L

)3/2
+ (6 − d)

16

(
π

L

)2
+ O(L−5/2). (5.23)
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Finally, we note that in the 1D case the general expression for U0
4 including

the corrections of the energies of the excited states is given by

U0
4 (n) = 1

16

(
5
2 + 10

(
n + 1

2

)2)(π2

L2

)
, (5.24)

where n is a non-negative integer.

5.3 Computational Details

As mentioned before, we use a Gaussian basis set in which the (normalized)

Gaussians are equally spaced on a regular grid. If we do not impose any

approximations the calculations remain numerically feasible up to about 1000

GTO’s. This means that in 2D and 3D the number of Gaussians placed

along each edge are about 30 and 10, respectively. With 1000 GTO’s we can

accurately describe systems of the following sizes L = 106 bohr in 1D, L = 104

bohr in 2D and L = 103 bohr in 3D, with L the length of an edge of the CSC.

Indeed, for larger values of L the average width of the electron distribution

becomes of the same order of magnitude or even smaller than the width of

the Gaussians, and our description breaks down.

If we want to describe larger system sizes, we must increase the number of

Gaussians. As already mention in Chapter 3, in order to do this, we can apply

a controlled approximation that is related to the fact that many of the two

electron integrals given in Eq. (3.26) are so small that they can be neglected

without changing the results. In fact, only those two-electron integrals for

which the Gaussian center ρ is close to the center 0 and the Gaussian center

σ is close to the center ν will have non-negligible contributions to the final

results. Therefore, in practice, we will only include the two-electron integrals
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for which −λ ≤ ρi ≤ λ and −λ ≤ σi−νi ≤ λ for all i = x, y, z. After numerical

investigations, we have chosen λ = 6 since it leads to relative errors in the

energies of 10−8 Hartree. This approach allows us to extend the number of

basis functions in 2D and 3D to 10000 and 8000 GTO’s, respectively, allowing

us to describe systems of length L = 106 bohr in 2D and L = 104 bohr in

3D. We note that an alternative approach to increase the accuracy could be

to extrapolate the results obtained for finite basis sets to the complete basis

set limit. [91].

Finally, as mentioned before, due to the 3D nature of the Gaussian orbitals, the

one- and two-dimensional systems are in fact quasi-1- and quasi-2-dimensional

systems. Therefore, in order to compare our results with those obtained for

the pure 1D and 2D systems of the semi-classical model, we have to subtract

the contribution to the energy due to the transverse component(s) of the 3D

Gaussians. For a 1D and 2D systems, the transverse energy per electron is

equal to α and α
2 respectively, where α is the exponent of the Gaussian (see

Eqs. (3.19)-(3.21)). [92]
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5.4 Results

In this section we present the results of our approach. First, we will validate

the implementation of our method by comparing its results to those obtained

within the semi-classical model. Then we will report the 2-RDM and show

that with our approach we can capture the Wigner localization.

5.4.1 Validation

Let us first analyze the energy spectrum of 1D system of various sizes. In

Fig. 5.1 we collected the 10 lowest energies for 1D systems of several sizes

obtained from our ab initio calculations and from the semi-classical model.

As expected, there are important differences between the energy spectra ob-

tained with both methods when L is small, since for small L (high density)

the semi-classical model, which is based on an asymptotic expansion around

L → ∞, is not appropriate. Instead, for large L the agreement between the

energy spectra obtained with the model and with the ab initio calculations is

excellent. When the system size gets larger, the difference between the numer-

ical results and those obtained with the model gets smaller since contributions

beyond the first anharmonic corrections fall off at least as L−5/2.

Finally, we see from Fig. 5.1 that for a given value of L the difference

between the ab initio and model energies increases with the level of the excited

state n. This is in agreement with the expressions given in Eqs. (5.20) and

(5.24) which suggest that a term of order L−p/2 is proportional to np−2 with

p ≥ 2 an integer. In other words, the higher the excited state becomes, the

more important the higher-order anharmonic corrections that are not included

in the model become.
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Figure 5.1: Scaled energies (En×L3/2) of the 10 first energy levels (0 ≥ n ≥ 9)
for 1-dimensional CSC of various sizes. Open symbols: semi-classical model
for the the low-density regime; filled symbols: exact diagonalization of the
Hamiltonian. When the open symbols are not visible it means that the results
obtained with the model and the exact diagonalization completely overlap.

 0

 2

 4

 6

 8

 10

10 102 103 104 105 106

E
0
 x

 L
 (

H
a
rt

re
e
) 

L (Bohr)

Semi-classical model
Exact diagonalization

Figure 5.2: Scaled ground-state energies (E0 × L) for 2-dimensional CSC
of various sizes. Open symbols: semi-classical model for the the low-density
regime; filled symbols: exact diagonalization of the Hamiltonian.
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Figure 5.3: Scaled ground-state energies (E0 × L) for 3-dimensional CSC of
various sizes.Open symbols: exact diagonalization of the Hamiltonian; filled
symbols: semi-classical model for the the low-density regime.

In 2D and 3D, only the ground-state energy obtained with our ab ini-

tio approach can be unambiguously identified with that of the semi-classical

model but not the excited states because there are many excited states that

are degenerate in the model but not in the ab initio calculations. Therefore,

in the following we will focus our comparison on the ground state only. In

Figs. 5.2 and 5.3 we collected the ground-state energies of systems of various

sizes for 2- and 3- dimensional systems, respectively. We observe a similar

trend as for the 1D case, i.e., important differences between the model and

the numerical calculations for small L and an increasingly good agreement

between the two methods for larger L. We can conclude that our ab initio

approach can accurately describe the energies in the low-density regime in 1D,

2D and 3D.

Finally, in table 5.1 we compare our results for the 2D Clifford torus to

those obtained in which the ground-state energies of two electrons are confined

on a sphere (2-S) of radius R [93]. In the limit R → ∞ the electrons will

localize on opposite sides of the sphere and the ground-state energy will tend
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to 1/(2R). Since for the 2D Clifford torus the ground-state energy tends to

π/(
√

2L) in the limit R → ∞ we expect that when L =
√

2πR the ground-

state energies of the two systems tend to the same value. We have verified

numerically that this is indeed the case. We note that the conditions L =
√

2πR implies that the sphere and the Clifford torus have different densities.

R (Bohr) E2-S (a.u.) [93] L (Bohr) E2-CT (a.u.) Relative error (%)
0.0001 9999.772600490 0.000444288 9156.286537170 -9.21
0.001 999.772706409 0.004442882 901.649971604 -10.88
0.01 99.773761078 0.044428829 89.901469264 -10.98
0.1 9.783873673 0.444288293 8.869745989 -10.31
1 0.852781065 4.442882938 0.808037643 -5.54
10 0.064525123 44.42882938 0.065422728 1.37
100 0.005487412 444.2882938 0.00550957 0.40
1000 0.000515686 4442.882938 0.000515936 0.05

Table 5.1: Comparison of the ground-state energies of Spherium (2-Sphere)
and the 2D Clifford torus (2-CT) for various system sizes.

5.4.2 Wigner localization

As explained in section 5.2 the Wigner localization can be characterized by

Γµ,ν which is the (diagonal of) the 2-RDM expressed in the basis of the Gaus-

sian orbitals because it describes the probability of finding an electron con-

tained in Gaussian gµ when another electron is confined to Gaussian gν . In

Fig. 5.4 we report the ground-state Γ0,ν as a function of ν for a one-dimensional

CSC, i.e. one electron is kept fixed in the gaussian located at the origin. We

see that in the high-density region (small L) Γ0,ν is slowly varying. This is

because in this regime the kinetic contribution to the energy dominates the

electronic repulsion. Therefore the electrons are delocalized and behave as in

a free-electron gas. Instead, in the low-density regime (large L), where the

electronic repulsion dominates the kinetic energy, Γ0,ν is peaked being non-
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negligible only in a small region of space. This clearly indicates the Wigner

localization of the electrons. Not surprisingly, the position having the high-

est probability to find the second electron is at L/2 which equals the largest

possible distance between two electrons in 1D.
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Figure 5.4: Γ0,ν as a function of ν for two electrons on a 1D Clifford torus for
various values of the system length L. The position of one electron is fixed
around the center of the Gaussian located at the origin (ν = 0). Notice that
the first (ν = 0) and the last (ν = 1000) points coincide.

In Figs. 5.5-5.8 we report Γ0,ν of a square 2-dimensional CSC for L = 1,

L = 102, L = 104, and L = 106 bohr, respectively. As was the case in 1D, for

small values of L the 2D system behaves as a Fermi gas since Γ0,ν is almost

constant. Instead, when the system size increases, we can clearly observe the

electron localization from the peaked structure of Γ0,ν . In 2D the position

having the highest probability to find the second electron is in the middle of

the square CSC, thus maximizing the distance between the two electrons.

In Figs. 5.9-5.11 we report Γ0,ν of a cubic 3-dimensional CSC for L = 1,

L = 102, and L = 104 bohr, respectively. We note that Γ0,ν is represented

by a color gradient, from blue (small) to red (large). We ask the reader to

pay attention to the fact that there are significant differences in the scale for
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Figure 5.5: Γ0,ν as a function of ν for two electrons in a square 2-dimensional
Clifford supercell with an edge of length L = 1 bohr. The position of one
electron is fixed at the origin ν = 0.
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Figure 5.6: Γ0,ν as a function of ν for two electrons in a square 2-dimensional
Clifford supercell with an edge of length L = 100 bohr. The position of one
electron is fixed at the origin ν = 0.
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Figure 5.7: Γ0,ν as a function of ν for two electrons in a square 2-dimensional
Clifford supercell with an edge of length L = 104 bohr. The position of one
electron is fixed at the origin ν = 0.
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Figure 5.8: Γ0,ν as a function of ν for two electrons in a square 2-dimensional
Clifford supercell with an edge of length L = 106 bohr. The position of one
electron is fixed at the origin ν = 0.

the various figures. Taking this into account we see once more that for small

L we have an almost constant Γ0,ν while for large L we observe that Γ0,ν is

localized in the middle of the cubic CSC, which is the furthest point from the

other electron located at the origin.

Γ0,ν (arb. units)

0.0032

0.0034

0.0036

0.0038

Figure 5.9: Γ0,ν as a function of ν for two electrons in a cubic 3-dimensional
Clifford supercell with an edge of length L = 1 bohr. The position of one
electron is fixed at the origin ν = 0.

In order to compare the localization in the different dimensions we compare

Γ0,ν corresponding to the one-dimensional CSC with the diagonal elements

of Γ0,ν for the two- and three-dimensial CSCs. In Fig. 5.12 we report this

comparison for L = 10 bohr. We observe that the amount of localization is

inversely proportional to the number of dimensions of the system, i.e., the
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Figure 5.10: Γ0,ν as a function of ν for two electrons in a cubic 3-dimensional
Clifford supercell with an edge of length L = 100 bohr. The position of one
electron is fixed at the origin ν = 0.
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Figure 5.11: Γ0,ν as a function of ν for two electrons in a cubic 3-dimensional
Clifford supercell with an edge of length L = 10000 bohr. The position of one
electron is fixed at the origin ν = 0.
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localization is largest in 1D and smallest in 3D. The reason is that, for fixed

L, in higher dimensions the electrons have more space available to avoid each

other. We note that this result is consistent with those obtained for the

transition of a Fermi liquid to a Wigner crystal in different dimensions. This

Wigner-Seitz radius at which this transition occurs is proportional to the

number of dimensions [94, 95, 96, 68, 97].
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Figure 5.12: The diagonal of Γ0,ν as a function of
√

dL for systems of different
dimensions with L = 10 Bohr. The curves have been normalized such that
the surface area underneath all three curves are equal.

5.4.3 Natural amplitudes and occupation numbers

Although the one-body reduced density matrix (1-RDM) cannot be used to

explicitly visualize the Wigner localization an implicit link can still be made.

The eigenvalues of the 1-RDM are the natural occupation numbers and they

can be related to the amount of electron correlation in the system [87, 98].

When all occupation numbers are either 0 or 1 the system can be considered

uncorrelated and when all the occupation numbers have the same fractional

value equal to the number of electrons divided by the number of spinorbitals

the system can be considered maximally correlated [10]. In the case of two
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electrons the natural occupation numbers nk are equal to C2
k,−k, i.e., the

square of the coefficients (K = 0) in Eq. (5.9) [99]. In Fig. 5.13 we report

the natural occupation numbers nk for the 1D Clifford torus as a function of

k. As expected, we observe that for small L (weak correlation) two natural

spinorbitals, both having an identical spatial part, have an occupation close

to 1 and all the other orbitals have an occupation close to 0, while for large

L (strong correlation) there are no natural orbitals with an occupation close

to 1 and several orbitals with a small but finite occupation number.
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Figure 5.13: The natural occupation numbers nk as a function of k for 1D
Clifford tori of various sizes. We note that the occupation numbers of two
spinorbitals having the same spatial part overlap.

It is also interesting to investigate the behavior of the natural amplitudes

λk, which in our two-electron systems are equal to the coefficients Ck,−k.

We report these amplitudes as a function of k for the 1D Clifford torus in

Fig. 5.14. We notice that for small L (weak correlation) there is a single

positive natural amplitude (at k = 0), while for large L (strong correlation)
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the positive and negative amplitudes alternate. Similar trends have previously

been observed for the two-electron harmonium atom, which is a model system

consisting of two electrons that are confined by a harmonic potential. For

large harmonic frequencies (weak correlation) the harmonium atom has one

positive natural amplitude while for small frequencies (strong correlation)

there is an alternation of the positive and negative amplitudes [100]. We

defer the investigation of interesting related properties, such as the existence

of solitonic natural orbitals and a possible power-law dependence of the decay

of the occupation numbers as a function of k to future studies [101, 102].
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Figure 5.14: The natural amplitudes λk as a function of k for 1D Clifford tori
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5.5 Conclusions

We have presented an accurate and numerically efficient approach to study

Wigner localization in systems of various dimensions (1D, 2D, 3D). Its main

features are: 1) the application of Clifford periodic boundary conditions with

a renormalized distance to describe the Coulomb potential and 2) the use of

gaussian basis functions that are placed on a regular grid inside a Clifford

supercell. We have validated our method by comparing its results to those

obtained within a semi-classical model that becomes exact in the limit of van-

ishing density. Finally, using the two-body reduced density matrix, we have

demonstrated that our approach can accurately capture the Wigner localiza-

tion.

Our approach paves the way for several interesting future developments:

1) the generalization of our approach to more than 2 electrons in order to

study many-electron Wigner systems and, eventually, Wigner crystals. 2) the

implementation of our approach in Hartree-Fock (HF) theory and post-HF ab

initio approaches. 3) the inclusion of ions in our approach which will allow

the study of the solid state.

In the next chapter we will pursue the further development and study of

Wigner systems with more than 2 electrons.
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6.1 Motivation

Most predictions to determine the lattice structure of Wigner crystals, both

using classical point charges and electrons, were based on the comparison of

the energies for a few known crystals structures [90, 103, 104, 104, 105]. For

example, in two dimensions it can be shown that the hexagonal lattice has a

lower energy than the square lattice [90, 103]. However, this leaves open the

possibility that there might be another, less trivial, lattice structure that has

a lower energy than the hexagonal lattice. In this work we make an important

step towards the prediction of the lattice structure of Wigner crystals without
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making any assumptions about the lattice structure. Although the number

of electrons in this work is too small to speak of a Wigner crystals we will

show that there is a clear emergence of the hexagonal crystal structure in two

dimensions.

In the previous chapter we have presented an approach to describe Wigner

localisation. It is based on Clifford periodic boundary conditions with a renor-

malized distance in the Coulomb potential and a regular grid of Gaussian basis

functions. We showed that with our approach we can accurately capture the

Wigner localisation of two electrons in one, two, and three dimensions.

In this chapter, we will present an extension of our approach to an arbi-

trary number of electrons in one and two dimensions. Since the calculations

in our previous chapters were limited to two electrons we could solve the

Schrödinger equation using exact diagonalization. For many electrons, exact

diagonalization becomes numerically intractable we have to use an approach

that is both accurate but also numerically efficient. As we will demonstrate

in the following, we found that restricted open-shell Hartree-Fock (ROHF) is

sufficient to accurately capture the localisation of the electrons. Finally, since

the few-electron Wigner systems here can be seen as fragments of Wigner

crystals, therefore, we will refer to them as Wigner fragments.

To be submitted

6.2 Theory

We follow a similar approximation as in chapter 5 i.e. we consider an electron

gas of N electrons confined to a one- or two-dimensional Clifford torus. It

is also convenient that the Clifford torus is a finite system because it allows
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us to use all the standard quantum-chemistry tools that are usually applied

to molecules. The only modification that is required is the introduction of a

modified distance in the Coulomb potential as discussed in chapter 3. Finally,

the fact that the system is closed means that the system has translational

symmetry which can be exploited to reduce the numerical cost of the calcu-

lations.

A Clifford torus containing only electrons would have full translational

invariance. Therefore, at low density, this would lead to a floating Wigner

fragments, i.e., a system in which the electrons will be localised but without

having any preferred positions in space [68]. As a consequence, the one-body

density will be constant in the Clifford torus and it is difficult to observe

the electron localisation although it can be done with reduced density matri-

ces [10]. Instead, in this chapter we will study pinned Wigner fragments by

introducing a tiny perturbation that will lead the electrons to collapse to pre-

cise positions in space. The localisation of the electrons in the pinned Wigner

fragment can then be easily observed thanks to the one-body density. As a

perturbation we will use a small fractional positive charge q. Therefore, the

Hamiltonian of the Wigner fragments we will study is given by

Ĥ = −1
2

N∑
i=1

∇2
i −

N∑
i=1

q

reuc
iq

+
N∑

i=1

N∑
j>i

1
reuc

µν

(6.1)

Where the first term on the right-hand side is the operator for the kinetic

energy of the electrons, the second term is the Coulomb attraction between

the electrons and the small positive charge q, and the last term is the Coulomb

repulsion between the electrons. The Coulomb potentials are defined in terms

of the Euclidean distance reuc
µν which is the distance between electrons µ and ν
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in the embedding space of the Clifford torus as defined in Eq. (2.9). Instead,

whenever the Gaussian product rule is applied, we we have to use the geodesic

distance defined in Eq. (2.5). For simplicity we have chosen all the edges of the

CSC to be of equal length although some preliminary results on rectangular

CSC will be presented at the end of the chapter. As discussed in more detail

in chapter 2, the advantage of using the Euclidean distance in the Coulomb

potential instead of the geodesic distance is because the derivative of the

geodesic distance with respect to the position has a discontinuity. Instead,

the first and higher order derivatives of the Euclidean distance are continuous

everywhere.

We will use a Gaussian basis set to perform our numerical calculations. A

Gaussian basis set is convenient because: 1) we are studying electron locali-

sation and a localised basis is therefore suited to describe this phenomenon;

2) Gaussian basis sets are implemented in most quantum-chemistry computer

codes because of their numerical simplicity when calculating integrals involv-

ing several basis set functions. However, since we are interested in describing

a system containing only electrons there are no natural positions in which to

center the Gaussian functions. In order to ensure that the wave function is

well-described everywhere we use a regular grid of Gaussian functions in the

CSC. The normalized Gaussian functions are given by Eq. (3.6). We repeat

the equation here for convenience

gµ(r − Rµ) =
(

2α

π

) 3
4

e−α|r−Rµ|2 (6.2)

where α is the exponent of the gaussian and Rµ is the center of gaussian gµ.

Since at vanishing average density the kinetic energy contribution will
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become negligible with respect to the Coulomb repulsion, we expect that in

this limit the positions at which the electrons localize will be equivalent to

the positions for which classical point charges obtain their minimal energy.

Therefore, we will compare our results for the equilibrium positions of the

electrons obtained at a small but finite average density to those obtained for

a CSC with classical point charges. To determine these positions we will

minimize the energy of these classical Wigner fragments using the Newton-

Raphson method [106]. The total energy of a CSC containing N point charges

is given by

U(r1, r2, . . . , rN) =
N∑

i>j

1
reuc

ij

=

= π

L
∑N

i>j

√∑d
x=1 sin2

(
rij(x) π

L

) (6.3)

In order to be sure we obtain a global minimum, we repeat the Newton-

Raphson procedure many times starting from different initial geometries. The

set of initial geometries contains both random initial positions as well as po-

sitions that are close to the equilibrium positions obtained in the quantum

calculations. By comparing the energies obtained from the various minimi-

sations we obtain a lowest energy which we will consider to be the global

minimum.

6.3 Computational details

We use a fractional charge of q = 0.01 a.u. located in the origin of the

coordinate system to obtain a pinned Wigner fragment. The size of the CSC

is chosen to be proportional to the number of electrons and the number of
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dimensions of the system. We use 200 Bohr per electron and per dimension.

In the case of one-dimensional Wigner fragments the number of Gaussian basis

functions is also proportional to the number of electrons of the system. We use

10 Gaussians per electron. In the case of two dimensional Wigner fragments

we fix the number of Gaussians to 400, i.e., 20 Gaussians per dimension. For a

fixed number of Gaussian functions the quality of the basis set is defined by α

and the nearest-neighbor distance δ. These two parameters can be combined

as ξ = αδ2. In this chapter, as in the previous one, we set ξ = 0.8. This

ensures a sufficiently large overlap between nearest-neighbour Gaussians, and

therefore, a smooth wave function while avoiding numerical instabilities due

to quasi-linear dependencies of the basis functions. More details on the basis

set can be found in chapter 3 and Ref. [92].

All calculations were performed with a modified version of the Dalton soft-

ware package [107]. In particular, the overlap, one- and two-electron integrals

were modified to make them compatible with the Clifford periodic boundary

conditions.

6.4 Results

At low density we expect that the spin configuration of the Wigner fragment

will have little effect on the electron localisation. Therefore, we will focus on

the high-spin state, i.e., the spin state for which Sz has its maximum value,

because, thanks to the Pauli principle, a single Slater determinant will be

sufficient to describe the system [108]. This will then allow us to use the

numerical efficient restricted open-shell Hartree-Fock (ROHF) approach to

accurately describe this system.
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Although our main interest in this work are two-dimensional Wigner frag-

ments we will first study one-dimensional systems because it will allow us to

compare the ROHF results to those obtained using full configuration interac-

tion (FCI) which yields the exact result for the given basis set. As an example
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Figure 6.1: The density of five electrons in a one-dimensional CSC. Blue: FCI;
red: ROHF.

we report in Fig. 6.1 the one-body density in a one-dimensional CSC for 5 elec-

trons. The density profile obtained within FCI clearly shows 5 distinct peaks

demonstrating the Wigner localisation. Also in Fig. 6.1 we report the density

of the same system but calculated within ROHF. We observe that these re-

sults are very similar to those obtained within FCI. Although ROHF slighly

overlocalises the electrons, the FCI and ROHF density profiles are equivalent.

We have obtained similar results for other 1D Wigner fragments [9]. There-

fore, in the following we will study 2D Wigner fragments in their high-spin

states within ROHF.

In the left panel of Fig. 6.2 we show the electron density of a Wigner

fragment with three electrons. We observe that the electrons localise on the

diagonal of the CSC. The three-electron 2D system thus behaves as a 1D
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system with length L =
√

L2
x + L2

y. We note that the obtained solution is

degenerate with another one in which the electrons localise on the other di-

agonal of the CSC. In the following, for the sake of simplicity, we will avoid

discussing the degenerate solutions we have obtained since the density profiles

of all degenerate solutions are equivalent. In the right panel of Fig. 6.2 we

show the positions of three classical point charges corresponding to the mini-

mal energy of these charges in the CSC. As expected we observe that positions

of the classical point charges correspond to the positions of the electrons. We

have done similar calculations for 2D Wigner fragments up to 10 electrons.
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Figure 6.2: Left panel: The ROHF density for three electrons confined to a 2D
CSC. Right panel: the classical equilibrium positions for three point charges
confined to a 2D CSC.

In the left panel of Fig. 6.3 we report the density for 5 electrons confined to

the CSC. We observe that the electrons localise on two parallel lines, with each

line joining a vertex with the center of an edge of the CSC. Again the positions

of the electrons correspond to those of point charges at their minimum-energy

configuration as can be seen in the right panel of Fig. 6.3.

The most interesting localisation pattern occurs for a Wigner fragment

with 8 electrons as can be verified in the right panel of Fig. 6.4. We see

that the electrons localize in a distorted hexagonal lattice. This result is

again confirmed by the positions of the point charges corresponding to their
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minimal total energy. As mentioned before, the hexagonal lattice is the lattice

structure of the 2D Wigner crystal that has the lowest energy when compared

with other standard lattices and, in particular, the square lattice. In our case

we do not find a perfect hexagonal lattice because we have fixed the lengths

of the two edges of the CSC to be equal. If instead, we would choose the ratio

of the two edges to be equal to
√

3/2 we expect to find a perfect hexagonal

lattice.
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Figure 6.3: Left panel: The ROHF density for five electrons confined to a 2D
CSC. Right panel: the classical equilibrium positions for five point charges
confined to a 2D CSC.
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Figure 6.4: Left panel: The ROHF density for eight electrons confined to a 2D
CSC. Right panel: the classical equilibrium positions for eight point charges
confined to a 2D CSC.

Following this last hypothesis we have performed a calculation with 12

electrons confined to a rectangular CSC with a
√

3/2 : 1 ratio of the two
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edges which is compatible with a hexagonal structure. We used a basis set

consisting of 22 Gaussians in the x direction and 19 in the y directions. The

one-density for this Wigner fragment can be found in Fig. 6.5. We observe

that the electrons form a slightly stretched hexagonal lattice which seems

to indicate the emergence of the hexagonal lattice structure in a uniform

two-dimensional electron gas at low density. Work is in progress to increase

the number of electrons in the calculations in order to try to find a perfect

hexagonal lattice.

Figure 6.5: The ROHF density for twelve electrons confined to a rectangular
CSC.

We note that for rectangular lattices, the expression of reuc
µν given in Eq. (2.9)

is not valid since Lx is different to Ly. Thus, a generalization of Eq. (2.9) is

given by

reuc
µν =

d∑
i=1

√√√√L2
i

π2 sin2
(

πrµν(i)
Li

)
, (6.4)

where i sums over the Cartesian components, Li is length of the system in the

i direction and rµν(i) is defined in Eq. 2.6.
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6.5 Conclusions

In this last chapter, we have proposed an efficient and accurate approach to

study Wigner fragments. It is based on the creation of a supercell that has

the topology of a Clifford torus together with introduction of a renormalized

distance in the Coulomb potential. Moreover, we have shown that the nu-

merically efficient restricted open-shell Hartree-Fock approach is sufficiently

accurate to describe the electron localisation in these Wigner fragments thanks

to the fact that we can study the high-spin state of these systems. With our

approach we clearly see the emergence of the hexagonal lattice structure in

2D Clifford supercells. This result was obtained without making assumptions

about the possible lattice structures except for the ratio of the lengths of

the two edges. Finally, we have compared our results obtained for electrons

at low density to those obtained in a classical model of point charges. We

have demonstrate that the positions at which the electrons localize are the

same as the positions at which the point charges attain their lowest energy.

This equivalence between quantum and classical results could be used to per-

form calculations on Wigner fragments with much larger number of electrons.

It could also be interesting to study the three-dimensional Wigner fragment

using the tools presented in this work.





Chapter 7

General conclusions and outlook

This dissertation presented a new approach for treating strongly correlated

electrons. The approach consists on two main ideas. First, in Chapter 2, we

introduced the use of Clifford boundary conditions. The general strategy of

the proposed boundary conditions consists of transforming a large fragment

(a supercell) of a periodic system into a Clifford torus, and then redefining the

distance between two points by taking the Euclidean distance between these

points in the embedding space of the torus. Second, in chapter 3, we described

the distributed Gaussian basis set which consists of placing 1s orbitals evenly

spaced with a common orbital exponent. In chapters 4-6 we presented the

results. More precisely, in chapter 4, we will studied two electrons confined to

a ring. We saw that at high density, the wave function of the system is similar

to the one of a free-electron system. However, by lowering the density, there is

a complete change of the wave function structure. The electrons change from

a state where they are essentially delocalized, and well described by a single

Slater determinant, to a state where they are localized at fixed positions in

space. We obtained a deeper insight in the nature of electron localization by

studying the localization tensor and the electron entropy. Indeed, by lowering

the electron density, we observe a sudden growth of the entropy and a corre-

sponding drop of the position spread in the density regime where the electrons
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localize. The drop of the position spread indicates a reduced mobility of the

electrons with respect to the Fermi-gas solution. This behavior is a signature

of Wigner localization. The increase of the electronic entropy also indicates

that the low-density state is much more correlated than the Fermi-gas state,

which tends to a single determinant (zero correlation) in the limit of very high

densities. In chapter 5 we presented an accurate and numerically efficient ap-

proach to study Wigner localization in systems of various dimensions (1D, 2D,

3D). Its main features are: 1) the application of Clifford periodic boundary

conditions with a renormalized distance to describe the Coulomb potential

and 2) the use of Gaussian basis functions that are placed on a regular grid

inside a Clifford supercell. We have validated our method by comparing its

results to those obtained within a semi-classical model that becomes exact in

the limit of vanishing density. Finally, using the two-body reduced density

matrix, we have demonstrated that our approach can accurately capture the

Wigner localization. Finally, in chapter 6 we have generalized the approach

to a homogeneous electron gas with more than 2 electrons at very low den-

sities in 1- and 2-dimensions. We studied several pinned Wigner fragments

and clearly observed Wigner localization from the one-body density. We also

observed the natural emergence of the hexagonal packing as the most stable

configuration. Moreover, we have validated our method by comparing the

equilibrium position of the electrons with those obtained by a minimization

procedure of the classical energy of a Wigner fragment.

Our approach paves the way for several interesting future developments:

(1) The study of 3-dimensional Wigner fragments to verify if the bcc struc-

ture emerges as has been predicted. (2) Combine our Clifford approach with

Quantum Monte Carlo methods to study Wigner crystals. (3) The extension
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of the approach to the treatment of solids. (4) The development of a more

accurate classical approach by using analytical gradients and the implemen-

tation of conjugate gradients for minimizing the energy will allow us to treat,

classically, a larger number of electrons.





Chapter 8

Résumé en Français

L’objectif de cette thèse est l’étude des systèmes de Wigner. Il y a près

d’un siècle, Wigner a prédit qu’un système constitué uniquement d’électrons

en interaction dans un fond uniforme neutralisant formerait une structure

cristalline à une densité suffisamment faible, les électrons étant localisés sur les

sites du réseau [1]. Son argument peut être compris en considérant la dépen-

dance des énergies cinétique et répulsive par rapport au rayon de Wigner-Seitz

rs, qui est le rayon d’une sphère contenant, en moyenne, un électron. Ou plus

généralement, la moitié de la distance moyenne entre les électrons les plus

proches. Alors que l’énergie cinétique s’échelonne comme r−2
s , l’énergie répul-

sive s’échelonne comme r−1
s . Par conséquent, dans la limite de faible densité

(grand rs), le hamiltonien est dominé par l’énergie répulsive, ce qui conduit

les électrons à se localiser dans l’espace. Lorsque de nombreux électrons sont

présents, les électrons se localisent sur des sites cristallographiques, formant ce

que l’on appelle un cristal de Wigner. Des cristaux de Wigner unidimension-

nels et bidimensionnels ont été observés expérimentalement [2, 3]. De manière

générale, on parle de localisation de Wigner lorsque les électrons se localisent

en raison de la répulsion électron-électron. Pour les systèmes à quelques élec-

trons, on parle également de molécules de Wigner [4, 5, 6, 7, 8, 9, 10] qui ont

également été observées expérimentalement [11].
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Le confinement des électrons présente un intérêt technologique de longue

date. Il y a plusieurs façons de procéder: nous pourrions confiner les élec-

trons dans un système d-dimensionnel fini avec un fond positif, mais les effets

de frontière influenceraient les résultats [9]. Une façon d’éviter les effets de

frontière est de confiner les électrons dans un espace fermé de d-dimension

tel qu’un d-torus. C’est ce que nous allons C’est ce que nous ferons en une

dimension en confinant 2 électrons dans un 1-tore qui qui est équivalent à un

anneau. Cependant, pour d > 1, la mise en œuvre numérique de la géométrie

d’un d-tore est encombrante. Par conséquent, pour d > 1, nous appliquons

des conditions limites périodiques (PBC). Plus précisément, nous définissons

une supercellule régulière de d-dimensions et modifions ensuite sa topologie

en une topologie toroïdale en joignant les côtés opposés de la cellule sans dé-

formation [21]. Cette procédure permet d’obtenir une supercellule ayant la

topologie d’un tore de d-Clifford. Un tore de Clifford d est un espace euclidien

réel fermé, plat, de dimension d, intégré dans un espace euclidien complexe

de dimension d. Par exemple, dans ce cadre, un cercle et une ligne sont

topologiquement équivalents.

Étant donné que la forte corrélation électronique est à l’origine de la local-

isation de Wigner, l’étude ab initio de ce phénomène nécessite des approches

de chimie quantique précises telles que l’interaction de configuration com-

plète (FCI) ou des méthodes multi-configurationnelles telles que le champ

autoconsistant de l’espace actif complet afin d’obtenir des énergies et des

fonctions d’onde très précises dans les régimes de faible et de forte corréla-

tion [22, 23, 24, 25]. Lors de l’étude de systèmes pilotés par des interac-

tions coulombiennes, comme les systèmes de Wigner, des méthodes corrélées
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sont nécessaires pour décrire la fonction d’onde avec précision. Les méthodes

de la chimie quantique, plus précisément les méthodes post-HF, ajoutent la

corrélation des électrons à la solution non corrélée de Hartree-Fock (HF) :

[27, 28]. Pour décrire la localisation de Wigner à l’aide des méthodes post-

HF disponibles, nous avons formulé des conditions aux limites où le potentiel

de Coulomb est traité explicitement, évitant ainsi l’utilisation d’images de

réplique.

Pour de nombreux électrons en interaction, nous devons résoudre l’équation

de Schrödinger sur l’ensemble de la supercellule. De manière générale, nous

pouvons écrire l’hamiltonien à corps multiples comme suit

Ĥ = −1
2

N∑
i=1

∇2
i +

N∑
i

N∑
j<i

1
|ri − ri|

(8.1)

où N est le nombre d’électrons dans la cellule de simulation.

Dans cette thèse, nous travaillerons avec des espaces euclidiens plats con-

nectés (fermés), comme le montre la Fig 8.1. Pour ce faire, nous créerons une

supercellule euclidienne régulière (tous les angles sont droits et les longueurs

des côtés sont égales) de d-dimensions, puis nous modifierons sa topologie en

une topologie toroïdale en identifiant des extrémités, des côtés ou des faces

opposés selon la dimensionnalité du système. Ensuite, nous allons les "coller"

ensemble sans déformation (flexion) de la cellule. Par conséquent, tous les

angles et les longueurs sont conservés [21]. À la suite du processus de con-

nexion, nous avons ce que l’on appelle un tore de Clifford (CT) ou un tore

plat. Un CT est un espace plat, fini et sans frontière de d-dimensions intégré

dans un plan Euclidien complexe de d-dimensions comme le montre la partie

droite de la Fig. 8.1 pour un 2−CT. Un d-CT a une courbure gaussienne nulle
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partout, ce qui signifie que le Laplacien dans l’opérateur d’énergie cinétique

est le Laplacien habituel donné par ∇2 = ∑d
i=1 ∂2

i . En raison de la nature de

Figure 8.1: Conditions limites de Clifford dans E2. Gauche : Carré avec
l’appariement des bords opposés. Droite : 2-Torus obtenu par collage des
bords opposés du carré. Le graphe encastré (cercles rouges et bleus) corre-
spond aux bords appariés du carré.

la supercellule de Clifford (CSC), nous pouvons définir la distance entre deux

points de différentes manières. D’un point de vue géométrique, nous pouvons

définir la distance géodésique définie comme le plus court chemin entre deux

points de la surface du tore (Voir Fig. 8.2). La distance géodésique, rgeo
12 peut

s’écrire comme suit

rgeo
12 =

√√√√ d∑
i=1

r2
12(i), (8.2)

où i est la somme du nombre de dimensions d. La définition de r12(i) est prise

comme suit

r12(i) =


|r1(i) − r2(i)| if |r1(i) − r2(i)| < L

2

L − |r1(i) − r2(i)| if |r1(i) − r2(i)| > L
2

. (8.3)

Dans la Fig. 8.3, nous pouvons observer l’évolution de la distance géodésique
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Figure 8.2: Représentation schématique de rgeo
12 calculée comme le plus court

chemin entre deux points de la surface d’un tore de Clifford à 1 de dimension.

et du potentiel de Coulomb correspondant entre un point fixé à 0 et un second

point se déplaçant le long d’une ligne périodique de longueur L. On observe

que, rgeo
12 présente une discontinuité dans sa dérivée lorsque r12(i) = L

2 ce qui

implique que le potentiel de Coulomb est également discontinu en ce point.

Ainsi, les forces, qui sont liées au gradient du potentiel de Coulomb, sont

également discontinues en ce point. La deuxième distance est liée à la topolo-
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Figure 8.3: Gauche : Les distances géodésiques entre deux points sur un
1-CT de longueur L où l’un d’eux est fixé à x = 0. A droite : Potentiel de
Coulomb entre deux charges sur un 1-CT de longueur L où une charge est
fixée à x = 0 calculé par la géodésique. Encadré : zoom autour de L

2

gie du tore de Clifford d. Un d-CT est topologiquement équivalent à un d-tore.

Ainsi, nous pouvons définir une deuxième distance, reuc
12 , comme la longueur

du plus court chemin possible entre deux points dans l’espace d’intégration

du tore de Clifford. A titre d’exemple, reuc
12 est représenté par une ligne rouge

sur la Fig. 8.4 pour un 1-CT de longueur L. Nous appellerons θ l’angle en-

tre deux segments de longueur R = L
2π

où R est le rayon. Chaque segment
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relie le centre du cercle à sa position respective sur le cercle (1 et 2 sur la

Fig. 8.4). Une expression pour reuc
12 peut être obtenue à partir des identités

trigonométriques comme suit

sin
(

θ

2

)
=

reuc
12
2
R

(8.4)

et θ = 2πr12
L

, où r12 a été introduit dans l’équation (8.3), on obtient.

reuc
12 = L

π
sin2

(
r12

π

L

)
. (8.5)

Θ/2Θ/2
R R

reuc12

Θ

1 2

L/2

0≡L

Figure 8.4: Anneau obtenu en collant ensemble les bords de la supercellule
de Clifford à 1 de dimension. Dérivation graphique de la distance euclidienne
dans un tore de Clifford de dimension 1

.

Pour les dimensions supérieures, nous pouvons procéder de manière sim-

ilaire. Nous calculons reuc
12 dans chaque dimension, puis, par le théorème de

Pythagore, nous obtenons la quantité désirée (voir Fig. 8.5 pour un exemple

en 2D). L’expression générale de reuc
12 dans un système régulier à d−dimension
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où tous les angles sont des angles droits est la suivante

reuc
12 = L

π

√√√√ d∑
i=1

sin2
(

r12(i)
π

L

)
, (8.6)

où r12(i) est défini dans l’équation (8.3). Dans la Fig. 8.6, nous pouvons

r1

r2

(L,0)

(L,L)(0,L)

(0,0)

L/2

L/2

r1(y)

r2(y)

r1(x)0≡L

0≡L

r2(x)

reuc
12 (y)

reuc
12(x)

Figure 8.5: Distance euclidienne dans un tore de 2-Clifford. Un 2-CT peut
être vu comme le produit cartésien de deux cercles, un dans chaque dimension.

observer l’évolution de la distance euclidienne entre un point fixé à 0 et un

second point se déplaçant le long d’une ligne périodique de longueur L. Nous

observons que reuc
12 est une fonction continuellement dérivable, lisse et définie

de manière unique, ce qui la rend appropriée pour décrire les interactions

coulombiennes à longue portée.

En raison de la nature du système que nous voulons décrire, un système

homogène de dimension d constitué uniquement d’électrons confinés dans un
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.

tore de Clifford de dimension d, nous voulons un ensemble de base qui peut

décrire avec précision la fonction d’onde dans la supercellule de Clifford en-

tière. De plus, puisque nous voulons décrire le régime de faible densité dont

les électrons se localisent, nous avons besoin d’une base localisée. En outre,

la base doit permettre une évaluation simple des matrices hamiltoniennes et

de recouvrement tout en fournissant des résultats précis pour un paramètre

de base donné (nombre de fonctions de base et exposant orbital).

Un ensemble de base qui répond à toutes les exigences précédentes est

l’ensemble de base des gaussiens distribués. Par conséquent, l’ensemble de

base est constitué de fonctions gaussiennes 1s identiques avec le même ex-

posant orbital, α. Une gaussienne normalisée 1-s centrée sur Rµ peut être

écrite comme suit

gµ(r; α) =
(

2α

π

) 3
4

e−α|r−Rµ|2 , (8.7)

Le nombre de fonctions de base est égal à M = md où m est le nombre de fonc-

tions placées sur chaque bord de la supercellule de Clifford, et d est la dimen-

sionnalité du système. Les M orbitales tipe gaussiennes (GTO) seront répartis
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uniformément le long de la supercellule de Clifford avec une distance constante

δ entre deux centres voisins. Une représentation graphique de l’ensemble de

base pour un CSC à 2 dimensions peut être trouvée dans la Fig. 8.7.
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Figure 8.7: Représentation graphique de la base constituée de 36 fonctions
gaussiennes distribuées dans une grille régulière bidimensionnelle.

Le chevauchement entre deux gaussiennes normalisées voisines, gµ et gν ,

sur le CSC ayant le même exposant α est donné par

Sµν(α, rgeo
µν ) = ⟨gµ|gν⟩ = e

−αr
geo
µ

2

2 , (8.8)

Où rgeo
µν a été défini dans Eq. (8.2). Nous notons que la règle du produit

gaussien ne vaut que pour rgeo
µν , et non pour reuc

µν .

L’équation (8.8) ne dépend que du produit α(rgeo
µ,ν )2, qui peut être simplifié

en prenant en compte le fait que nos fonctions de base sont uniformément

distribuées. Par conséquent, nous pouvons définir (en une dimension) rgeo
µν =

min(|µ − ν|, m − |µ − ν|)δ = kδ avec µ, ν entiers et k = µ − ν. Ainsi, nous

pouvons définir un nouveau paramètre ξ = αδ2 et réécrire le chevauchement
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comme suit

Sk(ξ) = e
−ξk2

2 . (8.9)

Comme on peut le voir dans l’équation (8.9), le recouvrement ne dépend plus

de α et de rgeo
µ,ν mais de k et de ξ. L’introduction du paramètre ξ présente un

grand avantage puisque, dans la mesure où ξ et M sont constants, α sera mis

à l’échelle de telle sorte que la matrice de recouvrement pour différentes tailles

de système reste la même. Ceci est valable pour deux et trois dimensions.

La dérivation des intégrales cinétiques et coulombiennes peut être trouvée

dans de nombreux manuels [55]. Par conséquent, nous nous concentrerons

sur ce qui est intéressant pour la présente thèse. Comme nous l’avons vu

précédemment, nous avons deux définitions différentes de la distance, rgeo
µν et

reuc
µν . Comme nous l’avons vu précédemment, nous devons utiliser rgeo

µν lorsque

nous traitons des produits gaussiens. D’autre part, nous avons reuc
µν , qui est

approprié pour traiter les interactions coulombiennes puisqu’il s’agit d’une

fonction lisse et continuellement différentiable.

En tenant compte des deux dernières affirmations, nous pouvons écrire les

intégrales à un et deux électrons dans le CSC comme suit

Tµ,ν = ⟨gµ| − 1
2∇2|gν⟩ = α

2

(
3 − α ; |rgeo

µ,ν |2
)

e− α
2 |rgeo

µ,ν |2 (8.10)

⟨µ, ν|ρ, σ⟩ = 2
√

α

π
e

− α
2

(
(|rgeo

µ,ρ |2+(|rgeo
ν,σ |2

)
F0[α|reuc

P,Q|2], (8.11)
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où

F0[α|reuc
P,Q|2] =


1 if α|d̄P,Q|2 ≤ 10−8

1
2
√

π
α|d̄P,Q|2 erf

(√
α|reuc

P,Q|2
)

if α|r̄euc
P,Q|2 > 10−8

(8.12)

et P et Q sont les points barycentriques des gaussiennes gµ et gρ, et gν etgσ, re-

spectivement. De la même manière que pour le chevauchement, l’introduction

du paramètre ξ présente un grand avantage numérique. Une fois encore, si

M et ξ restent constants, nous pouvons calculer les intégrales pour L = 1, les

stocker sur le disque et les mettre à l’échelle par un facteur 1
L2 ou 1

L
pour les

intégrales cinétiques et coulombiennes respectivement. En d’autres termes, les

intégrales ne doivent être calculées qu’une seule fois et peuvent être appliquées

à des systèmes de toute taille.

En raison de la périodicité de la supercellule de Clifford, le système est in-

variant par translation. Par conséquent, l’opérateur de translation, T̂R, com-

mute avec le hamiltonien, Ĥ, et les états propres de Ĥ peuvent être choisis

pour être égaux aux états propres de T̂R. Il est donc pratique de constru-

ire des orbitales adaptées à la symétrie (SAOs) à partir d’une combinaison

linéaire de GTOs qui satisfont l’invariance translationnelle [62]. Les SAOs

(non normalisées) sont définies comme suit

ϕk(r) = 1
md/2

∑
µ

ei 2π
m

k·µgµ(r − Rµ), (8.13)

où k = (k1, · · · , kd)T avec ki = 0, · · · , m − 1. Nous renvoyons le lecteur à

l’annexe A pour une preuve du fait que T̂Rϕk(r) = ϕk(r).

Les intégrales à un et deux électrons dans la base adaptée à la symétrie
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sont données par, respectivement,

Tk,k′ = δk,k′S−1
k
∑

ν

cos
[2π

m
(k · ν)

]
T0,ν , (8.14)

⟨k, k′|k′′, k′′′⟩ = 1
md

δk+k′−k′′−k′′′ [SkSk′Sk′′Sk′′′ ]−1/2

×
∑
νρσ

cos
[2π

m
(k′ · ν − k′′ · ρ − k′′′ · σ)

]
⟨0, ν|ρ, σ⟩, (8.15)

dans lequel Sk = ⟨ϕk|ϕk⟩. Les intégrales à un et deux électrons, Tµ,ν et

⟨µ, ν|ρ, σ⟩, sont exprimées dans la base gaussienne distribuée et sont données

par [55].

La dérivation des intégrales à un et deux électrons dans la base adaptée à

la symétrie se trouve dans l’annexe B.

Avant d’utiliser les conditions aux limites de Clifford, nous étudions d’abord

un système plus simple, à savoir 2 électrons sur un anneau. Ainsi, nous élimi-

nons tout effet de frontière. Nous développons la fonction d’onde en termes de

gaussiennes tridimensionnelles distribuées uniformément le long du périmètre

de l’anneau [64, 65, 66, 67]. Nous notons qu’en confinant les électrons dans

un anneau, il n’est plus nécessaire d’ajouter un fond positif [65].

Ici, nous limitons notre étude à deux électrons car cela est suffisant pour

observer la localisation de Wigner tout en nous permettant d’obtenir des résul-

tats numériquement exacts par diagonalisation exacte de l’hamiltonien. Nous

analyserons plusieurs indicateurs possibles de la localisation. En particulier,

nous étudierons la matrice de densité réduite à deux corps, le tenseur de lo-

calisation et l’entropie particule-trou.

Puisque les gaussiennes sont 3D, l’anneau est également 3D, ou plutôt,

quasi-1D, puisque la largeur de l’anneau est beaucoup plus petite que son
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périmètre. Nous avons donc l’hamiltonien suivant,

Ĥ = −1
2∇2

1 − 1
2∇2

2 + 1
r12

, (8.16)

dans laquelle les deux premiers termes du côté droit sont les opérateurs

d’énergie cinétique 3D pour les électrons 1 et 2, respectivement. Le dernier

terme est le potentiel de Coulomb 3D répulsif dans lequel r12 = |r1 − r2| est

la distance entre les deux électrons, c’est-à-dire que les électrons interagissent

à travers l’anneau. Ceci est équivalent à la distance euclidienne définie dans

l’Eq. (8.6).

Nous représentons le hamiltonien dans l’équation (8.16) dans la base des

gaussiens uniformément distribués que nous diagonalisons ensuite pour trou-

ver les fonctions d’onde exactes et les énergies propres. À partir des fonc-

tions d’onde exactes, nous pouvons alors obtenir plusieurs observables exactes

d’intérêt. Nous nous concentrerons principalement sur l’état fondamental de

deux électrons sur l’anneau qui est un singlet de spin.

Nous avons vérifié notre approche et sa mise en œuvre en la comparant

aux résultats analytiques qui sont disponibles pour un électron confiné dans

un anneau strictement 1D. Ils sont donnés par

Eexact
n (R) = n2

2R2 , (8.17)

où n est un entier et R est le rayon de l’anneau. Lorsque la largeur des

gaussiennes (∼ 1/
√

α) est beaucoup plus petite que R, le spectre d’énergie du

système tend vers les énergies de l’équation (8.17).

Puisque la densité, par définition, a la même symétrie que le hamiltonien,

elle aura une symétrie rotationnelle. Par conséquent, la densité à un corps
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sera une constante en fonction de la position sur l’anneau, et sera incapable

de caractériser la localisation de Wigner. Cependant, pour 2 électrons, la

localisation de Wigner peut être étudiée en utilisant la matrice de densité à

deux corps, qui montre la corrélation entre les positions de deux électrons.

Dans le présent contexte, 1D, le 2-RDM joue un rôle crucial dans la mesure

de la localité des électrons. En effet, en raison de l’invariance rotationnelle de

la fonction d’onde, la 1-RDM est une constante, quelle que soit la nature de la

fonction d’onde, puisque tous les points de l’espace sont équivalents. la nature

de la fonction d’onde, puisque tous les points de l’espace sont équivalents. Par

contre, c’est la 2-RDM qui est capable d’indiquer si les électrons sont fortement

corrélés (localisation de Wigner), ou faiblement corrélés (gaz de Fermi).

Le tenseur de localisation permet de distinguer les comportements mé-

talliques et isolants. Il a été développé par Resta et ses collaborateurs [69,

70, 71, 72] (voir aussi Ref. [73]) et est basée sur une idée de Kohn [74] pour

décrire l’état isolant à partir de la connaissance de la fonction d’onde de l’état

fondamental (voir aussi Ref. [75]).

La fractionnalité des nombres d’occupation naturels, c’est-à-dire les valeurs

propres associées au 1-RDM, peut être liée à la quantité de corrélation élec-

tronique dans un système [87, 88]. Par conséquent, l’entropie particule-trou

a été proposée comme une mesure de la présence de la corrélation dans un

système [89, 88].

Dans la Fig. 8.8, nous reportons la matrice de densité réduite à deux corps

Γ(2)(0, x) en fonction de x pour différentes valeurs de la longueur du périmètre

L de l’anneau. Elle donne l’amplitude de la probabilité de trouver un électron

à x alors qu’un autre électron est présent à x = 0.

À grande densité électronique (petit L), Γ(2)(0, x) est presque constant, car
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l’énergie cinétique domine la répulsion électronique. C’est le régime de Fermi-

Gas. Au contraire, à faible densité électronique (grand L), le second électron

a la plus grande amplitude à x = L/2, c’est-à-dire exactement à la position

qui est opposée à celle du premier électron. La répulsion électronique est

dominante et pousse les deux électrons à des positions opposées sur l’anneau.

En augmentant L, la matrice de densité réduite à deux corps devient de plus en

plus localisée. Pour de très grandes valeurs de L, la matrice de densité devient

proche d’une fonction delta. Il y a formation d’un "réseau" électronique 1D,

on observe la localisation de Wigner. Il est difficile de déterminer exactement

pour quelle longueur se produit la transition entre le régime de Fermi et le

régime de Wigner. Néanmoins, la localisation de Wigner devient apparente

pour des longueurs de l’ordre de L = 10 Bohr.
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Figure 8.8: La matrice de densité réduite à deux corps Γ(0, x) pour deux
électrons sur un anneau pour différentes valeurs de la longueur L du périmètre.
La position du premier électron est fixée à x = 0 (indiquée par le point bleu).
Encart : Largeur totale à mi-hauteur (FWHM) de Γ(2)(0, x) normalisée par
rapport à L en fonction de L. Pour de petits L, la FWHM n’est pas bien
définie et la FWHM normalisée est fixée à 1.

Afin de comparer les tenseurs de localisation pour des systèmes de dif-
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férentes tailles, nous reportons dans la Fig. 8.9 la quantité sans dimension

λ/L2 en fonction de la longueur L du périmètre de l’anneau. Nous voyons

que pour une grande densité (L < 0.1) λ/L2 est presque constante tandis que

sa valeur commence à diminuer pour L > 1 Bohr. Ceci marque le début de

la transition vers un état localisé. Pour une densité très faible, L ≫ 1, le

tenseur de localisation disparaît presque, indiquant clairement la localisation

de Wigner. Le comportement du tenseur de localisation est en accord avec les

matrices de densité réduite à 2 corps rapportées dans la Fig. 8.8, c’est-à-dire

que la transition du régime de Fermi-gas au régime de Wigner se produit dans

la région autour de L = 10 Bohr.
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Figure 8.9: La trace du tenseur de localisation λ/L2 en fonction de la longueur
L du périmètre de l’anneau

.

Dans la Fig. 8.10, nous reportons l’entropie particule-trou en fonction de

la longueur L du périmètre de l’anneau. Pour les grandes densités moyennes

(L ≪ 1), l’entropie S est très faible puisque le gaz de Fermi peut être décrit

avec précision par un seul déterminant de Slater. Cependant, pour les grands
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systèmes (faible densité électronique), l’entropie est à sa valeur la plus élevée.

L’entropie commence à augmenter rapidement pour L > 1 Bohr, indiquant la

transition vers le régime de Wigner.
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Figure 8.10: L’entropie S en fonction de la longueur L du périmètre de
l’anneau. Noir : entropie totale ; Rouge : entropie des particules ; Bleu :
entropie des trous. Les lignes en pointillés indiquent les limites asymptotiques
des entropies lorsque L → ∞. .

Nous allons maintenant généraliser notre approche pour étudier la locali-

sation de Wigner aux faibles densités dans des systèmes à deux et trois dimen-

sions. Nous allons étudier un système constitué de 2 électrons en interaction

électrons en interaction confinés dans un tore de Clifford de dimension d.

Le hamiltonien du système est

Ĥ = −1
2∇2

1 − 1
2∇2

2 + 1
reuc

12
, (8.18)

Nous résolvons l’équation de Schrödinger indépendante du temps impliquant

le hamiltonien dans l’équation (8.18) en employant une approche de diagonal-

isation exacte. Par conséquent, nous projetons l’hamiltonien sur la base des
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déterminants de Slater à 2 électrons et diagonalisons la matrice hamiltonienne

résultante pour obtenir les fonctions d’onde et les énergies propres.

Puisque nous voulons décrire un effet de localisation des électrons, il est

pratique d’utiliser un ensemble de base localisé. De plus, nous travaillerons

dans la base adaptée à la symétrie dont nous avons brièvement parlé précédem-

ment.

Nous avons validé notre méthode en comparant ses résultats à ceux obtenus

dans un modèle semi-classique qui devient exact dans la limite de la vanité de

la densité.

Dans les Figs. 8.11-8.14 nous reportons le Γ0,ν . d’un CSC carré bidimen-

sionnel pour L = 1, L = 102, L = 104, et L = 106 bohr, respectivement.

Comme c’était le cas en 1D, pour de petites valeurs de L le système 2D se

comporte comme un gaz de Fermi puisque Γ0,ν est presque constante. Au

contraire, lorsque la taille du système augmente, nous pouvons clairement ob-

server la localisation des électrons à partir de la structure en pointe de Γ0,0
0 .

En 2D, la position ayant la plus grande probabilité de trouver le deuxième

électron se trouve au milieu du CSC carré, ce qui maximise la distance entre

les deux électrons.
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Figure 8.11: Γ0,ν en fonction de ν pour deux électrons dans une supercellule
de Clifford carrée à deux dimensions avec un bord de longueur L = 1 bohr.
La position d’un électron est fixée à l’origine ν = 0.

Dans les Figs. 8.15-8.17 nous rapportons Γ0,ν d’un CSC cubique tridimen-
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Figure 8.12: Γ0,ν en fonction de ν pour deux électrons dans une supercellule
de Clifford carrée à deux dimensions avec un bord de longueur L = 100 bohr.
La position d’un électron est fixée à l’origine ν = 0.
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Figure 8.13: Γ0,ν en fonction de ν pour deux électrons dans une supercellule
de Clifford carrée à deux dimensions avec un bord de longueur L = 104 bohr.
La position d’un électron est fixée à l’origine ν = 0.
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Figure 8.14: Γ0,ν en fonction de ν pour deux électrons dans une supercellule
de Clifford carrée à 2 dimensions avec un bord de longueur L = 106 bohr. La
position d’un électron est fixée à l’origine ν = 0.
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sionnel pour L = 1, L = 102, et L = 104 bohr, respectivement. Nous notons

que Γ0,ν est représenté par un gradient de couleur, du bleu (petit) au rouge

(grand). Nous demandons au lecteur de prêter attention au fait qu’il existe

des différences significatives dans l’échelle des différentes figures. En tenant

compte de cela, nous voyons une fois de plus que pour les petits L, nous avons

une Γ0,ν tandis que pour de grands L on observe que Γ0,ν est localisé au mi-

lieu du CSC cubique, qui est le point le plus éloigné de l’autre électron situé

à l’origine.

Γ0,ν (arb. units)

0.0032

0.0034

0.0036

0.0038

Figure 8.15: Γ0,ν en fonction de ν pour deux électrons dans une supercellule
de Clifford cubique à 3 dimensions avec un bord de longueur L = 1 bohr. La
position d’un électron est fixée à l’origine ν = 0.

Après avoir validé l’approche et avoir pu observer clairement les local-

isations de Wigner, nous allons étendre notre approche à un nombre arbi-

traire d’électrons en une et deux dimensions. Puisque les calculs dans nos

chapitres précédents étaient limités à deux électrons, nous pouvions résoudre

l’équation de Schrödinger en utilisant la diagonalisation exacte. Pour de nom-

breux électrons, la diagonalisation exacte devient numériquement intraitable

; nous devons donc utiliser une approche qui soit à la fois précise mais aussi
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Figure 8.16: Γ0,ν en fonction de ν pour deux électrons dans une supercellule
de Clifford cubique à 3 dimensions avec un bord de longueur L = 100 bohr.
La position d’un électron est fixée à l’origine ν = 0.
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Figure 8.17: Γ0,ν en fonction de ν pour deux électrons dans une supercellule
de Clifford cubique à 3 dimensions avec un bord de longueur L = 10000 bohr.
La position d’un électron est fixée à l’origine ν = 0.
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numériquement efficace. Comme nous le démontrerons par la suite, nous avons

constaté que la méthode Hartree-Fock restreinte à enveloppe ouverte (ROHF)

est suffisante pour capturer avec précision la localisation des électrons. Enfin,

comme les systèmes de Wigner à quelques électrons peuvent être considérés

comme des fragments de cristaux de Wigner, nous les appellerons fragments

de Wigner.

L’hamiltonien des fragments de Wigner que nous allons étudier est donné

par

Ĥ = −1
2

N∑
i=1

∇2
i −

N∑
i=1

q

reuc
iq

+
N∑

i=1

N∑
j>i

1
reuc

µν

(8.19)

Nous utiliserons un ensemble de base gaussien distribué pour effectuer

nos calculs numériques et nous comparerons nos résultats pour les positions

d’équilibre des électrons obtenus à une densité moyenne petite mais finie à

ceux obtenus pour un CSC avec des charges ponctuelles classiques. Pour déter-

miner ces positions, nous minimiserons l’énergie de ces fragments de Wigner

classiques en utilisant la méthode de Newton-Raphson [106]. L’énergie totale

d’un CSC contenant N charges ponctuelles est donnée par

U(r1, r2, . . . , rN) =
N∑

i>j

1
reuc

ij

=

= π

L
∑N

i>j

√∑d
x=1 sin2

(
rij(x) π

L

) (8.20)

Nous utilisons une charge fractionnaire de q = 0, 01 a.u. située à l’origine

du système de coordonnées pour obtenir un fragment de Wigner épinglé. La

taille du CSC est choisie pour être proportionnelle au nombre d’électrons et

au nombre de dimensions du système. Nous utilisons 200 Bohr par électron

et par dimension. Dans le cas des fragments de Wigner unidimensionnels,
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le nombre de fonctions de base gaussiennes est également proportionnel au

nombre d’électrons du système. Nous utilisons 10 gaussiennes par électron.

Dans le cas de fragments de Wigner bidimensionnels, nous fixons le nombre

de gaussiens à 400, c’est-à-dire 20 gaussiens par dimension. Tous les calculs

ont été effectués avec une version modifiée du progiciel Dalton [107]. En

particulier, les intégrales de chevauchement, à un et deux électrons ont été

modifiées pour les rendre compatibles avec les conditions limites périodiques

de Clifford.

À faible densité, nous nous attendons à ce que la configuration de spin

du fragment de Wigner ait peu d’effet sur la localisation des électrons. Par

conséquent, nous nous concentrerons sur l’état de spin élevé, c’est-à-dire l’état

de spin pour lequel Sz a sa valeur maximale, car, grâce au principe de Pauli,

un seul déterminant de Slater sera suffisant pour décrire le système [108]. Cela

nous permettra ensuite d’utiliser l’approche Hartree-Fock restreinte à coquille

ouverte (ROHF), efficace sur le plan numérique, pour décrire précisément ce

système.

Bien que nous nous intéressions principalement aux fragments de Wigner

bidimensionnels, nous étudierons d’abord les systèmes unidimensionnels car

cela nous permettra de comparer les résultats de la méthode ROHF à ceux

obtenus en utilisant l’interaction de configuration complète (FCI) qui donne

le résultat exact pour l’ensemble de base donné. A titre d’exemple, nous re-

portons dans la Fig. 8.18 la densité d’un corps dans un CSC unidimensionnel

pour 5 électrons. Le profil de densité obtenu dans FCI montre clairement

5 pics distincts démontrant la localisation de Wigner. La Fig. 8.18 présente

également la densité du même système mais calculée dans ROHF. Nous ob-

servons que ces résultats sont très similaires à ceux obtenus dans FCI. Bien
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Figure 8.18: La densité de cinq électrons dans un CSC unidimensionnel. Bleu
: FCI ; rouge : ROHF.

que ROHF surlocalise légèrement les électrons, les profils de densité de FCI et

de ROHF sont équivalents. Nous avons obtenu des résultats similaires pour

d’autres fragments de Wigner 1D [9]. Par conséquent, dans la suite, nous

allons étudier les fragments de Wigner 2D dans leurs états de spin élevé au

sein de ROHF.

Dans le panneau gauche de la Fig. 8.19, nous montrons la densité élec-

tronique d’un fragment de Wigner avec trois électrons. Nous observons que

les électrons se localisent sur la diagonale du CSC. Le système 2D à trois élec-

trons se comporte donc comme un système 1D de longueur L =
√

L2
x + L2

y.

Nous notons que la solution obtenue est dégénérée avec une autre solution

dans laquelle les électrons se localisent sur l’autre diagonale du CSC. Dans la

suite, pour des raisons de simplicité, nous éviterons de discuter des solutions

dégénérées que nous avons obtenues puisque les profils de densité de toutes

les solutions dégénérées sont équivalents. Dans le panneau de droite de la

Fig. 8.19, nous montrons les positions de trois charges ponctuelles classiques
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correspondant à l’énergie minimale de ces charges dans le CSC. Comme prévu,

nous observons que les positions des charges ponctuelles classiques correspon-

dent aux positions des électrons. Nous avons effectué des calculs similaires

pour les fragments de Wigner 2D jusqu’à 10 électrons.
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Figure 8.19: Panneau de gauche : La densité ROHF pour trois électrons con-
finés dans un CSC 2D. Panneau de droite : les positions d’équilibre classiques
pour trois charges ponctuelles confinées dans un CSC 2D.

Le modèle de localisation le plus intéressant se produit pour un fragment

de Wigner avec 8 électrons, comme on peut le vérifier dans le panneau de

droite de la Fig. 8.20. Nous voyons que les électrons se localisent dans un

réseau hexagonal déformé. Ce résultat est à nouveau confirmé par les posi-

tions des charges ponctuelles correspondant à leur énergie totale minimale.

Le réseau hexagonal est la structure de réseau du cristal de Wigner 2D qui

présente l’énergie la plus faible par rapport aux autres réseaux standard et, en

particulier, au réseau carré. Dans notre cas, nous ne trouvons pas de réseau

hexagonal parfait parce que nous avons fixé les longueurs des deux bords du

CSC comme étant égales. Si, au contraire, nous choisissions que le rapport

entre les deux bords soit égal à
√

3/2, nous nous attendons à trouver un réseau

hexagonal parfait.

Suivant cette dernière hypothèse, nous avons effectué un calcul avec 12



114

0 L
4

L
2

3L
4

L

x

0

L
4

L
2

3L
4

L

y

8e−

Figure 8.20: Panneau de gauche : La densité ROHF pour huit électrons con-
finés dans un CSC 2D. Panneau de droite : les positions d’équilibre classiques
pour huit charges ponctuelles confinées dans un CSC 2D.

électrons confinés dans un CSC rectangulaire avec un rapport
√

3/2 : 1 des

deux bords qui est compatible avec une structure hexagonale. Nous avons

utilisé un ensemble de base constitué de 22 gaussiennes dans la direction x

et 19 dans les directions y. La densité unique de ce fragment de Wigner se

trouve sur la Fig. 8.21. Nous observons que les électrons forment un réseau

hexagonal légèrement étiré, ce qui semble indiquer l’émergence de la structure

du réseau hexagonal dans un gaz d’électrons bidimensionnel uniforme à faible

densité. Des travaux sont en cours pour augmenter le nombre d’électrons dans

les calculs afin d’essayer de trouver un réseau hexagonal parfait.

Figure 8.21: La densité ROHF pour douze électrons confinés dans un CSC
rectangulaire.
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Nous notons que pour les réseaux rectangulaires, l’expression de reuc
µν don-

née dans l’Eq. (8.6) n’est pas valide puisque Lx est différent de Ly. Ainsi, une

généralisation de l’Eq. (8.6) est donnée par

reuc
µν =

d∑
i=1

√√√√L2
i

π2 sin2
(

πrµν(i)
Li

)
, (8.21)

où i est la somme des composantes cartésiennes, Li est la longueur du système

dans la direction i et rµν(i) est défini dans l’équation 8.3.

Cette thèse présente une nouvelle approche pour traiter les électrons forte-

ment corrélés. Cette approche repose sur deux idées principales. Première-

ment, nous avons introduit l’utilisation des conditions limites de Clifford. La

stratégie générale des conditions aux limites proposées consiste à transformer

un grand fragment (une supercellule) d’un système périodique en un tore de

Clifford, puis à redéfinir la distance entre deux points en prenant la distance

euclidienne entre ces points dans l’espace d’encastrement du tore. Deuxième-

ment, nous avons décrit l’ensemble de base gaussien distribué qui consiste à

placer des orbitales 1s régulièrement espacées avec un exposant orbital com-

mun. Dans la suite, nous avons présenté les résultats. Le premier d’entre eux

consiste en l’étude de deux électrons confinés dans un anneau. Nous avons

vu qu’à haute densité, la fonction d’onde du système est similaire à celle d’un

système à électrons libres. Cependant, en diminuant la densité, il y a un

changement complet de la structure de la fonction d’onde. la structure de la

fonction d’onde. Les électrons passent d’un état où ils sont essentiellement

délocalisés, et bien décrits par un déterminant de Slater unique, à un état où

ils sont localisés à des positions fixes dans l’espace. Nous avons obtenu un

aperçu plus profond de la nature de la localisation des électrons en étudiant
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le tenseur de localisation et l’entropie des électrons. entropie des électrons.

En effet, en diminuant la densité électronique, nous observons une croissance

soudaine de l’entropie et une chute correspondante de l’étalement de position

dans le régime de densité où la densité de l’électron est la plus élevée. de

l’étalement de position dans le régime de densité où les électrons se localisent.

La chute de l’étalement de position indique une mobilité réduite des électrons

par rapport à la solution de Fermi-gaz. Ce comportement est une signature de

la localisation de Wigner. L’augmentation de l’entropie électronique indique

également que l’état de faible densité est beaucoup plus corrélé que l’état de

Fermi-gaz, qui tend vers un déterminant unique (corrélation nulle) dans la

limite des très hautes densités.

Nous avons présenté une approche précise et numériquement efficace pour

étudier la localisation de Wigner dans des systèmes de différentes dimensions

(1D, 2D, 3D). Ses principales caractéristiques sont : 1) l’application de con-

ditions limites périodiques de Clifford avec une distance renormalisée pour

décrire le potentiel de Coulomb et 2) l’utilisation de fonctions de base gaussi-

ennes qui sont placées sur une grille régulière à l’intérieur d’une supercellule de

Clifford. Nous avons validé notre méthode en comparant ses résultats à ceux

obtenus dans le cadre d’un modèle semi-classique qui devient exact dans la

limite de vanité de la densité. Enfin, en utilisant la matrice de densité réduite

à deux corps, nous avons démontré que notre approche peut capturer avec

précision la localisation de Wigner. Enfin, nous avons généralisé l’approche

à un gaz d’électrons homogène avec plus de 2 électrons à de très faibles den-

sités en 1 et 2 dimensions. Nous avons étudié plusieurs fragments de Wigner

épinglés et avons clairement observé la localisation de Wigner à partir de la

densité à un corps. Nous avons également observé l’émergence naturelle de
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l’empilement hexagonal comme la configuration la plus stable. De plus, nous

avons validé notre méthode en comparant la position d’équilibre des électrons

avec celles obtenues par une procédure de minimisation de l’énergie classique

d’un fragment de Wigner.

Notre travail d’approche ouvre la voie à plusieurs développements futurs

intéressants : (1) L’étude de fragments de Wigner tridimensionnels pour véri-

fier si la structure bcc émerge comme cela a été prédit. (2) La combinaison

de notre approche de Clifford avec les méthodes de Monte Carlo quantique

pour étudier les cristaux de Wigner. (3) L’extension de l’approche au traite-

ment des solides. (4) Le développement d’une approche classique plus précise

en utilisant des gradients analytiques et l’implémentation de gradients con-

jugués pour minimiser l’énergie nous permettra de traiter classiquement un

plus grand nombre d’électrons et d’aborder le problème de Thomson sur un

tore de Clifford.
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Appendix A

Translational symmetry of the

symmetry adapted orbitals

A normalized 1-s Gaussian can be written as

gµ(r − Rµ) =
(

2α

π

) 3
4

e−α|r−Rµ|2 , (A.1)

Where Rµ is the position of the center of the Gaussian. We consider md

equidistant gaussian functions with the nearest-neighbor distance equal to δ

and we define V = Ld the size of our system, where L = mδ with m an integer.

We define

M = mn (A.2)

T = Ln = δM, (A.3)

where

n =
d∑

i=1
niei, (A.4)

in which ni are integers and ei are unit vectors. We have the following identity.

gµ(r − Rµ+M + T) = gµ(r − Rµ) (A.5)

because Rµ+M = Rµ + δM = Rµ + T.
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The symmetry-adapted orbitals were defined in Eq. (3.24). We repeat the

definition here for convenience,

ϕk(r) = S
−1/2
k

md/2

∑
µ

ei 2π
m

k·µg(r − Rµ). (A.6)

They respect the translational symmetry, i.e.,

ϕk(r + T) = ϕk(r) (A.7)

Proof:

ϕk(r + T) = S
−1/2
k

md/2

∑
µ

ei 2π
m

k·µg(r − Rµ + T) (A.8)

Introducing the change of variable ν = µ − M we obtain

ϕk(r + T) = S
−1/2
k

md/2

∑
µ

ei 2π
m

k·(ν+M)g(r − Rν+M + T) (A.9)

= S
−1/2
k

md/2

∑
ν

ei 2π
m

k·νg(r − Rν) = ϕk(r) (A.10)

where we used Eq. (A.5) and the fact that ei 2π
m

k·M = ei2πk·n = 0.
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One- and two-electron integrals

in the symmetry adapted basis

B.1 one-electron Integrals

We assume to have the one-electron and two-electron integrals on the gaussian

basis set,

gµ(r − Rµ) =
(

2α

π

) 3
4

e−α|r−Rµ|2 , (B.1)

These orbitals are Normalized and non-orthogonal. The 1-e and 2-e integrals

are to be transformed onto the symmetry basis set, 3.24

The Hamiltonian integrals over the gaussian basis set are Tµ,ν and < µ, ν|ρ, σ >,

while the overlap integrals are Sµ,ν . In order to obtain the transformed quan-

tities, one should remind that, because of the symmetry properties of the local

basis set, for the kinetic-energy matrix elements, we have:

Tµ,ν = Tµ+δ,ν+δ (B.2)

Tµ,ν = TM−µ,M−ν (B.3)

These properties can be explained straightforwardly by looking at the distance

between Gaussians µ and ν,
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rµ,ν = r−µ,−ν (B.4)

rµ,ν = rµ+δ,ν+δ (B.5)

where M is defined in Eq. (A.2). Let us now work out the one-electron

integrals in the symmetry adapted basis. We have

Tk,k′ = ⟨ϕk| − 1
2∇2|ϕk′⟩ (B.6)

= 1
md

∑
µ,ν

e−i 2π
m

[k·µ−k′·ν]Tµ,ν (B.7)

where Tµ,ν are the 1-electron integrals in the gaussian basis defined in Eq. (3.13).

Making use of the property of Tµ,ν given in Eq. (B.2) and setting δ = −µ we

obtain

Tk,k′ = 1
md

∑
µ,ν

e−i 2π
m

[k·µ−k′·ν]T0,ν−µ (B.8)

= 1
md

∑
µ,ν

e−i 2π
m

[(k−k′)·µ−k′·(ν−µ)]T0,ν−µ (B.9)

Performing a change of variable ν ′ = ν − µ we can rewrite the above

equation according to

Tk,k′ = 1
md

∑
ν

e−i 2π
m

(k−k′)·ν ∑
ν′

ei 2π
m

k·ν′
T0,ν′ (B.10)

= δk,k′
∑
ν′

ei 2π
m

k′·ν′
T0,ν′ (B.11)

The right-hand side of the above equation is complex, but we can rewrite the

above equation in terms of purely real quantities. Using the property given
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in Eq. (B.3), we obtain

Tk,k′ = δk,k′

2
∑
ν′

ei 2π
m

k′·ν′ [T0,ν′ + T0,M−ν′ ] (B.12)

By splitting the right-hand side of the above expression into the sum of two

terms and performing a change of variable µ = M − ν ′ in the second term we

arrive at

Tk,k′ = δk,k′

2
∑
µ

[
ei 2π

m
k′·µ + ei 2π

m
k′·(M−µ)

]
T0,µ (B.13)

= δk,k′
∑
µ

cos
(2π

m
k′ · µ

)
T0,µ (B.14)

Which is purely real. Similarly, we find that the overlap between symmetry-

adapted orbitals is

Sk,k′ = δk,k′
∑
µ

cos
(2π

m
k′ · µ

)
S0,µ (B.15)

B.2 Two-electron Integrals

The same properties discussed for the one-electron integrals can be made for

the two-electron integrals, where we have the following symmetry relations,

⟨µν|ρσ⟩ = ⟨µ + δ, ν + δ|ρ + δ, σ + δ⟩ (B.16)

⟨µν|ρσ⟩ = ⟨M − µ, M − ν|M − ρ, M − σ⟩ (B.17)

We can now use a similar strategy as the previous subsection for the two-

electron integrals. They can be expressed in terms of the symmetry-adapted
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orbitals according to

⟨kk′|k′′k′′′⟩ = 1
m2d

∑
µνρσ

e−i 2π
m

[k·µ+k′·ν−k′′·ρ−k′′′·σ]⟨µν|ρσ⟩ (B.18)

Making use of the symmetry relation given in Eq. (B.16) and setting δ as −µ

we can rewrite the above equation as

⟨kk′|k′′k′′′⟩ =
∑

µνρσ

e−i 2π
m

[k·µ+k′·ν−k′′·ρ−k′′′·σ]⟨0, ν − µ|ρ − µ, σ − µ⟩ (B.19)

= 1
m2d

∑
µ

e−i 2π
m

[k+k′−k′′−k′′′)·µ] ∑
νρσ

e
−i 2π

m

(
k′·(ν−µ)−k′′·(ρ−µ)−k′′·(σ−µ)

)

× ⟨0, ν − µ|ρ − µ, σ − µ⟩ (B.20)

Performing the following changes of variables ν ′ = ν − µ, ρ′ = ρ − µ and

σ′ = σ − µ we arrive at

⟨kk′|k′′k′′′⟩ = 1
m2d

∑
µ

e−i 2π
m

[k+k′−k′′−k′′′]·µ ∑
ν′ρ′σ′

e−i 2π
m

(k′·ν′−k′′·ρ′−k′′·σ′)

× ⟨0, ν ′|ρ′, σ′⟩ (B.21)

= 1
md

δk+k′−k′′−k′′
∑

ν′ρ′σ′
e−i 2π

m
(k′·ν′−k′′·ρ′−k′′·σ′)⟨0, ν ′|ρ′, σ′⟩ (B.22)

Using Eq. (B.17) we can now rewrite the above expression in purely real

quantities. We obtain

⟨kk′|k′′k′′′⟩ = 1
2md

δk+k′−k′′−k′′
∑

ν′ρ′σ′
e−i 2π

m
(k′·ν′−k′′·ρ′−k′′·σ′)

× [⟨0, ν ′|ρ′, σ′⟩ + ⟨0, M − ν ′|M − ρ′, M − σ′⟩] (B.23)

Splitting the right-hand side of the above expression into the sum of two

terms and performing the changes of variable ν = M − ν ′, ρ = M − ρ′
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and σ = M − σ′ we arrive at the final expression for the 2-electron integrals

expressed in the symmetry-adapted basis,

⟨kk′|k′′k′′′⟩ = 1
2md

δk+k′−k′′−k′′
∑
νρσ

[
e−i 2π

m
(k′·ν′−k′′·ρ′−k′′·σ′) (B.24)

+ e−i 2π
m

(k′·(M−ν)−k′′·(M−ρ)−k′′·(M−σ))
]
⟨0, ν|ρ, σ⟩ (B.25)

= 1
md

δk+k′−k′′−k′′
∑
νρσ

cos
[2π

m
(k′ · ν − k′′ · ρ − k′′ · σ)

]
⟨0, ν|ρ, σ⟩

(B.26)

Which is purely real.
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